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PREFACK

THE PURPOSE of this volume is to provide an account of the
modern algebraic methods available for the investigation of the
birational geometry of algebraic varieties. An account of these
methods has already been published by Professor André Weil in
his Foundations of Algebraic Geometry (New York, 1946), and when
Professor Zariski’s Colloquium Lectures, delivered in 1947 to the
American Mathematical Society, are published, another full
account of this branch of geometry will be available. The excuse
for a third work dealing with this subject is that the present volume
is designed to appeal to a different class of reader. It is written to
meet the needs of those geometers trained in the classical methods
of algebraic geometry who are anxious to acquire the new and
powerful tools provided by modern algebra, and who also want to
see what they mean in terms of ideas familiar to them. Thus in this
volume we are primarily concerned with methods, and not with the
statement of original results or with a unified theory of varieties.
Such a purpose in writing this volume has had several effects on
the plan of the work. In the first place, we have confined our atten-
tion to varieties defined over a ground field without characteristic.
This is partly because the geometrical significance of the algebraic
methods and results is more easily comprehended by a classical
geometer in this case; also, though others have shown that modern
algebraic methods have enabled us to make great strides in the
theory of algebraic varieties over a field of finite characteristic,
many of the theorems which the classical geometer regards as
fundamental have only been proved, as yet, in the restricted case.
Secondly, a chapter and a half have had to be devoted entirely
to algebraic theory. The ideal theory of rings and the theory of
valuations are central topics in modern algebra, and it might have
seemed reasonable to refer the reader to other text-books for this.
But our purpose is to bring together the materials the geometer
needs, and for this reason we felt justified in including an account
of the algebraic theories. The algebraic parts of the book have been
written with the needs of geometry in mind, and this has often



viii PREFACE

influenced the emphasis given to different concepts. Nevertheless,
at the earliest stages some attempt has been made to treat the
subject generally, with a view to giving the reader who is fresh to
the subject some slight idea of its general significance.

Thirdly, in order to provide the reader with as many tools as
possible, we have not restricted ourselves to a single method, and
have, from time to time, used devices which may appear inelegant
to a master of the subject. For instance, much of the earlier work
on birational transformations might have been done without refer-
ence to valuation theory, as Professor Weil has shown, and it
might have been more aesthetically pleasing to base the theory of
birational transformations on the theory of specialisations. But it
is extremely unlikely that a complete theory of birational trans-
formations can be built up without valuation theory, and it seems
necessary that a gecometer should have this tool at his disposal.
In order to illustrate the methods described we have therefore used
valuation theory where it is not strictly necessary. Sometimes, too,
a result has been proved twice, to illustrate different methods, or
to save the reader from having to refer back too often.

Fourthly, it has not been our object to push the subject as far
as it can go. Many important results in the algebraic theory of
varieties have been omitted altogether, even from within the range
to which we have confined ourselves. It is our hope that the reader
may find this volume sufficient to enable him to familiarise himself
with the modern methods described, and that on completing the
book he will feel more ready to read works which go further in the
subject. An apparent exception to our rule should be mentioned.
While most of the volume is concerned with basic principles, the
second part of Chapter XVIII deals with the application of the
methods to certain fundamental problems of considerable difficulty,
namely, the Local Uniformisation Theorem and the reduction of
singularities of an algebraic surface. The reason is that to a classical
geometer these problems concern the foundations of his subject,
and as the arithmetic theory of varieties described has reached
a state of definiteness with regard to these problems, and has
achieved most striking results, it seems desirable to give an account
of these topics as an illustration of the methods previously described.
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It may seem strange that a volume dealing with the birational
theory of varieties makes no reference to the work of the great
Italian school of geometers. The reason for this is that we are
concerned only with certain methods, and these have been developed
elsewhere, while the properties of varieties, the discovery of which
we owe to such mathematicians as Segre, Castelnuovo, Enriques
and Severi, are beyond the scope of this work. When the methods
described in this volume are more fully employed in the theory of
the birational invariants of algebraic varieties, the work of these
geometers will play an outstanding role in any account of the
subject.

We should like to take this opportunity of removing a mis-
understanding which has apparently arisen in the minds of some
of our friends concerning the Bibliographical Notes given at the
end of each of the three volumes. The purpose of the Notes has
been merely to acknowledge the principal sources on which we
have drawn for the methods and results described in the volumes;
they do not even record the full extent of our obligations, though
it is hoped that they will enable a reader to trace to their source
the various ideas developed. They are in no sense intended to be
an account of the literature on the foundations of algebraic
geometry, or even of the literature dealing with the methods
described. It has been suggested to us that we ought to have given
full references to the various accounts of the foundations of
algebraic geometry, and that we have been discourteous in not
referring to all the geometers who have written on this subject.
It is hardly necessary to say that no discourtesy is intended. At
the outset of our work we indeed gave careful thought to the
possibility of full documentation, but soon came to the conclusion
that it was impracticable. So much has been written on the subjects
treated in these volumes that it would be a major work of research
to analyse and record the contributions of every mathematician to
the topics covered, and indeed this could only be done in a history
of a major portion of mathematics. Any intermediate course would,
on the one hand, have been open to the charge of important omis-
sions, and on the other, would have delayed the completion of our
task by many months, and would, at the same time, have added
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considerably to the length of a work which is already too long for
its purpose.

Professor T. A. A. Broadbent has again rendered us valuable
assistance with the manuscript of this volume, and with the proofs.
We wish to put on record our gratitude to him for the immense
amount of time and trouble he has expended on our account during
the years in which we have been engaged in writing this work. We
are also in the debt of the Cambridge University Press for much
patience and ingenuity shown in meeting our requirements.

Note. This volume contains Chapters XV-XVIII. Vol. I con-
tains Chapters I-IX, Vol. II, Chapters X-XIV. The reference
[II, §4, Th. 1I] is to Theorem II in §4 of Chapter II. If a
reference is to the same chapter or section, the corresponding

numeral or numerals are omitted.
W. V. D. H.
D. P.
CAMBRIDGE

May 1953



BOOK V
BIRATIONAL GEOMETRY

CHAPTER XV
IDEAL THEORY OF COMMUTATIVE RINGS

IN Volume II we were concerned mainly with the geometry of
varieties in projective space, regarded as subvarieties of the space.
We had, however, occasion to consider relations between different
varieties of the same space, or of different spaces; for this we used
the correspondence theory of Chapter XI. In particular, use was
made from time to time of birational correspondences between
irreducible varieties; if U and V are irreducible varieties in spaces
with coordinate systems (z,,...,2,) and (¥, ...,¥,,) respectively,
they are in birational correspondence if there exists a correspond-
ence between them whose equations include equations of the form

xifj(yo’ "',ym)—xjfi(ym ""ym) =0 (1”.7 = O’ ""n):
Y:95(Tos -y p) = Y;95(%g, .-, %) = 0 (3,5 =0, ...,m),

where not all forms f;(y) vanish on V, and not all forms g,(z) vanish
on U. An important branch of the theory of algebraic varieties deals
with the investigation of properties common to birationally equi-
valent varieties. In this theory we are concerned, not so much with
the properties of individual varieties as varieties in projective
space, as with properties of sets of algebraic varieties which are
birationally equivalent to one another. This branch of the theory
of varieties is called birational geometry.

The purpose of this volume is to introduce the reader to the
algebraic methods which have proved most useful in birational
geometry, and to establish certain basic results with which a
geometer must be familiar before he embarks on a systematic
study of birational geometry. For this purpose, it is necessary to
develop more fully certain algebraic concepts introduced in
Volume I, and to introduce new ones. In Chapter I the notion of
a ring was introduced, and mention has also been made in earlier

HP III I



2 XV. IDEAL THEORY OF COMMUTATIVE RINGS

chapters of ideals in a ring, but only the most elementary properties
of these have been used. It is now necessary to study commutative
rings, and ideals in them, more systematically, and the present
chapter is devoted to this end.

1. Ideals in a commutative ring. Let R be any commutative
ring. A non-empty set i of elements of R is said to form an ideal in
R if it hasthe two properties: (i)if « and fare anyelements belonging
to i, then « — 4 belongs to i, (ii) if @ belongs to i and p is any element
of R, then pa belongs to i.

The ring R contains a zero element; if we take this to be p in
(ii), then 0.cc = 0is in i. Thus every ideal in R contains the zero of
R. On the other hand, if a set i consists solely of the zero of R, it
satisfies the conditions (i) and (ii); hence it is an ideal. We call this
the zero ideal of M. Again, if 1 includes every element of R, it also
satisfies conditions (i) and (ii); hence it forms an ideal, which we
call the unit tdeal of R. Thus every commutative ring contains at
least two ideals, the zero ideal and the unit ideal. These two ideals
are sometimes called improper ideals, and any ideal distinct from
the zero ideal and the unit ideal is called a proper ideal.

If R has unity e and i contains e, i contains pe = p, where p is any
element of R. Hence i is the unit ideal if it contains e.

It is convenient to determine at the outset which commutative
rings possess no ideals other than the two improper ideals. We con-
sider two cases.

Case I. Suppose that R contains two elements p, w such that
pw=0. (This is certainly the case when the ring has unity.) For
such an element w we consider the set i of elements ow, where o can
be any element in R. It is clear that i satisfies the conditions (i)
and (ii), and hence it is an ideal, and since i contains pw % 0 it is not
the zero ideal. If f has only improper ideals, it follows that i = &,
and hence if v is any element of %R, there exists an element x in R
such that

W = V.
Let e be a solution of this equation when v = w, and let x be a
solution for an arbitrarily chosen element » of R. Then

ev = exw = x(ew) = 2w = V.

It follows that R has unity, namely, e. Now let » be any non-zero
element of R. The set of elements of the form ov, where o is any
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element of R, forms an ideal § which contains the element ev = v,
and { is therefore the unit ideal. Then there exists an element »’
in R such that v'v = e. Hence every non-zero element in i has an
inverse. R is therefore a field.

Conversely, suppose that R is a field, and let i be any ideal in R
which is not the zero ideal. i contains a non-zero element «. Let
£ be any element of R. By property (ii), i contains fa—1l.a = f.
Hence i contains ever'y element of i and is therefore the unit ideal.

Case I1. Suppose that R is a commutative ring, not consisting
solely of the zero element, such that, if a, f are any two elements
of R, af =0, and let w be any non-zero element of . The set of
elements 0, + w, + 20, + 3w, ... clearly forms anideal i in R, different
from the zero ideal. Hence, if the only ideals in R are improper,
i = R. The elements 0, +w, + 2w, + 3w, ... cannot all be distinct,
for, if they were, the elements 0, + 2w, + 4w, ... would constitute
a proper ideal in R, and we are assuming that every ideal in R is
improper. Let m be the smallest positive integer such that mw = 0.
Then 0, w, 2w, ..., (m—1)w are the elements of R. If m is com-
posite, say m = ab where a > 1,b > 1, the set 0, aw, 2a0, ..., (b—1)aw
would, clearly, constitute a proper ideal in R, contrary to our hypo-
thesis. Hence m is a prime number p. From this it follows that if
£ is the 2 x 2 matrix over the ring of integers modulo p,

0 1
2=(5 o)
R is isomorphic with the ring consisting of 0, 2, 20, ..., (p—1) 2,

and we can verify at once that if R is isomorphic with this ring,
the only ideals in it are improper. Hence we have

THEOREM 1. A ring R which is a field contains only improper
tdeals. Conversely, any ring whose only ideals are improper ideals vs
etther a field or is 1.somorphic with the ring of matrices of the form

6 o

over the ring of integers reduced modulo p, for some prime number p.
We now return to the general theory of ideals in a commutative
ring R}. We can construct an ideal in R as follows. Let w,, ..., w, be
a finite set of elements in R, and consider the set 1 of elements in R
which can be written in the form
W+ ... +o0,+n 0+ ... + 1,0, (1)
I-2



4 XV. IDEAL THEORY OF COMMUTATIVE RINGS

where a,, ..., , are any elements of R, and n,w, stands for the sum
of n, elements each equal to w,;. If R has unity e, we can write the
element as

(e +me)w,+ ...+ (a,+ne) 0, = QW+ ... + 40,

where oy, ..., o, are in R, so that it is unnecessary to include the
terms n,®y, ..., 7,0, in (1). It can be verified at once that the set
i satisfies the conditions (i) and (ii), and hence forms an ideal. The
ideal is usually described as the ideal generated by w,,...,w,, or
having the basis w,, ..., w,, and is denoted by R. (wy, ..., »,). From the
definition of the basis, it is clear that the elements of a basis for an
ideal 1 belong to i. It is not, however, clear that every ideal in R
has a finite basis, that is that, given an ideal i in R, there exists
a finite set of elements of i,say, w,, ..., w,, such thati = R. (v, ..., 0,).
If the ring R has the property that every ideal in & possesses
a finite basis, we say that the Basts Theorem holds in R. Many
results can be proved for rings in which the Basis Theorem holds
which are not true for more general rings. An example of a ring in
which the Basis Theorem holds is provided by the ring of poly-
nomials in 7 indeterminates over a commutative field [IV, §2,
Th. I]. For certain special rings, such as the ring of natural integers,
or the ring of polynomials in one indeterminate over a commutative
field, it can be proved that every ideal has a basis consisting of a
single element. An ideal in & ring R generated by a single element is
called a principal ideal, and a ring in which every ideal is a principal
ideal is called a principal ideal ring.

We now introduce certain notational conventions. If o« is any
element of the ideal i we shall write a€ i, or, more usually,

a=0 (i),
and when i = R.(w,, ..., »,), we shall also write this in the form
a=0 (modwy,...,v,).
If j is an ideal every element of which is in i, we shall write <1, or,

more usually, i=0 ()

It is clear that if we have, simultaneously,

j=0() and i=0 (),
then i = j.
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We now define the elementary operations which can be per-
formed on ideals.

I. Lett, i be ideals in the commutative ring ®. Consider the set
f of elements of R which can be written in the form &+ 8, where

a=0 () and B=0 (j).
If o + f and &’ + 8’ are two such elements,
(@+pf)—(a'+p) = (@—a)+ (-5,
where a—a'=0 (i) and F—-pF" =0 (j),
and if p is any element of R,

pla+p) = pa+pp,
where pa=0 (i), pB =0 (j).

Hence f is an ideal, which we denote by (i,]); it is called the join of
i and i.

The join (i,]) has the following properties, the proofs of which
are immediate:

(i) is(j), is@i);

(i) (1) = (. 1);

(iii) (i,i) =1;

(iv) if a=(i,i), b= (,f), wherefisany other ideal of R,
(a,¥) = (i,0),

since these consist of the elements of i which can be written in the
form a + #+7, where

a=0(), f=0() y=0(@

Without ambiguity we can write (a,f) = (i,b) = (i,i,f). By
extension, we can define the join of any finite number of ideals.

(v) If i and { both possess finite bases:
i=R(0y,...,0,),
i=R.(vy,...r V),
then (1,1) = R.(0gy -oes Opy Yy, onny V).
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II. If i, { are ideals in R, the set of elements « of R such that
a=0 (1) and a=0 (j)

clearly form an ideal. We denote this by [i, ], and call it the inter-
section of i and j. The following properties of the intersection are
immediate:

(i) [Lilst, [Lilsi;
(if) (i1 = 0.1
(iii) [Lil=1
(iv) (i, [, 10 = ([ 11, £,

where f is any other ideal in . We can, without ambiguity, write
[i, (3, t1] = [i,1, f]. We can, similarly, define the intersection of any
number of ideals in R.

III. Ifiand jareidealsin R, the set of elements of R of the form

af) where a=0() and £=0 G,
do not form an ideal in N. But the elements of ! which can be

8
written as finite sums Y a;, ), where
1

=0 (i) and S =0 (j),

fork = 1,...,s, do form an ideal, as can be verified at once. We call
this the product of i and {, and denote it by ij. It can be verified at
once that the multiplication of ideals in a commutative ring is
commutative and associative:

i =i, (==t

Moreover, we have ij=10 (i),
if =0 (j),
hence =1L

If we take j = 1, we can define the powers i2,i3, ...,1#, ... of i for any
integer p (p > 1). If R has unity,and (1) is the unit ideal, any element
aofican be written as ex, and is thereforeini(1). Hencei = 0 (i(1)).

But i(1) =0 (i).
Therefore i(l) =1.
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IV. Ifiand j are two ideals of R, let us consider the elements y

of R such that ya =0 (i),

for every element « of j. If y and y’ are two such elements, and p is
any element of R, we see that

(y=7)a=0 (i) and pya=0 (i)

for every element a of . Hence the elements y with the stated
property form an ideal in . We call this ideal the quotient of i by {,
and denote it by i:j. We have, at once,

i=0 (i:§),
and i:i=R

We now prove certain properties of the four operations which
we have defined.

THEOREM II. i(i, f) = (i, if).

Let a,, a,, ... be elements of i, £, £, ... elements of |, and y,, s, ...
be elements of . Any element of i(j, f) is of the form

?aa(ﬂa"*"}'a) = % aaﬂa"" ?“a'ya € (ii’ if)’

hence i, £) = (i, if). (2)
Conversely, any element of (ij, if) is of the form

8 t 8+t
? “aﬂa'{' ? OsibVs+b = ? o‘a(ﬂa“'?’a) € i(i’ f)a
where f,,, = ... = oy =7Y1= ... =¥, = 0. Hence
(ij, if) = 1(j, ¥). 3)
The result follows from (2) and (3).

TueoreMm III.
[il’i2’ -.-,ir]:i = [ilzi,iz:i, -..,ir:i].

If vi =0 ([ipiy ... 141,
then Yi=0 (i) (@e=1,...,7).
Hence vy=0 (i,:)) (a=1,...,7),

and therefore v=0 ([i;:1,12:], ---» 1, :1])-
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Therefore [L27 PO 4 5 =4 | S 18 PS FROUS AR5 | N (4)
Conversely, if veliyiiisiis oo ipiils

Yi=0(@{,) (@a=1,..,7),

and hence vi=0 ([i}, 1z -.-,1,)),
that is, ve[ip g -onif] e
Hence (7S P 7S OO AR | [ | 7% UURe & 3 A (5)

and the theorem follows from (4) and (5).

THEOREM IV. [i,11(,1) = 0 (ij)-
By Theorem II, [i,1] (i, 1) = ([, 111, [1, i17)-
Since [i,il=0 (i) and [i,i]=0 (),

[Lili=0 (i), [iLili=0 (i),

and the result follows.

Corollary I. If (i,i) = R, and R has unity, then [i,ij] = ij. For

[, i1 (1 9) = [Li] R = [i,1]-

Hence [L,ilsii< i, {]-

A maximal ideal in R is defined as an ideal i+ R such that if j is
any ideal with the properties

i=0 (), i*0 (i),

then | = R. From Theorem IV we deduce

Corollary I1. If R has unity and i is a maximal ideal in R, and
i#0 (i), then [i,{] = ij. Since %0 (i), (i,]) contains i, and at least
one element not in i. Since i is maximal, we must have

(i’ i) =R,
the unit ideal, and the result follows from Corollary I.

THEOREM V. TGy -eondp) = [idp eeentifple

Ifyei:(y --oris)s . .
Yie=0 (i) (@=1,..,7)

Hence veltiiy .-ritin- (6)
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On the other hand, if ye[i:f,, ..., 1:,],
Yie=0(@1) (@a=1,...,1),
and hence vet:i(iy, - osip)- (7)

The result follows from (6) and (7).

We conclude this section with a discussion of some consequences
of the assumption that the Basis Theorem holds in R. We take R
to be any commutative ring for which the Basis Theorem holds.
Suppose that i;,1,, 13, ... is & sequence of ideals in R such that

iy =0 (), t2=0 (i),.--, H=0 (ir4a)s--..
Let us consider the set i of elements of i which can be written as
k
finite sums 3 a;, where each o, belongs to some ideal i; of the se-
i=1

quence. It is clear that i satisfies the two properties which define
an ideal. Since the Basis Theorem holds in R, there exists in i &
finite set of elements w,, ..., w, forming a basis for i. Since w,isinft,

Sa
W, =3 Aajs
i=1

where a,;€i;. Let t = max[s,,...,s,]. Since
a; =0 [il, ;=0 (i),
for all relevant values of j, «,;€1, and hence
w,=0 (i) (@a=1,...,7),
and therefore i=0 (i). (8)

Let k be any integer greater than ¢. If ae€iy,, then aet, from the
definition of i, and hence

i, =0 (i).
Therefore, by (8), i, =0 (i).
But since k> ¢, i, =0 (iz),
and therefore i =1

Thus for the sequence i, iy, ... there exists a finite integer ¢ such that

i =ty =lye = .0
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Conversely, suppose that the ring & has the property that ifi,,1,, ...
is any sequence of ideals in R such that

il = 0 (iz), iz = 0 (is), csey

then there necessarily exists a finite integer ¢ such that

U=y = hye = .o

We show that this implies that the Basis Theorem holds in R.
Let  be any ideal in R, and let w, be any element of j. Then, clearly,

i =R.(0) =0 (j)
If i, is not equal to j, { contains an element w, not in i;, and we have
i, = R. (0, w,) =0 (j),
i, =0 (iy).
If i, is not equal to j, we select an element w, in j but not in i,, and

proceed as before. We apply the hypothesis on i to the sequence
i}, 15, .... Then there exists an integer ¢ such that

1‘ = Il+1 = e

(unless the sequence ends at {,). From the equation i, = i,,, it
follows that w,,, €1, which conflicts with the method of constructing
w;,1- Hence the sequence ends at {,. But the sequence can only end
there if i, = j. It follows that j =i, = R.(v,,..., ). Hence j has
a finite basis.

If i and j are two ideals of R such that

i=0 (i),
iis said to be a multiple of j, and { is said to be a factor of i. If
i*0 (i),

i is a proper multiple of i, and j is a proper factor of i. In this ter-
minology the result just proved is equivalent to

THEOREM VI. A necessary and sufficient condition that the Basis
Theorem hold in R is that any sequence of idealsin R with the property
that each ideal of the sequence is a proper multiple of its successor is
a finite sequence.

Sometimes it is convenient to take as the fundamental property
of R the property that any sequence of ideals such that each is
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a proper multiple of its successor is finite. We then say that the
‘ascending chain-condition’ holds in R.
Two corollaries of Theorem VI may be noted.

Corollary 1. If the Basis Theorem holds in R, any non-vacuous set
of tdeals contains at least one ideal which is not a proper multiple of
any tdeal of the set.

The proof is obvious.

Corollary 11. (Principle of Induction for Ideals.) If the Basts
Theorem holds tn R, and E is any property which (i) holds for the unit
tdeal, (ii) holds for an ideal i when it holds for all proper factors of i,
then E holds for all ideals in R.

Suppose that the corollary is false, and consider the set S of
ideals for which £ does not hold. By Corollary I, there exists in the
set an ideal i which is not a proper multiple of any ideal of the set.
tis not the unit ideal since, by hypothesis, E holds for the unit ideal.
i has proper factors (for instance, the unit ideal, which satisfies our
definition of a proper factor), and since none of these proper factors
can belong to 8, i being maximal in 8, it follows from condition (ii)
that E holds for i. But i is in S, and hence E does not hold for it.
We thus have a contradiction. It follows that S must be vacuous,
and our assumption that the corollary is not true is invalid.

2. Prime ideals and primary ideals. An ideal p in the com
mutative ring R is said to be a prime ideal if the equation

af =0 (p)
implies either a=0 (p)
or B =0 (p)

It is clear that the unit ideal is always prime, and that the zero
ideal is prime if and only if R contains no divisors of zero. Again,
if p is prime, and i and j are two ideals of i such that

ii=0 (p)
then either i=0 (p)
or i=0 (p)

Indeed, suppose that i+0 (p).
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Then there exists an element « in i which is not in p. If 8 is any
element of j, af¢€ij, and hence

aB =0 (p).
Since a is not in p, and p is prime, it follows that £ is in p. Hence
i=0 (p)
An ideal q in R is said to be primary if the equation
aﬂ =0 (),
together with the inequality
a+0 (q),
implies £ =0 (q),

for a suitable integer p. A prime ideal is, of course, primary.

If R is the principal ideal ring formed by the natural integers,
the ideal R.(d) is prime if and only if d is a prime number, and is
primary if and only if d is a power of a prime number. For our
purposes, however, a more suggestive example is provided by the
ring R = K[z, y] of polynomials in two independent indeterminates
over the ground field K. Let p = R.(x,y). The elements of p are
just those polynomials whose constant term is zero. If « and f are
two polynomials whose product has constant term zero, then either
a or f must have constant term zero and hence belongs to p. Thus
p is prime. Next, let q = R. (z, y?). Any element of g is of the form

ax + (cx? + 2dzy + ey?) + (lx® + 3ma’y + 3nxy® + py?) + ...
Let o =a;+ b x+c,y)+...
and B =ay+ (byz+coy)+....
If affe q, we must have
a0, =0, a;C3+ayc, =0.

If « does not belong to q, @, and ¢, cannot both be zero. It follows
at once that we must have a, = 0. But if a, is zero,

B2 = (bia2+ 2b,coy + cy?) + ...

has the form of an element of q. Hence ¢ is primary. If ¢,+0,
f does not belong to g, hence q is not a prime ideal.
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Now let q be any primary ideal in a commutative ring R, and
consider the set of elements a, £, ... of # which have the property
that some power of them belongs to q. If

a’=0 (q) and p7=0 (q),

then (a— f)°*+o-1is equal to a sum of terms each of which is either
the product of a? by an element of R or the product of #” by an
element of R, and is therefore in q. Hence (a — f)?+"~1eq, and so
o — f is in the set. Similarly, if £ is any element of R,

(fx)? = £rar = 0 (q).

Hence £x is in the set, which is therefore an ideal, which we denote
by . We now show that p is a prime ideal. Suppose that o and £

are such that af =0 (p), a+0 (p).

Since af€ p, there exists an integer p such that

arfr =0 (q).

Since a is not in p, a® is not in q, and, since g is primary, there exists
an integer 7 such that f°7e q. Hence £ is in p. This proves that p is
prime. p is called the prime ideal belonging to q, or the radical of q.
It is clear that

q="0 (p),

and that q = p if and only if q is prime.
From the definition of a primary ideal and its radical, we see
that if af=0(q) and a0 ()
then B =0 (p).
Hence q and its radical p are related by the following properties:
(i) if af=0(q) and a+0 (q), then A=0 (p);
(i) q=20 (p),
(iii) B =0 (p) implies gr =0 (q),

for a suitable integer p.

We may note that if & has unity and q is not the unit ideal, then
(1) implies (ii). (If q is the unit ideal, (i) does not define p.) If £ is
any element of q, we have

l'ﬂ = O (Q),
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and since ¢ is not the unit ideal it does not contain 1. Hence, by (i),

B =0 (p)
Therefore q=0 (p).

We now show that if q and p are two ideals in R satisfying the
properties (i), (ii), (iii), then q is primary, and p is its radical. More
briefly, we shall say that q is p-primary. From (i) and (iii) it follows
that q is primary. To show that p is its radical, let £ be any element
of R such. that freq for some integer p. If feq, then fep, by (ii).
If £ does not belong to g, let p (p > 1) be the smallest integer such
that freq. Then

B.pr1 =0 (q),
and AP+ 0 (q),
hence, by (i), B =0 (p)

This, taken with condition (iii), gives

THEOREM 1. A primary ideal q and its radical p are characterised
by the properties (i), (ii), (iii).

TaEOREM II. If q 18 p-primary, and i and j are ideals of R such that
=0 (q), i+0 (q),
then i=0 (p).

Since i is not contained in g, there is an element « of i not con-
tained in q. If § is any element of j, afeq, and « is not in q.
Hence, by property (i) above, fep, that is

i=0 (p)
Corollary I. If

=0 (q) and j+0 (p), then i=0 (q).

Corollary 11. If
i+0 (p), then q:j=aq.

TaEOREM III. If q and q' are p-primary, then [q, '] ts p-primary.
() I  af=0([qq) and a+0 (4,q7),

we have af=0 (q) and af =0 (q'),

and either a+0 (q) or a+0 (q').
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Suppose, for instance, that
af =0 (q) and a+0 (q).
Then since q is p-primary,

B =0 (p)
If a+0 (q),
a similar argument gives £ =0 (p).
(i) q=0(p) and ¢ =0 (p);
hence [9,9']=0 (p).

(iii) If Bep, there exist integers p, o such that
pr=0(q) and p7=0 (q).
If 7 = max[p, 7], BT =0 ([a,q']-
It follows from Theorem I that [q, '] is p-primary.
THEOREM IV. If q ¢s p-primary and q' is p’-primary, where
PEPL Y 0 q14q and (0,414

then [q, q'] ts not primary.
Since p + p’, there exists an element  which is in one of these
ideals, but not in the other. Suppose that

a=0 (p), a+0 (p').
Then no power of « belongs to q’, while there exists an integer p
such that
- af =0 (q).
Then a’+0 ([q,q]).

Since [q, ']+ q’, there exists an element g which is in g’ but not in
[9,q'], and hence not in q. Then

arfeqq’<[q,q'],
[§1, p. 6]. Now B+0 ([q,9']),

and it would follow, if [q, '] were primary, that some power of a?
lay in [q, q'], and hence that some power of @ was in q’. Since « is
not in p’, this contradicts the fact that q’ is p’-primary. Hence we
conclude that [q, q'] is not primary.
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The theorems so far proved in this section do not require the
assumption that the Basis Theorem holds in . We now go on to
prove some results which depend on the assumption that any ideal
in R has a finite basis. For the remainder of this section we assume
that the Basis Theorem holds in R.

Let q be a p-primary ideal in R, and let w,, ..., , be a basis for p.
Corresponding to w; there exists an integer o, such that

wii =0 (q).
r
Let p=X(c,—1)+1.
i=1
Any element of p# is of the form
k k
oL+ Xn 2,
i=1 i=1
where «, ..., &, are in R, and n,, ..., n; are integers, and 2,, ..., 2,

are products of degree p in w,, ..., w,. If, for instance,

Q; = ... 0,
r r
then Spi=p=2(0;—1)+1,
i=1 i=1

and hence, for some value of j, p;> o;. Thus £,€q, and hence
pe =0 (q).

There may, of course, be an integer o (o < p) such that
p7 =0 (a);

the smallest integer o with this property is called the index of q.
A primary ideal is prime if and only if its index is 1.

THEOREM V. Let q be a primary ideal and p a prime ideal. If
q=20(p), p7=0 (q)

for some integer o, then q is p-primary.
Let p’ be the radical of q; there exists an integer p such that

p’? =0 (q).
Hence preqey,

that is, p’? =0 (p),



2. PRIME IDEALS AND PRIMARY IDEALS 17

and, since p is prime, we deduce that

p =0 (p) (1)
On the other hand, we have

a="0 (p'),
and hence preqgey’.
Therefore, since p’ is prime,

p=0 (p). (2)

From (1) and (2) we deduce that p = p’.
An idealiin R is said to be reducible if it can be written in the form

i= [I’ f]’

where | and f are proper factors of i; otherwise it is srreductble.
A prime ideal (and, in particular, the unit ideal) is irreducible.
For if i is prime and

i=1[jtl,
we have itsh,f] =1,
and hence i=0 () or ¥=0 (i),

and therefore j and f cannot both be proper factors of i.

It is easy to show, by means of the Principle of Induction for
ideals [§ 1, Th. VI, Cor. II], that any ideal i is the intersection of a
finite number of irreducible ideals. Ifiisirreducible, there is nothing
to prove. Suppose that i is reducible:

i=1[,1,
where i and f are proper factors of i. If
i = [z - 3]s
where j, ..., ], are irreducible ideals, and if
f=[f.f, ...
where ¥, ..., ¥, are irreducible ideals, then
t= [ eorip B oor B

is the intersection of a finite number of irreducible ideals. The
property of being the intersection of a finite number of irreducible
ideals is true for the unit ideal, and also for any ideal when it is

HPIII 2
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true for its proper factors. Hence it is true for all ideals in R.
Thus we have

TaEOREM VI. Every ideal in a ring for which the Basis Theorem
holds s the intersection of a finite number of irreducible ideals.

TrEOREM VII. Every irreducible ideal is primary.
Suppose that the ideal i is not primary. We can then find two
elements @ and £ in R such that

af=0 (1), a0 (i), FP+0 (i),

for every positive integer p. The elements of R of the form £49,
where £ is any element of R and a is a fixed integer, clearly form an
ideal, which we denote by j,; if R has unity, j, = R.(#%), but in
general if R has not unity j, is a proper multiple of R.(5%). We see
immediately that S,
i SijaSiifzs....
By § 1, Th. VI, there exists an integer r such that
U, =1t = oo

Lett = R.(a). The ideal (i, ¥) is a proper factor of i, since it contains
i and also o, which is not in i. Similarly, the ideal (i, j,,,) is a proper
factor of i, since it contains i and g+2 = £. g+, which is not in i.
The theorem will be proved if we can show that

i = [(iy f)’ (i7 ir+1)]'

Clearly, we have i< [(i,¥), (i,,4+1)]- To prove that [(i,¥), (i,1,41)]1 <1,
we consider any element 7 common to (i,f) and (i, j,..;), and show
that it lies in 1. Since y€ (i, ),

N =7Y+pa+na,
where yet, pe R, and = is an integer. Since 7€ (i, j,.1),
7 = 0+0f,
where dei and o€ R. We therefore have
Bo+aprit = fin = By +paf+naf =0 (i),

since y and af belong to i. Since ¢ is also in i, we have

oprt? =0 (i),
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and hence cei:j. . But i:j.,;=1:i. Hence o belongs to i:j,.
But o = o(f.7), and hence of7+! is contained in i. It follows
that # is in 1. Theorem VII is therefore proved.

Theorems VI and VII, taken together, tell us that every ideal
iin R can be expressed as the intersection of a finite number of
primary ideals. Let .

i=[qy..., ]

where q; is p,-primary. If p; = p,, it follows from Theorem III that
a5 = [q4, q;] is also p;-primary, and in the above expression for i
as an intersection of primary ideals we can omit g; and q;, and put
q;; in their place. Proceeding in this way, we can combine all the
primary ideals q; which have the same radical into a single primary
ideal, and so obtain a representation of i,

i = [gls ceey 70'8],

as the intersection of primary ideals, where £; is ‘B,-primary, and
By ..., B, are all different. Q,, ..., O, are called primary components
of i.

Suppose that ,; is such that

0,23 = Dy, s 0y, Ry oo Q-
Then {; is said to be an ¢rrelevant primary component of i. In this
ease i= [gi: 3@] = 3;’:

and we can omit the component £, in the representation of {.
Proceeding, we eventually obtain a representation, say

i= [D‘l’ ceey Q'k],

of 1 as the intersection of primary ideals, the radicals of which are
all different, and none of which is irrelevant. If we combine two
of the components in this representation into one, we get a com-
ponent which is not primary [Th. IV], and if we omit one of the
components we clearly alter the intersection. For this reason the
representations [£,,...,Q,] of i is said to be uncontractible. For
practical purposes it is the uncontractible representations of
the ideal, rather than its representations as the intersection of
irreducible ideals, which are important.

Examples can be given to show that an ideal i may have two
distinct uncontractible representations. But there are certain
uniqueness theorems which are important, and these we now prove.

2-2
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TueoreM VIII. Let[qy, ..., qi]and [q7, ..., q;] be two uncontractible
representations of an ideal i of R, where q; is p;-primary and qj is
p;-primary. Then k = ,and, if the components q; are suitably arranged,
p:,f = p.‘i (.7 = 1> ak)

By a characteristic property of an uncontractible representation,
Py, .., Py are all distinet, and pi, ..., p; are all distinct. Amongst
these k£ + [ prime ideals we can find at least one which is not a proper
multiple of any other, and without loss of generality we may
assume that p, has this property; p, is not equal to any p; (j> 1),
and is at most equal to one p.

Suppose that p, is not equal to any p;. For any given value
of j (j > 1) there exists an element & which is in p, but not in p,, since

P1+0 (b))

Let p be an integer such that afeq;. If « is not in p;, a* is not in
p;, and hence

q:%+0 (p;).
This holds for j = 2, ..., k. Again, since
a similar argument shows that

ql * 0 (p;’)’

forj = 1,...,I. Now [§1, Th. III]

[02: 00 02° 0y -5 Q2 G2] = 1203 = [q1: G, G2 Gy, -, 72 G-
Clearly G1:0; = R,
and from Theorem II, Corollary II,

d;: 01 = qj (4>1),
and 9 a.=0q; (§>1)
Hence [Q2s s Q] = [q1, s 1] = 1,

contradicting the assumption that [q, ..., ;] is an uncontractible
representation of i. It follows that p, must be equal to one pj, and
by arranging the components qj, ..., q; suitably we may suppose
that p, = pi.

By Theorem III, f = [qy, q;] is p,-primary. Just as above, we

can prove that , ,
P q;:f=0q; and q;:f=qj
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provided that j > 1 in both cases; and since f<q,, < q;,
q:f=R=aq1:t.
Hence, from the equation

[0y o qe] ¥ = [a1, .., qi]: 8,
we obtain the equation

[q2, R Qk] = [q;’ R ] q;]’

We show that [qs,...,q;] is an uncontractible representation of
this ideal. Indeed, if

[Clz, coos Qim15 Qs -+ s Qk] =0 (Qi)’
then [ql’ Q25 -5 Qg1 Qy1s -+ o» Qk] =0 (Qi)’

contradicting the hypothesis that [qy, ..., q;] is an uncontractible
representation of i.

Theorem VIII now follows by a simple argument, using induc-
tion on the minimum number of components required to represent
an ideal i as an uncontractible intersection of primaries. Let & be
this number. If k£ = 1, i is primary, and q, =1. If [q,...,q7] is
another uncontractible representation of i, the proof given above
shows that , ,
[Ch, cey ql] =},
and hence that =R (=2..,10.

Hence [q3, ..., q;] is only uncontractible if 7 = 1, and then q] = q;
and therefore p; = p,. If we now assume the truth of the theorem
for ideals which can be represented as an uncontractible inter-
section of £—1 primaries, and consider an ideal i which requires

k ts: : 4 7
components t=1[qy .- 9] = [qu -+, q1],

the reasoning above shows that:
(i) for a suitable arrangement of the components,

P = pi?
(ii) (a2 -+o> Q] = [z, ---> 11

and the hypothesis of induction tells us that k—1 = l—1, that is,
k = I, and the components can be arranged so that

p,=p; (E=2..k).
The proof is complete.
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To prove our second uniqueness theorem we must first define
the isolated and embedded components of an ideal i. Let [q;, ..., q;]
be an uncontractible representation of i, and let p; be the prime
ideal belonging to q;. By Theorem VIII, p,, ..., p; are prime ideals
associated with iin a unique way, independent of the uncontractible
representation chosen. If p; is not a proper factor of any other
prime ideal p, of the set, q; is called an isolated component of i, and
if p, is a proper factor of some p;, g; is said to be embedded. While
the embedded components of i need not be uniquely determined
Wwe can prove

THEOREM IX. The isolated components of an ideal i are uniquely
determined.

Let [qq,---,q5] and [qy,...,q%] be two uncontractible repre-
sentations of i, and suppose that the components are arranged so
that q; and q; are both p,-primary. Let g, be an isolated component
of i. Then , is not a proper factor of any p, (j > 1). Hence q; is also
an isolated component. For convenience, we write

j= [0zl 1 = [0z - Gic,
so that 91,11 =1 = [a5,1'].
Let q; be of index p;. Then
P ppk =0 ()
If j<p,, we have phe...pok =0 (p,),
and hence ;=0 (p,)

for some value of ¢ greater than 1, contrary to the hypothesis
that q, is isolated. Hence
- i+0 (py).

Therefore [Th. 11, Cor. II],

= [qujl:j = i:§ = [a1,i']:1,
and hence a: =0 (q7).
Similarly, we show that {'+0 (p,),
and deduce that a1 =0 (q,).

Hence g, = q3, and the theorem follows.
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A case of particular interest is that in which i = p*, a power of
a prime ideal p. Let 0o = [q .
- 1, seey k

be an uncontractible representation of p#, and suppose that g; is
-primary. Then
Prprimary pe =0 (a),

and hence PP =0 (p,),

from which it follows that p=0 ()
Thus p is a multiple of every p,. Since p,, ..., p, are all different,
p can be equal to at most one p,. We show that it is equal to exactly
one of them. For, if p is a proper multiple of each p;, we can find
in p; an element o; not in p (j = 1, ..., k). Let o, be an integer such
that ,

afi =0 (q;).

Then, if o = max [0y, ..., 0],

(.- r)” =0 ([qg,---» G])
=0 (p),

and since p is prime it follows that some «; lies in p, and we have a
contradiction. It follows that there is one p; which is equal to p,
and we may suppose the components arranged so that this is p,.

Since pl =0 (p,) (j = 2’ "'sk)’

@, is an isolated component of p#, and g, ..., g; are embedded. By
Theorem IX, g, does not depend on the uncontractible representa-
tion of p» chosen. We call it the symbolic pth power of p, and denote
it by p@,

We conclude this section with some further results, which we
shall need later, which concern integral domains in which the Basis
Theorem holds.

Let R be an integral domain in which the Basis Theorem holds,
and let i and { be two ideals in it. We shall assume that i is a proper
ideal, but j may be the zero ideal. The case in which j is the unit
ideal is of no interest. We consider the set of elements of & which
belong to (i, {) for all positive integral values of n. Let a and 8 be
two such elements of R, and let p denote any element of R. Since

a=0 (i) and B=0 ((i*])
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for all values of n, we have
a—pf=0 ((i"j) and pa=20 ((i*})

for all values of n. Hence the elements of i which belong to (i, {)
for all values of n form an ideal, which we denote by f. We first
prove the result:

(it,1) = L.
Since ifct and jct,
we have (if, 1) <t (3)

Let [qy, ..., q,] be a representation of (if, {) as an uncontractible
intersection of primaries, and let p, be theradicalof g, (2 = 1, ..., 7).
(If (it,{) is the zero ideal, » = 1, and p, = q,, since R is an integral
domain.)

Case I. If t£+0 (pz),
we have fcitiic (i) :icay:i=q,
[Th. II, Cor. II].

Case II. If i=0 (ps),
we have i* =0 (ap),

for all » not less than the index of gj. Also
i< ) <san

so that f< (i) <= qp.
Hence in either case f<as,
and since this holds for all values of A,

f< (it §). (4)
From (3) and (4) we conclude that

(it,1) =L

Now let y,, ..., v, be a basis for . It follows that

8
Vi =j§1“i171+:3i (t=1,..,8),

where o;ei and f;ej. If 4=|6;;—a;|, we obtain from these
equations the equation .
quiations The eq Ay =0 (), (5)
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and from the definition of 4,
4-1=0 (i).

Hence A4%0 (i),
since i is not the unit ideal.

We now consider some special cases.

A. Suppose that j is the zero ideal. From (5) we have y; = 0
(¢ =1,...,8),since 4 is not zero, and R is an integral domain. Hence
f is the zero ideal.

B. Suppose that { is p-primary, and that p <i. Then 4 is not
contained in p, so that [Th. IT, Cor. I] y;€j (¢ = 1, ..., ), and

f<i.

But j<f. Hence =i

C. Suppose that (i, j) is the unit ideal. Then (i*, i*7Y, ..., {j* 1, {*)
is the unit ideal, and since this is contained in (i*, j), this last ideal
is the unit ideal, for all values of n. In this case it is clear that f is
the unit ideal.

D. Suppose that i = p is a maximal ideal of R.T Let

i = [q;’ M q;’ q;.” M q':’n]’
where @y, is pj-primary, and qy is p;-primary. Suppose that
picp (h=1,..,1) and prEp (h=1,...,m).

If ¥, is the intersection of the ideals (p™, q3) for all n, and ¥} is the
intersection of ideals (p*,qz) for all =, it follows from B that
t: = g5, and it is easily proved that ¥; is the unit ideal. Indeed,
since Py is not contained in p, (P, p) is a factor of p not coincident
with p, so that since p is a maximal ideal, (py, p) is the unit ideal.

If p is the index of gy, (@ 9) 2 (0 ),
and hence it is the unit ideal. We therefore deduce the result from C.
Since (™ 1) <= (d™ ar)s
and (pn’ i) = (pn’ q;;)’
for all values of n, we deduce that
P i, .. 08 ... ]

= [Qi’ cees Q;]

1+ It will be proved in §3, Theorem III, that every maximal ideal in an
integral domain R is prime. This result is not, however, assumed here.
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. . ”
Let h=1[9%,..,0] and j3=1[q], ..., Gml
Then j, is not contained in p, and, since p is maximal, we have

(i2’ pn) 2 (iza p)n =R,

so that (g ™) = R.
But f1 = i1l P™) = (frja: 1ad™ < (G, ")
for all values of ». Hence j; =f. But we have already seen that

i H , /
f<j,. Hence £ = [al ... ]

We sum up the results which will be required in the sequel in

THEOREM X. If i and | are ideals in an integral domain R tn which
the Basis Theorem holds, and i is a proper ideal, then:

(1) the only element of R which lies in i™ for all values of n is the
zero of R;

(2) if i = p i3 a maximal ideal of R and § = [q1, ---» A qs -++» Amls
where qq, ..., q; are primary components of j which are multiples of
Y, and q1, ..., Gm are primary components of | which are not multiples
of v, then the intersection of the tdeals (p™,]) forn = 1,2, ... is the ideal
(93, o> G-

It is convenient to prove here a lemma which follows from this
result.

Let p be a maximal ideal in R, and let q’ be a primary ideal in R,
with radical p’. We have already seen that if p’ is not contained in p,

(@.p)=(@,p)=..=R
Suppose, now, that p’<p. Then
p=(a,p)2(a",p%)2(q",p%)=2....

We can show that (q’, ?) is p-primary. Let [q;, ..., q;] be an un-
contractible representation of (g’, p»), and let p; be the radical of g;.
Then

pr =0 (qi)’
and hence pr =0 (h;);
therefore p =0 (p,).

Since p is maximal, p, = p, and since p,, ..., P, are all distinct we
must have k = 1, thatis,  ,
(q',p") = q;.
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We are interested in the case in which (q’, p2) = p. We show that
this implies (q’, p*) = p for all values of n. Let w,, ..., w, be a basis
for p. Then since p = (q’, ?),

w; = fi+fHwy...,0,) (E=1,..,7),

where f¥(z,,....,%,) denotes a homogeneous polynomial in z,, ..., z,
of degree k, with coefficients in R, and g; is in q’. Hence

w; = /91: +f%(ﬂ1+f%(w)’ '--)ﬂr+f§(w))
= fi+fHwy,...,0,) (@E=1,...,7),
where £; is in ¢’. Hence p =(q’, p*), and since

p=2(q",p%)2(a", pY),

we obtain p=(a",p% = (q',p9).
Proceeding in this way, we obtain
@, p") =p

for all values of n.

It follows from this that the intersection of ideals (q’,p”) for
n = 1,2, ... is the ideal p. But, from Theorem X, we know that it is
also q’. Hence q’ = p. Thus we have the

Lemma. Let p be a maximal ideal in an integral domain R in
which the Basis Theorem holds, and let q' be a p’-primary ideal in R.
Then

(i) of p'+0 (p),
(@, p) = (0", %) =... =R,

(ii) ¢f p’ =0 (p), (9", p™) ts p-primary, and is prime if and only
if ' = p. The conditions q' = p and (q', p2) = p are equivalent.

3. Remainder-classrings. Let i be an ideal in the commutative
ring R. Two elements « and £ of R are said to be congruent with

respect to i if a—f=0 (i.

It can be seen at once that this congruence relation is reflexive,
symmetric and transitive, and is therefore a true equivalence
relation. The elements of R can therefore be divided into mutually
exclusive sets of elements congruent with respect to i. We denote
the set to which a belongs by &@. Thus @ = f if and only if x —f €.

It a—a'=0 (i) and B—pF =0 (i),
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then (x+p)— (' +p) =0 (i),
and af—a'f =a(f—-p)+p'(a—a’) =0 (i).

Hence we can define addition and multiplication of sets, and we
can verify at once that with these definitions the operations have
the properties required of addition and multiplication in a ring.
Thus the sets constitute a ring, which we denote by %R. There is
a mapping of R on N, given by a - &, with the properties

m = a+ﬁ ’ &7’; = EB ;
a mapping with these properties is called a homomorphism. The
elements of ! which map on the zero of N are the elements of i.
Conversely, if we have any homomorphism « —& of the ring R
on a ring N, we consider the elements of R which map on the zero
of N. If « and B are such that & = § = 0, and if p is any element
of R, we have

a—f=a—-f=0 and pa=pa=0.

Hence the elements of )t which map on the zero of ;i form an ideal,
i, say, in R. Two elements a and B of R map on the same element
of R if and only if & — # maps on the zero of N, that is, if and only if

“_13 =0 (i),

and hence any homomorphism of R is obtained in the manner
described for a suitable choice of the ideal i. The ring ) obtained
from the ideal i of R is called a remainder-class ring, and is usually
denoted by R/i. If i is the zero ideal, R/i is clearly isomorphic
with R, and if 1 is the unit ideal, R/i contains only zero.

Since a field has only two ideals, the unit ideal and the zero ideal,
we deduce

THEOREM 1. 4 homomorphism of a field either maps every element
on zero, or 18 an tsomorphism.

Let 1, j be two ideals of R, and consider the map of j on R/i. If
j<i, every element of { maps on the zero of /i, and the map of j
is the zero ideal of R/i. Now suppose that j is not contained in i.
If @ and B are elements of R/i which are maps of elements « and g
of j, and p is any element of R/i, the map of an element p of R, then
@ — B and pa are the maps of elements « — # and pa of j. Hence the
elements of R/t which are maps of elements of | form an ideal in
/i, which we denote by j/i.
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Now let f be any ideal of R/i, and let « and £ be any elements of
R which map on elements @ and B of £. If p is any element of i and
p its map on R/i, «—F and pa map on &—f and pa, which are
elements of . Hence the elements of )%t which map on elements
of f form an ideal f in ®. Since any element of i maps on the zero
of R/i, which lies in f, icf. If T = j/i, clearly j<¥, but we do not
necessarily have j = f. Indeed, a necessary and sufficient condition
that an element a of ik map on an element of j/i is that there should
exist an element f of j such that « — fei. Hence, if f = /i,

= (1),
and a necessary and sufficient condition that f = j is therefore that

i=0 ).
From this, we have at once

THEOREM II. Any ideal | of R maps on an ideal j/i of R/i, and the
largest ideal of R which maps on j/i is (1,]), which contains all ideals
which map on j[i. There is a one-to-one correspondence between the
tdeals of R which are factors of i and the ideals of R/i.

In virtue of this result, when we consider the relation between
ideals in R and ideals in R/i, we may confine ourselves to ideals in
R which are factors of 1.

If the ring R has unity, and i is not the unit ideal, it is seen at once
that the image of the unity of R in R/i is the unity of R/i.

We now use remainder-class rings to prove

THEOREM III. A maximal ideal of any commutative ring R s
primary. If R has unity, any maximal ideal of R is prime.

Let t be a maximal ideal of ®. Then R/i can have no proper
ideals. For, if j is any ideal of R/i, the largest corresponding ideal
of R is a factor of i, and hence, since i is maximal, is either i or the
unit ideal. Hence j is either the zero ideal or the unit ideal of R/i.

Since R/i has no proper ideals, it is either a field, or a ring con-
sisting of a finite number of elements @, ...,&,, where &;a; = 0
[§1, Th. I].

(i) Suppose that R/iis a field. This is certainly the case if R has
unity, for then R/t has unity. Let a and £ be two elements of % such
that afBei. Then, if & and g are the corresponding elements of R/i,

&pf =o.
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Since R/i is a field, either & or g is zero, and hence either  or £ is
in i. Hence i is prime.

(i) Suppose that R/i consists of a finite number of elements
ay, ..., &,. If & is any element of R, the corresponding element & of
R/iis an @, and &} = 0. Therefore a?ci. In particular, if « and g
are elements of i such that

af =0 (i) and a#0 (i),
then £2=0 (i),

and hence i is primary. We note that since the square of any element,
of R is in i, the radical p of 1 is the unit ideal, and

p2 =0 (i).
Since p ¢ 1, i is not prime.

A further consequence of our reasoning is that if i is maximal
and prime, R/i is a field. We can show, conversely, that if R/i is
a field, i is maximal and prime. Indeed, if i were not maximal, it
would have a proper factor { which is not the unit ideal, and hence
i/t would be a proper ideal of R/i, whereas we know that a field has
no proper ideals. If « and f are any two elements of &% such that
afei, and @ and B are the corresponding elements of R/i,

apf =0,

and hence @ or f is zero; that is, a or f is in i. Hence i is prime.
Thus we have

TurorEM IV. A necessary and sufficient condition that R/t be a
field is that i be maximal and prime.

Similar reasoning shows that a necessary and sufficient condition
that R/i be without divisors of zero is that i be prime. For, if
afei, then @ is zero, and if R/i has no divisors of zero, then either
aor Biszero; thatis, either  or #isin i; henceiis prime. Conversely,
if i is prime, & A = 0 implies afet, so that « or A is in i. Therefore
@ or g is zero, and we conclude that R/i has no divisors of zero.
This fact is sometimes taken as the basis of another definition of
a prime ideal.

TreorREM V. If j is a factor of i, j[i is primary if and only if | is
primary. If i is p-primary, jfi is (p/i)-primary.
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Let us suppose, first, that j is primary and that p is its radical.
Then p2j21i.
(i) Let &, B be elements of R/i such that

@B =0 (jfi), a0 (/)
If « and S are any two elements of : which map on @ and f, respec-
tively, we have af=0 (), a0 ().

Since j is p-primary, it follows that fep. Hence

B =0 (pfi).
(ii) Since i=0 (p),

it follows that i/i=0 (p/i).

(iii) If B =0 (p/i),
we have B =0 (p),
and hence B2 =0 (i),

for some integer p. Hence

Br =0 (jfi)

It follows from § 2, Th. I, that j/i is (p/i)-primary.

Next, suppose that j/i is primary. Let p be its radical, p the
largest ideal in ! which maps on p. Then p = p/i. We again denote
elements of R by a, B, ... and their maps on R/i by @, 5, ....

(i) If « and g are elements of R such that

af =0 (i), a+0 (j),
then aB =0 (j/i), aT+0 (jfi).

Since j/i is (p/i)-primary, fe (p/i), and so feyp.

(ii) Since j/i = 0 (p/i), we havej =0 (p).

(iii) If fep, Bep/i; hence, for some integer p, B €j/i. Therefore
p°€j. Hence [§2, Th. I}, j is p-primary.

Suppose, now, that there exists an integer o such that

(p/D)” = 0 (/).
If peye, p= %aﬂ ... %y, Where a€p.

Hence B= %Eu e By = 0 ((P/1)7).
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By hypothesis fei/i, and therefore fej. Hence

P =0 (j).
Conversely, we show in a similar manner that if
p7 =0 (j),
then (p/1)” =0 (j/i).

We thus have
Corollary I. Ifj2i1s p-primary and p° = 0 (j), then

(p/D)” =0 (j/i);

und if there exists an integer p such that

(/)P =0 (j/i), then pr =0 (j).

Corollary I11. If j21, i ts prime if and only if i/i ts prime.

This follows from Corollary I by taking p = o = 1.

Corollary I implies that when the Basis Theorem holds in R and
in R/i, corresponding primaries have the same index (see Th. VII).

Let i, { be any two ideals in a ring R, where

t=0 (j).

There is a homomorphism from R to R/i, in which | defines the ideal
i/i of R/i. In the same way we define a homomorphism from R/i
to (R/i)/(j/i). Combining the two homomorphisms, we obtain a
homomorphism of R to (R/i)/(j/i). An element o of R maps on the
zero of this ring if and only if it maps on an element of j/i of R/i,
that is, if and only if it is in j. Hence (3/i)/(j/i) is isomorphic with
the remainder-class ring of R defined by j, that is, R/j. Hence we
have

THEOREM V1. If i and i are ideals of R such that i< i, then Rj is
tsomorphic with (R[1)/(i/1)-

THEOREM VII. If the Basis Theorem holds in R, it holds in R/i.

Let j be any ideal of R/i, i the largest ideal of R which maps on i,
and let w,, ..., », be a basis for j. If & is any element of j, o an element
of R corresponding to &, then « is in j. Therefore

o = plwl‘l‘ ces +pr(l)r+n1wl+ veu +n,.€t),.,
where p,, ..., p, are in R, and n,, ..., n, are integers. Therefore

E = ﬁlal"i' coo +/_),6r+’n161+...+n,&_),.
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Hence SR (@y...,3,).
But @, ..., @, belong to j. Hence
Ri. (@, ..., 0,) S|

It follows that @, ..., , is a basis for j. Thus the theorem is proved.
The foregoing theorems enable us to examine the relations
between properties of those ideals in R which are factors of i, and
properties of the corresponding ideals in R/i, and conversely. The
problem is a very simple one, and we need not spend much time
on it. The following are a few of the more useful results. The proofs
may be left to the reader. Ideals in 9R/i are represemted by |, {, ...,
and j, ¥, ... are the largest ideals in & which correspond to them.
i) (G,%) = (i, ), and (j, ¥) is the largest ideal in R corresponding
to (j, f).
(i) [j, £] = [j, ], and [j, f] is the largest ideal in 9% corresponding
to [j, f].
(iii) jf = if, (jf,1) is the largest ideal in 9 corresponding to if,
and need not coincide with if.
(iv) j:f =j:¥f, and j:¥f is the largest ideal in R corresponding to
i:L
(v) If the Basis Theorem holds in R, and [qy, ..., q,] is an un-
contractible representation of an ideal j which is a factor of i, then
[Gys ---» Gx] is an uncontractible representation of j.

4. Subrings and extension rings. In the following sections we
shall often have to consider simultaneously two rings, one of which
is a subring of the other, and it is convenient to collect together
certain general results on ideals in rings which are so related. It
will be sufficient for our purpose to consider the case in which the
two rings have unity in common.

We shall denote the smaller of the rings by R, and ideals in it by
German letters, and we shall denote the larger ring by Rt*, and ideals
in it by German letters with an asterisk attached. More generally,
a symbol 8§ will represent a set of elements in R, and a symbol S*
will denote a set of elements in R*. Any set in R is also a set in R*,
but an ideal in  may not be an ideal in R*. If i and j are ideals in
N, the relation

i=0 (j)

HP III 3
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is a relation in R between them, but
ici
may be regarded either as a relation in R or as a relation in R*.
If 8 is any set of elements of R, we shall denote by R*.S the set

,
of elements which can be written as finite sums 3 pfa,;, where
1

p¥ is any element of R*, and «a, ..., a, are elements of S. On the
other hand, if 8* is any set in R*, R,8* will denote the set of
elements of N which are in S*.

THEOREM 1. If i, | are ideals in R, then R*.i, R*.i are ideals
in R*, and the following relations hold:

@) ¢f i=0 (j), then R*.i=0 (R*.{);

(ii) R*.(1,1) = (R*.1, R*. });
(iii) R*. (1,11 [R*.1, R*.1];

(iv) R*.if = (R*.1) (R*.1);
(v) R*.(1:]) < (R*.1): (R*.§).

Let a* and #* be elements of #*.1, and let p* be any element
of ®}*. Then X

8
a* =S pta; and f*=3o0lf,
1=

1=

%k % :
where pf, ..., p¥, o, ..., 0¥ are in R*, and a,, ..., 0, f, .., f, are
in i. Then it is clear that

k 8
a*—p* =3 pfoa,— X ot f,
i=1 t=1
k
and pra* = ¥ p*pfo,
i=1

are in M*.1. Hence R*.1iis an ideal in R*.
(i) If a* is any element of R*.1,
k
a* = Zp‘?ai’
1

where a,ei<j; hence a*e R*.j.
(ii) Any element of (i,j) is of the form a+ f, where aei and
Bej. Hence, if y*eR*.(i,1),

k k k
y* = g‘.pz‘(aﬁﬂi) = ;p‘{aﬁ}i‘. Pt B
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that is v*e(R*.1, R*.{),
and therefore R*. (1, 1) = (R*.1, R*.1).
On the other hand, any element of (R*.i, R*.j) is of the form
a*+ 4*, where x s
a* =S pta B* =S oth,
and a; =0 (1), B;=0 ().
If y,=a;, (E=1,..,k), Yi=PBix @=k+1,...,k+s),
and 7f=pf (C=1,...,k), TE=0f, (G=k+1,..,k+s),

k+s *
a¥ 4 f* = 21‘4 Ti Vo

where Ys =0 ((i,)
Hence a* + f*e R*. (i,j). Thus
(R*.4, R*. 1) = R*.(1,1).
From these two results we have
R*. (1, 1) = (R*.1, R*.j).
(iii) Any element y* of R*.[i,]] is of the form

k
y* = § PT Ve

where v;=0 (1) and ;=0 (j).
Hence y¥=0 (R*.i) and y*=0 (R*.j),
that is R*.[1, 1< [R*.1, R*.4].

(iv) If y*e R*.1j, .

y* = ép}“aiﬂi = X (Pia) B,
where a; =0 (i) and g, =0 (j).
Hence p¥o,eR*.i and f;eR*.j,
and therefore we have

R* .G (R*.1) (R*.1).
Conversely, if v*e (R*.1) (R*.1),
32
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we have y* = Yafpr,
i=1
8 t
where af =S phey and B =3 kb
j=1 k=1
with ;=0 (i) and g;=0 (j).
r 8 t
Hence v*= 3 X X phiohafr € R* 1,
i=1j=1k=1
and therefore (R*.1) (R*.{) = R*.ij.

Combining the two results, we have
R*.4f = (R*.1) (R*.5).
(v) If y*eR*.(i:]), then
Y* = ﬁ::/’f')’i,

where v:0 =0 (i).
Hence, by (i), Y R* 4 =0 (R*.1),
and therefore VER* { =0 (R*.1).
Therefore R*.(1:) = (R*.1): (R*.9).

TuroreM I1. If i*, {* are ideals in R*, then R ,i*, R, i* are ideals
i R, and we have

@) <f i*=0 (j*), then R,1*=0 (R,i*);

(1) R, (1 1%) 2 (Ra%RG%);
(iii) RALS 1% = [0 R4
(iv) R (1*%) 2 (RLi*) (R43*);
(v) o (1*:3%) = (A1) 1 (RA)%).

Let « and S be elements of R, i*, and let p be any element of R,
and hence an element of Rf*. Since i* is an ideal, & — £ and pa are
in i*. But since they also lie in R, they belong to R ,i*, which is
therefore an ideal.

(i) IfxeR,i*, aei*<j*. Hence aisinj*and in R, and is there-
fore in R, i*. Therefore

R,i* =0 (R.j%).
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(ii) If e (R, 1%, RA1¥), e (i*,i*). Since a is also in R, it is in
R. (1%, i*). Therefore
R 1) 2 (R, 1%, Raj).

(iii) If xe R, [i*,i*], we have
aei*, aej*, aefR.
Hence aeR,i* and aeR,i*.

Therefore ae[R,i* R,i*],
and hence we have

Ra[* TS [RATS RG]

Conversely, we have @ jxcix ®, i*<i*.

Hence [R1*, Rai*1 <% 1%
But [R.i* Raj*IsR;
hence [Ra1% RS R0 1%

Combining the two results, we have

Ra[P1%] = [Rat*, RAT*]

(iv) Since R,i*¥ci* and R,i*<i¥,
we have (RA1*) (R L1*) SiXj*.
Since (RAt*) RAIF) =R,
we obtain R, (%) 2 (R %) (RA15).

(v) If veR, (i*:i*), then ye(i*:i*),
and hence vi* =0 (i*).
By (i), we have YR.*F =0 (R,i%),
hence R ({*:1%) = (RA1*): (RA1*).

TaeoreM II1. If g* is a p*-primary ideal in R*, R, q* is (R, p*,
primary in R. In particular, if p* is prime, R, p* is prime.
(i) Let o, B be elements of R such that

aff =0 (Rrq*), while a0 (R,q%).
Then aff =0 (q%),
while a0 (q*%).
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Since q* is p*-primary, it follows that fep*, and since f#is in R,
f=0 (R,p%.
(i) Since q* =0 (p*),
it follows from Theorem II (i), that
mAq* =0 (%Ap*)
(iii) If B=0 (R,p%),
we have B =0 (p*).
Hence there exists an integer p such that
Be =0 (g%).
But frisin R; hence g7 =0 (R,q*%).

From § 2, Th. I, it follows that R, q* is (R, p*)-primary.
The second part of the theorem follows at once by taking g* = p*.
We now consider the effect of applying the operations R#*. and
R, successively. Let i be any ideal in R, and let i* = R*.i. We
say that i extends to i*. If { = R,i*, we have ici*, and hence

i=R,AcR,* =1

Examples will be found in the next section which show that i
may be a proper factor of i. Since i <], we have [Th. I (i)]

i* = R*AicR* .|

But, on the other hand, we have j<i*. Hence R*.j< R*.i* = i¥,
so that R*.j = t*. If i’ is any other ideal of R such that

R*.' = i* then V<R, i*=i.

Hence j is a factor of every ideal i’ which has the property R*.i’ = i*.
Thus we have

THEOREM IV. If i is any ideal of R, and | = R, (R*.1), then
icj and R*.i = R*.{. The ideal | is the largest ideal in R which
extends to R* .1, and it contains as a subideal every ideal of R which
extends to R* .1.

We may mention here a special case which will occur later in
which we can prove that i = { in Theorem IV.
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THEOREM V. If there exists a finite number of elements n¥, ..., n¥
r

of R* such that every element of R* can be written in the form ¥, p, 7%,
1

where p,, ..., p, are in R, and if p is a prime tdeal in R with a finite
basis, then p = R, (R*.p).
Let w,, ..., 0, be a basis for p. Then any element of R*.p is of

8
the form ¥} p¥ w,, where p¥, ..., p¥ are in R*. Let w be any element
1

of R, (R*.p). Then wpfeR*.p, and hence
8
wn¥ =121p}“,w, (t=1,..,r7).
But 7 =k2 lpijk Mes
where p,;,. belongs to it. Hence

r
(l)?]? =k§ldik77;: (i = l’ ...,T),

Where d’l:j = 0 (p)o

Eliminating ¥, ..., 7¥, we have
|8yw—dy| =0,

and hence o =0 (p).

Since p is prime, we have = 0 (),
and hence R.(R*.p)sp.
Using Theorem IV, Theorem V follows at once.

The following corollary is also useful:

Corollary. If, in addition to the hypothesis of Theorem V, the
Basis Theorem holds in R*, and if R*.p = [qF, ..., qF], where qF s
primary, then for at least one value of ¢ we have R, qF = p.

By Theorem II (iii) we have

p = mA(%*.p) = [m/\qr’ seey mltq;:]:

and by Theorem III, R, q¥ is primary. Let its radical be p,. Then,
i < *
since ‘p——mltqi —pt’ p =0 (pi).
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If each p, were a proper factor of p, we could find a,;€p,, where
a;isnotin p, for ¢ = 1,..., k. Hence, for a suitable integer p,

(@ 0)p = 0 ([Rpaf, ..., Rai)),
that is (¢ty ...o0)P =0 (p).

Since § is prime, one at least of the elements «; is in p, and we thus
have a contradiction. Hence, for at least one 4, p, = p. But
pS R, q¥=p,. It follows that

Riaf =»p.

We now return to the general problem of the relation between
ideals in R and ideals in R*. Let i* be an ideal in R*, let i be the
ideal R ,i*, and let j* = R*.i. We say that i* contracts to R, i*.
Since ici*, j* = R*.icR*.1* = i*. The following example shows
that {* may be a proper multiple of i*. Let K be a commutative
field, x an indeterminate over K, and let y be a root of the
equation % = 2® in some extension of K[x]. We take R = K[x, y],
R* = K[z, y,yx1], and let

i* = R*. (z,y, yx ).
Then it can be verified that
i=R,i*=R.(x,y) and j*=RN*.i=N*.(v,y)+i*

Since i<j*, i=R,ji* and since j*<i*, R,i*<R,i* =1i. Hence
R.i* = R,i*. We thus obtain

THEOREM VL. If i*is any tdeal of R*, and if {* = R*. (R, 1*), then
i*ci*and R,i* = R, i*; the ideal j* is the smallest ideal in R* which
contracts to R ,i*, and is a multiple of every ideal of R* which con-
tracts to R ,1*.

Any ideal i* of #* which is equal to R*.1;, where 1, is some ideal
of R, is called an extended ideal in R*. If i¥ is any ideal in R*,
i* = R* (R,1¥) is called the extended ideal associated with i¥.
Similarly, an ideal i of & which is equal to R ,if, where if is some
ideal of R*, is called a contracted ideal of R, and if i, is any ideal of
R, i = R, (R*.1;) is called the contracted ideal of R associated
with 1i,.

Every contracted ideal of R is the contraction of exactly one
extended ideal of R*. Let i = R ,if be a contracted ideal of R.
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If if = R*.4{, then [Th. VI] R,i¥ = R,i¥ =1, and i is the contrac-
tion of the extended ideal i¥. If if = R*.j; is any other extended
ideal such that i= R,i¥, it follows from Theorem IV that
R*.i; = R*.1, so that if = i¥. In exactly the same way we show
that every extended ideal of R* is the extension of exactly one
contracted ideal of :. Hence we have:

THEOREM VII. There exists a one-to-one correspondence between
the contracted ideals of R and the extended ideals of R*. If i and i*
correspond in this correspondence, i* = R*.1 and i = R, 1*; 1 is the
only contracted ideal which extends to i*, and i* is the only extended
tdeal which contracts to 1.

TuroreMm VIII.

(i) If i, i are contracted ideals of R, then [i,}] and i:} are contracted
ideals ;
(ii) If i*, i* are extended ideals of R*, then (i*,i*) and i*{* are ex-
tended ideals.
(i) Wemaywritei= R,i* | = RN ,i* where i* = R*.i,j* = R*.j.
By Theorem IT (iii),
[i’ i] = ml\[i*’ i*]’

and so [i,}] is a contracted ideal.
By Theorem I (v), R*.(i:{)<i*:i* and, by Theorem II (v),

R, (i*:]*) i
Hence RA(R*.(1:]) =i

But the ideal on the left is the contracted ideal associated with
i:}, and hence [Th. IV] it contains i:{. Therefore

i:f=R,(R*.(1:1),

and it is therefore a contracted ideal.
(i) Ifi* = R*.iand j* = R*.j, it follows from Theorem I that -

(i*,1%) = ®*. (1L, 1),
and ¥* = R*.(if).

Hence (i*, {*) and i*j* are extended ideals.
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5. Quotient rings. In this section we consider a method,
which has many applications to algebraic geometry, of passing
from a ring R to an extended ring R*. Let R be any commutative
ring, and let S be a non-empty set of elements of R with the
following properties:

(i) S is multiplicatively closed; that is, if « and £ are elements
of Rin S, afisin S;

(ii) S does not contain zero, or a divisor of zero, of R.

Thus if « and £ are in S, af is not zero, nor a divisor of zero.

The method by which R* is formed from 8§ is reminiscent of the
method of forming the quotient field of an integral domain [I, § 4].
We consider pairs of elements («, £), in which « is any element of
R and g is any element of S. Two pairs («, f) and (o', ') are said

to be equivalent (@, f)~ (', B) if af =ao'p.

This relation is clearly reflexive and symmetric. To show that it is
transitive, suppose that («,f) is equivalent to (', f’), and that
(&, f’) is equivalent to (a”, #”). Then

af’ =a'f and a&'f"=a"f.
Therefore af'f’=a'BB" =a'f'f =a"f'B,
that is, (af”—a"B) B =0,
and hence aff’—a"f =0,

since ' is not a divisor of zero. Hence («, ) is equivalent to («”, £”).
The equivalence is therefore a true equivalence relation [I, § 2], and
it can be used to divide the pairs into mutually exclusive sets of
equivalent pairs.

We define addition and multiplication of pairs just as in the
definition of the quotient field of an integral domain:

(06, 13) + (Y: 3) = (a3+ﬂ7’ ﬂa):
and (a’ :B) (7’ 8) = (wy, /BB)

Using the fact that S is multiplicatively closed and contains no
divisors of zero, we prove, as in Chapter I, § 4, that if

(a7 :3) ~ (a,a /3’) and (79 8) ~ (7,, 6')9
then (,B8)+ (7,0~ (", B)+ (¥, 0),
and (@, B) (7, 8)~ (&, ) (7', &)
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Thus we can define addition and multiplication of sets of equi-
valent pairs, and as in the theory of quotient fields of integral
domains, we prove that the sets, with these laws of addition and
multiplication, form a ring R* whose zero is the set consisting of
the equivalent pairs (0, £), and which has as unity the set of equi-
valent pairs (a,a). To each element £ of R there corresponds an
element £* of {* consisting of the equivalent pairs (af, «). Now
(ak, ) ~ (P, B) if and only if

oafB(E—n) = 0;

that is, if and only if £ = 9, since « and g belong to S and are there-
fore not divisors of zero. Since (§+7)* = £*+9*, and (§n)* = £*y*,
the elements £* therefore form a subring of :* which is isomorphic
with . We can then identify this subring with R, so that R*
becomes an extension of :. When we do this, we usually represent
any element of }* by a/f, where («, f) is any pair of the corre-
sponding set.

In the applications with which we are concerned the ring R is
always an integral domain, and we shall henceforth assume that R is
such a domain. Then R* is isomorphic with a ring containing i and
contained in the quotient field K of R, and will be identified with
it. Since R* contains R, it has unity in common with R, and since
it is contained in the field K, it has no divisors of zero. Hence it is
an integral domain. Its quotient field clearly coincides with K.
The sets S in ® with which we have to deal are obtained by selecting
a prime ideal (not the unit ideal) p in R, and taking S to be the set
of elements of R not in p. Since p is prime, it is clear that S is
multiplicatively closed and does not contain zero or any divisor
of zero. The ring Rt* is then denoted by R,,, and is called the quotient
ring of p. If p is the zero ideal, R, is the quotient field of R, for the
elements of R not in p are all the non-zero elements of R.

In considering the relations between ideals in R and ideals in
R, we can apply the results of §4. In the case of quotient rings
R, however, it is possible to sharpen these results considerably, as
the following theorems show.

TrroREM I. Every ideal in R, is an extended ideal.

Let i* be any ideal in R, and let i = R,i*. If a/fei*, then
o = f(a/B)ei*, and since « is in R, aei. Conversely, if aei and g
is not in p, we have aei* and f-1eR,. Hence a/fei*. Thus i*
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consists of the quotients a/# in which a belongs to i and £ is not in p.
Any element of i* is therefore contained in R,,.1; that is, i*< R,,.1.
But [§4, Th. VI] R,.i<i*. Hence we have

i*=R,.1.
Targorem IT. T f 1 is any ideal in R, and i* = R, .1, then i* is the
unit tdeal of R, if and only if 1%0 (p).
r .
Any element £ of R,,.1 is of the form X % ¥.» where ;e R, y, €1,
= 8.

;€p. Hence ‘
fugp £= Za;ViPy - BiaPivy - Br _Y
By B, B

where yei and f+0 (p).

Ifi+£0 (p), there exists an element £ of i which is not in p. It
follows that 1 = £/£ is in Rp.1i, and hence i* is the unit ideal. On
the other hand, if i* is the unit ideal, it contains 1. Hence there
exists an element £ of f not in p, and an element « in i such that
a/f = 1. Hence a = fis in i but not in p, that is, i 0 (p).

TuaeorEM III. If B is a prime ideal of R contained tn p, and L,
8 P-primary, then g* = Ryp . O, ts p*-primary, where p* = Ry P.
Any element of q* = Rp.L0 can be written in the form «/f,
where ae {, and £ is not in p. Similarly, any element of p* can be
written in the form y/d, where ye P and ¢ is not in p.
(i) Let a/f and y/d be two elements of Ry such that

— _}“ = * i — *
58 0 (q*), while ﬁ=|=0 (a%).
ay _§
Then By

where £€ ), and 7 is not in p, and hence not in B, which is, by
hypothesis, a multiple of p. Thus

ayn = fo§ = 0 (),
and hence ay =0 (Q),

since 7 is not in P. Since a/F is not in g*, a is not in L, and, since
£, is B-primary, it follows that ye ‘R, and hence that

F=0 "
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(ii) Any element of q* is of the form «/f, where e and £ is
not in p. Hence ae ‘B, and therefore a/fep*. Hence

q* =0 (p*).

(iii) Any element of p* is of the form a/f, where ae‘B. Then
are ), for some integer p. Moreover, £ is not in p, and, since p is
prime, f* is not in p. Hence

(%)P =0 (g%).

It follows from Theorem I of § 2 that g* is p*-primary.
Using the notation of Theorem III, let « be an element of R, g*.
Then ae R, and also
B

a="=,

Y

where fe  and yisnotinp. Hence ya = fe ), andsince y+0 (PB),
it follows that «e .. Hence

Rg*<Q.
But [§4, Th. IV] O <R, q*
Hence 0 =R,q*

A similar argument applies to R, p*. From Theorems I and IIT
we deduce

THEOREM IV. There is a one-to-one correspondence between the
primary ideals of N whose radicals are multiples of p and the primary
tdeals, other than the unit ideal, of Ry, the relation between correspond-
ing ideals being that between corresponding contracted and extended
1deals.

Let us now consider the ideal Rp.p. Any element of Ry not in
this ideal can be written in the form «/f, where neither « nor £ is
in p. Hence f/a is in Ry, that is, the elements of Rp not in Ryp.p
are units of Rp. On the other hand, no element of Ry.p can be a
unit. For if Rp.p contained a unit, it would be the unit ideal, and
we should have a contradiction of Theorem II. Thus Rp.p is an
ideal whose elements are all the non-units of Rp. If i* is any ideal
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of Ry different from the unit ideal, it cannot contain any unit
of Rp. Hence it must be contained in Rp.p. Hence we have

THEOREM V. The non-units of Ry constitute the ideal Ryp.p. Any
tdeal of Ry other than the unit ideal is a multiple of Rp. p.

Now let B* be any prime ideal of Rp, and let P = R, P*. Then
‘B is prime, and, assuming that * is not the unit ideal,

B*=0 Rp.p), P=0 (p)

Let { be any element of (Rp)ge. We can write it in the form £/7,
where £, 9 are in Ry, and 7 is not in P*. Then

=% =7
g" ﬂ’ "’ 3’
where neither fnor disin p, and y is not in . Then
ad
g - ,37/’

and since P <p, fy is not in P. Hence { is in Rg;, that is,
(ERp)cpa < ?ﬁq:,.

Conversely, if £ is any element of Ry, write § = /B, where a
and g are in R and S is not in P. Then « and S are in Ryp, and £ is
not in P*. Therefore £ is in (Rp)q., that is,

% < (mp)cpt.
Taking the two results together, we have
(mp)c_no = ER:I;

Moreover, if 9§ is a proper multiple of p, B* is a proper multiple of
Rp. B, and is therefore a proper ideal of Ry, and there are non-
units of Rp which are not in P*. Then

Rp< (SRp)cn. = %
Next suppose that P is any ideal of R such that

mpS%.
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Then every unit of Ry is & unit of Ry In particular, any element
of R which is not in p is not in ‘B, and hence f = p. Thus, summing
up, we have

TueoreM VI. If p and P are two prime ideals of R, then Rp = Ry
if and only if P<p. In particular, Ry = Ry if and only if p = P.
Moreover, if B<yp, Ry = (§Rp)ggp -

TuEOREM VII. If the Basis Theorem holds in R, it holds in Ryp.

Let i* be any ideal in Rp, and let i = R,i*. The ideal i is in R,
and has a finite basis, say, ,, ..., w,. Since w;ei, we have wei*.

,
Now, any element « of i is of the form Y} p, w,, where p, is in R. But
1

[Th.I] any element a* of i* is of the form a/f, where a€i and
L+0 (p). Hence

* =y Pig
R A
and therefore wy, ..., w, is a basis for i*. This proves the theorem.

For the remainder of this section, we assume that the Basts
Theorem holds in R.

In view of Theorem VII, the Basis Theorem also holds in Ry,
and we can then assign indices to primary ideals in i and in R,.
We now prove

THEOREM VIII. Primary tdeals in R and Ry which correspond as
tn Theorem IV have the same indices.
Let q* be a p*-primary ideal in Ry, and let O = R,q* be the
corresponding primary of R. Its radical is P = R, p*.
(i) Let p be the index of .. Then

PBr =0 (D).
By §4, Theorem I (iv),

Rp . Br = (Rp. B)r = (p*)*.
Since q* = Rp. L, we have from § 4, Theorem I (i),
(p*)P =0 (q%).

Hence the index of g* cannot exceed p.
(ii) Let o be the index of g*. Then, using §4, Theorem II (i)

and (iv), B = (R, p*) SR, p* <R, q* = Q.

Hence the index of £, cannot exceed o.
Taking these two results together, we obtain p = o, the required
result.
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Now consider any ideal i in R, and let

i= [91: -+ G5 q;+1» ces 7]
be a representation of it as an uncontractible intersection of
primaries, where the radical of q;, and therefore g, itself, is
contained in p (¢ =1,...,8), while q;+0 () ? =s8+1,...,¢). By
Theorem I (jii) of § 4
?Rp.i < [?Rp.ql, ...,mp.qs, ERp.q;H, ...,S‘ip.q;]
= [Rp. 00, - Rp. g,
since, by Theorem II,

Rp.q;=Rp (E=s+1,...,1).

Let £ be any element of [Ry.qy, ..., Rp.q,]. Then,fori =1,...,s,

we may write
%

E ’
where a;€q;, and f; is not in p. Then
a;f;=a;f; =0 (q5).
Since the radical of q; is a multiple of p, and g, is not in p, g; is

not in the radical of g;, hence ;€ g;. Since ¢; is not contained in p,
we can find a £ in qj which is not in p, forj = s+1, ...,¢. Hence

¢l _o

£ =

brbos- B B
where « is in [qy, ..., g5, Gs41, -+, 0] = 1, and g is not in p. Hence
Th. I ,
[ ] [mp.ql,...,sﬁp.qs]gmp.l.
It follows that Rp.i=[Rp.qp ..., Rp. q,).
This representation of fyp.1is uncontractible. For if, say,
mP'qi—D-‘ [mp'ql’ ) 2RP'qi—la SﬁP'qi+1’ S 2RP‘qs]’
we have [§4, Th. II (iii) and Th. IV]
q; = SRA (ERP . qz) 2 [gﬁl\ (ERP ql)’ teey ERl\ (mp . qi-—l)a
2R/\ (ERP . Qi+1)9 ceey ml\ (ERP . qs)]
= [ql’ coo Qi—1 Qirs oo qs] =2 [QI’ oo Qi1 Oig1s -5 O q;+1’ teey qZ]’

and it would follow that g, is irrelevant in the representation of i,
contrary to hypothesis.
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If, on the other hand, we start from an ideal i* of Rp and an un-
contractible representation i* = [q¥, ..., q¥] of i*, Theorem II (iii)

of § 4 tells us that Ro0* = [Ragl, .., R, ],

and an argument similar to the above tells us that this is an un-
contractible representation of R, i*.
We thus have: .

&

TueoreM IX. The (proper) contracted ideals of R are those which
can be represented as the intersections of primaries whose radicals are
multiples of p. The contracted ideal associated with i = [qy, ..., q,] 18
obtained by omitting those primaries whose radicals are not multiples
of v. If i =[qy, ..., q,] ts an uncontractible representation of a con-
tracted ideal of R, [Ryp.qy, ..., Rp. q,] ts an uncontractible representa-
tion of Rp.1; and if [gF, ..., qr] 18 an uncontractible representation of
an ideal i* of Rp, [RAq7, ..., R.q%] ¢s an uncontractible represen-
tation of R ,i*.

This result illustrates one of the advantages of using quotient
rings. In many problems, particularly when we apply ideal theory
to algebraic geometry, we are only concerned with those components
of ideals which are multiples of a given prime ideal p, and the use
of quotient rings enables us to eliminate all the components with
which we are not concerned. In later chapters many examples of
the use of this device will appear.

The remaining two theorems of this section are of frequent use
in the applications of ideal theory to algebraic geometry. The first
assumes that the Basis Theorem holds in R, the second does not.

THEOREM X. The integral domain R is the intersection of quotient
rings of its prime ideals, and, indeed, is the intersection of the quotient
rings of its maximal ideals.

By the intersection of the quotient rings, we mean the aggregate
of those elements of the quotient field of i which are in all the
quotient rings.

We first show that it is only necessary to consider the maximal
ideals in R. These are prime, since R has unity. Let p be any prime
ideal of R. If p is not maximal, it is a proper multiple of some proper
ideal i of R, and hence of any primary ideal q" which is a com-
ponent of i. The radical p’ of ¢’ is not the unit ideal. For if p’ = R,
p’r, for any integer p, is also equal to R, since N has unity. But since
q' has a finite index, there exists a value of p such that p'?=q’,

HPIII 4
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so that g’ is the unit ideal, contrary to the hypothesis that q’ is
a component of a proper ideal of . We now have p<g’'<yp’, so
that there is a proper factor of p which is a proper prime ideal of R.
If p’ is not maximal, it has, in the same way, a proper factor p”
which is a proper prime ideal in R. If p” is not maximal, we proceed
as before. We thus obtain a sequence of ideals

pcp’cp’c....

By Theorem VI of §1, this sequence is finite, and hence after a
finite number of steps we reach an ideal p, which is maximal and
is a factor of p. By Theorem VI, Ry < Ry, and hence any element of
the quotient field of ® which is in Ry, is in Rp. Hence, in con-
sidering the elements of the quotient field of i which are in the
quotient rings of prime ideals of <R, we need not consider Ry, since
if the elements are restricted to lie in fp , they necessarily lie in Ry.
Hence we need only consider the quotient rings of the maximal
ideals in R.

Clearly, every element of R is in every quotient ring. Now let
£ be any element of the quotient field of R which is in the quotient
ring of every prime ideal of R. Let £ = «,/f,, where a, and g, are
in R. If B, is a unit of R, £is in R. If f, is not a unit of R, R.(B,)
is a proper ideal of . Write

m* (ﬂo) = [ql’ A qr],

where g is p,-primary. £ is in Ry , by hypothesis; hence £ = «,/8,,
where a, and £, are in R and £, is not in p,. Hence £, is not in g,
and therefore not in R. (f,). Therefore

R.(Bo) = R. (Bo, B1)-
If R.(B,, B,) is not the unit ideal, we write

R. (8o, 1) = [a1, ---» Gl

where q; is p;-primary, £ is in the quotient ring of p;, and we may
write £ = a,/f,, where a, and f, are in R and f, is not in p;. Hence,
as before, we obtain

R. (Lo, ) = R (Bo, P Po)-

We thus construct a sequence of ideals

R.(Bo)=R.(Bo, b1) = R. (o, b1 Ba) = -,
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which only terminates when we reach the unit ideal. But, by
Theorem VI of §1, the sequence must terminate; hence there
exists an integer r such that

R.(Bo, -0, ) = R

There must therefore exist elements p,, ..., p, of R such that

p0ﬂ0+ +prﬂr = 1'
But{f; =a, (2 =0,...,r). Hence

E=pobhot... +p, L8,
= Po%ot ... TP

that is, £ is contained in R. This proves the theorem.

Our final theorem concerns the permutability of the operations
of forming remainder-class rings and quotient rings. Let R be an
integral domain, p a prime ideal in it, and let i be any ideal in R
which is contained in p. Then [§3, Th. V], when we pass to the
remainder-class ring R/i, p/iis prime, and we can form the quotient
ring (R/i)pi. Again, since icp, Rp.i is an ideal of Ry different
from the unit ideal [Th. IT]. Hence we can form the remainder-
class ring Rp/Rp.1. We now prove

THEOREM XI. The rings (R/i)pi and Rp/Rp .1 are isomorphic.

Let £/77 be any element of (R/i)pi, where £ and 7 are in R/i, and
7isnotin p/i. If§ &, ... are elements of R in the remainder-class £,
and 7,7’, ... are elements of i in the remainder-class 7, the elements
1,7, ... are not in p, while

E-&'=0(), 7—9"=0 (i)

Since 5, 7’, ... are not in p, £/y and £’'[/n’ are in Rp. Again,

EE_E=O=E0=1)_, (¢, 1),
7 ’)7' 77/'7’ pt)

hence £/y,&'/y’,... belong to the same remainder-class of Ry,
modulo Ry, . 1. Therefore £/7 determines a unique element of Rp/Ryp . 1.
We thus have a mapping of the elements of (R/i)pi on Rp/Rp.1i,
which we denote by H.
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Conversely, let us consider an element {* of Rp/Rp.i. Let

g, &'y, ... be elements of Ry in the remainder-class {*, where
£,&,...arein R, and 5,7’, ... are in R, but not in p. Since

£ ¢ ;

——— = 0 (Rp.1 ,

7y (Rp.1)
we have Ef'—En=0 (i).

Pass to the remainder-class ring R/i. If £, &', ..., 7,7, ... denote
the elements of R/i corresponding to &,¢', ..., 9,7/, ...,

&' —E7 =0,

and, since 7,7’ are not in p, 7,7’ are not in p/i. Hence /5 = &'[7’
isin (R/i)ps, so that {* determines a unique element £/7 of (R/i)p -
It is clear that this element £/7 determines {* in the mapping H of
(R/i)pi on Rp/Rp.i. Thus we have a one-to-one correspondence
between the elements of the two rings, and it is seen at once that
this correspondence preserves sums and products. It is therefore
an isomorphism, and Theorem XTI is proved.

Corollary. If i =, (R/p)pp s the quotient field of R[p. Hence
Rp/Rp . p 18 1somorphic with the quotient field of R[p.

6. Modules. As a preliminary to the development of a multi-
plicative theory of ideals, we give a brief discussion of some pro-
perties of modules over a commutative ring.

Let R be any commutative ring, and let I be any commutative
group, written as an additive group. Suppose, now, that there
exists a multiplication between the elements of & and the elements
of M such that, if « is in N and £ is in M, then af = &x is in M.
M is called an R-module, sometimes merely a module, if the following
properties hold:

(i) (@+pB) € = af + fBE,
(i) a(E+7) = af+ay,
(iii) a(pE) = (ap) €.

Inthe casein which Ris a field, a linear set [II, § 1]is an R-module.
Again, any ideal in % is an R-module.
If  is the zero of IR, and £ is any element of M, we have, for any

element a of R, af = a(E+7) = ok +ay;
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hence, since I is an additive group,
an = 0.

Similarly, if « is the zero of R, and £ is any element of I, we prove
that af = 0

Consider the elements o of R such that af = 0 for all £ in M. If
o and £ are two such elements of &, and p is any element of R,
we have

(@—B)E=oaf—BE=0 and (pa)€ = p(at) = 0.

Hence the elements of & in question form an ideal i. Again, if a
and S are any two elements of R such that af = g£ for all elements
g of M, we have (a—p)§ = 0, and therefore a—fei. Hence a
and £ belong to the same remainder-class of R/i. Conversely, we
see at once that if « and £ belong to the same remainder-class,
af = pgfor all £in M. Hence, in considering I as an R-module, we
may replace i by R/i, and the properties of M can be obtained by
congsidering I as an NR/i-module, and then using the results of § 3
for the relations between R and R/i. It will therefore be sufficient
to consider M as an R/i-module, or, in other words, to assume that
the equation af = 0 for all elements £ of I implies & = 0. We make
this assumption tn what follows, and we shall also assume that R
has unity.

In an exactly similar manner, we show that the elements £ of
M which have the property af = 0

for all o in R form a subgroup M, of M. Now suppose that e is the
unity of R. Let £ be any element of M, and let £ = e£. Then

ez=€2§=e§=z,
and hence e(§—&) = ek —ef = 0.
If we write 7 = £ — £, and take any element o of &R, we have
an = (xe) ] = a(eq) = 0.
Hence 7€ ;. Therefore any element £ of M can be written in the
form _
£=E+7,

where " eE=Ef and e =0.
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Moreover, this representation is unique. For if

E+q =047,
where e’ =& and e =0,
we have E-C =75'-7.
Hence E-b =ef-C)=ep —ef=0;

that is, £ = £’, and hence 7 = 7.
We can prove at once that the elements £ of 9t which have the
property e£ = £ form a subgroup I,. For

e(E+7) = eE+eff =E+7.

Thus I is the ‘direct sum’ of the subgroups M, and IM,, and it is
obvious that we can obtain all the properties of It as an R-module
from the properties of I, as an R-module. Since we shall only be
concerned with rings R with unity, we may therefore confine our
attention to modules I with the property that if the equation

at =0

holds for all a in R then § is zero. We shall assume this property in
what follows. This implies that e£ = £ for all £ in IN.

The theory of R-modules, even under the restrictions which we
have imposed, is a large one, and a full development of the theory
would take us far beyond our objective. We therefore confine our-
selves to a few results which will be required later.

The R-module M is said to have a finite R-basis if there exists
in M a finite set of elements w,, ..., w, such that M consists of the
elements which can be written in the form

QW+ ... + 2,0,

where a, ..., @, are elements of R. An ideal in R with a finite basis
is & module with a finite R-basis, and, following our custom for
ideals, we denote the module with the finite E)‘t-b'% Wy, ..., 0, by
R. (g, ..., 0p).

Any subgroup of I which is closed under the operation of
multiplication by elements of R is called a submodule. We now
prove

THEOREM 1. If the Basts Theorem holds in R, and if M has a
finite R-basis, then any submodule M’ of M has a finite R-basis.
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Let M = R.(wy, ..., ,). We prove our theorem by induction on
the number r of elements in the basis. Consider first the case r = 1.
Any element of I’ is of the form aw,, where « is in R. If aw, and
fo, are elements of IN’, and p is any element of R,

(¢=p) v, = aw, — fu,
is in IR, since M’ is a group, and
(po) w0y = plaw,)
is in ', since M’ is closed under multiplication by elements of R.
It follows that the elements a of & which appear as coefficients of
w, in elements of M’ form an ideal i in R. This ideal has a finite basis,
8ay oy, ..., 0. Since o, €i, o, is in M’. Any element aw, of M’

is of the form k
(Z pt z) (1)1 sz(‘x (1)1),

where p,, ..., p; are in R, and conversely, any element of this form
k

is in M', since 3 p;a;€i. Hence M’ = R. (¢, 0y, ..., 2, w,).
1

Now suppose that the theorem is true for all ®#-modules which
have an R-basis consisting of less than r elements, and let

g'Rl SR (0)1, . .,0),._1).

If £ and # are any two elements of I = R. (v, ..., »,) which are in
M’ and in M,, and if « is any element of R, it is clear that £ —» and
af lie in M’ and in IM,;. Hence the elements of M’ which lie in M,
form a submodule M; of M,. By the hypothesis of induction, M;
has a finite R-basis, say, M; = R. (vy, ..., V).

Consider the elements a of R such that there exist elements
0y oeesy &y in R so that a0+ ...+ ,_;0,_;+aw, is in MW'. As in
the case r = 1 we show that these elements « form an ideal in R,
say, R.(fy, ..., B;). Then there exist elements v, ...,V of I’
which can be ertten as

r—1
" Yo+ fi 0, (E=8+1,...,8+1).
j=1
r
Let W= Zaiwi
=1

be any element of IR’. We know that a, e R. (4, ..., £), say,

¢
o, =i21ps+iﬁi'
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8+t
Then 0= X PV
i=g+1
. 8 .
is in ;. Hence it is equal to X p, v;, for some choice of p, ..., p, in
i=1

R. Therefore

s+t
® = 3 PyV;
i=1
that is, WeR. (Vy, ..., Voyy)-

On the other hand, it follows from the construction that v,, .
are in ', so that ,
m.(vl,...,l}s_’_t)gm.

We therefore conclude that
9)2’ = m. (Vl’ ceey VS-H)’

and the theorem is proved.

Corollary. It will be observed that if R is a principal vdeal ring,
t =0 or 1, and hence it vs easily shown that if M has a basis of r
elements, M’ has a basis consisting of r elements at most.

s Vgyy

7. Multiplicative theory of ideals. We are now in a position to
consider some multiplicative properties of ideals in an integral
domain. Let R be an integral domain, K its quotient field. We shall
assume that the Basis Theorem holds in ®. An R-module M is
called a fractional ideal of i when (i) every element of I is in K;
(ii) the product of an element « of N and an element £ of M is equal
to the product af in K; (iii) I has a finite R-basis. Any ideal in R
is thus a special case of a fractional ideal. An ideal in R will be
referred to as an integral ideal when we wish to distinguish it from
a more general fractional ideal, and the term ideal will, in this
section, include fractional ideals. As a preliminary to considering
a multiplicative theory of integral ideals we develop some properties
of the more general fractional ideals.

If M, and I, are two fractional ideals of R, we define their join
(M, M,) as the aggregate of elements of K which can be written
in the form £, +§,, where £,€ I, and £,eM,. It can be verified at
once that this is a fractional ideal. Again, the intersection of M, and
IM,, written [M,, M,], is the set of elements of K which lie in I, and
in M,. It is clearly a module, and it is a submodule of M, and of
M,. Hence [§6, Th. I] it has a finite R-basis, and it is therefore a
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fractional ideal. Finally, the product M, M, of M, and M, is the
set of elements of K which can be written as X£;7,, where £, is in
M, and 7, is in M,. Again, it can be shown that this is an R-module,
and finally that it is a fractional ideal.

Let I be any non-zero fractional ideal of R, and consider the
set S of elements £ in K such that &7 is in R for every element
7 of M.

If £ and ¢’ are any two elements of S,

EneR and EyeR.
Hence (E+E)7eR and abyeR

for every element 7 of IR, where « is any element of R. Hence S is
an R-module. Moreover, if 7 is any element of I different from
zero, and £ is any element of 8, £y is in R, and therefore £ is in
R.(»1). Thus S is a submodule of the module R.(y~1), which has
a finite R-basis. Hence [§ 6, Th. I] S has a finite NR-basis. S is there-
fore a fractional ideal, which we denote by IMM-1. (We may note
that if I is the zero module, that is, if it consists of zero only, S is
then equal to K, but in general this has not a finite R-basis.)

M-1is called the inverse of the fractional ideal M. If M = R. ({),
where { is a non-zero element of K, and § is any element of -1,
then £e R, so that £e R.(§1); and if £eR. (1), £ = o/, where
a is in R. Hence £ (fE) = afe R, where £ is any element of .
Therefore M- = R.({1). In particular, if M =R, M1 =R.
M = R, regarded as a fractional ideal, plays an important part in
what follows, and it is convenient to denote it by 1, since it plays
the part of unity in our factorization theory.

I. If MM, =M,, any element § of M5! multiplied by any element
of M, (which is also an element of IM,) must be in R. Hence
M5 1< ML The converse of this is not, however, always true. For
example, let R be the ring K[z, y] of polynomials in two indeter-
minates over the ground field K,, and let M, = 1, M, = R. (z, y).
Let a(x,y)/B(z, y) be any element of M1, where a(x,y) and f(z,y)
are polynomials in i without common factor. Then

2oz, ) ya(z, )
Fzy) ™ By

are in R. It follows from the unique factorization property
of R that B(z,y) must be in K,; that is, a(z,y)/B(x,y) is in R.
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Conversely, it is clear that if a(zr,y)eR, a(z,y)eMsl. Hence
Mzt =1=IM7L. But M, £M,.

II. Two fractional ideals M, and M, are said to be quasi-equal ;
M, ~M,, if Mt =M;L. The example given above shows that
juasi-equality does not imply equality. It follows from the
Jefinition that quasi-equality is a true equivalence relation.

From the definition of M1, M, M 1< R; hence

M= (ML)~ = M, say.
Therefore, by I above, (MF)1<ML
On the other hand, we have

MM = MM ) s R,

and so Ml (ML
Therefore (MH-1 =M,
that is, IME ~ IMm,.

Similarly, if M, ~ M,,
My (Mg 1)~ = (M)~ = MY,
so that M, < M.

Hence IRy is the largest fractional ideal quasi-equal to M, and
contains every fractional ideal quasi-equal to IR,. We shall call it
the reduced fractional ideal obtained from ;. Any fractional ideal
written with an asterisk will denote a reduced fractional ideal (but
note that M*N* may not be reduced).

We note the following immediate consequences of the definition
of reduced ideals.

(i) If My~ My, 9)}1"%2"’932?»
and hence IMF = M.
Similarly, YoMz,
so that IMF = My
Conversely, if My = Me,
we have My~ My = M ~M,,
and so My ~M,.

(ii) In (i) take M, = M¥. We then have
(MF)* = M.



7. MULTIPLICATIVE THEORY OF IDEALS 59

We also note that if I = R. ({), where { is any non-zero element
of K, M1=R.({Y), and hence M* = (M-1)1=R.(&) =M.
Also, if IM; 1< M2, then (M 1)-1< (M51)~! [see I above]. Hence,
although M;1<IM;! does not imply M, =M,, it does imply
MF<ME. But, by I, M, =M, implies M1 <M. Hence we see

that if M, <M,
then ¥ems.

A particular application of this result concerns the case in which
IR = i is an integral ideal. Then

icl,
S0 i*cl*=1;

that is, if i is integral, so is i*.

Also, we note that (JR*)~1 = ((M-1)-1)~1 = (M-1)*.

III. We shall say that I is a quasi-multiple of N (or that N is
a quasi-factor of M), and write M >N (or N < M) if MN-1 is con-
tained in R. Since M1 contains all elements of K whose product
with every element of It is in R, this condition is equivalent to
N-1=IM-L. We note that the simultaneous relations

M=N and N>M
imply M~ N.
For the two relations imply, respectively,
N1sM- and MR,
so that N1 =ML

From I we see that if M<=N, M-12N-1, and therefore I >N ;
and from II we see that if IM>N, M*<=N*. Therefore M >1
implies M= M* <= 1* = R; hence M > 1 implies that I is an inte-
gral ideal. Conversely, if M is integral, M < 1, and therefore I > 1.

Now let M and N be two non-zero fractional ideals such that
M<N, and let & be any other non-zero fractional ideal. Then
QIR is not the zero ideal, since K has no divisors of zero, and hence
we can define (8M)~L. (M)~ (M) is contained in R, by the
definition of (8M)-1. Hence

(M) M1,
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and therefore (LIM)1LAN<=R.

Hence we have QM < AN,
If M~ N, we have
M=N and N>M;

hence, by the result just proved,

LM>LN and N> M.
Therefore LM~ LN,
From this we can deduce the more general result that if
M~PM and RN~N’,
then MR ~ MR ~ MR’
Let us consider the particular case of this in which % = IN-1,
M = M*, and N’ = N* = (M*)-1. Then we see that
MMM ~ P*(Me*)-1.
To proceed further with the properties of ideals under the
relation of quasi-equality we require to know whether
MIR-1~1.

This, however, is not true in general, as the following example
will show. Let K, be a field, x an indeterminate over K,, and y a
solution of the equation s .3
y=x
in some extension of K,[z]. Take R = K,[z,y] and M = R.(x,y).
Any element of the quotient field K of R is of the form a+ fy,
where a and £ are rational functions of x over K,. If £ = a+ fy
c e omo1
is in W, ax+pfxy and pad+ay
are in R. We conclude that « and fxr must lie in R. Conversely,
if e and fzliein R, § = a+ Py is in M-1. Hence

M1 =R.(1,y/).
Then

MM-1 = %.(x,?/,?/,yz/w) = m-(xay:xz) = m’(x’y) =M.
Now M-1¢ R, hence M-1at1 = 1-1

that is, M is not quasi-equal to 1. Therefore MM is not quasi-
equal to 1.
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However, for some important classes of integral domains it can
be shown that IMMIM-1~1 for all non-zero fractional ideals. An
example will be given in § 8. It is therefore worth while considering
further the properties of fractional ideals in rings R for which
IMIM-1 is quasi-equal to the unit ideal for all non-zero fractional
ideals I of R. For the remainder of this section we assume that

MIM-1~1

for all non-zero fractional ideals of R.

This assumption, together with the properties of fractional ideals
already proved, enables us to develop a complete factorisation
theory of integral ideals of R, and indeed it is for this reason that
we introduce the idea of a fractional ideal.

An immediate consequence of our new assumption is that if I
is any fractional ideal of &, M ~ij-1, where i and j are integral

ideals. Let M=R.(Cp s L),

where & = o;/p,

and a; and §; are in R. Let § = g, ... f,, and let
i=R.(8)

Then iM=NR.(6,....08) = R.

Hence jIR is an integral ideal, i, say. Then
i~ =1"45M ~ 1M ~ M.

THEOREM 1. The classes of quasi-equal non-zero fractional ideals
of R form a commutative group.

If M~AM and N~N,
then, by IIT above, IMN ~MN.

Hence the multiplication of classes can be defined uniquely. Since
the associative and commutative laws of multiplication hold for
fractional ideals, they must hold for the multiplication of classes.
Also, if M and N are non-zero fractional ideals, the equation

EM~N
has the solution X =M1,
since M-INM = M-IMN~1N = N.
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The theorem then follows. The class of quasi-equal ideals con-
taining 1 is the unity of the group.

Since we shall be mainly concerned with our earlier concept of
an (integral) ideal in R, we revert to our practice of denoting integral
ideals by small letters in German type, such as i,j, ....

Now let i and | be non-zero ¢ntegral ideals such that

fi~1.
Then 1= 11 ~ il ~ 2 1

Hence i~! is an integral ideal. It follows that i-1<1 = 1-1, and
therefore i < 1. On the other hand, i is integral, and therefore i > 1.
It follows that i~ 1. Similarly j~ 1. Hence we have

THEOREM II. If i and j are (integral) ideals in R with ij~ 1, then
i~1,j~1.
Next, suppose that i > . Then ij~! = f is integral, and
it =1i({7Y) ~ il ~1,
and since j~1j is contained in R, jf = i(j-}j) =i. Hence we have

TurEOREM III. If i and | are ideals in R and 1>], there exists an
tdeal ¥ in R such that ., ., . .
i~jt, jE=0 (i)

An ideal i in R is said to be quasi-irreducible if the quasi-equality
i~jt implies either j~1 or f~1; otherwise i is quasi-reducible.
Since i ~i*, 1is quasi-irreducible if and only if i* is quasi-irreducible.

TueoreM IV. If i is quasi-irreducible, then i* is prime, and,
conversely, if i* 1s prime then i is quasi-irreducible.

(i) Suppose that i is quasi-irreducible. If i* = 1, it is prime.
Suppose that i*+ 1, and that a and b are two ideals in R such that

ab =0 (i*), b0 (i*).
Let ¢ = (b,1*).

Then ¢ is a proper factor of i*. Hence, i* > ¢, and therefore [Th. III]
there exists an ideal b in R such that

i*~ch.

Since i* is quasi-irreducible, either c~1 or b~ 1. If b~ 1, i*~c¢,
and therefore ¢* = i*. But ¢<=c¢* = i*, and this contradicts the
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fact that ¢ is a proper factor of i*. Hence we must have ¢~ 1.

But we also have
a=R.a~ca = (ba,i*a)si*.

Hence a =0 (i*), since (ca)*<(i*)* =i* and ac(ca)*. It
follows that i* is prime.

(ii) Suppose that i* is prime. If i* = 1, it is quasi-irreducible,
by Theorem II.

Suppose that i*=+ 1, and that it is quasi-reducible, that is, there
exist reduced ideals {*, £* in R not quasi-equal to 1 such that

¥ ~ R
Since i* is the reduced ideal obtained from j*£*,
P¥E* =0 (i%).
Also i*(j*)"1~f*<=R; that is, i*>{*, and hence i* <i*; similarly
repr Ifi* =% B~ DX(%) = iX(i%) I~ 1,
contrary to hypothesis. Hence
i*<i*, and similarly {*<f*.
Therefore there exists an element « of j* which is not in i*, and an

element B in £* which is not in i*. Then afej*f*<i*. Hence there
exist two elements a and £ of R such that

aff =0 (i*), a+0 (i*), F+0 (i*).
Therefore i* is not prime, and we have a contradiction. Hence it
follows that if i* is prime, i is quasi-irreducible.

Corollary. If i is quasi-irreducible, and ij ~ ab, then i is a quasi-
factor of a or of b.

For abi-l~jc1,
so that ab>1.
Therefore abc (ab)* ci*;
that is, ab =0 (i*).

Since i* is quasi-irreducible and therefore prime, we then have
a=0 (i*) or b=0 (i*).
Hence i1=(i*)"1ca! or i!=(i*)"lch?,

and therefore a>i or b>i.



64 XV. IDEAL THEORY OF COMMUTATIVE RINGS

Now let i be any ideal in . We wish to show that i is quasi-equal
to the product of a finite number of quasi-irreducible ideals in R.

Suppose that this is not the case. Then i cannot itself be quasi-

irreducible, and hence ..
I~

where i, and {, are not quasi-equal to 1. Then

iiri~j, <R
Hence i*>i¥.
If i* = i¥, ji~tr I~ (i)t~ 1,

contrary to hypothesis. Hence
i*<i¥, and similarly, i*<jf.

Ifi, and j, were each quasi-equal to the product of a finite number
of quasi-irreducible ideals, the same would be true for i~1,j;.
Hence, since we are assuming that such a representation is not
possible for i, it is not possible for one of i, and j;, say i,. Then,
as above, . e
Ly~ 12]a
where ireif, e
and i, and j, are not both quasi-equal to finite products of quasi-
irreducible ideals. We suppose that i, is not so expressible, and
proceed as before. It is then clear that unless i is quasi-equal to
the product of a finite number of quasi-irreducible ideals, we can
obtain an infinite sequence of ideals i*,if, 1, ..., such that

PFoifcifc....

But by § 1, Theorem VI, this is impossible, since the Basis Theorem
holds in . Hence, using Theorem IV, we can write

i~pIpd ... o7,
where p¥, ..., p¥ are prime, and hence quasi-irreducible, and not
quasi-equal to 1.
Suppose that we have another representation of i in which i is
quasi-equal to a product of quasi-irreducible ideals. Then we can

write . * o3k * ’ ’
i~ pT Py . pr ~ P P o Pt

By the corollary to Theorem IV, p¥ is a factor of p;* or of po* ... pg*.
If it is a factor of the latter, it is a factor of py*, or of ps* ... py*.
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Proceeding in this way, we see that p¥ is a factor of some p;*, and
by arranging the factors suitably, we may suppose that it is a
factor of p;*. Then, by Theorem III, we have

pi*~pii.
But, by hypothesis, p;* is quasi-irreducible, but p¥ is not quasi-
equal to 1. Hence j~ 1, that is,
*~pl
Since they are both reduced ideals, we therefore have

ot = pi*
We then have

* *_ ’ /
S (R i i VS V02 T RTTE Vs

Hence, following the usual induction argument, as used for
instance, in proving Theorem VIII of §2, we deduce that r = s,
and that if the factors are suitably arranged,

p:‘.: ;l* (i= 1,...,’)’)-
We therefore have the Unique Factorisation Theorem :

THEOREM V. Any ideal i in R not quasi-equal to 1 satisfies a
quasi-equality " *
t~pr ... Py,

where p¥, ..., p¥ are quasi-irreducible and not quasi-equal to 1, and
the quasi-factors p¥ are uniquely determined, save for order.

Our next problem is to determine the prime ideals of & which
are quasi-equal to 1. Let p be any prime ideal which is quasi-equal
to 1, and let aep. If i = R.(x), i = R.(¢"!), and hence i is not
quasi-equal to 1. Also

i~pf...pf,
where p¥,...,p¥ are quasi-irreducible and not quasi-equal to 1
[Th. V]. Since i* = i (i being a principal ideal),

p¥...pfcicy,
and hence, for some value of {,
py =0 (p)
Since pFf+1 and p*=1,

v vew 3
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p¥ is a prime ideal which is a proper multiple of p. Thus any prime
ideal of ! which is quasi-equal to 1 has a proper multiple which
is prime.

We next show that if p* is a quasi-irreducible (and therefore a
prime) ideal not quasi-equal to 1, it cannot have a proper multiple
which is prime. Let i be any prime ideal which is a multiple of p*:

i=0 (p*).
Then i > p*, and hence [Th. III] there exists an ideal q such that
i~p*q, p*q=0 (i)
If g =i, we can, similarly, find an ideal ¢ such that

q~ic.
Hence i~ip*r,
and therefore p*r~1.

By Theorem II this implies p* ~ 1, which is contrary to hypothesis.
We therefore have
p*q=0 (i), q+0 (i);
hence, since i is prime, p* =0 (i).
Therefore i=p*

Finally, we consider any prime ideal p in R which is not quasi-
equal to 1. Then PPk P
~NP1L e Py

where the p¥ are quasi-irreducible, and not quasi-equal to 1. Then

STEV ) Rl S LY NP g =

so that p > p¥, and therefore p = p*<p¥. p is thus a prime ideal
which is a multiple of p¥. Hence, by the result proved above,
p = p¥, and it further follows that » = 1.

Summing up these results, we have

THEOREM VI. 4 prime ideal p in R is either quasi-equal to 1, or
18 quasi-irreducible and equal to the associated reduced ideal. p 18
quasi-equal to 1 if and only if there exists a proper multiple of p which
18 prime.

We next consider the primary ideals in R. Let q be a p-primary
ideal in R, p its index. Suppose, first, that p ~ 1. Then we have

pr =0 (a),
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and hence [Th. III] there exists an ideal i in R such that

pP~qi.

Since p ~ 1, we have qi~1,

and hence [Th. II] q~1.

Again, since q = 0 (p), there exists an ideal j in R such that
q~pj.

Hence, if g~ 1, we must have p~ 1.

We next consider the case in which p is not quasu-equal to 1.
Then p = p*. We first prove the

Lemma. If a and b are quasi-equal ideals in R, there exist ideals
¢ and b in R, each quasi-equal to 1, such that ac = bd.

Since a~b, we have a~! = b~1. Hence

a(b—1b) = (aa~1)b.
But ¢ = b~1b and d = aa~! are ideals in R each quasi-equal to 1.
They therefore satisfy the requirements of the lemma.

We apply the lemma to the quasi-equal ideals q and q*. Then
there exist ideals ¢ and b such that

qc = q*d, c~1, b~1.
If d = there exists an ideal i in R such that

b~ pi.
If this is so pi~1,
and hence [Th. II] p~1,
contrary to hypothesis. It follows that d is not contained in p. But
a*> = qc = 0 (q),
and q is p-primary. Since D is not contained in p, we have
=0 (q).

Since q* is the reduced ideal obtained from q, we have

=0 (q%).
Therefore q=q*
Thus we have

TreOREM VII. If q i3 a p-primary ideal in R, q~ 1 if and only if
p~1, and if p is not quasi-equal to 1, q = g*.
Now consider any ideal i in ) which is not quasi-equal to 1. Let
[G1,--- G,] be an uncontractible representation of i as an inter-
52
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section of primaries. We may suppose that g, is an isolated com-

ponent of i and for convenience we write q, = @, [qp, ..., q,] = §,

and let p be the radical of q. Let j = (q,f). We prove that j~ 1.
Suppose that i is not quasi-equal to 1, and let

i""pl"'ps (s=1),
where p,,...,p, are prime ideals not quasi-equal to 1. If p is the
index of q, .
Peqsy

hence PP~Py .. P,

where t is some ideal in R [Th. III]. By the unique factorisation
theorem we must have p, ~p, and hence
j~pe.
It follows that (i) p is not quasi-equal to’l, and i) j<¥. Since
q = @, is an isolated component of i, we can find an element «;in the
radical of q; (+ > 1) which is not in p. There then exists an integer o
such that
(ag...0,)7 € ¥
but is not in p. Hence («,...«,)” is contained in j but not in p,
which contradicts the result (ii) proved above. It follows that our

assumption that j is not quasi-equal to 1 is incorrect. Therefore
we have

j~1.

Since i=[g,f] and j=(q,%),
we have [§1, Th. IV] ij = 0 (qgf).
Therefore ij = qf,
and hence i¥j* = i* > g*t*.

On the other hand, we have

qf =0 (i),
and therefore q*t* = 0 (i),
that is (1 A
It follows that %~ q*E*,

Since an ideal is quasi-equal to its reduced ideal, and from the
above, we have

[q*, t*] ~ [q*, f*]* ~ q**f** — q*f* ~1*,
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Hence i*~[q*, £*].
Since i* contains every ideal quasi-equal to it,
[a*, P*¥] =0 (i*);

on the other hand, we have

icq and ict,
80 that it*<q* and i*cft*
Therefore i*<[q*, t*].
Taking the two results together, we obtain

i* = [g*, P*].

Treating f = [q,, ..., q,] as we treated [qy, ..., q,], and proceeding
in this way, we obtain, finally,

* =[af,....q7 ]

Returning now to Theorem VII, g ~ 1 if and only if the radical
p, of q; is quasi-equal to 1, and if the radical is not quasi-equal to 1,
a¥ = q;. Thus if i = [qy, ..., q,], We obtain i* by omitting all the
primaries whose radicals are quasi-equal to 1. We notice, further,
that if the radical p; of g, is not quasi-equal to 1, then p; has no
proper multiple which is prime [Th. VI]. This means that q; is
isolated. Hence we obtain

TuroreM VIIL. If [q;, ..., q,] 18 an uncontractible representation
of an ideal i of R, and q; =qf G =1,...,8), q;~1 (e =s+1,...,7),
then [qy, ..., s] 18 an uncontractible representation of i* as an inter-
section of primaries,and qy, ..., G, are 1solated components of i and of i*.

Let us apply this theorem to the powers of a prime ideal p of R
[p. 23]. If p~1, pr~1 for all values of p. If p is not quasi-equal
to 1, neither is p#, for any value of p greater than zero. Let

PP = [p(p)’ ! RS Qk]’

where p(@ is the symbolic pth power of p, and g, ..., q; are embedded
components of p#. If g, is p,-primary, p is a prime ideal which
is a proper multiple of p,, hence p,~1 [Th. VI], and therefore
[Th. VII] g; ~ 1. Therefore [Th. VIII]

(po)* = p®.
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Now consider any primary ideal q of R, which is not quasi-equal
to 1. Let p be the radical of q, and o its index. We have

q="0 (p),

and therefore there exists an ideal i such that

q~pi.

We also have pe =0 (q),

and hence, similarly, there exists an ideal j such that
p7~ aj.

Therefore p7 ~ pij,

or, equivalently, pol~ij.

By the unique factorisation theorem, it follows that
j~pr-

for some integer 7 (7 < o), and therefore
q~pT.

Since q = g%, pe@)*=0*=q

Hence 7 > 0. Therefore we conclude that 7 = o, and

q=q* = (p7)* = p©.

Hence we have

THEOREM IX. The only primary ideals of R not quasi-equal to 1
are symbolic powers of primes.

We conclude with a useful result on principal ideals in R. Let
i = R.(a) be a principal ideal in R. Then, as we have seen, i* = i.

Now if .
oWl 1= [QI"“’qr]’

i=1i*= [p(lpl), ey p(sp.v)],

where p? is a symbolic power of a prime p; which has no proper
multiple which is prime. No p¥?, therefore, is embedded, and
we have

THEOREM X. All the components of a principal ideal in R are
isolated. '
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8. Integral dependence. Let R be any ring, and let & be any
ring which contains R as a subring. An element £ of © will be said
to be integrally dependent on R if it satisfies an equation of the form

rta P+ ta,+m L my,_ E=0 (1)

for some integer n, where a,, ..., a, are elements of Rand m,...,m,_,
are integers. If £ is an element a of R,

§-a=0;

hence any element of 3 is integrally dependent on R. It is clear
from (1) that if £ is integrally dependent on R, satisfying (1), the
powers £, £%,£3,... of £ are contained in the finite R-module
R.(&, ..., 7). The reader should be warned that in many books
on Modern Algebra this fact is used as a basis for the definition of
integral dependence; an element £ of & is said to be integrally
dependent on R if the powers £, £2,£3, ... of £ belong to a finite
R-module. These definitions are not the same; as we have seen,
integral dependence in our sense implies integral dependence as
defined in terms of R-modules, but the converse is not in general
true. We shall, in fact, prove that the two definitions are equivalent
inthe casein which the Basis Theorem holds in i, but it isnot possible
to limit ourselves to rings R in which the Basis Theorem holds;
for later we shall have to consider properties of integral dependence
in connection with valuation rings, in which the Basis Theorem
may not hold. Our definition is therefore a narrower one, but it is
more convenient for the geometrical applications which we have in
view. In order to develop the theory of integral dependence on our
narrower definition, we shall shortly have to introduce restrictions
on R and & which would not be necessary with the wider definition,
but these restrictions are, in fact, always satisfied by the rings
which appear in the geometrical problems to which we apply our
theory. :
We first prove the theorem mentioned above. In all that follows,
integral dependence is to be understood in our narrower sense.

THEOREM 1. If the Basis Theorem holds in R, and & is any element
of © such that £, £2, £3, ... are contained 1n a finite R-module M, then
& is integrally dependent on R.

Since £, £2, £3, ... are contained in IR, any polynomial

@ E+a 82+ ... +a Er+mE+... +m, EP,
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where a,e R and m, is an integer, is contained in . These poly-
nomials clearly form an R-module IM,, and M, = IM. Hence, since
M is a finite R-module and the Basis Theorem holds in R, it follows
from Theorem I of § 6 that IR, is a finite R-module:

9]%1 = m.(?]l, ""7’8)‘
ng ni
Since 7, is in I, 7 = X ayfl+ X myl.
i=1 i=1

Let n = max[n,,...,n,]. Then

9}}198{.(&...,5");
and since &< IN,, R.E& ...,.0)=M,.
Hence M, =R, ...

But £7+1is in I,. Hence
£l = g £ bt ag o my £ g,

where a,€ R, and m, is an integer. Hence £ is integrally dependent
on R.

The only cases with which we shall be concerned are those in
which R and & are both integral domains. Since & is an integral
domain, it has unity, and since =&, the unity of € is the unity
of R. For the rest of this section we therefore assume that t and &
are integral domains. In (1) we can write b, for a;+m;. Then if §
is integrally dependent on R

r+b g1+ ... 4+b, =0 (beR).

The ring R is said to be integrally closed in & if every element of
@G which is integrally dependent on & is in i. We often have to
consider the case in which & is the quotient field of R; and if we
say that an integral domain is integrally closed, without specifying
in which ring &, we shall understand that % is integrally closed in
its quotient field. More generally, the set ®* of elements in &
which are integrally dependent on R is called the integral closure

of R in @.

THEOREM II. The integral closure R* of R in & is an integral
domain, and R* is integrally closed in &.

To prove that R* is a ring, we have to show that if £ and 7 are
any elements of R*, then £ + 7 and £y are in R*. We therefore prove
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that if f(x, y) is any polynomial in z,y, with coefficients in i, then
¢ = f(£,7) is integrally dependent on R. Let

rt+a 8+ +a, =0 (€R)

be the equation which expresses the integral dependence of £ on
R, and, similarly, let

”m+b177m—1+...+bm= O (biEm)

be the equation expressing the integral dependence of 7 on R. Let
wy,...,0, be the mn products &7/ (0<i<n—1;0<j<m—1),
arranged in some order. Then {w; is a polynomial in £, %, and, using
the equations for £ and # written above, we see that

.
Lo, =jzlcijwj (t=1,...,7),

where c;;€ R. Hence, by the usual elimination process,
tj » DY

where d;;is the Kronecker delta, and since at least one w, is different
from zero, and is not a divisor of zero (& being an integral domain),
we have

I £, i~ Cij I =0,

which expresses the fact -that § is integrally dependent on R.
Hence ¢ is in R*, and R* is therefore a ring. Since R*2R and
R contains the unity of S, R* has unity, and since R* = &S, R* has
no divisors of zero. Hence R* is an integral domain.

Next, let § be any element of & which is integrally dependent
on R*. Then

frton g4+, =0,
where a, ..., a, are in R*. Since «; is integrally dependent on R,
we have equations
afita, a4+, =0,

wherea, e R (i = 1,...,n). Let o, ..., », be the products af* ... akn£¥
(0<k;<m;—1;0<k<n—1), in some order. Just as above, we
see that .

fw; =;§1bi’w’ (t=1,..,8),

and hence | €84y —bys| W = O,
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and, since w,, is not a divisor of zero of &,
| £0:5—bis| = 0,

and hence £ is integrally dependent on . Hence £ is in R*, and
therefore R* is integrally closed in &. This completes the proof of
Theorem II.

It should be noted that the second part of Theorem II is equi-
valent to saying that the integral dependence of an element of © on
a subring of © is a transitive property.

TaeoreM IIL. If R is an tntegral domain which is integrally
closed in its quotient field, and if the Basis Theorem holds in R, then
MM -1~ 1, for any non-zero fractional ideal M of R.

If IR is any non-zero fractional ideal in R, we know, from the

" -
definition of M1, that MM-1< R,

that is, that MM-1>1.

We have to prove that  IMM1< 1.

It is sufficient to show that (MM 1)~ 1< R. Let A be any element
of (MM-1)-1; then AMM L < R. Therefore AM-1< M. Thus we

have A1 <M,
AR-1 S AML S W,

ARt M,
for any positive integer . Hence
A MM MM R,

Let x be any non-zero element of MM L. Then A"ue R, for all values
of r. Hence all powers of A belong to the finite R-module R. (x2).
By Theorem I it follows that A is integrally dependent on R, and
hence, since R is, by hypothesis, integrally closed, A must be in R.

Therefore (MIM-Y)-L< R
Hence we have mMm-1<1,
and since also MIM-1>1,

we have MM1~1.
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It follows from this result that the multiplicative theory of
ideals developed in §7 is applicable to any integral domain for
which the Basis Theorem holds if the integral domain is integrally
closed in its quotient field. This is one of the reasons why, in the
applications of ideal theory to algebraic geometry which we make
later in this volume, we pay so much attention to integrally closed
integral domains.

THEOREM IV. Let R be an integral domain, and R* its integral
closure. If p 18 any prime ideal in R, a necessary and sufficient con-
dition that the quotient ring Ry be integrally closed is that R* < Ryp.

Suppose first that Ry is integrally closed. If £ is any element of
the quotient field of R (which is also the quotient field of Ryp) which
is integrally dependent on R, then § is integrally dependent on Ry,
since R<Rp. Since Ry is integrally closed, £ is therefore contained
in Rp. But £ is any element of R*. Hence

R*<=Ryp.

Conversely, suppose that #*< Ryp. Let £ be any element of the
quotient field of & which is integrally dependent on Ry. Then

Erdo it 4o, =0,

where o € Ryp; that is, &; = a,/b;, where a, and b, are elements of R,
and b, is not contained in p. Multiplying by (b, ...b,)", we obtain
an equation

(by... b, E)+ayby... b (by ... b E)n1+ ... +a, b ...bE_ b1 =0,

which expresses the fact that b,...b,§ is integrally dependent
on . Hence by...b,Ee R*<=NRy.

Since p is prime, and b,%+0 (p) (¢ =1,...,n), b;...b,+0 (p); that
is, by...b, is a unit of Rp. Hence £ is in Ry, and therefore Ry is
integrally closed.

An immediate consequence of this result is

THEOREM V. If R 18 an integral domain for which the Basis Theorem
holds, a necessary and sufficient condition that R be integrally closed
1s that the quotient rings of all its prime ideals be integrally closed. In
applying the sufficiency criterion, we need only consider the maximal
tdeals of R.
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Suppose, first, that R is integrally closed. If p is any prime ideal
of R, we have f* = R < Ry, and Ry is integrally closed, by Theorem
IV. On the other hand, suppose that the quotient rings of all
maximal ideals of R are integrally closed. We know [§5, Th. X]
that R is the intersection of these quotient rings. Any element of
R*, the integral closure of R, is contained in the quotient ring of
each maximal ideal of R, by Theorem IV, and is therefore contained
in the intersection of these rings, that is, in . Hence R* = R.

The next two theorems deal with integral closure properties of
the kinds of ring with which we are mainly concerned in geometrical
applications.

TueOREM VI. If K is any field, and z,, ...,x, are independent
indeterminates over K, then R = K[zx,,...,x,] is integrally closed
(tn sts quotient field).

R is a unique factorisation domain. Hence any element £ of
K(z,,...,x,) can be written in the form

£ = a(zy, ..., 2,) _a
b(xy,...,x,) b’

where a and b are polynomials in z,, ..., %,, without common factor.

If £ is integrally dependent on R, we have an equation

rte g 1+...4¢, =0,

where ¢; = ¢; (¢, ..., %,) is a polynomial in 2, ..., z, with coefficients

in K, and so ar+cba” 14 ... +¢,b" =0,

that is a® = b(—c,a"1—...—c,b"1).

b is therefore a factor of a™. Since R is a unique factorisation do-
main, and @ and b are without common factors, b must be in K,
and hence { is in R. This proves the theorem.

Now let R be an integral domain (in which the Basis Theorem
holds), and let 2 be its quotient field. Assume that X'is of character-
istic zero, and that R is integrally closed in 2. Let Z* be a finite
(and hence a simple) algebraic extension of 2. Let R* be the integral
closure of R in 2*. We prove

THEOREM VII. X* is the quotient field of R*, and R* is a finite
R-module. The Basis Theorem holds in R*.

2* s a simple extension of 2. Hence there exists in 2* an element
£ which (i) satisfies an equation

Pt it ta, =0, (2)
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where o, ...,a, are in 2 and 2" + &, "1+ ... +a,, is an irreducible
polynomial over X, and (ii) has the further property that any
element of 2* can be written as

ﬂ0+ﬁ1g+ see +ﬁn-—1§”-l’

where f,, ..., f,—; are in 2. The element £ is what we have called a
primitive element of 2* over X. Since a; is in 2, a; = a,/b;, where
a; and b; are in ®}. From (2) we have

(by ... by & +ayby ... by(by ... b £+ ... + @, b] ... bE_ b1 = 0,

Hence = b, ... b, £ is an element of 2'* which is integrally depen-

dent on R; that is, ne R*. Clearly, 3 is a primitive element of X*

over 2; thus we can choose the primitive element of Z* in R*.
Any element { of 2* is of the form

E=YotVal+ . +Vpa?™
where y; = ¢;/d; is in 2. Thus we can write

g
§=Za

where o e R[y]; that is, o is in the ring of polynomials in 3 with
coefficients in R. Hence Z* is the quotient field of R[y]. But,
since 7 is integrally dependent on R, R[y] < R*. Hence X2* is the
quotient field of ®}*. This proves the first part of the theorem.

Let ¢(x) be the characteristic polynomial of , with respect to 2.
If X is the root field of ¢(x), and 7, ..., 9, the zeros of ¢(x)in 2}, we
may put 7 = 7,. By our choice of 7, ¢(x) has coefficients in # and
its leading coefficient is 1. Then, since ¢(3;) = 0, 7, ...,7,, are all
integrally dependent on % (which is a subring of 2* = X(»,) = 2)).
Let { be any element of 2* which is integrally dependent on . Then

E=po+pr1n+ -+ Ppa ™
where p,e X, and
& =potprilit - +Pua Mt (3)

is integrally dependent on R (s = 1, ...,7n). Let
D = det; (7)) = IL (1= 7;) +0.

Since each 7, is integrally dependent on R, D is integrally dependent
on R. Moreover, D2 is invariant under the automorphisms of X
over . Hence, by X, §10, Lemma V, D?isin . But R is integrally
closed in Z'; therefore D? belongs to R.
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If we solve the equations (3), we obtain

n
Dpi = jngij gj)

where §;;is in Z; and is integrally dependent on R. Hence s, = D?%o;
is integrally dependent on R. But it is in X; therefore it is in R.

-1
Thus ¢ = So+81m+ .1.).2+ S ™ .

Now ¢ is any element of 2* which is integrally dependent on R,
and D? does not depend on our choice of {. Hence

R*<R.(D-2 D %,..., D-Hn-1),

R* is therefore a submodule of a finite fR-module. Since the Basis
Theorem holds in R it follows [§ 6, Th. I] that R*is a finite R-module.

Finally, any ideal i* in ®* is a submodule of R* over R. Hence it
has a finite R-basis. This basis is also a basis of i* as an ideal in R*.
Hence the Basis Theorem holds in ®*. This completes the proof
of Theorem VII.

The theory of §4 can be applied to obtain relations between
ideals in an integral domain R and in its integral closure R*. We
now assume that R* is the integral closure of R in its quotient field,
that R* is a finite R-module, and that the Basis Theorem holds
in R. By the proof just given, it then also holds in R*. We prove
that if i is a proper ideal of R, R*.1iis a proper ideal of R*, and
that if i* is a proper ideal of ®*, R ,i* is a proper ideal of R.

Let i be a proper ideal of R. Since i< R*.i, R*.1i is not the zero
ideal of ®}*. We now show that it is not the unit ideal of R*. By
hypothesis, R* is a finite R-module; let &, ..., § be an R-basis for
it. Then the elements of %*.i are of the form Xc¢;{;, where c;ei.
If R*.i = R*, we can find elements c;; in i such that

t
E}ci,.g, =§ (@=1,..1).

Eliminating ¢, ..., { we obtain the equation
| eij—= 8] = 0,
and sincec,; €1, we have 1 =0 (i),

so that i = R. Since we assumed that i is a proper ideal of R, we
have a contradiction. It follows that ®*.1i is not the unit ideal. It
is therefore a proper ideal.
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Now let i* be a proper ideal of *. Let { be a non-zero element
of it. Then { is integrally dependent on R, so we have an equation

a1+ +a, =0,
where a,eR. Ifa, , =a,.,=... =a, =0, but a, +0, we have
rm(ém+a, ™+ ... +ay,) =0,
and hence, as { is not zero and R* is an integral domain, we have
Mm+a fm1+... +a, = 0.
Hence we may assume that a, + 0. Since
Er a0t a, Lt
a, belongs to i*. Therefore R ,i* is not the zero ideal of R. Suppose
that R ,1* = R. Then R (R, i%) = R*.
But [§4, Th. VI] R*. (R i*) =i

Hence i* = R*, contrary to hypothesis. We thus conclude that
R,i* is a proper ideal of R.

Since R* is assumed to be a finite R-module, we can apply
Theorem V of § 4 and its corollary. By these results, we know that
if p is any prime ideal of R,

P = ?ﬁ,‘(m*p),
and that if R*.p = [qf, ..., 7],

where g} is p¥-primary, then R, p¥ is a factor of p, and for at least
one value of 7, R,q¥ = R,p¥ = p. We can make this last result
more precise in the case in which Ry is integrally closed in its
quotient field.

Suppose that Ry is integrally closed. Then R*< Ry [Th. IV].
Let gq¥ be a component of R*.p whose radical p¥ contracts to p,

that is,
ans R.p¥ =p.
We show that Ryy = Rp.

Any element of Ry is of the form «/f, where a and f are in R,
and hence in R*, and Fisnot in p. Hence B cannot be in p¥, for this
would imply that £ is in ®,p} = p. Hence a/f is in R, and
therefore

Rp <= %ﬁ; (4)
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Now consider an element of RY,. This is equal to a*/#*, where
a* and B* lie in R*, and hence in Ry, and £* is not in p¥. Now g*
is integrally dependent on R and therefore satisfies an equation

p*r+a,prn-1+ ... +a, =0,

where a,,...,a, are in R. These coefficients cannot, however, all
lie in p, for if they did we should have

frn = i —a, e REp S Y,

and hence, since p}¥ is prime, §* = 0 (p¥), contrary to what was
said above.
Suppose that m (m > 1) is such that

, 0 (9), Apu=0(p) @E=1,...,n—m).
Then frr—m(frmyq, frm-1y  +a,) =0 (p¥),
and, since p} is prime and does not contain §*, we have
fx=prmta,frm 14 . +a, =0 (p).
o* — a*(frml+a, M2+ ... +ay, )
B* &*—ay, )
Now the non-units of Ry form the ideal Rp.p [§5, Th. V]. Since

a,, is not contained in p, it is a unit of Rp. If {* were a unit of Ry,
we could find y and ¢ in R, with & not in p, such that

y&* =4.

Then y{*eR, and since {*ep¥, & = y{*eR,p¥ = p, which is a
contradiction. Thus {* is a non-unit of Ry. Therefore {* —a,, is a
unit, for if it lay in Rp.p, then a, = {*— ({* —a,,) would be in this
ideal, whereas we know that a,, is a unit of Ry. Thus

Then

a*(fFm-1ya,f*m 2+ . +a,,) and {*-a,
are in R/*, which is contained in Rp, and {* —a,, is a unit. Therefore
a*[f*e Rp, and hence RE < Rp.
Taking this together with equation (4), we have
R = RY..

Since R*.p =[gF,...,q*] and R*<Ry,
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we have, further,
Rp. (R*.p) = Rp.p = RE,.[af, ..., 4f]
= [?)‘i;';;.q;", ...,S‘i’;;.q;"]
[§5, Th. IX]. Now Rp.p is a maximal ideal in Rp = R, [§5,

Th. V). But, clearly, | = (R} af, ..., R, aF] can only be maximal
if, for each value of &, either

Ry.f = R0 = R,

or R 0% = |.
In the particular case k = 1, 8%3; .q¥is not the unit ideal [§ 5, Th. IT];
hence

Rp . Qf = NRp.p.
This ideal is prime; hence [§ 5, Th. VIII] ¥ must be prime; that is,
af = pf.

Again, [§4, Th. V],
pf = m*/\(m’;;pf) = g{*/\(énpp)

It follows that the radical of the primary component of R*.p
which contracts to p is uniquely determined, and hence that if
[a¥, ..., qF] is an uncontractible representation of R*.p, only one
of the components q¥ has a radical contracting to . Summing
up we have:

TrEOREM VIII. If p is a prime ideal of R such that Ry is integrally
closed, then N*.p can be represented as an uncontractible intersection
of primary ideals in the form

R*.p =[p* qf, ..., q¥],

where R, p*=p,
and R, p¥ is a proper factor of p, p¥ being the radical of qF. Moreover,
Rp = R..

The following corollary is of particular importance in geometrical
applications.

Corollary. If p is maximal in R and Ry is integrally closed, then
Be.p = p*
18 prime, and P and P* are corresponding contracted and extended

1deals.
HPIII 6
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By Theorem VIII we have
R*.p = [p*af, -, a1
If s> 0, R, p¥ is a proper factor of p. But p is maximal. Hence
Ropt =R

But, as we have seen, this implies that p¥ is the unit ideal. Since
R is an integral domain in which the Basis Theorem holds, it
follows that ¥ is the unit ideal. Thus in the uncontractible repre-
sentation ¢ = 0.
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CHAPTER XVI
THE ARITHMETIC THEORY OF VARIETIES

1. Algebraic varieties in affine space. We are now in a
position to apply the methods of ideal theory to the geometry of
algebraic varieties. In making these applications, it is usually con-
venient to use non-homogeneous coordinates, and some preliminary
remarks on these are necessary.

The ground field K may be any field of characteristic zero, and
we consider a space S, over K. To introduce non-homogeneous
coordinates [X, § 3] we select a prime /I which is to be the ‘prime
at infinity’. Our choice of 7T may be completely arbitrary, or may
be limited by the problem under consideration; for instance, if we
wish to study a point P on an algebraic variety V in §,, we must
select IT so that it does not contain P, and hence does not contain ¥V
entirely. We then choose our homogeneous coordinates in §, so

that IT has the equation
xo = 0,

and take the non-homogeneous coordinates (3, ...,#,) which are
given by the equations

x; =l (¢=1,...,n).

To each point P of §, which is not in /7 there corresponds a unique
set of coordinates (3, ..., 2,), and conversely. If (3, ...,x,) are the
non-homogeneous coordinates of P, the homogeneous coordinates
of P are (z,, %oy, ..., %y%,), Where z, is any non-zero element of
a field which is an extension of K. The points of S, which do not
lie in IT constitute what is called an affine space of n dimensions
over K, which we denote by 4,,.
Consider an allowable transformation of coordinates in S,,:

n
Ys =j20aijxj (z=0,...,n).

If, in the new coordinate system, /7 has the equation y, = 0, we

must have
am = aoz = see — aon = O,
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and since the matrix of the transformation is non-singular, we must
therefore have a,, different from zero. Then

7
Y; Qi L) .
y:=-—1'=-—1'——+ A ] (@=1,...,n),
Yo Goo j=1 Ggo

which we write in the form
n
y; = b;+ .Zlbijx} (t=1,...,m).
j=

We note further that since

Qoo Qo1 - Qo | =0aGY @1yfBg . . Gy,[800
Qo A - Oy ,
a’no Ay - ann a”nl/ a00 . . ann/ Qoo
bu - b
we have .. . |%0.
b b

nl nn

Conversely, we see at once that if

n
Yi = 20,%; (t=0,...,m)

is any allowable transformation in S, for whichay;, = ... = a4, = 0,
IT has, in the new coordinate system, the equation y, = 0; and
that if

n
y,:=bi+'21szx; (7:= 1,...,’)’0,), (1)
j=

where | b;;| +0, is a transformation of the non-homogeneous co-
ordinates in 4,,, this can be obtained as above from the allowable
transformation y = Ax in S,, where

A=|1 0 . . O
bl bll . . bln
by by . . by,
b, b,, - . b,,

Thus we may define the allowable transformations of coordinates
in 4,, to be the transformations of the type (1).
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The reader will find it an interesting exercise to define an affine
space of » dimensions by the methods which were used in Chapter V
to define a projective space. Since, however, we shall only meet
in this book those affine spaces which are derived from projective
spaces by choosing a prime at infinity, we shall find it convenient
to think of them in this way, instead of defining them abstractly.
For our purpose, an affine space is just a projective space with a
prime removed, and the allowable transformations of coordinates
are just those of type (1).

Logically, we ought to define varieties in affine space, and
develop their properties, but as the theory is very similar to that of
varieties in projective space, it will only be necessary at this stage
to indicate a few of the salient properties. A variety V in A4, is the
set of points which (in a given allowable coordinate system)
satisfies a set of (non-homogeneous) equations

fil#, o) =0 (G=1,2..).

Using Hilbert’s Basis Theorem [IV, § 2, Th. I] we can show, as
in the case of varieties in projective space, that any variety in 4,, is
given by a finite set of equations

fi®y, .ox,) =0 (=1,..,r).

IfV; and V, are two varieties in 4, their join V; 4V, is defined as the
set of points lying on V; or V,, and the intersection V;, ¥, is defined as
the set of points lying simultaneously on V; and V,. The associative,
commutative and distributive properties of the operations ‘4’
and ‘}’, proved in projective space, hold also in affine space.

A variety V in 4, is said to be ¢rreducible if an equation

V=V+V,
necessarily implies either

V=V or V=V,

and as in Chapter X, § 2, we can show that a necessary and sufficient
condition that a variety be reducible is that there exist two poly-
nomials f(z,, ..., x,) and g(z,, ..., 2,), neither of which vanishes on V
(that is, neither vanishes at all points of V), such that

f(xly --',xn)g(xl’ "':xn) = O
on V.



86 XVI., THE ARITHMETIC THEORY OF VARIETIES

A point § = (&, ..., £,) in 4, is called a generic point of a variety
V (over the ground field K) if (1) £ lies on V, and (2) if f(x,, ..., 2,)
is any polynomial in z,, ..., , with coefficients in K such that

fEy . 80) =0,
then fl@y,...;x,) =0

on V. Asin § 3 of Chapter X, we show that if a variety V has a generic
point, then it is irreducible. To show that if V is irreducible it has
a generic point, we consider the rational functions

f@y, o292y, ... 2,,)

of z,, ...,x, over K for which g(x,, ..., x,) is not zero on ¥ and define
an equivalence relation

if and only if
fl@y o0y 2,) g (g, o) —f (24, . 2,) g(2y, .y y,) = O

on V. As in the case of varieties in projective space, we show that
this is a true equivalence relation when V is irreducible, and go on
to define addition and multiplication of equivalent classes. We
thus arrive at a field X, the function field of V, which contains a
subfield isomorphic with K. Identifying this with K, we get an
extension of K. If {; is the element of this extension corresponding
to the class which contains x;/1, we then show that (§,,...,£,)isa
generic point of V. In the next section we shall introduce a simpler
method of obtaining the generic point of an irreducible variety in
A, using the methods of ideal theory.

The use of non-homogeneous coordinates allows us to introduce
the notion of a proper specialisation of an element 7 of the function
field K (&, ..., §,) of an algebraic variety V. If ne K(&,, ..., £,), the
pair (&, 7) is the generic point of a correspondence in which the
object-variety is V, and the image-variety is a variety V' which is
a line if 7 is transcendental over K, and a zero-dimensional variety
if 5 is algebraic over K. If 2" is any point of V, there corresponds to
it at least one point y’ of V’. The non-homogeneous coordinate
y' of any such point (which may be at infinity) is called a proper
specialisation of 9 corresponding to the specialisation §—>x'.
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Using these results as a starting point, many of the other results
established in Chapters X and XI for projective varieties can be
established for affine varieties. It isnot, however, necessary to do so,
because we are now in a position to examine the relation between
a variety in S, and a variety derived from it in an affine space
obtained by choosing a prime at infinity in S,. This will enable us
to translate any theorem on a variety in projective space into a
theorem on a variety in affine space, and conversely.

Let 8,, be an n-dimensional projective space over the ground field
K, and let (x,, ..., %,) be an allowable coordinate system in it. Let
A, be the affine space obtained from it by taking z, = 0 as the
prime at infinity. Since points of S, not in this prime have z, 30,
we may suppose the coordinates of all such points normalised so
that x5 = 1. Then (2, ..., ,) are the non-homogeneous coordinates
of the point (1,;, ..., 2,), regarded as a point of §,.

Let Do ,
V=W+V+.. +V+V. g +...+V

be any variety in §,, where Vl, ...,V are irreducible components
of V, and suppose thatV,, ...,V, do not lie in zy = 0, while ¥, ,, ..., V]
lie in this prime. We shall denote by (1,£{,.. ,g“’) the generic
point of V; (¢ = 1,...,k), and by (0,£P, ..., ) the generic point of
V. (¢ > k). Further, let

fi(xo,...,xn)=0 F=1...,r) (2)

be the equations of V.
Let V; be the irreducible variety in 4, whose generic point is
(€D, ...,E9) (2 = 1, ..., k), and let

Vi=Vi+..+V,
Since fil@gy ooy 2,) =0
on V,fori =1,...,7, we have
FLED, ED) =0 (=1,..,r;5=1,..k).
Hence Sz, .o,2,) =0

on Vj, for ¢ =1,...,r, for all values of j (1<j<k). Hence V’
satisfies the equations

fillzy, oo0y2,) =0 (e=1,...,7). (3)
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Conversely, let f(z,,...,x,) be any polynomial over K which
vanishes on V’, and let F(z,, ...,z,) be a homogeneous polynomial

such that F(L g, o) = f(@gy oes Z)-
Then F(1,ED,...,6D) =fEP, ... =0 (j=1,...,k).
Hence F(xg,...,z,) =0

onV,+...+V,. It follows that (x3,...,2,) lies on V' if and only if
(1,2, ...,x,)lieson V, and therefore equations (3) are the equations
of V’. Thus the points of V not in #;, = 0 form an algebraic variety
in affine space, and this is irreducible if and only if V has a single
component not lying in z, = 0.
Conversely, a variety
V=Vi+..+V;

in A,, where V; is irreducible and has generic point (£{, ..., £9),
determines a variety V=V 47,

in 8, where ¥V; has the generic point (1,9, ...,£®). It follows, as
above, that (x], ..., ) lieson V’ifand only if (1, %}, ..., x,) lieson V.
We note that if ¥’ is the variety originally obtained from the
variety V of 8,, V and ¥ differ only by components lying in x, = 0,
and also that if we begin with a variety V' in 4,, and pass to the
variety V of S, and then back to a variety of 4,,, we return to V",
Further, as we saw above, if f(x,, ..., x,) is any polynomial over K
which vanishes on V', and F(x,,...,x,) is a homogeneous poly-
nomial which reduces to f(z,,...,2,) when z, is replaced by 1,
F(z,, ...,x,) vanishes on V. But it is to be observed that if

fi@y,..hx,)=0 @E=1,..,r)

are the equations of V’, and F(x,, ..., x,) is a homogeneous poly-
nomial reducing to f;(x,,...,2,) when x, is replaced by 1, the

equations F(xg,...,z,) =0 (1=1,...,7)

are satisfied by V, but may define a variety differing from V by
components lying in x, = 0. For instance, if V' is given in 4, by
the equations 2y =0, @@, =0,
these equations, now regarded as homogeneous equations, deter-
mine the variety in S, with a single component

x2=0.
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V' can also be given by

and the variety in S, obtained by making these equations homo-
geneous necessarily has the additional component consisting of
the point (0,0, 1).

This ambiguity in the determination of the variety in S, corre-
sponding to a variety in A4, will not, however, arise in practice,
since we shall always be concerned, in the first instance, with a
variety in §,, and shall choose our prime at infinity to contain no
component of this. If we agree to exclude all varieties having com-
ponents in 8, which lie in the prime at infinity, the correspondence
between this restricted class of varieties in §, and varieties in 4,,
is one-to-one without exception.

Before proceeding to develop an arithmetic theory of varieties
in affine space by means of ideal theory, we make a few preliminary
remarks, which may prove helpful, on the choice of coordinate
system in the affine space. The results which we seek must not
depend on the coordinate system chosen, but proofs may often be
simplified by a judicious choice of coordinate system. The reader
is aware of many examples of this in elementary geometry. In
proving a theorem it will often be convenient to assume that our
coordinate system is ‘sufficiently general’. This description relates
to the problem in question, and implies that we choose our co-
ordinate system so as to avoid some awkward configurations, or
to simplify certain calculations. For instance, in dealing with the
generic point of a variety of dimension d, we have often found it
convenient to suppose that the coordinates can be chosen so that
the coordinates (&, ..., §,) of the generic point are normalised with

o= l,and &, ..., §; are algebraically independent over the ground
field. More precisely, if we make a transformation

yi = bi+ Zlbijxj (?: = 1, ...,'n/) (4)
j=

of the affine coordinates we may, in a given problem, wish to exclude
certain choices of coordinates which will arise when the b; and b,
satisfy any one of a finite set of algebraic relations. A transformation
of coordinates in which none of these relations is satisfied is said
to be a sufficiently general transformation (for the problem in
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question). If the identity transformation is sufficiently general,
then we say that the coordinate system (z,...,z,) is itself a
suffictently general coordinate system. A few examples of sufficiently
general coordinate systems will make clearer what we mean.

(1) There exists a tangent space at a simple point of a variety of
dimension d, given by a set of equations

a,:+2aijxj=0 (i= 1,2,...,n—d),

where the matrix (a; a;;) is of rank n—d. Not all of the (n—d)-
rowed square submatrices of (a,;) need be of rank n —d. If we make
a transformation (4) with generic coefficients, all the (n —d)-rowed
square submatrices of the derived matrix of coefficients of the
equation of the tangent space are of rank n—d, and when we
specialise the transformation, these matrices will have rank less
than n —d only if the coefficients in the transformation (4) satisfy
certain algebraic relations. In many problems the transformation is
sufficiently general if none of these relations is satisfied; or, in
other words, the coordinates (z,, ...,x,) are sufficiently general for
the problem if every matrix of » —d rows and columns found from
(a;4) is of rank n —d. Then the tangent space can be written in the

form
a

Lgis = 0d+i+'zlcijxj ('l: = 1, ...,n—d).
j=

The reader may satisfy himself that, in this particular example,
the b, are not restricted in any way, so that if the point in question
is rational, the coordinate system may be chosen so that this point
has coordinates (0, ..., 0), and still be sufficiently general.

(2) Suppose that (£,,...,§,) are the coordinates of a generic
point of a variety V' in A4, of dimension d. Let u;; (4,5 = 1,...,n)
be n2 indeterminates. If

n
€i =j§1uij€j (i = 1, "'7n)a

we know [X, §6] that {,, ..., {; are algebraically independent over
K(w;;), and that there exists an irreducible algebraic relation

fi(uij) g],’ (REY) gd: €d+i) =0 (1: = 1,...,n—d).
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If g is the order of V', this relation is of degree gin §,, ..., {7, and
there is present a term {9, which has a coefficient which is a non-
zero polynomial a;(u) in the ;. Now consider the transformation

n
Ys =jz—:1bi5xi (t=1,...,mn)

This will be sufficiently general for many problems if a;(b)+0
(t=1,...,n—d), and b, §; (¢=1,...,d) are algebraically in-
j

dependent over K. Then the coordinate system (z,,...,z,) is
sufficiently general if £,, ..., £, are algebraically independent over
K,and &;,,, ..., &, are integrally dependent on K[£,, ..., £4].

(3) If &,,...,&; are algebraically independent over K, we can

n
find elements a, ..., a,, of K such that ¥ a,§; is a primitive element
1

of K(§,,...,&,) over K(§,,...,£;)- Then there exists a sufficiently
general coordinate system in which §,,...,§; are algebraically
independent over K and £4,, is a primitive element of K(£,, ..., £,).
The proof may be left to the reader.

(4) In any given problem there is only a finite number of
algebraic relations connecting the coefficients of an allowable
transformation which must be avoided if the new coordinate
system is to be sufficiently general. It is therefore possible simul-
taneously to combine a finite number of sets of restrictions in order
to obtain coordinate systems which are sufficiently general for a
number of purposes. A situation which will often arise is that in
which we are considering the geometry of an irreducible variety
V of dimension d in the neighbourhood of a point. We shall then
require

(1) that thetangent space at the point can be written in the form

a
Tapg = cd+i+_zlcijxj (¢t=1,..,n-d);
j=

(ii) that,if (&, ..., §,)is a generic point, £, ..., £; be algebraically
independent over K;

(iii) that £;,, be a primitive element of the function field of V
over K(gl’ L] gd);

(iv) that &4, ..., &, be integrally dependent on K[£,, ..., £;].

It is clear from what has been said above that the coordinate
system can be chosen sufficiently generally to satisfy all these
conditions.
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After this explanation of the term ‘sufficiently general’ it will
be possible to leave to the reader the proof that the coordinate
system may be chosen sufficiently generally for the purposes of
any proof in the sequel.

2. Ideals and varieties in affine space. Let A4, be an affine
space of n dimensions defined over the ground field K, and let
(@, -..,%,) be an allowable coordinate system in 4,. We consider
the integral domain R = K[xz,,...,x,]. We know [IV, §2, Th. I]
that the Basis Theorem holds in . Let i be any ideal in % and
suppose that f;(z,...,x,) (¢ =1,...,7) is a basis for i. Then the

equations .
fi@y,oos2,) =0 (E=1,...,7) (1)

determine an algebraic variety U in 4,, and since any polynomial
in i is of the form Za,(x,, ..., 2,) fi(®,, ..., ,), any polynomial in i
vanishes on U. If i is the zero ideal, U is the whole space 4, and
conversely if U is the whole space, the equations (1) must be satisfied
by all points of the space, and hence

fi@y,oo2,) =0 (e=1,...,7);

that is, 1 is the zero ideal. On the other hand, if i is the unit ideal,
and 2’ is any point of 4,, there exists a polynomial in i which does
not vanish at 2’. Therefore 2’ is not on U, and we conclude that U
is the empty set of points. Conversely, if U is empty, it follows that
equations (1) have no solutions, and hence [IV, §7, Th. I] there
exist polynomials a,(x,, ..., 2,) such that

Ta,(x,, ..., x,) fi@y, ..., z,) = 1.

Hence i contains the unity of R, and is therefore the unit ideal.

Two different ideals in i may determine the same variety U.
Let j be any other ideal of i determining the same variety U as i,
and let g,(,, ..., 2,) (# = 1, ..., s) be a basis for j. Since g;(x,, ...,z,)
vanishes on U, it follows from Hilbert’s Zero Theorem that there
exists an integer o;; such that ¢g7¢ belongs to i. If o = Z(o;—1)+1,
it then follows that , .

17="0 (1)

Similarly, there exists an integer p such that

r =0 (j).
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Conversely, if the two ideals 1 and { in R are related by the con-

gruences =0 (i) and i*r =0 (j),

they determine the same variety. For the first congruence tells us
that

gg(xl, ...,xn) = Eaij(xl, ..-,xn)fj(xl, ...,.’L‘n) (i = l, ...,8),

and hence g,(#,, ..., ,) vanishes at every point of the variety deter-
mined by i. Therefore the variety determined by i contains the
variety determined by i. The second congruence likewise tells us
that the variety determined by i contains that determined by j.
Hence the two varieties coincide.

The same proof tells us that, if i and j are two ideals of i deter-
mining, respectively, varieties U and V, then a necessary and
sufficient condition that U< V is that there exists an integer o
such that j" <i.

If, on the other hand, we are given a variety U in 4,, it is obvious
that the polynomials in & which vanish on U form an ideal. If
i* is the ideal determined by U in this way, and i is any ideal of &
which determines U, then i <i*, since all polynomials of i vanish
on U, and hence belong to i*. Thus i* is the largest ideal in 3 which
determines U, and it contains every other ideal which determines

U. Let us now see how we may pass from i to i*.

Let )
t=[q1 > Q> Qs -+ Q1)

be an uncontractible representation of i as the intersection of
primary ideals, and suppose that g, ..., q; are isolated components,
while gy, ..., g; are embedded. Denote the radical of q; by p,. If
f=f(x,,...,2,)is any polynomial which vanishes on U, the variety
determined by the principal ideal j = R.f contains U, and hence
there exists an integer p such that j* =i. Therefore

fr=0 (),
and hence freq;sp; (@ =1,...,1).
Hence f=0(p,) (E=1,..,1).

Therefore we have

f€ [pl’ sy pt] = [pl’ ""pk]s

since for each value of a greater than k there exists an integer b not
greater than k such that p,<p,.
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Conversely, if fe[p;, ..., P;], we have

f=0 (pz) (i=1""7t);

and there exists an integer p such that

fP=O (qi) (i=1""at)a

and therefore fe=0 (i).
Hence f(z, ..., x,) vanishes on U. It follows that
* = [Py, ..o, Pil-

Itis clear that if i* and j* are the ideals formed by the polynomials
which vanish on the varieties U and V, respectively, U < V if and
only if {* = i*.

Let U be a variety in A4,,, i* the ideal formed by the polynomials
which vanish on U. A necessary and sufficient condition that U
be irreducible is that if f(z,,...,2,) and g(z,, ..., x,) are two poly-
nomials whose product vanishes on U, then either f(x,, ..., 2,) or
g(zy, ..., x,) vanishes on U. This is the same as saying that if

f@gy oy ) g(2, -0y 2,) = 0 (%),
then either f(@y, ... 2,) = 0 (i%)
or g(@g, ...r ) = 0 (i%);
that is, that i* is prime. Hence

THEOREM 1. A4 necessary and sufficient condition that a variety U
in A,, be irreducible is that the ideal of polynomials which vanish on
U be prime.

Next, let i be any ideal defining U, and let

i= [QI» seey qt]

be an uncontractible representation of i as the intersection of
primaries. Then, as we have seen,

i* = [pl’ sy ‘plc]’

where qy, ..., q; are the isolated components of i, and p; is the
radical of q;. Since U is irreducible, i* is prime. Hence k = 1.
Thus we have

THEOREM II. A4 necessary and sufficient condition that the variety
defined by an ideal i in R be irreducible is that all the components of i
except one be embedded.
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Let us now consider the relationship between joins and inter-
sections of ideals and the joins and intersections of the varieties
which they define. Let i be an ideal in R, [q;, ..., q;] an uncontract-
ible representation of i, where qy, ..., q; are the isolated components
of i and p, is the radical of g;. If i defines the variety U, U is also
defined by the ideal i* = [p,,...,p,]. Let U; be the irreducible
variety defined by p;. A necessary and sufficient condition that
f(@,,...,2,) should vanish on U is that it belong to Py, p,, ..., Pi
and hence that it vanish on U, + ... 4+ U,. Therefore

U=U,+U,+...+ U,
Ifi = [qy, ..., q] is an ideal defining the variety U, and
j=[a1 ... ]

is an ideal defining the variety V, then, since

[1’1] = [C{l’ ooy Ops qi’ cees q;]’

it follows that [i, ] defines the variety U + V.
Let f;(xy, ...,2,) (¢ = 1,...,7) be a basis for i, and let g,(x,, ..., %,)
(¢ =1,...,8) be a basis for j. Then

i@y oo p) g5(20, ) (E=1,..,7m55=1,...,8)

is a basis for ij. Hence it follows that ij also defines U + V.

Using the same notation, we see that the set of 7 + s polynomials
filxy, ..y z,) (€=1,...,7) and g,(y,...,x,) (¢ =1,...,8) is a basis
for (i,1). Hence (i,]) determines the intersection U, V.

If R is any ring which contains a field K, and i is any ideal in R,
1 is said to be of dimension r over K if (i) there exist r elements
£, ..., &, of R such that if f(x,, ..., x,) is a polynomial in K[z, ...,2,]
with the property that

f(gl: "':gr) =0 (i),

then flxy, ..., z,) = 0;

and (ii) if £, ..., £, are any r + 1 elements of R, then there exists
a non-zero polynomial f(x,, ..., 2,,,) with coefficients in K such that

f(gp °"’gr+1) =0 (i)-

We apply this idea to the integral domain R = K[z, ...,x,] which
we have been considering in connection with the affine space 4,,.
Let i be any ideal in R, defining a variety U, and let [qy, ..., q;] be
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an uncontractible representation of i as the intersection of primary
ideals, @, ..., q; being the isolated components, and p, denoting
the radical of q;. If §,, ..., £, denote elements of R, and f(z,, ...,z,)
is any polynomial over K, the relation

fEn . 8) =0 (1)
implies f(&y--nb)eqep; (=1,...k).
Conversely, if there exist polynomials f;(x,...,2,) (¢ =1,...,k)
wehthat e B)Sp (= 1,.0)
then there exist polynomials f;(x,, ..., 2,) (¢ = 1, ...,¢) such that

fi(gl""sgr)gpi (7’= 1’---7t)’

since for any j greater than k, there exists a value of ¢ not exceeding
k such that p, < p;, and for f;(x,, ..., x,) we need only take the corre-
sponding f;(«,, ..., z,). If p, is the index of q;, and

t
f(xl’ ""xr) =iI=—[lfipi(x1’ "‘?xr)’
then f(gly' "gr =0 (I)

From this we prove that the dimension of i is equal to the greatest
of the dimensions of p,, ..., P;. Let r be the dimension of i, r; that
of p,. Then any r+ 1 elements of R are algebraically dependent
modulo i, and hence are algebraically dependent modulo p,. Hence

r>max|[ry, ..., 7l

If, on the other hand, s>7; (+ = 1,..., k), any s elements of &% are
algebraically dependent modulo p, (¢ = 1, ..., k), and are therefore
algebraically dependent modulo i. Hence r <max[ry, ...,7;], and
therefore

r = max[ry, ..., 7]

Now let » be a prime ideal, formed by the polynomials which
vanish on an irreducible variety U. Let (#y,...,7,) be a generic
point of U. If U is of dimension d, as defined in Chapter X, there
exist d of the y;, say 9;, ..., 7;,, which are algebraically independent
over K. Then if f(x, , ..., x;,)€p,

f("’il’ sy ﬂid) =0,
and hence @ s @) = 0.
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Therefore the dimension of p is not less than d. On the other hand,
if ay(x) (¢ =1,...,d+1) are any d+1 elements of R, there exists
a non-zero polynomial F(y,, ..., ¥4,,) such that

F(ay(1), ..., 8q41(n)) = O.
Hence F(ay(), ..., 841(2)) = 0 (D).

It follows that the dimension of p is equal to the dimension of U.

We conclude that the dimension of any ideal i in R is equal to
the dimension of the components of greatest dimension of the
variety which it defines, that is, it is equal to the dimension of the
variety it defines. Thus for our purposes the dimension of an ideal
is not a new concept, but we shall sometimes find it useful to use
the ideal-theoretic method of defining the dimension of a variety.

The foregoing remarks are preliminary to the study of the
geometry of an irreducible variety. Let V be an irreducible variety
in 4,,. This may be the whole space 4,,, but we shall assume that
it is not vacuous.

Let R be the prime ideal formed by the polynomials in

N = K[y, ..., 2,]

which vanish on V. We consider the remainder-class ring R/,
which, since $p is prime, is an integral domain [XV, § 3, p. 30], and
in which the Basis Theorem holds, since it holds in R [XV, §3,
Th. VII]. Let a and b be any two elements of K, and let @ and b
be the elements of 3%/ on which they map. Then @ = b if and only
if @ — b is in B, and since P is not the unit ideal, this can only happen
when a = b. Hence /P contains a subring isomorphic with K.
We may identify this with K, and regard R/} as an extension of K.
We then denote it by &. Let &; be the element of § which corre-
sponds to the element x; of R. If f(x,,...,z,) is any polynomial in
R, it maps on f(§,, ..., §,) of &, and f(x,, ..., x,) belongs to ‘B if and
only if f(£,, ...,£,) = 0. Hence (&, ...,£,) is a generic point of V.
Moreover, & = K[§,,...,§,], the ring of polynomials in &,,...,§,
with coefficients in K. If (#,,...,7,) is any generic point of V,
K¢, ..., £,] and K[y, ...,7,] are equivalent extensions of K in
which £, and 5, correspond. The ring } is thus uniquely determined
to within isomorphism by a generic point of V. J (or any isomorph
of it) is called the integral domain of V in 4,,.
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The integral domain J does not depend on the allowable co-
ordinate system chosen in 4,. Let (7, ...,x,) be any other allow-
able coordinate system. Then

x,: = bi-}-Zbﬂx’- (i = 1, ceey n),
and @, = c;+ ey x; (P=1,...,n),

where b;, b, c;, c;; are in K. If (£}, ...,£,) are the coordinates of a
generic point of V in the original system, the coordinates (£3, ..., £,)
of this point in the new coordinate system satisfy the equations

g%=bi+2bﬁg’- (i= l,...,n),
a'nd g’i = Ci'l"zcijg; (7: = l,..., n).
From these relations it follows that

K[gb "')gn] = K[gi? "',g'rlt]‘

In Chapter XV, §3, we considered the relations between ideals
in a ring and ideals in a remainder-class ring. We apply this to the
ideals in f and . To each ideal & in R there corresponds a unique
ideal f in {, and the largest ideal in & which corresponds to ¥ is
(R,R). To each ideal ¥ of  there corresponds one ideal &; of R
which is a factor of ¥, and any ideal of & which corresponds to ¥
is a multiple of this. If & is any ideal of R defining a variety U
of 4,, (R, B) defines U, V. The variety U,V is vacuous if and only
if (R, B) is the unit ideal, that is, if and only if the corresponding
ideal f of & is the unit ideal. Thus any ideal i in & determines a
variety contained in V, as follows. If f;(x,,...,%,) (¢ =1,...,r) is
a basis for B, and g¢;(§;,...,£,) (¢ =1,...,8) is a basis for i, then
filxy, ..oy z,) (0= 1,...,7) and g,(xy, ..., 2,) (¢ = 1,...,8) is a basis for
the corresponding ideal of : which is a factor of . The variety
determined by i has the equations

filey, oo2,) =0 (¢=1, ...,r),}
gi(®y, .. 2,) =0 (9 =1,...,9).

If, conversely, Uisany varietyon V,and g,(x,, ..., x,) (¢ = 1, ...,8)
is a basis for the ideal of polynomials in i which vanish on U, then
g:(&ys -, &) (6 =1,...,8) is a basis for the largest ideal in § which
determines U.

The results proved at the beginning of this section concerning the
relation between ideals in i and varieties in 4, can now be trans-
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lated at once into results relating ideals in & with varieties on V.
Indeed, the earlier results correspond to the special case in which
B is the zero ideal. It is not necessary to give the details of this
translation, which follow at once from the results of Chapter XV,
§ 3. The most important result is that if U is any variety on V, U is
irreducible if and only if the largest ideal of § which defines U is
prime. We note that if f is any ideal of , and if & is the ideal of R
corresponding to it which is a factor of 8, the dimension of f over
K, asanidealin g, is equal to the maximum number of elements of
$ which are algebraically independent modulo £, and hence to the
maximum number of elements of % which are algebraically in-
dependent modulo &; that is, the dimension of f is equal to the
dimension of £. Hence the dimension of f over K is equal to the
dimension of the variety defined by f.

Since J is an integral domain, its maximal ideals are all prime
[XV, §3, Th. IIT]. Let p be a maximal ideal of &, U the irreducible
variety defined by it. If U is of dimension greater than zero, there
exists an irreducible variety U’ properly contained in it. If p’ is
the largest ideal defining U’, »’ is not the unit ideal, since there
are points on U’, and from the relation U’< U, we have p<yp’,
which contradicts the fact that p is maximal in §. Hence U is of
dimension zero. Conversely, if p is the prime ideal defining a variety
U of dimension zero, p must be maximal. For if it were not, there
would exist a prime ideal p” different from the unit ideal such that
p <p’. Then the variety defined by p’ is properly contained in U,
which is impossible since U is of dimension zero. Hence we have

THEOREM III. The maximal ideals of  correspond to the irreducible
varieties of dimension zero on V.

Let p be any prime ideal in §, and let U be the irreducible variety
on V defined by it. The quotient ring Jp of p is called the quotient
ring of U, and is often denoted by Q(U). By XV, §5, Th. X, § is
the intersection of the quotient rings of the irreducible varieties U
contained in ¥V, and, indeed, it is the intersection of the quotient
rings of the irreducible varieties of dimension zero contained in V,
since the irreducible varieties of dimension zero are defined by the
maximal ideals of .

Let U; and U, be two irreducible varieties contained in V, and
let p, and p, be the corresponding prime ideals of . Then, as we
have seen, U, = U, if and only if p,<p,. But [XV, §5, Th. VI]

7-2
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p, S p,ifandonlyif Jp, = Jp,. Hence we conclude that U is contained
in U, if and only if Q(U,) is contained in @(U,). In particular, U] is
a proper subvariety of U, (U, <U,) if and only if Q(U}) is a proper
subring of Q(U,), for in this case U, is not contained in U, and
hence Q(0},) is not contained in Q(U,). Thus we have

TueorREM IV. If U, and U, are irreducible varieties contained in V,
(i) U, U, tf and only if Q1)) = Q(Up);

(i) Uy < U, if and only of Q(Uy) < Q).

It is to be recalled that the results of this section refer to varieties
in affine space. If V is derived from a variety V in projective space,
the integral domain J depends on the choice of the prime at infinity.
For example, if V is the projective space (z,, ..., z,), and we choose
z, = 0 to be the prime at infinity, we take the generic point of ¥ to
be(1,§,,...,§,), where §,, ..., £, areindependent indeterminates over
K, and & = K[£,, ..., £,]. Using the same function field for V, we
must take (£;%,£,1¢,,...,6,1£,-1, 1) as the generic point when
z, = 0 is taken as the prime at infinity, and the integral domain
for the corresponding affine variety is K[, 6,16, ..., 67 8,4,
which is different from §. It should also be observed that in the
theorem which says that  is the intersection of the quotient rings
of the irreducible subvarieties of V of dimension zero, we only
consider subvarieties in the affine space.

However, the quotient ring of an irreducible subvariety of V is
a projective concept. Let ¥ be an irreducible variety, not lying in
z, = 0,in a projective space S, with the coordinate system (z,, ..., z,)
and let V be the corresponding variety in the affine space 4,
obtained from S, by taking x, = 0 to be the prime at infinity. We
recall how we obtained the function field of ¥V in Chapter X, §3.
We considered the ratios

f@) _f®o,-.» 2,)

g_(_x) N 6(50’ "',xn)
of homogeneous polynomials of like degree in K[x,,...,z,], where
g(q, ..., x,) does not vanish on ¥, and we defined the ratios f(x)/g(x)
and f’(x)/g' (x) to be equivalent if
f@)g'(x)—f'(x)g(x) = 0
on V. By suitably defining addition and multiplication for classes of

equivalent ratios, we obtained a field isomorphic with the function
field of V. Let X denote an extension of K isomorphic with the field
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of equivalent classes. Now let U be an irreducible variety on ¥ not
lying in zy = 0, and let U be the corresponding variety in 4,. We
consider the elements of 2 which correspond to ratios f(x)/g(x) in
which g(x) does not vanish on U. If f(x)/g(x) and f'(x)/g’ (x) are two
ratios whose denominators do not vanish on U, then

f(@) +f ‘@) _f@)g' (@) +f () g(=)
g(x) g'(x) g(x)g'(x)

f@) f'@) _f@)f ()
g®) g'(x) g(x)g'(x)

are ratios whose denominators do not vanish on U. Hence the
corresponding elements of X' form a ring R. It is clear that R con-
tains K, and hence has unity, and since 2’ has no divisors of zero,
R has none. Therefore R is an integral domain. Moreover, X' is the
quotient field of R.

Let £; be the element of R (and hence of 2') which corresponds to
the class z;/z, (1 = 1,...,n). Then (1,§,,...,£,) is a generic point
of V,and (&, ..., £,)is a generic point of V. Thering § = K[&,, ..., £,]
is the integral domain of V. Let p be the prime ideal of { corre-
sponding to U. Any element ¢ of 2'is of the form

§ fl glﬂ )gn)
(1 §1,~ ’gn)

where f(z,, ...,%,) and g(z,, ...,%,) are homogeneous polynomials
over K of the same degree, the second not vanishing on ¥. ¢ belongs
to Qp if and only if we can find f(x) and g(z) such that ¢(1,§,, ..., £,)
does not belong to p. But, by the definition of p, this is simply the
condition that ¢(1,z,,...,x,) does not vanish on U, that is, that
9(x,, ---, ,) does not vanish on U. Hence  belongs to Jp if and only
if it is contained in R. Thus Fp = R

The quotient ring of U can be defined without reference to the
function field of V, simply by considering only the ratios f(x)/g(x)
in which g(x) does not vanish on U, and defining equivalent ratios
as before. Introducing addition and multiplication of classes of
equivalent ratios in the usual manner, we then show that these
classes form an integral domain, which is, by what we have seen,
isomorphic with the quotient ring of U. But as we usually have to
consider the quotient rings of several subvarieties of V simul-
taneously, we must consider them as subrings of the same repre-
sentation of the function field of V.

and
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These considerations show that the quotient ring of an irre-
ducible subvariety of ¥, a variety in projective space, is determined
by the function field of ¥ and the subvariety and does not depend
on the selection of a prime at infinity. For this reason we shall try,
in the following sections, to express the properties of varieties in
affine space in terms of quotient rings, so that they may be inter-
preted as properties of varieties in projective space.

We conclude this section with some remarks on the problem of
finding a basis for the ideal determined by an irreducible variety
on V. This is not a problem which arises much in practice, since in
general it is sufficient to know that a basis exists, and this we know
from the Basis Theorem, but we give here one or two results
which will be useful later.

Let U be an irreducible subvariety of V, of e dimensions, and
let F(uy, ...,u,) be its Cayley form (that is, the Cayley form of U
when A4, is ‘completed’ to form a projective space S,). Then if
89, ..., 8¢ are skew-symmetric matrices of n+ 1 rows and columns
whose elements are independent indeterminates over K, the
equations of U are obtained by equating to zero the coefficients of
the independent power-products of the s} in

F(8%%, ..., Sex),

where z stands for (1,z,,...,,), written as a column vector. It
follows that if &= (1,¢,,...,§,), the coefficients of the power-

products of s§; in F(SY, ..., S¢£)

generate an ideal i in &, which determines the variety U. Let
i=[qy .-, q,] be a representation of i as an uncontractible inter-
section of primary ideals; and let p; be the radical of q;, U; the
irreducible variety on V defined by p,. Then

U=U+..+0.

Since U is irreducible, one of the components U,, say U;, must co-
incide with U, and the others must be embedded. Hence p, is the
prime ideal of U, and the components q,, ..., q, of i are embedded.
There is one case, which will be of importance later, in which
we can go further. This is the case in which U is an irreducible sub-
variety of V¥, not consisting entirely of multiple points of ¥, of
dimension d— 1, d being the dimension of V. In this case, we can
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show that ¢, is a prime ideal, and hence the prime ideal of U.
We prove

THEOREM V. Let V be an irreducible variety of dimension d in
affine space, and let I be its integral domain. Let U be an irreducible
subvariety of V of dimension d—1 which is stmple on V, and let
F(uy,...,uz_y) be its Cayley form. Then if (§,,...,&,) (§;€J) ts a
generic point of V, and S¢ (1 =0,...,d—1) are d independent in-
determinate skew-symmetric matrices, the prime ideal of U in  ts an
tsolated component of the ideal generated by the coefficients of the power-
products of sk, in F(S%, ..., S3-1§).

It will be convenient to revert to the projective space §,, derived
from A4,; V is then the variety whose generic point is (1,£,...,£,)
in the coordinate system (x,, ..., 2,).

Let W(z) = W(x,,...,x,) be any homogeneous form with in-
determinate coefficients w,, ..., w,. We first show how we may obtain
the Cayley form of the intersection of V with the primal W(x) = 0.

Let fi@)=0 (i=1,...,8) (2)

be the homogeneous equations of ¥, and let

Sux; =0 (1=0,...,d-1) (3)

n
~ Pij vy

i=0
be d independent generic primes in S,. The equations (2) and (3)
have a finite number of solutions £¥ = (1,£9,...,£9) (v = 1,...,9).
These g points are conjugate over K(u,, ..., %4_,), and each of them

is a generic point of V over K [X, §7]. From this we draw the
following conclusions:

g
(1) TI W(£®)isirreducible as a form in wy, ..., w,, with coefficients
y=1
in K(uy, ..., %3-4);
g
(i) IT W(&®)is a form in wy, ..., w;, with coefficients in
v=2
K(ug,y ...,ug_q; ED, ..., ED).
On account of (i), we can write
U Aug, ..., uq_1)
I W(EW) = =222 9= B, uy, ..., ug_
et (g ) H('U/o, “.,ud_‘l) ( » Y0 » “%d l)’

where A(ug, ..., %z_;) and H(u,, ..., uz_,) are in K[u,, ..., uz_,], and
may be assumed to be without common factor, and B(w, uy, ..., %z_)
is an irreducible polynomial in K[w, u, ..., %z_,]-
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For any specialisation W' (z) of W(x), the equations (2) and (3) and
W' (z) =0

have a solution if and only if B(w',u,,...,u4_;) is zero. Hence
B(w, uy, ...,u3_,) is the uy-resultant of equations (2) and the equa-
tions n

Suye;=0 (G=1,..,d—1),

i=0

and W(x) = 0.

Hence [vol. II, p. 41] it is the Cayley form of the intersection of V
with W(x) = 0.

Let p be the prime ideal of Uin §, and let W'(1,&,, ..., £,) = W'(§)
be any non-zero element of p, where W'(x,, ..., z,) is homogeneous.

Then ) /
B(w 3 uo, ey ud_l) = F(uo, -..,ud_l)F (uo, ooy ud_l),

where F(u,, ..., ug_;) is the Cayley form of U, and F'(u,, ..., %g_)
is also a Cayley form, namely, the Cayley form of the variety which
is the residual intersection of V and W’(x) = 0, possibly together
with U itself. Hence we have

g
H(uOs seey ud-—l) l:_[IW,(g(V))
= A(uo, ceey ud_l) F,(uo, ooy ud_l) F(uo, ceey ud__l).

Using (ii) above, we can write

) Oty -, gy, ED)
Wl »)) — B 0 a-1 ’
TLWE) - G

where C(uy, ..., uz_4,2) and C'(u,, ..., 44, ) are homogeneous in
Zg, -- -5 &, With coefficients in K[u,, ..., u;_;]. Then we have

H(ug, ...;ug_1) Cuy, ..., uq_y, EO) W (ED)
= A(uo, ey ud_l) C’(uo, ey ud_l, g(l)) F’(uo, ceey ud_l) F(uo, ey ud_l).

Now £ is a generic point of V, and
n
i=0

is a generic prime through it. But § is also a generic point of V, and
d independent generic primes through it can be written in the form

Yshba,=0 (1=0,..,d-1),
ik
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where 89, ..., 891 are d independent indeterminate skew-symmetric
matrices. Hence
H(8%, ..., 84-1£) C(8°, ..., 841, &) W'(£)
= A(S%, ..., 8%1E) C'(8%, ..., S¢-1E, £) F'(S%, ..., 89-1f)
x F(S%,...,8%-1£). (4)
Over the field K(S°,...,8%1), V is irreducible [X, §5, Th. VI],

and a point 2’ of U which is simple for V over K is also simple for
V over K(8°,...,8%-1), Now

O, 8EE)
= TR, ... 80 5~ L"),

where £,7@, ..., 7@ are the g distinct points of V which lie in the

If we specialise £ to ', a point of U simple for V,

(g’ 77(2)’ AR 77(0)) - (x,, y(Z), trey y(a)))
where z',y®, ...,y are all distinct and at a finite distance. It
follows that as £—>a’, { has a unique specialisation, different from
zero, since a generic (n—d)-space over K through z’ does not meet
W'(x) = Oon V, except at 2. By aresult to be proved later [ XVIII,
§ 1, Th. VII, Cor.], this implies that { is a unit of the quotient ring
of the variety of which «’ is a generic point. Hence, without loss
of generality we may assume that
C(8%, ...,8%1,£) and C'(S8%,..., 87, )
do not vanish for the specialisation {—x’, and therefore are not in
K(89,...,8%1).p, where p is the prime ideal of U.
Again, H(u,, ..., ug_,) vanishes only when the (n— d)-space

Zuﬁx,=0 (1:=0,...,d—1)
i

has an intersection with V at infinity. Hence H(S%/, ..., S4-1z') %0,

and therefore
H(8%,...,8%1£)+0 (K(S°,...,8%1).p).

We can then determine specialisations 7%, ..., T%-1 of 89, ..., §¢-1
in K so that
[C(8°, ..., 841 &), C'(S%, ..., 841, £), H(S%, ...,841§)]
~[C(£), C'(§), H(E)],
where C(£§), C'(§), H() are not contained in j.
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Let i be the ideal generated by the coefficients of F'(S%, ..., S4-1£).
Then, as we saw above,
i=1[01, 02 s .1,

where g, has p as radical, and q,, ..., g, are embedded components.
When we specialise 89, ...,8%1 to 7, ...,7%1, we conclude from

(4) that H(E) CE©) W@ ica,
and since H(£) and C(§) are not in the radical of q; we have
W'(€) =0 (qy).

But W'(§) is any element of p; hence we have

p =0 (q)
But since p is the radical of q,, this implies that p = g,, which is
the required result.

3. Simple points. In this section we investigate in some detail
the properties of a point P on an irreducible variety V of dimension
d in S, defined over the ground field K, which is (i) a rational point,
(ii) a simple point of V. In the next section we shall extend our
results to algebraic points. We take the prime at infinity #, = 0 to
be any prime not passing through P, and consider Ptobeona variety
in affine space 4,,. Since the point is rational it has, in the coordinate
system (z,,...,%,), coordinates (a,,...,a,), where o; (2 = 1,...,7n)
isin K. If (§,,...,£,) is a generic point of V, and § = K[£,,...,£,]
is the integral domain of the variety, the prime ideal defined by P is
p=5.(—ay, ..., &, —2,), whether P is simple or not. Our object
is to express the fact that P is simple in terms of the ideal p.

Our investigations will be simplified by the choice of an allowable
coordinate system in A4,. If we make the transformation of co-
ordinates , .

x=x;,—o; (t=1,...,n),
P is at the ‘origin’ of the new coordinate system. We now suppose
the coordinate system chosen so that P is the origin, and is other-
wise sufficiently general to ensure that if (£;,...,£,) is a generic
point of ¥V, then
(i) &, ..., &, are algebraically independent over K;
(ii) €44, 1s a primitive element of the function field

2= K(gl) veey gn)
of V over K(,,...,84);



3. SIMPLE POINTS 107

(i) €441, ..., &, are integrally dependent on K[&,, ..., £;];
(iv) the tangent space to V at P is given by equations of the form

d
Xgpg = .Elaifxf (t=1,..,n—d);
]=

(v) if f@y,...,24.1) =0
is the irreducible equation satisfied by £, ..., £4,4, the equation
f(0,...,0,2) =0

has simple roots.

While it is not always necessaryto assume that all these con-
ditions are satisfied, all have their uses, and in dealing with simple
points it is usually best to prepare the ground in this way.

We saw in § 1 that it is possible to choose the coordinate system
sufficiently generally to ensure that conditions (i)... (iv) are satis-
fied. If we can show that we can choose the coordinate system
sufficiently generally to satisfy (v), it will follow that the coordinate
system can be chosen to satisfy (i), ..., (v) simultaneously.

To show that the coordinate system can be chosen to satisfy
(v), let F(ug, ..., ug) = fw;s; tgg, -, Uao)

be the Cayley form of V. It can be factorised in the form

g n
F(u07 [EXE} ud) = A(ula XX ud) Hl(uOO + _ZluOi g(i”)) )
y= i=
where g is the order of V,and (§%, ..., &) (v = 1, ..., g) are the points
in which 7 is met by the (n — d)-space

n
uio"l" zuijxj=0 (i= 1,...,d).
i=1

n
If Uip+ Duw; =0 (G=1,..,d)
i=1

is any (n—d)-space whose points of intersection with V are finite
in number and at a finite distance, F(uy,uy, ..., %3), as & form in
Uggs - -» Ugp, 18 the Cayley form of the intersection.

Consider, in particular, the case in which uj; =0 (¢ = 1,...,d)
and uj; (1 =1,...,d;j = 1,...,n) are independent indeterminates.
Then F(ug, %y, ...,uz) is the Cayley form of the intersection of ¥V
and a generic (n—d)-space through P. Since P is simple, we know
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[XTI, §10, Ths. I and ITI]that this intersection consists of P, counted
once, and g — 1 generic points 7®, ..., 9@ of ¥ which are conjugate
over K(uy,...,uy), none of them being at infinity. Then we have

g n
f(wis; %90, 0, ..., 0) = F(ug, uy, ..., uz) = Augy H2(“oo + ? Uy "7(1")) .
y=
Hence fluiy;2,0,...,0) =0
has simple roots. Also, if

—& = %ung,

and == }_;,ui,-gj (t=1,..,4d),
then J(is; Goy s 8a) =0

is the irreducible equation connecting §,, ..., §; [X, § 6].

For a specialisation wu;;—a,;;, the equation has less than g
distinct finite roots if and only if the a,; satisfy a certain finite
number of algebraic relations. Changing our notation by writing
@g415 for ag; (7 = 1,...,n), we deduce that for sufficiently general
valuesof a;; (1 = 1,...,d+1;5 = 1, ...,n), the irreducible equation

S0 Was) =0
n

connecting - =XayE (G=1,...,d+1)
i=1

is such that the equation
£(0,0, ...,0,2) = 0

has g simple roots. Hence if

n

x; =j21aijx,- (i = 1, ...,n)

is a sufficiently general transformation of coordinates preserving
the origin at P, the new coordinate system satisfies the requirement
(v) above.

It will be observed that the condition (v) is equivalent to saying
that if ¢ is the order of V (in projective space), the (n—d)-space
Sa-a given by =0 (i=1,..4d)

meets ¥ in g points (one of which is the origin), none of them
lying in x, = 0. If any one of these were a multiple point of ¥V, an
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(n—d)-space through it would meet V either in an infinite number
of points or in less than g points. Hence the g points in which §,,_,
meets V are all simple. Again, if S,_; were tangent to V at any of
the points, it would meet V in less than g points. Hence the effect
of (v) is to ensure that the (n —d)-space

x¢=0 (’l:-"—‘l,...,d)

meets V in g (finite) simple points, and does not touch ¥V at any of
them.

THEOREM I. The quotient ring of a simple point is integrally
closed.

We assume that the coordinate system in 4, is sufficiently general
in the sense explained above. In order to prove our result it is
sufficient to show that the integral closure of § = K[§,,...,£,] is
contained in Jp, where p = . (&, ..., §,) is the prime ideal of the
point [XV, §8, Th. IV]. Let { be any element of the quotient field
of & which is integrally dependent on . Since £4,4,...,&, are
integrally dependent on KI[§,,...,§;], it follows from XV, §8,
Th. II that § is integrally dependent on K[{,, ..., £;]. Since §;,, is
a primitive element over K(§,, ..., §;) of the function field of V, it
follows from XV, §8, Th. VII that

¢ = ro+ri€a+ . +"—1§5+1
e

where 7y, ...,7,_; are in K[§,, ..., §;], and D? is the resultant of

f(gl’ sy gd, x) a‘nd g);(gl) ey gd»x))

f(xl, ...,xd+1) = O

being the irreducible equation satisfied by &;, ..., £5,,. By condition
(v) on our coordinate system, it follows that D2+ 0 (p), and hence
LeJp. Hence the integral closure of J is contained in Jp, that is,
Sp is integrally closed.

It is as well to point out here that the quotient ring of a point
may be integrally closed even when the point is not simple. Con
sider the surface in A; whose equation is

— 12
Zy%y = X%,

It can be verified at once that the origin is not a simple point. We
shall show that its quotient ring is integrally closed by showing



110 XVI. THE ARITHMETIC THEORY OF VARIETIES

that the ring J for the surface is integrally closed, and applying
XV, §8,Th. V.

A generic point of the surface is (u,v, u?/v), where u and v are
independent indeterminates over the ground field K. Then

= K[u,v, u?[v],

and any element of J is of the form Xa,;u%’/, where a,; is in K and
120, ¢+2j>0. Conversely, we show that, if >0, and ¢ +2j>0,
then u*v’eJ. If j > 0, this is obvious; if j = —k < 0, we have

It is evident that the quotient field of & is K(u,v). Let
¢ =PwY) _p

q(u,v) ¢

be any element of this which is integrally dependent on , where
p = p(u,v) and ¢ = q(u,v) are polynomials in u and v without
common factor. Then we have an equation

r+a, 1+ ... +a, =0,

where a,€ 3, and hence a, = b,/v¥i, where b,e K[u,v]. Hence there
exists an integer k such that v*{ is integrally dependent on K[u, v],
and hence [XV, § 8, Th. VI] v*{is contained in K[u,v]. Hence

{=Zag uv (i20),

where a;;€ K. Since { is integrally dependent on J, Za,;a’fiti+%
is integrally dependent on K[at, ft2, (a?/f)] = K[t], where a and
f are non-zero elements of K. But [XV, § 8, Th. VI] K[t]is integrally
closed; hence, for each term in Za,;afiti+% ¢ + 2j > 0, and it follows
from what was said above on the form of elements in J, that { is
in . Therefore  is integrally closed.

We now consider certain properties of a simple point of a variety
which lead to a characterisation of a simple point in terms of its
quotient ring. (Since the quotient ring is a projective concept, this
characterisation is a projective one.) We suppose that P is defined
by the prime ideal p = §.(&;,...,§,), and that the coordinate
system is sufficiently general, as described above. The tangent space
at P can therefore be written in the form

d
xd_'_i =jzlaijxj (": = l, ...,n_d).



3. SIMPLE POINTS 111

Hence, among the equations of ¥V we can find 7 —d equations

fi@y, ..2,) =0 (¢=1,...,n—d)
such that

d
filzy, ...,xn)sxd”—jglaijxj—f;"(xl, cny) (t=1,..,n—d),
where f¥(z,, ..., x,) has no terms of degree less than two. Since
fily - 8) =0 (@=1,...,n-d),

d
we have £ppe = _zlaijgj +fEEs - En)s
=

d
that is Erui =j§1“""§’ M%) (G=1,..,n—d). (1)

If w is any element of ,

w= a+£l‘,a,-§i+f*(§p o),

where no term of f*(xy,...,z,) is of degree less than two. Hence
f*&,, ..., £,) € p?, and therefore, using (1),

d
w=a+t %a'ié- (9,
where a, a;, ...,a} are in K, and a = 0 if and only if w belongs to p.
Conversely, suppose that there exist d’ elements, {;,...,{; of

the ideal p = §. (&, -.-,&,) of a point on V such that any element
w of ¥ satisfies a relation

&
w=at+Xab (%),

where a,a,, ...,a; belong to K. We show that d’>d, and that if
d' = d, then P is simple. Since §;, ..., §, arein y,

&
& =j§1bij€j (»?) (@=1,..,n),

where b,;;€ K. The rank d" of the matrix (b;;) is at most equal to d'.
We therefore obtain n —d” > n —d’ linearly independent equations

; . = 2 .
jglcz;fgj 0 (‘p )
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We can now construct polynomials
n
D@y, ..., T,) Ejzlcija:, + P¥(zy, ..., ),

where ¢¥(z,,...,%,) has no terms of degree less than two, which
vanish at £ and therefore on V. Hence if

fil@gy o02,) =0 (1=1,...,7)

is a basis for the homogeneous equations of V, the matrix

(&)
ox;
has rank n—d" at least at P. Since V is of dimension d, and Pis on
V, the rank of the matrix is at most n —d [X, § 14, Th. I]. Therefore,

d'>d" >d.

Ifd’ = d,d” = d,and V has a tangent space at P. Then P is a simple
point of V.

If p is the prime ideal of a point of ¥, and there exist d elements
&, .-, &g of p such that any element w of ¥ satisfies a relation

W= a+§ai§i (p2),

the variety is said to possess uniformising parameters at P, and
&, .., & are called uniformising parameters at P. Hence we have

THEOREM II. A necessary and sufficient condition that P be a
simple point of V is that there exist a set of uniformising parameters
at P.

We note that if the coordinate system is sufficiently general and
have P as origin, &, ...,§; are uniformising parameters at P. Let
&, .-, &, be any other set of uniformising parameters at P. Then,
since §,,...,&; and &,...,§; are both sets of parameters, and
therefore lie in Y, we have relations

d
gi = zllaijgj (p2) (1’ = l’ '--’d):

d
and gi = % b’ijgj (‘pz) (7: = 15 °-',d):
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where a,; and b,; belong to K. Hence
&= zj:z;obﬁajkgk (b?).

If the matrix product (b;) (a;;) is not the unit matrix, it follows
that there exists a relation

d
?aigi =0 (p?),

in which a,, ..., a; are elements of K not all zero. If a; + 0, we may,
without loss of generality, take it to be unity. If w is any element
of &, we have a relation

d d
0= b+§bigi = b+‘12 (b;—bra;) & (02),

and hence any element of J is congruent to a linear expression in
& ooos b1 Bkt -+ - £g madulo p2, which we know to be impossible.
Hence (b;;) (a;,) is the unit matrix, and therefore (a;;) is non-
singular.

Conversely, if (c,;) is a non-singular d x d matrix, and 74, ...,7,
are elements of p such that

d
7, = N ey (p?),
j=1
then we can solve these equations and write
d
&= zlldij7j (03),

and it follows at once that 7,, ..., 7; are uniformising parameters.
Thus we see how to get any set of uniformising parameters at P
from any given set.

THEOREM III. If P is a simple point of an irreducible variety V
of d dimensions, given by the prime ideal p in the integral domain
of V, and &, ..., §; are uniformising parameters at P, then p is an
1solated component of the ideal i = §. (&, ..., &3). Conversely, if P
18 a point of V, given by the prime ideal p of I, and there exist d
elements &, ..., &; of p such that p is an isolated component of

i. = 8-(§1’ ceey gd)’

then P is a simple point of V, and §,, ..., §; are uniformising para-
meters at P.
HP III ’ 8
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We consider first the case in which we are given that P is a simple
point, and that {;, ..., {; are uniformising parameters at P. We shall
make use of the lemma proved at the end of XV, §2. In the first
place, if w is any element of p, we have a relation

= éj:“igi (p2),
where a,, ...,a, are in K. Hence
p< (i, p?).
Let i=[qy .- q,]

be a representation of i as an uncontractible intersection of primary
ideals, and let p; be the radical of q;. Since i=q;, we see that
(i, p?) =(q;, p?), and hence

p< (i, 92 < [(q1 92), - (a4, D]

Since p is a maximal ideal of J, the ideal on the right is either equal
to p or to the unit ideal. It can only be the unit ideal if (q;, p2?) is
the unit ideal for 2 = 1, ...,r, and hence, by the lemma quoted, it
can only be the unit ideal if p,$p for each value of i. Suppose,
first, that this is the case. If 7, is an element of p, not in p, and o;
is the index of q;, then 9§ ... %77 belongs to i but not to p. But since
{;€p, i<y, and we have a contradiction. Hence

p = [(q, pz)’ cees (G p2)]°

Using the lemma once more, (q;, p2) is p-primary if and only if
p; <P, and is equal to p if and only if g, = p. Since p,, ..., p, are all
different, one q;, say qy, is equal to p, and for the other components
of i, (q;, p?) is the unit ideal, that is, q; is not contained in p. Hence

i= [p’ Qgs -+ +» Qr]:

and p is an isolated component of i.
It may be noted in passing that in the case in which the ground
field K is algebraically closed, the various components of

3‘(€1$ sy gd)

define the g points in which the §,_; given by 2, = ... =2;=10
meets ¥V, and, in view of the restriction (v) on our coordinate
system, all these are simple points of V, and £,,...,£; are uni-
formising parameters at each of them. We conclude that in this



3. SIMPLE POINTS 1156

case r =g, and q,...,q, are prime, defining the remaining g—1
points in which S,,_; meets V.

Returning to the theorem, suppose, conversely, that p is an
isolated component of i = §.(&;, ..., §y), say

i= [ps PR Qr]

If v is any element of &, we have
n
w = a+ Y a;£;+terms of higher degree,
1

where a,a,,...,a, are in K. Since £ep (¢ =1,...,n), o—aep.
Hence for every element w of & there exists an element a of K
such that

w=a (p),

where a is zero if and only if wep.
Since p is an isolated component of i, there exists an element
a of § which is in [q,, ..., q,] but not in p. Let w be any element of

&, and let
o, ARETe w=a (p)

Then a(w—a) is in p and in [qy,...,q,]; hence it is in i. We can
therefore find elements a;, ..., &z in  such that

a
Hw—a) = 21: a; ;.

Let a=c (p)y
and a;=c¢c; ) @E=1,...,d),
where ¢, ¢y, ...,c; are in K. Since « is not in p, ¢ is not zero. If

a; = ¢;/c, we deduce that
d
W= a+§ai§i (p2)’

and hence ¢, ...,¢{; are uniformising parameters at P, which is
therefore a simple point.

Now, in the case in which {, ..., §; are uniformising parameters
at the simple point P, let us pass to the quotient ring Jp of P. If

=3t i = [P, Qg oo 0]
where (; is not contained in p. Hence [XV, § 5, Th. IX],

Sp-i=Jp-p,
that is, the ideal of non-units of Jp is Jp . (&3, ..., §a)-
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Conversely, let the quotient ring §p of a point of ¥ have the
property that its ideal of non-units has a basis consisting of d
elements w,, ..., w;. We can write

w; = &/,

where &, ..., {; are in § and §; is not in p, and is therefore a unit of
Sp. Hence &, ..., §; is a basis for the ideal of non-units of Jp. This

ideal i3 -5 = F- G nr L)
Let i=3. (8- 8) =[ar -5 q,)
Since Sp-p = Qp-1,

it follows from XV, §5, Th. IX that one q,, say q,, is equal to p,
and for ¢>1
q:+0 (p).

Hence p is an isolated component of i. Therefore, by Theorem III,
P is a simple point of V, and §,, ..., §; are uniformising parameters
of V at P. Thus we have

THEOREM IV. A necessary and sufficient condition that a point P
of V be simple is that the ideal of non-units of its quotient ring has
a basis consisting of d members. If §,, ..., {; form a basis for the ideal
and liein §, &, ..., §; are uniformising parameters at P.

We may also note that if P is any rational point of V,and {;, ..., {;
is a basis for the ideal of non-units of its quotient ring, then d’ >d.

For if Sp. 9 =Sp. (& -enr Ea),

we can, as above, suppose that {,,...,{; lie in & Then p is an
isolated component of . (¢, ..., ). The second stage of the proof
of Theorem III then shows us that if w is any element of ,

o=atTal oY)

and hence, as we have seen, we must have d’ > d.

The next result which we prove helps to explain the use of the
term ‘uniformising parameters’. We consider a simple point P of an
irreducible variety V of d dimensions, and, as usual, use sufficiently
general coordinates which have origin at P. (£,, ..., £,) are the non-
homogeneous coordinates of a generic point of V.

THEOREM V. Let P be a simple point of V, given by the prime ideal
p of the integral domain § = K[&,, ...,£,], and let §,, ..., §; be a basis
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for the ideal of non-units of the quotient ring Jp. Given any element
w of Jp, there exists a unique sequence Yy, Yy, ¥y, ..., Where ¥, is a
homogeneous polynomial of degree m in §,, ..., &;, with coefficients

m—1
n K, such that o — X ;€ (Jp.p)™, for m = 1,2,.... Moreover, the
0
mapping 0> Yot Yi b o

of the elements of Jp on the ring K{{,, ..., {3} of formal power series in
& -+, €4 18 an isomorphism of Jp on a subring of K{{;, ..., &}

We shall begin by proving the first part of the theorem in the

case in which
i) &=&GE=1,..4d);

(ii) o belongs to .

In this case we replace Jp.p by p in the enunciation of the
theorem.

The existence of the constant iy, and its uniqueness have already
been proved. The existence of i, has also been proved, and. it is
a trivial exercise to prove its uniqueness.

We assume the truth of the theorem when m = 0, and prove the
theorem generally by induction on m. Suppose that we know
that there exist uniquely determined polynomials ¥, ..., ¥y

such that © =Ygt P+t Uiy (0 (G =1,...,m)

We proceed to construct i, and prove its uniqueness. Since
m—1
w— % ¢7§ =0 (pm)’

there exist elements «; , in J, where 4y,...,1, take all integral
non-negative values subject to the condition

i1+... +7:,n = m,

m—1

such that w—3 Y=Y gir.. Ein,
0

From the case m = 0, already proved, we know that there exist

elements a; , in K such that

a‘il...in = a’il...in (‘p)‘

Hence w—=3 ¥, =3a, ... Ep (pmhY), (2)
0
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since £;€p. Moreover, there exist constants a;; such that

d
Easi =j§lau§f (®?) (@E=1,...,n—d).

Substituting in (2) we obtain the relation
m—1 . '
©r %“ 'ﬁz =2 bix...idgi‘ ... g&d (pmt1),

where b; ;. is in K, and the summation is over non-negative values
of 75, ..., 14 such that Pty = m.
If Ym = Zby, 5,88 ... EF,

then, clearly, 0 =Y+ U1+ ... +¥,, (P™).

We have now to prove the uniqueness of ¢,,. Suppose that there
exists another homogeneous polynomial ¥, of degree m such that

O =Y+ Y14+ +Ym (™).

Then x(&,,...,€3) = ¥,u—¥m is a homogeneous polynomial of
degree m in £, ..., £; belonging to pm+1.

Let . (&4, ..., 84) =1 =[P, qs,-..,q,]. We have seen that q,, ..., q,
are, in fact, the prime ideals of the zero-dimensional varieties other
than P in which the (n—d)-space

x1=...=xd=0

meets V. Hence they are all maximal ideals of J. Since (q;, q;) and
(v, q;) are therefore equal to the unit ideal, i = pq,... q, [XV, §1,
Th. IV, Cor. I]. Then

X(gl’ sy gd) € pmq;n ee q:‘n'

But, by hypothesis, yepm™tl. Hence xep™tigy...q" = pi™.

Therefore ) .
X =241 &
T

where the summation is over values of %, ...,7; whose sum is m,
and vy, ,.€p. Since £;,,,...,§, are integrally dependent on
K&, ..., &3], § is integrally dependent on this ring, and hence the
¥i,...i; are integrally dependent on K[£,, ..., §;]. They belong to an
algebraic extension of K(£,, ..., £;), and their conjugates

1) = 2) ()
zl.--ia_‘}’il...id’ %l...id’ (AR} il)...id
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over this field are also integrally dependent on K[£,,...,&;].
g

Therefore @ = [] Xy} ;&8 ...£4 is a polynomial of degree mg
v=1

in §&,...,£4 whose coefficients are integrally dependent on
K[, ...,£;]. But these coefficients are symmetric functions of
the roots of an algebraic equation over K(¢,,...,£;), which is of
characteristic zero; hence they lie in this field. Also K[£,,...,£;] is
integrally closed in K(¢,,...,£;), since &,,...,§; are algebraically
independent over K [XV, §8, Th. VI]. Hence @ is a polynomial of
degree mg in £, ..., &;, with coefficients in K[&,, ..., §;]. Moreover,
since Y ;, =0 (p), these coefficients are in i. Therefore @ is a
polynomial in &, ..., £; having no term of degree less than mg + 1.

But since
ZYirigbtt - 8% = x(&ys s Ea)s

we have, taking conjugates over K(&, ..., §;),

Zy) ki B =x(E, .08 (G=1,.,9),
and hence D = [x(&y, .- Eq)00.

Since x(&;, ..., &4) is of degree m exactly, and @ is a polynomial
in &, ..., &; having no term of degree less than mg + 1, this gives a
proper relation over K connecting ;, ..., §;, unless @ and y are both
zero. But &, ..., &, are algebraically independent over K. Hence
X(&ys -++» E3) = 0. This proves the uniqueness of ,,,.

Now let w and v be two elements of &, and let ¥, ¥y, ... be the

sequence obtained, as above, for w, and let @, ¢,, ... be the sequence
similarly obtained for v. Then, since

W = '(/fo-l—... +lﬁm-—1 (pm),
and V= Got...d Ppy (B™),
w+Vv = (lﬁo"l’ ¢o) +...+ ('/rm—1+¢m-—l) (pm),

and since ¥;+ ¢, is a homogeneous polynomial of degree ¢ in
£y, ..., &g, the sequence Yo+ @, ¥y + @5, ... corresponds to w+v.

Also oV = Yoo+ Wobr+¥1P0) oo+ V1 Pr (™).

But ¢, ¢, is a polynomial in £, ..., £; of degree ¢ +j, and hence lies
in p™ if ¢ + j > m. Therefore, if

O; = Yo +¥1Piat ... +¥ibo
then wv =0y+60,+...+60,_; (P™).
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Since @, is a homogeneous polynomial of degree ¢ in §,,...,&;,
0o, 0, ... is the sequence determined by wv.

Let K{£,,...,£5} denote the ring of all formal power series in
&5, ..., £4. We then map the element w of § on the element

O=Yo+Y+...

of K{¢,, ..., &5}, where g, ¥y, ... is the sequence obtained from w,
as above. The result just proved shows that if w, v map on the
elements @, ¥ of K{£,,...,£;}, o+v and wv map on @+7 and @,
respectively. Hence the mapping of J in K{£,,...,£;} is a homo-
morphism. It is an isomorphism’ if the only element of § which
maps on zero is w = 0. If @ maps on zero, the sequence ¥, ¥y, ...
must consist of zero only. Hence

w=0 (™) (m=12..).

But [XV, §2, Th. X] the only element common to p, p2, p3,... is
zero. Hence if @ maps on the zero of K{£,, ..., £;}, w = 0. Hence the
mapping of J in K{£,, ..., £;} is an isomorphism. The images of the
elements of J form a subring R of K{§,, ..., £;} isomorphic with J.

The elements of K{,,...,£;} which have no constant term form
a prime ideal II of this ring, as can be verified at once. Hence
n = R,II is a prime ideal of R [XV, §4, Th. III]. An element w
of ¥ maps on an element of = if and only if

0 =0 (p);

hence = is the image of p in the isomorphism between ¥ and R.
Therefore Jp is isomorphic with Rx. But, by an elementary pro-
perty of formal power series, an element @ of K{£,, ..., £;} not in II
has an inverse in K{f,,...,£;}; therefore Rr is a subring R* of
K{¢,,...,&;} containing R. Hence there is an isomorphic mapping
of Jp on a subring R* of K{£,, ..., {;}. If w is any element of p and

W= wy+w;+...,
m—l . 3 .
its image in R*, w — %wi maps on w,, + Wy, + ..., and this is in II™,

Since it is also in R*, it is contained in

R* 1™ = (R*,II)" = (Rm. 7)™

m—1

Hence w— %‘, w; € (Jp.p)™
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Thus wy, w,, ... is a sequence corresponding to w, as required by our
theorem. The uniqueness of this sequence in & is an immediate
consequence of the uniqueness of the sequences corresponding to
elements in .

Finally, let &, ...,&; be any basis for the ideal of non-units of
Sp. Then, as we have seen, we can write

gi = 771:/7’0,

where 7, ..., 7, are elements of J, and 7,+0 (p), while 7,,...,74
are uniformising parameters at P. Then, by a property already
proved for uniformising parameters,

d
7; =j§lcijgj (‘p2) (i = l’ ~'-9d))

where |c;;|+0. If ¢c+0 is the element of K such that 7, = ¢ (p)
and a;; = c;/c, we have

d
& =jzlaijgj (Be-p)2).
Hence if {; maps on the series

Vot Yt (3)
of R*, we have ;=0 (: = 1,...,d) and

d
Ui = zllaijgj (t=1,..,d),

where | a;; | & 0. The series (3) may therefore be inverted to express
£, as a power series in {, ...,{;. Hence we obtain an isomorphic
mapping of R* on a subring S* of K{{,,...,§;}. It follows easily
from this that we obtain an isomorphic mapping of Jp on S* which
has all the required properties. This completes the proof of
Theorem V.

Another useful characterisation of a simple point in terms of
the prime ideal p in § which defines it is given by

THEOREM VI. If P i3 a rational point on V given by the prime ideal
p, P is stmple if and only if p[p? is a K-module with a basis of d
elements.

Suppose, first, that P is simple, and take &, ...,£; as the uni-
formising parameters. If w is any element of p, we have

d
0= leaigi (9?),
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where a,, ...,a; are in K. Now consider the mapping of § on /p2.
Ifw,§,....,54mapon @, ¢, ...,&; we have

_ d

that is, £,, ..., £; is a K-basis for p/p2.

Suppose, conversely, that &, ..., {; is a K-basis for p/p2, and let
&, .-, &; be elements of & which map on &, ..., ; respectively. If
w is any element of J, there exists an element a of K such that

a
w—aep. The corresponding element of p/p? is of the form ¥ a, ;.
1

Hence w=a+a.§+...+az8; (p?).

Therefore ¢, ..., {; are uniformising parameters at P, and P must be
a simple point.

Since we have seen that for any point P, simple or not, we cannot
find d’ elements 7, ...,74- (With d’ <d) such that any element
of J satisfies a relation

d’
w=a+Xa;; (h?),
1

it follows that the module p/p2? can never have a K-basis of less
than d elements.

4. Irreducible subvarieties of V;. The investigations of the
preceding section deal only with rational simple points on a variety
V, that is, with points whose non-homogeneous coordinates lie in
the ground field K. In the case in which K is algebraically closed,
this includes all algebraic points, and is really sufficient for most
purposes. But when we pass to consider varieties of dimension
greater than zero on V, we find that the natural procedure is to
deduce the properties of an irreducible simple variety of dimen-
sion s on V from a study of an irreducible variety of dimension zero
on a new variety ¥, defined over a ground field K, which, however,
may not be algebraically closed, even though the original ground
field K is closed. Thus it becomes necessary to consider irreducible
varieties of dimension zero on a variety V defined over a ground
field which is not algebraically closed. We therefore begin by
extending the results of § 3 to varieties of dimension zero which are
not simply points, but sets of conjugate points over the ground field.
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We are again concerned with a variety V, of d dimensions in
affine space 4, which is irreducible over the ground field K. As
in §3, we shall find it convenient in our investigations to assume
that the coordinate system in A4, is ‘sufficiently general’; this
concept will by this time be sufficiently familiar to the reader, and
we shall usually leave it to him to verify that the coordinate system
can be chosen so as to justify the assertion that stated properties
hold when the coordinate system is sufficiently general.

If V is not absolutely irreducible over K, there exists [X, §11,
Th. IT] an algebraic extension K* of K over which V splits up into
a finite number of absolutely irreducible varieties, each of d

dimensions: V="VOL. J Vo,

An algebraic extension K* of K with this property will be called a
splitting extension for V. It is easy to see that a point P of V is a
simple point of V if and only if it lies on just one component V@
of V and is a simple point of this component. We prove this in the
projective case, from which the affine case follows at once. We recall
[XTI, § 10, Th. IT, IV] that P is a simple point of V if and only if
a generic (n—d)-space through P meets V simply at P. If
F(ug, ..., uz) is the Cayley form of ¥, irreducible over K, and if

n
v, =0 (i=1,...,d)
i=0
is a generic (n —d)-space through P (xy, ..., ,,), it follows that P is
simple if and only if Zugyx; is a simple factor of F(ug,v,,...,v;),
regarded as a form in uy, ..., %y,. If K*is a splitting extension for
V, we have, over K*,

k
Fug, ..., uz) = _HIF}"(uo, ey Ug)s
1=

where F¥(u,, ..., u;) is the (irreducible) Cayley form of V®. It
follows that Zugy,z; is a simple factor of F'(u, vy, ..., v4) if and only if
it is a factor of just one F¥(ug, vy, ..., vz), and if it is a simple factor
of that. The result follows immediately.

In this section it is important to recognise when a variety U
on V consists entirely of points lying on more than one absolutely
irreducible component of V. The following Theorem I provides the
most convenient form of answer to this question. In a convenient
coordinate system in 4, we consider a generic point (£, ...,§,) of
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V, and, as usual, let § = K[¢,, ..., £,] be the integral domain of V.
Then V is absolutely irreducible if and only if every element of
the function field K(§,,...,£,) of V which is algebraic over K lies
in K [X, §11, Th, IV]. If V is not absolutely irreducible, the
elements of K(&,,...,§,) which are algebraic over K form a finite
algebraic extension of K, which is called the algebraic closure of

K in K(gls ey gn)'

THEOREM 1. Let U be an irreducible subvariety of V. (i) If the
algebraic closure K' of K in K(&,, ...,£,) 18 contained in the quotient
ring Q(U) of U, then U contains points which lie on only one
absolutely irreducible component of V. (ii) If U is simple on V, then
K'=QU).

(i) Let a be a primitive element of K’ over K. Since K'<@Q(U),
we can write a = a(£)/b(§), where a(x) and b(x) are polynomials
over K, and b(z) is not zero on U. Since

a(§) —ab(£) = 0,

it follows that a(x)—ab(z) = 0 on a component V* over K* (any
normal splitting extension of K which contains K'), but not on V.
Let a,, ..., a; be the conjugates of o in K*. Then [X, §11] V has k
absolutely irreducible componentsV;, ...,V;, and on any one of them
at least one of the forms g;(x) = a(x)—a;b(x) vanishes; also g,;(x)
vanishes on some ¥}, for each value of <. Suppose that it vanishes on
more than one component. Then on some component ¥, two of the
forms g,(x) and g,(x) vanish. Since a,+a,, this implies that b(x)
vanishes on V). Since b(z)e K[z, ...,,], and dimV, = dim V, b(x)
vanishes on ¥ and hence on U, which is contrary to hypothesis.
Hence each g,(z) vanishes on just one of the components V; of V.

Since b(x) does not vanish on U we can find a point 2’ of U such
that b(x’)+0. Suppose that z’ lay on two components V; and V.
Then 0@) =0, gz =0,
and hence, since a;+a;, b(z’) = 0. We thus have a contradiction.
Hence 2’ can only lie on one absolutely irreducible component of
V, and the first part of the theorem is proved.

(ii) Let U be of dimension s. Since U is simple on V, the points
of U which are multiple for V form a subvariety of U of dimension
8’ (8’ < 8). This contains the points of U which lie on more than one
absolutely irreducible component of V. A sufficiently general (n — s)-
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space in A4, therefore meets U in a finite set of algebraic points
which are simple for V. Hence U must contain a set of conjugate
points 2@, ..., 2™ which are simple for ¥V (and hence each lies on
exactly one irreducible component of V). Let U, be the variety
over K formed by 2®,...,2". Let ac K(¢,,...,£,) be a primitive
element of K’ over K, and let «;, ..., &, be its conjugates over K.
We can then find polynomials fy(z), ..., fi_; () such that

fol@)+fi(®) oz + ... + fr_y(x) k2

vanishes on the absolutely irreducible component ¥, but does not
vanish at any point 2 which is not on ¥,. Suppose that z® lies on
V;. Then the equations

Jo(@®) +f1(@P) 24 ... + fir_s (V) 2F-1 = 0,
k

H (z-ai) = O’

i=1

have a simple root a, in common, which can be found by the division
algorithm. It follows that when £—20, ae K(&,,...,£,) has a
unique specialisation. Since 2 is simple, its quotient ring is
integrally closed. Hence, by a result to be proved later [XVIII,
§1, Th. VII, Cor.], ae @(2V). Since 2V is a generic point of U, over
K, it follows that a = Q(U,) = @Q(U). Therefore K' < Q(U).

We note in passing that in (ii) it is only necessary to assume that
U contains a subvariety, defined over some extension of K, which
lies only on one component of ¥ and whose quotient ring is in-
tegrally closed, in order to apply the foregoing method to establish
the relation K’'<=@(U). Even with this generalisation, the result
given is an incomplete one, but Theorem I as stated contains all
that we shall require.

We next consider some relations concerning maximal ideals in
the integral domain § = K[{,,...,§,] of the variety V. Let p be
a maximal ideal in &, necessarily prime since  is an integral domain.
p is the ideal of an irreducible variety U of dimension zero on V.
U therefore consists of a set of points 2, ..., 2™, conjugate over K.
We consider a normal extension K* of K, which we assume is
a splitting extension of K and contains the non-homogeneous
coordinates of the points 2, The ring J* = K*[§,,...,§,] is the
integral domain (over K*) of one of the absolutely irreducible com-
ponents V*of V [X, § 12]. There are points of U on each component
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of V, and we may suppose the points 2% so arranged that =, ..., 2%
lie on V*, while 2%+, ..., 2" do not lie on V*. Let p¥ be the prime
ideal of 2@ in §* (4 = 1, ..., k). J* is an extension of J; hence any
ideal in ¥ defines an extended ideal in *. We prove

TrHEOREM II. I*.p = p¥.. ok
Let fi@)=0 (@E=1,...,s)

be a basis for the equations of U in 4,,. Then f;(§) ¢ = 1,...,8) is
a basis for p in J. These elements of & form a basis for the ideal
*.p in §*. Hence the variety on V* defined by J*.p is the inter-
section of V* and the variety defined by the equations

fi@) =0 G=1,..,9).

Hence it must be the variety consisting of 20, ..., 20, Hence

S*p = [q’f’ cees QI’?],

where q¥ is p¥-primary. Since p¥ is a maximal ideal in F*, and
p¥, ..., p¥ are all different, (g¥, qf) = J* whenever ¢+, and hence

[o ..., o] = ataf ... of.

Now let f*(«;,...,2,) be any polynomial over K* such that
f*(&p - 8)eny (e=1,..,k). Then f*(,,...,z,) vanishes at
2@, ..., 2%, We can find a polynomial g*(z,, ..., x,) which vanishes
at 2%+ . 20 but does not vanish at 2O, ..., 28, Then f*(x) g*(x)
vanishes at 29, ..., 2®. Let 6 be a primitive element of K* over K,
and let 6, = 6, 0,, ..., 0, be its conjugates. We can write

F*(x) g*(x) = ho(x) + hy(x) 0+ ... + hy_y(x) 01,

where h;(z) is in K[z;,...,2,]. Consider the automorphism of K*
over K which takes 0 into 0,. It takes 2V, ..., 2% into the same set
of points rearranged. Hence

ho(x) +hy(x) 0, + ... + Py_y () 042

vanishes at 20, ..., 20, This holds for ¢ = 1,...,¢. Since the deter-
minant |#%1]| is not zero, we deduce that k,(z) = 0 at @, ..., 2
fori =1, ...,t. Hence A,(£)ep, and therefore

€ g*€) =0 (laf.q5.....a¢])-



4. IRREDUCIBLE SUBVARIETIES OF V) 127

But we have arranged that g*(§)+0 (p¥) (¢ =1,...,k); hence
[XV, §2, Th. I, Cor. I]

f*(£) was, however, any element of [p¥, ..., p%]. Therefore

(ot ..., pEl<[at, ..., k).
This implies that qF = p¥ (¢ = 1,..., k). Hence

J*-p = pi-.. pi.

Now let * be the integral domain formed by elements of
K*(&,, ..., £,) which can be written in the form a*/f#, where a* is in
J*, and g is in § but not in p. £* is an extension of §; hence any
ideal i in  defines an extended ideal 0,*.1in £*. We now prove

TaeoreEM III.  Q*.i = (J5; - 1) &5y Da---a (&p;-1)

where Iy, 18 the quotient ring of pf in J*.

Any element of Q*.i can be written in the form a*(£)/4(£),
where a*(x) is in K*[z,,...,z,] and SB(z) is in K[z,,...,2,], and
a*(§) is in *.1, while £(£) is not in p. Hence f(x) does not vanish
on U, and therefore does not contain any of the points z, ..., 2®,

Hence B(£)+0 (pf) (h=1,...,k), so that a*(£)/B(£) is in J},.1
(h=1,...,k). Therefore

DX 1< (IJps-a-a (I 1)- (1)
Next, we can find an element w} in p¥ which is not in p¥ if j +A.
Let v = I1 v}
i+h
Then vE =0 (b¥) (¢£h),
and Vi = ki +0 (p}),

where k¥ is some element of K*. Let A% = (k¥)~'v¥. Then, if
0y, is the Kronecker delta,

A% =8 (0F).

Let £* be any element common to the & ideals 8$,.'.i (h=1,...,k).
Then we can write

&* = a}/fk, where ofeJ*.i and SF+0 (pF).
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Therefore £* = (A% aX)/(ZA% BE) = a*/f*,
where a*eJ*.i and F*+0 (pF) (h=1,...,k).

The ideal J*. (b, £*) in J* defines a vacuous variety on V*, since
the variety defined by it is the intersection of the variety defined
by J*.p, that is, the set of points a®,...,2®, and the variety
defined by #*, where £* + 0 (p3%) for any value of h. Hence J*. (p, £*)
must be the unit ideal of J*. It follows that there must exist an
element #* in *.p, and an element e* of J*, such that

7]* +e*ﬂ* f— l.
Since #* is in J*.p, it can be written in the form
t-1
n* = X1,6%
i=0

where @ is a primitive element of K* over K, and 7,,...,7,_, are
inp. If 6, =0, 0,,...,0, are the conjugates of & over K, they all
lie in K*, since K* is a normal extension. Hence if

t—1
1’? =i§077i0},
7%, ..., nf are in J*.p, and
t
=1
where { belongs to p. Now we have

¢
e*o* I2I (1—9¥)

£ = :
(1—?7*)121 (1—7%)
;y*
=147
where y*e 3*.i and 1+ is in § but not in p. Hence £* belongs to
0.*.1. Theref . . .
b RRETETOTE (1) a e (3 D) S DML

Taking this result with equation (1), Theorem III follows im-
mediately.

Corollary I. If i is the unit ideal it contains the unity of *.

Hence
* 3 SV % 3 Opk
Q*.i = %, 3,,;.1— rr
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= Q* *
Therefore R* = Jhea- aJpy

Corollary II1. Ifi = p,

%0 = 3% [p%, ... pF]  [Th. II]
= J%,-p% [XV, §5, Th. I1].

Hence £*.p is the intersection of the ideals of non-units of the
quotient rings Jy..

Before passing to the next theorem we require the following
lemma:

Lemma. If i* is an ideal in Q* which contains a unit of Iy, for
each value of h, then i* is the unit ideal.
Let o/p% be a unit of JF. which is in i*, where o and S5 are in
$* and not in p¥. Since af/f5 is in Q*, we can write
%G _h
By &’
where % is in J* and 4}, is in ¥ but not in p. Then d} is not in p¥ for
any value of j. We show that y% is not in p¥. We have

% _ Akak.
Onof = Brvi;

hence 8, &} is in p% if y% belongs to this ideal. Since p¥ is prime, this
implies that J, or af is in p%, which is not the case. Thus y¥ is not
in p%. We then consider an element £ = y¥/d, which is in i* and
is & unit of J}., for each value of 4. We can bring these elements to
the same common denominator § = 6, ... d;, and write

g;l: = 6’;'{/3,

where € is not in p%. If AT, ..., Af are the elements defined in the
proof of Theorem III, £* = ZA¥EF = (ZAkef)/6 = €*/8 and is in i*,
and

e*=ZAfef+£0 (%) (h=1,...k).

Hence (£*)71 is in J}; for each value of 4, and is therefore in £*.
Hence i* contains a unit of %, and i* is therefore the unit ideal.

TaEoREM IV. Q* contains k maximal ideals, namely,

T = Shon S (B VDA Shgn o a Sy (=1,

HP III 9
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Clearly, =}, defined in the enunciation, is a proper ideal of Q*.
It is a maximal ideal, since any larger ideal must contain a unit of
each quotient ring J§,, and hence, by the foregoing lemma, it
must be the unit ideal of O*. On the other hand, any proper ideal
nt* of O* must be such that its elements are all non-units of some
Jpp» and therefore w* = wf for some value of 2. If w* is maximal,
it follows that n* = n}. Hence =}, ..., n} are the only maximal
ideals of Q*. The fact that these k ideals are all distinct is an im-
mediate consequence of the next theorem.

TuEoREM V. The quotient ring 7, is equal to the quotient ring

R/
We first note that
ST = (%S neren (a3 B a e (374 S8) = P
We also have R*eJpy phend,
so that DA i

On the other hand, if a*/#* is an element of J}., where a* and £*
are in 3‘* and £* is not in p¥, £* is not in =¥, otherwise it would be
in §*, 7% = pi. Hence a*/f*e {),,,z, that is,

Pi = Qﬁ»
The result follows.

THEOREM VI. If the algebraic closure K' of K in K (§ vy &) 18
in Jp, and 1 18 any ideal in g, then
Jpa(0*.1) = Jp.1.

Let o be a primitive element of K’ over K, and let 6 be a primitive
element of K* over K'. Then any element 7 of *.1i is of the form

Z’rma‘@f where 7,,€ Jp . 1.
Suppose that 7 is also in Jp, and choose B (B+0) in  so that
By =¢EE) and ﬂ"’ij = §(€)
are in . Then L) — X &) o6
i’j

vanishes on V*. V* is absolutely irreducible, and can be defined
over K’' = K(a). Hence if 6,, ..., §, are the conjugates of § over K’,

&(x) - ?3; Eiyl@) 6] =
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on V*, Since the determinant | 6f | is not zero, it follows that

@) — Bo(x) ot = 0
on V*. Hence 7 = Zypat.
But since K’ < Jp, e Jp. Hence Zg,yate Jp .i. Therefore
Jpa (0> 1) =Jp- i
On the other hand, since Jp = 0%,
Sp.ic*.i,
and the result follows.

Theorems II-V hold for any maximal ideal p in J, that is, for
the prime ideal of any variety U of dimension zero on V which is
irreducible over K. Theorem VI requires that K’ < Jp, but other-
wise holds for any U. In what follows we consider the case in which
U is simple on V, that is, when U contains at least one point which
is simple for V. If it contains such a point, U is not contained in the
subvariety of multiple points of V. Since U has no proper sub-
varieties, being of dimension zero, it cannot intersect this variety
of multiple points. Hence all its points are simple on V.

If U is simple on V, then 2® = (z{?, ..., 2{M) is simple on V*, for
h=1,...,k. We may suppose that the coordinate system in 4,
is sufficiently generally chosen so that & —afP,..., §;—2 are
uniformising parameters of V* at a® (h = 1,...,k), and that the

equations of U over K can be written, in non-homogeneous co-
ordinates, in the form
¢1(x) =0,

¢i(x)Exi_¢i(x1) =0 (i = 2: "',n)’

where ¢,(x) is an irreducible polynomial in z;, over K, of degree 7,
and ¥,(x,) is a polynomial in x;. Then

¢1(§) = ¢1(“’(1h)) (51—963"’) (W:z),
Pi(&) = —Yri(@P) (£, —2P) + (&, —2P) (pFD) (i =2,...,n),

where ¢;(2{") is not zero, since ¢,(x) is irreducible and ¢, (z{*) = 0.
The d x d matrix
$12) 0 . 0

~Yie) 1 . 0

A
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is non-singular; hence [cf. §3, Th. ITI] 9, = ¢,(§) (¢ =1,...,d) is
a set of uniformising parameters on V* at P} (h=1,...,k). It
follows that

8‘:;197{ = 3:; (M1 +++5Ma)-

Now R*.p=( ;;Pf)AA(Sg,;pi)
 (FBn a5 (s 70)
= D'*°(771""’77d)°

So far, we have only used the fact that 2@, ..., 2® are simple on
V*. Since U is simple on V, we know, from Theorem I, that if K’
denotes the algebraic closure of K in K(§,,...,§,), then K'<Jp.
Hence [Th. VI]

SP-P = SPA(Q*'p) = SPA(Q*'(”I’ ceey ”d)) = 30"(771’ ceey ”d)'
Hence we have:

TrEOREM VII. If U is simple on V, the ideal of non-units of Sp
has a basis consisting of d elements.

We now consider the converse of Theorem VII. Let p be a
maximal ideal in & such that §p has a basis consisting of d elements,
say &, ..., &3 The ideal p defines a variety U consisting of a set of
conjugate points 2V, ..., 2" over K, and we consider, as usual, a
normal extension K* of K which is a splitting extension for V and
contains the non-homogeneous coordinates of the points 29, ..., 2.
V* denotes the absolutely irreducible component of V whose generic
point £ over K* is the given generic point £ of V over K, and
20, ..., 2® are the points of U on V*. To prove that U is simple
on V, we have to show

(a) that one of the points #® (k< k) is simple on V*, and

(b) that K’,the algebraic closure of K in K(&,,...,£,),is contained
in 3p. The second condition implies that U is not contained in the
locus of points common to more than one component of ¥ over K*,
and hence, since U is irreducible over K and of dimension zero,
that none of its points is in this locus. This, taken with the first
condition, implies that ™ is simple on ¥V, and therefore that U is
simple on V.

We are given that

S(P'(gl’ '":gd) = 3?-19-
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From the definition of £*, we have &y < 0.*, and, by Theorem III,
Corollary I, * < 3.. Hence J}. is an extension of Jp. We therefore

have
3;3 (gl) ety gd) = 3:;’ (SP’ (gb vy Cd)) = 8;;‘ (Sp'p)
= S:;p
- P
Hence the ideal of non-units of J}. has a basis consisting of d
elements. Therefore 2™ is a simple pomt of V* [§3, Th. IV]. We
note also that ¢, ..., {; are uniformising parameters at x®.

In order to prove that K'<=3Jp, we have first to prove some
lemmas:

Lemma 1. I (33 - PAP) = Jp - 07,
for any integer p.
There is nothing to prove if p = 0. If p = 1, we have
- pSIfyp = 3P
Hence S P S Jpa (Ip;-PR)-

Since Jp.p is a maximal ideal in Jp, we must have equality, or else
S a (Spg- PR) = Jp-

This, however, would imply that J7..p% contains unity, and is
therefore the unit ideal, which is absurd. Hence the lemma is
proved for p = 1.

For any value of p we have

S PPy (PF . PP = 3. D17
hence o PP Tp (- 20)

If equality does not hold, there must exist some element a in
Sp - 07 but not in §p. p=+1, for some value of o less than p, which
lies in J3,.pAP < Jp; pA7tl. We show that this is impossible. If
o is in Jp.p° and not in Jp . p°+1, we can write

o= zAil...idgil"'géd (il+"'+id = U):

where 4,  ,;,isin Jp, and at least one of these coefficients is not in
Jp - p, and hence is not in I3, . p% (casep = 1). Ifay; ,,is the element

f K* such that
© sue & Ai;...ia = a’,t';...id (33;1-’%),
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(for short, the residue of 4; ., at ™), not all the a¥_,, are zero.
Hence o« =Sar ;... L (3%, . phr+1).
Ifaisin 3;',‘3.193" +1 we have, therefore,
Za}, 4 Gfr - e =0 (5. pEH),

and, as in the proof of Theorem V of §3, we deduce that each
af..;; is zero. Thus we have a contradiction. Hence « is not in
Jp;- pA7*1, and the truth of the lemma follows.

Lemma I1. If a is any element of Jp, and
a=o+¥+

18 the expansion of a tn a power seriesin &, ..., §; at &M, the coeffictents
of the homogeneous forms i, of degree pin {,, ..., §; are all residues of
elements of Jp at &,

It is clear that o = (3}, p7); hence the lemma is true for ¥,
whatever element « in Jp is considered. We first show that if yr, is
the first non-zero term in the expansion, the lemma is true for ¥,.
For, in this case, we see that ae Jp, (35, PA*) = Jp. p? [Lemma I].

Henee o Byl L (bt =),

where 4, ;.€Jp. If af, . ;,is the residue of 4, ;, at 2, it follows
that o= Saf. o 4 (Sv pEet),

Hence v, = Za}“l._.i JGi G,

and so the coefficients of ¢, are residues.

We may now proceed by induction, assuming as hypothesis of
induction that the coefficients of v, ¥y,..., ¥, are residues
(whatever element a of §p is being considered). We have to show
that the coefficients of i/, are residues. Let p be any positive integer
less than m. If

¥, =2Zaf 0.8 (G+...+15=p),

we know, from the hypothesis of induction, that af ,, is the
residue at ™ of some element, say 4; ;,, of Jp. Let

ﬂp = ZAil...idgi.l ‘%d
We apply the hypothesis of induction to the coefficients 4; .,

in 8,. Then
£ Bo=Y,+ Yo+ ¥t
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where the coefficients of i, ; are residues if 1 < p +m — 1. Similarly,
O YD =SB L it tia= pr ),

b%,.. .+, is the residue of some element B .. of . We then obtain
the expansion of f,1=EBO , th.. L
in the form
Bor= 9,’,,+1+ fol,)p+z+ (¢fo°,)p+1+'/f§>l.)p+1 = 0).
In this way we construct elements £, 1,8, 3, ---) 8, m-a of Jp such
that Bos = z/f(/?.)ﬁ!"''»053,);0+f+1'*'""
where ¥, . +YD L+ +YP, =0 (j=1,...,m-2),
and the coefficients of Y7, are residues if i<p+j+m—1. Let

Yp = /?p+ﬁp,1+ +ﬂp,m—2‘

From the manner in which the elements £, ; have been constructed,
we seo that Yo = ¥p+ D pim—1 + terms of higher degree,
where @,,,,; is a form of degree p+m —1 whose coefficients are
residues at a®.

Now let W=0=Y—Vo— o —Vpmo1-

Then o = Yo+ Y, — @, + terms of higher degree.

Y, is in K*, and hence satisfies an irreducible equation f(z) = 0 over
K. We may suppose that

f&) = (=) (a—= Y0) ... = YP).
F©) = W= ) £(W0) (- PE™H).

f(w) is an element of Jp, and when it is expanded as a power series
in &, ..., &, its first term is clearly (¥, —¢,,) f'(¥,). By a special
case of our lemma proved above, the coefficients in this are
residues. But f'(,) is the residue of f'(w), and is not in Jp.p.
Hence the coefficients of ,, — ¢,, are residues of elements of Jp.
Since, by construction, the coefficients of ¢,, are residues, it follows
that the coefficients of ¢, are residues. The induction is thus
completed and the lemma is proved.

Now let 6§ be any element of K’. Then there exist elements «
and g of & such that « — 68 = 0. Let the expansion of B at 2 be

B =Zb} ;& ... &+ terms of higher degree,

Then, clearly,
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where i;+...+4; = p, and at least one coefficient, say b} ., is
not zero. By the last lemma, b}, ;, is the residue of some element
B of Jp, which is not in Jp. p, since b}, _,, is not zero. Since & = 64
and fe K*, the expansion of & must be of the form

a = Za¥, ; &h... {la+terms of degree greater than p,

where af , =06bf ,,. The element af , is the residue of
some element 4 of Jp. Hence 0 = af, /b, ;, is the residue of
71 = A[B of .

Let Y1=0+yP+...

be the expansion of y, at ®, y{® denoting a form of degree j in
&Gy oonn g If U = Sere,
c¥ is the residue at 2™ of some element C; of Jp. If
Y2 = 71— 2CE;,
7, is an element of Jp whose expansion at ™ is of the form
Ya= 0+ P+ ...

Proceeding in this way, we can find, for any integer =, an element
h th
Y. of $p such that v = O+ YD

Hence a—v.fB =0 (Jp; Pi").
But o —7v, Bisin Jp; hence it isin Fp A (Jp; - PA™) = Jp . p™ [Lemma I].
Therefore aeJp.(f,p"), for n=1,2,.... Since p is a maximal

ideal of Jp, we can apply Theorem X of §2, Chapter XV, and
deduce that a belongs to Jp(f). Hence there exists an element y
of Qp such that & = yf. We conclude that 6 =y belongs to Jp.
Since @ is any element of K’, we thus have K’ < Jp.

Summing up these results, we have

THEOREM VIII. A necessary and sufficient condition that the
variety U defined by the maximal ideal p of I be simple on V is that
the ideal of non-units of Jp have a basis of d elements.

It is now a simple matter to extend the foregoing results to
irreducible simple subvarieties of ¥V of any dimension. If p is any
prime ideal of V, and U is the irreducible variety, of dimension s,
say, defined by p on V, U is simple on V if it contains a point which
is a simple point of V. It is clear that U is simple on V if and only
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if & generic point of U is simple on V, and also that U is simple on
V if and only if it contains an algebraic point which is simple on V.
This last condition is the same as saying that U contains an irre-
ducible variety of dimension zero which is simple. Our object is to
determine necessary and sufficient conditions that U be simple
on V in terms of the quotient ring Q(U) = Jp.

Let .
fi@y oonz,) =0 (2=1,...,7)

be a basis for the equations of V,and let £ = (§,, ..., §,) be a generic
point of V. We may assume that the coordinate system is chosen
sufficiently generally so that £, ..., £, are algebraically independent
modulo p. Since U is of dimension s, &,,,,...,£, are then alge-
braically dependent on £, ...,£, modulo p. If U is simple, the
matrix (9f;/0x;) is of rank n — d at some point of U, and without loss
of generality we may assume that

a@)=| oy . . 9 (2)
a"Z"d+1 axn
fn-a - - Fn-a
%gpy . . O,

does not vanish on U. Then «(§)+0 (). Conversely, if «(§)+0 (p),
o(x) does not vanish on U; hence (9f;/0x;) is of rank n —d at some
point of U. Therefore U is simple on V.

Now let 2 = K(¢,,...,&,), and consider the variety ¥ in the
affine space (,,,, ..., %,) over £ defined by the equations

fi(gl”"’ga’ x8+1,...,xn)=0 (i= l,...,r).

This contains the point (£,,,,...,£,). Let ¢*(x,,,,...,2,) be any
polynomial over £ which vanishes at (§,,,, ..., £,). We can write

_ Py Torny s %)
T A

where ¢(z, ..., x,) and Y (z,, ..., x,) are polynomials over K. Since
¢*(gs+1» ceey g'n.) = 0’
we have oy, .- E) =0,

and hence oy, ..., 2,) =0
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on V. Therefore there exist polynomials a,(2,,...,,) over K such
that
P(xy, ..., ) = Zay(x,, ..., x,) f;(®y, ..., 2,),

and hence we have

¢*(xs+1: @) =3 a;(Ep - gs: Lgi1s o3 Tp)

Sﬁ(gl, veey gs) fi(gl’ ceey 53, Lgi1s ...,xn),

Hence ¢*(%,,4,...,%,) vanishes on V. The point (£,,,,...,£,) is
therefore a generic point of V. Since K(£,, ..., £,) is of dimension
dover K, it follows that 2(&,.,, ..., £,) = K(&,, ..., £,) is of dimension
d—s over Q.

The integral domain of V in 4,,_,is § = Q[£,,4, ..., £,]. It con-
sists of elements /B, where e , and fe K[£,, ..., §,]. The integral
domain  is an extension of §. Let us consider the ideal §.p. It
consists of elements «/f, where aep and fe K[&,,...,E]. If a/f
and a'/#’ are two such elements whose product belongs to .,

’

ax Y
ﬁﬁl 8’
where yep and de K[, ..., £;]. Then

aa'd =ypB =0 (p).
Since 840 (p), aa’ =0 (p),

and therefore « or o’ belongs to p. Hence a/f or o'/#’ belongs to
S.p, which is therefore prime.

Sincef,,,,...,£, are algebraically dependenton ,, ..., £, modulo p,
it follows that they are algebraic over 2. Hence p = §.p defines an
irreducible variety U of dimension zero on V. We show that U is
simple on V if and only if U is simple on V.

If the coordinate system is sufficiently general, U is simple on V
if and only if a(§), defined by equation (2), is not in p. Similarly,
U is simple on V if and only if «(£) is not in p. Since p =P, it is clear
that if a(£) is not in P it is not in p. Hence if U is simple on ¥V, U
is simple on V. If a(§) €D, then a(§) = By, where fep and

‘)/€K[§1, °°-’gs]°
Hence va(f) =8=0 (

andsincey %0 (), it follows that a(§) = 0 (p). Henceifx(£)+0 (),
then a(£)+£0 (p). Hence if U is simple on V, U is simple on 7.
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It should be noted that the geometrical significance of U and ¥V
is that they are the sections of U and V by the (n— s)-space

w’i=§i (1’= 1,...,8),
where £, ..., £, are independent indeterminates over K. The im-
plication of the results we have proved is then clear.
It is clear that Jp = Jp. Let 77 be an element of J5. We can write
7 = @/B, where & and f belong to &, and B does not belong to p.

Therefore we can write A
— w
a=-, B =Ty
3 v
where A, w belong to  and u,v to K[&,, ...,§,]. Moreover, w, u, v
do not belong to . Then b
n= ,ZLE ’
and so 7 is contained in Jp. Therefore 5 < Sp. Hence we have
I = Jr-

Now U is a simple variety (of dimension zero) on V if and only
if the quotient ring 3 has the property that its ideal of non-units
S . b has a basis consisting of d — s elements. Since U is simple on V
if and only if U is simple on ¥, and §p = S5, we obtain

THEOREM IX. If U s an trreducible variety of dimension s on the
trreducible variety V of dimension d, U is stmple on V if and only if
the ideal of non-units of the quotient ring of U on V has a basis con-
sisting of d — s elements.

A Dbagis for the ideal of non-units of Q(U) is called a set of
uniformising parameters for V at U.

We conclude this section with a generalisation of Theorem I
of §3.

THEOREM X. The quotient ring of any simple trreducible variety
U of dimension s on V is integrally closed in its quotient field.

The proof is similar to that of Theorem I, §3, and we use the
same notation. If the coordinate axes are sufficiently general, we
may assume that £, ..., £; are algebraically independent over K,
that 4,4, ..., £, are integrally dependent on K[£,, ..., £;], and that
441 is a primitive element of K(§,,...,£,) over K(§,,...,§;). Any
element of the integral closure §* of §in K (&, ..., £,) is of the form

g—1
_Totrbant . +751 8050

Dz(gl’ soey gd) ’
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where r;e K[£,,...,£5]. If U contains a simple point (possibly
algebraic) we may assume the axes sufficiently general to ensure
that D%(xy, ..., 2;) does not vanish at this point. Hence D3(£,, ..., §;)
is not in p, and therefore 7€ Jp. Hence J*<Jp, and therefore
[XV, §8, Th. IV] Jp is integrally closed.

5. Normal varieties in affine space. Let V be a variety in
affine space A4, which is irreducible and of dimension d over the
ground field K, and let (£, ...,£,) be the non-homogeneous co-
ordinates of a generic point of V. The variety V is said to be normal
in 4, (affine-normal) if its integral domain & = K[§,,...,§,] is
integrally closed in its quotient field. By XV, §8, Th. V, & is
integrally closed if and only if the quotient rings of all its prime
ideals are integrally closed, and for this it is sufficient that the
quotient rings of the maximal prime ideals of I be integrally closed.
Hence we have

THEOREM I. The irreducible variety V in A, is affine-normal if
and only if the quotient rings of its irreducible subvarieties are in-
tegrally closed, and for this it is sufficient that the quotient rings of its
trreducible subvarieties of dimension zero be integrally closed.

Experience shows that normal varieties play a fundamental role
in the geometry of varieties, so much so, indeed, that the more
advanced parts of the birational theory of varieties are almost
entirely stated in terms of them. In Chapter XVIII, where we shall
consider the theory of birational correspondences, the importance
of the concept of normal varieties will be manifest, but we can give
here some immediate results which will help the reader to form
some notion of the importance of the idea. ‘

We first observe that, since & is integrally closed in its quotient
field, we can apply the multiplicative theory of ideals [XV, § 7] to
idealsin §. If p is a prime ideal in §, we know [XV, § 7, Th. VI] that
p is quasi-equal to the unit ideal, p ~ 1, if and only if there exists
a prime ideal p’ in , not the zero ideal, which is a proper multiple
of p. If U is the irreducible variety defined by p, there exists a prime
ideal p’ properly contained in p if and only if there exists an irre-
ducible subvariety U’ of V which contains U as a proper subvariety.
If UcU’,dim U <dim U’ <d; hence dim U <d — 2. Conversely, if
dim U <d -2, we consider a non-zero element of p, say v(£). Then
v(z) = 0 meets V in an unmixed variety of dimension d—1 con-
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taining U; hence there exists an irreducible component U’ of the
intersection which contains U as a proper subvariety. Hence p ~ 1.

Let i be any ideal in J, and let [qy, ..., qz, ..., q;] be an uncon-
tractible representation of i as an intersection of primary ideals.
Let p, be the radical of q;, o; the index of q;, and suppose that
Pq; --s Py are (d — 1)-dimensional, while p,,,,, ..., , are of dimension
less than d — 1. Then [XV, §7, Th. VIII] the maximal ideal quasi-
equivalent to i is

i* = [qy, ..., Gr] = [T, ..., PP,

where p{? is the symbolic o;th power of p;. Thus, to pass from i to
i*, we merely omit the components of i of dimension less than d — 1.
The integer o; (j<k) is called the multiplicity of p; in i*, or the
multiplicity of the corresponding variety U; of d—1 dimensions.
The multiplicative theory of ideals in  is thus equivalent to a
multiplicative theory of varieties of dimension d—1 on V.

In Chapter XI we developed a multiplicative theory of varieties
on ¥V, and, for consistency, we have to show that the two theories
agree where they overlap. We shall shortly prove that every (d — 1)-
dimensional variety on an affine-normal variety is simple. Hence
we can apply Theorem V of § 2. Let

U= 0-1U1+"'+0'kUk

be a multiplicative (d—1)-dimensional algebraic variety on V.
Let p, be the prime ideal in J defined by U;, and let F;(u,, ..., ug_,)
be the Cayley form of U,. Then the Cayley form of the multiplica-
tive variety U is

k B
'an T (%o ++es Ug—y)-
i=

If 89,...,8%-1 are (n+ 1) X (n+ 1) skew-symmetric matrices whose
elements are independent indeterminates over K, the coefficients
of the distinet power-products of the s§; in

k
I1 Fgi(S%, ..., 8471E)
i=1

define an ideal i. But [§2, Th. V] the coefficients of the power-
products in F,(S%,...,8%-1f) generate an ideal of the form
[Ps, Gixs Guzs ---), Where q;; is embedded in p;. Hence

(05 Girs Qoo -+ 1~ P
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and therefore i~ pln .. pew

~[pf2, ..., pEPL.

It may appear, at first, that the multiplicative theory of varieties
on V given by ideal theory is less powerful than that previously
considered, since our present theory deals only with (d—1)-
dimensional varieties, whereas our earlier theory dealt with varieties
of any dimension. Nevertheless, we have, in fact, gained much, for
we have defined multiplicities of (d— 1)-dimensional varieties
intrinsically, in terms of properties of a ring of the function field
of V, and this will be found to be of immense value in later develop-
ments.

We should also note that when J is integrally closed a principal
ideal in & has no embedded components [XV, §7, Th. X].

The concept of multiplicity which we have developed for ideals
in § can be extended to give an example of a valuation of the func-
tion field K(&,, ...,§,) of V, a concept to be discussed at length in
the next chapter. Let U be an irreducible variety of dimension
d—1on V,in A4,, and let p be the corresponding prime ideal in J.
Let ¢ be any non-zero element of the field K(§,,...,£,), and let
a and S be elements of § such that { = /8. Then we can factorise

3 and - DI T: o (2~ prpgr...pg,
3. (B)~ppg .. b

where p,,...,p, are (d—1)-dimensional prime ideals of J and
Py P1s s P> O, 01, ..., 0 are non-negative integers. Let us define
v(§) = p— o to be the value of { at U. Clearly this does not depend

on the particular choice of  and 4. For if &', ' are any other
elements of J such that §{ = a’/4’, we have

J. (@) ~prpien...,
F-(B)~p7pioi...,

and since aff’ = a’'f, we have p+ o0’ = p’'+ 0o, by the uniqueness
theorem of quasi-factorisation [XV, § 7, Th. V], that is,

p—o' =p—o=2v).

It is clear from our definition that

(&) = v(&) + (7). (1)
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Now let 7, be two elements of K(£,,...,£,), and suppose that
v(n) 2 v(§). We may write g = a/y, { = f|y, where a, f, v arein . If

- () ~pPpgt...,
3+ (B)~p7pit
- () ~ppit..,
v(n) = v({) implies p > o. Hence . (x+ f) > p7, and therefore

3.(d+ﬂ)~p‘fp{i...,

where o’ > . Hence
v+ =o' —1=20—-71=19(),

that is, (1 + §) 2 min [v(7), ()] (2)
Finally, if { is any element of § in p,

v(£) > 0;

and if {is in K, §.({)~ 1, and therefore v({) = 0.

Thus having selected an irreducible variety U of dimension
d—1, we have constructed a mapping of the elements ¢ of

(51, ..., &,) on the additive group of integers v(y), which satisfies
the relations (1) and (2). This is what is called a valuation of the field;
the fact that not all the elements of the field map on the zero integer
implies that the valuation is not trivial, and the property »() = 0
whenever { is a non-zero element of K shows that the valuation
satisfies an important restriction which we have to impose on the
valuations we consider in the next chapter.

We now prove a result assumed earlier in this section.

THEOREM II. Every irreducible variety of dimension d—1 on an
affine normal variety V of dimension d is simple on V.

Let U be an irreducible variety of dimension d—1 on V, and let
p be the prime ideal of U in §. Let w; = w;y(§;,...,&,) (¢ =1,...,7)
be a basis for p, and let w = w(&;, ..., ,) be an element of p which is
not in p®, the symbolic square of p. If i = §.(w), icp. Hence
i>p, and therefore [XV, §7, Th. III] there exist prime ideals
P1s --+» Pp, 8ll different from p, such that

i~pP;... P, Where pp,...p, =0 (i).
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Let ¢ = @(&;, ..., &,) be an element of p, ... p; which is not in p.
Then w;$epyp, ... p, <1, and hence

w; =a;0 (j=1,...,7),
where a; = a,(§,, ..., £,) €.
Let .
W2y, .0 2,) =0 (e=r+1,...,8)

be a basis for the equations of V, and let a,(z,, ...,z,) be zero for
1 =r+1,...,8 Then define

V(g .., 2,) = 0,(2) d(x) —ay(x)w(x) (¢=1,...,8).
The equations w(®x)=0 (¢=1,...,9)
form a basis for the equations of U, and hence, since w(x) vanishes
on U, there exist polynomials b,(z,, ...,z,) (¢ = 1, ...,s) such that
8
o) =X by(x) wy(x).
8
Hence vy;(x) = '21[¢(x) 0;;—ay(x) by(x)]wi(®) (v =1,...,8).
i=

Since, by construction, v;(§) is zero for each value of ¢, we have
s equations satisfied by V. If we can prove that the matrix (dv,/0x;)
is of rank n—d at a generic point 9 of U, it will follow that U is
simple on V [§4, p. 137].

Since # is a generic point of U, and the equations w;(x) = 0
(¢ =1,...,8) form a basis for the equations of U, the matrix
(Ow,[0n;) is of rank n—d + 1. Again, since

w;n) =0 (j=1,...,9),

it follows that 2% = 3, [$(n) 8, — ay(n) by(m)] 2.
M i Mg

Since ¢(£) +0 (p), $(x) does not vanish on U; hence ¢(7) =+ 0.
By direct calculation the determinant of the matrix

(P(n) 8;5—a;(n) by(n))

is [S(n)]* = [Bn)] ‘i:lai(n) bi(n).
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The rank of this matrix is therefore p = s— 1 or s, according as the
relation

8
$(1) = X a,(n) by(n)
is or is not satisfied.

It follows from II, § 6, Th. I that the rank of (ov,;/dn,) is at least
p+n—d+1—s>n—d. But the rank cannot exceed n—d, hence
it is exactly n —d and p = s—1. Since the rank of (dv,/0y,,) is n —d,
U is simple on ¥V and Theorem II is proved.

Now let V be any irreducible variety in 4,, of dimension d, not
necessarily normal, and let (£, ...,£,) be a generic point. From
Theorems II and VII of XV, § 8, we know that there exists a finite
set of elements 7,,...,7, in the quotient field of & = K[&,,...,£,]
such that I* = X9y, ..., 7] = K[y, -+, 855 W15 --+» M) 18 the integral
closure of &. Let &, ..., § be any finite set of elements in J* such
that 3* = K[{,, ..., §]. Consider an affine space 4, of ¢ dimensions
over K, and let V* be the variety in it whose generic point is
(§15---» &) The integral domain of V* is J*; hence V* is affine
normal, and its quotient field is the quotient field of . Hence V*
is birationally equivalent to V. Any variety V* obtained from V in
this way is called a normal variety associated with V. We give some
properties of the relation between ¥V and V*.

Let U* be an irreducible variety on V*, of dimension s, and let p*
be its prime ideal in §*. Then [XV, §4, Th.III]p = I, p*is a prime
ideal. It determines an irreducible variety U of V. We show that Uis
of dimensions. Let{;, ..., {, ., be any s+ 1elementsof ¥ (hence of J*).
They are algebraically dependent in §* modulo p*. Hence there
exists a non-zero polynomial f(z,,...,2,,,) over K such that
F(&u -5 Gora)ep®. But since &, ..., &y are in F, f(&y, -, i) €T,
and therefore f(,, ..., {,;) belongs to J,p* = p. Hence any s+1
elements of & are algebraically dependent modulo p. Therefore U
is of dimension s, at most. Suppose that U is of dimension s’ (s’ <s).
We can find s’ elements 75, ..., 7, in § such that any element of
is integrally dependent on them, modulo p. For J/p is the integral
domain of U, and since U is of dimension 8’ we know that we
can find s’ elements in its integral domain on which the integral
domain is integrally dependent. We then take 7, ..., 7, to be ele-
ments of § which correspond to this integral base of /p. Now any
element of (* is integrally dependent on J, and hence on 74, ..., 7,
modulo p*. Hence U* is of dimension s’ at most, that is, 8" >s. It

HPIII 10
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follows that s = s’. Thus each irreducible variety U* of dimension s
on V* defines a unique variety of dimension s on V.

Next let U be an irreducible variety of dimension s on ¥, and let
p be its prime ideal in J. Let J*.p = [qF, ..., q%], where q¥ is a
p¥-primary ideal in §*. Now p = , p¥, for at least one value of 7
[XV,§4,Th.V,Cor.]; and p =, qf = J. p¥ for all i. Let U¥ be the
variety on V* defined by p¥, and let U, be the variety defined by
4 p¥. Then it follows that U, < U, and, for at least one value of 7,
U, = U. Suppose that U,, ..., U, coincide with U, and that U, ,, ..., Uy
are subvarieties of U. Since dim U} = dim U,, UY, ..., U} are of
dimension s, and U}, ,, ..., U are of dimension less than s. We say
that U¥, ..., U} are the varieties of V* which correspond to U
onV.

If U* is any variety of V* which determines the variety U of V,
we have ,p* = p, and therefore J*.p = 0 (p*) [XV, §4, Th. VI].
Since J*.p is of dimension s, and U* is of dimension s, it follows
that U* is one of the varieties U¥, ..., U¥. In particular, if Jp is
integrally closed, Theorem VIII of XV, § 8 tells us that » = 1, that
qf = p¥, and that J3, = Jp. Hence if the quotient ring of U is
integrally closed there is a unique variety U* on V* corresponding
to it, and Q(U) = Q(U*). Thus we have:

TueorEM III. A correspondence exists between the irreducible
varieties of dimension s on an trreducible variety V in affine space,
and the irreducible varieties of dimension s on an affine-normal variety
V* associated with V. To each variety U* of dimension s on V* there
corresponds a unique variety U of dimension s on V, and to each
vartety U of dimension s on V there corresponds a finite number of
varieties on V*. When the quotient ring of U is integrally closed,
the variety U* on V* which corresponds to it is unique, and
Q(U) = Q(U*).

The relation between two normal varieties in affine space
associated with the same variety V can be obtained at once, since
each can be regarded as a normal variety associated with the other.
The correspondence between the irreducible subvarieties is one-
to-one.

The reader will observe that we have spoken of correspondences
between ¥ and V*, but have not shown that this concept agrees
with the definition of Chapter XI. Here, however, we have not
congidered corresponding points of ¥V and V*, but corresponding
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irreducible varieties. The ideas here considered do, however, bear
a close relationship to those of Chapter XI. In fact, it is easy to set
up a correspondence between ¥ and V* of the type considered in
Chapter XI, such that to each point of V there corresponds a finite
number of points on V*, and to each point of V* there corresponds
a unique point of V. If U is any irreducible variety of V, given by
the prime ideal p of I, and {*.p defines U* = U¥+... + U¥, the
aggregate of points of V* which correspond to the points of U
constitute the whole variety U*; and if U* is any irreducible
subvariety of V*, given by the prime ideal p* of J*, the locus of
the points P of V which correspond to the points P* on U*, as
P* describes U*, is given by the ideal &, p* of §. We do not, how-
ever, prove these results here, for they are contained in more
general results which will be proved for birational correspondences
in Chapter XVIII.

6. Projectively normal varieties. Most of the results in this
chapter have been proved for varieties in affine space, although
those which have been expressed in terms of the quotient ring of
an irreducible subvariety of the given irreducible variety can be
interpreted as projective properties. While the results proved for
varieties in an affine space have considerable importance in their
own right, we are mainly concerned with the use which can be
made of them to derive properties of a variety in projective space.
We are now in a position to use the results already obtained in this
chapter to introduce and examine the important concept of
projectively normal varieties.

Let V be an irreducible variety of dimension d over the ground
field K, lying in the projective space S,. As usual, we shall assume
that V does not lie in the prime z, = 0. Let § = (&, ...,&,) be a
generic point of V, and assume, as we may, that its coordinates
have been normalised so that £, = 1. The most general form of the
coordinates of this point is

(TorTes o3 Tn) = (Tos To1y -0y To &)

where 7, lies in some extension of K and is not zero. We shall find
it convenient to suppose that 7, is an indeterminate over the
function field X' = K(&,, ..., £,) of V. Then, since ;isin X, 7, = 7,§;
is an indeterminate over X for ¢ = 1,...,7n. In this section we shall

10-2
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always assume that the homogeneous coordinates of the generic
point (7, ..., 7,) of V; are such that

(i) 7, = Tobss
(ii) 2* = K(1g, ..., Ty) = K1, To &1, ..., ToE,) = 2(7g)

is a pure transcendental extension of 2.

If we regard (x,, ..., %,) as the non-homogeneous coordinates of
a point in 4,,,, (7, ..., T,) is the generic point of a variety V* of
dimension d + 1, whose function field is Z*. To each point (t, ...,¢,)
of V*, different from (0, ...,0), there corresponds a unique point
with homogeneous coordinates (t,, ...,¢,) of V, while to each point
(%9, ..., x,) of V there corresponds the set of points of V* whose
coordinates are of the form (t’x{,, ...,t'z,). These constitute a line
through (0, ...,0). Thus V*is a ‘cone w1th vertex at (0, ...,0), and
the section of V* by the prime at infinity of 4, is¥V,,. We sha]l not,
however, use this representation.

If ¢ is any non-zero element of K, (ir,,...,Ir,) is also a generic
point of V, and K(tr,...,ir,) = 2(1,) = 2*. Let { be any element
of 2*. Then we may write
¢ = ay+a;+...+a,

bo+by+ ...+ b

where a; and b; are forms in 7,,...,7, over K of degree ¢. The
mapping in X* defined by 7,—tr; takes { into {@, where

(o GoFiat .. +tva,
b+tb+ +t"b

g is said to be komogeneous of degree A if {® = *{ for every choice
of ¢ in K. Suppose that { is homogeneous of degree A, where A > 0.

Then
ay+tay+ ... +tra, = {M(by+tby + ... +17b,).

Since this relation holds for ¢ = 0,1, 2, ... we deduce that
a,=0 (u<?), =8, (=0,1,...),

and since for one value of u at least, say u = v, b,+0, we have
{ = a,,,/b, that is, { is the ratio of a homogeneous polynomial in
Tg, ..., T, OVer K of degree A+v, to a homogeneous polynomial of
degree v. A similar argument holds if A <0. Hence any element of
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Z* which is homogeneous of degree A is of the form ar}, where
ael’; and conversely, if

o= ﬂ(gl’ (RS gn)/’)/(gl) '°-,§n)
and g = CZT(’} = 1'3“,3(11/10, AR Tn/TO)/TBY(TI/TO’ R Tn/To) ’

{ is the ratio of a homogeneous polynomial of degree A+v to a
homogeneous polynomial of degree v, and it is therefore homo-
geneous of degree A. In particular, an element of 2* which is
homogeneous of degree zero belongs to X, and conversely any
element of X' is homogeneous of degree zero.

We shall denote the ring K[z, ...,7,] by J*. Its quotient field
is, of course, 2*. We shall say that the variety V is projectively
normal if every homogeneous element of 2* of degree of homo-
geneity greater than zero which is integrally dependent on *
lies in 3*. The existence of a variety ¥ with the same function field
as V which is projectively normal cannot be proved simply by
finding a J*-basis 7,4, ..., 7,,, for the integral closure of J* and
then considering the variety in 8,,, whose generic point is
(Tos oy Tpyy); for 7,4, ..., 75, may not all be of degree of homo-
geneity one. If they are not, it is easy to see that

K(TO/Tm ce Tn/TO’ Tn+1/To’ AR Tn+r/70)

is of dimension d+ 1 over K, so that the variety with the generic
point (7, ...,7,,,) is of dimension greater than that of V. We
must therefore prove the following theorem.

THEOREM I. If V is an irreducible variety of dimension d over K,
there exists a birational transform of V which s projectively normal.

In proving this theorem we shall obtain a well-defined class of
birational transforms of V which are projectively normal. These
varieties will be called the derived normal varieties of V.

The first stage of our proof is to show that every element of X*
which is integrally dependent on * is a sum of homogeneous ele-
ments of X*, all of which are of non-negative degrees of homo-
geneity, and each of which is integrally dependent on J*. Let {
be any element of 2* which is integrally dependent on J*. Then we
have an equation tr oty = O,
where «, ..., a,, are in §*. Since Z* = X(r,) and J*< X[7,], this
implies that { is an element of X(r,) integrally dependent on X[7,].
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But [XV, § 8, Th. VI] 2[7,] is integrally closed in its quotient field.
Hence {e 2[1,]. Therefore we can write

{=G+6+...+8,,

where {; is homogeneous of degree 1. If ¢ is any non-zero element
of K, the mapping 7,—tr, transforms J* into itself; hence it
transforms any element of X* which is integrally dependent on {*
into another element of X* which is integrally dependent on {*.

In particular,
r 8O0 = Lo+t5 + ... +1°¢,

is integrally dependent on 3*. Take ¢ = 0,1, ..., p. Then {©,...,{®
are integrally dependent on J*, and we have p+ 1 equations to
determine {, ..., §, in terms of {©), ..., {®. The determinant of the
coefficients of these equations is a non-zero element of K, hence
a unit of J*, and therefore {,,...,{, are expressible as sums of
elements integrally dependent on J*, and so are themselves in-
tegrally dependent on J*. This is what we had to prove.

The integral closure I of §* in Z* has a finite J*-basis [XV, §8,
Th. VII]. Any member of this basis is a sum of homogeneous
elements each of which is integrally dependent on 3*; hence we may
assume that the §*-basis of § consists of homogeneous elements.
Since the ring * is generated over K by the homogeneous elements
Ty --» Ty, it follows from XV, §8, Th. II that § can be generated
over K by a finite number of homogeneous elements of non-
negative degree: _

8 = K[/”O’ “"”r]a

where 7,, ...,7%, are homogeneous elements of 2* of non-negative
degree. Let us now consider the elements of § which are homo-
geneous of degree zero. If { is homogeneous of degree zero and
satisfies the equation

mto,im 1404, =0,

where ;€ I*, we write o = X%y,
i>0

where o, is of degree of homogeneity j, and a,€ K. Then, con-
sidering the automorphisms 7, —tr; of 2*, we have the equation

gm +j§0“11 tigm=14 ... +j§0amj th =0,
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and as this holds for all ¢ in X, we obtain the equation
§m+a10€m—l+ “oo +“mo = O.

Since {is an element of 2* of degree of homogeneity zero, it belongs
to 2, and by the above equation it is algebraic over K. Hence {
belongs to the algebraic closure K’ of K in X. Conversely, if § is
any element of K’, it satisfies an equation

rm+a ™+ +a, =0,

where a,€ K. Hence { is integrally dependent on J*, and therefore
lies in .

Let o be the degree of K’ over K. Then in § there are o indepen-
dent elements over K of degree of homogeneity zero, and without
loss of generality we may assume thatin § = K[7g, ..., 7,], %o» ---» 7 »
are of positive degree of homogeneity, while 7, ,, ..., 7, are of degree
~ of homogeneity zero, where r —p = 0. Let 7, (¢ <p) be of degree
of homogeneity d;. Any element of & of degree of homogeneity &
can be expressed as a linear combination, with coefficients in K,

of products N ...l (420),
where igdo+... +1,d, =k, )

and ¢ is of degree of homogeneity zero and lies in §. Since { is a
linear combination, with coefficients in K, of 9,,,, ...,7,, it follows
that the products 7 ...7%7,,;, where 4,...,i, satisfy (1), and
j=1,...,r—p, form a basis for the K-module formed by elements
of & of degree of homogeneity k. We shall denote an independent
K-basis of this module by &, ..., &,

An integer & (6> 0) will be called a character of homogeneity of
V if it has the property that a K-basis for the module of elements of
& of degree of homogeneity kd, where k is any positive integer, can
be constructed from the power-products of £, ..., £ of degree £,

that is, if ;
§ED = £ (&, ..., 88 (1 =0,..., ),

where f;(2, ..., 2,,) is a homogeneous polynomial over K. We shall
prove shortly that characters of homogeneity of V exist, but as
yet little is known of the possible characters of homogeneity of a
variety. However, it is easily seen that if ¢ is any character of
homogeneity of V, so is t§, where ¢ is any positive integer. For,
since & is a character of homogeneity of V, (¥ is equal to a homo-
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geneous polynomial over K of degree kt in ¢, ..., {®), and hence is
equal to a homogeneous polynomial of degree k in the power-
products of &P, ..., %) of degree ¢. These power-products are, in
turn, expressible as linear combinations of ¢, ..., ¢!, and from
this the result follows. If V is projectively normal, § = §*. Any
element of J* of degree of homogeneity & is a homogeneous poly-
nomial in 7, ..., 7, of degree k. Hence, if V is projectively normal,
the integer one is a character of homogeneity.

We establish the existence of characters of homogeneity of V by
showing that if d is the least common multiple of d,, ...,d, (where
d; is the degree of homogeneity of #,;), pd is a character of
homogeneity of V. Let k be any integer greater than p. To find
the elements of & of degree of homogeneity kd, we consider the
power-products 7 ... %7, ;, where

iodo+ .. +i,d, = kd. (2)
Ifi;<d/d; i = 0,...,p),

todo+ ... +1,d,<(p+1)d< kd.

Hence at least one i, is greater than or equal to d/d;. Suppose, for
instance, that i, > d/d,. Then

o o s = Dol . mion, g
where ¢;> 0 and
Bodo+iydy+... +1,d, = (k—1)d.

Hence if k>p, any power-product of 7, ...,7, of degree of homo-
geneity kd is the product of an element of & of degree of homo-
geneity d and a power-product of degree of homogeneity (k—1)d.
If k—1>p, we treat this power-product in the same way, and
continue thus. If k = m+p, we see that yf ... nlen,,; is equal to
the product of m elements of degree of homogeneity d and a power-
product of degree of homogeneity pd. If m = tp, it follows that any
power-product 7 ... %7, ; of degree of homogeneity (¢+ 1) pd is
equal to the product of ¢+ 1 elements of degree of homogeneity pd.
Hence any element of 5 of degree of homogeneity (¢ + 1) pd is equal
to a homogeneous form over K of elements of degree of homogeneity
pd. This shows that pd is a character of homogeneity of V.

Now let & be any character of homogeneity of V, and let V® be
the variety in §,, which has (&, ..., {%) as a generic point over the
field K. We establish Theorem I by proving that V® is birationally
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equivalent to V, and that it is projectively normal. Since (7,)? is
an element of J of degree of homogeneity , it is equal to a linear
combination of &), ..., % with coefficients in K; without any loss
of generality we may suppose that { = (7,)°. Then, for any value
of ¢, 7,(1,)’~1 is an element of § of degree of homogeneity &; hence

ng
7i(7o) ! = Ty &P
j=0
Therefore T;[To = Zj:aij §§6)/ &,

and hence  K(7,/7¢, ...,7,/To) = K(EP/EP, ..., EDIL).

On the other hand, {P/¢{ is an element of Z* of degree of homo-
geneity zero; hence it is contained in 2. Therefore

K (G.")/ g(()a), . (6)/ g(d) CK (71/ LT Tn/ TO) = Z

and we conclude that

E(&PIED, ... £ = Z

But K(EP/ED, ..., ED/EY) is the function field of V©®. It therefore
follows that ¥V and V@ have the same function field; that is, they
are birationally equivalent.

The field Z® = K¢, ..., £&), which is equal to Z({) = Z(7}),is a
pure transcendental extension of the function field 2 of V@, In con-
sidering the degree of homogeneity of elements of X®, the extended
field associated with V®, we must count £ as of degree of homo-
geneity one. If { is any element of 2® of degree of homogeneity
p (p>0), then, since @< X* = X(1,), { can be regarded as an
element of X* and then its degree of homogeneity is pd. If {is
integrally dependent on K[{9, ... §“”], it is integrally dependent on
§* = K[z, ...,7,], since K[{D,... ]§§, which is integrally
dependent on §*. Hence, L€ . But, since d is a character of homo-
geneity of V, and { is of degree of homogeneity pd, regarded as an
element of 2*, { is equal to a homogeneous polynomial in {, ..., {4,
and hence lies in K[¢Y), ..., {%)]. Now any element 7 of 2@ which is
integrally dependent on K[¢, ..., £?)] is the sum of homogeneous
elements, each of which is integrally dependent on this ring; hence
e K&, ..., L], This ring is therefore integrally closed, and hence
V@ ig projectively normal.



164 XVI. THE ARITHMETIC THEORY OF VARIETIES

The variety V® is determined by V and the character of homo-
geneity &, to within a projective transformation. For V@ is deter-
mined by the K-module of elements of § of degree of homogeneity 8.
The set {P,...,{? is an independent basis of this module. If
78, ..., 7% is any other independent basis for the module, n’ = n,,
and

&0 = Zaj"i“” (2=0,...,m),

ny
® =jzoba€§"’ (t=0,...,m),

where a;; and b;; are in K. Then

§(‘” = 2 Zai~bjk§§f’,

and since £, ..., &) are linearly independent over K, 2 s by, = O

Hence (a;;) and (b,;) are non-singular matrices. If ’V“” is the variety
in 8,, having (7]“’) ...,7%) as generic point, ‘V® is obtained from
Ve by the prOJectlve transformatlon

y,‘ = Zbijxj (i = 0, ...,na).
J

We should also note that V©® does not lie in any linear subspace of
S, Forifitlayin
Co%p+C121+ ... +cnozn6 =0,

we should have ol + ... 46,y E8) =

whereas, by arrangement, {, ..., {%) are linearly independentover K.

The varieties V@), V@), ... defined from ¥ and corresponding to
the characters of homogeneity &;,d,,..., are called the derived
normal varieties corresponding to V.

We now consider the relation between two derived normal
varieties V® and V® derived from V. We first introduce a concept
which can be defined for any irreducible variety U of d dimensions
in S,, whether it is projectively normal or not. We again denote the
normalised generic point of U by (1,£,,...,§,), and let 7, be an
indeterminate over K (§,, ..., £,), and write 7, = 7,&,. Then (7, ..., 7,)
is a generic point of U. The elements of K|[r,,...,7,] of degree of
homogeneity k, where k is any positive integer, form a finite
K-module. Let &, ..., ,. be an independent K -basis for this module.
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Without loss of generality we may suppose that ¢, = 7¥, and that
each ¢, is a power-product of 7’s. Let U’ be the variety in S, whose
generic point is (&, ..., &,). Then, by an argument given above,
we show that

K(7y/79, .. Ty|To) = K(&1/8os -5 Enr/ o) 5

that is, U’ is birationally equivalent to U. We consider the corre-
spondence C between S, and S, given by the generic point (7, {)
in 8, ,.. The varieties U and U’ are the object- and image-varieties
of the correspondence. We show that to each point of U there
corresponds, in this correspondence, a unique point of U’, and to
each point of U’ there corresponds a unique point of U. The
varieties U and U’ are then said to be in one-to-one correspondence,
without exception.

Since U and U’ are the object- and image-varieties of the corre-
spondence, to each point of one there corresponds at least one
point of the other. Let §; = f;(7,, ..., 7,), where f;(z,, ..., z,) ishomo-
geneous of degree k. We first show that for no proper specialisation
of 7 can the corresponding specialisations of all f;(7,, ..., 7,) vanish.
Indeed, for s = 0, ..., n, we can write

Th = .Zoaijfj('r) (a;;€ K),
j=

and since for any specialisation ¢’ of 7 at least one ¢, is different from
zero, for this value of p,

nl
(t;n)k = 'Zoapjfj(t,) + O,
j=
and the result follows.

Again, if (z,, ..., 2,) and (2, ..., 2, ) are the coordinate systems in
8, and S, respectively, we have, among the equations of C, the
equations .. ,

E 2.f5(@) —2f @) =0 (5,5 =0,...,n),
and since for no point «’ of U is
f’i(x’) =0 (i=09""n')’

these equations show that to each point ' of U there corresponds
a unique point of U’.

To show that to each point of U’ there corresponds a unique
point of U, we consider any specialisation 2z’ = (2, ...,2,) of {.
One z; at least, say 2, is different from zero. Let

gp =fp(70, "-’Tn) = T(’)‘”...Tk",



156 XVI. THE ARITHMETIC THEORY OF VARIETIES

and let j be chosen so that k;> 0. Since 7§o... 7§i~1... 7¥%n7, is homo-
geneous of degree k, we must have

n'
o ThiT Ltk =AZ£),.,\§,\ (¢=0,...,n),

where b;,€ K, and b, = 0 for A+ p, while b;, = 1. Then the corre-
spondence C satisfies the equations

nl
x,iz —ijb‘t/\zl\=0 (i—'—-O, ...,’n).
, A=0

From these equations it follows that (z, ..., z,), where

’

n
’ ’
x; = X b,32),
A=0

is the only point of U which can correspond to z'.

Hence the correspondence between U and U’ is one-to-one
without exception. The variety U’ obtained from U is called the
transform of U by primals of order k.

It is clear that if ¢ is any character of homogeneity of V, and k is
any positive integer, V*9 is the transform of V@ by primals of
order k. If V® and V9) are two derived normal varieties, and 4 is
the least common multiple of & and é’, where

A=eb=¢e?d,

V4 is the transform of V® by primals of order e, and V¥ is also the
transform of V) by primals of order e’, and it follows that the
correspondence between V@ and V®) is one-to-one without
exception. Hence we have

THEOREM II. If V@ and V) are derived normal varieties of V
corresponding to the characters of homogeneity 6 and &', and if
A = ed = €'d’ be the least common multiple of 8 and &', the transform
of V® by primals of order e is projectively equivalent to the transform
of V) by primals of order €', and there 18 a one-to-one correspondence
(without exception) between the points of V® and the points of V@),

Now suppose that V is projectively normal in 8,, and 4, is any
affine space derived from S,, (with the proviso that ¥V is not entirely
at infinity in 4,). Then we show that V is affine-normal in 4,,.

If the prime at infinity is

CoZy+ ... +€,Z, = 0,
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then the integral domain of ¥V in 4,, is

T Tn
3= Eci'ri ety 2—0—;;‘]
Let 5 be any element of the quotient field of { which is integrally
dependent on ; then there exists an integer p (p > 0) such that
€ = 9(Zc;7,)r is integrally dependent on }* = K[7,,...,7,]. Since
V is projectively normal, { is equal to a form f(7,,...,7,) over K
of degree p. Hence

" =f(th1' ’ ’Ec T €3

Therefore V is affine-normal in A4,,. Thus we have

TrEOREM III. If V is a projectively normal variety in S,, and 4,
18 any affine space defined from S, by taking as prime at infinity
any prime not containing V, then V is affine-normal in A,

We can now apply Theorem II of § 5, and deduce

THEOREM IV. Every irreducible variety of dimension d—1 on a
projectively normal variety V of dimension d is simple on V ;
and from Theorems I and IV we deduce, as a particular case,

THEOREM V. Any irreducible variety of dimension one can be
birationally transformed into one on which every point is simple.

The reader may be tempted to assume that the converse of
Theorem III is true, namely, that if V is a variety in S, such that
whenever we pass from S, to an affine space 4,, we find that V is
affine-normal in 4,, then V is projectively normal in S, ; but this
is not true, as the following example will show. In S; consider the
variety V having the generic point (1,¢,3,¢*), where ¢ is an indeter-
minate over the ground field K. The reader will be able to verify
that every point of this variety is simple; hence the quotient ring
of every zero-dimensional variety is integrally closed. If we pass
to any affine space 4,, the integral domain of V in A4, is the inter-
section of the quotient rings of the zero-dimensional varieties on it
[XV, §5, Th. X], and hence is integrally closed. V is therefore
affine-normal in 4;. We show, however, that ¥V is not projectively
normal in S;. Let 7, be an indeterminate over the function field
K(¢) of V, and write 7, = Tol, T, = Tot3, T3 = Tot*. V is projectively
normal if and only if K[7,, ..., 7,] is integrally closed in its quotient
field K(t,7,). Now if { = 1'01'2/11, §% = (141?)2 = 7y73. Hence § is
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integrally dependent on K[7y,...,75]. But ¢ is not in this ring. It
follows that V is not projectively normal.

The truth is that the fact that a variety is affine-normal, however
we choose the prime at infinity, is essentially a local property of
the variety; that is, it can be expressed in terms of properties of
subvarieties (as, in fact, we have expressed it in the foregoing
example), whereas the property of being projectively normal is
a property of the variety as a whole.

The next theorem will be used to obtain a new characterisation
of a projectively normal variety, but it is of some importance in its
own right. Let V be an algebraic variety in S, of dimension d and
order g, and let (7,,...,7,) be a generic point of V, where 7, is
transcendental over the function field X = K(7,/7,, ..., 7,/To) of V.
Let V* be an irreducible variety, in S, birationally equivalent
to V. We can choose the coordinates (7§, ..., 7¥%) of a generic point
of V* to be elements of X(7,) of degree of homogeneity one. Then if

m
T; =j§0a‘iJTT (t=0,..,m),

where a,; is in K, we say that V is a projection of V*.
If the maximum number of linearly independent relations

n
2a;7;=0
0

satisfied by (7, ..., 7,) is r, V lies in a space of (n —r) dimensions and
not in a lower space. We say that the system of prime sections of V
18 complete if any variety V* of order g of which V is the projection
also lies in a space of n —r dimensions. This nomenclature is bor-
rowed from the theory of linear systems, which plays a funda-
mental role in the theory of the birational invariants of algebraic
varieties, but is beyond the scope of this work. We now prove

THEOREM V1. The system of prime sections of V is complete if and
only if every element of X(t,) of degree of homogeneity one which is
integrally dependent on K[z, ..., T,] lies in this ring.

We first make a preliminary transformation of coordinates in S,

so that V lies in
w.n'+1 = O, ...,x,n =0

(where n’ = n—r) and does not lie in any linear subspace of this.
Then we can regard V as a variety in §,, with generic point
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(7¢s --+»Tn); and we know that 7,,...,7,. are linearly independent
over K. We may further suppose that if §, = 7,/7,, then §,, ..., §; are
algebraically independent over K, and &;,,,...,£, are integrally
dependent on K[&;,...,£;], while £;,,; is a primitive element of
K(,,...,£,) over K[&,,....,E5] (i =1,...,n'—d). The irreducible
equation connecting £,, ..., &, £;,; is of order g and contains £§,; as
a term. We can express these results in terms of the homogeneous
coordinates of the generic point 7 of V. The elements 7, (i = 0, ...,n’)
are integrally dependent on K[7,...,7,], and 74,, is a primitive
element of K(7,...,7,) over K(7,,...,74), while the irreducible
homogeneous equation
f(to: sty td+i) =0

satisfied by 7, ..., 74, 74, is of order g in ¢;, ;, and is of total order g.
Using Theorem I of Chapter X, §9, we see that the irreducible

n
equation relating 7, ...,74 and 7 = Y a;7, is homogeneous of total
0

degree g at most, and there are elements 7 for which the total degree
is exactly g.

If (13, ...,7m) is a generic point of a variety V* of which V is a
projection, we have

m
Ti = ZoaijT}“ ('I« = O, ooy n,),
j=

and since 7,, ..., 7, are linearly independent over K, the matrix
(@;;) must be of rank n’+ 1. Hence we can choose the coordinate
system in §,, so that 7, =7F (¢+ = 0,...,n), and write the generic
point of V* as (7, ...,7,,). We have to show

(i) that if V* is of order g, and if every element of K(7,, ..., 7,)
which is of degree of homogeneity one and which is integrally
dependent on K[7y, ..., 7,.] lies in this ring, then

n
Tn'+1: = _zobij‘rj ('b = 1’ ceey m_n,);
j=

(ii) that if there exist elements of K(7,, ..., 7, ) of degree of homo-
geneity one which are integrally dependent on KJr,,...,7,], but
are not in this ring, then we can find a variety V* of order g of which
V is the projection, and V* is not contained in an »’-space.

(i) Since 74,, is a primitive element of K(ry,...,7,) over
K(r,,...,7;), and 7, lies in the extended field, 7 = a7y, + b7, i8
a primitive element of the extension, save for a finite number of
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values of the ratio a/b in K. We choose values of @ and b in K for
which b+0, and so that the element 7 is primitive. Hence the
irreducible equation satisfied by 7,,...,74, 7 is of degree g exactly
in 7. Moreover, since V* is of order g, the irreducible relation
satisfied by 7y, ..., 74, 7 is of total degree g at most. From these two
facts we deduce that the relation is of the form

T4+ B,(Tgy -, Tg) T9 1+ ... + By(Ty, ..., T4) = 0,

where B;(1)e K[7,, ...,7,-]. Now, 7 is an element of X(7,) of degree
of homogeneity one, and the equation above shows that 7 is
integrally dependent on K[7,,...,7,.]. Since, by hypothesis, any
element of X(7,) of degree of homogeneity one which is integrally
dependent on this ring lies in it, we have

Te K[14, ..., Tp],

and since 7 is of degree of homogeneity one, we must have
’
T = aTd+1 + an/+i = .zocij'rj.
? =

"
Hence, since b0, Twis = 2byT)
i=0

and (i) is proved.

(ii) If there exists an element 7 of X(r,), of degree of homo-
geneity one, which is integrally dependent on K|z, ...,7,] but is
not in it, 7y, ..., 7,, 7 are elements of 2(r,) which are of degree of
homogeneity one, and are linearly independent over K. Hence the
variety V* in S,.,; whose generic point is (7,,...,7,,7) lies in
8,41 but not in any linear subspace of it, and V is a projection of V*,
To prove (ii) we have only to show that V* is of order g.

Let 7 = ar +:Z a,7;, where a,a,, ...,a, are in K. Then since 7 is

=0
integrally dependent on K[7,,...,7,], 7 is integrally dependent on
Klr,, ...,7,]. But, by hypothesis, 74,4, ..., 7, are integrally depen-
dent on K[7,,...,74]. Hence 7 is integrally dependent on K[7,, ..., 7,].
Thus there exists a homogeneous equation

F(ry, ..., Tg, T)=TP + By(7g, ..., T) TP+ ... + B, (7, ..., Tg) = 0,

connecting 7, ...,74, 7. But, since 7€ 2(7,), which is an extension
of degree g of K(t,, ...,7;), the irreducible equation

Fltor-ortaB) = 0
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satisfied by 7,...,74,7 must be of order g at most in 7. Now
F(ty, ..., t3, T) contains f(z,, ..., t;, ) as a factor, and this clearly
implies that the coefficient of the highest power of Zin f(¢,, ..., tz, f)
lies in K. Hence we may assume that F(t,,...,t3?) is irreducible
and that p<g. Also for some 7, e.g. when a =a; =0 (¢+d+1),
p must be g exactly. It follows from the form of Theorem I of
Chapter X, § 9 stated above that V*is of order g. Thus Theorem VI
is proved.
We use this result to prove

THEOREM VII. A necessary and sufficient condition that a variety
V in 8, be projectively normal is that the transform of V by primals
of order h should have a complete system of prime sections for each
value of h.

Suppose, first, that V is projectively normal. Then each positive
integer A is a character of homogeneity of V. Therefore the trans-
form V® of V by primals of order A is projectively normal. Hence,
by Theorem VI, the system of prime sections of V™ is complete.

Conversely, suppose that V is not projectively normal. We can
then find an element 7 of K(7,,...,7,) of degree of homogeneity ~
(k> 0) which is integrally dependent on K[7,,...,7,] but is not in
this ring. Construct the transform V® of V by primals of order 4,
andlet (M, ..., 7)) be a generic point of it. Without loss of generality
we may assume that 7Y = (7,)*. When we consider V®, we must
assume that 7{ is of degree of homogeneity one. Since 7/7{" = 7/(1,)*
is in the function field of ¥ and V®, it is of degree of homogeneity
zero with respect both to ¥ and V®, and hence 7 is of degree of
homogeneity one with respect to V®. Since 7 is integrally depen-
dent on K[7,, ..., 7,], it satisfies an equation

TP+ (T o0y TR) TP+ o+, (Tg, .0, T,) = 0 (ay(7)€ K[y, ..., T,]),

and by equating terms of like degree of homogeneity, we see that
we may assume that a,(7) is a form of degree th. Hence we find that
7 is integrally dependent on K[7{", ..., 7%].

ince
S K[z, ..., 1M < K[rg, ..., 7o),

and 7 is not in K[7,,...,7,], it follows that there are elements of
KT, ..., 7%) of degree of homogeneity one (with respect to V®)
which are integrally dependent on K[7{", ..., 7%], but are not in this
ring. Hence, by Theorem VI, the system of prime sections of V®
is not complete.

HP III II
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The results proved in this section will give the reader some idea
of the special properties possessed by normal varieties. Experience
gained in further investigations will reveal that in the study of the
birational invariants of algebraic varieties, projectively normal
varieties play a fundamental part. In short, we find that the best
procedure always is to pass from a variety V to a derived normal
variety V®, and, having examined the relation between ¥V and V@,
to carry out all subsequent investigations on projectively normal
varieties. The properties of projectively normal varieties which
make them peculiarly suited to further investigations are of two
kinds: (i) the local properties, summed up in the fact that the
quotient ring of every irreducible subvariety is integrally closed
(for this, affine-normality is sufficient, provided the subvariety
under discussion is not at infinity), and (ii) the property in the
large, which was proved in Theorem VII. In future, we shall always
construct varieties which are projectively normal, remembering
that, by Theorem III, however we choose the prime at infinity the
variety is affine-normal in the derived affine space, and hence we
shall usually use the word normal to imply that the variety is
projectively normal.
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CHAPTER XVII
VALUATION THEORY

In Chapter XVI, §5, we introduced, as an example, the idea of a
valuation of a function field. This idea, which generalises the idea
of a branch of a curve in classical algebraic geometry, is of funda-
mental importance in the theory of birational transformations, and
we proceed in this chapter to develop the general properties of valua-
tions, and then, in Chapter X VIII, pass on to some applications.
We shall begin by considering the main properties of valuations of
any field, and pass to the particular study of the valuations of
algebraic function fields. In this, we shall take the ground field K
to be without characteristic, but we shall not assume that it is
algebraically closed.

1. Ordered Abelian groups. In Chapter I, §1, we defined an
Abelian group as a group in which the law of combination has the
commutative property, and we mentioned that in the case of an
Abelian group the law of combination is often written as an addi-
tion, the group then being called an additive group. In this section
we consider an additive group I', with elements a, b, ¢, ..., and sup-
pose that the elements of I', other than zero, are divided into two
mutually exclusive sets 1", and I',. If a isin I', we write a > 0, and
if it is in I', we write a < 0; thus every element x of I" satisfies one
and only one of the relations

x>0, z=0, x<O0.

The elements in I',, are said to be positive, those in I', negative.
The division of the non-zero elements of I"into the two sets I, I,
is called an ordertng of I'if the following properties hold:

(i) ifa <0, then —a > 0;

(ii) ifa>0and b >0, then a+b>0.

We are concerned in this section with the elementary properties
of ordered additive groups.

(1) If a> 0, we prove that —a <0. Clearly, —a is not equal to
zero. If —a >0, we have, from property (ii), 0 = a + (—a) > 0, that
is, 0is in I',,. This contradicts the definition of I',. Hence —a is not
zero, and is not in I';; therefore it is in I7,.

II1-2
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(2) If a—b > 0, we shall write a >b. We show that this is a tran-
sitive relation. Suppose that a > b, and that b > c. Then

a—b>0 and b-c>0.
Hence, by (ii), a—c=(a-b)+(b—c)>0,
that is, a>c.

Similarly, if a — b < 0, we write @ <b, and show that this relation
is also transitive, and is equivalent to b >a.
(3) Suppose that a > b, and that c is any element of I". Then

(@+c)—(b+c)=a—b>0,
that is, a+c>b+c.

(4) Let a be any element of I" different from zero, and let na,
where 7 is an integer, denote the sum of n elements of I" each equal
to a. If ma = na (m >n), then (m—n)a = 0, and (m—n)(—a) = 0.
Suppose that a > 0, then, by (ii),

20 = a+a>0,
3a =2a+a>0,...
(m—m)a>0,

and we have a contradiction. Similarly, if @ <0, and hence —a >0,
we obtain the relation (m —mn)(—a)>0. Thus, whether a>0 or
a < 0, we obtain a contradiction, and we conclude that the elements
0, +a, + 2a, ... are all distinct. Thus, in particular, any ordered
group, other than one consisting of the zero element only, has an
infinite number of elements.

A few examples of ordered additive groups may be given.

(@) Any subgroup of the additive group of real numbers, with
the usual definition of positive and negative numbers, is ordered.
In particular, the additive group of integers is ordered.

(b) Let I'and I be any two ordered additive groups; a, b, ... will
denote elements of I', and a’,b’,... will denote elements of I".
Consider the pairs (a,a’) consisting of any element a of I" and any
element a’ of I"". We form a group I'* consisting of these pairs, by
means of the addition law

(@,a) + (b,b") = (a+b,a’ +b’).

It can be verified at once that I'* is an additive group; we call it
the direct sum of I"and I". The zero of I'* is easily seen to be (0, 0).
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We now say that (a,a’)>0 if and only if either a>0, or a = 0,
a’>0. We prove that this defines an ordering of I'*. If (a,a’) is
any non-zero element of I'*, either (a,a’)>0, or a<0, or a = 0,
a’ <0. Hence either (a,a’)>0 or —(a,a’) = (—a, —a’)>0. Thus
we have

(i) if (a,a’) <0, then —(a,a’) > 0.

(ii) Suppose that (a,a’) >0 and (b,b’) > 0. If eithera>0or b> 0,
a+b>0; hence (a,a’)+(b,b") =(a+b,a’+b')>0. If a =0 and
b =0, then a’> 0 and b’ > 0. Hence (a,a’)+(b,b') = (0,2’ +b")> 0.
Hence I'* satisfies the conditions for an ordered group. Apart from
the ordering, I'* is determined symmetrically by I" and I, but in
the ordering /" has a privileged position. Interchanging the roles
of I'and I, we obtain a different ordering of I'*.

Given any finite set I, ..., I, of additive groups, we can, by a
simple induction, define the direct sum I'* of the r groups. If
I, ..., I'areeach ordered, we can, corresponding to a given arrange-
ment of these r groups, define, as above, the ordering of I'™*. We thus
obtain r! different orderings of I'*.

We now consider any ordered additive group I'. If for every pair
of positive elements « and y of I" we can find integers m and n
(depending on x and y) such that

mx>y, nyY>z,

then I'is said to be Archimedean-ordered. Clearly, any subgroup of
the ordered additive group of real numbers is Archimedean-
ordered. On the other hand, if I'™* is the direct sum of two ordered
additive groups I"and I, as in example (b) above, I'™* is not Archi-
medean-ordered. For if z = (a,a’), where a>0, and y = (0,b’),
where b’ > 0, then x and y are positive, and
(@,a’) = x>ny = (0,nd")

for every integer n.

THEOREM 1. Every Archimedean-ordered additive group I is
1somorphic to a subgroup of the additive group of real numbers.

If I consists of the zero element only, the theorem is trivial. If
I' contains a non-zero element, it necessarily contains a positive
element. Let a be a positive element of I', and let b be any other
positive element of I. We consider the set R, of ordered pairs
(m,n) of positive integers such that

ma = nb.
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If (m,n)is any pair of positive numbers, and r is any positive integer,
ma=nb or ma<nb,

according as rma>=rnb or rma<rnb.

Let A be any positive rational number. If A = m/n = p/q, where
m,n, p, q are positive integers, the above result enables us to prove
at once that (m, n) belongs to R, if and only if (p, ¢) belongs to R,
If (m, n) belongs to R,, we say that A belongs to %,. We prove that
%, defines a Dedekind section, and hence a real number, which we
will denote by &. In the first place, not all positive rational numbers
belong to %,. For, since I'" is Archimedean-ordered, there exists
a positive integer n such that a <nb. Hence 1/n is not in Z%,.

Next, if A = m/[n is in %, and u = r/s> A, we show that x4 is in
PRy Since A is in Z%,, we have

ma > nb.
Hence n(ra—sb) = (nr —ms) a+ s(ma —nb) > 0,
since (nr—ms)a >0,
and therefore ra > sb,

and so u is in %,.

These two results show that %, is a Dedekind section defining
a positive real number b. Keeping a fixed, each positive element
x of I" thus determines a positive real number z. Clearly, @ = 1.
We define a real number ¥ corresponding to any negative element
y of I' by the formula T
and, further, we associate zero with the zero element of I". We thus
map each element of I" on a real number. We show that the real
numbers obtained as the maps of elements of I" form a subgroup
4 of the additive group of real numbers; and that if 4 is ordered in
the usual way, the mapping of I" on 4 is an isomorphism, which
preserves order.

We first show that if  and y are any two elements of I', and
Z, y are the corresponding real numbers, then the real number
corresponding to x + y is £ +7%. This is clear if either « or y is zero;
so we need only consider the three cases (i) x>0, y > 0; (ii) <0,
y < 0; (iii)  and y of different signs.

(i) If x>0 and y >0, then x+y > 0; also, by definition, Z> 0,
7>0,z+y>0. Suppose that

Z+Y>(x+y).
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Then we can find rational numbers A = p/q, 4 = r/s, such that

A<Z, u<y, A+p>(@x+y).
The first two of these relations imply that
pa<qr, ra<sy.
Hence (ps+qr)a<gs(x+y),
that is A+u<@+y).
Thus we obtain a contradiction. Similarly, if we assume that
T+y<(z+y),

we obtain a contradiction. Hence we must have

Z+y=(x+y).

(ii) If <0, y <0, we have

(@+y) = —(—2~y) = —(=2)=(~y) =F+7.
(iii) Suppose, say, that >0, y<0. If x+y >0, we have

hence, by (i), z+y+(—y) =7,
and therefore 2+y=r—(—y)=2+7.
On the other hand, if x +y < 0, we have

—(@+y)+z = -y,

and therefore —(x+y)+x2 = -7,
that is, r+y=2+Y.

Thus 4 is a subgroup of the additive group of real numbers. If
the homomorphism of I"on 4 were not an isomorphism, there would
exist non-zero elements of I" which map on the zero of 4. But no
such elements exist, since if x > 0, then Z > 0, and if x < 0, then Z < 0.
Finally, since positive elements of I" correspond to positive elements
of 4, and conversely, the isomorphism of I' on 4 preserves the
ordering.
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The isomorphism which we have obtained of I" on a subgroup of
the additive group of real numbers depends on the choice of the
element a of I" which maps on 1. If we choose a different element,
b, say, to be the element which maps on 1, we obtain a different
subgroup 4’ of the group of real numbers. If, in the mapping of
I’'on A’, a maps on the real number p, then the map of any element
x of I'on A’ is pZ, where Z is the map of  on 4. If I' is mapped on
the subgroup of the group of real numbers in the manner described
above so that the element a is mapped on 1, I'is said to be normalised
with respect to this element.

In our use of ordered additive groups, we may always replace
a group by any isomorphic group similarly ordered. In particular,
we shall usually represent an Archimedean-ordered group by a
subgroup of the additive group of real numbers.

Next, let us consider an additive group I" whose ordering is not
Archimedean. There must exist in I" two positive elements £ and 7
such that £ > ny, for all integers n. For this element £ we consider
the set of all positive elements 7 in I"such that £ > ny for all integers
n. If 9, and 7, are two elements of this set, and 7, > 7,, say,

> 2nn, = n(ny +7,),

for all integers n; hence 7, + 17, belongs to the set. Thus the set is
closed under addition. Similarly,

§>n(ny +19) > n(ny—12) > n(— 9, —7,);

hence the subgroup I of I" generated by elements of the set has
the property that £>n#, when n is any positive integer and % is
any element of I". The subgroup I has the property that if 3 is
any positive element of I and %’ is any positive element of I" less
than 7, then 7’ belongs to I. For £ >nn > ny’, for any integer n.

A subgroup 4 of an ordered additive group I"is said to be iso-
lated if it has the property that if # and 7" are elements of I" and
7>%'>0,and 7 isin 4, then 5’ necessarily belongs to 4. From what
has been said above, it is clear that if the ordering of I' is not
Archimedean, it contains an isolated subgroup. On the other hand,
if I' is Archimedean-ordered, we can regard it as a subgroup of the
additive group of real numbers. Let 4 be an isolated subgroup of
I', not consisting solely of the zero element. If 7 is any positive
element of 4, and § any positive element of I', there clearly exists
an integer n such that {<n7y. Hence, since 4 is an isolated sub-
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group containing ny, it must contain §. It must also contain —¢;
and so 4 = I". Hence we have

THEOREM I1. A necessary and sufficient condition that the ordering
of an additive group be non-Archimedean is that it contains proper
subgroups which are isolated.

In the example (b) above, of an ordered additive group I'* which
is the direct sum of two ordered additive groups I" and I", it is
easy to see that the elements of I'* of the form (0,a’) form an
isolated subgroup.

We now consider some properties of the isolated subgroups of
an ordered additive group I'. If 4 is any subgroup of I', we can use
it to divide the elements of I" into classes of equivalent elements.
Two elements a and a’ of I" are said to be equivalent with respect
to 4if a—a’is in 4. In particular, the elements equivalent to zero
are the elements of 4. This is a true equivalence relation, being
reflexive, symmetric and transitive. Let (a) denote the set of
elements of I" equivalent to a; then (a) = (a’) if and only if a is
equivalent to a’. If a is equivalent to a’, and if b is equivalent to b’,

[a+b]—[a'+b'] = [a—a']+[b—b]

is in 4, since a—a’ and b—b are in 4, and 4 is a group. Hence
(@ +b) is determined uniquely by (a) and (b), and we may therefore
define the addition of equivalent sets by the formula

(@) +(b) = (a+Db).

The addition of sets is obviously associative and commutative.
If (a) and (b) are any two sets, and (c) = (b —a), then the set (c) is
a solution of the equation

(@) +z = (b).

Hence, with this law of addition, the sets of equivalent elements of
I"' with respect to 4 form an additive group, which we call the
factor group of I' by 4, and denote by I'/4. The zero of I'/4 is the
set (0), that is, the set formed by the elements of 4.

If I' is ordered, and 4 is an isolated subgroup of I', we can deduce
an ordering for I'/4. Consider any non-zero element (a) of I'/4.
Suppose that this contains a positive element a. If 7 is any positive
element of 4, a > 7, otherwise, by the characteristic property of an
isolated subgroup, we could deduce that a belonged to 4, and hence
that (@) = 0. Therefore a is greater than any element of 4. Any
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other element of (@) is of the form a + 7, where 7 is a non-negative
element of 4. But since a is greater than any element of 4,a + 9> 0,
and it follows that every element of (@) is positive, and greater than
every element of 4. We then write (a)>0. Similarly, if the set
(b)+0 contains a negative element, we show that every element
of (b) is negative and less than every element of 4. We then write
(b) < 0. We thus divide the non-zero elements of I'/4 into mutually
exclusive sets, positive and negative. Clearly, we see that

(i) if (@) <0, —(a)=(-a)>0;
(ii) if (@)>0, (b)>0, (a+b)= (a)+(b)>0.
Hence we have an ordering of I'/4, and

THEOREM III. If A is an isolated subgroup of I', then I'|/4 is an
ordered additive group.
We next prove

TrEOREM IV. If 4, and A, are two isolated subgroups of I', then
either A, contains A,, or Ay contains A,. If A, > A,, A4, is an isolated
subgroup of I'|A,.

The theorem is trivial if 4, coincides with 4,; hence we may
assume that one of them, say 4,, contains an element a, which is
not in 4,. Now a, is not zero, since zero belongs to 4,, and —a, is
also an element in 4, but is not in 4,. Hence, without loss of gen-
erality, we may assume that a, > 0. Let a, be any positive element
of 4,. If a, > a,, it follows from the fact that 4, is an isolated sub-
group that a, is also in 4,, and we have a contradiction. Hence
a,<a,. But since 4, is also an isolated subgroup, it follows that a,
isin 4,. Hence every positive element of 4, is in 4,. Since 4, and
4, are groups, it follows that every element of 4, is in 4,, that is,
A,<4,. From the definition of an isolated subgroup, it follows that
4,, regarded as a subgroup of 4,, is an isolated subgroup.

Now consider the elements of the factor group I'/4, which arise
from elements of I" which lie in 4,. If a lies in 4,, and a’ —a lies
in 4,, then a’ = a’—a+a lies in 4,, since 4,=4,. Hence if a lies
in 4,, every element equivalent to @ with respect to 4, lies in 4,.
Thus the elements of 4, are divided into equivalence classes with
respect to 4,, each class being a complete class of equivalent
elements of I" with respect to 4,. These classes form a subgroup of
I'|4,, which is clearly isomorphie with 4,/4,, and may be identified
with it. If (@) is any positive element of 4,/4,, and (b) is any positive
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element of I'/4, such that (a)> (b), then a>5b>0, and a is in 4,.
Therefore b is in 4,, and hence (b) is in 4,/4,. Thus 4,/4, is an
isolated subgroup of I'/4,.

Now let 4, be any isolated subgroup of I', and let I'* be an
isolated subgroup of I'/4,. We consider the set of elements of I’
which correspond to elements of I'* in the mapping of I on
I'/4,. If @ and b are two such elements, a +b and —a map on
(@) +(b) and — (@), which are in I'*. Hence the elements of I’
which map on the elements of I'* form a subgroup 4, of I'. Since
any element of 4, maps on an element of I'*, 4,=A4,. Let a be any
positive element of 4,, and let b be any positive element of I" such
that @ >b. Then (a) > (b) > 0, and () is in I'™*. Since I'* is isolated,
it follows that (b) is in I'*, and hence b is in 4,. Therefore 4, is an
isolated subgroup of I

We have thus established a one-to-one correspondence between
the isolated subgroups of I"which contain a given isolated subgroup
4 and the isolated subgroups of I'/4. In this correspondence it is
easily seen that if A4’ is an isolated subgroup of I" containing 4,
then (I'/4)/(4'|4)~T|4’. The only case with which we shall be
concerned is that in which I' contains only a finite number of
distinct isolated subgroups. By Theorem IV, these can be arranged
in order so that each subgroup contains the succeeding one.

Suppose that I'>r>r,>..5I=0

are all the isolated subgroups of I'. Then I'is said to be of rank k.
The group I, is an isolated subgroup of I';. If I';/I';,, were not
Archimedean-ordered, there would exist a proper subgroup of it
which was isolated. This, in turn, would define a proper subgroup
I of I';, properly containing I';  ,, which was isolated in I';. We show
that I is an isolated subgroup of I'. Itis clear that I" is a subgroup
of I". If a is any positive element of I, and b is any positive element
of I such that a > b, it follows from the fact that a isin I'; and I'; is
isolated in I'that b is in I';. Then, since I is isolated in I, it follows
that bisin I"". Thus I" is isolated in I". But the sequence I3, I',, ...
contains all the isolated subgroups of I. Hence I = I, or I},
which is inconsistent with the fact that I" is a proper subgroup of
T'; and properly contains I';,,. Hence our assumption that I';/I";,,
was not Archimedean-ordered is false. Thus we have

THEOREM V. If I'is of rank k, the isolated subgroups can be arranged
wmorder '>I'1>...oI = 0,and I';[/T;, , 18 Archimedean-ordered.
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2. Valuations of a field. Let X' be any field, and I" any ordered
additive group. A mapping £ v(£) of the non-zero elements of X,
on the elements of I', is called a valuation of X, if it has the properties

(i) v(&n) = v(€) +v(n),
(i) v(§+7) > min [v(é),v(n)], if £+7+0.

If v(§) = 0 for every non-zero element of 2, the valuation is
said to be trivial. As an example of a valuation, consider the field
2 of functions of the complex variable z which are meromorphic
in the neighbourhood of z = 0. Any non-zero function { of the field
can then be expanded in a series

{=2%(ag+a;z+...) (ay+0),

where o is an integer. Let I" be the additive group of integers, and
define »({) to be o. This defines a mapping of 2 on I" which is a
valuation. For if

£ =2%ag+a,z+...) (ag*0),
and 7 = 2P(by+by2+...) (by % 0),
then £y = 22Hh[ayby+ (agb, + a1 by) 2+ ...] (agby+0),
and £+79 =2"[cy+...] (co*0),
where o > min [a, £], and is finite unless £ +7 = 0. Hence
v() =a, () =4,
v(&y) =a+p, v(E+7)=o02min[a,/S]

The theorems proved in this section will hold for valuations of
arbitrary fields, but the applications to algebraic geometry which
come later will deal with valuations of the function field of an
algebraic variety defined over a ground field K (of characteristic
zero), and in this case it will be necessary to impose a third condition
on the mapping of Z'on I':

(iii) ifae K, a+0, then v(a)=0.

To avoid needless repetition, we shall state in the course of each
theorem any modification which is necessary when 2'is a function
field and the condition (iii) is to be satisfied.
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We begin with a few general results on valuations of a field X
(1) If £ is any non-zero element of X, the equation

1=
implies, by (i), v(1) +v(§) = v(§),
and hence v(1) = 0.

Since (—1)2=1, v(—-1)+v(—-1)=19(1)=0,
and hence : v(—1)=0.
Therefore v(—§) =v(—-1)+v(&) = v(§)

for every non-zero element £ of X.

By (ii), v(2) > min [v(1), v(1)]

20,
and, by elementary induction, we have
v(m) =0,

where m is any integer not a multiple of the characteristic of X.

We show that if X'is of finite characteristic p, and m is any integer
not a multiple of p, then v(m) = 0. For if m is not a multiple of p,
there exists another integer n such that mn = 1 (p). Then

0 =v(1) = v(m)+v(n),

and since v(m) > 0, v(n) > 0, this is only possible if v(m) = v(n) =0.

Now consider the case of a field without characteristic. In this
case there may exist a positive integer m such that v(m) > 0. Let g be
the smallest positive integer with this property. We show that ¢ is
prime. Suppose that it is composite: ¢ = ab, where a>1, b> 1.
Then, since a <q, b <q, v(a) = v(b) = 0. Hence

v(g) = v(a)+v(b) = O,

and we have a contradiction. Hence ¢ must be prime.
Let m be any integer greater than ¢ such that v(m)>0. If
m = aq+b, wherea>1, 1<b<gq, then
0 = v(b) = v(m —aq)
> min [o(m), v(ag)] > 0,
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since, by hypothesis, »(m)> 0, and v(aq) = v(a)+v(q9) >0. Hence
we have a contradiction. Therefore m must be a multiple of ¢. If
m = q%t ... p4k, where q,p,, ..., p; are distinct primes, it follows
that v(p;) = 0, and that

v(m) = av(g) +a,v(p;) + ... + av(py) = av(q).

We consider, in particular, the case in which X'is the field of rational
numbers, and § is any element of 2. Let

& =q'pir... pi¥,

where A, A,, ..., A;, are positive or negative integers, and q, py, ..., D
are distinct primes. If u,p, ..., 4, are positive integers such that
A+ p, Ay + oy, ..oy Ay + jy, aTe positive,

(A+p)v(q) = v(ghtrpirti ... pites)
= v(Eg"pir ... i)
= 0(8) + uv(g).

Hence v() = Av(q). The values of elements of X' are therefore all
the multiples of v(g). Hence they form an Archimedean-ordered
additive group, and if this is normalised with respect to v(g), the
value group I'is the additive group of integers. Thus the non-trivial
valuations of the field of rational numbers are obtained by selecting
any prime p and writing v(p*pf... pjt) = A

(2) If £ is any non-zero element of X

0 =v(1) = v(£67") = v(§) +v(§™).
Hence v(§71) = —v(f).
In the mapping £—>v(§) of 2 on I'it may happen that not all

elements of I" appear as the images of elements of 2. If @ and b
are two elements of I" which are images of elements £ and 7 of 2,

respectively: v(€)=a, v(y)=0>,

then v(En) = a+b, o(E) = —o(f) = -

hence the elements of I" which are images of elements of X form a
subgroup I'* of I'; and we can define the same valuation of X' by
using I™ instead of I'. It is usually convenient to do this, and in
future we shall assume that every element of I'is the image of some
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element of 2. I'is then called the valuation group of the valuation,
and v(§) is called the value of &.

(3) The second condition for & mapping of 2 on I" to be a valua-
tion is an inequality:

(€ +7) > min [v(£), v(1)].

We now show that this inequality can be replaced by equality in
the case in which v(£) and v(n) are unequal. Let us suppose that

v()>v(n). L= £+,
v(€) = min [v(£), v(n)] = v(7).
But we have v(y) = v(-§)
> min [v(£), v(—£)]
= min [v(£), v(§)].

Since v(n) <v(§),
we must have min [v(£), v(§)] = v(£);
hence v(n) = v(§).

Thus »(y) = v({), and it follows that

v(E+17) = v() = v(n).
Thus if v(§) +=v(y), we have

v(€+7) = min [»(£), v(7)].

(4) In defining a valuation, we have excluded the element zero
of 2. Sometimes we shall find it convenient to define formally a
value of zero, which is not an element of I', and to denote it by oo.
If we assume that the conditions of (i) and (ii) defining a valuation
hold when we include the value of zero, (i) tells us that

0 =v(0) =v(0x§) = v(0) +v(§)

= a0 +v(§);
and (ii) tells us that

0 = (0) = v(§ —£) >min [v(§), v(—§)] = v(£).

Thus oo has two of the properties of ‘infinity’ as it is used in analysis.
As a general rule co behaves in the same way as the infinity of
analysis, but the reader is warned not to assume any property
of it which has not been proved.
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A valuation is thus sometimes regarded as a mapping of the
whole field 2’ on (I, 00), rather than as a mapping of the non-zero
elements of X' on I

Having established the foregoing elementary results, we now
pass to a more detailed study of a non-trivial valuation B of a
field 2’ to a valuation group I'. Let us consider the set of elements
of 2 whose values are non-negative, together with the zero of X.
If £ and 7 are two elements of this set, we have, from (i),

v(€n) = v(§) +v(y) >0,
and v(§+7) = min [v(§), v(y)] = 0.

Hence the set of elements in question form a ring R, which we call
the valuation ring of B. Since B is not a trivial valuation, there
exists an element { of 2 whose value in I"is not zero. Then either
v(§) or v({™1) = —v({) is negative, and hence either { or {~! is not
in R. Therefore RN is a proper subring of X, and since it contains
unity and has no divisors of zero, it is an integral domain. If { is
any element of X, either {is in R, or v({) < 0,in which case v({1) > 0,
and therefore {~1isin K. It follows that 2'is the quotient field of R.

Next, let us consider the elements of 2 (including zero) whose
values are positive. If § and 7 are two such elements, we have,

from (1), o(E—n) > min [0(8), o(n)] > O,
and if { is any element of R, v({) > 0, and hence, from (i),

v(E8) = v(§) +v(£) > 0.

Hence the elements considered form an ideal p in R. This ideal p
is clearly a prime ideal in R. For if £, 7 are two elements of #t which

do not lie in p, () =0, v(y) =0,
and hence, by (i),  v(&y) = v(§)+v(y) =0,

and therefore £7 is not in p.

If ¢ is any element of R, its inverse {1 lies in R if and only if
v(§1) > 0, that is, v({) < 0. But since {isin R, v({) > 0. Hence § has
an inverse in R if and only if it does not lie in p. Hence p is the ideal
of non-units of R. 1t is clearly maximal in R. For if i is any proper
factor of p, it contains an element { of R not in p; hence v(§) = 0.
Therefore {1 lies in R, and so {~1¢ = 1 lies in i; that is, i is the unit
ideal.
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p is usually called the ideal of the valuation B.

Now consider any proper ideal i of R. If { is any element of i,
v(§) > 0, for otherwise R would contain {1, and so i would contain
1§ = 1, and be the unit ideal. Hence

i=0 (p)

If £ is any element of i, and if # is any element of R such that
v(n) = v(£), then v(n/£) > 0,and therefore 7/£ isin R. Hencen = (y/£)§
isin i. Thus the elements of 2 which lie in i are just those elements
whose values in (I', c0) lie in a set £2 with the following properties:

(i) the elements of (2 are non-negative;

(ii) if @ is in £ and b is any element of I" (or o0) such that b>a,
then b is in £.

Any set in (I', c0) with these two properties is called an over-class
of (I',o0). Conversely, given any over-class £ of (I',00), the ele-
ments of 2, including zero, whose values are in £2 form an ideal of R.
To see this, let 2 be any over-class of (I',00), and let S be the set of
elements of X' whose values are in £. Since £ contains infinity,
§ contains the zero of 2, and since each element of 2isnon-negative,
S<R. Again, if §, 7€ 8, and, say, v(§) = v(7),

(€ — 1) > min [v(§), v(n)] = v(y),

and since v(y)e 2, it follows that v(§—7)e 2, that is, {—9neS. If
¢ is any element of R, v({) > 0. Hence

(&) = v(§) +v(§) > v(E).

Therefore {£€ S. Hence 8 is an ideal in R.

Ifiis anideal of R, and 2is the corresponding over-classin (I",00),
£ may or may not have a smallest member. Suppose that it has
a smallest member a, and let { be an element of i such that v({) = a.
If £ is any element of i, v(§) >a = v({), and therefore v(£/§) > 0.
Hence 7 = §£/{ is in R. Therefore any element of i can be written in
the form %{, where 9 is some member of f . Thus i is a principal ideal,
having a basis consisting of the element {. Suppose, conversely,
that iis an ideal in &R having a finite basisw,, ...,»,. Wemay suppose
that this is arranged so that v(w,) < v(w,) < ... <v(w,). Then, just as
above, we show that w; = p,0; (! =2,...,7), where p; is in R.
Hence the basis for i can be reduced to the single element w,,
so that iis a principal ideal. v(w,) is then in the corresponding

HP III 12
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over-class 2. If {is any element of i, { = pw,, where p is in R, and
v(§) = v(p) + v(w,) > v(w,;). Hence 2 has a first member. In some
valuation groups of a field, every over-class has a first member, and
hence every ideal in the ring of the valuation is a principal ideal.
But examples can be given of valuation groups in which there are
over-classes which have no first members. The corresponding ideals
of the valuation ring cannot have a finite basis.

If i, and i, are ideals in the ring R of a valuation B of X, and if
i, contains an element ¢ not in i,, the value v(7) of any element 3
of i, is greater than v({). Since v(n) > (), (9§~1)§ = 7 must lie in
i,;, and so i, <1i,. Hence, given any two ideals in R, one of them must
be a factor of the other.

Let us now find the prime ideals of R, by considering the corre-
sponding over-classes of (I',00). If i is a prime ideal of R, 2 the
corresponding over-class, let us consider two non-negative elements
a and b of I" which do not lie in 2. Then there exist two elements
£ and 7 of R which do not lie in i such that

v(€) =a, o(y)=>b.

Since i is prime, £7 is not in i; hence v(£y) = a +bisnot in 2. Hence
the non-negative elements of I' which are not in £ form a set
closed under addition. We show that this implies that the non-
negative elements of I'notin £2, and their negatives, form an isolated
subgroup 4 of I'. We first see that they form a subgroup. If e and b
are either non-negative and not in 2 or else are the negatives of
such elements, we prove that a+b and —a have the same pro-
perties. We have already seen that if >0 and >0, a+b is not
in 2. If —a>0, —b>0 and are not in 2, —(a+b)> 0 and is not
in 2, hence (a+b) is the negative of some positive element of I"
which is not in Q. Finally, if say, a >0, b <0, we consider first the
case in which a+b6>0. Then a>a+56>0 is not in 2, and hence
a +b, which is non-negative, isnot in Q. Ifa+b<0, —a—b>0and
—b>—a—b>0; hence —a—b is positive and not in L, since —b
is not in 2. Thus the elements in question form a subgroup 4. If
a is any positive element of 4, and b is any positive element of I
such that a > b, bis not in 2, hence it is in 4. Therefore 4 is isolated.

Conversely, if 4 is an isolated subgroup of I, it is clear from the
definition of an isolated subgroup that the positive elements of
(I",00) which are not in 4 form an over-class 2, and that the ideal i
corresponding to 2 is prime. The ideal p of non-units of R clearly
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corresponds to the isolated subgroup of I' consisting of zero only.
Hence we have:

THEOREM 1. If B is a valuation of the field X' to (I, o0), the elements
of 2 whose values are non-negative form a ring R. If k is the rank of T,
and I, ..., I'y are the isolated subgroups of I':

I'sI>..oI',=0,

there are k prime ideals p,, ..., p;, in R. The elements of p, are the
elements of R whose values are not in I';. Also p; = 0 (py,,), and
P =, 18 the ideal formed by the non-units of R, and s a maximal
ideal of R.

The purpose of the next theorem is to show that a valuation is
uniquely determined by its valuation ring.

TuEOREM II. If B, and B, are two valuations of X, to (I';,0) and
(I'y, 00) respectively, which have the same valuation ring R, then I
18 1somorphic to I'y, and if these are identified, v (§) = v4(§) for every
element £ of 2.

We first show that if £ and 9 are two non-zero elements of X' such
that v;(£) = v,(7), then vy(§) = vy(n). If v (§) = vi(n), vy(£fn) = 0O,
and therefore £/n is a unit of M. Hence v,(§/y) = 0, that is,
vy(E) = vy(n). Similarly, if v,(€) = v,(7), then v,(£) = vy(7).

Let a, be any element of I, and let £,7, ... be elements of X
such that

v() =o) = ... =a.

By the results we have jﬁst proved,

v(8) = vy(n) = ...,

and if this common value in I is a,, a, determines a, uniquely.
Similarly, any element a, of I'; determines a unique element of I,
and a one-to-one correspondence is established between the two
groups. We have to show that this correspondence is an isomor-
phism, in which the ordering is preserved. Let a, and b, be two
elements of I}, a, and b, the corresponding elements of I',, and let
£ and 7 be elements of 2 such that

() = ay, () = by, vy(E) = ay, vy(7n) = by
Then v1(7) = a;+b;, vy(En) = ay+by;

hence a, + b, corresponds to a,+b,. The correspondence is thus an
isomorphism. Ifa, >0, and v,(£) = a,, £isanon-unit of i, and hence

12-2
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a, = vy(£) is positive. Hence ordering is preserved, and the theorem
is proved.

Given a field 2'and a ring R in it, it is important to be able to tell
whether R is the ring of some valuation. In the first place i must
be an integral domain, and 2 must be its quotient field. Moreover,
if 2'is a function field of an algebraic variety defined over the ground
field K, and if the valuation satisfies condition (iii), p. 172, any
element of K other than zero has value zero, and is therefore in .
Hence K = R. In addition to these elementary conditions, which we
shall assume are satisfied in what follows, i must satisfy further
conditions in order that it be a valuation ring.

THEOREM III. An integral domain R is a valuation ring of its
quotient field X if and only if it has the property that if £ is any element
of 2, then either & or £ belongs to R.

The necessity of the condition has already been proved. We
therefore consider the sufficiency, and suppose that R is an integral
domain satisfying the conditions of the theorem. If R =2 it is the
valuation ring of 2’ for the trivial valuation, and the theorem is
proved. Suppose,now, that R does not coincide with 2. The elements
of %, other than zero, form a commutative group G under multi-
plication. The elements of R whose inverses in 2’ also lie in R
likewise form a commutative group G, under multiplication in X,
which is a subgroup of G. The fact that these groups are written as
multiplicative groups and not as additive groups is purely a
question of notation, since they are commutative, and we can define
the factor group G/G, as in §1. This factor group is also a com-
mutative group, and can be written as an additive group I'. Every
element { of X, other than zero, thus determines a unique element
of I', which we denote by v({). The elements which map on the
zero of I" are just those which lie in ;. Clearly »(1) = 0. Since the
mapping of the multiplicative group X' (zero excepted) on the
additive group I"is a homomorphism, we have

v(En) = v(E) +o(n). 1)
Let a, b be any two elements of I', and let §, £, ... be elements of
2’ such that ,
() =v(E)=..=aq,

while 7,7’, ... are elements of 2 such that

v(p) =v(y)=..=0.
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By hypothesis, £§/5 or 5/§ (or both) lie in R. Suppose that /7 lies
in R. Since £ and £’ both map on the element a of I', §'/£ is in G,
and hence in R. Similarly, #/y’ lies in R. Therefore

Eln' = (&'1€) (n[n’) (&n)

lies in ®. Thus &/9,& [y, ... all lie in R. We then write @ > b, and
b<a. If, also, b >a, we must have £/5 in G, hence § and 7 must
map on the same element of I', that is, @ = b. Conversely, a = b
implies that £/n liesin G;; hencea >band b>a. Ifa >band a$b we
write @ >b. We see that a >0 implies that £ = §/1 is in R while
£ 1lisnotin R.

(i) Ifv(£) <0, £isnot in R. Hence £-1isin R, and its inverse is
not. Therefore v(§~1)>0. But 0 = v(1l) = v(§.£71) = v(§) +v(E~L).

Hence —o(E) = o(EY) > .

(i) Ifv(£)>0,v(n) >0, £and 5 are in R. Hence £y isin R, that is,
v(En)=0. If v(fy) =0, &y is in G,, and hence it has an inverse
¢ in R. Then &9 = 1, so that 5 is the inverse of £ and lies in R.
Hence v(£) = 0, and we have a contradiction. Therefore

v(€) +v(n) = v(€n)> 0.

Thus we have an ordering of I.

By (1), the mapping § - v(§) of 2’ on I'satisfies the first condition
for a valuation. To prove the second condition, let £ and 7 be non-
zero elements of X, and suppose that v(§) >v(n). Then £/y is in R.
Since unity is also in R, 1+ £/ is in R. Therefore

v(L+£[n) = v(§+n1)—v(n) =0,
and hence v(E+7) > v(n) = min [v(§), v(n)].

Thus the mapping £ - v(§) of the non-zero elements of 2 on I'is
a valuation, and R is therefore a valuation ring.

If the quotient field X of R is the function field of an algebraic
variety over K, we must have K <R. Then if a is any non-zero
element of K,a'isalsoin K, and hencea and a—! arein G,. Therefore
v(a) = 0, and the third condition is satisfied.

Before considering a second characterisation of a valuation ring
it is convenient to prove a lemma.

Lemma. If the integral domain R has the property that any proper
extension of it which lies in the quotient field X of R contains the
inverse of a non-unit of R, then R is integrally closed in 2.
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Let ®* be the integral closure of & in 2. If R is not integrally
closed, R*> R, and hence, by hypothesis, there exists a non-unit
£ of R whose inverse £~ lies in R*. Since £—1isin R*, it is integrally
dependent on R; hence we have a relation

Erta b+ ta, =0 (a;€R),
and therefore 1+a,§+...4+a,E"=0.
If N =—(a,+a§+... +a,E),

7 lies in R, and is the inverse of £, which contradicts the fact that
£ is a non-unit of ®}. Hence the assumption that R is not integrally
closed in X' is false.

From this lemma we prove

THEOREM IV. The ring R of a valuation B of X is integrally
closed in 2.

Since N consists of all those elements of 2 whose values in B are
non-negative, any proper extension of t in 2 will contain an
element § such that v({) <0. Then »({~1) > 0, that is, {~! is a non-
unit of R. Hence R has the property that any proper extension of
it in 2 contains the inverse of a non-unit of R. Thus, from the
Lemma, % is integrally closed in .

We now come to our second characterisation of a valuation ring.
We have already established the following properties of a valuation
ring R: (i) the non-units of R form an ideal in R; (ii) any extension
of R in X contains the inverse of a non-unit of R. These two pro-
perties are sufficient to characterise a valuation ring; precisely, we
have to prove

THEOREM V. An integral domain R is the ring of some valuation
of its quotient field X if and only if it satisfies the two conditions
(1) the non-units of R form an ideal in R, and (ii) any proper extension
of R in X contains the inverse of a non-unit of R.

We note that if 2'is the function field of a variety defined over the
ground field K, and the valuation is required to satisfy the condition
that v(a) = 0 for any non-zero element a of K, we must add to
Theorem V the condition that K is contained in R.

The proof consists in showing that a ring R which satisfies the
given conditions satisfies the condition of Theorem III for a valua-
tion ring. We have to show that if R satisfies the conditions of
Theorem V, and if £ is any non-zero element of 2, then either £ or
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£~ must lie in R. Suppose that, for a given £, £~ does not lie in R.
Then R[£-1] is a proper extension of R. By hypothesis, R[£-1]
contains the inverse of some non-unit % of R, so that

7l=ay+a &1 +...+a, 8" (aeR).
Hence (Y—agn)Er—apgr——...—a,n=0.

Now a,7 is a non-unit of R, while 1 is, of course, a unit. Since the
non-units of R form an ideal, it follows that 1 —a,n must be a unit
of R. Hence it has an inverse { in . Therefore

§—afEr—t—...—a9f=0;

that is, £ is integrally dependent on . But, by the Lemma proved
above, the conditions of Theorem V imply that R is integrally
closed in 2; hence £ is in ®. Thus we see that if £ is any non-zero
element of X, either £ or £-1 lies in R, and therefore, by Theorem
III, we conclude that % is a valuation ring.

Theorem IV tells us that the ring of any valuation is integrally
closedinits quotient field. Suppose that we have any set of valuations
B, B, ,... of the field X, and let R,, R,, ... be their valuation rings.
Let R be the set of elements of X common to R;, R,,.... If x and #
are any two elements of R, a + f and o must lie in each of the rings
R, Ry, ..., and hence must lie in R. Hence R is a ring. If {is any
element of X which is integrally dependent on R, { is integrally
dependent on each of the rings $R,, R,,.... But these rings, being
valuation rings, are integrally closed. Hence { lies in R, R,, ...,
and therefore { lies in f. Thus R is integrally closed in 2, and
therefore in its quotient field, which is contained in 2. The following
converse of this result is important.

TaEOREM V1. If R is an integral domain which is integrally closed
in the field X, R is the intersection of the valuation rings of X which
contain ut.

We shall at present only prove this theorem when X'is the quotient
field of K. The extension to more general fields X' (containing : and
hence its quotient field) will be a simple consequence of Theorem
VII. In applying the result to algebraic geometry it is usually
desirable to impose the condition that & contains the ground field
K ; then all the valuations whose rings contain R have the property
v(a) = 0, where a is any non-zero element of K.
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To prove Theorem VI, our first step is to show that if £ is any
element of 2 which is not in &, there exists a ring R, in X which
contains R but not £, and which is a valuation ring of its quotient
field. Since £ is not in R, and since N is integrally closed in 2,
£ cannot be contained in R[£1]; for if

E=ap+a,&1+...+a, 8" (a;€R),

frl—aybr—...—a, =0,
and it would follow from the fact that R is integrally closed in X
that £ was in R.

Now let us well-order the elements of X' which are not in R[g“l],
and then, by transfinite induction, construct a function ¢(x) of these
elements satisfying the conditions:

(i) é(x) =1, if the ring obtained by adjoining to R[{1] the
element = and the elements ¢(y)y, for all elements y which pre-
cede z, does not contain £;

(ii) ¢(x) = 0, otherwise.

Then the set of elements of X consisting of R[£~1] and the
elements ¢(x) z as x ranges over X' — R[£~1]is clearly a ring, which we
denote by R;,. If X is its quotient field, 2= X, > (the quotient field
of R). We prove that R, is a valuation ring of X;. In the first place,
any extension of R, in 2 is an extension of R, in 2. But any exten-
sion of §,in 2 must contain some element x of X for which ¢(x) = 0.
By the definition of ¢(z), it follows that this extension contains £,
which is the inverse of {1, a non-unit of R,. Hence any extension
of R, in Z; contains the inverse of a non-unit of R,. It follows
from Theorem V that to prove that R, is a valuation ring we have
only to prove that the non-units of §, form an ideal in R,. If the
non-units of R, do not form an ideal, there must exist two elements
{’ and 7’ of R, which are non-units, such that « = {’+7’ is a unit.
Then { = a~1{’, » = a1y’ are non-units such that {+7 = 1. We
show that this is impossible.

Since { and 7 are non-units of R, {~! and y~* are not in R;.
Hence R,[{~1] and R[] are proper extensions of R, and there-
fore contain . Hence

E=ay+a, 81 +...+a, " (a;€Ry),

E=0by+by1+...+b7* (b;eR,);
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therefore, if { = max[r, s],

£=alfl= ﬂ/"]')
where o and f are in R;. Let p and q be any two non-negative
integers such that p +¢ = ¢. Then

(nPLeE) = (L&) (n'E)P = a2f3®.

Hence 97{% is integrally dependent on ®,. But, by our lemma,
R, is integrally closed. Hence y7{% = where c,, is in R;. Now

£=n+&y¢
t

-E()rewe=5)

Cppr

and hence £ lies in R,. This is a contradiction, and from it we
conclude that the non-units of R, form anideal. Hence [Theorem V]
R, is a valuation ring of Z,.

If X'is the quotient field of &, Z; = X, and hence R, is a valuation
ring of 2. Now R, is a valuation ring of 2 which excludes £, but
contains R. Hence as £ ranges over the elements of 2 which are
not in R, we obtain a set of valuation rings, each of which contains
R, but whose intersection does not contain any element £ of X
which is not in ®. R is therefore the intersection of these valuation
rings, and Theorem VIisproved in the case in which X'is the quotient
field of R.

If X is an extension of the quotient field of R, the same argument
will hold if we can prove that 2, coincides with 2. In Theorem VII
we shall show that if X, is a proper subfield of Z, there exists a
valuation ring R} of X such that R, 2, = R,. Now Rf is a proper
extension of i, (since its quotient field 2 is a proper extension of
Z;). Hence, by the characteristic property of R, R} contains £.
Since X, also contains £, R¥, 2, must contain §, and we have a
contradiction. It follows that 2; = Z, and the proof of Theorem VI
is complete.

Let X, and X, be two fields, and suppose that 2, >2,. Consider
any valuation B, of 2, and let I'; be its valuation group, R, the
ring of the valuation. The mapping of 2, on I'} induces a mapping
of 2, on I'}, or on a subset I', of I'}, which is at once seen to be a sub-
group of I';. I',is an ordered additive group, and it is clear that the
mapping of X, on I, induced by B, is a valuation B, of Z,. The
elements of the ring R, of B, are those elements of 2, which map
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on non-negative elements of I',, that is, those elements of X,
which lie in X, and map on non-negative elements of I;. Hence

%2 = mlhzz.

Thus any valuation of a field 2| induces in this way a unique
valuation of any subfield X, of 2, (which may, of course, be a trivial
valuation). The valuation B, is called the induced valuation of
Z, determined by %B,,-and B, is called an extended valuation of %B,.
The question then arises whether, given an arbitrary valuation
B, of X, there exists in a given extension X, of X, a valuation B,
which is an extended valuation of 8B,. This is answered by

TrEOREM VII. If 2* is any extension of the field X', and B is any
valuation of X, there exists at least one valuation of X* which is an
extended valuation of B.

If 9B is a trivial valuation of 2, the trivial valuation of 2* satisfies
the requirements of the theorem. We may therefore confine our-
selves to the case in which the valuation group I' has non-zero
elements. By convention, we have agreed to consider only valua-
tions to groups of finite rank. If k is the rank of I', we denote its
isolated subgroups by I, ..., I}, where

Irsr,>..oI,=0.

I, 4/, =~ I',_, is Archimedean-ordered [§1, Th. V]. Let a be
a positive element of I',_,, and let b be any positive element of I
Ifbisnotin I',_;, b>a, and, if bisin I'_;, there exists an integer n
such that nb>a, since I_; is Archimedean-ordered. We choose
some element § of 2 such that v({) = a. It follows that if § is any
element of X' whose value is positive, then there exists an integer
n such that »(&") > v({).

Let R be the valuation ring of 8. Since v({) >0, {is in R, and
is a non-unit of this ring. We construct the ring #* = R, in Z*,
as in the proof of Theorem VI. This is a valuation ring. To prove
Theorem VII, we have to show (i) that R*, 2 = R; and (ii) that the
quotient field of R* is 2*.

(i) B*2R and T2 R; hence R = R*,Z>R. Suppose that R
is a proper extension of R. Then it contains the inverse of a non-unit,
say &, of R, since N is a valuation ring for 2. We have seen above
that there exists an integer » such that v(£")>v({). Hence £7/¢
is contained in R. Now N>R and £-1eN; hence N2 R[E-1]. It



2. VALUATIONS OF A FIELD

187

follows that (£7/¢) £ = {-1liesin R. Since R < R*, {1e R* = R,y
which is not the case, since by construction R* does not contain
¢1. Hence our assumption that N is a proper extension of R is false.

(ii) We first show that R* is a proper extension of R. Suppose
that this is not the case. Then any extension of R in 2* contains
¢, In particular, if £ is any element of 2* not in X, R[£] and R[E]

both contain {~1. Hence we have equations
an+an_1g+...+a0€"’ = C—l (aiem),
CotCiEt+... e ™ =81 (c;eR).

Hence bob™+ b, 1+...4+b, =0,

and dob™+dEm 1+ ... +d,, = 0,

where b;=a,{=0(p) (=0,..,n-1),
by, =a,{—1+0 (p),

and di=¢;{=0(p) (r=1,...,m),

do = co{—1%+0 (p),

where p is the ideal of non-units of R. The equations
box™+...+b,=0
and dox™+...+d, =0

have a common root; hence their resultant D vanishes.

1V, §3]

D=\|d, d, . . d,
: d, d, d,,
0 bl bn
0 b, b,
by by b,
= dgby (b).

But

Hence d3b™ = 0 (p). This, however, is impossible, since d, and b,
are not in p, and p is prime. Our assumption is therefore false, and
R* is a proper extension of R. Since R*, 2 = R, there must be
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elements of B* which are not in X, and it follows that the quotient
field 2" of R* is a proper extension of X'

2*22' o

If 27 is not equal to 2*, we can begin again with ®* in place of
R, and construct a ring f** which is a proper extension of R*, and
has the property R**,2" = R*. Now {eXcl’; hence {! is
in 2’. Since R** is a proper extension of R* and lies in 2*, it
must, by the method of construction of R*, contain {-1. Hence
R* contains {1, which again is a contradiction. Hence X’ = X*,
that is, the quotient field of R* is Z*.

There exist a number of theorems concerning the possible
valuations of X* which are extensions of a given valuation of X,
when 2* is derived from X' by some standard process, such as
algebraic extension or the adjunction of indeterminates. We shall
prove later such theorems of this type as we shall require for the
purposes of algebraic geometry, but as a preliminary we must
prove some results concerning sets of valuations of a given field 2.

THEOREM VIII. If R, and R, are two valuation rings of a field X,
and Y, and D, are the ideals of the corresponding valuations (that s,
the ideals of the non-units of R, and R, respectively),

1) of R, <N, then p,<y; and the rank of R, > rank of R,;

(i) of R, ER,, then there exists an element £ in X which is a unit
of R, and a non-unit of R,.

The rank of a valuation is the rank of its valuation group.

We can omit the case i; = N,, since in this case the valuations
are the same [Theorem II].

(i) If £ is a non-unit of R,, £~ is not in R,, and hence is not in
R, <R,. Therefore £ = (£-1)~! is a non-unit of R,, and therefore
we have p,=p,. Let # be any element of R, which is not in R,.
Then 7+ 1 is in R, and not in R,;. The elements » and 5 + 1 cannot
both be non-units of R,, since the non-units of R, form an ideal
p, which does not contain (y+1)—7» = 1. Hence we can find a
unit 7 (equal to 5 or 7+ 1) of R, which is not in R,. Then { = 71
is a unit of R, which is a non-unit of R,. It follows that there are
elements of p, which are not in p,. Therefore

P2 =Py
Now let B, be any ideal of R,, other than the unit ideal.

PBospop, < Ry;
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hence 9B, is contained in R,. To see that B, is an ideal of R, it is
sufficient to observe, first, that if « and £ are two elements of ,,
a— B isin B,, since P, is an ideal of R,, and, secondly, that if « is
in P, and p is in R,, p is in R,, since R; = R,, and therefore pa is in
B,. If B, is a prime ideal of R,, let y and & be two elements of R,
such that yde B,. Then y and & belong to R,, and hence v or ¢ is
in B,. Hence B, is a prime ideal of R,.

Thus any proper prime ideal of R, is a proper prime ideal of R,,
and in addition y, is a proper prime ideal of ;. Hence R, has more
prime ideals than R,. But the number of prime ideals of a valuation
ring is equal to its rank [Theorem I]. Hence the rank of R, is
greater than the rank of R,.

(ii) If N, ¢ N,, there exists an element y in R, which is not con-
tained in R,. Replacing 7, if necessary, by 7+ 1 (as in (i)), we may
suppose that # is a unit of R, which is not in R,. Then § = y~1is
a unit of R, and a non-unit of R,.

The following generalisation of Theorem VIII (ii) is sometimes
useful. It concerns any finite number of valuation rings R,, ..., R,.
These rings all have zero and unity in common, but we shall make
the assumption that they have in common at least two elements
o and £ which are units of R, (for s = 1,..., k) and are such that

‘a— B is also a unit of each of these rings. This assumvtion is alwavs

SavisIied 1N tne case Ol Ulle Valuatlons OI an algenralC Iunculon ueiaq,
since the rings R, ..., N, all contain the ground field K, of character-
istic zero, and any non-zero of K is a unit of ;.

THEOREM IX. If Ry, ..., R, are valuation rings of a field X having
the properties (a) R, ER; G=1,..,k; j=1,..,i—1,i+1,...,k);
(b) there exist elements o and B in Ry Rop ... A Ry such that o, f,aa—f
are units of M, (¢ =1,...,k); then there exist elements &, ..., &, in
RiaRon ... Ry, such that

E:=0(p;) (1),  &+0 (py).

The case & = 2 has already been proved in Theorem VIII (ii).
Suppose that it has been proved for £ — 1 rings (k> 3). Then there
exists an element 7;; of Zlyingin R,, ..., R,_;, R,4, ..., Ry, which is
a unit of R; and a non-unit of R, (for all ¢ different from ¢ and j).
If 9,;is in R, we write §;; = 7,5 If 7;;is not in R;, 9;;' is a unit of R,
and is a non-unit of R;, but does not lie in R, (¢+7,5). 7' —« and
733 — B are both in R; and in R, but are not in R, (¢+1, ). They are
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both units of R, (since « and £ are units), and one at least is a unit
of ;. For, if they were both non-units, (7;;' —a) — (7;'—8) = f—«
would be a non-unit, contrary to hypothesis. Suppose that 7;;! —«a
is a unit of R;. Then if {;; = (31— )7L, §;is in R,; it is & unit of
R;, and a non-unit of R, (¢+1,5).

Let
£ =118
1]

Since §;+0 (p;) for ¢ =1,...,5—-1,j+1,...,k, and p, is prime,
£;%0 (p,). If t+j, we can choose i different from j and ¢ (since
k> 3), and for this value of j

Q‘j =0 (p).
Hence £, =0 ().

Thus £,, ..., £, have the required properties.
We conclude this section by proving a preliminary result on the
extended valuations of a valuation B of a field 2, when 2* is an

R b . ~ — P - -

LA

zero element of 2'*, and let
ago"+...+a, =0

be the algebraic equation with coefficients in 2" which it satisfies
(1<n<r). There are at least two non-zero terms in this equation.
If all the non-zero terms of this equation had different values, it
would follow from the preliminary result (3) of this section that

v¥(a,0™+ ... +a,) = min[v¥(a,o"), ..., v*(a,)],

and is therefore finite, whereas v*(0) = co. Thus there must exist
two terms a;0"~* and a;0"~ which have the same (finite) values
in B*. If j > 7, weobtain (j — ¢) v*(0) = v*(07~%) = v¥(a,/a,) = v(a,/a,).
Since 0< ¢ <j <r, for every element o of 2*, j—1¢ is a factor of r!,

and hence rlv¥(0) = v([a,fa,J16-0)

is equal to the value in B of some element of 2.
Now I'is a subgroup of I'*, and it has the property that r! times
any element of I'™* isin I'.
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Let I'* be of rank k, and let

I'*sIr¥>..oT¥=0

be its isolated subgroups. Then I'}, I'oI'},,,I', and it follows at
once from the definition of an isolated subgroup that I'¥#,I" is an
isolated subgroup of I'. Further, it can be verified at once that
I}, I'|I'¥ I is isomorphic to a subgroup of the additive group of
real numbers; hence it is Archimedean-ordered. It follows that all
the isolated subgroups of I" are in the sequence

Irsr¥,ra...ory,r'=o0.
To show that I is of rank %, we have only to show that
F?APDF?-HAF-

Let o be any positive element of I'} which is not in I'}, ;. Then r!a
is contained in I'}¥ and in I'; that is, rlae ¥, I". If rlaelf, T,
rlae I}, ,, and since r!lo > a > 0, it follows from the definition of an
isolated subgroup that ce I'¥, ,, and we have a contradiction. Hence
there are elements of I'¥,I" which are not in I'f,,,I". Hence
r¥, rorg,,I. Thus I and I'* are of the same rank. Again, if
I' is discrete, that is, if it is isomorphic with the additive group of
integers, it follows that I'* is also discrete. For I'* is of rank one
and has a first positive element « (> 1/r!). If #is any other positive
element of I'™*, and na < f < (n+ 1) a, then f#—na >0 is an element
of I'*, and is therefore either zero or > a. Since f—na < «, it follows
that # = na. Since I'* contains na for all values of n, the fact that
I'* is discrete follows immediately. We thus have

THEOREM X. If 2* is an algebraic extension of X of finite degree,
any extension to X* of a rank k valuation (a discrete valuation) of X
8 of rank k (discrete).

We can use this result and Theorem VIII (i) to prove that if
B and B} are two distinct extensions of a valuation B of X,
where 2* is an algebraic extension of X' of finite degree, then the
valuation ring of one cannot contain the valuation ring of the other.
Using this result we can then apply Theorem IX to any finitenumber
of distinct extensions of B to 2*.

Indeed, by Theorem VIII (i), if the valuation ring R¥ of BY is
contained in the valuation ring R} of BF, the rank of B is greater
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than the rank of B¥. But, by Theorem X, the ranks of 8¥ and of
B¥ are equal to the rank of B. Hence we have a contradiction.
Thus we must have R} & R¥, R¥ £ R,

3. Residue fields. Let X be any field, B a valuation of X' to
the valuation group I",and, as usual, denote the ring of the valuation
by R, and the ideal of non-units of # by p. Then p is a maximal
ideal of & [§ 2, Th. I]; hence [XV, §3, Th. ITI] the remainder-class
ring R/p is a field. We call this the residue field of 8. The image of
any element £ of R in R/p is called the residue of §. If R contains
a field K, every element of K, other than zero, has an inverse in K,
and hence in R, and is therefore a unit of R. Thus every non-zero
element of K maps on a non-zero element of R/p, which therefore
contains a field K not consisting of zero only, on which K is mapped
homomorphically. By Theorem I of Chapter XV, § 3, K isisomorphic
with K. Thus when X is a function field over a ground field K, and
8 is such that v(a) = 0 for every non-zero element of K, the residue
field of B contains a field K isomorphic with K. The field R/p is,
of course, only defined to within an isomorphism, but it is usual
in this case to identify K with K, and thus, in the case of a function
field over K, the residue field of any valuation is an extension of K.

Suppose that I'is of rank k, and let

I'sI'>..oI=0

be its isolated subgroups. To each of the subgroups I, ..., I';, there
corresponds a prime ideal, p,, ..., P, of R. Let 4 be any isolated
subgroup of I'; if A = I, it is clear from Theorem V of §1 that
I'|T; is of rank 4, and I is of rank k —4. We shall denote the rank
of 4 by k', and the prime ideal of R corresponding to 4 by ‘B.
If £ is any non-zero element of X, it is mapped by the valuation B
on an element v(§) of I', and in turn the mapping of I" on the factor
group I'/4 leads to a mapping of £ on an element v'(£) of I'/4. We
prove that this mapping £—v'(§) is a valuation of 2. In the first
place, we know that I'/4 is an ordered additive group. Next, if
£, 7 are any two elements of X, £y —v(€n) = v(€) +v(n) of I', and this
maps on v'(§) +v'(y) of I'/4, by the known properties of the map-
ping of a group on its factor group. Finally, since we know that if
a and g are elements of I" such that o> f, then o and # map on
elements o’ and g’ of I'/4 such that o’ > f’, we have, from the

relations E+n—>v(E+n)=min[v(§),v(y)] = 6,
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that E+n—>v'(E+7) 2min[v'(£),v'(9)] = .

Thus the mapping on I'/4 is a valuation 8’, say. If a’is any element
of I'/4, a any element of I" which corresponds to a’ in the mapping
of I'on I'/4, there exists an element £ of X' such that v(§) = . Then
v'(§) = &'; and it follows that the valuation group of B’ is I'/4.
It is then clear that B’ is a trivial valuation if and only if A=1". In
the general case, the rank of B’ is k—£’.

Let us now determine the ring of the valuation B’. Let £ be any
element of X such that v’(§) > 0. Then there exists some element a
of 4 such that v(§) > a. We define an element 7 of X as follows:
if «20, =1, and if a<0, 7 is some element of R such that
v(n) = —a. Then if { = &7, we have, in both cases, v({) > 0, that is,
{isin R. Since v(y) is in 4, 7 is not in the prime ideal B of R which
corresponds to 4. Hence § = {/y is in the quotient ring Ry; of P.
Conversely, if {and 7 are two elements of R such that 7 is not in %,
and § = {/y, v'(§) =0, v'(9) = 0, and so v'(§) > 0. Hence the valua-
tion ring of B’ is Rg;.

The ideal of the valuation B’ is the ideal of non-units of Ry, that
is,itistheideal Ry; . P. Theresidue field of B'is, therefore, Ry / mcn B,
which is isomorphic with the quotient field of the remainder-class
ring R/P [XV, § 5, Th. XI, Corollary]. Itis also clear that if X'is an
algebraic function field over K such that v(a) = 0 for every non-
zero element of K, then v'(a) is also zero for every non-zero a in K.
The results proved are summed up in

THEOREM I. If B is a valuation of X of rank k to the valuation
group I', and if A is an isolated subgroup of I' of rank k', then there
exists a valuation B’ of Z'to I'|A, of rank k—k'. If R is the valuation
ring of B, and P the prime ideal of R which corresponds to A, then the
valuation ring of B’ is Ry, and the residue field of B’ is tsomorphic
with the quotient field of R/B.

In the case P = p (i.e. 4 = 0), it follows that Ry = K.

Preserving the same notation as in Theorem I, let X’ be the
residue field of B’. Let £’ be any non-zero element of 2”, and let
£,7, ... be elements of fg; which map on £’ in the mapping of Ry; on
R/ Rys . B Since £’ is not zero, £,7, ... donot liein Ry;. B, and hence

V() =v(p)=..=0,
and v(§), v(y), ... lie in 4.

HPIII 13
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Since £ — 7 maps on the zero of 2, it lies in Rg;. B, and hence v(£ — 1)
is greater than any element of 4. Hence

v(E—7)>v(n),
and therefore v() = v(E—n+n)
= min [v(§—7), v(7)]
= (7).

Thus £, 7, ... all have the same value in 8, and this value lies in 4.
This element of 4 is thus uniquely determined by £’, and we denote
it by v,(£’). We thus determine a unique element of 4 corresponding
to each non-zero element of 2’. Any element of A arises in this way
from at least one element of 2’. For if « is any element of 4, there
exists an element £ of X' such that v(§) = «. Since v(§)e 4, v'(§) = 0,
and hence { determines a non-zero element £’ of X’. For this
element we have v,(§') = «.

Let &7, £, be two non-zero elements of 2, and let £, £, be elements
of 2’ which correspond to them. Then

v,(£183) = v(£,8,) = v(£y) +v(Ey) = vi(£)) +v4(82)s
and

vy(£1 +£5) = v(§;+&,) > min [v(§,), (§,)] = min [v(£;), v:(&2)].

Hence the mapping §' —v,(§’) of 2" on 4 is a valuation of 2" to the
valuation group 4. We shall denote it by B,.

The valuation ring of B, is easily determined. For v,(§’) >0 if
and only if v(£) >0. Two elements £,7 of : determine the same
element of 2 if and only if £ — # lies in ‘B. Hence the valuation ring
of B, is isomorphic with R/B. The ideal of non-units of this ring is
p/B. Thus we have

THEOREM II. In the notation of Theorem I, the valuation B of X
determines a valuation B, of the residue field 2’ of B’ to the valuation
group A. The ring of this valuation B, ts tsomorphic with R|P, and
the ideal of the valuation is p/B.

The effect of Theorems I and II can be described as a breaking up
of a valuation ¥B of X of rank k (k> 1) into a valuation B’ of 2 of
rank k — k', and a valuation 9B, of the residue field 2 of B’ of rank £’.
We cannot, however, determine the value of any element £ of X
in B directly from a knowledge of B8’ and B, ; since if £ is an element
of X which is not a unit of the valuation ring of B’, its image £’
in X2’ is either zero or infinity, according as v'(§) >0 or v'(§) <0,
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and hence v,(£’) does not properly exist. Nevertheless, 8 is uniquely

determined by %8’ and B,. For it is determined if we know the

valuation ring R, and this is found as follows: £ belongs to R if either
v (g) > 0’

or V() =0 and v,(¢)=0,

¢’ being the residue of £ in B".

The following theorem is a converse of Theorems I and II:

THEOREM III. Let B’ be a valuation of X to the valuation group I",
and let X' be the residue field of B’. Let B, be a valuation of X' to the
valuation group A. Then there exists a valuation B of X which can be
decomposed, as in Theorems I and I1, into B’ and B,.

When 2'is a function field over the ground field K, and v'(a) = 0,
vy(a) = 0 for all non-zero elements a of K, then v(a) = 0 for all
non-zero elements a of K.

It is clear from the remarks made above that if B exists its
valuation ring must consist of those elements £ of X' such that either
v'(§)>0or v'(§) = 0and v,(§') > 0, where £’ is the residue of £ in B'.
Let N be the set of such elements £ of 2. We first show that R is
aring. Let &, be two elements of R.

(i) If v'(§) > 0, v'(n) > 0, then

v'(En) =v'(§)+v'(7)>0 and v'(§+7)>min[v'(§),v'(9)]> 0.
(ii) If v'(£) > 0, v’ () = 0, v4(n’) = 0, then
v'(§n) = v'(€)+v'(n)>0 and v'(E+7) ='(y) =0.

Moreover, since £ is a non-unit of the valuation ring of B’, its
residue £’ in B’ is zero; hence v, (£’ +7') = v,(7’) > 0.

(iii) If ¢'(§) = 0, v,(§') >0 and v'(y) > 0, the argument given in
(ii) tells us that

V(En) >0, v'(E+m) =0, v(E+7)>0.
(iv) If v'(§) = 0, v4(§') = 0 and v’ () = 0, v,(y') > 0, then
V(&) = V(E)+'(m) = 0, () = vi(E) +u (1) >0,
and v'(§+7)>min [v'(§),v'(y)] = 0.
Ifv'(E+7)=0,8+79"+0, and
(€’ +7") > min [v,(£'), v,(7")] > 0.
Hence in all cases, if £ and 7 lie in R, so do &7 and £+7; hence R
is a ring.

13-2
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To prove that % is a valuation ring, we use Theorem IIT of § 2.
Let ¢ be any element of . We have to show that either { or ¢t
lies in R. Suppose that { does not lie in R. Then either v'(£) <0, in
which case v'({~1) >0, or v'({) = 0 and v,({’') <0, where {’ is the
residue of {in ¥B’, and in this case we have v'({1) = 0, v,((§')1) > 0.
Hence in either case, {~! lies in R.

Let B be the valuation of 2 determined by R, and I"its valuation
group. The elements of R for which v'(£) > 0 form an ideal % in R.
For if £ and 7 are two elements of R such that v'(§) > 0 and v'(y) > 0,
and if p is any element of R, then

v'(§—7) > min [v'(€),v'(7)] >0,
and v'(pg) = v'(p)+v'(£) >0,
since v'(p) > 0. If o and 7 are two elements of &% not in B, then
v'(o7) = v'(0)+v'(1) = 0,

and hence o7 is not in B. Hence P is a prime ideal of R.

B therefore determines an isolated subgroup I'* of I. We can
then decompose B into a valuation B* of X' to the valuation group
I'/T'* and a valuation B} of the residue field of B* to I'*. The
valuation ring of B* is the quotient ring Ry;; hence it consists of
elements { = £/, where £ and 5 belong to R, and v(£) > 0 and v(7)
is in I'*. Hence it consists of elements ¢ such that v'({) > 0. The
valuation ring of B* therefore coincides with that of %B’, and 9B’
and B* may therefore be identified. Then I = I'/T*. The residue
field of B* is therefore 2’. The valuation ring of B} is the set of
elements of 2" which are residues of elements of 2'in R, and hence it
coincides with the valuation ring of B,. Thus we may identify I'*
with 4. The valuation B can therefore be decomposed into the
valuation B’ of 2 and the valuation B, of the residue field of B'.

The valuation B of 2'is said to be compounded of B’ and B,.

A particular case of some interest arises when the valuation B’
is discrete, that is, when the valuation group of B’ is the additive
group of integers. We can then find an element { of X such that
v'(§) = 1. Now let £ be any non-zero element of 2, and let v'(§) = n
(n an integer, positive, zero, or negative). Let £ = £{~". Then
v'(£) = 0, and therefore the residue £’ of £ in B’ is not zero. Let
v,(8') = a. We write w(§) = (n,«). Similarly, if 7 is any other
element of X' we can define w(y) = (m, ), wherev'(y) = m, 5 = ™,
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v,(7') = p. Sincev'(£n) = m+nand &y = EfErtmand v, (7)) = a + B,
we have w(fy) = (m+n,a+ f). Also v'(£+7%)>min[m,n], and if
v'(E+7) = min[m,n] = m, say, £+ 7 = Em+7) ¢,

1 ([ +7)) = v (') if n>m,
and v, (&' +7') > min [v,(&),9,(7)] if »=m.

Hence if we interpret the pairs (n, ) as the elements of the direct
sum of I and 4, ordered as in § 1, we have a mapping which is a
valuation of the non-zero elements of X2 on this direct sum. The
ring of this valuation consists of those elements £ of 2’ such that
V'(£)=0or v'(§) = 0, v,(§') > 0; hence it coincides with R, and the
valuation coincides with 8. It follows that in this case I' is the
direct sum of I'" and 4. Hence we have

THEOREM IV. If B’ is a valuation of X to the discrete group I",
and B, 18 a valuation of the residue field of B’ to 4, the group of the
valuation B of X obtained by compounding B’ and B is the direct sum
of I"and 4.

We conclude this section with a theorem on the possible exten-
sions of a valuation B of 2 to valuations of an algebraic extension
2*, of finite degree, of 2.

THEOREM V. If B is a valuation of the field X, and 2* is an alge-
braic extension of T of finite degree m, then there are at most m valuations
of X* which are extensions of ‘B.

We assume that the residue field of 8 contains an infinite number
of elements.

We first prove that if B* is any valuation of 2* which is an exten-
sion of B, the residue field of B* is isomorphic with an algebraic
extension, of degree m at most, of the residue field of 8. Clearly,
any element of 2’ which is a unit of the valuation ring of 8 is a unit
of the valuation ring of B*. Hence the residue field of B* contains
a field isomorphic with the residue field of 8. We therefore regard
it as an extension of the residue field of 8. We shall denote the
residue of any element o* of 2* in B* by 7*. If a* = a2, a* = a.
Now let @* be any non-zero element of the residue field of B*, o*
an element of X2* which corresponds to it. o* satisfies an equation

a,o*"+a, 0% 1+ . 4a,=0 (a,e)

over X, of degree n (n <m). By multiplying through by a suitable
element of X, we may suppose that min [v(ay), ..., v(a,)] = 0. Now
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since o* has a non-zero residue, v*(o*) = 0. From this we can
show that v(a;) = 0 for some i less than n. For if v(a,)<v(a;)
(¢ =1,...,n—1), v¥a,) <v*(@,0*%), and hence

v¥ago*" +... +a,] = v¥@a,) =0,

which conflicts with the fact that v*(0) = co. Hence when we pass
to the residue field, we have

a,o*"+...+a, =0,

where at least one of the powers of * has a non-zero coefficient.
Hence o* satisfies an equation of degree n (n<m) at most, with
coefficients in the residue field of 8.

Now suppose that B has at least m + 1 extensions 8%, ..., B} ;.
We saw in §2 (p. 192) that R} & Rf (1<), and hence [§ 2, Th. IX]
we can find elements £, ..., £¥ ., in the rings of the valuations B¥
such that the residue £ of £, in B} is not zero, while the residue of
£¥ in BF (¢47) is zero. &} is algebraic over the residue field of B;
let its conjugates be £X) (o = 1, ..., n,). Since the residue field of B
has an infinite number of elements, we can find «,,...,«, ; in 2

such that
z,Er 0+ a,Bf0,

foro=1,...,n; p=1,...,n, and all distinct pairs 7, j. Now let
o* = Za,£¥. The residue of this in B} is &,;&¥. Hence the m+1
residues of o* all lie in some extension of the residue field of X,
and are all distinct. But o* satisfies an equation over X of degree
less than or equal to m; hence its residues are roots of an equation
of degree not exceeding m whose coefficients are in the residue field
of B. Therefore at most m of them are distinct, and we have a
contradiction. Thus the theorem is proved.

4. Valuations of algebraic function fields. In §§2 and 3 we
have considered general properties of valuations of any field X,
buthaveadded comments to indicate how theresultsobtained apply
when X is a field of algebraic functions over a ground field K. Our
ultimate object is to apply our theory to valuations of the function
field of an algebraic variety defined over a ground field K of
characteristic zero. In this and the next section we consider this
case more particularly. However, there is one danger which we
must avoid. Suppose that X is the function field of an algebraic
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variety V of dimension d over K. Then we can find d elements
&, ..., &g of 2 which are algebraically independent over K. Then
2 is a simple algebraic extension of finite degree of K({,, ..., ;).
If we consider a valuation B of X' (satisfying, always, the condition
(iii) of § 2, namely, that if a is any non-zero value of K, v(a) = 0),
we shall prove that the residue field 2’ of the valuation is of degree
of transcendency d’, where d’ < d; that is, that there exist d’ elements
of 2" which are algebraically independent over K, but such that
any d'+1 elements are algebraically dependent over K. But it
does not necessarily follow that 2’ is the function field of an alge-
braic variety, since if {;,...,{; are d' algebraically independent
members of X, 2’ is not necessarily a finite extension of K({;, ..., {3)-
For some purposes we shall find it necessary to consider valuations
of fields such as 2", which, while of finite degree of transcendency
over K, are not the function fields of algebraic varieties. It should
be noted that the results stated in §§ 2 and 3 for algebraic function
fields apply to all fields of a finite degree of transcendency over K,
whether they are function fields of algebraic varieties or not. But
to avoid any confusion in what follows, we shall say that X is
the function field of an algebraic variety of dimension d when the
theorem in question is restricted to the case in which 2'is a finite
(simple) algebraicextension of a pure transcendental extension of K
of dimension d, and that X' is an extension of K of finite degree of
transcendency d, when the theorem is valid whether X is the function
field of an algebraic variety or not.

Let X be an extension of K of degree of transcendency d, and let
B be a valuation of it. As usual, let it denote the valuation ring
of B, p theideal of non-units of R. The residue field of B is isomorphic
with R/p and contains a subfield isomorphic with K [§3]; this we
identify with K, so that the residue field of 8 is an extension of K.
We define the dimension of B to be the degree of transcendency of
the residue field over K.

THEOREM 1. The dimension of a non-trivial valuation of an exten-
ston X of K of degree of transcendency d is less than d.

Since any d +1 elements of R are algebraically dependent over
K, they are, of course, algebraically dependent modulo p. Hence
the dimension of the valuation cannot exceed d. Suppose that it is
exactly d. Then we can find d elements £, ...,£; of ® which are
algebraically independent modulo p. Let 7 be any non-zero element
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of p. The elements £, ..., £;, 7 are algebraically dependent over K;
hence we have an irreducible equation

&y oo )+ ay(Eys o B+ a0 88) = 0,

where a,(£;, ..., ;) is not zero. Since a,(£) is in R, and 3 is in p,

h
o have a(Er, - fa) = O (D),

which contradicts our assumption that £, ..., §; are algebraically
independent modulo . Hence R/p is of dimension less than d over
K ; that is, the dimension of the residue field of the valuation is
less than d.

As an immediate consequence of this we have the

Corollary. If X is of degree of transcendency zero, every valuation
of 2 is trivial.

THEOREM II. If X isan extension of K of degree of transcendency d,
the rank of a valuation of X cannot exceed d. More generally, the rank
plus the dimension of a valuation is not greater than d.

Let the rank of the valuation B of 2 be k, and let I}, I',, ... be
the isolated subgroups of the valuation group I™:

Ir-r-..or,=0.

By Theorems I and IT of § 3, we can decompose $ into a valuation
B’ of Z'to I'/I"}, and a valuation B, of the residue field X'; of B’ to I.
Similarly, we can decompose the valuation B, into a valuation 8
to I/T,, and a valuation B, of the residue field 2] of B to I',.
Proceeding in this way we construct residue fields 2, 27, ..., 25 _;,
and for each of these fields a valuation B, of Z;_; to I';. Let d;be
the dimension of 2. Then, by Theorem I, d; < d, d; < d;_,. Therefore
d; <d—1. Since the valuation of £;_, to I'j_, is not trivial, d;_, > 0.
H

enee d—k+2>d, ,>0,
that is, d—k+2>2,
and therefore k<d.

The proof of the last part of the theorem is implicit in what precedes.
In particular, it follows that a non-trivial valuation of a field of
degree of transcendency one over K is of rank one, and is therefore
Archimedean-ordered.
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The remaining theorems of this section deal with the special
case in which X' is the function field of an irreducible algebraic
variety over K of dimension d. Our first results deal with the pos-
sible valuations of X of dimension d — 1.

We first prove a lemma on the possible valuations of X when it
is a pure transcendental extension K(x) of K of dimension one.

Lemma. Any non-trivial valuation of K(x) can either be obtained
by selecting an irreducible polynomial f(x) in K[x] of degree greater
than zero and defining the value of a rational function R(x) as a, when
R(x) is written in the form

R(x) = [f(@)]* [fi(@)]* ... [ful@)]%,

where a,a,, ...,a, are integers, positive, negative or zero, and f(x),
fi(®), ..., fr(x) are distinct irreducible polynomials; or else by writing
the elements of K(x) as rational functions R(x~1) of x~1, defining the
value of R(x~1) as before with f(x~1) = z~1.

It is obvious that if f(x) is any irreducible polynomial, or if
f(x) = x~1, then the mapping R(x)—>a gives a valuation of K(x).
In order to prove that any valuation of K(x) is obtained in this
way, we first observe that not all elements of K[x] can have value
zero. For otherwise, since any element of K(x) is of the form
a(x)/b(x), where a(x) and b(z) are in K[x], we should have

v(a/b) = v(a)—v(b) = 0,

and hence the valuation would be trivial.
Case (i). If v(x) >0, v(f(x)) >0 for any polynomial f(x) in K[x].
For if

fl®) =ay+a,x+... +a,z",
v(a;xt) = v(a;) +v(x) = tv(x) =0,

and therefore v(f(x)) > min [v(a;z?)] > 0.

Hencein this case K[z] = R, the ring of the valuation. Ifpistheideal
of non-units of R, and P = K[z],p, P is a prime ideal of K[z]
[XV, §4]. Also, P is not the zero ideal, since we have seen that there
are elements of K([x] whose values are non-zero, and therefore
positive, since K[z]< R. Since B does not contain any element of
K other than zero, it is not the unit ideal. Hence it is a proper prime
ideal of K[x]. But K[«] is a principal ideal ring [XV, §1]. Hence
B has a basis consisting of a single element f(x), which must be
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irreducible, since ‘B is prime. If g(z) is any irreducible polynomial,
not a constant multiple of f(x), we can find polynomials a(x) and

Hence

0 = v(1) > min [v(af), v(bg)] = min [v(a) + v(f), v(b) +v(g)]
> min [o(f), v(g)),

and since v(f)> 0, v(g) >0, it follows that v(g) = 0. If, therefore,
any rational function R(x) is written in the form

R(x) = [f@)]1* [fi(@)]* ... [ful@)]%,

as in the enunciation of the lemma,

v(R) = av(f) +a,v(f1) + ... +a,v(f)
= av(f),

since v(f;) = 0. Thus the valuation group consists of integral mul-
tiples of v(f); if we normalise the valuation group so that v(f) = 1,
I’ is the additive group of integers. Thus the lemma is proved in
the case v(z) > 0.

Case (ii). If v(z) <0, we then write the elements K (x) as rational
functions of x—!. Then K[z ]< R, and B’ = K[x1],p is a proper
prime ideal of K[z~!]. Since z—1e K[x~1],p and is irreducible, it is
clear that 2! is a basis for §’, and the remainder of the lemma
follows as in case (i).

This lemma, taken with Theorem X of § 2, leads at once to the

Corollary. If X' is the function field of an algebraic variety of dimen-
sion one, any non-trivial valuation of X is discrete.

THEOREM III. If X' is the function field of an algebraic variety of
dimension d over K, and B is a non-trivial valuation of X of dimension
d— 1, then B s a discrete valuation, and the residue field 2’ of B is the
Sfunction field of an algebraic variety of dimension d —1 over K.

We prove the last part of the theorem first. Since 9B is of dimen-
sion d—1, there exist d—1 elements §,,...,£;_; of the valuation
ring R which are algebraically independent modulo p, the ideal of
non-units of {. Let # be any non-zero element of p. If there exists
an algebraic equation connecting £, ...,§;_,, 7 over K,

ag(€ys o Eg 1) Fay(&yy o g )+ a(Ey, . 65 ) =0,
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we may assume a,(§,, ..., £4_;) + 0. It follows that

ag(€1s --+»Ea-1) = 0 (p),

which contradicts the fact that £, ..., £;_, are independent modulo
p. Hence §,,...,£;_,,7 are independent over K. Since X is the
function field of a variety of dimension d over K, it is a finite
algebraic extension of K(§,,...,&; 41,%), of degree m, say. Let
{ be any element of this extension, and let

» Zazj(gl" 2 €a) 7' =0 (m'<m) (1)

1=0 j=0

be the irreducible equation connecting &,,...,£; 4,7, { over K.
Passing to the residue field 2’, we have, since e p,

jzaw(gi, s q) 7= 0.

Not all the coefficients a;(£], ..., £5_;) can be zero, for if they were,
ayi(§ -+, Eq—y) would be zero for each value of j, since £,,...,£,;_,
arealgebraically independent modulo p. Then (1) would be reducible,
contrary to hypothesis. Hence not all a,(£3, ..., £;_,) are zero, and
{' is algebraic over K(£;,...,£;_,), and satisfies an equation of
degree m at most.

It follows that X’ is an extension of K (&, ..., £;_,) of degree m at
most, and is therefore the function field of a variety of dimension
d—1.

Since §,,...,£;_; are algebraically independent over K, and
&), ..., &5, are algebraically independent over K,

K(&, .. éqy) = K(E], s Eqa)-

Without confusion we mayidentify £; and £;. 2 can then be regarded
as the function field of a variety of dimension one over

Q= K(gl, seey gd—-l)'

The valuation B has the property that v(7) = 0 for any non-zero
element 7 in 2. Hence we can apply the corollary to the lemma
proved above. It follows that 9B is discrete.

THEOREM IV. If X is the function field of an algebraic variety of
dimension d over K, any valuation B of rank d is to a valuation group
which 18 the direct sum of d discrete groups.

If d = 1, the theorem is contained in Theorem III. If d > 1, we
consider the largest isolated proper subgroup I3 of the valuation
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group I' of 8. Then I is of rank d—1. The valuation B can be
decomposed into a valuation B’ of X' to I'/I7, and a valuation B,
of the residue field 2’ of B’ to I';. By Theorem III, X’ is the func-
tion field of an algebraic variety. Since I is of rank d — 1, and the
dimension of 2" is an integer less than d, it follows from Theorem
II that 2’ is of dimension d—1 exactly. Hence, as hypothesis of
induction, we may assume that I} is the direct sum of d — 1 discrete
groups. Moreover, since the residue field of B’ is of dimension d —1
over K, B’ is of dimension d— 1, and hence, by Theorem III, the
valuation group of B’ is discrete. Now apply Theorem IV of §3.
From this it follows that I" is the direct sum of I'/T; and I, and
this proves our theorem.

This result means that if B is of rank d, the value of any element
of 2 can be written in the form (m,, ...,m;), where m,, ..., m; are
integers. We have

(Myy cooymp) + (Rq, ooy ny) = (Mg 40y, ..., mp+ny),
and (Mg, ooymy) > (ny, ..., 1y,)
if ml = nl, ooy mi_l = ni,_l, mi >n1,

for some ¢ (1<¢<k). Given any set of integers m,, ..., m;, there
exists an element of X' whose value is (m,, ..., m;).

Next, let us consider valuations of the function field X' of an
algebraic variety of dimension d over K which are of rank one. If
B is such a valuation of 2, we may take the value group I" to be a
subgroup of the additive group of real numbers [§1, Th. I]. A finite
set k of real numbers «, ...,a; is said to be rationally dependent if
there exist integers p,, ..., p;, not all zero, such that

P10+ ...+ Py = 0;

otherwise, they are said to be rationally independent. If a set of
real numbers contains k rationally independent numbers, while
every subset of £+ 1 numbers is rationally dependent, the set is
said to be of rational rank k. If the elements of I" form a set of
rational rank %, 9B is said to be of rational rank k.

THEOREM V. The rational rank of a valuation B of rank one of the
Sfunction field X' of an algebraic variety of dimension d cannot exceed d.
Suppose that the rational rank of %8 is k. (If the rational rank
were infinite, it would be sufficient to consider a subgroup of I" of
rational rank k = d+ 1.) Let a,, ..., a; be k rationally independent



4, VALUATIONS OF ALGEBRAIC FUNCTION FIELDS 205

elements of I, and let {;, ..., {; be elements of X such that v({,) = «,.
We prove that §;, ..., {; are algebraically independent over K. Let

J (ST gk) = Zail,_,ikgfl .

be any polynomial in §,...,§, in which the coefficients a,  ,,
are in K and are not all zero. If a; _,, is not zero,

”(ail...t,,ﬁ‘ LR = (@, 5,) +40(8) + ..+, 0(8)
= ildl-{- e +ikak.

No two non-zero terms of f({,, ..., {;) can have the same value, for,
if . . . .
! 31a1+...+zkak =jla1+...+.7kak,
then 4, = j,, ..., % = J,, since a,, ..., @, are rationally independent.
Hence
o(f) = P10y + ... +Dr,
where {f1... {P* is the power-product of least value actually present
in f(&, ..., ). It follows that the value of f({,, ..., ;) is finite unless

flxy, ..., %) =0.

Therefore f({;, ..., &) is not zero unless f(z,,...,;) is identically
zero. Hence ¢, ..., §, are algebraically independent over K. Since
2 is of degree of transcendency d, we deduce that k<d, which
proves the theorem.

Let usnow suppose that the rational rank % of 8 has its maximum
value, k = d. Let a,, ..., ; be rationally independent elements of
I', and let §,,...,§; be elements of 2 such that v({;) = «;. Then
&, ..., &, are algebraically independent over K, so that 2 is an
algebraic extension of K({,,...,{;) of finite degree, m say. As in
the proof of Theorem V, we show that if f(x,,...,2,;)€ K[z, ..., 24],
v[f(&, .-, &y)] is of the form rja;+... +7r504, Where 1y ...y Tg QrE
integers. Let { be any element of X, and let

’

m
f@y, .. 2g, ) E}_‘,Oai(xl, vyt =0 (m'<m)
1=

be the irreducible equation connecting ¢, ..., {;, . Following the
argument of Theorem X of §2, we see that m!v({) is equal to the
value of an element of K({,, ..., {;). Hence the value of any element
¢ of X' is of the form
% A
Tyt T
m! m

where 7,, ..., 7, are integers.
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The values of elements of 2 are thus seen to form a submodule
I’ of the F-module . (7%1' s eees %) , where J is the ring of integers.

Since  is a principal ideal ring, it follows from XV, §6, Th. I
(Corollary) that IR’ is an §-module with a basis consisting of d’
elements, where d’ <d. Since %’ contains d rationally independent
real numbers, d’ = d. Hence the valuation group of I" consists of
the real numbers which can be written in the form

81ﬂ1+ v +8kﬂk,

where sy, ..., 8, areintegers, and f,, ..., 8, arerationally independent
real numbers. The numbers f,, ..., 8, are said to form an integral
basis for I', and our result can be stated as

THEOREM VI. If X is the function field of an algebraic variety of
dimension d, and B is a valuation of X of rank one and rational rank d,
the valuation group of B has an integral basis.

TaEOREM VII. If X' is the function field of an algebraic variety of
dimension d, and B is a valuation of X of rank one and rational rank k,
the dimension of B cannot exceed d — k.

Let a,, ..., a; be rationally independent elements of the valuation
group I of B. Without loss of generality, we may suppose ;>0
(¢ =1,...,k) (since if «; < 0 we can replace it by —«;). Let §j,..., g,
be elements of X'such that »({;) = a; (¢ = 1, ..., k). Asin Theorem V,
we can show that {,, ..., are algebraically independent over K,
and since v(§;) >0, &, ..., §, are in p, the ideal of the valuation B.
Let &1, ..., §4,1 be any d — k + 1 elements of the valuation ring R.
1y --.» 4,1 are algebraically dependent over K; hence there is a
non-zero irreducible polynomial over K, f(x,, ...,2;,,), such that

f({:l) ey §d+1) = O.

Since ;€ p (i <k), {1 ---» $ayq are algebraically dependent modulo
p, and hence B is of dimension less than d —k+ 1.

We conclude this section with some remarks on the construction
of zero-dimensional valuations of 2 of rank one and rational rank
k. We shall not actually require these results in the sequel, and as
the proofs are in some cases difficult, we shall omit them, referring
the reader to the original memoirs mentioned in the Bibliographical
Notes (p. 332). Let £,...,£; be d algebraically independent
elements of X, and let «,,...,; be d rationally independent real
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numbers. We can define a valuation of K(£,, ..., £;) which is of rank
one and rational rank d as follows. Let ¢ be a new indeterminate,
and let a,, ...,a; be any elements of K. If f(£,, ..., ;) is any element
of K[£,, ..., £;], we can write

s a) = glE1—ay, ..., Eg—ay)
= Ea’il...id(gl —ay)u ... (§g—ag).
In this identity, replace £, —a,; by ¢*; then
flay+tn, ... ay+1t%) = Za, . 155%,

Since Xijo;+ Xk;o; unless 4; = k; (j = 1,...,d), this series in ¢ is
only zero if f(x,,...,2;)=0. We define the value of f(£,,...,£;) to
be the value of the least exponent of ¢ in this series. If R(§,, ..., §;)
is any rational function of £, ..., £; we can, in the same way, obtain
a series in ¢ for it, and define the value of R(£,, ..., ;) as the lowest
index which occurs in this series. It is easily verified that this
method of defining the value of an element in K(§;,...,§;) is a
valuation of this field to the value group I" consisting of the real
numbers of the form
Doyt +Pa%g;

where p,, ..., pg are any integers. We can then extend this valuation
to a valuation of 2, and the methods used to establish Theorem X
of § 2 show that this valuation is of rank one and rational rank d.
It follows from Theorem VII that the valuation is of dimension zero.

This method of obtaining a valuation of 2 of rank one and
rational rank d illustrates a general theorem on zero-dimensional
valuations of rank one of the function field of an algebraic variety.
Let£,,...,£, beafinite set of elements of X'such that K (§,,...,£,) =2
(for instance, £,, ..., £, may be the coordinates of a generic point of
the variety considered). If ¥ is any zero-dimensional valuation
of 2 of rank one to the subgroup I" of the additive group of real
numbers, there corresponds to each §; a series

2,(t) = i@y + aythr+agths+...) (>0, pa>py, )

in ¢, where the coefficients a;; belong to some algebraic extension
Q of K, and the exponents o, u; belong to I'. These series have the
property that if f=f(,,...,£,) is any non-zero element of
K(,,...,£,), and

f(21(2), vy 2,(2) = 19(bg + byt 4 ...),

where by + 0 and p,, 4,, ... are positive, then v(f) = o.
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The reader who is familiar with the theory of the branches of a
curvein classical algebraic geometry will recognise that our method
of obtaining a valuation of dimension zero and rank one bears a
resemblance to the method of defining the order of a rational func-
tion f on a curve on a branch of the curve. In some respects the
whole of valuation theory can be regarded as a generalisation of
the classical theory of branches, but to push the analogy too far
would be confusing rather than helpful. The ‘branches’ which occur
in valuation theory, given by the expansions §; = z,(t) are not,
in general, algebraic. This is obvious if the exponents which
appear in the power series are not rational. But even when the
valuation group is the group of integers, so that the series are
ordinary power series, the ‘branch’ which arises from a valuation
of dimension zero cannot be algebraic, unless d = 1. Indeed, if
d>1 and the branch £; = z,(t) were algebraic, there would exist
elements f(,, ..., £,) of 2’ which were not zero, but were such that
f(24(2), -..,2,(t)) =0, and so our method of determining the value
of any element of 2 would fail. An algebraic branch can sometimes
be used to determine a valuation, but it is of rank greater than one.

5. The centre of a valuation. In §4 we considered some
properties of the valuations of the function field of an algebraic
variety, but these properties concerned the field in an abstract
way, having no reference to the geometry of the variety from which
the field was derived. We now consider an irreducible variety ¥,
in 8, of dimension d over the ground field K, and examine the
relation between a valuation B of the function field 2’ for ¥V, and
the geometry of V. The results of this section form the basis on
which the application of valuation theory to geometry rests.

Let (&, -.-,&,) be the coordinates of a generic point of V;. The
ratios {;/{; lie in the function field X, but the {; may be multiplied
by any element lying in an extension of 2. Let us, however, impose
the condition that §, ..., ¢, all lie in X. Let B be any valuation of
2, and let £ be an integer such that

v(gk) < v(gi) (7’ =0,..., n)'
Cousider the set of homogeneous polynomials f(z,, ...,z,) over K

such that
'”[f(go: ceey gn)] > mv(gk)» (1)
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where m is the degree of f(x,, ..., x,). If f(x,, ..., x,) and g(z,, ..., 2,)
are two polynomials of the same degree m Wlth thls property,

v[f(CO’ teey §n) - g(go» ceey gn)] 2z min {v[f(go’ vy gn)]’ ”[g(go, ey Cn)]}

>mv(8y);

and if a(x,, ..., z,) is any homogeneous polynomial of degree r, the
value of a({,, ..., §,) is not less than the value of its term of least
value, and since v(&,) < v(¢,;) it follows that

'U[a(go, ceey gn)] > rv(gk)’
and therefore
v[a €0’ ceey gn f go: vy gn)] > (m+r) v(gk)-

Hence the homogeneous polynomials f(x,, ..., z,) which satisfy (1)
form a homogeneous ideal i in K[z, ...,z,]. If f(z,, ...,z,) vanishes
on Vy, f(&, ..., &,) = 0, and hence f(z,, ..., x,) belongs to i; that is,
iisafactor of the prime ideal which definesV,. Further, if f(x,, ..., %,)
and g(z,, ...,x,) are homogeneous polynomials, of degrees m and r
respectively, which do not belong to i, then

”[f(go’ e § )] = mv(gk ”[g(go’ SEE) gn)] = rv(gk):

and hence

oSG0 -1 Ea) 9(&os -5 E)] = (m+1) ().

It follows that f(x,, ..., %,)g(Z,, ..., ,) is not in i. The ideal i must
therefore be a prime ideal. The ideal i therefore defines an irre-
ducible variety C contained in V. To prove that if the valuation B
is not trivial, C'is a proper subvariety of V; we note, in the first place,
that every element of X' can be written as f(,, ..., $,)/9(&os ---s &n)s
where f(x) and g(x) are forms of like degree. If every non-zero form
f(x) of degree m is such that f({,, ..., {,) has value mv({;), it would
follow that every non-zero element of X has value zero, and the
valuation would be trivial. Hence there must exist a polynomial
f(@g, ..., 2,) which does not vanish on V; and yet belongs to i, unless
B is trivial. Again, since z;, does not belong to i, this ideal is not the
unitideal. Hence if B is not trivial C'is not vacuous,and C' is a proper
subvariety of V.
C is called the centre of B on V;. Thus we have

TaeorREM 1. If B is any non-trivial valuation of the function field
of the irreducible variety V;, it defines a proper irreducible subvariety
C of V, called the centre of B on V.

HP III 14
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We have defined the centre of a valuation in terms of homo-
geneous coordinates, since it is a projective concept, but in fact it
is more convenient to use non-homogeneous coordinates. If ¥, does
not lie in z, = 0, and we normalise the coordinates with respect to
z,, that is, if we take z, as the prime at infinity, C lies at a finite
distance if and only if ¥({;) = v(;). This is the case if and only if
v(;/&) =0 for o = 1,...,n, that is, if and only if K[{,/&,, ..., €./8]
is contained in the ring of the valuation. When we are dealing with
a finite number of given valuations we can always choose the
coordinates so that their centres do not lie in 2, = 0, and this we
generally do. We then regard V, as a variety in affine space, , = 0
being the prime at infinity. The centres of the varieties are then all
at a finite distance. If a new valuation is introduced, its centre is
at a finite distance if and only if the integral domain of the variety
is contained in the ring of the valuation.

We now consider a variety ¥ in the affine space 4,, and let

(&y, ..., £,) be the non-homogeneous coordinates of a generic point.
Consider a valuation B of the function field X' = K(§,,...,£,),
whose centre on ¥, is at a finite distance. If § = K[{,,...,£,] is
the integral domain of V;in 4,, and R is the valuation ring of B8,
J<R. Let p be the ideal of non-units of R. The centre C of B is
defined by the ideal in § formed by the elements whose value is
positive; hence the prime ideal $§ of C is given by the relation

SB = SAp

The dimension e of C' is equal to the maximum number of elements
which can be found in § which are algebraically independent
modulo $B. Let #,,...,7, be elements of § which are algebraically
independent modulo ‘B. Then if f(x,, ..., x,) is any polynomial over
K such that f(yy,...,7,)€®B, f(xy,...,2,)=0. If g(z,,...,2,) is any
polynomial over K such that g(y,, ...,7,)€p, 9(9y, ..., ,) is both in
and in p; hence it is in P = , p. Therefore g(z,, ...,z,) =0, and so
7y ---» 7, are algebraically independent elements of & modulo p.
It follows that the dimension of B is not less than e. Hence:

THEOREM II. The dimension of the centre of a valuation of the
Sfunction field of an algebraic variety is not greater than the dimension
of the valuation.

We can show by an example that the dimension of the centre may
actually be less than the dimension of the valuation. We take ¥}
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to be the projective plane over the field K. The ring & is then the
ring of polynomials in two independent indeterminates, z, y, say:
S = K[z,y], 2 = K(x,y). We define a valuation 8 of X as follows.
Consider any non-zero element { of 2. We can write

g = a(x, y)/b(x’ 3/)»
where a(x,y) and b(z, y) are polynomials. Let

a(x’ ?/) = ar(x’ ?/) +ar+1(x’ ?/) + A
and b(w’ y) = ba(x: Z/) + b3+1(x’ y) + ..

where a;(z,y), b,(x,y) are homogeneous of degree 7, and a.(z,y)
and b (x,y) are not zero. We write v({) = r —s. This value depends
onlyon{, andnoton the representation of { in the forma(zx, y)/b(x, y).
For if { = c¢(z,y)/d(x,y), where

o2, 9) = ¢p(%,9) + Cpa (8, 9) + ...

and d(x,y) = dy(x,y)+dy (@, y) + ...,

where c,(x,y) and d,(x,y) are not zero, then the equation
a(x,y)d(@,y) = b(x,y) c(x, y)

gives the relation r+q =38+p,

and since r — s = p —q, v({) is determined uniquely by ¢. The reader
will verify at once that the mapping {—v({) of the non-zero
elements of 2’ on the ordered additive group of integers is a non-
trivial valuation 8.

Since 2 is of dimension two, the dimension of B is zero or one.
Now v(y/x) = 0; hence y/x is in the valuation ring R, and it is not
algebraically dependent on K modulo the ideal p of non-units of R.
Hence the dimension of B is one. The centre C' of B is defined by
the prime ideal B = J,p = JF.(x,y¥) and is therefore given by
x = 0, y = 0; that is, it is of dimension zero.

We return now to a valuation B of the function field of an
arbitrary variety V, in 4,. Let B be of dimension f, and suppose
that the centre C of 9 is at a finite distance and is of dimension e,
where e <f. Let §;, ..., §; be elements of § which are algebraically
independent modulo ‘. Then they are algebraically independent
elements of the valuation ring i of B, modulo p [cf. Theorem II].
We can find in R a further f—e elements 4,,...,7,_, such that
&ipr o> &ip Ms++es 1y, are algebraically independent modulo p. In

14-2
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the space 4,., , consider the variety V; whose generic point is
(15365 M1 +-+» My—e). This variety has the same function field X
as V;; hence it is a birational transform of V. Since J< R, and
7,€ R, the integral domain &' = K[£,,...,&,, 7y, ...,7;_.] of Vg is
contained in R, and therefore the centre C’ of B on V is at a finite
distance. Since §;,...,§;,, 7;, ..., ;_, are algebraically independent
elements of ! modulo pand lie in ', they are algebraically in-
dependent elements of §' modulo B’, where B’ = I’ ,p. It follows
that €’ is of dimension f at least. But, by Theorem II, the dimension
of C' cannot exceed f; hence it must be exactly f.

Now F=J,and B = Fap = 2 (§'10) = . B'. Any element of
the quotient ring [p. 99] @(C) = Jg; is of the form «/f, where «
and g are in J, and £ is not in ‘. Then «a and £ are in ', and £ is
not in B’, since, otherwise, it would lie in §, B’ = B. Hence
a/feI's = Q(C’). Thus we have Q(C) =Q(C’). Hence we have

THEOREM III. If the centre C on V; of a valuation B of the function
field of the variety V, is of dimension less than the dimension f of the
valuation, there exists a birational transform Vi of V; on which the
centre C' of B is of dimension f, and which is such that Q(C) < Q(C").

The significance of the last part of the theorem will become
apparent in Chapter XVIII.

We now seek to characterise the centre C' of a valuation B of the
function field of 1 in terms of properties of its quotient ring. We
may, as usual, assume that C'is at a finite distance in 4,,. Since the
integral domain & of V} is contained in the ring R of B, and the
prime ideal B of C in J is equal to I, p, where p is the prime ideal of
non-units of R, the quotient ring Q(C) = Jg <Ry = R. We can,
however, go further. Let { be any element of @(C), so that { = «/8,
where « and f are in §, and S is not in . Since « and £ are in $,
and therefore in R, v(a) >0, and v(F) > 0. Further, since £ is not
in B, and hence not in p, v(B) = 0. The element { is a non-unit of
Q(C) if and only if « is in B, and hence in p, that is, if and only if
v(a) > 0. Then v({) = v(a) —v(B) > 0 if and only if { is a non-unit of
Q(0). Hence if ¢ is a non-unit of Q(C) it is a non-unit of R.

Now consider any irreducible variety D on V; such that Q(D) < R.
Without loss of generality we may suppose that the prime at infinity
is chosen so that it does not contain D or the centre C of B. If a is
any element of § such that v(a) > 0, that is, if a is any element of B,
v(«1) <0, and hence o~ is not in R and therefore not in Q(D).
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Since « is in J it is in @(D); hence it must be a non-unit of @(D).
Thus every element of J in 9 is a non-unit of @(D) which lies in ;,
and hence it lies in the prime ideal B’ of D. Thus P < P’, and hence
Q(D)<=Q(C). Hence [XVI, §2, Th.IV], D<=C. Conversely, if
DcC, QD)= Q(C)< R. Thus Q(D) < R is a necessary and sufficient
condition that D be contained in the centre of 8.

If D is a proper subvariety of C, these exists a polynomial
f(xq, ..., x,) which vanishes on D but not on C. Then f(£,, ..., £,) is
a unit of @(C) and hence of R, but is not a unit of @(D). Hence there
are non-units of (D) which are units of R, whereas we have seen
that this is not the case if D = C. We therefore have the following
theorem,

TueoREM IV. A necessary and sufficient condition that an trredu-
ctble variety D be contained tn the centre of a valuation B of the function
field of a vartety V, is that the quotient ring of D be contatned in the
valuation ring of B. The variety D is the centre of B on V; if and only
of one of the two following additional and equivalent conditions is
satisfied: (1) D 18 not a proper subvariety of any irreducible variety on
V, whose quotzent ring 18 contained in the valuation ring; (ii) every non-
unat of the quotient ring of D is a non-unit of the valuation ring.

From this theorem, we can deduce a relation between the centre
of a valuation B of 2 of rank greater than one and the centre of the
valuation B’, where B is decomposed into the valuation B’ of X
followed by the valuation B, of the residue field of 8’ [§ 3, Th. II].
The valuation ring R’ of B’ is the quotient ring of i with respect to
a prime ideal of . Hence R R’. If C is the centre of R, C’ that
of R, we have Q(C)cR<R’; hence, by Theorem IV, C<C".
Thus we have

THEOREM V. If a valuation B is decomposed into a valuation B’
followed by a valuation of the residue field of %B’', the centre of B is
contained in the centre of B'.

If the variety V, is defined over a ground field K which is not
algebraically closed, we frequently have to extend the ground field
K. IfX = K(§,,...,§,) and we extend K to K*, 2* = K*(,,...,£,)
is an extension of 2, and any valuation ¥ of 2’ extends to one or
more valuations B* of 2*. Over K*, (£, ...,£,) is the generic point
of a variety V¥, which is either V} itself, or is a component of ¥
[X, § 12]. It is necessary to consider the relation between the centre
C of B onV,, and the centre C* of B* on V.



214 XVII. VALUATION THEORY

We begin with the case in which 7} is not absolutely irreducible.
Then there exist elements of X' which are algebraically dependent
on K but are not in K [X, §11]. These elements define a field K,
the algebraic closure of K in 2. We first consider the case K* = K'.
Over the field K', (&, ...,£,) is the generic point of a variety Vj
which is one of the absolutely irreducible components of V; [ X, § 10].
The integral domain {' = K'[§,,...,§,] is, in general, a proper
extension of § = K[§,, ..., §,], but

= K,(gp ’gn) = K(g]_» ’gn) = Z’

since K’ = 2. Thus B is a valuation of 2. Before, however, we speak
of its centre, we have to show that v(a’) = 0 for every non-zero
element of K'. This follows from the Corollary to Theorem I of § 4,
since K’ is of degree of transcendency zero over K. If % is the
valuation ring of B, it follows that K’ <= R. If we assume, as usual,
that C is at a finite distance, we have ;e R (¢ = 1,...,n). Hence
& =R, and therefore the centre of B on V' is at a finite distance.
If p is the ideal of non-units of R, P = F, p is the ideal of C in J,
and B’ = J’,p is the ideal of C’ in §'. Thus, P = F,B’. Hence

S'-‘B =0 (P').
Let Gy, ..x,) =0 (t=1,...,7) (2)
be a basis for the equatlons of C over K. Then
Gibrs - 8n) (G=1,..7)

is a basis for P in §, and hence for J'.P in F'. Since F'.P =P’ it
follows that C’ satisfies all the equations (2), and hence C' < C.

Since K’ is algebraic over K, the dimension of the residue field
of B over K’ is the same as its dimension over K. Hence the dimen-
sion of B is the same whether K or K’ is taken as the ground field.
Next, if C is of dimension f, there exist f elements of & which are
algebraically independent over K modulo 3. These are algebraically
independent modulo p, and hence, since they lie in ', there are
f elements of { which are algebraically independent over K’
modulo ‘. Hence the dimension of (" is at least f, and since C' = C
it follows that the dimension of C" is exactly f. It is then clear that
C' is one of the components into which C' breaks up when K is
extended to K'.

The only other case with which we shall be concerned is that in
which K* is an algebraic extension of K which contains K'. We can
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pass from K to K* by two stages, first from K to K’, and then from
K’ to K*. We have already dealt with the first case, in which we pass
from V to the variety V3, which is absolutely irreducible. Thus we
need only consider the case in which ¥ is absolutely irreducible
over K, and pass directly from K to K*. In this case, if K* is a
proper extension of K, X* = K*(§,, ..., £,) is a proper extension of
2, but V%, as a set of points, coincides with V;, and may continue to
be denoted by this symbol.

Since 2* is a proper extension of X, we have to use Theorem VII
of § 2 to conclude that there are valuations of X which are extensions
of B. If K*is an algebraic extension of K, 2* is an algebraic exten-
sion of 2, and if K* is an extension of K of finite degree m, 2* is of
finite degree m over X. Then, by Theorem V of § 3, there are at most
m valuations of X2* which are extensions of 8. There is, in any case,
one, and we select one, say B*. Since B* induces the valuation B
of X, the value v*(a) of any non-zero element a of K in B* is zero.
B* also induces a valuation of K*. In this valuation every element
of K has value zero, and therefore, since K* is algebraic over K,
this valuation of K* is trivial. Hence v*(a) = 0 for every non-zero
element a of K*. Hence we can speak of the centre of 8*, and since
* = K*[§,, ..., £,]< R*, the centre of B* is at a finite distance on
V. Suppose that the centre C* of B* is not contained in C. Then
C* and its conjugates over K constitute a variety over K which is
not contained in C. Then there exists a polynomial f(z,,...,z,)
over K which vanishes on C but not on C*. The element

g =f(g1’ ”':gn)

is therefore an element of J which belongs to the prime ideal B of
C in &, but does not belong to the prime ideal f* of C* in R*. This,
however, is impossible. For since {eB, {ep, and hence »({)> 0.
Therefore v*({) > 0, and therefore {e B*. Hence C*<C.

A proof exactly similar to that used in the case K* = K’ above
shows that B* is of the same dimension as B, and that C* is of the
same dimension as C. C* is therefore one of the components into
which C decomposes when K is extended to K*. The converse of
this result is obvious. If C* is the centre of any valuation B* of
2*, given by the prime ideal B* of J*, the centre C of the induced
valuation of X' is given by the prime ideal f = §, B* of . The
centre C is therefore the irreducible variety over K of which C* is
a component when the ground field is extended to K*.
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We sum up our results in

THEOREM VI. If B is any valuation of the function field X' of the
irreducible variety V, over K, and K* is any algebraic extension of K
which contains the algebraic closure of K in X, and if V§ is the vartety
over K* whose generic point is a generic point of V; over K, there is an
extension B* of B to the function field of VY. The centre C* of B* on
V% is one of the components into which C breaks wp when K is extended
to K*. The dimension of B* is equal to the dimension of B.

We now turn to some problems concerning the construction of
valuations with a given centre. We first show that the problem of
finding the valuations of the function field X of a variety ¥, whose
centre C' is at a finite distance in 4, can be reduced to the case in
which V} is affine-normal.

We consider any irreducible variety V; whose integral domain is
& = K[¢,, ..., £,], and let C be any irreducible variety onV;, at a finite
distance, given by the prime ideal 8 of & Let V¥ be an affine-
normal variety whose integral domain J* is the integral closure
of § in 2= K(,,...,£,). Consider the ideal {*.B in J*. If
§*. P = [RF,...,0F], and if P¥ is the radical of LF, §,B¥ is a
prime ideal of & which is a factor of B, and, for at least one value
of 4, I\ P¥ = P [XV, §8, Th. VIII]. Moreover, if L* is any ideal
of 3* such that I, B* = B, then P* = P¥, for some value of i. Let
0F, ..., QO be arranged so that 3, ¥ = B (¢ = 1, ...,7), while F, B¥
is a proper factor of p if ¢>r. Let CF be the irreducible variety
on V¥ defined by BF.

Let B be any valuation of X whose centre on 7 is C, and let R
be its valuation ring, p the ideal of non-units of R. Then J< R,
since C is at a finite distance. Any element of J* is integrally depen-
dent on §, and hence on R. But R is integrally closed [§ 2, Th. IV].
Hence J* < R. Hence the centre C* of B on V} is at a finite distance.
If C* is given by the prime ideal P* of J*, then B* = J*, p, and so

SAS‘B* = SA(S*AP) = SAp = P.

Hence C* must be one of the varieties C%, ..., CF. Conversely, if
B is any valuation of X whose centre is C¥, for any ¢ (1<i<r),
the centre of B on ¥ is given by the prime ideal

IaP = Ja(F*ap) = 31 BF = B;

hence its centre on V is C.
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Thus to find the valuations of X whose centres on V; are C, we
have merely to find the valuations whose centres on V* are any of
the varieties C¥ (¢ = 1,...,7). The principal advantage of working
on an affine-normal variety is that the quotient ring of any sub-
variety is integrally closed. In fact, in our present problem of
finding the valuations of X with a given centre C, it is sufficient to
consider the case when the quotient ring of C is integrally closed,
but there are slight advantages in assuming that V; is normal.

Now suppose that 7} is affine-normal, and that C is an irreducible
variety of dimension d—1 on it, given by the prime ideal B. It
will be recalled that in § 5 of Chapter X VI we used the multiplicative
theory of ideals in the integral domain of an affine-normal variety
to give an example of a valuation, and we showed that the prime
ideal of an irreducible subvariety of dimension d—1 serves to
determine a valuation. In particular, by the method described,
we can use the prime ideal P of C to define a valuation ¥, and it is
clear that C is the centre of 8 on V;. We now prove that this is the
only valuation of 2’ whose centre is C. We use the results of § 7 of
Chapter XV on the multiplicative theory of ideals in an integrally
closed ring.

Let # and { be any two non-zero elements of the integral domain
S of V. Express the ideals . (), . (§) in quasi-factors:

i=3.(n)~ BB, ..., B,

j=3(5)~ PP, ..., Bor,
where B, B, ..., B, are all different prime ideals of dimension d —1,
and a,qa,,...,a,, b,b, ..., b, are positive integers or zero. We show
that if @ = b there exist two elements 7', {’ of I, such that neither
lies in B, which satisfy the equation 5/ = 5'/{’. We can find an
element of & which is in B, ..., B, but is not in B. If {’ is a suffi-
ciently high power of this element,

£=3.(08)~BPi... Brr,

where ¢; > b, (¢ = 1,...,7). Then f >, and hence {1 =J. But

1 =3.08'/9).
Hence 3’ = 7¢’/§ belongs to . Also

S (') ~ Bt Pt
so that 7’ is not in B.
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Let £ be any element of ¥ which is not in the symbolic square,
@, of B. Then

B, of % 3. (€)~ BBh B ...

If «/f is any element of X' (¢ and £ being in ), we can find an
integer A (positive, zero, or negative) such that o«/f* = a'/f’,

where 3. (@)~ BBt ..
- ()~ BB ....
Hence a/fEr = &"[B”", where o” and 8" are in &, but not in R. If

B is any valuation of X' whose centre is C, v(a”) = 0 and v»(3") = 0,
since a” and f"e€ 3 < N but are not in R. Hence

v(@/f) = v(Ea"[B") = Av(f).
It follows that the valuation group of B consists of the integral
multiples of »(§). If we normalise the valuation group so that

v(§) = 1, the value group is the group of integers. (This verifies
Theorem III of §4.) It is then clear that if

I (@) ~ PrRhr ... B,
3 (B8) ~ BoPBir ... B,
then v(a/f) = p—o. Thus the valuation is necessarily the one

discussed in §5 of Chapter XVI. Moreover, if v(a/f)>0, p >0,

and hence @« A"t a

i

where o, €3, and 4" belongs to I but not to B. Hence any element
of the valuation ring R of B lies in Q(C); that is, R < Q(C). But we
already know that Q(C) < R; hence R = Q(C). Thus we have

TueorEM VII. If the variety V, is affine-normal, and C is any
vrreducible variety of dimension d — 1 on 'V, there is a unique valuation
of the function field of V; whose centre on V; is C, and the ring of this
valuation is the quotient ring of C.

If V; is not affine-normal there are, corresponding to C, a finite
number of irreducible varieties of dimension d—1 on the derived
affine-normal variety V%. The valuations of the function field X
of V; whose centres on Vj are at one of these varieties are the only
valuations whose centres on V; are C'; hence there are only a finite
number of valuations which have C as centre. If @(C) is integrally
closed, there corresponds only one variety on V3, and the valuation
whose centre on ¥} is C is then unique.
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If V, is affine-normal, and C is of dimension e, less than d —1,
there are infinitely many valuations whose centres are C. Since ¥
is affine-normal, the quotient ring is integrally closed; hence [§ 2,
Th. VI] it is the intersection of the valuation rings which contain it.
These valuations may be of any dimension r, where e<r<d-1,
and their centres contain C' but need not coincide with it. It is
convenient to have a more powerful result, to the effect that Q(C)
is the intersection of the rings of the e-dimensional valuations which
contain it. Since the centre of such a valuation contains C and
is of dimension e at most, it must coincide with C. The first step
towards this result is to prove

TueOREM VIIIL. If C is a variety of dimension e on V;, and C 18 the
centre of a valuation B of dimension f of the function field X of V,,
(e <f), we can compound B with a valuation of the residue field of B
to give a valuation of X of dimension e whose centre on Vs C.

Let X' be the residue field of 8. Since Q(C) is contained in the
valuation ring R of B, every element of it has an image in 2. An
element of Q(C) has image zero in 2” if and only if it is a non-unit
of R, and hence a non-unit of @(C) [Th.IV]. Hence the image F’
of Q(C) in X’ is isomorphic with the remainder-class ring of @(C)
with respect to its ideal of non-units; that is, F’ is isomorphic with
the function field of C [XV, § 5, Th. XI, Cor.]. In this isomorphism
elements of the ground field K are self-corresponding. Hence F’ is
a field which is an extension of dimension e of K. If F' is not in-
tegrally closed in 2", its integral closure F” is an algebraic extension
of F’, and is still of dimension e over K. The field F” is then a proper
subfield of X', which is of dimension f over K, and since it is the
intersection of the valuation rings of 2’ which contain it, there
exists a valuation B of X’ whose valuation ring contains F’, but
does not contain an assigned element {' of X’ which is not in F”.
The valuation B is thus a non-trivial valuation of £’ whose valua-
tion ring contains F’. If we construct the valuation B* of X
obtained by compounding 8 and 8B, the valuation ring R* of B*
contains every element of i whose image in 2" lies in the valuation
ring of B. Hence R* contains Q(C).

By Theorem V, the centre of B* is contained in C, the centre of
B, and it also contains C, since its valuation ring contains Q(C).
Hence the centre of B* is C. The residue field of B* is isomorphic
with the residue field of the valuation 8 of 2’; hence it is of
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dimension less than f. Thus the dimension f* of the valuation 8*
satisfiesthe inequalitiese< f*<f. If f*> e, werepeat our construction,
using B* in place of B, and obtain a new valuation B** of dimen-
sion f**, where e <f** < f*, and whose centre is C. After a finite
number of steps, we must arrive at a valuation 8B’ of the function
field of V; which is of dimension e¢ and whose centre on V} is C. The
valuation group I"" of ¥’ contains an isolated subgroup 4 such that
the factor group I”/4 is isomorphic to I', where I"is the valuation
group of B. The valuation ring of B’ is a subring of the valuation
ring of B, and, of course, contains @(C), and B’ is compounded of
the valuation B of 2’ and a valuation to 4 of the residue field of 8.

THEOREM IX. If B is a valuation of X whose centre on V18 C, and
D 1is any irreducible subvariety of C, we can compound B with a
valuation of its residue field to obtain a valuation of X whose centre
18 D.

The proof is similar to that of Theorem VIII. If the dimension
of B is greater than e, the dimension of C, we can compound B with
a valuation %, of its residue field to give a valuation B’ of 2 of
dimension e whose centre is C. We then consider the residue
field 2" of B’, and in it the ring &” formed by the residues of the
elements of @(D). Since D is a proper subvariety of the centre of
B’, there are non-units of (D) which are units of the valuation ring
of B’ [Theorem IV]. The images of these elements in Z” are non-
units of &” which are different from zero. Hence ©” contains non-
zero elements which are not units of ©”; therefore it is not a field.
Since &” is not a field its integral closure " in 2" is not a field (since
it cannot contain the inverse of a non-unit of &”). Hence, just as
in Theorem VIII, we can find a non-trivial valuation of 2” whose
valuation ring contains &”. Compounding B8’ with this, we obtain
a valuation B, of X whose valuation ring contains (D). The
dimension of B, is less than e, the dimension of B’. Hence the
centre of B, on V; is a variety C, such that Dc(C,<C. If C;+ D,
we just repeat the argument, using C, in place of C, and after a finite
number of steps we obtain a valuation of X, which is obtained by
compounding B with some valuation of its residue field, whose
centre on V is D.

From Theorems VIII and IX we can quickly deduce

TaEOREM X. If C ts an irreducible variety on V; of dimension e
whose quotient ring Q(C) 18 tntegrally closed, then Q(C) is the inter-
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section of the valuation rings of the e-dimenstonal valuations of the
Sfunction field of V; which contain it (and hence have C as their centre).

Let B be any valuation of the function field 2’ whose valuation
ring R contains @(C). The centre £ of B contains C. By Theorem
VIII we can compound 8B with a valuation of its residue field to
obtain a valuation of 2 whose centre on V, is C, and by further com-
pounding this we obtain a valuation B* of 2 of dimension e whose
centre is C. Since B* is obtained by compounding B with some
valuation of its residue field, the valuation ring R* of B* is contained

in R. Hence R o R*2Q(C).

Hence in constructing the intersection of the valuation rings which
contain @(C) we may omit R, since any element of it in the inter-
section must lie in ®}*. Thus in forming the intersection we may omit
all valuations 8 of dimension greater than e. The theorem then
follows.

The theorems we have proved in the preceding pageson valuations
with a given centre are sufficient for most applications. More com-
plete results have been obtained by Zariski, and we conclude by
quoting, without proof, his most comprehensive result.

TaeEOREM XI. Let C,,C,,...,C,_; be irreducible varieties on V;
such that Co20,2...20,_,,
and let p, ..., p,_, be integers such that

d>p0>p1> <o > Pro1s
and p;=>dimC,, r<d.

Then there exists a sequence of valuations By, By, ...,B,_, of the
Sfunction field of V; with the properties
(i) B, s compounded from B;_,;
(ii) B, ¢s of dimension p; and rank i +1;
(iii) the centre of B, onV; s C;.
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CHAPTER XVIII
BIRATIONAL TRANSFORMATIONS

1. Birational correspondences. Let S, and §, be two pro-
jective spaces defined over the ground field K, and let (x,, ...,x,,)
be a coordinate system in S,,, (¥, ..., ¥,) & coordinate system in S;.
Let U be an irreducible variety of d dimensions in S, and let
(o) ---»&,,) be a generic point of U; similarly, let U’ be an irre-
ducible variety in §,, and (7,, ..., 7,) & generic point of it. We may
suppose that U does not lie in z;,, = 0, and that U’ is not in y,, = 0.
The varieties U and U’ are birationally equivalent if there exists
an isomorphism between their function fields K(£y/&y, ..., Enlén)
and K(7o/7k, .- M,/7;) in which elements of K are self-corre-
sponding. It may happen that when U and U’ are birationally
equivalent there is more than one such isomorphism. Further
investigation shows that this is the exception rather than the rule,
but we must take account of the possibility. In any case, if U and
U’ are birationally equivalent, we select one isomorphism between
their function fields in which elements of K are self-corresponding,
and identify corresponding elements. If the function fields of the
given varieties U and U’ coincide originally, as happens, for
instance, when U’ is a normal variety derived from U, the isomor-
phism which we naturally consider is that in which each element of
the common function field corresponds to itself. When the function
fields of U and U’ have been identified, we have

ni/nkeK(gO/gh’ "'sgm/gh) (7’ = O’ :n)

Hence there exist »+1 homogeneous polynomials ¢,(x,...,%,,)
(t=0,...,n) of the same degree, with coefficients in K, where
Di(&os ---> ) £ 0, such that

B $lbonbn) o
W Bl )

and similarly there exist m + 1 homogeneous polynomials
'ﬁzyo" oY) (1=0,..,m)
of the same degree, where ;(7,, ...,7,) + 0, such that

& _ V(o -5 0)
wh 7’0’ . 7,'77;)
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From these relations we deduce that

g’i ¢1[¢0(£)’ ey ¢n(§)] - gj¢i[¢o(g)’ ceey ¢n(g)] = 0;
hence z; ¢1[¢0(x)’ cery ¢n(x)] - xj 'ﬁi[¢o(x)’ ey ¢n(x)]

vanishes on U; similarly

yi ¢}[¢lo(y)’ eeey z/"m(y)] - yj ¢1[¢0(y)’ eeey 'ﬁm(y)]

vanishes on U’.

The variety W in the two-way space S, , whose generic point is
(£,7) defines an irreducible correspondence I" between S,, and S,
in which the object-variety, in S,,, has generic point £, and is there-
fore the variety U, and the image-variety, in S,, has generic point
7, and is therefore the variety U’. Since

”t¢7(g)—”3¢1(€) =0 (1’ = 0:°":n;j = O,°-~9n)’

it follows that if 2’ is any point of U, the points of U’ which corre-
spond to it in I" satisfy the equations
Y:i95(x') —y; (") = 0.

Hence if there exists a value of ¢ such that ¢,(2’) is not zero, there
is a unique point y" of U’ corresponding to z’. If ¢,(z’) is zero for
all values of 7, there corresponds to z" at least one point of U’, but
there may be more. Similarly, if ¥’ is any point of U’, there corre-
sponds to 3’ at least one point 2’ of U, and if there exists a value of
J such that ¥,(y’) is not zero, z’ is uniquely determined by y’. In
general terms, the correspondence I" between U and U’ may be said
to be one-to-one, with exceptions, the exceptional points of U, to
which there correspond more than one point of U’, lying in some
sublocus of U; and similarly the exceptional points of U’ lie in some
sublocus of U".

Conversely, suppose that between the two varieties U and U’
there exists an irreducible correspondence such that to a generic
point of each variety there corresponds a unique point of the other.
Let £ be a normalised generic point of U. Then if the equations of
the correspondence are

file,y) =0 (E=1,...,r),
the equations fi&,y)=0 (@=1,..,7)
have a unique solution %, and hence if the coordinates of # are

norm&hsed, ﬂ‘ie K(gly ceey gm)'
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But [XI, §3] » is a generic point of U’, regarded as a variety over
K, and we similarly find that, since £ is the unique point of U which
corresponds to 7,

i€ K (1, -+ 1)

Thus K(,,...,£,.) = K(7y,-.,7,), and therefore U and U’ are
birationally equivalent. The correspondence, moreover, establishes
an isomorphism between the function fields of U and U’.

An irreducible correspondence between two varieties U and U’
in which to a generic point of each there corresponds a unique
point of the other is called a birational correspondence. The mapping
of the points of U on the corresponding points of U’ is called a
birational transformation of U into U’. The results established
show that if U and U’ are birationally equivalent, and we select
an isomorphism between the function fields of U and U’ in which
elements of K are self-corresponding, we can deduce a birational
correspondence between U and U’; and conversely, if there exists
a birational correspondence between two varieties U and U’, then
U and U’ are birationally equivalent, and the birational corre-
spondence defines an isomorphism between their function fields.
It is clear that if the function field of a variety U possesses an auto-
morphism which leaves the elements of the ground field invariant,
and which is different from the identical automorphism, we can,
corresponding to such an automorphism, define a birational
transformation of U into itself.

Our object in this and the following sections is to lay the founda-
tions of a general theory of birational correspondences, and to
consider some of the more important birational transformations
which arise in practice. We shall use the notation introduced above.
U and U’ will denote two irreducible varieties in S,, and S, which
are birationally equivalent, and we suppose that an isomorphism
between their function fields has been selected. We then identify
corresponding elements of the function fields, and denote the
common function field by 2. We denote by I" the birational corre-
spondence between U and U’ determined by the isomorphism, as
above. But instead of using the variety W in §,, , to investigate
the birational correspondence I, we find it more convenient to
represent S, ,, by a Segre variety in S, ., and to consider the
variety U* which represents W on this Segre variety. In a suitable
coordinate system (2q,...,%,,) in Sy men We may suppose U*
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given by the generic point ({o, ..., {pn,), Where §;; = £,7;. The
function field of U* is

K(‘:oo/ghk, cee gmn/ghk) = K(go/glv teey gm/gh’ 770/7710 A ﬂn/’]k)
= K(Eo/Ens s EmlEr) = K (Mo/Ms -3 Ml i) = 2.

Hence U* is birationally equivalent to U and to U’, and since the
function field of U* is not merely isomorphic with that of U
(or U’), but actually coincides with it, a birational correspondence
is established between U* and U (or U’). The variety U* is called
the join of U and U’.

If Uisnotin ;, = 0, £,+0, and if U’ is not in y, = 0, 7,+0;
hence &, +0, so that U* is not in z,, = 0. If we pass to affine
spaces by taking x, = 0, y, = 0, and z,;, = 0 as the prime at infinity
in 8,, 8, and S, mn> the integral domains of U, U’, U* are,
respectively,

Sh = K[&olbns - EmlErls Bk = K[Mo/Me> - > NnlMic)s
ke = K[Loo/Snter +++> Gnnl Enied = K[EolEns -+ -5 EmlEns Mol Mies ++ -5 Ml i)
Hence = eSS

and %, is the smallest ring in 2’ which contains both {, and y;
that is, it is the join of I, and ;.

Let V be an irreducible subvariety of U, and let £ be a generic
point of it. Let 7 be a point of U’ corresponding to £. Then if
&i; = &;, Cis a point of U* which corresponds to £ in the birational
correspondence between U and U*, and corresponds to 7 in the
correspondence between U’ and U*. Let V' be the subvariety of
U’ whose generic point is 7, and let V* be the subvariety of U*
whose generic point is £. If we apply the theory of Chapter XI, we
see that, since {;; = £7];, V* defines an irreducible correspondence
4 between S, and S, in which the object and image-varieties are
V and V'. Since V*< U*, any pair of points of ¥V and V’ which
correspond in A correspond in I'. Conversely, let V and V' be
irreducible subvarieties of U and U’ between which there exists
an irreducible correspondence A4 such that every pair of points
which correspond in 4 correspond in I'. To a generic point of V
there corresponds in I" at least one (generic) point of V’. For if
£ is a generic point of V, its image in 4 is an irreducible variety on
V', and a generic point 7 of this is a generic point, over K, of V',
and since £ and 7 correspond in 4 they correspond in I. Two

HPIII 15
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irreducible varieties ¥ and V' contained in U and U’ respectively
are said to correspond in the birational correspondence I'if and only
if there exists an irreducible correspondence 4 having V and V' as
object-variety and image-variety such that every pair of points
which correspond in 4 also correspond in I'.

If V and V' are irreducible subvarieties of U and U’ respectively
which correspond in I', the correspondence 4 between V and V' is
defined by a variety V* contained in U*. Suppose that V* is not
in z;;, = 0. Then the generic point § of V* is of the form {;; = £7,,
where £ is a generic point of V and 7 is a generic point of V', and
£,+0, 7,+0. We then pass from the projective spaces to affine
spaces, and consider the prime ideals B, R’, B* of Iz, I, Inx
which define ¥, V', V* respectively. Any element o of g, is of the

form FEolEns oo EmlEn) = FCore Gt ++» el Gt

where f(x,,...,2,) is a homogeneous polynomial over K, and o
belongs to B if and only if f(x,,...,z,) vanishes on V; that is, if
and only if f(zy, ...,2,,) Vanishes on V*. Hence o belongs to P
if and only if it belongs to P*. Since J,<J%y, it follows that
B = S PB*. Similarly, B’ = §. B*. Hence if V is an irreducible
variety contained in U and not lying in z, = 0, given by the prime
ideal P in J,, and V' is an irreducible variety contained in U’ and
not lying in y, = 0, given by the prime ideal B’ in ;, and if V'
corresponds to V in I', then there exists a prime ideal B* in %,
such that P = §,, B* and P’ = J; 2 B*.

Conversely, let V be an irreducible variety in U given by the
prime ideal B of $,, and let V' be an irreducible variety in U’
given by the prime ideal P’ of J;,, and suppose that there exists
a prime ideal R* of %, such that P = J;, B* and P’ = J;. B*.
The ideal 8* defines an irreducible variety V* contained in U¥*,
which defines a correspondence 4 between corresponding sub-
varieties of U and U’. A form f(x,y, ...,x,) vanishes on the object-
variety of 4 if and only if f(z,,, ..., 2,,;) Vanishes on V*. Hence

o =f(§o/§h» ""gm/gh) =f(§ok/§hk’ °-~»§mk/§hk)

belongs to the prime ideal of the object-variety in J, if and only if
o belongs to P*. Hence the object-variety of 4is given by the prime
ideal ;. P* =P, and it is therefore V. Similarly the image-
variety is V'. Hence V and V' correspond in I".

Let V be an irreducible subvariety of U given by the prime ideal
B of §, and let V' be an irreducible subvariety of U’ given by the



1. BIRATIONAL CORRESPONDENCES 227

prime ideal R’ of J;. Suppose, in the first place, that these varieties
correspond in the birational correspondence I'. Then, by what has
been proved above, there exists a prime ideal * of J,, such that
P =JnaP* and P’ = J; 2 B*. Let V* be the irreducible sub-
variety of U* defined by the prime ideal $* of J,,. There exists a
valuation B of 2 whose centre on U*is V* [XVII, § 5, Ths. VII, IX].
Let R be the valuation ring of B, and p the ideal of non-units of R.
Then J%, < R, and P* = %4 p. Since F;, = Fnp, I = R; hence the
centre of B on U is not in z, = 0. It is therefore given by the prime
ideal Iy, p of . But, since §, < Sk

SuaP = JpadheaP = JnaP* =B,
and hence the centre of 8 on U is V. Similarly, the centre of 8 on
UisV'.

Next, let us suppose that there exists a valuation B8 of 2’ whose
centre on U is V, and whose centre on U’ is V’. Then &, = R, and
xS R, where R is the valuation ring of B. Since {3, is the smallest
ring of X which contains 3, and §, it follows that %, <R. Let
p be the ideal of non-units of R, and let P* = J%, .. Since P = J, . P,

we have B = SnnShea = Jna %,
and, similarly, B = JiaB*.

Hence there exists a prime ideal P* of J%, such that P = I, , B*,
and P’ = I, B*. Therefore, by a result proved above, V and V’
correspond in I'. Thus we have:

THEOREM I. A necessary and sufficient condition that two irre-
ducible subvarieties V and V' of U and U’ respectively should corre-
spond in the birational correspondence which exists between U and
U’ is that there should exist a valuation of the common function field
2 of U and U’ whose centre on U is V, and whose centre on U’ is V'.

This property of corresponding varieties in a birational corre-
spondence is sometimes taken as a definition of corresponding
varieties. In what follows we shall use Theorem I to determine
whether varieties correspond. An example of its usefulness is
provided by

TueOREM II. If U and U’ are in birational correspondence, to any
trreducible subvariety V of U there corresponds at least one variety
Vion U'.

A direct proof of this from our definition of corresponding
varieties is implicit in what has been proved above, but we give

15-2
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a proof using valuation theory. There exists at least one valuation
B of the common function field 2 of U and U’, whose centre on
U is V. This valuation has centre at some irreducible variety V'
on U’. By Theorem I, V' corresponds to V.

It is easy to verify that the special cases of one-to-one corre-
spondences between algebraic varieties which we have met in
previous chapters are birational correspondences, and that varieties
which correspond in them satisfy Theorem I. For instance, a
projective correspondence between n-spaces is a birational corre-
spondence, and varieties which correspond in the projective corre-
spondence correspond according to Theorem I. Again, if U is an
irreducible variety in A4,,, and U’ is a derived normal variety, we
saw in XVII, § 5, how to associate with each irreducible variety of
U’ a unique variety of U, and with each irreducible variety of U
at least one, and at most a finite number of varieties of U’. If V
and V' are two irreducible subvarieties of U and U’, they are
associated in this way if and only if there is a valuation of the
common function field of U and U’ which has V as its centre on U,
and V' as its centre on U’ [p. 216]. Hence V and V' are associated
if and only if they correspond in the birational transformation
between U and U’, and the use of the term ‘ corresponding varieties’
in XVII, §5, is therefore justified.

We now consider some elementary properties of the birational
correspondence I" between U and U’.

TueoreM III. If V and V' are corresponding irreducible sub-
varieties of Uand U’ ,and W is an irreducible subvariety of V, then there
exists a variety W' on U’ corresponding to W, which is contained in V'.

Since V and V' correspond in I', there is a valuation B of the
common function field 2" of U and U’ whose centre on U is V and
whose centre on U’ is V'. By Th. IX, p. 220, we can compound B
with a valuation of its residue field to obtain a valuation 8* of 2
whose centre on U is W. Since B* is compounded from B, its
centre W’ on U’ is contained in the centre V' of 8 [XVII, §5,
Th.V]. W’ is then a subvariety of U’ which corresponds to W and
fulfils the requirements of the theorem.

THEOREM IV. If V is an irreducible subvariety of U, and if either

(i) there exists a subvariety V' of U’ whose quotient ring Q(V’)

18 contained in the quotient ring Q(V) of V, and every mon-unit of
Q(V') is a non-unit of Q(V);
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or (ii) there exists an integer k such that n,/n,€Q(V) (s = 0, ...,n),
where (g, ...,7,) i3 a generic point of U’;

then there is a unique variety V' of U’ which corresponds to V in T,
and dim V' <dim V.

(i) To find the varieties on U’ which correspond to V, we have
to find the centres on U’ of the valuations of the function field X
whose centres on U are V. Let 8 be any such valuation. Then
[XVII, §5, Th.IV] Q(V) is contained in the valuation ring R of
B, and every non-unit of Q(V) is a non-unit of R. Then

QV)<=Q(V) =R,

If o is any non-unit of Q(V’), then, by hypothesis, « is a non-unit
of Q(V), and hence it is a non-unit of . By the converse of the
result already quoted, it follows that V' is the centre of 8 on U’.
Hence V' is the unique variety on U’ which corresponds to V.

(ii) Since 9;/7,€@(V) (2 = 0,...,7n),

Sl,c = K[ﬂo/nk, ceey ”n/"]k] < Q( V)

Let B be the ideal of non-units of Q(V). Then P’ = ;. B
is the prime ideal of an irreducible variety V' of U’ not in
¥ = 0. We consider the quotient ring Q(V’) of V’'. Any element
of Q(V’) can be written in the form a/f, where o and £ are in J;,
and £ is not in P’. Since F.<@Q(V), « and g are in @(V), and
since £ is not in P’, it is not in B, and hence it is a unit of (V).
Hence a/fe@(V); that is, Q(V')<=@(V). Moreover, a/f is a
non-unit of Q(V’) if and only if « lies in ', and therefore in PB.
Hence if «/f is a non-unit of Q(V’), a/f€ B, and is therefore a non-
unit of @(V). Hence the non-units of @(V’) are non-units of Q(V).
By (i), V' is the unique variety of U’ which corresponds to V in I,

The function field of V' is the remainder-class ring of Q(V’)
modulo the ideal of non-units of this ring [XV, §5, Th. XI, Cor.].
Hence the dimension of V' is equal to the maximum number of
elements of Q(V’) which are algebraically independent, over K,
modulo the ideal of non-units of @(V’). If the dimension of V' is ¢,
there exist ¢’ elements of Q(V’), say &, ..., {,, such that f(§;, ..., {,)
is a unit of Q(V’) for all non-zero polynomials f(z,, ...,2,) over K.
Then since Q(V')<=Q(V), f(&y ..., &, ) is a unit of (V) for all non-
zero polynomials f(z,,...,2,). Hence {,...,{, are independent
elements of Q(V) over K, modulo B, and therefore the dimension
of V is not less than e¢’. Hence dim V' <dim V.
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Corollary. If V is an irreducible variety on U, and there exists an
trreductible variety V' on U’ such that Q(V') = Q(V), then

dimV =dimV’,

and V' i3 the unique variety corresponding to V, and V is the unique
vartety corresponding to V'.

THEOREM V. If there exist integers h and k such that &, < J;., then
to each irreducible variety V', contained in U’, which does not lie in
Y = 0, there corresponds a unique variety V of U; also Q(V)<Q(V'),
and dim V<dim V',

Since V' is not in y,, = 0, it is defined by a prime ideal P’ of ;.
Let B be any valuation of 2’ whose centre on U’ is V', and let &R be
the valuation ring of 8, and p the ideal of non-units of R. Then
B = Jpap. Since F,=J =R, the centre V of B on U is not in
x, = 0, and is given by the prime ideal

B = Tnab = JnaJiad = Jna P’

The variety V is thus uniquely determined by V.

Since §, =Sy, and P = Iy, B, it follows that Q(V)<Q(V’), and
the argument used in Theorem IV shows that dim V <dim V".

An immediate application of this result is to the case in which
U and U’ are varieties in affine space, and the integral domain of
U’ is the integral closure of the integral domain of U. In this way
we can obtain new proofs of results already obtained. A second
application is to varieties in affine space which are integrally
equivalent, that is, which have the same integral domain. Then it
follows that to each irreducible subvariety of either there corre-
sponds a unique subvariety of the other, of the same dimension.
We also note that if §,<S;, then J%;, the join of §; and y,
coincides with ;. Then there is a one-to-one correspondence
(without exception) between the irreducible subvarieties of U’
not in g, = 0 and the irreducible subvarieties of U* not in 2z, = 0,
corresponding varieties being of the same dimension. Again, since
in any case we have J, < S, Jr. < I for all admissible values of
h and k, we see that to every variety V* of U* there corresponds
a unique variety ¥V of U and a unique variety V' of U’. Further,
V and V' correspond in I', and Q(V)=Q(V*), QV')=Q(V*),
while dim V <dim V*, dim V' <dim V*.
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We now seek to determine

(a) the totality of varieties on U’ which correspond to a given
irreducible variety V on U, and

(b) the totality of varieties on U’ which correspond to varieties
W contained in a given irreducible variety V on U.

We shall consider the two problems together. In view of what has
been said above, it is sufficient to find the varieties of U* which
correspond to V or to subvarieties of V.

Suppose that V is not in x; = 0. We first find the varieties of U*
not in z,,, = 0 which correspond to subvarieties of V. V is given by
a prime ideal B of J,, and any irreducible variety W* of U* not
in 2, = 0 is given by a prime ideal B* of F%,. The unique variety
W of U which corresponds to W* is given by the prime ideal
Sa B* of Iy, and W < V if and only if

B =0 (JnaPB*)-
If B<=Jna'B*,

She- BEIhe- (JnaB*)=P* [XV, §4, Th. VI].

Conversely, if 3%;. B < B*,

sB—C—ShA(S%k's‘B)EShASB* [XV, §4’ ThIV]’

Hence W* corresponds to a variety W contained in V if and only if

She-B =0 (B*).

Now the ideal I3, . B defines an algebraic variety 7%, on U* (which
may be vacuous, if J%;.B = J%x), and the condition that W*
should correspond to a subvariety of V is that W* is contained in
this variety.

By allowing 4 to take all values from 0 to m, excluding only those
such that V lies in z;, = 0, and taking £ = 0, ..., n, it follows that
$T%, is an algebraic variety of U* such that any irreducible variety
of U* which corresponds to a subvariety of V is contained in £7'%,,
and any irreducible subvariety of this corresponds to a unique
subvariety of V. XT%, is called the total transform of V in U* and
is usually denoted by 7*{V}. Passing from U* to U’ by replacing
each component of 7'*{V} by the corresponding variety on U’, we
get the total transform 7"{V} of V on U’.
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To find the varieties of U* not in z,;, = 0 which correspond to V
(and not subvarieties of it), we have to find the ideals P* in %,
such that J, , B* = PB. Consider any such ideal B*. Again we have

B =0 (P*);

hence any variety of U* not in z,;, = 0 which corresponds to V is
contained in 7T';.

Let SzksB = [D‘f’ [RXY} D';k]’

where £ is a primary ideal whose radical is B¥. Then

B=Jhe- B=QF =PF

for each value of ¢, and therefore,

B=0 (JnaBH) =1..0.
Since St B =0 (PB*),

B =0 (P*)

for some value of ¢. For any such value of 7, we have

Sna BFSJpa B* = P.

Hence, for this value of 7,

Sna BT = B.
Let £F be such that

SaPr=P (=1..,8 and  J,BI>P (>s).

It follows from what has been proved above that if V} is the variety
of U* defined by ¥, V¥, ..., V& correspond to V, and any variety
of U* not contained in z,,, = 0 which corresponds to V is contained
in some ¥, for ¢ < s. As when we discussed the total transform of V,
we run through all the permissible values of # and %, and obtain an
algebraic variety T*[ V], which we call the transform of V on U*,
which has the properties
(i) every isolated component of 7*[ V] corresponds to V, and

(ii) every irreducible variety of U* which corresponds to V is
contained in T*[V].

Finally, replacing the components of 7'*[ V] by the corresponding
varieties of U’ (and omitting any embedded components), we obtain
the transform 7"[V] of ¥ on U’. Summing up, we have
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THEOREM VI. If V is any irreducible variety of U, there exist two
algebraic varieties T'[V] and T'{V} of U’ corresponding to U with the
properties:

(i) an irreducible variety W' of U’ corresponds to a variety W
contained in V if and only if W' is contained in T'{V};

(ii) every isolated component of T'[V] corresponds to V, and any
vrreductble variety of U’ which corresponds to V is contained in T'[V];

(i) T'[vie1T{V}.

Corollary. By the continued application of (iii) we see that T'{V}
18 the variety formed by zero-dimensional varieties of U’ which corre-
spond to zero-dimensional varieties on V.

The next group of theorems which we prove is established on
the assumption that the quotient ring @Q(V) of V is integrally
closed. The first is the converse of Theorem IV, which was proved
without any restriction on Q(V).

THEOREM VII. Let V be an irreducible subvariety of U whose
quotient ring is integrally closed. If V has a unigque corresponding
vartety V' on U’, then

i) QV')<Q(V),and the non-unitsof Q(V’) are non-units of Q(V);

(ii) there exists an integer k such that n;/n,€Q(V) (¢ =0,...,n),
where (1, ...,1,) 18 a genertc point of U’ (chosen in X).

(i) Let B be any valuation of X whose centre on U is V, and let
R be its valuation ring. Since V' is the only variety of U’ which
corresponds to V, V' is the centre of B on U’. Hence [XVII, §5,
p- 213] Q(V')= R, and every non-unit of Q(V’) is a non-unit of R.
Since Q(V) is integrally closed, it is the intersection of the valuation
rings of all the valuations of X whose centre on U is V [XVII, §5,
Th. X]. Since @Q(V’) is contained in all these valuation rings,
Q(V’)=Q(V). Moreover, any non-unit o of @(V’) is a non-unit of R.
Hence a! is not in R, and therefore not in Q(V). Therefore « is a
non-unit of @(V). Hence every non-unit of (V') is a non-unit of
Q).

(i) By (i), @(V')=@Q(V). Choose k so that y, 40 on V’. Then

11 €@Q(V')=Q(V), for ¢=0,...,n.

Corollary. Let n be any element of K(§,,...,£,), and let ' be any
point of U which is a generic point of a subvariety V of U whose
quotient ring 18 integrally closed. If, corresponding to the specialisation
E—>a', there corresponds a unique finite proper specialisation of 7,
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then we canwriten = a(£)/8(E), where o(E) and B(E) arein K[€,, ..., ,],
and f(x')*0.

We take U’ to be the variety whose generic pointis (&, ..., &,, 7).
U’isbirationally equivalent to U, and in the natural correspondence
between U and U’ there is a unique point (23,...,%,,y’) corre-
sponding to z’. Hence there is a unique variety V' of U’ corre-
sponding to V, and Q(V')<=@(V). Then y'eQ(V')<@(V); hence
y' = o(€)/f(€), where a(x) and f(x) belong to K[xy,...,2,], and
B(z) does not vanish on V. Since 2’ is a generic point of V, this
implies that f(z') % 0.

THEOREM VIII. If V s an irreducible variety on U, and Q(V) is
integrally closed, and if there exists a prime section of U’ which
contains no variety of U’ corresponding to V, then there is exactly
one variety of U’ which corresponds to V.

Without loss of generality, we may assume that the coordinate
systemin S, is chosen so that thereisno variety on U’ corresponding
to ¥V in y, = 0. Hence if B is any valuation of 2’ whose centre on
Uis V,its centre on U’ is not in y; = 0, and therefore the valuation
ring of B contains ;. Since @(V)is the intersection of the valuation
rings of valuations of 2" whose centres on U are V, it follows that
RSQ(V). Let PR be the ideal of non-units of @Q(V), and let
B’ = FraB. The ideal P’ of Jy, defines an irreducible variety V'
on U’. Let { be an element of Q(V’). Then we can write { = a/f,
where o and # are in Jj,, and # is not in P’. Since F;, = Q(V) and
B = JiaB, 2 and B are in Q(V), and £ is a unit of Q(V). Therefore
{=al/fisin Q(V). {is a non-unit of Q(V’) if and only if « is in B,
and hence in B’. Hence { is a non-unit of Q(V’) if and only if it is
a non-unit of Q(V). Thus Q(V')=@(V), and every non-unit of
Q(V') is a non-unit of @(V). Hence [Th.IV] V' is the only variety
on U’ which corresponds to V.

Corollary. If Q(V) is integrally closed and there exist only a finite
number of varieties on U’ corresponding to V, there is only one variety
on U’ corresponding to V.

This follows from the theorem by observing that if there are only
a finite number of varieties corresponding to V, we can find a
prime section of U’ not containing any of them.

The results of Theorems VII and VIII show that more precise
results are possible when we consider irreducible varieties V on U
whose quotient rings are integrally closed. In particular, we should
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expect to carry our investigations further in the case in which both
U and U’ are projectively normal varieties, since in this case the
quotient ring of every irreducible subvariety of U or U’ is integrally
closed. We shall deal with this case systematically in the next
section. In the meantime, we introduce an important classification
of the irreducible subvarieties of U (or U’) whose quotient rings
are integrally closed. Let ¥ be an irreducible subvariety of U
whose quotient ring is integrally closed. By Theorem II, there is
at least one variety V' on U’ corresponding to V in I'.

V is said to be regular in I if there exists a variety V' of U’
corresponding to it such that Q(V’) = @(V). By Theorem IV,
V'isthe only variety of U’ correspondingto V,anddim V' = dim V.
The quotient ring of V’, being equal to @(V), is also integrally
closed, and V' is also regular in I.

V is said to be ¢rregular in I' if there is a variety V' of U’ corre-
sponding to it such that Q(V’)=Q(V). Then, if B is any valuation
of 2 whose centre on U is V and whose centre on U’ is V', and R
is the valuation ring of 8, any non-unit of @(V’) is a non-unit of R,
and hence a non-unit of Q(V). Hence [Theorem IV] V"’ is the only
variety of U’ which corresponds to V, and dim V' <dim V. By
Theorem VII it follows that if there is only one variety of U’
corresponding to V, V is regular or irregular.

V is said to be fundamental in I" if there is a variety V' corre-
sponding to it on U’ such that Q(V') ¢ Q(V). By Theorem VIII we
see that there is a variety corresponding to V in every prime section
of U’. For otherwise there would be only one variety of U’ corre-
sponding to ¥, and V¥ would therefore be regular or irregular. Hence
there is an infinite number of varieties on U’ corresponding to a
fundamental variety V. Let V" be any one of these. If

V") =Q(V),
V would be regular or irregular, and V" would be the only variety
of U’ corresponding to V. Hence Q(V") £ Q(V).

We also observe that if V is irregular, and if the unique variety
V' on U’ corresponding to it has an integrally closed quotient ring,
then V' is fundamental.

Finally, we define regular birational correspondences. Suppose
that the correspondence I”is such that to every irreducible variety
V on U there corresponds a variety V' of U’ such that

QV') = Q(V).
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Then [Theorem IV] V' is the only variety on U’ which corresponds
to V, and V is the only variety on U which corresponds to V’.
(This does not require that @( V) be integrally closed.) The birational
correspondence I" between U and U’ is then said to be regular. If
I'isregular, to each irreducible subvariety of U (or U’) there corre-
sponds a unique subvariety of U’ (or U). While our definition of a
regular correspondence does not require that the varieties U and
U’ be normal, the idea is most useful when they are normal. For
many purposes in algebraic geometry it is unnecessary to distinguish
between projectively normal varieties which are in regular bira-
tional correspondence, on account of the one-to-one correspondence
between their irreducible subvarieties.

2. Birational correspondences between normal varieties.
Before proceeding to a discussion of birational correspondences
between two projectively normal varieties, we consider the bira-
tional correspondence between any irreducible variety U in S,
and a derived normal variety U® = U’ in S,,, where ¢ is a character
of homogeneity of U [Chap. XVI, §6]. We use the notation of
Chapter XVI, §6.

We may assume that U is not in x, = 0, and let (§,,&,,...,&,)
(€ = 1) be a normalised generic point of U. Let 7, be an indeter-
minate over the function field 2 = K(&,,...,£,,) of U, and let
T, =To&; (¢ =0,...,m). Then U’ has a generic point (w,,...,0,),
where w; is in 2(7,), and is integrally dependent on K[7,, ...,7,];
also, K[w,, ..., w,] is integrally closed in its quotient field. We shall
assume that w; = 7§ (4 = 1, ...,m). Certainly 73, ...,75, are linear in
Wy, --., w,. In Chapter XVI we found it convenient to assume that
Wy, ..., w, Wwere linearly independent over K, but this restriction
is no longer necessary, and we shall drop it. Any w, satisfies an
equation

wfitay(r)wfit+ .. +a,(r) =0,

where a,(7) is homogeneous of degree i in 7,,...,7,. From our
choice of coordinate system in 8, it follows that the linear space

y‘i=0 ('i=0,...,m)

has no points in common with U’. Hence if V' is any irreducible
variety contained in U’, we can find a value of k not exceeding m
such that ¥’ does not lie in y;, = 0, and hence V' is given by a prime
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idealin J;. Hence wehaveonly to consider therings (k= 0, ...,m).
Since K[w,, ..., ,] is integrally dependent on K[7,,...,7,,],

Sllc = K[wo/wk’ ""wn/wk]
is integrally dependent on K[7o/74,...,Tn/Ti] = 3k and since
[XVI, §6, Th.III] $, is integrally closed, it follows that J, is the
integral closure of J;,.

Let V' be any irreducible subvariety of U’, and choose k (k <m)
so that V' is not in y; = 0. Then, by Theorem V of § 1, there is a
unique variety ¥V of U which corresponds to it. Hence each irre-
ducible subvariety of U’ corresponds to a unique subvariety of U.
Now consider any irreducible subvariety V of U, and suppose that
V is not in x;, = 0. If B is any valuation of 2" whose centre on U
is V, and R is the valuation ring of B, §, < R. Now ;, is the integral
closure of ;, and R is integrally closed [XVII, §2, Th.IV]; hence
$ =R and the centre of B on U’ is not in y,, = 0. The varieties
on U’ which correspond to V are therefore given by the prime
ideals of . which contract to the prime ideal of V in . Hence to
each variety of U there corresponds a finite number of varieties on
U’. Corresponding varieties on U and U’ are of the same dimension
[XVI, § 5, Th. III].

Now let U” be another projectively normal variety in S, derived
from U, corresponding to the character of homogeneity . We
may suppose that the generic point (v, ...,v,) of U”" is such that
v, =15 (t = 0,...,m). Then &y (k< m) is the integral closure of $,
and is therefore equal to . It follows that to each variety V' of
U’ not in y,, = 0 there corresponds a unique variety V" of U”, and
to each variety V" of U” not in 2z, = 0 there corresponds a unique
variety V' of U’. If V' is given by the prime ideal ‘' of J;, V" is
given by the prime ideal R” = R’ of I = S, and hence

QY') = Q(V").
Since this holds for all values of k£ not exceeding m, it follows that
the birational correspondence between U’ and U” is regular. This
result also follows from XVI, §6, Th.II, which implies that to
each subvariety of U’ (or U") there corresponds a unique subvariety
of U” (or U’). Thus there are no fundamental varieties on U’
or U”, and hence the correspondence is regular.

Now let U and U’ be two varieties in birational correspondence,
and let U and U’ be projectively normal varieties derived from U
and U’, respectively. Let ¥V and V'’ be corresponding subvarieties
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of U and U’. Then there exists a valuation 8 of the common func-
tion field X of U, U, U’, U’ which has centre ¥ on U and V' on U".
Let the centre of 8 on U be ¥V, and let the centre of 8 on U’ be V".
Then V and V correspond in the birational correspondence between
U and U, V and V'’ correspond in the birational correspondence
between U and U’, and V' and V' correspond in the birational
correspondence between U’ and U’. Conversely, let V, V, V', V'
be irreducible subvarieties of U, U, U’, U’, respectively, such that
V and V correspond in the birational correspondence between
U and U, V and V' correspond in the birational correspondence
between U and U’, and ¥V’ and V'’ correspond in the birational
correspondence between U’ and U’. Let B be the valuation of X
whose centre on U is 7, and whose centre on U’ is V'. Since V
is the only variety on U which corresponds to ¥ on U, Vis the centre
of B on U, and since V' is the only variety on U’ which corresponds
to V' on U’, V' is the centre of B on U’. Since B is a valuation of X
whose centre on U is V and whose centre on U’ is V', V and V'
correspond in the birational correspondence between U and U’.
Hence, given any variety V on U, the corresponding varieties on
U’ are obtained by selecting a variety ¥V on U corresponding to V,
then a variety V' on U’ corresponding to ¥V, and finally the unique
variety V' of U’ which corresponds to V'. The study of any bira-
tional correspondence can thus be split up into a study of the
birational correspondence between a variety and a projectively
normal variety derived from it, and the study of a birational
correspondence between two normal varieties. The remainder of
this section is devoted to the latter problem.

Let U and U’ now be normal varieties, between which there
exists a birational correspondence I'. U* will again denote their
join. It should be borne in mind that U* is not necessarily normal.
Since U and U’ are normal, the quotient ring of every irreducible
subvariety V of U (or any subvariety V' of U’) is integrally closed.
Hence every irreducible subvariety of U (or of U’) is either regular,
irregular, or fundamental for I".

THEOREM L. If V is reqular or irregular for I', it is regular for the
correspondence between U and U*, and if V is fundamental for I' it s
Sundamental for the correspondence between U and U*.

If V is regular or irregular, there is a unique variety V' of
U’ corresponding to it, and Q(V')<@Q(V) [p. 235]. Let B be a
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valuation of X2 whose centre on U is V, and whose centre on U’ is
V', and let V* be the centre of 8 on U*. We may suppose that V*
is not in 2z, = 0; then V is not in z, = 0 and V' is not in y, = 0.
V* is given by a prime ideal B* in J%,. Also

Shs@V), Jps@V)=QV).

Since (%, is the join of J, and $, any element o* of 3%, is of the

form * , ,

a¥ = o0+ ... +aa,,
where «,,...,, belong to J,, and hence to Q(V), and «, ...,
belong to &, and hence to @(V). Hence a* belongs to @(V), that is,
<= Q(V). Now a* belongs to R* if and only if its value in B is
positive, and hence, since V is the centre of B on U, if and only
if a* is a non-unit of Q(V). It follows that J& = Q(V*)<=Q(V).
But, by Theorem V of §1, Q(V)<=@Q(V*), since I, <J%;; hence
Q(V) = Q(V*). Therefore V is regular for the correspondence
between U and U*.

On the other hand, if V is fundamental for I, it cannot be
regular or irregular for the correspondence between U and U*.
Indeed, if it were, there would be a unique variety V* of U* corre-
sponding to it. Since every variety V* of U* determines a unique
variety V' of U’, V' would be the only variety of U’ corresponding
to V. But, since V is fundamental for I, there is an infinite number
of varieties on U’ corresponding to V in I', and we have a contra-
diction. Hence V must be fundamental for the correspondence
between U and U*.

THEOREM II. If there are no fundamental varieties on U’, and if
V is a fundamental variety of U of dimension p, then at least one com-
ponent of T[V] is of dimension greater than p, and no component is
of dimension less than p.

Since there are no fundamental varieties on U’, every irreducible
variety V' of U’ is regular or irregular, and hence there is only one
variety of U corresponding to it, and the dimension of this is not
greater than dim V’. If V' is a variety of U’ corresponding to V,
we must therefore have dim V'>p. Since every component of
T[V] corresponds to V, every component of 7[V] must be of
dimension p at least. If each component of 7'[ V] were of dimension
P, these components would be the only varieties on U’ corresponding
to V. Since T'[ V] has only a finite number of components, we deduce
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from the Corollary to Theorem VIII of §1 that T[V] has only one
component, and there is only one variety on U’ corresponding to V.
Hence V is not fundamental, and the theorem follows.

Zariski has proved the stronger theorem that in the conditions of
Theorem II, every component of 7'[ V'] is of dimension greater than p
[see Bibliographical Notes, p. 332].

TreorEM III. If V is fundamental on U for I, every zero-dimen-
sional irreducible subvariety of V is fundamental for I'.

Let U* be a normal variety derived from U*. We consider the
birational correspondence between U and U*. Let W* be any
irreducible subvariety of U*. It corresponds to a unique subvariety
W* of U*, which in turn determines a unique variety W on U.
Hence W* is not fundamental on U*, and so there are no funda-
mental varieties on U*. Let us now consider the fundamental
varieties on U of the correspondence between U and U*. If W is
fundamental for this correspondence, it follows from Theorem I
that corresponding to it there exists a variety W* on U* such that
dim W*>dim W. W* determines a unique variety W* of U*
which corresponds to U, in the correspondence between U and U*,
and dim W* = dim W*. We know that Q(W*)=2@Q(W), and if
these rings were equal we should have dim W = dim W*. Hence
Q(W*)>Q(W), and it follows that W is fundamental for the corre-
spondence between U and U*. Hence [Theorem I] W is funda-
mental for I". Conversely,if Wisfundamental for I',itis fundamental
for the correspondence between U and U*, and hence if W* is any
variety of U* corresponding to W, Q(W*)& Q(W). Let W* be any
variety on U* corresponding to W*. Then Q(W*)2@Q(W*), and
hence Q(W*)&Q(W). Since W* corresponds to W, it follows that
W is fundamental for the correspondence between U and U*.
Hence the fundamental varieties on U for I' are just the funda-
mental varieties on U for the correspondence between U and U*.
Hence it is sufficient to prove our theorem for the correspondence
between U and U*; this is equivalent to considering a corre-
spondence I" for which there are no fundamental varieties on U’.
We can then use Theorem II.

Since V is fundamental in I", and there are no fundamental
varieties on U’, it follows from Theorem II that there exists a
variety V' on U’ which corresponds to V, of dimension greater
than dim V. Let p be the dimension of V, p’ that of V' (p’>p).
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Since ¥V and V' correspond in I', there exists an irreducible corre-
spondence 4 between V and V' such that any pair of points which
correspond in 4 also correspond in I'. The dimension o of 4 is not
less than p’. To a generic point of V there corresponds a variety of
dimension o — p, by the Principle of Counting Constants; hence to
any point of V there corresponds a variety of dimension o—p at
least. Hence to any irreducible variety W of dimension zero con-
tained in V there corresponds a variety W' of dimension o —p > 0,
at least, in 4, and hence in I'. Since dim W’ > dim W, W must be
fundamental in I.

We next consider the problem of determining which irreducible
subvarieties of U are fundamental in the birational correspondence
I'. For this, it is convenient to suppose that the coordinate system

in S, has been chosen so that U’ does not lie in y, = 0 for any value

of k. Then, if
M _ Pilbos -5 Em) (1 =0,...,n)

are the equations which arise when we identify the function fields
of U and U’, none of the homogeneous polynomials ¢,(z,, ..., %,,)
vanish on U. The intersection of U with the primal

¢1:(x0, ceey xm) = O

is then a pure (d — 1)-dimensional variety, which we denote by 4,.
The varieties 4,,..., 4, may have components in common. We

write A;,=B+C, (=0,...,n),

where B is common to 4,, ..., 4,, and no component of any C, is
a component of every other C;. Let F be theintersection of C, ..., C,.
F is necessarily of dimension less than d — 1, and may be vacuous.
We shall prove that a subvariety V of U is fundamental if and only
if V is contained in F'.

Let us find an ideal in &, which determines the part of #' which
doesnot liein z;, = 0. Since U is supposed to be projectively normal,
S = K[Eo/€ns ---» Em/Er] is integrally closed. We can therefore apply
to it the multiplicative theory of ideals [Chap. XV, §7]. Let

i‘r = 3h‘(¢r(g0/gha ceey gm/gh)) (7: = O: °"’n)'

The ideal i, determines the part of 4, which does not lie in x;, = 0.
Let I be the highest common quasi-factor of i, ..., 1,, and let

i, ~ ML,

HP III 16
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The variety on U determined by I is pure (4 —1)-dimensional
(unless M = 1), since all the prime quasi-factors of i, are not quasi-
equal to unity, and hence determine irreducible varieties of dimen-
sion d—1 [Chap. XVI, §5]. Hence the variety determined by I
is contained in B. Conversely, if B’ is any isolated irreducible
component of B (hence a pure (d — 1)-dimensional variety) not in
z;, = 0, and if P’ is the prime ideal determined by B’ in ,, 1, > B/,
and hence B’ is a quasi-factor of each 1i,, and is therefore a quasi-
factor of M. Hence I defines that part of B which is not in x, = 0,
and 9, defines that part of C, not in z, = 0. Hence the part of F
not in z, = 0 is given by the ideal

A = (A, ..., Ay)

Let V be any irreducible subvariety of U, not in z, = 0, and let
B be the prime ideal of V in ). Let us suppose first that V is not
contained in F. Then V is not contained in C; for some value of 1,
say ¢ = k; that is, A +0 (*B). Let « be an element of Y, not in P.

Th
o 3@ and Sy (1a/70)~ WA
Therefore Sa - (@ny/my) = Uy

and hence J,,. (a9;/7;) is an integral ideal. It contains ay,/7,, and
hence we must have an,/y, = f;, where B;€J;. Therefore, since
a "# 0 ((B) ’ N; :Bi ‘V . 0

o €eQ(V) @=0,..,n),
and it follows from Theorem IV of § 1 that V has a unique transform
on U’, and therefore it is not fundamental. Thus if ¥ is not con-
tained in F it is not fundamental.

Suppose, on the other hand, that V is not a fundamental variety
for I". Then [§1, Th. VII] there exists an integer k such that #,/y,
belongs to Q(V), that is, 5,/7, = /Y Where B, Vi belong to
&, and y, is not in S, for s = 0, ..., n. Since ‘P is prime,

. ) X = Yok -+ Vnk
is not in B, and hence

M _ %
Me %k

where o, is not in ‘B, and a; = B, I1 V. Then
i

S (@) ~ Jn- (0afn) ~ U Akt

(t=0,...,n),
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that is mk%h' (ai)NQ[iSh.(ak) ('i = O, ...,’n), (l)

and 3. (a) +0 (P).
If Sh- (@) ~ Py oo Bes

where B, ..., B, are minimal prime ideals, the variety on U defined
by the principal ideal J;, . () is the sum of the irreducible varieties
defined by the B;; hence, since this variety does not contain V,

B;+0 (B) G=1,...,9). (2)

Since Ay, ..., A, have no common quasi-factor, it follows from (1)
that every prime quasi-factor of U, is a quasi-factor of J,,.(a).
From (2), it follows that the pure (4 — 1)-dimensional variety C
defined by %, does not contain V. Hence V is not contained in F.
Thus we have

THEOREM IV. If there are subvarieties of U which are fundamental
for I, there is an algebraic locus F on U, of dimension d— 2 at most,
such that an irreducible subvariety V of U is fundamental for I' if
and only if V is contained in F'.

F is called the fundamental locus of U.

Let 7"{F} denote the sum of total transforms of all the isolated
components of F. It is clearly an algebraic variety on U’. If V' is
any irreducible subvariety of 7"{F}, there corresponds to it a
variety V on U which is contained in F. V must therefore be funda-
mentalon U, and hence Q( V') £ Q(V). V' must therefore be irregular
or fundamental on U’. On the other hand, if V' is a subvariety of
U’ which is irregular for I', there is only one variety V on U corre-
sponding to it, and for this we have Q(V)<=@Q(V’). V must therefore
be fundamental on U, and hence V' is contained in 7"{F}. Hence
we have

TaEOREM V. If F is the fundamental locus on U, and T'{F?} its
total transform on U’, any irregular subvariety of U’ is contained in
T'{F}, and any irreducible subvariety of T'{F} is either irregular or
Sfundamental for I'.

From these two theorems, we are able to find all the irregular
and fundamental varieties on U and U’.

Immediate deductions from Theorem IV are

TaeorEM VI. Any birational correspondence between projectively
normal curves s reqular.

16-2
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THEOREM VII. In a birational correspondence between projectively
normal surfaces, there 1s at most only a finite number of fundamental
varieties of dimension zero, and there are no fundamental curves on
either surface.

§§ 1 and 2 serve to give an account of the methods used to develop
the theory of birational correspondences. In the next section we
consider a special class of birational transformations, called
monoidal transformations, whose importance lies in the fact that
they are often used in the course of geometrical investigations when
it is necessary to transform a given sublocus V on a variety U into
a sublocus on U’ whose dimension is greater than that of V.
Monoidal transformations are, in fact, the working tools which
one uses when applying birational transformations to given
varieties.

3. Monoidal transformations. Let U be an irreducible variety
of dimension d in 8, £ = (&, ..., §,) a generic point of it. Without
loss of generality, we may assume that U does not lie in z;;, = 0, for
any value of %, and therefore £, & 0. In particular, we may assume
£ normalised so that £, = 1. We also assume that U is normal.

Let C be any subvariety of U, of dimension d — 2 at most. Let
v be any integer such that there exist at least two forms f(z), g(x)
of degree v which vanish on C and are such that f(£), g(§) are linearly
independent over K, and let ¢{(), ..., $*)(x) be a set of forms of
degree v which vanish on €' and have the properties:

a) PYAE), ..., p(£) are linearly independent over K;

) if f(x) is any form of degree v which vanishes on C, there
exist elements a,, ...,a,, of K such that

f€) = a,¢P(E) + ... +a,d2(E).

Consider the irreducible variety in §,, whose generic point is
(PPNE), ..., d¥)(£)). We denote it by U®. It is clear that if U® is
defined, so is U®" for any value of v’ greater than ». The varieties
U®, for different v, may not be birationally equivalent, or, even if
they are birationally equivalent, they may not be in regular corre-
spondence. We can, however, see at once that the function field
of U® is isomorphic with a subfield of the function field X of U.
Indeed, since by hypothesis ¢§(£) + 0, the function field of U® is
isomorphic to

Z0 = K(@PE)IBP(E) .., p)E) P E)) S K &y, -» )
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We can, however, show that there exists an integer a such that if
v, v’ are greater than a, U® and U®) are birationally equivalent to
U, and are in regular correspondence with one another. We first
show that if U® exists then U®+V ig birationally equivalent to U.
From this, it will follow immediately that U®), for any v’ >v, is
birationally equivalent to U. Suppose that U® exists; then
d®(£) exists and is not zero. Then by the property (b) of the forms

PV gp®) = Daydy) (@yek),
and therefore :

_ & _ Zay i V() g) PYIE)  PUEDE :
6= &~ saugroie = K Grmey - giie) < 2

Hence X =K(,...,§,)c 20,

and, since we have already proved that 2*+Vc X, we conclude that
2 = X¢+D that is, that U®+D is birationally equivalent to U.

We next show that if v is sufficiently large, U®+? is the join of
)
U and U®. Let @) =0 G=1,2..7)

be a basis for the equations of C, and let f;(x) be of degree a;, and
a = max|a,,...,a,]. Since C is of dimension d—2 at most, at least
two of the forms f;(£) are different from zero; hence U@ is defined.
Let X{(x) (j = 1,2, ...) be the various power-products of the z; of
degree p. Then, if v>a, X4~%)(x) f(x) vanishes on C and is of

d ; h ;
egree v; hence X4-ad(£) fi(£) = Zbyy $AE),
where b,;,€ K. Now

Prh@) = By XEH0fi(@) - (oazne K),

and hence @Y+V(§) = 28, £, %(E) (Bijre K).
Also, since x;¢%)(x) vanishes on C and is of degree v+ 1,
§j¢(1:)(5) = 2y $YHI(E) (Vijre K).

But the join of U and U® has the generic point (..., ¢%(£),...);
hence it follows that U®+D is projectively equivalent to the join of
U and U%. By §1, Th.V, it follows that to each irreducible variety
Ve+D on U+D there corresponds a unique variety ¥V of U and a
unique variety V® of U®, and

Q( V) [ Q( V(V+1))’ Q( (V)) c Q( (v+1))
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This holds whenever v>a. If v > a, we conclude from this that

QY)=Q(V?).
In 8,, 8, 8

> Sr,,, We can choose primes at infinity not containing
Vv, V(”) Ve+D and such that, if §, J®, 3¢+ are the integral domains
of U, U®, U*tY in the derived affine spaces, I =QJ» < J¢+Y, and
J¥+D is the join of § and J®; that is, J¢+D = J®. If Re+D i the
prime ideal of V¢+1in J*+1, the prime ideals B, B of V, V*) are

= X RO+ @) = O RE+D — RE+D
PB=JP ’ §B 3 A §_B Pe+D,
Henco  Q(V) = 3 = Jtho = AV

Hence to each irreducible variety V®+D of U¢+D there corresponds
a unique variety V® on U®), and since Q(V®) = Q(V¢+D), Ve+D jg
the only variety of U®+V corresponding to V®. Hence the corre-
spondence between U¢tD and U® is regular.

Thus U@+), U@+d . are in regular correspondence. Any
variety U®, where v > a, is called a monoidal transform of U with
basis C. We thus have

THEOREM I. The monoidal transform of a variety U with basis
18 uniquely determined to within a regular transformation, and is
birationally equivalent to U. To every irreducible variety V' of the
monotdal transform U’ of U there corresponds a unique variety V
of U, and the relation Q(V)< Q(V’) holds.

We now drop the notation U®, and denote the monoidal trans-
form of U by U’. When we have to refer to v, the degree of the forms
used to define U’, we shall call it the degree of the monoidal trans-
formation.

It should be pointed out that the monoidal transform U’ need
not be normal. This results in some minor reservations in using the
results of §§ 1 and 2, but no serious difficulties will arise. In practice,
itis often convenient to follow the processof constructing a monoidal
transform by deriving a normal variety from it, but we shall not
follow this practice here.

As an example of a monoidal transformation, let U be a plane,
with coordinates (z,, z;, %,), and let C' be the variety consisting of
the points (1, 0, 0), (0, 1, 0), (0, 0, 1). A basis for the equations of C is

22, =0, 2,2y=0, zy2;=0.
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Here a = 2. U@ has the generic point (£, &,,£,£,,£0&,), and is a
plane. It is birationally equivalent to U, but it is not a monoidal
transform, since to the points (1,0,0), (0,1,0), (0,0,1) of U@
there correspond all the points of the lines z, = 0, z; = 0, z, = 0,
respectively. But U® = U’ is a monoidal transform. It can be
represented in S; as the variety which has the generic point

(38, £1 83, 8281, £0 8%, E380, £2£3, 8061 €,) and can be shown to be a
surface of order six. This surface contains three lines:

Q) Yo=U1=Y=Ys1=Y=0;
L) V1=Y2=Y=Ys=Ys=0;
) Yo=Y2=Ys=Ys=ys=0.

To any point of [, there corresponds uniquely the point (1,0, 0)
of U; similarly, to the points of I,,I; correspond, respectively,
(0,1,0) and (0,0,1) of U. Since U’ is a monoidal transform of U,
every point of U’ determines a unique point of U, and the reader
may verify that to every point P of U other than (1, 0,0), (0, 1, 0),
(0,0, 1) there corresponds a unique point P’ of U’, and Q(P) = Q(P’).

Returning now to the general theory of monoidal transformations
we prove

TaEOREM II. In a monoidal transformation of U, with basis C,
every variety of U 1is either regular or fundamental, and a variety V is
Sfundamental if and only if V<C.

The fact that every variety on U is either regular or fundamental
follows from Theorem I, which also tells us there are no fundamental
varieties on the monoidal transforms. Since the monoidal transforms
of U are in regular correspondence, we have only to consider
monoidal transforms of U of sufficiently high degree v. U’ is de-
fined by the equations

Yo = ¢P@) (E=0,..,1).

Hence, by the methods used to establish Theorem IV of § 2, which
can be applied because U is normal, the fundamental locus is
obtained by removing the components of dimension d — 1 from the
locus on U given by the equations

oNx) =0 (=0,...,7),

and hence the fundamental locus is C.
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The aggregate‘of varieties on the monoidal transform U’ which
correspond to varieties contained in a variety V of U is called the
total transform 7'{V} of V. We now prove '

THEOREM IIIL. The total transform T{C} of the basis C of a monoidal
transformation of U is a pure (d — 1)-dimensional variety.

Let U’ be a monoidal transform (with basis C) of U, of degree v.
The join U* of U and U’ is projectively equivalent to the monoidal
transform of U of degree v+ 1, and is therefore in regular corre-
spondence with U’. It is therefore sufficient to prove that the total
transform 7*{C} on U* of C is pure (d—1)-dimensional. It
should be made clear that the device of working on U* rather than
U’ is solely to enable us to use a simplified notation.

Without loss of generality, we may assume that z, is not zero on
any variety V of U which corresponds to any isolated component
V' of T{C}, and that the coordinate system (y,...,%,,) in §,, is
chosen so that y, is not zero on any component of T{C}. Then if
we denote the coordinate system of the space in which U* lies by
(%00» +++» Znsy)> the generic point of U* is ({4, ..., §,,,), Where

§ij = 5{ ¢(jV)(§)’

and z,, is not zero on any component of 77*{C}. As usual, we suppose
that the coordinates of £ are normalised so that £, = 1.

Let C* be the variety on U* having the equations of U* and the

equations .
1 (205 -1 2n5) =0 (3,5 =0,...,7,).
We shall first prove that C* = T*{C}.

Suppose that V* is any isolated component of 7*{C}, and let
V, V' be the corresponding varieties of U and U’. Let B be any
valuation whose centre on U* is V*; then its centre on U is V, and
its centreon U’is V'. Since Visnotinx, = Oand V'isnotiny, = 0,

we have WE)>0, o[PVESEN >0,

for all admissible values of ¢ and j; and since V<C (from the
definition of T{C}),
v[gPE)]>0 (j=0,...,1).
We then have
V[EEogs + 11 Gng)Gi0] = v[SP(E) {7 (6)/ 86 ()]
= v[$P(E)] + [ BP(E)/60)(6)]

> 0.
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Hence ¢¢(zy,...,2,;) vanishes on V*, and therefore V*<(*.
Therefore T*{C} = C*.

Next, let V* be any irreducible variety contained in C*, and
let B be a valuation whose centre on U*is V*. If V*isnotinz,, = 0,

V[ (Corer ++-» Eute) [ G > 0.
But P (Coks - > Cur) [ Che = SPE)IEL;

hence, since v[¢)(£)/£4] > 0, the centre V of B on U isnotin z;, = 0
and satisfies the equation

¢Nx)=0 (=0,...,r1).
It follows that V = C, and hence V* < T*{C}. Therefore C* < T*{C},
and since we have already shown that 7*{C} < C*, we have

C* = T*{C}.
We have now to show that C* is pure (d — 1)-dimensional. Let
D,(2) = ¢ (205 -3 205) (=0,...,7,).
Then [BD(Coss > Eap) Pt = [FRE) P [FPE)+Y
= D,(8) [P4(O)T.

Hence [$D(z05, - -+ 2n) "1 — Py(2) [D4(2) ]

vanishes on U*, and so the locus C*, which is the intersection of U*
with the locus whose equations are

205, -1 20) =0 (5,5 =0,...,7,),
is the intersection of U* with the locus defined by the equation
@i(in,...,zni)=0 (i=0,...,7‘v).

By construction, no component of C* = T*{C} lies in 2y, = 0.
Hence C* is the variety defined by the ideal J*.[D({), ..., D,,({)]
in the integral domain J* = K[{y/Co0s --+> Enr/Co0l- But

Bi(0) _ [¢<:><g> 1 _ (g)+€3
Dy(8) LG Goo '
Hence C* is defined by the principal ideal J*.[®y({)]. But the
variety on an irreducible variety of dimension d in affine space
defined by a principal ideal is a pure (d — 1)-dimensional variety.
Hence C* = T*{C} is a pure (d — 1)-dimensional variety.
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The next theorem is of use in determining the transform 7'[V]
of anirreducible subvariety V of U, that is, the aggregate of varieties
on U’ which correspond to V. By § 1, Theorem VI, this is algebraic.
What we shall prove is that if U, is a monoidal transform of U with
basis C}, where the components of C; which contain V are the same
as the components of €' which contain V, then there is a one-to-one
correspondence between the varieties on U’ and U; which corre-
spond to V, and if ¥’ and V] are two such corresponding varieties,
Q(V') = Q(V;). By means of this theorem, if we wish to find the
varieties of U’ which correspond to ¥V, we can omit the components
of C which do not contain ¥V, and consider the monoidal transform
of U with this reduced basis. As this new monoidal transformation
may be simpler than the original one, the problem of determining
T[V] is correspondingly simplified. A short statement of the
theorem to be proved is

THEOREM IV. The varieties in U’ whichcorrespondtoanirreducible
vartety V on U depend only on the components of C which contain V.

Let V be any irreducible variety on U, and let C, be the sum of
the components of C which contain V. Let v be an integer so large
that monoidal transforms U’ and U, of U of degree v for the bases
C and C; exist. Let ¢¥)(x) (¢t = 0, ...,n,) be a basis for the forms of
degree v, modulo the equations of U, which vanish on C,, such that
¢(x) (¢ = 0,...,n" <n,)is a basis for the forms of degree v, modulo
the equations of U, which vanish on C; and let g(x) be any form which
vanishes on the components of C' which do not pass through V,
but which does not vanish on V.

Let V' be any irreducible variety on U’ which corresponds to V,
and let B be any valuation whose centre on U’ is V', and whose
centre on U is V. Without loss of generality, we may assume that
Zy+0on V,and y,+0on V'. Then

v(&)>0, v[¢PE)SPE)]=0 (j=0,..,n).

Now g(z) ¢¢), ;(x) vanishes on C. Hence we have

g) ¢(113+i(g) = ZAzj(g) ¢(jy)(g) (7’ = 1’ '°'>n1_n,)’
j=0

where 4,,(£)ey = K[£;, ..., 5,,]. Hence

B o g: (&) 87()
¢<"> <0 9() #PE)
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Since g(x) does not vanish on V, 4,(£)/g(£) is contained in Q(V),
which is contained in @(V’) [Th.I], and

FPE)PPNE) = m;/m0€ QV");

F

hence

Therefore
k[P0 ) prE) P
¥ =K Gver - o) =3 - Mgy - giie) =9
Let R be the valuation ring of 8B, p the ideal of non-units of R.
Then the ideal of non-units of Q(V’)is f = Q(V'), p, and the centre
V; of B on U, is defined by the prime ideal B, = I, 90 = F1a B of ;.

B is determined by V' only, hence J, , ‘B is determined by V"’ only,
and therefore V] is determined by V' uniquely. V"’ is determined by

the ideal B’ = ', p = ' B, of §'. Since

F V),
and P =FrB=3.%
we have S EJgp, EQV ).
But Jp = Q(V') = Q(V')g,
hence V') = Jip, = Q).

On the other hand, let V] be any irreducible variety on U; which
corresponds to V. Let B be any valuation whose centres on U and
U, are, respectively, V and ¥;. Without loss of generality, we may
assume that the ¢{)(z) (s = 0, ...,n’) are arranged so that

v[PE)] = [S(E)]  (F<n).

Then, as above,
v[PE)]=[$PE)] (@ =0,...,my),

and hence {; is in the valuation ring of 8. Hence V;, the centre of
B on U, is not in %P = 0, and it is given by an ideal P, in .
The centre V' of B on U’ is defined by the prime ideal J',B,, and
just as above we prove that @(V’) = @(};). Thus there is a one-to-
one correspondence between the varieties on U’ and U; which
correspond to V, and if V' and V] are related in this correspondence,
QV') = Q).

Corollary. The method used to establish Theorem IV enables us

to prove a lemma which we shall use later. Let v be any integer
such that a monoidal transform U’ of degree v of U, with basis C,
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exists, and let ¥;(z) (: = 0, ...,m) be m+ 1 forms of degree v such
that the prime ideals of the components of C' in § = K[¢,,...,£,]
are isolated components of the ideal i = . (¥(£), ..., ¥,n(€)). Let
U, be the variety whose generic point is (Y4(£), ..., ¥.(§)), and
suppose that U, is birationally equivalent to U and U’. If V is any
irreducible variety contained in C, there is a one-to-one corre-
spondence between the varieties on U’ and U, which correspond to
V,andif V'and ¥, are related in this correspondence, Q(V’) = Q(V,),
provided that V, is not contained in any component of the variety
defined by i other than those components contained in C.

To prove this, we have only to choose the polynomial g(x)
introduced in the proof of Theorem IV so that the section of U by
g(z) = 0 does not contain V¥ or any component of C, and so that
g(&) §V(£) belongs to i. The proof of Theorem IV then applies.

The results so far obtained in this section relate to monoidal
transformations of U with any basis C, provided that no component
of C is of dimension greater than d — 2. Monoidal transformations
in which C is restricted to be irreducible, and simple on U, have
considerable importance in applications of monoidal transforma-
tions, and as it is possible to go considerably further in the theory of
such monoidal transformations than with general monoidal trans-
formations, we devote the remainder of this section to this case.
The results which we shall prove can all be summed up in the
following theorem:

THEOREM V. Let U be an irreducible variety of dimension d, and
let C be an irreducible variety of dimension e on U, which is simple
for U, where e<d—2. Let U’ be the monoidal transform of U with
basis C. If V is an irreducible subvariety of C, of dimension f, which
18 simple both for C and for U, then T[V] is irreducible and simple
both for U’ and T[C], and is of dimension d—1—e+f; and if V' is
any variety of T[V] which corresponds to V, V' is simple for T[V],
T[C] and U’.

By taking V = C, this implies that 7'[C] is irreducible and simple
on U’, and that every variety of U’ which corresponds to C is
simple for U’ and for T'[C].

Before proving Theorem V, we shall establish two preliminary
results which will simplify the proof. First, we shall show that if
the theorem can be proved in the case in which f = 0, it is true for
any value of f (not exceeding e).
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Without loss of generality, we may assume that z, is not zero on
V, and hence that it is not zero on C or U. Let p be the prime ideal
of Vin § = K[¢,,...,£,], B that of C. Since p is of dimension f, we
may, again without loss of generality, assume that £,,...,£, are
algebraically independent over K modulo p. Then, since <y,
&1, ..., &, are algebraically independent modulo 8. Let

Q=K(,....5)

and let U be the variety in 4,_, over £ whose generic point is
(g, 41> --+» 6,)- Since §,, ..., £, are independent over K, U is of dimen-
sion d —f. We write 3* = Q[g, 11 - En]. We consider the ideals
p* = 3J*.p and P* = J*. P in J*. Just asin XVI, §4, p. 139, we
show that these are prime ideals of dimension zero and e—f,
respectively, and that if ¥ and C are the irreducible varieties on
U defined by them, their quotient rings @(V) and @(C) are equal,
respectively, to @(V) and to @(C). Hence, in particular,
QV)<=Q(0),

and therefore V < C. Itisalso clear that p = §,p*, and P = I, B*.

We are given that C is simple on U, and that V is simple on C
and on U. These properties may be expressed as follows:

(i) The ideal of non-units of Q(C) has a basis consisting of

d—e= (d—f)—(e—f) elements.

(ii) The ideal of non-units of @(V) has a basis consisting of d — f
elements.

(iii) The ideal of non-units of the quotient ring of J/P with
respect to the ideal p/R has a basis consisting of e — f elements.

Now Q(C) = Q(C), and Q(V) = @(V). Since U is of dimension
d—f, and C is of dimension e —f, (i) and (ii) imply that C and V are
simple on U. Again,

(S/Bhoig = Jo/IJp- B [XV, §5, Th. XI]
=Q(V)/Q(V). .
But QV)=Q(V), QV).B=QUF).B*

and hence we have

(/B = QVQV).B* = (I*/B*)peigpe-
Then (iii) tells us that ¥ is simple on C. o ~
We now construct the monoidal transform U’ of U with basis C.
We take the degree v so large that the monoidal transforms of U
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with basis C, and of U with basis C, exist. Let ¢¥(z,,...,z,)
(¢ =0,...,7,) be a set of forms serving to define the monoidal trans-
form of order v of U. Then if z,,,,,, ..., 7, are the homogeneous
coordinates in the space containing U, we have

¢(V)(l’gls °",§n)€$g$*r

and therefore ¢®XZ,, £, %, ..., £;Zg, /11, .., T,,) vanishes on C. Now
let ¢(§,2) = ¢(§;, ..., &) Ty, %4y, -, Z,) be aform of Q[7,, %4, ..., 52]
of degree v, with coefficients in K[¢,, ..., §,], which vanishes on C.
Then if p is any integer such that xf ¢(x,/x,, ..., 2;[%g, g, Tyyq5 -+0» %)
is a homogeneous polynomial, this polynomial vanishes on C,
since @(£y, ..., &s Eppns s 1) €SP * = B. Therefore, we can deduce
that

Ty
X G(21)7y, ..., Tg[ X0y Tg, Tpyqy - Ty) = Z:oai(x) ()

on U, where a,(z) is a form in #,y,...,2, over K. From this, we
deduce that

Ty
x5¢(§’ x) = ‘Zoai(i) ¢g:u)(§0’ glil’ ceey gfxfs ﬁ,f+1’ seey xn)
1=

on U. On account of the presence of the factor z£ on the left-hand
side of this equation we are unable to deduce that the monoidal
transform U’ of U of degree v is the variety whose generic point,
with respect to 2, is (#¢(£), ..., $¥)(£)). But we can deduce that PB*
is an isolated component of J*.(4¢N£),...,4%(€)). Using the
Corollary to Theorem IV, we are then able to 1nfer that if W is the
variety defined over 2 by the generic point (¢{)(£), ..., $¢)(£)), W is
birationally equivalent to U, and that there is a one-to-one corre-
spondence between the varieties on U’ and W which correspond to
any given subvariety of C, and that the quotient rings of corre-
sponding varieties are equal.

Now let us assume the truth of Theorem V for the case f = 0.
It follows that, since ¥ is of dimension zero, the transform 7'[V] of
V on U’ isirreducible and of dimension (d —f) —1—(e—f) =d—1—e
and is simple both for U’ and for T[C]. Further, if V' is any sub-
variety of T V] which corresponds to V, V' is simple for 7' 4]
T[C] and U’. In view of the correspondence between U’ and W,
we conclude that these results hold when 7'[ V] and T[C] denote the
transforms of ¥ and C on W, and U’ is replaced by W whenever it
occurs in the statement of the theorem.
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We now consider the relationship between W and U’. W is
obtained from U’ simply by adding f independent elements of the
function field of U’ to the ground field. In this case, these f elements
are not f of the coordinates of the generic point of U’, but it is clear
that this makes no essential difference, and that the relation
between W and U’ is, essentially, the same as the relationship
between U and U. Thus we can pass from the transforms of ¥V and
C on U’ to their transforms on W, and from this we deduce im-
mediately the truth of Theorem V. Thus we have only to prove
Theorem V when f = 0.

From this point, we shall assume that f is zero. Our second
simplification of Theorem V is to show that we can replace the
monoidal transform U’ of U by a birationally equivalent variety
which is easier to deal with.

Let Yix)=0 (=1,...,a)

be a basis for the equations of U. Since C < U, we can obtain a
basis for the equations of C by adding a set of equations

Yix)=0 (t=a+1,..,b)
to those of U; and since V =, we obtain a basis for the equations
of V by adding to the equations of C a further set

Y x) =0 (i=b+1,...0).

Let 2’ be a generic point of V. Then z’ is simple for V, and since V is

simple on C and U, ' is simple for C' and U. Hence the matrix
oy,(x') < cr—
(—an],—) G=1..,mi=1,..a)

is of rank n —d; the matrix
@ﬁﬁ% G=1,...,m;i=1,..,b)

ox;
is of rank n —e; and the matrix

alﬁi(x')) . e
( o G=1..,me=1,..,¢)

is of rank n. It follows that the matrices
am(x’)) . e
( ax; (.7_1)'°~,n,7"‘b+1,-u,0)
oYry(x’)

and (——a—x‘;———) (j=1,...,n;’b=a+1,-",c)
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must be of ranks e and d at least, respectively. Hence, from the set
of forms ¥;(x) (! = a+1,...,¢) we can select d, say x,(x), ..., Xa(2),
such that x,(x), ..., X4_.(z) vanish on C, and the matrix

(aXi(xl)

’
8x,-

) G=1.,mi=1,..4d)

isofrank d. Let y,(x) be of degree p;, and let v be an integer such that
v>max[p,,...,p;]. We then write

$i(@) = a5 Pixy(x) (i =1,...,d).

0 ix, . .
Then (¢ao(a; )) G=1..,nm¢=1,..,d)
and (8%%)) G=1,..,mi=1,..,d—e)

are of rank d and d — e respectively. It follows from XVI, §§2 and
3, that if .
ti=¢i(g) (1‘= ls"-’d),

¢y ..., t; are uniformising parameters on U at V, and ¢,,...,t;_, are
uniformising parameters at C.
Since t,, ...,t;_, are uniformising parameters at C,

QO).(tyy . s tg-)

is a prime ideal, and the prime ideal  of C in § = K[§;,...,§,] is
an isolated component of . (¢, ...,¢;_,). Again, since Q(V)<@Q(0),
and Q(C).(t,,...,t;_,) is prime, it follows that Q(V).(t;, ..., t5_,) is
prime. Hence no component of the variety defined by the ideal
F.(ty, .-, t4-.), other than C, passes through V. We can now apply
the corollary to Theorem IV. Let W be the variety whose generic
point is

&= (o -sbna-ed = (s8ity ) (E=0,..,m5=1,....d—e).

The corollary then tells us that there is a one-to-one correspondence
between the varieties on W and U’ which correspond to ¥, and that
corresponding varieties have the same quotient rings. It follows
that in order to establish Theorem V it is sufficient to prove this
theorem when the monoidal transform U’ is replaced by W. It is
considerably simpler to do this. Hence we prove Theorem V when
U’ is replaced by W, and T[V], T[C] are the transforms of ¥ and
Con W.



3. MONOIDAL TRANSFORMATIONS 257

Since z, is not zero on V, it follows that, given any variety ¥’ on
W which corresponds to ¥V, we can find a value of ~ such that V' is
not in 2y, = 0. We first seek to find the varieties not in zy, = 0
which correspond to V. The total transform T{V} of V consists of
all the varieties on W which correspond to varieties contained in ¥V
[§1, Th. VI, Cor.]. Hence, since V is of dimension zero, T{V} is
equal to the transform T[V] of V.

Let p be the prime ideal of V in & = K[£,,...,£,]. If 2y, = 0 is
taken as the prime at infinity in the space containing W, the
integral domain of W is

In = K[Go1/Cons s Cna—elConl = Jltafths ---» taeltn] 2F-

Then the part of T'[V] = T{V} not in 2y, = 0 is given by the ideal
$n-p. We prove that this is a prime ideal.
Any element { of J;, is of the form

&= fp(tl’ ey td——e)/tll:’

where f,(x;, ..., %4_,) is & homogeneous polynomial in z,, ..., %4_, of
degree p with coefficients in J. If the coefficients are in p, it is clear
that {e3,.p. Conversely, suppose that { is contained in J;.p.
Then it can clearly be written in the form
c = &(tl’ 't'o:’ td—c) ,
h
where the coefficients are in p. Then

t%fp(tl, EEE) td-c) = t;’i.%“p () td—e)'

We expand both sides of this equation in terms of the local param-
eters ¢, ...,t; at one of the conjugate points which constitute V.
Then the right-hand side has no terms of degree less than p+ o+ 1,
since the coefficients of g, are in p. If not all the coefficients of f,
were in p, the left-hand side would contain a power-product in
tys ..., tg of degree p + o with non-zero coefficient. Since the expan-
sion of tf f, = t£g, is unique, we obtain a contradiction. Thus the
coefficients of f, must be in p. Thus {isin ,.p if and only if the
coefficients of f, are in p.

fp(tl’ cre td—e)
Let = IR
h
ho(tys oo ty_y)
and n= ~"——t{——9~ ,

HP III 17
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be any two elements of J;, not in J,.p. Then &y = f,h,[t§+. Since
the expansions of f, and 4, in power-series of ¢, ..., ; at one of the
points of ¥ have non-zero terms of degree p and o respectively,
the expansion of f, h, has at least one non-zero term of degree p + 0.
Hence the coefficients of f, /, are not in p. It follows that {z is not
in Jy.p. Thus J,,.p is a prime ideal in ;. It therefore defines an
irreducible variety V*, which is the only component of 7T[V] on
W not in 2y, = 0.

The elements ¢,/¢, (1 =1,...,h—1,h+1,...,d—e) are algebraic-
ally independent modulo $;.9. For otherwise there would exist
a non-zero homogeneous polynomial f,(2y, ..., z4_) with coefficients

in K such that
Lot sty ItheSn-p.

Hence, as above, the coefficients of f, would lie in p. Since the
coefficients are in K, they must be zero. Thus f,(z,,...,%4_,) is
zero, and we have a contradiction. Hence zy; is not zero on V*
(t=1,...,d—e). If we follow the method described above to find
the part of 7'[ V] which is not in zy, = 0, for each 7, we again get an
irreducible variety, and this must coincide with V*. It follows that
V* = T[V], which is therefore irreducible.

The fact that ¢,/t, (1 = 1,...,h—1,h+1, ...,d —e) are algebraically
independent modulo §;.p shows that dim V*>d—e—1. Let {
be any element of &,. Then

& =Za; ;. (L[6) . (bg_oft)iae,

isin §. Let z; be the residue of ¢;/t, modulo §;.p,
be the residue of a; modulo p. Then

where O dae

and let a;

1...id._e 1...id_e

Ty g5 P4 2
is the residue of { modulo },,.p. Since «; _,, ,is algebraic over K,
this residue is algebraically dependent on 2y, ...,2,_ 3,241, --., 24
over K. Hence { is algebraically dependent on ¢,/t;,...,¢ _1/t;,
thia/ths - ta_e/tn, modulo J;.p. It follows that dim V*<d—e—1.
Hence dim V* =d—e—1.
Since Q(V)<=Q(V*), we have

QUV*). (In-p) = QV*).[Q(V).p]

= Q(V*).[Q(V). (4, .-, ta)]
= Q(V*).(ty, ..., ta)-
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Moreover, tftheJns@Q(V*) (t<d—e);

hence QV*).(Jn-p) = QV™). (tps ta—et1> ---» ta)-

But Q(V*). (3. p)is theideal of non-units of Q( V*). Hence the ideal
of non-units of @(V*) has a basis consisting of e+1 =d —(d —e—1)
elements. Since dim V* = d—e—1, it follows that V* is simple
on W.

Thus we have proved that 7'[ V] is irreducible and simple on W,
and that it is of dimension d — e — 1. By considering the case V = C,
we deduce that C'* = T'[C] is irreducible and simple on W and that
it is of dimension d—1, and also that the ideal of non-units of
Q(C*) is Q(C¥). (ty).

Now regard V* as a subvariety of C*. Its quotient ring is
QIVHQ(V*).Z,. B = Q(V*)/Q(V*).B. Hence the residue classes
defined by ¢;_,.,,...,t; form a basis for the ideal of non-units
of the quotient ring of V* on C*. Since ¢ = (d—1)—(d—e—1),
and V* is of dimension d —e—1, while C* is of dimension d—1,
it follows that V* is simple on C'*.

To complete the proof of Theorem V, we have to consider a
variety V' on W which corresponds to V. Since V* = T{V},
V'< V*. We have to show that V' is simple on V*, C* and W. In
order to do this, we have only to show that V' contains a zero-
dimensional subvariety V" with these properties. Since V"< V', the
unique corresponding subvariety of U is contained in V, and there-
fore, since V is of dimension zero, it must coincide with V. Thus
V" corresponds to V. Therefore, we need only consider the case in
which V' is of dimension zero. In what follows, we shall assume that
V' is of dimension zero, and does not lie in zy, = 0.

Since every variety on W which corresponds to V is irregular for
the correspondence between U and W, we have Q(V)<Q(V’).
Let p’ be the prime ideal of V' in {,. Then p = &, p’. Again, since
F<=3y J)/p’ contains a subring isomorphic to J/p. Since V is of
dimension zero, 4 = J/p is a field which is an algebraic extension of
K, and since V' is zero-dimensional, A" = ,/p’ is also an algebraic
extension of K. We can regard 4 as a subfield of 4’. Thus 4’ is an
algebraic extension of A. Let 7, ...,7,_1, 7449, .-+, Tq_. b€ the resi-
dues of &,/ty, ... b1/t thia[ths -+ ta—e[ty In A’, and let f,(2) be the
characteristic polynomial of 7, over 4. The coefficients of f,(z) are
residues of elements of § in 4. We can then construct a polynomial

17-2
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F,(z), with coefficients in , such that, when we replace these
coefficients by their residues, F;(z) becomes f;(z). Let

ui=E(ti/th) ('l:: l,...,h—l,h‘l"l,...,d—e),
u; =t G =hd—e+l,..d).

Up, Ug_gyq, -+, Ug aTe uniformising parameters at V* on W, and u,
is the uniformising parameter on W at C*. If we can show that
Uy, ..., %y are uniformising parameters on W at V’, it will follow
that V' is simple for V*, C*, W, by the proof already given to prove
that V* is simple on C* and on W. Thus in order to complete the
proof of Theorem V, we have only to show that u,, ..., u; are uni-
formising parameters at V'.

To do this, we have to show that p’ is an isolated component of
i= 8. (4 ..., uy). We pass from the ring $, to the remainder-class
ring defined modulo p* = ,.p. Since p*<p’, p’ is an isolated
component of i if and only if p’/p* is an isolated component of
i/p*. Since p = J,p*, the residues of elements of , which are in ,
modulo p*, form a ring isomorphic with 4 = J/p, and can be
identified with the corresponding elements of 4. Now #,4;_,.1, ..., g
belong to p*, hence their residues modulo p* are zero. On the other
hand, we saw above that the residues zy,...,25_1,2541,.+»24-¢ Of
tfths o os tha/ths thyafths - ta—eft, modulo p* are algebraically in-
dependent over K, and hence over 4, which is an algebraic extension

f K. Si
of K. Since Sn = Sltaftns - taeltals
we conclude that

Slp* = Az, ..., 253, 2415 - Zae),
and i/p* is the ideal in this which has the basis
fiz) @=1,..,h=1,h+1,...,d—e).
On the other hand, any element of p’/p* is a polynomial
1,241 -0 2a)
with coefficients in 4, which vanishes at the point
zi=1; (=1,...,h=1,Ah+1,...,d—e),

where 7,,...,7,_, are the residues of ¢,/t,,...,t;_.[t;, modulo p’.
The prime ideal of this point in the affine space (2q,...,2;_y,
Zhi1s - 2q_) OVer A is an isolated component of the ideal in

A[zl, ey Bp 1 %p41s ey 24—
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generated by fi(2;) (¢ =1,...,h—1,h+1,...,d—e), since each f;(2)
is irreducible over 4. Hence p’/p* is an isolated component of i/p*.

It follows that p’ is an isolated component of i, and hence
Uy, ..., %g are uniformising parameters at V’. Thus the proof of
Theorem V is complete.

4. The reduction of singularities and the Local Uniformisa-
tion Theorem. In the three preceding sections we have studied
the theory of birational transformations. For the remainder of
this chapter we shall be concerned with applications of that theory
to problems involving the multiple points of an algebraic variety.
The reader will be aware of the difficulties which arise when an
algebraic variety has multiple points. For instance, the theory of
intersections given in Chapter XII is much simpler if there are no
multiple points. Hence the question arises: can we obtain for
any irreducible algebraic variety of dimension d a birational
transform which has no multiple points? We have already shown
how to obtain such a transform in the case d = 1 [XVI,'§ 6, Th. V],
and later we shall prove the existence of a non-singular birational
transform of an algebraic surface. Zariski has also successfully
dealt with the problem in the case d = 3, but the proof is difficult,
and we shall not give it. For values of d greater than three our
question is as yet unanswered.

However, even though we could prove that there always exists
a birational transform without singularities of an irreducible
variety, much would be lost if we were to confine our attention to
those transforms, that is, to non-singular varieties. For instance,
the structure of multiple points is itself a subject of great interest.
In order to study a multiple point, it is usually best to perform a
birational transformation for which the multiple point is funda-
mental, and then examine the transform of the point, with a view
to deducing the structure of the singularity, and it is important that
no subvariety of the transformed variety, or at least no subvariety
of the transform of the singular point, should be fundamental. If
we could arrange that every point of the transform of the singularity
was a simple point of the new variety, we should probably be able
to derive all the information which we require, but unfortunately
this problem is of the same order of difficulty as that of obtaining a
non-singular birational transform of a variety. However, a partial
result of this nature, which is of fundamental importance not only
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for the problem we are discussing but for many other reasons, is
provided by

THE LocAL UNIFORMISATION THEOREM. Let U be an irre-
ducible algebraic variety with the function field X, and let B be an
s-dimensional valuation of X whose centre on U is V. Then there
exists a birational transform U’ of U on which the centre of B is a
stmple s-dimensional variety V', such that Q(V)<=Q(V’).

Although we do not propose to make a study of the multiple
points of an algebraic variety, we may point out briefly how this
result can form the basis of the study of an isolated multiple point
P of an algebraic variety U, defined over the field of complex
numbers. We use non-homogeneous coordinates and take P to be
(0,...,0),and (&, ..., £,) to be the generic point of U. Let B be any
zero-dimensional valuation of the function field X of U whose centre
on U is P. Then, by the theorem, there exists a birational transform
U’ of U on which the centre of B is a simple point P’, where
QP)<=Q(P'). Let t,,...,t; be uniformising parameters at P’.
Since £;€ Q(P)<=Q(P’), &; can be expanded as a power series in
t;, ..., t3. The n series so obtained converge in a finite neighbourhood
of P’ on U’, which we denote by N(B). We now consider the
aggregate of zero-dimensional valuations 8 of 2 whose centre on
U is P, and the associated neighbourhoods N(8). It can be shown
that there exists a finite number of them, say N(%B,),..., N(B,),
such that any zero-dimensional valuation whose centre on U is P
hasasimple centre in some N(B,). Corresponding to each B, we have
a set of expansions for £, ..., §,. Each of these determines a partial
neighbourhood, or ‘wedge’, at P, and the wedges cover the whole
neighbourhood of P on U. The existence of this finite set of wedges
covering the neighbourhood of P forms the basis of the analysis of
the singularity at P.

We shall prove the Local Uniformisation Theorem in the fol-
lowing sections, and later use it to obtain certain important results

A dha mncnavral AL LA Al aiTawlidlan AL A Alanhwala srawiade. ML

space OI @ + I dimensions. LNis can De seen as I0LIOWS.
Let us suppose that U is given in S, and refer it to non-homo-
geneous coordinates with regard to which the centre V of ¥ is at
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a finite distance. Let (£, ..., £,) be a generic point of U. In the ring
S = K[¢,, ...,£,] we can find d + 1 elements 7, ..., 74,, such that
(@) 74, ...,n4 are algebraically independent over K,
(b) 144, is a primitive element of X' (which is the quotient field
of &) over K(7y, ...,74), and
(c) any element of J is integrally dependent on K[, ..., 74].
Let f(yy, ..., Yq41) = 0 be the unique irreducible equation satisfied
by 71, ..., Ng41- In the affine space 4y, ; the equation

f(yla ""yd+1) =0

defines an irreducible variety U’ whose generic pointis (7, ..., %441)»
and whose integral domainis §" = K[, ..., 74,,]- By construction,
the quotient field of U’ is 2, that is, U’ is birationally equivalent to
U.The equations of the birational correspondence include equations

Yi = Py(®y,.o0y) (i=1,...,d+1),
where N =Py, &) (=1,...,d+]1),

¢;(x) being a polynomial. By construction, the integral domain
S = K[¢;, ..., §,] is integrally dependent on the integral domain
S = K[ny, ... Nar1l-

Let V' be the centre of 8 on U’. If the Local Uniformisation
Theorem is known to be true when U’ is a primal, there exists a
variety U” in birational correspondence with U and U’ on which
the centre V" of B is simple, and of dimension s. Further,

QV)=Q(V").

Since V" is simple, Q(V") is integrally closed, and is the inter-
section of the valuation rings which contain it. Since Q(V') = Q(V"),
all these valuation rings contain @(V’), and hence . But J is
integrally dependent on ', and it follows from the fact that a
valuation ring is integrally closed that J is in the valuation ring of
every valuation whose ring contains Q(V”). Hence F<@Q(V").
Every element of  which is not in the prime ideal p of V has
value zero in B; hence it is a unit of ¢(V"). Hence J, = Q(V) is
contained in @(V”). Thus from the assumption that the Local
Uniformisation Theorem is true for the primal U’ we deduce that
it is true for any variety U.

The first stage in the proof of the Local Uniformisation Theorem
for the primal U is to prove it when B is a zero-dimensional valua-
tion of rank one. This is the most difficult part of the whole proof.
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We shall actually prove a stronger result in this case than is required
by the general theorem, for we shall prove that we can take the
variety U’ to be a primal too, and that the equations of the corre-
spondence between U and U’ (in non-homogeneous coordinates)
are of the form

2, =Py, ..,¥q) (G=1,..,d+ 1),}

. (1)
Yi=Ryxy,...,2q,,) (G=1,...,d+1),

where the P, are polynomials and the R; rational functions; more-
over, we shall show that these equations define a Cremona trans-
formation, that is, a birational correspondence between the (d + 1)-
spaces containing U and U’, and not merely a birational corre-
spondence between U and U’. This stronger form of the theorem
is of interest in itself, but we give it because it is essential at a later
stage of the proof of the general theorem. It should also be noticed
that the fact that the P, are polynomials enables us to deduce at
once that Q(V)<=Q(V’). In fact, if (9,,...,744,) is & generic point
of U’, we have, from the equations of the correspondence,

S = K&y s Eal S K[, s Maia] = -

If @’ is the prime ideal of V' in ', the prime ideal of Vis B = &, B’,
and therefore Jq; < Jqy, that is, Q(V) = Q(V’). Hence the first stage
of our proof of the Local Uniformisation Theorem is to show that
if U is a primal in 44, and B is a zero-dimensional valuation of
rank one of its function field, then there exists a Cremona trans-
formation of the form (1) of 4,4,, into 4;,, which transforms U
into a primal U’ on which the centre of B is simple.

Once this result is proved, the general Local Uniformisation
Theorem is proved by an induction argument. We show that if it
is true for a zero-dimensional valuation of rank %, then it is true for
an s-dimensional valuation of rank k, and that if it is true for any
valuation of rank £ it is true for a zero-dimensional valuation of
rank £+ 1.

Turning now to the problem of the elimination of the singu-
larities of an algebraic variety with function-field 2, what we have
to do is to find a projective model of X'; that is, an algebraic variety
whose function field is X, on which every zero-dimensional valua-
tion of X2 has as centre a simple subvariety. For every zero-dimen-
sional subvariety of a projective model of X' is the centre of some
zero-dimensional valuation of X, and if the centres of all such
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valuagions X' are simple, every zero-dimensional subvariety of the
model, and hence every point of the model, is simple. Unfortunately,
we cannot as yet prove the existence of such a projective model,
but we can prove that if 2 is the function field of an algebraic
variety there exists a finite resolving system, that is, a finite number
of projective models of 2’ with the property that any zero-dimen-
sional valuation of X has a centre on at least one of the models
which is a simple subvariety of it. Clearly, the elimination of the
singularities of an algebraic variety is equivalent to showing that
its function field has a resolving system consisting of a single
projective model. The natural way to try to show this is to take
aresolving system consisting of £ models, and to try to reduce it to
one consisting of £ — 1 models. We shall show how this can be done
in the case of algebraic surfaces, in which the reduction from % to
k—1 models is relatively easy. For varieties of dimension three,
the reduction has been achieved by Zariski, but it is difficult owing
to the existence of fundamental curves in the correspondences
between the various models. A reduction in the case of varieties of
dimension greater than three is still awaited.

Note. The next three sections are devoted to the proof of the
Local Uniformisation Theorem. Since the details of this proof are
somewhat complicated, the reader may prefer to accept the theorem
at first, and pass directly to § 8.

5. Some Cremona transformations. The proof of the Local
Uniformisation Theorem for zero-dimensional valuations of rank
one is based on the construction of a series of Cremona transforma-
tions, and as a preliminary we consider the properties of certain
Cremona transformations which will be used later.

Let U be a d-dimensional irreducible variety in the affine space
A4,, with the coordinate system (zy, ...,%4,,), and let (£, ...,£5,)
be a generic point of U. The transformations which we consider
are all of the type

(0) {xi='Pi(y19“-syd+l) (”’= 1:-~-,d+1)’
y,i:Ri(xl,...,xd_’_l) (i= 1,...,d+1),
where P, is a polynomial in y;, ...,y4,, With coefficients in K, and
R, is a rational function of z;, ..., z4,, over K. It will save inter-

rupting our argument with trivial definitions if we agree to denote
the transform of (£,, ..., £4,,) by any transformation such as (C) by
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the Greek letters corresponding to the Latin letters used to denote
the coordinate system in the transformed space.

Let B be a zero-dimensional valuation of rank one of the field
K(&,,...,£4.1). Its centre is a zero-dimensional variety on U, that
is, a set of conjugate points (af,...,af,,) (¢ = 1,...,9). We shall
be much concerned with the field E obtained by adjoining &)
(J=1,...,d+1;¢=1,...,9) to K. It should be noted that if we
perform the transformation (C) the centre of ¥B in the y-space is
a set of conjugate points (8Y,...,A%9.,) (¢ =1,...,h). The field

K(BD, ... 0, ... P, -, BB)) is not necessarily the same
as R. But given i, it is easily seen that there exists an integer j
(1<j<h) such that

P = PSP, ... 5P.) (k=1,..,d+1);

hence R < R’'; it will be useful to bear in mind this property of the
transformations (C).

R is an algebraic extension of K of order ¢g; by making, if neces-
sary, a linear transformation on x;,...,2;,,, we can arrange that
o, ..., are all distinct for each value of j. Then B = K(af, ..., &)
(j=1,...,d+1). It will be convenient to suppose that the co-
ordinate system has been chosen initially so that a{,...,a¥ are
distinct. When we construct the series of transformations which
we shall ultimately use, it is not usually permissible to introduce
a linear transformation to ensure that the jth coordinates of the
set of conjugate points which constitute the centre of 8 in the
space considered are all distinct, but as a rule this property will be
true as a consequence of the properties of the transformations used.
The property is essential at certain stages of our work.

We shall often have to extend the ground field K to some algebraic
extension K*. Usually, we shall take K* = R. When we extend
K to K*, the variety U may become reducible. (§,, ..., £;,,) is then
a generic point over K* of one of the components, say U*, into
which U breaks up, and there is a valuation 8* of K*(£,,...,£;,,)
which is an extension of 8. If f(z,, ..., ;) is any polynomial over
K which does not vanish on the centre of B, v[f(£)] = 0, hence
v*[f(£)] = 0, so that f(x,,...,24,,) does not vanish at the centre
of B*. Hence the centre of B* is contained in the centre of B; and,
in particular, if K*> R, the centre of B* is at one of the points
(@, ...,a®. ). We shall assume that, whenever we extend K, we
at the same time select a corresponding extension B* of B, and
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when there is no risk of confusion we shall, for simplicity of notation,
continue to denote it by B.

When we take R as the ground field we may suppose that the
centre of Bis (ay, ..., %4,4) = (@D, ...,0P,,). Thenr, = v(§;— ;) > 0.
The transformations with which we are concerned in this section
are of two types: (i) they are transformations of type (C) on only
m variables, say z,, ..., %, in the case in which 7, ...,7,, are ration-
ally independent real numbers; (ii) they are transformations of
type (C) on m+1 variables, say «,,...,%,,,, where 1,...,7,, are
rationally independent, and 7,,, is rationally dependent on
T1s--» Ty We begin with an algebraic lemma on rational approxi-
mations to a set of m rationally independent real numbers.

Lemma I. (Perron’s algorithm.) If 7,,...,7, are m rationally

independent positive real mumbers, there exist m series of mon-
negative integers AP, AP, AP, ... (i = 1,...,m) such that

15 h+1 h+m—1
AP APHD o AQEmD
(1) . . . — i 1,

h h+1 htm—1

AP AR ARAm-D
. AP 1,
(ii) lim — = —*.
h—>ooA- Ty

If £ is any positive real number, we denote the integral part of it
by [£]. Let a’ = [r,/7,], and write
7, =10, 17,=10,+aP7) (@ =2,..,m).
The numbers 7, ..., 7% are rationally independent. Forif A, ..., A

are integers such that
AT+ 24,70 =0,

m

m—1
we have (Am— > /\ia@rl) T+ AT+ o+ A, 1Ty =0,
1

and hence, from the rational independence of 7,, ..., 7, we deduce
that A; = A, = ... = A,, = 0. Also

_z_ = t+1 1+1
,T(l)

hence 7 < 7). We define
AR =0 (k=1,..,m—1), Am=1,
AP =1, AP =0 (k=2,..m—1), A =a®, ...
AYD =¢8] (i<m), A =a (j=3,...,m).
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m
Then 7,= S AP (@=1,...,m).
j=1
The construction of the numbers a, 49 (4,5 <m), 19, ...,75) will
be referred to as the first stage of Perron’s algorithm.
We now start with the rationally independent numbers 740, ..., 73,

and repeat the process, obtaining m rationally independent num-
bers 72, ..., 72. We define a{’ = [7{’/7{"] and write

™0 =78, 19 =70 +aPr® (1=2,...,m),
where 7® <7{?. In this case, however, we have a{)>1, since
7P <7 and aff) > a > 0.
Proceeding in this way, we produce a series of sets of rationally
independent numbers 7, ..., 7" (h = 1, 2,3, ...), connected by the

relations
40 = 70 2P0 = W a0 B (=2, ..., m),

=D = [V} >0,
where alv>1, al-Vzal-d (h>2).
Combining the various equations, we obtain

T = Zp(h)‘l'(h)

where the pg’;) are defined by the recurrence relations

3 0 -1 h—1
28 . P Y L ph-D 00 .. 0 1
_ 1 0 ... 0 a?
3 , 1 h-1 h-1
b P a7 () 0 . ... 1 a-v

From these relations we deduce at once that we can write
P = A#+-D, and that

Bt —
A(lh) A(1 +m-—1)

= ( —_ l)h(m—l).

|
h4-m—
| AD  ghime
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AP is a non-negative integer. The matrix equation written above,
with A + 1 written for &, gives the equation for p{}? in the form

A(h+m) A(h)a(h)_l_ _I_A(h'l'm“'l)a(h) (a«g_h) = 1)‘ (1)

The process of passing from 7{*-0, ... 7&-Dto 7, ..., 7 and defining
a1, ete., will be called the h-th stage of Perron’s algorithm.

Since a® >0, a® > 1, it follows from (1) that A{+m > AR+m-1)
and since A%, ..., A#+™~D cannot all be zero, it follows that there
exists a finite integer & such that 4%’ >0 if i > k. In what follows
we shall assume that 4 exceeds this value k. For a sufficiently large

h, we have, from (1),
APtm) m—1 A (h+7)

A(1h+m) 2 J A(h+7)’ (2)
AP+
h) _ 1
where AP = a A(h+m)> 0,
E a,(h) A(1h+7')
*
and Z /\ ) = Iz 1 (3)
() 0 (h )
Now A 9y AT 1 (j<m),

SR T AW A ima X
,\(Jlt)_ 1 a%') A(1h+m 1)

since, as we have seen, a{® <al, AP+ < AP+m-D, From (3) we
conclude that A®_; > 1/m.
AR Ah+m=1)
Let g = max I:—"“— ey
PE s Atham—D |°
; AP AmD

AW Ah+m—1)

® — min | 2 i A
and k¥ = min [ A‘i")’ ey A;” +m_1):|
Equation (2) tells us that g > g»+0, k#+D > kM. Hence, generally,

we have
g&’” > g%h+1) > gi,h+2) > kg,h+2) > ]cgh+1) > k&h’.

It follows that G, = limg® and K, = lim £ both exist, and that

h—>o h—>o

G, > K,;. We shall show that G; = K.
Given any € > 0, we can choose %, so that

0<gP—G;<e, 0<K,—kP<e,
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whenever % > h,. Then

AP+D .
A(h+”>K¢ e, if h>h,
But A(h+m) m—2 ™ A A A(h+m—1)
U A(h+m) i A(h+i) m—1 A(h+m—1)

m=g w Agrmd
> ,‘Eo/\j (Kz —_ 6) + Am IA—_————(h-{-m—l)

o (AfrmD
=K, -"€+/1m 1 A——r_*_m D Ki'f‘e

AP+m=1)
>K,—e+m™! +€

AT~
if A > hy. Hence, if &> h,,

A§h+m) A h+m—1) 1
L1 2 g ) _el1-=
A K,>m AT K;)—e€|l pol B

Repeating this process s = m —r+ 1 times, we have

(h+m) (h+r-1)
A om0 k) -1-2),
m8

A(lh-i-m) A§h+r—-l)
provided % is sufficiently large. Since the k¥ increase with h, it is
clearly possible, in view of (2), to choose % +m so that
APAm| APAm) = FhtD)

and then choose r (r<m) so that A®+-D/4%+r-D = glh+D) When
we do this, we obtain the inequality

gt — K, < e(m®— 1) + m (kP - K,)
<e(ms—1),
and hence G,— K;<e(ms—1).

1

It follows that @; = K.
We then see that lim AP/AP = G, = K,. Choose h; so that

h—>©

| AP/AP — @G, | <€, whenever h > h,. We have

j=1
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and hence
m
5 j§1 (AP+-D— @ AP+-D) T(jh)
n %= T
1 > A(1h+i—1)7.(jh)
j=1
i—1) (R
< eZAP+-D7P .
DY A(l’l+7'~1)1§h> =5

since AP+~ 0, 7V > 0. We conclude that

I AP 7,
Jim 4= 7y
We require also a second preliminary lemma dealing with a set
of conjugate points (&, ...,a®) (¢ = 1, ...,g) in the affine space 4,,,
defined over the ground field K. Here R denotes the field

1
K@d,...,a, ..., ... a9,

Lemma II. Let X (xy,...,2,) and Y;(x,,...,2,) (¢ =1,...,9) be
two sets of polynomials in § = Rz, ..., x,,] which are conjugate over
K, and suppose that X (2, ...,ad) is not zero. Then there extsts a
polynomial H(z,,...,x,) tn K[x,,...,x,] such that if X;H+Y,1is
written as a polynomial in z,—af), ..., x,, —a, it has no terms of
degree less than p,, p, being any assigned integer.

Let p, be the ideal with basis (x, — &, ..., z,, —&’?) in the integral
domain § = R[z,, ...,,]. Since the points («{’, ...,a) (1 = 1, ...,9)
are all distinct, the g ideals p,, ...,p, are distinct maximal ideals,
and hence (p?,p%) = F(t1+j). Hence we can find g conjugate
elements g, ..., {, in J such that

& = 0y (pfo).
Since X ;40 (p,), by hypothesis,
S' (Xi’ ,p%’o) = 3;

hence we can find g conjugate elements Ay, ..., k, in 3, and a set of
conjugate elements 7, ..., 7,, where 7, is in p%o, such that

h’iXi+7]i=_Yi (’l:= l,...,g).
We take H="WhG+...+h,8,
Then X H+Y, =hX;+Y;=—79,=0 (p}),
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and H = H(zy,...,%,) is a polynomial over R, self-conjugate over
K, and therefore in K[x,,...,x,], which satisfies the required
conditions.

We now proceed to build up a series of Cremona transformations
over K on z,, ..., %, corresponding to the various stages of Perron’s
algorithm performed on the values 7,,...,7, of §;—a,,..., 8, —an
in the valuation %8, which we assume to be rationally independent.
For convenience in future applications we assume, as we may, that

if R=K(a,...,a?,,)is an extension of K of order g, the g con-
jugates af’, .. oc‘,”) are distinct, for each value of j. It is worth
noting, however, that we only use the fact that af,...,af are

distinct. Since the transformation only involves z,, ..., z,,, we shall
omit x,, ,, ..., xd+1 from our equations.

Let ¢(z) = I1(x—af?’) be the characteristic polynomial of
1

o = a, over K . Defining the integers a{ as in Lemma I, we con-
sider a transformation

{xl = Ty,
Yoy = 2l [P @)1 + Silah) (G =2,..,m),
where ¢,(z) is a polynomial over K to be determined. We notice
that the equations of 7} can be solved to give
;= [xi+1‘¢i+1(x1)]/['/f(x1)]aim (t=1,...,m-1),
X, = x,;
hence 7, is a Cremona transformation of the type (C).

Let ay, ..., %r,_; be any elements of R such that the g conjugates
of & (j=1,...,m—1) over K are distinct, and let o, = ;. If we
write ¥(x) = (x—«,) y*(x), the equations of 7} can be written
(over R) in the form

Ty—% = x;n—a;m

a7 a(o) * a® (4 ’

Ty — 0y = (T — o)™ [PH(@n) 1% (21— 0 4)

+ o [P — o+ filam) (= 2,...,m).
In Lemma II, take m = 1, p, = p+a¥, where p is an arbitrarily
large integer, and X, = 1, ¥; = a/_,[()]%" —a;. We put ¢,(x)
equal to the polynomial H(x) constructed in the lemma. It follows
that 2=y = (2 — )% 4,4 ('),
where

Ay(a) = @)1 (=) + (@ — )P Gi(@l) (i = 1,0, m—1).



5. SOME CREMONA TRANSFORMATIONS 273

We now consider the values of £; —«; in the valuation 8. From
the equations of 77,

T = v(g:n_a;n) =v(§;—a;) = 1,>0.
Also, since Y*(a;) = Y*(ar,) 0, v[¥*(,,)] = 0. If p is sufficiently

large, p1, > v(£; —a;), since the value group is Archimedean-ordered.
Hence, provided that o is sufficiently large, we have, for ¢ <m,

'U[A g’ ] = mln [?){[7,0* gm ]aw) 1.)} pTl +U{G gm)}]
=v(;—a)) =71, (say).
Hence 7 = v(E;— ;) = aPv(§, — o) + 7,
= P+

By comparison with the equations obtained in the first stage of
Perron’s algorithm, we see that

=10 (i=1,..m).

We sum up the essential properties of the transformation 7
corresponding to the first stage of Perron’s algorithm as follows
(writing A4,,(x") for z,, — a,):

(i) 7)isatransformation of type (C') which, over R, can be written
in the form

2y —ay = A, @), @—ap=4,,@)A8@) (i=2,..,m),
that is, equivalently,
@ —a; = A @) .. A4 @) (6= 1,...,m);
(i) Ay(') = A}, ors 2) (@)= @) F (@ — )P Bl ., o),
where A4,(aj,...,o,) %0 (¢£m), A,,(&') = x5, —
(iii) the centre of B in the transformed space is
(015 vy Xy s +ovs Xgp1)s

and its coordinates lie in R; the conjugates of «; over K are all
distinet;
(iv) v(gi—ai) = v[d(E)] = 1P,
(v) pis alarge integer.
Corresponding to the second stage of Perron’s algorithm, we can
construct a transformation (zj, ...,x,,) to (2, ..., z,,) similar to 7};

HP III 18
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the transformation from (z,,...,z,) to (], ..., z,,) will be denoted
by T,. Proceeding in this way, we obtain a transformation 7',
corresponding to the A-th stage of the algorithm. This is clearly a
transformation of the type (C):

xi:"Pi(yl""?ym) (i‘_‘l""sm)’

where P, is a polynomial over K. We shall prove that T} has the
following properties:
(i) over R, T, can be written in the form

»)

v—ay = AP0 (Y) . AE TG Ly, oY) (G =1,..,m),
where LBy, .., Bn) +0;

(11) Ai(y) = Ai(yl’ teey ym) (yi _ﬂi) + (ym—ﬂm)p Bi(yl’ teey ym)
(t<m),
Am(y) = ?/m—ﬂm’

where Ay By - Bm) £ 0;

(iii) the centre B in the transformed space is

(ﬁl’ ...,ﬂm, am+1’ ey ad+1)’

and its coordinates lie in R; the conjugates of f; over K are all
distinet;
(iv) v(n; = f;) = vl4,(n)] = 1,

(v) pisa large integer.

We have seen that these conditions are satisfied in the case b = 1.
We therefore assume that 7} has the above properties, and prove
that T}, also has these properties.

We pass from 7}, to Tj,,, by subjecting ¥, ...,,, to a transforma-
tion 7{Y over K similar to 7} which has, over R, the form

Y1= P = Ym— B
Yi—Bi = Y= B [Ci(ym) Yia = Bim1) + (¥ — Bm)? Dy(ym)]
(t=2,...,m),
where (87, ..., fms %myi1s ---» Xgyq) is the centre of B in the y’-space,

and has coordinates in R; also the conjugates of f; over K are
distinct [Property (iii)]. C;(f8y)+0, and p’ is a large integer.
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From the properties of 7} we also see that, if p’ is sufficiently
large,

V[Ci(Mm) Wiy = Bica) + (T — B} Di(m)]
=iy —Pi1) =Tiy, say (1=2,..,m),
and Tm = V(N Pm) = V(1 — By) = T
Hence 7P =v(p,—pf;) =aPrP+7,_, (G =2,..,m).

Comparing these equations with the equations of Perron’s algo-
rithm, we find that 7, = 7%+ (4 = 1, ..., m).
We now consider 4,(y), ..., 4,,(y).

Ay(y) = A1(y) (Y1~ B1) + Y — Bn)? B1(y)
= U= Pw) [Ao(¥') + W= B> Bo(y')],
where 4(y') and By(y') are polynomials in y3, ..., ¥, and

Ay(y) = Ao(y').
Since v[A4,(7)] = 0, v[4y(7’')] = 0; that is 44(8’)+0. Now a®> 0;
hence, if p is sufficiently large,
V[ Ag(1") + (m— Bm)P 2 By(n')] = o[ Ao(7')] = 0.

Hence M,Y) = Ym—Bm) M (Y1, - Ym),
where M(f1,...,Bm) £0. If 1 <i<m,
4;(y) = Ay) (Yi = Bs) + Y — Bu)? By(y)

= A1) Y= Br) ™ {CiYm) Yir = Bis) + Y= ) P'D (Y}

+ (U= B {Cn(¥) U1~ Brn1) + U= Brn)” DY)}

x Bi(y'),
where A,(y) = Ai(y'), Bily) = Bi(y').

Hence if p, p’ are sufficiently large, we can write
AY) = W= B [AF1(y') Wia = Bica) + Y= Br)” BE (Y],
where o is an assigned large integer, and B¥_,(y’) is a polynomial,
hil ’ oy /
ware AY () = ALY Cult)-
Since o[ Ain)] = o[Ci(n)] = 0, A¥(8)+O.
We write, for 1 <i<m,
A¥(y') = AF ) Wica = Bicd) + Y — Bw)” BI-1(¥')-

18-2
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Then, if o is sufficiently large,
D[A',ik ( )] =v 77@—1 ﬂ’t 1 T(ihjil)‘

Finally, we have

—Bn
ym ﬂm)a("’ A5 1(y)s
where
A:;—l(y') =G, ( ym—l :Bm— ’ :B;n)p,D y:n)
= Att-—l (ym— ﬂm 1) ﬂ;n)d m—1(y )s

if p’ > 0. Again, if o is sufficiently large, we have
v[dy ()] = v(”;n—l _ﬂ;n—l) = T‘,,’ii}).

If we write A%(Y') = y,,—Pm» We see that A¥y'),...,4%(y’)
satisfy the condition (ii); also that (iv) is satisfied with A replaced
by 2+ 1. The integer o satisfies the condition (v) for p.

We have still to consider condition (i). We have

)

2=y = 44" (y) . A2 Q) Ly, oo Y)s
and Ay(y) = AXY" ) My, ... Yn),

A(y) = A5,y [5G =2,...,m).
Hence
z— oy = [AF(Y)A LA ()4 A%y )T
X Li(Y1s s Ym) [M(y) 14,

where k; = Z APH-DgP) = AP+m (o) =1).
i=1

Alsoif  L¥y1, .-, 9m) = LWy, oY) [M Y1, ., )14,

Lt(ﬂi’ ceey :B;n) = Li(ﬂl’ cey ﬂm) [M(:Bi, ceny ﬂ;n)]A;h) £0.

Hence,replacing 4,, ..., 4,,, L;by 4%, ..., 4%, L¥in (i)and A by h + 1,
we see that T}, , satisfies property (i), and therefore all the required
properties.

The transformations 7}, perform a fundamental role in the proof
of the Local Uniformisation Theorem.

We now establish an important property of them. Let

F(xv T xd+1)
be a polynomial with coefficients in R. We write

F(x) = Za, (g, s Xgpq) (@ —g) 1. (2, — 0, )2im,
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Ifi+j, we cannot have
AilTI + ... +Aim7'm = Aﬂ’rl +... +A]’me’

since the fact that r,, ..., 7,, are rationally independent would imply
that A, = Ay, for k = 1,...,m. We may suppose that the terms are
arranged so that

AnTi+ o F AT < AT+ + 44,7, (G>1).
We say that F(z) is monovalent in z,, ..., z,, if

v[al(gm-f-l) LEXS §d+1)] = O.

If F(x) is monovalent, and j > 1,
v[a;(§) (Er— o)t ... (£ — o) tim] = v[a;(£)] + Ekl ATk

> v[ay(£)] + % AteTis
hence V[F(E)] = AT+ o+ A To

TreOREM I. If F(2y, ...,74,,) 15 monovalent in x,, ..., Ty, then, if
h is sufficiently large, T), transforms F(x) into a polynomial of the
form
A32(Y) - 437Y) CY1> > Yara)s

where v[Gn)] =0 and A; =j§1/\1jA(j"+i—1).
Since 7), transforms
(@;—a,) into A#"(Y)... 445" (y) Liyy, - Ym),

where v[L;(7)] = 0, it transforms
'Hl (x;—a;)"i  into jHIAfU(y) MYy - Ym)»
j= =

m
where o[My)] =0 and p; = XA, ARHD.
k=1
Now, by hypothesis,
%(Aik-—/\m)rpo (1> 1).
But AQ+-D/A{+-D tends to 7,/7,, and if A is sufficiently large,
A{+i-D 1., 7, are positive. Hence, if & is sufficiently large,

T (A — Agg) A0 > 0.
%
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We choose A4 so large that this holds of all values of 7 greater than
one, and for j = 1, ...,m. Then pu;; > pu,; = Ay, say. Then

a; Hl(x; — oy = Ap(y) ... ANY) N (Y5 s Ym)s

ji=

where v[N()] = 0; and, if k> 1,

m
akjl'll (@ —ay)' = Ay ... Azt (y) Hyyy, - s Ym)-

Hence
F(z) = 43:) - 42 @) N W, - Ym) + 4a(Y) - Ay) ZHY))-
Since v[4,(7)]> 0,
oG] = o[N () +4y(7) ... A(m) EHy ()]

= o[N()] = 0.
The theorem is therefore proved.

Corollary. If F(x) and G(x) are monovalent in xy,...,2,, and
v[F ()] = v[R(E)], then, if h is sufficiently large, T}, transforms F(x)
and G(z) into polynomials in y,, ..., y,, which differ only by factors
Fy(y) and G,(y) such that v[F(7)] = v[Gy(n)] = .

We now consider some Cremona transformations on x,, ..., 1,
where the value 7,,, of £, ,—a,,, is rationally dependent on
Tis-+» Ty and 74, ..., 7,, are rationally independent.

A set of forms 4,(x),...,4,(x) in x,,...,z,, with coefficients

in R, such that
Az(x) = Ai(xp (AR xm) (xi - ai) + (xm - am)p Bi(xla teey xm),

where p is a large integer, and v[4,(§)] = 0, will be called a normal
m-set in x,, ..., x,. We note that

A,,(x) = (X, — ) CXq, ..., ),

where v[C(&;,...,&,)] = 0; hence we can, in fact, always take
4,.(x) to be x,, —«,,. In the case in which 7,,, is rationally depen-
denton7,,...,7,,wehavealso to consider (m + 1)-setsinx,, ..., %, .4,
such as 8;(x), ..., 6,,,1(), where

05() = @y(Zy, o5 Tpppn) (T = 0;) + (X — )P b (Z4, ooy Tpyia)s

where v[a;(£)] = 0, and p is a large integer.
We seek a Cremona transformation of type (C) which will reduce
an (m + 1)-set to a special form. We prove
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TueoreMm II. Given an (m+ 1)-set 8,(), ..., 8, yq(%), we can con-
struct a Cremona transformation

x; = Py, "°’ym+1) t=1,..,m+1)

with the following properties:
(i) ¢f B is regarded as a valuation over R, the centre of B in the
y-space s a zero-dimensional variety with generic point

(ﬂl’ ...,ﬂm_’_l, am+2’ ce ad-l-l)’

where f; (1 <m) is in R, and the conjugates of B; (t <m) over K are
distinct;
(i) ai=P1:(131""an’?/m+l) (G=1,...,m+1);

(i) (@) = Abu(y) ... A% (Y) Gi(Ys -+ Ymsa)s

where by; >0, det (by) = + 1, Ay(y),...,4,(y) is a normal m-set in
Y1sooosYm, ONA

Am+1(y) = Am+1(y1’ AR ym+1) Ym+1 + (ym _ﬂm)a Bm+1(y1’ s ym+1)’
and v[A ()] = 2[Gy(1)] = 0,
o being a large integer;

(iV) Am+1(ﬂ1’ '“’ﬂm’ ym+1) and Gi(ﬂl? ""ﬂm» ym+1) are Mon-zero
constants in R;

(V) ©(msz) = 0.

In the proof of this theorem it is essential to suppose that a;
(j = 1,...,m) and its conjugates over K form a K-basis for B; we
have seen that by a suitable choice of coordinate systems it is

possible to arrange for this in any application of the theorem.
Since 7,,,, is rationally dependent on 7, ..., 7,,, we have a relation

/\Tm+1 = A17-1+ ces +Ame’

where A, A,, ..., A, are integers without a common factor, and we
may assume that A is positive. Since 7,...,7,, are rationally in-
dependent, this relation is unique. For simplicity, we shall break up
the construction of the transformation into three stages. Stage A
will consist of transformations of type 7}, on 2, ..., %,,, designed to
lead us to a situation in which Ay, ..., A, are all positive and A,, is
greater than A, and is not divisible by A, if A>1. Stage B will
enable us to reduce the case A>1 to A = 1, and Stage C will deal
with the case A = 1, A;> 1. In special cases Stages A or B may be
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absent, but Stage C is always present. This is important in order to
establish properties (i) and (iv). It will help the reader to appreciate
the cumulative properties of the transformations used at different
stages if we verify at each stage that the transformations have,
essentially, property (iii).

Stage A. We perform a transformation of type 7} on z,, ...,z,,.
Since 9;(z) (+ <m) is clearly monovalent in #, ...,z,,, we have, by
Theorem I, for s < m,

8x) = AF" W) .. 48" W) Ly, - Ymaa)s 2LLalm)] = 0.
4,(y), ..., 4,(y) is a normal m-set, so if A4, ,(y) = 6 1(x),
A1(Y), ---s Appia(y) is an (m+ 1)-set, and since det (AP+-D) = +1,
AP+1-D >0, we see that our transformation has the required
property (iii).

m
We have T, =3 Agh+a—1)7(],h>;
i=1
hence Mgy = MOTO-+ o+ X7,
where AW = A, APH-Dp A, ABAD,

Since AP/ AP+~ (;}1/11- ‘ri) / T, =AT,,.1/T1ashtends to infinity,and

APV A, 1,5 and 7, are positive, A is positive if A is sufficiently
large. Also, since A% o0, we can arrange that A% > A. Also, since
(if A>1)A,,...,A,, are not all divisible by A, and det (A%+7-D) = + 1,
AP, .., AD are not all divisible by A. Since AV = AP, (¢ <m),
we can clearly choose h so that A is not divisible by A. Thus, we
can find 7}, so that A» >0, A® > A and AP is not divisible by A.
Further, by the properties of 7}, discussed earlier, we know that the
coordinates of the centre of B in the y-space are in R, and that the
conjugates of each of the coordinates over K are all distinct.

Thus, by suitably choosing 7}, we have reduced our problem to
that of proving Theorem IT when A, ..., A,, are positive, A,, > A, and
A,, is divisible by A only if A = 1. If A = 1, we pass straight to
Stage C. If A> 1, we come to Stage B.

Stage B. In considering Stage B, we recall that one of the
properties of 7}, is that 7% > 7{. We therefore assume that

A7m+1 = A].Tl + ces + Ame,

where A;>0, A, >A>1, 7,,>7,, and A,, is not divisible by A. Then
we can write X = gA+ N,
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where A >A’>0and g > 1. In the manner in which we constructed
T,, we can construct a Cremona transformation over K on z,,
Z,,,, only, of the form

Xy = Xy

L1 = x:n+1P(x;n) +Q(x;,,),

which, over R, reduces to the form

’
m’

L1 = Fms1 = (¥ = %) [O(27,) (i1 — Amr) + (¥ — )" D)
By the properties of the transformation 7} used in Stage A, the
conjugates of a; = a; (1 <m) over K are all distinct, and we can
choose aj, ., so that its conjugates over K are all distinct.

Again, O nia(®) = (@p — ap)? 87y (),
where

/
Xy — Oy = Ty — &

/

m+1(&') = G (®) C@) @iy — Aniy) + (@ — A)? 77 by g1 (%)
+ (% — o)” D(@p)-
If we write &j(z) = d;(x) (1 =1,...,m), 81(2'),...,0m1(z') is an
(m + 1)-set and
0(@) =8i(@) (F=1,...m), &) = [,(x")]0 0y, (),
so property (iii) is fulfilled. Moreover, we have

Tme1 = VEmi1— %mia) = V[0n4a(E)] = Trui1 = 97ms
and so we have
ATp1 = NTi+ oo+ A T + ATy,
where 0 <A’ <A, A;> 0.

It should be noted at this stage that since the relation connecting
T4, --es T Topyq 18 Unique, and each 7, is present, as well as 7,,,,, any
m of the numbers 7, ..., 7, 7/,,; must be rationally independent.
We now construct another Cremona transformation similar to 7},
this time on xy, ,,, ,,,; (or on zy, x; if m = 1). If m = 1, the trans-
formation is of the form

z; = Y, R(y,) +S(y1),

Lo = Y1,
and reduces over the field R to the form
xy—ay = =B [E(yy) (Yo—B2) + (Y1 —B) F

’ ’
Ly—Qy = 1‘“,31,
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and if m > 1, it is of the form

xi =Ym>
L = ym+1R(ym) +S(ym)’
L1 = Y1

and over the field R it reduces to the form
xi"'ai = ?/m"ﬂm’
x;n - a;n = (ym - :Bm) Am+1(y)’
Tny1 = Cmy1 = Y1 = Pr.
(Bis s Bmi1s %oy -5 ®%g_q) 18 the centre of B in the y-space, and the
conjugates of §; over K are all distinct. 4,, ,(y) is of the form

Em) Ymi1— ﬂm+1) + Ym— L) F (Ym),

where v[E(7,,)] = 0, and 7 is a large integer.
It is sufficient to consider the case m > 1, the differences in the
case m = 1 being trivial. We have

0(a') = ay(x") (v — o7) + (27 — )" b1()
= (Ym— L) P15 > Yms1)»
where P(Y) = a1(2) + (Y — )" 47012 (y) b1(2'),
and hence ¢(f,, ..., Bni1) £0, that is, v[¢(n)] = 0.
We write 0ix') =4d,y) (=2,...,m=1).

If we put 4,.(Y) = Yp— B>
then we have O (') = A,(y) A a(y).
Finally
Om1(%) = @1 (%) (T _O‘;n+1) + (@ — %) b1 (2)
= Apa(') (41— 1) + —Bn)” Aia(y) b2 (&)
= A1) (11— B1) +( ym—ﬂm) B,1a(y)
= 4,(y).

Then 4,(y), ..., 4,,.1(y) is an (m + 1)-set, and
61(x") = 4..(y) 3(y),
dix') =Ad,y) (t=2,...,m—1),
On(@') = Ap(y) A1 (y),
Omia(®') = 44(y);
so property (iii) is satisfied.



5. SOME CREMONA TRANSFORMATIONS 283

We have, also,

Tmt1 = v[Am+1(77)] = v(”m+1_ﬂm+l)
= ’U(g;,, - a;n) = (N ""ﬁm)
=Tm—T1;
Ty =0 —B1) = Tias
Tm = V(= Fm) = 715
T,=7; (C£l,mm+1).
Hence Alim_‘_l = A?l il Az ?2 T eee T Am—-l ?m_l - (Al + A’) ?m.
By our construction, 7y, ...,7,, are rationally independent, and the
conjugates of £, over K are all distinct. Thus we have returned to
the position in which we started, but with the integer A replaced by
the smaller integer A’. By repeating Stages A and B alternately, we
can eventually reduce our consideration of Theorem II to the
consideration of the case in which

Top1 = A T1+ oo + A0 T,
where A; > 0. This is the case considered at Stage C.
Stage C. As a preliminary to the consideration of this stage of
our construction, we shall require another lemma.

Lemma III. Given any positive integer p,, which we suppose
sufficiently large, there exists a polynomial ¢(z,, ...,x,,), with coeffi-
cients in K, and m sets €D, ...,e¥ (v = 1, ...,m), of polynomials over
R which are conjugate over K, such that

(@) p(x)—al), =€ ... el

(b) P = AV(x,, ..., x;) (x;— D) i+ terms of degree not less than
potnzy—af, ..., x;,—a, and

AP@D, ..., £0, PP, ...,aP)£0 (k+7).
We recall that (af,...,a$,,) (j =1,...,9) are the conjugates of
the centre of B in the z-space, and that o’ (j = 1, ..., g) are assumed
all distinct. This is, indeed, one of the points in our argument at
which the assumption is essential, at least as regards values of ¢ not
exceeding m.

We prove this result by an inductive argument on m, first con-
sidering the case m = 1. By elementary algebra, we can construct
a polynomial ¢(z), with coefficients in K, such that

¢(°‘(1j)) = 0‘%)+1,
NP =0 (v=1,..,A=1,A+1,..., p,—1),
) = 1,
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wherej = 1,...,9, and ¢*(x) is the vth derivative of ¢(x). Then the

polynomials dx,) and & = B(z,)—ald,,

satisfy the requirements of the lemma.

We now suppose that we have constructed functions ¢’'(x), €
(¢ =1,...,m) for a given m and given A,, ..., A,,. If A,, = 0, we can
put e = 1, and we are in the case m — 1. We now prove the theorem
for m, Ay, ..., A,_1, A+ 1. We write

g :
o= 1P, o1 = .
j=

€;isin K[z,,...,x;]. We show that the function
d(x) = ¢'(x) + [cx, + H(2y, ..., %y 1)] €1 -+ €

satisfies the requirements of the lemma, with A,, replaced by A, + 1,
provided that ¢ is a suitable element of K, and H(x,,...,%,, ;) is
suitably chosen in K[z, ...,z,,_;]. We have

() —ald),, =P ... DeD,
where €D = 1+ [cx,, + H(Zyyen oy Xpyg)] 65D ... XD,
Now ... ex) = i+ ZbP(x; — af’) + terms of higher degree,
and in virtue of the properties of €, a® is not zero. If
H(d(lj), ey OL%)_I) = ho,

&N = 14 (ca® + hg) a® + [(cold) + hy) bD) + ca®P] (z,, — D) + ...
Eventually, we shall choose H(x) so that this expansion has no
constant term. Then the coefficient of (x,, —a) is ca® —bP /oD,
We take ¢ to be any element of K which does not make this vanish.
Now let X be the polynomial obtained from e§® ... ¢¥? by putting
x,, = o), andlet Y; = 1+cal) X;, and then apply Lemma II (p. 271)
to obtain H(z,,...,2,_,). It follows that when we put , = al
in €? we obtain a polynomial BY(x,,...,x,_;), which, when ex-

panded in terms of #; —af, ..., ,,_; —al)_, has no terms of degree
less than p,. Hence

é(;i) = A(j)(xli ] xm) (xm - “(J;)) + B(f)(xl’ M xm—-l):
and since the coefficient of z,, —a{? in the expansion of & is not

zero, we have . )
’ AN, ..., aD) % 0.
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Also NP, ...,a®) =1, if j+k.

We put &) = ¢2)&. Then it is clear that @(z),e{... d)_ &P satisfy
the lemma when A,, is replaced by A, + 1.

We return to the problem of constructing a Cremona trans-
formation to satisfy Theorem II.

We construct ¢(z), ¢’ for the numbers A,, ..., A,, which appear
in the relation s = ATyt o A AT

where, we recall, A, > 0. Let

xm+1 ¢(x1’ M xm)
Yt =76 @) - en(@)

+8(xy, ... 2,,),

where S(z,, ...,x,) is a polynomial over K to be determined. We

have a
Y, xm+1 - O‘m+1 1 + S( )
™ (@) . epn(7) V(@) ... ex(x) '

We use Lemma II to determine S(z) so that
S(x) e§i)(z) ... (x) -1 = CO(x,, ..., x,,),

when expanded in terms of x, — o) (i = 1, ...,m), begins with terms
of degree o, at least, oy being a large integer. We consider the
Cremona transformation

7 {xm+1 = P s Ym) + [Ymsr =S, s Y] €2(Y) - €m(y),s
z;=y; (tFm+1).

We first consider the centre of B in the y-space (the ground field

being taken to be R). If ¢ +m + 1, we write 8;=a,; we then have

o(n;—B;) = v(§;—a;) =7,>0.
We also have

Tl ™ %yl = Tppy1— “%)ﬂ
= €0(y) .. 6RY) [1 + Ymsr — S®) fV(Y) ... €3D(y)]
= €P(y) ... DY) DYy, .., Yppa)»
where
DOy, s Ymi) = DY) - €5Y) Y1 — COWys -y Y)-
Now if the p, of Lemma III is sufficiently large,
v[e(il)("’)] = Aiv(ﬂi ) ’11,7.1’

and, since D) £0, ov[efN(n)] = 0.
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Therefore 34,7, = Ty = o) ... €3(7) D)

i=1

= Eacre+olDO0)]

that is, 0 = v[DV(n)] = v[efV(n) ... xD(0) o],

if o, is sufficiently large. Hence we conclude that v(7,,,,) = 0.

We therefore see that v(n;) >0 (¢ = 1,...,d +1), and hence that
the centre of B in the y-space is at a finite distance. It lies in the
primes y;, =g, =a; 1 =1,...,m,m+2,...,d+1), defined over R,
and it does not lie in y,,,, = 0. It is a zero-dimensional variety
over R, but need not be a point. Its generic point is of the form
(B s Bas1), where B, is algebraic over R. The g conjugates of
B; (¢ <m) over K are all distinct.

We now point out an important property of the transformation.J".
Let f(x,,...,%,.,) be any polynomial in z,...,2,,,;, and let
9(¥1» -+» Ym41) be the polynomial derived from it by 7. Then

9Y1 > Yme1)
=f(y17 s Yms ¢(y1, ceey ym) + [ym+l_S(y)] 61(?/) em(y))
Hence, since €;(8) =0,

g(ﬂl’ '“’ﬂm’ ?/m+1) =f(a1’ ooy Oy ¢(a1’ s ),

that is, it is independent of y,,, ;.

The final transformation is a transformation of type 7}, on
Y1> --sYm, and hence it does not destroy the property of J just
described. If 7}, transforms y,,...,¥,,, into 2;,...,2,.,, and
(B +os Bayr) into (yy, ..., Yar1) Vi€ R (14m), and we obtain

8i(x) = AaP(2) ... A4 V@) Liz) (6= 1,...,m),
where 4,(z), ..., 4,,(2) is a normal m-set and v[L,({)] = 0. Also

Omi1(®) = @1 (%) (T i1 — X)) + (B — X )P b1 (%)
= a’(y) e(ll)(y) e egz)(y) D(l)(yl’ (AR ym+1) + (ym —ﬂm)p b’(y)’
where am+l(x) = a'(y), bm+1(x) = b'(y).

We note that a'(f,,...,8n Yms1) i8 independent of y, ., by the
special property of 7.
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We now pass from the y-space to the z-space. Since

E?)(y), ceey 93(?/)’ ym_ﬂm

depend only on y,, ...,¥,,, an immediate application of Theorem I
tells us that

eP(y) = ANAP(2) ... APV Nyz) (6 = 1, ...,m),
Yn =B = A£7(2) ... 47357 (2) N (2),
where N,(z), N(z) depend only on z,, ..., 2, and
o[ N(E)] = o[N(§)] = 0.
Let a'(y) = a(z) and b'(y) = B(z).
These are polynomialsin z,, ..., 2,,,,, but, by a remark made above,

0((')’1, coos Ymo zm+1) = a,(ﬂl’ teey :Bm! ym+1)

is a non-zero constant.
Further, we have

D(y) = DY) ... €5 W) Ymar — CPY1s -2 Ym)
= P2y, ..y %) Zn1 + A7(2) ... AT(2) Q '(2);

since C¥(y) has no terms of degree less than o, which can be
made arbitrarily large, we may assume that o, is as large as we
please. Let o, > p’, where p’ is a large integer. We then have

-D(l)(y) = P(z) Zm+1 + (zm_’},m)p’R(z):
where v[P(£)] = v[efV(n), ..., exP(n)] = O,
and v(§) = 0.

We therefore have

Smi1(®) = ' (y) €PY) ... €R(Y) DV(Y) + (Y — Frn)? b'(y)
= a(z) fi Axi(z) iii N(2) [P(2) 2mss + Em— Ym)” B(2)]
+ I:idf""‘“’"(z) No(z2) A(z),

where fo= A AG+-D 4 LA ABri-D),
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We choose p so that
pA’;;;—*-i—l;:ui (i =1,...,m— l)s

and PAGF™ V> p, +p'.
Then if we write A4,,.,(2) = «(?) ]7;”[ N,(z) P(z),
Ai1(V1s - os Yins Zmya) 18 @ non-zero constant, and if we write
Bpia®) = a(z) TT N2) B(2)
+ T A (2) A8 2) No(z) 0,
we have Opia() = Af(2) ... Atm(2) A, 14 (2),

where Am+1(z) = Am+1(z) Zmi1t (zm - ‘Ym)pl Bm+1(z)'

This virtually completes the proof of Theorem II. When we
combine all the transformations into one, we clearly obtain a
Cremona transformation of the form

2, =Py, s Ymyr) (G=1,...,m+1),

where Pi(y) is a polynomial over K. We have shown that the
resulting transformation has the properties (iv) and (v); and since
at each stage we have seen that (iii) holds for the constituent
transformations it necessarily holds for the resultant transforma-
tion. We have also shown that (i) holds, so it only remains to show
that (ii) is true.

Let the result of combining the transformations of Stages A
and B be .

.’L‘i=pi(X1,...,Xm+1) (?4= 1,...,m+1).

The transformation

X; = 4% ---,ym+1) (t=1,...,m+1)

of Stage C transforms any polynomial f(X) into a polynomial g(y)
such that g(fy,...,Bm Yms1) 18 & constant. Taking f(X) to be
¢«(Xy, ..., X;niq), We see that, in the combined total transformation

2, =Py .y Ymp) (E=1,...,m+1),
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Py(B1, .-, Bm>Ymy1) 18 independent of y,,,,. But when y,,,; = i1,
wehave o P(Bp e fn) (= 1,.,m1).
Hence it follows that

oy =Ffr, s s Ymer) (E=1,...,m+1),
as required by condition (ii).

Thus we satisfy ourselves that all the requirements of Theorem IT
are fulfilled.

Our next problem should be to generalise Theorem I so as to
remove the condition that F(z) be monovalent in z,,...,2,. We
shall consider this generalisation in the next section. At present
we confine ourselves to a special result which will be useful. Let
03(x), ..., 0ppy1(x) be an (m+ 1)-set as defined above, and consider

any number of products
m+1

my(x) = I1 8ju(@).
j=1

m+1
The value of m;(§) is ¥ A,;7;, and since 7y, ..., T, are rationally
j=1

dependent, there may be several 7,(§) with the same values. Sup-
pose that

v[m(E)] = v[mp(€)] = ... = v[ms(E)] <v[m(§)] (i%a,p,...,9).
We apply the transformation of Theorem II. Then

m+1
() =j£11 A%ii(y) G4(y),

where v[G;(n)] = 0 and 4,(y), ..., 4,,,,(y) are as described in the

theorem. Also
m+1

My = k§1 Aipbyje

We have v[m;(§)] =]§1/¢ij o[4;(m)];

and since v[4,(9)],...,v[4,,(7)] are rationally independent, we
conclude that

Pog = Pp; = oo = sy <py; (J=1,...,m),

and that u,; < u;; for at least one j, if i +«, £, ..., 8. (By performing
another transformation of type 7}, if necessary, it can easily be
arranged that u,; < u,; for all j.)

HPIIL 19
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We consider two products 7,(£), 74(£) with the same value. Then

m+1

Z(Aak_Aﬂk)bkj=0 (j‘—_- 1,...,m),

k=1
m+1
’EI(Aak - ’\ﬂk) bemi1 = Kams1 —HMgmt1e

By Theorem II, we know that det (b;;) = € = + 1. Let ed be the
determinant of the m-rowed matrix (b,;) (¢,5 <m). Then if we solve
the above equations, we have

Aa m+1 " /\ﬁm+1 = d(#, m+1— Mg m+1)~

Ifd = 0, A, 41 = Agyya- In this case, since v[0;(£)], ..., v[d,,(£)] are
rationally independent, the condition v[7,(£)] = v[my(£)] would
imply that A,; = A4 (j=1,...,m+1), and hence a = f. Since,
however, we have seen that we can find two distinct products
m,(£) and m4(£) with the same values, we conclude that d + 0. The
important point to note is that d is a non-zero integer depending
only on the transformation used in Theorem II, and not on products
m;(x) considered. The particular result which we shall quote later
can be stated as

THEOREM IIL. If 6,(x), ..., 8, 1(2) 18 an (m+ 1)-set, and if

m+1 m+1

7o) = IL8F(@), myw) = 11 (),

where v[m(§)] = v[m(€)],

then the transformation of Theorem 11 transforms the products into

m+1

, m+1
L 45(y) Guly) and ] 43y) Gp(y),

where (i) v[G,(1)] = v[Gs(n)] = 0;
(i) ;= p; (E=1,....,m);
(i) Bmss—%mi1 = (Bus1— Ems1)/ds
where d 18 a non-zero integer depending only on the transformation.
6. The Local Uniformisation Theorem: the main case. In

this section we prove what may be called the main case of the Local
Uniformisation Theorem, namely, the case of a zero-dimensional
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valuation of rank one. Explicitly, we state the theorem to be
proved as

THEOREM I. Let U be a primal in the affine space A4, (%, ..., Zg11)s
and let B be a zero-dimensional valuation of its function field of rank
one, whose centre on U 13 at a finite distance in A4,,. Then there exists
a Cremona transformation of Ay, tnto Ag,; Yy, ---, Yas1) of the form

xi=1)i(y1,...,yd+l) (i=l,.-.,d+1),
yi=R.i(x1,...,xd+1) (i=1,...,d+l),

where P; is a polynomial over K and R; 18 a rational function with
coefficients in K, which transforms U into a birationally equivalent
variety U’, on which the centre of B is a simple zero-dimensional
variety at a finite distance.

The proof of this theorem is very closely linked with the proof of
a theorem which is the most general form of a result of which
Theorem I of §5 is a special case. The extension of this theorem

which we shall prove is

THEOREM II. Let B be a zero-dimensional valuation of rank one
of the function field K(&,,...,E4.1) of the irreducible primal U in
(@y, .+, Tqpq)-8pace, whose centre is at a finite distance. Let R’ be the
least normal extension of K over which the centre of B on U reduces to
a set of points, and let B’ be a valuation of R'(E,, ..., &;,,) which is an
extenston of B. If F(x,,...,x,) (r <d + 1)is any polynomial in x,, ..., x,
with coeffictentsin R', such that F(§,, ..., £,) % 0, there exists a Cremona
transformation of (x, ..., %4.,) tnto (Yy, ..., Yg41) of the form

xi=Pi(y1"",yr) (@=1,..,7), Ly =Y; (@>7),

where P, is a polynomial in y,, ..., y, with coefficients in K, such that

Fxy,...,2,) = A1(y) ... 437 (Y) QY1 - ¥y)

over the field R* which is the least normal extension of R’ over which
the centre of B’ in the y-space reduces to a set of points.

Let B* be a valuation of R*(&,, ..., E4,1) which is an extension of
B', and let (fy, ..., fq.1) be the centre of B* in the y-space, (1y, ..., Ng41)
the transform of (&, ...,Eq.1). Then,

(i) R* is the field obtained by adjoining to K the element B; and
its conjugates over K, for any j not exceeding m;

19-2
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(ii) v*[Ai(”)] = v*(?’i_ﬂi) = 7‘? (7' = 1: '":m)) where T’]‘." "':T:l
are rationally independent, and 4,(y),...,4,,(y) ts @ normal m-set
W Y15 s Yms

(ili) v*[G(ny, ..., 7)] = 0.

Some remarks on this enunciation will help towards a fuller
understanding of the proof. It may be pointed out that the prop-
erty (i) of Theorem II has little intrinsic interest, but must be
included in the statement of the theorem for the sake of the induc-
tion argument. We begin the proof of Theorem II for a polynomial
G(xy, ..., %,,;) by applying, as hypothesis of induction, the theorem
to a derived polynomial F(z,,...,#,). The next stage is to apply
Theorem II of §5 to 4,(y), ..., 4,,(%), Y41 — PBrs1, and in order to do
this the property of £; (j <m) given in Theorem II (i) is essential.
This will explain why at one stage of our argument a diversion has
to be made to ensure that (i) is satisfied.

It should be noted that in the statement of Theorem II, the field
R’ which contains the coefficients of F(z,,...,,) is determined
completely by the variety which is the centre of the valuation 8
on U. Inourinductive proof, we shall make the truth of Theorem II
for F(x,,...,x,) depend on the truth of the theorem in an earlier
case applied to a polynomial G(z,, ..., 2,) in a transformed space. The
coefficients of G(z,, ..., 2,) may not be in R’, but as they will lie in the
least normal extension of K over which the centre of B in the z-space
reduces to a set of points, the hypothesis of induction will be valid.

Since it is important to distinguish between valuations B of
K(&,,...,&,) and extended valuations B’, B*, etc., of R'(§,,...,,),
R*(§,, ..., £,), etc., we shall find it more convenient in this section
to denote extended and induced valuations by different symbols.
B will always denote the basic valuation of K(&,,...,£,), and the
valuation for extended ground fields will bear a distinguishing mark
bearing an obvious reference to the corresponding ground field.

The valuation B* defined in the theorem has its centre at the
point (B, ..., f4,1). The condition (iii), v*[G(5)] = 0, is equivalent
to saying that the equation

G(ﬂli ""ﬂr—-l, y) =0

doesnothavey = f, asaroot. Let us consider the effect of removing
the restriction F(,,...,£,)+0. The argument used to prove
Theorem II will lead in this case to an equation

F(x) = 4{:(@y) ... A2 Y) Gy, - ¥r)s
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where conditions (i) and (ii) of Theorem II are satisfied. But if
F(£) = 0, we deduce that G(») = 0. Hence the equation

G(IBI’ “”ﬂr—l)y) =0

must have y = f, as a root. We can, however, state certain results
on the multiplicity of this root. We consider the particular case in
which F'(z) is an irreducible polynomial with coefficients in K. Then
F(x) = 0is the equation of a variety U over K. In this case, we can

show that
G(ﬂl’ ---,ﬂr_l,y) =0

has y = f#, as a simple root, provided that the Cremona trans-
formation is suitably chosen. If A(y) is the polynomial of least
degree over K which contains A{1(y) ... 45™(y) as a factor, 4(y) +0,
since A(y) is a polynomial in y,, ...,¥,, only, and

")*(771:_131:) (t=1,..m)
are rationally independent. Hence
F(z) = A(y) 1G7i(y),

where the G,(y) are essentially distinct polynomialsin y,, ...,y, with
coefficients in K, and where, for one value of ¢, G;() = 0. G4(y) =0
is then the equation of the transform U’ of U by the Cremona
transformation. Suppose that the factors are arranged so that
G,(n) = 0. Since G4(f) = 0, and

HG‘gi(ﬂlv °",ﬂr—1’ y) =0

has y = f, as a simple root, it follows that

G1(By, "',ﬂr—-l, y)=20

has y = f, as a simple root, and that p, = 1. Moreover,
o6,
Yy

hence (8, ..., B4,1) is a simple point of U’. But (8, ..., B4,,) is one
of the conjugate points which make up the centre of 8 on U’, and
therefore the centre of B on U’ is simple. This result is simply
Theorem 1.

Thus the proof of Theorems I and II are closely related; indeed,
we find it convenient to prove the theorems together. The pro-

(Brs - B) % 0;
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cedure, in fact, is to prove Theorem II by induction on 7, and then
to deduce Theorem I from it. If the equation F(z) = 0 of U over
K involves only the coordinates «,, ..., #,,;, we use Theorem II as
applied to polynomials in z,, ..., z,. But the method of proof differs
very little from the method of deducing Theorem II for r+1
variables from Theorem II for r variables; hence it is convenient to
carry out the two proofs simultaneously. It should also be men-
tioned that in view of our initial choice of the coordinate system in
the z-space, the equation of U involves the d+1 coordinates
%, ..., Tq,q1; Nevertheless, for formal reasons, we assume the truth
of Theorem II for r variables and then consider a polynomial
F(z,,...,x,,,), distinguishing the cases F(£) = 0 [Theorem I] and
F(£)#+ 0 [Theorem II].

We must first begin our induction by considering a form F(z,) in
z, only. In the case of Theorem I, F(x,) = 0 is taken as the irre-
ducible equation of U, which is therefore a set of conjugate primes

=ap (t=1,...,9).

Since the centre of B is at a finite distance, it lies on just one of
these primes, and hence it is already simple, so there is nothing to
prove. In the case of Theorem II, we can apply Theorem I of § 5 at
once to obtain the required result. We now assume the truth of
Theorem II for polynomials in  variables, and consider a poly-
nomial F(z;, ...,#,,,) in 7+ 1 variables, with coefficients in E. In
the case of Theorem I, F(x,,...,x,,,) = 0is the irreducible equation
of U over K ; hence no polynomial in z,, ..., z,over K vanishes when
we replace x by £; thus in dealing with auxiliary polynomials in 7
variables we are only concerned with Theorem II.

Let (a,,...,%4,,) be the centre of B’ in the z-space. In the case
of Theorem I we may make a preliminary linear transformation
on z,...,%,,, to ensure that F(«,,...,a,,2,,,) is not identically
zero, and let us suppose that x,,, = «,, is an s-fold root of this
polynomial. Since (ay, ..., %z,,)ison U, s> 0. If s = 1, it is a simple
point of U, and therefore the centre of B is simple on U. We there-
fore suppose that Theorem I is true if s < s;, and consider the case
in which s = s,. Our object is then to obtain a Cremona trans-
formation of the required type which reduces U to a primal for
which s <s,. In the case of Theorem II we can, by a preliminary
transformation, reduce F(z) to a form in which F(ay,...,a,,2,,,)
is not identically zero, but our intermediary transformations may
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cause us to depart from this condition. However, it is clear that
by an initial choice of coordinate system we can arrange that

F(x) = A%y, ..., 2,) Fy(%y, ..., Tppq) oo Fyy, oo, 2004),

where Fi(z,,...,x,,;) is irreducible over R, and z, ; = «,,, is an

8;-fold root of Fag, ..., 0y %,p0) = O,

where s, is finite (¢ = 1,...,t). The intermediary transformations
will not destroy this condition. If s = max[s,,...,s], then s =0
implies that s, = 0 (¢ = 1,...,¢) and hence

Ei(“v seey o‘r+1) +0,

and therefore v'[F;(£)] = 0. If we then apply Theorem II, for r
variables, to 4(z, ..., ,), we immediately reduce F(zx) to the form
required by Theorem II, which is thus established for F(x). We
therefore assume that Theorem II is true for polynomials F(x) for
which s<s,, and consider a polynomial F(x) for which s = s,
We then seek a transformation which reduces F(z) to a polynomial
for which s<s, If we can show that a transformation of the
required type can always be found with this property, Theorem II
will follow by an induction argument. Thus in the case of Theorem I
or of Theorem II, we have only to show that a transformation of
the type described in the statement of Theorem II exists which
will reduce the problem to one in which s < s,.
In the case of Theorem I we write

F(x) = %ﬂi(x): where ﬂi(x) = a’i(xl’ ""xr) (xr+1 _ar+1)i’

and in the case of Theorem II we write

Fh(x) = 2 n&h)(x), where ﬂfih)(x) = agih)(xl’ ceny xr) (xr+1_ “r+1)ia

1
the summation being over the non-zero terms only. By con-

struction
J @ (0, ., 0,) £0, a(ay, ..., ) +0.

We apply Theorem II for the r variables x,, ..., z, to [T a;(z,, ..., x,)
[Theorem I, or to A(zy,...,x,) ITaP(zy,...,%,) ['f‘heorem I1).
We then have "

my(®) = b(Yy, -, Yp) A11(Y) ... 435™(Y) Yp1—Brr)*  [Theorem IJ;

(@) = 6Py, ..., 9,) A} (Y) ... Ami(Y) Yppr = Bria)s
and
A(x) = a(yy, .. ¥,) A1r(y) ... A2(y) [Theorem II],
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where the coefficients are in a field R, which contains the centre
(Bys.-o» Bry1) of an extended valuation B; of B in the y-space,

and where 01[b,()] = v, [6P(1)] = v,[a(n)] = O,

and 4,(y),...,4,,(y) is a normal m-set on ¥,, ...,¥,,, and the con-
jugates of £, ( <m) over K are all distinct.
We have v,(9,,,—f,,1)>0. Let us consider first the case in

which o [A:(N)]s -5 V1[4 ()]s V1P — Bria)

are rationally independent. Then we are only concerned with
Theorem II. For if we were dealing with Theorem I, the relation

Zmy(€) =0
implies that there exist two distinct suffices + and j such that
vy[my(€)] = vy[m;(§)]. Since
v1[A:(M)], s 01 [ A ()]s v1 (W1 — Bria)
are rationally independent, this implies that
A=Ay (k=1,...,m) and 4=y,

and so we have a contradiction. In the case of Theorem II,

Al(y)’ cee Am(y)’ Yria _ﬂr+l

formanormal (m + 1)-setiny,, ..., ¥, ¥,,.1- Weapplytoy,, ..., ¥m Y11
a transformation of type 7}, so that in the new coordinate system
(215 ++.,2441) We have
nP(2) = AR () ... A Bz, - 204),
A(x) = Ar(z) ... Alms1(2) B(2y, vy 24a)s

where n[B{(£)] = wia(g)] = 0,

and A4,(2),...,4,,,1(2) is a normal (m+1)-set in z,...,2,,2.4.
Also we may arrange that if (y,,...,74,,) is the centre of B, in the
z-space, the field obtained by adjoining 7y, and its conjugates
over K to K is R, (all ¢), and that if

v [TPE)]<u[mPE)], w<pf (k=1,..,m+1).
If wP = min (40D, 4, .1 (k=1,....,m+1),
and Ve = Mkt Z/L%’)
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then F(z) = A5(2) ... B¢(2) Q24 -y 2,41)s

where v,[G({)] = 0, and Theorem II as applied to F(z) is then
satisfied.

We therefore have only to consider the casein which v (7, ., — 8,.1)
is rationally dependent on v,[4,(%)], ..., v,[4,,(7)]. Since the con-
jugates of f#; over K are all distinct (¢ <m) [Theorem II (i) for a
polynomial in m variables], we can apply Theorem II of § 5 to the
(m+ 1)'Set Al(y); -“’Am(y)» yr+1_ﬁr+1 in Y- Yms Yry1- By this
theorem, we can construct a transformation of the required type
which transforms ,(z) into

(X)) = €421, +--» Zpyg) O411(2) ... OLim(2) 87i(2),
where (a) 6,(z), ..., d,,(2) is a normal m-set in 2,, ..., 2,,;

(b) 3(2) = P(zl’ oo Zms zr+1) Zr1 + (zm - Ym)p Q(zl’ oo ¥y zr+1)’
and P(yy, ...,Yms %41) is @ non-zero constant p;

(c) the centre of B; in the z-space has generic point
(Y1 -+ Vrs1), Where v, (i%7r+1) is in R;, and 7v,,, is algebraic
over R,;

(d) ¢;(2y,-..,2,,1) has the property that c;(vy,..., ¥, %41) 18
a non-zero constant c;;

(€) 21(&yn) = 0.

Property (d) follows from the fact that c,(z,,...,2,,,) is the

product of b,(yy, ...,¥,) and a product of powers of the polynomials
G, of Theorem II of § 5. Now, by a result established in §5,

bilY1 s Yy) = (215 -5 2p1a)s

where d,(y,, ..., V,, 2,,,) is a constant, necessarily different from zero
because v[b,(7)] =0, and since Gy(yy,...,¥, ?%41) i8S a non-zero
constant, (d) follows.

In the case of Theorem II, we have similar formulae for 7{(z),
A(x).

We now consider the polynomials 77,(§) which have least value in
B’, or B, [Theorem I], or the 7{"(£) which have least value for a given
h [Theorem II]. Suppose that

[, ()] = 0i[me(E)] = ... = i[ms(E)] <on[m(§)] (i+a,f,...,9),

or

n[mPE)] = v[mPE)] = ... = o [TPEI <0 [7PE)] G+a,p,...,0),
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where « < 8 < ... < 4. Then if we write
By = Pog = g = oo = gy <[Py
or WP = p8) = p) = ... = uf) <y,
we have
F(x) = 8f1(2) ... 0hm(2) [c,(2) 6™(2) + ...

+¢5(2) 873(2) 4 0,(2) ... 0,,(2) P(2)]
= 8ta(2) ... 8m(z) H(z),

and similarly Fy(x) = 8{‘(1”(z) 8"/‘:""')(z) Hy(2).
Also, by Theorem III of §5,
Vi— vj = (i _J)/d: V(ih) - V(jh) = (7’ —J)/d’

where d is a non-zero integer, depending only on the transformation.
We use this to determine a relation between ¢ and s, or s,. We have

v[m(£)] = vi[ay(§)] + vy (€ — 2pi)-
But v[a(6)]=0, ve,(E)]=0, v ,—.,)>0;
hence RTE)] > T (E)] (6> ).
Then &< 8y. Similarly, in the case of Fy(x), § <s,. Hence
|vs—v,| = (0—a)/|d|<sy (or &)

Let us first suppose that we are dealing with Theorem I. Since
v[6;({)] is finite, and F(§) = 0, H({) = 0, and we conclude that the
irreducible polynomial F(z) which vanishes on the transform of U
in the z-space is a factor of H(z). We consider the value of s for F(z).

By the properties of the transformation used in Theorem II,
§5, v1(§;—v:) >0 (¢kr+1),v,(§.,,) = 0. Hence the centre of B, in
the z-space is at a finite distance, but is not in z,,, = 0. Therefore
Yr41 i8 & non-zero root of the equation

H(Yv sV t) =0,
and from the form of H(z) we see that this equation reduces to
Cu P U=+ CpPPBlE+ ... +C, Pot" = 0,

where 7 is defined, as above, to be the value of the coefficient of
Zm41 In 6(2) at the centre of the valuation. The multiplicity of
2 =7Y,,, a8 a root of F(y,,...,7,2) = 0 therefore cannot exceed
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| vs — v, | < 8,. Thus, in general, the number & for the transform of U
in the z-space is less than s,, and may therefore be reduced to one,
by the hypothesis of our induction. In the exceptional case when
there is no reduction in s, we must have | v,—,| = 8, and hence
o =0, & = 8,. Moreover, the equation of order s, for y,,; has all
its roots equal, and since ¢,, y, ..., s, P are in By, 80 i8 ¥,,,. Further,

mi(x) _ ci(2)
m(x)  cof2)

and hence the residue of m,(§)/m,(£) in B, is

~—=[0(2)}™ (i<39),

Cq

pi =P

(<]

8
and the equation

PotPrt+ ...+ Pyt 1+t =0
has all its roots equal, and since the unique root 18 not zero, p;+ 0.
Again, since (et, By - = (0,1,...,8),

0 [mo(§)] = vi[me(E)] = ... = vl[ﬂeo(g)]
= v[ag(£)] = v1[a1(§)] +v1(Er1 — 1) = -
= 'vl[a’so(g)] + 80”1(§r+1 - r+1)’

we have vl(§r+1 - ar+1) = vl[aso—l(g)];

that is, the value of £, ., —a,,, ts equal to the value of a polynomial in
&, ..., & with coefficients in R'.
We next consider the case of Theorem II. We have

Fy(x) = 81(2) ... 01 (2) Hy(2).

If s, = 0, we clearly have u = 0 and v[H,({)] = 0. Hence the
number s; of H,(z) is zero. If s, >0, the reasoning used above for
the case of Theorem I shows that s; <s,, and that if s; = s, for
any A, ¥,,, is in R,, the equation

Po+pyt+... +Pgy1 to=1 4+ = 0,

where p, is the non-zero residue of 7{(£)/#M(£) in B,, has all its
roots equal, and the value of £,,, —a,,, is equal to the value of an
element of the ring R'[£,,...,£,].

We have assumed that s, = max[s,, ..., s,] is greater than zero;
otherwise there is nothing to prove. Let us first consider the case
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8, = 1, and suppose that for each value of 4 for which s, = 1,8, = 0.
Then clearly we have an equation

F(z) = Bz)8}(2) ... 83(2),

where v[B({)] = 0. Then we have achieved the transformation of
F(x) required by Theorem II, except that we may not have satisfied
condition (ii), since v, ., may be algebraic over R,. Let B* be the
least normal extension of R, which contains v,,,, and let B* be
an extension of B; which is a valuation of R*(,,...,£,,,). The
centre of B* in the z-space is (y,, ..., ¥,,,). If B*is a true extension
of R,, the field obtained by adjoining vy, (# <m) and its g conjugates
over K to K is not R*, but only R,.

To overcome this difficulty, we construct a polynomial f(x) with
coefficients in K having the properties:

(a) the h conjugates of f(y,,,) over R, are distinct;

(b) the first py— 1 derivatives of f(x) vanish when x = 7y, ;.

For each value of 7 (1<¢<m) the gh numbers obtained from
Yvi+a.f(y,,1) by replacing y, by its g conjugates and v,,, by its
h conjugates over R, are all distinct, where a; is any element of K
(with the possible exception of a finite number of values of a;).
If we put y; = v, +a,f(v,,1), the field obtained by adjoining y; and
1ts conjugates over K to K is R*. Now make the Cremona trans-

formation
2

E1I—at"f(27'~}»1) (@= 1,--"m))

z; (1>m).

II

%

We have z;—y; = 2, = 7;+a,[f (¥, 1) —f(21)]  (1<m)
= Z;— Vgt (21— Vrs1)0 bi(2).

The centre of B* in the z-space is (Y1, ..., Vo Yma1> -+ > Vrs1)s and if
po is sufficiently large, v*(z;, —v;) = v*(Z; —¥;), and hence the values
v¥(z;—y;) (# = 1,...,m) are rationally independent. Let

0;(2) = 0,(2) (6=1,...,m).

It is clear that if a,, ..., a,, are chosen to avoid at most a finite num-
ber of possible values in K, §,(2) is monovalent in z,, ..., Z,. Then,
by Theorem I of §5, a transformation of the type 7} on 2, ...,%,,
enables us to express F'(z) in a form which satisfies all the require-
ments of Theorem II.
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Suppose next that s, = max([s,;,...,8]>1, and that s; <s, for
every h for which s, > 0. We then have

t
F(x) = 8)(2) ... 8)m(z) a(2) T Hy(2),

where v,[a({)] = 0. Now perform on z,,...,2,,, a general linear
transformation (with coefficients in K). In the new coordinate
system we have F(x) = G(u) expressed as a product of

A4+ A+ 148

factors, and for these the numbers s; can be determined. The factor
arising from d;(z) has s; = 1; that from a(z) has s, = 0, and the
factor corresponding to H,(z) has s; = s;. Thus since s,>1, the
maximum of the s; for the G(u) is at most equal to max[1,s], ..., s];
it may be less if H,(z) is reducible, giving factors with multi-
plicity s;, s, where s, +s; = ;. Hence for G(u) the number s is
less than s;, and we are in a position to apply our induction hypo-
thesis.

We have still to consider the excepted case in which there is no
reduction in s,. In the case of Theorem II, this implies that there
is a value of A for which s, = s,. To treat the two cases together,
we define f(x) and s to be F(x) and s, in the case of Theorem I, and
to be Fj,(x) and s;, in the case of Theorem II. Then we write

f@) = mo(x) + ... +7,() + 2 (%),
where (@) = ay(@y, s ) (Tp g — Xy
We know that

vl[a's(g)] =0, vl(gr+l—ar+1) = v,[as—l(g)]'

Also, v'[ay(€)] = v'[ay(€)] + (s —1) ¥'(§r 1 — %rya)
= v'[ay(€)] + (s — 1) v'[a5_1(§)].

JE—an = —a'(é—)w
Hence v l:"tsf(’g)i H=0=v [as(g) ag:f(g)] ’

and therefore when we pass to the residue field of the valuation

®B’, the residues ¢ and d; of g’“ Or+l and %) e not zero.

(§) a,(§) a3=i(£)

Now

sgéi £) 2;=1(€) l:§r+1 r+1:l
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and passing to the residue field we have
d‘ - p,—cs_'.

' We recall that the residues Pos - Ps = LoEmy(E)[me(E), ..., my(E)]my(€)
have the property that the equation

po +p1t+ ces +p8—lts_1 + t8 = O
hasallitsroots equal [p. 299]. From this it follows that the equation

do+dit+...+d,_ 151+ =0

. o1 . .
has all its roots equal. The unique root is — —sd _1- Since d,_, is the

residue of a; (), where a,(£) isin R'[£,, ..., £,], and the residues of
the £; are in R’, it follows that the root is in R’.
We next show that the root of this equation is in fact c. We have

f (g) — gr+1 _g'+1
ay(8)as1(8) % a ws HEL a5 ()

hence, passing to the residue field, we have

do+dic+...+d,_jct 1+ ¢t

equal to the residue of X = f(£)/a,(£) a5_,(£). In the case of Theorem
I,f(§) = 0; hence the residue of X is zero. In the case of Theorem II,

f(x) = Fy(x) = 8(2) ... 04%(2) Hy (z),
where  v,[8(7() ... 04 (£)] = vy[m{P(E)] = ... = vy [7P(E)],
and, since s; > 0, v;[H,({)] > 0. Therefore,

o< 1% ] = e ae) =V

Therefore in either case the residue of X is zero, and, we have
do+dic+...+dg_jct 14+ =

which was what we wished to prove. We can therefore conclude
that there exists a constant ¢ in R’ such that

l:gr+1 r+1 ] > 0.
8—1
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The position which we have now reached can be stated as follows.
Whether we are dealing with Theorem I or with Theorem II, in
the excepted case the value of £, , —«,, is equal to the value of a
polynomial in £, ..., £, with coefficients in R’, which we shall now
denote by H,(£), and there exists an element ¢ of R’, different from
zero, such that v[(§,,, —«,, )/ Hy(§) —c]> 0.

Wenow use Lemma IT of § 5 to construct a polynomial Qy(z,, ..., 2,)
with coefficients in K such that Qy(z) —cH,(x), when expanded in
powers of z,—«a,,...,x,—a,, begins with terms of degree greater
than p,, where p, is a suitably large integer. We then construct a
transformation =20 (=

=2 (=1,..r7r),

23r+1 = xg'l-)f-l + Qo(x(ll)’ LR xﬁ'))-

This is clearly a Cremona transformation of the required type.
We then have

(gs'l-)f-l Opyy) = V'[Ep 1 — Ay — Qo gp e §)]
> min {v'[§,; — o,y — cHy(£)], v'[@o(§) — cHy(E)}
= v'[£, 1 — %y —CH (g )] (if p, is sufficiently large)
= V' [Hy(E)] + V' [(§r11 — %ri1) [Ho(£) — €]
> V' [Hy(E)] = v' (&1 — Xpia)-

The function F(x) transforms into
FO(a®) = F(a@, ..., 20,28, | 4+ Q).

It is clear that FM(a®) has the same numbers s, s,, ..., s, as F(x).
We then try to obtain a reduction of these numbers by the methods
already used. If we succeed, we have obtained the required reduc-
tion for F(z), and Theorems I and II follow. If no reduction can
be obtained for F®O(2V), we have v'(§&Y, —«,,,) equal to the value
of a polynomial in (¢, ..., W) = (&, ..., £,), say H,(£), and as above
we can construct a Cremona transformation

2P = 2P (i =1,...,7),
Ay = 8+ Q) ),
such that v'(E2, - ,+1) >0 (gr+1 —0pyq)-

We define F®(z2(?) by the equation
Foaf0) = FOG, ..., a0, 2, + Qyafd, ... a)),
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and repeat the reasoning. We continue in this way. If we can show
that after a finite number of stages we necessarily reach a poly-
nomial F¥(x®) for which a reduction in s, by our previous methods
is possible, then our induction proof of Theorems I and II is com-
plete. Hence we have only to show that we cannot carry out our
construction for FV(zW), F@(x®@), ... indefinitely.

Suppose that we can carry out the construction indefinitely.
We have an infinite sequence of polynomials in z,, ...,z, over R’,
Hy(x), H,(x), Hy(z), ... such that

V' (EP 1 — tnpa) = V'[H(E)],

and since V(8P — apy) >V (68 — ),
we have V' [Hy(§)] < v'[Hy ()] <v'[Hy(§)]<....

We define an element @(x) of R'[z,, ...,,,,] and an integer o as
follows: in the case of Theorem I, @(z) = zfil, o =38,—1,and in

the case of Theorem II, @(x) = F,(x), o0 = s;. If o = 0, Theorem
IorIlis already established, so we may assume that o> 0. We have

PO() = PP, ..., 0,01 + Qs (2l ..., D).
Then B(E) = PDED) = PAED) = ... 40,

and hence v'[@9(£®)] = M is independent of ¢ and finite. Moreover,
from the definition of o,

M = v'[POED)] > o0 (§h1 — 2y 12) 2V (E0h 1 — 0y) = V' [H(E)].

We denote by 2 the algebraic closure of K, and let B be a valua-
tion of Q(£,,...,£,) which is an extension of the valuation B’ of
R'(&,, ..., ). Let 7 = min [9(§, — ay), ..., v(§, —@,)], and let m be the
least integer such that m7 > M. Let «,(£), ..., a,(§) be an 2-basis for
the polynomials in §, — a,, ..., £, — a, of degree less than m. We may
suppose that the «, are arranged so that v[a,(§)] <[a;(£)] (5> 1).
Then, since 2 is algebraically closed and B is of dimension zero,
there exists an element c; of 2 such that

o) — e (E)] > o[ (§)]  (>1).
Without loss of generality we may assume the a; arranged so that

5[0‘1(@ - cjo‘1(§)] > v[ay(€) — gy (€)].
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We then find d; in 2 so that

V[oes(£) — cj00(E) — djoey(§) + d ey 00 (£)] > D0ty (€) — cpy (€)].
If we take Bi(&) = ay(E), fa§) = oy() — oy (£),
Ba(8) = a3(8) —czay(E) —dzay(£) +dycaay(8), ... s

B1(£), fo(£), ... is an ©2-basis for the polynomialsin £, —«,, ..., &, —«,
of degree less than m, and

B <V[Ba(8)] <v[B3(E)] <....
If P(x) is any polynomial in Q[z;,, ..., z,],

P(&) = b:5,6) +Q(0),

where Q(§) is a polynomial in §, —ay,...,§, —a, with no terms of
degree less than m, and b,,...,b, are in 2. Then v[Q(§)] = m7 > M.
Hence if 9[P(§)] < M,

o[P()] = 5[21,] biBy(8)]

= o[f,(8)],

where p is the least value of ¢ for which b, % 0.
Now we have seen that

V'[H(E)] = o[H(E)]< M.
Hence the only possible values of v'[H/(§)] are

BUE] - L)
Since, however, V'[Hy(E)] <v' [Hy(E)]<...

the sequence H,, H,, ... cannot contain more than a terms, which
contradicts our assumption that the sequence is infinite.

We therefore conclude that after a finite number of stages we
arrive at a polynomial F®(2®) for which it is possible to reduce s by
our earlier methods. This completes our induction argument, and
allows us to conclude the truth of Theorems I and II.

7. Valuations of dimension s and rank k. The rather lengthy
series of constructions carried out in §§ 5 and 6 have enabled us to
establish the Local Uniformisation Theorem, as stated at the
beginning of § 4, in the case of zero-dimensional valuations of rank

HPIII 20
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one. In actual fact, we have in this case gone further, for we have
shown that if U is a primal in 4, ,(x,, ...,24,,) and B is a zero-
dimensional valuation of the function field of U, then there exists
a Cremona transformation of 4, of the form

2, =Py ¥a) (E=1,...,d+1),

in which Py(y,,...,y4,,) lies in K[y,, ..., ¥4,,], which transforms U
into a variety U’ on which the centre of B is simple. It will appear
later that this additional information plays an important part in
the reasoning of this section. Our object here is to deduce from the
special case of the Local Uniformisation Theorem (L.U.T. for short)
already proved that the theorem is true for a valuation of dimension
s and rank k.

We shall do this in two stages. First, we shall show that if the
L.U.T. is true for a valuation of rank % and of dimension zero, then
it is true for a valuation of rank £ and of any admissible dimension s;
and secondly, we shall show that if the L.U.T. is true for a valuation
of rank % and any admissible dimension s, then it is true for a
valuation of rank k + 1. These two results, together with Theorem I
of § 6, clearly establish the L.U.T. quite generally.

Let U be an irreducible algebraic variety of dimension d in the
affine space 4,,, and let (§,, ..., §,) be a generic point of U. Suppose
that we can assume that the L.U.T. is true for any valuation of the
function field 2’ = K(&,, ..., §,) of U of rank k and of dimension zero.
We now consider a valuation 8 of X' of rank % and of dimension s.
Without loss of generality, we may assume that the centre V of B
on U is at a finite distance. Let R be the valuation ring of 8, and
let p be the ideal of non-units of R. Since V is at a finite distance,

S =K 61

and V is given by the prime ideal g = J,p of F.

Let V be of dimension §’. Then we know that s’ <s. If ¢’ <s, we
proceed as follows. There are sets of 8’ of the £; which are algebraic-
ally independent modulo 8 ; and we may assume that the coordinates
are so arranged that £, ..., £, form such a set. £, ..., £, are then also
algebraically independent modulo p. Since B is of dimension s,
we can find s—gs' further elements 7,,,,...,7, of R such that
&1y ooy Egs Mgy ---» 1, aTE algebraically independent modulo p. We
now consider the variety U’ in affine space of dimension n+s—s’
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having the generic point (£,,...,&,, Vg1 -+ %) U’ is clearly
birationally equivalent to U, since K(&;, ..., &, By -5 ) = Z.
Let & be the integral domain K[£,, ...,£,, 7y,1, -, %,). Then

F=F <R,

and the centre V' of B on U’ is given by the prime ideal B’ = F',p
of . Since &,,...,&, g1, ---» 9 are algebraically independent
modulo p and lie in &', they are algebraically independent modulo
B’; hence V' is of dimension s at least, and since the dimension of
the centre of an s-dimensional valuation cannot exceed s, the
dimension of V' must be exactly s. Again, we have

B =T =J\F P =JB
and from the relations
JEI B =3P,
we deduce QV) =JprsJps@V).

Hence it is sufficient to prove the L.U.T. for the variety U’ and the
valuation B.

Thus we may assume that the centre ¥ of 8 on U is of dimension
s, and that £, ..., £ are algebraically independent modulo ‘®. Let
2 be the field K(&;,...,£,). Any non-zero polynomial in &, ..., &,
with coefficients in K is a unit of R; hence the valuation of Q
induced by the valuation B of 2'is trivial. Taking £2 as a new ground
field, we consider the variety U defined over it by the generic point
(&1, ---,&,). It is at once seen to be of dimension d —s. Since

2 =K, .., &5),

2= K(gl’ ...,g.n) = -Q(gp ’gn)

is the function field X of U, and hence ¥ is a valuation of X. As a
valuation of X it is of rank k; but since B is of dimension s and
£y, ..., &, are algebraically independent over K, modulo the ideal p
of non-units of R, any element 7 of R is algebraically dependent
on §,, ..., & over K, modulo p, and hence any element of 7 is alge-
braic over £2 modulo p. Thus ¥ is a zero-dimensional valuation of X'
Let V be its centre on U. It is defined by theideal 2.(J,p) = 2.8
of 2.%. Further, since every element of £, other than zero, is
a unit of Q(V), we see that the quotient ring @(V) of V is equal to
QY).

20-2
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By our hypothesis of induction, there exists a variety U’ defined
over 2, which is birationally equivalent to U, and on which the
centre V' of B is a simple zero-dimensional variety, where
Q(V)<@(V'). U’ may be regarded as a variety in affine space on
which V' is at a finite distance. Let (7, ...,7,,) be a generic point
of U’. Let U* be the variety defined over £ with generic point
(&1s -+s &y W15 --+5 ) (it 18 in regular correspondence with the join
of U and U’), and let U* be the variety defined over K by the generic
point (&, ..., &y, Ny ooy Mn)-

Since 7,€ 2(&,, ..., §,) = 2 = X, it is clear that U* is birationally
equivalent to U. Let V* be the centre of B8 on U*. We prove that
V* is simple on U* and of dimension s, and that Q(V)< Q(V*).
Since ¥V and V' are each at a finite distance in their respective
spaces, we have

K[gl’ R gn]gm: ‘Q[ﬂl’ ceey "7m]§m;
hence S*=K[&,....8 My ooy M ] SR,

that is, V* is at a finite distance, and it is given by the ideal
P* =J*,p of §*. Since £,,...,&, are algebraically independent
elements of J* modulo B*, V* is of dimension s. Again, since
Q(V)=Q(V’), the unique variety V* on the join U* of U and U’
which corresponds to ¥ and V7’ (that is, the centre of 8 on U*)
fulfils the relation @(V*) = @(V’). Hence we have

QV)=Q(V)=Q(V') = QV*);
and just as we saw that Q(V) = @(V), so we now see that
QV*) = Q(V*).
Hence QV)=Q(V*).

We recall that ¥’ is a simple zero-dimensional variety on U’,
which is of dimension d —s. The ideal of non-units of the quotient
ring Q(V*) = Q(V*) = Q(V’) therefore has a basis consisting of
d — s elements. But U* is of dimension d, and V* is of dimension s.
This therefore implies that V* is simple on U*. U* is therefore a
birational transform of U on which the centre of ¥ is a simple
s-dimensional variety V*, where Q(V)=@(V*). Hence on the
assumption that the L.U.T. is true for zero-dimensional valuations
of rank %, we can conclude that it is true for all valuations of rank
k, whatever their dimension.
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To complete the proof of the theorem, we have to show that if
the L.U.T. is true for valuations of rank k and any admissible dimen-
sion, it is also true for zero-dimensional valuations of rank k+1.
We consider a d-dimensional variety U and a zero-dimensional
valuation B of rank k + 1 of its function field, and we may suppose
that non-homogeneous coordinates are chosen so that the centre
V of B is at a finite distance. We denote the generic point of U by
(gly sy gn)

Since B is of rank k+ 1, it can be compounded from a k-dimen-
sional valuation B’ of X' = K(§,,...,§,) and a valuation B, of the
residue field X of B’ which is of rank one. Since B is of dimension
zero, B, must also be of dimension zero. On the other hand, the
dimension s of B’ is greater than zero, since %8, is not trivial, and
hence 2 is of positive dimension over K. Let W be the centre of
B’ on U; if W is of dimension ¢’, 0<s' <s. Since V= W, and V is
at a finite distance, W must also be at a finite distance.

By the hypothesis of our induction, there exists a birational
transform U’ of U on which the centre W’ of 8’ is a simple s-dimen-
sional variety such that Q(W)<Q(W'). Since B is compounded
from B’, the centre V' of B on U’ is contained in W’'. We choose
non-homogeneous coordinates so that V', and hence W', is at a
finite distance, and denote the generic point of U’ by (74, ..., 7,,).
Finally, we denote by U* the variety in (n+m)-space whose
generic point is (§5, ..., &, Nys -+ s Mom)-

Let R be the valuation ring of B, and p the ideal of non-units
of R. Then, since V and V' are at a finite distance,

=K, ... 5,1=R, I =K1, ...l R,
and therefore k= K1, o€y N1s s Tm] S R

The centre V* of B on U* is therefore at a finite distance, and is
given by the ideal f* = J*,p of J*. If W* is the centre of B’ on
U*, V*< W*, and hence W* is also at a finite distance. Then, as
we have already seen, the relation Q(W)< Q(W'), together with the
fact that 3* is the join of § and ', implies that Q(W') = Q(W*).
W* is therefore a simple s-dimensional subvariety of U*. Again,
since V and V' are given by the ideals f = J,p and P’ = F',p of
& and ' respectively, we have

§B = SAp = '\OS'A.S*A’p = SAsB*’ SES*’
and from this we deduce that J, =33, that is, Q(V) = @(V*).
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It follows that if we can prove our theorem for the variety U*
we can prove it for U. In other words, we need only prove the
theorem on the assumption that the centre W of 8’ on U is an
s-dimensional subvariety of U which is simple on U. We next
propose to show that we can further reduce the problem to the
case in which, in addition to the restrictions already stated, U is
a primal.

We suppose that W is simple and of dimension s on U, and let
it be given by the prime ideal B, of § = K[¢,, ..., §,]. Without any
essential lack of generality, we may assume that the coordinate
system has been chosen to satisfy the following conditions.

(i) The intersection of U with the space I7,_,,

T, =..=x,=0,

is a (d —s)-dimensional variety on which each component of the
intersection of I7,_  and W, which consists of a set of zero-dimen-
sional varieties F), ..., F}, is simple for W and U. Since F; is simple
on U, we can find in & uniformising parameters 7,,,,...,7; of U
at W such that &;,...,£, 7,,,,...,7,; are uniformising parameters
at F,. Moreover [cf. XVI, §3], we can choose 7,,,,...,7; and an
element { in  so that the following properties hold:

(i) &, .. &g Mgyrs -5 Mg are algebraically independent over K;

(iii) X' = K(gl’ ’gn) = K(gl’ '“’gs’ Nas1s -+ Nas );

(iv) §isintegrally dependent on K[£,, ..., &, 511, --> M4l;

(v) if f(xy, ..., % Yor1> -+» Ygq,2) 18 the irreducible polynomial
over K such that

f(gl’ '")gs’ Ns+15 '--’ﬂd:g) = 0,

then the equation  f(0,...,0,0,...,0,2) = 0

has all its roots simple.

Let U’ be the variety in 4;,, whose generic point is (§,, ..., &,
Ns+15 +++> N g)’ and let 3, = K[gl’ LA gs’ Nst+15 - +» Na> g] Since 8’ QS’
the centre of B’ on U’ is the variety W' defined by the ideal
By =J' 1B, of . We prove first that W' is of dimension s. Any
element of ¥ is integrally dependent on &, ..., &, 95,4, ...,74 and
hence on £, ..., £, modulo B,. Since W is of dimension s, &, ..., &,
are therefore algebraically independent modulo %, and hence,
a fortiori, modulo B;. W’ is therefore of dimension s at least, and
since it is the centre of an s-dimensional valuation we conclude that
it is of dimension s exactly.
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We next show that W’ is simple on U’. Condition (v), above,
implies that

(€ 7,8)
5 =I=0 (Bs)-
Since 3f§ 77 ey,
this implies that gt gé g : §) +0 (%),

which tells us that W' is simple for U’.

Finally, since, by construction,  is integrally dependent on &/,
the argument used in § 4, p. 263, tells us that @Q(V)<=@(V’). Hence
if we can prove the L.U.T. for the variety U’ and the valuation B,
we can deduce it for U. Now U’ is the primal in 4,,, with the
equation f(®y ooy Ty Ygr1s -3 Ygr2) = 0.

Thus we have only to prove our theorem in the case in which U
isa primal and W, the centre of 8’ on U, is simple and s-dimensional.
It will be convenient to state explicitly what we shall now assume
about U and 8. U is a primal in 4,_, having the equation

fl@y, .., q,4) =0,

and generic point (£, ...,£;,,). B is a zero-dimensional valuation
of X'=K(&,,...,84,1) of rank k+1, which is compounded of an
s-dimensional valuation B’ of X of rank k£ and a zero-dimensional
valuation B, of the residue field of B’. The centres V and W of
B and B’ on U are at a finite distance, and W is of dimension s and
simple on U. The elements ,,, ..., £; are uniformising parameters
on U at W. If § = K[£,,...,£4,1), and B, is the prime ideal of

Wing, o
s

&, ..., &, are algebraically independent modulo ;.
We pass from J to the residue class ring J/B,. The element of
this corresponding to £; will be denoted by &;. Then

L= =E =0,

On the other hand, £,, ..., £, are algebraically independent over K.
Si
mee fEy 0,0, 0,2,,) = 0

+0 (PB,).
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£, is algebraically dependent on £, ..., and hence [III, §3,
Th. VI] there is an essentially unique irreducible relation con-
necting &,, ..., &, £5.1, say

9(31, --~’£s’ £d+1) = 0,

or, equivalently,  g(§;,..., &, E411) = 0 (By).
Then

f@ey ooy @y 0,00, 0,25,1) = G(Xq, oy Xy Tgq) P(Tys ovvs Ty, Tgyq),

where ¢(;, ..., 7, %4,,) is a polynomial over K. Hence
J@1 ooy @ay1) = 9@, oo T, @447) P(@y, 000y Ty g p1)

+ 2‘, Ay, . 2504) X5
1=8+1
From the equation

@) _ 200 2
0%44

d
A P@)+ X

(ANt EIRRRERad 2% VAt 1]
8xd+1 axd 1 i_s+laxd 1

of(§) _ 29(£)
we deduce that s = By d(&) (B)-

Since, by hypothesis Qg(é)_* 0 (B,),

%
we have ¢(£)+0 (B,). Equivalently, v'[¢(§)] = 0.

We return to the mapping of J on J/B,. Since B, is the ideal
in § of the centre of B’, /B, is isomorphic with an integral domain
contained in the residue field of B’. J/B,, is, however, the integral
domain of W. Hence the function field X of W is isomorphic with
a subfield of the residue field of B’, and may be identified with it.
The valuation 8;, which, compounded with B’, gives 98, induces
a valuation of Z, which we denote by B.

W is the variety in the 4, givenby x, , = ... = £z = 0 with the
generic point (&, ...,€4,4,1), and B is a valuation of its function
field, of dimension zero and rank one. Hence, by Theorem I of
§ 6, there exists a Cremona transformation

x1=1)i(yls"'9ysyyd+1) (i= 1,--.,8,d+1),

where P, is a polynomial over K, which transforms W into a variety
W' on which the centre of B is simple. Let

g(:l?) = G(yp e Ye yd+1) ')&(yl: s Yo yd+1)’



7. VALUATIONS OF DIMENSION 8 AND RANK k£ 313

where G(y) = 0is the irreducible equation which is satisfied by W’.
Without loss of generality, we shall suppose that 0G/0y;,,; does not
vanish at the centre of B, which is simple on W’. We have to show
that ¥ (y) does not vanish on W"’.

We consider the unique s-dimensional valuation 8* of the
(s+1)-dimensional field K(y,,...,¥,, ¥3,,) Whose centre in the
(Y1s > Yss Yay1)-8pace is W' [XVII, §5, Th. VII]. It is a discrete
valuation, and v*[G(y)] > 0. Since G(y) is irreducible, we deduce
that v*[G(y)] = 1, if the valuation group is taken to be the additive
group of integers. In the birational correspondence between the
spaces (Yy, ..., Yg Ya41) a0d (2, ..., T4 T4,,), W' is not fundamental,
since the dimension of any fundamental variety is less than s
[§2,Th.IV]. Thereistherefore a unique variety W*in (x,,...,2,,2z,,)
corresponding to W', and W* is the centre of B* in the z-space.
Now if (7,, ..., 75, 74,1) i8 @ generic point of W', and

Ei = Pi(_ﬁl’ '”)ﬁs’ﬁdﬁ-l) (7/ =1, ...,S,d+1),

(& -..s & Eqya) is a generic point of W*. But by the properties of
the Cremona transformation, (£,,...,&,£.,,) is a generic point
of W. Hence W = W*, which is therefore of dimension s. Then,
since g(z) is irreducible and vanishes on W, we see, as above, that
v*[g(x)] = 1. Hence, since

v¥[g(x)] = v*[G()]+v*[¥(y)]

and v¥[g(x)] = 1 = v*[G(y)],
we have v*[¥(y)] = 0,
that is (@) +0.

We define 7, ..., 7, 74,1, by means of the equations
51:=Pl:(771"”’778’17d+1) (?;: l""’s’d+]‘)’

Then 7, can be taken to be the residue of 7, in B’. Since v'(5,)>0
and (%) & 0, we must have

v'[y(n)] = 0.

The centre of B on W’ is the variety whose generic point is
(¥, ..., 9%, 7%,.), where y¥ is the residue of 7; in ¥, that is, the
residue of #7; in B. The fact that 0G/dy,,, does not vanish at the
centre of B can now be expressed by the inequality

oG
= *0,
Mg 11 *
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We now return to the variety U in the (d + 1)-dimensional affine
space (,, ..., %4,,). We perform the transformation

;= By Ya) (=1,..,d+1),
where Py, ....Y%441) = By Yo Yap) - (t=1,..,8,d+1),
and Byy - ¥ar) =¥ W) xly) (G =s+1,...,d).
Here  x(y) = ¢(#1, ..., %5 Zara) = QLOY); - F(y), Fara(®)]-

The transformation is clearly a Cremona transformation. We
denote by (7, ...,74,,) the transform of (§,,...,£4,,), and observe
that 7y, ..., %, 744, are the elements of X' considered above in our
discussion of the (s+ 1)-space (¥, ..., ¥, ¥4,1)- Then since ¢(x) does
not vanish on W, v'[¢(£)] = v'[x(n)] = 0. Since

=¥ xm) (E=s+1,..,d),

and v(£)>0 (t=s+1,...,4d),
we have 0<v'(&) =o' () +v'[¥(n)]+v'[x(n)]
= v'(7;).

We now consider the transform U’ of U by the Cremona trans-
formation, and the centre of B on U’. We have

d

fle) = g(z) () 2 Ail@y, e Ta 1) @

d
=G(y) ¥(y) x(y) + =§+ lBi(y) y: ¥ () x(y),
where B;(y) = 4,(x). We write
d
H(y) = G(y) + By(y) y;-

s+1
Since yr(n) and x(n) are not zero, the equation f(§) = 0 implies

H(n) = 0; hence
H(yys - Yaa) = 0

is satisfied by U’. Since G(y) is irreducible and is independent of
Yss1 - > Ya» H(y) can only be reducible if it contains a factor of the

form
d+1
Ty) =1+ 3 Ciy)y,.

i=8+1



7. VALUATIONS OF DIMENSION 8 AND RANK k 3156

T'(y) cannot vanish on U’. For the centre of 8’ on U’ is at a finite
distance, since v'(5,)>0 (¢ =1,...,d+1), and has generic point
(74 -++» 441), Where 7, is the residue of 7, in B’. Since

V(n)>0 (F=s+1,...,d),
we have 77;:0 (t=s8+1,...,d).

Clearly this cannot satisfy 7'(y) = 0, and since % lies on U’, it
follows that 7T'(y) does not vanish on U’. It follows easily that the
irreducible equation of U’ is of the form

d
H'(y) = G(y) +i=§+ lBé(y) Ys-

To find the centre of B on the variety U’, we construct the
residues ¥ of 9,in B (¢ = 1,...,d+1). 5* is then a generic point
of the centre of B. Since B is compounded from B’, and v'(7;) > 0
(t=s8+1,...,d), we have ¥ =0 (i =s+1,...,d). The remaining
7¥ have already been defined in connection with the centre of B

over W’. Now OH’ oG % 0B;(y)

0Yas1  OYar1 i=s+1 0Yas1
oH’ 0@
Hence M1 NGy *0
that is, 0H/dy,,, does not vanish at the centre of B, which is
therefore simple on U’.

Thus we have obtained a transform of U on which the centre
V' of B is simple. Since K[£,,...,£3,.11S K[y, ..., Wg41], We deduce,
as usual, that @(V)<=@Q(V’). This is the last case of the L.U.T. to
be considered. We now conclude that the Local Uniformisation
Theorem is true tn all cases.

Finally, using XVI, § 5, Th. IIT and XVI, § 6, Th. III, we observe
that, if U* is a projectively normal variety derived from U’, there is
a unique variety V* on U* which is of dimension s and corresponds
to V', and Q(V') = @Q(V*). Hence V* is simple on U*, and the
centre of B on U* is V*. Thus in the statement of the Local Uni-
formisation Theorem, we can require that the birational transform
of U on which the centre of B is to be simple be projectively normal.

8. Resolving systems. The Local Uniformisation Theorem is
very valuable in the study of a single valuation of the function field
2 of an algebraic variety U. But in many problems of algebraic
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geometry we have to consider not a single valuation, but an aggre-
gate. For instance, we may be concerned with the aggregate of all
the valuations of 2’ whose centres on U lie on a given subvariety
V of U; such considerations arise, for instance, when we wish to
examine the structure of an irreducible variety V which is singular
for U. It would obviously be advantageous if we could find a
birational transform of U on which the centre of every valuation
of the aggregate is simple. Ideally, we should like to obtain a
birational transform U’ of U on which the centre of every valuation
of X is simple. Since we can find a valuation of 2’ whose centre is
any given irreducible subvariety of U’, this is equivalent to
obtaining a birational transform of U which has no singular points.
As we have already pointed out, it has as yet only been proved that
a non-singular birational transform of U exists in the cases in
which the dimension of U does not exceed three. However, a
partial result of some importance which can be proved for varieties
U of any dimension is contained in the following theorem.

THEOREM I. Given an irreducible algebraic variety U with the
function field X, there exists a finite set of varieties Uy, ..., U, each of
which s birationally equivalent to U, such that if B is any valuation
of Z, the centre of B on at least one of the varieties U, is simple.

A set of varieties U, ..., U, with the properties described in this
theorem is called a finite resolving system for 2. Any aggregate
{U,}, whether finite or not, of varieties which are birationally
equivalent to U and which has the property that, given any valua-
tion of X, there exists a variety of the system {U,} on which the
centre of the valuation is simple, is called a resolving system for X.
The L.U.T. tells us that, given any algebraic variety U, there always
exists a resolving system for its function field; in particular, the
aggregate of all birational transforms of U is a resolving system.
In order to prove Theorem I, we have only to show that the
existence of a resolving system implies the existence of a finite
resolving system.

An immediate simplification of our problem suggests itself. In
fact, we need only prove the existence of a finite resolving system
for the zero-dimensional valuations of X'; that is, the existence of
a set of varieties U], ..., U, each having X' as function field with the
property that if B is any zero-dimensional valuation of X, there
exists an ¢ (1 <7 <k) such that the centre of B on U is simple. In
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fact, suppose that U, ..., U, form a resolving system for the zero-
dimensional valuations of X, and let B be any valuation of X' of
dimension greater than zero. Then [XVII, §5, Ths. VIII and IX]
we can compound B with a valuation of its residue field to give a
valuation B, of 2’ of dimension zero. Let U, be a member of the
resolving system on which the centre V; of B, is simple, and let
W; be the centre of 8 on U,. Since B, is compounded from B,
V;< W,; and since V; is simple on U, not all points of W, are singular
for U;; that is, W, is simple on U,. It follows that the system U, ..., U,
is a resolving system for all the valuations of 2. For this reason we
may confine our attention to zero-dimensional valuations, and for
the remainder of this section every valuation considered will be
zero-dimensional.

As a first step towards the proof of Theorem I, we prove a
lemma.

Lemma I. Let U be an irreducible algebraic variety, and let {V,}
be any aggregate of subvarieties of U. Then if {V,} has the property
that every finite subset V, , ...,V,, has a non-empty intersection, there
exists at least one point common to every variety of the set.

Let us assume that the lemma, is not true. Consider any variety
V., of {V,}. It cannot be empty, otherwise the intersection of any
finite subset of {V,} which includes ¥, would be empty, contrary to
hypothesis. Not all varieties of {I}} contains ¥, as a subvariety,
otherwise any point of ¥, would be common to all V,, whereas we
have assumed that there is no point common to all these varieties.

There therefore exists a variety V,, of {I} which does not contain

V.,; hence V.oV

Repeating the reasoning, we show that V, ,V,, is not empty, and
that not all the varieties of {V,} contain ¥, ,V,.. There therefore
exists a variety V,, of {V.} such that

AN AT

ay ag oy A

v,

agh

|4

ag®

Proceeding in this way, our assumption that there is no point com-
mon to all the varieties V, leads to the construction of an infinite
strictly decreasing sequence of subvarieties of U. But [Chap. X,
§1] any strictly decreasing system of varieties is finite, and we
have a contradiction. Our initial assumption is therefore false;
that is, the lemma is true.
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In what follows it will be convenient to use the symbol T M,
)
for the intersection of a set {M,} of subsets of a given set M, and
k
I1 M,, for the intersection of the finite set of subsets 3, , ..., M,

i=1 k
Thus the lemma proved can be stated as follows: If TV, 4 0 for
i=1

i

every finite set («,, ..., a;), then [TV, +0.
a

Now consider any algebraic variety U and its function field X,
and let {U,} be the aggregate of all algebraic varieties birationally
equivalent to U. The varieties U, are usually called projective
models of X. The suffixes o range over some indexing system, and
for later purposes we shall assume that they give a well-ordering of
the projective models. Let M denote the set of all zero-dimensional
valuations of 2. A subset M’ of M is said to be an algebraic subset
of M if and only if there exists a projective model U of X" and a
subvariety V of U such that the valuation ¥ belongs to M’ if and
only if its centre on U is contained in V.

Lemma I1. The intersection of any two (and hence of any finite
number of ) algebraic subsets of M is an algebraic subset of M, or else
18 VACUOUS.

Let M’, M" be algebraic subsets, and let U’, U” be two pro-
jective models of 2 such that M is the set of valuations of 2 whose
centres on U’ are contained in the subvariety V' of U’, and M" is
the set of valuations of X' whose centres on U” are contained in the
subvariety V" of U”. Let U be the join of U’ and U”, and let V] be
the total transform of V' on U, and V, the total transform of V" on
U. By definition, ¥, is the locus on U of the centres of all zero-
dimensional valuations of X' whose centres on U’ lie on V', and is
algebraic. Hence the centre on U of any valuation of M’ lies on ;.
On the other hand, since U is the join of U’ and U”, to each sub-
variety of U there corresponds a unique subvariety of U’. Consider
any zero-dimensional valuation 8 of 2 whose centre W is contained
in¥;. Since W =V, there mustexistsome valuation 8’ of 2 contained
in M’ whose centre is at W. The centre W' of 8’ on U’ is contained
in V’; hence there is a variety W' contained in V' which corresponds
to W. W’ is therefore the unique variety of U’ which corresponds
to W. Hence the centre of 8 on U’ is W', contained in V’, and
therefore 9B is contained in M’. Thus M’ may be defined as the
set of zero-dimensional valuations whose centres on U lie in 1.
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Similarly, M" is the set of valuations whose centres on U lie in ¥,
which is algebraic. The intersection of M’ and M" is therefore the
set of valuations of 2 whose centres on U lie on 1;,V;; hence it is
an algebraic subset of M, or is vacuous.

Lemma I11. If {M,} is any aggregate of algebraic subsets of M such
k
that I1 My, + 0, for all finite sets (A,, ..., A), then T[] M, + 0.
i=1 )

Let U, be any projective model of Z, and let V2 be the locus of
the centres of the valuations of M, onV,. M, is the set of valuations
of 2 whose centres lie on a subvariety V; of some projective model
U;. The locus V} of centres of the valuations of M, on ¥, therefore
forms the total transform of ¥; on U,, and is therefore algebraic.
We should note, however, that there may exist valuations of X~
whose centres on U, are contained in V2 and which do not belong
to M,; for if W is a zero-dimensional variety of V2 which is funda-
mental for the birational correspondence between U, and Uj,
there may exist a zero-dimensional variety W’ of Uy corresponding
to W which is not contained in V. A zero-dimensional valuation of
2 whose centre on U, is W and whose centre on Uy is W’ has centre
contained in V2 and yet is not contained in M.

We first prove that H VA +0. Let A,, ..., A, be any finite set of

indices. By hypothems ]'[ M,,+0; hence there is a valuation B
common to M, , ..., M,,. Its centre on U, is common to V2i,..., V2k;
k
that is, [T VAi+ 0. From Lemma I we conclude that [] V24 0.
i=1 X

We have supposed that the set of projective models {U,} is
well-ordered. Let W, be an irreducible zero-dimensional variety
contained in [] V}. Commencing with W;, we construct by trans-

A

finite induction an irreducible zero-dimensional variety W, on each
U, with the properties:
(i) W, is contained in [] V32;
A

(ii) givenany finiteseta,, ...,a; of &’s, and any finiteset A,, ..., A,
of A’s, there exists a valuation B contained in M, , ..., M, whose
centreon U, is W,, (s = 1,..., k).

Suppose that W, has been constructed for all « satisfying o < 4;
we show how to construct W,. Let m; ,, denote the algebraic
locus on ¥, formed by the centres of the valuations of M, whose
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centres on V,, are at W, (1 =1,...,k). Clearly, .S Vi Now
A is defined for any set o, ..., , of a’s subject to the condltlon
100k y 1 k ]

a; <f; and by the hypothesis of induction not only 7} but

Lok

also H myi 4 18 NOt empty, for any finite set A, .. ,)\, Hence,
i=
by Lemma Lwy, o= H Ty q¥0,andm, . <TIV} Now con-
A

sider any finite set of Varletles Ta,...a;, (SUbject to the condition that
the o; which appear in the suffixes of any of the varieties precede /3),
and let y,, ..., 7, be the aggregate of suffixes involved. Then, clearly,
Moyt S My oy and therefore the intersection of the set of
isnot zero. Hence, again using Lemma I, the intersection []

Cy.. 0k

where a,, ..., a, ranges over all finite sets of « which precede S, is
not empty. If W, is any zero-dimensional variety contained in
7, . . it follows that the varieties W, (x < f) satisfy the require-
ments (i) and (ii) and hence that we can find W, for every « to fulfil
those conditions.

We now consider the quotient rings of the varieties W,. These are
all contained in the function field 2. Let R be the join of these rings,
that is, the set of elements of X which can be written as finite sums
Eut---+&,, where £ eQW,). Let £=£, +...+&,, where
£,€QW,,), and 5 =195 +...+7,, where 7,eQ(W;), be two
elements of . Then, clearly, £ + 7€ R. We show that £5 also belongs
to R. Let U, be the join of U, and Uj,,. Since there exists a valua-
tion of 2 whose centre on U, 18 W, and whose centre on U,, is
W, W, and W, ; correspond in the natural birational correspondence
between U,, and U, ; and since U, ; is the join of U, and Uy, there
is only one variety on U, correspondmg to W,. It follows that
QW) =QW,,) [§1, p. 227] Slmllarly QW) =Q(W,,). Hence

gag]ﬂ] Q(W,;). Hence &y = E zga,nﬂ] belongs to MR, which is

i=1j=
therefore a ring. It is clear that 2}{ is an integral domain whose
quotient field is 2. We prove that if w, is any non-unit of Q(W,)
w, 18 @ non-unit of R.
Suppose that v, is a unit of R. Then

w‘1=§al+...+§¢k,

where £, is an element of @Q(W,,). Let Uj be the join of the varieties
U, U, .-, U,,. Then, by the fundamental property of the varieties

>+
W,, there exists a valuation 8 whose centreson U,, U,, (¢ = 1, ..., k),

A1...Qk

ay...ok?
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U; are, respectively, W,, W,, (i = 1, ..., k), W. Since Uj is the join
ofU,and U,, ..., U,,, it follows that W,, W, , ..., W,, are the unique
varieties corresponding to W,, and

QV)<QW,), Q)< Q(W)).

Hence w, is in Q(W,) and w;!'< Q(W;). Therefore w, is a unit of
Q(Wp). Its value in B is therefore zero. The centre of B on U, is
W,. But the properties w,e Q(W,), v(»,) = 0 imply that v, is a unit
of Q(W,), and we have a contradiction. Hence w, must be a non-
unit of R.

A vparticular consequence of this result is that R is a proper
subring of 2. Let { be any non-zero element of X, and let U, be any
normal projective model of 2. We choose non-homogeneous co-
ordinates in the space containing U, so that W, is not in zy = 0.
Then, if (1,£,, ...,£,) is a generic point of U,,

K[gl’ AR ] gn] = Q(I/Va)'

Let U,y be the projective model of 2 having the generic point
(1,&,---,¢,, ), and let B be a valuation whose centre on U, is W,
and whose centre on Uy is Wj. Then v(£;) > 0. If v() > 0, we have
K[E,, ..., £, {1=Q(W,), and hence {eQ(W,). If v({)<0, we have
K[, 81y, ..., 87,1 Q(W,) and hence e Q(W). Thus if § is
any non-zero element of X, either { or {~! is in R. R 1is therefore
a valuation ring [XVII, § 2, Th. III].

Let B be the valuation of X whose valuation ring is R. It is a
non-trivial valuation, since its valuation ring does not coincide
with 2. Let us suppose that its dimension s is positive. Then there
exists a projective model U, of 2" on which the centre V of B is of
dimension s. Since Q(W,) <R, we have W, < V [XVII, §5, Th.IV].
W, is of dimension zero, and V is of dimension greater than zero;
hence there are non-units of Q(W,) which are units of Q(V). But
any unit of Q(V) is a unit of R [XVII, §5, Th.IV]; hence there are
non-units of @(W,) which are units of R. This, however, contradicts
an earlier property of i ; hence our assumption that 8 is of dimension
greater than zero is false.

Finally, we prove that 8 belongs to each set M, of valuations.
Let U, be a projective model of 2" on which there exists a variety
V, with the property that M, is the set of all zero-dimensional valua-
tions of 2 whose centres on U, lie on V,. U, exists because M, is an
algebraic subset of M. Then W, =V,. Since Q(W,) = R, W, is contained

HPIII 21
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in the centre of B on U,, and therefore, since 9B is zero-dimensional,
must coincide with it. The centre of B on U, is contained in V,;
hence B is contained in M,. Since this result holds for all A, we have
I,\I M, # 0, and the proof of Lemma III is complete.

The proof of Theorem I follows quickly from Lemma III. Let
{U,} again denote the set of all projective models of X, and now
define M, to be the set of all zero-dimensional valuations of X
whose centres are at singular loci on U,. We prove that [T M, = 0.

If this is not so, there is a valuation B contained in each M,. Its
centre on each projective model is therefore singular. This, however,
contradicts the Local Uniformisation Theorem, which tells us that
there exists a projective model of 2" on which the centre of B is

simple. Hence we must have [ M, = 0.
a

From Lemma III, it follows that there exists a finite set ;, ..., o,
k
of suffixes o such that [] M, = 0. We consider the corresponding
i=1

projective models U, ,...,U,,. Let B be any zero-dimensional
valuation of 2. Its centre on U,, must be simple, for some value

k
of ¢, for otherwise 8<M,, (s =1,...,k), and hence [] M, +0.
i=1
Thus U,

ap?
is proved.

..., Uy, 18 a finite resolving system of X, and Theorem I

9. The reduction of the singularities of an algebraic variety.
We have already pointed out that the problem of finding a bira-
tional transform of an algebraic variety U which is free from
singular points is the same as that of finding a resolving system
for the function field of U consisting of only one member. When
the dimension of U is one, the existence of such a resolving system
has already been established; any derived normal variety of U is
a projective model of its function field without singularities
[XVI, §6,Th. V]. Whendim U > 1, the projectively normal varieties
birationally equivalent to U may have singular points, and the
existence of a non-singular projective model has to be proved by
other means. The obvious line of approach is to consider a finite
resolving system U, ..., U, for the function field of U, and, if £> 1,
to try to replace this by a resolving system with £ —1 members,
repeating the operation until we get a resolving system of one
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model. In this section we shall show how this can be done when
U is of dimension two. The reader will observe that we have to use
the condition dim U = 2 on several occasions during the argument;
and it is a matter of great difficulty to extend the argument to
varieties of dimension greater than two. We may (and shall)
assume that the varieties of the resolving system U, ..., U, are
projectively normal [§ 7, p. 315]. Now any subvariety of dimension
d — 1 on anormal variety of dimension d is simple [X VI, § 6, Th. IV];
hence in our present case, d = 2, the singular varieties on U, ..., U,
are all zero-dimensional.

Our object is to find a variety U¥_, such that U,, ..., U,_,, U¥_,
form a resolving system for 2. The considerations which enable us
to prove the existence of a variety Uj_, with this property deal only
with Uj,_, and U,,. Let N be the set of zero-dimensional valuations
of X'whose centres are simple on one at least of U,_; and U,,. U,_,and
U, form a resolving system for N. If we construct a variety Uj}_,
such that any valuation of N has simple centre on U%_,, then,
U, ..., U,_g, Uk_q is a resolving system for 2; for if B is any zero-
dimensional valuation of X' either (i) 8 belongs to N, and hence
has simple centre on Uj_,, or (ii) B does not belong to N and so
has centre at a singular variety both on U,_; and U,, in which case
it must have simple centre on one of the varieties U, ..., U,_,.
Our problem is thus reduced to showing that if U, U’ are two two-
dimensional varieties forming a resolving system for a set N of
zero-dimensional valuations, then there exists a resolving system
for N consisting of a single variety.

In the course of establishing this result we shall have to perform
a series of birational transformations on U and U’. A large number
of these will consist of a monoidal transformation with zero-
dimensional base, followed by the operation of forming a derived
normal variety. For brevity we shall describe this combined
operation as a quadratic transformation. We begin with a series of
lemmas on quadratic transformations.

Let 1, V,,V;, ... be an infinite sequence of birationally equivalent
varieties of dimension two, and suppose that V,, is obtained from
V; by a quadratic transformation whose base on V; is W, and that
W,,, corresponds to W, in the birational correspondence between
V;,1 and V;. The sequence (V;, W;), (V;, W;), ... defined in this way is
called a normal sequence. Our lemmas concern the normal sequence
(K’ M)’ (I/;: u’2)’ ceee

21-2



324 XVIII. BIRATIONAL TRANSFORMATIONS

We recall that, in the correspondence between V; and V,_,, W, is
fundamental, while there are no fundamental varieties on ¥, ;.
Hence, since W, and W,,; correspond, we must have

QW) = Q(W,11),
and so QM) <=R()<....

We shall denote the ideal of non-units of Q(W;) by B,.

The rings Q(W;) have all the same quotient field, namely, the
common function field 2 of 1,7, .... Let & and f# be two elements
of X such that aeQ(W,) for some integer ¢, and feQ(W,) for some
integer j. If k = max[¢,j], « and f are contained in Q(W,), and
hence a+f and «f are contained in Q(W,). It follows that the
elements of 2 which are contained in Q(W,) for some value of ¢ form
a ring 2. We shall usually write 2 = lim Q(W,). It is clear that X' is

the quotient field of £2, and that any non-zero element of the ground
field K is a unit of Q.

Lemma I. Let B be a one-dimensional valuation of X whose valua-
tion ring R contains 2. Then there exists an integer k such that,
if 1 > k, then the centre of B on 'V, is one-dimensional.

We first observe that if we can find £ such that the centre of B
on V, is one-dimensional, the rest follows. Indeed, if the centre W
of B on V; is one-dimensional, W is not fundamental for the trans-
formation from V; to ¥, ,, and hence it has a unique transform W’.
Since there are no fundamental varieties on ¥, it follows that
W' is one-dimensional. But W' is the centre of 8 on V,,,, and the
result follows by induction.

On the other hand, if the centre of B on ¥, is zero-dimensional
it is necessarily W,. For Q(W,) < <R, hence W, is contained in
the centre of B on V. Since this centre is of dimension zero and
irreducible, it must coincide with W,.

If the centre of ¥ on V] is one-dimensional, there is nothing to
prove. Let us suppose that it is zero-dimensional. Since 9B is one-
dimensional, there exists an element a of the valuation ring R
whose residue in 8 is transcendental over K. We can write o = §,/7,,
where £, and 9, are in Q(W,). Now since W, is the centre of B, the
residue of any element of Q(W) is obtained by replacing the
coordinates of the generic point of V] by the coordinates of the generic
point of W, and hence the residue of any element of Q(W,) is alge-
braic over K. Since the residue of « is transcendental, we must
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have 7, = 0 (%B,). Since the residue of « is not zero, 7, /£, is likewise
an element of | whose residue is transcendental, and we obtain
£, =0 (By).

Now consider the quadratic transformation between ¥; and V.
We recall [§ 3] that we introduce a set of forms y{(z), ..., yP(x) of
like degree such that y{’(§), ..., y(£) form a basis for the ideal B,.
We then consider the variety V; whose generic point is (&g, -+ -5 §pn)s
where {;; = yP£;. Since ¥, is obtained from V; by forming the
derived normal variety, there corresponds to W, a unique variety
W1on V. We may suppose that z,, is not zero on W;. We then have

QW) < QWY < QW)
@
%GQ(WDSQ(%) (=1,.0r).

If , is any element of %3,, we have

L= AP+ + YD (L,eQ(W))
=V S Ay
1=0
= 'ﬁf)l)éz,

where {, is in Q(W;). Let B’ be any valuation whose centre on V]
is W; and whose centre on V, is W,. Since ¢’ = 0 (R,), v'(¥P) >0,
and hence Y = 0 (B,).

We now consider the centre of 8 on V. If this is one-dimensional,
we have found the required value of k. If not, the centre of B is
W,, and hence, since ¥ = 0 (B,), v(¥{’)>0. We then have, by
the remark just made,

£ =YPE m= Y0,
and a = £,/7,,
where £,=0 (By), 75=0 (By),

since the residue of « in B is transcendental over K. Now since B
is one-dimensional and 2 is of dimension two, B is a discrete
valuation. Taking its value group to be the group of integers, the
fact that v(¢¥{) > 0 implies that

v(n) Zv(9,) + 1,

and since 7, = 0 (B,), we have v(7,) > 0.
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We repeat the argument until we reach a J}, on which the centre
of B is one-dimensional. If at the ¢th stage we have not reached this
situation, we have a = §,/7,,

v(ny) Z0()+i—1, v(p)>0.

But v(7,) is a fixed finite integer. Hence we cannot carry out the
process indefinitely ; that is, we reach a ¥}, on which the centre of 8
is one-dimensional. Lemma I is thus proved.

Lemma I1. If B, 18 a one-dimensional valuation whose valuation
ring R, contains 2, there exists a zero-dimenstonal valuation ring B,
whose valuation ring R, satisfies the relation R, 2 R,=2 2.

Since R, contains 2, it follows from Lemma I that there exists
an integer k£ such that, if >k, the centre C; of B, on V] is one-
dimensional. For values of ¢ not less than k& we define the ideal p,
to be the intersection of Q(W,;) with the ideal of non-units of R,.
(If we pass from Q(W;) to the integral domain S of V7, S;a ¥, is the
prime ideal of the centre of B, on V,.) Q(W,) is integrally closed, and
the Basis Theorem holds for it; hence [XV §8, Th.III] we can
apply the multiplicative theory of ideals to ideals in Q(W;); and
since p, is one-dimensional it is a minimal prime ideal, and hence
equal to its own reduced ideal [ XV, § 7, Th. VI].

Let a be any element of 2’ whose value in B, is zero. We can write
a = &[5, where £ and 5 belong to @(W,), and from the multiplicative
theory of ideals we can write § = §,{%, 7 = 5, where { = 0 (p,),
£,+0 (v,), 7,%+0 (p;). Since v(a) =0, v(§)>0, a =b, and hence
o = £/, [ef. XVII, § 5, Th. VII]. The residue of o in B, is therefore

equal to the ratio of the images of £, and #, in Q(W,)/p;. The residue
field 2* of B, is therefore equal to the quotient ﬁeld of Q(W,)/p,,
which is the function field of the centre C; of B, on V. 2* can be
written as the quotient field of a finite integral domain $*, that
is, an integral domain obtained by adjoining a finite number of
elements to K, and Q(W,)/p, is a quotient ring in this. In fact, it is
the quotient ring of W,, regarded as a subvariety of C;. There is
always at least one, and at most a finite number, of valuations of
2* whose centre on C; is W,, that is, whose valuation rings contain
QUW)/p;. Since

Q(W) <Q(W; H-l): P; = Q(M)Api+l’

W,)[p; can be regarded as a subring of @(W;,,)/9,.,. Any valuation
of Z * whose valuation ring contains Q(W,,,)/p;,, contains Q(W;)/p,,
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and since a valuation ring containing Q(W})/p; exists for any j >,
we conclude that there is a valuation 8* of 2* whose valuation
ring contains each Q(W;)/p, (all ¢). Let B, be the valuation of X
obtained by compounding B, and B*. It is zero-dimensional, and
its valuation ring R, is contained in R,. Further, since Q(W;)/p; is
contained in the valuation ring of B*, Q(W;) = R, for all i. Hence
Q< Ry, and the valuation B, satisfies all the requirements of the
lemma.

Lemma I11. Q = lim Q(W,) is a zero-dimensional valuation ring.

1—>0

Since each ¥ is normal, each @Q(W,) is integrally closed. Hence
L is integrally closed. It is therefore the intersection of the valua-
tion rings of 2 which contain it [XVII, § 2, Th. VI]; by Lemma II
we can go further and say that £ is the intersection of the valuation
rings of zero-dimensional valuations which contain it. To prove the
lemma above, it is sufficient to show that there cannot exist two
distinct zero-dimensional valuations 8’ and 8" whose valuation
rings contain £.

Suppose there were two such valuations B’ and B”. Since they
are distinct their valuation rings are distinct, and we can find an
element { which is a unit of the one and a non-unit of the other. If
(1,£,,...,£,) is a generic point of ¥}, the variety V* in S, ,; whose
generic point is (1,§,, ..., §,, §) is birationally equivalent to 1}, ...
and on it B’ and B” have different centres, say ¢’ and C”, since
v'(§) = 0,2"(£)>0, or v'(§) >0, v"(§) = 0.

Since B’ is zero-dimensional, and its valuation ring contains
Q(W;), W, is the centre of B’ on V;. Similarly, it is the centre of 8"
on V. Hence, in the birational correspondence between V; and V*,
both C’" and C” correspond to W, which is therefore fundamental
for the correspondence. Hence, corresponding to W, there is a
curve I'; on V*. Let I'l,, be any irreducible component of I',,.
There is a one-dimensional valuation B, of 2’ whose centre on V*
is I'},;, and whose centre on V,, is W, ;. Since Q(W;) <= Q(W,,,), W, is
the only variety on ¥, which corresponds to W, and hence the
centre of B, onV; is W,. Thus I'; , = I';, and since I'; exists for all ¢,
there exists an irreducible variety I" of dimension one on V* which
is the centre of a valuation B of 2’ on V*, and whose centre on V] is
W,. Let R be the valuation ring of B. Then Q(W)=R (v = 1,2,...);
therefore 2 < R. Hence, by Lemma I, there is a value of k such that
the centre of B on ¥, is one-dimensional. But the centre of B is
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W,, and we have a contradiction. Our assumption that 8'+ 8" is
therefore false, and the lemma follows.

Lemma IV. If B vs the unique valuation of X whose valuation ring
18 Q, and if W' is the centre of B on any projective model V' of X,
then there exists an integer k such that Q(W') < Q(W;) (i > k).

Since Q(W,) < Q(W,,,), and every non-unit of Q(W;) has positive
values in B, and is therefore in %, ;, B, = ‘B,.,, and hence

QW) B QW) Bis1-

Let { be any element of 2 which lies in Q(W’), B;; for some value
of ¢. Since {isin P, its value in B is positive. It also lies on Q(W’),
and since its value in B is positive, it must therefore lie in B’, the
ideal of the non-units of @(W’). On the other hand, if { is any
element of R’, v({)>0. Hence { is a non-unit of 2. It therefore
lies in Q(W,) for some value of 7, and is a non-unit of this ring. Thus
it lies in %B;. Since it is contained in ‘B’, it is contained in Q(W’),
and hence in Q(W’), B; for some value of s. From these two results
we have lim Q(), s = "

Now since Q(W’) is the quotient ring of an algebraic variety
on V', the Basis Theorem holds in it. But in Q(W’),

QW) B QW) B Q(W') R3S ...

is an increasing sequence of ideals. Hence there exists an integer
k such that

QW) AP = Q')A Bryr = QW) 4Bz = -

and hence Lm Q(W'), B, = QW') By
1—>00

Hence QW) By =B,

and therefore B’ < By

Now consider any zero-dimensional valuation 8B, of 2 whose
centre on ¥}, is W,. Since P’ < PB,, its centre on V' is necessarily W’.
Hence W’ must be the only variety on V'’ which corresponds to
W, on V,. Hence W, is not fundamental in the birational corre-
spondence between ¥V, and V’; therefore Q(W') < Q(W,).

With the aid of these lemmas we can now prove

Treorem 1. If U, U’ is a resolving system for a set N of zero-
dimensional valuations of X, which is of dimension two, there exists
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a projective model U* of X on which the centre of every valuation of
N is simple.

U and U’ may be taken as normal surfaces; the only singular
subvarieties of these are necessarily zero-dimensional. They are in
birational correspondence, and in this correspondence there may
be fundamental elements on either surface, or on both, but these
fundamental elements are necessarily zero-dimensional and hence
finite in number. Suppose that there are fundamental elements
on U. Taking one of these, W say, as basis, we perform a quadratic
transformation which transforms U into U,. Since the quadratic
transformation does not alter the quotient ring of any subvariety
of U other than W, the fundamental varieties on U, for the bira-
tional correspondence between U; and U’ are the varieties on U
arising from the fundamental varieties on U which are different
from W, together, possibly, with zero-dimensional subvarieties of
the transform on U, of W. If there are fundamental varieties on U},
we repeat the process, and go on until we obtain a variety U such
that in the birational correspondence between U and U’ there are
no fundamental varieties on U. It is necessary to prove that we
can reach the variety U after a finite number of steps. It is clear
that if this is not the case we can find a fundamental variety W on
U such that (U, W) is the beginning of a normal sequence

(U’W)> (Ul’u’l)) (U’Z’sz)’ ey

where W, is fundamental in the correspondence between U; and U’.
Let 2 =1limQ(W,), and let B be the zero-dimensional valuation
)

of X whose valuation ring is 2 [Lemma III]. If W’ is the centre of
B on U’, we see from Lemma IV that there exists an integer £ such
that Q(W')<=@(W,). From this it follows that W, is not funda-
mental for the birational correspondence between U, and U’, and
we thus have a contradiction. Hence we reach U after a finite
number of steps.

A quadratic transformation with a zero-dimensional basis
transforms any simple variety, whether fundamental or not, into
a variety of which every point is simple. Hence if 8 is any valuation
whose centre on U is simple, the centre of 8 on U is also simple.
It follows that U and U’ constitute a resolving system for N.

We next operate on U’ as we operated on U, but confining
ourselves to varieties on U’ which are fundamental for the
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correspondence between U’ and U, and are also simple for U’'. By
a finite number of quadratic transformations, we can transform U’
into a variety U’ on which there are no simple fundamental varieties
for the correspondence between U’ and U. It should be noted,
however, that for this correspondence there may be fundamental
varieties on U. Finally, we construct the join U* of U and U’

We now prove that if B is any valuation of N, its centre on U*
is simple. Let its centres on U, U’, U’, U* be, respectively, W, W’,
W', W*. We have to consider three possible cases.

(i) Suppose that W’ is singular on U’. Since U, U’ is a resolving
system for N, the centre of B on U, that is, W, must be simple on U.
Since there are no fundamental varieties on U for the correspond-
ence between U and U’, i

QW) =Q(W).

Since W' is singular on U’, it is not affected by the transformation
from U’ to U’; hence

QW) = QW) = Q(W),
and from the properties of the join we have
QUW*) = Q(W).

Since W is simple, the ideal of non-units of Q(W) (and hence of
Q(W*)) has a basis consisting of two elements. Hence W* is simple
on U*.

(ii) Suppose that W’ is simple, but not fundamental for the
correspondence between U’ and U. Then, since W is also not
fundamental, Q(W) = Q(W').

Since W’ is not fundamental it is not a basis for any of the quad-
ratic transformations used to pass from U’ to U’. Hence

QW) = QW) = QW)
Pagsing to the join U*, we have, as before,
QUW*) = QW') = QUW'),

and since W’ is simple, so is W*.

(iii) Suppose that W’ is simple, and that it is fundamental for
the correspondence between U’ and U. Then, since W’ is simple,
and any variety on U’ which corresponds to a simple variety on U’
is simple (by the properties of quadratic transformations), W' is
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simple. Again, W’ is not fundamental for the correspondence
between U’ and U ; hence

QW)= Q).
Passing to the join, we have
QUV*) = QW)

and hence W* is simple.

Since we have exhausted all possibilities for W', we conclude that
the centre on U* of any valuation of  is simple. Hence Theorem I
is proved.

We have already seen how Theorem I can be used to replace a
finite resolving system for a two-dimensional field X, consisting
of k projective models, by a resolving system consisting of k—1
models, and by repeated application of this result we can establish
the existence of a resolving system formed by a single projective
model. This then enables us to state the theorem:

TaEOREM II. Given any irreducible algebraic surface U, there
exists a birational transform of it on which there are no singular points.
In conclusion, we state, without proof, Zariski’s result:

THEOREM III. Given any irreducible algebraic variety of dimension
three, there exists a birational transform of it on which there are no
singular points.
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BIBLIOGRAPHICAL NOTES

BOOK V

Chapter xv. The material of this chapter is to be found in many of the
standard works on Modern Algebra, such as Albert (1), Krull(2) and van
der Waerden (7). The fullest account, that of Krull, contains references to
the original sources of the main theorems. The presentation given here is
designed to provide a sufficient introduction to ideal theory for the purposes
of this volume, and makes no claim to originality or completeness.

Chapter xvi. The developments of this chapter follow most closely the
work of Zariski, but are confined to the case of ground fields without
characteristic. Many of the ideas are treated, in a somewhat different
manner, and without restriction on the ground field, by Weil (9). The main
results of the chapter will be found in Zariski(10, 11) and Muhly (5). In
another paper(12) Zariski has examined in detail the notion of a simple
point on a variety over any ground field.

Chapter xvii. The account of general valuation theory given here is
designed for the purposes of geometry, and no reference is made to other
branches of the subject, such as the applications to number theory. It is
based mainly on Krull(3), though many of the earlier results are to be found
in Krull(2), in which references to original sources are to be found. The
section on the centre of a valuation is based mainly on Zariski(13). In this
paper will be found the proof of Theorem XI of §5. The properties of zero-
dimensional valuations of rank one referred to on p. 207 are to be found in
MacLane and Schilling (4).

Chapter xvirr. The first three sections of this chapter are based on
Zariski(13). The theorem quoted on p. 240 is the ‘Main Theorem’ of this
paper. Zariski has given (14) a simplified proof of the theorem, and a third
proof, not using valuation theory and using the results of Weil(9), has
been given by D. G. Northcott (6). The Local Uniformisation Theorem,
which occupies §§6-7, follows closely the lines of Zariski’s proof(15),
the only existing proof of the theorem. The proof of the existence of a
finite resolving systemn is based on Zariski(16). Zariski’s proof is based on
topological considerations, but it is here given in purely algebraic terms,
the topological concept of bicompactness being replaced by the Basis
Theorem of Hilbert. The proof of the reduction of the singularities of an
algebraic surface is, essentially, Zariski’s ‘Simplified Proof’(17), but for
completeness we give certain lemmas from his original arithmetic proof(18).
The history of this theorem is long and involved, and is described in the
first chapter of Zariski(19). The only other proof of the theorem (valid
when the ground field is the field of complex numbers) which has withstood
all criticism is that of Walker (8). The proof of the reduction of singularities
of a V, is to be found in Zariski(20).
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Integrally closed ring, 72
Intersection of fractional ideals, 56
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Local property of a variety, 158
Local uniformisation theorem (L.U.T.),
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Monoidal transform, 246
Monovalent polynomial, 277
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(projectively normal) variety, 149
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sequence, 323

Normalised group, 168

Ordering of group, 163
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Perron’s algorithm, 267

Primary components of ideal, 19
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Product of fractional ideals, 57
Projective model of function field, 264
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Resolving system, 316
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Sufficiently general
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Symbolic power of an ideal, 23

Total transform T{V} of a variety,
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Transform
by primals, 156
T[V] of a variety, 232
Trivial valuation, 172
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