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PREFACE

.5 may well be considered that some explanation should be
offered for adding to the number of books on Dynamics. The
200k which I wrote some eight years ago for the use of scholar-
ship candidates and First Year students at the Universities
appeared at the time to fill a gap, and it was then all that I
proposed to write on the subject. Since then, however, I have
had a good many inquiries as to whether there was not more
o follow, particularly as the T'reatise on Dynamics by the
late Dr Besant, the last edition of which I prepared for the
press more than twenty years ago, has long been out of print.
v0 this book has been written as a continuation of the earlier
one, which will now have to be called Part I while this is
Part II. It amplifies the Dynamics of a Particle of Part I,
extending it to problems in three dimensions, and it contains &
much fuller treatment of Rigid Dynamics than was possibld
in Part I, carrying the subject in three dimensions sufficiently
far to meet the requirements of an Honours Degree Course,
including the use of generalized co-ordinates, motion under
no forces and the motion of tops and gyrostats.

It is hardly possible to ignore the present-day fashion of
using vectors in Dynamics; and, to meet the needs of students
who wish to know how to obtain the fundamental equations
of dynamics by vectorial methods, I have introduced the
subject and taken it thus far in an appendix. I doubt whether
it is a fashion which has come to stay, and I am unwilling to
require all readers of this book to use vectors. I tried to fit
them in, in several places in the body of the book, but
eventually decided that an appendix would be the best place
for them.

Dr Besant’s T'reatise on Dynamics was published more than
fifty years ago. It was a model of conciseness and lucid
exposition. Through the kindness of Mr W. L. W. Besant and
of the publishers, Messrs G. Bell and Sons, I have been
allowed to make free use of this book. I have drawn upon it
considerably in Chapters I, IT and IV of my book, and for
examples in all the chapters. I collected some four hundred
arlditional examples for the last edition of Dr Besant’s treatise
and as the present output of examples, at Cambridge at any
rate, is so very much less than thirty years ago, in order to
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get an adequate number it is necessary to go back to old
collections. It may not be generally known that at Cambridge,
since the war, there has been but one Annual Intercollegiate
Examination in Mathematics with but four papers. It is now
called the Preliminary Examination in Mathematics and is
conducted by the University. These four papers take the
place of about eighty papers which, in the days of the o1
Tripos, were set annually in College and Intercollegiate
Examinations for Honours students in Mathematics.

The source of the examples, Tripos, College, Intercollegiate
or Preliminary, has been indicated when possible.

Dr Besant’s book used to be regarded as one of the easier
text-books on Dynamics. Readers are warned that they are
likely to find this book difficult by comparison, at any rate in
the early chapters, unless they bear in mind that the easy
parts of the subject are contained in Part I, and begin by
studying it carefully. Thus Chapter I, on Central Orbits, in
this volume, is supplementary to, and should be studied in
conjunction with, Chapter XII in Part I.

The working of problems in advanced Dynamics generally
presents difficulties to the average student. But the problems
which I have inserted in the Chapters to illustrate the book-
work have been chosen, when possible, from recent examina-
tion papers and, to that extent, they represent the kind of
knowledge which present-day students are expected to pos
sess; and the solutions of seventy of them are given in the
text. Further, for the convenience of students working alone,
by drawing a line in each of the sets of examples at the ends
of the chapters, I have made a rough division of them into
easier and harder problems.

The proofs have been read by my friend Dr 8. Verblunsky
and I wish to acknowledge with gratitude my debt to him
for his careful and valuable criticism and the many improve-
ments which he has suggested; and at the same time I wish
to thank the printers and readers of the University Press for
their excellent work in setting up the book and eliminating
mistakes.

A. 8. RAMSEY
31 August 1936
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Chapter I

TWO-DIMENSIONAL PROBLEMS.,
CENTRAL ORBITS

1+1. As this book is to be regarded as a continuation of my
book on Dynamics for first year students and others, it will be
assumed that readers are acquainted with so much of the
subject as is therein contained. So far as is practicable,
repetition will be avoided and, when necessary, references will
be given to the earlier volume, indicated by the letters Pt. I.
In the present chapter we shall consider some properties
central orbits, particularly the problem of time in an
Niptic orbit and the effects of small disturbances on elliptic
-sotion.

1-2. To find the orbit for a given law of force. We have
seen in Pt. I, 12-21 that the force per unit mass directed to
the origin under which a central orbit is described is given by

the formulae mdp d2u )

A k2l ——
f=fpar=t (d92+“

where u=1/r, p is the perpendicular from the origin to the

tangent and 4 is the constant moment of the velocity about the
origin. We shall consider some applications of these formulae.

1-21. Examples. (i) Find the law of force when the orbit is
r =asinné.
Here dr/df=nacosnf, and
11,1 (@z y
p* r ri\df
n?a? n2-1
Tt r

Hence =

. _hrdp _ a@’z’_fz’ n?-1
and f—}_Js dr -—h P p3 -
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(ii) A particle moves under a central force $/r?, where ¢ is a function
of 6 only. Shew that the orbit can be found by a quadrature.

Provethat if ¢=p (cos 20)'* the possible orbits are conics touching two

straight lines. [1.192 -
In this case from 1°2 (1) the equation for the orbit is
du ¢
T U e, (1),

where ¢ is a function of 4.
'I'o find a particular integral, using D for d/df, we have

1 ¢é_1 (.L_H_Ly,
“EprrihT 2i\D—i D+i/mt

= 'Zlh—’ {eaa /e—i6¢d0 o0 /e‘%da}
=g ([ s0rar - [0 100}

h,/ sin (0— ') ¢ (6) d’.
Therefore the complete solution is
u=2A4cos 9+Bsm0+hz fsin(ﬂ—ﬂ’)‘ﬁ(ﬂ’),do’ ......... (2).
.

When ¢ = pu(cos 26)~%, we have
/ sin (6—6’ )d 40’ = [sin&sin 6’ —cosfcos P

cost 2¢/ cost 20’ ’
so that N g—u AcosB+Bsm0-ﬁicos§20
or l=Ax+By-—ﬁ—,\/(x’—y’),
ie. (dz+ By—1p=" @~ y?),

and this equation represents conics touching the lines x + y =0, where
the lines Az + By —1=0 cut them.

(iii) A particle which moves under an attraction to a fixed point O is
projected from a point A in a direction perpendicular to O A with velocity v.
It is given that, when the central acceleration ts ufr", the equation to its
pathisu=1/r=f(0,a), where f is a function of 6 and a, a is the distance
0A and 0 is measured from OA. If the central acceleration is changed
to u/r"+Mrd, the initial conditions remaining unchanged, prove that
the equation to its path is

u= kf()’a’ ka),

where k"—3=y2=1—A{(a%?). [M. T. 1935]
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The differential equation of the path in the first case is

-"vhere, from the initial conditions, A =av.
This equation is satisfied by u=f (6, a), so that

S (6,a)+f(6,a) h,f(o a)" (2),
and since the point 4 is an apse on the path we must have
1
2= (0,8) ceiiiiii (3)
and 0=F"(0,8) «coevvrriiriininininenenanns (4).
In the second case the differential equation is
d*u ut?  u
G U= TR e, (5),
d*u un-3
or g Y= E B s (8),
where Yi=1-A/h3=1-)/(a*?).

A comparison of (6) and (1) suggests that we may find a solution of
(6)if we put y6 instead of §in the solution of (1) and adjust the constants.
We therefore substitute in (6) as a trial solution

U=kf(y0,a’) ooieviiiiiiiiiiiinennnne, (7),

where k, a’ are constants. We find that we must have
4 ’ ’ k"-—a ’
VI (r8,0) + 9 (v8, @) =E i f (6, a')m%

and from (2) we see that this is true if kn-3=42,
But we have further to satisfy the conditions that 4 may be an apse
on the locus (7), i.e. that

}; SEF(0,0) vvvveeeeeeeeneeeererern, @)

and 0=kyf’ (0,8") coevrvrririrenenirennnannns (9).
But from (3) f(0,a’) =El,, so that (8) is satisfied if a’=ka; and (9)
follows from (4), so that the required equation of the path is

u=kf (yb, ka).

1:22. Examples. 1. If the force in & central orbit is u (u® + ku?),
shew that the equation of the orbit is

amns /(4] s £ (18],

where h%= ul, the apsidal distances are 1/u,, 1/u,, and 6 is measured
from an apse line. [M. T. 1927]
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2. A particle moves in a field of force such that the acceleration is
p/r? towards a fixed point. It is projected with velocity V from a point
at distance R, at an angle B to the radius vector. Prove that in the
subsequent motion

;1=Va_gﬁ+glf__—__R’V’5in’B.
R r r

Hence find conditions satisfied by R, ¥V and B, that » may (1) increase
steadily to infinity, (2) decrease to a minimum and then increase to
infinity, (3) oscillate between two fixed values. [1. 1933]

3. Prove that, in order that it may be possible for a particle to
describe a circular orbit under the attraction of a centre of force
situated at any given point within the circle, the law of force must be
of the form ur/(r3+ b%)3.

Prove that the group of possible circles in a field of this form consists
of the orbits described when the particle is projected from any point
distant b from the centre of force in any direction with the velocity
from infinity, and that the periods vary as the cubes of the radii of the
circles. [M. T. 1919]

4. Prove that if a particle describes a circle of radius b, under a
force to a point at distance ¢ ( <b) from the centre, the force varies as

r(ri4+bi—c?)-3,

Shew that the motion can be considered as the orthogonal projection
of the motion of a particle describing an ellipse about a focus, and shew
how the law of force for the circle could be deduced from the law for
the ellipse. [I. 1929]

6. Shew that if the central force is ur/a3 the orbit is a conic; and shew
further that if the particle is projected at right angles to the radius
vector at (a, 0) with speed given by 2v%a = pu, the orbit is a circle.

[M. T. 1909]

8. Shew that, if the law of force is u(r—a)-3, and the particle is
projected with the velocity from infinity from a point at a distance
¢, (2a>c>a), at an angle 2 cos™! (a/c)*, it will describe the orbit

36=tanh-t N/ <f;—“) —tan-1 \/ <’;“). (L. 1912

7. Find an approximation to the orbit described under a central
force Au?+ Bu3, where B is so small that its square may be neglected.
[I. 1908]

8. Two particles of masses M and m, attracting according to the
law of gravitation, are at great distance apart and move towards one
another with relative velocity V, p being the perpendicular distance
between the directions of their velocities, which are parallel. Shew that
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the least distance d between them during the subsequent motion is

given by

1 L_+m) {1+ \/l+ 2V4

i~ pie (M +m)f’
y being the constant of gravitation. Find also the angle through which
the velocity of m is turned by the encounter. [I. 1927]

9. A foreign body travelling at velocity V relative to the Sun’s
motion penetrates into the Solar System and approaches to a distance
D from the Sun before receding again: prove that when it has left the
system its direction of relative motion is deflected through an angle B,
given by cosec $8=1+DV?/D,V,?, where V, is the orbital velocity of
a planet revolving at distance D,. Calculate the deflection roughly
when V is 20 miles per second and D is 67 million miles, the distance of
Venus. [M. T. 1918]

10. The components, of masses m, and m,, forming a double star,
describe elliptic orbits round each other in period 7', their greatest and
least distances apart being D; and D,: prove that the rotational
momentum of the orbital motion of the system is

mm, w

T (D, D,)} (D, + D,). M. T. 1918]

11. Two gravitating particles of masses M and m are initially at a
great distance apart; M is at rest and m has a velocity v in a direction
which passes M at a perpendicular distance o. Prove that after the
encounter when m has again receded to a great distance, M will have
acquired a velocity 20Gm

VG (M +m)+ o™i}’
where @ is the constant of gravitation. [M. T. 1926]

1:3. Planetary motion. Time in an orbit. The time of
passing from one point of a central orbit to another is in all
cases determined by the equation

rP0=h ........... ceerenene ceenee(1),
which expresses the fact that the rate of describing area by
the radius vector is constant.

(i) Parabolic orbit. The equation of the parabola being

2a/r=1+cosf, or r=asec?}d,
dt r? r?

we have =%~ v (%) [Pt. I, 12:51]

- )
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so that, by integration, the time from the vertex is

t=A/(%3) (tan 30 +3tan330) ............ (1).

(i) Elliptic orbit. Taking!/r =1+ e cos § as the equation of
the curve, we have

it 2 ,
BTy 1128
B 1
.-_-A/(;)(m ..................... 2).

Let 1+ecos@=U, then
iesinﬁ_ecose_l_e“’sinw
a U U Uz
_U-1 e—(U-1p
- U U

Therefore
(1—e) _ esinf do
(1+ecos0)2” 1l+ecosf J1l+ecosf

esin 0 2 4 1
—1+e0030+\/(1—62)tan {//(l‘l“ )tan%@}

and since  =a (1 —e?), the time from the vertex is
at 1-e ev/(1—e?)sind
= -1 i v TmE )R T
t= v“[2tan {A/(l+e)tan%0} 1700080

As in Pt. I, 12'5 the periodic time is 2mat/y/u, and this
follows also from (3) by putting 8 == and doubling the result.

(iii) Hyperbolic orbit. In this case we still have equation
(2), buteisnowgreater thanunity, and theresult of integrationis

esinf
(e~ 1)J‘(1+ecos¢‘))"’=1+ecost9
1 V(e+1)++/(e—1)tan 30

TV@=1) Bye+1)—/(e—1)tan 38
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1-4. Longitude and the anomalies. Considering the motion
of a planet, such as the Earth, about the Sun, the plane of the
orbit intersects the plane of the equator of the celestial sphere
in a line through the Sun and a point known as the first point
of Aries and indicated by the symbol <.

Let P be the planet describing an ellipse of focus S, and let
@ be the corresponding point in the auxiliary circle, 4 the
nearer apse and C the centre. Then we have the following

definitions; longitude is angular distance from the line Sy, so

that op 8P =longitude of planet =6,

84 =longitude of nearer apse =1,
ASP =true anomaly =6 —w,

ACQ =eccentric anomaly =u.

Let a body move round the Sun in the plane of the planet
with uniform angular velocity in the same periodic time as
the planet and coinciding with it at the apses; this body is
called the Dynamical Mean Planet. The longitude of the
Dynamical Mean Planet is called the mean longitude and its
angular distance from the nearer apse is the mean anomaly.
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Thus, if n is the mean angular velocity and e is the longitude

of the p.M.p. at the instant from which time ¢ is measured,
the mean longitude =nt+¢

and the mean anomaly =nt+ ¢ —w.

The constant ¢ is called the epoch.

The longitude of the apse w is of course a constant of the
orbit and there are thus three variables, the longitude 6, the
eccentric anomaly « and the mean longitude nt+e, which
may be expressed in terms of one another.

1°41. To connect the true longitude § with the eccentric
anomaly w. h
maly 4. We have SP=a—eCN

=a(l—ecosu),

l
but S—-P=l+ecos(0-u7),
so that a(l—e?)=a(l—ecosu){l+ecos(f—m)},
or cos(d—w):M;
l1—ecosu
whence we get tan® } (8 — ) =%j'-:-ta.n’ 3u.

1:42. To connect the mean longitude nt+e¢ with the ec-
centric anomaly u. Since angles described by the p.M.P. are pro-
portional to the times, and therefore proportional to areas described
by the true planet, we have

nt+e—w_area ASP

211' - wab
_b areadSQ
- a’ mab
_b §a*(u—esinu)
“a' mab ’
so that nt+e—-m=u—esinu.

1:43. To connect the true longitude § with the mean
longitude nt+e. We have

720 = h=2mab / (gnf) =nab.

— 2
But 9—(—17—9—)=1+ecos(0—w),
ad_ n_ s,
8o that 5= (..1_.:62)5 {1 +ecos(0—w)}%;

(1-et)tde

and nt+ C:f{l;—ec——ogzé_—t;ﬁi.
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If we use the condition that the mean anomaly nt+ ¢ — @ vanishes
when §=w, we get

nt+¢—-w=[a (1-enap

{I+ecos(6—m))2*
In practice the eccentricity e issmall, and, if we expand the integrand
in powers of e and neglect higher powers than €2, we have

nt+e—u1=fa (1—$e?) {1 —2ecos (0 —w)+ 3e2cos? (0 —w)}db

=fo {1—2ecos(§—w)+ 3e2cos2(0—w)}db

=0—w—2¢esin (§—w) + e*sin 2 (0 —w@) ............ (1).
Then to express § —w in terms of ¢ we reverse the series by successive
approximations.
Thus, if we neglect e, we have, as a first approximation,
0—T=nl+e—T .ieivvvnrreinnrnniennnns (2);

then, retaining the first power of e in (1) and substituting (2) in the
small term, we get as a second approximation

—m=nt+e—w+2esin(nt+e—m) cceevrennen. (3);

and finally retaining in (1) the terms in e and e?, and substituting (3)
in the term in e, and (2) in the term in €2, we have

—w=nt+e—w+ 2esin{nt+ e —w+ 2esin (nt+ e —w)}
—ie?sin 2 (nt+ e —w);

and on expanding the term in e and neglecting higher powers than e?,
we got

0—w=nt+e—w+2esin(nt+e—w)+je?sin2(nt+e—w) ...... (4).

1+44. Examples. 1. Two small planets P, and P, describe coplanar
orbits about the Sun, with the same period; the orbit of P, is a circle,
and that of P, is an ellipse of eccentricity e. Treating the centre S of
the Sun as fixed, find the inclination of P,S to the apse line when the
angle P, SP, is stationary; and prove, neglecting e?, that the interval
between this instant and perihelion is

1_be
4 8n’
the period being taken as the unit of time. [1. 1930]

2. Shew that, if the eccentricity e is small and €3 is neglccted,
r=a(l —ecosnt+e?sin?nt)
and w=n(1+ }e?cos 2nt),

where 7 is the radius vector, ¢ the time measured from the nearer apse,
2n/n the period, a@ the semi-axis major and w the angular velocity
about the empty focus. [I. 1905]
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3. A body moves in an ellipse under a central force directed to a
focus. Shew that by a suitable choice of units the cartesian graph of »,
the radius vector from the focus, expressed as a function of the mean
anomaly m is a trochoid which is the locus of the focus when the
auxiliary circle rolls on a tangent to the circle. Hence or otherwise, find
the position in the orbit at which the rate of increase of » is most rapid.

[M. T. 1913]

4. If an orbit can be described about two different centres of force
in the same period, prove that the difference of the time of describing
any arc is proportional to the difference of the perpendiculars drawn
from the ends of the arc to the line joining the centres of force. [I.1895]

1-5. Stability of an orbit. If, when a particle is slightly
disturbed from its orbit, it continues to describe a path never
deviating far from its original path, we may call the original
motion a stable one.

In order to determine whether a given orbital motion is
stable or not, we assume that the inverse radius « is equal to
o+ &, where u, is the value in the undisturbed orbit and z is a
small quantity. If the solution of the equation of motion,
neglecting higher powers of = than the first, gives z a small
periodic value, the assumption is justified and the motion is
stable, otherwise it is unstable. The stability of a circular orbit
is discussed in Pt. I, 17°6.

1+6. Orbits in resisting media.

(i) Central orbit with resistance varying as the velocity.

Taking the mass as unity, the resistance as ks, and resolving
at right angles to the radius vector, we have

1d .. . df doam_ g0
;(—{i(ré)——ksr‘a—';, or at(’r 0)——- k7‘0.
Therefore r0=he® or pi=he® ... (1),

where & is a constant and p denotes the central perpendicular
on the tangent to the path.

Again, if F denotes the central force per unit mass, by
resolving along the normal

§2 Fp

2
so that from (1) = e~¥l=Fp dp e (2).
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1 g, [(qu)\?
But =+ ()"
dw  1ldp[du 1dp
therefore a6 U= — 3 2l 35= _.ﬁ o
r2 dp
d?vu, Fe2kt

and, from (2), D FUS g e (3).

(ii) Central orbit with resistance varying as the square of the

velocity.
With the same notation, taking the transverse acceleration
1d i %) = — ks?r _ﬁ_ —kérb,
1d
2 -
or oz 0) = — ks,
and therefore 0 =he i, (4),
where 4 is a constant, or
PS=he* i (5).
Then resolving along the normal we get
Y B e A7
p—Fr’ or ?e —dep ............ (6).
A d*u r2 dp
But as in (i) above ‘W+u—1§ o
d2u Fe?ks
S0 th&t g@i +u= -}"'EF ..... Sseesecsscscssns (7).

(il) To find the resistance necessary for the description of a
given orbit with a given central force.

Taking R as the resistance per unit mass, and with the fore-
going notation and resolutions, we have

1d

20 = — RP §&_pp
i ) R and : F,

d, . . .
or Et( p§)=—Rp and ‘ﬁ(ps)’= — 2Rp%.
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1
Therefore R= _2__5 _(pa ?),

1 d 3dr
m B=- 22M(F p)

17. Orbit described under the action of a force with
given radial and transverse components. If F, 7' denote
the force to the origin and the transverse force, we have

F—rf:=—F and l—(7‘2(‘)) ......... (1),
or writing 720 =h (not a constant),
BmTr oo, 2)
Hence 2k =2T73%, and therefore
dh® 2T
W=—7ﬁ_ ........................ (3).
: d_ . .d
Then since a_hu 70’
h o @ ul 1
—~F=F=hu de{h d()( )}
d (,du
= —hut 2 (5%
= —hu 70 (kde)
dzu T du
= — h2u? I " w db’ from (3);
du T du
therefore h2u? ( 70 u) F T
e (4).
where h2=2 T

In terms of a field of force of potential energy V¥ per unit mass
at (r,0), we may put

14 BV
F=—or=ulsrs
10V (14

and T=—;-a-5=—u-5§,
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and (4) takes the form

d2u L0V dudV
2,22 %
b (d9’+ ) PR
Loy ceeeveereenn(B).
where = __,f_ —db
1-71. Examples. 1. If the apsidal distances are @ and b (a<b),
2b*

prove that the velocity at the former is given by v“2=l?

and the velocity at any distance 7 is given by

2a% (T 262 [
3 R
V= ]aFdr-f- o /err,
where F is the central force. {I. 1913]

2. A particle under no external forces is attached to a fixed point
by an elastic string of natural length a. If the particle were describing
a circle of radius p, shew that after a slight disturbance the apsidal
angle would be 7/{(p—a)/(4p — 3a)}. [M. T. 1910]

3. A particle moves in a plane under an acceleration u/r? towards a
fixed point. The point is surrounded by a gas, which revolves about it
in such a way that the velocity of the gas at any point is 4/(u/r) at
right angles to the radius vector. The resistance of the medium
produces on the particle a retardation equal to k times the velocity of
the particle relative to the medium in its neighbourhood, where & is
a constant. If the particle is slightly disturbed from motion in a circle,
shew that in the subsequent motion 7 is of the form

a{l+Ae*cosn (t—t,)},
where 2x/n is the period of revolution. [M. T. 1928]

4. If the attractive force is always zero, and the particle moves in
an equiangular spxral of angle «, prove that the transverse force 7' is
given by T'= pr2sec®s=3, and that b= (usin acosa)? reec’=, [M. T. 1901]

5. Shew that, with radial and transverse forces P and @, each a
funection of » and 6, the differential equation of the orbit is

d*r

da[ Pr+Q r‘/ ’+2 rw}]:wr[;m T. 1908]

6. A particle is describing an equiangular spiral in & resisting
medium under a force to the pole and the rate of description of areasis
uniformly retarded; prove that the force is ur-3—Ar-1, and find the
law of resistance.
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7. Shew that, with a central force ur", where n is a positive integer,
if a particle is projected from an apse at distance a with velocity
V/(pa™t?), the path is a circle, and that there is an apsidal angle
7V (3+n).

8. Find the velocity necessary for the description of a circular orbit
of radius @ under a central force 2ua’u® — uud Shew that the orbit is
unstable and that if a slight disturbance takes place inwards the path
may be represented by r=a tanh 6. [I. 1914]

1-8. Disturbed elliptic motion. When a body moving in a
central orbit is subject to the action of small impulsive forces
the effect is to produce small instantaneous changes in the
elements of the orbit. In the case of elliptic motion about a
focus, the ‘elements’ are the length of the major axis, the
eccentricity and the longitude of the apse. In planetary motion
another element is the inclination of the plane of the orbit to
a fixed plane in space, but we shall limit our considerations to
disturbances in the plane of the orbit.

When the body is subject to small finite and continuous
forces, such as the action of a resisting medium, the orbit
is not an ellipse, but the motion can be represented by
supposing that the body moves in an ellipse the elements of
which are changing continuously. The ellipse is then called
the instantaneous orbit, and it may be defined as the orbit
which would be described after any instant of time, if the
action of the disturbing forces were suspended at that instant.

1°81, Small tangential impulse. Let the velocity vin an elliptic
orbit receive & small increment dv. Then since

”’='2,“—g (Pt. I, 12°5] cvoeeeeereernnnn. ),

and r undergoes no instantaneous change, we have
208y = "‘, da,
a

2va?

b Y it e 2).
or m v (2)

Since the direction of motion and the radius vector are unchanged
by the impulse, therefore the increment of the major axis means an
increment in the second focal distance PH, i.e. the second focus is
displaced to H’ where HH’ = 23a, so that the apse line is turned through
an angle H’SH or w, where w is the longitude of the apse >.S4.
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HH’ . _da r .
Hence dw= S &in PHS_a—e 2a_rsm PSH

_2avdv r
T pe 2a-r

SIN(0 =) .covvviiniiiiiiiininn, (3),

where 6 is the longitude <SP of the body. And from (1) this becomes

_ 2% ar .
80——6— ’\/<FL_(—2‘GT1').> sm(B——m) sesessasans ....(4).
v
P
’
H
| =
H S A
r

Again, in the usual notation, A=vp, where p is unaltered by the

impulse, so that
8h=p80=h%v ........................... (5).
But h*=pa(1l—e?),
80 that 2h8h=pu (1 —e€?) 8a — 2uae Be;

therefore, from (2), P
paede=va?(1 - e?) 8v—;8v

=b28__v(v2._lf>,
v a

ge= 20 52(&-&)
pae v \r a

2a (1—e€?) {1 1)\ dv
_2al=e) (___) e ..(8).
e r a

or

1-82. Continuous tangential force. The mass of the body being
denoted by m, let it be acted upon by a continuous small tangential
disturbing force mf. We can represent this force as the limit of a succes-
sion of small impulses producing a change of velocity v at intervals of
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time 8¢, so that ¥=4. Then the small rates of change of the elements of
the orbit are given by

=2”_"'f ............................................. ),
tb_— \/ #(2(1 r) sm(G W) ereraenns cerens «.(2)
2(1—e) (1 1\f
and =212 <;—a>v ............. e 3).

1:83. Small normal impulse. Let an impulse give the body a
small velocity du along the inward normal to the ellipse. To the first
order of du this leaves the square of the velocity unchanged, so since

therefore

But the direction of the velocity, i.e. the tangent to the path, is
turned through a small angle du/v. And the tangent is equally inclined
to the focal distances PSS, PH, so if H’ is the new second focus we have

28u

HPH' = 28u/v,and since da = O therefore H’P=HP,and HH'=""HP,

Hence  Sw=HSH' = Ifg cos SHP =2 ! HP cos SHP
=%’{SH+SP cos(f—w)}, and from (1)
_——{2ae+rcos(0 o)} \/ W(Q———-a—r«)} ......... (}3).

Again, since h®=pa(l—e?),

therefore hdh= —paede ....... Ceevenenen ceeenend(4)
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But 8h is the increment in the moment of the velocity about S, so that

Sh=%u.PY
dr
-—Surd‘;,
where ’l:=1+ecos(0—w)
ldr . dé
and i dé_csm(()—w) ds’
dé b
but L sinSPY =" =V (2a T
therefore dr_ besin (6 —m) \/() T,,AA)
ds— l : 2a—r
_Subesin(§—m) /& 7
and Sh= & (2(1 _,,7,_>.
Thence, from (4), it follows that
e= —dusin (6 —w) \/ a( 2a r)> ...... vesees(B)s

1-84. Continuous normal force. If f’ denotes the accelerating
effect of the normal force, we deduce that

L (1),
ﬁ;:f'{zaewcos(o o)} \/< 2a—r)> ......... @)
and é= —f'sin (0 — @) \/(,La(Za e > .................. (3).

1:85. Smallradial impulses. Let animpulse in the direction SP
give the body a small velocity u. It is now convenient to represent the
velocity in the undisturbed orbit by the components u/h at right angles
to SP and eu/h along the ordinate NP [Pt. I, 12:54].

Let PN’ be perpendicular to the new position of the apse line. The
moment of the velocity about S is unaltered, i.e. A is unaltered, there-
fore the velocity in the new orbit is compounded of u/h at right angles
to SP and ¢'u/h along N’ P,where e’ = ¢ + 8e. But these two components
are equivalent to p/h at right angles to SP, eu/h along NP and du
along SP, so that e’u/h along N’'P is the resultant of eu/k along NP
and Su along SP.

Then we have sw=NSN’'=NPN'=¥snSPN

eulh

- _5“0036(9"”’) \/<““;ez’> ............ (1).
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Again, by resolving in the direction NP,

¥ oos sy =2
7 cos dw= s 4+ 8ucos SPN,
whence ZSe: dusin (0 —w),
or Se.=Susin (0 —w) \/ (‘il—;fﬂ> ............... 2).
du e'u/h
P
i/

Lastly h?=pa(1—e?),
therefore 0=(1-—¢e?) 8a—2aede
and Sa=2e¢8usin (6 —w) \/ ;:.(l—e’) ............... (3).

1-86. Continuous radial force. If f, denotes the accelerating
effect of the radial force, we deduce that

__flcosio—w)J(a<1;e’>> ............... 1),

é=f,sin (0 —w) \/<9(-1—‘—'32 ..................... 2)

and G =2ef,sin (60— w)\/ #(1_62)> ............... (3).

1°87. Small transverse impulse. Let an impulse at right angles
to S P increase the velocity component u/h by & small amount du. Then
in the figure of 1:85, the components of velocity in the new orbit are
u/h’ at right angles to SP and e'u/h’ along N’P, where ' =h+ 8h and
¢’ =e+ ¢, and the increment 8k =r du.

Resolving a.long and at right angles to SP, we have

h' cos(SPN dw) = h # cos SPN

and ;:, sm(SPN sw) =¥ +—8u——}Tsm SPN.
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These equations reduce to
8¢ cos SPN +edwsin SPN — . sucos SPN =0

¢
and —esin SPN +edwcos SPN — bu (f-i +5— 5 sin SPN) =0,
.. r h
giving de=2du [:E {e+cos(0—-m)}+;cos(0—-w) ............ (1
and $ = dusin(0—w) <h +‘fl') ..................... @).
pe h
Then since h*=pa (1l —e?),
therefore 2hrdu=pu (1 —e?) 8a—2uaede
2
and this leads to Sazz% du{l+ecos(0—m)} cevverriarennnn.. (3).

The effects of a continuous transverse force may now be written down
as in 1:86.

1-88. Small change in the magnitude of the absolute force.
Let p receive an increment 3u, the velocity v remaining unchanged.

Then since e g_!)
ks 7a)

therefore da= — aa=rd (1).

L
Since the direction of motion is unaltered, the new second focus H’
lies on PH and is such that HH’ = 23a.
Then, using the figure of 1°81,
HH’

- sin PHS

o= SH

=% rus
ae

and from (1) =_ f”:‘ f;g’ sin PHS

Again, h?=pa (1 —e?) and &k is unchanged; therefore
2uaede=(uda+adu) (1 —e?),

which, from (1), gives Se= ! :62(1 —g) B e, (3).
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If the change in 4 is continuous at a rate nu per unit time, we get

A= —Na(28—=7)/F .iviiiiiiiiirnannens (4),
ew=—N8IN(0—1) ccococvvinrinininiiinnnnn. (6)
. _n(l—e?) a
and 6——'—?— (1—';) ..................... (6).

1-89. Examples. 1. When a body moving in an ellipse about the
focus is at an end of the latusrectum a small velocity % is communicated
to it parallel to the axis. Prove that the change of eccentricity is
ehu/u, and that the apse line is turned through an angle 2hu/eyu.

2. In an elliptic orbit about the focus, if the direction of motion at
any point is turned through a small angle §a, shew that the apse line

is turned through an angle %—;‘ (l +et --2) .

3. A particle is describing an ellipse under a force to the focus when
at a certain point the intensity (u) of the force is increased by (1/n)th.
Shew that the semi-major axis a is increased by a®v?/nu, where v is the
velocity; and find the position of the point (1) if the eccentricity is
unaltered, (2) if the position of the apse line is unaltered. Can both
these conditions be fulfilled at one point?

4. A planet is describing an ellipse round the Sun, and is struck by
a small projectile from the Sun. Shew that the distance of perihelion
will be increased if the planet is at a point on its path at which the
distance from the Sun is decreasing. Find expressions for this change
and for that in the direction of the major axis. 1. 1920]

6. If the velocity at any given point in an ellipse described about a
centre of force in the focus be suddenly increased by a small given
quantity, prove that the alteration in the position of the transverse
axis is proportional to the cosine of the angle which the direction of
motion at the point makes with the radius vector.

6. IfS, Edenotethemassesof theSunand Earth,and theSunreceives
a small increment of mass m, without change of velocity, when the
Earth’s angular distance from perihelion is 8, shew that the apse line
is turned through an angle msinf/e(S+ E), where e denotes the
eccentricity of the Earth’s orbit. [M. T. 1911]

7. A body moving in an elliptic orbit about a centre of force in the
focus is acted upon by a small impulse in a direction perpendicular to
the radius vector, so that the area described in a unit of time is increased
in the ratio 1+4+n:1. Shew that the corresponding changes in the
elliptic elements are given by the equations

Se=mn(2cosv+e+ecos?v),
edw=n(2sinv+esinvcosv),
3a_2n(l+ecosv)?
CA =
where v is the true anomaly of the body at the instant of disturbance.
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1. Find the law of force to the pole when the path is the cardioid
r=a(1l—cos ); and prove that, if I be the force at the apse, and v the

velocity, 32 =4aF.

2. A body is describing an ellipse under the action of a force to a
focus. When the body is at one extremity of the minor axis the law of
force is changed without instantaneous change of the magnitude of
the force or of the velocity; if the force now vary as the distance, prove
that the periodic time is the same as before.

3. A particle describes a rectangular hyperbola under the action of
a force to the centre; prove that if the radius vector, during the time
t after leaving the apse, passes over the angle 6,

tan §=tanhV pt,
ur being the force at the distance 7 on unit mass.

4. If any curve is described by a particle under the action of a force
tending to a fixed point O, prove that the velocity of the foot of the
perpendicular on the tangent to the path varies inversely as the chord
of curvature through O.

5. 0Y is the perpendicular from a fixed point O on the tangent to
a curve at any point P. If the curve is such that PY is constant, and a
particledescribes it under the action of a forceto O, prove that the force
varies as OP/OY*.

6. A curve described by a particle under the action of a central
force is such that, if at any moment the component velocity along the
radius vector be destroyed by an impulse along the radius vector, the
particle will proceed to describe a circle. Prove that the curve is a
reciprocal spiral.

7. Prove that the law of force under which the pedal of p=f(r) can
be described is L, [2r* 7 dr
{33_‘ Tt 5113} ’
If p varies as 7", the law of force under which the pedal can be

5—-=
described varies inversely as (distance) ™.

8. Prove that, if a particle moves in a smooth tube under the action
of forces to centres, the pressure at any point of the tube will vary as

1o_xl2 }

P {C Zpap'P By

where d F/dr is the force per unit mass towards any one of the centres,
and p is the radius of curvature; and hence shew that the pressure at
any point of the tube will vary as the curvature, whenever the orbit is
such as could be described freely under the action of each of the forces
taken separately.

2 RDII
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9. A particle, mass m, is acted upon by a central force which is some
function of the distance » and by a transverse force mur. Prove that, if
the particle moves completely round any closed curve, the square of
the velocity is increased by 4u (area of curve).

10. A particle describes the curve r2=a2cos 26 under the action of
a force to the pole. Prove that the square of the force varies as the
seventh power of the angular velocity of the radius vector of the
particle.

11. A particle P describes a central orbit, centre of force S, and
through P is drawn a straight line at right angles to P.S, which line
touches its envelope in @; prove that the velocity of @ varies as

1 /d?r
7 (Ea“ﬂ + ’) '
and is constant only when the path of P is a parabola, whose focus is S.

12. A particle is to be projected with given velocity from a given
point under a central force varying inversely as the square of the
distance so that the apse line shall make a given angle 8 with the initial
radius vector. Shew that there are two directions of projection making
angles with this radius vector whose sum is

T 3w
[’} + 2 or 0 + —2‘ .

13. A particle m is projected from an apse with the velocity from

infinity under the attraction of a force —7: 3" logg directed to a centre at

a distance a; find the equation of the orbit described.

14. A particle under the action of a central force u(r+a)/r® is
projected from an apse at distance a with a velocity which is to that
in a circle at the same distance as 1:4/2; shew that the equation of the
orbit is r (2 + 6%) = 2a, and that the particle will arrive at the origin in
time 74/(a%/8u).

15. A particle moves on a smooth table and is attached by a light
inextensible string, which passes through a hole in the table, to an
equal particle which hangs vertically. Find the differential equation of
the path of the first particle, and prove that, if it is projected from an
apse at a distance a from the hole with velocity 4/(5ag), the particle
below the table will rise through a distance a. [1. 1897]

16. Prove that if a particle describes an epicycloid under a centre
of force at the centre of the fixed circle the force varies as r/pt.

17. A particle is projected at a distance a from a centre of force
with a velocity 2\/;/a, and at an angle {7 with the radius vector, the

force being u (% +a; ; determine the orbit described, and shew that

at )
ime to the centre of force is —o— {2 — —} .
the time 10 centre of force is Vi) { 2
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18. Two curves are inverse to one another with regard to a point O;
prove that, if they can be described under forces F and F' respectively
tending to O, then r’F p'SF 2

TR ey

where 7 and r’ are corresponding radii vectores, ¢ the angle which r
or 7 makes with the tangent and %, A’ are constants.

Hence find the force tending to a point on the circumference under
which a circle can be described.

19. A body is describing an ellipse of eccentricity e under the action
of a force tending to a focus and when at the nearer apse the centre of
force is transferred to the other focus. Prove that the eccentricity of
the new orbit is e(3+¢)/(1 —e).

20. Two equal particles are revolving in the same direction in the
same ellipse, under the action of a force tending to a focus; shew that,
if they become rigidly connected when they are at the ends of a chord
through the centre of force, they will afterwards move about their
centre of gravity with an angular velocity which varies inversely as
the length of the chord.

21. Two particles of equal mass moving in opposite directions collide
and coalesce at a distance b from the centre of force round which they
are moving under an attraction varying inversely as the square of the
distance. At the time of their collision one particle is at the nearer and
the other at the farther apse of two ellipses both of eccentricity e.
Find the major axis of the orbit in which the joint mass moves.

22. A particle describes an ellipse of major axis 2a under the action
of a force to a focus. When the particle is at an end of the minor axis
the centre of force is suddenly moved a small distance ax towards the
particle. Shew that the eccentricity e of the orbit is unaltered, and that
the apse line is turned through a small angle « v/(¢~*—1).

23. If a body moving in an ellipse under a force to the centre
undergoes a disturbance producing a normal acceleration g, find the
variations in the axes of the instantaneous ellipse. Shew that their
maxima are given by .

a_b ___tg

, b —a Vu(a+d)

and distinguish the alternative signs.

24. The co-ordinates (z, ), (z,, ¥,) of the simultaneous position of
two equal particles are given by the equations
r=al—2asinf, z,=ab,
y=a-—acosb, Y= —a+acosb;
prove that if they move under their mutual attractions, the law of
force will be the inverse fifth power of the distance.

2-2
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25. Two bodies of masses m,; and ms move under their mutual
gravitation; prove that if when m, is at rest the velocity of m, is at
right angles to the line joining the masses and equal to/{y (m, +m,)/d},
where y is the constant of gravitation and d the distance of the bodies,
then the path of m, in space is a succession of cycloids, the body
coming to rest at a cusp at equal intervals of time. 1. 1892]

26. Two particles of masses m and m’ move under the action of their
mutual gravitation (ymm’/r?); their momenta are equal and opposite
constituting a couple of moment H ; the total energy, kinetic and poten-
tial, throughout the motion is E reckoned from a state of rest at an
infinite distance apart; prove that the distance of nearest approach of
the two particles is a root of

1 1
2 'p — {4 — )=
2B + ymm'z — }H (m+m,) 0,
the positive root if E be positive and the smaller positive root if E be
negative. [I. 1906]

27. Two masses m, m’ are connected by an inextensible string of
length a. The end 4 to which m is attached is made to move with uniform
acceleration f in a straight line under the action of a force P in the
straight line, and the end B to which m’ is attached is made to describe
a circle round A with uniform angular velocity w under the action of
a force Q perpendicular to AB. Find P and @, and prove that the least
value of P is mf —7%}9’—‘ , provided aw? < 2f.

28. Two masses m, m’ are connected by a light elastic string of
natural length ;. m is held fixed while m’ is whirled in a circle so that
the string is stretched to a length . m is thenreleased. Shew that in the
subsequent motion the length of the string never exceeds I, and that if

m(m+m) =1L 1+ 1y)
the string will just become slack. [St John’s Coll. 1905)

29. A particle describes an ellipse under a force to the focus S, and
SY is a perpendicular upon the tangent to the orbit; shew that the
angular velocity of SY is a minimum or maximum when the particle
is at the farther apse according as the eccentricity is less or greater
than 1/3.

30. SN isa fixed line through a centre of force S; PN is the ordinate
at any point P of the path of a particle acted on by the central force;
find the force when the path always bisects the angle SPN.

31. A particle m is projected from an apse at distance ¢ with
velocity V' 2uc/4/3. The force to the centre boing mu (8 —c*r), prove
that the orbit is z¢ + yt=c¢.
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32. Two equal particles P and Q, on a smooth horizontal plane, are
connected with each other by a stretched inelastic string of length [,
which passes through a smooth ring O fixed to the plane; P being
projected perpendicularly to PO, find the equation to its path, and
shew that, when @ arrives at O, P will have described a right angle
about O if the initial distance of P from O be equal to lcos n/24/2.

33. A particle of mass m is attached to a fixed point on a smooth
horizontal plane by an elastic string of natural length a, whose coeffi-
cient of elasticity is mg. It is projected with the velocity 4/(ag) in &
direction perpendicular to the string which is initially unstretched.
Prove that the apsidal distances of its orbit are given by

at(r*—a%)—r?(r—a)?=0.

34. A rod which is extensible in accordance with Hooke's law is
made to rotate, with uniform angular velocity w, about a line through
one extremity perpendicular to its length, and is supposed to remain
straight. If a be its natural length, m the mass of unit of length when
unstretched, A its modulus of elasticity, and ! its length when rotating,

shew that ¥
l=-! A tan {aw \/r_r_z}
oV m A)c

35. A heavy particle of mass m is lying on a smooth horizontal
table at a given distance ¢ from a small hole in the table and is con-
nected with a heavy particle of mass m’ by an inelastic string passing
through the hole. The particle m is held at rest, supporting m’, also at
rest; find the velocity with which m must be projected along the table,
at right angles to the distance ¢, in order that it may move in the circle
of which the hole is the centre.

If the circular orbit be slightly disturbed, prove that the apsidal
angle of the nearly circular path of m is

m+m)\d
w 3m .

36. A particle is projected at a distance a from the origin perpen-
dicular to the initial line with velocity 2/ u/ain a field whose potential
is — u cos 6/r3; prove that the orbit is

r=asec{V2logtan} (= +0)}.

37. Shew that the time average of the kinetic energy of a planet is
equal to the value at the end of the minor axis of its orbit. Shew also
that the time mean of the distance is a (1 + {e2). [St John’s Coll. 1913]



Chapter II

TANGENTIALANDNORMALACCELERATIONS.
MOTION OF PARTICLES AND CHAINS

2-1. In this chapter we shall consider further two-dimen-
sional problems including the application of tangential and
normal accelerations to the motion of particles and chains
under constraints, motion in rotating tubes and the free motion
of a chain.

2:2. Motion of a particle on a rough plane curve. Let 8 be
the arc measured from a fixed point 4 on the curve, in the
direction of motion, to the position of the particle P whose
mass is m. Let R be the pressure measured inwards, u the
coefficient of friction and 7', N the components of the external
force on the particle along the tangent and the outward
normal. Then the equations of motion are

d
mvag:T—-p,R ..................... (1)
2
and %:R_N ..................... ).

In the case in which a heavy particle is sliding upwards on
a curve in a vertical plane, the equations are

dv .
mv‘—lg=—mgsm¢/;-—p}2 ............... (3)
2
and % =R—mgcosy..c.cecevvinininann, (4),

where i is the inclination of the tangent to the horizontal.
Eliminating R, we get

dv  0v? .
vd“;'*'ﬂ-;’- —g (sin g + pcos i),
dv? .
or —+ 2uv?= — 2gp (sinyp+pcosy) ......... (5).

ap
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From the intrinsic equation of the curve, say 8=/ (), we
get p=f'($), and the equation (5) has an integrating factor
o2

my mody

?
r ds Y

z 0o
In applying the method of this article it should be noticed
that the friction must always oppose the motion, and that in
the case of a two-sided constraint (e.g. bead on a wire), if B
changes sign during the motion, the motion will cease to be
represented by equation (5), because it will become necessary
to change the sign of R in (4) but not in (3). This will be
exemplified in the next article.
2:21, Example. 4 bead of mass m slides on a rough circular wire of
radius a in a vertical plane, the coefficient of friction being 1/a/2. The bead

is projected from the lowest point ; shew that in order that it may just reach
the highest point the velocity of projection must be

2 K

v G,

where « 1s the acute angle tan=14/2. [M. T. 1931]
If v is the velocity when 6 is the angular distance of the bead from its

lowest position, the equations of motion, in the early stages of the

motion, are

dv .
mv(~i§= —mgsinf—pR ...(1)

2
and %U—=R—mgcoso ......... (2)
leading to
90t | 9= — 2ga (sin 0+ pcos 6) (3)
3g 2= —2ga(si pcos , AN\R
which gives, on integration,
vieﬁlw
=0 —2gae 3psinf+(2u2—1)cosd

4ud+1 R
(). HR ymg
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For p= 1 this becomes

Ve’
eV = V2 —4/2 gae‘/w i

where v, is the value of v when §=0.

According to the data v decreases steadily and vanishes when 6=,
8o there will be an angle § between 0 and = for which cos § = —v?/ag,
and from (2) for this value of 8 the pressure R vanishes and changes
sign. From this point onwards (3) ceases to represent the motion,
because (1) still holds good, but instead of (2) we have

mo?

o =—R—mgcosh ...c.c.oevviiiiininninn. (6),
which with (1) leads to
dv? 2 .
dF—Z,w =—2ga(sinf—pcosf) ............... (7),
giving, on integration,
- i a_
V=20 = (' — 2gae—28 usin 0+ (2u—1)cosf (8).

4p?+1
For u= \—/12, this becomes

ve V¥-c +\/2gae"/20sin 0.
But v is to vanish when =, therefore C’ =0, and in the later stages
of the motion 2 .
v¥=4/2gasinf

But the motion being continuous the values of v? given by (5) and (9)
are the same at the point at which E vanishes, i.e. when v? is also
—gacos §. Substituting this value in (9) gives

. cosf sinf_ 1
—cosf=4/2sinf, or V3T 1 S

so that 8= }=+ a, where a is the acute angle tan-14/2. Then from (5)
and (9) we get
vi= 2\/2gae‘/28 sin 0= 3\/6906‘/2(5"4"“).

2:22, Resisting medium. Motion of a heavy particle in a medium
the resistance of which varies as the square of the velocity.
Measuring 4 downwards from a horizontal line, the equations of

motion are dv 2
—- = i ~kv? —_= .
v gsiny—kv? and p geosy
The second equation shews that for a given velocity the curvature of
the path is independent of the resistance, a theorem which is true for
motion in any resisting medium under any forces.
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Eliminating » we obtain
cos tp’n 3psin i+ 2kp?cos =0,

or ;¢’<1)+3ban¢// -=2

This equation has an integrating factor sec® s and gives on integration

sec®

=k {tan Jysecy +log (tan y+sec y)} + C.

This equation gives the curvature of the path in terms of its inclination
to the horizontal.

If p, is the radius of curvature at the highest point, C = 1/p,; and if
p» p’ are the radii of curvature at the two points at which the tangent
to the path is inclined at the same angle ¢ to the horizontal, we have

2:23. Examples. 1. Aring which canslido on a rough circular wire
in a vertical plane is projected from the lowest point with such velocity
as will just take it to the horizontal diameter; if the ring returns to the
lowest point, shew that its velocity on arrival is to its velocity on

departure as  (_ 9,8 3,6-umb : (1~ 23+ 3perm)},
where u is the coefficient of friction.

2. A heavy particle slides, from a cusp, down the arc of a rough
cycloid, the axis of which is vertical. Prove that its velocity at the
vertex is to its velocity at the same point when the cycloid is smooth as

V(e —p?) /(1 +4?),
where p is the coefficient of friction.

3. A heavy particle moves on a smooth cycloid whose plane is
vertical and vertex downwards in a medium resisting as the velocity.
Discuss the possible types of motion. [1. 1908]

4. A particle of mass m is projected in a medium offering resistance
mg (w/w,)* when the velocity is w. If u denotes the horizontal com-
pouent of velocity, 8 the length of arc traversed, and ¢ the inclination
of the direction of motion to the vertical, shew that

du g d g .
a;=-17):iu' £=u281n3¢’
and determine the (s, ) equation of the path. [M. T. 1929]

6. A particle is moving under gravity in a medium which produces
a resisting force f (v) per unit mass, where v is the velocity. If y is the
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angle the direction of motion makes with the horizontal at any time,

shew that
} @—M_taﬂ.ﬁ:()'
vdj gceosy
If f (v) = A2, A being constant, find v in terms of . [1. 1924]

8. For a particle moving under gravity in a medium such that the
resistance per unit mass is xv", where v is the velocity, prove that the
equation of the hodograph can be written

<—1—>'= C-fi’-‘/secm 6ds.
rcosf g

A particle of mass m is projected with velocity u at an angle of
elevation «, and the initial value of the resistance is known to be Amyg,
where A is small; the velocity which the particle will have at the highest
point of its path is calculated on the hypotheses that the resistance
varies (i) a8 the cube, (ii) as the first power of the velocity. Prove that
the ratio of the calculated values is approximately

1+ 2Asin®a. [I. 1930]

7. If a particle of mass m be acted upon by equal constant forces
mf in the directions of the tangent and normal to its path, and if the
resistance be mk®v¥f, prove that the intrinsic equation of the path is

€8 1 = [l (e — 1),

where u is the velocity of projection.

2:3. Two or more centres of force. To determine whether
a given orbit can be described under the action of given forces
acting simultaneously to two or more centres, it is only neces-
sary to write down the tangential and normal equations of
motion and investigate whether the value of v? obtained by
integrating the tangential equation can be identified with the
value of v? given by the normal equation.

For example, if the orbit is an ellipse and the forces per unit
mass are u/r? and u’/r'2 towards the two foci, we have

dv pwdr ' dr

v ou . [T
and ;=7—.ésm./;+;,-ésm¢ .............. ee(2),

where i is the inclination of the tangent to each radius vector.
Since in an ellipse psiny is the projection of the radius of
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curvature on the focal distance and equal to r'/a, therefore
the equations are equivalent to

2 2u’
vim O 2 2
r r

and vz__:’_‘: Z_.*_/LL_L
ar ar”
. 2 2
or since r+7' =2z, vi="- JL,«—E'—H' ................... (4)
r a a

2-4. Motion of a particle fastened to a light string which
is wound round a fixed plane curve. When the string is com-
pletely wound up let the particle be at 4, and let P be a sub-
sequent position. Then the unwound portion of the string P@
is the tangent to the curve at @, and PQ=A4@Q=38. Let ¢ be
the angle which PQ makes with the tangent at 4. Let T be

the tension of the string, § and N the components of external
force on the particle in the direction of its motion and along
PQ. The path of P isan involute of the curve 4@ and its radius
of curvature is PQ or 8, so if o denotes the arc 4 P of the path
and v is the velocity at P

3
mv@=8’ and ’—n—v—=T+N,
do 8
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but do = sdy, so the equations are

my ~=Sa and m—-—T+N
dy s
2+41, Example. In the case just considered let the curve be a circle
and the external force a repulsive force from the centre equal to p times the
distance.
The resolved parts of the external force along and at right angles to
PQ are ~ us and ua, so that

2
g?,:y,a and Ln}: T — ps.

But do=sdy and 8=ay, so that if the motion start from rest at 4

mv

Mot = patyd = ps?,
and 7'=2ps.

2:42, Examples. 1. If a particle moves in an ellipse and has ac-
celerations f, , f; directed to the foci, prove that

dfy 2f1 s 2

dr1 dr, ry’
where ry, r, are the focal distances. [I. 1915]

2. A particle describes the hyperbola 2® — y® = a® under the action of
an attractive force p/r? towards the nearer focus and a repulsive force
u/r? from the other focus. Prove that

@3¢ =2y (1+ 2 cosh? §)/cosh? 2¢,
where z=acosh ¢. [I. 1908]

3. A particle of unit mass moves in a smooth tube in the form of the
lemniscate 7, 73 = a2, where r;, r3 are the distances from two fixed points
A, B at a distance 2a apart. The particle is acted upon by attractive
forces p/ri3, p/ry? towards 4, B, and its velocity at the node is 24/(u/a);
shew that at any other point the square of the velocity is 2u (r, +75)/a?,
and that the pressure on the tube at either apse is 6u/a?. [I. 1907]

4. A particle is free to move under the action of two central forces
p/rt directed towards a point S and away from a point H respectively.
Prove that, if the particle starts from rest in a position equidistant
from S and H, it will oscillate in a semi-ellipse of which S and H are
foci. [I. 1906]

5. A string of length #a is wrapped round the circumference of a
circle of radius @ on a smooth horizontal table. One end of the string
is fastened to a point A4 of the circumference and to the other end is
attached a particle of mass m. The particle is projected with velocity
V perpendicular to the string from the opposite end of the diameter
through 4 so as to unwind the string from the circle. Prove that the
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string is completely unwound after a time an?/2V and that the tension
of the string while unwinding at time ¢ from the beginning of the
motion is mV¥/(2an)k. (1. 1913)

2:5. Motion of a particle in a smooth plane tube rotating
about a point in its plane. Let the tube rotate about the origin
O with angular velocity w. Let 4 be a fixed point on the tube
and P the position of the particle at time ¢. Let O4 make an
angle ¢ with a fixed direction and let
AOP=0and OP=r.

The accelerations of P are

#—r(0+¢)? along OP
and Tl gz 20 +4)

perpendicular to OP.
Or, writing ¢ = w, the accelerations
are

'F— 102 — 2r0w — rw?
l1d
r db

The terms independent of w represent components of
acceleration relative to the tube, and are therefore equivalent
to vdv/ds along the tangent and v?/p along the inward normal,
where v denotes the velocity of the particle relative to the tube
and s denotes the arc AP.

The components —2rfw and 2fw are 2w times the polar
components of velocity v turned through a right angle, and
are therefore equivalent to 2wv along the normal inwards.

The term —rw? is equivalent to

—wzr% along the tangent

and (r20) + 2w + e,

aﬁd wzrzo—ig along the inward normal;

and the term r is equivalent to

“"Zgg along the tangent

and @r+ along the inward normal.
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Hence the tangential and normal components of acceleration
are dv 5Z_1_’ +an? (]g
ds ds™ " ds
do dr

z 24V
and P+2wv+wzr o +wrds

and the equations of motion are

dv , dr ,d0
m(va—é—wra«-f- rda) T coevrneennn (1),

do dr
Chaid utd
(P+2wv+wzr ds+ rds) N+R......... (2),
where 7', N are the tangential and normal forces and R the
pressure of the tube inwards.

These equations may also be written

v dr a0
mv(—l—-—’l +mw2ra§—mwr qo (3),
mZ +2mwv N - mwzrzt-ig—m r(-ll+R ...... (4),
) ds ds

shewing that the motion relative to the tube is the same as if
the tube were at rest and two extra forces were applied to the
particle, viz.

mw?r along the radius vector,

mar perpendicular to the radius vector in the opposite
sense to the rotation.

But if we adopt this method of finding the relative motion,
we must observe that the pressure R as given by (4) exceeds
by an amount 2mwv the value which would be obtained by
regarding the tube as at rest and applying the extra forces.

2:61. Example. 4 particle can move in a smooth plane tube in the
form of a parabola and the tube ts initially at rest with the particle at the
vertex and then suddenly begins to rotate about the focus with uniform
angular velocity. Prove that the pressure in any position 18 proportional
toVr(3Va—4V'r), where r is the distance from the focus, and 4a is the
latus rectum. 1. 1910]
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Since the angular velocity  is uniform and there are no external
forces, the velocity v of the particle relative to the tube is given by

o BV o dr
ds “'ds’
or vi=ow?4C.

But initially r=a, the particle is at rest and
the point 4 of the tube has a velocity wa rela-
tive to it; therefore C=0 and

V= —owr,

the negative sign because initially v= — wa.
Then from 2°5 (4)

2
R=m<:(—:)—+2wv+ w'rsin¢>,

where ¢ is the angle between the radius vector and the tangent.
But in the parabola p?=ar, rsin ¢ = p =+/(ar) and p=rdr/dp = 2rp/a.

=mat (T _
Hence R=mw <2p 2r+p)

=imw®*Vr(3Va—4V7).

2:52. Examples. 1. Asmooth circular wire is made to rotate about
a point O of its circumference with uniform angular velocity w in a
horizontal plane. A small ring P slides on the wire and is attracted
towards O by a force varying as its distance from this point. Shew that
8, the angle between OP and the diameter through O, satisfies an
equation of the form g ()~ 4,?)sin 6cos ¥,

where A is constant. 1. 1924]

2. A particle moves on a wire in the form of a circle of radius a,
constrained to rotate in its own plane with angular velocity w about a
point of itself. The particle is initially at the extremity of the diameter
through the centre of rotation and is projected with velocity 2bw
relative to the wire. Shew that the particle describes a quadrant of the

circle in time na 1a? 2
[ Vim (177)]
approximately, if b is large. 1. 1931]

3. A bead can move on a smooth circular wire and is initially at rest
at a point A. The wire is made to rotate uniformly, in its own plane,
with unit angular velocity, about the other end of the diameter through
A. Shew that the pressure between the bead and the wire vanishes at
a time log, {(3 +4/5)/2} after the start. [M. T. 1914)

4. A smooth circular tube is fixed at one point A4 and contains a
particle which is initially at rest at the opposite end of the diameter
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through A. The tube is then made to rotate in a horizontal plane with
uniform angular velocity w; shew that the angle described by the
particle about the centre of the tube in time ¢ is 4 tan—!(tanh }w?).

5. A particle P is free to move on a smooth circular wire whose
centre C revolves with constant angular velocity in the plane of the
wire about a fixed point O. Shew that if CP=3CO and the particle
just makes complete revolutions, the pressure between the particle
and the wire vanishes when CP makes with OC an angle sec13.

6. A particle is free to move along a smooth curve r*=a"cosné,
which revolves in its own plane round the origin with uniform angular
velocity w. Prove that, if the particle be initially at rest in the position
6=0, and there are no external forces, its distance from the origin at

1
time ¢ afterwards is a sech® n wf. Find also the equation of the path in

space. [1. 1908]

7. Abead is at rest at the vertex of a smooth wire in the shape of
a cardioid r =a (1 + cos §). The wire begins to move about its pole with
uniform angular velocity w; shew that the pressure will vanish when
the bead has described an angle 2 cos™! § about the pole, relative to the
wire, and that the distance of the bead from the pole at time ¢ is

r=2asech? }wt. [1. 1900]

8. A smooth plane tube is made to rotate in its own plane about the
origin with constant angular velocity w. A particle moves in the tube
under the action of an attraction w?r per unit mass towards the origin.
Prove that the pressure is given by A + B/p, where 4, B are constants,

and p is the radius of curvature of the tube at the point occupied by
the particle. [M. T. 1906]

2:6. Motion of a string or fine chain, under the action of
given forces, inside a fixed smooth plane tube. Let AB be
the chain of length /, s the length 04 of the axis of the tube
measured from a fixed point O,
and o the length of any portion
AP of the chain.

Let m 3o denote the mass of a
small element PQ of the chain;
then if 7' and 7'+37T denote
the tensions at P and @, R8o the
pressure of the tube on the
element and 8§, N the tangential and normal forces per unit
length of chain, since the tensions on the element P@Q are
equivalent to forces 87" along the tangent and 7'8y along
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the inward normal [Pt. I, 10-7], the equations of motion of
the element P@ are

mda.v%=8T+SSc .................. 1)
2
and mda.’-’P-= T8 +NSo+R8.....ocue.n.. @),

where i is the inclination of the tangent at P to the tangent
at O.

We observe that in these equations v is the velocity of every
point of the chain, and has therefore the same value for all
points from 4 to B, and the tension 7' vanishes at 4 and B,
so by integrating (1) from 4 to B we get

When § and N are given, v is determined by (3), and 7' is
determined by (1) and (3), and then (4) determines R.

2:61. Examples. (i) A smooth tube forms a quadrant of a vertical
circle of radius a with the tangent at the lowest point vertical. A heavy
chain of the same length as the tube slides down from rest in the position
in which it fills the tube. Find its velocity in any position and shew that
its velocity when it i8 just clear of the tube i3

foa (549}

Let AB be the chain and CD the tube, COA=0 and AOP=¢,
where PQ is a small element of the chain of mass mad¢. The equation
of motion of the element PQ resolving along the tangent at P is

madp.af=madp.gsin(0+¢)+8T «..covvvennnnn 1),

where T denotes the tension at P.

This equation holds good for all elements of the chain between 4
and D. Integrating (1) from 4 to P and noting that T'=0 when
=0, we have )

madpl =T —mgacos (0 +¢)+mgacos ............ (2);
so that if 7', denotes the tension at D, where ¢ =}« — 0, we have

mad (§n—0) =T, +mgacosf .................. (3).
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Again, let 8y be an element SR of the straight portion of the chain
at a depth y below D; then the equation of motion of this element is,
in like manner,

msy.af=mgdy+3T ...(4),
where T is now the tension at S.

This equation holds good for all ele-
ments between D and B, so that, by in-
tegrating from D to B and noting that
T=T,at Dand T=0at B, we get

mab.af=mgad—-T,...... (5).

Now eliminate 7T'; between (3) and (5)

and we have
ymal=g(0+cosb) ...... (6).

This is the equation of motion of the
whole chain, and, by multiplying by 24
and integrating, we get

tmafdd=g(0*+28in6).ccccccnieiininnnnnn.... ),
since §=0 whon §=0.
When the chain is just clear of the tube 6= 4= and the velocity is

iven by
g a*f*=ayg <g+4) ........................... (8).
™,

The last result may easily be verified by equating the kinetic energy
of the chain to the work done upon it by gravity as it descends from the
curved to the straight position.

(il) A smooth circular tube rotates uniformly in its own plane about a
point in its circumference. Investigate the motion of a length of uniform
fine chain initially at rest inside the tube tn an unsymmetrical position.

Let a be the radius of the tube and w its angular velocity about O.
Let PQ be an element of the .
chain AB. Let OCD be the af, QP
diameter through O making an
angle wt with a fixed direction
Oz. Let DCA =0, ACP=¢ and
OP=r.

In determining the motion
relative to the tube of the ele-
ment PQ or ad¢ of the chain we
may proceed as in 2-5, regarding

the tube as at rest if we impose Q

on the element a force ma §¢ w®r \—/ z
along OP, where m is the mass

of unit length of chain; or we

may make use of relative accelerations. Thus the acceleration of P
relative to C is

ds
adt,(0+¢+wt)=a5

along the tangent at P, and the acceleration of C is w?a along CO.
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Hence, resolving along the tangent at P, we get
mad¢{af + wlasin (04 $)}=8T .......... eeeed(1),
where 7' is the tension at P.

Then if A B subtends an angle o at C, we get by integrating (1) from
A4 to B, i.e. from ¢=0t0 ¢=ua,

af=w3{cos (6+ &) —CO8 8} ....uvrerrnrerrnnnenn (2);
giving on integration
afi=C+20*{sin(0+a)—8in 6} .oocevvennnen (3).
From (2) we see that § is negative, 8o that if the chain starts from rest
relative to the tube on one side of 0D, the motion is initially towards D.
Further if, initially, = g and =0, (3) becomes
af?=2w? {sin (§+ a) —sin  —sin (8 + ) +sin g},
shewing that 6 also vanishes when 8= —(x+ B), so that the chain will
perform symmetrical oscillations about D.

2:62. Examples. 1. A uniform chain is placed on the arc of asmooth
cycloid whose axis is vertical and vertex upwards. Shew that so long
as the chain is wholly in contact with the cycloid the tension at any
point of the chain remains constant throughout the motion, and is a
maximum at the middle point.

2. A uniform chain of length 2! and mass 2ml is in a smooth tube in
the form of an equiangular spiral which revolves in a horizontal plane
about its pole with uniform angular velocity w. Prove that the tension
at any point of the chain is §mw?®cos? « (I — 2%), where « is the angle of
the spiral and  the distance of the point from the middle point of the
chain measured along the arc. [M. T. 1879]

2:7. Motion of a free inextensible chain in a plane under
the action of given forces in the plane. At any instant let
u, v denote the tangential and normal velocities of the point
P of the chain. If s denotes the length of the chain measured
from a chosen point up to P, then u, » are functions of s as
well as of the time #. Denote a partial differentiation with
respect to ¢ by an accent, and a partial differentiation with
respect to ¢ by a dot.
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Let PQ=23s be an element of the chain and N the projec-
tion of @ on the tangent at P. Since the chain is inextensible,
88 does not vary with the time. The motion of PQ may be
identified with that of PN, because QN is always of the order
(88)2. Then the motion of N relative to P is circular, with
angular velocity . This gives

u+u'8s~—8 (v+v'8s)—u=0,
Jds=v+v'8s+ 8 (u+u'ds)—v,
with errors of the second order. On dividing these equations
by 8s, and taking the limit as 8s - 0, we obtain

ou v

5;-—/—)=0 ........................ (l),
W v u

—a—t‘—a—s ; ........................ (2).

To form the dynamical equations, we have, for the accelera-
tion of P in the direction of the axis from which ¢ is measured,

%(ucosx/;—vsinx/:)=(d—v«/;) cos— (9 +wf) sin ¢,

where the dot denotes the operation 9/ot.

But the direction of this axis is arbitrary, so by taking the
values 0 and 4= for y, we find that the tangential and normal
accelerations of P are

w—vy and o+4wf.

Hence if m&s denotes the mass of the elements 3s, T' the
tension at P and S6s and N 8s the components of the external
force on the element in the direction of the tangent and normal,
then since the effects of the tensions at the ends of an element
are equivalent to forces 87 along the tangent and 7'8y along
the inward normal [Pt. I, 10-7], we have

mds (b —vf)=8T + 8 8s

and m8s (v +wuf)=T &+ N 8s,
or m(d-—v¢)=%§+8 ..................... (3)

and m (0 +uh)= %7 N e, (4).
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We can find an equation for the tension by eliminating u
and v. Thus from (3) and (4) we have

%(%%Z—’)%(S) (Sf)%%f
=2 a-vh oty ¥

-alaa)- ¢(SZ+ )

whence, by using (1) and (2), we get

0 laT)+8(S op\2 N oy +2=0
08 (m 0s)  0s ) (as) m0s

271. Invariable form. When an endless inextensible chain
originally at rest under the action of conservative forces and the
reactions of smooth curves is set in motion in such a way that each
point of the chain begins to move in the direction of the tangent at
the point, then the chain retains its form.

For if u denotes the velocity at any point, then « isindependent of s,
and the equations of motion can be satisfied by taking « to be constant.
The tangential acceleration is then zero and the normal acceleration
is u?/p, and equations 27 (3) and (4) become

=48 ..(1)

and

(T—mu?)+8 .o (3)
and 0o="L ‘;”“ FN o ),

leading to S— (pN ........................... (6).

This is an equation giving the form of the curve when the string is in
motion, S and N being given functions of position; but it is exactly
the same equation as if the chain were at rest, i.e. as if u=0. It follows
that the chain retains its form, but that the tension at every point is
increased by mu?2.

When, for example, a heavy endless chain placed over & drum is
made to revolve rapidly, it retains the form of the catenary in which it
hangs when at rest, and if an indentation in the form is caused by a
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blow from a heavy hammer, the indentation remains for a considerable
time. This is because in rapid rotation the tension is so great that the
action of gravity is of less importance, though in time the action of
gravity removes the indentation and restores the original form.

272. Initial tension of an inextensible chain. Suppose
that a chain is starting into motion under the action of given
forces. The initial velocities are zero, and if «, B denote the
initial accelerations of a point P of the chain in the direction
of the tangent and normal and we use the notation of 2:7, then
at time &8¢, u=adt, v=L38t. Hence, substituting in 2-7 (1) and
dividing by 8¢, we obtain

ox B
% p O i, (1).
Also the initial forms of the equations of motion 27 (3)
and (4) are
me= a—f +8 (2)
and mpB= %1 +N (3).

If we eliminate « and B from (1), (2) and (3), we get
o(l1eT\ T N 9/(8 4
A T S D)
This is the initial form of 2-7 (5) since initially /=0. If the
chain is uniform, the factor m may be removed.

The constants which appear in the integration of (4) are to
be found from the boundary conditions. Thus, if the chain has
a free end, the tension at that end is zero. If it has a fixed end,
the tangential acceleration at that end is zero.

When gravity is the only external force, if ¢ denotes the
inolination of the tangent to the horizontal, we have

S= —mgsiny, N= —mgcosi,
no matter what be the law of density, so that

i(A—S'-)= —gcosxpd‘/,

ds\m E§=r—r;;
o /[/10T T
and (4) reduces to -a-; (a -67) '-"—TP'E =0 iiiiiiiiiiiniies .(5).



2-721] INITIAL TENSION OF A CHAIN 43

Further, if the chain, of any law of density, is initially
hanging at rest, by resolution along the normal for an element
of mass m8s in equilibrium, we have

T 8)—mgdscosy=0;
and, by resolving horizontally for any finite length of the
chain, we have
T cos ¢y = const.

From these two equations we get the law of density corre-
sponding to a prescribed form, namely

o)
= 2 -~
m=Csecy 3
where C is a constant.

If we substitute this value for m in (5), it reduces to

— ] 2
8¢(8ﬁcos x/:)—,[’cos ¢
%%cos¢—2sin¢g§— T cosyp=0,
By integration we get

or

o
and therefore Tcosp=C1p+Cp wrevvvinnnnnnn.n. (6),

or

cosy—Tsiny=C\,

where C,, C, are constants.

Subject to finding the special values of the constants, this
equation therefore determines the initial tension in a heavy
chain of any law of density when starting into motion from
a position in which it has been hanging with two points fixed.

2'721. Examples. (i) Find theinitial tension at any point of a heavy
uniform chain with fized ends, when severed at the vertex.

Here, in 2:72 (8), we may put T'=0 when ¢=0, so that C; =0 and

Teosyhy=Cif wovvviniiiiiinneninnnnnnn, (1).

If =y at the upper end of one portion, then since at that end there
is no tangential acceleration, from 2:72 (2) we get

oT .
.a’._mgs]nsb=0, when Y=y .ciiviniinenn, (2).
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But s=ctany, and from (1)

~~ll—l--(71 (sec g+ ysecytanyd) «oovevrennnnnnnn. (3).

Hence from (2) and (3) we get
— __Mmgesin siny
1™ cosy+ysiny
and thus 7T is found.

(ii) 4 uniform heavy chain, passing under and in contact with the arc
of a fized vertical circle, has its ends fixed at two points in contact with the
circle each at the angular distance y from the lowest point, the pressure at
which is zero. Find the tension when the circle 18 removed,

In this case 272 (6) becomes

T
o= T=0
so that T = A cosh y+ Bsinh .

By symmetry the tangential acceleration vanishes at the lowest
point as well as at y=7y. But from 2:72 (2)

ma oT 8
aa.p —-mg 1n«/:,

where a is the radius; therefore when =0, 0T' /o =0,

and when Y=y, 0T [0 =mgasiny.
Hence B=0 and Asinhy=mgasiny,
so that T sinh y =mgasin y cosh .

If the chain were severed at the lowest point at the same instant that
the circle is removed, the conditions would be T'=0 when =0, and
a=0 when y=1y, leading to

T cosh y =mgasin y sinh .

(iii) A uniform inextensible chain rests in the form of a circle on the
surface of a smooth sphere with all its links at an angular distance o from
the summit. Shew that if it snaps at one point the broken ends move
wnitially in directions inclined to the circle at an angle

cot~1{tanh (= cos a)}.

Though this is a three-dimensional problem, since the motion of each
point of the chain lies in a tangent plane to the sphere, we have only
two equations of motion and the condition of inextensibility and the
equations of motion can be obtained in a similar manner to the
equations of 2:72.

Thus let PQ be an element of the chain which subtends an angle
80 at its centre C. Then if T denotes the tension at P, the tensions
at P and @ are equivalent to 8T along the tangent at P and 7'86
along PC.
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Let 4, B denote the accelerations of P along the tangent to the chain
and the meridian curve, and
A+84, B+ 8B those of Q. Then
since the acceleration of @ along
the tangent at P is ultimately c
equal to the acceleration of P in
the same direction,

(A +38A4)cos 30
4+ (B+3B)cosasindf=A4,
04

or ﬁ+Bcosa—0 (1)

Taking ma 80 as the mass of the \
element PQ, its equations of mo-
tion are masSA=5sT
and ma d0 B=mgadfsin a— T 560 cos a;

oT

or maAd = faé ............................ ..(2)
and maB=mgasina— T COS® ........c..evunnan. (3).

Eliminating 4 and B by means of (1), we get

T
3¢ (T'—mga tan «) cos?a =0,
so that T =mga tan a + K cosh (6 cos «) + Fsinh (fcosa) ...... (4).

Now suppose that at the ends of the string §= + #; then since T'
vanishes at the ends, we have

F=0 and FEcosh(wcosa)+mgatena=0,
so that T =mga tan a {1 — cosh (6 cos o) sech (= cos a)}.
Then from (2) and (3) A/B=tanh(fcosa),

and the end at §== therefore moves initially in a direction inclined
at an angle cot~! {tanh (= cos a)} to the circle.

2'73. Sudden change of motion in a moving chain.
Suppose that the moving chain of 2-7 is subjected to a
sudden change. Let w be the value of ¢ at the instant con-
sidered. Let «, 8 denote the initial tangential and normal
accelerations of P. Then, initially, the motion of N relative
to P is motion in a circle, radius ds, with angular velocity w.
Hence the acceleration of N relative to P, along PN, is
—w?3s. On the other hand, this relative acceleration equals

«+a'88— 38y (B+ p'ds) — .
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Hence ———= —w?
and the equations of motion take the forms 2-72 (2) and (3).

2'731. Example. A circular chain on a smooth horizontal plane
revolves uniformly about its centre. If the chain breaks, find the initial
tension and the initial acceleration of its free ends.

Taking a as the radius and w as the angular velocity, and putting
88=ad0, the equations are

oT T Oa

—_ —_ e R— — 2
ma—aae, mpB= a and 30 B= —awt.
2T
Therefore 305~ T = —malw?
80 that T =ma3w?+ A cosh 6+ Bsinh 6.

If the free ends are at 6= + w, we have
B=0 and ma%w?+A4coshr=0,
so that T =ma?w? (1 — cosh §/cosh =)
and o= —awisinh 6/cosh7, B=aw?(l—coshf/coshx).
Therefore the initial accelerations of the frec ends are given by
a= Faw?tenhsw, B=0,
so that they begin to separate with relative acceleration 2aw?tanh =.

2+74. Examples. 1. Shew that if a uniform chain falls under gravity
the square of the angular velocity of the tangent at any point is equal
ol (Z’ _ar
m\p? 08?

2. A uniform heavy chain is suspended by its ends from two points
in the same horizontal line, the length of the chain being twice the
parameter of the catenary in which it hangs. If one end is suddenly
released, shew that the tension at the lowest point is immediately
diminished in the ratio 27 +4: . [I. 1898]

3. The ends of a chain of any given law of density are fastened to
fixed points; shew that, if the chain is severed at its lowest point, the
vertical component of the initial acceleration of either of the severed
ends is g, and the horizontal component is g/(yi-+cot ), where  is
the inolination to the horizontal of the tangent at the corresponding
fixed end. M. T. 1902]

4. A uniform string hangs in equilibrium over two smooth pegs in
the same horizontal line. If the string is cut at its middle point, prove
that the initial tension at any point on the curved portion is

mgey sec /{y +tan (}7—1y)},

), where m is the mass of unit length.
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where i is the angle the tangent at the point makes with the horizontal,
y is its value at one of the pegs, m is the mass of unit length of string
and ¢ is the parameter of the catenary. [1. 1906]

5. A heavy non-uniform chain hangs in equilibrium with its ends
fixed. Shew that, if one end be suddenly released, the angular accelera-
tion of the tangent at any point is initially proportional to xcosy,
where ¢ is the inclination of the tangent to the horizontal, and « is the
curvature at the point. [M. T. 1907]

2-8. Chain set in motion by an impulse. Let an inexten-
sible chain resting on a smooth horizontal plane be set in
motion by a tangential impulse at one or both ends.

If u, v denote the initial velocities of a point P and we con-
sider a small element PQ of length s and mass m3s, then as
in 2'7 the condition of inextensibility gives a relation

If T denotes the impulsive tension at P and 8y the angle
between the tangents at P and @, the effects of the tensions at
P and @ on the element PQ may be represented by impulses
3T along the tangent at P and 7'y along the inward normal,

so that mds. u=8T and m88-U=T8‘/J)
or muzg@ and mv=~q—1 ............... (2).
08 P
Therefore from (1)
0/(/10T T
&(ﬁ’a‘?)‘ﬁ;fo .................. (3),

and this gives the impulsive tension.
If the chain be uniform, the factor m may be omitted.

2:81. Example. A chain in the form of a quadrant of a circle the
density at any point of which varies as %, where 0 is the angular distance
from one end, receives a tangential jerk at one end. Determine the initial
tension at any point.

Putting 8 =af and m «ce?, 2°8 (3) becomes
8 (00T _ op_

5?(6 67) e T =0

3T oT

o T

or



48 IMPULSIVE MOTION OF A COHAIN (2-81

The integral is
T =}t <A cosh\/ 0+ B sinh‘%§ 0) »

and the constants are determined by the conditions
T =0 when 8=0, making 4 =0,

and T=T, when 6= 12—7
ete sinhv—§ ]

so that S T ——
T, e*”smh\/

2:82, Examples. 1. Prove thatif a uniform chain lying on a smooth
horizontal table in the form of the curve r=ae’ from =0 to §=28
receives a tangential impulse 7', at the end 6 =0, the other end being
free, the impulsive tension at any point is equal to

T, et® sinhL/2§ (B — 6) cosech ‘/ - B.

2. A uniform chain, of mass m per unit length, rests upon a smooth
horizontal table in the form of the curve r=ae*' from §=0 to 6= 8.
A tangential impulse I is applied at the end §=0, the other end being
free. Shew that the kinetic energy generated is

1 I3 eﬁﬁ/ﬁ +4

SVTS am ST (1. 1927]

3. A string on a smooth horizontal plane is uniform and in the form
of a circular arc subtending an angle « at the centre, and a given im-
pulsive tension is applied at one end. Shew that the kinetic energy
generated is acotha times that generated by an equal impulse in a
particle of the same mass. [M. T. 1903]

4. If astring is such that it would hang under gravity in the form of
the catenary of equal strength [v. Statics, p. 243], and it is laid on a
smooth table in this form and receives given tangential impulses at its
ends, shew that the normal velocity of any point of the string is pro-

portional to (Ay+ B)sin
and that the impulsive tension is p (Ay+ B), where 4 and B are con-

stants, p is the radius of curvature, and ¢ is the inclination of the
tangent to an asymptote. [T. 1907]
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EXAMPLES

1. If a particle moves under the action of forces F, F’, ... to any
number of fixed points, and if g, ¢’, ... be the chords of curvature of
the path in the directions of these forces, shew that

2mvt=2X Fgq.

2. Two elastic strings, the natural length of each of which is §na,
are fastened at a point P in a circular tube (radius a) of small bore; the
strings are stretched in opposite directions, and their other extremities
fastened to a particle of given weight. If the plane of the tube be
horizontal, and the particle be displaced from its position of equilibrium
through an angle less than =/2, shew that the time of an oscillation is
independent of the extent of the displacement.

3. Within a smooth circular tube of radius « held fixed in a vertical
plane lies a light string of length greater than half the circumference
of the tube. The string carries equal weights at its ends, which balance
within the tube, and the string subtends at the centre an angle 2 (7 — a).
If the weights be slightly disturbed, shew that the time of a small
oscillation is the same as that of a simple pendulum of length aseca.

4. Shew that the differential equation to the curve described under
a force R inclined at an angle 6 to the direction of motion is

d.(Rpsin ) —2Rcos§.ds=0,

p being the radius of curvature and ds the element of arc of the curve.
If R is always parallel to a fixed line, and the normal component
constant, shew that the curve will be a catenary.

5. A particle, mass m, moves in a smooth circular tube of radius a
under the action of a force, um. (distance), to a point inside the circle
at a distance ¢ from its centre; if the particle be placed very nearly
at its greatest distance from the centre of force, prove that it will pass
over the quadrant ending at its least distance in the time

Valog(V2+ 1)V pe.

6. A heavy particle is projected in a resisting medium. If v be the
velocity at any time, ¢ the inclination to the vertical of the direction
of motion, and f the retardation, prove that

1dv f

+coté+ =0.

gsing

v d$

If f= wo?, find v in terms of ¢.
7. Two equal particles, connected by a fine string, are placed in a
circular tube, to one point of which they are attracted with a force
varying inversely as the distance, the length of the string being less

than a quadrant of the circle. One of the particles is initially at its
greatest distance from the centre of force. If v, v’ are the velocities
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with which they successively pass through the point whose angular
distance from the centre of force is 90°, shew that
e~ e t=1,

8. A particle describes a parabola with an acceleration « to the
focus, and an acceleration 8 parallel to the axis; prove that

d 20
a(u'{“ﬁ)‘(";-—o.

9. 0, A4, B are three collinear points on a smooth table such that
OA=a and AB=b. A string is laid along 4B and to the end B is
attached a particle. Shew that if the end 4 is made to describe a
circle whose centre is O with uniform velocity v, the motion of the
string relatively to the revolving radius OA4 is the same as that of a
simple pendulum of length gab/v?, and further that the string will not
remain taut unless @ > 4b. M. T. 1908]

10. A fine chain of given length is contained in a smooth circular
tube which rotates uniformly in a horizontal plane about a fixed point
in the circumference; if the chainsubtends an angle 2« at the centre, and
if one end be initially fastened to the tube at the end of the diameter
through the fixed point, and be released, prove that the angular motion
of the chain relative to the tube will be given by the equation

af%=2w?sin a {cos (0 + a) — cos a},
where 6 is the angular displacement.

11. A string of varying density slides in & smooth cycloidal tube
whose axis is vertical and vertex downwards. Shew that if the string
be let fall from any position in which its whole length is within the
tube, its centre of gravity will reach the vertex in the same time.

12. A particle moves in a fine smooth circular tube of radius a
under the action of two centres of force, of magnitude n. (distance), one
attractive and the other repulsive at opposite ends of a diameter.
Find the greatest velocity, if the pressure of the tube acts outwards
over one-third of the circumference.

13. A uniform string falls freely in a vertical plane under the in-
fluence of gravity; prove that the angular acceleration of the tangent
at any point is 2 d/T

m+/p ds <1/ p) '
where 7' is the tension at the point, p the radius of curvature, s the arc
measured from a fixed point of the string, and m the mass of a unit of
length.

14. A heavy particle of mass m slides down a smooth cycloid, whose
axis is vertical and vertex upwards, in & medium whose resistance is
mv?/2¢, and the distance of the starting point from the vertex is c.
Prove that the time to the cusp is 4/{8a(4a~c)/gc}, where 2a is the
diameter of the generating circle of the cycloid.
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15. A small bead P of mass m is constrained to move along a smooth
circular wire of radius a and centre O, and is attracted by the force
rPQ to a point @ which revolves with constant angular velocity w in
a concentric circle of radius b. If the bead has an angular velocity €2,
when OPQ is a straight line, prove that the pressure on the wire will
be & maximum, when the angle subtended by PQ at O is given by the

equation 4pbsin? 36 =ma {Q?— 2Qw + §w?}.

16. Two equal particles are connected by a string passing through a
small hole in a smooth horizontal table, one particle hanging down, and
the other held on the table at a distance ¢ from the hole; if the latter be
projected along the table at right angles to the string with the velocity

V/2gc, prove that the initial radius of curvature of its path is 4c/3.

17. A string of infinite length is laid on a smooth table in the form
of a portion of one branch of the curve 7"sinnf=a", so that one ex-
tremity of the string is at a finite distance from the origin of polar
co-ordinates; to this end a tangential impulse is applied, so that the
initial direction of motion of each point of the string and the radius
vector to the point are equally inclined to the corresponding tangent.
Shew that the impulsive tension at any point varies as r~"~V and the

density of the string varies as
rl-3n (,-ln — a!n)(ln—l)lzn_

18. A particle of mass m is attached by n equal elastic strings of
natural length a to the fixed angular points of a regular polygon of n
sides the radius of whose circumscribing circle is ¢. Shew that, if the
particle be slightly displaced from its equilibrium position in the plane
of the polygon, it will execute harmonic oscillations in a straight line,
the length of the equivalent simple pendulum being 2mgac/nA (2¢—a),
and that for oscillations perpendicular to the plane of the polygon the
corresponding length will be mgac/nA(c—a), A being the modulus of
elasticity of each string. [M. T. 1800]

19. A particle slides in a smooth circular tube of radius a under the
action of two equal centres of force of magnitude p/(distance)? situated
at the ends of a diameter. The particle is slightly disturbed from rest
at a point equally distant from the centres of force. Prove that the
pressure on the tube at any point is

u(2a8 —7%'3) [aPrirs,

where r, ¢’ are the distances of the point from the centres of force.
[I. 1909]

20. An endless string on which runs a small smooth bead encloses
an elliptic lamina, whose perimeter is less than the length of the
string. The bead is projected in a direction which keeps the string in a
state of tension. Shew that the velocity of the bead will be constant
throughout the motion, and that the tension of the string will vary as
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the sum of the reciprocals of the lengths of the straight parts of the
string.

21. A particle moves under the action of a central force which is
such that the normal acceleration of the particle is constant. Find a
differential equation of the first order to the path of the particle, and
shew that r?sin 3¢ =a? is a particular integral.

22. On a wire in the form of a parabola with axis vertical and vertex
downwards is a bead attached to the focus by an elastic string whose
natural length is one-eighth of the latus rectum and whose modulus of
elasticity is equal to the weight of the bead. Prove that the time of
a small oscillation is 274/(a/g), where 4a is the length of the latus
rectum.

23. If there be two equal centres of force at S, S” such that SCS’ is
a straight line and SC=S8'C=c¢, and each force has the value
ur/(a?+r? —c?)? at distance r, shew that a particle will describe a circle,
centre C and radius a(>c), if projected from & point in the line CS
distant a@ from C with velocity 4/{u (a?+ ¢?)}/2a (a®— c?) perpendicular
to CS.

24. Two equal particles, P and @, are connected by & fine string of
length 2¢ which passes through a small hole in a smooth horizontal
table. P is held on the table at the distance ¢ from the hole and @
hangs at rest. If P be nrojected horizontally with the velocity v at
right angles to the string, find the initial tension of the string, and
prove that the initial radius of curvature of the path of P is

2cv?/(ge +v3).

If P be initially at rest and @ be projected horizontally with the
velocity v, prove that the initial radius of curvature of the path of Q is

2cv/(ge —v?).

25. A small ring of unit mass is free to move on & circular wire,
which is constrained to rotate in its own plane with constant angular
velocity about & point O on the circumference. The ring is also attached
to O by a string of modulus of elasticity A. Shew that the ring is in
relatively stable equilibrium at the end A of the diameter through O,
provided that in that position the pressure R of the wire on the ring is
inwards; and that in this case the time of a small oscillation is
2m7+/(d/R), where d is the diameter. Shew also that, if the equilibrium
at A is unstable, there are two oblique positions of equilibrium; and
that, if one of these is equidistant from O and 4, the period of a small

oscillation is 27 (dy/2/NE. (M. T. 1909]
26. A small bead is strung upon a smooth circular wire of radius a,
which is constrained to rotate with uniform angular velocity w about

a point on itself. The bead is initially at the extremity of the diameter
through the centre of rotation, and is projected with velocity 2wb
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relative to the wire. Shew that the position of the bead at time ¢ is given
by the equation sin #=snbwt/a (modulus a/b), or 8in 8= (b/a)sn wt
(modulus b/a) according as a< or >b, § being the angle which the
radius vector to the bead makes with the diameter of the circle through
the centre of rotation. [M. T. 1900]

27. A piece of uniform chain, on a smooth horizontal table, receives
a tangential jerk at one end.

(1) Find the form of the curve if the initial direction of motion of any
point makes a constant angle with the tangent at that point.

(2) Find the impulsive tension at any point when the form is such
that the line density at any point varies as the curvature.

(3) Prove that, if the impulsive tensions follow the same law as the
tensions in a non-uniform string hanging in the same curve under the

action of gravity, then
dp _ (dp\®
2p ;5= (— —> + 4.
ds?  \ds

(4) If all the particles of the chain start with equal velocities, prove
that the form must be that of a straight line or of a catenary.

28. A uniform chain of length 2a« is in motion inside a fine smooth
circular tube of radius a in a vertical plane. Find the tension at any
point of the chain, and shew that the sign of the tension at the
middle point depends only on the position of this point.

29. If a particle moves on an ellipse under a force to the centre
equal to mr —nrlog z—_—'_—:—:, where c?=a?+ b2 and if R is the pressure
on the curve, and p the radius of curvature, prove that

Rp = 2ncr + constant.

Prove that if the velocity vanish at an extremity of the major axis

and m c—a

- - —_ e —
n= ]0g¢:+a’ then Rp=2nc(r—a).

30. A string is in equilibrium in the form of a circle under the action
of a central repulsivo force. If the string be cut at any point, prove that
the tension at a point, the angular distance of which from the point of
section is 6, is instantaneously changed in the ratio

cosh 7#—cosh (7 —0):coshz.

31. A string of variable density has its ends fixed at the points 4
and B and is allowed to hang freely. The tangents at 4 and B make
angles « and B with the horizon, and ¢ is the angle made with the
horizontal by the tangent at a point P between the l owest point and B.
Prove that, if the end A be released, the tension at P will be instan-
taneously changed in the ratio

(¢ —«)sin B:cos B+ (B—a)sin B.

3 RDII
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32. A piece of uniform string hangs at rest with its two ends
fastened to fixed points in the same horizontal line. If one end is
released, prove that the tension at the other end is instantaneously

changed in the ratio  9ggin 9. cos 9+ 26sin 6,
where 6 is the inclination to the horizontal of the tangent at each end.

33. The ends of a heavy heterogeneous chain are held in the same
horizontal line, and the chain, when in equilibrium, takes the form of
an arc of a circle less than a semicircle. If equal tangential jerks be
applied simultaneously to the two ends, find the impulsive tension at
any point, and prove that the initial normal velocities at the lowest
point and at either end are in the ratio of 1:cos 6, where 26 is the angle
subtended by the arc at its centre.

Find also the direction in which either end begins to move.

34. The two ends of a heavy chain of mass 2.M are attached to
heavy rings, each of mass M’, which can slide on a smooth horizontal
wire. The rings are held so that the ends of the chain are inclined at the
same angle y to the horizontal, and are then let go. Prove that the
tension at the lowest point is instantaneously changed in the ratio

M’: M’ + Mcot?y.

35. A uniform string falls in a vertical plane with constant accelera-
tion f, retaining an invariable form while the string advancesalongitself
with a velocity which at any instant is the same for all points of the
string. Shew that the angle ¢ which the tangent at any point of the
string makes with the horizontal, considered as a function of the arc s
measured up to this point from some fixed point of the string and the
time ¢, satisfies the two partial differential equations

-0 Gt cosg+2(57) mnqﬂ]%l‘fif % 2s=0,

o D¢ _04 P _

2s 0sdt ot os®



Chapter 111
KINEMATICS

3'1. Displacement of a rigid body. So far we have limited
our considerations for the most part to motion in a plane, but
we shall now be concerned mainly with motion in three
dimensions.

The fixing of one point of a rigid body leaves the body free
to turn about every line through this point. The fixing of a
second point of the body limits the possible motions to rotation
about the line joining the two fixed points; and the fixing of
a third point of the body, not collinear with the other two,
fixes the position of the body. Hence the positions in space of
any three non-collinear points of the body determine the
position of the body. Nine co-ordinates are required to deter-
mine the positions of the three points, but they are connected
by the three relations which express the distances between the
three chosen points of the body, so that there are only six
independent variables, and it follows that a rigid body free
from all constraint has six degrees of freedom. A body with
one point fixed has three degrees of freedom, and a body with
two points fixed has only one degree of freedom.

3-11. Translation and rotation. A general displacement
of a rigid body is one in which any three points O, P, @ of the
body are displaced to other positions O’, P’, @'. We shall
shew that the displacement can be effected by a translation
of the body as a whole, in which all points describe equal and
parallel straight lines, together with a rotation about a definite
axis. Let the translation be such as will move O to its final
position 0’, and let P, @ be thereby moved to P, @,. We have
then to turn the body about some axis through O’ so as to
bring P, , @, into their final positions, P’, @'. Imagine a sphere
of centre O’ fixed in the body, and let lines O’'P,, 0'Q,, O'P’,
0’'Q’ cut the sphere in p,, ¢,, p’, ¢’. Let planes through O’ and
the middle points m, n of the great circle arcs p,p’, ¢,¢, &
right angles to these arcs respectively, intersect in a straight
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line O’ I meeting the spherein I. Then O'I is the required axis of
rotation. For it follows
from the construction
that m
Ip,=1Ip’, and Iq,=Iq’;
and by hypothesis ! g’
P10 =0'¢,
so that the spherical
triangles Ip,q; and Ip'q’
are congruent, and a rotation of the sphere about the diameter
O’ I through anangle p, Ip’ willeffect the required displacement.
It is evident that the order in which the operations of
translation and rotation are performed is immaterial.

’
p g,

3-12, Instantaneous axis of rotation. A body turning about
a fixed point O does not in general continue to turn about the
same axis, but the position of the instantaneous axis of rotation
at any instant is determined if the directions of motion of any
two lines OA, OB in the body are known. For if A4’, BB’
represent infinitesimal displacements, the axis of rotation
must lie in a plane through OA perpendicular to 44’ and also
in a plane through OB perpendicular to BB’. It is therefore

the intersection of these two planes.
z

3'13. A rotation about an axis
will be considered to be positive or
negative according as its sense bears
to the positive sense of the axis the
relation of a right-handed or of a -
left-handed screw.

> o>

o o
32. Composition of rotations. positive neqative

Rotations through finite angles «,f

about intersecting axes 04, OB are equivalent to a single
rotation about an axis OC, whose position can be found
thus. Let 4, B be the points in which the axes cut a sphere
of centre O. Draw the great circle arc AB and arcs AC,
AC’, BC, BC’ such that the angle CAB=BAC' =}« and
C’'BA=ABC=13B. Then a rotation about OA through an
angle a will move C to C’, and a rotation about OB through an
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angle 8 will move C’ back to the original position C, so that the
two successive rotations leave the position of C unchanged.
Hence OC is the axis of the resultant rotation.

A B
. c’
(o}

AI

To find the angle of rotation about OC, consider the spherical
triangle BCA' = BCA, on the opposite side of BC from 4. The
rotation about OA leaves the point 4 unchanged, and the
rotation about OB moves 4 to 4’, since the angle A BA’ is B.
Hence A’ is the final position of 4 and the rotation about OC
is through the angle

ACA'=2(n—ACB)
=—-24CB,
since a rotation through 2= leaves positions unaltered.

3-21. Hamilton's Theorem. Successive
rotations about three concurrent lines fixed in p
space, through twice the angles between the
planes formed by them, restore a body to its
original position.

Let the lines 04, OB, OC cut a sphere of
centre O in the corners of a spherical triangle
ABC. Then, as in 38-2, rotations about 04,
OB through angles 24, 2B are equivalent to
arotation —2C about OC. Hence the theorem (o}
follows.

3-22. Rotations about parallel axes. When the axes are
parallel we may proceed as in 3-2, if we consider now that the
point O is at an infinite distance and that the figure represents
a plane section at right angles to the axes of rotation, with
plane instead of spherical triangles.

The construction appears to fail when the angles of rotation
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about the parallel axes through 4 and B are equal and
opposite, because in this case the lines AC, BC are parallel, so
that the resultant displacement is a rotation about a parallel
axis at an infinite distance, i.e. a translation.

We can also deal with this case of equal and opposite rota-
tions about parallel axes by another argument. Since there is
no motion parallel to the axes we may limit our considerations
to a plane perpendicular.to the axes. Let L be a line in such a
plane. A rotation of the figure through an angle « about 4
turns L through an angle «, and a rotation about B through an
angle —a brings L back to its original direction, though not to
its original position. Hence the resultant displacement leaves
all lines in the plane unaltered in direction, so that the dis-
placement is a translation in a direction at right angles to the
axes of rotation.

If we write this:

rot. (x) about axis 4 +rot.(—a) about parallel axis B=
transl. perp. to the axes;

it is equivalent to

rot. («) about axis 4 =rot. («) about parallel axis B + transl.
perp. to the axes.

So that a rotation about any axis is equivalent to an equal
rotation about a parallel axis together with a translation; and
conversely.

8-28. Screw motions. We saw in 8'1 that any
displacement of a rigid body is equivalent to a
translation together with a rotation about an axis. G
We can now shew that the position of the axis of
rotation can be so chosen that the translation is
parallel to it.

Let O, O’ be the initial and final positions of a
point of the body. Then the displacement may be
made by a translation OO0’ and a rotation about an
axis 0'C’. Let 00 be parallel to 0’C’, and let N be
the projection of O’ on OC. Then the translation
00’ may be compounded of translations ON, NO’ N <
and the whole displacement consists of a transla-
tion ON parallel to the axis of rotation 0’C’, a
translation NO’ perpendicular to 0’C’ and a rota-

O

o~y
~ \*
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tion about 0’C’. By 8:22 the last two displacements are equivalent
to an equal rotation about some axis parallel to 0’C’, i.e. para]lel
to ON, so that the whole displacement consists of a translation
parallel to a certain axis and a rotation about it. Such a combination
of translation and rotation is called a screw, and the pitch of the
screw is the ratio of the distance of translation to the angle of rotation.

We have yet to indicate how to construct the position of the axis of
the screw. This is simple if we bear in mind that O’ is to be the final
position of O produced by a rotation through a given angle, say 6,
following on a translation which has transferred O to N. The required
axis C, O, is parallel to C’O’ and CO, and it must clearly lie in the plane
which bisects NO’ at right angles, and be at such a distance that NO’
subtends an angle 6 at the nearest point O, on the axis, i.e. the distance
of 0, from the middle point of NO’ is $N O’ cot 46. Then since a trans-
lation ON parallel to O, C, and a rotation § about O, C, produces the
required displacement of the body, therefore O, C, is the axis of the
screw.

3-24. Motion about a fixed point. When a body is in motion
with one point fixed, the instantaneous axis of rotation always
passes through this point but in general its position varies
both in the body and in space. Its locus in the body is a cone
and its locus in space is another cone. The two cones cut a unit
sphere whose centre is at their common vertex in curves which
correspond to the pole curves in plane motion [Pt. I, 5:43] and
just as the motion of a plane lamina can be produced by the
rolling of the pole curve fixed in the lamina on the pole curve
fixed in space, so we are able to infer that the continuous
motion of a body about a fixed point can be produced by the
rolling of a cone fixed in the body on a cone fixed in space. We
shall consider later the special case in which these cones are
right circular.

3:3. Angular velocity. The angular velocity of a body about
an axis is the rate of increase of the angle between two planes
through the axis one of which is fixed in the body while the
other is fixed in space. It follows from 3-22 that an angular
velocity about an axis is equivalent to an equal angular velocity
about a parallel axis together with a velocity perpendicular
to the axes, and conversely.

3:31. Angular velocity is a vector. Since the magnitude
and sense of a rotation about an axis can be indicated by a



60 ANGULAR VELOCITY A VECTOR [8-31-

length measured in a definite sense along the axis, angular
velocities can also be so represented; and it is then only
necessary to shew that when they are so represented they obey
the parallelogram law of composition, in order to demonstrate
that an angular velocity (like a force) may be regarded as a
vector localised in a line. 2

Let P be a point of a body turning about
an axis Oz with an angular velocity w. We
can represent the angular velocity by a M. __ P
length AB equal to w measured along Oz,
and bearing a right-handed screw relation
to the sense of w. d>

Let PM be perpendicular to Oz. Then
the velocity of Pisw.MP or AB.MP;i.e.
what in Statics is called ‘the moment of 4 B
about P’. °

Now let the body have angular velocities represented by
AB, AC, two intersecting axes. Complete the parallelogram
ABDC. Then since the sum  p D
of the moments about P of [}

I
I

B

AB and AC is equal to the
moment of 4D, therefore the
angular velocities represen- ! fal
ted by AB, AC are equiva- A v &

lent to an angular velocity represented by 4D.

Consider next a body which has angular velocities w, w’ in
the same sense about parallel A o B o
axes. Let the axes cut the ' - >
plane of the paper at right ¢ @’
angles in 4, B. Let C be the point between 4 and B for
which

Then it is evident that C has no velocity, so that the motion is
equivalent to a rotation about a parallel axis through C.

To find the resultant angular velocity, we have, for the
velocity of any point P on 4B produced,

w. AP+ .BP=w(AC+CP)+w' (CP—-CB)
=(w+w') CP, by, (1).
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Hence the resultant motion is due to an angular velocity
w + o’ about a parallel axis through C.

Thus angular velocities are compounded, in cvery case, by
the vector law of addition, and angular velocity is a vector
localised in a line (the axis of rotation).

3:32. Composition ot an-
gular velocities. We may also
consider this matter analytically.
Thus suppose that abody possesses W,
simultaneously angular velocitics
wg» Wy, w, about three rectangular z |
axes Oz, Oy, Oz, and let OI be a
linewhosedirection cosines are pro-
portional to w,, wy, w,. Then if Lz M Wy
z, y, z are the co-ordinates of a W, ]
point P of the body, N the pro-
jection of P on OI, M its pro-
jection on the plane Oy and L the projection of M on Oz, and if u,
v, w are the components of velocity of P, by considering velocities
parallel to Ozx, we have

u=vel. of P relative to M + vel. of M relative to L,

VN

z

or U=2wy—Ywy;
. } ............ (1).
similarly V=Cw,—2w, and w=yw,—Tw,
Therefore Uw,F V0 + W, =0 i, (2),
which proves that the direction of motion of P is at right angles to OI.
2
Again, NP =4y 42— S_“_’_“i? T Ywy +20,)

2 + wvﬂ + w'l
— (zwv 'y""s)2 + (x“’l - Zw,)’ + (sz - zwv)’
- wz2 + ‘Uv’ + !
so that from (1) the velocity of P is
V(W + v+ w) = NP/ (' + 0, + o),
and this is the same as if the body were turning about OI with an

angular velocity 4/(w,'+ w,?+ w,?), shewing again that the angular
velocities about the axes are to be compounded vectorially in the

ordinary way.

3'4. Moving axes. It is often found convenient in the
solution of dynamical problems to refer the motion of a body
to a frame of reference which is itself moving in a known
manner. The motion of the body referred to a fixed frame is
then its motion referred to the moving frame compounded
with the motion of that frame.
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Let us consider first a two-dimensional motion referred to
rectangular axes turning about a fixed origin with angular
velocity w.

Let P be a point whose co-ordinates are x, y referred to the
moving axes, and let M be its
projection on the axis Ox. Then
%, y are the velocity components P
of P referred to the moving
frame, or the rates of departure
of the moving point P from the
point which we regard as rigidly
connected to the frame at P. |
And because of the motion of © M 2
the frame this point has a velocity wr perpendicular to OP,
where OP=r. Hence the velocity of P is compounded of
%, y and wr, and if u, v denote its components parallel to Oz
and Oy

Yy wr

u=Z—wy and v=Y+oX ... (1).

It is to be noted that u, v are the components of the velocity
of P referred to axes fixed in space with which the moving axes
are momentarily coincident.

Otherwise we may say that the velocity of P is its velocity relative
to M compounded with the velocity of M. But the velocity of P relative
to M has components 3 along M P and wy parallel to O, and the
velocity of M has components & along OM and wz parallel to Oy; so

that, as before u=F-wy and v=7+ wz.

Further, using the same figure, let O P represent any vector
(e.g. velocity, momentum, moment of momentum) and let
u, v denote its components OM, M P. Then by the same argu-
ment as above the rate of change of this vector referred to fixed
axes with which the moving axes are momentarily coincident

has components U—wv and V4w .cocoennnn.n..... (2).

Taking the case in which the vector denotes velocity and
substituting from (1) and (2), we find that the acceleration of

P has components & iy — 2 — w’x}

and 7+ oz + 2wi — wly



3-42] MOVING AXES 63

8+41. The formulae for velocity and acceleration in polar co-
ordinates [Pt. I, 12-1] follow directly from 34 (1) and (2) if we put
z=r and y=0; for then

u=7 and v=or;
U—wv=Ff—ow¥ and O+ wu=dr+2wr.
Conversely, the results 3-4 (3) may be obtained by assuming the

formulae for acceleration in polar co-ordinates and compounding the
accelerations of P relative to M with the accelerations of M.

3:42. Example. Shew that if the axes of x and y rotate with angular
velocities w,, wy respectively, and i is the angle between them, the com-
ponent accelerations of the point (z, y) parallel to the axes are

& —2w,? — (2, + 2%w,) cot f — (Y + 2Ywy) cosec ¢
and Y —ywg® + (xd; + 22w,;) cosec  + (Yo, + 2y w,) cot i

Let P be the point (z, y), where
ON=xand NP=y.

The acceleration of P relative to N
has radial and transverse components
R,, T,, where

By=§—yw,®
and Ty=ydg+ 2wy ...... (1)
and the acceleration of N has radial and
transverse components R;, T';, where

y

Ri=F~z2w,? and Ti=xd;+2Tw; .eevrenrnennnn. (2).

But by resolving obliquely T, is equivalent to — T'; cot s and T’ cosec y
parallel to Oz and Oy. Similarly T'; is equivalent to — T'; cosec b and
Ty cot . Hence the required components of acceleration are

R, —T,cotyy—Tycosecyy and R,+ T, cosecy+ Tycoty,

which, from (1) and (2), give the required results.

Alternatively, let f,, f, denote the required accelerations, w, v the
velocities parallel to the axes, and let the axes make angles 6, ¢ with
a fixed direction OX. Then, by projecting displacements, velocities
and accelerations on OX and a perpendicular direction, we get

ucosa+vcos¢=gt (xcos 6+ ycos¢)
=208 0+ cos$—rw,sinf—ywssin
and usin9+vsin¢=5—t(xsin8+ysin¢)

=as8in 0+ ysin ¢ + 2w, cos § + yw, cos $.
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Similarly
f,cos0+f,cos¢—-- (ucos 6+ vcos )

= (% —2w,?) cos §+ (§ — yw,®) cos ¢

— (T, + 28 w,) sin O — (yog + 25w,) sin §...(3)
and

fisinf+f,sin =2 (usin 0.+ vsin g)

= (£ —-2w,?) sin 6+ (§ — yw,®)sin ¢
+ (Zwy + 2Z ;) cOS 0+ (Yg + 2Yw,) COS ... (4).

By solving these equations for f,, fy and putting ¢— 0=y, we get
the same results as before.

3'5. Motion in three dimensions. Polar co-ordinates.
Letr,0,¢ be the polar co-ordinates
Jf a point P, measured as in the s
figure; and let N be the projection .
of P on the plane Ozy. W1
The velocities of P in the plane .
OPz are # along OP, and rf at L AN
right angles to OP, i.e. tangent 9 !
to the meridian curve; and the A Y ]
velocity of P at right angles to the :
plane OPz is clearly the same as -
the velocity of N in the same f—-~"""
direction, i.e. ON.¢ orrsinf8.4. *

The accelerations of P are compounded of Z or — (r cos )

ae
parallel to Oz, and its accelerations parallel to the plane Ozy,
and these latter are the same as the accelerations of N; viz.

(ON —$2.ON parallel to ON

dt”
2
and ON 7 (qS ON?) perpendicular to the plane OPN,
or c—iﬁ (r sin 0) — ¢2.7sin 0 parallel to ON
and
1

rsin @ di (¢ r28in2 §) perpendicular to the plane OPN.
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Hence if R, 8, T denote the components of acceleration
along OP, along the meridian curve and at right angles to
the plane O PN, we find, by resolving the foregoing components
in these directions, that

R=#—1762—1rd?sin?0
S=rf+2/0—rd?sinfcosd } ........ A(1).
and T =rd sin 8 + 27¢ sin 0 + 2rd6 cos 0

These expressions take simpler forms in special cases. Thus

(i) For the motion of a particle on a right circular cone we put =«
and obtain . 2as
F—rdlsina
for the acceleration along the generator OP,

ré¢?sin acosa
along the inward normal PG and
résina+ 2fdsina

at right angles to the plane OPG.

(ii) For motion on the surface of a sphere we put r =a and obtain
‘ a (62 + ¢2sin? 6)
for the acceleration towards the centre, i.e. along PO;
a(§— ¢2sin 6 cos 6)
along the meridian curve CP, and
a ($sin 6+ 240 cos §)
perpendicular to the plane COP,
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3:6. Moving axes in three dimensions. Let rectangular
axes Ozyz be turning about some line through the fixed point
O with an angular velocity whose componeats are 8;, 0,, 0;

z

03 P

0 N Y

/ g
0'?/ M N
Zz
about the lines fixed in space with which the axes are momen-
tarily coincident. Let P be the point (z,y,2), N, M its projec-
tions on the plane xOy and on Oz. Let u, v, w be the velocities
of P referred to the fixed axes with which the moving axes are

momentarily coincident.
Then considering velocities parallel to Oz,

P’s velocity relative to N is 26,,

Nsoviiiiiiiiiiiin, M is—y0,
and M’s velocity is &;
so that u=2x—yb;+20,
similarly v=y—20,+x0;} ...l (1.
and w=2%—2f, +y0b, |

Again, if OP be a vector representing a physical magnitude
such as velocity, angular velocity, momentum, ete., and u, v, w
denote its components, the rates of displacement of the point
P represent the rates of change of the components of this
vector, and by similar reasoning they are

% —v0, +wl,
D= WOy +Ubg v 2).
ii) - ue, + ‘UGIJ
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If the point O is in motion, the expressions (1) and (2)
give the components of velocity and acceleration respectively
in the directions Oz, Oy, Oz relative to O.

3-61. Angular velocity referred to moving axes. Let a
body be turning about some instantaneous axis through a
fixed point O with an angular velocity Q, and let the com-
ponents of Q2 about a fixed set of axes be w,, w,, w, and about
the rotating set of axes w;, wy, ws. At the instant when the
two sets of axes coincide we have

Wy, wy, W, =W, , Wy, W3z,
but in general g, Gy, Wy F )y, Wy, Wy}
because, if as in 3-8 the vector O P denotes the angular velocity
Q, then = by — wy O3+ wy 0,
Wy = y—wal+ w03}, (1).
and Wy= g — w; 0y + wy 0,

If however the moving axes are fixed in the body, then Q is
also the angular velocity of the rotating frame, so that in this

case — .
0y, 0, O3=w;, wy, ws; .

and in this case only, (1) reduces to
Qgy Gyy Dy=0y, Dgy D eeverereeerrens (2).

In what follows, when employing moving axes we shall, as
here, use suffixes z, y, z to denote components of a vector with
regard to fixed axes and suffixes 1, 2, 3 to denote components
with regard to moving axes.

3:62. Polar co-ordinates. We
may obtain the results of 35 by using
moving axes. Let r, 6, ¢ be the polar
co-ordinates, and take the moving
axes so that O3 lies along the radius
vector and Ol lies in the plane z03.
Since this plane z31 cuts xOy at right
angles, the pole of the circle z31 lies
in the plane zOy, i.e. the axis 02 lies
in this plane.

Then § is the angular velocity about
02 and the angular velocity ¢ about
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0z may be resolved into components along Ol and O3 so that the
angular velocities of the moving axes are
6,=—¢sinb, 6,=0, 03=dcosé.
Now in 86 (1) put z=0, y=0, z=r, i.e. bring the moving and fixed
axes into coincidence, and we have for the velocities
u=rf, v=rdsinf, w=r;
and for the acceleration
1 — vy +why =70 + 270 — r$3sin  cos 6 along the meridian,
9 —wb, +udy=rd sin 6+ 27¢ sin 0+ 2rf¢ cos 6 perpendicular to the
meridian plane, and
W —uby+ v, =F—rf® —ré?sin? 6 along the radius vector.

8:63. Geometrical applications. (i) To/find the angle between two
positions of a moving line at a short interval of time 8t, where l, m, n are
the direction cosines of the line referred to moving axes.

Draw from the origin a line O P of unit length in the direction (I, m, n)
at time ¢. Let O P’ bo the position of the line at time ¢+ 8¢. Then PO P’
is the required angle 8, and [, m, n being the co-ordinates of P, the
projections of PP’ on fixed axes which coincide with the moving axes

at time ¢ are Sl=(l—mby +nd,) 8¢,
Sm = (riv—n0, +105) 8¢
and dn = (1 —103+mb,) &t.

Also (8x)?=(81)*+ (dm)? + (On)? gives the angle required.
(ii) Frenet’s formulae for curvature and torsion of a twisted curve.
Let the direction cosines of the tangent, principal normal and binor-
mal at & point on a curve be l;, m, , ny;
ly, mg, ng; lg, my, ny referred to axes
fixed in space. The corresponding triad

of lines at a small distance ds along \(<

lsmgng

the arc is obtained by making a twist
dr about the tangent and a twist de
about the binormal, so that if 6,, 6,, 6, Lomon
denote the components of angular 7T
velocity of these moving axes, we may //
put 6,dt=dr, 6,dt =0, fydt=de. de

Since the direction cosines of the
axis of x referred to the moving axes
arel;, ly, l; and this axis is fixed in space, we have

dl, _

lmnn'

0="1~1,0,+1,8,,
i

0=‘ag-l,el+zlo,
dl

and 0= d;—110,+l201,
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or 0=dl, — 1 de,
0=dly—1lsdr+1,de
and 0=dly+1,dr.

From which we get at once Frenet's formulae
dh b dly L L dh_ L
ds p’ ds o p’ ds” o

where p, o denote radii of curvature and torsion.

3:64. Example. A4 rigid body is rolling without sliding on a plane,
and at any instant its angular velocity has components w,, wy along the
tangents to the lines of curvature at the point of contact, and ws along
the normal ; shew that the point of the body which is at the point of contact
has component accelerations

~Rywiwy, —Riwgwy, Rjw®+Rye?

where R,, R, are the principal radii of curvature of the surface of the body
at the point of contact.

Let Oz, Oy be tangents to the lines of curvature at the point of
contact O of the body and the plane.
In a short time d¢ the body undergoes 2
& displacement compounded of three
rotations w,d?, wydt, wydt, and we may

intersect, the body may roll through a
small angle w,dt along Ox without any \p
twisting about the normal. Let 4 be
the point of contact at the end of this OM A z
displacement, the original point of contact on the body moving from
O to P. Let PM, PN be perpendicular to Ox and to the normal at 4.
In this position the body has angular velocities w,, wg, wg about Oz,
a parallel to Oy through 4, and the normal 4 C, neglecting infinitesimal
changes which would introduce higher powers of dt than we require.
Hence the components parallel to the axes of the velocity of P are

0gMP, —wyPN—w,MP, w,PN.

But PC= R, and the angle PCA = w,dt, so that, to the second power
of dt, MP=13}R, (w,dt)?, and PN = R, w,dt, and to the first power of d¢
the components of velocity are
0, —R,w,wsdt, R, wdt.
If wo now take into account the simultaneous displacement — w,dt
of rolling in the direction Oy, we see that in time dt the point P also
acquires velocities Rywywydt, 0, Ryw?de.

)
consider the effects of these in any y
. . Ve
order. Since the normals at neigh- / e
bouring points on a line of curvature / c .7
s
7
-

/A
~=-IN
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Hence the total velocity acquired by P in time d¢ has components
—Ryw,w3dt, —Rywawdt, (R)ws?®+ Ryw,?)dt
to the first power of dt, and the component accelerations are

—Rywywy, —Rywgw;, Rjw®+ Ryw,®.

37. Euler's Geometrical Equations. When a body is free
to turn about a fixed point O it is often convenient to refer
its position to a standard position
by means of three angular co-
ordinates 60, ¢, . We take a set of
rectangular axes 04, OB, OC
fixed in the body and let 8 be the
angle which OC makes with an
axis OZ fixed in space, ¢ the
angle which the plane ZOC makes
with a fixed plane ZOX and ¢ the
angle which the plane COA4 fixed
in the body makes with the plane
ZOC. The figure represents the intersections of the planes
through O with a unit sphere of centre O. Let the angular
velocity of the body have components w,, w,, w; about the
moving axes 04, OB, OC; we shall express these in terms
of 0, ¢, J. Let the aro AB cut the arc ZC in A'; then
CA'=CA=1m, so that 4’4 =¢.

By considering the motion of the point C along and per-
pendicular to ZC we get

6=, 8ind+wc08¢ ..ocvvennnnnn.. (1)

and Jsin 0 =cwy8ing—w; COSP ovevrrnnnnnnn. (2),
from which it follows that

w;=0sing—ysinfcosd ............... (3)

and wy=0cosd+sinfsing ............... (4).

Again, ZA'=14n+0, so that 4’ has a velocity ¢ sin (37 + 6)
or cosf at right angles to ZA4’, and 4 has a velocity ¢
relative to 4', so that wy=¢+cosf .cccoeirrrinnnnnnnne. (8).

Equations (3), (4) and (5) are generally known as Euler's
Geometrical Equations.
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3:71. We may express the direction-cosines of the moving axes
04, OB, OC with regard to fixed axes 0X, OY, OZ thus: if the arc
A’AB’=4m, then B’ is the pole of 4’CZ and therefore lies on the great
circle XY of which Z is the pole. Also since Z is the pole of X ¥ and C'is
thepoleof 4’ B’, thereforetheangle4'B'X =CZ =60,and B’ B=A4'A =¢.
Also XB’=y+ }m, and Y B’=y, so that by using spherical triangles
we have

cos XA =cos XB’cos AB’+sin XB’sin AB’cos XB’A
= —sginysin ¢ + cos  cos ¢ cos 6;

cos YA =cos YB’'cos AB’+sin YB’sinAB’cos YB'A
= cos sin ¢ + sin ¢ cos ¢ cos 6;

cos ZA=cos4Ccos ZC +s8in ACsin ZCcos ACZ
= —sinfcos ¢;

cos XB=cos XB’cos BB’ +s8in XB’sin BB’cos XB’'B
= —siny cos ¢ —cos ysin ¢ cos 6;

cos YB=cos YB’cos BB’ +sin YB’sin BB’cos YB’'B
=cos ) cos ¢ —sin ¢ssin ¢ cos ;

cos ZB=cos BCcos ZC +sin BCsin ZC cos BCZ
=sin #sin ¢;

cos XC=cos XB’cos CB’+sin XB’sin CB’cos XB'C
=cosysin b;

cos YC=cos YB'cos CB’+sin YB’sin CB’cos YB'(
=sin ¢ sin 6;

cos Z(U=cos.

It is sometimes necessary to express the angular velocities w,, wy, w,

of the body about the fixed axes 0X, OY, OZ in terms of §, ¢, 4, and
we may make use of the foregoing direction cosines for this purpose;

thus wWy=w; €08 XA + wgcos XB + wy cos XC
= —§@siny+ $cosysiné, . ;
and similarly «,=6cosy+ ¢sinysing ’
w,=d¢cos b+ J

or we may arrive at the same result if we impress on space and on the
body an angular velocity equal and opposite to the resultant angular
velocity of the body. The frame OX, OY, OZ then has an angular
velocity with components — w,, — wy, —w,, and 04, OB, OC become
fixed; and the values of — w,, —wy, — w, are got from 37 (3), (4) and
(6) by changing § into — 0, ¢ into — ¢ and ¢ into — ¢.

8'8. Rolling cones. We have explained in 3-24 that the
motion of a body about a fixed point can be produced by the
rolling of a cone fixed in the body on a cone fixed in space. In
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the case where the cones are right circular, let OZ be the axis
of the cone fixed in space and OC that of the cone fixed in the
body, « and 8 their semi-angles. The generator O along which
they touch one another is the instantaneous axis of rotation.

(iii)

Let OI travel round the fixed axis 0Z with angular velocity Q.
This is called the angular velocity of precession. Let the body
turn about the instantaneous axis OI with angular velocity w.
There are three cases; the rolling cone may be convex and
rolling on the (i) outside or (ii) inside of the fixed cone, or (iii)
it may be concave and rolling outside the fixed cone. Because
the cones touch along 01, therefore the lines OC, 01, OZ are
always coplanar, so that a point P on OC describes a circle
about 0Z, and has a velocity

Q.0Psin(x+f), Q.0Psin(a—p), Q.0Psin(f—a)

in cases (i), (ii) and (iii) where Q is taken in the right-handed
gense about 0Z. And if we take the positive sense of the
angular velocity w to be right-handed about OI, by taking
w.0OPsin B as the velocity of P and equating with proper
regard to signs, we get

in case (i) Qsin (« + B) =wsin §,

in case (ii) Qsin (¢ — )= —wsin B,

and in case (iii) Qsin(f—a)=wsinf.
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Again, if we want to use the angular velocity of the in-
stantaneous axis about the axis OC of the cone which it
describes in the body and denote it by «’, also taken positive in
the right-handed sense about OC, we get by equating small
arcs which come into contact in time &¢

w'8t.0Isin B= —Q8t.0Isina,
or o'sin B= —Qsina in case (i),
and similarly
w’'sin B=Qsina in cases (ii) and (iii).

EXAMPLES

1. Prove that, if a spherical polygon turns about its angular points
in succession, always remaining on the same spherical surface, and the
angle turned through in each case is twice the angle of the polygon at
the point, the polygon is restored to its original position.

2. Prove that a body, after successive rotations represented by
doubles of the successive sides of a spherical polygon taken in order, is
restored to its original position.

3. A right circular cone of semi-vertical angle a rolls without sliding
on a plane. Shew that, if w is the angular velocity of the line of contact,
the angular velocity of the cone is wcot a.

4. A circular disc of radius a rolls on a plane at a constant inclination
« and its centre describes a circle of radius ¢ with angular velocity Q.
Shew that the angular velocity of the disc about its axis is Qc/a.

5. Two wheols, radii a and 2a, are freely mounted at the ends of an
axle, at right angles to it, and their rims rest on a rough floor on which
they roll, the distance apart of the points of contact being b. Relative
to a frame of reference rotating about the vertical with the axle, the
angular velocities of the wheels are w in opposite senses. Prove that
the vertical plane containing the axle rotates with angular velocity
3aw/b. [M. T. 1931]

8. Shew that, if the instantaneous axis of rotation of a body free to
move about a fixed point is fixed in the body, it is also fixed in space.

7. Shew that the acceleration of a particle moving in a plane is
equivalent to components h?r/p%p along the radius vector to the origin
and Z% % along the tangent to the path, where p is the perpendicular
from the origin on the tangent to the path and k is the moment of the
velocity about the origin.

Find similar expressions for the components in the direction of the
radius vector and the normal to the path.
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8. A particle moves with constant velocity V along a straight line
fixed in a plane, while the plane turns round a fixed axis perpen-
dicular to itself, with angular velocity w; prove that the path of the
particle is the curve

V0=V cos~1(a/r)+ w4/(r*—a?),
where a is the least distance of the particle from the axis. Shew also
that the accelerations along and at right angles to a perpendlcula.r on
the axis are respectively

w(2aV +r%w)/r and 2Vw4/(r*—al)/r. [I. 1899]

9. If the axes Oz, Oy revolve with constant angular velocity w, and
the component velocities of the point (z, y) parallel to the axes are

wy(a*—b?)/(a®+b2) and wz(a?-b?)/(a®+b?),

prove that the point describes relatively to the axes an ellipse in the
periodic time o a4 b?

w ab

10. If the motion of a point in a plane be referred to two axes one of
which is fixed while the other revolves about the origin so that the line
joining the origin to the point is equally inclined at an angle 46 to the
axes, shew that the component acccleration parallel to the fixed axis

(§) is £—(2£0+ £0) cosec 6,
and find the other component.

11. If the perpendiculars from a point P on axes Oz, Oy of which Oz
is fixed and Oy revolves uniformly are ¢, 5, prove that the accelerations
of P parallel to the axes at the instant when they are perpendicular are

i—2fw+nw? and §,
the angular velocity of Oy being w.

12. The centre C of an elliptic wire is moved with uniform velocity
along a fixed line C'Y in its own plane whilst the wire is in contact at P
with a fixed line PY perpendicular to CY; shew that the acceleration
perpendicular to PY of the point of the wire in contact at P varies as
z~%y~p~5, where CY =p, and z, y are the co-ordinates of P referred
to the axes of the ellipse.

13. A point P moves so that its velocity is compounded of two
constant velocities, one of which is in a fixed direction and the other is
perpendicular to the line joining P to a fixed point. Find the orbit
described by P.

14. A plane is moving about an axis perpendicular to it, and a point
is moving in a given curve traced on the plane; in any position w is the
angular velocity of the plane, v the velocity of the particle relative to
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the plane, r its distance from the axis, p the perpendicular on the tan-
gent, s the arc described along the plane; prove that the acceleration
along the tangent to the curve is

dv dw 2,07
‘U(dé+pa~£)-w rg-a.

15. The position of a point in a plane is determined by the co-
ordinates x, 7, where r is its distance from the origin and & is measured
parallel to a fixed direction. If u, v denote the conponent velocities in
the directions z, r, express u, v in terms of z, r and their derivatives,
and shew that the components of acceleration in the same direction are

u+wfr and ©—zuv/ri.
16. The position of a point is given by the co-ordinates , y, r, where
x, ¥,2,r have their usual signification relative to rectangular axes. Shew

that, if u, v, w denote the component velocities in the directions x, y, r,
then the corresponding accelerations are

u+tuw/r, v+owfr and W—uwx/r—ovwy/rt.

17. The component velocities » and v are measured along two
families of orthogonal curves; prove that the corresponding accelera-
tions are U~ w0+ 103 and D —xquv 4k ud,
where «,, ks are the curvatures of the curves meeting at the particle
considered positive in the directions of the velocities. [1. 1897]

18. A point moves in a plane with an angular velocity w, and the
plane is turning round the radius vector with an angular velocity w’;
prove that the accelerations in the plane are # — w?, and r& + 27w, and
that the acceleration perpendicular to the plane is rww’.

19. A point P moves on a straight line O P which is made to describe
uniformly a right circular cone about an axis 04, while 04 sweeps
out uniformly a right circular cylinder; find an expression for the
acceleration of the point P in the direction OP.

20. The velocity of a point moving in a plane is the resultant of two
velocities v and v’ along radii 7, »” measured from two fixed points at
a distance a apart. Prove that the corresponding accelerations are

O+ (r3—724a3)/2r%’ and o'+’ (r'2~1r34a?)/2r'%r,

21. Shew that for the general motion of a rigid body the acceleration
of any point P is expressible as the resultant of two components; of
which one is along and proportional to the perpendicular drawn from
P to a certain straight line; and the other is proportional to the per-
pendicular drawn from P to another line, and is perpendicular to the
plane through P and that line. M. T. 1907]
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22, Prove that the meridian acceleration of a point moving on the
surface of the anchor ring,

xz=(c+asinf)cos$, y=(c+asinf)sing, z=acosd,

is af—(c+asin ) cos 4%; and determine the normal and transverse
accelerations. [1. 1894]

23. The position of a moving point is determined by the radii
1/¢, 1/9, 1/ of the three spheres which pass through it, and touch three
fixed rectangular co-ordinate planes at the origin. Find the com-
ponent velocities u, v, w of the point in the directions of the outward
normals to the spheres, and shew that the component accelerations in
the same directions are %+ v (yu— év) —w (éw—{u), and two similar
expressions. [1. 1896]

24. The centre of a smooth spherical bowl, of radius a, revolves
with uniform angular velocity » about a vertical axis at a distance ¢
from the centre. Shew that the meridian acceleration of a particle
moving on the surface of the sphere is

aff—asinfcos 8($+ w)?—cw?cos $ cos 6,

where 6 is the angular distance of the particle from the lowest point of
the sphere, and ¢ is the angle between a vertical plane through the
particle and the centre of the bowl and a plane through the centre and
the axis. Determine also the normal and transverse accelerations.

: [I. 1898]

25. A particle moving in the sun’s gravitational field is slightly
disturbed from a circular orbit of radius a, described with angular
velocity n. Shew that the equations of motion are

E-2nyp—-3n3¢=X
i+ 2né =Y
referred to rectangular axes whose origin moves in the circle of radius
a with constant angular velocity n, the axis of ¢ being away from the
sun; X and Y are the components of acceleration due to disturbing
bodies other than the sun.
If X=Acos2n't, Y = —Asin 2n't, find the periodic parts of ¢ and 7.
[I. 1932]

26. A point O moves along a twisted curve with velocity v, and the
co-ordinates of P, referred to the principal axes of the curve at O, are
¢, n, {. Shew that the velocities of P parallel to the moving axes are

B/ O O i
v+£ P) s M P + p ) £+ 0 )
where p and o are the radii of curvature and torsion.

Prove that, if P lies at a constant distance ¢ from O along the
principal normal, O P will be the binormal to the locus of P if

a*p=c(p?+o?). [M. T. 1919)



Chapter IV

MOTION OF A PARTICLE IN
THREE DIMENSIONS

4-1. Equation of energy. When a particle moves in free
space or in contact with a smooth curve or surface, the equa-
tion of motion in the direction of the tangent to the path is

where m is the mass of the particle and S the component of
the external force in the direction of the tangent. This gives

im (v’—u”):des .................. (2),

where %, v denote the velocities at the ends of the range of
integration, representing that the increase in kinetic energy is
equal to the work done by external forces, or to the loss in
potential energy [Pt. I, 44, and 6'4]. In such a case the re-
action of a smooth curve or surface does no work.

4-11. Reaction of a smooth surface on which a particle
is moving. Let P be the
particle, PT, PN, PB the
tangent, principal normal and
binormal to the path, PL the
normal to the surface and
PM the tangent line to the
surface at right angles to the
path, so that the lines PL, T
PM, PN, PB are coplanar,
being all at right angles to
the path. Let the angle LPN =¢.

If p’ is the radius of curvature of the path and p that of the
normal section through the same tangent line, then by
Meunier’s Theorem p’ =p cos ¢.
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Now the acceleration along the normal PN to the path is
v?/p’, and this has components

v?cos ¢/p’ or v%/p along PL, the normal to the surface,

and v%sin¢/p’ or v2tan ¢/p along PM.

Hence if R is the pressure of the surface measured inwards
and L, M are the components of external force in the directions
PL, PM, we have | ot L4 R oo, (1

and mvitandfp=M ......ccoooiiiinnns (2).

Assuming the velocity to be found from the equation of
energy, (1) gives the normal reaction and (2) serves to deter-
mine the position of the osculating plane at any point of the
path.

If 6 be the inclination of the direction of motion to the direc-
tion of least curvature of the surface and p,, p, denote the
greatest and least radii of curvature of normal sections at the
point P of the surface, then by Euler’s Theorem

1 cos?f@ sin%6

»

P P1 P2
and (1) takes the form
2 in?
moy? (M_,_sm 0)=L+R ............ (3).
P1 ]
Thus in the case of a cylindrical surface p, is infinite, and
mv?sin®0/p, =L+ R .........oeeins (4),

where p, is the radius of curvature of the cross-section of the
cylinder and 8 is the angle at which the path cuts the generator.

4:12. Geodesic path. When a particle moves on a smooth
surface, under the action of no forces save the reaction of the
surface, then the path is a geodesic on the surface, for from
4-11 (2), tan =0, so that the osculating plane at every point
of the path contains the normal to the surface.

We notice that this result is also true when the surface is
rough, for the friction, if any, acts along the path, and the
above result is obtained by resolving at right angles to the
path and is therefore unaffected by friction.
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4-2. Motion of a heavy particle on a smooth surface of
revolution the axis of which is vertical. Using cylindrical
co-ordinates and measuring 2z
vertically upwards, we have an
equation of energy

dm (22472 +7%02) = C —mgz
..(1).

The only forces acting on the
particle are the force of gravity
parallel to the axis and the
normal reaction intersecting the
axis, therefore the moment of
momentum about the axis is
constant, that is

r0=h

If the equation of the surface is
2=f(r) ........ becrserirasusonsnes (3),

we can now reduce (1) to the form
1'4(d0) {f (r )2+1}+——0—~gf( T) veevenen. (4),

which is the differential equation of the projection of the path
on a horizontal plane.

The same result may be deduced from the equations of motion, thus:

the components of acceleration are

%, #—rf? and 1;(r ),

and therefore, resolving along the tangent PT to the meridian curve,
we have ging+ (F—r3)cosy= —gsinyg ....ccoveunnn.. (5),

where ¢ is the inclination of the normal P@ to the axis; and, since there
is no force at right angles to the meridian plane,
PR e, (6),

. _hadr s\ Bbodr ,
so that =530 and from (3) 2=f (r);2 a0 also tan ¢ =dz/dr=f'(r),

so that (5) reduces to

s om G [ LD S0 om |(G) - A= - Ao
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Multiplying by 2dr/d6 and integrating, we get as before

;1¢(%)’{l+f’(r)’}+},=o—’2;¥f(r) ............ (8).

The normal pressure in the direction P@ is found by resolv-
ing in that direction, thus

m {£ cos— (7 —r0?)siny} = R—mg cosy ...... (9).

The condition that the path may be a circle of radius a is
obtained from (7), namely

Ri=gadf' (@) ...cocovvniniinnnnn. (10).

This also follows from the consideration that the acceleration
v?/a in the circular path is maintained by gravity and the
normal reaction, i.e, that mv?/a= Rsiny and mg= R cosy, so

that vag=tany=f'(a), or h:=gadf’(a).

4-21. Motion in limited zones. The velocity v in any position
is given by the energy equation

where the constant ¢ depends on the initial conditions. Also
the constant moment % of the velocity about the axis must lie
between zero and rv. It would be the former if the motion were
in a vertical plane, and the latter if » were horizontal. Hence,
for an assigned value of A, the particle can only occupy posi-
tions on the surface for which

rv>h,
i.e., from (1), 2gr® (c —z) > h2,
Hence, if we construct the cubic surface of revolution
2r¢(c—2)=h? ..cocevriinninnnnn.. (2),

the r of the particle for an assigned value of z must be greater
than or equal to the » of this surface.

The cubic surface (2) in general divides the given surface
z=f(r) into zones separated by horizontal circles, and the
particle can only move with the given initial conditions on a
zone of the given surface which is more remote from the axis
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than the corresponding part of the cubic surface. And the
motion of the particle must clearly be confined to the zone on
which it starts, so that it rises and falls between two horizontal
circles.

4-22. When the particle is projected horizontally to
determine whether it will rise or fall. In the figure of 4-2
let PC, PB be the principal normal and binormal to the path
in the initial position of the particle. Since the pathishorizontal
at P, PC and PB are both in the vertical plane through P.
Let CPQ@=¢, and let p’ be the radius of curvature of the path;
then since PQ is the radius of curvature of the normal section
at right angles to the meridian plane (as the figure revolves
round the axis the normal at P continues to pass through G),
therefore by Meunier’s Theorem

p'=PGcosd=rcoseccosd ............ (1),
where NP=r.
The only acceleration of the particle in the vertical plane is
v?/p’ along the normal PC to its path; therefore the accelera-
tion along T'P is v%*sin ¢/p’, so that

v8ind/p’ =gsin
or vitand=gr .......ccoiiiiiiniiinns (2).

Now the particle rises or falls according as the osculating
plane of its path is above or below PN; i.e. according as

d<or>in—1y,
i.e. according as tan ¢ < or > cot ¢,
or as gr<or>v%coty cooiiiiiininininnns (3).

Eliminating ¢ between (1) and (2) gives the initial radius of
curvature of the path, namely

, vy
P = e, (4).

sin /(v + g7
4-23. To find the apsidal angle when the projection of
the path on a horizontal plane is nearly circular. When the
particle is describing a horizontal circle on the smooth surface
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of revolution we can imagine the motion slightly disturbed
by a small impulse in the meridian plane through the particle
80 that A is unaltered.

We put 7 =a + 2, where z is small and neglect (dz/df)?, then
the differential equation 4-2 (7) becomes

2,
Qf @Yo —a-z= ~ L @ta)f (@ +2),
which from 4-2 (10)

o @@ @ +of @)
afll a)

I s ,
or {1+f (a)z}d@2 {3+ ) } =0 ..ouenen (1);
so that the apsidal angle is
= [{1+f @3/{3+af" (@)f’ (@)}
This also shews that the motion is stable if
3+af" (a)/f’ (a) is positive.

4-24. Motion of a heavy particle on a smooth sphere. Let
O be the centre and a the radius of the
sphere. The position of the particle can be
defined by polar co-ordinates 6, ¢, § being
measured from the downward vertical
diameter.

The horizontal velocity is aésin g, so

that a*$sint0=h ......... (1);
and the energy equation is

a? (02 + $2sin? §) = C + 2gacos 6 ...(2).
Whence, by eliminating 4, we get

a’6’+-~—§'—~= C+2gacosh .....cooeeenn..nn. (3).

The constant C depends on the initial conditions. Suppose that the
particle is projected with horizontal velocity u from a position §=a.

Then UB=C42gaACOSA cuverirninnnrnnrennnnnnenn (4)
and R=UGSIN® coveei i (6),
8o that (3) may be written

sina

! +u sin? g
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To find the greatest and least values of 6, we put 6= 0 and get either
f=a or u3(cos f+cosa)=2gasin?f ......cceeeeeun. (7).
This quadratic in cos § may be written
f(cos 0)=2gacos?§+udcosf+ulcosa—2ga=0 ...... (8),
so that f(cos0)=u?(1+cosa) is positive,
f(cosa)=2(u?cos a —gasina),
f(cosw)=u?(—1+cosa) is negative.
Hence there is a value of  for which # vanishes and it lies between 0
and « or between « and = according as
gasina> or <u?cota ..c..cooiiiinininn. (9).

This verifies that the particle is confined to a zone between two hori-
zontal circles, and (9) gives the criterion as to whether the particle
initially falls below or rises above the circle § =« in accordance with
4-22,

Further, if we pursue the method of 4:21 and put r=asin 6 and
z=a(l—cosf), we find that the cubic surface of revolution has for
equation what we get by putting § =0 in (8); so that the intersections
of the cubic surface with the sphere are the circle § =« and the other
circle determined by (8) as above.

To find the pressure of the sphere on the particle, if we use cylindrical
co-ordinates and measure z downwards from the centre we have

m{Zcos 0+ (F —rd?) sin §} =mgcos—R ......... (10),
and, putting z=a cos 6 and r=asin 6, this gives
R =mg cos 8+ ma (6% + §2sin? g),
or, using (2) and (4),
R=mg(3cosf—~2cosa)+mulfa............... (11).

We have obtained this result without considering the position of
the osculating plane of the path, but we notice that it accords with
4+11 (1), since in this case

v2=wu?+ 2ga (cos § — cos a).

To determine the position of the osculating plane at any point of the
path say when the path cuts the meridian circle at an angle ), we make
use of 4°11 (2). Let ¢, denote the angle between the principal normal
to the path and the normal PO to the sphere, then

(mvitan ¢,)/la=M,

where M is the component of the weight mg resolved at right angles
to the path in the tangent plane to the sphere, i.e. M =mgsin 6sin,

so that tan ¢, =gasin fsin /v? ......... creesasenies (12).
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4-25. Examples. 1. A spherical pendulum is started horizontally
at the level of the centre. Prove the equations of motion in azimuth
and depth, viz.

(i) (=23 y=VI, (ii) 1322=2z{2g(I12—2%)—V2z},
and verify that, if z=1cos §,
sin @sin (Y — V/2l) = (V/V 2gl)4/cos b. [C. 1906]

2. A particle moves under gravity on the surface of a smooth sphere
of 1 metre radius between two horizontal circles at depths 40 centi-
metres and 50 centimetres below the centre. Shew that the velocity
of the particle ranges between 404 and 428 centimetres per second.

[M. T. 1919]

3. A particle moves under gravity on a smooth spherical surface
whose centre is O. If 4 be a point at which the velocity is horizontal,
prove that the path is symmetrical with respect to the vertical plane
through O4; and hence infer that the whole path is included between
two horizontal circles which it alternately touches.

If those circles be nearly coincident, at an angular distance « from
the lowest point of the sphere, find the apsidal angle. [M. T. 1911]

4. A heavy particle P moves on the smooth inner surface of a fixed
sphere of centre O, and the angle between OP and the downward
vertical is denoted by 6. The particle is projected horizontally on the
surface from & point at which § =« (<3}#). Prove that, whatever be
the velocity of projection, § will not exceed = — o in the subsequent
motion, and that, if sin « >}, the particle will not leave the surface.

[M. T. 1922]

8. A partiole tied to a fixed point by an inextensible string is pro-
jected under gravity in any manner so that the string remains taut in
the subsequent motion. Find the differential cquation of the projection
of the path on a horizontal plane and prove that the (p, r) equation of
this curve is of the form

Blp*=1+A 12—+ B(i*—r3)t,
where [ is the length of the string, and 4, B are constants.
Prove that the curve has no points of inflexion. [M. T. 1913]

6. A particle is projected horizontally under gravity with velocity
V from a point on the inner surface of a smooth sphere at an angular
distance o from the lowest point. Prove that the pressure on the surface
when it is at an angular distance 6 from the lowest point is

mg (3 cos § — 2 cos a4 V%/ag),

where m is the mass of the particle and a the radius of the sphere.
Prove that in the subsequent motion the particle will leave the
surfaceif 3sina <1 and 2V%/ag — 7 cos a lies between + 34/(1 —9sin?a).
(1. 1912]
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7. A heavy particle of mass m moves on the smooth inner surface
of asphere of radius @ and its greatest and lcast depths below the centre
are $a and }a. Shew that when the depth below the centre is 2, the
normal reaction of the sphere is 3mg (z + 3a)/a.

Shew also that the time from maximum to minimum depth is

\/ G) / :ﬂ\ﬁ%n—n{)- M. T. 1933]

8. A heavy particle is projected horizontally along the inner surface
of a smooth sphere, with & velocity due to a fall from the level of the
centre to the point of projection. Shew that the radius of curvature of
its path when it is at an angular distance § from the lowest point of the
sphere is .

a/(1+ %sin? « cos asec? 0)9,
where « i8 the initial value of 4, and a is the radius of the sphere.
[I. 1898]

9. A particle is projected with velocity V along the inside of a smooth
sphere of radius a along’a parallel whose latitude is A. It is repelled
from the point upon the sphere whose latitude is 90° by a force per
unit mass equal to x times the distance from that point. Find the rates
of increase of latitude and longitude of the particle when its latitude
is 6 and shew that its path cuts the equator at

V2
10. A heavy particle moves on the smooth surface of a paraboloid
of revolution whose axis is vertical and vertex downwards, being
projected horizontally with velocity 4/(2gh,) at a height h, above the
vertex. Shew that the orbit touches alternately the two horizontal
circles at heights h,, hy above the vertex, and that the least value of
the angle at which the orbit cuts the meridian is

2 3
tan-1 {ta.n A (l +Ea»”' cosec )«) } . [I. 1926]

tan-12V/(uhs) [M. T. 1925]

11. A heavy particle is projected horizontally with velocity
along the inner surface of a smooth vertical circular cylinder of radius a.
Shew that the radius of curvature at any point of the path is

avdjuy/(u?? + g2al),
where v is the velocity at the point. [I. 1908]

12. The surface of a smooth funnel is given by the equation
z=c? (22 +y%)},
the positive axis of z being vertically downwards. A particle is projected
horizontally, along the inner surface, at the level z=¢, with such a
velocity that it is again moving horizontally at the level z=2¢. Prove
that the principal normal, at the highest point of the path, makes an
angle tan—!} with the horizontal. [I. 1929]

4 RDI1
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13. A particle is moving under gravity in contact with the inside of
the smooth surface of revolution z=f(r), the positive z axis being
vertical and upwards. Originally the particle is describing a horizontal
circle of radius g, its angular momentum about the z axis being h. It
is then slightly disturbed so that the angular momentum in the sub-
sequent motion is A + 8h. Prove that the particle oscillates with period

27/n, where i 3f' (@) +af” ()
T 1+f%a)
about the circle r=a + 8a, where
5a— —28haf’ (a)

R (a)Faf” (@) [I. 1924]

4-26. Motion of a heavy particle on the surface of a smooth
right circular cone with axis vertical and vertex downwards.
Let PP’ be an element of the path,
O the vertex of the cone and « its
semi-vertical angle. Let the genera-
tor OP’ cut the circular section
through P in Q. Using cylindrical
co-ordinates r, 0, z,

0C=z, CP=r, PCQ=db.

Taking the acceleration along the
generator, we have
(F—rf?)sina+2cosa= —gcosa,

or, since z=rcot «,

F—rfisin?a= —gsinacosa ...(1).

We have also r20=h, and if we
write 1/u for r, we find that (1) transforms to

d*u . 5 _gsinacosa
d—0-2‘+usln a—-bhvim— ..................... (2)
and this is the differential equation of the projection of the path on a
horizontal plane.

Further, if 7’ denotes distance from the vertex and u’ its reciprocal,
and if d¢’ denotes the angle POP’, we have

r=r'sina and rdf=PQ=rde,
so that u=wu'coseca and df#=d8§’ coseca
d*’  , gsin®acosa

and (2) becomes T T S T e (3).

It follows that if the cone be developed into a plane the trace of the
path on the surface will be the same as if a particle moved in a plane
under the action of a constant central force.

In the general case there is an energy equation

47200 4424 2g2=C,
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where r =z tan «; and r20=h, a constant; so that
h3cot?a

S+ 22=C e er(4)

22sec?a +

gives the vertical motion.

4-27. Examples. 1. Prove thatif particles move on a right circular
cone under no forces, the projections of their paths on a plane per-
pendicular to the axis are similar curves of the type »sinnf=c, what-
ever be their initial velocities. [C. 1913]

2. A heavy particle moves on a smooth right circular cone with axis
vertical and vertex downwards, being projected with the velocity due
to a fall from a height z, above the vertex to the point of projection.
Prove that, if z,, 2, are the greatest and least heights attained, then

2342 2, + 2.3 =2, (2, + 24). [I. 1901]

3. A particle is projected horizontally along the inner surface of a
smooth cone whose axis is vertical and vertex upwards. Find the
pressure at any point in terms of the depth below the vertex; and
shew that the particle leaves the cone at a depth (V2h%/gtan? a)t,
where bk is the initial depth, ¥ the initial velocity and « the semi-angle
of the cone. [M. T. 1912]

4. A heavy particle moves on the external surface of a smooth
circular cone, which is fixed with its axis vertical and vertex upwards.
The velocity of the particle is that which it would acquire by sliding
from the vertex. Shew that the path of the particle, when developed
into a plane, has a polar equation of the form

r®=a®sec? §6,
referred to the vertex as origin. [M. T. 1935]

5. A particle moves along the smooth surface of a right circular cone
under the action of a force parallel to the axis of the cone and propor-
tional to the distance of the particle from the axis, its initial velocity
being that which it would acquire in moving from the vertex. Prove
that its path when the cone is developed into a plane is a rectangular
hyperbola. [1. 1907]

6. A particle moves on a smooth right circular cone under the
action of a force from the vertex, the law of repulsion being

acos?a 1
Ak
where « is the semi-vertical angle of the cone. Prove that, if it be

projected from an apse at distance a with velocity 4/(u/a) sin«, the
path will be a parabola. [I. 1899]

4-3. Motion of a particle on a rough surface. It was shewn

in 4+12 that when a particle moves on a rough surface under the
4-2
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action of mo forces but the reaction of the surface its path is a
geodesic.

The method of solving problems of the motion of a particle
on a rough surface will be illustrated by an example.

A particle moves on the surface of a rough circular cone under the action
of no forces. It is projected with velocity V at right angles to a generator
at a distance d from the vertex. Shew that, when it has moved through a
distance s, its velocity v is given by

log (V /v) = pa/{tan « (s* +d4)}},
where p. 18 the coefficient of friction and « the half-angle of the cone.
[M. T. 1921]

Let P be the particle after moving a distance s. Let the normal to
the cone at P meet the axis in G, and let r be the distance of P from the
vertex. Then if R denotes the normal reaction

and p R the friction, we have equations of motion,
in the direction of the tangent,

d
mv g§= Y : ST (1)
and in the direction of the normal, as in 4°11 (1),
mv?fp=R.........eouenenn. (2),

where p is the radius of curvature of the normal G
section of the cone through the tangent line to
the path. There is also the equation obtained
by resolving at right angles to the path in the
tangent plane, which proves, as stated above,
that the path is a geodesic. But the equations of a geodesic on any
surface of revolution

z+yt=f(2)
d’x d?y d* ,
are I 2.v=az/2y=‘—i;2~/—f (2).

Hence, by integration,

a:;t—'z —ygfz constant;
or, in cylindrical co-ordinates ¢/, 6,
73 gg = constant.
Therefore if  be the inclination of the curve to the generator, in this
case, we have rsinyg=constant=d ........................ (3).
Again, dr/ds = cos y =4/(1 —d?/r?),

from which we find, since r =d, when =0, that
r3=dl4 s,
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Again, by Euler’s theorem on curvature,
1_cos?y sin'y  d?

p P@ " r3tana’
dv  pd?.ds _
so that, from (1) and (2), 2 tp tan&_o’
2
or d_v+ f"d -ds —_

v (a’+d’)§tancz_ )

Therefore logv+ [ —
v tana (a"+d2)i !

but v=V when =0, so that
log (V [v) = ps/{tan « (s3+d%)}}.

4-831. Examples. 1. A particle is moving under gravity in contact
with the inside of a rough circular cylinder with vertical generators.
Attime ¢ the particle is moving with velocity ¥ in a direction that makes
an acute angle ¢ with the downward vertical; establish the equation

1ay_ v
Vdé  ga
where a is the radius of the cylinder and u the coefficient of friction
between the particle and the cylinder. If the velocity of the particle
was U when it was moving horizontally, prove that at time ¢ the
horizontal component, u, of its velocity is given by the equation
1 1
0w
2. A particle moves on a rough circular cylinder under the action of
no external forces. Prove that the space described in time ¢ is

(a/p)sec? alog (1 + uVitcos?ala),

sin ¢ —cot ¢,

;‘%‘ log tan ¢ [M. T. 1934

where the particle has initially a velocity V in a direction making an
angle « with the transverse plane of the cylinder. [M. T. 1888]

3. A heavy particle moves on a rough vertical circular cylinder and
is projected horizontally with a velocity V. Prove that at the point
where the path cuts the generator at an angle ¢, the velocity vis given by

ag/visin? ¢ =ag/V?+ 2ulog (cot ¢ + cosec §),
and that the azimuthal angle § and vertical descent z are given by
agl=[v¥d¢ and gz =fvicot $d4, the limits being 4= to . [M. T. 1888]

4-4. Motion of a particle in a smooth plane tube which
revolves about an axis in its plane. Take the axis of rotation
as the axis of z and use cylindrical co-ordinates. Let i be the
inclination of the normal to the axis, and let S, N, T be the
components of the external force on the particle along the
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tangent and normal to the curve and perpendicular to its
plane, and R, R’ the pressures of the tube on the particle in
the two latter directions. The equations
of motion are

m{(F—1r0%) cos +Zsiny}=S...(1),

m{— (7 —r6%)sin + % cos s}
—R+N .....(2),

mrd+200)=R' +T ............ (3).

We notice that (1) is the same as

2z

mvdv[ds= S +mrw?cosy...(4)

if v denotes the velocity of the particle
relative to the tube and w the angular
velocity of the tube. So that in the
case of uniform angular velocity the motion of the particle
relative to the tube is the same as if the tube were at rest and
an additional radial force mw?r were applied to the particle;
but this hypothesis will not be sufficient for the determina-
tion of the reaction R’.

(o)

4-41. Example. Let the tube be parabolic with its vertex down-
wards, and revolving uniformly about its axis which is vertical.

In this case S=—mgsiny, N=-—-mgcosy, T=0,
0=w, r?=4az and tany=r/2a.
Hence (4) may be written
o gt

or v2=C-2gz+riwl,
i.e. v?=C+r%(w?—g/2a).

If initially the particle is at relative rest in the tube where r = ¢, then

v = (w?—g/2a) (r* —c?).

This shews that if 2aw?=g the particle remains at relative rest; and
that otherwise it rises or falls according as 2aw®> or <g.

4:42. Motion of a heavy uniform chain inside a fine
smooth tube which is revolving uniformly about a vertical
axis in its own plane. Let PQ be an element 3o of the chain
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AB.Let AP = 0,and let s be the arc of the tube measured from a
fixed point to A. Take the axis of rotation as the axis of z and
let 7, 8, z be the cylindrical co-ordinates of P. Let the normal
at P be inclined to the vertical at an angle i.
Then if 7' is the tension at P, the equation z
of motion of the element P in the direction
of the tangent is

mda {Zsin ¢ + (¥ — w?r) cos Y1}
=8T —mgdosiny ...(1).
Since ¢ is not a function of the time, we

have
Z=4§siny and rF=4&cosy ...(2),
so that Zsing+7cosg=3§ ......... (3). o
This also follows from the fact that the
two terms on the left are what the tangential acceleration

would be if there were no rotation. Therefore (1) may be
written

m o (§ — w?r cosy) =31 —mgdosiny
or mba.8§=8T +mwirdr—mgdz ............ (4).

Hence if [ be the length of the chain 4B, by integrating
along A B we get

=30 (r?—r?)—g(2,—2) «evrevinnns (5),

where 7, , 2, refer to B and r,, 2, to 4.
The pressure of the tube on the chain, R per unit length,
may be found by a normal resolution; thus

mdo {Z cos  — (¥ — w?r)siny} = RSo + T 8y — mg o cos

and by making use of (2) this becomes
mstfp+mwrsing=R+T[p—mgcosy ...... (7).

To proceed further in a particular case, we observe that in
(8), 71, 79, 2,, 2, are functions of s, so that §2 can be found by
integrating (5), and 7' can be found by eliminating § between
(4) and (5), then from (7) we can find R.
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4-43, Example. Let the tube be circular, of radius a, and let the
chain AB subtend an angle 2u« at the centre and be at relative rest in its
lowest position. To determine whether the equilibrium is stable or not.

Let the chain be slightly displaced as in the figure. Then 442 (5)
takes the form
2a%f = }w2a? {sin? (e + 8) —sin? (o — 8)} — ga {cos (« — §) — cos (« + 6)},
or 2aaf =}wlasin 2asin 20— 2gsinasing ............ (1).
For small values of @ this reduces to
aaf+ 0sina (g—awicosa)=0.................. (2),
giving an oscillatory motion or not, according as
aw?cosa < or >g.
But if aw?cosa =g, then (1) becomes
aof=gsinasinf(cosf—1) .ccoeveirieennnnn. (3),

so that # is negative and this implies
that the position of relative equi-
librium is stable.

In problems of this kind the test of
stability might be defined in two ways:
either the system receives a small
impulse causing it to move from its
position of relative equilibrium, or the
system receives a definite small dis-
placement and is then set free, and in
either case, for stability, it should
move towards the equilibrium position.

In the case considered, if the chain
be given a relative motion expressed by 6, when =0, by inte-
grating (3) and adjusting the constant of integration we get

anf?=aabd®—gsina(l—cosf)? ............... (4),

which shews that, if ¢, is small, § will certainly vanish and the negative
value of § given by (3) will then reverse the motion.

On the other hand if we imagine the chain to start from relative rest
in the position 6 = g, then by integrating (3) and adjusting the constant,

we get aaf?= gsin a (cos B—cos @) (cos B+ €03 —2).........(B).

The last factor on the right is negative, therefore the motion must be
such that cos6>cos B8, or < B, i.e. towards the position of relative
equilibrium; so that by either definition the equilibrium is stable.

4-44. Examples. 1. A circularwire of radius a rotates with uniform
angular velocity w about its vertical diameter. Prove that & small
smooth ring on the wire placed at the lowest point is in stable equili-
brium if aw? <g, and investigate carefully the case in which aw?®=g.

[M. T. 1902]
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2. A smooth circular wire of radius a rotates with uniform angular
velocity w round the tangent at the end 4 of a diameter AB of the
wire. A small ring of unit mass is free to slide on the wire under the
action of a repulsive force ur from 4, r being the distance from A4.
If w®=Tp and the ring is initially at B with a velocity 4a4/(2u) relative
to the wire, shew that after a time ¢ its angular distance from B is

2tan-1(24/2sinh 4/ p). [I. 1907]

3. A smooth thin circular tube of radius @ rotates uniformly at a
rate w about a vertical diameter and within it are two equal particles
connected by a light string along the arc below them. Find the tension
of the string when the particles are at rest relative to the tube with the
radii to the particles at equal angles « on opposite sides of the downward
vertical,

If the string breaks, shew that the maximum angular distance from

the vertical attained by the radii to the particles is cos—? (‘f—z. —cos a) .

(L. 1925]

4. A fine smooth tube in the form of a circle of radius a is made to
revolve with angular velocity 4/(g/a) about a vertical axis in its plane
distant ua from its centre. Shew that if a smooth particle in the tube
oscillates so that it just reaches the lowest point of the tube, the time
t measured from this instant to the instant where the central radius to
the particle makes an angle § with the downward vertical is given by

ootﬁ:p(ﬁ-gt, —4,%’). [M. T. 1904]

5. A heavy boad slides on a smooth elliptic wire whose major axis
is vertical, and the wire is made to rotate round the vertical axis with
uniform angular velocity w. Find the unsymmetrical position of
relative equilibrium, and shew that the time of a small oscillation

about it is 2na btwt — aZely?
bw ("bTJ4 —a’g? > ’
where a, b are the semi-axes of the ellipse. [1. 1899]

6. A smooth wire in the form of an ellipse of semi-axes a and b
(a>b) is spun with angular velocity » about its major axis which is
vertical. A bead is slightly displaced from rest at the lowest point of
the wire. Prove that it returns to the lowest point or departs from it
according as «? is less or greater than ga/b?, and that in the latter case
it attains a maximum distance @ from the axis of rotation given by

4ga a
o= (1-580)-

7. A thin smooth tube in the form of a parabola of latus rectum 4a
rotates with constant angular velocity » about its axis, which is
vertical. A particle is at rest at a height z, above the vertex. Shew that,

[M. T. 1928]
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if the angular velocity is reduced to «’, the particle will oscillate from
the level z, in the one limb to the same level in the other limb in time

2 [ Lo oo
T =™ / . \/ (1 +%sint0)ds. M. T. 1927
8. A smooth wire, in the form of that part of the curve
x
y=bcos a

which lies between z= —ar and z= +aw, a and b being positive
numbers, rotates with constant angular velocity « about the axis of y,
which is vertically downwards. Prove that, if a?w?<bg, there are
three positions of relative equilibrium for a bead which can slide on
the wire, and that two of these are unstable. [1. 1930]

4-5. Motion of a particle on a revolving tortuous smooth
curve. It is convenient, in this case, to take the axis of rotation
as the axis of z and either take axes of  and y fixed relatively
to the curve and revolving with it, or use cylindrical co-or-
dinatesr, 8, z fixed relatively to the curve and revolving with it.
If we adopt the former method and suppose the curve to
rotate about Oz with uniform angular velocity w, then using
the components of acceleration given in 3'4 (3) and resolving
along the tangent we have for the tangential acceleration

(& — wiz— 2wy)g—f+ (y—w2y+2wcé)g—:g+ij—z.
The terms indepcndent of w must be equivalent to §; and
if r denotes distance from Oz, so that r2=x?+y?2, the terms
in w? are —w?dr/ds, and the remaining terms vanish; so
that, if 7' represents the tangential force on the particle, the
equation of motion is

m(§—w¥rdr/ds)="T
or mé =T +mw?rdr(ds ..... ceeereeeneans (1).

It follows that the motion of the particle relative to the curve
is the same as if the curve were at rest and the particle were
subject to an additional force mw?r from the axis. If we put
vdv/ds for &, then (1) has an integral which is an equation of
energy
dme?=C+ fT ds+ Fmw¥?.......couee.. (2).
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To find the reaction of the curve on the particle we must
resolve along the principal normal and binormal; thus if p be
the radius of curvature and dashes denote differentiations with
respect to s, the acceleration along the principal normal is

(£ — w2 — 2wy) pr’’ + (§ — w0y + 2wE) py’’ +Zp2".

The terms independent of w must now be equivalent to
§2%/p, so that we get an equation

;2
m{%—w’ (@2 +yy"') + 2wsép ('Y —y' ")}—-N+R

where NV, R represent the components of the external force and
the reaction of the curve in the direction of the principal
normal.

The acceleration along the binormal is

(F— e — 2wi) p (42
G aty 4 20 p (2

/ ll I II)

Ifl III

) +ip @y —y'T).
Since there is no acceleration along the binormal when w
is zero, the terms independent of w vanish; and, by using
=28, t=2"82+2'§
and similar relations, the remaining terms can be combined ;
so that if we resolve along the binormal we find an equation

m[—w¥p{z (Y2’ —2y") +y (Z2" —2'2")}— 2wipz | = B+ B
...... (4),
where B, R’ denote like components in the direction of the
binormal.

We will illustrate the alternative method of using cylindrical co-
ordinates by considering the case of a heavy particle moving on a smooth
curve in the form of a heliz, having its axis vertical and revolving uniformly
about its axis with angular velocity w.

Measuring 8 from the foot of the helix, the cylindrical co-ordinates
of the particle are a, 0, z, where z=aftan«, but the radius has an
angular velocity 6+ w.

By resolving along the tangent, we get

alicosa+isina= —gsine,
or, if v is the velocity relative to the helix, so that a=vcosa and
¢=vsinq, then D= —@BIN® «revvriireninannanenannns (6);

so that the particle moves along the curve with constant acceleration.
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A resolution along the principal normal, i.e. perpendicular to the
axis of rotation, gives ma (0 + w)*=R,
or m(vcosataw)/a=R ......oeveniinninnn (6);
and along the binormal
m(icosa—alsina)=R’' —mgcosa,
leading to R/=MGCOSA .evvrrrririnininiiaiaininns (7).
It is easy to deduce (5), (8) and (7) from (1), (3) and (4) above.

4-561. Motion of a particle on a smooth surface which
revolves about a fixed axis. Take axes rigidly connected with
the revolving surface, let the zz plane contain the axis about
which the surface revolves and let the axis Oz make an angle
o with this fixed axis. Then if w is the
angular velocity, in the notation of 36,
we have

0,=wsing, 0,=0, O3=wcosa,
and therefore the velocities are

U=2% — Yw CoS «,

. . 0
v=9—2wsina+ 2w cosa, ﬁl——o

w=2%+yowsina;

and the accelerations
Ji=U—vwcosa,
Jo=9—wwsin« +uw cos «,
fs=w+rwsinea.

It follows that if the forces acting on the particle are given the
equations of motion can be written down.

4-52. Example. A smooth plane revolves with uniform angular
velocity w about a fixed vertical axis which intersects it at the point O, at
which a heavy particle 13 placed at rest. Shew that during the subsequent
motion v*=1r2w?+ 2gh, where h 18 the depth of the particle below O, r is
its distance from the axis and v 1s its velocity relative to the plane.

Taking axes as in 451, with the plane zy as the revolving plane,
we have z=0, and, by resolving parallel to Oz and Oy,

Z—2wcos oy —wlcosiar= —gsina
and ¥+2wcosai—wly=0.
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Therefore L + Yy — wdrd cos? a — wiyy = —gsinad,
or B3+ y? - w3 (x?cos? a+ y?) = — 2grsina,

with no constant of integration since the particle starts from rest at
the origin. This is equivalent to

v2=1r2w? 4 2gh.

4-53. Examples. 1. A straight fine smooth tube turns about a
vertical axis, which it intersects at an angle «, with uniform angular
velocity w. A particle slides down the tube starting from rest at its
intersection with the vertical axis. Prove that the distance described
in time ¢ is 2¢ cos a sinh? (4wt sin a)/w?sin® a.

2. A smooth plane revolves with uniform angular velocity « about
a vertical axis which meets it at a point O, the normal to the plane
always making an anglb cos—! } with the vertical. A particle is projected
from O horizontally along the plane with velocity V. Prove that, if Oz
and Oy are axes fixed in the plane, Ox down the line of greatest slope
and Oy horizontal, the position of the particle at time ¢ is given by

L3 ) (7200 L

=2 sin inh 5+ (V- 2\:,%) (Fgzeinn 73+ goosh 75)-

3. A smooth plane revolves about a vertical axis with uniform
angular velocity w, the normal to the plane making an angle « with the
vertical. Prove that for a particle projected as in the preceding
example it is illegitimate to neglect terms in w? even if w is small.

[M. T. 1936]

4:6. Motion relative to the earth. In defining the weight
of a body as the force with which the earth attracts it [Pt. I,
4-17] we have neglected the earth’s rotation. If, however, we
agree to measure the weight by the pull exerted on a spring
balance, or by the tension of a supporting string, when the
body is at rest relative to the earth, and take the rotation
of the earth into account, then, since the body is describing
a circle about the earth’s axis, it has an acceleration toward
the axis, and this acceleration is produced by the joint effect
of the attraction of the earth and the tension of the supporting
string. It follows that the weight is not equal to the earth’s
attraction.
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Let P be the bob of a pendulum of weight W and C its point
of support. CP is of course small when compared with the
radius OP of the earth. The di-
rection of the ‘plumb line’ PC is
called the vertical at P. Let F
be the earth’s attraction on the
body at P. Let m be the mass
of the body, a the earth’s radius
and let CP, PO make angles
o, ¢ with the earth’s axis, then
maw?sin ¢ at right angles to the
axis is the resultant of F along
PO and W along PC, so that S

W:F:maw?sing=cos¢:cosa:sin(¢—a) ...(1).

The angle ¢ — « is the deviation of the plumb line, i.e. the angle
between the plumb line and the earth’s radius, due to the
earth’s rotation.

In Pt. I, 417 we connected W with the mass m of the body
by the relation W =myg, assuming that g, the acceleration of a
falling body, is constant in the region considered, and we shall
investigate to what extent it may be necessary to modify this
definition when the earth’s rotation is taken into account. We
return to this point in 4:72. In the meantime, putting mg for
W, we have, from (1),

8in (¢ — o) = (aw?/g)sindcos ¢ ............ (2).

Taking the earth’s radius as 4000 miles, aw? in foot-second
units is approximately 1/9 and aw?/g is roughly 1/290, so that
the deviation of the plumb line is small in all latitudes and
approximately equal to

(aw?/g)sing cosd ......oeuvnnnnnn. (3).

Referring again to the figure, by resolving at right angles to
CP and along it, we get

Fsin (¢ —a)=maw?sing cosa ............... (4),

F cos (¢ — a) =mg + maw?sin dsin« ......... (6).
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47. Axes fixed relatively to the earth and moving with it.
Taking the polar axis of the earth as directed from South to
North, the angular velocity w is in
the right-handed screw sense in re-
lation to the axis.

With any point O on the surface
as origin, take the upward vertical
(plumb line) as axis of z, Ox at right
angles to Oz in the meridian plane
directed South, and Oy perpen-
dicular to the meridian planetowards
the East. Let Oz make an angle «
with the axis. Then w is the angular
velocity of this frame of reference and regarding it as a vector
in the direction SN, its components about the axes Oz, Oy,
Oz are

S

0,= —wsina, 60,=0, Oy=wcosa......... (1);
and the origin O has velocity components
0, awsing, O,

where a is the earth’s radius, and ¢ is the angle which the arc
ON subtends at the centre as in the figure of 4:6. Hence, if
z, y, z are the co-ordinates of a particle, from 36 (1) and (2)
its components of velocity and acceleration in the directions
Oz, Oy, Oz relative to O are

& —Yw COS ,
¥+ 2w sin « + Zw cos «,
2—ywsin «,
and % — 2jw €08 o — 2w? sin « cos a — xw? cos? «,
¥+ 22w sin a + 22w cos « — yw?,
Z— 2jw sin a — 2w?sin « — 2w? sin « cos «.

But the component velocities and accelerations of O in the
directions Oz, Oy, Oz are

0, awsing, 0

and —aw?singcosa, 0, —aw?singsina.
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Hence the component velocities u, v, w of the particle and
its component accelerations f;, f;, f; are given by

U=2—Yw COS &
v=y+z2wsina+zwcosa+awsing; ......... (2)
w=Z—ywsina

and

fi=2%— 2yw cos & — 2w?sin « cos « — zw? cos? « — aw? sin ¢ cos a

So=9+ 2¢wsin a + 2Zw cos a — yw?

fa=%—2ywsin a — 2w?sin? « — xw?sin « cos « — aw?sin ¢ sin a

Suppose that the particle is acted upon by the earth’s
attraction F' as in 4-6 and some other force whose components
are X, Y, Z. Then its equations of motion are

m (€ — 2w cos « — 2w? 8in « cos & — Tw? c0s? a — aw? sin ¢ cos «)
=—Fsin(¢—a)+X

m (5 + 22w sina+ 24w cosa — yw?) = Y

m (£— 2yw sin & — 2w?sin? & — 2w? sin « cos « — aw? sin ¢ sin «)
=—Fcos(p—a)+Z

. eeeees (4)
and from 46 (4) and (5) these reduce to
m (£ — 2yw cos o — 2w?sin « cos & — xw? cos? o) = X
m (§ + 22w sin a + 2¢w cos a —Yyw?) = ¥ (5);

m (2 — 2ywsin a — zw?sin?« — rw?sinacosa) = —mg+ Z

and we notice that the terms in F' have cancelled the terms
arising from the motion of the origin, leaving on the left only
terms relative to the origin and on the right the applied force
and a force mg along the downward plumb line.

4'11. Foucault’s Pendulum. Consider the motion of a simple
pendulum making small oscillations about its position of relative
equilibrium. Let I be the length of the string, 7' its tension, m the mass
of the bob and let the origin be the point of suspension. Then we may
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put 2= —1 and neglect 2* and y2. We may also neglect wiz, 0y, w2
in comparison with w?a or g. Equations 4*7 (5) become

i—2y cosan——?g

yo ~ ml

.o Ty
y+2xw005a-——1‘;’i ..................... (1).

and —21]wsina=—g+—T—

m

Eliminating T' and retaining only terms of the same order, we get
Z—2ywcosa+nir=0

..................... 2),
and Y+ 2¢wcosa+niy=0 2)

where n2=g/l.
From (2) it follows that

T —yi+ 2w cos a (zz 4+ yy) =0,
therefore xy—yZ+wcosa(z?+y?)=0C,
or 10+ wr2CoS A =0 .evrveerrerrenerenenenns (3).

It follows that, if the pendulum is oscillating in a plane through the

vertical, then C=0 and 0= —@COS® .veverernrrerrrenernenanans (4).

But 6 is the angular velocity relative to the axes fixed to the earth of
the plane in which the pendulum swings, and w cos « is the component
of the earth’s angular velocity about the vertical at the point of sus-
pension. Hence (4) shews that the plane of motion turns round the
vertical at the point of suspension with an angular velocity equal and
opposite to that of the earth. An equivalent statement is that the
plane of oscillation of the pendulum remains fixed in direction in space
and the earth turns round under the pendulum. Looking down on the
earth as in the figure of 4°7, if we ascribe the relative motion to the
earth it is a counter-clockwise rotation in the sense from Oz to Oy,
or if we ascribe the relative motion to the plane of oscillation of the
pendulum, it is clockwise in the sense from Oy to Oz.

The experimental verification of this result is one of the most
conclusive of the proofs of the earth’s rotation about its axis.

Returning to the general case, equations (2) may be solved by writing

(.:x+i1,so that ¢+ 2ilwecosa+n2=0.
The ordinary process of solution leads to
Letwicosa — Jetut 4 Be—tht | ... iciiiiiieninns (6),

where p?=n?+ w?cos?«, and 4, B are arbitrary complex constants.
If we take axes Oz’, Oy’ revolving round Oz with angular velocity
— wcos«, we have

x’ + 1y’ = (z + 1Y) e'wtcoBe = Aelnt 4+ Be~ikt ........ (6),
or '=Ccospt, y'=Dsinpt ...ccccovvvnennnn (7).
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These equations give the projection of the path of the bob of the
pendulum on a horizontal plane, and (7) shews that it may be described
as an ellipse which revolves about the vertical with angular velocity
— wcosa. This is in agreement with what we have already proved in
the special case in which the pendulum oscillates in a plane through
the vertical.

4°72. Falling body. When a body falls from a considerable height
under the influence of gravity, and the earth’s rotation is taken into
account, its equations of motion are, from 4°7 (5),

4 —2ywcosa—zw?sinacosa—rw?cos?a=0
g+ 22wsina+22wcosa—ywi=0  + ... (1).
Z—2ywsina—zw?sin®a —zw?sinacosa= —g

By taking the origin at the point from which the body falls, we see
at once that the initial acceleration of the falling body is g in the direc-
tion of the downward plumb line, and this is the modification in the
definition of ¢ when the rotation of the earth is taken into account, to
which reference was made in 46.

Now suppose that the body falls from a height & vertically above the
origin. We get a first approximation to the solution of the equations by
noting that &, y are small in comparison with z and neglecting the
terms in w?, so that

=0, Y+22wsina=0, Z=—g .icvvirernnn.n. (2).

Since the initial velocities are zero and the body starts from (0, 0, k),

therefore =0, z=h—3}gf? and y=}gfwsine ........ (3).

Thus, to a first approximation, the time of falling from a height A is
4/(2h/g), and there is an easterly deviation from the vertical of amount

}wsin a4/ (8R3%/g).
We can now obtain a second approximation by substituting from
(3) in (1) and neglecting terms in »?; the equations thus become
% — §gt3w?sin acos « — hw?sinacosa =0
¥—-2gtwsine=0 L. (4).
and Z—3gttw?sin?a — hw?sin?a= —g
These give on integration
z=$gtlw?sin a cos a + $ht?w? sin « cos «
y=3¢Pwsin« L ... (56).
and z=h+3gttew?sin® « + phitwisin? o — §ge?)

By putting z=0, we find that a second approximation to the time
of falling from a height z is given by

2h  3hwisin?a
= e e (6),

o +
g g
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and then by substituting in the expressions for y and x we get the
easterly deviation as before and a southerly deviation

3h2wisin a cos a/2g.

4°73. Body projected vertically upwards. Using the equations
of 4°72, let the body be projected upwards from the origin with velocity
w. The integration of 4*72 (2) then gives, for a first approximation,

=0, z=wt—3}gt®* and y=(igf®*—-wt*)wsina..... J(1).

It follows that the time of ascent and descent is 2w/g, and this makes
3

Y=~ g %.3 w sin a, shewing a deviation to the West of amount g %)-: wsina

when the particle returns to the level of projection. We see also from
(1) that y vanishes at time ¢t = 3w/g, so that if the body continues to fall
below the level of projection it will cross the vertical and ultimately
have an easterly deviation.

For a second approximation, we return to 4°72 (1) and, by using the
first approximation above, we obtain

Z+ 3 (wt— 3gt?) w?sinacosa =0

Y+2(w—gt)wsina=0 L+ (2),
24+ 3 (wt— 3gt?) wisin?a= —¢g
leading to = — (Jwtd — }gt*) w?sin a cos o ]
y= —(wt*—1gt?) wsina - eeeressenes (3).
and z=wt— }gt? — (Jwt® — }gt*) w?sin? ozj

4+74. Motion of a projectile. The equations of motion in the
general case are the equations 4°72 (1), and we may suppose that the
projectile starts from the origin with a velocity whose components are
u, v, w.

Neglecting the terms in w2, we have

Z—2yweosa=0......coccevviiiiinninnnnns (1),

Y+ 22wsina+2Zweosa=0 ..........oevennnnn (2)

and Z—2JwsiNa= =@ .icccoiiiiiiiiiiiinnnns (3).
The integration of (1) and (3) gives

t=2ywcosa+u and Z=2ywsina—gt+w ...... (4);

and the substitution of these values in (2) gives, to the first power of w,
J+2(w—gt) wsina+ 2uwcosa=0;
so that ¥+ 2 (wt— 1gt?) wsin a + 2utw cosa =v
and y=vt—(ucosa+wsina)fw+4glwsina ......... (5).
The substitution of this value in (4) then gives, to the first power of w,
E=u+2vlwcosa and Z=w-gt+2vlwsine ...... (6),
leading to z=ut+vt?wcosae and z=wi— gt +vilwsina ......(7).
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Taking u, v to be positive components in the directions South and
East, these results shew that the earth’s rotation causes an increase in
height, a deviation to the South and a deviation which is either to the
West or East according as tis < or >3 (ucosa+wsina)/gsin a.

In the case of a rifle bullet the vertical velocity is small in comparison
with the horizontal, and if V denotes the horizontal component and
the vertical plane of projection is in a direction 6 East of South, we may
put u=V cos 6, v=Vsin 0, and the displacement to the right of this
vertical plane looking in the direction of projection is then

(z—ut)sin f — (y —vt) cos § = Vt?w cos a + (wit? — §g¢%) w sin a cos §.

4'76. Body projected along a smooth horizontal plane.* In
this case the equations of motion are got from 4+7 (5) by putting z=0,
X =0, Y=0, and Z= R, where R represents the reaction of the smooth
plane. The equations are

F—2ywcos a—2wlcos a=0 .....cciiiiieiiinnnn (1),
¥+ 24w cos a — yw? =0 i (2),
—2yw sin e —zw?sina cos a=—g+R/m............ (3).

The path is determined by (1) and (2), and it is important to notice
that though in the preceding articles we have obtained approxi-
mate solutions by neglecting the terms zw?, yw? in comparison with g,
it is not legitimate to neglect these terms in solving (1) and (2) un-
less the solution so obtained makes the terms retained in (1) and (2)
large when compared with the terms neglected.

If we solve (1) and (2) neglecting w?, and suppose that the body is
projected from the origin with a velocity V in a direction g East of
South, we get by integration

E—2ywcosa=V cos B ...cccoiiiiiiiinnn. (4)
and Y+2xwcecosa=Vsin B .....ccoiiiininnnn (5).
Eliminating y from #— 2yw cos =0 and (5) gives
E+4rw? cos? a=2Vwsin Bcos o .....eeuennin. (8).
The solution of this differential equation with the given initia1
conditions is

22w cos ae= V sin B {1 —cos (2wt cos a)}
. + V cos B sin (2wt €08 &) vvuinininnnnn. (7).

Then from (4), (6) and (7) we see that Zw, # and xw? are all of order
Vw, and similarly yw, § and yw? are also of order Vw, so that it is not
permissible to neglect the terms xw? and yw? in solving (1) and (2).

An exact solution may be found by the ordinary process of solving
linear differential equations. It appears that the solution contains
periodic terms when 3 cos > 1.

* The mistake in earlier versions of this article was detected by
Mr E. Cunningham.
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For an approximate solution in powers of wf, it is simpler to pro-
ceed thus: substitute in (1) and (2)
T=pywt+ Pyt + 003 +p 0ttt +...
Y=q wt+gaw®?+ g’ + g it + ...
and equate to zero the coefficients of powers of ¢.
Then it appears that the equations are satisfied by
T =pwt+ qu? cos a — §pw® cos? a+ y;gwt* (cos a—3 cos® a) + ...
Y =quwt — pwit? cos a + $qw’t® (1 — 4 cos? a) — 4 pwitt (cosa—3cos® a) +...,
where from the initial conditions
pwo=VcosB, quw=7Vsinf.
The deviation to the right of the direction of projection looking
from the origin is # sin B—y cos B, or
Vwt? {cos @ — wt sin B cos B sin? a + {;w? (cos & — 3 cos® «)}.

4:76. Horizontal pressure on railway lines. Let M be the
mass of a train travelling on straight rails in a direction 6 East of
South. Then if R denotes the horizontal pressure of the rails measured
in the sense § North of East, using equations 4°7 (5), we have

M (£ — 2yw cos & —Tw? cos? a)= — R sin 6
and M (j+ 22w cos & —yw?)=R cos 6.

If the velocity relative to the rails is uniform and equal to ¥ so that

&=V cos §, and y=V sin 0, and we put =0, y=0 we find that
R=2MVw cos «,

indicating a pressure on the rails to the right, looking in the direction
of motion,

4-77. Examples. 1. A train of mass m is travelling with uniform
velocity V along a parallel of latitude. Prove that the difference between
the pressuro on the rails when it travels East and when it travels West
is 4mV wcos A, where A is the latitude and w is the angular velocity of
the earth.

2. A particleis projected in latitude A with velocity V at an elevation
yinadirection § East of South. Prove that owing to the earth’s rotation
with angular velocity w the time of flight 7' is increased by

2TV (w/g) cos y cos Asin 6;
that the particle falls a distance
4wsin® y (cos ysin A+ 3 sin y cos Acos ) V?/g®
to the right of the vertical plane of projection; and that the range is
increased by
4w sin y cos Acos § (cos? y — } sin? y) V3/g* approximately.

3. In latitude 45°N. a gun is fired due north at an object distant

20 kilometres, this being the maximum range of the gun. Shew that,

if the earth’s rotation has not been allowed for in aiming, the shell
should fall about 44 metres East of the mark. Shew also that if the
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shell is fired South under similar conditions the deviation will be twice
as great and towards the West. [Air-resistance is neglected.]
[M. T. 1916]

4. A shot is fired from a point on the earth’s surface, the angle
between the meridian and the plane of projection being 8, measured
from North to East. Shew that, when the shot again reaches the earth’s
surface, its deviation from the plane of projection, due to the rotation
of the earth, is to the right or to the left according as

3tan X —tanacosf

is positive or negative, where A is the latitude and « is the angle of
projection. The square of the angular velocity of the earth is neglected,
and the earth’s surface within range is taken to be plane.  [P. 1934]

EXAMPLES

1. A particle is projected horizontally with velocity 4/(2ga) along
the smooth surface of a sphere of radius a at the level of the centre.
Prove that the motion is confined between two horizontal planes at
a distance § (v/5—1)a apart. 1. 1914]

2. Aheavy particle moves on the inside of a smooth spherical shell;
shew that, if the velocity be due to falling from the level of the
centre, the pressure on the surface will vary as the depth below the
centre.

3. A heavy particle is moving on the interior surface of a smooth
sphere with velocity due to falling from the level of the centre, and its
motion is horizontal at a depth ¢ below the centre; shew that the

. . s 2ac .
radius of curvature of its path at that point is Vaiisa’ where a is
the radius of the sphere.

4. A particle, mass m, is projected along the surface of a paraboloid
of revolution, of latus rectum 4a, with a velocity 4/ ua, in the plane of
the latus rectum, and is acted upon by a force to the focus, my . (dis-
tance); prove that the initial osculating plane of its path is inclined to
the axis at an angle cot—! 3/5, and that the initial pressure is 3mua4/2.

5. If a particle be moving on a smooth circular cone under a force
to the vertex varying inversely as the square of the distance, prove that
if the cone be developed on to a tangent plane the path will be developed
into a conic having the vertex of the cone for one focus.

6. A particle is projected from a given point with a given velocity
and is acted upon by a given force to a fixed point. Shew that the
centre of curvature of the orbit at the point of projection lies on a fixed
plane. M. T. 1905]

7. A particle is placed between two smooth co-axial circular
cylinders of nearly equal radii, whose common axis is inclined to the
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vertical, and slides down under gravity. If B be the angular distance
of its initial position from the lowest point of the cross-section through
that position, shew that the particle will never press the inner surface
if 28 <; but that if 28> =, the particle will pass from the inner to the
outer surface, and back again, and so on, when ¢, its angular distance
at any point from the lowest point of the cross-section through that
point, takes the successive values given by 3 cos ¢ =2 cos .

8. A particle slides on a smooth helix of radius a and angle « under
the action of a force to a fixed point in the axis equal to p times the
distance. Investigate the motion, and prove that the pressure cannot

vanish unless the greatest velocity of the particle be v/ uaseca.

9. The force on a particle moving on the surface of a sphere is
along the meridian. The particle is projected from & point on the
equator and its path is a loxodrome*. Determine the law of force.

10. Aheavy bead moves along a vertical circular wire which revolves
uniformly about a vertical straight line in its own plane. Find the time
of a small oscillation, and the pressure on the wire.

11. A smooth surface is generated by the revolution of the curve
%y =c? about the axis of y which is vertically downwards, and a heavy
particle is projected along the surface with velocity due to falling from
the horizontal plane through the origin. Prove that its path on the
surface is a loxodrome.

12. A surface of revolution is such that if it be held with its axis
vertical, and a heavy particle be projected along it with suitable
velocity at any point in any direction, its path will cut every meridian
of the surface at a constant angle. Shew that the surface may be
generated by the revolution round the axis of y of the curve

h(2?*—a?) + 22y =0.

13. A point describes a loxodrome on a sphere in such a way that
its longitude increases uniformly; prove that the resultant acceleration
varies as the cosine of the latitude, and that its direction makes with
the normal to the sphere an angle equal to the latitude.

14. A particle falls down a smooth tube in the shape of a helix.
Find the pressure when it has fallen through a height &, if the axis of
the helix is vertical and the particle is descending with uniform velocity
v,

16. A heavy uniform string of given length is enclosed in a smooth
straight tube, which is made to revolve uniformly about a vertical
axis, 8o as to describe a right circular cone; determine the motion
of the string, and the tension at any point.

* A loxodrome, or rhumb line, is a curve on a surface of revolution
cutting the meridians at a constant angle.
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16. A heavy particle moves on a curve which revolves uniformly
about a vertical axis; prove that the time of an oscillation of the
particle about a position of relative equilibrium will be

2n ( psina 3

w \k—psinacosia/ ’
p being the radius of curvature at the point of equilibrium, « the angle
made by the normal at that point with the vertical, k the distance of
the point from the axis of revolution, and « the angular velocity of
the curve.

17. A particle of mass m is attached to one end of an elastic string,
the other end of which is fastened to the vertex of a smooth cone of
vertical angle 2«, having its axis vertical and vertex upwards; prove
that the particle can move with a constant velocity v round the surface
of the cone and with the string stretched to double its natural length,
provided that the modulus of elasticity >mg cos«, and that

v3cos a < 2agsin?a.

If the particle be slightly disturbed in the direction of the string,
find the time of a small oscillation.

18. Two particles move on smooth helices
z=a,co86,, y=a,8inb;, 2=ch;, and rx=a,cos 0y, y=aysinb,, z=cly
respectively. The particles repel one another with a force which varies
directly as their distance apart. Prove that

$3=A¢*—2H cos ¢+ B,
where ¢ =0, — 0, and 4, H, B are constants. [M. T. 1906]

19. A heavy particle moves upon a surface of revolution, axis
vertical, formed by the revolution of a parabola of latus rectum 4a
about the tangent at the vertex; prove that the differential equation
of the projection of the path upon a horizontal plane is

d*u  a (du\? A fa\d
(+ou g5i+g (aa) +e=3 ()
where A i8 & constant.

20. A smooth hollow ellipsoid of revolution is fixed with its axis
(2a) vertical, and a particle is projected from a point in the horizontal
plane through the centre and on the inside surface with velocity 4/(2ga)
and inclination « to the horizon. Find the value of « in order that the
greatest depth below the centre may be 2a/3, and find in that case the
greatest height reached.

21, A particle moves on the inside of a smooth circular cone,
vertical angle 2a, under the action of a force to the vertex varying
inversely as the square of the distance. It is projected from an apse
at a distance ¢ from the axis with the velocity which bears to the
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velocity requisite for circular motion the ratio of 4/3: /2. Prove that

the projection of the path on a plane perpendicular to the axis is
3c=2r+rcos(fsina),

that the time from one apse to the next is 7 (2c cosec a)*/\/ u, and that

the pressure of the particle on the surface of the cone is inversely
proportional to the cube of its distance from the vertex.

22. Two particles of masses m and m’ are connected by a string
passing through a small hole at the vertex of a cone having its axis
vertical and vertex uppermost. If m’ hangs vertically, find the condition
that m may describe a circle of radius ¢ on the cone, and shew that if
the particle be slightly disturbed it will oscillate about the circular path

in the time c(m+m’)
27 7 - .
\/{3g (m’ —m-cos a)sin a}

23. A particle is revolving on a smooth plane about a centre of
force, the accelerating effect to the centre being u x distance, and
when the body arrives at an apse the plane begins to revolve with an
angularvelocity 34/(3x) about the apsidalline; shew that the subsequent
orbit described on the plane will be & portion of a parabola; and that,
when the particle leaves the plane, its velocity will be 4/3 x velocity at
the vertex. [M. T. 1868]

24. A small bead slides on & smooth circular ring of radius a, which
is made to revolve with uniform angular velocity « round a vertical axis
passing through its centre, the plane of the ring being inclined at a
constant angle « to & horizontal plane. Shew that the law of angular
motion of the bead on the ring is the same as that of a bead on a ring
of radius acosec« revolving round & vertical diameter with angular
velocity wsina.

25. A smooth wire, in the form of a parabola, latus rectum I,
revolves about its axis which is vertical, the vertex being uppermost,
with uniform angular velocity 4/(g/l). A string passing through a
fixed ring at the focus carries, at one end, a small ring, mass m, which
slides on the wire, and at the other end a particle, mass m’, which hangs
freely. Given the velocity, ¥V, of the ring at the vertex, determine the
rate at which the ring describes the parabola at any point.

If m=4m’, and 2V?=gl, prove that, at a time ¢ after the ring has
passed the vertex, the angle § between the two parts of the string is

given by the equation 0 %9
cot é = -l— t.

26. Three masses m,, m,, mg are fastened to a string which passes
through a ring, and m, describes a horizontal circle as a conical pen-
dulum while m, and m, hang vertically.

If m, drops off, prove that the instantaneous change of tension of
the string is gm,my

my+my’
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27. A particle connected to a fixed point O by an inextensible
string is in stable equilibrium under the action of a conservative system
of forces. Prove that if the particle be slightly disturbed from its
position A, the two periods of independent small oscillations are

o/ (ras) = 2/ (rai):

where a is the length of the string, f the force per unit mass, p;, py the
principal radii of curvature of the equipotential surface at 4. The last
three are estimated positive in the direction 0A4. M. T. 1903]

28. A particle is free to move along a helix whose axis is vertical,
under the action of a centre of force whose accelerating effect is
u x distance, on the axis of the helix. The particle is so placed as
to be in equilibrium, and the centre of attraction then begins to move
vertically upwards with a velocity V; prove that, after a time ¢,

psin?a(ssina—Vt)2 4 (ésina— V)2=V3,
8 being the arc of the helix measured from the position of equilibrium,

and « the angle which the helix makes with the horizontal. Hence
determine & in terms of ¢.

29. A circular tube of smooth bore has its centre fixed above a
rough horizontal plane and is made to roll uniformly in contact with
the plane. Shew that the motion of a particle of unit mass within the
tube is given by

ad —aQlsin?asin g cos g +gsinasingd=0,

and the pressures towards the centre and perpendicular to the plane
of the tube are determined by

a(+Qcosa)?+aQ?sin? asin® ¢ +gsinacos ¢= R,

2a$Qsin o cos ¢ +aQ?sin acos acos g —gcosa =S,
where Q2 is the angular velocity of the point of contact round the
vertical and a the inclination of the plane of the tube to the horizon.

30. A particle is projected horizontally from a point on the surface
in the horizontal plane containing the lower focus of the spheroid
B +yi=(at—2) (1-e),

where the axis of z is vertical. Shew that if V is the initial velocity
when the path is a circle, and v, is the initial velocity when the particle

is projected so as to rise to the level of the centre and move horizontally
at that level with velocity v, then

vt =v,3(1—e?)=2V3,
Prove also that the time taken by the particle when projected with
velocity v, to rise to the level of the centre is

/ :{237(%; e_z;)}* dz. [1.1913)
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31. A heavy particle is projected horizontally along a smooth
surface of revolution whose equation in cylindrical co-ordinates is
823 = 27ar?, the positive axis of z being vertically upwards. Shew that,
if the normal at the point of projection is inclined to the vertical at an
angle }» and the particle leaves the surface at a point where the
normal makes an angle = with the vertical, the velocity of projection
must be /(ga/525). (1. 1908]

32. A particle moves on a rough surface under no forces but the
reaction of the surface. The surface is one of revolution whose meridian
curves are catenaries with the axis for directrix, and the particle is
projected from the equator in a direction making an angle a with the
meridian. Prove that the velocity v of the particle, when it crosses the
meridian at an angle ¢, satisfies the equation
<¢E ' 2uPvicos?24

dé) ~ cos2¢4—cos2a’
u being the coefficient of friction. (1. 1911]

33. A particle moves on a developable surface whose edge of regres-
sion is a helix, and is under the action of a force towards the axis. If
the particle starts from rest, shew that it will describe a geodesic; and
that, if the force = u . (distance), its position at time ¢ is given by the
OqUAION L, st = ¢ cost o cos? (V utcos a) —a?sin (V ptcos a),
where r is the distance from the helix measured along a generator,
¢ the initial value of r, and a the radius of the helix. [M. T. 1907}

34. A heavy particle is attached to one end of a light string of length
1, the other end of which is fastened to a point on a perfectly rough
right circular cylinder of radius a, whose axis is vertical. The string is
drawn tight and is initially a horizontal tangent to the cylinder, and
the particle is projected horizontally at right angles to the string with
velocity 4/(2gh) so that the string becomes wrapped round the cylinder.
Prove that the curve formed by the string on the cylinder satisfies

the equation _
4 ;{[; (a®p2sec® s+ tan? ) = lﬁq cos i,

where s is the arc measured from the fixed point, ¢ is the angle which
the tangent makes with the horizontal and p =ds/di. [I. 1906]



Chapter V
MOMENTS OF INERTIA

51. InPt.I, Ch. XIII we have defined moments of inertia
and proved the theorem of parallel axes, and some other
theorems relating more particularly to two-dimensional
problems.

In this chapter we shall consider material systems in three
dimensions and shall adopt the following notation: if m is
the mass of a typical particle of a system and z, y, z are its
co-ordinates,

A=2m(y®+22), B=Zm(®+22), C=Zm(2?+y?),
D=Xmyz, E=3%Zmzx, F=Zmuxy.

'5:2. To express the moment of inertia of a body about any line
through the origin in terms of A, B, C, D, E, F,

Let I, m,nbe thedirection cosines
of the line; m' the mass of an ele-
ment at P; z, y, z the co-ordinates
of P, and PN perpendicular to the N
line.

Then the required moment of (6] v
inertia I is given by /

I=3m' (NP) &

=3Zm' {x?+y?+ 22— (lx + my + nz)?}
=Zm' {(x®+y?+22) (I +m?® +n?) — (lx 4+ my + nz)?%}

=1Zm’ (y2+2%) + m2Em’ (22 +2%) +n2Zm’ (22 +y?)
— 2mn Zm'yz — 2nl Tm'zz — 2lm Em'zy

=Al2+ Bm2+ Cn?~2Dmn — 2Enl — 2FIm.
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5°3. Momental Ellipsoid. If we construct the quadric
Ax?+ By?+ C22—2Dyz —2Ezx — 2Fxy=Met .. (1),

where M denotes a mass and e a length, and if /, 1;1, n are the
direction cosines of a radius vector of length r, then, from (1),

AI2+ Bm?+ On?— 2Dmn — 2Enl — 2Flm = Medjr...(2),

so that the moment of inertia about any line from the origin is
Me4/r?, where 7 is the length of the line cut off by this quadric.
It follows that every radius vector of the quadrio is real, so
that it is an ellipsoid and it is called the Momental Ellipsoid
of the body at the point O.

Since it is always possible to choose co-ordinate axes so that
the coefficients of the product terms in the equation of an
ellipsoid vanish, therefore at every origin there is a set of
rectangular axes for which the products of inertia F
vanish. These axes are called the Principal Axes e Yody
at the point O, and in this case 4, B, C are called its Principal
Moments of Inertia.

54. Equimomental bodies. Bodies are said to be equi-
momental when they have equal moments of inertia about every
line in space.

This is clearly the case if the bodies have the same mass, the
same centre of gravity, the same principal axes at the centre
of gravity and the same principal moments of inertia.

That the converse is also true may be
proved thus: bearing in mind the theorem °
of parallel axes, the moment of inertia of a
body about an axis through its centre of
gravity is less than its moment about any
parallel axis. Let two bodies of masses M, LA (c]
M’ and centres of gravity &, G’ be equi-
momental. Then at any point their axes of P
greatest moment of inertia coincide, and R
their axes of least moment coincide; and, from what precedes,
their moments about any two parallel lines through @, ¢
respectively are each less than their moments about any other
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parallel lines; therefore these lines must coincide, whatever
their direction may be; therefore G, G’ coincide. Then the
axes of greatest moment at G are the same, as also are the
axes of least moment, and an axis perpendicular to both of
these is the third principal axis for both bodies.

Lastly, to prove the masses equal, let p be the distance of G
from any line PQ and let RS be a parallel line through G. Then

Mp?+mt. of M about RS
=mt. of M about PQ
=mt. of M' about PQ
=M'p?+mt. of M’ about RS;
but M and M’ have equal moments about RS, therefore
Mp?=M'p?
or M=M.

5'41. Example. To find a system of particles equimomental with a
plane triangular lamina.

Let Az, Ay be rectangular axes
through the corner 4 of the tri-
angle ABC, and let BC meet Az
in D. Let B, y be the distances of
B, C from Az, and let AD=a.

The moment of inertia of the C
triangle A BD about Ax

=]:a<l—%) yrdy = dyap?. A D =

The like moment of the triangle ACD is y;ay® and the area ABC
is §a (B—y). Denoting this area by M, the moment of inertia about 4z
of the triangle ABC is M (B2 + By + ¥?).

. . B\, (¥\*, [B+7\? s

This may be written $M {<§> + <§> + <—2——) } , which is also the
moment of inertia about Az of three particles, each of mass {M,
placed at the middle points of the sides of the triangle. Also these
systems have the same mass and the same centre of gravity @, and
therefore the same moment of inertia about an axis Gx” parallel to 4.
But the direction of this line was arbitrary, therefore the systems have
equal moments of inertia about all lines through @G in the plane, and,
by the theorem of parallel axes, about all lines in the plane; and since
for a plane body O=A4 + B, therefore for all axes at right angles to
the plane. Hence the systems are equimomental.

Y
B




5-5] PRINCIPAL AXES 115

5'5. Principal axes. To find at what point, sf any, of a
straight line 1t 18 a principal axis of z
a material system.

Take the straight line as axis
of z, some point O on it as origin,
and let P be the point at which it
is a principal axis and OP =h. Let
Pz', Py’ be the other two principal _,;/ P
axes at P, and 6 the angle between / ° y
Pz’ and Ox. 259

The necessary and sufficient /
conditions that Oz may be a principal axis at P are

//!/I

Zmy'?’ =Zmz'e’ =Zmzx'y' =0 ............ (1),
where x'=zcosf+ysind,
y'=ycosf—zsinf
and Z'=z—h.
Hence the three conditions to be satisfied are
cos § Tmyz — sin  Zmzx — h (cos 0 Zmy —sin § Emax) =0 ...(2),
cos § Zmzx + sin 0 Tmyz — h (cos 0 Zmx +sin Zmy) =0 ...(3)
and 8in 0 cos 6 Zm (y%— x?) + cos 20 Emxy =0 ...(4).
The elimination of 2 between (2) and (3) leads to
Zmzx Zmy = Zmyz ZmMx eeeuevenvnvnnnnnn. (5)

as the condition that Oz should be a principal axis at some
point of its length; and then the result of substituting from (5)

in (2) gives h=ZXmyz/Zmy =Zmzx[Zmz ............ (8),

thus determining the position of the point required.
We have not yet made use of (4). It may be written

tan20=2F[(B—A) .cccovvvrvnennns (7)

in our former notation, and it serves to determine the position
of the other principal axes at P.
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5:6. Ellipsoid of Gyration. Let the momental ellipsoid
(6:3 (1)) at a point O be referred to the principal axes at O as
co-ordinate axes so that its equation is

A2+ By?*+ C22=Met ...c.n...n........ (1).

Ifl, m,n are the direction cosines of the perpendicular ON from
the origin to the tangent plane at a point P on the surface, we

have ON2 2 m2 n?
W:—A—-}-—E—-FE .................. (2).

If on ON we take a point P’ such that OP’.ON = €2, then the
locus of P’ is the reciprocal of the locus of P, and it is an
ellipsoid

called the Ellipsoid of Gyration, at the point O, of the material
system.

Let I', m’, n’ be the direction cosines of the perpendicular
from O to a tangent plane to the ellipsoid of gyration and p’
its length, then from (3)

Mp2=Al'2+ Bm'2+ Cn'? ............... (4);

so that the moment of inertia about this perpendicular is
Mp’2. This is the characteristic property of an ellipsoid of
gyration, viz. that the moment of inertia about the central
perpendicular on a tangent plane is equal to the mass times
the square of the length of this perpendicular.

5'7. Arrangement of principal axes. Given the principal
axes and the principal moments of inertia at the centre of gravity
O of the body, to find the principal axes at a point P.

For simplicity denote the mass of the system by unity.
Construct a quadric confocal with the ellipsoid of gyration
and passing through the point P. Let its equation be

z2 y? 22
A+A+B+A+C+A_1 ............... (1).

Let I, m, n be the direction cosines of the perpendicular from
O to the tangent plane at P. The moment of inertia about this
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perpendicular is Al2+ Bm2+ Cn?; i.e. if this perpendicular
be an axis Oz’
Zm (z'2+y'?) = Al*+ Bm*+ On?;

therefore the moment of inertia with regard to a plane through
O parallel to the tangent plane is

Zmz'?=Zm (2 +y'%+2'%) —Zm (z'2+y'?)
=4} (A+ B+ C)—(Al2+ Bm?+ Cn?);

and the moment with regard to the tangent plane is found by
adding the square of the perpendicular on the tangent plane,

viz. (A+N) B+ (B+A)m2+ (C+A)nd,
and is therefore 3 A+B+C)+],

and is constant for tangent planes at all points on the quadric
on which P lies.

Again, if (1) denotes an ellipsoid through P, the tangent
plane to this ellipsoid at P will have a greater moment of
inertia than any other plane through P. For considering any
other plane « passing through P, « is nearer to the origin than
is the tangent plane to (1) parallel to «. Therefore the moment
of inertia with regard to « is less than the moment of inertia
with regard to a tangent plane to (1), i.e. less than the moment
of inertia with regard to the tangent plane at P. Hence the
tangent plane at P to the confocal ellipsoid through P is the
plane of greatest moment. Similarly the tangent plane at P
to the confocal hyperboloid of two sheets is the plane of least
moment, and the third principal plane must therefore be
tangent to the confocal hyperboloid of one sheet through P.

Thus the principal axes at any point P are the normals to
the quadrics passing through P, confocal with the ellipsoid of
gyration at the centre of gravity of the system.

Also the moment of inertia about the point P is

3 (4+B+C)+O0P?,
and the moment with regard to a tangent plane to the quadric
1) is
& $3(A+B+0C)+A,

L RDII
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therefore the moments about the principal axes at P are

where A, A,, A; are the parameters of the quadrics passing
through P confocal with the ellipsoid of gyration at O.

5'71. The arrangement of the principal axes of inertia of a
system is thus allied to the properties of confocal quadrics.
The condition that a line may be a principal axis at some point
of its length is the condition that it may be a normal at some
point to one of a family of confocal quadrics.

EXAMPLES

1. Prove that the product of inertia of a body with regard to any
two intersecting axes is equal to the product with regard to parallel
axes through the centre of gravity together with the product of the
whole mass collected at the centre of gravity.

2. Obtain the moments and products of inertia for the corner of a
uniform cube, taking the cube edges as axes. [M. T. 1932]

3. Prove that the moment of inertia of a body of mass M about a
straight line whose equations are (z —a)/l = (y — b)/m = (z — ¢) /n referred
to any rectangular axes through the centre of gravity is

A+ Bm3+ Cn®—2Dmn—2Enl—-2Flm
+ M {(nb —mc)? + (lc — na)? + (ma —1b)?},
if I, m, n are the direction cosines of the line.

4. A uniform square lamina is bounded by the axes of x and y and
the lines z = 2¢, y = 2¢, and a corner is cut off it by the line z/a + y/b=2.
Shew that, if c>a and ¢ > b, the two principal axes at the centre of the
square which are in its own plane are inclined to the axis of z at angles

given by ab—2c(a+b)+ 3¢

5. Particles of equal mass are placed at the corners of a regular
polygon. Prove that the squares of the principal radii of gyration at
any point O in the plane of the polygon are 3a? and }a?+ A2, where a is
the radius of the circumscribing circle of the polygon and 4 is the dis-
tance of O from the centre of this circle. [I. 1913]

6. A triangular plate has sides of length 3, 4 and 5 feet. Find the
equation of the momental ellipse at the centre of inertia of the plate
referred to axes through the centre of inertia parallel to the perpen-
dicular sides of the triangle. [I. 1908]
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7. Prove that the moment of inertia of a homogeneous anchor ring
about a diameter of its largest circular section is §.M (4c?+ 5a?), where
M is the mass and a, ¢ are the radii of the generating circle and the path
of its centre. [M. T. 1911]

8. Prove that, if lines passing through a fixed point are such that a
body has the same moment of inertia about each of them, the lines lie
on a cone of the second degree which has the same circular sections as
the momental ellipsoid at the point.

9. Prove that, if
S=Ax*+ By?+ Cz*— 2Dyz — 2Ezx — 2 Fxy = const.
be the equation of the momental ellipsoid at the centre of gravity O of
a body referred to any rectangular axes through O, then the momental
ellipsoid at the point (a, b, ¢) is
S+ M {(bz — cy)? + (cx — az)? + (ay — bx)?} = const.,
where M is the mass of the body.

10. Prove that at the centre of any regular solid the momental
ellipsoid is a sphere.

11. Find the equation of the momental ellipsoid at the vertex of a
uniform solid right circular cone, of mass M, height k, and semi-
vertical angle a.

Find four particles, one at the vertex and three in & plane perpen-
dicular to the axis, which form a system equimomental with the cone.

(1. 1930]

12. Prove that a uniform tetrahcdron is equimomental with
particles each one-twentieth of its mass at its four corners and a particle
of four-fifths of its mass at its centre of gravity.

13. Prove that a line which is a principal axis of a body at its centre
of gravity is also a principal axis at every point of its length.

14. Prove that, if a line is a principal axis of a body at more than
one point, it must pass through the centre of gravity of the body and
be a principal axis at every point of its length.

15. Prove that an edge of a tetrahedron can only be a principal axis
at some point of its length if it is perpendicular to the opposite edge.

16. Each of three equal uniform rods 4 B, BC, CD is of mass m and
of length 2a, and each is perpendicular to the other two. Prove that
the principal moments of inertia at the centre of inertia of the system
are ma?, Llma?, 4ma?, M. T, 1907]

52
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17. A uniform solid circular cone of half angle « and height & is cut
in half by a plane through its axis. Shew that the principal moments of
inertia at the vertex for one of the halves are

$Mh2(1+} tan?a)
and f“th”[l + {tan?a + \/{(1 — }tan? a)’+§—:§tan’ a}],

where M is the mass of the body. Indicate how the axes of inertia lie.
[M. T. 1921]

18. Prove that the moment of inertia of an elliptic disc of mass M
and equation ax? + 2hay + by® + 29z + 2fy + ¢ =0,
about the diameter parallel to the axis of z, is — {aMA/(ab— h?)?, where
A =abc+ 2fgh —af?— bg? — ch?.

19. The principal moments of inertia at the centre of gravity G of
a body are 4, B, C. The six co-ordinates of a line referred to the prin-
cipal axes at G are I, m, n, A, u, v. Shew that the moment of inertia
of the body, mass M, about the line is

AB+ Bm?+ Cn?+ M (A3 4 p? 4 v2).
IfV,m’,n’, X, u', v’ are the co-ordinates of & line perpendicular to the
given line and intersecting it, shew that the product of inertia for the
pair of lines is
—{AlW + Bmm’+ Cnn'+ M (AN + pp’+w')}.  [M. T. 1926]

20. From any point a tangent cone is drawn to the ellipsoid of
gyration at the centre of gravity of a body. Prove that the moment of
inertia about every generator of the reciprocal cone is the same.

[M. T. 1895]

21. A quadric confocal with the ellipsoid of gyration at the centre
of gravity of a body intersects a concentric sphere. Prove that at all
points of the curve of intersection one of the principal moments of
inertia has the same value.

22. Prove that, if 4, B, C are the principal moments of inertia of

a body at its centre of gravity, the plane lx + my+nz=1is a principal
plane at the point where it intersects the line

?E_A=3/.._.B=i_g.
i m n



Chapter VI

MISCELLANEOUS PROBLEMS IN RIGID
DYNAMICS MAINLY TWO-DIMENSIONAL

6-1. In the later chapters of Pt. I we established the
equations of motion of a rigid body moving in two dimensions,
together with the principles of conservation of energy and
momentum, and applied them to the solution of a variety of
problems of an elementary kind. The present chapter contains
further applications of the same dynamical principles to a
wider range of problems.

6:11. Rolling spheres and cylinders. Examples on
Friction.

(i) A uniform thin hollow cylinder of mass M and radius a 8 free to
rotate about its axis, which is horizontal. A uniform solid cylinder of mass
m and radius b rolls without slipping on the inner surface of the first
cylinder. Shew that, if the plane containing the axes of the cylinders
oscillates through an angle a, its period is the same as that of a simple
pendulum of length 3SM+m

(@=8) 537 +m
osctllating through the same angle «. [P. 1934]

Let an axial plane fixed to the first cylinder make an angle ¢ and the
common axial plane an angle § with
the vertical.

Let the friction F act on the first
cylinder in the sense in which 6 in-
creases, and let o be the angular
velocity of the second cylinder.

The equations of motion are, for the
first cylinder,

Ma*¢=—Fa ... (1)
and, for the second cylinder,
mb2o=Fb............ (2)

and m(a—>b)f= — F—mgsind...(3).

There is also the condition for rolling, i.e. that the point A of both
cylinders has the same velocity, or

(@=b0)=bw=—=ad «coevverririnnrnnnnnns (4).
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By eliminating F, « and ¢ from these four equations, we find that
3M+m
(@=b) 2M+m

8o that if the common axial plane has an oscillatory motion it behaves

like a simple pendulum of length (@ —b) —3——%—1—%: .

b+ gsin =0,

(ii) A uniform hollow cylinder of radius a is at rest inside a cylinder
of internal radius b, the axes of both cylinders being horizontal. The system
18 started vmpulsively from rest so that the cylinder of radius b moves, in a
horizontal direction at right angles to its axts, with velocity V, and it is then
Jorced to continue moving horizontally with the same velocity, and without
rotation. The cylinder of radius a rolls without slipping on the inner
surface of the cylinder of radius b. Prove that it makes complete revolutions
right round that surface, if V3> 12g (b—a). M. T. 1935]

Let w be the angular velocity of the inner cylinder, and @ the angle
which the common axial plane makes
with the vertical axial plane.

The normal pressure R and the friction
F are shewn in the figure in the sense in
which they act on the inner cylinder.
Its equations of motion are

m(b—a)b= ~F—mgsing...(1),
m(b—a)f2=R—mgcosf ...(2),

malo=Fa ........ wee(3);

and we have a condition for rolling, viz.
(b—a)f—aw+Vcosf=V cos 6,
or aw=(b—a)b............ (4).
By eliminating F and  from (1), (3) and (4), we get
2(b—a)l= —gsiné,
which gives b—a)@?=(0b—a)f2—g(1—cos8) .cccoverrennan. (5),

where §, is the initial value of 4.

Initially the point of contact is at A and the inner cylinder is set in
motion by an impulsive action acting through the point 4. Hence the
moment about A of the momentum of the inner cylinder immediately
after the impulse is the same as it was before the impulse, i.e. zero. This

gives an equation matew, +ma (b—a) by +maV =0,

where w, denotes the initial value of w. But, as in (4),
aw,=(b—a) 00»

therefore 2(b—a)by=-V.
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Hence, from (5), we get -
(b—a) 92=m—g(l —Ccos 0);

B__V1 _
m~ 4(b—a)

The inner cylinder will make complete revolutions if R is positive
when 0=, i.e. if V2> 129 (b—a).

(iii) A uniform sphere of radius a is gently placed on the top of a thin
vertical pole of height h(>a) and then allowed to fall over. Shew that,
however rough the pole may be, the sphere will slip on the pole before it
JSinally falls off it. (L. 1931]

Let 6 be the angle which the radius to the point of contact O makes
with the vertical, F the friction, R the normal re-
action. So long as rolling lasts the centre G has ac-
celeration af at right angles to 0@ and a6? along GO,
and the sphere has an angular accaleration §. There-
fore

80 that from (2) g(l—2cosé).

maf=mgsin—F ............... (1),
maft=mgcos—R ............... (2),
$Matl=Fa ......c...covuvernennenne. (3)
From (1) and (3) we get
Jab=gsin6;
or, on integration,
Taf?= — 2g cos 6 + const.

If we assume that the sphere is slightly disturbed
from its position of unstable equilibrium, we may put
=0 when §=0; but it should be noticed that a dis-
turbance however slight is necessary to start the motion since §
vanishes with 6.

Thus we have af?=10g(1—=c080) ..cceevvrvrernnannnnnn. (4),
and then, from (2), R=3mg(17co880—10) ........ccevvvnennnn. (5),
while from (1) and (3) F=8mgsing .............ovvvevenennn. (6).

Let u denote a finite coefficient of friction, and let

fO)=F—pR
=}mg{2sin— pu (17 cos 6 —10)}.
Then S/ (0)=34mg (2cos 6+ 17usin 6),

so that for acute angles f’ (6) is positive and f (0) an increasing function.
But f(0) is negative when 8= 0 and positive when cos § ={9¢, therefore
f(6) vanishes and changes sign for a value of § between 0 and cos-?{9.
It follows that, for this value of 8, the friction necessary to maintain
rolling would exceed the maximum friction. Therefore sliding takes
place no matter how large the coefficient of friction provided it is finite.
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(iv) A uniform rod is held nearly vertically with its lower end resting
on an imperfectly rough plane. It is released from rest and falls forwards.
The inclination to the vertical at any instant i8 0. Prove (i) that if the
coefficient of friction is less than a certain finite amount the lower end of
the rod will slip backwards before sin? $60=14; (ii) that however great the
coeffictent of friction may be the lower end will begin to slip forwards at a
value of sin? 8 between } and 3. [M. T. 1928]

Let m be the mass and 2a the length of the rod. In the beginning of
the motion the rod turns about its
lower end O which we take as an
origin, so that with horizontal and
vertical axes the co-ordinates of the
centre @ of the rod are

z=asinf, y=acosb,
and, if F, R denote the friction and
the reaction of the plane, we have
mi=F, mj=R-—my,
and, by moments about O,
4ma2=mgasin 9,
or af=3gsind, and ab?=3g(l—cosd),
assuming, as in the preceding example, that the rod is slightly disturbed
from its position of unstable equilibrium.

Hence we get F=ma (§cos §—§*sin 6)
=imgsin (3 cos §—2),
and R=mg—ma (§sin 0§+ 62 cos )

=$mg (1 —3cosb)2.

It appears that F vanishes when §=0 and when cos§=%§ and is
positive for intermediate values of 8, and being a continuous function
has a maximum value between these limits, say F;; also R does not
exceed mg within this range of values for 6. There is a finite u for
which F; > umg, and for this x sliding will take place before 6 reaches
the value cos-1%, i.e. before sin® $6=4%.

Secondly, let the coefficient of friction be large; as § passes the
value cos—1 %, F becomes negative, i.e. the direction of the friction is
reversed, and the end of the rod slips forwards when

3s8inf(2—3cos8)>pu(l—3cosh)s.

But as 0 increases from cos—'% to cos—'§ the expression on the left
increases continuously from 0 to 4/8, while the factor of x on the right
decreases continuously from 1 to zero. It follows that however great
u may be, provided it is finite, there will be a value of § within this
range for which the condition is satisfied; i.e. the end of the rod slips
forwards at a value of sin? 6 between } and }.
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(v) A heavy inelastic uniform rod of length 2a ts allowed to fall without
rotation so that one end strikes a smooth horizontal plane. Prove that, if
« be the inclination to the vertical, u the velocity of the rod at the instant of
smpact and 9u?sin?« cos @ >ga (1 + 3sin?a)?,
then contact is broken at once.

Using the figure of the preceding example, to find the pressure on the
plane after the impact, we have equations

mj=R—mg and %ma®f=aRsin,
where y =a cos 8. Therefore, eliminating R and y,
$af (1 + 3sin?0) +afd?sinfcos f=gsin f
and R(1+43sin?8)=m(g—af?cos) ............... (1).

Let u’ be the velocity of the centre and w the angular velocity at the
instant after impact. The change in linear momentum is m (' —u) and
in moment of momentum §ma?w; but the moment of momentum about
the point of impact is unaltered, therefore

m (v —u)asina+imatw =0,

where, since w is thoe initial value of § and —«’ is the initial value of ¥,
u' =awsina. Hence aw (sind o+ }) = usin a.
Then if we substitute the initial values in (1), it is evident that contact
is broken at once if aw?cosa>g, i.e. if

Yu?sin? o cos o> ga (1 + 3sin?a)?.

6+12. Examples. 1. A uniform circular cylinder of mass M is free to
rotate around its axis which is smooth and horizontal and about which
its radius of gyration is equal to its radius. A uniform solid sphere of
mass m is placed with its lowest point in contact with the highest
generator of the cylinder, both sphere and cylinder being initially at
rest. The sphere is then slightly disturbed and rolls down the cylinder,
all points of the sphere moving in planes perpendicular to the axis of
the cylinder. Shew that slipping takes place before the sphere leaves
the cylinder, and begins when

2M sin 0= p[(17M 4 6m) cos 6 — (10M + 4m)],

u being the coefficient of friction between the sphere and the cylinder,
and § the inclination to the vertical of the plane through the axis of
the cylinder and the centre of the sphere. [M. T. 1933]

2. A uniform cylinder of mass M and radius a lies on a smooth hori-
zontal plane, and a second uniform cylinder of mass m and radius b
lies in contact with and outside the first along a generator. The surfaces
between the two cylinders are rough. The system is allowed to move
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from rest in this position. Shew that as long as the cylinders remain in

contact 3M + 2msin? §

T 2(M4m)

where 6 is the angle between the vertical and the plane through the
axes of the cylinders, and 6, is its initial value.

Find an expression for the time to roll from 6= 6, to § = 6, when both

4, and 6, are small. [M. T. 1924]

3. A uniform thin hollow cylinder of mass M and radius b moves on
a smooth horizontal plane. A second uniform thin hollow cylinder of
mass m and radius a (<b) rolls, without slipping, on the inner surface
of the first cylinder. Ifat time ¢ during the motion the plane containing
the axes makes an angle § with the vertical, and the first cylinder has
turned through an angle 8+ ¢ from a standard position, shew that

(bM +am)6+b(M+m)é

(a+Db) 62=2g (cos 8, — cos 6),

remains constant.
Shew further that, if the motion starts from rest when 8 =a, then

o= ;L 2_121‘4“%,;?1)979 (cos@—cosa).  [M. T.1931]

4. A uniform solid sphere rolling with angular velocity w, along a
horizontal plane strikes a rough inelastic plane inclined at an angle a
to the horizontal, so as to run up a line of greatest slope. Assuming that
there is no impulsive frictional reaction on impact and that the con-
ditions are such that the sphere ceases to slide before beginning to
descend, shew that the time between the impact and the moment of

rest is aw, (3 +cos a)/gsin a. [M. T. 1927]
5. A golf ball of radius a rolls directly towards the centre of a hole
of diameter cwith velocity v. Assuming that the ball strikes the opposite

edge of the hole and that no slipping takes place, shew that if the ball
overshoots the hole

. . PRTI
{(l% +acos a) v—‘(w—(—i—w)} >2ga(1—cosa)(k*+a?),

where cosa=1— g(c—asina)?
2av? ’

and k is the radius of gyration of the ball about a diameter. [M. T. 1926]

6'2. Motion of a plane lamina with a curved boundary
rolling on a fixed curve under the action of given forces.
Let the curve P@Q roll on the fixed curve P'Q. Let P, P’ be in
contact at time ¢, and let @ be the point of contact after a short
interval 8¢; let the arc PQ = P’'Q=3s, and let p, p’ be the radii
of curvature and 3y, 3’ the angles between the tangents at
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P, P’ and the tangent T'Q at Q. Then if w is the angular velocity
of the rolling curve

1 1
St=3 +a'=&(—+7) ............... 1).
w W+ 0y Fap (1)

To find the acceleration of
the point of contact, we note
that @ is the instantaneous
centre of rotation, so that in
time 8¢ the point P has ac-
quired a velocity wP@ at
right angles to P@, and this
has normal and tangential
components wPQ cos PQT
and wP@sin PQT. But
lim PQ/3s=1, lim cos PQT =1 and lim sin PQT =0, so that
we have

normal accel. =lim w &Q §— cos PQT = w ...(2),
&s ot p+
and
tangential accel. =lim w 1;—? g%sin PQT=0......... (3).

Now let G be the centre of gravity of the lamina, m its mass,
QG =r and 0 the angle between @G and the normal.

Then by taking moments about the instantaneous centre of
rotation @ [Pt. I, 166 (1)], the equation of motion is

1 2 2 2]
2&m0 +E)oB=L ..ccoeurnn.. (4),
where L is the moment of the external forces about Q.
.This may be written

m(ri+k¥)o+mrio=L ............... (5);
but i'=ég—:= —$8inf
= — wpp,sin 6, from (1).
+p
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Therefore m(r:+ k%) w— l%f’%rw%inﬂ:L ......... (6)

is the equation determining the motion.

To determine the normal pressure R and the friction F on
the rolling curve, we note that, relative to @, G has accelera-
tions # — rw? along Q@ and 2¢w +rd at right angles to Q@. If
these are compounded with the acceleration of @ given by (2),
we can then write down equations of motion for normal and
tangential directions which will serve to determine R and F
in terms of the other data. But in actual problems there are
usually data which simplify the solution.

6-21. Example. A uniform circular disc of mass m and radius a rolls
down a curve s=ctan  placed in a vertical plane with its vertex upper-
most. Find an equation to determine where the disc leaves the curve.

Let ¢ denote the inclination to the horizontal of the tangent at the
point of contact; then in the notation of 62 p=a, p’=csec?y, and
r=a; so that from 6-2 (1)

PP

or Ao =1 (B+CSEC2 ) cerrrrnrienrrrrernniens (1).
Also 6°2 (4) gives $ma?i =mgasin ¢,
therefore atwa=Efgdsin(a+csecyP) voevrrnirinnnnnn. (2);

and, if we suppose that the disc is slightly disturbed and rolls down
from the highest point of the curve, we get on integration
alw?=4g(a—acosy+csecyy—c) ...ooeuennnnnn. (3).

To find the pressure R we require the normal acceleration of @Q; this
can be got by combining its acceleration w?a along GQ relative to @
with the acceleration of @ along Q@, which from 62 (2) is

wlacsec? /(a4 csec? ),

or from the simpler consideration that G is moving with velocity aw
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on a parallel curve of radius of curvature a + csec? y, so that its acceler-
ation along the inward normal to its path is a?w?/(a + csec? ).

ma?w?
m—mg COS(II—‘R ..................... (4)-

Hence R vanishes when

Thence we have

atw?=g(acosy+csecy),
or, from (3), when

4(a—acosy+csecy—c)=3(acosy+csecy),
i.e. Tacos?y—4(a—c)cosPp—c=0 ......coeunenen (5),
and the positive root of this equation determines the required value

of .

6-22. Examples. 1. A uniform circular disc of radius a rolls without
slipping on a wire in a vertical plane. The wire is in the form of the
curve 8 =f (i), 8 being the length of the curve from a fixed point to any
point P, and ¢ the angle that the tangent at P makes with the hori-
zontal. Shew that the i co-ordinate of the point of the curve in contact
with the disc at any time satisfies the equation

%’;{f<¢>-—a¢}= —ggsiny. [T. 1924]

2. A uniform circular disc of radius 7 rolls, in a vertical plane, from
rest at the highest point of a cycloidal wire placed in a vertical plane
with its vertex upwards—the parameter of the cycloid being a; if the
wire be sufficiently rough to prevent sliding, shew that the disc will
leave the wire when the common normal makes an angle 6 with the
vertical given by

3(4acos f+7)cos =8 (asin?f+ rsin?§/2). [1. 1927]

3. A uniform circular disc of radius a is free to move in a vertical
plane and rolls under gravity on a curve in that plane. Shew that the
angular velocity of the disc is ‘—];\/(ﬁgz), where z is the depth of the

centre of the disc below a certain level. [M. T. 1924]

6-3. Sudden changes and Initial motions. In Pt. I,
15'41 we solved some problems on the effects of prescribed
impulsive changes in the motion of a body, and in Pt. I,
16-3 attention was called to the simplification of the equations
of motion when a body or system starts from rest and only the
initial values of the accelerations and stresses are required.
As a further example of the first kind let us consider the change
of motion produced in a lamina with a curved boundary
by its impact on a fixed rough inelastic curve in its plane.
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Referring to the figure of 6:2, let @ be the point of impact,
w, o’ the angular velocities of the lamina just before and after
the impact, and v the component velocity of G at right angles
to GQ just before impact. Then since the moment of momen-
tum about @ is unaltered by the blow, the equation

m (k% +12) ' =mk2w + mor

determines the angular velocity with which the lamina
begins to roll.

6:31. Initial curvature. 7'o determine the initial curvatures
of the paths of assigned points of a system, when the system is
set in motion in a given manner, or when it begins to move from
rest owing to the giving way of a constraint.

In the former case, if the velocity of an assigned point is
known in magnitude and direction, since the normal accelera-
tion v?/p can be found from the equation of motion, therefore
the curvature 1/p is determinate.

In the latter case, if we can find the initial direction of
motion, and also find the small displacements which take place
in a short interval of time along and perpendicular to the
direction of motion, then we may be able to find the curvature
by using Newton’s formula

Otherwise it may be necessary to take such an expression as

& — y&
Sm T e, (1),
P T (@2 +yt

which gives the curvature of the path of the point (z, y) at
time ¢, and find the limit of this expression as ¢ 0; or, if
polar co-ordinates (r, §) are used, the limit of

1 126042720 —rif +rif @)

" T S .
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Consider (1), and denote by %,,... the value of %,... at time
t=0. We have #,=9,=0. Then, by Maclaurin’s Theorem,

BB PR =12 (B2t o) ore  veereennnn ceeenn(3)

The values of xy, y,, %,, § are known. The values of ,, ¥,
are obtained from the equations of motion; and the initial
values of the higher derivatives are obtained by successive
differentiations of the equations of motion. Usually, the co-
efficient of ¢? in (3) is positive, while the coefficient of ¢2 in
(4) is zero, and the coefficient of ¢* is not zero. Then the
initial curvature is Ly .
+ ToYo—LoYo (5).

3 (62 + go?)
Similarly, in polar co-ordinates, the initial curvature is

31203 + 67020, + 7o, fy— ro¥o by )
3 (r020'02+i02)i ...... ...(6).

68:32. Examples. (i) Two particles A and B are connected by a fine

string; A rests in limating equilibrium on a rough horizontal table and B

hangs vertically at a distance a below the edge of the table. The string being

entirely in a plane at right angles to the edge, B is projected horizontally

in this plane with velocity V. Prove that the initial acceleration of A is

wV3/(p+ 1) a, and that the initial curvature of the path of B is 1ja(u+ 1).
Let m, m’ denote the masses of A, B. Let the position of B be defined

by polar co-ordinates r, 6 referred to an 4 o

origin at the edge of the table and such ™

that initially r=a, 6=0 and r=V.

For limiting equilibrium we must have 6\,
m’'g = pmg.

If T is the tension, then, in the initial
position, the equations of motion are B

mi=T —umg m

and m’ (F—rf2)=m'g—T;
whence by addition  (m+m’)F=mr®=m'V3ja
or F=pV3(p+1)a.

Again, if p be the initial radius of curvature of the path of B,
Vo ppye BV VAV

== - et e =G

so that p=(u+1)a.
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(ii) T'wo uniform rods AB, BC are smoothly jointed at B and can turn
about the end A which 18 fixed. Initially they are held so that ABC is a
horizontal straight line and then they are let go. Find the initial curvature
of the path of C.

Let m, m’ be the masses and 2a, 2b the lengths of A B, BC, and w, o’
their initial angular accelerations.

A ~ B ~ C
r v l ]
aw 2aw+bw’
By taking moments about B for BC and about A4 for the system,

we get Imb2w’ +m'b (2aw +bw’) =m/gh
and 4malw+im'bie’+m’ (2aw +bw’) (2a+b) =mga+m’g (2a +b),
leading to —ai,= —9 m+ 2m.

w a m

Suppose that, after a short time ¢, 8, ¢ are the inclinations of A B, BC
to the horizontal; then the horizontal and vertical displacements of

C are 2a(l1—cosf8)+2b(1—cos¢) and 2asinf+2bsind,
or, approximately, af62+b¢é* and 2af+ 2bg.

The initial tangent to the path of C is vertical, so that, if p 1s the

radius of curvature, 2
2p=1lim 4(20+54)"

But the first approximations to § and ¢ are
0=4wt?, ¢=13u"?,

/2
and hence we obtain p= 17(%%(2%%—)&%’

(iii) A uniform thin rod of length 2a is held at an inclination a to the
horizontal in contact with a smooth peg
at its middle point. Prove that when the
rod is let go the initial radius of curvature
of the path of a point at a distance ¢ from
the middle point ts (a?/c) tan «.

Let r, 8 be the co-ordinates of P, so
that r—c, 6 are the co-ordinates of G.
Then the equations of motion are

F—(r—c)f2=gsin(a+6) ...(1),
(r—c)[(r—c) 0 +270] + }a?d /
=g(r—c)cos(a+6) ...(2).
Then ry=¢,7,=0,0,=0, 6=0. By (1), (2), 7, = gsin a, §, = 0. We wish to
differentiate (1) and (2), twice. We can therefore neglect small quan-
tities of the 3rd order in powers of ¢. Since #,=0, r —c is of the second

~
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order; and similarly, 6 is of the 3rd order. Hence to the required
degree of approximation, (1) and (2) become

Ff=gsin a, a2=3g(r—c)cosa,
giving Fo=%=0, #,=0, 50 = 3g2sin « cos «/a?.

Hence, by 6-31 (6), the initial radius of curvature is a? tan a/ec.

68-33. Examples. 1. A uniform circular disc of radius a, fallingina
vertical plane without rotation, impinges on the rough edge of a fixed
inelastic circular disc of radius b in the same plane, the common radius
at the point of impact making an angle « with the vertical. Prove that
the discs separate when the common normal makes an angle 8 with
the vertical given by

7cosf=4cosa+4V?sin®a/3 (a+bd)g,

where V is the velocity of the falling disc at the moment of impact,
provided this gives a real value.

2. Two equal uniform rods A B, BC, each of weight W, are smoothly
jointed at B, and the end 4 is fixed. The system is held so that 4 and C
are in the same horizontal line and the angle 4 BC is a right angle, and
C is then released. Shew that the initial reaction at B is $4/§W.

[I. 1899]

3. A uniform rod of length 2a and mass m, carrying at one end a
particle of mass m, has that end connected by a weightless inex-
tensible string of length a to a fixed point. There is a smooth peg
fixed at a distance a from the point, in the same horizontal line. The
rod is placed at rest with its middle point against the peg, so that the
string is stretched, the particle downwards and the whole system in a
vertical plane. Shew that the rod begins to move with angular acceler-
ation 15g/44a, and the string with angular acceleration 15g/22a.

[M. T. 1902]

4. Obtain the expression of 8-31 (6), viz.

o 3 (ro?g? + iy
3ro20,® + 67428, + 7, ioiéo N
for the initial radius of curvature of the path of a point in polar
co-ordinates.

’

5. Three particles A, B, C are connected by two strings A B, AC
and placed in a line on a smooth table. The extreme particles B and C
are then projected at right angles to the strings with velocities u, v.
Prove that the initial curvatures of the paths of the extreme particles
are respectively

(g+m)ub+qvia (p+m)via+pud
(p+g+m)uiab (p+g+m)viab *
m, p, ¢ being the masses of the particles, and a, b the lengths of the
strings.
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6. Two particles of masses m, m’ are tied to the ends of a string
which passes through a bead of mass u, and the whole system is placed
on a smooth table with m, m’ at the acute angles and n at the right angle
of a right-angled triangle. If the particles are projected with velocities
u, v and at right angles to the respective portions of string, the lengths
of which are @ and b, prove that, if p, p’ are the initial radii of curvature

of their paths,
mud m'v? fud ol 1 2 1
T - _—P7—_ (E +3> /(1—]‘+;+’__u’) ’

7. A plane lamina, which is moveable about a horizontal axis in its
plane, passing through its centre of gravity, is horizontal when a
particle of mass m is placed upon it at a distance ¢ from the axis. Shew
that the initial curvature of the path of the particle is I/3mc?, where
I is the moment of inertia of the lamina about the axis.

8+4. Oscillations of a heterogeneous sphere on a horizontal
plane. Let a be the radius of the sphere, m its mass and c¢ the distance
of the centre of gravity G from the centre C.

(o) When the plane 18 smooth.
Since there is no horizontal force y
on the sphere, the motion of @ is
in a vertical straight line Oy, and
the motion of the point of contact
P is one of sliding along the hori-
zontal Ox. Hence the instantaneous |
centre I is the intersection of a
horizontal through G with the \
radius PC, and if GCP=4, the [0) P z
equation of moments about I is

ld,

26 dt
For small oscillations about the equilibrium position this reduces to
E4gc0=0 ..oovviiriiiiniininiinanns 2),

making the length of the equivalent simple pendulum 4?/c.

(B) When the plane is rough. When there is rolling, P is the instan-
taneous centre, and the corresponding equation of moments about P is

1d

(k% +c?sin? ) 3} = —gcsin g ............... (1).

T {(k?*+a*+ c?—2accos §) §3} = —gcsin ......... (3),
giving for small oscillations about the position of equilibrium
(kS (a=c)} i+gcb=0 ....cceevvenrennenne (4),

so that in this case the length of the equivalent simple pendulum is
{k*+(a=c)%}/e
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6-41. Motion of a uniform heavy rod which is free to
turn about an end which is fixed. Let 2a be the length of the
rod, O the fixed end and Oz vertical, M the
whole mass and m the mass of a small element
at a distance r from the fixed end; 6 the in-
clination to the vertical and ¢ the angle which
the vertical plane through the rod makes with a
fixed vertical plane.

Let us find the condition that the rod may
rotate uniformly so that ¢ and § may have con-
stant values w and «.

The moment of momentum about Oz is con-
stant, since the weight and the reaction at O
have no moment about Oz. Hence

% (mr?sin26.$) = const.,

or $sin?f=wsin®a .....c....cooounn. (1),

for Tmr? is a constant $Ma?2.
Again, there is an energy equation

1% {mr? (6% + §2sin20)} — Mga cos § = const.,

or 2Ma? (624 $?sin%0) — Mga cos § =2 Ma?w?sin o — M,qa(;;)s o

If we eliminate ¢ between (1) and (2), we get
2qin4
g (g, @?sinta) 2 gie
za((} t il ) gcosf=2%aw?sin?a—gcosa (3).

Differentiating and dividing by 6, we find that
4a (f — w?sinta cot § cosec?d) + 3gsin =0 ...(4).

For steady motion this must be satisfied by 8=«, so that the

required condition is 4aw2CoS =3 .cectririiiiiininenns (5).

For small oscillations about this state of steady motion, we put
0=a+ x, where x is small, in (4), and retain only the first power of .
This substitution is most simply effected by observing that equation
(4) is of the form G+£(8)=0

which is equivalent to $+f(@+x)=0,
or X+f(2)+xf (x)=0,
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and f(«) vanishes because of (5), so that (6) reduces to
X+xf (2)=0;
or, in this case, i+ w?(1+3cos?a)x=0,
which represents an oscillatory motion with period
27/w4/(1+ 3 cos?a).

6-42. Application of the Principle of Virtual Work.
Since in any configuration of a moving system the effective
forces are the exact equivalent of the impressed forces, it
follows that if we consider any possible virtual displacement
of the system from this configuration the virtual work of the
effective forces must be equal to that of the impressed forces;
provided that we include in this equation of virtual work every
force whether internal or external which does work in the
displacement.

Consider for example a single rigid body. Suppose that it
possesses a rate of change of linear momentum F in an assigned
direction and that &s is the virtual displacement of the centre
of gravity inthat direction, then a term F &s enters the equation
of virtual work. Similarly, if it possesses a rate of change of
moment of momentum H about an assigned axis through its
centre of gravityand 3¢ is the virtual rotation about that axis,
the corresponding term in the equation of virtual work is H 8¢.

68:43. Example. A uniform elastic ring of mass m, length 2znc and
modulus of elasticity myg is placed horizontally on a smooth paraboloid
of revolution of latus rectum 4a with axis vertical and vertex uppermost.
Find the equation of motion, the position of equilibrium and the time of a
small oscillation about it.

Let y?=4az be the equation of the meridian section of the para-
boloid, 7' the tension of the ring when its radius is y. If ¢ denotes an
arc of the meridian curve, any point of the ring has accelerations § and
83/p, and if we consider a virtual displacement of the ring downwards
we have an equation of virtual work

mé 38 =mg 8z — T3 (2my),
d —-
or §=gd—8~—2ﬂgTd8 ........................ (1).

This equation might have been found by considering an element
of the string, or by writing down the equation of energy and differ-
entiating it.
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Expressing § and z in terms of y, we get

¥ (¥ + 4a?) + yy2 = 2agy — 8mga (y —c)fc ..oevunenen. (2).
Hence the equilibrium position is given by
Yo=4mac/(4na—C) ..oiiiiiiiiiiiiiininin (3).

For small oscillations we put y =1y, + 7, where 7 is small, and retain
only the first power of 5. Thus

7 (Yod + 4a?) = 2ang (1 - %’“) .................. (4).
Since (3) requires 4ma—c¢ to be positive, (4) represents an oscillatory

motion of period 2ca {4m?cd + (4na—c)2) b
27 .
[ g(4ma—c)? ]

6'44. Examples. 1. A rod of length 2a moves under gravity about
one end which is smoothly jointed to a fixed point, and hasits other end
joined by an elastic string, of natural length a and modulus of elasticity
equal to the weight of the rod, to asecond point at a distance a vertically
below the first. Prove that the angular velocity with which the rod
must rotate about the vertical in order that the string may be stretched
to twice its natural length is 4/(8g/a), and that the time of a small
oscillation about the steady motion is 1674/(2a/957g). [I. 1906]

2. Four equal uniform rods AB, BC, CD, DA, each of length 2a,
are smoothly hinged so as to form a rhombus, and are suspended by
the hinge at A. The hinges B, D are connected by an elastic string
whose modulus is twice the weight of a rod, and whose natural length
is a4/2. The whole system revolves round the vertical diagonal AC.
Determine the angular velocity w when, in a state of steady motion,
the rods form a square; and shew that if C be slightly disturbed
vertically, the period of a small oscillation is 27/w. (1. 1898)]

3. An elliptic cylinder of semi-axes a and b and radius of gyration k&
about the line of centres rolls on a horizontal plane.

Prove that (r*+ k?) w? + 2gp =constant,

where 7 is the distance of the point of contact from the line of centres,
w is the angular velocity, and p the height of the line of centres above
the plane. Shew also that w and p are related to ¢, the eccentric angle
of the point of contact, by the equations

. B
a*sin® ¢ +blcostg "’
a%h?
p’=a3sin’ ¢+ b2cos?g’
Explain briefly why in this case the rate of change of the angular

momentum about the line of contact is not equal to the moment of
the forces about that line.

w=
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If the cylinder executes small oscillations about a position of equili-
brium, shew that the length of the equivalent simple pendulum is

b (b2 + k%)/(a?— b?). [I. 1932]

4. A smooth curve has its concavity upwards, is symmetrical
about the vertical, and the tangent at its lowest point is horizontal.
Arod of length 2a passes through a smooth ring situated at a distance
b measured inwards on the normal at the lowest point. Shew that, if
the rod be slightly displaced, the length of the equivalent simple

pendulum is tp(at+3(b—a)%)/(b*~ap),
where p is the radius of curvature at the lowest point.

5. A uniform rod 4 B, of length [ and mass m, is smoothly pivoted at
the end A4, and the end B is connected by an elastic string, of negligible
mass, natural length ! and modulus 5mg, to a point C at a distance 21
vertically above 4. The arrangement rotates freely in steady motion
with angular velocity Q about A C, the angle CA B being «. If cosa=1%,
prove that Q3= 54g/l. :

Prove further that the period of a small oscillation about this state

29
of steady motion is 27/n, where n?= ::;;z ;7 . [M. T. 1935]
EXAMPLES

1. A uniform sphere is placed on the top of a rough circular cylinder
whose generators are horizontal. Shew that, if slightly displaced, it will
roll on the cylinder until it reaches a place where the inclination 6 of
the tangent plane to the horizon is given by

2sin =p(17cos - 10),

1 being the coefficient of friction.
Shew also that the subsequent velocity v of the centre of the sphere,
so long as the latter is in contact with the cylinder, is given by a formula

of the type v3=4 cos 0+ Bsin 0+ Ce2+,
where 4, B, C are independent of 4. M. T. 1920]

2. Asolid uniform sphere of radius a and mass M is free to turn about
a horizontal diameter as a fixed axis. A second sphere of mass m is
placed on it at a point whose latitude measured from the vertical
equatorial plane is « and whose longitude measured from the vertical
plane through the axis is 8. The spheres are perfectly rough. Shew that
the initial acceleration of the centre of the free sphere makes an angle
with the meridian plane whose tangent is

tanf M+mcosia
sina * M+ §mcos?a
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and that the initial angular acceleration of the other sphere is
mgsin Bcosa

a(IM+mcosia)’

3. A thin hollow cylinder of radius a and mass M is free to turn

about its axis, which is horizontal, and a similar cylinder of radius b

and mass m rolls inside it without slipping, the axes of the two cylinders

being parallel. Shew that when the plane of the two axes is inclined at

an angle 6 to the vertical the angular velocity of the larger cylinder is
given by

a? (M +m) (2M +m) Q3= 2gm3 (a — b) (cos 6 —cos ),
provided both cylinders are at rest when 6 =a. [1. 1908]

[M. T. 1904]

4. A rough hollow cylinder of mass M, with external and internal
radii a, b, contains a rough sphere of mass m and radius ¢, and rolls up
a rough inclined plane of inclination «; shew that the centre of the
sphere may describe a straight line parallel to the inclined plane and
at a distance a— (b—c)cos («+ B) from it, provided a constant force
parallel to the inclined plane be applied to the cylinder, and prove that
the acceleration of translation of the system is

gsin B/{bk?/ac?+ cos (a+ B)} =,
and that the applied force is
(M +m)gsina+{M (K3/a*+ 1) +m (b¥%3/a%c®+ 1)} f.
M. T. 1906]

5. A smooth circular wire of mass M and of radius a can turn freely
about a diameter which is fixed vertically. A small ring of mass m can
slide freely along the wire. The ring being at rest at the lowest point of
the wire, shew that if the wire be set in rotation with angular velocity n,
and left to itself, the ring will not remain at the lowest point of the
wire unless n<(g/a)}; and that if n is greater than {gag (1 + ?_l’uﬁ)}i
the ring will rise in its oscillations to a level above that of the centre of
the circular wire.

Prove also that the ring can rest in relative equilibrium at a point
whoseangular distance « from the lowest point of the wire iscos—! (g/an3),
whilst the wire is made to rotate with angular velocity n (> (g/a)%);
and that if, the wire being now left free, the ring be slightly disturbed,
the ring will perform small oscillations of period

{c_z cosa M+ 2msinte
7 19 sin*a " M+ 2msinta + 8mcosia

}*. [M. T. 1910]

6. A heavy particle of mass m moves in a fine smooth tube of mass
M in the form of a circular helix (x =acos 8, y=asin 6, z=cf). The tube
is free to move round its axis which is vertical. Prove that the vertical
acceleration of the particle is

of U+ el
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Shew also that if the system starts from rest the radial component
of the reaction of the tube on the particle is
2mM?3gaz/[(M +m) {(M +m) ¢+ Ma3}],
where z is the vertical distance through which the particle has fallen.
M. T. 1932]
7. A rough circular cylinder of mass m and radius a with its centre
of gravity distant ¢ from its axis rests on the surface of a board of mass
M whose upper surface is rough and lower surface is smooth and resting
on a smooth table. If z be the distance moved over by the board and
0 the angle turned through by the cylinder, prove that the equations
of linear momentum and angular momentum about the point of contact
are respectively 4
dt
and (%[k’6+c(c-—acose)0+(:&+a0)(a—ccost))]
—csin §(#+afd)f= —gcsin b,

[Mz+m{Z+(a—ccosf)f}]=0

where k is the radius of gyration of the cylinder about its axis.
Deduce that

36 [k’ +a?—2accos 6+ c?— (a—ccos B)’]: gccos 0+ const.

[St John’s Coll. 1911]

8. A spherical shell of mass m, whose outer surface is rough and of
radiusa, has its inner surface smooth and of radius b. A particle of mass
m moves inside while the shell rolls on a rough table. Shew that if the
excursions of the particle be « on either side of the vertical, then

[M (a®+ k?) + ma?sin? 0] b02 = 29 [ M (a? + k2) + ma?] [cos § — cos «],
where k is the radius of gyration of the shell about a diameter.

m
M+4+m

9. Acirculardisc (radius c)is placed within a vertical circle (radius a)
so as to be in contact with it at the extremity of a horizontal diameter,
and is then projected vertically. The interior being perfectly rough,
find the initial angular velocity, and the point at which the disc will
leave the curve, if its angular velocity on leaving it is 4/{g (@ —¢c)}/c.

10. A cylinder, whose surface is smooth, stands on a smooth hori-
zontal plane on one of its circular ends; find the impulse at a given point
of its surface which will cause it to fall over.

11. The nut of a smooth screw rests on a smooth horizontal plane,
over a hole cut so as to allow a free passage for the screw, and the screw
descends through the nut by its own weight; determine the motion,
(a) when the nut is fixed, (b) when it is moveable.

12. A circular ring, mass M and radius a, lies on a smooth horizontal
plane, and a fly, mass m, alighting upon it starts off and crawls round
the ring, with a velocity v, which is uniform relative to the ring. Prove
that the angular velocity of the ring is mv/(M + 2m) a.
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13. If the ring in the previous question be vertical and moveable
about its centre of gravity, and if the fly starts off and as before moves
uniformly relative to the ring, find its angular velocity in any position,
supposing the fly to start from the lowest point. Also find the least
ratio of the masses in order that the fly may reach the highest point
of the ring.

14. A circular hoop of radius a and mass 3m is free to move about its
centre in a horizontal plane. An insect of mass m stands on the hoop,
the system being initially at rest. The insect leaps with velocity w
relative to the hoop, and alights again on the hoop. Shew that when it
alights the system comes to rest.

Shew further that, provided w?>§ag, the greatest angle through
which the hoop can be turned in this way is one-third of a radian.

[M. T. 1931]

15. Four equal particles, connected by inelastic strings forming the
sides of a square, mutually repel each other with a force mu. (distance);
if one string be cut, shew that the angle  that either string makes
with its original position is given by

62(2 —sin? §) = 4 sin (2 + sin 6).

16. A thin uniform circular ring is set rotating when hot about its
centre, and its radius diminishes in cooling by a fraction proportional
to the time. If no forces act, shew that the angle through which the
ring has revolved in time ¢ is Qat/r, where a, £ are the initial radius
and velocity, and r the final radius.

17. A rod falls in a vertical plane but remains in contact with a
fixed smooth horizontal peg to which it is perpendicular. Write down
sufficient equations to determine the motion and obtain one integral
of them.

If the rod is at rest when horizontal, prove that the differential
equation of the path of its centre of gravity is
d (r(r*+k?)3sin 0}
do {(dr/d())’ +r34+k3)°

18. A smooth spherical shell of mass M rests on an inclined plane,
being fastened to a point of the plane by a string; a particle m rests
inside the sphere; prove that if the string be cut, the ratio of the initial
pressure between the sphere and the particle to that between the
sphere and the plane is ;6050 : M +m,

r(r®+k?)cos 6= [1. 1901]

where « is the inclination of the plane to the horizontal.

19. A smooth plane of mass M is freely moveable about a horizontal
axis lying in it and passing through its centre of gravity, the radius
of gyration of the plane about the axis being k. The plane being inclined
at an angle a to the vertical, a sphere of mass m is placed gently upon it.
If initially the centre of the sphere be in & vertical through the axis of
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the plane, and if A be its initial height above that axis, shew that the
angle ¢, which the initial direction of motion of the centre makes with
the vertical, is given by

(Mk? 4+ mh3) tan ¢ = MK? tan a. [M. T. 1879)

20. A cube is rotating with angular velocity w about a diagonal,
when one of its edges which does not meet that diagonal becomes fixed;
shew that the angular velocity about this edge will be w/44/3.

21. Three equal particles at rest, tied together by three equal
strings of length a, so as to form an equilateral triangle, repel each other
with a constant force mf. If one string be cut, shew that the equation
to determine the motion is

af?(3—2sin? 6)=3f(2sin6—1),
20 being the angle between the strings.

22. A straight uniform rod slides freely with its ends on two smooth
wires which intersect at right angles and are in the same vertical plane
equally inclined to the vertical. Determine the motion and the time
of a small oscillation about the position of stable equilibrium. [I. 1907]

23. A heavy elastic string, in the form of a ring, is placed, with its
plane horizontal, over a smooth cone, the axis of which is vertical; find
the position of equilibrium. Also, if the string be held in contact with
the cone at its natural length, and let go, find how far it will descend,
and the greatest vertical velocity during the motion.

24, On a smooth surface formed by the revolution of a parabola
about its directrix is placed a uniform elastic ring of natural length less
than 2=#a, under no forces but the reaction of the surface and its own
tension. If the plane of the ring be perpendicular to the directrix, shew
that the time of a small oscillation is 2v/ Max/T, where M is the mass
of the ring, T' the tension in the position of equilibrium, and 4a the
latus rectum of the parabola.

25. A heavy uniform rod is supported against a smooth fixed sphere
by a horizontal string fastened to its upper end, and also to the highest
point of the sphere; if the string be cut, prove that the pressure on the
sphere is changed in the ratio of cos?«:1+3sin*«, where « is the
angular distance from the vertex of the point of contact.

26. A uniform circular ring moves on a rough curve in the same
plane under the action of no forces, the curvature of the curve being
everywhere less than that of the ring. Shew that, if the ring be pro-
jected without rotation from a point 4 of the curve and begin to roll
at a point B, the angle between the normals at 4 and B is (log 2)/u,
where u is the coefficient of friction.
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27. A perfectly roughrod is gently placed with one end upon another
rod of equal mass and in the same vertical plane, moving with the
velocity 4/(2gc) on a smooth table. If the initial inclination of the first
rod to the horizon be «, and its length 2a, shew that it will just rise to
a vertical position if

2a (1 —sina)(6+ 3 cos?a) =3csinda.

28. A rigid pendulum is hanging at rest when its point of support is
suddently started into motion so that its subsequent horizontal dis-
placement is given by A4 sin pt, where A4 is small and 2x/p is not equal
to the free period of the pendulum. Find the motion.

If there is a small amount of damping, shew that in the final state
there will be one point of the pendulum nearly at rest if 2«/p is less than
the free period of the pendulum, and the pendulum is sufficiently long.

[I. 1920]

29. The extremities of a uniform heavy rod of length 2¢ slide on a
smooth wire in the form of the parabola z?—4ay=0, the axis of the
parabola being vertical, and ¢>2a. If the rod be slightly displaced
from its position of stable equilibrium, prove that the time of a small

oscillation is 27 {2a (c? + 12a2)/3g (¢ — 4a’)}*.

30. The middle point of a uniform rod is fixed midway between two
centres of force, which attract with a force varying inversely as the
square of the distance. Prove that the time of a small oscillation is

m (a3~ %) y/ M }y/(3pac),

where M is the mass of the rod, 2c its length, 2a the distance between
the centres of force, and pdz/r? the attraction on an element 8z of
the rod at distance 7.

31. A ring rests upon two smooth horizontal bars which in the
position of equilibrium subtend an angle 2a at the centre; shew that,
if the ring be disturbed by twisting it through & small angle about its
vertical diameter, the length of the equivalent simple pendulum will
be 4ccot acosec a.

32. A man walks on a large rough ball so as to make the ball roll
straight up an inclined plane of inclination «, keeping himself at an
angular distance B from the highest point of the ball; if the weights of
the man and the ball are equal, prove that the acceleration of each is

6g (sin B—2sin a)/{12 + 5 cos (ax + B)}.

33. A perfectly rough sphere of radius a is placed quite close to the
intersection of the highest generating lines of two fixed equal horizontal
right cylinders of radius ¢, the axes being inclined at an angle 2« to
each other, and is allowed to roll down between them. Prove that the
vertical velocity of its centre in any position will be

sinacos ¢ {10g(a+c)(1—sin ¢)}i’/{7— 5 cos? ¢oos'a}5,
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where ¢ is the inclination to the horizontal of the radii to the points
of contact. [M. T. 1877)

34. Aninsect alights on a horizontal circular disc, rotating about its
centre, which is fixed, and crawls with uniform relative velocity, so as
always to approach the centre without altering the motion of the disc;
prove that it will reach the centre before the disc has made more than
a quarter of a revolution.

35. A uniform rod is placed with one extremity at the middle point
of the line joining two equal centres of force attracting inversely as the
square of the distance, and at right angles to that line; find the velocity
with which the centre of the rod will reach the line.

36. If a bullet of mass m be fired with velocity « perpendicular to
the face of a block of wood of mass M, placed on a smooth horizontal
plane, and remains just embedded, prove that the angular velocity
acquired by the block is

mbu/{(M +m) k?+m (a®+ b?)},
where a is the distance of the centre of gravity of the block from the
face struck, and b is the distance of the point struck from the foot of

the perpendicular drawn from the centre of gravity of the block to the
face.

37. A fine circular tube, radius ¢, lies on a smooth horizontal plane,
and contains two equal particles connected by an elastic string in the
tube, the natural length of which is equal to half the circumference.
The particles are in contact and fastened together, the string being
stretched round the tube.

If the particles become disunited, prove that the velocity of the tube
when the string has regained its natural length is

[ 2rkme
M (M +2m)’

where M, m are the masses of the tube and each particle, and A is the
modulus of elasticity.

38. If in the previous question one of the particles be fixed in the
tube, and if the tube be moveable about the point at which the particle
is fixed, prove that when the string has regained its natural length the
angular velocity of the tube is

__mm
M(M+2m)c’

39. Twoequalrods AC, CB,hinged at C and having their extremities
A, B connected by a fine thread so that ACB is a right angle, are
revolving in their own plane about 4, which is fixed, with uniform
angular velocity. Prove that if the string be cut the stress at the hinge
is instantaneously changed in the ratio 4/5:4.
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40, Three equal and similar rods moveable about one common ex-
tremity are held at right angles to each other so that the three other
extremities are in a horizontal plane. Shew that if they be dropped
upon a smooth inelastic horizontal plane their vertical velocity will
be diminished one half.

41. AB, BC, CD are three equal uniform rods freely jointed
together and moveable about the extremity 4; the rods fall from a
horizontal position of rest: prove that the initial radius of curvature
of the path of the extremity D of the further rod is 81a/131, where a is
the length of each rod. Prove also that the initial stresses at C, B and
A are in the ratio of 1, 4 and 15.

42. Arod, the radius of gyration of which about its centre of gravity
is k, touches a smooth fixed circular disc of radius a. Initially the rod
has an angular velocity w, and the centre of gravity, which is the point
of contact, has a velocity (a? — k?) w/2a along the rod, towards the end
which is turning towards the disc. Shew that the distance between the
centre of gravity and the point of contact increases at & uniform rate
2nlaw, and that in time ¢ the rod turns through an angle 6 given by
tannd =nwt, where 4n?=(a+ k?)/al. [M. T. 1907]

43. On asmooth table there lies a straight bar with one end pivoted
to a point of the table. A uniform disc of radius a rests on the table in
contact with the bar, the point of contact being at a distance b from
the pivot. The disc can slide freely on the table, but friction prevents
any slipping between the disc and the bar. The bar starts rotating
about the pivot with a constant angular velocity. Shew that if b2 = §a?,
the point of contact will describe an equiangular spiral. [M. T. 1920]

44. An inelastic rod is set spinning on a smooth table with its centre
at rest and strikes a smooth peg fixed in the table, the point of impact
being at a distance ¢ from the centre of the rod, whose length is 2a.
Determine the motion immediately after impact and subsequently;
and shew that when the end of the rod slips off the peg, the rod will
have turned through an angle 8 given by cn §=c/a, mod {a/(a?+ 3¢3)}.

[M. T. 1909]

45. A rigid lamina can turn in its own plane, which is horizontal,
about a fixed point; when in motion it is acted on by a constant fric-
tional couple @, opposing the motion. It is attached to a spring which
exerts a couple Ad, where @ is the angle turned through by the lamina
from a given position. The lamina, when in this position, is set rotating
with angular velocity Q; it is found to turn through an angle 6, before
coming to rest, and then to move backwards and come to rest again
when 0=3}0,. Prove that if the spring were removed, and the lamina
were started with the same angular velocity €, it would turn through
an angle §6, before it was brought to rest by the couple G.  [I. 1930]
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46. Arod oflength 4a leansin a vertical plane against a fixed smooth
cylinder, of radius a, lying on the ground with its axis horizontal. One
end of the rod is on the smooth ground at a distance from the point of
contact of the cylinder greater than 2a and the inclination of the rod to
the horizontal is then 2a; the rod is kept in position by a block on the
ground. If the block is removed, find what the instantaneous pressure
of the rod on the cylinder becomes. [T. 1928]

47. A uniform hollow sphere of radius R and mass M rests on a
smooth horizontal plane; a particle of mass m is placed at & point on
the lower half of the smooth inncr surface of the sphere, and is given an
initial velocity V parallel to the horizontal tangent at that point. If, in
the subsequent motion, P denotes the position of the particle, O the
centre of the sphere and A4 the point of contact of the sphere and the
plane, shew, assuming that the particle does not leave the sphere, that
the angle POA oscillates between its original value «, and a value of «
given by

2
2gsin o= % (cos a+ cos o). [M. T. 1934]

M
m+M

48. A number of uniform straight rods of the same weight and
length, freely jointed end to end, are supported in a horizontal straight
line, with the extreme end of tho last rod fixed. If the supports are all
removed at once, obtain equations to determine the initial angular
accelerations of the different rods, and prove that if w,, w,,, and
wq g be those of any three adjacent rods,

wpt+4way+ wpyg=0. [M. T. 1903]



Chapter VII

EQUATIONS OF MOTION AND APPLICATIONS
IN THREE DIMENSIONS

T-1. In this chapter we shall obtain the general equations
of motion of a system of particles, or of a rigid body, referred to
rectangular axes by extending to three dimensions the methods
used for the two-dimensional case in Pt. I, Chapters 1x and
XV; and, by using the results of 3-6 for moving axes, we shall
obtain, in their most general form, the equations of motion of
a rigid body with a moving frame of reference.

We shall then apply the equations of motion to the solution
of a number of problems, particularly to the motion of asphere
on a variety of surfaces.

An alternative method of obtaining the equations of motion
by the use of vectors will be found in the appendix.

711, Motion of a system of particles. We take it as
axiomatic [Pt. I, 4-161] that the vector which represents the
acceleration of a particle multiplied by its mass and the
vector which represents the resultant of the forces acting on
the particle are the same. We also assume the law of reaction,
viz. that action and reaction are equal and opposite, and then,
by the method used for the two-dimensional case [Pt. I,
9:2], we are able to obtain the general equations of a system
of particles moving in three dimensions in the form

Imi=XX, ZImj=XY, IZmi=XZ ..... (1),
Im(yi—zj)=2(yZ—-zY)
Zm (28— 28)=2(2X —2Z) | ceerereninn, (2),

Im (xij—yi)=Z(xY —yX)

where z, y, 2z are the co-ordinates of the particle of mass m and
X, Y, Z are the corresponding components of the external
forces acting upon it.
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These equations embody the fundamental facts that

(i) the rate of change of momentum of a system in any direction
18 equal to the resolved part of the external forces in that direction ;

and

(ii) the moment of the rate of change of momentum about any
Jized axis is equal to the sum of the moments of the external forces
about that axis.

7'12. Proceeding as in Pt. I, 9-2 we can deduce at once the
principles of conservation of linear momentum and moment
of momentum; and proceeding as in Pt. I, 9-3 we can shew
that the motion of the centre of gravity G is the same as if all the
mass were collected into a particle at G and all the external forces
were moved parallel to themselves toact at @, or that theequations
7-11 (1) are equivalent to

Mi=3X, Mj=3Y, Mi=3Z ... (1),

where M denotes the whole mass and (Z, %, Z) its centre of
gravity.

Similarly, as in Pt. I, 93, we may deduce that if 2/, y', 2’
are the co-ordinates of m referred to parallel axes through G
the equations 7-11 (2) can be reduced to

Imye—2y)=2Yy'Z-2'Y)
Zm(Z'd -2’ ) =2 X-2'Z) ; ......... (2),
and Im@'y —y'&)=2(@'Y -y'X)
shewing that the motion relative to the centre of gravity is
tndependent of the motion of the centre of gravity.
It also follows as in Pt. I, 9'5 that the kinetic energy of the
system 18 equal to the kinetic energy of the whole mass moving with

the velocity of the centre of gravity together with the kinetic energy
of the particles in their motion relative to the centre of gravity.

7-2. Moving axes. We shall now consider how theequations
of motion, 7°11 (1) and (2), are to be modified when the axes
are rotating with an angular velocity whose components
about themselves are 0,, 0,, 05, while the origin hasa velocxty
whose components are «, B, ¥
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Firstly,let us keep the axes fixed in direction and see how the
expressions for rates of change of momentum and moment of
momentum are affected by the motion of the origin. Let p and
h denote the resultant linear momentum and moment of
momentum about the axes, with components p_, p,, p, and
bz, by, h,, then, if v,, v,, v, denote the components of velocity
of the particle of mass m, we have

DPas Py> Pp= XMy, ZMVy, ZMV, ceeeenennene (1),

where vy=a+2Z, vy=B+Y, v,=y+2 ......... (2);
and h,, h,, b,=32m (yv,—2zv,), Zm (2v,—2xv,), Zm (zxv,—yv,)

3).

Itis clear that the equations expressing the rate of change of
linear momentum 7-11 (1) are unaltered in form and may be
written Por By 5o=5X, Y, 5% oo, (4).

Again by=2m (yo,— 20,) + Zm (yv, — 2v,),
so that from (2)

by =Zm (Yo, — 20,) + Zm (— v, +yv,);
and this may be written
Rt D, B—Dpyy=2m (Yo, —20,) evvernnnn. (5).

Now the expression on the right is the total moment about
Oz of the rate of change of momentum, and corresponds to the
left-hand side of 7-11 (2); so that, if we use L, M, N to denote
the moments of the external forces about the axes, the equa-
tions 7-11 (2) take the form

}i‘z +pzﬂ_pu7= L
hy+p,y—poa=Mp .cooneennnnnan. (6).
};‘z +pya_sz=N

We have now to take into account the rotation of the axes,
and if we use suffixes 1, 2, 3 to denote components referred to
the moving axes, as in 3'6, the equations (4) and (6) become

D1~ Pabs+psbp=2X |
Pa—D301+0103=3Y ' eeevrnnennnnnnn. (7);
Pa—P103+p,0,= EZJ

6 RDI1
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and by —hy03+ 36, +ps f—pyy=L
Bo—hy0,+ Ry 03+ py—pyoa=M}............ (8).
hy—hy0y+hyby + pye—p f=N

These are the equations of motion in their most general
form. They may be simplified in special cases. For example, if
the origin is at the centre of gravity of the system, then

P1> Doy Pa=Mo, MB, My,

so that the terms in «, B, y in (8) disappear, and the equations
of moments are the same in form as if the origin were at

rest.

7-3. Momentum of a rigid body. It follows from Chapter
1r that the motion of a rigid body can be specified by the
linear velocity of some one point
of it together with the angular
velocity about an axis through
that point; also that the magni-
tude of the angular velocity and
direction of its axis are indepen-
dentofthe particular point chosen.

Let %, v, w denote the com-
ponents of velocity of the centre
of gravity @ of a body referred
to fixed axes, and w,, w,, w, the *
components of the angular velocity of the body. Then, as in
7-11 and 7-12, taking z, y, z as the co-ordinates of a particle
of mass m, by considering relative velocities we easily see that

E=u—y'w,+2'w,
y=v—2'0,+2'w,
and t=w—2'w,+Y w,.
Hence, since ~ Ima’=Zmy’=Emz' =0,
we have for the components of linear momentum
Zmz, Emy, Imé=Mu, Mv, Mw ......... (1);
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and, for the moment of momentum about Oz,
Zm (yz—2y)
=Im{F+y) (w—2'w,+y'w,) - (Z+2) (v-2'w, + 7' w,)}

=M (Jw—2v) + w, Em (y'2+2"%) — w, Im2'y’ — w, Zma'z’

and similar expressions for the moments of momentum about
Oy and Oz.

In (2) the terms in M are the moments about the axes
of a vector localized at @ with components Mu, Mv, Mw;
ie. the linear momentum. The remaining terms are the
moments of momentum in the motion of the body relative to
G about parallel axes through G, and we note that they are
independent of the motion of G. These terms may be written

Aw,— Fw,— Ew,)
Bw,~Dw,—Fw, & .ccccoevrinnnnnn. (3),
Cw,— wa—Dwa

where 4, B, C, D, E, F are the moments and products of
inertia of the body about the axes through G.

Thus it appears as in Pt. I, 14-3 that the whole momentum
of a body may be regarded as composed of a vector, the linear
momentum, localized at @, together with a spin couple whose
components are the expressions (3); and the moment of
momentum about any axis is the moment of the linear
momentum vector together with the resolved part of the spin
couple.

It should be noted that if, as above, we refer a moving body
to axes fixed in space, its moments and products of inertia
about such axes vary with the time, so that in most cases
it is more convenient to take axes fixed in the body. Further,
if w;, wy, w; denote the components of angular velocity
of the body about axes through its centre of gravity fixed
in itself, and we take the fixed axes Oz, Oy, Oz above
momentarily coincident in direction with the moving axes,

6-2
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then w,, w,, w,=w,;, w,, wy, the foregoing argument holds
good and the components of the moment of momentum are
Aw,— Fwy,— Ew,
Bwy—Dws— Fwy}  vuvevininnnenen. .(4),
Cw3— Ew,— Dw,

where now A4, B, C, D, E, F have constant values.

Though we have in this article analysed the momentum of
a rigid body into a vector localized at the centre of gravity and
a spin couple, and in the solution of many problems it is
advantageous to adopt this method, yet if a body is turning
about a fixed point it is simpler not to consider the separate
motion of the centre of gravity, but take equations of moments
about axes through the fixed point, when, as appears in the
next article, the moments of momentum have the same form
as above.

7-4. Motion of a rigid body about a fixed point. Euler's
Equations. Taking the fixed point as origin and using axes
fixed in the body and rotating with angular velocities w,, w,,
w3, the equations of motion 7-2 (8) become

by —hywy+hyw,= L
Ro—hgwi+hiwg=M}eoeevninnnnnnn. (1),
hy—hywy+ hyw; =N
where h,, hy, h; are the components of the moment of
momentum.

As in 7-3,if v, v,, v; denote the components of velocity
of the particle of mass m at (z, ¥, 2),

v =2wy—Ywy, Vy=Twz—2w;, Uz=Yw,—ITw,
and hy=2m (yvs —2zv,)
= w, Zm (Y% + 2%) — wy Zmay — wy Tmaz,
or hi=Aw,— Fw,— Ew,
and, similarly, hy=Bwy,— Dws— Fw, |.ccccvvvannenn.. (2),
and hy=Cwz— Ew, — DwzJ
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where A, B, C, D, E, F are the moments and products of
inertia of the body with regard to the axes fixed in it.

If the axes chosen are the principal axes of the body at the
origin, D=E=F =0, and

hy, by, hy=Aw,, Bw,, Cw,,
so that the equations of motion take the form
Ady—(B—C)wywy=L
Baiy,— (C—A)wgwy =M ..cvvnnnnnnn (3).
Coy—(4—B)w,w,=N

These are known as Euler's Equations for the motion of
a body about a fixed point.

7-41. Moments about the instantaneous axis. In Pt. I,
16:6 we obtained an equation of moments about the instan-
taneous centre of rotation, for use in two-dimensional problems.
We shall now shew that the same equation holds good for
moments about the instantaneous axis of rotation in three-
dimensional problems in which a body is turning about a
fixed point.

We make use of Euler’s Equations, taking the fixed point
as origin and the principal axes of the body at that point for
axes of reference, so that 4, B, C remain constant.

Let A, u, v be the direction cosines of the instantaneous axis
and w the resultant angular velocity, so that

Wy, Wy, Wg=Aw, pw, vw.
Then Euler’s Equations 7°4 (3) take the form
AXé + Adw — (B—-C) pvw? =L,
Buw + Biw— (C—-A4) viw?=M,
Cvé+ Cvw— (A — B) \uw?=N.

Multiplying these equations by A, p, v and adding, we obtain
the equation

(AN + Bu2+Cv®) &+ (AM + Bujp+ Cw) w=AL+pM + vN;
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or if I denotes the moment of inertia about the instantaneous
axis and G the moment of external force about that axis

ie. aedG 70 Y - RN 1).
w

It follows, as in Pt. I, 166, that
(i) if the body is turning about an axis fixed in the body,
(ii) in an initial motion,

(iii) in a small oscillation about a position of equilibrium,

equation (1) reduces to the simpler form
Io=G .cccocvviviniininiininns we(2).

7-42. Kinetic energy of a rigid body. In the notation
of 7-3 the kinetic energy 7 of the body is given by
2T =3%m (2% + 42+ 22%)

=Zm{(u—y'w,+2'w,)? + (v—2'w, +2'w,)?
+(w—a'w, +y w,)?}.
Since Emax’ = Tmy’ = Emz’ =0, therefore the foregoing expres-
sion reduces to
27 =M (u+ v2 4+ w?) + w,2Zm (Y2 +2'%) + w, 2Zm (2'2 + 2'%)
+ @ Zm (2% +y'?)
— 2w, w, EZmY'? — 2w, w, Zmz't’ — 2w, w, Em2'y’,
or 27 =M (u*+v:+w?) + dw,?+ Bw, 2+ Cw,?
—2Dwyw,~2EBw,w,—2Fw,w, ...(1),
where %, v, w are the components of velocity of the centre of
gravity and 4, B, C, D, E, F are moments and products of
inertia about the axes of reference.

If w;, w,, wg are the components of angular velocity of the
body about axes through its centre of gravity fixed in itself
and we take fixed axes momentarily coinciding in direction
with the moving axes, so that w,, w,, w,=w;, w,, w;, then

2T =M (u?+v?+w?) + Aw,% + Bw,?+ Cw,?

—2Dwywz—-2Ewyw, — 2Fw, w, ...(2),

where A4, B, ... are now constants.
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Further, if the body be turning about a fixed point, and we
take this point as origin, and axes fixed in the body rotating
with angular velocities w,, w,, w;, then, as in 7-4, the com-
ponents of velocity of a particle m at (z, y, z) are

2wy —Yw,, Twy—2w; and Yw,—Tw,;
so that the kinetic energy 7' is given by

2T =Zm{(2wy — Yws)? + (Tw3 — 2w,)? + (Yo, — Tw,y)?}
=Aw,?*+ Bwy?+ Cwy? — 2Dwy w3 — 2Ewywy — 2Fw, w,y

The expressions (2) and (3) are clearly simplified by choosing
for axes the principal axes of the body at the specified origin.

7-5. Examples of the use of fixed axes.

(i) Motion of a sphere on a rough plane, under the action of forces the
resultant of which passes through the centre of the sphere. Take axes
Oz, Oy fixed in the plane and Oz at right angles to it. If z, y, @ are the
co-ordinates of the centre of the sphere and m is its mass, the linear
equations of motion are

mi=X+F, myj=Y+G, 0=Z+R ........... (1),
where X, Y, Z are the components of the external forces and F, G are
the components of the friction, and R is the normal reaction.

2

o,

X 4 .46__

(®)

z

If w,, w,, w, denote the components of the angular velocity, the
equations of moments about axes through the centre parallel to the
co-ordinate axes are

imateo,=Ga, Imateo,=—Ta, Zmalo,=0 ......(2).
The last equation gives w,=const., so that the spin of the sphere about
an axis normal to the plane remains unaltered.
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We have now to express the conditions for rolling, assuming that
the friction prevents sliding. They are that the point of contact of the
sphere with the plane is at rest, i.e. that

T—aw,=0, Y+aw,=0 ...c.oooeiiiiii. (3).
From (1), (2) and (3) we find that
mE=§X and my=: Y ........cccooiiinnnnl (4),

determining the motion of the centre of the sphere.

We might have avoided the introduction of F and G by taking
moments about lines parallel to the axes through the point of contact,
thus —maj+imalo,= — Ya, and ma#+3imaleo,=Xa ...(5),
which are deducible from (1) and (2).

(ii) If the plane be made to revolve about Oz with uniform angular
velocity Q, provided we retain the same fixed axes, the equations of
motion of the sphere are unaltered, but instead of (3) we have equations
expressing the condition that the points of contact of the sphere and
the plane have the same velocity, i.e. that

T—0wy,=—QY, Y+aw,=Qx . ..ccccovvrinnannn. (6).

In the case in which there are no forces save the reactions of the
plane, we get from (5) and (6)
£+ 4Qy=0, F—3Qz&=0,
which are reducible to
E+4+n?(x—-d)=0, H+n?(y—e)=0,
where n=%Q and d, e are constants.

On integrating and eliminating ¢, we find that the path of the centre
of the sphere referred to fixed axes is a circle, of which the point
(d, e) is centre.

The result might also be obtained by referring the motion to axes

fixed in the plane and revolving with it, but the reader will find that
in this case the use of fixed axes greatly simplifies the working.

7-6. Examples of the use of one fixed and two moving axes.
(i) Motion of a rigid body about a fixed axis. Take the fixed axis as
axis of z and a perpendicular axis through the centre of gravity G as
the axis Oz. Let OG=h and let w be the angular velocity about Oz
and m the mass of the body; then the components of linear momentum

are D1 Pas P3=0, Mwh, 0 c.ovvrereenninnnnnnnnn. (1)
and the expressions for the moments of momentum are, by 7°4 (2),
hiyhy, hy= —Ew, —Dw, Cw .ccevnvrirnnnnnn. (2);

also the angular velocities of the axes are
6,, 85, ;=0, 0, w.
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Hence the rates of change of linear momentum are
Dy— D303+ Py by = —mawth,
Py—py0,+p, 03=mah,
Dy—P10,+D46,=0,
and of moment of momentum, in like manner,
—Ew+ Dw?, —Do— Ew?, Co.

Suppose that the body is acted upon by external forces whose com-
ponents and moments are X, Y, Z, L, M, N, and that it is connected
with the fixed axis at two points at distances ¢, ¢’ from O, where
R,, Ry, Ry and R, Ry, R, are the components of the reactions of the
axis on the body, then the equations of motion are

—mwh=X+ R, + R/,
moh=Y + Ry + Ry,
0=Z+R;+ Ry,
— Lo+ Dw?=L~-cRy;—c¢'Ry,
—Déo—Ew?=M+cR +c'R/,
Co=N.

The last equation determines w, and there are then four equations to
determine R,, R,, R,’, R,’.

(ii) Motion of a heavy sphere on the interior rough surface of a vertical
circular cylinder. Take axes through the centre C of the sphere,
1 vertically upwards, 3 to intersect the axis
of the cylinder and 2 horizontal forming a /—>
right-handed screw system. Let a, b be the
radii of the sphere and cylinder, and 8 the —
azimuth of the centre, i.e. the angle which
the plane through the axis of the cylinder
and the centre of the sphere makes with a . 1
fixed vertical plane. Then the angular veloci- (PB
ties of the axes are

01, 0’, 03=6, 0,0 ......... (l). 3 C

If 2 be measured vertically upwards along
the axis of the cylinder, the components of
velocity of C are

u,v,w=2x,(b—a)d,o0 ......... (2); o)
and, if wy, wy, wy are the components of an-
gular velocity of the sphere, the equations of no sliding of the point
of contact are

tU—aw,=0, v+aw, =0,
or Guwg=%, awy=—(b—a)d ............ ceeees(8)e
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In order to avoid introducing the forces of friction we may take
moments about axes parallel to 1, 2, 3 through the point of contact.
Thus we have

—ma(v—wbl, +uby) + A (& — wa O3+ w3 0,) =0 ......... (4),
ma (U —v0;+ why) + A (dg— w3 0, + w; 03) = —mga ...(5),
A(dg—an b3+ wy0)=0 ..ccovee. (6),

where 4 =$ma?.
On substituting from (1), (2) and (3) in (4), (5) and (6), the latter

reduce to 020 e (D,
IE—20ws0=—=@ .cccovvivininiinininninnnn (8)
and Qg+ TO=0.cerrriniinniiniiiiiennan, (9).
From (7) we have § =const.=n say, then from (9)
AWgF ML= eenrrinnenniinneeiaannannns (10),
where p is a constant.
Then (8) reduces to &+ 3nr== aun—4§g ........cocovvnain. (11),

so that the sphere rises and falls in the cylinder with a vertical simple
harmonic motion of period V' 14x/n.

If initially =0, £=0, § =n and wy = u, which means that the sphere
has a spin u about its radius drawn to the axis of the cylinder and its
centre has a horizontal velocity (b —a)n, then the solution of (11) is

= (®_59\(1- 2
xr= (n 2n’)<l cos\/,Ynt),

so that the sphere rises above or descends below its initial level
according as aun > or <fg.

7-61. Examples. 1. A homogeneous circular cylinder is divided by
an axial plane and kept in shape by a band round it. If the cylinder is
placed on a smooth horizontal plane with the plane of separation
vertical and tho band is then cut, prove that the pressure on the plane
is instantaneously reduced by the fraction 32/27#2 of itself. [I. 1914]

2. A uniform sphere is projected horizontally on an inclined plane
the surface of which is perfectly rough; shew that its centre describes
a parabola.

3. A uniform solid sphere rolls without slipping on an inclined plane
which rotates about an axis normal to itself with constant angular
velocity w. Shew that, if the centre of the sphere is initially at rest
relative to fixed axes along and at right angles to a line of greatest
slope, the co-ordinates of the centre at time ¢ can be written in the form

x=zo+%§—:sina(l-—cos§wt),

Y=Y+ i%g, sin a (¥w? —sin fwt),

where « is the inclination of the plane to the horizontal. [P. 1934)
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4. A uniform solid sphere rolls on the inside of a fixed rough circular
cylinder whose axis is vertical. Prove that the curve traced out on the
cylinder by the point of contact is

z=acosV#0,
where a depends on the circumstances of projection. [I. 1923]

5. Shew that in the preceding example, if the cylinder is made to
rotate about its axis with uniform angular velocity w, the period is

Vidn/(n+w);

also prove that if the cylinder is free to rotate about its axis its angular
velocity is constant.

6. A uniform solid sphere rolls on the inside of a rough circular
cylinder whose axis is vertical. Shew that, if the cylinder be made to
rotate with constant angular velocity » about a generating line in the
plane through the axis from which the azimuth 6 is measured, the
azimuthal motion of the centre of the sphere relative to the cylinder is

given by 7(b—a)6=5bw?sin b,

where a, b are the radii of the sphere and the cylinder.

7. A uniform solid sphere of mass m rolls inside & rough circular
cylinder and is constrained by a force P parallel to the axis to move so
that its centre describes a helix. Prove that, if n is the angular velocity
round the axis of the cylinder and « the distance described parallel to
the axis, then 5P = 2mn?z.

8. A uniform solid sphere of radius a rolls without sliding inside a
fixed circular cylinder of radius b whose axis is inclined at an angle «
to the horizon. Obtain the equations of motion

(b—a) 62 =12g cos a cos 0 + const.,

2% + §a’wy® =)2gx sin o + const.,
2
ad <%~0‘f;’+%w,> ={gsina,

where z is the distance the sphere has moved parallel to the axis of
the cylinder, 6 is the angle between the axial plane through the centre
and the vertical axial plane and w, is the angular velocity of the sphere
about the radius to the point of contact. [M. T. 1933]

9. A rough material plane turns with constant angular velocity w
about a horizontal axis fixed in itself. At the instant when the plane is
horizontal a uniform solid sphere of radius a having an angular velocity
Q about a vertical diameter is gently placed on the plane, touching it
at & point on the axis of rotation. Shew that so long as the sphere
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remains in contact with the plane the displacement of the point of
contact after time ¢ is given by

_ JT(5 ¢ ; \/5 L
x—\/B(iQZE_a>smh 7wt 12w'~'smwt’
=93<1—cos\/2wt).

w 7

where z is measured perpendicular and y parallel to the axis of rotation.
[M. T. 1925]

7'7. Three moving axes. A heavy sphere moving on the
inner rough surface of a right circular
cone with its axis vertical. The centre
C of the sphere moves on an equal cone |
of angle 2«. Let r be the distance of C
from the vertex of this cone and ¢ the
azimuthal angle. Take moving axes 1, 2, 3
at the centre of the sphere as in the figure.

Then 6,, 0,, 6,=y cosa, 0, Jsina (1)
and u, v, w="*, rfsina, O } '

The conditions for no sliding are

U—awy,=0, v+aw,;=0
or aw,=*%, aw;= —rfsing ......... veenne(2).

The equations of motion obtained by taking moments about
lines parallel to 1, 2, 3 through the point of contact are

—ma (9 —wb, +ubg) + A (i) — wy0;+ wy0,) =0 ......... (3),
ma (4 — vl +wb,) + A (wy— w3, + w, 0;) = —mga cos «

...... (4),

A (03— w04+ w,0)=0 ......... (),

where 4 =2ma?.
On substituting from (1) and (2) in (3), (4) and (5), the latter

reduce to (r + 27) sina =0,
or r¥)sina=const. =4, say ............... (6),
T (F—rf?sin?a) —fawyf cosa= —gcos« ...... (7)

and Az +FHCOSA=0 .eeeerrrriinrrnnnnns (8).
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Hence adg+ ki cot a/r2=0,
or awz=hcota/r+const. ....ccevenninnenns (9).
The equations are therefore reduced to
r%fsina="h
and #—ry?sin?a = a function of r,

which are the same in form as the equations for the motion of
a heavy particle on the surface of a smooth cone (4-26), and it
follows as in 4-28 that if the cone on which the centre of the
sphere moves is developed into a plane by putting di sin « = d#,
the trace of the path of the centre will be that of a particle
moving under a central force.

The frictional forces F, G along and at right angles to a
generator can be found by resolving along the axes 1 and 2, thus

m (4 —v8;)=F —mg cosa
and m (v +ub;)=G.

If the cone be made to rotate about its axis with uniform angular
veloctty w, the equations of no sliding become

u—aw2=0,
v+aw; =w(rsin«+a cos «)

and the other equations are as before. ‘
If the cone be free to rotate about its axis, w is not a constant,
but we have an additional equation

Id= — G (rsina+acos «),
where I is the moment of inertia of the cone about its axis.

7°71. Examples. 1. A perfectly rough right circular cone of semi-
vertical angle « has its axis vertical and vertex upwards and is made to
rotate about its axis with uniform angular velocity Q. A uniform solid
sphere of radius a is gently placed on a point of the cone at a distance
a cot « from the vertex. Shew that the axial plane through the centre
of the sphere rotates with angular velocity }Q and that the distance of
the point of contact of the sphere from the vertex of the cone at time ¢
is given by the equation

r=acot a+ §gcosa (l—~cosut)/ul,

where 343u2=0Q%(2 + §sin*a). [M. T. 1900]
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2. A sphere of radius a rolls inside a circular cone of angle 2x with

its axis vertical and vertex downwards. Shew that the equations of
motion have first integrals w?d=h,

. 4 nah . . h?
ﬁm’+<2gw+5 ——u-;) cosasmoc+(?;+sm’a)9=E,

where w is the distance of the centre of the sphere from the axis, wy the
spin of the sphere about the common normal, ¢ the azimuth of the
centre of the sphere, and A, n and E are constants. M. T. 1928]

3. A uniform circular disc, of radius a, rolls without slipping on the
inside of a right circular cone of semi-angle « which is fixed with its axis
vertical and vertex downwards. The motion is steady; the centre of
the disc describes a horizontal circle of radius ¢ with angular velocity w,
and the plane of the disc is inclined always at an angle 8 to the vertical.
Shew that acos B+ 6ccot B=4g/wt.

Shew also that to prevent slipping the angle of friction must not be
less than | e —y |, where y is the acute angle tan~!g/cw?. [M. T. 1930]

4. A plane inclined at an angle « to the horizontal rotates with
uniform &ngular velocity w about a vertical axis. A rough heavy
uniform sphere rolls on the plane. Shew that the equations deter-
mining the motion of the point of contact (z, y) in the plane are

¢ — 12wy cosa—Swixr =0,
7§+ 12w cos « — (7 cos? & — 2) w?y =0,
where the axis of y is taken up the line of greatest slope through the

point where the axis of rotation meets the plane, and the origin is
suitably chosen in relation to the initial conditions. [M. T. 1930]

5. A sphere of radius a rolls inside a cone of semi-vertical angle «,
which is made to rotate about a vertical axis with angular velocity Q.
If w, is the spin of the sphere about the radius to the point of contact,
shew that

awg +ci,;—°-LQr=‘;1 + B,

where r + a cot « is the distance of the point of contact from the vertex
and 4, B are constants. [I. 1928]

7-8. Motion of a sphere on a rough surface of revolution.
Let m be the mass and @ the radius of the sphere, 6 the angle
the common normal makes with the axis and ¢ the azimuthal
angle. Take axes 1, 2, 3 at the centre of the sphere, where 3
is along the common normal outwards, 2 is parallel to the
tangent to the meridian curve at the point of contact P, and
1 is parallel to the tangent to the circular section through P,
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Then we have 6, 0;,0,=0,sinb, Jcosh ............ (1).

Also, with the usual notation, we have, as the conditions
for no sliding at P,

U—aw,=0, v+aw,=0; also w=0......... (2).

'\

Then the accelerations of the centre C are
1% — 003 +wl, = Ay + aw, 3 cos §
O —wl, +uby= —ad, +awyfcosd } ......... (3).
W—uby+v0; = —awyfsinf—aw, 6
Let L, M, N denote the moments of the external forces
about lines through P parallel to the axes 1, 2, 3; then the
equations of moments about these lines are
mk? (&, — wytf €08 0 + wqifisin ) — ma (— aw, + aw,yy cos ) 741)3
M2 (g — w0+ oy 08 B) +ma (acdy + aw, i cos ) = M ...(5),
mk? (g — w P sin 0+ wa0) =N Loooiiiiiiiiiiiiiiiniiiiiiieeaa, (6),

where k is the radius of gyration of the sphere about a diameter.

When the axis is vertical and gravity is the only external
force, we have L=mgasinf, M =0, N=0. For a steady
motion to be possible in which the centre of the sphere
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describes a horizontal circle of radius 7, we must have f=a,
a constant, and 5[1=Q, a constant, so that

aw;=—v=0, aw,=u=rQ.
Then (8) gives @y =0, 80 that wg=mn, a constant, (5) is satisfied
identically and (4) gives

(k2 + a?) Q2 cot o — k2anQ + ga®=0

or taking %2= ga? for a solid sphere

7rQ? cot o — 2anQ + 59 =0;
and this only gives a real value for Q if

a®*n?> 35rg cot «.

7-81. Motion of a sphere on a sphere.
(i) A sphere rolling and spinning on a fixed sphere.
If in 7-8 the surface of revolution be a sphere of radius b, then
u=(a+b)ysind and v=—(a+b)d,
so that awy=(a+b)Ysingd and aw,=(a+b)f............ (n.

Taking gravity to be the only external force, equations (4), (5), (6)
may be written

(k? +a?) (& — wgf cos 0) + klwyfsinf=gasingd ...... (8),
(K2 +02) (o3 + wy 4 €08 6) — K2eg§=0 oo (9)
and By=0" e, (10).

Hence wy=const., or the spin of the sphere about the normal to the
surface has a constant value n. Then substituting from (7) in (8) and
(9), we get

. k32
(a+b)(§—y?sinbcos §) + 2_*_k,am,bﬂm0_——,,_+_k2sunl9 ...... (11)
and (a+b)smedt(:/;sm 0)— ,+k2an0 Oueernennnen. (12).
The integral of (12) is "
(a+b)¢:sin'0+mancoso=H ............ (13).

If we multiply (11) by 26 and (12) by 2y sin  and add and integrate,

we get
(a+Db) (62 + ¢*sin? 0)—--—-— (1 —cos 0) + const....... (14).

But the latter equation might have been obtained directly as the
equation of energy, beginning in the form

Im (u?+v2) + dmk? (w,? + we + wy?) =mg (a+b) (1 —cos ) + const.
Equations (13) and (14) determine the motion.
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The reactions at the point of contact can now be found by resolving
parallel to the axes in turn.

(ii) A sphere rolling and spinning on a sphere which is free to rotate
about its centre.

Let I denote the moment of inertia of the latter sphere about a
diameter; Q,, Q,, Q, its angular velocities about axes through its
centre parallel to the axes 1, 2, 3 already defined; F, G the frictional
forces taken as acting positively in the senses 1, 2 on the sphere of
radius g, and in the contrary sense on the sphere of radius b; and R the
normal reaction.

With the same notation as before the geometrical equations are

U—aw,=bQ,, v+aw,=-0Q;, w=0 ......... (15);
and we have as before
u=(a+b)fsing, v=—(a+b)d ............ (18).

The dynamical equations are
m(a—vfcos) =F
m(+upcosd) =G—mgsinb}r ........... (17),
m (—uy sin 4 vf) = R —mgcos 0
mk? (&, — wy i) cos O+ wyif sin 0) = Ga ]

mk? (dg — wg 8+ w, i cos 6) ==Fal ... (18)
mk? iy — w, Y sin 0+ w, 0) =0 J
and I(Q, Qg cos 6+ Q,¢sin ) = Gb
I(Qy—Qy0+Q, 4 cosb) =—Fbpr .o, (19).
I(Qy—Qsin 640Q,0) =0

From the last equations of (18) and (19) we get
adrg+ by — (aw, + b, ) Y sin 6+ (aw, + Q) 6=0,
but from (15) and (16)
aw, +bQ, =(a+b)d, and aw,+bQ,;=(a+b)ysinb;

therefore adg+ 082 =0,
or awy + {23 = const. =cn say.

We proceed to eliminate G from the dynamical equations. From
(18) and (19) we have

2
ady + b — (aws +bQy) f cos 0+ eny sin 6= G( bl>,

and from (15) this may be written

b2
— O —ufcos §+cnfisin = G< Ic’+I)

then substituting for @ from (17) and for u, v from (16) we get

<1+k.+m1b>(a+b)(§ Y*sin 6 cos 8) + cny sin 6= (k’ b>gsm9
eseeen(20).
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In like manner the elimination of F leads to

mb®*\ a+bd

(1+k‘+ I >bm0 dt

These equations are identical in form with (11) and (12) for a sphere

rolling and spinning on a fixed sphere and the solution may be com-
pleted in the same way.

($sin?0)—cnd=0 ......... (21).

(iii) A sphere rolling and spinning on a sphere which is made to rotate
with unifrom angular velocity about its vertical diameter.

Let Q denote the uniform angular volocity of the sphere of radius b.

In this case the geometrical equations are

U—aw,=bQsinf, v+aw,=0, w=0 ......... (22).

The effect is to add an extra term to each of the accelerations of C
given in (3), so that they are, in this case,

ady+bQf cos 8+ aw, Y cos b,
—ad, + awy i) cos 64 b sin fcos 6,
—awysin 0—bQyYsin? §—aw, 6.
The dynamical equations in this case reduce to

2
(a+b)(0- 2sinfcosb)+ Zii’g’:kz (Q2b cos 8+ aw,) Y sin = ga* sin @

2+ k2
...... (23),
(a+b)sn0dt () sin? 8) — z’i“(ﬂbcos()+aw,)9 0 ...(24)
and Ay —QbOBIN =0 .c...overinrnannnn... (25).
The last equation gives
awz+Qbcosf=an ..........ccooeeininnin (26)

and the substitution of this in (23) and (24) brings them back to the
equations (11) and (12), i.e. the same as if the revolving sphere were
fixed. Hence the general motion is the same as in case (i).

(iv) A sphere rolling and spinning on a sphere free to rotate about its
vertical diameter.
We give it as an exercise for the reader to shew, with the same

notation, that IQ +mb (a+b) J sin? § = const.,

2
mk?b? J2sin 2a

3 2 qin? -—
6%+ J2sin 0+I(a’+k2 a2+k2a+b(1 cos ) + const.,

(a+0b) ¢ sin? 6+ —élc——fz (aw; cos 8 — b sin? §) = const.,

Q.2<I+ f_szsln 9>+ fflzwa =const.

7°-82. Examples. 1. A homogeneous heavy sphere of radius a rolls
on the outside of a rough fixed sphere of radius b. Shew that, if the
spheres are imperfectly rough, steady motion is possible, in which the
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point of contact describes a small circle of angular radius « on the fixed
sphere in time 27/Q, provided that

(a+b)Q2/g < cosec a tan (e —a),
where ¢ is the angle of friction. [1. 1903]

2. A homogeneous sphere rolls in any manner under the action of
gravity on a perfectly rough fixed sphere whose centre is O. Shew that

(1) the velocity of the centre of the moving sphere is that due to
five-sevenths of its depth below a fixed horizontal plane, and

(2) the moving sphere will leave the fixed sphere when the altitude
of its centre above O is ten-seventeenths of the altitude of the fixed
plane above the same point. [1. 1926]

3. Find the equations for the motion of an isotropic sphere of radius
b mass M and moment of inertia I, rolling without slip on the surface
of a fixed sphere of radius ¢—b, in terms of the inclination 6 to the
vertical of the common radius, and the azimuthal angle y of the vertical
plane containing this radius.

Shew that, if In is the constant moment of spin of the upper sphere
about the common radius and if

cL =4I+ Mb?) c (82 +f2sin28) + Inbyf cos § — Mgb?cos b,

the equations of motion are of the form
d (31;)_61;__0 d (&J, oL _
de\od) o6~ 7 dt\o4) op
4. A rough sphere of radius @ and radius of gyration K capable of
moving about its centre is initially at rest; another sphere of 1/nth the
mass and of radius b and radius of gyration k is placed gently on it
having initially an angular velocity  about the common normal which

makes an angle o« with the vertical drawn upwards. Prove that the
second sphere will not roll off provided

0. [M. T. 1918]

2u(a+bd)g

2, G TI) 3 _4,3c0g?

W'> 5 1) b {(3u+1)2—4pu?cos?a}seca,

where p=a’/nK?+4 b3/k®. [M. T. 1888]

5. A perfectly rough sphere of radius a is made to rotatc about a
vertical diameter which is fixed with constant angular velocity n.
A uniform sphere of radius b is placed on it at a point distant a« from
the highest point ; investigate the motion and determine in any position
the angular velocity of the sphere. Shew that the sphere will leave the
rotating sphere when the point of contact is at an angular distance 8
from the vertex, where
4a’n?sin®a
119 (a+d)g

7-9. Motion of a uniform rod one end of which is fixed
while the other end slides on a smooth vertical plane. Let
O be the fixed end of the rod OP, a its length and m its mass; ¢ the

cosf=12cosa+ [M. T. 1889]
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distance of O from the vertical plane. The end P describes a circular
arc on the vertical plane whose centre N is the foot of the perpen-
dicular from O. The direction of OP is defined by the angle § which
it makes with the vertical Oz, and the angle ¢ which the plane zOP
makes with a vertical plane parallel to the given one. It is convenient
to take moving axes through O, the axis 2 along the rod, the axis 1
horizontal and at right angles to the plane 20P, and the axis 3 at
right angles to the rod in the plane zO P,

\
'\ 2
\
3\
\ .
\\ ~ R PI:/"’Q
\
\ G /
\‘b\ '
(o) N
2%
YAt
. /// mg
7’
xr

Then since these axes are fixed to the rod, we have

Wy, wgy wy=—0, $cosfh, $sinf ...coevurvinnninn. (1).

The rod has no products of inertia and its moments of inertia about the
axes are 4 =C=}ma?, B=0.

The forces acting on the rod which have moments about the axes
are its weight mg and the reaction R of the vertical plane, parallel to
NO; and the components of the latter parallel to the axes 1, 2, 3 are
Rcos ¢, — Rsin ¢sin b, Rsin ¢cosd.

Hence Euler’s Equations are

Aoy + Cwywg= Rasin ¢ cos § — ymgasin 0}
Cdyg— Aw, wy= — Racos ¢ )

the equation of moments about the axis 2 vanishing identically.
Therefore

3ma3 (§ — $3sin § cos 6) = ymgasin 6 — Rasin $cos 4 ...... (3)

and ima® ($sin 04 240 cos 6)= — Racos ¢ ............ (4).
But the co-ordinates are subject to the condition

asinfdsing=c ....cocoeiiniiiiiiiinian. (5),

so that fcosfsing+dsinfcosd=0 .................. (6).

If we multiply (3) by 8 and (4) by $sin 8 and add, the coefficient of
R vanishes by (6), and the remaining terms integrate giving

3ma? (62 + ¢?sin? 0) =mga (cos x —cos ) ............ (N,
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where « is the initial value of 6, assuming the rod to start moving from
rest. This last equation might have been written down as the equation
of energy.

To find R we may proceed thus: by differentiating (6) we get

Hcos @sin ¢ + ¢ sin 6cos ¢ — (83 + ¢2) sin fsin ¢ + 204 cos fcos =0
...... (8).
Eliminate § and ¢ from (3), (4) and (8). The result is

~ 4ma (6*+ $?sin? 6) sin fsin ¢
= }mgsin @ cos fsin ¢ — R (sin® ¢ cos? 6+ cos? ¢) ......(9).
Then from (5), (7) and (9),
R (sin? ¢ cos? 6 + cos? ¢)=§mg§cos o—mgs(cosa—cOSG)
="mge
2a

so that the rod leaves the plane when cos § =5 cos a.

(3cos@—2cosux);

7'91. Example of Initial Motion. A4 uniform solid ellipsoid is
held in contact with a smooth horizontal plane and released from rest, to
find the initial pressure of the plane.

Let w;, wy, wg denote angular velocities about the axes of the
ellipsoid; «, y, z the co-ordinates of the point of contact, p the perpen-
dicular distance of the centre from the given plane; I, m, n the direction
cosines of the normal at (x, y, z); M the mass, 4, B, C principal moments
of inertia and a, b, ¢ semi-axes of the ellipsoid, and R the pressure of

the plane. Then l, m, n=pzx/a?, py/b?, pz/c? .........coeeunnn (1),

and the equations of moments about the axes are
Ady—(B-C)wgws= — R (ny—mz)
Bé,—(C—A)wgwy=—R(lz—nx)  ...cvoneene. (2);
Caiy— (A= B) wywy= — R (mx—1ly)

or, since initial velocities are zero, and by using (1),

Aiy=—R(b2~c?) mn/p]

Bog=—R(c2—a®)nl/p  .cocovinvninnnnn, (3)
Cazg= —R(a®—-b2)Im/p I
By resolving vertically we have
MP=R—=Mg .c.ooonvivininninnnns (4).
But PI=atB BRI+ IR e (5)

and, since I, m, n are direction cosines of a fixed dircction,
l—mawy+nwy=0
m—nwy+lwg=0r......... tereseasosares .(6).
1 —lwy+Mmw, =0
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Whence, since initial velocities are zero, we have from (5) and (6)

PP =atl 4+ bmi 4 it oooiiiiieiienns (7)
and l—mag+nay,=0
M=no,+log=0} ..cooveiiiiiiinaniinnnn. (8).

fi—lig+meao, =0
Then by eliminating the accelerations from (3), (4), (7) and (8) we get
( R > a*lR {lm’ (a®—b3) In?(c*— a’)}
P —g9)=— - 3 -

M P C B
_btmRB (mn? (b2 —c?) _mil(a?—bl)
' P A C
c*nlk (nl*(c*—a?) nm?(b*— c’)}
e
R _ m,2n2 (b2 — 02)2 n2l2 (cﬁ — a2)2 lZmz (aﬁ _— b2)2
or p’(m—g>__ —R{ 1 + B +~,_.,0,___*}’
so that
_ p2 mﬂnZ(b2_cﬁ)2 féi(c‘l_aﬂ)ﬂ lzmﬁ (a‘l_b2)2}
R-p"‘g/{ﬂ+-—A————-+ B + ol .
EXAMPLES

1. A rod, of mass 3m and length 2a, is moveable in a vertical plane
aboutitsmiddle point,and carrics at one end a particle of mass m; if the
vertical plane be made to revolve, with uniform angular velocity w,
about the vertical through the middle point, prove that the equation of
motion of the rod is

2al — 2aw?sin § cos 6+ gsin =0.

2. One end of a heavy rod rests on a horizontal plane and against
the foot of a vertical wall, the other end rests against a parallel vertical
wall, all the surfaces being smooth. Shew that if it slips down, the
angle ¢ through which it turns round the common normal to the
vertical walls is given by the equation

$2(1+ 3cost ) = C— (6gsin ¢)/y/(a? — bY),
where 2a is the length of the rod, and 2b the distance between the walls.

3. A smooth plate inclined at an angle ¢ to the horizon is made to
rotate about a vertical axis A B with uniform angular velocity w. A rod
of mass m is compelled by guides to be always vertical, and at a distance
¢ from A B, while it rests with one end in contact with the plate, sliding
up and down as the latter rotates. Shew that, if the rod be initially in
its lowest position, the pressure on the plate at the end of the time ¢

will be m (g cos ¢ + cw? cos wisin ¢) sec? ¢.
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4. A heavy sphere moves on a rough horizontal plane which can
revolve about a fixed vertical axis. The system being set in motion in
any manner, prove that the curve described in space by the centre of
the sphere is given by equations which can be put in the form

$=Gf008‘7’(¢-¢’)c—ff+bcos§(¢—a),

y=c¢ [sin§(¢—¢')?+bsm?(¢—°‘)s

where ¢ is the angle turned through by the plane, and ¢’ is put equal to
¢ after integration. [M. T. 1888]

5. A perfectly rough vertical plane revolves with a uniform angular
velocity u about an axis perpendicular to itself, and also with a uniform
angular velocity Q about a vertical axis in its own plane, which meets
the former axis. A heavy uniform sphere, of radius ¢, is placed in con-
tact with the plane; prove that the position of its centre, at any time ¢,
will be determined by the equations

-0 =2us, Tid 20%+2u (£ +Q2)=0,
z denoting the distance of the centre from the horizontal plane through
the horizontal axis of revolution, and ¢ that from the plane through the
two axes.
Prove also that if @ and b be the initial values of ¢ and z, 4 and v

those of £ and 2, 7y =760 4 2ub, Tv+2ua=0. M. T. 1872]

8. A perfectly rough plane, inclined at a fixed angle to the vertical,
rotates about a vertical line with uniform angular velocity; shew that
the path of a sphere which is placed upon it is given by two equations

of the form j+as+by=0, F—ay+bu=c,

the origin being the point where the vertical line meets the plane, and
the axis of y being the straight line in the plane which is always
horizontal. [M. T. 1865)

7. A rough vertical plane is made to rotate with uniform angular
velocity w about a vertical axis in itself and strikes & heavy uniform
inelasticsphere of radiusa atrest, the pointof contact beingat adistance
V']a from the axis. Shew that after a time ¢ the distance of the point of
contact from the axis is VIaexp (Viwt) and that contact will be
maintained throughout the motion. Shew also that the vertical
distance of the centre of the sphere below its initial position is

(59/w?) sin® (wt/r/14). [M. T. 1932]

8. A uniform sphere of mass m rolls without slipping on one face
of a wedge of mass M and angle «, the other face of the wedge being in
contact with a smooth horizontal plane. Rotation of the wedge, and
translational motion of the wedge parallel to the line of intersection
of the faces, are prevented by frictionless guides. Prove that, in
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general, the point of contact of the sphere traces out a parabola on the
inclined face of the wedge, and that the acceleration of the wedge is

b5mg sin « cos o
TM +2m+ bmsin®a’ (M. T. 1934]
9. A uniform solid ellipsoid, of semi-axesa, b, ¢ (a > b > ¢), is mounted
so that it can turn freely about an axle lying along the axis 2a. This
axle is made to rotate in a horizontal plane with uniform angular
velocity w. Prove that for steady motion one of the axes of the ellipsoid
must be vertical, and that for small oscillations about steady motion
the period is
27 (b’ + cﬂ)i

P (I. 1930]

w

10. A heavycircular wire can rotate freely about a vertical diameter,

and a uniform rod of length equal to the side of an inscribed equilateral

triangle moves with its ends on the wire. If a is the radius of the circle

and the rod is of mass m, prove that the kinetic and potential energies
of the system are

$[(I+}ma?) 2+ §ma?d?] and —3mgacosf+C

respectively, where I is the moment of inertia of the wire about a
diameter, ¢ is its angular velocity and 6 is the inclination to the
vertical of the line joining the centres of the rod and wire. Find the
equations of finite motion and thence state in words the precise
character of the motion. [St John’s Coll. 1909]

11. A spherical ball spinning about its vertical diameter is gently
placed at the extreme edge of a table and rolls off without slipping.
Shew that if the radius of gyration has a certain value the centre of the
ball describes & portion of a helix while contact lasts.  [M. T. 1908]

12. Tworoughrods OA4, OB are fixed in a horizontal plane and make
an angle 2« with each other. A heavy uniform sphere of radius a rolls
down between the rods slightly disturbed from rest with the centre C
vertically above 0. Prove that so long as the sphere is in contact with
the rods, its angular velocity is given by

w?(a?sin? o +2%cos? a + 2a?/6) = 2g (a —z),
where z is the height of C above the plane 04 B. [I. 1913]

13. A heavy sphere is held in contact with a rough circular wire
which is fixed in a horizontal plane, and a horizontal impulse is then
applied to the sphere, causing it to roll round steadily. If ¢ is the
radius of the ring and b that of the sphere, and if « is the constant
inclination to the vertical of the radius through the point of contact,
prove that the angular velocity Q of the point of contact is given by

the equation Q3 (c—bsin a) = bg tan «,
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and that the impulse required to produce this motion is such as would
impart to the sphere, if it were free, the velocity

3Q(c—bsina). [M. T. 1881}

14. A heavy circular plate is pivoted at its centre O and upon its
upper surface is a smooth circular groove, with its centre at O, in which
a particle of mass m moves, so that the system moves steadily about
the vertical with angular velocity A. Shew that if aA*sinx<g, the
particle must lie on the line of greatest slope through O, and that

A (A —~ma?) cosa— CAQ +mgacot a=0,
where 4, 4, C are the moments of inertia of the plate, a is the radius of

the groove, Q is the angular velocity of the plate about a normal, and
« is the inclination of the plate to the horizontal. [M. T. 1909]

16. The end of a uniform rod of length ! is mounted on an axle so
that the rod can turn freely in the plane perpendicular to the axle. If
the axle is made to rotate in a horizontal plane with angular velocity
w, the point where the rod joins the axle remaining fixed, prove that 6,
the angle which the rod makes with the downward vertical at time ¢,
satisfies the equation

0= w?sin 6 cos 6 — (3g/21) sin 6.

If w is constant, examine the stability of the motions in which 6 is
constant. [M. T. 1933]

16. A flailis composed of two bars jointed together at an end of each;
the other end of one of them is fixed and they are free to move on a
horizontal plane. Prove that, if 8 is the inclination of the first anchored
bar to a fixed direction, and ¢ the inclination of the second bar to the
first, the angular velocities of their free motion are determined by
equations of the form

A+ B(0+4)+mabcosy (20 +¢)=Q,,
AQ? 4 B (8+ )2+ 2mab cos . 6 (0 + ) = 2T,

Find what motions are possible for which ¢ remains constant; and
examine their stability. [M. T. 1919]

17. A uniform rod is constrained to move on the surface of a smooth
hyperboloid of revolution, there being no forces except the constraint.
Shew that, however the motion be started, the component velocity of
the centre of the rod parallel to the axis of revolution cannot vanish
more than once in the subsequent motion; and that, unless this com-
ponent velocity is always zero, the motion tends asymptotically to
uniform motion along a generating line. [M. T. 1903]

18. A uniform circular disc is rotating in its own plane with very
large angular velocity about its centre O, which is fixed. Prove that if
a tap be given to the disc in a direction perpendicular to its plane, at &
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point 4, the diameter through A will approximately describe a plane
slightly inclined to the original position of the plane of the disc, while
the diameter at right angles to it will describe the same plane as before.

[M. T. 1903]

19. A sphere is rolling on the rough surface of a cylinder, the cross-
section of which is the curve 3r=a+/2.exp 04/(2/7); prove that, if
there be no forces, the path of the point of contact becomes, when the
cylinder is developed into a plane, a curve of the form

y=(a+ Bx)cos (log z/c) + (y + 8x) sin (log z/c).

20. A sphere moves under the action of gravity on the inside of a
rough cylindrical surface, of which the generating lines are inclined at
an angle « to the horizon, and the transverse section perpendicular to
the generating lines is a cycloid with its vertex at the lowest gencrating
line. The sphere is projected initially with a velocity V along the
generating line at which the curvatures of the sphere and cycloid are
equal. Prove that the motion will be comprised within a length

22 2\
of the cylinder, and that the time between successive instants of the
sphere reaching the original generating line is

1 C _;EL_)
8 <cos 4a> \/ <5g cosa/’

where a is the radius of the generating circle of the cycloid and ¢ is
the radius of the sphere.

21. A solid with a smooth plane face inclined at an angle « to the
horizontal can rotate freely about a fixed vertical axis. A light string
of length a is attached to the axis at the point where it cuts the plane
face and a particle of mass m is attached to the other end. Prove that,
if the system is released from rest when the string lies on the plane face
making an angle B with the line of greatest slope, the initial angular
acceleration of the solid is

mg sin o cos e sin B
T +ma®sin?asin? B’

where I is the moment of inertia of the solid about the axis.
[I. 1912)

22. A body in the form of a hollow circular cone of semi-vertical
angle « spins about its axis which is fixed and vertical, the vertex being
the lowest point. Shew that, if a sphere of uniform density and of unit
mass be placed on the interior of the cone which is rough,

(I+2a%sin?a) w=1Q,,

where , is the initial angular velocity of the cone, w its angular
velocity immediately after the sphere has been put on, I the moment
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of inertia of the cone about its axis and a the distance of the point of
contact from the vertex.

Prove that, if Q be the angular velocity at any subsequent period of
the motion and r the distance of the point of contact,

(I+3rtsinta) (I +3adsin®a)Q? =120, [M. T. 1882)

23. A uniform rough heavy circular disc of radius @ has its edge
touching a horizontal table, and rests against the pointed top of a peg
of vertical height A fixed in the table. In the position of equilibrium its
plane makes an angle « with the table. Shew that the length of the
simple equivalent pendulum for a small oscillation in which there is no

slipping is ahsec « tan o
((_E:aiﬁ_a—). [Mc T. 1904]
24. A rigid body of mass M can rotate freely about a point O, and
axes 01, 02, 03 are fixed in it. The point O is constrained to move with
an acceleration whose components are (fy, f3, f3). Prove that
dh - -
-d*,ll"i'M(x:fs“xafa):Ll,
where h, are the components of the part of the angular momentum about
O due to the rotation alone, #; are the co-ordinates of the centre of
mass, and L, are the moments of the external forces about 01, 02, 03.
Two perpendicular rods 01, O3 are hinged together so that O1 can
rotate freely about 03. The direction of 03 is given by Eulerian angles
(6, ¢) with respect to the vertical, and that of O1 by a further Eulerian
angle ¢. O3 is moved about in an arbitrary manner; prove that ¢ is
given by the differcntial equation
I (63 + wy wy) + Mhfy= — Mghsin fsin ¢,
where % is the distance of the centre of mass of the rod O1 from 0, M
the mass of the rod and I its moment of inertia about 0. Hence shew
that if § and ¢ make small oscillations about mean values « and 0,

where « is a small angle, ¢+ ¢ is equally affected by an acceleration f,
of O and a tilt fy/g of O3 about O1. [I. 1933]

25. A circular cylinder is fixed with its axis horizontal, and a rough
uniform sphere is projected horizontally from a point of the lowest
generator in a direction making an angle « with this generator. Prove
that for the sphere to come in contact with the highest generator the

initial velocity must be greater than ?7'—7 . (bm—.——n—;%g where a and b are
the radii of the sphere and cylinder respectively. [1. 1924]

26. A uniform solid circular cylinder of mass M is free to turn about
its axis, which is horizontal. The cylinderis at rest, when a rough uniform
solid sphere, of mass m and radius a, is placed in contact with the highest
generator, the sphere having initially a spin n about its vertical dia-
meter. Shew that, if the system is slightly disturbed, the sphere will



176 EXAMPLES

leave the cylinder when the plane through the axis of the cylinder and
the centre of the sphere makes an angle a with the vertical, where
10M +8m
17TM +12m
ponent velocity of the centre of the sphere in the direction of the axis
of the cylinder is V'3an sinV/ 3. [M. T. 1929]

27. A uniform sphere of radius a rolls in a horizontal groove whose
transverse section is an arc of a circle of radius . Prove that the motion
across the groove is similar to that of a simple pendulum of length
1 (b—a), and that if the amplitude of the transverse motion is small the
velocity along the groove is given by

2=U+%awl,
where U is a constant, 6 is the inclination of the common normal to

the vertical, and w is the mean value of the spin about the common
normal. [1. 1933]

28. A uniform sphere of radius a rolls on the inside of a rough hori-
zontal cylindrical tube of radius b. It is set rolling at the bottom of the
tube with a velocity V along the tube, a small spin n about a vertical
axis and a small velocity u, across the tube. Determine its rate of
progression along the tube, and shew that the time-average value is

uy?
Y[ rgts=a )
correct to the second order in %, and n. [M. T. 1924]

29. A cylinder of internal radius ¢, whose axis is horizontal, is made
to rotate about its axis with uniform angular velocity Q. A uniform
sphere of radius a, spinning about its vertical diameter with angular
velocity n, is placed on the lowest generator of the cylinder and there
is sufficient friction to prevent sliding. Prove that, if c2Q2> 36g (c—a),
the sphere will roll completely round the cylinder. Shew also that the
velocity of the sphere along the cylinder is given by

#=anV¥sinV%4,
where 0 is the angle which the plane through the centre of the sphere
and the axis of the cylinder makes with the vertical.

cosa= ; and that, at the instant of separation, the com-

30. A hollow circular cylinder of radius b is fixed with its axis
horizontal, and a rough uniform sphere of radius a is placed inside the
cylinder with a point on the lowest generator. It is projected hori-
zontally with velocity V in a direction making an angle « with this
generator. Shew that if V lies between

{10(b—a)g/T} coseca and {27 (b—a)g/T}t cosecq,
the sphere will leave the cylinder at a point at which the radius makes
an angle ¢ with the downward vertical given by

3
l7cos¢=10-—7wf—a)—gsin'a. [I. 1931]
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31. A rough heavy sphere, radius ¢, rolls on a fixed rough surface,
of the form generated by the revolution of a circle, radius b, about a
vertical axis in its own: plane, distant a from the centre, a being greater
than b+ ¢. Prove that if, at the time ¢, ¢ be the angle through which the
plane through the vertical axis and centre of the sphere has turned,
8 the inclination to the vertical of the common normal, ws the angular
velocity about that common normal, « and A the initial values of 6 and
$, and if § and w, be initially zero, and I =5+ ¢, then

Cig = aéq&,
1363 + (@ —1sin 0)2 ¢ — A3 (a — I8in a)? + §c3wy? = 3291 (cos « — cos §),
d . agQug) . s
t—m{(a-—lsmO) W} + #awy (@ —1sin §) =0.

32. The lower of two equal perfectly rough spheres, of radius a, in
contact with each other, moves on a smooth horizontal plane. If w, »’
be the angular velocities of the two spheres about their common
diameter, 8 the inclination of this diameter to the vertical, and ¢ the
azimuth of the vertical plane through it, prove that throughout the
motion under the action of gravity alone the following quantities are
constant

(i) w+ o,
(ii) 74sin? 4 (w+ w’) cos b,
(iii) (7 + 5sin?6) §3+ 74%sin? 04 10(g/a) cos 6. [M. T. 1896]



Chapter VIII
IMPULSIVE MOTION

81. The equations of motion for impulsive forces for
systems of particles and rigid bodies, moving in two dimensions,
obtained in Part I, 11-2 and 15'3, are completed for the
general cases of motion in three dimensions by adding to the
linear equations in z and y a similar equation in z; and to
the equation of moments similar equations of moments about
the axes of z and y. And the equations embody nothing more
than the facts stated in Part I, 11-2, that

(1) the instantaneous increase in the linear momentum in any
direction 18 equal to the sum of the externally applied tmpulsive
forces on that direction; and

(2) the instantaneous increase in the moment of momentum
about any axis 18 equal to the sum of the moments about that axis
of the externally applied impulsive forces.

8:11. To find the motion of a free single body acted on
by a given impulse. Let an impulse J act in the line whose
equations are (x—f)/l=(y—g)/m=(z—h)/n, referred to axes
through the centre of gravity of the body, where I, m, n are the
direction cosines of the line. This is equivalent to an impulse
with components IJ, mJ, nJ at the centre of gravity, and
couples (gn —hm) J, (hl—fn)J, (fm—gl)J. Hence, if u, v, w,
w,, w,, w, denote the components of velocity of the centre of
gravity and the components of angular velocity just before
the impulse, and dashes denote values immediately after the
impulse, we have

M@ —u)y=lJ, M@ -v)=md, MW —-w)=nd...(1),
A (0, — ;)= F (0, — wy) — B (w0, — w,) = (gn—hm) J
B(w,' ~w,)— D (0, ~w,)— F (0, —w,)=(kl—fn)J
and
C(w) —wy)— B (w,' —wg) — D (w) — wy) = (fm—gl) J

(2),
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where M is the mass of the body, and 4, B, C, D, E, F are its
moments and products of inertia about the axes.

Equations (1) and (2) determine the new components of
velocity.

8:12. A body free to turn about a fixed point is set in
motion by an impulsive couple. If we take the principal axes
at the fixed point for axes of co-ordinates, and let H,, H,, H,
denote the components of the impulsive couple H, and w,, w,,
wjg the components of angular velocity, we have

Aw,, Bw,, Cwg=H,,H,, Hy ............ (1).
The plane of the couple is parallel to H,x+ H,y + Hgz=0,
or, from (1), Aw x4+ Bwyy+ Cwgz=0 ..vvveereenns (),

which is the diametral plane of the momental ellipsoid con-
jugate to the line whose direction cosines are proportional to
w;, wy, wy. Hence the instantaneous axis of rotation is the
diametral line of the plane of the couple with regard to the
momental ellipsoid.

If r be the radius of this ellipsoid in the direction (I, m, n) of
the instantaneous axis and p the central perpendicular on the
tangent plane, the moment of inertia about the instantaneous
axis is 4{2+ Bm?+ Cn?, or, in the notation of 53, Med/r2.
Hence the moment of momentum about the instantaneous
axis is Me*w/r?. But the resultant moment of momentum is H
and its resolved part about the instantaneous axis is Hp/r,

therefore w=Hpr/Met ..ccovuveveeennnnn... (3).
Again, the kinetic energy 7' is given by
27 = Aw,?+ Bw,y?+ Cwy? (7°42)
=w?(A4l2+ Bm?® + Cn?)
=w?Med/r?, or from (3)
=H2p% Met ..ocovviniiiiiiiiiiiniienn, (4).

Hence, for a given value of H, the kinetic energy created by the
impulse is greatest or least according as p is greatest or least,
i.e. according as the axis of the couple is the axis of least or of
greatest principal moment of the body.
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8:13. Example. A4 uniform solid falls and strikes a smooth horizontal
inelastic plane, to find the change in its kinetic energy produced by the
tmpact.

Take the principal axes at the centre of gravity for axes of co-
ordinates. Let u, v, w be the velocities of the centre of gravity after
impact and w,, w,, wg the angular velocities set up by the impact. Let
J be the impulse; I, m, n the direction cosines of the normal at the
point of impact, whose co-ordinates are f, g, h; and let V be the velocity
of falling just before impact. Then if M is the mass and 4, B, C are
the principal moments of inertia,

Mu-tV)y=-lJ, M(v—-mV)=-mJ, M(w-nV)=—-nJ
Aw,= —(ng—mh) Jl
Bay=—(h=nf)J i iiiiiiiiiiiennns (2).
Coy=—(mi-19) 7 |
We have also a kinematical condition that the normal velocity of the
point of contact is zero, that is
LHu—gwy+hwy) +m (v—ho;+fag) +n(w—fwg+gw)=0...(3).
For the kinetic energy we multiply equations (1) and (2) by «, v, w,
w,, wy, wy and add, and in virtue of (3) we get
IM (W40 4+ w?)+ F (Aw,? + Bw? + Cwy?) = $M TV (lu+mv 4+ nw)
=3V (MV —J), by substituting from (1).
Hence the loss of kinetic encrgy is 3JV, in accordance with the general
theorem on the change of energy due to impulses.. (Pt. I, 11*86 or

84 below.)
To find J we write (3) in the form

lu+mv+nw+ w, (ng—mh) + w, (h —nf)+ wg (mf~1g) =0,
and substitute from (1) and (2), so that
. {(ng mht | @h=n)?  (nf~ zg)=} o
M A C -

and the loss of energy
- 2 2 ~la)?
V=g /{ L g =it Gt 1o .

8:14. Examples. 1. A solid rectangular parallelepiped with edges
of lengths a, b, ¢ is acted on by instantaneous couples with axes parallel
to these edges and of moments in the ratio p:q:r; shew that the
direction cosines of the instantaneous axis of rotation are in the ratio

P .9 . T
bTfct ot +at o+ b2

2. A rectangular parallelepiped is dropped on to a smooth floor so
that one angular point first comes in contact; if the edges be 2a, 2b, 2¢
and equally inclined to the vertical at the instant of striking, find the
impulse sustained by the floor.
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3. A rigid body moveable about a fixed point is struck by a blow of
given magnitude at a given point; if the angular velocity thus im-
pressed upon the body be the greatest possible, prove that a, b, ¢ being
the co-ordinates of the given point in relation to the principal axes
through the fixed point, and I, m, n being the direction cosines of the
couple produced,

al+bm+cn=0

a/l 1 b/ 1 1 c/ 1 1
and 1(’BZ’"UE>+M<(72‘I48>+5<§ﬁ_'19“2)=0’

A4, B, C being the moments of inertia of the body about the principal
axes at the fixed point.

4. Ifan octant of an ellipsoid bounded by three principal planes be
rotating about the axis @ with angular velocity w, and if this axis
suddenly becomes free, and the axis b is fixed, shew that the new
angular velocity is 2abw/m (a®+ c).

5. A body is moving in any manner. Find the condition that it may
be brought to rest by a single impulse suitably applied.

A moving body satisfies this condition at any instant and is moving
under no forces. Shew that in general the condition cannot remain
satisfied during the subsequent motion; but that if the body is sym-
metrical about an axisthroughitscentre of gravity,it will doso provided
the angular velocity about that axis is zero. [St John’s Coll. 1905)

2 g2 L2
6. The positive octant of the ellipsoid Zi +l‘gi +f‘,a =1 has the origin

fixed. Shew that if an impulsive couple in the plane
ax + by =nz (a?+b%)/2¢
acts upon the octant, it will begin to revolve about the axis of z.
[I. 1903]

7. A uniform rectangular block, of height 2¢, stands on a horizontal
plane; the sides of its base are of lengths 2a and 2b. A vertical impulse
upwards is applied at one of the corners; prove that the block leaves
the plane at once if

c?>at + b2+ {at + Ta%h? + b4}, (1. 1929]
8. Prove that, if the uniplanar motion of a body be changed im-
pulsively, I'ew?—Io?=L'e'+ Lo,

where L and L’ are respectively the moments of the impulses about
the original and final instantaneous centres, and I, I’ are the moments
of inertia about these centres. [1. 1915]

9. A rigid system whose principal moments at its mass-centre @
are each equal to I is rotating about GZ. Prove that if a particle m at
(x, ¥, 2) is instantaneously displaced by internal action through a small
space («, B, y) the axis of rotation will be turned through angles

m(xz+yz)/1, m(z+yy)/1,
towards GX, GY respectively. M. T. 1923]

> RDIT

)
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10. A rigid lamina at rest but free to rotate about a fixed point in
its plane receives an impulse P perpendicular to the plane at & point
whose co-ordinates referred to the principal axes at the fixed point are
(=, y, 0). Prove that, in the subsequent motion, the component of
angular velocity parallel to the plane of the lamina is constant and
equal to P4/(x%/B%+ y3/A3), where 4, B are the moments of inertia
about the axes of z and y respectively.

Prove also that, if the plane through the instantaneous axis per-
pendicular to the lamina makes an angle ¢ with the plane zz,

y? . 22
(A+B)§2=P*(4-B) <}f’ sin? § — 35, cos? 4,) . [M.T.1932)

8:2. Impact of inelastic bodies. When the bodies which
impinge on one another are inelastic and smooth, there is a
kinematical condition that the velocities, immediately after
impact, of the points of the bodies in contact with each other
are the same in the direction of the common normal to their
surfaces.

But if the bodies are inelastic and sufficiently rough to
prevent sliding, the velocities of the points of contact imme-
diately after impact are the same in every direction.

8-21. Elastic bodies. In Part I,11-32 the case of the impact
of smooth spheres was considered and it was shewn that
Newton’s Rule, that the relative velocities, before and after
vmpact, of the points of two smooth spheres which come into contact
resolved along the common normal at the point of contact are in
the ratio 1:—e, is equivalent to Poisson’s Hypothesis that the
impulse during restitution is e times the impulse during com-
pression.

It is not difficult to establish the same equivalence in the
case of two-dimensional problems of impact of any bodies
whose surfaces are either smooth or not sufficiently rough to
prevent sliding at the point of contact, so that we may assume
a definite relation between the impulsive friction and the
normal reaction. A method of procedure in such cases is to
write down the equations of impulsive motion on the hypo-
thesis that the bodics are inelastic and thus determine the
normal impulse R up to the instant of greatest compression,
then the whole changes in velocity, allowing for elasticity, can
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be found by writing (1+e¢) R in place of R in the equations of
motion. In the case of impact of elastic bodies whose surfaces
are sufficiently rough to prevent sliding we have no justifica-
tion for a hypothesis as to the impulsive frictions during
restitution and compression, and the only method of procedure
is to assume Newton’s rule in its generalized form [Pt. I, 11:35].

8:22. To establish the statements made about two-dimensional
cases in 821, consider the impact of two discs moving in the same
plane, taking the case where there is a coefficient
of restitution e and the edges are sufficiently
rough to prevent sliding. Let G, be the centre of
gravity of one of the discs, u,, v; its velocities
just before impact parallel to the tangent and
normal at the point of contact and w, the angular F
velocity, m, the mass, m;k;? the moment of
inertia about G,, and z,, y, the distances of G,
from the common normal and tangent to the
discs. Let the suffix 2 denote similar quantities
for the second disc, and let dashes be used to
denote values of the velocitics immediately after
impact. Let R, F denote the impulsive pressure
and the friction, shown in the figure in the sense in which they act on
my.

The equations of impulsive motion are

my (4 —u")=F, m (v,—v)=R, mk?lw,—w’)=Rr,— Fy,

Nowton’s rule connecting the relative normal velocities of the points
of contact gives

(0 + 2 0)) = (V) + 2y wy)) = — e {(v, + 2 ) = (Va+ T3 05)} -..(3),
and the condition of no sliding at the point of contact gives
U =Y =u FYswy” e (4).

If we substitute in (3) and (4) the values of u,’, v,’, w,’, %y’, v, w,’
obtained from (1) and (2), we get

11 @t & (ﬂ,y_x_ _ T2
B (m1 + mg + myk,? + m, kz") -F my k3 mﬁé;é)
=(1+e) (42w —v3—Taw,)  ...... (5)

Yy TaYs 1 1 vt Ys®
and E + +F{ -+

myk,® " myky? my  my mk,d myk,?

SU) — Y0 U~ Ygwg  e.eno(B);
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and these equations determine the impulsive pressure and friction.
Equations (1) and (2) then determine the velocities after impact.

It is clear that the elimination of F from (5) and (8) will not in this
case give a value for R containing 1+e as a factor, as it should if
Poisson’s hypothesis were deducible from Newton'’s rule.

But if the edges are smooth we have to put =0 in (1) and (2); (3)
remains unaltered and leads to (5) without the term in F, so that in
this case R does contain (1+ ¢) as a factor. Also if the edges are rough
but not sufficiently rough to prevent sliding we have equations (1), (2)
and (3) as above, and, instead of (4), an equation F=uR. Then (5)
follows as above and when we put F' = puR, we find that in this case too
R contains 1+ e as a factor, so that in this case also Poisson’s hypothesis
is equivalent to Newton’s rule.

8:23. Example. A disc of any form moving in its plane without
rotation and with velocity V at right angles to a fixed plane strikes the
plane so that the distances of its centre of gravity from the point of impact
and from the plane are r and p. Assuming the plane to be elastic and
sufficiently rough to prevent sliding, find the impulsive pressure and
friction.

Let u, v be the velocities of the centre of gravity G parallel and at
right angles to the plane just after impact, w

the angular velocity, R, F the impulsive pres-
sure and friction. Then, if wn is the mass, we
have MV =) =R e, (1),
MU=F ooiiirieeaanan (2),
mktw=R+/(r*—p?)—Fp ...... (3).
Also since there is no sliding
U—pw=0 .iinin. (4),
and Newton’s rule gives
v—wy/(r2—p?) = —eV .....ou.. (5).

Eliminating «, v and w, we find that
B=m(1+e)V(p*+Kk?)/(r*+ k)
and F=m(1+e)Vpy/(r2—p?)/(r*+k?).

8-24, Examples. 1. A circular disc of mass m, radius a@,and moment
of inertia about the centre mk?, is spinning with angular velocity w on
a smooth horizontal plane and impinges normally on the middle point
of a rough inelastic rod of mass m’lying on the plane. Prove that the
angular velocity immediately after impact is

(m+m’) k*w/{m’a® + (m+m’) &%},
2. Two uniform circular discs with rough edges lie flat on a smooth
horizontal plane; one of them, of radius aand massm, is in motion along

the line of centres with velocity ¥ and angular velocity Q so as to
impinge on the other, whose mass is m’. Shew that if the discs are so



8-3] VIRTUAL WORK 185

rough and inelastic that the relative velocity of the points of impact is
zero just after the impact, the line of motion of the centre of the
moving disc is deflected through an angle whose tangent is m’aQ/(3mV).

[M. T. 1912)

3. A circular disc of radius R and mass M can turn freely about its
centre which is fixed in a smooth plane, another disc of radius r and
mass m moves in the plane with velocity v without rotation, and
impinges on the former. If both discs are inelastic and have milled
edges, shew that the kinetic energy lost by the impact is

{mv? cos? a + $visinta 1 1+ ~ + B

m k3) " MK3 )
where « is the angle of incidence and K, k are the radii of gyration of
the discs. [St John’s Coll. 1904]

4. A cricket ball strikes the ground with horizontal velocity V and
downward velocity W; the angular velocities before impact are
Q,, Q,, Q, about axes such that Oz is in the horizontal direction of
travel, and Oz vertically upwards. Find the velocities of translation
after impact on the supposition that the coefficient of restitution is e
and the friction enough to destroy slipping; and give the lower limit
to the coefficient of friction in order that the latter condition may hold.
(The ball may be assumed homogeneous.) [1. 1933]

8:3. Applications of the principle of virtual work. Let
m, denote the mass of a typical particle of a system. Let a
number of impulses be applied to the system simultaneously,
(X,, Y,, Z,) denoting the impulse applied to the particle m,
and (u,, v,, w,), (%, v,’, w,’) the velocities of this particle
just before and just after the application of the impulses.
The connections, if any, between the particles will set up
impulsive actions and reactions between them, but provided
the connections are not violated the work done by mutual
actions and reactions will be equal and opposite and can be
omitted from the equation of virtual work. Consider a virtual
displacement of the system which does not violate the geo-
metrical connections, in which 8z, , 8y, , 82, are the components
of the displacement of the typical particle m,. Since the
change of momentum in any direction is the measure of the
impulse in that direction, we have

z""r {(ur' - ’ll«,.) er + (vr' - 'U,.) 8yr + (wr' - wr) 82r}
=2 (X,%2.+ Y,8y,+ Z,82,) ...(1).
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We shall use this equation of virtual work for establishing
some general properties of the motion by making suitable
choice of the arbitrary displacements.

8-31. Self-contained system with no externally applied
impulses. Carnot's Theorem.

Consider a system of inelastic bodies. Immediately after
impact the points of contact have a common velocity along
the common normal so that the mutual impulsive action and
reaction are on the whole doing no work; consequently, if we
take the virtual displacement to be the actual displacement
immediately after the collision, i.e. if we put

8z, :8y,:82,=w':v, 1w, ,
and there are no external impulses, the right-hand side of
8:3 (1) is zero and

Zm, {(u," —u,) %, + (v, —v,) v, + (w, —w,)w,'} =0,

or E"7'/1' (ur,2 + vr’s + wr’g) = Z}m’r (urur’ + 'l)r?),.’ + wrwr,) (l)'

Since w,u, =, + Ju, 2 — § (v, — u,')?,
therefore
$Zm, (w2 +...)=1Zm, (w2 +...) = }Z{m, (u,—%,’)*+ ...}

shewing that the kinetic energy of the system after the collision
ts less than the kinetic energy before the collision by the kinetic
energy of the relative motion before and after. This is the first
part of Carnot’s Theorem.

8:32. Kinetic energy increased by an internal explosion.
In the same circumstances, if we consider two particles which
are about to be separated by the explosion, we may assume
that they have the same velocity at the instant before the
explosion, so that if we choose for virtual displacement the
actual motion in a short interval just before the explosion it
will be one in which the mutual impulsive reactions will do
equal and opposite amounts of work; i.e. if we take

Sx:dy:dz=u,:v,:w,,
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the right-hand side of 8:3 (1) being zero in this case also, we
have Zm, {(w,’ —u,) u,+...}=0,
or Zm, (v, v, +...)—Zm, (u,2+...)=0,
which is equivalent to

1Zm, (u,'2+...)— 3Zm, (w2 +...)=3Zm, {(u, —u,)?+...}

shewing that after an explosion the kinetic energy ts increased
by the kinetic energy of the relative motion before and after. This
is the second part of Carnot’s Theorem.

8:33. The effect of imposing frictionless constraints on
a self-contained system is to decrease its kinetic energy by
an amount equal to the kinetic energy of the relative motion
before and after the imposition of the constraints. Also in any
other dynamically possible motion compatible with the con-
straints, the kinetic energy 18 less than in the actual constrained
motion; and in any other geometrically possible motion com-
patible with the constraints the relative kinetic energy 18 greater.

Referring to the general equation of virtual work 8-3 (1),
there are in this case no externally applied impulses, and the
constraints are such as do no work in the actual motion
following their imposition. Hence, if %', v,’, w,” denote the
velocities of m, immediately after the imposition of the con-
straints, we may put 8z:8y:82=u,":v,’ : w,’, so that

Zm, {(u, —u,)u + ..} =0 (il (1),

and as in 831 this leads to

ZIm, (v, 24...)=3Zm, (w2 +...) — 3Z{m, (u,’ —u,)2+...}
...... 2),

thus proving the first part of the proposition.

.Now suppose that in any other motion compatible with
the constraints the velocity of m, becomes (u,”, v,”, w,”).
Then since this motion also gives a possible virtual dis-
placement whichever change of motion is under consideration,
therefore we have

Zm {(u, —u)u, + ..} =0, (3)

and =m, {(w,’ —w,)u, +...}=0 ...oonenl. (4).
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From (3) and (4) we get
Zm {(w, —u)u," + ..} =0, (5).
But (" —w)u" =1 (" =) (", =,
=4u,"?—du,? + 3 (u," —,')%;
and therefore, from (5),
2m, (u,"2+...)=34Zm, (u,'?+...) — $Zm, {(v," —u,')? + ...}

proving that in any other motion compatible with the con-
straints the kinetic energy is less than in the constrained
motion.

Now let (u,”, v,”', w,”’) denote the velocity of m, in any
other geometrically possible motion compatible with the con-
straints, then (4) is still true, and from (1) and (4) we get

Em, {(, —u,) (%, =)+ 0} =0 .o (7)

and we have identically

(u,' —u,) (w,’ —u,")=14 (' =%, )2~} (u," =, )2+ % (v, — ur”)z;
and therefore, from (7),

1Zm, {(u, —u,)2+ ...} =3Zm, {(u,' —u,)2+...}
—33m, {(u,’ —u,'")?+ ...} ...(8),

shewing that the kinetic energy of the relative motion in the
latter case is greater than in the case of the constrained

motion, the difference again being the energy of the difference
of the two motions compared.*

8:4. External impulses applied to a moving system. If
any tmpulses are applied to a moving system, the change in the
kinetic energy 13 equal to the sum of the products of the impulses
and the mean of the velocities of their points of application before
and after the action of the ympulses resolved in the direction of
the impulses.

Using the notation of 8:3 and the equation of virtual work
in the form 8:3 (1), it is clear that the actual motions of the
system just before and just after the action of the impulses

* For this proof I am indebted to Professor H. Jeffreys.
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both constitute displacements which do not violate the geo-
metrical connections between the particles, so that in 83 (1)

we may take 8z, :8y,:8z,=u,:v,:w,

and also 8xz,:8y,:6z,=u, v, 1w,
giving Zm, {(w,” —u,)u.+ ..} =2 (X, u.+...)
and zm, {(u,’ —u,)u, + ...} =Z(X,u, +...).

Then, by adding these results we get
Zm, {(u, 2= u2) +.. }=Z{X, (¥, + %, ) +..},
or 1Zm, (w,'2+...)— 4Zm, (u,2+...)
=Z{X,}(u,+u')+...} ...... (1),
which proves the proposition.

8-41. Bertrand's Theorem. If a system in motion 18 acted
upon by any impulses, the kinetic energy of the subsequent
motion 18 greater than if this system were subject to any additional
constraints (of the kind which do no work in a small displacement)
and acted wpon by the same impulses.

We may take (u,, v,, w,) and (%, v,/, w,’) to denote the
velocities of the particle m, just before and just after the action
of the impulses and (%,”, v,”’, w,”’) to denote what the velocity
would be if additional constraints were imposed.

Then 8:3 (1) is the equation of virtual work for the actual
motion; but the constrained motion gives a possible displace-
ment, so that

Zm {(v, —u)u, + .. }=2(X,u, +...) ...... (1).

Applying the same principle to the constrained motion and

noting that it is produced by the same set of impulses, we have

4 Zm, {(w,” —u,)u, +..}=2 (X%, +...) ...... (2).
Therefore
Zm, {(w,” —u,)u,”" +..}=Zm {(v,’ —u,)u,~ +...}
or Im, (w2 +...)=2Zm, (w0 +...) ......... (3),

which is equivalent to

Zm, (u, 2+ ...)=4Zm, (u, 2+ .. ) + $Em, {(u, —u,”)2 + ...}
...... (4)
and proves the proposition.
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8-42. Kelvin's Theorem. If any points of a connected system
are suddenly set in motion with prescribed velocities, the kinetic
energy of the resulting motion s less than that of any other
kinematically possible motion in which the given points have the
prescribed velocities.

For simplicity we will drop the suffixes and use Z to denote
a summation extending to all the particles of the system, and
2’ to denote a summation extending to those particles only
whose motion is prescribed, X, Y, Z denoting the com-
ponents of the external impulse applied to any one of these
latter particles.

Let u, v, w denote the velocity components of a particle in
the actual motion, including in this specification the pre-
scribed velocities for the assigned points or particles. Let
u', v, w' denote velocity components in any other kine-
matically possible motion with the proviso that for the
assigned particles P

w, v, w=u,v, w
For the actual motion we have
Zm (udz+vdy+wdz)=2%"(Xdx+ Ydy+ Z35z) ...(1),

where 8z, dy, 8z denote any geometrically possible virtual
displacements. Since the actual motion is such a displacement,

we may put Sx:8y:dz=u:v:w,

giving Zm (u+v2+w?) =2 (Xu+ Yv+ Zw) ...... (2).

But we may also take a displacement in the direction of the
second or comparison motion and put

dz:8y:0z=u':v" 1w,
remembering that for the particles on which the external
impulses act u’, v', w’' =wu, v, w, so that
Zm (uw' + o' +ww') =2 (Xu+ Yo+ Zw)...... (3).
From (2) and (3), it follows that
Zm (u?+ v+ w?) =Zm (uu' + v’ + ww')
=4Zm (u?+...)+4Zm (u'2+...)
—3Zm{(u—u')?2+...}.
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Therefore
1Zm (u?+ v+ w?)=3Zm (u'2+ 02+ w'?)
—3Em{(u—u' )P+ (v-0)+w-w)} ...(4),
which proves the theorem.

8-43. Robin's Theorem. If in the notation of 83 we put
U, =u,—u,, etc., so that $xm, (,2+ 9,2+ w,%) may be called the
kinetic energy of the relative motion, then if frictionless constraints
are suddenly 1mposed on a moving system simultaneously with
the application of impulses of the type (X,, Y,, Z,), the values
of the velocities of type w,’, v,’, w,’ immediately afterwards will be
such as to give a stationary value to the expression

%Em, (277'2 + ,‘_)fz + w}‘2) + E (Xf z_tf + Yrar + Z"w)‘)'

To prove this theorem we have to shew that the actual
velocities are such as to satisfy

Zm, (w.8%,.+...)+ 2 (X, 8%, +...)=0,
or m, (@ 8u, +...)+ (X, 0u,’ +...)=0 ...... (1),

where 3u,’, dv,’, dw,” denote any variations in the velocities
compatible with the constraints.
The equation of virtual work is

-Zm, (%,8x,+...) -2 (X, 8z, +...)=0 ...... (2),

where 8z, , 8y,, 82, represent the displacements of the particles
m, in any virtual displacement compatible with the constraints.
But the actual motion represented by «,’, v,’, w,” gives such a
displacement, and we may take u,’+6u,’, v,” +8v,’, w,’ +dw,’
to give another if du,’, 8v,’, dw,” have the meanings assigned
above. If we substitute these expressions in turn for 8z, , &y,,
8z, in (2) and take the difference of the results, we are left with
equation (1) and thus the theorem is proved.

In the more restricted case in which there are no applied
impulses but merely the imposition of a constraint, it follows
from this theorem that the new velocities must be such ds to
give a stationary value to the kinetic energy of the relative
motion. But we have already shewn in 8:33 that the kinetic
energy of the relative motion is in such a case a minimum.
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8'5. Gauss's Principle of Least Constraint. Though the
theorem which follows relates to motion in general and not
simply to impulsive actions, yet as a proof of it is really con-
tained in 8-33 this is a convenient place to introduce it. It is
a theorem of a very general kind and constitutes one of the
attempts which have been made from time to time to formulate
a single law as a basis for the whole of mechanics, akin to the
way in which, for example, Lagrange made the Principle of
Virtual Work the foundation of his Mécanique Analytique.

In the foregoing theorems on impulsive action we have used
the word constraint in a general way as something which puts
a check upon motion. Later on we shall have occasion to
regard a constraint explicitly as imposing a linear relation
upon velocities. But in this theorem of Gauss’s it has a special
meaning. The Principle of Least Constraint may be stated in
general terms thus: the actual motion of a system of con-
nected particles is, subject to the connections, as nearly as
possible what it would be if the particles were free: or, more
explicitly thus: let a be the position of a typical particle of
mass m at time ¢, b the position it would acquire at time ¢+ dt¢
under the action of the external forces if the connections ceased
at time ¢; and c its position at time ¢+ dt in the actual motion.
Then Zm (bc)? is defined tobe the constraint to which thesystem
is subject at time ¢, and Gauss’s Principle asserts that this
constraint is less for the actual motion than for any other
motion which is geometrically possible with the same con-
nections.

To prove the truth of the principle we have to shew that if
¢’ be the position of the particle m at time ¢+ dt in any other
motion possible with the same connections, then Zm (bc)? is
less than Zm (bc’)2. Now bc/dt is the relative velocity of the two
motions, and the constraint, as defined above, is measured by

(dt)? Zm {(u—u')?+ (v—2')2+ (w—w')3},

where we are comparing a free motion (u, v, w) with a motion
(w', v', w') of the same system when connected. And if we com-
pare this with a varied motion (", v"’, w'’) compatible with the
connections, so that while (u, v, w) corresponds to displacement
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"

froma to b and (', v', w’) froma to ¢, (v, v",w'’) corresponds
to a displacement from @ to ¢’, then this is precisely the
comparison made in 8:33, where it was shewn that

Em{uw—u)?+. . J=Sm{uw—u")?+..}—Zm{u —u")+...},
or Zm (be):=Zm (bc’)2—Zm (cc’)?,
and thus the theorem is established.

8:6. Examples. (i) Three uniform rods AB, BD, DC of equal mass,
smoothly jointed at B and D, are at rest, forming two opposite sides and a
diagonal of a square A BCD. A blow J is applied at A in the direction DA.
Prove that the kinetic energy tmparted is 185J2/114m, where m is the mass
of a rod. [M. T. 1902]

Let 2a be the length of a side of the square, u, v the velocities of 4
in the directions DA, A B, w, w’, »’’ the angular velocities of the rods
in the senses indicated in the figure. Then the velocities of the middle
points of the rods are easily expressible in terms of u, v, w, v’, 0"’ a8
shewn in the figure.

’

JA

u-2aw - 2 aw'- aw”
(H-caw-zal-aw’

fv+2a0’

B C

By resolving parallel to DA and 4 B, we have
u—baw—3aw’ —aw’=J/m ....cocevainan.n. (1)
and J+3aw’ =0 i (2).

Constraints might be imposed by clamping either or both joints, or
imposing any linear relation on the angular velocities, and by Ber-
trand’s Theorem the actual motion has the greatest kinetic energy.
It follows that the motion can be found by choosing the angular
velocities so as to make 7', the kinetic energy, a maximum,

Thus

-2'3-’ =(u—aw)®+v*+ jalw? + (u— 20w —aw’)? + (V+ aw’)? + 3adw’?

+(u—20w-2a0’ —aw”)*+ (v+ 2aw’)?* + Jaw’’3;
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1 oT

and e dw = 5u+faw+ 6w’ +2a0 =0............ (3),
7:"& Z§= —3u+8aw+2raw +2a0” =0...co....... (),
ﬂ:d -;5,: —u+2a0w+2a0’ +4aw”’ =0............ (5);

where we have simplified the expressions by using (2) aftcr differcntia-

tion.
The solution of the equations (1), (3), (4), (5) is found to give

_185J
5T m’
so that the energy crcated 3Ju=185J%/114m.

(ii) Two equal rods AB, BC smoothly hinged at B rotate round B
with angular velocity n, the rods being at right angles. If A 1s suddenly

Jixed, shew that the rods begin to close up at a rate 9n /8. [1I. 1907]
A A
A N

an | aw

- ————q
| an aw’

n 74

B [o] B 2aw C

This is a simple illustration of the principle of least constraint. If
2a denotes the length of a rod and m its mass and w, ’ the angular
velocities of 4 B, BC immediately after 4 is fixed, the velocities before
and after the fixing are as indicated in the figures, so that the kinetic
energy of the relative motion is given by

2T =ma? (w—n)?+ Iima? (w+n) +ma? (o' —n)?

+ 4matnw? + Ima? (0’ —n)2.

Then w, w’ must be such as to make 7' a minimum, so that

oT
=?-n?é;=w-—n+5l,(w+’n)+4w or w=}n,
and Ozm%g—w,=w’-n+5(w’-n) or w'=n.

And the rate at which the angle ABC begins to close is w+ o’ or
9n/8, since w, w’ are measured in opposite senses in the figure.

(ili) Four equal uniform rods AB, BC, CD, DA, each of mass M and
length 2a, are smoothly jointed together, and form a rhombus ABCD.
A particle of mass M is in the line CA produced, and 18 connected to A
by an inelastic inextensible string, which is originally slack. The rhombus
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8 moving, on a smooth horizontal table, on which lie also the string and
the particle, with uniform velocity V in the direction AC. The angle BAC
18 equal to «. Prove that when the string tightens the loss of kinetic energy is

2MV?
5T 3emia M. T. 1935]

Let u be the velocity of the particle and of the point 4 when the
string has tightened, and « the
angular velocity of the rods. If
E, F are the middle points of 4B,
BC, since the distances of E, F
from A measured along and at right
angles to AC are

acosa, asina

and 3acosa, asina,

therefore the velocities of E, F are
u—awsina, awcosa, and wu—3awsina, awcosa.
Hence the relative kinetic energy is given by
T={Mul+ M {(V—u+awsina)?+a’w?cos? « + jatw?

+(V—u+3awsina)?+adw?cos? a +{adw?}
or
T=4Mu+2M (V—u)?+8M (V —u)awsin a + 8 Malw?sin? « + § Madw?

Tsing the theorem of 8-43 or 8-5, the values of « and w must bo such
as to mako 7' stationary. Hence

1 0T

MWEu—‘i(V—u)-—Sawsma:O ........................ (2)
and 1 az=8(V—u) sina+ 16awsin?a+ Haw=0 ......... (3).
Ma 0w —

From (2) and (3) we get

u aw 14

8™ —3sina=2(5+3sin’a);
and substituting these values in (1) gives
' T=2MV?/(6+3sin%a);

and by the theorem 883 this kinetic energy of the relative motion is
the kinetic energy lost as the result of the tightening of the string.

The result may also be obtained by putting in the unknown impulsive
reactions at B and D, taking moments about 4 for 4B, and about ¢
for BC'; resolving parallel to AC for BC, CD, and combining these
equations with one which represents the constancy of momentum in
the direction 40, i.e. equation (2) above.
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8:61. Examples. 1. Two uniform rods, 4 B and BC, of equal masses
and of lengths 4a and 2a respectively, lie in & straight line on & smooth
horizontal table; BC is smoothly hinged at C to a vertical axis. Com-
pering the motions generated by & horizontal impulse applied at 4,
perpendicular to the rods,

(i) when they are smoothly jointed together at B,
(ii) when they are rigidly fastened together there,

prove that the kinetic energy in the first case is decreased by 7/16 of
itself by the clamping of the joint at B if the same impulse is applied at
4, and increased by 7/9 of itself if the velocity communicated to 4 is
the same in the two cases. [I. 1929]

2. Four equal uniform rods of mass m are freely jointed together to
form a square. An impulse J is applied at the mid-point of one of the
rods along a line which makes an angle a with the rod and lies in the
plane of the square. Shew that the kinetic energy created is

I (5-3sinta) [P. 1034]
16m : )

3. Five equal uniform rods AB, BC, CD, DE, EF are connected
by smooth joints at B, C, D, E and are placed on a smooth table so as
to form five sides of a regular hexagon. A blow is applied to the middle
point of CD in a direction perpendicular to this rod. Prove that the
angular velocities with which 4B and BC begin to move are in the
ratio 5:3. (1. 1913]

4. Compare the kinetic energies imparted to an elliptic disc by a
blow J in its plane through a focus at right angles to the major axis (i)
when the disc is free, (ii) when the centre of the disc is fixed. [I. 1913]

6. Four like uniform rods, each of mass m, are smoothly jointed,
forming a square. An impulse is applicd at the end of one of the rods
so that the end begins to move with velocity V in the direction of the
rod. Shew that the kinetic energy of the motion is 4mV?/5. [I. 1906]

6. A corner of a uniform rectangular plate at rest is set in motion
with velocity V perpendicular to the plane of the plate. Shew that the
initial velocity of the centre of the plate is V/7 in the same direction.

(1. 1924

7. Three equal uniform rods 4 B, BC, 0D freely jointed at B and C
are placed so as to form three sides of a square A BCD. If A is suddenly
jerked parallel to the direction CB, shew that the angular velocity of
AB is initially seven times that of CD. [M. T. 1011}



197

EXAMPLES

1. 4B, BC, CD, three equal uniform rods forming three sides of a
square and smoothly jointed at the points B and C, lie on a smooth
horizontal table. An impulse J is applied at 4 in the direction CA.
Prove that the kinetic energy set up is 55J3/56m, where m is the mass
of each rod. [I. 1909]

2. Two rods are smoothly jointed at 4 and B to a circular lamina,
A B being a diameter of which the rods are continuations. The system
lies at rest on a smooth horizontal table. Shew that a horizontal blow
P applied normally to the rim of the lamina will produce in the latter
no angular velocity, provided that

my Ky 2/(ay® + K 2) = mg ko (ag? + Kq?),

where m, , m, are the masses of the rods, a,, a, are the distances of their
centres of gravity from A and B respectively, and k, , k, are their radii
of gyration about their centres of gravity. Determine the initial
angular velocities of the rods. [I. 1911]

3. Two equal uniform rods A B, BC, smoothly jointed at B, and each
of mass m, lie making an angle « with one another on a horizontal table,
and pass at their middle points through smooth fixed rings. To the
free end A is given a velocity v in a direction towards and perpendicular
to BC. Prove that the kinetic energy of the motion is

3mv? (2 — cos a cos 3a),

and that it is greater by #;mov? cos? 2a than it would be if there were no
ring on BC. [M. T. 1904]

4. A system of equal rods hinged end to end in a straight line lies at
rest on a smooth horizontal plane and an impulse I is applied per-
pendicularly to the rods at one of the free ends of the system. Shew
that as the number of rods given is increased, the energy of the motion
set up tends to the limit 124/3, the mass of a rod being the unit of mass.

[M. T. 1909]

5. A uniform circular disc of mass m, initially at rest but free to
move in any manner, is suddenly set in motion by an impulse applied
ta a point 4 of its circumference. The initial velocity of A has com-
ponents U along the radius of the circle through 4, ¥ along the tangent
to the circle at A and W along a third perpendicular; prove that T,
the initial kinetic energy of the disc, is given by

2T =m(U+3V2+ W) [M. T. 1934]
6. A particle of mass m is attached by an inextensible string to the

corner A of a uniform square A BCD of mass M ; the system lies on a
smooth horizontal plane, so that the string is straight and its direction
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is along the side BA produced. The corner D is then started in motion
with velocity V in a direction towards the centre. Find with what
velocity the particle begins to move. [1. 1928]

7. A corner of a homogeneous cube at rest is given a velocity V
perpendicular to and away from one of the faces meeting in that corner.

Shew that the initial velocity of the centre of the cube is I—V;\/ 43 and
find its direction. [I. 1926]

8. A long light string hangs over three smooth pegs. Masses m,,
m, are attached to the ends, and smooth rings of masses m,, m, slide
on the parts of the string hanging down between the pegs. The pegs are
so placed that the strings are sensibly vertical throughout the motion.
The system is instantaneously at rest when the mass m, is seized and
moved downwards with velocity ». Prove that the mass m,; begins to
rise with velocity »

My (1 + mg)”
memg

(L. 1923]
1+4

9. Two equal uniform rods 4 B, BC in the same line with a smooth
hinge at B move on a smooth horizontal plane in a direction at right
angles to the line of the rods. If the end A4 is suddenly stopped, shew
that the rods begin to turn with angular velocities whose ratio is — 3.

[I. 1925]

10. A chain of three equal uniform rods 4 B, BC, CD, freely jointed
at B and C, lies on a smooth table with ABC in line and CD perpen-
dicular to ABC. The end 4 is struck a blow in a direction making an
angle « with A B (aiming at & point in CD or CD produced). The end
D begins to move at an angle 8 with CD produced. Prove that

tan«.tan g=2. (I. 1923]

11. Two uniform rods 4B, BC, of masses 9m and 6m respectively,
are freely jointed together at B, and rest in line. The system is set in
motion by parallel impulses J, K, perpendicular to the line of the rods,
applied at A, C respectively. Determine the velocities with which
A, C start to move.

Uniform rods A B, BC, CD, ..., freely jointed together at B, C, D, ...
to form an infinite chain, rest in line. The mass of each of the rods
AB, CD, ... is 9m, and the mass of each of the rods BC, DE, ... is bm.
The system is set in motion by an impulse J, perpendicular to the line
of the rods, applied at A. Shew that the kinetic energy communicated
to the system is J2/6m. [M. T. 1929]

12. A rectangular plate A BCD of mass m has the corner 4 fixed.
An impulse I is applied at the opposite corner C at right angles to the
plate. Shew that the plate begins to rotate about a line parallel to BD
and that the kinetic energy developed is 121%2/7m. Compare this with
the value had 4 been free. [M. T. 1927]
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13. A uniform circular disc is rotating about a diameter, when a
point P of its edge is suddenly fixed. Prove that the velocity of the
centre of the disc immediately afterwards is } of the velocity of P
before it was fixed. [I. 1925]

14. Four equal uniform rods are smoothly jointed in the form of a
square ABCD which is rotating with angular velocity « about the
perpendicular to the plane of the square through its centre. A point in
one of the rods at a distance ¢ from its middle point is suddenly fixed;
shew that the angular velocity of that rod becomes 2a?w/(3c?+ 2a?),
and that of an adjacent rod becomes }w, immediately after the point
is fixed, where 2a is the length of a rod. [M. T. 1926]

15. A uniform cube is spinning freely with angular velocity w,
about a diagonal through a corner O, when suddenly the diagonal OP
of one of the faces through O becomes fixed. Shew that the new
angular velocity is 2V 2w,/5+/3.

Shew that the same instantaneous change of motion could be brought
about by fixing a single point in OP; determine the point and the
impulse which has to be applied to it. [M. T. 1932]

16. A B isadiameter of the base of a solid circular cylindrical column

of radius a and height 2a. An impulse is applied at 4 so that 4 has a
given velocity V in a direction perpendicular to 4B in the plane of
the base; shew that the initial velocity of the centre of the column is
#5V. If the impulse is followed immediately by a second impulse applied
at B such that B is given a velocity equal and opposite to that just
given to 4, shew that the velocity of the centre is changed to —33,V.
[M. T. 1921]

17. Two equal uniform rods AB and BC, each of length 2a, are
smoothly jointed at B, and move in a vertical plane, 4 B being attached
at A to a smooth fixed hinge. At an instant when the inclinations of
AB and BC to the downward vertical are 30° and 60° respectively, and
are increasing, AB hits a fixed inelastic peg. Find the new angular
velocity of BC, in terms of the angular velocities Q, and Q, just before
the impact, and prove that A B leaves the peg immediately if

2
(Q, TRiL. Ql) < g g, (L. 1930]

18. A uniform rod of length 2a and mass m, pivoted at its centre, is
attached freely at one end to the circumference of a uniform circular
disc of radius b and mass M and the whole system rotates with angular
velocity w as a rigid body, in a horizontal plane, the direction of the
rod passing through the centre of the disc. If the free end of the rod be
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suddenly fixed and the centre set free, shew that the resulting angular
velocity w’ of the rod is given by

o' _1m+42M
w 4m+M’
and find the angular velocity of the disc. [I. 1927)

19. A rigid body of mass M is moving in any manner, h,, k,, hy are
its moments of momentum about axes Ozyz and u, v, w are the velocities
of its centre of gravity G. Shew that its moment of momentum about
a line of co-ordinates (I, m, n, A, u, v), reference system Ozyz, is

thy + mhy+nhg+ M (Au+ pv 4 vw).

A uniform ellipsoid of mass M and semi-axes a, b, ¢ is rotating freely
about thec-axis with spin w and advancing along that axis with velocity

v. The line of points z=4a, ylb=z/c

issuddenly fixed. What is the subsequent angular velocity of the body ?
[M. T. 1924]

20. A uniaxial body spinning about its axis with angular velocity n
and pivoted at its centre of gravity receives an impulse I along a line
intersecting the axis at right angles at a distance ¢ from the centre of
gravity. Shew that, if subsequently the axis has an inclination 6 to its
initial position and an azimuth ¢ round it, 4202 = I%?— C?n®tan? }0,
where A, A, C are the principal moments of inertia at the centre of
gravity.

Shew that tan 46 cosec ¢ is constant during the motion, where ¢ is
measured from the plane through the initial position of the axis and
the line of action of the impulse. [M. T. 1926]

21. Arhombusofmass M, formed of four equal rods jointed together,
is moving in the direction of a diagonal with velocity «, and suddenly
a particle of mass m becomes affixed to one end of the diagonal; prove
that, if 2a be the length of each rod, the angular velocity w suddenly
acquired by each rod is such that

2aw {M +m(1+3sina)} = 3musina,
and that the kinetic encrgy lost is
$ Mmu?/{M +m (14 3sin?a)}. (1. 1887]

22. A tetrahedron having its opposite edges equal to one another is
turning with uniform angular velocity about one edge when suddenly
the opposite edge becomes fixed. Shew that the angular velocity is
reduced in the ratio

4c? (a®~ b?) : 5c? (a® + b?) + a? (b3 + c?) + b2 (c? +a?),

where a, b, ¢ are the shortest distances between pairs of opposite
edges, ¢ being that between the old and new axes of rotation.
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23. The motion of a body A of mass M is constrained with regard to
a body B by a smooth screw of pitch A attached to it moving in a nut
attached to B, while B is free to rotate about an axis coinciding with
that of the screw. The relative motion is suddenly arrested, when A4 is
moving with angular velocity « and B is at rest, by the end of the
screw impinging directly on a smooth inelastic plane forming part of
the surface of B. Prove that the impulse on this surface is equal to
{A\"*AB(A + B)'+ M)} w, the moments of inertia of the two bodies
about the axis of the screw being 4 and B.

24. An impulse of given magnitude R is applied at & given point P
of a body at rest. Shew how to find the direction of the blow in order
that the energy generated may be the greatest possible. Prove that
the direction must be perpendicular to GP where G is the centre of
inertia and that the maximum energy is $R?(K + 1/M), where K is
the greater root of the equation

ABCK?*—{BC(y?+2%)+ CA (2*+2?)+ AB (22 +y?)} K
+ (2?4 y? +2%) (Aax? + By 4+ C2?) =0,
where M is the mass of the body, A, B, C are the moments of inertia

about the principal axes at G and z, y, z are the co-ordinates of P
referred to these axes. [M. T. 1900]

25. A regular hexagon A BODE F composed of six equal rods, each
of mass m and length 2a, freely jointed at their extremities, lies on a
smooth horizontal table, and an impulse I is applied at the point 4 in
the direction DA. Shew that the initial angular velocity of the rods
BC and EF is I/ma+/3,

and find the initial angular velocities of the other pairs of rods.
[I. 1904]



Chapter IX
GENERALIZED CO-ORDINATES

9'1. When the position of a body or material system is
determined by the values of a number of independent variables,
it has the same number of degrees of freedom and these
independent variables are called the generalized co-ordinates
of the body or system.

Thus a free rigid body possesses six degrees of freedom and
its position is determined by the three co-ordinates z, y, z of
an assigned point of the body together with three angles, e.g.
the Eulerian angles 0, ¢, ¢ of 3:7, which determine its orienta-
tion. These six variables might be taken as the generalized
co-ordinates of the body. It is evident that generalized
co-ordinates can be chosen in a great variety of ways.

The imposition of constraints reduces the number of degrees
of freedom of a body and therefore also reduces the number of
its independent generalized co-ordinates. Analytically a con-
straint may be imposed by requiring the otherwise independent
generalized co-ordinates to satisfy an algebraical relation; one
such relation for every constraint which is imposed. Thus in
the case of the single rigid body, if a particular point of the
body is constrained to lie on a given surface, this reduces by
one its degrees of freedom, and imposes a relation, viz. the
equation of the surface, which the co-ordinates of the point
must satisfy. If a particular point of the body is required to
lie on a given line, this reduced its degrees of freedom by two,
and there are two relations to be satisfied, namely the equa-
tions of the line.

Though it is possible for a material system to possess an
infinite number of degrees of freedom—e.g. a flexible string—
we shall confine our considerations in what follows to systems
with a finite number of degrees of freedom, and assume that
the rectangular co-ordinates 2, ¥, z of a typical particle of mass



9:11] GENERALIZED CO-ORDINATES 203

m of the system are expressible in terms of a finite number » of
generalized co-ordinates, which we shall denote by ¢,, ¢4, .- ¢,
and we shall not exclude the possibility that the geometrical
relations may contain the time explicitly, i.e. that

2=F(q1, 925+ Tn> ¥)
y:g(ql,qz, ...qn,t) ........... ceeeses (l).
z=h({11, Qs -« Ins t)

We shall see, in what follows, that much simplificationresults
when these geometrical relations are independent of the time.

9-11. Holonomic and non-holonomic systems. When
the geometrical relations of a dynamical system are such that
a displacement represented by arbitrary infinitesimal changes
in all its independent co-ordinates is a possible displacement
the system is said to be holonomic; otherwise the system is
non-holonomic.

This distinction is of great importance, for it will be seen
in what follows that one of the most important forms of the
equations of motion viz., Lagrange’s equations, can only be
applied (without modification) to holonomic systems.

A special case will make the distinction clearer. Consider the motion
of a sphere of radius a which is to remain in contact with a fixed plane.
Take fixed rectangular axes of which Oz, Oy are in the plane so that
the co-ordinates of the centre of the sphere are z, y, a. Take a set of
rectangular axes fixed in the sphere and define their position relative
to axes through the centre parallel to the fixed axes by the Eulerian
angles 8, ¢, ¥, so that there are five variable co-ordinates z, y, 8, ¢, .
If the plane is smooth it is possible to make a displacement of the
sphere to correspond to simultaneous arbitrary changes 3z, 8y, 30, 8¢, 8y
in the co-ordinates and the system is holonomic.

But if the plane is so rough that sliding is not possible, there are
relations between the velocities expressing this fact. Thus if the
angular velocity of the sphere has components w,, wy, w, about parallels
to the fixed axes, the conditions for rolling are

f—aw,=0 and Y+aw,=0,

or, from 871 (1), :i;—aécos:/:—agﬂsin@singb:O} (l
and j—asinyg+adsinfoosg=0f (1)

This means that a displacement of the sphere in which 3z, 8y, 86, 8¢, 8¢
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are arbitrary is not possible, because by (1) these infinitesimal changes
must conform to the relations

dr—adf.cosy—ads.sinfsin =0

dy—adl.siny+adp.sinfcosyy=0
These are non-integrable relations. They effectively reduce the freedom
of the sphere to three degrees, for they express possible values of 8z, 8y
in terms of 86, 8¢ while 86, 8¢, 8y remain arbitrary. But because they
are non-integrable they do not reduce the number of independent
co-ordinates which are necessary to specify the position of the sphere.
Because of the existence of relations of this kind between small incre-
ments in the co-ordinates the system is said to be non-holonomie.

9-2. Kinetic energy. Consider a dynamical system in
which the co-ordinates of all particles are expressible in terms
of n independent generalized co-ordinates by relations of the
form 9+1 (1). The velocity components of a particle of mass m

are given by 2 ax .. +6 o )
8q ds qﬂ FTRRRSRIRE

and similar expressions for § and 2.
Therefore the kinetic energy 7' of the system is given by

2T = Tm (62 + 52 + £2)
=a3§12+ 28,561 G2 + Apa o + oo + CpnGn®

+2a1q.1+2a2q'2+-..+2anq‘n+a ......... (2),
2 2 2
where a,,=Xm {(%) + (@.) + (?ﬁ) }
aqr aq;' aq,'
a, =zm{ax 8x+6y 8y+ 02 az}
©g, 09, 0g,og, 0q, 0g, , @)

a,=Zm {ax ox dy ay 0z Bz}

2q, 3t T 9q, ot Taq, o

waemn(G) G )

and the summations extend to all the particles of the system.

It appears that the kinetic energy is a quadratic function of
the generalized velocity components, in which the coefficients
—the a’s—are functions of the generalized co-ordinates and
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the time. Also that if the geometrical relations do not contain
the time explicitly the kinetic energy is a homogeneous
quadratic function of the velocities.

The coefficients—the a’s—are called the coefficients of
tnertia of the system. They must be such that the kinetic
energy is positive for all values of the velocities.

9-21. Generalized components of momentum and im-
pulse. In the same case, if we define the virtual moment of
a component of momentum of a particle as the product of
the component of momentum and a virtual displacement in its
direction, then the virtual moment of the whole momentum
of the system is S (52 -+ § 0y +352),
where %, 7, £ are given as in 9-2 (1), and possible displacements
8z, 8y, 8z of the particle m at time ¢ are given by
dg, ' Ogy
and similar expressions for 3y, 6z.

On substituting both for #, ¢, 2 and for 8z, 8y, 82 the expres-
sion for the virtual moment of the momentum takes the form

oz

ox = 8q2+...+aqn8qn ............ (1)

P1001+Pe8Ga+ oo + 038G, ceverinninnnn, (2),
where P1=01191+ Q1afo+ oo + A1 Gr 0y ]
Pa=08y Gy +anfdat ..+ dntag L (3),

Pr=0n G+ CpaGp+ ... +0ppd, +a,
so that, from 92 (2), we have also

_oT or T
pl’pa"“pn‘—aq-ls 3(1'2’

It is convenient to call these p’s, which appear as the coeffi-
cients of the virtual displacements 8¢, ... 8q, in the virtual
moment of the momentum (2), the generalized components
of momentum. It appears from (4) that they can readily be
calculated from the kinetic energy.

In the same way if X', Y’, Z’ denote the components of an
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impulse acting on the particle m, and the system is subject to
simultaneous impulses of this type, we may call

3 (XS + Yoy + 2'82)

the virtual moment of the impulses, and by substituting from
(1) this takes the form

Q1'3¢:+ @23+ ... + @3¢y,

ox oy 0z
where @ '=E(X'——-+ Y’»—+Z'——), r=1,2,...n
" 0g, oq, "~ og,

and Q,’, @,, ... @, may be called the generalized com-
ponents of impulse.

If this system of impulses is one which would at time ¢
create the given state of motion in the system, it must be the
exact equivalent of the momentum. We have in fact for all
permissible displacements

Zm (Zox+ydy +282)=2 (X'8z+ Y'8y + Z'dz),
so that
P19¢1+P28gs + ... + 2, 8¢, = Q,'8¢; + Q'8¢ + ... + @3¢,

and since the ¢’s are independent

D15 Py - pn’:Ql,’ @y, +ee Qn,;
i.e. in generalized co-ordinates components of momentum are
identical with the components of impulse which would produce
the motion instantaneously from rest.

9-3. Generalized components of the effective and the
applied forces. Lagrange's equations. For any displace-
ments compatible with the geometrical conditions the virtual
work of the effective forces and of the impressed forces must
be the same, so that we have an equation

Im (£dx+4dy +232)=Z (Xdz+ Ydy+ Z8z2) ...(1),
where X, Y, Z are components of an impressed force.

If we substitute for 3z, 8y, 32 their values in terms of
generalized co-ordinates as given by 9-21 (1), the left-hand side
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takes a form linear in 8¢,, 8,, ... 8¢, in which the coefficient

OfSQriB ax+.a£/-+z?i)
o, Yaq," 5,

and this may be regarded as a generalized component of
effective force. It may be transformed thus: we have from 9-21

Pr=2m( o +y§g+zaz) Zm( ax+y§3 az),
r

o

od,  “og, o4, g, o
dp, ox .d ox
so that 7 =Xm { 6 +z 7 aq,+ }
d ox o% 0%x 022 g 3’::
But (22 éa' h 891 aqr ql + aQ2 aQr qz + + aqn aqr at aQr
_ 0 ( o + oz ‘. ax ox
"‘aq' aqlql aq 92 a Qn at
6 , from 9-2 (1).
Hence

dp,_ ox oy .0z 0% oy .0z
F i {8qr+y3qr+z3qr Tog, Vo, 8qr}’

and therefore the generalized component of effective force (2)
is equal to

O o Em @+ 429,
dt
or, since p,=07'/04,, it is
()22 .
Gi\ag) Tag s (3).

Again, the same substitution for 8x, 8y, 6z in the right-hand
side of (1) transforms it to

Q189+ Q485+ ... + @, 8¢,

where Q,, @,, ... @, are called generalized components of
force. Hence equation (1) is transformed to

() s+ (GG -F- e s om0
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and, provided the co-ordinates are independent, the coeffi-
cients of each of the 8¢’s must vanish separately, so that there
are as many equations as there are independent co-ordinates,

of the form
d (0T\ oT .
(Tt(a—qf-)_éa=Qr: (T=l,2,..-n) """"" (O)

and these are known as Lagrange's equations.
If the external forces form a conservative system and have
a potential function — ¥V, we have

~8V =Q,8¢;+ @28g5+ ... + @187, +oeveenen (8),

so that Q,= —0V/dq,, and the Lagrange equations may be
written fl_ (a_l,) 3_7_7_ ;21,

a\oj,) "3~ "%,
or if we put L=T-V, L is called the Lagrangian function,
and since V does not contain the velocities the equations

become é (%)—%
dt\oq,) og,

(r=1,2,...0)......... (7);

=0 (r=12,...m) ......... (8).

Before proceeding further with the general theory, we shall
illustrate the use of generalized co-ordinates by some simple
examples, in which the special utility of Lagrange’s equations
will become apparent, viz. that it enables us to obtain a
solution of a problem without reference to internal reactions.

It should be noted that the @’s, which are conveniently
called generalized components of force, are not necessarily of
the dimensions of force. When &g, is a length then @, is of the
dimensions of force, but if 3¢, is an angle then @, is of the
dimensions of couple. Similar considerations apply to the
Qs of 9°21,

9:81. Examples. (i) T'o determine the accelerations of masses hung
by light strings passing over smooth pulleys as in the figure.

We may take as generalized co-ordinates the depth ¢, of the mass m,
below the centre of the pulley 4, and the depth g, of the mass m,
below the centre of the pulley B; for if z,, z,, 3 denote the depths of
the three masses below the centre of 4, we have

Bi=q1, T,=lL—q+qes T=h+li—q—gqy ... (1),
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where [, I, denote the lengths of the vertical parts of the two strings.
Hence, neglecting the inertia of the pulleys, we have
2T =m,y &%+ myZy2 + My T?

= (my +my+my) 4% — 2 (Mg —myg) G143+ (Mg +my) 45,
and
—V =(m 2, +myx, + myx;) g + const.

= (my —mg—ms) g9, + (my —myg) gq, + const.

The Lagrange equations are

d <8T > oT _ av

dt\og,) ~oq,  oq,
and o1y _ar__ov

dt\oq,/ g, eqy’
or (my +my+myg) Gy — (Mg —mg) o= (my —my—my) g ...... (2)
as — (mg—myg) G, + (Mmg+mg) Go=(Mg—m3) g «evvnennnn. (3).

The reader will have no difficulty in verifying these results by elemen-
tary dynamics.

Further, we shall see presently that, when the geometrical equations
do not contain the time, Lagrange’s equations furnish a proof of the
principle of conservation of energy, and that is the case in this example.
The geometrical equations (1) do not contain the time, and if we
multiply (2) by ¢, and (3) by ¢4 and add and integrate, we get

3 (my +mg+my) 4,2 — (Mg —ms) Gy da + § (Mg +m5) 5

= (my —my —my) gq; + (Mg —my) gq, + const.
or T +V =const.

(ii) Equations of motion of a particle in polar co-ordinates.

Using the notation of 8+5, the kinetic encrgy of a particle of mass m
whose co-ordinates are 7, 0, ¢ is given by

2T = m (72 + 1262 + 12¢28in30) ..oovveneennnn. (1,

and if mF, mGQ, mH denote the components of force in the direction of
the elements 8, 86, r sin 8¢, the potential energy is given by

=38V =m(Fér+Grd0+Hrsin08$) ............ (2).
Hence we obtain from Lagrange’s equations
F—rf*—rd?sin? §="F,
rd+2r0—rd?sinfcos =G
and rd sin 0+ 274 sin 9+ 2704 cos = H.

The left-hand sides of these equations are the expressions obtained
for the accelerations in 356 (1).
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(iii) Motion of a uniform heavy rod turning about one end which s fixed.
This problem was solved in 6°41 by the principles of conservation of
energy and moment of momentum. With the notation of 6°41 we have

2T = 4 Ma® (6% + 4?sin? )

and — V =Mgacos 0+ const.
Lagrange’s equations give
$a(0—4%sinfcos0)= —gsind .....ccoevvunnenn. (1)
d .
and d—t—(q&sm’ 0)=0 ........................... (2).

The latter equation gives ¢ sin? f = const., which is the equation of
moment of momentum 641 (1); the elimination of ¢ from (1) thengives
a differential equation for 6.

We notice that the ¢ equation, (2), takes a simple form integrable at
once, because neither 7' nor ¥ contains ¢ explicitly, and we shall refer
to this later.

We shall consider next an example in which the time ¢ enters
explicitly into the geometrical equations.

(iv) Motion of an insect which crawls at a uniform rate on a uniform
heavy rod which is turning about a fixed end.

With the same notation let m be the mass of the insect and w the
speed at which it crawls, and suppose that it is at the middle point of
the rod when ¢ =0 and crawls downwards. Then its co-ordinates z, y, z

at time ¢ are given by . _ (a+ ut) sin fcos ¢,
y=(a+ut)sin fsin ¢,
z=(a+ut)cosd,
and the square of its velocity is
B+ Y+t =ut+ (a+ut)? (62 + §%sin? 0).
In this case therefore
2T = $ Ma? (02 + ¢2sin? 0) + m {u? + (a + ut)? (6% + $%sin? 0)},
— V = Mga cos 0 + mg (a + ut) cos § + const.
There are then two Lagrange equations

(%[gMa’6+m (a+ut)® 01— [t Ma?+m (a+ut)?] $2sin § cos 0
= —{Ma+m(a+ut)}gsing ...... (1)
and %[{3Ma’+m(a+ut)”}¢sin” 01=0 erivrrnnnnnnns (2).
We observe that (2) integrates at once, giving an equation which
represents the constancy of the moment of momentum about the

vertical; also that we can then eliminate ¢ from (1) and obtain a
differential equation for 6.
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Further, in Example (iii) it is quite easy to deduce the equation of
energy from the equations of motion (1) and (2), but in this example
there is no equation of energy; analytically, because the geometrical
equations contain the time explicitly, and physically, because the
insect is doing work in controlling its motion relative to the rod.

(v) Motion of a uniform heavy rod inside a smooth sphere.

For simplicity we will take the case in which the rod is of length
v/3a, where a is the radius of the sphere. z
Let @ be the middle point of the rod P@Q, ‘
only half of which is shewn in the figure. (4
Take moving axes OA parallel to the
rod, O B through G and a third axis OC,
and let the positions of these axes be B
defined by the Eulerian angles 6, ¢, ¢ as
in 3-7.

The principal moments of inertia of P
the rod at @ are A

A, B, C=0, }ma?, }ma? ...(1).
The co-ordinates of G are (0, 1a, 0),

and if w,, w,, w; are the angular velocities of the rod (and the axes),
the velocities of G are

u, v, W= —3aw;, 0, $aw; «cocveiiniiinanain.. (2).
Therefore 2T =m (u+v2+w?) + Aw, 2+ Bw,2 + Cwy?
=}ma? {02+ J2sin2 0+ 2 (4 +Jcos 0)2} ............ (3),

using the expressions in 37 for w;, w;, w;.
Again, cos ZB=cos CZcos CB+sin CZsin CBcos ZCB
=sin fsin ¢,
therefore V =}mgasin @sin ¢+ const. .................. (4).
Then the Lagrange equations are
§—y2sinfcos §+2($+4cosf)fsinf= —%gcos()sings ...(8),

2%($+:ﬁcos@)=—%‘gsinecoa¢ ............... (6),

and gt{¢sin20+2(¢+¢cos€)cos€}=0 ............... (7).

Noting that ¢+ ¢ cos § = w;, equation (7) gives
$sin?0+2wgc080=D ......c0uvrrrennnnnn. (8).

There is of course an equation of energy T'+ V =const. and it is
easy to deduce it by multiplying (5) and (6) by 26 and 24 and adding,
making use of (8) and integrating.
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For a steady motion to be possible, in which =, §=a, $=8, we
find from (5) that the necessary condition is

Q?sinacosa= —%?cosasinﬂ .................. (9).

The solution « = 4x implies that the plane 4O B through the rod and
the centre of the sphere is vertical throughout the motion. The alter-
native is Q?sina= — %‘(—7 sin B.

(vi) To deduce Euler’s equations from Lagrange’s equations.

In the case of a body turning about a fixed point, we have

2T=Aw*+ Bwg+ Cawg? evvvivininnnninnnnns (1),
where, from 3°7, ;= 0sin ¢ —sin 6 cos ¢,
wy; =6 cos ¢+ sin fsin §,
w;=¢+icosd.
Taking 0, ¢, ¢ as the generalized co-ordinates, we have
oT 0
74 = Cos —aﬁi’:cw,,
0T _ 4, 2o 9wy
and 'aE—Awl 6¢-f-‘sz 6¢»

=Aw, (0cos ¢+ sin §sin §) — Bwy (8 sin ¢ — i sin f cos ¢)
=(4 — B) w; w;
so that the ¢-Lagrange equation is
Cig— (4 —B)wyw,= —0V/[0p=N,

where N is the moment of the external forces about the principal axis
03. This is the third of Euler’s equations, and the other two follow from
the fact that the axes 01, 02, 03 may be cyclically interchanged.

9:32. Examples. 1. A light string passes over a fixed pulley and
to each end is attached another pulley, while over these two moveable
pulleys there also pass light strings supporting given masses. Employ
Lagrange’s equations to determine the constant angular acceleration
of the upper pulley, taking into account the inertia of the pulleys but
assuming that there is no slipping between any string and the pulley
over which it passes. [M. T. 1901}

2. Apply Lagrange’s equation to the case of a given sphere of mass
m rolling down the rough surface of & given wedge of mass M which
can move on & smooth horizontal plane; everything being symmetrical
about a vertical plane.

3. One end A4 of a uniform rod A B can slide along a smooth vertical
wire Oz and the other end B is attached to O by a string whose length is
the same as that of the rod. The co-ordinates of the middle point of OB
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are z, y, z referred to rectangular axes Oz, Oy, Oz, the latter being
drawn vertically downwards. Prove that the equations of motion can

be put in the form E_g_ (72 N gg>/z'
z y 4
Prove further that a state of steady motion is possible in which B
describes a horizontal circle at a depth 2¢ below O with angular velocity

g4/(g/c). (1. 1913]

4. A particle moves on a smooth horizontal circular wire, of radius a,
which is free to rotate about a vertical axis through a point O, distant
¢ from the centre C. If 6 is the angle between CO and the radius to the
particle, shew that

al+ & (a—ccos §) =cw?sin b,
where w is the angular velocity of the wire. [I. 1928]

5. Arod AB of length 21 is attached to an equal rod A’B’ by strings
AA’, BB’ each of length 2I. The rod A’B’ is constrained to move about
its centre O in a horizontal plane with uniform angular velocity w, and
the centre of 4 B is constrained to remain vertically beneath O. Shew
that the equation giving the motion of A B relative to A’B’ is inde-
pendent of the uniform rotation, and that the angle § between 4 B and
the vertical plane through 4’B’ is given by the equation

(k’ +12sin? —g) 92— 4glcos -g = constant,

k being the radius of gyration of 4 B about its centre. [1. 1923]

6. A solid circular cylinder of radius a rests on a horizontal plane,
and a plank of length Aa rests across the cylinder with one end resting
on the plane, the axis of the cylinder being perpendicular to the long
edges of the plank. The surfaces in contact are smooth except that
between the cylinder and the plane there is sufficient friction to prevent
slipping. Shew that, when the end of the plank comes into contact with
the cylinder, the ratio of the angular velocity of the former to that of
the latter is (3n + 2) (A2+ 1)/(A* + 1), where the mass of the cylinderisn
times that of the plank. [M. T. 1921]

7. Along flat ruler, of mass m,, lies on a horizontal table and is held
fixed, its length being perpendicular to the edge of the table. An
inextensible string, fastened to the ruler, passes over the edge, and
supports a hanging mass mg, both parts of the string being in a plane p
through the centre of mass of the ruler and perpendicular to the edge of
the table. A uniform sphere of mass M is placed on the ruler, and is
started rolling along it, so that its centre moves with velocity v, away
from the edge, in the plane p. Assuming that the friction between the
sphere and the ruler is sufficient to prevent slipping, and neglecting
friction elsewhere, prove that if the ruler is released the mass m,

8 RDII
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descends with constant acceleration, and that the centre of the sphere
comes to rest when m, has fallen through a distance

Tve? (2M + Tm, + Tm,) [8myg. [I. 1929]

94. To deduce the equation of energy from Lagrange’'s
equations. In this and the following articles, until the con-
trary is expressly stated, we shall assume that the geometrical
equations do not contain the time explicitly. It follows from 9-2
that the kinetic energy is a homogeneous quadratic function
of the velocities, viz.

2T =ay1G,% + 2015G1 Ga + A9 Go® + - +AppG® ... ().

If we multiply the Lagrange equations 93 (7) by ¢,,43, «.. ¢
and add, we get

§{ i(?.f‘_’)_- Q_T}_~ 247
r=1 qrdt aqr qraQr B r=1qraQr’
2(d(.oT ,oT . oT av
o Haleg)-g e g)l--a e
But since 7' is a homogeneous quadratic function of the
velocities
’ or . oT oT
.'—,'+.""_—+...+.n—.—=2T ......... 3;
qlaql qzaqz q aqn ( )
daT 4T av
hence (2) becomes 2 P Tintr Tinlaiy T
so that T + V = const.

9-41. Reciprocal relations. Referring to 9-21, when the
geometrical equations do not contain the time, the components
of momentum are

P1=011G1+ 0135+ ... + 81,4, ]

Po=Onli+Oolyt oty b (1),
pn=an1q.1 +anz‘ia +... +annq'nJ
where a,,=a,,;
oT oT oT
or D13P2s coo P =m s Ay ees 35 eossesrnnnee (2).

a?l'.) aT!-” e a—q-";
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Hence by 94 (3)

2T =p,Gy+Pola+ oo +Ppdp coveeeeenns (3),
as also follows from (1) by simple substitution.

Let A=|a); ap, ... ay
Qg1 Qgp ... Qg
anl auz e ann

and let 4,, denote A-! times the co-factor of a,,. Then if we
solve equations (1) for the ¢’s in terms of the p’s, we get

G=Aup,+Anpst ...+ 4,1,
Go=A13P1+ AgoPp+ o+ 4,50, (4),

---------

.......................................

q.'n.=A1'np1+A2np2+ b +Annpn

where 4,,=A4,,, and the A’s are functions of the ¢’s alone.
It follows that T is also a homogeneous quadratic function
of the momenta—the p’s—and from (3) and (4)

2T, =Ap 2+ 241,092+ Ao P+ ... + Ay D2

where 7', =T, but the suflix is used to imply that the kinetic
energy has been expressed in terms of the momenta.

It is evident from (4) and (5) that

oT, °T, oT, . . .
B, op 5p~n—q1,qz,...qn ......... (6),
so that relations (2) and (6) are reciprocal.

Hence when the kinetic energy of a certain motion is
expressed in terms of the impulses which would produce it
the corresponding velocities are given by (6), i.e. by differ-
entiating the kinetic energy with regard to the impulses.

Again, from (3) we may write

T+T,=Zp,Gp ceveoeeereennnnnnns (7).

Now let us make small variations in the variables, velocities
and momenta of the form &g,, 34,, 6p,.
8-2
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Then from (7)

0T, or T T
2 (%8G, + 92 8g,) + T (“Lesp + 25 )
,-1(8q Ut 3g, ) +f=1(8p "+,

=rzl(.pr8q.r+q‘r8pr) """ (8).
But by (2) and (8) equation (8) reduces to

or oT,
by +—~)3 =0 e, 9),
r=1(69r 0 ar ? ( )

and it is open to us to assign arbitrary values to the variations

g, so that oT oT,
ag F g =0 e (10).
9-42. Now let ¢, ¢5', ... ¢»’, D1’ P2, ... P, refer to any
other possible state of motion of the system in the configura-
tion specified by ¢, ¢s, -.. ¢,; so that

P =ang) +a,d) +... +ag,4d,
Dy =gy + oGy + oo +ap, G, L eeeeenns (1),
etc.

where a,,=a,,.

It follows from these equations and 9-41 (1) that

PL'G PGt oo+ Pr G =191 + Doy’ + oo + P’

or 20,60, =204, cererrririireennen. (2).

In the case of motion starting instantaneously from rest,
we have seen in 9-21 that the p’s are the impulses which would
produce the motion. If we apply the impulse p, alone, then
by 941 (4), ¢,=4,,p,. And if we apply the impulse p,’
alone, then ¢,=4,,p,". Hence if p,’ =p, it follows that §,=g,’;
i.e. while an impulse p, in the » co-ordinate produces a velocity
g, in the & co-ordinate an equal impulse p,’ in the s co-
ordinate will produce the same velocity ¢, in the  co-ordinate.

9°43. Theorems of Bertrand and Kelvin. The theorems of
Bertrand and Kelvin on the kinetic energy of systems whose motion

is changed impulsively are capable of simple proof in generalized
co-ordinates,
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Let a system with n degrees of freedom be acted upon by given
tmpulses p,, Py, ... Py in the first k of its co-ordinates, being otherwise
free, i.6. Pry1=Pr43= ... =Pp=0; and let ¢,, §¢;, ... §, denote the
consequent velocities. Then, with the same given impulses in the first
k co-ordinates, let frictionless constraints be imposed, so that the
system acquires a different motion. These constraints imply that im-
pulses are applied to some or all of the remaining n—% co-ordinates,
and without loss of generality we may suppose that the effect is to
make the corresponding velocities zero. Hence in the constrained
motion we have velocities ¢,’, ¢5’s ... ¢4 Whereof ¢’z,;, ... 4, are zero,
and impulses p,’, py’, ... P,” Whereof py’, Py, ... P2’ =D1s Das -+ Pae

Then if 7', T” denote the kinetic energies of the two motions,

n n
T- T'='} % prq.r_* z pr'q-r,
r=1 r=1
L Yy . L 5’ 2 75 S ’5?
=% Z (pr—2/)(4r—4¢)+% Z P4’ +3% Z /46— T PG
r=1 r=1 r=1 r=1
But by 9°42 (2) the second and third terms are equal, therefore
n n
T-T"'=% rz_"‘l(pr -o,) (dr—4:") + rz-:‘l(pr -p) 4’

and in the last sum, for values of » from 1 to k, p,” =p, and, for values
from k+ 1 to n, ¢, =0, so this sum vanishes; in fact p,” — p, is the type

of the impulse which causes the constraints and \E (pe’—2.) 4, =0
r=1

merely expresses the fact that the impulses which cause the constraints
do no work so long as the motion is guided by the constraints. Hence

n
T-T"= irE‘l(pr -p,") (¢ —4+")

and the result shews that the kinetic energy of the constrained motion
is less than that of the unconstrained by the kinetic energy of the
difference of the two motions. This is Bertrand’s theorem.

Secondly, let the system be set in motion as before by impulsesin
the first k& co-ordinates, being otherwise free, but now let the velocities
d1> gas --- gy be prescribed; i.e. the initial motion is such that

G1s Gas oor Ga=0y, Xgy oo Oy BNA  Ppyy =Ppyg=... =Py =0,

* Then let frictionless constraints be applied and the system set in
motion by another set of impulses so that
qll, q”, “ee q.k,=¢1, Ogy ooe Op and q.'k+1=q.'x+:=‘--=q'nl=00
n n
Then T'—-T'=} X p.¢.,—% T p.'¢’
r=1 r=1

n no, 8, n "o ,
=Xp4—-4Zp4g ' ~342 /¢, —% D> (Pr—pr ) (de—4¢")-
rel el el r—l
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But by 9°42 (2) the second and third terms are equal so that
T-1'= £ p.6r=4)~ 1 £ (=2 G5
and in the first sum, for values of r from 1 to %, ¢,’={,, and, for values

from %+ 1 to n, p, =0, so that this sum is zero and 7' is less than 7" by
the kinetic energy of the relative motion. This is Kelvin’s theorem.

9:44. Connection between Bertrand’'s and Kelvin's
theorems. It has been shewn by Professor G. I. Taylor that ‘The
reduction in energy due to the imposition of constraints in the Bertrand
case is less than the increase due to the imposition of the same constraints
in the Kelvin case’.*

We consider the constraints to be the same in the two cases if, as in
9°43, their effect is to reduce to zero the velocities in the co-ordinates
Q41> Qrsas -+ n- But the impulses necessary to effect this result will
be different in the two cases according as we take the impulses p,;, p,,
... Py to be prescribed (Bertrand) or the velocities ¢,, gg, ... ¢z to be
prescribed (Kelvin).

To establish the result we note that we are concerned in all with five
different states of motion. There is first the original motion (a) in which
velocisies ¢y, gy, ... ¢, are produced by impulses p,, p,, ... P With
Pri1=DPrsa=-..=Pa=0. Let T, denote the energy of this motion.

Secondly, there is the Bertrand comparison motion (b) started by
impulses p,’, py’, ... »,’ and subject to the conditions that

Pr's Py's oo DX =P1s Pay o P 80 §h1 = ¢ k= =" =0,
If T, denotes the energy of this motion, Bertrand’s theorem proves that
To=Ty=Tass

where the reduction of energy T',_, is the energy of the motion got by
subtracting the motion (b) from the motion (a) both as regards the
impulses and the velocities they produce; i.e. the third motion (a—b)
is one in which there are no impulses in the first k co-ordinates, and the
velocities in the remaining n — % co-ordinates are the velocities of the

motion (a)y viz. d;‘+1 ’ 4k+i » oo q"'

Fourthly, there is the Kelvin comparison motion (¢) started by
impulses which we will call p,”, p,”, ... p,”” and such that as regards
velocities G 43"y - G’ =G1s das --- G
(because in the Kelvin case the first & velocities are prescribed) and

¢t 1=4" k3= =4, =0
(because the constraints are to be the same in both comparison cases).

Denoting the energy of this motion by T, Kelvin’s theorem proves
that T',—T,=T,_,, where T',_, is the energy of the motion got by
taking the difference of the motion (a) and the motion (c). And the

* Proceedings of the London Mathematical Society, Series 2, vol. 21,
p- 413.
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increase in energy in the Kelvin case is therefore that of a motion
(a —¢) in which there are no velocities in the first k co-ordinates (though
there are impulses), and the velocities in the remaining & co-ordinates
are the velocities of the motion (a), viz. dx41, §rsgs -+ Gn-

Finally when we come to compare the motions (a — b) and (a —c¢), we
see that both are motions set up impulsively in which the velocities of
the last n — k co-ordinates are prescribed, that in (a — b) the remaining
k co-ordinates are unconstrained, but in (a—c) they are subject to
impulses; but this is precisely the comparison made in Kelvin’s
theorem and therefore the energy 7',_; is less than the energy 7';_,.

Professor Taylor points out that, while the reduction of energy in
the Bertrand case cannot exceed the whole energy of the uncon-
strained motion, there is no upper limit to the increase of energy in the
Kelvin case, and illustrates this by the example of a straight rod set in
motion by an impulse at right angles to its length applied at a point 4.
A constraint may be applied by fixing a point P of the rod. Then if the
impulse at 4 is given, the energy of the resulting motion can be reduced
towards vanishing point by making P approach 4; but if the velocity
of A be given, the effect on the energy of the constraint at P will be to
increase it indefinitely as P approaches 4.

9'5. Lagrange's equations for impulsive motion. If
simultaneous impulses are applied to a system already in
motion, the sum of the virtual moments of the components of
the change of momentum is equal to the sum of the virtual
moments of the applied impulses, so that we have an equation

Zm {(& — &) 02 + (J — Yo) Oy + (£ —2y) 82}
=X (X'8x+ Y'8y+ Z'82) ......(1),
where the suffix indicates values of the velocities just before
the impulses are applied.
As in 9-21 this may be transformed into

oT oT ) (aT or )
55~ ) 301+ (55 =5 ) 80at - = Z (@31 + Qg5+ .
(391 0G1o) ' \0dy Odyy % (@4'3g; + @5'0g, +...)
.80 that, provided the co-ordinates are independent, we have n
equations

T oT
%
CEAEY P U}
aq‘2 aq.20 2

etc.
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which simply express the fact that the instantaneous change
in a generalized component of momentum is equal to the
impulse in the corresponding co-ordinate.

9:51. Examples of impulsive motion. (i) 4 keavy uniform rod
rotating tn a vertical plane falls and strikes a smooth inelastic horizontal
plane. To find the impulse.

Let u, w be the linear and angular velocities just before impact, i the
distance of the centre of gravity from the horizontal plane and 6 the
inclination of the rod to the vertical. Then y, § may be taken as the
generalized co-ordinates.

Let P be the required impulsive reaction of the plane. The virtual
displacement of the end of the rod which strikes the plane, consequent
on changes 8y, 86 in the co-ordinates, when resolved in the direction of
P is 3y+asin 036, so that we have for the virtual moment of the

impulse 8U =P8y +Pasingsf .....cceeeenennn. (1).
Also 2T =m (§2+36%?) weorvereereerrerennen (@),

where m is the mass and 2a the length of the rod.
The dynamical equations are

oT _oT _oU an oT _oT _oU
% 9y, oy 20 20, 0
or m(y—y,)=P and 4ma(6—0,)=Psin0.

But 9, = —u, §,= — w, and since the plane is inelastic the end which
strikes the plane loses its vertical velocity, or ¥ +afsin §=0. We find
on substitution that

P(1+43sin?8)=m (u+awsin f).

(ii) A framework is formed of four uniform rods smoothly jointed at
their ends so as to form a parallelogram. It is turning about its centre
with angular velocity w when a point
in one of the rods is suddenly fixed.
To find the instantaneous change in
the motion.

Let m, m’ be the masses of the
rods, 2a, 2b their lengths; and let B,
the point which is fixed, be at a dis-
tance ¢ from the middle point of the
rod 4 B of length 2a. Let P, Q be the
components of the impulse at F
along and at right angles to A B. Let the sides A B, AD make angles 8, §’
with a fixed direction, let « be the angle BAD at the instant of fixture,
and let 8z, 8y denote small displacements of the centre of gravity @
parallel and perpendicular to 4 B.

The virtual moment of the impulse is

3U=P (5z+b30'sina)+ Q (8y +¢30—b 8§’ cos a);
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and the kinetic energy T is given by
27 =2 (m +m’) (&2 +§?) + 2m (k20% + b243) + 2m” (k'20'3 + a24?),
where k3= {a? and k'3 =4b%.
Before the fixture we have £=g=0 and §=4§'=w. Therefore the
Lagrange equations give
2(m4+m’)i=P, 2(m+m’)y=Q,
2 (mk2 +m'a?) (0 — w) = Qc

and 2 (mb2 +m'k’?) (¢’ — w) = Pbsina— Qb cos c.
But we have also the conditions that the point E is reduced to rest,
viz. &4+b¢sina=0, and y+cd—bb cosa=0;

and by eliminating &, y, P and @ the equations for §, §’ become
(mk? +m’a?) (6 — w) + (m+m’) (c2d —bch’ cos &) =0
and (mb? +m'k’?) (¢ — w) + (m +m”) (b20’ — bcb cos o) = 0.
The same results can of course be obtained by making the kinetic

energy of the relative motion before and after the fixture a minimum,
subject to the condition that the point E is reduced to rest.

(iii) Twelve equal uniform rods are smoothly jointed at their ends so as
to form a cubical framework, which is suspended from
a point by a string tied to one corner and kept in shape
by a lght string occupying the position of a vertical
diagonal. To discuss possible motions. o)
Let m be the mass and 2a the length of a rod, and
in a general symmetrical position let § be the in-
clination of each rod to the vertical.

(«) To find the initial motion if the string OA is cut.

The horizontal projection of the six middle rods is
a hexagon, so that the distance from the vertical
diagonal OA of the middle point of one of these rods
is 2a sin 8 cos 30° or v/3a sin §, and the depth of the
middle point below the highest point O is 3acos 6.
For one of the three lower rods the corresponding
distances are asin § and 5a cos 6.

Hence we have for the kinetic energy of the framework
2T =3m (k® + a?) 6% 4 6m (k% + 9a? sin? § + 3a2 cos? 6) 62
+ 3m (k% + 25a%sin? 8 + a2 cos? 6) 9,

where the three terms refer to the three upper rods, the six middle rods
and the three lower rods, and k2= }a2.

Therefore 2T =12ma®0? (§+98in20) ..ceveerenvnnnnn.nen. (1).
The potential energy is given by
—~V=12mg.3acos §=36mgacosé ............... (2).
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For an initial motion velocities are zero and the Lagrange equation
d (8T> orT _ ov

de\ad) a0~ a0
gives (7+427sin246,) §,= —insineo.
But, for a cube, sin 6,=4/(2/3),
therefore b= = VDL e (3).
Also the initial acceleration of the centre of gravity of the framework
= —3asin 6,.0,
=38 v (4).

(B) Suppose that, instead of the string OA, the string supporting the
Sframework is cut so that it falls and strikes a smooth inelastic horizontal
plane.

Let u, u’ be the velocities of the centre of gravity just before and just
after the blow, y the height of the centre of gravity above the plane,
and P the impulsive reaction of the plane. Then the vertical virtual dis-
placement of the lowest point A consequent on increments 8y, 80 in
the co-ordinates y, 6 is 8y + 3asin §.86, so that the virtual moment
of P is 8U =P (5y+3asin0.86) ......... e (6),
and by taking the kinetic energy to be that of the whole mass moving
with the velocity of the centre of gravity, together with the kinetic
energy of the motion relative to the centre of gravity, it is easy to shew
that in this case 2T =12m (a2 +52) ceevrreeerrreeireeennns (6).

Hence we have

12m(y—v,)=P and 28ma(f—06,)=3Psin6,.
But o= —u, y=—u’, 6y=0 and sinfy=+/3,
and the lowest point is reduced to rest, so that
¥+ 3asinf.0=0.

These equations give u’=3fu and P =§{mu.

(y) If the framework lies flat on a smooth horizontal plane, to find the
upward vmpulse at the uppermost central joint which will make the centre
move with velocity v.

Let P be the upward impulse required, and suppose that the lower
central joint is fixed to the plane which sustains an impulsive pull Q.

With the same notation i

2T =12m (38302 +9%) veererrrrrnnnnnnnnnnnnn, (8)

and 8U=P (5y—3asin 0.560) - Q (8y + 3asin 0.86) ...... (7).

Hence we have
12my=P~Q and 28mal=—3(P+Q)sind.
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But we are assuming the lower end to be fixed so that
y+3asinf.fd=0.
Putting y =v and 6=90°, we find that
P=%my and @= —4mv.
The negative value for @ implies that the attachment of the lower

central joint to the plane is unnecessary as there is actually an im-
pulsive pressure of the framework on the plane of amount 4¢mw.

9°52, Examples. 1. A rhombus of smoothly jointed uniform rods

is rotating in its plane about one corner, which is fixed, when a string

joining the two adjacent corners suddenly becomes tight; shew that

the impulsive tension in the string is proportional to the difference of
the angular velocities of the sides and find the loss of kinetic energy.

(L. 1910]

2. A rhombus of smoothly jointed equal uniform rods of length
2a lies on & smooth horizontal table. It is struck by a blow P per-
pendicularly to one of its sides at a point distant # from the middle
point; shew that the angular velocity of that side instantly becomes
3Pzx/2ma3, where m is the mass of the four rods.

3. A square of side 2a formed by four equal rods hinged at the
ends lies flat on a smooth horizontal table and rotates with angular
velocity n in its own plane with its centre at rest. If a corner 4 is
suddenly fixed, shew that the angular velocity of each rod is instantly
reduced to 2n/5, and further that, if 4 and the opposite corner are
connected by a slack string of length 4acosa, (x <z/4), the rhombus
formed by the rods after the string tightens in the subsequent motion
revolves round 4 with angular velocity n/(1 + 3 cos? «).

[M. T. 1908]

4. Three equal uniform rods 4 B, BC, CD each of mass m are freely
jointed at B, C and are momentarily at rest when their directions are
mutually perpendicular. Equal and parallel impulses I perpendicular
to BC but in opposite senses act on the system at 4 and D. Prove that
the kinetic energy after the action of the impulses is 212/m.

[M. T. 1933]

5. A framework in the form of a regular hexagon of six uniform rods
smoothly jointed at the corners rests on asmooth table, and a string tied
* to the middle point of one side is jerked in the direction of that side;
shew that the velocities along the sides of the centre of this side and
of the centre of the opposite side are in opposite directions, and in the
ratio 59:4. [Take as independent velocities the component velocities
of the centres of the sides in the directions of those sides respectively.]

[M. T. 1906]

8. Two uniform circular dises, each of mass 2m and radius a, lie
on a horizontal plane. The ends 4 and B of & uniform rod, of mass m
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and length 2b, are smoothly jointed to the two discs at the centres, and
an equal rod is smoothly jointed at its ends C and D to points on the
rims of the two discs respectively, so that A BCD is a parallelogram.
The whole system can turn about a fixed vertical axis through 4, and
is initially at rest with the angle CA B equal to 45°. Prove that if the
rod AB receives a horizontal impulse P perpendicular to AB at a
distance 3b from 4, the initial angular velocity of this rod is P/7mb.
[1. 1930]

7. If the upper central corner of the framework of 9-51 (iii) is attached
to a vertical string which passes over a smooth pulley and carries a
mass M’ at its other end, prove that the initial acceleration of M’ is
(2M’'—M)g/(}3 M +2M’), where M is the mass of the cubical frame-
work.

9-6. Ignoration of co-ordinates. The Routhian function.
In some problems certain of the generalized co-ordinates do
not occur explicitly in the Lagrangian function L but only
enter as velocity components. If ¢, denotes such a co-ordinate,
since 9.L/0g, =0, the corresponding Lagrangian equation is

d (oL
EZ (a—q,r) = 0 ........................ ( 1)
and this integrates at once in the form
gél'j =pf, (a constant).................. (2).

Suppose that the last n —k co-ordinates are of this type and
that we denote them by 0,, 0,, ... 0,,_, and the corresponding
momenta by u;, Uy, ... U,_s 80 that u,=03T/06,=0L/06,.

Let R=L—u101—u292—--.—un_kgn_k esssseccccns (3).
This is called the Routhian function after Dr E. J. Routh who
first used it.

Since, by hypothesis, the co-ordinates 6,, 6,, ... 8,_; do
not occur explicitly in the n—k equations 9L/0d,=B,, there-
fore we can express the n—k velocities 6,, 6,, ... §,_; in
terms of ¢, g3, --- Qx> G1> Ga» --- G and By, By, ... Bpy, and
suppose that these values are substituted in (3) so that R is
expressed in terms of the latter quantities only.

Now let & denote a variation due to arbitrary infinitesimal
changes 8g,, 8¢y, ... 8qx, 8¢y, 8qa, «.. 8qy, 8Py, OBa, +oe Pp_s-
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ince = R=L-S822 i 4),
Since R=L- Elé, 20, (4)
therefore SR=8L-3§ (r_2_310, P )
koL k oL n=k oL
2 8¢, E =80,
But 8L = r):..la 3q, +Mla +r=-l 26,
and, since 0L/d0,=p,,
n- " oL
8 ) 59,5 0256,
(TEI " 9 r=1 Br r-l 89
k
Hence SR= X aLS + 2 8L Z 0 .7 AU (5),
r-la r—laq

but the infinitesimals on the right-hand mde are arbitrary and
independent, so that we get the following sets of equations:

oR 0L

50— 00 =152, ki, (6),
%:%, =1,2,00k e (7),
%:—9,, r=1,2,...n—k ......... (8).
Substituting in Lagrange’s equations we have
%(3—5)—%% r=1,2 ke, (9),

where R is a function of q,, ¢, ... g%, ¢;, ¢z, --- ¢z and the con-
stants B8;, B,, ... Bn_x. The original problem has therefore been
transformed into one in which there are only % independent
co-ordinates, and when this has been solved the remaining
variables of the original problem, viz. 6,, 0,, ... 6,_, can be
found by integrating equations (8) in the form

0,=— r=1,2,...n—k ......... (10).

oR
%, dt
The process by which the function R is written down in (3)
is called modifying the Lagrangian function with regard to some
of its co-ordinates, and the process by which we get rid of
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co-ordinates which do not occur explicitly in the Lagrangian
function is called Ignoration of co-ordinates.

9'61. As examples of 9'6 we notice that in each of the examples
9-81 (iii), (iv) and (v) there is an ignorable co-ordinate. Thus in (iii)
the co-ordinate ¢ does not occur explicitly in 7" or V; equation (2) gives
¢sin? 0= B, and the Routhian function is

oL
R=L—4y/,
or R=4Ma?(0?+ $*sin? ) + Mga cos 6 — § Ma3§?sin? ¥,
from which ¢ is to be eliminated, giving
R =3Ma3 (42— B2 cosec? §) + Mga cos 6.

. d (0R\ @R
Then the equation a (5-5) —%56= 0
gives §— B2 cot G cosec? = —zgsin 6,

which is the equivalent of 9°31 (iii) (1) after § has been eliminated.

9'62. Example. A gyrostat (solid of revolution) symmetrical about
18 axis of rotation is suspended from a fixed point by a string of length
a fasteiced to a point on the axis of rotation. Prove that if the gyrostat vs
moving steadily with its axis horizontal the angle o which the string makes
with the vertical 18 given by the equation

Cn?tan a = M3gh? (h+asina),
where n is the angular velocity of the gyrostat, h the distance of its centre of
gravity from the point of attachment of the string, M its mass and C its
moment of inertia about its axis of rotation. [M. T. 1888]

Let the axis of z be taken vertically downwards. Let the generalized
co-ordinates be the angular co-ordinates 8,, i,
of the string 04 and the angular co-ordinates (o}
03, Py, ¢ of the gyrostat, the latter being the
angle which a plane through its axis fixed in
the body makeswith the vertical plane through
its axis. Let G be the centre of gravity and
AG=h.

Let A, A, C be the principal moments of
inertia at @. Then, using Euler’s expressions
for angular velocities we find that the kinetic
energy of the rotational motion about the
centre of gravity is

34 (04 + Jg?sin? 6y) + 3O (4 + 5 cos 6,)°.

The co-ordinates of @ are

x=asin §; cos Yy + hsin b, cos y,,
y=asin §, sin y, + hsin 6, sin ¢,
£=acos 0, +hcos 0.
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Differentiating these to find the velocities of @, squaring and adding,
we get for the total kinetic energy

2T = A (0% + J4?5in? 6,) + C (¢ + g cos 6,)?
+ Ma? (6,2 + ,*sin? 8,) + Mh2 (2 + 42 sin? 6;)
+2Mah 8, 84 {cos 6, cos 8, cos (Y, — ) +5in 8, sin G}
—2Mah 33, sin 6, cos 0y sin (P, — ,)
— 2Mah 6, i cos 6, sin 6, sin (Y, — if,)
+2Mah i, fg5in 0,80 0308 (Py — ) wereennieiinennnn. (1).
Also —V=Mg(acos b, +hcosfg)+const. ............ (2).
Since neither 7' nor ¥ contains the co-ordinate ¢, it is convenient to
‘ignore’ this co-ordinate. Thus we have

%% =const.,, or C($+yzcosby)=Cn,

n being the spin of the gyrostat about its axis; and we put
R=T-V-0n¢,
or 2R=(A+ Mh?) (0, + ,?sin® 0y) + Cn?+ Ma? (6,3 + ¢, sin? §,)
+2U6, 03+ 2V 8y, + 2W, g+ 2X i) 3 + 2Mg (acos 6; + h cos 8,)
—20n (n— 4 cos 8,) + const.,

where the coefficients U, V, W, X are asin (1).
Before writing down the Lagrangian equations applied to the
function R, we note that we want a steady motion in which

O,=0, Og=4m, 1 =¢y=c?, sothat 6,=60,=0, and ¢;=¢=w.
Then we have

d (0R\ _d 2 _
3 (éﬁ) =5 (Ma?0, + Uby+ Wiy =0
d (0R\ _d 2 _
and - <’a‘o,’,) =34+ MY 6, + U+ Vi) =o0.
Therefore the first two Lagrangian equations reduce, in the steady
motion, to oR oR
. oX .
or Ma’w’smacosa+a—o- wl—Mgasina=0
1
and —Mgh— Cnw=0.
And since in the steady motion 6X /96, = Mah cos a,
therefore gtana=w?(asina+h)
and Mgh= - Cnw;

whence Ol tan a = M?32gh? (asina+A).
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963. Examples. 1. Asystem isin motion under no forces and its
kinetic energy is - 3 (463 + B,
where 4 and B are functions of 6 alone; shew that a steady motion is
possible in which §=a and ¢ = w, provided that, in the position §=«,
B is a maximum or minimum, and further that this state of motion is
stable if B is & maximum and unstable if B is & minimum.

2. A uniform rod of mass 3m and length 2! has its middle point fixed,
and a particle of mass m attached at one extremity. The rod when in a
horizontal position is set rotating about & vertical axis through its
centre with angular velocity 4/(2ng/l). Shew that the heavy end of the
rod will fall till the inclination of the rod to the vertical is

cos1{y/(n¥+1)—n},
and will then rise again.

9-64. Motion of a system constrained to rotate uniformly
about an axis. Provided thesystemisholonomicwemay apply
Lagrange’s equations. We have seen (4-4) that in the case of
the motion of a particle in a tube constrained to rotate with
unifo.m angular velocity w, the relative motion is not altered
if we suppose the tube to be at rest and the particle acted on
by a radial force w? per unit mass directed away from the
axis. It is easy to shew that this theorem also follows from
Lagrange’s equations.

Taking the axis of rotation as axis of z, using cylindrical
co-ordinates and measuring 6 from a plane which revolves
about Oz with the prescribed angular velocity w, we have

2T =Zm {22+ 72 +72 (0 + w)?}
=Zm (22 + 72 +1202) 4 20Zmr20 + w2Zmrt...... (1).

Now suppose that the cylindrical co-ordinates r, 6, 2z of
every particle are expressible in terms of generalized co-
ordinates ¢;, ¢s, ... ¢, Then Zmr20 will be a linear function
of ¢y, ga, --- g, in which the coefficients are functions of
91> 9as +++ n» 8BY

Emr?0 = H = o, Gy + tady+ ... + %5 s

and Zmr? is simply a function of ¢,, ¢,, ... ¢,, say I, and the
terms independent of w in (1) are what the kinetic energy
would be if the rotation w were ignored, say 27;; so that

2T = 2T, + 20H + @l vuvereecrnnnn(2)s
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We may also suppose that the virtual work of the external
forces is Q,8¢,+ Q.8¢,+...+ @, 8q,, where Q,, @g, ... @,
depend only on the co-ordinates g,, ga, +.. @y

Then the Lagrange equation

d0m) o7,
dt\og, aQr- r
becomes
d (9T,) _oT, d oH\ H . oI _
d-‘(aq}) o, dt( 5?{,)“"5&:*%0’ o =Q,---(3).
d( oH oH
But dt( 3;1,) w@;
. 8“1 aaz. al?_z-
=w|a.— 3q G1— aqq ...—aqrqn
a‘xr aa]_ s o, aaz .
=w{(3?1—9?,)%+(3‘q—2‘5§)%
o, O .
i +(8qn 5qr:)q"}
=ﬁr1q'1+ﬂr2q.2+...+ﬂmq'n’
O, Ootg
where B..= (5;8_%) — B,
Therefore (3) takes the form
d (oT,\ oT, Lo
a(aq) o, =24 By + Brada+ oo+ Brnln= Q,+1}w5;

There are two special cases worth noting: (i) when § =0 for
every particle, so that in this case H=0; and (ii) when there
is only one generalized co-ordinate g. H is then of the form
f(g)g, and the terms in H in the one Lagrange equation are

wad-t{f (@)} —wf’'(g)g, i.e zero. So that in both these cases

the linear terms in the velocities in (4) disappear, and the only
effect of w is to add a term }/w? to the work function, where
I=Zmrd,
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9-65. Examples. 1. The ends of a uniform rod of mass 3m and
length 21 are constrained to move along two smooth wires O4 and
0B, O0A being horizontal and O B vertically downwards. A smooth bead
of mass m is free to slide along the rod. The whole system is made to
rotate about OB with a constant angular velocity 4/(8g/5l). If 6is the
inclination of the rod to the horizontal, prove that it is possible for the
rod and bead to remain at rest relative to the rotating wires, with the
bead at the middle point of the rod, if sin #=3%; that this position of
relative equilibrium is unstable; but that it becomes stable if the bead
is fixed to the rod at its mid-point. [M. T. 1934]

2. A particle moves on a smooth horizontal wire in the form of a
circle of radius a, constrained to rotate in its own plane with angular
velocity wabout a point of itself. The particle isinitially at theextremity
of the diameter through the centre of rotation and is projected with
velocity 2bw relative to the wire. Shew that the particle describes a
quadrant of the circle in time

P 1+4b’< %):I

approximately, if b is large. [1. 1931]

9-7. Lagrange's multiplier‘s. Holonomic systems. Some-
times in the solution of a holonomic problem it is convenient
to use a larger number of co-ordinates than there are degrees
of freedom, say n co-ordinates when the system possesses only
n—m degrees of freedom; there are therefore m relations
between the co-ordinates and when the system is holonomic
these are integral relations of the form

fl(ql: dz» "" qn)=0
fz(%s 925 "'qn)=0 (1)

........................

S (@15 Q25 <0 €0) =0
The equation of virtual work is of the form 9-3 (4) and may

be written %{i(aT) - s 2
=114t \9g,) g, r} =0 ...... veeeee(2),

but in this case the virtual displacements 3¢, , 8g,, ... 8¢, are
not independent but must satisfy the m equations

f8 afO afg — _
3q, 01t og, 2t e 51 80 =0 (6=1,2,...m)...(3).
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Lagrange’s method is to multiply the equations (3) by
AL Agy oee Ay respectively and add them to (2), so that

n(d (0T afl ofs fm _
El{t?t(aq}) o, &t +>‘284+ “Fhn g, }Sq’—

Then give to the A’s such values as will make the coefficients
of 8¢,, 98¢, ... 8q,, in (4) vanish. The remaining n—m
co-ordinates being independent, the coefficients of 8g,,,;,
8¢m42> --- 09, must vanish also, so that we have n equations
of the form

d (0T\ oT afl of, afm_ ~
fjt(@q',) aqr -Q,+ /\1 +)lz +"'+A"‘5§:—O (r=12,...n)

and these n equations together with the m equations (1) are
sufficient to determine the m X’s and the » co-ordinates

91592 +++ I+

9-71. Non-holonomic systems. In the holonomic system
just considered, the m equations (1) might have been used for
reducing the number of co-ordinates to equality with the
number of degrees of freedom; but in a non-holonomic system
the number of independent co-ordinates necessary to specify
the position of the system is a definite number greater than
the number of its degrees of freedom, because of the existence
of constraints of the kind which do no work and are expressible
by non-integrable relations

Ay + Agglat oo+ Apyd=0 (s=1,2,...m) ...(1),

where the 4’s are functions of q,, ¢,, ... ¢,; non-integrable
relations because an integrable relation would serve to reduce
the number of independent co-ordinates necessary to specify
the position of the system, but by hypothesis this is a fixed
number n.

Taking the equation of virtual work in the form 9-7 (2), the
possible virtual displacements 3¢,, 8¢;, ... 8¢, are now con-
nected by the m equations

A,,8q,+ A, 095+ ...+ 4,,3¢,=0 (8=1,2,...m)...(2),
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and adopting the method of 9-7 we obtain n equations of the
form

Q’-I-A A,1+/\ A,-z"‘ +AmArm
r=1,2,...n) ...... (3),

which with the m equations (1) are sufficient for the deter-
mination of the m A’s and the n co-ordinates gy, g,, ... ¢,,.

The additional terms in the equations (3) can be identified
with the constraints. Thus suppose that the system is free from
the constraints imposed by equations (1) but compelled by
additional external forces to take its actual motion; and let
the work done by these additional forces in an arbitrary dis-
placement be denoted by

Q,'8q,+Q,'3¢q,+ ... + Q,’8q,.

The system is now by hypothesis holonomic and its motion
is given by ordinary Lagrange equations provided we include
the last expression in the virtual work of the external forces,
so that the equations are

d (aT) oT
dt\og,) o,

We have now to determine the forces @,’, @,’, ... @, and
we can do so from the consideration that in any displacement
consistent with the original constraints represented by (1)
these forces would do no work, so that we have an equation

Q,'8¢, + @;'8¢, + ... + @,,'8¢, =0,
true for all values of the ratios 8¢, : 8¢, : ... : 8, which satisfy
A,,8q,+ 45,8, + ... +4,,80,=0 (s=1,2,...m);
and consequently
Q) +MA,+A A0+ ...+2,4,,=0 (r=1,2,...7n),
leading again to equations (3).

2(8). 22
dt\og,] ~ oq,

=Q,+Q,’ (r=12,..n) ...... (4).

9°72, Example. Motion of a uniform sphere on a rough horizontal
plane. As explained in 9+11 this is a non-holonomic problem. With the
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notation of 75 (i), where the problem was solved by a direct method,
let us follow the procedure of 9°71. We have, from 871,
wy= —fsin Y+ $sin fcosy
wy=0cosy+dsinfsing ¥ ...ccveiinrnnnnnns (1),
w,=¢cos b+
and, taking z, ¥, 0, ¢, ¢ as the generalized co-ordinates,
2T =m (4% + §*) + mE? (w2 + 0,3 + w,3)

=m (&3 + y2) +mk? (6% + 42+ Y2 + 24y cos 0)} ..... @)
and U=Xdéx+Ydy
where X, Y are the external forces.
The conditions for rolling are
E—awy=0, Y+aw,=0 .....crvvvrvvenne. (3),
so that possible displacements have to satisfy
8a:—a86cos«[:—a8¢sin08in:,[::0} @
Sy—adfsiny+adsinfcosP=0) =TT )
Corresponding to 9:71 (3) we therefore have five equations
ME=XAFA=0 cerrrreeerrrrereeernennens (5),
MG =T FA3=0 wevreerrreeerrreeerrnenenns (8),
mk? (J+ $fsin ) — A acosf—Aasing=0 ......... (N,
mk? ($ +J cos §— Jfsin ) — A\, asin fsin Y+ Asasin fcos =0
mk’(%(¢+$cos 0)=0.cceurercrernnrnnrnnns (9).
From (9) we get + ¢ cos@=const., 8aY Nueeeerrrrrrrernennn. (10),

and this is the spin about the vertical.

A comparison of (5) and (6) with 75 (i) (1) shews that —A;, — A, are
the frictional forces in the directions of the axes. And by solving (7)
and (8) for A;, A; with the help of (10), we are able to reduce (5) and (8)

to the forms 2 2
m<1+ai>5c'=x and m(1+@)y=y.

We notice that by using (3) and (1) it is possible to obtain the kinetic

energy in terms of three co-ordinates and their derivatives, viz.
27T = m (a®+ k?) (6% + $*sin? 6) +mk® ($ cos 6+ )3,

but we cannot obtain correct equations of motion by applying La-
grange’s equations to this expression because the co-ordinates 6, ¢, ¥

are insufficient to define the position of the body.
This example is only given to illustrate the way in which the
Lagrange multipliers are connected with the constraining forces, as it

is clear that the method of 7+ (i) is & much simpler way of approaching

the problem.
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9°78. Examples. 1. A heavy rod of length 2a slips down with its
ends in contact with a smooth vertical wall and & smooth horizontal
plane; the rod not being initially in a plane at right angles to the wall.
Prove that, if 6 be the inclination of the rod to the vertical and  the
inclination of its horizontal projection to the intersection of the planes,

then a . . a .
4 7 (sin 0sin §) =tan y 7 (sin f cos §)

d? ar . 3
and 4 an (cos 6) =cot fsec ll’?i?’ (sin 8 cos ) — Zg'

2. Prove that, if I, m, n are the direction cosines with respect to
fixed axes of & rod moving in any manner in space, and if ¥ be the
potential energy,

% (Il+ oV /ol)= ’1; (I + 0V [om) =71. (Tii+ 3V [on),

where I is the moment of inertia of the rod about an axis through its
centre perpendicular to its length.

9-8. Hamilton’s Equations of Motion. Considering a
holonomic system with conservative forces and » independent
co-ordinates ¢, ,¢,, ... ¢,, let L denote the Lagrangian Function
T —V,sothat Lis a quadratic function of ¢, , g, ... ¢, in which
the coefficients are functions of ¢,, ¢,, ... ¢, and ¢.

As in 921 we may put

and these equations will also serve to determine ¢, g, ... ¢,
in terms of the p’s and ¢’s, so that L may also be regarded as
a function of the p’s, the ¢’s and ¢.

L)
We now put H=—L+ ZD,Gy ecovveeevenenenennnns (2)
1
and call H the Hamiltonian Function.

Then $H= -a{L-— )5 p,q,}
re=]1

n (oL oL .. .
=—El{gq—rSQﬁ55;3%—2’:8%-4'3?'}- ..... (3).

But by Lagrange’s equations,
d (BL) oL

@ \ag,) g, ™"
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we have Pr=7—3

and, using (1), (3) becomes
n
SH=— le( D80, —G,8p,) cevirninnanians (4).

Hence if we regard H as a function of ¢, , ¢,, -.. ¢,,, P1, Pa> ---
P, and ¢, we have

., oH oH
q,=5—p—r, p,=—-a~q—r (r=1,2,...n) ......... (5).
These 2n equations are Hamilton’s canonical equations of
motion. Theyinvolve 2n independent variables, the p’s and the
¢’s, but they are differential equations of the first order, whereas

the equations of Lagrange are of the second order.

9°81. When the Lagrangian function L does not contain the time
explicitly the Hamiltonian equations give an equation of energy. For
we have

= X (et
dt = 2 \og, T T op

from 9°8 (5). Therefore H =const.

This is also evident from the fact that T' is a homogeneous quadratic
function of the velocities, so that from (2)

H=—L+2T=T+V =const.

9-82. Examples. (i) The motion of a spherical pendulum.

A particle of mass m is suspended by a fine string of length 7, and we
take ¢, as the inclination of the string to the vertical and g4 as the
azimuth of the vertical plane through the string. Then

2T =mli*(¢,* +g,*sin q)

dH n /oH , ©oH
- ) o,
r

and — V=mglcosg,,
so that L=3ml3(¢,2+{428in2q;) + MGlCcoS Qg ccvvenennnans (1),
and therefore I L
o . 0 .
P = 74, =ml?§, and p,= B, =mligysinq;......... (2).
Hence = —L+p:1¢;+Dads
=§£‘~'—+&-——232—-mglcosq (3)
4 mb T3 mlisinig, T T .
Then the four Hamiltonian equations are
_H _p, _OH __ p,
q;—a—"—di, Q'—a—;;—m eessssitienstinsnnne (4).
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We note that (4) are the same equations as (2), that the last of (5)

gives py=const. =mlic, say; or {¢gsin?*g;=c ......... (8),
and the remaining equation then gives
cicosq; ¢..
g= sindq, 1 1531 N7 N (7).
On integration we get
2
s34 _C _of =
d*+ sin’g, 2 1008q1= const.,

and it is easy to see that this is the same as the equation of energy
H =const., where the constant value of p, is substituted. In fact, since
there are no geometrical equations containing the time explicitly, we
might have written down the equation H = const. at once.

(ii) To deduce Euler’s equations from Hamilton’s equations.

In the case of the motion of a rigid body about & fixed point, there
are no geometrical equations containing the time explicitly, so that,
as in 9°'81, H=T+V.

Using the notation of 9°31 (vi), we have

2T =(Aw®+ Bwa+ Owg?) evvvvnvninnnnnn, (1),
where w;, =0sing—ysinfcos ¢,

wy= 0 cos ¢+ sin fsin ¢,

wy=d¢ + f cos 6.

Taking 6, ¢, | as the generalized co-ordinates g, , g,, g5, we have

or
p1=a—a =Aw, sin ¢+ Bw, cos ¢,

T
Ps—gg =Cay
T . . .
and p,:bzﬁ—:—Aw,smOcos ¢+ Bw, sin 0 sin ¢+ Cw, cos 6.
Therefore Aw,=p, sin ¢—p, :n Z+ Cuwg cot 0 cos ¢
sin ¢ .
and Bwy=p, cos ¢+ pg ey —Cuw, cot 0sin ¢

Hence

1
H=T+V=—(pxsm¢ 7

cos

s ¢
ey + Cwy cot 0 cos ¢

n ¢
((p1 cos ¢+ P ma—C’w,cot 8 sin ¢) 2C+V
Then take the equation p,= —%%'
. 1 1 oV
It gives Cw,:Z.Awl.Bw,—-E.Bw,.Awl—a—‘#

or Cig—(A—B) wywg=N.
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(ili) Motion of a particle in a plane referred to moving axes.
Taking % — wy, ¥ + «x as the components of velocity, we may put

L=im{(t—wy)?+ @+ o) =V .oeerirenes (1),
so that pl=%§=m(:&—wy)
and po=G=m g+ o).

Then H=-L+4+p,Z2+p,9
= —gln—:—g;‘; +V+p, <§:+ wy) + P (%’—wz)
=§;:;+§:—;+plwy—pswx+ V.

The Hamiltonian equations give

p=-Tp=-pw-0, g=f =B
From these it follows that
m (& — 2wy — wiz) = — 0V [0z
and m (4§ + 20z — wy) = — oV [oy.
But Lagrange’s equations applied to (1) would have given the same
results immediately.

9-9. Variational methods. Hamilton's Principle. Prin-
ciple of Least Action. Consider a conservative system whose
configuration is defined by » independent generalized co-
ordinates. Let L =T —V, where V is the potential energy, and
suppose that the system has a definite motion, which we may
speak of as its actual motion, between times ¢=¢, and ¢=¢,.
Consideralso a varied motion in which the pathsof the particles
differ slightly from their paths in the actual motion. Thus if
we were concerned with a single particle we might suppose it

. constrained by a smooth tube to move in a path differing
slightly from its actual path. Let 8 denote a variation in any
function of the co-ordinates which does not involve a change
in ¢, and let A denote a general variation, so that if the actual
motion is from configuration A4 at time ¢=¢, to configuration
B at time t=¢,, a varied motion is from C at t=¢,+ At, to D
at t=t¢, + At,; and, if P, Q are corresponding configurations in
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the two motions at times ¢ and ¢+A¢, and g,, ¢,+Ag, are
corresponding co-ordinates in P and @, then
Ag,=38q,+ ¢, At .oueueienanannnnnnnn. (1)

and the operations é and d/dt are commutative. Then since the
value of the Lagrangian function at time ¢ on the varied
path is L +8L, we have

ty 6+ At
Af Lat= """ (L+sL)de- dez
t totAty

= LAty — LAty + f SLdt

LAt b —
[ ]t. f t.r=1(aqr o+ q,)

LoL LoL d
But 34, a7 0, dt = 54, dt8 q,dt

oL 1 1d (0L
=%, 89’] 3 f ailag) o
Therefore

oL d (oL
A Ldt— LAt =0 oq,dt
l: + r=1 aQr qr] ft. r=l{aqr dt ( )} o

.
------ ’

and the co-ordinates being independent, it follows from La-
grange’s equations that the terms under the sign of integration
vanish, and, using (1), we have

t, n aL ty
A Ldt-—-[LAt+ = a—.(Aq,-q,At)]
ty

I:{L % 9L, }At+ 3 9Ly, ] .
re=1 aQr r=1 aQr ty

The coefficient of At is — H, where H is the Hamiltonian
function of 9-8; and thus we have

AS=[-—HAt+ )y aLAq] ............ 3),
to

0
r=1
t
where S= | Ldt is called Hamilton’s Principal Function.*
te
* Sir W. R. Hamilton, Phil. Trans. 1835, p. 95.





















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif
	00000165.tif
	00000166.tif
	00000167.tif
	00000168.tif
	00000169.tif
	00000170.tif
	00000171.tif
	00000172.tif
	00000173.tif
	00000174.tif
	00000175.tif
	00000176.tif
	00000177.tif
	00000178.tif
	00000179.tif
	00000180.tif
	00000181.tif
	00000182.tif
	00000183.tif
	00000184.tif
	00000185.tif
	00000186.tif
	00000187.tif
	00000188.tif
	00000189.tif
	00000190.tif
	00000191.tif
	00000192.tif
	00000193.tif
	00000194.tif
	00000195.tif
	00000196.tif
	00000197.tif
	00000198.tif
	00000199.tif
	00000200.tif
	00000201.tif
	00000202.tif
	00000203.tif
	00000204.tif
	00000205.tif
	00000206.tif
	00000207.tif
	00000208.tif
	00000209.tif
	00000210.tif
	00000211.tif
	00000212.tif
	00000213.tif
	00000214.tif
	00000215.tif
	00000216.tif
	00000217.tif
	00000218.tif
	00000219.tif
	00000220.tif
	00000221.tif
	00000222.tif
	00000223.tif
	00000224.tif
	00000225.tif
	00000226.tif
	00000227.tif
	00000228.tif
	00000229.tif
	00000230.tif
	00000231.tif
	00000232.tif
	00000233.tif
	00000234.tif
	00000235.tif
	00000236.tif
	00000237.tif
	00000238.tif
	00000239.tif
	00000240.tif
	00000241.tif
	00000242.tif
	00000243.tif
	00000244.tif
	00000245.tif
	00000246.tif
	00000247.tif
	00000248.tif
	00000249.tif
	00000250.tif
	00000251.tif
	00000252.tif
	00000253.tif
	00000254.tif
	00000255.tif
	00000256.tif
	00000257.tif
	00000258.tif
	00000259.tif
	00000260.tif
	00000261.tif

