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PREFACE

The publication of these lectures, which I delivered at the
Jalifornia Institute of Technology in the beginning of 1922,
and which Professor H. Bateman kindly prepared for the press
shortly afterwards, has Been unduly delayed. Several important
questions which 1 should have liked to treat more fully had been
only slightly touched upon, and I therefore wished to complete
the work by the addition of a certain number of notes, such as
will be found in the Appendix. To my regret the preparation of
these fell in g period during which my time was much taken by
other work that could not be deferred.

Even as the book is now it cannot be said to be in any way
complete. Indeed, of late years the progress of physics has been
so rapid, and so many new ideas, especially about the structure
of atoms and their radiation, have sprung up, that the develop-
ment that has taken place since 1922 might in itself form the
subject for a treatise. I hope, however, that my lectures may
be of some use as an introduction to the problems on which the
efforts of physicists are now largely concentrated.

My hearty thanks are due to Professor Bateman for the val-
uable help he has given me and to the publishers for the great
care they have bestowed upon the work.

H. A. LORENTZ
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PROBLEMS OF MODERN
PHYSICS

LIGHT AND MATTER, WITH SOME CONSIDERA-
TIONS ON RELATIVITY

1. The Propagation of Light. In the early lectures I shall have
to present to you nothing but quite old-fashioned, or perhaps
I may say classical, questions. My subject will be the propaga-
tion of light in different media. It will lead us to some interest-
ing problems, the solution of which will be useful to us on later
occasions.

I need not speak to you of the older forms of the undulatory
theory of light, like those developed by Fresnel, Cauchy, Green,
F. E. Neumann, and others, which were current before the
time of Maxwell and which depended on different conceptions
of an elastic ether. Nowadays we are concerned only with the
electromagnetic theory of light, in which there is no longer any
discussion of a density or elasticity of the ether. In the electro-
magnetic theory of light attention is fixed on the electric and
magnetic fields that can exist in the “ether.” With your per-
mission I shall still use this time-honored word, although now-
adays some physicists prefer not to speak of an ether. At all
events we must be careful not to assign to this medium so much
of the properties of ordinary matter as was done in old times.
Great though the change has been in the physical point of
view, the mathematical form in which the theory of light can
be presented has remained much the same as it was. This will
be seen from the following analysis.

2. Plane Waves of Light. For the sake of simplicity we con-
sider a propagation in one direction only and fix our atten-

tion on just one of the quantities used to specify the state of
1
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the ether; for example, one component ¢ of the electric or
magnetic force. If, moreover, we assume that, at any instant
of time ¢, ¢ has the same value at all points of a plane, x = con-
stant, perpendicular to the direction of propagation, the man-
ner of propagation is determined by a partial differential

equation of the form R o
Fo_1%. (1)
dx> ¢ ot?
This simple equation is exactly similar to the equation to which
one is led in the theory of the motion of a stretched string or of
the vibrations of sound in a mass of gas. This celebrated equa-
tion was solved by D’Alembert in 1747, the general solution being

¢ =F(—cl)+Gx+ct), (2)
where F and G are arbitrary functions of their arguments

x — ct and r + ct. A particular solution is obtained by taking
only one of the terms; thus,

¢ =F(r—ct) 3)

corresponds to a propagation with velocity ¢ in the direction
of the positive . This may be seen by remarking that z — ct
and ¢ remain unchanged when ¢ and z are increased by the
quantities At and cAt respectively. Thus, if the state of the
ether corresponding to a definite value of ¢ is found at time ¢
at some point P, that same value will be found at the later
time ¢ + At at a point @ such that PQ is in the direction of the
positive x and has the length cAt.

This is the purest type of propagation that can be imagined,
since it takes place without any change in the intensity or
form of the wave. This means, in particular, that the velocity
of propagation of a periodic train of waves is independent of
the period or wave-length, and that a group of waves leaves no
residue, or tail, behind it as it passes by.

It is also clear that b = G(z + ct) )

represents a propagation with the same velocity c in the direc-
tion of the negative . The complete expression (2) corresponds
to a superposition of the special states just now considered, —
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a superposition that is possible because the partial differential
equation is linear and homogeneous.
We may also remark that a particular form of (3) is

¢=acosn<t—%c+p>, (5)

the well-known expression for the propagation of simply har-
monic vibrations ; a is the amplitude and » the frequency,* while
the constant p determines the phase.

As you well know, the complex solution

¢:aein<l~c—+p)’ ©)

in which 7z =WV—1 is the imaginary unit, is often used instead
of (5), and we shall sometimes have occasion to do so. When a
complex expression of this kind is used, it is implied that the
solution of the physical problem may be obtained by taking
only the real part of the complex expression. Indeed, it is
easily seen that if a complex expression is a solution of a linear
homogeneous equation (with real coefficients), the real part of
that expression will be so likewise.

3. The Electromagnetic Equations. Thus far I have spoken
of only one, ¢, of the quantities determining the state of the
ether. I need scarcely remind you that in reality the state is
determined by two vectors, — the electric force, which we shall
represent by E, and the magnetic force, for which we shall
write H, the components of these vectors being represented
by E., E,, E. and H., H,, H. respectively. The relations be-
tween these two vectors are expressed by the familiar equations
generally known as Maxwell’s equations. In vector form these
equations are

div E=0, curl H=-15}'3

. L )
divH=0, cur1E=—-ZH

* The word ““frequency " is used here in the same sense as in Lorentz’s * Theory
of Electrons,”’ p. 6. The quantity n /2 7 is now generally called the frequency and n
the rapidity or speed. See Lamb’s * Dynamical Theory of Sound,” p. 10.
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In terms of the components,

OB, | OB, | OF: _

0x dy 9z

OH, _ 0H,_ 10F,
dy dz ¢ Ot

the other equations being obtained from those written down
by writing H for E and — E for H and by making a cyclic per-
mutation of the codrdinates and suffixes z, ¥, z.

The corresponding equations for the interior of a non-
conducting ponderable body may be written down also. In
this case there are four distinct vectors E, D, B, and H (in the
well-known notation) connected by the equations

div D = 0, 8)
curl H = % D, 9)
divB =0, (10)
curl E= — —1— B. 11)

These equations are quite general, being the same for all bodies.
Substances differ from one another electromagnetically in
the form of the supplementary equations connecting these
vectors which must be added to complete the scheme.
In the case of an isotropic body, which is stationary relative
to the axes of coordinates, the supplementary equations or
constitutive relations are

D=¢E, B=uH, (12)

where the second equation is an approximation suitable for
weak magnetic fields. In non-magnetic bodies u differs so
slightly from unity that the difference between B and H may
be ignored.

The coefficients u and € are called the permeability and specific
inductive capacity of the medium. The term dielectric constant
is sometimes used for e, but when we are dealing with the
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propagation of light the value of e depends on the frequency
(or wave-length) of the light, and so the use of the word constant
is perhaps undesirable. This variation of € with the wave-
length becomes of importance in a theory of dispersion, for, as
will be seen presently, the velocity of propagation of light
depends on the value of e.

In writing down the above formulae I must call your atten-
tion to the great and wonderful simplification which electrical
theory has undergone in the course of the last half century.
Formerly electrostatics, magnetism, and electrodynamics were
separate subjects, with but loose connections between them, and
in the last-named there were many different B
ineories, like those of Wilhelm Weber, Gauss
and Clausius, Ampére and Grassmann. Now
all has been blended into one theory, the main
equations of which can be written on a page
of a pocket notebook. That we have got so
far is due in the first place to Maxwell, and
next to him to Heaviside and Hertz.

The meaning of the equations will not re-
quire long explanation. Equation (9) expresses
the relation between the electric current and Fie. 1
the magnetic field, and in (11) we have the
general law for induced currents. Equations (8) and (10) show
that both the dielectric displacement D and the magnetic in-
duction B are solenoidally distributed. This means that both
vectors are analogous to the velocity of an incompressible fluid.
If we consider a tube of flow in such a fluid, the inward flow
of fluid (Fig. 1) across a section A is just balanced by the out-
ward flow across the section B, there being by definition no flow
across the sides of the tube. The analogous property of tubes
of dielectric displacement and of induction may be regarded as
the physical interpretation of the mathematical equation.

The vector E may be defined as the force on a unit electric
charge, and H as the force on a unit magnetic pole; but these
definitions need amplification, as it is necessary to specify in
each case the type of cavity surrounding the point at which
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the force is estimated. Indeed, by suitably changing the form
of the cavity we can obtain definitions of D and B. We need
not enter into details here, as these matters are discussed in
textbooks on electricity and magnetism.

The vector D may be considered as a displacement of elec-
tricity from its position of equilibrium, measured by the amount
that has passed through unit of area, in exactly the same sense
as a current is held to consist in a flow of electricity. In ponder-
able bodies D is composed of two parts, the first of which is
the electric polarization P of the matter, whereas the second
part, which has its seat in the ether, is equal in direction and
magnitude (on account of the choice of rational units) to the
electric force E; that is

D=E+P. (13)
This equation is exactly similar to the well-known relation
B=H+M (14)

between the magnetic force H, the magnetic induction B, and
the magnetization M.

To some extent the vectors are defined by the equations
which they satisfy and the relations between E, D, B, and H.

The simple relations given above are not suitable for all
types of substance. In a crystal the relation between D and
E may, with a suitable choice of coérdinate axes, be written in
theform B, D,=eE, D.=eE, (15)
where the coefficients €, €2, €3 are generally different.

The inequality of these coefficients leads to double refraction.
If we wish to develop a theory of this phenomenon, we seek first
a solution that represents a propagation of plane waves.

4, Plane Waves of Light in a Crystal. Putting

xoosa+ycoqﬁ+zcosy+ )

(Ez, El/; EZ) = (fy g: h) ei"'(t_ (16)

and substituting in the differential equations, we obtain expres-
sions * for the components of the other vectors, and it is then

* See Note 1, Appendix.
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found that there are certain relations between the constants
f, 9, h, o, B, v, v. Forgiven values of «, 3, v, that is, for a given
direction of the normal to the waves, we can calculate the veloc-
ity » and the ratios of f, g, and h.

It is found that for any given direction of propagation there
are generally two values of » and corresponding values of the
ratios f : g : k.

If the coefficients € were really constants, there would be no
dispersion. We can arrive at a dispersion of light in the crystal
by introducing somewhat more complicated relations between
E and D, amounting to this,— that the €’s are functions of the
frequency n.

As before, the state of the ether is the same at all points of a
plane perpendicular to the direction of propagation, and so the
waves may be called plane waves.

5. The Principle of Huygens. In all textbooks of physics we
can find an exposition of what is called Huygens’s principle,
and of the way in which it can be used for determining the
propagation of waves. Let us sup-
pose, for instance, that a disturbance
of equilibrium that has started from
a luminous point at some previous
instant has reached the points of
the surface o at the time ¢. Then,
according to the principle, every
point of o will become the center
of a disturbance that spreads out in
all directions. Hence, if we want to
know the state of things at the time
t + dt, we can reason as follows:

Around each point, P, @, R, etc., of ¢ (Fig. 2) an “elementary
wave’’ has been formed, and at the time ¢ + dt the disturbance
will therefore have reached the surface ¢’ that is tangent to all
these waves and by which they are consequently enveloped.

You will not fail to observe that in this form the principle
is somewhat vague. If our statement of it is to be made quite

FiG. 2
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definite, we must be able to describe much more accurately the
motion in the elementary waves and the way in which it de-
pends on the disturbance that exists in the surface ¢. More-
over, the principle has to be proved. All this has been done by
Kirchhoff * and other physicists. We shall perhaps return to
these questions later on; for the moment a somewhat super-
ficial treatment will suffice.

6. Applications of Huygens’s Principle. The wide applicability
of the principle may be seen from the following examples:

1. Isotropic Media. The elementary waves are in this case spheres.
In Fig. 2 the spheres have their centers at the points P, @, R, ---,
and all have the same radius cdt; the sur-
face ¢’ may then be said to be parallel to
the surface o.

2. Crystals. The elementary waves have
the well-known less simple form of Fresnel’s
wave-surface ; in the case of a uniaxial crystal
this consists of a sphere and an ellipsoid.

3. Medium in Motion (Theory of Aberra-
tion). If the medium is isotropie, the dif-
ference between this case and 1 is that the
elementary wave formed around a point Q, Fi1c. 3
though still a sphere, will no longer have its
center at Q. If we suppose the medium to be moving through our
diagram, the elementary wave will be dragged along with it to a
greater or less extent, according to the value of Fresnel’s dragging
coefficient. The center will thus be shifted to @ (Fig. 3).

4. Diffraction. Let us suppose that the surface o is not fully
illuminated but only partly illuminated, as, for instance, in the case
of a screen with a hole in it. We then have the phenomenon of
diffraction, which was first adequately treated, with the aid of
Huygens’s principle, by Fresnel. This provides, indeed, a most
important application of the principle, which will be discussed in
some detail.

Let a beam of light fall on a screen with an opening AB
(Fig. 4). The points lying in the plane of the screen within AB
* Ann. d. Phys. u. Chem., Bd. 18 (1883), p. 663 ; Kirchhoff’s proof is described in

Lorentz’s “ Theory of Electrons,” Note 4. Another proof, due to Beltrami, is given
in Love’s **Mathematical Theory of Elasticity,” § 210.
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become new centers of vibration. If we want the distribution
of light in the plane U behind the screen, we have to observe
that each point P of U receives light from all points of AB.
All the vibrations received by P are superposed, and there is
interference depending on the differences of phase determined
by the various distances of P from the points of the opening.
Thus interference fringes, whose form depends on the shape of
the opening, will appear on the screen U.

Huygens's principle implies a tendency of light to spread in
all directions, and this is the chief characteristic of the phe-
nomenon of diffraction. If the opening AB is extremely small,
there will be but little difference in the intensity with which the
vibrations are propagated in dif-
ferent directions. If the opening l l
becomes wider, the propagation A
begins to be somewhat concen-
trated in the direction of the in-

cident beam, but the boundary P
of the beam behind the opening U
is not sharp, being made more or Fic. 4

less indefinite by diffraction. It

is only when the dimensions of the opening A B are very large in
comparison with the wave-length that, at distances behind the
screen which are not too great, the diffraction can be neglected.
Then we can speak of rays of light, and (in simple cases) of
propagation along straight lines. The reason why observation
makes us familiar with this rectilinear propagation is that in
everyday experience the dimensions of openings or of bodies
that cast shadows are extremely large in comparison with the
wave-length. Still, even when we use large openings, the effects
of diffraction will become sensible at great distances.

Let us suppose that an opening of 1 centimeter is taken
and that we succeed in making a beam of absolutely parallel
rays fall on it. Then at a distance of 1 kilometer behind the
beam the distance between the diffraction fringes will be of
the order of 6 centimeters, so that there can be no question
of a sharply delimited beam. If the opening had a diameter of
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10 centimeters the diffraction fringes would have a width of
about 0.6 centimeter; the beam would then have rather sharp
borders at a distance of 1 kilometer but would no longer be
sharp at a distance of 10 kilometers.

This tendency of light to spread in all directions is one of
the great difficulties in modern physics. Many phenomena —
photo-electricity, for instance — could be easily explained if the
energy of light were concentrated in ““quanta’ each confined to
a small space. But, according to the old theory, such a thing
cannot be. Energy tends to become more and more dilute.
Returning to Huygens'’s
construction, we remark
that if the vibrations
exist only in a part AB
of the wave-front o, the
next wave-front, ¢’, will
be illuminated only so
farasit envelopstheele-
mentary waves formed

around the points within

the opening (Fig. 5). Fic. 5

The boundary of ¢’ is

determined by the points of contact A’, B/, - - - with the extreme

elementary waves; namely, those points corresponding to the
points on the boundary of AB. Parts of the elementary waves
lying beyond the boundary just mentioned may be neglected.
Proceeding in this way from ¢’ onward, we obtain new wave-
fronts, ¢/, ', ete., and new points, A”/, B”, etc. The line
passing through A, A’, A, -- - is called a ray of light. A ray
may be defined as the generating line of a tubular surface (in
simple cases a cylindrical or conical surface) by which a beam

of light can be laterally limited.

ExaMPLE. If we know the way in which the velocity of waves
of light depends on the gravitational potential or potentials (for
example, the law by which this velocity changes in the sun’s gravi-
tational field, — let us say Einstein’s law), then we can find, by
Huygens’s construction, the bending of the rays of light in that field.
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7. Analytical Treatment of Beams of Light. The theory of
lateral delimitation, that is, a theory of rays, may be developed
independently of Huygens’s construction.

It is easily seen that in the case of the ether the fundamental
equations (7) admit the solution (the simplest of all)

E,,=acosnt—£, H.=acosn(t—2Z), anmn
c c

the values of E;, E., H,, H, being zero and a being a constant.
These formulze represent a propagation of plane-polarized light
in the direction of x, the magnetic vibrations being at right
angles to the electric ones and the system of waves extending
indefinitely in a lateral as well as in a longitudinal direction.
Now we can easily find another solution by supposing a to
be a function of the transverse coordinates y and z; that is, a
function that is slowly variable.* By this I mean, for instance,

that the value of ad—El that is due to the change of a in the
direction of y is much smaller than the value of ()()—il that is due

to the change of phase in the direction z. In symbols,

oa n oa a
5 << P 7y < < N (18)
where - 2—;“ (19)

This can also be expressed by saying that when we go forward
in the wave-front over a distance equal to the wave-length A,
the change in a is very small in comparison with a itself.

We suppose the same for %; we also suppose that these

small quantities are slowly variable in their turn and that the

second derivatives ?—:%, 0%, ... are small quantities of the
o0y> 0y oz

second order, such quantities and quantities of higher orders
being neglected, likewise squares and products and higher
powers of da and ?—5
oy 0z

*H. A. Lorentz, Abhandlungen iiber theoretische Physik, Bd. I, p. 415,
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In the new solution E, and H. have the values given above, but
in addition * P
E.=%%gin n(t—§>, E.=0

n 0y c 20)
H,,=£?—asin n<t—"—”->, H,=0
n 0z ¢

The way in which a changes in the wave-front from point to
point is left indeterminate except for the above restrictions.
Since, then, a is an arbitrary function of y and z, it can be zero
outside some closed curve. We have therefore a limited beam,
which is just what is wanted. Our assumption of slowly varying

quantities implies a boundary y
that is not sharp. This is in A B
the nature of things. N
It is noteworthy that we Ey
now have not only an E, but 155 E
also an E,, so that it may 1 ’ X
at first be thought that this O—7> Q
is a violation of the Young-
Fresnel principle of transverse
vibrations. The true state- <_£"4__
ment of this principle, how- C Fic. 6 D

ever, is that the vectors E

and H are solenoidally distributed. This condition is satisfied
by our solution, from which we easily derive div E =0 and
div H=0. In order to illustrate what we have found, we can
draw the lines of electric and magnetic force. These are closed
curves, somewhat of the kind shown (for the electric force) in
Fig. 6, where AB and CD lie in the boundary of the beam. It

is supposed that at the instant considered cos n(t - %) has the
value + 1 at the point P and the value — 1 at the point @, the

distance PQ being half the wave-length. 5
The components E, and H, occur only where 5%

different from zero. They can be confined, as shown in the
diagram, to a thin layer near the boundary of the beam, the

* See Note 2, Appendix.

oa
and %2 are
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value of a being constant and the vibrations being purely trans-
verse through the greater part of the section.

It should be remarked that along any line normal to the wave-
front the amplitude a is constant.

The same mode of reasoning can be applied to doubly refract-
ing media. Then we find that the amplitude a is constant, not
as it was just now, along the normal to the wave-front, but along
a line having just the direction that we find for a ray of light
by Huygens’s construction.

We might also apply it to the case of a medium whose proper-
ties are not the same at all points; for instance, to the atmos-
phere or to a solution of salt. In such a case € is not the same at
all places, and we cannot have waves in which the amplitudes
of both E and D are the same at all points. Instead the ampli-
tudes vary slowly on account of the variation of the properties
of the medium.

Physical media generally have slowly varying properties in
the sense that the properties are nearly the same at two points
whose distance apart is a wave-length. Light passes through
such a medium with no appreciable reflection. To see this let
us consider the case of a stratified atmosphere in which the
refractive index u varies from 1 to 1.00029. Let us suppose
that the transition takes place in a large number of small
steps; then at each step the surface of separation reflects. By
Fresnel’s well-known formula the ratio of the intensity of the
reflected and of the incident light is given, in the case of normal
madence, by <“I . ”//>g,

Kot
where ' and u’’ are the values of the index of refraction on
both sides of the boundary. We may put
’ n_p—1
W= 21)
for each of the N surfaces of separation and replace u’'+ '’
by 2. The portion of the incident light that is reflected by one

surface will therefore be
s =12 (22)
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and we may write for the portion that is reflected by the
N surfaces together

1 2 L 2
i (w—1)2= N (0.00029)2, (23)

which becomes excessively small when N is large. There is
thus no appreciable reflection. Reflection can, in fact, take
place only when there is a sharp boundary; that is, when the
properties of the medium change appreciably in a distance equal
to the wave-length.

In the above calculation it has been supposed that the thick-
ness of the individual layers is very great in comparison with
the wave-lengths. Then there are no phenomena of inter-
ference, and we have simply to add to each other the reflected
intensities. This amounts to a multiplication by N, because it
is assumed (and this is confirmed by the result) that the light
reaching one of the lower layers is not sensibly weaker than the
original light.

8. Group-Velocity. We now pass on to the consideration of
group-velocity, which admits of similar mathematiecal treatment.

We have to consider the case of a dispersive medium and
must therefore start from equations that involve an influence
of the frequency on the velocity of propagation. These equa-
tions may be of a somewhat complicated form, but at all events
they will be linear and homogeneous, and it will be possible to
eliminate from them all dependent variables but one, say ¢.
The final equation will determine ¢ as a function of ¢ and the
three coordinates z, ¥, z, or as a function of ¢ and x if we suppose
¢ to be independent of y and z.

We shall write down the equation in the symbolical form

F(Dy, Dz)¢ =0, (24)

in which D, and D, are symbols for the operations 3% and g—t» and
where F(D,, D,) indicates what we may call a polynomial in

D, and D, with constant coefficients. The polynomial is not
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necessarily homogeneous. The meaning of our equation will
become clear if we give one or two examples; for instance

: 0?
(»D#+ qD#)¢ stands for p at? +a% ? 25)

and (aD? + BD2D: + thDI + 0D 2)<1>

a e 0*¢ 0*¢ ¢
for @G Y P oot Y oroe 10 (26)
It must be noticed that the exponents attached to the symbols
D; and D, always mean that the operations indicated by them
have to be repeated a certain number of times, and that D,D,
means that the two operations D, and D; are to be applied
successively.

We assume that equation (24) is linear and homogeneous, so
that the principle of superposition may hold. This means in
particular that if we have one solution of the equation, we can
obtain another by multiplying it by a constant factor. This
implies that the course of beams of light and their velocity of
propagation are independent of the intensity. Attempts have
often been made to discover a variation of the velocity of light
with its intensity, but no variation has yet been found; con-
sequently equation (24) must be linear and homogeneous.

Now put —ac (-5 @0
and first suppose that o is a constant ; then
_0_; -0 __m
D, = prie wm, D, P . (28)

This means that the differentiation of ¢ (and similarly of its
derivatives) with respect to ¢ is equivalent to a multiplication

by in, and a differentiation with respect to x amounts to a

multiplication by — %

The expression (25) now becomes

[pam2 + o(—2)' 6,
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and in general F(Di, D;) now becomes the product of ¢ and a

function (in the ordinary sense of the word) of in and — w,
The differential equation (24) reduces to

F(zn _ “—U’l>= 0, 29)

and this is an algebraic equation by which the value of v for
any given frequency will be determined.

We shall next suppose that a is no longer a constant but
depends on z and 7, being a slowly varying function. This means
that the amplitude is not constant all along the beam but shows
gradual changes; these may go so far that the amplitude is
different from zero only between two wave-fronts at a certain
distance from each other, so that we shall really find the way
in which a limited group of waves is propagated. The group-
velocity w may be regarded as the velocity of the boundary,
although strictly the boundary is not sharp. We shall rather
determine the velocity with which a definite amplitude a is
propagated, and shall define this as the velocity of the group.
Instead of (28) we now have

9% _ inaem(l_ "’)-f- fa em(# 2 =<in +2 lgf a>¢,

ot ot
. 0o _ . 0 log a .
that is, 5= " + -—-—-—,() T (30)
. 0 _ 0loga
and similarly i myooea o 31)

Substituting in the differential equation, we now get

. dloga _in 810ga>~
F <m + " + )= 0, (32)
or, taking into account that a is slowly variable, so that ?)_lg;g_q
and 4 lgf % are small in comparison with » and %,
F(in,—’-v—">+F al"g‘]‘+1~‘ 31(‘;5“ 0, (33)
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where the derivatives of F(in, — %) with respect to the argu-
ments tn and — 11? are denoted by F, and F; respectively.

This equation can be satisfied on the assumption that v has
the value given by (29), whereas a is determined by

dlog a dloga
F 2By 5, SRy, (34)
or %+Fda0. (35)

ox

This equation admits of a simple interpretation. At a definite
instant the amplitude @ may be any function of z, but the value
which it has at any later instant is determined by the rule that
the value of a is propagated in the direction of = with the

velocity .
=22, 3
w=4% (36)
Indeed, if ¢ is made to increase by the infinitely small amount
At, and z by the amount wAt, the change in a will be
oq 8a>
At,

(G "%
and this will be zero in virtue of the last two equations.

Now the ratio between F; and F2 has a simple meaning that
may be derived from (29); it is related to the way in which the
velocity v changes with the frequency m, that is, to the amount
of the dispersion. For example, let n change by dn and let

d<%> be the corresponding change of % Then, by (29),

Fﬂdn-—Fﬂd<§>=0,

F_d (),

or Fo - dn <v> (37)
1_4d (n),

so that (36) becomes = an <v>

or 1_1 _nd (38)
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the formula for the group-velocity that was first given by
Lord Rayleigh. If, instead of the frequency, the wave-length A
(in vacuum) is introduced,

1_1,Ady (39)

If the last term in either of these equations is very small,

ey dr
w-v—}—ndn—-v Ad)\ (40)
Let u be the index of refraction, so that
—-.C_, 7_?':”_.“'
b=y v ¢’
1_d/mu\_p, ndp
then w—dn<c>_c+cdn (41

When u =1 we have, of course, w = ¢; and when there is no
dispersion, g—; =0and w=n.
The above calculation of the group-velocity w may be con-
sidered as an application of a well-known mathematical theorem.
If z, y, z are three variables connected by one relation, we

have the equation < oy )
oy\_ _ \ox/: ,
ox )y

which is frequently used in thermodynamics; thus when the
three variables are the temperature T, the pressure p, and
the specific volume », the relation is

o (75)
< 80>T <—-—§2 ) , (43)
T/p

and each term has a physical meaning, the quantity on the left-
hand side being the inverse of the compressibility.
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Now, in order to find w we had to fix our attention on the
increments that must be given to x and ¢ in order that the ampli-
tude a may remain constant. We may say that, by definition,

_{(ox
w= <8t>,,
By virtue of (42) we may write
a
_at
,d_alf
ox
and this leads to the above result.
The formula for the group-velocity may be applied to other
types of waves. We shall consider as an example the case of
surface waves on deep water, a case in which there is a con-

siderable difference between w and v.
The displacement may be expressed in the form

ny

ae’ cos n<t - fr-’>,
v

where y is measured vertically upward and x in the direction of

propagation. The velocity of propagation is given by

v

=a(0)

that is, w

o IR

n

<D

I

Hence

g
N]H:Q

. (44)

Il

9. The Flow of Energy in a Beam of Light. In what precedes
we have considered, in the first place, the lateral delimitation of
a system of waves, and, in the second place, its delimitation by
two planes which we may call the front and the rear. The two.
things can of course be combined.

The physical meaning both of the rays of light and of the
group-velocity will perhaps’ be better understood if we fix our
attention on the amount of electromagnetic energy and on the
flow of energy that is determined by Poynting’s vector. In the
first place it is clear that this vector, which is perpendicular
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to both E and H, being represented by c[E - H], that is, the
vector product* of E and H multiplied by ¢, must give us
the direction of the rays of light. Indeed, when we say that

the vector S =¢[E - H] (45)

is the flow or current of energy, we mean to assert that the
amount of energy transmitted across some surface element is
given (per unit of area and unit of time) by the component of S
in the direction of the normal n to the element (Fig. 7). The
flow of energy across the surface will be zero if S, = 0; that is, if
the vector S has its direction in the surface. This must be true
for the tubular or cylindrical surface by which a beam of light
can be laterally limited, and therefore the n

rays of light must have the direction of

Poynting’s vector. S

Again, let us consider a beam in an iso-
tropic medium, extending on the front
side to the plane P, which is advancing FiG. 7
with the group-velocity w. At the end of
the time At this plane will have taken the position P’, the dis-
tance between P and P’ being wA¢. The energy contained in
the space between P and P’ is obviously equal to the energy
that has flowed through P in time A:.

Let the area of the section P of the beam be unity. As we
pass along the beam the energy per unit of volume is changing
continually from point to point. But if the distance between
P and P’ is very great in comparison with A, we may reckon
with a mean value. Let this mean value of the energy per unit
of volume be U.

Similarly the flow of energy across a plane like P will not be
constant; it will go on by jerks. If the time considered is very
great in comparison with the period, we can reckon with a mean
value, which we shall call S. We now have the relation

S=wU,
S
w= ik (46)
* This is a vector with components EyH, — E,Hy, E;Hy — EyH,, EcHy — EyHy.

or
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10. Experimental Determination of the Velocity of Light. Which
Velocity is actually Measured ? We found in § 8 that in some
cases (for example, in the case of surface waves on deep water)
there is a great difference between the phase-velocity v» and the
group-velocity w. In the case of light everything depends on
the amount of dispersion.

For air the difference between the two velocities is found to
be not more than 1/100,000 of one of them; nevertheless it is

FiG. 8

interesting to know which of the two veloci-
ties is determined by ordinary methods.

It is clear that the method of the toothed
wheel gives us the group-velocity. In this
method an image of the source of light S
(Fig. 8) is formed in the plane of the wheel
W at a point on the rim, the light being focused by means of
lenses and a half-silvered reflecting plate V inside a telescope.
After the light has passed between the teeth of the revolving
wheel it is converted into a parallel beam by the object glass
of the telescope and is allowed to travel a distance of some
kilometers before it is reflected back along its original path.
The light is then observed through the plate V.

Whether light will be seen or not, and what will be its inten-
sity, all depends upon the angle through which the wheel has
rotated during the time required for the propagation of the
light to the distant mirror and back. Let the breadth of the
teeth be equal to that of the intervals between them. Under
these circumstances, if, during the time in question, a tooth has

S
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just been replaced by an interval, no light will reach the eye E.
On the other hand, the intensity is a maximum when an interval
has been replaced by an interval, as will be the case when the
previous velocity of rotation is doubled. Now by its rotation
the toothed wheel cuts off a limited portion of the incident beam,
and we get a limited beam like the one considered above; it will
be the propagation of these limited portions that determines
the phenomena. The result of the experiment is, therefore, the
group-velocity.

The theory of the other method is more difficult. This
method has been improved and used with much success by

M 1 |
y P

: |
L

<5> F1G. 9
Michelson, and it may be observed, in the first place, that in
it also we have to do with limited trains of waves.

You know that (in one of the forms of the experiment) light
coming from the collimator lens L is made to fall on the revolv-
ing mirror M. Thence it is reflected to the distant mirror P
(Fig. 9). Returning along its path, it will find M in a changed
position, so that it will return not to S but to a point at a short
distance from S. If we rotate M slowly and receive the return-
ing waves in the eye, we shall observe light only for short
intervals of time, namely, during the intervals in which the posi-
tion of the mirror M is such that the reflected rays fall on P.
This remark suffices to show that we also have limited trains of
waves when M is rotating at a high speed, so that things are
much the same as when the toothed wheel is used.

This would lead us to expect a measure of group-velocity, but
there is another circumstance to which the late Lord Rayleigh
has called attention. This is the effect of Doppler’s principle in
the reflection of light by the moving mirror. In the case of nor-
mal reflection it is known that the frequency is changed in the
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ratioof 1 to 1 4 ZEQ, where v is the velocity of the mirror and ¢

that of light. This was proved experimentally by Belopolski.

In the case of oblique incidence the term 2 »/¢ must be mul-
tiplied by cos 6 where 6 is the angle of incidence.

Now if the mirror M rotates about an axis through O per-
pendicular to the plane of the diagram, one half of the mirror
will move toward the incident rays, and the other will recede
from them. Thus in the reflected beam the frequency will be
greater on the side 1 than on the side 2. If now » depends on
the frequency (that is, if the beam is made to pass through a
dispersive medium), the velocity of the waves will be different
on the two sides. The wave-fronts will be turned, and it is easy
to see that the rotations of the wave-fronts on the way from O
to P and on the way back are added
to each other (there is not compensa-
tion, as one might perhaps think), so
that, after all, if a wave-front left the
mirror M in the position « (Fig. 10),
it will perhaps return to it in the posi- Fic. 10
tion a’. Now in the reflection of light
by a mirror every change in the direction of the incident waves
will produce a similar change in the direction of the reflected
waves, and a corresponding change in their normal, which is the
direction in which the light is perceived. The observed direc-
tions would therefore be the effect of two rotations, namely,
the rotation of the mirror in the period following the first reflec-
tion and the rotation of the waves themselves.

This looks very satisfactory, but on going deeper into the
question one encounters many difficulties. I have made some
calculations, using a method similar to that which I applied to
the problem of the group-velocity. In an expression of the form

¢=acosn<t—>‘—————x+’;y+yz+p> (47)

/
a [/

it is not only the amplitude a that can be a slowly varying
function of the coordinates z, y, z and the time ¢, but also the
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frequency m, the velocity of the waves », and the direction
cosines (\, u, ») of the normal. You will see that by making
suppositions of this kind we can come to exactly the same state
of things that was considered by Rayleigh, and our method
allows us to examine it somewhat more in detail. I shall not,
however, go into these questions now.*

11. Solutions of Maxwell’s Equations for the Ether. Let us
now return to the ether. Maxwell’s equations, which we have
learned to know already, admit of many beautiful and elegant
solutions. In the first place, we can eliminate from them any
five of the six quantities E., E,, E., H;, H,, H.; we shall then
find for the remaining one, which we shall again call ¢, an
equation of the form

Vb
Prok C AA¢, ‘ | (48)
where Ap=C2 V0, TS,
ox= oy oz

This equation reduces to our former equation when ¢ depends
on one coordinate only.

Now a general solution of this equation is known. Before
speaking of it we observe that if the function ¢ were to be inde-
pendent of the time, we should simply have

Ap =0, (49)

Laplace’s well-known equation for the potential in an electro-
static field. From it we can deduce the theorem that if
around the point P as center we construct a sphere of arbitrary
radius, the value of ¢ at P will be exactly the mean value of ¢
at all points of the spherical surface ; that is, Z being the surface,

' ¢P=%f¢»da=$. (50)

From this we may deduce Earnshaw’s theorem that although
a small charged particle may be in equilibrium in an electro-
static field, it cannot be in stable equilibrium.

* See Note 3, Appendix.
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A position of equilibrium is stable only if the potential energy
is a minimum. Now in the present case the potential energy is
proportional to the potential at the point P occupied by the
electric charge, and so if, for a positively charged particle, the
equilibrium were stable, the value of ¢ at P would be less than
the value of ¢ at each point of a small sphere with P as center.
This, however, is impossible, since the value of ¢ at P is the
mean value of ¢ over the sphere.

As an illustration let us consider a charged particle P in equi-
librium at a point midway between the centers of two equal uni-
formly charged spheres, both carrying a positive charge (Fig. 11).

If P carries a negative charge, the equilibrium is stable for
transverse displacements but unstable for displacements along
the line of centers. If, on the
other hand, P carries a posi-
tive charge, the equilibrium is
unstable for transverse displace-
ments and stable for displace- FiG. 11
ments along the line of centers.

This principle of Earnshaw has become of present-day interest
on account of the proposed static atom and static theory of
molecules and crystals. A stalic atom is clearly impossible if
matter consists only of electric charges and these are supposed
to be held together by electrostatic forces only.

If, however, the charges are in stationary motion, the prin-
ciple is inapplicable and so a pure electric theory of matter
might be possible. In the case of equation (48) there is a
theorem similar to the one expressed by equation (50). Let us

+ P +

suppose that at time ¢t = 0 we know the values of ¢ and %‘f— at
each point of space, so that

¢ = o, %—?r-éo, for t=0, (51)

¢o and ¢, being known functions of z, y and z. If we want to
know the value of ¢ at a point P at time ¢, we construct around P
a sphere of radius c¢t; then

¢p= ‘% (tdo) + tgo, (62)
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where, as before ¢o denotes the mean value of ¢o over the

sphere and d)o has a similar meaning. In calculating the first
term on the right-hand side we must keep in mind that $ois a
function of £. Indeed, when ¢ is made to increase, the radius c
of the sphere changes, so that we have to take the mean value
of ¢o over a new sphere.

We may deduce from this the mode of propagation of a dis-
turbance that is at first confined to a limited space 2 (Fig. 12).
The disturbance at any point P
external to ¥ will begin at time
t=r/c, will last for a time (ra—m1)/c,
and will then cease altogether at
time ¢t =r2/c. The lengths r; and
ro denote the radii of two spheres
described with P as center, the one
just excluding, the other just in-
cluding, the space =

This theorem, which was given
by Poisson in 1807, indicates a
tendency of electromagnetic dis-
turbances to spread out in all directions. In the light of the
modern theory of quanta this tendency creates difficulties, as

remarked in § 6.

Fic. 12

12. The Production of Light. As soon as it was known that
light consists in a vibratory motion, it was natural to suppose
that luminous bodies contain small particles vibrating about
their positions of equilibrium and in this way producing waves
that are propagated in the ether. Afterward, when the electro-
magnetic theory of light had been established, physicists were
led to suppose that the vibrating particles are endowed with
electric charges; indeed, this seemed to be the only way in
which it could be understood that their motion gives rise to
electromagnetic waves.

This has been the origin of the theory of electrons, or rather
one of the lines along which we were led to it, for as a matter of
fact many different lines of research have driven us to the same
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conclusion. I must add that, according to the theory of elec-
trons, not only the rays of light but all electromagnetic fields,
whatever their special features, are to be considered as due to
the presence and the motion of charged particles. If a con-
ductor has a positive or a negative charge, this means that on
its surface there is a distribution of positive or negative par-
ticles; each of them is surrounded by an electric field, and all
these elementary fields, superposed on each other, will consti-
tute the field around the body. If in this field we place a ponder-
able dielectrie, there will be a change in the course of the lines
of force,— a change that can be accounted for by supposing
that the elements of volume are polarized, obtaining a positive
charge on one side and a negative charge on the other. We
have to think of this polarization as a displacement of charged
particles from their original positions, the positive ones going
in one direction or the negative ones in the opposite direction,
or perhaps both displacements taking place at the same time.

Again, an electric current in a conducting body will be a
motion of charged particles that can go on for any length of
time in one and the same direction. You know that the phe-
nomena of electrolysis led to this conclusion many years ago;
the motion of the ions in a salt solution, for instance, is perfectly
well known, and the effects produced by it have been examined
with good success. These ions are atoms or groups of atoms.
There is also good experimental evidence that metallic con-
ductors contain freely movable charged particles, only these
particles are much smaller than atoms; they are the negative
electrons, whose mass is something like the 1850th part of the
mass of an atom of hydrogen. Just as the electrostatic field
around a charged body results from the superposition of all the
elementary fields of which we spoke, so also the magnetic field
around a wire that is traversed by a current will be composed
of as many fields as there are movable charged particles. In-
deed, such a particle, which when at rest is the center of an
electric field only, will produce a magnetic field as soon as it is
set in motion. That a moving charged body exerts a magnetic
force and can thus give rise to a deflection of a magnetic needle
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has been shown by the celebrated experiment of Rowland and
by many repetitions of it, made in different forms.

Now, if our equations are to express not only the modes of
distribution and propagation of electromagnetic fields but also
the way in which they are produced, we must include in them
the electric charges. This is done by a slight extension, to which
we shall now proceed.

13. The Field Equations of the Electron Theory. We shall sup-
pose the electric charges to be distributed over space with a
certain density p, so that p means the electric charge per unit
of volume. We shall further assume that p is a continuous
function of the coordinates z, ¥, z, so that there is no sharp
boundary ; if a charge is limited to a certain finite region, there
will be all around that region a transition layer, of a certain
thickness, in which p changes gradually from the value it has
on the inside boundary to zero. This assumption, however, is
introduced solely for the sake of mathematical convenience.
We can choose the thickness of the layer of transition as small
as we like, and so, by passing to the limit, deduce from our
results those that will hold in the case of a sharp boundary.
By a similar process we can even come to the case of a charge
distributed not over a space but over a surface ; we first imagine
a distribution in a layer between two surfaces o; and o2, and
then make these approach one another indefinitely, the volume-
density increasing in such a manner that the amount of charge
per unit area of ¢ remains finite.

The first change is to be made in the equation

div E=0,
which is now to be replaced by
div E = p. (563)

In order to understand this you must remember that the
vector E represents not only the electric force in the ether but
also the dielectric displacement. If for a moment we think of
electricity as an incompressible fluid, it is clear that whenever
a body P in some way or other gets a greater amount of the
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fluid than is its due while in the natural state, an equal amount
of the fluid will be displaced outward through any closed sur-
face surrounding the body. If eis the charge of the body, this is
expressed by the formula

f Endo=e, (54)

where E, is the component of E along the normal n to the sur-
face, n being directed toward the outside of the surface. The
formula is also true if ¢ is negative.

Let us apply the last equation to the infinitely small par-
allelepiped of volume dxdydz (Fig. 13); then e = pdxdydz.
Since this is infinitely small of
the third order, we must calcu-
late the surface-integral in (54)

up to the same order, and we P Q

must therefore take into account

the changes of the components x
of E from one point of the sur- Fic. 13

face of the parallelepiped to the

other, these changes being of the first order. Now the change
of E, when we pass from a point A in the plane of area dy dz
on the left-hand side to the corresponding point in the opposite
face is OB,

—Z dz,
ox

where for the differential coefficient we may take its value at P.
From this it is easily seen that the two planes dy dz contribute
to the integral the quantity

s 4y dy dz,
ox

and similarly for the pairs of planes perpendicular to Oy and
0z respectively. The final result is

0B, | 0B, | 0B:_
8x+8y+8z—p’

which is our equation (53). This equation may be regarded as
the definition of p, and this way of defining the density of
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electric charge is very natural. We infer the existence of a
charge on a body by observing the electric forces to which it
gives rise in the surrounding space, and so from the electric
forces existing at the surface of a small parallelepiped we infer
that there is a charge inside the surface.

It should be noticed that the vector E is no longer solenoi-
dally distributed when there are electric charges.

The expression div E was termed by Maxwell the divergence
of the vector E because when it is positive at a point P the
vector in the immediate neighborhood of P is directed some-
what more away from P than toward it. The equation

curl H= % E (55)
must likewise be modified. The general form is
curl H= % C, (56)

where C is the electric current. Now
C=E+ pv, (57)
where v is the velocity of the charge. The current C thus con-

sists of two parts, a displacement current E and a convection
current pv. The last-named current satisfies the equation

div (ov) + %’g =0, (58)

which can easily be proved (it is the exact analogue of the equation
of continuity in hydrodynamics), and by means of which, in con-
nection with (563), it can be shown that the current C given by
(57) 1s solenoidally distributed, — in other words, that div C = 0.

It may be well to insert a few words here on the meaning of the
curl of a vector, or, as it is also called, the rotation of a vector.

Let A be the vector and consider its line-integral along a

closed curve C,
L= f A, ds,

A, denoting the component of A in the direction in which the
arc s increases. If A is a force, the line-integral represents the
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work done by the force in a circuital displacement, and this is not
generally zero. We can, in fact, prove the following theorems :

1. If C is an infinitely small closed plane curve near the
point P, the value of L is proportional to the inclosed area,
depending only on the position of P and the direction of the
plane, not on the form of the closed curve.

2. If C is in a plane parallel to YOZ, s increasing in a direc-
tion corresponding to a rotation through 90° from 0OY to 0Z,
the value of the integral is

04; _ 04)\y4
(ay oz ) >
where do is the inclosed area. This may be proved by consider-
ing a small rectangle of sides dy, dz and calculating the line-
integral up to quantities of the second order. The change in
the value of A4, when we pass from a point on the left-hand
side dz in the figure to the corresponding point on the opposite
side 1s 24,
oy

and therefore the two sides dz contribute together to the inte-
gral, paying due regard to sign, the quantity
0A

2 dy dz.
oy yaz
The contribution of the two sides dy is found in a similar way,
and so we find for the line-integral the value stated, since
do = dy dz.

In planes perpendicular to OY and 0Z, do must be multi-

plied by DA: _0A: 4 04, 04
0z o0x or oy

respectively. Let B be the vector with the components
94: _ 04y, 0A;_ A 04, 2A

oy oz 0z ox ox oy

then in each of these three cases do must be multiplied by a
component of B.

dy,

.
’
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8. If once we know the values of the line-integral L for in-
finitely small closed circuits in planes at right angles to the
axes of coordinates, we can deduce from them the value of L
for a closed curve C lying in any plane.

Let PQ, PR, PS (Fig. 14) have the directions of the axes
of coordinates, QRS being a plane of any orientation. The
line-integral along the path QRS is equal to the sum of the line-
integrals along PQR, PRS, PSQ. The result is that the line-
integral along QRS is B.do, where do is the area QRS and n
the normal to the plane QRS in a direction corresponding to

S

/

Q /
FiG. 14 Fia. 15

the direction chosen as positive along the boundary (in this
case QRS). This result may now be extended to any small
area do and finally to any superficial area which is divided up
into small circuits which are approximately plane (Fig. 15).

Thus the vector B determines the value of the line-integral
of A for any closed curve. It is called the rotation, or curl, of
the vector A, because when B is different from zero there is
something like a turning or whirling in a definite direction in
the vector field of A.

If B is everywhere zero, the vector A is said to be irrotationally
distributed. This occurs when the vector A can be derived from
a potential ¢; that is, when

A, =— 79, ete.,
or
or, in vector language, A = — grad ¢. (59)
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It is well known that in a field of force with a one-valued
potential (that is, a conservative field of force) the work in a
closed circuit is zero. That in this case curl A =0 appears also
from the formula. For, by (59),

%%f — %‘%ﬂ =0, etc.
To the equations
divE=p, curl H= % (E + pv) (60)
we must next add
div H=0, curlE:-—-%I:I (61)

without any alteration.

A solution of these equations that is often very useful is
obtained by means of two potentials, a scalar potential ¢ and
a vector potential A. By way of introduction we recall one or
two known theorems.

1. In a stationary field, such as an electrostatic field,

H=0 and curl E=0; (62)
hence the electric force can be derived from a potential ¢ as
follows : E—— grad ¢, ©63)
¢ being the electrostatic potential.

2. If B.= i‘ﬁ —_ ?;41, ete.,
oy 0z

we have div B=0. The curl of a vector is thus solenoidally
distributed, and the converse proposition is equally true. A
vector solenoidally distributed can always be considered as the
curl of another vector. We have seen already that in all cases
div B =0, B being the magnetic induction. Therefore we can
always introduce a vector A from which the magnetic induc-
tion can be derived by means of the equation

B = curl A. (64)

A is called the vector potential. In our case B =H, so that
the magnetic force can be derived from a vector potential.
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In the general case there is a scalar potential ¢ and a vector

potential A.
From these the electric and magnetic forces are derived as

follows :

E=—grad¢—%.i, H = curl A. (65)

The two potentials are connected by the relation
diva=-1g (66)

and satisfy the two partial differential equations
O¢=—p, DA=~%—pv, (67)
where O¢p=A4¢— l_ ¢ (68)

and OA denotes the vector with components of type OA..

If the state were stationary, so that ¢ =0, A =0, these
equations would have the form of Poisson’s equation A¢ = — p.
If, on the other hand, the right-hand sides were zero, we should
have the equations of propagation similar to those considered
previously. The influence of the charges makes itself felt in
the terms on the right-hand sides of (67); it is these terms
that will lead to a production of vibrations if, for instance,
the charges have a periodic motion so that at a definite point
of space the values of p, pv:, pv,, pv. change from one moment
to another.

A solution of these equations may be obtained by a generali-
zation of a theorem given by Kirchhoff ; it takes the form

¢——f1[p]dv

_ 1

where dV is an element of volume. The square brackets indi-
cate that the quantity inclosed is to be taken for the time
t—r/c.

, (69)
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By these equations, combined with (65), our problem is
solved. They show that in order to calculate the field we have
to proceed as follows:

Let P be the point at which we wish to determine the poten-
tials at time {. We must divide the whole surrounding space
into elements of volume, any one of which is called dV. Let it
be situated at @ and let QP =r. In this element of space
there may or may not be a part of an electron at a certain
time. We are concerned only with the question whether it con-
tains a charge at time ¢t — r/c. Indeed, the brackets serve to
remind us that we are to understand by p the density existing
in dV at time ¢t — r/c and by pv the product of this density and
the velocity of the charge within dV at that same instant.
These values [p] and [pv] must be multiplied by dV and divided
by r. Finally, we have to do for all the elements what we have
done for the one dV and to add the results.

For a now obvious reason A and ¢ are called retarded
potentials. We have now found the means of determining the
field (always according to classical theory) that is due to a
given distribution and motion of electric charges.

14. Applications of the Foregoing Formulae. Consider an elec-
tron, that is, a charged particle with a certain distribution of
charge of volume-density p, to have an oscillatory motion in
the direction of the axis of z, the displacement from the posi-
tion of equilibrium being f(¢) at time ¢.

The quantity f is to be considered as very small, so that
squares and higher powers of f may be neglected in the expres-
sions for the scalar and the vector potential, and also in the
expressions for the electric and the magnetic force.

We want to calculate ¢ and A for a point P at time ¢t. In
doing so we must keep in mind one thing that could easily be
overlooked at first sight; namely, we have to integrate over
all the places in space at which at the time ¢ — r/c there is
an electric charge, and this is not the same as an integra-
tion over the space occupied by the electron at some definite
instant.
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In order to make this clear we shall fix our attention on some
point @ of the electron. Among the different positions that it
takes in the course of time there is just one, Q. (Fig. 16), satis-
fying the condition (and determined by it) that if it were the
center of some disturbance traveling onward with the speed c,
this disturbance would reach the point P exactly at the time ¢.
We shall call Q. the effective position of the point Q under con-
sideration. Now consider a number of points at infinitely small
distances around Q; let R, S., - - - be their effective positions,
whereas the positions @, R, S, etc. are simultaneous. Then the
element of space which contains these latter positions will be
an element of volume of the charged particle, and ., R, S, - - -
will determine an “‘effective”’ element of volume, such as we

have to take for dV in our P

formula. This element will Jl

have to be multiplied by /,/

the density p existing at 4 s 77 "

the point Q.. ' Q Q; -
Let AB be an infinitely Fic. 16

thin cylinderin the charged

particle of normal section w and having its length in the direc-
tion of Ox. I mean to say that AB represents this cylinder in its
position of equilibrium. We shall choose as origin of codrdinates
a definite point O of the cylinder, likewise in its position of
equilibrium, and we shall denote by @ the position of equilib-
rium of some other point of the cylinder. We shall write £ for
the relative coordinate 0Q, so that the coordinates of Q are

(£ 0,0).

Now we must fix our attention on the effective position Q.
of Q. This will be the position of the point at the time

t— % (PQ.); but since the amplitude and velocity of the vibra-

tion are infinitely small, and as we shall neglect in the potentials
quantities of the second order, we may just as well say that Q.

is the position of @ at the time ¢ — % (PQ). Hence, if we write r
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for the distance of P from @, that is, from the position of
equilibrium of the point considered, the coordinates of Q. will be

£+f<t~—£>,0,0.

Here r is a function of £. Therefore, if, for a definite value of ¢,
we pass from @ to a neighboring point R, the distance QR being
d§, the distance between the effective positions Q. and R, will be

i+ -]

We can now take, for the effective element of volume,
0 7 J
av = 2T _
v [Hagf(‘ o)t
In order to calculate ¢ = f [pldV
47 T

we must multiply dV by the density p existing at the point Q.
and by 1/r.; we must also take into account the difference be-
tween 1/r. and 1/r. This difference is given by

L-Les(-940)
so that we find o7 o o5k

T=Urale-0l

Te r+ﬁ£ rf e wdé.

As the density at the point considered is the same, whether its
position be Q or Q., we have

= fo AT (-9 o

By this we see that the scalar potential, which is due to our
infinitely thin cylinder, consists of two parts. We shall find
corresponding parts if, by an integration over all the cylinders
into which the charged particle can be divided, we pass on to
the value of ¢ due to the whole particle.

The first part of ¢ will be

1 (eyge=-1 (¢
47rfrwd£ 47rfrdV'
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This is simply the electrostatic potential that would exist if the
particle were constantly at rest.

Remembering that, when we operate on a function of r, if
x, 9, z are the coordinates of the point P for which we want
to calculate the potentials,

0__ 0.

0F Oz

we can write for the second part

el G

We can simplify this result by supposing that the dimensions
of the charged particle are extremely small in comparison with
the distance OP and also with respect to the distance over
which a disturbance traveling with the velocity ¢ would be
propagated in an interval of time during which f(¢) changes
appreciably. Then, in all elements of our integral, we can
understand by 7 the distance of P from the center of the parti-
cle in its position of equilibrium, so that we have simply, for
the second part of the scalar potential,

rr e (05
t—21)].
A7 oz f c
In calculating the vector potential we notice that of the com-
ponents of v only the first, namely, v,, is different from zero;

therefore A, =0, A, =0. To find the value of A, we remark
that we have to introduce the factor

=9

into the preceding formula for ¢; but in making the change
we can confine ourselves to the first part of ¢, because both f
and f’ are infinitely small, so that the product can be neglected.

We finally obtain
¢ p(e—L) (70)

A=
4 mer
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In our determination of the field we shall omit the electrostatic
part ; namely, the part that depends on the first part of ¢.
Indeed, this electrostatic field may be made to disappear by
the supposition that in the immediate neighborhood of our
moving charged particle there are one or more others that are
at rest and produce an electrostatic field equal and opposite to
the one of which we have just spoken. However this may be,
if we want only to know the vibrations that are produced, and
not the electrostatic field on which these vibrations are eventu-

ally superposed, we can put
Li(e=1)|. G

T C

—_ e 0
¢ = 47 ox

taken together with the above value of A,.
In the case of simple harmonic vibrations we may write

f(t) = a cos n(t + p),

where n determines the frequency and p the phase. The expres-
sions for the potentials are now

__G , _1G B _
=%, 4,=170, 4,0, a.=0, (72)
ae T
= —_— ), —_— . 7
where G =7 cosn (z Lt p) (73)

The components of the electric and magnetic forces are

o 104, _0°G 1 0°G )
==t = 2 21, H,=0
E or ¢ ot ox: ¢? 013
090G g 04, 106G |
vy ey T e a0 ™
__0p_ G 4 _ _0A._ _10%
? 0z ooz | ° oy ¢ oy ot

It is easily verified that Maxwell’s equations (for the ether) are
satisfied by these expressions, because the function G, and more
generally the function

v-11-3)
satisfies Oy = 0.
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At a great distance from the vibrating particle the most im-
portant terms are those of order 1,7; these are

p=2(1-%)e  H=0

c? 72

0o_ _nizy HO="2%2¢ .
B=-%lg =t (75)
EV= Mg H=—"Yg

: crz : &

15. Interpretation of These Equations. As was to be expected,
the field is symmetrical around the axis Ox, along which the
electron is vibrating, the lines Q
of electric force lying in planes
passing through Oz and the lines P
of magnetic force being circles
around this axis.

At a point P both E°® and H®
are perpendicular to OP. If for
the positive directions we take PQ D z
(Fig. 17) (corresponding to an in- © Fic. 17
crease of #) and a line perpendic- '
ular to POx (corresponding to a rotation from Ox to OF), we have

| E° —_—|H0|=__4aen: sin6c08n</,_7_'+p>’
me=r ¢

where E°, when this expression is positive, is in the direction of
the first line just mentioned, and H° is in the direction of the
second.

The result is similar to the one found for the case of a plane
polarized beam of parallel rays of light.

The flow of energy, which is determined by Poynting’s vector
S*=¢[E®- H], is directed along OP prolonged and has the
intensity

0| __ ) 0 — afe’nt . o 2 I
|S°|=c|E°| | H| 16 2esyz Sin 0 cos n(t c-{-p). (76)
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We shall consider its mean value over a full period (or over a

long lapse of time). The mean value of cos* n (t - g + p) is 1 )

so that we get 00 4 2
<o _  ae*nt . o
I S | = —-———-—;— sinZ 6. (77)

We may deduce from this expression the amount of energy
radiated by a vibrating particle per unit of time. Let us draw
a sphere of radius r around the point O and integrate | S° | over
its surface. If do is an element of surface, this amount of energy

is given by -
2 | sin® 6do.
32 m3¢tr*

We have here to replace sinZ 6 by its mean value over the
sphere. Now the mean value of cos®# is ¥; indeed, the mean
values of the squares of the three direction constants of the
radius are equal by symmetry, and the mean value of their
sum is unity. The mean value of sin®f =1 — cos®6 is con-
sequently 4. Hence, since

fdo =4 7r2,

. 2020t
our last expression becomes e (78)

16. Nature of the Field at a Small Distance from the Vibrating
Electron. Let us now suppose that the distance r is small in
comparison with the wave-length but still large in comparison
with the dimensions of the electron.

In the former case we could confine the differentiations with
respect to the coordinates to the argument of the cosine and
could consider as constant the amplitudes by which

cos n(t—%-{—p)

is multiplied. It is easily seen that this is permissible so long

asr >> A\,
When, on the other hand, r < < A, we have only to differen-

tiate amplitudes and can omit the differentiation with respect
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to ¢, at the same time replacing cos n (¢ — T + p) by cos n(t + p).
We then get ¢

E= £ cos n(t+ ) grad [—% (%)J H=0. (79)

Adding these expressions to those deduced from the previously
omitted first part of ¢, we infer that at short distances elec-
trostatic forces predominate, these being calculated as if the
particle were at rest in its instantaneous position. The terms
which we first considered, and which prevail at great distances,
can be called radiation terms. The amplitude for these terms
is inversely proportional to the first power of the distance, and
it is precisely on this account that Poynting’s vector, that is,
the flow of energy through unit area, is inversely proportional
to r2; this is the well-known elementary law.

It must of course be true that during a full period as much
energy passes through one sphere around the luminous point
as through another, because the state of things in the space
between them is the same at the beginning as at the end of the
period.

If we construct around the luminous point as center a sphere
with radius r, neither very great nor very small in comparison
with A, so that no terms in our equations can be neglected, and
if then we calculate the flow of energy through the sphere, we
shall again be led to the result (78).

17. The Field of an Electron which is moving in an Arbitrary
Manner with Velocity less than ¢. The method that served us
for the vibrating particle can be used also for a particle having
any given motion of translation, which will generally be with
varying velocity along a curved line.

At time ¢t let us choose a point P whose distance from the
electron is large in comparison with the electron’s linear dimen-
sions. Let r be the distance from the electron to P, v the
velocity, and o, its component in the direction of r. Then
we have e e[v]

R B e |

(80)
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where the square brackets indicate that we must fix our atten-
tion on the effective position M ; by r we have to understand
the distance MP, by vihe velocity in the effective position,
and by v, its component along MP. From these formula
the field can again be derived. If we consider only velocities
and accelerations that are not too great, so that products and
squares of these quantities can be neglected, it is found that
at a great distance from the elec-
tron the dominant terms in the
expressions for the electric and
magnetic forces in the field are
determined by the acceleration
of the electron. The result is as
follows :

Let j= MA (Fig. 18) be the
acceleration of the electron in its
effective position, and let us re-
solve it into a component along
MP and a component j,, at right angles to that line. Then the
electric force at P will have the direction of j, and the magnitude

Fic. 18

" 4 weer 7rczr 2

The magnetic force at P is found to be of the same magnitude and
to be at right angles to the plane PM A, its direction being such
that the flow of energy is in the direction of M P prolonged. The
intensity of this flow per unit area of a surface perpendicular to
MPisgivenby .2 . 02

16 72c3r27? = 16 nicir®
where 6 is the angle between M P and the direction M A of the
acceleration. Now, if we consider a sphere around M with
radius M P, M is the effective position with respect to all points
of the surface, so that our last expression, with the same 7,
may be applied all over the surface. As the mean value of
sin? 6 is £, the flow of energy through the sphere is found to be

eZ
81
61rc“7 (81)

sin? @ - 52,
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It is important to notice that so long as the electron has a
velocity which is constant in magnitude and direction, there is
no radiation. But there is a radiation of energy in all cases in
which there is an acceleration ; that is, in all cases in which the
velocity changes either in magnitude or in direction.

Formula (78) is a particular case of (81). Indeed, if the
electron is vibrating in such a manner that the displacement
from the position of equilibrium at time 7 is

a cos n(l + p),
we have j=—an?cos n(l — (Z + ),
so that (81) becomes

aen?t
6 e

cos® n(l — r + p),
c

the mean value of which over a complete period is *

a?e nt
12 e

18. The Reaction of Radiation on a Moving Electron. Closely
connected with the radiation of energy by a moving electron
is a certain force that is exerted on it by the electromagnetic
field and that may be called a resistance. The case is exactly
similar to that of a body vibrating in the air (for instance, a
tuning fork) and producing sound waves. In these waves,
just as in our electromagnetic waves, a certain amount of
energy is propagated outward. Hence, unless the vibrations
of the body are maintained by a properly regulated external
force, the amplitude of the vibrating body must gradually
diminish, the body losing the energy that is radiated. We
can calculate this resistance by means of the differential equa-
tions that determine the motion of the air, and in exactly
the same way we can calculate the radiation resistance in the
case of our electron by means of the equations of the electro-
magnetic field.

* For some further remarks see Note 4, Appendix.
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Let me recall to you that the force with which the field acts
on an electric charge is composed of two parts. Per unit of

charge, the first part is given by E and the second by 1 [v-H],
C

where the last factor denotes the vector product of the velocity v
of the charge and the magnetic field. The total force on a
charged particle can be found by multiplying the above quan-
tities by pdV (the charge on an element of volume) and by
integrating the result over the space occupied by the particle.

The force %1v - H]| is the one that produces the well-known

deflection of cathode rays, or of 8 rays in a magnetic field. To
this force we can also ascribe the action of a magnetic field on
a metallic wire through which a current is made to pass.

Now it is particularly interesting that an electron experiences
a force that is due to its own field. The calculation of the field
in the interior of the electron, which, like the outside field,
depends on our two potentials, shows that there are two forces,
one that is proportional to the acceleration of the particle and
directed oppositely to it, and another that is proportional to
the differential coefficient of the acceleration with respect to
the time.

The first force can be represented by — mj, where j is the
acceleration and m a constant that has the value

e‘l
"= TR (82)

for a spherical electron of radius R having a charge e that is
uniformly distributed over the surface. This ‘quantity m is
called the electromagnetic mass of the electron. Indeed, if we
want to move the particle with acceleration 7, we must exert
on it a force equal and opposite to the force — mj that is exerted
by the electromagnetic field. Hence a force my will be required,
and this is what we mean to say when we attribute to the
particle a mass m.

We can compare the electromagnetic mass of an electron to
what might be called the hydrodynamic mass of a sphere sub-
merged in water. If the sphere has acceleration, the pressure of
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the surrounding fluid will not be constant all over its surface,
and this will lead to a resultant force oppositely directed to the
acceleration j and proportional to it. If this force is —my, the
factor m is what we might call the "“hydrodynamic’ mass.
We can also say that if the sphere is set in motion, a certain
momentum must be given not only to the body itself but also
to the surrounding water, so that, for the same acceleration, a
greater force will be required than if there were no water.

We can express the same thing by saying that the presence of
the water has an effect similar to that of an increase of mass.

But I shall not now discuss at any length this question of
electromagnetic mass. It may suffice to remark that what we
have said is true only so long as the velocity of the particle is
small compared with the speed of light.

The second force is also proportional to the square of the
charge, but it is independent of the shape and size of the elec-
tron ; the second force is always represented by *

ez d . e ..
Loy = ) 8

6 me3 dt W 6 (83)
In the case of a particle performing a simple harmonic vibra-
tion of frequency n» we have v = — n?v, so that the expression

for the force becomes
n2e?

6 me3

showing that it is continually opposite to the velocity; the
force can then truly be called a resistance. .
Of course the effect of this resistance would be a gradual
damping or dying out of the vibrations, and this decrease of the
energy of the vibrating particle would exactly correspond to the
radiated energy. If, notwithstanding the radiation, the ampli-
tude is supposed to be constant, it is to be understood that some
external force, equal and opposite to the resistance and there-
fore able to maintain vibrations, acts on the electron. The work
of this force per unit of time, averaged over a full period, must

* See Lorentz, Theory of Electrons, Note 18.
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be equal to the energy radiated, calculated in the same way.
The work done by the force per unit time is, in fact,

o mPe? | nPe®r® _ nte®a?
6 w3 6 mwes 6 mwc?

sin? (nt + p),

the mean value of which over a period is

nie2q?
b
12 w¢3

which agrees with (78).

There is a close analogy, which I need scarcely point out,
between the vibrations excited by the moving electron and the
waves emitted by an antenna in wireless telegraphy. I can
now add that in the case of the antenna also we can speak of
a radiation resistance that must be taken into account when
we have to design a wireless installation. The expression for
this resistance may be found in a similar way.

19. Difficulties in the Theory of Radiation. The classical theory
of electrons has led us to the important conclusion that an
electron can never have its velocity changed, either in direc-
tion or in magnitude, without becoming a center of radiation.
By this the first great discrepancy between the old and the new
theories shows itself. Indeed, as you know, the conception of
Rutherford and Bohr as to the structure of atoms, namely, the
hypothesis that an atom consists of a positive nucleus with
electrons revolving around it, has proved most fertile for the
explanation and coordination of phenomena. Now, according
to the results of the theory of electrons which I have just put
before you, the electrons circulating in these orbits would cer-
tainly lose energy by radiation, so that the atom could not be
in a permanent state. In order to avoid a continual change in
the atoms and to make them durable we have been compelled
to suppose, in absolute contradiction to the old theory, that the
electrons moving in an atom do not radiate.

With a view to this state of things it becomes of interest to
know whether there is any evidence that, in some cases at least,
electrons moving with a variable velocity really do radiate.
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What we want to know is this: Are we wholly on the wrong
track when we consider changes in velocity as accompanied
by a radiation, or is there at least some truth in the idea?
That electrons radiate when they have any other than a uni-
form rectilinear motion has never been proved experimentally,
and, according to the theoretical formula, the effects which
we could expect are so small that it will be scarcely possi-
ble to observe them; but there are two groups of phenomena
which seem to show that a radiation by moving electrons really
exists.

In the first place, we can certainly say that the waves with
which we operate in wireless telegraphy are produced by rapidly
alternating currents in conductors or systems of conductors, —
for instance, in an antenna. Therefore, if it is true that a cur-
rent in a metal consists in a motion of negative electrons (and
we can infer this from the experiment of Tolman and Stewart),
here is a case of radiation by moving electrons.

20. The Experiments of Tolman and Stewart. We shall now
make a short digression in order to discuss these experiments,
which are really very interesting. They have been published
in the Physical Review, 2d series, Vol. 8 (1916), p. 97.

By way of introduction we shall consider a closed annular
tube of glass having the form of a circle and free to rotate about
its geometrical axis. Let this tube be filled with water and let
it be set in motion; after a time it will have acquired a certain
velocity, which is then kept constant. On account of the fric-
tion the water will in time move with this same velocity, so
that eventually there will be no relative motion of the water
with respect to the tube; but in the first few moments after
the rotation of the tube begins, this will not be true. At first
the velocity of the water will lag somewhat behind that of the
tube, and some time will elapse before the water moves with a
velocity equal to that of the tube. As the converse of this we
have the phenomena which occur when the motion of the tube
is suddenly stopped. Then the motion of the water continues
for some time.
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Now we can get an idea of the experiment made by Tolman
and Stewart if we substitute for the tube a circular metallic
wire and for the water the free charged particles which are
contained in it and whose motion relative to the wire consti-
tutes the electric current.

When the wire is set in motion (I mean, when a rotation about
its geometric axis is imparted to it), a transient current will
be generated, — transient because the forces between the metal
and the free particles, which can be compared to the friction
in our former case, and to which the resistance of the wire is
due, will finally make the free particles move with the velocity
of the wire. There is then no longer any current, because the
positively and negatively electrified particles will be moving
with the same velocity. When the wire is brought to rest there
will be a second transient current in a direction opposite to
the first.

The phenomena in question can be very easily observed with
water in a tube (we may, in fact, substitute a tumbler for the
tube), but the electrical experiment is a delicate one, and its
successful performance is to be considered as a great achieve-
ment. But let me first give you the theory.

1. Consider a circular tube whose section is very small com-
pared to the inclosed area, so that all points of the tube may
be said to move with the same velocity w, the motion being a
rotation round the geometrical axis of the tube. Let v be the
velocity of the water relative to the tube, m the mass of the
water per unit length of the tube, and « a constant determining
the resistance. The equation of motion of the water is then

d = e
m(—i—t(v+w)— av.

If w is a given function of the time ¢, this equation can be

at
integrated with the aid of the integrating factor ™, but such
an integration is not necessary for our purpose. Writing the

equation in the form m d
v=———=—(v+w)
a dt
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and integrating between {; and {2, we conclude that the length
of the column of water which flows across a section of the tube
in the interval between ¢; and {2 is

f Yodt =" [ + 1) — (2 + )]

In the special case in which we have initially w; = 0, »; = 0 and
finally we = w, v2 = 0, the right-hand side becomes
My
o
and gives the amount of the lag of which we spoke.

We get the opposite phenomenon when we have initially
w; = w, v; = 0 and finally we = 0, v2 = 0.

2. In the case of the metallic wire the theory is somewhat
more complicated on account of self-induction.

Let the velocity of the wire be w and the relative velocity of
the electrons ». The electric current is then

1= Nev,
where e is the charge on our free particle or electron and N is
the number of such particles per unit length of the wire.

Let L be the self-induction and r the resistance of the wire in
the ordinary sense. This means that the line-integral of elec-
trical force along the wire has the value

di

and that there is a force, similar to friction, the line-integral

of which is — ¢, the force being taken per unit of charge.
Thus, if the length of the circumference of the wire be s, the

force acting on an electron in the direction of the wire will be

edi e .
Lsdt rsz.
The equation of motion of an electron is thus
d —_pth_ e
mdt(v-}—w)— Lsdt rsz,
m di edi , e._ _ dw
or Nedt T Vsa TS T T a



EXPERIMENTS OF TOLMAN AND STEWART 51

If =0 for t=t and t=1t,, we find on integration that

b ty

S J4,

mw

4

The first transient current is thus — m;:S, the second 7%'?; both

depend on the value of e/m. If the moving particles are nega-
tive electrons, e/m is great and the effect is accordingly small.

The direction of the current observed by Tolman and Stewart
indicated that the particles were negative electrons. In their
experiments the wire ring was really a flat, circular coil whose
mean diameter was nearly 25 centimeters, the length of the wire
being 46,650 centimeters. This coil could be made to rotate
about a vertical axis at a speed of 5000 revolutions per minute.
The ends of the windings were connected with a galvanometer
by means of two wires leading upward to the ceiling, the wires
being twisted round each other during the rotation. In this
way sufficient freedom of motion was obtained. The coil was
brought to rest by means of a brakein a fraction of a second;
the period of the galvanometer was about ten seconds.

Many sources of error had to be avoided or compensated, or
taken account of in the calculation. I shall mention only one
of them. During the rotation the coil expands by centrifugal
force and contracts again when brought to rest. This changes
the number of lines of magnetic force passing through the coil,
the force being the vertical component of the terrestrial mag-
netic force, and produces induced currents of the same order
of magnitude as the currents we want to observe.

Why is a coil used instead of a single wire? If a coil were
short-circuited the current would be the same as in a single
wire, but a connection with a galvanometer is necessary. The
coil must therefore have so many windings that its resistance
is not very small in comparison with that of the galvanometer.

The ratio m/e can be derived from the experiments, and,
since my /e is known, the value of mg/m can be found, my being
the mass of an atom of hydrogen. The experimental results
were as follows :
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1. Length of wire, 46,650 centimeters; eight series of
experiments.

TH — 1890, 2170, 2120, 1860, 2070, 1790, 1940, 2160.
Extremes, 2170 and 1790.

2. Length of wire, 30,370 centimeters; two series of

experiments.
”;r" 1920, 1960.

The general mean of these values is 1910, which is not very far
from the value 1850 which follows from the best determinations.

21. The Scattering of Light by the Molecules of a Gas. The
second case in which the classical theory seems to be all right
is that of the scattering of light by a body consisting of mole-
cules, — a phenomenon for which the late Lord Rayleigh found
a formula which is universally known and for the discussion of
which I should like to make a short digression.

Let us return to the consideration of formulee (74). They
represent the field due to a vibrating electron when we omit
the electrostatic part, or, as we may say, they represent the
field due to a charge e concentrated in the vibrating particle @,
and a charge — e placed at the position of equilibrium O of Q.

Charges — e at O and e at @ constitute an electric moment of
magnitude e OQ and direction 0Q.

We can therefore say that (74) represents the field of a
periodically changing electric moment whose direction is always
that of Ox and whose magnitude at time ¢ is

ae cos n(t + p).

Formula (78) now shows that a varying electric moment of
amplitude s, represented, say, by s cos n(t + p), gives rise to a
radiation of energy amounting to
s2nt
12 7e3 (84)
per unit of time.
Consider now a beam of light propagated through a medlum
(a gas, for instance) composed of molecules. In former theories
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we supposed the electrons in the molecules to be at rest so long
as they were not excited by incident light. Under the influence
of rays of light the electrons were supposed to be displaced from
their positions of equilibrium. So in each molecule the electric
moment would be changing continually with the period of the
vibrations of the incident light. The scattering of light in all
directions would be precisely the emission by these variable
electric moments.

According to modern views the phenomena are less simple.
The electrons contained in atoms and molecules are not at rest
but are revolving around a nucleus, or a number of nuclei, as
the case may be. There are no positions of equilibrium and no
quasi-elastic forces by which electrons are driven to such posi-
tions. Yet we can imagine that under the electric force of the
incident light the motion of the electrons is changed, the elec-
trons being shifted, first in one direction and then in the opposite
one, from the positions which they would have if there were no
incident light. We may say that the deviation from the original
motion constitutes a variable electric moment, and we can im-
agine that this moment, or rather its changes, produces radia-
tion according to the above formula.

Consider a beam of light going in the direction Ox. At a
point of the beam the electric force is in the direction of Oy and
is represented by E, = a cos n(t + q),
say, where a, n, and g are constants. We may say that on an
average the electric moment of a particle has the direction of
E, and is proportional to it, being represented by

ka cos n(t + q),

where k is a constant depending on the nature of the molecules.

Replacing s by ka in (84), we find that the radiation from
one molecule is given by K2a2nt
an

12 wcd

We shall now use this formula to calculate the extent to which
a beam is weakened by this radiation.
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Let the beam have a cross-section of unit area and an intensity
I measured by the energy transmitted through this area per unit
of time. The difference between the values of I at two sections

z and x + dx will be dld
—dx.

dx
This expression for the diminution of I must be equal to the
energy radiated by all the molecules between the sections x and
x + dx. Let the number of molecules per unit of volume be N,
then the number between the sections just named is N dx.
Therefore, in order to find the total radiation from all these
molecules, we multiply the radiation from a single molecule by
N dx, — a step which will be justified presently. The resulting
equation 1s B dI _ ke’ ' (85)
de 12 wc?
Now there is a simple relation between I and «a, so that on the
right-hand side we get I itself multiplied by a constant. To
find this relation we shall suppose the expression on the right-
hand side to be very small, which is true in the case of a gas of
small density. Then in evaluating a we can proceed as if we
had to do with ether without any molecules. In this case the
amplitude of the magnetic vibrations would be equal to that of
the electric vibrations ; in other words, we should have E, = H,,
and Poynting’s vector would be
ca® cos®n(t + q)
with a mean value I=1% ca

Therefore a

Equation (85) may now be written

dar _ 7
&
= XNV, 86
where a="= (86)
The solution of this equation is
I=1Ige =, (87

so that « is seen to be the extinetion-coefficient.
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In the formula for « there is a constant k of which we can
say nothing except that it is related to the velocity of propaga-
tion and the index of refraction u.

We wrote kE, for the electric moment produced in a mole-
cule by the electric force E,. Thus the electric moment of the
system of molecules per unit of volume is

kNE,.
This is electric polarization; the dielectric displacement is
Dy = E,+ kNE, = (1 4+ kN)E, = ¢E,,

and so the dielectric constant is

e=14kN.
Hence, by Maxwell’s law,
2=1+4kN,
and so the formula for the coefficient of extinction becomes
= W —1)n* 88
@ 6 TNct (88)
. _2m7c n* _ 167t
or, since n= A e vk
where \ is the wave-length in ether,
_8m—12_ 32miu—12
T3N3 NN (89)

because u — 1 is very small.

The above discussion calls for some further considerations.

1. In order to find the total scattering we have simply mul-
tiplied the amount of energy radiated from one particle by N dz,
the number of molecules in the layer. One might doubt the
correctness of this. Two molecules quite near each other (at a
distance apart < < A) would acquire electric moments having
approximately the same phase and would jointly produce radia-
tion having an intensity four times that of the radiation from
one molecule. Yet our calculation is correct on account of the
irregular distribution of molecules.
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This may be seen from a consideration of the following gen-
eral theorem : Let a great number of vibrations of equal ampli-
tude but of very different phases be compounded with each
other. Assuming for simplicity that the vibrations are all in
one direction, we find the resultant vibration to be

Za cos n(t + q).
The intensity is measured by the square. If we take
Eaﬁ cos* n(t+ q),

or, in the mean, £%a?, we simply get the sum of the individual
intensities, but we have to add

23> a2 cos n(t+ q) cos n(t + ¢'),

the mean value of which is

2 a? cos n(q —¢').

This will vanish when cos n(q — ¢’) has as many negative values
as positive ones. Perhaps this will be true in one experiment ;
perhaps it will be true y
if the experiment is re- P
peated a great number
of times and a mean
result is taken.

Now consider a por- a M R
tion abed (Fig. 19) of the \ o
light-beam whose length Q I

is very great in com- O
parison with the wave-

length. In this space b d
we shall place the mole- Fic. 19

cules quite at random (say with closed eyes), so that the proba-
bility that any one molecule will lie within a given element of
volume is the same for all elements. If @ and @’ are positions
of two molecules, or rather the projections of their positions on
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a plane XOY in which the distant point P is supposed to lie,
the phase-difference is given by

Q'L being at right angles to Ox and Q' M to QP.

This phase-difference is a linear function of the codrdinates.
Now when the experiment of placing the two particles in the
cylinder is repeated a great number of times the cosine of

2—}\1 (QL — QM) can be shown to have the mean value zero.

2. Thus our result depends on the irregular distribution of
molecules which exists in the case of gases. 1f the molecules
were regularly spaced, as in crystals, there would be no scatter-
ing. This is true so long as the wave-length of the light is very
large compared with the distance between two consecutive
molecules. The scattering of light which is sometimes observed
in crystals is due to irregularity of structure or to the pres-
ence of foreign particles. With rays of very small wave-length
there may be a true scattering, which can be limited to defi-
nite directions. We then have the phenomenon of Von Laue
and the Braggs.

3. The theory can be presented in a quite different form. Let
us divide space into equal elements whose volume is small com-
pared with the wave-length A but is still large enough to contain
many molecules. On account of the irregular distribution there
will not be exactly the same number of molecules in each ele-
ment. The fluctuations in density can be calculated by means
of the theory of probability.* If n denotes the mean number of
molecules in an element, the probable deviation from the mean
is of the order of magnitude Vn. Now differences of density
imply differences in the index of refraction (that is, the medium
is not optically homogeneous), and this leads to scattering, just
as a solution of sugar into which some water has been poured is
opaque so long as the mixture has not become homogeneous.

* M. von Smoluchowski, Boltzmann-Festschrift (1904), p. 626; Ann. d. Phys.,
Bd. 25 (1908), p. 205; Phil. Mag., Vol. 23 (1912), p. 165; Phys. Zeitschr., Bd. 13
(1912), p. 1.
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By following this line of thought Rayleigh’s formula can again
be deduced, the formula being exactly the same as before.
After all, the two methods are substantially the same.

4. The second method is of wider applicability. The devia-
tion from the really homogeneous state can be determined by
means of the principles of statistical mechanies, not only for a
gas but also for liquid bodies.T Take, for example, a mixture of
two substances, éither gaseous or liquid. There can be devia-
tions of different kinds from a state of equilibrium. There may
be fluctuations in density (such as those we have considered),
in temperature, and in composition. All these contribute to
the scattering of the rays. Near the critical state (when two
phases which can coexist are very slightly different from each
other) the fluctuations become larger than usual, and we get
the phenomenon of critical opalescence.}

5. According to the above theory scattered light ought to be
plane-polarized when the incident light is so, and more or less
partially polarized when the incident light is not polarized.

In the first case, if the incident beam has its electric vibra-
tions along OY, the alternating electric moments of the mole-
cules will be in that same direction, and they will give rise, in
any direction OP, to a polarized radiation.

On the other hand, when the incident light is wholly unpolar-
ized, we can decompose the incident vibrations into two com-

* The formula obtained by Smoluchowski is really more general than Rayleigh’s
formula, since it contains the isothermal compressibility of the substance as a
factor. It reduces to Rayleigh’s formula in the case of an ideal gas obeying Boyle’s
law. The general formula has also been obtained by Einstein (Ann. d. Phys., Bd. 33
(1910), p. 1275) by a calculation of the electromagnetic radiation.

1 It has been pointed out by C. V. Rauman that the observed scattering power of
liquids under ordinary conditions agrees with that calculated from the Einstein-
Smoluchowski formula. Raman has also expressed the opinion that this formula
may determine the magnitude of light-scattering in all fluid media. The formula
has recently been tested experimentally by K. R. Ramanathan (Proc. Roy. Soc. of
London, Ser. A, Vol. 102 (1922), p. 151) for the scattering of light by ether, in the
vapor and liquid phases at different temperatures, and has been found to be appli-
cable except in the tmmediate neighborhood of the critical point. This agrees with the
result obtained by Keesom for the case of ethylene (Ann. d. Phys., Bd. 85 (1911),
p. 591). — Ep.

1 See also Lorentz, Les théories statistiques en thermodynamique. Leipzig, 1916.
References to experimental work on the subject are given in Ramanathan’s paper.
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ponents along OY and OZ (Fig. 20); these components have
in the mean equal intensities and are incoherent in phase.

At P in the scattered light there are now two components in
the planes POY and POZ respectively, both perpendicular to
OP and having intensities proportional to the squares of the
sines of the angles POY and POZ. The phases of these compo-
nents will be incoherent, and so there will in general be a partial
polarization depending on the difference of the sines of the said
angles. The polarization will be
complete only in the directions OY
and OZ.

It may be, however, and it has P
actually been observed, that the
polarization is less than would
follow from these considerations. X

In order to explain this we can
assume that the molecules are an-
isotropic. Foreach of three mutu-
ally perpendicular principal axes
an electric force along the axis 4
produces an electric moment in FIG. 20
the same direction and propor-
tional to the force, the three coefficients being ki, ko, k3. We
suppose the particles to be orientated in all possible directions.
Then the index of refraction u is found to depend on the

mean value
(kv + k2 + k3),

just as it depends on k in the former case. The calculation
of the scattered energy becomes somewhat more complicated,
though the method remains the same. It is found that the
polarization is less than before. The extinction-coefficient is
somewhat different from that of Rayleigh; the former value
has to be multiplied by

1+ (ky — k3)2 + (ks — k1)2 + (k1 — k2)?,
(kv + k2 + k3)?

but this will be of no importance.

Y
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Rayleigh’s formula has been verified in the first place by
astronomical observations; namely, by measuring the intensity
of light from the stars seen at different altitudes, so that the
length of the path in the air is different in different cases. It
has been found that on the top of a mountain, where the air is
sufficiently free from dust (for instance, Mt. Wilson), the dimi-
nution of intensity due to the passage of the rays through the
air may really be accounted for by means of the formula, taking
for N the known value. Conversely, by means of the equation
we can calculate Avogadro’s constant N. Thus we find values
in good agreement with those given by other methods.*

To the present Lord Rayleigh we are indebted for most inter-
esting experiments on the subject, by which the theory is also
confirmed.t

22. Further Discussion of Rayleigh’s Formula. The quantity

_32miu—1)?
3NN

o

seems at first sight to be inversely proportional to N. Indeed, if
you produce a definite value of u by a greater or less number of
molecules, as you can imagine, « will increase when N decreases ;
in other words, « increases with the coarse-grainedness. DBut for
a given gas

u—1=wN, (90)
where w is a characteristic constant; we then have
_ 32 TwN
3N

proportional to N.

23. The Application of Rayleigh’s Formula to Atmospheric
Problems. Let us suppose that N is a function of x; then we

have dl = — al dx,

* See, for instance, A. Schuster, Nafure, Vol. 81 (1909), p. 97; L. V. King, Phil.
Trans.,Ser. A, Vol. 212 (1912), p.375; Trans. Roy. Soc. of Canada, Vol. 9 (1915), p.99.

t Proe. Roy. Soc. of London, Ser. A, Vol. 94, pp. 260, 453 ; Vol. 95, pp. 155, 476;
Vol. 97, p. 435; Vol. 98, p. 57.



APPLICATION TO ATMOSPHERIC PROBLEMS 61

where « is a function of x. The solution of this equation is

] = Ioe—f{zdz’
32 miw? )
where f ads = BT f N da. (91)

The ratio in which the intensity is diminished when light travels
over a certain distance is thus seen to depend on the integral

f N dz, which may be interpreted as the number of molecules
contained in a cylinder of cross-section unity placed along the
beam of light.

We shall apply our result to the scattering of light in a
planetary or stellar atmosphere, supposing the height to which

it is practically limited to be B
very small in comparison with
the radius OA of the spherical 1B
body. In this case the den- / ¢
sity of gas may be supposed to A C
vary with the height z (Fig. 21)
according to a law of type % r
N = Noe™ %,
where s is a constant propor- o Fic. 21

tional to the acceleration of
gravity and the molecular weight, and inversely proportional
to the temperature.

Let us calculate the extinction, for the two extreme cases, of
a ray along the vertical BA and of another, CA, tangent to the
surface. '

Along AB dezrf Noe #dz= ]—Z—"
0

Along AC fN dx =f Noe=st—r) dx.
0

Since only the part of AC for which r — 7 is very small in com-
parison with ry contributes appreciably to the integral, we may

write 0 s 1 5
dex=f Noe 27dx = = No <70, (92)
0 2 s
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In the first case we may also write for the integral No k, k being
the height of the homogeneous atmosphere. Thus, by (90) and
(91), if the index O refers to the surface of the earth,

fadx= 82 mé(o — 1%

3 MNg
e 1359 _ S
Take h="76 3.001293 7.99 x 10° cm.,
go=1.000204, \=59x10-5, No=2.70 X 1019,
then f dz = 0.069, IL = 0.933.
0

This is the amount of extinction over a distance of 8 kilometers
in air at ordinary pressure. The result can of course be applied
to a beam traveling in a horizontal direction. At a distance of
260 kilometers the transmitted light would be no more than
0.1 of the incident.

When we pass to air of another density, we find that the
length of path required for a given extinction will be inversely
proportional to the density. Thus, if the pressure were 0.01
atmosphere the intensity would be reduced to 0.1 of its original
value along a path of 26,000 kilometers.

Considerations like these must be kept in mind in the dis-
cussion of certain solar phenomena.

Taking into account the rates of diminution of density in a
vertical direction, and the refractive index, we can easily cal-
culate that in our atmosphere a ray of light traveling at a low
altitude in a direction nearly parallel to the earth’s surface will
be bent downward to such a degree that its radius of curvature
is about 4.3 times the radius of the earth. It has been suggested
by Schmidt that the sun consists of a mass of gas whose density
increases so rapidly toward the center that the radius of curva-
ture of a ray of light is even less than the so-called radius of
the sun. Schmidt also maintains that the sharp boundary is an
optical illusion depending on the fact that some of the rays that
start from a point A are bent so much that they do not get out-
side a certain critical sphere S. A ray AE which reaches the eye
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may describe a curved path which is for some distance nearly
parallel to the surface S (Fig. 22). I shall not go into these
questions, and I shall only say that in speaking of them one
must not forget that, on account of the scattering, a ray of light
can hardly be expected to travel over paths of the length shown
in the diagram. The sun’s radius is 6.9 X 105 kilometers and
therefore the above-mentioned
length of 26,000 kilometers is no
more than 145 of the circumfer-
ence; it will subtend an angle of
not much over 2° at the center.
Returning to the earth, we may
remark that if the height of the
homogeneous atmosphere were Fic. 22
twenty times as great as it actu-
ally is, the intensity of the light transmitted from a star in the
zenith would be only 0.25 of the intensity of the incident light,
and if the height were forty times as great as it actually is, the
ratio of intensities would be only 0.06. It would then seem as
if we were living in a dense fog. However, and this is a curious
theoretical result, just as in the
case of a fog, objects would be
seen with sharp boundaries.
The phenomena that would be
observed in a medium in which Q
rays of light were continually P
scattered in all directions were ex- A
amined theoretically by Schuster 4
many years ago.* They become ;S0
rather complicated when repeated Fic. 23
scattering is taken into account;
we shall therefore consider only one simplified problem. Let us
suppose that above the perfectly black plate AB (Fig. 23) there

C D

* A Schuster, “Radiation through a Foggy Atmosphere,” Astrophys. Journ.,
Vol. 21 (1905), p. 1. See also W. H. Jackson, Bull. Amer. Math. Soc., Vol. 16 (1910),
p. 473; L. V. King, Phil. Trans., Vol. 212 (1912), p. 375. K. Schwarzschild, Berlin.
Sitzungsber. (1914), p. 1183; E. A. Milne, Phil. Trans., Vol. 223 (1922), p. 21.
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is a layer extending to CD, in which the properties are every-
where the same. Let us divide the layer into infinitely thin
layers of thickness dx.

The black body radiates and the rays are thrown to and
fro by the different layers. All rays that return to AB are
absorbed.

We shall fix our attention on the light scattered by all the
particles contained in a layer. The black radiation coming from
AB is distributed over different directions in a definite manner
and is for each direction unpolarized, and we shall now suppose
that the rays coming from any thin layer have just the same
distribution and are equally unpolarized. With these supposi-
tions the aggregate of rays passing through a plane parallel to
AB either in an upward or in a downward direction may be
characterized by the total flux of energy per unit surface and
unit time.

At a plane P whose distance from AB is x we shall suppose
the upward flow to have the intensity 7 and the downward flow
the intensity ¢’, the quantities 7 and ¢’ being functions of zx.

At the plane @ the corresponding quantities are supposed to
be x + dx, ¢ + dv, and 7’ + di’ respectively.

Let us suppose that light of intensity 7, falling on the layer
PQ of thickness dx, produces scattered light of intensity ¢i dx
coming back and light of intensity ¢(1 — ¢ dx) passing through.
The coefficient g will be constant all through the space between
AB and CD, and we have the equations

1+di= (1 —qdx)i + qdx(@@ + di’),
=1 —qdr)@ +di’) + qdx - 1.

Omitting products of small quantities, such as dx and di’, we

have di = (' — i) dz, di' = q(i’ — 1) dz,
 ar=di, P=i—C,
g—%=—Cq, 1=— Cqx + 19, 1 =— Cqx— C+ 1.

Here 1o is the flow of energy at AB due to the radiation of the
black body. To determine the constant C we suppose that
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7' =0 at the upper boundary of the layer where x =1, say.
This will be true when there is no appreciable reflection at the
boundary CD. Thus

=t
1+4+ql
— to
1+4ql
At the upper boundary 7 =10(1 + ql)~L (93)

This is the intensity of the light which emerges from the layer.
When [ — o, t — 0. If we neglected scattering, we should have

di = — qudr,
l — 1'()0 :/r’
and, for x =, 1=190" 1,

which is less than (93).

24. The Sun’s Apparent Boundary. C. G. Abbot, in his book
on the sun, has given a theory of the sun’s disk which depends on
the scattering of light by the particles of the solar atmosphere.
Such a theory may, I think, be developed o 4
as follows:

On account of the scattering we cannot
look very deep into the sun, or, rather, the
light that reaches us cannot come from any x
considerable depth. For the sake of definite-
ness we shall say that the light coming from C
a point in the globe becomes imperceptible
when its intensity is diminished to 1 per cent
of the original value. This will enable us to
learn, indirectly at least, something about what we may call
the impenetrable layer at the sun’s surface. We shall consider
the part of this layer near the border of the sun, and we shall
show that the pressure at a point just inside the layer can be
calculated.

Let O be the sun’s center. We want to find a point A such
that, when AB, at right angles to 04 (Fig. 24), is directed
toward the observer, _

e e = 0.01,

FiG. 24
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where the integral extends along AB to infinity. Indeed, this
means that a ray going from A to B will have in the end no
more than 1 per cent of its initial energy. For this it is neces-

sary that
f adz = 4.60. (94)

Let 0A =71 and let N be the number of molecules per unit
volume at altitude z above the sphere AC; then the law of
variation of density is N=Nye*, (95)

where N = No on the sphere AC. The integral in (94) is given
by (91); thus
32 miu? f N di = 4.60,

3\t
or, taking into account (92),
32 miw? 1 2mro _
3% 2N0 . =4.60,
3 \¢ S
=460 =2 [,
or No=4.60 16 mw? \2 Tro

Let us suppose that the solar atmosphere in the neighborhood
of A consists of hydrogen at a temperature of 6000° absolute.
Let g be the acceleration of gravity at the sun’s surface and p
the density of hydrogen. Then the pressure is p = 3p where (3
is a constant. Furthermore, since

dp _

'('i_z' =—gp,

dp_ _ 9
we have 4 B P,
and so s=1.

For hydrogen at 273° abs.
p_ 1.0132.10°
P 0.0899-10-3
. _ 1.0132 - 109 - 6000
and at 6000 B=100899 10-3. 273
log 8 = 11.3939 ;
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and since the acceleration of gravity on the sun is 27.6 times
that on the earth, log s = 3.0389 — 10.

For hydrogen at 0° and a pressure of 76 centimeters the value
of u for the D line of sodium is 1.0001384 ; also

0= #N_—_l where N = 2.70 - 101°,
log w = 6.7098 — 30.

We may use this value if we suppose u to depend only on the
density and not on the temperature.

Again, ro= 6.95-10!° cm.
and A=5.89-10-3 for the D line.

The result is that
log N,=18.8047, N,=6.4-10'8,

which corresponds to a pressure of 5.2 atmospheres.

We could also assume the hydrogen to be dissociated, so
that we have to reckon with atoms. Then, if we suppose that
this dissociation, if it takes place without change of density,
does not affect the refractive index, w becomes half as great.
The coefficient s changes in the same ratio, so that N, and the
pressure corresponding to it are multiplied by 2. Our result
thus becomes nearly 15 atmospheres.

If, instead of requiring a reduction of intensity to 0.01,
we were satisfied with a reduction to 0.1, we should have to
replace 4.60 by 2.30, so that in the above cases N, would
become half as large as before and correspond to pressures of
2.6 and 7.5 atmospheres.

We have now found something about the depth of the
impenetrable layer at the limb of the sun, we may say of the
layer that can be directly seen. Some of the light coming from
beneath it may be seen by scattering, but we shall not speak
of this and shall only put the question, Will this layer itself
be seen with a sharp boundary? This depends entirely on the
way in which the luminosity falls off when we go outward from
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the point considered. It is very difficult to give a definite
answer, since we ought to know more about the state of things
in the solar atmosphere.

We can, however, calculate the height above A at which the
density of the gas would be, for instance, 144 of its value
at A. This height 2z, at which we may suppose the observed
luminosity to be much smaller than that which is seen at A,
is determined by o5 = 0.01

or sz=4.60, z= ‘bf_",

and with the above value of s
2=4.2-107 cm.,
which 1s about the 1600th part of the radius of the sun.
There would then be a rather sharp boundary. 1f we were to

reckon with atoms, we should find just double the above value,
that is, g4 of the radius.

25. The Scattering of Rontgen-Rays. The scattering of Rontgen-
rays can be treated in the same way as that of light. Let us
suppose again that at a point of the incident beam

E,=a cos n(t+ q).
We have considered the electric moment of one particle, repre-
senting its amplitude by ka and determining & in terms of the
index of refraction. We shall now fix our attention on one
electron and understand by 7 its displacement in the direction
of the y-axis; then the equation of motion is
my=-cacosn(t+q) + Y,
where Y is the force which, in addition to ¢E,, may act on the
electron. If Y is neglected, we get the particular integral

ea
= — cos n(t .
U] poo t+q

When can Y be neglected? Let us suppose that Y is a quasi-
elastic force — kn; then the particular integral is

— ea
N= = e cos n(t+ ),
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and the suppression of Y is justifiable if £ < < mn?, that is, if

ny < < m, where -
no = \’—
m

is the frequency of the vibrations which the electron could
perform under the influence of Y alone.

“In'general Y can be neglected if the electron is bound loosely
enough. That it may be assumed to be so in the case of Rontgen-
rays is due to the very high frequency of these rays.

Now if the electron has a simple periodic motion, we can find
the radiation of energy by multiplying the square of the ampli-
tude by

ent |
12 7e3’

since the amplitude is ., we find
mn

ent  e*a® _  e'a’
12 wed m*n* 12 wm>c?

If there are N electrons in the molecule, the secondary radia-
tion from the molecule will be

_Na*et | (96)
12 mm?3c3

This is equivalent to the formula found many years ago by
Sir J. J. Thomson * and applied by Barkla tc his experiments
on the production of secondary Rontgen-rays by the scattering
of primary ones. By means of it he was able to obtain an esti-
mate of N, the number of electrons in a molecule or atom. You
know that this was the first determination of the kind.

One or two remarks may be made. The frequency = has dis-
appeared when the final formula is obtained, and it does not
occur in the expression for the flow of energy in the inci-
dent beam, which is simply 3 a2 We can therefore deduce N
from a comparison of the intensities of the primary and second-
ary rays without knowing the frequency or wave length of the

* Conduction of Electricity through Gases, 2d ed., p. 325.
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rays. This is a fortunate circumstance, because at the time of

Barkla’s experiments the frequency of X-rays was unknown.
Of course, Rayleigh’s formula

_32mi(u—1)%

T 3NN

also applies to X-rays. From it we may conclude that in com-

parison with light u must be little different from 1, because A*

is so small that this cannot be compensated by the observed

value of the index of extinction . In fact u differs so little from

unity that the refraction of X-rays has for a long time escaped

observation.

26. The Propagation of Light through a Ponderable Body. We
have now discussed some phenomena which seem to prove
that vibrating electrons really radiate energy. If we recognize
this, we are encouraged
to use this same idea for
other purposes. Thus we I p
can deduce the laws of

a

D A F

. (@) x
propagation of waves of
light in ponderable bodies C D E
by simply considering the FiG. 25

vibrations that are pro-

duced in these molecules and the radiation from the molecules
to which these vibrations give rise. The waves thus produced
are superposed on the incident waves and interfere with them.
By studying the effect of this interference (of which we did not
speak when we considered the scattering of light) we find the
influence which ponderable matter has on the velocity of propa-
gation. This may be worked out for a medium of any density,
but it will suffice here to consider the propagation in a gas of
small density, such that the influence on the propagation can
be treated as infinitely small. Yet the number of molecules,
even in a layer of a thickness small in comparison with A, will
be taken to be very large. Consider a beam of light passing in
the direction Ox and suppose the gas to be bounded by two
glass plates CD and EF (Fig. 25) at right angles to Ox. In the
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outside space there is only ether, and we want to determine
the vibrations that are received by some distant point P, for
whose coordinates we shall write ', ¢/, 2’. We shall write

E,=a cos n(t—%-{-p) 97

for the electric force in the primary beam, the amplitude o
being constant over the greater part of the cross-section AB
and diminishing to zero at its edges. The electric force at P
will consist of two parts, of which the first,

, = U COS n(l—%’—{-p), (98)

is due to the primary beam, and the second, E,/, to the vibra-
tions that are emitted by the molecules between the planes
CD and EF. Now under the influence of the electric force (97)
a molecule of the air situated at the point (x, y, z) will have an
electric moment

Py = ka cosn(l—%—{—p),

and by this it will contribute to E;’ at the point P a part, for
which we find by our former formuls, writing r for the distance
of the point (z, ¥, z) from P, the expression

ktmz[ _ (y’—y)2]1 _x4r
At 1 = - cosn(t . +p).

Now all the molecules situated in an infinitely thin transverse
layer may just as well be taken to lie in the plane AB. Let A
be the number of these per unit of area; then we have to
calculate

kn2A _ W —=9?a _x+r
f[l — ]Tcosn<t — +p)d¢r

4 me?

where do is an element of the plane AB. We shall write the
integral in the form

I=f9cosn<t—-x+r+p)da.

c
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As a point moves across the plane AB, Q varies slowly, while
the cosine factor varies rapidly. We can divide the plane AB
into a central part and surrounding zones, so that the cosine
has different signs in adjacent zones. These annular regions
are the zones of Fresnel, first used in his theory of diffraction.
The boundary lines between the zones are circles (full circles
or parts of them, as the case may be) around the projection P,
of P on AB; the distances of these circles from P form an
arithmetical progression with difference 3 \.

These zones are very numerous; consequently their contri-
butions to the integral nearly destroy each other. There is,
however, a small quantity left which we desire to know and
which can be calculated by a beautiful method due to Kirchhoff.*

Let 7o be the smallest value of r; that is, the distance
PoP =1’ — x. Let r; be the greatest value (corresponding to a
point somewhere on the boundary of AB) and let r be an inter-
mediate value. Let us put

f "Qdo = F(r), (99)

the integral being extended to the part of the section AB where
the distance from P lies between r¢ and r. Then the integral

fﬂda,

taken over the annular element between r and r + dr, will be
dr(r) dr.
dr
For all points in that annular element
cosn <t — x_‘i‘l’ + p)

has the same value; therefore

dF(r) ( _r+r )

—g, cosm t — + p)dr

* **Zur Theorie der Lichtstrahlen,” Ann. d. Phys. u. Chem., Bd. 18 (1883), p. 663 ;
Berlin. Sttzungsber. (1882), p. 641.
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will be the part of I that corresponds to the annular element
determined by the interval dr. Thus

ndF(r) x4
I= _rtr
j:(, o cos n (1 ; + p>dr. (100)

dF(r)
dr

Now &, F(r), and are slowly variable quantities, while

the cosine is a rapidly varying quantity. Therefore in calcu-
dF(r)

dr
constant for a certain range of r. A more accurate method is
to integrate by parts, obtaining the equation

_c|dF(r) .. T—{-T
" ——————dr sin <! -+ p>

lating the definite integral we may proceed as if were

To

nd2F(r) ( x+7r )
t—=—— 4 p)dr. 10
+n B sin n ; + p)dr (101)
The last term (on account of the factor n in the denominator)
is very small in comparison with I itself; we shall therefore
drop it. The first term becomes zero at the upper limit r =1y,
because at the boundary a =0 and therefore =0. Thus,

finally, )
_c dF(r)J . _x+r |
T [ ar Jr=nm " (t ¢ p>. (102)

We want to find (yld@ for r = ro, but we must not substitute
T

r =1 in F(r) before differentiation. It is sufficient, however,
to know the value of F(r) for values of r very little different
from 7o; that is, over the portion of AB in the immediate
neighborhood of Py.

Now F(r) was defined by (99), and, omitting for a moment

the factor
kn2A

y
4 we2

we have Q_.:[l _W —)_21_)_2] a
. re r

Moreover, in a small region around Py, a is constant.
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Again, it is clear that if, instead of (¥’ — )2, we had (2’ — 2)%,
the result would be exactly the same. Hence we may replace
(¥ —y)* by

M@ -9+ @ ==} — @ =)=} (* =),

afl , r:

Let us now take for do an annular element between circles
around P, with radii p and p + dp respectively. Then, since
pi=r’— I‘“,

do=2mpdp=2mrdr,

F(r)= f 27r dr - _< +:f> ra(r — ro) — war (.}-l)

To
dF(r) _ ( _3) dF(r) _
dr =ma 1+T2 ’ [ dr Jrﬂ(. 2ma,

I=£-27ra-sinn<t—x—+—r"+p>.
n ¢

Thus, finally, the contribution to E; at the point P, due to
molecules in the plane AB, is

k"L‘é.zwac-sinn<t—x+r°+p>
4 mc? n c

__knAa . _ x4+
=5 s1nn<t — +p>. (103)

You will have observed that this result is due to the value
which a certain function had for r = ro, and to this extent it
can be said that the vibration produced at P by the particles
in the plane AB depends on the state of things at P,. It is as
if each vibration proceeded along a straight line, like PoP; but
whereas the vibration due to a particle at P, would have been

kan? l x+Tn )
47mc? 19 cos n(t — TP

we now have the symbol sine instead of cosine. This means that
the phase at P is one quarter of a period behind that which we
should find if we had a simple vibration propagated from
P, to P.
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Indeed, vibrations come not only from P, but also from the
neighboring points of the plane AB; we can therefore express
our result by saying that the vibrations due to the different
zones of which we spoke destroy each other for the greater
part, but that those that are excited by the molecules in a part
of the central zone remain.

This eentral zone and its effective part increase in area when
the distance PP increases, and this explains why the resulting
amplitude is independent of the distance r,. We see further,
by (103), that the phase of the resulting vibration is likewise
independent of the position of the plane AB. We may, in fact,
write x + ro = 2/, the x-codrdinate of . Let us now suppose
that the gaseous medium extends from C to E over a length 1.
If all the molecules in the layer dx are considered as lying in the
plane A B, we shall have

A = Ndz,
where N has its former meaning.

The factor by which dx is multiplied is the same for all layers,
and we find, therefore, that

' anla
E! =
v 2¢

We must add this to the value of E;, given by (98).

1t is to be understood that all this is correct only when the
influence of the gas, and therefore the expression (104), is very
small ; if this were not the case, we could not suppose the elec-
tric moment of all molecules to have the same amplitude ka.
Thus (104) is infinitely small in comparison with (98).

When a harmonic vibration is compounded with a second
vibration of the same kind but of infinitely small amplitude,
and with a difference of phase of a quarter period, this amounts
to a small change in phase. Indeed, for the sum of E, and E;
we can write

sin n <1, — “_; + p). (104)

E,=a cos n(t——%’-}—p—-kz]\il) (105)

If we find a change of phase on the interposition of a column of
some substance in the path of a beam of light, we may conclude
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that the velocity of light in the substance is different from that
in the ether, and the index of refraction u different from unity.
On account of the interposition the time required for a trans-

mission over the length [ is changed from % to u %, so that in
a cos n(t— %—I—p)
we have to replace ¢ by ¢ — Q—‘—_C—l)—l, thus obtaining

_ _w =i
Ey—acosn[t p +0p : J (106)

Comparing this with our former formula (105), we obtain
uw—1=3%kN, 107)

and this agrees with the value which we found for u*—1 by
another mode of reasoning.

So, after all, you see that we have good reasons for believing
that electrons with a non-uniform motion really radiate; they
did so in all these cases in which they were first set in vibration
by incident light. I might add P
that the interference phenomena
that occur when Rontgen-rays
fall on crystals can be accounted
for by the same principle. Last
year W. L. Bragg, Jones, and
Bosanquet * showed that the in-
tensity of the Rontgen-rays that ¢
are reflected (or diffracted) by
rock salt can be calculated by
means of the classical theory.

The method by which we found the effect due to a layer of
molecules can often be used to advantage. For instance,
Réntgen-rays coming from L are reflected by a layer AB of
molecules in a crystal (Fig.26). The resulting vibration at
some point P will be due to a small part of the plane AB quite

A
FiG. 26

* Phil. Mag. (6), Vol. 41 (1921), p. 309.
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near the point C of regular reflection and will differ somewhat
in phase from the vibration that would have traveled over the
length of path LCP.*

27. Electromotive Forces. We have found good reasons for
believing that electric charges which are not moving uniformly
along straight lines can really produce radiation, but we can
imagine other causes that may do so as well.

If we were concerned with the propagation of sound in air,
the analogue of our moving electron would be a body vibrating
in the air. But we can suppose, instead of this, that some exter-
nal {orce acts on the air itself; if you could handle air, you
would of course be able to set it in vibration. In a similar way,
electromotive forces can be supposed to act on electricity. The
idea has often been introduced in the case of conducting bodies,
but it will serve just as well for dielectrics. You know that in
conductors, when there is only what we call electric force (the
E of our formula), we have for the current

C =gE, (108)
where ¢ is the coeflicient of conductivity. If there is an external

or impressed force acting on electricity (and this is what we
shall call electromotive force), the current is given by the vector

equation C=0o(E + Eo). (109)

Similarly, when we say that in a dielectric there is an electro-
motive force Ee, we mean that

D= ¢E (110)
must be replaced by D = ¢(E + Ee). ' (111)

We may even apply this to the ether.i Whereas thus far we
have not had to distinguish for this medium between E and D,
we now have to do so. We take for the relation between them

D=E+E, (112)

* See Note 5, Appendix.

+ Encyklopédie der Mathematischen Wissenschaften, Bd. V, § 14, p. 89.

1 These ideas are used in a different manner in the theory of radiation by
L. Silberstein, Phil. Mag. (6), Vol. 29 (1915), p. 709; Vol. 30 (1915), pp. 163, 784.
Another application of electromotive forces has been made by the author in Proc.
Nat. Acad. Sci., Vol. 8 (1922), p. 333.
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which means that dielectric displacement consists of two parts,
one due to electric force and the other to electromotive force.
It is natural to consider these parts as proportional to the forces
by which they are produced. That they are numerically equal
to them is due to the choice of units.

On account of the parallelism between electric and magnetic
quantities expressed by the fundamental equations we can also
introduce the idea of magnetomotive force, as was done long
ago by Heaviside. We have only to distinguish (in the ether
also) between H and B and to put

B=H + He. (113)

If E. and H. are given as functions of the cobrdinates and the
time, the field can be completely determined. The two prob-
lems in which we are given only Ee and only He respectively
are mathematically the same, and the first is very similar to
that of finding the field produced by the motion of charges. We
can again define a vector and a scalar potential, both of which
will be retarded, and which will be determined by formule in
which, instead of p and pv, you have quantities depending on
E.. For example, let E. be confined to a very small space around
the point @, and let it, in that space, have everywhere the direc-
tion of Ox and the magnitude a cos n(t + p), changing its sign
periodically ; then in the surrounding field there will be similar
vibrations and radiation, as we found in the case of an oscil-
lating electron.* Of course the amount of energy radiated is
now equal to the work of the electromotive force, which, per
unit of time and unit of volume, is equal to the scalar product
(Ee - D).

These electromotive and magnetomotive forces are purely
imaginary, but this need not prevent us from introducing
them; it will not be the first time that we have done some-
thing of the sort. All that can be required is to develop a
system of notions, consistent in itself and without internal
contradictions, by means of which observed phenomena can
be coordinated and accounted for; and if this can be done by

* See Note 6, Appendix.
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means of electromotive and magnetomotive forces, for whose
directions, magnitudes, and mode of action we can give definite
rules, it will be wholly satisfactory.

28. Remarks on the Discrepancy between Old and New
Theories. We shall now revert once more to the diserepancy
between the old and new theories, of which I have already
spoken ; that is, to the necessity of supposing that electrons
revolving around the nucleus of an atom do not radiate, in
spite of the contrary conclusion drawn from Maxwell’s equa-
tions. If we want to maintain these equations without new
terms or other changes, the difficulty cannot be got rid of. It
is just the same as if we wanted a body
to be moving to and fro in a mass of e
air or water, or on the surface of water,
without producing waves. It is not to L
be expected that one could make a body
oscillate without producing at some point
in its neighborhood a state of things that is FiG. 27
not continually the same but is changing
periodically, and it is in the very nature of things that changes
of this kind are propagated outward, carrying a certain amount
of energy with them.

So also, when an electron e describes a closed line, it is clear
that a neighboring point P will not at all instants be equally
affected by the influence of e (Fig. 27), and so at P there will
be periodic changes; Maxwell’s equations require them to be
propagated. ‘

There is even direct evidence of this periodicity of the field
produced by a revolving electron. According to Bohr’s theory
of spectra in its simplest form certain lines of ionized helium
ought to coincide with lines of the hydrogen spectrum. There
are, however, small deviations, and it has been found possible
to explain them very satisfactorily by taking into account the
fact that under the action of the force exerted by the electron
the atomic nucleus also describes a small closed curve. In fact,
the nucleus and the electron revolve about their common center
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of gravity just like the sun and a planet. This is one of the most
splendid results of the modern theory of spectra, and 1 think
we have in it actual proof of the motion of the nucleus.

But this motion could never exist at all if the field at O pro-
duced by e were not continually changing. But if the field
changes at O, why should it not change at I’ or at any other
point, whatever be the distance from 07 These periodic
changes at distant places are exactly what we mean by radiation.

We may here remark that the radiation becomes considerably
less when, instead of one revolving electron, we have two or
more, moving exactly or approximately along the same path.
Suppose, for instance, that two move in a circle so as to be
always diametrically opposite each other. The accelerations
to which the radiation is due are equal and opposite, so that
if the two particles were at exactly the same place there would
be no radiation at all. That there is in reality some radiation
is due solely to the fact that there is a certain distance between
the electrons; but if this distance is very small in comparison
with the wave length, the vibrations imparted to some distant
point will be in nearly opposite phases, and the residual radia-
tion will be very feeble.*

It will be still more so if, instead of two electrons, we have
three or more of them, equally spaced around a circle. The
calculation is to be found in Schott’s book on ** Electromagnetic
Radiation.”

Finally, if one had a distribution of charge in the form of a
circular ring (the charge per unit length being the same at all
points), and if this ring were to rotate with constant angular
velocity about its geometrical axis, there would be no radiation
at all. The same thing is true in other cases which one can
easily imagine. Suppose, for instance, that a charge with uni-
form volume density moves in a closed tube of any form and
variable section, the motion being stationary and similar to
that of a stream of incompressible fluid. Then, if we look at the
system from some external point, the aspect will always be
the same; in other words, nothing changes in the relation of

* See Note 7, Appendix.



OLD AND NEW THEORIES 81

the system to some distant point, so that there is no reason for
vibrations. This is easily verified by the formule. So we
might invent distributions and motions of charges that do not
radiate ; but all endeavors to cope with our difficulty in this
way must be considered of no use, since we should lose all
the important and beautiful results that have been found by
Sommerfeld and Epstein in the further development of Bohr’s
theory. In the theory of the fine structure of spectral lines,
which we owe to the first of these physicists,* and of the
decomposition of the lines (Stark effect), which was developed
by Dr. Epstein,} it is quite essential that the moving charges
should be concentrated in negative electrons with the ordinary
e/m. It seems hopeless to try to find the same results with the
supposition of some other distribution of charges.

Moreover, the motion of the nucleus, of which 1 have already
spoken, proves that there is around it a revolving electron and
not a rotating ring; for of course a ring would not act on the
nucleus with a resultant force, and would therefore leave it
at rest.

So we are still confronted with the mystery that revolving
electrons do not radiate. You will remember that we were
driven to our conclusion by our retarded potentials, — the solu-
tion, for instance, of the equation

D¢=—f(t’ z, Y, Z)

. 1 1 r
=— | =flt—= dv.
being o i] f(t 2O z) \%
Now it is remarkable that we can just as well satisfy the equa-
tion by putting

=1 (1 r,
¢—47rfrf<t+c x:?/, Z)dV,

and this would be an accelerated potential. That this is a solu-
tion is seen immediately by simply changing the sign of c.

* Ann. d. Phys., Bd. 51 (1916), p. 125; Miinchener Sitzungsber. (1915), pp. 425-
459 ; Sommerfeld, Atombau und Spektrallinien.
1 Ann. d. Phys., Bd. 50 (1916). p. 489; Bd. 51 (1916), p. 168.
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If we had used this value of ¢ and the corresponding expres-
sions for the vector potential, the field due to the vibrating
electron at a great distance would have become

E, = Zm’i<1 — T—j>1 cos n<t —}—f—{— p),
e r2/r ¢

aen? z 1 < r
== — — - t —
Hy Arccy 1" +c+p)’

Hz=9ﬂ;y~lcosn<t+f+p>.
4dmwer r c

The interpretation of these formulae is that the radiation is
toward the vibrating electron. It 1s not a radiation but an
inflow of energy. We can also find a solution of the same kind
for the case of an electron having an arbitrary motion of trans-
lation. Then if, at a certain moment, the electron has an accel-
eration, it will be the center of a contracting wave moving
toward it.

Now if we have two solutions of Maxwell’s equations, one
with an efflux and the other with an inflow of energy, we can
expect that by properly compounding them we shall find a
solution with neither an efflux nor an inflow, but, at the most,
certain fluctuations of energy.* In the case of vibrations we shall
have standing waves.

But, though this is a correct mathematical solution, I think
no physicist will be satisfied with it. It would be absolutely
different from the way of thinking about natural phenomena to
which we have become accustomed, and not without good reason.
We have become familiar with the idea that a change which
takes place at a definite place and time produces an effect that
spreads outward. It seems difficult indeed to imagine that an
experiment which you are going to make, say, tomorrow, in
which an electron is to have its motion changed, was prepared
in nature many years ago, for if, at the moment at which you

* The matter has been fully investigated by Leigh Page, Phys. Review, Vol. 24
(1924), p. 296, and by Nordstrom, Proc. Acad. Amsterdam, Vol. 22 (1920), p. 145.
— Ebp.
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produce the acceleration, a wave contracts just at the place
of the electron, that wave must have existed long ago at
a distance.

Difficulties of the same kind arise in the hypothesis of stand-
ing waves. Let me only say that if we find difficulty in imagin-
ing waves rushing from all sides to a movable electron, neither
can we imagine the standing waves of which that inward propa-
gation forms an essential part. But, after all, we must try to
master the difficulty of the absence of radiation. Let me there-
fore propose to you a solution which, though it does not pre-
tend to hit the mark, can at least show you that the situation
is not entirely hopeless. It leaves unaltered
Maxwell’s equations, and indeed changes
nothing in our views concerning the prop-
agation of electromagnetic fields in the
ether; but it introduces in the atoms them-
selves some compensating action such as
could be performed by sufficiently intelli-
gent demons of Maxwell.

Let O be the nucleus around which one Fic. 28
or more electrons are revolving, and let 2
be some surface (Fig. 28) surrounding O at a short distance, —
a sphere, for instance, so great that all the electrons of the atom
are within it. The field at each point of £ will change periodi-
cally in the course of time and can be decomposed by means
of Fourier’s theorem into a certain number of partial fields, of
which the first is constant, whereas the others are represented
by simple harmonic functions. Now for each of these partial
fields we can imagine over the surface Z a certain distribution
of electromotive and perhaps magnetomotive forces, such that
this system of forces, S, could produce the field considered at
all outside points. Then it is clear that if we introduce at the
surface T a system of forces equal and opposite to the system S,
say the system — S, and if we do so for all the variable partial
fields of which I have spoken, we shall destroy the radiation,
keeping only the constant part of the field due to the revolving
electrons, — for instance, the constant magnetic field which they

14
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produce.* We must further remember that it is necessary not
only to free the system from radiation but also to maintain its
motion. For this purpose we imagine certain forces — R, acting
on all the electrons and equal and opposite to the resistances B
of which we have spoken.

In this way we have really found a suitable mechanism.
There is no internal contradiction between our suppositions.
We can imagine all the forces which we have now introduced
to be exerted by some hidden natural system. This system
would do a positive work by means of the forces — K and an
equal negative work by means of the forces — S, so that the total
work of the hidden system is zero. Therefore it can continu-
ally perform the functions for which we have invented it.

29. Principles of the Theory of Special Relativity. Half a
century ago physicists were much interested in the question
whether the motion of translation which the earth has in its
annual course around the sun can show itself in an influence
on optical phenomena. The aberration of light, which was dis-
covered by Bradley in the beginning of the eighteenth century,
and which could be so easily explained by the emission theory,
had led Fresnel to the conclusion that the ether must be con-
sidered as absolutely immovable, all ponderable bodies, even
when ot the size of planets, being perfectly permeable to it. This
theory of a stationary ether had been applied with success to
problems concerning a possible influence of the earth’s motion
on optical phenomena. Experience had never shown any change,
and this negative result was easily explained by theory, so far
at least as quantities of the second order, with respect to the
ratio between v, the velocity of the earth, and ¢, the velocity of
light, could be neglected.

A few remarks must be made on the methods by which the
theoretical result was obtained. When a body like the earth
moves with a constant velocity » in the direction, say, of 0Z,
it is natural to introduce a set of axes of codrdinates that are
moving with the body. If the codrdinates with respect to them

* See Note 8, Appendix.
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are represented by ', ¥/, 2/, whereas x, ¥, z are the coordinates
with respect to axes at rest in the ether, we shall have

ry=x Y=y, Z=z—u (114)

as the formulee of transformation.

In problems of ordinary mechanics the equations describing
phenomena are much the same whether we use x, y, zor x’, ', z'.
Suppose, for instance, that a point (x, ¥, z) moves with uni-
formly accelerated motion,

2=0, =0, Z=aq,

then the point o/, y’, 2’ also moves with uniformly accelerated
motion, B =0, =0, ¥=aq.
When one tried to use a similar substitution for electromagnetic
phenomena, it was found that if the equations were to maintain
their form, it was necessary to introduce not only a new coordi-
nate in the line of motion but also a new variable ¢’ instead of
t, so that to (114) one had to add

=1~

where ¢ is the velocity of light in a vacuum.

So far the theory indicates that no changes in optical phe-
nomena depending on the first power of v,/c should be observed,
but that changes depending on squares and higher powers of
v/c would not be excluded. Since v/c¢ is about 0.0001, its square
is a very small quantity ; nevertheless, in one case there seemed
to be a possibility of detecting a second-order effect. This was
in Professor Michelson’s classical interference experiment.

30. The Michelson-Morley Experiment. The underlying idea
of this experiment is due to Clerk Maxwell. Suppose A and B
to be two points of the earth such that the line AB is in the
direction of the earth’s motion of translation. We suppose the
ether to be stationary; then by the translation of the earth we
mean its translation with velocity » through or with respect to
the ether.
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A beam of light is now made to pass from A to B and back
again. The velocity of the light relative to the earth is in one case
¢ + vand in the other ¢ — v. If AB=1, the time B
required is ! ! 2 el

= - ,
c+v c—v  cZ—1?
or, since »2/c? is very small,

21 v?
—C—+2lE§- (115) I

There is a similar problem in which the
earth’s velocity v is at right angles to AB. If
the diagram in Fig. 29 is at rest in the ether, \
ABA’ will be the path of the beam, where 4 c A
AB:AC=c:v. Band C are simultaneous po- Fig. 29
sitions of B and A respectively ; consequently BC = .
cl

’

Hence, AB= ——;
V2 — p2
the time required for the double journey is thus
21 210, ;02

—_— T —— l —

Ve — 2 ¢ + c? (116)
In the actual experiment a beam of light was divided into
two parts by a half-silvered A

plate of glass M. The two
beams were reflected at the
mirrors A and B (Fig. 30),

and the second wasreflected T l
again at the plate M.
The beams were now ap- — M |
proximately parallel, and 0
interference fringes were
produced at C.

The apparatus was first l l
set up so that OB was in
the direction of the earth’s
motion and then rotated C
slowly into a new position FiG. 30
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in which M A was in the direction of the earth’s motion. The
difference between the times (115) and (116) would lead us to
expect a displacement of the interference fringes, but the result
of the experiment was negative. To explain the negative
result the hypothesis that the apparatus contracts in the direc-
tion of the earth’s translation in the ratio ¢ : V2 — v was put
forward by Fitzgerald* and myself in 1892.

Then arose the important question whether as a rule all
optical and electromagnetic phenomena would be found to be
independent of the earth’s motion, even when squares and
perhaps higher powers of v/¢ were taken into account, — in
other words, for any value of v/c less than unity.

31. The Relativity Transformation. This led to the introduc-
tion of new independent variables a’, ¥, 2/, t/, defined by
formule different from the above equations; namely,

.
, z—ul :

=y, 7 =—— t’:—ii_..
\/ 1=z \1- o
¢* c*
If the introduction of these variables, together with suitably
chosen vectors E' and H' instead of the former vectors E and H
of the electromagnetic field, leaves the field equations in their
old form, the equations can be said to be invariant, or, as is
often said, covariant. I did not succeed in proving the general
covariancy of the field equations, but Einstein did.} Moreover,
he inverted the method. Instead of starting from known equa-
tions and proving that for these covarianecy exists, he states
the postulate that covariancy shall exist and uses this for
deductions concerning the form of the equations; that is, con-
cerning the laws of force and properties of matter that are
expressed by them.

!’

=z vy (117)

* See Oliver Lodge, ** Aberration Problems,” Phil. Trans. A, Vol. 184 (London,
1893), p. 727.

1 Abhandlungen uber theoretische Physik, Bd. I, p. 441.

1 Ann. d. Phys., Bd. 17 (1905), p. 891.
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We shall now follow this course. Indeed, if you want to get
familiar with the theory of relativity, you can do no better
than to exercise yourself in drawing deductions from the fun-
damental postulate.

We shall write the equations in the abbreviated form

=z, Y=y, 2 =az—be, t’=at—%z (118)

by putting g=—L ) p=—0__, (119)
2 — p2 Ve — p2

so that a®—b?=1. (120)

We shall assume that a is positive ; b will be positive or negative
as the case may be.

We shall call this the relativity transformation. Of course
there is a similar transformation for any arbitrarily chosen
direction instead of Or, but this one will suffice. Some simple
deductions from these equations will now be given.

1. If we solve the equations for x, y, z, {, we get

c=a2, y=y, z=a +bct’, =at’+ Qz’. (121)
¢

We can interchange the symbols with and without primes if at
the same time we change the sign of . This remark applies to
all the formule of the theory of relativity.

2. Any phenomenon whatever can be described in terms of
the coordinates z, y, z and the time ¢, or, as we shall also say,
in terms of the four coordinates x, ¥, 2, t of the first system, and
just as well in terms of the coordinates z’, 3/, 2/, t’. In the second
system t’ plays the part of the time. That one can use different
times is natural; in ordinary life you can go by the Pacific
time, or the Mountain time, or any local time you please, and
we can imagine that the unit of time might be somewhat
different in Chicago from what it is here in Pasadena. The
numerical relation between the numerical values of two local
times, which is now simply the constancy of their difference,
would then be of a more complicated nature, something like
our relation b

t'=at — Ez. (122)
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3. Let us consider a point of the second system for which we
have constantly 2’ =0, ¥’ =0, 2 = 0. For this point

az—bet=0, or z=>¢;

that is, the origin of coordinates in the second system has in
the first system a constant velocity in the direction of 0Z. If we
call this velocity », we have

v

- = -

o ¢
which, combined with ¢ — b2 =1, gives

)
a=—2L , b= !

Vez — 2 Vi — p?
Similarly, the motion of the origin of cotrdinates of the first
system, considered in the second system, is found by putting

#=01in z=az + bet'.

This leads to 0=qaz'+ bet', 2/=— gct',

so that the motion is uniform but in the direction opposite to
that of the motion just considered. The velocity is of the same
magnitude.

32. Deductions from the Principle of Relativity. Suppose that
we know a certain phenomenon I which we can describe in terms
of z, 9, z, t. Then, according to the principle of relativity, there
must be another phenomenon which is described in exactly the
same way in terms of 2/, ', 2/, t’. Using the transformation
formulee, we can describe this phenomenon also in terms of
x, vy, 2, t; the equations to which we are led in this way will be
different from those from which we started. So, by means of
the principle, we can, knowing a certain phenomenon, conclude
the possibility of another, IT.

EXAMPLE. In phenomenon I arod having the direction of the axis
of 2 has its extremities at the points

2 =p, 22=p+1,
p and ! being constant. Thus the rod is at rest, and its length,
measured by the difference of the values of 2, is l.
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We conclude the possibility of the case
2(=p, z,=p+I,

or according to the transformation formule (which we can apply
separately to both ends),

azy —bet =p, aze—bet=p+],

2=

p by pop L by
a a a a a

This is case I1. The rod is moving with velocity » (: f—; (‘) in the

direction of its length, and its length, measured in exactly the same
way as that of the stationary rod, is

This is the contraction of which we have already spoken.

The way in which one phenomenon is deduced from another
by means of the principle of relativity in this example may be
characterized by the statement

II(described in 2/, ¥, 2/, t') = I(described in z, y, 2, t).

But we can also reason in a somewhat different way (though
it amounts to the same thing), beginning by describing the
phenomenon I, which is given in terms of x, y, 2, t, in terms of
z', y', 2, t’. Our new phenomenon will then be the same in
x, 9,2t asIwasina,y, 2, 1.

If, as we shall often do, we imagine two observers, A and B,
the first of whom describes phenomena in terms of z, y, 2, t,
whereas the second uses x’, ', 2,1 (wé can think of them,
though this is not necessary, as occupying fixed places, the one
in z, ¥, #, the other in «’, %', 2’), we can say that the new phe-
nomenon will be one that presents itself to A just as I presents
itself to B. Thus we have only to describe phenomenon I in
2',y', 2,1t and find out how it appears then (that is, to the
observer B). We need not repeat every time that the new
phenomenon is one that has the same aspect for A, and we
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need not write down its equations, which are obtained by
simply dropping all primes in the formula by which I is de-
scribed in 2/, ¥/, 2/, t'.

Some further examples may illustrate what has been said.

1. Suppose that we have a material system which is so small that
we can characterize its position as a whole by definite values of
z, y, 2. Suppose, further, that in this system certain phenomena
occur, succeeding each other at equal intervals of time. The system
may, for instance, be a clock, and the phenomena in question the
successive ticks.

If, now, by means of the formule of transformation, we calculate
the corresponding values of x’, %', 2/, t', we shall find the description
of the same event in the new system of coordinates; namely, a
specification of the place and time in z’, ¥/, 2/, ',

Consider a clock at rest in x, 9, 2, t; let the interval between two
consecutive ticks be s. Take this as our phenomenon I and deseribe
it by means of the equations

r=a, y=pB z=rv I B vconstants);
t =ty to+s8, t+2s,ete

Transforming to o/, ¥, 2/, t/, we get

b
x': y /= y 2,:1—-— ’
o, ¥=8 o act,
' =at, — —:Zb(‘ s aly +as — lbc y alo+ 2as — _b;y’ ete.

In this system the clock is moving with velocity — gc =, say, and

the intervals between the ticks are no longer s but are somewhat
greater than s. Thus, if the clock has a motion of translation with

2
velocity v, it goes slower in a ratio determined by \/ 1- 3—2

2. Suppose that a light-signal is made to pass from one end P of
a rod to the other end @ and then back to P. Let the interval
between the instants of starting and returning be 7, the rod being
supposed to be at rest. Then the same phenomenon described in
', ', 2, t' will be as follows:

The rod has a motion of translation, and the interval of time be-
tween the start and return of the light-signal is (in virtue of the
equations) equal to ar. Thus we have a new phenomenon; in fact,
we find that when the rod moves with velocity », the time taken for
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light to travel along it to and fro will be greater than when the rod
is at rest in the ratio of 4/1 — %5 to 1. The interesting thing about

this is that this change is independent of the direction of the rod,
and here we have the explanation of Michelson’s experiment.

That the negative result of the experiment is implied in the prin-
ciple can also be seen as follows: Suppose that in Michelson’s
experiment two fine micrometer wires are set on the places where
we have darkness; that is, at consecutive minima. Then, if we
deseribe this in 27, ¥/, 2/, t, we shall have a system in motion but
still no light at the places occupied by the wires.

3. We may remark here that when we say that in the systems
x, 9, 2, t and 27, ¥/, 2/, ' natural phenomena are represented by equa-
tions of the same form, this means in the case of light that its
propagation can be described as taking place with velocity ¢, the
same in both cases. The proof is as follows:

In the system &, y, 2, ¢ a light-signal goes from the point 0, 0, 0
at time { = 0 to a point x, y, z which it reaches at time {. Describing
this in terms of x’, ¥/, 7/, t/, we can say that the signal goes from
0, 0, 0 at time 0 to a point z’, %', ¢’ which it reaches at time ¢/, where

=z =y, Z=az-=0bet, t'=at— L)z.
From these we deduce ¢
Z4+ct'=@-b0@E+ct), 2—c' =(@@+b)(z—ct).
Multiplying, we get 22— 't =22 — ¢33,
and therefore z'2 4+ y'2 + 2’2 — c2t’2 = x2 4 y* + 22 — c2{2

Consequently, since t = % Vit + y2 4 22,

we have also U = lc Vo't +y't +2'%

This means that in the system z/, 3/, 2/, ' we have also to aseribe to
light the velocity c. .

Having gone thus far, we may again conclude that the result of
Michelson’s experirment must be negative.

Let me now give you the following picture:

Suppose that ‘we have two systems of rods all having the
direction of the axis of z and all equal to each other, one
system being at. rest in the system z, y, 2, ¢, the other in the
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system 2/, y’, ¢/, ¢’. We may call the first the A-rods and
the second the B-rods, and we may consider them to belong
to two observers A and B who are themselves at rest in the
two systems.

Suppose that we have also two systems of clocks, A-clocks
and B-clocks, at rest respectively in the two systems. The
A-rods, if properly juxtaposed, will give us for each point of
space a value of z, and the B-rods a value of /. We can have
numbers written at the points where the rods touch each other,
these numbers indicating the values of z or of 2/, as the case
may be. We can also have rods in the directions of OX, OY
(OX’, 0OY’), so that we have two scaffoldings of rods, on which
we can read off immediately values of x, y, z or «’, y’, 2. These
two systems of rods are interpenetrating, and we shall imagine
them to be able, notwithstanding this, to move relatively to each

other with velocities » = — :—;c and v = 3c, which we know

already. We can further imagine that the A-clocks and the
B-clocks are fixed to these structures, and that there is still
suflicient room for all kinds of phenomena in spite of the ex-
istence of all these rods and clocks. We shall suppose that all
the A-clocks are adjusted to each other with the utmost pre-
cision. In order to do so we send a light-signal from one A-clock
to another, and we give the hands such positions that the dis-
tance of these positions, namely, of the first clock at the
moment when the signal is sent and of the second clock at
the moment when the signal arrives, is exactly equal to r/e,
the distance r being determined by means of the A-rods. In
exactly the same way all the B-clocks may be adjusted to
sach other.

If the number of rods and clocks is sufficiently large, we can
read off for any event the values of z, ¥,z ¢ and those of
t',y', 2, t/, and between them one will find everywhere the
relations that are expressed by the transformation formule,
and by looking attentively at the system one would find com-
prised therein what I have said about the contraction of
moving rods and the retardation of moving clocks.
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It is important to remark that, if we think once more of our
two observers A and B, the phenomena observed by B must
obey exactly the same laws as those witnessed by A. Thus,
for B also, a moving rod must be shortened and a moving clock
must go more slowly than a stationary one. Now whereas,
from the point of view of the observer A, the A-rods are sta-
tionary and the B-rods are moving, for the observer B the
reverse will be the case, and so for him the A-rods will be
shorter than the B-rods. Similarly, he will conclude that the
A-clocks are going more slowly than the B-clocks.

So we come to the conclusion that of two rods the first may
be held to be the shorter by one observer and the second by
another observer. There seems something paradoxical about
this, but in reality there is nothing strange. For indeed, when A
and B, each from his own point of view, compare the lengths of
the two rods, they do not compare them in the same way. Of
course, when we speak of making the comparison, we mean that
we compare the lengths of the rods, measured by the difference
between the coordinates of their extremities, such as these
coordinates are at one and the same time. But for A the time
is the variable ¢, while for B it is ¢’. Therefore A fixes his atten-
tion on the positions of the rods for a definite value of ¢, and B
does so for a definite value of . This is not the same thing,
and this explains the different results that are found in the two
cases and that can be deduced from our formule.

I shall dwell no longer upon this point, but shall merely
remark that, as indeed you can see at once from the equation

t'=at——§z,
¢

if you consider events occurring at different places specified by
different values of z, the values of ¢’ are different when those of
t are equal, and conversely. In other words, what is simul-
taneous in one system of coordinates is not simultaneous in the
other system.

It may even happen that of two phenomena 1 and 2 the first
is prior to the second in the system z, ¥, 2, t and posterior to it
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inz’,y,2,t. Infact,if we denote by suffixes 1 and 2 quantities
relating to the two events, we have, by virtue of (118),

to— 1y =a(tz — ) — g (z2 — 21).

Let us suppose that b and > — ¢, are positive; then to—t; can be
negative if zo—2; has a sufficiently great positive value. The con-
dition is evidentl

y 22—z > gb-c-(tz—ll),

and, since a > b, this implies that

Zz—2 > c(lz—1);
that is, in the system in which 1 precedes 2 the distance between
the points at which these events take place must be greater
than the distance over which K
light travels in time t2 — f;. A

I should like to emphasize
the fact that the variations of
length caused by a translation
arereal phenomena, nolessthan, € 0 D
for instance, the variations that
are produced by changes of tem-
perature. If our means of ob-
servation were refined enough, £
we should be able to observe
the changes by means of in- a
stantaneous, say pinhole, pho- Fic. 31
tography, and if the experiment
is first made by our observer A under proper circumstances,
and then by B under circumstances that seem to him to be
the same, it may very well be that of two rods the one has the
shorter image for A and the other for B.

Let there be two ‘‘equal” rods P and @, placed along the
line AB parallel to OZ (our diagram, Fig. 31, is drawn in the
system , ¥, 2), and let the first be at rest in z, 9, 2, 1, the other
inz/, ¥, 2, . The screen CD coincides with the plane YO0Z,
the distance OK being p, and EF is the photographic plate, at
a distance OM = g behind the screen.

B
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In A’s experiment the screen and the photographic plate are
at rest in the system z, ¥, z, the pinhole being constantly at the
origin O of those cobrdinates. We shall suppose it to be opened
for an instant at time ¢ = 0, and we shall define the “ effective”
position of a moving point by the condition that light emitted by
the point in that position shall reach the hole O just when it is
opened ; the time at which the effective position is reached may
be called the effective time. We shall denote by 2 the length
of the rod P in the system z, ¥, z, so that in the same system

(%l is the length of Q. For the sake of simplicity we shall sup-

pose ! to be so small that terms with /> may be neglected.

Now A must be sure that he compares simultaneous positions
of the ends of the moving rod @. He can satisfy this condition
by arranging the experiment in such a way that the middle point

of Q passes through K (z = 0) at the time — g We shall further

assume that the middle point of P always has this position.
It is easily seen that in this first experiment the images of

the two rods have the lengths 2 27 and 2 g L the second being a
times shorter than the first.

Passing on to the second experiment, we remark, in the first
place, that if it is to be for B exactly what the first experiment
was for A, the screen and the photographic plate must be at
rest in the system x’, y’, 2/, and the opening has to be un-
covered at the time ¢’ = 0, which is equivalent to ¢ = 0 because,
for the opening, 2z’ must be 0. Furthermore, the middle point
of @ must be continually at the point 2’ =0, and the middle

point of P must have that position at the instant ¢ = — p,
¢

We have, therefore, by the equations of transformation, for any

value of ¢,
z=—"bp

for the middle point of P and
z= Q ct
for that of Q. ¢
Starting from these data, we shall now make the calculation
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for the second experiment, availing ourselves of the system
z, ¥, 2, t. In the first place, knowing that the lengths of the
rods are 2 l and (%l, we find, for the coordinates of the extremities
of P, —1—bp, 1—bp,
and for those of the ends of @,
Ly by Ly by
a a a a

This leads * to the following values of the effective times

51P=—gp—ﬁ‘l, 32P=—(—1P+-b—l,
C ac C ac
a b a b

Lo=——-p—=1l, log=—= =1,

1Q CT’ p 2Q cp+c

the effective positions being

ap=—1—bp, z2p=1-—"0bp,

zig=—al—bp, z2=al—bp.
Let #1p, Zip ete. be the values of ¢ and z characterizing the
“events’ of the formation of the four images. As the light
travels along straight lines, passing through the point z=0 at
the instant ¢ = 0, we shall find 7 p, Z1 p, etc. if we multiply the

above values by — q.

We have finally to take into account the fact that the photo-
graphic plate moves with the velocity gc, and that therefore, if

impressions are made on it at (=17, z=7% and t =1, 2=12,
the values of z for simultaneous positions of the dots produced
will differ by b -
Zo—Z ——c(l2—h).

a
In this way we find, for the lengths of the images of P and @,
measured by the difference of the values of z,

9.2 and 9.2,
b a pa

*If the motion of a point is given by z= a+ 8¢, its distance from 0 is
Vp2+ (a + Bt)? and the condition for the effective position is that this shall be
equal to ¢ |f|. In the calculations * is constantly neglected, and frequent use is
made of the relation a? — b* = 1.
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so that now the second image is a times longer than the first.
The influence of a translation on the rate of motion of a clock
is no less real than the shortening of a rod.

Suppose we have two ‘“‘equal” clocks P and @, one of them
having a fixed position in our system z, y, 2, ¢, while the other is
moving along a straight line from A to some distant point B
and back to A. We shall suppose that the velocity increases
from zero to a value v during an interval of time 71, that it
remains constant during 7, is inverted during 73, and remains
constant during 74, and that finally the clock is brought to
rest in the interval 75. Then, surely, we may expect that,
on comparing the two clocks, we shall see the effect of this
wandering.

Of course, since we do not know what will happen to the clock
in the intervals of time 7, 73, 75, there would be an element of
uncertainty in the experiment. This could, however, be elimi-
nated by repeating it with only a change in the distance AB,
so that the intervals 72 and 74 become longer or shorter.

83. Transformation Formule for Velocities. Relation between
Elements of Volume in the Two Systems. Suppose that the
coordinates z, ¥, z of a moving point are given as functions of Z.
We can then express 2, %', 2’ in terms of ¢ by means of the
transformation formule; that is, from a description of the
motion in z, ¥, z, t we can deduce that in /, ¥’, 2/, t'.

What is the relation between the velocities? 1f dz, dy, dz are
the changes in the coordinates z, y, z of the moving point in
time dt, we have

dr _dy _dz.

=% "Ta T
But to dz, dy, dz, di correspond the changes
de' =dx, dy =dy, dz’=adz—bcdt, dt'= adt — gdz,

Vy vz

* If we wanted to know the lengths of the two images measured on a scale that
is drawn on the photographic plate, we should have to take into account the con-
traction of the scale caused by its translation. But it was not necessary to speak of
this, because the ratio between the two lengths was all we required.

1 See Note 9, Appendix.
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and in the system 2/, ¢, 2/, t’ we have to consider as the com-
ponents of velocity the quantities

7);;2@— dx _ Vr
r - b
at adt—-=dz a—évz
c ¢
4 d’/l dy vu
1)1,= ﬁ = = y
d adt—édz a—sz
¢ c
s _dZ  adz—bedt  av.— be
v, = af: = b y
adt —=dz a— -v,
¢ c
or v =1 =" o= o — be (123)
w w w
where a— gvz =w. (124)

We can also express 2., v,, v in terms of v., v,, v. by means of for-
mulee similar to the above except that the sign of b is changed.
In these formulae the denominator will be the quantity

a+ gv; - (125)
It is interesting to note the following consequences of these
relations : o , r
2 — 2 = c~ '—""l)" 2 — 2= C ——”?) "’ w = _]; (126)
w= w -~ w

We may further remark that there are three velocities, namely
v, v, and the velocity 3 ¢, with which one system of codrdinates

moves with respect to the other. Since b < a, the last of these
velocities is always smaller than ¢. We shall also suppose that
v and v’ are always smaller than ¢. This leads us to no contra-
diction, since, according to the above formula, » < ¢ implies
v’ < ¢, and conversely. Indeed, one of the fundamental theo-
rems of the theory of relativity is that a body can never have
a velocity greater than the speed of light ¢. The reason for the
exclusion of velocities higher than ¢ will be stated later on, but
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for the present an example may serve to make clear how the
theorem is to be understood. Suppose that in the system z, y,
2, t we have two particles moving in the direction OZ with ve-
locities ac and — a¢,  being a fraction that can be near 1. Then
the difference of the velocities 2ac can very well be greater
than ¢, and if you want to call this difference the relative veloc-
ity of one particle with respect to the other (to which there is
no objection), you can say that this velocity is greater than c.
What 1s meant in the statement just made is that the velocity
of a particle in a system of coordinates, introduced by means of
a relativity transformation, can never be greater than ¢ if it
was less than ¢ in the original system.

If, for instance, we take a set of axes moving with one of
the particles, the constants e and b of the transformation to
the new set of codrdinates will be

1 o
- d ——2% _,
V1 —a? an V1—a?

and the velocities of the two particles in the new system will be

1—2_%;—2 and O respectively. It should be noticed that the first
quantity is always less than c.
In general the velocity is changed by the transformation;

thatlS, Ivl__#lvxl;

but if v2 = ¢2, v"2 = ¢2 likewise.

That the velocity of light ¢ presents the special feature that
it is not changed by a relativity transformation is, of course,
due to the fact that ¢ enters in the transformation formulz.
If, moreover, the transformation which they determine is such
as to leave the laws of physical phenomena unchanged, this
must mean that in all these phenomena something with which
we are concerned in the propagation of light plays a part. So
the principle of relativity implies a certain relationship between
optical or electromagnetic effects and other physical phenomena.

Before proceeding farther I must make you acquainted with
a formula that is often used in relativity. Suppose that we
have a system of points like the molecules of a gas but moving
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in such a way that the velocities do not change abruptly and
irregularly, as they would in a gas, but so that they are continu-
ous functions of the coordinates and of the time. Let P be one of
these points having the coordinates z, %, Z at time ¢, and let dV be
an element of volume in the space z, y, z surrounding P. The
magnitude of dV is evaluated on the basis that the magnitude of
an element having the form of an infinitely small parallelepiped
with sides dx, dy, dz is taken to be dx dy dz. In the element dV
we shall find at time 7 a definite part of our system of points.

For each point we can now seek the values of 2/, ', 2’ such
as they are for a definite value, say #, of the new time, and all
the positions that we find in this way will be included in a
definite element dV’ in the space 2/, ¥/, 7.

For ¢ we shall take the value of ¢ which according to the
transformation formula corresponds to &, #, Z, {, that is, to the
coordinates of P and the moment ¢ which we want to consider ;
and we shall now compare the magnitude of dV’ with that of
dV, determining the first of these by the rule that in the space
x’, 3, 2’ an infinitely small parallelepiped with sides dx’, dy’, dz’
has the magnitude dx’'dy’dz’.

You see we want to compare the spaces over which, in the
two systems, simultaneous positions of the particles are spaced,
stmultaneous meaning that in one case ¢, and in the other ¢,
has a definite value.

Let £+ x, ¥+ u, Z+ z be the coordinates at time ¢ of some
particle @ lying within dV, x, y, and z being infinitely small.
The corresponding coordinates in the system «', y’, 2/, ' are

Pta, gy aGHo—bd, d-2E+a);
that is, the first three give us the z’, 3/, 2’ coordinates of @ at
time af — g (Z+2); but we want to know the values of these
coordinates at another time = af — %E, the difference in time

being % z. In this time the coordinates have changed by
b b b

=205, =2y, =20,
c c c
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where v, ¥,, v, are the components of the velocity v’ of the
particle Q. But, neglecting quantities of the second order, we
may just as well understand by these symbols the velocity of
the particle P. Thus the desired codrdinates of @ are

w=itotlal, y=g+y+ia,
z’:a(i—}—z)—bcH—%zv;.

When z, y, z take all values consistent with positions of Q
lying within dV, the point z’, y’, 2’ occupies successively all
possible positions in dV’, and according to a well-known geo-
metrical theorem the ratio of dV and dV’ is given by what is
called the functional determinant of 2, y’, 2’ with respect to
x, y, z; that is, the determinant whose elements are the partial
derivatives of a2/, y’, 2 with respect to z, y, z. Thus

b

1 0 =
¢
dv’ b,
av |0 Loy
0 0 a+%v;

or, on account of (125) and (126),
dv dv’

1,2 2

34. Relativity and the Electromagnetic Equations. The princi-
ple of relativity is a physical principle, or a physical hypothesis,
which pretends to teach us something about the nature of things.
The consequences to which it leads have to be tested experi-
mentally, and when these consequences concern phenomena that
we are accustomed to explain by some theory, the principle of
relativity may imply some corresponding change in that theory.

For instance, it is natural to consider the length of the rod
and the elasticity of the spring that regulates the motion of a

127)
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clock as determined by molecular forces. The principle of
relativity requires that these forces should be modified by
motion. If we had known this modification beforehand, we
should have been able to deduce from it the contraction of rods
and the retardation of clocks; it would, in fact, have been
possible to deduce the principle of relativity for the class of
phenomena in question, and this is the course that has really
been followed in the case of the electromagnetic field.

The equations of Maxwell do not change their form when the
relativity transformation is applied. In fact, if we put

E,= akE.—bH, E,=aE,+bH., E.,=E;)
H,=aH,+ bE,, H;:aH,,—bEr, H,= sz
p = wp, (129)
the equations in the new variables have the same form as the

original ones. This is easily verified if it is taken intc account
that, in virtue of the equations of transformation (121),
0 _0 0 _0 0 0, bo 0 0 0
,) ’

—_—= - —y T =0 - TS =0= e
o ox oy oy 07 o’z+cdt ot’ adt+bcaz

(128)

Thus, for instance,

)E 0
‘ f+fﬁu+ := 2 (4B, — bH,) + - (aB, + bH2)
ox oy
0, b0 0H, _0H,\  bOE;
+( Bz+cdt>Ez_adVE+b<5y (375) ¢ ot
s . 0H, 0H,_ 1[0E
= " ik A Sl 2
Substituting div E=p and e o < Py + vz),
this becomes ap — g pr.=wp=p'.

Similarly for the other equations.

Equation (129) is found when one considers the electrie
charges as concentrated in a great number of points (which may
be exceedingly close to each other), the charge of each point
being invariable and being expressed in the same unit, whether
we use the system z, y, 2, t or 2, ¢, 2, t'. On these assumptions
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the elements dV and dV’, of which we spoke in § 33, must
contain the same total charge. Thus

dv
'dV’ = dV, I = _— = .
P P pI=p =P

This equation shows (and the same is seen for instance in formula
(122) and those which we found for the velocities) that the two
observers A and B, to revert to them once more, do not intro-
duce into their theories quantities that are equal, but rather
corresponding quantities, mutually connected by definite trans-
formation formule and such that in the two modes of descrip-
tion they have similar meanings. Thus, while E is the force
acting on a unit charge of electricity that is at rest in the system
x,y, 2,1, the force acting on electricity that is at rest mnax',y,2,t
is obtained by multiplying the charge by E'. Since in this case
the electricity is in motion in the z, y, 2, { system, and therefore
experiences a force due to the magnetic field, it is not strange
that E' is connected not only with E but also with H.

35. Zeeman’s Experiments on the Propagation of Light in Mov-
ing Solid Bodies. Consider a rod of glass R (Fig. 32) at rest in

the z, 9, z, t system and R

extending from z=0to —> [~ — 1 ——
=1 o Z

&=L FiG. 32

A beam of light, in
which the vibrations are represented by expressions containing
the factor

cos n <t — Z) (130)
is incident on the left-hand side. In the rod the corresponding
factor is .

cos n<t — 17-) = cos n<t — ‘i(’:‘z>, (131)

where v, is the velocity of light for frequency n and u, is the
index of refraction for this frequency. No constant phase

term is added to ¢ — "iZ—z » because at z = 0 the phase of the inci-

dent waves and of the waves in the glass must be the same.
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On the right-hand side of the rod the vibrations in the ether
are represented by terms containing the factor

cos n[t —fm (1) %] , (132)

the constant term within the brackets being chosen so that for
2z = [ the phase agrees with that in the rod.

Now by means of the principle of relativity we may deduce
the laws of a new phenomenon; namely, the propagation of
light in a moving rod of glass. As we shall be concerned only
with the incident and emergent light, we shall consider only
(130) and (132), not (131).

In the second phenomenon we have, in the system z’, ¥, 2, t/,
incident rays represented by

cos n <t - ;) (133)
and emergent rays represented by
cos [t’ — (= 1) 5]. (134)
¢ ¢

We now express these in terms of x, y, z, t. In this system of

coordinates the rod has the velocity w = 3 c.

2
If we neglect quantities of order %, we can write a =1,
b="%, so that the formule of transformation become
c
d=z—wt, =t—=z
Thus the incident light is represented by
cosn[t— lf,z—z—_—i”—t],
e c

and the emergent light by

cosn[t—%z—z_wt—(#n—l) l],
e c ¢
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or, again neglecting squares of % —, the incident light is repre-

sented by }
n(t—= 135
cos 1 (t c)’ (135)
and the emergent light by
cost[t—g— (,u,.—-l)(l—w) é], (136)
c c'c
where m=n <1 +2). (137)

Now compare (130) and (132) with (135) and (136), after
making such changes in (135) and (136) that in both cases the
incident light has the same frequency. Because the difference
between n and 7 is an infinitely small quantity of order w/c we
can put in (136) 4

- du = uw
F‘n—ﬂn‘i‘d_n(n—n)—ﬂn nd_n c’ (138)
so that (136) becomes

cos%[t—g—<un~1)§+(uﬁ+nj—-¢b—1)§i.}]- (139)

Now 7 can have any value, and we can therefore replace it by
n in both (135) and (139). The result is that the cosine factor

for the incident light is
cos n (t — E),
¢

and for the light that has passed through the rod it is
cosn[ —Z—(u—1)= +<,u+nd“— 1>MJ

u being written for uz.

We have now a case in which the moving rod receives a beam
of light of exactly the same nature as that which first fell on
the stationary rod. You see, then, that the influence of the
motion manifests itself as an acceleration of the phase of the
emergent light amounting to

(u n n — 1)“” (140)

c?
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This has been verified by Zeeman,* and he was even able to

show by his measurements that the influence of the term ng—'“
n

is perceptible. 1 have treated the problem at some length in
order to show you how we can deduce results without entering
into the details of phenomena. We did not consider the wave
motion in the rod at all. The principle of relativity is in this
respect like the second law of thermodynamics.

I need hardly add that the theory of the well-known experi-
ments of Fizeau and other physicists on the propagation of
light in moving fluids, by which *‘Fresnel’s coefficient” was
verified, can be developed in much the same way.

36. Modification of the Laws of Dynamics. Let us now revert
to the transformation formula for velocities,

’ av, — bc
—_—

v, =

that was found in connection with them. We can write the
equations in such a form that in each of them we have on one
side quantities referred to «’, %, 2/, ¢ and on the other quanti-
ties referred to x, 9, 2, {; namely,

k'v; = ko,, k'v, = ko,
(141)

b

kv, = ako, — bek, k' = ak — ’é ko,

where ke k=L (142)
1=z \1-2
02 c2

These equations will enable us to draw a very important con-
clusion. We have already remarked that the principle of rela-
tivity can only be true if the laws that really govern physical

* P. Zeeman, Proc. Acad. Amsterdam, Vol. 22 (1920), p. 462; P. Zeeman and
Miss A. Snethlage, ibid., p. 512.
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phenomena are in accordance with it. In other words, the prin-
ciple can lead us to the discovery of something about these laws,
and it may very well be that the principle obliges us to make
slight changes in the form of physical laws.

This is found to be the case with the fundamental laws of
dynamics, such as, for instance, the law that, notwithstanding
the mutual action between its parts, the momentum and en-
ergy of a mechanical system remain constant. 1t should be
remarked that momentum and energy, rather than mass, are
to be considered as fundamental ideas.

The impact of two bodies — perfectly elastic spheres, for in-
stance, moving with their centers along a straight line —is a
simple example of the mutual action between two parts of a
system. Informer days the laws of such collisions were investi-
gated experimentally, and it was gradually recognized that if
to each of the bodies we assign a certain constant m of properly
chosen magnitude, the algebraic sum of the two quantities mv
remains constant in a collision, and likewise the sum of the
quantities 3 mo% In other words, mv; + m2v2 and 2 mpvf +
1 myo3 are unaltered by a collision, »; and ve being the veloci-
ties of the two bodies. So physicists were led to define the mo-
mentum mv and the kinetic energy 3 mo? of a body moving with
velocity v. The coefficient m was called the mass of the body.

Of course the experiments on impact, by which these laws
were supposed to have been found, could not have been made
with great precision, and experimenters labored under the
difficulty that there are no perfectly elastic bodies. Until
about fifteen years ago, however, physicists certainly thought
that the closer the bodies approached to perfectly elastic
bodies, and the more accurately the experiments were made,
the nearer we should come to a verification of the above laws.

The principle of relativity asserts that this is not so, and that
we have to change these laws. It is true that we can maintain
the principles of the conservation of momentum and energy,
but only on the condition that we change to a certain extent
the definitions of momentum and energy. Indeed, the theory
of relativity requires that the principles of the conservation of
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momentum and energy must hold in the system 2/, ¥/, 2/, ¢’ as
well asin z, 9, 2, t and of course also that momentum and energy
must depend on the velocity in the same way in both systems
of coordinates. Now if, considering the motion of two balls, say
along the axis 0z, you could determine the velocities 71, 7 after
collision by means of the formulae
nmivy + Moz = M0y + Mavs,
Lomp? + Y modd =3 miv? 4+ L mon?,

you could deduce from these, by means of the transformation
formule, relations between the initial and final velocities ex-
pressed in terms of «’, ', z/, . But on account of the rather
complicated transformation formulee these new relations would
be far from having the above form. It thus appears that the old
definitions of energy and momentum cannot be maintained. How
must we change them? The answer is given by equations (141).
We define the energy by the equation

e=—TC_ — kme2 (143)
/ 2
=
and the components of momentum by
gr = kmo,, g, = kmov,, g.= kmov,, (144)
m being a constant factor for each body. Let us give to this

factor the same value, whether we use the system z, y, 2, { or
x',y', 7, . Then, according to (141),

=0 Uy=0u 92=afg:—§e, € = ae — beg..

Now consider two colliding spheres. For each of them we have
relations of the above form between momenta and energy in
the systems z, ¥, z, ¢ and 2/, y’, 2/, t'. Therefore the same
relations hold when by ¢ and e we understand the sums of
momenta and energies of the bodies taken together. The same
relations will, furthermore, hold also for changes in these total
quantities ; accordingly
Ag. = Ag., Ag,=Agy, Ag. = alAg. — IZ) Ae, A€ =ale— bcAg..
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Hence if, during a collision (which now need not be a central
one) or other mutual action, g, g5, 9., and € do not change,
g., ¢, 9. and ¢ will likewise remain constant ; and since these
expressions depend in the same way on the respective com-
ponents of velocity, the principle of relativity is satisfied.

These are the reasons for defining momentum and energy by
the above formulz. We can very well imagine that by very accu-
rate experiments on collisions the laws of conservation of these
momenta and energies are verified. These experiments would
also give us the ratios between the constant coefficients m which
we have to ascribe to different bodies, and which we consider
as the measure of their masses. For these ratios we should
find exactly the same values, whether we use z, y, 2, { or
oy, 7, 1.

You see that if the velocity of a body is small in comparison
with that of light, the values now adopted for g, g,, g. differ
only by small amounts from the classical values. As to the
energy, things are different. We wrote

Expanding the denominator by the binomial theorem, we find
e=me?+ 3 mvc+ - -,

so that, apart from a constant term, we are led back to the old
expression for kinetic energy.

In mechanics and thermodynamics we are always concerned
with changes of energy, so that the constant term does not
matter. We could drop it or replace it by an arbitrary constant,
but then the transformation formula for g and e would have to
be modified.

Einstein attributes the above value to the energy, and this
has certain advantages which will be noticed later on.

Having defined the momentum and energy of a particle, we
can now consider the case when a force acts on the particle.



ENERGY AND STRESSES 111

The force is measured by the-corresponding rate of change of
momentum ; that is, its components are

po=d_me_ p_d_my m:_ . (145)

d
=2 T, F,=2 — i
dt\jl—v—i dt [1_?; dt !1;9;
c? c c2

From these equations we can deduce the theorem that the work
done by the force is equal to the change of energy. The rate
at which the force does work is, in fact,

Fv: + Fyoy + F:v,
and this is found to be equal to

_me? (146)

d
dt \j | EZ:
2

37. Energy and Stresses etc. in Continuous Systems. From
the equations concerning the momentum and energy of a par-
ticle we can pass on to the corresponding equations for systems
that are distributed over space. What 1 am going to say now
applies, for instance, to the electromagnetic fields in the ether
or in ponderable bodies, to fluids or solids as they are treated
in hydrodynamics and in the theory of elasticity, to bodies in
which a conduction of heat is going on, and to many other
cases. We shall only make the assumption that the quantities
determining the state of the system are all continuously dis-
tributed over space without any abrupt changes. For this
purpose we either ignore molecular structure or extend our
analysis into the interior of molecules and atoms.

We now fix our attention on an element of volume dV (which
we can take to be a parallelepiped dz dy dz) and on the amounts
of momentum and energy which it contains. Let G, Gy, G: be
the components of momentum and E the energy per unit of
volume. Now these quantities can be changed in two ways:
namely, by the action of external forces and by actions going
on at the surface of the element, that is, interactions between
dV and the part of the system surrounding dV.
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Interactions of this kind, by which G;, G,, G can be changed,
are called stresses or eventually pressures. We shall as usual
denote them by X, Y., Z., X, ete. The first three refer to an
element of surface perpendicular to the axis of x; they repre-
sent the components of the forece which the matter on the posi-
tive side of that element exerts on matter on the negative side.
X, - - - have similar meanings.

Now if there are no external forces, like gravity, we shall have

PGy _ 0Xs | 0Xy | 0X: (147)
ot ox Y oz

The equation of energy has a similar form,

0 | 05 18,y 05,
ot oy

where S, S,, S: are the components of the flow of energy. The
first term represents the rate of change of E, and the other
terms are due to the influence of the actions at the surface of
the element. We may say that these terms represent the rate
at which work is done by the stresses, but we can just as well
say that they are due to a flux of energy across the surface.
Indeed, the statements that work is done on a body and that
energy is imparted to it are equivalent.

Similarly, the quantities X,, X,, X. can be considered as the
fluxes of momentum G. across elements of surface perpendicular
to 0X, OY, OZ, or rather as these fluxes with opposite sign.
There is one case in which this is the only adequate way of
thinking of them; namely, the case in which the actions at
an element of surface consist simply in the passage across that
element of particles which carry with them their momentum
and kinetic energy (kinetic theory of gases).

Four equations of the same form as the above also hold in
the system z’, ¥/, 2/, . They contain sixteen quantities, X
ete., which play the same part in the second system as X, ete.
do in the first. These quantities are related to X, ete. by trans-
formations comparable to those which we had for g¢., ¢,, ¢,
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and e. By these formula each of the sixteen quantities X_ ete.
is expressed in terms of the corresponding one and a certain
number of the other quantities Y, ete.

How can the transformation formula for the quantities now
under consideration be derived? Each of them may consist of
different parts, — for instance, one due to particles carrying
with them momentum and energy, the other of electromagnetic
nature. It is clear that a self-consistent system of equations
(at least a simple system) can be found only if the formule of
transformation are the same for the several parts. Assuming
this, we have only to find the formula for a special case, for
which we take the one that has just been mentioned.

Let us suppose that the system consists of material particles
all moving with the same velocity », the number per unit of
volume being N. Then

G:= Ng,;,, Gy,=Ng,, G.=Ng., E= Ne. (148)

What is the amount of energy transferred per unit of time and
unit of area across a plane at right angles to 0X? The number
of particles passing through the plane in unit of time is Nv..
Thus the flow of energy in the direction OX is

S; = Nev,. (149)

Similarly, the amounts of momentum (g, ¢, ¢:) transmitted
per unit of time (for which we can write — X, — Y., — Z,) are

— X, = Nvyfs, — Y.= N9, —Z:= N0:g.. (150)

These formula hold also when », is negative, for the current of
energy is reckoned as negative when the energy is transferred
in the direction of — 2. Also a momentum g, transferred in
that direction per unit time contributes to — Y, the amount
— Gy-

Now, since we have transformation formulz for the com-
ponents of » and ¢ and for the energy e, we can easily deduce
the transformation formule for G.---, S;---, X:---, and E.
Only we must take into account the fact that the number N’
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of particles per unit of volume in the second system is not equal
to N; we have, on the contrary,

N'=No= N(a - g ) (151)
This relation follows at once from the previous relation
dv =4V,
w

In this way we find, for instance,

G.=N'g,= N<a—--’3u~> gr = aG; + by,
c ¢

S, = N'vle’ = Nv:(ae — beg:) = aS; + beZ,

r o b _b
Gz-—Ngz—N<a cm)(ag: ce> . (152)

=G+ DLz - D g Vg,
C C c-

E' = N'e¢’ =a’E — %I—) S; — abcG. — b*Z,, etc. J

We have found these formula by considering a simple case;
namely, that of a system of particles all having the same ve-
locity. Now suppose that we have particles moving in all direc-
tions with very different velocities, as in the kinetic theory of
gases. We can decompose such a system into a great number
of groups of particles, each group being characterized by a
velocity definite in direction and magnitude. The value of
each of the quantities G; - - - and E will be the sum of parts due
to these several groups, and so it is easily seen that the above
transformation formula will hold for the full values existing in
the system, since they hold for the particular values belonging
to the individual groups.

We shall now assume that the formule (152) hold in all cases,
whatever the mechanism to which the stresses ete. are due.
We may here remark that in the case of an electromagnetic
field in the ether all the quantities occurring in the above for-
mulz are known ; namely, density of energy, flow of energy,
electromagnetic momentum, and Maxwell’s stresses. We can
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express them in terms of the components of E and H or E' and
H'; and if we introduce the transformation formula for E
and H, which have already been given, we can verify (152).

It can also be proved, using (152), that the system of four

equations of type
¢ ¢ 6. _ex. X, ix

ot ox oy oz
is equivalent to a set of four equations of the same form in
',y 7,0

38. Remarks on Formule of Transformation. We have found
that there are transformation formule for the four quantities
dr, dy, dz, dt, the six quantities E,, E,, E., H., H;,, H,, and
the sixteen quantities X, - -- E. Quantities such as those be-
longing to these sets, which are grouped together in the trans-
formations, are called components of a **tensor,” the nature
of the tensor depending on the number of compouents and
the form of the transformation formule. If I could spare
the time I should be able to discuss the properties of tensors
and to give a more elegant form to the above analysis, so that
you could almost write down the transformation formule from
memory, while, with the formule as they are now, we can
scarcely see any regularity. Later on, when we come to speak
of the general theory of relativity (the theory of gravitation),
I shall find an opportunity to remedy this. In the equa-
tions (148)-(150), which we found for a system of particles all
moving with the same velocity, we can of course replace N by
the symbol of summation Z, meaning that the sums are to be
taken per unit of volume; that is, the sum for all particles in
the element dV is to be divided by dV. In the form which they
then take the formule will also hold for a system of particles
moving in all directions, perhaps in some directions more than
in others. Introducing the values of ¢., g,, g:, €, we find

X = —2mkv§, _Xy” ; —Emkvxvy, Y.= —kavyvx
G: = zmkvr} Sz =2mk(721)x . (153)
E =2mkc2
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Notice that it is not even necessary that i should be the same
for all particles (mixture of gases).
Some of these formula are well known in the theory of gases.
If the gas molecules move equally in all directions, we have
X, =— %Emktﬂ,
and if we neglect the difference between k and unity,
X,=— —.}Zmz:‘l,
meaning that there is a pressure

12 mos,

The tangential stresses X, etc. appear in the theory of viscosity.
We find, for any values of the velocity and of k,

X,= 1Y, etc. (154)
and S: =¢*G,, Sy;=¢*Gy,, S:=cG,, (155)
or, in vector form, S = ¢*G. (156)

These relations (154) and (156) also hold for an electromagnetic
field in the ether, and we shall suppose them to be generally
true. The equations (154) have been known for a long time in
the theory of elasticity. The transformation formula show that
if (154) and (156) hold in the system w, ¥, z, t, they also hold in
the system «’, ¢’, 2/, t’. For instance, if Z, = X. and S, = ¢*G,,
we see by the first two of the equations (152) that S, = ¢*G..

The relation (156) between momentum and flow of energy is
very remarkable. It was first found in the theory of electro-
magnetism, and it seems at first sight strange that there should
be this relation between quantities that have wholly different
meanings. That the relation exists is due to the circumstance
that for material points we wrote, for the energy,

L:m,c“-’—}—lmv?—}--“, (157)
N
¢
including the term mc=.

Suppose, for instance, that particles all move in the direction
of 0Z with a velocity v which is so small that squares of » can
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be neglected. Then there is a momentum Nmv per unit volume.
How can there be a current of energy ¢ times as great? Simply
because each particle has the energy mc? and carries it along,
giving a total current of energy Nmc-v.

If we think only, as we did in former days, of ordinary kinetic
energy,  mv?, there will be (if terms in »? are neglected) neither
an energy nor a flow of energy.

The inverse case can likewise occur; that is, there are cases
in which there is a current of energy, while we do not, at first
sight, recognize that there is a momentum.

Consider, for instance, a vertical column of a gas consisting
of equal molecules and inclosed in a cylindrical vessel. The
upper and lower ends of the vessel are maintained at different
constant temperatures, the higher temperature being at the top.
A stationary state will be attained, in which the gas as a whole
is at rest, and as we are accustomed to think of a moving body
when speaking of momentum (quantity of motion), we might
think there was no momentum; yet there is a downward flow
of energy, the conduction of heat.

The solution of this apparent paradox is very easy if we use
our formule. Let us choose the axis of z vertically downward.
The number of particles which, per unit of area, cross a hori-
zontal section in a downward direction exceeds the number of
particles which cross the same section in an upward direction
by the quantity Zv. per unit of time, the sum being extended
over unit of volume. Therefore in the stationary state we have

the relation
zmv: =0.

If, then, the momentum of a particle were muv;, we should have
no resulting momentum, but according to the principle of rela-

tivity the momentum is mo
Z \j 1— V2

(a‘.’,
and this can very well be different from zero, though Zmv. = 0.
This is just what occurs when there is a temperature gradient.
The particles going downward will have greater velocities than
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those that go upward. Therefore for the positive values of v
the expression o~}
(1-5)

will be greater than for the negative values. Now if you have
a sum Zmo, that is zero, and if you then multiply the positive
terms by factors greater than those by which you multiply the
negative terms, the sum will become positive.

Similarly, a current of heat in a metal must be accompanied
by a momentum, but a calculation shows that the latter is much
too small to be observed. It will be likewise impossible to
prove experimentally that in a crystal the electromagnetic
momentum of a beam of light is in the direction of the rays and
not normal to the wave front; one may expect this on theo-
retical grounds because Poynting’s vector is in the direction of
theray. Ihave insisted on all this because both (154) and (156)
are essential in Einstein's theory of gravitation. If they were
not satisfied, the general equations by which he determines the
gravitational field would be self-contradictory.

The way in which the equations can be verified will, as in
our example from the theory of gases, depend on our conception
of the mechanism. I can say no more about it than this: if
we were able to analyze phenomena in full detail, and to fix
our attention on values of G and S in the interior of atoms and
even of electrons, relativity requires that then we should find
S = ¢2G. It can well be understood that if a very close scrutiny
revealed the existence of the relation at all points, its validity
in a more superficial inspection would then follow.

39. Momentum and Energy of a System of Any Kind in a
Stationary State. By means of the transformation formule for
stresses, energy, etc. we can prove that the formula by which
we defined momentum and energy have a much wider appli-
cation than we expected when establishing them. They apply
to any system that is in a stationary state; that is, a system
that does not in the long run get farther and farther away
from its initial state, though it may be the seat of internal
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motions or changes. It may be an electron, an atom, a mole-
cule, a cavity filled with black radiation, — any body, even a
planet or the sun itself.

The question is, however, What are we to understand by »?
We cannot speak of the center of gravity of a system, but we
can reason as follows:

In the first system of coordinates (system 1) the body will
have a certain resultant momentum whose value we can deter-
mine when we have sufficient knowledge of the body’s state.
We can suppose, without loss of generality, that this resultant
momentum has the direction OZ.

Let us now pass on to a second system of codrdinates (sys-
tem 2), using a relativity transformation with constants a
and b. We can then calculate, by means of the transformation
formul®, the resultant momentum in this system 2. Now the
constants a and b can be chosen in such a way that in system 2
the resultant momentum is zero. It is then natural to say that
the body as a whole is at rest in system 2, and that in system 1
it has the same velocity as the origin of system 2 has in system 1,
— a velocity which we know because we know a and b.

This is our definition of v; if we follow it we can always use

the expressions mo q me?

—— ad —
02 V"
AV e \{1 -3
c? c2

for momentum and energy.

Proof. Suppose that in the system =z, y, 2z, ¢t there is no re-
sultant momentum but a certain amount of energy mc2. By
means of this quantity of energy we can define a coefficient m,
the mass of the system. If we calculate the integrals for a
definite value of the time ¢, we have

fc,dv:@, fEdV: me?.

From these we can derive the value of [G/dV’ taken for a

definite value 7 of the time ¢, as we must of course do when we
want to know the momentum of the body in the second system.
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By virtue of (152), and taking into account the relation
= ¢2G, we have
G—(a-{-b)G—{-abZ abp
¢

Let the expression on the right-hand side be denoted by
¢(x, ¥, t); then we have

fGidV’=—1—f¢<x, Y, z,z-l-%dl',
a w

since for a definite value 7 of t/, t = - + bz and by virtue of (121),

dx’ =dx, dy' =dy, d7’ :‘—ld&, giving dl’—(]—tﬂ'.

We know beforehand that the result for the momentum will
be a constant; we can therefore replace ¢ by its mean value
- bz
‘f)<xy Y, z,z.l_ _—>

a ac
over all values of 7. But when, for definite values of x, ¥, z,
7 varies over a long interval of time, 5+2—z does so likewise.
C
We may therefore write, instead of the above mean value, the
mean value ¢(, 9, 2, t) taken over a long interval of ¢. Thus

deV’—(a-l— deV—}-bf/lV fEdV.

Here the first integral is zero, as we have assumed. The
second is zero in any stationary state.* Hence, by virtue of

fEdV = me?,
we have fG;dV’ = — bme.

* Proof. Leth: dz dy = Q for any definite value of z, the integral extending

over a plane perpendicular to OZ. Then, on account of the meaning of Z: and G-,

(j!z = f(. dr dy.

Thus on the average over a long time 'd—zz = 0 and Q = 0, because, for 2 = — o0, 6 =0.

Bue IZ av =fQ(lz.

Hence the integral on the left-hand side is zero.
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Similarly, f E'dV' = ame?.

Now the origin of the system of coordinates x, ¥, z, ¢ (in which
our body has no resultant motion) has in the system z/, y’, 2/, '
a velocity

b
v=—=c
a
in the direction OZ; and since, therefore,
1 v
Q = =————— b = eee— )

[

\j 1-Z c\/ 1-7
c? c
the above expressions become

mv
and ————-
2

v*
I c?

me2
1=

40. Relativity and the Principles of the Conservation of Energy
and Momentum. In the expressions for momentum and energy
m 1s constant, whatever be the system of coordinates. The
formula for momentum has been derived in the first place for
electrons and has been verified by experiments. It was thought
at the time to prove that the mass of an electron is entirely
electromagnetic. We must now say that the formula is general
and quite independent of any conception of the nature of mass.
We can also be sure that it will apply to other models of elec-
trons that have been or may be imagined, also to models of
atoms. Let us now consider some applications of our formulee.*

1. As a first example we take the impact of two equal inelastic
bodies. Heat is developed, and we shall suppose it not to be
radiated but to remain in the bodies.

Suppose in the first place that, for an observer A, the first
body has a velocity v. = + q, the second a velocity v. = — q.
After impact both have velocity zero. Of course the law of the
conservation of momentum holds. The energy is also conserved
because the mass has changed (the bodies having attained

new states).
) * See also Note 10, Appendix.
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Let the initial mass of each be m and the final one n; then

’ _ m
or m:.—.—-———‘).
1 ’1_(_1:
C‘J

Relative to an observer B who uses the 2/, ¥/, 2/, t’ system of
coordinates with

a._._i_._", b:__l_:,
\Jl—% C\Jl—%
c? ¢
U£=av2—bbc___ v —4q
a — -, l—gé’
c c?

the velocities before collision are 0 and

142
P
respectively, while after collision they are both —g¢. Before
collision the momenta are 0 and
2 mq
- 2

q
1-5

respectively, while after impact they are
mg ____mg

- ’

¢ 1-L
\1 ¢ 1-%
for each body. The energies before impact are mc? and

2
1+ L
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while after impact each body has the energy
mc? me?

1——% 1“?

For each observer the laws of conservation are confirmed.
The total momentum was 0 for A and

_qu

for B, while the total energy was
2 mc?

for A and <

for B.

2. Suppose that a system divides itself into two parts with
masses m; and mo, moving in the direction OZ with velocities
vy and — v». If the original system had a mass m and a velocity

0, we have
miv Mmava

v
h 03
\’1‘0—2 Jl”c—z

m m

1 + 2 _ _m.
v? 02
1— L 1— =2
c? c?

By means of these formule we can, for instance, calculate m;
and »; when m, ms, and ve are known.

Suppose that ms is very small compared with m (for example,
an « particle shot off by an atom). Then to a first approximation

m1=m———ﬂ2—’ v _’In?,_'l)_z___. (158)

L= 2
,[ _v% "“\j _v
c2 c2

=0,
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This shows that if an atom loses an « particle, the mass of the
atom is diminished by somewhat more than the mass of that
particle; namely, by its energy divided by ¢ In general we
may draw the following conclusion :

If a system which is originally at rest in our system of
coordinates is again so after the lapse of a certain time, but
in a changed state, then, if the energy is different from what
it was before, we shall have to attribute a new value to the
mass; for m was defined by the equation

Energy = mc>.

In particular the mass of the sun must be supposed to change
on account of the loss of energy by radiation.

REMARK 1. The two observers A and B will not aseribe the same
energy to a system. Therefore we cannot, without making some
statement about the system of coordinates, say that the universe
has a definite energy; but for each of the observers the law of the
conservation of energy will hold.

REMARK 2. We spoke of the changes which the principle of
relativity has obliged us to make in the principles of mechanics, so
that we now take as the equations of motion of a particle

A _ms_\_ p, ete. (159)
dt \]1 R

c?
Of course, before we can do anything with these equations we shall
have to find out what are the forces that act on the particle; thatis,
what functions of the relative codrdinates and perhaps velocities
we shall have to introduce in (159). Now it is clear that the principle
of relativity can hold only when the forces F in the first system and
the forces F’ in the second system depend in the same way on the
codrdinates and velocities. So the principle implies definite assump-
tions regarding the law of force.

REMARK 3. We cannot work this out, but one thing can be
remarked ; namely, that the principle requires that all forces should
be transmitted with the velocity of light.

Suppose that a particle at O acts in some way on another particle
at P. At time{ = 0 a sudden change is produced at O; for instance,
the particle may be suddenly shifted. When will P feel the result
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of this change? The effect cannot be instantaneous, for if it were
instantaneous in the z, ¥, z, ¢ system it would not be so in the z’, ¥/,
2’, t’ system. This is contrary to the principle.

If, on the other hand, we assume that the action is propagated
with velocity ¢, this will hold in both systems.

41. Experimental Verifications of the Principle of Relativity.
These may be classified as follows:

1. Absence of effects due to the motion of the earth.

2. Experiments on the propagation of light in moving bodies.

3. Experiments on the deflection of moving electrons (cathode
rays and (8 rays) in electric and magnetic fields, by which, for
the case of the electron, the new formula for the momentum has
been confirmed.

4. The explanation given by Sommerfeld of the fine structure
of spectral lines and the extension of that explanation to
Rontgen spectra.

The principle of relativity leads to many further important
and interesting questions, but it will be better to discuss these
in connection with the theory of gravitation. For the present
we turn to some brief considerations relating to the structure
of matter.

42. Structure of the Electron. The formula for momentum
was found by a theory in which it was supposed that in the case
of the electron the momentum is determined wholly by that of
the electromagnetic field ; namely,

% [EH] per unit of volume.

This meant that the whole mass of an electron was supposed
to be of electromagnetic nature. Then, when the formula for
momentum was verified by experiment, it was thought at first
that it was thereby proved that electrons have no “‘material
mass.” Now we can no longer say this. Indeed, the formula
for momentum is a general consequence of the principle of
relativity, and a verification of that formula is a verification
of the principle and tells us nothing about the nature of mass
or of the structure of the electron. Therefore physicists are
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absolutely free to form any hypotheses on the properties and size
of electrons that may best suit them. You can, for instance,
choose the old electron (a small sphere with charge uniformly
distributed over the surface) or Parson’s ring-shaped electron,*
endowed with rotation and therefore with a magnetic field;
you can also make different hypotheses about the size of the
electron. _In this connection I may mention that A. H. Comp-
ton’s experiments on the scattering of v rays by electrons{ have
led him to ascribe to the electron a size considerably greater
than it was formerly supposed to have.

Of course I need hardly mention that, whatever theory we
favor, we must suppose that a motion of translation will make
the electron contract. Indeed, we want to apply the principle
of relativity to the electron also; if then we know what is
going on in the electron when it has no motion of translation,
we can deduce from the principle in full detail the state that
will exist when there is such a motion.

The quantities which we know (for an electron without
translation) are the charge e and the energy e. This leads us
to ascribe to the electron a mass €/c2. Now, if € were wholly
electrostatic energy due to some distribution of the charge e,
the dimension (diameter) of the electron ought to be of the
order of magnitude e?/¢, if we express the charge e in the usual
electrostatic units. Indeed, the electrostatic energy is e?/r, where
r is some mean distance. If we want to have the electron much
larger, we must assume that only a part, perhaps a small part,
of the total energy is electrostatic energy.

We have already been led to the assumption that in an
electron there are forces different from electromagnetic forces
and an energy corresponding to these forces. If we consider
the charge to be at rest when the electron has no translation,
we must necessarily introduce forces which can counterbalance

* A. L. Parson, A Magneton Theory of the Structure of the Atom. Smith-
sonian Publication No. 2371, Washington, 1915.

1 A. H. Compton, Phys. Review, Vol. 14 (1919), p.20. Compton ascribed a
radius of 2 - 10—19centimeter to the ring electron, while the radius generally adopted
for the old electron was about 10—!3 centimeter. Parson estimated the radius of
the ring electron to be 1.5-10—* centimeter.
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the electrostatic repulsions and may prevent them from making
the electron explode; or, what amounts to the same thing, we
have to balance by some other forces the stresses in the sur-
rounding electric field, which would tear the parts of the
electron asunder. In Poincaré’s model of the electron,* there
18 a sphere over which the charge is uniformly distributed and
in the interior of which there is a tension (though there is no
electric field) equal to the Maxwell’s stress that is exerted by
the surrounding field. Corresponding to this tension there is a
certain amount of accessory energy (equal to the third part of
the electric energy) existing in a space where there is no electric
field; this can scarcely be called an electromagnetic energy,
though of course it may be very intimately connected with the
electromagnetic phenomena.

43. The Structure of Atoms. According to a hypothesis which
1s due to Rutherford and which has been further developed by
Bohr,— a hypothesis that has proved to be of the utmost
value, — an atom consists of a positively charged nucleus and
a certain number of electrons revolving around it.

If we take as a natural unit of charge the charge of a mono-
valent positive or negative ion (you know that the charge of
the electron is such a unit), the charge of the nucleus is given
by the “atomic number” of the element. If the atom is in its
neutral state, so that the total charge is zero, the atomic num-
ber N also gives us the number of electrons surrounding the
nucleus; if there are more or less of them, we have a charged
atom or an ion. )

The electrons are supposed to move under the attraction of
the nucleus and their mutual repulsions, according to the laws
of mechanics (eventually as in Sommerfeld’s theory of the fine
structure with the modifications required by relativity); ac-
cording to Bohr, however, not all states of motion that would
be possible according to these laws occur in reality, but only
certain select ones that Bohr calls the “‘stationary states.”

* H. Poincarg, “Sur la dynamique de 'électron,” Rend. Palermo, t. 21 (1906),
p. 129. See also H. A. Lorentz, The Theory of Electrons, p. 213; Th. de Donder,
La gravifique einsteinienne, pp. 95, 136.
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They are determined by conditions in the mathematical ex-
pression of which you always find Planck’s constant h, and
which are properly called quantum conditions.

Let me now call your attention to a beautiful theorem which
has often been used in the kinetic theory of gases and which
may also be applied to an atom; it is the theorem of the so-
called virial.* In formulating it we shall neglect the relativity
terms.

Consider a system of material points acted on by forces
X, Y, Z. For each of them we have the equations of motion
dx d>y _ o d*z
@z YEMmgr fEmg
We multiply these equations by the codrdinates of the point
considered and form the equation

Z(Ax—{-ﬂy—!-Zz)-Zm(x +y‘ét”+zdz> (161)

For the second member we can write

S me B +y W8-S mae+ 242, a6

where the last term is double the kinetic energy T of the system.
Now take mean values over a long interval of time. If the
system is in a stationary state, the mean value of any quantity
that is the derivative with respect to the time of a quantity
determined by the state of the system will vanish.t

(160)

* A form of the virial theorem was used by Jacobi, Crelle’s Journal, Bd. 17, p. 81 ;
Bd. 28 (1845), p. 276 ; Vorlesungen uber Dynamik (1842-1843), p. 22. The name
virial seems to have been introduced by Clausius when he applied the theorem in a
general way to calculate the relation between pressure, volume, and temperature in
a perfect gas (Ann. Phys. Chem., Bd. 141 (1870), p. 124; Jubelband (1874), p. 411;
Phil. Mag. (Aug., 1870)). The virial theorem has been used recently by Poincaré
and Eddington in their astronomical work. See Jeans, Problems of Cosmogony and
Stellar Dynamics, chap. viii

1 The mean value of 1s, in faet,

f 9 gy — 20 = 00,
t—to % t—1

The: numerator is finite, but the denominator can be made to exceed any limit.
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Therefore, indicating mean values by bars
S (Xz+Yy+2Zz)=—2T. (163)

The expression on the left-hand side (the virial of the forces)
takes a simpler form when only electrostatic attractions and
repulsions occur. Consider two points x, y, z and z’, ¥, 2’ at a
distance r apart and exerting on one another a force k/r2, where
k is positive for a repulsion. Then the components of the force
acting on the first point are

x—2x
k 3
’

ete.,

and those of the force on the second point are

r—2a
— k =—— ete.
T';

Thus the part which these forces contribute to the virial is
pa=a)*+ =yt =20 _k
3 r

T
50 that we get 2 i ——2T. (164)

But the sum on the left-hand side is exactly the potential energy
of the system if we take the potential energy to be zero when
the particles are at an infinite distance. Therefore, if U is the
potential energy, — _

U=-2T. (165)
This formula is easily verified in the case of .circular motion,
but it holds in all cases. It shows, for instance, that as soon as
one of the two energies is determined by a quantum condition,
the same is true of the other energy.

44. Applications of the Virial Theorem. 1. When the particles
are removed from each other to an infinite distance in such a
way that after the separation they are at rest, the energy is
increased by

-(U+T)=T.
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Hence the mass of the system is smaller than the sum of the
masses of the isolated constitutive particles, the difference being

—7:= Zicz vaz.

2. Relation (165) shows that U must be negative; in the sum
2’5 the terms corresponding to an attraction must predomi-

nate. This is easily understood, because if the particles are
to remain together, notwithstanding their motion, they must
attract each other. We can also write

¢ _2T

"
and conclude that the terms in which e and ¢’ have opposite
signs (attraction) must predominate over those in which the
signs are the same.

3. We can apply this result, though with much diffidence, to
the constitution of the nucleus. Thanks to the splendid results
obtained by Rutherford and others, we now know something
about it. It is highly probable that the nucleus of the higher
elements is a very complicated structure, quite a microcosm,
containing smaller positive nuclei (those of helium, for instance)
and a certain number of electrons; if the element is radioactive,
both the positive nuclei of helium and the negative electrons
can be expelled in the form of a-rays and f-rays.

It is clear that if the nucleus is to be built up by means of
electric forces, the electrons within it are absolutely necessary
as binding material, and that we ought to have a sufficient
number of them. Now there is a difficulty because the number
which we can really suppose to exist in the nucleus is in many
cases rather small; this is due to the fact that the nucleus as a
whole must have a positive charge.

In his Bakerian lecture on the Nuclear Constitution of Atoms
Professor Rutherford has given us a picture of the atom of
oxygen (Fig.33). The numbers 3, 4 give the masses of the
five positive particles that are supposed to exist; each of them
has a charge 2, as is indicated by the double signs + +.
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In addition to these five particles there are two electrons
whose mass can be neglected and which are simply represented
by the signs —, indicating their charges.

You see that the total mass is 16 and the total charge 8, as
they ought to be, since the atomic weight of oxygen is 16 and
the atomic number 8 The question now arises, Can the
10 negative terms in the virial due to the action of the elec-
trons on positive charges predominate over the 11 positive
terms which represent the re-

pulsions between charges of the
same sign, though the positive
numerators ee’ are greater than

the negative ones? As a mat-

ter of fact, the discussion is of

little importance, for it seems -
very improbable that the ordi-

nary laws of mechanics and of

electrostatics will apply to the

interior of the nucleus. There

may be very rapid motions, and

under the influence of these and FIG. 33

of the mutual interactions the

particles may be deformed. There may also be a magnetic
field due to the motions, which also produces certain forces
acting on the electrons.

Finally, there may be forces which are not electromagnetie,
or there may be a deviation from Coulomb’s law at very short
distances; of course such a deviation can bhe obtained by
superposing some new field of force on the ordinary electro-
static field.

It is rather an interesting fact that the theorem of the virial
can be extended so as to cover all these complications. As the
velocities may be very great, I shall remark in the first place
that our equation for the mean value of the virial V in the case
of a system of material particles

V==2T



132 PROBLEMS OF MODERN PHYSICS

must be somewhat changed when we introduce the mechanics
of relativity. We can then write *

V=—2T, (166)
where 1 mo?
T == . (167)
22

-5

2
Let us further consider a system of electric charges moving in
any way and producing an electromagnetic field. We shall sup-
pose (for the sake of generality) that these charges are associated
with certain masses of non-electromagnetic origin. Let the vol-

ume density of these masses be u and let 7’ be the quantity
for them that corresponds to 7’ in the above case; namely,

7= f T ds. (168)
2 1— ﬁ
(/-2

We shall suppose that certain forces of non-electromagnetic
origin act on these charged masses, and we shall further sup-
pose that in the electromagnetic field produced by the charges
there is nothing that is not taken into account in Maxwell’s
equations.

Let V be the virial of the forces just mentioned and let E be
the total electromagnetic energy of the system. Thenf

V=—2T —FL. (169)
ExaMPLE 1. The virial of a uniform normal pressure p distrib-

uted over the boundary surface of a volume S is —3 pS. Hence
if a gas is inclosed in the volume S,

-3pS=-2T,
!
or p=§%. (170)

For the case T’ = T this is the fundamental formula of the kinetic
theory of gases.

* See Note 11, Appendix. 1 See Note 12, Appendix.
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ExamMpPLE 2. Take a vessel filled with black radiation. On account
of the radiation pressure we must apply an external pressure p.
Now we have, by virtue of (169),

—-3pS =—E,
_1E
or P=33 (171)

This is the ordinary formula for radiation pressure.

ExaMpPLE 3. Consider Poincaré’s electron of radius R with a
charge e distributed over the spherical surface, the electron being
at rest. Poincaré’s tension is equal to Maxwell’s stress on the out-
side surface. In rational units it is

P =
32 7R

The electrical energy in the outside space is

02
8TR

9

» and relation (169),

e
8TR

—3p~§7rR3=—

’

is verified.

The general formula (169) may well apply to the nucleus.
There must be certain forces of non-electromagnetic origin. As
both T’ and E are essentially positive, the virial of these forces
must be negative, and this shows that these forces are necessary
to hold the charge together. They might, for instance, be con-
fined to the interior of the charged particles (like Poincaré’s
tension), or they might act between one charged particle and
another.

However this may be, it is certain that in Bohr’s model of the
atom there is scarcely any room left for non-electromagnetic
forces. At least in those cases for which the theory has been
fully developed we can say that between the nucleus and the
electron revolving around it there are only electric forces. It
is therefore natural to think that between a nucleus and more
distant electrons there are also no other forces. If we extend
this to the mutual action between nuclei and that between elec-
trons we are led to the idea that the forees of cohesion and those
that manifest themselves in cases of elasticity also have a
purely electromagnetic origin.
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45. How far can Molecular Forces be explained by Electromag-
netic Actions? Some interesting investigations connected with
this question have been made by Born and Landé,* and I should
like to say a few words about them, confining myself to the
case of a crystal like that of sodium chloride. You know that
there cannot be any doubt that in such a crystal atoms of Na
and Cl are arranged at the points of a cubic space lattice, the
atoms of both kinds alternating regularly along each line of the
lattice that has the direction of an edge of the elementary cube.
I mean to say that the nuclei of the Na and the Cl atoms are
arranged in this way, while around these nuclei the electrons
are revolving in certain orbits which we can suppose to be
determined by quantum conditions. As the atomic number of
Na is 11 and that of Cl is 17, the nuclei have charges + 11e
and + 17 ¢, where — e is the electronic charge. The atoms are
supposed to be ionized so that there are 10 electrons revolving
around each Na nucleus and 18 around each CI nucleus.

Born and Landé make definite assumptions about the ar-
rangement and motion of these electrons. They suppose them
to be arranged in rings, and they even replace the electrons
that follow one another on the same path by a uniform distribu-
tion of electric charge around the ring. Having done this they
speak no longer of a motion of the rings. Moreover, they give
to these rings definite magnitudes and positions. The magni-
tudes are determined by quantum conditions and are supposed
not to be changed by the interaction between neighboring atoms.
As to the position, or rather orientation of the rings, it is chosen
in such a way that it is in agreement with the cubical symmetry
of the crystal.

You see that all these assumptions amount to this: we sup-
pose the points of our lattice to be the centers of small, rigid
bodies having definite and invariable distributions of electric
charges. We want to explain the properties of the erystal by
means of the electric actions between these bodies.

* Berlin. Sitzungsber. (1918), p. 1048; Verh. d. D. Phys. Ges., Bd. 20 (1918).
pp. 202, 210; Ann. d. Phys., Bd. 61 (1920), p. 87. M. Born-E. Bormann, Verh. d.
D. Phys. Ges., Bd. 21 (1919), p. 733; Ann. d. Phys., Bd. 62 (1920), p. 218.
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It will be convenient to decompose the distribution of charges,
with which we are concerned, in a particular way. The sodium
atom is supposed to have lost one electron. We may therefore
suppose that in the sodium particle we have a charge + e in the
nucleus, which we shall call the residual charge, and in addi-
tion to this a charge + 10 e in the nucleus and — 10 ¢ in the
revolving electrons. These + 10 ¢ and — 10 e taken together
form what we may call a neutral atom. Similarly, the chlorine
atom has one electron more than it has in its natural state. We
can imagine its constitution as follows: a charge — ¢ in the
nucleus (the residual charge), also a second charge + 18¢ in
the nucleus and a compensating charge — 18 ¢ in the revolving
electrons, the two latter charges forming a neutral atom. We
thus get a residual charge and a neutral atom at each point of
the lattice.

The theory of the configuration which a system of particles
will assume under the action of the mutual forces, the problem
being regarded as a statical one, can be based on a considera-
tion of the potential energy U of a cubical distribution, of the
type considered, for different lengths ! of the edge of an ele-
mentary cube, say U= F(.

If we leave the body to its internal actions, the particles will
assume positions for which U is a minimum. This configura-
tion is determined by F(l) =0

an equation which will give us the length I =, in the state of
equilibrium. If we further consider the change which is pro-
duced in the potential energy by a small change in [, that is,
by a uniform expansion or contraction, omitting terms of an
order higher than the second, we shall find the coefficient of
compressibility.

Born and Landé have calculated the function F(I) and have
deduced from it the distance Iy between neighboring atoms, not
only in the case of NaCl but also for some other regular crystals.
In order to see clearly the basis of this calculation we must
remark that by their theory the authors find the ratio between



136 PROBLEMS OF MODERN PHYSICS

lo and the diameter of the rings. These diameters have been
determined by quantum conditions, and so the mutual dis-
tances between the atoms of the solid body, and consequently
the density of the body, are seen finally to depend on Planck’s
constant h.

The calculated values of 21y in terms of a unit equal to
10— centimeters are given in the following table and are com-
pared with values derived from the known values of the density
and the number of molecules in a gram molecule (Avogadro’s
constant).

LiF LiCl NaF NaCl KF KCl
3.60 4.19 4.86 5.44 5.34 5.31
4.00 5.11 4.60 5.59 5.90 6.24

Born and Landé have also calculated values for the compres-
sibility that agree satisfactorily with experimental data. I shall
not reproduce the calculations of Iy and of the compressibility
but shall simply say that the potential energy was found to
have the form 8

U=-%4F,

l + I

where « and (8 are positive constants. To determine /o we have
the equation

giving lo= <%3>‘.

You see that the possibility of determining lo is due to the fact
that in U there are two terms which depend on [ in different
ways, and whose derivatives have opposite signs. These two
terms remind us of the two kinds of molecular forces to which
physicists had recourse in former days in the consideration of
problems of this kind. The atoms or molecules were supposed
to act on one another in two ways, —namely, with attracting
and with repulsive forces, — and these were regarded as counter-
balancing each other in the state of equilibrium.



MOLECULAR AND ELECTROMAGNETIC FORCES 137

A term like —% can be considered as due to attractions,

and a term like lé” as due to repulsions. Of course, if the
equilibrium is to be stable, the repulsive forces must increase,
when the particles are made to approach each other, to a higher
degree than the attractive forces. This is the case when the
exponent of [ in the denominator is higher for them than for

the attractive forces. (On account of this the value of d—ﬁ for

| =1, is positive, so that U is really a minimum.) dl
Now the first part of the above expression for U is due to the

action between what 1 have called the residual charges, whereas

the second term is due to the forces between these charges and

the neutral atoms, and also to the

forces between the neutral atoms

themselves. We can therefore say 4 c_D B
that in Born and Landé’s theory
the action between the residual Fic. 34

IG. «

charges takes the place of the old
attractions, and the action exerted by the neutral atoms that
of the old repulsions. Indeed, we can see that the residual
charges give rise to attractions, for the residual charges nearest
to a given one have always the opposite sign. As to the neutral
atoms, we may remark that two atoms A4 and B turn toward
each other their negatively charged rings, and the neighboring
parts C and D of these will repel each other (Fig. 34). You can
even see that if AB is diminished in a slight degree this repul-
sion will increase more rapidly than the attraction, for since AC
and BD do not change, CD will diminish just as much as AB;
but this same decrease will be a greater part of CD than it is of
AB, and the change in the force depends on the ratio in which
the distance is diminished. This reasoning, however, like the
formule, is based on the assumption that the dimensions of
the rings do not change with the distance A B, — an assumption
that ought, of course, to be justified.

The agreement between the theoretical results and what we
know regarding the atomic distances and the compressibility is
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so satisfactory that we cannot help thinking that there must
be a good deal of truth in the theory. But there are also serious
difficulties which I must point out to you. In the first place,
it can be shown that a system of charged particles can never
be in stable equilibrium under the influence of these mutual
attractions and repulsions alone. This is an extension of the
theorem of Earnshaw which we have already had occasion
to use.

Of course stationary states of motion, and not of rest, can
very well be stable, and if they were not so according to ordinary
mechanics, the stability could perhaps be insured by properly
chosen quantum conditions; it is clear that we can maintain
stability if we simply exclude as nonexistent those perturba-
tions of an unstable state which would become disastrous to
the system.

But in Born and Landé’s theory there is no question of all
this; they simply consider the crystal as built up of rigid
bodies bearing electric charges, and treat the problem as one of
pure statics. Then their equilibrium must certainly be unstable,
and this will show itself by a negative value of one of the
moduli of elasticity, which of course is inadmissible. A calcula-
tion shows that this is really the case.*

In the second place, I must make some remarks about the
second term in the formula for the potential energy. The oc-
currence in this term of a high power of ! in the denominator
is due to the fact that the term arises from the action exerted
by neutral atoms. We are led already to a term varying
inversely as the square of the distance when we consider the
potential due to a doublet consisting of two equal and opposite
charges at a short distance from one another. If, for instance,
there is a charge —e at the point P(x, y, z) and +e at the
point x + &, ¥, 2, the potential at a point 2/, y', 2" at distance r
from P will be (when é is very short)

T T2

* See Note 13, Appendix.
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In other cases the rapidity with which the potential increases
will be still greater. We can, for instance, imagine a doublet,
like the one we considered just now, at the point z, y + ¢, 2,
and a second doublet, equal and opposite to it, at the point
z, Y, 2, € again being infinitely short. Then the potential at P’
WIS g (1) g @m0 =) L

oy ox oy \r/ r2 3
We can say that the more the actions of the charges in a neutral
system destroy one another at external points, the higher will
be the power of r in the denominator. So the factor i in Born'’s
formula is to be explained. Born has even imagined a distribu-
tion of electrons for which the exponent will be 9 instead of 5,
and by which he can get a still better agreement with some
measured data.

This distribution, however, is somewhat different from that
to which he had first been led, following Bohr’s views. The
mutual potential energy of two neutral atoms will, in a first
approximation, be inversely proportional to the ninth power of
the distance between their centers, if in these centers we have
positive charges 8 ¢, and around each of them eight electrons
placed at the corners of a cube.

The above examples, by which it was explained how higher
powers of r can be introduced in the expression for the poten-
tial energy, show also that when the potential is made to de-
crease so rapidly with increasing distance it will at the same

time come to depend on the direction of the line joining the act-

X

ing system and an external point. The factors =2 and

(_x’_-—_i);((?y_'—___y_) show this influence. In this way it is seen that

by means of our “neutral atoms” we can never get a truly
“central”’ force varying as some high power of 1/r. The poten-
tial corresponding to such a force would have to be of some
such form as 3/r° or 3/r° where 8 is a constant independent of
direction.

That the electrostatic action due to a neutral atom can never
have this character of a central force can be immediately shown
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by deseribing a spherical surface around the atom and by at-
tending to the normal components of the electric force at the
points of the sphere. If the field were truly central the force E
would be the same at all points of the sphere, so that the

integral
f E.do

over the spherical surface would be different from zero. In
reality this integral must be zero, because E also represents
the dielectric displacement, the surface integral of which must
be equal to the electric charge of the system within the sphere,
and this is zero in the case of our neutral atom. The difficulty
is that in some of his conclusions Born uses the second term of
his potential energy as if it were the potential due to a really
central force.

46. A Theorem in Dynamics and its Applications. We shall
now pass on to the discussion of some points in Bohr’s theory
of spectral lines, the aim being especially to make some remarks
about his “principle of correspondence,” which plays an im-
portant part in the further development of his theory. By way
of introduction I shall give you a theorem of pure dynamics.

Let us consider a material system under the action of conserv-
ative forces such that it can perform some periodic motion M.
By this I mean simply that at two moments, between which
there is a definite interval of time 6, the positions of the parts
of the system are exactly the same. You have not to think
merely of a simple harmonic motion; the periodic motion, at
present under consideration, is more general than this.

We shall denote by E the total energy of the system, by U
its potential, and by 7 its kinetic energy. We shall, moreover,
compare the motion M with a second motion M’, differing very
slightly from it but belonging to those motions that can actu-
ally take place under the action of the given forces. The
motion M’ is supposed to be again periodic, but its period 6
may differ somewhat, though very slightly, from that of M.
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We shall be led to introduce for each of the two motions the
time integral
P= f T dt

of the kinetic energy taken over a full period, and we shall
derive a relation between the changes or variations of E and P
when we pass from M to M’ and the period 6 ; namely,

0K _ 2,

or 0
Proof. Let x, y, z be the coordinates of one of the material
points of the system, i its mass, and X, Y, Z the components

of the force acting on m; then the equations of motion are
X = mx ete.

Let these be the equations of the original motion M with
period 6, and let us consider one such period ranging from ¢, to
ti =ty + 0. The period of the varied motion M’ will’be not 6
but, say, 8 + 60. We shall therefore, for each moment ¢, which
we consider in the case of the first motion, choose a varied time
t + 6t, where 6t, the shift of our time, is a continuous function
of t itself, such that when ¢ goes through the interval 8, ¢t 4 6t
ranges over the interval 6 4 46.

Now the position which one of the points has in the motion
M’ at the time ¢ 4 6t will be somewhat different from its posi-
tion in the motion M at time /. We shall therefore denote the
coordinates in this varied position by x + éx ete. The infinitely
small increments 6r etc. will again be functions of {, and on
account of the periodicity of both motions they will have the
same values for ¢, and {,.

We shall consistently use the symbol 6 to indicate the dif-
ference of two corresponding quantities in the motions M and
M’ taken at corresponding times, and the symbol d to denote
an infinitely small element of time ¢ and all quantities belonging
to this d¢. This being agreed upon, you easily see the meaning
of expressions like ddx or ddr, and you see that these values are
equal ; also, dét = ddt.
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Since dx + 8dzx is the distance over which in the motion M’
a point travels in the direction of OX during the time d¢ + édt,
we have (& +6d ) (dt + 8dt) = dx + ddz,

or, taking into account the relation #di = dz, and neglecting
products of two variations,

ddx = Oidt + z6dt, Ody = dydt + yodt ete. 172)
We now deduce from the equations of motion that
> (Xbx + Yoy 4 262) = m(zéx + Yoy + 202),
or, multiplying by dt
— dUdt =Y m(dibx + dbdy + dzd2)
=d 3 m(#dx + by + 262) — 2 m[ddx + §doy + 2ddz)
=d[ 1= m(di+ yoy + 202)dt — X m (k4§ + 22)ddt
when use is made of (172).
s.—0Udt=d[ ]—0Tdt— 2 Tédt. (173)
Adding — 67dt to both sides and changing the signs, we have
0Edi=—d[ 14+246(Tdb).

Now integrate this with respect to ¢ over the period from ¢, to
t,=1to+ 0. On the left-hand side 8E is a constant, while on
the right-hand side the first term gives zero and the second term
gives 2 8P. Thus

O0E =2 0P,
o8 _2,
or 5P 0 (174)

ExXAMPLE 1. A particle subject to a quasi-elastic force under which
it can perform simple harmonic motions has on the average the
same amount of kinetic and potential energy,

P:g,fo“Edt=;Eo;

whence, since 0 is the same for all motions,
0P =} 00E.
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ExAMPLE 2. A particle of mass m moves with constant velocity »
between two perfectly elastic walls which it strikes normally. A

new periodic motion is obtained by changing ». If [ is the distance
between the walls,

g =21,
v
_2ir _,
= =imv,
v
E=T =13 mp?
SE =mvdv, &P =lImdv,
S8E _v_2
SP~ 10

ExaMpPLE 3. In the case of a circular motion under the action of
a central force inversely proportional to r»+1 we have

U:——-’E mv® _ nk nk

rﬂ. =

= I =

r rntl 2’
—

) — ﬂ\_‘ —in — /7_71’. In-
1,_\/‘; ", 0_27r\;nkrz +1

P=nVmukr—-3, E= (1n—1krn,
0E = —n(y n — D)kr—n—18r,
8P = —w(in —1)Vmnk r—3n §r,
0E _ 2

8P 0
ExAMPLE 4. Finally, in the case of a rectilinear motion, the po-
tential energy depending on one coordinate,

U =f(x), }mv2+ U= E (aconstant),
e\ 2
(‘(%) =% (E —U).

Assume that U = E for z = x; and x = 12, (x2 > x1), then
0=zf’2_i”__,
N ’2
2(E-U
ER m (E-0)

Tdt = (E — U)dt =V} m(E — U)dz,
P=2("Vim(E - U)dx.
x
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When we pass from M to M’, E changes, and so also do x, and x2,
but the changes of the limits x; and re have no influence on P
because the integrand is zero at the limits; therefore

szmt_iL_,JQ
SE 2 — 27
&= v

47. Bohr’s Principle of Correspondence. Bohr supposes that
only certain states of an atom, which he calls stationary states,
are possible, and that emission of light only takes place when an
atom changes from one of these states to another of smaller
energy. There is then radiation of frequency

_E—E

== (175)
where & is Planck’s constant, E and E; denoting the initial and
final values, respectively, of the energy of the atom. The
mechanism of radiation is wholly obscure ; its frequency, for in-
stance, is not equal to any frequency really existing in the atom.

Let us suppose that the coordinates of the moving particles
in an atom are all functions of the time with period §. They can
then be expanded in Fourier series, the frequencies of the terms

being
l’ g’ i—%-’ ete.
¢ 6 6
If we take only the terms of a definite frequency, we have one
of the harmonic components of the motion.

In the case of periodic motions the quantum condition for a
stationary state is 1 40
P =f Tdt =21 kh, 176)
l(l

where k is a positive integer. The energy E is a function of k.
Each transition is due to a sudden change from one value of k
to a smaller value of k. Let us consider the states @, Qi, @, ete.,
with energies E, Ei, E., ete., and values of k equal to k, k — 1,
k — 2, ete. For the transitions E — E,, E — E3, etc. (one-jump,
two-jump, etc.) we have the corresponding frequencies
BB, BBy B=Bh ere, (177)
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for which we may also write, denoting in each case by AE the
diminution of E and by Ak that of &,

1/AE\ 1, (AE\ 1./AE
ﬁbﬁl’ﬁzbﬁ> h3Qw>e“ (178)

Now the different states of motion that can exist according to
the laws of dynamics, and among which the stationary states
are certain selected ones, form a continuous series, in which
each of themcan be char- E
acterized by the value of Q
one variable, for which @,
we can take E, or P, / 7
or, if we apply (176) to Q
any state, the number k. /
Making this choice, we
can consider the energy Qy
as a continuous function
of k. Plotting E against
k, we shall find a curve =
. . -2 k-1 k
like that of the diagram Fic. 35
(Fig. 35), and we can
mark on it the points @, Qi, Q2 ete., corresponding to the sta-
tionary states; that is, to the values k, k — 1, k£ — 2, etc.

The gradients <AA k) etc. are the slopes of the lines QQ;, QQ,

QQs, etc. Now what are the frequencies that really occur, say
in the state Q? Clearly they are

1 2 3

-~ - - t .

8 9 § °F
But by virtue of (176) we have, for the transition from the
state Q to another differing from it by an infinitely small

amount, 5P = % b6k,
so that, by our theorem,

1_18E_13E,
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The frequencies existing in the system are therefore

188, 1,0E, 140E
hék k- 8k h ok
oE

Here 5 is always the same and is given by the slope of the

tangent to the curve at Q.

If these frequencies, which really exist in the system, are com-
pared with the frequencies represented by (178), a close analogy
between the two becomes apparent, the difference being only
this, that in one case we are concerned with the slope of the
tangent to the curve and in the other with the slope of the
lines QQ1, QQ2 QQs etc. In this sense, a quantum jump in
which k changes by one unit (k— k — 1, say) corresponds to
the fundamental vibration in the real motion and the jumps in
which k changes by more than one correspond to the differ-
ent harmonics. Now, Bohr supposes that this correspondence
goes so far that there is a good deal of similitude between the
light emitted in a quantum jump and the light that would
be emitted if the corresponding harmonic were the only one
existing and were radiating according to classical mechanics.
The similitude relates to the state of polarization and to the
intensity.

In this idea there is some vagueness, for in the case of every
quantum jump we are concerned with two stationary states,
the initial and the final one. For both of these we can fix our
attention on the fundamental or primary vibration and the
higher harmonics. Now we can just as well or just as little
expect a correspondence between light really emitted and the
harmonies in the final state as between real emission and the
harmonies in the initial state. This will make no important
difference, however, if the initial and final states are not too
different from each other. The conclusions drawn from the
principle agree with observed facts in a marvelous way.

Consider a harmonic motion of order s, the codrdinates of
each electron being expressed by quantities of the form

ete.

a cos 2mws(vt + q),
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where v = % Now since the atom is very small compared with

the wave length, it can be shown that, according to classi-
cal electrodynamics, the resulting radiation from all the elec-
trons moving in this way would be equivalent to that from one
electron having some motion of the same kind ; that is, from
one electron whose coordinates would be

a; cos 2 ws(vt + q1), ascos2ws(vt+ q2), ascos2ws(vt+ q3).

This one equivalent electron would describe an ellipse, and it
would always, according to classical theory, give rise to a radia-
tion of a definite intensity and in a definite state of polarization,
changing, it is true, with the direction of the radiation.

Thus, if the motion of the equivalent electron were rectilinear,
we should have, for all directions of propagation, electrie vibra-
tions in a plane containing the line of motion of the electron.

When the motion of the electron is circular or elliptie, the
radiation is circularly or elliptically polarized.

According to Bohr’s principle the radiation produced by an
s-jump will present similar states of polarization, and its in-
tensity will be determined to a certain extent by that of the
harmonic in question.

ExaMpPLE 1. Suppose that a., a2 and as; are zero, so that the
s-harmonic is not present. If this is the case both for the initial
and for the final motion, we can safely conclude that there will be
no radiation due to an s-jump.

ExaMPLE 2. If, for instance in the case of the Stark effect, the
s-harmonic is a rectilinear vibration parallel to the lines of force, we
shall admit that the s-jump produces a radiation with electric
forces in the plane containing the lines of force and the direction of
propagation.

We must next say a few words about less simple cases, in
which more than one quantum condition is required for the
determination of the stationary states. Without considering
cases of this kind in detail I shall make some remarks on a class
that is rather general.

The quantum conditions are now of the form

Pi=1kh, Py=23ksh, etc., 179)
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where Py, Po, - - - are certain quantities comparable with the
one P that we had in the previous case, and where ki, ks, - - -
are integers. The energy E of the system can be expressed as
a function of these quantum numbers.

Furthermore, in the real motion we must recognize not only
one fundamental frequency » but a certain number »1, vz, - - -.
We mean by this that all the coordinates can be expressed as
functions of the variables & = »it, £2 = vat, ete., these functions
having with respect to all these variables the period 1. 1 mean
that each of the coordinates is of the form F (&1, &, - - -), where
the function F is such that it reduces to its original value as
soon as one of the variables is increased by 1, the other vari-
ables remaining constant. Now functions of this kind can be
expanded in Fourier series, the structure of which is, however,
less simple than it was in the former case. There are not only
terms containing the factors

cos 2w(nt+48), cos2m@wit+0), ---,
cos 2m(vot + €), cos2mw(2 vt €), ---,
but also terms of the more general form
cos 2 77'[(811’1 —-I— Sala + S3V3 + > . -)t + 6],
where s;, S2, S3, - - - are integers.

It is easily seen that an expression of this kind has the proper-
ties which we assigned to F(§i, &2, - - -). The frequency is now

s1v1 + Seve + Szvg 4 - -, (180)
and this is the general expression for the frequency of one of
the harmonic motions into which, in the case now under con-
sideration, the total motion can be decomposed. We have not
only harmonics of each of the fundamental modes of motion, but
also motions due to the combination of two or more of them.

It should be remarked that if »;, ve, v3, - - - are mutually
incommensurable, the total motion is not periodic. In this
general case we have the relations

0E _ OE _
apl_zuly apz""zy% ’ (181)
_10E ~10E ... 182
or n=yoE =ik (182)



BOHR’S PRINCIPLE OF CORRESPONDENCE 149

In order to indicate the nature of the correspondence which
again exists between the really existing simple harmonic mo-
tions and the vibrations that are emitted by quantum jumps,
it will be sufficient to take the case of only two quantum num-
bers ki and ko. Let us consider a change in which simultaneously
k) changes to k; —s; and k2 to k2 — s2. Then, between the
initial state, characterized by ki, k., and the final state,
characterized by ki — s1, k2 — s2, we can intercalate the state
ki —s1, k2. (We could also intercalate the state ki, k2 — sg).
Then, according to Bohr’s rule,

1 [ Ey, k, — Ek, -5,

V=—138

ke oo Ehy—s ok — Ek,~sl,k3—xe],
AL, + 8o AL (183)
since Ak; =s; and Ak: =s:. Now the fractions occurring in
this expression are simply slopes, such as we had in the former
case. Each one is the ratio of the change in E, produced by
some change in k, to the latter change itself. We could call the
two fractions ki-slope and k.-slope. If we represent E as a
function of k; and k- by a surface, these slopes are given by the
directions of lines that are easily found.

Thus we see that one of the frequencies that is really emitted
is equal to 1/k multiplied by the sum of s; times the k;-slope and
s2 times the k:-slope. On the other hand, there is in the real
motion a frequency 1 [ 0B L QE]

h ok, O Ok
The correspondence is clearly seen.

Though the principle of correspondence has led to results that
are in agreement with observed facts, even to a most wonderful
degree, we must own that the relation between the motion in
the atoms and the emitted radiation remains profoundly mys-
terious. Twenty years ago one never would have thought that
we should once have a theory of the emission of light in which
there are no vibrators at all. It is true that in Bohr’s principle
of correspondence there is question of some relation between
the frequencies really existing in the atom and the frequencies
emitted by quantum jumps, but we cannot fathom the deeper

(184)
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meaning of this relation. Take, for instance, the conclusions to
which the principle has led as to the intensity of the several
spectral lines. The line produced by a three-jump, for instance,
will be strong when the third harmonic in the real motion of the
electrons has a great intensity. Now the intensity of the line
due to a three-jump will depend on the number of times that
such a jump occurs, whereas the intensity of the third harmonie
has nothing to do with jumps but will be entirely known when
the stationary states before and after the jump are given. The
two things seem to be entirely different.

48. Remarks on the Radiation of Light. After all, we can
scarcely refrain from thinking that the emission of light,
though it may be brought about by a quantum jump, is due
10 a real vibration. The reason for this is the fact that with the
light of a spectral line we can produce an interference phenome-
non with a phase difference of very many, perhaps a million,
wave lengths. This shows that in the rays emitted there is a
regular succession of a great number of waves. This is true at
a certain distance from the source of light (from the vacuum
tube, for instance), and we cannot help thinking that it must
be the case also in the immediate neighborhood of the radiating
particle. The particle, therefore, emits light not instantaneously
but during a great number of periods. This looks much like a
vibration, with the period equal to that of the emitted light
really existing at the place of emission.

We could, for instance, assume that in the luminescent gas
there are not only the Bohr atoms but also vibrators, as Planck
has imagined them, each of them having the property that it
refuses to accept energy except to an amount equal to hv, where
v is its characteristic frequency. Let us further suppose that an
atom can only make a quantum jump when the energy AE
which it has to lose by it can be transferred to a vibrator. Then
the jump can take place only when there is close at hand a
vibrator whose frequency is v = A_hL'_’ so that the quantum of
energy hv required by that vibrator will be just equal to AE.
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Thus this vibrator can take hold of the energy that the atom
is to lose (making the jump possible), and it can be supposed to
radiate this energy quite at leisure according to the ordinary
laws of the electromagnetic field.

The assumption that the source of light contains these vibra-
tors in sufficient number so that there are at least as many
kinds of them as lines in the spectrum, is not very acceptable.
It is, perhaps, more satisfactory to suppose that on the occasion
of a quantum jump the atom itself is transformed into a vibra-
tor. This would imply that the jump is by no means instan-
taneous, but that the atom passes from the first stationary state
to the state of a vibrator, and acquires the second stationary
state only at the moment at which, radiating as a vibrator, it
has reached the energy of the second stationary state, and then
passes into that state and ceases to radiate. This transformation
of the atom into a vibrator will become, perhaps, somewhat
less strange when we refer to the formula

y—1AE
h Ak
which gave us the frequency emitted by a one-jump. We can
write for it b l_A_P_],
2AP

where P is, as before, Lthe time integral of the kinetic energy for
a full period.

Suppose now that at a certain moment, when the atom has
the energy E, and P has the value 3 kb, it is transformed in such
a way, without any change in E or P, that it.is able to radiate,
and that, beginning from that moment, the changes of E and
P are proportional to each other, the ratio of the two being
such that when P has diminished to the value 1 (k — 1)4, the
energy has become that which corresponds to the stationary
state characterized by the quantum number k — 1. According
to the theorem that was discussed in § 46 this would mean that
during the period now in question the atom will move with

the frequency 1AE

AP and since it is now supposed to radiate
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according to the classical laws, the emitted light will have the
same frequency, just as is required by Bohr’s rule. You see that
this amounts to saying that the atom can pass from the state
represented by the point @ (Fig. 35) to that represented by @
along the straight line QQ:.

Of course we have the difficulty that there is also the possi-
bility of a two-jump, from @ to Q2. This would be the mani-

festation of another transformation of the atom, such that after
2P

h
and E can move along the line QQ.. The possibility, or rather
the greater or less probability, of the two transformations now
considered may very well be imagined to depend on the state
of motion corresponding to the point @; it could therefore be
determined by the relative intensities, in that state, of the
primary harmonic motion and the first harmonic. In this way
it would be possible to understand in a certain degree the mean-
ing of the principle of correspondence.

All these are very vague and perhaps idle speculations. If we
do not want to venture them we can say, simply as a provi-
sional description of the phenomena, that the quantum jump
in the atom produces a state of things in which at some
spherical surface surrounding the atom there are certain elec-
tromotive and magnetomotive forces acting with frequency

%AE. The demons which we imagined some time ago, and

it the point that represents the simultaneous values of k =

whose task it was to prevent the radiation so long as the atom
remained in a stationary state, could now be charged with
the radiation, an amount of energy AE being put at their
disposal.

49. The Radiation of Angular Momentum. That, after all, the
mechanism of the emission of light is not so very different from
what the old theory taught us is also assumed by Rubinowicz,
to whom we owe an important contribution to the theory of
radiation.

One of the fundamental assumptions of Bohr’s theory is that,
although we do not know the mechanism of radiation, yet the
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principle of the conservation of energy can be applied to it ; the
loss in energy of the atom is supposed to be equal to the energy
that is radiated. Now in a mechanical or electromagnetic sys-
tem there are other quantities that have a constant value, just
as well as the energy, — that are conserved, as we may say.
One of these is the moment of momentum.

According to a general theorem the moment of the forces
acting on a system is equal to the rate of change of the resultant
moment of momentum, these moments being taken with respect
to some fixed point O. You know that the moment of a force
with respect to a point O is given by the vector product [rF], r
being the radius vector from O to the point where the force is
applied. The components of this vector product are yF. — 2F,,
2F; — xF,, xFy — yF,. The definition of moment of momentum
is similar to that of the moment of a force.

For an electromagnetic system the theorem is as follows: If
around the system we construct a sphere ¢ (or some other
closed surface), and if we suppose certain forces F to act on the
system, then the moment of these forces plus the moment of
Maxwell’s stresses acting at the surface (namely, forces exerted
on the part within ¢ by the part without) equals the rate of
change of angular momentum calculated for the part of the
system within o. If we denote the moment of Maxwell’s stresses
by — M, we can also say that M is the moment of momentum
transferred or radiated in the outward direction across o. If the
state of things is periodic, then we have simply the result that
for a full period the mean moment of the forces acting on the
system is equal to the mean radiation of moment of momen-
tum across o.

Let us consider an atom containing a nucleus and an elec-
tron circulating around it in the plane of zy. (If we confine
ourselves to this case, we shall not have to enter into the ques-
tion of the quantum conditions for more complicated struec-
tures.) In Bohr’s theory one of the quantum conditions is, in
this case,

Moment of momentum of the electron = % kh,
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where k is the quantum number. If in a quantum jump k
diminishes by Ak and the energy at the same time by AE, we
have 1 ap
V= 'E ,

and therefore for the diminution 1 LAK of the moment of mo-

mentum we may write 1 2w
—— AEAE.

2Ty
Whatever be the mechanism of radiation, this must be equal
to the total radiation of moment of momentum. We have,

therefore,
Radiation of moment of momentum __ Ak (185)

Radiation of energy 2wy

Now if we know the way in which the radiation takes place, we
can calculate the ratio on the left-hand side.

Rubinowicz performs the calculation * on the supposition that
the radiation goes on in much the classical way. The computa-
tion is also to be found in Sommerfeld’s book.t If we calculate
the radiation of moment of momentum by determining the
above quantity M, for instance, for a large sphere surrounding
the particle, we are led to lengthy calculations. In fact, since
in the expressions for M the covrdinates z, y, z of a point of the
sphere occur, we must use values of Maxwell’s stresses{ which
are accurate up to terms of order 1/r3. Therefore, since they are
quadratic functions of E, - - - H;, it is not sufficient to consider
in these components only the parts proportional to 1/r, as we
can do in calculating the flow of energy, but we must take into
account terms proportional to 1/72.

We may, however, follow another course. Whereas Sommer-
feld and Rubinowicz consider radiation to be such as can be

* Phys. Zeitschr., Bd. 19 (1918), pp. 441, 465.

+ Atombau und Spektrallinien, 2d ed., p. 387.

t The radiation of angular momentum was first calculated from the moment of
Poynting’s vector (M. Abraham, Phys. Zeitschr., Bd. 15 (1914), p. 914). See also
Westphal, Jahkrbuck d. Radio-aktivitit u. Elektronik, Bd. 18 (1921-1922), p. 81.
This method gives the same result as the other, but it depends on the assumption
that angular momentum flows with the velocity of light. This is true for the Hertzian
dipole when the terms of orders 1/r2 and 1/r3 in the momentum are retained. — ED.
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expressed by certain values of the scalar and vector potential,
we can just as well suppose it to be due to some cause acting at
the center of emission, to periodically changing electromotive
forces, for instance, or to a periodic motion of an electron
radiating according to the old theory. These different supposi-
{ions are equivalent to each other.

We shall use the latter of them. Let an electron perform an
elliptic vibration in the plane xy, the axes of the orbit being
along OX and OY, and the motion being given by

r=acos(nl+q), y=asnn+q). (1&6)

We shall maintain this motion by external forces X and Y.

These must be equal and opposite to the radiation resistance.

Hence 2 ae’n?

N r = — sm(ut-}—q]
6 Tt

6 e ] -
. 187
b( 2 ( (187)

== cos(n/ + q¢)
6 e

The radiation of energy per unit of time is the sum of the flows
{hat are due to the s-vibrations and the y-vibrations. These
flows are known from a consideration of the forces. We can also
say that they represent the work of the foree (X, Y) per unit
of time.

e*n’
Let us replace g by s, so that
5 et

N = —assin(nt+q), Y =bscos(nt+ q).
The radiation of energy ( = work of the force per unit of time) is

Ni+ Yig=1(a2+b)sn.
Furthermore, instead of the flow of the moment of momentum,
we can take the moment of the force (X, Y). This is
Yo — Xy = abs.

Substituting these values in (185) and introducing 27 =mn,

we find

._ _2ab
Ak = (188)
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Now 2 ab can never be greater than a® + b2; it can at the best
be equal to it. Therefore Ak can never be greater than 1.
This shows that the principle of the conservation of moment of
momentum can also lead, just like Bohr’s principle of corre-
spondence, to the exclusion of some quantum jumps. Success-
ful applications of this have been made.

We may add the remark that in the above calculation it was
not necessary to speak of the force (directed toward O and
proportional to the distance) which must act on the electron
in order to make it perform the elliptic motion, both the work
of the force during a full period and its moment with respect
to O vanishing.

50. Interference and the Quantum Theory. I tried to explain to
you how the production of light by quantum jumps ean perhaps
be reconciled with our old views concerning radiation, so that
these would hold as to the constitution of the emitted radiation.
But the question arises, Can this constitution be really just what
we have thought ; that is, can there be a propagation according
to Maxwell’s laws, with a tendency to spread out in all direc-
tions and the impossibility of a lasting concentration of energy ?

You know that phenomena like those of photo-electricity
have led Einstein to his hypothesis of light-quanta. According to
this, quantities of energy equal to hv would be concentrated in
small spaces, moving with the speed of light; they would even
be light and would produce all optical effects. In this way we
can understand that even very feeble light can give to an elec-
tron the amount of energy hv, for the smallness of the intensity
would be due to the small number of quanta which it contains,
the magnitude of each remaining the same. So we should
escape the difficulty which, in the case of wave-motion, arises
from the continual spreading out and weakening of the energy.

The hypothesis of light-quanta, however, is in contradiction
with the phenomena of interference. Can the two views be
reconciled? I should like to put forward some considerations
about this question, but I must first say that Einstein is to be
given credit for whatever in them may be sound. As I know
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his ideas concerning the points to be discussed only by verbal
communication, however, and even by hearsay, I have to take
the responsibility for all that remains unsatisfactory.

Let us suppose that in the emission and propagation of light
there is something that conforms wholly to Maxwell’s equa-
tions, but that it has practically no energy at all, the electric
and magnetic forces being infinitely small. Then in this, let
us say, Fresnel radiation we shall have the ordinary laws of
reflection, interference, and refraction, but we shall see nothing
of it. On a screen you will have something like an undeveloped
photographic image.

We can now imagine that in the production of light this
Fresnel radiation is accompanied by the emission of certain
quanta of energy that are of a different nature. Although their
precise nature is unknown, we may suppose that energy is con-
centrated in small spaces and remains so. These quanta move
in such a way in our ““pattern’’ that they can never come to a
place where in this pattern there is darkness. In thus traveling
from the source outward each quantum has a choice between
many paths. The probability of following different paths is
proportional to the intensity of the radiation along these paths
in Fresnel’s radiation.

Now in all real cases the act of emission is repeated a great
many times. Suppose it is repeated N times, and let the Fresnel
radiation be the same in these different cases. Then we shall
have N quanta moving in this pattern, and if their number is
very great and the probability of following different paths as
stated, the number of quanta coming on different parts of a
sereen on which we observe an interference phenomenon will be
proportional to the intensity which we have in Fresnel’s pattern.

These considerations can easily be extended. Take, for
instance, polarization. The polarization will be in the Fresnel
pattern, not in the quanta, but the quanta will illuminate a
screen or a photographic plate or our retina to exactly the
degree determined by the classical theory.

When light falls on the surface of a piece of glass, there is
a partition between the reflected and refracted parts. The
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probability of the quantum’s following one path or another is
determined by the well-known formulz of Fresnel for the inten-
sities of the reflected and the refracted light.

Suppose that in an elementary act of radiation there are a
million waves ; these exist in Fresnel's pattern; but the quan-
tum of energy can have any place in the train of waves, either
near the front or near the rear of these waves.

If we have an ordinary beam of light consisting of the super-
position of a great number of elementary beams, we have quanta
in great number distributed all through the space occupied by
the beam.

51. Motion of the Light-Quanta in a Beam of Light. These con-
siderations can be developed to a certain extent.

1. We shall assume, in the first place, that in light of the
frequency v the energy of a quantum is hv. Now we found in
§ 39 that between the energy e of a system moving with the
velocity » and its momentum there is always the relation

g= S (g and v vectors)

and we shall apply this to the quanta. Thus, if the quantum
moves with the velocity #, it will have a momentum

_h

C‘.’.

)

q

in the direction of its motion. If the velocity is equal to that
of light, the momentum becomes

’i(’i (189)

2. Consider a beam of light represented by
E;= acos2 7rv<t - z) H,=q«acos2 7ru<t — 3)-
¢

The mean value, for a sufficient length of time, of the energy
per unit of volume is } a®. The number of quanta per unit of
volume must therefore be 0

N=; (190)
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Moving with the velocity ¢, they will carry across a normal
section the amount of energy

S = Nchv =} a2 (191)
per unit of area and unit of time. This accounts for Poynting’s
flow. The momentum per unit of volume is a?/2 ¢, and this may
also be ascribed to the quanta, each of them having the mo-
mentum given by (189). It should be noticed that if the light
were strong we could suppose the number of quanta in unit
of volume to be exactly 1

2hy
and this would enable us to account for the flow of energy and
the momentum in all their rapid variations. But in the case
of a feeble beam, in which the quanta are scarce, there can be
question only of a mean number, to be defined as follows.

Let dV" be an element of volume and let it be traversed, during
a long time T, by a number of quanta that are within the ele-

(B + H2),

ment during the intervals 7y, 72, 73, - - -. Then
LS
YT Trav

In what follows we shall always speak of mean values taken in
this sense, and of similar mean values of the energy, the flow
of energy, etc.

3. Next, using the formule given in § 31 and § 34, consider
the effect of a relativity transformation from z, y, 2, t to «’, %/,
2, t'. The beam of light becomes

E,=d cos27ru’<t’——§i), H,=a c0521rv’<t'—§->»
c ¢
V= (a—="br, o= (a—Dba.
For the quantum (cf. § 36)
g, = ag. — ge, € = ae— beg,,

g;=gh1/—éhv=1hl/':
c ¢ ¢

€ = ahv — bhyv = hv'.
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In a crystal, quanta must move in the direction of the rays
and with the ray-velocity. In dispersive media the quanta
must move with the group-velocity, for if the beam of light is
limited by two planes, so that the train of waves has a front
and a rear, quanta must remain in the limited beam to which
they belong. This is a statement that is preserved in form by
a relativity transformation, for it can be shown that the group-
velocity is transformed exactly in the same way as the velocity
of a particle.

Consider an isotropic dispersive medium at rest. The quanta
move with group-velocity w. Their energy is hv and their
momentum

In a moving ponderable body the relations are somewhat
more complicated.

52. Motion of the Light-Quanta in Superposed or Intersecting
Beams of Light. In the case of a single beam of parallel rays
there can be no uncertainty as to the motion that is to be
ascribed to the quanta. Now one might think at first sight
that when two (or more) beams are superposed, the quanta of
each beam will move independently of the other. Although,
as we shall presently see, this assumption cannot be main-
tained, it is interesting to examine some consequences that
may be drawn from it.

Let us first consider the reflection of light by a plane mirror.
For simplicity we take the case of normal incidence and suppose
the mirror to be perfect. If the mirror were at rest everything
would be very simple. The amplitude of the reflected rays
would be equal to the amplitude of the incident rays. Each
quantum is reflected with the same energy but with its momen-
tum reversed. This produces exactly the pressure on the mirror
that can be calculated in the well-known way from the electro-
magnetic momentum of the incident and the reflected beam.

Now black radiation is very much like a gas. In a cavity
filled with it quanta are moving in all directions with the
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velocity ¢, and thereby produce a pressure that can be cal-
culated in much the same way as the pressure of a gas. We
have only to consider a plane in the cavity and to determine the
total momentum, taken in the direction of the normal, which
the quanta carry across this plane per unit of time and unit of
area. If N is the number of quanta per unit of volume, the
number of those that pass through the plane in directions mak-
ing with the normal an angle between 6 and 6 4 df will be

3 Ncsin 6 cos 6d6,

the sign of this expression indicating whether the motion is
toward the positive or toward the negative side. Since the
component in the direction of the normal of the momentum
of a quantum is hy

C

cos 6,

positive or negative as the case may be, we easily find for the

pressure .
3 Nh Vf sin 0 cos? 6df = % Nhv, (192)

equal, as it ought to be, to one third of the energy per unit
of volume.

In connection with black radiation there is an interesting
problem. From a consideration of the entropy Einstein has con-
cluded that there must be small fluctuations in the density of the
energy. These fluctuations are found to be of two kinds: in the
first place, we have the irregularities in the distribution that can
be explained by the classical theory of electromagnetic waves;
and in the second place, superposed upon these irregularities,
certain fluctuations that can be explained only by some form of
quantum theory. The deviations of the first kind will be found
to exist already in the Fresnel pattern, and those of the second
kind may be expected on the assumption that for a given Fres-
nel pattern there are small departures from the expression (190)
which we found for the number of quanta per unit of volume.*

Let us finally consider normal reflection by a receding mirror.
This case can be derived from a reflection by a stationary

* See Note 14, Appendix.
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mirror by the relativity transformation. The result is that if
v is the velocity of the mirror, the frequency is altered to
c—7v
ctv
ratio, but their number remains the same. It is needless to say
that the diminution of the energy of the quanta corresponds to
the work that is done by the light-pressure on the receding
mirror. Similarly, the energy of the quanta can be increased
by means of a mirror that is moving toward the incident rays.
A production of a quantum takes place only when light is
emitted, and quanta disappear only when they are absorbed,
producing the effects for which they have been invented.*

v. The energy of each quantum is altered in the same

53. New Assumption concerning the Motion of Light-Quanta.
The hypothesis which we adopted in the last paragraph can
never lead us to an explanation of the phenomena of inter-
ference. If, for instance, the waves emitted by a luminous point
fall on two narrow openings in an opaque screen, we should
have behind that screen streams of quanta traveling from the
openings onward in all directions. A point at some distance
would receive quanta from both openings, and we cannot under-
stand how there can be a dark interference band, for we can
hardly imagine two quanta to destroy one another, and even if
we could, there would be the difficulty that when the total num-
ber of quanta is small, the point in question will not be reached
at the same instant by two quanta, one from each opening.

We must therefore try to form an image of the motion of the
quanta in such a way that it is determined by the Fresnel
pattern, such as we find it to be after having taken into account
the coexistence of the different beams. Now this can be done
to a certain extent. Confining ourselves to light of a definite
frequency and to phenomena that are stationary for a consider-
able lapse of time, we can calculate according to the classical
theory, for any point in the field, the mean values

L(E?+H?) and §

* See Note 15, Appendix.
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of the resultant electromagnetic energy and of Poynting’s
flow, S being a vector whose components are the mean values
of Sz, Sy, S.. This being done, we have to suppose that the
number of quanta per unit of volume is

1

N= 5T EZ 4 H?), (193)
and that their mean velocity is given by
5= S_.
=05 (194)
The words mean velocity now refer to the averaging of the
velocities vy, v2, v3, - - - of the quanta that are found succes-

sively in a definite element of volume dV, or, more accurately,
? is defined by the vector equation (of § 51)

_ 2 (195)
T dV
It is clear that, on these assumptions, a dark interference band,
at which we have E2 4+ H2 =0 and S = 0, will not be reached
by the quanta. Moreover, it is easily seen that the distribution
of the quanta determined by (193) will not be disturbed by
their motion. Indeed, we have

et D1y B,

E(Nv,) + B(va) + 9(sz) (196)
0y 0z

The latter equatlon shows that the numbers of the quanta

entering and leaving an element dS will be equal.

Of course the motion of the quanta is not fully determined
by our assumption concerning their mean velocity. The
simplest way to interpret equation (194) would be to suppose
that of the total number given by (193)

and therefore

1 (grige
o ( L HT42 s) (197)
quanta move in the direction of S with the velocity ¢, and
1 gz, g2
1 (P + F-25) (198)
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with the same velocity in the opposite direction. By this we are
led back in simple cases to what has been said in §§ 51 and 52.

In a single beam we have E2? = H? and S = cE?, so that all
the quanta move in the direction of propagation. On the other
hand, when light is normally reflected by a perfect mirror,
S = 0. One half of the quanta then go in one direction and the
other half in the opposite direction.*

I may add that since S = c[E - H] the expression (198) can
never be negative.

Considerations that are somewhat like the above have re-
cently been put forward by Emden.t He even goes so far as to
make the quanta the bearers of the frequency, endowing them
for this purpose with a rotation. As to the interference, Emden
thinks, or rather hopes, that it may be possible to explain it by
statistical considerations.

Before leaving the subject I must call your attention to
some outstanding more or less serious difficulties.

1. According to what has been explained the quanta can
account for the distribution of energy, for Poynting’s flow,
and therefore also for the momentum of light motion. But
what about Maxwell’s stresses?

We may apply to the quanta what was said in §37 of a
system of molecules and we can therefore say that by their
motion they produce a system of stresses X, X,, etc. equal to
mean values of 0.0, v,0, etc. multiplied by — N. In the case
of a single beam of light we are thus led to the mean values of

*1 have developed these considerations somewhat farther than I did in my
lectures. I had at first said that the motion of the quanta could conceivably be
always in the direction of Poynting’s flow, but one of the Pasadena physicists,
Mr. Sinclair Smith, immediately made the remark that when light is reflected by a
perfect stationary mirror there are standing waves in which at some places there is
no flow of energy at all, so that the quanta would not know how to move, or per-
haps would not be allowed to move at all. (Thus, if the mirror is z = 0 and the field
is given by

E,,=cosptsin?;£v Hz=-—sinplcos%x-, E:=E.=H:=Hy=0;
we have x=—i—sin2ptsin2—02£v Sy=0,S8:=0,

80 that Sz = 0 when 2 px = cnm, n being an integer. — ED.)
+ Phys. Zeitschr., Bd. 22 (1921), p. 513.
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Maxwell’s stresses. But I fear that this is not true generally.
Closely connected with this is the question of how far the
way in which quanta are guided by the Fresnel pattern can be
further elucidated.*

2. When a relativity transformation is applied to two beams
of light intersecting at a certain angle, one is led to a rather
complicated state of things. The frequencies become different
and in the space common to the beams the groups of quanta
(197) and (198) which initially moved with the velocity ¢ in
opposite directions come to travel (still with the velocity ¢) in
directions that are not exactly opposite each other. More-
over, the magnitudes of the two groups of quanta become
unequal and will not necessarily correspond to the two fre-
quencies. So there is found to exist a certain connection
between the quanta of beams of different frequencies. It is to
be understood that these complications are not found in those
parts of space where the beams are outside each other.

3. One can see no reason why the theory of quanta should
not be applied to electromagnetic vibrations slower than those
of light. Now consider the space between the plates of a
condenser. By a continuous transition we can pass from alter-
nating charges to the limiting case of a constant charge, but it
is difficult to say what becomes of the quanta. In the electro-
static field their number ought to become infinite and the
energy of each of them infinitely small. The tension along the
lines of force between the plates, which already exists when
the charge is still alternating, can never be caused by moving
quanta, any more than it could by moving motecules.t

4. In the phenomenon of anomalous dispersion the course of
the rays of light and the distribution of light and darkness are
dependent on the absorption which we must presume to take
place in quanta. Thus the Fresnel pattern, which has to guide
the ‘quanta, would be determined by something in which the
quanta are already involved.

* See Note 16, Appendix.
+ If in the electromagnetic field H = 0, Ey = E», = 0, we have Xz =} EZ, but the
stress component Xz derived from moving quanta or moving molecules is negative,
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54. Heat Motion in Solid Bodies. We shall now consider the
internal motions existing in a solid body at a given tempera-
ture and constituting what we call its heat motion. The
method followed by Debye is that of standing waves; they
represent the different degrees of freedom of the system, and
to each of them we allot an amount of energy that is a known
function of temperature, involving Planck’s constant k. This
procedure leads to an interesting mathematical problem and
also to a difficulty. It is clear that the heat motion must be the
same throughout the solid body, and the total energy must be
proportional to the volume of the body and independent of its
shape. We must of course find the same value for the specific
heat, whether the body is a parallelepiped, a sphere, or an
ellipsoid. Weyl* has really proved the theorem, at any rate
for the case of wave-lengths that are very small compared with
the dimensions of the body, and this is the case with which we
are concerned.

The difficulty to which I alluded is this: The different stand-
ing waves that represent the degrees of freedom extend, each
of them, all over the body. Thus it seems that when, for in-
stance, a gaseous molecule strikes the body at a point P, and
when the body has to decide to what extent it will accept the
energy that is offered to it, not only the parts of the body near
P, but also the more distant parts, have something to say in
the matter. This is not very natural.

If, instead of standing waves, we consider progressive waves,
the feature of the state of radiation to which I first called your
attention, namely, uniform distribution, is found at once, and
the difficulty which I pointed out disappears.

In order to make this clear I shall consider a crystalline body
whose particles are distributed in a regular way, being at the
points of a space lattice, and are also regularly orientated.
Now if between the constituent particles there are certain
forces which, after a displacement, tend to drive the particles
back toward their positions of equilibrium, we can have states

* Math. Ann., Bd. 71 (1912), p. 441. See also M. v. Laue, Ann. d. Phys.,
Bd. 44 (1914), p. 1197.
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of motion consisting of the propagation of plane waves, the
wave-length varying from an infinitely great value to the
smallest ones that are possible and that are of the order of
magnitude of the distance between the molecules. At least
this is true in the case of the elastic waves, in the propagation
of which the above-mentioned forces play a part.

It must be remarked that if the particles of the body carry
electric charges, the elastic waves are at the same time electro-
magnetic waves; we shall include in our reasoning all electro-
magnetic waves that can exist in the body, even far into the
ultra-violet. When we consider the waves whose lengths are
comparable to the molecular distances, we shall not replace
the body by a homogeneous distribution of matter, but shall
leave it as it is. Furthermore, it is to be understood that in
what follows there is no question of all possible waves that can
exist in the body, but only of those that are independent of
each other.

If, for instance, we are concerned with harmonically vibrat-
ing waves, there will be for a chosen frequency and direction
of propagation no more than three directions of vibration that
are mutually independent.

Suppose that we are given the direction of the normal to
the waves and the frequency ». Then the velocity of propaga-
tion of the waves will have a definite value », depending on
direction. It can also depend on the frequency if there is dis-
persion, and this will be the case in a high degree when we
come to wave-lengths comparable to molecular distances. If
there is a dispersion, we can introduce the group-velocity of
the waves, which we shall denote by w and which is related
to » by the formula which we formerly deduced.

Now let the body be traversed in all directions by plane
waves of different frequencies, so that we have a state of things
comparable to that existing in ether filled with black radiation.
Let us consider only those waves whose frequencies lie between
v and » + dv, and whose normals are included in an infinitely
narrow cone of opening dw. Let Qdwdv be the amount of
energy, in so far as it belongs to the waves just specified, that
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exists per unit of volume. Then it can be shown that any two
bodies will be in equilibrium if @ has the value

A
Q=—% (199)
where A is a function of » and T that is the same for all bodies.

The proof requires only some geometrical considerations and
a theorem of reciprocity which is due to Helmholtz and which
teaches us that if in reflection or refraction a beam of light 1
gives rise to a beam 2, whose intensity is a certain fraction of 1,
the same fraction will be found when, reversing the direction
of propagation, we make 2 the incident beam and ask what
portion of the energy will follow the path 1. I cannot give you
the proof here; I need only remark that it is not necessary
for the waves to be of unlimited extent; they may be limited
in the two ways that we formerly considered; but both the
lateral and the longitudinal extension are supposed to be large
in comparison with the wave-lengths. The surface of separa-
tion between the bodies is supposed to be plane, or at least the
radius of curvature is supposed to be large compared with the
maximum diameter of a cross-section of each beam.

We know that for the black radiation in the ether

A= (200)
T — 1
Therefore we shall have thermal equilibrium if in any solid body
hv3dw dv
—_— (201)
wo?(eFT— 1)

is the energy per unit of volume belonging to the interval
dwdv. This formula includes the well-known result that in a
ponderable diathermous body the density of the radiant energy
is proportional to the cube of the index of refraction (namely,
if w = ). It can be applied to the theory of the specific heats,
and we should simply have to integrate over all directions and
all frequencies.
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We can go back from it to Debye’s theory if we consider the
body as perfectly homogeneous and non dispersive, so that
w = v. Then, integrating (201) with respect to dw, and taking
together two transverse and one longitudinal wave, we get

3
ax <—2§ + —1§> Juldy (202)
o2 o) B

P
&fT—1

We here integrate from » =0 to » = »,, where we can choose
v, so that for high temperatures we get the energy that is
required by equipartition.*

55. Theory of Dispersion and Absorption. Let us now return
to some questions belonging to the old physics, in which for-
merly we thought that we were on very safe ground, but now
we must confess that we are on very unsafe ground. I refer to
the phenomenon of dispersion and absorption.

We have already observed that the difference between the
velocity of light in the ether and in a ponderable body can be
explained by supposing that electric moments are induced in
the molecules. We shall consider this somewhat more closely.

For the sake of simplicity, though we shall speak of mole-
cules and of electrons contained in them, we shall neglect some
considerations that would, strictly speaking, be necessary in a
case of molecular discontinuity, but that are wholly unimpor-
tant for our purpose.

Let us suppose again that light is being propagated in the
direction Ox and that E,, D,, H, are the only components
different from zero, B being assumed to be.the same as H.
Maxwell’s equations then give

_?H,_12D, ?E,__12H,

oxr ¢ ot ox ¢ ot

’

from which we derive ?%2 =c? —a—% (203)

Now suppose that in each molecule there is an electric moment
p, proportional to E, and in phase with it. This would be the

* See Note 17, Appendix.
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case if in the equation of motion of an electron in the mole-
cule we might neglect the term containing the acceleration,
so that the equation would be

= —f?’] + BE,,,

where 7 is the displacement from the position of equilibrium,
in the direction of Oy, and — fy a quasi-elastic force. Then we
should have, supposing each molecule to contain but one mov-
able electron (cf. § 26),

77=ng pyze;Ey’ Pu=&:Ev1
f f / 204
Ne? I’ (204)
D, = (145 ) By )
and instead of (203)
Ne?\ 9°E, _ » 0°E,
(1 *7 ) oz~ ¢ o (205)

our well-known equation, from which we can see that the
velocity of propagation would be

c
V= T_._—._IV_.—Z ’
1+ 22
f
so that, if u is the index of refraction,

pr=1+ ¢ (206)

This is greater than unity because the moment of each particle
has the direction of the electric force; it is also independent of
the frequency of the light, and so there is no dispersion.

Now, long ago, before the days of the electromagnetic
theory, dispersion was explained by different physicists (Sell-
meier, Helmholtz) on the assumption that ponderable bodies
contain small particles that are set vibrating by the incident
light and that have a certain mass. It was natural to introduce
this idea into Maxwell’s theory and to assume that the particles
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in question carry electric charges. By this it became conceivable
that they can be set in motion by the electric forces existing
in the light, which would have no grasp on uncharged particles.
This was, in fact, one of the ways in which one has been led to
the theory of electrons.

If m is the mass of the electron, the equation of motion
becomes

2
mE——fn + e, (207)
so that if E,=acos n(t—%—}-p),

we have, 1 being a simple harmoniec function of ¢,
(— mn? + f)n = eE,,

€

K f— mn? Ey,
Ne?
2—-1 .
and M +f 5

We can simplify this by putting

=

where mo/27 is the frequency of the free vibrations of the
electron. Then

pr=14E L (208)

Thus, if n < my, u is greater than 1 and increases with n.
This corresponds to the case of ordinary dispersion.

If n > no, we have u < 1, and this means that » > ¢. This
is not in contradiction to the theory of relativity. Supposing
the ratio a/b between the coefficients of the transformation to
be greater than c¢/v, we simply find that if the velocity of waves
in one system of codrdinates is greater than ¢, the same is true
in any other system of covrdinates to which we may pass by
means of a relativity transformation.
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For the group-velocity we find

1_1_mnd

w o v2dn
1_1[j Nt m ] (209)
w o uC m (2—n2)2’

sothatl>l,w<p.c,and, since u <1, w <c.
w o uce

The group-velocity is thus less than the velocity of light in
ether.* In some cases a wave-velocity above the speed of light,
that is, a refractive index less than unity, has really been
observed, as, for instance, by p |
Kundt in the case of silver. [

The value of » > cis due to
the circumstance that when
n > no the electric moment
has a direction opposite to |

i
|
|
i
|
I
!

that of the electric force. This |

may be illustrated by means } "
:
|
|
|

of a simple experiment de- no
scribed in Rayleigh’s ** Theory
of Sound.”

For n = mo we should have
an infinitely great moment and
both pos1t1ve and negative values of u which are 1nﬁmte1y
great. This is represented graphically in Fig. 36.

We cannot admit these infinite values; therefore we intro-
duce a resistance which, for the sake of simplicity, we suppose
to be proportional to the velocity of the electron. Thus the
equations of motion become

FiG. 36

m —Jt—z —mnin—g %? + eE,. (210)

* The behavior of the group-velocity in the neighborhood of an absorption line
has been discussed in some detail by A. Sommerfeld, Ann. d. Phys., Bd. 44 (1914),
p. 177; L. Brillouin, ibid., p. 203. See also K. F. Herzfeld, Zeitschr. f. Phys., Bd. 23
(1924), p. 341. — Ep.
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We suppose E, to contain a factor e™ which multiplies an ex-
pression independent of ¢, then n does so also and
[m(ng — n?) + ingln = eE,. (211)
Let us write m(né —n?) =acosf, ng= asinf,
where « is positive; then
aePyp=¢eEy, n= £ e~ Ky,
Ne? «

Py-—'—a—e_'ﬁE”,
Ne? i) PPEy _ .2 O°Ey,
<1+ x ® ) oz a2 (212)
If E, —aei"“*q’)
Y _e—B
-1 <1+ e ) (213)

Suppose that N is small, then

:-]; M —iﬂ).
c<1+2ae

Put qg= %— i% ;
then E,= ae_k”i"('—%),
p,— N e[

The real parts of these expressions are
E,=ae* cos n(t — %’)

2 .
Py= Ne'@ otz cog [n(t - cf)— 6]
a P)

showing that k is the index of absorption. This index and the
index of refraction u are determined by the equation

-l

Thus =1 + cos B8

, (214

(215)
-2
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The angle 8 determines the phase difference between the force
acting on the electron and the forced vibrations.

Forn <mp, O0<B<3%iwm; n<<mo Bnear0
n=mny, PB=31im; } (216)
n>mn,tr<B<mT; m>>mg Bnearw

These results may be illustrated by the diagram of Fig. 87, in

which © (upper line) and k (lower line) are represented as

functions of the frequency n. The absorption is a maximum

Ne2/2¢g for n=mn,. The index of refraction has the value 1

for this frequency and becomes a maximum and a minimum

for the values of = given by

n?=ndF %9 (217)

For these values of the fre-
quency the index of absorp-

tion 1s Ne*  n? . (@18
2¢g né+n?

or,in the case of anarrowab-  _____T___

sorption band, about half the Fic. 37

maximum value.

The gas which we have now considered may be mixed with
other gases, and in that case each of the gases will contribute
to the refractive power. Each component tends to increase the
index of refraction for values of » smaller than its no, and to
lower it for values of » higher than its ne. If we suppose that
the majority of the gases in the mixture have their n¢’s in the
ultra-violet, then in the visible spectrum there will bea u > 1,
and this will rise toward the violet. But if there is a com-
ponent having its n, somewhere in the visible spectrum, it will
raise the value of u for frequencies a little below its no, and
lower it for frequencies a little above its no.

How far these changes will extend depends on the width of
the absorption band. In some cases great differences in refrac-
tivity can arise in this way. The dispersion is “anomalous”
because it can happen that for a certain value of # the index of
refraction is greater than for a somewhat higher value of n;

T

t
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but we shall use the term anomalous dispersion simply to
denote the dispersion corresponding to values of # in the
neighborhood of 7.

We can summarize the theory by saying that the dispersion
of a substance is related to the existence of the particular
modes of vibration of that substance. These show themselves
in the absorption bands produced by the substance. But we
must not think of absorption as a necessary condition of dis-
persion. The periods no of the free vibrations are necessary,
but the existence of these vibrations would call forth the
changes which we considered even when there were no resist-
ances. As a matter of fact, the dispersion of the air in the
visible spectrum must be considered as due to the existence of
an absorption band in the ultra-violet, but the absorption for
yellow light, for instance, is very feeble. We must introduce
a factor of resistance g when we want to consider the propaga-
tion of light of frequency mo or nearly no, but we can neglect
that factor, for instance, in the case of yellow light in air.

Our formule show that at a distance from 7o where absorp-
tion is imperceptible the influence on x may still exist.

The anomalous dispersion in the neighborhood of 7 = ng
has been observed by many physicists, and the general conclu-
sions drawn from the theory have been verified. Therefore even
though, as we shall soon see, the foundation of the theory is
nowadays much shaken, we may perhaps still draw conclusions
from it.

This has been done in a very ingenious way by Profes-
sor Julius,* who has made interesting applications to solar
physics. The question as to how far anomalous dispersion
really has the importance which Julius ascribes to it is, however,
not wholly decided, and many astronomers do not share his
views. The effect of the anomalous dispersion will, after all,
depend on the way in which the different substances are dis-
tributed on the sun, and especially on the irregular gradients
in density which exist in the sun’s atmosphere. These are

* W. H. Julius, Proc. Acad. Amsterdam, Vol. 12 (1909), pp. 266, 446; Astrophys.
Journ., Vol. 31 (1910), p. 419.
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things of which we know hardly anything, and so it is clear
that it is difficult to predict phenomena with any great certainty.
I shall not dwell at length on the questions that now present
themselves, as I am not sufficiently competent to pronounce a
judgment, but I should like to. ~_
explain to you the fundamental
idea of Julius, about which there
can, in my opinion, be scarcely

any doubt. For the sake of clear- 4
ness I shall simplify it as much
as possible.
Let us suppose the photosphere %
to be a black body at a high tem- Fic. 38

perature, and let it be surrounded

by an atmosphere extending to a certain height. The question

is, What will be the intensity of some particular frequency n

that is propagated toward some observer along the line AB

(Fig. 38), for instance? In considering it we shall confine our-

selves to the radiation of the photosphere, and to the refraction

which it can undergo in the _ g

sun’s atmosphere. \__/
Let me recall to you, to

begin with, that if there were

no atmosphere at all, and P

if the photosphere were ra- 4 T

diating as a black body, we

N

should see it as a disk of uni- c
form surface brightness Io.

If before such a sphere S D
(Fig. 39) we were to place a FiG. 39

plate of glass a, for instance,

we shopld see it on the disk as a somewhat obscure patch.
Indeed, some of the rays would be reflected by the plate and
would not reach our eyes. If now, however, at P there were a
luminous disk of the same brightness as S itself, say a body
composed of the same substance as S and kept at the same
temperature, the loss of light of which we spoke just now would
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be made up for by light issuing from P and reflected by the plate
of glass in the direction CD toward the observer. The intensity
of the part of the image that is covered by the plate will be equal
to that of the surrounding part, so that the plate cannot be dis-
cerned. Simple observations in everyday life will confirm this.

We can put the question most clearly, perhaps, if instead of
a propagation in the direction CD we imagine one in the inverse
direction DC. Suppose that a ray of light goes toward S along
this line. This ray will be partially reflected and partially
transmitted by our plate. Now if all the light that arrives
along DC falls, after all, on a surface of the brightness of S,
as it will do if P is present, and so is absorbed by the supposed
black body, then, conversely, in the case of propagation toward
the eye, we shall have the definite intensity which I call I,.

If, however, part of the light arriving along DC does not fall on
a radiating surface, as will be the case if P is removed, we shall
miss exactly, in the radiation toward the eye, the part that was
just contributed by P, and we shall have a smaller intensity.

Now consider the case to which Fig. 38 refers. Let there be
on the sun’s atmosphere an irregular distribution of differently
refracting substances. A ray of light coming along BA can be
deviated more or less from a straight line, and it may be that
the beam BA is divided into several parts. Now if all these
paths lead to the photosphere, but to different places in it,
Py, Py, P3, - - -, each of these places will, by its radiation, con-
tribute toward the total radiation that is propagated in the
direction of AB, and so the intensity will again be I, just as
if there were no atmosphere at all.

It will, however, be less when some of the paths along which
the beam BA goes onward do not reach the photosphere but
are directed away from the sun. Then, in the light which we
perceive along AB, just that light will be wanting that could
have been produced by some auxiliary luminous body such as
P in Fig. 39.

Therefore the question What will be the intensity observed
in the direction AB? is reduced to the question To what extent
are rays of light directed toward the sun prevented by the
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refraction in its atmosphere from reaching the sun’s surface
and deflected away from it? If this can occur to a perceptible
extent, it will take place in a higher degree when BA is directed
toward the sun’s limb than when it points to the center. In-
deed, in the second case a deflection through a greater angle
would be required than in the first.

The inhomogeneity of the sun’s atmosphere that may cause a
refraction may consist in a change of composition from one place
to another or simply in a change of density. Let us, for the sake
of simplicity, consider the second case. Then we shall have a
mixture of definite composition producing a general refraction
depending on the density. But if o is the frequency of the free
vibrations of one of the substances, the refractive index for fre-
quencies somewhat below no will be greater than when that
frequency did not exist, and for frequencies a little above 7o it
will be somewhat less. Now if the refractivity is altered, the
differences in refractivity caused by a change of density will be
altered in the same direction, and so we see that the causes
which diminish the luminosity in the peripheral part of the
sun’s disk will be most efficient for frequencies somewhat
lower than no. If the light is received in a spectroscope, we
shall have a smaller intensity and even relative darkness on
the red side of the frequency no. So Julius is led to the conclu-
sion that the phenomenon of anomalous dispersion can change
the aspect of the Fraunhofer lines, the lines being broadened
somewhat toward the red, and their centers of gravity being
thereby displaced in that direction.

It may be, as Julius pointed out, that on the changes of
refractivity which we find for frequencies near mo there are
superposed similar changes due to a frequency n, that differs
little from m, and may belong either to the same substance
as mo or to a different one. He has shown that under proper
conditions the broadening of a line no and its shift toward the
red can be increased by the presence of a neighboring line n,
on the violet side of no.

I must add, without going into all the details of his theory,
that the refraction, and especially the great refractiveness which
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occurs in anomalous dispersion, can lead not only to a diminu-
tion but also to an increase of intensity, or to the appearance
of light where otherwise we should have darkness. Let AB
(Fig. 40) be a line not intersecting the photosphere itself but
passing at a short distance from it, so that we should receive
no light along it if there were no solar atmosphere. It may be
that by the irregular distribution of refractive matter in the
actual atmosphere we get some radiation along BA, issuing, for
instance, from the point P of the photosphere. Here again we
may say that this case will occur if the rays coming from the
side A are enabled by the refractions to B

reach the photosphere. P
According to Julius’s views prominences \/
could be produced in this way. This is
certainly an interesting application of the .
theory of anomalous dispersion* but a A
decision as to the validity of the explana- Fia. 40 .
tion must be left to those who examine solar phenomena with
the utmost care, determining the position and observing the
width and the aspect of the linesin the spectrum. Thus it must
be left to those who continue the work of Professor Julius and to
the astronomers of the Mt. Wilson and other observatories.

56. The Absorption and Dispersion of Light. I shall now make
some observations about the absorption and dispersion of light
as we must conceive them in the light of Bohr's theory. Let
us first take absorption. It is natural to consider this as due
to a process which is the inverse of radiation. The incident
light, then, imparts an amount of energy kv to the atom, thus
bringing this from its original stationary state S to a new sta-
tionary state S’ of greater energy. S may be the natural state
which the atom assumes when left to itself. What then becomes
of the absorbed energy? It may be that the atom returns from
S’ to S with an emission of light. Then we have resonance,
much like a scattering of light, but without polarization.

* Another interesting application of the theory of anomalous dispersion has been
made by Ebert in his theory of novs, Astr. Nachr., Bd. 164, p. 65. See also
H. Kienle, Phys. Zeitschr., Bd. 21 (1920), p. 391. — ED.
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It may also be that from S’ the atom returns to a state S”,
different from S, with an emission of light. This phenomenon
may be called fluorescence. Bohr’s explanations of many
phenomena observed in this domain by Wood, Dunoyer, and
Rayleigh are quite remarkable. Consider, for instance, light be-
longing to one of the lines of the principal series of sodium. The
first of these lines is the well-known line D; let the second
be @ (Fig. 41). If we illuminate vapor of sodium with the
light of D, we get back D as resonance radiation; but if we
illuminate with @ light, we get back not only @ light but also
D light.

Now both D and @ are doublets with components Dy, Dz;
Q1, Q2. It has been found that if sodium vapor is illuminated by
one of the lines Dy, D separately, we get back 0
only the light of that line. Similarly, if we
illuminate by one of the @ lines, the other line
of the pair will be wanting in the fluorescence
but the lines D; and D. will both be present in
it. All this has been very beautifully explained,
but I shall not dwell upon it any longer. DD

As to the dispersion by itself, if we consider ' ZFIG a
it apart from absorption, a theory of it can be :
developed to a certain extent. We have now to consider elec-
trons not as bound by quasi-elastic forces to definite positions
of equilibrium but as revolving around a nucleus. As T have
already had occasion to remark, the disturbance of this motion,
caused by an incident beam of light, can be calculated, at least
so long as the disturbance can be considered as infinitely small.
We may say that, besides the original motion, we have now a
swinging to and fro called forth by the external periodic force.
This is equivalent to an alternating electric moment, and it in-
fluences the velocity of propagation in the same way as such a
moment would do.

Debye has worked out this idea for hydrogen,* that is, for
the case of the hydrogen molecule, which he supposed to con-

1 %2

* P. Debye, Milnchener Sitzungsber. (1915), p. 1. See also A, Sommerfeld, Anz. d.
Phys., Bd. 58 (1917), p. 497. '
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sist of two hydrogen nuclei and two electrons. You probably
all know the constitution which he ascribes to such a molecule
(Fig. 42).

Now Debye calculated the forced vibrations that can be
given to such a system, — I mean the periodic deviations from
the original motion. Moreover, from his results he deduced
the velocity of propagation and the index of refraction for
various kinds of light. His results
were in very good agreement with
the observations,* so that we can
say that both the refraction and the
dispersion of hydrogen were satis-
factorily explained. There is, how-
ever, one serious difficulty. The state
of motion imagined by Debye (I mean
the original circular motion) is in cer- Flc. 42
tain respects unstable.} Thisisshown
by Debye’s formule themselves. The equatlons which he finds
for the index of refraction, or rather for u2 — 1, contain several
terms. Three of these are of the form we found above, namely,

__Ne2 |

m(ng — n?)
They have in the denominator the difference between the
squares of the incident frequency and a certain quantity (here
n0) that belongs to the vibrating system and is characteristic of
it. Debye therefore rightly remarks that these terms correspond
to the free vibrations of the molecule.

But there are two more terms, and in these we have the sum
of two positive terms in the denominator. This shows that these
terms correspond to degrees of freedom for which the equi-
librium is unstable. It is just as if, in the formule of § 55,

* M. Kirn has followed the dispersion of hydrogen up to 1854 A° and finds
that the deviations of Debye’s calculated values from the observed values are
considerable only in the ultra-violet (Ann. d. Phys., Bd. 64 (1921), p. 566).
—EDb.

t This has been pointed out by Miss H. J. van Leeuwen, Proc. Acad. Amsterdam,

Vol. 18 (1916), p. 1071.
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we had introduced a negative quasi-elastic force, writing for
the equations of motion

mh =j77 + eE:
which would have led us to
2 1=—_Ne& |
# mn? 4 f

Therefore it is just as if you wanted a pendulum to vibrate
about a position of unstable equilibrium in which it stands ver-
tically upward. In spite of this difficulty, which, so far as I
know, has never been overcome, we may still hope that it will
be possible to arrive at a satisfactory theory of dispersion by
itself. But the theory of anomalous dispersion will be much
more difficult. Indeed, we can scarcely see how it is possible
to adapt to modern views the theory of Sellmeier and Helm-
holtz, which I sketched in § 55.

1 may here remark that even at the time when that theory
was proposed it was clear that the assumption made about the
resistance — gn was a very crude one. When we except the
radiation resistance, which was not known at the time, and
which, as we can now say, would be inefficient in many cases
for the production of the observed diminution of the intensity
of light, no cause was known that could give rise to a resistance
following the law assumed.

It was, however, possible to account for the resistance term
by the hypothesis that the vibrations of the electron do not go
on undisturbed for any length of time, but are destroyed at
irregular intervals by a collision of one particle with another or
something of the kind.* We see clearly that these actions could,
just as well as the supposed resistance, prevent the amplitude
from becoming infinite, and that by them the regular vibratory
motion could be converted into an irregular heat motion.

In Bohr's theory the problem of anomalous dispersion, that
is, of the propagation of light that is more or less absorbed by

* Proc. Acad. Amsterdam (1897-1898); Theory of Electrons, p. 141.
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the body, is beset with many seemingly insuperable difficul-
ties.* There is no question of vibrators at all, and if we imagine
them or suppose the atom to be changed temporarily into a
vibrator, we do not see how a resistance is produced. Moreover,
we do not see how the vibrators are to behave toward frequen-
cies that are somewhat greater or smaller than the frequency
of their free vibrations, and it is just this (namely, the way in
which vibrations are affected by frequencies somewhat below
or above mo) that was important in the old theories and is
interesting from an experimental point of view.

57. The Zeeman Effect. I shall now leave the subject of dis-
persion in order to make a short digression on the theory of the
Zeeman effect. The explanation which it finds in the new
theory is based on a beautiful theorem that was proved long
ago by Larmor.t}

Consider a system, an atom, for instance, in which the only
movable particles are electrons having all the same mass m
and the same charge e. Let M be a certain state of motion
which the system can perform when there is no magnetic
field. Then in a magnetic field of intensity H the system can
have a motion M’, consisting of M and, in addition to it, a
rotation around the lines of force with angular velocity

H. (219)

2cm

In this way Larmor’s theorem enables us to deduce from
any motion that is possible in the absence of the field a sec-
ond motion that can exist in the field. We shall call these
corresponding motions.

If we want to explain the Zeeman effect by means of Bohr's
theory, we have to account for the spectral lines as they are

* Attempts to overcome these difficulties have recently been made by C. G. Dar-
win, Nature, Vol. 110 (1922), p. 841; Proc. Nat. Acad. Sci., Vol. 9 (1928), p. 25;
A. Smekal, Die Naturwissenschaften, Bd. 26 (1928), Heft 43; K. F. Herzfeld,
Zeitschr. f. Phys., Bd. 23 (1924), p. 841.

+ J. Larmor, Phil. Mag., Vol. 44 (1897), p. 503 ; Proc. Roy. Soc. of London, Vol. 60
(1897), p. 514; Cambr. Phil. Trans., Stokes Commemoration, Vol. 18, 1900, p. 880 ;
Aether and Matter, p. 341.
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without a magnetic field and under its influence. We have
therefore in both cases to determine by quantum conditions
the stationary states of motion that are supposed to be the
only ones that can exist in reality, with the exclusion of all
others, and we have to determine the energies of the atom
in these individual states. Having found these energies, we
can deduce from the differences between them, by dividing by
Planck’s constant %, the frequencies of the radiation produced
by quantum jumps.

An explanation of the Zeeman effect is obtained if we sup-
pose that to every stationary state in the magnetic field there
corresponds (the word being taken in the above sense) a cer-
tain stationary state without the field, and also that suitable
quantum conditions should be added to those which must
already be satisfied when there is no field.

For the following considerations it will be sufficient to show
how a spectral line L existing in the latter case can give rise to
a line L’ of a slightly different frequency when the field is excited.
We shall have a decomposition of L if there is more than one L’.

Let us suppose that the magnetic field has the direction 0Z.
We have first to account for the line L. Let M; and M2 be
two stationary states for H = 0, so that L corresponds to the
quantum jump M; — M2; then the frequency of L is

@, (220)

These states are wholly determined, but since there is no field
the atom can have either M; or M2 with all possible orienta-
tions. Suppose now that in the motion M; the atom has a
certain moment of momentum with respect to the nucleus, and
let this moment of momentum be called G;. This is a vector
attached to the atom, and the atom having the motion M; can
be orientated in all directions, so that although the magnitude
of G, is fixed, the component Gi. of G; along OZ can have many
different values.

Now in order to explain the Zeeman effect we must, as I have
already said, introduce new quantum conditions supplementing

V=
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those by which M; was originally determined. Let the new
conditions be as follows:

When there is a magnetic field, not all the motions corre-
sponding to the motion M in its different orientations will be
stationary, but only those corresponding to motions M; taken
in such orientations that B

Glz = kl é-;’ (221)

where k, is a positive or negative whole number, or eventually
Z€ero.

In what follows we shall understand by M, a motion fulfill-
ing this condition with a definite value of k;. Similarly, M will
denote a motion subjected not only to the quantum conditions
already introduced but also to the supplementary condition

Gao = ks ) (222)
2w

the meaning of which will be clear.

The motions M; and M, corresponding to the particular
M, and M. now specified will be stationary motions in the
magnetic field, and the line L’ will be due to the transition
M;— M,, so that we have
P_M_;_Ei (223)

In order to compare v;, and v, we have therefore to compare
the energies Ey, and Ey/, and, similarly, Ey, and Ey;. The
way in which this is usually done is as follows.:

Let 2, y, z be the coordinates of an electron relative to the
nucleus at time ¢ in the state M;; let z, ¥, 2 be the component
velocities and U the potential energy due to the forces between
the nucleus and electrons and between the electrons mutually.
The kinetic energy will be

2 Fm@E + 9+ 2.

In the state M), which is distinguished from M, only by the
rotation w, we have the same potential energy (because the

VL/ =
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configuration is the same); but the velocity due to the rota-

tion w has components
—wYy, W, O;

so that in the state M the velocities are
Z—uwy, Y+owx, 2,
giving for the kinetic energy, when terms with w? are neglected,
> 3 mE + 52 + 22) 4 w 2m(zy — yi). (224)
Thus Eu; — Ey, = 0 2, m(xy — y%). (225)

The sum on the right-hand side is, however, just the moment
of momentum of the atom with respect to 0Z; it is thus the
quantity which we have called G;., and its value is therefore

h
ky 5
We now find Ey! —En, =k é—k% (226)
In the same way we find
hw
Em]— Em,=k2 o (227)

and from (220) and (223)

vy, — v, = (ks — ko) 2% = (ks — k1) ;cm H. (228)

If the difference k2 — k; can have the values — 1, 0, + 1, we
find the three values,
eH
4 mem’

eH
4 Tem

+

The three lines L’ form what we call a normal triplet, just the
triplet that was required by the old elementary theory.

REMARK 1. The deduction of the equations (226) and (227) is
very incomplete. I can best explain this by recalling to you the
theory of a system of twa conductors carrying electric currents ;
and 7;. You know that the magnetic energy is represented by

3 L1t} + Qiria + 3 Lot (229)
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where L; and L. are the coefficients of self-induction, whereas Q is
the coeflicient of mutual induction.

The first and the last term are the magnetic energies which we
should have if only the first or only the second current existed,
while @,7; is the energy due to the simultaneous existence (super-
position) of the fields belonging to 7; and 7.

Now we have instead of ¢; our atom in the stationary state Mj,
and instead of 7, the current which produces the field and which
we can suppose to exist in a long solenoid, the axis of which is along
0Z. We shall suppose this solenoid to be without resistance and
to be, in fact, a perfect conductor. This assumption will not change
the Zeeman effect ; moreover, it has the advantage that when con-
sidering the energy we have not to trouble ourselves with the heat
developed, nor with the work of the electromotive force. There
must, in fact, be no electromotive force.

The energy of the state M}, as we have calculated it, corresponds
simply to the part 3 L,iZ, of the above expression, but just because
an atom has a certain rotation about the axis of the coil, it can be
compared to a small coil, or winding, with its plane at right angles
to 0Z, or at all events not parallel to that axis. Hence there will be
a second term in the energy as in (229), and if we calculate it we
find that it exactly counterbalances the former expression for
Em; — Eum,, so that at first sight it seems as if the total difference
Em; — Em, would be zero, and the total difference Eu;, — En, like-
wise zero; in that case there would be no Zeeman effect at all.

But fortunately we have still the last term in (229). When the
same winding of which I spoke just now is turned, or when the elec-
tric current in it is changed, this will by induction change the inten-
sity of the current 7, in the great coil, and therefore we shall have
a corresponding change in the last term of (229). Similarly in a
magnetic field a transition from the state M) to the state M; with
different values of G;. and Gs, (that is, with unequal rotations of
electrons about the axis 0Z), will by induction cause a change in 73
and we shall have to make a change in the last term of (229). On
calculation it is found that this change is exactly

hw
(fr — k2) 54

8o that our explanation of the Zeeman effect can be maintained.

It is curious, however, that we have now been obliged to take
into account an energy that is not located in the atom itself ; for the
energy 3 Loi7, due to the current ¢z in the great coil, is distributed
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all over the space within it. Yet this energy must be available for
the emission when the atom performs its quantum jump.*

REMARK 2. Planck’s constant has disappeared from our final for-
mulz, so it can be understood that the old theory led to the same
result. In this respect there is a difference between the Zeeman
effect and the Stark effect. In the latter k appears in the final for-
mulz; therefore it is impossible to find an explanation of the Stark
effect by the old methods.

REMARK 3. It is remarkable that it was not necessary to specify the
manner in which the motions M, and M; are determined by quan-
tum conditions. Thus it seems that a theory of the Zeeman effect
can be given in cases in which the spectrum has not yet been ex-
plained. Normal Zeeman triplets are observed in the case of spec-
tral series consisting of single lines, and we can account for them
without wholly understanding the origin of these lines themselves.

REMARK 4. The reasoning applied by Rubinowicz teaches us that
ke — k; can never be greater in absolute value than 1, so that we
could never expect other effects than normal triplets. More complex
decompositions, in which distances between the components have
been found that are in simple ratios to the distances in normal
triplets, and in which distances from the middle line occur which are
greater than those found in normal triplets, will at least require
new assumptions such as have been tried recently by different

physicists.

58. Generalized Theory of Relativity or Theory of Gravitation.
In special relativity it is shown that the form of the equations
by which physical phenomena are described remains the same
when, by means of certain linear transformations, we pass from
one system of coordinates z, y, 2, t to another system. The form
would be changed by an arbitrary transformation in which the
new coordinates are any functions of the old ones. Now it
is very remarkable that the principle which states that the
form of the general equations should be the same in all sys-
tems of coordinates can be maintained if one introduces gravi-
tational fields.

We shall begin with a short mathematical introduction. In
the first place, we shall always use four coordinates, which we

* I have worked out the above considerations in an article in Marx’s *“ Handbuch
der Radiologie.”
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shall denote by z;, 22, *3, 2s. For a reason that will appear
later it would be preferable to write z!, 2, z3, z*, but there is
the objection that then we should have confusion between the
indices and the ordinary exponents. The coordinate xs will
always be supposed to represent the time.

We can now imagine a four-dimensional space, say Ry, in
which every system of values zi, 22, 3, 4 is represented by
a point, or rather such a system s a point, and the totality of
all possible systems of values of zi, ¥z, 3, 24 forms the four-
dimensional space, or extension, Rs. Each event that takes
place at a moment and a point is represented by a point in Ra.

If a material point, or a light-signal, is moving in the space
11, 2, £3, we shall have for every value of x4 definite values
of 21, &2, 3. In R4 we shall have a line which, after Minkowski,
we call the world-line of the particle or of the light-signal. The
intersection of two world-lines is an encounter.

We can often explain things better by supposing a smaller
number of coordinates. If there were but one space coordinate,
say 1, and the time x4, the world-line of a moving point could
be drawn in a plane by plotting z; against z4, ete.

As the essence of the theory is that in changes of coordinates
equations preserve their form, these changes and the relations
connecting different physical quantities in one system of coor-
dinates with the corresponding quantities in another system
are of paramount interest. These relations are expressed by
transformation formule.

Let zi, x2, s, 24 be arbitrary functions of zj, 5, 23, =4
and conversely. The relations between infinitely small changes
of x1, %2, *3, ¥+ and the corresponding ones of Xy, T3, Ta, Ty
are linear and homogeneous. We shall write them in the form*

' dze =3, ® Dadey. (230)

* The gign of summation means that on the right-hand side we have four terms
which can be written down if b is replaced successively by 1, 2, 8, 4. The suffix a is
understood to have a definite value in all the terms of the formula. By taking
a=1, 2, 8, 4 we find the four equations that are contained in (280). If two or
more suffixes are added to the sign 2, this means that each of them has to be taken
equal to 1, 2, 8, 4, so that if there are, for instance, three suffixes, the sum consists of
sixty-four terms.
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In fact, since z, is a function of zj ---z;, we have four
equations of type

dry = 2o dz) 4 - +3xﬂ; dx. @231)
a 1 4
For the partial derivatives we can write
oz, or
a1 = =2, P2 = =2, etc. 232
Pa1 oz Paz =2 2, etc (232)

If, for example, there are but two cooérdinates, and if the re-
lation between them is linear and homogeneous, we can write

T1=DpuZ; + p12%3, 2= P212] + P2a¥s. (233)

We can solve these equations for z], 3, the resulting formule
being of the form

xy=mux + T21¥2, To= W1221 + Taols. (234)
In general when we solve (231) for dxj - - - dxy we find
dzx}, =6 Tpadzs. (235)

In the above simple example the 7’s can readily be expressed
in terms of the p’s. For instance,

=P (236)
DP11P22 — P12P21
Certain relations between the p’s and the =’s are, however, of
more interest than the expressions for one set of coefficients in
terms of the coefficients of the other set. These relations are
obtained as follows: The values (234) must identically satisfy
(233); consequently, when they are substituted in the first
equation of (233), we must obtain z; on the right-hand side.
In other words, the coefficient of x; must be 1; that of xo,
0. Thus

11

pumi + premie =1, pumer + pirewee = 0. (237)
Similarly, paimii + peemiz =0, paimrer + paomez = 1. (238)

Again, we can also substitute the values (233) in (234) and
thus obtain four more equations.
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There are similar formul® in the general case. Substituting
in (230) the values (235), writing (235) in the form

dz, = 2("’ TdZ,,
we get dx, =2(bc) DabT T, (239)

If on the right-hand side we want to see what is the coefficient
of a definite term dzx,, we must choose ¢ (1, 2, 3, or 4) but effect
the summation with respect to the index . We must, how-
ever, get only dx,; therefore the coefficient must be unity when
¢ = a, and zero when ¢ # a. In other words,

=1 for c=a
z(b) Daseb {= 0 for c# a} (240)
Similarly, when we substitute (230) in (235), we get
=1 for b= c}
z(a) Pailac {= 0 for b+£c (~241)

These relations are frequently used.

The two variables x; and x2 might be oblique or rectangular
codrdinates in a plane. Again, if we had two sets of three
coordinates, x1, 22, 23 and x;, x5, x5, each set being rectangu-
lar coordinates in space, the coefficients p and = would be the
cosines of the angles between these axes, and (240) and (241)
the well-known relations between these cosines.

We have already had occasion to observe that often there are
groups of a greater or smaller number of quantities, each of
which is related to one or more of the coordinates, such that
together they form a kind of physical entity. For instance,
in a plane, or in three-dimensional space, the two or three
components of a force, or a velocity, or any other vector,
form such a group. In special relativity we have already found
groups of four components, — for example, the three compo-
nents of momentum and the energy of a material particle. We
have even found groups consisting of more components. You
will remember that for a system continuously distributed over
space the complex of the components of momentum, of the
flow of energy, of the stress, and of the energy itself forms such
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a group. Here again there are simple relations (transforma-
tion formule) between the quantities belonging to the group
and the members of the corresponding group to which one is
led when the cobrdinates are changed.

A group of quantities belonging together in this way is
called a temsor when the transformation formula are linear
and homogeneous with coefficients containing the quantities
which we have denoted by pa and ma. The individual quan-
tities forming the group are called the components of the tensor.

Tensors may be divided into Z,
different classes according to their
transformation formula, those of
the same class having transforma-
tion formula of the same form.

Let 21, x2 and z7, 23 be two sets
of oblique coérdinates in a plane.

Let f!, f2 be the components of

a force fin the first system, and

fvV, f2 those of the same force f O z
in the second system. It is clear Fic. 43

that the relation between these components is the same as
that between the coordinates themselves (Fig. 43).

The same holds for any vector. We shall therefore say that
four quantities f1, f2, f3, f* form a vector when they are con-
nected with the corresponding quantities in the system of co-
ordinates z, x5, x5, x; by relations of the same form as those
connecting dz; - - - dxy with dx; - -~ dxy. A vector is therefore
characterized by the transformation formula

fe=3® mafo. (242)

The vector can be denoted by f, f2, f3, f* or by f¢ or simply
by f. It is also called a tensor of the first rank.

To give an example of a tensor of the second rank we consider
the stresses in an elastic body. The components of these are
Xz Xy, Xo Yo, Yy, Y, ete. relative to rectangular axes. Each
of these nine components is related to two axes; therefore the
tensor is of the second order. In the formule of transformation

r
T2

’
Ty
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we have squares and products of the cosines of the angles be-
tween the two sets of axes; that is, squares and products of
the p’s or m’s. Or again, if we take the equation of an ellipse
in oblique cooérdinates

guzl + 2 gra®ixs + g2oxd =1, (921 = g12)

and make the substitution (233), we get an equation of the form
gur’ + 2 910 xs + 920757 = 1, (921 = 912)

where 911 = PAgu + Pup219i2 + P21Pugiz + 3922 ete.

The four quantities g1, g1, g12, g22 form a tensor of the second
rank, and the last equation is one of the transformation formulz.

This leads to a very important question. Suppose that we
have a quantity of the second degree in the four increments

d ay l ’
Xq, NamMely Q ZZ(ab) gabdxadxb, (243)

the coefficients gq being functions of xi, 2, x3, x4. If we sub-
stitute the values (230), we obtain a homogeneous quantity of
the second degree in the increments dzx,, thus

> @) gapdaday =, @) goda,das. (244)
What is the relation between the two sets of quantities g. and
9.7 When the substitution is made we have
2, (aee) GasPacPoedr,dics.

Give definite values to ¢ and e. The quantity dz.dx, is then

multiplied by z(ab)p .
acVbely aby

and this must therefore be the value of g,,; that is,

g;e = 2 (ab) PacPoedab 5 (245)

ga» is a tensor of the second rank, and (245) is its formula of
transformation. There are sixteen equations of this form and
sixteen terms on the right-hand side of each.

There is a difference between (245) and (242), for in (242)
we have the coefficients w, whereas in (245) we have the
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coefficients p, though in both cases the values in the new sys-
tem are expressed in terms of the old. When we have the p’s
in the formulz of transformation which express the new values
in terms of the old ones, the tensor is said to be a covariant;
when we have the 7’s, it is said to be a contravariant. It is to
be remarked that when we invert the formule of transforma-
tion ; that is, when we express the old values in terms of the
new ones, we get p’s where we had 7’s, and conversely.

Equation (235) shows that dx, is a contravariant tensor.

It is often convenient to use upper suffixes in the components
of a contravariant tensor and lower ones in the components of a
covariant tensor, but we have written dz. instead of dx for the
reason already mentioned.

When gas = gse We have also, by virtue of (245), g;, = g...

Proof. Interchange ¢ and e in (245):
. g;c =2(“b) PaePbcJab =2(“b) DPaePbcGba.

But according to the transformation formula this is exactly
the value of g, because interchanging a and b leaves the ex-

pression unaltered ; thus
Oec = G- (246)

When in a physical problem we have to deal with a quadratic
homogeneous function of, say, three variables,

F=23X(auxl+---+2mmix2+ - - -), (a1 =012 ete.) (247)
the three partial derivatives &, &2, £3 are often interesting,
£ = a1 + 1222 + 1373,
&2 = a21%1 + Q2222 + A23%3,
&3 = a1 + 43222 + a33%3,
and we have the theorem
F=}(m& + w282 + 23&3). (248)

For instance, 1, z2, 3 may be the component angular velocities
of a body about the three axes, and &, £, £3 the components
of the moment of momentum. Or, again, 2, 2, 3 may be the
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components of the electric force in a crystal, and £, &2, &3 the
components of the dielectric displacement. Having

auxl -+ 2am22 4 - - -,
we write it in the form
211 + 2282 + 2383
by reckoning 2 ais2x;xe as belonging half to the term with

factor z; and half to that with factor x2.
In the case now under consideration we can put

Q = @) guydZdzs =D @ Eudita, (249)
where £a =20 gadats. (250)
£, is a covariant tensor.
Proof. We have
£, =2 ®) gy =D Oce) PeaPesTfoeels.
Give to b the values 1, 2, 3, 4 with special values of ¢, e, f.

=1 for f=e
Then S peb"rﬂ;{= 0 for fx e}'
and therefore &, =3 Peafeecle =D, © Deake.
Inversely, & =2(b) TabEpe (251)
From (250) we derive the values
e =2, 0) g°&s, (252)

where the set of quantities g* is inverse to the set gas.
Now our sum @ can be written in.the forms

S @ Edra and D@ Egda,
and therefore in the forms
D@ gE.E, and 3 @b g'bELE,
so that these also must be equal. We conclude that
g'ee =2 (@b) T g M peg®® (253)

and hence that g® is a contravariant tensor of the second rank.
What we now have found about these tensors will suffice for
our purpose. We shall give only one or two more theorems.
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The definition can easily be extended to tensors of higher
rank. Suppose that kq. is a covariant tensor of the third rank,
and ¥ a contravariant tensor of the second rank. The sum

2 ®e) kapelt®

will be different according to the value of a. There are there-
fore four sums, mi, M2, m3, ms. There is now the theorem that
these four quantities form a covariant tensor of the first rank, or
a covariant vector. (The proper notation for this has already
been chosen.)

Proof. Mg =2(bc) kancll,
and similarly My = 60) gyl
Thus Mg =3 (boefohi) PeaP s PyeT hoTick ggl.

First take the sum
Z“ o {:1 for z'——-g},
PP 10 for ig)’
the expression for m, then reduces to

m, =2(befah) DeaD T hokergl™.
Next perform the summation

z“" - {=1 for h=f},
P | — 0 for hfl’
then M =D, 6f0) Peakesg? =D © PeaMc.

The expressions (@ kl* and Y, ) kyl™

are peculiarly simple; each of them is a single number that
does not refer to one or more of the coordinates. This number
is the same whether we use one set of codrdinates or the other;
it is an invariant or scalar quantity.

Einstein has succeeded (and this is a most remarkable achieve-
ment) in describing physical phenomena in a way that is the
same in all systems of coordinates. This is due to the fact that
in the system 1, x2, 23, 1+ he makes everything depend on the
quadratic form which we denoted provisionally by @, with the
relation gap = Gha.
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1. In the first place, the velocity with which light is propa-
gated may be derived from the quadratic form Q. Let us follow
a light-signal in its course. At each time x4 it has reached a
definite position i1, r2, z3 and during the time dxs the three
space coordinates will have changed by dxi, drs, dxs. Now
according to Einstein’s theory these values substituted in the
quadratic expression 2 (@) Gardadcs
d.

X
_—az")a;

dx4
> @b gasvats = 0; (254)

1, v2, v3 are the components (in the three-dimensional space
R3) of the velocity with which the light-signal is propagated,
and 14 = 1.

If the equation is written out, we have

guvE+ - -+ 2g10v2+ -+ 20+ +914=0,

a formula that enables us to determine the velocity of light
when the direction of the ray is given. The velocity in question
is the ray velocity, and when its direction is known we know
also the ratios between vy, v2, v3 and v itself, so that (254) leads
to an equation (of the second degree) for the determination of v.

2. We have good reasons to suppose that in parts of space far
away from all bodies that produce a gravitational field we can
introduce rectangular space coordinates 1, 22, 23 and a time x4
in such a manner that the velocity of light has the constant
value ¢ in all directions. Then equation (254) must reduce to

will make it vanish. If we divide by dzs, and if we put
we get

12 = c2.

This means that in the present case we can ascribe to the ga's
the following values:

gu=g=gss=—1, gu=c? gu=0 for a#b. (255)
If the ¢’s can be given these values, which we may call
the “normal”’ ones, we shall say that the space is free from
gravitation.

If, however, the coordinates cannot be so chosen that we
have the values (255), we shall speak of a gravitational field, in
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»

which the ten quantities gs are the “potentials.” The reason
why we call it a gravitational field will soon become clear.

3. Suppose that in the system i, 22, 23, 4 We have the val-
ues (255); then by means of the transformation formula (245)
we can determine the potentials g., in the system zj, 2, 3, 24
In general they will be different from (255), and it looks much
as if there were a gravitational field. It is, however, not a real
but a spurious one. A real gravitational field is always con-
nected with some attracting body; so that we cannot create it
by a simple mathematical transformation. We may, however,
if we like to do so, speak also of a gravitational field even when
it is only apparent.

4. Consider the special relativity transformation

T, =121, Tp==x, I3=axs—bexs, Ty=ars— -g z3 (256)
with the relation a2—b2=1.
These formule are easily inverted (as we know), so that the
values of both the pa’s and mg's are known. We can therefore,
starting from (255), find g, by (245). It is found that these
still have the values (255), as we knew already.

5. In some cases the change in the velocity of light due to a
transformation to new coérdinates is a very simple matter.
For instance, if we first have the values (255) and then put

r, =kx1, x;=kxs, «3=kxs, x;=Izs,
k and ! being constants, we find

’

14 ’ ’ 1 2 ’
011= G2z = 033 ="k§; 944=%’ 9,,=0 for a+b,

so that in the new coordinates (254) becomes

T
“mte="
1)==:1:£c.

l

This is simply a change in the numerical value of the speed of
light, which is due to changes in the units of length and time.
The meaning of the double sign will be obvious.
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6. Formula (254) leads to a quadratic equation for the veloe-
ity of light in a given direction; the roots of this equation are
not equal and opposite when the coefficients gis, go4, g4 are
different from zero. This can occur when, starting from a
system in which values (255) hold, we make the substitution

Ty =21 — Wxs, Ty=7T2, Ty=1x3, I,=1s,
where w is a constant. We then have
Oh=0r=0nw=—1 gu=—w, g4=c>—uw?
so that if a ray has the direction of zi, equation (254) becomes
—vE—=2wn +c2—w2=0,
giving n=+c—w,

a result that can easily be interpreted.

7. Whereas in this case nobody will even speak of a spurious
gravitation field, (254) also applies in Einstein’s theory to all
real gravitational fields. The deflection of rays of light by the
attraction of the sun can be deduced from it if we know the
potentials.

We shall now consider the motion of a material particle.
This also is determined by the quadratic form which we have
already used. We shall henceforth put

ds? =3 (@b gardzads (257)

and shall call ds the line-element in the space Ra.

It may be recalled that there are many different geometries,
—for instance that of the plane, that of the sphere, etc. We
could also have a geometry of the surface of an ellipsoid. Now
in all these geometries we can begin by choosing a proper num-
ber of coordinates and expressing the distance between two
infinitely near points in terms of the differences of their coordi-
nates. For example, with rectangular codrdinates

ds? = dx? + dx? in a plane,
ds? = dx? + dxZ + dz? in space;
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with oblique codrdinates the relations are more complicated,
the product terms also appearing; with polar codrdinates on
a sphere of radius ¢ (Fig. 44)

ds? = a? sin? x, - dx? + a?dxl.

A similar expression can also be found in the case of an ellipsoid ;
ds? is always a homogeneous quadratic function of the differen-
tials dz. If the formula for the line-element is known, the whole
geometry can be based on it. We shall revert to this later; at
present we shall merely observe that angles, change of direction,
curvature of lines, magnitudes of areas, etc. can all be found.

So our formula for ds? is the
starting-point for a geometry of the
space Rs; and since this geometry
depends on ga, it will be different in
the case of a gravitational field than
when there is none.

The motion of a material particle is represented by its
world-line, and therefore the law that regulates the motion
must give us the course of the world-line. Einstein’s law is
as follows:

If P; and P, are two points in Ry, and L (going from P; to
P5) the world-line of a point, and moreover, if L’ is a line differ-
ing infinitely little from L and between the same points, then
the variation of the length when we pass from L to L’ is zero;
that is, it is a quantity of the second order. Thus

8 fds=0. (258)

N

FIG. 44

The world-line is a geodesic line in R4, but the length is not
necessarily a minimum.

It is clear that we have now a way of describing motion that
is the same in z; - - - 24 and z; - - - ;. In the latter system

ds? =2(ab) gapdxadas,

where g, is related to ga in a way that we have already de-
scribed. But in the new system, with the aid of the g.,’s we
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can describe phenomena just as in the old system we did with the
gav’'s. We thus have physical equations which are covariant.

The condition (258) may look somewhat strange at first,
but in ordinary mechanics similar theorems occur. A point
that is constrained to remain on a surface without friction will
describe a geodesic line; and in all cases in which Hamilton’s
principle or the principle of least action applies, the real motion
is distinguished from other conceivable motions by the condi-
tion that some definite integral remains stationary when the
motion is varied to an infinitely small extent.

From the condition in Einstein’s theory that the world-line
of a particle is a geodesic in R; we can deduce the equations
of motion in the form *

d%(_ g =Z<ab) Wabe %{Zb . (259)
(c=1, 2, 3.) In these equations — ¢;, — ¢z, — q3 are the com-
ponents of the momentum of the particle, and the expressions
on the right-hand side, in which w.. are certain coefficients
which we shall not further calculate, may be considered as the
expressions for the component forces exerted on the particle by
the gravitational field. We have three equations of this kind
withc =1, 2, 3.

The quantities ¢, are defined by the formula

_m
G=1 Em s (260)

It is remarkable that there is a fourth equation that is obtained
by taking ¢ =4 in (259). This is the equation of energy, the
energy of the particle being g4, calculated according to (260).
The second member of (259) taken for ¢ =4 relates to the
amount of energy which the particle receives per unit of time
in the gravitational field. The formulz show that an influence
of the field on the momentum and energy of the particle exists
only when the potentials g, are not constants but are func-
tions of the coordinates.*

* See Note 18, Appendix.
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It is interesting to see what (260) becomes when the poten-
tials have their normal values (255). Then we have

_ mg,, 322

Ta = Mas , 261)
ds? = (c2 — v9)dzl, ds=+c2— v2dxs

so that the momenta become

my ' mv2 mo3
= , —ge=—T2 g » (262)
N V2 — 2 ? Vez —p2 3 Vez — 2
2
and the energy becomes —t . (263)
\ /02 J— v2

These are the values which we found in special relativity, only
divided by a factor ¢. We can, however, always replace m by
cm, and then we have exactly the old values.

As (260) shows, g, is a covariant vector.

We can now, just as we did in special relativity, consider
a system composed of a great number of points all (at least
all that are in an element of volume) moving with the same
velocity with components (v, v2, v3). At a definite instant
24 let Ndxidredxzs be the number of particles in the element
dx;, dxz, dx3, so that N may be called the number per unit of
volume. Then, for instance, the energy per unit of volume is

Nga, (264)
and the first component of momentum per unit of volume is
— Naqv. (265)
The first component of the flow of energy is
Nqqv;. (266)

We can further consider an element dxodx; and fix our atten-
tion on the momentum — ¢; that passes through it per unit of
time. So we are led to the first of the stress components, for
which we may still use the ordinary expressions X, etc. if we
write 2, y, z instead of x;, z2, 3. The result is

X: = Nqiv1. (267)
Indeed, X.dydz means the change per unit of time in the
momentum in the direction of z, existing on the negative side
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of the element dydz in so far as that change is due to what
happens at the element. In our case the only cause of the
change is the transfer of the momentum by particles going
through the element dy dz.

The above expressions can be simplified if, in addition to
1, V2, v3, wWe intr
1, Ve, 3, We introduce drs (268)

V4 = 'gt— =4,
" multiplying by this the expressions in which there is as yet no
factor representing a velocity. We can then say that if TS, T3,
are the stresses X, X,, ---, and — T} - - - the momenta per
unit of volume, T} - - - the components of the flow of energy,
and T the energy itself per unit of volume, we have

TY = Nqabs. (269)

From this we can deduce the transformation formule, not for-
getting that when we pass to z, - - - x; we shall have not only
another g, and another v, (namely, ¢, and ;) but also another
N ; namely, N'.

In examining the relation between N and N’ we are led to
introduce the determinant of the coefficients pw, which is

equal to Ny

\[ — g ’
Here g is the determinant of the potentials gas, and, similarly
g’ is the determinant of the potentials g.. Instead of these
quantities we have introduced — g and — ¢/, because g and ¢’
are always negative. This is seen immediately when the gabfs

have their normal values, for then g=—c2.
It is easily found that 1
—_— T';
V—g

is a tensor, covariant with respect to the suffix o and contra-
variant with respect to b (“mixed” tensor). Thus*

1 " 1 e
TP = (ce) PeaTes Tee (270)
V- g’ —g Z

* See Note 19, Appendix.
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From the mixed tensor 1 T? we can deduce a covariant
V—g

tensor of the second rank Tg by means of the formula
1
Top= © —==0gT5 271
b E © o e (271)

This tensor is symmetrical ;* that is, T = Ta, as can be
deduced from (269) combined with the value of ¢a.

In all other cases also the components of momentum etc. are
considered to be such that 1

V—g
is a mixed tensor and that T is symmetrical. This can be
verified for the case of the electromagnetic field ; the equations
for this field must, however, be modified in a way that Einstein
has indicated. In connection with these equations the formula
for the momenta ete. can be found.

It may be remarked that Maxwell’s equations in their gen-
eralized form enable us to answer all questions concerning the
propagation of light in a gravitational field. In the first place,
we can deduce from them the law of propagation of waves;
then, by Huygens's construction, the same for rays. It is
found that the velocity of the rays is determined by ds? = 0.

Ta

59. Einstein’s Field Equations. In the old theory of gravita-
tion there is only one potential, and the gravitation is simply
due to the mass of the attracting body. The distribution being
determined by the density p, we have for the potential Poisson’s

equation Ad = 4 mrp
where « is the constant of gravitation and

0 0, 02,
A_8x2+3y2+8z2

This is a partial differential equation of the second order for
the determination of ¢ when p is given.

* See Note 20, Appendix.
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Now in Einstein’s theory the ten potentials g, have to be
determined by partial differential equations as functions of the
coordinates, and this has to be done by means of formulea that
do not change form when new coordinates are chosen. It was
certainly a most remarkable achievement to obtain equations
of this kind.

We have already seen that our argument that

ds? =2(ab) Jar@xadxs

gives us the length of the line-element in the space Ry is the
starting-point of what we may call the geometry of Rs. The
geometry can be fully developed when we know the gu’s as
functions of the coordinates. We can then deduce differen-
tial equations for the geodesic lines, and can also determine
angles.

If we wish to determine the angle between the lines AB and
AC, we take along each an indefinitely short step and join the
ends B, C. We then calculate by our fundamental formula the
lengths of AB, AC, BC and deduce from them the cosine of
the angle A just as if the triangle were an ordinary plane
triangle.

We can also define what is meant by an infinitely small
plane passing through AB and AC. In much of what has been
said thus far it has been tacitly assumed that in our four-
dimensional space two points that are infinitely near each other
can be joined by what we may call a straight line-element, the
simultaneous changes of the four codrdinates being in constant
ratios to each other when we pass along the line. The plane in
question is determined by all the line-elements joining A and
points of BC, all these lines lying in the plane.

At a definite point of the space R; we have many differ-
ent planes; for instance, 1, 2; 1, 3; 1, 4; ete., the meaning
of these notations being as follows: A line-element along
which, of the four coordinates, z; only changes may be called
1, and line-elements 2, 3, 4 may be defined in a similar
way. The symbol 1, 2 represents the plane passing through
1 and 2.
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Let AB be an infinitely small displacement or vector of
length ds and components dz.. We shall call the quantities

e = (272)
its direction constants. Itis clear that they satisfy the condition
z(ab) Jap®n® = 1. (273)

We must now consider the following important problem: Sup-
pose that at the point P (Fig. 45) we have a vector PA with
the direction constants ¢. We dis- 4
place P along a geodesic line PL.
We can imagine that in doing so L
we cause the vector PA to move
along with the point P, its direction
constants being gradually changed P FiG. 45
according to some rule agreed upon.
Equation (273) shows that they cannot in general be kept con-
stant. Now this rule can be chosen in such a way that we get
the nearest approach to what we '
may call a displacement of PA par- W
allel to itself. For this purpose we ¥ Fic. 46
may proceed in the following way : *

1. Suppose (Fig. 46) the vector PA to have the direction of
the geodesic line PP’Q along which it is to be displaced. Then it

must constantly fall along that line. A A

This amounts to saying that a second

element of a geodesic line is parallel S R

to the first. I
2. Let PA be at right angles tothe P’

geodesic line PL (Fig. 47), and let P’ Fic. 47

be infinitely close to P. Then it is

natural to assume that if PA remains parallel to itself, it must
be also perpendicular to PL at the point P’. But its direction
is not determined by this condition, because at P’ the number

* For the theory of parallelism reference may be made to T. Levi Civita, Rend.
Palermo, Vol. 42 (1917), p. 1.
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of directions perpendicular to a given line isinfinite. The direc-
tion P’ A’ can, however, be completely determined as follows :

Let PR be a second geodesic line differing infinitely little
from PL and having at P an initial direction which lies in a
plane containing the initial directions of PL and PA. Take on
PR a length PS equal to PP’; then the line P’S will give the
required direction.

3. Let PA (Fig. 48) have any direction. Choose PB so that
it is perpendicular to PL and so that at P the three directions
are in one plane. Let PB be displaced along PL in the way just
explained, and let P'B’ be a new position. Then the direction
P’A’ which we want to determine is at P’ in the same plane
with PL and P’'B’, and it is further determined by the condition

that it must make the same angle B A B A

with the geodesic line P’L as PA

makes with PL. ,
This definition of a vector’s dis- % L

placement parallel to itself can be P
applied to ordinary geometry and
also to the geometry of the sphere and ellipsoid. We are then
led to remarkable consequences. Suppose the point P is made
to move along some closed curve or polygon, so that we come
back to the starting-point Po. Then if a vector accompanies
the point in this motion, so that each successive position of it,
in the above sense of the word, is parallel to the preceding one,
the vector will just come back to its initial direction if we have
to do with a plane or an ordinary space of three dimensions,
the Euclidean space. But things are different in the geometry
of the sphere. According to our argument a vector on a sphere,
when displaced along a great circle parallel to itself, will simply
make the same angle with the circle all the time. Now let
us apply this to a displacement of the vector 0 (Fig. 49) along
the sides of the spherical triangle ABC, so that it will take suc-
cessively the positions 1, 2, 8. The last of these will not coincide
with 0 (Fig. 49).

Indeed at B we have the angle § between 1 and 4 B produced.
Thus the angle between 1 and BC is 180° — B — §: the angle

FIG. 48
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between 2 and CB is B + 6, and the angle between 2 and AC
prolonged is B+ 60— (180°—C) =B+ C+ @ — 180°. This is
also the angle between 3 and AC, so that the angle between 3
and ABis A + B+ C+ 6 —180°. Therefore 3 makes with 0 an
angle (4 + B + C) — 180°, which, as you know, is different from
zero. The difference is proportional to the area of the spherical
triangle. The same result in a 2

general form holds also in our Rs.

The above property of the
sphere arises, as we say, from the
curvature of the surface. Simi-
larly, we may speak of the curva-
ture of the space Rs. It possesses
even curvatures in different direc-
tions, for at any point we can dis-
tinguish between the planes 1, 2;
1, 3; ete., and we can consider Fic. 49
closed lines in each of them.

Let us take two infinitely short lines PQ and PR (Fig. 50)
having the directions of 2 and x;, and let dxr and dx; be the
changes of x; and x; when we go from P to Q or from P to E.

After completing the parallelogram PQSR (this means that
for each of the codrdinates the change when we go from @ to S
is equal to the change belonging to the R S
displacement PR) let us move along this
circuit in the direction PQSRP (dzxy first).

Then if 7!, 72, 73, n* are the direction

constants of some vector at P at the , 0
start, and if this vector accompanies the FIG. 50
motion along the circuit, remaining par-

allel to itself, the direction constants n° will be changed when
we come back to the starting-point P by

on° =2(c) H g nrdxida, (274)
where H ¢

& is an expression containing the first and the second
derivatives of ge Wwith respect to the codrdinates. It can be
wholly developed, but we shall omit the formula. For our
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purpose it is sufficient to remark that H,;, is a mixed tensor of
the fourth rank, partly covariant and partly contravariant, as
has been indicated by the position of the suffixes.*

From Hj we can deduce a covariant tensor of the second

rank ; namely,
y Ge=Sw HE, 275)

H, is what H} becomes when [ =a; that is, when we want
to know the change of the direction constant with respect to a
codrdinate whose increment is represented by one of the sides
of the parallelogram.

That G really is a covariant tensor can be easily proved
from (275). Moreover, when the value of Hg,, is substituted, it
is found that G is symmetrical;t that is, Gex = Gge.

Now Einstein’s field equations have the form

G =—k (Tas — 3 g T). (276)
Here T, is the covariant tensor which we found when speaking
of the momenta, stresses, ete. 7T is the scalar defined by

T 22 (cd) g'chd . (277)

« is the constant of gravitation; such a constant, of course, has
to be introduced.
There are ten equations of this form which partially deter-

mine the ten potentials gq.
Later on, Einstein changed his equations, giving them the

form Gap — Ngap = — K(Tap — 5 g T), (278)

where \ is a new constant.

Both the equations (276) and (278) have the same form in
all systems of coordinates. This means that if in the system
x1, x2, *3, ¥+ we have equations (276), we shall have in

.z xh x
1 ’ 1,/
PUB T Gab = K(Tab -2 gale)r

where T/, is a tensor connected with T by the transforma-
tion formulee which we have already found, while 7" is defined
by a formula similar to (277) and G, is made up of differential
coefficients of g/, with respect to x; - - - x4 in exactly the same

* See Note 21, Appendix. + See Note 22, Appendix.
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way as Ga is made up of the derivatives of gs with respect
to z; - - - 4. That the equations are true for any choice of
codrdinates is due to the fact that all terms are tensors of the
same kind.

The gravitational field depends on the energy, the stresses,
the momenta, and the flow of energy. They all tend to pro-
duce it, but the most important of them all is the energy. It
replaces the mass in the old theory. You will remember that
already in special relativity, when we have a mass m that is at
rest, we have an energy mc2.

Just as the energy T is the most important of all the com-
ponents of the tensor T%, so gss is the most important of the
gravitational potentials, and by this it is brought about that,
after all, we do not get far away from Newton’s theory. But
all this is due to the fact that velocities of bodies are always
very small in comparison with that of light.

The influence of the other components of T on the gravi-
tational field, though too small to be observed, is most inter-
esting from a theoretical point of view. For instance, we can
consider the sun in a first approximation as a globe of energy,
the value of T,/ having in its interior a certain constant
value; but if we wanted to go farther, we should have to take
into account the distribution of the energy, which will not be
exactly uniform, and also the internal stresses and pressures.
If the sun is rotating, we shall have a momentum and a flow
of energy; these also will contribute to the gravitational field.
Even a beam of light will produce a field of that kind, so that
if we have two beams parallel to each other and at a certain
distance, the one may be deflected by the gravitational field
that is produced by the other.

A cavity filled with black radiation will produce a gravita-
tional field of its own ; that is, it will attract bodies, say, more
than when the radiation is not there. And here I may remark
that it will also be attracted in a degree that is proportional to
its attractive power and so to what we have called its mass.

Thus one of the most important features of the new theory
is that gravitation is no longer an isolated phenomenon but is
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closely connected with all other physical phenomena, — not,
however, on an equal footing with them. It is a phenomenon
of a more general kind and in a sense embraces them all.

If the theory can be maintained, this will certainly be one of
its greatest beauties, and it is surely one of the greatest achieve-
ments in physical science to have established a doctrine so far-
reaching and all-embracing.

I may add that the new theory throws light on things with
which we have long been familiar. One of these is that with the
same initial conditions all bodies fall so that at any instant they
have the same velocity. Of course this has always attracted
the attention of philosophers; it seemed to indicate that all
bodies have something in common in their constitution. In
Einstein’s theory it is simply a consequence of the rule that the
world-lines of all material particles or bodies (in so far as these
can be considered as particles, not too large) are geodesic lines.

It may here be recalled that the expressions which we found
in special relativity for the momenta and energy of a particle
can, as we showed, also be applied to any system in a station-
ary state. The same is true in the gravitational field, provided
the dimensions are small compared with those of the field.
Also, the changes in the momenta that are due to the gradients
of the potentials are determined in the same way as in the case
of a material particle, so that the equations of motion remain
the same. If we had black radiation inclosed in an envelope, —
say in an envelope without mass or weight, — that black radia-
tion would fall with the same velocity as a stone; its world-line
would again be a geodesic line.

Thus black radiation, and so also a beam of light, has really
weight. This weight can be transmitted to the cavity in the
same way as the weight of a mass of air, the mechanism of the
transmission being that the rays of light (curved by the gravi-
tational field) exert pressures on the walls that have a definite
resultant.

Let us revert from these imaginary cases to phenomena
which we observe daily. In the ordinary gravitational field of
the earth, which is uniform over not too great an extent, the
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potential gs is a linear function of the height. For bodies
moving with small velocities the momenta are mv,, mvs, mvs.
The rate of change of the first of these, if z; is vertical, is

connected with the gradient 9914 by our first equation of
motion, all as in the old theory. 011

I may here remark that, just as in this case, when we want
to solve a definite problem we do not use strange or quixotic
codrdinates but coordinates by which everything may become
as simple as possible.

60. Some Further Observations on Einstein’s Theory. 1. Ein-
stein’s field equations (276) have been solved for several special
cases, so that we are able to give the values of the potentials ;
that is, of the coefficients in the formula for ds2. The simplest
case is that of the field around a body with spherical symmetry
(or around any body if we remain far enough away from it).
Schwarzschild has given an expression for ds? which takes the
following form when we confine ourselves to a plane passing
through the center; r and ¢ are ordinary polar codrdinates in
this plane.

dst = — - _p2qge 4 ¢ (1 ~Yae.  @19)
1-¢ 4
s

As an example of the applications of this formula we shall
deduce from it the conditions under which a circular orbit can
be described with constant velocity. In this case dr=0 and
d¢ = w dt, if w is the angular velocity. Further, in applying the
fundamental formula (258), we may suppose only 7 to be varied,
¢ and ¢ remaining unaltered. As the variation of dr?, that is,
2 dr &dr, vanishes on account of the first factor, we find from (279)

2ds§ds=—2r§rd¢2+a—rc;6rdt2=<—2rw2+grc72>6rdt2.

This leads to the condition

2 2
—2r?+ 25 =0, =57
r2 r3

agreeing with Kepler’s third law.
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Let us now introduce in (279) a new variable 7/, wherer = f(r') ;

th 1 (o ’
g2 = — ____[fl(’ U2 [y pag? + e [1 - —“—] diz. (280)

-5 f@’)
(r’ 2
In particular, if we put r = :—,(T' + %) ’ (281)
we find that \ — % 2
ds=— (1+ ) @24 rede?) + ¢ ) dez. (282)
dr 1+-&
47

2. The field equations have the same form whatever be
our choice of coordinates; it does not matter whether we take
as the first polar codrdinate r or . Therefore the coefficients
in (282), which satisfy the equations with »’ as independent
variable, will also, if we simply omit the primes, satisfy the
original equations of which the coefficients of (279) formed a
solution. So it is found that the field equations admit of
different solutions. Why does this make no difference?

If we choose first one system of gu's satisfying the field
equations, and then another, we shall get different orbits and
different courses for light-signals, but observable phenomena
remain the same. All observable phenomena are in fact what
we may call coincidences. A vibration of light, for instance,
that has been emitted by a star coincides at a certain moment
with a point of the moon’s border, and at a later instant with the
point of intersection of the cross wires in a telescope. It is clear
that when there is a coincidence of this kind, two world-lines will
have a point in common, which in general they have not.

Now suppose that if we take r, ¢, and ¢ as the independent
variables, determining the propagation of light and the motion
of bodies on the basis of the expression (279), we find two world-
lines L; and L2 whose equations are

501 (r, o, t) = 0, Xi(r, ¢y t)=0 (283)

and Yo(r, ¢, 8) =0, Xx2(r, ¢, ) =0, (284)
and that these intersect at the point

r=\ o¢o=u, t=v, (285)

these values satisfying the four equations.
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If in (283) and (284) we substitute for r the expression (281),
we find equations in 7, ¢, ¢t of a somewhat different form, say

gl(r’: o, 0)=0, xi(r', ¢, 1) =0, (286)

and Ya(r', 6, 0) =0, Xo(r', ¢, 8)=0; (287)
and these will have the common solution

=\ ¢=u, t=u, (288)

X being the value of 7’ that corresponds to r = A.

It will be clear that if we keep to r as independent variable,
but use the second solution of the field equations of which we
have spoken, namely, the solution given by (282) with the
dashes omitted, there will be world-lines whose equations are

‘;—&I(T; ¢: t) = 0: _X_l(r) ¢, t) = O)
and Yalr, ¢, 1) =0, Xa(r, ¢, 1) =0.
These will be different from the lines (283) and (284), but like
these they will intersect each other, the codrdinates of their
common point being
r=N o¢=pu t=u

8. Though the principle of relativity leaves us entirely free in
the choice of coordinates, it will be advisable, in any particular
case, to choose them so that the mathematical calculations and
results take a form as simple as may be. It is true that accord-
ing to Einstein’s views we cannot think of three rectangular
axes of covrdinates fixed in the ether, nor of the time as measured
by a particular system of clocks that occupy stationary posi-
tions with respect to this medium; but we can always try, by
a proper choice of codrdinates, to make the values of the poten-
tials ga as simple as possible; we can often do so by using
rectangular space covrdinates z, y, z. If in this case we define

our line-element by do? = dz? + dy? + d2?, (289)

we have ordinary geometry and no curvature of space; but
if, in the case of a gravitational field, confining ourselves to
x4 = const., dzs = 0, we define the line-element by

ds2 = 2 (@, b=1,2,3) Jupdadizs,
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space will be curved. This curvature can be detected by means
of measuring rods, just as we can detect that of a spherical sur-
face, for instance.

Suppose we have a very great number of equal rods, so short
that they may be said to fit to the surface. On a plane we can
form with these rods a regular hexagon, each side consisting of
n rods laid end to end, and the six radii of which are made up
of n rods each. But if » is large enough, this will be found im-
possible in the case of the sphere. If we were endowed with
unlimited means of observation, we should see that a similar
experiment performed in a gravitational field fails likewise,
and this would show us what we have called the curvature of
the field. Nevertheless we can also speak, if we like, in terms
of the geometry characterized by (289). If we prefer this, our
space is not curved, and the failure of the hexagon experiment
is to be ascribed to small changes in the lengths of the rods
caused by the gravitational field.*

61. Displacement of the Lines in the Solar Spectrum toward the
Red. We can imagine an instrument of very small size in which
a periodic motion is continually going on, so that the “clock,” as
we may call it, gives a regular succession of ticks. According to
the theory of relativity it must be possible to describe the fact
of this regularity in terms that are independent of the choice
of coordinates. This would not be the case if it consisted in an
equality of time intervals, for when the codrdinate x4 changes
by equal steps, the coordinate z; will generally not do so. It
is always possible, however, to think of the world-line L of the
clock and of the points P, P’, P”, - - - of that line, corresponding
to the ticks. Supposing these points to be infinitely near each
other, we shall be true to the principle of relativity if we assume
that in the case of a “‘perfect” clock the elements PP’, P'P",
ete. of the world-line have always one and the same length
when we calculate it by means of our formula for ds2. Thus

Y @ gasdzadrs = 12,

* See Note 23, Appendix.
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where ! has a value characteristic for the clock, the same, of
course, for clocks of equal construction.

1. If the potentials g, have their normal values (255) the for-
mula becomes (if v is the velocity with which the clock moves)
(c2 —v2)dxf =12,

__t
showing, because x4 is the “‘time,” that the translation of the
clock with a velocity » makes it move slower.

2. Let us next suppose that the clock is at rest in a gravita-

tional field. Then e d l
g44 x4 =7, X4 = .
V Jaq

If, for instance, g44 has the value occurring in (279), the time
interval between two ticks will be inversely proportional to

— %- On account of the gravitation exerted by the sun,

dil?4 =

(290)

dzxs will be greater for a clock that is placed at the sun’s surface
than for one that is placed on the earth. This is the reasoning
that has led Einstein to his celebrated prediction that the lines
in the solar spectrum, when compared with the corresponding
lines of a terrestrial source of light, will be found to be displaced
a little toward the red. The shift would be very slight, and, as
you know, the reality of the phenomenon is still somewhat
doubtful.*

REMARK 1. We can imagine a clock first to have a stationary
position at the surface of the earth, and then to be transferred to
the sun where it again takes a stationary position. The world-
line L, which has a continuous course, will be in the direction x4
both before and after the displacement, and we can apply (290) to
two intervals lying in these extreme parts of the line.

Similarly, we can say that the period of its vibrations would be
changed if an atom of sodium were transferred from the earth to
the sun, and the conclusion may be applied to two atoms A and B,
one on the earth and one on the sun, if we suppose that A, when
transferred to the sun, would find its exact counterpart in B.

* Since this was said, the shift has been observed in the case of a star for which
it is greater than for the sun.
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REMARK 2. In what precedes we spoke of the lengths of the inter-
vals dx4 or dt corresponding to the succeeding vibrations. But how
about the observed frequency ?

The gravitational field is stationary, and in this case the electro-
magnetic equations admit solutions in which all expressions contain
one and the same factor ¢, so that the frequency is everywhere
equal to that of the source. We can see this without knowing the
equations, because the conditions for propagation are the same for
all succeeding vibrations.*

62. A Problem relating to the Effect of Centrifugal Force. It
has been shown by the last eclipse expedition that light is
deflected by gravitation. The question once arose as to whether
rays of light can be similarly deflected by centrifugal force. I
was asked, What will occur when, for instance, a glass cylinder
is rotated about its axis and a ray of light is passed through
it in the direction of the axis? Will it be deviated from the
straight line? The answer is as follows:

First choose axes of coordinates that are fixed in the room,
not in the rotating cylinder. What are the values of the poten-
tials g ? If there were no gravitational fields, we should have
the normal values of the potentials. Now there is the field
of the earth, but we can neglect this because we want to know
the influence of rotation only. Still more can we neglect the
field produced by the glass cylinder and the change in it due
to the rotation. Accordingly we have the normal values of the
ga’s. This means that the phenomenon can be treated by
means of the old theory and that it has nothing to do with
general relativity. .

We have only to take into account the fact that the glass,
when rotating, drags along with it light-waves to an amount
determined by Fresnel’s dragging coefficient. It is found that
there will really be some deflection of a ray of light in a plane
passing through the axis. Needless to say, this deflection is
much too small to be observed. The influence of the strains
produced by centrifugal force and of the ensuing double re-
fraction would be much greater.

* See Note 24, Appendix.
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63. The Rotation of the Earth. This rotation, which has been
established by Foucault’s pendulum experiment and by the
phenomena of falling bodies, can also conceivably be proved by
electromagnetic or optical phenomena. Diurnal aberration has
not been observed with certainty, but an interference experi-
ment has been planned by Professor Michelson in which light
is to be sent by means of reflecting mirrors round a triangle
in two opposite directions, in order to see whether any difference
in the time of propagation is produced by the earth’s rotation.*

Consider an ideal experiment in which electric waves travel
around two parallel wires, as in Lecher’s system, except that
the wires are supposed to be placed round the earth’s equator,
each forming a closed circle. The theory of relativity, as well
as the old theory of a stationary ether, would require that the
velocities of propagation in the two directions relative to the
earth be unequal. There will then be standing waves whose
nodes and loops move round the earth, making a complete
circuit in a sidereal day. The earth may be said to rotate
relative to these nodes and loops. (In this discussion we need
not speak of the gravitational field of the earth ; the phenomena
would be the same if the earth exerted no gravitation at all.)

Now choose a system of coérdinates. We can do this in
two ways:

1. So that the loops and nodes are stationary; that is, so
that the velocity of electric waves is the same in both direc-
tions. In this system we have the normal values of the
potentials gq5, and the earth appears to rotate.

2. So that the axes are fixed to the earth. We now have dif-
ferent values of the gq.’s that can be found by means of the
transformation formule. The new gau’s also oceur in the equa-
tions of electromagnetism, and these show that the nodes and
loops are rotating and that the velocities in the two directions
are unequal. .

Thus when we are asked with respect to what the earth rotates,
we may say that it is rotating in a system of coordinates in

* Since this was written, the experiment has been performed, with the expected
result.
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which the ga’s have their normal values. Foucault’s experiment
leads to the same conclusion.

But we may wish to think of the earth’s motion as motion
relative to something that is more substantial than a mere sys-
tem of axes of codrdinates. Here there are two alternative views.

Physicists of former days would say that the nodes and loops
have their seat in the ether, — that the earth rotates relative
to this medium and that the ge’s have their normal values in a
system of axes that is at rest in the ether. We have no longer
to account for these normal values, the properties (if we may
call them so) of the ether being responsible for them.

On the other hand, according to Einstein there is no such
thing as the ether of which we have just spoken. If there is
some medium, it has not sufficient substantiality to enable us
to use it as a framework of reference with respect to which
the position of bodies can be determined. Einstein thinks that
in our experiment the nodes and loops are fixed in some way
or other relative to the fixed stars, seen or perhaps unseen.
This conception can be admitted because the stars are really
seen rotating around the earth. Therefore we can admit that
the nodes and loops are kept in their places by them, so that
it is relative to them that the earth rotates.

Of course this implies that there is some kind of connection,
or link, between the stars and the earth. Indeed, if there is
nothing of the kind between them, the conception of relative
motion is not wholly clear. We cannot, without further expla-
nation, even draw a straight line toward some star. Now, ac-
cording to Einstein, the system of codrdinates in which the ga’s
have their normal values is not determined by the fixed stars
by some mysterious influence but by the gravitational field
which they produce. In his opinion, even the normal values of
the ga’s constitute a gravitational field due to the stars; and
if the stars were not there, we should not have these normal
values. This is connected with Einstein’s idea that the inertia
of a body must be considered as relative to something else;
that is, to some other body. As a measure of inertia we can
take momentum. The first component of the momentum is
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given approximately by — mgud:; and when the gu’s have
their normal values, this becomes mi;. Einstein thinks that if
the stars were not there, we ought to have g;; =0, so that,
even if the body were moving with respect to certain axes of
coordinates, it would have no momentum.

I have now partially, though rather imperfectly, indicated
the line of thought which led Einstein to his field equations
in their later form (cf. equation (278)). I cannot enter into the
solutions which they admit ; it will be sufficient to say that he
considers three-dimensional space as finite. The time coordi-
nate x4 can have all values ranging from — o to + o, but the
space coordinates are limited, so that the extension that corre-
sponds to them is in three dimensions what the circumference
of a circle is in one and the surface of a sphere in two. Like
these latter extensions it has a definite radius R (immensely
greater than any distance with which we are familiar), and the
constant A is connected with this radius.* Now, on account of
the term with A in the equation,

Gab — NJab = — K(Tap — 5 g T),
the stars really determine the ga's.

If we pass from the system of coordinates in which we have
the normal g,’s to another fixed to the earth, we have different
ga’s; these new values are again due to the stars, which are
rotating in the new scheme and therefore produce a different
gravitational field.

In performing the necessary calculation Einstein supposes
the mass of the stars to be uniformly distributed, but we shall
not speak of this.

64. The Time Variable in the Theory of Relativity. Let usfinally
revert for a few minutes to the special theory of relativity and

to the transformation used in it, in which time also is involved,

:I:t:x, y’:y, z':az_bct’ t'=at—-gz.

You will remember our two observers A and B, using the
different times ¢ and ¢, and each able to describe physical

* See Note 25, Appendix.
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phenomena in exactly the same way, though what is simul-
taneous for one is not simultaneous for the other. The theory
of relativity emphasizes the fact that one of these is exactly
as good as the other. A physicist of the old school says, **I pre-
fer the time that is measured by a clock that is stationary in
the ether, and I consider this as the true time, though I admit
that I cannot make out which of the two times is the right
one, that of A or that of B.”” The relativist, however, main-
tains that there cannot be the least question of one time being
better than the other.

Of course this is a subject that we might discuss for a long
time. Let me say only this: All our theories help us to form
pictures, or images, of the world around us, and we try to do
this in such a way that the phenomena may be cosrdinated as
well as possible, and that we may see clearly the way in which
they are connected. Now in forming these images we can use
the notions of space and time that have always been familiar
to us, and which I, for my part, consider as perfectly clear and,
moreover, as distinct from one another. My notion of time is
so definite that I clearly distinguish in my picture what is
simultaneous and what is not.

The fact that physical phenomena can just as well be de-
scribed in terms of z and ¢ as in terms of 2’ and ¢ simply means
that I can form my picture in two different ways; namely, by
taking ¢ or ¢’ for my time. The principle of relativity teaches us
that one of the two modes of description is just as good as the
other. There is nothing very strange or inconceivable in this.

As to the ether (to return to it once more), though the con-
ception of it has certain advantages, it must be admitted that
if Einstein had maintained it he certainly would not have given
us his theory, and so we are very grateful to him for not having
gone along the old-fashioned roads.
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Note 1, § 4
Assuming
(Hz, Hy, H;) = (p, q, 1) €

and making use of the relations B=H, D, = e,E,, D, = &E,,
D, = e;E., we find on substituting in the field equations that

in(t+k—’°°“+”°‘:’5+’°°”)

rcosﬁ—qcos'y+§elf=0,etc. hcosﬁ—gcosy—%p:O,etc.
The elimination of p, q, r leaves us with the three equations
2
(% € — 1)f= —cos a(f cos a + g cos B + h cos 7), ete.

use having been made of the relation cos?a + cos?f3 + cos?2y = 1.
Eliminating f, g, k, we find that

cos? cos? cos?

: += B, =Y t1=0.
v 1 Le o1 Z 1
pe; € — pe €2 po> €3 —

Clearing away the fractions and rejecting the factor »?, we are left
with a quadratic equation in v2.

It should be noticed that D and B are perpendicular to the direc-
tion of propagation, but E is not.

Note 2, § 7

The solution represented by (17) and (20) can be verified by direct
substitution. In order to obtain it one may proceed as follows:

The solenoidal distribution of the electric force E and the mag-
netic force H will be insured if we put

E=curl E, H=curl H;
indeed, this implies div E = div curl E' =0,
div H =div curl H' = 0.

The vectors E' and H' have to be properly chosen in any particular

case. They are of the kind called vector potentials.
223
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Now, by putting E; = — H, = ;cc- a sin n(t - §>,
E' —E' —-H' H.=0,
where a is a slowly variable function of y and z, as specified in the
text, we obtain the values (17) and (20). That Maxwell’s equations
are satisfied by these, to the degree of approximation here required,
is found by remarking that

1 0E JH

curlH—-—-—-:curlL curlE+~————_cur1N
c ot ot
where L_curlH'-——a—Ea, N = urlE'+——a—H—
c ot c 0Ot

From these latter equations one finds, for the components of L and N,

L, cgasmn(t—%>, L,=0, L.=0,

cda <_z) - -
" oy sin n (¢ . N,=0, N.=0,

H

N:

showing that the components of curl L and curl N are either zero
or negligible on account of a factor which is a small quantity of the
second order.

Just as we have in (17) and (20) the representation of waves of
variable amplitude with E in the direction of ¥ and H in the direc-
tion of 2, similar formule may be written down in which these
directions are interchanged, and by combining the solution thus
obtained (with a variable amplitude b) with (17) and (20), a solu-
tion is obtained in which both the amplitude and the polarization
vary over the wave-front.

The method which we used here may also be applied to the prop-
agation of curved waves that are laterally limited. Let S be any
curved surface and let the position of a point @ on that surface be
determined by two codrdinates v and w chosen in such a way that
the lines » = const. and w = const. are the lines of curvature. Let
us draw the normal QN to a definite side of S, and let u be the length
of a distance QP along that normal; then u, v, w may be taken for
the codrdinates of P.

At the point P we may distinguish three directions which we may
call the directions %, », w; namely, the directions in which P moves
when one of the coordinates changes in the positive sense, the other
two remaining constant. These directions, the first of which coin-
cides with PN, are at right angles to each other, and », w and @N
may be chosen in such a way that the directions u, », w may be
made to coincide with those of x, ¥, z by a rotation.
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The lengths of the displacements of P which correspond to posi-
tive increments du, dv, dw may be represented by adu, Bdv, v dw,
where a, (3, v are positive quantities that are functions of the coor-
dinates. It is clear that o =1, but we shall retain this factor for the
sake of symmetry.

As to 8 and 4, they will be pure numbers if the coordinates v
and w have the dimensions of a length, and we shall suppose » and w
to be so chosen that, throughout the space which we want to con-
sider, B and < shall be comparable to unity, being neither very large
nor very small numbers. The equations of the electromagnetic field
in the coordinates u, v, w are easily found when we remember that
the two groups of Maxwell’s equations are contained in the general

formulae st s = % fbn do

and f E.ds = — % f Bnda,

or, for the ether, [Hads = % [Eudo, (291)
[Buds = _% [ ,do. (292)

In these equations the integrals on the left-hand side are to be taken
along a closed line s, and the integrals on the right-hand side over a
surface ¢ having s for its boundary, the normal » to ¢ being drawn
insuch a direction that it corresponds to the positive direction along s.

Applying (291) and (292) to infinitely small quadrangles, each of
which has its sides in the directions of two of the codrdinates, and
denoting by E,, E,, E.,, Hy,, Hy, H, the components of E and H
in the directions of the coérdinates, we find that

O(YHy) _ 9(BH,) _ By 9E.,

ov ow ¢ ot (293)
0(aH,) _ 9(yHw) _ Y2 9Es

ow  ou ¢ Ot (294)
O0(BHy) _ 0(aHy) — g@ _a_E_w

ouw  ov ¢ ot (295)

and that 9(YEy) _9(BE.) _ _ By OHu, (296)

ov ow c ot
9(aE,) 2(yEo) _ _ya 9Hs,

o T w = e a 297)
0(BE,) _ 9(aEu) _ _ aB 0Hy, (298)

ou ov c ot
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We shall deduce from these equations that under proper circum-
stances there can exist a propagation of vibrations in which the sur-
faces u = const. are the wave-fronts, the expressions for E, - - - Hy
all containing the factor o
e"‘('“?), (299)

-and the amplitudes by which these factors are multiplied being
slowly varying functions of %, », w. The condition for this state of
things is that the radii of curvature of the wave-fronts are large in
comparison with the wave-length A ; and when a quantity is said to
be slowly varying, this means that it changes only by a small frac-
tion of its magnitude when we pass over the distance of a wave-
length. The quantities 8 and vy are of this kind, and if ! is a length
of the order of magnitude of the radii of curvature, or of the distance
over which one must go forward in order to find a change in the
amplitudes comparable with these themselves, a differentiation of
B, v, or one of the amplitudes with respect to %, », w introduces a
factor of the order 1/, whereas differentiation of (299) with respect
to u introduces one of the order 1/A.

Among the terms of the above equations we can distinguish some
that may be called principal terms, of the first order, and others of
the second order that are of magnitude A/l when compared with
them. We shall neglect quantities of the third order, and in doing
80 we shall remember that all differentiations that are applied to
a slowly varying quantity raise by one the order of magnitude of
that quantity.

Now there are two solutions of the equations. In the first E, and
H,, are the only components that are of the first order,

Ey=a em(‘—;), H, =a ein(taz).

With the approximations just mentioned (putting now a=1)
equations (294) and (298) become

_00Hy _y 2B, 20E)_ oM.,
dou ¢ Ot ow ~ ¢ Ot

or, after substitution of the above values of E, and H,,

a=a'+iﬁ°~_;3§a%jﬂ, (300)
o =a+4iS 2B (301)

nB ou
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If, now, on the right-hand side of (300) we replace a’ in the first term
by the expression (301) and in the second simply by a, which amounts
to the omission of a third-order term, we find

1 gBa} 10(ya) _ —0,
B ou 'y ou
or Bloga+alog By _
ou ou
=-E, (302)
VBy

where p is independent of # and may be any slowly varying function
in the wave-front.

In reality :/%y is only the first term of a series, the second term
of which is of the order A/l with respect to the first. We cannot
deduce this second term from (300) and (301), because these equa-
tions are not exact, one of the terms having been omitted in both
(294) and (298). But the expression (302) is sufficient for our pur-
pose, because it shows us the law according to which, for very small
values of A/l, the amplitude varies in the direction of propagation
when the waves are curved.

Similarly, and with the same restriction, we find, from (300)

and (301),
a' = —Lr
VBy

so that, to a first approximation, the amplitudes of E, and H,, are
equal, as they are in the case of plane waves.
Returning now to equations (293)-(298), we may remark that the

terms a (aHu) and a gaEu) ,
ov ow

in (295) and (297), may be omitted as being of the third order. We
can therefore satisfy these equations by putting

Ew = 0, Ha = 0,
whereas E, and H, are found from (293) and (296):

R ()
o= g AN
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We find similar formule for the second solution, in which E,, and
H, are the only components that are of the first order. It need
scarcely be added that the final formule for the electromagnetic
field are obtained by taking the real parts of the complex expressions
for the components of E and H.

As to the variation of the amplitudes in the direction of propaga-
tion, we may remark that if R; and R; are the radii of curvature of
the wave-front S from which we started, 3 and v will be proportional
to R, + u and R + v; that is, to the radii of curvature r; and 7.
of the wave-front passing through the point considered. Thus the

1
VTirs
case of spherical waves this becomes 1/7% for r; =72 =1, and it is
easily found that in the case of cylindrical waves the flow of en-
ergy is inversely proportional to the first power of the one radius of
curvature.

amplitudes vary as and the flow of energy as r_lr_ In the
172

Note 3, § 10

In working out the theory of the method of the rotating mirror
we shall suppose the angular velocity w to be so small that all terms
containing its square may be neglected. We shall also introduce
some further simplifications.

Let the mirror be placed at the origin O of coordinates, its surface
passing through OZ, which we take as the axis of rotation, and
through the line which, in the plane XOY, makes an angle 0 with
0X. We shall suppose that, at ¢ =0, 6 has the value %7 and that
during the phenomena which we have to consider, ¢ is so small that

the term wt in
0=%1m+wt (303)

can be treated as infinitely small.

Let the illuminated slit be placed at the focus of a collimating
lens, so that the mirror receives a beam of parallel rays having the
direction of OY. Then, if the mirror is held fixed in the position
6 = 1, the reflected rays have the direction OX. After having
passed through a ponderable dispersive medium extending from
z=p to z=gq, they are thrown back by a fixed mirror placed
normally to OX.

In the experiments an image of the slit is formed on or near the
surface of this mirror. This may be brought about by a slight dis-
placement of the slit, so that the rays falling on the revolving mirror
are not exactly parallel. We shall, however, avoid this complication,
and we shall rather suppose that the parallel rays, after having passed
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through the dispersive medium, fall on a eonvex lens L placed before
the plane fixed mirror M, the focus of L lying in the surface of M.
This combination, L, M, may be called the * inverting ”’ arrangement.
The rotation of the first mirror will produce certain small changes
in the beams of light with which we are concerned, and for the solu-
tion of the problem we want suitable expressions for the electric
force E and the magnetic force H existing in them. For the sake of
simplicity we shall suppose the electric force to have the direction
of 0Z; that of the magnetic force will then be in the plane XO0Y.
We shall take into account the dispersive property of the ponder-
able medium by assuming that, in the relation D = ¢E, the dielectric
constant ¢ is a function of the frequency n. Then the wave-velocity

v=-2 (304)

Ve
will also depend on 7, and according to what has been said in § 8
the group-velocity w will be determined by the relation

1_1, mo de,
1;_0+202 dn 305)

Now suitable expressions for the beam which, after the first re-
flection, is propagated in the ponderable medium are found to be

in(t—£)+ixy(t—~z)—avx+i5y——iany2
E.=ace v w

Hz=[—ix%—x%(t—i)—ﬁ%+2acy]& L, (306)
eI s N

where «, , 8 are constants proportional to w. Indeed, if we neglect
quantities of the order w?, these values can be shown by direct sub-
stitution to satisfy the equations '

curlE=—lI:I, curlH=l]')=l ¢E;
Cc [ [
only, since the frequency in (306) is » + ky, one must replace € by
€+ KY %,
for which, by virtue of (304) and (805), we may write

t 2et(l 1)
v2+ nw \w v Y.
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Corresponding to (306) we have the following expressions for the
reflected beam before it reaches the ponderable medium :

E;=a ei”(‘—%)+i‘v(‘—§)-"“+iﬂﬂ—i¢ny2

mee-ich e £(-2)-pEzamml o

. c2
H,,_(—l +w%)Ez

We shall use expressions much like (306) and (307) for the other
beams of light, and we shall have to determine for each of them the
constants k, @, 8. The final result will be seen to depend mainly on
the values of 8. As to the amplitudes a, in general complex quanti-
ties, these are of no importance, for it is easily seen that a constant
factor in the amplitude or a constant term in the phase cannot have
any influence on the course of the waves.

Let the incident light (I) be given by

E.=a ein(‘—g), .=E, Hy=0, (808)

and let us try to determine the amplitude @, and the constants
K, @, B in the expressions (307) for the reflected light (II).

If we suppose the revolving mirror to consist of a perfectly con-
ducting material, which implies that there can be no electromagnetic
field in its interior, the condition at the surface, the only one that
we have to consider, is that the normal component of the magnetic
induction, that is, of H, must vanish. Hence the quantity

H, cos § — H, sin 6,
and therefore also the expression
H, — H, tan 6,
or, by virtue of (303), Hy— (1+2wt)H,, (309)

must be zero.
At the surface we have

y=xtan 0 = (1 + 2 wit)z.

Hence, if this is substituted in (308) and (307), and if the quantity
(809) is caleulated for the incident and the reflected beam, the sum
of the results must vanish for all values of ¢ and z.
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in(t-2
Putting P (t ‘) =o, :
we find, for the incident beam,
2 inw
- xt y
E,=c0ae ° =0'a(1 —21:“’0:1%),

H,—- (1 +2wt)H,—_—ga(_1_2wt+2icnth),
and for the reflected beam,

£ ixz (t-f) — acx +iBz —ianz?
2z =00r€

= oar [1 + (1B — ac)x + ikxt — 1(;—‘ + om)xz],
Hy—(+2e)H,=|-1+iaS +ix S+ 8
y= (A +20)H =| -1 +ia—+ik-5+B
+x-c—t—(5+2ac)x]E,
n n
2
=aa,[—1+z’a9-+ix—°5+6£+x£t
n n n n

- (iﬁ + i + ac) x — ikxt + z(f + an)xz].

The surface-condition will be satisfied if

a,—=—a,
—_2n -2
K= p w, a—czw,
Bir =0.

Beam II, falling on the first boundary, = = p, of the ponderable
medium, will give rise to a transmitted beam, to be represented by
(806) and to a reflected one, the expressions for which are obtained
if in (307) we replace x by — « and H, by — H,; thus, omitting the
formula for H., . .

E, —a em(t+c)+u¢y(i+c)+acx+tﬂy—tanyﬂ’

. c2
Hv =(1 —W-;;)Ez.

So far as it is necessary we shall distinguish the quantities belong-
ing to the three beams by the suffixes ¢ (incident), r (reflected), and
t (transmitted), and we have now to apply the conditions that at
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the surface of separation E, and H, must be continuous (the con-
tinuity of H: being implied in these). It is easily seen that this
requires that in the exponents occurring in the expressions for E,
the coefficients of ¢, yt, and y2 must be equal, so that 7, «, and «
must be the same in the three cases. Furthermore, if we put

eint +ixyt —iany2 — o,

_inp inp _inp
ae ¢ =b;, ae=b, ae ° =b,
we have
v N
—ix 1/ acp +1B,y
E.;=ocbe *

= ob,(1 — acp — y+1ﬁy>

y,_abl( 1+za-—+acp+uczc—) "‘iﬁzy>v

E,, = ab, 1+a6p+u<—y+13r?!)

1- za—+acp+uc2y+zﬁy)

(
E. = ab,<1 —avp — 1K L y + 1B,y)

S 1
Hy¢=ab,[—l—)+za;+acp+xﬁ<%— )y+u¢—y—-z[3, ]

Applying the boundary conditions to the case w =0,k =0, ¢ =0,
B =0, we find bibr:by=@+e): (v—c):20,

and these ratios, though in the real case they differ from the true ones
by quantities of the order w, may be used in terms containing « and 3.
If now we consider only those terms in the equations

Ezi+Ezr= 2ty Hyi+Hy =Hyt

which contain the factor y, and which, taken by themselves, must
satisfy the equations, we obtain two relations for the determination
of 3; and ;. For the second of these quantities the result is

Brrr = Brr + kp (l - %)r (310)
where a term — ik ﬁ—lé)—_}_—) has been neglected because its ratio to

the term «kp (l —-1—) is of the order of magnitude b, if N is the
wave-length. ¢ P
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We can examine in exactly the same way what takes place at the
surface xr = ¢, where the light leaves the ponderable medium. The
incident light is now to be represented by expressions of the form
(306), the transmitted light (IV) by (307), and the reflected beam by

in(l+§)+ixy(t+£)+anx+iﬁy—inny2
E.=ae v w ,

=[¢_ i _ sl_l)
H,,__[v o Kn<v wy]Ez.

Again, the values of 7, k, and « are the same for the three beams,
and we find

Brv = Bir + kg <% - i)
and, combining this with (310),
_ 1_1
Brv =P + Kl(c w),

if I = q — p is the length of the column of ponderable matter.

It will be convenient, before considering the inversion of
beam (IV), to shift the origin of coordinates to a point just in front
of the lens. We have then to replace x by x + L, if L is the distance
from the revolving mirror to the lens. After this change we may

still use (307), if only we replace 8 by 8 — K—CL- By this the constants

for beam (IV) become
2n 2 , 1 1 1
K=—_c°w, 0(=c—2'(.0, BIV=BII—KL'Z+Kl(Z—E)' (311)

It would be difficult exactly to analyze what goes on in the
inverting arrangement. Nevertheless expressions for the inverted
beam (V) which probably are sufficiently near the truth are easily
found.

Let OX’ and OY’ be new axes in directions opposite to those of
0X and OY. Then (V) is represented by formule of the form
(307) ; namely, ,

. ¢C x’ c
Hx'=[—ucﬁ—x—<t—;)—Br—‘+2acy’]E, » (812)
. c?
Hy/ =<— 1 + ¢ _)Ez
n

with the values (311) of «, «, B that were found for beam (IV).
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That these are the proper formula for the inverted beam may be
seen by attending to the meaning of the terms with «, a, 8.

1. If k =0, a = 0, the phase in (307) is the same in a plane passing
through O and determined by

—nf+ﬁy=& (318)
Similarly, the wave-front in (312) is given by
-n % + ﬁyl = 0:

so that it coincides with the plane (813). This must be so because
the inversion by the lens and the mirror placed at its focus leaves
the direction of plane waves unchanged.

2. If k=0, B = 0, the equation of the wave-front is

x
—nz—omy2=0

’

. X
in one case, and -n= - any'? =0

in the other. The two are equally curved, but in opposite directions,
as they are found to be by the rules of elementary optics.

3. The frequency is n + ky in (307) and n + «y’ in (312). If in the
first case it is greatest for positive values of y, it is greatest in the
second case for positive values of y’ corresponding to negative
ones of y. This also could be expected, because a ray which first
passes through the lens on one side of OX will, after the reflection,
pass through it on the other side of that axis.

The problem of the propagation through the dispersive medium is
the same for beam (V), represented by (312), as it was for beam (II),
represented by (307). One can say at once that the formule (312)
apply to the returning beam (VI) between the ponderable medium
and the revolving mirror, if the constants are given the values (311),
with the exception that 3 has to be increased by «l (—15 - %) If, finally,
the origin is shifted back to its original position at the center of the

rotating mirror, (3 is further altered by — «L - %, so that for the return-

ing beam (VI) falling on the mirror we have (812) with the values

—_2n =2 = 1 1_1),
k=—""0, a=5w, B=-2«kL c+2'd(c w) (314)

It remains to examine the last reflection. The reflected beam will
be propagated nearly along OY'. It will differ more or less from



APPENDIX 235

what it would be in the simple case w = 0, and presumably the modi-
fications due to the rotation of the mirror will be similar to those
which show themselves in the other beams of light. One is therefore
led to try expressions like (312), replacing z’ by %' and ¥’ by — .
On working out the problem we find that formula of this kind can
satisfy the boundary condition, and that in the new beam k =0,
o =0. For the sake of brevity we shall assume these values, writing
for the reflected rays

in(t—%)—iﬁ,z’

E; = are Hy = — ﬁ,—f; E,, Hy=E, (315)

We shall show that the condition at the surface can be satisfied
if B, is properly chosen.
The normal component of the magnetic force is
— Hy cos 6 4+ H, sin 6,
so that the quantity H, — (1 + 2 wt)H,»

must vanish at the mirror, that is, for all values of ¢ and «’, if first

bstitut
we substitute Yy =2tan 0 = (1 + 2 wt)z".

Denoting by ¢ the factor e (t_ ¢ )
and «, we find for beam (VI)

. z’ . .
ixx’ (t - ?) — acz! + 1Bx! — tanx'2

and using the values (314) of «

E,=o0ae

=oa (1 _2 wx' + 1x’ — 2w x’t),
c ¢
Hy—(+2a)Hy=(-1+6% ~20t - 2ur)E,
=aa(—1+ﬁ§ - 2wt — zﬂx +2‘an t),
and for the reflected light

. 20z’ 2 inw
E, = oase c = oar (1 — 1Bz’ ~ — x’t),

Hy - (1 +2wt)H,,=<_ 1-8¢ —2wz)E,

=o-a,( 1- 6,——2wt+z/3x +2mw 't).
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These values agree with the surface-conditions if ar = —a and
Br = — B, or, on account of (314),

pom et 13-

The second of equations (315) shows that the direction of the ulti-
mate reflected beam deviates from the direction which it would
have in the case of no rotation by an angle

¢=—%Bﬁ

the positive direction of the deviation being from OX’ toward oY’,
or from OX toward OY, and being therefore the same as the positive
direction of the angular velocity w. Thus there will be a deviation

1 <1 1)
= L==1{==-=
¢d=4 w[ . l Py ]
having the direction of the rotation of the mirror, as is really ob-
gerved. Now, in discussing the experiment in the ordinary way, if
this deviation ¢ has been measured, one infers from it that in the

time during which the light has traveled to the distant mirror and
back again the movable mirror has turned by an angle

20[c1-1(1-1)]
(4 c w
and that therefore the time required for the propagation from one
mirror to the other is 1 1 1
i
c

c w

As the path in the ether is L — [, the time required by it is L-T_l » 80

that I/w is left for the propagation in the column of ponderable matter.
Thus the velocity deduced from the experiment is really the group-
velocity w, although after these complicated calculations we cannot
say that this result is at all obvious at first sight.

Of course we could have considered, as was done in the lecture,
the intervals of time during which the outgoing rays fall on the
fixed mirror and the returning rays on the revolving one, and in
doing so we should have to attend to the group-velocity in the
dispersive medium. But the above calculations show (and this is
easily understood) that in determining the position of the final
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image we are not concerned with these intervals of time; it depends
only on the direction of the wave-fronts.

Some further remarks may be added :

1. If light is reflected by a mirror receding with the velocity u in
the direction of the normal, the change in the frequency is, by
Doppler’s principle,

2 nu
- cos X,

where x is the angle of incidence. This agrees with the change
2 nwy
¢

Ky = — » because, at the distance s from O, the velocity of a

point of the mirror is » = ws, and for the position in which the mirror
bisects the angle X0Y, y = s cos x.

2. The quantity by which ¢ is multiplied in the exponent in (306)
may be called the “ phase,” and if it is put equal to a constant k,
we find the equation of a wave-front containing ¢ as a parameter.
For y = 0 the equation becomes

n (t - %) =k (316)

showing that the point of intersection of a wave with OX proceeds
with the velocity ». Furthermore, at this point the derivative dz/dy,
taken for a constant ¢, is found to be

g =[<(-3)+s)

or, using (316), 3—; = %(1 - ﬁ) T + const.
The latter of these formulz determines the change in the direction
of a wave during its propagation in a dispersive medium.

3. The term with y2 in the exponent shows that plane waves,
when reflected by a revolving mirror, become slightly curved, a
result that can be verified by means of Huygens’s construction.
The sense of the curvature depends on the direction of the rotation.
Corresponding to the curvature of the waves there is the term
— avx, the meaning of which is that in the case of curved waves
the amplitude varies along the normal, increasing in the direction
of their concave side.

Note 4, § 17

By means of equations (80) Mr. Bateman has rigorously calcu-
lated the energy radiated by an electron moving periodically in a
closed orbit of any size. He has been led to the interesting result
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that for a full period the radiation is equal to that which would
correspond to a flux of energy

S'=2y _B__E'aati‘k, (317)

where \0=\‘1—LZ—:J¢,

so that we could get rid of the radiation by supposing that, in
addition to Poynting’s flow,

S =¢[E - H],

there is another flow equal and opposite to S'.

The calculation is as follows: Let z, ¥, z be the codrdinates of a
point P fixed in space, ¢ the time for which we want to determine
the field, ¢, the time at which the electron reaches its effective posi-
tion Q, . Y. 2. the cobrdinates in that position, r = c(t —t.) the
distance QP, v the velocity of the electron at time Z, and o its
component in the direction Q P. When the motion of the electron
is given, t. and consequently Z., ¥, 2, 7, and v will be definite
functions of z, ¥, 2, L.

Differentiating the equation

@=2)+ W —Y)? + (2 —2)% -2t —1)* =0
with respect to ¢, we find

~ [(x = 2e)vz + (Y — Ye) 0y + (2 — 20)2:] % —c*(t -t (1 - %%) =0,

-1
giving % - (1 - "Z) , 318)
and, similarly,

O _ _ T —=Te (1 - '_’L>_1 = _ T % e ete.
- at ’

or cr c cr

By this the derivatives of 2., ¥., 2., 7, and v, all of which depend on
t., likewise become known.

Now the electromagnetic field is determined by the derivatives
of ¢ and A. We shall determine the flow of energy across a very
large sphere, and it will suffice to retain in E and H only terms of
order 1/r. This means that we have not to differentiate the factor 1/r.

Omitting it and the constant factor e/4 r, we shall put

p=1A-w)?, A=w(l-w)",
where for further abbreviation we have replaced v/c by w.
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Denoting, on the right-hand side of the equations, by z, ¥, z the
relative coordinates of P with respect to @, that is, the quantities
that were first called x — x., ¥ — Y., 2 — 2¢, We have, for each of the
quantities that have to be differentiated,

9 o0, 0 __yo 0__20,
9r crot oy crot o0z crot
Differentiations with respect to ¢ will be represented by dots.

If now, in the expressions for the components of E and H we omit
the factor 1/cr, they take the form

E,=x¢ —rA, etc., H,=—yA, + 24, etc.,

and from these we find, for the components of Poynting’s flow, after
some transformation, omitting the factor ¢,

S, =E,H, — E.H, = $[124, — x(xA, + yA, + 24,)]
+r[x(A2+ A2+ A2) — A, (xA, + YAy +24,)], ete. (319)

As we have omitted, in both E and H, the factors e/4 wr and 1/cr,
and after that in S the factor ¢, the components of S will finally have
to be multiplied by g
16 wPert

We shall now integrate the values of S; ete. over a full period T,
beginning at some definite instant to. If ¢, is the effective time
corresponding to this, that which corresponds to f, + T will be
teo + T, and if we take t, as the integration variable, attending to
the relation (818), we have for the integrals in question

too+ T
£ (1 = wy) Sadte, ete. (320)
e0 N

In the above value of S, we must substitute ¢ = (1 —wr)~?,
¢ (1 — wr)~2, and similar expressions for A, etc. Furthermore,

wr——-"wz'f'lwy'f"'wz-
r r r

As we may consider the distances to the point P as infinitely great
with respect to the dimensions of the orbit, we are justified, for the
same reasons for which we did not differentiate 1/r, in considering
as constants z, ¥, 2, and r (though they vary over ranges determined
by the dimensions of the orbit), so long as P is kept fixed, taking
for them the values that correspond to the position @, of the elec-
tron at the time ¢,,. This enables us to calculate in a simple manner
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the energy passing through a great sphere having its center at Q..
In this problem we are concerned with

x F4
Sr=—sz+gsy+;szy

r
or, by virtue of (319),
Sr=r2(A2 + A2 + A2) — (zA, + Y4, +24,)?,
and we have to calculate
too+T
I=[°"" (1 - w) St @321)
€0
corresponding to (320).
We shall now substitute in S, the values
A, =w,(1 —w,)" 1, ete.
expressing at the same time the derivatives with respect to ¢ in

those with respect to f.,, which we shall denote by primes. Here
the relation (318) must again be taken into account. Thus

Ar=1 —w) A, = (1 —w,)~ 2w, + (1 — w,)~3ww,, etc.,
AZ4AZ4+ A =1 —w)~ 4w +2(1 — w)~ 5w - w)w,
+ (1 —wr)~ S w2w?,
TA; + YAy + 24, =1 [(1 — w)~ 2w, + (1 — w,) 3w,w.]
=r(l —w,) 3w,
A —w)Sr=72[(1 —w,)"3w2 +2(1 — w)~4(w - w)w,
-1 =-w) 31 — w)w?]. (322)

In order to find the total radiation we must integrate the expres-
sion (821) over the sphere described about O with radius . We may,
however, invert the order of the two operations, first integrating
(322) over the sphere, for definite values of ¢, and dt. and then over
a period. It is to be noted that in the first step of this calculation
we do not take together amounts of energy that pass through dif-
ferent parts of the sphere simultaneously, for when ¢, has a definite
value, ¢ will not be constant all over the surface.

At the time {, which we choose the velocity w will have a definite
direction. Let us take the axis of x in that direction, and let us also
introduce polar coordinates, 0, x, such that the coordinates of a
point of the spherical surface are

V x=rcos0, y=rsinfcosy, 2z=rsin Osinx.
We then have
w, =w cos 6, w, =w] cos 6 + w, sin @ cos x + w; sin 0 sin x.
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After having substituted these values in (322) we must multiply
by an element of the surface do = r? sin 6 df dx and then integrate
with respect to x between 0 and 2 7, and with respect to 6 between
0 and m. The first integration is easily performed and we find

2 1rr“f{(1 —wr) 3 w? 4+ 2(1 —w)"*(w - w)w, cos 0

— (1 — w51 — w?) [w? cos? O + 3 (w2 + w.?) sin? 0]} sin 6 d,
or, if we put cos 0 = — u,
2 1rr4f_tl{(1 +wu)3w'? — 2(1 + wu)~* (w - w’) wyu

— @ +wu)" 51 —w?)[2 w2 —w?) + 3@ w?—w?)u?]}du. (323)

The integrals of (1 +wuw)~3, (1 +wu)~*u, (1 +wu)-5 and
(1 + wu)~5u2 have the values
2 , 8w | 2(1+w2), and 2+10w2,
1 —w?)? 31 —-w?23 (1 —wt 3(1 —w?)t
and (323) becomes

S -unSedo =3 o [ 2o + Z;;: )

Since w had the direction x, the product ww;, has been represented
by (w - w’), and the result now has a form that is independent of the
temporary choice of the axes.

Integrating (824) with respect to t, and restoring the factor that
has been omitted, we find, for the radiation during a period, Liénard’s

formula
ﬁ 0’2 + (U N v')2 dt
6 7rf (2 —v2)2 " (2—02)3]

We have substituted w = g—: w = %, so that v’ is the acceleration,

and we have written ¢ instead of ¢{,. Indeed, in calculating the inte-
gral we need no longer think of what was meant by the suffix e.

For slow motions we are led back to the formula that was given
in the lecture.

The radiation corresponding to the flux of energy S' mentioned
in the beginning of this note can be calculated along exactly the
same lines.

To begin with we shall replace (317) by

'=—2%§gradtl/;
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this amounts to the omission of the flux 2 562 (W grad ¢), the inte-

gral of which over a full period is zero. If now, replacing Y by
a- wz)’}(l —wp)~1, and éé- by — xr g—t’ ete., we write, for the com-
ponents of the new §', z

S =2ar {-% [ —wh - wr)"‘]}z, ete.,

we have omitted in S’ the same factor as was left aside in S.
We have next, when we introduce again the derivatives with

respect to {,
1-w)S,=2r2(1 —w)"'[- 1A - w) A —w) " w  w)
+ (1 —-w)f A —w) 20,
and if this is worked out and compared with (322),
(1 —w)S, = - 2(1 — w,)S,
+27r201 —w) 3w+ 1 —-wd) ! (w-w')?]
Now integrate over the sphere. The last term gives thrice the
expression on the right-hand side of (324); thus,

f(1 —w)S.do = f<1 —w,) S, do,

by which the theorem is proved.

Of course, if we change the flow of energy by the addition of the
flux S', we must expect that the other components of the stress-
energy tensor will have to be modified likewise. Mr. Bateman has
examined this question and some further consequences of the theory
in his paper, ** The Stress-Energy Tensor in Electromagnetic Theory
and a New Law of Force,” Phys. Review, Vol. 20 (1922), p. 243.

Note 5, § 26

It is well known that the interference phenomena produced when
X-rays fall on a crystal can be interpreted as due to the reflection
by a series of equidistant erystallographic planes. Let us therefore
consider one such plane V, supposing that the molecules which are
arranged in it in a regular pattern are so close together that they
may be replaced by a continuous distribution.

Let the rays come from the point P and let @ be the point for
which we wish to determine the reflected vibrations. Moreover, we
shall take as origin of two axes OX and OY in the plane the point O
of regular reflection, placing OX along the intersection of the planes
POQ and V. We shall draw OZ toward the side of the incident rays.
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Let the angle of incidence POZ be 0, PO =1, 0Q =1, r and 7’
the distances of a point in the plane V from P and @, do an element
of the plane, N the number of molecules per unit of area. The
vibrations at @ in any chosen direction, in so far as they are due to
the molecules lying in dg, may be represented by an expression of
the form Na + o

Ty COS T (t + p) do. (325)

The factor 1/rr’ has been introduced here because the amplitude
of the vibration which falls on a particle, and therefore also that of
the motion excited in it, is inversely proportional to r, and because,
similarly, in the propagation toward @ the amplitude changes in
the inverse ratio of 7.

We have now to integrate the above expression, in which a also
may change from point to point, over the part of the plane that
receives the rays.

The sum r + 7/, which we shall call s, is a minimum sy =1 + I’ at
the point O, and the curves s = const. are ellipses surrounding this
point. We suppose the boundary of the illuminated area not to
coincide for a finite length with one of these ellipses; then the
greatest value s, will be reached at a single point of the boundary.

Following the same method that was used in the lecture, we put

f% “%ﬂda = F(s), (326)

the integral being extended to the part of the area lying within an
ellipse s. The integral s+ds Ng
fe‘ —do,

r

taken over the part between two consecutive ellipses, may be repre-
sented b,
y dF (s) 4o
ds ’

and for the integral which we have to determine we may write

or, after an integration by parts,

I= I_F_(Slsmn -—+p)r "

8=8y
N
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We may here confine ourselves to the first term just as we did
in the discussion of the expression (101) on page 73. It can be
shown that, since the value s, is found at a single point of the

boundary, the value of gﬁdéﬁ for that value vanishes. As to the value

at O, it can be calculated if one remarks that for values of s very
near so we have full ellipses within the illuminated area, the point O
being supposed to be at some distance from the boundary.

The integral over one of these small ellipses is easily found. As
the codrdinates of P are —Isin 6, 0, I cos 6, and those of @ are
l"sin 0, 0, I’ cos 0, we have

r2=1024+ 2zl sin 0 + x2 + y2,
and for small values of x and y
r=1+2xsin 6’+é1—l(ac2 cos? 0 + y2).

Similarly ' =0'—xsin 0 + % (x2? cos? 6 + y2).

From this we find

L0 S A O 2y —
2(l+l,>(x cos? 0 + y2) = s — s,

so that the semi-axes of the ellipse corresponding to a small value of

8 — & are 1 [2W(s—s0) _[2UW(s—30).
cosO N 1+0 L+

It will suffice to retain in the integral (326) terms of order s — s,
only, because we have to calculate the derivative of F(s) for s = s,.
‘We may therefore consider Na/rr’ as constant, multiplying its value at
O by the area of the ellipse.

Thus F(s) =
by which (827) becomes

2 TNac . < s )
[=—=T2ac -2 .
nd +1) cos 60" t c+p

If this is compared with (325), supposing I’ =1, it is seen that, apart
from a change in phase of a quarter period, the reflected vibration
is what we should have if the molecules contained in an area

A
2 cos 0

2mNa (s — s0)
+17) cos 0 0%

(328)
were concentrated at O.

The effective area (328) is of the order of magnitude of the zones
into which the plane is divided by the ellipses s —so =\, 2\, ete.
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(Fresnel’s zones). Under ordinary circumstances it is very small (for
example, 4 - 10~7 em.2, when N =108 centimeters, [ =40 centimeters,
and 6 = 60°), yet it contains a very great number of molecules.

Note 8, §27*

The electromagnetic field that is produced, in the absence of all
ponderable matter, by a given distribution of electromotive and
magnetomotive forces Ec and He (which may be any functions of
the time) can be determined as follows:

The fundamental equations are

19D - _10B
curlI-I-cm curl E = P
D=E+Ee, B = H + He.

From these we find
curl curl E = — % curl B = — % (curl H + curl ﬁe)
1 1 1

=-a Pl

D- % curl He = — E. - % curl ﬁe,

or, since we may write on the left-hand side (on account of div D = 0)
grad div E — AE = — grad div Ee — AE,
AE — 515 E= % curl He — grad div Ee + 6—12; Ee. (329)
Similarly . ; ) 1
AH - = H = — = curl Ee — grad div He + 5 He.  (330)
c c c
1f now two auxiliary vectors P and Q are determined by the equations

AP—EIE.P;zEe, AQ—%@:H,, (331)
(829) and (830) are satisfied by

1 : : 13
:;curlQ—graddlvP+é—2P,
H=—-1-curlf’—graddin+515§.

* All formule in this note are vector equations. If ¢ is a scalar, grad ¢ is the

vector whose components are (—;% etc. The operator

b 2 F)
A= pes + a7 + Pl
applied to a vector A, gives a new vector with the components AAzete. In the
transformations use has been made of the relation
curl curl A = grad div A — AA,
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A solution of (331%is B L o[Hd
2 e — 2 e
- 47rf r s, Q= 41rf r ds,

where dS represents an element of volume, r its distance from the point
for which we want to know the values of P, Q at timet, and [Ee], [He]

the impressed forces such as they are in dS at the instant ¢ — 2

Note 7, § 28

An interesting example is that of two equal electrons moving
with constant velocity along a circle in such a way that their posi-
tions are continually opposite. We shall suppose that the circle
lies in the plane XOY, the center being at the origin of coordinates,
and we shall calculate the potentials ¢ and A for a definite time ¢
and for a point P,y ), whose distance r from O is so great that in
the expressions for ¢ and A all terms which diminish proportionally
to 1/r2, 1/r3, etc. may be neglected.

This leads to a great simplification when ¢, A;, A, A; have to
be differentiated. The derivatives with respect to any direction at
right angles to OP may be neglected, and the functions may be
considered as constant when ¢ and r are changed simultaneously,
the one by dt and the other by dr = cdt. This implies that

2 __12

Let a be the radius of the circle and w the angular velocity. Then
the potentials may be developed in series according to ascending
powers of aw
=%, (332)

c
and this quantity, the ratio between the velocity of the electrons
and the speed of light, will be taken to be so small that only a few
terms of the series need be used. We shall confine ourselves to
terms that lead to a factor w® in the final result for the radiation of
energy. We shall further simplify by supposing the point P to lie
in the 2zx-plane.

We may begin by considering a single electron. If this particle

were placed at O, the effective time would be ¢ — % In reality it
will be somewhat different from this, say ¢ — £ + 7. Let the posi-
tion of the electron be determined by the angle 0, so that the coor-

dinates are .
2’ =acosf, y =asind,



APPENDIX 247
and let 8, and 8. be the values of this angle at the instants t—g
and t—£ + 7. Then, in the effective position, the square of the
distance r, from P will be

r2=1r%—2ax cos 0, + a?,

. .
and as this must be equal to c2<£ - r) , we have the following
equation for the determination of T

—2¢rm +¢212 =—2ax cos 0, + a? = — 2 ax cos (0o + wr) + a2
With a view to the approximation which we require we may put
=2 cos 6o.
cr
Thus 06=00+wr=00+ﬁfcoseo,

cos 0, = cos 8, — B % sin 6, cos 6,
gin 8, =sin 6, + f cos? 6. (833)

The direction constants of the line drawn from the electron in its
effective position to P are

T — a cos 03’ asinf, =z
- , %
re Te To

and since the components of the velocity are

—awsin f,, awcos @, O,

we find v = — %_“—’?3 sin 6..
e
In the denominator in the expression for the scalar potential we
may replace 7. by r, so that
e

4 7rr(1 +B-fsin 06>’

and if we use (333),

- (1_-8%g _ g2
_.41"(1 ﬁrsmt% B r2cos200>.
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If, now, we add the second electron, for which at the time ¢ —g

the position angle is 6y + 7, we find for the total value of the scalar
potential )
x
¢=—‘yr—2cos2 0o,

-
where Y =5 6% (334)
By a similar reasoning the components of the vector potential are
found to be

AI=—'y%c03200, A,,:—-v%sinZOo, A, =0.

We can now simplify by turning the axes 0Z and OX in their
plane so that the former coincides with OP. Denoting the new
coordinates by 2’ and «’, and the angle ZOZ’ by «, we have

¢ = — v sin? a cos 2 0.
Ay =—vysinacosaxcos2 8, A,=—sinasin?2 6,
A, = — v sin? « cos 2 6,.

We have to substitute these values in

0 1; 0A,, 0A
E,=-9¢_1,; g, -04x 04 .
or ¢ He oy 0z ete

But according to what has been said in the beginning of this note
the derivatives with respect to ' and y need not be considered, and

o __ 12 200 _ - -
5% = ool Moreover, Tl w, because 6, is the angle determin-
ing the position of the first electron at the time ¢ — £ - Hence the

components of E and H become

Ezz=—2-—cyc—°sinacosasin200, E,,:z—;&sinacos200, E, =0.
H,,z:—z—'cl‘-"sinacosZBo, Hy=—g%sinacosasin200, H, =0.

Since 26, =2 w (t - g) + const., these formula represent vibra-

tions propagated in the direction OP and having the frequency 2 w,
as was to be expected. The components E,. and H, together con-
stitute a rectilinearly polarized system of waves, and so do E, and
H, and as there is a difference in phase of a quarter period the
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resulting waves are elliptically polarized. The flux of energy is in
the direction OP and is measured by

2(,92
¢(EHy— EyH,) =‘-1—lc-“’— (sin? « cos? « sinZ 2 B, + sin? « cos? 2 6p).

Over a long lapse of time the mean values of sin2 2 6, and cos? 2 6,
are both 3, so that, using also (382) and (334), we may take for the
flow of energy per unit of time and unit of area

ate?w’

> rigeyt (sin? « cos? & + sin? ).

Multiplying this by 2 #r2 sin e« da and integrating with respect to
« between the limits 0 and 7, we find for the total radiation of energy
per unit of time

2 ate%wl

5 meb

This can be verified by attending to the forces acting on the elec-
trons in their circular motion. On account of its own field each
electron experiences a force opposite to the direction of its motion
whose magnitude, according to formula (83), is

ae2w3,
6 mc3

and in addition to this there is a force due to the field produced by
the other particle. When this force has been determined, we know
the forces that must be applied to the particles in order to main-
tain their motion, and the work of these forces must be equivalent
to the radiated energy.

The above result for the radiation may be compared with the
corresponding formula for a single electron moving in a circle. The
field which this produces at a great distance is the result of the super-
position of two fields that correspond to rectilinear vibrations, at right
angles to each other, into which the circular motion can be decom-
posed, and in this superposition the mean flows of energy are simply
added. Hence, by virtue of (81), the energy radiated per unit of time
is given by
a2e2wt
6 med

a value that can also be deduced from the formule of this note. It
may be added that if instead of two electrons we had three, four, or
more of them, placed at equal distances on the circle and moving
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with a constant angular velocity, the term with w® would disappear
It would be necessary to go to higher powers of 8 in the series which
we have used, and so for n electrons the radiated energy will be
represented by an expression containing the factor

w? faw\?*"
- (%)
Note 8, §28

Let o be any closed surface surrounding a system of moving electric
charges which produce an electromagnetic field. By a properly
chosen distribution of electromotive forces working in tangential
directions in this surface, or rather in a layer of infinitely small
thickness along it, the external field may be made to disappear
without any change of the internal field.

We shall distinguish by the suffixes 1 and 2 the values of quanti-
ties just inside and outside the layer, and we shall draw the normal »
toward the outside. Moreover, we shall introduce at any point of
two tangential directions k and k at right angles to each other,
choosing them in such a way that the directions %, k, n may be made,
by a common rotation, to coincide with those of x, y, 2.

Our fundamental equations have the ordinary form

[Hads = % [Duda, [Eds=- -15 [ Budo, (335)

but we have now to distinguish, at least within the thickness of the
layer, between D and E, B and H, having

D=E+E, B=H+ He. (336)
Applying (335) to a contour composed of two sides having the direc-
tion & (or that of k) and situated just outside and just inside thelayer,
and two other sides, infinitely small in comparison with the first
two and crossing the layer in the direction of the normal, we find

Hpe — Hp = % Ck, Hpz —Hp1=— % Ch, (337)

Eio = Bn ==~ My, Bro—En = 1w, (338)

where Ci=[Dudn, Ci=[Dudn, (339)
My = [Bidn, My= [ Budn. (340)

* For additional information on this question see Larmor, Phil. Mag., Vol. 42
(1921), p. 595; Leigh Page, Phys. Review, Vol. 20 (1922), p. 18. — Ebp.
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In these expressions the positive quantity dn is a line-element along
the normal, and the integrals extend over the thickness d of the layer.
They represent the components of what may be called the electric
current C and the magnetic current M in the layer or in the surface.

When 8 is made to approach the limit zero, these currents may
still have finite magnitudes; for this it is only necessary that the
values of D;, Dk, B, and By increase sufficiently. In the limiting
case, equations (337) and (338) are the only conditions that have to
be fulfilled at the surface. They show that finite values of E and H
on both sides of the surface are quite consistent with finite currents
in it, and we may therefore imagine that E and H are finite also
within the thickness of the layer.

In this case, if in (339) and (340) we substitute the values (336), the
terms with E and H will contribute nothing to the integrals, and
these can have finite values only if the electromotive and magneto-
motive forces are made to increase indefinitely. Thus, if we put

[Eadn =Py, [Eadn = Py,
f Hendn = Qn, f Hidn = Qk,
the conditions (337) and (338) become
Hio—Hu=2Py  He-Hu=-1P (341)

Ej2 — Ep = — % Qry Exz— Ep= % Q- (342)

The quantities Ps, Pi, Qi Q« may be called the components of the
electromotive and the magnetomotive action in the surface. We
shall now choose them so that we may obtain the result that was
announced at the beginning of this note.

In the original state of things, when no electromotive and mag-
netomotive forces were applied, the field belonging to the moving
charges extended to infinite distance without any breach of con-
tinuity at the surface o. Let E,, Ei, Hj, Hi be the components of
E and H existing at the surface in this field. Then, if we choose the
impressed actions in such a manner that

Ph=ch, i’k=—cHh}
Qr = — cEr, Q= CEy

all conditions are satisfied when in the external space there is no
field at all, whereas in the internal space all has remained.as it was.

(343)
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Indeed, the conditions (341) and (342) are satisfied by the values
(843) if the components of H and E with the suffix 2 are zero and
those with the index 1 have the original values.

It should be noticed that the choice defined by (343) can always
be made, and that when the vectors E and H are known, we always
obtain by these formul® the same vectors P and Q in the surface,
whatever be the choice of the directions # and k.

We can express in words the meaning of (343) by saying that the

vectors %P and % Q have the same magnitudes as the total tan-
gential components, say H and E, of H and E, and are at right angles
to these components, the rotation from H to %P over 90° being

clockwise and that from E to 1 Q counterclockwise, when viewed
from the outside. ¢

Moreover, it is interesting to show that in the new state of things,
notwithstanding the vanishing of the outside field, both the electric
and the magnetic current are solenoidally distributed.

Let s be a closed line in the surface, and » a line tangential to the
surface and normal to s, directed toward the outside. We shall
choose the positive direction along s in such a way that » and s may
be taken for k and k; then the motion along the line in the positive
direction will correspond to the direction of the normal n.

If now we consider two surfaces o, and o infinitely near the layer
o, the one on the inside of it and the other on the outside, and a third
surface passing through s and intersecting the surface ¢ at right
angles, these three will limit a certain space, and the total surface
integral of the electric current across them must be zero. At the
points of ¢, there is no current at all, so that the condition becomes

—fE‘,,lda +fC,.ds =0,

and this is true because, by virtue of one of Maxwell’s equations, the
first integral has the value
c f Hgyds

and the second has the same value, because according to one of the
equations (337) we have 1
"'"Cv-"—Hsz—Hal

and H,2 = 0. ¢

The solenoidal distribution of the magnetic current can be verified
in a similar way.

It ought to be remarked that the method fails in the case of
a constant electric or magnetic field, for then, as is seen from
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(343), we should have to imagine constantly increasing impressed
forces. But if the given field is variable and, say, periodic, we can
decompose the values of H and E at the surface by means of
Fourier’s theorem, and all the periodic partial fields which we find
in this way can be got rid of by suitable electromotive and magneto-
motive forces.

Note 9, § 32

In expositions of the theory of relativity we often imagine (and
I have done so in the text) different observers, each of whom has
a definite position in one of the systems of reference. It must, how-
ever, be remarked that this mode of presenting the subject, though
it may be in the interest of clearness, is not at all essential and may
therefore lead to misunderstandings.

The only really important thing is the choice of the system of
reference that we wish to use in the discussion of a problem. In
choosing it we need not in the least think of our own state of rest
or motion. Without leaving his chair an astronomer makes his cal-
culations in systems of coérdinates in which the earth has any
velocity he desires.

Thus, for the discussion contained in § 32 it would have been
wholly sufficient to imagine two systems of measuring rods and
clocks, the ones R, C being at rest in the system z, ¥, 2, {, and the
others, R’, C’, moving in it, so that they are at rest in the system
x', 4, 2, . The comparisons between the rods R and R’, and
between the clocks C and C’, can be made in different ways. If
we fix our attention on a rod R’ and on the points A and B of a
rod R with which its extremities coincide at moments so chosen
that two clocks C placed at A and B indicate the same ¢, we shall
find R’ to be shorter than the rod R. Conversely, we shall find R
to be shorter than R’ when we read on the rod R’ the positions
A’ and B’ of the ends of R at instants when the hands of two clocks
C’ placed at A’ and B’ have the same position.

Similarly, the clocks can be compared in various ways. We may,
in the first place, using the system z, ¢, consider the motion of the
clocks C’, moving with the velocity ». Let C’ be one of these clocks,
and let Ci, Ca, Cj, - - - be clocks of the other system near which it
passes successively. If, at the instants of meeting, the indications
of these clocks are ¢, {2, f3, - - -, and if £}, t;, &;, - - - are the indica-
tions of C’ itself at these instants, the differences ¢, — ¢}, t; —1,, - - -

2
will be smaller than ¢, — ¢, t3 — t2, - - - in the ratio given by 41 — :—15
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We therefore say that in the system z, ¢ the clocks C’ go more slowly
than the stationary ones C.

Exactly in the same way we are led to the conclusion that in the
system of reference z/, ¢’ the clocks C go more slowly than C’. We
can ascertain it by keeping in view a definite clock C, comparing it
with the different clocks of the other group, Cj, Cj, Ci, - --. Let
t}, ty, &}, - - - be the indications of these clocks at the instants when
C is near each of them (so that these symbols {;,1;, t; - - - now have
meanings different from those which they recently had), and let
t1, ta, ts, - + - be the indications of C at these same instants; then the
differences ty — t1, &3 — ¢3, - - - will be smaller than the differences
A A
’ It sho?{ﬂd be noted that the observations which we have been con-
sidering consist simply in the establishment of coincidences between
lines of the scales R and R’ and the comparison of two clocks very
close to each other. It may be taken for granted that all this may be
done with exactly the same results by any observer, whatever be his
position and his state of rest or motion in the system z, ¢, or x/, t'.

It remains to say some words about the question raised at the
end of §32. If, for the sake of brevity, we leave out of account
the changes produced in the periods that were called 7,, 73, and 75,
on the ground, if necessary, that the times 7, and 74 are so long
that the changes taking place in them far predominate, the theory
of relativity surely requires that if one clock A has a fixed position
in the system z, {, and if a second clock B, first near A, is made to
move along the rod R, say to the right, over a certain distance, and
then back again with the same velocity, it will be found to have
lagged behind relatively to A. If at the moment of departure the
indications of the two agree, {p = {4, we shall have at the end of the
journey tp<t,. The same effect will oceur when the motion of B
is first to the left and then to the right.

We shall denote either of these cases, in which A is at rest while B
moves, as case I, and we shall compare with it another experiment in
which, always in the system z, ¢, the clock B is at rest, whereas A
moves to and fro over a certain distance on one side or the other of
the position of B. In this case IT we shall have at the end {4 < tp,
and if otherwise the circumstances are the same in the two cases,
tgp — t4 will be now what t, — tz was formerly.

In connection with this it may be remarked that one must be
careful in formulating ** principles of relativity *’ and in considering
them as more or less self-evident. Indeed, one might feel tempted to
admit as a postulate that in the case of the two clocks moving in the
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system z, ¢ along a line parallel to OX, all will depend on the way in
which the mutual distance changes in course of time. If this were
80, the two cases I and II ought to be considered as identical. There
would be nothing to distinguish between one clock and the other,
and so there could be no reason why, in the end, the indications ¢,
and tg should be different. Thus it appears that this postulate of
** relative distance,” as we may call it for a moment, is in contradie-
tion with Einstein’s theory of relativity ; it cannot be true when we
consider this theory as verified by the observed phenomena.

Of course, if we imagine a stationary ether, we can understand
why the principle of relative distance fails; the final state of things
may then very well depend on whether it has been the clock A or
the clock B that has moved through the medium.

Note 10, § 40

The principles of conservation of energy and of momentum have
recently been applied to a collision between an electron and a light-
quantum, and a very beautiful theory of the change in frequency of
the light-quantum has been developed in this way by A. H. Compton
(Phys. Review, Vol. 21 (1923), pp. 207, 483; Vol. 23 (1924), p. 439)
and P. Debye (Phys. Zeitschr., Bd. 24 (1923), p. 161).

The principles may be applied to any two particles which approach
and fly apart if the mutual energy is initially and finally zero and
if there is no loss of energy and momentum by radiation during the
encounter.

Let the initial momenta of the particles be represented in mag-
nitude and direction by ¢-AP and c-PB respectively, AP and PB
being two lines; then the total momentum is represented in magni-
tude and direction by c:-AB.

Nowlet the final momenta be represented in magnitude and direction
by ¢-AQ and c- QB respectively, the total momentum being the same
as before. According to the two formule for momentum G and energy

E we have the relation \]Gz—-z E
-—2— + me = —;’
¢ c

where m, the “‘mass,” is zero for a light-quantum,* so that the con-
servation of energy may be expressed by saying that the sum of the
quantities 2
g; + m?
c
remains unaltered in the encounter.

* This results from the formula for the energy (§ 39).
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Thus if, before the encounter,
VAP? + m? + VPB? + m?
has a certain value u, we shall have, after the encounter,
\[AQ2 +mi+ \/QB2 +mi=p.

To interpret this equation we begin with the case in which @ lies
in the plane APB. The locus of.Q is then an ellipse determined
by the intersection of the plane APB and a prolate spheroid whose
foci are situated on the perpendiculars to the plane erected at A
and B at distances m; and m from these points. This ellipse will
have AB as axis (but not A and B as foci unless m; = mg =0).
If AP=0 it has A as vertex. Revolving this ellipse about the
line AB, we obtain a spheroid which is the locus of the point @ in
space. When the total momentum is zero A and B coincide and the
axis of the first spheroid is perpendicular to the plane APB. The
ellipse then becomes a circle and the second spheroid a sphere. We
thus have W. Pauli’s result that in this case the momentum of each
particle is unaltered in magnitude by a collision. — ED.

Note 11, § 44

Let z, y, z be the codrdinates and &, ¥, ¢ the components of the
velocity v of a particle, m the mass, and X, Y, Z the components of the

force acting on it. Then, since the components of the momentum are
m
ete.,
1-2
the equations of motion are c?

X = mx

a__mr

dt 22

\1-5
mi?

d mx d mxx
Xr=2x-7 = - ,
dt g2 O 2 02
1-5 41—5 Ql’ﬁ
with similar formule for Yy and Zz. Hence, if the virial is still
defined by
V=3 (Xz+ Yy + 22),

V= d m(ZT + Yy + 22) Z mo?
== - —
N

ete.;

and we have

1 2
c2

c2
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The first term is of the form dy/dt, and for its mean value for an
interval ranging from ¢; to {z we may write
Y2 —n
t2 - tl
If the state of motion is stationary, so that there are no changes
going on in the long run in a predominating direction, the difference
Y2 — Y1 will not increase proportionally to ¢, — {; when the length
of the interval is augmented, and the mean value of dy//dt for a long

time will be zero.
Note 12, § 44

According to the theorem proved in the preceding note, — 2 T/
will be equal to the mean virial of all forces acting on the masses;

that is, — _ _
avis V4V,=—2T

if V. is the virial of the forces due to the electromagnetic field.
In the ordinary notations the force acting on the charge contained
in an element of volume dS is

p(E+7v-H)ds,
and if r is the radius vector from the origin to the point considered,
we have 1
Vv, = fp(r {E +10ve H]})ds. (344)

This is seen by remarking that the expression Xx + Yy + Zz is the
scalar product of r and the force (X, Y, Z).

We shall now transform the above expression, supposing for the
sake of simplicity that p, v, E, and H are continuous functions of
the coordinates. This saves us the trouble of considering integrals
over surfaces of discontinuity and does not diminish the generality
of the proof, because abrupt changes can be treated as limiting cases
of gradual ones.

The integration in (344) extends to all points where there is an
electromagnetic field. We can, however, first confine it to the space
within some closed surface. The partial integrations which we shall
have to perform will then give rise to integrals extended over this
surface. We shall, however, omit these, supposing either that the
system is of limited extent and that at the surrounding surface o
there is no field, or that, though the system extends to infinity, the
forces E and H decrease so rapidly that the integrals in question tend
to zero when the surface is made to recede to infinity on all sides.



258 PROBLEMS OF MODERN PHYSICS

By the substitution of div E for p and of ¢ curl H — E for pv, the
virial V, is decomposed into three parts which we shall consider
successively.

. E,
Va=[(E)divE ds=f[(sz +yB, + 2E,) aax 4o -]dS,
where - - - means that the expression that has been written out has

to be followed by two similar ones that are derived from it by cyclic

permutation of x, ¥, 2.
Integrating by parts and using relations like

O0Ey, 0E; 1
ox 0y ¢
drawn from one of Maxwell’s equations,

Vel=—f[%E3+~-+E,< %E +zaaE) --']ds

=—f%E2dS—f|:Ez<yaaEy’ a(,f;>+---]ds
+lf[E(yi1 —2H,) +- - -1dS
—_flEst+f[( EX+2 E) -]dS

-z f[x(Esz — E1,) +---1dS

=f1 EdS — —f<r (E - H])dS. (345)
The second part is
Vez =f(r- [curl H - H])dS

= [ { (e - Gy - (G - G+ Jas
== Hx(?f&ﬁ’f”) as+ [ 5 @2+ m 4o ]as.

Since div H = 0, the first integral becomes

- [GH+
8o that Ve = [ % H2dS.
g I Y (P P
Finally Ve = P f (r-[E- H])dS,

which, combined with the last term of (345) gives
-1 (e E H))ds,
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the mean value of which over a long time is zero when the system is
in a stationary state. Thus, if E is the electromagnetic energy,

Ve = E,
from which the formula given in the lecture follows directly.

Note 13, § 45

In order to prove what has been said about the sign of the moduli
of elasticity we shall first recall some propositions of the theory of
elasticity.

Let z, ¥, z be the coérdinates of a point of an elastic body in its
natural state of equilibrium, and £, %, { the components of a small
displacement varying from point to point. The deformation of the
body will be specified by the following six components, three dilata-
tions and three shearing strains:

=08 _ o _ot

x,__ax, Yy = dy, 2, = az:
U S/ N v N/ SO ) g
xﬂ_yr_ay'*'fdx’ yz—zy—az‘*’ay, z,_zz_ax-i.az,

and the potential energy U per unit of volume will be a function of
these quantities. Differentiating it, we obtain the values of the
normal and the tangential stresses,

_ U

X, = = U ete.

oz, ete.,, Xy = ox,
The potential energy may be taken to be zero in the natural state,
and if in that state the body is free from external forces, so that we
may suppose that there are no internal stresses, the first derivatives
of U must vanish for z, =0 ete., z, =0 etc. Hence for small dis-
placements U will be a homogeneous function of the second degree
of the components of strain. For a body having the symmetry of a
cubical crystal this function can be shown to have the form

=3 A@Z+y2+2D) + 3B +yy+2.)2+ 5 Clxy + 97 +22), (346)

when the axes of cosrdinates coincide with the principal axes of the
crystal. The constants 4, B, C may be called moduli of elasticity.

It will be possible to calculate their values when we know the
forces acting between the particles. We shall suppose these to be
small rigid bodies, in each of which we distinguish a center; for
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example, at the place of the nucleus of an atom. By turning about
their centers the particles may take different orientations, but we
shall begin by supposing that all displacements £, 7, { consist in
pure translations, the orientation of each particle being kept unal-
tered by a proper constraint. On this assumption the relative
position of two particles P and Q is wholly determined by the rela-
tive covrdinates x, y, z of Q with respect to P, by which we mean the
relative covrdinates of the center of @ with respect to that of P.
The mutual potential energy ¢ of the two particles P and @ will
be a definite function of xz, ¥, 2; but this function will not neces-
sarily have the same form for different pairs, for in a pair P/, @
the relative orientation of the particles need not be the same as
it is in P, Q. Even the constitution of two pairs may be different;
P, Q@ may consist of two ions of sodium, and P’, Q' of two ions of
chlorine or of one of sodium and one of chlorine. At all events we
shall find the total potential energy by taking the sum of the values
of ¢ for all pairs of particles. We may also say that when A¢ is the
change in a particular ¢, produced by the displacements &, 7, ¢, the
potential energy is given by
> A

The calculation of sums of this kind is greatly simplified by the
fact that the interaction between two elements of volume is made
up of a great number of electric attractions and repulsions, which
practically counterbalance each other as soon as the distance is a
somewhat high multiple of that between neighboring molecules.
So, in this theory, just as in the old theory of elasticity, though
for a different reason, there is a sensible interaction only at dis-
tances that are very small in comparison with the dimensions of
the bodies on which we make our observations. Hence by far the
greater part of the terms in £A¢ are due to pairs of particles lying
in the interior of the body, and in the case of a homogeneous strain
the sum may be taken to be proportional to the volume of the body.
In what follows we shall refer it to unit of space.

With these simplifications the moduli are easily calculated.
Take, in the first place, a dilatation in the direction of x, in which
zz has the value g. The relative coérdinates of one particle of a
pair with respect to the other, which first were z, ¥, 2, are changed
to (1 +¢)x, ¥, 2, and when we confine ourselves to terms of the
second order we may write

228 1 2 20
Ap =qx —a% + 31T 55%
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On the ground of what has been said already the sum of the first
term must vanish. Therefore

— !‘. 2 2 _é
U= 219 Zx ox?
and if this is compared with (346),

=\ 200,
A+ B Ex Py

Of course, on account of the symmetry in the structure, the sums

2 029 22¢
gt ama D

will have the same value.

Next consider a shearing strain in which the particles are dis-
placed in the direction y over distances proportional to x. By this
the relative coordinates x, 9, 2 are changed to x, ¥ + gz, 2, and we
have z, =y, = ¢,

- QS? 2 2_2
A¢ =gx 7y +2qx
which leads us to C=§ x2 2%,
0y?

2
The sumZﬂc2 ?—Q has the same value, and we have therefore

A+B+2C=) o (52~ ﬁﬁﬁﬁ)

Now this sum must necessarily be zero. This is seen by reverting
to a pair of particles P, Q. If we place the origin of codrdinates at
the center of P, so that the coordinates of Q’s center become z, ¥, 2,
and if we fix our attention on a charge ¢ in P and a charge ¢’ in Q,
lying at points whose codrdinates with respect to the center of P
and that of @, respectively, are a, b, ¢ and a’, V', ¢/, we have

¢=

where r=V@E+ad —a)2+@+b =b2+E+c —c)

and where the sum is extended to all combinations of a charge in
P with a charge in Q. According to our assumptions, a, b, ¢, a’, b/, ¢’
are to be considered as constants when ¢ is differentiated, so that
02 , 0% 0% ) 1 _
(82:2 + oy? to)r =
and A+B+2C=0,

ee’
e,
’




262 PROBLEMS OF MODERN PHYSICS

showing that the moduli cannot all be positive. There must be
values of z, ete. for which U becomes negative, and this proves
that the equilibrium in the original state is unstable.

This conclusion is not invalidated by our assumption that a
suitable constraint prevents the molecules from turning. In fact,
let us start from the original state of the body with the orientations
Q naturally existing in it, and let us then, maintaining these orien-
tations, apply a homogeneous strain of such a kind as to make the
potential energy less than it was. With the new positions of the
centers of the molecules the orientations 2 are in all probability
not those which they would take under the action of the mutual
forces. Thus, if we do away with the constraints, the molecules
will pass to other orientations €. This will certainly be accom-
panied by a new diminution of the potential energy, and we may
therefore be sure that it would also have decreased if, from the
outset, the particles had been free to turn.

It was not necessary for our purpose to calculate A, B, and C
geparately. If, however, we want to do so, we have only to apply
to a third case the reasoning that served us for two specially chosen
deformations. Thus, by considering a dilatation equal in all direc-

tions one finds 9% 226
p— 2 ¥ .
A+3B —Zx 922 T 2ny 0x 0y

Note 14, § 52

A few words may be said here about the fluctuations in the amount
of energy contained in a space filled with the black radiation that is
emitted by surrounding bodies kept at a given temperature. A
similar problem concerning the distribution of molecules may serve
as an introduction. Take the case of a gas consisting of n molecules,
which we may suppose to be so small that they perform their heat
motion without any mutual collisions. If, by an imaginary plane, we
divide the total volume v into two, say, unequal parts v; and v, what
will be the partition of the gas between these parts?

We shall suppose (and this is a natural assumption) that of the
path L traveled over by a molecule during a lapse of time in which
there are very numerous reflections by the walls the part

UL =wL
?
lies in »; and the part v_sz =wsL

in v, Starting from this, we are led to the following conclusions:
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The probability that at a definite instant an individual molecule
will be in »; is given by w;, and the probability that it will lie
in vy is ws.

The probability that n; specially designed molecules will all lie
in », and the n, remaining ones in v, is

AP )
1 2
wlwz.

As, with the n molecules, two groups, the one with n,; particles and
the other with n, particles, may be formed in

n!
n ing!

different ways, the probability of a partition n,, ne, whichever be
the n; molecules that lie in v,, is

n! P n! nen
—— Wil = ———— whwj ™. (347
g1 12 nl(n—mny)! ! )

This may be applied to the cases n; =0, n; = n if the coefficient is

given the value 1.
The above expression is one term in the expansion of

(wy + w2)™,

and we have, therefore, since w; + w2 =1,

ny=n nl .
2 ey V=1 (348)
0

ﬂ1=

This means that the sum of all the probabilities in question is1, as

obviously it must be.
Of course, (348) holds for any value of n. We may, for example,

replace n by n — 1 or n — 2,
We shall suppose 7 to be a very large number. Now when we go

over the numerous terms in the expansion of
(wy + ws)?,

we shall find them first to increase and then to diminish. The place
of the maximum is determined by the condition that the ratio
between two successive terms is practically equal to unity.
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When in (347) n; is replaced by n; + 1, the expression is multiplied

by the factor
n-—-—n; ﬂ’

ny + 1 we
for which we may write, if n; also is very great,

n—mw,
mn w2

50 that the most probable distribution is the uniform one in which
ny = win, Ng = WN. (349)

Distributions different from this are noways excluded, the prob-
ability for the exact realization of (349) (or of the integer numbers #;
and 7o that are nearest to w;n and wan) being even very small; and
if we repeat the experiment many times, or consider the gas at a great
number of instants, we may expect to find all imaginable partitions
realized, each with a frequency proportional to its probability.

If ¢ is some function of n,, its mean value in all these cases will
be given by

ny=n
a; = E __nt ¢ whwt ™
mln—mn;)! LA
ny =0
’ﬂ]“ﬂ
Thus T = n! wh? ™M
(my=1)'n-=my)! 2
n1=1
ny=n-—1
(n - 1) ! n},m—1—n}
= nw; _—  whw 1= nw
Zn;!(n—l—nj)! 1 v
ni=0
n=n
nm(n —1) = E n! whwt ™
(m—2)'(n—ny)! "+ 72
n1=2
ny=n—2

n — 2)! s R, P24
=n(n - w? ( whwh 2™
! zn’,’!(n-z S
ny’=0
=n(n - Dwl,

n2=n(n; — 1) + 7 =nmn - Dwi + nw,.

Now let Any =n; — nw,
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be the difference between the most probable or mean value nw; and
the actual one n;. By what precedes

Any =7 — nw; =0,
@n)? =12 — 2 nwy i 4+ n2w? = n(w, — w?) = fyws.
In the special case v; = 3 » we have
@m)?=3m,
and when 2, is only a very small part of ,
@ny)? = 7. (350)

By amode of reasoning based on the consideration of the entropy of
the system, and using Planck’s black-body radiation formula, Einstein
has established a formula for the fluctuations in the energy of radia-
tion. Let v be the volume of a radiation field surrounded by ponder-
able bodies which are kept at a definite temperature, E the mean or
most probable value of the energy contained in the field, so far as
that energy belongs to frequencies between v and v + dv, and € the
deviation of the actual value of this energy from the mean value.
Then, according to Einstein’s theory,

p A ¢ B
¢ =hB+ 8mwv2dy v

Of the two terms on the right-hand side the second is easily ex-
plained by the classical theory of radiation. Indeed, the radiation
field results from the superposition of systems of waves intersecting
in all directions. The phases of these waves may be conceived as
varying at random, and so the interference may lead to an energy
that is somewhat greater or less in one case than in the other. When
this is worked out, we find exactly the last term of the equation.

On the other hand, the theory of light-quanta leads to an inter-
pretation of the term hvE. As the black radiation contained in the
field v is only a small part of the total system which comprises the
surrounding bodies, we may expect between the mean number of
quanta n and the deviation An from the mean a relation like (350),

(An)2 =n.

But E = hvn, € = hvAn. Thus € = hvE.

Is it possible to explain the two terms by one and the same theory ?
We must certainly give up all hope of doing so with the old views, for
these can never make us understand the term hvE. The theory of
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light-quanta, however, is more promising. We might begin by im-
agining the quanta exactly to reproduce the distribution of energy
in a field where different waves interfere (compare Note 16) ; by this
we should have explained the last term in the equation. After that we
might suppose that there are slight deviations from this exact repro-
duction comparable to the deviations from a uniform distribution of
a gas, and we might try to account for the first term by means of
these. But it seems difficult to form a clear and consistent picture
of all this.

That the mean square of the deviation is made up of two parts
as the formula shows, may be illustrated to a certain extent by a
general theorem. Let there be two causes which make a variable
quantity differ from its mean value. The two kinds of deviations,
a and B, thus produced, may each of them have many different
values, both positive and negative, and we shall suppose « and 3 to be
mutually independent, so that when we speak, for example, of the
mean value of « or of a?, we need not think of the values of 8 with
which a particular « is combined. Then, if @ =0 and 8 =0, we
shall also have a8 = 0, and the mean square of the actual deviation

ill be .
a+pwi (a +B)2=a%+p"

Note 15, § 52

A reflection of a quantum may be regarded as an absorption and
emission taking place simultaneously. If an atom plays a part in
each of these processes, the question of the way in which the laws
of reflection depend on the properties of the atom needs to be
answered. In the theory of normal X-ray reflection which has
been developed by W. Duane with the aid of his idea of quantizing
linear momentum the properties of the atoms influence the reflec-
tion only in an indirect manner, inasmuch as they determine the
structure of the crystal. A type of reflection in which a direct
influence of the atomic structure appears would be called abnormal.

This theory of normal reflection is based on the idea that quanta
move in such a way that where there is light there are quanta and
that no quanta go to places where there is darkness. It is interest-
ing to notice that this idea had been formulated by Dr. Lorentz
in § 50.

The theory of X-ray reflection has been further developed along
these lines by A. H. Compton (Proc. Nat. Acad. Sct., Vol. 9 (1923),
p. 859), and the theory of interference has been discussed with
the aid of the new ideas of Duane and Compton by P. S. Epstein
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and P. Ehrenfest (ibid., Vol. 10 (1924), p. 183). They use the Bohr
principle of correspondence as a guide. An interesting exposition of
the theory of Duane and Compton has been given by W. P. Davey
(General Electric Review, Vol. 27 (1924), p. 742). — Eb.

Note 16, § 53

We shall briefly discuss here some further questions to which
the theory of light-quanta gives rise.

1. Is it possible to explain phenomena of interference and diffrac-
tion on the supposition that there are only light-quanta without
anything like the electromagnetic field of old theories? We might
try to account for the observed phenomena by considering light as
consisting in changes of state confined to very small spaces. The
periodicity which characterizes a beam of light might be due to
certain periodical changes going on in the quanta themselves; they
might, so to speak, carry the vibrations along with them.

It is clear that a quantum in which there is an internal period T,
when moving forward with the speed ¢, will cause equal phases to
be regularly spaced along its path at intervals ¢7, which could be
termed wave-lengths. On this view the phenomena of interference
and diffraction which require a motion of the quanta in curved lines
(compare question 3 below) would have to be ascribed to certain
mutual actions between the quanta, determining their motion. This
would obviously require a sufficiently great number of quanta, and
one can therefore judge of the possibility of a ** pure” quantum
theory of light by attending to the number of quanta involved in
actual phenomena. This will be best explained by an example.

An opaque screen with a circular opening 0, 0.4 millimeter in di-
ameter, was placed before an incandescent lamp (with frosted bulb).
The rays passing through O were received at a distance of 48 centi-
meters on a diffracting screen A with two small openings (of course
one opening might have done just as well) very near each other and
having a total free area of 0.25 square millimeter. The diffraction
produced by them was observed in a plane B, 16 centimeters behind A.

On account of the weakness of the light few details could be dis-
tinguished, but two bright spots, s; and s;, each surrounded by a
bright ring, and a bright interference band bisecting 8,8, at right
angles could be seen clearly. This diffraction pattern made the
impression that if we wished to reproduce it by a distribution of
bright spots, some thirty or fifty of them would certainly be required.

From the energy consumption in the lamp, and from the distances
and dimensions, reckoning that 6 per cent of the energy emitted is
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in the form of light, and that all the rays have the same frequency
(that of yellow light), so that the quanta are all of one kind, I
estimated the number of quanta which the plane B receives per
second at 7 - 107. As the impressions received by the eye are accu-
mulated during about 0.1 second, the number of quanta is found
to be more than sufficient for delineating on the plane B, or rather
on the retina, the diffraction pattern observed.

A serious difficulty arises, however, when we consider the dis-
tribution of the quanta in space. We must not forget that in the
space behind A the 7107 quanta transmitted through its openings
during a second are distributed over a length of 3 - 1010 centimeters.
This means that the distance at which they follow each other is
about 400 centimeters, and that in the mean the region between the
planes A and B (that is, the region where the quanta have to be
guided in their course) contains no more than'0.04 quantum. By
this the probability that at the same instant there are in that
region a certain number, say n quanta, becomes (0.04)", which, for
n = 5, for example, is very small. That two quanta should approach
each other to within a micron is next to impossible, and so under
the circumstances of the experiment by far the greater number of
the quanta would travel from A to B without being acted on by
any deflecting force.

In what precedes it has been tacitly assumed that the quanta
have very small dimensions in all directions. If they were some-
what like thin fibers extending along the line of propagation, things
would be different. But even so it is difficult to imagine an inter-
action. If we want, for example, a cross section of the beam between
A and B to be traversed by twenty fibers (and this is not asking too
much if by their interaction the details of the diffraction pattern are to
be produced) the length of each fiber must be about 80 or 90 meters.

I think we may safely conclude from these considerations that
there must be something else besides the quanta which governs
their motion, and it is but natural to consider this as the function
of the ordinary electromagnetic field, though perbaps, taken by
itself, this field does not contain any appreciable energy and has
to be enlivened by the quanta.

It need hardly be added that the conclusion to which we have
been driven would have been strengthened if we had assumed, as
of course we should have to do, that only quanta of nearly the same
frequency can influence each other’s motion.

2. Can light-quanta be made responsible for the energy-stress
tensor of radiation? Modern physics has recognized in a beam of
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light not only a certain density and flux of energy but also a momen-
tum and a system of stresses,— quantities between all of which there
is an intimate connection, which has been emphasized especially in
the theory of relativity. Now a system composed of a great number of
moving particles also has an energy-stress tensor (compare § 37 and
§ 38), and the question arises whether it is possible to account, by
the assumption of light-quanta, not only for the energy, the flux
of energy, and the momentum of a beam, but also for the stresses
existing in it. This can really be done in very simple cases, such as
that of a single beam of parallel rays, but as a rule it is impossible.
The following example will illustrate this:

Let us consider the superposition of two beams of light, both as
simple as can be and propagated in different directions. Let these
directions lie in the plane XO0Y, making with OX the angles «
and — a. Then, if the electric forces are in the direction of 0Z, one
beam may be represented by

E,=acosn(t —w), H,=sina-E,,

c
H,=—-cosa-E
and the other by v i z'
E,=acosn<t-—£9§-—qf—m—q>, H,=—sina- E,,
Hy=—-cosa- E,,

the remaining components being zero.
Compounding the two, we find

ny sin o Z cos a),

* E;=2acos 2
z=2asinasin1’ﬂcm_ﬂsinn<t_xczsa)'
_xcos a)_
-c
Let us deduce from this the normal stress X,. This is given by
X,=3E2-EB}-E})+3HZ-H?-H}),
and we find .
X, =—2a?(1 + cos? @) cos? 7—tl§cm—acos2n<t _z C(ZS a)
_xcos a)’
c

cos n (t

ny sin o
H,,=—2acosacos—y——c———

cos n (t

. . onysina .
+ 2 a2 sin? o sin? —y—c—— sin? n(t

or, averaging over a long time,
ny sin o o . n 1n
X, = — a%(1 + cos? a) cos? —ch + a? gin? « sin? _ysT_g,
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The integral of this expression with respect to y taken for an interval
that contains many wave-lengths is negative (pressure of radiation),
but in some parts of a plane perpendicular to OX the stress is posi-

tive, reaching the value a2?sin? ¢ at the points where “—le—a is

an odd multiple of 3 7. Now this can never be realized by means
of quanta, any more than a negative pressure can result from the
motion of molecules. The transfer of momentum by moving par-
ticles always produces negative values of the normal stresses
Xz Yy Z,; this is due to the fact that the velocity of a particle
and its momentum always have the same direction.

We shall next examine the question how far the distribution of
energy in the radiation field and the flux of energy can be ascribed to
quanta. Here again the above example may serve us. According
to the ordinary formulz the energy per unit of volume is given by

U=2a%(1 +cos2a)u® + 2 a?sin? o - v2, (851)
and the flow of energy has the components
S;=4a%cosa-u? S,=4a%sina- u. (352)
The meaning of % and v in these expressions is
= cos TYENL n(t _Tcosa a) ’
c ¢

v = gin W SMX scm 2 sin n(t -f®Ba c(;s a)'
Now any values of U (positive, of course) and of the components
of S ean be reproduced by means of quanta each of which has the
definite energy e, if only the equation of continuity,

953 oS ou

P +—“+ N =0, (353)
is satisfied, as it is in our case. If we impose no condition as to the
velocity of the quanta, we may even assume that all those which at
a definite instant are contained in an element of volume are moving
in the same way, so that at a given time and place there is but one
stream of quanta. Indeed, it will suffice to take for the number of
quanta per unit of volume

—y

€
and to determine their velocity » by the vector equation

_5,
’=T
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We shall, however, adhere to the supposition that in free space the
quanta can have no other velocity but that of light. If so, the
interpretation just given will be possible only when » turns out to
be equal to ¢, and this requires

82 + 82 = c2U2 (354)
The values (351) and (352) will be found not to agree with this rela-
tion and the hypothesis of a single stream of quanta must therefore
be discarded.

A satisfactory solution may, however, be found by assuming the
existence of a double stream, two sets of quanta moving independ-
ently of each other. If theabove values are decomposed into the parts

Uy =a2(1 + cos a)2u? 4+ a?sin? o - v2
S1z=a%(1 + cos @)2u? — a%csin? « - v2 ¢, (355)
Si1y=2a%(1 + cos a) sin & - uv
and Uz =a?(1 —cosa)?u? +a?sin? o - v2
Syz=-a%(1 —cos)?u? + a%csin?a - v2 ¢, (856)
Say =2 a%(1 — cos a) sin a - uv
each part taken by itself satisfies both conditions (353) and (354),
and we can therefore ascribe to the two sets of quanta the densities
LU and 2
€ €

and determine the directions in which they move by the ratios

S1y Soy

—¥ and ==L

S 1z S 2z
The mean values of S;, and S, taken over a long lapse of time and a
wide range of values of y are

a% cos? acos, and aZ%sin? @ cos @,

both positive so long as @ < 3 7. The mean values of S, and S,
are zero, 8o that in this case the main direction of both currents,
apart from all complexities, is in the direction of the positive z, as
was to be expected.

It is interesting to note what becomes of the formul® for o = 0
or o = 3 7. In the first case the second current vanishes and the
first is in the direction of z,

U, =4a9c032n<t —f), S, =cUy,
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agreeing with what we found for a single beam. In the second case
we have standing waves perpendicular to OY with the values

U, =a?u? +v2), Si,=a’c(u®—102), Si,=2auw,
Us = a?(u? +v2), Saz,=a%(?—u?), Szy=2a%uw,

n . N .
U = COS —cll cos nt, v =sIn —cy sin nt.

It must be owned that in this case the decomposition to which we
have been led because we wished the quanta to move with the
velocity ¢ looks rather artificial. We should not expect that in the
standing waves now under consideration, in which all quantities are
independent of the codrdinate x, quanta would ever move in a direc-
tion not normal to the waves, and it must be remarked that we could
meet just as well all conditions that have been introduced by at-
tributing the values a2¢(u? — v?) and a?c(v? — u?), not to Si, gmd
Sz, but to S;. and Sz.. However, the mean values of these expres-
sions for long ranges of y and ¢ vanish.

Instead of trying to interpret by means of quanta all the rapid
fluctuations in the energy and its flow, we could also be satisfied
with a representation of the mean state of things as it is during a
long lapse of time; this, of course, would require simply a steady
flow of quanta. For instance, in a single beam of light we should
have a density of energy 3 a2 and a flow 1 a%c, and these can easily
be conceived to be due to quanta.

In the case considered in what precedes, the product uv will be
zero on an average, and the mean values of U, S,, and S, become,
according to equations (351) and (352),

U =a2(1 + cos? a)y? + a? sin? « - 02} 357)
S:=2a%cosa-vy% S,=0 ’
where v and ¢ are abbreviations for
cos n_y____s;n @ and sin WERZ

" In attempting to decompose this into two parts, as we did with
the values (851) and (852), it is natural to assume that the separate
parts of U, Sy, and Sy, which now must be constants, are also, like
U and S themselves, independent of xz. This implies, by virtue of
the equation of continuity, that S;, and S;, are independent of y.
Let us therefore try the decomposition

U, = p172 + q102, Si1z= 0(1‘172 + 80'2), Sly =ck,
Us = p2y?® + q20%, Sz =0(r2y* —80%), Say=—ck,
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where p,, P2, 41, @2, 71, T2, S, and k are constants. The sums p; + p2,
q1 + g2, 1 + r2 are known by (357), and the application, to each of
the two parts separately, of the condition (854), which must hold for
any value of y, leads to the relations

ri+k2=p?, r3 +k*=p3, (358)
118 + k2 =piq1, —r28 + k% =Dp2qs, (359)
82+ k2= g2, s? +k2=gq2. (360)

By the last two of these it appears that ¢2 = ¢ and since ¢; + ¢2
is different from 0, we must have ¢; = ¢, their common value being

¢=1%a?sin a.

On the other hand, p; and p; cannot be equal, for if they both had
the value p = 3 (p1 + p2) = 3 a2(1 + cos? &), we should infer from
(359) (because 7, + r is different from 0) s = 0; but then there is a
contradiction between (359) and (360), because p is not equal to gq.

If, however p, and p, are different, we can deduce from (358)

and (359) 9
§?=¢q2 — =29 ke
D1 + D2
and this, when combined with (360), again leads us to the contradic-
tion p =gq. Our conclusion must therefore be that it is impossible
to account for the time averages of U and S by two steady flows
of quanta.

3. Can quanta move in curved lines? When, for a system of quanta,
we know the values of U and S satisfying the conditions (353) and
(354), we can determine not only the direction of motion at any
time and place but also the paths of the individual quanta. In cases
like those represented by (355) or (356) these paths will be curved
lines whose radius of curvature is of the order of magnitude of the
wave-length, so that the motion of each quantum is far from simple.

That the quanta cannot move in straight lines can also be seen by
elementary considerations. Take, for example, the interference pro-
duced by two in all respects equal luminous points P and @, some-
what like Fresnel’s experiment with the two mirrors. The loci in
space of the minima of intensity will be certain hyperboloids having
their foci at P and Q. A straight line L must necessarily intersect
surfaces of this kind ; and if this takes place at a point R, a quantum
moving along L would strike a screen placed at R at a point of a
dark interference fringe.

Now if the quanta are to be guided in their motion by the elec-
tromagnetic field, and if we wish to maintain the principle of the

’
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conservation of momentum, the curvature of the trajectories implies
that a certain momentum can have its seat in the field. And here
it is to be understood that this would not be the ordinary electro-
magnetic momentum that has been relegated to the quanta, but a
momentum of some new kind. We should have to develop a new
theory of momenta and stresses.

Of course it might well be that when we consider spaces of a
certain extent or intervals of time of a certain length, there is com-
pensation of the interchanges of momentum between the field and
the quanta. When, however, as in the case examined in question 1,
the region where the interference or diffraction takes place contains
scarcely more than one quantum at a time, the momentum which it
receives ought certainly to be taken from the field in that region.

Note 17, § 54

The proof of the theorem here given is briefly as follows:

1. Let the radiation consist of beams whose width is great in
comparison with the wave-length, and let the two media be sepa-
rated by a plane surface; the results obtained on this last supposi-
tion will remain valid for a curved boundary if its curvature is
sufficiently small.

Each beam is laterally limited by a cylindrical surface whose
generating lines may be called rays, and each incident beam will
give rise to a certain number of reflected or refracted beams. For
all beams belonging together in this way the part Q of the boundary
which they intercept is the same.

Understanding by 7 a definite interval of time, we can intersect
each beam by two planes in the direction of the wave-front, at a
distance wr from each other, where w is the group-velocity of the
waves. The energy contained at a certain instant in the part of the
incident beam thus delimited will be found at some later moment
in similar parts of the reflected and refracted beams. We shall
denote any of these spaces by S.

Let a and 3 be the sharp angles which the ray makes with the
normal N to the boundary and the wave-normal respectively.
Then the part of a wave-front lying within the beam is

cos o
cos 3’
and the space S has the magnitude
S = Qur 84, (361)

cos 3
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2. The wave-normals of beams which belong together lie in a
plane passing through the normal N to the boundary (plane of
incidence), and if 6 is the acute angle between N and the wave-

normal, the ratio v

sin 0
will be the same for all the beams in question. Here v is the velocity
of the waves; that is, the speed of propagation of the phases.

If x is the angle between the plane of incidence and a fixed plane
passing through the normal N, the direction of a wave-normal can
be determined by 6 and x. The velocity » will in general be a fune-
tion of both these angles.

For two beams belonging together

v v , _

s —amg X =% (362)

from which we can deduce the ratio between corresponding cones, dw
and dw', for the two beams. If these cones were characterized by
df, dx and d@’, dx’, respectively, their openings would be sin 6 df dx
and sin 6’'df’dx’. It can be inferred from this that when dw, dw’

belong together, d _sin @ d(@,
do  sn6 d(b, x)
where the last factor is the functional determinant of 6, x’ with

respect to 6, x (to be taken with the positive sign). Since, accord-
ing to (862),

X _o X _
26 =% x =1
' de' _sin 6’ df’
this becomes dw  sin0 df

Here we have written (Zl% instead of ?3 g because in what follows

we need consider only one position of the plane of incidence. In
this plane » and v’ are definite functions of # and ¢’, and we find
from (362)
(_cosﬂ'v,+ 1 dv)gﬂ__cosa 1 dy
sin2 9’ sin 6’ d@’ i

do sin2 0

. ©cosf— 98 cin §
-2, d" (363)

thus
v

S

v’ cos 0’ — 37 sin 0’
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8. In any of the cases to be considered the wave-surface and the
direction of the ray corresponding to a given wave-normal are
found by a well-known construction. If, from a fixed point O, a
line OP is drawn whose length represents the velocity » of waves
perpendicular to it, and if through P a plane V is made to pass at
right angles to this line, the surface which envelops all the planes V,
found by giving to OP different directions, is the wave-surface, and
the line joining O to the point R where it is touched by the plane V
is the ray corresponding to OP as wave-normal.

We shall now confine ourselves to directions of OP lying in a
definite plane of incidence. Let OX and OY be two axes in this
plane which are at right angles to each other, and the first of which,
making the acute angle 6 with OP, is parallel to the normal N to
the boundary. Then the equation of a line L drawn through P at
right angles to OP will be

zcos 0 +ysinf=v. (364)

Changing 6 by df, we obtain a second line L’ intersecting L at a
point @, and 0Q will be the projection of OR on the plane of inci-
dence. This is clear because planes passing through L and L’ and
perpendicular to the plane of incidence must both contain OR.

The coérdinates xg and g of the point @ satisfy equation (364)
and also the relation, deduced from it by differentiation,

: _d
—:cs1n0+yc080..d0,

giving xg=vcosf — g—e— sin 6.
4. The cosines of the angles o and 3 which occur in (361) are
proportional to the projections of OR on OX and OP respectively,

that is, to the projections of OQ on those lines, because QR is per-
pendicular to the plane of incidence. But the projections of 0OQ are

xq and v, so that
cosa_1 (v cos 0 — a0 sin 0)

cos B do
Combining this with (861) and (363), we are led to the conclusion
that the expression
S dw
2w

has the same value for all the beams that belong together.
5. When, in what follows, we shall have to speak of the amounts
of energy contained in the parts Sy, Sg, - - - of the different beams,
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we shall always have in view only those parts of the electromagnetic
field for which the frequency lies in the interval dv and the wave-
normal within the cone dw;, or dws, etc., as the case may be.

Now if B, is an incident beam, giving rise to the reflected or
refracted beams Bg, Bs, - - - , and if at a certain instant the space S:
contains an amount of energy E;, we shall find, after a certain
time T, a fraction k2B, of this energy in Ss, another fraction ki3E1,
in S;, and so on, and we shall have

kigtkis+---=1 (865)

We pass on from this to the case in which B is a beam propagated
away from the boundary. Different incident beams have contributed
to its formation; namely, beams going along the paths Bg, B, - - -,
and no others. At a definite time ¢ the spaces S, Ss, Ss, « - - will con-
tain the quantities of energy E1, E3, E3,- - - . What will be the energy
in S, at the time { + T'?

At that instant the energy E; will have left the space considered,
but its place will be occupied by certain fractions of the energies
Ey, Es, « -+, 5ay k21E2, ks1Es, -+ -, so that the total energy in S;
has become ks1Es + k31E3 +- - - . The distribution of energy will
therefore be stationary when, for any space S;, we have

ko1Eg +ks1E3 + -+ - = E;. (366)

This condition is fulfilled when, with the restrictions specified by
dw and dv, the amount of energy per unit of volume is given by

Adwdv,
2w

where 4 is a function of the frequency and the temperature that is
the same for all bodies; for in this case, on account of the conclusion

to which we came just now, the quantities E,, Ey, - - - are all equal,

and equation (866) is satisfied because, by Helmholtz's proposition,

ko = k12, ka1 = k1a, - - - , 80 that, by virtue of (365),
kor+ ka1 +--- =1

‘We shall not give the proof of Helmholtz’s theorem, but it may be
remarked that it is not at all self-evident. In fact, the coefficients
ki and ko refer to very different cases. In one the energy of an
incident beam B, is partitioned between the paths B, Bs, - - -, and
in the other case the energy arriving along the path B; is divided
between B, and other paths of which there was no question in the
former partition.
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Note 18, § 58
The condition 8 f ds =0, (367)

by means of which Einstein determines the motion of a particle in
the gravitation field, may be put in the form of Hamilton’s theorem
in ordinary dynamics.

Let L be Lagrange’s function expressed in terms of the codrdinates
71, Za, T3 and the velocity components i1, &2, £3 of a particle, and
suppose that the parameters contained in L are given functions of

the time; we shall denote by —g—t a differentiation with respect to

the time in so far as it appears in these parameters, so that we have

dL N, 0L NS, 9L 2L,
TR ow

In this equation, and in others that are to follow, the sums consist
of three terms in which we must take for x the variables z,;, 2, 73
respectively.

In Hamilton’s theory the real motion of the particle is compared
with a varied motion which differs from it to an infinitely slight
extent, the coodrdinates of the particle at a definite instant ¢ being
X1, X3, T3 in the original motion and z, + 6x1, 2 + 02, T3 + Ox3 in the
varied one. When the variations 6z have been chosen as functions
of the time, the varied motion with the velocities occurring in it is
completely known. The symbol d will be used to indicate the changes
that occur in an element of time dtf, and the sign 6 will refer to the
virtual change of any quantity when, for a fixed value of ¢, we pass
from the original motion to the modified one. This involves the
relations i3

. x
0t = T

‘Let the particle be acted on by an external force with the com-
ponents X;, X2, X3. Then Hamilton’s theorem is expressed by
the equation

of *rLdt+ [ 3xsma=o, ~ (369)

where it is to be understood that the initial position (at time ¢,) and
the final position (at ¢;) are left unaltered, so that both for ¢ =1,
and { = {; we have éx = 0.
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The equations of motion are easily deduced from (369). We have

_ oL oL oL dbx
=) orbs +Z =) growsy L&
_ oL _d BL oL
_E{Bx dt ax }5 +dtz 6z
If this is substituted in the first term of (369), for which we may

write f 8L di, the last part of 8L disappears; and since the varia-

tions Bx may be arbitrarily chosen, the coefficient of each of them
must be zero. Thus we have the three equations of motion

oL\ OL
25 -%=x @0
It is natural to interpret these formule by calling the quantities
8L, 8L 2L 871)

oz 1 9:02 8x3
the components of the momentum of the particle, and

oL, oL, oL
or, ox; 0x3

those of the forece acting on it, in so far as this force is contained in

the function L.

We next consider the equation of energy. Multiplying the equa-
tions of motion by ., &2, 3, and adding, we find, by a simple trans-
formation and by using (368),

d 8L oL _ .
al ( o)+ ‘ZXI' 1)
We interpret this by defining
oL oL oL (313)

i’la +x28x +x3_8?—L

as the energy of the particle and by saying that its rate of change,
in so far as it is due to L, is oL

-5
These formule may be applied to the case of the gravitation field if

we put

_ das
L=-m3p
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which makes (369) if there are no external forces, identical with
Einstein’s condition (867). We may write for this function L

L= —m[ ) @ gusbaty (374)

(where #; = 1), and this is what we have to substitute in the expres-
sions (371) for the momenta. Calling these — ¢1, — g2, — g3, We find

fora = 1, 2, 3
2:“) Jab¥e
= M —————

Qa ’
\Y} 2 (@d) gapXadp

where it has been taken into account that, for a chosen a,

0 L. .
Fr Z (mn) Jmadm@n = 2 (&) §apToe

In a simpler form, (o = gﬁ 2 ®) gapdTp. 375)

This same formula holds for a = 4 if by ¢4 we understand the energy.
Indeed, since (374) is a homogeneous linear function of the variables

a4, We have z oL
(a) La 7= = L,
O0a

so that the expression (373) for the energy becomes
JL

-5
Therefore we have for ¢ = 4, as well as for the other values,
oL

s = — ’a?c;
As to the equations of motion (370) and the equation of energy
(872), dropping the terms with X, we can now write them in the
form (c=1, 2, 3, 4),

dge _ _ 0L _1 m (ab) 9gab dx,dxy, (376)
0x;

which shows the meaning of the quantity w in equation (259).

It is interesting to note that these four equations are found
simultaneously when we determine the course in the space R4 of a
geodesic line between two given points. In doing this we shall vary
the.four cobrdinates z, by 8z,. The sign & will always refer to a
point of the original line and the corresponding point of the varied
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line, and the sign d to the extremities of a line-element. It is easily
seen that édx, = ddz,.
Starting from (367), or, rather, what amounts to the same, from

2
JUED 377)
the calculation is as follows:
o(ds?) =& 2 (ab) gopdrodxy = E (abe) aai" b dy,dxydz,

+ 3, @) gapdzaddzy + Y, @) gardrsdda,

or, if in the second term b is replaced by ¢, and in the last a by ¢
and b by a,

2
ds =1 Z( be) g"” da:ad:cbé:cc +2 Z(ac) Jac s" dézx..

In the lntegral the last term may be replaced by

-2 Z(ac)d gac == 6xc,

and we deduce from (877), if we equate to zero the coefficient of
each dx, and divide by dx4,

ag,,,, d dz,
Tl Z( b) dx.dxy — zdt @) gge —2 s =0,

agreeing with (376).

Note 19, § 68

We shall now give a proof of the relation
N _ ___ N .
V—-gdes V-g¢'dx,

Let Q2 be a limited region in the four-dimensional space R4, and
let us consider the parts, lying within €2, of the world-lines of the
particles, and take the sum L of the lengths of all these parts, evaluat-
ing each length by the formula for ds. When Q is infinitely small,
and when the particles are so numerous that even in that case a
great number of world-lines pass through , the value of L will be

proportional to {2, and L
== (378)
Q
may be called the sum of the lengths of world-lines per unit of
space R;.

This quantity will be independent of the shape of . In order
to find another expression for it, we define Q as follows. We first
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consider the points for which zi, x, x3 lie within a definite element
ds of the three-dimensional space x1, x2, 3, while z, has a definite
value. Starting from these points, in so far as world-lines pass
through them, we take on each world-line an element of a definite
length ds in the direction in which the line is really described. Since
the measurement of parts of R4 is based on the convention that the
magnitude of an element determined by dz, - - - dz shall be given
by the product dz,dx.dzsdzs, the volume of the element now defined

will be Q = dS dx,

where dr, is the change of r, when a point passes along ds.
On the other hand, the number of parts of world-lines is now
N dS, and the length of each of them is ds, so that we have L =N dSds

and ds 379
Q=Ngz- (379)
All this may be said whatever be the system of coérdinates. Thus,
if we pass from z, to z,, the two formula (378) and (379) will still
hold though several of the quantities involved take new values.

In the first place, when, after the change, we apply (878) to the
same region, the quantity L will remain the same because ds and
the length of any line are invariant. But the numerical value of the
magnitude of the element will become different, say ', and we
shall have

==L
QI

The ratio between Q and €’ is given by the functional determinant
of the variables z, with respect to 2 ; that is, if we use (230), by the
determinant p formed with the elements pa3, or rather by its abso-

lute value |p|. Thus ,
Izl 2 =1pl®,
and, consequently, Q' =|»]Q.
On the other hand, we have, corresponding to (379),
ds
= N' —»
Q dry

where we can take for ds the same element of the world-line as in
(879), so that dz, and dz’, are the simultaneous changes of z, and EA
when we pass along the world-line. Combining these results, we find

N’ N
N i . 38
il b (380)
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It is shown in the theory of determinants that when the quantities
gab and g, are related to each other in the way expressed by (245),
the determinants g’ and g, formed the one with the quantities g,
and the other with g.s, are to each other in the ratio

g _ 2
=
Therefore e -4,
V—g

N’ N
and (380) becomes N =7 dx;
‘We may now write, by virtue of (269),
T N
Voo Vgt
and (270) is found directly, if one takes into consideration that the

first factor is a scalar, dxp a contravariant vector, and ¢a, as is shown
by (3875), a covariant vector.

Note 20, § 58

1
We have Tap= ) (© —\/—:_—g gvcTa,

N
T = Nqav, = E qadz.,
m
Ja = E E © GaedTe

Nm
Thus Top = ———F— (c8) JpcfaedZcATe.
a ds dg;4\/:_6 cyae C €

Here we may interchange the suffixes ¢ and e because each of

them is to be given the values 1, 2, 3, 4. If, after that, we interchange
a and b, we are led back to the first form. Consequently

Tsa = Tap-

Note 21, § 59

The object of this note is to give some further mathematical de-
velopments leading to the expression, in terms of the potentials and
their derivatives, of the tensor that has been represented by Hi.

1. Let ABC be a triangle in R, formed of three line-elements.
Let AB and AC, taken in the direction of the succeeding letters, be
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denoted by ds and d’s, their components, that is, the differentials of
the coordinates corresponding to them, by dx, and d’'z,. Those of
BC, which we shall call d’’s, obviously are d'z, — dx,.

In the following equations we shall be concerned with quantities
that are of the second order with respect to dx,, d’z,. As quantities
of a higher order may be omitted, we may put, understanding by
gap the values at A,

d''s? =3 (@) g (d'%a — o) (d'p — day).
Also ds? = E(ab) Japdxedry, d's? = 2 (ab) gapd'x A’ Tp.
The triangle will be said to be rectangular at the point A when
d’s? =ds? + d's?.
If the above values are substituted in this equation, the condition
required in order that ds and d’s may be at right angles to each other

is found to be Z(ab)gabd:cad':vb —0. (381)

2. The direction of a line-element may be specified by what we
may term the * direction constants ”

a _ 3%
&= ds
four quantities connected by the relation
2 @b gapkagh =1 (382)

that follows directly from the formula for ds2.

Since ds is a scalar and dx, a contravariant vector, £ is a vector
of the same kind.

Dividing (381) by dsd’s, we find the condition for two directions
perpendicular to each other in the form

E(ab) Japfat’d = 0.

3. When two line elements ds and d’s beginning at the same point P
are compounded (by addition of their components) into a third line
element d’’s, also drawn from P, the three are said to lie in a plane.
If their direction constants are £2, £’%, and £'’9, respectively, we have

ds d’s
na . Y9 ta Yo sra
- d//s E + d//s E . (383)

We shall have to consider the special case that d’s is perpendicular
to ds and infinitely small with respect to it. The first condition leads
to d'’s? = ds? + d’s?, and by virtue of the second (383) takes the form

gre =g+ g,
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where € is infinitely small. It is easily seen that these values satisfy
equation (382).*

4. The determination of the differential equation of a geodesic line
has already been discussed in Note 18.

Let now the last division in that note be made, not by dxs but
rather by ds, and introduce the direction constants. The result is

99ab pagy _ Z‘,Q&ea ey _
Z(ab)axcés 2 <)(dsé+gacds)-_o.

These are four equations (¢ =1, 2, 3, 4) which enable us to deter-
mine the values of d£°/ds so that we shall find the law according to
which the direction of a geodesic changes from point to point.

As the potential g,, is a function of the cosrdinates, we ean sub-

stitute
a9q. =Z(k) 0ac Lk
. ds 8xk :
By this we find

’ éﬁi‘_za%ab_ Za%ak
22()900(18_ (b)axcgg 2 (k)axkff.

This becomes simpler if in one half of the last term we replace k
by b, and in the other half k by a and a by b, as follows:

wa 38 _ 0dad _ OGac _ OFbc\ ta
2 @G =D (et - S e

Using the generally used notation

[ab]=%(%+gglﬁ_.a@.), (384)

c 17 Ty 0 Ta axc

we are led to X(a) Gac -ngs— = —-Z(ab)[ ]sagb (385)

It remains to solve from these formule the four quantities d&%/ds
which we wish to know. For this purpose we may profitably avail

* We may remark here that some of the quantities occurring in our formule may
eventually have imaginary values. The cosrdinates with their differentials and the
gravitation potentials will always be real, but the values that we shall give to the
potentials are such that two classes of lines must be distinguished. For some lines
ds? is positive (world-lines of particles), for others it is negative, the transition from
one case to the other being made by the world-lines of light-signals which are
characterized by ds? = 0. For a line of the second class ds becomes imaginary, and so
do the direction constants. If in the case just considered ds is of the first and d’s of
the second class, ¢ must be given an imaginary value so that £/¢, like £°, may be real.

In these considerations, the aim of which is solely to give a general idea of the
geometry in R4, we need not go into the details of these questions. Suffice it to say
that all the final equations (for example, the formule for H,; and Gas, and the
field equations) contain real quantities only.
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ourselves of the quantities g® mentioned already in § 58, the set of
which may be called the inverse to the set gs,. The theorem that

z(c) gacgbc

has the value 1 when b = a, and is zero when b differs from a, is often
very useful. As is indicated already by the notation, these new
quantities form a contravariant tensor of the second rank, and there
is the equality g = gba.

The solution of the four equations (385) is obtained by multiplying
each of them by ge*, where k is a definite number, and then adding
them. The result is

% - —Zm) {‘;cb} fogt, (386)

where {‘;:’} =Z (0) gk [“Cb] , (387)

a symbol representing a definite function of the potentials gas and
their derivatives. ab b
The expressions [c ] and { . [ 2re called ** Christoffel’s symbols.”

They have the properties expressed by the formule
bal _[abd ba _ fab
[c]_[c] and {c}_{c}’
the former of which is a direct consequence of the definition (384),

whereas the latter follows from it by virtue of (387).
From this equation we easily infer

[#]-Yen ()

5. We proceed to seek the formula for the parallel displacement
that has been defined in § 59. Let L be a geodesic line drawn from
a point P, and Q a second point of the line near P. The distance s
from P to Q, measured along the line, will be considered as infinitely
small, but for our purpose it is necessary in the next formule to
retain terms with s2.

If £° are the direction constants of L, and if, unless it be other-
wise indicated, we give all quantities which depend on the codrdi-
nates the values they have at P, we have, by Maclaurin’s theorem,

ZaQ = ZaP + 8&° + -;— 82 %gsz,
or, by virtue of (386),
TaQ = ZapP + 85% — é— s”Z(kz) {’;l} £k, (388)
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From the point P we draw a line-element PP’ with the direction
constants 7%, at right angles to PL; this is the element which we
wish to displace parallel to itself along PL. For this purpose we
draw from P a second geodesic line PL’, infinitely near PL and hav-
ing its first element in a plane with PP’ and the first element of PL.
For the direction constants of this new line at the point P we may
write £* + en®, where € is infinitely small; only its first power will
have to be retained.

If on PL’ we take a point @’ at a distance s equal to the part PQ
of the first line, the line joining @ and Q' will give us the direction
of PP’ displaced toward the point Q.

We find the coordinates of Q' if in (388) we give £ the incre-
ment en®. Thus the components of the line QQ’', say of ds, will be

A% = Ta@' — Tag = es Z(kl){ l} Ekqt | (389)

where the last term is made up of two parts, the equality of which
is seen by interchanging k and I.

Our object is to find the direction constants of QQ’. For this pur-
pose we must divide (389) by ds. Aswe wish to know the direction
constants accurately to terms of order s, we must retain in ds, as we
did in dx,, terms with € and with €2, In

ds? =E(ab) ab (Q) ATadTs

we must therefore calculate the terms with €2 and €3, which means
that in g,5(q) we must go to terms of order €.

As the cobrdinates of @ are
zr + SE',

we must substitute
Jab(Q) = Gab + SZm %%" &
From (389) we find

e D X !
Hence ds? consists of four parts; namely,

) 62822(ab)gab7;“17b = €282,

(2) 62832(‘11”).8.@ Efﬂanb,

@) - 6283Z(abk1) gab{ l} Lenonl = 2332 (aki) [’;l] Ernont,

and (4) a part that is equal to the third because it differs from it
only by the interchange of the suffixes a and b.
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After having replaced in part (2) b by I and r by k, and substituted

the val
e value Qgﬁ=[kl]+[ak],
oxk a l
we find, collecting these results

ds? = e232[1 + SZ(akl){ [alk] - [’;l] } gk,,a,,x] = €352,

because the sums with [alk] and [’le] cancel each other, one taking

the form of the other by an interchange of a and I. Thus we shall
find the direction constants of QQ’ when (889) is divided by es. It
appears, finally, that the changes in the direction constants of PP’
accompanying the displacement from P to Q are given by

dn® = —Z(u) {’Z}n‘dxk, (390)

where the change of xk, that is, £s, has been represented by duxk.
It is easily seen that (390) also applies to the displacement of a
line-element constantly directed along the geodesic line; for if we
write £ instead of 7, we obtain an equation equivalent to (386).
It is further evident that the element PP’ which is normal to the
geodesic line in P remains at right angles to it. Indeed, in the

expression
> @) gapEont, (391)

which is zero at the point P, gas changes byz (k) %f dx,

£ by -Z(kl) {I;l} &dxk, and nb by —Z(kl) {I;)l}nldxk,

and we shall find without difficulty that this leaves (391) constant.

It remains to consider the parallel displacement of an element
having an arbitrarily chosen direction. The way in which this is to
be done was explained in the text, and a simple reasoning will show
that in this case also the above formula for dn® applies. Moreover,
the equation holds for any line-element dzi, because a given element
can always be considered as the first of a geodesic line.

Our conclusion is, therefore, that the changes of the direction
constants of an element, for which we shall now write £, caused by
the parallel displacement along an element dxx, are always given by

dge = -Z * {’;l}gtdxk. (392)
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6. Riemann’s tensor enters into the expression which is obtained
when we proceed to calculate the changes Afe that take place when
an element whose direction constants are £¢ is displaced parallel to
itself so that its first extremity moves round a closed line in R,. We
shall suppose the dimensions of the line to be infinitely small, and we
shall confine ourselves to quantities of the second order with respect
to these dimensions.

Let P be the starting-point, and write for any other point @ of the

circui
it ZuQ — LaP = Zq.
Then we have to calculate

Afe = —Z(kl) f {I:;l}fldxk. (393)

Here we can replace the first factor by

kl 0 (ki
2 eomle)= (394)
if for {I;l} as well as for its derivative we take the value at P.

Moreover, we must keep in mind that in (393) & means the direction
constant such as it has become after the displacement from P to the
point Q. Consequently, if by & also we wish to understand its value
at P, we must replace & in (393) by the sum of £ and the change
which this quantity has undergone during the displacement ; that is,

according to (392), by
& _z(fh){flh} 3 (395)

because we may here confine ourselves to the first order in zs.

In the expressions (394) and (395) the quantities x, and z; are the
only ones that change as we pass along the circuit; all the remaining
ones are constant. Moreover, in the product the terms with x.xx
may be neglected and the term with neither x, nor x» will contribute
nothing to the integral in (393) because taken over a closed circuit
f drr = 0. Thus the value of A£* consists of two parts, one con-

taining derivatives of Christoffel’s expressions, and the other, prod-
ucts of two such expressions.

The first part is —Z(ckl) 5%{’3}5‘ f x.Axk,

and the second may be written

S} (e fron

if in it we replace k, f, L by ¢, I, u.
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It may now be remarked that when we have an expression of the

form
M =2(ck)N (ck) f r.dxk,
where N contains the two suffixes ¢ and k, we may also write

M =E (ck) N(kc)kad-‘l?c

or M= —E(ck) N (ke) f 2 dXk,
because for a closed circuit

f rdxr + f Trdr, = f d(xexr) =0

We may also write, taking half the sum of the first and the third
expression for M

Z(vk) [N(ck)y — Nxo)] f rdxk.
Applying this to the two parts of A% we find
Az =} S HE [zodu, (396)

s 8)-& () el ) e

By means of these expressions, taken with all possible suffixes, the
change in direction of any element when it is displaced parallel to
itself along any closed circuit can be calculated, and so far the
quantities HZ,

measure what may be called the curvature of R;.

It ought to be noted that the meaning and in general the value of
H}, is altered when the suffixes are interchanged. A direct con-
sequence of (897) is that e — _ge

ke = — g

which implies that the expression is zero for k = ¢. By this the num-
ber of different quantities contained in the symbol (if two differing
only in sign are not distinguished) reduces to 96.

7. It remains to prove the theorem (in agreement with which the no-
tation has already been chosen) that Hj; is a tensor of the fourth rank,
covariant with respect to the suffixes [, ¢, k and contravariant with
respect to a. For this purpose we have to examme the relations be-
tween Hj,; and the corresponding quantities H,,, to which one
is led when the codrdinates are changed from z, to z,. Now, choos-
ing in R4 a definite closed circuit and a definite lme-element that is
displaced along it, both the same whether we use x; or x,, we can
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consider the changes A£'® as well as the changes Af®. We shall try
to deduce the former from the latter.

The quantities £* and &'* are connected with each other by the
transformation formulz for contravariant vectors, and these for-
mule also apply to A£® and Af'?, because A® is the difference
between two values of £ occurring at the same point, and A£’® the
difference between corresponding quantities £’¢. Moreover, on the
right-hand side of equation (396) £, x., and dxx may be expressed in
terms of the corresponding quantities with primes. Here again we
have to use the transformation formula for contravariant vectors.
This is immediately seen in the case of £ and duxk, but it applies
equally to z, because this symbol represents the difference between
the coordinates of points that are at an infinitely short distance
from each other. Moreover, for the coefficients p,;, that occur in the
transformation formule we may always take the values which they
have at the definite point P of the circuit; if we took into considera-
tion the small changes of p,; as we follow the closed line, we should
be led to quantities of a higher order than we need consider.

After all this the proof is easy, namely,

Af® = E(a) WabAEa = %2 (ackl) WabHZkflfxcdxk
= %2 (ackimng) Wabpl‘mpcnpqu;:kEImfx;dx;,

and for this we may write
Afb = %E (mnq)H;,I"an”"fx,’,dx;
if we put H;,’,’,.q =E<«wkl) T abPimPenPkgH e

Of these two formule the first shows, when compared with (396),
that in the new system of codrdinates H;,l,’,,q plays the same part as

¢ . in the old one, so that H;% will be obtained from (897) when
primes are added to all the symbols; the second expresses the
proposition that was to be proved.

Note 22, § 59

That G is a covariant tensor is proved by the following trans-
formations, each step of which will be easily understood when we

remember that
> @ ppemee =1, for k= and 0 for k #§,

Gup =2, @ H, = (cdefbYpaaPeb Dy HE,
=2 @e1)pacPes HYyy =, (4YPauDebGie.
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The proof that G. is symmetrical is somewhat less simple. One
sees from (397) that
G =2 @H},

consists of two parts, one containing derivatives of Christoffel’s

expressions, and the second, products of such expressions. By

working out the sums, taking into account that a permutation of

the suffixes a and « does not change a sum Z(au), it is seen directly

that the second part of Gi is not altered by interchanging I and c.
The first part of Gzp is

cl al
(a) axa{ } Z()é;:{a}’

and here it is at once clear that the first term has the property in
question, so that we have only to consider the expression

2o lat
We may write for it
0 . abal_l_a_z w»(all, [ol
Z( g T 20x g ([b]+[a])
- l _a_ ab) gab @.
T2 oz, Z(b)g ox

Now the quantities g2® are such that x, = I®)ge*§, is the inversion
of & = Z® gavxs, from which we can derive the following rule for
finding ge® when the potentials g, are given. First form the deter-
minant g of the potentials and take its minor with respect to a
particular g.» (g». being considered as distinet from g,3). Then the
corresponding gt is found when tléat minor is divided by g. Hence,

g

as the minor belonging to g, is P we have
ab
go=100 _0logg
T g 0gad  Ofa

giving .
6 Z (ab) gob 9> oy _ 0 apy L1089 04y _ 0% log g
om0z, gy 01 0% 0x
and now it is seen that the value is not changed by a permutation
of cand l.

Note 23, § 60

When we have to consider the gravitational field produced by a
material system that is symmetrical around the center O and is at
rest with respect to the axes of codérdinates, we may remark in the
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first place that the line-element ds in R, is compounded of a line-
element in the ordinary three-dimensional space R; (which hence-
forth we shall call do) and an element dx; or df. The element do can
be decomposed into one in the direction of r and another at right
angles to it. If we call these d,o and d20, the expression for ds2 may
be taken to have the form

ds? = Ad,0? 4+ Bdso? 4 Cdzx},

the coefficients being functions of 7.

Now, not confining ourselves to a plane passing through 0, we
may determine the position of a point P in the usual way by polar
coordinates r, ¢, {, the first being the distance from O, the second
the angle between OP and OX, and the third the angle which the
plane POX makes with a fixed plane passing through OX. We

then h
en RAVE G =dr, dyo? =r(de? + sin? ¢ dy?),

and, writing x,, x2, 23 for r, ¢, and ¥, we may take for the line-
element in R,

ds? = — udx? — v(dx? + sin? x2dzd) + wdrl.

We shall now try to find out how far the coefficients u, », w can be
determined as functions of r by means of the field equations.
If the values of the potentials,

gin=—Uu, Qo2=—0, Qgaz=—70 sin?xs, g =w, (398)

are substituted in the formula for G., and if primes are used to
indicate differentiation with respect to r, we find

wy v v vww w? | w

Cu=-50" 2v2+——4uw—4w2+2_17)
o vr,wr )
G”’”l‘4uz+2 uw L, (399)

G33 = gin? X * Gzz
ww' ' w'2 w"

Cu= i Tw T Tuw 24 )

the remaining G,3’s all being zero.
In the space outside the attracting body the components T, are
all zero, s0 that the field equations require G,3 = 0, which reduces to

Guu=0, Gi2=0, Gyu=0. (400)



294 PROBLEMS OF MODERN PHYSICS

It is important to notice that these equations are interdependent,
because between the above expressions for Gy;, Gaz, Gs there is
the relation

lag L 2e ( w )
ZG“+vG22 2wG44 2u+v+2wGll

The consequence of this is that the functions u, », w are not
completely determined by the equations. Indeed, these are sat-
isfied by
=20 w2 ,__a | (401)

b—-w?t w b —w)?
where w is any function of r, and a and b are constants.
This solution is found when the equations Gy =0 and Gy, + — u G44 =0

are divided by - Z— and respectwely The resulting equatlons

admit of integration, g1v1ng
v2w'?

7’2
=const. and —— = const.
uYw
v'2 e s .
Hence o also must be constant, or, if » is considered as a func-

2
tion of w, % (ad?—':—)) = const., from which the above value of v is easily
derived. It then follows immediately that « is equal to

w'2
(b — w)4w

multiplied by a constant, and substitution in Gz2 = 0 shows that this
constant must have the value ab.

That the solution should contain an arbitrary constant such as b,
which will depend on the mass of the attracting body, was to be
expected; such a factor also occurs in the solutions of Laplace’s
equation. But it is a peculiar feature of Einstein’s theory that even
the form of the functions remains to a certain extent indeterminate.
It has already been mentioned in the text that this is unavoidable in
a theory whose fundamental principle is that the general equations
have the same form in all systems of coordinates.

The indeterminateness in question does not, however, diminish
the value of the theory. It was pointed out in § 60 that we can
account for the observed phenomena by one solution of the field
equations just as well as by another.

Now that we know that the choice of the solution is immaterial,
we may simplify by some suitable restriction, — for example, by
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some assumption with regard to the numerical value of the velocity
of light. Two velocities, k; and ks, for rays in the direction of r and
at right angles to it, have to be distinguished, and for these we find,
by putting ds =0,

The spectal values of the potentials given in the text involve the
relation 2
k2 =ck 1y

and, conversely, we may deduce them from the general formulee (401)
if we postulate this relation, with the addition that for r = oo both
k, and k. shall tend to the limit ¢. For then we are immediately

led to the equation

giving w=p—-—>
with the integration constant p, and

2
k2 =110 - pr + cap (p - £2).

This will take the value ¢? for r = oo, if p =b. Finally, taking
a = c*a?, and therefore b = c?,

w=cz<1—%), u =

y =12

1-¢%
r

As we have already remarked, the angular velocity w with which
a circular orbit of radius r can be described is now determined by

oc?

2 — =2

w = .
2173

This shows that we were right in choosing the positive sign in the
formula for w’. With the negative sign a circular orbit would have
been impossible; we should then have had a repulsion instead of
an attraction. Our last formula further leads to the important con-
clusion that in the solar system the numerical value of a/r is much
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smaller than 1. For this value is seen to be equal to twice the square of
the ratio between the velocity wr in a circular orbit and the speed of
light ¢, and this ratio is small, even immediately near the sun’s
surface.

For o = 0 the values of u, v, w become 1, r2, and ¢?; this means

ds? = — do? + c2dt?,

corresponding to what we have called the normal values of the
potentials gge.

It remains to examine the connection between the constant «
and the mass of the attracting body. For this purpose we must
apply the field equations not only to the external space but also to
the interior of the body. If we suppose the latter to be at rest in
the system of codrdinates and to have a structure symmetrical
around the center O, we may still use the equations (398). We shall
now simplify the formul® by assuming that u, v, w differ very little
from their normal values, so that, if we put

u=14+N ov=r21+u), w=c2(1+v),

squares and products of the quantities N, u, » and their derivatives
with respect to r may be neglected. This amounts to considering
as very small all terms containing the gravitation constant x; we
shall therefore also neglect terms with k2 or with x multiplied by
A\, u, or v.

The expressions (399) for G,, which appear on one side of the field

equations Gup = — K(Tap — X gusT) (402)

are now easily expressed in terms of N, u, » and their derivatives.
On the right-hand side of these formula the most important quan-
tity is T, which is to represent the mass of the attractive system.
Let p be the density. Then the mass in the element of volume cor-
responding to dxidx.dr; will be

pr sin Xa dxldxgdxs,
which may be said to correspond to an energy

c2px? sin xo dzidzedzs.
We shall therefore put
T{ = c2px sin zo. (403)

Now, if nothing were to be neglected, we should have to take into
consideration some other components of the tensor T9%; namely,
the stresses that are developed in the body by its own gravitation,
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and without which its parts cannot be in equilibrium. Since, how-
ever, these stresses are proportional to «, and since there is already
a factor « on the right-hand side of the equations, we may confine
ourselves to T;.

The first thing to be done now is to deduce from (403), by means
of the formulae of §§ 58 and 59, the values of Ty, and T and to sub-
stitute them in (402). In all this we may give to the potentials ga
their normal values, corresponding to « =1, v =72, w = ¢2. Thus:

gnn=-1, gee=—xf, gn=-—xlsin?xs, gu=c?
V-g= cx? sin x,.
Performing all these calculations, we are led to the values
Tas=c3p, T=cp
and to three equations (two of the four again becoming identical)
Gi1=— 3 ckp, G2z =— 3 ckpr?, Gy = — 5 c3kp,

or, when the expressions on the left-hand side are worked out,

_2\?+'2"r&+#”+1v”=—lc'<p,

2 2
“N b u— N 2w+ 32 4 v = — 1 expr2,
’
o(_ ¥ _1 H>__._lca
c( r 2’ 2 OKP

In these formule p is to be considered as a given function of r;
we shall suppose it to be zero beyond a certain distance R from the
center, the radius of the attracting body. The third equation will
presently serve us for the determination of ». After we have solved
it, the relation N=p 4y 4 ‘ (404)
will be found sufficient for satisfying the first and the second equa-
tion. That the problem is again indeterminate will not be aston-
ishing after what has been said.

Now, confining ourselves to the third equation, we find in the

2
first place, after multiplication by — 252—’
d% (r?v') = ckpr?,

r
72y’ = ck j; pridr,
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where the integration constant has been determined by the con-
dition that r?y’ must vanish at the center. Moreover, taking into
account that » must be zero at infinite distance,

r T
Vv =cK dr pradr.
1-2
© (1]

or, after an integration by parts,

K r o0
p=— —f pridr — cxf prdr.
T 0 r

At a point outside the attracting body the second integral vanishes
and the first has the value

R
2dy —
‘[0‘ prdr_47r

if m is the total mass. Thus

_cxkm — 2( -cxm)’
47r w=ci1 47r

5o that the coefficient o formerly introduced is connected with the

mass m by the relation
cKkm

47

o =

We shall conclude by remarking that among the different solu-
tions of the field equations considered in this Note there is one in
which, in the expression for ds?, the squares of the components
dio and dyo of the line-element in R; are multiplied by the same
coefficient, so that the fundamental formula takes the form

ds? = — a?do? + B2z},
or, if z, y, z are rectangular cosrdinates,
ds? = — a?(dx? + dy? + dz?) + (%dt2. (405)
For this, all that is necessary is that
v =r2u,
or, in the later formule, A =u.

If the first relation is combined with (401), a simple integration
will enable as to determine w, and thereby u and v as functions of r.
On the other hand, if X = u, equation (404) can be satisfied by

A=p=-v,
where » is to be given the value that we have already found.
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Note 24, § 61

The problem of the influence of gravitation on the frequency of
the light emitted by an atom may be treated in connection with
Bohr’s theory, in which the frequency is made to depend on a
change of energy.

Let us use a system of reference z, y, 2, ¢, in which z, y, z are
rectangular codrdinates extending all through the solar system. We
shall consider solely the gravitational field due to the sun, and we shall
admit for it equation (405), mentioned at the end of Note 23. Let
a, B be the values of the constants at the sun’s surface, and o, Bo
the values near the earth.

We shall begin by fixing our attention on an atom in our labora-
tory and on one of its stationary states of motion. The coodrdinates
of each electron will be definite functions of the time

z=¢), y=y0), z=x0@),
and the atom will have a certain energy E.

Our next step is to describe this same state of things in terms of
new variables defined by

) _ Qo ) _ Qo r_ O r_Bo
’ x—a:v,y_ay,z az,t Bt' (406)
8o that, always near the earth, the fundamental formula becomes
© ds’? = — a2(dx’? + dy’? + d2'2) + B2t (407)

In the new system of reference the equations for the stationary
motions are o 8 o 8 o 8
’ 0 2 ), — ] 2 ¢, r — &0 2oy
w=Ro(gt) v=v(gt) F=Tx(Er) @
and the energy will have a value E’ which we can deduce from Eo
by means of the formule of transformation.
In the case of a single moving particle the energy is the fourth

component of a covariant vector ¢,, so that, with the above relations
between x, ¥, 2, t and z’, y', 2/, t/,

4 — —
qy = 60 G4,
If the theory is to be self-consistent, the same formula must hold for
the energy of the atom. This may be verified by considering the

integral
& f T} dxdydz
and using the transformation formula for T.
Thus =5 g, (409)
0
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We shall now use the principle of relativity in the following
form. If in two systems of reference z, v, 2, t and z/, ¥/, 2/, t’ the
gravitation potentials have the same values, there will be for any
given phenomenon a corresponding one, equally possible, that is
described by equations of exactly the same form in 2, ¥/, 2/, t’ as the
first in x, ¥, 2, t, and conversely.

Now we see from (407) that near the earth the potentials have in
x',y'’2, t’ the values «, 8 which on the sun they have in z, y, 2, {.
Thus, since on the earth we have recognized as possible motions
those specified by (408), whose energy is given by (409), we conclude
that an atom on the sun can be in a state of motion determined by

_% (B _ (B ~x (B
x—Ot ¢<ﬁot)' y_a ¢<30t>' —Otx<ﬁot>
and characterized by the energy
i)
“ Bo Eo.

So, if both particles are referred to one and the same system
x, ¥, 2, t, the ratio between the energies of two atoms, one on the
sun and the other on the earth, taken in corresponding stationary
states, is found to be 3/B8o. The same ratio must exist between cor-
responding differences in energy, and therefore, if Planck’s constant
h is given the same value in the two cases, between the emitted
frequency as determined by Bohr’s rule. It will easily be seen that
this agrees with what was said in the text.

That & must be considered as equal in two places with different
gravitation potentials is due to the fact that & is the product of
an energy and a time. Attending to the way in which the numer-
ical values of these quantities are altered when we pass from one
system of reference to the other, we find that the value of # does
not change.

In all this there is something that looks paradoxical at first sight.
The change from z, 9, 2, t to 2/, 9/, 2/, t’ defined by (406) is simply
what we should have had if we had changed our units of length and
time, so that the new units are equal to a/a, and 8/8, times the
corresponding old ones. By this operation, as (409) shows, the numer-
ical value of the energy changes in the ratio of 1 to 3/3o,. How can
this be reconciled with the fact that the dimensions of energy are
ML/T?? The answer is that if the transformation formule which
we have used are to hold for a transformation like (406), amounting
to a change of units, we must change the unit of mass in the ratio of
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1 to p/q when the unit of length and that of time are altered in the
ratios of 1 to ¢ and 1 to p respectively. In other words, we must
attribute to the mass the dimensions 7/L. By this the dimensions
of an energy become 1/T, and & becomes a pure number without
dimensions.

Note 25, § 63

It has been remarked in the text that the values of the potentials
are different for two systems of coodrdinates in one of which the
earth rotates with a constant velocity, while the other is rigidly con-
nected with it. In the first system the potentials may have the nor-
mal values; in the second they are such as to give rise to phenomena
like those of Foucault’s pendulum.

The question has also been raised, What is it with respect to
which the earth moves? By the old theories we could imagine that it
rotates relatively to the ether of space, and could suppose that the
coefficients g, have their normal values when the axes of coérdinates
are at rest in the ether, and different ones when they are rotating
in it.

Einstein has, however, succeeded in replacing, in this line of
thought, the ether by ordinary matter; namely, by the heavenly
bodies éxisting in the universe. He showed that these bodies can
be made accountable for the values of the gravitation potentials
even when these are as simple as the normal ones, so that we must
necessarily have these values when the axes of coérdinates are at
rest relatively to the bodies in question. In all this we must not
think of some new action exerted by matter but only of the influence
which it has according to the field equations.

For his purpose Einstein had to make two changes in the original
theory. The first was the modification of the field equations that
has already been mentioned. The new form is

Gab - >\gab - K(Tab - % gabT)’ : (410)

where \ is a certain positive constant. The second change is that,
for a reason which must be left unexplained here, the three-dimen-
sional space R3; (namely, the space in the ordinary sense of the
word) is supposed to be of finite extent, though it has no boundary.
This new kind of space is the three-dimensional counterpart of a
spherical surface. Like this it has the same properties in all its
parts; and just as the spherical surface can be defined in a three-
dimensional extension by the equation

x2+y2+z2=a2’
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so Einstein’s space R3 can be defined in a four-dimensional exten-
sion ¢, 7, ¥, 2 (not to be confounded with the extension z, ¥, 2, 1)

by the equation g% + 22 + 9 + 22 = @b, 411)
The constant @ may be called its radius.
The position of a point on the spherical surface may be deter-
mined by means of two angles ¢ and ¢, such that
z=acos¢, r=asingpcosy, y=asin@siny;
and if the values of dx, dy, dz derived from these formule, for a
constant a, are substituted in
do? = dx? + dy? + dz?,
we find, for the square of the line-element,
do? = a2(d¢? + sin? ¢ dy?).
Similarly, any point of Einstein’s R; can be represented by three
angles ¢, ¥, x such that
g=acos¢
x =asin ¢ cos ¢
y = a sin ¢ sin ¢ cos x
2 =asin ¢ sin Y sin x
equation (411) being identically satisfied by these values; and if
the values of dg, dx, dy, dz are substituted in
do? = dq? + dx? + dy? + dz?,
we find, for the square of the distance of neighboring points of Rj,
do? = a2?(d¢? + sin2 ¢ dy? + sin? ¢ sin? Y dx?),
or, if we take ¢, ¥, x as codrdinates,
z1 = ¢, l'z:d/, T3 =X,
do? = a2(dz? + sin? x,dx? + sin? x, sin? z,dz}). (413)
Having gone so far, we need no longer think of the four-dimensional
space ¢, ¥, ¥, 2, the introduction of which could even have been
entirely avoided. It suffices to state that Einstein’s space is a
three-dimensional extension the geometry of which is made to
depend on this formula for its line-element. The symbol a denotes
a certain length that may be expressed in centimeters, and we shall

travel through the total extent of this R; when x; and x; are made
to change from 0 to m and x3 from 0 to 2.

(412)
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Much of what has been said in Note 23 may, with appropriate
changes, be applied to the present space R;. From any of its points
we can draw three line-elements in the directions of the cobrdinates
(two codrdinates remaining constant along each element) and char-
acterized by dzx;, drz, drs. According to (413) their lengths are

adx;, asinx,drz, asinx; sin rodrs,

and théy are at right angles to each other. It is therefore natural
to take the product of these three expressions
a3 sin? x; sin xodzidx2dx;

as the measure of the magnitude of the element of volume which
they determine. Integrating this between the limits given just now,
we find, for the total magnitude of R,

2 m2a3.

We shall replace the matter concentrated in the stars by a uni-
form distribution throughout R; with density p. Then the mass
contained in an element becomes

pad sin? x, sin xodx,dredxs,
and we therefore put
T4 = c2pad sin? x, sin z,.

We shall suppose the other components Tf to be all zero, the mat-
ter being at rest and without internal stresses, and we proceed to
show that the field equations can be satisfied if we assume

ds? = — udo? + wdt?

with suitably chosen constant values of » and w.
Substituting the value of do?, we see that

g11 = — a%u, goo = — a®usin®zy, g3 =-— a2y sin? z; sin? xy, gy =w,
V=g = a*Vudw - sin? z, sin x3, -
giving
Gy =— 2, Gzz = — 2 gin? Xy, G33 = — 2 sin? X1 sin? X2, G“ = 0,
c2
Ty =c2p+|%s T =P _,
ud udw

Of the four field equations, with G, - - - Gy, €ach of the first three
leads to the formula

and the fourth to \=3«T,
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80 that % and w, and thereby the gravitation potentials, are really
determined when a, p, x, and \ are given. If the potentials are to
have the normal values u =1, w = ¢2, we must take

1
=2 and p=

2 cka?

In what follows we shall suppose these conditions to be satisfied, so
that the field is represented by

ds? = — a2(dz? + sin? x,dy? + sin?x; sin? ¢ dx?) + c%di?. (414)

In the space R there is a definite point O where z; or ¢ is zero
(compare equations 412), and from which this angle z, is measured.
Now let us consider around this point a part R; of Rz whose dimen-
sions are, for example, a small number of times those of the solar
system. Then they will of course be extremely small with respect
to the radius a of the world, and the angle z; will be so small that
sin x; may be replaced by z; to a high degree of approximation. By
this the above formula becomes, if we write r for ax,

ds? = — dr? — r2(dy? + sin? y dx?) + c?di®. (415)

Obviously the quantity r is the distance from O, and so we find
for the smaller space R; the simplest form which ds?, and the gravi-
tation potentials included in it, can take when polar coordinates are
used. To judge by this form we should say that the space R, is that
of Euclidean geometry, and that it is the seat of the simplest gravi-
tational field that we can imagine, or rather of a field of no gravi-
tation. Now conceive the earth to be placed at the center O of this
field. In doing so we shall not trouble ourselves with the gravitation
due to the earth or even with that of the sun; as has been explained,
the actions of these bodies would produce only very slight changes in
the potentials, and we are now interested only in their main values.

As these are the normal ones, the system of codrdinates to which
(415) refers is one in which the earth is rotating, with a certain
angular velocity w, say about the axis from which the angle ¥ is
reckoned. If the angular velocity is w, we can pass to axes fixed to
the earth by simply introducing instead of x a new coordinate

X' =x -t
leaving r and ¥ unchanged. The formula for the line-element now
becomes
ds'? = — dr? — ¥3(dy3 + sin2y dx'3?) — 2 r3w sin2 Y dx'd!
+ (c? — r2w? sin? Y)dt?, (416)
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showing us the gravitation potentials, with a g3, among them, such
as they are relatively to axes that are fixed to the earth. If we use
these, the new potentials will serve us for the explanation, for ex-
ample, of Foucault’s pendulum experiment. Now, just as field (415)
in R; is part of the complete field (414), so also field (416) in R,
will be part of a field extending all through R3;, the fundamental
formula for which is obtained when, in (414), x is replaced by
x' + wt, so that the potentials become

g1 =—a2% gy, =—a?sin?x,, g;; = —a?sin?x, sin?x, } @17)
g34 = — @’wsin?x; sin2x,, gy, = €2 — a2w?sin?x, sin?x, J’
different from the former values
g1 =—a?% g2 =—a?sin?x;, g3 = —a2sin2zr, sin2x,,

934 =0, g4 =c2

Like these the new values g,, can be deduced from the field
equations, which have the form (410) in the system ¢, ¥, x’ as well
asin ¢, Y x; namely,

Goy — Moy = — k(Top, — 3 gopT"). (418)

Only, if we want to do so, we must not forget that in the system
¢, ¥, x’ the stars are moving. Indeed, for each star x was supposed
to be constant, but then the new cosrdinate x’, or x; decreases at
the rate w. The effect will be that in the system of reference z;, z,, z;
the energy T,!is not the only component of the stress-energy tensor
with which we are concerned; it is clear that there will now be a
momentum and a flow of energy.

Now if the right values of T,, are substituted in (418), we shall
find the potentials (417) as a solution of the equations. We shall in
this way be led to the expression (416), with which we have to reckon
in the space R;. We may say, therefore, that the phenomena by
which the rotation of the earth is usually proved are due to the fact
that in a system of reference in which the earth is at rest the stars
are moving around it.
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Bohr’s rule for frequencies, 149

Bohr’s theory of spectra, 79
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Centrifugal force, effect on light, 217
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Clocks, retardation of moving, 91,
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Conductivity, coefficient of, 77

Conductor, metallic, 27

Conservation of energy and mo-
mentum, 121
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Contravariant, 194
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Covariant, 194

Crystal, plane waves in, 6; cubical,
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Current due to change in velocity of
conductor, 51
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Curved wave-fronts, 224

Density, fluctuations in, 57, 58

Deviation, mean square of, 266

Dielectric displacement, 28, 55
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Displacement, dielectric, 28, 55; of
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Doppler’s principle, 22

Dragging coefficient, 8, 107, 217

Dynamical theorem for periodic mo-
tions, application of, 140

Dynamics, modification of laws of,
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Earnshaw’s theorem, 24, 138
Earth’s rotation, 218

Earth’s translation, 85, 87
Einstein’s field equations, 204
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Einstein’s theory, observations on,
212

Elasticity, moduli of, 259

Electric current, 27, 49

Electromagneticdisturbances, spread-
ing of, 26

Electromagnetic equations, 3; in
the theory of relativity, 102

Electromagnetic fields, production
of, 27

Electromagnetic mass, 46

Electromagnetic waves, 26

Electromotive forces, 77, 83, 152,
245, 250, 253

Electron, mass of, 27; force on, 45;
structure of, 125; model of, 127;
Poincaré’s, 133

Electron ring, 126

Electrons, theory of, 26; in circular
motion, 249

Energy, flow of, 19, 43; and mo-
mentum, 108 ; and stresses in con-
tinuous systems, 111; relation be-
tween kinetic and potential, 130;
electromagnetic, 163; potential,
for a crystal, 259; fluctuations in,
262

Equation, linear homogeneous par-
tial differential, 2, 16

Ether, 1, 7, 65, 58, 77, 85, 219

Euclidean space, 207

Experiment, of Tolman and Stew-

art, 48; Michelson-Morley, 85,
92; Zeeman’s, 104; hexagon,
215; Michelson’s interference,

218; Foucault’s pendulum, 218,
301, 305
Extinction coefficient, 54, 59, 62

Field equations, of electron theory,
28; of an electron, 42 ; Einstein’s,
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Flow of energy, 19, 43, 64

Fluctuations, in density, 57, 58; in
energy, 262

Fluorescence, 180
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Fog, propagation of light in a, 63

Force, electric, 3, 6; magnetic, 3, 6

Forces, on an electron, 45; electro-
motive, 77, 83, 1562, 187, 245, 250,
253 ; magnetomotive, 78, 83, 152,
187, 245, 250, 253; non-electro-
magnetic, 133; molecular, 134;
quasi-elastic, 170, 180

Foucault’s pendulum, 218, 301, 3056

Fraunhofer lines, 178

Freedom, degrees of, 166

Frequency, 144, 146; influence of
gravitation on, 299

Fresnel’s dragging coefficient, 8, 107,
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Fresnel’s pattern, 157, 161, 1656

Fresnel’s radiation, 157

Geodesic line, 200 ; differential equa-
tion of, 285

Glass, moving rod of, 105; rotating
cylinder of, 217

Gravitation, theory of, 188; influ-
ence of, on frequency of light, 299

Gravitational field, 192

Group-velocity, 14, 22

Hamilton’s principle, 201

Hamilton’s theorem, 278

Heat motion, in solid bodies, 166;
irregular, 182

Helium, spectrum of ionized, 79

Helmholtz’s theorem, 277

Hexagon experiment, 215

Huygens’s construction, 10, 13, 204

Huygens’s principle, 7, 8, 252

Hydrogen, mass of atom of, 27;
spectrum of, 79; molecule of, 180 ;
dispersion of, 181

Induction, magnetic, 6
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Interference and quantum theory,
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Interference experiment, 85, 218

Ions, 27
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Kirchhoff’s theorem, 34
Kirchhoff’s treatment of light rays,
72

Lagrange’s function, 278

Lattice, space, 166

Lecher’s experiment, 218

Light, rays of, 10; plane-polarized,
11; analytical treatment of beams
of, 18, 168, 269, 274 ; velocity of,
14, 21, 197, 199, 228, 236; pro-
duction of, 26; propagation of,
70

Light-quanta, 10, 156, 158, 162, 255,
2656, 267

Light-signals, 189

Line-element, 199

Line-integral, 30, 50

Loops and nodes along conducting
wires, 218

Magnetic energy, 186

Magnetic field, production of, 27;
stationary motions in, 183

Mass, of electron, 27, 45; electro-
magnetic, 45; change in, of sun,
124

Maxwell’s equations, 3, 4, 103

Maxwell’s law for the index of re-
fraction, 65

Maxwell’s stresses, 127, 164

Michelson-Morley experiment, 85,
92

Michelson’sinterference experiments,
218

Mizxed tensor, 204

Mixture of two substances, scatter-
ing of light in, 58

Momentum and energy, of a sys-
tem, 108, 118; moment of, for
an atom, 153, 184; radiation of
angular, 164; of light-quantum,
158

Motion of light-quanta, 160, 270

Moving solid bodies, propagation of
light in, 104
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Nodes and loops, 218
Non-electromagnetic forces, 133
Non-elestromagnetic masses, 132
Normal triplet in Zeeman effect, 186
Nuclei of atoms, 130, 131

Opalescence, critical, 58
Orientations, different, of an atom,
185

Parallel displacement, 206, 286

Partition of molecules, 263

Photosphere, 176, 179

Planck’s formula, 265

Plane waves of light, 1, 6

Poincaré’s electron, 133

Poincaré’s tension, 133

Poisson’s equation, 34

Polarization, 59; electric, 6, 27

Ponderable body, propagation of
light through, 70

Ponderable dispersive medium, 229

Potential energy of elastic body,
259

Poynting’s flow, 19, 159, 163

Probability, theory of, 263

Propagation, velocity of, 160

Quanta, 26; theory of, and inter-
ference, 156

Quantum conditions, 144, 147, 184,
185

Quantum jump, 144

Radiation, reaction of, 44; diffi-
culties in theory of, 47; of light,
80, 150; loss of energy by, 124;
Fresnel, 157; black, 168

Rank of a tensor, 192

Rayleigh’s formula for the scattering
of light, 60

Rays of light, 10, 27

Reaction of radiation, 44

Reflection of light, 14, 23

Refraction, index of, §9, 104, 170,
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Relativity, principle of, 84, 89; and
the electromagnetic equations,
102; experimental verification of
the principle of, 125; generalized
theory of, 188; and the conserva-
tion of energy and momentum,
202

Relativity transformation, 87, 198

Retardation of moving clocks, 94,
103

Retarded potentials, 35

Rods, length of, in relativity, 91

Rontgen spectra, 125

Rontgen-rays, 69

Rotating mirror, 228

Rotation of the earth, 218

Scalar potential, 33, 34, 37

Scattering, of light, 52; by crystals,
57; of Rontgen-rays, 68

Scattering power of liquids, 58

Secondary radiation, 69

Shortening of a moving rod, 90,
98

Silver, refractive index of, 172

Solar phenomena, 62

Solid bodies, propagation of light
in moving, 104; heat motion in,
166

Space lattice, 166

Specific heat of solid substances,
166

Standing waves, 82, 164, 166, 218

Stark effect, 81, 147
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Stationary states, 118; of atom, 127,
299

Stresses, Maxwell’s, 127, 164; nor-
mal and tangential, 259

Sun, radius of, 63; limb of, 67, 178;
atmosphere of, 175

Tensor, components of, 192 ; energy-
stress, 203; energy-stress, of radi-
ation, 268

Thermal equilibrium, 168

Time variable in theory of relativity,
220

Transformation, relativity, 87, 198

Transformation formule, 98,115,189

Vector, 192;
curl of, 30

Vector potential, 33, 34, 38

Velocity of light, 14, 21, 197, 199,
228, 236 ; transformation formulae
for, 98

Vibrations, simple harmonie, 3; of
electron, 40, 41 ; electromagnetic,
165

Virial, theorem of, 128, 132

divergence of, 29;

Waves, progressive, 2, 166; elemen-
tary, 7; of wireless telegraphy,
48; standing, 82, 164, 166, 218

X-rays, 69, 242; reflection of, 242

Zeeman effect, 183, 187
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