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PREFACE

This book has been written at the suggestion of some students
who have been unable to find a book on the subject suitable
for their requirements, and also with a view to completing
the series of text-books on Mechanics which I have produced
in recent years.

The book is only an introduction to a subject which, in the
eighteenth and nineteenth centuries, occupied the interest
and attention of many eminent mathematicians. Nowadays
the theory of potential is usually studied in connection with
#lectricity and magnetism, which is given priority as a subject
of study because of its wider developments and importance
in relation to everyday affairs, so that there is a tendency to
overlook the theory of the attraction of gravitating solids or
regard it as a subject to be ‘crowded out’. But the subjegt
is of importance in connection with dynamical astronomy
and the Figure of the Earth, and Todhunter’s history of the
subject ‘from Newton to Laplace’ ran to nearly a thousand
pages.

In the early chapters I have not forgotten the needs of
students reading for a pass degree, though the book as a whole
is intended for an honours course. A good many of the
theorems in pure mathematics specially required for the
subject are collected in the first: chapter,. but..students who
prefer to do so may begin to read at Chapter 11 and only refer
back to Chapter 1 as the need arises. The later chapters are
on Green’s theorem, Harmonic functions and the Attraction
of ellipsoids.

I have indicated the source of the examples when taken
from examination papers, the abbreviations M. T., C., and P.
denoting the Mathematical Tripos, a College or Intercollegiate
Examination, and the Preliminary Examination in Mathe-
matics in the University of Cambridge, and I gratefully
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acknowledge the kind permission of the Senate of the Uni-
versity of Ldadon to use questions from the examinations of
that University, the source of which is also indicated.

A line in each set of examples indicates a rough division
of those which are easier from those which are more difficult;
of solution. .

The proofs have been read by my friend Dr S. Verblunsky
and again I tender to him my thanks. The book has been
greatly improved by his valuable criticism and useful sugges-
tions. I also wish to thank the staff of the University Press
for their careful composition and assistance in eliminating
errors.

A.S.R.
CAMBRIDGE
May 1940
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Chapter I
PRELIMINARY MATHEMATICS

1-1. We propose in this chapter to give a brief account of
some mathematical ideas and propositions which the reader
will find of use in later chapters.

1-2. Surface and volume integrals. In the theory of attrac-
tions it is necessary to make considerable use of surface and
volume integrals, and the applications of the theory frequently
involve the evaluation of such integrals. The reader is‘therefore
advised tq acquire some familiarity with methods of integra-
tion from a textbook on the subject. We propose here merely to
explain what is implied when such symbols as

ff (%,y,2)dS and ff (2, y,2)dv

are used to denote integration over a surface or through
a volume, and then to prove some important propositions
connecting surface and volume integrals.

b
A definite integral of a function of one variable, sayf [ (z)dz,
a

may be defined thus: let the interval from a to b on the z-axis
be divided into any number of sub-intervals 3,, 3,, ... §,,, and
let f, denote the value of f(x) at some point on §,. Then, pro-

n
vided that the limit as n - o0 of X f, 5, exists and is indepen-
r=1

dent of the method of division into sub-intervals and of the
choice of the point on §, at which the value of f(z) is taken,
this limit is the definite integral of f(x) from a to b. It can be
shewn that the conditions for the existence of the limit are
satisfied if f () is a continuous function.

In the same way we may define ff (®,y,2)d8 over a given

surface; let the given surface be divided into any number of

I
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small parts 81, 33, ... 8, and let f, denote the value of f (z, ¥, 2)
at some pomt onsd,, then the limit a8 7 —> 0 of E f, ,,» provided
the limit exists under the same condltlons as aforesaid, is
defined to be the integral f f(z,y,z)dS over the given surface.

Any difficulty as to the precise meaning to be attributed
to ‘area of a curved surface’ may be avoided thus: after
choosing the point on each sub-division 8, of the surface at
which the value of f(x,y,z2) is taken, project this element of
surface on to the tangent plane at the chosen point, and take
the plane projection of the element as the measure of 8, in
forming the sum.

The integral J-f (x,y,z)dv through a given volume may be

defined in a similar way.

The evaluation of a surface integral of course involves
a double integration, and that of a volume integral a triple
integration, and when it is desired to exhibit the forms chosen
for the elements of area or elements of volume such symbols

asfjf (2, y,2)dxedy andffff (%, y,2)dedydz are used; but when
there is no doubt as to what is implied a single integration
symbol j is employed as above for the representation of an

integral along a line or over a surface or throughout a volume.

1:3. Green's Theorem. If u,v,w are functions of z, y, z which
have continuous dertvatives with respect to x, y, z respectively
throughout a singly-connected region bounded by a closed surface
8 free from singularities and 1, m, n denote the direction cosines
of the normal drawn outwards from a point on an element dS
of the surface, then

ffj(au 2; aaw)dxdydz f (lu +mv +nw)dS,

where the surface integral is taken over the boundary and the
volume integral throughout the region enclosed.
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where the volume integrals are taken throughoyt the region
considered and the surface integrals over its boundary.

1-4. Solid angles. The solid angle of a cone is measured
by the area intercepted by the cone on the surface of a sphere of
unit radius having its centre at the vertex of the cone.

The solid angle subtended at a point by a surface of any form
is measured by the solid angle of the cone whose vertex is at
the given point and whose base is the given surface.

\
]
|

l

Let PP’ be a small element of area dS which subtends a
solid angle dw at O.

Let the normal to dS make an acute angle y with OP, and
let OP =r. Then the cross-section at P of the cone which dS
subtends at O is dS cosy, and this cross-section and the small
area dw intercepted on the unit sphere are similar figures,
so that

dScosy:dw=r%:1.
Whence dw=(dS cosy)/r?
or dS=r?secy dw }

It follows that the area of a finite surface can be represented
as an integral over a spherical surface, thus

with suitable limits of integration.
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1-41. dw in polar co-ordinates. dw is an element of the
surface of a unit sphere. Let the
element be PQRS bounded by
meridians and small circles, where
the angular co-ordinates of P are
6, ¢. Then since the arc PS sub-
tends an angle d¢ at the centre of
a circle of radius sin@, therefore
P8 =sinfd¢; and PQ=d0,so that

dw=PQ. P8 =sin 0d0ds.

1-42. Volumes in terms of solid angles. Consider a cone
of small solid angle dw and
length R. Let PP’, QQ’ be
cross-sections at distances r,
r+dr from the vertex O.

Then the area PP’ =r?dw,
and, neglecting an infini-
tesimal of higher order, the
volumeof the frustum PQQ'P’
is ridwdr.

R
Hence the volume of the cone =dwf redr

0
= 1R%dw.

Hence if O be an origin inside a region bounded by a con-
tinuous surface such that lines from O each meet the surface
in one point only and we divide up the region into narrow
cones with vertices at O and R denotes the radius vector or
length of the cone of solid angle dw, then

%fR" dw

will represent the volume of the region.

. 1:5. Scalar functions of position and their gradients.
Let V (x,y,2) be a single-valued continuous function of the
position of a point in some region of space. Suppose that the
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function V is not constant throughout any reg)mn, so that
the equation

V (x,y,z) = const.
represents a surface. We assume that through each point of

the region in which V is N

defined, there passes a sur- /———/p\

face ¥V =const. We also as- da 6,7&S Vea+da
sume that at every point P —p

on this surface there is a V=a

definite normal PN and that
the tangent plane at P varies continuously with the position
of P on the surface.

It follows from the definition of ¥ that two surfaces

V(x,y,2)=a and V (z,y,2)=0b

cannot intersect; for if they had a common point it would be
a point at which V had more than one value, in contradiction
to the hypothesis that V is a single-valued function.

Consider two neighbouring surfaces

V=a and V=a+da.

Let P, P’ be points on each and let the normal at P to
V=a meet V=a+da in N. For small values of da, PN will
also be a normal to V =a +da.

Then using VP to denote the value of V at P, we have

PP’ PP~ PP~ PN ‘PP
_W—Vp
~“PN

where 0 is the angle NPP’.

Now if PP’ =dsand PN =dn, and we make da and therefore
also ds and dn tend to zero, the limit of (Vp.—Vp)/PP’ is
the rate of increase of V in the direction ds and is denoted by

cosd,

aa—z; and similarly the limit of (Vy—Vp)/PN is the rate of
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e

increase of V in the normal direction dn and is denoted by
ov

e and we have

b
ov oV
g_—%cosﬁ ..................... (1).

Thus we have proved that the space rate of increase of V
in any direction ds is the component in that direction of its
space rate of increase in the direction normal to the surface
V =const.; or that if we construct a vector of magnitude 0¥V /on
in direction PN, then the component of this vector in any
direction is the space rate of increase of V in that direction.

This vector is called the gradient of V and written grad V.

To recapitulate: V is a,continuous scalar function of position
having a definite single value at each point of a certain region
of space, and the gradient of V is defined in this way: through
any point P in the region there passes a surface V =const.,
then a vector, normal to this surface at P, whose magnitude
is the space rate of increase of V in this normal direction, is
defined to be the gradient of V at P, and it has the property
that its component in any direction gives the space rate of
increase of V irt that direction. It is clear that the gradient
measures the greatest rate of increase of V at a point.

1-8. Vectorial methods. We shall denote vectors by letters
in Clarendon type. The magnitude of P is denoted by [P |.
We recall that vectors are compounded by the parallelogram
law and that they obey the commutative and associative laws
of addition, viz. that

P+ Q=Q+P, and that P+ (Q+R)=(P+ Q) +R.

The product of a vector P and a scalar m is a vector whose
magnitude is the product of the magnitude of P and m, i.e.
m | P |, whose direction is that of P or the opposite according
as m is positive or negative. Multiplication by scalars follows
the ordinary rules of algebra, viz.

m (nP)=n (mP)=(mn)P;
m(P+ Q)=mP+mQ
and (m+n)P=mP4nP.
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A vector s is called a,unit vector when |s|=1. Any vector
whose direction is that of a unit vector s can be’represented
by ms, where m is a scalar.

For convenience in representing vectors by rectangular
components we introduce three fundamental unit vectors
i, j, k whose directions are mutually perpendicular; these
directions being those of the co-ordinate axes Oz, Oy, Oz.
Then, if P,, P,, P, be the projections of the vector P on the
axes, we have a vector equation

P=P,i+ P,j+ P,k ......cc....... (1).

1-61. Scalar product. Let P, Q be two vectors and ¢
the angle between their positive directions, then the expression

|P|]Q]cosé

is called the scalar product of the vectors and is denoted by
(PQ) or (P, Q), or simply PQ.

The scalar product of two vectors at right angles is zero,
so that for the fundamental vectors i, j, k we have

jj=jk=ki=0 and ii=jj=kk=1.
Hence, from 1:6 (1),
' =(P,i+ P,j+ P,k) (Q, 1+Q,,]+Qk)
and on multlplylng out this gives
PQ=P.Q,+P,Q,+P,Q, ... (1).

1-62. Againif V denotes a function of z, ¥, 2, it follows from
1-5 that the projections on the axes of the gradient of V are
oV [ox, OV [0y, 0V [0z. Hence we have the relation

ov. .oV oV
grad V-—1——x—+]a—+k5;,
and the equivalence of the operators grad and i i 0 s j aa +k aa ,

when the latter is applied to a scalar functlon This latter
operator is known as the Hamiltonian operator* and denoted
by V. When applied to a scalar function it turns it into a vector.

* After Sir William Rowan Hamilton (1805-1866), Astronomer

Royal for Ireland, greatest of Irish Mathematicians, inventor of
Quaternions.
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We shall see in 1-65 that when V is applied to a vector it turns
it into a scalar.

The reader who wishes for further information on the
subject of vector algebra may find it in the author’s Dynamics,
Part IT, Appendix.

~1-63. A vector field. If to every point of a given region
there corresponds a definite vector A, which may vary in
magnitude and direction from point to point, then the region
is called a vector field, or the field of the vector A; e.g.
gravitational field, electric field.

v1-64. Flux of a vector. If a surface S be drawn in the
field of a vector A and A,, denotes the component of A normal

to an element dS of the surface, then the integral fA,,dS is

called the flux of A through S. Since a surface has two sides
the sense of the normal must be taken into account, and the
sign of the flux is changed when the sense of the normal is
changed. The flux of a vector through a surface is clearly
'« scalar magnitude, in fact if we use the symbol dS to represent
a vector of magnitude d§ directed along the normal to the
surface, then the scalar product of the vectors A and dS
denoted by (A dS)is the same thing as the subject of integra-
tion A4, dS, so that the flux of the vector may also be repre-

sented by f (AdS).
v1-65. Divergence of a vector field. Let A denote a

vector field which has no discontinuities throughout a given
region. Let v denote any small element of volume containing

a point P in the region and let fAndS denote the outward
flux of A through the boundary of év, then the limit as dv — 0
of (fAndS) / dvis defined to be the divergence of A at the point

P and denoted by div A.
Let P be the point (x,y,2). Let 4,, 4,, 4, denote rectan-
gular components of the vector A.
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Let I, m, n be direction cosines of the normal to dS.

Then A,=14,+mA, +nA,,
so that J.AndS = f(lAz +md,+nd,)dS
04, 04, 04,
—f(a—x+‘ay+ o )d”’

by Green’s theorem (1-3), where the volume integral is taken
through &v. The value of the integral is the product of d» and
the mean value of the integrand, say the value at a point Q.
As dv— 0, this mean value tends to the value at P.

A,.dS
. , f w24, 24, 04,
Hence divA= SI;TO —"“Sv = ‘—‘ax + —ay -—a? ...... (1),

and we note that this result is independent of the form of the
element of volume v which surrounds the point P, and also
independent of the way in which the element contracts to
Zero.

Further, in the notation of 1-61, 1-62, we have

.0 .0 o)\ .. .

Tox oy | oz

=divA,

so that when the operation V is performed on a vector A the
result is the scalar function div A.
Also if A=gradV (1-5), where V is a scalar function of

z, Y, 2, so that oV oV oV
Am’Au:AzE'a’;: a—y, 52’
we have divgrad V =divA
04, 04, 04,
oz oy | oz
oV oW o

=-éx_2+a—y§+gz~ ............ (2).
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- [ ]

az 52 2
is usually denoted by V2, for

0
The operator e 8 R e

it is the same as

.0 .0 o0\(.0 .0 0
(16x+]8y+k8z) (16x+]6y+k8z)'
The reader will note that the operator V may be applied either to
a scalar, turning it into a vector, or to a vector, turning it into a scalar;
i.e. that V means ‘grad’ when applied to a scalar and it means ‘div’
when applied to a vector. But the operator ‘grad’ only has a meaning
when applied to a scalar function, and ‘div’ only has a meaning when

applied to a vector. Also the order of the operations is not inter-
changeable, thus
2V oV

d1vgradV=-+ay to =V2Yy,

but grad div V is meaningless.
Again, divgrad A is meaningless, but
0A, 04, 04 >

. 2 .
graddivA = ( +]3y+k ) ,3;4.73/4_5; .

1.66. If we assume that the divergence as defined in 1.65 is indepen-
dent of the shape of dv, it is casy to obtain the result (1) by taking for
dv a rectangular parallelepiped with edges parallel to the axes and of
lengths 8z, 8y, 8z with P at its centre. The method is given in full in
the author’s Electricity and Magnetism, pp. 6, 7. We shall not reproduce
it here, as in the next article we shall apply the same method to a
more general case.

1:67. Curvilinear co-ordinates. Gradient and Diver-
gence. Let the equations

fi@y,2z)=a, fi(z,y,2)=B, f:(xy,2)=y ... (1),
in which «, B, v denote variable parameters, represent three
families of orthogonal surfaces; i.e. surfaces which cut at
right angles wherever they intersect one another.

We assume that one and only one surface of each family
passes through any point (z,y,2), so that the parameters
«, B, y may be regarded as curvilinear co-ordinates of the
point whose cartesian'co-ordinates are z, y, 2

Let ds,, ds,, ds; denote elements of arc of the curves of
intersection of the pairs of surfaces B, v; y, « and «, B. Then
since « is the only parameter that changes along the curve
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B, v, it follows that ds; must be a multiple of da. We may

therefore suppose that )
dsy=hyda, dsy=h,dB, dsg=hydy ...... (2),

where %, h,, kg are in general functions of the co-ordinates.

Since the surfaces «, 8, y through any point are at right
angles, a vector A at the point may be resolved into three
components normal to these surfaces and denoted by
A,,48,4,.

Consider an element of volume dv bounded by surfaces
a+ 4da, B+ 3dB, y + dy. Let the surface « cut this element of
volume in the curvilinear rectangle
PQRS whose centre O is the point
(% B, 7).

To find an expression for div A in
curvilinear co-ordinates we have to
find the flux of A out of dv. The
component of A at O normal to
PQRS is A,. Hence, if we assume
what can easily be proved?, that the
average value of a function over a
small plane area is the value at the centroid, then the flux
across PQRS is A (area PQRS)=A,.h,dB.h,dy.

* If the values of hy, hy, ks are required, they may be found by

differentiating each of equations (1) with regard to «, 8 and y, and
solving the resulting equations for dx/da, 8x/08, etc. Then

ox\2 [Oy\r [(0z\2
s [(O% %y d 2
anr={(2) +(5) + (%) o=
ox\? [oy\? [oz\?2
2 (%X %Y il

so that hy _<au> +(au> +<3a> , ete,

t Iff(x,y) be the function, S the area and (Z, %) its centroid, we have

[r@wnas=[r@+s,g+yras

=} {f(a':,g]) +x’ gjx:+y’ g§+higher powers ofb’ry'}l;lﬂ

=8{f(& 9+
since { z'dS= / y'dS=0,

where ¢ is of order of the greatest linear dimension of S.
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Now the parallel surfaces AB&'D,'EFGH are the surfaces
- 3do and « + 3da, and the outward flux of A across A BCD is

19
_ Aahzhadﬁdy—éa(Aahzhadﬁdy)da+eldudﬂdxy},

where ¢, is an infinitesimal which — 0 as da — 0.
Similarly the outward flux across the face EFGH is

Aahzhadﬁdy+%é% (A JhohydBdy) do+ eydadBdy,

where ¢, has a like meaning to ;.
Therefore the contribution of this pair of faces to the flux
of A out of dv is

{z% (hohsd,)+ e} dadBdy,

where € > 0 as « — 0.
In like manner for the other pairs of faces of dv, so that
the total outward flux of A is

d
{% (hohgAy) a,e (hohy Ag) + a-(hlth,)m}dadﬂdy,

where 7 - 0 as dv — 0.
flux A

Hence, since divA= lim ~dn and dv="h,h,hydadBdy,
dv—>0
therefore
dWA“Eﬂ— {a (hyhad,) B(h ) Aﬁ)+a (hih Ay)}

Further, when A is the gradient of a scalar function V,
we have

A, Ag, A= oV oV oV _ 10V 19V 10V

T0s, Bs,) Osy hyox’ kOB hyOy

4
and by substituting (4) in (3), we have divgrad V or

1 0 (hoh, OV 0 [haoh, 0V 0 (hh,0V
QY ) 277877 Il Bt ke il Il Bt St Rl
v V“hlhzka{aa( h aa)+aﬂ( » 8B)+'o‘y( o ay)’
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1-68. Polar and cylindrical co-ordinates. When using
polar co-ordinates r, 8, ¢, the families of orthogonal surfaces
are concentric spheres 7 =, cones § = 8, and planes ¢ =7, and
it is easy to see that

ds,, dsy, dsy=dr, rdf, rsin0dp,
so that hy, by, hg=1, 7, rsin6,
and

1 (o vy o v\ a1 av
2 2 1 - — P
VY = i e{a (” sin 65 ) ao( inf ) ¢(sin68¢):’

1a/,0V\ 1 @ v 1 v
2 . — — 1 — [,
or VV=rs5 (’ 8r)+rzsin959(81 089)+r2si11298¢2
...... (1).
- P-4
C x
(0] \9/,.\
Y y >

When using cylindrical co-ordinates r, 6, z, the families
of orthogonal surfaces are co-axial cylinders r = «, planes 6 = 8,
and planes z=1, and in this case we have

dsy, ds,, dsy=dr, rdb, dz,
so that by, by, hy=1,7,1,

0 3V 10V 0/( oV
wd =25l ) e )

10 ( oV 192V 0%V
e =2 ¢ LA
or V2V = 87‘( )+7‘2 st o SRR (2).

Either of the results (1) and (2) can of course be obtained
directly by applying the method of 1:87 to the appropriately



16 PRELIMINARY MATHEMATICS [1-68—

shaped element of volume, and we suggest as an exercise to
the student the independent verification of results (1) and (2)
in this way.

17. If a vector field A is continuous throughout a region R
bounded by a surface S, then the outward flux of A through the
surface S is equal to the volume integral of div A throughout R.

For we may subdivide R into a large number » of elements
of volume 8v,, 8v,, ... dv,. The total flux of A out of all these
elements will be the outward flux across S; because over all
boundaries which are not parts of S the flux will be taken
twice in opposite directions.

Hence if S, denotes the boundary surface of 8v,, we have

A,dS= ZjAdS

= g) (div A dv, +¢,0v,),
r=1

where €, - 0 when 8v, > 0. The latter step follows from the
definition of div A as a limit.

Therefore, by increasing n so that the dv’s tend to zero,
we get

fAndS or f(AdS):fdivAdv ......... (1).

1.71. The theorem of 1.7 may be extended to apply to the case
in which the region R contains a surface S’ across which the vector
field is discontinuous, i.e. there is a sudden change in A in crossing
the surface §’.

Suppose that S’ divides R into two parts B, and R, in each of which
we assume that A is continuous and let 4,,, 4,, denote the normal
components of A in R,, R, close to S’, taken positively towards S’ in
both regions. Then we can apply the theorem of 1.7 to each of the
regions R,, R, separately and add the results. This gives

ivA d =[ A,d . e .
./RdIVA o= S+/S'(A1 +4,,)dS (1)

Across any surface at which A is continuous, we have, of course,
Ay,= —A,;, and the result reduces to 1.7 (1).

* See the author’s Electricity and Magnetism, pp. 8, 9.
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1-72. Green's Second Theorem. The theorem of 1:31 may
be obtained in vector form from 1+7, thus: )

Let A=V grad V', where V, V' are scalar functions which
with their first and second derivatives are finite and continuous
through the region bounded by the surface S.

Then f(A ds) =fV (grad V'dS),

and divA=VA=V(VVV’)
=VVVV' +VVvzy’
=grad VgradV'+ Vdivgrad V'.

Therefore 1-7 (1) is equivalent to

J. grad V grad V' dv =fV (grad V'dsS) ——fV div grad V'dv
...... (1),

or if we use the Hamiltonian operator
fVVVV'dv=fV (VV’dS)—fVVzV’dv ...... (2);

and the symmetry of the left-hand side shews that V and V’
might be interchanged on the right-hand side. The reader
will have no difficulty in identifying (1) and (2) with 1-31 (2).

1-8. Convergence of volume integrals. In the theory of
attraction and kindred subjects we frequently have to consider

integrals of the form f %%z_) , where dv denotes an element of

volume and p a scalar function of position, and the region
of integration R is bounded by a surface S which includes
the origin O from which the radius vector r to a point of dv
is measured. It follows that the integrand becomes infinite
within the range of integration, and we have to investigate
the circumstances under which the integral can be said to
have a meaning.

Draw a closed surface S, inside S and surrounding O, then
so far as the subject of integration depends on r it is finite

RNA 2
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Spd

between dpand S, and ani) has a fefinite value, where the
S

limits indicate that the integral is

taken through the volume bounded s
by S and §;. If as S; contracts upon s,

the point O the last integral tends to
a definite limit which is independent
of the shape of S;, then

lim pdv

si—>0J 8, T
is defined to be the value of the given integral through R
and the integral is said to converge. If the integral does not
converge, it is said to diverge.
A condition for convergence is that corresponding to any
small positive number € there must be a surface S, , defined as
above, such that for all surfaces Syinside §; and surrounding O

S:pd/{)
s ™

For if a limit 4 exists we can choose S; such that
S pdv S pdv
PYY _ 4 pav_
fsl L fs r '<ée’

fslpdv f fpd?)
s ™ s, Js. T

Conversely, if condition (1) holds, then a limit exists, for
by taking S, small enough we can make the fluctuation of
the value of the integral for different cavities inside S, as
small as we please and therefore small without limit.

Now let M denote the greatest value of p within a finite
region round O. Let n denote the greatest value of  on S,
and 7, the least value of r on §,. Let X be the sphere of radius
n and o the sphere of radius r,. Then

[oaafenl [
S. 7n

<te, and

and therefore
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but, as in 1-42, we may out dv=r2dwdr, so that the contribu-
tion to the last integral of the cone of solid angle dw, when
n<3,is

de‘n r2-ndr or

Ts

P dw
3—n °

w
— (1’3—'n —_ /’-23—’n) <

Sdy qin 4B
tl —
Consequen yfo < 3—nfdw or <—g——-,

8ipd
pdv
J5=

Hence, provided n <3, for any arbitrarily chosen positive
number ¢ however small we have only to take n less than

4 My3-—n

and 3= n

1
{(3—n)e/4nM}*~™ in order to get a surface S; such that for
all surfaces S, inside S,

Spdv

s, ™

Consequently the given integral is convergent if n < 3.

We note that the form of the outer boundary S does not
come into consideration, because it is only in the vicinity of
the origin O that the integrand tends to become infinite.

It can be shewn that for n > 3 the integral is divergent. *

<e€.

* For further information on the subject see J. G. Leathem’s Tract
on Volume and Surface Integrals used in Physics, Camb. Univ. Press,
1905.

2-2



Chapter 11

GRAVITATIONAL ATTRACTION AND
POTENTIAL. SIMPLE APPLICATIONS

2:1. The Law of Gravitation. The law discovered by
Newton* is as follows: Every particle tn the universe attracts
every other particle with a force which ts directly proportional
to the product of the masses of the particles and inversely propor-
tional to the square of the distance between them.}

Thus if m, m’ denote the masses of two particles and r their

’

distance apart, the force of attraction between them is y

2’
where y is known as the gravitation constant, and measures
the attraction of two particles of unit mass at unit distance
apart.

It is evident that some limitation must be imposed upon the
dimensions of the particles in order to avoid a difficulty in
defining the distance between them. For this purpose we
may define a material particle as a body so small that, for
the purposes of our investigation, the distance between its
different parts may be neglected.

We shall prove later that a uniform solid sphere attracts
external particles as though its mass were concentrated at
its centre; and this may be regarded as some justification for

* Sir Isaac Newton (1642—-1727), Lucasian Professor of Mathematics
at Cambridge and Fellow of Trimity College. His great work Philo-
sophiae Naturalis Principia Mathematica was published in 1687 by the
Royal Society, then under the Presidency of Samuel Pepys. He made
discoveries in Optics and invented his Methodus Fluxionum which
constituted the foundation of the Calculus. In later life he left
Cambridge for London, becoming President of the Royal Society and
Master of the Mint.

t An outhne of the process of reasoning by deduction, from Kepler’s
laws of planetary motion through the propositions of Newton’s
Principia to the law of gravitation, is given in the author’s Dynamics,
Part I, pp. 167-8.
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the hypothesis we propose to make, namely, that for the
purpose of calculating attractions we may regard particles
as quantities of matter concentrated at points.

2-11. Numerical value of y. An approximate value for y
may be determined thus: Regarding the earth as a sphere
of radius  and assuming it to attract a small body on its
surface as though its mass were collected at its centre, then if
E denotes the mass of the earth in grammes and M that of
the body, EM .
Y =weight of the body=Mg  ...... (1).

So that, if p denotes the mean density of the earth, £ = $mpr3,
and from (1),

3
=Z7% ........................ (2)
But, in 0.6.8. units,
g=981 cm. sec.”%, p=>5-67 approx.
and }mr=a quadrant of the earth’s circumference
=10° cm.
Therefore y= g ><3l;99x8:5-67 = 15,500,000 approx. ...... (3),.

when 0.G.s. units are used.

The mean density of the earth has been determined by a
series of experiments in which the attraction of the earth on
a given body has been compared with the attraction on the
same body of another body of known mass.*

2-12. Astronomical units. We can avoid the continuous
repetition of the constant y throughout our work by choosing
units such that y=1. Such units are called astronomical or
theoretical units.

We observe that the acceleration f produced by the attrac-
tion of a particle of mass m on a particle at a distance r is

given by f =yg; so that y=1 when f, m and r are all unity.

* See Encycl. Brit. article ‘Gravitation’.
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Hence the astronomical unit of mass.is the mass of a particle
which by {ts attraction produces unit acceleration at unit
distance.

We can find the astronomical unit of mass in grammes by
taking the above formula for acceleration, which holds good
in all systems of units, and puttingr =1 em. and f=1 cm. sec.”2,
so that ym=1, or m=1/y=15,500,000 grammes.

In what follows we shall omit the constant y, save that in
the collections of examples from examination papers we shall
print the questions in the form in which they were set, in
order that readers may become familiar with the use of y.

«2-2. Field of force. When we speak of the attraction of
a body or system of particles at a point external to itself,
we mean the force of attraction which the body or system
would exert on a particle of unit mass placed at the point.
There must be a definite value (including zero at a point of
equilibrium) for this force at every point at which a particle
can be placed. Thus we arrive at the conception of a field of
force, or region of space with every point of which there is
associated a force which is definite in magnitude and direction.

Inasmuch as a force belongs to the class of physical magni-
tudes known as vectors, the field of attraction of any system
9f bodies is an example of a vector field.

"v2.21. Attraction of a system of particles. It is part of

the Newtonian theory of attrac-

tion that the force exerted at a

point by a system of particles

is the vector sum of the forces

exerted by each of the particles

separately. This is called the

principle of superposition of o Y

fields of force. x
Let particles of masses m,,

Mg, Mg, ... be situated at points /),

4,, 4,, 4,, ... whose co-or-

dinates referred to rectangular axes are a,, by, ¢,; @,, by, Cy;

o~
1
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ag, bs, ¢5; .... It is requjred to find expressions for the com-
ponents X, ¥, Z of the attraction of the system &f particles
at any point P whose co-ordinates are z, y, 2.
Let r,, 7y, 73, ... denote the distance PA4,, PA,, PA,, ....
The attraction at P of m, at 4, is m,/r,® directed along
PA,; and PA, has direction cosines i by - y 972 Where
ry s ry
=(a,—2)*+(by—y)*+ (c; —2)%

Therefore the particle m, exerts at P a force whose com-
ponents parallel to the axes are

my(a—x) my(by—y) my(c,—2)
e ’ 3 ’ O

The other particles my, my, ... make like contributions, so
that, by the principle of superposition of fields of force, we
have

R I A =

1'8 rs 8

where s=1, 2, 3, ... and the sdmmation extends to all the
attracting particles.

v72:22, Potential. Let us now define a function V by the
formula

where r2=(ag— )%+ (by—y)2+ (¢ —2)* ......... (2),

in the notation of 2-21.

Thus defined, V is a function related to a system of attracting
particles having a definite value at every point P of spacé
external to the particles. It is a function of the co-ordinatés
(x,y,2) of P and is clearly a single-valued function, in the
gense that it cannot have more than one value at each point
P; forit represents simply the sum of the masses of the separate
particles divided by their respective distances from P. Further,
though we have expressed V as a function of z, y, z, it clearly
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represents a sum which does not depend on the particular
system of axes of reference.
Now, by differentiation, we have

0V _ _ 5m,0r,
ox r2ox’
or, :
But, from (2), Targ =~ (a,—x),
80 that v_ =3 {M—_x)} )
ox red )
and by 2-21 (1) this is equal to X. Similarly
ov oV
3 =Y and P Z. eeiiiiiiiinnnns (3).

The function V defined by (1) is called the potential of
the attracting particles, or the potential of the field of
force. We have proved that the derivatives of V with
regard to %, y, z give the components of attraction at P in
the directions of the axes. And since the directions of the
axes can be chosen arbitrarily, it follows that the space-
derivative of V in any direction gives the component of
attraction in that direction. This may be verified thus: let
0/0s denote a differentiation in a direction ds whose direction

ox Oy 0z
55 95’ 3s" . Then

oV oVox oVoy oVoz

ds  dxos  oyos 0z 0s
=la—1{+mﬁz+na—V

ox oy 0z
—IX+mY +nZ

=force component in direction ds ...... (4).

cosines are [, m, n or

In the language of vectors the force of attraction is the
gradient of the potential (1-5), or, if R denotes the resultant
attraction at a point at which the potentialds V,

RegradV oo, ().
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The potential function V plays an important, part in the
theory of attractions, since, as we have just seen if the
potential of any given distribution of matter can be determined
the attraction at any point can be found immediately by
differentiating the potential.

v'2:23. Physical interpretation of potential. With the
notation of 2-22 we have, for the total differential of the

potential,
dV=%¥dx+ng +an

=Xdx+ Ydy+ Zdz,
from 2-22 (3).
Hence, by integrating along any path from P to @, we get

Vo —Vp= f (ng Yay+Za)ds ......... (1).

But the integral represents the work which the forces of
attraction would perform upon a particle of unit mass as it
moved along this path from P to ¢. This gives us a measure
of potential in terms of work per unit mass, in that the potential
at any point ) exceeds the potential at any other point P by the
work which the forces of attraction would perform upon a particle
of unit mass as it moves along any path from P to Q.

It is clear that the addition of a constant to the potential
will not affect the values of the force components since these
are obtained by differentiating the potential. Also, when the
potential is determined by integration, from known force
components, as in (1) above, the constaiit.of integration may
be so chosen as to make the potential vanish at d4n infinite
distance from the attracting matter, since this will accord with
the definition of 2-22 (1). On this hypothesis we see that the
potential at a given point due to a given attracting system 1is
the work that would be done by the attractions of the system on
a particle of urkit mass as it moves along any path from an mﬁmte
distance up to the point considered.

We have seen that the definition of potential as Z/(m/r)
leads to this expression for potential in terms of work done
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per unit mags, and it is easy to demonsterate the converse, thus:
Let m be the mass of a typical

particle of the system situated P p
at the point 4. Let PP’ =ds be @

an element of any path from an

infinite distance to the point @, T
andlet AP =7, and AP’ =»+dr.
Then so far as the field of force
depends upon the particle m at
A its value at P is m/r? directed along P4; and the work
done by this force on the unit particle as it moves from P to

P’ is g(—d—?) ds, or —mdr . Hence the total work done by

r2
the attraction of the particle m on a unit particle moving
from an infinite distance to the point @ is

4Qm P m
—fw ,r—z r or ;1—@.
By the principle of superposition of fields, the total work

done by the attractions of all the particles of the system is
obtained by adding for their separate effects, so that

@0

A

m
gives the potential at @; where the formula represents the
sum of the masses of the separate particles each divided by
its distance from . The interchangeability of the two defini-
tions of potential is thus completely established.

+2-24. Dimensions. Gravitational potential must not be con-
fused with potential energy. They have different physical
dimensions; because the dimensions of potential energy are
those of work, i.e. ML2T-2, in terms of the fundamental units
of mass, space and time; but the dimensions of gravitational
potential as explained in 2:23 are those of work per unit mass,
i.e. L2T~2, or the square of a velocity,

In this connection it is important to remember that we are
using astronomical units (2:12) and omitting the gravitational
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constant y, and though this does not affect thp argument
when potential is defined as work per unit mass, yet when we
use the formula for potential of 2-22 (1) if we want to find the
dimensions of ¥V we must restore the constant y and write

’

V =yZ (m/r), because y has dimensions. By definition yr—'%l

represents a force and is therefore of dimensions MLT—2, so
that the dimensions of y are M—'L3T-2, and the dimensions

of 'y? are L®T—2 as above.

It is important also to note that though potential energy
decreases when work is done, gravitational potential increases.

2.25. The definition of potential in terms of work (2-28) leads at

once to the relation
R=gradV

of 2.22. Thus if P, P’ are any two neighbouring points at a distance ds
apart, V, V +dV denote the potentials at P, P’ and F the component
of attraction at P in direction PP’, we have

(V +dV)—V =increment in potential from P to P’

=work done by attractions on unit mass passing from
P to P’

= Fds.
Therefore F'= %I—: , and this being true for components of attraction
in every direction round P it follows that
R= grad V.

~2-26. Equipotential surfaces and Lines of force. Re-
garding the potential V of a given attracting system as a
function of co-ordinates z, ¥, 2, the equation

V (z, v, z) = const.

represents a surface over which the potential is constant.
Such surfaces are called equipotential surfaces. It is
evident from the definition of potential that only one such
surface passes through any point of space, so that no two
equipotential surfaces can intersect. Also since V has a con-
stant value over such a surface no work would be done by
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the attractipns on a particle moving on such a surface, there-
fore at every point the resultant attraction is normal to the
equipotential surface through the point. This is also obvious
from the relation R=grad V (1°5).

A line so drawn that its tangent at each point is in the
direction of the resultant attraction at the point is called
a line of force. It is evident that a line of force is at right
angles to the equipotential surfaces at all their points of
intersection; and, conversely, a surface which cuts all lines
of force at right angles must be an equipotential surface,
because at no point on the surface is there a component of
force tangential to the surface, so that no work would be done
on a particle moving on the surface and there could therefore
be no variation in the potential.

v/2:3. Continuous bodies. We have now to pass from the
attraction components and potential of a system of separate
particles to the attraction components and potential of
distributions of matter regarded as continuous bodies."We
remark in the first place that such bodies are not really
continuous but consist of separate molecules and ultimately
of indivisible electrons. By the principle of superposition
therefore there should be no difficulty in obtaining the attrac-
tion components and potential of such a body provided that
we have a means of summing the contributions of the separate
particles. It is natural to look to integration to effect the
summation, but when we consider what the process of inte-
gration involves, we find that it does not fit the physical
conditions of the problem precisely, and it is only by giving
a special interpretation to our conception of ‘body’ that we
can justify the use of integration. Thus it is usual {g represent
the potential of a continuous body by a volume integral

fpdv/r, where dv denotes an element of volume of the body at

a distance r from an external point P and p denotes the density
of matter in dv. The process of infegration implies that the
density of the body is continuous; but this is not the case
for a real body with a molecular structure. To justify the
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24 Cog. for the attraction cf a long rod, we have

attraction at P due to rod through QQ’
_2mQQ’ _
=~pg =2msec ¢df along PQ,
attraction at P due to rod through RR’
_2mRR’
~ PR
Hence these two rods exert equal and opposite attractions at P;
and by dividing up the whole cylinder into similar pairs of rods we
see that its resultant attraction at any internal point'is zero. °
It follows that the potential must be constant at all points inside
the cylinder sufficiently far from its ends, and is therefore equal to
the potential at O, and by 2.41 (5) the potential due to the rod QQ’ is

2mQQ’ log 21— 2mQ Q" log 0Q,
where 2lis the length of the cylinder. Therefore, for the whole potential,
V=2Mlog2l—2MIloga ...........cvovnrrne. (1),
where M = 2mma, a being the radius.
Again, for an external point, take P’ the inverse of P, so that
OP.OP’=a? and, by similar triangles, OP'Q = OQ P = ¢ = OP’R.Then
the attraction at P’ of the rod through QQ’

_2mQQ’_ 2mPQdfscc ¢

- PQ T P'Q

But the resultant attraction of the cylinder at P’ is clearly along
P’0, and by resolving the attraction of the rod thrbugh QQ’ in this

2ma ;o Similarly, other rods give like results and the

oFP’
whole attraction at P’ is therefore 45—;??: g]g,; and we observe bhap

=2msec$dfd along PR.

=9mdfsec . 0—‘;;, along P’Q.

direction we get,

this is the same as 1f the whole mass of the cylinder were condensed
thto a rod of equal mass along the axis of the cylinder.
To find the potential, we may put » for O P’ and write

v . _2M
ar— rJ
so that V =const, — 2MYog,

where, in order that V may take the form (1) when r=a, (3-7), the
constant is 2M log 21, so that
V=2Mlog2l—2M]logr.

It is clear that the same results will be true for the attraction and
potential of a uniform long solid cylinder at externul points, for the
cylinder can be divided up into coaxial thin cylinders for each of which
the results are true.

RNA
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5.5. Attraction of a uniform cireular disc at a point on
its axis. Let O be the centre of the disc, P a point on its
axis Oz at a distance z from O, and
let m denote the surface density or
mass per unit area. Divide the disc
into concentric rings. Let OQ=x be
the radius and Q@' =dx the breadth
of one of these rings. The mass of the
ring is 2mma dz, and the attraction at
P of each element is got by dividing
the mass of the element by P@?. But
the resultant attraction of the ring is clearly in the direction
PO, so that its magnitude is

4

2mma de
PQ?
where 6 is the angle OPQ. But z=ztan6, so if « is the angle

which a radius of the disc subtends at P, we have for the whole
attraction of the disc

J’ * 27rmz2 tan O sec?f cos 0

0s 6,

. isectl df = 2112_(_1. —cos a) ...(1).

For an infinite plate we may put o= 3, so that the attraction
of an infinite plate is 27m’at right angles to itself. But we
may not infer that the attraction of a circular disc at a point
on its axis close to itself is 2zm unless the thickness gf~the
plate is negligible, so that the particles of a ring in the
immediate vicinity of the attracted particle may be regarded
as equidistant from it.

A frustum of a right circular cone bounded by planes at
right angles to its axis may be regarded as a pile of discs all
subtending the same angle at the vertex, and the attraction
at the vertex of the cone due to such a frustum is easily seen
to be 2mmt (1 —cosa), where ¢ denotes the thickness of the
frustum, m the mass of unit volume, and « the semi-angle
of the cone.
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a thick frustum is got by adding the attraction of a numper of thin
ones, it is sufficient to prove the theorem for parallel thin slices of
a cone of small solid angle.
Let PQ be a slice of the cone of small thickness ¢, and let p be the
density, O the vertex, 0Q =rand
6 the angle the normal to PQ
makes with 0Q. Then the area
PQ=r%secldw (1-4), and the '8 Q
massof thefrustum = pr¥tsec fdw. dw
FHs” attraction at O of this o P
frustum is therefore ptsec0dw,
and this has the same value for all parallel frusta of the same thickness.

(ii) Prove that the potential of a solid of uniform density p at an external
point P can be represented by a surface integral 3p / cos 0d.S over the surface

of the solid, where 0 is the angle between the inward normal to dS and the
line joining dS to P.

Let a cone of small solid angle dw
and vertex P cut the surface of the solid
in elements of area dS,, dS,; at 4, B,
where the inward normals make angles
0., 0, with the line BAP. Let

AP, BP=r,,r,.

The mass of an element of volume of
the cone at a distance r from P is, asin
1.42, pridwdr. Honce the mass of the
cone between 4 and B produces at P &

potential 2
[EeE = 4p = o
= }p (dS; cos 0, + dSy cos 6,).

If we take the sum for all cones which intersect the solid wo shall get

1p [ cos 0dS integrated over the surface.

EXAMPLES

1. A sphere of 150 kilogrammes, placed with its centre 30 cm.
vertically below that of another sphere, is found to cause an apparent
increase of the latter’s weight by the 1-14/10% part. What value does
this imply for the constant of gravitation? [M.T. 1918]

42:.: Three equal uniform rods, each of length 2a and of mass m pet
unit length, form an equilateral triangle. Shew that the attraction
on a particle of unit mass at a point on the straight line through the
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centre of the triangle at right angles to #s plane, and at a distance z
from it, is 6maz

14 .
1 /o, dat\}
2.1 02 2 poiy
(5o (=+75)
3. Prove that any plane closed rectilinear polygon of thin uniform

attracting wire, all of whose sides touch one and the same circle,
exerts no attraction at the centre of the circle.

[C. 1906]

[London Univ. 1927]

-"4. A uniform wire of mass M has the form of a semicircular arc
of radius a together with the diameter of the semicircle. Find the
attraction of tho wire upon a particle of unit mass placed at the other
end of the diameter through the middle point of the are of the semi-
circle. [London Univ. 1933]

«x’5. Prove that the attraction of a thin uniform cylndrical shell of
radius a and length I at a point on its axis at a distance b from one
end and ! —b from the other (b < 3l) 18

M 1 1
YU V(@18 vieg+ -3
where M is the mass of the shell.

[The ends of the shell are open and circular.]
[London Univ. 1926]

(6." Shew that the attraction of a uniform solid hemisphere at the
centre of its plane base is §yM /a?, where M is its mass and a is its radius.

"7. Prove that the potential of a circle of uniform surface density o
and radius a at a point on its circumference 1s 4yoa.
{London Univ. 1932]

8. Prove that the potential of a planeannulus bounded by concentric
circles at a point on its axis is 27yp (I’ —1), where p is the mass per unit
arca and I, I’ arc the distances of the point from the inner and outer
edges.

9. A uniform circular lamina is divided into two segments by
a chord which subtends an angle 2a (< 7) at the centro. Prove that
the attraction at the centre of the circle due to the minor segment is

2yo [log tan (}7+ 4o) —sin o],
o being the surface density of the lamina. [London Univ. 1931]
10. Prove that, if the susface density of a circular disc at any point

distant r from the centre is A, then the attraction at a point on tho
axis at a distance d is

flog V@®+d)+a  2a
myAd (log iy d g «/(a2+d‘-=)} :

[London Univ. 1932]
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11. Four uniform rods, each of the same mass per umt length,
form a square ABCD. Any point P is taken inside the square and
E, F, @, H are the feet of the perpendiculars from P upon 4B, BC,
CD, DA respectively. Prove that the potential at P due to the square
ABCD is the same as that due to four rods EF, FG, GH, HE each of
the same mass per unit length as that of the rods forming the square.

[London Univ. 1935]

12. Two uniform rods A B and CD, of length a and mass m per unit
length, arc placed so that CD lies along a right bisector of 4B, and C
and D are distant @ and 2a respectively from the rod A B. Shew that
the attraction of either rod on the other is of magnitude

2')”"‘2 {loga (l + \/5) +1Oga 2— loga (1 + \/ 17)}/0'2'
[London Univ. 1938]

13. Find tho attraction of a uniform circular ring, of mass M
and radius @, upon a thin uniform rod, of mass M’ and length 2I,
lying along the axis of the ring with its middle pomnt at a distance
x (<) from the centre of the ring.

If the ring is fixed and the rod released from rest when its centre is
at a small distance x from the centre of the ring and moves under the
mutual attraction only, shew that the period of small oscillation is

2m(a® +12)¥/(yM)3. [London Univ. 1935]

14. Find the attraction of a uniform thin shell, in the form of the
portion of a circular cylinder between two planes perpendicular to
the axis, on a particle at the axis; and prove that a particle slightly
displaced on the axis from the position of equilibrium will perform small
oscillations of period 27M—t(a?+¢c?)!, where 2a is the length and ¢
the radius of the cylinder, and M its mass. [C. 1892

V15. Prove that the potential due to a thin rod 4B, of uniform line
density m, at any point P in the line A B produced is ymlog (PA/PB),
Two such rods, each of length 2a, are placed so that they lic in the
same straight line with their nearer ends at a distance 2a apart.
Prove that a particle, released from rest at a point n the line of the
rods at a small distance « from the point midway between them, begins
to move with acceleration 16ymx/9a?, approximately.

[London Univ. 1936

_6. Prove that the resultant attraction at P of a straight rod AB
of uniform line density m is 2yme/PG directed along PG, whero e is
the eccentricity of the ellipse of foci 4, B passing through P, and G
is the point 1n which the normal to the ellipse at P cuts AB.

17. The ends of a thin uniform rod are at the foci of a hyperbola,
and a similar rod is placed parallel to it with its ends on the curve.
Shew that the attraction between the two rods is inversely proportional
to their distance apart. [C. 1908]
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18. Shew that the potential of a closed hemispherical shell, made
of uniform $hin material of surface density o, at a point on the axis
of symmetry at a distance a from its plane face remote from its curved

surface is 2wyoa, where a is the radius of hemisphere.
[London Univ. 1937]

..119 AB, A’B’ are two parallel rods of line densities m, m’ and are
placed with the line joining their middle points perpendicular to the
rods and of length c. Shew that the attraction between the rods is

Zmm’ AB—447). [C. 1914]

20. Two uniform rods AB, AC, each of mass m and length a, are
freely jointed at A. Shew that the couple required to keep them at
right angles against their mutual attraction is (2 — 1/ 2) ym?/a.

[London Univ.]

‘/:241.‘ Two uniform thin rods AB and CD are of linear density A
and X and length 2a and 2¢ respectively. The midpoint E of 4B and
the midpoint F of CD are at a distance b apart, and AB, CD and EF
are mutually perpendicular. Shew that the attraction between the

rods is B ac
B (R DI b
where v is the gravitational constant. [P. 1934)

S 2'%‘ Shew that the attraction of a uniform solid circular cylinder,
of radius a and density p, at an external point P on the axis of the

cylinder is 2nypa (tan o —tan 3 B),

where «, B are the angles subtended at P by the radii of the nearer and
farther ends of tho cylinder. [London Univ. 1925]

23. A finite solid, of uniform density p, is bounded by the paraboloid
2%+ y? = 4az and the plane z=a. Prove that the intensity of attraction
at the origin is . B

2mypal[l—V5+4log, }(1+ V5)].
[London Univ. 1938]

24. A quantity of homogeneous matter of density p is in the form
of a portion of a paraboloid of revolution bounded by a plane perpen-
dicular to the axis. Prove that its attraction at its vertex tends, as ¢
the length of the axis increases, to the limit 4mpalogc/ae, where 4a
is the length of the latus rectum of the generating parabola.

" 25. A uniform solid, of density p, is in the form of the finito portion
of a paraboloid of revolution of latus rectum 4a cut off by a plane
perpendicular to the axis at a distance 2a from the vertex. Prove that
the attraction at the centre of the circular end is

dmya{y/2—-log(l+ v 2)}.
[London Univ. 1933]
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26. Shew that for a long rod of length 2/ and line density m, the
component attractions parallel and perpendicular to she rod are
approximately

2ymz 222 — 3y? 2ym
);;n <1+ PYE] y) and “ym (1—22'2>

where the origin is at the middle point of the rod and the axis of z
along it, and terms of order equal to or higher than (d/l)* are neglected,
where d is the distance from the middle point. [M. T. 1919])

27. A homogeneous prism, infinite in length, whose cross-section
is an oquilateral triangle 4 BC attracts a particle at 4; prove that the
resultant attraction is 47M/3a, where M is the mass of a unit length
of the prism and a is the length of a side of the triangle. [C. 1908]

28. ABC is a normal cross-section of a uniform triangular prism
of infinite length and of mass m per unit length. Show that the resultant
attraction at the point A4 is compounded of 4ymAd/a perpendicular
to BC, and 4ymlog (b/c)/a parallel to BC, the angle A being measured
in radians. [London Univ. 1925]

29 Two infinitely long uniform circular cylinders, each of mass m
per unit length, are placed with their axes parallel. Prove that the
potential, V, at a point, outside both cylinders, whose distances from
their axes are r, 7, is given by

V =const. — 2ymlog (rr').
Further, prove that the lines of force outside the cylinders are arcs of
rectangular hyperbolas. [London Univ. 1936]

/30, A totrahedron is made from a uniform sheet of thin metal.
Shew that, if the law of attraction were the inverse cube, a particle
would be in equilibrium if placod at the centre of the inscribed sphere.

f31 Two thin straight uniform rods AB, CD are pivoted together
at their middle points. Prove that the attraction between them
reduces to a couple of moment 2mm’(AC ~ BC) cosec a, where m and
m/’ aro their line densities and « is the angle between them. [C. 1903]

32. The cross-section of a long uniform solid cylinder is a semicircle.
Shew that the direction of the resultant attraction at a point on an
odge far from the ends of the cylinder makes an anglo tan=!(2/x)
with the plane face. [C. 1928]

33. Shew that a uniform thin square lamina of mass M, whose
side is of length I, exerts an attraction at a pomnt P on the perpen-
dicular to the lamina through one corner, whose component parallel
to the lamina is

V2 2yM (hz + {4 (B2 412 i}
R{l+ (h*+20)3}
where h is the distance from P to the lamina. [Lqndon Univ. 1931]
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34. A plane sheet of matter of uniform surface density is bounded
by two infimite parallel straight edges and extends to infinity in both
directions. Find the components of the attraction parallel to and at
right angles to its plane; and shew that the loci of the points for which
these are constant are two sets of orthogonal cylinders. [C. 1898]

35. Shew that, if a uniform straight rod CD were free to slide in
asmooth groove parallel to a fixed similar rod 4 B, its time of oscillation
about its equilibrium position would be

on [2ym (1 1 }_‘
"\¢D ﬁ)~AD> ’
where m is the mass of unit length of the rod AB, and AD, BD are
distances in tho equilibrium position. [C. 1926]

36. Determine the potential of a solid uniform right circular cone
at the centre of its base. [London Univ. 1931]

37. A vertical solid right circular cylinder of height k, radius a
and density p, bounded by plane ends perpendicular to the axis, is
divided by a plane through the axis into two parts. Shew that the
horizontal attraction of either part at the centre of the base is

2phlog [{a+ 1/ (a®+ h2)}/A].

38. Shew that two finite surfaces having the same surface density,
which are geometrically inverse to onc another, exert equal attractions
at the centre of inversion. [C. 1906]

39. If the law of attraction of a thin uniform straight rod is that of
the inverse cube, shew that the equipotential surfaces are generated
by the revolution of a family of curves, whoso polar equation 1s

(r* + at — 2r2a? cos 20)t = 2ar sin . cosec (crsin 6)

about tho initial line, 2a being the length of the rod and ¢ a paramecter.
[C. 1907]

40. The mass per unit length at a point P of a rod ACB, of which 4
and B are the ends and C a particular point, varies as CP/+/(AP.PB).
Prove that the resultant attraction of the rod at any point at which
AC, CB subtend oqual angles acts through C. [M. T. 1902]

41. An infinitely long thin rod, of uniform line density m, and & thin
uniform rod of mass M and finitc length 2a arc so placed that the
shortest distanco between them is of length b and bisects the finite
rod. Prove that the resultant attraction of cither rod on the other
is equivalent to a wrench of intensity

2yMmd/(asin )
and pitch b ot § (tan ¢ — ¢)/¢,

where 6 is the angle between the rods and ¢ =tan~1[(asin 6)/b].
[London Univ. 1938]
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42. A solid uniform hemisphere is of mass M and radjus a. Prove
that its attraction at any point P of its axis on the convéx side of the
curved surface is equal to

M R34+ 273 - 3r2R
(1),

where 7 and R are the distances of P from the centre and rim of the
base. [C. 1902]

43. Shew that, if @ denotes the radius and p the density of a hemi-
spherical hill and R the radius and o the mean density of the earth,
the difference of the latitudes as measured by a plumb line of stations
on the north and south sides of the base of the hill is increased by the
attraction of the hill by approximately ap/Ro.

44. Consider the effect on the plumb line of a deep crevasse running
east and west, and shew that if the density of the earth’s crust is
groater than two-thirds of the earth’s moan density the north edge
of the crevasse will have a lower apparent latitude than the south edge.

45. Prove that at the edge of a very long straight depression of
rectangular section, whose depth A is small compared with its breadth
¢, the plumb line will be deflected through an angle approximately
oqual to 2uh(1+logc/h)/g from its mean position, where p is tho
attraction at unit distance of unit volume.of the superficial strata
supposed condensed to a point. [M. T. 1887]

V46. The surface density of a circular disc of radius a is o, (1 —7%/a?)t
at a distance r from the centre of the disc. Prove that the potential
at a point on tho axis of the disc at a distance a cot ¢ from its centre is

mycya (¢ cosec? ¢ — cot $).
[London Univ. 1927]
/47. Prove that a lamina, of uniform density ¢ in the form of the

segment of a circle, attracts a point P on the remaining arc of the circle
with a force tending towards D whose magnitude is

o DP+DA 1

where A B is the base of the segment, D the middle point of its arc and
a the radius of the circle. [C. 1906]

48. Prove that a solid regular tetrahedron of uniform density p
exerts at a vertex an attraction of intensity

yph (3cos™1}—m),

where h is the perpendicular distance of a vertex from the opposite
face. [London Univ. 1936]



44 ATTRACTION AND POTENTIAL

49. Prove that a thin triangular lamina 4 BC of uniform surface
density o oxerts, at a point on the line through A4 perpendicular to
the plane of the triangle and at a distance k from 4, an attraction the
intensity of whose component perpendicular to the lamina is

kcos B .y kecosC :]
T3 o) ol 258 |°
v (k*+p*) v (k*+p*)
where p is the perpendicular distance of 4 from BC.
[London Univ. 1939]

50. If a uniform lamina is the portion of the plane xy containing the
origin and bounded by the hyperbola z?/a®—y?/b*=1, shew that
the z component of its attraction at any point on the ellipse

. 2mwmah

2 2 2 2/he — —_ — T e
z?/(a?+b2) +22/b2=1,y=01is V(@R 59
of the point. [C. 1900]

vo [A —sin~1

, where h is the z co-ordinate
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attract with a force Mass/r2. Hence it is easy to see that the
required attraction is

1 J " 4nf (R) R2R.

7'20

51, Example. Find the law of density when the attraction at an
internal point of a sphere of given mass is constant and equal to its value
at the surface.

Let a be the radius and p the mean density so that the mass is §=pa®.
Then with the notation of 3-5

r
}2/047#(12) R*dR=4mpa,

so that / ; f(R) R2dR = }par*.

Differentiating with regard to r, we get
f(r)r*=4%par,

2 ,;_a gives the law of density.

and f(r)= 3
93.52. Uniform shellbounded by non-intersecting spheres.
When the boundary spheres are not concentric, let 4, B be
their centres and a, b their radii. Let p
be the density of the matter between
the spheres, and let r, 7’ be the distances
of any point P from A and B. The field
of force due to the given shell is the
difference of the fields due to two upi-
form spheres of radii @, b and centres
A, B. Hence, using the results of 3:31,
the potential has the following values:

3 3
outside the shell V; =4mp (a l—)v);

T
. 23
in the substance V,= §mp | 3a2 — 72— gl

and in the hollow ¥V, = %mp (3a%—r2— 3b%+1'2).

Also, using the results of 3-3, the resultant attraction has
3
components as foHows: when P is outside the shell %‘n’p%

4-2
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b3 .
along P4 and %wpr—,—2 along BP; in the substance $mpr along
3

P4 and %—Wpf—,z along BP; and in the hollow 4mpr along PA

and $mpr’ along BP. And in this last case the forces compound
into a resultant force $mp BA parallel to BA; so that the force
inside such a hollow shell is constant in magnitude and
direction, i.e. @ uniform field of forcg

§°6. Long uniform solid cylinder. we may regard a solid
cylinder as composed of thin cylindrical shells having the same
axis. We have seen in 2:42 that the attraction of a uniform
long thin circular cylindrical shell is zero at internal points,
and at external points is the same as if the mass were con-
centrated uniformly along the axis of the cylinder. For the
attraction at an internal point P, all the shells external to P
exert no attraction at P, and the resultant attraction at P
is therefore due to the shells nearer to the axis than P, so that
if M be the mass of unit length of the cylinder and a its radius,
and r the distance of P from the axis, the cylinder attracts
at P like a rod of mass Mr?/a® per unit length along the axis;
i.e. the attraction at P is

2 (Mr?[a?)[r=2Mr|a?.
For the potential we have

av__2Mr
dr— a?’
so that V =const. — Mr?/a?,
where r <a. But from 2:42 the potential at an external point
is V =2Mlog2l—2M logr,

where 21 is the length of the cylinder. And in order that these
expressions may give the same value for V on the surface
r=a (3'7), the internal potential must be

V=2M1log2l—2Mloga+ M (1—1r2/a?).

37. Variation in the attraction in crossing a surface on which
there exists a thin layer of attracting matter. Let P,, P, be two
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points on opposite sides of the surface close to owe another
on the same normal to the surface. Let
m be the mass per unit area of a small
circular disc of the surface between P,
and P,.

The points may be regarded as so
close to the disc that, in accordance
with the result of 2:5, it exerts equal attractions 27m at P,
and P, both directed towards the surface.

The attraction of the rest of the matter. on the surface (or
elsewhere) may be represented in the neighbourhood of P,
and P, by a normal component X taken in the sense P, P,
and a component Y in some direction tangential to the surface.
And the values of these components at P,, P, will differ by
infinitesimals of the order P, P,. For if X be the value at
P,and P, P,=03n,thevalueat P,is X + %
and the infinitesimal may be neglected if we neglect the
thickness of the layer of matter.

We now compound the attraction of the small disc and the
attraction of the rest of the matter, and let X,, Y, and
X,, Y, denote the components of the whole attraction at
Py, P,, taking X, X, in the sense P, P,, and we have

X,=X+2mm, Y,=Y
and Xo=X—-2mm, Y,=Y.
Therefore X=X =—4dmm, Y,=Y; .coo..... (1),

3n + higher powers,

or the tangential component of attraction is unaltered and
the normal component is diminished by 4=m in crossing the
surface.

As regards the potential, it is clear from 2-51 that a thin
disc of matter produces the same potential at points on
opposite sides close to itself, and the potentials of the rest
of the matter at P,, P, only differ by an infinitesimal, which
may be neglected if we neglect the thickness of the layer of
matter. We conclude that the potential is continuous across
such a surface as we are considering, in the sense that there
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is no jumy in its numerical value. This is illustrated by the
case of the thin spherical shell of 3-21. The internal and
external potentials are represented by different functions, but
they have the same value on the sphere r=a.

Reverting now to the result (1), if we use ¥;, ¥, to denote
the potential functions on opposite sides of the surface, and
dn to denote an element of the normal taken positively from
P, to P,, we have, at the surface,

=",
and %_?_I/i= L[ (2).
on on

We remark that m denotes the mass per unit area or the
‘surface-density’ of the layer, and the thickness of the layer
is neglected; this implies that a finite mass is condensed into
a volume of no thickness, so that the volume density of the
matter is infinite.

J/3'71. Attraction of a thin uniform spherical shell at a
point of itself. The attraction at a point of itself of a thin
layer of matter depends on the shape of the gap in the surface
in which the attracted particle is placed. We may define the
principal value of the attraction as the limiting value of the
attraction at the centre of a circular
hole when the radius tends to zero.
We proceed to calculate this for a
spherical shell. Let m be the mass
per unit area of the shell, and omitting
a small circular element of the shell
surrounding a point P, consider the
attraction of the rest of the shell at P.
Let an element Q@' of area d.S subtend
a solid angle dw at P. The attraction of this element at P is
mdS/PQ? along P@, and resolving this along PO, which is
clearly the direction of the resultant attraction, we get
mdS cos OPQ/PQ?, or mdS cos OQP/PQ? which is equal to
mdw. If now we allow the gap in the shell round P to shrink
to vanishing point, we see that we have to take the sum

!
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Zmdw for all cones on one side of the tangent plane at P, so
that the resultant attraction is 2zm.

+3:8. Mutual work of two attracting systems. Let there
be a system of particles of masses.m, , m,, mg, ... at the points
Ay, A,, Ag, ... and a second system of masses m,’, my’, mg',...
at the points B,, B,, B, ....

If we suppose that initially the particles of the second
system are scattered at an infinite distance and are brought
from thence up to their final positions B,, B,, By, ... by the
attractions of the first system, the work done by these attrac-
tions is represented by

Vimy +Vomy +Vymy' +... or ZVm/,
where V;, V;, V;, ... are the potentials of the first system at
B,, B,, B,, ....
Similarly the work done by the attractions of the second
system in bringing the particles of the first system from a state

of infinite diffusion up to their final positions 4,, 4,, 45, ... i8
represented by

VWmy+V, mo+Vy'mg+... or ZV'm,

where V', V', V', ... are the potentials of the second system
at 4,, 4,, 4,, ....
If we denote the distances 4,B,, 4,B,, ... 4,B,, ... by

7115 T12s +++ Tpgs --+» SO that
m; m, m
Vi=—+24+24..,
n Tar T
my M, Mg
Vp=—2+—24-24

it is evident that each of the expressions ZVm', ZV'm is equal
to the sum Xmm'/r extended to the product of masses of
every pair of particles, one of each system, divided by their
distance, so that

ZVm' =2ZV'm  ceeeeeniiieiaiinans (1w
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For continuous masses we have in like manner

where dm, dm' denote elements of mass of the systems and
V, V' the potentials of the first system at dm’ and of the
second system at dm.

These expressions may be called the mutual work of the
two systems, or the exhaustion of their potential energy.
For potential energy can be considered to exist in matter in
a state of infinite diffusion, and work is done and potential
energy lost when the matter assumes a more condensed form,
whether under the attractions of another system or under the
attractions of its component parts. When we speak of the
mutual potential energy of two attracting systems we should
therefore prefix a negative sign to either of the expressions
(1) or (2).

3-81. Lost potential energy of a gravitating system.
Let the system consist of particles of masses m,, m,, mg, ... at
points 4,,4,,4,, .... Letusfind the work done by the mutual
attractions of the particles in assuming these positions starting
from a state of infinite diffusion. Let m; be in its final position
A,; the work done by the attraction of the particle m, on the
particle m, as it comes from an infinite distance to A4, is
myMy/r1,. Then these two particles attract the third and do
work m,mg[r;3+myamg/r,, in bringing mg to A5 and so on; so
that the total work done may be represented by Xm,m,/r,,,
where the summation extends to every pair of particles.

m, m

Let Vi=—2+24..,,
T2 Tis
m, m

V2 1,73 ,
Tay Tos

......................

Then V] is the potential at 4, of m,, m, ...; ¥, is the potential
at A, of m;, m, ...; and so on.
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It follows that the total work done is equal.to }EImV,
the factor } being introduced because the sum ZmV contains
every term such as m,m,/r,, twice.

This expression }XmV represents the work done by the
mutual attractions of the system of particles or the exhaustion
of their potential energy as they come together from a state of
infinite diffusion.

If the system forms a continuous body, its lost potential
energy can be found by dividing it into elements dm and
taking the limit of }XVdm. Here V is, the potential at the
position o! dm of the rest of the body, and its limit is, by
defihition?the potential of the body at the point to which dm
contracts. Thus the lost potential energy is

3 f Vdm,

where V is the potential of the body at a point of itself and
dm is an element of the body at the point. The potential
energy of the body may be denoted by the same expression
with a negative sign.

It used to be supposed that the duration of the sun’s heat might be
calculated by assuming that, as the matter forming the sun condensed
from a state of infinite diffusion, the mechanical potential energy lost
was converted into heat, and then estimating how long it would take
for this heat to be lost by radiation.

3.9. Examples. (i) The density of a sphere varies as the depth below
the surface ; shew that the resultant attraction s greatest at a depth equal
to } of the radius, and that the value there is £ of the value at the surface.

Let a be the radius, and let the density p at a distance r from the
centre be given by p=2A(a—7).

The attraction at a distance R from the centre, when R <a, is due
to the sphere of radius R and its value is

R
F='I:!3/ 47Tp7‘2d7‘—4”/\[ (a—7)ridr

=4m) (91; -£> =mA{$a?—(3a— R)%.
3 4
The greatest value of F occurs where R=%a, i.e. at a depth equal
to }a, and this greatest value is $wAa?; whereas the value at the surface

R =ais seen to be wia®.
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(ii) Prove'that, if the law of potential be % e~ the potential of auniform
thin spherical shell of radius a at an external point is the same as that of

a particle of mass sinh < 3 / Y that of the shell placed at the centre.

[M. T. 1918]
Let P be an oxternal point at

a distance ¢ from the centre O.

Consider a narrow zone of the
shell of breadth @@’ at a distance
7 from P. If 6 denotes the angle
QOP, the area of the zone is
27a?sin 6d0; so that if m is the
mass of unit area, the potential
at P due to this zone is

2n-ma2~‘: e~ sin 8d6,

and the whole potential is
PIA
V= 2mna2_4/ ¢ in 0d0.

But 72=a?+ c% — 2ac cos 8, so that rdr =acsin 0d6, and

V= 21rmgAfc+ae"/"dr= 2mm 2 A (e~—N — g=c+arR)
c c—a c
=47m2 Ade-Psinh .
c A

Also the potential at P of a mass 47ma? at O is, with the same law of
potential, 477%1112%4 e~°; hence the result follows.

The reader will notice that this method of direct integration can be
applied for finding the potential inside or outside the shell with the
ordinary law of potential.

(iii) Prove that the attraction of a uniform elliptic disc at a focus is
2am {1 — /(1 —e?)}/e if the vanishing cavity round the focus is circular
with the focus as centre, and zero if the cavity is bounded by a similar
and similarly situated ellipse with the focus as centre of similarity.

Let l/r=1—ecos 6 bo the equation of the boundary ellipse and r=a
that of the small circular cavity round the focus.

The attraction is easily seen to be given by

f?n'/l/(l ecos ) cosﬂ rdodr

and integrating with regard to », this

=m[ " cos flog———t—— do
_mfo 00s log org— ooy df-
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Then, integrating by parts, this

=m/| sin flo, L 2"+m 3 esin' §df
- ga(l—ecosli’) 0 0 1—ecosé

2m 1 1—¢?
_m/o {cos 0+E—e_—_-_—(l—ecos 0)} dg

=21 -y (-e).

But if the inner boundary, which gives the lower limit of integration
with regard to r, be I’/r=1—ecos §, the integral of 93:—9 with respect

to 7 is cosflogl/l’, and integrating with respect to # the result is zero.
(iv) Prove that the gravitational potential energy of a thin uniform
circular disc of mass m and radius a s
C — 8ym?[3na, where C is independent of a,
and vy 8 the constant of gravitation.
[M.T. 1913]
If o denotes the surface density, the
potential at any point P on the edge of such
a disc is easily seen to be

/}w f2a°°597'd0d7‘
tad Y
—in/ 0 r

m
=y0/ ) 2a cos 0d0=4yoa.
J —sm

Now suppose that the particles which make up the disc are initially
in a state of diffusion at an infinite distance and that C denotes their
potential energy in this state. Let the particles be assembled in con-
centric rings. When the radius of the disc 1s r, the potential at its edge
is, from above, 4yor, so that the work done in assembling a narrow
ring of breadth dr is 4yor.2mordr. It follows that the work done by
its own attractions in bringing together the whole disc is

a
Sﬂyozfo r2dr = §wyotad.

But m=noa? so that the work done =8ym?/3na, and the potensial
energy remaining = C — 8ym?/3na.

EXAMPLES

1. Taking the earth as a uniform solid sphere of 4000 miles radius,
shew that a pendulum clock would lose 10-8 sec. per day if taken to
the bottom of a mine 1 mile in depth. - [M. T. 1921]

2. A small smooth cylindrical hole is drilled through a solid uniform
sphere. Shew that a particle set free at the surface will oscillate in
a period independent of the direction of the hole.
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3. The density of an infinite circular cylinder of radius a at & distance

r from its axis is proportional to (a?—72%)}. Shew that the attraction

at an internal point is 2y M
ar {a®—(a®*~r?)i},

where M is the mass of unit length of the cylinder, and y is the gravita-

tional constant. [London Univ. 1926]

4. A sphere is described on a radius of another sphere as diameter.
If the latter be a homogeneous sphere of mass M and radius a, shew
that the resultant attraction on the portion included in the smaller
sphere is {xM?2/a?. [C. 1914]

5. A solid sphere of radius a is such that its density at any point is
proportional to the nth power of the distance of that point from the
centre of the sphere. Find the potential at any external point, and
shew that the potential at an internal point at a distance r from the

n+ 3 rn+2

centre is M (,_ -

nie\ g Eﬁﬁ) , where M is the total mass of the sphere.

[London Univ. 1931]

6. A uniform solid sphere of mass M is cut in two by a diametral
plane; shew that the resultant attraction between the halves is
JyyM?a~2, where a is the radius of the sphere, and y the constant of
gravitation. [C. 1906]

7. Prove that the force required to separate the two parts of a solid
uniform sphere divided in any manner is yMM’. GG’ [a®, where M, M’
are the masses, and G, G’ the centres of gravity of the two parts
and a is the radius of the sphere. {C. 1905]

8. P is a point on a uniform sphere of mass M and radius a. The
sphere is divided into two parts by a plane perpendicular to the
diameter through P. Shew that, if the radius of the section by the
plane subtends an angle « at P, the attraction at P of the portion
of the sphere which contains P is 3yM cos?« (1 — % cos a)/a?.

[London Univ. 1937]

9. A solid right circular cylinder is of density p and length 7, and
the radius of each end is a. Prove that the potential, due to it, at the
ceftre of each end is

myp (L v/ (@* + 1) — 12 + a?sinh~* (Ua)},
where y is the constant of gravitation.

If in the above cylinder !=8a/3, shew that the potential at the
centre of the cylinder is

2mypat (§ +log, 3). [London Univ. 1935]

10. Provo that the potential of a uniform circular cylinder, of

length 2a, radius of base @, and mass M at the middle point of its axis, is

yM {V2—1+log,(V2+1)}/a.
"London Univ. 1938]
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11. P is a point outside a thin uniform spherical shell at a distance
¢ from the centre. Prove that the sphere of centre P and radius ¢
cuts the shell into two portions whose potentials at P are equal.

[London Univ. 1933]

12. A thin uniform spherical shell of density p has an internal radius
a and external radius a + o, where («/a)? is negligible. Find the attrac-
tion of the shell at a distanco @+ ka from the centre, where 0 <k< 1.
Hence shew that, if the outer radius contracts so that the shell becomes
a thin layer of surface densily ¢ and radius a, the attraction of this
layer at a point in itself is 4wok. How does this illustrate the discon-
tinuity of normal force in crossing a surface? [C. 1928]

13. Prove that if a solid sphere of uniform density p is divided into
two parts by a plane which cuts the surface in a circle of radius b, the
attraction between the two parts is $n2yp?b4. [London Univ. 1936]

14. A solid homogeneous sphere, of radius R and mass M, is divided
into two portions by a plane at a perpendicular distance 4R from the
contre. Shew that the mutual attraction between the two portions

2
of the sphere is y 2% %E . [London Univ. 1933]

15. From an infinite plate of thickness 2a of uniform homogeneous
matter a spherical portion touching the two plane faces is cut away.
Prove that the attraction of the plate at a pomnt where the sphere
touches either of its faces is % of its former value.

[London Univ. 1927]

16. A uniform solid sphere of mass M is placed near an infinite
plate whose surface density is uniform and equal to ¢. Prove that the
sphere attracts the plate with a force 27yMo. [London Univ. 1932]

17. Shew that, if M be the mass of a sphere of radius a, the loss of
gravitational potential energy in assembling the particles from a state
of diffusion at an infinite distance is $yM?/a. [C. 1926]

18. If the radius of a solid gravitating sphere be a, the density p,
and an internal point P be at a distance b from the centre O, prove that
the difference of the potentials at P due to the two portions into which
the sphere is divided by a plane through P perpendicular to OP is

dmp
3

19. The density at distance » from the centro, in a sphere of attract-
ing matter, i8 p,— Ar, where p, is the density at the centre, anq A is
constant. Find the potential at any internal point, and prove that the
potential at the centre is

4myat <%’ + Fg> ,

where a is the radius of the sphere, p, the density at the surface of the
sphere, and y the constant of gravitation. [London Univ.]

{a® — (a?—b2)1}. [C. 1908]
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20. If 4 Bisadiameter of a spherical shell of uniformsurface density,
find the position of a plane perpendicular to AB which divides the
shell into two portions such that their potentials at A are equal.

If the surface density of the shell is o, find the attraction at its
centre due to each portion of the shell. [London Univ. 1938]

21. Shew that the initial rate of decrease of g in descending a mine
shaft would bo equal to g/a if the density (p) of the earth (radius a)
were uniform. But if the carth had a spherical nucleus of different
density and of radius b, the density of this nucleus must be

1-2a®
”{1+2”+/\B’3} :
where Ag/a is the initial rate of decrease of g in descending the shaft.

[C. 1930]

22. A sphere of radius a, mass M, and density varying directly as
the distance from the centre, is built up of matter brought in small
amounts from a state of complete dispersion at infinity. Shew that the
work W made available during the process is given by W =1yM?/a,
where vy is the constant of gravitation.

Shew that, if the matter 1s now redistributed so as to form a sphere
of the same radius but of uniform density, a further amount of work
25 W is made available. [P. 1936]

23. Find the total work done by the gravitational forces in collecting
from infinite dispersion six cqual particles of mass m and placing them
at the corners of a regular hexagon of side 2a.  [London Univ. 1932]

24. Six particles, cach of mass m, are placed symmetrically on the
circumference of a circle of radius  and are allowed to move from rest
under their mutual attractions. Find the velocity of each particlo
when they are on a circle of radius {r. [London Univ. 1933]

25. Assuming the earth to be a homogeneous sphere of density o
agd radius g, surrounded by a spherical shell of density p and thickness
b—a, shew that the weight of a body given by a spring balanco is
unaltered at first on descending vertically from the surface if
p=2a%0/(2a%+ b?). The rotation of the carth may be neglected.

[M. T. 1914]

26. A solid sphere of radius @ and uniform density is surrounded
by a concentric shell of internal radius a and external radius b in which
the density is a function of the distance from the centre. Find the law
of density if the force of attraction is constant in the substance of the
shell, and prove that the mass of the shell is to the mass of the sphere
as b?—a?is to a2, [C. 1932]
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27. The density of a sphere of radius ¢ and mean density p is a
function of the distance from the centre such that the attraction at
any point inside the sphere is proportional to the square of the distance
from the centre. Express the density at & distance r from the centre
in terms of p, @ and r, and prove that the potential at an interna

point at a distance r from the centre is gz%'? (4a® —13). [P. 1933]

28. If O be the centre of a solid uniform sphere and P an external
point, shew that the sphere on O P as diameter cuts off a portion whose

attraction at P is equal to 1 M , where M is the whole mass.

OP2
20P [C. 1905]
29. Find the potential at any point in the interior of a sphere of
radius a, the density of the sphere at a distance r from the centre being
po(l—kr").
Shew that, if the sphere be divided into two parts by a plane through
the centre, the mutual pressure between the parts is

4(n+6) . 6 .
brtypdel | 1= GG g R Gy g Mo )

[London Univ. 1934]

30. A portion of a uniform solid paraboloid of revolution is cut
off by a plane at right angles to the axis OX. Prove that the attraction
at the focus S will be zero when sin (4 PSX)=1/+/¢, P boing a point
on the rim. [M. T. 1905]

31. If p be the density of a homogeneous solid sphere and a the
radius, prove that the force in astronomical units exerted by the rest
of the sphere on a conical portion of itself bounded by a right circular
cone of angle 2« with its vertex at the centre 15 §n?p%a?sin®«.

[C. 1915]

32. A solid of uniform density p is in the form of the spheroid
obtained by rotating an ellipse, of latus rectum 2! and eccentricity e,
about the major axis. Prove that the potential and the intensity of
the attraction at a focus of tho generating ellipse are

2ryplt/(1—e?) and (2mypl/e?) [log{(1+e)/(1—e)}—2¢]
respectively. [London Univ. 1936]
33. Find the potential and atiraction, at any point, of a homo-
geneous sphere with a spherical excentric cavity, and deduco the
corresponding values for a thin spherical shell whose small thickness
at any point is proportional to its distance from a plane. [C. 1899]
34. Two uniform solid spheres are of density p and radius a, and

the distance between their centres is ¢ (> 2a). Prove that they attract
each other with a force 1672yp%a®/9c?,

where y is the constant of gravitation. [London Univ. 1926]
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35. A solid sphere of radius @ and mass M is of uniform density.
Prove that the attraction on an octant of the sphere due to the rest
of the sphere has components parallel to the edges of the octant each
equal to gy M?/a?, where y is the gravitational constant. [C. 1914]

36. Prove that the work done by the gra,vitational'forces when

a uniform spherical shell, of mass M and of external and internal
radii @ and b respectively, is changed to a solid sphere of the same
density is 2
3%‘640 [2¢5 — 2a5 — 3b° + 5a2b%],

where ¢®=a2— b3, [London Univ. 1939]

37. The intensity of gravitational attraction at any point on the
surface of a certain uniform solid sphere, of radius a and centre O, is g.
A spherical cavity of radius b is made with its centre at a point C,
where OC =c¢, (b+c<a). Prove that the magnitudes of the intensities
at the points where the line OC (produced) meets the surface of the

sphere are be
s,
a(atc)?
and that at the ends of any diameter through O perpendicular to OC
they are . 2p3 Be 3
g { T (a4 cE) m)é} '

[London Univ. 1935]

38. A uniform spherical shell of gravitating matter, in which the
volumo of the matter is equal to that of the hollow it encloses, contracts
under its own gravitation into a uniform solid sphere of the same
density. Prove that the work done by the gravitating forces is
3(28—1)yM?/10a, where M is the mass and a the radius of the solid
sphero. [London Univ.]

39. The density of a sphere, of mass M and radius a, at a distance r
from the centre is proportional to a—r. Prove that the potential at
this distance is yM (2a® — 2ar? +73)/at, and that the potential energy
exhausted in collecting the eloments of the sphere is 26y M?/35a, where
y is the gravitational constant. [London Univ. 1926]

40. Find the negative potential energy W for a spherical distribution
of mass M and radius a in which tho density varies uniformly from p,
at the surface to p, at the centre, and deduce that, if p, =0,

W=26GM?2/35a;

while if py=0, p;#+0 this value of W is reduced in the ratio 10/13.
@ denotes the gravitation constant. [M. T. 1928]

41. Prove that, if a segment of a uniform thin spherical shell has
an angular radius «, its attractions on the two sides, at points close to
the pole of the scgment, are 27yo (1 + sin 3a), where ¢ is the surface
density. [M. T. 1922]
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42. Defining the principal value of the attraction at a point of an
attracting surface as the limit of the attraction at the centre of a
circular hole of which the radius tends to zero, shew that its tangential
components are continuous with those of the attraction near the
surface, while its normal component is the mean of the limiting normal
components on either side.

Shew that the attraction at the focus of a small elliptical hole of
eccentricity e in a thin uniform spherical shell makes an angle

1-vV1=e
)
with the radius of the shell. [C. 1929]

43. Prove that the work done by a gravitating system in attracting

tan—!

a new body from infinity is equal to } f p (V + V’)dr, where the integral

is taken through the space occupied by the new body, and V, V’ are
the gravitational potentials before and after the new body arrives.
Calculate the work done in filling up a spherical hollow of radius b
in a umform sphere of radius a, the distance between the centres being
¢ and the density p. [C. 1914]

44. Find an expression for the mutual gravitational potential energy
or a uniform sphere of mass M and a uniform rod of length 2a and mass
m when they are placed in any relative position.

Shew that this is constant when the centre of tho sphere moves on
the spheroid formed by rotating an ellipse whose foci are the ends of
the rod about the rod. [M. T. 1923]

45. A uniform rod BC of mass M is free to turn about its middle
point O which is fixed, and & uniform sphere of mass m has its centre
at A. Show that the couple ontthe rod tending to turn it into the

line 04 is i;me(l b—c| tan %a), where b, ¢ denote the lengths of

be
AC, AB and o the angle BAC. [M. T. 1930]

46. The profile of a long straight mountain range of uniform
density p is an arc of a circle less than a semicircle. Prove that if &
is the height of the range and b its breadth at its base, a plumb line at
its foot will be deflected towards the range through an angle approxi-
mately equal to 3pb o5

27p0R an” b’
where R and p, are the radius and mean density of the earth.
[London Univ. 1927]

47. Shew that, if the potential of a particle of mass m at distance r
is m¢" (r)/r, then the potential of & uniform solid sphere of mass M
and radius a at an external pomnt at distance r from the centre is

@l )+ ¢ =@~ [$(r+a)—p(r—a)),

RNA 5
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where the functions ¢’ (z), ¢”(x), ¢"” (x) are successive derivatives
of ¢ ().

Consider in particular ¢” (z)=ye*?, where A>0. Shew that the
external field of the sphere is the same as that of a single particle at
its centre; and that the mass of this particle is

3M (Xa cosh Aa — sinh Aa)/A%a®
if A>0, or M if A=0. [M. T. 1924]

48. Shew that the potential of a uniform circular disc at a point of
self is
27 ga(a—rcosf)dd
0 +/(a?—2arcosf+7?%)’

where 7 is the distance of the point from the centre and ¢ is the mass
per unit area.

Deduce that the work done in removing all the particles to infinity is
§molad. [C. 1924]

49. If the attraction between two elements of matter of mass m
and m’ is mm’ f (R), where R is the distance between them, shew that
the inward acceleration due to a uniform thin spherical shell of mass M
and internal radius a, at an internal point distant z(<a) from the
centre, is F', where

=M [ peia_arf(R)dR
~ 4aax? a—x ‘

If F is zero for all values of a and z, subject to the condition z<a,
shew that the only possible form of f(R) is A/R2, where A is some
constant. [M.T. 193"
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this expression is equal to +mdw; + or — according as 6 is acute or
obtuse, i.e. + or — according as the cone proceeding from O is entering
or leaving the region bounded by S. It follows that when O is outside
the region (as in the figure), since the cone leaves the region as often
as it enters it, therefore the total contribution to the outward normal
flux arising from the intersections of this cone and the surface is zero.
But when O lies inside S the cone leaves the region and if it re-enters,
it finally emerges, so that it leaves the region once more often
than it enters it, and the total contribution in this case is —mdw.
Hence by taking cones in all directions round O, we see that a particle
of mass m contributes zero to the outward normal flux when it lies
outside the surface, and — 4mm when it lies within the surface. And
by summing for all particles of the system we obtain the required
result, viz. total outward normal flux = — 47 (mass enclosed).

4-22, When the field is due to the attraction of a continuous body
and the surface S intersects the body,
we may regard the body as divided into
distinet parts of masses M, and M, , inside
and outside S, and suppose that these are
separated by an infinitesimal distanco so
that M, lies wholly within S and M,
wholly without it. The outward normal
flux of force from S is then —4#M, as
before, and this will continue to be true
as the distance between M, and M,
decreases without limit.

The result is not affected by the ‘matter
on the surface S’ because we are con-
sidering a body of finite volume density
and, as explained in 3.7, it requires a finite surface density of matter
(i.e. an infinite volume density) to affect the normal component of
'force across the surface.

There is, however, an exceptional case in which the theorem needs
modification, namely when the matter is a distribution of finite surface
density on the surface S. Reverting to 4.21 we observe that if the
point O lies on the surface S, then only cones on one side of the tangent
plane at S intersect the surface, so that the contribution of the mass m
to the total outward flux is — 2#m, and the same being true for all
matter lying on the surface, the total outward flux due to a total mass
Mis —2xM.

It is easy to verify, for a uniform distribution of mass M on the
surface of a sphere S, that the total outward flux of force

across a concentric sphere inside S is zero (3-2),
across S is —27M (3.71),

and across a concentric sphere outside S'is — 4nM (8-2).
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4.23. Applications of Gauss’'s Theorem to spheres and
cylinders.

(a) Spherical shell. Let M be the mass of a uniform spherical shell
of radius a. Apply Gauss’s theorem to a concentric sphere S of radius r.
By symmetry the outward normal force R has the same value at all
points of S.

When 7 < g, fig. (i), S encloses no matter, so that

47r?R=0, and R=0 at all points inside the shell.
When r > a, fig. (ii), S encloses a mass M, so that
47m2*R= —4nM, and R= — M/r? at all points outside the shell (3.2).

(i)
(b) Solid sphere of uniform density p. To find the attraction at an

internal point, apply Gauss’s theorem to a concentric sphere S of
radius r <a, fig. (i). S now encloses a mass 4mpr3, so that

4mr?R= —4xn . 47pr® and R= —4xpr (8-3).
The attraction at an external point may be found as for a uniform
spherical shell. )

(¢) Long uniform cylinder. Let the figures now represent cross-
sections of a uniform long cylinder of radius a and mass M per unit
length. At points sufficiently distant from the ends of the cylinder
we may neglect force parallel to the axis, and as above let R denote
radial force. Then we may take for S a unit length of a coaxial cylinder
of radius » and ignore any force across its plane ends.

When r <a, fig. (i), S encloses no matter, so that

27rR=0, and R=0 at all points inside the cylinder.
When 7> a, fig. (ii), S encloses a mass M, so that
27rR= —4xM,and R= — 2M/r at all points outside the cylinder (2.42).

4-24. Tubes of force. If the lines of force (2:26) be drawn
through every point of a small closed curve drawn on an
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equipotential surface, these lines form a tube of which the
equipotential surface is a cross-section, called a tube of
force.
Apply Gauss’s theorem to the region bounded by a portion
of a tube of force cut off be-
tween two equipotential sur- Ry
faces and not enclosing any @
matter. If R,, R, denote the
force of the field at the ends of
the tube and w,, w, the areas
of the ends, since there is no
flux of force through the sides o
2
of the tube and no matter /g,
inside it, therefore
Riw;— Rywy=0,

or the force varies inversely as the area of the cross-section
of the tube.

Example. If the field of force be due to the attraction of a uniform
infinite plane sheet of matter of mass m
per unit area, it is evident that the equi-
potential surfaces are planes parallel to
the given plane and the tubes of force aro
straight, so that the force is constant. If
R denotes the force directed away from (__D:)_,
the plane and we apply Gauss’s theorem R R
to a portion of a tube of force of cross-
section w extending to both sides of the
plane, since by symmetry the force has

the same value on both sides of the
plane

2Rw= —4nwom, or R=—2am (2.5).

4-3. Theorems, on the potential. (i) The potential cannot
have a maximum or a minimum value at any point of space
unoccupted by matter.

For if the potential had a maximum value at a point O
we could surround O by a small sphere S such that at every
point of S the potential would be less than at O. The outward
normal force R, would therefore be negative at all points of
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8, and JRndS taken over S could not vanish, as it must if S

contains no attracting matter. Similarly for & minimum.

As a consequence of this theorem we note that at a point
in free space, if the potential be not constant in the neighbour-
hood of the point it increases in some directions and decreases
in others, so that, although a particle placed at the point
free from constraint might be in equilibrium its equilibrium
could neither be stable, nor unstable for all displacements.

This latter theorem is due to Earnshaw,

(i1) If the potential be constant over a closed surface contain-
ing none of the attracting matter, it must be constant throughout
the interior. For otherwise it would have a maximum or
minimum value in the interior, which is impossible by (i).

o (iii) Gauss’s Mean Value Theorem. The mean value over
a spherical surface of the potential of any attracting system is
equal to the potential at the centre of the sphere due to the mass
outside the sphere, plus the mass inside the sphere divided by
the radius.

Let a be the radius of the sphere, m the mass of a particle
at an external point 4 and m'
the mass of a particle at an Q
internal point 4’.

The potential at any point A
on the sphere is

m m
1
The mean value of V over the sphere is o f VdS, where
dS denotes an element of area at Q.

m (dS8 m' (d§

This =4mat ) 40 T inad) 4G

But f%% is the potential at A due to a spherical layer of

unit surface density and therefore = 47a?/0A.
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Similarly, f -AC% is the potential at A’ due to the same layer

and therefore = 4ma?/a = 47a.

Hence the mean value of V= +7°

04 a

In like manner the mean value of the potential due to any
m Xm’
04 +—a—~, where the first sum repre-
sents the potential at O due to the matter outside the sphere,
and thus the theorem is proved.

attracting system =23

(iv) If the potential be constant throughout any region T,
unoccupied by matter, it has the same constant value through
all space that can be reached from T without passing through
matter (Gauss).

Let V be the value of the potential throughout 7'. If the
potential differs from V in neighbouring space there must be
some regions contiguous to 7' where the potential is greater
than V and others where it is less. In the neighbourhood
of a place where the potential is greater than V draw a sphere
with its centre O inside 7. Then on the part of the sphere
inside 7' the potential is V and on the part outside it is greater
than V, so that the mean value of the potential over the
sphere exceeds V, the value at the centre O of the sphere,
which is impossible by the last theorem since the sphere con-
tains no matter. Hence the region 7' of constant potential
must be extended to include the whole of the sphere, and
so on step by step through all space that does not include
attracting matter.

* (v) In any case of symmetry about an axis, if the potential
be constant through any finite distance along the axis, however
short, not within the attracting matter, it has the same constant
value through all space that can be reached from this portion
of the axis without passing through matter.* Without loss of
generality we may suppose that the potential is zero at all
points of a segment of the axis. Let P be a point of the

* Thomson and Tait, T'reatise on Natural Philosophy, Art 498,0xford
1867. The proof given above is due to Dr S. Verblunsky.

.
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segment. On account of the axial symmetry, there is no force
in any direction through P perpendicular to the axis. Hence
the axis is normal at P to a surface on which V is constant;
i.e. V=Vp=0. Since the argument applies to any point P of
the segment, it follows that ¥V =0 throughout a region. The
theorem therefore follows from (iv).

4-31. Comparison theorems. (i) If two different distribu-
tions of matter have equal potentials over any closed surface not
including any attracting matter, they have equal potentials
throughout the space enclosed and through all external space
which can be reached without traversing any of the attracting
malter.

Let the attraction of one of the distributions be changed
to repulsion. This changes the sign of its potential and makes
the potential due to the two distributions taken together zero
over the given surface. Therefore by 43 (ii) the potential is
zero throughout the space enclosed, and by 43 (iv) zero
throughout all external space which can be reached without
passing through matter. Then changing back from repulsion
to attraction, it follows that the potentials of the two distribu-
tions are equal.

(ii) If two different distributions of matter produce equal
potentials over any surface enclosing both, they produce equal
potentials throughout all space external to the surface.

Let the attraction of one of the distributions be changed
to repulsion. The two distributions combined then produce
zero potential over the given surface, and they also produce
zero potential over the infinite sphere. Therefore their com-
bined potential is zero throughout the space between the given
surface and the infinite sphere, for this space contains none
of the matter (4-3 (ii)). Reverting to the original distributions,
it follows that they have equal potentials throughout the
same region.

(iii) If two finite distributions of matter have the same equi-
potential surfaces outside both distributions, their attractions at
every external point have the same direction and are proportional
to the masses of the distributions.
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The attractions at any external point are in the same
direction because they are along the inward normal to the
equipotential surface through the point.

Let V, V' denote the potentials of the two distributions.
Since V'’ is constant whenever V is constant, there must be
a functional relation between them; say V' =f(V). Therefore

a 7

o oy
and =t V)( )+f n k.

Adding the similar results obtained by differentiating with
regard to y and z, we get

e () () (e

But, outside the matter,
V2V =V2V’' =

Therefore  f" (V) {(BV) (BV) + (%Izi)z} =0.

Hence, unless V is constant everywhere to make the second
factor vanish, we have "
f (V) =0,

giving, on integration,

V'=f(V)=AV + B,
where A, B are constants. But V and V' vanish at infinity
in the ratio of the masses M, M’ of the distributions, so that

B=0and A=M'|M. Hence V' = %II« V, and the result follows.

4-32. Condition that a family of surfaces is a possible
family of equipotential surfaces in free space. A family
of surfaces in general is not a family of equipotential surfaces
unless its equation satisfies a certain condition. To find the
condition that the equation

f(x,y,z)=const.
may represent a family of equipotential surfaces.
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If the potential V is constant whenever f (z, y, z) is constant,
there must be a functional relation between V and f (z, y, 2); say

V = ¢ {f (x: ?/, z)}'
Then Townl

and =t () o3

By adding similar results in y and z, we get

ey (4o oo o)

%y
But in free space V2V = 0; therefore
0% oY o3
AT )

— 22 =a function of f, sa;
ox oy 2 (1).
This is the necessary condition, and when it is satisfied the

potential V can be expressed in terms of f (z,y, z) thus:
We have V=4 (f), where

¢ (f)
¢’ (f)
Therefore log¢' (f)=4 ——fx (Haf
or ¢ (f)=AexOY,
Tt follows that V=g (f)= A4 J' cXOUGe LR ).

4.33. Example. Shew that a family of right circular cones with a
common axis and vertex 18 a possible family of equipotential surfaces,
and find the potential function.

Taking the axis of z for the common axis, the equation of the family
of cones is + 9

flz,y,2)= =CONSt.  cceviiiiniiiaiinne (1).
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The condition 4-82 (1) in this case becomes
2,2 6(z2+y?)

() _ _ 2t 2t 2+3f .
$ ()~ 4 4y? i@ +ye T+
Attt —

and the condition is satisfied since the expression on the right has
reduced to a function of f. Hence

#(f) 1
& (f)+f+2(f+ i

and, by integration,
log ¢’ (f) +logf+ % log(f+ 1) = const.

_Cdf
d
or VT E T
2Cdo
Put f=tan? 6, and we get dé= e
Hence V=¢(f)=2Clogtan 6+ C".

It is clear that 6 is the half-angle of a cone, and V is constant when 6
is constant.

The truth of this proposition is evident at once if we consider
Laplace’s equation in polar co-ordinates, namely

10 (W00), 10 (V) LT
r2or ar) r2sin 600 ) r¥sin? 0 04% ~

and whether it can have a solution which makes V constant over the
surface of a right circular cone. There is clearly such a solution if V
18 independent of r and ¢ and satisfies

sin @ —aZ—A

where A is a constant, and this leads to

V=Alogtani6+ B,
as before.

4-4. When the potential is given, to find the distribution
of matter. We have seen that potential functions may become
infinite at points or lines where matter is concentrated, and
that otherwise potential functions are finite and continuous,
even when crossing surfaces on which matter is concentrated
(3°7); but in crossing such a surface there is a discontinuity
in the gradient of the potential. Thus a closed surface on
which matter is concentrated divides space into regions in

RNA 6
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which the potential function takes different forms, though
these forms take equal values on the surface itself.
When the potential is given at all points of space, Poisson’s

. 1 .
equation, in the form p= — o V2V, serves to determine the

volume density of matter wherever a finite volume density
exists. If the potential is given by different functions ¥, ¥,
on opposite sides of a surface S, this implies that there is
on § matter of surface density o determined by the relation

YA

where the direction of the normal on is from 1 to 2.

If the potential becomes infinite at a point, the amount of
matter concentrated there can be found by applying Gauss’s
theorem to a small sphere having its centre at the point.

If the potential becomes infinite at all points of a line,
the line density of the matter can be found by applying
Gauss’s theorem to a short cylinder whose axis is the line and .
whose radius tends to zero.

4-41. Examples. (i) The potential outside a certain cylindrical
boundary 1is zero; inside it 18 V =a%—3xy?—ax®+ 3ay®. Find the
distribution of matter.

We have first to find the boundary. Since the potential is continuous
across the boundary and zero outside, the boundary must be given
by

V,=2%—-3zy®—ax?+ 3ay®=0,

or (x—a)(z— V3y) (x+ vV 3y)=0,

i.e. the section is an cquilateral
tripngle OA B of height a. Then

v, v,

Yy

s = 6z — 2a, _aF = — 6z + 6a, o)
and P 0,

go that inside the prism

1 ooy = _2.
P gy T T 8

and outside p=0 since V,=0.
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_ 1oV, v,
At Pon AB G—""ZE-('a;——a‘;)z_n

=1 g3 2__ 2
_4#(a 3y)—4ﬂ_(MA M P?),

or o= 3 AP.PB.
47

At Q on 40 (x=V3y)
LoV, 1 { 18V, V3av,

"dnon dn| 2% T 2 'a'y“},_v;,
) _ B
==k +§y?+ax -3V 30y + 3V 3aylenvs,

1 ¢
—;x(a—x),

or 0'=—4i 0Q.Q4
w

and similarly on OB. This shews that a solid prism of uniform density
a/m would produce the same external field as a distribution of matter
of surface density 34 P. PB/4x on cach of the faces of the prism,

(ii) Use the theorems of Laplace and GQauss to verify that the function
r+r'+2a
r+r'—2a
the straight line joining the points A, B from which r, v’ are measured.

Take the origin at the middle point of 4 B and the axis Ox along B4,
and let { denote distance from Oz.

¢ P

V =mlog 18 the potential due to a uniform line density m on

7<I

B o A xr

We notice that V is a finite and continuous function except on the
line between B and A where it becomes infinite.

We have r’=(x—a)?+ {3 r?=(x+a)2+{3,
_ r+7'+2a —r+r'+2a
and V'ml°g<r+r’—-2a'—r+r’+2a>
_ —r2+7%+ 40 +dar’ r+x+a
=mlog —ri+r'?—4a’+ dar —mlogr-i-:c—a ’
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V_ m z+a m z—a
Moo Gr=rrra(y ) e )

r T
=m_m :
'_TI T’
o2V m(zx+a) K m(x—a)
and AT A e, (1).
L. , aV__ m L m g
Similarly, - rFatar rfo—a'r
_m(r'~z—a r—z+a
(=)
ov _ z+a z—a .
or i _m(—-;,-—i-*r ) ..................... (2);
10 /,0V\_m(zx+a) m(x—a)
and_ 15 (5= 228 e (3).

By adding (1) and (3) we get

oV 1o/, oV

o (Var) =0
shewing that, since V is symmetrical about Oz, it satisfies Laplace’s
equation in cylindrical co-ordinates {, ¢, . This holds good at every
point save at pomnts between 4 and B on the line 4B where V is
infinite, so there is no volume density of matter; and since there is no
discontinuity in the form of V there is no surface density. Hence the
matter is confined to the line AB. It remains to shew that the line
density is uniform.

]

A
P

Apply Gauss’s theorem to a small cylinder of length ¢ and radius {
with its centre at any point P on AB and its axis along AB. The flux
across the curved surface is

2mel a—;g: 2mem <—x—;~g+x—;—(—z>, from (2),

—»>—4nem as {—>0;
2
and the flux across the plane ends is 7{% %;;, which tends to zero

with {. It follows from Gauss’s theorem that the mass on any element
of AB of length e is me, so that the line density is uniform and equal
to m,

4.5. Simple applications of Laplace’s equation.

(i) Field due to a uniform plane sheet. Taking the axis of z at right
angles to the sheet, V is clearly a function of z only, so that Laplace’s
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equation reduces to d?V [dz?= 0, which gives on integration dV/dz=A4
where 4 is the constant value of the force in the direction in which z
increases; and, by 2-5 or 4-24, this is -—21rm, where m is the mass per
unit area of the sheet, so that

av
dz

and V= —2mmz+const. (2-51).

= —2mm

(ii) Symmetry about a point. When the field is symmetrical in
such a way that V is a function of r only, in three dimensions, we can use
the transformation of Laplace’s equation into
polarco-ordinatesgivenin1-68, putting 0V /96 = 0
and 8V [0$=0, or we can obtain the required
form directly by applying Gauss’s theorem to
the space between concentric spheres of radii r
and r+dr. Assuming that this space contains
no matter and that the force at distance r is
dV[dr, the flux of force out of the region across
av
dr”

The outward flux across the sphere of radius 7 4 dr is therefore

av d av
m.a , —
4 dr " dr <4 r> dr

the surface of the inner sphere is —4nr?

to the first power of dr, and the vanishing of the total outward flux gives
av
dr (’ dr> 0.

. av d V_A
; 2 @Y _
Hence, by integration, r = A, o0 T T

and V=— 4 F+B i (1),
where 4 and B are arbitrary constants to be determined to suit each
particular problem. For example, consider the tield due to a uniform
thin spherical shell of radius @ and mass m per unit area. Denote the
potentials inside and outside the shell by ¥, and V,. The conditions
to be satisfied by V; and V4 are given in 4-13, namely

where r <a, V2V, =0, 8o that from (1), V,= —ﬁiv‘+ B;;

where 7>a, V2V, =0, ccccvevineninnnnnen Vo= —="2+B,;

where r=a, V; =V, and —-* - = —4mm
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The last two conditions give

A1+B ——%“+B2 ........................ (2)
A, A
and 2Tl i (3).

We also know that, for large values of r, V tends to zero like 47ma?/r,
sothat B,=0 and A,= —47»ma?. Hence from (3) 4,=0, and from (2)
B, =4nma; so that V, = 4wma and V,=4mma?/r.

' (itl) Symmetry about an axis. When the field is such that V is
a function of r only, where r denotes distance from an axis; we may
either quote the transformation of Laplace’s equation into cylindrical
co-ordinates given in 1-88, putting 8V /96 =0 and 0V /0z=0, or we may
apply Gauss’s theorem to unit length of the space bounded by cylinders
of radii  and r+dr. In this case, the flux out of this region across the

cylinder of radius r is — 2ar av , so that the corresponding flux across

dr
the cylinder of radius r 4+ dr is 277 ZV +: <21'r’r ¢(iiV

of dr, and since there is no matter in this region

d/ dVv av
m( rap) =0 or T =4,

so that V=Alogr+ B,

) dr to the first power

where A, B are arbitrary constants to be determined to suit each
particular problem.

If the matter be a long uniform thin cylinder of radius ¢ and mass m
per unit area, we may take for the internal and external potentials

Vi=A4,logr+ B,, Vy=A4,logr+ B,.
When r =a, we have V,=7V,, so that

A loga+ By=A4,loga+ By ..ccovevninanninn. (1);
and when r=a, d&—-gv—’_—‘iwm, so that
dar dr
Ay _Ai_ ATM e, (2)
a a

Also applying Gauss’s theorem, as in 4-28 (c), to a cylinder of radius

r(>a), we have dv

2nr —-2= —4x.2wma,
dar

go that 4,= — 4nma.
Then from (2) 4,=0, and from (1) B, = —4mmaloga+ B,, shewing
that the forms for ¥, and V, are in agreement with the results of 2.42.
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¥:6. Potential of a body at a distant point. MacCullagh's
Formula.* Let G be the centre of gravity of the body and P
a point whose distance R from @ is large compared with the
dimensions of the body. Let m be the mass of an element
of the body, situated at ¢, where GQ=r and the angle
QGP=4.

The potential at P is given by

m m
V=EFQ=Z(R2—2R7‘0080+72)*

m 2r r2\—t
=ZR(1—R—COSB+FZ)

2 2 2
=er£(l+r_cos{9 r 3r2cos?6 )

B E it e T

_ Z_m, + Xmrcosf 2Xmr2—3Xmr2sin26

R R? 2R3

But if M denotes the mass of the body, 4, B, C its principal
moments of inertia at G and I its moment of inertia about
GP, we have

Im=M, Zmrcosf=0 (since G is the centre of gravity),
2Zmri=A+ B+ C and ZXZmrisin?0=1.

M A+B+C-31
Therefore | %4 ="R + ———W ............... (1)

is an approximation to the value of the potential.

4-61. Attraction components at a distant point. Taking
axes through the centre of gravity, let z, y, z be the co-ordinates
of the distant point and r its distance. In 4+6 this means that

* James MacCullagh (1809-1847). Irish mathematician and
physicist.
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G P is now of length r and its direction cosines are z/r, y/r, z/r,

so that I=(Ax%+ By?+ C22))r?,
and :
M 1
V=" +5m{(B+0—24) 2%+ (C+A-2B)y*

+(A+B-20)2% ... 1),

to this order of approximation.
The attraction components at P are therefore given by

oV Mx (B+C—-24)x
= 4+
ox 78 75

and similar expressions for Y and Z.

Since action and reaction are equal and opposite it follows
that a unit particle at P exerts on the body M forces equal and
opposite to X, Y, Z acting at P. To measure their effect on
the body it is convenient to transfer them parallel to them-
selves to act at G by introducing suitable couples. Thus the
reaction on the body is represented by a force at G with
components — X, — Y, —Z, and a couple with components

3(C—-B)yz
2y —yz=>0" P
xZ-zX=3.-(‘il_;5_.61)_zi’ e, 3).
yX—xY=3(B;5A)xy

4.62. As an example of 461 (3), if the body be the earth regarded
as an oblate spheroid, and a distant body be regarded as a particle of
mass M’ at distance r and angular distance 8 above the equator, we
may without loss of generality suppose the distant body to be in the
plane zz, then the couple exerted by the distant body on the earth
tending to cause rotation about a diameter (the ¥ axis) is

3M'(A-C)xz 3M’'(A-C)
78 > or 3

sin § cos 3,

and this has its greatest value when the declination 8 is .
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4-63. Mutual potential energy of two bodies at a great
distance apart. Let M, M’
be the masses and G, G’ the
centres of gravity of the M
bodies, and let @G’ =r. Then G G’
if m'is the mass of an element M’
of the second body at P and
V the potential of the first
body at P, the mutual potential energy is, by 3-8, equal to

M A+B+C-3Ip
GPt T 2Gpe

—-Im'V=-Zm { }, from 46,
where I, denotes the moment of inertia of the body M about
GP; and this

m' A+B+C-31 Sm

GP~ 278 ’

correct to the order :—3, where I is the moment of inertia of the
body M about G&'.

But = ap is the potential at G of the body M’, and by 4+6
is equal to ]lf 4 +B ;;30 —31 , where A’, B’, C’, I’ bear
the same relation to the body M’ that 4, B, C, I do to the
body M.

Hence we get for the mutual potential energy

_I:M{MT_I_A +B +O—3I} M(A+B+C’ 3I)

293 2r3
MM’ M(A'+B’+C' 3I') M'(A+B+C 3I)
- ‘)73 ) 273

4-7. Centrobaric bodies. When the action of terrestrial
or other gravity on a rigid body is reducible to a single force
always acting through a point fixed relatively to the body,
that point is called the centre of gravity of the body and the
body is said to be centrobaric.
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It follows that uniform spheres and spherical shells are
centrobaric. In elementary statics it is usual to assume that
the attractions of the earth on the elements of a body are
a set of parallel forces with a resultant acting through a point
fixed relatively to the body, so that on this hypothesis every
body has a centre of gravity and its position is defined by

relations Mz=%mzx, My=Smy, Mzi=Imz ...... (1).

We shall now prove the following theorem: If the resultant
attraction of a body at all external points passes through the
same fixed point, that point must be the centre of gravity, as
defined by (1), and the body must be such that every axis through
the centre of gravity is a principal axis and all principal moments
of inertia are equal.

Take the fixed point as origin

O. Let ube an element of mass P
of the body at @ whose co- ©

ordinates are «, ¥, z. Let P be

an external point at distance r o

from O and let I, m, n be the
direction cosines of OP. Then
for the potential at P we have

B p
V=2 5o = r—ai T mr— gt (r — 2

2 2 2) -4
_sk 1_2(lx+my+1bf_)4_x +y2+z}
r r 7
M Zp(le+my+nz) 1Zp(x24y2+22)
O
+§Ep,(lx+my+nz)2+
2 73
M M(Z+mj+nz) 1
=—;+~—————7T———~+%{l22,u(2x2—y2—22)+...+...
+6mnZpyz+ ...+ . F+ .
M M@E+my+nz) 1 .
=t +5s{((B+0-24)P+... +...

+6Dmn+...+..}+...,
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where 4, B, C, D, E, F are the principal moments and the
products of inertia.

The resultant force at P is to pass through O for all positions
of P, so that, if fve write [ =cos 8, m =sin § cos ¢, »=sin fsin g,
we must have 0V /00 and 0V /0¢ both zero for all values of 0, ¢.
This can only be so if the coefficients of the different powers
and products of I, m, n vanish separately, so that

Z=7=%2=0, A=B=C and D=E=F=0,
which proves the proposition.

4-8. Points of equilibrium. Ifin the presence of attract-
ing bodies the resultant force on a free particle is zero, the
position of the particle is a point of equilibrium. If V denotes
the potential at the point P of co-ordinates z, y, z, then P
is a point of equilibrium if

ov._ov oV 1
Fiak winl Aab U (1),

for these are the conditions that the resultant force at P is
Zero.
Regarding V as a function of z, ¥, 2, the equation

V(z,y,2z)=const. ......c..e.en... (2)

represents a family of equipotential or level surfaces. Using
suffixes to denote partial differentiation, the direction cosines
of the normal at (z, vy, z) on such a surface are proportional to
V., V,, V., which shews that the resultant force at the point
is normal to the surface (2-26). It follows that if the point is
a point of equilibrium, it is a singular point on the equipotential
surface; i.e. there is not a unique tangent plane at the point,
but every straight line through the point cuts the surface (2)
in two coincident points.

Let V'’ be the potential at a neighbouring point P’ of co-
ordinates z + ¢, y +7, 2+ {, then

V' =V + Vb +V,m+ VL + % Veuf2+ V2 + V.02
+ 2Vl + WV LE+ 2V )+ e (3),
where the derivatives denote values at (x, ¥, z).
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The result (3) incidentally affords another proof of the
theortm 4-3 (i) that the potential cannot have a maximum
or a minimum value at any point unoccupied by matter. For
a first condition that ¥V’ may be greater (say) than V for all
small values of ¢, 7, { (positive or negative) is the vanishing
of V., V,,V,, and the further conditions require that V,,, ¥,,,
V., shall all be positive; which is not possible since V2V =0.
At a point of equilibrium there will therefore be some directions
in which V' > ¥ and others in which V' < V, so that equilibrium
would be stable for some displacements and unstable for
others [4-3 (i)], and these will be separated by the surface for
which V'=V; and from (3), since V,=V,=V,=0, this is,
for small values of ¢, 7, {, a quadric cone

Vool +V,ym2+ V24 2Vl 4+ 2V, Lo+ 2V, En =0 ......(4).

Further, since V,,+7V,,+V,=0, it is a cone with three
perpendicular generators.

If two sheets of the same level surface intersect one another
along a line, every point of this line is a point of equilibrium,
because there are two normals to the surface at such a point
each of which would be the direction of the resultant force
if any. In such a case the tangent cone to the surface, repre-
sented by (4), breaks into two planes; so that (4) is equi-
YR gy ng) (VE 4y +00) =0,
where W+mm’ +mn' =V, +V,+V,=0,

so that, if two sheets of a level surface intersect, they intersect
at right angles.

4.9. Examples. (i) A particle is placed on one of the plane faces of

a uniform circular cylinder at a small distance from the centre of that
H

Jace ; prove that it will make small oscallations of period 2 <;Eh> (a?+h?)},

where a 18 the radius of the cylinder, h its height and p its density, and p
18 the attraction between two unit masses at unit distance apart.

[M. T. 1889]

The attraction of the cylinder at an external point on its axis is

found from 2-52 to be '

2mpup{h— V(A +2)2+a]+ V(22 4@} . crreeennnnn (1),
where z is the distance of the point from the centre of the nearer end.



4-9] EXAMPLES 93

Taking the centre of the plane face as origin and the axis of x
through the particle and the mass of the particle as unity, its equation
of motion is

where 0V [ox is the force of attraction at (z,0,0). By MacLaurin’s
theorem

ov <6V> t

oz ox

.. [oV o2V o2V
And at the origin (3:1:) =0, by symmetry, and < ) < Ey’) . But
oV oV oV
(&), + (), + (50), =0

ov v a4
therefore =" ( 6502> =—jx (525—)0 Foarr v (3),

where the expression (1) represents —aV/oz at (0,0,z). Hence, on
the axis

2V .
<5;, ) . + higher powers.......

oV =9 h+z _ z
o = e { s e V@ T
.. 02V 21rp.ph
and at the origin (6@) ThELar) s (4).
Hence, from (2), (3) and (4), the equation of motion is
muph
z+ ———~v R+ =0,

giving oscillations of the period stated.

(ii) A solid bounded by the plane xy and the half of the ellipsoid
x?ja?+y2[b%+22/c2=1 on the positive side of the plane has a volume
density pz(1l/a®+1/b%+ 3/c?). Prove that it produces the same field of
attraction outside itself as would a layer of surface density

3 (1 —z?/a? —y?[b?)

over the plane boundary and pz[p over the curved surface, when p is the
central perpendicular on the tangent plane. [C. 1928]

To prove the equivalence of the two fields of attraction in external
space, it is only necessary to shew that if we reverse the sign of one
distribution then the two distributions together produce a zero field
at external pomts "

The potential in this combined field may therefore be assumed to
be zero outside the solid and some function inside the solid which
vanishes over the surface. We therefore write

V=Az(1—2%a®—y?/b%*—2%/c?), inside,
and V’'=0, outside.
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Hence we get
ov 24zx oV _ 24zy §Z—~A (l_f_yz_ézf)

T @’ T B & a? b ¢?
ox? at’ oy b2’ 022 ct

If p is the volume density, we have
1,1
—47Tp=V2V= — 24z <a§+52+é‘32)
. 1 1 3\ . .
or, putting A =2un, p=pz ot Bt + E’) inside,
— 1 2/ — 1
and p=— ;TTV V’=0 outside
Again differentiating along the outward normal, on the plane

boundary we have
dro= ( ov + 2% >
20

. T2 oz
ot y?
=—4 (1—G—,—b—2)
and, putting 4 =2um,
xﬁ y2 2
o= —1ip 1‘&‘%'5?) ........................ @).
Also, on the curved boundary
dmo=V _V
"= on " on
_ (xdV yoV zoV
=p (52 * i oy a)

which reduces to —2A4z/p, so that, putting 4 = 2uw, we have

O= —PZ[P ciririiiiiiiiiiie (3).
Since the distributions (1), (2), (3) give a zero field outside the body,
it follows that when the sign of the surface distribution is changed it
produces the same external field as the volume distribution.

EXAMPLES

1. If the potential in the interior of an attracting mass bounded by
two concentric spherical surfaces be proportional to 1/4/r, where r
is the distance from the centre, find the law of density, and the potential
exterior to the attracting matter.

Shew that at any point of space where the density is p and potential V,
the magnitude of the force is given by the expression

1

g BV + VAV, [C. 1892]
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2. Find the distribution of matter which produces a potential
p (2 +y2+ 22— 2azx) at all points inside the sphere 22 + y? +2% — 2ax =0
and zero potential at all points outside it. [C. 1908]

3. Find the distribution of matter, none of which is external to the
sphere 7 =a, which produces a potential — 2mpx? at points within or
on the sphere, the origin being the centre, x the abscissa, and p a
constant. [C. 1914]

4. What distribution of matter will produce potential

M, _= M, _ax
a( 3a> or 7 _3r“>’

according as r is less or greater than a?’ [C. 1902]
5. The potential outside an infinite elliptic cylinder
z?/a®+y?/b2—1=0
is zero; inside it is V =x2/a? +y2/b% — 1. Find the distribution of matter.
[C. 1915]

6. If the potential within an attracting medium having spherical
symmetry is given by ¥V =(c%+72)-%, where 7 is the distance from the
centre and ¢ a constant, prove that the density is given by

p=3c%/4m (c?+12)t,
and that the potential energy of the whole medium is — 3x/32¢.
[M. T. 1915]
7. Find the distribution of matter that gives rise to potentials

Vi=4pna® +spuma (202 —y2—2%), r<a
at at
and V2=§,u.17'7+1"5p.7rr—5 (222 —y2—22%), r>a.

8. Prove (by taking 2*+ y*+ 2% — 1 as a potential function) that, if the
space onclosed by the surface 2*+y4+28=1 is filled with attracting
matter of density proportional to the square of the distance from the
origin, its attraction at all outside points will be the same as if its mass
were distributed over the boundary surface with surface density
inversely proportional to the distance of the tangent plane from the
origin. [M. T. 1890]

9. Shew that the family of surfaces defined by
2 4 y% = const.

can be a family of equipotential surfaces in free space, and find the
law of potential. [C. 1906]

10. Shew that the system of co-axial cylinders
2+ y2+ 22z +¢?=0
can form a system of equipotential surfaces. [London Univ. 1934]
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11. Shew that the cylinders 22 + %= 2\x are a possible set of equi-
potential surfaces in empty space, but that the spheres 22 + 42+ 2? = 2\z
are not.

In the former case find the potential as a function of A.

[London Univ.]

12. Two equal circular cylinders, with their axes in the same straight
line and their centres of gravity at a great distance r apart, attract
one another according to tho law of the inverse square of the distance.
Shew that the resultant attraction is approximately

Mer-24+6M (A —C)r4,

where M is the mass of one of the cylinders, € is its moment of inertia
about its axis and A its moment of inertia about a perpendicular line
through the centre of gravity.

13. If two distributions of matter, 4 and B, have throughout
aregion T, to which both are external, the same equipotential surfaces,
the attractions due to 4 and B throughout the region 7T are in the
same direction and in a constant ratio.

14. If two distributions of matter, A and B, have the same closed
surface S, enclosing both, as an equipotential surface, every surface
outside S which is an equipotential surface for A is also an equipotential
surface for B.

15. A finite solid of revolution is cut at right angles by a plane,
and a particle is placed on the plane, a smooth surface, near to its
centre O. Shew that the time of a small oscillation is

(2
T/ \28z2)’
where V is the potential of the solid, the axis of the solid is the axis
of z and 92V /0z,% denotes the value at O.

16. A gravitating solid of revolution is cut by a plane perpendicular
to the axis. A particle is fastened by a fine string of length { to a point
in the prolongation of the axis, so that when the string is vertical the
particle just does not touch the plane face at its centre 0. Assuming
the conditions such that when the particle is slightly disturbed the
motion is that of a simple pendulum, shew that the time of a small
oscillation is

2 N
"(R+y3)’
where R is the force exerted by the solid on unit mass at O and R’

is the derivative of that force at O, taken outside the solid, along the
axis. [C. 1892]
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17. A uniform circular disc is of mass M and radius ¢ and has its
centre of gravity at O. A particle of mass m is situated at P, at a great
distance  from O, and OP makes an angle § with the axis of the disc.
If the attractive force of the particle on the disc is reduced to a force
through O and a couple, shew that the moment of the couple is
(ymMa?sin 26)/r3, and find the magnitude of the force.

[London Univ. 1938]

18. Prove that the xz-component of attraction of a gravitating
medium on a small sphere of itself with its centre at (x, ¥, 2) is approxi-
mately

1 6 WVoup 1 eye (9 ge
3,9 5 V"V ~50, ¢V (a&cv V>,

whero a is the radius of the sphere, p the density and V the potential
at (z,y,2). [C. 1932]

19. Shew that, if the curves f(z,y,A)=0 form a system of equi-
potential lines in freo space for a two-dimensional system, the surfaces
formed by their revolution round the axis of x cannot be a system of
equipotential surfaces in free space unless

vail &) + (@)
is a constant or a function of A. [C. 1905]
20. Shew that the family of cylinders
(22 + y?)3 — 2a3 (x® — 3zy?) + a® = const.

is a possible form of equipotential surfaces, and find the corresponding
potential. [London Univ. 1938]

21. Shew that (z—c)?+y2=A[(x+c)?+y?] represents a family of
equipotential surfaces, and that

V=AlogA+ B,

where V is the potential function and 4 and B are arbitrary constants.
[London Univ. 1939]

22. Determine a distribution of matter whose potential shall be
constant over confocal elliptic cylinders. [C. 1915]

23. Shew that the family of ellipsoids
x2 y? 2
atrToraTea=h

where 1 is a variable parameter and a, b, ¢ are constants, is a possible
form of equipotential surfaces, and express the potential in terms of
a, b, c and A.

RNA 7
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24. The potential functions in the three regions bounded by the
spheres r=b and r=a (> b) are

4 20°—b® 2 2.2
Vi=4ayp e +—5(2z —-x2—y?) |, r>a;

8
V,:gnypl:ga'—-fr’—; +§(2z2—-x2-—y3):|, a>r>b;
and Ve=4nyp[3a®— 302+ 3 (222 —a?—y?)], b>r>0.

Find the volume and surface distributions of matter and the total
mass of the distribution. [London Univ. 1939]

25. In the interior of a spherical distribution of matter of radius a
the gravitational potential at a distance r from the centre is

A—_S:;(/Zr/ @) + const.
wA sin(7r/a)
4Ga:  wrja
of the whole distribution is Aa/G, G being the constant of gravitation.
Prove also that the negative potential energy (compared with a state
of infinite diffusion) is $4%a/G. [M. T. 1925]

Prove that the density at any pointis — , and that the mass

26. Find the attracting systems whose potential is
#amryz (902 — Tr2) + dnrz (a2 +y2) for r<a,

9
and ;é;-rrxyz; + 4max/(z?+y?) for r>a,

where 2 =2+ y2 +22. [C. 1927]

27/ The axds being rectangular determine what volume and surface
distributions of matter will give rise to potential Kxyz (a —-x—y—z),
where K and @ are constants, at all points within the tetrahedron
bounded by the co-ordinate planes and the plane z+y+z=a, and
potential zero;at all pomnts outside the totrahedron.

Shew that ﬁhe total mass of the matter contained within the tetra-
hedron is Ka“/SOny. [London Univ. 1938]

28. An jnnnite uniform straight line occupying the positive part
of the axis of z attracts according to the law of nature. Shew from
elementary considerations that its potential is a function of r—z,
where r is distance from the origin, and hence prove that its potential is

clog(r—z)+c¢’.

29. Prove that, if the matter be distributed symmetrically about
the axis Oz, 0% [ozor=0, at every point of thig axis, where r is the
distance. from this axis. Prove also that if the origin be a point of
ethbrlum, the lines of force near it are given by the equation

2r?=const. [C. 1901]
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30. Compare roughly the couples exerted on the earth by the sun
and moon respectively, supposing them to be at the same angular
distance from the equator and the orbits of the moon and earth to be
circles. Take the ratio of the mass of the moeon to that of the earth
to be 1/80. [M. T. 1922]

31. Obtain the mutual potential energy of two gravitating bodies
placed at a considerable distance from one another, neglecting powers
of the inverse distance higher than the third, and obtain the specifica-
tion of the moment, about the centre of mass of either body, of the
attraction exercised upon that body by the other.

Shew that the couples exercised by the sun and the moon on the
earth neutralize one another at an instant when they are on the same
meridian if

sin2w’ _ S(E+M)(T"\?
sin2w  M(E+S) <ﬁ> ’
where o’ and w are the angular distances of moon and sun from the
equator, B, M and S are the masses of tho earth, moon and sun,
1" and T being the lengths of the sidereal month and year respectively.
The orbits of the moon and earth may be considered circular.
[M. T. 1937]

82. O is the contre of a uniform cube of mass M and I is an oxternal
point. The distance O P 1s large compared with the edge @ of the cube,
and the direction cosines of OP referred to three concurrent edges of
the cube are I, m, n. Shew how to express the gravitational potential
at P in a power series in OP-1, and evaluate the potential in terms of
OP, M, 1, m, n and a, rojocting all terms in O P~ of higher order than
the fifth. [P. 1936]

33. Shew that the cquipotential surfaces of a uniform equilateral
triangular lamina (of side 2a), which are at a great distance from the
lamina, approximate to the surfaces of revolution obtained by rotating
the curves

201 — 2
a__(_l__lgrgos —0—) = const.

about the initial line. [London Univ. 1938]

1
S+
,

34. Prove that, in the case of two equal cubes at a great distance
apart, the third order term in the expression for their mutual gravita-
tional potential energy disappears and obtain the next non-vanishing
term. [M. T. 1929]

35. Prove that for two gravitating solids, if one is a fixed sphere
and the other has unequal principal moments of inertia and is free
to turn about its centre of gravity, the only positions of equilibrium
are those in which a principal axis at the centre of gravity of the
second body is directed towards the centre of the sphere.  [P. 1933]

7-2
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36. Prove that a distribution of matter of surface density mp/4mr®
over an cllipsoid will produce the same potential at every external
point as a homogeneous concentric sphere of mass m within the
ellipsoid, 7 and p being the central radius and the perpendicular from
centre on the tangent plane. What is the potential of this distribution
inside the ellipsoid ? [C. 1892]

37. In a region of space which does not intersect the plane y=0
a function ¢ satisfies V2¢=0, and the surfaces with the equations
¢ = constant are portions of the elliptical cylinders

2 2
At
where A is a variable paramcter. By transforming to co-ordinates
£, m, { defined by
x=acosh{cosy, y=asinhésing, z=(,
£=20, 27>7=0,

prove that ¢ is of the form 4¢+ B, where 4 and B are constants.
[P. 1937]

1,
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5'4. Green's equivalent layer. Let S be a closed equi-
potential surface of a given distribution of attracting matter
of which some or all lies inside S. For the sake of brevity
we assume that the matter inside S can be represented by
a volume density p. Let r denote distance from a point ¢
outside S. Apply Green’s theorem to the region inside S in
the form

f A4 as— fVVzV'dv—J‘V’»dS JV’Vszv (1),

where V denotes the potential of the whole distribution of
matter and V' =1/r.
This gives

J‘ _ﬂ?j S fyvz l_ﬁ_?fds f%vzmv (2).

Let V, be the value of ¥V on the equipotential surface S,
then the first integral in (2) is Vf (1/r) dS. But 1/r is the
potential due to a particle of unit mass at @, and @ is outside S,

]/ 4 dS = 0; therefore the first

so that by Gauss’s theorem f
integral vanishes. The second mtegral also vanishes since
V2 ; =0 throughout the range of integration. Also V2V = —4mp

throughout the same range, so that (2) reduces to

7
0_f~l»a—I—dS +an[ PP,
r 0 r

But f’??{ is the potential at @ due to the matter inside S, so
that denoting this by (V), we have

10V
(V)Q = —*4‘7;J\r an dS .................. (3).

Therefore the part of the potential at any point outside S
which is due to the matter inside S is the same as would be
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produced by a layer of matter of surface density

spread over S, where V is the potential due to the whole of
the attracting matter.
Further, the amount of matter in the layer is given by

1 oV

—_ 1 2 .
- ‘Z?JV Vv, 52 (1),

=jpdv

=1nass contained within S.

We have therefore proved that the matter contained within
any closed equipotential surface § in a given field can be

spread over the surface S, with a surface density — ;1; 0V [on)

at any point, without altering the potential at any point of
the field outside 8. This distribution is known as Green's
equivalent layer.

If we suppose that this distribution over the surface S of
the matter inside S has been effected, S is now an equipotential
surface containing no matter, so that the potential at any
point inside § is now ¥, the value on the surface [4-3 (ii)].

This can also be established analytically thus: let ” be the distance
from a point @’ inside S and let p’ denote the density of the matter
outside S. We apply Green’s theorem in the form (1) to the region
between S and the infinite sphero, taking V as before to be the potential
of the whole distribution of matter and V’=1/7". The normal deriva-
tives in (1) are now directed along inward normals to dS, so if on is
to retain the same meaning as in (3) and (4) we must change the signs
of the surfaco integrals and write

_[veQr) oo (pyel g _[LOV 1
/V ) s /VV Lav=—[LVas_[Lvwav...o).
The first term is — V, / ?%” dS, and since 7’ is measured from a point

Q' inside &, f ﬂ;r/‘L) dS= — 4, (Gauss), and the first term in (5) is
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47V,. The second term vanishes as before, and the fourth term is

411-/ 7—?—, so that
4aV,= — /l»--ds 4/’””’

Or, if we put ¢ for the surface density of Green’s layer, as in (4),

odS | [p'dv_
/Ar,-+/,r, =V, cerervreeasrererenenans (6).

We thus verify that the potential inside S due to the joint effects
of Green’s layer and the original matter outside S is the constant
potential of the equipotential surface.

5'5. Dirichlet's problem.* There exists a solution of
Laplace’s equation which with its first and second derivatives
18 single-valued, finite and continuous throughout a region
bounded by a surface S and takes arbitrarily assigned values over
the boundary S.

Dirichlet’s method of investigation is as follows: let V be
any function which satisfies all the conditions save that it is
not necessarily a solution of Laplace’s equation, then we can
prove that, of all such functions, that one which gives a
minimum value to the integral

- (-2 (e

through the bounded region is a solution of Laplace’s equation.

Let V] be the function which gives a minimum value to W.
If V be any function which satisfies the same conditions of
continuity and takes the same values over S, then V=V +1V,,
where ¥,=0 on 8. Conversely, let ¥, satisfy the same con-
ditions of continuity, and let ;=0 on §. If ¢ is any constant,
then ¥, + €V}, takes the assigned values on S and satisfies the
conditions of continuity. Thus the set of functions to be con-
sidered are comprised in the formula V] + €V}, where ;=0o0n S.

Then
W= j{(a"u aV) +...+...}dv
oV, oy,
=m+2ef(axa +.. )d +eW ......... (1).

* Peter Gustav Lejeune Dirichlet (1806-1859). German mathe-
matician.
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Since W, is the minimum value of W, W—W, must be
positive whatever be the sign of ¢, so that the second term
on the right of (1) must vanish. But by Green’s theorem the
coefficient of 2¢

:flgg—EdS—JI@V2Kdv;

and V,=0 on S, so that the first integral vanishes and
therefore

f V,V2V,dv=0

for all functions V,. We must therefore have V21 =0 through-
out the bounded region; for if V2J] had a sign throughout
any portion of the region we could take V, to have the same
sign and the integral would not vanish.

The remainder of the argument is an assertion that among
the different functions which satisfy the conditions of con-
tinuity and take the assigned values over S there must be
one which gives W a smaller value than the rest, and, from
what precedes, this is a solution of Laplace’s equation. But
the argument is invalid, because Weierstrass has shewn that
we are not entitled to assume the existence of a minimum,
but only the existence of a lower limit to the possible values
of W and we cannot assert that the limit is attained.

Many mathematicians have produced solutions of Dirichlet’s
problem but they are too lengthy for reproduction here.*

The theorem is also applicable to the region between the
surface § and the infinite sphere if we impose the condition
that the required function shall vanish like 1/r at infinity.

We are entitled to conclude from the argument given above
that if there is a solution it is the only one. For the above
argument shews that, if V2 =0 and ;=0 on S, then the
coefficient of € in (1) is zero, so that W =W, + 2W,. Similarly
if V2V =0, then since V=V —¢l;, we have, by the same
argument, W, =W + 2l,. Hence ¢2W;=0, and so €/;=0, i.e.
V =1} and the solution is unique.

* Scee H. Poincaré, Théoric du Potenticl Newtonien; and, for a

bibliography of the subject, P. Appell, T'rauté de Mécanique Rationelle,
t. 111, p. 98.
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5:6. To find the solution of V2V =0 inside a region bounded
by a closed surface S when the values of V and oV [on over S
are known.

Take Green’s theorem in the form

f( aaV _yp? )dS f(VWV’-V'VZV)dv (1),
Put V'=1/r, where r is the radius

vector drawn from a point P inside S. S
Take a sphere X of small radius e

with P as centre and apply the

theorem (1) to the region bounded by Z@

8 and X. Then, since V2(1/r)=0 and

V2V =0 throughout the region, the

right-hand side of (1) is zero, and

therefore

(2t W as o [ (200 1 as o

on ron on ron

Taking account of the inward direction of on over X we see
that a (l/r) /on = 1/€2, and since we may put d¥ = e*dw, we have

J V ]/ r J Vdw, and this being independent of € we may

take e as small as we please and write for the integral 4=V},
where Vp denotes the value of V at P.

. 1oV F 1oV .
Again, fz in dz = J\g%e dw —> 0 as € > 0; so that (2)

L (rov_y o),
Ve= th (fran Vo om )IAS ............ (3),

giving the value of V at any point inside S in terms of the
values of V and 0V /dn on the surface.

When the region is bounded by the surface S and the infinite
sphere, it is easy to shew that the same theorem holds good
provided we impose the condition that RV and R2%0V/on
remain finite as R tends to infinity, where R denotes distance
from an origin in the neighbourhood of §.

RNA 8

reduces to
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5:61. Green's function. We learn from Dirichlet’s problem
that there should be a unique solution V of Laplace’s equation
which with its first and second derivatives is finite through
a bounded region and takes a prescribed form over the
boundary, but the procedure of 5:6 seems to imply that we
need to know not only the value of the function ¥ but also
the value of 0V /on over the boundary in order to determine V
at points inside the region. The problem can however be
reduced if we can find a function of a more restricted form
known as Green's function and defined as follows:

Let H be a solution of Laplace’s equation inside the boun-
dary S, which takes the value — 1/r on S, where r denotes the
distance from an assigned point P inside S.

Let G=H +1/r; then @ is called Green’s function for the
point P and surface S; and by definition we see that G vanishes
on 8 and satisfies Laplace’s equation at every point inside S
except at the point P where it becomes infinite.

In 56 (1) put V'=H, then since V2V =0 by hypothesis and
V2H =0, we have

OH _ oV
J(V% a)dS 0:

adding this, with a factor — 1/4m, to the right-hand side of
5:6 (3), we get

1 1oV 8 1
Vp=4—f{(H+~)—%—V5;i(H+;)}dS
v aq
=) (05 V) a8
But @ vanishes on S so that

e — L fVu-»dS .................. (1),

By this means Dirichlet’s problem is reduced to the deter-
mination of Green’s function.

The case where the region is bounded by a closed surface S
and the infinite sphere does not need special consideration
if we impose like conditions as before to the way in which the
functions vanish at infinity.
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5.62. Green’s function for a sphere. Let O be the centre of a
sphere § of radius a and P an internal point at a distance f from O.
Let P’ be the inverse of P, so that OP.OP’=a?. Let r,’ denote the
distances of any pomnt M from P and P’; and for a point M’ on the
sphere let PM’'=r, and P’"M'=r,".

i i n_OM’_
Then by similar triangles T oP "

a
f’

so that

Now consider the function H= —a/fr’. It is a potential function
due to a mass (—a/f) placed at P’, and therefore it satisfies Laplace’s
equation inside the sphere; and because of (1) it takes the form — 1/r
on 8.

1 a
Hence G_; T e (2)

is tho roquired Green'’s function for the sphere S and point P.

The same formula can be shewn to hold good when the point P
lies outside the sphere at a distance f from the centre, P’ then being
inside and the symbols having the same meanings.

5-63. Reciprocal property of Green's function. If P, @
are two potnts inside a region bounded
by a surface S and G (P, Q) denotes
the value at Q of Green’s function for
the point P and surface S, then
G(P,Q)=G(Q, P).

Apply Green’s theorem in the
form 56 (1) to the region bounded
externally by 8 and internally by
two spheres X,, %, of small radii
€1, €; having their centres at P, Q.
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Put V=G= —+H and V' = G'=%+H’, where 7, ' denote

distances from P and @ and @G, @' denote Green’s functions
for P and S and for @ and S respectively. Then we have

A 0 oG
f(G‘a';“G"a‘)dSJrL‘(G -G )d21

+ (¢2% - @2 az,= [(evee - avee)a
bR an a

By hypothesis H, H’ are solutions of Laplace’s equation,
and since P, @ have been excluded from the region of volume

integration V2 ; =0 and V2% =0, so that V2¢ =0 and V2G' =0

and the right-hand side of (1) is zero.

Again, by definition, G and G’ vanish on S, so that the
first integral on the left is zero.

In the second integral on the left we put 4%, = ¢,2dw so that

o 1\
LlG% ds, = (~+H)E:edw,

which clearly — 0 as e - 0, since H is assumed to be finite; and

- G’—«dZI_ fa,,(glé )edw,

and as € - 0 this reduces to —47Q}’, where G’ denotes the
value at, P of Green’s function for @ and S, i.e. G (@, P).

In the same way the third integral in (1) may be shewn to
reduce to 4w or 4@ (P, @); so that (1) reduces to

QP Q)=G(QP) wevereeeeeenn... ).

The theorem is also true for a region bounded internally
by a closed surface S, and externally by the infinite sphere,
assuming that H and H' are at least of order R~! at a great
distance R.
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EXAMPLES

1. Use Green’s theorem to prove that, if V, V’ are solutions-of
Laplace’s equation such that ¥ =V’ at all points of a closed surface S,
then V=V’ throughout the interior of S.

2. Prove that, if V, ¥’ are solutions of Laplace’s equation such that
oV/on=20V’[on at all points of a closed surface S, then V-V’ is
constant at all points inside S.

3. Shew that, if V,, V, are the potentials of two equipotential
surfaces which surround bodies of mass M which produce a gravita-
tional field, the contribution of the space between these equipotential
surfaces to the total energy of the field is M (V,— V).

4. Prove that there cannot be a function ¥ which satisfies Laplace’s
equation inside & closed surface S and makes 8V/on= —kV at all
points of S, where on denotes the normal drawn towards S from the
inside and k is a positive number.

5. A number of bodies are formed of gravitating matter. Prove
that the resultant force, resolved parallel to the axis of z, due to the

altraction on one of the bodies, of uniform density p, is p / / (x—Z) NdS;

where the integral is taken over the surface of the body, Z is the abscissa
of the centre of gravity of the body, and N is the normal attractive
force at each point of the surface. [C. 1890]

6. Prove that, if dm, dm’ denote elements of two different distribu-
tions of matter which have the same external level surfaces, and ¢
any function which satisfies Laplace’s equation, then

/¢dm;[¢dm'=M:M',

where M, M’ denote the total masses of the two distributions.

7. Prove that, if two distributions of matter have the same external
level surfaces, they have the same centre of gravity and the same
principal axes of inertia at the centre of gravity.

[In Ex. 6 put ¢ =2, and ¢=1yz.]

8. Prove that, if V is the potential of a given distribution of matter,
S a surface surrounding it, r the distance of an internal point from
an element dS, on an element of the outward drawn normal and 6 the
angle between r and dn, then

1oV Vcosé
/Ta;ids=[ rg dS,

where the integration is over the whole surface.
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9. Shew that, if V is a function which with its first derivative is
finite and continuous throughout a region bounded by & surface §
and r denotes distance from a point P within this region, then

4nVp= f v dS f 1oV s f V2V,

where on denotes the outward drawn normal and the integrations are
over the surface and through the volume.

10. Two gravitating solids M and M’ have potentials V and V’;
the inward normal force across any element dS of the surface of M
is the sum of N and R due separately to M and M’; and the inward
normal force across any element dS” of the surface of M’ is the sum
of N’ and R’, due separately to M and M’. Shew that the potential
energy of their relative position differs by & constant from either

::—/(RV—-NV')dS or }-f(R'V'—N'V)dS’. [M. T. 1897]
T 47

11. I V2V, =0, V2V,=0and V,=V,= V at a closed surfaco, while
V4, V, and their differential coefficients are everywhere finite without
and within the surface respectively, and V, vanishes at infinity, find
the potential in all space of the surface distribution o where

oV, oV,
o= T

and on is outwards.
— 8 /1 . 1aV1 . .
Shew that V -(=)dS is equal to dS when r is,

measured from an external point, and to f 16V, dS when r is measured

from an internal point. [C. 1908]

12. Prove that, if ¢ denotes any function which with its first
derivative is continuous, its mean value over a sphere of radius a
exceeds its value at the centre of the sphere by

i) (7=a) 7o

integrated through the volume of the sphere, where r denotes distance
from the centre. [Minchin.}

. 13. Assuming Gauss’s theorem and Green’s theorem and that a
distribution of matter consisting of volume density p, surface density o
and separate particles has a potential function V' which is infinite at
each particle and satisfies the relations V2V = — 4mp wherever there

is volume density, and (g};) <SZ> =4mo across each surface layer
1
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and is otherwise continuous, prove that the potential must be of the
form s d
V=>:?-"+fE -+f’1~”,
r r r
where m denotes the mass of a particle.

14. Prove the theorem of the equivalent layer [5-4] by applying
Green’s theorem to the region bounded externally by the infinite
sphere and internally by the equipotential surface S and a small sphere

round the point @, and excluding the rngula,rltles of the potential
function.

15. Prove that, if M be the mass of a given distribution of matter,
U the potential of a closed equipotential surface entirely surrounding
it, and E tho exhaustion of potential energy in collecting the matter
from a state of diffusion at infinity into its actual distribution, then
IMU<E. [M. T. 1895]

16. A function V vanishes at all points outside a surface S. Shew
that a distribution of matter p= — 41 V2V within S and o= 41 ZZ upon

m™

§ will have the function V for its potential. Here 8V /éon means the
rato of increase of V in the direction approaching the surface from the
inside. [C. 1931]

17. Prove that, if V is the potential at points outside a surface S
due to masses within the surface, and V, is the potential at points
inside the surface due to masses outside it, the expression

1 0 oV, oV, o

6 Vo G) 45— [ (GG 5 s
has the value V at external points and the value V, at internal points,
where r denotes distance from the point and orn an element of the

outward normal to dS. [M.T. 1910}

18. V is the potential and R the attraction at any point due to
a given distribution of matter none of which lies betwcen two level
surfaces V=V,, V=V,. The space between these surfaces is filled
with matter of density R2f (V). Prove that its potential at any external

'I/’

point P1s — 47U / Vz f(V)adV, where U denotes the potential at P due
1

to that part of the original distribution which lies inside the inner of

the two level surfaces.

19. If V is the gravitational potential of a distribution of matter
inside a closed surface S, shew that the value of V at a point P outside S
is given in terms of its values on S by the formula

oG
VP-—-“"T[Va;; dS,
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where the differentiation s along the outward normal to S, G vanishes
on S, and, if » is distance measured from P, G'—1/r is a harmonic
function on and outside S. Give a physical interpretation of G and
oG [on.

Shew that, if V is the potential of a finite distribution of matter on
one side of an infinite plane, and P is a point on the other side,

1
VP-— Q;IVIdQ,

where dQQ is the solid angle subtended at P by an clement of the plane
at which the valueof Vis V. . [M. T. 1934]

20. Use 5-61, 5-62 to shew that, if V be a function whose value is
prescribed over a sphere § of radius a, and P a point inside the sphere
at a distance f from the centre, then a solution of Laplace’s equation
inside § is given by
a*—f: (Vv

dma | 13

Vp=— ds,

where r denotes the distance of dS from P.

21. If ¢, and ¢, are any scalar functions whose derivatives exist
and are continuous at all points of a volume V and its boundary surface
S, and if

I,,,:fV(grad¢,.grad¢k)dV, J,k=1,2),
. Iy Ipg> 152
If ¢, is a given harmonic function in V and if ¢,= ¢, on S, shew that
I, =1,,.

Hence shew that for such a ¢, the nccessary and sufficient condition
that I,, should be a minimum is that ¢, should be harmonic in V.
‘What is the physical interpretation of this result? [M. T. 1935]

prove that



Chapter VI
HARMONIC FUNCTIONS

6-1. Any solution of Laplace’s equation

o*V oV oV 0

i T aE T
which is homogeneous in z, ¥, z is called a harmonic function
or a spherical harmonic. The degree of homogeneity is called
the degree of the function. We shall be concerned with the
case in which the degree is an integer.

The study of harmonic functions is an important branch
of mathematical analysis. We shall only concern ourselves
with so much of the theory as is useful for our immediate
purpose and be content with arguments based upon physical
ideas rather than attempt a rigorous treatment of the subject.

6-11. If V is a harmonic function of degree n, then
or o ot )
0xP Oy 02!
18 a harmonic function of degree n—p —q—t.

For if we differentiate the equation V2V =0 p times with
regard to x, ¢ times with regard td y and ¢ times with regard

to z, we get
oP 07 o
R SR 74
v {Bxpayq ozt V} 0.

6-12. Surface and solid harmonics. In polar co-ordinates
Laplace’s equation may be written

a(,0V\ 1 a(. V) 1 &V
—fr2 g i = .
ar(’ 8r)+sin080(sm089)+sin208¢2 0 [1-68(1)]
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If we substitute V=7"8,, where S, is independent of r

we get {%(rz %I;) =n(n+1)r*S,, so that (1) reduces to

28, 38, 1 8,
W-i—cotﬂ 50 +Sln20 og? +n(n+1)S =0...(2),

or, if cos § = p,

2
'a%{( )25 - } ! 28652 +nm+1)8,=0...(3).

A solution S, of equatlon (2) is called a Laplace's function
or a surface harmonic of order n. Since n(n+ 1) remains
unchanged when we write — (n + 1) for n, there are two solu-
tions of (1) of which §,, is a factor, namely ™S, and - "“IS
and these are called solid harmonics of degree n and — (n + l)
respectively.

6:13. It follows that if U is a harmonic function of degree =,
then U/r?*+1is also a harmonic function. For we may write

U=r8,, so that — which is a harmonic function.

2n+1 ¢n+1’

For example, it is obvious that xyz is a solution of Laplace’s
equation of the third degree; therefore xyz/r” is also a solution.

Similarly, if U is a harmonic function of degree —(n+1),
then 72"+1UJ is also a harmonic function. For we may write
U =r—"-18,, so that 721U =y, which is harmonic.

These theorems combined with 6-11 make it easy to build
up a great variety of harmonic functions.

Thus 2 or 1 and 0 or tan— (y/x) are both harmonic functions

of degree zero. If we divide them by r, we get ; and ;‘1— tan—lg
as harmonics of degree — 1. Differentiating these with regard

to z, y or 2, we find that gi, %, :3 and — ‘oan’1 y are harmonics
of degree — 2, and so on.

Again, if 0k denotes an element of length whose direction

cosines are I, m, n, so that i =1 8_ +m—a~ +n 2 , it follows that
oh ox oy oz
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6h(1) is a harmonic function and » may be called its axis.

Similarly, if A,, hky, kg, ... are any number of arbitrary direc-

0 0 0 1
tions, we can form a harmonic function —— o, ah Bk ( )

6-2. Legendre functions.* Let M be a fixed point (f, g, k)
and P a variable point (z, y, z), then if M P= R, we know that
the inverse distance 1/R is a solution of Laplace’s equation,
for it is the potential at P due to a particle of unit mass at M.
Suppose that M lies on a sphere of radius @ with its centre
at the origin O, so that f2+¢2+h%2=a?, and let OP r. Then
we have 1 , 1

B g e (1).

Since a%+y2+22=12, the expression for ¥V can be expanded
in powers of 1/r, by the extension of Taylor’s theorem to
functions of several variables, thus

1 0 0 0\1
V=;—(fé—;3+g~a-§+h—&);+ .

(—1(, 0 9 2\l ‘
+ ] (fa’i"g@'{‘hé;.) ;+ ......... (2),

n:

V=

the series converging if r > a, i.e. if the point P is outside the
sphere. But, if we write u for the cosine of the angle MOP,
we have 1

- Zarp, L+ a?)t’

and this can be expanded in powers of r/a when r <a, and in
powers of a/r when r>a. Thus if we denote the coefficient of
r®/a™*+! or of a/r*t! by P,, we have

V=1{1+ZPI+...+Z—”P,L+...} r<a ... (3)
al a a
and ‘=;{1 +;—lP1+... +g§Pn+...} r>Q ... (4).

¥ Adrien Marie Legendre (1752-1833). French mathematician of
great distinction.
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The P’s are clearly polynomials in u, for they are the
coefficients of successive powers of 4 in the expansion of

(1—2uh+h2)-+ or

1.3 --(2n‘l)(2ph—h2)”+ ...... (5).

—h2 IR S
1+ (@uh—h%)+... + =50

By picking out coefficients of successive powers of 2 we
find that
P =y, -P2=%(3I~“2;‘ 1), F=3%(5p2-3u),...

_ 2n! n M(n—=1)
" 2npln !

and

n—2

“2@n—-1)*

nn-1)(n—-2)(n=3) ., }
2.4(2n—1)(2n—-3) I T

+

the series ending with a term in x or a constant according as
7 i3 odd or even. For many purposes it is sufficient to know
that P, is a polynomial in p of the form

Po=A pm+ Ay g™+ e e (),

where 4,, 4,_,, ... are constants.

The function P, is called the Legendre function or Legendre
coefficient of order n. It is written P, (1) when it is desired
to specify the variable. We observe that pu=cosf, where
is an angle measured from an axis OM, called the axis of the
Sfunction.

In particular, for =0 or = we have u= + 1, and

P, (1) =coefficient of A in Ii—k= 1,

and P (—-1)=
If we write p=cos 8, then

(1—2ph+h2)-t= (1 — heib)—t (1 — he—i0)~+

(1 + 3hei® + hze“e +.. ) (l + 3he—10 4 %—i h2e-20 1 )
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It follows that P, is of the form
P,=B,cosnf+ B, _,cos(n—2)0+...,

where B,, B, _,, ... are positive. Hence the numerical value of
P, does not exceed the number obtained by putting =0 in
the above expression.

Thus | P ()| <P, (1);ie. | P(u)| <1 eeornn (9).

6:21. P, and r—"~1P, are harmonic functions. Since
p=cos MOP = (fr+gy +hz)/ar, from 6:2 (7) we have

P, =§£ (fx+gy +hz)r

A,
+ o (o tgy+ha) 2 @2ty 2+ 1),

expressing 7P, as a homogeneous rational integral function
of the co-ordinates of P.

Further, we observe that in 62, (2) and (4) represent the
same expansion of V, so that by comparing the terms in -1

we have
a'n

2oyl
rnHPn (fax haz) ...... ).

But 1/r is a harmonic function, therefore by 6-11 every
term on the right-hand side of (2) is a harmonic function of
degree —(n+1). Hence r—»~1F, is a harmonic function, and
by 6:13 P, is also a harmonic function.

6-22. Rodrigues’s formula for P,.* To prove that

Po ()= gy g (2= 1.

This formula may be verified by expanding (u2— 1)” by the binomial
theorem and differentiating the result n times; or we may proceed
as follows:

Let 1—hu=(1—2uh+h2)t ..o, 1),
8o that u=p+th(u2-1).

* Corresp. sur I Ecole polytechnique, vol. i1 (1814-16), pp. 361-85.
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By a theorem of Lagrange* u can be expanded in powers of A in the

form - R fd\"1 n '
’u=y,+%h(p, —1)+..+§"ﬁ‘!(glz> (;L —1) +-.. ..(2).
But by differentiating (1) we have
du
a—};:(l —2uh+h3)R=TR"P, ..cccoeeiiiiininnn. (3).

Then by dafferentiating (2) and comparing the coefficients of k" in (3)
and in the result of differentiating (2), we obtain the required formula.

6:23. The equation I’, () =0. Sincoe the equation (u2—1)"=0hasn
roots equal to 1 and n roots equal to — 1, the equation 4 (p?=1)"=0
has n —1 roots equal to —1, n—1 roots equal to 1, andﬂa root ¢ be-
tween —1 and 1. Then ddz (p2—1)"=0 has n—2 roots equal to —1,

n— 2 roots equal to 1, a root between —1 and ¢ and a root between
¢ and 1. Continuing the process it follows that the n roots of the
equation P, (u)=0 are all real and lie between + 1.

6-24. Differential equation for P,. Since r"P, is a har-
monic function and P, is a function of 6 only, P, satisfies
Laplace’s equation in the form :

0 8V) +Wl__ 0 <in aV)
87' or] sin606 00
and as in 6:12 we have

1 0 in aP

or putting cos § =y,

d dp, _
@{(1—,3) d”}+n(n+l)Pn_O ......... (1).

This is commonly known as Legendre’s equation. It can be
solved in series in the form 62 (6).

6-25. Integral theorems. 7o prove that

1
PR d=0, ntm,

1 2
2 -
and . J~1Pn (p,)dp,_2n+l.

* Whittaker and Watson, Modern Analysts, 7-32.



6-26) INTEGRAL THEOREMS 127

From 6-24 we have
d dP,
—_ — )= =
d,u{(l p)d }+n(n+l)Pn 0

d 2
and a—l;{(l—- )d :+m(m+l P, =
Therefore
1
{n(n+1)—m(m+1)}f PP du

SR T

and, integrating by parts, this

dP, dP\ 1!
— 2 m _.n
_[(1 ”)(P” du P'"d#)]

[ (BB BB 4,

-1
1
Again, to find f P2 (un)du, we have
-1
© 2 .
{2 h"P, (,u.)} =(1—2uh +h2)L
0

Integrate between limits —1 to 1 and use the fact that the
integrals of all products P, P, (n#m) vanish, and we get

' pp fof htnin [ — 2
j-1 .2 (1) dpe = coeff. o mf lr:-m
_ 1 1-h
= e, R8T
2
o+l

+ 6-26. From the expression for P, (u) in powers of u, it is clear that
by solving a set of linear equations any positive integral power of p
can be expressed in terms of a finite number of P’s in the form

pr=agPpt+ay Py y+a, Py +...
and consequently, from 6-25, if n <m,

1
f_lu”Pm(#)d#=0-
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And similarly, if F' (u) is a polynomial of degree less than m,

[2, 7w Patudu=o.

6-261. If a polynomial in p is expressed in terms of Legendre
coefficients, say in the form

F (P') = ZA‘IlPﬂ (H)9
the coefficient 4, can be found by multiplying both sides by P, (u)

and integrating between limits — 1 and 1. For then by 6-25 all the terms
on the right except the term in 4, vanish, and

2 11
" L Pty du.

A,=

6-27. Recurrence formulae. These are a set of formulae con-
necting successive P’s or their derivatives.
We begin with the formula

(l—2;1,h+h2)"*=1+§hﬂpﬂ(‘u,) ............... (1).
Differentiation with regard to h gives
(p—=h) (1—2ph + h2)-3 =$nh"—1P” (1) eeeeennn. (2).
Multiplying by (1.- 2uph 4+ h?), we get
(n— h){l-i-z.h"P (H)} 1—-2;Lh+h2)2nk” 1P, (w)s

then equating the coefficients of A" gives
n+1)Ppyy—Cn+1)pPo+nP,_;=0............ [A].
Again, differentiate (1) with regard to p and we have
h(l—2uhh2)i=Spn3En,
1 dp
and therefore, from (2),
© © 4P
hEXnh" 1P, =(u—h)Zh* ",
> (n—h) 21
Whence, by equating coefficients of A"
dP,_dP,,
=pu dF' d e

Again, by djfferentiating [A] we get

nP,=

dP, dP
1 "+1_. - n~1_
(n+ ) du (2n+1) P, (2n+1)p,d +n dn =
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and eliminating dP,/du from this result and [B] gives

_ Py _dPy
2n+1)P,= Q. T de e [C].
Subtracting [B] from [C] gives
__dP n+1l dP n
(n+l)Pn—d—lL—[L dp, .................. [D].
In [D] change n+ 1 into n and subtract u times [B] and we get
dP,
(;Lz—l)fdfz =apuP,—nP,_; cooiiiiininini. [E].
Integrating [C] gives
Pr—Pay
fP,, (p)dp= on 1 +const. ...ceviiinnnnnt [F1.
Lastly, by adding successive formulae of the form [C] we get

‘%_(27;—1)13, L+ (2n—5) Py_g+(2n—9) Pp_g+ ..

the series ending with 3P, if n is even, and with P, or 1 if n is odd
...... [G].

6-271. Example. Use the theorems of 6-25 to prove 8-27 [G].

Since P, is a polynomial of the nth degree in p, therefore dP,/du
is a polynomial of the (n— 1)th degree and by solving linear equations
is expressible in the form

dpP .
d#”=an-lpn—1+an—spn—s+

To find any coefficient, say a,,, multiply by P, and integrate
between limits —1 and 1; then

1
f P,- "dy. a,,,/ P,2dpu,

since by 6:25 every other term vanishes,

_ 2an,

“2m+41’°
But since m<n, dP,,/du is of the form ¢, 1 Pn_3+Cn sPpm_s+...y
where the suffixes are all less than n. Therefore

1 dP, ,
,/—-IP"”d;L Au=0 .icvriririinininiinnnns (2).
By adding (1) and (2) we get
28, 1 dP, apP,,
2m+1 / <P’””¢i*+P"'d,; ) dp
__[P P ]
since n—m is odd, 6-2 (8).

RNA 9
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Therefore a,, = 2m + 1, and

apP,
dp "=C2n—-1)P, ;+(2n—5)P,_4+..

6-28. Definite integral forms for P,. There are two ex-
pressions for P, as a definite integral, due to Laplace,* which
may be obtamed as follows: we have

J’" dp T
oa+bcosd  4/(a?—b2)’
8o that, by putting a=1—ph and b= +h 1/(u2— 1), we get

1
V(1= 2ph +1?) V{(l—ph)z hw—l)}
1

wf 1-— p,h+h\/(,u —1)cos¢’

Expanding both expressions in powers of &, we get

Ehn&:lj”ﬁhn{,ﬁ V(- 1) cos g d,
0 m™Jo o

and, by comparing the coefficients of A,
1, _
Pn=;f0 (0T V(p2—1)cosd}rd ......... (1).

4/ (p?—1) is imaginary for values of u between —1 and 1,
but if the binomial expression is expanded the integrals of all
odd powers of cos¢ vanish and a real result is obtained.

By writing
cosp={ucosh+ v/ (u2—1)}/{n+ +/(n*—1)cosy},

the result may be transformed to

Pn=7~17 f : (1t /(2= 1) cos g} m1dp ... ).

6-29. After this lengthy discussion of the properties of the
Legendre polynomials we revert to their introduction in 6-2
as a special form of surface harmonic, namely a solution of

* Mécanique Céleste, liv. x1, ch. 11, p. 33 [1823].
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6:12 (2) independent of ¢. But we must point out that, if
in 6-2 we take M as the point (a,8’,¢’) and P as (r, 0, 4), then

V ={r?+a2—2ar [cos 0 cos 0’ +sin §sin 0’ cos ($ —$')]}*

=(r2+a2—2arA)t e (2),

where )\=p,y,’+\/(l—p,2)\/(l—p,’z)cos(nﬁ—qS'),} 3)."
u=cosf, p =cosf R

This as before is expansible in powers of 7/a or a/r, and it
may be shewn, as in 6-22, that the coefficient of r*/a"+! or of

a™[rn+l is ‘)nln! d}\n{()\z 1)}, where A is given by (3).

Expressed in this way the Legendre function P, (A) is
a symmetrical function of 8, ¢ and ', ¢, i.e. of the angular
co-ordinates of P and M, and it is only when the polar axis
of co-ordinates coincides with OM or OP that we have A=p
or A=y’ and the Legendre function takes the form of a poly-
nomial independent of ¢ and ¢'.

6-3. Applications of the Legendre functions. Since the
Legendre function P, (n) is a function of u or cos 6 only and
P, and r—"1P, are solutions of Laplace’s equation, it is
evident that these functions may prove to be of use in connec-
tion with the potentials of bodies with an axis of symmetry.
In this connection there is a theorem of Legendre: If the
potential of a body with an axis of symmetry s known at points
on a finite length of the axis outside the body it can be calculated
in terms of the Legengre functions at all points that can bereached
from this length of the axis without traversing matter. It is to be
understood that there is symmetry both as regards the density
.and the shape of the body.

Taking the axis of symmetry as the axis Oz, let @ be a point
on the axis outside the body at a distance z from the origin.
And suppose that the potential at @ is expressible in a series
in the form

by by b,
U= =ap+-" +a1z+ Ly tazn+

n+1+ wooee(1)

9-2
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and that this series converges for the 2’s pertaining to a certain
length of the axis.

Also let ¥ ‘denote the potential at a point P, where OP =r
and QOP =0; and let

V_ao+b +(alr+b)P+ -l-(a "4 )P+

rr+l

Then V' is a harmonic function [6-21], so that V' —V’ is also
a harmonic function. Now let P move up to @, then V becomes
U and V' becomes the series on the right of (1) (since at @
r=zand 0=0), so that at @, and other points on Oz for which
(1) converges, V—V’ vanishes. Therefore by 4-3 (v) the
potential function V —V’ vanishes at all points that can be
reached in passing from @ and other neighbouring points on .
the axis without passing through the attracting matter or
through a region in which (1) ceases to converge. We conclude
therefore that the potential at any such point P given by

b,
V= a0+b +(a17*+ )P+ +(a rm 4+ :H)P +...

and this series can clearly be written down, whenever (1)
has been calculated, by writing » for z and introducing the
appropriate P in each term.

It is clear that (3) is absolutely convergent for all values
of » which make (1) absolutely convergent when r is written
for z, since | P, | < 1.

6-31. Potential of a circular ring. The potential of a
circular ring of radius ¢ and line density m at a point on its
gxis at a distance z from its centre is 2mam/(a?+22)}. This can
be expanded in powers of z/a or a/z according as z is less or
greater than a, so that on the axis the potential is given by
either

122 1.32*
U1=27Tm(1—"2‘72+"2-.—4;a/—4— ), z<<a,
a la® 1.3a° X
or U 277‘7)@(2 22’,3 '2—4:;3— ), z>a.
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Therefore the potential at any point (r, 6) is either

172 1.374
K=2ﬂm(l—§a§ﬂ+m&iﬂ—), r<a,

a 1la® 1.3a5
or V2=277'm(;"‘2‘;§1)2+m;gp4—...), r>a.

6-32. Potential of a circular disc. With the same nota-
tion the potential at a point on the positive axis of z is, by
2:51, 27m {/(2%+a?) —z}, where m is the mass of unit area.
This can be expanded in the forms

122 -1. lz"=+1.1.32G
2a 2.4a3 2.4.64a° ’

2 4 6
and U,=2mm {l‘l__ua +~1—i1'—3a——...:, z>a.

z2<a,

22z 2.42%3 2.4.62°
Thereforg the potential at (r, 0) is given by

1r 1.174 1.1.378
171 21Tm{a—7'1)1 2a.[)2—ﬂgép4+m(—z—5ﬂ—...}, r<a
L e (1),
and
la?2 1.1a* 1.1.3a®
= el il L P—Y, r>a ... 2).
% 2’""{2r 5ap ety g ge e l r>a .....(2)

If r > a, the expression (2) is valid for 0 <6 <, since we can
move from the point (r, 0) to the point (r, 6) keeping r>a
without crossing the dise.

If r<a, and 8> 7, we cannot move from (r, 0) to (r, 0)
keeping r < a, w1thout crossing the disc. Thus (1) only holds if
0<0<in.

If 47 < 0 < 7, then, by symmetry, V; (r, 0) =V, (r, 7—0).

Now P, (m—8)= —P,(0), and P, P,, ... are unaltered if 6
is replaced by = — 0.

Hence when r<a and ir<f<n

172 1.1r4
V= 27rm{a+rP+ Pz—;z—.ZEPf%
Thus, as in 2:51, the form of the potential is discontinuous
in crossing the disc.
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6-33. Example. Find, in the form of an infinite series, the potential
due to a flat circular annulus (e.g. Saturn’s ring) at points moderately
near the centre of the ring.

If a small but massive planet occupies the centre of the ring, shew that
the maximum deflection of the plumb line on its surface (on account of the
attraction of the ring) will occur in latitude 45°, approximately.

[M. T. 1916]

Let a, b be the inner and outer radii of the annulus. Its potential
is the difference between the potentials of discs of radii a and b. Taking
the axis of the annulus as axis of z with the centro as origin, the potential
at the point (0, 0,z) is

U =2am{y/ (b*+3) - v/(a*+2%)},
where m is the mass of unit arca of the annulus.
For z <a, this gives
122 122
U = 2mb <1 +§52-...) — 2mma (1 Fora— )
Therefore, at points near enough to the contre for higher powers of
r/a to be neglected, the potential is

2 4 2
V=2mnb(l+%£§P2>—27rma<1+;£2P2).

If the planet be of radius ¢, the deflecting force on the plumb line
at a point on its surface at an angular distance 8 from Oz is 0V /co0,

and if ¢ is small compared with a, this is
2mmb ¢t dP, 2mma c* dP,_ <1 1) ap,
e e b a

c 22df ¢ "2a2df
But P,=}(3cos? 80— I), so that the deflecting force is

do ’

1 1\ .
— §mwme <5 —-a> sin 26,

and has its greatest value when 6= 45°.

6-4. Harmonic functions in general. We now turn back
to the subject of harmonic functions in general. From 6-1
H, will denote a harmonic function of degree = if it is homo-
geneous of degree n in «, y, z and satisfies Laplace’s equation.
If it is a rational integral function of degree = in z, y, 2, it
contains } (»n +1) (n+2) coefficients; but since V2H, =0, and
this relation is of degree n— 2, there are }n (n— 1) relations
between the coefficients. Therefore 1 (n+1) (n +2)— in (n—1),
or 2n+1, of the coefficients are independent, so that there
are 2n +1 independent rational integral harmonic functions
of degree n.
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6-41. integral theorem for surface harmonics. 7o prove
that fS,,, S,dw=0, where 8,,, S, are surface harmonics of

different orders, dw is an elementary solid angle, and the integral
extends to the whole surface of the unit sphere.

Apply Green’s theorem 51 (1) to the region bounded by
a sphere of radius a with its centre at the origin, putting
V=rmS, and V'=r"8, ,so that V, V' are harmonic. It follows

that ’
f(VaV . 4 ajj) dS =0,
or or

when the integration is over the sphere » =a, so that d§ =a%dw.
The relation reduces to

(n—m) am+n+1f8m S, dw=0,

and, since n 3 m, therefore

meSndw=O ..................... ). .

Particular cases: (i) Since P, is also a surface harmonic,

therefore
mePndw=0 U O (2).

(ii) Since P,=1, therefore
medw=0, MAEO oo, (3).

(iii) Since P,, P, may be taken as special cases of S,,, S,
and we may write dw =sin 0d0d¢ = —dudé, the integral over

1 2m
the sphere in this case becomes f P,P,dudd, or
~-1Jo

1
27| P,P,du, so that (1) reduces in this case to the theorem
-1
1
of 6-25, J P P, du=0, m=*n.
-1

6-42. Tesseral harmonics. Reverting to the equation
6-12 (2) for surface harmonics, viz.
028 0 1 228

* + cot 0 5, !

¥ W"}-'S’ia—zﬁé“éa—z—-l-n(n"'l)sn:o (1),
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we proceed to examine solutions of the form 8,, = @®, where ©
is a function of 8 alone and ® a function of ¢ alone. On multi-
plying the equation by sin?8/0®, it becomes

sin2 0 (020 00 1 0%
@ {aez otBa +n(n+l)®}+6éﬁ=0(2).
We must therefore have
sin2 6 (020 00
T{W+cot0 %4"7&(7‘1’4‘ 1)®}=
1 020
and Do = —e.
The latter equation has single-valued solutions when
=2 Vi
¢=p7 viz. ®=C,cospd+D,sinpp ............... (3);
and O is then given in terms of § by
a0 do p?
¥ +cot0—— 0T <n(n+ 1)—5—&-12—9} ®=0,
or, in terms of p, by

%{(1’;H2)g§}+=n(n+l)—l~«_%} =0.....(4).

For p=0 this is Legendre’s equation with a solution P,(u),

where
d dP
el 2 n —
dp.{(l u?) dp‘}+n(n+l)Pn 0.ieenenenee (5).
Differentiate (5) p times with regard to p and multiply the
result by (1 — u2)P. This gives

p+2P
(1_“2)&p+1%pp+2n_2(p+1) (1— 2)}pd P

d P+l
+{n(n+1)—p(p+1)}(1— ;1.2)“’(—17?:0 ...... (6).
dr P,
Let z2=(1—p2)» dw”
dz dr+l P, dr P,
then df“' (1 ”2) d 1 p/“(l— 2)“, -1 d[.Lp .
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Therefore
o
=2 -
—p (- G g - L)

By subtracting (6) from the right-hand side of (7), we get

il 0=+

2,2
={-n@rD4p @ )-p P 0 e

e P,

du?

P\

=—in(n+ 1)——~—} 2,

{ 1—p?
so that z is & solution’ of equation (4). It is convenient to
denote solutions of this form by X,? and, using Rodrigues’s
formula for P,, write

(1—p2)tp dntp
np=wm(#z— l)n, ?=O, l, e M ...(8).

It is clear that X, ? is a rational infegral function of sin 8 and
cos §, and that it vanishes if n + p > 2n, i.e. if p >n. Also since
OO is a surface harmonic, therefore

X0 X, 1054, ... X200 pd, ... X, ne

n sin 7> n sin
are 2n+ 1 surface harmonics. They are called Tesseral har-

monics. That they are linearly independent follows from the
fact that if we had a relation

A X 0+A, X, cosd+ ... +4,X,cosned
+B,X,'sing+ ... + B, X, "sinng=0,
it would be sufficient to multiply by 5% pé a.nd.integra,te from

sin

0 to 27, to shew that 4,=0, B,=0forp=1, 2, ... n; and then
A,=0.
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6°43. H, expressedintesseral harmonics. From 64, every
surface harmonic of order n can be expressed as a linear com-
bination of 2n+ 1 linearly independent surface harmonics,
so that

S,=A4,X,°4+4,X,2cosd+ ... +4,X,"cosnd

+ B, X, 2sinéd+ ... + B, X, *sinngd ...... (1),

where the A’s and B’s are constants.

Also since H,, =78, therefore H, is expressible in terms of
harmonics of the form "X, P8 pd, and it is easy to see that

n  sin
these are polynomials in z, ¥, z.

Thus 6-42 (8) may be written
pdr
X S‘;' 6 dd :; ..................... (2),
and taking for P, its expansion in powers of u [6:2 (6)] we see
that X, ? is the sum of terms of the form sin® 6 (cos 6)*~7—2%; and
™ sin p sin® 6 (cos 0) P2k = 12k (r cos §)* P2k yP sin? f sin pé.
Here the first two factors are polynomials in z, y, z; and for
the last factor, if p is odd say and =2s+1,
sin p¢ = sin qS {sum of terms of the form (sin ¢)%-2m},
and
P sin? f sin p =rsin'0 sin ¢ {sum of terms of the form
(r sin 0)2™ (r sin 6 sin $)2s—2m}
=y {sum of terms of the form (a2 + y2)™ y?—2m}.
Similarly if p is even; and thus 7 X P sin p¢ is expressed as
a polynomial in z, y, z, and H,, is expressed in terms of 2n + 1
linearly independent polynomlals

6+44. The integral f S,P,dw. To prove that, if S, be any

surface harmonic of order n of the angular co-ordinates 6, ¢ and
P, the Legendre function of the same order having (0',¢') as its
mtl S,’, where the integration is over
the whole surface of the unit sphere and S, is the same function
of 0', ¢’ thut S,, is of 0, ¢.

axtis, then fSnPndw_
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Take the axis of P, as the axis from which 8 is measured
8o that u=cos 6. Then

dow=sin0d0dd = —dudd,
and

1 27 n
J‘SnPndw =f f {Ao X, +2(4,X,7 cospd
-1Jo 1

+B,X,?sin qu)} P, dwds,
where 4,,, B, are constants.

2w 2m
Butf cos ppde =0, f sin p¢dp =0 and X,°=P,, so that .
0 0

4mA,
2n+1’

1
fSnPn do= 277A0f P2dy=
-1

where A, is constant.
But from 6:42 (4), when =1, X, P vanishes save when p =0.
Hence, when p=1, :
S,=4,X,2=4,P,.
But, when p=1, P,=1, so that the constant 4, is the
value of §,, at the point on the sphere for which 6 is zero,
i.e. on the axis (6',¢’). Hence 4,=2S, " and

f 8, P,dw=

6-45. Expansion of a function in surface harmonics. A
polynomial in cos 0, sin § cos¢, sinfsin¢ can be expressed in
terms of surface harmonics. For this purpose we use the
following theorem: If H, is a solid harmonic of degree n, then

V2 (rmH,) =m (20 +m + 1) rm—2H,
where r2=a%+y? 422,

47

T T R (1).

We have -‘a*‘ (TmHn) =mym—2 an +ym .a_H."_’:
ox ox

and
82
é;é (rmHn) =m (m - 2) rnl—4x2Hn + mrm-—2Hn

oH,

oH
Imym—2p 2 m___ "
+ Zmy’ x o +7 o
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By adding the similar equations in y and z, we get

oH oH oH
2 — —2 —2 n n n
VE(r™H,)=m(m+1)r™2H, + 2mr™ (x 5 +y P +2z 5 )

But since H,, is homogeneous and of degree n

oH, oH, ©oH,
v +y 5 +2 =nH

0z "’
therefore V2(mH,)=m(2n+m+1)r™2H, ......... (1).

Now let f, (z,y, z) be a homogeneous polynomial of degree n
nz, y, 2, and suppose that

fo@,y,2)=H,+7r2H, ,+7H, ,+... ...... (2),

vhere H,, H,_,, ... are solid harmonics of the degrees in-
dicated by the suffixes and the series ends with »»~'H, or
r*H, according asn is odd or even. By using the result (1) we
can shew how to determine the H’s.
Thus by applying (1) successively, we get

VY, =2(2n—1)H, ,+4(2n—3)r2H,_,
+6(2n—56)riH, ¢+...

VY, =2.4(2n—3)(2n—5)H, _,
+4.6(2n—56)(2n—"T)r2H,_¢+...

......................................................

(3).

......................................................

Vr-if =(n—1)(n+2)(n—3)n...2.5H;, (nodd)
or Vif, =n(n+1)(n—2)(n—1)...2.3H, %(n even)

From the last of equations (3) we can find H, or H,according
as n is odd or even, then from the preceding equation we can
find H, or H, and so on until the H’s up to H,,_, are determined
and then H, is given by (2).

By changing into polar co-ordinates, writing rcosé,
rsinfcos¢, rsinfsing for z, y, 2z, and then dividing by 7,
it follows that any polynomial in cosé, sinfcos¢, sinfsing
can in this way be expressed in a series of surface harmonics.
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6-5. Surface density in terms of surface harmonics. If
as in 6-2 we find the potential at P due to a number of particles
situated on the sphere of radius a, we get results of the form

co,rn

V= 2 pres] U,, r<a ..cccooevvninnen. (1)
and Vo= Z.rnJr1 v (2),

where U, denotes the sum of a finite number of surface
harmonics (one for each particle) and therefore itself a surface
harmonic.

We infer that the same result would be true for any arbitrary
distribution of surface density on the sphere, since every
particle of the matter gives rise to potential functions of the
form stated.

Conversely, we can assume (1) and (2) to give the potential
of a certain distribution of matter and proceed to find it. By
hypothesis U, is harmonic, so that V2/;=0 and V2),=0; the
matter therefore resides on the surface of the sphere, and its
surface density o is given by

NCAKIA
4’"’-(”5?‘5);.,,

or §2n+l
7= 0 471’(12

U oo, (3).

It follows that if we accept the physical argument that an
arbitrary distribution of surface density on the surface of
a sphere produces the same kind of field of potential as an
aggregate of partigles distributed over the sphere, viz. the
potential given by (1) and (2), then the arbitrary surface
density is expressible in the form (3). This implies that an
arbitrary function of the two variables 8, ¢ on the surface of
a sphere is expressible in a series of surface harmonics. The
validity of this development in series has been discussed by
many writers; a bibliography is given in Encyclopédie des
Sciences Mathématiques.*

* Tome 11, vol. v. . 176. V. also H. Poincaré, Figures d’équilibre,
p- 52 [1902].
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6-51. Reverting to the case in which the field is due to a single
unit particle at a point M on the sphere r=a (6-2), it is of interest
to verify that the formula 6:5 (3) for the surface density gives zero
surface density except at the point M.

Taking the values of V from 6-2 (3) and (4), the formula 6.5 (3) is
easily seen to give

o0
4nato=X (2n+1) P,,
0

and it is convenient to take for P, the formula 6-21 (2) putting r=a,
so that
ratg=[ @D (2 (2 oY)
% 7 e

vhere f, g, b are the co-ordinates of M.
This is equivalent to

2n(—-l

a\"11
dnao= z[ <fa£+gay+haz> !

)
( + h BZ> I_L.{

n(-—l)"1 n—1] 00( ) n]
But o n! <Qx+ > r E—-n_h_(fax > T
_ 1
{1+ (y—9)*+ (R

<f +gay+h

Therefore
0 0 0 1
4ﬂaa=[{—2(f‘%+géa+héé)+1} {~————x_f)2+.“}*:’ha
Yle=f) bt =t "
[ {(x_f gt :lr-=a
_[x2+y +22 —fz——g —-h“l
- {(z—f)2+... 1 a
_oPr_oMm: P
- PM® °

and this is zero except at M.

6:6. Potential of a thin spherical shell. In accordance
with 6:5 we assume that any distribution of surface density
on the surface of a sphere may be represented by a series of
surface harmonics. We may therefore represent the surface
density at any point M (a,§’,¢’) by

0=SO-+SI+S2+"'+S'IL+“" ............ (l).
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If P is the point (7, 8, ), the potential at P due to an element
odS of the shell is (as in 6+2 and 6-29) given by

Vl—f’—d—s{1+ Pl+ P+ 4Pt } r<a\l

an’ ™

and V—-gflﬁ{l +§1’1+%P2+... +:—;;Pn+...:, r>aJ

And the potential at P due to the whole sphere is got by
substituting the series (1) for o and integrating (2) over the
sphere, and by writing a?dw for dS and using the theorem
6-44, we find that

, lr , 1r%2 _, 1 m_, ,
Vl=41-ra{8’o +‘§asl +BJZS2 +...+'2*n—+—'iaﬁsn +...}, r<a
and

47aq 1 ar '
Vz—————{S +3 S + S’2 ot et ..},r>a/

where S,y’, 8,', S5, etc. denote the values of the surface har-
monics S, 8;, S,, etec. at the point on the sphere where the
radius through P intersects it.

It is easy to verify that the formula of 3-7
ory ol
or  orf,_,
leads to the expression (1) for the surface density.

470 = {

6.61. Examples. (i) The density of a thin spherical shell of radius
a 18 gwen by o= A2%, where z denotes distance from a diametral plane.
Find the potential. .

We must first express the density in terms of harmonics. We have

o=A22=2a?cos?§
=302 (Py+2P3) coveeiiieieeieeeeaann, (1),

since Py,=1 and P,=1%(3cos*6—1). We can now either write down
the potential from 6-6 (3), or we may assume a series of harmonics
for V and find the coefficients by using 6-6 (4). Thus, let

2
V1=coPo+cz£éP,, r<a

a ad®
and V2=c°;P.,+c,7sP2, r>a
[}
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Then substitute for V,, V, and ¢ in the relation

ov, vy
(5%, =t
Co 5c,
and we get 2 Py+ - Py=47mAa? (Py+2P3) .evivvninnnnn. (3).

Since this relation must hold good at all points on the sphere,
i.e. for all values of 8, the coefficients of P, and P, must be the same
on both sides, so that

co=4ma® and cy=%.inAad
272
and V,=4n)a® (1+ ~772P2>, r<a

Vo= {w)\a3<a 2a? Pz) r>a

We remark that in adopting this latter method we only insert in
the series (2) terms to correspond to the harmonics that occur in (1).
If any additional terms were inscrted, the relation (3) would serve to
shew that their coefficients were all zero.

_ Further, the total mass M of the shell is given by

M= / i Aa?cos? 0. 2ma? sin 0d6 = {mAat,
0

and since 2r2P,=7r2(3cos? 0 — 1) =222 —a?—y?,
therefore the expréssions for the potential may be written
V1=%+—j-‘2(222——x2—y2), r<a
............ (5).
Vz—%;[ Mas(%’z—xz—yz), r>a

(ii) The density of a solid sphere of radius a is given by p=Aryz.
Find the potential at an external point.

Consider a thin shell of radius ¢’ and thickness da’. Wo may regard
it as a layer of surface density

o=pda’ =dxyzda’ .".....cooiiiiinnl. (1).

Now zyz is a harmonic function of the third degree, so that by analogy
from 6-6 this and its associated harmonic xyz/r? [6-13] are the only
harmonics which can occur i the expressions for the potential. We
therefore assume that for the potentials of the shell

V,= C'ol‘yz, r<a’
x
and Ve=0Ca” 3: , r>a,

arranging the constants so that V, =V, when r=a’, V, is finite at the
origin and V, - 0 as r - oo.
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Then substituting in
(ﬂ/’; —_— ?Va> = 41"7:
—a’

or or
oxyz Oxyz . XYZ
we get C {—br— - —a—;~+7 P } 4nixyzda’,
so that C=4mla’da’.
Hence the external potential of this shell is 771-)\a’8da . And by

integrating with respect to a’ between limits 0 and a, we get for the

potential of the sphere gymAa® 2.

(iii) A mass M s distributed over a spherical surface of radius a so
that the surface density at any point is proportional to y*2® + 22?4 z%y?,
where the origin is at the centre of the sphere. Find the potential inside
and outstde the sphere.

It is necessary in the first place to express the surface density in
a series of harmonic functions. Proceeding as in 6-45, we put

y2i4 22t atyi=f(x,y,2)=H,+r*H,+rH, ...... (1),

where H,, H,, H, are harmonics of degrco 4, 2, 0.
Then Vf=2.TH,+4.5r2Hy .ocevvviniiininnins (2)
and Vif=4.5.2.3Hy .ccoooviniiiiiiiiininns (3).

But, by differentiation,
Vf=4 (22 +y2+2?)
and Vif=24.
Therefore, from (3), (2) and (1),
Hy=1!, H,=0

and H,=y?22 + 2%% 4 22y% — I,

We may therefore express the surface density in the form

o=A(y%?2+ 2% + 2%y? — lrt) + { Aat,

and assume oxpressions for the potential containing the samc har-
monics, Viz.

Vi=A + B (y%? + 222 + 2% — [r4), r<a
and Vo,=A4- +B (y2z2+z212+z2y —irt), r>a.

Then, by substituting in the relation

v, v,
( or or > =4mo,

RNA I0
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we get :41 + (y*‘z2 + 2322 + 2%y% — {at)

=47 (y22? + 222 + 2%y% — }a?) + $mwial,
so that A=%nda® and B=}nla.

But M= f odS, integrated over the sphere,

=} / AatdsS, since the integral of a harmonic is zero,

= t-;ﬂ\a“.
Hence it follows that

1 5
Vi=M {c_z + gt (y2%22 4 2222 4 2292 — {;’r‘)}

and Ve=M {1+§%(y2z2+z2x2+x% - 57'4)}

6-7. Nearly spherical bodies. Suppose that the strata of
equal density in a body are nearly spherical, so that the
cquation of a surface of equal density is

r=a(1+2C,8,),

where the coefficients ', are so small that their squares and
products can be neglected.

The volume contained by such a surface is } f r3dw [1:42],

which
= —lgf(a3 +3a32C,, S,)dw

=%ma3, since fSndcu =0, [6-41],
=vol. of a sphere of radius a.

We note as special cases:
(i) The surface r=a+eP,,
or r=a+ecosd.

When e is small enough, this is a sphere of
radius a with its centre C at a small distance e
from the origin.

(ii) The surface r=a+ eP;,

or r2=a?+ 2ael,. .
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To the first order in powers of ¢, this is the same as

72
r?=a?+2 - eP,,
a

2
or r2=a”+%e(3cos’0— 1).

In Cartesian co-ordinates this can be reduced to
x24y? + 22
(a—%e)? " (a+e)2™ 7

so that the surface is a spheroid of semi-axes a — }¢, a+e€.

We also notice that the normal to such a surface makes with the
radius vector r an angle x which is at most of order e. So that for
differentiation along the normal we have

ov_av_ oV v
o Nor TFro6T Vrsin gog’

where A= cos =1 to the first order, while u, v are of higher order than
the first in e. Consequently, to the first order in ¢, we have

oV |on=2aV [or.

6:71. Potential of a nearly spherical body Consider a
body stratified as in 6-7. The surface

r=a(14+2C,8,)  vvveeeeeernnn. (1)

may be regarded as the boundary of a solid sphere of radius a
and unit density surrounded by a layer of surface density
azC,8S,.

The potentials inside and outside the sphere are, from 6-6,

c, ™

UJ_ §7T (3a2n7'2)+4712——~~:*_—1an_2 Snl, r<a
.@2).
4 a3 C, at?
and U2_§_7'_+4WZ27’L+17T+1 r>a

If we regard a as variable, the differentials of U;, U, will
give the potentials inside and outside the shell whose para-
meters are @ and a +da. The density p of the corresponding
stratum of the given body is by hypothesis a function of a,
and if ¢, ¢’ are the values of @ on the inner and outer boundaries

I0-2
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of the body, the potentials inside and outside the shell are

given by
¢ da.C,8,/
V1=47’LP{a+daz2n+lan"2}da
...... (3).
4 (¢ da.C,8, a3
=7 2
and V= r CP{ +dotz2n+l rm }da

The potential in the substance of the body, on the surface
of parameter b say, will be found by adding together the first
integral between limits b and ¢’ and the second taken from
c to b.

6-72. Example. The form of a nearly spherical uniform gravitating
solid of mass M is given by

r=a(l+ ehmn),

where 1, m, n are the direction cosines of r. Prove that neglecting €® the
exterior potential is

-

1. 3 a*’lmn}

If the solid is surrounded by a thin layer of water just sufficient every-’
where to cover its surface, shew that, neglecting the self-gravitation of the

8ea ;
513" [C. 1931]

Since ¢ is small we may regard the solid as formed of a sphere of
radius a and uniform density p surrounded by a thin layer of surface
density o=aeplmn; and by [6-7] 47a®p =M, the whole mass.

Also, since xyz or r3lmn is a solution of Laplace’s equation, therefore
[6-13] xyz/r? or lmn/rt is also a solution.

The potentials inside and outside the sphere due to the surface
layer may be taken to be of the form

water, the maximum depth of the water 18

ra a4
V,=4 o Imn, and Vy=4 i Imn,
so that V, is finite at the centre, V, vanishes at infinity and V,=V,
at the surface. Then from 3.7 and 6-7,

<aV, oV,

o~ or >r‘u =4nyo=4mwyaeplmn.

Therefore 7A =4nya’ep=3yMe/a,
and the external potential due to the whole body is

1 3 a®
V—yM<;+7s-r—‘lmn> PR (1).
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The free surface of the water must be an equipotential surface
because in equilibrium the surfaces of equal pressure are at right angles
to the resultant force.

Hence the free surface is given by an equation

13a8

SAReRImn=C (),

where C is a constant to be determined from the fact that the water
only just covers the solid. The surface of the water will touch the
solid on its protuberances, i.e. where the surface r=a (1 + elmn) has
its maximum radii; and the water will be deepest over the hollows
on the surface of‘the solid, i.e. where r =a (1 + elmn) has its minima.

It is easy to shew that Imn has maxima and minima values subject
to I2+m2+4+n2=1, where = + \/—1?;, m= i—\;‘? n=+ ;/1—3, maxima
when the signs are chosen to make Imn positive, and minima when
negative.

Hence C is to be found by substltutmg ‘/ for lmn and a ( 14+ — ER )
for r; so that

1 € 1
0‘&<1"3_\/3>+ a( 21v3)
and the free surface is given by
1, 3 a® 1 4e
;+ 7Er4l7nn—a<1—m> .................. (3).

A minimum radius of the body is obtained by putting Imn = — -

3v3’

so that the minimum radius is r=a < 1—- and the radius of the

)
3v3)’
free surface in this position is given by
L 1)y ey
r Tv3r a 21v3)/°
To the first power o5 ¢, this gives
1_1 4e 1 €
r a<1_ 1¢3+7vs> “(1‘21_73>'
o r=a( 51375).
So the greatest depth of the water
€ €
=a(1+5155)-o(1-573)
= 8ea/214/3.
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6:8. Clairaut's Theorem.* Variation of gravity. As the
result of the measurement of meridian arcs there is reason
to suppose that the earth is a slightly oblate spheroid. If
a, ¢ are the major and minor semi-axes of such a spheroid
and c=a(l—e¢), € is called the ellipticity of the spheroid.
Neglecting the square of the ellipticity the equation of the
surface is

x2+y2 ) 22 _1
a? a?(1—2¢)
or 22 +y2 +22 (1 + 2¢) =a?
or 72 (1 + 2¢ cos? ) =a?
or r=a(l—ecos?8) .......ccoeell. (1).

For the earth, e is about 1/300.

Theearthrotates with a small angular velocity w = 2m/24.602.
Bodies regarded as at rest relative to the earth are therefore
subjected to a ‘centrifugal force’ as well as to the earth’s
attraction; so that if V denotes the potential of the earth’s
mass and X, Y, Z denote the whole force on a unit particle
on the surface,

oV ov oV
=97 w2 9 e _ov
X 5. T, Y ay+w1, Z 5 (2).
As by far the greater part of the earth’s surface is fluid,
it is reasonable to argue that the surface must be one of con-

stant pressure, and from hydrostatical considerations this
requires that Xde+Ydy+Zdz=0.................. (3),
so that V4+i?(@2+y%)=C . cccoeniinini. (4)

over the surface, where C is a constant.

If K denotes the mass of the earth, its potential at a great
distance is K/r, as a first approximation. We have to correct
this because of the term ecos26 in (1), and it will suffice for
our purpose to add a solution of Laplace’s equation containing
cos?f, i.e. a term AP,[/r3, where 4 is a small constant of
order e.

* Alexis Claude Clairaut (1713-1765). French. mathematician.
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Thus we take V —E Af" ........................ (5)
r
and determine A4 so that (4) is satisfied by (5) when r is given
by (1)' ie.

A 3cos20—

—(1 +ecos20)+~ 3 ——+%w2a2(l—cos29)—

r=a is a sufficient approximation in the second and third
terms since 4 and w? are of order e.

Since (6) is to be satisfied for all values of 6, by equating
to zero the coefficient of cos?6, we get

4 1 2¢E
E):g(wzaz——;—) .................. (7),
and the terms independent of cos? serve to determine C.
Hence V=E +a (—l 2 2—-—§) (cos?0-—-3) ...... (8). .

The radius from the earth’s centre to the point on its surface
makes an angle 6 with the axis Oz. The force of gravity g
at the earth’s surface is the resultant of the attraction and the
centrifugal force and if it makes an angle v with the radius
vector the radial force is —gcosv. But p is so small that its
square is negligible, so we have

g=— E (V +1w?r?gin?6) at the surface,
E  3a® el
= " 10202 — 20 _ 1) — w2rsin®
r2+r4( a u)(cos@ }) — w?rsin?0,
where r=a (1 —¢ cos? #) and w? is of order e.
This gives
E . el
= (1+€)—3w?a+ (%wza—ag) cos20 ...... (9).
If @ denotes the value of g at the equator §=}m, and m

denotes the ratio of the centrifugal force to gravity at the
equator so that w?a =mG, we have

(1+a}m)G=(1+e)§2 ............... (10),
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so that E=(1+3m—e)Ga®.................. (11)

and (9) becomes g=G {1+ (3m—e)cos?b}............... (12).

We observe that if @ is found by means of a pendulum,
(11) determines the mass of the earth.

The numerical value of m or w?a/G is about 1/289, so that
it is of the same order as ¢, and in the small term in (8) we may
substitute w?a=mG@=mE/a?, so that the potential of the
earth at an external point is given by

6-81. The Moon's attraction. The forces exerted by the
moon on the earth are equal and opposite to the forces exerted
by the earth on the moon, and are approximately the same
as if the moon’s mass M were collected at its centre of gravity.
If r denotes the distance between the centres of the earth and
moon, and 6 the moon’s north-polar distance, the earth’s
attraction at the centre of the moon is composed of a radial

9 1 . .
attraction P= — -91; and a force @ = . %—g tending to increase 6.
Hence from 6-8 (13)

2
P=-§+3(%m—e)€g~(cos26—%)
......... (1).
102

Q= -—2(%m—e)—l—§» sin @ cos ¢

The forces exerted on the moon are M+P radially and M@
through the moon’s centre. The force system exerted on the
earth by the moon consists of equal and opposite forces
MP, MQ acting through the earth’s centre and a couple
of moment M Qr tending to cause rotation about an equatorial
diameter, and since € — }m is positive the sense of the couple
is such as to decrease 6. The moment of this couple is

2
2(e—-§m)€2—sin60080 ............... (2).
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6-:82. We can obtain some information by comparing the
results of 6-:8 and 6-81 with MacCullagh’s expression for the
potential in 4-6 and the couple deduced therefrom in 4-62. We
notice that the potential as given by 6+8 (13) is independent
of the longitude, therefore when the attracting body is the
earth MacCullagh’s expression

V=E+A +B+C—31+
r 2r3
should be independent of the longitude. This is satisfied by
taking a principal axis of the earth as the axis of rotation and
writing A = B, so that I =4 sin?0 + C cos?d, and

V= f’ M( 0s20—1).
A comparison with 6-8 (13) now shews that
C-A4
o =k (e=m).

The same result follows from comparing the couples of
4-62 and 6-81.

6-9. General solution of Laplace's equation. It has been
shewn by Whittaker* that there is a- general solution of
Laplace’s equation of the form

m
V=| [f(@+izcosu+iysinu,u)du,
-7
provided that f is such a function that differentiations with
regard to z, y, z under the sign of integration are permissible;
and it may be shewn that V can be expressed as a series of
expressions of the types

m
f (z + %z cos w + 1y sin u)™ cos mu du,

-

” . . . .

f (z + 22 cos u + 1y sin u)™ sin mu du,
-1

* Math. Ann. Lvi (1902), p. 333. See also Whittaker and Watson,
Modern Analysis, ch. XVIII.
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where n and m are integers such that 0 <m <n; also that by
changing to polar co-ordinates these may be reduced to solu-
tions of the forms X,? cospp, X,?sinpé in the notation of
6-42, 6-43.

EXAMPLES
. Find, in terms of u, P, (u), Ps(u), Pe(p)-
Prove that

B -

N S S
_lx n' (2) x_2n—1+2n+1+2n+3'
[M. T. 1912]

il

1 1
2 [
Prove that fo {Pa(p)rdp= n+1°

4. Prove that P, P, can be expressed in the form
CoPmntCi Prpi1t+. - +C30Prmins
where m >n and the ¢’s aro constants. [C. 1908]
dP dP d*P,
.56. Express — dz % dy B nd da? in the form
A+ A Pi+ AP+ A3 P3+....
. 1 2
6. Prove that f (dP"> du=n(n+1).
. J—a\dp

1 dP,dP,
7. Prove that /~1(1—p)d“ vd”d” 0, m=%n,

1 dapP, 2n(n+1)
2 i
and _/~1(1 ’L)<dp> dp= v B

8. Shew that, if m and n are integers, the value of
1 aP,,
f HPn du ;U
2n

is either 0, 2 or il . [M. T. 1908]

0
9. Prove that, if f(u) is expressible in the form %a,, P, (u), then

2 (U (=i d
>o:a"x —-f 1 (T—2ux+a%)i°

1 .
10. Prove that [ P, (p) P,(p)dp is equal to zero if m and n are
Jo
unequal and both even or both odd integers, while if m is even and »
is odd, its value is

(=1)pm+ntd 1.3 (m—1) 3.5...n
(m—n)(m+n+1) 2.4..m 2.4..:(n=1)"

[C. 1915]
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11. Explain why, if F (cos 6) satisfies the equation

of 1 of of -
60’+sm206¢2+c°t0 +n(n+1)f=0,

s0 also does F (Acos §+ psin fcos ¢+ vsin fsin ¢),

where A2+ p2+p2=1. [M. T. 1921]

12. Shew that

2 _ n(n+1)
/Zx P”+1P”‘1dx_(2n—l)(2n+l)(2n+3)' [SJ. 1905]
13. If V,is a homogeneous function of z, ¥, z, of degree n satisfying
ViV =0, then
C + Dr?

<A+B 1 O >V,, satisfies VIV2V =0. [C. 1891]

14. Find the potentials of a surface distribution on a sphere in
which the density at any point is proportional to the distance from
a given planc. [C. 1904]

15. A spherical surface of radius a is coated with matter of surface
density proportional at each point to the cosine of the angle the radius
vector from the centre to the point makes with the positive direction
of the axis of 2. Prove that the potential due to this matter at any
oxternal point is {moadz/r3, and at any internal point {mox; where the
origin iy at the centre and + o are the densities respectively at the
points where the axis of x cuts the surface. [C. 1890]

16. The surface density on a sphere of radius e is Axy. Find the
potential inside and outside the sphere.

17. The surface of a sphere of radius a who$e centre is at the origin
is covered by a thin layer of attracting matter, the surface density at
any point P being proportional to sin? POZ. Find the potential at
any point inside or outside the sphere.

Prove that inside the sphere the lines of force are given by
y/x = constant; zx?= constant. [London Univ. 1925]

18. Find the surface and volume distribution of matter for which
V=.Icr’7 (3cos?2d—1) when r<a,
and V =ka?*3%-3(3cos?9—1), when r>a,
k, p and a being constants. [London Univ. 1936]

19. If the mass per unit area of a thin heterogeneous stratum of
attracting matter placed on a sphere of radius a is pz3/a®, prove that
the potential at a point within the sphere is

Jsmp (b23/a? — 3riz/a® + Tz),

where r2=x2 +y?+22, and find the potential at a point without the
sphere. [M.T. 1903]
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20. Prove that Laplace’s operator V2 is invariant for any change of
rectangular axes, and that a solid harmonic (or a surface harmonic)
of degree n transforms into a solid harmonic (or a surface harmonic)
of degree n in the new co-ordinates.

21. Provo that, if z be real and positive,

ay (1 Enlwdp 2
—1(cosh2x— ,L)! (2n+1) elnth=’

12) /’._I(COSh 2.35‘—-;,4,)i P,(p)du

B 2 2
T(@n+1)(2n+3) €@ 9z (2n 4 1) (2n— 1) e@n-Dz’
[C. 1908]
22. If P, is Legendre’s coefficient of order n, prove that
x ddij =n(n—1)P,+ Z (2n dr+1){r(2n—2r+1)—2} P, _,,

when 7 is even, and that when 7 is odd the summation is from 1 to
3(n—1). [M. T. 1904)

23. Express zyz (x®+y° +2?) in the form
Ve+ 12V, +rtV,+7V,,

where Vg, V,, V,, ¥, are solid harmonics of the orders indicated by
the suffixes. [London Univ. 1931]

24. Express in the form Vg+ V,+ V,, where V, denotes a spherical
solid harmonic of degree n, a function which satisfies Laplace’s equation
within a sphere r=a, is finite at the origin, and is cqual to x3y%z on
the sphere r=a. [London Univ. 1926]

25. Obtain a rational integral harmonic which has the value A4z*¢
at points on the surface of a unit sphere with its centre at the origin.

26. A thin layer of matter is placed on a sphere of radius a whose
centre is O, the density at any point P being proportional to cos* 40P,
where OA is a fixed radius. Determine the potential at all pomnts
inside and outside the sphere. [London Umv. 1927]

27. Matter is distributed in a thin layer over the surface of a sphero
of radius a and centre at the origin, the density being proportional
to (z+y)? and the whole mass being m. Shew that the potential at an
external point is given by

2

and find the value at an internal point. [T.ondon Univ. 1938]
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28. If the surface density at the point (x, y, z) on a sphere of radius a
is 2%y — xy?, prove that the potential is

xy a*  r?
4ma (v —y) (‘7y‘“ 1’5*55)
at an internal point, and
atry 1 a?
4ma’ (@ —-y) ( 7 1‘5‘7‘3’“3?»)
at an external point. [London Univ.]

29. Thesphere x2+y? + 22 =a?is covered by a thin layer of attracting
matter, the total amount of matter being M and the surface density
at any point (X, Y, Z) of the sphere being proportional to

Y272 4 Z2X? 4+ X2V,
which may be written as
P(at—X4—- Y- Z4+3Y22%+ 322X% + 3X2Y?).

Find the potential of the layer at any external point.
Shew that the attraction on a small mass m, placed outside the
sphere on the line z =y =z at a distancoe r from the origin, is
yMm 101‘) i
[ < 37 ). [London Univ. 1925]
30. If V, is a rational integral harmonic function of degree n and
r?=x%+y?+22, and U is a homogeneous function ol z, y, 2 of degree 2n,

n
shew (by expressing U in the form X r2r-2?V, . or otherwise) that

p=0
_ 4pqlnt2 2\m
fodS_(—é;ﬁ_»D—!(V U,
the integral being takon over the surface of the sphere r=a.

[M. T. 1939]

31. The density of a solid sphere of radius a, referred to axes through
its centro, is #2yz. Shew that the potential of the sphere at an external
point (z,y,2) is given By

_4ma® (H, (a\® H,a® (a\b
v=2 () 60T
where H,=yz, H,=6x*yz—y%z—yz3. [M. T. 1908]

32. The potential over a sphere of radius « is equal to Azyz?, and
is due to some surface distribution ¢. Find the potential at an internal
point, at an external pomnt and the value of ¢. [C. 1913]

33. Find the potential in all space when the potential at any point
of the surface of a ~phere is y2z2. [C. 1906]
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34. The density of a solid sphere of radius a at the point (z,y,2)
is kz3, where k is a constant. Prove that the potential at any point
inside the sphere is

1r‘ykz % (2% —3r?) (9a® — Tr?) + Tat — 3r4],

where 72 =22 4 y2 4 2%, [London Univ. 1926]

35. The density of a solid sphere of radius a is p,+ p; S;, where
po» p1 are constants and S, is a spherical surface harmonic of the second
degree with origin at the centre of the sphere. Prove that the potentials
at internal and external points are

$mypo (30 —72) + §mryp, 7 <l°8 g) Syt smypi 7S,

and $mypo ~—-+ S5mYPL Sz
[London Univ. 1931]

36. The density of a solid sphere of radius a is proportional to x2z2,
the centre being the origin. Prove that the potential at an external
point is

M x?—2y?+22a? Tat 35x%2%qt
L {1"' 9 7907 99 o (78— 207 "'22) 3378 }

[London Univ. 1926]

37. The matter' of a heterogeneous solid sphere is arranged
symmetrically about a diameter. It is found that the normal com-
ponent of attraction due to the sphere at a point P on its surface where
the radius makes angle 6 with the diameter is 4 + Bcos?§. Prove
that the tangential component of attraction at P is

4 Bsin 6 cos 0(2+ 7 cos? 6). [C. 1907]

38. A given mass is distributed in a thin layer ovoer a spherical
surface, symmetrically with respect to a diameter 4B and to the
corresponding diametral plane, so as to produce inside a field, such
that the force at any point towards 4 B is proportional to the distance
from it. Shew that the force parallel to 4 B 1s proportional to the dis-
tance from the corresponding diametral plane. Shew also that if the
surface density in the tm.metral planc is zero, that at A is three times
what it would be if the"xﬁa.ss wero uniformly distributed. [C. 1901]

39. Shew that the potentlal of a uniform circular ring of radius a
and mass M is

Y@@ v yicos gyr-iag,

where the origin is at the centre and the axis of z along the axis of
the ring.
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40. Verify, by using the formulae of 6-28 for P,,, that the expressions
V4, V4 of 8:32, for the potential of a circular disc, are equal when r=a,
by proving them both equal to

2 [ L1+ (o v/ (42— 1) cos 41714 — 2.

41. Prove that, if the potential of a body symmetrical about an
axis at a point on the axis at a distance z’ from an origin is ¢ (2’),
then the potential at any point outside the body is

st vt rcos iy,

where 7 is the distance of the point from the origin, and z the projection
of r on the axis. [M. T. 1887]

42. Matter of mass M is distributed on the surface of a sphere whose
centre is O and radius a, so that the density at any point is proportional
to the square of its distance from an external point C, where OC =b.
Prove that the potential at an external point P is

1 2a% =)
M= S
where OP =7 and x=rcos POC. [C. 1897]

43. The density of a solid sphere at any point P varies inversely
as OP, where O is an external point distant f from the centre. Shew
that the potential at any oxternal point is

M (e >"m___£n§9%
r o \fr) 2n+1)(2n+3)’
where M is the mass of the sphere, a its radius, and r, § polar co-

ordinates whose origin is the centre and whose axis is the line from
the centre to O. [M. T. 1909]

44. The density of a thin spherical shell, centre C, radius ¢ and
mass M, varies inversely as the distance from an external point O.
Shew that the potenti:l at any external point P is

1M [l f
2a {x (r2—

and at any internal point P is

IM[Tzlf S
2a o {w(t"

L8

where r=CP, f=CO0 and '8 is the [M. T. 1895]

46. A disc of radius a is of & rhass I &nd its surface density is
proportional to the mth power of the distance from its centre (m + 2> 0).
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Shew that the potential at points whose distance () from the centre
is greater than a is

1.3.5...2n—1 a?"

{ +(m+2) 2 (—1)"2”n'(m+2n+2)r2ﬂ+1

P,, (cos 0)}
[London Univ.]

46. A thin circular disc of radius a is such that the mass per unit
area at distance r from the centre is k (a2—72). Find the attraction
of the disc at any point on its axis.

Hence shew that the component attraction parallel to the axis of
the disc at any point whose co-ordinates are 7, 8, ¢ referred to the centre
of the disc as origin and its axis as polar axis can be expressed in the
form 2] —_ 2\ n

2kat £ (— 1) 1.3. ( 30 v j«’f—lgr 2) P,y (cos 6),
ifr>a. M. T. 1920]

47. Prove that at a point in frec space, where r>a, the potential
of a homogoneous gravitating hemusphere of radius a and density p is

1 (2n—4)!  a"3P,,_
V =2nypa® {3 85’2 221 (n—2)1 #Tzn*—;“g}'

where r is the distance of the point from the centre of the base and tho
axis of harmonics is the axis of symmetry of the hemisphere drawn
from the centre into the interior. [London Univ. 1931]

P, +>.(~1)1-

48. Shew that the potontial of an oblate spheroid of density p
and major and minor semi-axes a, ¢ at large distances is approximately
1 Py, a®—c*P, (a*—c%? P‘1
4"””“"[1 37 35 Rt 5.7

49. A uniform plane annulus of mass M is bounded by circles of
radii a, b, large compared with the dimensions of a spheroid whose
contro of gravity coincides with the centres of the circles. Shew that,
if the normal to tho plane of the annulus makes an angle 6 with the
axis of the spheroid, they exert on one another a couple of magnitude

3yM(A—-C)
ab (a+b)

tending to increase 6, where A, A, C are the principal moments of
inertia of tho spheroid, and y is the gravitation constant.
' [M. T. 1931]

50. A uniform nearly spherical solid of density p has the surface
r=a(l+eP,) as its boundary. It is surrounded by liquid of volume
47 (b®*—a?)/3 and uniform density o. Shew that, provided the solid
is complotely covered with liquid, the equation of the free surface is
r=>5b(1+nP,), whero

[C. 1929]

sin f cos 6,

3(p—a)ade
1= 35 (p— o) a® + 2065

[M. T. 1936]
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Put a?tan?6 =u, and on reduction we get

® du
A=27rabcfo Vi@t G re e (1),

and similar expressions for B and C.

7.32. Spheroids. We see from 7.3 (3) that
A+B+ 0=/dw=4rr
R S (1).

Two of the axes of a spheroid are equal, and if a=b then
A=B, X=-Apf, Y=-—Apg, Z=-—Cph,
and (1) become 24+ C=4m,

24a2+ w:J

and Aa2+ Bb?+ Cc? =j

dw
Brm? _n?
“a? o2

sin?2f cos26
0o a? c?

_ Jn Fﬂ sin §dfdg

0

1 du
= 2”J T 1 V.
—1a2™ <Ez —F> “
where u=cos 0.

There are two cases:

(i) Oblate spheroid, a>c.

2
2402+ 002=7‘(t$1—c )tan—l \/<a2 - 1)

—4-na2‘/(] e)tan"'lv(l ......... (2),

where e is the eccentricity of the generating ellipse.
(i) Prolate spheroid, ¢> a.
2ma’c o ¢+ 1/ (c2—a?)
Vie—a?) o=y —a?)
1—e? l1+e
— 2____ 7 -
=2mc o log L  cereeeeeeesesses (3),

where a?=c?(1—e?), so that e is the eccentricity of the generating
ellipse.
A and C can then be found in either case, since 24 4+ C = 4.

24a0*+ Cc?=
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7.33. Attraction of an oblate spheroid of small ellipticity.
When the ellipticity e is small, since c=a(l—¢) and c?=a?(1—e?),
therefore e? = 2¢ approximately.

Hence from 7.32 (i),

1—e?
2A+O(1—62)=4711/*(—6——?—)t8:n-17(T6;—62*)
g fy 1 & 1 e }
=dr g atsa=eyr

thr'lce, since 24 +C = 4=,

1 ¢ 1 et
2 _ o -
Ce ‘4"{31—e2 5(1—e2)2}
_4m 2 3_6_3_
or C_.?{l-;-e +..— 5 }
=4m (1+ge).

But 24 + C =4, so that A =4= (1 — 2e).

Hence in this caso
X=—4mp(1—-%e)f
Y=—4ap(1—3€)g[ ccoveinrriinininninnns (1).
Z=—4ap(l+%e)h

These results are of importance in connection with figures of equi-
librium of rotating liquid.

7.34. Attractions of a mnearly spherical ellipsoid. Let
b=a(l—7) and c=a(l —¢). Neglecting higher powers of n and e
than the first, we may put A=4,+ Fn+ F’e.

If the ellipsoid were turned through a right angle about Oz, b and ¢
would be interchanged, so we must have #'=F’. Also an oblate
spheroid for which b =a and » =0 is a special case, for which, from 7-33,

A=4m(1-ge),
therefore Ag=47 and F'=— .
Hence A=fm(1—En—%e).
L 2 a\ 2 c
Similarly B_gw{l—5<1_b)_5<1_6>}

=4m{l+En—%(e—n)}
fm(l+En—2%e)
and dm(1—En+te).
Therefore X=—4mp(l—En—%e)f
Y=—4mp(1+8n—3%€)g[ eeeeererinnnnnnnnins (1).
Z=—‘.§ﬂp(1—-§n+%e)h[

I
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We may obtain similar results in a symmetrical form, if we take k
as the mean radius 4 (¢ +b+c¢), then

A=%ﬂ<l_§2a-—b—c)

" 6b—k
Similarly, B=1ﬂ<1~5 k) ........................ 2).
and C:%,(l_gc;]f>

7-35. Potential of a homogeneous solid ellipsoid at an
internal point. From 7-21 (3) it follows that, since a solid
ellipsoid can be divided into similar homoeoids, the innermost
being of zero dimensions, by putting m = 0, the potential at the
centre of a homogeneous solid ellipsoid is

® du
bom M =mpate [ s e ey

To find the potential at an internal point (x, ¥, 2), we make
use of the fact that the attraction components are given by

X,Y,Z=—Apx, — Bpy, —Cpz (713) ...... (2).
Hence, if V denotes the potential,

oV oV ov
dV:—a—idx+@—dg/+a—zdz

=Xdx+Ydy+Zdz
= —p (Azxdx + Bydy + Czdz).
Therefore V=3p(D—Ax*— By?— Cz%) ............ (3),

where the constant of integration }pD must be the potential
at the centre. Hence by substituting for D from (1) above,
and for 4, B, C from 7:31, we get

© 1
V=me “bcf 0 V(@ u) (04 u) (¢ +w)}

22 y? 22
1- - - 5 —|du ...... .
x( a’+u b +u cz+u)du )
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It follows from (3) that the equipotential surfaces inside
the ellipsoid are ellipsoids

Ax?+ By?+ Cz2=const. ............... (5),

similar to one another though not similar to the boundary
of the solid.

7-4. Ivory’s Theorem.* Attraction of a homogeneous
solid eliipsoid at an external point. If z, y, 2z and 2/, ¥', 2’
are the co-ordinates of points P and P’ one on each of two
confocal ellipsoids

22la®+y? b2 +2%ct=1 ...l (1),

and x2/a’?+y? b2 +22/c"2=1 ... (2),
then P and P’ are called corresponding points if
zla=x'la’, ylb=y'[b’, zlc=z'[c" ......... (3).

Let RS be an elementary strip of the first ellipsoid of cross-
section dydz, parallel to the
z-axis; and let R'S’ be the P’
corresponding strip of the
second ellipsoid of cross-
section dy’dz’, so that

dydz/dy’ dz’ =be/b'¢'.

Then if f’(r) denotes the
law of force at distance 7,
and p the density of either
ellipsoid, the component
parallel to the z-axis of the
attraction at P’ due to the strip RS

= —pdydsz’ (r) cos P'QSdx,
when @ is the position of an element dzdydz. This
4 dr 4 ’
= —pdyds 1)~ ) dw=payd{ (P'S)~F (PR,

* Sir James Ivory (1765-1842). Scottish mathematician.
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In the same way the z-component of the attraction at P
due to the strip R’'S’

=pdy'dz'{f (PS')—f (PR')}.
But it is easy to deduce from (3) that for any pairs of
corresponding points PS’= P’S and PR'=P’R.
Hence the ratio of the x-component of the attraction of
RS at P’ to the similar component of R'S" at P is

dydz be
EW Spig e (4).

If in like manner we take all such strips as RS of the first
ellipsoid and all such strips as R'S’ of the second, we get

X:X'=bc:b'¢ eveeiiiinnininn, (5),

where X is the z-component of the attraction of the first
ellipsoid at P’ and X' is the z-component of the attraction
of the second ellipsoid at P.

This result is Ivory's theorem and is true for any law" of
force.

Now, from 7-8, X’ = — A’px, where Pisthe point (x,y, z) and
A’ is the same function of @', b’, ¢’ that A is of @, b, c.

Therefore

be abe z abc
= — ’ = - — "'o— = — ! ! f 3 y
X b/crAPx b'c'APa a/b/c/Apx’ rom( )
where @', y', 2’ are the co-ordinates of P’.
Similar relations hold for the y and z components of attrac-
tion, so that the attraction at P’, (z', ', 2'), of the ellipsoid
(a,b,c) has components

. abc ,, ,
K== g d'pe
abc
=————Bpy't il 6),
Y= Bpy (6)
abc _, ,
Z== g 0P

.

where a’, b’, ¢’ are the semi-axes of the confocal ellipsoid which
passes through P’, and A’, B, C’ are the same functions of
a', b, ¢ that 4, B, C are ofa,b,c.
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7-41. MacLaurin's Theorem.* The attractions of two con-
focal ellipsoids at a point external to both are proportional to
their masses and in the same direction.

In 7-22 this was proved to be true of confocal thin homoeoids;
that it is true for homogeneous solid confocal ellipsoids follows
as a direct corollary from 7-4 (6), if we regard P’ as a fixed
point and consider the attractions at P’ of two different
confocal ellipsoids, of semi-axes a, b, ¢ and density p and of
semi-axes ay, by, ¢, and density p,; the z, y, and z components
are all in the ratio pabc : p;a,b,c, and are therefore propor-
tional to the masses and have resultants in the same direction.

7-42. Potential of a solid homogeneous ellipsoid at an
external point. Let a, b, ¢ be the semi-axes of the given
ellipsoid and =z, y, 2z the co-ordinates of the external point P.
Let a’, b, ¢’ be the semi-axes of a confocal ellipsoid which
passes through P, and V, V' the potentials at P of the first
and second ellipsoids regarded as of the same density.

Then by MacLaurin’s theorem (7-41)

V:V'=abc:a'b'c.
But, from 7-35 (4),
’ 1 NN _ ‘V__,_‘].—,A_ I
Vi=mpa'tc f 0 V(@2 Fu) (7% +u) (2 +w))
xZ yZ 22
(1=t otra o)
Therefore
@ 1
V=1rpabcf0 V@2 +w) (b2 +u) (c'2+u)}

2 2 2
x(l x Y Z )du ...(1);

“@a bt ot
but since the ellipsoids are confocal, we have
a’?,b'% c¢'?=a%+ A, b2+, 2 +A,
where A is the largest root of the cubic

22 Y2 22
=1 viirinnnannns .
a2+A+b2+A+c2+A (2)

* Colin MacLaurin (1698-1746). Scottish mathematician.
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Substituting in (1) for a’2, b2, ¢'2, and writing » for A +u,
we get
1

J; V{(a®+v) (b%+v) (c+v)}
x(l 2 y: il )dv ...(3),

V =mpabe

Ta?t+v b*t+w cEto
where the lower limit A is determined by (2) as stated. ,

7-5. Attraction of an infinitely long homogeneous solid
elliptic cylinder. This can be deduced from 7-3 and 7-4 by
making ¢ — oo.

(i) Internal point. The components of attraction at a point
(%, y,2) are given by
X=—Apx, Y=-Bpy, Z=0;
where, from 7-31,

w© du
A=2mab | @ v G

T |
By substituting 7 for a?+wu, we get

1lla vdv
A=trb] e @y
or =;4_77_b_.
a+b
Similarly =1
a+b
and xo timpab .y Ampaby. . (1).

(ii) Hxternal point. In like manner from 7-4 we find for
the attraction components at an external point (z, y)

X 4mpab x 4mpab y

dmpab z =P Y 2
a +b " a” a+bY ),

where a’, b’ are the semi-axes of an ellipse confocal with the
cross-section of the cylinder and passing through (z, y).
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7:6. Equilibrium of rotating liquid. When a mass of gravi-
tating liquid rotates uniformly about an axis, it is conceivable
that for a certain form of the free surface the liquid particles
may be in relative equilibrium. Since the resultant attraction
on a particle depends on the form of the boundary surface,
which is unknown, the problem does not admit of a complete
solution. But assuming the liquid to be homogeneous, it can
be shewn that certain forms are possible forms of relative
equilibrium.

Thus if p be the density and w the angular velocity, whether
spheroidal or ellipsoidal forms are possible forms of relative
equilibrium is found to depend on the numerical value of
w?/2mp.* We shall illustrate the theory by considering two
simple cases.

7-61. To shew that an oblate spheroid of small ellipticity
s a possible form of relative equiltbrium of a mass of uniform
liquid rotating about an axis with a small uniform angular
velocity. (MacLaurin’'s theorem.)

The problem can be treated as a statical one if we compound
with the force of attraction the reversed effective force, w?r per
unit mass, where r denotes distance from the axis of rotation.

The equation for the pressure is then

%:de+ Ydy+ Zdz + w? (xdzx +ydy)

or id£= — Ap (xdx +ydy) — Cpzdz + w? (xdx +y dy),
P

assuming that the boundary is an oblate spheroid.

But the pressure must be constant over the boundary, so
that its equation must be of the form

(w?—A4p) (22 +y?) — Cpz?=const. ......... (1).

If a, a, a (1 —€) are the semi-axes of the oblate spheroid and
the ellipticity e is small, its equation is

22
1-2¢

* Besant and Ramsey, T'reatise on Hydromechanics, Part I, ch. viI,
where a discussion of the subjcet with full references will be found.

224y + =a% i (2).
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By comparing (1) and (2), we get
w2—Ap=—Cp(1—2¢) .ccovevnennie. (3).
But for an oblate spheroid of small ellipticity, from 7-33,
A=%4m(1—2%¢) and C=%w(l+%e);

and, by substituting these values in (3), we find that e= %g:-);,
and with this relation between e and w the condition is
satisfied.

7-62. Jacobi's ellipsoid.* An ellipsoid with three unequal
axes is also a possible form.
For an ellipsoid the pressure equation is

ippi = — Apxdx — Bpydy — Cpzdz + w? (xdx + ydy),

where 4, B, C are given by 7-31.
The surfaces of constant pressure are therefore
(w?— Ap) x? + (w?— Bp) y?— Cpz?=const. ...... (1).
And if we assume the free surface to be

x2 y2 22

;2+b"2"+;2=1 ..................... (2),

we get by comparing (1) and (2)

a? (w?—Ap)=0b%(w?— Bp)= —c2Cp ......... (3).
By eliminating w, we get
a?h?(B—A)=(a?—b%)c*C ............... (4).

If we put D ={(a?+u) (b%+u) (c*+u)}}, then, from 7-31,

® du © du
=9 IR —¢ .
A wabcfo @ tu) D’ B Z—nabcfo Bt u) D’

©  du
0 = 271'afbc fo m )
and (4) becomes

® 2p2 2
(@—b7) | 222 N 'y
o D \(a®+u)(b2+u) c2+u
* Carl Gustav Jacob Jacobi (1804-1851). German mathematician.
RNA 12
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Hence, if a=+b, the lengths of the axes must be such as to
satisfy the equation

“udu(l 1 1 u
f() 7)?((—1/_24-1)_2—0—2.*—%2-):0 ............ (5)

If a and b are given, then (5) is an equation for determining
¢, and since the left-hand member is negative when c¢ is small,
ana becomes positive as ¢ increases, there must be a real value
of ¢ which satisfies the equation.

Further, »? is given from (3) in the form

(a?—b?) w?=(Aa®— Bb?)p
© udu
=3 M (a2 — b2 e
(@ )fo (@+u) (62 +u) D’

where M is the mass of liquid. So that when a b,

- ® udu .
“r= %MJO (@®+u) (b2 +u) D’

and since this expression is positive there is a real value of w,
thus establishing that the ellipsoid is a possible form.
Further, from (3),

a*w?=(Aa?—Cc?)p

@ udu

=3M (a®— cz)j P RIS S

so that for w to be real we must have ¢ <a. Similarly ¢ <b, so
that the ellipsoid must rotate about its least axis.

7-63. Example. A rigid gravitating sphere of radius a and uniform
density p is surrounded by a layer of grawvitating liquid of volume
{7 (b® — a®) and uniform density o and placed midway between two spheres
of mass M whose distance apart (2f) is so great that powers of b/f above
the third may be neglected. Prove that the boundary of the liquid is a prolate
spheroid of small ellipticity

45Mb3
47f2{ba® (p— o) + 2003}’
and determine the small angular velocity of the whole mass which, to this
approximation, would make the boundary a sphere. [P. 1933]

Let A, B be the centres of the two spheres of mass M and O that of
the sphere of radius a. Let @ be a point in the liquid at distance r
from O, where the angle QOB =0, and let OB be the axis of z.
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