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PREFACE

The theory of matrices occupies a strategic position both in
pure and in applicd mathematics. The most famous application
is doubtless the application to atomic physics; the prevalence of
such terms as matriz mechanics, scatiering malriz, spin matrices,
annthilation and creation matrices gives vivid testimony to the
decisive importance of matrix theory for the modern physicist.
In economics we have the input-output mairiz, computed at great
expense by the Bureau of Labor Statistics, as well as the game-
theoretical payoff matriz. In statistics we have iransilion
maltrices, as well as many other sorts of matrices; in enginecring,
the stress matriz, the strain matriz, and many other important
matrices. Many of the numerical problems attacked with the
aid of modern high-specd digital computing machines are
expressed in terms of matrices; malriz inversion, eigenvalues of
matrices, and so forth, are everyday terms at any major computa-
tion installation. In pure mathematics, also, matrices play a
great role. Mairixz representation is a familiar problem for the
algebraist, who has by now proved that almost every abstract
algebraic system can be given concrete representation by use of
matrices. The Jacobian matriz is a familiar object to the spe-

cialist in analysis, who is also accustomed to write systems of
v



vi Preface

equations as matrix equations. And so forth. The subject
surely needs no justification.

But even if the subject requires no justification, the particular
treatment advanced by a given author surely does. In writing
the present book, I have emphasized the concrete and computa-
tional, convinced that students at a more elementary level are
better able to comprehend general theories when so presented
than to fathom the significance of possibly very short, but still
highly abstract, proofs and principles. From the beginning then,
matrices are specific objects with which the student is to compute;
exercises attached to each short section give practice in this. The
general theory develops gradually out of specific computations;
as it develops, it is made clear that computation with matrices
has very much the same structure as ordinary numerical computa-
tion. This should make it possible for the good senior high school
student, or the average college freshman and sophomore, to pass
smoothly from the familiar computationally flavored algebra of
high school to the structure-oriented viewpoint of modern algebra.
The third chapter, with its emphasis on the ‘“minimal equation,”
already has much of the flavor of abstract “commutative
algebra’—but the computational thread is preserved through a
section on the computation of the minimal equation.

Chapters 4 to 8 give various applications to more specific situa-
tions of the general algebraic procedures developed in the first
three chapters.

The present book can be used for a variety of courses. There
has, of late, been a tendency to devote part of the twelfth year of
high school mathematics to the study of some “algebraic” topic.
Because of its computational flavor and its importance in applica-
tions, there can be no doubt that matrix theory is to be preferred
to any other algebraic topic at the high school level. A one-
semester high school course might consist of Chapters 1, 2, 4, 5,
and either 6, 3, or, time and the class permitting, both.



Preface vii

A normal college freshman or sophomore one-semester course
might cover Chapters 1 to 7.

Chapter 8 goes beyond the purely algebraic and introduces the
“infinitesimal >’ note lately developed so successfully in the theory
of “Banach algebras.”

Thanks are due to many persons. My colleagues at the SMSG
Conference at Boulder, Colorado, in the summer of 1959, where
the idea for the present book was born, were full of suggestions.
Particular thanks are due to Esther Gasset of the Claremore High
School, Claremore, Oklahoma, from whose keen pedagogical
sense, great experience, and down-to-carth soundness I profited
greatly. Thanks finally are due to Prof. E. G. Begle of Yale
University, but for whom the present book would never have
appecared.

Jacob T. Schwartz
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Chapter 1

DEFINITION, EQUALITY,
AND ADDITION OF MATRICES

1-1. Introduction

As we have done more and more sophisticated mathematics in
our previous studies, we have had occasion to use more and more
sophisticated kinds of “numbers.” We began with positive whole
numbers, like 1, 2, 3, . . . . Then, in order to make subtrac-
tions like 3 — 7 possible, the negative whole numbers, like —1,
—2, —3, . . . ,had to be introduced. Next, in order to make it
possible to divide any two numbers, fractions werc invented:
%, —3%, —33%, cte. This still did not bring us to the end of our
story; for, in order that every number have a square root, a cube
root, a logarithm, a sine, and so forth, it was necessary to invent
still more numbers: the infinite decimals, or real numbers, like
1.4142 . . ., 3.1415928 . . ., 0.13131313 . . . . Finally, in
order that even negative numbers have square roots, it was neces-
sary to invent complez numbers, like 3 + 21, 1 + i, —% + w7t

Whenever there seemed to be good reason to do so, we have
invented new kinds of numbers. For instance, in inventing com-

plex numbers, we began not with the numbers but with a purpose:
1



2 Introduction to Matrices and Vectors

to find a system of numbers, including all the real numbers, in
which every number had a square root. Once we have made
such an invention, it should not be hard for us to realize that
there is no recason to stop inventing; that is, there is no reason
why other kinds of numbers should not be useful for other
purposes. There is no reason why we should not hope to invent
many different kinds of new numbers.

Of course, as an inventor, it is easy to invent things that do not
work, but harder to invent things that do work; easy to invent
things that are useless, but hard to invent things that are useful.
The same is true about the invention of new kinds of numbers.
The hard thing is to invent useful kinds of numbers, and kinds
of numbers that work. It is easier to make inventions than to
make successful inventions. Nevertheless, a large variety of
more or less successful new kinds of numbers have been invented
by mathematicians. In this course you are going to study
one of the most successful of these new kinds of numbers: the
matrices.

Before you are told what matrices are, it is well to emphasize
their importance. Matrices are useful in almost every branch
of science and engineering. A great number of the computations
made on the giant ‘“clectronic brains” are computations with
matrices. Many problems in statistics are expressed in terms
of matrices. Matrices come up in the mathematical problems of
economics. Matrices are extremely important in the study of
atomic physics; indeed, atomic physicists express almost all their
problems in terms of matrices. It would not be an exaggeration
to say that the algebra of matrices is the language of atomic
physics. Many other kinds of algebra, like complex-number
algebra (and like vector algebra, which some of you may already
have studied), can be explained very easily in terms of matrices.
So, in studying matrices, you will be studying one of the most
useful and important and also one of the most interesting
branches of mathematics.
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1-2. What Matrices Are

A matrix is, basically, a very simple sort of thing.

A matriz is a square array of real numbers, arranged in rows
and columns. If there are n numbers in each row and column
of the array, the matrix is said to be an n by n matrix, or a matrix
of size n.

“Array” means the same thing as “arrangement.” Thus a
matrix is an arrangement of numbers in a square. The matriz
is the arrangement of many numbers, and not any single number.

For example, the arrays (/Y 0mymen

i -2l
1 -2
5 4]
3 4
are 2 X 2 matrices, or matrices of sizc 2. The array

-1 2 3
4 -5 6
7 8 -9

is a 3 X 3 matrix, or a matrix of size 3. Another2 X 2 matrix is

[ 3.14 0].
B 42
Another 3 X 3 matrix is

1 00
99 1 0
142 99 1

Our idea is to consider such an array of many numbers as a
single object, an array, a mairiz and to give the whole array a
single name or symbol. Thus, we might call the first of the above
arrays A, the second B, the third C, etc. This procedure might

and
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at first seem pointless. As we shall realize more and more
clearly in the course of our work, it is not pointless at all. It has
the following very important consequence: by regarding a square
array of numbers as constituting a single object, a matrix, we
will be able to handle large sets of numbers as single units, thereby
simplifying the statement of complicated relationships.

A matriz 18 a square array of numbers. The individual numbers
which occur in this array are called the eniries of the matrix.
We shall identify particular entries in a matrix by specifying the
horizontal row and vertical column to which they belong.

DEFINITION

If A is a matrix, the symbol [A],, will denote the entry in the
sth row and jth column of the matrix A.
Thus, for instance, if M is the 5§ X 5 matrix

1 2 3 4 5
8 10 12 14 16
-1 -3 -5 6 3p
0 3 -7 8 7
4 2 1 -9 0

the entry in the third row, second column is —3. Thus
[M]s,» = —3. The entry in the second row, third column is 12.
Thus [M]ss = 12. All the entries in M are whole numbers
(either positive or negative). Just two of the entries are zero.

EXERCISES
1. Let I be the matrix

COOo O -
S oo O
OO ~=OC
o~ 0O o0
- o o QoC
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(a) What is [I]1,2? What is [I],,:?

(b) When is [I],; # 0? When is [I];; = 0?

(¢) Name the entries in the third row.

(d) Name the entries in the second column.

2. Write a 3 X 3 matrix all of whose entries are whole num-
bers. Write a 4 X 4 matrix none of whose entries are whole
numbers. Write a 5 X 5 matrix having all positive entries in
its first two rows and all negative entries in its last three rows.

3. How many entries are therein a 2 X 2 matrix? Ina3 X 3
matrix? In ann X » matrix?

1-3. Equality of Matrices. Specification of Matrices. The
Zero Matrix

DEFINITION

( Two matrices A and B are said to be equal if

(a) A and B are of the same size.

(b) All the entries of A are the same as the corresponding
entries of B.

Thus A and B can never be equal if 4 is a 9 X 9 matrix and
Bisa 10 X 10 matrix, since they are of different sizes. If A and
B are of the same size n, then by the above definition, they are
equal if and only if their corresponding entries are equal, that is,
if and only if

[Al.; = [Bl;  for every ¢ and j between 1 and n. |

Using the foregoing definition of equality, we can express cer-
tain relationships more compactly. For example, the equation

[:c+y a+b]=[5 -1]
z—y a—2> 1 3
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can be written in place of the four equations

z+y=25,
z—y=1,
a+b=-1,
a—b=

The nine equations

z+zxz=2, z+y =23, z+2z=4, y+z =3,
y+y=4 y+z=5 z+4+z=4 z+4+y=5 z+4+2z=6

2 3 4
=13 4 5[
4 5 6

It is clear that to know a matrix is exactly the same thing as to
know all its entries. These entries can be any real numbers we
like. Thus, a matrix is determined when we specify all its
entries. To determine a2 X 2 matrix, we must specify 4 entries:
to specify a 3 X 3 matrix, we must give 9 entries. To specify
an n X n matrix, we must specify n? entries. These entries

can be expressed in matrix form as

y+z y+y y+ez
z2+z z4y z+4z2

[z+z z+y z+ =2

may be specified in any way we like.

Thus, we may determine a 2 X 2 matrix 4 by specifying that
Ay =0, Aya=m, As; = V72, Ays = V3. The matrix A is
then

[l
V2 /3
5'xS
We may determine a4--4 matrix B by specifying that [B];; = 0
ift<jand[Bl,; =1if ¢ >4 The matrix B is then

1 0000
11000
B=|11100
11110
11111
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A very simple, but important, n X n matrix is the n X n zero
matriz. This is simply the n X »n matrix all of whose entries
are zero. Thus, the 2 X 2 zero matrix is

LY

0 00
0 0 Op
000

etc. The n X n zero matrix can be denoted by the symbol 0,.
Thus
00
o=[g of

0 0O
03=0007
000

etc. But often it will be clear from the context that we are
talking about matrices of some definite size. If this is the case,
we may leave off the subscript of the zero matrix and write it
simply as 0. This will be done only when the reader knows
what size matrix is meant, or when it does not matter what size
matrix is meant. Hence, it should never lead to confusion.

the 3 X 3 zero matrix is

EXERCISES

1. Specify a 5 X 5 matrix all of whose entries are positive.

2. Specify 100 different matrices all of whose entries are 1.

3. Specify a nonzero 3 X 3 matrix whose entries satisfy
Alij = [A],». Specify a nonzero 3 X 3 matrix whose entries
satisfy [A];, = —[A),s. If A is such a matrix, what must [4],1
be? What must [4].2 and [A4]s,3 be?
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1-4. Addition of Matrices

By now we have defined matrices and studied some of their
clementary properties. But we have not really “made them
work.” To do this, we must give rules for adding and multiply-
ing matrices. To see that this is the case, consider what was
done with complexr numbers in the earlier grades. Complex
numbers were initially defined just as ordered pairs (z,y) of real
numbers. If one stopped there, one certainly could not claim
that complex numbers were very interesting. What makes
complex numbers useful and interesting is that we are able to
define addition and multiplication of complex numbers in a suit-
able way. Once this is done, we deal not merely with individual
complex numbers, but with laws for their addition and multipli-
cation, from which we can arrive at laws of exponents, study
polynomials and equations, etec. In short, we have not merely
individual complex numbers, which would be rather trivial, but
a whole algebra of complex numbers, which is both useful and
interesting.

The same remark applies to matrices. To give the study of
matrices any real content, we must define “sum’’ and “product”
for matrices.

In this section, we define and study sums of matrices. Prod-
ucts of matrices will be defined and studied later.

DEFINITION

By the sum of two n X n matrices A and B, we simply mean
tne matrix C whose entry in the ith row and jth column is the
sum of [4],, and [B], ;.

A shorter way of giving the same definition is: the sum matrix
A + B of two matrices A and B is defined by the formula

[4 + Bli; = [A); + [Blis 1)
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To write the definition in this,very explicit way will help us
greatly in what follows, since it makes the defining property
of a sum matrix dramatically visible and shows us that our
notation for the entries of a matrix is well adapted to the algebraic
purposes for which it is to be used. The student should study
this definition most carefully. He should also be very careful to
make sure that he understands exactly how and why formula (1)
expresses precisely the same thought as the more verbal definition
which precedes it.

’I&lis, matrices of the same size are to be added simply by
adding each clement of one matrix to the corresponding cle-
ment of the other matrix. Thus:

s 2+ 7 8] =137 28] =L o)
2 el Y eval=lo 1]

1 2 37 01 02 03 11 22 33
[4 5 6|+|04 05 0.6 =[4.4 55 6.6

7 8 9] 0.7 08 0.9 7.7 88 9.9

ete.

We shall add two matrices only if they are of the same size.
Two matrices will never be added if they are of different sizes.
We will not even define a rule by which matrices of different sizes
could be added.

EXERCISES
1. What is
IR
bl Tl )
2. What is

ol i e
S e o

| |
[ O T
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z l—2z —y —2z
t|+| —=p 1—s —t |?
w —-u —v 1—-w

3. What is

z
P
u

4, Does the sum

e o

'3 2 17

1 3 2{+4+0,

|3 1 2]
make sense? Does the sum

[3 2 17

1 3 2|40,

3 1 2

make sense? What is this latter sum?

1-5. Addition of Matrices Continued

Let A and B be two n X n matrices.

Then A + B has been defined to be the matrix C' whose entries
are [C],, = [AL., + [Bl.,- Similarly, B + A is the matrix D
whose entries are [D],, = [Bl., + [A]., Now the entries of a
matrix are just numbers. We know that the addition of numbers
obeys the law z 4+ y = y + 2. Consequently,

[A]:,J + [B]m = [Bl., + [A]t.J-

Thus, [Cl,; = [D].,. That is, every entry of the matrix C is the
same as the corresponding entry of the matrix D. This means
that the matrices C and D are equal. Since C = A + B, while
D = B + A, we have proved the following theorem.

THEOREM
If A and B are both n X n matrices, then
A+ B=B-+ A.
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If we make more intelligent use of our notation for the entries
of a matrix and make use of the short formula

(A + Bl.; = [Al.; + [Bl.;

defining the sum of two matrices, we can give the above proof
in three lines, to wit

(4 + Bl., = [A}., + [Bl; = [Bl., + [AL, = [B + 4L, (2)

Thus every entry of A 4+ B is cqual to the corresponding entry
in B+ A, so that A + B = B+ A. The student should be
sure that he understands exactly why the equations (2) express
exactly the same thing as the verbal proof which precedes it.

If we look back at the proof of this thecorem, we see that we
proved a theorem about the addition of matrices simply by using
what we already knew about addition of numbers. Why was
this possible? Beecause the addition of two matrices is defined
simply by the addition of corresponding entries in the two
matrices. If we keep this in mind, we will find that each of the
basic laws for the addition of numbers leads to a corresponding
law for the addition of matrices.

For instance, we have the following theorem.

. THEOREM

If A, B, and C are all n X n matrices, then

(A+B)+C=A4+ (B+0).
PROOF

First we will give a proof using our notation for the entries in
a matrix:

[(4 + B) + Cl,, = [4 + Bl, + [Ci, = {[4L., + [Bl,} + [Cl.,
= [A]w + {[Bl., + [C]l-]}
= [4]., + [B + Cl.,
=[A + (B + O)L..
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Thus every entry of (4 4 B) + C is equal to the corresponding
entry of A+ (B4 C), sothat (4 +B) +C = A + (B + C).

Now let us express the very same proof verbally: The entry
in the sth row and jth column of A + B is, by definition, [4],; +
[Bli;. Thus, the entry in the th row and jth column of (4 + B)
+ Cis {[AL, + [Bl.,} + [C].;. Similarly, the entry in the sth
row and jth column of B + Cis [B]., + [Cl]..,, so that the entry in
the sth row and jth column of 4 + (B + C) is [4],, + {[B.,] +
[Cl.,}. Now, the entries of a matrix are merely numbers. For
numbers, we know that

z+(y+2)=(+y +a

Hence each entry of A + (B + C) is the same as the correspond-
ing entry of (A 4+ B) 4+ C. Consequently,

A+ B+C) =(4+B) +C. Q.E.D.

The theorcm that has just been proved shows that the order
in which matrices are added is immaterial. Consequently, we
shall follow the ordinary practice of leaving out unneccssary
parentheses and simply write

A4+B)+C=4A+B+C)=A4A+B+C.

Let A be ann X nmatrix. Then to add the n X n zero matrix
0, to 4, we have simply to add the number zcro to each of the
entries of A. But addition of zero to an entry will not change
the entry. Ilence A + 0, has exactly the same entries as A.
This proves the following theorem.

THEOREM
If A is an n X n matrix, then
A+0, = A.
Of course, since A + 0, = 0., + A4, it is also true that

0n+A=A.
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Let us write the above theorem in a more abbreviated, more
attractive way. If 4 is an » X n matrix, then the only zero
matrix which can be added to A4 is the n X n zero matrix; we
have simply not defined the addition of two matrices of different
size. Hence, it is really not necessary to specify that the zero
matrix in the last theorem is the » X n zero matrix—that is
the only zero matrix it could possibly be. We can simply say
the following.

THEOREM
If A is a matrix, then
A+0=04+ A =A.

Of course, in reading this equation, one should know that the
matrix A will be of some particular size and that 0 means the
zero matrix of the same size. But, knowing this, it is pointless
to keep saying it over and over again. Whenever it is possible
to drop the mention of a detail, it is better to do so than to let
details multiply to the point where the main points get lost in a
huge mass of detail.

Now we want to subtract matrices. This we do with the help
of the following definitions.

DEFINITION

Let A be an n X n matrix. Then the negative matrix of 4
is the matrix each of whose entries is the negative of the cor-
responding entry of 4.

The negative matrix of A will be denoted by the symbol — A4.
That is, the negative matrix — A is defined by [— A4]., = —[4];;.

DEFINITION

If A and B are matrices of the same size, then the difference
of A and B, denoted by A — B, is the sum of 4 and the negative
of B. Thatis, A — B is defined as A4 + (—B).
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We can easily prove the following theorems:

(a) A+ (—4)=0
® —(-4)=4
(c) -0=0
@) —(4A + B) = (—4) + (-B).

PROOF OF THE FIRST THEOREM

First we give a proof, using our notation for the entries in a
matrix: By definition, [— 4],; = —[4].,, Thus

[A + (—A)]u = [AL; + [—AL; = (4], — [4]., =0,

so that A + (—A) = 0. Next let us express the same proof
verbally: The entry in the 7th row and jth column of — A4 is, by
definition, —[A),;. Thus, the entry in the sth row and jth col-
umn of 4 + (—A4) is [A].., + (—[A].,;). Hence, this entry is
zero; that is, every entry of the matrix A + (—A) is zero. That
is, A + (— A) is the zero matrix. Q.E.D.

The remaining theorems can be proved in the same way. The
proofs will not be given, but will be left to the student as an
exercise.

EXERCISES

Prove the second of the theorems stated immediately above.
Prove the third of the theorems stated immediately above.
Prove the fourth of the theorems stated immediately above.
Compute

110 3 2 1 0 1 3
1 0 1|+|4 17 8|- 14 8 6]
Vv2 10 9 6 14 1—4/2 11 11

5. Compute
1 03 04 0.5
¥ —[0.6 07 08|
To

W=

09 10 1.1

—
oo O ROl
o o i
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6. Compute
1 2 3 9 8 7 000 10 10 10
4 5 6|+]6. 5 4/—]0 0 0|—|10 10 10|
7 8 9 3 21 000 10 10 10

(The teacher may supply other exercises of this same type.)

1-6. Addition of Matrices Concluded

The theorems given in Scction 1-5 include exact analogs of all
the basic laws of ordinary algebra, in so far as these laws refer
to addition and subtraction. We know that all the more com-
plicated algebraic laws about addition and subtraction are con-
sequences of these basic laws. Since the basic laws for the addi-
tion and subtraction of matrices are the same as the basic laws
for the addition and subtraction in ordinary algebra, all the other
laws for the addition and subtraction of matrices must be the
same as the corresponding laws for the addition and subtraction
of numbers. That is:

In so far as only addition and subtraction are involved, the algebra
of matrices is exactly like the ordinary algebra of numbers.

So you do not have to study the algebra of addition and sub-
traction of matrices— you already know it. But, the algebra
which you already know is now filled with a new and much richer
content. Formerly, it could be applied only to numbers. Now,
it can be applied to matrices of arbitrary size. Thus, we obtained
a very considerable result with a very small cffort, simply by
observing that our old algebraic laws of addition and subtraction
apply not only to numbers, but also to quite different kinds of
things, namely, matrices. This very powerful trick of pouring
new wine into old bottles has been used many times, and often
with great success, in the most modern mathematics.

A good example of the general principle emphasized above is
provided by the following problem. Suppose that A and B are
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known matrices. How can we solve the equation
X+A4A=8B

for the unknown matrix X? The answer is casy. We do exactly
what we learned in ninth-year high school algebra. Add the
matrix — A to both sides. This gives

X+ A+ (—4) =B — A.
Since 4 4+ (—A4) = 0,and X + 0 = X, we have
X =B- A.
This is our solution.

EXERCISES

1. Prove that, if 4, B, and C arc matrices all of the same size,
A+4+C)—~A+B)=C-B.
2. Solve the equation

01 1 0
X+[1 0]‘[0 1]
for the matrix X.

3. Solve the equation

0 01 2 1 2
X+]10 1 0|=[3 2 3
1 00 4 3 4

for the matrix X.
4, Solve the equation

e[} ][0 3]

What is the solution of the equation

2 1 3 0
= ?
[1 —2] +X [1 3]‘
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5. Solve the equation

1 1 30
X [1 9]"[4 1]
for the matrix X.

6. Solve the equation

3 0 4 1 2 3 4 0 3
X—-|12 0)|=]7 9]—10 2 1
3 709 8 2 9 3 7

for the matrix X.
(The teacher may supply extra drill exercises of the same type.)

[ae—y

1-7. Numerical Multiples of Matrices

Once we know how to add numbers, it is customary to define
2r as the sum of x + x or 2 with itsclf, 3x as the sum 2z and
x, ete. Fractional parts of z arc defined by requiring that
2+ 3r=ur %t + §r+ $xr =z, and so forth. All this can
just as readily be done with matrices.

The sum 24 = A + A of two equal matrices is clearly the
matrix each of whose entrics is exactly twice the corresponding
entry in A.

[23]+[23]=[ 242 3+3]=[46]_
-1 0 -1 0 (-1)+(-1) 040 -2 0
The sum 34 = 24 + 4 = A + A + A is equally clearly the

matrix each of whose entries is exactly three times the cor-
responding entry in A.  TFor instance,

] B B B B B PN oH]

-[5 3}
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The equation #4 + 4 = A defining the matrix 34 is clearly
satisfied by the matrix each of whose entries is exactly one-half
the corresponding entry of 4;the equationgA4 + 34 + 34 = 4
defining the matrix $4 is clearly satisfied by the matrix each
of whose entries is exactly one-third the corresponding cntry of 4.

These considerations lead us to make the following gencral
definition of the numerical multiples of a given mairiz A.

DEFINITION

Let A be an n X n matrix and z any real number. Then the
product of A by the number x is the matrix whose entry in the ith
row and jth column is x times the corresponding entry [A].,, in the
matrix A. That is, the matrix x4 is defined by the formula

[xA]an = :ll[A].,,.

Note that we have defined numerical multiples of a matrix 4,
that is, the product of a matrix by a number, not the product of
two matrices. It is possible to define the product of two matrices,
but this is more complicated, and will be done later. We may
now state and prove facts about the products of matrices by
numbers.

THEOREM

If A and B are matrices of the same size, and z and y are
numbers, then

(@) z(y4) = (xy)A

® =+ yA=(z4) + (y4)

© (DA =—-A

(d) (A + B) = rA + zB

(¢) -0 = 0 (Any numerical multiple of the zero matrix is
the zero matrix.)

(f) 0- A = 0 (The product of any matrix by the number zero
is the zero matrix.)
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PROOF OF (a)

First let us give a proof using our notation for the entries in a
matrix:

[z(yA)L, = =[yAL., = z{ylAL,} = (zy)[4L,
= [(zy) AL,

Now let us express this same proof verbally: The entry in the
ith row and jth column of y 4 is, by definition, y[A],,. The entry
in the 7th row and jth column of x(yA) is consequently x{y[A]}..,.
The entry in the 7th row and jth column of (xy) A4 is, by definition,
(zy)[A].,, Now, the entries in a matrix are numbers. For num-
bers, we know that z(yz) = (xzy)z. Thus, cach entry of the
matrix z(yA) is the same as the corresponding entry of the matrix
(zy)A. Hence z(y4) = (zy)A. Q.E.D.

PROOF OF (d)

Using our notation for the entries in a matrix, we may simply
write:

[z(4 + B)L.; = z[(4 + B)l., = z{[4}., + [Bl..,}
= .’E[A].,, + x[B]'.J
= [zAlL, + [zBl,
= [(xA + zB)).,.

This same proof may be expressed verbally, as follows. The
entry in the 7¢th row and jth column of the matrix A 4+ B is
[A).; + [Bl,,» Thus, the entry in the sth row and jth column
of the matrix x(A + B) is z{[A)., + [Bl.,}. The entry in the
ith row, jth column of the matrix A is z[A],,; that in the same
row and column of the matrix 2B is z[B];;. Hence, the entry in
the 7th row, jth column of the matrix zA + zBis z[A).,, + z[B].,,.
Now, the entries in a matrix are numbers. For numbers, we
know that z(y + 2) = zy + xz. Thus each entry of the matrix
z(A + B) is the same as the corresponding entry of the matrix
24 + zB. Hence A + zB = z(4 + B). Q.E.D.
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PROOF OF (f)

Using our notation for the entries in a matrix, we may simply
write:
[0 ‘ A-]i,] = O * [A]l,J = 0.

Thus 0+ A = 0. The same proof may be expressed verbally, as
follows. The entry in the sth row and jth column of the matrix
0 - A is the product of the number zcro and of the number [4],,.
But the product of zero by any number is zero. Hence, every
entry in the matrix 0 - A is zero. Thus 0 - A is the zero matrix.

Parts (b), (c), and (e) of the above theorem may be proved in a
similar way. They will not be proved, but will be left to the
student to prove as an exercise.

When we studied the laws governing the addition and sub-
traction of matrices, we saw that they were the same as the laws
governing addition and subtraction in ordinary algebra. Thus,
without learning any new laws of algebra, we could simply apply
our previous knowledge and apply the same old algebraic laws of
addition and subtraction to matrices. The situation when we
come to multiplication of matrices by numbers is rather similar,
but not exactly the same. The various parts of the theorem that
we have just proved resemble the basic algebraic laws for multi-
plication very closely. Thus, many of the more complicated
algebraic laws and procedures governing ordinary multiplication
still remain correct for expressions involving the multiplication
of matrices by numbers. The difference is that the product of a
number by a number is a number, but the product of a matriz
by a number is not a number but a matriz.

Which laws and algebraic procedures remain valid for products
of matrices by numbers, and which laws break down? We shall
not try to answer this question by giving an exhaustive list.
We shall simply say: with a little practice, it is not hard to guess.
A guess can be checked by working out the algebra step by step,
and then by trying to justify each step by using one of the parts
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(a) to (e) of the theorem proved above. Let us look at an
example and see how this works.
Suppose we want to solve the matrix equation

1 2 3 100
-2 X+012} =3X+|0 0 O}
0 01 ' 0 01

To solve equations of this general form in ordinary algebra, we
simply multiply out, transpose, and divide. In matrix algebra,
we do exactly the same; but if we want to be fussy and justify
each step, we can, by doing one step at a time and by explicitly
justifying each step by a reference to some one of our theorems on
matrix algebra. In the case of the equation displayed above,
our detailed steps (which really are just “multiply, transpose,
divide”” written out at great length) would be as follows: What
we do first is multiply out [that is, use (d) of the above theorem]

to get
-2 —4 -6 100
—2X + 0 -2 —4|=3X+4+1|0 0 O0f
0 0 —2 0 01
Then we add +2X to both sides of the equation to get
-2 -4 -6 100
0 —2 —4|=3X+2X+4+|0 0 0}
0 0o -2 0 01

Then we use (b) of the thecorem to find that 3X 4 2X = 5X, so
that

-2 —4 -6 “F1 0 0
0 —2 —4|=5X+(0 0 of
0 0 -2 00 1

Adding

1 00
-0 0 O
0 01



29 Introduction to Matrices and Vectors

to both sides, we find that
-3 —4 -6
0 -2 —4]=5X.
0 0 -3

Multiplying both sides of this last equation by %, we find [using
(a) of the theorem to show that $(5X) = X]

—_ —_4 []
3 5

X=| 0 -3 —%]-
0 -3

This is our solution.

Of course, when one gets used to this, there is no reason to be so
terribly fussy. One can simply say, as onc does in ordinary
algebra: multiply out, transpose, divide.

S O wHw

EXERCISES
1. Find values z, y, 2, and a that satisfy the matrix relation-
ship
z+3 2y —8| _ 0 —6]
[z+1 4a—6] - [—3 2a]
9. If

3 2 1 -3 4 8
A=|4 -5 6) B=|-2 6 -1
0 8 -3 0 2 3

determine the entry in the sum A + B that is in

(a) The third row and second column
(b) The first row and third column
(¢) The third row and first column.

3. Given

1 0 2 2 1 -1 4 0 2
A=|3 1 4, B=|3 0 —2p C= 1 0 0
5 0 6 0 1 1 -2 4 —4
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compute the following:

() A+ B b A+ (B+0)
(c) A-B @ (A—-B)+¢C
() (A+B)+C (f) B — A.

4. (a) In Exercise 3, consider the answers to parts (b) and (e).
What law is illustrated?

() In Exercisc 3, consider the answers to parts (c) and (f).
What conclusions can be drawn?

5. If
2 -3 -3 4
[4 0] X ‘[ 5 —1]
determine the matrix X.
6. For

2 2 2 3 3 3
A=]2 1 =3 B=]3 0 5
1 0 4 6 9 -1

4 4 4
C=\|5 -1 O]
7 8 -1

determine the result of the following operations:

(@) 24 — B+ C (b) 3A — 4B — 2C
() 7TA — 2(B — C) @) 3(A — 2B + 30).

7. Assuming that the matrices are of the same size, prove that
D+ (E+F)=(D+E)+F.

8. Prove part (b) of the theorem of Section 1-7.
9. Prove part (c) of the theorem of Section 1-7.
10. Prove part (e) of the theorem of Section 1-7.
11. Let 4, B, and C be the matrices of Exercise 6. Solve the
equation

#7(X + A) = 3[X + (2X + B)] + C,
giving all the steps in detail and justifying each step.
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12. Let A, B, and C be the matrices of Exercise 6. Solve the
equations

(@ 2(X+B)=3(X+ GX+ A) +C
(b) 40(X + A) = 47(X + B) + 48(X + C)
(© V2(X+0C) =31(X +V2(X + 4 — B)

in as few steps as you dare.
(The teacher may invent and assign additional exercises like
these.)



Chapter 2
MULTIPLICATION OF MATRICES

2-1. A Problem Atrising in Business Management

By now, we have defined and studied

1. Addition of two matrices

2. Multiplication of a matrix by a number.

But we still have not defined the product of two matrices.
To do this is our next aim. The formal definition is somewhat
complicated and may at first seem odd. Ior this reason, it is
well to show how a simple practical problem can lead us to com-
bine two matrices in the way which we shall ultimately call
multiplication:

Suppose that a manufacturer of hi-fi radio-phonograph sets
produces four distinct models: 4, B, C, D. These models con-
tain the following number of subassemblies:

Pickup

Model Amplifiers Detectors Speakers  arms
A (the portable)........... 1 1 1 0
B (the table)....... ..... 1 1 2 1
C (the console).... ...... 2 1 2 1
D (the de luxe)............ 2 3 4 1

We can, if we like, arrange this table in the form of a matrix:
25
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Subassemblies
e N

g

£ B » &
g 8 3 a
2375

L

<A an
AT1 110
B |11 2 1
ModelC2121
D L2 3 4 1

Suppose now that each of the subassemblies contains the
following number of basic parts:

Tubes Condensers Coils Magnets
Amplifier...... ... 8 3 4 0
Detector......... 4 6 3 0
Speaker.......... 0 1 1 2
Pickup arm....... 0 1 1 1

Again, we can arrange our information in the form of a matrix:

Parts

prmm——

w

)
a 3
n O 8
S EZ &
S O O o
H OO A
Amplifier 8 3 40
Detector 4 6 3 0
Subassembly Speaker 01 1 2
Pickuparm [0 1 1 1

The first of the above matrices might be called the models-
subassemblies-requirement mairiz; the second might be called the
subassemblies—parts-requirement matriz.

Now, it is perfectly clear that, by combining these two sets of
information, we can easily compute the number of parts of each
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kind required for any model. That is, by correctly combining
the entries in the models—subassemblies-requirement mairixz with
the entries in the subassemblics—parts-requirement mairiz, we
can figure out a models—parts-requirement matrix. How is this
to be done? The answer is obvious. For instance, to compute
the number of coils required for model C, we figure as follows:

We need Number of coils
2 amplifiers with 4 coils each............. 8
1 detector with 3 coils.................. 3
2 speakers with 1 coileach... .......... 2
1 pickup arm with L coil................ 1
Total..........o i 14

Thus, each model C set produced requires 14 coils. How, in
terms of our requirements matrices, did we get this answer for
the number of coils in model C? We multiplied each entry in the
model C row of the first matrix (reading from left to right) by the
corresponding clement in the coils column of the second matrix
(reading from top to bottom) and then added all the resulting
products.

It is clear that this procedure is perfectly general. Thus, to
find the number of condensers required for model D, we multiply
cach element in the model D row of the first matrix by the cor-
responding element in the condensers column of the second matrix
and then add, getting a total of

2X3)+(BX6)+ (4 X1)+4+ (1X1) =29 condensers.

In general, to get the element in the z row and y column of
the models—parts-requirements matrix, we multiply each of
the four elements in the z row of the first matrix by the element
in the y column of the second matrix and add the four resulting
products.

It is clear that this rule is a purcly mathematical one, so that
it can be adapted to give a rule for combining any two 4 X 4
matrices A and B: the “combination matrix” will be the matrix
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whose entry in the 7th row, jth column is determined by multiply-
ing each of the four clements in the sth row of the first matrix 4
by the corresponding element in the jth column of the second
matrix B and then adding all four products. Thus, the entry
in the 7th row and jth column of the combination matrix will be

[4}a[Bly, + [A)2[Blzj + [Als[Bls, + [AL.4[Bla,.

There is, moreover, no reason why this rule should be restricted
to 4 X 4 matrices. For instance, if A and B are 3 X 3 matrices,
we can take their combination matrix to be the 3 X 3 matrix
whose entry in the sth row, jth column, is determined by multiply-
ing cach of the three elements in the ith row of the first matrix A
by the corresponding element in the jth column of the second
matrix B and then adding all three products. Thus, the entry
in the 7th row and jth column of the 3 X 3 “‘combination matrix’’
will be

(4)a[Bly; + [AL.2[Bl2; + [ALis[Blas.

The mathematical rule for combining matrices to which we
have been led is commonly called muliiplication of matrices. But
now it is time to give a formal, general definition.

EXERCISES

Combine the following matrices according to the rule devel-
oped in the preceding section:

1. [1 2] 4 [5 6]
3 4 an 7 8

1

1

1

9. 123 0 1
[4 5 6] and [ 1 —1}
78 9 -1 0 1
¥ 2 -1 -2 I I T
3 -4 4 -3 T T
5 —6 7 —s| l:o o o of
8§ -1 0 0 N
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(The teacher may invent and assign additional exercises of this
type.)

2-2. Formal Definition of Multiplication

Now we shall give a formal definition of the product of two
matrices and thereby bring our matrix algebra to a much higher
stage of usefulness and perfection.

DEFINITION

Let A and B be the two » X n matrices. Then the product
AB is the matrix whose entry in the 7th row and jth column is

[ALa[Bl; + [AL.2[Ble; + [ALis[Bls, + - - - + [ALialBlas.

Thus, using our notation for the entries in a matrix, we may
write the definition of the product matrix AB of two n X n
matrices as

[ABl.; = [A).i[Bl1, + [ALBlej + - + © + [AL.a[Bla.j.
This definition is very useful, but unfortunately seems rather
complicated at first. Let us take some time to become familiar
with it.

The definition tells us: to find the entry in the 7th row and
jth column of the product AB,

Multiply the element in the ith row, first column of A by the ele-
ment in the first row, jth column of B

Multiply the element in the ith row, second column of A by the
element in the second row, jth column of B

Multiply the clement in the sth row, third column of A by the
element in the third row, jth column of B

Multiply the element in the ¢th row, nth column of A by the
element in the nth row, jth column of B

and then add all the terms obtained.
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Suppose, for instance, that A and B are 2 X 2 matrices:

1 2 _[5 61
4= [3 4] B= [7 &]
Then the definition tells us how to determine each of the entries of

AB, as follows:
[ABly,s = [A11a[Blis + [Al12lBley =1 X542 X 7

=5+14 =19

[ABli1e = [Alia[Blie + [Al1,2[Blze =1 X 6 +2 X 8
=64 16 = 22

[ABles = [Alea[Blis + [Ale,2[Blay =3 X5 4+4 X7
=15 4 28 = 43

[ABle,s = [Alea[Blie + [Ale2o[Blae =3 X6 + 4 X 8
= 18 4+ 32 = 50.

Thus
AB — [19 22].
43 50

The rule for multiplication is multiply row by column and then add;
that is, to find the element in the 7th row and jth column of the
product matrix AB, multiply each element in the ith row of A by
the corresponding element in the jth column of B and add all the
resulting terms.

The simplest way to carry this out in practice is by the follow-
ing geometric scheme. Given two matrices A and B to be multi-
plied, first write A and then write B immediately above and to the
right of A, in the following position:

-]
|«
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Then, to the right of A and below B draw a pair of brackets
inside which the ‘“‘answer,” that is, the entries of AB, is to be
written:

[ A J Answer

The 7th row of A and the jth column of B will, together, point at
some definite spot within the answer bracket; this is where the
entry [AB];, should be written.

@ -
S
gl B
3
_‘:’ -place for
x J writing entry

[AB];;
7th row of A‘l I— s ¥
A

To determine the entry [AB];,, we multiply each clement of the
row that points at it (starting from the left) by the corresponding
element of the column that points at it (starting from the top)
and add all the terms we get. Thus, to multiply

1 2 3 1 01
A=[4 5 6 by B=|2 1 2
7 8 9 41 3
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we first write

> N =

1237 7T T
45 6
78 9] | ]

To determine the entry in the first row and first column of the
product 4, B, we would compute as follows:

144412 =17

With a little practice, it is not hard to do all this mentally.
Determining one entry of the product after another in this way
we finally would obtain the complete answer for the product AB

1 01
2 1 2
4 1 3

1 2 3117 5 14
4 5 6|38 11 32|
7 8 91159 17 50

(Check each of the entries of the answer yourself.) That is,

17 5 14
AB=|38 11 32|
59 17 50

(To get the answer, 27 multiplications and 9 additions wer
necessary.)
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The definition of the product of two n X m matrices can be
expressed in terms of the 2 notation for sums. Let us recall
that in the = notation we write the sum

s§=i+ "+ Ta

of n numbers as

In this notation the sum

[A]i.l[B]l,j + [A]-,z[B]'m‘ + -+ [A]-,n[B]n,,'

would consequently be written as

2 1414l

so that we could say:
The product AB of two n X n matrices ts the matrix whose entry in
the ith row and jth column s

Y, [ALlBlL.
k=1

If we make somewhat heavier use of our notation for the entries
in a matrix, we may write even more compactly

(4B}, = % [AlslBle.

Note that we have defined the product of two matrices only
if they are of the same size. T'wo matrices will never be multiplied
(or added) if they are of diffcrent sizes. We will not even define
a rule by which matrices of different sizes could be multiplied.

EXERCISES
1. Let

1 2 3 1 0 -1
A=}|4 5 6y B=|-10 1}: C =
78 9 -2 0 -1

I e wim
I_._l

ol O RSf
L
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Compute
(a) AB b) AC
(¢) BC (@ (AB)C
(e) A(BC) () AB + C)
(9) AB — C) (h) AB — AC
() A-A—B-B+C-C () (A4-4)-A
(k) ((A-4)-4)A D (((4-4)-4)-4)- A

9. Perform the following matrix multiplications:

" Lo 1115 o]

(b) 1 0 0[r1 x2 3
[O 1 0:\ [.’/1 Y2 ya:|
0 0 1 21 22 23
(c) re r2 312 0 O
[31 82 s3] [0 2 0]
ts ta 3]0 O 2
@ a1 0 07[a1 a: as
[0 a2 0 [bl bz b3:|
0 0 as]lecr c2 c¢s
(e) 0 0 O)[z1 =z =3
[0 b, 0:| Y1 Y2 ysjl'
0 0 O0]|z1 22 =23
/3. 1f

1 -1 1 -1 1 2
A=[0 2]’ B=[4 0]: and0=[3 4]

test the rule that (AB)C = A(BC).
4, Let I denote the matrix

1 00
01 0}
0 01
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Let A, B, C be as in Exercise 1. Compute
(@) AI (b) BI
() CI @ AanI

(e) ((ADD)I.

2-3. A Surgrising Property of Matrix Multiplication

Let

00
A=[1 0] and

If we compute AB, we find

[ olls

Thus
0
a0
If we compute BA, we find
[O
1
[0 1] [1
0 0]10
Thus
BA [1
Lo

Thus AB and BA are different matrices.

o 11"
B=[o 0]'

That is:

The product AB of two matrices can be entirely different from the
product BA of the same two matrices taken in the reverse order.
Thus, 7n writing products of matrices, we must pay careful atten-

tion to the order of the factors.

We must, consequently, distinguish

between the result of multiplying B on the right by 4 to get BA
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and the result of multiplying B on the left by A to get AB. In
the algebra of numbers, these two operations of “right multi-
plication” and “left multiplication” are the same; in matrix
algebra, they are entirely different. .~
““This is a first difference between matrix algebra and ordinary
algebra—and a very significant difference it is indeed. When
we multiply numbers, we can use the law 2y = yato rearrange
factors in any way we likee. When we multiply matrices, we
have no such law and must, consequently, be careful to take the
factors in the order given and not rearrange them carelessly.

Another way of putting this is: multiplication of two matrices is
not commutative.

EXERCISES
1. Let
1 2 10
A=[3 4] B=[—1 1]'

Calculate

(a) AB (b) BA

(¢) (A4B)A @) (BA)A

(e) (BA)B (f) B(B4)

(9) A(AB) (r) ((BA)A)B
. (3) ((AB)A)B.

2. Let .

1 2 3 1 0o -1
A=|4 5 6 and B=]-1 0 1]
7 8 9 1 1 -1

Calculate

(a) AB (b) BA
(c) (AB)A (@) (BA)A
(e) (BA)B (f) B(BA)

(9) A(AB) () ((BA)A)B
(%) ((AB)A)B. :
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3. Let A and B be as in Exercise 2, and let

100
I=]0 1 0}
0 01

Calculate
() AI (b) IA
(c) BI @) IB
(e) (AB)I (f) (AD)B
(9) I1(AB).

2-4, Matrix Multiplication Continued

SIS

Let

Then A # 0and B # 0. But if we compute AB, we find

@[5 o]
ol ollo ol

so that AB = 0. Thus:

37

The product of two matrices can be zero without either of the two

matrices being zero.

This is a second major difference between ordinary algebra

and matrix algebra.

The breakdown of the law that zy = yz and of the law that
zy = 0 only if either z or y is zero for matrix algebra causes
many other things to go wrong. For instance: we know that a
real number a can have at most two square roots, that is, that

there are at most two roots of the equation z - z = a.

What is
the proof? Simply this: suppose that -y = a also. Then
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Stepliz-z=y-y

Step2:z-z—y-y=0

Step3:(z —y)c+y) =z 2+ (-y'z2+zy) —y-y
Stepd:y-z=2z-y

Step 5: From steps 3and 4, (zx — y)(z+y) =z-2—y-y
Step 6: From steps 5and 2, (z — y)(z + ) =0

Step 7: Therefore eitherzx — y =0orz+y =0

Step 8: Therefore either z = y or z = —y.

For matrices, step 4 fails. But even if step 4 did not fail, step 7
would fail. So the proof is completely wrong if we try to apply
it to matrices. In fact, it is false that a matrix can have at most
two square roots. We have

[1 o][1 0] _[1 0]
0 1jlo 1] [0 1
[1 0][1 o] _[1 o]

0 —1jlo —1f [0 1]
[—1 0][—1 0] _[1 O]

0 1]l 0 1] [0 1]

[—1 0][—1 o] _[1 o]
0 —11L 0 -1 [0 1]

(Check all the multiplications yourself.)
Thus the matrix
_fr o
= [o 1]

has the four different square roots

10 1 0
=150 o-[s 2 o=

e-[7 )

I
—
1
O -
- QO
l._‘—.l
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Nor is this all. Given any number z, we have

R

(Check the multiplication.) By giving r any one of an infinite
number of different real values, we obtain an infinite number of
different square roots of the matrix I:

[0 2] [0 3] [0 4] ete
3 of 3 of 3 of '

Thus the very simple 2 X 2 matrix I has infinitely many
distinct square roots.

This should make it plain that the fact that a number has at
most two square roots is by no means trivial.

81

EXERCISES

a=fo o] e-la)

Show by computation that

1. Let

(@) (A + B)(A + B) # A? + 24B + B?
(b) (A + B)(A — B) = A? — B,

2. Find at least eight square roots of the matrix

100
01 0}
0 01

How many more square roots can you find?
3. Show that the matrix

4= 3]
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satisfies 42 = 0. How many 2 X 2 matrices satisfying this
equation can you find?
4. Show that the matrix

000
A=)1 00
010

satisfies A(A - A) = 0. Whatis A - A?
5. Let A, B, and I be the matrices

[1 2 3]
A=1]4 5 6
|7 8 9]
0 3 4]
B=|1 0 1
2 3 2]
(1 0 0]
I=10 1 O}
0 0 1]
Compute
(@) AT (®) (ADI
(c) A(I-1) @ «AnnI
(e) IA)I (H (1A)DI
(9) (I(IA)DI (r) (BI)
(@) (BNI () B(II)
(k) (BHI)I 0 (IB)I
(m) (IB)DI (n) ((I(IB))D)I.

What does this make you suspect about the effcct of multiplying
by I? Can you prove it?

2-5. The Unit Matrix

The matrix

1 0
“=[01]
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is called the unit matrix of size 2. The matrix

100
I,={0 1 0
0 01

is called the unit matrix of size 3. The matrix

0 0

00
I, = 10
0 1

0
1
0
0

©C OO =

is called the unit matrix of size 4, and so forth. Tn general, the
unit matrix of size n, which we may denote by the symbol I,, is
the matrix whose entries are

[I..; =0 if 7 # j.
[I.l.; =1 if 4 =j thatis, [I];; = 1 for every j.

Since only matrices of the same size will ever be added or multi-
plied, it will often be unnecessary for us to specify the size of the
unit matrix we are talking about. If this is the case, we may
leave off the subscript of the unit matrix and write it simply as I.
This will be done only when the reader knows what size matrix
is meant, or when it does not matter what size matrix is meant.
Hence, it should never lead to confusion.

The reason for the special importance of the unit matrix is
stated in the following theorem:

THEOREM
Let A be an n X » matrix. Then

Al = A and IA = A.

Thus, the unit matrix plays the same role in matrix algebra
that the number 1 does in ordinary algebra: multiplication of any
matrix A by the unit matrix (either on the left or on the right)
just gives A back again,
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PROOF

By definition of multiplication, the entry in the ith row and
jth column of the product A7 is

[ALalIl1; + [ALoll2; + [A)slIls, + - -+ + [ALiall]a.

Since [I)., = 0 whenever k is different from j, every term but
one in this last expression is equal to zero and drops out, and
we are left with just one term: [A],,[]],,. Since [I],, = 1,
[AL.,[1],, = [A),,. Thus, the entry in the #th row and jth
column of the produet A[ is simply A,,. Thus A and A have
exactly the same entries, and therefore AI = A.

The fact that IA = A may be proved in exactly the same way.
The proof will not be given, but is left to the student as an
exercise. Q.E.D.

EXERCISE

Prove that the equation 7A = A holds for every matrix A.

2-6. The Laws of Matrix Multiplication

We saw a little while ago that two basic laws which govern
multiplication in the algebra of ordinary numbers break down
when it comes to matrices. That is, we are faced with the

Breakdown of the commutative law: The product AB of two
matrices may be entirely different from the product BA of the
same two matrices.

Breakdown of the law of cancellation: The product AB of two
matrices may be zero even if both factors A and B are other than
zero.

At this point one may fear a total collapse of all the other
familiar laws of algebra and a boundless algebraic chaos ensuing.
But such is not the case. Aside from the commutative and
cancellation laws, most of the other basic laws of ordinary algebra
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remain valid for matrices. These laws are stated in the various
parts of the following theorem.

THEOREM
Let A, B, and C be n X n matrices. Then

(a) (AB)C = A(BC) (associative law)
) AB+C) = AB + AC (distributive law)
(¢ (B+0C)A=BA+CA (distributive law)

PROOF OF PART (b)

Using our notation for the entrics of a matrix, we may give the
proof rather simply, as follows:

[A(B + O)., = [ALi[B + Cl, + [ALo[B + Cla; + - -
+ [ALia[B + Cla;
= [AL.1{[Bl1, + [Cli,} + [AL.2{[Bl2; + [Clas}
+ -+ [A]l.n{[B]n.J'"‘ [C]n.1}°
[AB + O))., = {[ALalBly, + [A).2[Bley + - - - + [Al.n[B]a.}
+ {[A]t,l[C]l.J + [A]|.2[C]2.J + -+ [A]t.n[B]n.J}
= [AB]., + [AC].,;
=[AB 4+ AC],,.

The same proof may be expressed verbally, as follows: Let
D = A(B + (). The entry in the kth row and jth column
of the sum matrix B 4+ C is [Bl, + [Clt,. The entry in the
tth row and jth column of A(B + C) is consequently

[DL,; = [4L.af[Blw; + [Cli;}
+ [Al.2{[Bl2; + [Cl2,}
+ [A).s{[Bls, + [Cls,} + - - -
+ [A].a{[Bla; + [Cln.}.

Since the entries in a matrix are ordinary numbers, we can use
ordinary algebra to multiply out all the terms of this expression
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and rearrange, getting

(DL, = {[ALalBli2 + [ALo[Bla, + - - - + [A]i-ﬂ[B]ﬂ-J}
+ {[ALa[Ch,, + [A).2[C2y + - - - + [A],,s[Clas}.

The sum in the first set of braces may now be recognized as the
sum defining the entry [AB],, of the product matrix AB, and the
sum in the second set of braces may be recognized as the sum
defining the entry [AC],, of the product matrix AC. Thus

[Dl.; = [AB]., + [AC].,.

Hence each entry of D is identical with the corresponding entry
of the sum AB + AC. Therefore, D = AB + AC. Since D
was defined as D = A(B + (), it follows that

A(B + C) = AB + AC. QE.D.

Part (c) of the above theorem may be proved in the same way
by writing down the entries of (B + C)A and using ordinary
algebra to rearrange terms. The proof will not be given, but
will be left as an exercise.

It should be noted that, if the commutative law AB = BA
held for matrices, it would be entirely unnecessary to prove
parts (b) and (c) of the above theorem separately, since the two
statements

AB+ C) = AB + AC
and
B+ C)A=BA+CA

would say exactly the same thing. But since for matrices “mul-
tiplication on the left” and ‘““multiplication on the right’ are
quite distinct, the two formulae above say different things, even
though both are true.

Part (a) of the above theorem may be proved in a similar way
by “expanding and rearranging.” But since the details are
somewhat complicated, the proof will be omitted.

Part (a) of our theorem permits us to omit parentheses in
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expressions such as (AB)C and to follow the ordinary algebraic
convention of writing

(AB)C = A(BC) = ABC.

Parts (b) and (¢) of our thcorem justify “multiplying out,”
but only if all the factors of a product are kept in correct order. The
formulae

AB+ C) = AB + AC
(B+ C)A = BA + BC

arc always correct for matrices; but formulae like

AB+C) = AB+CA
AB+C) = BA + (A4,

etc., can be entirely false.

Matrix algebra and ordinary numerical algebra may be com-
pared as follows: The two are very much the same in so far as
only addition and subtraction arc involved. The ordinary laws
for multiplying out remain valid for matrices, but only if the
factors of a product are kept in the correct order. Since the
commutative law fails for matrices, right-hand multiplication and
left-hand multiplication must be distinguished; products cannot
be rearranged in different order, and careful attention must be
paid to the order of factors. The product of two matrices can be
zero even if neither factor is zero.

EXERCISES
1. Prove that if A, B, and C are n X n matrices, then

(B+ C)A = BA + CA.
2. Let

a=[i o] w=[0 6] e-lodl
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Test the formulac
AB+C) = AB + AC
(B+C)A =BA+CA
AB+C)=AB+CA
AB+ C) = BA + CA;

which are correct, and which are false?

3. Let {
00 . 1 0
a=[7 4l NG o o]
Show that AB # 0, but BA = 0.
4, Show that for all

a b c d
A=[—b a] B=[~d c]
AB = BA.

Illustrate by assigning appropriate values to @, b, ¢, and d.
(a,b,c,d integers.)
5. Show that for all

ab b?
4= [—az —ab]
A-A=0.

Illustrate by assigning appropriatc values to @ and b. (a, b

integers.)
6. Let

I I

Compute the following:

(a) DE (b) DF
(c) EF @) ED
() FD (f) FE.

If AB = —BA, A and B are said to be anticommutative. What
conclusions can be drawn concerning D, E, F?
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7. Show that the matrix
3 1
a=_1 3]
is a solution of the equation A - A — 54 + 71 = 0.
8. Find the value of x which makes the following product

equal I:
2 0 7 [ —2 —14x 72
[O 1 0} 0 1 0 [
1 21 z 4 —2z]
9. Let
0 0 O 0 0 0 [0 0 O
A=[100] B=000} C=200]-
010 (1 0 0 1 2 0

Show that AB = BA, AC = CA, BC = CB.

Let
010
D=|0 0 1]}
0 0 O
Show that AD = DA, BD = DB, CD # DC.

2-7. Powers of Matrices. Laws of Exponents

There is sufficient similarity between the laws of matrix mul-
tiplication and the ordinary laws of numerical multiplication
for us to define the powers of a matriz in the ordinary way and
find the ordinary law of exponents.

We define 42 = A - A, A3 = A - A2 A* = A - A3 etc. That
is, we make the inductive definition: A2 = A - A, Ar*1 = A - An,
It is also convenient to take A = 4 and A° = 1.

The following theorem gives the law of exponents.

THEOREM

Let A be a matrix. Then
An - Am —_ An-{-m.
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PROOF

We will give a proof by mathematical induction. If n =1,
then
Al- Am = Alim

says exactly the same thing as
A-Am = AmH

and is true by definition.
Next, suppose that we know our theorem to be true for a given
value k of n, i.e., suppose that

AF - Am = Ak+m. (1)

We will show that the theorem is true for the next value k + 1
of n. This we do as follows: since A*+! = A - A* by definition,

we have
AL Am = (A - AF) - Am,

Then, using the associative law,
Ak+1Am p— A(AL o Am)
It follows by our inductive assumption (1) that
Ak+l . Am — A . Ak+m-
Thus, by definition,
Ak+1Am — Ak+m+l.
Sincek+m+ 1= (k+ 1) + m,
Ak+1Am = A’H’IA"'.
Consequently, our theorem follows by the principle of mathe-
matical induction. Q.E.D.

It should be observed that the law of exponents applies only
to powers of a single matrix A. We cannot conclude that

ABAB? = A'B,
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since this would involve rearrangement of factors. Such a_for-
mula can very well be false. Care must be taken t:)-k’egp the
factors in a product in correct order.

On the other hand, a formula like

ABA?AA*B2A = ABABA,

which involves only the law of exponents and not the rearrange-
ment of factors, is necessarily true.

EXERCISES

1. Explain why in matrix algebra (A + B)(4 — B) # A? — B?
except in special cases. Can you devise two matrices A and B
which will illustrate the inequality? Can you devise two ma-
trices A and B which will illustrate the spccial case?

(Hint: Use square matrices, size 2.)

2. Let
1 2 [ -17
4= [3 4] B= [0 2]
Compute
(a) AB (b) BA
(c) ABA (d) ABB
(e) BAB (f) ABBA
(9) BABA (h) BAA.

Which of these matrices are the same? If A and B were not
matrices but numbers, which expressions would be the same?

3. Let
1 2 3
A=|-11 1]'
4 5 0

Compute A2, A3 A% and AS.
(The teacher may invent and assign additional exercises of this
kind.)
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9-8. Multiplication of Matrices by Matrices and
Multiplication of Matrices by Numbers

We have introduced two quite different notions of multiplica-
tion in connection with matrices. One was the notion of multi-
plying two matrices A and B of the same size to get a product AB.
The other was the notion of multiplying a matrix A by a number
z to produce a numerical multiple zA of the matrix A.

(Let us recall that the numerical multiple A was defined, in
Chapter 1, as the matrix each of whose entries was exactly z
times the corresponding entry in the matrix A4.)

There are a number of important relations between these two
types of multiplication. These are stated in the following
theorcm.

THEOREM

Let A and B be matrices of the same size, and let « be a real
number. Then

z(AB) = (xA)B = A(zB).

Note that this theorem permits free rearrangement of the
numerieal factors in a product. For instance,

(24)(34) = 2((34)4) = 2(3(4 - A)) = 642;
(24)(3B) = 2((34) - B) = 2(3(AB)) = 6AB.

Of course, 64 B must be distinguished from 6 BA ; only the numer-
ical factors, and not the matriz factors, of a product may be
rearranged.

The above theorem, the law of exponents in Section 2-7, the
laws of multiplication in Section 2-6, the properties of the unit
matrix given in Section 2-5, and the laws of addition and sub-
traction and of multiplication by numerical factors given in
Chapter 1, when used in combination, permit us to carry over
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many of the familiar manipulations of elementary algebra to the
algebra of matrices.

Let us take a simple example: “multiply out’’ the expression
(A + 2B)%. Now

(A + 2B)* = (A + 2B)((A + 2B)(4 + 2B))
(A + 2B)(A(A + 2B) + 2B(A + 2B))
(A + 2B)((A? 4+ 24B) + (2BA + 4B?))
= A(A?* + 24B + 2BA + 4B?)
+ 2B(A? + 2AB + 2BA + 4B?)
A% 4+ 2A4°B 4+ 2ABA + 4AB?

+ 2BA* 4 4BAB + 4B*A + 8B:.

I

I

And there we must stop. If 4 and B were numbers, we could add
2A?B + 2ABA + 2BA? to get 6A?B, and 4AB? + 4BAB +
4B2A to get 12AB2 But this involves a rearrangement of
factors which is permissible for numbers, impermissible for
matrices.

PROOF OF THEOREM (OPTIONAL)

Using our notation for the entries in a matrix, we may write
the proof of the statement (zA)B = z(AB) as follows:

[(xA)B),, = [zA)\[Bl1, + [xA)o[Blay, + - - - + [xA],,[Bln.,
{z{A},1}[Bly, + {2[AL.2}(Bla, + -

+ {x[A]t.»}[B]nJ
= z{[A}[Bl1, + [AL2Blz, + -+ = + [Alis[Blas}
= z[ABli; = [2(AB)l.,.

]

The same proof may be expressed verbally, as follows: let
D = (zA)B. The entry in the 7th row and kth column of z4 is
2[A]ix. Thus, the entry in the sth row and jth column of the
product matrix D = (zA)B is

[D); = {2[A)a}[Bli; + {alAL.2}[Bl2; + {2[A}.s}[Bls; + -
+ {z{A)in}[Bla.i.
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Since the entries in a matrix are numbers, we can use ordinary
algebra to rewrite the expression on the right-hand side, obtaining

[DL; = z{[A}1[Bl; + [A)i2Bla, + - - - + [A],.[Bla.,}.

The expression inside the braces may now be recognized as the
entry [AB),, in the 7th row and jth column of the product matrix
AB. Thus

[DL; = «[AB],,.
Thus D and z(AB) have the same entries, so that D = z(AB).
Since we defined D by D = (zA)B, it follows that

(zA)B = z(AB).

The fact that A (xB) = 2(AB) may be proved in a similar way.
The proof will not be given, but will be left to the student as an
exercise. Q.E.D.

The theorem proved in this section permits us to omit paren-
theses in expressions like A (xB) and (xA)B, and write in the ordi-
nary algebraic fashion simply AxB and zADB, etc.

EXERCISES

1. Prove that the binomial theorem can be used to expand the
expression (A + bI)*, A being a matrix and b a number. Prove
that this thcorem cannot be used to expand the expression
(A 4 B)*, A and B being two matrices of the same size.

What do you get on “expanding” (A + B)?? On expanding
(A + B)*?

Q. Multiply out:

(@) (4 — 2B)¥(4 + C)

®) (4-B+0)¥A-0)

(c) (A4 — ¥B)\

3. Show that the matrix

=[]

satisfies the equation 42 — 24 = 0.
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4, Show that the matrix
2 3
4= [3 2]
satisfies the equation A2 — 44 — 51 = 0.
5. Show that the matrix

1 00
A=1210
3 2 1

satisfies the cquation A? — 3424+ 34 4+ I = 0.
6. Show that the matrix
2 3y
A= [3 9

Y

satisfies the equation A2 — 44 — 51 = 0 no matter what the
value of y and that this quadratic cquation consequently has an
infinite number of distinet 2 X 2 matrices as roots.

7. Prove the parts of the theorem of the preceding section
which are not proved in the text.

2-9. Polynomials in a Matrix

We have seen that the law of exponents is the same for powers
of a matrix as for powers of a number and that numerical factors
in a product may be rearranged at will. Moreover, we know
that the laws governing addition and subtraction of matrices
are just like the laws governing addition and subtraction of
numbers. It follows from all this that the algebraic rules for
manipulating expressions which are made up out of sums of
powers of a single matrix A, multiplied by arbitrary numerical
coefficients, are just like the algebraic rules for manipulating
ordinary polynomials. Thus, for instance,

(24 + I)? 5 +24-T+T1-24+1-1
44 + 1,
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and

(A-1QRAH+ 1)

(4 = D642+ 44 + 1
AN+ AAT+ A — 1642 — 44 — T
=[G4} — 1242 — 34 — I,

etc. The most general expression of this form can be written as

mA™ + Cu g A™ 1 4 - - - o, @)
that is, as the sum of powers of the single matrix 4 multiplied
by the numerical coefficients ¢m, €m—1, . . . , €o. Such an expres-

sion (2) will be called a polynomial in the matrix A.

It should be noted that we reserve this term for the expression
(2) in which the coefficients ¢n, . . . , co are numbers. If we
tried to allow the coefficients c,, . . . , ¢o to be matrices, the
fact that matrix multiplication does not obey the commutative
law would introduce many complications. By restricting our
attention to the case of numerical coefficients, we are able to
avoid at least some of those complications.

An equation of the form

CndA™ + CnaA™ P4 - - - el =0

with numerical coefficients ¢m, €m—1, . . . , o Will be called a
polynomial equation satisfied by the matriz A. We shall sce in the
next chapter that many important properties of a matrix can
be discovered by studying the polynomial equations which it
satisfies.
EXERCISES
1. Show that

Ar = T = (A — (A1 4 A2 4 - - - 4+ I).
2. Factor the following polynomials in A into a product of
first-degree polynomials in A4 :
(a) A2 — 54 4+ 61
(b) A* — 642 4 124 — 81
(c) A* 4242 - A + 21I.
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3. Find a matrix satisfying the polynomial equations
(@ X*?—5X+6I=0

(b) X* — 6X? + 12X — 8] = 0

() X34+2X24+ X + 21 =0.

How many matrices satisfying each of these polynomial equations
can you find?



Chapter 3
DIVISION OF MATRICES

3-1. Introduction

In the first two chapters of this book, we have studied addition,
subtraction, and multiplication of matrices. It should not be
surprising that our next aim is to study the division of matrices.

Division, in algebra, is the problem of solving the equation

AX =B
for the unknown (matrix) X. Of course, since matrix multipli-
cation is not commutative, we will have to expect that the solu-
tion X of this equation can be different from the solution Y of the
equation

YA = B.
That is, since right-hand and left-hand multiplication are differ-
ent, we must expect right-hand and left-hand division to be
different also.

Thus, for instance, the equation

PRSIt

1 2
x-1_; %)

has the solution

56
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vl 3-1

-3 2
o
(Check these solutions by multiplying out.) This shows viv-
idly that right- and left-hand division must be distinguished.

But actually we have an even more fundamental difficulty than

this.
Suppose, for instance, that we try to solve the equation

1ol @

Suppose that X is the matrix

while the equation

has the solution

Then
00 00
[1 0] x= [a b]
Thus, no matter what entries we try to take for the matrix X,
the matrix -

00
X
H
will always have zero everywhere in its first row. The equation
consequently has no solution. Thus, division by the matrix

00
A =
[\ o]
is just as impossible as “division by zero” in ordinary algebra.

How, then, can we hope to solve the equation

AX = B?
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Ordinary algebra suggests the following line of reasoning: If the
matrix A had a reciprocal matrizx A satisfying A=A = I, then
we could multiply both sides of the equation AX = B on the
left by the matrix A-! and would find

A7 B = A7'AX = (A'A)X = IX = X,

since A~'A = I. Thus the equation AX = B would have the
solution X = A-1B, and the situation would be just as it is in
ordinary algebra.

Now, some matrices A do have reciprocal matrices A~! satisfy-
ing A—'A = I. For instance, it is easy to check that

5 o)2 o) -1o 1
1012 0 01
Thus the matrix
0 2
A"[z 0]

HHEREN

may conscquently be solved by multiplying both sides by the

01 ] [3 1:] [ : ].
‘ % l

X = [
@ o]
1 0
on the other hand, can have no reciprocal matrix; for if it did, we
could solve the equation

HHEaiP

The equation

=]

(S0

The matrix
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by multiplying both sides by the reciprocal matrix, and we have
seen above that this equation has no solution.

Summarizing: The problem of division of matrices may be
reduced to that of finding the reciprocal matrix of a given matrix.
Some matrices have reciprocal matrices, some do not.

We consequently wish to answer the following questions:

(a) Which matrices have reciprocal matrices, and which do
not?

(b) If a matrix A has a reciprocal matrix, how can we calculate
this reciprocal matrix?

This chapter is devoted to studying these two questions. To
answer them is not easy; before answering them, we shall have
to study a number of other basic properties of matrices.

EXERCISES

1. Show by multiplying out that if ad — bc = 0, the 2 X 2
malrix
a b
A=
[c d]

d —-b
ad — bc ad — be |
- a
ad — bc ad — be

has the reciprocal

At =

2. Using Exercise 1, find reciprocals of the following matrices:

@ 4 =|? 13] ® =] > "
—3 5] —1 9]
©da=|_y 7 @ Ae=1{_5 g
3 1 F—2 0]

@ 4=[3 C n a=["2 0
3 1] [ 5 2]

@ 4={_5 1 ® 4= _3 2]
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3. Using Exercise 2, solve the following equations for the
matrix X:

2 17, [ 18 -2 [ 5 3], [0 23
@], 3]X”[—12 6] ®f_; 4%~ o 0]
[-3 5], [-11 o [—1 9], _[3 1]
@ _a 7/%X=| o 11] @]_5 g|]¥=|o 1.
3 —11, [1 2 -2 0], _[2 4]
@15 —2]¥=|3 4] (f)[34_X"_6 8]
[ 3 1 _[105 15] [ 5 2], _[o 1]
@ | _ JX'_ o of ® | —1 6_X"_0 1)
4. Show that the matrix

0 1 0

A=]0 0 1

(1 0 0

has the reciprocal matrix

00 1
-1=|10 0o
010

Show that A-'A = I and that AA-! = I also. Solve the
equations

12 3]
AX=|4 5 6
|7 8 9]
12 3
YA=|4 5 6|
7 8 9]

Do left-hand division and right-hand division really have to be
distinguished ?
5. Show that if a matrix A satisfies any one of the equations

A?=0, A*=0, A*=0, etc.,

it can have no reciprocal matrix. Use this fact to show that the
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matrix
0 0 0O
1 0 00O
2 3 00
4 5 6 0

has no reciprocal matrix.

3-2. Using an Equation Satisfied by a Matrix

Let us take a 2 X 2 matrix like

1 2
A= [3 4]'
If we calculate A2 we find that
7 10
2 = .
4 [15 22]
If we subtract I from A and 71 from A?, we get a pair of matrices
each with the entry zero in the upper left-hand corner:

0 2
a-1=97]

0 10
Az_":[ls 15]'

If we subtract five times the first of these two matrices from the
second of these two matrices, we are bound to get a matrix with
zero everywhere in the first row; actually making the subtraction,
we get zero for every entry of the difference:

(A2 = 7I) — 5(A = I) = [8 g]-

Thus the matrix A satisfies the equation

A — 54 — 21 = 0.
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Once we have discovered this equation, we can use it to find a
reciprocal for the matrix A. We have only to write the equation
as

(A —-5DA =21
or
#(A — 5I))A = 1.

This makes it plain that the matrix $(A — 5I) is a reciprocal
of A. Thus A has the reciprocal

—4 2 -2 1
-1 _ 1 —_— .
4 ‘f[ 3 —1]‘[ 3 —%]

This reasoning shows that to find a reciprocal matrix of A is easy
once we have found a polynomial equation satisfied by A.

The polynomial equation satisfied by A is useful in doing other
calculations involving A also. Suppose, for instance, that we
want to calculate A raised to a high power, say, to the eighth
power. If we did this in the most obvious way, multiplying A
by itself over and over again eight times, we would have a lot of
arithmetic to do. liach time we multiply two 2 X 2 matrices,
we have eight numerical multiplications and four numerical addi-
tions to perform. Thus, to raise A to the eighth power by
repeated multiplication requires 8 X 8 = 64 multiplications and
4 X 8 = 32 additions.

Using the equation satisfied by the matrix A, we can cut down
the amount of arithmetic required drastically. We can write
our equation as

A? = 54 + 2I.

Squaring both sides, we find

At = (5A + 2I)? = 2542 + 204 + 4/
= 25(5A + 2I) + 204 + 41
= 1454 + 541I.
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Squaring both sides again, we find

A® = (1454 + 541)* = 21,0254 + 15,6604 + 2,9161
21,025(54 + 2I) + 15,6604 + 2,9161

120,785A + 44,9661.

Il

Thus

e
I

1 2 10
120,785 [% 4]+44,966 [0 1]

B [165,751 241,570
~ 1362,355 528,106

Try working this out by repeated multiplication, and sce if you
can carry it through to the end.

The above considerations show us that once we are able to find
a polynomial equation satisfied by a matrix A, it is much easier
to study all the other properties of the matrix.

For this reason, the following theorem is very important.

MAIN THEOREM

Let A be an n X n matrix. Then A satisfies a polynomial
equation of the form

Ak+ck_1Ak—l+ s +CoI =0

of a degrec k which is not more than n and with numerical
coefficients ¢x—y, . . . , co.

Thus, a 2 X 2 matrix always satisfies eitber a linear or a
quadratic polynomial equation. A 3 X 3 matrix always satisfies
a cubic, quadratic, or linear equation. A 4 X 4 matrix always
satisfies a polynomial equation of degree 4 at most, etc.

This theorem will provide us with the key to the problem of
reciprocal matrices.

Unfortunately, the proof of t,he above theorem is too compli-
cated to be given in this book.
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EXERCISES

1. Find a quadratic equation satisfied by the matrix

13

Use the equation to find the reciprocal matrix of A.
2. Find the seventh power of the matrix A of Exercise 1.
3. Find a quadratic equation satisfied by the matrix

a=[; 51

Does this matrix have a reciprocal matrix?
4, Find a quadratic equation satisfied by the matrix

=[]

What is the reciprocal of this matrix? What is 410007
5. Show that the matrix

0 -1
4= [1 0]
= —1I. Use this fact to calculate the

satisfies the equation A% =
thousandth power of the matrix.

1 -1
B= [1 1]’
(Hint: Use the binomial theorem.)

3-3. The Least Equation Satisfied by a Matrix
The main theorem stated in the preceding section tells us that
every n X n matrix A satisfies a polynomial equation

A¥ e A1+ - - - 4l =0 2)



Division of Matrices 65

with numerical coefficients, the degree k of this equation being
at most n. Of course, it may satisfy some other equation of the
same form also. For instance, the 4 X 4 matrix

0 0 0 0
0 000
4=1000 0
1 00 0

satisfies all the equations A2 = 0, A3 = 0, A* = 0. It is clear
that the equation which fells us the most about a matrix A is the
equation of lowest degree which A satisfies.

From among all the polynomial equations of the form (2) with
numerical cocfficients which a matrix 4 satisfics, we may always
choose an equation of the smallest possible degree. We shall
show in a subsequent section that there is only one equation

Ak+Ck_1Ak+ s +L‘()I=0

of this smallest possible degree which A satisfies. Hence, instead
of speaking of an equation of smallest possible degree, we may
speak of the equation of smallest possible degree, and make the
following definition.

DEFINITION

The polynomial equation of smallest possible degree
A* +ck_1A"—‘ 4+ .- +Co] =0

with numerical coefficients ci_y - - - ¢, satisfied by a matrix A
will be called the least equation satisfied by A.

It is important to realize that the polynomial equation of
smallest possible degree salisfied by a particular matrix A4 is
unique. When we speak of the least equation satisfied by A,
we are not using the word “the” loosely: there is only one such
equation. In the present section, we shall describe a systematic
procedure for finding this equation.
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Let us begin with 2 X 2 matrices. If 4 is such a matrix,
first calculate A? and then start with the three matrices 4% A4, 1.
It is clear that, by subtracting a suitable numerical multiple of
from each of the matrices A% and A, we can obtain two matrices
A% — al and A8 — bI which have the entry 0 in first place in
the first row. If A — bl = 0, then this is the least equation
satisfied by A. If A — bl is different from zero, then some entry
in A — bl, say the entry in the 7th row and jth column, is differ-
ent from zero. It is then clear that, by subtracting a suitable
numerical multiple of A — b1 from the matrix A? — af, we get a
matrix (A2 — al) — ¢(A — bI) which has the entry zcro in the
ith row and jth column,

It is then possible to prove that the matrix

(A2 — al) — c¢(A — bl)
1s actually zero and that the equation
(A2 —al) —c(A —bI) =0

is the least equation satisfied by A.
Let us see how this procedure works, by applying it to the

-2 -4
4= [ 3 6]
If we calculate A2 we find that
—-& —16
2 - .
4 [ 12 24]

Next we subtract —27 from A and —81I from A? to get the two

matrices
0 —4
A+ 21 =
+ [3 8]

matrix

and

0 -—16
2 = ,
A%+ 81 [12 32]
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cach of which has the entry zero in the first place in the first row.
The matrix A + 217 is not zero; so we go on. We can get a zcro
in the first place of the second row by subtracting 4(A 4- 27)
from A? + 8I. If we do this, we find that

(4* 4 81) —4(A +2I) = 0.

Simplifying, we find that the least equation satisfied by A is
A% — 44 = 0. (Consequently, the matrix A has no reciprocal.)

Next let us consider a 3 X 3 matrix. If A is such a matrix, we
first calculate A2 and A® Then we begin with the four matrices
A3 A% A, I. Ttisclear that, by subtracting a suitable numerical
multiple of I from cach of the matrices A3, A% and A4, we can
obtain three matrices A2 — al, A* — bI, and A — c/, all of
which have the entry 0 in the first place in the first row. If
A —cl =0, then A — ¢I = 0 is the least equation satisfied by
A. If A — cI is different from zero, then some entry in A — ¢I,
say the entry in the 7th row and jth column, is different from zero.
It is then clear that, by subtracting a suitable numerical multiple
of A — cI from cach of the two matrices A* — af and A* — b1,
we can get two matrices

(A3 — al) — d(A — ¢I) and (A2 — bl) —e(A — cI)
each of which has the entry zcro in the ¢th row and jth column.
Call the scecond of these two matrices B.  If B is zero, then

(A2 = bI) —e(A — cI) =0,

i.e., B = 0 is the least equation satisfied by A. If B # 0, then
some entry in B, say the entry in the Lth row and /th column, is
different from zero. It is then clear that, by subtracting a suit-
able numerical multiple of B from the matrix (4% — al) —
d(A — cI), we get a matrix which has the entry zero in the kth
row and lth column. It is then possible to prove that this
matrix is actually zero, i.e.,

(A% — aI) — d(4 — cI) — f[(A? — bI) — e(A — cI)] =0,
and that this last equation is the least equation satisfied by A.
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To get some more concrete idea of how this process works, let

us apply it to the 3 X 3 matrix

1
0
1

We first calculate A2 and A3:

A

A2

Aa

-1
1
0

-2
1
-1
-3
2
-3

BN W W o= N =
J L

Now we begin to “process’’ the four matrices A3, A% A, I. Sub-
tracting multiples of I from each of A3, A2, A, we find the three

matrices
0
A—-—T1=10
| 1
A2 — ] =
A3 —2] =

-1

-3

-1

0

0
0
2
0
3

-2

-1

-3

0

-1

0
1
-2
0]
3 3]
0 —3|
0

0

Now subtract twice the first matrix from the second and three
times the first matrix from the third so as to get two matrices
cach having the entry zero in the second place in the first row:

A2 —24 4+ 1 =

A —3A+ 1=

r 0

-1
0

0

-3

| O

0 1
0 0

-1 0
0 3
0o of

-3 0]
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If we subtract three times the first of these matrices from the
sccond to get a zero entry in the third place of the first row, we
find that

A3 — 342434 — 21 = 0.

This shows, among other things, that A has a reciprocal and that
the reciprocal (easily computed) is

111
At=3 -1 1 1f
-1 1 1

The sort of procedure that we have outlined works for matrices
of any size. If A is an n X n matrix, we first caleculate A2 A3
..., Ar. Then we begin with the matrices 4", A1, ...,
A, I. It is clear that, by subtracting a suitable numerical
multiple of I from each of the matrices A", A*, . . ., A, we
can obtain matrices B, = A" — a,I, Bn,_, = A" — @nl,
. .. ,By = A — a,] all of which have the entry zcro in the first
place in the first row. If B; = 0, then the equation By = 0, i.e.,
the equation A — a;I = 0, is the least equation satisfied by A.
If B; # 0, then some entry in By, say the entry in the ¢th row
and jth column, is different from zcro. It is then clear that, by
subtracting a suitable numerical multiple of B, from cach of the
matrices B, . . . , B, we can obtain Cn = B, — b,B,, Ch—y =
B,y — b.aBy, . .., Cs = By — byB,, each of which has the
entry zero in the sth row and jth column. If C; = 0, then the
equation C; = 0, i.e., the equation (4% — a:I) — bao(A — a1l) =
0, is the least equation satisfied by A. If C; 5 0, then some entry
in Cs, say the entry in the kth row and lth column, is different
from zero; then we subtract a suitable numerical multiple of C,
from each of C,, . . . , Cs, getting matrices D,, . . . , D3, each
of which has the entry zero in the kth row and lth column. If
D; = 0, then the equation D; = 0 may be proved to be the least
equation satisfied by A. If D; > 0, we continue, getting matrices
E., . .., E,cte. It may be proved that this process always ter-
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minates after at most n steps, and that if Q. is the first of the matrices
B,, Cs, D, E,4, ete., which is equal to zero, then the equation Q; = 0
1s the least equation satisfied by A.

The proof, which although simple in principle is somewhat
messy in detail, will be omitted.

EXERCISES

1. Find the least equation satisfied by the matrix

0 1
a=3 3
3 7
What is the reciprocal of this matrix?
2. Find the least equation satisfied by the matrix

[

-1 3

What is the reciprocal of this matrix?
3. Iind the lcast cquation satisfied by the matrix

1 2 3
A=1]1 -2 0/
0 1 -2
4. Find the least equation satisfied by the matrix

1 20
A=131 0}
0 0 4

5. Find the lcast equation satisfied by the matrix

[ = )

-1
1
ol
0

O O =
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3-4. Using the Least Equation Satisfied by a Matrix to Solve
the Problem of Reciprocals

We saw in the preceding section how to calculate the least
equation satisfied by a matrix. Once we know the least equation
satisfied by a matrix A, we can easily sec whether or not A has a
reciprocal.

If the final coefficient co in the least equation satisfied by A is
different from zero, then A has a rectprocal.

PROOF

We may write the least equation satisfied by 4 in the form

Ak + Ck_.lA.k—1 ‘I" ¢ + C1A = -Col

or
(Ak'“l + Ck_lAk—z + st + C1I)A = —CoI.

Since the numerical coefficient, ¢, is different from zero, we can

divide both sides of the equation by the number — ¢, and find that

['—-l—(Ak—l +ck_1A"—2+ s +61[)] A=1.

Co

This makes it plain that the matrix
[— %’ (At + epa A2+ - - - + 011)]
0

is a reciprocal of A. Q.E.D.
If the cocflicient co in the least equation satisfied by A is equal to
zero, then A does not have a reciprocal.

PROOF
Sinece ¢y is zero, the least equation satisfied by A4 is
A¥ + ey AR 4 - - - A = 0.
This may be written as

A(AF A2 - - - ) = 0.
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If A had a reciprocal A—! satisfying A—1A = I, then we could
multiply both sides of the above equation on the left by A-! and
find that

(ATA)(AF A2 4 - - - Feld) = 0.
Since A—'A = I, this means that
At g A2 4 - - - 46, =0,

But then A would satisfy an equation of lower degree than the
least equation which is satisfied. This is impossible. Hence
our assumption that 4 has a reciprocal matrix must be wrong.
Thus A has no reciprocal matrix. Q.E.D.

We may summarize what has just been proved in the following
theorem.

THEOREM
Let A be a matrix, and let
Ak + Ck_lAk—l + vt + CoI =0

be the least equation satisfied by A. Then A has a reciprocal
if and only if the coefficient ¢, is different from zero, and if ¢o < 0,
the expression

_‘!:‘_(Ak—-l_l_ck_lAk—z_l_ e el
0

gives a reciprocal of A.
The following theorem tells us that if A has a reciprocal, then
its reciprocal is unique.

*THEOREM

The equation AX = I has a solution if and only if the equation
XA = I has a solution. If either of these equations has a solu-
tion, then both equations have exactly one solution, and the solu-
tion of both equations is the same.

This theorem will be proved at the end of the present section.
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Before you study the proof, it is well to become familiar with the
significance of the theorem. For this reason, we first give some
interesting consequences of the theorem, and give its proof only
afterward.

The theorem that has just been stated allows us to make the
following definition.

DEFINITION

If the equation XA = I has a solution, then its unique solution
will be called the reciprocal of A and written A-1. If the equa-
tion XA = I has no solution, then the equation AX = I has no
solution either. In this case we will say that A has no reciprocal.

It is important to realize that when we speak of “the reciprocal
of A,” or write the symbol A~!, we are not using the word “the”’
loosely : there is only one reciprocal.

We may restate what has gone before in the following two
theorems.

THEOREM
If A has a reciprocal A-1, then

A7'A = AA = 1.
THEOREM

Let A be a matrix, and let
A + o A¥14 - - - F el =0

be the least equation satisfied by A. Then A has a reciprocal
A-1if and only if ¢y 7 0, and in this case

Al = — cl (A1 4 oy A2 4 o o« ¢]).
0

The three theorems which we have just stated provide a com-
plete solution of the problem of reciprocals. Summarizing, we
may describe the situation as follows. We do not have to dis-



74 Introduction to Matrices and Vectors

tinguish between ‘‘right-hand reciprocal” and *left-hand recip-
rocal” (as the failure of the commutative law of multiplication
might have made us fear). If A has a reciprocal, then it is
related to its reciprocal through the very ordinary equations
AA'= A—'A = I. With referecnce to reciprocals, the main
difference between matrix algebra and the ordinary algebra of
real numbers is this: a real number z has a reciprocal whenever
it is different from zero; a matrix A may fail to have a reciprocal
even though it is different from zero. A criterion for telling
just when a matrix 4 has a reciprocal A—1, and a formula for the
reciprocal in case it exists, is given by the second theorem above.

Now we shall give a proof of the starred theorem stated above.
For convenience in giving the proof, we first restate the theorem
in the following more detailed way.

THEOREM

Let A be a matrix, and let A have a reciprocal matrix A—!
satisfying A='A = I. Then the equation XA = T has no other
solution than X = A~ Moreover, the reciprocal matrix 41!
satisfles AA~! = I and is the only solution of the cquation
AX = 1. Finally, if A has a right-hand reciprocal matrix B
salisfying AB = I, then A also has a left-hand reciprocal A—!
satisfying A—'A = I, and in fact, A—! = B,

The proof is as follows.

PROOF

By the preceding theorem, if A has a reciprocal matrix, then
the coeflicient ¢o in the least equation satisfied by A4 is different
from zero. Hence this equation can be written as

AF 4+ e 1AL 4 - o o A = —col.

Using the law of exponents and dividing, it follows that

A [— cl (A1 4 Gy Abt 4 -« - - + 611)] - L
0
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Hence, if we put

Cz_l(/lk—-l_l_ s Fal),
Co

we find that AC = I. If X satisfies the equation XA = I, it

follows, on multiplying both equations on the right by the matrix
C, that

(XA)C = IC = C.

Thus
X(AC) = C,
and since AC = I, it follows that
X =XI=_C.

Thus X = C is the only solution of the equation X4 = I; i.e.,
the equation XA = I has only one solution. Since A—!is a solu-
tion of the cquation XA = I, it follows that A—! is the only solu-
tion of this equation. This proves the first assertion of our
theorem.

We have shown, moreover, that if A has a reciprocal matrix
A1 there exists a matrix C such that AC = I. But then

Al = A1 = A-'(AC) = (A—1A)C = IC = C.
Consequently, C ="A~!, so that AA~' = 1. If AX = I, then
AYAX) = A7 = A~ so that A~!' = (A7'4)X = IX = X;
ie., X = A-1 This proves the second assertion of our theorem.

Finally, suppose that the matrix A has a right-hand reciprocal
matrix B satisfying AB = I. TLet

A* + Ck_lAk~l + <o + COI =0 (3)

be the least equation satisfied by A. We shall show that ¢y = 0.
If this is false, so that ¢q = 0, then equation (3) may be written as

A 4+ o A1 4 - - - + A =0
ie., as
(A1 4 ey AF2 4 -« - - 4 ¢, ])A = 0.
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Multiplying both sides of the above equation on the right by B,

we find that
(A1 4 ¢ A2 4 - - - + ¢ I)(AB) = 0.
Since AB = I, this means that

A1+ A2+ - - - 4+ = 0.

But then 4 would satisfy an equation of lower degrece than the

least equation which it satisfies. This is impossible.
assumption that ¢o = 0 must be wrong.

Hence our

Hence, if the matrix A has a right-hand reciprocal matrix B
satisfying AB = I, then ¢y % 0. Hence, by the previous theo-

rem, A has a reciprocal matrix A-! satisfying A=A =

L

Hence B = IB = (A~'A)B = A~ (AB) = A-'I = A-'. This

proves the third and last part of our theorem.

EXERCISES

1. Find the least equation satisfied by the matrix

1 2
o=y ]
Calculate the reciprocal of the matrix A.
2. Find the least equation satisfied by the matrix

3 6
4= [—2 —4]’
Does this matrix have a reciprocal ?
3. The least equation satisfied by the matrix

1 1 0
0 1 -1
-1 0 1

is A% — 3424 34 — 21 = 0.

Q.E.D.
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(a) Show by computing that A satisfies this equation.
(b) Calculate the reciprocal of A.
(¢) Solve the equation

1 1 0 1 2 3
0 -1 —-1|{X=(4 5 6
-1 0 1 7 89

for the matrix X.
In solving the next three exercises, use should be made of the
solutions of the three final exercises of the preceding section of

1 2 3
1 =2 0
0 1 -2

have a reciprocal? If so, what is its reciprocal?
5. What is the reciprocal of the matrix

1 2 0
3 1 0f?
0 0 4

excrcises.
4. Does the matrix

6. Does the matrix

1 -1 1 -1
0 1 1 1
1 1 0 0
1 -1 0 0

have a reciprocal? If so, what is its reciprocal?

3-5. Proof of the Uniqueness of the Least Equation Satisfied
by a Matrix

To complete the work of Sections 3-3 and 3-4, we must prove
the following theorem, which was used to prove the other theo-
rems of Section 3-4.
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THEOREM
Suppose that the matrix A satisfies two equations

A A1 4+ - o - el =0 4)
and
AF  di AR 4 - - dod = 0 )

of the same degree k, but satisfics no equation
A+ A 4 - - - el =0
of lower degrece. Then each coefficient ¢x—y, €e~3, . . . ,Cois equal

to the corresponding cocfficient di—y1, . . . , do, so that the two
equations are exactly the same.

PROOF

Suppose that our theorem is false. Then, not all the numbers
Cr—1 — Ak_1, Ck—2 — di_a, . . . , €0 — do are zcro. Suppose that
the first of these numbers (reading from left to right) which is
not zerois ¢, — d,. Clearly,jiseitherk — 1,k —2, . .. ,orl;
for j = 0 would mean that ¢iy — die1 = 0, €ea — di2a =0,

. ,and e; — d; = 0, while ¢o — do ¥ 0 so that we would find
on subtracting equation (5) from equation (4) and dividing by
co — do that I = 0, which is false. That is, j < k, but 7 > 0.
Then if we subtract equation (5) from equation (4) and divide
by the nonzero number ¢, — d,, we find that

A + (CJ_—l:_dJ_—l) At (‘?:E___df—z) At 4 - - -

C;— O CJ_dJ d
Co — Qo

L) Y )
+(cz_d1)

Thus the matrix A satisfies an equation of lower degree, con-
tradicting our hypothesis. Q.E.D.
3-6. Two Theorems About Reciprocals

Let A have the reciprocal A—!. Then the equation A= X = [
has the solution 4. This means that A—! has a reciprocal and
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that the reciprocal (A—')~! of A~! is just A. This proves the
following theorem.

THEOREM

If A has a reciprocal, so does A=1; and (A-1)"1 = 4
Suppose now that A and B are two matrices of the same size
and that both A and B have reciprocals. Then, since

(AB)(B-'A-") = A(BB-)A~' = AIA~' = AA-' = I,

the equation ABX = I has the solution B-'A-!, This means
that AB has a reciprocal and that this reciprocal is B—14-1.,
This proves the following theorem.

THEOREM

If A and B are two matrices of the same size, and both A and B
have reciprocals, then so does AB; and (AB)~! = B4,

Note that this theorem tells us that the reciprocal of a product
is the product of the reciprocals taken in the reverse order. Since
the commutative law of multiplication fails for matrices, we must
always be careful to take proper account of the order of factors
when we write any expression involving a product.

We can apply the theorem to calculate the reciprocal of a
product of many factors. Thus

(ABC)~t = ((AB)C)~' = C-{(AB)~* = C-'(B-'A~")
= C-1B-'A-Y,

the product of the reciprocals in reverse order.

EXERCISES
1. Show that the matrix

4= i3]
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is the product BC of the matrices

Lo _1o1]
B_[l 1] and C—[O 1]

Use this fact to calculate A1,
2. Show that the matrix

2 1
D =
[1 1]
is the product CB of the matrices B and C of Exercise 1. TUse
this fact to solve the equation

2 1 1 2
x|73-=15 3]
3. Let A and B be any » X n matrices, let z be any number,
and let C be any n X » matrix having a rcciprocal. Show that

(@) C(A + B)C-' = CAC-! 4+ CBC!
(b) C(AB)C-* = (CACY)(CBC™Y)

() C(xA)C! = x(CAC™Y)

d) CIC! = 1.

4, (Continuation of 3.) Let A be any n X n matrix, and let
C be any n X » matrix having a reciprocal. Show that for any
positive integer j

CA'C = (CACY),
5. (Continuation of 4.) Let A be any n X n matrix, and let

C be any n X n matrix having a reciprocal. Show that if 4
satisfies a polynomial equation

Xt + daXtt 4 - - dod = 0,

the coefficients di—1, . . . , do being numbers, then CAC-1 satis-
fies the same equation. What does this make you suspect about
the number of solutious of such an equation? Can you prove it?



Chapter 4
VECTORS AND LINEAR EQUATIONS

4-1. Definition of Vectors. Notation and Properties

A certain very simple, very special kind of matrix is important
in many applications. This kind of matrix is described in the
following definition.

DEFINITION

An » X n matrix which has zero everywhere in every column
except possibly its first column will be called a vector of size n.
That is, a vector is a matrix which has zero everywhere in its second
to last columns. Thus a matrix V of size n is a vector whenever

Vie=[Vha= - =[Vl.=0

for each value of 7z fromz = 1 to ¢ = n.

The matrix
2 0

is a vector of size 2; the matrix

1 00
2 00
2 00

81
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is a vector of size 3; the matrix

— DN DN =
oo oo
S CcC oo
oo oo

is a vector of size 4; cte.
The following theorem tells us certain important facts about
the relation of vectors to other kinds of matrices.

THEOREM

Let V,and V; be vectors, and let A be a matrix, all three being
of the same size. Let z be a number. Then

(a) V1 + V:isa vector.

) xzV1is a vector.

(¢) AV,is a vector.

PROOF

Since the entries of V; + V. are the sums of corresponding
entries in V; and V,, and since all the entries in the second, third,
etc., columns of each of V; and V' are zero, it is obvious that all
the entries in the second, third, etc., columns of V; + V. are zero.
This proves part (a). The proof of part (b) is equally obvious.
To prove (c), note that the entry in the sth row and jth column
of the product AV, is

[AVil; = [ALalVilis + [ALodViles + - - -+ [ALalVilss:

If j > 1, then, since V; is a vector, all the entries [Vi]v;, [Vila,,
.. ., [Vila, in its jth column are zero. Therefore, all the terms
in the above sum are zcro, so that [AV4],, = 0if j > 1; that is, all
the entries in the second, third, etc., columns of AV, are zero.
Hence, AV, is a vector. This proves (c). Q.E.D.

The following theorem gives the basic algebraic laws for calcu-
lating with matrices and vectors.
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THEOREM

Let V; and V, be vectors, and let A, and A, be matrices, all
four being of the same size. Let z and y be numbers. Then
all the following laws are valid.

I. Addition laws for vectors

Ia. V1+V2= V2+V1
Tb. (Vi+ Vo) +Va=Vi+ (Va4 Vy)
) C.:- V1 + 0= V1
dd. Vi4+ (=Vy) =0.

I1. Laws for numerical multiplication of vectors
IIa. .’C(Vl + V2) = $V1 + ZV:
ITh. z(yV1) = (xy) Vi
Ile. (¢ +y)Vi=2zV+ yV,

IId. 0-V,=0
ITe. 1‘V1=V1
IIf. -0 = 0.

II1. Laws for multiplication of vectors by malrices
Jlla. Ay(Vi+ Vy) = A,V + AV,
JIIb. (A + AR)Vy = A,V + 4.V,
e, A1(A.Vy) = (A:142)V,
IIId. 0-V, =0
Ile. I-V, =V,
' IIIf. Ay(xV)) = (®A) V1 = (A V).

PROOF

We have already proved all these laws for matrices. Since
vectors are merely particular simple types of matrices, we know
them to be true for vectors also. Q.E.D.

Why then is this theorem written down? Simply for review
and for convenience of reference.

The entries [V]i1, [V]s, - - ., [V]s1 of & vector V of size n
are more often called the components of the vector V. Since all
the other entries of V are zero, it is clear that V is determined by
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these 7 components. Since [V],, = 0 unless j = 1, it is really
superfluous in dealing with vectors to write [V],, rather than
simply [V].. Hence, in dealing with vectors V, we reserve the
right to denote the components of V simply as [V]..

Let the components of a vector V of size n be [V], = v,
[V]s = ve, ete. Then the numbers »;, . . . , v, determine the
vector V, and it is therefore possible (also customary and often
convenient) to denote the vector V by the symbol [v;, . . . ..
Thus, when we write

V = [1)1, .« .. ,vn] (1)
displaying the components of V explicitly, we really mean
vv 0 0 -+ 0
V=v200---0_ @

v, 00 --- 0

But it is simpler for the printer if we write (1) rather than (2)
whenever possible.
If we have two vectors

V=1_[v,...,m and U=[u,...,u

of the same size, then it is clear (since to add matrices we add
corresponding entries) that

V4+U=[vi4+uy, ...,0v.+ un
If z is a number, it is clear for the same reason that
2V = [xvy, . . . ,20a).

All this is merely old material repeated, given new names, and
written a little differently. In short, nothing much. But, be
patient.

4-2. Vectors and Directed Segments in the Plane

An ordered pair P, Q of points in the plane determines, geo-
wetrically, an ordered or directed segment, simply the segment from
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P to Q. We can readily represent this in a drawing, putting an
arrowhead on the @ end of the segment to show the order, thus:

Fie. 1. The dirccted segment PQ.

We shall write the ordered pair itself not as P, @ but as PQ;
this has the advantage of showing the order of the ordered pair
more dramatically. Now, we know from analytic geometry that
every point P in the plane has two numerical coordinates P; and
P, relative to a given coordinate system. We shall use this fact

-

to associate a vector of size 2 with every directed segment Q.
The way that this is to be done is specified in the following
definition.

DEFINITION

Let PQ be a directed line segment in the plane, and let P, P;
and @, Q. be the coordinates of P and of @, respectively. Then

PQ and the vector V = [Q, — Py, Q2 — Pj)] (evidently of size 2)

are said to be associated, and PQ is said to be a geometric
representation of V, or to represent V.
The vector V depends only on the differences of the coordinates

of @ and P. Hence, it is clear that, if the directed segment PQ
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is shifted in the plane without change of direction or of length,

Y

we obtain a new directed segment P’Q’ which represents the same
vector as PQ. Thus, a given vector V is represented not by a
single dirccted segment, but by any directed segment which has
the proper length and direction (see Fig. 2).

QI
Q"

F1g. 2. Dirccted segments representing a given vector.

The association between directed segments and vectors which
we have established permits us to give a gecometric representation
for the sum and difference of two vectors. This is done in the
next theorem.

THEOREM ON GEOMETRIC REPRESENTATION
(a) If the vector V', is represented by the directed segment PQ
and the vector V. is represented by the directed segment QR, then

the sum V; + V; is represented by the directed segment PR
(cf. Fig. 3). .

(b) If the vector V, is represented by the directed segment P@Q
and the vector V, is represented by the directed segment P—k,
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then the vector ¥, — V, is represented by the directed segment
RQ (cf. Fig. 4).
(¢) If the vector V' is represented by the directed segment PQ,

then the vector — V', is represented by the directed segment QL.
Parts (a) and (b) of this theorem arc illustrated by Figs. 3 and 4.

Represents V;

Fia. 3. The sum of two vectors.

Represents
i—v2

Fia. 4. The difference of two vectors.
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PROOF OF THEOREM

Let P have the coordinates P;, P, and @ have the coordinates
Q1, Q:, and R have the coordinates R, R,. Then PQ represents
the vector V; = [Q; — P;, Q: — P3), and QR represents the

vector V, = [R; — Qi1, R: — Q.], while PR represents the vector
Vs = [Ry — Py, Ry — P5]. 1t is obvious on adding V, and V,

that V, 4+ V, = Vi Thus PR represents Vy + V, and this

proves (a).
The proofs of (b) and (c) are equally easy, and will not be given,
but will be left to the student as an exercise. Q.E.D.

The commutative law of V, + Vo, = V, + V, of addition may
be given the following interesting geometric interpretation. Let

Represents
V,+V, and
V>tV

F1a. 5. The commutative law of addition of vectors.

-

PS be a directed segment having the same length and direction
as the segment QR in Fig. 3. (See Fig. 5.) Then, by the ele-
mentary theory of parallel lines, SR has the same length and

direction as PQ. Since two directed segments with the same
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length and direction both represent the same vector, it follows

that PS represents V, and that SR represents V,. Thus PR
represents both V, 4+ V, and V. 4+ V), which serves to remind
us that Vz + V1 = V1 4+ Vz.

Since Fig. 5 shows a parallelogram and since the diagonal of the
parallelogram represents the sum V, 4 V,, addition of vectors is
sometimes called addition according to the parallelogram law.

Numerical multiples of a given vector may also be represented
geometrically. This is done in the following theorem.

THEOREM

Let the directed segment PQ represent the vector V, and let =
be a nonnegative real number. Then the vector zV is repre-
sented by a directed line segment having the same direction as

PQ but z times as long.

Qp———————————————— If
|
A |
8 3
NG 1Q i l
! |
| |
(0] Ql le

Fic. 6. A numerical multiple zV.
PROOF

Since shifting a directed line segment without change of size
or direction does not change the vector V which it represents, we
may suppose without loss of generality that the point P is the
origin O of our coordinate system; i.e., P = 0. Draw the
infinite line 0Q, and on this line in the direction OP, draw the
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point R for which the distance from O to R is z times the distance
from O to @, as in Fig. 6.

Then it is clear from the clementary geometry of similar tri-
angles or, for that matter, from the basic rules of analytic geom-
etry, that if the coordinates of the point @ are @i, Q. then the

coordinates of the point R are zQ,, xQ,. Thus, since OQ rep-
resents V, we have V = [Q,,Q:], and then since

zV = [le,xQzl = [le - 0, -I:Qﬁ - O])

zV is the vector represented by the directed segment OR.
Q.E.D.
To find a directed segment representing a numerical multiple
2V of the vector V' when z is negative, we have only to write
2V = —(—x)V and use both the above theorcm and part (c) of
the first theorem of the present section.

EXERCISES

1. Prove part (b) of the first thecorem of Section 4-2.
2. Prove part (¢) of the first theorem of Section 4-2.

3. Prove the following theorem: If the directed segment PQ
represents the vector V, and if z is negative, then the vector xV
is represented by a directed segment having |z| times the length

of PQ and the diametrically opposite direction.

4-3. Vectors and Directed Segments in
Three-dimensional Space

The association between vectors and dirccted segments intro-
duced in the preceding section is as applicable to three-dimen-
sional space as to the two-dimensional plane. The only differ-
ence is that a directed line segment in three-dimensional space
will represent a vector of size 3, not a vector of size 2. The basic
definition is as follows.
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DEFINITION

Let I’Q be a directed line segment in three-dimensional space
(i.e., an ordered pair of points in three-dimensional space), and
let Py, Py, I’; be the coordinates of the points P, while Q1, @2, Qs
are the coordinates of the point @ (coordinates being taken with

respect to a given set of coordinate axes). Then PQ and the
vector V = [@Q; — Py, Q2 — P, Q3 — P3] (evidently of size 3) are

said to be associated, and PQ is said to be a geometric representation
of V, or to represent V.

oY

Fia. 7. The coordinates of a point in three-dimensional space.

The vector V depends only on the differences of the coordinates

of Q and P. Thus, it is clear that, if the directed scgment PQ
is shifted in space without change of direction or of length, we

—

obtain a new dirccted segment Q' which represents the same
—_

vector as PQ. Thus, a given vector V is represented not by a
single directed segment but by any directed scgment which
has the proper length and direction.

It is clear that the first theorem of the preceding section is
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equally true in three dimensions. Indeed, the proofs in three
and in two dimensions are the same except for trivial changes.

R
Represents
Represents /)
W%,
Q
Represents
P 1A

Fia. 8. The sum of two vectors.

R Represents
-y
Represents
V2
Q
Represents
P

1

Fi1a. 9. The difference of two vectors.

The second theorem of the preceding section is also as true in
three dimensions as in two dimensions. The proof may again
be given by first supposing that the first point of the directed

segment PQ representing V is the origin of coordinates, i.e.,
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P = 0, and then using the geometry of similar figures. The only
complication is that we must use elementary solid geometry
rather than elementary plane geometry. Rather than bothering
to give a detailed proof, we shall simply refer to Fig. 10.

R

xQ, >/

N

Q|+~ xQ,
Q, :
e
/ 0 Qx \( le ‘\c‘e,‘a.
& .
\s\&g' o¢
Fic. 10

To represent the vector zV when z is negative, we have again
only to write 2V = —(—2z)V and use the two theorems of

Section 4-2.
EXERCISE

Prove that the first theorem of Section 4-2 remains valid for
directed line segments in three-dimensional space.

4-4. Geometric Applications of the Algebra of Vectors

The connection between directed line segments and vectors
explained in the two preceding theorems gives us a useful way of
proving theorems in geometry by vector algebra.

Suppose that a line PQ in the plane is given and that an
additional point O in the plane is also given, as in Fig. 11. Then
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if R is any other point on the line PQ, and if P_é represents
the vector V, then by the final theorem of Section 4-2, P7E repre-
sents a multiple ¢V of V. If O_I" rcpresents a vector U, then by
the first theorem of Sectlon 4-2, OR reprebents the sum of the

vectors represented by OP and PR That is, OR represents the
vector U + tV. This proves the following principle.

R
Represents tV’
Represents-| Represents V
U+tv
Represents U
Fia. 11. Vectors to the points on a line.
PRINCIPLE A

Let 1 be a line in the plane and P a point on l. Let PQ be a
directed line segment in l. Let O be any point in the plane. Let PQ

represent the vector V and OP represent the vector U. Then each

-)

directed segment OR whose final point B lies on l represents a vector
of the form U + tV; and each such vector is represented by exactly

one directed segment OR whose final point lies on 1.
(Be sure to study Fig. 11 until you fully understand the geo-
metric meaning of this principle.)
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With this principle, it is easy to prove various theorems in
geometry. Let us consider as an example the following theorem.

GEOMETRIC THEOREM

The diagonals of a parallelogram bisect each other.

Fia. 12. The diagonals of a parallclogram bisect each other.

VECTOR-ALGEBRA PROOF

Let the parallelogram be ABCD. Let A—é represent the
vector V; and B—é' the vector V. Since opposite sides of a
parallelogram are (parallel and) equal, A—b also represents
Ve an_t? D—é' represents V,. By the ﬁrs_t.'. theorem of Section

4-2, AC represents V; + V,. Similarly, BD represents V, — V1.
Let the intersection of the two diagonals be called K. Then,

by the above Principle 4, AK (as a point on the line I) represents
a vector of the form #(V, 4+ V) and also (as a point on the line m)

represents a vector of the form V, 4+ 8(Vy — V,). Since AK
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represents both these vectors, they must be equal. Hence
Q=s—0Vy=({— sV, 3)

Since C does not lie on the line AB, V, is not a multiple of V.
But if £ — s were different from zero, we could divide equation
3) by t — s to find
A—-s—1
AV, =V
t—s9) ! »
so that V; would be a multiple of V. Since this is not the case, it
must be that ¢ — s = 0. But then
1=s—-9HV,=0,
so that s+t = 1. Sincet—s=0,s=13%and ¢t =%. Hence
AK represents (V1 + V), while AC represents V; + V2. By
the theorems of Section 4-2, the length of the segment AK is
exactly half that of the segment AC. Q.E.D.
The following principle is useful in giving vector-algebra proofs

of geometric theorems. It could have been used to shorten the
preceding proof.

PRINCIPLE B

Let AB and CD be two lines in the plane, and suppose that they

are not parallel. Let AB represent the vector V1 and C'D represent
the vector V. Then, if sV, = tV,, both s and t are zero.

PROOF
If s 0, then V, = (t/s)V2, so that a directed segment EF
having the same direction as CD (and a length equal to &/Btimes

the length of this segment) represents the same vector as AB.
Thus EF is parallel to AB, and, since CD is parallel to EF, AB is
parallel to CD. This contradicts our hypothesis. Hence the
assumption that s > 0 is false; so 8 = 0. Similarly, ¢ = 0.

Q.E.D.
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The student should go back over the geometric theorem proved
above and see how the principle we have just established could
have been used to simplify the proof.

Once one has a little practice in giving vector-algebra proofs of
geometric theorems, they are often easier to give than ordinary
geometric proofs. A number of geometric theorems which we
can easily prove by vector algebra arc given in the following
set of exercises.

EXERCISES

Prove the following geometric theorems using vector algebra:

1. The median of a trapezoid is parallel to the bases and equal
to one-half their sum.

2. The three medians of a triangle are concurrent.

3. The line joining the mid-points of the two diagonals of a
trapezoid is parallel to the bases and equal to one-half their
difference.

4. Two medians of a triangle intersect at a point two-thirds
of the distance along either median from the vertex through which
it passes.

5. In parallelogram A BCD, AE is one-half of AB. Prove that
AF is one-third of AC. (See Fig. 13.)

A E B

Fia. 13

6. (Ceva’s theorem). In the following diagram (Fig. 14) the
lines AA’, BB’, and CC’ are concurrent if and only if the lengths
AB', CB', CA’, BA’, BC’, and AC'’ satisfy the equation

AB'-CA'-BC' = AC'- BA'- CB.
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Fic. 14

4-5. Distances, Cosines, and Vectors

If the directed segment PZ) in the plane represents the vector V,
then V = [Q: — P1, Q2 — P2]; Py, P, and @, Q: being the
coordinates of the points P and @, respectively. Hence, by
the Pythagorean theorem (the distance formula for coordinate

geometry) the length of PQ is the square root of the sum of the

squares (Q: — P;)? and (Q: — P;)?; that is, the length of PQ is
the square root of the sum of the squares of the components of the

vector V represented by PQ.
We state this as a formal theorem.

THEOREM
If the directed segment PQ in the plane represents the vector
V = [vy,v2], then the length of PQ is
(1 + o)t
The trigonometric law of cosines leads to another interesting

algebraic expression. Let ABC be a triangle. Let AB repre-



Vectors and Linear Equations 99

sent the vector V and AC represent the vector U. Then, by the
law of cosines, we have the relation

BO? = AC? + AB® — 2ABAC cos ¥ A

between the lengths I?E', A/E', and AB. Using our previous
theorem we find that if V = [v3,02] and U = [uy,u.], then since

BC represents U — V, the law of cosines gives
(01 — u)? + (2 — u2)? = (v + v3) + (ui + u3)
- 2A/§Af(:' cos X A.

Multiplying out and canceling redundant terms, we have

UL + Uwe = A/BA/Z‘ cos X A.

This formula proves the following theorem.

THEOREM

Let the directed segments AB and AC represent the vectors
[21,05] and [uy,%2], respectively. Then the expression vyu; + vous
gives the product of the lengths of the scgments multiplied by
the cosine of the angle between them.

/
Il
/E
l

c Both represent yn
f \ \4 /

g\ —~—
-

Angles between
directed segments

g =1
,///{‘ ’ //

F16. 15. Angles between directed segments.
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If we shift the directed segment AC to a new position, without
changing its length or direction, obtaining a new directed seg-

—

ment DE, then it continues to represent the same vector [v1,v,].
Moreover, its length and the angle it makes with the line AC
remain unchanged. Thus, in the preceding theorem, there is

really no reason why AB and AC should have to have the same
initial point; all that matters are the lengths and direction of
these two segments (cf. Fig. 15). It follows from these consid-
erations that the preceding theorem can be stated in the following
more general, and more useful, form.

THEOREM

Let the directed segments AB and DE represent the vectors
[v1,02] and [u1,u,], respectively. Then the expression v1u; + vous
gives the product of the lengths of the two segments multiplied
by the cosine of the angle between them.

Two directed line segments are perpendicular if and only if the
cosine of the angle between them is zero. Thus, the preceding
theorem has the following theorem as an immediate consequence.

THEOREM
Let the directed segments AB and CD represent the vectors

[v1,v2] and [ui,u.], respectively. Then AB and CqD are perpen-
dicular if and only if
Uy + UV = 0.

Exactly corresponding formulae hold for directed segments in
three-dimensional space and their corresponding vectors. To see
this, we must first realize that the three-dimensional analog of
the theorem of Pythagoras is:

The length of the diagonal of a rectangular parallelepiped s the
square root of the sum of the square of the lengths of any set of three
perpendicular sides. (Cf. Fig. 16.)

The proof is easy. By the ordinary Pythagorean theorem
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RN

D A
Fia. 16. The length of the diagonal.

in the plane the distances AB AD and BD are related by
AB? = AD? + BDe, Applying this same theorem to the right
triangle ABC, we find that AC? = A,Ii'z + B/b’ Substltutmg
for Asz, we get the desired formula AC2 = AD2 + DB? + BC2

Once we have this three-dimensional form of Pythagorean
theorem, it follows at once that the distance between the two
points P and @ in three-dimensional space with the coordinates
Py, P, P; and @), Q2 Q. is the square root of (Q: — P)? +
(Q: — P2)%2 + (@3 — P3)2. This is clear from the following dia-
gram (Fig. 17):

P QP
\ Ql_‘l’l QS- 1)3

Fia. 17, Differences of the coordinates of P and Q.
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Once we know this formula, we can prove the following theorems
for directed segments in three-dimensional space almost exactly
as they were proved for directed segments in the plane.

THEOREM

-

If the directed segment PQ in three-dimensional space rep-

resents the vector V = [v1,05,05], then the length of PQ is (v +
v; + v3).}

THEOREM

Let the directed segments AB and CD represent the vectors
[v1,99,vs] and [wi,us,us], respectively. Then the expression
v1u1 + vous + viu; gives the product of the lengths of the two
segments multiplied by the cosine of the angle between them.

THEOREM
Let the directed segments AB and CD represent the vectors

—

[v1,v2,05] and [wy,us,us], respectively. Then AB and CD are
perpendicular if and only if

Uy + UV 2 + UP3 = 0.

By virtue of the importance of expressions like (v} + v + v3)}
and wuw; + uw; + uws, it is natural to make the following
definition, which we immediately generalize to vectors of arbi-
trary size.

DEFINITION

Let U =[uy, ... ,us)and V = [v, . . . ,va] be two vectors
of the same size. Then

(a) The quantity (2 + v + - + + + »?)} (the positive square
root is meant) will be called the length of V and written || V|

(b) The quantity uw, + - * = + uav, will be called the circle
product of U and V and written U o V.
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It should be noted that the circle product of two vectors is a
number (not a matrix, or a vector, or anything else).

Since the quantity || V| is to be defined as a positive square root,
it is quite clear that ||V|| > 0.

The two notions of length of a vector and circle product have a
number of simple but highly useful algebraic properties, which
we collect in the following theorem.

THEOREM
Let

U=uy, ... u, V=1[vy, ... 0, and W = [w,, ... w,]

be three vectors all of the same size; and let = be a real number.
Then

(@) V]| = (Ve W)
®) ll=zV] = |=[ V]l
() @) V=Uo@xV)=x(UoV)
@ Uo(Vi+Vy) =UoVi+UoV,
(e UV =VoU
N vl > o.

Part (c) enables us “to take a constant out of”’ a circle product
of two vectors. Part (d) enables us to “multiply out” a circle
product. Part (e) enables us to switch the order of factors.

PROOF
(f) has already been noted; (e) simply says
Uwr 4+ ¢ A U = 01U+ VR,
(d) simply says

wi(r +w) + 0t UV wa) = (s F ¢+ Ud)
+ (ulwl + -+ unwn)-
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(c) simply says

(@udvi + + -+ + F @U)va = wa(zvr) + ¢ ¢ 0+ ua(zv,)
= z(uwr + * * * + uy).
(a) simply says

O SR ) L (i O e L2
(b) may be proved as follows: by (a) and (c)

lzU]l = (U ° zU)} = (23U ° U))}
= @)U U)} = [2| |U].
Q.E.D.
The theorems proved in this section enable us to prove a wide
variety of geometric theorems by using vector algebra. As an
example, we will prove the following geometric theorem.

GEOMETRIC THEOREM

The diagonals of a rhombus are perpendicular.

PROOF BY VECTOR ALGEBRA (cf. Fig. 18)

D c

»
>

A B
Fia. 18. The diagonals of a rhombus.

Let the rhombus be ABCD. Let AB represent the vector U,
and let BC represent the vector V. Then AC represents U + V.
Since A D has the same direction and length as BC, it also repre-

sents the vector V. Consequently, BD represents V — U.
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Now, (V — U) o (V + U) multiplied out gives
VeV —=UoU=|V|*— ||U|
By the first theorem of this section, this is equal to the difference

of the squares of distances AB® — BC*. Since all sides of a
rhombus are equal, it follows at once that

V-U)o(V+U)=0.
Hence, by the third theorem of the present section, A_(:" and B_i)
are perpendicular. Q.E.D.
A number of additional geometric theorems that are easy to
prove using vector algebra are given in the following set of

exercises.

EXERCISES

1. Prove that for any two vectors of the same size
U= VIi2+ U+ V]2 = 201U + [V]}*).
2. Prove that if a vector U has length zero, then U = 0.
3. If the directed segments AB and CD in the plane are per-

pendicular, and if AB represents the vector [uiu,], then CD
represents a vector which is a numerical multiple of the vector
[—ug,ul].

Prove the following geometric theorems by using vector
algebra:

4, The perpendicular bisectors of a triangle are concurrent.

5. If the diagonals of a parallelogram are perpendicular, the
parallelogram is a rhombus.

6. If the biscctor of an angle of a triangle is perpendicular to
the opposite side, the triangle is isosceles.

4-6. More about the Lengths of Vectors

Let V and U be two vectors of size 2. Let the dlrected segment
PQ represent V, and let the directed segment QR represent U.
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Then the directed segment PR represents V 4+ U. Since accord-
ing to the theorems of Section 4-4 the length PR is ||V + U], the
length I’Q is || V||, and the length QR is ||U]|, it follows from the
geometric theorem that the length of any side of a triangle is
less than or equal to the sum of the lengths of the other two sides,
that ||V + U] < |[V|| + ||U|l. The same proof works just as
well for vectors of size 3. Thus, if V and U are any vectors of
size 3, |V + U| < |[V] + [|U].

If we write these inequalities out, using the detailed formulae
for length given in the preceding section, we sce that what we
have proved are the following famous and interesting inequalities:

Let uy, uz, us, v1, vz, v3 be any six real numbers. Then

(@) [(ur + v)? + (w2 + v2)2} < (uf + ud)t + (0F + v3)}
(®) [(u1 4+ v1)? + (w2 + v2)? + (us + v2)? < (uf + uj + ud)?
+ (0 + o2 + o]

The fact that we are able to prove this inequality for vectors of
sizes 2 and 3 suggests strongly that it is true for vectors of any
size. Of course, for vectors of size greater than 3 we can no
longer resort to geometry. But, as we shall now see, we can
still prove the same inequality. We begin with a preliminary
theorem.

THEOREM

Let U and V be vectors of the same size. Then
(U= W] LUV

that is, the absolute value of the circle product is at most equal
to the product of the lengths.

This inequality is also very famous. It is generally known as
Schwarz’s inequality, after one of its discoverers, the German
mathematician Hermann Amandus Schwarz,
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PROOF

Let = be any number. Then, by (a) of the last theorem of
Section 4-5,

(U+2V)e(U+zV)=(lU+=zV[)*20

(since the square of any real number is nonnegative). Multiply-
ing out, we find that

UoU+23(VoV)+2x(UoV)>0 for every z. (4)
We will consider two cases separately:

Casel. VoV =0.
Case2. VoV s#0.

If VoV =0, then it follows that
UoU+2x(UoV) >0 for every z.

For such a linear expression to be nonnegative for all «’s, it must
be constant; otherwise its graph would surely cross the z axis at
least once. Hence the expression Ue U + 2x(Ue V) is con-
stant, i.e.,, U o V = 0. In this case, the inequality

((TeW)| < UV
just says
o < ([Tl VI,

and since ||[V| = (Vo V)! = 0} = 0, this is surely true. Thus
case 1 is settled affirmatively.

If VoV 50, then we put

UoV
VeV

in the inequality (4). Multiplying through both sides by the
nonnegative quantity Vo V = ||V||2, we find that

UoU)(VeV)4+ (UU)(VoV)—2(UV)2>0.
Transposing and dividing by 2 and noting that Uo U = ||U||3,
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VeV = |V|? we have
duiivin: =z (.72
Taking the square root of both sides of this inequality, we find

that
ITI VI 2 (U e )2 = |(Ue V).

Thus case 2 is settled affirmatively also, and our theorem is
proved in every possible case. Q.E.D.

Now we shall use the preceding theorem to prove the desired
inequality.

THEOREM
Let U and V be vectors of the same size. Then
1o+ vi < Ul + V.
PROOF

By (a) of the last theorem of Section 4-5, we have upon multi-
plying out
NWU+VIE=WU+V)e(U+V)=UoU+VoV 42UV
U2+ V]2 +2U- V.

I

Now, any number z satisfies the inequality z < |z|; this inequal-
ity is obvious if z is positive, in which case |x| = z, and obvious
also when z is negative, in which case it simply says that the
negative quantity z is less than the positive quantity |z|. Con-
sequently, if in the final sum in the last displayed equation we
replace U o V by |U o V|, we are replacing onc term of a sum by a
larger term and, hence, get a larger sum. Thus

1T+ Vi< Ul + [[VI]*+ 2|U e V]

Since by the preceding theorem |U e V| < ||U|| ||V]|, we may
replace |U o V| on the right by [|U|| |[V|| and get an even larger
sum. Hence

IU + Vi < Ul + VI* + 21U V.
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That is,
U+ vz < (Ul + ViD=

Taking the square root of both sides of this inequality, we find
that

U+ vl < Ul + v
Q.E.D.
EXERCISES

1. Prove that if |(Uo V)| = ||U|| ||V|| and V % 0, then Uisa
multiple of V. (Hint: Consider the expression ||U + zV|2)
What does this mean geometrically?

9. Prove that if ||U|| 4+ |[V|| = |[U + V|| and V £ 0, then
U is a multiple of V. (Hént: Consider the expression ||[U + V|2,
and use Exercise 1.) What does this mean geometrically?

3. Prove that ||[U+ V + W| < ||U|| + [|[V] + ||W]|l. Can
you generalize this inequality?

4.7. Expressing Systems of Linear Equations in Terms of
Vectors and Matrices. Solving by Using
Reciprocal Matrices

Suppose that we have a system of = lincar equations for »
unknowns:

ey + AU + ¢ ¢ F G, = N
Aoty + @oous + © 0 0 A+ QonlUn = V2
(5)
apuy + argus + - + Qrnltn = Vg
A1 + ooz + © * ¢+ Gpalln = V.

This set of equations may be expressed very neatly in terms of
matrices. Suppose that we let A be the matrix which has the
entry a; in its sth row and jth column. (This matrix is called
the coefficient matrix for the system of equations.) Let U be the
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vector %1, . . . , un. Then AU is also a vector. What are the
components of this vector? To answer this question, we have
simply to compute the entries in the first column of AU (since
the entries in every other column are all zero). The entry
in the kth row, first column of AU is, by definition of matrix
multiplication,

AUy + * ¢+ Qrnla.

That is precisely ».. We consequently have established the
following principle:

If A ts the matrixz which has the entry a.; in its ith row and jth
column, while U and V are the vectors U = [uy, . . . ,ia] and
V = [vy, . . . ,va], then the system of equations (5) may be expressed
in terms of matrices as

AU =7. 6

This principle shows us how far we have come. By introducing
arrays of numbers as objcets in their own right, and by defining
suitable algebraic operations among those arrays, we are able to
write the complicated system of equations (5) in the “‘ele-
mentary’’ form (6). Use of this artfully condensed notation gives
us a general view of the system (5), as it were: we recognize the
system (5) to be a grown-up cousin of the equation au = v
which we learned to solve “by division” in the first year of
algebra. And this gives us the idea for solving the system (5):
simply solve “by division.” We know that this will work if we
“can divide by 4,” that is, if 4 has a reciprocal. In this case,
we just multiply both sides by the reciprocal of A and get the
solution
U= A"1Y.

Our powerful machinery has done all the work for us. We have
succeeded in our aim, which is perhaps the general aim of all
mathematics: to make the complicated simple by discovering its
inner pattern.
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We summarize in the following way: A system of n linear
equations for n unknowns may be wrilten in terms of its coefficient
matriz A as the equation AU = V for thc unknown vector U. If
A has a reciprocal matriz, then the solution is given by U = A-1V.

EXERCISES

Solve the following systems of linear equations by computing
inverse matrices.

1. z+2y+32=0
4r + 5y + 62 =1

7z 4 8y = 0.

2. v+r+y—22=1

v—z+4+y—22=0
v+2r—y+2:=0
v—2z—y+4z=1.

(The teacher may invent and assign additional exercises of this
same sort.)

4-8. Solving Systems of Linear Equations by the Method
of Elimination

The method of “matrix reciprocals” for solving systems of
linear equations presented in the preceding section, although
it has the advantage of indicating in a very direct way the basic
structure of a system of linear cquations, has a number of sig-
nificant disadvantages.

1. It works only when there are as many equations as un-
knowns.

2. It works only when the coefficient matrix has a reciprocal.

3. It is unnecessarily cumbersome from the computational

" point of view.

In the present section, we will develop a method for solving

systems of linear equations which is free of these objections.
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The method we will develop, called the method of elimination,
is perhaps the swiftest and best method for solving these systems
of equations. It is the method most commonly used in solving
systems of many equations for many unknowns on ultra-high-
speed computing machines of the electronic-brain type.

We begin with the following definition: Two systems of
equations are called equivalent if every solution of one system is a
solution of the other system, and vice versa.

Before taking up the most general case, let us first consider a
system of four linear equations for four unknowns.

W+2z42y—32=1
+zt+y+z=2
6v—xz—5y+z=3
4vp—2x+3y—2z=0.

We multiply the first equation by 2 and subtract from the
second equation; multiply the first equation by 3 and subtract
from the third equation; multiply the first equation by 2 and
subtract from the fourth cquation. This gives the following
system of equations:

W+2r+2y—32=1

0—z—3y+72=0
0—4r—11y+ 10z =1

0—4zx—y+ 5= -2

We can obviously get the first system of equations back from the
second just by adding twice the first equation to the second,
twice the first equation to the fourth, and three times the first
equation to the third. Hence the first set of equations is equiv-
alent to the second set of equations. The sccond sct, however,
has the advantage that the unknown v occurs (with a coefficient
different from zero) only in the first equation. Now we repeat
this process. We add the second equation to the first, subtract
four times the second equation from the third, and subtract
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four times the second equation from the fourth. This gives

20+0—y+42=1

O0—2—3y+72=0

04+0+y—182=1
04+ 0+ 11y — 23z = —2.

For the same reason as before, this system of equations is equiv-
alent to the systems from which it was derived. But now each
of the variables » and z occurs (with a coefficient different from
zero) only in one equation.

Tt is clear that we can continue this process. Multiplying the
third equation by suitable numbers and subtracting it from the
others, we (ind the equivalent system

204+0+4+0—142=2
0—2+0—-472=3
0+0+y—182=1

0+0+0—221z2=09.

In this system, each of the three variables v, z, y occurs (with a
cocfficient different from zero) in only one equation. Now we
subtract suitable multiples of the fourth equation from each of
the others: it is clear that in this way we will arrive at an equiv-
alent system in which each variable occurs in only one equation.
And now we can solve simply by dividing.

It is plain that this systematic elimination process can be
applied to systems of any number of linear equations with any
number of unknowns. Let us examine the general situation and
see what can happen. Suppose that we have a system of linear
equations in certain unknowns. If any unknown occurs with
the coefficient zcro in every equation, it plays no role and we drop
it. Then we apply the subtraction process described above a
certain number of times, say k times. At the end of this process,
we arrive at an equivalent system of equations in which & of our
unknowns occur (with a coefficient different from zero) in exactly
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one equation. That is, calling these unknowns z;, . . . , m,
we arrive at an equivalent set of equations of the form

a,z; + lincar terms in unknowns other than z;, . . . , 2, = by

a3x; + linear terms in unknowns other than z,, . . . , 7 = b,

a2, -+ lincar terms in unknowns other than z;, . . . , 2, = b

and “other equations’ in which the unknowns z,, . . . , zx do
not appear.

If any variable occurs with a nonzero cocfficient in any one of the
‘“other equations,” we can continue our elimination process.
LEventually we will come to an end. At this point, our system of
equations must look like this:

aiz; + linear terms in unknowns other than z;, . . . , 7 = by
a,z; + linear terms in unknowns other than z;, . . . , 7 = b,
a;ixr + linear terms in unknowns other than 1, . . . , 7 = b

“other equations” in which no variable appears with a nonzero
coefficient.

]

What can one of these other equations, which must be a linear
equation in which no variable appears, look like? It must be
either of the form 0 = 0, in which case we might as well drop it;
or of the form 0 = b, where b is a constant different from zero,
in which case it is a contradiction. Hence we sce that: either
the “other equations” all state simply 0 = 0, in which casc they
can be dropped; or one of the “other equations” is an obvious
contradiction. Since the system of equations (7) is equivalent
to the original system of equations, (7) can contain only contra-
dictions, i.e., state impossibilities, if the original system of equa-
tions also states impossibilities, i.e., if the original system of
equations simply has no solutions.

Thus, if the “other equations” in (7) are not simply 0 = 0
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repeated several times, the original system of equations has no
solutions.

Summarizing, we see that we have established the following:

If the process of elimination by subtraction described above is
repeatedly applied to an arbitrary system of linear equations and
carried through to the end, then we will arrive at cither (a) or (b):

(a) A number of palpable contradictions of the form 0 = b, b
being some nonzero real number. In this case, the original system
of equation has no solution.

(b) An equivalent system of equations of the form

@,z + linear terms in unknowns other than zy, . . . , & = by

a:%; + linear terms in unknowns other than z;, . . . , z; = b,
axZr + linear terms in unknowns other than z;, , Tr = by,
8)
all the coefficients ay, . . . , ax being different from zero.

Let us cxamine case (b) more carefully. There are two sub-
cases: cither (b1) where there are really no unknowns other than
Zi, . . ., % or (b2) where there really are unknowns other than
1y . . ., Ze. In case (bl), our system of equations reduces to
aixy = by, @y = by, . . . , mxx = bi, and, dividing, we find the
unique solution z; = by/ay, . . . , 1% = bi/ax.

In case (02), there are unknowns other than z;,, . .., 2.
Call the unknowns other than z;, . . . , % by the letters y1, y»,

., Yn. Since the coefficients a;, . . . , a; are different from
zero, we can transpose and divide and write the system (8) of
equations in the form

Ty =€ + d1y1 + 1Yz + R fl!/'l
T2 = C2 + d2y1 + ey + .- +f2?/n
z3 = ¢3 + d3y1 +ey:+ ¢ - - + fayn (9)

----------------------

Te=c+dyr +ey:+ 0+ fivn
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It is clear that this system of equations will be satisfied if we
assign arbitrary values to the variables yi1, . . . , ¥x and then
determine the values of z;, . . . , 2; from (9). In this case, our
solution is evidently not unique.

Summarizing, we have the following thcorem.

THEOREM

Let a system of arbitrarily many lincar equations in arbitrarily
many unknowns be given. If the process of elimination by sub-
traction described in the present section is repeatedly applied to
the given system of linear equations, and carried through to the
end, then we will arrive at (a), (b), or (c):

(a) A number of palpable contradictions of the form 0 = b,
b being some nonzero real number. In this case, the original
system of equations has no solutions.

(b) An equivalent system of the form a,z, = by, axxrs = by,

., axxr = by, one for each of the unknowns in the original
system of equations. In this case, there is a unique solution, and
it is found by carrying the elimination process through to the end.

(¢) An equivalent system of the form

zn=ci+dyr+ey+ - + fiya
$2=02+d2y1+62y2+ te +f2’!/n
3 =c¢s+dayr +ey2+ - - + faya

......................

zr = ¢ + diys + ey:+ * ¢ - +fkyn,

the unknowns of the initial system being i, . . . , & and yy,
., Yn. In this case, the solution is not unique, but we obtain
any solution by giving arbitrary values to the unknowns y;,
. , Y and then determining the remaining unknowns from the
equations (9).
Thus the question of solving systems of linear equations in
arbitrarily many unknowns is settled in all possible cases.
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EXERCISES
1. Find the solutions, if any, of the system of equations

2vt+2xz4+y+2=0
v—z+2y+2=0
49 -2+ 5y+32=1
v—2+y—z=2.

2. Find the solutions, if any, of the system of equations

z+y+z=1
rt—y—22=0
z+2y+32=1
3r—y—5z=1

3. Find the solutions, if any, of the system of equations
v+2x+y+z2=0
—v+z+2y+2=0
—v+4r+ 5y + 3z = 1.

4. Find the solutions, if any, of the system of equations
v+z2z+y+22=1
v—x—y+22=2

v+2r—y+22=0
v —3r — 3y — 7z = 4.

(The teacher may assign additional exercises of this sort.)
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Chapter 5

SPECIAL MATRICES OF
PARTICULAR INTEREST

5-1. The Complex Numbers as Real Matrices

It is a general algebraic fact that many different kinds of
algebraic systems can be expressed in terms of special collections
of matrices. Many theorems of this kind are proved in modern
higher algebra. Without attempting any such proof, we shall
aim in the present chapter at showing how a number of interest-

ing algebraic systems can be expressed in terms of matrices.

Suppose that we consider the set of all 2 X 2 matrices which

have the form
5 o]
—-b a
al + bJ,
01
J=[—1 0]'

The sum of two such matrices is of the same form:

i.e., have the form

where

@I +bJ) + (@' +b'J) = (a + )] + (b + b')J.

118
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1f we compute the square of J, we find that J2 = —I. Hence
it follows that the product of two such matrices has the same
form:

(al +bJ)(@'I +b'J) = (aa’ — V)T + (ab’ + a'b)J. (2)

It will probably have struck you by now that these matrices
may be added and multiplied in just the same way as complex
numbers. Indeed, the matrix J satisfies J2 = —1; ie., it is
the square root of the negative of the unit matrix; and if we let

the matrix
a b
[—b a] =al + bJ

correspond to the complex number a + b7, then equations (1)
and (2) tell us that the matrices of our family are to be added
and multiplied in exactly the same way as the correspouding
complex numbers. In the terminology of abstract algebra, one
says that our family of matrices and the family of complex
numbers are isomorphic, that is, the two systems are merely
different ways of representing the same algebra.

Thus we have represented the complex numbers as o family of
real matrices. If we knew only about real numbers, and had
never heard of complex numbers, we could have defined the
complex numbers to be this set of real matrices, instead of defin-
ing them as ordered pairs of real numbers.  The point is that, in
searching for a square root of — 1, there is no reason why, passing
to 2 X 2 matrices, we could not use the matrix

01
s=190)

which we know satisfies J* = — 1,

It is interesting to verify the commutative and division proper-
ties of complex numbers directly in terms of our family of
matrices. Since

(al +bJ)(@'l +b'J) = (aa’ — b')I + (ab’ + a'b)J
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and
(@I +bJ)(al + bJ) = (a’'a — b'b)I + (b'a + ba')J,

the commutative property is obvious.
If we compute the product

[ a —b][ a b
b a —b al

we find the result,

Hence, if
5]
—b a
is not zero, it has the reciprocal
1 [a -b]
a*+ b2 b a

This verifies the division property of our family of matrices.

EXERCISE

Show that if we let the matrix
[ 2]
—-b a
correspond to the complex number a + b7, then the matrix
2 ]
b a

corresponds to the complex conjugate a — bz.
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5-2. The Quaternion Matrices

Consider the four matrices:

10 0 0
010 0
1“0010

[0 0 0 1

-0 1 0 0]
-1 0 0 o0
7= 0 0o o -1
L 0 o 1 ol
[0 0 1 0
0O 0 0 1
K=1_1y o o o
L 0 -1 0 ol
-0 0 0 17
0 0 —1 0
L = .
0O 1 0 0
-1 0 o0 o

If we compute their products, we find that they satisfy the
multiplication rules

JK = —KJ = L; KL = —-LK = J; LJ = —-JL =K.
JP=K2=]2= —],

Hence, if we consider the family of all matrices

a b c d
. —-b a —d c
al +bJ + ¢cK + dL = e d a b I

—-d —c¢ -—b Q
we find that the sum of any two matrices of the given form has
the same form:

(@l +bJ + cK +dL) + (a'f + b'J + 'K + d'L)
=(a+ad) I+ OG+V)+(c+)K+ (d+d)L
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and that the product of any two such matrices has also the same
form:

(a] + bJ + cK + dL)(a'I + b'J + ¢'K + d'L)
= (aa’ — bV — c¢’ — dd')I + (ab’ + ba’ + ¢d’' — dc’)J
+ (ac’ + ca’ + db' — bd)K + (ad’ + da’ + bc’ — cb’)L.

The family of all matrices of the indicated form is called the fam-
ily of quaternion matrices or simply the quaternions. If we put,
a=da,b= —V,c= —c,and d = —d’, this formula specializes
in an interesting way, since the coefficients of J, K, L vanish, and
we find

(@l — bJ — K — dL)(al + bJ + cK + dL)
=@+ +e+a)l

This proves that, if al + bJ + ¢K + dL is different from zero,
then it has the reciprocal matrix

1
a + b2 + ¢ + (2

(al — bJ — ¢k — dL).

Thus the quaternion matrices form a family of matrices having
the following properties:

(a) The zero matrix is in the family.

(b) The sum of two matrices in the family is in the family.

(e) The product of 1two matrices in the family is in the family.

(d) Every nonzero matrix in the family has a reciprocal which
is in the family.

But

(e) The commutative law is not satisfied.

Such an algebraie system is called a skew field.

Because the quaternions are so similar in their properties to
the complex numbers (except that the commutative law breaks
down), they are somectimes called a system of hypercomplex
numbers.
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5-3. Matrices with Complex Entries

Till now we have required all the entries in a matrix to be real
numbers. There was no reason to do so; we could as well have
allowed the entries in a matrix to be complex numbers. It is
true that, in proving the various algebraic laws governing
matrices, we used the properties of real numbers in the proof.
But, as you can see by going back over all the proofs in the pre-
ceding sections, we never used any property of real numbers
which was not equally well a property of complex numbers.
Thus all our algebraic definitions can be made, and all our
algebraic theorems can be proved, as well for matrices with
complex entries as for matrices with real entries.

For some purposes, it is quite important, to work in the algebra
of all matrices with complex entries, rather than in the algebra
of all matrices with real entries.

EXERCISES
1. What is
: 1 1—2
4 1 -3 0 2
14+2. 1 +4+3 1—2|+ -z 1 =3 2 |?

2. Solve the equation

07 0
2(ax+ (1 +9X—-|—i 0 1
10 1—34
0 144 142
=143 4 0
i —i 0

for the unknown matrix X.
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3. Calculate the product

0 147 0|[2—7 247 4
-1 2—-272 0 0 =3t 0}
0 ) 0 5 1—-472 0

4, The matrices

i 0 0 1 0 i
=10 —| 2| -1 0] =i of

which are known as the Pauli spin matrices, play an extremely
important role in atomic physics, where they are used to describe
the spin of the electron around its axis. Prove that these
matrices satisfy

2 2 2
0] = 9 = g3 = _I
and
0102 = —0201 = 03, G203 = —0302 = 01, 0301 = —0103 = 02

These cquations play a very important role in atomic physics.
5. Find a quadratic equation (with complex numbers as coeffi-
cients) satisfied by the matrix

e [1 +i =i ]
) 1—1
Use this to calculate the reciprocal A—! and to calculate the
power A8,

6. Find the least equation (with complex number coefficients)
satisfied by the matrix

141 0 -1
A= 0 1—7 1}
1 1 )

Does this matrix have a reciprocal? If so, what is its reciprocal?
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7. Find the least equation (with complex number coeflicients)
satisfied by the matrix

1472 0 —<¢
A= ) 1 14|
242 1 1—4¢

Does this matrix have a reciprocal? If so, what is its reciprocal?
8. Solve the system of equations

142+ 2y — iz

1
A=dxr+y—(1—-292=0
A=Dzx4+2ty+ (1 +172)z=0

I

by the method of matrix inverses.
9. Solve the system of equations

u+ (142 + 2y + 2

iu+ A +2)e —2iy+2z=
A—-—Dut+arv—y—122=0

A+ Du + 22 — 20y + 3 + )z

by the method of elimination.

Il
S -
+
-,

H
N
|
'



Chapter 6

MORE ALGEBRA OF MATRICES
AND VECTORS

6-1. The Transpose Matrix

There exist a number of simple, useful, and thecoretically
important operations on matrices which we have not yet studied.
A number of these will be studied in the present chapter.

The first of these operations is called taking the transpose
matrir, and is described by the following definition.

DEFINITION

Let A be a matrix. Then the matrix B obtained from A by
interchanging its rows and columns, i.e., the matrix B whosc
entries are defined by

[B‘m = [A]J.n

is called the transpose matrir of A and written A
Geometrically, B is obtained from A by “flipping over around

the main diagonal,” as in Fig. 1. The operation of taking the

transpose matrix has a number of important properties, stated

in the following theorem.
126
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Fia. 1
THEOREM

Let A and B be two n X m matrices, and let 2 be a number.
Then

(a) (A + B)t = A"+ B' (the sum of the transposes is the
transpose of the sum).

b) (xA) = rA.

(¢c) (AB)t = B'A! (the transpose of the product is the product
of the transposes taken in the reverse order).

(d) (A%t = A (the transpose of the transpose is the original
matrix).

PROOF

The entry in the 7th row and jth column of (A + B)* is the
entry in the jth row and sth column of A + B. By definition
of the sum of A + B, this is the sum of [4],. +-[B],., i.e., this is
the sum of the entry in the 7th row, jth column of the transpose
A! and the entry in the 7th row, jth column of the transpose B.
That is, taking all in all, the entry in the 7th row, jth column of
(A + B)tis the sum of the entry in the 7th row, jth column of A*
and the entry in the ith row, jth column of B:. Hence

(A + B)t = A"+ B
This proves (a).
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If we use our notation more freely, we can write the proof
in two lines:

(A + B)4., = [A + Bl,. = [A],. + [B),. = [4%., + [B]..,,
so that (A + B)t = A* + B

Using our notation in the same way, it is not hard to prove (c).

‘We have

[(4B)1., = [AB),.
= [A]J.I[B]l.l + [A]J.2[B]2.' + -+ [A]).n[B]n.-

= [A11,[BYi1 + [A00[B 2 + - - - + [Au[B'lin
= [Bt]l.l[Aql.J + [B‘]i.‘,![Atlﬂ,) + T + [B']l.)[Ath,‘l
= |BtAY,.,.

Hence (AB)t = B!A!, proving (c).
We shall not give the proofs of (b) or (d) but will leave them
to the student as an exercise.

EXERCISES

1. Prove part (b) of the theorem of the preceding section.
2. Prove part (d) of the theorem of the preceding section.
3. Write down the transposes of the matrices

1 2 3 4
1 2 3
5 6 7 8
4 5 6 and .
[7 o J - 9 10 11 12
' 13 14 15 16
4. Suppose that a matrix 4 satisfies A* = —A. Which of its

entries must be zero? (iive an example of such a 3 X 3 matrix.

6-2. The Trace of a Matrix

DEFINITION
Let A be an » X » matrix. Then the trace of the matrix 4,
written tr (A4), is the numerical sum

tr (A) = [All.l + [A]z.z + =t + [A]n,n-
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That is, the trace is the sum of the entries in first row and first
column, second row and sccond column, ete. Thus, for instance,
the trace

(I —RE
oo = O
SO =0 9
-0 QO Q

of the 4 X 4 unit matrixis 1 4+ 1+ 1 + 1 = 4. The tracc has
a number of important properties, which will be described in the
present section.

In the = notation the trace of an n X n matrix A may be
written

"

tr (4) = Y [4]..
1=1
Tt should be noted that the trace is a number, so that tr (4) is a
numerical function of the matrix A. The following thcorem
gives the main properties of the trace.

THEOREM

Let A and B be two n X n matrices, and let  be a number.
Then

(a) tr (AY) = tr (A)

) tr (A + B) = tr (A) + tr (B)
(c) tr (rA) = x tr (A)

(d) tr (AB) = tr (BA).

PROOF

Since the entry [A4Y].., in the ith row, 7th column of A’ is the same
as the entry [A]..,, (a) is clear.

Parts (b) and (c) are easy and will be left to the student as an
exercise.

To prove (d), we argue as follows.
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The entry [AB],, is, by definition,
[AJI.I[B]LI + [A]I.Z[Ig]2.l + st + [A]l,ﬂ[B]n.l;

i.e., it is the sum of all the terms [A], ,[B],. with a fixed value of 7.
If we sum over Z to get tr (AB), we get the sum of all terms
[A).,[Bl., ¢ and j ranging freely between 1 and z.

The entry [BA],, is, by definition,

[B]J-I[A]LJ + [B]1.2[A]2-1 + -+ [B]/.nlA]nn;

i.c., it is the sum of all the terms [B], [A4].,, with a fixed value of j.
If we sum over j to get tr (BA), we get the sum of all terms
[Bl;.[A).,;, 7 and j ranging freely between 1 and n.  Hence it is
clear that tr (AB) = tr (BA). This proves (d). Q.E.D.

There is an interesting connection between the circle product
of two veetors and the trace. This is described in the following
theorem.

THEOREM
Let U and V be vectors of size n. Then

tr (UV)=U-°T,
PROOF

The produet (/*T" of the vector V" by the matrix U is a vector.
Hence all the entries in its sccond, third, cte., columns vanish.
The transpose matrix (U*V)! = V{(UY)* = V*U is the product of
the vector U by the matrix V* and, consequently, is also a vector.
Thus all the entries in the second, third, etc., columns of the
transpose of U'V vanish. Since we get the transpose matrix
by interchanging rows and columns, it is clear that all the entries
in the second, third, etc., rows of U'V vanish. Thus, taking all
in all, the only possible nonzero entry in U!V is [U*V],,;. This
makes it clear that tr (U*V) = [U*V];,.. But

[UV]a = [UualV]i + [UhelV]er + - - - 4 (Uil V]ea
= [ULialV]i1 + [UlaalV]ea + - - = 4+ [Ulaa[V]aae
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Thus tr (U*V) is the sum of the product of each element in the
first column of U by the corresponding element in the first column

of V. If we writc U and V in the notation U = [uy, . . . ,u,
and V = [vy, . . . ,v., this may be written as
tr (UV) = uwy + ugva + + - - 4 u,,.

But this is exactly the expression which defined the circle product
UoV. Ilence tr (UV) = Uo V. Q.LE.D.

Much of the importance of the transpose matrix comes from
its connection with the circle product of two vectors. This con-
nection is described in the following theorem.

THEOREM

Let U and V he vectors, and let A be a matrix, all the same
size. Then
(AO)o V = Uo (A*V).
PROOF
By the two preceding thecorems, and by the next-to-last
theorem of Section 4-7,

AUV = Vo AU = tr (1'(Al)) = tr (AUT?) = tr ((AUV))
= tr ((VOLUAY)
= tr (A1)
= Vo [/
= o AtV

EXERCISES

1. Prove part (b) of the first thecorem of the preceding section.
2. Prove part (¢) of the first theorem of the preceding section.
3. Calculate the trace of the matrix

1 0 0 1
1 1 0 0
1 1 1 of
0 —1 —1 —1
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4. Let U and V be two vectors of the same size. Prove that
UoV = tr (UV) = tr (FUY) = tr (T'U) = tr (UVY).

5. Prove that tr (A4%) > 0 and that tr (1A% > 0 unless
A =0.
6. Prove the incquality

ltr (AB)] < {tr (441} {tr (BBY}.

(Hint: Follow the proof of the corresponding incquality for
the circle product of two vectors.)

6-3. The Cross Product of Matrices

The failure of the commutative law permits us to define the
following interesting product between two matrices.

DEFINITION

Let A and B be two matrices of the same size. Then the
expression AB — BA is called the cross product of A and B and
is written A X B.

A number of interesting algebraic properties of the cross
product arc stated in the following theorem.

THEOREM

Let A, B, C be matrices all of the same size, and let x be a
number. Then

(@) AXB=—(BXA)

(b) (zA) X B= A X (xB) = 2(4 X B)

) AX(B+C)=AXB+AXC

@ B+CO)XA=BXA+CXA

() AX(BXC)=BX((AXC)+CX(BXA).

Statement (a) shows that for the cross product the commutative
law breaks down very violently: it is replaced by an anticommuta-
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tive law. Statement (e) shows that even the associative law
x(yz) = (xy)z breaks down for the cross product: in dealing with
cross products, we must be careful how we place our parentheses.

PROOF

All the statements of the theorem follow readily from the
definition of the cross product.
We have

AXB=AB— BA = —(BA — AB) = —(B X A).

This proves (a).

We have
AXBXC)=ABXCC) —BXC)A
= ABC — CB) — (B(' — CB)A
= ABC — ACB — BCA + CBA
while

BX((AXC)+CX(BXA)
=B(AXC)—-(AXC)B

+CB X A) — (BX A/C

= B(AC — CA) — (AC — CA)B
+ C(BA — AB) — (BA — AB)C
= BAC — BCA — ACB + CAB + (BA — CAB
— BAC + ABC

= (BA — BCA — ACB + ABC.

Thus A X (BXC)=BX(AXC)+ (X (BXA), which
proves (e).

Parts (b), (¢), and (d) will not be proved, but their proofs will
be left to the student as an exercise. Q.E.D.

An algebraic system with the properties (@) to (e) is often called
a Lie algebra.

A certain special sort of matrix has a simple but interesting
relation to the cross product. The following definitions and
theorem concern this point.
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DEFINITION

A matrix A such that A* = — A is called a skew matrix.

THEOREM

Let A and B be skew matrices of the same size. Then 4 X B
is a skew matrix.

PROOF
Since A* = — A, Bt = —B, we have

(A X B)t = (AB — BA)!
(B'A* — A'B*) = (BA — AB) = BX 4
= —A X B.

Il

Q.E.D.
EXERCISES
Prove part (b) of the first thcorem of this section.
Prove part (c) of the first theorem of this section.
Prove part (d) of the first theorem of this section.
Prove that the trace of a skew matrix is zero.
. Prove that if A* = A, B! = Bthen A X B isa skew matrix.

wi kW=

6-4. 3 X 3 Skew Matrices and Vectors of Size 3

There is an interesting connection between skew matrices of
size 3 and vectors of size 3, which it is the aim of the present
section to exploit. A skew matrix A satisfies the equation
[A]., = —[4]),.. Thus [A],, = —[Al.,, so that [4],, =0. A
3 X 3 skew matrix must consequently have the following form:

0 u
A=|—u 0 wi
L= —w 0

Clearly, whatever the value of u, », w, the matrix displayed
above is a skew matrix. It is consequently natural to make the
following definition.
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DEFINITION
The skew matrix
0 u v
A=|—-u 0 w
- —w 0

is said to be the skew matrix of the vector [u,v,w]; and the vector
[u,p,w] is said to be the vector of the skew matrix A.

This definition establishes a correspondence between skew
matrices of size 3 and vectors of size 3. It is clear that each
skew matrix is the skew matrix of a unique vector and that each
vector is the vector of a unique skew matrix.

It is interesting to see how various properties of vectors can be
represented in terms of the skew matrices of these vectors. This
is done in the next theorem.

THEOREM

Let U and V be vectors of size 3, and let A and B be the skew
matrices of U and V, respectively. Let z be a number. Then

(@) A + B is the skew matrixof U 4+ V

(b) zA is the skew matrix of zU

() UV = —% tr (4AB).

PROOF
Let U = [ul,uz,ua], V= [1)1,1)2,1)3]. Then
o U1 U o V1 02
A= — U3 o Uz B = —V1 [ V3 |
— U2 —U3 © —Vg —UV3 o

Then U + V = [u; + v1, uz + vs, us + v;], and the skew matrix
of this vector is .

0 u; + v Uz + v
— (u1 + v1) 0 us 4+ vs p
—(uz +v2) —(us + v3) 0

clearly equal to A 4+ B. This proves (a).
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Parts (b) and (¢) may be proved by equally elementary compu-
tations. The proofs will not be given, but will be left to the
student as an exercise. Q.E.D.

We know from the final theorems of the preceding section
that the cross product of two skew matrices is a skew matrix.
The correspondence between vectors of size 3 and skew matrices
of size 3 that we have established gives us an obvious method
for defining a new product of two vectors. This is done in the
following definition.

DEFINITION

Let U and V be two vectors of size 3, and let A and B be the
skew matrices of U and V, respectively. Then the cap product of
U and V is the vector of the skew matrix A X B and is written
UAV.

Thus, to take the cap product of two vectors U and V, we first
take the skew matrices A and B of the vectors U and V, then
form the cross product 4 X B of 4 and B, and finally take the
vector W of the skew matrix A X B. By definition, W is the
cap product of Uand V; W = U A V.

It should be carefully noted that the cap product of two vectors
of size 3 is itself a vector of size 3. In this regard, the cap product
differs fundamentally from the circle product: the cap product
of two vectors of size 3 is a vector; the circle product is a number.
For this reason the cap product is sometimes called the vector
product of two vectors.

It should also be noted that the cap product has been defined
only for vectors of size 3. It will not be defined for vectors of
any other size. The existence of a cap product is a special
feature of vectors of size 3. Of course, since we live in a three-
dimensional space, vectors of size 3 are exceptionally important,
The radio engineer, the mathematical physicist, the aeronautical
engineer all make great use of the cap product of vectors of size 3.
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The final theorem of the preceding section gives the following
properties of the cap product immediately.

THEOREM

Let U, V, and W be vectors all of size 3, and let = be a number.
Then

@UAV=-VAU

®) @) AVeUA@V)=2UAV)
QOUAWVEW)=UAVHUAW

@ V+WYAU=VAU+WAU

@O UANFVAWY=VAUAW)+WA(V AU).

PROOF

All these statements follow at once from the final theorem of
the preceding section, simply by use of the correspondence
between vectors of size 3 and skew matrices of size 3 which has
been established in the second definition above. Thus, to prove
(e), we reason as follows: Let A, B, C be the skew matrices
of U, V, W. Then, by definition, B X C is the skew matrix
of VAW, so that A X (B X C) is the skew matrix of U A
(V A W). Similarly, B X (A X C) is the skew matrix of
VAWUAW),and C X (B X A) is the skew matrix of W A
(V A U). Since

AXBXC=BX(AXC)+CX(BXA)

by (e) of the final theorem of the preceding section, part (e)
of the present theorem follows immediately from part (e) of the
preceding theorem.

Parts (a), (b), (c), and (d) of the present theorem follow in the
same way. The proofs will not be given, but will be left to the
student as an exercise. Q.E.D.

Let U = [uy,us,us] and V = [v1,05,v5] be two vectors of size 3.



138 Introduction to Matrices and Vectors

Then the skew matrices of these vectors are
o U1 U2 ) V1 Vg
A=|—u o ug and B=|-—p o w3l
—U2 —U3 o —V2 —?vV3 o

If we work out the cross product A X B = AB — BA by explic-
itly computing AB and BA and then subtracting, we find

0 Ugl3 — VaUz Uy — V3Uy
A X B = | vuz — usw, 0 UWe — VU2 |*
V3U1 — U1 VU2 — U2 0

(Check the computation yourself.)
This proves the following theorem.

THEOREM
The cap product of the vectors U = [uy,uz,us]l and V = [v1,02,03]
is
UAV = [uw; — Vall3, UV — VaUy, UWe — vluz].
This theorem gives us a convenient explicit formula for the
cap product. We use it to prove the following two very useful
theorems.

THEOREM

Let U and V be two vectors of size 3. The U AV = 0 if
and only if either

(@) U=0or
(b) V is a numerical multiple of U.

THEOREM
Let U, V, and W be three vectors of size 3. Then
UANWVAW)=(UeW)V — (USV)W.
PROOF OF FIRST THEOREM
If U=0,then U =0"U, and
UAV=0-U)AV=0-(UAV)=0.
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If V = 2zU, then U A V is equal to its own negative, and thus
is zero. This shows that, if (a) or (b) holds, U A V = 0.

Now suppose that U A V = 0. We shall show that if U = 0
then V is a numerical multiple of U, and this will prove our
theorem. Let U = [u3,us,us] and V = [v1,0905]. Since U 0,
one of its entries is different from zero. Suppose simply for the
sake of definiteness that u, % 0; if we supposed instead that
us # 0 or u;z # 0, the following argument could be given in
just the same way. Put »;/u; = 2. Since by our explicit for-
mula for the cap product uws — vius = 0, uw; — vius = 0, it
follows that vy, = auy, v; = xus, vs = zus. Thus V = zU, so that
V is a numerical multiple of U.

PROOF OF SECOND THEOREM

Let U = [uyus,us), V = [v1,09,03], and W = [wy,ws,w3]. Then
VAW= [2’211)3 — WaV3, VW) — W31, V1W2 — ’wﬂ)z].
Applying our explicit formula for the cap product again, we find

UNANV AW) = [u(v1ws — wiws) — (03w1 — wav1)us,
uz(vawsz — WaV3) — (v1w2 - wlvﬂ)ul,
u(vswy — wavy) — (VW3 — Wev3)Us)
= [vx(uzwz + ’lta’wa) - 11’1(’“21)2 + usva),
va(uwy + usws) — we(uwr + uws),
va(urwy + uswsz) — wa(uws + usvs)]
= [v1(uiw1 + uawz + usws)

—_ wl(ulvl + uws + ’us'wa),

va(urwyr + u2ws + usws)

— wa(uwy + uws + uss),

va(uiwy + uswse + usws)

— ws(uws + ugws + Usws)]
= (U o W)[v1,vs,03] — (U o V)[wy1,ws,ws]
=(UW)V —-—(UV)W.

Q.E.D.

A number of other useful formulae for the cap product of two
vectors can be proved by using various facts about the cross
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product of matrices. Some of these are given in the following
theorem.

THEOREM

Let U, V, and W be three vectors of size 3. Then

(@) Ue(VAW)=({UAV)oW

®) U (UAV)=0

W (UAV)e(UAV)=VoV)(UU)— (U-V)x
PROOF

Let A, B, and C be the skew matrices of U, V, and W, respec-
tively. Then, by the definition of the cap product and by part
(¢) of the first theorem of this section, statement (a) is equivalent
to the statement

tr (A(B X C)) = tr ((4 X B)C).
Now A(B X C) = A(BC — CB) = ABC — ACB, and
(A X B)C = (AB — BA)C = ABC — BAC.
Thus statement (a) is equivalent to the statement
tr (ABC) — tr (ACB) = tr (ABC) — tr (BAC).
Since by the theorem of Section 6-2,
tr (ACB) = tr ((AC)B) = tr (B(A()) = tr (BAC),

this is obvious. Hence (a) is proved.
Using (a), we have Uo(UA V)= (UAU)oV. Since

U A U = 0 by the second theorem above, U (U A V) = 0.
Using (a), we have

(UAV)o(UAYV)
=(UAVAD) e V==UAN{UAV)eV.
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Then, using the preceding theorem, it follows that

(UAV)o(UAV)==((UeVYU - (UU)V)oV
= (VeV)(UoU) — (Us V)
This proves (c). Q.E.D.

EXERCISES

1. Prove part (b) of the first theorem of the preceding section.

2. Prove part (c¢) of the first theorem of the preceding scction.

3. Prove part (a) of the second thcorem of the preceding
section.

4, Prove part (b) of the second theorem of the preceding
section.

5. Prove part (¢) of the second theorem of the preceding
section.

6. Prove part (d) of the second theorem of the preceding
section. .
(A number of additional exercises on the algebraic properties
of the circle and cap products are given at the end of the next
section.)

6-5. Geometry of the Cap Product

We know from Chapter 4 that vectors of size 3 may be repre-
sented by directed segments PQ. If the coordinates of P and @
are Py, P2, P; and Qi, @, Qs, respectively, then the directed

segment IQ represents the vector

V = [Q1 — P1, Q2 — P2, Qs — P4l

The length of the segment PQ has been shown to be given by the
formula
(VI = @} 4+ v3 + v)} = (Vo V)},

—

where 3, 95, and v; are the three entries of V. If PR is another
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directed segment making an angle § with the segment PQ and

PR represents the vector U, then we showed that
UoV = (PR)(PQ) cos 6,

PR and PQ being the lengths of the dlrected segments PR and
PQ Moreover, U o V = 0 if and only if PQ and PR are per-
pendicular. This formula gives the geometric significance of the
circle product. The cap product of two vectors, which we defined
and studied in the preceding section, has also an interesting
geometric interpretation, and in the present section we intend to
study this interpretation.

Let us first see when U A V = 0. According to the theorems
of the preceding section, this happens only cither when U = 0
(so that P = Q) or when V is a numerical multiple of U. Accord-
ing to the theorems of Cha,pter 4, V is a numerical multiple of U

if and only if the segment PR is collinear with the segment PQ
Thus, summarizing: U A V = 0if and only if either one of the

directed segments PQ and PR reduces to a single point, or if
these segments are collinear.
Let us now exclude this case and suppose from now on that

PQ and PR are not collinear and that neither reduces to a single
point. Then U A V is a nonzero vector and may, consequently,

be represented by a directed segment PS. What is the geometric

description of this segment PS?
We know from (b) of the last theorem of the preceding section
that U e (U A V) = 0 and that

Vo(UAV)==Veo(VAU)=0

also. Thus PS must be perpendicular both to PQ and PR.
Hence PS must lie along the line through P perpendicular to the
plane of PQ and PR. This determines the direction (up to

reversal) of PS.
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How long is PS? By part (c) of the final theorem of the pre-
ceding section,

I[VAUI=UeU)(VeV) = (Ue V)
(PQ’PR2 (PQPR cos 0)2)}
((PQ"’PR’)(I — cos? )}

= PQPItZ(sm2 0)}
= PQPRIsm 6|.

Thus, the length of PS is the product
I;QP’?Blsin 0|

of the lengths of PQ, PR and the absolute value of the sine of the
angle between PQ and PR.

Q
A
Represents
Wy
S R
(2]
Represents
UAV Repr{}sents
P

Fic. 2. The cap product.

Thus we have determined the line along which PS lies, and

its length besides; but PS is not yet fully determined, since
there are still two oppositely directed line segments which meet
our specifications.

Which of these two oppositely directed line segments is the
one representing U A V?

We may ask this question of orientation as follows. Suppose
that we take our right hand and place the middle finger along
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the directed segment PR representing U and the thumb along
the dirccted segment PQ representing V. Then does the seg-

ment PS point into the same half-space as the index finger or
in the opposite direction? When we answer this question, we
will have determined the segment P_:S completely.

Now, we may answer our question as follows. Keeping P_’Q
fixed, gradually rotate I;R in the plane of PRQ until it comes
into perpendicularity with FQ without passing through the line
of P_’Q. During this process, the segment P:S’ will gradually
changf in length, always lying along the sameﬂline. Since P—R

and P@ never become collinear, the length of PS never becomes
zero; that is, the point S never passes through the plane of PQR.

Hence the half-space into which PS8 points does not change.

Now that the three segments PQ, PR, and PS have been
brought into a posltlon in whlch all three are perpendicular, we

gradually move PQ and PR keepmg them perpendicular, till
P lies at the origin of coordmates PR pointing along the z axis
in the positive direction and PQ pomtmg along the axis in the

negative direction. As PQ and PR are moved, the entries in
the vectors V and U which they represent change gradually, and
hence the entrlcs in U A V change gradually. Thus the dxrccted

segment PS representing U A V changes gradually. Since PR
and P Q are never parallel, U A Vis never zero, so | that the point
S never passes through the plane of PQ and PR Thus, the
directed segment PS always points into the same half-space of
the plane_’of I_’TQ and P—R. To explain this somewhat differ-

ently, if PR, PQ, and PS are initially oriented as middle finger,
thumb, and index finger of the right hand, then they preserve

this relative orientation. If PS is initially oriented in the
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reverse direction (so that PR, PQ, and PS are initially oriented
as middle finger, thumb, and index finger of the left hand),
then they preserve this reverse relative orientation.

But in the final position, PR points in the positive z direction
and hence represents a vector [z,0,0] with = positive; PQ points
in the positive y direction and hence represents a vector [0,y,0]
with y positive. Using the formula for the cap product, we find
that U A V is the vector [0,0,xy], so that PS must point in the
positive direction. Thus PR, PQ, and PS have the orientations
of the positive z, y, and z axes, i.e., of the middle finger, thumb,
and index finger of the right hand. Since they have this relative
orientation in their final position, it follows by what has been
said above that they have the same orientation in their initial
position.

Summarizing, we sce that we have proved the following
theorem.

THEOREM

Let PR and PQ be two directed segments representing vectors
U and V, respectively. Then

(a) The cap product U A V is zero if and only if either one
of the two directed segments reduces to a single point, or both
are collinear.

() If U AV 0, then the vector U A V is represented by
the directed segment PS determined as follows:

(1) P8 is of the length
PS = PRPQJsin ],

PR and I?Q being the lengths of the segments PR and PQ and
60 the angle between them.
2) PS is perpendicular to the common plane of PR and PQ

(3) The three directed segments PR PQ, PS have the relative
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orientation of the middle finger, thumb, and index finger of the
right hand.

Part (3) of this theorem is sometimes called the right-hand
rule for determining the direction of the segment representing a
cap product.

EXERCISES

1. Let the directed segments PQ and RS represent the vectors
Uand V. Then U A V = 0if and only if the lines PQ and RS
are elther 1dont1ml or parallcl

2 If PQ PR and PS are three oriented segments representing
vectors U, V, and W, respectively, and if (U A V)W =0,

i
then PQ, PR, and PS arc coplanar, and vice versa.
3. Prove the vector identities

(UAV)o(UAW) = (UoU)VoW) — (U VU o W).
(UAV)Yo(WAX)=(UoW)VoX)— (UoX)(VoW).

4, If three oriented segments PQ, PR, and PS8 are the edges

of a parallelepiped II, and P’Q, PR, and PS represent the vectors
U, V, and W, respectively, then the volume of II is the absolute
value of the expression (U A V) o W.

5. Prove the vector identity

[(VAWYAWAUI(UAV)=((UAV)oW)2



Chapter 7
EIGENVALUES AND EIGENVECTORS

7-1. Matrix Reciprocals and Vectors

Let A be an n X n matrix and V be a vector. Let AV = 0.
Then if A has a reciprocal A1, it follows that V = A-10 = 0.
Thus, if A has a reciprocal A-!, it follows that the equation
AV = 0 has no vector solution other than the vector zcro.

It is an important fact that the converse of this statement is
true. This fact is stated in the following theorem.

THEOREM

Let A be an » X n matrix. Then a necessary and sufficient
condition that A have a reciprocal is that there exist no nonzero
vector such that AV = 0.

PROOF

We have already proved the “necessity’” and have only to
prove that, if A has no reciprocal, there exists a nonzero vector V
such that AV = 0.

Suppose that A has no reciprocal. Then, by the theorems of
Chapter 3, the least equation satisfied by A is of the form

Ax 4 Ck_lAk'“l + -+ 611‘1 = 0.
147
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This may be written as
A(A¥t + cp1AF 24 - - - +¢]) = 0.

Since A satisfies no equation of degree less than k, if we put
B = (A4 1A+ - - - 4 eid),

we have B % 0 and AB 0.

If B were a vector, we would be through. The trouble is that
we do not know that all the entries in the second, third, etc.,
columns of B are zero. To remedy this, we use the following
trick. Let S be the n X n matrix

0 0 O 0
1 0 O 0
o 1 0 0]
0 0 1 0
o ---0 1 0

It is clear by computation that, if we multiply any matrix C
on the right by S, the first column of C disappears, the second,
third, etc., columns are all shifted one column to the left, and the
final column of the product matrix is simply a column of zeros.

Now, if B is a vector, we are through; if B is not a vector, B
has at least one nonzero entry in a column other than the first.
This same entry occurs, shifted over one column, in BS; thus
BS # 0. If BS is a vector, then since

A(BS) = (AB)S = 08 = 0,
we have exhibited a nonzero vector V such that AV = 0. If
BS is not a vector, then for the same reason as before,
(BS)S = BS?
is nonzero. It is perfectly plain that each time we multiply
by S, we introduce an extra column of zeros on the right of the

resulting matrix. Hence, by multiplying over and over by the
matrix S, we must eventually come to a nonzero vector of the form
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BSk. Letting BS* = V, we have
AV = (AB)Sk =0 - 8t = 0,
while ¥V 0, so that our theorem is proved.
EXERCISE

Find a nonzero vector V such that AV = 0, A being the
matrix

10 1 1
01 1 2
-1 0 3 4|
-2 2 10 14

7-2. Eigenvalues

Let A be a matrix. Then a number z for which A — zI has
no reciprocal is called an eigenvalue of the matrix A. This
notion is fundamental in atomic physics: for the energy levels
of atoms and molecules turn out to be given by the eigenvalues of
certain matrices.

In the present section, we shall present some of the basic
theorems about the eigenvalues of a matrix A. The first theorem
is a very easy consequence of the theorem proved in the preceding
section.

THEOREM

Let A be a matrix and = a number. Then z is an eigenvalue
of A if and only if there exists a nonzero vector V such that

AV = zV.
The equation AV = zV is called the eigenvalue equation in
atomic physics.

PROOF

If z is an eigenvalue of A, so that A — 2I has no reciprocal,
then by the theorem of the preceding section there exists a non-
zero vector V such that (A — zI)V = 0, i.e., so that AV = zV.
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Conversely, suppose that there exists a nonzero vector V such
that AV = zV. Then (A — zI)V = 0, so that by the theorem
of the preceding section A — zI has no reciprocal, and z is an
eigenvalue of 4. Q.E.D.

The importance of eigenvalues in atomic physics makes it
important to find ways of calculating them. The following
theorem provides one way of doing so.

THEOREM
Let A be a matrix, and let
A+ e AR - - - el =0 0))]

be the least equation satisfied by A. Then a number z is an
eigenvalue of A if and only if x satisfies the equation

*+ et - - o= 0.
PROOF

The matrix B = A — xI obviously satisfies the polynomial
equation

(B+ 2Dkt 4+ cra(B+axl)1 4 - - - 4+ ¢l =0. (2)

(This equation is not in the standard form in which we have
been writing polynomial equations, but it can easily be put in
this form by expanding and rearranging according to descending
powers of B.)

This equation must be the least equation satisfied by B, since
if B satisfied an equation

B’+d,_1B5—‘+ D +doI=0

of a degree j lower than k, then A = B + zI would satisfy the
equation

(A—=2)i+dya(A =D+ - -+ +dol =0
of degree j less than k, contradicting the fact that (1) is the least
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equation satisfied by A. Thus (2) is the least equation satisfied
by B.

If we put equation (2) in the standard form in which we have
been writing polynomial equations by expanding and rearranging
according to descending powers of B, we find the lowest term to be

(:E" + o114 - - - + Co)I.
Thus, the last coefficient in the least equation satisfied by B is

z* + ¢r_1c*~1 4+ - - - 4+ ¢o. By the theorem of Chapter 3, B,

that is, A — zI, fails to have an inverse if and only if this

coefficient is zero. Thus our theorem is proved. Q.E.D.
EXERCISES

1. Find the eigenvalues of the matrix

1 2 3
A=[2 0 4
3 4 3

accurate to two significant figures.
2. Find the eigenvalues of the matrix (with complex entries)

a=[3 3]

3. A nonzero vector V satisfying AV = zV is called an eigen-
vector of A (belonging to the eigenvalue z). Find the eigen-
vectors of the matrix A of Exercise 2.

4, Find all the real and all the complex eigenvalues of the
matrix

1 200
2 300

A4=10 0 3 af
0 0 4 5

(The teacher may assign additional exercises of this type.)



Chapter 8
INFINITE SERIES OF MATRICES

8-1. The Geometric Series

We have observed repeatedly in earlier sections that the algebra
of matrices has many similarities with ordinary algebra and that
this fact can be used to carry over all sorts of principles and
theorems from ordinary algebra to vector algebra. Thus, alge-
braic results which we know from elementary algebra are seen
to apply in a vastly more gencral setting, take on new richness
and scope, permit many new applications, etc. In the present
theorem, we will give two examples designed to show how even
some of the more subtle results of algebra can be applied tc
matrices.

In ordinary algebra we sum the geometric series

1 1

—_— xn+l_
1—2 1-—2

1+x+...+xn=

If the number z is less than 1 in absolute value, then multiplying
it by itself gives a sequence of numbers whose absolute value:
rapidly become exceedingly small. It is then possible to take the
“limit” of the above expression and write the “infinite series’
1 -

. 1
1—=2 (

1424+ - Fz2n 4 -+ =
152
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This procedure can actually be justified perfectly rigorously in
terms of the formal notions of limits and convergence introduced
in higher mathematics, but we shall not attempt to do so in this
book.

Nevertheless, the formula is extremely suggestive and leads
us to imagine that for matrices we have a corresponding formula

I+A+ A+ A0+ - = ([ — A @)

Formula (1) holds only if the absolute value of z is sufficiently
small, so that it is only reasonable to expect that formula (2)
will hold if the cntries in the matrix A are sufficiently small;
this point will be discussed more carefully in the next section.
In the present section, we will simply assume that the “infinite
sum” I 4+ A + A2 4+ A%+ - - - makes sense and that it can
be manipulated by the algebraic laws governing finite sums. If
this is the case, we can argue as follows:
LetB=I+ A+ A*+ - - - . Then

(I— A)B=B— AB
—(T+A+A - ) — AT+ A+ 42+ - - )
= +A+A4+ - )—(A+ A2+ A+ - )
=1

Thus (I — A)B = I, so that B is the reciprocal of 7 — A, and
formula (2) is proved.

Formula (2) is often extremely useful in making approximate
calculations of the inverses of large matrices.

Suppose that we want the inverse of the 5 X 5 matrix

099 0 0.01 0 0.03
0 1.01 0 —0.01 0.04
B=10.02 0 0.98 0 0

0 0.01 0.01 1.02 —-0.01
001 0 —0.01 0 0.97
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This matrix may be written as I — A, where 4 is the matrix

0.01 0 —0.01 0 —0.03
0 —0.01 0 0.01 -—0.04
A =]-0.02 0 0.02 0 0
0 —-0.01 -0.01 -—0.02 0.01
—-0.01 0 0.01 0 0.03

Hence to two significant figures, the reciprocal of B is

1.01 0 —-0.01 0 —0.03
0 0.99 0 0.01 —0.04
B1=IT+ A=|-002 0 1.02 0 0
0 —0.01 -0.01 098 —0.01
—0.01 0 001 O 1.03
EXERCISES

1. Calculate the inverse of the matrix B of the preceding sec-
tion to four significant figures.
2. Let B be the 5 X 5 matrix

1.01 0 —-0.01 0 —0.03
0 1.99 0 0.01 -—0.04
B =] —0.02 0 302 0 0
0 —-0.01 —0.01 3.98 0.01
-0.01 0 001 O 5.03

Calculate the reciprocal of B, accurate to four significant figures.
[Hint: Write B = CD, where

Q

]
oo oo -
co oMo
oo WwWoOo
o OO0 O
o oo C

and use the law D-1C-! = (CD)™']
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3. Solve the system of equations

1.02111 - 0.0]133 - 0.03275

1.98172 + 0.01164 - 0.041}5

0.02z, + 3.03z; =

—0.01x; — 0.01z; 4+ 3.98x4 + 0.01x5
—0.01z, + 0.01x;3 + 5.04x5 =

I
o= O O =

b

getting an answer accurate to four significant figures.

8-2. The Size of the Entries in the Power of A

For the infinite sum 7 + A + A? + A3+ - - - in the preced-
ing section to make sense, it is necessary (just asin 1 + z + z?
+ - - ) thal the entries in the successive powers of A grow
smaller and smaller. Thus, to complete the discussion of the
preceding section, we need to have an estimate for the size of the
entries in the powers of A.

Such an estimate is given in the following theorem.

THEOREM

Let A be an n X n matrix and ¢ a positive number. Suppose
that every entry in A has an absolute value less than ¢. Then
every entry in A* has an absolute value less than

(nc)*.
PROOF
We will get the result by using mathematical induction on k.
If £ =1, then since nc > ¢, the theorem is true. Suppose it
to be true for some value ko of k. Then the entry in the ¢th row
and jth column of A*+!is

[4¥+; = [A%kalALs + [A%)alAls + - - - + [A%)alAlns
@)

Now, if we have a sum of n numbers z;, . . . , Z., We have
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7y < |z, . .., 2. < |7a|, and adding all these inequalities, we

have
2 e o E2UIE SRR o A

Similarly, —z1 < [z1], —22 < |22], . . ., —%a < |2a|, so that
adding these inequalities, we get

@i+ st z) o+ -+ zal
Since the absolute value of a quantity is simply the larger of the
quantity itself and of its negative, it follows that

N R o A I B S T
Applying this general inequality to formula (1) and using the
identity |xy| = |z| |y|, we find
(A% < (A%l [[Alu] + (A%l [[4]2,] + - -
+ [[A*ia| [[Aln.sl-

Since by hypothesis the absolute value of every entry of A is
less than ¢, and since by inductive assumption the absolute value
of every entry of A* is less than (cn)*, we find at once that

IAkﬁ-]l'rl < (cn)ko ‘c + (cn)kn -c + PR + (cn)ka .9

n — times
=mn-c- (cn)k = (cn)kotl,

Thus if our theorem is true for k = k,, it is true for k = ko + 1.
This completes our inductive step, and the theorem now follows
by the principle of mathematical induction. Q.E.D.

We may apply this theorem to the situation studied in the
preceding section as follows: if d is a positive number less than 1,
and if every entry in the n X n matrix A has an absolute value
less than the quotient d/n, then it follows by our theorem that
every element in any power A* is less than d*. The numbers
in the sequence d, d?, d? d* quite rapidly become exceedingly
small; hence the entries in the matrix A* must be extremely
small if & is large.
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8-3. The Exponential Series

A very important function of the number z is the exponential
function e, ¢ being the base of natural logarithms. As you know,
this function satisfies the law of exponents

e%ev = e=tv, 4)

As you also know, it is given by the infinite sum
et =1 + z + :_t_z. + « ..
B 12! |

In accordance with our general principle of trying to carry over
even these deeper facts about numbers to matrices, we define
the exponential matrix of a matrix A to be the value of the infinite
sum of matrices

1 1 1
8A=I+I‘!'A+2—!A2+3—!Aa+ .

It would be nice if the equation e4e® = e¢4+B, generalizing the
cquation (4), held for all matrices A and B. Unfortunately, this
formula is not always true. How could it be? Because of the
failure of the commutative law of multiplication, we have to
expect that we can have et¢® 7 eBe4. On the other hand, since
A + B = B + A is always true, we must have eAt2 = ¢B+4,

Nevertheless, we shall see that, with the additional hypothesis
that AB = BA, the desired formula does hold. As a pre-
liminary, we make the following definition.

DEFINITION

Let A and B be two matrices of the same size. Then A and B
are said to commute with each other, if AB = BA.

If two matrices commute with each other, then algebraic
expressions involving just these two matrices, and no other, can
be multiplicd, added, etc., just as if they were expressions in the
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ordinary algebra of numbers. The following theorem notes one
particular aspect of this general principle.

THEOREM

Let A and B commute with cach other. Then every power
of A commutes with every power of B.

PROOF

We shall show that A2 commutes with B3; the general proof
may be given by using mathematical induction, and is left to the
student as an exercise.

Using the fact that AB = BA, we have

A?B® = AABBB = ABABB = ABBAB
= ABBBA
= BABBA = BBABA = BBBAA
= B342,
Q.E.D.

Since all powers of A commute with all powers of B, it follows,
as remarked above, that algebraic expressions with numerical
coefficients involving just these two matrices, and no others, can
be multiplied, added, etc., just as if they were expressions in the
ordinary algebra of numbers. Thus the binomial expansion for
the product (A + B)™ must be valid. We state this as a formal
theorem, expressing the theorem in £ notation.

THEOREM

Let A and B be two matrices of the same size which commute
with cach other. Then

k
1
(A + B)t = z ]T;?k:‘ﬁ AiB,

1=0
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The proof by mathematical induction, which is formally indis-
tinguishable from the corresponding proof in the algebra of real
numbers, is left to the student as an excrcise.

If now A and B are two matrices of the same size commuting
with each other, and we multiply out the two sums defining e4
and e? and collect all terms which have a given sum of exponents,
we find

A A B B
v = (14 5+ 50+ ) (T h )
AB A* AB B
e‘e"—1+(mv)+(a+m+z—v>+"'
A» A~' B A~ B
+('n“!+n—1!ﬁ+ —oia1 T
£Bn—2 _4Bn—1 Ef)
2'n—2 l'n—l'n'

eAeB—1+ (A+B)+ (4 +24B + BY) + -

1 X n!
+m(zﬁr7”39+'“
0

+

so that using the binomial theorem

1
eheh = I+ 15 (A+B) +5; (A+By+ - + 1 (A+B)

4 - - - = eAtB

and we have proved the desired formula. Q.E.D.

EXERCISES
1. Show that if a 4 X 4 matrix A commutes with the matrix
0 0

oS O =
w oo

2 0
0 0
0 4

(=}
(=}

then [4],; = O unless ¢ = j.
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2. Prove that the only 4 X 4 matrices A which commute with
every other 4 X 4 matrix B are the numerical multiples of the
identity matrix.

3. If
t 0 0 0
o y 0 0
4=1g 0. 0
0O 8 0 ¢
show that e4 is the matrix
e 0 0 07
0 e« 0 Of
0 0 e O
0 0 0 el
4. If
A=[ z ]
-y zJ
show that

[ e cosy e sin y]
—e*siny e*cosy
(Hint: Use Euler’s formula e = cos y + ¢ sin y.)

5. Prove the first theorem of the preceding section.

6. Prove the second theorem of the preceding section.
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