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PREFACE

THis book deals with the theory of ‘typical means’ and its
applications to Dirichlet series and Fourier series. More than
forty years have now passed since ‘typical means’ were first
introduced by M. Riesz for the summation of divergent series, and
quite an extensive theory has developed during this period. We
have attempted here to give a systematic account of this develop-
ment. Readers of our account will hardly need to be told how
much we owe to the Cambridge tract by Hardy and Riesz on the
general theory of Dirichlet series.

We wish to acknowledge our indebtedness to Dr. L. S.
Bosanquet, who has read the proofs and helped us to remove
many errors and obscurities. His comments have stimulated us
to improve the text in several places.

K.C.
S. M.
May 1952
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I

FIRST THEOREM OF CONSISTENCY AND
SOME CONVERSE THEOREMS

1.1. Introduction
In this chapter we define the Riesz means of infinite series.
The Riesz means have a certain fype A and a certain order k;
correspondingly we define the summability (2, k) of series,
which reduces to convergence for k¥ = 0. After establishing some
relations between Riesz means of the same type but of different
orders, we prove that if a series is summable (4,k), k> 0, then it is
also summable (4,%") for k" > k. This is called the first theorem
of consistency. We then study the converse problem. Knowing
the order of magnitude of the Ricsz mean (4, k), we determine the
order of magnitude of the Riesz mean (4, r), r < k. This leads us to
the fundamental theorem of M. Riesz, which imposes order-condi-
tions on the Riesz means (1, %) and (4, 0), and shows that they
imply a restriction on the order of magnitude of the intermediate
Riesz means (4, r) for 0 < r <k. We next use this theorem to prove
Tauberian results. We assume that a series Ya, is summable
(4, k), k > 0, and that its terms {a,} satisfy some appropriate order-
condition, and deduce that Xa, converges. We also define the
notion of absolute summability (A, k), which generalizes the notion
of absolute convergence, and prove the analogue of the first
theorem of consistency.

DeriNiTION OF RiESz sUMMABILITY. Let §a,, be an infinite

n=0
series, and let {1,} be an arbitrary sequence of positive numbers

such that
O<lg<Yh<h<..<4l,— .
We write
A, =ay+a, + ... +a,,
and ift > 0, 4, <t < 4,,,, then
At)=A4,=ay+ ... +a,= X a,,
A<t
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and fork > 0,
A5t) = X (¢t —2,)\a,
1, <t

!/

=k J (¢ — )14 (7)dx

= j (t — T)¥dA,(7).

We define A(t) = Ai(t), and if ¢ < 4,, 45(t) = 0 for every k > 0.
Ai(t) is a discontinuous function, being constant in intervals, while
AX(t) is a continuous function of ¢ for £ > 0—in fact, absolutely
continuous in every finite interval if 0 <% < 1, and differentiable
with continuous derivatives if & > 1. Actually we have

414 =k, k> 1,
and if k is an integer, and ¢ 5 4,
| ('gi )k AKt) = k! Ax(t) = T(k + 1) Ax(2).
If we write
Clx) = a~* A=),

then Ch(x) is called the Riesz mean of order k and type A, while
Ak (x) is called the Riesz sum of order k and type A associated with

the series Xa,,.

DerinrTIoN 1.11. If lim Ch(x) = s ewists, where s is finite, we say
T—>00

that Xa, is summable by Riesz means of order k and type A, or
simply, summable (R ; 2, k) to the sum s.

DerFinrriox 1.12.  If C%(x) = O(1), then Sa, is said to be bounded
(R; 4, k).

DEeFINITION 1.13. If{ |dC(z)| < o, b > 0, we say that Ya,

18 absolutely summable by Riesz means of order I: and type A, or
simply, summable |R; 4, k|.
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When k = 0, Definitions 1.11 and 1.13 lead to convergence and
absolute convergenoce respectively.

Since we are only concerned with Riesz summability in the
following pages, we omit the ‘ R’ in the definition, and speak of
summability (4, k) and |4, k| respectively.

1.2. Relations between different Riesz sums

We shall establish here some of the formulae used frequently in
our later sections.

In the first place, we prove certain relations between Riesz sums
of different orders.

If k> 0,1> 0, then

k+1 mI‘(k+l+1)I PV ‘
.4l+ () = Tk +1) T(@) “[ (@ — )~ A5 () dt. (1.21)

Ifk>0 0<l<l Il <k orl=kFkandz # A, then

Tk+1+1)
f(l?&"gﬁg“:)“l) j (@ —0~tddh@).  (1.22)
Proor oF (1.21).

j(x — by Ak () dt =

[}

4 @) =

0

l
Sty

¢
(x —t)1dt j (¢ — u)~' A, (u) du
0

I 2 (w) du j (@ — )1 (t —uftdt
0 u
kT

T+l AT @

Proor or (1.22).

A 2) = k—l+1[d ot (x)]

a

'k —1 +2) B )
(k"'l+l)l-‘(k+l)]‘(l——l) dz [(-’3 t) 'L (¢) dt, ly(l.gl),
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By partial integration and differentiation, we obtain (1.22).

We next establish a relation between Riesz sums of different
types. Let u(o) be a positive, non-decreasing function of o diverging
to infinity with o, and let us set x(4,) = u,, so that

O< g <y <pg < . .. <p,—o,
and
Ak@) = ¥ (& - p.)a, =k J- (@ -ty A, ¢t)de,
Hp <7 A
where
Ay t) = Y a,
Py St

We observe that if ¢ = s(7), then 4,(t) = A, [1(7)] = Aa(1),
and if ® = p(x), then

A¥w) =k j (w — t)F~1 A, () dt

0

=k | [n() — p(v)} 7' Au(7) dp(r)

[u(@)—u()I " du(T)p'(v) dv, (1.23)

o%-—;s Sl

on assuming that u'(7) exists.

1.3. Finite differences of Riesz sums
We now proceed to establish some formulae on finite differences
which will be of frequent use in the sequel.

If ¢ > 0, and F(2) is a function of z, and m > 0 is any integer,

we set
A”‘F’(w) m X(-1) (M F@+m-—-v(); A" F(z) = F(x); (1.31)1

o:::()

AT F(z)= (=1 (M F(@@—»); AL, F@) = F@). (1.81)2

pom
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If0<a <1, weset

z+ ¢
AtF(x) = a I(x + ¢ — )" F(t)dt, (1.32)1
A%, F(x) = aJl (x — t)* " F(t)dt. (1.32)2
. z-{
Also, we define
AT+e F@) = A3 [A? F()], (1.33)1
A™ ¥ F(x) = A%, [A™, F(2)]. (1.33)2
It is easily seen that
A [A? F@)] = A7 [A3 F()], (1.34)1
A, [A™, F()] = A", [A%, F(®)]. (1.34)2
We then have, for 0 <m <k, and m an integer,
zH+E ty+L t1+t
m Ah — P(h + 1) [ [ [ h—m 1
AT Alx) = Fh—m 1 1) ] dt, | dit, ... | Av=m™(¢t,)dt,, ,  (1.35)1
z 4 tm—1
z tl tm—l
m gnon_ LR+1) [ [ [ ghem
A_.c Al(x) -_ f(m+—l—) ) dtl ] dtg “ee ] AA (tm)dtm . (1.35)2
z—t t —¢ th_1—¢

These formulae (1.35) are easily proved by induction. We have also

m Ah _— P(h + 1) m Ah—m
AT Aj@) = Fth—m + 1) A ™) +
z+ tm—1+c
P(h + 1) J J h—m — Ah-m
Ffiemiy | B | AT AT @] 03001
a tp—1
and
z+¢

AT+ ANz) =a I @+ ¢ — )~ AT Ahwyde [ef. (1.33)1]
1
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F'h—m+1) T'h—m+1)
T+ t+¢ tm—t ¢

X [ (x + ¢ — ¢t ide j dt, ... ] [ ™¢,) — Ai ™)) de,,
z :

tm—1

= _F(h-*—l) Cm+a Ag-;n(x) + a ]-‘(h + 1)

Tk + 1)

- +1 T'(h +1)
'k —m+41)

m+a gh—m
z+ ¢ ty1t¢
X A?[ [ dhy ... j [Aﬁ-*"(tm)—A';-"'@)]dtm]. (1.36)2

z
tm—1

Similar to (1.36) we have

ame ey = TN pn i

Tk + 1)

et |t [ TAEE A, s

St gyt
and

m+a Ah — “P(h +1) m+a gh—m —

z tm—1
' +1) a
o w2 [ [ At - |
z—{ b —

1—¢
(1.37)2

We could conveniently rewrite the above formulae thus :

If m is & positive integer, r >0, 0 < < 1, then we obtain from
(1.36)1 and (1.36)2,

1
(M A (z) = P(ff:- Etgi) A?“A'}"""(x) _
z+ ¢ H+ ¢ tm—yt ¢

- A'c’[ Jdt; Jdtg... j [45¢,) — Al)] dt, |- (1.38)

4 tn—1
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Similarly we obtain from (1.37)1 and (1.37)2,

T'(r +1)
m+p 41 —_ m4 5 r+m
P Aj(x) Tr+m+1) AP A7 M=) +
z ¢ ‘m—-l
LA c[ [, [t ... [ T30 - 4500 dt,,.]- (1.39)
- ¢1—C tm_l—-C

1.4. Two lemmas
We now prove two lemmas which play an important part in the
proof of some of our later theorems.

LemMa 141, If0 <& <2,k >0,0<! <1,then

¢
_ T@E+1+1) -1 k+1
R j 440 (o — e < max| 450),
0
80 that if A,(t) s real, we have
¢

lrék f‘i;ﬁ% I A0 @ — oy dt = 45 (1), 0 <71 <§,
0
Jfor some 1.

Proor. The casel = 1 being trivial, we observe that if 0 <l <1,
¢
(=t = I 0,(») (v — t)"'dy,

t

where
_ =& =) (=)'
%) = INCIN T
so that
¢
0,(») > 0, and I 0,(v) dv = 1.
Hence -

¢

é
J A% (¢) dt J 0,(v) (v — )ty

0

Tk +1+1)

o2 = 11 T
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T Tk + 1T
¢
= j Akt () 6,(v) dv. (1.41)

0

_Tk+1+ l)j (7) dvj(v ) - LKL
0

Therefore
min Ai*(t) < g(§ 2) < max AE*4().

LRy Xy 0gt<é

Lemma 1.42. Let p(x) be a positive, non-decreasing function of z,
defined forx > 0,and let 0 < & <z, 0 <l <1,k >0. Then

A5+(z) = o [p(@)] (1.42)
implies, uniformly in &,

&
'k +1+1 -
(6,2 = rtkil)?(z;j( o—tf A0 &t =o[p@)].  (14)

Proor. From (1.41) we have
£

g (£ 2) = j A50) 0,() d,
0
where

0,(») > 0,

0,(v) dv = o (1),

Sy >

as x — o0, for every fixed & > 0, and
¢

j 0,(»)dv < 1.

0
These properties of 0,(v), together with the hypothesis (1.42), lead
to (1.43).

1.5. First theorem of consistency

We shall now prove two elementary theorems on Riesz sum-
mability, concerning the relation between different orders of
summability belonging to the same type. The first theorem in
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this direction says that the power of Riesz summability increases
with the order. Thus we have

THEOREM 1.51. If Ya, s summable (A, k), k > 0, to the sum c,
then Ya, ts also summable (4, k'), for k' > k, to the same sum.

The proof follows easily from the formula :
K@) =2 A @
' + 1) x"“'jf ,

= P(k + —) IT(I“‘;,"“") —_ t)k'—b—"l tk Og(t) dt. (1.51)
0

The above theorem is called the ‘first theorem of consistency’,
and it follows therefrom that a convergent series is always
summable (4, k) to the same sum, for every £ > 0, whatever the
particular divergent sequence {4,} may be. By using formula (1.51),
we can also prove

THEOREM 1.52. If W(x) is a positive, non-decreasing function
of x, then Ak(x) = O[W(x)], k > 0, implies A% (x) = O[*"* W(x)],
k' > k.

1.6. Scope of Riesz summability

The scope of a method of summability can be roughly determined
by an examination of the nature of series which are summable by
that method. Thus we should know, first of all, what are the
necessary implications of the statement that a given series is sum-
mable (4,k). Some such knowledge is gained from the following

THEOREM 1.61. If ¢(x) is a positive non-decreasing function
of z, and if
A¥x) — caf = o [p(x)], k > 0,

then for A, <z < A,.,, and 0 < r < k, we have

n+1 . . .
[ '_ k— ,] , if r is an integer or
(A"H ) zero ;

I ] P e |
if r 18 non-tntegral.

A'(x) —ca" =
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Remark. In this section, as in some later sections, we write
A¥(z) in place of A%(x).

Proor. We shall assume, without loss of generality, that ¢ = 0;
for, if ¢ 5 0, we set B(x) = A(x) — c, so that B¥(x) = A¥(x) — ca¥,
and argue with B(z) in place of A4(z).

Let b = [k], where [k] denotes the integral part of k, (b + 1)¢
= Apy1 — A, let I be an integer less than or equal to A, or zero ;
let ¥k =h 4 f,s0that 0 < < 1. Then we have

A AM2,) = 0 [@(An41)]- (1.61)

For,if p > 0,
it
AP AR (4,) = A} [ j (A, + ¢ — 1)1 AM¢t) dt]

An

= 0 [@(An41)]s

on account of the hypothesis on 4A*(z) and Lemma 1.42.

If f =0,thenk = h, and
Alc+ﬂ Ah(ln) = AIC Ah(ln) =0 [¢()‘n+l)]

CasE (i). Let » = 0. Setting A for m, and 4, for z, and 0 for r in
formula (1.38), we obtain
h+B gh
ChHEA(A,) = AC:‘L@") —-

Mkl 4+t 4+t

-—A@[ Jdtl j dts... j [A(ty) — 4(A)] dt,,]

‘n 4 -1
AYt? A'(A,)
Nk +1) °
= 0[ @ (1n+1)] ’
by (1.61). Hence

A(k,) = 0[ ( L (1.62)

n+l An)k

sinoe A(4) = 4(4,),
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Casg (ii). Let r be a positive integer. We prove the result now by
induction. The theorem has already been proved forr = 0.
Assuming it to be true for »r — 1, we prove that it is true for . If

A Y(z) =0 [(2 PAns1) ] ’

w1l — l )k—H—l

then

z

AT@) — AT(A) =1 J ANt dt = o [ ) ‘p(’l_"t!)rr] . (1.63)
h (ln+l -2 )
Setting A — r for m and 4, for z in (1.38), we obtain
_ I + - A
h—r+8 A' l A Ah r+ﬁA }'n .
A = (h)

LA ittt g+

_ Ag[ j dt, j dtz...j[A'(t;,_r) — A",)] dtl,_,].

hoooh Yher—1
The first expression on the right side is o[ ¢(4,.;)] on account
of (1.61) ; while the second is o[ ¢(4,,,) ] because of (1.63). Hence
q)(}'n+1)
() = 0[ (s = A ] : (1.64)
Cask (iii). Let 7 be non-integral; s=[r],r =s-+a,0<a <1;
let p denote the greatest integer less than k, so that if & is non-
integral, p = h, and if k is integral p = k — 1. By (1.21) we have

R |0 (N Py
A® = S 1) T J( (AN dt
ln-l an x
_ Ef?,f_ﬂw J J '
= Pe+DT@ L)Y )T J]
o An—l ‘n

EJI +J2 +J3,

say. Now, using the result obtained above in Case (ii), we obtain

—_ (p(zn-k-l) f _fy—s—1
Jy; =0 <(;’n+l Ly ) (x—1) dt
A

_, [(l P(husr) ] (1.65)

n+1 " A )k—'
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and
11@
o P4 J‘ e
Jz_o((l_n_)k_) (m—t)" 1 dt
n—1
ol 92
=o |G ,:I : (1.08)
Integrating J, by parts, we obtain
P—8
N'(r+1) e
J, = S, —_ T—8 vAa+v
&4 T+ +1Tr- sy 1y @ T ) (Ap-1) +
‘o1
M_A]i(l 1) . j Al’t ——t'_p-']dt
Tresnre-p | YO0
EJl,l +J1,2» (1.67)

say. Since r —s —» = (a — v) < 0, we may majorize powers of
(x — 4,_,) inJ, ; by the corresponding powers of (1, — 4,_,) ; if we
do this, and apply the result proved in Case (ii), we obtain

[(z - z”_,)* ] ;
n—1

Jig=c¢ | (x—t)y Xax—t)¥~?"1 A%(t)dt,  where c is a constant,

L)

O ey

"ﬂ—l
=e(x—2A,_) ¥ j (x — P 147(t)dt, 0 <& < Apy,
¢
by the second mean-value theorem.

Replacing z by 4, in the expression outside the integral sign,
and applying Lemma 1.42 to the integral, we obtain

- @ (An)
Jiy =0 [(7 e ] . (1.68)

Combining results (1.65)-(1.68), we prove the required result.

As a particular case of Theorem 1.61, we obtain the well-known
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THEOREM 1.62. If Xa, is summable (4, k) to the sum c, then for
0<r<kandd, <z < i, wehave

g
(l,.+1—?~ W

[u,. ] o [u,.f“ L]

if r 18 non-integral.

] , tf r is an integer or zero;
A'(x) — cx’

This is obtained by setting ¢(z) = 2* in Theorem 1.61.

CoroLLARY 1.61. If A, = n, Theorem 1.62 shows that if Ya, is
summable (n, k), then

a,=o0(nf), 4, =0, . . . , A'x)=o(z").

CoroLLARY 1.62. If 4,,, =0(,,; —4,), or lim inf 1;4@ >1,

n

then A"(x) — ca” = o[@(A,41)/A7].

In particular, under the hypothesis of Corollary 1.62, a summable
series is necessarily convergent. For example, if 4, = 2", then
Riesz’s method of summability will sum only convergent series.

1.7. A theorem of M. Riesz

In Theorem 1.62, we assumed that a given series Ya, was
summable (4, k), and deduced therefrom the order of magnitude
of the Riesz sums A"(x) for 0 < r < k. More generally, in Theorem
1.61, we proved that if A*(x) satisfies a certain order-condition,
then A'(z), for 0 < r < k, satisfies another order-condition. In the
following theorem, due to M. Riesz, we assume that both A¥(x)
and A(x) satisfy certain order-conditions (either of O or o type),
and prove that A'(x), 0 < r < k, will satisfy an order-condition
related to the given conditions on A¥(x) and A(x). Thus we have

THEOREM 1.71. Let V(x) and W(x) be two positive non-decreasing
Sfunctions of x defined for x > 0. Let

U,(x) — [‘V(x)ll—r/k [W(x)]'”‘.
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Then
(A) | A¥(x)| < W(x) and | A(z)|< V(x)

imply
[A"(x)| < ¢ Ulz), for 0 < r <k,

where c is a constant depending on r and I only, while

(B) | A¥z)| < W(x)and A@x) = o [V(z)]
imply

A'x) = o [Ux)], 0 <r <k,
and
(C) A¥@x) = o [W(z)] and | A(z)| < V(x)
imply

A'(x) = o [Ufx)], 0 < r <k

Proor oF (A). The hypothesis |A(x)| < V(x) implies |A"(z)]
< a" V(x), and so the theorem becomes trivial if
o < [W/V]™*, or o <[W/V]'E
We shall therefore assume that we can always determine & > 0
by the equation
x — & = [W)/ V@),
Case (i), 0 <k <1.

x

AT(z) = rb‘?(x—t)"‘A(t)dt - r[ f + EH = J, + J,, say.

Jyl = ‘ " j(x — by A(t) dt ] <@—& V@) = Uf). (1.71)
E
J, =7r J (x —t) K —t)F~TA®) dt

0
3

=r(x— &)y * I (x—tfF-rA(t) dt, 0 <u <&,

= ; @— &) [g(z, £) — g (&, w)],

in the notation of Lemma 1.41. Hence
gyl < @rlk) (x — &) FW(x) = (2r/k) U, (x). (1.72)
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Combining (1.71) and (1.72), we observe that
(A7) < (2rfk + 1) U,(2).

Casg (i) k> Lh=[k], A+1)=2x—Ek=h+B,0 <1
We shall first prove that the result is true for integral », by indue-
tion, the case r=0 being trivial. Suppose

A7 @) =0 [0, @]

Then , for & <z’ <uw,

A'(x) — A"(2') = r [ AT (t) dt

’

x

=0[(x—2)U,_, @]
= 0 [U,)]. (1.73)

Writing A — r for m in (1.39), we obtain

— oy P(r+1) ynrsp gn )
ch +ﬂA(x)—r(h+l-) AT AMNx)
z 15 bheyp—1
+ A"_cl: j dt, I dty ... j [A4r(@@) — 47 (th))] dt,,_,:l .
= 4=t th—p—1¢

The first expression on the right side is O[W(x)] on account
of the hypothesis on 4*(z) and Lemma 1.42, while the second is
O[U,(z) t¥7"], on account of (1.73). Hence

A" @) = O[W()] + O[U,(x) £*],
or

A(z) = O[U,()]. (1.74)

Next let us consider the case where r is non-integral. Let s = [r],
r=8+a,0<a<]1. From (1.74) we then obtain 4°(x) = O[U,(x)].
Also

A z) = O[U,,;,(®)], ifs +1 <k,
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so that
A'(z) = A" (x) = O[U,~"U}4] = O[U,@)],
on account of the result proved in Case (i).
If, however, s + 1 >k, that is ¢ = &, then 4*(z) = O[ U, ()], which
together with A*(z) = O[W(x)] yields the required result, on an
application of Case (i).

Proor or (B). Given ¢ > 0, choose z, such that | 4(z)| < ¢ V(z),
for x > z,. Let & be such that

r—e= ()" (1.76)

Case (i), 0<k <1l If 0<z,<§¢,then
&

A'(z) = rj (x — &)y A@)dt = r [j + j:‘ = J, + J,, say.
0 0 %
&

il = l’(" - 5)"kj(x — tfFt A() dt { 0 <u <
by the second mcan-value theorem. Thus

W \ rik—1
[Jy| < 2r (sV) . W(x) = 2r. el U (x),

on account of (1.75) and the hypothesis on 4*(z). Again
sl <eV @) @ — &) =&~ Uyla).
Hence
[A" ()| <|Jy| + (T < (2r + 1) &' U (x). (1.76)

If, however, x > z, > &, we write

T,

A'(z>=r[[+uszl+12,

0 z,
say. As in J,, we have
3| < &' U fa),
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while
i’o |
| = l r I (x—t)y~1A(@) dt ]
1]
< r@x — xo)"lj | A(¢)| dt
0
= o(1),
as x — oo, gince r — 1 < 0 ; hence
A() = o(1) + o[U,®)] = o[U,@)]-
Case (ii). % > 1. The hypotheses of Theorem (B) necessarily imply
that
A'(xz) = O[U,2)], (1.77)
on account of the previous result, Theorem (A). Actually we have

got to show that
A'(z) = o[U,(x)]-

This we prove by combining Case (i) of the present Theorem (B)
with the previous Theorem (A). For, we have, by Case (i) of (B),
AP(@x) = o[Usx)], 0 < B < 1;
and by (1.77), if 0 <8 <k —1,
A*(z) = O[U, 4 4(@)]-
Applying Case (i), we deduce that
A'x) =o[U,@)],0 <y <1+ B,ory <2.
This, together with
A" (@) = O[U,41()),
will again lead to
A%x) = o[Uyx)], 0 <6 < 3,
and so on, until the result is proved for 0 < r < A = [k]. Thus
A=) = o[U,_,(x)],

for every small positive ¢, which, together with the bhypothesis on
A¥(z), leads to the required result.
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Proor or (C). Given ¢ > 0, choose z, such that

n
g2 = [k [@—0rra0 @] <o W),
0 I
forz > zyand 0 <% <=z, by Lemma 1.42. Determine & such that

1/k
e=()"
CasE (i). 0 <k < 1. We write

. x & z
A'(z) =rj(x——t)"‘ A(tydt = r|: j+[ :‘ =J, +J,
0 0 &

say. First, let us suppose that § > z, ; then
;

EAE= )r(x— 5)"*J(x—t)"‘l Apdt |, 0 <u<é,

by the second mean-value theorem. Now applying Lemma 1.42, we get
il < (r/k) (@ — &Y 7* |g (£, %) — g (u, 2)]
< (2r/k) €1 (WVY™=1, eW(x).
= (2r/k) e"* U (). (1.78)

Wyl = |7 J(x — 8-t A(t) dt

< (z—§&) V()
= &* U, (). (1.79)
From (1.78) and (1.79) we get
|A"(x) < (2r/k + 1) e™® U, (x).
If ¢ <y, we write

A@) =r [J+I] =J, + s,

0 T,
and argue as in Case (i) of Theorem (B).

Case (ii). k> 1. The hypotheses of Theorem (C) necessarily

imply that
A'(x) = O [U/)],
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on account of Theorem (A). Choosing » =k—1, and applying
Case (i) of this Theorem (C), we obtain
A¥x) = o[Ux)], k¥ —1<s <k
Again considering ¥ — 2 < s <k — 1, we obtain
A'x) =0 [Ufx)], k—2<s <k-—1;
and we proceed like that until we finally get the result.

CoroLLARY 1.71. If Xa, is bounded (A, k), then it is either
summable (A, k') for every k' > k, or not at all.

Proor. By hypothesis, A¥(x) = O(x*). If for some | >k we
1
have Ay(x) — ¢, that is A'x) — ¢! = o(2!), then
A¥(x) — ' = o (2%), k < k' <
for by setting B(x) = A(xz) — ¢, we observe, in the light of
Theorem 1.71, that
BYx) = 0 (#¥) and BY(x) =o (2
together imply
B¥(x) =o (), k <k <l
CoRoLLARY 1.72. If a series Ya, with bounded partial sums is

summable (1, k) for some k, then it s summable (4, k) for every
k> 0.

1.8. Tauberian theorems

In this section we aim at obtaining order-relations for A'(x)
with & hypothesis on A4(x) different from the one in Theorem 1.71.
The hypotheses which we consider here are similar to those satisfied
by the so-called slowly increasing or slowly oscillating functions.
We have called these theorems Tauberian, since we are concerned
with deducing the behaviour of A(z) as x — oo.

THEOREM 1.81. Let W(x) be a positive non-decreasing function
of z, and V(x) any positive function of x, both defined for x > 0.
Then we have the following :

(a) A(x) — Az —t)=0[t"V(x)], 0 <t=O0[{W[V}*+1] 5 >0,

and
Az) = o [W(2)], k>0,
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together imply
A(x) =o [Vkl(k+ v) Wrltk+ v)] .
If further VH®&+» WYIE+Y) j5 pon-decreasing, then
A'(a:) =0 [V(k—f)l(k+ ) Wr+nlk+ v)] ,0 <r <k.
(b) A@+t)—A@x)=0[t"V()],0<t=0[{W]|V}VE+N] 5 >0,

and
A¥z) = o [W(2)], k > O,

where
1k + v)

W(z'")
W (z)

together tmply

0 < < H < o0, for 0 < 2’ —x—-O( )

A(x) =0 ( VEIk+Y) i+ r)).
If further V¥&+y) Wrik+y) 4o non-decreasing, then
A'(x) =0 [V(k—-r)/(k+ ) Wlr+nik+ v)] , 0 <r <k
ProoF OF (a). Leth=[k]; k=h + $,0 < B < 1. Given

& > 0, choose
W(x)e q1ik+»

V(@)
Writing & for m and 0 for » in (1.39), we obtain
AP AP (z)
B8 f(x) = 2=t 2\
AR = Tty
4 bh—1
+ A%, l: szl I J[A(x — Az,,)]dt,,:l
- H-t t1—¢
=J; +J,, (1.81)
say. By the hypothesis on 4*(x) and Lemma 1.42, we have
Wi < e W (),

for z sufficiently large. By the hypothesis on A(x), we have
|Jg| < e V() {*t?,
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where ¢ > 0 is a constant. Hence

A@) < f—’g‘—”’ +et? V),
ie. A(x) = o (VHEEN [yrit+ )y (1.82)

If we now apply Theorem 1.71, we obtain
A'(x) = o0 |'V(k-—r)'(k+ v ly+nit+ v)] ;0 < r <k

Proor or (b). With the same notation as in the proof of (a),
but using the relation
AP Ala)
Nh + 1)
P I R S N+

-~ Af [ jdt1 jdt2“' j [4r(t,) — A"(x)) dt,,] (1.83)
v t) th_y

(which is obtainable from (1.38)) instead of (1.81), and arguing as
in (a), we get the required result.

Cll+ﬁ A(.’U) -

It may be noted that the extra hypothesis on W(x) is used
in proving that the first expression on the right of (1.83) is
o[ W(z)].

ReEmaRrKs. Theorem 1.81 will remain valid if, in the hypothesis
on A(x), we replace the continuous variable z by the discrete
variable 4,. Thus we have the following

THEOREM 1.82 Let W(x) be a positive non-decreasing function of x,
and V(x) any positive function of z, both defined for positive values
of the argument. Then
(@) A(4,)—AA,—1)=0 [t"V(4,)], y >0, 0<t=0 [{ W]V} 1E+D],
and

A¥x) = o[ W(@)], k >0,
together imply
A(ln) = O[ V(}'n)k/(!‘:.*- 7 ]/V(lh))'/(’-"f' V):l_
Lf further V(x)E'®+ DWW (2)"/®+ ) s non-decreasing, then
A"(x) = o V(x)¥~E+ NP (g)r+0k+ 0] 0 <r < k.
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(b) A4, +¢t)- A(A,) =O[t"V(A,)].y >0,0<t=O0[{W]|p1HE+»],
and

K . ’ o W 1k+ y)
AXx) = o[ W(2)], 0 <H <wforo <z’ --x=0(5:),

|4

M)

W(x)
imply

A(h) = o[ V(@ ++ VI (3,) "+ 7).
If further V(xy/¢+ MW (2)7¢+ 9 s non-decreasing, then
A'(x) — 0[ V(x)(k—r)/(H ) W(x)(y+r)l(k+ y)]‘

The following well-known Tauberian theorems are deducible

from Theorem 1.82 (b).

CoroLLARY 1.81. JIf a, = O[AX4, — A,_1)],
und
A¥@) = o(@®), k ~ 0,0 <B <adk+1,
then
A®) = o(aB+ublte+D)y,
Proor. 'The first hypothesis implies, for ¢ = 0O(4,),
A(ln + ’) - A()‘n) =0 (Ag‘t)r
and therefore, by Theorem 1.82 (b), we obtain the required result.

COROLLARY 1.82. [fp>1,a+ 1t 1/p >0,

$1a,2220, — 2,77 = oo,

vem()
and
A¥@) = o(@”), k > 0,0 <B <a +k+ 1,

then
(ut1/p) k +Bla

A(z) zo[x k41 ] , Ip + 1jg = 1.

Proor. We have only to observe that the first hypothesis implies,
for t = O(4,),
A(A, +t) — A(4,) = O(As*1P i),
and then apply Theorem 1.82 (b).

Tauberian theorems (O type)

We now replace the two-sided hypotheses on A(x + t) — A(x)
by one-sided hypotheses.
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TreoREM 1.83. Let W(x)and V(x) be as in Theorem 1.81, and let

A¥x) = o[W(z)], k > 0, (1.84)
Let
A@) — A —t) = O, ['V(@)], 7 > 0, (1.85)
Az +t) — Az) = O, [t V(@)], (1.88)
where 0 < t = O [{W/[V}VE+Y] Then we have
A(@) = o V(@)H1k+ IV ()@ + 9], (1.87)

Proor. We require formulae (1.81) and (1.83). Using the hypo-
thesis (1.85) in (1.81), we obtain, for ¢ > 0,

A(@) > W(‘?) +0, V),
ic. — A@@) < of V”‘”WW”/"‘*’”]. (1.88)
Using the hypothesis (1.86) in (1.83), we obtain
A(x) < o VEE Ay Yid+), (1.89)

Now (1.88) and (1.89) lead to (1.87).

N.B.—Remarks similar to those at the end of Theorem 1.81
apply here as well.

THEOREM 1.84. Let IV (x) be « positive non-decreasing function
of x, and V(x) be uny positive function of x, both defined for x > 0
and such that, if k > 1 and & = (W]V)V there exist constants h,
H and K such that, for x — K¢ <2’ <ux |- K, we have

V(')
0<h - H <
< h < V(x)<

Then
A¥(x) = o[ W(x)], and A(x) = O, [V(x)] or Ox [ V(2)],
together zmply
4@ = o[U@)], 1 <r <k
where U,(x) is as in Theorem 1.71 and is non-decreasing for r - 1.
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Proor. This theorem follows easily from Theorem 1.83, if we
observe that the hypotheses on A (x) and V(x) imply

r+t
Al +t) — Alx) = j A(u)du = 0, [tV(2)],

x

(t <KJQ)

Al(x) — A2 —t) = I A(u) du = Oy [tV(2)].

r—t

ReMARK. The O-versions of Theorems 1.81-1.84 are also valid,
where O replaces o both in the hypotheses on A*(x) and the con-
clusions about A4(x).

CorOLLARY 1.83. A series Ya, whose partial sums are positive
(or bounded on one side) is summable (A, 1), if it is summable
(A, k) forany k > 1

Converse theorems on summability

We now state conditions under which & summable series is
convergent. Although these results could have been included as
corollaries in previous sections, we have preferred to collect them
here in the order of increasing generality, as these are of special
interest.

Let us set
b, = 4,4, , Bw) = 2 Avd,, Ay <o < ;‘N—H’

B¥w) = ¥ (w0 — A,) 4, a,, k> 0.
We then have

B(x) — B(w) = J sxA(x) — w d(w) — jA(t)dt,
A"(Uw) A w) BYw)
of T Wt T @ttt

From this last formula we deduce

THEOREM 1.85. A necessary and sufficient condition that o series
Ya, summable or bounded (A,k + 1) should be summable or bounded
(A, k) ts that BY(w) = o(w**') or O(w**?) respectively.
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CoroLLARY 1.84. If B¥w) = o(w**}), then Sa, is either summable
(4, k) or is never summable.

¥or if Ya, is summable (4, k" +1) for k' > k, then it is summable
(A, k'), since B¥(w) = o(w**') implies B¥(w) = o(w*'*!') for every
k" > k. Hence etc.

CorROLLARY 1.85. If Xa, is summable (A, 1), then « necessary
and suffictent condition that Ya, should converge is that B(w) = o(w).

This is a restatement of Corollary 1.84 with k' = 0.

1
Turorem 1.86. If ¥ 1, a, = O(4,). Xa, 1s either summable (4, k)
Jor every k > 0, or is never summable.

For if Ya, is summable (4, 1), then BYw) — o(w'*'). This result
together with the hypothesis B(w) = O(w) implies B¥(w) = o(w**!)
by Theorem 1.71(B). And so the result follows from Corollary 1.84.

THEOREM 1.87. If B(w) = O (w), and Ta, is summable or bounded
(A, 1), then Xa, is summable or bounded (A, 1).

Summability or boundedness (4, 1) implies B'(w) = o(w'**) or
O(w'*?), which, in conjunction with the hypothesis B(w) = Oy (w),
implies B'(w) = o(w?) or O(w?). We have now only to use Theo-

rem 1.85.

TREOREV 1.88. If 1, ~w < 4,,,, and
lim inf min Y a, > — @(d),
W= O o < Ar«\i 1+0w n+1

where 0 < @(0) tends to 0 as 6 — 0, then Ya, converges whenever it
18 summable (4, k).

We prove the result in two stages: (a). The hypothesis that

lim inf min  [A(t) — A(w)] > — @(d),
@ > o <tg(1+6)o

for fixed 4 > 0, implies B(w) = Oy(w), 8o that by Theorem 1.87
suminability (4,7) implies summability (4, 1). (8). Summability (4, 1)
and the hypothesis that ¢(d)—-0 as § — 0 imply convergence.
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Proor oF (a).

B(x) — B(w) = jtdA(t) = 2A(x) — wA(w) — | A(t)dt

i
|

= w[A(x) — A(w)] + | [4(x) — A(¢)]dt.

If o <2 < (1 4 8)w = Ao, we observe that

lim inf min 2®) — B(@) = - (L + 0) p(d),
w—> v (/)]
and hence
. . . Bw) R ) )
i int 5t it [ 55 8 (5) < 2 ()]
- 1+46
SETI
which proves (a).
Aliter. That A'(w) — sw = o(w) can be seen otherwise from

(1.89) and Theorem 1.81, if we observe that the hypothesis can be
put in the form

A(w + 1) - A(w) = 0, [@(d)] = 0y, (L"),
for ¢ < dw, O fixed.

Proor or (8). Let AYw)'o —s. We have the following
formulae:
146 Az 1 Al 1 (
A(w) = _j_- Alw) 1 Ale) _ SEJ[A(t)——A(w)]dt,

z é w

(2]

z=(1+dw;
. i 1 £
Alw) = L‘g_" 4@ _ 1 Aw) | 610 j [A(z)— A(t)]dt.

x i w

Fixing é and letting @ — oo, we have

lim sup A(w) <.‘_}£‘ — =+ 9(0) = 5 + p(0)

= 0
lim inf 4(w) >s — @(d),
W=y ©

and now letting 6 — 0, we obtain the result.
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THEOREM 1.89. If A.,a, =0, (A, — 4,_,), then Xa, has bounded
partial sums if it is bounded (A, 1). so that it ts summable (1. L) for

A .
every k > 0. or never summable. [If further " — 1, then Ya,
n—1
is convergent whenever it t8 summable.

We have B(w) — ¥ 0y (4, - 4,_;) = O (w). Hencee, by Theorem
1.87, Ya, is summable or bounded (2, 1) according as it is summable
or bounded (4, I).

To prove turther that A(m) = O(1), we note that

3

_ A'(w) I+ B(w)

A(w) =
® m
implies A(w) = 0,(1), since B(w) = Oy (w); while
146 Alw)  A'(R,) | j
y = roalx At ) A t
) = 0 A O e Ag)e

AII

;‘n <x = (] +- 6)1:‘,
implies A(4,) = Ogx(1), since A(t) — A(4,) == O, {(t —4,) 4,7},
Ay <t L.

Boundedness of A(w) implics summability (4, k) for evecy £ > 0,
if it is summable at all. On the other hand, the further assumption

A

that - —» 1 will enable us to prove that
n—1

A@x) — A(w) = 04(8), 0 <2 < (1 + 0)w,
which, by Theorem 1.88, will prove all that is required.

ReEMARK. The same conclusion as in Theorem 1.89 will result
from the following hypothesis on «,, :

S(a,) - aaE, 2 )= 00,), p > 1,

1.9. Absolute summability

The notion of absolute Riesz summability defined in §1.1 bears
the same relation to ordinary summability as, for instance, absolute
convergence does to ordinary convergence. The preceding sections
show that ordinary summability has been the subject of intensive
study, one consequence of which has been the development of a
satisfactory Tauberian theory ; absolute Riesz summability, however,
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has not received the same degree of attention, and very little
is known about Tauberian conditions which would enable one
to infer absolute convergence from absolute summability. The
analogues of several theorems in the ordinary case have not been
explicitly proved. We therefore have to content ourselves with
proving here only the analogue of the first theorem of consistency.

THEOREM 1.91. If the series Ya, is summable |4, k|, k >> 0, then
it 18 also summable |4, 1| for 1 > k.

Proor. We recall the fact that |4, 0| summability is equivalent
to absolute convergence, and prove the theorem in two parts,
according ask = O orZ > 0.

(). k=0. We have to prove that f |dC%(x) < oo, where we
h

may assume without loss of generality that 0 < & < 4, If we set
Asvl—l ((L’) == X a, }'n (iI‘ - ln) 1_]’

2 <
I

then we have to prove that

o0

I = j 27V 18_, (x)] dr < oo.
h

However,

«w
- -1-1 . " -1 .
1 j x [ Y la,| A, (x — 1) ]da,.
A <
h n
Interchanging the order of integration and summation, we have

o0
had g

I < z j]a,,ll,, (—2,) " a1y = ll Y la,l < o.

n=J(
n=() %

n

(b). & > 0. Here let us again consider two cases, namely, & > 1
and 0 <k < 1.

(by). 1l >1andl = k+m, we have

Sl—l (x) = CJ Sk—] (u) (x—'ll,)’" _ldu,
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T, |
T'(k) T(m) ’ > 0. Ify > h, we also obtain

xr

v 14
jw"“"‘“ |8i@)| de <cjx-"-m-’dxj | ia(w)| ()™ du
n h h

and
v z
Ix‘k‘m‘ldxj [8p_1(w)| (x — u)™ 'du
3 »
Y Y
= j | Sp_1(u)| du jx"“”‘“(w — u)"™ dx
h u
v (=]
< j | Sy 1(u)| du jx“""’“l(x — u)™dz.
h u
But
—k—-m—1 m—1 _ u_l_k F(k‘ + l) P(m)
Jertm e e = TER DI,
so that

l.[w""l [8,_1(2)| dx < kju"l”" |Si_1(u)| du, (1.91)
h h

which proves the required result.

(by). If0O <k < 1,set

I(x) =c J. Sp1(w) ( + @ — w)™ du, a > 0.
h
We then have

x x x

Jx“"""“ [ (x)| de<c J [84—1(u)| du Jv"“"’"‘(v +a—u)""dv.
h h u

Now if a — 0, the left side tends to

z

[ Ema OIS

4
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and the right side tends to

x

J l‘gk—l(u)‘ du J”_k_m—l('v _ u)m—]d'v,
g h

so that (1.91) holds for I > k > 0.

NOTES ON CHAPTER I

§1.1. The term °typical means’ is interchangeable with ‘Riesz
means ’ except that when we deal with Dirichlet series, as we do in
Chapter III, we use two types of Riesz means (4, k) or (I, k) for the two
types of series Ya, e ** or Ya,l, % and in this context, the word

‘ typical ’ has a special signification.

It is assumed throughout that the terms of the series Xa, are real,
unless there is an indication to the contrary. If the terms are
complex, the real and imaginary parts can be separately discussed.

The letter 4 in ¢(4, k)’ is supposed to refer to the given sequence

{}m}. When A, =n or n2, however, we allow ourselves the liberty of
writing ‘(n, k)’ or ‘(n?, k)’ as the case may be.

For an account of Riesz mecans see G. H. Hardy and M. Riesz,
The general theory of Dirichlet’s series, Cambridge (1915). We shall
refer to this as the Tract. See aleo E. Kogbetliantz, Sommation des
séries et integrales divergentes par les moyennes arithmetiques et typiques,
Mémorial des sciences mathématiques, Fascicule 51 (1931) and M. Riesz,
Acta Mathematica, 81 (1949), 1-223.

It is possible to define the summability of integrals instead of series.
We suppose that A(t) is a positive and continuous function of ¢, tending
steadily to infinity with ¢, with 4(0) = 0, and set

a0

4;0) = [ am)du=[ a(u)du,
<t 0

<

Akt =k j't A,(s) (£ — s)¥ ds.
0
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Then, if t—*% A%(f) > c as ¢ > oo, we say that the integral
[ a(w) du
0
is summable (4, k) to the sum o. This definition may then be applied

to study integrals of the type

[ a(u) e=**™ du.
0

Absolute Riesz summability was defined first by N. Obrechkoff,
Math. Zeitschrift, 30 (1929), 375-386, on the lines of absolute Cesaro
summability defined earlier by M. Fekete and E. Kogbetliantz,
Math. és Termész. Ert. 29 (1911), 719-726, 32 (1914), 389-425, and
Bull. Sc. Math. (2) 49 (1925), 234-256.

The equivalence between summability (n, k) and Cesaro summability
of order k, for various values of k, was announced by M. Riesz, Comptes
Rendus, 22 Nov. 1909, 12 June 1911, Proc. London Math. Soc. 22
(1923-24), 418. See R. P. Agnew, Trans. American Math. Soo. 35 (1932),
532-548. An unpublished proof by A. E. Ingham is referred to by
G. H. Hardy in his Divergent series, Oxford (1949), 119. For a
different approach see J. J. Gergen, Duke Math. Journal, 3 (1937),
133-148. For further work on this topic see B. Kuttner, Proc. London
Math. Soc. (2) 45 (1939), 398.

§1.2. Many of the results we prove in this section remain valid if

A, (2) is a function of boundoed variation in every finite interval instead
of being a step-function.

Formulae (1.21) and (1.22) are proved in the Tract, pp.27-28. For
formula (1.23) see G. H. Hardy, Proc. London Math. Soc. 156 (1918),
72-88.

§1.3. Finite differences were first introduced into this theory by
H. D. Kloosterman, Jour. London Math. Soc. 15 (1940), 91-96, and
their use was systematized by L. S. Bosanquet, Jour. London Math.
Soc. 18 (1943), 239-248. :

It should be noted that A7 A(z), 0 < a < 1, in our notation would,
in Bosanquet’s notation, be Af A,(z)/[(a + 1). Our notation has
been chosen for convenience.

The integrals defining A} F(¢) are assumed to exist.

§1.4. The proof of Lemma 1.41 as given here is different from that
in the Tract. This proof was communicated to us by Prof. M. Riesz.
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Use is made of this proof in Lemma 1.42 as well. In Lemma 1.42, it will
be sufficient if @(x) possesses the stated property beyond a definite
stage, since we are concerned only with the behaviour at co. Thus
@(z) may be any logarithmico-exponential function. See G. H. Hardy,
Orders of infinity, Cambridge (1910).

Lemma 1.42 remains valid if ‘o’ is replaced by ‘0’ in both (1.42)
and (1.43).

§1.6. The word °consistency’ is not considered appropriate
nowadays. Theorem 1.51 proves that Riesz summability is ‘ regular’;
however, we have chosen to keep to the usage in the Tract. The
o-version of Theorem 1.52 is obvious.

§1.6. Theorem 1.61 with = instead of @(x) is proved in the Tract;
but the more general form in which we have stated it here requires
no special artifice. See Theorems 21 and 22 of the Tract.

§1.7. Theorem 1.71 may be considered as a convexity theorem in
a certain sense. Convexity theorems were initiated by G. H. Hardy
and J. E. Littlewood, Proc. London Math. Soc. 11(1913), 411-478.
Theorem 1.71 was proved by M. Riesz, Acta Szeged, 1 (1923), 114-126.
It seems to have been obtained independently by K. Ananda-Rau
in a Smith’s Prize Essay (Cambridge, 1918) which was published, in
part, only several years later, Proc. London Math. Soc. 34 (1932),
414-440.

§1.8. For information about Tauberian conditions of various types,
o, 0, Oy, and Op, see G. H. Hardy, Divergent series, Oxford (1949), 149;
and for definitions of slowly decreasing and slowly oscillating functions,
ibid., 124, 286.

Theorem 1.82(b) is an extension of a theorem of Bosanquet, and
by the same method. See Jour. London Math. Soc. 18 (1943),
239-248. For other theorems of this type, see S. Minakshisundaram
and C. T. Rajagopal, Quarterly Jour. Math. (Oxford), 17 (1946),
1563-161, and Proc. London Math. Soc. 50 (1948), 242-255.

For special cases of Corollary 1.81 see K. Ananda-Rau, Proc. London
Math. Soc. 34 (1932), 414-440, and for the corresponding cases of
Corollary 1.82, see V. Ganapathy Iyer, Annals of Math. 36 (1935),
100-116. The results of Ananda-Rau and of Ganapathy Iyer were
extended by S. Minakshisundaram, Jour. Indian Math. Soo. 2 (1936)
147-156. A further generalization of Ananda-Rau’s result was made
by Bosanquet, loc. cit. Corollaries 1.81 and 1.82 are valid for § > a +
k + 1 as well. Cf. Ananda-Rau, Ganapathy Iyer, and Bosanquet,
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loc. cit. In Corollary 1.82 it should be noted that if a +1 4+ 1/p <0,
then all the @, vanish. Here we make the convention that A_; = 0.
The hypothesis on a, could also take the form
2 (@ (A — AP =04+, 8> 0,p > 1,
A, <4, <(1+8)2y
which is in line with the hypotheses formulated by Otto Szasz,
Trans. American Math. Soc. 39 (1936), 117-130.

For Tauberian theorems of Op type on Riesz summability see
S. Minakshisundaram and C. T. Rajagopal, loc. cit. For one-sided
general Tauberian theorems sce, for instance, 8. Bochner and
K. Chandrasekharan, Fourier transforms, Princeton (1949), Th. 92.

In connexion with the Remark at the end of §1.8, see Otto Szasz,
loc. cit.

§1.9. Converse theorems of a comparatively simple kind are known
in the case of absolute Abel summability which J. M. Whittaker defined.
See Proc. Edinburgh Math. Soc. 2 (1930-31),4. For example, J. M. Hyslop
has proved that if Za, is summable|4|and X|b,—b,_,|converges,
where b, = na,, then Xa,, converges absolutely, Jour. Londen Math. Soc.
XII (1937), 180; and A. Zygmund has shown that a lacunary series
which is summable | 4| converges absolutely. See T'rans. American
Math. Soc. 55 (1944), 194.

The equivalence of summability |n, k| and |C, k| has been established
by J. M. Hyslop, Proc. Edinburgh Math. Soc. 5 (1937-1938), 46.

Summability | A, k| obviously implies (4, k), but not conversely,
(Ex.1—1+41—1+...). Also, convergence (of a Fourier series at a
point for instance) need not imply absolute Abel summability (sce J. M.
Whittaker, Proc. Edinburgh Math. Soc. 2 (1930-31), 4); nor does
absolute Abel summability necessarily imply convergence (sce
B. N. Prasad, Proc. Edinburgh Math. Soc. 2 (1930-31), 134). Since
absolute Cesaro summability implies absolute Abel summability
(M. Fekete, Proc. Edinburgh Math. Soc. 2 (1933), 132) it follows that
convergence does not necessitate summability |n, k| .

Theorem 1.91 is due to N. Obrechkoff, Math. Zeitschrift, 30 (1929),
375-386.
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SECOND THEOREM OF CONSISTENCY

2.1. Introduction

By the first theorem of consistency (Th.1.51), we can say that
a serics which is summable (4, k) is also summable (4, k') for
k' > k; in other words, we can say that the power of Riesz
summability increases with an increase in the order, the type
remaining the same. Now the question arises as to what can be said
about summability (4, £) when the order £ is kept fixed, and the type
A is varied. The general result in this direction, which is called the
second theorem of consistency, is that the power of summability
(4, k) increases when the rate of growth of 2, decreases, the order &
remaining constant. On this topic we have actually a number of
theorems closely related to one another, and it is our object to
present them here.

2.2. An account of the results

The first thecorem bearing on our topic was proved by G. H.
Hardy and M. Riesz. It runs as follows : if a series Ya, is summable
(4, k), where A, =e"n, then it is also summable (u, k) to the same
sum. In particular, if a series is summable by arithmetic means
(A, =mn), then it is also summable by logarithmic means
(A, = log n) of the same order. Later, Hardy gave a generalization of
this theorem, and using Hardy’s method of proof, A. Zygmund
and K. A. Hirst gave further gencralizations.

Before we state Hardy’s theorem, it is necessary to recall the
definition of a logarithmico-exponential function or, briefly,
L-function.

A logarithmico-exponential function f(x) is a real, one-valued
function of the real variable x defined, for all sufficiently large
values of 2, by a finite combination of the ordinary algebraical
symbols, +, —, X, +, ¢, and the functional symbols, log(...),
"), operating on = and on real constants.

Hardy’s theorem runs as follows :
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(H,). If (i) the series Xa, is summable (1, k) to the sum s, and
(ii) g ¢s a logarithmico-exponential function of A tending to + oo
with 2, such that u = 0 (A%), A > 0 being a constant however large,
then the series Xa, is summable (u, k) to the same sum s.

This theorem not only tells us that the efficiency of Riesz summa-
bility increases when the type decreases (the order remaining
constant), but asserts the equivalence of any two types of summa-
bility, when those types are related to cach other in a certain
‘regular’ faghion, for example when both are powers of n.

A. Zygmund has completed Hardy’s theorem by proving
(Hy). If 2° < pu(A) < A4, for certain 8, A > 0, then summability
(A, k) and summability (u, k) arc equivalent.

The proof of (H,) results from the fact that u (x) which is the
inverse of i (x) [that is, 2 = j¢ (y) if y = u () ], though not necessarily
an L-function, satisfies all the requirements on x4 which materially
enter into Hardy’s proof of (H,).

(H,) and (H,) are supplemented by
(Hy). If 1 < u(A) < 2%, for every & > 0, then the method (u, k) is
more powerful than (A, k).

() = log 4 will serve as an example. Theorems (H,)-(H;) also
give rise to another line of questioning. Suppose that Y, is not
summable (4, £) but only bounded (4, %) [ef. Defn. 1.12]; in that
case, we cannot a priori assert that Ya, is summable by a process
which is more powerful than (4, k) : for example, by (log 4, k). But
if we assume not only (i) that Ya, is bounded (4, k), but also (ii)
that Ya, is summable (4, I) for some !>k, then by a theorem of
Zygmund, we can say that Xa, is indeed summable (log 4, k).
Thus we have
(Z)). If Xa, is bounded (4,L), and sumimable (4,1), for some l >k,
then Ya, is summable (log A, k).

Now summability (log 4, k) is just one of several methods which
are more powerful than (4, k) ; in fact we stated in Hy that summa-
bility (u, k), where u is any function satisfying the condition

1<p@)<2
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for every > 0, is more powerful than (4, k) ; it is therefore proper
to ask whether we can replace log A in (Z;) by such a function u.
The answer is in the affirmative, and we have

(Zy). If Ya, is bounded (A, k), and summable (4,1), for 0 <k <1,
then Xa, is also summable (u, k), where u = u(d) satisfies the
condition
1< p(@) <2,
for every 8 > 0.
Actually a more general theorem was proved by Zygmund,
namely

(Zg). If Ya, is summable (4,1), and

e =0 [((12)],
# (=)
where ,u('x) > 1,0 <k <1, then ¥a, is summable (u, k).
zp(x)
The above theorem could also be put in a slightly different form,
namely

(Z,). If Xa, 18 summable (A, 1), and
Ak@) = o [{zp@)}*] & > 0,

where y(x) 18 an L-function tending to 4 oo with z, the series Ya, is
summable (u, k), where

[ d
u(x)=GXP[JWt(t~) ,

[

with the proviso that the last integral diverges as x—- co.

The content of theorems (Z,)-(Z,) is this: if a series Xa, is
summable (4, ), and if the function C%(x) = Ak@x)x7% 0 <k <1,
while it does not tend to a finite limit as z—-oc0, is however not
very large, then Ya, is indeed summable by a method (u, k) [of a
lower order than that of (4, !), but of a different type] which is
more powerful than (4, %), and which is such that the order of
infinity of u(x) depends on that of C§(x).
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On the other hand, let us suppose that Ya, is summable (4, k)
to the sum zero. Then C%(z) = o(1) as x—o0. We may then ask
the question : if the expression C%(zx) tends very rapidly to zero,
can we assert that the series Ya, is indecd summable by a method
which is less powerful than (4, k), namely by a method (u, k) where
u(d) > A2 for every A > 0. The answer to the above question
is furnished by the following theorem.

(4;). If, for the series Ta,, we have

=[]

where (i) jo (A) satisfies the condition AS < p (A) < €™ for every

3, A >0, and (ii) g () possesses for A > Ay > 0 « sufficient number

of positive derivatives, then Ya, ts summable (u, k).

Theorem (Z;) can be put into a slightly different form :
(7). If, for the series Xa,, we have
Ak@) = o [{ay (@) }*],

where (@) is an L-function and 1]z < p(x) < 1,the serics is summable
dt . -

(u, k), where i (x) = exp Tk provided that a sufficient number
Y

of dertvatives of the function p(x) ure positive for x = Ay

All the theorems stated so far are concerned with the relationship
between two methods of summability, (4. £) and (u, k), whose
respective types 4 and g are such that x is an L-function of A
tending to -} oo with 4, and subject to appropriate additional restric-
tions. What we make use of is the fact that L-functions have a
certain regularity in growth ; it should be possible to axiomatize
the required properties, without assuming that we deal only with
L-functions. K. A. Hirst carried out this idea, as far as Hardy’s
theorem (H,;) is concerned ; Hirst’s thcorem may be stated thus:

(H,). 1If Xa, is summable (A, k), then it is summable (u, k) to the
same sum, where u = @(), and @(t) is a function which increases
steadily to + oo with t, and satisfies the following conditions :

b
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(i) when k is an integer,
(a) ~t' @tV (0)] dt = O {p@)}, r=1,2,3,...,k;
(ii) wohen k is not an integer,
x
(a) nt' T+ (2)| dt = Olp@)},r=1,2 ..., h + 1. h=[}),
[0

and FITHER

(b) @'(t) 18 @ monotonic increasing function,
OR

(¢) @' (t) 18 @ monotonic decreasing function
and

(cg) Le'(t) =0 {¢'(t)}.

These conditions on @ are, of course, satisfied by a class of func-
tions which is larger than that of Z-functions, and hence (H,) is a
gencralization of (H,).

It is thus clear that (H,) and (H,) are the important theorems
of the (H) set, while (Z;) and (Z;) are the important ones of the (Z)
set. In our presentation, we shall try to combine (H;) and (Z,)
into a single result, from which a slightly restricted version of (H,)
also follows ; next, we shall prove (Z;) with like generality.

2.3. Some preliminary lemmas
Lemma 2.31. The n-th derivative of {f(x)}™ is the sum of a
number of terms of the form
o {f@) I {£'@) 15 {£7@) } .. { £ Jon.
where ¢ is a constant, r < n, and the @’s are positive integers or zero,
”n n
such that ¥ a, =1, ¥ p a, =n. Further if m is a positive
Pe=1 ?=1
integer, then r < m.

Lemma 2.32. If f(x) 18 a positive decreasing function of x, and if
zf'(x) = O { f(x)}, then there exists a constant ¢ > 1 such that
flcx)

T > 4, for all x > x,.
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Proor. Clearly %c;_}v)_) < 1. Also, by hypothesis, there exists

an x, such that |zf'(x)/f(x)| <k, forz > %, ¥ > 0. Thus
fe) L =D @)

NOR f@ o TsEse
-1 4
< (e _}_(%)lf_(_@—l <k(c — 1), forx >z,

<t ife <14 1/2k.
Lemma 2.33. Let ¢(t) be @ monotonic increasing function, and tp” (t)
== 0{g'(t)}. Then there exists a constant ¢ > 1, such that, if ¢'(t)

ts monotonic decreasing, we have 1 > >? ((c:)) . and
14
if @'(t) is monotonic increusing, ¢ > 1 may be chosen such that

p'(ct)
'(t)

Proor. The first part follows from Lemma 2.32. To prove the
second part, we choose f(z) = 1/¢’(x), so that

P12l O R N t

2 > > 1, for t > t,.

Hence, for t > t,,

¢'(t)
1> o' (cl) > 4.
Lemma 2.34. If @(t) ts a monotonic increasing function, and
@'(t) ts monotonic, then (p( ) tp() , where x 18 fixed and t < x, s

a monotonic function of t, whwh increases or decreases according as
@' (t) increases or decreases.

Proor. We have
p@) —e)]_o@) —9) —@—t ¢ (t)

dt x —t (z —t)°
_ -1 M(fx)-t(;"‘) PO <t <
_9E) —9't)
=

which is positive or negative acoording as ¢’ increases or decreases.
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Lemma 2.35. If ¢ (x) is as in Lemma 2.33, then there exist two
positive constants a, B such that, for all x > x,,
ax 9'(®) < pler) — @x) <fzo'@),
ax @'(®) < p@) — plfc) <pz (@)
Proor. Let ¢ > 1 be as in Lemma 2.33. Then ¢(cx) — @)
= (¢ — 1) xp'(n),x <n <cx. If ¢’ is monotonic increasing,
P'(x) < @'(n) <p'lex) <20 (), a >,
and if ¢’ is monotonic decreasing.

P'@) > ') g(ea) > g (@) > a,

2.4. The main theorem

We now assuine that

@(t) 1 a positive mon-decreasing function of t diverging to + oo,

having N + 1 derivatives, where N is sufficiently large ; (2.41)
@' () is monolonic; (2.42)
et () = O[g’' ()], r == 1.2, ... . N; (2.43)

we also assume that
p(2) 18 @ positive non-decreasing function of 1. (2.44)

THrROREM 2.41.  Suppose that
(a) Ak(x) = o[ {x p@)}'], k > 0;
(b) Alx) = o ('), for some | > k.
Then we have
Al (@) = o[{g()}*] + o[ {z ¢'(@) p(x)}'],
where

d
4i0) = Aty = [ 40 3 o) — g1t [of. (123)]

0

We remark that the first theorem of consistency permits
us to suppose, without loss of generality, that lis an integer in
hypothesis (b).

We also observe that, when ¢’(t) > 0, the condition
e t(t) = O{9’'(t)}, r=0,1,2,...,
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is more restrictive than Hirst’s condition

¢

Jx’ lprtD(z)! de = O0{g(t)}, r =0.1,2...,

0
which, in turn, is more restrictive than

() = Olp®)}.r=10,1,2 ...
All the three conditions are, however, equivalent for L-functions.
- @)
z g’ (@)

deduce Zvgmund's theorem (Zy). If @(t) is an L-function such that
p(t) = O@2), A > 0. then Tip(x) = O(1), and we deduce Hardy’s
theorem (H)).

2.5. Proof of Theorem 2.41
Let A stand for the greatest integer less than k, and D stand for

If y(x)

> 1. where ¢ is an  L-function, then we

the differential operator r;f‘ . Then A% (x) is, except for a constant

factor,

BT .

|t Lo~ g0t ae= | + | =14+ 1

0 Y] Ty
say, where x; = x/c, ¢ > 1 being chosen as in Lemma 2.33. We
shall show that

I, = o {g(x)}*] + 0[{x ¢’ (x) p)}Y], (2.61)
while
I, = o[{x ¢'(x) y(x)}*]. (2.62)

Integra.ting 1, by parts I — h times, we have

Z P,H, [ AL D[ (@) — p()}*] de

reht1
=1,,+1,,, (2.63)
say, where { P,} stand for some constants, and
= Aj@) [D"{pl) — ¢} -,
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We now estimate I, ;. By Lemma 2.31, H, is a sum of constant
multiples of expressions of the form
i) [{p@) — @)} {9 @)} {#72)}7],
where s +8, + ... +8, =k, 8; >0 are integers for 1 =1,2,..., and
8, +28 + ... +rs, =r. Now, by hypothesis (a) and Theorem

1.52, we have

Al(x) = o[x{ {'/’(xl)}k] = [{“" w(x)}k], (2.54)
for r » b + 1. Again, using Lemma 2.35, we have, for s Z 0,
{p@) — () }* = 0 [{z ¢'(x)}*]. (2.55)
Next, by the assumptions on ¢, we have
v o {9/ (@) ety
[@' (@) ]h... [‘P( () |'r = [ (s2+2ai+ Fe=e, :’
{¢' @)} ;
—o[ 12@}" ] (2.56)

by Lemma 2.33.
Jombining (2.54), (2.55) and (2.56), we have
H =o[{zg'@y@)}], r>h+1, (2.67)
and hence
I, = o[{z ¢'(x) p(x)}"]. (2.68)
We next consider I,, which is a sum of constant multiples of
integrals of the form

Z

IAf(t) {p) — @(t) }? {@' ()} " ... {"*D(t)} 7141 dL,

0
where

P+p+ . + 0=k
+2p+ .+ (U+D)p=1+1,
and p; > 0 are integers. Here we observe, by Lemma 2.35, that, for

0<t<a,
p(@) > o) — p(t) > @) — @(2,) > axg’(2).

Thus 7, is & sum of terms of the form

o[ J ¢ {p) —pt)}? {w'(t)}”'_"dt]

tl+ 1—-k+7p
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— o [ j 21 () — plt)}? {@'(8)}E dz]
0
0 [{cp(x)}” j 2= g (1)} dt] (p >0)

[
z,

0 [{x ¢'(2)}? I vt {g'(t) ) dt] (p <0)

K31

— o [{ s@)}” [ 10011 90 «u]

0

= o[{e@)}*] (2.69)
since k —p > 1, because I + 1 > 1, and ¢ ¢'(t) = O {g(t)}, by
hypothesis. (2.68) and (2.59) serve to establish (2.51).

We have now to estimate I,, which is a sum of constant multiples
of integrals of the form
IAQ‘(t) {o@) — @)} {@'M)} 9 ... {@" () }n+1dt,  (2.50)1
where

¢+q+ ... + =k
G+2¢0+...+h+1)gy, =+ 1.

In all these integrals except one, we have ¢ > 0. The only case
when g < 0 oocurs is when g=k—h—1; this implies that ¢, = h+1
[forgy + .. + i1 =¢, + 20+ ... + (R +1)gyy =h +1]. We
then have, using Lemmas 2.33-2.35, the second mean-value theorem,
and Lemma 1.41,

[ 410 @ — oyt [P 2O] T g pera

¢y
= O[{g (@] {p' @} | A}t) (v — by dt, 2, <&, <y <

£
=1

=O[{p'@®}*]. o[{x p@)}¥] =o[{z ¢ () p@)}*]. (2.59)2
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On the other hand, we have integrals of the type (2.59)1, with
q > 0. If we integrate any of these once more by parts, we have

ht1 x
2o o — o reten. ]+

@

- hi 1 J AN { o) @) 1 @'() {9t [0 dt +

S, [A"“(t ) {ol@) O} @O} L O}

=J, + Jy + Jy, (2.59)3

say, where ¢, is a constant depending on the »'s and
g+r+r,+...=k o+ 2r, 4= h 4 2,

We now estimate J,. By hyvpothesis (a) of Theorem 2.41, and
Theorem 1.52, Ai*'(z)) = o[2"*' {w(2)}*]. By Lemma 2.35,
{px) — @@) }* = O[ |z ¢’(*)}?]. By the hypothesis on rp‘”

(@) [0 {9 @)} ... = O[{g/(z)) ot ety 2]
= Ol @} )
by Lemma 2.33. Hence
Jy = o ||z ¢ (@) pl) . (2.59)4

[ ety ik LA e
Jy=0 [j t {tp(t)} ((P(x)" ‘P(t)} @(t) {203+ dt

=0 ['{ {ty()}* @' ()} { p(a) - (p(t)}”“¢'(t)dt:|

Eal
&

20 [: {ap@)fr w7 {g'@)* j {p@) — @) " ¢'(t) dt:l

Ty

=o|{ap@)}f 2 {¢' @)} {p@) -- ply)}?],  since g > 0,
= o[ {2z’ () (@) }"]. (2.69)5
Similarly Jy == o [{zg' @) p@}*]. (2.59)6

From (2.59)2-(2.59)6 it follows that I, = o[ {¢’ () y (2 *], and thus
(2.62) is established, which completes the proof of the theorem.
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2.6. An auxiliary theorem
We shall now prove theorem (Z;) in a slightly modified form.
We assume that

@(t) is a positive non-decreusing function of t diverging to + oo.

having N derivatives, where N is sufficiently large : (2.61)
M) >0 forx>1, r=1,2 ..., N; (2.62)
PV @) ((e@) Y . - - ,
( >2 ) is monotonic and bounded for largex, r =1,2,..., N ;
9 @) \¢'@)
(2.63)
if
x
vl = #2.
p'(@) ’
then
1
= <) <15 (2.64)
and, for every 6 > 0,
1—48 ’ ”
¢ , ¥ and f,',,, are monotonic decreasing. (2.65)
@ @ '

Betore we proceed to prove the theorem, we need the following

LLeMma 2.61.  Let &(t) = .9 ) (®—1) , where Ay -(t <x. Then &E(t)
p(@) — @)’

if p"(t)

18 an increasing function of t, 18 « decreasing function.

Proor. We have
o(z) — @(t)
[ x —1 ] ¢ ®
— p(t). PO B iy~ O @ =)+ 9@ —elt)]

S —t (@ —t)?
In order that £'(t) > 0, it is necessary and sufficient that
() {w(z) — o)} —@'(t) (= — 1)
?'() (= — 1) {p(=) — o(t)}
p'(t) — ¢'(t)
<P(=v) - <P(t)

<t <.
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This will be satisfied if

o't | 9'(h) — @'(t) _ 9'(ts) <ty <ty

P't) T elt) —e®) @ (t)’

"
that is, if 27 is decreasing.
'4

THEOREM 2.61. If @(x) and y(x) satisfy conditions (2.61)—(2.65),
and A=) = o [ {xyp(x)}*], k>0,
then
Ag@) = o[ {p@)}*],
where Ak is defined as in Theorem 2.41.
Proor. Let & be the greatest integer less than k. Then A*(x) is,

except for a constant factor,

7 z

U +| ] A40) D {g(@) — g [, = 1, + 1,

0 Ty
say, x; = xjc ,¢ > 1. To estimate [;, let us integratc it by parts
once more, so that

h+1 t=2x,
= LA e - vor] -

2,

! JA"“(t) D2 g(z) — () }* dt

h+l

=1,, + 1,5, say.

1 1= z [-"""-H 'P(xl)} {?’(3’) ‘P(%)} { @1)}" {‘P”(xl)}s*---],

where the summation runs over s’s such that
8 + 81+32 +...+ 8h+] =k, 81 '+" 282+ 383 +... + (h+l)8h+1=h + l.
Now

(p_(_(a;—l)) — ¢log #(ay)—log pa) . e-z,(e-nw(zo/w(m ) <% <,
< e~ Tl 1) @) o), (2.66)
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Hence

I, = ZO [xlh+l{w(xl)}k {‘P( )} {99(:&:1)}'1*2" ]

{ (.'z: )}o,+2a,+

= Yo [a v (plo) b (9@} {«pg,; i“]

_ Z 0 [{(p(x)}k g%%)"—' {w(xl)}k(?;?(_%))h+l] ’

where k — s > 0. Substituting for y(z,), we obtain

k—s h+1-Fk
;o o) (me'le)) ] eo
11 0 [{‘P(x)} o(z) ( (zl) ( )
If k is an integer, since ¢ is increasing and ¥ — s > 0, the proof
that I, , = o[ {@(x)}*]is obvious. If k is not an integer, the result

follows from (2.66).

Next let us consider I, ,.

2= D0 |: {w(x)'r"-j 1 {p)}* {e' O} {o"() ---dt],

where s + 8 + 8, + ... = k, and 8, + 28, + ... = h + 2. Now
z M h+2
= o [{p@)}"] (2.69)

asin I; ;. Now consider I,, which is a sum of multiples of
| 420 {9 — 9} (w0} (o0} .. @t
%y

where

s+8 +..=k 8 +28%+..=h~h+ 1

We havek — 1 >8 >k — h — 1, and if we set

" e (¢')h+1
w E(‘F)'(‘P Yoo, |4 EEIHI—H—O’

then, by (2.63), W/V is monotonic, and applying the second mean-
value theorem, we have
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[ 440 (o) = o0} {010 ..

o 1/,+1
= 00). [ 440 {9(e) - o)} ;{(1’),9 L a ca <z <3,
:rz '
fa ' " ()1 1HR
~ o). [ AY(D) {pla) — ple)}eirhn -, ,i;’);ﬁll_m-. dt
Ly {

— Orf Va—ktht1 i ‘P(t) (=) \n+1-k
O[{g(x)] ]_[A()( (@) — (p(t)) X

(x t)k—h
{q)(t)}'”’l—k“ l

'O} dt,wy <y <y

T,

& k
— 0[{(]9(13)}3‘ l~}h+l] . J\ Aq(t) ('II . fl)kahwl { ;l()p} _')_% s (lt

(cf. Lemma 2.61)

xq

_ {(P(x }IAH —~k4 8 {‘P'( ) 1k A kene
o ( e )X AN (@ — 1 d,

Ry

Ty STy < X7 <Ay,

by (2.65). And now if we use Lemma 1.41, we obtain
I, = o[ {p@)}*].

2.7. Absolute summability

Questions analogous to those answered in the foregoing sections
arise also in absolute Riesz summation. One would expect
companion-theorems following (H,)-(H,) and (Z,)-(Zg). But explicit
proof of such analogues is not available, except in the case of (H,)
where we have the following.

(Cy). If Za, is summable |4, k| to the sum 3, and p is an L-function
of A such that u = O (A%), A > 0, then Xa, is summable |u, k|
to the same sum.

The method that has to be employed in such cases, however,
should be clear from the thcorems which we have established here.
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NOTES ON CHAPTER II

§2.1. The words ‘consistency ' and ‘second theorem '’ (cf. Notes
on Chapter I) are not particularly appropriate, but we have chosen to
keep to Hardy’s usage.

§2.2. The theorem of G. H. Hardy and M. Riesz we refer to is
Theorem 17 of the Tract. The following theorem is an interesting
companion : if 4, > 0, and Za, is summable (4. k), then Za, A-* s
summable (I, k), 1, = e*n. See p. 33 of the T'ract.

For an account of logarithmico-exponential functions, reference
may be made to G. H. Hardy, Orders of infinity, Cambridge (1910).
According to Hardy’s notation, A% < u(4) means that 1%/y(A) -0 as
A= 0.

For Theorem (H,) see G. H. Hardy, Proc. London Math. Soc. (2) 15
(1916), 72-88.

Theorems (H,), (H;), (Z,)-(Z¢) are all contained in a paper by
A. Zygmund, Bull. Acad. Polonaise, A(1925), 265-287.
In this section, unless otherwise specified, u stands for u(A).

For an L-function u(4), the condition that 1 < u(d) < A°¢ for every

©' ()

4> 0, is equivalent to: @ -0 as x> . See Orders of infinity,

loe. c¢it., Theorems 19, 21.

Zygmund suggests (loc. cit., 268, foot-note 13) that it is perhaps
sufficient to suppose in (Z,;) that lim Za,exp (— 4,0) exists instead of
a—> 40 .
summability (4, I).
While it is obvious that (Z,) follows from (Z,), it is not equally obvious
that (Z,) can be deduced from (Z;), unless u(x) as defined in (Z,) is an
L-function, which is not necessarily the case ; however, the derivatives

of u can be proved to satisfy the required conditions. See Zygmund,
loe. cit., 268.

In (Z;) plainly there is no loss of generality in supposing that the sum
of the series is zero ; if the sum is 8 £ 0, then the hypothesis would be :
Ak@) = s (& — Ao + of { w(e) ' @)},

The relationship of (Z;) to (Z;) is similar to that of (Z,) to (Z,).
For (H,) see K. A. Hirst, Proc. London Math. Soc. (2) 33 (1932),

355-366. Hirst explains the difficulty in replacing his conditions on
@ in (H,) by the less exacting ones : #7 p("(f) = O{ @(f)} . In this connexion,
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he points out a minor gap in Hardy’s argument, and shows that it
could be suitably amended.

B. Kuttner has recently shown that Hirst’s condition, when & is an
integer, i8 in fact necessary, Jour. London Math. Soc. 26 (1951),
104-111. Dr. Bosanquet informs us that more recently still, Kuttner
has obtained a necessary and sufficient condition for the case k frac-
tional, and that his proof will appear in the Jour. London Math. Soc.
27 (1952).

§2.3. Lemma 2.31 is reproduced from Hirst, loc. cit. But it can also
be found in a text-book like Ch..J. de la Vallée Poussin’s Cours d'
analyse infinitesimale 1, ed. 5, 89.

Lemmas 2.32 and 2.34 are explicitly proved by Hirst.

§2.4. It is perhaps possible to prove Theorem 2.41 with Hirst’s
conditions on ¢; such a proof, one would expect, will require some
more attention to details and will not need any substantial change in
the argument.

For the behaviour of the derivatives of L-functions see G. H. Hardy,
Orders of infinity, loc. cit., 38-39, and Proc. London Math. Soc. 15
(1916), 75.

§2.6. Theorem 2.61 is a slight modification of Theorem Z; of
Zygmund, loc. cit., 272.

§2.7. For Theorem C, see K. Chandrasekharan, Jour. Indian Math.
Soc. (2) (1942), 168-180. The proof given needs drastic revision if & is
non-integral.

That this theorem (and its companions) could be proved in a more
general form, which dispenses with L-functions, will be evident from
the earlier sections.

In conclusion, we may refer to the work of B. Kuttner on the
positivity (instead of convergence) of Riesz means (n®, k), for varying a,
of the Fourier series of a positive function. In his work, unlike in the
theorems of this chapter, there is a distinction in behaviour between
a>2and a=1. See Jour. London Math. Soc. 18 (1943), 148, and
19 (1944), 77.



III
APPLICATIONS TO DIRICHLET SERIES

3.1. Introduction

In this chapter we shall discuss some applications of the results on
Riesz means obtained in the foregoing chapters to the study of
Dirichlet series. It will appear from the applications that Riesz
means furnish an appropriate tool for studying the summability of
Dirichlet series.

We shall deal with two types of series, either of the form
Ya,e** or Ta,l;*, according to convenience, where {A,} is an
increasing sequence of positive real numbers diverging to + oo,
and [, = ¢*. We shall first prove a few theorems on the abscissae
of summability of Dirichlet series and the functions represented by
them, which will show how summability by typical means helps
in tackling the problem of analytic continuation of functions repre-
sented by Dirichlet series in their half-plane of convergence. We
then prove a few converse theorems on abscissae of summability,
which will show the very close connexion that exists between
certain properties of functions represented by Dirichlet series and
the summability of such series by Riesz means. We next prove
some Tauberian theorems, and conclude the chapter with some
results on the Dirichlet product of summable series.

3.2. Notations

We introduce here certain notations which will be used in the
rest of this chapter. If Ya, is a given series, and {1,} is an
increasing sequence of positive numbers diverging to + oo, we
denote the Riesz sum of type A and order k of the series Xa, by
A% (w), % > 0. In conformity with our notation in §1.1, we have,
ifk > 0,

A ) =k [ (@ = 0 40 d 4,0) = 40 = S a,
0 r

and if £ > 0, we have
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Al (w) == j(w — t)d A, ().
b
Correspondingly, B:(t) denotes the Riesz sum of type u and
order k of the series ¥b,. We define

Ak () = l).; (@ — A, Au,. (k > 0)

After applying Abel’s method of partial summation to the sum on
the right, whose general term may be considered as the product of
(w—4,)%"'1, and a,, we see that

w

/i'ﬁ(w) == e jAa(t)- gt [(w — &)%) dt (k> 1)

Y]

j (w1t dA,(2). (k >1)
0

Thus if & > 1, we obtain
A% (0) = 0 A5 (w) — dYw). (3.21)
We use s to denote a complex number : 8 = o + ¢ 7, where ¢ and
7 are real. Correspondingly we use
80 =0y + 1Tp, 8, = 0, +17,,...,8" =o' 17",
1fk>1, we denote by k the greatest integer less thank ; if 0 <k <1,
we define b = 0, and b = — 1ifk = 0. [k] will denote the integral

part of k. If gt stands for the ordinary differential operator, we write

d a
=2 phe= "
D = L D gt
¢, ¢y, Cy, ... stand for numerioal constants, not necessarily having the
same value in all occurrences.

3.3. Abelian theorems on abscissae of summability

Given a Dirichlet series Ya,e~*»* and a method of summation
(4,k), it is possible that the series is summable by that method for all
values of s, or some values of s, or no value of s. If we know that it is
summable (2, k) for a certain value of s, we would like to know
for what other values of s it is so summable. This section answers
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that question. In the first place, we show that if the series is sum-
mable (4, k) for s=s*, then it is summable for all values of s such that
o > o*. It follows from this proposition that there exists a number
6, called the abscissa of summability (4, k), such that the series is
summable (4, k) for ¢ > o, and not so summable for ¢ < g, the
case ¢ = g being undecidable, in general. The line ¢ = o, is called
the line of summability (2, k). The region defined by ¢ > g, is called
the half-plane of summability (2, k). It may happen of course that
6, = + owor — ow. Ifg, >0, we prove an explicit formula
for o,. The line of summability for Dirichlet serics reminds one of
the circumference of the circle of convergence for power series;
the ¢ abscissa ’ corresponds to the ‘ radius of convergence ’ and the
¢ half-plane * corresponds to the ‘interior of the circle of conver-
gence.” We next show that if a Dirichlet series is summable, then
the sum-function is regular in the half-plane of summability.
Finally we examine the regions of uniform summability ; we show
on the one hand that the series is uniformly summable in any finite
region for all points of which ¢ >0, + ¢ > 0,. and on the other
hand we show that if the series is summable for a certain s = ¢*,
it is uniformly summable in the angular region defined by 6, where

am (s — 8*) | <0 < =m/2.

We conclude the section with some analogues for Dirichlet series of
the form Xa,l,”*, associated with summability of type ! and
order k.

We start with a formula for the Riesz mean of a Dirichlet series.

LeMMa 3.31. If Tb, is a given infinite series, {A,} an increasing
sequence of positive mumbers diverging to oo, and s is a complex
number, then for k > 0, we have
o F Y (0 —A)be =" 0 Biw) +

A€o

o

l’(k + 1) w-—k S B’i+1(t) (e-’*,.u(;‘ an) ((1) _ t)k—h—.&dt +
0

kT 9 Ti—h—1)

w—k

T e
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o

h4-1
x Z s (h+2> r(k‘*'l) IB"“(t)e“"(w t)k htr—2 1 +

Ly r ) T(k—h+r—1)
+ ﬁfﬂw o f Bi(t) e~ "(w — t)* dt (3.31)
]_‘(h + 2) ; A . D 2
Proov.

oY (0 —24)be

Ao
o e Y (0 —4)b o F T (0 — A)b, (e — e

Ap<m A<

= ¥ e Biw) —w~ j B,(t) — {(e“" e ) (w ——t)"} dt
0
= w ¥ e Biw) +

I G i j By DM {(em — e ) (w — t)F) dt

The second step in this chain of equalities requires Abel’s method of
partial summation, and the subsequent steps require repeated
intogrations by parts.

By elementary rules of differentiation, however,

])h+2 {(e—-ta__ —m) (w _ t)k}
( )h+2 [P(k (k +‘_l)v1_) ( -t __ —w.s) (w — t)k—h—:z +
h+41

= 7 h + 2 F(l" l) —18 _ p\k=h+tr-2
iLzs( r )]‘(L—h+7:1')e @ =9 +

=]
+ 2%t (@ — t)k]_
Substituting this in the last formula, we prove the lemma.

TaEOREM 3.31. If the series Ta,e*n* is summable (A, k), or bounded
(A, k), k >0, for s = s*, 0* > 0, then, for c > o*,

A¥(w) = o (w¥e™). (3.32)
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Conversely, if (3.32) is satisfied for ¢ = o* > 0, then Ya,e”*n* is
summable (4, k) for every value of s such that ¢ > a*, to the sum f(s),
where

S+l ¢
8 Aty e~ dt. 3.33
7o) = r(k+1)[ 0 (3.3
Proor. To prove the first part of the theorem, we choose § = — ¢*

and set b,=a,e " in Lemma 3.31. Then the left side of (3.31)
gives w""A *(w), while the right side is the sum of A 4 4 terms
each of which is o(e’). For the first term is O(e“"") which is
o(e®) for o > o*, since the hypothesis implies that Bk(w) = O(w*).
In the second term we have a factor whose modulus is

8 j e dt{ < |s*] (0 - t)e*”,

t

.
;()(, - (Ju)lt i:

so that the absolute value of the second term will be

< ¢ |§*] o Fem* j [BY (). (0 — t)F A1 dt
[
< c|s*| w.e””" = o(e”),
since Bit1(t)= 0O (t**"). The next (b + 2) terms are similarly seen
to be o(e?).

To prove the second part of the theorem, we choose b, == a,
in Lemma 3.31. Of the b + 4 terms that occur on the right side of
(3.31), cach of the first (A + 3) terms will be seen to be o(l) as
w — oo, if 6 > o*, by an argument similar to the above, so
that we finally have

lim o * ¥ (0 — A,)a,e”?

w—> 0 Ar<w
_ . 8"+2 ~k r h+1 — 13 __1\k
= ‘311)1:0 T T 2) ) JAA (t)e ¥ (w—t) dt
lim 5 —"f( t)ytde(t) (3.34)
= ——— 0 — , .
oo T(h +2) ¥

0

- —mmttindl
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where
t

o(t) = I AN Y u) e~ "“du.
0
Since A%(u) = o (v*¢"*) and o* >0, we have, by the o-version
of Theorem 1.52, AX*!(u) = o(u**' "), so that lim ¢(t) exists for
t—> 0
o >>o*. Hence the limit on the right of (3.34) also exists, and
h+2

equals I‘(Z:i- 5) tl_l)n: o(t). Thus, for ¢ > o*,
. 8)1—{-2
lim o % 3 (0 — A Yot —

- oA Y ) e du
= ) Apsim l‘(h + 2) -[ g ( )

0
«© t
- S’H 2 P(h + 2) j' -8 I . h—k 3
NG e2) D) Mg ) T T A d

o) o

8"+2
- (% —{-—A 1), ]“(A}:_% 1 — k) j Ak(u) du j P ) '
v "
8k+1 L) Ak e
S P,

0
From Theorcm 3.31 we can easily deduce

THEOREM 3.32. If Ya,e™** is summable (A, k), or bounded (4, k),
Jor 8 = s*, then the. series is summable (A, k) for all values of s such
that 0 > o*.

Theorem 3.32 and the classical argument associated with
Dedekind’s section for a real number yield the following

THEOREM 3.33. There exists a number o, such that the series
Ya,e ™ is summable (A, k) for o > o, and not summable (A, k)
for ¢ < oy

We may have o, = — o or + co. This number o, is called the
abscissa of summability (A, k) of the series Ta,e~*. It is clear
that o, is a decreasing function of k.
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The line ¢ = g, is called the line of summability (A, k), and the
region o > g; is called the half-plane of summability (4, k). We
proceed to give a formula for g in case ¢; > 0.

THEOREM 3.34. Let g, be the abscissa of summability (Ak) of
Sa,e**, If o, > 0, then

k
g, = lim sup !Qg |f‘—1—4~(-(9)] .
=3 00 (9]
Proor. Let
M
lim sup log | 41 [Ax@)] == 0y
wW—>» 0 w

Then

Al(w) = o {e*%t}, ¢ >0,
and hence, by Theorem 3.31, Za,e”*** is summable (4, k) ife > o,.
That is to say, 6, > 6,. On the other hand, since Ya, e~** is sum-
mable (1, k) for ¢ > g, it follows from the first part of Theorem 3.31
that

A¥(w) = o {e“r+ I},

that is
k
Iim sup li)g_li‘l"_(w),) < o, + ¢,
w=> ) :

or g, < oy, since ¢ is arbitrary.
Functions represented by Dirichlet series
We now show that the sum of a Dirichlet series, in its half-plane

of summability, is an analytic function whose behaviour for large
values of the argument can be stated with some precision.

THEOREM 3.35. If Za,e~" is summable (4, k) for s = s*, and f(s)
denotes its sum, them. uniformly for ¢ > ¢* -+ ¢ > a*, we have
f8) = o ([z[**). (8.35)
Proor. We may assume, without loss of generality, that s* =0
so that A%() = O(t*). For, if we write b, in place of a, e~ **
and put 8 = s — s*, then the series £b, e~*»*" is summable (A, k)
for 8’ = 0.
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We start from the formula (3.33), and estimate the order of f(s)
in the region ¢ > ¢. Given a number a such that 0 < a < #/2,
the half-plane defined by the relation ¢ > ¢ can be considered as
the set-union of two regions : the first region is defined by the
relations ¢ > ¢, [am 8| < a < n/2, and the second by the rela-
tions ¢ > ¢, a <|am §| < /2.

We prove the result for the two regions separatelv. Formula
(3.33) gives

% E3
If(.ﬂ)! < C tl_ﬁ j ket dt

0

)K‘ +1

= ¢ (scc a)¥T! = 0(1) = o (v"11),

I
o
~~~
ale

in the region|ams| < a < x/2, which actually includes the
first region defined above.

In the second region, cosec 0, 6§ == |am s is finite, and we write

@ w, ©

jA’g(t) e dt — j + j =1, +1,

0 0 o,

say. Since 4%(t) = O(t"), we have, if d is any positive number,
w
I <e¢ I et dt,

“o

cd
< w3y

for w, sufficiently large, and

jA’j(t) e dt

0

Il

1,

ﬂ)n

k —wod
- _ 4,4‘&%5_. + Eje—" ddk(t)
0

= 0{1/ 8!}
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for any fixed w,, and uniformly in ¢ > 0. Hence we obtain, from
(3.33),

J(8) = O([sf") + O {(8]sfo|)*']
= O(|sf*) + O(8|s}+1), foro > e.
Thus f(s) = o/t [F*?), since |8/7| < cosec @ < oo, and the theorem
follows.

THEOREM 3.36. Let o, be the abscissa of summability (A, k) of
Ya, e~**. If D is any finite region for all points of which
o >0, + 0 > oy, the series Ya, e~ is uniformly summable (A, k)
throughout D, and its sum represents a branch of an analytic
Sfunction regular throughout D. Further, for any non-negative integral
r, YAla, e ' is uniformly summable throughout D to the value
(—1) f(s).

Proor. Uniform summability of Ya, ¢ ** follows from
Theorem 3.31, if we observe that the estimates for the b + 4 sum-
mands involved in the proof of that theorem are valid uniformly.
That the sum is analytic follows from Weierstrass’'s theorem,
since it is the uniform limit of analytic functions.

To prove the summability of ¥A! a, e™**, we observe that
Eaﬂ e An ("k‘f’alz)

is summable (4, k), and hence

S(w — A AL a, e n OB = ("),
)-nSw

for r integral, as can be seen from (3.21). By Theorem 3.31, this
implies that ¥17, a, e~*»* is summable (4, k) for 0 > o, -+ 4. Hence,
in D, by termwise differentiation of

f(8)=lim w™* ¥ (0 —1,)Fa, e,
w0 InSo
we get

(=1 fO)= lim o % ¥ (0 — 4, AL a, e
w~> o in€ow

Summability in an angle
We shall now prove a theorem which says a little more than
Theorem 3.36 as regards the uniform summability of Ta, e~*»*.
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THEOREM 3.37. If Ya,e™** is summable (A, k) for s = s*,
then it is uniformly summable for all s in the angle defined by
lam (8 — s*)| < 0 < /2, where 0 is any fired positive number less
than /2. If f(8) denotes the sum, then f(s) — f(s*) as 8 — s* within
this angle, and f(s) = O (1) as 8 — oo in the angle.

Proor. We may assume without loss of generality that s* = 0,
and that the sum at s = s* is also zero, for if ¢ 3 0is the sum of Xa,,
then (@, — ¢) +a, + a; + ag + ... is a series whose sum is zero,
while the series ¢ 4- 0 + 0 + ... is uniformly summable in the
angle to the sum ¢, and we can proceed with the former.

Let us consider formula (3.31) in Lemma 3.31 with b, = a,.

We observe that

. 3 I+ 4
™" \ ( )‘n) Ayt I }-‘ 1
r=1

where I, is known for each r, from (3.31), and
I, =e¢ o " At (0) = 0 (1),

ro

uniformly in the angle jam s' < 0 < /2, by hypothesis.
_ rE+1)
L= | vy Peh—1)
8 [A’i“(t) (e — e ™) (o — by ~"=2dt
0 ‘

<co ks | AR )] e N o — Y dt

_Llsl [A"‘“(t )i

.ot. e"Yow — "1t

é
e

-

<cw *sech jo (" (0 — £yt
0

= O(l),
since ote”® <1. Forl <r <h + 1, we observe that

w

gy, == tcs'w"‘ J AR () e (o — gyt

v
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«

<ec Is'r J Ah+1 (t)le“"(w — t)k—h+r—2dt

<c(sec ) » '[IAh @ '(at)' 10 (@ — t)Ehtr-2gp
0

: 1+t
<cr!(sech) o * J lil_tt.'.(f_),‘ (@ — t)f—h+r-2 gy

0

0 (th+l—r) (0 — t)k——h+r—2dt

I
e
|
5
C——e

I..= O w*"“‘A"“(t) e (0 — t)dt
A R
tends uniformly (in the angle) to the convergent integral

@
8h+2

e h+1 —ts d
Pw+mJAl(ne '

since A2*1 (t) = o (t**1), and this is equal to

(=]

8k+l

B Ak —t8
“F(k+1)(j 2(t) e~™ dt,

and hence the first part of the theorem. To prove that f(s)—-0
uniformly as s—- 0 in the angle, we observe that

ﬂ)~-klnfﬁm = ) T+T]

@o

= @1 + @3, 83Y.

If we choose wo such that for ¢ > w,, we have [ 4%(t)| < 8¢, then

|8+t o 0 |.9["+1 (sec )y+1d _

@,
8
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since 4 > 0 is arbitrary. Again
ol < LA j?o]A"(t)ldt
?1 T+1) J i
=0 (lo}+)
= o (1),

since !il <sec 0, and ¢ — 0 as s — 0. Since f(s) = ¢, + @, it

follows that f(s) = o(1) as s — 0, uniformly.

That f(s) = O(1) as 8§ — oo in the angle; is included in the
proof of Theorem 3.35. We recall that

- IS‘ ' —to
If (8)] = ]‘(k+1)|JA§(t)e dtl

0{(|s|/a )"+1 }
= 0{ (sec 9)¥+1} = O(1).
Summability (I, k)
We shall now prove analogous results for Dirichlet series of the

form Ya, ;% where 1 < |y, < I, < ... <, — o, with which
summability (I, k) will be associated. Corresponding to Lemma 3.31,

we have

Lemya 3.32. Ifk >0, then
0t ¥ (=LY a, bt = o Ak w) + I'(k + 1)

I Fh—h—1)T(h+2) *
R o=k
X w“"J. A (=0 (w—t)F 2t + T_(h_'-"|-"2)

ht2 w
h+2 (s+7) T'(k+1) jAth =17 ( g — Y~ +T-2 gy
Xz( )I‘(s)rk hir_1) ) AT O e ’
Proor. Asin Lemma 3.31.

We can also deduce results analogous to Theorems 3.31-3.37.
Without going through the details of the proofs, we state the results

as & single theorem,
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TrEOREM 3.38. If Xa, is summable (I, k), k > 0, then Za,l;* is
summable (I, k) for 0 > 0, and in fact wuniformly in the angle
|am 8| < a < x/2, and the sum 8 given by

o0

T +k+1) I AK(t) 151y,

1
Further, if o, 1s the abscissa of summability (I, k), then o, if positive,
i8 given by
0, = lim sup l(zg—»-’ilfkiqy —k
o> o log w
It can also be shown that the sum-function is regular in the
half-plane of summability.
We shall now prove a theorem which is a complement to

Theorem 3.36, and whose proof depends on the use of Theorem 3.38.

TBEOREM 3.39. Let o) denote the abscissa of summability (A, k)
of the Dirichlet series Sa,e™**. Then Ya,Ale™*", where p is any
complex number, and A% has its principal value, is summable (A, k) for
¢ > 0. Further the summability is uniform in any finite region
contained in 6 > oy + 6 > 0y.

Proor. The theorem holds if p equals a non-negative integer r
because of Theorem 3.36. In the general case, we may write
p =r—3s, where Re(s) > 0, and apply Theorem 3.38.

3.4. Abelian theorems on absolute summability

In this section we prove the analogues of the results of the

foregoing section for absolute summability.

LeMMA 3.41. Letk > 0. Then
E%[w_k Yae” " (0 — An)"] =ko *lemAkw) +

w

F(k + l) —k— 4 —ts —ws —h—
T+ 1) Tk—h—1)* lj A (" = ) (0=t Rt +
0
01 ofh+1 Ik + 1) f Thtlipy,—ta) nk—htr—2
+1~—(ﬁ;cz),2;"( ) D(k—h 41 | 47 Q70—

(3.41)
forallw if k> 1,and for o # A4, if 0 <k < L.
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Proor. The left side of (3.41) can be written as
ddw [w‘kj (@ — t)"e"‘dAl(t)] — k okt J (w—t)le=t t dA,(t)
0

0
o

=ko ¥l A4 w) + ko1 j (78 — e~ ) (0 — t)¥ 1t dA,(t)
0
( — l)’”’lk w k-1

— —k—-1,— w8 Jk

X IA'§+1(t)Dh+1 [(e—-ta —e ) (0 — t)k—l] dt,
0

by partial integration (b 4+ 1) times. Now

Dh+1 [ (e‘-tl . e—wa) (w . t)k—l ]

= (— ! [F(k-l—i(%)_ T (e —e= ) (w — 42

)
h+1
—ts Hfh+1 I'(%) b
+et’213< r f(k—h+r—1)(w_t)k h+ 2].

The lemma now follows upon substituting this expression for D*+!
in the integrand.

THEOREM 3.41. If Ya, e ™ is summable (A, k), k > 0, for
8 = s*, then it is summable |1, k + 1| for every s such that ¢ > o*.

Proor. We may assume without loss of generality that s* = 0.
Replacing & by & — 1, k > 1, the summability (4, k — 1) of Ya,
implies, on account of (3.21), that

A% (w) = o(w"). (3.42)

To prove the theorem, let us write the expression on the right of
h+8

(3.41) as X I, and observe that it is sufficient to prove that
p=1

foreachp=1,2,...,h + 3,and ¢ > 0,

-]

j]I,,]dw< .
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First,

J 1] do <k I |4k (@)]. 0-t-le=m do
< ,
by (3.42). Secondly,

I |1p| dw =c j do | w k1 J AFY(E) (e — e ) (w — t)k—h—2gy
0

<c J o ¥ ldo | | A4 . (e —em ] . (0 —t)F P2 dt

[}
r

<c o tdw | [ A2 . e (0 — t)F""1 dt

Oy 8 O e

o) o«

A 1o w —t k—h—1
=c¢ | [A}TO)] . e dt J. L"(;k)irr— do
© t
<cy | |ARTYE)| et di

< oo,

since A%+1(t) = o(t**!). Finally, for p > 0,

[ ysslto <o [oao | [ 20 o @ — gpbesta
0

w0

- ¢ __ Ye—h+p-2
[ 1. e [ 00T g,
t

wk+l
-]
<e jt""“”l AMYE)| . e dt
< oo,
since A2+1(t) = o (£**1), and hence the theorem.

THEOREM 3.42. If Za, e is summable |, k| for 8 = s*, then it
18 summable |4, k| for all 8 such that o > o*.
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ProoF. As usual, we may assume that s* = 0, and observe that
summability |4, | of Ya, is equivalent to saying that

[l < o

and, a fortior:
v ar
jiﬁa(_‘f’)_l do < o,k >k
w

Using this instead of (3.42), we may argue as in Theorem 3.41, and
show that

I|I,,)dw < oo, fore >0,p=1,...,h + 3,

which will prove the theorem for & > 0. Ifk == 0, proof is obvious.

From Theorems 3.41 and 3.42, and from the fact that if Xa, is
summable |4, k| it is also summable (4, k), we have the following

THEOREM 3.43. Thereisanumber,, called the abscissa of summa-
bility |4, k|, such that Xa, e~*n* is summable |A, k| for ¢ > T,
and not summable |1, k| for ¢ < ;. Further

Op 2 Opy1 2 0pyn-
The next theorem gives a formula for G, .

THEOREM 3.44. Let G, be the abscissa of summability | A,k | of
Sae~, If @, > 0, then

o, = lim sup [(}, logjt“""1 HOY dt:| k>0,
1

@~ O

= lim sup l:% log ¥ Ia,]:l .
n—>»w % 0

Proor. Ifk > 0, then by following the analogy of Theorem 3.34,

and using Lemma 3.41, we prove: (i) if the series is summable
«

and

|14, %| for s = 8%, a* >0, thenjt“‘l |A)| dt = ofe™), o > o,

1



§ 3.5 APPLICATIONS TO DIRICHLET SERIES 67

and (ii) if the conclusion in (i) holds for 0 = ¢*, then the series
is summable |4, k|,0 > o*. If &k = 0, the result is easily
verified.

We conclude this section with two theorems on the absolute
summability of Ya, I;¢ without going through the proofs which
run along the lines followed in the case of Za,e ",

TueoreM 3.45. If Xa, l;* is summable |1, k| for s = s*, then
it 18 summable |1, k| for any s such that o > o* .

THEOREM 3.46. If o, and G, are the abscissae of summability (I, k)
and |1, k| respectively for the series Xa, I, *, then

Oy Z0py1 2 0pp-

3.5. Relations between the abscissae of summability (1, k)
and summability (I, k)

We now mention the relation between the abscissae of summability
(A,k)and (I, k) of the Dirichlet series Ya, e~ ** = Ya,l;*, 1, = ™. It
rests on the following auxiliary theorem.

TuEOREM 3.51. If Sa, is summable (A, k), k > O, then Ya,e '’
6 > 0, is summable (1, k).

Proor. Set
dy=a,e ™ T =¢,W=e¢".

Then
In<W
w
= kJ(W — Ty~ D(T)dT, D? (T) = D, (T)
0
=k J (e” — e)f=1 ¢ D, (¢) dt.
Y
IFurther

Ap<w

D‘(C()) = E a, C~A"" = j e_w dAl(t) N
0
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and hence we observe that
t

—p-le gy j e~ 44, (n)

0

DY(W) =

=k |e™dA,(u) j —eY-le dt

I

(e® —éYe " dA,(t)

(— l)h Ah h+1 » e ,—td
= ,M__j h(@t). DML (v —efem} dt,

by partial integrations. Now we argue as in § 2.5, and prove the
result.

THEOREM 3.52. T'he lines of summability of the Dirichlet series
Sae~ ' = Ya,l,7*,1, = e’ are the same for the Riesz means of
type A or 1.

Proor. If o, is the abscissa of summability (4, k), and o,’ that
for (1, k), then o, <0,’, since a series summable (I, k) is also summable
(4, k). [cf. Th. 2.41 and the Remark in the first paragraph of §2.2].
That o;," <oy follows from Theorem 3.51.

TrEOREM 3.53. If 0, ts the abscissa of summability (A, k) of Sa,e™**
or of summability (I, k) of Xa,l;*, then o, is a convex function of k,
provided that o), > — . That is, for 0 <k <p <r, we have

o, <@ =K o+ (r—p) o
r—k

Proor. In view of Theorem 3.52, it is enough to prove this
theorem for Ya,l;®. Let us assume that o, > 0. Then, by
Theorem 3.38, we have

o, = lim sup log | 4 (w)l , (3.61)
@0 Og ()]
which implies that
Ayw) = O (o™ r**), & > 0,
and
AYw) = 0 (0**%*°),
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By an appeal to Theorem 1.71, these two estimates together imply
that
A¥(w) = 0 {wP-HGr(P = k) + oplr - p)]/(rvk)+e}’
which, by (3.51), again implies that
, < TPhtalr—p)
r—k

Letting ¢ —0, we get the required result for ¢, > 0. We then
extend this result to the case o, > — M, where M is an arbitrarily
large positive number, by a change of origin (or, hy considering
the series Xb, [,~* where b, = a, I¥).
3.6. Dirichlet series on the line of summability

In this section we are interested in two types of problem : (i)
summability of order k£ on the line of summability ¢ = o}, and (ii) a
converse of Theorem 3.35. The first is essentially a generalization of
Fatou’s theorem on power series, which states that if a,— 0, then
Ya, 2" converges at every point of regularity on the unit circle.
We observe that with restrictions on the Riesz sums of order k& of
Ya, and on the hehaviour, on the line ¢ = o,, of the function f(s)
represented by the Dirichlet series, it is possible to deduce summa.-
bility of order & of the series, at some points on the line ¢ = o,.
The second type is concerned with the question : if a Dirichlet
series, known to be summable by Riesz means of sufficiently high
order in a half-planc, represents a regular analytic function which
can be continued beyond that half-plane, can we say that the series
is also summable in the extended region ?

LeEMMA 3.61. Let b(t) be integrable in the Lelbesgue sense over every
[inite interval 0 lt < ty, and satisfy the condition
b(t) = o (t*), k = 0, (3.61)
us t — oo, so thut the integral

[ e~ b(t)dt
0
converges for Re(s) > 0, and

F(s) = j e~ b(t)dt (3.62)
0
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18 regular in that half-plane. If F(s) 18 assumed to be regular also
at s = i 1,, then, for any non-negative integer r, we have

"

Hww) = e=v (;.; [F(x) e"’”] — i(w ) et bt) dt

~ 0 (w¥), (3.63)
where & = 11, and (3.63) is valid uniformly in any closed interval
on the imaginary axis in which F(3) is reqular.

Proor. let the function F(s) be regular on the closed intcrval
(¢, = T 1,2y ~ 17y), T < Ty, of the imaginary axis. Then we
can choose a number a < 0 such that, if b is any fixed positive

number, F(s) is regular inside and on thc rectangle R formed
by (@ + 25, @ +2,b + 2, b + x). We shall show that

g,,,(s) — w»kema (S . x])r+k+] (8 _ xz)r+k+1 H(S, w)
can be made as small as we like, uniformly on the boundary of R.

by choosing w large enough, so that the same will be true in the
interior, and then the Lemma will follow easily.

On the boundary of R, we have the following inequality :
(i) & — @y TR s — [T L gg R
where c is a constant.
If b6 >Re(s) > 0and n > 0, there exists a number w, — wy(%),
such that for w > w,,
(ii) |H(s, )| < cn ot e gk,

For

|H(s, w)| = | (t — w) e~ b () dt |

)
I

S

<n|ef(t—w)dt,

for w > wy, wy being chosen such that [b(t)] < nt* for t > w,, on
account of hypothesis (3.61).
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Hence
tH(s, w)| < ne " j e (w0 + u)f u” du
1

o
/2k - ra k ky ,—uo rd
<2%ne (w* + v*) e ™ u" du
0

~wr —r—k=-1

<C')7wkc o ,

for 0 << ¢ < b, and (ii) is therefore proved.

For that portion of B which is to the left of the imaginary axis,
we have the inequalities :

1 o= " % {F(s) eluk} ‘ < C(l)r,

and

H« Bh(t) (w — tYdt ’ <w' :folb(t)l e~"dt + f [bt)e™"(w —t)"| dt

\] \] oy

I, + 1,

fl

say, where
I, <co,

and

I, <ne ™ J o007 4k oy —t)"dt

w,

< n (che—- nag j e(w—i)a(w_r)rd‘
< ] wke— wo ]‘7 ’—r—l,
since ¢ < 0, so that
(iii) |H (8, o)| < ¢, 0 + ¢y n wbe° |77,
Combining (i) and (ii), we have, on that part of the boundary of R

which is to the right of the imaginary axis,

Igm(8)| < ¢ 77'
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On the boundary of R which is to the left of the imaginary axis,
we combine (i) and (iii), and obtain

900 <[ (@]aly 0 e 1ot g, MOLTT]

< ¢ w ¥ peynlof.
Thus g¢,(s) = o(1), uniformly on the boundary of R, since 7 is
arbitrary, and hence also uniformly in the interior of R, and in
particular at s = ¢ 7, if 7, < 7y < 7,

Hence

@ €z ¥ 3
(H(z, 0)] = ;“ggl"ligr(ﬁ)‘%‘ R =0 ("),

for x == 1 1,, which proves the lemma.

THEOREM 3.61. ILet b(t) and F(s) be defined as in Lemma 3.61,
Then
(@) the integral

J. e~ b(t)dt
0

s summable by typical means of order L ° to the value F(s) at every
point on the imaginary axis at which it is regular, and uniformly
in every interval in which it is regular, that is

w

lim o~ * j (0 — t)ke~*b(t) dt = F(x),

W= O
if F(8) is regular at s = x = 17;

(b) fork >k > — 1, we have

(0 — t¥e™b(t) dt = o (w*),

(0 — tF~Y(e~%—e™ %) b(t) dt = o (w¥).

S5 O

Proor. If k is an integer, the theorem follows easily from
Lemma 3.61, if we observe that for s =z we have
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dF
dzt

e r

l.
{F(x)e°"} - w*F(x) 4- S5t~ ? FO)z)
1

= w'F(x) + o (),
and use this in (3.63).

If k is not an integer, we choose r == [/'] in Lemma 3.61, and

set
Bz, o) =- J (w - fe™b(1) dt.
0
Then
. Nk + 1) j o
Bl , L L e "(x, t _ f\f—r—1
(x, o) P 1) Tk = r)( B'(x, t) (w — 1) dt,
and
B¥x, w) — F(x)o*
— r(k + l) j‘u B e ()  pYh=r=1
N ) Tk — ) ” {B(x,t) —t'F(x)} (w~—1) dt
w—1 ”
Te1 7 ne
0 -1
say. Now

I, = o(w*),
by Lemma 3.61, and
I, =¢{B"* (x,w) -- (v — 1Y F(x)} +

w-—1
+- ey j IB T (b)) — 7 @)} (@ — 0772 di

U

w-—1
= o (0¥) + j o(t*) . (0 - ) T2 4, by Lemma 3.61 ;
0
w—1
= o(w*) 4o [cu" j (w0 — t)"""2dt:‘ k—r—2 < —1,

0
= o (w*).
Combining the estimates for , and I,, we prove part (a) of the theorem.
The proof of (b) runs along the same lines.



74 APPLICATIONS TO DIRICHLET SERIES [Cu. 1I1

From Lemma 3.61 and Theorem 3.61 we have the following general
result.

THEOREM 3.62. Let g, be the abscissa of summability (4, k) of the
Dirichlet series Ya,e . If

At (w) = o (w¥ e ), I > 0,0, >0, (3.64)

then Ya, ¢ ** is summable (4, k) at every point on the line o == o, at

which the function represented by the Dirichlet series is regular.

Proor. If f(s)is the function represented by the Dirichlet series,
then we know that

o

. sh+2 h41 —~1s -
RO gy | A O
0
If we set
F(s) = T(h +2)f(s)s " = b(t) = Al (@)e ',
we have

F(s) = [(I(ﬂ) e~ 19 gy,
0

Since it follows from (3.64) that b(t) — o (t**!), we can apply
Theorem 3.61. We assume that s #% 0, since when s = 0, the
result follows trivially from (3.64) alone. Since F(s) is regular at
all points of ¢ == ¢, at which f(s) is regular(s # 0), it follows from
Theorem 3.61 that
w™" ‘-(m — YL b(t) e dt — F(o, + 1 1) = 0(1),
0
or

w I(w — et AW () dt — F(s) = o(1), (3.66)
0
where s = g, + 1t # 0 i8 a point of regularity of F(s). Now to
prove that

©07F 3 (0 — 2,)a, e~ — f(s) = 0(1),
InKw

we have only to use formula (3.31) in which the first term can
be estimated by using (3.64), the last by using (3.65), and the
others by using Theorem 3.61 (b).
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The assumption that f(¢) is regular at a point on the line ¢ = gy,
may be replaced by the hypothesis that f(s) has boundary-values
on the line ¢ = 0, and is bounded to the right of it. In as much
as the proof of Theorem 3.62 depends on that of Theorem 3.61,
we shall prove a generalization of Theorem 3.61 only.

THEOREM 3.63. If in Theorem 3.61 the hypothesis that F(3) is regular
on the imaginary axis is replaced by the hypothesis that F(s) has
boundary-values on an interval (i ©,, i T,), v, < Ty, of the imaginary
axis, and 18 bounded to the right of that interval, then

[

(i) fork >0, lim o * j (o B e b (t)dt = F(i7),
W=> 0
0

Jor almost all © in (74, To), in purticular at «ll points of continuity ;
(i) and for k=0, 7, < T < T4,

eed

j. e b(¢) dt

0
converges at the point tv, if F(it) satisfies a Lipschitz condition
or any of the sufficient conditions for the convergence of a Fourier
series.

Proor. Let x; —i 7,2, =i 7y, and let C denote a smooth curve
starting from z; and ending with «, and lying to the right of the
imaginary axis. Also, for 4 > 0, let Cy denote a similar smooth
curve starting from 6 + z; and ending with 6 + «,, which tends
to C as § —0. Then by Cauchy’s theorem,

41y
1 F(z) 1 F(z)
F(8) = - — el I S dz.
(%) 2w _[ Z—s +27m' jz——s
S+, Cs

for any s lying to the right of the line ¢ = § and to the left of C,.
Now if 6 — 0, then, by Lebesgue’s theorem on dominated con-
vergence, we have

PO g [y L[ R

z— 8 2@wi )z —s

¢

= .FI('.?) + F'.’.(s)’ say,
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for any s lying to the right of the imaginary axis and to the left of C.

' © o o)
Fys) = — - J F(z) Je“"")dt - je““ at j [— 1 Fe e"] dz
2m1 2m
L 0 0 c,

== [ (p(t) e—‘“dl,
)

say, where

pt) = — [ F(it) e dt,
n 3

so that @(t) == o (1) by the well-known Riemaunn-Lebesgue lemma.

If we write
t

o

we observe that

Fy(s) = J e B dA(L).
0
Sinee F,(8) is regular on the imaginary axis, we can now apply
Theorem 3.61 with b(t) = A’(t), and conclude that

(¢l

lim o* I e (w — EdA(L) == Fy(i7), 7, <71 <7,

w=—> 00
0

"The left side is, however, equal to

o * j e (w —Eb(t)dt — o * j e~ (o — 1) g(t) dt.
0
Since @(#) is in the form of o Fourier integral, the second term can be
tackled as in the theory of Fourier series, and we conclude that it
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tends to F,(: ) at a point of continuity of F(i t) if &k > 0, and if
k = 0 at a point where F(: ) satisfies a Lipschitz condition. Hence

@

lim o™* j e~ (w — t)* b(t) dt
W~y 00
0

= lim w""j e~ (w — t)t p(t) dt + Fy(it)
w—> 0
0
= F,(1t) + Fy(i 7) = F(i 7).
We shall now state a theorem on convergence, which cannot be
deduced directly either from Lemma 3.61 or from Theorem 3.61.

THEOREM 3.64. Let Ya, e~** converge for o > 0, where it repre-

sents a reqular function f(s), and let
Uy =04y — 2py)y Ay — Ayy = O(1).

Then Ta, e~ *»* converges at every point on the imaginary axis at which
f(s) ts regular; and more generally, at any interior point of an interval
(¢ Ty, 8 T5) on which f(s) has boundary-values, and to the right of which
f(s) is bounded, provided that the boundary-function satisfies at that
point any of the sufficient conditions for the convergence of a Fourier
series.

Proor. We indicate the proof in the case where f(s) is regular ;
the other cases can be treated as in Theorem 3.63. ILet (it,, ¢7,),
7, < T, be a closed interval where f(s) is regular, and let 2 = 7 7,
T < T < Ty

Set

Hz, 0)=[ 3 a,e™ — f(z) ],

ngw
ge(w) = e (8 - ’I:T]). (8 - irZ)' H(S,(D),
and argue as in Lemma 3.61. We casily derive all the inequalities
proved there with & = 0, using the hypothesis on a,. For example,

corresponding to the inequality (ii) in Lemma 3.61, we have

His,0)l =] 2 a6 = of I (1, —4,_;) )
n+1 n+1

= ( j e"’"d‘) =o0(o7 ™M), Ay <0 < Apyy-
An

10
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80 that |g,(w)| = o{e®@~*7} =o(1), since 4, , — 4, = O(1). (iii) can
be treated similarly.

The above theorems have their analogues, with one exception,
in the case of the Dirichlet series Ya, !, . The exception is
Theorem 3.63 in which there was a distinction between the two
cases k - 0 and k > 0, with different conditions on the boundary-
behaviour of the function. Here, however, in both cases, we require
the function to satisfy a Lipschitz condition or any of the conditions
sufficient for the convergence of Fourier series. We have closely to
follow the foregoing arguments substituting (not changing the vari-
able!) ¢t~ for ¢e=* and % for e“%. We simply state the theorem
in its general form.

THEOREM 3.65. Let o, > 0 be the abscissa of summability (I, k)
of the Dirichlet series Ya, I, and let

A¥w) = o (w**7%), k > 0.

Then Xa, 1" ts summable (I, k) at any point of the line 6 = o}, at which
f(s), the sum of the Dirichlet sertes, is regular; and more genmerally,
at an interior point of any interval of the line o ==o, on which
f(8) has boundary-values, and to the right of which f(s) is bounded,
provided that the boundary-function satisfies at that point any of the
sufficient conditions for the convergence of Fourier series, such as a
Lipschitz condition.

We shall now proceed to prove a class of theorems of the same
nature as the previous one, with this difference: that the hypothesis
on A%(x) is replaced by a hypothesis on the behaviour of f(s) as
s— o0 along lines parallel to the imaginary axis. These results are,
in a sense, converses of Theorem 3.35. The proofs depend on the
explicit expression of the Riesz sums in terms of the function repre-
sented by the Dirichlet series, which is called Perron’s formula.

Lemma 3.62. If ¢>0, k>0,

e Wk + 1), w >0,
- j g~ k-1 e ds =
21 )
g—i

0, u <0.
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If ¢ > 0,
1 o+i0 l,u>0,
————-j s“e’“de={%,u=0,
2nza~—iao Oau<0,

it being understood that the principal value of the integral is taken
ifu=0.
Lemma 3.63. If 0>0,k>0,
o+i - k ~
SIS ELCPE L
2nia—ioop(k+l+8) 0,0 <v 1.

Proor. If we write

@0
(1 — 2)* = ¥ Btar,
0

we have
1
Pk + 1) I'(s) J - s B
M T = Yl —afde =3 T,
TNk +1 + s) ) ( ) 08 47
and if we observe that
o410 -
1 v ds vt v > 1,
. = 3, v =1,
2nza~iw8+r 0, v <1,
where the principal value of the integral is taken in case v = 1,
) k
we see that the lemma follows by substituting the series X lj_ﬂ
08 +r

in the integrand of the Lemma, and integrating termwise.

Lemma 3.62 will be used for the study of the Dirichlet scries
Ya, e *»*and Lemma 3.63 for ¥a,l,*. From Lemma 3.62, we deduce

LeMma 3.64. Let Ya,e " be summable (4, k), k >0, for ¢ > a,.
Then for ¢ > o, and o > o*, we have

1 , e

T 1 1) ,2, %™ @ — 4
o+i0

—_— 1 f(s) w(s—8*

=5t | ot

o—1i®
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where f(s) i8 the sum of the series. The dash indicates that if k = 0,
w == A,, then the last term of the sum has to be multiplied by }.
Proor. Let 1, <w < 4,,,. Set
9(6) = ¢ {1(6) — S a, e~}
= e h(s), '
where A(s) is the sum-function of the summable series

- 8 i <
Ay €M+ Loq o eTEmE2t

This series is summable (u, k), where u, = 4,,,,,, for ¢ > 0.

Now
o+io N o+i0
1 J h(s) e~ ds 1 g(s) e “** ds
2mi ) (s — ¥ttt T 2a4 J (s — s*)it1
e . ) —1i00
w(s—s*
=J'jﬁm"k?~ LY gt (0 — 3,8,
2mi (s — g*)Ft Ik + 1) <o

by Lemma 3.62, and the result will be proved if we can show that
this is zero.
Let us consider a rectangle R formed by the points
c6—i1T,0+iT, Q+:iT, Q—117,,

where 7', T,, £2 are large positive numbers. By Cauchy’s theorem,
— ws*
1 j g8 e™™ g o,

27 ) (s — s*)FtH?
that is
o+iT, Q—iT, Q+4iT, o+1T,
I R
27t 2xn 1
o—iTy o—iTy Q-iT,y 0Q+4iT,
=1, +1, + I,

say. If we fix 7', and T',, and let £2 — oo, we observe that I, — 0,
since the numerator of the integrand is bounded, by Theorem 3.37.
As Q —> 00,

@ —1Ty
Aﬁiﬂj=MMwﬂéw
271
o—iTy
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since h(s) = o{|7!|*¥*1}, by Theorem 3.35. Similarly
lim lim I;=0.
T,~»>® Q—>x

Hence

o410

1 g(s)y e~
o—i
Corresponding to Lemma 3.64 we have
Lemma 3.65. Let Ya,l;* be summable (I,k), k > 0, foro > oy,

and let f(s) denote its sum. Then for ¢ > o, and ¢ > o*, we have

o+1io0
—k ’ —s* - ko__ 1 P(k,+ ,1)‘11(8 — Sf‘)
o L' a L, (0 1) EET j f(s)l‘(k+1+s—s*)

ly<e

%" ds.

ag—1
The dash indicates that the last term of the sum has to be multiplied
by 3, if k=0and 0 =1,.
Proor. The reasoning runs on the same lines as in Lemma 3.64.
o
We observe that if Ya, [;* is summable (I, k), then X a,l;* is

m+1
summable (u, k), where u, =1, ...

From Lemma 3.65 we can deduce theorems on the summability
of the Dirichlet scries. We assume that for sufficiently large values
of o, say ¢ > d, the Dirichlet series is summable by Riesz means
of sufficiently high order, and that the sum-function is regular
in a larger half-plane, say ¢ > 5, # < d, and satisfies a condition
like f(s) = O(|s[F). We then observe that the Dirichlet series is
summable for ¢ > 7 as well. More precisely we have the following

THEOREM 3.66. Let the Dirichlet series Xa, l;* be summable
(I, p), where p is sufficiently large, for 0 > d, and let the function f(s)
defined by this series be regular for ¢ > n, where n < d. Further,
let f(s) satisfy the condition

J(&)=0(z["), ¥ >0,
uniformly for o >n + e, € > 0. Then the Dirichlet series s
summable (1, k) fork > k' and ¢ > 7.

Proor. Let us suppose that the Dirichlet series is summable
(,k + m), for 0 > d, where m is a sufficiently large positive integer.
Then by Lemma 3.65, we have, for ¢ > d, 0 > o*,
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w—k—m 2 (w — l,,)"*’”a,,l;"
%(w
LEXT)

1 'k +m+ 1)T(s —s*) o ds
-2nij Tk+m+1+s— )f()

o—10
We first observe that in the above formula ¢ > d can be replaced
by ¢ > ¢* > 7. For we have only to apply Cauchy’s theorem
to the rectangle whose sides are 0 =¢, (¢ > ¢* > 7).0 = v, (v > d),
T = — T,and v = T,, and observe that the integrals on the sides
parallel to the real axis tend to zero as 7,—-co and 7'y — o0, on
account of the hypothesis on f. Next we observe that we can
take m = 0. For we can multiply both sides by w**™, differentiate
with respect to w, and divide by (£ + m) w**™ ! on both sides.
This will lead to a formula with m — 1 in the place of m. We
may perform this process successively m times, observing each time

that we get a convergent integral on the right side. We thus
obtain the formula

1 Tk +1)T'(s—s*)
—k _ k —s* N s—x'
2@ =l el = g L T+ 1+s—a%d @

o >c* > 7. The integral on the right converges absolutely if
>k, for

P+ 1) T(s—s*) _
H — % -
(6 =89 = Nk+1+s— s*)
and f(s) = O(|7[¥'), by hypothesis. Finally we extend the formula
to ¢ < o*. The function H(s — s*) has a pole at s = s* with
residuc 1, so that by another application of Cauchy’s theorem, we

will have, for g <o <o* <7n + 1,

o(|z[7*Y),

o+i0
0 3 (0—1L)Fa,l*" —f(s*) = _1_. I H(s — &%) f(s) 0*~*" ds.
<o 2n 0 J.

Using the hypothesis on f(s) and the known order of H(s — s*),
we observe that the right side is O(w°~°") = o(1) since ¢ < o*, which
proves the theorem.

A corresponding theorem for Ya, e™** is also true, which we
prooeed to prove.
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THEOREM 3.67. Let the Dirichlet series Ya,e~** be summable
(A, p), where p s sufficiently large, for ¢ > d, and let the function
f(8) defined by the series be regular for o > n where n < d. Further,
let f(s) satisfy the condition

f&) = 0(|zF), ¥ >0,

untformly for ¢ >n - ¢, ¢ > 0. Then the Dirichlet series 1is
summable (A, k) for k > k' and ¢ > 7.

Proor. Let us put [, = ' Since ¥a,e** is summable (4, p)
for 0 > d, it is also summable (I, p) for ¢ > d, by Theorem 3.51.
So by an application of Theorem 3.66, Ya,e ** ( = Yul-*) is
summable (I, k) for ¢ > 7, and therefore also summable (1, k) for
¢ > 7, by the second consistency theorem.

We now raise the question: under what further conditions can
one assert summability on the line 0 = n? We state two theorems
similar to Theorem 3.63.

THEOREM 3.68. If in Theorem 3.67 we further assume that f(s)
has boundary-values on o == 7, and that

f&=0{@+ =¥}, K >0, 7| >0,

uniformly for o > n, then Ya,e=** is summable (1, k), k > k', at
every point on the line o = n at which f(s) is continuous in the complex
sense (when the neighbourhood of approach lo the point is on the right
side of the line o = n).

THEOREM 3.69. If in Theorem 3.68 we further assume that f(s)
has boundary-values on ¢ = 7, and that

fey=0{Q+[z|)!},& >0, [z >0,

uniformly for o > n, then Xa,l;* is summable (I, k), k > k', at
every point on the line ¢ = n at which f(s) satisfics a Lipschitz
condition or any of the conditions sufficient for the convergence of a
Fourier sertes.

Proor oF THEOREM 3.68. Let 2 = 5 + it be any point on the
line ¢ = #, at which f(s) is continuous in the given sense. Then,
from Lemmas 3.62 and 3.64, we have, for ¢ > n and k& > &',
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LI R S
e +1) =™ v T+
6410
1 f(S) —f(x) w(s—z
= i j Ty

By Lebesgue’s theorem on dominated convergence, we observe that
the above formula is true with o = g, provided we go round the
point 8 == x along a semi-circle to the right of the line ¢ = 7 with

centre z and radius . Thus
n—ir n+10

B B Sy [ [+]+] ]
INk+1) Nk-+1) 271
piiw € nitir
where C denotes the semi-circle with centre x and radius r. Given
e > 0, we determine § such that
£(5) = f@)| <&, for|s —z] < 6.

We further choose r=1/w. Then for 1/w < 8, we write
n+i0 n+18 n+1i

ntio”l  ppie™1  7HI
Now
n+io
= o(1) = o(w"),
n+is
as w —» oo, by the Riemann-Lebesgue lemma, and
n+18
= O(¢ w"),
11+iw—1
8o that
n+icc
= O(e o*).
n+io”}
Similarly
n—im—l

= 0(c o*).

n—100
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Finally

[l-oew

[o)

Since ¢ is arbitrary, the theorem follows.

REMARK. It is clear that the above method can also be used for
the proof of Theorem 3.67.

Theorem 3.69 is similarly proved, by using Lemma 3.65. We have

to observe that
P+ 1) (s — %)

P+ 1+ s =%

has a simple pole at s == s* with residue 1.

(s — s*)

3.7. Some converse theorems on the abscissae of
summability

In this section we are concerned with a class of theorems on the
abscissae of summability, which arc Tauberian in nature, though not
explicitly recognizable as such. Corresponding results for the ordinary
Dirichlet series Xa, n~* were first proved by G. H. Hardy and J. E.
Littlewood, and later generalized by K. Ananda-Rau to cover a
larger class of series.

Using the results of §1.8, we prove inequalities for the abscissae
of summability (I, k) of the Dirichlet series 3a, 1, %, where A4,(f) satis-
fies Tauberian hypotheses, and combining them with Theorem 3.66,
we prove Theorem 3.72 which is a complement to Theorem 3.66.
Finally we apply these results to Ya, l,™%, where the growth of
{1,} is restricted, and obtain a generalization of the Schnee-Landau
theorem.

Lremma 3.71. If
Al (o) — cot = o (0. B =0, (3.71)

then Xa, 1,~" is either summable (I. k), or never summable (I, r) for
any r.

Proor. We assume without loss of generality that ¢ = 0. It
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is obviously enough to show that if 3a, !, ~? is summable (I, & 4- m),
m a positive integer, then it is summable (/, k). Now set
b, = a, ln—ﬁ’ Cp = b, L} = a, l”p—ﬁ ’
where p is an integer greater than 8. Then
Clw) = o —1)\a,l"

In€w
= 0 (wk'ﬂ')’
on using (3.71) in Lemma 3.32 with p — g for — s. A fortiori
) = o (?), (3.72)

for every r > k. But
Ci(w) = Sl — LY a, 1% = ¥ — LY &b

In<o < non
= . E(w - ln)r {w — (0 — ln)}p bn

== o? Bj(w) — po?~' Bi™' (@) + ... + (=) Bi*(w),

or
Bj(w) =0 Cj(w) +po~" Bt} () — ... +(— "+ '~ B*¥a).
(3.73)
From (3.72) and (3.73) we observe that
B*Yw) = o (') (3.74)

implies

Bj(w) = o (o).
That is to say, under the hypothesis of the Lemma, if ¥b, = Ya,l,”?
is summable (I, » + 1), then it is summable (I, r). Setting
r=k+m—1,%k+m—2,..,k we observe that, if ¥a,l,~# is
summable (I, & + m), then it is summable (I, k). Hence the Lemma.

REMARK. The Lemma is valid even if # is complex with a
non-negative real part.

THEOREM 3.71. If o, denotes the abscissa of summability (I, r) of
the Dirichlet series Xa, 1,~* ¢, < + o, and if
A, +t)—4,1)=0@"1,u>00<t=0(©), (3.75)
then, either o, < a 4- u, tn which case
(@+p)(r—k) + (k -+ p)o,

o, <> — , 0 <k <,
7 -k

ore, > a + u, in which case o, =o0,,0 <k <r,
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Proor. Let y be real and y > a,. Set b, =a,l,~”. SinceXb,
is summable (I, ). we may write

Bj(w) = co” + o(w"), (3.76)
where ¢ is the sum of the series. Further, (3.75) implics
B(l, +t) — B(l,) = O 1,*~7) (3.77)
ift = 0(l,,), for
ln+t
By(l, 4+ t) — B(l,) = h3 a,l, ™" = [ w” " d A)(u)
ln<lp<ly+t A
= (ln + t)ay {Al(ln + ’) - Al(ln)% +
Tptt
“VT“ )’ j (A r=1 {A,('u) - Al(ln)} du
n

= o ln."— "),
if ¢ :- O(,). Now (3.76) and (3.77) imply, by Theorem 1.82,
Bf(a)) — ek == o{wkﬂr-k) (atp— y),’(r+/t)}. (8.78)
ifa+4pu-—-y >0,0<k<r. Now (3.78) implics, by Lemma
3.71, that

b b " -@t%ﬁﬁ‘“>0
issummable (I, k) since it is summable (I, ). Since ¥b, I;# =Ya, 1, 7",
we observe that

N Gl A L
T
As y can be any number > o,, the first part of the theorem follows.

o<y

To prove the second part, we observe that if y > « 4 u, then

Ya, I, 7 is convergent if it is summable (I, 7), for (3.77) impliey
B ({,+t — B, () =0 1,~"), t—=00,,
which, together with (3.76), implies, by Theorem 1.82,
By (I,) — ¢ = o(1).

CoroLLary 3.71. If a, = O{l5 (I, — l,_))},
and if o, denotes the abscissa of summability (I, r) of the Dirichlet
series Ya, 7%, then

lath=b+ok+l) o) o
r+1
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We have only to put ¢ == 1 in Theorem 3.71, and observe that

U,.<00 <a+l.

it

JOROLLARY 3.72. If EO @, P 17 (1, — 1) 7 = Of1,p0++1),

where p > 1, 0 + 1 + 1/p >0, then for 0 <k <,

g <@+ —k +o,(k+1—1/p)
B r4+1—1jp '

The hypothesis in this corollary implies (3.75) with 1 — 1/p

for p, a + 1/p for a, and 0y, < a - 1.
We can combine Theorem 3.66 and Theorem 3.71, and obtain

THEOREM 3.72. If
A(l, +t)— AYl) = 0@ l), u>0,0<t=0(0,), (3.75)

if the Dirichlet series Xa,l;* is summable (I, p), where p s suffi-
ciently large, for sufficiently large values of o, and if the function f(s)
represented by the Dirichlet series is regular for o > 9, 1 << a + u,
satisfying the condition
f(s)=0(x]),r >0,
uniformly for o >n + €, ¢ > 0, then Xa,l;* is summable (I, k) for
s (@t+w)r =8 +nk+p)
r 4 ’

Proor. If " > r, then by Theorem 3.66, ¥a,l,* is summable
(I, 7'y for ¢ > #, and hence o, <#. where o, is the abscissa of
summability (I, ') of Za,l;*. We can now apply Theorem 3.71,
and deduce that Ya, I * is summable (I, k) for

’
oo @t =) 40t n)
r 4

If we let »' — r, we obtain the theorem.

o 0 <k <.

CoroLLARY 3.73. If, instead of (3.75), we have
ap = O{lg (ln - ln—-l)}a
in Theorem 3.72, with n < a + 1, then Xa,l;* is summable (1, k) for

o> @EDO=R+nk+1) 4,
r+1
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CoROLLARY 3.74. If, instead of (3.75), we have
n
e, (=L ) =0 p >, a4+ 1 4+ 1p >0,
»=0
in Theorem 3.72, with n < a + 1, then Xa, 1;* is summable (I, k) for
g @t D=k +nk+1—1/p)
r+1-—1/p
We conclude this section with a few results on the summability
of the Dirichlet series Xa, I;°, where the increase of [, is res-
tricted.

, 0 <k <,

Turorem 3.73. Let

b o, b >,

ln T bn—1
and let a, = O(2) for every & > 0, so that Ya, I;* is absolutely
convergent for ¢ > h. Further let the function represented by the
Dirichlet series Xa,l,* be regular in the region o > mn (y < h),
satisfying the condition

fls) = 0(z), 7 >0,
uniformly in o > 9. Then Xa, 1,”* is summable (I, k) for

hr +n — k(h — n)
> e X g
(> . 1 , 0 <k <.

Proor¥. This follows easily from Corollary 3.73 on putting
a -+ 1= 6 + h, and then letting 6 — 0.

It is clear that we can have more general conditions on a,, as
in Theorem 3.72 or Theorem 3.73.

THEOREM 3.74. If o, denotes the abscissa of summability (1. 7)
of the Dirichlet series Ya, 1%, and

n “n

[ =0, b,

then
6, — 0, <h(r—k), 0 <k <r.

Proor. Let y > o, and set b, = a,l,”?. Since ¥b, is summable

¢ ),
B(w) = 0[ { ln+1/(ln+1 - 1) }r]. (by Theorem 1.62)

= o () = o (™),
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where I, <w < l,,,. Hence, by Theorem 1.71, since Bj(w) = O(w’),

B() = o (@*+h ),

which implies by Lemma 3.71 that 3a, l,”7"""~® js summable
(l, k) if it is summable. But it is summable (I, 7), since y + b (r — k)
>y >0, Henceo, <y +h(r—1Fk),oroe —o, <h(r—E£k),
if we let y —o,.

(‘orROLLARY 3.75. If L,[(l, — I,_,) = O(I_,) for every 6 > 0,
then ¢y = o,. for every L > 0.

3.8. Tauberian theorems

In this section we are concerned with a class of problems exten-
sively studied by G. H. Hardy and J. E. Littlewood, generalizing the
classical theorem of Tauber on power series. Tauber’s theorem states
that if a power series Xa, 2" converges for |, < 1, and the sum-
function tends to a limit ¢, as 2 — 1 — 0, and if na, = o(1), then
Ya, converges to c. Weare concerned with gencralizing this result
to the Dirichlet scries Sa, e **. We assume that this series con-
verges for o > 0, and that its sum f(s) tends to o finite limit as s — 0
along the positive real axis. We observe that ¥a, then converges,
if a, satisfies any of the Tauberian conditions in §1.8.

TurorREM 3.81. et Ya, e~*° converge for o > 0 to the sum f(o),
and let f(+ 0) exist. Then a necessary and sufficient condition that
lim A(w) should exist is that

W= on

"

Al(w) = JtdAz(t) = o(w). (3.81)

]

Proor. The necessity of the condition follows from the identity

o

o 4} (w) = A(0) — 0! j A,(t) dt = A)(w) — o~ A}(w). (3.82)

For if lim A,(w) exists, then 4,(w) and w~! A}(w) converge to the
=)

same limit, and their difference tends to zero.
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To prove the sufficiency, we set

3

Oiw) = 0 '4A}(w) = J. 4'11 (*) dt; (3.83)
0

t2
w

file) =@ J Cit)e " dt = a [ w* f(u) du, (3.84)1
0

(i3
where

f(u) = Xa, e " =y J Ay(t) e~ dt = u? j Alt) e~ dt. (3.84)2
0 0
Now since f(+4- 0) exists, it follows from (3.84) that f,( -+ 0) also exists
and
Sil+0) =J(+0).
Further

o) = o | Clt) e dt

=g

t
e~ "dt j w2 A} (u) du
(1]

w24 (u) e~ du. (3.85)

St g Ct——8 =33

Therefore, from (3.83) and (3.85),

«

Clw) — fi(o) = Jru Wydt — jt"zﬁﬁ(t) e~ dt
0

0

= [t_zgi(t)(l — e dt— It*%i;(t)e-“'dt
0 p

=TI

1 Izr
say. Now

Lol o[ i ra | < o)
0

0

12.-;,()[“. t»le ntdt]z_o{(aw)—le—vnm}.

[
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Choosing w ¢ = 1, we observe that

Oi(@) — filo) = o (1),
which proves that Ya, is summable (4, 1). The convergence of
Ya, now follows from (3.81) and (3.82).

THEOREM 3.82. If f( 4 0) exists, and +f Ya, has non-negative
partial sums, i.e. A,(t) > 0, then Xa, is summable (4, 1) to the sum
f(40),1.e. o ! AYw) — f(+ 0) as w — .

Proor. We prove the theorem in two stages: (u). If f(+ 0)
exists, and if A4,(t) > 0, then Ya, is summable (4, k) for sufficiently
large values of k. (8). If A,(t) > 0, and if Ja, is summable (4, k),
k > 1, then Ya, is summable (4, 1).

Proor orF (a). Now
f(o) = Ya, e’ == ¢ j et A,(1) di,
0

and since
lim f(o) == f(+ 0)

o0
exists, we observe that

lim f(m o) == f(+ 0), m > 0,
6—>(

that is,

o

o _ !
lim o J A;(tye "t f(4-0) - J(+ 0) J e "dt.  (3.86)
a0 m g
From (3.86) we note that if P,(x) is a polvnominal in « of degree n,
then

lim o J P,(e ") A,(t) e “dt = f(+ 0) J P, (e7yetdt. (3.87)
a0 !

We next note that by an appeal to Weierstrass’s theorem on the
approximation of continuous functions by polynomials, we can
replace the polynomial P,(x) in (3.87) by a function g(z) continuous
in0 <z < 1. Thus given any positive number &, we can find
polynomials P,(x) and @, (x) such that

Qu) < plr) < P,(x)
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and
o) — Qn(z) <e, P,(r) — p(x) <e.
So, A4,(t) being non-negative,

@

o [ Qe A,(t) e "dt <o

0

ple~") e~ A,(t) dt

<o | P,(e™) e~ A,(t) dt.

Oty Sty

If we let ¢ — 0, we observe that the last integral tends to

@ o0

f(+0) .[Pn(e“‘) e”tdt < f(+0) jtl)(e"‘) e”'dt + & f(+ 0),

0

while the first tends to

F(+0) ij(e-*) e~tdt > f(+0) jqo(e-% e~tdt — & f(+ 0).
0 0
In other words,

f( + 0) [J‘P(e_t) e~ldt — ¢ :| < llI_E o .[AA(t) (p(e“”') e dt
0

% =0

<f(+0) [ (ot e-‘dt+s]
0

Since ¢ is arbitrary, we obtain

0

lim o [Al(t) ple~ M e "dt = f(+ 0) -‘. ple e tdt. (3.88)
0 0

>0

On putting 0 = 1/w, where w -+ 00, and
[ = loga—tyE-1, fore7' <z <1,
P(z) = { 0, for 0 <z <e L.
(3.88) leads to summability (4, k), ¥ > 1, which completes the
proof of (a).

Proor or (B). This is Corollary 1.83.
12
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CoroLLARY 3.81. If f(+ 0) exists, and if A,(t) = Oy (1), then
Ya, is summable (A, 1). If, however, 4,;(t) = O (1), then Xa, is
summable (A, k) for every k > 0.

THEOREM 3.83. If f (4 0) exists, and if
Y 4, a, = 0y (A,), i.e. A} (w) = Oy (w),
0

then Ya, is summable (4, 1), 1.e.
o™ 4} (0) = f(+0),
as @ —- oo.

Proor. From (3.82) and (3.84) we deduce that

flo) —flo) =0 j (40 — 41;9 )edt—o j A}{({) e~ dt
0 0

o(1), (3.89)1
as o — 0. Hence, if
AY(t) > — K t,
then

I 11
oj(‘il-‘i-(f?+1{)e—°fdz—+x,
0

as ¢ — 0, and by Theorem 3.82,

w™?! It*l Al (t)dt — 0.
0
But the left side is, by (3.82),

™! j (A=t 4 (1)) dt = 0! [A}(w) — Jt—‘ A (1) dt]
0 0

w

= @™! Jt d CX(¢),
0
where Ci(t) = ¢t=! A} (t). Thus

w™! j td CY(t) = o(1). (3.89)2

0
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Now (3.89)2 and the fact, implied by (3.89)1, that

fi0) = o [ Gl = at—rf(+ 0
0
as ¢ — 0, imply, by Theorem 3.81, that
lim Cj(w) = lim {w~! 4} (w)} = f(+ 0),

w—> 0 W—> 0

which proves the theorem.

THEOREM 3.84. If f(+ 0) exists, and if
lim inf min {4,(t) — 4;(w)} > — @(8) — 0, as6 — 0,

W= 0 o<t<(l+d)w

then Ya, converges, i.e. lim A,(w) exists.
w—> 0

Proor. The theorem is proved in two stages: (a). The
hypothesis on a, or A4,(t) implies 4}(w) = Oy(w), and hence by
Theorem 3.83, w~'A}(w) tends to a limit as w — co0. (B). The
hypothesis on A4, (t) also implies that if w~! 4} (w) tends to a limit,
then A, (w) tends to the same limit as w — oo.

Proor oF (a). See Theorem 1.88(a).

Proor or (). See Theorem 1.88(f).
CoroLLARY 3.82. If A,a, = 0L (A, — 2,_1), )Twn' — 1, and

J( + 0) exusts, then Xa, converges.

Proor. The hypothesis of this Corollary implies the hypo-
thesis of Theorem 3.84, as we have already remarked in the
proof of Theorem 1.89.

THEOREM 3.85. If A, a, =0, — A,_,), and if f(+ 0) exists,
then Xa, converges.

The proof of this theorem is similar to that of Theorem 3.84,
except that we use Corollary 1.81 (with a == — 1, f = k) instead
of Theorem 1.88 (B).

3.9. Dirichlet product of summable series

If we associate summability by Riesz means of type 4 with
the series Ya,, and of type u with ¥b,, we may form the sequence
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of numbers »,, which are numbers 2, 4 u, arranged in increasing
order of magnitude, and associate summability by Riesz means of
type » with the series Xc, where
Cn = 2 a,b,
Ap+ ug=vn

We define Yc, as the Dirichlet product of ¥a, and ¥b,. This
definition suggests itself naturally because the formal product of
Sa, e *»and b, e “»* may be written as 3¢, e~". If 1, = u, =n,
the Dirichlet product is precisely the Cauchy product.

It is the aim of this section to discuss the relationship between
the orders of summability, ordinary or absolute, of the series Ya,,
¥b, and their Dirichlet product ¥e¢,. We first prove a few formulae
for the Riesz means of the Dirichlet product, which we state as
lemmas, then a few theorems generalizing known theorems on the
convergence of the Cauchy product, and finally add a few results
of a Tauberian character.

Lzmma 391. If k >0,1 >0, then

fri+1 gy . T (k+1+42) 1 k
Ck+il+1 () = ]“’(l;I‘i)_fm _([B” (w0 — t) A5(¢)dt. (3.91)
Proor. If we consider the expression on the right of (3.91),
we observe that the term a, occurs in A% (¢) if 2, <¢, with the
coefficient (¢ — 2,)¥, while the term b, occurs in B/ (w — ¢) with the
coefficient (w — ¢t — u,), if u, < — 1, so that the term a, b, will
occur on the right side, if 4, + 4, < w, with the coefficient

w—

F'e+1+2) J k !

t— 2 ~ 1 — dt

T+ D T0 + ) (t—4) (@ o)
— (w — lp — ”q)k+l+1‘

This is the coefficient of a,, b, in the expression on the left of (3.91)

and hence the lemma.

Lemma 3.92. If k >0,1 >0, then
(i) for k=0,1 >0,
Clw)= 2 a, B (0 —4,), (3.92)1

Ap<m
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and
(i) for k> 0,1 >0,

w

k-l _ P(k 1+ 1) f _
O @ = g nra+nj3(w HaAi

e kr(k+l+) l -1 4k
~ PG ITEL Y JB(w t)t=1 Ak (1) dt +

+ JB; (w —t)t~ 1 A% ) dt ] (3.92)2
0

Proor. Case (i) is easily seen as follows.

Cllw)= % (w—4,—p)a,b,= 2a,. T (0—24,—u)b,
;-p+/‘q<”-’ Apgw /:qgw——lp
= X a,Bl(w—2,).
Ip<o

Case (ii) is proved as follows : by Case (i),

CHl (w)= ¥ a, Bt* (0 —4,)
Ip<o

= J Bt (w — t) dA,(1)
0
w —t
e +1+1)( PR
=) T+ 1) J d A,t) J}.(w t—u)*"'B, (u) du,
by (1.21);
D\ VN N PR
Itk T¢ 1) ) dA,(t) j(x t) (0 — ) do

Tk LD o
T Bl x)dxb[(x 11 dA(t)

IE+1+1) yo .
Tk +1)T(¢+ 1) [B (0 — z) dAj(x).

The second part of (3.92)2 follows upon substituting
@—tf =z {te—tF 14+ (x—t)}
in the formula immediately preceding the last.
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Lemma 3.93. If k>0, I >0, then
Tk + 1) f

- _ Th( 1
Ot @=rgryrarn Lt i"ﬁ(w DB

+lj.§§,(w~t) dax@ |, (3.93)

foraloifk +1 > 1, and forw # A, + p,ifk +1< 1.
Proor.
Gt )= T (0—k— )"0+ n) b,

lp-f- ﬂ,,(w

= Y (0—d,—p)t""12a,.b+ T (0—A,—p) " a,.ub,

1p+l‘q<w lp+l‘ <o
The first term in this formula is

= X b . I (@0—24—p)t12,a,

Hg<o l,,sm—,‘q

Hy<w

= 3 b Ao — #q) =j A¥HYw — t) d B,(t).
0

Now, if o —t # 4,

Ao —t)= I (0—t—4)* 12, q,

ApLo—t
o~
_Tk+1 e s
y 4
w—t
_TEAD [ - -
I'(k) TQ) J; (w —¢ x)l 1 lngz (x—lp)" llpa,,]dx
w—1
_Tk+1) j b eyt 4

0

Hence

w

jA’;“(w —t) dB,(t)
0
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dB (t) (w —t — ) Ak(z) dx

u._—q

0
dB, (0 j(y — 1y A (0 — g) dy
Ao — ) dyj (v — /=1 dB,(1)
0

_ Te+D [ g, — !
BCINESY, ! 4ile — ) aB.g).

A gimilar argument applies to the second term of the formula,.

Using the above formulae, we shall deduce a number of theorems
on the summability of the Dirichlet product of two summable
series.

TBrorREM 3.91. If Ya, is bounded (A, k), k > 0, and summable
(A, k'), k' >k, and b, 18 summable (u, 1), | >0, then Ic, is summable
(v, bk +1+1). The sum of Zc, is equal to the product of the sums
of Ya, and Xb, .

Proor. Let
4 () = O(), (3.94)
A () = aw* + o(w*), k' >k >0, (3.95)
and
Bl(w) = bo! + o(w'), I > 0. (3.96)
Then by (3.91),
Fe+1+2)

OF+i+l(p) = JA’;(t) B! (w — 1) dt

Ik + 1) T(@ + 1)

— b AR _TPk+1+2)
PATT O T )

XjA’,{(t) lw — 1) —blo —t)} dt
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= ab w*t+! L o(wktit!) 4 JO(t‘) . ofw — t)' dt
0

= ab o*++1 4 o(@btit),
by (3.94), (3.95) and (3.96), which proves the theorem.

CoroLLARY 3.91. If Ya, 18 summable (A, k), k& > 0, and 3b, is
summable (u, 1), 1 > 0, then Yc, is summable (v, k + 1 + 1).

CoroLrarY 3.92. If ¥a,, Zb, and 3c, are summable by Riesz
means of sufficiently high order and of type A, u and v respectively,
and if their sums are a, b and c, then ¢ == ab.

In view of Corollary 3.92, we shall not explicitly state, in the
following theorems, that the sum of the product series is equal to
the product of the sums, but it shall remain implicit.

THEOREM 3.92. If Ya, ts summable |4, k|, k > 0, and ¥b, is
summable | u, 1|, 1 > 0, then Xc, is summable .

Proor. We will consider three cases: (i) ¢ > 0, I > 0,
() £=0,1>0,0ork>0,1l=0,and (iiil) k=0, =0.

CasE (i). k>0, I > 0. We have to show that

[ ld {0 ¥t C}HYw) } | < o,
0
which is the same thjng as saying

Ck+l
j’ ﬂl—gf%)-ldw < o. (3.97)

Now, by (3.93), for v # 4, + u,,

C,k+’(w):cle (w — t) dBL(t) + ¢, (o — t) d A%(¢t)

0

J 2
=01|:.Tfi§(w—t) J 0 —t) - l(t) :]_+.
[j t)dt I ”i . Bl(w—t)dt ]

0 0

=1, +1; + I3 + 1, say.
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Now
jw"‘""] :llidw_—.-clj w"‘"”‘lj (t) dw
0 0
(w0 —t)]
Cl I t)' dt _‘TIT —~; dw
0 2 -

c leli(t)l dt I (@ =t} ot dy
t
<c Jr""l | A4(t)| de
< .
Here we have used the fact that if ¥a, is summable |p, I, it
is summable (u, [).

Again

w "

Jw"k“l'-' I, do - ;j TR ‘dw”/i () BYw ~t)(w—t)"dtl

0 0
[ v | B (w t)
J (t), dt J ;,Lf;zi']—((;“:ﬁ) d
t
v} 0 1} _t
vk Ak | de J] o wle ),+3'dw
0 ¢

< oo,

Similarly we show that
o0
jw"“""l | dw

and

L
‘ o = de
0

are finite, which will prove (3.97) for Case (i).
CaSE (i), k=0,1>0,0rl=0,k>0.

13
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Let & - 0. We proceed as in Case (i) and observe that expre-
ssions corresponding to I, I, will be obtained as sums and not as
integrals, with a single sum corresponding to /3 +1,. Thusifk =0,
l>0,and @ # 4, + u,

O}t w) = 3 (@ — 4, — )" (A, + 1) apb,

Apt+m<o

Y (w—A,—p) 'Aa, b4 B (0—A,—u)  a, b,

Ap+pg<ew AytHg<o
The first sum on the right is

= X Aa,. ¥ (@—4, —p)',

lpgm pg<w
1
7 E—‘”AP aj‘ ’ w .'_*“j*p [ Blll(w . IP) _} jf“ p)]
= Il + 12,

and the second is
= Y a, Bw —A,) =1,

}.péw
say. Now [, I, and I3 can be treated as in Case (i). The proof is
similar if = 0, &k > 0.

CaSE (iii). %k :=1= 0. "This case is simply the familiar result
that if ¥a, and ¥b, arc absolutely convergent, then Yc, is absolutely
convergent.

THEOREM 3.93. If Xa, is summable A, k|, k =0, and Xb, is
summable (u, 1), 1 >0, then Tc, 18 summable (v, k + 1).

Proor. We consider two cases: (i)k > 0, I >0, and (ii) £ = 0,
I > 0, and assume that b is the sum of ¥b, and a that of Xa,.

Case (i). By (3.92)2,

Oktip) = TE+I+1)

[ —
e ) TG 1) | 2@ 8 ddi)

Ik +1+1)

. ! - _ — )\ k _
= FET T | LBl — 0 — b — '] 450 -

kK
j

PE+1+1)

+ Te+nTE+1)°

j (@ — ty dAK).
0
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The second expression on the right is abw®*' -+ o(w**?). So it
is enough to show that the first is o(w**!). Now if we set
@(w — t) = Bl(w — t) — b(w — t)}, then the first integral, without
the constant factor, is

[}

j«p(w — 1) dAk)

m _k w k

~ Jtp(w -~y ‘i‘ti“) dt + j plw — 1) ‘ilit@ dt,if I > 0,
0 0

=1, + 1,

say, where

Ig == jo((ﬂ - t)l . O(tk_l) llt - ()(a)k'l‘l).

We write I, as I,, + I,,, where
w "

11.1=I’ 11,2=J)

0 gy

and m, is to be fixed presently. Given ¢ > 0, we can choose w, 80
that for v > w,,

3

| A50)]
j IL_{«_-]— dt < e,

0y

I, and then

since Ya, is summable |1, k!

(U} _k
Iy = 0(‘“"“)[ ’%)I dt = O(g ot '),

g

1 i | A4)| 1 1
Also I, = o{(0 — wy)'} J S dt == o(w') = o(w**').
0
Combining the estimates for I,, I,, and I,, we have, since ¢ is
arbitrary,
C}tl(w) = ab . o't + o(w®+?),
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under tbe assumptionk 4- 1 > 0, & > 0.
Casg (it). If k= 0, we start with (3.92)1.
CHl(w) = CY(w) = Ia, B{w — A,)

Ipse
=b % (w—2)Va,+ ¥ a,{ Blo—1,)—bo—A4,)}
Ap<o p<w
- b . AY(w) -+ )E ay { BHw — 4,) — b (0 — A }.
Ip< @

The first expression on the right is abw’ } o(w’), while the second
is seen to be o(w!) by splitting it as we did for I, before.

The next three theorems arc of a Tauberian nature.

THEOREM 3.94. Let Ya, be summable (A, k), k > 0, and ¥b,
summable (u, 1), 1 > 0, and let

j [dAFH()] = O+, J A B D)) = O 1)
0 0

Then Xic, 18 summable (v, % -+ 1).

Proor. If k>0, I > 0, the above conditions can be written as

J | A%(t)| dt = O(w*+1), j|B’ ) dt = O(w’*);
0 0
while if & == 0, | == 0, the samc conditions will become
[A,a, == Ow), ¥ |u,b,|=0(w).

Ay <o 1L

Summability of Ya, and Xb, implies

AEH () = o(w**?), (3.98)1
B (o) = o(w'*?), (3.98)2
for )
A w) = o dY(w) — AEH (o),
or

0 ¥ A w) = 0~ k(o) - 07 ! A (w) = o(1);
and similarly for B'*1(w). Now by Corollary 3.91, ¢, is summable
(v,k + 1+ 1), and hence, to prove summability (v, k + ), it is
enough to show that
é'k+l+1(w) —_ O(a)H'H'l).
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But, by integrating (3.93) by parts, we sce that

[0}

Cxitl(p) = ¢, jB,f(w — 1) dASH(t) + ¢, [A‘}f(w — )y d BF(1)
0

o

0

EII +Ig,

say. Now

L=eb [ (o0t ads +

+ ¢ [ {Bl(w —t) — b(w — t)}} d4k*(t)
0

= I1, 1+ I], 25
say, where
I,y = cb. A8t (w) = o (0*HH1),

by (3.98) and the first consistency theorem. Also

w

, Jn(m ) At = o(wh ),

0

I,

’

by hypothesis. Hence I,==o(o* ' ). Similarly we prove I,=o(w**/1 1),
and hence the theorem.

CororLrLARY 3.93. If Ya, and 3b, are convergent, and if
A, =0 (A, — 24,_1) and ub, = O (u, — p,.). then e, is
convergent.

This reduces to the case k == [ = 0 of Theorem 3.94.

THEOREM 3.95. Let Ya, und b, be summable (1, k), k > 0, and
(#, 1), 1 >0, respectively, and let jwldziﬁ‘“(t)} = (), k> 0. Then
Ye, 18 bounded (v, k +1) and suminable (v, k414 ¢) for every e > 0.

Proor. By Corollary 3.91, ¢, is summable (v, k + I + 1), and
by Corollary 1.71 it follows that Yc, is summable (v, k + I + ¢) if we
prove that ¥¢, is bounded (v, & + I).
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Now we first observe that if & > 0, and if
AL ()| = O ),

0
then

t=1dAM (1) = O(w*), (3.99)

0
by partial integration. Next, from (3.92)2, we can write

" 123

C¥ ) —= ¢’ [ Bf,(m )t TAkde + 7 ‘. B",,(m 1)t AR,
h 0
Each of the cxpressions on the right is seen to be O(o*'') on

account of the hypothesis and (3.99).

THEOREM 3.96. If Ya, and ¥b, are summable (4, k), k > 0, and
(1, 1), 1 > 0, respectively, and if [|dAEEY ) = o(w*+Y), k> 0.
(1]
then Xc, is summable (v, k -+ 1).

Proof is as in Theorem 3.95, except that we have to usc the
analogous formula for (3.99) with o instead of O on the right.

NOTES ON CHAPTER 111

§3.1. For an introductory study of Dirichlet series of the form
Sa, n—*see E. C. Titchmarsh, The theory of functions, ed. 2, Oxford
(1939).

§3.2. If 0 <k < 1, the function E‘;(w) exists except for w = 4,,
and is integrable, and the formula (3.21) may be written in the form

k j Aty dt = o AE (0) — A (@)
[]
for all values of £ > 0.
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§3.3. It is well to notice the cssential difference between the region
of convergence of a power series and that of a Dirichlet series, The
circle of convergence of a pawer series passes through the singularity
nearest to the centre. For a Dirichlet series there is not necessarily
any singularity on the line of convergence. See, for instance, Titch-
marsh, loc. cit., 294.

Most of the results of this section on the summability of Dirichlet
series can he found in the Tract.

In connexion with Theorem 3.31 sce G, L. Isaacs, Jour. London
Math. Soc. 26 (1951), 285-290. Our attenticn was called to this at
the stage of proof-correction.

§3.4. Abhsolute summability of Dirichlet series was discussed by
N. Obrechkoff, Math. Zeitschrift, 30 (1929), 375-386. He has also shown
that for o >a), + ¢, f(s) = O({t k).

It should be noted that in Theorcm 3.42, if L -— 0, the conclusion
is valid for ¢ > o*.

As Dr. Bosanquet points out, Theorem 3.42 is false with ¢ = o*
(but Theorem 3.45 is true !), c.g. Tn-1e* is summabloe |n, 1| (by
Theorem 3.46, for instance) but Zn—1! is not summable [#, 1|. In
a paper which is soon to appear he is stressing this point.

For theorem 3.44 sce Obrechkoff, loe. cit.

Theorem 3.46 was proved by L. S. Bosanquet, Jour. London Math.
Soc. 23 (1948), 35-38. He points out that tho less delicate result
of Theorem 3.41 could also be ohtained by replacing =79 by e~o
throughout his proof.

The inequality
Or - 0, ~ lim sup log n
n—>wo og ln

was proved for integral & by L. S. Bosanquet, Jour. London
Math. Soc. 22 (1947), 190-195. Dr. Bosanquet informs us that
M. C. Austin has proved it for all values of k > 0 except possibly onc,
and that his proof will appear in the Jour. London Math. Soc. 27
(1952).

§3.5. 1t is possible that the results of this section have their analogues

for absolute summability, but we are not aware of any literature on
the subject.

§3.6. For Lemmu 3.62 see E. T. Whittaker and G. N. Watson,
A course of modern analysis, ed. 4, Cambridge (1927), 238, and
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E. Landau, Handbuch der Lehre von der Verteilung der Primzahlen,
Leipzig (1909), 342. Theorems 3.61-3.63 were proved by M. Riesz,
Acta Szeged, 2 (1924), 18-31. In connexion with Theorem 3.62 see
A. C. Offord, Proc. London Math. Soc. 37 (1934), 147-160.

Theorem 3.64 is a variant of a result due to M. Riesz, Acta Mathe-
matica, 40 (1916), 349-361. The conditions on a, could take the form :
an=o0 (1) and a, =0 (4 — A,—1). See also A. E. Ingham, Proc.
London Math. Soc. 38 (1935), 463.

The statement that f(s) has boundary-values on ¢ = # should be
understood to mean that f(s) has a unique limit as s tends to any point
on the line ¢ = % from the right. The boundary-function is the
function defined on the line ¢ -~ 7 by means of the houndary-values.

Theorems 3.66 is Theorem 41 of the Tract. It is due to M. Riesz,
Comptes Rendus, 5 July 1909. Theorems 3.68 and 3.69 are the modified
versions of Theorems 42 and 43 of the Tract.

§3.7. Historically, G. H. Hardy and J. E. Littlewood were the first
to prove analogous results for the Dirichlet series Za, n—*%, see Proc.
London Math. Soc. 11 (1912), 411-478. They were later generalized
by K. Ananda-Rau, Proc. London Math. Soc. 34 (1932), 414-440.

1f in Theorems 3.71, 3.72, we replace the discrete variable [, in the
hypothesis (3.75) by a continuous variable @, then it can be shown that
o, < a + u. For we may assume that a 4~ 4 # 0, and consider the
cases: (i) a -4 pu >0, and (ii) e+ p < 0. In (i) we note, by a
familiar argument (cf. p. 26, line 7), that A,(t) = O(t**#), which implies
the desired conclusion. (ii) can then be proved by considering the
geries Tby, by = a, L,?, a -+ u + p > 0, and then applying (i).

Corollaries 3.71, 3.73, 3.75 and Theorcms 3.73, 3.74 are due to
Ananda-Rau, loc. cit. Theorem 3.73 is a generalization of the
Schnee-Landau theorem. Sec W. Schnee, Acta Mathematica, 35
(1911), 357-398. Corollary 3.75 is obtained from Theorem 3.74 by
letting A — 0. In this Corollary it may further be verified that
0y = 0,. See K. Ananda-Rauy, loc. cit., Theorem 13.

Corollaries 3.72, 3.74 are due to V. Ganapathy Iyer, Annals of Math.
36 (1935), 100-116. For an alternative hypothesis on a, in thesc
corollaries see Notes on §1.8. Here again we assume that I_; = 0.

§3.8. For Tauberian theorems on power series sce G. H. Hardy,
Divergent series, Oxford (1949), 148-175. For an account of
Tauberian theorems on Dirichlet series see O. Szasz, Trans. American



Notes] APPLICATIONS TO DIRICHLET SERIES 109

Math. Soc. 39 (1936), 117-130. For generalizations of theorems of this
section, where f(o) is assumed to tend to infinity like a logarithmico-
exponential function, see J. Karamata, Journal fir reine und ang.
Math. 164 (1931), 27-39.

§3.9. For a discussion of various kinds of multiplication of series
see G. H. Hardy, loc. cit., 227-246.

There should be no confusion between thoe C*(w) decfined here as
the Riesz sum of Z¢,, and the C%(x) defined in §1.1 as the Riesz mean
of Za,.

It should be borne in mind that when ‘inner integrals’ arise from
the inversion of a repeated Stieltjes integral, they are in general
Lebesgue-Stieltjes integrals existing almost everywhere.

Theorems 3.91, 3.92 and 3.93 are generalizations of the theorems
of Abel, Cauchy and Mertens for the Cauchy product of convergent
series. As an application of Theorem 3.91 we may observe the following :
Let a,, be a positive monotone null sequence and let A, =a,; + ... + ay,.
Then X( — 1)»~! A, is summable (n, 1) to the sum } £( — 1)*-! a,, for
the former series is the Cauchy product of £( — 1)*~1 and Z( — 1)»-1 a,,.

Corollary 3.93 is Theorem 58 of the T'ract. The conclusions of Theo-
rems 3.95 and 3.96 hold if b, is bounded (y, I) and summable (u, ')
for some I’ >1. These two theorems may fail for k = 0. The Cauchy
product of Za, =3X(—)»~1 1/n and b, = Z( —)*~1 (log logn)-1 is
Z(—)1e¢, wherec, =X (n— b‘)q}bg logy ~ lb{golgo% — 00, and hence
cannot have bounded partial sums. This shows that Theorem 3.95
may fail for £ = 0. Similarly, to show that Theorem 3.96 need
not be true for & = 0, we observe that the Cauchy product of
Z(— 1)1 (n logn)—! and X( — 1)1 (log log n)=1 cannot converge.
In Theorem 3.95, if =0, a part of the conclusion, namely sum-
mability (v, k + I + &) for every positive g, can be proved, since the

hypothesis on Z’; is true for every k > 0, if it is true for k£ = 0.

It is an interesting and important problem to determine the abscissac
of summability, ordinary or absolute, of the Dirichlet series Zc, e—"n*
knowing those of Za,e—*# and b, e—#n?. Except for one result, namely
Theorem 59 of the T'ract, no progress has been made in this direction,

4



v
APPLICATIONS TO FOURIER SERIES

4.1. Introduction

In this chapter we shall be concerned with the application of
Riesz means to the study of the summability of Fourier series.
We shall deal with multiple series summed over spheres, and
demonstrate that such a method of summation makes it possible
for us to utilize results on Fourier series for proving a olassical
identity in the theory of lattice points, and several of its
generalized versions.

We first prove a formula, due to S. Bochner, for the Riesz mean
of a Fourier series in k variables (¢ > 1), and use the formula to
prove that if a function is continuous at a point, its Fourier series
is summable at that point by Riesz means of a certain order &
which depends on the number k. We then impose a further condition
on the order of magnitude of the Fourier coefficients, and deduce
summability of order less than 6, including convergence. We
next consider the summability of series derived from Fourier series
by repeated application of Laplace’s differential operator. For the
summability of such series at a given point, we impose on the
function a hypothesis in the nature of differentiability in a neighbour-
hood of the point in question. Here again we obtain further results
of a Tauberian nature by restricting the order of magnitude of the
Fourier coefficients, one of which is applicable to the study of
summations over lattice points. We then prove analogous results
on absolute summability. We conclude the chapter by stating
conditions which are necessary and sufficient for the summability,
ordinary or absolute, of a Fourier series at a given point.

4.2. Spherical means

Let f(x) = f(»,...,%) be a function of the Lebesgue class L,,
periodic with period 27z in each of the k variables. We write the
Fourier series of f(x) as follows :

©
f(x) ~ 2 eve 2 an‘m”ke‘(ﬂlxl-i-...+nb'rk)’
-®
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where

1

n b4

—_ — iy + ..+ npry)

an,...n], - (275“ )g j o J f(x) € b b dxl“'dxk'
-7

n
We write
Aa) = Dy gy e, (4.21)
nptoetnp=n
with the convention that 4, (xr) = 0 if » cannot be represented as
the sum of k squares. We now define the n-th spherical partial sum

of the Fourier series as
S, (x) = T A/(x).
r=0

Our object will be to study the Riesz means of the series I 4,(x).
Accordingly we define, for 6 > 0,

S}:(x) == (l _ @f_i::;zﬂ_ﬁ)” anl'"”kei(nlzl'l-.--'*‘ﬂkzk)
Zpetnl< B B
ny T &
n r 8
=z(1“1—-{2) 4,(x) n<Ri<n+1
r=0
R 2\ 6~1
= %‘Zj (1 - %y) S(u) u du, (4.22)

where

S(R) = S}(x) = 8, (x).
We next define, for any fixed x and for 0 <t < oo, the spherical
mean f,(t) of the function f(x) as follows :

g((::)/l?/g J. f(xl +t El,..., Z -+ t Ek) dge , (4.23)

where ¢ is the sphere £2+... +.§§=1, and do  is its (k — 1)- dimensional
volume-element. Ifk =1, we define f,(t) = }{ f(z + t) + f(x —1)}.

Jot) =

Considered as a function of the single variable ¢, f,(t) exists for
almost all ¢ > 0, and is integrable in every finite ¢-interval.

We shall now state two lemmas governing the behaviour of f(t),
which follow directly from the behaviour of f(z).
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Lemma 4.21. If f(x) € Ly, and 18 periodic with period 27 in each
vartable, we have

j]f,,(s)] &~1ds = o(1) as e—0, (4.24)
0

and
t

[ 18018785 = 0y s 1.0 (8.25)

Proor. The conclusions will result from the inequality
b

j]f,(s)]s""‘ds <j J|f(x)|dx,...dxk,

where Q is the spherical shell with radii @ and b, and centre z.

Lemma 4.22. Let f(x), fi(x), f%x),...be a sequence of periodic
functions, with period 27, belonging to the Lebesgue class Ly, and let

lim j j (@) — f'@)|dey...do, = O
E

uniformly in all unit spheres E. Then, uniformly in x,
1

tim {1466 — £26)[s#ds = o, (4.26)
> ©
0
and, given ¢ > 0, and t, > 0, there exists r, such that, fort > t, and

r > 1, we have
t

j |f(8) — fr(s)|s*1ds < etF. (4.27)
0
ProoF. (4.26) is an immediate consequence of our hypothesis.

(4.27) is proved as follows :
t

150 - prieas <[ . [1f@ - r@ldordn, (w29
0 2
where 0, is a sphere with centre z and radius ¢. Since this sphere
can be covered by a finite number of unit spheres whose total volume
is ct¥, where ¢ is & numerical constant independent of ¢, and since
f'(x) approximates to f(z) as r—-co uniformly in all such spheres,
the right side of (4.28) is less than &t*.
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4.3. Bessel functions
If J,(t) denotes the Bessel function of the first kind and of order
u, we have, for u > — 1,

. t‘ ‘ I hd B (__ )nt2n ]
J () = (2) ”Zo el T Tadd)’ (4.31)
We define
V) = _"Jt:) . (4.32)

It is known that

o(t"), as t—-0,
J,(t) = [ (4.33)

O(t~12), ag t— co.

The following formulae, which arc well known, will be required
in the sequel.

xr
Qu+l-v

V,(xR) = T — ) 2% I (@® — y?) YV (yR)dy , (4.34)
0
forv >u>—1. Ifv > u + 1 > 0, then

©

[ o000

t”"‘l‘—l
0
| e S (1= 5) o< <o
0, ifn > w. (4.35)
Ed; [V“(x)] = —2 V@) (4.36)

)

J,(f) T'(/2) .

I e (4.
(_)“ tv—#+1 2v—#+111(v _ #/2 +- 1) ’ 0< © <v + 3/2 ( 37)
4.4. A formula of S. Bochner

Our object is to establish a formula which expresses the
Riesz mean Sp2(x) defined in (4.22) in terms of the spherical mean
f(t) defined in (4.23), for any fixed z. This formula of Bochner,
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which may be viewed as a generalization of the classical integral

of Fejér, is as follows :

830 = oy B [ £0 £ Voan @R 18 > § (b — 1), (4
0

where ¢; = 2°-*2+1 T8 + 1) {T'(k/2)} !

We shall first prove the formula, as a lemma, in the special case
where f(z) is an exponential polynomial. In the general case where
f(x) € L;, we shall make use of the fact that there exists a
sequence of exponential polynomials {f"(x)} approximating to
f(x) in L;-norm, in the space of (x), and show that this approxima-
tion allows us to extend the formula to arbitrary f(z) € L,.

Lrmma 4.41. Formula (4.41) holds when f(x) is an exponential
polynomial, for every 6 >0

Proor. If
g(x) — i(nl:t,+...+nkzk),

its spherical mean g,(t) is given by
Galt) = 26D T(E/2) Vo (/2 8) eitmmt - tmezi)
where, as before, we have n = n? + ... + n2.
Hence the spherical mean of the exponential polynomial
F@) = D b,y it ot (4.42)
is given by
Fll) = 3 oy €T D Y (1), 2692 TR2),

Hence we have

o, B j F1t) £ Vopus (ER) di
0

"%Zb» " ‘EWIJJ“ e (0 t) Joiu (Bt) RHE
°

T E=I
[
iIn.z — n
Z by ..m€ Jj(l ]—#) ,

n<k2
by (4.35), which proves the lemma.
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TaroreM 4.41. For any f(x) defined as in § 4.2, we have
el

$5@) = o | B 6740 Virun (B a1 (4.43)
0
provided that 8 > (k — 1)/2.

Proor. There exists a sequence of exponential polynomials
{ff@}, r=1,2, .., such that
lim j |f(x) — f(@)| dey...do, =0

r—>®

)

uniformly in all unit spheres E. This implics that

lim b:nl . a’nl...nk’ (4-44)
7 >0
where b} . is defined as in (4.42). Let the Ricsz mean corres-

ponding to f’(x) be denoted by
n\* R
8hlx; f1) = 22(1 ""R‘g) by mg €5 (4.45)

n<R
then we have already seen, in Lemma 4.41, that

@

S5 1) = ¢ B [ £71 110) Vapen OB)

0
Keeping R fixed, we let r— oo, and show that
lim 84(x; f) = lime Rkjtk”lﬂ(t) Vree (LR) dt
r—>» 0 r—>» 00
0
(4.46)

=c R"Jt"‘l L) Voyups (ERB) dt
0
uniformly in 2. This is seen as follows. Let
@ 1 -]
B [0 [0 0] Ve (R &t = [ + [ =141,
0 0 1

say. Using relations (4.26) and (4.33), we obtain
1

L=o([ a0 - foiea) - o),

0
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and 1= (T £ = ] £ gt )

1
_ 0( ft-o~k/2—1/2 d(p) = o(1),

as r— oo, since, for an arbitrary ¢ > 0, we have, for ¢t > ¢, and
r> 7o

¢

o) = [ 16— 0 47 ds < o,

0
by (4.27). This establishes (4.46). Thus, for each r, the function
83 (x ; fr) is periodic, and the sequence converges uniformly in z
as r — oo ; therefore the limit-function is again periodic, and its
Fourier series is the formal limit of the right side of (4.45). Using
(4.44), we sce that the limit-function has the Fourier series

[
n R
therefore
lim  Sji@; /") = Si),

n— 0

and this, in conjunction with (4.46), yields the formula (4.43).

4.5. Summability theorems

We shall now prove a few results on the summability and
convergence of multiple Fourier series by making use of Bochner’s
formula. Before doing so, we wish to observe that if the order
of summability is sufficiently high, then the summability of the
geries at a point  depends only on the behaviour of the function in
a neighbourhood of that point.

Lemma 451, If > 0 and 6 > (k — 1)/2, then

R [ 8710) VapanltR) de = of1),
n
as R — oo, uniformly for all .
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Proor. We have, on using (4.33),

o

f , ! 1 !
! R '(tk—lff(t) Vasne(tB) dt| =0 ['Ra:k/én/zj "ta+(£e‘{§1%£/?z"" d‘]
n

y
t

1 [ dr . _ |
= [R'E:(—Ltl)_/?j t'a%CW)Tz] - F() = J“‘ V1 fils) i ds,

2 0

1
=0 (R*.s:'(,;:rﬁg) = o(l),

by (4.25), which proves the lemma.
Combining this lemma with formula (4.41), we obtain

THEOREM 4.51. Riesz summability (n, 6) for 6 > (k — 1)/2 is a
‘local property’ for multiple Fourier series summed spherically.

Because of Theorem 4.51, we can state several simple conditions
for summability of order 6 when & c¢xceeds 4(k — 1); one such
condition is embodied in the following

THuoREM 4.52. If f.(1) —last—>0, for a fiwed x, or more
generally, if

t

lim ¢% [s"“l Lf(s) — U] ds = 0,
t—0 J

then
lim Sp@x) =1, 6§ > (k — 1)/2.

R—> o
Proor. On account of (4.37), we may assume that [ =0
without loss of generality. Choose 1 > 0 arbitrarily, and define
F(¢) a3 in Lemma 4.51. In view of Lemma 4.51, we have only to

prove that
")

(V]
as R -— . This follows from the fact that
1/R 1R
I, [ | ] -0 [Rk [ #-tirora } by (4.33);
0 0

= o(1), a8 B — o0,
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L [ | ] =0 [R* j BV LA (eR)0kE dt]
1R

1/R

n
— - 6+k/2—1/2
=0 [R j td+h/2+1/2:‘

1/R

]
—04K/2—1/2 | F(t) K F)dt
04 k/2~1/2 N
=0 ( B / ) (t““vﬂﬂ”z)un i 17[,5617‘_/2?&‘/2

= o(1),
as B— oo, if & > (b — 1)/2.

and

The hypothesis on f in the foregoing theorem is in the nature
of a restriction on its continuity, in the neighbourhood of a fixed
point, and the conclusion is the summability of the Fourier series for
8 > (k — 1)/2. If we impose another hypothesis on the order of the
Fourier coefficients (or, what is the same, on the partial sums), it
should be possible to reduce the order of summability by the use
of Theorem 1.81, and, in special cases, to derive ordinary con-
vergence. Actually we shall see that it is possible to tie up the two
hypotheses in such a way that when the continuity-condition on
the function is strengthened, the order-condition on the Fourier
coefficients is correspondingly weakened, the two together yielding
summability of order y where 0 <y < (£ —1)/2. We need two
preliminary lemmas.

LeMma 4.52. 1 f 7,(n) denotes the number of lattice points on the
spherex? + ... + x} = n, then
7 (n) = O (W*2-1%¢) ¢ > 0.
Further
Ryx) = X r(n) = a2 {D(k/2 + 1)} =" a2  O@HE-FHE+D),

Lrmma 4.53. If at a point x,
L) —1=0()6>0,
then
Six) — 1= 0(R"%,8 >0+ (k— 1)/2.
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Proor. As before. we may assume that [ = 0. We have

]

SH0) = 0 | B0V, 0R)
uI/R n ©
m[[+[+j]=L+h+h
ok

say. Asin Lemma 4.5]1, we obtain

1
I = 0 (o iys) = QR D > (k- 1)I2 4.0,

Again
I =0 (R™"),

using the hypothesis on f,(t), while

]
I, = 0[ [ (kR 0-1d (1) :‘ =0 (R"),
1k
ford > 0 + (k — 1)/2.

THEOREM 4.53. If at a point x, we have

Sty —L=0(",0 >0, (4.51)
and
@y, = O (M + o +00) 1}, (4.52)
where
a—=(k/2) — 3{0(1-+ )/ (6~ )}, f >0, >4k~ 1)+0,
then Six) — 1 =o0(1).

Proor. Hypothesis (4.51) implies, in virtue of Lemma 4.53, that
Si@) —1l=0 (R, (4.53)
for 6 > 0and 6 > (K — 1)/2 + 0. Again, fort = O(R),
S{R+P —SRP | < ¥ [A4,@)]

R<n<R+t

= X |an,...nl,-|
R<n<R+!
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= O[X{(M} + ... +nd)~}]

=0 ( X rn(n) n—u)

R<n<R4t
R+t
== ()( I x""(l]ﬁ(m))
k
:= O [t RFF-e-1], (4 54)

by partial integration and an application of the second part of
Lemma 4.52.

Now by applying Theorem .81 we deduce that
2 Dsomn (B n(-0)= 0w
%m“l:o[R”“ : 22 ]

for 0 -2 f < 6. The exponent of R will be zero if

(0 —B) (k]2 — a) =30 (1 4 p),
which will certainly hold if

_ k4B
2 20— f)
REMARKs. (i). In(4.51) and (4.52) the 0 and O can be interchanged.

(ii). Theresult holds for 0 = 0 because, in that case, Theorem 4.52
will take the place of Lemma 4.53.

(ii). Given any 0 > 0, for a == &/2 — 0/2y. where v is some
number exceeding (A - 1)/2 4 6, we have ordinary convergence at .

(iv). If 0 = 0 and « =k/2, then too we have convergence at .

4.6. Derived Fourier series

In this section we shall consider the summability of series
obtained by successively applying the Laplacian to a given
Fourier series. We shall actually prove a generalization of
Theorem 4.52. The proof is based on the idea that we can
differentiate Bochner’s formula.
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Conforming to the notation z = (r,....,2;), we set
@ =[a + . + 23]

We shall say that f(z) = f(z,....,x;) has a zero at the point x if

lim 55;4[ w(x] e @ 4 &) S, dE, 0,

18>0
B¢

where £, denotes the A-dimensional sphere of radius|&| with the
origin as centre. If ¢ is a non-negative integer. we shall sayv that
f(x) has a q-fold zero at x, if

lim |£!-* [...j!f(;r &)L E T dELLdE, 0.
1§ =0 Y e

If we write the spherical mean of | f(z) | as f;(t) then this condition
amounts to saving that

&

lim % fo(t) ge-1-a 4t — 0,
e=>0

0
THEOREM 4.61.  For every point x at which
lim £~* jf,(t) 12 gy —0

>0
(]

we have
lim AZSp@) == 0, & >2q+ (k— 1)/2,
R—

where q s @ non-negative integer, and

o 2 \7
a == bl ot T Y e
Az ( ox,” axl?)
Proor. We have

Sie) = o B [0 471V, OB d.
1)
Set.
Cl Rk_] lk_'l Vd-f'kl2 (tR) == 115 (tR).



122 APPLICATIONS TO FOURIER SERIES [Cu. IV

Then

= J jf(é)ﬂ"(lx Ef‘fa)ds,...ds,,. (4.61)

—

Now, by a change of variable, we sec that

j jf(s) arHs ('”;‘g S g, e, (4.62)
“ Hy(|ER
R‘[ jf(n o arf’ "’gft'l g EE O
Further
, O(RE-VF21) [ as|&! -0,
At IT‘Zf‘lﬁ—llR) - (4.64)
| O81-+-%="R"1=") s 1§ | o,

for some & > 0, since for a function f(x,,...,z,) whose value depends
only on the radius|xz| = r, we have

& (k—1)d7
« == — — - —
azf I:dr2 k r dr] f

and we have then only to use (4.36) and (4.33). Using (4.64)in (4.63),
we easily obtain

‘IH‘?JA'E_'R d 1 5
!R .‘....jf(erS)A e ae,. ag, (4.65)
1/R ©

<o [RHQ" j S "dt + R~ j tljf(zt,,)“ (lt]

0 1/R
say. We shall show that (4.65) is finite for each fixed R, and tends to

zero as R — oo, provided that 6 > (k — 1)/2 + 2¢q. For
1R

\I,] =0 [R" jf:(t) fe-1-2 dt]

0
= o(1), a8 B — oo,
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and
"

I, - [ I + j :] =1y + Ly,
R 7
say, where # is chosen so small that in the interval (0, ) the hypo-
thesis on fx(t) operates. Now

- 13 -
— F@) )" F()
I, =R [ (i'ﬁ-f),m T [ it |

1
where
t
Fi) = ]j;(s) glds < etk
0
for 1/R 2t <#n. Hence
I, = o(1),

ag B — oo. In I,, we use (4.25) with fl(t) in place of f,(t), and by
an argument similar to the one employed in Lemma 4.51, prove
that

1,5 = o0(l), a8 R— oo.

Hence (4.62) is finite for cach R, and from (4.61) we sce that it
is equal to A? Si(x). We have further proved that this tends to
zero a8 R — oo for & > (k - 1),2 4 2¢, which completes the proof
of the theorem.

We shall now show that given any function f(x) € L, which is
periodic, if it is differcntiable in a neighbourhood of a given point,
we oan then subtract an exponential polynomial from it such that
the difference has all its derivatives equal to zero at the point near
which differentiability is assumed. We need the following

Lemma 4.61. If k > 1, 0 <n < o, and if the numbers a,,
are arbitrarily given for 0 <n; <n, 0 <ny, < n,...,0 < n, <n,
then there exists an exponential polynomial

" "
P,,... %) = X . I €y X
ry=0 T=0
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such that
(arz,+...+nk P

A e AL m = Oy, g

ox,™...0x," ) 2= (0) ek

..... g 0 < n; i;n,j = 1,..., k,
are given, then there exists an ordinary polynomial

Proor. 1f arbitrary numbers b,

n N

QW s W)= X oo X dy YT Yk

8=0 8=0

such that

a"1'|‘~-~+“kQ
(57.7“ a"'n,;) = Dy g
Yit--- Yt Sy )

namely the one withd, , . n,'...n =0 . Now the transformation
1Mk k Ny
TR IR S A A
transforms a P(r) into & Q(y) and conversely, under preservation
of n, and for assigned values of «a, , this leads to values
b‘u;m",* and inversely from the b's to the a’s, and hence the lemma.

ReEmark. By a suitable change of co-ordinates. it can be seen
that the lemma holds at any point z, not necessarily the origin.

THEOREM 4.62. If f(x) (defined as in §4.2) has continuous deriva-
lives of total order < 2qin a neighbourhood of the point & -- x,, then
uat that point we have

lim [ALSx(x) ~ ALf@)] = 0

R—> o
for &6 > (k—1)/2 -+ 2q.

Proor. The conclusion is trivial when f(z) is an exponential
polynomial P(x). In the general case, on account of Lemma 4.61,
we may write f(z) = P(x) + @(x), where for ¢(x) all partial deriva-
tives of total order < 2¢ are zero at the point z = x,. But @(x)
has also continuous derivatives of order 29 in a neighbourhood
of z, therefore it satisfies the condition of Theorem 4.61, from which
the conclusion follows.

We shall next prove a theorem where the hypotheses are of
a composite nature, consisting of ‘local’ differentiability of the
function as in Theorem 4.62, and a restriction on the order of magni-
tude of the Fourier coefficients.
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THEOREM 4.63. If A, = O(n%), then at a point x tn a nesghbour-
hood of which f(x) possesses partial dertvatives of all orders, the series
YA, n* is summable (n, 6), for 6 > 0and & > 2a + 1 + 2h.

Proor. By Theorem 4.62, we find that ¥A4,»?is summable
(n, 6) for 6 > (k — 1)/2 + 2q, where ¢ is a non-negative integer
Since A,n? = O (n**9), it follows from Corollary 3.71 that A4, n* is
summable (n, ) for > 0, and
(a+qg+1) (6—17)

8§+ 1

qg—h>

or
@—h@+1)
a+qg+1
Since 6 may be any number greater than (k — 1)/2 4 2g, this implics
that any
>j(k—1)/2} (@+1+h)+h+2(ati+h)
a—+qg+1
is admissible. Given k, a, A, since ¢ may be chosen as large as we
please, the theorem is true for > 2a + 1 + 2 A.

n>4d—

4.7. Summations over lattice points
Let
7,(n) = h> 1
nt . Anlemn
for integral values of =, ; representations of » which differ only
in sign or order being counted as distinct. Let
Rz = I nn),

n<r
the dash denoting that the last term should be replaced by } 7.(x)
if z is an integer. It is well known that E(x) can be represented as
a series of Bessel functions. In the case & = 2, the following
identity is classical :

Ryw) = na — 22 S ram) Jy [27v/(n2)] (4.71)

1/2

n=1

For general k, the scries representing R,(xr) is no longer
convergent but summable. Thus it is known that the series
2 n(n) Jyo[ 27 v/ (nx)] m*H (4.72)
16
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is summable (n, 8) for 6 > (k — 3)/2, and not summable for
8 = (k — 3)/2. We shall show that the above expansion is a
(spherical) multiple Fourier Series of a simple function at the origin,
and then apply the foregoing theorems to study its summability.
For this, we need the following lemmas.

LevMa 4.71. For f > — 1, let
k B

[52 _(zx‘?)] ,ifzsz < 52:
1

0,if Taf > £

92y, ) =

Let

@

f@yesm) =2 . Tgl + pre e + 1) (4.73)

Pp=— o
where {p,} are integers. Then f(x,,..., %) 1s a periodic function
with period 1 in each variable, which belongs to L,, and its Fourier
coefficients are given by

' EPHRET(B + 1) w™ g 4pp (27E /1)
ey = —— ('7;%:“_’_*”%;;”4”/(*‘ (4.74)
and
_ ST A 1) ot
a’O,...,O - F(ﬂ +1 +k’/2)

Proor. We have

1/2
—2niZnjz;
jf(xl,...,x,‘) e "“dxl...dxk

-1/2
©

= J .‘. 9@y ) € iy L

Apyompy =

[
= (27Z)k/2J (52 - t2)ﬁtk_1 Vkl2"1 (27lt'\/n)dt.

We now obtain the required result if we use (4.34).

We observe that the function in (4.73) is differentiable in a
neighbourhood of the origin, and its Fourier series is therefore
summable (n, 8) for 8 > (k—1)/2 at the origin. We can writedown the
series by using (4.74), and by an appeal to Theorem 4.52, obtain
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THEOREM 4.71. If £2 is non-integral,

T (£ — 0 n(n)
n<t

. n \ED4e g (0) Ty pe (2nEA/0)
=Jim | ate 3 (1= %) ) '

u<R2

This theorem does not yield the identity (4.71) for k = 2, because
the series on the right has been proved to be only summable (n, é) for
0 > 4. We can, however, obtain a result which does yield the
identity as a special case, if we appeal to Theorem 4.63, by noting
that

r(n) = O{nk-DR+e}

as in Lemma 4.52.

THEOREM 4.72. If £2 is non-integral, then
X (n) Jyjeqp (27 vn)n!
18 summable (n, n) foryn >0 and 1 < 3/4 —k/2 + /2, 8 > — 1.
Proor. If &% is non-integral, the function f(,,...,7,) defined

in (4.73) is infinitely differentiable in a neighbourhood of the origin,

and its Fourier coefficients satisfy the condition
A "= O{n(k—z)/2+ s—~k/4—ﬁ/2-1/4}

= O{nk-5=pi2te}
m the notation of (4.21). Applying Theorem 4.63 now, we find that
Z 1(n) Jyprp (27 & A/n)0?

nFTATPIE

is summable (n,%) for n > (¢ — 3)/2 — f 4 2 p. Setting
l=p —k/4 — B/2, we observe that Ir(n)y.s(2 7 & 4/n) n' is
summable (n, 9) for n > 21 + &k — 3/2.

4.8. Absolute summability

In this section we shall consider the analogues, for absolute
summability, of some of the foregoing theorems. If we aim at
summability |n, 8| for 8 > (k — 1)/2 at a point z, we have to
impose conditions on f,(¢) in the entire interval 0 < ¢ < co; if we
consider the case 6 > (k + 1)/2, however, we can prove that
summability |, 8 | is & local property.
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THEOREM 4.81. For a fixed z, if we have

[ 1201 = o,

0

then .
jo |d83@)| = 0(1), for 8 > (k — 1)/2.
Proor. Se:ting p(u) = w1V, ., 4(w),
and yi(w) = f p(v) do,
b

we find, for 8 > (k — 1)/2, that
pw) =0@™1"%), >0, (4.81)

as 4 — 0. Now

¢, @) = R j PR, (0) dt = jmt) dy, (tR)
0 0
- [sowen ] - [ ao
0
so that, by (4.37),
e [826) — fil + )] = — | dfyct)
0

y(u) du

= - dfﬂ'(t)
0
IE ©
= — | du j t y(ut) df,(t), (4.82)
0 0

the last step being justified by (4.81) and the hypothesis on f(f).
Substituting for ¢, we get

t yp(ut) du

Ol by Sy

@© Lo o«

CI |d83()| < J w1 du I a[thau/z (ut) df,(t) l

0
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<.juk lduj B | Vygeo (ut). |4L0)]
0

- j ¢\ df 0| ju"‘ | Ve o ()| dt

)
which is justified since > (k¢ — 1)/2 (in view of (4.33)).

If

w -l| Vkl2+0 (ut)‘ du

=[j+T]EII+IZ’
1, = O[J u"“’du] = O(t7%),

~
I
Se——yg
=Y

say, we have

and
I,=0 [t‘é/ﬂ;ﬁm J ’“"/2"'"3’2'1“] = 0(¢7%),
1/t
80 that
I=0 (%,
and hence

j |dS3()| = O [ jldfz(t)i] = 0Q).
0

0

ReMARrk. The integral fldf,(t) |should be interpreted as

lim Jldﬁ(tﬂ

We next prove the analogue for the g¢-th Laplacian of S3(z),
where ¢ is a non-negative integer, as before.
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THEOREM 4.82. If

jldf,(mr"' = 0Q1),

then

o,

jldR AL 82) = 0(1),
0

for 6 > (k — 1)/2 + 2¢.
Proor. As in the proof of Theorem 4.61, we use the relation

) Hy(|¢| B)

Ags;;(x)=12j... If(er-e)Ag A aty .
We write -
HIE1R) _
M ermpm ~ PUSED
and
81 P(s) = Q(s),
so that

Lo}

AL Si@) = R j £.4t) QUR) d.
1]

Using the estimate

Q(s) = O(s™™~*71), & > 0,
as 8 — oo, whioch is obtained from (4.64), and proceeding as in
(4.82), we obtain

-]

jldR AL 83z)| < j 5| df,(6)| j |QeR)| dR
0 0 0
- 0[ j 8‘2’ldfz(s)l] = o),
0

j |QER)|dR = O(e=%""),
0
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which can be seen as follows :
1/s 1/s

j |Q(sR)|dR = oU g1 RE-1+% dR] P
0 0
and

0 0
[lemjar=o[ [ wartrrar | = oo,
1/s 1/s

on account of the estimate (4.64).

A remark similar to the one made at the end of the previous
theorem applies here as well. We shall next prove that summability
[n, 6| of a sufficiently high order is a local property.

THEOREM 4.83. Riesz summability |n, 6| for 6 > (k + 1)/2 is
a ‘local’ property for Fourier series.

ProoF. Let

2T+ [ e
fir) = ‘"—I‘W_‘th 1f () dt.

Integrating Bochner’s formula, given in (4.43), by parts once, and
using the fact that f1(r) = O(r*), as r— 0, we obtain

S4w) = ¢, R j E=11,(0) Vs 110(¢R) dt

0
©

= ¢y R¥*? I L) Vorres1(ER) do,
0
provided that 6 > (k — 1)/2. In the same manner as in (4.82), we
show that

[1asie = | ar| 2o [ e pn i, 00m) artn |
0

=de'Rk+l[j+j°]|

= J dR|I, + I,|, say. (4.83)
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We show that
j|12|dR < o, for 6 > (k + 1)/2. (4.84)
We first observe that
2170} = § (a0 + a0}

using this in I, we have

Iy = ¢, R**? J () Vijayosa(tR) dt
n

+ ¢y R¥+1 j L) Viayor1(ER) dt
”

= 12,1 + 12,2’
say. Now
1 dt
112,21 =0 (R6—1—~k/2+3/2) J (13— 1-k2+38]2
n
1
=0 (m) (4.85)
if 6 > (k+ 1)/2, since f1(t) = O(1) ast — + oo. And
1
112,1 |=0 (-R‘o__‘lfk‘/‘é‘:gié): (4.86)

if 6 > (k + 1)/2, as in the proof of Lemma 4.51. (4.85) and (4.86)
prove (4.84); if the latter is used in (4.83), we see that a necessary
and sufficient condition for the validity of [|dSg|= 0(1) is
that |1, |dR = O (1), which proves the theorem.

4.9. Necessary and sufficient conditions for summability
In the foregoing sections we have considered various conditions
which are sufficient for the summability (ordinary or absolute) of a
Fourier series at a given point. It is possible similarly to prove
that certain conditions are necessary for the summability of a Fourier
series at & given point. To demonstrate this, we consider the spherical
mean f,(t) as the mean of order zero, and define spherical means
of higher order in analogy with Riesz means of series. We then
prove that if the Fourier series is summable to a sum ! at a point,
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then the spherical mean, of some order, of the function tends to
l as t—0. We prove the converse proposition by a slight extension
of Theorem 4.52. Combining the two, we state a necessary and
sufficient condition for the summability of the series at a point.
We next prove the analogue for absolute summability.

‘We dcfine
Paplt) = ) i j"g — BP0 dt, p > 0,

~ 27 T(p) )

_2PT(D) @ lr)
fx,p(r == W 'r‘ich;—z ’

Joor) = fy(r), asin §4.2.
It is easily verified that

p >0,

r

1 —
Pr,p+ q(’”) = 2{,_1—1{@‘)6[ ("2 — tg)l lt‘pz,p(t) dt, (4.91)
if p +4¢ > 1, and hence it follows that

oI (p + k/2 + o L i
Fumadt) = e s | Pty a

0

(4.92)
It is easy to see that
Je. o) = 0(1) (4.93)

forp > 1,ast— 0. For
t

40 =0 g [ i an |
0

= 0(1),
by (4.2). Using this in formula (4.92), we obtain (4.93).
We now generalize Bochner’s formula (4.43), so as to admit
spherical means of order greater than zero.

THEOREM 4.91. If p is a positive integer, then
S(1) = ey RE j (421 (1) VayyonltR) db, (4.94)
0
provided that 8 > p + (k — 3)/2. If p =0, we require 6 > (k — 1)/2.
17
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Proor. We have only to integrate by parts, (p — 1) times, the
right side of the formula

S3(a) = o B* j F, o) V,ppnltR) di,
0

each time using
t

) Gapiall) = jm, (5) ds,

@) £, = O(1), as in (4.93), and
(ii) d% [Vix)] = — V4, (), a8 in (4.36).

From Theorem 4.91 we deduce the following
THEOREM 4.92. If, at a point x, we have
lim f,,(¢) = 1,
-0
for a non-negative integer p, then at that point
lim Si@) =18 >p + (k — 1)/2.

R

The proof of this theorem follows from Theorem 4.91, in the

same manner as the proof of Theorem 4.52 follows from that of
Theorem 4.41.

Again we have a result on absolute summability.

THEOREM 4.93. If
[ 4. ,01= o),
0
Jor a non-negative integer p, then

j [dS2@) | — O(1), 0 > p + (k — 1)/2.
0
The proof of this theorem follows from that of Theorem 4.91,

in the same manner as the proof of Theorem 4.81 follows from
that of Theorem 4.41.

We now proceed to state some converse theorems. For this
purpose we first need a formula which is a ‘ converse ’ of (4.94).
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THEOREM 4.94. Ifp > 1,and 6 > (k — 1)/2, then
fy, oY) = 03?/26+2J Slg(x) R¥+! Vp+o+x-/2(.'/R) dR. (4.95)
0
Proor. From the definition of 8 as

n

] . - r 0 -~ P2
SR(x)—Z(l 'R‘ﬁ) Afz)n < B <n+1,

r=0

and the estimate for 7,(n) in Lemma 4.52, it follows that
Si(x) = o( R¥), as R — o,

if we note that the Fourier coefficients of a funetion in L, tend to
zero. Hence the integral

I= y““j R¥+182x) V.(Ry) dR (4.96)

0
converges for y > 26 + 3/2. Hence, using formula (4.94) in the
case p = 0, we get
P

2042

I=cy

Ly

R20+k+1 V.(Ry) deJ tk'lfz,o(t) Vsirpa(tR) dt
0

BE L0 dL | BT eR) T R) AR,
0
as the double integral is absolutely convergent. Hence, by (4.35),
v
%

I= gémjtk’lﬁc.o(t) (y? =370k 1 d

Cy

yy-— 20—2

St

0

= c5f.:z,p (y)
where p =y — 8 —k/2, y >28 4+ 3/2,8 > (k — 1)/2, which proves
the theorem.
Remark. Here p need not be an integer.

Using formula (4.95), we now prove some converse theorems.

TueorEM 4.95. If Sh(z)—las R— o, then f, ,(y) —1 as y — 0,
provided that
p> max {1, y — (k — 3)/2}.
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Proor. We may assume that [ = 0, without loss of generality,
on account of (4.37). If y > (k -- 1)/2, we choose 8 = y; if
y < (k — 1)/2, we choose 8 = (k —1)/2+ 0, 6 > 0. With this
choice of 8, we make use of formula (4.95). We may write the
integral I from the previous theorem as

w

1 = 22 [j 4+ {] =1+ 1,
.

[0)

say, and obtain

wy
J, z
ni=o[ |7 raele |

= 0(1),0

as y — 0, and

| =0 [ QHZJ R2o+! 1 Vp+a+uz yR) [dR]

0]

= o[ J 20|y 01a12(2)] dz]

PR RS

Yo

== 0(1),

if p>6 — (k— 8)/2. Thus I == o(1), for p > max {1,y — (k— 3)/2},
and the theorem is proved.

Analogously we obtain
THEOREM 4.96. If

|dSy (x)| = O(1),

O'——§8

then

on

J Idfr.p(l)f[ = 0(1)»

0

for p > max {1,6 — (k — 3)/2}.

Proor. We have only to use the formula in Theorem 4.95, and
adopt the same argument as in Theorem 4.81.

Combining Theorems 4.92 and 4.95, we obtain
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THEOREM 4.97. A necessary and sufficient condition that a
multiple Fourier series of a function f(x) should be summable at a
point x i that the spherical mean f, ,(t). of some order p. of the
Sfunction should have a finite limit as t — 0.

Combining Theorems 4.93 and 4.96, we obtain

THEOREM 4.98. A mnecessary and sufficient condition that the
multiple Fourier series of a function f(x) should be absolutely summable
at a point x is that the spherical mean f, (1) should satisfy the
condition

j \df,,,(6)] = 0(1)

for some p.

NOTES ON CHAPTER 1V

§4.1. Throughout this chapter we confine attention to the spherical
summation of multiple Fourier series, since it affords a good illustra-
tion of the use of typical means, and facilitates a unificd treatment.

The literature that exists in the case k¥ = 1 is so vast that, for the
sake of convenicnce, we give only the most obvious references. Fuller
information can be obtained from the references contained in the
papers cited hereunder, and from A. Zygmund, Trigonometrical series,
Warsaw (1935).

§4.2. TFor the spherical summation of multiple Fourier series and
integrals see S. Bochner, Trans. American Math. Soc. 40 (1936),
175-207.

§4.3. For the properties of Bessel functions see G. N. Watson,
A treatise on Bessel functions, Cambridge (1922). In particular, for
(4.34) see p. 372, and for (4.37) see p. 392. For (4.35) sce E. C. Titchmarsh,
Introduction to the theory of Fourier integrals, Oxford (1937), 183.

§4.4. For formula (4.41) see S. Bochner, loc. cit. For an alternative
approach see 8. Minakshisundaram, American Jour. Math. 71 (1949),
60-66. For further -generalizations see K. Chandrasekharan, Proc.
London Math. Soc. 50 (1948), 210-229. Also see S. Bochner and
K. Chandrasekharan, American Jour. Math. 71 (1949), 50-59.
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§4.5. Theorem 4.52 ceases to hold if § = (¢ — 1)/2, and this value of
4 istherefore called the critical exponent. Ifk 1, S. Bochner has shown
(loc. cit., 193) that there exists a periodic and Lebesgue-integrable
function f(z) which vanishes in a neighbourhood of the origin,
such that lim sup 8%~ "% (0) = 0. For further information on the
critical case see S. Bochner and XK. Chandrasekharan, Annals of
Math. 49 (1948). 966-978.

For Lemma 4.52 sec A. Walfisz, Math. Zeitschrift, 19 (1924),
300-307.

For Lemma 4.53 see K. Chandrasekharan, Proc. London Math. Soc.
50 (1048), 219. For the original version of Theorem 4.53 with
p =0, k = 2, sce K. Chandrasekharan and 8. Minakshisundaram, Duke
Math. Journal 14 (1947), 731.753.

1f k = 1, Theorem 4.51 is true for 6 == (k—1)/2 since convergence
is known to be a ‘local’ property for ordinary Fourier series. See
B. Riemann, Ges. Werke, Aufl. 2, Leipzig (1892), 227-271. Theorem
4.52 yields, in the caso k == 1, a generalization of Fejér's theorem, sec
G. H. Hardy, Proc. London Math. Soc. 12 (1913), 365-372. For the
case &k ~= 1 of Lemma 4.53 sce N. Obrechkofl, Bull. Soc. Math. 62
(1934), 84-109.

§4.6. For the summability of derived (multiple) Fourier Series
see S. Bochner, Annals of Math. 37 (1936), 345-356. For Lemma 4.61
and Theorems 4.62 and 4.63 see S. Bochner and K. Chandrasekharan,
Acta Szeged, X1I B (1950), 1-15.

For the formula for the Laplacian of a radial {function, used in the
proof of Theorem 4.61, sec R. Courant and D. Hilbert, Methoden der
mathematischen Physik, 11, Berlin (1937), 227.

§4.7. For litcrature pertaining to summations over lattice points
see S. Bochner and K. Chandrasekharan, Quarterly Jour. Math.
(Oxford) 19 (1948), 238-248, (2) (1950), 80 and Acta Szeged, loc. cit.

§4.8. For Theorems 4.81 and 4.83 on the absolute summability of
Fourier series see K. Chandrasekharan, Proc. London Math. Soc. 50
(1948), 223-229. Theorem 4.82 is due to appear in a paper by
S. Bochner and K. Chandrasekharan.

The case &k = 1 of Theorem 4.81 is due to L. S. Bosanquet, Jour.
London Math. Soc. 11 (1936), 11-15. Theorem 4.83 has been proved
to be ‘ best-possible’ if £ = 1 by L. S. Bosanquet and H. Kestelman,
Proc. Lendon Math. Soc. 45 (1939), 88-97.
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§4.9. For a definition of the higher spherical means, and for
Theorems 4.91-4.98, see K. Chandrasekharan, Proc. London Math. Soc.
50 (1948), 210-229. Theorems 4.91-4.93 are valid without the res-
triction that p is integral.

It is clear that if f; »(¢)—> 0, as £ - 0, then f, ,(t) > 0, as t >0, forg > p
(cf. first theorem of consistency). In the proof of Theorem 4.94,
we use the Riemann-Lebesgue lemma for several wvariables. Sec
S. Bochner and K. Chandrasekharan, Fourier transforms, Princeton
(1949), 57.

For Theorem 4.92 in the case £ =1, 0 <. p <C 1, see G. H. Hardy
and J. E. Littlewood, Proc. Cambridge Phil. Soc. 23 (1927), 681-684.
Forthe casek = 1,p > 0, of Theorems 4.92 and 4.95 see I.. 8. Bosanquet,
Proc. London Math. Soc. 31 (1930), 144-164; R. E. A. C. Paley, Proc.
Cambridge Phil. Soc. 26 (1930), 173-203; S. Verblunsky, ibid., 152-157.
For Theorems 4.93 and 4.96 in the case k = 1 see L. S. Bosanquet,
Proc. London Math. Soc. 41 (1936), 517-528. For the case & == 1 of
Theorem 4.97, which effects a solution of the ‘summability problem’
for Fourier series, see G. H. Hardy and J. E. Littlewood, Math.
Zeitschrift, 19 (1924), 67-96, and for the corresponding case of
Theorem 4.98 see L. S. Bosanquet and J. M. Hyslop, Math. Zeitschrift,
42 (1937), 489-512.
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