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PREFACE

THIS VOLUME gives an account of the principal methods used in
developing a theory of algebraic varieties in space of » dimensions.
Applications of these methods are also given to some of the more
important varieties which occur in projective geometry. It was
originally our intention to include an account of the arithmetic
theory of varieties, and of the foundations of birational geometry,
but it has turned out to be more convenient to reserve these topics
for a third volume. The theory of algebraic varieties developed in
this volume is therefore mainly a theory of varieties in projective
space.

In writing this volume we have been faced with two problems:
the difficult question of what must go in and what should be left
out, and the problem of the degree of generality to be aimed at.
Asour objective has been to give an account of the modern algebraic
methods available to geometers, we have not sought generality for
its own sake. There is still enough to be done in the realm of classical
geometry to give these methods all the scope that could be desired,
and had it been possible to confine ourselves to the classical case
of geometry over the field of complex numbers, we should have been
content to do so. But in order to put the classical methods on a
sound basis, using algebraic methods, it is necessary to consider
geometry over more general fields than the field of complex num-
bers. However, if the ultimate object is to provide a sound algebraic
basis for classical geometry, it is only necessary to consider fields
without characteristic. Since geometry over any field without
characteristic conforms to the general pattern of geometry over
the field of complex numbers, we have developed the theory of
algebraic varieties over any field without characteristic. Thus
fields with finite characteristic are not used in this book.

As for the material included, the space factor has caused us to
restrict ourselves to fundamental concepts and methods. But it is
our hope that a reader who has mastered the methods described in
these volumes, and has seen how they can be applied to some of the
standard problems in geometry, will be able to apply them to more
advanced geometrical problems.



viii PREFACE

Chapter X (the first in this volume) is devoted to definitions, and
to the study-of the basic concepts of the theory of algebraic varieties,
including irreducibility, generic points, dimension and order.
The principal tool employed in this chapter is the ‘Zugeordnete
Form’, introduced by van der Waerden and Chow, to which we
have given the name ‘Cayley form’, for historical reasons discussed
in the text. The ideas of this chapter owe much to van der Waerden,
but the greater prominence given here to the Cayley form has
resulted in a somewhat different, and, we believe, more complete
account of the basic concepts than he has yet given.

In Chapter XI we deal with the foundations of the theory of
algebraic correspondences, and apply this theory to develop the
idea of multiplicities in geometry. This chapter also owes much to
van der Waerden, but, following Weil, we make a sharp distinction
between point-set properties of varieties and multiplicative pro-
perties. Chapter XII begins with an account of the intersections of
algebraic varieties, and then goes on to develop the algebraic
theory of systems of varieties. The first three chapters of this
volume are therefore mainly concerned with general theory, but
the principles are illustrated by applications to examples. A par-
ticularly convenient example is afforded by the Segre variety which
represents an 7-way space as a variety in one-way space.

Chapters XIIT and XIV deal with Quadrics and Grassmann
Varieties respectively. The purpose of these chapters is to show how
the general methods developed in earlier chapters can be used to
develop the properties of these loci on a strictly algebraic basis.
The account given in each case is not intended to be complete,
although a considerable range of propertiesisreviewed. The methods
used for finding a base on a number of the varieties may appear to
be rather special, but no general method is known at present.

We again have to express our thanks to Prof. T. A. A. Broadbent
of the Royal Naval College, Greenwich, for valuable assistance in
the preparation of the manusecript and in the correction of proofs,
and to the Cambridge University Press for their assistance in
technical matters.

One of us (D.P.) gratefully acknowledges the assistance he
received from the Leverhulme Trustees, who granted him a Fellow-
ship which ensured the completion of this work in a shorter time
than would otherwise have been possible.



PREFACE ix

Note. The reference [II, §4, Th. II] is to Theorem II in §4 of
Chapter II of Vol. I, which contains Chapters I-IX. This volume
contains Chapters X-XIV. If a reference is to the same chapter
or section, the corresponding numeral or numerals are omitted.

W.V.D.H.

D.P.
CAMBRIDGE

March 1951






BOOK III

GENERAL THEORY OF ALGEBRAIC
VARIETIES IN PROJECTIVE SPACE

CHAPTER X

ALGEBRAIC VARIETIES

1. Introduction. This volume is concerned with properties
of the points of projective space whose coordinates satisfy a set of
homogeneous algebraic equations, these points not being treated
as individuals, but as members of the aggregate of solutions of the
equations.

We begin by selecting the ground field K over which our pro-
jective space is to be constructed. We shall confine ourselves to the
case in which K is commutative and without characteristic, but
we shall not assume that K is algebraically closed unless this
requirement is specifically made. We then construct a projective
space of » dimensions over K, denoting it by S,..

In 'V, §3, we saw that we could extend the ground field K to any
field K* containing K, and 8, is then extended to a space S¥
defined over K*. There are points (zf,...,z%) in S}, where xf
(¢ =0,...,n)is in K*, which are not points of the original space 8,,.
When the ratios of the coordinates z7} are all algebraic over K we
shall say that * = («f, ..., #}) is an algebraic point of S, (over K).
If at least one of the ratios of the coordinates «¥ is transcendental,
we say that x* is a transcendental point of S,. In the course of our
investigations we shall have to extend the ground field many times,.
thus introducing points which are algebraic or transcendental over
K, and we shall find it convenient to omit a reference to the ex-
tension K* on most of these occasions. We shall therefore be con-
sidering rational points of S, (that is, points the ratios of whose
coordinates are in K), algebraic points of S, and transcendental
points. The term point without any further qualification will cover
these three kinds of point.

A restriction on the fields from which the coordinates of algebraic

HPII I



2 X. ALGEBRAIC VARIETIES

and transcendental points are chosen is, however, necessary. If
x* is a point which is not rational, the field K(z*) = K(x, ..., z¥)
is a proper extension of K, and since it is formed by adjoining a
finite number of elements to K, it is an extension of a finite degree
of transcendency. The geometrical content of any result which
depends only on the properties of this field is not altered if we replace
K(x*) by an equivalent extension of K, and 2* by the corresponding
element of this new extension.

But we may have to consider a number (always finite) of exten-
sions of K, and as we saw in III, § 4, p. 114, there may be no exten-
sion of K which contains them all. This gives rise to grave difficulties.
All the extensions which arise, however, are algebraic extensions of
pure transcendental extensions of finite dimension. If K, and K,
are extensions of K, K, being of dimension d, we can construct an
extension K, of K, which contains the algebraic closure of an exten-
sion of K of dimension d obtained by adjoining the independent
indeterminates #, ..., ¢4, and this will contain a field K3 isomorphic
with K,. But we cannot simply replace K, by Kj, for there is
ambiguity in the choice of Kj; for instance,the dimension of the
field which is the intersection of K, and K3 depends on the number
of the ¢; in K.

To overcome these difficulties we must ensure that the various
extensions of K which we consider all belong to the same extension
of K. When this condition is satisfied, the join of the various exten-
sions considered is contained in an extension K* of a finite degree of
transcendency (the enveloping field). Results will be unaltered if
K* is replaced by an equivalent extension of K.

We can lay down a field once and for all over a given ground
field K which will contain the isomorph of any enveloping field
K* which may arise, and agree that all extensions be subfields of
this. Let ¢,,%,,... be a simple sequence of independent indeter-
minates over K, X the field consisting of rational functions of
these (each element of X being a rational function of a finite
number of ¢;), and let Z* be the algebraic closure of 2. Any en-
veloping field K* is clearly isomorphic to a subfield of Z*, and
hence if we replace K* by an isomorph in X*, each of the extensions
in question is replaced by a subfield of 2*. We shall call 2* the

‘universal field’ associated with K, and in ‘future we shall assume,
without mentioning the fact explicitly, that all extensions of K are
in this universal field.
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We now choose an allowable coordinate system in §,, and we
consider the set of points whose coordinates satisfy the equations

Jil@g, 2y, 0.0 2,) =0 (1=1,2,..), (1)

where fi(zg, 2y, ...,%,) is a homogeneous polynomial over K. In
IV, § 1, we saw that the polynomials over K which are satisfied by
the solutions of the set of equations (1) form an ideal, and in IV, § 2,
we proved the existence of a finite set of the equations (1), say

[i@os @y eor @) =0 (E=1,2,...,k), (2)

which is such that every solution of (2) satisfies the equations (1)
for all values of ¢. Hence in considering the points of S, which
satisfy (1), we need only consider the solutions of the finite set of
equations (2).

The aggregate of poin ts defined by a set of equations (1) is called
an algebraic variety. It may happen, of course, that there are no
points satisfying the equations. While this case is of no geometrical
interest, it cannot always be avoided in theoretical reasoning; but
the statement of theorems will be simpler if, for the present, we
assume that the varieties we are considering have at least one point.
This point majy, of course, be rational, algebraic or transcendental.
. An algebraic variety in S, has been defined in a particular allow-
able coordinate system. Let us consider what happens to the set of
equations (2) when we carry out ghe allowable transformation of
coordinates given by the equations

n
Yi=Xayz; (1=0,..,n),
i=0
. n .
or x; =j§obﬁyj (t=0,...,n),

where (b,,) is the matrix inverse to (a;;).
If (y, ..., 27,) satisfies (2), the coordinates (y;, ..., 4,) of the same
point in the new coordinate system satisfy the set of equations

fi(?boﬂ/p "";bnjyj) =0 (=1, '"’k)s (3)

and conversely, if (y, ...,%},) are the coordinates of a point in the-
new coordinate system which satisfy (3), the coordinates (xj, ..., 25)
of the same point in the original coordinate system satisfy (2).
Hence, if an aggregate of points in 8, form an algebraic variety in

I-2



4 X. ALGEBRAIC VARIETIES

one coordinate system, they form an algebraic variety in any other
allowable coordinate system, although the equations in the two
systems may be different. In this sense the definition of an algebraic
variety is independent of the coordinate system chosen.

2. Reducible and irreducible varieties. If V;, ¥, are two
algebraic varieties given by the equations

fi@oy o) =0 (E=1,...,7), (1)
g:(xo, s @) =0 (t=1,...,9) (2)

respectively, the points common to ¥; and ¥, satisfy both sets of
equations simultaneously, and therefore define a third algebraic
variety. We call this aggregate of points the intersection of V; and
V,, and denote it by the symbol
A
This set of points is the point-set theoretic intersection of the sets
¥, V. Evidentl
b Y ViiVa = Vaalh

The points which satisfy the set of equations

fi(@ ooy ) 95(Xgs - 2) = 0 t=1..,r5=1..,8 (3)

are those points, and only those, which satisfy either (1) or (2).
Points which satisfy (1) or (2) evidently satisfy (3). On the other
hand, let (x;, ..., ;) be a point which is not on ¥, say, but which
satisfies (3). Then for some value of j

gi(ah, ..., %) £ 0.
If we consider the equations of the set (3) for which j has this
particular value and ¢ = 1,...,7, we see that

fi@os cos@p) =0 (B =1,...,7).

Hence (xp, ..., %,) lies on V;. Similarly, points satisfying (3) which
do not lie on V] lie on V.
We call the algebraic variety defined by (3) the sum of V; and ¥,
and denote it by the symbol _ .
Vi +Ve.

We have shown that this symbol defines the point-set theoretic
sum of the points in ¥; and the points in V,. Evidently

ViV, =V, 4V,
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If V; is an algebraic variety given by the equations

hy(®gs ..0r ) =0 (2=1,...,1),
our definitions lead to the following associative and distributive
laws, as in point-set theory:

@) Via(VeaV) = (FaV2) Vs,

®) Vit (at+V) = +V)+V,

(c) KA(I,2+%) =VlAV2'i'V1AVs'

Now let us suppose that every solution of the equations (1) in
any algebraic extension of K satisfies (2); that is, that every
algebraic point of ¥ lies on V,. Then by Hilbert’s zero-theorem
[IV,§8]

[gi(xoy wee n)]p' = Eat;f Lo +- n) fj(xm -"’w'n)’

where p; is a positive integer, and the a;(%,, ..., %,) are forms in
K[x,, ...,,]. Hence g;(,, ..., z,) vanishes on the variety V;, that is,
9:(x5s - -, ) = 0for all points (3, ..., 2,) on¥;, not only for algebraic
points. Hence every solution of (1) satisfies (2).
We then say ‘V; lies on¥,’, or ‘¥ is contained in ¥;’, and write

A1/
or say ‘¥, contains V;” and write

V,2V,.
If V, <V, and V, <V, we must have ¥, = V,. If there are points of
which are not on ¥, and V; lies on ¥,, we write

Vi<V, or V,oV.

If V, =V, and V,<V;, then V,<¥,. Similarly, if ¥, <V, and ¥, CI{,,
then ¥, <V,. Hence the relations < and < are transitive. Equi-
valently, the relations = and > are transitive.

Again, if : V=V, 47,
then ¥V 2V, and V 2V,. If there are points of ¥; not on V,, so that
Vi€,
we must have V27,.
It is also clear that V12V \Ve,
and that, if &V,

then VoW,V



(] X. ALGEBRAIC VARIETIES

With these preliminaries we now introduce the notion of reduci-
bility. A variety V is said to be reducible if it can be expressed as
the sum of two algebraic varieties, each distinct from V; that is, if

V = I’]_ 'i' .VZ’
where V<V, V,< V.
If V is not reducible it is said to be ¢rreducible.

Lemma. If an irreducible variety V lies in the sum of two varieties
Vi, and V,, then it is contained in one or in the other.

We have ' VeV iV,
Then V=V.V+V)
=V h+ V.V
Since V is irreducible we must have either
vVah=V
or V., =7,

that is, V is contained in V] or in V.
This lemma is easily extended to the case of  varietiesV,,V,, ..., V..
We use it to prove

TaEOREM I. A necessary and sufficient condition for the reducibility
of a variety V is the existence of a product fg of two forms f(z,, ..., %,)
and g(x,, ..., x,) which vanishes at all points of V without either form
having this property.

We suppose in the first place that V is irreducible and that fg = 0
on V. If f = 0 defines the variety ¥}, and g = 0 defines the variety
V;, then fg = 0 defines ¥, +V,, and

Vel + ¥V,

since fg = 0 at all points of V. By the above lemma V is con-
tained in V] or in ¥}, and so ‘either f = 0 or g = 0 at all points of V.

Now let us suppose that V is reducible. Then we can construect
a product fg of two forms f and g which vanishes on V without
either f or g doing so. In fact,

V=N 'i'Va:
where the varieties ¥; and ¥, are distinct and neither contains

the other, by hypothesis. Hence, among the forms defining ¥
there must be at least one, f, say, which does not vanish on V.
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Similarly, there must be a form g which vanishes on ¥, but not on
Vi. The product fg vanishes for all points of V, but neither f nor g
vanishes for all points of V. This proves the theorem.

We note that the question of the irreducibility of an algebraic
variety depends on the choice of the ground field, and that a variety
which is irreducible over K may become reducible when K is
replaced by an extension K*. We illustrate this by considering the
algebraic variety V defined over K by a single equation

f(@) =[x, ..., 2,) = 0.
Let us suppose that f(z) is irreducible over K. Then if g(z), h(x)
are two forms such that their product vanishes on V, we have, by
Hilbert’s zero-theorem,

[9(%) (2)]P = a(=) f(2),

where p is a positive integer, and a(x) is some form in K[x]. By the
unique factorisation theorem [I, §8, Th.II] it follows that f(z),
which is irreducible, is a factor of g(z) or of A(z), and hence either
g(x) or h(x) vanishes on V. Hence, by Theorem I, V is irreducible.

On the other hand, let us suppose that f(z) is reducible, and that
it can be written in the form

f(@) = fi(x) fa(x),

where f,(z), fs(x) are forms in K[x] not having a common factor.
Then if V}, ¥, are the varieties defined, respectively, by the equations

fiz) =0
and falx) =0,

neither variety contains the other. For instance, if V,<V,, we
should have, by Hilbert’s zero-theorem,

[fa(=)]” = a(z) fy(x),
and hence every irreducible factor of f,(x) would be a factor of
fa(x), contrary to hypothesis. Hence, since f(x) = f(x) fa(),

V= Vl'i'Vz’

where V, £V, V, 4V, and so V is reducible.
Now let f(x) be a form in K[z] which is irreducible over K. Then
the variety V defined by f@) =0

is irreducible. But it may happen that there is an extension K* of
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K such that f(x) is reducible in K*[x]. Since K is without charac-
teristic, all the irreducible factors of f(x) over K* are distinct, and
therefore, by what has been proved above, V is reducible over the
ground field K*. An example of a form f(x) with this property in the
case n = 1 is given by the form 23 + 2. When K is the field of real
numbers this is irreducible, but it is reducible over the field of
complex numbers.

The criterion for reducibility given in Theorem I can be described
in another way. We have seen [IV, §1] that the polynomials in
K[x] which vanish on a variety V form an ideal in this ring. Every
element of the ideal is a sum of homogeneous polynomials, each of
which belongs to the ideal. Such an ideal is called a homogeneous
tdeal. If V is irreducible this homogeneous ideal has the property
that if f(z), g(x) are two forms whose product belongs to the ideal,
then either f(x) or g(z) belongs to the ideal. A homogeneous ideal
with this property is said to be prime; thus the polynomials in
K[z, ...,z,] which vanish on an irreducible algebraic variety form
a prime homogeneous ideal, and conversely, a prime homogeneous
ideal in K[z, ..., z,] defines an irreducible variety.

We remark that an algebraic variety V which is irreducible over
K in a given coordinate system is also irreducible in any allowable
coordinate system. This follows immediately from the definition
of irreducibility, and the remark made at the end of § 1.

As a preliminary to the main theorem of this section we prove

THEOREM II. A sequence of varieties V,V,,... in S,, where
VioV,...2V.2V,,, ..., must terminate after a finite number of terms.
Let the equations of V] be

fi@oseo0sy) =0 (1=1,...,7),

and those of 7,
fil@gyoo0sp) =0 (E=ry+1,...,7).

Since ¥, ©¥, we may take the equations of ¥, to be

Ji(@osoe0s2,) =0 (B=1,...,7,).
Similarly, let the equations of ¥, be

fi(xo, ...,Il{n)=0 (1:= 1,...,"")‘
By Hilbert’s basis theorem [IV, § 2] there is a finite integer £ such
that there exist forms a (), .. aik(x) with the property that

fi Za’ﬂfj
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for each value of 4. Let us suppose that
1 <k<m.

Then, inserting zero polynomials a;; if necessary, we can write

s
Ji Ejz:laﬁf i (4)
If there is a variety ¥}, in the given sequence, we deduce from (4)
that
/%=1
But this contradicts the hypothesis
VoV

The sequence therefore terminates at ¥,
We can now prove

TuroreM III. Every algebraic variety V can be expressed as the
sum of a finite number of irreducible varieties.

Let us suppose that the theorem is not true for V. Then V must be
reducible, say V=1V, +V,, where V >V, and V >V,. If the theorem is
true for both V; and V,, it is true for V. Hence the theorem is false
for either V] or V,. Let us suppose that it is false for ;. Then V] is
reducible, and we can write V; = V;+ V;, where V;> 7y, V;> V,.
As before, we see that the theorem must be false for either V] or
V3, say for V1. We can repeat this process indefinitely, and obtain
an infinite sequence of varieties

VoV o Vio...,

for each of which the theorem is false. By our previous theorem a
strictly descending infinite sequence of varieties does not exist, and
we therefore conclude that every algebraic variety V is the sum of
a finite number of irreducible varieties.

h i R
In the expression VViV i iV,
we may omit any component ¥, which is contained in the sum
Vi=V+V+.. 4V 4V + ... +%

of the remaining component varieties. For if V;< V3, then by the
lemma proved above, ¥; must lie in one of the component varieties
whose sum is V;, and therefore

V=V 4V;="TV,
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A component ¥; which can be omitted in this way is said to be
redundant. When all redundant components of a sum have been
omitted we say that we have a non-contractible representation of
V as a sum of irreducible varieties.

TueoreM IV. The representation of an algebraic variety V as a
non-contractible sum of irreducible varieties is essentially unique.

If e . .
V=W+V+ ... 4V, = Vi+ Va+...+ V]

are two non-contractible representations of V, we prove that & = 1,
and that ¥V, =V} (¢ = 1,...,k), after the components have been
suitably arranged.

It follows from the representation that

eV =Vi+Vi+.. .47,

and therefore, by the lemma above, there exists a value of ¢ (i <)
such that

VeV
We rearrange the varieties V7, ..., V] so that ¢ = 1. Then
| Z=24%
A similar argument shows that for some value of j (j < k)
Vil
Hence hevicy,
and therefore el

Since the representations are non-contractible it follows that
Jj=1,and since ¥, = V1 <V,, we must haveV; = V7.
In the same way we show that

VsV

where ¢+ 1, since V4V, = V3. We order the varieties so that ¢ = 2,
and prove, asabove, thatV, = V3. The theorem follows by induction.

The varieties V,,V,,...,V; are called the irreducible components
of V.

3. Generic points of an irreducible variety. A point
€ = (£ ---» &,), where the £, lie in some extension K* of the ground
field K, is said to be a generic point of a variety V (over K) if
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(i) £lieson V, and

(ii) any form f(x,,...,2,)in K[z, ...,z,]for whichf(&,,...,§,) =0
vanishes on V.

It is important to note that in defining a generic point the ground
field must be specified.

As an example we show that if A, x4 are independent indetermi-
nates over K the point § = (A%, Au,x?) is a generic point of the
variety ¥ in S, whose equation is 2} — zyx, = 0. Clearly £ lieson V.
If f(zo, 2,, %) is any form in K[x,, x;, ¥,] we can consider it as a
polynomial in #,, and use the division algorithm to write

(@, T, T5) = (23 — w0 2) g(0, Ty, Tp) + 23 A(2g, X5) + k(% T3),

where g, h, k are homogeneous in their respective indeterminates.
If f(A%, Au, p?) = 0, then

A h(A2, 12) + k(A2 pi?) = 0. (1)

Since A, x4 are independent indeterminates over K, the coefficient
of each power-product A"x? in (1) must be zero. If r + s is odd, the
coefficient is evidently zero. If r and s are both even the coefficient
is a coefficient of k(x,, x,), and if r and s are both odd it is a coefficient
of h(x,, z,). Hence h(x,, 2,) =0 and k(z,, x,) = 0 and therefore

S (@, 1, %,) = (2} — 2y 25) g (g, %y, X,).

It follows that f vanishes for all points of V. Hence £ is a generic
point of V. '

Not every variety has a generic point. The two theorems which
follow settle the question: Which varieties have generic points?

THEOREM 1. If V has a generic point § over K, V is irreducible
over K.

Let f(x), g(x) be any two homogeneous polynomials over K whose
product vanishes on V. By property (i) of a generic point,

f€)g(€) = 0.

Since f(£) and g(§) lie in the field K (£), either f(£) or g(£) is zero; say
f(&) = 0. Then, by property (ii) of a generic point, f(x) vanisheson V.
Hence, by § 2, Th.I, it follows that V is irreducible.

THEOREM II. Every irreducible variety V has a generic point.
We consider those elements of the field K(x,, ...,z,) which can
be written as the quotient f(z)/g(x) of two forms f(x) and g(z) of
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equal degree, where g(z) does not vanish on V. We set up an
equivalence relation between these rational functions by means
of V. We say that ik

A —

g k
if fk — gh vanishes on V.
Since fk—gh = — (hg—kf), and fg—gf = 0, the relation ~ is
symmetric and reflexive. We show that it is also transitive. Let
us suppose that Fhohd

0"k kT m

so that, on V, we have
fk—gh =0, hm—Ilk=0.

Then fkm—ghm =0, ghm—glk =0,
and therefore fkm —glk = 0;
that is, k(fm—gl) =0

on V. But k does not vanish on V, by hypothesis, and since V is
irreducible, it follows that fm —gl = 0 on V. That is

f 1

—~—,

g m

The relation ~ is therefore an equivalence relation [I, § 2, p. 10],
and we can divide the rational functions we are considering into
classes of equivalent functions. If we denote the class to which f/g
belongs by the symbol [f,g], we define addition of classes by the

formula Lf, g1+ [h, K] = [fk-+gh, k],
and multiplication by the formula
Lf, 911k, k] = [fh, gk].

It is easily verified that these definitions do not depend on the
particular rational function selected in each class. We prove, by
way of example, that if F bW

§~§7, E"’kn‘_

fk+gh~flkl +glhl
gk glkl

then
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We note in the first place that since V is irreducible and g, ¢, k, &’
do not vanish on V, gk and ¢g'k’ do not vanish on V. Since _

(fk+gh) g’k — (f'k +g'h') gk = (fg' —f'9) bk’ + (hk' —h'k) g9’ = O
on V, the result follows.

Again, addition and multiplication are commutative and
associative, and multiplication is distributive over addition.

With the two laws of composition we have defined, the classes
[f, g] form a ring. The construction of this ring closely resembles the
construction of the quotient field of an integral domain [I, §4], with
which it should be compared. The zero of this ring is [f, g], where
f=0o0nV,g+0o0n V. Thering has unity, this being represented by
[g,9], where g40 on V. Furthermore, every non-zero element
Lf, 9] of the ring has an inverse, which is represented by [g, f]. The
ring is therefore a field, which we denote by K'.

K’ contains a subfield isomorphic to K, this being generated by
the elements [a, 1], where a is in K. We may therefore construct
an extension K* of K which is isomorphic to K’ and in which the
element a of K corresponds to the element [a, 1] of K'.

Not all the equations ; = 0 (j = 0, ...,n) can be satisfied on V.
Let us suppose that z; does not vanish on V. There are elements of
K* corresponding to the classes

[@g, ;] [0, 2], -oos [y 25 ovvs [0y 2]
of K’. We denote these elements of K* by
goa g13 seey 1’ sy gn:

since in an isomorphism between two fields the unities correspond.
We now prove that § = (£, &,, ..., 1, ..., §,) ts a generic point of V.
Iff (o, ..., %,), a form of degree m, vanisheson V, [f(x,, ..., %,), 27']
is the zero class of K’, and this is mapped on the zero of K*. But if
f(@os -es ) = Za, ., %o ... 2hm, '
we have

[Za xfo ... xbn, aP] = Lla

Po++Pn""0 Po++Pn? 1] [xg", xf”] cee [xf‘n, xf”]

= Zla,,...pp 11 [%0, 2P0 ... [, 2],
and this is mapped on the element
Zay,.. b Eon = f(&, -5 1,000, Ey)
of K*. Hence f(&p -1, ..0,€) =0,
and therefore the point § = (&, ...,1,...,£,) lieson V.-
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Again, if f(&y,...,1,...,£,) = 0, a reversal of the argument just
given shows that [f(x,, ...,z,), 2]*] is mapped on the zero of K* and
is therefore the zero class of K’. Hence f(xg, ..., 2,) vanishes on V.
From these two results it follows that £ is a generic point of V, and
this concludes the proof of the theorem.

We can show that the definition of a generic point of an irreducible
variety V is independent of the particular allowable coordinate
system we are using, as long as the equations for the transformations
of coordinates have coefficients in K. The defining properties of a
generic point involve the vanishing of certain forms in K[z, ..., z,]
at certain points, and these properties persist under allowable
transformations of coordinates over K. The result follows.

In particular, we may assume that the coordinates are trans-
formed so that ¥ does not lie in z, = 0, and we therefore take the
coordinates of a generic point as § = (1,,,...,£,).

In the foregoing we have merely provedthe existence of a generic
point of an irreducible variety. We now consider the relation
between two generic points of the same variety.

Let (§0, &y, .-+, £,) and (75,74, ...,9,) be the coordinates of two
generic points of ¥, and let us suppose that £, 4 0. Then since 7, = 0
would imply that #, = 0 on ¥ and therefore that £, = 0, which is
not the case, it follows that 5,4 0. Hence if the coordinates of one
generic point are taken as (1, £, ..., £,), the coordinates of any other
may be taken as (1,7, ...,7,).

TueoreM III. The fields K(£,,...,£,) and K(y,,...,7,) are iso-
morphic extensions of K inwhich £; and 3, are corresponding elements.

We map thering K[£,, ..., £,] on the ring K[7,, ..., ,] by mapping
any polynomial f(§,, ...,£,) in the one on the corresponding poly-
nomial f(7, ..., 7,) in the other. If we have the non-trivial equation
S -5 80) = 9(&1s ..., E,) in K[E,, ..., £,], we also have the equation
SOy osmy) = g0y, ..., m,) in K[gy,...,7,]. This follows from the
fact that the first equation can be written

S(E1/E0s +++s EnlEo) — 9(Ea[Eos ++es EnlEo) = O.

This equation, after multiplication by a suitable power of £,
becomes a homogeneous equation which is true for £ and therefore,
by the definition of generic point, is true for 7. It follows that
F1s o sM) —9(0y, --.,9,,) = 0, which is what we wished to prove.
The mapping of K[£] on K[7] is therefore one-valued, and a similar
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argument shows that the inverse mapping of K[#] on K[£] is also
one-valued.

This mapping takes sums into sums and products into products,
and it is therefore an isomorphic mapping. It also maps £; on 7,.
The isomorphism of the rings K[£] and K[#] can immediately be
extended to an isomorphism of the fields K(£) and K(7).

Since the isomorphism interchanges § and 7, leaving the elements
of K unchanged, it follows that the algebraic properties of two generic
points £ and 1 are identical.

The field K(£,,...,£,), or any one of its isomorphs, is called the
Sfunction field of the variety V. We constructed one isomorph in
proving Theorem II, namely, the field K*.

As a converse to Theorem II we have

TaEOREM IV. Given any point £, which may be rational, algebraic,
or transcendental over K, there exists a unique trreducible algebraic
variety V, defined over K, such that £ is a generic point of V.

Consider the set of forms f(x,, ..., %,) in K[z, ...,z,] which have
the property f(£) = 0. From this set, which evidently forms a homo-
geneous ideal in K[z, ..., ,],-we can select a finite basis

F1@os %)y oevs [al@os -evs ),

by Hilbert’s basis theorem [IV, § 2]. The equations

[i@goo0sm,) =0 (G=1,...,8)

define an algebraic variety V. The point § is generic on V. In fact,
£lies on V,and if g(z,, ..., 2,) is such that g(&, ..., £,) = 0,then since

8
G(@gs -5 Ty) E¢Z1ai(x°’ s @) fi(@gs o o0y @),

it follows that g(x,, ..., ,) vanishes at all points of V. Hence £ is
a generic point of V, and V is therefore irreducible over K.

In certain types of problem which arise in algebraic geometry,
an example of which is given by Theorem III above, the fact that
the coordinates (xy,...,2,) of a point can also be written as
(pxg, ..., pxy,), where p is not zero, is a source of inconvenience. We
can overcome the objection, to a partial extent, as follows. We select
a particular linear form a2, + ... +a, ,,, and denote by 7 the prime '

%o+ .co + a2z, = 0.
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If 2’ is a point of 8, not in 7, we take
= (@2 + ... +a,z,)1

and then the coordinates (xy, ..., 2,) = (pay, ..., px,) are such that
%o+ ... +a,x, = 1.

Conversely, if this equation is satisfied, the coordinates of a given
point are uniquely determined within the class of equivalent sets
of coordinates, and are said to be normalised with respect to the

n
form ¥ a;x;. The prime 7 is called the prime at infinity.
i=0

The choice of the prime at infinity is arbitrary, but in dealing
with a given irreducible algebraic variety ¥ we adopt certain con-
ventions for the sake of simplicity. Let (&,...,£,) be a generic
point of ¥, and let us suppose that £;+0. If (7,,...,7,) is any other
generic point of V, 9,4 0. We therefore normalise the coordinates
with respect to #;. Any point 2’ not in z; = 0 has coordinates

’ / 4 ’ 4
x' = (Lgy -0y Tj3, L, @i pq, ..., )

which are determined by the set (g, ..., 27y, %7y, ..., 7). We call
this set the non-homogeneous coordinates of «’ (with respect to z;).

Furthermore, we usually find it convenient to perform a trans-
formation permuting the coordinates, as above, so that z,+0on V.
We can then normalise coordinates so that for any point (g, ..., ;)
not in z, = 0 (and the important thing to notice is that this includes
the generic points) we have 25 = 1. When this is done, the non-
homogeneous coordinates with respect to x, are simply called the
non-homogeneous coordinates of the point.

4. Generic members of systems of k-spaces. We now show
how the notion of a generic point of an irreducible algebraic variety
can be extended so as to enable us to define a generic k-space of
certain systems of k-spaces in S,,. The general notion of an algebraic
system of k-spaces will not be defined until § 8, p. 57, but we can
consider here certain systems which frequently occur in the sequel.

At the beginning of this chapter we saw that we could generalise
the notion of a point in an 8, defined over & field K by admitting
points whose coordinates lie in some extension of K. We can,
similarly, generalise the notion of a k-space by admitting k-spaces
whose coordinates (or rather the ratios of whose coordinates) lie
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in an extension of K. To define these, we merely take k+ 1 points,
in our generalised sense, say

@, ....,2%) (i=0,...,k)

These points are linearly independent if and only if the equations
.
TAx=0 (j=0,...,n)
i=0

have no solution, in any extension of K,other than Ay = ... = A, = 0.
If the points are linearly independent the k-space defined by them
is the aggregate of points

K

k
(% A X5, .. }()]aix:b),

where a,, ...,a; belong to some extension of K. The coordinates of
the k-space are (..., ;.. 4 -..), Where

— 1 20 )
DPigoin = | %y - Xy
k k

x,;o . zik

The various theorems proved in Chapter VII concerning k-spaces
can be immediately extended to cover these more general k-spaces.
In what follows the term k-space is used in this more general sense.

We recall the two fundamental properties of a generic point &
of a variety V:

(i) £is a point on V;

(ii) if f(x) is any homogeneous polynomial in K[z,, ..., z,] such
that f(£) = 0, then f(z) = 0, where 2’ is any point of V.

For a system of k-spaces, we say that 7 = (...,7; _4,...) i8
a generic k-space of the system when the following two con-
ditions are satisfied:

(i) 7 belongs to the system;

@) if f(..., %44 ...) is a homogeneous polynomial in
Kl...,z,,. 4, ...] such that

floois Togys --) =0, then f(..., 254 ...) =0,

where (..., P}, 4. ---) i8 any k-space of the system.
We now consider certain simple systems of k-spaces, and con-
struct generic spaces for them.

HPII 2
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I. Thesystemof all k-spacesinS,. Let&i (i = 0,...,k;j =0, ...,n)
be (k+ 1) (n + 1) independent indeterminates over K, and let

”’io...‘i]c = ggo M g’(i)k

oo &
Then 7 = (..., 7, . 4, ...) is a k-space, in our generalised sense. To
prove that it is a generic space of the system of all k-spaces in S,
we have to show that it satisfies the condition (ii) above.
Let f(...,%;,.. 4, ...) be any homogeneous polynomial of degree m
in K{...,;, ;. ...] such that

Sloos g ips--2) = 0. (1)
If fG. |2y ... 2k |, ...)=F@,...,a%),
where we write

3 . 2l

= Ix‘t’o...xé‘kl,

then it is clear that F is homogeneous of degree m in each set of
indeterminates #! = (2§, ...,2%) 1 = 0, ..., k). But

fCaas Ty g ) = F(E, ..., EF),

and since the £ are independent, (1) implies that the coefficient of
each power-product of the £ in F(£9, ..., £) is zero. This implies that

[ ol ..ok ],...)=F@,...,2%)=0.

Let (..., p%,..4 ---) be any k-space in S,. We can find elements
a} such that

p;lo...ik = a(i),, . a'?fk
af . af,
Then flos Pl ---) = F(a° ..., a%) = 0.

Thus 7 satisfies the conditions for a generic &-space.
We may also work in dual Grassmarin coordinates [VII, § 3]. An
exactly similar argument shows that if

wi C=1,..,n-kj=0,..,n)
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are (n—k) (n+ 1) independent indeterminates over K, and if

— ylE+1in — 1
”to...ik = Mk+1tn = utkﬂ ¢ u}n
’
n=-k n—k
' Uigty Utn

then (..., 4,...) is a generic k-space of §,. In particular, if
Ug, .- -» U, are independent indeterminates, (uy, ...,%,) are the dual
coordinates of a generic prime of §,,.
II. The system of k-spaces through a given h-space Xy of S,. Let
= (a},...,al) (¢=0,...,h) be h+1 independent points of X,
and let & (1 =h+1,...,k;j=0,...,n) be (k—h) (n+1) indeter-
minates which are independent over the field obtained by adjoining
the af to K. We write

— 0 0
Mioeriiy = | iy - . ag
3 h
aio (278
h+1 gh+1
i . . ik
gk k
LA . LA

An argument exactly similar to that given in I shows that

m= (""ﬂ’to---ik’ ...)

is a generic member of the system of k-spaces through 2.
We note that [II, § 8, Th. II]

Mgty = £ £ | o0l [ | 51T 8

(summed over the derangements jy, ...,J of %g,...,%;), and hence
7 is the join of X}, to the generic (k—hk — 1)-space of S, with co-
ordinates [VIL, § 5 (8)]

| §h+1 'Lk h—1 I ')'

Conversely it is easﬂy seen that the join of X, to a generic S;_;_;
of 8, regarded as a generic S;_;,_, over K(a}), is a generic S, through
2. Hence we have

Tuaeorewm 1. If X}, 18 any h-space in S, having coordinates in some
extension K* of the ground field K, a generic member of the. system
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of k-spaces through X, is obtained by joining X, to any generic
(k—h—1)-space of S, defined over K*.

It is not, however, necessary to take the (k—h— 1)-space used
above to be a generic member of the system of (k—h— 1)-spaces
of §,. Let "
jzob%'x, =0 (t=0,...,h)

be the equations of an (n —k — 1)-space 2,,_;_; of S, which does not
meet X,. We shall denote by K* an extension of the ground field K
which contains the coordinates a? of the points 4°, ..., A* of 2}, and
also the b7 which occur in the equations of X, _;_,, and we shall
regard K* as the ground field.

If # = (...,m, 4...) is any k-space through X, let us define
a space with the coordinates (..., 7, .4, ,_,»---) by the equations

= . 7 Jn
Mg ipmpr = ? | 6de ... b7 |7rjo...jhi.,...ik..h_1'

Then 7 = (..., 7, .4_n.p ---) is the intersection of m with 2, _,_,
[VIL, p. 307]. Conversely, if 7 is any (k—h—1)-space of X, _;_;,

and if 0 B =
Tiotfy = zt I Gjg et a.’fhl Ty rendis

where the summation is over the derangements j, ...,Jz 0f iy, ..., %,
then 7 = (..., 7, 4, ...) is the join of 7 to 2.

We now show that if 7 is a generic member (over K*) of the
system of k-spaces through X, then 7 is a generic member of the
system of (k—h—1)-spaces which lie in 2, _,_,. In the first place,
7 lies in X,_,_,, so that condition (i) is satisfied. Now let

.f(" L] x‘io-nik—h—z’ ve ')
be a homogeneous polynomial in K*[...,%; .4 _,_,,---] such that
f(.. .y ﬁ'to---ik—h—l.’ .o -) = 0.

Then f( 51 BT i tecns ) ~o.
Let (..., Ds,...i;_p_p» ---) be any (k—h—1)-space of 2,_;_,. If

’ —_ 0 p—
Piyiz = 2t Ia'fo"' ak I Pingrende

then (..., 95,...i; -..) is the k-space joining it to X,. Since 7 is a
generic k-space through X, we have  °

f( 51l B | st trser ) 0.
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In| .7 =
But ? |68 ... B3 | Dl sttt = ODi eostpps

where o+ 0. Hence _
voos Piguedpopogs +o+) = 0.
This is condition (ii) that 7 be a generic (k— A — 1)-space of Z,_,_,.
An exactly similar proof shows that if 7 is a generic (k—h—1)-
space of 2,_;_,, its join to X, is a generic member of the system of
k-spaces of S,, through X,. This result can also be deduced from the
above by means of the principle of duality. Hence we have

TrEOREM I1. If X, and 2,_,_, are two spaces of S, which do not
meet, a necessary and sufficient condition that a k-space m through X,
be a generic member of the system of k-spaces through X, is that m meet
21 ' a (k—h— 1)-space which is a generic member of the system
of (k—h—1)-spaces lying in X, _,_,.

The results proved above lead to a useful representation of the
primes of §, which pass through a point 4 = (a,, ...,a,). If 7is any
prime through A4, it is the join of 4 to an (n— 2)-space which does
not pass through 4. Hence if

(o0 p9,...)

are the (dual) coordinates of this (n — 2)-space, the dual coordinates
of 7 are

n n .
> p%ay, ..., X pMa;).
0 0

If (...,p%,...) is a generic (n— 2)-space of S,, 7 is a generic prime
through 4. Hence the equation of any prime through 4 can be
written in the form

UgXy+ ... + U, X, = 0, (2)
n
where U = X 804,
i=0

the matrix (s;;) being skew-symmetric. Conversely, it is seen at once
that if u, is of this form, (2) is the equation of a prime through 4
(unless, of course, each u, is zero).

Now let ¢;; (¢ <j) be a set of independent indeterminates over the
field obtained by adjoining (a,, ..., @,) to K, and let t,; = —#,; (i > j),
ty;=0. If n
V; —E]ot“a,,

then VoZo+ ... + V2, =0
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is the equation of a prime through 4, and if

flug, ..., un,)
n n '
is a form such that f( X toi s ..y Ztnja,) =0, (3)
i=0 j=0 ,

then (3) will remain true when #,; is replaced by s,;, where (s;) is
any skew-symmetric matrix, and therefore

f(u(,)s ’u;z) =0,
where (ug, ..., uy,) is any prime through 4. Hence we have

TaEOREM IIL. If @+ ... + U2, =0

18 the equation of a prime m, a necessary and sufficient condition that
it pass through the point (ay, ...,a,) 18 that

n
Uy = 3 8y,
=0

where (8;) 13 a skew-symmetric matriz. If the elements of (s;;) are
independent indeterminates over K(a,), subject only to the conditions
of skew-symmetry, the prime is a generic member of the system of
primes through the point.

5. The dimension of an algebraic variety. Let V be an
irreducible algebraic variety in S, defined over the ground field K.
We suppose that V is not contained in z, = 0, and that (§,,...,§,)
are the non-homogeneous coordinates of a generic point of V. The
field K(&,,...,&,) is, as we have seen, defined to within an iso-
morphism by ¥V, and its properties are therefore independent of
the generic point chosen.

There exists an integer d, where 0 < d <, such that

(i) a set of d elements £;, say §,,...,§;;, is algebraically inde-
pendent over K, but

(ii) any set ofd + 1elements £; is algebraically dependent over K.

Hence, if d < n, there exist non-zero polynomials

Py(@1, s T @g4q) A0 K[y, .0, 24, 2444]
which are such that
¢j(gi,a°"»€idsgi])=0 (j =fd+1’-'-:n)y

where ¢4, ...,%4, tgiq, --+» by 18 & derangement of 1,...,n. In none of
the polynomials ¢;(;, ..., Z3, Z44,) can all terms containing z;,, be
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absent, for this would imply the algebraic dependence of ;, ..., £,,.
If ¢ is any element of K(§,,...,§,) it follows from III, § 3, Ths. II,
IIT, IV that {is algebraically dependent on K (£, , ..., §;,). Therefore
&, ..., &y form a minimal algebraic basis for K(§,,...,£,) over K.
The integer d was defined in Chapter III to be the dimension of
K(&,,...,£,) over K. In algebraic geometry it is called the dimension
of the variety V, d = dim V.

As an immediate consequence of our definition and III, §3,
Th. V, we have the theorem:

TaroREM 1. If the dimension of an irreducible algebraic variety
Visd, any d+ 1 elements of the function field K(&,,...,&,) of V are
algebraically dependent over K. ’

If d = n the variety V is the space 8,. For if a non-zero form
f(xgs ..., x,) vanishes on V, then

'f(l:g]_:-",gn) =0,

and therefore there is an algebraic relation connecting &, ...,&,,
contrary to the definition of d. Hence any form which vanishes on
V must be identically zero, and therefore every point of S, lieson V.

TuEOREM II. If U and V are two irreducible algebraic varieties
of dimensions d and e respectively, then U < V impliesd <e,and U<V
tmplies d <e.

If we assume that x,#+0 on U then it follows that x,+0 on V.
We may therefore take generic points of U and V in non-homo-
geneous coordinates as (£, ...,£,) and (7, ...,7,) respectively. If
f(x,, ..., x,) is a form such that f(1,9,,...,7,) = 0, then f(x,, ..., z,)
vanishes on V, and therefore on U, and therefore

f(l gl: ---sgn) =0.

Hence f(1,7,, -..,1,) = 0 implies f(1,£,, ..., £,) = 0.

Let us now suppose that £, , ..., £;, are algebraically mdependent
Since the dependence of 7,, ...,7;, would involve the dependence
of £,...,&, by what we have proved above, it follows that
Nips - Ny, 8re independent. Hence d<e, and we have proved the
first part of the theorem.

If U<V, there must be a form g(,, ..., 2,) which vanishes on
U but not on V; that is,

gL, 8, .. 8) =0, g(L,7y,...,7,)F0
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If d=e and £;,...,£, are independent over K then, as above,
N4y ++» 734 7€ independent over K, and since dim V = d, all 7, are
algebraically dependent on 7;,...,7;;. Hence every element of
K9y, .-.,m,), and in" particular g(l,7,,...,7,), is algebraically
dependent on 7;, ..., 7, [III, §3, Th. I]. Therefore g(1,7,,...,7,)
satisfies an irreducible equation

ao(’l) 2+ al(’”) 2144 a’s(ﬂ) =0,

where the a;(y) are elements of K[7,,...,7;,], and a,(7)=+0, since
g(1, 7y, ..., 7,) + 0. But since equations satisfied by the 7, are also
satisfied by the §;, the equation

ay(£)2*+a4(§) 21+ ... +0,(£) = 0
is satisfied by z = ¢(1,4,,...,£,). Hence, since g(1,§,,...,£,) =0,

we must have
a’s(lx gi,: eeey gid) =0,

where a,(x,, z,, ..., z;) is a non-zero polynomial, since

a’s(l, 771'1’ ceey 77154) + 0.
It follows that £;,...,§;, are not algebraically independent, and

from this contradiction we deduce that if U < V then d <e.
We make use of this theorem in considering important special
cases.

TueoreM III. If V is an irreducible variety of dimension n—1,
1t 18 given by a single irreducible equation

f(®gs oeesy) = 0.
We know that V is given by a finite set of equations
Di(Zgy - Z,) =0 (2=1,...,8).
Let us choose the first and write
D1(Zgs -+ o5 ) Ej]f[lfj(xo, e ),
where the f;(z,, ..., 2,) are irreducible. Since V is irreducible and
,ﬁl fs(@os ..., ,) = 0on ¥V we know [§ 2, Tl}. I] that at least one of the

forms f;(%, ..., x,) must vanish on V. Hence we can find an
irreducible form, f(z,, ...,%,), say, which vanishes on V.
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Let U be the variety defined by the equation
f(gs eeesy) =0
Then U is irreducible, by the proof given on p. 7, and since the
equation of U is one of the equations satisfied by V, we must have
VeU. Hence | | _ dim¥V<dimUsn—1,
since U is not the whole of S,. It follows that
~ dimV =dimU,
and therefore, by Theorem II,
‘ V="U.
Thus V is given by the single irreducible equation
f(xg, ..y ,) = 0,
and all forms g(x,, ...,z,) which vanish on V are of the form
9(Tgs oy &) = b(Xg, ...y ,) f(Zgs oo vy X))
Conversely we prove

THEOREM IV. An irreducible equation

S(@gy v0s@p) =0
defines an trreducible variety of dimension n— 1.

We can choose ¢ so that x,;£f(«,, ..., z,). Since f is irreducible it
is not of the form ax}, and hence it must contain some z;( j +14). Let
gOs ceey gi—ls ‘gi+11 cesy gj—p §j+1y ceoy gn
be independent indeterminates over K. Then the equation

f(go, ety gi—l: 17 €i+1’ crey gj—l; xj; gj+1: LRRE] gn) =0
defines a simple algebraic extension
K(go, et gi—l: gi+1’ Teey gj—l: gjs §j+1’ (RS ] gn)
of K(go, ceey gi_p §i+1’ ceey gj—p gj+1$ . ,gn)
If any form @(x,, ..., x,) in K[z, ..., 2,] is such that
¢(5oy LERE) gi—l’ 1’ §i+1: AR gj—v gj’ gj+1’ cee gn = O

it follows from IIT, §3, Th. VI, that ¢(x) must contain f(z) as a
factor. Hence the point

(50’ csey O9—12 13 §i+1’ L] gj—l) gja €j+1a ecey gn)

is a generic point of the variety given by the equation

f(xo: ‘"’xn) =0,
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and since n— 1 of the £, are algebraically independent over K, the
variety is irreducible and of dimension n— 1.

An irreducible variety in S, of dimension n — 1, given, as we have
seen, by the vanishing of a single irreducible equation, is called
a primal. When the equation is linear, so that the variety is a linear
space, it is called a prime.

We now consider varieties of dimension zero and prove

THEOREM V. An irreducible variety V of dimension zero consists
of a finite number of points. These points are conjugate over K, and
any one of them is a generic point of V.

Let (xp, ..., 2,) be any point on V. Not all ; can be zero. Let us
suppose that g+ 0. Then we assert that there are no points on V
in the prime x, = 0. In fact the points of V in 2y = 0 would fill a
variety U<V, and would therefore have dimension <0, by
Theorem II, and this is impossible.

We may therefore normalise the coordinates of the generic pomts
with respect to z,, and take the non-homogeneous coordinates of )
a generic point as (£, ...,£,). Since V is of dimension zero, each
£, belongs to some algebraic extension of K, and by the theorem of
the primitive element [III, §6, Th. I] we may obtain the field
K(&,, ..., £,) by adjoining the element

n
0= Ellaigi

to K, where a,, ..., a, are suitable elements in K. Since 6 is algebraic
over K it satisfies an equation

¢<6a 1) =0,

where ¢(x,y) is an irreducible form in K[x,y] of degree m, say.
Since §; (¢ = 1,...,n) is in K(0), we may write

m—1 i .
& =120 ay0  (a;in K).

Hence a generic point of V, and therefore all points of V, satisfy
the equations ‘

n
¢ (% a’kxk’xo) =0,
m—1 )
2,20 =3 aij[z akxk] a1l (1 =1,..,n).
=0
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The first equation can be factorised in a suitable extension field
n

of K, giving m distinct values for the ratio (2 a,,xk) : 7y, and sub-
1

stitution in the second equation shows that V consists of at most
m algebraic points which are contained in the set of m distinct
points given by the whole set of equations. One of these points is
(1,&;,...,£,), and if (1,7, ...,7,) is any other point of the set the
fields K(¢,, ..., £,) and K(7,, ..., 7,) are evidently equivalent exten-
sions of K. Hence any equation satisfied by £ is also satisfied by 7,
and therefore V consists of m points, each of which is a generic
point of V. If &, 5 are any two of them, an isomorphism can be set
up between the fields K (£) and K(7), under which £ is mapped on 7,
and the elements of K are mapped on themselves. This is what we
imply when we say that the points of V are conjugate over K, and
completes the proof of the theorem.

If the ground field K is algebraically closed we must have m = 1,
and algebraic varieties of dimension zero consist of single points.

We conclude this section with a number of lemmas which are
necessary for the following section. Later, these lemmas will be
replaced by more powerful results.

Lemma I. An irreducible variety V of dimension d which becomes
reducible when the ground field is extended has no component of dimen-
ston greater than d over the extended field.

Let V'’ be an irreducible component of ¥ over the extension K’,
and let £’ be a generic point of V’. Then £’ satisfies the equations of
V over K. If £54 0, not all points of ¥ lie in z, = 0; hence £,+0,
where £ is a generic point of V, and we may therefore suppose
that £ has coordinates (1,£,, ..., §,).

Any d+1 of the £, are algebraically dependent over K [Th. I],
and therefore satisfy an equation

f(ls g’i,’ sery g’td+1) = O,

where f(x,, %y, ..., 44,) is a form in K[z, ..., 24,,]. Since §is generic
on V, all points on V satisfy this equation. In particular, the point
£’ satisfies the equation, so that

f(lsg';l’ ”"g;d_u) = 0.

It follows that no d + 1 of the &; are algebraically independent over
K’, since they are algebraically dependent over K, and therefore
the dimension of V'’ is not greater than d.
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We shall need this lemma, for later applications, but at present
we shall consider an extension of K over which V remains irre-
ducible and of the same dimension.

TaEoREM VI. Let K' = K(uy,...,u,), where u,,...,u, are in-
dependent indeterminates over K. Then V is irreducible and of
dimension d over K'.

We first prove this theorem for the case p = 1, writing v = u,
and K’ = K(u). Let V be an irreducible variety of dimension d over
K defined by the equations over K

fi(xO’ ’xn) =0 (7’ = 1,"',7):

and let V* be the variety defined by these equations when the
ground field is K’ = K(u).

If ¢(xg, ..., 2,) = 0 is any equation over K(u) satisfied by the
points of V*, we may write

_ b1(u, xg, ..., x,)
B, ., 2y) = P,

where ¢, (u, %, ..., %,) is in K[u,x,, ...,x,] and @,(u) is in K[u]. By
Hilbert’s zero-theorem there is an integer p such that

[$(2o, -, 2)]P = Ea (@5 -+ @) (o5 -+ %),

where a,(z,, ..., %,) is in K(u) [z, ...,2,]. Multiplying by a suitable
polynomial in K[u] we have the equation

Y(u) [P1(u, %o, ..., ) 1P = Zb (@05 +-+> Tn) fil@os -+, n);

where b,(z,, ..., %,)isin K[u, Z,, ..., z,],and ¥ (u)isin K[u]. Equating
the coefficients of the powers of # on both sides of this identity, we
easily deduce that the coefficient of every power of  in

b (u, g, ..., x,)
vanishes on V.,

If V* is reducible then there exist forms in K(u)[x,, ..., 2,],

By oory ) = 21T %)

Pa(w) ’

_ zﬁl(u,éo, v Xy)
¢(x0: A xn) - .¢.2(u) ’

and
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such that ¢y vanishes on V* without ¢ or ¢ doing so. A necessary
and sufficient condition for ¢y to vanish on V* is that

a1, Ty .. 2) Y (00, T e, )
vanish on V*. Writing
y(u, %, ..., x,) =2ZUD (x,, ..., 2,),
and Uy(u, xg, ..., x,) = 22UtV (z,, ..., 2,),

where @, and ¥, are in K[z, ...,,], let &, and ¥,, be, respectively,
the first @, and the first ¥; which do not vanish on V. Since

1%, 2y, ..., ) YUy (0, 2y, ..., @,) = 2UHD, W,

vanishes on V¥, the result obtained above tells us that all the forms

; > kdii ¥, vanish on V. Taking k = [+m we see that @, ¥,, vanishes
+i=

on V. Butsince V is irreducible over K, either @, or ¥,, must vanish
on ¥V, and we therefore have a contradiction. It follows that V* is

irreducible over the field K(u).

By Lemma I the dimension of V* cannot exceed d. We show
that it is exactly d, proving in the first place that there exists a
generic point (1, §,, ..., £,) of V over K such that » is transcendental
over the function field K(&,,...,£,), and then that (1,,,...,£,) is
a generic point of V* over K(u).

Let 5 be any generic point of V over K, and let » be transcendental
over K(7). Then v is transcendental over K. The isomorphism
K(v)~ K(u) can be extended to the isomorphism K(v,%)~ K(,§),
and this determines a generic point £ of V over K such that « is
transcendental over K(§).

The point (1,£,, ..., £,) satisfies th® equations of V*. Again, if

D(u, xy, ..., x,) =ZuD,(z,, ..., ,)
vanishes at the point (1,£,, ..., £,), so that *
Eui¢i(1, gl’ ceey gn) =0,
then, since u is transcendental over K(£), we must have
¢i(1, gl’ X gn) = 0,

and therefore @,(x,,...,,) vanishes on V. Hence ¢(u,z,y,...,2,)
vanishes on V,and since the set of points which defines Vis the same
as the set of points which defines V*, it follows that ¢(u, z,, ..., 2,)

vanishes on V*, and therefore (1,£,,...,£,) is a generic point of
V* over K(u).
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If the elements £;,...,£,, were algebraically dependent over
K(u), an argument similar to that just given would prove that the
same elements were algebraically dependent over K. Hence the
dimension of V* over K(u) is d.

This proves the theorem for the field K’ = K(u,). A similar argu-
ment proves the theorem for the field

K(uy, ug) = K'(uy),
and by a simple induction we prove the theorem for the field
K(uy, ..., up).

Lemma I1. If V is an irreducible variety of dimension d over K,
and X,_;_, 18 a generic linear space of dimension n—d— 1, the two
varieties have no common points.

Let 2,_; , be given by the equations

n
jzou.tjxj = 0 (?: = 0, cesy d), (1)

where the u;; are independent indeterminates over K. By the
theorem just proved, if we extend K to K(u,;), the variety V* over
K (u,;) which arises from V is irreducible and of dimension d.

Let d = 0. Then V consists of a finite number of points which
are conjugate over K, and therefore V* consists of a finite number
of points which are conjugate over K(uy;). None of these points
lies in n

> ug;%; = 0, (2)
=0

for if (1,&,, ..., £,) are the coordinates of a point of V which lies in
this prime, we should have

n
Uoo +jzluo;' §&=0

for indeterminate u,;, Which is absurd.

Let us assume that the theorem 1s true for varieties of dimension
not exceeding d — 1, and then prove that it is true for varieties of
dimension d. The prime given by (2) does not contain ¥, and
therefore meets it in a proper subvariety each of whose irreducible
components over K (u,,;) has dimension <d—1 [Th. IT]. Let V' be
one such component. By the hypothesis of induction ¥’’'has no
points in common with the X, _;_,,_; given by the equations

.

jzouﬁz‘j = 0 (i = 1, ...,d), (3)
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and we therefore conclude that ¥ has no points in common with
the 2, _; , given by (1), since a point common to ¥ and to Z,_;_,
would lie on some component ¥’ and in the linear space given by (3).

Finally, we prove

Lemma II1. If V is an algebraic variety in S, of dimension d over
K, and x' is a point of S,,, a necessary and sufficient condition that x'
lie on V. is that a generic Sn-—d—l through x' meets V.

We adjoin the coordinates of =’ to K, and denote by K ’ the field
thus obtained. Regarded as a variety over K', V is the sum of a
finite number of irreducible varieties:

V=V 4Vt ... +%

where V is of dimension d; and d; <d [Lemma I]. The necessity of
the condition stated in our lemma is obvious. We now suppose that
' does not lie on V, and therefore does not lie on any component ¥,
and prove that a generic S,_;_, through 2’ does not meet any ¥,
and therefore does not meet V. We proceed by induction on d. If
d = 0 each V] is a set of conjugate points, and hence V is a set of
algebraic points. A generic S,_; through 2’ is given by the equation

82 =0
i,jjlj ’

where (s;;) is an indeterminate skew-symmetric matrix [§ 4, Th. III].
If « is any one of the points of ¥V, the equation

is true, for indeterminate s;;, if and only if

xio; = xjo
for all 4, j; that is, if and only if « = 2’. As we have assumed that
@’ does not lie on ¥V, this is not the case for any point « of ¥, and
therefore a generic S, _; through 2’ does not meet, V. Thus the lemma
is proved when d = 0.

We therefore assume the truth of the lemma for varieties of
dimension less than d, and consider a variety V of d dimensions.
From the results of § 4 it follows that a generic S,_;_, through 2’ is
the intersection of d+ 1 independent generic primes through z’.
Let 8® 4, ..., 88+D be d + 1 independent generic primes through z’.
The equa.tlon of 8@+D can be written in the form (4). If £is a generic
point of any component ¥; of V, the argument used in the case d = 0
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is sufficient to show that, since 2’ does not lie on ¥, £, and therefore
V;, is not contained in S¢+D. Hence [Th. II] S%+D meets V ina
subvariety V' of dimension less than d. Now S, ..., 8@ ; havein
common with S@*+P an S,,_;_;_p—, which is a generic linear space
through 2’ of dimension (n—1)—(d—1)— 1. By the hypothesis of
induction, this does not meet V', and since
n-1)—(d-1)—1=n—-d-1,
it follows that a generic S,,_;_, of S, through z’ does not meet V.
Thus the lemma is proved. The proof can easily be generalised
to show that if S;, (A <n —d— 1) is any h-space of S,,, a necessary and

sufficient condition that S, meet V is that a generic S,_g_, through
S, meet V.

6. The Cayley form of an algebraic variety. We assume
that V is an irreducible variety of dimension d over K, and that
(1,&,,...,£,) is a generic point. We adjoin the elements

u.tj ('i=0,...,d;j= 1,...,7&),

which are algebraically independent over K(£,,...,£,), to K, and
we define d+1 elements {,,;,...,{; of K(uy,§,,...,£,) by the
equations

& ==Su,f, (@=0,..d). (1)
p=1

Since V is of dimension d over K(u;;) [§5, Th. VI], the d+1
elements defined in (1) are algebraically dependent over K (u;), by
Theorem I of § 5. We therefore have a relation

f(uij; go: gp s 8a) =0, (2)

where f(u;;; 2,2y, ...,24) denotes a polynomial in K[u,; 2, ...,24],
which we may assume to be irreducible in this ring.

We shall subsequently replace the indeterminates 2, ...,2, by
indeterminates %y, ..., %gy, Writing {

Sfuggs wogy -ons Ugg) = Flug, uy, ..., %),
where Uy = (Uggs -y Ugy) (00 =0,...,d).

We shall justify this notation by proving in this section that
F(ug,uy, ..., uz) is homogeneous of the same degree, which we

t We shall often consider the form f(u,;; ug, ..., %g). When we use this
notation, the suffixes 4, j in w,; take the values ¢=0, ..., d; j=1, ..., n.
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shall denote by g, in each set of indeterminates (%, ..., %;,). This
form F(ug, %y, ..., us) is the Cayley form of V. ’

THEOREM L. If d(uy; 2o, ..., 24) 18 any polynomial in
Kluy; gy -.-,24)
such that ¢(uu; 8o --s8a) =0,

then D(Uyg; 29y --es25) = {.l(uij; Zgs ++e5 23) f(Uy55 295 -+ 0r 24),
where A(uy; 2o, ...,23) 18 tn K[uy; 2, ..., 23], and f(uyy; 2o, ..., 24) €8
defined above.

This theorem follows from III, § 3, Th. VI, provided that we can
prove that d of the elements &, ..., {; are algebraically independent
over K(u;;). We prove that £, ..., {; are independent. For if they
are dependent, this dependence subsists for the specialisations
&, ..., &; induced by specialisations u,—>,; (cf. the proof of IV,
§9, Th. I). If we specialise the u,; as follows:

Upg—>—0;s (r=1,...,d;8=1,...,n),
where the J,, are Kronecker deltas, we obtain the specialisations

§1—>§t,s cees gd“’ﬁi.p
and therefore if {j, ..., {; are dependent over K(uy),£;,...,§;, are
dependent over K. Since we can choose ¢4, ...,i; so that this is
not so, it follows that £, ..., {; are algebraically independent over
K(uy).

The polynomial f(u;; 2, -..,2;) has certain symmetry properties.
If we consider the isomorph K(u}) of K(u;) in which the sets
(Up35 +ees Upy) and (g, ..., %,,) are interchanged, the other u;; being
mapped on themselves, the relation (2) becomes

SJuly; &5 .., 88) =0
in the isomorphic field K(uf), where §; = {F (i+p,0), but £ = {,
and {F = {,. Instead of the polynomial
Fags 205 ey Zps oees Zgy oo es 2g),
we obtain the polynomial
S5 20y oeerZgs ves 2y oons2a)-
But these two polynomials can only differ in their sign. Hence,

writing z, = Ugg, 2y = Uygs «-.s 2g = Ugg, aNd

f(uﬁ; Uoo> --'»“do) = F(uo: seey ud),
HPII 3
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we can say that the interchange of the set of indeterminates u, with
the set u,, in F(u,, ..., u;) produces at most a change of sign in the
Cayley form.

We now obtain some less evident properties of the Cayley form.
From (2) we deduce that, for any particular choice of p, o,

of ,of %,

5@; ou,, (3)
where 0f/0¢, is the result of substituting &, ..., &, for u, ..., %4 in
the polynomial ég—— Suggs g, ..., ug0). We prove that ;g *0.

p0 P
To do this, let
0
Wf(uij; Uggy - +» Ugg) = ¢(uij; Uggs +++» Ugg)- (4)
p0

Then if of/¢, = 0, we have the equation

D(uyy; Gos --r 6a) = 0.
By Theorem I it follows that

¢(uij; Ugos -+ +» Ugp) = A(uij; Uoo> "'3ud0)f(uij; Uggs +-+» Ugg)-

But ¢ is of lower degree in u,, than is f. Hence 4 = 0 and therefore
D(wyy; Uggs -+-» Ugp) = 0. It follows from (4) that f(u,y; g, ..., %g0)
does not contain the indeterminate w,,. But since f is at most
altered in sign if (%, ..., %,,) is interchanged with (%,q, ..., %gn),
this implies that f does not contain wugg, %y, ..., %g, and this is
clearly absurd. Hence of/o{, + 0.

Since it follows from (1) that 9¢,/ou,, = —&,, we can now write
(8) in the form 5
b= 0 )
po

On multiplying (5) by #,, and summing for o = 1, ...,» we obtain

the equation
2 of of _
Z u‘ru‘ au ( 'ra'go‘) ag

om=]

Using (1), and writing {, = — % u,,g,,, this becomes

3 af o _

o=
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It follows from (6) that the polynomial

n 0 0
azluw S0 af (455 Uogs +++5 Uag) +u’°éu—of (uyz5 Ugos +++» Uao)s
= 2 P

which may be written

L ]
a§0 maupa_f ( 3> “00s ’ do)’

vanishes when we substitute &, ..., {; for ug, ..., %g. If p7 this
polynomial is of lower degree than f in each of the indeterminates
Upgs s Upy AN therefore, by Theorem I, it must be the zero poly-
nomial. Hence we have

TraEOREM II.
n 0
G'E:‘Oufa-a_upa' Suygs wogs -3 Uge) =0 (p#7).

On the other hand, if p = 7, it follows from Theorem I that

n

)
b “paa—f(’“ﬁ; Uggs +++» Ugg) = Af (U355 Uog, -+ -5 Uao),
o= upa-

where A isin K. Hence, by Euler’s theorem, f(u;;; g, --., %go) must
be homogeneous in any set (%, --., %,,) of the indeterminates, and
by our previous remark on the symmetry properties of this poly-
nomial, the degree of homogeneity is independent of p. We may
© wri

therefore write Sl oo, s %a0) = F(ttg, ..., ug),

where F(u,, ..., u) is homogeneous, of degree g say, in each set of
indeterminates w, = (%0, ..., %pn)-

7. Properties of the Cayley form. We define an algebraic
extension of the field K (u;; uyq, ..., %z) by means of the irreducible

equation
q’ o f(ui,; z, ulo, seey udo) = 0,

where f(u,;; tgg, Usg, ---, Ugo) i8 the Cayley form of the variety V
considered in the preceding section. Let the degree of this equation
in z be %, where, clearly, 0<%<g. In a suitable extension of the
field the equation has % roots 2@, ..., 2",

Since f is irreducible, 9f/0z®+0. For if 8f/0zD = 0 the poly-
nomials f(ty; 2, %y, ..., %ao) 80d 8f (%55 2, %0, ---, Uao)[02 have a
common factor in K (u; %, ..., %g) [2], and this contradicts the
hypothesis that f is irreducible [II1, § 5, Th. I].”

3-2
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Let £ = I
P

where
0
f(;):: Y f(uij; Ugos U105 "‘s'"'do)] (p=0,...,m).
0p Ugo=2(T)

We prove that £ is algebraically independent of the indeterminates
Uy ++-s Ug- Since £ lies in the field K(uy; 27, uy, ..., ug), it is
algebraically dependent on the indeterminates u;;, u,q, ..., %z, and
satisfies a unique irreducible equation

w(uu; ulo, seey udo, g(;)) == 0.
0D [Quy, is defined [III, § 7] by means of the equation
o oEn o _
BEDBugy,  Gugy

and since 9Y/0% + 0, a necessary and sufficient condition that the
polynomial ¢ should not contain uy, (1< k< n)is that 055/0uy, = 0,
for this is equivalent to 0y/duy, = 0.

Now £, is independent of ug, by definition, and

auo,,/a

where %y, ..., Ugo are replaced by &, ..., {; after the differentiations
have been performed. Hence

of 9 ( of ) of 0 ( of )
ot, auooauok Oug,)  Ouy, Oug, \Oug,
8u0k ( of ) ’

OUgg

0,

0=

the replacements being made as above. It follows, by § 6, Th. I, that
o o (8f) of 0o (af)
Otgg OUgy \ O,/ O, Ottgy, \OUgg
=A(u 11:“00""’ud0)f(uij; Uggs -+~ Ugg)-

Replacing 4, by 2™ in this idenbity, we see that
(fé”) =0,

which is the condition that ag(;) [Oug, = 0. Hence £4)is algebraically
independent of uyy, ..., ug,.
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From the equation  f{&0 —f= 0,
we obtain the equation

£ 5 (00p E9) — X (106, f) = 0. (1)
p=1 p=1

Since f(u;s; %gp, ..., Ugo) is homogeneous of degree g in the set of
indeterminates uyy, ..., %y,, We also have the identity

S o\ of
‘El(uo/’%) +“00% = gf (wss3 Uggs ++-> Ugp)-

Substituting 2™ for u,,, this becomes

n
%, (uo,f§) +#7%§) = 0.
p=1

Hence (1) becomes n
I T (0, £9) + 276 = 0,
p=1

and since f§’ + 0, we obtain the relation
n
A0 = — 3 uy, £, (2)
p=1
A
Now  f(uy; 2, %10, +ees Ugg) = A(tgj5 Ungy .y Ugg) I'[1 (z—27),
s

and since the £ are independent of wu,y, ..., %,,, the symmetric
functions of £, ..., £ are rational functions of the sets of indeter-
minates u,, ..., %; only. Therefore

om0 F (e e g) = 90 2t
p=1

=1 r=1 YUy, ..., ug)

where ¢ and ¢ may be assumed to have no common factor. Hence

A(uu; Uygs - -5 Ugg) ¢(uu; 2, Uggy - ++» Ugp)
= fuy5; 2, U0, .., Ugg) Y(uy, ..., %),
and, by the unique factorisation theorem [I, § 8, Th. I], since  has
no factor in common with ¢, it must divide 4 (uy; uy, ..., %4). If
A = A"Y, then f = A’@. But since f is irreducible, A’ must be in K,
and therefore 4 = A'Y(uy,...,uy) lies in K[u,,...,u;]. We have
therefore proved that

h n
S (g5 wgg, vy Ugg) = Fttg, ...,ug) = AUy, ..., u;) Hl<uoo+21u0p£§,”) ,
T== =
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and since F(u,, ..., u,) is of degree g in the indeterminates uyy, ..., uy,
it follows that # = g, and

g n
Flug,...;uz) = A(uy, ..., us) 1'[1 (u00+21uopgg)) .
0 T p=

We now prove two theorems which associate the points
(1,ED, ..., £D) with the variety V.

TureoreM 1. The points (1,0, ...,ED) are generic points of the
variety V, and satisfy the equations

n
TUu,ED =0 (o=1,...,4d).
p=0

Let ¢(zg, 2y, ...,2,) be any form Which vanishes on V. Then
#(L,§y, ..., &,) = 0. Substituting £, = / T we obtain the
0

0wy,
equation ’ ( ﬂ o i ) 0 .
0y’ 6u01 7 Quyy, ®)

where §, ..., {; are substituted for ug,, ..., 4, after the differentia-
tions have been performed on f(u,;; g, ..., %z). From (3) and
§6, Th. I, we deduce that

(ﬁi A}

a’“oo’ 8u01’ ’auon) (zj’ 00> H do)f( i3 %001 ’ do)

Substituting %y, = 2 in this equation, it follows that

U SDs - f) =0,

that is, B(L,ED, ..., D) = 0. (4)
Conversely, if we are given (4) we deduce that the form
of o of )
(auoo oug’ " Oug,

vanishes when wu,, is replaced by 27, where 2™ is a root of the
irreducible equation

f(uij; z, 'ulo, ey udo) = O.

It follows from III, § 1, that
of @ 0
¢( f o f

a—uo—o, 5&/—0;, veey '8—1;0—”) = A(u,;j; Ugo> ...,udo)f(uﬁ; Uggs ...,udo),
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and therefore, replacing %, ..., %z by &g, - -5 6gs

oL L) =

a—go, Ougy’ " Ougy
and therefore #(1,&,,....8,) =0,

so that ¢(xy, 2y, ..., 2,) vanisheson V.
The points (1, £, ..., £7) are therefore generic points on V.
Again, if 050,

n n
E Ugp gg) = ( p) uapff(zf))/fgr),
p=0 p=0

n n 0
and u (’)=[ Uy, = (Uys; oy -+~ U, :I .
p§0 a'pf p p§0 Tp aquf ( (%} 00 do) s = 2
By § 6, Th. IT, the expression inside the bracket is zero. It therefore
remains zero after the substitution is made. Hence the points
(1, &7, ..., &) satisfy the equations

n
Tu kP =0 (o0=1,..,4d).
p=0

TuroreM II. The points (1,E7,...,£D) (r = 1, ...,9) are the only
solutions of the equations of V and the equations

n
DUy, =0 (0=1,...,d)
p=0

We have assumed that V does not lie in , = 0. Its intersection
with 2, = 0 is therefore a sum of proper subvarieties, each of which
is of dimension less than d[§ 5, Th. IT]. The equations

define a generic space of n—d— 1 dimensions in %, = 0, and by §5,
Lemma II, this has no points in common with the intersection of
V and z, = 0. Therefore ¥V has no points for which x, = 0 in the
generic S,_,; given by the equations

n
Zou,pxp =0 (o0=1,...,4d). (5)
p=
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Now let (1,3, ...,2,) be a point which satisfies the equations of
V and also (5). Using the trivial identity

n n
Uy = XUy, Ty — X Uy, 2, (00=0,...,d),
P"O p=1 .
we have the relation
f (g5 Uggs -+ > Ugo)
n / s 4 n 4 n /
=fluy; — X UgpZp+ 2 Ugp Ty, «vny — 20 Ugy T+ 2 Ugy Ty
p=1 p=0 p=1 p=0
Hence, by Taylor’s polynomial expansion [III, § 5],
f(ui:l; Uggs +++» “do)

n n d n
=f@m—§ﬂw%pw—Zu@%)+ZAAWﬁfwzuu%y ()
p=1 p=1 o=0 p=0

where the A4,(u;; ') are elements of the ring K[u,; i, ..., %,).
But since the point (1, a;{, ...y @) lies on V, and

m%@m@wd%w§%@m~§%Q=o
p=1 p=1

is a relation holding for a generic point (1,£;,...,£,) of V, we also
have the equation

n n
f(uij; — X Ugp %y -y —-Eudpx;,) = 0.
p=1 p=1
n /
Furthermore YUy, =0 (o0=1,..,d).
p=0

Equation (6) therefore becomes
Sty g, -5 Ugo) = Ao(uyy; ') (péoqux:));
that is, f(u;;; %g, ..., Ugo) contains the factor % g, &, But we have
proved that p=0 .
S(ugs ooy --vs Ugo) = AUy, ..., ud),f.ll (uoo +p2§1u‘0p€(;)) .
Hence it follows that for some value of 7

(l’xi) ,x;,) = (lsgg:r)y ,g(r:))

From Theorems I and IT we deduce
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TuEOREM III. A generic S,_; meets an irreducible variety V of
dimension d in a finite number of points, each of which is a generic
point of V over K.

The number of points g is called the order of the variety. We have
seen that it is the degree of the Cayley form F(u, ..., %3) in each set
of the indeterminates ug, u,, ..., 4.

The factorisation of the Cayley form

g n
Pl g yt) = Al 00 11 (o0t B 0) ()

p= =
will be frequently used in the sequel. It tells us that F(u,, ..., us)
is the u,-resultant [IV, § 10] of the equations of V taken together

n
with the equations ¥ u;;x; = 0 (4 = 1,...,d) of a generic S,,_,.
j=0

We deduce that if ug; is any specialisation of u;; (v = 0,1, ...,d;
j =0,...,m), a necessary and sufficient condition that V and the
locus given by "

Zu;;jxj =-0 (i = 0, 1,...,d)
j=0

have points in common is
’ ’ ’
F(ug, ugy ..., ug) = 0.

Since factorisation of the Cayley form gives a generic point of V,
we also learn from (7) that no two distinct varieties can have the
same Cayley form. An irreducible algebraic variety has a unique
Cayley form and is uniquely determined by its Cayley form. Hence
an irreducible algebraic variety V is uniquely determined by the
complex of S,_;_;’s which meet it. For, as we have just seen, this
complex determines the Cayley form.

The idea of representing a curve in S; by means of the complex of
lines which meet it is due to Cayley. (See Bibliographical Notes,
p. 388.) It is for this reason that we have called F(u,, ..., u;) the
Cayley form of V.

We conclude this section by proving a theorem which links
F(ug, ...,u;), in the case d = 1, n = 3, directly with the polynomial
in the Grassmann coordinates (..., p%,...) of lines in §; which
appears in Cayley’s work.

TueEOREM IV. F(ug,uy, ..., u5) = Q(...,pl %, ...), where

..., 214, ...
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18 a polynomial of degree g in the indeterminates z'o-%a, and pto--i
are the dual Grassmann coordinates of the S, _;_, determined by the
equations n

Zouﬁxj = O ('I: = 0, cesy d).

’:

To prove this theorem we make use of an operator A%:-ar defined
as follows: if ¢ is any form which is homogeneous of degree g in the
indeterminates u; = (uq, ..., %;,), fori = 0, ..., d, then

futng Lyy PP
1eeeGp T 0Ugypy e OUapp,

the summation being over all derangements f3,, ..., 8, of &, ..., ,,

the positive sign being taken with.even, the negative sign with odd

derangements. We may express 43:::% in determinantal form:

0 0
Assa g — . :
gy 0y, Oya ¢
0 0
Mpey  OUgy,
If 4 is distinet from a, ..., a,, then
0 0
ta1...0p f —
Aaz; -7 au,’:a * auiap ¢’
0 0
Oy 3ua1ap
0 0
Moy gy,

and on expanding this determinantal expression in terms of the
elements of the ﬁrst column:

aa.. ap Gy P T 2 A A T
r==1
Hence
ia
Zu Aaa.l. %zpp

? 2
= Dz, ~Auid - 5 Euia A"‘...‘.’.’:.‘f‘.‘.'.‘:i...ﬁ:¢-

r=]l ge=(
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We are concerned with the right-hand side of this equation. Since
¢ is distinet from a,, ..., a,, 4%:::5> ¢ is homogeneous of degree g in
(g5 +++» Uyy,). Therefore, by Euler’s theorem,

3
Euwa “dagd = gdain

By direct computation we have

A% Or-siarss.. a,,( % Wy _aii_)
.................. = auara
n
E Ui 7 Agi Br—1Tr 4. a,,
a=0 0 - Leceseresesascesans
0 d
+ . ¢
auala, Bualap
0 2
auafal auwp
9 2
8uapd1 ’ auapap

0
a. 1% .a QAy...0Q
= Euia % A OO ’¢+Aa:...a: .

=0
Therefore * o
2 Euwa 0 Aa'...‘.z.'._..‘.i.?.'f.'...apﬂé
r=1a=0 a
4 n
= IAZ:...?.’:.‘.‘.‘.‘.’.T...“"( X Ui 5 ¢ ) —pAg g
=

Hence we have proved
Lemma I. If i is distinct from ay, ..., a,, then

n Lid 0
T M55 $ = 9 +p) A2 d - E A ( X U, 5%)
a=0 Uy,

a=0

Let each of 4, j be one of the set 0,1, ...,d. Then, as above,

Aot ( X i 5, — 2 2‘. i O (40,8 + 6,409,

Uy,

where d;; is a Kronecker delta. This gives us
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Lemma I1. If f = A3 -8, &, then

Zn:’“ aug[r—Ag. ad(zuiaazqs) =0y

=0 * Ouy,
We now take ¢ to be the Cayley form F(u,, ..., u3). By §6, Th.II,
Stg =0 (i+))
and therefore, by Lemma I,
Bl F = @+p) 48 F.
Taking i,@,,...,a,to be 0,1, ...,d, and a = a,, this becomes
3 oy A8 F = (g +d) 21,8, .

By repeated applications of this result we find that

(g+d)!
u U 432 F = (g+d)...(9) F =
02‘0 OMZ'O 0 daa™ %...aq (g n) (g) (g 1)'
Since 49 %, is skew-symmetric in its suffixes, this equation may
be written
(g+4d)!

0
ao,g..aa ano . and Aaq aaF ( __1)!

F.

F,

udao . udad
the summation on the left being over the unordered sets of d+1
distinct integers selected from 0, ..., n. Therefore

(g—1
(Z+d; o D] Yo Yo | Aa

udaa . Yy ad
We note that y = A% -2 F is homogeneous of degree g— 1 in the
sets of indeterminates (%05 +-sUgn) (¢ = 0,...,d), and by Lemma, IT,

n a,/,

P2 i By 0 (i4))

We may therefore apply the foregoing argument to ¢ = 4% -4, F.
At each stage the degree of the form considered is one less than at
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the preceding stage, and finally we operate with A2 %, on a form

of degree one and obtain a constant. Hence we have shown that
F can be expressed as a polynomial of degree g in the determinants

Cgeeslld —
p> 4 = ano . anzd

Ug ap udad

where (..., p%-%,...) are the dual Grassmann coordinates of the
8,,—3-1 determined by the equations

n
Suyx; =0 (2=0,...,d).
j=0

This completes the proof of Theorem IV.
Since F(ug, u1, ..., ug) = 0 is a necessary and sufficient condition
that the S, _;_, given by the equations

n
Zu;:jwj=0 (?:=0,...,d)
j=0

should meet V, it follows that if
F(ug, uy, ..., u5) = G(..., ph"a,...),
then G(...,p"% ", ...) =0
is a necessary and sufficient condition that the §,_; ; with dual
Grassmann coordinates (..., p'% %, ...) should meet V.

Let S, _;_,bean (n—d— 2)-spacein S, determined by then —d — 1
independent points

(of,...,a%) (¢=0,...,n—d-2).

The coordinates (...,Pj...i,_g_y ---) Of Sp_a—p are given by the
equations .
/ _ 0 )
Diytpeg-2 = 2 o Qdp_gg

n—d—2 n—d—2
A, . “’tn—d—g

If «’ is any point of S, not in S,_; 5, the §,_g_, joining 2’ to 8, _4 o
has coordinates (...,4s,...s,_g_» --+)» Where [VIL, p. 307]

n—-d—-1 .
’ — — ) 4 ) ., 4
qio...i”_d—l - v§0( 1) .p'io...‘iy_l‘by+1...ln_d_1xiy'
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A necessary and sufficient condition that this S,_;_, meet V is

Gt Gyeripogorr ) = 0,

where %y, ...,%4, 5 -++»Jn—q—1 1S an even permutation of 0,...,7n.
Now consider the form

n—d-1 ,
G("" v§0 (- l)vxjvpjo---!v—11v+1---1n—d-1’ "‘) .

This vanishes identically if, and only if, a generic S,_;_, through
S,_4_s meets V, that is [§5, p. 32], if and only if S,_;_, meets V.
If §,_4_5 does not meet V the equation

n—d—1 ,
G("" v§0 (_ l)yvapfomfv—ljv+1-~-.7'n—d~~1’ "') =0 (8)

determines a primal 77, and this primal has a simple geometrical
interpretation. We note first that if 2’ is a point of S, _;_,,
n—d—1 , . .
vgo (—1)y ZjyPio...dy1fvi1ee Inmdmr = 0 (a‘ll Jo> ""Jn—d—l):

and therefore 2’ lies on 7. Hence every point of S,_;_, lies on 17,
If &’ is a point of IT not in 8, _;_,, the S,_,;_, joining 2’ to S,_,4_,
meets V, and conversely any point of an S,_;_, joining 8,_; , to
a point of ¥V lies on /1. Hence the points of /7 are the points of the
8,,_g— Which join S,_;_, to points of ¥V, and II is therefore the cone
projecting V from S, _z_s.

In particular, if the points a9, ..., a"~%-2 are independent generic
points of S, equation (8) is the equation of the cone projecting V
from a generic S,_; ,. Replacing the p; _; ;.. . . by their
expression in terms of the «f, we obtain the equation

n—d—1
G(---, R (- 1)”%,,P;.,...1,,_15,,“...1,._4_1, ) E§ Po(ax) Yo(z) = 0,
where the ¢, («) are the distinct power-products of the «f. This
equation is satisfied by every point 2" of V. Hence V satisfies the

equations

! Y (@) =0 (r=1,2,..). (9)
Conversely if x’ satisfies the equations (9), the equation (8) is
satisfied, where (...,p;  ;, 4, ---) is & generic S,_; ,. Hence a

generic S,_; ; through z’ meets ¥ and therefore [§ 5, Lemma III]
2’ lies on V. The equations (9) are therefore the equations of V.
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Thus the Cayley form of ¥ leads at once to the equation of the
cone projecting V from a generic S,_;_,, and V is defined uniquely
by such a cone. The idea of defining a variety by means of the cone
projecting it from a generic S,,_;_, is due to Cayley (Bibliographical
Notes, p. 388).

We conclude this section by proving some results on the Cayley
forms of certain elementary varieties.

(1) We first consider the Cayley form of a variety of n — 1 dimen-
sions in §,,. Let ¥ be an irreducible primal of order ¢ in §,,, and let
F(ug, uy, ..., u,_;) be its (necessarily irreducible) Cayley form. By
Theorem IV,

F(tgytygy ooy Up_q) = G(...,plo *n-1, ),
where
ploin = | wen . gy,

Up—-14y + Un-114

If the set 4, ...,%,_; is a derangement of 0,1,...,s—1,¢+1,...,7,

we can write
pOl...i—1i+1...n = (__ 1)’“’1’:

or
= (=1 wg . gy Ui+1  +  Uon
b
Up-10 - Up-1i-1 YUp—1i+1 « Un-in
&nd F(uo,ul,..-,un_l) =G(""x1:"")

is homogeneous in #y, ..., z,, of degree g, and is irreducible, since
F(ug, 4y, ..., %,_,) is irreducible. From the properties of the form
G(...,x;...) proved above, a necessary and sufficient condition
that a point z’ lie on V is

a...,z;,...) = 0.
Hence G(...,z5...) =0
is the equation of V. Conversely if V is an irreducible primal given
by the equation

y e $(z) =
and the Cayley form of V is
F(uo, eeny u’n—l) = G(x),

we see that P')=0
if and only if Qz')=0
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and therefore G(x) = a¢g(z),

where @ is in K and different from zero. Hence the Cayley form
of V can be taken as F(u,,...,%,_;), where this form is obtained
from ¢(x) by substituting

@y =(—=1)"| %og - Ug_y4m1Uigs1 -+ Ypoin |-
From this result we deduce that the order of an irreducible primal is
equal to the degree of the irreducible equation which defines it.
(2) As a particular case of this last result we have the theorem:
a prime is an irreducible variety of order one and, conversely, an
irreducible variety of dimension n — 1 and order one is a prime. We
now extend this converse and prove that an irreducible variety of
dimension d and order one is a d-space.
If V is an irreducible variety of order one, its Cayley form
F(uy, ..., uz) can be written in the form
Flug, ...ytg) = G(eeos Digiyins o)
where.
DPigyrein = Cigonin| %oip - Uoig

Uaiy - Udig
The equations of V are then obtained by substituting

n

— —_ 4 . .
pid+1...i” - Z ( 1) xiyqid+1...zy_11y+1...‘tn’
y=d+1

where (...,4,.,...,» ---) are the coordinates of a generic S,_; , of
8,,; but since Q(..., P4, ..., ---) islinear and the g;, , . ;, are linearly
independent over K [VII, § 6, Th. I] we need not substitute for the
Qjgsq.in i terms of the coordinates of a basis for the S, ; ,, as
above, but simply equate the coefficients of distinct g;,,, .. s, to
zero. The equations of V are therefore linear, and V is therefore
a linear space. Since a generic S,_; meets V in one point [§7,
Th. III], this linear space is of d dimensions.

Finally, a d-space is an irreducible variety of order one. Let S;
be a d-space in S, given by the equations

%aijwj=0 (1:=d+l,...,n).
§=0 ,
The generic S,_g given by the equations

n
120'““371 =0 ('l: =1,.., d)
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meets 8,_; in the unique point (£,, ..., £,) obtained by solving the
n equations n
Zuijx'/:O (i'—_— 1,...,d),
=0

n
Sayx,=0 (E=d+1,..,n).
j=0

Hence §; is of order one, and since (£, ...,£,) is a generic point,
8, is irreducible. The Cayley form of S is
n
F(ug, ..., uz) = A(u,, vees ud)izoum-g,-,

for a suitable A(uy, ..., u,;), and since it is linear in (uy, ..., %,,), it
can be taken as

Fug, ...,ug) =| Ugg . Ugp
Ugo Ugn

Qat10 Qat+1n
ano . ann

If we expand this determinant by Laplace’s expansion [II, §8,
Th. IT] we can write

n n
F(ug, ...,uq) = 3 ... T gy ... tggy plari---in,
10=0 1n=0

where (3, ..., %3 %1, -.-,1,) 18 an even permutation of (0,...,7),
and (...,p%+1.%,...) are the dual Grassmann coordinates of S.
This can also be written [VII, § 3, Th. I]in the form

n n
F(uo,...,ud) = Z ese Zpion_,‘duo,‘:o...udid,
=0 143=0

where (..., ;.4 > ---) are the Grassmann coordinates of S;.

8. Further properties of the Cayley form. In the last section
we showed how to obtain the equations of the variety V from its
Cayley form after we had first expressed the Cayley form as a
polynomial in the determinants |u,, ... %4, |- In this section we
begin with a method for obtaining the equations of V directly from
its Cayley form. We then go on to find necessary and sufficient

HPII 4



80 X. ALGEBRAIC VARIETIES

conditions that a form F'(u,, ..., %;) which is homogeneous of degree
g in the indeterminates u; = (u, ..., %;,) (¢ = 0, ..., d) should be the
Cayley form of an algebraic variety of dimension d and order g.

If F(uy, ..., u;) is the Cayley form of V, it follows from § 5, Lemma
II1, and from the properties proved in the preceding section, that
a necessary and sufficient condition for the point " to lie on V is

F(vg,...,v3) =0, (1)

where vy, ...,v; are d + 1 generic primes through z’. We have shown
that (1) is a necessary and sufficient condition for the S, _;_, given
by the equations

n
Sv,2,=0 (i=0,..,d)
j=0

to meet V, and a generic S,_;_, through 2" meets V if and only if
2’ lieson V.
By the result proved in §4, p. 22, a generic prime through the

n
point 2’ is 3 v;x; = 0, where
i=0 _
% =1§08i{xj ’
the elements s;; being independent indeterminates (¢ < j) and satis-
fying the conditions for skew-symmetry:
8i5 = — Sy

Hence we can take d + 1 generic primes through z’ as

n
va-xj=0 (";=O,...,d),
j=0
n .
where vy =X shar (=0,..,d),
k=0

and the matrices  8'= (sf;) (1 =0,...,d)

are skew-symmetric matrices with all elements above the principal
diagonals independent indeterminates. ¢
Hence 2’ lies on V if and only if

F (8%, ...,S%) (2)

vanishes when z = 2’. The form (2) can be expressed as a sum of
power-products of the sf;. If we write — sf; for sf, whenever j<£,
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the elements s¥;, (j > k) are independent indeterminates, and writing
(2) in the form (cf. p. 46)

by B5(8) ¥o(®),

we have the result Y. (') =0,
if and oﬁly if 2’ lies on V. Hence the equations

Yolz) =0
are the equations of the variety V.
If V is reducible, and its irreducible components are V;, voos Vs

so that V =V iV ... 17,
the dimension of V is defined to be
d = max (dy, ...,dy),

where d; is the dimension of V. If d, =... = d; = d, V is said to be
a pure or unmixed variety of dimension d. In this case we define
a Cayley form for V.

Let the Cayley form of V; be Fj(u,, ..., ;). Then

2 .
Flug, ..., ug) = iIJx [E(ugs ..., uz)]P%,

where the p, are any integers greater than zero, is called a Cayley
form of V. Significance will be given to the integers p; in a later
chapter [XI], but at present we merely take them to be any positive
integers. If g; is the order of ¥, and therefore the degree of
. Fi(ug, ..., ug) in each set of indeterminates wy, ..., ug, it is convenient
to say that the order of the variety given by F(u,,...,%,;) defined
above is

k
g =3 pi9:
i=1

A justification of this definition will be given in Chapter XI.

We now consider the problem of determining the conditions
which must be satisfied by a form F(u,,...,u;), homogeneous of
degree g in each set of indeterminates u,, ..., %4 in order that it
should be the Cayley form of a variety.

From the results of § 7 we see that the following three conditions
are necessary:

1. F(ug,uy,...,ug), regarded as a form in (ug, ..., %,,), can be
4-2
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completely decomposed into a product of linear factors in some
extension field of K(uy, ..., us), so that

Pty it = Al i) T ). @
p=1\i=0

2. The points £ = (£{, ..., £?) defined by (3) lie in each of the
primes u,, ..., u;; that is,

n
Eoui,g@) =0 (@=1,..d;p=1,..9).

3. If 89,..., 8% are skew-symmetric matrices, each having inde-
pendent indeterminate elements above its principal diagonal, then

F(Sog(p)’“_’sdg.(p)) =0 (P =1..9),

that is, the points £» satisfy the equations of V. An equivalent
condition is: if the primes v,,...,v; all pass through £©, then
F(vy,...,v5) = 0. :

We now show that these three conditions are sufficient.

Let V, (p = 1,...,9) be the irreducible variety defined over the
ground field K which has £ as generic point over K [§3, Th. IV].
The varieties ¥, are not necessarily distinct. By condition 2, the
points &0, ..., £@ lie in the 8,_,; defined by the primes u,, ..., %,.
We show that condition 3 implies that this S,_; contains no other
generic points of V;,...,V,.

Let us suppose, in fact, that the S,_; contains a generic point 3
of ¥; which is not £0. Without any essential loss of generality we may
assume that £’ = 5, = 1. Since  and £ are both generic points
of ¥ there is an isomorphism

K(n) = K(ED)

which maps 9; on £ (¢ = 1,...,n), leaving all elements of K un-
changed [§3, Th. III]. This isomorphism may be extended (I, §2,
Th. I] to an isomorphism

K, uyy ..., ug) = K(EO, wy, ..., ws).
n
The relations Yuyp; =0 (@=1,..4d),
’ j=0
which express the fact that  lies in §,_;, imply the relations

SwEP=0 (=1,..,d).
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If now wj is any further prime through £@, so that

% Woz g(jl) =0,
condition 3 tells us that =
F(wg, wy, ..., wg) = 0.
Replacing w, by the set of indeterminates u,, it follows that
F(ug, wy, ..., wg)

n
vanishes for all specialisations u, = w, such that 3 wy,£P = 0.
7=0

. _ n
Hence [IV, § 8], F(ug, w;, ..., w;) contains ¥, uy; £ as a factor.
i=0
Reversing the isomorphism, it follows that F(ug, %, ..., %;) con-
n
tains 3 uy,7; as a factor. It then follows from condition 1 that 3
i=0

must be one of the points £3,...,£@. We conclude that the only
generic points of any V; which lie in the §,_; defined by u,, ..., 4,4
are included in the set £, ..., £@,

We can now deduce that each of the varieties V,,...,¥ is of
dimension d, and that F(u,, ..., ug) is the Cayley form of the sum of
these varieties. Since V, is a variety defined over K, and the S,_;
defined by u,, ..., u; is generic over this field, S,_; would have no
intersection with ¥} if d; = dim¥, were less than d. But £® is a point
of ¥, in this S,_;. Hence d,>d. Suppose that d;>d. Then by §7,
Th. I, a generic S,,_;, meets ¥, in a set of points each of which is a
generic point of V. The section of S,_; by a generic §,_4,. 4 is a
generic S,_;. Hence in any generic S,_j;, of §,_; there is a generic
point of ¥,. But there is only a finite number of generic points of
V, in 8,_; as we saw above. None of these lies in a generic S,,_g,.
Hence we cannot have d;>d, and so d; = d.

Each V] is therefore of dimension d. The generic S,,_; determined
by the primes %, ..., u; meets V; only in generic points, and these
are therefore contained in the set £9. Hence the Cayley form of
¥, is the form

g n
F, = By(uy, ..., u3) [T (T u()jg(jp))”“’,
p=13=0

where 7,, = 1 or 0 according as £ is or is not on V. Since each
point £@ is on at least one of the varieties ¥;, any Cayley form of

Vi Vyk ... 17,
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is of the form

Gt 00 = Bl ., ) I (Zuo g‘m)an s,
=0 =1

where o, >0 and h;> 0. Since F(u,,...,u;) and G(uy, ...,u;) have

the same factors zuo,g“’), it follows easily that the A, can be so

chosen that F(uo, e Ug) = Qug, ..., uz).
As a corollary to the above, we have

TrEOREM 1. The intersection of an irreducible variety V of dimen-
n
sion d > 0 over K with a generic prime w;x; = 018 @ variety which is
i=0

irreducible and of dimension d— 1 over the field K (u).

Let F(uy, uy, ..., u45_4,u4) be the Cayley form of V, and writing
g = u, let us adjoin u to the ground field K, so that we now con-
sider the variety, if there is one, defined by

Fug, ..., ug_y,u) = Glug, ..., u;_,)

over the ground field K’ = K(u). X

Since F(uy, ..., %z, %) is irreducible in the ring K[uy, ..., u;_,, %],
it is also irreducible in K[u][u,...,%;_,], and therefore in the
ring K(u) [, ..., %g—1] = K'[u,, ..., u43_,]. This follows from I, §8,
Lemma 3. If G(uy,...,u4_,) defines a variety over K’, this variety
will therefore be 1rredu01ble over K'.

Condition 1 is satisfied, since

g

Flug, ...;ug_g,u) = Guy, ..., uq_1) = A(uy, ..., %5 5, u) I1 ( 3 uy; "’))

p=1\1=0
so that, over a suitable extension of X "(Uyy ees Ug_y),

g

Oty et 2) = Bl 00 11 5 i)

p=1\i=0
Condition 2 js satisfied, since the points

£ (p=1,...,9)

lie in the primes u,, ..., %, ;. That is
n
jzoui,g@) =0 (¢t=1,...,d-1;p=1,..,9).

n
Condition 3 is satisfied, for the prime > u;x; = 0 contains £©
=0
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#
[condition 2 for V], and if the primes % V%, =0(=0,1,...,d-1)
j=0
all contain £®, then
F(vg, vy, ..., v5-1,%) = G2, ...,v5_,) = O.

Hence G(uq,...,u3_,) defines an irreducible variety of dimension
d—1and order g over K’ = K(u). A generic point £© of this variety

n
lies in ¥ u,2; = 0 and is also generic on V. The variety is therefore
i=0

contained in the intersection of V with this prime.
We now use the property that the S,_;_; given by the equations

n
Sugyx; =0
2%

fl 0
U X =
i=o 73
meets V if and only if
F(uy, ..., uq_1,u) =0,

This implies that the S,_; given by
iu”xj=0 (i=0,...,d—‘1)
5=0

meets the intersection of V and the prime given by

n
Ty =0

if and only if F(ug, ..., uq_1,u) = 0.

Therefore F(u, ..., %q_1, %) is the Cayley form of the intersection

of V and the prime given b'yj%ujw, = 0.

Another proof of this theorem will be given in the next chapter
[X1, § 5, Th. II].
If we consider the intersection of V with a specialised prime 7

n
given by the equation ¥ v;x; = 0, where v, ..., v, are either in K
j=0
or in an extension of K, we obtain the
Corollary. The Cayley form of the intersection of V and the prime
n

w given by Y v;2; =0 i3 F(uy, ..., Uz, ), where F(uy, ..., ug_-. %)
§=0
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i8 the Cayley form of V, provided that the intersection 18 purely
(€ — 1)-dimensional.

We conclude this section by proving, in the first place, that the
conditions 1, 2, 3 for F(uy, ..., u,) to be the Cayley form of a variety
V can be expressed as a set of homogeneous algebraic equations
to be satisfied by the coefficients a; of F.

We suppose that F(u,,...,u;) is a form of degree g in the
indeterminates u; = (u;9,...,%;,) (¢ =0,...,d) with unknown
coefficients a, (A = 0, ..., D). Consider the equation

g [ n )
Fug, ..., ug) = A(uy, ..., uy) T1 (Zuo,;g‘f),
p=1\i=0

and compare the coefficients on each side of the power-products of
the uy;. We obtain a set of equations

¢v(u1’ R ud) = A(ulf (AAS) ud) %(5(1), R g(g))’
and eliminating the A(u,, ..., %,;), we obtain the equations
() Py, s %) Yy (ED, ..., E9) = @, (s, ..., %g) Y u(ED, ..., £@) = 0.

The conditions 2 are

n
(2 jzou,.,ggw =0 (G=1,...,d;p=1,..9).

The conditions 3 can be expressed by equating to zero the
coefficients of the various power-products of the indeterminates
8. This gives a set of equations

(3" X;c(a/\! £ =0 (p=1,...,9).

From the set of equations (1’), (2'), (38’), which are all homo-
geneous in the £©, eliminate £®,...,£9, forming the resultant

BYStem Rv(a‘)u Ups oees ud)'

Let the coefficients of the power-products of the u; in the set
R, (ay, uy, ..., u3) be the forms

T(2) (w=12..).

In order that F(u,,...,u;), with specialised coefficients a) in K,
should be the Cayley form of an algebraic variety we must have

T,(a}) = 0. 4)
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Conversely, if a3 (A = 0,..., D) is any set of elements such that
the set of homogeneous equations (4) is satisfied, then

.Ry(a:\, ul, seey ud) = 0,

and the equations (1’), (2’), (3') can be solved for £@, ..., £@. Hence
conditions 2 and 3 are satisfied. Not all ¢, (£, ..., £9)) can be zero,
since each is of the form £ ... £, and for some choice of 4, ...,1,
this is not zero. We can therefore find 4’(u, ..., uz) so that

DUy ooy tg) = A'(Uy, ..., ug) Y (ED, ..., @),

and then F(ug,...,uz) = A'(uy, ..., %z) ﬁ ( i uwgg")) ,
p=1\i=0

and condition 1 is therefore satisfied. We have therefore proved

THEOREM II. Necessary and sufficient conditions for a form
F(ug, ..., uz) of degree g in each set of indeterminates u; (v = 0, ...,d)
and with coefficients ) to be the Cayley form of a variety of dimension
d and order g are given by

T () =0 (v=12,..),

where the T,(z,) are homogeneous forms in the indeterminates z,.

If the coefficients of F(uy, ...,u;) are ay, ...,ap, we represent the
algebraic variety of dimension 4 and order g whose Cayley form is
F(ug, ...,u;) by the point (ag,...,ap) of a projective space of D
dimensions. All such points lie on the algebraic variety £2 whose

equations are T(x,) =0 (0=1,2,..).

By the theorem we have just proved, there is a one-to-one corre-
spondence between the points of 22 and the algebraic varieties of
dimension d and order g in §,. For this reason we say that the
algebraic varieties of dimension d and order g in S, form an algebraic
system. ’

The set of varieties in 8, which correspond to any subvariety of
£ is said to form an algebraic system. If the subvariety is irre-
ducible, the system of corresponding varieties in 8, is said to be
irreducible. If (&, ...,£p) is a generic point of the subvariety, the
variety in 8, whose Cayley form F(u,,...,u;) has coefficients
&y ..., &p is called a generic variety of the irreducible system of
varieties in §,.
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We can generalise the foregoing proof to show that the algebraic
varieties of order g and dimension d which lie on the variety U

whose equations are
fi®)=0 (E=1,...,7)

form an algebraic system. Indeed, necessary and sufficient con-
ditions that F(u,, ..., u;) be the Cayley form of a variety lying on
U are:

1) Pl = Al ostg) 11 S wnit?)-
’ p=1\i=0
(2) Zuijg(jp):() (’l: 1,.--,d;P= 1,...,9)-
i=0
(3) F(SOEP, ..., 8%0) = 0 (p=1,...,9).
(4) [Py =0 (t=1,..,r;p=1,...,9).

The same argument as above shows that necessary and sufficient
conditions are obtained by eliminating £@,...,£@ from these-
equations. It follows that the conditions are algebraic in the
coefficients of F(uq, ..., uz).

9. The order of an algebraic variety; parametrisation. The
order g of an irreducible variety V of dimension d over K has been
defined by means of the Cayley form of V. It has the properties:

(i) the Cayley form F(u,,...,u;) of V is homogeneous of degree
gin (u;g, ..., u;,), fori =0, ...,d;

(ii) a generic (n—d)-space of S, meets V in g points.

We now study another property of the order which will prove
useful later. '

Let us consider the various ways we have had of writing the
Cayley form:

S (W55 Ugps s Ugg) = F(ug, ..., %g)

g n
= A(uy, ..., %) Hl (u00+ Zluo,;g(;))
T p=

=G(...,|u°io...udid[,...). (l)

The last of these is a homogeneous polynomial of degree g in the
determinants
| oz e Uasgl =| %oty - Uoig

Ugiy « Uaig
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and hence if we compare the coefficients of u§, in the third and fourth
forms we see that A(w,,...,u,) is a polynomial in w,y, Uy, ..., %g,.
More generally, the last expression shows that f(u; gy, ..., %gp)
is of total degree g in uy, ..., %q, that is, if a(u,)ug... w3 is any
term of f(w;;; g, ..., %g), then

a0+ ces +ad<g,

and there are terms for which the sum is exactly g (in particular,
there are non-zero terms in %4, (¢ = 0, ...,d)).

Now consider any specialisation u;;— a,;, where a,;;is an element
of K,forj=1,...,m;¢=0,...,d. If we write

=N = 11151+ +aingn (7’ =0, ""d)’
we can deduce, as in Chapter IV, §9, Th. I, a relation

&> ---»7g) =0 (2)

over K, connecting 7,, ..., %, from the relation [§ 6, (2)]

Sflwy; Eobovns8g) = 0.

The relation (2) is of total degree g at most in ), ..., 7, We consider,
in particular, the case in which d of the elements 7, ..., 7, of the
function field K(£,, ..., £,) of V are algebraically independent
over K. In this case there is a unique irreducible equation over K
which is satisfied by 7,, ..., 74, say

Y, --sMa) = 0.

Then @(y, ..., yg) must contain ¥ (y,, ...,y;) as a factor [III, §3,
Th. VI]. Therefore ¥ (y,, ...,y ) is of total degree g at most.

We now show that there exist in K specialisations a;; of u,; such
that the irreducible relation connecting 7, ..., 7, is of total degree
g exactly. We require a lemma;:

Lemma. If K is any field without characteristic, K* a simple
algebraic extension of K of degree n, and if u is an indeterminate over
K™, and hence over K, then K*(u) is a simple algebraic extension of
K(u) of degree n.

Let a be a primitive element of K* over K [III, § 6], and let f(z)
be its characteristic polynomial over K. f(x) is of order n. Now
K*(u) = K(a,u), and hence « is a primitive element of K*(u) over
K(u). Since « satisfies the equation

fl@) =0,
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whose coefficients are in K(u), the characteristic polynomial of a
over K(u) is of order n at most. Suppose that it is of order m,
where m < n. Then we have a relation

bo(w)am + ... +b,(u) = 0,

where b;(u) is in K[u]. Since u is indeterminate over K*, this
relation persists when we specialise u. We choose any specialisation
u->a (ain K) of u such that by(a) and b,,(a) are not zero. Then we
obtain an equation of degree m <n over K satisfied by «. This
is impossible, since the characteristic polynomial of a over K is of
degree n. From this contradiction the lemma follows.

By repeated applications of the lemma we see that if u,, ..., %,
are independent indeterminates over K*, K¥*(uy, ..., u,) is an alge-
braic extension of K(uy, ..., %,) of degree n. ’

We now return to our main problem. Let K, denote the field
obtained by adjoining u;; (¢ = 0, ...,7; j = 1,...,n) to K. Repeating
an argument used above, we find that the irreducible equation over

n
K, , connecting &,,...,{; ;, and zljv,-gi, where vy, ...,v, are in

K,_,, is of total degree g at most. It follows that K; (&, ...,£,) is
an algebraic extension of Kz_;(,, ..., {;-;) of degree g’, where g’ < g.
By the deduction made above from the lemma, we see that
K&, ...,£,) is an extension of K,({, ...,§;-;) of degree g’. But
the irreducible equation over K,; connecting &,...,{; ; with

{1 = S ugt; is of degree g in {;. Hence ¢’ =g. Now X v,§; is a
1 1

primitive element of K; ,(£;,...,£,) over K; (&, ...,{;-1), pro-
vided that the ratios of v,,...,v, are chosen to avoid at most a
finite number of special values. This can be seen at once by a simple
extension of the argument used in the theorem of the primitive
element [IIT, §6, Th. I]. Since K contains an infinite number of
elements, we can choose v; = a4 in K so that the irreducible

n
equation connecting &, ...,&;; and 7; = Y ayE; over K, is of
1

order g in 77;. We can at the same time ensure that the coefficient
of wy in f(uy; Uog, -+, Uge) does not vanish for the specialisation,
for ¢ = 0,...,d—1. For this specialisation f(u,; 2, ..., 2;) becomes
a non-zero polynomial f(uz; 2o, ...,2,) of total degree g in 2,, ..., 24
containing terms in 2§ (¢ = 0, ...,d) and such that

Sf@igs Cosoevs Ea1s7a) = 0.
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Hence if (2, ..., ;) is the irreducible polynomial over K,_, such
tha't’ 1)0 (go, ey gd—l’ ”d) = O!

Fuigs 2o, s 25) = A(2gy -evs 23) Y(Zgs -vr 23)

Since, however, is of degree g in z,, f is of total degree g, at least,in
Zg -..;2z. But f is of total degree g at most. Hence 4 is in K4_,.
Thus the relation connecting &, ...,{; 4,7, is of total degree g
exactly. Since this relation contains 2¢ (i =1, ...,d—1), we can
repeat the argument, passing from K, ; to K;_,, and so on. Even-
tually we arrive at linear expressions 7, ..., 7, in £, with coefficients
in K such that the irreducible relation over K connecting them is
of total degree ¢g. Thus we have

TuroreMm 1. If V is of order g, and (1,&,, ..., £,) is a normalised
generic point of it, then any d + 1 elements

—ﬂi=ai1§1+...+aingn (i=0,...,d)
of K(&,, ..., &,) satisfy an equation

‘ﬁ("]o,- ’”d _O

of total degree g at most, and there exist sets 7, ...,7, such that the
srreducible equation connecting them is of total degree g exactly.

It is clear that this property characterises the order g of V.

The argument given to establish Theorem I implies that if

Z at, §;(¢=1,...,d) are d algebraically independent elements of

K (51, ...£,), and if uy, ..., u, are indeterminates over K (£, ..., §n),
the unique irreducible polynomial yr(u, yl, veoYp2)in Klug, ..., u,;

Y1 ---» Ya, 2] connecting ,, ..., 74 and { = Z u, &, is of total degree g
1

at most in y,, ..., ¥4 2. ¥ is sometimes called the norm of V with
respect to #,, ..., 7, by analogy with the norm which is introduced
in the theory of algebraic extensions. It can be regarded as a
specialised form of the Cayley form, from which its properties can
all be deduced. Sometimes, however, it is convenient to deal with
the norm directly.

The argument leading to Theorem I shows that we can choose

a@;; in K so that the irreducible equation connecting 7; = — ¥ a,&;
i=1

i =0,...,d) is
(@ ) f(a’ij; Yo, --'syd) =0,
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where f(u,;; gy, ..., Ug) i8 the Cayley form of V. By making a suit-
able change of coordinate system in S,, we can arrange that £,, ..., &4
are algebraically independent over K and that the irreducible
equation satisfied by §,,...,£;,, is

¢(x1’ oy Zgyq) Ef(bi;f; Lyseeny xd+1) =0,
where b, =1 (¢ =0,...,d) and b,; is zero otherwise. We suppose
this done. It then follows at once that the norm of V with respect
to§,,...,£;is obtained by replacing u;;,, by 1 (¢ = 0,...,d — 1), u,; by
zero (¢ = 0,...,d—1; j+1i+1), and uy by u; in
flugs 2y, ..., 24, 2).
From the equation [§ 6, (5)]

0t G ) ~§a%f<uﬁ; Lo oonla) = 0,

oug,

we obtain, on specialising f(u,;; 3, ..., Zz41) t0 Y(2y, ..., Z444),

3”0(51, seey gd+1) _ga%mw(gl’ LR gd+l) = O’

where ¥ (y, ..., %4,,) is some polynomial of degree g at most over
K. If ¢(xg,...,25,,) is the homogeneous polynomial of degree g

such that
¢(1’ xl’ ""xd+1) = ¢(x1’ “"xd+1)!

and Go@gy Tyy ooy ®gyy) (0=d+1,...,n)
are homogeneous polynomials of degree g such that
PlL, 2y, ., Zg11) = Yol@1y o0y @a11)s
it follows that V satisfies the equations
P(&g, ..., Ta11) = 0, (3)

o6 = P (Tgy ..y Tgyy) (C=d+1,...,7n). (4)

R
These equations therefore define a variety which contains V.
We now show that if 2’ is any point not in x, = 0 which satisfies
these equations, and if 9yr/dx}, , + 0, thenz’ison V. We may suppose
that 2y = 1. Let B
(@gy oerxy) =0

be any equation satisfied by V. Then
A h(l’ gls ceey gn) =0,
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h(l,gl, g, ¢d+1(§), tﬁn(ﬁ)) _o.

and hence -

oy o
agd~1-1 a§d+1

Let ¢ be an integer such that
t
—ag—ﬁ—]h(l,xl, ey g Yan(®) gﬁn(x)) = XXy, s Tgyq)

%441 ofp U oy
0%g,4 0241

is a polynomial. Then it follows that
X(g]_’ XS] £d+1) = O.

Hence x(xy, ...,%4,,) contains Yr(z,, ..., 24,,) as a factor, that is,

X(@ys s @) =By, oo, By ) U@y, ooy g yq)-

Hence, since 2’ satisfies (3),

Y@y, ..., 25,.) = 0,
and therefore

h(l, 2y vty L) '/’"(x”) =0,

oy S

» 0%,y 0271
that is, h(zg, ..., x,) = O.

Hence 2’ satisfies every equation satisfied by V, and it is therefore
on V.

The equations (3) and (4) give what is called a parametric or
monoidal representation of V.

10. Some algebraic lemmas. Before we deal with our next
topic it will be useful to restate some of the algebraic results of
Chapter III, and to add results which will be needed at a later
stage. We saw that if £ is algebraic over the ground field K, which
we assume to be without characteristic, there exists an irreducible
polynomial f(z) in K[z], unique save for a non-zero factor in K,
such that f(£) = 0. If g(x) is any polynomial in K[x] such that
g(£) = 0, then g(x) is divisible by f(x). This polynomial f(x) is called
the characteristic polynomial of £ over K. If we suppose f(x) normal-
ised so thatits leading coefficientis unity, weshall callit the minimum
Sfunction of £ over K. We shall also call the field K(§) a stem field.
If £ is a root of the equation F(z) = 0, we say that K(£) is a stem
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field of F(z). In1II, § 2, Th. II, we proved that the stem fields of an
irreducible polynomial are all equivalent over K. We also intro-
duced the root field of a polynomial F(z). Any field which is the
root field of an irreducible polynomial over K is said to be a normal
extension of K. ‘

If £ and 7 are two elements of an extension K* of K which are
both algebraically dependent over K, they are said to be conjugate
over K if they have the same minimum function over K. By III,
§2, Th. II, it follows that £ and 7 are conjugate if and only if K(£)
and K(5) are equivalent over K in such a way that £ and 7 are
corresponding elements.

If K, and K, are two algebraic extensions of K which are con-
tained in a field K* they are said to be conjugate over K if they are
equivalent extensions of K. In particular, two stem fields of an
irreducible polynomial are conjugate over K. Conversely, if K, is
a stem field K(;) of an irreducible polynomial F(x) over K, and
K, is conjugate to K, over K, then K, is also a stem field of F(x).
For, let £ be the element of K, corresponding to £; in the isomor-
phism between K, and K,. Then K, = K(£). Since F(£;) is mapped
on F(£), and F(§;) = 0, we have F(§) = 0. Hence £; and £ are
conjugate over K, and K, is a stem field of F(x).

Let F(x) be an irreducible polynomial of degree nover K, §,, ..., £,
the roots of F () in a suitable extension of K, and let

a;=ap+a bt +a, &7 (a;inK) (i=1,...,n)

Let b)) = (y—ay) ... (=)

Then by the theory of symmetric functions [III, §4, Th. VI], we
see that ¢(y) has coefficients in K. Let ¢ (y) be the minimum
function of «; over K. Since ‘

Yla) = Ylag+a§+...+a, 1 £71) =0,
V(ap+a,x+ ... +a, ;2" ) must contain F(x) as a factor and hence
Yle) =0 (j=1,...,n), that is, y,...,, are conjugate over K.
Since ¢(x;) = 0, $(x) must contain y(z) as a factor. Suppose that
P(x) = [ (x)]2x(x), where ¢>1, and y() is prime to ¥/(z). Then
x(ct;)+0 for any ¢. If B is a root of y(x) in some extension of
K(gl’ '-~:gn)’ ¢(ﬂ) = 0, that is

(B—ay)...(B—x,) =0.

Hence 8 = a,, and it follows that any root of x(x) is a root of
¥(x), and hence that y(z) contains ¥r(x) as a factor, or else x(x) has
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no roots. Since we have arranged that y(x) is prime to ¥ (z) it
follows that x(z) is of order zéro, and by equating coefficients we
find that y(z) = 1. Hence we have

Lemma I. If £, ..., &, are the roots of the polynomial F(x), which is
irreducible over K, and

a;=ay+a 8+ .. +a, £ (t=1,...,n) (a;in K),

s

then (y—a,) = [¥ ()],

I

i=1
where r(x) is the minimum function of one, and hence of every a,.
We saw in III, §3, that if K* = K(«) is an algebraic extension
of K, ignoring the operation of multiplication defined between the
elements of K*, we may consider K* as a linear set over K, and
the dimension of the linear set K * over K is the degree of K* over K.
This number, which we now denote by (K*/K), is the degree of the
minimum function of « over K. If the minimum function is of the
first degree, so that (K*/K) = 1, we have K* = K, since ae K.

Lemma Il. If K, K', K* arethree fields such that K < K' < K*, and
K* is an algebraic extension of K, then

(K*/K) = (K*|K') (K'|K).

Let £, ..., £, be a minimal basis for K’ over K, and 7y,...,7,,
a minimal basis for K* over K’. Every element of K* can be repre-

sented thus: m
n* = ,21762-77@- (ke K')
1=

=i§1(f§1kﬁ g,) 7; (ke K)

m n
=3 Xkyn&;
i=1j=1

Every element of K* therefore depends linearly on the m» elements
7;&; of K*. These elements are linearly independent over K; for
since the 7, form a minimal basis over K’, the relation

m n
'E Edﬁ%gj =0 (dyeK)
i=1j=1

n
implies the relation jzldi,g, =0,

HPII 5
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and since the £, are linearly independent over K, it follows that
d’i_f = O.

Hence the degree of K* over K is mn, which proves the lemma.
Corollary. If K< K'< K*, and

om K¢ — K% (K*|K) = (K'|K),
Since (K*/K') = 1, we must have K’ = K*,
If K<K*, any field K’ such that K<K'<K* is called an
intermediate field.

Lemma I11. If K* is a finite algebraic extension of K, there is only
a finite number of intermediate fields.

By III, § 6, Th. I, we may write K* = K(§), since K is without
characteristic. Let the minimum function of £ over K be

n
Fx)=Ya,2* (a;eK).
i=0
If K’ is an intermediate field, let the minimum function of £
over K’ be

G(x)= % a;xt (a;eK’).
i=0

The field K = K(a}) = K(ay, ..., a,,) satisfies the relation

K<KcK'.

Since G(z) is irreducible in K’, it is irreducible in K. Again,
K* = K(£),

so that K* = K*(a;) = K(a;) (§) = K(&).

Hence (K*/K') = (K*|K), and therefore K’ = K. The intermediate
field K’ = K = K(a}) is uniquely determined by the polynomial
G(z). But G(z) is a divisor of F'(z), and there is only a finite number
of possible divisors of F(x) in K*. Hence there is only a finite number
of possible fields K'.

An isomorphism of an extension K* of a field K on itself is called
an automorphism of K*, and if in the automorphism the elements
of K are mapped on themselves the automorphism is said to be
over K. If £ is any element of K*, any automorphism of K* which’
maps £ on 7 maps K(£) on the equivalent extension K(7) of K;
hence £ and 7 must be conjugate over K.



10. SOME ALGEBRAIC LEMMAS 67

We shall be mainly concerned with automorphisms over K of
normal extensions of K, and it is convenient to establish a few
preliminary results for this case now. We suppose as usual that
K is without characteristic, and that K* is a normal extension
of K. Let 6 be a primitive element of K* over K [III, §6, Th. I],
and suppose that its minimum function ¢(x) is of degree N. Since
K* is a root field and @ lies in K*, ¢(x) is completely reducible in
K* [III, § 4, Th. VII]. Further, since K is without characteristic,
the roots 6, = 6, 0,, ...,0y of @(x) are all distinct.

Any element « of K* = K(6) is of the form

a=ay+a,0+...+ay 0N (a,€K).

We consider the mapping of the elements of K* on K* in which «
maps on o = ay+0,0,+ ... +ay_ 6871,

for a given ¢. This gives an isomorphic mapping of K* = K(6) on
the conjugate field K(6,), and since (K(6;)/K) = N, K(6;) = K*.
Hence the mapping is an automorphism of K* over K. There exists
such an automorphism for each value of ¢ (¢ = 1,...,7n), the auto-
morphism in the case ¢ = 1 mapping each element of K* on itself.
On the other hand, since each automorphism of K* maps 6 on a
conjugate 6,, every automorphism of K* is obtained in this way.
The result of following one automorphism of K* over K by another
is clearly an automorphism of K* over K ; hence the automorphisms
of K* over K form a group of order N. Thus we have

Lemma IV. If K* is a normal extension of K of order N, the auto-
morphisms of K* over K form a group of order N. If 0 is a primitive
element of K* over K, and 0, = 0, 0,, ..., Oy are its conjugates over K,
the automorphisms are given by mapping ag+a,0+ ... +ay_160¥1on
g+ a,0;+ ... +ay_0V 2 (all ay, ...,ay_y in K) fori=1,...,N.

An automorphism of K* over K carries any element « of K* into
an element «’ conjugate to « over K. If a; = «, a,, ..., «, are a set
of conjugate elements over K, it follows from Lemma I that
N = gr, where ¢ is an integer, and if the automorphism of K* over
K given by 60— 0, takes « into a®, then

N
11 @—a®) = Y@,

where ¥/(z) is the minimum function of &. Hence for each value of
i there are exactly ¢ automorphisms of K* which take « into c;.

52
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In particular, if every automorphism of K* leaves a unaltered,
g = N, so that » = 1. Hence a is in XK. Thus we have

Lemma V. If K* is a normal extension of K of order N, and a 1s
an element of K* having conjugates a = a,, &y, ..., &,, then &y, ..., o,
lie in K*, and there are N|r automorphisms of K* over K which
take any given o, into a given a;. A necessary and sufficient condition
that o lie in K 18 that every automorphism of K* over K leaves o
unaltered.

Since in any automorphism of K* over K zero is the only element
of K* which maps on zero, it should be noted that, if «,;+«;, any
automorphism of K* over K transforms a; and «; into distinct
elements of K*, and hence it follows that the automorphisms of
K* over K permute the set of conjugate elements «,, ..., «,.

If K(§) is any algebraic extension of K, and §; = ¢, §,, ..., §, are
the conjugates of { over K, the fields conjugate to K({) over K are
K(i¢) =1,...,n). If K({) is a normal extension of K, these all-
coincide. Conversely, if these all coincide, K({) = K(§, ..., §,), and
hence K(§) is the root field of the minimum function of {. Hence
we have

Lemma VI. A necessary and sufficient condition that a field be
normal over K is that it coincide with its conjugates over K.

If K({) is not a normal extension of K, its conjugates K(¢;) do
not all coincide with K({). Any normal extension of K which con-
tains K ({)must contain K({;, ...,§,); on the other hand, K({;, ...,¢,),
being a root field, is a normal extension of K. We shall usually call
K(&,, ..., &,) the least normal extension of K containing K(&).

11. Absolutely and relatively irreducible varieties. We are
now in a position to investigate in some detail the possibility of a
variety which is irreducible over the ground field K becoming
reducible over some extension of K. We have already pointed out
in § 2 that this may happen. On the other hand, there exist varieties
defined over K which remain irreducible whatever extension K*
of K is taken as ground field; for instance, a prime has this property.
A variety defined over K which is irreducible when it is considered
as a variety over any extension of K is said to be absolutely irre-
ducible; and a variety which is irreducible over K but is reducible
over a suitably chosen extension of K is said to be relatively irre-
ducible (irreducible relative to K).
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TueorEM 1. If V is an irreducible variety of dimension d over the
ground field K, then, over any extension K* of K, V is an unmized
variety of dimension d.

Since V is irreducible over K, its Cayley form F(u,,...,u;) has
coefficients in K, and is irreducible over K. Let K* be any ex-
tension of K. Over K*, F(u,,...,u;) may be reducible as a form
in uy, say k
F(ug,...,ug) = i];IIF;-"(uo, ey Ug)-

The factors F¥(u,, ..., u;) are all distinet, since K is without charac-
teristic. By the results proved in §8, F(u,, ..., u;) is the Cayley form
of a variety V* of dimension d defined over K*, and the factors
F¥(ug,...,u;) are the Cayley forms of the distinet irreducible
components V¥ of V*:
V*=VE+VEF... +TVE
Thus V* is an unmixed variety of dimension d. We have only to
show that V* = V, that is, that any point of V is a point of V'*, and
any point of V* is a point of V. Let ' = (g, ..., %,) be any point
whose coordinates lie in any extension of K* (and hence of K).
Let 8¢ = (s%) be a skew-symmetric matrix of » + 1 rows and columns
(¢ =0,...,d) such that the elements s} (j>k) are independent
indeterminates over K*(xy, ..., ;). Then &’ lies on V if and only if
F(S°%, ..., 8%") = 0.

But in the same way 2’ lies on V* if and only if this condition is
satisfied. Hence z’ lies on V if and only if it lies on V*, that is,
V="V*

We now consider how to find the extension of K over which a
relatively irreducible variety becomes reducible. The Cayley form
of an irreducible variety is determined to within a factor belonging
to the ground field, but we shall find it convenient to fix this factor
uniquely. Let V be of order g, and let % be any integer greater than
g, which we fix once and for all. Let us also fix (d + 1) (» + 1) integers
m,; such that

0 Mgy <My < ove <Mygp <M< oo <My < oot <Mygg < ..o <My,

Let @(u,;;) be any polynomial in the u,; such that no u,; appears to
a power greater than g, and let ¢(t) be the polynomial in # obtained
by replacing u,; in @(u;) by t to the power A™i (i =0,...,d;
j=0,...,n). Consider a power-product in @(u,;) in which u;; has
exponent p;;. From this we obtain a term in ¢(¢) with the exponent
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Zpyyh™i. Another term in ®(u;;)in which u,;hasexponent oy leadsto
a term in't with exponent X ;;h™4, and since p;; <g<h, o;;<g<h,

Zpif hm{] = EO-‘H hmij,

if and only if p;; = o, for¢ = 0,...,d; j = 0,...,n. Hence the set of
coefficients of ®(u,;) must be the same as the set of coefficients of
o(t). In dealing with the Cayley form F(u,, ..., u;) of any variety
of order not exceeding g, we shall suppose that the multiplier in the
ground field is chosen so that the coefficient of the higher power of ¢
in the derived polynomial f(¢) is unity.

Now if K* is any extension of K over which ¥ becomes reducible,

k
F(“o: ""ud) = .HIF':'F(uOs ---,ud)’
i=

where Fy(uy,...,%;) is the Cayley form of a component of V
Passing to the corresponding polynomials in £, we have

) =if11 0}

The terms of highest degree in ¢ in f(2), f¥(t) (¢ = 1, ..., k) all have
unit coefficients. It follows that each coefficient of f¥(¢) lies in the
root field K, of the polynomial f(¢) over K. But the set of coefficients
of f¥(t) is the same as the set of coefficients of F¥(u,, ..., u;). Hence
the coefficients of F¥(u,,...,u;) lie in the intersection K*, K, of
the fields K* and K. Therefore the decomposition of V,

V=V 4%

can be carried out in K* , K, that is, in an algebraic extension of K.
Thus any decomposition of ¥ can be carried out in K.
Suppose that ¥ can be decomposed over K, as follows:

V = 71+ cen -|'-I—78.
In any extension K* of K, suppose that
V‘l: = Z V‘i*j'
i
Then over K*, V=3XV§+...+2 V.
j i

This decomposition of ¥ can, however, be carried out in K, ; hence
V% is a variety defined over K,, and must therefore coincide with
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V,. Hence V; must be absolutely irreducible. Thus over K,,V decom-
poses into a sum of absolutely irreducible varieties.

Again, if over an extension K* of K, V decomposes into a sum
of components of which one, say V¥, is absolutely irreducible,
V¥ is a variety defined over K*, K|, and since it is an absolutely
irreducible variety it does not decompose when we extend K* , K.
Hence it must be one of the components ¥, into which ¥ decomposes
over K. Thus we have

TeEOREM II. An irreducible variety of dimension d defined over
the ground field K can be decomposed, in an essentially unique way,
into a sum of absolutely irreducible varieties of dimension d, and this
can be done by taking the ground field to be a suitable finite algebraic
extension of K.

The field K, which we considered in the proof of Theorem II
may not be the smallest field over which ¥ can be decomposed into
its absolutely irreducible components. Suppose that over K, we
have r

Fluy, ..., uq) = Fyug, ..., uy),

i=1
where Fj(u,, ..., u,) is the Cayley form of V,, normalised so that the
coefficient of the highest power of ¢ in the derived polynomial
fi(t) is unity. Let K be the smallest field which contains all the
coefficients of the forms F.(u,, ..., u;). Then, clearly, K is the smallest
extension of K over which V can be represented as a sum of abso-
lutely irreducible varieties. K is a finite algebraic extension of K,
and is here defined by an irreducible polynomial ¢(z), as in Chapter
111, § 3. One zero of ¢(x) is a primitive element of K, and the other
zeros are primitive elements of the conjugate fields of K over K.
These coincide with K if and only if K is the root-field of ¢(x). We
now show that K is a normal extension of K.
Let K’ be any conjugate of K over K. Over K’ we have

r
F(um ---)ud) = ].]1 t,(uox ---,ud)s
i=

where F}(u,, ..., u,;) is the conjugate of Fj(u,,...,u;). Hence, over
K', V decomposes into » components, and therefore, since V has
only r absolutely irreducible components, each of the components
of V over K’ is absolutely irreducible. Hence the factors F; of F
are just the factors F;rearranged. It follows that K’ = K, and hence
K is a normal extension of K [§ 10, Lemma VI]. Thus we have
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TuroreM II1. The smallest extension K of K over which V can be
decomposed into its absolutely irreducible components i3 a normal
extension of K, and V can be expressed as a sum of absolutely irre-
ducible varieties over K* if and only if K < K*.

Let 0 be a primitive element of K over K, and let 6, = 0,0,, ...,0,
be its conjugates. The coefficients of F; can be written as poly-

nomials 01(6), ax(0), ...
in @ of degree N — 1 at most. Then
a;(0;), ay(0;), ...

are the coefficients of F] for some value of 5. We may suppose that
fori =1,...,s we have j = 1, and for ¢ > s, j+ 1. We now show that
if the 0, are suitably arranged, then

a,(0,), ax(6;), -..

are the coefficients of F, for ¢ = (j—1)s+1,...,js, and only for
these values of 7, and hence that N = rs.
We use Lemma I of § 10. Let

a; = %Aj“j(ez)?
where the A, are indeterminates, and let
) = (y—a) ... (¥—ay)
By hypothesis &, = ay = ... = a,F o, (¢ >8), and therefore
$(y) = Y,

where {(y) is the minimum function of a; over K(A). Since any «,
corresponds to the coefficients of one of » Cayley forms, ¥(y) must
be of degree r, and N = rs. We may now select the sets of «; which
are equal, and our statement follows.

We now specialise the A; to elements p; of K such that after
specialisation 0y/(a;)/0a; %0 (¢ = 1, ..., N) [1I1, § 8, Th. I], and write

a(f) = Zp;a,(0),
a(6y) = a(f,) = ..\ = a(f,) = ay,

(@) = ... voo=a(by) = ay,

................................................

a(e(r—l)s+l) =oee oo = 00p) =,
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where a,,a,,...,a, are all distinct. The minimum function of «
over K is

G(z) = iI:[l(x—oci).
Let us consider any coefficient a,;(6) of F,, and let
2;(0,) = ... = a,(0,) =By,
0i(041) = ... = a;(05) = s,
ete. Consider the equations
o+t ... +e, it =0 (=1,..,r).

Since a;, ..., «, are all distinct, these have solutions for ¢, ...,c,_,.
Moreover, it is clear that any substitution 8 -6, merely permutes
these equations. Hence, when we solve the equations for ¢, ..., ¢,_;
we see that c; is unaltered by the automorphisms of K* over K, and
hencec,, ...,c,_; liein K [§10, Lemma V]. It follows at once that the
coefficients of F} lie in the algebraic extension K (o) of K. We want
to determine these fields K(«;) in terms of the function field of V.

We first show that there exists a form f;(x,, ..., x,), with coef-
ficients in K(e;), which vanishes on V;, but not on V; (i%j). If
8¢ (i =0,...,d) are d + 1 independent skew-symmetric matrices of
indeterminates, F}(S°, ..., 8%) vanishes on V; but not on 7, (s +).
We can therefore specialise the elements si; of the matrices to
values in K and obtain a form f;(z,, ..., z,) which vanishes on V; but
not on any other component of V.

Now let £ = (&, -..,£,) be a generic point of V over K. Without
loss of generality, we may suppose that this is normalised so that
£, = 1. Let K* be any algebraic extension of K. By the convention
of §1, K*,£,,...,&, are all in the universal field, and hence there is
a smallest field K*(£,, ..., £,) containing them. (1,&,,...,£,) is then
the generic point of some variety V*in S, over K*. Now K (§,, ..., £,)
is of degree of transcendency d over K, and K* is algebraic over K.
Hence any d + 1 of the &, are algebraically dependent over K, and
hence over K*, and if £ ---s &1, are algebraically dependent over
K*, they are algebraically dependent over K. Therefore there exist
d of the £; which are algebraically independent over K*, and it
followsthat V* is of dimension d. Now £ satisfies the equations of V,
hence V*< V. But over K*, V is a sum of d-dimensional varieties,
and hence V* is one of the components of V. The component
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obtained has no particular significance. We can, in fact, choose £
so that V* is any assigned component of V. Indeed, let V* be any
component of V over K*, £* a normalised generic point of V*.
Reversing the argument given above, we see that K(£*) is an
extension of K of dimension d, and hence £* is the generic point of a
variety ¥; of dimension d defined over K. Since £* is a point of V*,
and hence of V, it follows that ¥, < V, and since 7] and V are of the
same dimension, ¥; = V [§5, Th. II].

Now take K* = K, and suppose that £ is a generic point of ¥}
over K. Let

fi=%ota;br+ ...+ P 4,

where ¢, (z,, ..., ,) is a homogeneous polynomial over K, be a form
which vanishes on ¥; but not on ¥, (i #j). Then

Po(§) + o By (E) + ... + i B _1(£)

is zero if and only if £ = j. If G(x)is the characteristic polynomial of
a; over K, it follows that the equations

Po(€) + 2Py (E) + ... + 2719, 4(§) = O,

have a single root = &; in common. This common root can there-
fore be found by the division algorithm, and hence a;e K(&,, ..., £,).
If V is not absolutely irreducible, «; is not in K. Hence there exist
elements in K(£,, ..., £,) which are algebraic over K, but which are
not in K. The elements of K(&,, ..., £,) which are algebraic over K
form a field K’ [I11, § 3, Th. I1I]. We call this the algebraic closure
of Kin K(¢,, ..., £,). K issaid to be algebraically closedin K(&;, ..., £,)
if K’ = K. We have thus shown thatif Visnot absolutelyirreducible,
K is not algebraically closed in the function field of V. We also

have K(x;)c K'.
On the other hand, if K is not algebraically closed in K(&,, ..., £,),
we can find an element a of K(£,, ..., §,) which is not in K, but

which is algebraic over K. Since « is in K(£,, ..., £,), there exist
two homogeneous forms f(x) and y(z) with coefficients in K
such that a = £(£)/y(£). Let ¢(x) be the characteristic polynomial
of a over K, and let y(z,y) be an irreducible form such that

1) = . Th
v =g@- Then e y@) = 0
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is satisfied by x = £, hence it is satisfied by every point of V. Let
K, be the root field of ¢(x), so that, over K,

#a) = [ @=a) (r>1,a =)

Then 1"r[ (B(x) —a;y(x)) vanishes on V. We show that f(x) — &, y(x)
i=1
does not vanish on V. Let
filx)=0 (=1,...,s)

be a basis for the equations of V over K. If f(x)—a;y(x) vanishes
on V, we have, by Hilbert’s zero-theorem,

[ﬂ@—“ﬁ@ﬂ“=§%@#ﬁﬁ@%
and hence

[B(x)—yy(x)]r = ; a;(x,y) fi(x) + a(z, y) p(y).

Therefore f(x)—o;y(x) must vanish on V, for j=1,...,r. In

particular, GEERTE
and B(E)—az¥(§) =0,
and therefore L) =y(&) =0,

which is impossible, owing to the method of constructing #(z) and
v(x). Hence the r forms f(x) - a;y(x) do not vanish on V, but their
product does. Therefore V is reducible over K, and hence it is only
relatively irreducible over K. Thus V is absolutely irreducible if
and only if K is algebraically closed in the function field of V.

Let K* be any algebraic extension of K, and let ¥* be the com-
ponent of V over K* whose generic point is §. Suppose, first, that
K* does not contain K’, the algebraic closure of K in K(£,,...,§,).
There then exists an element a in K(,,...,£,) S K*(&,, ..., &,),
which is algebraic over K and therefore over K* but is not in K*,
Then V* is not absolutely irreducible. On the other hand, suppose
that K'c K*. We have

KcK'cK(E,,....8),
and hence K, ....5,) = K'(§, ..., &,)

Any element of K’'(§,,...,£,) which is algebraic over K’ is in
K(,,...,£,) and is algebraic over K (since K' is algebraic over K).
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Therefore K' is algebraically closed in K'(£,, ..., £,); hence & is the
generic point of a variety V' over K’ which is absolutely irreducible.
Since K* is an extension of K, V*< V', and since V' is absolutely
irreducible, V' = V*. Hence V* is absolutely irreducible if and
only if K'< K*.

Now let us return to the field K, which is the smallest field over
which V is expressible as a sum of absolutely irreducible com-
ponents. The variety V; (which has £ asa generic point) is absolutely
irreducible, and is a variety defined over K(«;). Hence K'< K(a;).
But we have already seen that K(«;)< K'; hence K’ = K(c;). The
other components V; of V defined over K are defined over the fields
conjugate to K(c;) over K. Hence K is the least normal extension
of K which contains K’. We sum up these results in

THEOREM IV. An algebraic variety V which is trreducible over the
Jield K is absolutely irreducible if and only if K is algebraically closed
in the function field K(§,, ..., §,) of V. If K'1isthe algebraic closure
of K in K(&,, ..., £,) and K the least normal extension of K con-
taining K', V can be expressed as a sum of absolutely irreducible
varieties over an extension K* of K if and only if K< K*. If£isa
generic point of V over K, and K* is any algebraic extension of K,
£ is a generic point of some component V* of V over K*, and V* is
absolutely irreducible if and only if K' < K*.

Corollary. If the ground field is algebraically closed, every irreducible
variety is absolutely irreducible.

12. Some properties of relatively irreducible varieties.
We now consider some theorems, which will be useful later, on
relatively irreducible varieties.

THEOREM 1. If V is relatively irreducible over the field K, and of
dimension d, then the points of V which lie on more than one of the
absolutely trreducible components of V form a variety W, defined over
K, of dimension less than d.

It should be noted that this theorem does not exclude the possi-
bility that W is vacuous.

Let V=W+.+7,
be the representation of ¥ as a sum of absolutely irreducible

varieties, and let K («,) be the least extension of K over which ¥, can
be defined. Then «,, ..., a, is a set of conjugate elements over K,
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and K = K(a;, ...,,) is the least extension of K over which V can
be expressed as a sum of absolutely irreducible varieties. Let

% .
92)=9io+9ﬁ“k+---+gir-10‘7c (e=1,...,1),

where g,; is a homogeneous polynomial in K[z, ..., ,], be a basis
for the equations of V;. Then

ggik) =0 (t=1,..,9,
WP=0 @=1,..,1),

are the equations of V,,, V;. We write these in the form
B =0 (G=1,..,1t).

The coefficients of these equations are in K(ay, ;). Then the equa-~
tions of W = XV, V, are

%

r kD) -
kg[_lid D=0 (igy=12..).
[

The coefficients of these equations are in K(«y,...,a,) = K. W is
certainly a variety over K. Let 6 be a primitive element of K over K.
Any automorphism of X over K obtained by replacing 6 by a con-
jugate over K permutes a;,...,o;, and hence permutes among
themselves the equations which we have found for W. We write
the equations which we have obtained for W in the form

Hy+H,0+...+Hy_0V1=0 (1=1,2,..),

where H;; is in K[x,,...,2,]. If @ = 6,, 6,, ..., 6y are the conjugates
of 8 over K,

Hy+Hy 0+ ...+ Hy_08§1=0 (k=1,...,N)
are among the equations of W, and hence, if 2’ is any point of W,
Hg@') + Ho(#') O+ ..+ Hiy_y(2) 0§ = 0 (k= 1,..., ).
Since the Vandermonde determinant | 6% | &0, it follows that
Hyx')=0 (i=1,2..5=0,..,N-1).
Hence 2’ satisfies the equations
Hyx) =0 (i=12,..=0,..,N-1)

Conversely, it is obvious that if »’ satisfies these equations it
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satisfies the equations of W. Hence these equations detine W, which
is therefore defined over K.

Since ¥, , ,is of dimension less thand, W = XV, , ¥, has dimension
less than d.

TrEOREM II. If U is any subvariety of V, defined over K, there are
points of U on each absolutely irreducible component of V.

U contains at least one algebraic point, say 2’. Since 2’ lies on V,
it lies on at least one of the absolutely irreducible components of V,
say on V,. Let K* be any normal extension of K which contains K
(the smallest field over which V can be expressed as a sum of
absolutely irreducible varieties) and also the normalised coordinates

of z’. Let g¥x)=0 (t=1,2..)

be the equations of V;. We may suppose that the coefficients of these
equations are in K(«;)< K < K*. Any automorphism of K* over
K transforms these equations into the equations of another
absolutely irreducible component of V, and such an automorphism
can be found which takes these equations into the equations of V; for
any selected j. The automorphism takes 2’ into a conjugate point

y', and since g¥x) =0 (i=1,2,...),

it follows that y’ is on ¥;. Now the set of points conjugate to 2’ form
an algebraic variety W of dimension zero, of which 2’ is a generic
point [§5, Th. V]. Since 2’ lies on U, it follows that W< U, and
hence y’ is a point of U. Hence U has a point on each component
V,of V.

Corollary. It easily follows from this result that if K* is any
extension of K over which V is reducible, although ¥V may not be
expressible as a sum of absolutely irreducible components, there is
a point of U on each component of V over K*. If V* is any com-
ponent of V over K*, over some extension of K*, V* can be ex-
pressed as a sum of absolutely irreducible components, each of
which is an absolutely irreducible component of V. As there is
a point of U on each of these components, thereis a point of U onV*.

13. Sections of an absolutely irreducible variety. We prove
the following theorem:

TaEOREM L. If V is an absolutely irreducible variety of dimension
d>1, a generic prime section of V is absolutely irreducible.



13. ABSOLUTELY IRREDUCIBLE VARIETIES 79

We begin by proving

Lemma I. The prime sections of V which are mot absolutely
trreducible form an algebraic system.

Let F(u,, ..., uz) be the Cayley form of V. If

Voy+ oo + 0,2, =0

is the equation of any prime IT not containing V, the v, lying in K
or in an extension of K, the Cayley form of the intersection V , 17
is [X, §8, Th.I, Cor.] Flugy vtz 1, )-

If V ,II is not absolutely irreducible, F(u,,...,%s_4,v) can be
factorised, in an algebraic extension of K(v), into factors of order
g, and g,, for some g, and g, such that g, +¢, = g is the order of V.
Conversely, if F(uy, ..., uz_y,v) can be so factorised, the factors are
the Cayley form of algebraic varieties, of orders g, and g,. We shall
show below that the condition that a form of order g can be fac-
torised into factors of order g, and g, is algebraic. Assuming this,
we obtain a set of algebraic equations

fomw) =0 (t=1,2,...)

to be satisfied by (v,, ...,v,) in order that V be expressible as the
sum of varieties of orders g, and g,. In the dual space S; with co-
ordinate system (u,, ..., %,) these equations define a variety U, .
We constructsuch a variety forevery pair of numbers g,, g, satisfying
the equation g, +¢, = ¢. Let W be the variety 2U, . . defined over

192’
K. Then the section of V by
Voo + ...+, 2, =0

is not absolutely irreducible if and only if (v,, ..., v,) lies on W.

If W = 8§, a generic point of S, lies on W, and hence the generic
section of V is not absolutely, irreducible. If WS, a generic
point of S;, does not lie on W, and hence a generic section of V is
absolutely irreducible. Since W represents the algebraic system of
primes whose sections with. V are not absolutely irreducible, the
lemma follows.

It remains to show that the condition that a polynomial of order
g be factorisable, over an extension of the ground field, into poly-
nomials of orders g, and g,, is algebraic in the coefficients. Let
f(a,zy, ...,2,) be any polynomial of order g in z,, ...,%,, with coeffi-
cients a,, a,, .... Suppose that

f@zy, %) =fiz1, .. %) fa(z1, -5 2)s
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where f; and f, are polynomials of orders g, and g, with coefficients
in an extension of K(a). Let c;,a;,,... be the coefficients of
f: (@ =1,2). Equating the coefficients of like power-products of
23, ..., %2,, We obtain a set of algebraic relations

a; = ¢l (G=1,2,..). (1)
Introducing new indeterminates ¢;;, the equations
a; (b)) —;9:(te) =0 (5,5 =1,2,...) (2)

are homogeneous in the ¢;;. Forming the resultant system,
Ry@) (A=1,2,..),
we see that a necessary and sufficient condition that equations (2)
have a solution #; when a is replaced by a' is
Ra)=0 (A=1,2..)

From the form of ¢,(¢,;) we see at once that, since not all #;; are
zero, not all ¢,(t;) are zero, and hence ‘

a; = p’¢i(t;tk)"
and since ¢,(t,;) is homogeneous in ¢,; we can multiply the solution
by a constant so that p’ = 1. This sblution of (1) leads immediately

to a factorisation of f into factors of order g, and g,. Hence the
conditions for the factorisation of

fla' 2, ...,2,)
into factors of orders g, and g, are
Ry@')=0 (A=1,2,..),

and are therefore algebraic.

We now apply this lemma to the proof of Theorem I. Let
&= (&,...,£,) be a generic point of the absolutely irreducible
variety V. Without any essential loss of generality we may assume
that £, = 1,and that £,, ..., §; are algebraically independent over K.
We may also suppose, without loss of generality, that we can find

n
gi =jzlaij£j (7; = 15---’d)!
where a;; € K, so that the irreducible equation over K,
S(zgyey2g) = 0,
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satisfied by &, = £, +aé,, &, ...,&; is of total order g, both in
2y ...,2gandinz,, ...,z4, foralla in K, with at most a finite number of
exceptions, g being the order of V. In view of Lemma I, we have only
to show that there exists some prime section of ¥ which is absolutely
irreducible. We shall show that we can choose an element ¢ in K

such that T, + CTy = VT,

meets V in an absolutely irreducible variety of dimension d—1,
where v is an indeterminate. We consider the field K(£;, £,). [This
is the point at which we use the condition d > 1.] Let 2" be the field
of elements of X' = K (&, ..., £,) which are algebraically dependent
on K(&;,8,). If ais any element of K, let 2, be the field formed by
the elements of X which are algebraically dependent on K (£; + af,).
Then, clearly, we have

K(£),8,)=0,(8)= 2"

2’ is a simple algebraic extension of K(£,,£,), and hence we can
apply Lemma ITI of § 10. As @ ranges over the elements of K, there
is only a finite number of possible fields £2,(£,) between K(£,, £,)
and X', and hence we can find two distinct elements b, ¢ of K

such that -Qb(gz) = Qc(gz),
that iS, -Qb(gl + ng) = Qc(gl + b§2)

K is algebraically closed in 2' [§11, Th. IV], and hence it is
algebraically closed in £, which is a sub-field of 2. We show that
this implies that K(&; +c&,) is algebraically closed in Q4(£; +c5,).
Write ¢ = £, +c&,. 2, is of dimension one over K and contains
&, +bE,. Hence, since b+c, £2,(§; +c£,) contains £ and £,, and is
therefore of dimension two over K. Hence ¢ is transcendental over
Q,. Let 5 be any element of £2,(f) which is-algebraic over K(¢).
If 7 is algebraic over £, it is in £, since £, is algebraically closed
in X which contains 2,(¢). The equation

ao(t) P +ay(0) P+ .+ a,(y) = 0,

which expresses the algebraic dependence of 7 on K(tf), cannot
contain ¢, for if it did it would imply the algebraic dependence of
t on Q,, whereas, as we have seen, ¢ is transcendental over £,.
Hence 7 is algebraic over K, and, since K is algebraically closed in
£2,, 7 must lie in K. If, on the other hand, 7 is transcendental over
0Q,, we write ()

7= g0)

HPII 6
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where f(t) and g(¢) are polynomials over £2, without common factor.
Replacing 5 by 1+ or 9/(n+ 1), if necessary, we can arrange that
fand g are of the same degree in ¢, say

J@) = agt™+...+a,,
g(t) = byt™+ ...+ b,

where a;, b; are in 2;, and a, and b, are different from zero.

By hypothesis, 7 is algebraic over K(¢), but transcendental over
£2,. Hence the algebraic relation connecting % and ¢ over K involves
t, and therefore ¢ is algebraic over K(7). We consider the equation

(bo — o)t + (b1 — ay) ™2+ ... + (by ) —ay,) = 0.

Since 7 is transcendental over 2, and this equation is linear in 7, it
follows by a simple application of Gauss’s Lemma [I, p. 35] that if
this equation for ¢ over 2,(7) were reducible, one factor would have
coefficients in £2,, and hence f(f) and g(f) would have a common.
factor, contrary to hypothesis. Hence the equation is the irre-
ducible equation satisfied by ¢ over £,(5). Now ¢ and all its con-
jugates over £2,(y) are algebraic over K(n). Hence the symmetric
function of ¢ and its conjugates, :
b;n—a,
. Ci = E)”?Tao,
is algebraic over K(7). Let
¢o(n) 2 +ex(m)Z1+ .. +¢,()

be the characteristic polynomial of §; over K(#), where c;(y) € K[7].
We consider the coefficient of the highest power of 7 in

o) (byn —a)" +¢1(n) (b — a;) 1 (bon — ag) + ...
+¢,.(7) (be7—ap)" = 0.
Since 7 is transcendental over £2,, and hence over K, this coefficient

must be zero. It follows that b,/b, is algebraic over K. But it is in
£2,, and K is algebraically closed in £,. It follows that b,/b, is in

K. Hence g(t) = bog(®),

where §(¢) is in K[t]. Similarly, by considering ! we have

f(t) = aof(t):

where f(¢) is in K[t]. Since 7 and f(t)/j(t) are algebraically dependent
on K(2), their quotient a,/b, is algebraically dependent on this field.



13. ABSOLUTELY IRREDUCIBLE VARIETIES 83

But a,/b, is in 2,. Hence, by a case already considered, a,/b, is in
K. Therefore 7 is in K(?).

Any element of £2,(£, + c£,) which is algebraic over K(£, +c£,) is
therefore in K(&, +cé,). But any element of £, is algebraic over

K , and
Eutokah ond o c0,E, +5E) = Oylfs + o).
Hence any element of 2, is in K(£; +c¢&,). In other words,

-, = K(§,+cky),

that is, K(£, + c&,) is algebraically closed in K(£;, ..., £,).

It is clear from the manner in which ¢ was chosen that there is
an infinite number of elements ¢ in K such that 2, = K(£; +c&;).
Hence we can choose ¢ to satisfy this condition and the condition
that the irreducible equation

J(®gs.0r25) =0
over K connecting &, = £, +c¢c&y, & =Xayé (G=1,...,d) is of
)

total degree g in z2,, ..., 24.

Now take 2, as the new ground field, and let ¥* be the variety
defined over this field whose generic point is £ = (1,§,,...,£,).
Since R, is of degree of transcendency one over K, and

Qc(gli bRt gn) = gl! AR gn)

is of degree of transcendency d over K, 2y(£;, ..., £,) is of degree of
transcendency d — 1 over 2,. Hence V* is of dimension d — 1. Since
£lieson V, V*< V, and since

gl + 6§2 =1,
oV * lies in the prime I7 whose equation is
xl -+ 0x2 = txo.
We next show that V* is of order g. The equation
J(zgs..s23) =0 ‘
connecting &, ..., {; over K isirreducible. Hence, by Gauss’slemma,
J(t,2q,...,23)
is irreducible over K(t). Therefore

f(#,20000529) =0
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is the irreducible equation connecting the elements

Tagf (i=1,...d)

of K[&,,...,§,] over K(t). It follows from § 9, Theorem I, that V*is
of order g at least. Now it was shown in X, §8, Th. I, Cor., that if
F(uq, ..., ug) is the Cayley form of V, F(u,, ..., u;_4,v) is the Cayley
form of V ,II, where v = (¢, —1, —¢,0,...,0). Hence V ,II is the
sum of varieties of dimension d — 1 of order not exceeding g. Since
V*¥< V ,II, and is of order g at least, V* = V, II, and is of order
g exactly.

Since (2, is algebraically closed in 2, ...,£,), it follows that
V* =V ,II is an absolutely irreducible variety. Theorem I is
therefore proved.

Repeating the argument of Theorem I e<d—1 times, we see
that the section of ¥ by a generic S,_, (e <d — 1) is also an absolutely
irreducible variety.

Another corollary of Theorem I is of importance. We may make
a transformation of our coordinate system so that ¢ = 0. Then we
see that K (&, ) is algebraically closed in K(&,, ..., £,). Repeating this
process, we have

THEOREM II. The coordinate system in S, can be chosen so that if
(1,&,...,&,) 18 a generic point of V, &,,...,&; are algebraically
independent over K, and so that, if V is absolutely irreducible,
K, ..., &) 18 algeﬁrawally closed in K(§,,...,§,) (e<d).

14, Tangent spaces and simple points. Let the equations
fil@g, oc0sy,) =0 (6=1,...,7) ) (1)

form a basis for the equations of an irreducible variety V of dimen
sion d over K, so that if ¢(z) vanishes on V we have a relation

#(@) = Ta,(x) fio) @
If 2’ is any point of V, we prove

THEOREM 1. The rank of the matriz (9f;/0x;) does not exceed n—d,
and there are points x' of V for which the rank is equal to n—d. The
points at which the rank is less than n— d form an algebraic subvariety

onV.
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Let (1,&,,...,£,) be a generic point of ¥, and let us assume that
&, ..., £ are algebraically independent over K. Then among the
equations of V there are n—d irreducible equations

gi(xo,...,xd,xd_l_i):() (1:= 1,...,n-d).

If we define 0g,/0£,, ; to be the result of substituting 1,£;, ..., £, £44+
for zg, zy, ..., ¥4, €4, in 0g;/0x,,;, Wwe show that

agi/a§d+i*0 (7: =1, "'7n_d)' (3)

For if 9g,/0x,;=0, so that g,(x,, ..., %4, Z;,;) does not contain zz,,
therelation g;(1, &, ..., &4, £44;) = Oisarelation connecting§,, ..., £;,
and by hypothesis these are algebraically independent. On the
other hand, if dg,/0x;,,7#0, but 9g,/0f;,; = 0, we have another
relation, otherthang,(1,&,, ..., £445) = 0,connecting{,, ..., €4, £, e
and therefore, by III, § 3, Th. VI, 9¢,/0x,,; must have a factor in
common with g;(%,, ..., %4 %4.;), contrary to the assumption that
the latter polynomial is irreducible.

From (3) we see that the (n—d) x (n+ 1) matrix (9g,/9§;) contains
a non-singular diagonal (n—d) x (n—d) submatrix, the diagonal
elements being 9g;/0;,;- The rank of the matrix (dg,/0§;) is there-
fore n—d.

But from (2) each g;(%, ..., %4 Zz,;) is expressible in terms of

fi(@), ....f.(x), so that
9:(%o, wo T Tay) = g b () f,(2),

and therefore % _ f J(8)+ Z bw(‘f ) af”(g

3 =i 3€j
Since f,(§) = 0 it follows that

0 _ oy i E) e _
agj—vz]lbw(é) 2t (t=1,...,n—4d),

and therefore the matrix
(0g;/0&;) = (by5(£)) (Of (£)/0E;)- .

The rank of a matrix is not increased by multiplication by
another matrix [II, §6, Th. I], and since the rank of (0g,/0&;)
is m—d, it follows that the rank of the matrix (9f;(£)/0§;) is at
least n—d.
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We now prove that the rank of this matrix cannot exceed n—d,
from which it follows that its rank is n —d. It will then follow that
the rank of the matrix
(Of3E) =105 j = 0,.0m) (4
is also n —d, and this is what we wish to prove. For Euler’s theorem
gives us the equations
50,01 = m f o)
i=0 ja‘”f fe b
where m, is the degree of f;(x,, ..., z,). Hence
o _ S¢ ofs
o€, 1 T

and the rank of the matrix (4) is therefore the same as the rank of
the matrix obtained from it by omitting the first column, this
column being a linear combination of the others.

We therefore return to the matrix

(0fs/08;) (G =1,...,r5=1,...,n).
Since f,(1,4,,...,£,) = 0 (¢ = 1,...,7), we deduce that
n—d
if_t + afi a£¢i+j =0 (k=1,...,4d),

b5
3, T 20, o, (5)

by III, § 7, Th. I, and also
Y1 01 %o (jo1,.n-d). ®)

Ok, ' 0Bqys OF
Substituting from (6) in (5), we have the equations

of, "2 of; (891 0g, )
=t = =1 k=1,...,d).
38~ 2100, 0k 3E,,) | )

These show that each of the first d columns of (Of;[08) G =1,...,7;
J =1,...,n)is alinear combination of the last n —d columns. Hence
the rank cannot exceed n—d. We have therefore proved that if
' is a generic point of ¥, the rank of the matrix (of;/0x]) (¢ = 1, ...,7
j=0,...,n)isn—d.

Since determinants of order » —d + 1 extracted from the matrix
(9f;/0x;) vanish at a generic point of ¥, they vanish at all points
of V. Hence if 2’ is any point of V the rank of the matrix (9f,/0z})
cannot exceed » —d. Since the rank is »—d at a generic point, the

b
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points at which the rank is less than » —d form a proper subvariety.
This subvariety is algebraic, its equations being given by equating
to zero all determinants of order » —d which can be extracted from
(@ /o).

A point 2’ of V at which the matrix (df;/0z]) is of rank n—d is
called a simple point of V. Any point of V which is not simple is said
to be non-simple, or singular. Any subvariety of ¥ all of whose points
are singular is called a singular subvariety of V, and the subvariety
of ¥V which consists of all the singular points of V is called the
singular locus of V.

We have seen that a generic point of V is simple. It is convenient
to prove here that there are algebraic points of ¥ which are simple.
If the singular locus of V is vacuous, this follows at once from the
fact that there are points on ¥ which are algebraic [IV, § 6, p. 162].
If V has a singular locus S, the dimension s of S satisfies the
conditions 0<s<d. We can find a prime /7, defined over K not
containing any component of S. Then /7, , 8 is of dimension s—1at
most. Similarly, we can find a prime /7, not containing any com-
ponent of 17, , 8 (and hence distinct from /7,). Proceeding in this
way, we can find an (n — d)-space S, _; defined over K which does not
meet the singular locus of V. It will be proved in Chapter XI
[§5, Th. IIT and §6, Th. I] that any S,_; has a non-vacuous
intersection with V. Hence we can find an (n—d)-space defined
over K which meets V in a variety U having no point in common
with the singular locus. Any algebraic point of U is simple for V.

We obtain the same set of simple points of V if we adopt another

basis hy(@g, .oy 2,) =0 (i=1,...,1)

for the equations of V. For in the first place

h()=3 a,,(2) f,(@),
p=1

and therefore, if z’ is any point on V,

oh,
5—7_2 vp( )f

Hence the rank of (dk,/ox;) cannot exceed the rank of (of,[ox}).
Conversely, the rank of the second matrix cannot exceed that of the
first, and the two matrices have the same rank for all points x

of V. Hence the definition of simple points of V is independent of
the basis chosen for the equations of V.
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If 2’ is a simple point of V the equations
L .
jgox,é;;—O (z-—l,...,r)

define a linear space ;. This space contains z’, for by Euler’s
theorem, n of
12— m, () =
j;oxj ax; 1f (@) =0,
wherem, is the degree of the form f;(x). We call the space S; thetangent
space to V at the point z’. In the particular case in which V is a
primal, of dimension n—1, given by the vanishing of a single
equation
fl@g, ..., 2,) =0,

the point 2’ is a simple point if not all the coefficients 9f/0x; in the
equation of the tangent prime vanish. We evidently have the
theorem:

THEOREM II. The tangent space to a variety V at a stmple point
x’ 18 the intersection of all the tangent primes at x' to the primals
through V which have a simple point at ',



CHAPTER XI
ALGEBRAIC CORRESPONDENCES

In previous chapters we have met, from time to time, with
examples in which there is a correspondence, given by a set of
algebraic equations, between the points of two spaces, or between
the points of two algebraic varieties. For instance, if S, and §,
are two spaces in which (z,,...,2,,) and (¥,,...,¥,) are allowable
coordinate systems, a projective correspondence between the spaces
is given by the equations

m m
Ys DT —Y; DT, =0 (3,5 =0,...,7).
%=0 k=0

Such correspondences are particular examples of algebraic corre-
spondences, and the purpose of this chapter is to give a precise
definition of algebraic correspondences, and to develop their
fundamental properties.

The ground field K is assumed to be without characteristic, but
unless specific mention is made of the fact, we shall not assume that
K is algebraically closed.

1. Varieties in r-way projective space. In Chapter V, §10,
we defined an r-way projective space S,  , over a ground field K.
Let (2, ...,2D; 2@, ...,2P; ...; 2, ...,2{)) be an allowable co-
ordinate system in this space. The theory of algebraic varieties
in ordinary, or 1-way, projective space, can easily be extended to
give a theory of algebraic varieties in 8., . It will be enough to
outline the steps of the development. The proofs are exactly similar
to those given in Chapter X for the case r = 1.

Consider the set of polynomials

[i@®,2®, .. a?) (1=1,2,..),

where each polynomial has coefficients in K, and is homogeneous
in each set of indeterminates ® = (29, ..., ), 2@ = (2@, ..., 2{),
ey @0 = (20, ..., 2). The set of points (2, ..., ‘2); ...; '), ..., =)
in 8, ,, which satisfy the equations

fil(20, 2, . ) =0 (i=12,..)
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define an algebraic variety in S, .. It is easily seen that this
definition does not depend on the choice of an allowable coordinate
system in S, ..

By using Hilbert’s basis theorem we show that any algebraic
variety in r-way space can be defined by a finite number of equa-
tions. The intersection ¥} , ¥, and sum ¥, + ¥, of two algebraic varieties
are defined as in 1-way space. So are the relations

heh, heh.

An algebraic variety V is said to be reducible if it can be written
in the form V=V, 4%,

where V<V, and ¥;< V. Defining an irreducible variety over K
as one which is not reducible, we show that if an irreducible variety
V lies in the sum of two varieties V; and ¥, then it is completely
contained in one or in the other. It follows from this that a necessary
and sufficient condition for the reducibility of a variety V is the
existence of a product fg of two polynomials f(z®,2?, ..., ?) and
g(x®,2®, ..., 2") (each homogeneous in each set of indeterminates
20, 2@, ... 2®) which vanishes at all points of V without either
polynomial having this property. The main theorem of Chapter X,
§ 2, that every algebraic variety V can be expressed as the sum of a
finite number of irreducible varieties, is true for varietiesin S, ,
as is also the theorem following, that the representation of V as a
non-contractible sum of irreducible varieties is essentially unique.
A point (£, ..., ED; &P, .. ED; . £, ..., ED) is said to be a
generic point of a variety V if it lies on V, and if the relation

FED,E8,..,E9) =0

implies that f(z®, 2, ..., ") is zero on V, f(a®, 23, ..., 2") having
coefficients in K and being homogeneous in each set of indeter-
minates 2@, 2@, ..., 2",

As in the case of 1-way spaces, we prove that if V has a
generic point it is irreducible. Conversely, if V is irreducible, it
has a generic point. To show this, we consider the rational
functions f(z®,2®, ..., 2M)/g(®,2?, ..., 2®) in K(z®,a?, ..., 20),
where f(z®, 2®, ..., 2?) is homogeneous of degree m, in #V, m, in
2@, ..., and g(zW,2®, ..., 2) is homogeneous of degree m, in D,
my in 2?.... We say that two such rational functions f/g, f'/g’ are
equivalent (m,,m,,... are not necessarily the same for the two
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rational functions) if and only if the polynomial fg’' —f’g, which is
homogeneous in each set of indeterminates z", 2, ..., 2@, vanishes
on V. Defining addition and multiplication in the usual way, we
show that the sets of equivalent functions are elements of a field
K* which contains a subfield which can be identified with K.
Without loss of generality we may assume that 23°, 2, ..., z{’ do
not vanish on V. If then the elements of K* which are defined by
the rational functions (1 2P, ..., aDx; .. 12D/, ..., 2D[x)
are (1, &0, ..., £D; ... g‘” ..., £0) respectively, we can show that
the point (1, 5‘1’ s (,B, D | g(') ..., &) is a generic point of V.

If (EP,ED, .. ED; . ED, 'g“’ .oy 'ED) is any other generic
point of ¥, none of {,1), veey 'E can be zero, and we may therefore
normalise the coordinates of this point so that ‘£’ = ... = £’ = 1.
We can then show that the fields

K(EP, . &0 G 8D, L ED), K(ED, L ED s ED L ED)
are isomorphic extensions of K in which g corresponds to '§(¢”.
The field K*, or any of its isomorphs, is called the function field of V.

As in X, §3, Th. IV, we show that any point (§V,£®, ..., "),
whose sets of coordinates

£ = (s D)
are in some extension of K, defines an irreducible algebraic variety

V over K of which (§0,£®,...,£") is a generic point. Let the
equations of V be

fia®,2®, . 2 =0 G=1,..,1). (1)

Any solution (‘z®, '2®, ..., 2®) of these equations is said to be a
proper specialisation of (£®,£®, ..., §0). Equivalently we can say
that (‘z®,’2®, ..., '2®) is a proper specialisation of (§V,£®, ..., £7)
if all algebraic relations

F@®,29, ..., 29) = 0,

with coefficients in K, which are homogeneous in each set of in-
determinates 2, 2@, ..., 2 and are satisfied by (£, £, ..., £M) are
also satisfied by (‘z®, ‘2@, ..., &)

If ("2, 2@, ..., '2") is a proper specialisation of (£, £®, ..., £7)
and s <7 then (2O, '2?, ..., '2®) is evidently a proper specialisation
of (W, £®, ..., £®), To prove the converse let

hya®, ..., 29) (=1,2...)
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be the resultant system of the set of polynomials
fi(x(l)’x@),."’x(r)) (7‘= 1:~'-’l)

which occur in (1), that is, the equations of V, with respect to
ae+D, . M, Since the equations

JiED, . @, 26D, M =0 (i1 =1,...,1)
have a solution £e+V), . £0 it follows that
h(ED, ..., £®) =0 (¢=1,2,..).

If 20, ..., ‘2@ is a proper specialisation of £, ..., £®),

h(2®, .., 20) =0 (i=1,2,..),
and hence the resultant system of

Fi(2®, .., 2®, 260 ) (¢ =1,...,1)

vanishes, and therefore there exists a point

(2D, ..., 2@, ‘26D, ., )

on V. This proves

TrEOREM L. If '2®, ..., 20 i3 a proper specialisation of £V, ..., £®,
then 'z, ..., 2® is a proper specialisation of £V, ..., £® s<r. Con-
versely, if 'V, ...,"2® is a proper specialisation of £V, ...,E®, then
there exists a proper specialisation 'x®,...,'x®, 'z6+tD 'z of
£, EO LoD ),

The dimension of an irreducible variety V in r-way projective
space is defined as follows. Let ( 805 G ED, L ED) be the
coordinates of a generic point, Whlch we may suppose normalised
so that £ = ... = £’ = 1. The dimension of V is the maximum
number d of the normalised coordinates £, ...,£" which are
algebraically independent over K. As in III, §3, Th. V we may
show that any d+ 1 elements of the function field K* of V are
algebraically dependent over K.

The point (1,£P,...,£®) is a generic point of a variety in S, .
Let us call it V. Slmﬂarly, the point (1, g‘” e BB 1, ED, gﬂ)
is a generic point of a variety V;,in S, ,,, .. The point

(L&D, o 0 s LED, ..., ED)

FEYMER
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defines ¥, , = V. By Theorem I a characteristic property of
these varieties is that if ("2, ..., ‘2®) is any point of V], ; then there
is a point ("2, ..., @®, 'z&+V) of V] ,.,, and conversely, if

(2D, ..., "2, ‘e +D)

is any point of V;_,.,, then ("2, ..., 2®) is a point of ¥ .

The dimension d, of 1 is the maximum number of the coordinates
EQ, ..., £D which are algebraically independent over K. Let us
suppose that £0, ..., £J) are algebraically independent. Now let dy,
be the maximum number of the coordinates £, ..., £% which are
algebraically independent over K (P, ...,£%). Then if £D,...,£9,
say, are algebraically independent over K(£0), ..., £3), they are also
algebraically independent over K (¢9, ..., £3), and conversely, since
algebraic dependence is a transitive property [III, § 3, Th. IV],

It follows that the maximum number of coordinates £, ..., £D,
£9, ..., £2 which are independent over K is d; +dy,. This is the di-
mension of V},. Proceeding in thisway weshow thatd, +d;, +...d; ,
isthe dimension of V], whered,; _;is the dimension of K(£®,...,£9)
over K(£W, ..., £0-D), In particular,

d1 +d12+ +d12...r =d.

The sets of coordinates &, £®, ... £ may be considered in a
different order. Let ¢,j, %, ..., p be any derangement of the integers
1,2,...,r, and let us consider the sets of coordinates in the order
,J,k, ..., p. Defining d;,d;;, ... as above, we obtain the equation

&+ dyg+ ... +dyy, = d. @)

We thus obtain 7! equations for d. The special case r = 2 will be of
particular interest to us in § 3.

2. Segre’s representation of r-way projective space. We now
show, following Segre (see Bibliographical Notes), how to repre-
sent an r-way projective space S, by the points of an algebraic
variety 2 in 1-way projective space. The representation is such
that there is a one-to-one correspondence, without exception,
between the points of S, ,. and the points of 2. To any algebraic
variety in S, . there corresponds an algebraic variety lying on 2,
and conversely. Corresponding varieties are either both reducible
or both irreducible, and when both are irreducible they have the
same dimension.
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Let IV be the integer defined by the equation

.
N+1=I1(n+1).
=

In a projective space Sy over K choose an allowable coordinate
system (%, g, .., %p,...n,)- BEach z-coordinate has r suffixes; the
first suffix runs from 0 to' »,, the second from 0 to n,, ..., the rth
from 0 to n,. We shall usually write the coordinates of the point

xil."ir = a,tl.".l' (ij = 0, -..,nj;j = 1, ceey r)

88 (vouy @y s oee)-
Consider the variety in Sy, which we shall call Q, with generic

point (coos iy o) = (., EDED LLED, L),

where £, ..., £0; £Q, ..., ED; .. ED, ..., £ are independent indeter-
minates. Points on 2 clearly satisfy the equations

Ly eoiir i r — Ciyevig_1dstg10eis Throndorisdssrodr = 05 (1)
for s =1,...,r and for all admissible values of 4y, ...,1,, 1 eves T
We show that there is a one-to-one correspondence between the
points of S, . and those of 2.

Let P = ("al,...,"2Q); ...; ‘2, ..., '2)) be any point of §, .
Since not all the zM-coordinates are zero, not all the z®-coordinates
are zero, ..., and not all the z®-coordinates are zero, there is at
least one product ‘=) ‘& ... ‘a{) which is not zero. Hence there is
a point P* = (..., 20D, 2D, ...)
on 2 corresponding to the point P of S, , . This point P* on Q
remains unchanged if we take P = (A2, ...,p'z") instead of
P=("2Y,..,'2"). In particular, if the coordinates of P are
normalised so that "2’ =2 = ... ="a{>=1, the coordinate
Zg...o of the corresponding point P* on Q is 1.

Conversely, let P* = (...,;, 4, ...) be any point on Q. It will
be sufficient to consider the case in which zg_,+ 0. We normalise
the coordinates of P* so that 2, = 1, and define & point

P = ("2, 2@, a®)
in 8, .. ,, by the equations
P = 200

) = .00

'3’(4') = 2y, e
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Since P* satisfies the equations (1),
’ 7 / ’ ’
iy i 0,00 = Tiyorip_y0%0...05 = Tty..iy_y0 Ths
and proceeding by induction it is easily seen that

’ — 1D, (2 1 (T
xilu_ir = x.,;l) x.,;') e x(,-,). *

Hence the point on £ which corresponds to P = ('z®, 2@, ..., 'z®)
in 8, . ,, is the point P*, and the correspondence between P and
P* is one-to-one without exception.

The variety £2 is usually called a Segre variety. We shall not
discuss its geometrical properties in any detail here, but merely
draw attention to the r systems of linear spaces which lie on it.

If ‘2@, 2@, ... ‘-1 are fixed points, the point

(cons 2P0D. 0D, L)

on £ which corresponds to the point ("z®,’z®,...,"2®") of S, .,
describes a linear space of dimension #,, this being the dimension
of the linear space S, described by the corresponding point ‘z(.
Hence to every point of S, , there corresponds an S, on £,
and distinet points of the one yield distinct linear spaces of the other.
It is clear that no two of these linear spaces have any points in
common, since the correspondence between 2 and 8, . is one-
to-one. Similarly, there is a system of linear spaces, each of dimen-
sion n,_;, on 2 corresponding to the points of S, . ... No two
of these spaces have any points in common. We thus obtain r
systems of linear spaces on 2. One space of each system passes
through any given point of 2.

The simplest example of a Segre variety is obtained by taking

r = 2, n; = ny = 1. We then have one equation for 2,
Loo &1y — Zg1 %19 = 0.

This is the equation of a quadric surface in S;. The linear spaces on
£ are the two systems of generators of the quadric. In this case any
two generators of opposite systems meet in a point.

We now show that there corresponds to any algebraic variety in
8S,,...n, an algebraic variety lying on 2, and conversely. Let

fla®, 23, .. a®) =0 (2)
be any equation satisfied by a variety V in S, ,, where the
polynomial f(2®, 2, ...,20) is homogeneous of degree m, in the

2®-coordinates, of degree m, in the a®-coordinates, ..., of degree
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m, in the z®-coordinates. Let m > max([m,,...,m,]. Then if
g; (¢ = 1,2,...) be the set of all power-products which are of degree
m—m, in the a®-coordinates, m —m, in the z®@-coordinates, ...,
m—m, in the 2M-coordinates, the equations

;=0 (1=12..)
evidently have no solution in S, , . Hence the solutions of the
equations o com 40 a0 =0 (=1,2..)

are the same as the solutions of (2) in 8,
any variety in S, , are

If the equations of

1eeMp"

1eeeMp
fila®,29, .. 20 =0 (i=1,...,3), 3)

we may therefore assume that these equations are homogeneous
and of the same degree m, in the 2@, 2®, ..., 2® coordinates.

The equations of V can therefore be written (possibly in more
than one way) in the form

Ff..,aDa® . 20,.)=0 (i=1,..,3). (4)

If the point P = (‘z{, ..., a®; ‘2, ..., 2®; ...; 2, ..., 'z®) lies on
the variety ¥ whose equations are given by (4), the corresponding
point P* = (...,af ;,...) = (...,"a0'aP .. 'a{),...) lies on the

variety V* on Q2 whose equations are

I;:(...,xil_“ir, ...) = O (1: = 1, ...,8), (5)

together with the equations of . Conversely, from the equations
(6) of & variety V* on 2 we can deduce equations (4), which define
a variety Vin S, .

The correspondence between V and V* is one-to-one. If V is
irreducible, and (£, ..., £D; ...; £, ..., £D) is a generic point of V,
the point (..., EPEP ... £D, ...) is clearly a generic point of V*, which
is therefore irreducible. Conversely, if (...,§;  ;....) is a generic
point of an irreducible variety V* on £, and the coordinates are
normalised so that &, o = 1, the point (£§,...,£9; ...; £, ..., £D),

where
gg) = gio...o,

gfia) = g(n’...o: (6)

£ = &op..
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is easily shown to be a generic point of V. Thus irreducible varieties
in 8, . ., correspond to irreducible varieties on {2, and conversely.

We also see that if V* corresponds to V, the dimension of V* is
equal to the dimension of V. For (6) shows that the number of
algebraically independent elements in the set of coordinates of a
norma,lised generic point of V is equal to the number of algebraically

......

normalised generic point of V*. The relation
g 5(1) g(2) . g(:r')
shows thaf all other elements £;,...i, in the set of coordinates of a
normalised generic point of V* are algebraically dependent on these
elements of type &, ;. o, Therefore the dimension of V is equal to
the dimension of V*,
Finally,if ¥}, ¥, ... are any algebraic varietiesin S, . . V¥ VE ...
the corresponding varieties on £2, then
V;4+V; corresponds to VF+ VY,
V;AV; corresponds to ¥V}, VY,
and ¥,V (or V;<V,) implies V¥< V¥ (or V¥ <V¥), and conversely.
The representation we have just discussed suggests how we should
define the Cayley form of an irreducible variety V of dimension d in
8p,..n, If V*is the variety on £ (in the projective space Sy) which
corresponds to ¥V, the Cayley form of V*, which we denote by
F(ug, uy, ..., u5), i8 the u,-resultant of the equations of V* and of
the d equations

‘?‘ Zuul 3 ¥pgy =0 (E=1,...,4).

This, however, is the same as the w,-resultant of the equations of
V and of the d equations

1) (2 :
? e zuﬁl”_hx(jl)x(j,) cee x(;;) = 0 ('L = 1, ceey d).
1 Ir

We can write

Fugy g, oy ug) = Aluy, ..., %) H(Z Zuoh j,gj, j,)

v=1
where (..., £y, ,...) is a generic point of V*. Since
1
g(v) = (u)g( ). (u)ggr')’
1
F(uO: Ups oee ud) A(uh ceey ud) l—li:l( ; ee ;uojl...j,(")g(,) cee (")g(j?): (7)
y= 1 r

HPII 7
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where (WED, ..., WED; .. OED, ., OED) is a generic point of V. We
shall take (7) to be the Cayley form of the variety Vin 8, ,,.
The variety  is, as we have seen, defined in Sy by the equations

TR A7 NN Mk 7N AIPY 0 MU A7 NIRE NEPE % AR M 0.
It is of interest to show that these equations form a basis for all
the equations satisfied by 2. We prove

Tueorem L. If f(...,2;. 4, ...) vanishes on the Segre variety Q,
then we can express f in the form

fs>;':Akfk,

where A, 13 a polynomial in the indeterminates x; ., and, arranged
tn any convenient order,

Je =2y %4 5™ FBiycms frtaeronte T s das10ne
there being q of these forms f,, when iy, ...,%, Jy,....J, assume all
admissible valuesand s = 1, ...,r. »
We note in the first place that f(...,;, ;,...) cannot be linear.
In fact, if the form 54

vanishes on £, we have the equation

T4, o 808D 8D =0,
where each term in the sum represents a distinet power-product of
the indeterminates £, &P, ..., £0. Hence every coefficient 4; ;.
must be zero. The Segre variety 2 is therefore not contained in a
linear space of dimension less than N.

If f(...,,,.. 4,...) is of degree >1 we proceed by considering
standard power-products. Let

t1oetr Loy

PEx’Ll...irle...J'r A xp-...p,-

be a power-product of degree m. We suppose that the factors are
arranged so that 7, <j; <... <p;. This product can be represented
by the tableau .
W @ b . Py

tg Jo . @ by . P

Y 4o 4 b .op

if jf ¢ af b" ¢ p"
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which consists of 7 rows and m columns. We say that the tableau,
or the corresponding power-product, is standard if the set of integers
in each row is non-decreasing as we proceed along the row from left
to right. Let us suppose that the given power-product P is not
standard, that the elements in the first { — 1 rows are non-decreasing,
but that in the /th row we have

usSH<... <y aq>b.
ht prwax...wrxbl...br;

xal...az_. bz az+1...a,xb1...bz_1 arblyy...ber

and let ¢, denote the power-product of degree m — 2 corresponding
to the tableau shown with the a and b columns omitted. Then

P—cpfp

is a power-product of degree m whose tableau is obtained from the
one shown by interchanging @; and b;, leaving all other elements
unaltered. By a finite number of interchanges any given tableau
can be made standard, so that there exists a set of power-products
c; of degree m — 2 such that

p —éckkaP *,
1
where P* is a standard power-product. It follows that if

f(...,x;, 4, ...) is any form of degree m, there exist forms 4,, ..., 4,
of degree m — 2 such that

f—%lAkfksf*,

where f* is a form of degree m which is a linear combination of
standard power-products of degree m.
We observe at this point that to any power-product

1) £(1] 1) #(2) #(2 2
g& ‘) gg ) g( ) gg,) g( ) ( ) | g(r) g(r) gg‘)
which is of degree m in each set of indeterminates

ED, £, (B, ED) e (€D, B,

there corresponds a unique standard power-product of degree m,

say
Logeettr Lhyene fr+ o L8180

In fact we simply arrange the factors in the product so that

<1< Sty 1902 Sty e} 5K, S e Sy
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!

in the notation used above, and then

Ty daevie Ty daenndr ** Ltitgenty

is the standard power-product which corresponds to the given one
under the transformation

Zpspapr = Eptbin -+ £0)

Since the factors can be ordered as indicated in only one way, there
is only one standard power-product which corresponds to it. We
deduce from this result that if f*(...,z; ;,...) is a linear com-
bination of standard power-products, and if

g‘i?g‘” 0 ..)=0,

then f (cens @y ipr ) =0,

Now let us suppose that f ey ®yy i, --.) Vanishes on Q. Then
O  EDED .. ED,...)=0. But, as proved above,

f=r*+ % Ay fr

and fi(...,EPED . £9,...) = 0, so that f*(...,£0¢6P ... £0,...)=0.
'It follows that Pyt ) =0,
and therefore f= ﬁj} A, fr.

3. Two-way algebraic correspondences. Let §,,S,,,...,8S,,
be r 1-way projective spaces, and choose allowable coordinate

1 2 .
systems (23,...,2), (2, ...,2®), ..., (¥, ...,2¥) in them. Con-
struct an r-way projective space S, in Whlch

(7
D5 s @y, ..., Q)

LeosNp

(x(l) x('r%): xga)’ see x(2)
is an allowable coordinate system. Now consider any algebraic
variety ¥V in S, given by the equations

Fila®,2®, .,a") =0 (i=1,...,9).

If (‘2 ..., 2®; ...; ‘2, ..., '2®) is any point on V, we say that the
. 1 2
points ('z, ..., "=D), (‘zP, ...,'x‘,f}) o (2, D) in S, , Sy ey Sy,

are related by the r-way algebraic correspondence V. The correspond-
ence is said to be reducible or irreducible according as V is reducible
or irreducible.
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In applications a 2-way correspondence, which we usually call,
simply, a correspondence, is the most important, and we shall
confine ourselves mainly to this case. The reader will have no diffi-
culty in extending the results proved to r-way correspondences.
In any case, an r-way correspondence between §,,,S,,, ..., S, may
always be regarded as a correspondence between S, and the space
which contains the Segre variety of 8, .

Correspondences which have already been studied in Vol. 1 are

collineations, which can be defined by the equations
Y = Zagw, or y;Xaux,—y;Zayr; =0,
and correlations, which can be defined by the bilinear equation
' Ay = Zayx;y;, = 0.

Now let S,, and 8, be two projective spaces (which may possibly
coincide) in which (x,,...,%,) and (y,,...,¥,) are allowable co-
ordinate systems, and let C' be a correspondence defined by the

equations filz,y) =0 (i=1,...,7). (1)

If we form the resultant system of these equations with respect to
(Yo» --+» Y,) We obtain a set of homogeneous equations

gix)=0 (1=1,...,8), (2)
with the property that a necessary and sufficient condition that
the equations F@ ) =0 G=1,..,7)
should have a solution is that

g;(x)=0 (1=1,...,8).

The equations (2) define an algebraic variety M in S, which con-
tains those points and only those points z’ of 8, to which there
correspond points ¥’ in 8, under the correspondence C. It may
happen that M is vacuous; at the other extreme we may have
M=S8,.

Similarly, if we form the resultant system of the equations (1)
with respect to (z,, ..., ,,), we obtain a set of equations

hi(y) =0 (2=1,...,0), (3)

which define a variety N in S, of points to which there correspond
points in S, under the correspondence C.
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If we regard the correspondence C as assigning points y’ to certain
points z’, we may call these points y’ the image-points of z’, and
we then call the points =’ the original or object-points. We shall
sometimes write z’' —y’. With this terminology the variety M is
called the object-variety, and the variety N the image-variety. We
shall say that the correspondence C'is between the varieties M and N.
If (#', y’) is a point-pair of the correspondence, =’ belongs to M and
y’ to N, and to every point 2’ of M (y’ of N) there corresponds at
least one point g’ of NV (z’ of M).

If 2’ is any point of M, the corresponding points of S, constitute
the variety whose equations are

fix,y)y=0 (E=1,..r),
where the coefficients, of course, lie in K(z'). These equations define
an algebraic variety in S, which necessarily lies on N. We denote
this subvariety by N(z’). Similarly, if ¥’ is a point of NV, the points
2’ which correspond to y’ form the subvariety M(y’) of M whose

equations are , .
a fley)=0 (=17

Let C be an irreducible correspondence between S, and S,,. Then
the variety V in S,,, given by (1) is irreducible. If (£, 7) is a generic
point of ¥V, then a point 2’ is a point of the object-variety M if and
only if there exists a point ¥’ in S, such that (z’,y’) lies on V; that
is, if there exists a point y’ in S, such that (2, ') is a proper special-
isation of (§,%). By §1, Th. I, a necessary and sufficient condition
that there exist a point y’ with this property is that 2’ be a proper
specialisation of §. Hence, a necessary and sufficient condition
that 2’ lie on M is that it be a proper specialisation of £. We deduce
that £ is a generic point of M. Similarly, # is a generic point of the
image-variety N. In particular, we conclude that if C is an irre-
ducible correspondence the object- and image-varieties of C are
irreducible.

The converse of this result is not true. We show by an example
that M and N may both be irreducible while the correspondence C'
is reducible. Let m = n, and let 4 = (a;;) and B = (b;;) be two
distinct non-singular (z + 1) x (n + 1) matrices over K. The equations

n n
2 Y= N Y =0 (5,5 =0,...,n),
k=0 k=0

n n
2 Dby —2; by =0 (3,5 =0,...,m),
k=0 k=0
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each define irreducible correspondences C; and C,, with generic
points (A7, n) and (By,7) respectively. For each correspondence
M = 8, and N = 8, and N(§), M(y) consist of single points. The
correspondence 0 =040,

is reducible, but still has M = §,, and N = §,,.

4. The Principle of Counting Constants. Let the correspond-
ence C which is defined by the equations

fi@,y) =0 (i=1,..7) (1)

be irreducible, and let (1,£,,...,£,; 1,7y, ...,7,) be a generic point
of C. We define the dimension ¢ of C as the maximum number q of
the normalised coordinates £,,...,7, which are algebraically in-
dependent over K. If a is the number of the £; which are algebraic-
ally independent over K, and b is the number of the 7, which are
algebraically independent over the field K(§,,...,£,), then, as we
have seen [§1],
qg=a+b.

Similarly, if ¢ is the number of the 7, which are algebraically
independent over K, and d is the number of the £, which are
algebraically independent over K (7, ...,7,), then

q=c+d.
Hence a+b=q=c+d.

For a more general result on r-way correspondences, see § 1.

We can attach a geometrical meaning to the numbers a,b,c,d.
In §3 we proved that the point £ is a generic point of the object-
variety M, and therefore a is the dimension of M. Similarly, ¢ is
the dimension of N. We now prove that the subvariety N(£) of N
which corresponds to a generic point & of M is irreducible over the field
K(&,, ..., £y,) and of dimension b.

N (&) consists of all points y” which are such that the point-pair
(§,y’) belongs to the correspondence C. Hence, all homogeneous
algebraic relations over K which hold for (£, %) hold for (£,y’). By
the substitution &, = 1 these relations cease to be homogeneous in
the &;, but continue to be homogeneous in the ;. They can therefore
be considered as homogeneous relations in the 7, with coefficients
in the field K(,,...,£,). It easily follows that all homogeneous
algebraic relations with coefficients in K (£) which are valid for the
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point 7 are also valid for the point ' on N(£). Since 7 satisfies the
equations of N(£), it follows that 7 is a generic point of N(£) over
K(£). It also follows that N(§) is irreducible over the field K ()
and is of dimension b.

The variety N(£) may become reducible over an extension of the
field K(§), but its absolutely irreducible components will all have
the same dimension b [X, § 11, Th. I]. We have proved the theorem
which is known as

The Principle of Counting Constants: If in a q-dimensional
irreducible correspondence between the varieties M and N there corre-
sponds to a generic point & of the a-dimensional variety M a b-dimen-
sional variety N (&) of points on N, and if, conversely, there corresponds
to a generic point n of the c-dimensional variety N a d-dimensional
variety M(y) of points on M, then N (&) and M () are trreducible, and

a+b=q=c+d. (2)

It is important to remember that all generic point-pairs (£,7) of
the correspondence C are algebraically equivalent to each other;
this is also true for the generic points of M and N respectively
[X,§3, Th. III]. If £, are generic points of M, there is an iso-

morphism K()~K()

which maps £ on £ and leaves all elements of X unchanged. This can
be extended to an isomorphism

K& )= K(E7), (3)

where 7 is mapped on 7, and therefore, since 7 is a generic point of
N over K, 7 is also a generic point of N. We have proved that 7 is
a generic point of N(£) over K(£). From the isomorphism (3) it
follows that 7 is a generic point of N(£). Again, if 9’ is a generic

point of N(£), KEn)=KET),

and therefore 7’ is a generic point of N over K.

Hence we may begin with any generic point £ of M and find a
generic point 7 of the subvariety NV(£) which corresponds to §; or,
conversely, we may begin with any generic point of N. In each case
we obtain the same numbers a,b,c,d and the same properties of
a generic point-pair (£, %) of the correspondence.

In applications the formula (2) is often used to find the dimension
c of the image-variety N when a, b and d are given. Ifitis found that
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¢ =n, we can deduce that the image-variety N fills the whole
space S,,. ) .

If b = d = 0, to a generic point £ of M there corresponds a finite
set of £ points on N, and to a generic point 7 of N there corresponds
a finite set of & points on M. We then say that there is an («, )
correspondence between M and N. As we shall soon see, an infinite
number of points may correspond to a special point of M.

We now consider the case when a = # = 1. If § is a normalised
generic point of M, the corresponding variety N(§) consists of one
point 7. The normalised coordinates of 7 lie in an algebraic extension
of K(£) of degree 1, by the proof of Theorem V in Chapter X, §5.
Hence the normalised coordinates of # lie in K(£). Similarly, the
normalised coordinates of £ lie in K(y). Hence K(7)< K(£) and

K(§)< K(y), so that K(&) = K(7).

The function fields of M and N are therefore identical. If, con-
versely, we are given the weaker condition that the function fields
of the irreducible varieties M and N are equivalent extensions of
K, we can set up a (1, 1) algebraic correspondence, which is usually
called a birational correspondence, between M and N. If £, are
normalised generic points of M, N respectively,

K(&)=K(n).

Let 7; be the image of #; in K(£) under this isomorphism. Then
7= (,%,...,7,) is a generic point of N, and K(§) = K(7). Hence,
without loss of generality, we may assume that

K(£) = K(7).
Then N = 'R’L(g) (7’ = 1: seey n); g,- = Si(ﬂ) (i = 1, ...,m),

where R,(z,,%;, ..., %,) i8 a rational function of z,,z,,...,7,, and
8;(Yos Y15 ---» Yn) is & rational function of ¥4, %y, ..., ¥, If

By(x) = A,(x)/Bi(=),

where the 4,(z), B;(x) may be taken as forms of the same degree,
and S;(y) = C,(y)/D;(y), the correspondence given by the equations

yiBi(x)_yOAi(x) =0 ("’ = 1, "°’n)a
‘”tDi(y)“"zoCi(y) =0 (1, = ls --~,m)’

has (£,7) as a point-pair, and therefore contains an irreducible
correspondence for which M and N are object- and image-varieties.
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7 corresponds to £ and £ corresponds to 7, the correspondence being
(1,1). Two varieties between which we can establish a birational
correspondence are said to be birationally equivalent. A necessary
and sufficient condition for the birational equivalence of two
varieties is that their function fields be equivalent extensions of K.

We conclude this section by giving an example of an irreducible
one-to-one correspondence in which there corresponds to a special
point of M a line of points of N. We take m = n = 2, and we con-
sider the well-known quadratic transformation in the plane given
by the equations

ZoYo = X1Y1 = T2 Ys-

To a point (xj, 21, 23) for which not more than one of the coordinates
is zero there corresponds the unique point given by the equations

ToYo = T1Y1 = T3,
but if (x5, 27, 23) = (1,0, 0), say, any point on y, = 0 corresponds
to 2. We show that the correspondence is irreducible by proving
that if £, 9, { are indeterminates, the point (£,7,&; 9¢, &€, £9) is a-
generic point of the correspondence. '

In the first place this point satisfies the equations of the
correspondence. We must show that if f(xg, 2, Zs; ¥4, ¥1,¥2) i &
polynomial of degree / in the # and of degree p in the y such
that f(£,7, §; 98, &8, &n) = 0, then f is zero for all points of the
correspondence.

To do this we consider any power-product 2@z x5y%y4y3, where
a+b+c=1 and a+pf+7y =p. This can be reduced, modulo
ZoYo— LYy and x,y, —x,y,, to a power-product in which either
a or « and either b or £ is zero. Four possible standard types of
power-product result, and when (&, 4, {; 9§, £&, £7) is substituted for

(%o, %1, T35 Yo, Y1, Ya)»
vhysylyl becomes Er-2yp—fEHr~r (a+f+y = p),
ajafysyy becomes EP-appidlpiey (bte=1;a+y =p),
w§asyly] becomes Ertapr—Alrte=r (atc=1; f+y = p),
xgxtafyl becomes Ertaypibie (@+b+c=1).

Hence any possible power-product in z,, ,, Z,, ¥, ¥1, ¥ Which is
of degree I in the 2 and of degree p in the y becomes, after the

bstituti
substitution (xo’ Zy, %35 Yo, Y1» yz) = («f, 7, g; 7]§, ggs gﬂ);
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the power-product Er8r,
where A+p+v=10+2p,
and AL+, p<l+p, v<i+p.

No two distinct standard power-products give the same £3y#L?.
For

(i) if A<p, u <p, the standard power-product is
Y S T A

(ii) if A<p, p> p, the standard power-product is
U T

(iii) if A>p, u < p, the standard power-product is
2o~ PagtP APy

(iv) if A>p, u > p, the standard power-product is

APt PRk,

If A =p, uZp; or u = p, AZ p the above results still hold, and
if A =u = p it follows that » =/, and the one standard power-
product is ziy®.

Returning to the polynomial f(x, z;, ,; ¥y, %1, ¥s) of degree I in
the z and p in the y, we can write

f=A(xyyo—2,y1) + B2y, — %,4,) + F,

where F(xy, z,, %5; Yo, Y1, ¥2) is & sum of standard power-products.
If f(€, 7, &; 98, &€, €n) = O, then F(&,7,; 7§, EE, &) = 0. But unless
F(xy, xy, 255 Yo, 1, Y) is identically zero, it consists of one or more
standard power-products, and we have proved that these give rise
to the same number of distinct power-products £*9#£*. Since the
coefficients of the standard power-products and the £A9#{* to which
they give rise are the same, it follows from the equation

F(&, 7,898 86,8n) =0
that F(zy, 2y, 235 Yo, Y1, Y2) =0.

Hence the equation f(z,, 2, Z3; Yo, Y1, ¥2) = O is satisfied by all
points of the correspondence whenever f(£,7,&; 9¢, &, &) = 0.

The correspondence
ZoYo = T1Y1 = %2¥2

is therefore irreducible.
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5. A special correspondence. In practical applications it is
usually easier to define an irreducible correspondence by finding
a generic point than to show that a given set of equations defines
an irreducible correspondence. An exception, which is of some
importance in applications, is given by

THEOREM 1. Let the equations of a correspondence be
filx)=0 (t=1,..,r7), (1)
n
120aﬁ(x)y, =0 (t=1,...,9). (2)

Then if (i) the variety M in S, given by (1) is irreducible, and (ii) the
matriz (a;(x')) 18 of rank n—0b (b > 0) for all points x' on M, the cor-
respondence 1s irreductble.

Let £ be a generic point of M, which we may suppose normalised
so that £, =1. Ifv;; 1 = 1,...,m—b; j = 1,...,8) are independent
indeterminates over K (&), M is still irreducible over K(v) [X, §5,
Th. VI], and § is still a generic point of M. Let

8
() =k21v¢k ay4()-

Then, clearly,’ the (n—b) x (n+ 1) matrix (ay;(2’)) is of rank n—b
for all proper algebraic specialisations z’ of £.

We now adjoin to K(v) the b(n + 1) independent indeterminates
uy (t=1,...,b;j =0,...,n). Then the matrix of the set of linear
equations

Bey@y=0 (=1,...n-b) 3)
Suyy; =0 (i=1,..,b) (4)
Jj==0

is of rank n. Let (— 1)¥ D, (&, u, v) be the determinant formed from
this matrix by omitting the (£+ 1)th column. Not all Dy(£, u,v)
are zero, and the equations have the solution (7,,...,7,), where
7 = D,(&,u,v). We prove that (£,7) is a generic point-pair of the
correspondence over K.

‘The equations of the correspondence are satisfied by (§, ), since
£ satisfies the equations (1) and 7, which satisfies the equations
(3), also satisfies the equivalent equations

Zag@)y=0 (=1,
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We now prove thatif (£, ) = 0isany homogeneous relation which
holds for (£,%), then F(z',y’) = 0, where (z’,y’) is any solution of
the equations (1) and (2). It is sufficient to consider algebraic
solutions [cf. p. 5]. ’

Let 2’ be any algebraic point of M, ¥’ any solution of the
equations n .
1§Oaﬁ(x’)yj =0 (z=1,...,98).

Then y’ is also a solution of the equations

’zoa;,(x')y, =0 (i=1,...,n-b).
n
NOW .'.et Zw,uyj= 0 (i= 1,...,b)
i=0

be the equations of b generic primes through the point y’. Since
(a7;(x)) is of rank n — b, the matrix

(aij(x'))
’w“
is of rank 7, and therefore not all the determinants
Dy(x',w,v) (k=0,...,n)
can be zero. We therefore have the relations
pyr = Di(@’',w,v) (k=0,...,n). (5)

If F(z,y) is any polynomial homogeneous in (zy,...,%,) and
(Ygs +++» ¥y,) such that F(£,5) = 0, then

F(£ D, u,v)) = 0.

Since £ is a generic point of M, and the u;, v;; are independent
indeterminates over K(§), it follows that

F(',D(x',u,v)) = 0.

Replacing the indeterminates u;; by the specialisations w,,
F@', D' ,w,v)) =0,

so that, from (5), F',y')=0.

Hence (£,7) is a generic point-pair of the correspondence. The
correspondence given by the equations (1) and (2) is therefore
irreducible.
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We apply this theorem and the Principle of Counting Constants
to obtain a theorem already proved [X, § 8, Th. I]:
The intersection of an irreducible variety V of dimension a > 0 with

n
a generic prime Y, u;x; = 0 18 a variety irreducible over the field
i=0

K(u) and of dimension a— 1.

We set up an algebraic correspondence between the points = of
V and the primes y which pass through x. The equations of this
correspondence C are the equations of V, say,

f't(x) =0 (7’ =1, ...,7‘),

together with the single equation which expresses the fact that the
point z lies in the prime y. This is

n
2y = 0.
3=0

By the theorem above, C is an irreducible correspondence, and a .
generic point-pair (£, 9) of C is obtained by taking a generic prime
7 through a generic point § of V. The Principle of Counting Constants
gives us, with the usual notation,

a+(n—1) =c+d. (6)

The object- and image-varieties of C are the variety V, and some
subvariety N of the totality of primes in S,. We show that N
coincides with this totality of primes, by proving that ¢ = ». In
fact, a generic prime 7 through a generic point § of ¥V does not
contain an arbitrary fixed point 2’ of V. 7 is therefore a prime which
meets V but does not contain it. Hence the generic prime of the
system of primes meeting V does not contain V. This means that
the dimension of M(y) <a—1. Thatis, d<a—1. It follows from (6)
that ¢ > n. Since ¢ < 7, it follows that ¢ = n. Hence alsod = a—1.

We deduce that M(y), which is the intersection with V of a
generic prime of S,,, is irreducible over the field K(7) and of dimen-
sion a— 1.

In exactly the same way we can prove the more general

TaEOREM 1I. The intersection of an irreducible a-dimensional
vartety V (a>0) with a generic primal of order g is an irreducible
variety of dimension a— 1 relative to the field K(u), where the w;, ;.
are the indeterminate coefficients in the equation of the primal.
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The equation of a generic primal of order g is
Zuio."i”x};"...xf{' = 0 (i0+ .-.+1:n = g),

and we consider the correspondence between the z-space and the
u-space defined by the equations of V and this equation. The
proof then proceeds as above.

If we apply this theorem a times we have

TueOREM III. The intersection of an irreducible k-dimensional
variety V with k generic primals is a finite number of conjugate
points.

In particular we obtain a weaker form of X, §7, Th. III:

THEOREM IV. A generic linear subspace S,_, of S, meets an
trreducible a-dimensional variety V in a finite number of points,

n
conjugate over the field K(u;), where X uyx; =0 (1 =1,...,a) are
i=0

the equations of the S,_,.

To find the stronger form of this theorem we must show that
each point of the intersection is a generic point of V. This follows
easily from two theorems:

(i) any point of an irreducible zero-dimensional variety is
generic for that variety [X, §5, Th. V],

(ii) with the notation used above, £ is both a generic point of M
over K and a generic point of M(7) over K(y) [§4].

We have already proved [X, § 5, Lemma II] that a generic linear
subspace 8, of S, has no points in common with an a-dimensional
variety V if a +m < n. We use this theorem to prove

TarorREM V. If in a correspondence C there corresponds to a generic
point of the irreducible object-variety M a b-dimensional variety of
image-points, there corresponds to any special point of M a variety
of dimension at least b.

If a variety is both reducible and impure, its dimension is defined
tobethe greatest dimension of any of its components. Let the image-
variety of M lie in S,. If to the equations of the correspondence we
add b generic linear equations in the coordinates of the projective
space S,, we obtain a new correspondence in which there is assigned
at least one image-point to a generic point of M, the object-variety
of the original correspondence. A generic point of M therefore lies
on the object-variety of the new correspondence, and therefore all
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points of M do so. Hence every point, of M has an image-point in
the new correspondence, which means that in the original corre-
spondence the subvariety N(z'), where 2’ is any point of M, has at
least one point in common with a generic S,_, of the S, in which
N(z') lies. The dimension of N(2') is therefore at least b.

The result contained in Theorem V will be strengthened in
§6, Th. I.

6. Systems of algebraic varieties and related correspondences.
In X, § 8, we introduced the notion of a system of algebraic varieties.
Let F(z,u,, ...,u;) be a form which is homogeneous of degree g in
the indeterminates (u,...,%;,) (¢ =0, ...,d), with indeterminate
coefficients z, ...,2p. Then F(2’, u,, ..., uz) is the Cayley form of
an algebraic variety of dimension d and order g (which is possibly
reducible) if and only if 2’ satisfies the set of homogeneous algebraic

equations T(2)=0 (w=12..).

These equations determine a variety I in Sy, and if I, is any sub-
variety of I, the varieties whose Cayley forms are F(2’,u,, ..., ug),
where 2’ is on I;, form, by definition, an algebraic system of
varieties.

Let the equations of the variety I, in Sy, be

ft(z) =0 (’b = 132’"')’

and let 89, ..., 8¢ be d + 1 skew-symmetric matrices whose elements
8% (k>j) are independent indeterminates. Consider the algebraic
correspondence between S, and S, defined by the equations

F(z,8%,...,8%) = 0,
f't(z) =0 (1‘ =1,2, -'-):

where in the first equation we equate to zero the various power-
products of %, in F(z, 8%, ...,8%). The points 2’, 2’ in S, and S,
correspond if and only if

F@',8%,...,8%') = 0,
flZ)=0 (=1,2..),

that is, if and only if 2’ lies on the variety in S, of dimension 4 and
order g corresponding to the point 2’ of . Thus an algebraic system
of varieties of dimension d and order g defines an algebraic corre-
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spondence between the image-variety I, in S, and 8,, in which the
points of 8§, which correspond to a point 2’ of I, are the points of
the variety of dimension d and order g in S, defined by 2’. The
object-variety in S, contains all the points of S,, which correspond
to points of I,. Hence it contains all the varieties of the algebraic
system, and through every point of the object-variety there passes
at least one variety of the system. This object-variety is sometimes
called the carrier-variety of the algebraic system.

We call I, the Cayley tmage of the algebraic system. We note
that I, is uniquely defined (i.e. not merely defined to within bira-
tional transformation). If the system is irreducible, a generic point
of the Cayley image of an algebraic system is called a parameter of
the system. It is important to observe that there is a one-to-one
correspondence without exception between the varieties of the
system and specialisations of the parameter.

We now consider the relation between general correspondences
and the special correspondences defined by algebraic systems of
varieties. These special correspondences have the property that
to every point 2’ of the image-variety there corresponds a variety
of dimension d. But we have seen that there exist correspondences,
even irreducible correspondences, in which the variety corre-
sponding to a special point of the image-variety has a different
dimension from that corresponding to a generic point [p. 106].
We propose, however, to associate with any given irreducible
correspondence an irreducible system of varieties which will help
us to obtain some general theorems on correspondences.

Let C be an irreducible correspondence given by the equations

f'i(ny) =0 (1; =1,...,7),
and let M in S,, and N in S, be, respectively, its object- and image-
varieties. The equations of the subvariety N(£) of N which corre-
sponds to a generic point £ of M are

fi(g,y) =0 (=1, e T).
We suppose that N(£) is of dimension d and order g. We map N(£)
by means of its Cayley form F(; u,, ..., ;) on an image-point { of
the image-variety I in S, which maps all varieties in S, of order g
and dimension d. The point { is the Cayley image of the variety
N(£). It is a generic point of some subvariety I, of I, and N(£) is
therefore a generic variety of some irreducible algebraic system
of varieties. '
HPII ‘ 8
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Let the equations of I, be
T()=0 (w=12..),

this set of equations including the equations of I. We denote that
variety of order g and dimension d in S, which corresponds to a
point 2’ of I, by the symbol V(z’). Then, by definition,

NE) = V(©.

If y' is any point of N(z'), the point-pair (2’,y’) is a pair of the
correspondence C, and is therefore a proper specialisation of (£, 7).
This specialisation may be extended to a proper specialisation
(x',y’,2") of (§,7, ) [XI, §1, Th. I]. Certain homogeneous algebraic
relations which are preserved under this proper specialisation are
of interest:

(i) T,(¢) =0 (w =1,2,...) becomes 7)(2') = 0 (v = 1,2, ...), and
therefore 2’ is a point of I; and the Cayley image of some variety
V(z') of order g and dimension d.

(ii) 7 lies on V({), so that F(§; 8%, ...,S8%) = 0. After special-

isation we have F(2; 8%, ..., 8%) = 0,

and therefore 3’ lies on V(z').
(iil) V(&) is identical with N (§). If

Pl rt) = Al ) [T ( S,

then JilgnP) =0 (@=1,...,rp=1,...,9).

Eliminating the % from these equations in the manner described
in the proof of X, § 8, Th. I, we obtain a set of equations

H\(£,€) =0
which are homogeneous in { and in . Hence, after specialisation,
H,(z',z') = 0.

Since 2’ satisfies the equations 7)(z') =0, the Cayley form
F(z'; uy, ..., u;) defines a variety V(z'). This lies on the variety
N(z'), for because of the equatlons H,(2',z') = 0, we have the
factorisation
g n
Bt ey ta) = Bty ) 1T ( S ir?),

p=1 \i=0
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where we have
fil@', ) =0 (E=1,...,rmp=1,..9),

and these equations show that the generic point 7 of any com-
ponent of V(z’) lies on N(z'). ‘

This proves that there is a pure d-dimensional variety V(z')
which contains any given point ¥’ of N(z') and lies in N(z'). It
follows that every point y’ of N(z’) lies in an irreducible component
of N(x') of dimension not less than d. We have therefore proved

THEOREM 1. If in an irreducible correspondence between M and N
there corresponds to a generic point & of M a d-dimensional variety of
points N (&), there corresponds to any special point ' of M a variety
N(z') no irreducible component of which has dimension less than d.

We return now to the irreducible system of algebraic varieties
which we wish to associate with the correspondence C. If we con-
sider the irreducible correspondence C’ defined by the generic point-
pair (&, {), where £ is a generic point of M and { is the Cayley image
of N(&), this correspondence has M as its object-variety, and its
image-variety is an irreducible subvariety I, of I. The variety N(£)
is therefore a generic variety of an irreducible system of algebraic
varieties G,. It is this system which we associate with the given
correspondence C.

A generic member of S, is V() = N(§). To any specialised point
2’ of M there corresponds, in the correspondence C’, one or more
points z’. To every such point 2’ in I, there corresponds a variety

V(2’) of order g and dimension d. We can prove that the aggregate
of these varieties V(2') is precisely the variety N(z'). The argument
given above shows that if y’ is any point of N(z'), then y’ lies on
some variety V(z') which corresponds to z’, and conversely all
points of V(2’) lie on N(2’). We have therefore proved

TuEOREM I1. If in an irreducible correspondence between M and N
there corresponds to a generic point § of M a d-dimensional variety
N (&) on N whose Cayley image is §, the generic point-pair (§, §) defines
an irreducible correspondence between M and an irreducible variety
L on I. To every specialised point x' of M there corresponds one or
more points z', which are the Cayley tmages of varieties V(z') whose
sum 18 precisely N(z').

With the help of Theorem I we can prove

8-2
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THEOREM III. The intersection of an irreducible variety V of
dimension a with a primal f = 0 is ezther V itself or an unmixed
variety of dimension a — 1.

We set up an algebraic correspondence between the points x of
V and the primals of a fixed order g,

Dy, 4, X T =0 (lg+...+1, =),

which pass through z, and prove that M(u), where  is a generic
point of the linear space Sy on which the primals are mapped, is
of dimension @ — 1. This is the content of §5, Th. II. If ' is any
rational point of Sy we learn from Theorem I that all components
of M(u') have dimension >a—1. But M(u') is the intersection
of V with the special primal

Zug 5 X .. i = 0.
If any component of the intersection has dimension a, M(u’)
coincides with V, and the primal contains V. If no component has
dimension a, all components have dimension a— 1, which proves
the theorem for primals of any order g.
If we apply this theorem several times we obtain

THEOREM IV. The intersection of an irreducible variety V of dimen-
sion a with k primals f; = 0, ..., f;, = 0 has no irreducible component
of dimension <a—k.

Exactly the same argument enables us to prove that if V is an
irreducible variety in r-way space S, ,,, of dimension a, and

Gy, ..nt) (G=1,..,k<a)
are k forms homogeneous in z, ¥, ..., 1, the section of V by

¢z, y,....) =0 (t=1,..,k)
has no component of dimension less than a — k.
We use this last remark to prove the Principle of Pliicker-Clebsch:

TaeorEM V. Let (74,74, ..., Ty) be a generic point of a variety U
of dimension k. If

FTo s Tms Yoo ¥n) =0 (v =1,...,m) (1)
18 a set of n equations in the n unknowns y, ...,y, which have an
isolated solution vy, ...,y for some proper specialisation T—>t', then
the equations are soluble in an extension of the field of the coefficients
when T 18 not specialised.
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By an isolated solution we mean one which does not lie on a
variety of solutions of dimension greater than zero. Let

¢’t(t0’ -.-,tm) = O (?: = 1, 2’ ...) (2)
be the equations of U, and let
9itos o s ts Yos -0y Yn) =0 (2 =1,...,n) (3)

be the homogeneous equations obtained from (1) by replacing
7; by t; and by introducing y,.

Equations (2) and (3) define a correspondence between the S,
containing U and the space S,,. By hypothesis these equations have
a solution for ¢ = (1,%,...,¢,) which is isolated. Hence some
irreducible component of this correspondence has an isolated
solution for ¢ =¢'. Let C be such an irreducible component, g its
dimension. In the 2-way space §,, the equations (2) define a
variety of dimension £+, and (2) and (3) together define the
intersection of this variety with » primals in S,,,. By the remark
above, no component of this intersection is of dimension less than
(k+mn)—mn. Hence, in particular, C is of dimension k at least; that
is, ¢ > k.

The object-variety M of the correspondence C lies on U. If it is
of dimension a (a<k) we know from the Principle of Counting
Constants that to a generic point of M there corresponds a variety
of dimension ¢ — a@. By Theorem I, when this generic point is special-
ised to ¢’ no component of the corresponding variety has dimension
less than ¢—a. But for this specialisation it has, by hypothesis,
a component of dimension zero. Hence ¢ —a < 0,and sinceg>k>a,
it follows that @ = k£ = ¢. The object-variety M therefore coincides
with U.

We deduce that to a generic point of U there corresponds at least
one point in C (and therefore in the correspondence defined by (2)
and (3)). To prove our theorem, which refers to solutions of the
non-homogeneous equations

&

J(ToscosTums Yps s Yp) =0 (v =1,...,m),
it is sufficient to show that not all the solutions of (3), with ¢ replaced
by 7, lie in y, = 0. If they did, the generic point (7, %) of the com-
ponent C of the correspondence would have 7, = 0, and hence any
proper specialisation of it would satisfy y, = 0. But (#',y’) is a
proper specialisation, where ¥’ = (1,43, ..., %), and this does not
satisfy y, = 0. Hence 7,+ 0, and the theorem is proved.
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For convenience in exposition we have used homogeneous
coordinates 7y, ..., 7,,. The conclusion remains valid, however, if we
replace 7y by 1, provided that there exists an isolated solution of
the specialised equations in which (1,4, ...,¢,) is a proper special-
isation of (1,7y,...,7,). In applications this non-homogeneous
form is often more convenient. -

We can prove in the same way that if the set of equations (1)
consists of n—r equations, and possesses for T =1t' an isolated r-
dimensional variety of solutions, then the set of equations (1) has at
least oo™ solutions for a generic 7.

The Principle of Pliicker-Clebsch has been used in the study of
canonical forms, in which the main problem is that of the com-
patibility of » equations in » unknowns. For example, if we have
a ternary cubic form Za,,x;x;;, we may ask whether it is possible
to find three linear forms

X; = byp%g+byx, +bx, (1=0,1,2)
and a constant A so that
ZaijkxixjxkEXg+X§+Xg+ 6AX0X1X2.

If we equate coefficients of power-products in this identity in
Zy, Xy, X5 We obtain the equations

@i = Pugn(b, A) (4)

for the ten unknowns b,;, A. The theorem proved above says that
if we can find a special value of the a,;;, for which there is an isolated
solution b3;, A’, then the reduction of a ternary cubic form with
generic coefficients to the canonical form shown is possible.

Let us take special values of the a,;, so that

We consider the equations obtained by equating coefficients on
both sides of the identity

2 2
xy+a}+af= % (bso%o+ by 2y + bsp25) + 6A£H0(bioxo +b41%1 + b2 %,).
()

One solution of these equations is clearly
b;j = 3,,:1, ./\,I = 0.

We prove that this is an isolated solution, and therefore that the
given form is a canonical form.
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We consider any solution b,; of these equations. If det(b;) =0
thereis a linear relation between the vectors (8,9, b;;,b4) (2 = 0, 1, 2),
and the right-hand side of (5) can be expressed as a binary cubic
form in, say, the indeterminates

U=byg %+ by 2y + 013y,  V=bgog+ byy 2y + oy 7.

Such a form is reducible in a suitable extension of the ground field,
whereas the left-hand side of (5) is not reducible. Hence det (b,;) + 0.
Differentiating (5) with respect to z,, we have the identity

2
325=3 ZOJ bio(bso %o + by 21 +b;57,5)*
+ 8Abgg(b19%g + b11 %3 + b1a5) (b o+ by 2y + baa )
+ 6Ab14(boo %o + b1 %y + BoaTs) (Dog g+ by 21 + bya )
+ 6Ab20(bgo o + bg1 1 + boay) (D19 %o+ b1y 2y + b1p 7).
The left-hand side of this identity is a perfect square, and therefore
the matrix
booy  Abyy Aby,
Abyy  byp  Abyy
Abyg Abgy by

is of rank one. Similar results are obtained by differentiating with
respect to z; and z,, and we see that the matrix

be,  Aby; Aby,

Aby; by Aby

Aoy by by
is of rank one, for: = 0, 1, 2.

If A = 0, this implies that two of by;, by;, b,; are zero for each value

of i. Since det (b;;) & 0 it follows easily that in this case X,, X;, X,
is a derangement of wyx,, w,z,, W,7,, where w} = 1. Hence there

is only a finite number of solutions with A = 0.
If A+ 0 we have the equations

bosbys = A%(by)?, B3y = Aby;bys,
bnbm = A%(byy)?%, by = Abyybyy,
213 = A?(bu)2 bli - AbOin‘i
If by; = 0, then bzi = by; = 0. This is impossible, since det (b;;) # 0.
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Hence it follows that A% =1. Therefore the solution b;; = dy,
A’ = 0 is an isolated solution. It follows that Xu,,x;;2,, where
the a,;; are indeterminates, can always be reduced to the canonical
form X3+ X§+ X3+ 61X, X, X,.

7. Normal problems. In most problems which are of sig-
nificance in geometry the data involve certain elements which can
be varied, and what is sought is a solution of the problem when the
variable elements are chosen as generally as possible; from the
solution of the general problem deductions regarding the solutions
of particular cases are then made. For instance, let us consider the
elementary problem of finding the lines which meet four given lines
Iy, Iy, Ig, I, in S;. It is usually said that the number of solutions is
two, but there are special configurations in which there is only one
solution, and others in which there is an infinite number. The
justification in this case for saying that there are two solutions in
the general case is found in the fact that the aggregate of all curves
in 8§, which consist of four lines is an algebraic system £, and the
aggregate of those curves in §; which consist of four lines for which
the number of transversals is different from two forms an algebraic
system which is a proper subsystem of Q.

In this section we develop a general theory of geometrical pro-
blems with variable data, and examine the conditions under which
such a problem may be said to have a solution ‘in the general case’;
we then go on to determine the conditions in which we can, from
a knowledge of the solution in the general case, make assertions
regarding particular cases. As a guide to the exact formulation of
our theory we write down the equations to be solved in the problem
of finding the transversals of four lines.

Let oy, af, B;, B3 Vir Vis 835 05 (3= 0, 1,2, 3) be 8 x 4 independent
indeterminates over the ground field K. If

Ay = “i“;'—“jo‘é, by = BB — BiBis
Cis = VVi— YV dyy = 6;0;—0;07,
then  (..,a@y,...), (vobysn), (sCijnon)y (enndyy.ol)

are the coordinates of four independent generic lines in S;. The
lines which meet them are given by the solutions of the equations

Po1P2s + PoePs1+ PosPr2 = 0.
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I L, U, 15, 1, are any four lines in S; their coordinates are proper
specialisations (..., aj;, ...) of (...,ay,...), etc., and the problem of
finding the transversals of ;, 5, I3, [, is that of solving the specialised

equations 2a;;py=0, .., 2dipy= 0,} @)
Do1P2s + Po2Ps1 + PosP1a = 0.

By saying that the problem has two solutions in the general case
we mean that the equations (1) have two solutions. We cannot
assert that (2) has two solutions, but, as we shall see later, we can
use the fact that (1) has two solutions to make certain significant
statements about the solutions of (2).

The problem considered is typical of the kind of problem with
which we are concerned. These problems depend, for their solution,
on the solution of a set of homogeneous equations

fz(g’y) =0 (7: =12,...,7) (3)

which are homogeneous in the unknowns (¥, ...,¥,), the coeffi-
cients in any f;(£, y) being homogeneous of the same degree in the
coordinates (£, ...,£,,) of the generic point of a variety M in S,
representing the variable elements of the data. In this way we see
that the problem is a correspondence problem, and its solution
depends on the properties of the correspondence between S, and
S, given by the equations

filz,y) =0 (t=1,2, ...,r),}

gi(x) =0 (i=12,..,9), (4)

where the second set of equations are the equations of M. It is
essential for our theory that the equations of M, whose generic
point is £, should include the resultant system of the set of equations
fi(x,y) = 0 with respect to y, and hence that the equations (3)
have at least one solution. We note that while the correspondence
may be reducible, the object-variety M must be irreducible, by
definition. We do not exclude the possibility that the variety in
8, over K (£) formed by the solutions of (3) may be reducible, or of
dimension greater than zero. But it is found to be convenient to
restrict ourselves to the case in which the variety of solutions of (3)
is unmized, of dimension b, say, where we assume b > 0, since the
equations (3) have at least one solution.

A geometrical problem is called a normal problem if the variable
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elements in its data can be represented as the points of an irre-
ducible variety M in S,,, whose generic point is £, and if its solution
can be reduced to that of a set of equations of the form (3), the
solutions for generic £ being unmixed, of dimension b > 0.

This definition of a normal problem is sometimes generalised to
include problems in which a solution is represented, not by a point
in a space 8, but by a finite set of points, onein S, , onein S, , ...,

one in S, . Then instead of the equations (3) we have equations

fi(g’y(l): '°"?/(T)) =0 (7’ =12 "'): (3)'

where f;(£,y®, ...,y?) is homogeneous in (y®,...,4®) (¢ =1,...,7).
This, however, merely means that a solution is represented by a
point in r-way space S, . If this, in turn, is represented by its
Segre variety, we return to our original definition. There is thus
no gain in generality in considering problems given by equations
of type (3)’, and we shall confine ourselves to the case » = 1.

We begin with the case b = 0. The equations (3) then have a
finite number of solutions, say 7, ..., 79. Let 2’ be a proper special-
isation of £. Then there exist points ‘y®, ..., y@ in 8, such that
(@', 'yD,...,"y?) is a proper specialisation of (£,7Y,...,79) [§1,
Th. I]. By the properties of proper specialisations, 'y, ..., 'y@ are

solutions of fil@,y)=0 (E=12,..,r). (5)

Certain questions present themselves at once: (i) for the specialisa-
tion £—>a', are the points 'y, ..., 'y® determined uniquely, at
least when regarded as an unordered set? (ii) if they are uniquely
determined as a set, is every solution of (5) contained in this set?
That these properties need not hold can be seen in the following
examples.

(1) We consider the cubic curve C in S, given by the equation

xoxlxz = x(sl + x%.

Let us investigate the normal problem: to find where the join of
(0,0, 1) to a point of C meets z, = 0. If the join to (7, z,, x;) meets
z, = 0in (y,, ¥;,0), we have

ZoYr— 1Yo = 0.

Since (z,, %, %,) lies on C and is not, in general, at (0,0, 1), we

must have
Lo &y Lo

Yo - YoUi - w+y
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and these equations determine (y,,y;) for a generic point on C.
A generic point of C is £ = (A%u, Ap? A3+ u3), where A,u are in-
determinates over K. Corresponding to this form for a generic
point the solution of the normal problem is (A,x,0). For the
specialisation £ (0,0, 1), (A, %,0)—(1,0,0) or (0,1,0), and hence
there are two proper specialisations (v, %}, 0) of a solution of the
normal problem.
(2) We consider the normal problem given by the equations

£1Y0—60¥1 = 0,
YoY2=0,
Y2(11—Y2) = 0,

&y, &, being independent indeterminates. These equations have a
unique solutiony = (&,, &, 0). When £ = (£,,£,) (0, 1),7—>(0, 1,0),
and y’ = (0, 1, 0) is determined uniquely. But the equations

Yo= 0,
YoY2 =0,
Yo(Y1—Y2) = 0

have solutions (0,1,0) and (0,1, 1), the second of which is not
a proper specialisation of 7.

While it is true that in some cases results of geometrical interest
can be obtained when the answers to our questions (i) and (ii) are
in the negative, it is convenient, in those elementary parts of the
theory of normal problems which we shall consider, to confine our-
selves to the cases in which the specialisations 'y®,...,"y@ of
7, ...,7@ are uniquely defined as a set. We therefore consider
conditions for this to be the case. In fact, it is not easy to state, in
any convenient form, conditions which are both necessary and
sufficient, but some sufficient conditions are easily obtainable.
These relate to the nature of the point 2’ on M. The best result we
can give, which is not too complicated for general application, is
the following:

TuaeoreM 1. If 2’ is a specialisation of £ such that (a) the equations
fil@',y) =0 (1 =1,2,...,r) have a finite number of solutions, and
(b) the quotient ring of x’ on M is integrally closed in its quotient field,
then the specialisations 'y, ..., y@ of 7V, ..., 19 corresponding to
the specialisation £z’ are uniquely determined as a set.
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The concept ‘quotient ring of a point’ will be discussed in
Vol. III. In the meantime it is sufficient to say that condition (6)
means that if ¢(x,, ..., x,) and ¥ (,, ...,,,) are two homogeneous
polynomials of the same degree, the second, at least, not vanishing
on M, such that the form

Ao(Zos + 3 T) B+ 01(Zg, -, B) G + ... + 0, (%, ..., 2,) YT

vanishes on M, while ay(zy,...,,)%0, there exist polynomials
b(zy, ..., x,,) and c(z,, ..., z,,) such that

C(Zgs s X)) P — b(Zy, ..., 2,,) Y

vanishes on M, while ¢(x, ..., z),) % 0.
The equations
fild,y)=0 (=1,2,..,7)

have, by hypothesis, only a finite number of solutions, and we may
therefore suppose that none lies in y, = 0. Since each 7% has a
specialisation ‘y®, it follows that ¢ & 0, and we normalise so that
7§ = 1. We can find a form @go(Zy, - .-, Z,,) such that

%o(£) lgI (i uz'??g:p))
p=1\i=0
= Ggo(€) uf + gy (§) U~ uy + @ge(€) ug Uy + ..., (6)

where the agy(, -..,&,), ey (Tg, -+, Ty, Upa(Zg) ++v) Zyy), -.. aTE forms
in K[z,, ..., z,,] and are all of the same degree. For the coefficients

9 n
of the various power-productsof theu, in ] ( Su, s )) are symmetric
p=1\i=0 '

functions of the coordinates 7, and are therefore in K (£), and can
be written in the form a,(£)/ay(£), where a,(£) is in K[£]. We choose
homogeneous polynomials

Ago(Tgs +vvs Tpy), @y (gs -- s Zon)s Aga(@gs + ey Tpp)s

of the same degree such that

a’OO(g) = ao(g), aOI(g) = a‘l(g)» “oz(é) = az(g)’ Y

and obtain (6).
We now consider the equations

g n g
290 Hl (izouiy(iﬁ)) = ( Hlygp)) [ZOO ug + 203 'ug"l Uy + 299 ug—l Uy + .. .], (7)
p=1\i= o

245 05(%) = 2ay(x). (8)
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These equations are satisfied by x = £, y? = 9, z,; = a,(£), and
are homogeneous in the unknowns 2, ¥ and z respectively. Corre-
sponding to the specialisation £ —»>2', PP (p = 1, ...,g) (where
we do not assume that 7, ..., 59 are ‘YD, ..., ’y@ in some order)
there is at least one proper specialisation z—2’, and (7) becomes

r B %, =0 A I T
2oo [T\ Zu ") =\ I190" | [200%8 + 20, u§ %y + ... ]. (9)
p=1\i=0 p=1
The % are among the solutions of the equations f;(z',y) =0
(¢ = 1, ...,7), and therefore 5’ & 0. If 2y = 0 it follows from (9) that
Zoo U8 + 20, U Uy + ... = 0. ‘

Since the u,; are indeterminates we deduce that all 2;; = 0, which
contradicts the hypothesis that z—2’ is a proper specialisation.
Hence zgy+ 0.

Now let T = (Tops Ty5) = (aoo(g),“ij(g))-
Then 245Too = 20T ij-
Consider any specialisation (fgy,%;;) of 7 corresponding to the
specialisation (£, 7?, z) > (', 7, 2'). Then
z:ﬁj tao = 2go t:lj’
and since 25, + 0, and g, t;; are not both zero, it follows that f5, + 0.

Since (749, 7;;) does not specialise to (0, t;;) there must exist a form
f(@; yo, ¥1), homogeneous in (z,, ..., x,) and in (y,, y,;) such that

f(gs Too» Tij) =0,
f@'; 0,8) + 0.

Hence f(x; Yo, y1) = bo(®) ¥ +b:(2) %5 2y1 + ... + ba(2) i,
where b,(z') + 0. By the property (b) of 2’ it follows that we can find
forms cyy(x), ¢;5(x) such that cy(z’) + 0, and-

Qgo() C44(%) — A44() Coo(x)
vanishes on M.

On M we therefore have
oo(T) : @y () 2 ... = Coo(T) 1 Ce(): ..oy

@oo(£) : @g1(£) i ... = Coo(§) : Coa(£): ...

Hence, from (8),

and therefore

[

cuol® [T S ) = cool®) 8+ ®) 88 01+ ..

=1



126 XI. ALGEBRAIC OORRESPONDENCES

Sinece coo(z') 0, it follows that any specialisation of (7@, ..., 7®)
corresponding to the specialisation £z’ is determined by the
factors of Cool®') ug + coy (') u§1u, + ...,
and hence that the specialisations of the points 7@, ...,9@ are
uniquely determined as a set.

It will be proved in Vol. III that the quotient ring of any simple
point of an irreducible variety is integrally closed in its quotient
field. Hence we have as a corollary to Theorem I:

Corollary. If x' is a simple point of M, and there is only a finite
number of points in S, corresponding to ', then the specialisations of
7Y, ..., 99 are uniquely determined as a set.

By an application of some of the ideas used above we may obtain
some useful information concerning the specialisations 'y, ..., 'y
of 7@, ..., 7@, even when these are not unique. We again suppose,
as we may, that 7{’+0 (p = 1,...,9) and normalise 7 so that
1)},”) = 1. Then, as above, we can find a form a(z,y, ..., z,,) such that

g n
a@® 11 ( ) = F G
p=1\i=0
is a form in w,,...,u, with coefficients which are homogeneous
polynomials in &, ...,£,. F(§, u) is the Cayley form of the zero-
dimensional variety determined by #®,...,7@. The coefficients of
the various power-products of the u; determine the Cayley image
¢ of this zero-dimensional variety.

Now consider the point (§,& 7Y, ...,79). Corresponding to
any specialisation £-—>z’', 7®—>'y® (p=1,...,g9) there corre-
sponds a specialisation {—2'. Conversely, to the specialisation
(&,8)~>(2',2") there corresponds a specialisation of (&, 7@, ...,7®)
to (2, 'y, ...,"y?). Hence the specialisations of %V, ...,9@ corre-
sponding to the specialisation {2’ are obtained by considering
the specialisations F(z’, u) of the form F({, «) which correspond to
§£—>2'. In particular, the specialisations of 4, ..., %@ are uniquely
determined as a set if and only if there is a unique specialisation
of { corresponding to the specialisation £—>2’. From these con-
siderations and § 6, Th. II, we deduce

TreorEM I1. If C is an trreducible correspondence such that (a) the
quotient ring of every point of the object-variety is integrally closed in
its quotient field; (b) the variety N(x') corresponding to every potnt
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&’ of M is zero-dimensional, then the varieties N (') form an irreducible
algebraic system.

If the specialisations 'y@,...,"y@ of W, ...,9#@ are uniquely
determined as a set when £ —z’, the points ‘) are not necessarily
all distinet. Suppose that only s of them are distinct, and that the
number of specialised points with coordinates equal to those of
y'® is r,. Then .
Xr,=g. (10)
p=1

The number 7, attached to 'y is uniquely determined. It is called
the multiplicity of ‘y” as a solution of the equations

fil@,y) =0 (i=1,..,7).

We note that the multiplicity of 'y is only defined when the set
YD, ...,"y? is uniquely determined. Equation (10) is sometimes
described in the following terms:

Principle of Conservation of the Number. The sum of the multi-
plicities of the solutions of the equations

fiGy)=0 (@E=1,..r)

for all specialisations £ — x' is the same, provided that the multiplicities
are defined.
We have not, of course, excluded the possibility of a solution of

the equations fid,y) =0 (E=1,..,r)

<
not appearing among the specialised solutions ‘y®, ..., ‘y@. Indeed,
we had an example earlier in this section:

£1%0—EoY1 = YoYa = Y2(y1—¥2) = 0.

The multiplicities of the solutions corresponding to the specialisa-
tion (£,,&;)—> (0, 1) are uniquely defined, but the equations which
arise from the specialisation have a solution which is not a proper
specialisation of the solution (£,,£,,0) of the generic equations,
namely, (0,1, 1).

According to our definition, we cannot attach a multiplicity to
such a solution, but we shall say that such a solution has multi-
plicity zero, and speak of those solutions for which a multiplicity
is defined as having positive multiplicity. A sufficient condition for
all solutions to have positive multiplicity is given by
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TueoreM II1. If the multiplicities of solutions of a normal problem
be defined, a sufficient condition for every solution to have positive
multiplicity is that the correspondence defined by the problem be
srreductble.

_ This follows at once from the fact that if the correspondence
defined by the equations

filz,y)=0 (=1,...,7)
be irreducible, any solution (z’,y’) of the equations is a proper
specialisation of a generic point-pair (£, 7) of the correspondence.
So far, we have only dealt with normal problems for which the
number of solutions in the generic case is finite. The removal of this
restriction is a simple matter. Let

fi(gsy)=0 (7’= 1,...,7) (ll)

be the equations of a normal problem for which the solutions, for
generic £, form a variety of dimension b (unmixed, by definition of
a normal problem). Let uy (¢ =1,...,b;5 =0,...,n) be b(n+1)
independent indeterminates over K(£). We add to equations (11)
the equations n

. Eou”y’:o (¢=1,...,b).

This reduces the problem to the case b = 0. If 7@, ..., 7@ are the
solutions of the new problem (as usual, we may assume that
7730) =1), g /n

F(8 ugs %) = Aug, ..., up) I1 ( ouoiﬂ(ip))

p=1 1=

is the Cayley form of the variety of solutions of (11). We can read
off from this the properties of (11). We leave to the reader the
proof of

TrEOREM IV. If the solution of (11) for the specialisation &z’
18 purely b-dimensional, and the quotient ring of the point x' of the
object-variety is integrally closed in its quotient field, then the multi-
plicities of the components V,, ..., V; of the solutions of the equations

fil@h,y)y=0 (=1,..,7)
are uniquely determined. If the order of V, is g; and its multiplicity isr;,
2rigi =9,
where g 13 the order of the variety of solutions of (11).
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If the correspondence defined by the normal problem be irreducible,
>0 (1 =1,...,k).

We can apply this theorem to the problem of the intersection of
an irreducible algebraic variety V of dimension d (d > 1) and order
g in 8, and a prime /7. We saw in § 5 that this problem can be
expressed as a normal problem, the associated correspondence C
being irreducible, its object-variety M being an n-space. To a
generic point of M there corresponds an irreducible variety in S,
of order g [X, §8, Th. I]. Since the conditions of Theorem IV are
fulfilled, we conclude that the intersection of ¥V by any prime not
containing V is an unmixed variety of total order g.

This result could be extended to the section of V by a k-space
(k=n—d), but we do not do this here, since the result is con-
tained in the general theory of intersections studied in the next
chapter.

8. Multiplicative varieties. The association of the concept
of multiplicity with a variety forms the basis of a multiplicative
theory of varieties which plays an important role in numerous
aspects of algebraic geometry. Let V; be any unmixed variety of

dimension d in S,
V= VO VD, (1)

where V& is an irreducible variety of dimension d and order g;.
Let F(u,, ..., uz) be the Cayley form of V$; it is irreducible over K
and of degree g, in uy, ..., u;,, for j = 0, ...,d. The form

3
F(ug, ..., ug) = 1:l;Il[E(uo: ey Ug)]%, (2)

where a,, ..., a, are positive integers, satisfies the conditions for a
Cayley form [X, §8] of an algebraic variety which, regarded as a
set of points, coincides with ¥;. We now consider a new entity,
consisting of the variety ¥; associated with the form F(uq, ..., %,),
for a given choice of the exponents a,, ..., a;. If V;is irreducible and
the exponent a= 1, we denote this entity by V,, using Clarendon
type, and continue to speak of ¥ as an irreducible variety (in the
multiplicative sense). More generally, if ¥; is given by (1), and the
associated form is given by (2), we write

Vy=a,VP+...4+a, VP,

HPII 9



130 XI. ALGEBRAIC CORRESPONDENCES

and say that V, is a variety in the multiplicative sense. The order in
which the terms of the sum are written is immaterial. The convention

W, =7;
enables us to include the definition of V¥, where V; is irreducible,
in this definition. It is also convenient to extend our definition to

include the case in which some of the exponents a, in (2) are zero;
we do this by the convention that if, for instance, a, is zero,

Vi=a,V@+...+a, VP
=a,VP+...+a,_ V&P,

We now define aV;, where a is any non-negative integer, and V,
is any multiplicative variety
Vd = alvg)"*' vee +ahV$1h),
by the equation
aV;=aa, VP +... +aa, VP,

Thus the point-set variety associated with aV, is that associated
with ¥, while the Cayley form of aV is the ath power of that of V.
We define the sum of two varieties of dimensions d in the multi-
plicative sense by the equations

aV;+bV; = (a+d) ¥,
@V +...+@ V) + (b, UP +... +b, UP)
= VP4 .. +a, VP +b, UP+ ... +b, UL,

In fact, the addition of varieties of dimension d, in the multiplica-
tive sense, is given by the product of their Cayley forms. With this
law of addition, the addition of varieties in the multiplicative sense
is clearly associative and commutative.

At a latgr stage, we shall find it convenient to extend our concept
of a variety in the multiplicative sense by allowing the coefficients
@y, 4y, ... to take negative integral values. The operation of addition
is then defined as above, so that if the zero variety is that in which
all the coefficients a; are zero, the set of d-dimensional varieties
in 8, in the multiplicative sense, forms an additive semi-group.

If Vi=a,V@+...+a, VP,

where VY, ..., V¥ are irreducible, we speak of VY, ..., VP as the
srreducible components of V;, and of ay, ...,a; as the multiplicities
of these components. If V¥ is of order g, V, is said to be of order
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Za,g,; in some works it is customary to speak of this as the order
of V; ‘when the components are counted with their proper multi-
plicities’.

The multiplicative theory of varieties is the proper medium in
which to interpret the concept of a normal problem. In any normal
problem the generic case has a solution

Vo) = VR(E) +... + V),

where VY, ..., V¥ are distinct irreducible varieties of dimension d.
' What we are really doing is to define from our generic solution the
multiplicative variety

Vi(£) = VRE) +... + VA,

in which each component is simple, that is, of multiplicity one. If
£-—->x' is a specialisation of £ for which it is possible to assign
multiplicities to the solution of the derived problem, let V... 79
be the components of this solution, a; the multiplicity assigned to
VY. Then if V;=a,VP+...+a, VP, V, is called the proper
specialisation of V,(£) corresponding to the specialisation §{—>2’,
and it is clear from our definition of multiplicity that this is equi-
valent to defining the proper specialisation of V(&) to be the
(unique) multiplicative variety defined by the proper specialisation
of the Cayley form of ¥;(£). This concept can, of course, easily be
extended to define the proper specialisation of any variety

Vi(€) = a, VRE) +... + @, VP(E),

corresponding to a specialisation of £, as the variety whose Cayley
form is the proper specialisation of the Cayley form of V,(£).

Thus it is clear that in a normal problem we are simply choosing
the generic multiplicative variety V;(§) to be that obtained by
assigning unit multiplicity to each component of the point-set
solution of the generic case of the normal problem. For any
specialisation £—2’, the multiplicities of the specialised problem
are then defined as the multiplicities of the components of the
corresponding specialisation of V;(£), and are properly defined if
and only if this is unique.

9. A criterion for unit multiplicity. We now know some con-
ditions under which the solutions of a normal problem have a
positive multiplicity. As we saw in § 7, these conditions cover some

9-2
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important cases. But in applications of the Principle of Conser-
vation of the Number, in particular to problems in enumerative
geometry, we must also be able to calculate the exact multiplicity
of a solution. The theorem we are about to prove tells us that under
certain conditions the multiplicity of a solution does not exceed
unity. If these conditions are satisfied, and if we also know that the
solution has positive multiplicity, it follows that the solution has
unit multiplicity exactly. If this is the case for every solution of
a selected special case of a normal problem it then follows, by the
Principle of Conservation of the Number, that the number of dis-
tinet solutions in the generic case is exactly equal to the number of
solutions in the special case selected. This special case is often easier
to study than the generic case.

THEOREM 1. If a normal problem is given by the equations

fl&y) =0 (@'=1,...,7), (1)

and has the property that for generic £ it hasa ﬁmte number of .solutwm,
and if, under the proper specialisation £—z', two distinct solutions
7', 7" specialise to the same solution y’, the spe_cz'alised primals

fi(x”y) =0 (’l’ =1,..,7) (2
have a common tangent line at the point y = y'.

We prove that the line joining %’ to 7" specialises to a tangent
as §>2'.

We may assume that if ' = (yg, ..., ¥5), then yg+ 0. It follows
that 7,+0, and 75+0, and we may put yo =7, =175 = 1. We
now write ” ’

Tx = M~ k-

Then 7, = 0. The proper specialisation (§,%’,7")—(2',y’,¥y’) can
be extended to a specialisation (§,%',9",7)—>(2',¥',¥’,t'), where
to = 0. We have the equations

f’t(gi 77’) =0,
fil&n") =fué,n' +7)=0.

This last equation can be expanded in powers of 7,,...,7, and
becomes

fu&sm )+ET fi(g’” )+lngher powers = 0,
that is 5”_] Fde, )+hlgher powers = 0. (3)

T oM



9. A ORITERION FOR UNIT MULTIPLICITY 133

The degree of each term of (3) in the 7, is at least one. By replacing
7, by 7% — 7z, we can make the left-hand side of (3) homogeneous of
degree one in the 7. If we then also make the left-hand side of (3)
homogeneous in the 7; and the 7; respectively by introducing 7
and 75, we have an equation which continues to hold after the
specialisation (£, 7', 7", 7)—> (', y', y',t'). Since ;. — 7 (or 7570 — 7% 70)
vanishes under the specialisation, because both %" and 3’ specialise
to ¥, only the first term of (3) remains, and this is now

ayk )

This equation shows that the tangent primes at y’ to the specialised
primals f;(2’,y) = 0 have in common the point

= (0,11, ..., %)
Since these tangent primes all pass through the point
,"/' = (1’ ylly :y;):

it follows that the line ¢’ lies in all the tangent primes. This proves
the theorem.

Zt
1

Corollary. If (x',y’') 18 a proper specialisation of (§,7), and the
of=’,y')
a ’

mairie ( ) is of rank n, y' counts stmply in the solutions of

i
the equations f@hy) =0 (=1,..r).
This follows from the fact that the linear equations

%, ofl@,y)
15) i ay;i =0
define primes with exactly one common point of intersection, the
point y'.
We can extend this corollary to the case in which the solutions
of the normal problem are unmixed varieties of dimension b. If

we add to the equations
ft(éi’/) =0 (i =1, ...,7‘)

the equations of b generic primes

n
jzouﬁyj = O ('l: = 1, ooy b),

we obtain a set of points 7@, ..., 7@ which are generic points for the
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various components of N(£). If N(z') has a component which has
multiplicity greater than unity, the generic S, , defined above
meets this component in a generic point y’ which is a proper
specialisation of more than one %®. Hence, by the corollary, the

matrix ,
¥z, y')
oy
Uy
is of rank less than n. Since the u; are indeterminates, we deduce
that the matrix ] (afi(x', y'))
Y

is of rank less than n —b. Hence we have

TaeoreM 11. If in the normal problem given by the equations

filz,y) =0 "(e=1,...,7) .
the variety N(£) is unmized of dimension b, sufficient conditions for
the component of N(x') with generic point y' to have unit multiplicity
are (i) the component has a unique positive multiplicity, and (ii) the
matrix (M) 18 of rank n—>.
0y;

10. Simple points. The proof of Theorem II of § 5 shows that
the problem of finding the intersection of an irreducible variety V
of d dimensions in S, with a prime is a normal problem for which
the associated correspondence isirreducible (in short, an irreducible
normal problem). Repeating the argument, we see that the problem
of finding the intersection of the irreducible variety V with an
(n—d)-space is an irreducible normal problem. The object-variety
M represents the system of all (n—d)-spaces in S,. Since every
point of this is simple [cf. Chapter XIV]), it follows that whenever
a space S;,_; meets V in a finite number of points, a unique positive
multiplicity can be attached to each of the intersections, so that the
sum of these multiplicities is g, the order of V.

It often happens that we have to consider the intersection of V
with a space S,_; which is a generic (n — d)-space through an assigned
point ' of §,, and it is convenient to establish here some results
for this case. In particular, we shall consider the case in which z’
is a simple point of ¥, and we shall obtain a new characterisation
of a simple point of an irreducible variety.
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If 2’ is any point of 8, we adjoin its coordinates to the ground
field K. Over K(«'), V may be reducible, but each of its components
is of dimension ¢ [X, § 11, Th. I]. We need only consider one of these
irreducible components ¥’. We then make a transformation of
coordinates so that z” becomes the point (1,0, ..., 0), and consider
the intersections of V' with (n-—d)-spaces through this point.
A prime through z’ has an equation of the form

WY+ ... +u Y, =0. (1)
Let £ be a generic point of V', and let  be a generic solution of

U b+ .o+ u g, = 0.
The correspondence given by the equations of ¥’ and (1) is not
necessarily irreducible if ' lies on ¥, but the proof of Theorem I,
§ 6 shows that if #” is any point of ¥’ other than 2’, and «” is any
prime through 2’ and «”, then (z”,%") is a proper specialisation of
(€, 7). Continuing this argument, we find that if { is a generic (n — d)-
space through z’ at §, and if 2” is any point of V'’ different from z’,
and 2" is any (n—d)-space through z’ and 2", (z”,2") is a proper
specialisation of (£,§). Applying the arguments of § 4 to the corre-.
spondence whose generic point-pair is (£, {), we see that if a generic
(n—d)-space through 2’ meets V' in any point different from 2,
the number of such points is finite, and each is a generic point of
V' over K(x'). Since a generic point of ¥’ over K(z') is a generic
point of V over K, we obtain

TueoreM I. If ' is any point of S,, which may or may not be on
V, a generic S,_; through x’' meets V elsewhere in a finite number of
points at most, each of which is a generic point of V.

We have now to consider the multiplicities of the intersection of
V with a generic (n —d)-space through z’, as determined by special-
isation from the normal problem of the intersection of V with
(n—d)-spaces of S,.

We only consider the case in which 2’ is a simple point of V. Let

fi@)=0 (=1,..r)
be a basis for the equations of V. Then, if

= (oo Mytp_ g -+*)
is a generic (n — d)-space of S,, the normal problem is given by the

equations n—dil

j§0 (— l)j ﬂin---ij-lij+1---‘in-d+1‘xij = O’
f@) =0 G=1,..,0n.
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If we specialise 77 to be a generic (n—d)-space 7" through z’, the
point 2’ is a solution of the resulting system of equations, and has
multiplicity one if the equations

n—d+1

j§0 (— l)j Tréo...‘ij_1‘ij+1...in..d+1 xij = O’ (2)

afi _ . !
ijj—a;; =0 (t=1,...,7) (3)

have 2z’ as an isolated solution. Since 2’ is a simple point of V,
equations (3) determine the tangent d-space to V at x’. Equations
(2) are the equations of a generic S,_; through z’, which meets
this tangent space only in 2’. Hence z’ is an isolated solution of
(2) and (3). Thus we have

TarEOREM II. If ' i3 a simple point of V, a generic (n—d)-space
through x' has a simple intersection with V at x’.

We next consider those points which are different from x’ and
are common to V and a generic (n —d)-space through the simple
point z’.. We prove

TrEOREM III. If ' is a simple point of V, each point common to
V and a generic (n— d)-space through x' has multiplicity one.

The case of «’ itself has been covered by Theorem II. If this is
the only intersection, nothing further is required. Assume that
there is another intersection £. By Theorem I, £ is generic on V.
If £ counts multiply among the points of intersection, a generic
8,_; through z’ and £ meets the tangent S; at £ in a line, at
least [§9, Th. I]. If " is any simple point of V, distinct from 2’,
and we consider any S,_; through the line z'z", it follows that
this specialised S,_; meets the tangent S; at 2” in a line, at
least. In fact, the geometrical property we are considering can be
expressed by the vanishing of expressions homogeneous in the
coordinates of z’, £, S, _;and S, and is therefore preserved by proper
specialisation of any of the coordinates considered. But if 2’ does
not lie in the tangent S; at a given point 2", we can always find an
8,_q through z’z” which meets S; at #” and in no other point. It
follows that if a generic S,_,; through 2’ meets V again in a point
which counts multiply among the further intersections, the tangent
space at every simple point of V contains .

In particular, the tangent space at every generic point of V
contains z’. We prove that this can only happen when V is a linear
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space §;, in which case our hypothesis, that a generic S,_; through
a point 2’ of ¥ meets V again, breaks down.
Let the forms which vanish on ¥ have the basis

L@ (v=1,..,r.
By hypothesis 2’ lies in the tangent space to ¥ at a generic point £.

% 0 _ _
Hence 12‘09&"8—@ =0 (v=1,..,7).
The form . ngg% v=1,..,7r
j

therefore vanishes at £. It therefore vanishes on V, and can be
added to the equations of V. In particular the argument given can
be repeated, and we find that

2
Lxix; %, v=1,..,7r

"k
™ 0w, Oy

vanishes on V. If f,(z) is of order g,, an elementary identity shows
that if k =g,—1,
A %,
— Y = p % Cv,i é?,: ’

’ !
XX T
Uy eeery Uk

" Oy, ... O
where p = k! Therefore, by a continuation of the above argument,
V satisfies the equations

o,
296"870; =0 (v=1,...,r).
But since 2’ is a simple point on V, these are the equations of the
tangent S; to V at 2’, and therefore V lies in this tangent space.
Since V is of dimension d, we must have V = §;.
Finally we prove the converse of Theorem II:

TrEOREM IV. If 2’ is any point of V such that a generic S,_,
through ' meets V in a set of points amongst which x' counts simply,
then V has a tangent S; at &', which is therefore a simple point.

Let the order of V be g. We first prove the theorem when V is
aprimal; thatiswhend = n— 1,and Visgiven by asingle irreducible
equation of degree g,

f(@)=f(zg, 2y, ..., 2,) = 0.
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We assume that a generic line through &' meets V in a set of points
amongst which z’ counts simply. Let £,7 be two generic points
of 8,. The line joining them meets V in the g points £+ A;%, where
Ay, ..., A, are the roots of the equation

f(E+An) = 0.

To obtain the multiplicities of a specialised intersection we must
obtain the Cayley form of the set of points £+ A;7, and then
specialise £ to z’. The Cayley form of this zero-dimensional set is

F(u) - Aif-ll féouj(gj + Aiﬂj)] - Ailfll[jéouj gj * A’t:I%(;“'ﬂH:] '

Now FE+A7) = Bilfll =2,

and if in this identity we write

po(E) ()

and note that F(u) is a polynomial in «,, ..., %,,, we can take
n n
F(u) = ( uyn;— )
(w)=f gjgo 1 N4 771230’“1 gj

It follows immediately from this that if 2’, ¥’ are any two distinct
points of §,,, the multiplicity of 2’ + uy’ as an intersection of the line
2y’ with V is the multiplicity of 4 as a root of

fl@'+ay’) = 0.

Hence if 7 is a generic point of S,, ' counts simply amongst the
intersections of the line z'y with V if and only if

G
& e
The 7, being indeterminates, this condition implies that at least
one derivative Bjé(:’ ) #+ 0. Hence the tangent prime
i
=, o) _
E5 Ty ~ 0

to V at 2’ exists, and this is what we wished to prove.
Now let V be an irreducible variety of dimension d, and let
Z2,_q be a generic (n—d)-dimensional linear space through z'.
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By hypothesis 2, _; meets V in ¢ distinct points, of which 2’ is one.
A generic (n—d— 1)-dimensional linear space in X, _; through z’
does not contain any of these g points except «’. Let Z,_; , be such
a space, and let X,,_; , be a generic (n—d — 2)-dimensional linear
space in X, ; ;. Then %, _,; ,is generic in S,.

We construct the locus C of spaces S,_g_; through 2, _; , which
meet V. By X, §7, p. 46, this locus C is a primal of order g, irre-
ducible since ¥ is irreducible. We show that a generic line through
z’ meets C simply at z’.

In fact, a line I meets C in a number of pomts not greater than the
number g of points in which the §,_; joining X, _; _, to I meets V.
If I is a generic line through 2’ which lies in 2, ;, / meets C in g
distinct points, of which ' is one. For in this case the §,_; which
joins X, _; , to I is a generic 8,_; through z’, and by hypothesis
this meets V in g distinct points. The joins of 2,_;_, to these points
meet [ in g distinct points, of which 2’ is one.

Hence there is a tangent prime at 2’ to C. This prime contains
X, _4_1, which lies on C, and its intersection with 2, _; is precisely
Z,_g-1. If we now vary the X, _; ; through «’, keeping X, _; fixed,
the intersection of all the spaces X,_;_, is just the point 2. Hence
the tange;lt primes at 2’ to the various primals C through V have
only the point 2’ in common with X, ;. But the common inter-
section of these tangent primes is necessarily a linear space. Hence -
the dimension of this common linear space cannot exceed d. It
follows from X, § 14, Th. II, that the linear space common to the
tangent primes at 2’ to all primals through ¥ for which z’ is a simple
point has a dimension not greater than d. But this dimension is
not less than d [X, § 14, Th. I]. Hence the dimension of this common
linear space is exactly d, so that there is a tangent S; to V at «'.
The point 2’ is therefore a simple point.

We therefore have

TrEOREM V. A simple point ' of an irreducible variety V of dimen-
sion d can be defined in two equivalent ways: (i) x' is simple if there
exists a tangent S; to V at x'; (ii) ' is simple if a generic S,_4
through x' meets V simply at z'.



CHAPTER XII
INTERSECTION THEORY

1. Introduction. In Chapter X we discussed some pro-
perties of the intersection of algebraic varieties considered as sets
of points. Here we develop a theory of intersections of algebraic
varieties in a multiplicative sense [ X1, § 8] which will lead, eventu-
ally, to a quantitative theory of systems of (multiplicative) varieties
lying on an irreducible variety V. Our results will be confined,
almost entirely, to the case in which V has no singular points. It is
possible to carry the theory further than we do, and for such develop-
ments we refer the reader to Professor Weil’s book (see Biblio-
graphy), and to the papers of Professor Zariski which are listed
in the Bibliography at the end of volume III. Nevertheless, the
results which we obtain are sufficient to provide a sound founda-
tion for those developments of classical algebraic geometry which
are based on intersection properties.

Our objective is to obtain a natural definition of the intersection
of two varieties V, and V;. We begin with a definition which appears
to be arbitrary, depending on the particular choice of a normal
problem. We shall show, however, that if certain” conditions are
satisfied our definition does not, in fact, depend in any essential
way on the normal problem selected, and has an intrinsic meaning.

We shall first define the intersection of two varieties V, and ¥}
in a projective space S,,, and show that the associative, commutative
and distributive laws hold. We then pass on to the consideration of
the intersections of varieties lying on an irreducible V,, and prove
a general theorem on the intersection of varieties which vary in
irreducible systems. From this theorem we shall be able to deduce
that the intersection of the two varieties is independent of the
normal problem chosen.

Until this point is reached our definition of the intersection of
two varieties ¥, and ¥, (of respective dimensions @ and b) on a
variety ¥, of dimension n will be confined to the case in which the
corresponding point-set varieties have in common an unmixed
variety of dimension a +b—n, if a+b>n. If a+b<n, we assume
that there is no intersection. But with the introduction of systems
of varieties, we can formally remove these restrictions. The interest
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then shifts from the actual intersection of two varieties ¥, and ¥,
to the unique ‘intersection system’ which is defined by the systems
of which ¥V, and V¥, are members, and a calculus of systems is
developed. The chapter concludes with a study of the systems of
varieties which exist on certain special varieties. A general property
of varieties is illustrated. This general property has, as yet, only
been proved in special cases.

Before proceeding to develop the theory of intersections of
multiplicative varieties systematically, we consider [§§ 2, 3] certain
constructions relating to irreducible varieties in the point-set sense
which will prove to be useful tools in our general theory.

2. The degeneration of an irreducible variety in S,. Let V}
be an irreducible variety in the point-set sense in 8, of dimension
d and order g, and let

filw)=0 (@=1,..,7) (1)
be a basis for the equations of V;. If £ is a generic point of ¥; the
matrix

(afi(é))
0&;
is of rank n —d, and the equations
2 . Ful€) :
X =0 = 1, veey T 2
Zage =0 G ) (2)

are the equations of the tangent space to V; at £ [X, § 14]. Let Sy
be a linear space of dimension N = n(n+ 2), in which the homo-
geneous coordinates are t; (i, = 0,...,n). Let 74 (4,7 =0,...,n)
be (n+1)? indeterminates over K(£), and consider the corre-
spondence between Sy and S, defined by the generic point (7, 7-1§),
where 7 = (7). This irreducible correspondence is of dimension
n(n + 2) +d, since the 7, are indeterminate over K(£). The object-
variety is Sy. Hence to a generic point 7 = (7qp, ..., Tps) of Sy
there corresponds in S, an irreducible variety of d dimensions
over K(7), say V3.
Among the equations of V7 are the equations

fi(‘rx) =0 (":: 1,...,7‘), (3)
for, by the properties of a generic point § of V;, we have
ft("'ﬂ) =f'i("_1g) =fi(§) =0 (i = 1’ -'-sr)s
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where 7 = 771§ is a generic point of Vj over K(r) [XI, §4]. Con-

versely, let Z be any solution of (3). Then 7Z is a point of ¥, and is

therefore a proper specialisation of £&. Hence Z is a proper special-

isation of 7-1£ and lies on V7. The equations (3) therefore define V7.
The tangent space to Vj at 7 is given by the equations

2 ofi(mn)
F=0 ! on;
that is, by the equations

x & il _ o (i
j§0k§oxﬂkj %, =0 Gi=1,..,r).

=0 (¢t=1,..,7),

Hence the tangent space to V7 at 7 is the transform of the tangent
space to V; at £, given by the equations (2), under the collineation
% —x, where

n
Zi= Rrym (0= 0.m) (4)

It is, of course, evident that V} is the transform of V; under the
collineation (4). It follows that V7 is of order g.

Returning to the correspondence with generic point (7,771§), we
have seen that to a generic point 7 of Sy there corresponds an irre-
ducible variety of dimension d and order g over K(7). But we
cannot assume that these varieties V] describe an irreducible
algebraic system as 7 describes Sy. On the other hand, by XI, § 6,
Th. II, we can define an irreducible algebraic system of varieties
whose generic member is V5. We let { be the Cayley image of V]
[XI, §6], and consider the irreducible correspondence whose
generic point-pairis (7, {). The image-variety of this correspondence
gives us an irreducible algebraic system of varieties of dimension
d and order g. A generic variety of this system is V3. We call this
system the system obtained by projective transformation from V.

To every specialised point ¢’ of Sy there corresponds one or more
points 2’ which are the Cayley images of varieties of dimension d
and order g, the carrier-variety of which is the variety whose

equations are .
d flt) =0 G=1,..,7) (5)

If these equations define an irreducible variety of dimension d over
K(t'), it follows from X1, § 6, Th. II that this variety is the unique
specialisation of V7 corresponding to7—¢'. It is therefore a member
of the system obtained from ¥; by projective transformation.
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In particular, when ¢’ is the unit matrix, we obtain the original
variety V; itself, and have therefore proved that the system ob-
tained from V; by projective transformation contains 7.

If the Cayley form of ¥V is F(uy,...,ug), in which u,, ..., u; are
regarded as column vectors, the Cayley form of Vjis

F(tuy, ..., Tug),

where ¥ = (7')~1. To prove this result we note that for specialisations
Uy ..y Ugy F(Ug, ..., %;) = 0 is the condition that the 8, _; ; given
by the equations

y vheeq @)z=0 (i=0,..d

should meet the variety V; given by the equations

fi®)=0 (@=1,..r).
Hence, if v; = 7'u;, F (4, ..., ug) = 0 is also the condition that the
8, _4-1 given by the equations

@) z=@w)Tc=0 (1=0,..,d)

should meet the variety V7 given by the equations

filtz)=0 (=1,...,7).
Since 9; = 7'4;, F(79,,...,79;) = 0 is the condition that the S,_;_,;
given by @)z=0 (E=0,..,d
should meet the variety V3. Replacing the v; by u;, the result
follows.

Having established these preliminary results, we are now con-
cerned with a specialisation ¢, of 7 in which ¢, is a singular matrix,
defined as follows.

Let P,,...,P, be n+1 independent generic points of S,, let
83_, be the space spanned by F,, ..., P;_;, and 8% _; that spanned
by P, ...,P,. Each of these spaces is generic in §,. If the co-
ordinates of P; (¢ = 0, ..., n) are

P = [ooss @14y« 225 Zngls

we write down the matrix in which the coordinates of P, are column
vectors:
o= (d“). »

Now let o be the diagonal matrix with zero in the first 4 places on
the principal diagonal, and 1 in the remaining n—d+ 1 places.
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Finally, let # be a generic (% + 1) x (n+ 1) matrix. Then we define
the singular matrix ¢, to be

ty = faoat.
Let V' be the variety whose equations are
filtex) =0 (@ =1,...,7). (6)
Any point which satisfies the equations
tox =0
lies on V’. These are the points which satisfy the equations
oalx = 0,

and these equations define S§_;. If 2’ is any point satisfying (6) but
not in 83 ;, the point aoca—1a’ lies on V4. It is easily seen that
aoo~1z' is the projection of 2’ from S_; on to SY_,.

Conversely, if the projection aga—'2z’ of 2’ from SJ_; on to 8%_,;

. ﬂ .
lies on Va, filfooaz’) =0 (i=1,...,r),
and z’ lies on V', _

Hence the points of V'’ consist of the points of S%_; and those
points which project from S$_, into the intersections of 89 _;
and V4. Since 8Y_, is a generic (n—d)-space over K(f), there are
g conjugate points common to S_, and V4, each of which is simple
for V4. It follows that V' consists of g conjugate d-spaces over
K(p) which each contain 8Y_,. The variety V' is therefore irre-
ducible and of dimension d over the field K(¢,). By what we have
said above, V' = V4 is therefore a member of the system obtained
from V; by projective transformation.

At a generic point 7 of V% the tangent space is given by the
equations n  3fton)

i\"0 — s __
jgox, on, 0 (e=1,..,7). (7)
Since 7 is generic it does not lie in S%_,. It must therefore project
from 8Y_, into one of the g simple points, @, say, in which S%_,
meets V4. Since the tangent space is of dimension d, equations (7)
represent that component of V% which contains 7 and meets S%_,
in"@;, that is, the join of SY_, to Q,.

The g points Q,, ..., @, in which S%_; meets V4 are the transform,

under the collineation Z -2 given by z = f~'Z of the points of
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intersection of some S,_; which is generic over K and V. Since
f is generic, each point @; is a generic point of S, over K. The
d-space S joining SY_, to @, is the join of a generic 8_, to a generic
point of S,. Hence each 8§ must be generic over K.

The system obtained by projective transformation from ¥
therefore has the following properties:

(i) it contains 13;

(ii) it contains a variety consisting of g d-spaces which all
contain a generic (€ — 1)-space; each of the g d-spaces is a generic
d-space of §,, over K.

If we are given an irreducible variety V; defined over K, and can
construct an irreducible algebraic system of varieties which contains

i) Vs

(ii) a variety (possibly defined over some extension of K) which

is reducible to a sum U, + W,
we say that ¥ can be degenerated into U + W,. We state the results
of this section in

TrEOREM 1. Any irreducible variety V; of dimension d and order
g can be degenerated into a sum

SP+...+89,
where 8P, ..., 89 are g distinct d-spaces through a generic S;_,, each
of the 8y’s being generic in S, over K.

[ .
Since V; and 3 8% are each of order g, we deduce immediately
i=1

that if ¥V, and 8% are regarded as irreducible multiplicative varieties,
there is an irreducible system of multiplicative varieties containing

V, and 8+ ... +SY.

3. The product and cross-join of two irreducible varieties
in S,. Let ¥V, and ¥, be two irreducible varieties in S, defined over
K. We consider certain loci associated with them which are of
considerable use in intersection problems.

Let fil)=0 (t=1,...,7)
be a basis for the equations of ¥, and let

g9:(x)=0 (=1,...,8)

be a basis for the equations of ¥,. We also assume that £,7 are
normalised generic points of V,, ¥, respectively.

HPIL I0
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We begin by defining the direct product of two varieties. Let
S, be a second n-dimensional projective space in which the co-
ordinates are (¥, ...,¥,), and let V; be the variety in S, whose
equations are ,

q gy) =0 (i=1,..,8).

In the two-way projective space S,, in which the coordinates are
(%, y) consider the variety whose equations are

filx)=0 (=1, ...,r),}
giy) =0 (E=1,...,9).

We call this variety the direct product of V, and V3, and denote it by
¥V, x V;. Evidently 8,, may be regarded as the direct product of
8, and S;,.

Over the field K (£) it is possible that V3 is reducible. Each com-
ponent is then of dimension & [X, § 11, Th. I], and we assume that

(1)

k
Vo=VP+..+ VP =3 T7P,
=1

where X denotes summation in the point-set sense. Let 7V be a
normalised generic point of V{ over K(£). Then [X, §11,p. 74]
7@ is a generic point of V3 over K. In S,, the point-pair (&, 7®) is
a generic point over K of a variety M®, say. Since K (£) is of dimen-
sion a over K, and K(§,7V) is of dimension b over K(£), K(&, 1Y)
is of dimension a+b over K; that is, M® is of dimension a+b
over K.

The variety M® defines an irreducible correspondence between
8, and S,. The object-variety in S, has generic point £ over K,
and is therefore ¥, and the image-variety in §;, has generic point
7™ over K, and is therefore V3. To the generic point £ of ¥, there
corresponds the b-dimensional variety V{, which is irreducible
over K(§).

In the correspondence 3, M@ between S, and Sy, there corresponds

1 ”
to the generic point £ of ¥, the variety 3 V§? = V;. In the corre-
i

spondence between 8, and 8, defined by the equations (1) there
also corresponds to the generic point £ of ¥, the variety V5 = 3 V{.
i

The two correspondences are therefore identical; that is

V,x Vi = 3 MO, @)
i
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Hence the direct product of two varieties irreducible over K may
be reducible over XK.
Since 3, M® is defined by equations (1), it must be symmetrically
i

related to V, and V;,. We could therefore have defined it by choosing
a generic point 7 of V3, and by considering the components V¥ of V,
over K (7). If there are &’ such components, we conclude, as above,
that the variety given by (1) has ¥’ components over K. Hence
k' = k. An immediate consequence of this is that if either V, or ¥},
is absolutely irreducible, £ = 1, and hence the direct product is
irreducible.

Let K* be any algebraic extension of K over which ¥, and V}, are
completely reducible. Then if, over K*, we have

8 t
I{z = szp’ V{) = ng)’
1=1 j=1

itis clear that V,x Vi = 0@ xof.
i,j

Since 3} M@ =V, x V3, it follows that
i
M = TP x o™,

where in the k summations Z® (3 = 1,...,k)each v® x v (I = 1,...,s;
m = 1, ...,t) occurs exactly once. The variety M® defines a corre-
spondence between the z-space and the y-space in which the object-
and image-varieties are ¥, and ¥}, and +{ x ™ defines a corre-
spondence in which the object- and image-varieties are v{ and v{™.
Hence it follows that in each summation X, ] takes all values from
1 to s, and m all values from 1 to ¢. If 2® is a generic point over K*
of Y and y™ a generic point of »{™, we see that to 2@ there corre-
sponds in M® the points of all varieties v{™ such that »? x v{™ is a
term of X®, Since K(z®) and K(29) are equivalent extensions
of K, it follows that the varieties in the z-space which correspond
to 2® and 2@ in M® have the same order; hence it follows that the
number of terms vY x vf™ in XZ® for which / = p is the same as the
number of terms for which ! = ¢. If this number is o;, M® has
8 x o, components. Similarly, we show that it has ¢ x 7; components,
where 7, is the number of terms in 2@ in which a given v{™ appears.
The numbers o;, 7, may vary with ¢.

The following example will illustrate the, way in which ¥, x V5
may be reducible.

I10-2
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Let K be a field which is not algebraically closed, and let
f(@,y) = ag2® + a, 2% + ay2y® + agy®
= a3y —a,2) (¥ — %27) (y — 23 2),

be any cubic which is irreducible over K, «,, «,, &, being in some
extension of K. Let V, and V}, be the varieties in one-space given by

f(xO’ xl) =0, f(yOa 3/1) =0,

respectively. (1, a,) is a generic point of ¥,. We consider V; defined
over K(a,). Itis clearly reducible, since it contains the point (1, a,)
which has coordinates in K(«,). The remaining component is
reducible or not according as

a
ag(y1 — AaYo) (Y1 — %3¥o) = A3Ys+ (A +a30,) Yoy — a_(;?lg

is or is not reducible over K(«,). If this equation is irreducible,
we have k = 2 and the two components of ¥, x V; over K consist
of the sets of conjugate points. »

(l,al; ]-’al)’ (l,az; 1:“2); (lyaa; 1,(%3)
and
(1,95 1,03), (1,095 1,005), (1,045 1,0xy),

(1, ay; 1, “3): (1, ay; 1, OL2), (1, ay; 1, 0‘1)'
The first set satisfies the equations
f@o2) =0, f(Ho,y1) =0, Zoy1—21Y0=0,
and the second set satisfies the equations
f(@o, %) =0, f(Yo,%1) =0,
321 Y1 (ZoY1 + 1 Yo) + B0 %1 Yo Y1 — Ao Z5Y5 = O

IfV, x V; hasthree components, the roots a,, &,, a; of (%, ¥) have the
property that there exist polynomials g(x), A(x) of degree 2 in
K[x] such that

(o, g 03) = (a1, 9(21), A(2g)) = (B(x3), 2, g(2ta)) = (g(cta), A(cts), 25).
Then it is easily seen that each component of ¥, x V}, satisfies the

equations f(2,, Z;) = 0, f(¥o, 1) = 0 and one of the equations

. i 7
ToYy—21Yo = 0,° Y123 = ?/ox%g(;:) » PG = yoxﬁh(;:) .
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Let Sy (N = n(n+2)) be a projective space in which the co-

ordinates are (Yo, ...,%,,). As in §2 we shall represent a point of

Sy by the (n+1) x (n+ 1) matrix ¢ = (¢4) (5,5 = 0,...,n). We con-

sider the variety U™ in the three-way space S,,y whose equations
over K consist of the equations of M® and the set of equations

n n
?/jlfatmxz“ykl;otﬂxz =0 (j,k=0,...,n). (3)

For any point (2’,y’) on M the corresponding set of equations (3)
for t is of rank n. Hence, by the reasoning of XI, § 5, Th. I, U® is
irreducible, and if 7¥ is a generic solution of the equations

n n
ﬂ(jl)z%tmgt—ﬂ(kl)lzotngz =0 (4,k=0,...,n),

where £ is a normalised generic point of ¥, #® a normalised generic
point of V), the point (£, 7V, 7V) is a generic point of U®. The
dimension of U® is

a+b+nn+2)—n=a+b+n2+n.
The projective transformation
y =1

is the generic transformation between S, and S;, over K which maps
£ on ™. Hence it follows that

(@) 7V is non-singular, and

(b) the inverse transformation

z = (1) 1y

maps the tangent space to V; at 9@ on a b-space through £
which is generic over K(£) in the system of b-spaces
through £.
Reasoning similar to the above applies to the varieties
M®, ..., M®, and enables us to define varieties U®, ..., U®,
The variety U® defines a correspondence between the spaces
S,~ and S;. Let T® be the object-variety of this correspondence
in S, . It has (£, 7) as a generic point. The equations

. BERE-BIE=0 (k=0,..,n)

have a unique solution y = %, since 7 is non-singular. Hence, to
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a generic point of 7' there corresponds in U® a variety of dimen-
sion zero. By the Principle of Counting Constants [§ 7, p. 104], T®
is therefore also of dimension a + b+ n(n + 1).
The equations of 3, U® in S, y are clearly
i
f’t(x) =0 (i = l’ ...,1’),

. ngi(y) = 0 (?: = 1, ...,8), (4)
yjl%tklxl-yklzotﬂxl =0 (j,k=0,...,n).

The equations of the object-variety ¥ 7@ in S, , are obtained by
i
eliminating (y,, ...,¥,) from these equations. We show that the
equations .
filx)=0 (=1, ...,r),l
giltr) =0 (i=1,...,9),]

are a resultant system for the set of equations (4) with respect to y.
Clearly, if (z',y’,t') satisfies (4), (z',?') satisfies (5). Conversely, let
(z’,t’') be a solution of (5). If

(8)

n
j_zotg,x; =0 (i=0,..,n),

and ¥’ is any point of V3, then (2',y',t’) satisfies the equations (4).

n
If 3 t;;; is not zero for all values of ¢, put
j=0
n
Yi =j2,0t;jx; (t=0,...,n).

Then again (2',y’,t') satisfies the equations (4). Hence the equations
(5) define the object-variety 3 7@,
i

The variety T® in 8,y defines an irreducible correspondence
between Sy and 8,. If ¢; denotes the dimension of the object-
variety of this correspondence in Sy, d; the dimension of the variety
in 8, which corresponds to a generic point of the object-variety,
the Principle of Counting Constants gives us the equation

¢;+d; = dim (T9) = a + b +n?+n.

Ifa+b<n, ¢;<c;+d;,<n?+2n, and the object-variety in S, does
not fill the space. This is the case for each value of 4, and it follows
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that if 7 is a generic point of Sy, that ‘is, a generic (n+1) x (n+1)
matrix over K, the equations

f't(x) =0 (7’ =1, ...,7‘),
git2) =0 (i=1,...,8),

have no solution in 2. Hence the varieties ¥, and V}, both regarded
as varieties in 8, have no points in common. We now prove that if
a+b>n, then ¢; = n2+2n, d; = a+b—n, so that V,, V] is purely
(@ + b —mn)-dimensional.

Let us consider first the case in which ¥ = 1. Suppose that
c=c¢, =n2+2n—0(6>0). Thend = d; = a+b—n+4. The object-
variety of the correspondence between Sy and S, defined by T' is
of dimension ¢, and to a generic point 7’ of it there corresponds a
variety of dimension d. This variety is given by the equations

filx)=0 (@=1, ---,T):}
g:;T’x) =0 (¢z=1,...,8).

If ¢’ is any point of Sy, the equations

file)=0 (= 1,...,r),}

gt'x) =0 (E=1,..,s) (6)

have no solution if #' is not on the object-variety, and define an
algebraic variety no component of which is of dimension less than d
if ¢’ is on the object-variety [X1I, § 6, Th. I]. It follows that if we can
find a point ¢’ of Sy for which the equations (6) define a variety of
dimension @ + b—n, then § = 0,and hencec = n?+2n,d = a+b—mn.
Take ¢’ to be the matrix ¢, of § 2. Then the equations

gitex) =0 (2 =1,...,8)

define a variety consisting of & b-spaces, each of which is generic
over K, where k is the order of ¥, [§2, p. 145]. Each of these b-spaces
meets V, in a variety of dimension a + b —n; hence the equations (6),
with ¢’ replaced by ,, define a variety of dimension a +b—n.
If k> 1, we consider the effect of extending the ground field K
to K*, over which
I/:l = ?'vg)s V= ;vg):

where v, ¢} are absolutely irreducible [cf. p. 147]. We have seen
that MO = ZOyd x o,
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Just as the variety U = ZU® is constructed from V, x ¥} (in the case
k = 1), so we construct a variety 4% from v® x o, and it is im-

mediately obvious that
U® = X0 0m),

Again, as we pass from U to 7', so can we pass from «@ to a variety
(i)
T4, and we see that 6 = yeqem,

Now if fA@) =0 (I=1,2,..)
are the equations of v{, and
gx) =0 (m=12,..)
are the equations of v{), 7®» has the equations
fO)y=0 (I=1,2,..),
gD(tx) =0 (m=1,2,...).

Applying the result already proved for the case k = 1, we see
that if 7 is a generic (7 + 1) x (n + 1) matrix the equations

fO@)=0 (=12..),
gDrz) =0 (m=1,2..),
define a variety of dimension a +b—n over K(7). Since
T6) = Faypam)

we conclude that the object-variety of the correspondence between
Sy and 8, defined by 7' is of dimension n%+ 2n. Hence ¢; = n?+ 2n.
The result is thus established. )

It is clear that if, over K (£), the variety V3 in S, is reducible,

Vy=2V9,
then ¥, is reducible over K(£), and we write
V,=Z V.

£ is a generic point of V,, and we assume that %@ is a generic point
of V. Let 7 be a generic solution of the equations

n o~ .
”gi)lzo tkzgl_ﬂ%)zzo tﬂgl =0 (G,k=0,...m).
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Then, as we have seen, the collineation
= (T9)"1x

transforms the tangent space at 7® to ¥} into a b-space through £,
generic with respect to K(£), which is the tangent space to V3 at
(T9)-19® = £, This generic b-space meets the tangent space to ¥,
at £ in a linear space of dimension a+b—n. We have proved
that 7® is a generic point of Sy over K, and (§, 79) is a generic point
of T®. The point £ is a generic point over K(r®) of the variety
which corresponds to 7® in 7™, and equations (5) show that this
variety is a component of ¥,, V3. It follows that ¥, V} consists
of k& components each of dimension a+b—n such that at a
generic point of any component there exist tangent spaces to V,
and to V}, and these meet in an (e + b —n)-space.

If two irreducible varieties U,, U; intersect in an irreducible
variety of dimension ¢+ d —n which is such that at a generic point
of it tangent spaces to U, and to Uj exist, and these tangent spaces
meet in a (¢ +d—n)-space, we say that U, and Uy intersect simply
along this variety, or have the variety as a simple intersection. We
sum up the results proved above in

TaroreM 1. IfV,, V, are two irreducible varieties, and T is a generic
(n+1) % (n+ 1) matriz, V, and V} do not intersect ¢f a+b<n, and
intersect simply along a finite number of varieties if a +b >n.

Before leaving this section we introduce some concepts which are
closely related to the ideas developed above. Using the notation
introduced earlier, let £ be a generic point of V,, 7® a generic point
of V. Let {@ = A£ + un®, where A, u are indeterminates over the
field K (&, ™).

We consider the variety in three-way space of which (&, 7®, {®)
is a generic point, and call it J®. The dimension of J®is a+b+ 1.
Let J = 3 J®. If 2’ is a proper specialisation of {®, we can find ', ¢,

i

such that (z',%',2') is a proper specialisation of (£, 7®,{®). Since
z', y' are proper specialisations of £, 7®, they lie on V, and ¥; respec-
tively. Hence any specialisation of {® has the property that through
it there passes a line meeting ¥, and V. Conversely, let 2’ be a point
of V, ' a point of V;, where 2’ +y’, and let 2’ be a point of the line
z'y’. We show that (2, y’,2’) is a point of J. The point %’ lies on one
of the components V§? of ¥, say V§". Then (2,’) is a point of M®
and is therefore a proper specialisation of (£, 7). Letz’ = Iz’ +my’'.
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It can be verified at once that (2, %', 2’) is a proper specialisation of
(&,19,{®). Hence any point on a line joining two points 2’, y’ of
V., V,, respectively, where z’ &', lies on J. It is more difficult to
determine the specialisations which correspond to specialisations
(«',y’) of (§,7™) where &’ = y’, but we do not have to consider these.

A number of important loci are connected with the variety J in
three-way space.

(1) Let W® be the variety in S, which has {® = AL+ uy® as
generic point, and write W = 3 W®. Then W is called the cross-join

1

of V, and ¥,

Lemma 1. If the tangent space at & to V,, meets the tangent space at
79 to Vi in a space of dimensiona + b —m (max (a, b) < m<a+b+1),
then W® is of dimension m.

Since {® = Af + uy® is a generic point of W®, it is a simple point
of W®, We consider the line joining {® to a point §’ = A'8’ +u'y’
of W®, where {’, 7’ are new generic points of ¥,, V§?, and any special-
isation of this line as {’' — {®. Itis easily seen that the line specialises
to the line joining {® to a point

PE+ oD+ AE* + un*,

where £* is in the tangent space to V, at £, and 9* is in the tangent
space to Vi at 9®, and p, o are scalars. Hence any tangent line to
W® at {9 lies in the join of the tangent space at £ to V, and the
tangent space at 7™ to V). This join is an m-space. Hence the
dimension of the tangent space at {® to W®, which is equal to the
dimension of W%, cannot exceed m.

On the other hand, since {£* can be any line through £ in the
tangent space to V,, and 7@®y* can be any line through %® in the
tangent space to V{?, any line through {® in the join of these tangent
spaces is tangent to W®. Hence the dimension of W is at least m.
The dimension of W® is therefore m.

(2) We consider the correspondence A® with generic point
(£,£9), and let 4 = X AD. We call 4 the correspondence determined

1

by joining V, to ¥,. Since K (&) is of dimension a over K, and {® is
of dimension b+ 1 over K(§), A® is of dimension a+b+1 over K.
The correspondence A® is an irreducible algebraic variety in the
two-way space S,,,, in which the coordinates are (zy, -.., Z,; 2gs -+ -5 2p)-
The object-variety of the correspondence A® is ¥V, and the image-
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variety W®. Now consider the correspondence between ¥V, and
(ug, ..., u,) defined by the equations of A® and the equation

n

> w2 = 0.

=0

The proof [XI, §5, Th. II] that a generic prime section of an

irreducible d-dimensional variety is irreducible of dimension d—1
(unless d = 0) can be applied here to prove that the correspondence
A derived from A® by requiring z to lie in a generic prime is
irreducible of dimension @+ b, provided that m > 0. This follows
from the fact that the dimension of the image-variety W® in the
z-space is m. If m = 0, the correspondence 4% is vacuous. A space
in §,,, given by a set of independent equations

n
Zuﬁz’=0 ('i= 1,...,n—d)
j=0

will be called a z-space of S,,,,. It has dimension n +d. If the coeffi-
cients u;; are independent indeterminates over K, it is a generic
z-space of S,, of dimension n+d. By repeating the argument
given above, we see that a section of 4 by a generic z-space of
dimension % + p is vacuous if p <n—m, and if p >n—m it is an un-
mixed variety 4, of dimension a+b+ 1 —n+ p. The object-variety
of the correspondence defined by 4, < V,, and the image-variety
is of dimension m—n+p. If 2’ is any point of V,, 2’ any point of
the image-variety such that 2’2’ is a line in §, meeting ¥} in a point
different from «’, then (2’,2’) is on 4. Thus we have

Lemma I1. Let 8, be the generic space
n 3
jzouuwj =0 (¢t=1,...,n—p)

in S, and let A, be the sectién of A by the z-space

n
jzou“zj =0 (7: = 1, ...,n_p)

in Syp. If p>n—m, A, defines a correspondence in S, of which the
object-variety is contained in V, and the image-variety is of dimen-
sion m—n+p in S,. If ' is any point of V,, 2’ any point of S, such
that x'2' meets V,, in a point distinct from x’, then x' and 2’ correspond
in 4,
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In the definitions of J, W, 4, a preferential position has been
given to V. Let £ be a normalised generic point of ¥, 9 a normalised
generic point of ¥,. If, over K(£), ; splits into k components XV,
then, over K(7), V, splits into £ components ZV®. If 9@ is a generic
point of V¥ over K(£), K(7®) and K () are equivalent extensions
of K, and hence there exists a point £’ such that K (£, 7®) and K (&', 7)
are equivalent extensions of K. (£’, ) is therefore a generic point of
M®, and £’ is therefore a generic point of the component V{ of ¥,
over K(y). If { = AL+ un®, ' = A&’ + uy, it follows that (£',9,{)
is a generic point of J®, and ¢’ is a generic point of W®. From this
it easily follows that J and W are symmetrically related to
and V. On the other hand, 4 is not symmetically related to V,
and ¥}, but we can define the correspondence B determined by
joining ¥, to V, whose properties can be read off by interchanging
the roles of V, and ¥, in 4.

4. The intersection of two irreducible varieties in S,. "In
this section we consider the intersection of two irreducible varieties
in 8,,V,, of dimension a and order g, and ¥, of dimension b and
order k. To begin with we consider these varieties and their inter-
gections in a point-set sense, but later we shall use the point-set
results to define the intersection of the multiplicative varieties
V,and V.

Let V, have the equations

ft(x) =0 (1; = 1’ ...,7‘), (l)
and let ¥, have the equations
g:(x)=0 (1=1,...,9). (2)

Let Sy be a space of dimension N = n%+ 2n in which the point
with coordinates (fy,...,?,,) represents the matrix ¢ = (¢;;). The

equations .
q fl@)=0 (= 1,...,7'),}

3
gt(tx) =0 (7’ =1, ---as)s ( )

define a correspondence 7' between Sy and S, consisting of % irre-
ducible components 7@ (z = 1, ..., k) [§3]. If a+b <n, the object-
variety of 7' in Sy has dimension less than N. Hence if ¢ is a generic
point of Sy, equations (3) have no solution for z, that is, V,, V}, is
empty. If ¢’ is any point of Sy, the equations (3) with ¢ = ¢’ have a
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solution if and only if #' lies on the object-variety of 7'. Thus we say
that ¢n general two irreducible varieties ¥V, and ¥, do not intersect
ifa+b<n.

Now suppose that a+&>n. Then the object-variety of each
79 (4 = 1,...,k) is Sy, and hence equations (3) have a solution for
any proper specialisation of ¢. If ¢ is generic, the solution is an un-
mixed variety of dimension a +b—n over K(¢) [§3, Th. I]. For any
specialisation of ¢, the specialised equations (3) have a solution,
and it follows from XTI, § 6, Th. I, that no component of this solution
is of dimension less than @ +b —n. Hence we have

THEOREM 1. If V, and V, are irreductble varieties of dimensions a
and b respectively in S,, V,,V, is ‘in general’ empty if a+b<n. If
a+b=n, the intersection has no component of dimension less than
a+b—mn.

In this section we are concerned with the case in which a +b > n,
and every component V,,¥ is of dimension a+b—n. Let 7 be a
generic point of Sy and let I"®be the irreducible variety of dimension
a+b—n over K(r) which corresponds to 7 in 7@, Then [§ 3]

Iroiroq. . +reo=y,vi,

and [§3, Th. I]V, and Vj meet simply along each I'®. From XI, § 7,
Th. IV, we conclude that if ¢’ is any specialisation of 7 such that the
variety defined by equations (3), with ¢ replaced by ¢, is pure
(@ + b —mn)-dimensional, then the multiplicities of the components
of the specialisation of I'® in the normal problem given by (3)
are uniquely determined and are all positive. If, further, ¥, and V}
intersect simply along each of the components of ¥, V%, it follows
from XI, §9, Th. II, that each of these components counts once in
this normal problem.

We now consider the case in which ¢’ = 4, ¢, being the singular
matrix defined in §2. Vi consists of 4 b-spaces S (i =1,...,%)
through a (b—1)-space S3_,, where S9_, and the S\ are generic
spaces of S, over K. We note, however, that the & spaces Sy
are conjugate over K(t,), and when this field is extended so that
Vi splits up, ¥, may become reducible. Let K* be an algebraic
extension of K over which ¥, and Vi are completely reducible:

l h
V=2, Vh=38P.
1 1
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It is easily verified that S§” is a generic b-space of S, over K*;
hence it meets v¥) simply, in an irreducible variety of dimension
a+b—n and order g;, where g, is the order of ¢>. We now show that
o, 8P = o), 8Y"if and only if i = ¢', j = j'. Ifj = j, the equation
o, 8Y = o), 8¥ implies that a generic b-space of S, meets v and
v#) in the same variety. Writing down the Cayley forms of +{, S
and %2, 8 from those of +? and ¢’ [X, §8, Th. I, Cor.], we see
that this implies that v = v{), that is, s = ¢'. If j=+j’, the intersec-
tion of v9, 8Y and v, SY" is contained in ¥, 83_,, and since SY_, is
generic over K, this is of dimension @ +b—n— 1. Since ¢, S{ and
o), 8Y are of dimension a + b — n, we conclude that v, S < o), 89,

It follows that V, and Vi intersect simply along the Al distinct
components v®, 8 (i = 1,...,1; j = 1,...,h). Hence each of these
components has multiplicity one in our normal problem. The sum
of the orders of these components is & Zg; = gh. It follows that V,
and V7 intersect simply along the components I'® of V,, V3, and
that the sum of the orders of these components is gh.

We are now in a position to define intersections of multiplicative
varieties. Let V, be the variety obtained by attaching unit multi-
plicity toV,, that is, by associating with it its irreducible Cayley form,
which is of order g, and similarly let ¥, be the variety obtained by
attaching unit multiplicity to ¥;. V7 is defined similarly. We define
V,.V} to be the variety obtained by attaching unit multiplicity
to each of the components of V,, V. The order of V,. Vj is then gh.
As we have already seen, for any specialisation ¢’ of 7 such that
V.. V§ is pure (a+b—n)-dimensional, the specialisation of V,.V}
is uniquely determined, and is obtained by attaching a positive
multiplicity to each of the components of V,, V4. Moreover, if
¥V, and V¥ intersect simply along each of the components of ¥, V%,
each of these multiplicities is one. Assuming, as we have done, that
V..V, is purely (a+b—n)-dimensional, we define V,.V, as the
unique specialisation of V,.V} as 7—I. We note that the order of
V,.V, is equal to that of V.V, which is gh. Our reasoning implies
that if ¢’ is any specialisation of ¢such thatV,, V}is (@ + b — n)-dimen-
sional, then V. Vi ->V,.V} as t >1¢'.

We can now state

THEOREM II (Bezout’s Theorem). If V,, V, are irreducible varieties

of orders g and h, and if V,,V, i3 pure (a+b—n)-dimensional, then
V,.V, is a multiplicative variety of order gh. Each component of
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V.V, has positive multiplicity in V,.V,. If V, and V, intersect simply
along each component of V,,V,, then V,.V, is the sum of these com-
ponents, each counted with multiplicity one.

Let 7, 0 be two (n+1)x (n+1) matrices whose elements are
independent indeterminates over K. Then each component of
V9, Vi has multiplicity one in V3.V, since VZ and V} intersect
simply. Further, if we consider the normal problem given by the

equations .

filox) =0 (@E=1,..,7),

grx) =0 (i=1,..,8),
the object-variety of the associated correspondence is Sy, (if
a+b>n). It follows immediately, as above, that if V%, V% is pure
(@ + b —mn)-dimensional, the specialisation of ¥3.V} is uniquely
determined as (o, 7) = (8','). If we specialise o — I, we have

Ve Vi~>V,. Vi,

since ¥V, and V} intersect simply along each component of V,, V3,
and the sum of the orders of these components is gh. We now
specialise 7—>1, and we see that V3.V;—V,.V,. Also, since
Vg and V} intersect simply along each component of Vg, Vj, we

have VeV = V.V
We conclude that V,.V, = V,.V,. Hence we have the commutative

law of intersection.

TuEOREM III. The intersection V,.V, is equal to V,,.V,.

While it would have been more symmetrical to define V.V, from
V7.V, the definition based on V,.V} is more convenient from the
notational point of view in what follows, when we allow one of the
varieties ¥, ¥, to vary in an irreducible system.

5. Intersection theory in S,. We now extend our definition
of intersections to reducible unmixed varieties. Let

k
Vo=, VP,
i=1
1
and V,= T4, V5
i=1

be two varieties, in the multiplicative sense, of dimensions a and b
and orders g and % respectively, where V{, V{) are irreducible
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(thatis, VD, V{ are irreducible, as are the associated Cayley forms).
We assume that V,,¥; is of dimension a+b—=; and hence that
VP,V is of dimension a +b—mn. Let g; be the order of V¥, &; the
order of V. Then k 1
9=2Xayg; h=3ph.
i=1 i=1
We define V,. ¥, by the formula
VoY= 3 X ab V0. VY,

where VP, V{?is defined as in § 4. It is clear that with this definition
of intersection V.V, = ¥,.V,, since we have proved that

VOVH=VD. VY,
and it is also evident that
V,.(V;+ V)=V, V,+V,.V;.

Hence the commutative and distributive laws hold. Further, the
order of V,.V, is 2, ,9,h; = gh.

Again, if T is a (n+ 1) x (n + 1) matrix of indeterminates over K,
and the equations of ¥, are

g;(x) =0 (1=1,...,8),

the equations gi(tx) =0 (¢=1,...,8)
define the variety Vi =3 Ve,
B
l ,
and we can define 1= BV
i=1

It then follows that as 7> 1,
V,.Vi>V,.V,.

We now prove the invariance of our definition of intersection
over an extension of the ground field. We need only consider the
case in which V,, ¥, are irreducible over K. We begin by supposing
that K* is an extension of K over which V,, ¥, each split into a sum
of absolutely irreducible varieties. Over K* we define ¥, to be the
variety whose Cayley form is the same as that of V,, regarded as
a variety over K. Since the factors of the Cayley form are all
distinct, ¥, over K* is the sum of the components of V, each taken
with unit multiplicity. That is

V, = VO ... + VO,
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where the V{ are all distinet and irreducible. Similarly, let
V, = VP+...+ VD,
where the V{ are all distinct and irreducible. The variety V.V,
defined over K*, is the proper specialisation of iz g‘_‘, Ve . ver

corresponding to the specialisation 7—1. The variety V,.V},
defined as an intersection over K, becomes a variety over K* which
specialises to the variety obtained from V,.V,, defined over K,
when K is extended to K*. This follows from the fact that the
specialisation of the Cayley form corresponding to the specialisation
71 is the same whether the ground field is extended before or
after specialisation. Hence, in order to prove our result, we have
only to show that ¥,.Vj, defined over K, becomes ¥ 3 VO . VY
T J

when K is extended to K*.

It is clear that these varieties, regarded as point sets, coincide.
Furthermore, since ¥, and V} intersect simply along all the com-
ponents of intersection, when regarded as varieties over K, their
various components intersect simply when V,, V; are regarded as
varieties over K*. Therefore V,. ¥V}, defined over K, becomes the
sum of the various components of V,, ¥, each counted once, when
K is extended to K*. Hence to prove that V,. Vg, defined over K,
is equal to % § VO . VY when K is extended to K*, it is sufficient

to show that if Vo, v = Ve, vy,

then ¢ = ¢’,j = j'. For this will imply that the k! varieties V{, V¥
are the distinct irreducible components of V,, V3.

If , .
yo, vor = @, v,

then Vo, v v,
If i+4’, we may assume that VP4 V), so that there exists
a point P on V{ which is not on V§). We can specialise 7—>¢ so
that V! contains P. Then

VoL VPV,
thatis, Pison V), contrary to hypothesis. Hence = 3'. Similarly.
we have Yo, VT < g,
and therefore Ve , vP< VY,

where o = 7-1. We then repeat the argument to show that j = j'.
HPII II
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We have therefore proved that when K* is an extension of K
over which ¥, ¥, become the sum of absolutely irreducible varieties,
V,.V,, defined over K becomes, when K is extended to K*, the
intersection V.V, defined over K*.

Now let K be any extension of K, K* an extension of K over
which V,, ¥, are expressible as sums of absolutely irreducible
varieties. Let ¥,.V,, defined over K, become the variety V,,,_,
when K is extended to K. By what is proved above, V.V, defined
over K, becomes V.V, defined over K*, when K is extended to
K*. On the other hand, V,,_,, when K is extended to K*, becomes
V,.V,, defined over K*. Hence, since V,,, , and V,.V,, defined over
K*, are varieties over K which coincide when K is extended to K*,
they must coincide as varieties over K. We have therefore proved

Tueorem 1. If V,,, , =V,.V,, defined over K, becomes Vi, _,
when K is extended to K*, then V3 ,_, = V,.V,, defined over K*.

This result is of considerable use in proving theorems on inter-
sections. It enables us, in many cases, to confine ourselves to the
study of the intersection of absolutely irreducible varieties. This
is illustrated by our next result, which establishes the associative
property of intersections. Let ¥, ¥, ¥, be three varieties of dimen-
sion a, b, ¢ respectively. V,,¥, has no component of dimension less
than a+b—n, and therefore no component of V,,¥,,V, has dimen-
sion less than a +b+c—2n. If every component of V,,¥;,V, is of
dimension @ + b+ ¢ — 2n (which implies the inequality a + b+c¢ > 2n,
and consequently the inequalities a +b>n, b+c>n, c+a>n), no
component of ¥, ¥, is of dimension greater than a+ b —x. Similar
results hold for ¥, ,V, and V, V..

Hence, if the components of V,,¥,,V, are all of dimension
a+b+c—2n, we can define (V,.V,).V, and V,.(V,.V,). We now

prove that W, V,).V,=V,.(V,.V,).

This formula remains invariant under extensions of the ground
field, by Theorem I, so that we need only consider the case in which
the components of V,, ¥, ¥, are absolutely irreducible. If

V, =0, VO, V,=ZRVP, V,=2Zy,V0,
(Va-v;z)-Vc = ? ? % “iﬂj?’k(V&i)- V},ﬁ) . ng),

and V,.V,.V,) = 2‘: ? % 4By VY. (V(bj)° V).
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Hence it is sufficient to prove the result when V,, ¥}, V, are absolutely
irreducible varieties. Let the respective orders of these varieties
be g, A, e.

We first consider the case in which ¥, is a generic c-space, with
equations

.

n
vy, =0 (i=1,...,n—c),
i=0

where the v;; are indeterminate over K. Let the Cayley form of
V,. Vi be F(r,u,,...,%,,_,). This form is irreducible over K(r),
and of order g in the indeterminates )

(%39, oy Usn) (2 =0,...,a+b—n).
If A, 4 are matrices of independent 1ndetermma,tes the Cayley
form of V}.V{is F(uA=2, Aug, ..., Augyy ), by §2, p. 143, and by
X, §8, Th. I, Cor.,

F(pud=1, Xy, ..oy Ml oams AVgs vy AOp_)
is the Cayley form of a variety W4 which consists of the com-
ponents of V}, V{,V, each counted once. Let us first specialise
u—>A. Then WA #—>WA2, where WA is given by the Cayley form
F(1, A%, ..., Al psogms AVps -0y AR

Hence WA = (V, . V).V,
Now specialise A > 1. By definition (and using the commutative law)

Wit = (V, . V,)A.V,~>(V,.V,).V..

If instead we consider the specialisation of W*# corresponding
to u— 1, we see that W is a variety which, as a point-set, coin-
cides with V},¥;,¥,, and every component of this point-intersection
counts with positive multiplicity in WA, Since A is a matrix of
indeterminates, V2 and ¥, have simple intersections, the sum of
whose orders is gh, and ¥, meets each of these components simply,

since ¥, is a generic c-space. The sum of the orders of the components
of V4,V,.V, is therefore gh. Hence each component counts once

in WAL
Since 7, is a generic c-space, each component of ¥,,V, is simple,
and is met simply by V2. Hence :
WAl — VA (Vb V)
If we now specialise A —>1I,
WA = V3. (V. Vo) > V,. (V,.V,).

'IL—C)‘

II-2
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Thus it will follow that V,.(V,.V,) = (V,.¥,).V, if we can show
that the specialisation of W*# corresponding to (A, u)—>(I,I) is
uniquely determined. But W arises in a correspondence which is
irreducible and has Sy, as object-variety. Since all points of Syy
are simple we can once more apply the criteria of XI,§7, Th. IV,
the equations of W+ when (A, %) = (I, ) determining an unmixed
variety of dimension a+b+c—2n. Hence the associative law is
proved in the ease when ¥, is a generic c-space.

Now let V, V;, ¥, be any absolutely irreducible varieties. A, u, v
are independent (n+1)'x (n+ 1) matrices of indeterminates, and
we suppose that #, is the specialisation of v such that V% consists
of ¢ c-spaces each of which is generic over K. Let W~ be the
variety obtained by assigning unit multiplicity to each component
of V2, V§.V: We specialise v—>i, Since the components of
V2. V¢ are simple, and each c-space of V¥ is generic, W% is the
variety which consists of each component of V2, V§, V% counted

e
once. Hence. if V4 = 3 89,
i=0
€ e
Wheh= V5. VESP = 3 (V3. VE).S9.
i=1 i=1

By what has been proved above, if we now specialise (A, )= (Z, I),
V3. VE.80 > (V,.V;).89.
Hence Wrntos (V,.V,). Ve,
Let V,.V, = S, V®, .. When (A,p)—>(I,I), Whav clearly
i

specialises to a variety which, as a point-set, coincides with
3 VD, s V5 Since V¥, , V4 is irreducible, we must have
i

WLy = ? BiVro—n-Ve.
Now specialise v—t,. Then
WLLy > ZR VD, . Ve.

As above, we can show that the specialisation of W 4" is uniquely
determined when (A, x,v)—(I,1,%,). It follows that «; = g;, and

therefore  yyrry - Za W9, . VI= (V,.T;). V2.
The unique specialisation of W #¥ corresponding to

A, u,v)=(I,1,1)
is therefore (V,.V;).V..
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By the commutative law,
V,.(%.V) = (%.V,).V, = (V,.,). V.
An exactly similar argument to that just given shows that
Wher (V. V).V,
as (A, u,v)—>(1,1,I). Hence
Vo V).V, = V. %)V, = V,.. (%)),

This proves the associative law for three absolutely irreducible
varieties, and therefore for any three varieties V,, ¥, V...
v We sum up the results of this section in

THEOREM II. The definition of the intersection of varieties in S,
satisfies the associative, commutative and distributive laws.

6. Theintersection of irreducible varietiesona V,in S,. Asa
preliminary to the extension of the theory of § 5 to varieties on ¥,,,
a variety of n dimensions lying in a projective space S,, we consider
some properties of the point-set intersection of two irreducible
varieties V,, ¥, lying on V.

Let ¥, be an irreducible variety lying in §,, ¥, an irreducible
variety onV,. We shall speak of a space S in S, which is independent
of a point P (or a set of points P,, P,, ...). By this we mean that S,
is generic in S, over the field obtained by adjoining the coordinates
of P (or P, P,,...) to K.

Let £ be a generic point of V,, and let S,_,,_, be an (r —n — 1)-space
of 8, which is independent of §. We obtain the cone joining S,_,_,
to V,. This is a particular case of the cross-join of two varieties
discussed in §3. Since S,_,_; is absolutely irreducible, the cross-
join of 8,_,_, and V, is irreducible. Let 7 be a generic point of
8,_n—1, and let { = AL+ uy, where A, u are new indeterminates.
Consider the variety W in 8, whose generic point is {. It is of
dimension @ + (r —n— 1)+ 1 = a +7» —n. This follows from Lemma I
of § 4, by observing that since S,_,,_; is independent of the generic
point § of V,, the tangent space to ¥, at £ does not meet S,_,,_,, since
r—n—1+a<r. Let 2’ be any point of V,, ¥’ any point of S,_,_;,
and A’, 4’ any constants not both zero. We note that S,_,_, does
not meet V,, and therefore does not meet ¥, so that ' +y’. Clearly
2’ = Nz’ +u'y’ is a proper specialisation of ¢, and therefore lies
on W. It follows that if 2’ is any point of ¥,, the (r—mn)-space
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joining ' to §,_,,_, lies on W. Conversely, since S,_,_, and ¥, do
not meet, the points of W are the points on the join of any point
of S,_,_, to any point of V,.

Lemma 1. The intersection W ,V, is pure a-dimensional, and if not
all the points of V, are singular points of V,, then W and V,, intersect
simply along V.

Since W is of dimension a+r—mn, and ¥, of dimension 7, no
component of W,V is of dimension less than

at+r—n+n—r=a,

by § 4, Th. I. If any component of W ,V, is of dimension greater than
a, & generic S,_,_; of §,, independent of S,_,_,, must meet W,V,.
Now U =V,,8,_,-, is an irreducible variety of dimension n—a —1,
and U does not meet V,, since S,_,_; does not meet V,. The cross-join
of U and V, is a variety of dimension » at most, which is not met by
8S,_,_1, which is generic and independent of S,_,_ ;. Hence there is
no point of U which is on the join of a point of S,_,_, and a point
of V. It follows that S,_,_, does not meet W ,V,, and therefore every
component of W ,V, is of dimension a.

Since not all points of V, are singular points of V,, a generic point
£ of V, is both simple on ¥, and on ¥,. The tangent space at £ to W
is the join of the tangent space at £ to V, with S,_,,_, [§3, p. 154].
Since §,_,_, is independent of £, this join is a generic (a +7r—n)-
space through the tangent space at £ to V,, and therefore meets the
tangent space to ¥, at £ in an a-space, which is the tangent space
to ¥, at £. Hence the intersection of W and ¥, along V, is simple.

We may now write

WV, =V, +Z*V9.

Lemma 11. If P is a point of V, which is simple for V,, and is in-
dependent of S,_,,_,, P is not on any *V®,

There is nothing to prove if W,V, =V¥,. Suppose that P lies on
*P@, and let Q* be a generic point of this variety. Since *V¥®&7V,,
@* is not on V,. @Q* is, however, on W. Hence the (r —n)-space
S¥_, which joins @* to S,_,_, must meetV,. Let P* be a point of the
intersection. Specialise @* to P. Then S}_, specialises to the (r —n)-
space S,_, which joins P to S,_,_,. Since 8,_,_, is independent of
P, 8,_, is a generic (r —n)-space through P. Since r —n <r—a, this
space does not meet V, outside P. But S}, meets V, in P*, and
therefore P* specialises to P. Hence P must count twice as an
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intersection of §,_, and V,, and this contradicts the fact that P is
simple for ¥, and 8,_,, is a generic (r —n)-space through P. It follows
that P cannot lie on *V{,

Now let ¥, be any irreducible variety of dimension & on V,. We
may suppose that S,_, ; is also independent of a generic point
of ¥;, besides being independent of a generic point of ¥,. We have

the relation WV, =V, 45 V0,
from which we deduce the relation '
W\ VarVy = VarVo + Z*¥VPL T,
which, since ¥, =V, becomes '
WiV =VauVo+ py *VO W

By §4, Th. I, no component of W ,¥, has dimension less than
(a+r—m)+b—r=a+b—n.

It follows that any irreducible component of U = V,,¥, which is of
dimension less than a+b—n is necessarily embedded in a com-
ponent of some *V{,V,. We show that if we assume that there is
a component of V, , ¥, of dimension less than a + b — » which is simple
for V,, we are led to a contradiction.

If there is a simple point P on a component of U =V,,V,, it may be
assumed to be independent of S,_,,_,, and it follows from Lemma IT
that P is not on any *V, Hence P does not lie on Z *Y@ V,. The

component of U under consideration cannot, therefore be em-
bedded. Hence we have proved

TrEOREM L. IfV, and ¥V, are two irreducible varieties on V, of dimen-
sions a and b respectively, any component of V,,V, which does not
consist entirely of singular points of V,, is of dimension a+b—n, at
least. On the other hand, if V, is the section of V,, by a sufficiently general
(r—n+b)-space S,_,.p of S, VorVo =VoaSr_nin 15 of dimension
a+b—n precisely.

We show by an example that it is possible to have a component
of V,,V, (necessarily consisting of singular points of V) which is of
dimension less than a + b —n. Consider in S, the irreducible variety
V; of dimension 3 given by the single equation

xoxl = xz xs.
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%y = x5 = Ois an irreducible ¥, on this variety, and sois , = 23 = 0.
These two varieties meet only in the point (0,0,0,0,1), whilst
a+b—n = 1. The point is easily shown to be singular on F;.

We saw in § 4 that if V,, ¥} are irreducible varieties of dimensions
a, bin §,, and a+b > n, there are, necessarily, points common to
V, and ¥},. This need not happen if V, and ¥} lie on a V.

Consider, for example, the surface in S§; given by the equation

Zo%y = Xyg.
The lines xy, = z, = 0 and 2, = 3 = 0 both lie on it, but do not
meet, whilst a + b = n.

We assume, for the remainder of this section, that ¥, has no
singular points, and that a +b>n.

We now examine the intersection of ¥, with the varieties *V{ in
which W meets V, outside V,. It is important to note that we do
not assume that every component of V, ¥} is of dimension a + b — =,
though from Theorem I we know that no component has dimension
less than a + b — n. The varieties * V) were defined by the relation

WV, =V,+ 3 *V.

We first consider the intersections, if any, which do not lie in
V.V, Let B =3 B® be the correspondence obtained by joining

7
V, to V, [§3, p. 154], and define C = 3, C® to be the section of B by

i

8,_,—1, regarded as a z-space. Suppose that the join of the tangent
spaces at independent generic points of ¥, and ¥, is an m-space
(m<a+b+1). Bis of dimension a+b+1, and by §3, Lemma II,
C is vacuous if m <n and is of dimension a + b —» if m > n.

We consider first the case in which m <#n. Since C is vacuous,
there isno line which meets S,_,_; and also meets ¥, and ¥} in distinct
points. Hence there is no line on W which meets ¥, in a point which
is not also on V. It follows that *V{,V, <V, ,¥,.

Now consider the case m >n. Then C is not vacuous. Ify’ is any
point on *¥V{), ¥, which is not on'V,, 4’ is on W, and is therefore on
aline which meets S,_,,_;,in z', say, and V,, in ', say. By hypothesis
y’-is not on ¥, so that ' +y’. Hence (y’,2’) correspond in C, and
therefore ¥’ is on the object-variety of C, which has dimension
a+b—mn at most, this being the dimension of C itself. It follows
that any component of *V®,V, which is not embedded in V,,¥; is
of dimension a+b—=, at most. Since ¥, is assumed to have no
singular points, no isolated component of *¥V{,¥, can be of dimen-
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sion less than a+b—n [Th. I]. We conclude that any component
of *V®,V, which is not embedded in V,,¥, has dimension a + b —n.

We can go further and show that if C is not vacuous, and ¥} is
not contained in ¥,, W and ¥, intersect simply as varieties in §,,
along any intersection not contained in V,,¥,.

If y’ is any point of W,¥, not on V,, it is a point on *V%®,¥, for
some value of ¢, and hence, as above, it is on the object-variety of
the correspondence C. Conversely, it is seen that if y’ is a point of
the object-variety of C and is not on ¥, it is a point of W ,¥, not on
V.. Hence the components of W ,V, not embedded in V,,¥, are the
components of the object-variety not so embedded. These com-
ponents are the object-varieties, which are not embedded, of the
components C® of C. Let % be a generic point of the object-variety
of C® with respect to the ground field K* obtained by adjoining the
coefficients of the equations of S,_,_, to K. Then, over K, 7® is
a generic point of the object-variety of the correspondence B®,
which is ¥,. Thus 4 is a generic point of ¥, over K.

Let {® be a generic point over K*(7®) of the variety which corre-
sponds to 7® in C®. Then 7P¢® meets ¥, in a point £, which is a
generic point of V, over K.

Let a be the tangent space to ¥, at £9, and let £ be the tangent
space to ¥, at #®. The tangent space y to W at £? is the join of « to
5, Suppose that £ and v intersect in a k-space. Then

r—n—1*

k>b+a+r—n—r=a+b—mn.

We show that k¥ = a+b—n. We can specialise S,_, ; so that it
becomes the join of {® to a generic S;_, , of S, (independent of
£ and y®). The (a +r—mn)-space 7 joining {9, a, S,_,_s will meet
B in a space of dimension k at least (by the properties of proper
specialisation). Let S, be the join of & and £. Then 7 meets S, in
a space II of dimension @ +m —n, which is a generic space of the
system of (@ +m —n)-spaces through « and ¢, when m >n. Since
the join of a and {® meets £ in a space of dimension a+b+1—m,
it follows, when m >n, that II meets f in a space of dimension
a+b—mn. Hence m meets f in a space of dimension @ + b —n. There-
fore we have k<a+b—n. We know that k>a+b—mn. It follows
that k = a+b—n.

We deduce that W and ¥, intersect simply along the components
*V® ¥, which are not embedded in ¥,,¥, Taking first the case
in which ¥, = V,,, we have
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Lemma I11. The intersections of W and V, are all simple.

We next consider the case in which ¥} is a proper subvariety of
V,. Suppose that #® lies on the component *V{ of W ,V,. The
tangent space to *VY at 7® is the intersection of the tangent
space 7 at 7@ to ¥, (which contains the tangent space £ to V, at 5®)
with the tangent space y to W at #®. But £ and y meet in a space of
dimension a+b—n. It follows that 7, £, ¥ intersect in a space of
dimension a+b—mn; that is, # meets the tangent space to *V{ at
79 in a space of dimension a + b —n.

If U, and U are two varieties on ¥, having a point P in common
which is simple on each variety, the tangent spaces at P to U, and
to U each lie in the tangent space to ¥, at P, and therefore meet in
a space of dimension ¢ +d —n, at least. When they meet in a space
of dimension ¢ +d —n, we say that U, and U meet simply along the
component of their intersection which contains P. We then have

Lemma IV. Any component of *V®,V, which is not embedded in
VoV, is a simple intersection of ¥V and V;, ‘

There is a point P on any component of V, , ¥, which is independent
of 8,_,_;. By Lemma II this point is not on *¥%, and therefore not
on *V®, V. There follows

Lemma V. If V,,V, is of dimension I, any component of *VP,V,
embedded in V,,\V, is of dimension less than .

Finally, we consider the case in which V,,¥, is unmixed of
dimension a + b—n. By Theorem I, any component of *V{,¥, is of
dimension @ +b—n, at least. It follows from Lemma V that no
component of *V®,V, is embedded in V,,¥,. Using Lemma IV we
have

Lemma VI. If V,,V, is unmized of dimension a+b—n, then the
components of *V®,V, are all simple and of dimension a+b—n.
None is embedded in V, 7,

7. Intersection theory on a non-singular V,. It is clear from
the preceding section that serious difficulties arise in the develop-
ment of a theory of intersections on a variety V,, if this variety has
singular points. We shall therefore confine our attention to non-
singular varieties V,, that is, to varieties ¥, without singular points,
leaving the reader who wishes to go further to consult the works
mentioned on p. 140.
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We proceed now to develop a theory of intersections of multi-
plicative varieties on a non-singular variety V,. We assume, then,
that V), is an irreducible variety free of singular points. Let ¥, ¥,
be two irreducible varieties lying on ¥, which are such that every
component of V¥, is of dimension a+b—n. We define V,, V,, ¥,
as usual, by associating with them their irreducible Cayley forms.
Taking independent generic spaces S,_,_;, S;_,_; in 8,, as in §86,
we construct the irreducible varieties W,,._,, W,,,_, which join
S,y toV,, S;_,_; to V. The corresponding irreducible varieties
in the multiplicative sense are denoted by W, ,_,,, Wy, _,.

We denote the intersection of V, and ¥, on ¥, by

(% * %) P

and define this symbol to mean the variety whose components are
the components of V,,V;, each taken with the multiplicity with

which it appears in
I/I/:H-r—n M Ifn * “’b+r—n'
Using the commutative law for intersections in S, [§4], we see at
once that
Va-Wolv, = (V- Vo)

From Lemmas I, ITI of § 6,
Woirn Vo = Vo + AV
i

Hence W, .V, Wpp =V, Wyr +Z VP Wysrn (1)
2

It follows from the proof of Lemma V, § 6, that no component of
*VO W,,,_, coincides with any component of V,,¥,. Hence we
deduce from (1) that we can define (V,.V,)y, to be the sum of the
components of V,\V,, each taken with the multiplicity with which it
appears in V, Wy ,_, orin Vy W, ..

We now extend our definition to cover unmixed varieties V,, V.

I V, = 22, V9,
v, = 25,V

and V,,V, is pure (a + b — n)-dimensional, we define
Ve Vo), = ZZa, 3;(VP.V)y,

From this definition it follows immediately that the distributive
law holds.



172 XII. INTERSECTION THEORY

Alternatively, we may define W&, ,_, to be the irreducible variety
joining a generic S,_,,_; to V{, W{).,_, to be the irreducible variety
joining an independent generic S;_,_, to V¥, and W%,,_,, W,.,_,.
to be the corresponding irreducible varieties in the multiplicative
sense. We then define

l/Va+1'--n = % “iwc(zq-r—m

Wb+r—n = ?ﬁjwﬂ-r—m

and see at once that (V,.V,),, is equal to the sum of those com-
ponents (with the same multiplicity) of W_,,_,.V,,.W,,,_, which
are components of V,, V.

The next question which arises is whether our definition of inter-
sections on V, is invariant, in the sense of § 5, Th. I, under an exten-
sion of the ground field. This is clearly the case when V, is absolutely
irreducible, since any decomposition of V, or ¥, determines a
similar decomposition of W, ,_,, W, ,,_,. Butif ¥, is not absolutely
irreducible, it may become reducible. In such a case we require
a theory of intersections on a reducible variety.

However, our assumption that ¥, has no singular points implies
that no two components of ¥, have a point in common. For if
V9, V9 have a point P in common, a generic S,_, through P meets
V¥ and VY at P, and therefore meets V,, at least twice at P. Hence
P cannot be a simple point on V.

It can now be shown that if ¥, = Z{ V®, and

V,= VP (V¥ on VY),

V,=ZV{ (V3 on V),
E)
then Ve Voly, = (VP VY)po.
4
Finally, we prove the associative law for intersections on an irre-
ducible V. Let ¥, ¥}, ¥, be three varieties on ¥, whose intersection
V.aVsaV, is pure (a+b+c—2n)-dimensional (or vacuous), and let
W,sr—n> Worren> Wesrn be the related cones, defined in each case by
joining the variety to a generic (r —n— 1)-space. Now consider the
variety U,,,,. s, Which is obtained by attaching to the com-
ponents of V,,¥;,¥, the multiplicities which they have in

m+r—n * u’b+r—n * va«H'—'n * I’n'
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Since Wyiron Vo= Vot SHVO,
i
u,a+r-n . pVb+r—n . I/Vc-é-'r—'n . I/;z = m-}-r—n . va+*r—n . I/;
+ ‘Z I/Va-i-‘r-—n . m-+~r-—n . *Vp-

Using Lemma V, § 6, as above, no component of
Weirn-Woprp ¥V

coincides with any component of V,,¥;,¥,. Hence U,,,,. 5, is
equal to the variety obtained by attaching to the components of
VoAV, Y, their multiplicities in W, ._,, . W, ,,_,.V,. Again,

Worr-n-Vo = (V- Vo)p, + Z RO,

where no variety R® appears among the components of V,,V,.
Hence U, 4., ;. is obtained by attaching to the components of
VoaVyaV, their multiplicities in W, ,_,.(V,.V,)y,, and we may write

Ua+b+c—2n = (V; (IIIJ'K)V,.)V,'
Similarly, Usivrotn = (VaVlya Wy

Hence the associative law holds. We have proved

TueEOREM 1. Provided the intersections are defined, the associative,
commutative and distributive laws hold for intersections on a non-
singular variety V,,.

8. Intersections of systems of varieties. In the preceding
sections we have examined the intersections of two individual
varieties V, and ¥}, in S, or on an irreducible ¥, and have been con-
cerned only with the case in which every component of ¥,V is
of dimension a + b —n. The next stage in our argument is to consider
the intersection V.V, as V,, say, varies in an irreducible algebraic
system, subject still to the condition that every component of
V.4V, is of dimension a +b—n. When intersections are taken on a
variety V,, it will be assumed that ¥, is irreducible and has no
singular points.

Let G denote an irreducible system of varieties of dimension a
onV,, and let V¥ denote a generic member of S. Let ¥, be a variety
of dimension b on ¥, and let V, be a specialisation of V* such that
every component of V;,¥, is of dimension ¢ +b—n. No component
of V¥ ,V, is of dimension less than a + & — [§ 6, Th. 1]. On the other
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hand, if there exists a component of dimension greater thana + b —n,
a generic space S (p=7r+n—a—b—1) meets V¥,V,. Hence the
resultant system of the equations of V7, V,, S, vanishes. This
remains true when we specialise V¥ to V,, so that a generic
p-space meets V,,¥,. This implies that V,,¥, has a component of
dimension greater than a+b—n, and we have a contradiction.
Hence every component of V¥,V is of dimension a+b—n. The
theorem which we seek to prove is as follows:

THEOREM 1. Let V¥ be a generic member of an irreducible system
S of varieties of dimension a on V,,, and let V, be a variety of dimension
bonV,. If there exists a specialisation V, of V¥ such that every com-
ponent of V;,\V, is of dimension a+b—n, then as V¥V,

(V: '.[,b)‘Vn9 (V(;'Ijb‘)Vn

We first reduce the proof of this result to the case in which ¥,
is an n-space S,. Let S,_,_; be a generic (r—n— 1)-space in S,, and
let W}, 0 Wr_n.q be the cross-joins of V¥, V, to S,_,_,. Each
irreducible component of V¥*(V;) determines an irreducible com-
ponent of W}, . (W; ,.,). We assign to each component of
Wi ia(Wr_nia) the multiplicity of the corresponding component
of V¥ in V} (V. in V}), and so obtain a multiplicative variety
| 4 (W’_ n+a)- We show that when V¥V, W  .—>W, . ..
Let F¥(u,, ..., u,) (1 = 1, ...,0) be the Cayley form of any irreducible
component VY of VX, Then if V@ is of order g;,

F;'k(uo, ...,ua) = G,,:(..., | uoio e uaia|’ .-.),

a form in the determinants |ug;, ... %,;, | of order g;. G; has the
property that if (... | gy, ... %gq, |, ...) are the dual coordinates of
any S;_, ;, a necessary and sufﬁcient condition that this space

@ i
meets V¥ is @levos |ty vy |, onr) = O.
Now let 8;,_,_; be any (n—a—1)-space, (..., | %, ... Up, |, -.-) its
dual coordinates, where p = r+a—n. A necessary and sufficient
condition that S;_,_, meets the component W& .. of Wk, .,
which corresponds to V& is that the join of S,_,_, to S,_,_, meets
V®. If (... 4. 4_p_, --+) 8T€ the Grassmann coordinates of S,_,_;,
the dual coordinates of this join are [VII, § 5, p. 307]

(."" X Pjo..cdr—n—1 l qu., u','—n~11r—n—xu;‘—nio u;ﬂa |’ cee)s

0esedr—n—1
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8. ___. therefore meets W'?__. _if and only if
n—a—1 r—n+a y

Gy... 21% drenes | W03y - Wpig |5 +2) = 0.
Since  DF(ug, ..., u,) = Gy(... ijo drom | %oge -+ Upig |s -+ )

is clearly irreducible because F¥ is irreducible, @f is the Cayley
form of the component W®_, . of W,’."_n +ar

If the Cayley form of Vj 1s [Fi (%gy ..., Ug)]#i then, by the

definition of W}%_, ., its Cayley form is 1'[ [PF(uqs ---» u,) 175 Simi-
i=1

larly, we obtain the Cayley form of W;_, . from that of ¥, and
it is clear from the Cayley forms that as V¥ >V, , W} _ . —>W,_ . ...

Now (V¥.V,)p, and (V,.V,)p, are the components of Wg., ..V,
and W,,,_,.V, contained in V¥,V and V,,V, taken with their
multiplicities in W},,_,.V, and W;,,._,.V, respectively. Hence
in order to prove that as V}— V¥, then (V¥.V;)p,— (Vo.V,)y,, it is
sufficient to prove that as W}, ,—>W,_, ,, then

% ’
W Vi WiV

This, however, is just Theorem I, with V, replaced by S,. Hence it is
sufficient to prove

TaroreM I1. Let V} be a generic member of an irreducible algebraic
system S of vartelies of dimension a in S, and let V, be a variety of
dimension b in S,. Then if V, is a specialisation of V¥ such that every
component of V,,V, is of dimension a+b—n, then as Vi—>V,,
V¥ V,~>V,.V,

The proof of this theorem is similar to the proof of the associative
law for intersections in S, [§ 5]. We first prove it in the case in which
V, is a generic b-space in 8. As in the proof of the associative law,

we see that if .
Zvijxj=0 (7/= 1,-..,n—b)
i

are the equations of ¥, and if F(u,, ..., u,) is the Cayley form of
V*, the Cayley form of Vi.V, is F(ug, ..., %s1p—ns V1> -++s Vnp). Lhe
Cayley form of V.V, is constructed similarly. From the properties
of the Cayley form it follows that as Vi —V,, VX.V,—»> V,.V,. This
result extends at once to the case in which V), is a set of conjugate
b-spaces through a generic S,_,;.
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Now consider a general variety V,. For the reasons given in §7
it is sufficient to consider the case in which ¥, is an absolutely
irreducible variety counted with multiplicity one. Let

Vo= 2Zp; VY,
where V¢ is irreducible and has multiplicity one. We define V] as
in § 2. Then as 7> 1,
VX Vi—>VEV,, V., Vi>V,V,.

We first show that as V¥V, V¥.V;->V,.V]. It is clear that
as V¥V, the specialisation of V¥.V} coincides with V,.V} as a
point-set. Since the components of V¥, Vi are conjugate over
K(1), it is also clear that each of these components has the same

multiplicity in the specialisation of VF.¥}. (This follows at once
from a consideration of the Cayley form.) Hence, as V¥ -V,

V. Vi—>2Zo,VO. V3.
Now specialise 7—>#,, where ¢, is the singular matrix defined in § 2.
Then Zo, VO V> 2o, VO Vi
Thus, by specialising Vi — V; and then 7—t,, we obtain
V¥ Vi—>Zo,VO. Vi
On the other hand, if we specialise 7>,
Va Vi~ Vi. Ve,
and, by the special case considered above, when we specialise
Vi->Va VEVE V.V,
Hence if we specialise 7 — £, and then V} >V,
. V¥ Vi—>Zp, V. V.

Hence, if we can prove that the specialisation of V}.V} corre-

sponding to the specialisation (Vy,7)—>(Vy,1,) is independent of

the order of specialisation, we obtain p; = o, for each value of 1.
Let us, for the moment, assume that this is true. Then since as

’
V>V, we have VE Vs Zp, VOV,
it follows that when we specialise V} to V,, and then 71,
VEVi>Zp VOV, =V,.V,.
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On the other hand, if we specialise 7—1, then V-V, V¥.V}
specialises to the required specialisation of Vy¥.V,. If it is true that
the specialisation of V¥.V} as (V¥,7) > (V,,I) does not depend on
the order in which the specialisation is carried out, we deduce that
V.V, specialises to V.V, as V¥ - V.

Thus Theorem II, and hence Theorem I, will be established if
we can prove that the specialisation of V. V} corresponding to the
specialisation of (V¥,7) to (V,,1,) and (Vg I) are determined irre-
spective of the order in which V¥ and 7 are specialised. We prove
this most simply by using the arithmetic methods to be developed
in Chapter X VI, Vol. ITI. Let U be the Cayley image of the system
S, and let W be a normal variety derived from U [XVI]. Let
P be the point of U which represents V3. It is a generic point of U,
and to it there corresponds a unique point P* of W, which is a generie
point of this variety. We may assume that the coordinates of P*
are in the function field of U. To each point of W there corresponds
exactly one point of U, and to each point of U there corresponds
at least one and only a finite number of points of W. Let P’ be the
point of U which represents V; and let @' be any one of the points
of W which corresponds to P’. We can then establish an algebraic
correspondence between the space containing W and 8, in which the
object-variety is W and the variety corresponding to any point
R of W is the unique member of G which corresponds to the point
of U corresponding to RB. We shall write the equations of this in the

form fiR,x)=0 (i=12,..).

Now let Sy be a space of dimension #?+ 2n, in which the co-
ordinates are (fgg, --.sn,). In it, we represent the matrix 7 by the
point (7gg, ..., Tp,). Let IT be the direct product of W and Sy. This
isirreducible,since W is irreducible and Sy is absolutely irreducible.
We establish a correspondence between IT and 8, in which to
(P*,7) there corresponds the variety V.V, and to any point of I7
there corresponds all the proper specialisations of this corresponding
to the specialisation of (P*, 7).

To the generic point (P*,7) of IT there corresponds the variety
of dimension a +b— n having the equations

flP*2)=0 (i=12,..),
g(rz) =0 (1=1,2,...),
Where gi(x) =0 (i=12,..)

HPII 12



178 XII. INTERSECTION THEORY

are the equations of ¥,. Let ¢, be any specialisation of 7 such that
Vaa V§ is of dimension a + b —n. Then the equations

fi(Q,:x)=0 (i= 1:2,-"):
gi(tlyx) =0 (7: =1, 2’ ---)3

define a variety of dimension a+b—n. Any specialisation of
V& .V} corresponding to the specialisation (@', ¢,) of (P*, ) satisfies
the equations, and hence the total variety corresponding to (Q’,#,)
in the correspondence is of dimension @ +b—n. Since the quotient
ring of (¢, ¢,) on IT is integrally closed it follows that the specialisa-
tion of V¥.V} corresponding to the specialisation (P*,7)—>(Q’,¢,)
is uniquely determined, and in particular it does not matter whether
we first specialise P*— @’ and then 7—¢,, or specialise 7—>¢; and
then P*-—>@Q’. It follows that the specialisation of V}.V} corre-

sponding to ,
Va, 1) > (Vi 1) > (Vo ty)

is the same as the specialisation corresponding to
(V:: T) - (V:u T) - (V¢;7 tl)'

Taking ¢, = ¢, and ¢, = I, in turn, we obtain the results necessary
to complete the proof of Theorem II.
Theorem I is the key theorem to an intersection theory of systems

t Choose a non-homogeneous coordinate system in the space containing W so
that Q' is at a finite distance, and let (¢, ..., §,,) be the coordinates of & generic
point of W. Similarly, choose the coordinate system in Sy so that ¢, is at a finite
distance, and let (7y, ..., 7y) be the coordinates of a generic point of Sy. We may
suppose that 7,, ..., 7y are independent over K({). By a fundamental property of
normal varieties K[{,, ..., ,,] is integrally closed in its quotient field. If we can
prove that K[{,, ..., & 715 ---» Ny] is integrally closed in its quotient field, it will
follow that the quotient ring of (@', ¢,) is integrally closed.

If o is any element of the quotient field of K[{;, ..., 6, 7y, ++» Ty Whichisintegrally
dependent on this ring, o is a fortior: integrally dependent on K(&)(7y, ..., 7x]-
Since #,, ..., 7y are algebraically independent over K({) it follows that o« is in
K(§)[M1) +-+» 7y)s that is

a = A(Lm)

where A({,7) is a polynomial in 7,, ..., 7y with coefficients in K(£). Let (y3,...,yx)
be any specialisation of (7, ...,7y) in K. Then since « is integrally dependent on
K[y eoes Gus My ++0s Mads A(E, y°) is integrally dependent on K[&y, - s Ems 415 ---» Y]
= K[{y, +e» E)- Since K[&yy ..., &n] is integrally closed in its quotient field,
A(g y') lies in K[§,, ..., {y]. If there are r power products y?1, ..., y2¥ in A(, y) we
can choose r specialisations of % so that the determinant of the specialised power
products is non-singular. Solving the equations we see that each coefficient of
AL, ) is in K[{),...,5,]. Hence it is in K[{,,... £y, 7y, -+, 7x] and the result
follows.
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of varieties, as we shall see in the next section. It also enables us
to remove the apparent arbitrariness in our definition of the inter-
section of two varieties in S, (see § 1). The definition given in § 5 of
the intersection V,.V, of two irreducible varieties V,, ¥,, where
V.V, is purely (a + b — n)-dimensional, seems to depend on the choice
of a particular normal problem. We considered the intersection
V,.V}, defined to consist of the components of V,, Vj, the multi-
plicity one being attached to each component, and defined V,.V,
to be the specialisation of V. ¥V} which corresponds to the specialisa-
tion 7> 1.

Theorem I now tells us that if V;({) is a generic member of any
irreducible system of varieties containing V;, where

Vo(8)>Vy(29) = W,

as {—>z,, and if V,,¥({) is purely (@ +b—n)-dimensional, and all
components are simple intersections, then the variety obtained by
attaching unit multiplicity to each component of V, ,¥,({) specialises
to V,.V, when {—z,.

Thus V..V, may be defined by varying V, in any irreducible
algebraic system ¥,({), subject only to the condition that ¥, and
a generic member V,({) of the system intersect simply. We made use
in our definition of a particular system V,({), that was obtained
from ¥V}, by projective transformation. This was a matter of con-
venience, and we now see that the definition does not depend
on this particular system. But we also found that the system
obtained from ¥, by projective transformation is an example of
a system V,({) whose generic member intersects V, simply.

Similar reasoning to that just given shows that the intersection
(V,-V)p, is an intrinsic concept and does not depend on the par-
ticular method we have used to define it provided that we can vary
V, (or, in view of the commutative law, V) in an irreducible system
whose generic member meets V, (or V,) stmply. When V,, is not a pro-
jective space 8, it is not apparent that V; or ¥, can be so varied, and,
indeed, examples can be given in which this possibility is excluded.
This difficulty will be overcome in the following sections.

Finally, we note that when the intersection V.V, can be defined
by varying ¥V, in an irreducible system whose generic member meets
¥V, simply, the argument used in the proof of Theorem II of §4
enables us to show that each component of V,,¥, has positive
multiplicity in V,. V.

12-2
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9. Equivalence on an algebraic variety. We consider varieties
which lie on a given non-singular algebraic variety V,. Since all
intersections considered will be intersections on ¥,, we shall omit
references to ¥, in what follows. ¥, is defined over K, but the varie-
tiesV,, ... which we consider on V, may be defined over extensions
of K. We should like to say that two varieties V,, ¥, are equivalent
if they belong to the same irreducible algebraic system of varieties
on V,. But although this definition has the properties of being
reflexive and symmetric, the property of transitivity may be
lacking. If ¥, and V; belong to an irreducible system, and V;, V,
belong to an irreducible system, it does not follow that ¥, and V,
belong to an irreducible system.

To obtain a true equivalence relation we must find a definition
whichimpliesthat the relationis reflexive, symmetric and transitive.
This is now given.

V,and V, are said to be equivalent if we can find a finite sequence
of varieties on ¥, )

o 4
Vo=V, VO, .,VED, V9=V,

such that V% and V& (¢ = 1, ..., k— 1) belong to some irreducible
system of varieties on V,.

This definition clearly has the three required properties. All the
varieties Vi must have the same order, and if we denote by G® the
Cayley image of the system to which V¥, V{¢+1 belong, the varieties
SO, ...,8%-D form a connected set; that is, they cannot be divided
into two distinct non-vacuous sets which have no points in common.
A system of varieties on ¥, which.can be represented by a connected
set of varieties (on the Cayley image of all varieties of the order and
dimension of those considered) is said to be a continuous system.
Our definition of equivalence may now be reworded:

V,and V are equivalent if they belong to the same continuous system.

If V, and V, are equivalent, we write

V.=V,
IEfVP=VQ and V=V, we prove that
() VR + VPV VY,

This will follow from the equivalences

VP4 VP=VD VD= VP VO
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if we can prove that the equivalence

V.=V,
implies the equivalence

V,+Va=V,+V,.

To prove this last result we show that if V, and ¥V, are con-
tained in the same irreducible algebraic system of varieties, then
V,+V,and V;+ ¥V, are contained in the same irreducible algebraic
system of varieties. On account of the transitivity of the equi-
valence relation it is allowable to assume that V, is a generic member
of the system, and V, any specialisation of V.

Let § and §’ be the Cayley images of V, and V, respectively.
Then ¢’ is a proper specialisation of {. If the Cayley images of
V,+V,and V,+V, are Z, Z' respectively, then

Z;= ?augp
Z’: = ?aﬁg‘;’

where the a,; are coefficients of the Cayley form of V;. For if the
Cayley form of V, is F(u,,...,u,), and the Cayley form of ¥V is
G(ug, ..., u,), the Cayley form of V, + Vg is F(uy, ..., u,) G(uy, ..., %g,).

We now wish to show that Z' is a proper specialisation of Z. This
is evident, for if

H(....Zp...) = H(..., ;;a,.,g,, L)=0

is a homogeneous relation satisfied by Z, then, {’ being a proper
specialisation of ¢,

H(..,Z},..) = H(...,zj;ai,z:;, ..)=0.
This proves (i). In particular we deduce that if VP=V, then
2VP =2V, and by simple induction we have
(i) pVP=pVy

for any positive integer p.
Again, if V=V, and V¥=VY, then

(iii) VP +qVP=pVP +qVYP,

for any positive integers p, q.
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It follows that if
K
I/a =3 a; Vc(zi)’
i=1
and VO='V®,

then if we define the variety ¥, by the equation
k
V,=Ya,'VO,
: i=1
we have the relation v,=V,.

Hence, in dealing with continuous systems of reducible varieties,
we may replace any component by an equivalent variety.
If V,=V, and V,=V,, Theorem I of the last section gives us the

equivalence )

4 v, V=V, V,

if we assume that VQ,V, (i=1, ..., k) are unmixed of dimension
a+b—n [see p. 189]. (The suffix ¥, is omitted since all equi-

valences and intersections are taken to be on ¥, .)
With a similar assumption we also have

V.V,=V..V,,
and therefore vV, V,=V,.V,.

The equivalence which we have defined above is only one type of
equivalence which can be defined for algebraic varieties on ¥, and
it is sometimes called equivalence in the narrow sense. A wider type
of equivalence can now be introduced. We have seen that if

V=V,
and ¥V, is any other variety on ¥, of dimension a, then
V,+V,=V,+V,.
The converse of this result, that
V,+V,=V,+V,
implies V.=V,
may not be true. We therefore extend our definition of equivalence,
and write V=V,
to imply that there exists a variety V, such that
V,+V;=V,+V,.



9. EQUIVALENCE ON AN ALGEBRAIC VARIETY 183

The relation = is clearly reflexive and symmetric. To prove that it
is transitive, we suppose that

V=V, V.=V
Then there exist varieties V®, V¥ such that
V4 VPV, VP,

and V,+V®=V,+ V.
Then, by (i), V,+VO+VO=V,+VI+ VO
sV, +VP+ VP
=Vo+VP+ VD
=V, +VP+ VY.
Hence V,=V,.

Thus = is a true equivalence relation. We call this equivalence in
the wide sense.
Again if VO=VY, VP=VY,

there exist varieties VY, V® such that
VOLVO=VO 1 VY,
VOLVO=VO L VO,
Hence VO L VO L VO L VO=VO L VO L VO 4 VO,
and therefore VO+VP=V0+ VY,

that is, equivalences in the wide sense may be added. From this

we conclude that if %

I/a = 2 Pi Vg)y
1

and ' VO="V® (i =1,..,k),
k
then V,=3p,'VO.
1
Finally, if v,=v,
and V; is such that V,+V,=V,+V,,
then V, V+ Vo V=V, V,+V,. ¥, .
and hence V,.V,=V,.V,

with an assumption similar to that on p. 182.
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10. Virtual varieties. The equivalence relations, both in the
narrow sense and in the wide sense, defined in §9 are true equi-
valence relations. Hence they serve to divide the a-dimensional
varieties (in the multiplicative sense) on ¥, into mutually exclusive
sets, the varieties in any set being all those equivalent (in the sense
selected) to any one of them. Let us, for the moment, concentrate
on equivalence in the wide sense. We denote the class containing
V, by [V,].

Since the equivalences

U,=U, V,=V,
imply the equivalence U,+V,=U,+V,,

it follows that the classes [U,] and [V,] determine, by the addition
law for multiplicative varieties, a unique class [ U, + V], which we
denote by [U,]+[V,]. Since

U,+V,=V,+U,

and (U,+V)+W,=U,+(V,+W,),
we have [(G1+[V,] = [V, ]+([U,]
and ((G1+ VoD + W] = [G,]1+ ([V,]+ [W,]),

that is, the addition law for classes is both commutative and associa-
tive. But under this law the classes of equivalent varieties do not
form a group, since in general we cannot solve the equation

[Cu]+x = [V,].

Similar difficulties would arise if we defined our classes by equi-
valence in the narrow sense.

In order to obtain the group property, we have to increase the
number of classes by introducing a generalisation of the notion of
a variety. Let V¥ (4 = 1,...,k) be any finite set of irreducible
varieties of dimension ¢ and multiplicity oneand let p, (¢ = 1, ..., k)
be any set of integers, positive, negative, or zero. Formally, we

k
define thesum 3 p; V¥ to be a virtual algebraic variety of dimension a:
. 1

k
V,= ZP{V&{)-
1
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In this sum, the order of the terms is irrelevant, and we shall agree
to define the sum and difference of ¥, and the virtual variety

k
Vo=3Xo, V9
1

k
as V.2 Vo= (pi o) V.
1

It is clear that the varieties previously considered are included
among the virtual varieties, and are given by the special cases in
which none of the coefficients p; is negative. Any such variety

k
V,=3p VP
1

in which p,>0 (s =1,...,k) is called an effective variety. In the
special case in which each p; is zero the variety is a zero variety.
Two varieties which differ by a zero variety are assumed to be equal.

k
If V, = 3p, V¥ is any virtual variety, we define an effective
1

vanety Vi=ZpV9,

where the summation is over the values of 7 for which p; > 0, and
a second effective variety
Vo=2"(=p) VD,
summed over the values of ¢ for which p; < 0. Either ¥, or V; may
be zero. We can then write
V,=V,— Vt,l’r
so that any virtual variety can be written as the difference of
two effective varieties.
If V¥, Vi* are any other effective varieties such that

.Va = V: - V: *:

then clearly Vo+V¥* =V, +Vx.

If V=

v-MR;

¥
o V9, Va*=317,V9 (k'>k),
1
where 0,2 0, 7,2 0, it follows, from the fact that the coefficient of
V& ig zero either in ¥V or in V,, that
Ve=Vi+V, V¥*=V;+V,

where ¥, is an effective variety.
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Two virtual varieties U, V, are said to be equivalent in the
virtual sense, U, ~V, if and only if

U, +V,=U,+V,,
where U, = U,— Uy, and V, = V,—V,, and U,, U., V., V. are
effective varieties. Since this condition is equivalent to
U+ U, +V+V,=U,+ U, +V,+V,

where U,, V, are any effective varieties, the condition for U, ~V,
does not depend on the particular choice of the varieties U,, U
used to express U, as the difference of effective varieties, or on the
corresponding choice for V.

The condition U,~V, is clearly reflexive and symmetric. To
prove that it is transitive, we suppose that

U, = Uy-UinV, = Vi-V,
and Vo~ W, = W,—W,,
where U, U,, V,, V,, W,, W, are all effective. Then
U,+V,=U,+V,,
Vo+ W=V, +W,.
We add these equivalences and obtain
U+ Vot Vot Wo=Ug+ V, +V, + W,
and hence U,+W,=U,+W,.

Hence U,~W,, and the relation ~ is a true equivalence relation.
Again, a similar argument to that given in § 9 shows that if

Ua ~ Uc'v I’a ~ V{v
then U,+V,~U,+V,.

Thus equivalences in the virtual sense can be added and subtracted.

Let us consider the particular case of two effective varieties
U,, V,. To write them as the difference of two effective varieties
we merely take U, =U,, U, =0, and V, =V,, V) = 0. Hence a
necessary and sufficient condition for U,~V, is U,=V,. Thus
equivalence in the virtual sense, when applied to effective varieties,
is exactly the same as equivalence in the wide sense, as defined
in §9.
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Just as in the case of equivalence for effective varieties (see the
beginning of this section), we can use equivalence in the virtual
sense to divide up the virtual varieties onV, into mutually exclusive
sets, those in any one set being the virtual varieties equivalent to
any one of them. The set which includes V, is denoted by {¥,} and
is called the system of equivalence defined by V,. If the system of
equivalence {V,} contains an effective variety V,, then from the
fact that equivalence in the wide sense for effective varieties is
the same as equivalence in the virtual sense it follows that

Vals{Va = {Va}

There are, however, systems {V,} which contain no effective var-
ieties; for instance if V, is effective and not zero, { —V,} contains no
effective varieties.

Just as above, addition can be defined for systems of equivalence,

{Ua} + {Va} = {Ua + I/:z}’
and this addition is associative and commutative. Now consider
the equation U)+a=(V,), (1)

where {U,} and {V,} are any two systems of equivalence. Let U,
be any virtual variety of {U,}, ¥, any virtual variety of {V}.
Then V,— U, is a virtual variety, and clearly

{U+{V,—- U} = {Va}-

Hence the equations have a solution. So we have

THEOREM 1. The systems of equivalence on V,, of virtual varieties
of dimension a form a commutative group under addition.

By a property of groups [I, §1] the solution of the equation
(1) is unique. Hence the virtual varieties W, which satisfy the

equivalence U +W.~V
a a a

form a single system of equivalence.
In the additive group of systems of equivalence, there is a unique
zero-element. We denote it by O. If V, is any zero variety, we have

U+ Vo~ U,

and hence V,e Q. Therefore O = {V;}. Let W, be any virtual

variety in O. We write
v W, = W,-W,,
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where W, and W;; are effective. If V, is the zero variety, we have
W,~V,

and hence W, ~W,+V, =W,.

Since W, and W are effective, we conclude that
W,=W,.

Conversely, if W,=W;, W, = W,—W,;~V,. Hence a necessary
and sufficient condition that a virtual variety W, be equivalent to
zero in the virtual sense is that it be the difference of two effective
varieties which are equivalent in the wide sense of §9. Moreover,

since W.=w
if and only if there exists a variety U, such that
W,+U,=W,+U,,

and W,=(W,+U,)—(W;+U,), it follows that if {W,}=0
then W, can be expressed as the difference of varieties equivalent
in the narrow sense of §9. Since equivalence in the narrow sense
implies equivalence in the wide sense, the converse is obvious.

We now consider the intersection of two virtual varieties V,, V.

where V,, V,, V,, V, are effective varieties. Suppose that the inter-

sections V, V3, VauVs, VasVs, VsV are all of dimension a + b —n.
We define V.V, by the equations

V.V, =V, V,+V.. V-V, V.-V..V}.

It is trivial to show that the virtual variety V,.V, defined in this
way from V, and ¥, does not depend on the representation of V,
and V}, as differences of effective varieties. Also, it follows immedi-
ately from the corresponding properties for effective varieties that
the associative, commutative and distributive laws hold:

V,.h.V) = (V,.T;).V,
V.V =V,.7,
V. G+ V) =V, G4 V,. V5,

always assuming that the intersections can be defined. The proofs
of these statements may be left to the reader.
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Again, let us suppose that

Vo=Vo-Vor U, = U~ U,

where U,, U, are effective varieties. Then, with the assumption
made on p. 182, we have

V,+U,=V,+ U,

and hence V, Vy+ U, V=V, . Vo + U.,.V;,
and V, Vy+ U, Vo=V, Vy+U,.V;.
Therefore, by addition,

V., Ve+V, . V;+ U,V +U,.V;

=U, . Vi+ U . Vy+V, Vo +V,.V,;,
and this is the condition for
V,.V,~U,.V,.
From this it follows that, if V, ~ U,
V,.V,~U0,.V,~U,.U,.

Thus the systems of equivalence {V,} and {V;} define uniquely a
system of equivalence {V,.V;} of virtual varieties of dimension
a+b—mn, which we may denote by

{Va}- (Vo).

In order that we may define {V,}.{V;} for any two systems of
virtual varieties, without any restrictions, we must first prove that
{V,} and {V;} contain varieties ¥V, and ¥, such that

dim V,,V;=a+b—n,

and secondly we must justify the assumption made on p. 182.

The proof of the first result is given below [Theorem II]. In
this proof, V, is any variety of {V;}, and starting from any variety
V, of {V,} we construct a variety V,, equivalent to V¥, whose
components meet the components of ¥, simply. In constructing '
V,,, we use a series of projective transformations in ,, and if these
are all generic and independent over K, ¥, is a generic member of
an irreducible system of virtual varieties which contains V,.

To justify the assumption of p. 182, it is only necessary to show
that if V,=V,, and V,,¥, and V,,V, are of dimension a+b—n,
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then V, . V,~V,.V,. By hypothesis, there exists a sequence of
varieties _

Vo=V, Ve .., VeéD yh-V,

such that V{ and V{*? belong to an irreducible system. Let U®
be a generic member of this system. As in Theorem II, we con-
struct V¥, U9, Then U® is a generic member over K of an irre-
ducible system of virtual varieties containing V¥ and V&+9,
Then if

WO=V, WHI=V® (i=1, .., k), Wktd =V,

WQ, ..., W¢+? i a sequence of varieties connecting V, and V,
such that W,V is of dimension a+b—n, and W, W&+D belong
to an irreducible system of virtual varieties. Since the proof of
Theorem II of §8 is valid for systems of virtual varieties, we
conclude that V, .V, ~V_.V,.

Thus, even when V.V, is not defined, {V,}.{V;} is a uniquely
defined system of equivalence of dimension a+b—n. Further
we note that, in the case dim V,,V, =a + b —n, there exist varieties
V., V; belonging to the same irreducible systems as V,, ¥, such
that ¥, and ¥, intersect simply. As

V.-V, ViV, V,.V;->V,.V,.
Hence, as in the case of intersections in 8,,, the intersection of

V,, V, is defined intrinsically on V.
It only remains to prove

THEOREM 11. Let V, be an irreducible point-set variety on V,, of
dimension b, and let V, be any virtual variety on V,, of dimension a,
where a +b>n. Then we can find onV, a variety U, ~V,, such that if

L’a = Z_o-i Ut(zfi):

then UP ,V, is of dimension a +b —n, and the intersections of UP and
V, are simple.

Let V, = Zp, V¥, where V¥ is effective and irreducible. If each
V% meets ¥, simply, there is nothing to prove. Suppose that V¢
and ¥, do not meet simply. Then either dim [V{,V,] >a+b—n,
or else V.V, has multiple components. We consider first the
case in which dim[V®,V,] =l>a+b—n. Let 8,_,_; be a generic
(r—n—1)-space of S,, independent of a generic point of V{, and
let W, ., be the cross-join of S,_,_; and V¢ [§6]. Then

W, .V, =VP+ ;Z* VD,
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where V), *V%9 are all distinct and irreducible. Then by §6,
Lemma IV, if *V%7,V, is not embedded in VP, V,, *V&) and
intersect simply. If *V&7,¥, is embedded in V), ¥; it follows from
Lemma V of the same section that dim [*V{?,¥]<l. We also
know that dim [*V%?, V1> a+b—n.

Let W1 ., be the variety obtained from W by a generic
projective transformation. Then [§3, Th. I] VY = W@z .V, and

meet si . =
simply. Hence VO=VO 1 T +VGED,
i

and therefore VO~ TH -3 *VED,
)

We therefore replace ¥V, = Zp, V& by the equivalent variety
V,= 2 pVQ+p VP —p, THVED.
j#i i

Proceeding in this way, it is clear that after a finite number of
stages we can replace V, by an equivalent variety Vi = Zpf Va®,
such that V}® 7, is of dimension a + b —n exactly.

Now consider the case in which V¥ ,¥, is of dimension a+b—n
exactly, but where V& and ¥}, do not intersect simply. We construct
W, .. as above. In this case, it follows from Lemma V and VI

of § 6, that if Wg'i)—n-t-a Vn - Vz(zi) +3 V‘(li. n,
J

no component of V§ 7,V, is embedded in V®,¥,, and hence eac
V@) meets ¥, simply. If V9 = Wt V., VP and ¥, meet simply,

and hence . .
VO~ VP SVE,
j

where 7® and V&7 meet ¥, simply. Treating each of the V{¥ in this
way we eventually obtain an equivalence ¥V, ~ U,, where

Ua = Z o Ug)a
%

where U® is irreducible and meets ¥}, simply. This completes the
proof of Theorem II.

This theorem, as we have already seen, enables us to give a
complete theory of intersections of systems of equivalence on a
non-singular variety ¥V, of dimension n. One further remark on the
subject of systems of equivalence on ¥, may be made. Let R be
the set of all (n+ 1)-tuples [{V,}, (W3}, ..., {V,.}], where {V;} is any
system of equivalence of virtual varieties of dimension ¢, possibly
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the zero system O;. We can define addition and multiplication in
R as follows:

[{Voh (Vs - (V1 + {0} {U}, ..., {U1]
= [(Vo+ U}, (V1 + Uy}, ..., (V, + UL}l

{Vah (Vihs - (VLU {U)s -, {U,J] = (W, (W4}, ..., (W0
where
W} = (V3 AU+ Vi) {Up i} + . + ) (U

From the properties of systems of equivalence, it follows immedi-
ately that with these two laws of composition the set R is a ring.
We note also that if

a = [{Vo}, i} ..r {Vu}]
is an element of R, so is

po. = [{pVoh, {pV3}, ... {pV, ],

where p is any integer. Thus R is a linear set over the ring of integers.
An important set of properties of a variety V, is bound up with the
properties of the ring R for V,. An example of such a property is
given in the next section.

The property discussed in § 11 is equivalent to the theorem that
R is a finite linear set over the ring of integers.

Since two effective varieties belonging to the same irreducible
system on ¥, have the same order, it follows from our definition that
if two virtual varieties ¥, and V, belong to the same system of
equivalence on ¥, they must have the same order, the order of

I,a. = Zing),
i

where V) is effective and irreducible and of order g, being defined
as 3 p,9;. If V, and V, are any two virtual varieties on ¥, such that
3

a+b = n, the intersection {V,}.{V;} is a system of equivalence of
varieties of zero dimension. All varieties of the system have the
same order. Now it is clear that any two points on ¥, are equivalent,
since all the points of ¥, form an irreducible system to which they
both belong. Hence {V,}.{V;} contains varieties gP, where P is
any point of ¥, counted with multiplicity one, and g is the order of
the varieties of {V;}.{V,}. ¢ is called the intersection-number of
V, and ¥, and we write V..V =g
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It is uniquely defined by V, and V,, whatever the point-set
intersection V,,¥,; but we note that if ¥, and ¥, are effective,
and intersect simply in a finite number of points, (V,.¥,) is the
number of points common to ¥, and ¥,. If V,~V., V,~V;, then
(V. V) = (V. V).

Ifn = 2m and V,, is any m-dimensional variety on ¥, we can define
(Vin-V,). This is called the grade of V,,. It is, by definition, an
integer, but examples can be given to show that it may be negative,
even when V, is effective. Similarly, if @ +b+c¢ = 2n, we can define
V,.V;,.V,), and so on.

11. Theory of the base. The results of § 2, on the degeneration
of an algebraic variety in §,, when expressed in the terminology
of § 9 are as follows:

Any variety V, in S, of dimension ¢ and order g satisfies the

equivalence relation
q V,=SP+...+ 59,

where 8P, ..., S@ are linear spaces of dimension @ with a common
8,-1. Each 8§ is a generic space of S, over the ground field. Since,
if 8, is any a-space in S,, we also have the equivalence

SP=S, (t=1,...,9),
we obtain the relation V,=g8,. (1)

We notice that in reducing V, to gS, we have considered varieties
over an extension of the ground field. In this particular example
wé do not need to extend the ground field, provided that it is
algebraically closed. We merely choose S,_; to be any (a — 1)-space
over K, and §,_, to be any (n—a)-space over K which does not
meet S,_,, and meets V, in g distinct points. Then the methods of
§2 enable us to reduce ¥, to g a-spaces through 8, ,. Irreducible
systems of a-spaces which contain each of the g a-spaces and any
assigned S, are easily constructed, and so we obtain once more the

uivalence
o4 Vo=gS,.

Nevertheless, it is convenient to be able to extend the ground field
when we wish. Better still, we shall assume that the ground field
is replaced by the ‘universal field” Z* discussed in X, § 1.

The results of § 2, as stated in (1) above, are usually described in
the following way:

HPII 13
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THEOREM 1. The system of a-spaces in S,, forms a base for varieties
of dimension a in S,,.

The problem of generalising this result is one which has exercised
the minds of many geometers. The general result sought is:

If V, is an absolutely irreducible variety of dimension n, defined
over a field K, there exists, for each value of d (0 < d < n) a finite number
of varieties VS, ...,V on V,, defined over the universal field Z*,
such that, over X*, any variety V; on V, satisfies an equivalence

aVy~ra, VP+ ... +a, VY,

where a,ay, ..., a; are integers, and a =+ 0.
The varieties VS, ..., V¥ are said to form a base for the varieties

of dimension d. If the equivalence
bVP+...+5,VP~0

implies that b, = ... = b, = 0, the base is said to be minimal.

Most attempts to prove this theorem have dealt with the case
in which the ground field is the field of complex numbers. Then
transcendental and topological methods are available. Using these
methods, the existence of a finite base has been proved in the case
d =mn—1. The cases d = 0, d = n are trivial. Beyond this little
progress has been made, except in special cases. In Chapters XIII
and XIV the theorem of the base will be proved for quadrics and
for Grassmann varieties. We conclude this chapter by proving the
theorem for a Segre variety [XI, § 2] defined over a ground field K.

We shall work in a k-way space S, ,,, but when we consider
intersections and equivalences we shall be thinking of the corre-
sponding result on the Segre variety. The correspondence set up
in XI, § 2 makes it evident that we may do this. We prove

TrHEOREM I1. If V is an effective variety of dimension d in a k-way
space S, then Ve=Sa S

r1...Tp?
where the summation 18 over the finite set of values of ry, ..., 7, which

1ee.ME?
1.7

k
are such that 3,7, = d, and the S,, ,, are arbitrarily chosenin 8, ..
i=1

It should be noted that the result stated in Theorem II is stronger
than the general theorem stated above. While it is interesting to
prove the stronger result in the present case, the important proper-

ties of the base follow from the general form, which is more
flexible.
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We suppose that (2, y, ..., t) is an allowable coordinate system in

8p,...n;» Consider the variety defined by the equations
2! .
j}_‘,oaﬁxj =0 (1=1,...,n—1y),
3 b )
. =0 (i=1,...,n-—9‘,
io ’Lj'y] 2 2 (2)
ng .
Zod’tjtj = 0 ('l« = l, ...,nk—‘rk),
]=
where (a;;), (b;), ..., (d;;) are matrices of rank n;—r,n,—r,, ...,

n, —r;. This variety is easily seen to be irreducible, and is, in fact
an 8§, ,. It is also evident that for given r,,...,7,, all ;S',l o
8,.,..n; 8re equivalent in the narrow sense, and hence also in the
virtual sense.

Ifr, is zero, 8§,,. ,, is also a (k— 1)-way space, S,

Consider another k-way S, .,

BeesTL”

in 8, . .. given by the equations

LY
jzoaijxj =0 (@ = 1, ceey nl—sl),

ns
‘Eoﬂwx, =0 (t=1,...,ny—8p),
]u

nk
1203”%:, = O (7/ = 1, ...,nk—-sk).

Their intersection is given by the equations (2) and (3) taken
simultaneously. Let n, —t,, ..., n, —t; be the ranks of the matrices
(Z), ,(g) Then #,>max[—1,7,+s8,—n;]. If any ¢, = —1, the
equations (2) and (3) have no solution; then 8, ,, 8, ., is vac-
uous. If every ¢;> — 1, the solutions of (2) and (3) define a k-way
space S, ;. The dimension of this space is

and hence . 22 Zri+ s, —2n,,
dim§,, , =dim§, , +dimS; . —dimS,

if and only if ti=r¢+8,¢-—ni/0 (t=1,...,k).

Leee VR

In thls case Sf;...fkl\ Sﬂ]_.-.&k Sr1+31—n1 S+ —DE°
13-2
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If the coefficients in (2) and (3) are taken as independent indeter-
minates over K, we have

t;=max[—1,r,+8,—n;] (1=1,...,k);

4

hence there exist k-way spaces S;, .. and S; . whose intersection
is either zero or of dimension equal to

dim 8, —dim S, ..

+dim S,

1. Tk 81.+:8k

Now all k-way spaces S, . -contained in 8, ., are equivalent
in the virtual sense. It follows that if, for any value of 4, we have

ri+8;<ny {Sh..r {Sercit = 0,
and if ri+8;2n; (1=1,...,k)

we have {Srl...rk}' {Ssl...sk} = {pSr1+sl—n1...rk+sk—nk}’
where p is an integer. Now choose in {S, .}, {S, .} two k-way

spaces S, and 8; ., such that
’ ’ 4
Srl...TkASsl...Sk = Sr1+sl—n1...r;,+sk~nk'

Consider the images of these varieties on the Segre variety. It is
easy to determine the tangent spaces to the images of S, , and
S;,...s; abt any point common to them, and to show that these images

meet simply. Hence p = 1. Thus, if r,+8;,2n, (¢ =1, ..., k),
{‘Sr;...rk} . {Ss, ...sk} = {Sr1+sl—n1...rk+sk—nk}'

Let V be an irreducible variety of dimension d in S, ,, given
by the equations
fizy, .., 0) =0 (E=1,...,7). (4)

Theorem II will be proved by induction on k£ and on n,. We know
that it is true in ordinary or l-way space [(1), p. 193]. Hence
we may assume that it is true for (k— 1)-way spaces. Since this
implies the truth of the theorem for the space S, ., we may
assume that the theorem holdsin S, _; .-

If d =0, V is a set of conjugate points, and we have V~ kP,
which is the required result. So we may assume d>0. If d> 0,
consider the correspondence defined by (4) between S,, and
B, niinisr.ni- 1f the object-variety is of dimension zero for each
value of ¢, the correspondence is of dimension zero, and we have
a contradiction. Without loss of generality, we shall assume that
the object-variety in S, is of dimension greater than zero.
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Let «, g, ..., & now represent square matrices of orders n, +1,
ny+1, ..., mp+1 respectively, whose elements are independent
indeterminates over K, and consider the variety V* whose equations

are filax, By, ....,0) =0 (1 =1,...,7). (5)
Generalising from the case k = 1 we can prove that V*is irreducible
of dimension d over the field K(a, 3, ..., d), and is & generic member
of an irreducible system of varieties which contains V.

Assuming these evident generalisations of the case k = 1, we
now define the (n, + 1, n, + 1) matrix

E= [fe

1

where ¢ is a new indeterminate, and consider the variety V* whose
equations are
filaBx,By,....0t) =0 (¢ =1,...,7),
or, equivalently,
fiBz,y,....t) =0 (5=1,...,7), (6)
where the coefficients of f¥ are in K* = K(«, ..., 8). The section of
V¥ by xy = 01is the transform by (z, ..., t)—> (', ..., '), where
 =alx,.. t =04,
of the section of V by
aooxo + cen + d(mlznl = 0.
Since this is a generic z-prime, the section of V by it is irreducible
and of dimension d — 1, unless the intersection is vacuous. This can
only happen when the object-variety of the correspondence between
8,, and S, . defined by V is zero-dimensional. This is contrary
to hypothesis. Here the section of V¥ by x, = 0 is an irreducible
variety of dimension d — 1.
Now specialise €—>0. Any corresponding specialisation of V¥
satisfies the equations

fHEBox,y,..,) =0 (i =1,...,7), (7)

where E,= [0
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that is, the equations obtained from (6) by putting z, = 0. Let
equations (7) define a variety V’. Consider the correspondence, over
K(e, ...,0), between the line (1,€) and S, ,,. Since every point of
the line is simple, it follows from XI, §7, Th. IV, that if V' is of
dimension d, the specialisation V§ of V¥ corresponding to e 0 is
uniquely determined. We therefore consider the variety V’ defined
by (7). It is clear that no component of V' is of dimension less than
d. Let (&0, «vvs Tnys Yoo -3 Ynmgs ++5 Loy -+vs In,) be & point of ¥’ for which
3, ...,%,, are not all zero. Then, since this point satisfies (7),
(0,21, ..., &5 +ov; 8oy -0y I,) satisfies (6), that is, lies on V¥ (any e€).
Conversely, if (0,2], ..., Zn,; ---5 ty, -+estp,) lieson V¥, (25, ..., 05 ..
£35 .., tn,), Where x; is arbitrary, lies on V’. Let U® be the section
of V* by z, = 0. It is an irreducible variety of dimension d—1
contained in an S, _; ,,..n, lying in 8, ..

Let (&, ...,&n,5 --+5 To» --+» Tn,) e a generic point of any component
U’ of V' which does not lie in

Zy=..=2, =0.

We may suppose that it is normalised with respect to some z, @=1),
and some y;,...,t. Then (0,§;,...,5,; ...; 7y, ..., 7,,) lies on U®,
Hence K*(£,,...,£,, s Tgs -+ Ty,) i8 of dimension d—1 at most
over K*. Therefore K*(&,...,&p,; -++; Ty +++» Ty,) is of dimension d
at most over K*. Hence the component U’ of ¥’ is not of dimension
greater than d. But it cannot be of dimension less than d, and hence
its dimension is d exactly. This implies that

K*(Eyyois €5 oov3 Tos s Ty

is of dimension d — 1 over K*, and hence (0,£;,...,£,5 -+v; Ty -20s Ty,)
is a generic point of U®. Also §, is indeterminate over

K(EyyooisBngs oov3 Tos oees Tay)
Thus U’ can be obtained as the variety having the generic point

(o> -~ s Enys o3 Toyeens Tyy)y Where (0,8,...,6,5...57g,...,7,,) is a
generic point of UW, and £, is a new indeterminate. It follows that
V’ has only one component U’ not inz; = ... = 2, = 0, and this is
of dimension d. It further follows that if
Gi@yy o0y Ty oens by oens ) =0 (2=1,...,8), (8)
2y =0,

is a basis for the equations of U®, the equations (8) are a basis for
the equations of U’. From this we see that if UY varies in an irre-
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ducible system of varieties in x, = 0, U’ varies in an irreducible
system of varieties in S, ,,; and from this it follows that if U®
and U® are varieties in 2, = 0 such that UV=U®@in this S,,_; ,,. .np
then U'=U"in §,, ., , where U” is the variety obtained from U®
in the same way that U’ is obtained from U®,

We have now to consider the points of ¥’ which lie in

2y =...=2z, =0.

The point (1,0, ...,0; Mg, «.., My 5 -++5 Tos -++» Ty,) lies on V7 if and only
if gy «-ey Wgs -++3To» --es Ty, ) satisfies all the equations of V¥ which
do not involve x; that is, if it lies on the image-variety in S, , of
the correspondence between S, and S,, . This image-variety
is irreducible, and of dimension ¢<d. It is of dimension d if and
only if to a generic point of the image-variety in S,  ,, there corre-
sponds a zero-dimensional variety in S,,,. It follows that the points
of V' for which 2, = ... = z,,, = 0 form an irreducible variety W’ of
dimension ¢ in a space S, ., lying in 8, .. Equivalence (in
any sense) for W'asa varietyin S, = Spp,...n, impliesequivalence
in S, ., Itfollowsthat
Vi=U+W.

Since no component of V' can be of dimension less than d [XI, § 6,
Th. I], W <U’ unless ¢ =d. V' is of dimension d; hence the
specialisation V§ of V* as €0 is uniquely determined. More-
over, since V¥ < V', we must have

V= AU +uW',

where A and u are integers (and x = 0 if W' is of dimension less
than d). Since

2.0

V=V¥
and V=g,
we have V=AU +uW'.

We now apply our induction hypothesis. The variety U® is a

variety of dimension din S, _,,, . ... Hence, by hypothesis

— 1
U= Zail...iks(il)...iks

where the a; _,; are integers, and S ,
Spi—1ns..mp 80d Zi; = d—1.

As U® varies in a continuous system and becomes Za, ; SP ,,
U’ varies in a continuous system and becomes a variety which lies

. 18 a k-way space in
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in the point-set variety 2§, ., ;. Since both varieties are of
dimension d, we must have

r__ ’
U = Za"tl...‘tks‘l:1+1 1a... 1

where the a;, ,; areintegers. It is easy to show that a;_; = a; .,
but this is not necessary for the proof of our theorem.
Since W' is a variety of dimension d in S,

W'=2b;, 4,8, 4
As 8, 2 = Song..np S8n,..np» We have the corresponding equi-

valence in 8, ., W'=xb; , 8
= o0k

t TITS (724

072...%%°

Taking the two results together, we immediately have the

equivalence V=5u S, 9)
- pOTRLY 24

summed over all values of r,, ..., 7 such that Zr; = d.

The result obviously extends to the equivalence = or to ~ for
virtual varieties.

It is easy to show that the coefficients o, ,, in (9) are uniquely
determined by V. Indeed, if we also have

ng‘ﬂrl...fks

r1...7%°

r1...Tk

we have Tt 1St ® P Sy (10)

Let 8;, s, be a generic space, where Xs; = Zn,—d. Then the inter-
section of S, ,.,S; . is vacuous unless r;+s; =n; (¢t = 1,...,k),
and is a single point if these equalities hold. Moreover, we have seen
that any two complementary spaces S, ,, and S; . which meet
in a point intersect simply. Hence, taking the intersection of each

side of (10) by S, we obtain

1...8k?

Oy —sy..mp—sp = ﬂm-—s;...nk—sr

As this holds for all admissible values of s,, ..., s, we deduce that

O = ﬂr;...rk
for all values of »y, ...,7,. Hence the form (9) is unique.
Corollary. The varieties S, ., defined in Theorem II form a

minimal base for the varieties of dimension d in Sy, .



BOOK IV
QUADRICS AND GRASSMANN VARIETIES

CHAPTER XIII
QUADRICS

Ix the preceding three chapters we have considered a general
theory of algebraic varieties in space of n dimensions. The methods
developed in these chapters are applied in this and the following
chapter to certain particular varieties which are of importance in
the classical theory of algebraic varieties. The present chapter is
devoted to the geometry of quadrics.

The theory of quadrics is so large that any attempt to cover it
all would make this chapter disproportionately long. We have
therefore exercised a considerable degree of selection in our choice
of the subjects with which we deal. Since our object is primarily
to illustrate how the methods developed in earlier chapters can be
used to investigate properties of quadrics, we confine ourselves to
those aspects of the subject which are of most interest to algebraic
geometers, and we shall seek to show how these questions can be
treated by the methods previously described. We shall be mainly
concerned with showing how such questions as the properties of
linear spaces on a quadric, stereographic projection, transformation
of a quadric into itself, etec., can be treated by algebraic means.
But in order to make the chapter self-contained, we shall have to
begin with some elementary properties of quadrics which will be
familiar to most readers; these, however, will be treated as briefly
as possible. Any apparent unevenness of emphasis is to be explained
on these grounds.

We shall assume throughout this chapter that the ground field
K is algebraically closed. This will exclude the consideration of
certain problems, particularly those dealing with questions of
reality; but as we have explained, we do not attempt to cover all
problems relating to quadrics. The word ‘point’, without any
qualifying adjective, will mean an algebraic point, and hence, since
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the ground field is algebraically closed, we may, and shall, assume
that its coordinates are in K. The only other points which we shall
consider will be generic points, either of the quadric or of a sub-
variety of it.

1. Definitions and-elementary properties. A quadric is some-
times defined as a d-dimensional variety of order two. This, how-
ever, is too general; a variety in S, consisting of two lines which do
not meet, is a variety of dimension one and order two, but we shall
find it convenient to restrict our definition so that two lines make
up a quadric of dimension one only when they meet. Before giving
a formal definition of a quadric, we prove the following theorem.

TaEoOREM 1. Any irreducible variety V of dimension d and order
two in S,, is contained in a space of d+ 1 dimensions.

Since the ground field K is algebraically closed, ¥V must be abso-
lutely irreducible [X, §11, Th. IV, Cor.]. Also, we must assume
d>1, since any irreducible zero-dimensional variety over an alge-
braically closed ground field is a point, and is therefore of order one.
Not all points of V are singular points, and the singular points of V
lie on a subvariety U of V of dimension e (e <d) [X, § 14]. A generic
8,—4 does not meet U. Hence we can find an (n—d)-space in S,
defined over K, which does not meet U. This meets ¥ in a variety
of dimension zero at least, every point of which is a simple point
of V. Hence we can find an algebraic point on ¥ which is simple.
Since K is algebraically closed, we may choose the coordinate
system in S, so that this point is (1,0, ...,0). Let £ = (&, ...,£,) be
a generic point of V. Since V contains a point not in z, = 0, £,+ 0,
and we may normalise the coordinates of £ so that £, = 1. Let 3 be
the point of x, = 0 whose coordinates are (0,£,,...,£,), and con-
sider the correspondence, whose generic point is (£,7%), between
S, and the prime x, = 0. The object-variety in S, is the variety
with generic point £, that is V, which is of dimension d, and to the
generic point £ of V there corresponds the unique point 7 of z, = 0;
hence the correspondence is of dimension d. Let V' be the image-
variety, d’ its dimension. If y’ = (0,4, ...,¥,) is any point of V',
it follows from the equations of the correspondence that the corre-
sponding points of V lie on the line

Ty _ Xy
= 7 = ...
i Y

‘Q‘&'I
s
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It follows that d'<d if and only if any line through (1,0, ...,0)
which meets 7’ lies on V. Now since (1,0,...,0) is simple on V
and V is of order two, a generic S,_; through this point meets ¥V
elsewhere in only one point &', which is a generic point of V
[XI,§10, Th. I]. Thus the line joining (1, 0, ..., 0) to £ meets ¥V’ and
does not lie on V. Hence d’ = d, and to a generic point of ¥’ there
corresponds a zero-dimensional variety on V, each of whose points
is a generic point of V.

V' is a d-dimensional variety in z, = 0. To find its order, we
consider a generic S,_g_, in 2, = 0, and determine the number of
points in which it meets V'. Each of these intersections is a generic
point of V'’ [X, §7, Th. IIT], and the point of V corresponding to
any of them is a generic point of V. Now the join of §,_;_; to
(1,0,...,0) is a generic S,_; through this point. It therefore meets
Vin (1,0,...,0) and in one other point &’. Since (1,0, ...,0) is not
a generic point of V, it does not correspond to an intersection of ¥’
and S,_;_;. Hence it follows that £’ is the unique point of ¥ which
corresponds to an intersection of S, ; ;, and V’, and therefore
(0,&;, ..., &,) is the only point of ¥’ which liesin S,_; ;. Hence V' is
of order one, and it is therefore a d-space [X, § 7, p. 48].

Let the equations of V' be

If (y5, ..., ¥,,) be any point of V¥ other than (1,0, ...,0), (0,41, ..., ¥n)
ison V', and hence

n
Yayy;=0 (=1,...,n—d—1).
j=1
Hence every point of V other than (1,0, ..., 0) lies in
n
Yayx;=0 (i=1,..,n—d-1). ° (1)
i=1

Since (1,0, ...,0) also satisfies these equations, every point of V
satisfies (1), and hence V is contained in the (d + 1)-space defined
by these equations. It cannot be contained in any subspace S; of
this, for since V is of dimension d this would imply that V = S;;
but 8; is of order one. Theorem I is therefore proved.

In view of this theorem, it follows that if we are given any irre-
ducible variety V¥ in 8, of dimension d and order two, we can choose
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the coordinate system in S, so that V lies in the (£ + 1)-space given

by the equations

Tgpa=Tgeg = ... =%, =0,

and V,, is a primal of this space given by an irreducible equation
F(xo, ceey xd+1) = 0,

of order two. Any form f(z,, ..., %,) can be written as

-

n
f(@o, oo y) = 2 g5(%0, - ) 5+ 9(Zgs o5 Xg11)5
j=d+2
and if f(x,, ...,2,) vanishes on V,

g(@gs s Zgy) = 0

on V. Hence we must have

g(xO’ ""xd+1) = b(xo: seey xd+1) F(xm --*»xd+1)7

and it follows that the equations
F(xg, ..., Tq,4) = 0,
xd+2 = s = xn = 0,

form a basis for the equations of V. Thus V is the intersection of a
(d+ 1)-space and an irreducible primal of order two not containing
that space.

We now define a quadric of dimension d in S, as the intersection
of a (d+ 1)-space and a primal of order two not containing it, whether
the primal is irreducible or not. This intersection is always of order
two, but may reduce to two d-spaces, or to a single d-space counted
with multiplicity two. An immediate corollary is

TuEOREM II. The section of a quadric by an r-space not contained
tn it 18 a quadric.

We shall usually use the symbol Q; to denote a quadric of
d dimensions.

We now obtain canonical forms for the equations of a quadric €.
By definition, @; lies in a (d+ 1)-space, and we can choose the
coordinate system so that this is the space

Tgpg = .. =2, =0,

and the quadricis defined by these equations and one other equation

d+1d+1
F(xg ..., %5,,) = .ZO jzobijxixj (bsj = bsy),
1= =
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which is uniquely determined save for a multiplier in K. Let
b = (by) be of rank d+ 2—p. Then [IX, §2, Th. II] we can find a
non-singular (d + 2) x (d + 2) matrix p = (p,;) such that

pbp=,1 0 0 . 0O

01 0 . O
o . . O
o . . . 0

in which there are d+2—p non-zero elements on the principal
diagonal. Now make the transformation of coordinates

a+1 .
x,l: =j§0p1'jyj (z = O, ...,d+ 1),
X, =Y (t=d+2,...,n),

and we see that the equations of the quadric can be written as

fl(y)Ey3+"'+?/‘tzi+1—~p =0,

fily)= ?/'d+2 =0, @)

fn—d(y) =Yn = 0.

The matrix (%) has the form
0Y; ‘
2% 2% - %4, 0 . . 0 0 . O
o o0 . 0 0 1 0
0 0o . 0 0 0 0
o o0 . 0 o . . 00 . 1

This is of rank less than n —d at points of the quadric if and only if

Yo= - =Yar1—p = 0, Yir2 = coe =Yp = 0.

Hence the singular points of the quadric are the points of a linear
space S,_;. The number p is therefore a geometrical character of
the quadric. If p = 0, the quadric is said to be non-singular (since
all its points are simple), and if p > 0 the quadricis said to be of type p
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(or to be a quadric cone of type p). The equations of a quadric of
dimension d and type p can always be written in the form (2) by a
suitable choice of coordinate system. From this we have

TrHEOREM III. T'wo quadrics of the same dimension and type are
projectively equivalent.

The geometry of a quadric of dimension d can be completely
determined when its geometry as a primal in the S;,; of S, which
contains it is known. We shall therefore confine our attention to
the geometry of quadric primals.

If a quadric @, is reducible, it must consist of two d-spaces, or
of a d-space counted twice. If P is a point common to the two
d-spaces in the former case, or any point of the d-space in the latter
case, it is clear that a generic §,_; through P does not meet the
quadric @4 except in P. Hence P is a singular point of @;. Now @,
lies in a (d + 1)-space; hence if it consists of two d-spaces, these meet
in a (d—1)-space; therefore p >d; and similarly if @, is a d-space
counted twice. It follows that if p <d, @ is irreducible. If p = d
its equation can be taken in the form

BHy1=0, Yarpa=...=Yn=0,
and it clearly consists of the d-spaces
Yoty =0, Yaro= ... =¥ =0
If p = d + 1, the equation of @; can be written in the form
Y% =0 Yap=--=Ya=0,

and this is clearly a d-space (counted twice).

2. Quadric primalsin S,. By theresultsof§1, a quadric Qn_l
in 8, is given by a single quadratic relation

E buxi‘”j =0 (bu = bjz)

’ j=0
It is often convenient to write this in matrix notation, writing x for
the (n+ 1) x 1 matrix whose elements are ,, ..., %,, and b = (b).
Then the equations can be written in the form

z'bx = 0. (1)

We shall assume that n > 1, since the case » = 1 is of no particular
interest.
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To find where the line joining the two distinct points ¥ and z
meets @,,_;, we have to find the values of the ratio A:u such that
Ay + pz satisfies (1). We obtain the equation

A%y'by + Au(y'bz +2'by) + p*'bz = 0,
or, since y'bz = Xb;;y,2; = 2'by,
we have the equation
A%'by + 2Apuy'bz + u22'bz = 0.

Let us suppose, first, that zis a generic point of S, and hence that
it is not on @,,_,. Then 2’bz is not zero. The line yz is a generic line
through y. If yison @,,_,, ¥'by = 0, and this point is simple if and
only if a generic line through it meets @,_, once at y and once at
another point. Hence y is simple if and only if

by Y2+ 0

for generic z; in other words, the singular points of @,_, are those
which satisfy the equation

b$=2bijxj=0 (7:=O,...,n). (2)
i
Conversely, if y satisfies these equations,
y'by =0,
and 2'by = y'bz = 0,

and y is a point of @,_, and is singular on it. Ifbisof rank n+1—p,
the equations (2) define an S, ,, and @, _, is of type p [§1]. The
§,_, defined by (2) is called the vertex of @,,_;.

p
Two points y and z of S, are said to be conjugate with regard to
if
On-1 yb2' = 2by’ = 0.

This relation is clearly symmetric. It is also projectively in- .
variant; for if we make the transformation of coordinates

z = pX,

the new coordinates Y, Z of y, z, are, respectively, p~ly and p~1z,
and the equation of @,,_, is

4
X'p'bpX = 0.
But Y'p'bpZ = y'pp'bpp~iz = y'bz = 0.
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It is clear that y is conjugate to every point of S, if and only if
y'b = 0, that is, if and only if y satisfies the equation (2); that is,
if and only if y lies in the vertex of @,,_,.

If y is not in the vertex, the locus of points conjugate to y is the
prime o'z = 0;
this is called the polar prime of y, and, as above, its definition is
clearly independent of the coordinate system chosen. The polar
prime of y always passes through the vertex of @, _,, since each point
of the vertex is conjugate to y. Moreover, writing down the equation
of the tangent prime, we see that if y is on @,,_, but not in the vertex,
the polar prime of y is the tangent prime at y. If y is on ,,_, but
not in the vertex, and z is any point common to its tangent prime
and @Q,_,, that is, if z is any point of @,,_, conjugate to y, we have

y'by=0, ybz=0, z'bz=0,

and hence the line yz lies on @,,_;. In particular, the line joining y to
any point of the vertex lies on @,,_;, and hence the p-space joining
any simple point of @,,_, to the vertex lies on @,_;. Now let §,,_,
be an (n — p)-space not meeting the vertex, and y any point of @,_,
in 8,_,. The tangent space to @,_, at y passes through the vertex;
if it contained S,_,, S,_, would meet the vertex, since an (n—p)-
space and a (p—1)-space in an (n—1)-space meet. Hence the
section has a well-defined tangent space at y, and therefore the
section of S,_, and @,_, has y as a simple point. If p = n, the
vertex is an (n— 1)-space, and hence Q,_, is the vertex counted
twice; if p<n—1, S,_, and @,_, meet in a @,_,_;, every point of
which is simple. If y is any point of @,,_, not in the vertex, the
p-space joining the vertex to y lies on @,_,, and meets S,_,. The
space joining the vertex to y therefore meets S, , in a point of
Qn—p—1- Hence @, _, is the join of the vertex to the points of a non-
singular quadric @,,_,_;.

Finally, if y and z are two points of S, neither of which lies on
@Q,—,, which are conjugate with respect to @,_,, the points A,y + x, 2
and A,y + #92 in which their join meets @,,_, are given by the roots of

A%'by + pu%'bz = 0,
and hence satisfy the relation

A+ Agpty = 0.
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They are harmonically conjugate with respect to y and z. Con-
versely, if y and z are not on Q,_, and their join meets Q,_, in
points harmonically conjugate with respect to y and z, y and z are
conjugate with respect to Q,,_,.

From these geometrical interpretations of the relation of con-
jugacy, we deduce easily thatif S, is any linear space in S, containing
two points y and z which are conjugate with regard to @,,_,, then
y and z are conjugate with respect to the section of @,_, by S,, and
conversely.

If A, is the point (d,, ..., 4,,) (r = 0, ...,7), (J;; is the Kronecker
delta), the condition for conjugacy of 4, and 4, is

by, = 0.

It follows that if we choose a coordinate system in S, as in § 1, so
that the equation of Q,,_, is

Yo+ ... +yh, =0,

the vertices of the new simplex of reference are conjugate in pairs
with respect to @,_,. Any simplex whose vertices are conjugate in
pairs with regard to @,_, is called a self-polar simplex of Q,_,. If
D,, ..., D, is a self-polar simplex and D, is not in the vertex of Q,,_,,
the polar prime of D, goes through D,, ..., D,_,,D,.,, ..., D, (since
D, and D, are conjugate); hence it must be the face of the simplex
which contains these n points.

We now consider how.to construct a self-polar simplex of Q,,_,.
Let D, be any point of S, not on the quadric, and choose the co-
ordinate system (¥, ..., ¥,) such that D, is (1,0, ..., 0) and its polar
prime (which does not pass through D,, since D, is not on the
quadric) is g, = 0. Let the equation of @,,_, in the new coordinate
system be y'oy=Zo,y,y, = 0.
Since (1,0, ...,0) is conjugate to each of the other vertices of the
simplex of reference (which lie in its polar prime y, = 0),

;=0 (t=1,..,n),

and c= fcg O . O
0 ¢y Cin
b
0 cnl cnn

HPII 14
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while ¢y + 0, since D is not on Q,,_,;. Since ¢ is of rank n+1—p,

(Cu . Cm)

Cr1 « Cpn

is of rank n—p. Hence the section of §,_, by the polar prime of
D, whose equations are

n
Yo=0, X cyyy;=0
i,j=1

is a quadric of type p, having the same vertex as Q,_,. If p = n,
¢y =0 (5,5 = 1,...,n), and the equation of Q,_, is

Y3 = 0.

If p <n—1, we choose any point D, of y, = Onot on Q,,_,. The polar
prime of D1 passes through D,, since D, and D, are conjugate, and
does not pass through D, since D, is not on @,,_;. If we choose the
coordinate system so that D, is (1 0,...,0)and D, is (0, 1,0, ..., 0),
while the polar primes of D, and D, are y, = 0 and Yy, = 0, we ﬁnd
that the equation of Q,_, is

n
%ﬁ+%ﬁf§@%%=a

where (c;,) (,j = 2,...,n)is of rank n— 1 — p, and ¢y, and ¢,, are not
zero. The intersection of the polar prime of Dy and D, meets @,,_,
in the quadric "

Y%=0, y =0, ; ]_22Cij?/i3/j =0,

which is again a quadric of type p, whose vertex is the vertex of
Qn-1- Proceeding in this way we see that we can find n+1—p
points D, ..., D,,_,, none of which is on @,,_,, such that D, is any
point of 8, (not on @,_,), D, any point conjugate to D, (but not
on @, ,), ..., D,_, is any point (not on Q,_,) conjugate to D, ...,
D, ,,. ¥D,,,,..,D, are any p independent points in the
vertex of @,_,, D,, ..., D, is a self-polar simplex of @,_,, and any
self-polar simplex of @,,_, is obtained in this way. If D,, ..., D, are
the vertices of the simplex of reference of the coordinate system
(%9 -++»2,), the equation of @, _, is of the form

CRy+ o FCpp?h_, =0 (c;%0),
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and if we write
Y = c}zi (t=0,...,n—p),

Yi=2 (t=n—p+1,...,n),
we obtain the equation  y§+...+y3_, = 0.

So the reduction of the equation of @,_, to the canonical form is .
essentially equivalent to finding a self-polar simplex of Q,,_,.

Let @,_, be a quadric of type p (p < n). Then there are on it points
which are simple for @,,_;. Let 4 be such a point, and choose the
coordinate system so that 4 is (1,0, ..., 0). If the equation of @,,_,
is

n n
z ZG.Uxixj = 0,
i=07=0

we have a,y = 0. The tangent prime at 4 is
n
> agjx; =0,
2,00 %

and not all the coefficients of this are zero, since 4 is simple. Since
this prime goes through 4, we may choose the coordinate system
so that the tangent prime at 4 is , = 0. Then a, = 0 (j<n),
@o, *+ 0. The matrix (a;) (i, = 0, ...,n)isof rank n + 1 — p, and hence,
since ay; = 0 (i <n), ag, + 0, the matrix (a;) (4,j = 1,...,n—1) is of
rank n—1—p. The section of @,_; by z, = 0 is the quadric @
given by the equation

n—3

n—1n-1
xn = O, 2 Zaﬁxixj = O,
i=1j=1

and is therefore a quadric of type p+1. Since any point of the
vertex of @,,_, is in z, = 0 and is conjugate to every point of S,_;
with respect to @,_,, it is conjugate to any point of z, = 0 with
respect to @,,_,. Hence the vertex of @, _, is contained in the vertex
of @, _,. Also, since z,, = 0 is the polar prime of 4, and contains 4,
4 is conjugate to any point of z, = 0 with respect to Q,_,, and
hence with respect to @,_,. Therefore A is in the vertex of @, _,.
Since @,,_, has a vertex of dimension p, its vertex is the join of 4
to the vertex of @,,_,.

We use these results to give another form to the equation of a
quadric @,,_, of type p (p <n—1). Let 4 and B be any two simple
points of @,_, which are not conjugate with regard to @,_,. The
section of @,_, by the tangent prime at 4 is a quadric @,_, of

14-2
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dimension n — 2 and of type p + 1, whose vertex is the join of 4 to the
vertex of @,_;. The tangent prime to @,,_, at B does not contain 4,
hence it meets @,_, in a quadric ,,_; of dimension n— 3 and type p.
Since the tangent primes at 4 and B both contain the vertex of
@1, it follows that the vertex of @, is the same as that of @,,_,.
Let 4,,...,4,_, be a simplex in the space S,_, containing Q,_,
which is self-polar with regard to Q,_,. Since A and B are not con-
jugate AB, cannot meet S,,_,. For if AB meets S,_,in P, lying in the
polar primes of 4 and B, P is conjugate to 4 and B. Hence the polar
prime of P passes through 4 and B and hence through the line 4B,
and therefore through P. P therefore lies on the quadric. Since 4
and B are not conjugate, their join does not lie on @,,_,, and there-
fore meets @, ; only in 4 and B. But P is to be conjugate to 4
and B, and 4 and B are not conjugate. Hence P cannot lie at A
or B. Therefore AB does not meet S,_, and hence 4, 4,,...,4,_;,B
is a simplex. Take this as the simplex of reference. If the equation
of @y s now Shyza; =0 (by = by),

the polar of 4 = (1,0,...,0) is to be z,, = 0. Hence

beo®o+ .- +bgpx, = Az, (AF0),

and therefore by = ... = by, = 0, by, +0. Similarly, since the
polarof B = (0,...,0,1)isto bex, = 0, wehaveb,; = ... = b,, = 0.
Also since 4; and 4, are conjugate,

by=0 (,7=1,...,n—1;¢%j).

Remembering that @,_; is of type p, we seé that the equation of
@,,_; must be of the form

To%, = X by (b;#+0).
Putting Yo = Lo,
yy=bjx; (j=1,..,n—1),

Yn = Tns
the equation of @,_, becomes
n—1—p
Yoyn= 3 ¥i;

a form which we shall often find useful.
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Finally, we consider the concept dual to a quadric. Let @, _, be
a quadric in §,, of type p, and suppose that the coordinate system
is chosen so that its equation is

xg+...+a5_, = 0.

The tangent prime at any point £ of this (not in the vertex) is of

the form
g0x0+ e +£n-pzn—-p =0,

where £, ...,£,_, are not all zero and
B+...+&_,=0.

Conversely, if &, ..., &, - ,» are not all zero, and
&G+...+86_,=0,

then Soo+ .. +Ep 2y, =0

is a tangent prime to @, ;. Hence the tangent primes to @,_, are
the primes whose coordinates satisfy the equations

u+...+up_, =0,
Up_py1 = oo = U, = 0.

Hence if we represent the primes of S, by the points of a space X,
in the usual way, the locus corresponding to the tangent primes of
@,_, is represented by a non-singular quadric of dimensionn —p — 1.
The space containing the quadric is the dual of the vertex of @,,_,.

More generally, if @, is a quadric of type p in S,, and we choose
the coordinates so that its equations are

2
.’l?%-l- et Ty, = 0,

xd+2 = ... = xn = 0,
the prime Lo+ ...+ &2, =0
contains a tangent d-space to @, if either £, = ... = £;,; = 0, that

is, if the prime contains the (d + 1)-space containing @, or else if
Eoo+ .. +8441%341 = 0,
Tgo=...=2,=0,
is a tangent d-space to ;. For this we require
&+...+831-,=0,

€avz—p = =an=0.
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Hence the locus of points in X, representing primes of 8, which
contain the tangent spaces of @, is a quadric of dimensionn—p—1
and typen —d — 1. Conversely, we can verify at once that the primes
of S, corresponding to the points of 2, which lie on a quadric of
dimension n— p — 1 and type n —d — 1 are the primes which contain
d-spaces tangent to a quadric @, of type p.

It is customary to omit all reference to X, and simply to con-
sider the primes in S, whose coordinates satisfy equations of the
form - n
2 agugu; =0,

§=0

%,
n
Zﬂi,uj=0 (i=1,...,n—‘e—l),
j=0

where we assume that the solutions form a system of primes of
dimension e. Such a system of primes is called a quadric-envelope
(in contrast with a quadric-locus), and the results obtained by con-
sidering Z,, amount to saying that the primes of a quadric-envelope
of dimension 7 —p — 1 and type n —d — 1 are just the primes which
contain the tangent spaces to a quadric-locus of dimension d and
type p. This quadric-locus is usually called the enwvelope of the
quadric-envelope.

The most important case arises when d = n—1, p = 0. Then the
quadric-envelope formed by the tangent spaces to the non-singular
quadric @,,_, is of dimension n—1, and is non-singular. Let the
equation of the quadric-locus @,,_, be

n
x’be Z bﬁxixj = 0, (1)
1, j=0

where b is non-singular. If (ug, ...,%,) is a tangent prime to this,
there exists a point 2’ of @,,_, such that

n
jzobijx; = /\u,: ('L. = 0, cony n)
for some non-zero A, and since z’ lies on @,,_,,
kid ’ ’ n ’ ’
AZuixi = 2 bﬁxixj = 0-
0 1,7=0
Hence we have the » + 2 equations
n
jzobﬁa:;—/\u; =0 (1=0,...,n),

n .
X u;x; = 0.
i=qQ
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Eliminating zj, ..., 25, A we see that u’ satisfies the equation

boo - bon U
bo - by
. =0,
bnO bnn un
Uy u, O
. n *
that is, X Biyuwu; =0, . (3)
i, §=0

where £, is the cofactor of b,; in detb. Since b is non-singular, it
follows [II, § 8, Th. VIII] that £ is non-singular. The equation (3)
therefore represents a non-singular quadric-envelope, which con-
tains the system of tangent primes to @,_,. As this system is an
irreducible system of dimension 7z — 1, it must therefore coincide
with the system of primes given by (3). Hence (3) is the equation
of the quadric-envelope defined by (1).

Conversely, let 2B uu; =0

be any non-singular quadric-envelope of dimension »—1, and let
@, be the quadric

Bo - B %

ohe=| . . |=o. (4)
/gno . ﬂnn Ly
Xy . oz, 0

Form the equation of the quadric-envelope of this:
5 0
wu;u; = 0.
i,jz-(;)’ij 1%

By an elementary property of determinants [II, § 8, Th. VIII],

Yu = 4"By,

where 4 (4 4 0) is the determinant | 8, |. Hence the quadric-locus
which is the envelope of the given quadric envelope is given by (4).

We can construct a polar theory for quadric-envelopes corre-
sponding to that already given for quadric-loci. Confining ourselves
to non-singular quadrics we define the pole of the prime v with
regard to (3) as the{ point o'fu = 0.
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If this is the point y, we can write

y = B,
Av = by.
Hence v is the polar of y in the corresponding quadric-locus. Two
primes are conjugate if the pole of each lies in the other. It follows
that two primes are conjugate with regard to a quadric-envelope
if and only if their poles are conjugate with respect to the corre-
sponding quadric-locus.
The polar theory of a non-singular quadric primal is indeed the
same as the polar theory of the corresponding quadric envelope.
In the next section we give a brief account of this theory.

3. Polar theory of quadrics. Let @, , be a non-singular
quadric in S, with equation

and let wpu = LB, uu; =0 (2)

be the equation of the quadric-envelope formed by the tangent
primes to it. We may suppose that 8 is the cofactor of b;; in
det .

Let S; be any d-space of S,, and let ,, ..., y; be d + 1 independent
points of it. Any point y of S; can be written in the form

Yy = A0y0+ oo +/\d?/d~
The polar prime of y with respect to @,,_; is
AoYobz + ... + A ysbx = 0.

It follows that the polar primes of all points of S, intersect in the
linear space whose equations are

Yobx =0, ..., yzbxr =0.

Since b is non-singular, and ‘

(?/j) (Z’/oo . yoi)
Y Yao - Ya

is of rank d + 1, this space is of dimension n—d—1. We denote it
by 8,_4_, and call it the polar space of S, with respect to @,_;.
Every point of §; is conjugate to every point of S,_;_;. S,_4_, is



3. POLAR THEORY OF QUADRICS 217

called the polar space of §;. The polar space of S,_;_, is a space of
dimension n—(n—d—1)—1=d, and consists of all the points
which are conjugate to every point of 8,,_; ,; hence it must be S;.
Thus the relation between S; and S, _;_, is symmetrical. The polar
space of S,_;_, with regard to the quadric envelope (2) is defined,
dually, as the locus of poles of all primes through 8,_s_,. But if
the pole of the prime p with regard to (2) is P, the polar of P with
regard to (1) is p. Hence we deduce that the locus of poles of primes
through 8,_g_, is S, and similarly the locus of poles of primes
through S;is S,_4_,. Thus if §; and §,_;_, are in the polar relation
with regard to (1), they are also in the polar relation with regard
to (2), and conversely.

Suppose that S; and 8,_;_, meet in an S;. Then their join is an
8, _x_1- If y is any point of S, we see by regarding it as a point of
S; that its polar prime contains S,_; ;, and by regarding it as a
point of S,_;_; we see that its polar prime contains S;. Hence
the polar prime of y contains S,_;_,, and since y is any point of Sy,
it follows that the polar space of S, with respect to (1) (and hence
with respect to (2)) is S,_;_;. Since S is contained in S,_,_,, it
follows that the polar space of every point y of S, contains y; hence
every point of S, is on @,,_,. Moreover, the tangent space to @,_,
at any point of ), contains S,,_,_, and hence S;. Thus S, lies in the
tangent space at every point of S, (and contains S;); S; is said to
touch Q,,_, along S,. Conversely, if y is any point of S; which lies
on @,_, and is such that S; lies in the tangent prime at y, y is the
pole of a prime through S;. It therefore liesin S,_;_;, and therefore
also in 8. Thus we have

TrEOREM 1. If a d-space S; touches @,,_,, it touches it at points of
a linear space S,,. The polar space of S; meets Sy in this Sy.

In particular, if S; lies on @,,_, the polar prime of any point of it
contains S;. Hence §; is contained in its polar space S,_;_;, and
therefore 2d <n —1.

Now let S; be any other d-space of S,,, S;,_;_, its polar space with
regard to @,_,. Suppose that S; and S;,_;_, meet in an a-space S,.
If y is any point of S,, the polar prime of y goes through S,_;_,
and Sj. Hence S,_; , and Sj lie in the polar space S,_,_; of S,,
and therefore meet in a b-space (b >a). But if S;and S,_;_; meet
in a b-space, similar reasoning shows that their polar spaces meet
in a space of dimension b at least. Hence a > b, and we conclude that
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a=>b. If §; and §,_; ; meet at all, we say that S; and S are
conjugate; if they meet in an a-space we say that their degree of
oonjugacy is a+ 1. The result just proved shows that the degree of
conjugacy of two spaces is a symmetrical property of these spaces.

If d = 0, the conjugacy now defined simply implies that the polar
of Sg goes through 8, and hence S, and S; are conjugate according
to the definition of § 2. Conversely, if y and z are conjugate according
to the definition of §2, they are conjugate in our present sense.
Again, a space S; is self-conjugate to a degree k+ 1 if and only if it
meets its polar space in a k-space, that is, if and only if it touches
@, along a k-space.

The condition that two d-spaces with Grassmann coordinates
(s Dy igp++-) @0 (..., gy, 44 --.) BTE cOnjugate to a degree k+ 1
atleast with regard to @,,_, can easily be written down. Let y,, ..., 7,
be a set of independent points of the first space. Then its polar
space is given by the equations

Z Zyijbjkxk"‘o (’5=0a--_-:d)~
§=0 k=

The dual coordinates (..., p% 74, ...) of this 8, ,_, are given by
the equations

Pj°"'f"' =k de Yoo - Youg bkoio . bko.‘id
en
Yaro - Yarg bkdfa o by
= Ekd bkoso + Okota |Pro. ks
oern

brase - Okasa

and the conditions that this (n—d— 1)-space should meet
(-1 94,..ip ---) In & k-space at least can be written down by the
methods of VII, § 5.

In particular, the condition that they should be conjugate is

seen to be
?; bijo + Yisa |PiiaBioda=0- .

bidfo . bia!d
The polar theory of quadrics which we have outlined can be
extended: to singular quadrics, but since the dual of a quadric of
type p and dimension » — 1 is a non-singular quadric of dimension
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n—p—1, the theory becomes less interesting. We shall merely
indicate how it can be developed. If y is any point of S, not in the
vertex of @,,_,, its polar prime 7 passes through the vertex [§2].
If y’ is any other point, not in the vertex, but in the p-space joining
y to the vertex, we see, on writing down the equation of the polar
prime of y’, that this polar prime is %, and that any point whose
polar prime is 7 lies in this p-space. Now take the section of @, _,
by an 8,_, not meeting the vertex. This is a non-singular‘quadric
@n—p—1 of dimension n—p—1. Two points y and z of S, are con-
jugate with regard to @,,_, if and only if their projections from the
vertex on to §,_, are conjugate with respect to @,_, (that is, with
respect to @,_,_;). We therefore define polar and conjugate spaces
in §,_, with regard to @,_,_,, and call the joins of these to the
vertex of @,_, polar and conjugate spaces with regard to @,_,.
Thus the polar properties of ¢,_; can be obtained at once from the
polar properties of a non-singular quadric. By duality, we can
obtain a polar theory for singular quadric-envelopes.

We now return to the case in which @,,_,, given by (1), is non-
singular. Let P,, ..., P, be a self-polar simplex with regard to @,_;,
and suppose that the coordinates of F. are (p,,...,2,,). Since

P, ..., P, is a simplex,
p= (Poo . pm)
Pro + DPn

is a non-singular matrix. Consider the transformation of co-
ordinates given b
£ y z=pX.

In the new system of coordinates, P, ..., P, is the simplex of
reference. The new dual coordinates are given by

U = pu.

Since the simplex of reference is self-polar with regard to @,_,,
the equation of the quadric-envelope defined by @,,_, is of the form

n
A, U% = 0;
o
that is, equation (2) can be written in the form

n
20‘4 A ProUg+ - + Py %y)? = 0.
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Conversely, if we can find p,; so that (2) can be written in this form,
the forms ¥ p;u; (4 = 0, ...,7n) are linearly independent, otherwise
I]

(2) would be singular. The pole of v is

n
% A(Piotot - +Pinthn) (Pio¥o+ -+ + Pin¥n) = 0,
and if v is the prime containing

(DPigs ++sPin) (E=0,...,r—1,7r+1,...,n),
this becomes ProUot+ -+ Dppty = 0,

that is, the pole is (p,¢, ..., 2y,). Thus the n+ 1 points (2y,, ..., Psn)
form a self-polar simplex for (2), and hence for (1).

This idea can be generalised. Let B, = (p;9,...,04,) ¢ =1,...,7)
be r points, and let

U=ppU+ ... +Diptt, =0 (i=1,...,7)

be their equations. Suppose that the equation (2) can be written
in the form ,
1

Without loss of generality we may assume that the points have
been chosen so that no A; is zero. Then

B =p'Ap,

and since £ is of rank z + 1, p must be of rank n+ 1 at least, and
n+ 1 of the points P, must be linearly independent; in particular
rzn+l.

Now let v be a prime containing P, , ..., P, , and let ¢, ...,%, be
the remaining suffixes. The pole of » has equation

7 r
821/1i,, Ui (P00 + - +Diyn %) Es—%-l/\i’ U, (Pi,0%+ -+ + Diyn¥s) = 0,

and is therefore linearly dependent on 7, , ..., F;.

The most interesting case of this arises when »+ 1 <7< 2n, and
the points P, ..., P, are such that any n+1 of them are linearly
independent (and therefore any s, where s <%, of them are linearly
independent). In this case it follows that the pole of the prime
defined by any 7 of them lies in the S,_,_; joining the remaining
.points of the set. We shall say that a set of points PA,..., P,
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(n+1<7r<2n)is a polar r-ad of @,_, if (a) no subset of » + 1 points
lies in an 8,,_;; (b) the pole of the prime containing any % of them lies
in the space which spans the remaining r — n of them. The existence
of polar r-ads for Q,_, is easily established. It can easily be
shown that in S, there exists a set of » points R,, ..., R, with co-
ordinates (p;g; ..+ Psn) (¢ = 1,...,7) such that (a) any n+1 of them
are linearly independent; (b) the  x (z+ 1) matrix (p;) is such that
p'p is of rank n+ 1. Then '

r
? (PaoUo+ -+ +Pin%n)? =0

is a non-singular quadric envelope defining a non-singular quadric
locus @;,_,. Since all non-singular quadric primals in S, are pro-
jectively equivalent [§ 1,Th.III]we can find a non-singular collinea-
tion of 8, which carries ,_, into @,_,. It is trivial to verify that
this carries R,,...,R, into a polar r-ad P,,...,F, of @, ;. This
establishes the existence of polar r-ads.

Now suppose that P,, ..., P.is a polar r-ad for @,,_;. We choose the
coordinate system so that P,,...,P,., = 4,,..., A4, is the simplex
of reference, and for convenience denote P, ,, ..., P, by By, ..., B,
(8 = r—n—1). In this coordinate system the equation of @,_,,
regarded as an envelope, is

.

n
270U =0.
1,j=0

The pole of the prime\ Ag ..y Ay 1, Apiy, ..., A, is given by the
equation

n
E ’}’sz} =0,
i=0
and is therefore the point (¥, ..., Vs,). This is to lie in the s-space
joining the points A, Bj,...,B,. Hence if B; has coordinates
(bigy -+ bin), ]
Vi3 = Aiby +p§1 Aipbpp (3)

where d;; is the Kronecker delta. Since y;; = v;;, we have

X Apbps = 2 A550, (4)
p=1 p=1
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From (3) we see that the equation of @, _, is of the form

n 8
0= /\OUE+...+A,LU,’;+£;$_:0 zligpbp,.U,-U}
»J=0 p=

n 8
=2 U3+...+A, U+ 'Eo ZIAipUiUMp, (5)
1=0 p=
where Ui p=b,Up+...+6,,U, = 0 (8)

is the equation of B,.

Now let i, ...,%, be any derangement of 0, 1, ...,n, and let 4 be
any integer, where 1<h<s. Let ¥V be the prime containing
4;,..,4,,B,,...,By_4,B;.4,...,B,. Then

V=..=V, =0,

I’n-{-p =0 (p*k):

where ¥, , is obtained from U, , by replacing U; in 2b,,U; by V.
Since this prime does not contain B, (any 7+ 1 points of the r-ad
being independent), ¥, + 0. The pole of ¥ has equation

AV U+ ... + 24,V U, + '% ElAiP[]‘iVn‘f'P-l- '20 ZIAiPKUn+p = 0.
=0 p= i=0 p=
n 8

n 8
Now Z El/\ip‘Vi_U:n—kp = E Z )‘ipbpjvz:U’j

im0 p= i,j=0 p=1

n s
= I Ajpbp'l}v;lzjj (from (4))
1,§=0p=1
n s
= 2 > A‘ip UiVn+p‘
1=0 p=1
Hence, since

V,=..=F

s n=V;,+1=...=V;,+h_1=v;+,,+1=...—V;_1=0,

the pole of V is given by the equation
A1:0‘[/;0 U‘io+ s +Ai V Uig—] +K’t+h_20 A’ihUt = O'
P

s—1 tg—1
By the property of a polar r-ad, this lies in 4, ... 4;_,
A'ioVio Uio Tt Aia—l Uia— Ks—l =0
lies in this space, so must

n
2 A0 =0,
i=0

B,. Since

1
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unless A, = 0 (¢ = 0, ...,%). Assuming for the moment that not all
A;p are zero, (Agy, ..., A,y) liesin 4, ... 4, B, for all derangements

%9y +ery by 0F 0, ..., . But the (n-;—l spaces 4; ... 4; | B, have only

Us—1

B;, in common. Hence, there exists a constant A, , such that
Aih = An+hbh'i (1: = 0,..., n).

This result includes the case in which each A, is zero, by taking
Auin = 0. Hence in any case the equation (5) can be written in
the form

n n 8
EOM U3+ z Zl"nw(btht) Uy, =0,

i=0 p=

r—1
that is > A, U02=0, from (6).
i=0
Returning to the original coordinate system, the equation of @,_;
can be written in the form

r
iZI i DioUg+ -+ + Py %)% = 0,

where P, = (P, ---» Pin)- It will be observed that we have only
used certain of the conditions of conjugacy of a polar r-ad. It
follows that the other conditions are satisfied automatically.

We must also consider the possibility of an identical relation

r
igllli(piou0+ eee +pinun)2503 (7)

where P, = (pig, .-, D) (¢ = 1,...,7) are r points of §,. If such a
relation holds, it follows that A,,..., A, satisfy the }(z+1)(n+2)
equations r

121 Aipijpik =0 (.7’ k=0,..,n), (8)
and conversely, if A, ..., A, is a solution of these equations,
r
.21 Af(PioUot - +Pinty)?=0.
1=

A non-zero set of A’s can always be found if > }(n+1)(n+2).
Suppose now that r < $(n + 1) (= + 2). We assume, as we may, that
each A; is different from zero. There always exists a quadric
containing r— 1 of the points P;. Then if

n
2 byxx, =0
i,1=0
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is a quadric through P, ..., P,_,, P,,,, ..., B,

n
jkzobjkpsz.”k—'f-o ('1:= 1,...,h—1,h+1,...,r).

From equation (8) we see that

r n

Y X Nbypypy =0,
i=1 §,k=0
n
and therefore 2 bigoniPni = 0.
i k=0

Hence the quadric passes through P,. The identity (7) therefore
implies that any quadric through all but one of the points B, ..., P.
passes through the remaining one. Conversely, if P, ..., P, is a set
of points such that any quadric through all but one of the points
passes through the remaining one, a reversal of the argument shows
that there exists a relation of the form (7).

Finally, we show that if there exists a relation of the form (7)
with each A; different from zero, and not all pomts P, lie in a prime,
then 7>2n+2. Suppose indeed that P,...,P,,, are linearly
independent. Then

n+1
.El A(Pioto+ ... +Pipuy,)? = 0
T=

is a non-singular quadric. It is also given by the equation

r
2 Ai(?iouo +... +pinun)2 =0,
i=n+2

and if » < 2n + 2, this quadric-envelope is necessarily singular, and
so we have a contradiction. On the other hand, if r = 2n + 2 we can
find P, ..., B, for which there exists an identity of the form (7).
Let @,_, be a non-singular quadric, 4,,...., 4, a self-polar simplex
with regard to @, ;, where A; = (a,y,...,a;,), and B,,...,B, is
anotherself-polarsimplex whose vertices are distinct from4,, ...,4,,.
We take the coordinates of B; as (b, ..., b;,). The equation of
@1 can be written in the form

n
'EOAi(a,-ouo+ vt au,)?=0,
1=

and in the form % Milbgug+ ... +b;,u,)? = 0.
i=0
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Hence

n n
i§0 Ai(@io%o+ - + 0 uy)2=p iZom(bm U+ ... + O u,)3
and therefore
n n
.20 A@iptty+ ... + @i u,)* + ‘Zo —Pli(bytigt ... + b4 u,)2 =0,
1= 1=

which is an identity of the required form. )

4. Linear spaces on a quadric, I. We have already seen [§ 2]
that if y is any point of a quadric Q,,_,, and z is any point of @,_,
which lies in the tangent prime to ,,_, at y and is different from v,
theline yzlieson @,,_;. The tangent prime at y cuts @,,_, in a quadric
of dimension »— 2, and hence, if > 2, we can find a point z of the
intersection different from y. Thus if #» > 2, there are always lines of
S, contained in @,_,. On the other hand, we saw in §3 that if S
is a k-space contained in the non-singular quadric @,,_,, the polar
space of S; is an §,_,_, containing 8, so that 2k <n— 1. In this
and the following section we study the properties of the linear
spaces which lie on a quadric. The present section is devoted to a
study of the spaces of maximum dimension which lie on a non-
singular quadric ,_, in S,. We must consider separately the cases
in which » is odd and in which % is even. We first consider the case
n odd: n = 2m + 1, where m is an integer.

In this case @, ; cannot contain a space of dimension greater
than m. Let S, be any m-space of S,, and choose the coordinate
system (yq, ..., ¥,) in S, so that S,, has the equations

Yo=Y1=-.=Yn=0 (m+1=n—m)
If f(.'!/o’---:yn)=0

is the equation of any quadric through 8, f(0,...,0,%,., 1, --s¥y,)
must be identically zero, and hence we must have

f(?/o, s Yn) = @(Y) Yot oo +0n(Y) Yo
n
where a,(y) =120a,-, Yy (E=0,..m)

and a, lies in K. Without loss of generality, we may assume

HPI 15
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ay = ay; (1,5 = 0,...,m). The quadric is non-singular if and only if
the determinant ’

2000 - 28om Bomi1 - Gon

2am0 * 2amm am m+1l a’m'n

Rom+1r + Pmmil 0 - 0
' Qo + Oy 0 . 0

is not zero. This is true if and only if

Qomi1 - Bon |

a’m m+1 amn

is not zero (since »—m = m+ 1). Assuming that this determinant
is not zero, we write

n
zi= Zayly (i=0.m)

It follows that (z,, ..., %, Ygs ---» Ym) can be chosen as a coordinate
system in S, and referred to this system the quadric has the equation

ToYo+ ... + &Yy = 0. (1)

Since all non-singular quadrics in 8, are projectively equivalent, it
follows that every non-singular quadric in S, contains at least one
m-space. Hence we have

THEOREM 1. If m = 2m+ 1, every mon-singular quadric in S,
contains at least one m-space. If S,, is an m-space on the non-singular
quadric @,_,, the coordinate system in S, can be chosen so that S,
has equations
Yo= - =Yn=0,
while Q,,_, has the equation (1).

We shall use the form (1) of the equation of @,_; to discuss the
m-spaces which lie on it. Any m-space is given by a set of (m+1)

equations m m

Y a2+ Lbyy; =0 (=0,..,m), (2)
=0 =0

where the (m+ 1) x (2m + 2) matrix of coefficients is of rank m + 1.
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These equations can be solved to yield a set of equations

k m
x,/r = 2 “trhyh"’ Z ﬂi’,i"xi‘ (7' = 0, ceey k), (3)
8=0 8=k+1

k m
Y, = z ’yfrhyh_’— Z 871'1'.92:7:3 (7‘ =k+1, ""m)’
8§=0 8=k+1

where (3, ...,%,) and (Jjg, -..,Jn) are derangements of the integers
0,1,...,m (the §; ; are not Kronecker deltas in this case). This is
possiblewhenever the matrix of coefficients of #,, ..., %4, ¥j,15 - +» Ys
in (2) is non-singular, and in general there are several ways of
choosing 4y, ..., 4, Jit1s -+ s Jm tO satisfy this requirement. We first
show that if the m-space given by (2) lies on @,,_;, then we can
choose (ig, .-+ 8)s (Jo» -+ +sJm) 80 that i, = j. (r =0, ..., m).

Suppose that in (3) we have one of the numbers, iy, ..., ; equal to
one of the numbers j .1, .-+ jm> 58Y %9 = jr+1- Then not all the num-
bers 4y, ..., %y, are distinct from each of the numbers jo, ...,ji-
We suppose, for instance, that j, = 4;,,. If o, ; +0, we can solve
the first of the equations (3) to express y;, in terms of z;, ¥;, .-+, ¥j;»
Ty, ..., Hence we can replace equations (3) by equations
exXpressing @, ..., Ly, Yjor Yjparr -+ Uiy 1 terms of y,, ...y,
Ty Ty, s - Ty, In these new equations the number of integers
common to the sets %, ..., %; and jo,Jr41, --+»Jm 18 reduced by one.
If «;; =0, but &, ;. ,+0, we can follow an analogous pro-
cedure to transfer z;, ,, to the left-hand side of (3) and y;,,, to the
right-hand side, so reducing the number of z’s and %’s on the left-
hand side of (3) which have the same suffix. A similar argument
holds if B;;,,, OF ¥;,.,,4, is different from zero.

We proceed in this way to reduce the number of 2’s and ¥’s on
the left-hand side of (3) which have a common suffix. Eventually
we obtain a set of equations which we write in an obvious matrix
notation as

Zg X3 %g Oz Xpg Ya
Le oy 0 oy O Ya
= , (4)
Y Ogy (3 OQgg Ay Ly
Ye 3 0 oy O Ly

where a, b, ¢, d denote distinct sets of integers which, taken together,

form a derangement of 0, 1,...,m. Further reduction of the type

described above is no longer possible. Suppose now that the m-space
15-2
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given by (4) lies on the quadric given by (1). This condition can
be written in matrix form

YaZat Yo%y + Yoo+ YaTa = 0.
When we use (4) to eliminate z,, %, ¥, ¥, from this equation, the

result must be an identity in y,,, ¥4, Zy, ;. On substitution, the left-
hand side of the equation (1) becomes

Yal011Yq + C1aYa + A1a@p + 014 %) + X5 (g1 Y + Aaa Y g + gy p + A %)
+ (Yaogy + 7 %gg) (091 Yo + Lag %) + Y-
However the elements of the matrices «,; are chosen, this expres-
sion can only reduce to zero if there are no elements in the sum
yq%4. Hence the suffixes in the sets a and b must be a derangement
of the set 0,1,...,m. It follows also that the set ¢ of suffixes is
empty. Hence if (2) is any S, on (1), its equation can be written
in the form

N Yio
. A B .
Ty Y1 . Yi, , ]
Yiria Tiriy
. 0 D -
Yim Lim

where %, ...,1,, i8 a derangement of 0, ...,m. When we substitute
from these equations in (1), as above, we find at once that the
equations are satisfied identically if and only if the matrix

o 3
is skew-symmetric. ¢ D

Let P be a skew-symmetric (m+1)x (m+1) matrix, whose
elements above the principal diagonal are independent indeter-
minates. The m-space given by the equations

Z; Yi,
“ )~ p| Yn (6)

Yira Ly 41

Yim Tim
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lies on @,,_;, and is a generic member of a system S;, ;. .., 4, of
m-spaces of which the m-space given by (5) is a member. Since the
equations of (6) contain 4m(m + 1) independent indeterminates, we
readily deduce that the dimension of &; ;. ; ., . is 4m(m+1).

We thus obtain altogether 2m+1 systems &; ., s,,,. 1, Such that
any S, on @, _, belongs to at least one of them. However, we show
that the systems are not all distinet, and indeed they can be
divided into two sets, all the systems in the same set being identical.
Let (6) be a generic member of the system S, ;. ..., 4., and con-
sider another system &, ;.;. . such that m—1 of the co-
ordinates ;, ..., Ty, Y, .15 s Y areinthesetz; , ..., x5, ¥y 1o sYp
We prove that the m-space (6) belongs to S, ;.; jsiv... s

Let us suppose, for instance, that z;, z; are the two coordinates in
the set z;,...,%;, ¥\ -++> Ys,, Which are not in the set z;, ..., z;,
Yigers +» Yinp> then we obtain this latter set by writing y;, y, for
x;, «;in the former. Since the matrix P in (6) is skew and its elements
above the principal diagonal are independent indeterminates, the
elements p,; and p,; are not zero. We can therefore apply the method
described earlier in this section, first to change z; to the right-hand
side of (6) and y, to the left, and then x; to the right and y, to the left.
The equations of (6) are then of the form

Zjo Y5o
T4, =R Y5
Yiser Zigrs
Yim Tim

and since (6) is on @,,_,, R must be skew. A similar argument holds
if the coordinates in ;, ..., %; , ¥;,, > ---» ¥;,, not in the set z;,, ..., 2y,
Yigrrs o> Y BT Yiy Yy OT ;, y;. Hence in all cases (6) is a proper
specialisation of the generic member of & Since,
however, (6) is a generic member of &;, ;..

J0..J85 Fs+1...Im*

v WO have

6‘i(i-—-f"ri tr+1...0m s 6.’fo---f.;; Js+1.-Im*

Similarly, we prove that

Cioredns Jartendn S Blontrs trarnstm
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and hence we deduce that

Cio..rs trsr.citm = Clovcctss Sasree I
Applying this result repeatedly, we find that any system
Siy...41 4y41...4m 18 €qual either to the system G or to the system &',

where /
S = 6;01...m’ S = em;o...m—l'

We have not yet proved that © and &' are distinct systems, but
this will be proved immediately. Assuming this result, we have

THEOREM II. On a non-singular quadric Q,,, there exist two systems
of m-spaces, each irreducible and of dimension ym(m+ 1), and every
m-space lying on Q,,, belongs to one or the other of them, but not to both.

The fact that the systems G and &’ are distinct, and in fact have
no m-space in common, follows from a study of the intersection of
two m-spaces lying on @,,. Let 7 be any m-space on @,,,. Then, by
Theorem I, we can choose the coordinate system in S, so that 7

has the equation
Yo=Y1= - =Yn=0,

and @,,, has the equation.
ZoYo+ oo + T Yy = 0.

If the coordinates of 7 lie in the ground field K, the transformation
of coordinates necessary to reduce the equations of S,, and of Q,,,
is a transformation over K; but if the coordinates of 7 are trans-
cendental over K Theorem I is still valid, provided we adjoin the
coordinates of 77 to the ground field, since Theorem I does not depend
on K being algebraically closed. In particular, 7 may be taken as
a generic member of either system on @,,,; we note, however, that
over the extended ground field 7 is no longer generic, and that in
‘the new coordinate system we have renamed the system to which
7 belongs so that it is the system &.

Now consider any other m-space on @,,,. In the new coordinate
system its equations can be written in the form

Ty, Yi,
A B
x-i, — Yir , ( 5 )
yir +1 x‘ir+ 1
: ¢ D

y‘im x‘im
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where 4, ...,%,, is a derangement of 0,...,m, and 4, B, C, D are
matrices of r+1, r+1, m—r, m—r rows and r+1, m—r, r+1,
m—r columns, respectively, while the matrix

(A B) )
C D
is skew. If r is odd, (5) belongs to the system &, and if r is even it
belongs to &’.
We consider the intersection of 7 with (5). It is given by
C Yo==Yn=0
T, ZTir 1
ol i)
. \Z i
Lipta
D[ : =0
x;,

Tt is clear that if the rank of D is p, these equations define a space of
dimension m —r—p—1. Now D is skew; hence its rank is even, say
p = 20.

Case (i). Suppose that m is odd. If the m-space given by (5)
belongs to the same system as 7, r is odd, and hence m —r— 20— 1
is odd. Hence if the space given by (5) and 7 have any points in
common they meet in a space of an odd number of dimensions. In
the case considered, D is skew-symmetric of order m —r, which is
even; hence there can exist spaces given by (5) for which 20 = m —7,
and therefore there exist m-spaces belonging to the same system as
7 which do not meet it. In particular, if 77 is a generic member of
the system (with respect to K), and the space given by (5) is an
independent generic member of the same system, the matrix (7)
may be taken as a skew-symmetric matrix of indeterminates over
the field obtained by adjoining the coefficients of 77 to K. Then D
is non-singular. Hence two independent generic members of the
same system do not meet.

Now suppose that the m-space given by (5) belongs to the opposite
system to 7. Then ris even, and hence m —r — 20" — 1 is even. Hence
the space (5) and 77 meet in a space of an even number of dimen-
sions, and in particular always have at least one point in common.
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In particular, if the space (5) is & generic member of the system &’
independent of 7, then the space (5) and 7 meet in a single point.

Case (i1), m even. Then m —r—20—1 is odd or even according
as the m-space given by (5) belongs to the opposite or to the same
system as77. By considerations similar to the above, we see that two
independent generic m-spaces on @,,, belonging to the same system
have one point in common, and independent generic m-spaces of
opposite systems do not meet.

From these properties it is clear that S and G’ are indeed distinct
systems, and have no m-spaces in common. Summing up, we have

TreorEM III. If m is odd, two independent generic m-spaces of
the same system on Qy,, do not meet, and any two m-spaces of the same
system which meet do so in a space of an odd number of dimensions.
Two independent generic m-spaces of opposite systems meet in a point,
and any two m-spaces of opposite systems meet in a space of an even
number of dimensions.

If m is even, two independent generic m-spaces of the same system
on Q,,, meet in a point, and any two m-spaces of the same system meet
in a space of an even number of dimensions. Two independent generic
m-spaces of opposite systems do not meet, and any two m-spaces of
opposite systems meet in a space of an odd number of dimensions.

We now consider briefly how to find the m-spaces on a non-
singular quadric @,,, when the equation of @,,, is given in the form

2m+1
i,jE_oauxt:c, = 0.

An m-space S, lies on Q,,, if and only if it is its own polar space
with regard to @y, [§3, Th. I]. Now if p = (...,p;, s, ---) is an
m-space of 8,,,;, its polar space p’ has dual coordinates
(..., ploim ...) where [p. 218]

Ggeeeip —
p* ”‘—% Aike  *  Yigkm | Proeelome

afmko ¢ aim km
Hence p is its own polar space with regard to @,,, if and only if
there exists an element p of K such that

pp’tmq»l...igm = % a'ioko M a‘tokm pko...km’

Ciky  + Vipkm
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where 4y, ..., 5, is an even derangement of 0, ..., 2m. This holds for
all even derangements. From this equation we deduce that

1 —
(_1)m+ ppko-nkm'—; Ohmirdo *  Ykmirim | Phowim

VUeomio Ckesmim

and on substituting this expression for p;, ;. in the first equation
we obtain the equation

( - 1)m+1p2pim+1...iam = I a I p‘l'qn+1...‘igm’

for all choices of 4,,,;, ..., %5,, Where |a| is the determinant of the
matrix a. Hence p = + [(—1)™t!|a|]*. Denoting the two values
of p given here by p, and p,, it follows that p = (..., p;,_,,...)isan
m-space on @,, if and only if it satisfies one of the systems of
equations

plpim+]...iqm = % a’l:o ko M aio km pko...km’
Pimko  * Hpmkm

and P2Pippr..dom = %: Tk + Pigkm |Pro...kem’
a’l:m ko aim km

No m-space can satisfy both sets of equations, since if p did, we
could deduce that

(P1=P2) Pipyr..tsm = 05
that is, p;.., 4, is zero for all choices of the suffixes. A trans-
formation of coordinates which reduces the equations of the
quadric to the form

YoUr+Y2Ys+ .. +YsmYomsr = 0

shows that the two sets of equations define the two systems of
m-spaces on Q.

It is possible to use these equations to obtain the properties of
the two systems of m-spaces on @Q,,,, but this method of investiga-
tion is more difficult. As an illustration, we show that two m-spaces
of the same system meet if m is even and in gereral do not meet if
m is odd. Let p, g belong to the first system. They meet if

le (Dio...tmTimer..t3m T Yo tmPimsr.iam) = 05
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that is if
pl—l Zi: (- 1)m+1 ? Limirdo  * Pimirim | Phow.dmTims1..4am
Cismio - Li3mim
"‘? Cigdo  + Pioim |ProsmTiveiim | = 05
Limio + Uimim

and this is clearly the case when m is even, but is not the case, in
general, when m is odd.

An immediate corollary of Theorem III tells us that if two
m-spaces on @,,, meet in an (m — 1)-space, they necessarily belong
to opposite systems. Now consider any (m — 1)-space S,,_; on @,,,,.
The tangent prime at any point of 8, _, to Q,,, meets @,,, in a quadric
having the point as vertex and containing §,_;. From this it
follows that the polar S,,,, of S,,_; with respect to @,,, meets @,,,
in a quadric having S,_, as vertex. The section is a quadric of
dimension m and type m; hence it consists of a pair of m-spaces,
each lying on @,,, and meeting in S,,_;. One of these must belong
to each system of m-spaces on @,,,,.

This result enables us to study the spaces of maximum dimension
lying on a non-singular quadric Q,,,_, in S,,,. It can be verified at
once that the quadric in S,,,

g+ X Y1+ .. + T Yy = 0 (8)
is non-singular. Since any two non-singular quadrics of the same
dimension are projectively equivalent, we need only study the

spaces of maximum dimension on the quadric (8). This, however,
is the section of the quadric (1) by the prime

To = Yo (9)
There are no spaces on (8) of dimension greater than m—1, since
dim @,,,_; = 2m— 1. On the other hand, if S, is any m-space on (1),
it meets the prime (9) in an (m — 1)-space (since it cannot lie in it,
the section of (1) by (9) not containing any m-spaces). Hence the
quadric (8) contains (m—1)-spaces. Any (m—1)-space on the
quadric (8) is also an (m — 1)-space on the quadric (1), and through
it there passes one m-space of each system of (1). The (m—1)-
spaces of (8) are therefore in one-to-one correspondence, without
exception, with the m-spaces of either system on (1). From this,



4. LINEAR SPACES ON A QUADRICQ, I 2356

we easily deduce by the theory of correspondences that the (m —1)-
spaces of the quadric (8) form an irreducible system of dimension
4m(m + 1), and that the (m — 1)-space

Y+ 0%y =TT+ .. + Ty (2 =1,...,m),
To= 0%+ ... + 0, %,

where 7,; = —7,;, and the 7,4 (¢ <j) and «, ..., &, are independent
indeterminates, is a generic (m — 1)-space of (8). Thus we have

TaeorEM IV. On a quadric Q,,,_,, the spaces of dimension m—1
form a single irreducible system of dimension ym(m +1).
We conclude this section with some remarks on the case n = 3.
In this case @,,_, is a quadric surface, and we assume that the reader
is familiar with its properties. In the notation used in this section,
the equation of @,,_, is
a n-1 ZoYo+ 2141 = 0,
and the equations of any line (generator) of it of the system S are
ayy = bxy, ay, = —bw,,

while the equations of any generator of the system &’ are
cxy = dxy, cy, = —dy,.

If (20, 21, Yo, ¥1) is any point of @,, the equations
ayy = bal, ayy = —baxg

determine the ratio @:b uniquely, since zyyy +21y; = 0, and not
all of the coordinates xj, #3, ¥, ¥1 are zero. Thus one generator of
the system G passes through the point, and, similarly, one generator
of the system G’ passes through the point. Conversely, given a:b
and c:d, we obtain a unique point of the ¢, common to the two
generators, namely, (ac,ad,bd, —bc). Representing the ratio a:b
as the point (a, b) of the line 8}, and the ratio c: d as the point (¢, d)
of the line 7, we see at once that @, is in one-to-one correspondence,
without exception, with the points of the two-way space Sy, and
indeed is the Segre variety associated with this space (referred to
a system of coordinates obtained from those used in Chapter X1, § 2,
by an elementary transformation). The generators of the system S
represent the point-pairs of S}, 87 in which the point on 8, is kept
fixed and the point on 87 varies, and similarly the generators of
the system &' correspond to the point-pairs in which the point
on 8 is kept fixed.
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5. Linear spaces on a quadric, II. It is a simple matter to
deduce from the results of § 4 the properties of the spaces of maxi-
mum dimension on a quadric @,_, of typepin S,,. If S, is any k-space
lying on @,_,, the line joining any point of the vertex of @,_, to
any point of S, not in the vertex lies on @,_,. Hence the join of S,
and the vertex (that is, the smallest space containing both) lies on
@,.—,. Therefore, in looking for the spaces of highest dimension on
@,-1, we need only consider the spaces which pass through the
vertex. Now if S,_, is an (n—p)-space not meeting the vertex, it
meets ¢,,_, in a non-singular quadric ,,_,_,, and @,_, is the locus
of points in the p-spaces joining the vertex to points of @, ;_,.
It follows that the spaces of maximum dimension on @,_, are the
(p +m,)-spaces joining the vertex to the spaces of maximum dimen-
sion in @,_,_,, which are of dimension m,, where m, is the integer
part of (n—1—p). If n—1—p is even there are two systems of
mg-spaces on @,_,_,, and hence two systems of (p + m,)-spaces on
@,._,. The intersection properties of these systems can be deter-
mined at once from the properties for non-singular quadrics proved
in §4.

With these preliminaries, we are able to investigate the d-spaces
on a non-singular quadric @, _, for any value of d less than the
maximum value. Let S; be any d-space lying on @,_,, and let
8,_4_1 be its polar with respect to @,_;. Then [p. 217] S,_;_,
touches @,_, along S;, and cuts @,_, in a quadric @,_; , which is
of type d + 1 having S; as vertex.

Case (1) n = 2m+1. Thenn—d—2 = 2m—d—1. Now a quadric
of dimension 2m—d—1 of type d+ 1 is the join of a d-space (the
vertex) to a non-singular quadric of dimension 2m —2d — 2. Hence
the spaces of maximum dimension on ¢,_; , are of dimension
m—d—1+d+1=m, and form two systems, each of dimension
4(m—d)(m—d—1). By considering the intersection properties of
the m-spaces on @,_; ;, we see that the two systems belong to
opposite systems on @,_,. Moreover, any m-space of @,_; which
passes through §; lies in the tangent space at every point of S,
and hence liesin S,_;_;, as wellason @,_,. Hence it lieson @,,_;_;.
Thus each d-space on @,_, lies in an m-space of each system of
@,_1, and the m-spaces through any d-space of @, _, form two
irreducible systems of dimension 4(m —d) (m—d—1). .

Now let £ be a generic m-space of either system & of m-spaces on
@,._,, and let 7 be a generic d-space contained in £. We consider the
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correspondence whose generic point is (£, %). Since K(£) is of dimen-
sion dm(m+ 1), the object-variety is of this dimension. To the
generic point £ of the object-variety there corresponds a variety
of dimension (d+1)(m—d), since the system of d-spaces in an
m-space is of this dimension. Hence the dimension of the corre-
spondence is $m(m + 1)+ (d+ 1) (m—d). The image-variety of the
correspondence has generic point 7. Let its dimension be p;. We
first show that any d-space on @,,_, is a proper specialisation of 7.
If y' is a d-space on @,,_;, we have seen that through y’ there passes
an irreducible system of dimension §(m —d) (m —d — 1) of m-spaces
belonging to &. Let &’ be any m-space of S on @,_,, through y’.
Then z’ is a proper specialisation of £, and since %’ is contained in
2’, (x’,y') is a proper specialisation of (£,7), and hence y’ is a proper
specialisation of . Since 7 is contained in £, and hence lies on @,,_,,
any proper specialisation of 7 is a d-space on @,,_;. Thus the d-spaces
of @,_, form a single irreducible system of which 7 is a generic
member. The dimension of the system of d-spaces on @,,_, is thus
pa- Now, as we have seen, the m-spaces of S through 7 form a system
of dimension }(m—d)(m—d—1). Hence, by the Principle of
Counting Constants [XI, § 4],
pa+i(m—d)(m—d—1) = tm(m+1)+(d+1)(m—d),
that is,
pa = 3d+1)(4m—3d) = }(d+1) (2n—2-3d).

Case (it) n = 2m. The procedure in this case is similar, and we
need only summarise the results. If S; lies on @,_,, the section of
@, by its polar space cuts @,,_; in a quadric of dimension 2m —d — 2
and of type d + 1. In this case it contains a single system of (m — 1)-
spaces of dimension }(m—d—1)(m—d), and these are all the
m-spaces of Q,_, through §,.

Considering the correspondence between the (m—1)-spaces on
@,-; and the d-spaces contained in them, we find, as before, the
dimension p, of the system of d-spaces on @,,_;, obtaining the formula

Pa=H3d+1)(4m—-3d—2) = §(d+1)(2n—2—3d).
Hence in either case we have

TaeorEM 1. If Q,_, i3 a non-singular quadric, and d is less than
the maximum dimension of linear spaces contained in Q,_,, the
d-spaces of Q,_, form a single irreducible system of dimension
Hd+1)(2n—2—3d). Every d-space on Q,,_, is contained in a space
of higher dimension contained in @,,_,.
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From this result we can immediately obtain similar properties
for d-spaces, which contain the vertex, of a quadric @,_, of type p.
To extend this to d-spaces not containing the vertex we show
again that these are all contained in the spaces of maximum
dimension on @,,_,, but if the spaces of maximum dimension fall
into two irreducible systems the d-spaces may not all belong to
a single irreducible system. The details are easily worked out, and
we do not give them here.

6. The subvarieties of a quadric. In Chapter XII, §11, we
introduced the idea of a base for the subvarieties of dimension r on
a variety U of dimension d. A base is a set of multiplicative varieties
V...V, of dimension r such that, given any multiplicative
variety V of dimension r on U, there exists a virtual equivalence

aV~aVi+...+a W, (a£0).

We did not prove the existence of a base for varieties of dimension
r on a general variety U, but we proved thatif U = S, then a base
for the varieties of dimension » on U consists of an r-space; we also
found a base on the Segre varieties. In this section we find a base
for the varieties of dimension d on a quadric @,,_;. We shall confine
ourselves to non-singular quadrics; the methods used are applicable
to singular quadrics, but in applications the singularities introduce
difficulties, and the general theory of the base is of most significance
in the case of non-singular varieties. We shall prove

THEOREM 1. On a non-singular quadric Q,,_, there exists a base
for the varieties of dimension d (0<d<n-—2). If n is odd and
d>}(n—1) a section of Q,_, by a linear space of dimension d+1
constitutes a base; if d = ¥(n—1) a base is constituted by a ¥(n—1)-
space of each of the two systems of spaces of this dimension on @,_;;
and if d < }(n—1) a base is constituted by a d-space on @,,_,. If nis
even, and d > }n— 1, a section of Q,,_, by a linear space of dimension
d + 1 constitutes a base, and if d < 3n — 1, a d-space on Q,,_, constitutes
a base.

The argument is by induction on the dimension of @,_,, the
theorem being proved for @,,_, on the assumption that it is true for
Q,.—s- There is nothing to prove in the case of a conic @,, since any
subvariety of Q, is already a set of points. The theorem has been
proved for @, [Ch. XII, § 11], since @, is a Segre variety. The method
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which we shall follow will, however, enable us to deduce the theorem
for @, from a theorem for Q,. It is true that @, is reducible, but the
theorem remains true (but trivial) in this case.

Let us consider any irreducible variety V of dimension d and
order g on @,_,. Since there is nothing to prove if d = 0, we shall
assume 0<d<n—1. We select a point 4 on @,_,, but not on V,
such that the tangent prime to @,_, at A does not contain V, and
also a point B not conjugate to 4, at which the tangent prime to
Q,—, does not contain V; and we choose the coordinate system so
that A is the point (1,0,...,0), B is (0,0,...,0,1), and @,_, has
the equation w=zyx,—2t—...—a%_; = 0. (1)

Let f(q, ..., %,) be any homogeneous polynomial in %y, ..., %,, and
regard it as a polynomial in 2y, z, with coefficients in K[z,, ..., 2, 4],

so that
flx) = ?:}a“(xl’ ey Lpy) TS,

Consider any term in this in which 4, j are both greater than zero.
If ¢ SJ’ we writer . ]
zhad, = oo +ai+ ... +ah_y)

and if 2 > j we write
wbad = 2§ H(w+ad+ ... +a ).
It follows that we can write
f(.’L‘) = a(xlr ceey xn—l) + 'Zobi(xla ) xn—l) x?b
1>

+ _Zoci(zl, vees Xy g) TE+ (X o evy T) O
1>

In what follows we shall assume that all the polynomials con-
sidered are written in this form.

Using this result, we write a basis for the equations of V in the
form 0=0, 1)

ai(xl, ...,xn_l) +jzobij(x1’ ooy xn_l) le = O (?: = 1, ey 7‘), (2)
>
Qi(T1s ey Tpg) + 2 byy(@g, vy Tpg) T+ 3 €5(%45 wees Tpy) 24=0
i>0 j>0

f=r+1,...,8), (3)

where no combination of the equations (3) is independent of x,.
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We note that since V does not pass through (1,0,...,0), there
exists at least one form f of degree m:

f @y oees ) = G+ 22 1 (®gy ooy Tppg) + oo
which vanishes on V. Hence, among the equations (3) there exists
at least one in which the highest power of 2, has a non-zero element
of K as coefficient. We suppose that the last equation of the set has
this property.
We may assume that in equations (2) every a,(z,,...,z,_;) is
different from zero. For if, say, a,(2,, ...,2,_;) = 0, then

2 blj(xl, seey xn_l) xz' = O-
i>0

Since z, = 0 does not contain any of the irreducible components
of V, it follows that
jZObU(xl, Xy )21 =0

on ¥V, and we can replace the first equation (2) by one of lower
degree. Proceeding in this way until we obtain a form which doés
not vanish when we put z, = 0, we see that our assumption can
be justified. .

By our choice of the equations (1), (2), (3), the resultant system
of the equations obtained by eliminating , from the equations of V
is contained in (2). Since (1,0, ...,0) is not on V, it follows that the
equations (2) have the property that (Z,,...,Z,) satisfies them if
and only if we can find Z, such that (Z,,%,, ..., %,) lieson V.

Let & = (&, ...,&,) be a generic point of V. Since V is not in
z, = 0, we may assume that £ is normalised so that £, = 1. Then
since V satisfies w = 0,

Eo=&1+...+& 1

and therefore K(£,,...,£,_;) = K(&,, ..., £,_;) is the function field
of V, and hence it is of dimension d over K. Let 7, be an indeter-
minate over K(§,,...,§,_,), and let 9 = (9, &;, ..., §,,_1, 1). 7is then
the generic point of a variety of dimension d + 1. Since £ satisfies
the equations (2), so does 3. Conversely, if

t
G (@gs +-es Zp) =iEogi(a:1, e ) 6
is any equation satisfied by 7,

Egi(gl’ e+ Sn—1» 1)"73 =0,
and therefore g8y s €p_pp 1) = 0.
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9:(%y, ..., x,) therefore vanishes at every point of V, and since it
is independent of x, it therefore vanishes at every solution of (2).
Hence g(zy, ..., x,) vanishes for all solutions of (2). # is therefore
& generic point of the variety C defined by (2). C is thus irreducible
and of dimension d + 1. It is, in fact, the cone joining 4 to V.

The section of C by z,, = 0 is therefore an unmixed variety I" of
dimension d (since V is not contained in «,, = 0). I"hasthe equations

ATy ooy ) =0 (2= 1,...,7'),}

z, =0,

and since these are independent of z,, I'is a cone with vertex 4, con-
taining the section of ¥V by z,, = 0. Any line through 4 meeting V
in z, = 0 lies in the tangent space to ¢, ; at 4 and contains &
point of @,_, different from A; hence it lies on Q,_;. Thus I lies

on Qn—l'
The collineation
4
xo = xn,

=2 (@=1,...,n—1),
4
Xy, = X,

transforms I" into a cone 4 with vertex B; and since it transforms
@, into itself, A lies on @,_,. Since 4 is a sum of cones each of
dimension d, with vertex B, the section of 4 by z,, = 0 is an un-
mixed variety V* of dimension d—1, lying on the non-singular
quadric @,,_, whose equations are
2B+ +2 = 0,1
g =z, = 0. J
With these preliminaries, we denote by V¢ the variety obtained
from V by the projective transformation
%y = €%y,
r;=€ex; (=1,...,m—1),
z, = ,,
where ¢ is an indeterminate. V¢ is irreducible, of dimension d over
K(e), and of order g [cf. Ch. XII, §2]. The equations of V¢ are
obtained from the equations of V by replacing ,, ..., #, in (1), (2), (3)

HPII 16
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by zy, €2y, ..., €x,_,, €*x,. Hence the equations of V¢ are
w=0, (1)

ai(xl: seey xn—l) +120€jbi1(x1’ (XX ) xn-—l) xgz =0 (7' = 1: ceey 7‘), (2)e
>
€MLY Xy, oy By y) + 2 byy( @y, ooy Xy y) X, €mitTP
7>0

+ X €y, v Tpyq) x)emi—i—pi = 0
i>0 '
t=r+1,...,8), (3)F

where m, is the degree of a,(x,, ..., %,_;), p; = m;—k;, k; being the
largest value of j for which c;(#y,...,2,_;) is not zero. By our
arrangements, p, <m,.

We consider the normal problem given by (1), (2)¢, (3)c. Corre-
sponding to a generic ¢, the solution is the variety V¢. The object-
variety is a line; hence if for any specialisation of ¢ the equations
(1), (2)%, (3)¢ define a d-dimensional variety, the corresponding
specialisation of V¢ is uniquely determined [XI, §7, Th. I, Cor.].
We consider the specialisation ¢~ 0. We have the equations

w=0, (1)°
Ty, .0y ) =0 (t=1,...,7), (2)°
Cimimpi(@1s o3 Tp1)2GPi=0 (1=r+1,..,8). (3)°

Since p; <m,, each of the equations (3)° contains z, as a factor, and
by our previous assumption, the last equation is

xgs = 0.
Hence (1), (2)°, (3)° define a variety with the equations
w=0.
(g, .0, 1) =0 (¢=1,...,7),
zy =0,

that is, the variety 4. Since 4 is of dimension d, there is a unique
specialisation V° of V¢ corresponding to the specialisation ¢— 0,
and V°cA.

Now consider the variety V as a multiplicative variety V. Then

V=V
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V0is a cone contained in 4, and we can write

Vo= Z AV
i=1
where ¥,,...,¥, are the irreducible cones comprising 4. ¥, meets
z, = 0 in an irreducible variety U; of dimension d — 1, lying on the
quadric @,,_; which has the equations

2i+...+22_ =0,
x0=x =0-

As in XTI, § 8, we can express the Cayley form of ZA,;V; in terms of
the Cayley form of ZA,U,, and we can show that if 2}(1 U=2u,U;
on @, 5, then A, V;=2u,V;on Q,_,, where V| is the cone joining
U; to B.

We can now apply the hypothesis of induction to @,_g. Consider
the case in which » is odd. If d—1>}(n—3), U;=p,U, where U
is the section of @,,_; by a linear space of dimension d in #y, = x,=0.
The cone joining U to B is the section ¥ of @,_, by a linear space of
dimension &+ 1, and we have

V=V=pV (p=ZNp;).

Ifd—1=4}n-3), U;=a,S+p,T, where S and T are linear spaces
of dimension d — 1 on @,,_,, of opposite systems. The joins X and ¥
of 8 and 7T to B are linear spaces of opposite systems on @,_;,
since @, _;<@,_, and lies in the tangent space to @, 5 at B,
and we have

V=V=aX+pY (a=2ZNa, f=2I08).

If d-1<3}(n—-38), U;=p;S, where S is a linear (d—1)-space on
@,.—_g, and its join to Bis a d-space X on @,,_;. We have V=V"'=pX.
This proves Theorem I when % is odd. A similar argument proves
the theorem when 7 is even.

Theorem I determines a base for the varieties of dimension d on
@,.—1- We now show how to express any given unmixed variety ¥V
of dimension d in terms of this base. Let C,; be a base variety
on @, , of dimension d (d+4(n—1), when n is odd), and let
X and Y be m-spaces of opposite systems on @, _, in the case
n=2m+1.

Then, clearly (C1.Cpgy) =1 ([@d+3n-1)).

16-2
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When n = 2m+1,

(X.X) X.Y) 1 0 0 1
((Y.X) (¥. Y)) B (o 1) . (1 o) ’
according as m is even or odd.
(a) Suppose that d+ 4(n—1). Then
V=AC,.
Hence (V.Cpygy) =ANCy3.Cp_y_y) = A.

If d<4(n—1), C,_4_, is the section of @,_, by a linear space of
dimension n—d, and hence A is the order of V. If d>}(n—1),
C; is a variety of order 2, hence V is of even order, and A is half
the order of V.

6) Ifd = m = }(n—1), then

V=AX+pY.
Therefore ((V.X)) ((X.X) (X.Y)) (A)
v.v) \w.x) v.v)/\u

So, given (V.X) and (V.Y), A, u can be determined.
We conclude this section by proving a result of some importance
concerning the varieties of dimension #» — 2 on a quadric @,_, in §,,.

TaEOREM II. If n>3, and Q,_, 18 a quadric of type p, where
p<n—3, any unmized variety V of dimension n—2 on @, _, is the
complete tntersection of Q,,_, and a primal.

It is clearly sufficient to prove this theorem when V is irreducible.
Let A be a simple point of @,_, not on V. Since the section of @,,_,
by the tangent prime at 4 is a quadric Q,,_, of dimension n— 2 and
type p+1 (<n—2), it is irreducible; hence it contains only one
variety of dimension n — 2, namely @,,_, itself, which passes through
A. Therefore V does not lie in the tangent spaceto @,_; at A. As in
§2, we choose our coordinate system so that 4 is (1,0,...,0), and
the equation of Q,,_, is

W=2gT,— 23— ... —25_;_, = 0.

The tangent space to @, _, at 4 is z, = 0. Let

w =0,
Ji(@os eo0s @) =0 (2=1,...,7)
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be a basis for the equations of V. We can find an exponent m, such
that

aRif (@, -ees ) = jzaij(xl’ oo @) DY, (4)
and hence
Xpifu(@oy ooy @) = Fy(@g, oo0s &) + A (2o, -, 2,) @
We consider the variety U in S, given by the equations
z, By, ...,2,) =0 (¢t=1,...,7), (5)

and prove that this is an unmixed variety of dimension »-—1.
Clearly, every point in the prime 7 whose equation is z, = 0 lies
on U. Let a* = (2, ...,2}) be any point of U not in 2, = 0. We
can then find g uniquely so that

woxn = 4.+, .
Then since Fyzf, ...,z¥%) =0,
and 2’ = (g, 2F, ..., z¥) lieson Q,,_,,

apmifyag, @, ..., 2n) = 0,

and since z} # 0, ' must lie on V. This implies that z* is on the cone
C joining A to V. Conversely, we see that if x* is on the cone
joining A to V, x* satisfies equation (5), that is, it lies on U. Hence

U=n+0C.

Further, by the proof given in Theorem I, C'is of dimension » — 1.
Thus U is unmixed, and of dimension n — 1. It is therefore given by

ingle equati
a single equation Gy s ) = O,

and we have
z, Fy(zy, ...,2,) = Bij(z,, ...,z,) Q(xy, ..., 2,).

We consider the intersection of this primal with @,_,;
U, Qn-—l =T, Qn—l + O, Qn—l‘

Now 7,Q,; is the irreducible quadric @,_, in which @, _, is
met by z,, = 0. If2*is any pointon C, @,,_, notin z,, = 0, it satisfies
the equation

w =0,
and (5). Hence, as above, it lies on V. Conversely, any point on V
lies on C and on Q,,_;. Thus we see that the primal G = 0 meets
Q,_,in V, and in a variety which lies in z,, = 0.
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G may contain z, as a factor. If it contains it as a factor k times
we write Gy, ... x,) = 2 H(zy, ..., 2,),
and we see immediately that H = 0 meets @,,_, in V, and possibly
in another variety lying in «, = 0. The intersection of Q,_, with

H(zy,...,2,) =0

is an unmixed variety of dimension n—2. Hence, since Q,_, is
irreducible, if the intersection conmtains any component other
than V, the primal H = 0 contains the intersection of Qn_l with
x, = 0. In this case, we must have

H(zy,..y,_4,0) = Cly, ...y 2,_;) (@34 ... + 253 0)s
and therefore
H(zy, ..y 2y g, 2,) = K(wg, ..., 2,) T, — C(y, ..., 2,) 0.
In this case also we see that the primal
K(xy,...,x,) =0

meets @,_; in V, and possibly in another variety in , = 0. Since
the intersection is unmixed and of dimension n — 2, we see that if
this second component exists, it is @,_,. As before, we deduce that

K(zy, ...,z,) = K(x, ...,x,) %, — D(x,, ..., 2,) 0,
where K, (xg, ...,x,) =0

meets @, _; in a pure (n—2)-dimensional variety, of which one
component is V, and the other, if it exists, is @,_,. Proceeding in
this way, we must eventually arrive at a primal

Kr(xOs seey xn) =0,
whose total intersection with @, _, is V. This proves the theorem.
7. Stereographic projection. Let Q,_; be a quadric in S, of
type p (p<n—1), and let 4 be any simple point on it. As we saw

[§2], we can choose the coordinate system so that A is the point
(1,0,...,0) and the equation of the quadric is

O=Zgx, —af—...—ah_, 1 =0. (1)
Lett,, ...,t, be independent indeterminates over the ground field.

Then ":—11= =’fl‘- @)

is a generic line through 4. This meets @,,_, in 4, and in the point
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E=(+... 4+ 1 tity s tyytn, t2), and [XI, §10, Th. I] £ is a
generic point of @,,_,. The hne (2) meets the prime /7, whose equa-
tion is zy = 0, in the point 9 = (0,¢,,...,t,), and 7 is obviously a
generic point of II. Consider the correspondence I' between S,
and IT which has (§,7) as generic point. The object-variety is the
variety in S, whose generic point is §, that is, @,_;, and the image-
variety is the variety whose generic point is 7, that is, it is the
prime [1. The dimension of the correspondence I is clearly n— 1.
This correspondence defines a mapping of @,,_, on /7 which is called
a stereographic projection of @,_, (from A on IT). We give a brief
account of its properties.

To any point Z of @,_, there corresponds at least one point of I,

d : . .
and since Emi—Emi=0 (,j=1,...,m), (3)

it follows that if 7 is not 4, then the corresponding point 7 of I7 is
determined uniquely by the equations

Eiyj—ijyi=0 (%).9= 1,...,n);

but if Z is at 4 the specialisations derived from (3) do not tell us
anything about 7. On the other hand, if 7 is any point of 17, we see
from equation (3) that the corresponding points of @, _,; satisfy
the equations =2 =0 (i =1,...,m),
and hence lie on the line joining 7 to 4. In general, this line meets
@, in A and in one other point. It is possible to show that 4 does
not correspond to ¥; but again the equations (3) give us little
information if the line joining 7 to 4 lieson @,,_;.

In order to determine the corresponding points of @,_, and /T in
I'in all cases, it is necessary to write down a basis for the equations
of I'. This can be done as follows. We use (¥, ...,¥,) to denote the
coordinates of points in I7; these are the points whose coordinates
in 8, are (0,y,, ..., ¥,). The point (£, ) clearly satisfies the equations

wExoxn—xg_"-_x%—p—l =0, (l)
fu=xy;—%y;=0 (0,j=1,...,n), (4)
I=2Yp—B1Y1— o — T p1Ynp1 = 0. (5)

We now show that if F(x,y) = 0 is any equation satisfied by

(€,m), then
F(z,y)=a(z,y) o+ Zby(x,y) fi +c(2,9) 9.



248 XIII. QUADRICS

If F(z,y)is a form in (z,, ..., z,) which vanishes at a generic point
of Q,,_;, it vanishes on @,,_;. It therefore contains w as a factor, and
our statement follows in this case. Hence we need only consider
forms in which y appears. Consider any form F(z,y) of degree r
in (xg,...,2,) and of degree s in (y,,...,¥,), where s>0. Let
pafo... xinyls ...y be any term of it. If A, and A, are both positive
we can express it, modulo w, as a sum of power-products in each of
which z, appears with exponent less than A,. Again, if A, and #,
are both positive, we can express it, modulog, as a sum of power-
products in each of which z, has exponent less than A,. If we can
find integers 4, j (¢ >j > 1) such that u; > 0, A; > 0, we can reduce the
power-product, modulo f;;, to a similar power-product in which
A;, p; are replaced by A;—1, u;— 1. Using these three methods of
reducing the terms of F(z, y), we obtain an identity

F(z,y)=F*(z,y) +a(x,y) o+ ?_«;bﬁ(x, Yy +elx,y)g,
where ,
F*@,y) = ZkY ,yfr ... yhraleadery .. an
+ 2my byl .. ybrade L ahed,
where in the first sum p may be any integer (1< p<n), and in the
second p may be anyinteger (1 < p <»— 1),and Aisapositiveinteger.

Now suppose that F(§,%) = 0. Then we have F*(£,9) = 0. We
show that this implies that F*(z,y) is identically zero. When we
replace (z,y) by &7 in y{1... ybradealeti ... xin we obtain

foAitls L et A ey e,
and, since XA; = 7, each term of the first sum yields a product of
the ¢; having ¢, to the power » + A, as a factor. On the other hand,
abylr...yhralr ... 2)n¢ yields a polynomial in the t; in which ¢,
appears with the exponent »—A. Since ¢,,...,t, are independent
indeterminates, we deduce that if

r r
FH@,y) = Zan F(@,y)+ 3 0 K (@, y),
e 2
where FXa,y) = Zcy ,yir ... ykoa)e ... iy,

and GX(x,y) = Zdy ,yir ... yfeade ... iy,

then the equation F(£,7)=0 implies that the forms F}(z,y),
Gf(z,y) vanish at (z,y) = (£,79).. But

F}Em) = 677 ZeX b .. theeotprty |ty
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A given power-product ¢,7”#{*...t4»3 on the right-hand side
cannot arise from two distinct terms of F¥(z,y). Indeed, consider
the smallest integer k such that p1 +...+p; =8 Then 85,77 tf* ... th}
must arise from the product yf*. y,‘:‘ Sysab ety .. by, Where
o+ p1+ oo+ Pp1=8, = pp—a. HencelfF* (€,m) = 0, each. coeffi-
cient ¢} , is zero and hence F}}(z,y) is identically zero. Similarly, if
G¥(&,n) is zero, G(x,y) is identically zero. Thus if F*(&,9) =0,

F*(x,y) is zero, and therefore

F(z,y) = a(x,y) 0+ 2by(x, y) fi; +c(x, ¥) g.

Thus the equations (1), (4), (5) form a basis for the equations of
the correspondence I". We can now find the locus in I7 corresponding
to any point of @,,_,, and the locus on ¢,_, corresponding to any
point of I7.

(i) (a) If Zis not A, the unique point of /7 corresponding to it is
(xl’ xn):
(6) If 7 is at A, the corresponding locus of I" is given by
Y, = 0 [from (5)].

(ii) If 7 is any point of I7, equation (4) tells us that the points x
corresponding to it are of the form (p, 0%y, ...,0¥,), where p and o
are arbitrary (but not both zero).

From (5), we obtain the equation

Phn = R+ . + Y0 pa)-

(@) If 7,0, o cannot be zero, since this would imply p = 0.
Hence to 7 there corresponds a unique point of @,_;, different
from A4.

) If 5,=0, 3i+...+%2_,1%0, 0 =0, and hence the only
point on @,_, corresponding to ¥ is 4.

(¢) ¥#+...4+73-p1 =0, 7, = 0, p and o are indeterminates,
and to ¥ there corresponds any point on the line joining 7 to 4.

A is the only point on @,_, to which there corresponds a locus
of dimension greater than zero (if n > 2); it is called the fundamental
point of I'on Q,_;. The points on the intersection of ,_, with the
tangent prime at A are the only points on @,_, which are not
uniquely determined by the corresponding points of I7; these
points (except A itself) are called the irregular points of the
correspondence I'. All the other points on @, , are said to be
regular for I'. This nomenclature is in conformity with that to be
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introduced in Vol. III in connection with the general theory of bi-
rational correspondences. In the same way the fundamental points
of I' in IT are the points of the quadric 22 whose equations are

Yn = 0, Z/%"‘ oo +y$¢—p—1 = O: (6)

and the irregular points of the correspondence are the points of
Yn = Yo = 0, other than those of Q.

The stereographic projection of @,,_, from A on I7 is often used
to investigate the properties of subvarieties of @,,_;; but care must
be exercised in passing from @,,_, to I7 or from I7 to @,,_, because of
the presence of fundamental and irregular elements of the corre-
spondence. On the other hand, it should be pointed out that the
actual prime /7 on which @,,_, is projected from A4 is unimportant
(provided it does not pass through 4). If IT" is any other prime of
S, not through 4, we can establish a correspondence I between
@,_, and IT’ in which to a generic point £ of @,,_, there corresponds
the unique point in which the line A£ meets /7. The two corre-
spondences I" and I can easily be seen to establish a one-to-one
correspondence between I7 and II’, points y and y' of IT and I’
corresponding if they correspond to the same locus on @,_, in
I'and I'". The correspondence between I7 and I’ is such that points
y and y’ correspond if and only if 4, y, y" are collinear. The corre-
spondence between I7 and 17’ is therefore a projective one.

We now outline the principles to be followed in considering the
correspondence between varieties on @,,_; and varieties of I7. Let
V be an irreducible variety on @,_;, not consisting solely of the
point A, let d be its dimension and &' = (&, ..., ;) a generic point
of it. Since V is not the point 4, some &; (¢ > 0) is different from zero.
Hence we can determine the unique point %" in I7 corresponding to
&, namely 7' = (£, ..., £,). Let V be the variety in I7 whose generic
point is 9’. V is defined to be the variety in IT which corresponds
to V. Since (£’,7’) is a proper specialisation of (£,7), every pair of
points of ¥V and ¥ which correspond in the correspondence with
generic point (£',9') correspond in the stereographic projection.
Every point on V other than 4 has a unique corresponding point
on V, but if 4 lies on ¥V there may be more than one corresponding
point on V; indeed if 7 is any point of ¥ in y,, = 0 but not on the
quadric 2 given by (6), the only point of @,_, corresponding to 7
in the stereographic projection is 4, and hence 4 is the only point
on V corresponding to 7. Thus, corresponding to the point 4 of V
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there corresponds any point of ¥ iny,, = 0 butnot on Q; the relation
of points on 2 requires special investigation.

At a later stage we shall find it desirable at times to modify the
definition of the variety in IT corresponding to a variety V on @,,_,
which contains 4 by adding certain varieties of IT which lie in
Yo = 0. These varieties are to be regarded as all corresponding to
the point 4 of V.

We first consider the case in which V does not lie in #,, = 0. Then
£, +0, and we may normalise the coordinates of £’ so that £, = 1.
Since £’ lies on Q,,_,, n—p—1

£ = Z &

Hence K(&,...,£,_,) = K(&1,...,&n_y), so that V is of the same
dimension as V. If, on the other hand, V lies in z, = 0, &, = 0.
We normalise with respect to some &; (1<i<n—1). Then
K, ...,&,_;) may be of degree of transcendency d or d—1,
according as £ is algebraic or transcendental over K(1, ..., &,_;).
In the latter case V is a cone on Q,,_, with vertex A, in the former
it is not. In either case, since V lieson @,,_, andisin z, = 0,

2+ +E2 =0,

and hence ¥ lies on 2, and is the projection of V from 4.

Now consider once more the case in which V isnotin z, = 0. It
then meets x,, = 0 in a variety U of dimension d — 1. If this is not
a cone with vertex 4, it corresponds to a variety U of dimension
d—1 on Q, and it is easily seen that U is on V. Hence V meets Q
in a variety of dimension d — 1. If, however, U is a cone with vertex
A, the intersection of ¥ and Q is of dimension d — 2.

Conversely, let us consider an irreducible variety V of II, of
dimension d and with the normalised generic point 3’ = (71, ..., 75)-

- n—p—1
If Visnotiny, = 0, thereisaunique point §’ =( > R ...,77;3)
1

of @,_, corresponding to %’, and this is a generic point of a variety
V on Q,_,. V is the variety in IT which corresponds, according to
the definition given above, to V, and V is, indeed, the only variety
whose corresponding variety in I7is V. But if 9, = 0, the situation
is different. If ¥ is not contained in £, 7’ is not on 2, and hence 4
is the only point of @,,_, which corresponds to #’. Hence there is no
variety V on @,_, which determines V in IT. Butif V<@,

e+ N =0,
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and the (d+ 1)-dimensional variety V whose generic point is
&' = (€0 M1 ---» M1, 0), Where £y is transcendental over K (73, ..., 75—1),
is on @,_;, and V is the variety in I defined by V. If

gﬂ = (gg: 77;.’ ceey ”;L—l! 0):
where £ is algebraic over K(73,...,%,_;), the variety V" whose
generic point is £” also determines V.

To illustrate these principles, we consider certain elementary
locion @,,_,. Let @4, supposed irreducible, be the section of @,,_, by
a (d + 1)-space S;,,. Suppose first that ; does not lie in z, = 0, or
pass through 4. Then the equations of @; can be written in the form

3

= 2 2 =
O=LL, — 2 — ... —Tp_, 1 =0,

n
j=1 4

n

Sbyz; =0 (i=1,..,n—d-2).| !
i=1 )
If & = (&, ..., &ny, 1) is a generic point of Q,, &’ satisfies all these
equations. Hence 9’ = (&1, ..., &5, 1) satisfies the equations

n
Yn 2 GY; =Yi+... +Y0_, 1,
j=1

ib‘tjyj=0 (i=l,...,n—d_2).
j=1

This is the equation of a quadric @, in I7, and it can be verified at
once that this is irreducible if Q; is irreducible. But the variety in I7
which corresponds to @ is irreducible and of dimension_d, and has
generic point %’; hence it must be @;. It is seen that @, meets 2
in the quadric
Yit . +ynp1 =0,
Yn =0,
n
Sbyy; =0 (G=1,..,n—d-2),
i=1

which is of dimension d — 1.
If Q, passes through A, but does not lie in z,, = 0, its equation is

of the form
w=0,

n
2byz;=0 (=1,...,n—d-1).
j=1
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The corresponding variety V in IT then satisfies the equations
n .
wayj=0 (7;= 1,...,n—d—1),
j=1

and as this is a d-space, ¥ is a linear space of d dimensions. ¥ in this
case meets 2 in a variety of dimension d — 2, in general. This corre-
sponds to the fact that the intersection of @; with z, = 0is a cone
with vertex 4.

If Q,; lies in z,, = 0, it lies on the cone in which this prime meets
@,—1, and the corresponding variety in II is obtained by ordinary
projection in z,, = 0.

The fact that the variety in IT corresponding to a quadric on
@, can be of different order (and dimension), according to the
position of the quadric relative to A4, raises the question of the
system described in IT by the varieties ¥ corresponding to the
varieties V of an algebraic system on @,,_;. Let {Q,;} be the system
of equivalence containing all quadrics of dimension d on @,,_,, and
let X be the point on the Cayley image of quadrics in S, which corre-
sponds to a generic member of 1Q4}. To Q4(X) there corresponds
a quadric Q4(Y) in IT, where Y is the Cayley image of Q,(Y). Let
¢’ be a generic point of Q;(X) and let 9’ = (&3, ...,§,); 7’ is a generic
point of Q;(Y). Now specialise X - X', where Q;(X’) is a quadric
through A. Corresponding to this specialisation, there is at least
one specialisation Y’ of ¥. We thus obtain a quadric Qg (Y’).
If ¥’ is any point of this, (X', Y',y’) is a proper specialisation of
(X, Y,7’). Suppose y' is not in y, = 0. Then since ' has the
property that (12 + ... + %7 ,_1, 7170 ---» W) Satisfies the equations
of Qu(X), W2+ .. +Yt p 1, ¥1Uns - ¥7) lies on Q4(X’). Hence
y’ lies in the d-space of IT corresponding to @4(X’). Conversely,
any point of this d-space lies on @,(Y"). Hence @;(Y") consists of
this d-space, S4(X’), say, and another d-space S3(X’) which lies
in y, = 0. Moreover, since Q4(Y) lies in a (d+ 1)-space, so does
Q4(Y’); hence Sz(X') and S3(X') meet in a (d — 1)-space. Therefore
83(X') passes through the quadric in which S;(X’) meets Q.

If Q4(X’) lies in z,, = 0, Q4(Y’) lies entirely in y,, = 0.

We conclude by showing how stereographic projection can be
used to investigate properties of d-spaces lying on @,_,. We con-
sider only the most important case, in whichn = 2m +1,d = m, and
Q,.—, is non-singular. Then £ is non-singular. Our general theory
tells us that an m-space S, on @, _,;, not through 4, corresponds
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to an m-space S, in I7, not in y,, = 0 and meeting 2 in an (m — 1)-
space. The theory of m-spaces on @, _, is derived from this fact,
assuming as hypothesis of induction that we know the properties
of (m—1)-spaces on Q. Two m-spaces S, and S;, of Q,_; are
defined to be of the same system if the corresponding spaces in /7
meet £ in spaces of the same system on £ (or if §,, passes through
A, if the (m—1)-space of II corresponding to it is of the same
system as the intersection of £ with the m-space of I7 which
corresponds to S;,). Two independent generic m-spaces of the same
system in ,,_, correspond to generic m-spaces S,,, Sy, of IT through
generic (m — 1)-spaces of the same system on Q2. If m is odd, m—1
is even, and the linear spaces on £ have a point in common. This is
the only point common to S,, and §;,, and does not arise from an
intersection of S,, and 8;,. Hence we conclude that S,, and §;, do
not meet. If m is even, the two (m — 1)-spaces on £ do not meet.
But S, and S, lying in I7, have a point in common, and since this
does not lie in y,, = 0, it corresponds to a true intersection of 8,
and S;,. A similar argument applies when S, and Sy, are of opposite
systems.

The reader will realise that this method of dealing with the
m-spaces on a quadric §,,, requires very careful scrutiny. In actual
fact, it is possible to develop the theory of m-spaces on a quadric
@, in a rigorous manner on these lines, but the method used in
§ 5 is more powerful, and we do not give the details of the method
of stereographic projection here. Nevertheless, the method of
stereographic projection for the investigation of properties of
varieties lying on a quadric is an important one. One need only
recall the properties of quadric surfaces which are obtained in this
way in elementary geometry to see this.

The matters dealt with in this section will also prove useful as
illustrations of the general theory of birational transformations
which will be given in Vol. III.

8. The projective transformations of a quadric into itself.
Let z'bx =0

be the equations of a quadric @,_, in S,, and consider the collinea-
tion C in S, which takes the point z into the point y, where

Yy = px.
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The point y lies on @,,_, if and only if
y'by = 2'p’bpx = 0.
Hence the relation
P'bp = Ab, (1)

where A is a scalar, is a necessary and sufficient condition that the
transform by C of any point z of Q,,_, either does not exist (px = 0)
or lies on @,,_;. In this and the following section we are concerned
with properties of the matrices p which satisfy a condition such
as (1) for a given matrix b.

Let z'cx =0

be any other quadric @;,_, of the same type as Q,_,; then b and ¢
are of the same rank, and [§1] there exists a non-singular matrix
t such that

b =t'ct.
Then Ip'tctpt—t = Ac  (F = (¢')71),
and y = tpt~lx

is a collineation which transforms @;,_, into itself. Thus if we know
the collineation which transforms a quadric @,,_, into itself we can
deduce the collineation which transforms any quadric of the same
type as @,_; into itself. Suppose that @,_, is of type p; then the
quadric @, whose equation is
x5+ ... +25_, =0,
that is, (I 0\x=0,
0 0
where I is the unit matrix of »—p+ 1 rows and columns, is of the

same type as @, ,, and we may consider the collineation which
transforms this into itself. We write

p=qr)
s t)’

where ¢, 7, 8, t are matrices of n—p+1, n—p+1, p, p rows and
n—p+1, p,n—p+1, p columns. Then if

p(I O\p=A/I O
0 0 0o o)’
we have g'q=A,
gr=0, r'gq=0, 7'r=0.
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If A+0, it follows that ¢¢’ is non-singular, and hence ¢’ is non-
singular; and from the second equation we deduce that r is zero.
Conversely, if ¢'q is a non-zero multiple A of the unit matrix I,

and s, ¢ are arbitrary, p= (q O)
s 1
satisfies the equation
p'(I O\p=AI 0
(O 0) (0 0) )

Thus our search for matrices » which satisfy an equation of the
type (1) with A different from zero reduces to the case in which b is
non-singular.

It is this case, with the additional condition that A is not zero,
with which we shall be concerned, but before leaving the case in

which A is zero, we indicate how this case can be dealt with.
Let p be any (n+ 1) x (n+ 1) matrix such that

p'bp =0,

and let o be its rank. Let w = (wy) (¢=0,...,n,j=1,...,0) be
a matrix such that the columns of p are linearly dependent on the
columns of w. Then

© P = wy,
where v is a o x (n+ 1) matrix of rank o. Since v is of rank o, and
'bw is & o x o matrix, the equation

P'bp = vV'o'bwr =0

implies the equation w'bw = 0.

If w; is the point whose coordinates are the elements of the ¢th
column of w, w;and w; (1,5 = 1, ..., o) are conjugate with regard to
the quadric 2'ba = 0,
and hence the (o — 1)-space determined by the points w;, ..., », lies
on this quadric. Conversely, if we take any o points w,..., 0,
which determine a (o — 1)-space on the quadric, and w is the matrix
whose columns are coordinates of the points, we have

w'bw = 0,
and therefore if v is any o x (n + 1) matrix and » = wv, we have

p'bp = 0.
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Thus the determination of matrices p such that

p'bp =0
reduces to the determination of linear spaces on the quadric
z'bx = 0.
It should be noted that a matrix p which satisfies the equation
pop=0
cannot always be obtained by specialisation from a matrix ¢ such
that ,
q'bg = Ab,

where A is different from zero. To see this we consider the case
n = 1, where b is the unit matrix. If A is not zero, ¢ is non-
singular, and hence the equation

g9=M
implies 99 = qAlg™ = Al
Hence q'q=4qq = Al
If p is any specialisation of ¢ such that p’p = 0, then we must have

pp’ = 0.
But for any « and £ the matrix

P= (oc ,8)
i if

satisfies the equation PP =0,
but not the equation PP’ =0,

unless a2+ #2is zero. Thus P cannot be a proper specialisation of g.
We now return to the case in which @,,_, is non-singular, and A
is not zero. We may take the equation of @,,_, in the form

25 +...+25 = 0.
Then if the collineation y = px transforms @,,_, into itself, we have
p'p=Al,

I being the unit matrix of order » + 1. If, as we assume, A0, it
follows that p is non-singular. If we write ¢ = up, where u is scalar,
we have , s

q'q = p*Al.

HPII 17
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We choose x so that y?A = 1; then ¢'q is the unit matrix. We then
say that ¢ is an orthogonal matriz; this generalises the usual defini-
tion of an orthogonal matrix found in works on algebra, since the
elements of g are not restricted to be real numbers, but belong to
the ground field K.

Since gd9=1,
detg = + 1.
Ifdetqg = — 1, and = is even,
(=)' (-9 =1, ,
and det(—q) =1,

so that, in the case in which » is even, we can effectively confine our
attention to orthogonal matrices whose determinant is equal to
plus one. But if » is odd there are two types of orthogonal matrix,
those of determinant plus one, and those of determinant minus one.
Later, we shall see that this is related to the fact thatif » is odd there
are two systems of }(n—1)-dimensional linear spaces on @,_,;
indeed, we shall see that the orthogonal matrices of determinant
plus one transform any }(n— 1)-dimensional space of @,_, into a
space of the same system, while those of determinant minus one
interchange the systems.

We now consider some purely algebraic properties of orthogonal
matrices.

Let g and 7 be two orthogonal matrices of n + 1 rows and columns.

Then , L, ,
(g7) (gr) =7r'q'qr = r'r = 1.

Hence ¢r is also orthogonal. Aga,in, if ¢ is orthogonal,
@Net=@)Veat=91=1,

so that the inverse of an orthogonal matrix is orthogonal. Again, if
detg = 1 and detr = 1, then det gr = det ¢ det = 1. Thus we have

THEOREM 1. The orthogonal matrices of n+1 rows and columns
form a group G under multiplication. The orthogonal matrices of

n+ 1 rows and columns having determinant plus one form a subgroup
G, of G.
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We also note that if
F=[1 0 . 0
1

=]

o0 . 1 0

0 0 . 0 -1
F is orthogonal and is of determinant minus one. If ¢ is any ortho-
gonal matrix of determinant minus one, r = ¢F isin G;,and ¢ = rF.
Hence the orthogonal matrices of determinant minus one are
obtained as products »F, where r ranges over G,.

Let ¢ be an orthogonal matrix of n+ 1 rows and columns, and
suppose that g + I is non-singular. Let

a=T-q)I+g)™ (2)
Then o' =I+qg)*I—-q) ,
= +g)tI-q
=(¢+1) g9 Mg 1)
=—I+g9) " —g);
and, since T+q)d—-q)=I—-¢2=T—-q)(I+9q),
we have a'=—a.

Hence « is skew, and we find on solving equation (2) that

I+a)g=I-a.
Now I+o=IT+q+I1—-q)( L +q)?
=2I(I+q)™,

and hence I + « is non-singular. Therefore
g=T+a) (I —a).
Conversely, we show that if « is a skew matrix such that I +a is
non-singular, then ¢ = (I + a)~! (I — ) is orthogonal. For, since -
I+a)(I—-a)=1-a?2=(I—a)+a),
I+a)tl-a)=g=(I-a)I+a)?,
and hence ¢ =U+a)1(I-a')
= —-a) (I +a).

17-2
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Therefore ¢'q=I—-a)*(I+a)( Il +a)r(I—a)=1I.
Thus we have

TueoreM I1. If q is an orthogonal matrixz such that I +q i8 non-
singular, then we can find a skew matriz o such that

T+a)tI-a)=¢q=T-a)(+a)™
Conversely, if o 18 a skew matriz such that I + o is non-singular,

¢=I+a) (I-a) = ([—a) (I +a)?
18 orthogonal.
We note that if « is skew and such that I +a is non-singular,

det(I—a)=det(I—a) =det(I—a') =det (I +a),
hence detg =det[(I+a)t(I—-a)] = 1.

Hence all the orthogonal matrices ¢ which tan be written in the
form (I +a)~(I —c), where & is skew, have determinant equal to
one. In other words, if ¢ has determinant equal to minus one,
g+ I is singular.

We complete Theorem II by proving

THEOREM 111. Let q be an r-rowed matrix of determinant one such
that ¢'q = I, where I, is the unit matriz of r rows and columns. Then
we can find p, skew-symmetric matrices of order r, &, ..., &, , such that
L+ a; 18 non-singular and

pr

g =TI L+a) 1 —a),

=1
'

where p, 18 a number depending only on r.
The actual value of p, is not important; in the proof which follows
we shall find it convenient to take

Pam =3m—1, pop, s =3m+1.

In the course of the proof, which will be by induction on r, we shall
also have to prove

TueoREM IV. If q is an orthogonal r x r matrix of determinant
minus one, then we can find o, skew-symmetric matrices a,, ..., o,
of r rows and columns such that I, + o, 8 non-singular and

0= fi+rarrd-a ]z,
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where X is a diagonal matrix obtained from I, by changing the jth
diagonal element to — 1, and

0'2m=3m""2, 0’2m+1=3m_1-
We first establish a Lemma.
Lemma. Ifx= jr,\ ande= ([1\ are two rx 1 matrices,
Zy 0
xr

0
and B +ai=1 xz+-1,

we canﬁnd a skew-symmetric matriz o such that I, + o is non-singular
and

In fact, we take

(L+o)yt(L—a)z =e.

z z
— 0 _ 2 . - r
* 2+ 1 2, +1
%3 o . 0
z+1
% o . 0
z,+1
< 2
P
1—a2 2
=1 _2_____=1 1 = O.
Then det (Z,+a) +(1+x1)2 +(1_|_951)2 1+x1*
pIEH
Also a(x+e) = —w:+l = Jz,— 1| =x—e¢,
T T2
xr xf
that is, . (I,+a)e = (I,—a)x.

We begin our induction by considering the case r = 2. Let

¥
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be a matrix such that ¢'q = ¢¢’ = I, and let 4 be the determinant
of g. From the equations
' =99=15,
we see that
at+ b2 =a%+c?=c?+d?=b2+d? = 1.

Suppose, first, that a® = 1. Then b = ¢ = 0, d2 = 1. Then

q={a 0
0 d)’
wheread = A4d,anda = +1,d = + 1.
In the case of Theorem IV, 4 = — 1, and hence either a or d is
equal to plus one, and the other is minus one. Since o, = 1, we see

that the theorem is satisfied by taking «, = 0.
In the case of Theorem I1I, a and d are of like sign, p, = 2. If

a=d=1,
we obtain the theorem by taking o, = a, = 0. If, however,
a=d=-1,

we have to take a;, = a, = ( 0 1); we can then verify that
-1 0

Lo+ o) (L —oy) (L+ay) (L —ay) = ( -1 0)
0 -1/’

Now suppose that a <+ + 1. Then, by the Lemma, we can find a
skew matrix « such that

(L+a) 1 (L,—a) (a) = ((l)) .
c

Then (L+a)t(,—a)q = (1 bl).

Since (I,+a)™! (l,—a) and g are orthogonal, so is their product
[Theorem I]. Hence, as above, b; = 0 and d, = 4.
IfA=1anda, =—a,a, =0,

q = (L+o) ™ (L—oty) (Iz+0tp) "t (L~ xp);
and if 4 = — 1, we take &, = —«, and have

q = (L+a)(L—o;) X,.
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Now assume the truth of Theorems III and IV when r = n. Let
q = (¢) (4,j = 0, ...,n) be an orthogonal matrix of determinant 4.
We have s | 2 2

Qoo +q10+ --- +qno = 1.

If g0+ — 1 we take z in the Lemma to be the first column of ¢, and
if g9 = — 1 we take —z to be the first column of g. We thus see that
we can find a skew (n+ 1) x (= + 1) matrix « such that (I, , +«) is
non-singular and such that

@=Ly +) (L —x)g=-f6 Dy . Dy
0 7y .« T
0 7,0 « Tpnl-

where ¢ = + 1. Since (I,,, + )™ (,,; —«) and g are orthogonal, so
isq,. From the equationg; ¢, =1, ,,weobtainp, = ... = p, = 0Oand

r'r=1,.

Also, 4, = detr = eA. We consider four cases.
(i) 4 = e = 1. Then 4, = 1. By the hypothesis of induction,
we can find p, skew n x n matrices f,, ..., ,, such that I, +g; is
non-singular and

r= T @+ B =0,

Let o, = —a, and let o; be the matrix obtained from #;_; by adding
a first row and first column of zeros (¢ = 2,...,p,+1); also take
%2 = 0,if 1 = pp+2. Then we have

Pn+1
\ q= iI-_-Il(In+1 +a) 7 (L — %)-

(ii) 4 = 1, e = — 1. Then 4, = — 1. By the hypothesis of induc-
tion, we have, in the same way,

r = [ﬁl(In +ﬂi)—1 (In_ﬁi)] Xf'

Taking «, = —a, and constructing o,,...,&,,4; by bordering
By . Bo, a8 in (i), we obtain
ont+1

0= [T G2t -0 | .
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where Y is the matrix obtained by changing the sign of the first and
(j+ 1)th elements of 7, ;. Let ¢, ., = &, .3 be the (n+1)x (n+1)
skew matrix whose elements above the principal diagonal are zero
except that in the first row and (j + 1)th column, which is one. We
then have
q= H ( +1+a’1,) (In+1 )
since p,, 4 = 0, + 3.
(iii) 4 = —1,e = 1. Then 4, = — 1, and, as above,

r= iil L+ B (L, "ﬂi)] X;.

Defining «,, ..., «,,.; as above, we obtain

On+1

T 20 (s =) | X,
where a, = 0,if 0, ,,—0, = 2.

(iv) 4 =—1,e=—1. Then 4, = 1, and we have, in this case,

r= iﬁl(ln +ﬂi)_1 (In _ﬂi)!

and forming o, ..., ,, from g, ..., 8,,, as above, we have

H ( n+1 +a1) n+1 _'ai):l Xl!

since 0,,, = p,.

This completes the proof of Theorems IIT and IV. We are mainly
concerned with Theorem III. Let v,,...,7,,,, be p,., skew-sym-
metric matrices of n+ 1 rows and columns whose elements above
the principal diagonal are all independent indeterminates. Then

Q= H( a1+ Y8 (L1 —74)

is an orthogonal matrix whose determinant is plus one. Theorem ITI
tells us that any orthogonal matrix of order n+1 whose deter-
minant is plus one can be obtained from @ by proper specialisation
of the ;. The orthogonal matrices of order » + 1 and determinant,
plus one form an irreducible system, in the following sense. We
represent the (n+1)x (n+1) matrix (a;) (5,5 =0, ...,n) by the
point with coordinates (@yg, @y, -+, Bgps 1oy -+ > Bpyp) Of an (n+1)2-
dimensional space in which non-homogeneous coordinates are
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(X005 s Xppn)- Then the orthogonal matrices of determinant plus
one are represented by just those points which satisfy the equations

n

.2 X'L'hX‘tk = 8hk (h,k = 0, veey n),
i=0 (3)
det (Xij) = 1,

and do not lie in the prime at infinity. The matrix @ is a point &
of this locus, and the point which represents any orthogonal matrix
of determinant plus one is a proper specialisation of £. Hence £ is
a generic point of the locus M given by (3), which is therefore
irreducible.

Not all orthogonal matrices ¢ of determinant plus one satisfy

the condition
det (I,,,+¢) = 0.

Hence the generic orthogonal matrix  cannot satisfy this equation.
It follows from Theorem II that we can find a skew-symmetric
matrix 4 such that

Q=n+A) In—4), A=(6,—-Q)Ln+e)™

The dimension of M is equal to the dimension of the field

K(Q) = K("'aQij7 “-)
over K. But K(Q) = K(4),

and hence the dimension of K(Q) cannot exceed 4n(n + 1). Now let
B be a skew-symmetric matrix of order n + 1 whose elements above
the principal diagonal are independent indeterminates, and let

R=(,,+B)*(,,—B), B=(l,,,—B)(L,.,+R)™

R is an orthogonal matrix of determinant plus one, hence it is a
proper specialisation of Q. But

K(R) = K(B)

is of dimension }n(n+ 1) over K; hence the dimension of K(Q),
which is not less than the dimension of K(R), is 4n(n + 1) at least.
Hence K(Q) must be of dimension }n(n + 1) exactly. Thus we have

THEOREM V. The orthogonal (n+1)x (n+ 1) matrices of deter-
minant plus one form an irreducible system of dimension 3n(n+1).
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We now return to the problem of the transformation of the
uadric @,_4:
1 - 2B+...+22 =0

into itself. We saw that if » is even, this reduces to the problem of

finding the collineation
Y =qz,

where g is an orthogonal matrix of determinant plus one. This
collineation transforms linear spaces into linear spaces, and in
particular it transforms any r-space of @,,_, into an r-space of Q,,_,.

If n is odd, we have two types of collineation which transform
@, into itself, namely, those which can be written in the form
y = qx, where ¢ is orthogonal and of determinant plus one, and
those which can be written in the form y = gz, where ¢ is orthogonal
and of determinant minus one. Both types again transform r-spaces
on @,_, into r-spaces of ¢,,_;, but we now have to consider the case
in which r» = m = }(n—1), since there are two systems of linear
spaces of dimension m [§ 4] on the @,,_, in this case.

We consider first the case in which detqg = 1. If @ is a generic
orthogonal matrix of determinant plus one, the collineation y = Qx
transforms any m-space 7 of @,,_, into an m-space 7. 7, is a generic
member of an irreducible system o of m-spaces on @,_;. When
Q—q,my—>m,, where 7, is the m-space into which 7 is transformed
by the collineation q. In particular, if ¢ is the unit matrix, 7, = .
Hence the irreducible system o contains 7. It follows that the
system o is contained in the system & of m-spaces on @,,_, which
contains 7. Hence the collineations given by the orthogonal
matrices of determinant plus one transform any m-space of @,_;
into an m-space of the same system.

Now suppose that detg = — 1. Then we can write

qg=rF,

where F is obtained from the unit matrix by changing the sign of
the bottom right-hand element, and r is an orthogonal matrix with
determinant plus one. Let the collineation

y=Fx
transform the m-space 77 into the m-space 7’. Then the collineation

Yy =re
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transforms 7’ into an m-space 7, of @,,_,, which is the transform of
7 under
Yy =qx.

my and 7’ are therefore in the same system of m-spaces on @, _,.
We therefore study the effect of the collineation I' with equations

y=Fzx
on the m-spaces of @,,_;. Writing the equation of @,,_, in the form
(o +127) (g —12y) + ... + (X, +02,) (X, ~12,) = O,

it follows that any m-space 7 on @,,_, is given by an equation of
the form

w’io + ll'xio'*-l xio - /in(ﬁ-l
xik + zxiﬁ_l =P x,-L — zxikﬂ
xiku - ?’x’ik+1+1 z‘l:k-{-l + ink+1+1
L = Wi a1 Zi,, + W41

where 1, %, ..., 1,,i8 & derangement 0f 0, 2, ..., n — 1, and P is a skew-
symmetric matrix. The collineation I" has the effect of changing
the sign of z,, in these equations. The equations so derived for 7
are again in the standard form, but in this case we have either k or
k+ 2 equations in which ¢ = ,/(— 1) appears with positive sign on
the left. Hence 7’ belongs to the opposite system of m-spaces on
@,.—; to m. Hence 7 and m, are of opposite systems. Thus we have

TaeorEM VI. The collineations y = qx, where q is orthogonal,
transforming the quadric @,,_,, *

28+...+22 =0

into itself transform any r-space on @Q,_, into an r-space on Q,_,.
If n = 2m+ 1, the m-spaces of either system on @,_, are transformed
into m-spaces of the same system if detq = 1, and into m-spaces of
the opposite system if det ¢ = — 1.

9. The elementary divisors of orthogonal matrices. In this
section we consider the elementary divisors of an orthogonal
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matrix p of order n + 1, and the relation between the united spaces

of the collineation
Yy =px

and the quadric @,,_, whose equation is
2g+...+23 =0,
TrEoREM L. If a and b are orthogonal matrices of order n+1, a
necessary and sufficient condition that there exists an orthogonal
matriz ¢ such that a = ¢'bc is that the matrices a — AL, ., and b— AL,

have the same elementary divisors.
The condition is obviously necessary, since if

a = c'be,
where c is orthogonal, then ¢’ = ¢~ so0 that
a = clbe,
and therefore a—AlL,, =cYb-AlL,,)ec.

On the other hand, if a—AZl,,, and b—AI,,, have the same
elementary divisors, we can find a non-singular matrix ¢ so that
[VIIL, § 2, Th. I] 0 = 1-1bt.
Then, since @ = (a’)~! = a, b = b, we have

tbt =a = a = (I1)bf = t'b1.

Therefore it'b = bit'.
From this we deduce that

(t2")2b = tt'bit’ = b(tt')?,
and, generally, ()b = by,

Therefore, if f(x) is any polynomial with coefficients in the ground
field X, F(#)b = bf(2t).

Since #’ is non-singular, and since K is algebraically closed, we can
[II, §10, Th. I;] choose f(x) so that, if s = f(¢t'),

2=t
Then we have 8b = bs.

Also, since ) =, & =f(t'))=/[f(tt)=s.



9. ELEMENTARY DIVISORS 269

Now a = t-1bt

= t-1bit't

= t~1bs?*

= t~1sbsl.
Let ¢ = st. Then ¢’ = t~1s, and

de=tsR=t"t=1I,,.

Thus a = c'be,

where c is orthogonal. This completes the proof of Theorem I.
Now let ¢ be any orthogonal matrix of order n+1. Since

’
=T ~
T7=Son q—Alyyy = 3= ALy

Since g1 —AL,,, and §—AL,,, have the same elementary divisors,
we deduce that ¢— AL, and g7 — AL, have the same elementary
divisors. If the elementary divisors of ¢—AI,,, are

A=ay)s, (A—ag), ..., (A—oay)%,
the elementary divisors of ¢~ — AL, ,, are [VIIL, §3, p. 337]
A—ab)a, A—a)e, .., (A—ogl)w

Hence we deduce that if g is orthogonal its elementary divisors are
of the form
A=B%, A=p7Y) (E=1,2,...,1) (B;+ £1),
(A—1)~ (t=12,...,a), (1)
(A1) (t=12,..,b).

We have to determine whether there exists an orthogonal matrix
of order n+1 with these elementary divisors, where £, ..., /5,
t,a,b, e ey ..., M, Way ++es Vys Vy, -.. caN take any values, subject to
the obvious condition 2 Xe,+ Zu,+ Zv; = n+ 1, or whether further
restrictions are imposed on the elementary divisors of orthogonal
matrices.

Let C,(a) be the e x e matrix

C(@)= [z 1 0 . O
0 a1 . O
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and write C,(1) = E,, O,(—1) = F,. Let

4= Cel(ﬂl) 0
0 G

CelB)
ClBr)
E > (2)

3t

V1
“ 0
0 F,
2

where we may assume fi; > fly > ... 2 g, V; 2V 2 ... 2 0. If q— AL,
has the invariant factors (1), there exists a non-singular matrix
¢t such that [VIII, § 2, Th. I]
q = t714t,

and since ¢'qg = I, ,,
tAR1At = I, ,,

.and hence A B YA =i,

We note that #~! is non-singular and symmetric.
Conversely, suppose there exists a non-singular symmetric
trix B such that

At A'BA = B.

Since B is a symmetric and non-singular matrix, and the ground

field K is algebraically closed, we can find a non-singular matrix

s such that s’s = B. Then '
A's'sA = §'s,

and hence s4s7! is an orthogonal matrix. The elementary divisors
of sAs—Al, ., are given by (1). Hence we see that a necessary
and sufficient condition that there should exist an orthogonal mairiz
q such that g — AL, ,, has the elementary divisors (1) is that there should
exist @ non-singular symmetric matriz B such that A’'BA = B, where
A 18 given by (2).

We use this fact to determine what restrictions, if any, must be
imposed on the elementary divisors (1) in order that they should be
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elementary divisors of ¢ — A7, ,,, where ¢ is orthogonal. Let B be
an (n+ 1) x (n+ 1) matrix, and divide it into blocks

B = B, B, . By strass
B 21 ,
2+a+b1 ‘BZH'(H'b 2 - B21+a+b 2t+a+b
corresponding to the division of 4 into blocks in (2). If
A'BA = B, (3)
we obtain equations of the form , '
Cy@) By Co(B) = By, (4)

where B, is an r x s submatrix of B. We first show that if 8+ 1,
this implies that B, = 0. Let

By, = (bu . bls)
by - by
Then (4) becomes

(@f—=1)by+aby_y+pb;_1;+b; 154 =0
(t=1,...,r5=1,...,8), (5)

where boj =0, by =0.

Putj = 1, and consider these equations for ¢ = 1, ..., r successively.
We get, in turn,
bll = 0, b21 = 0, ooy brl = O.

Similarly, putting ¢ = 1, and then j = 1, ..., in turn, we get
by=0, byy=0, ..., b,=0.

Equations (5) then become the same equations but withs = 2, ..., 7,

j=2,...,8,and with by =0, by =0,

and by an elementary induction we deduce that each b;; is zero.
Hence By, = 0. 1t follows that if B satisfies (3) it is of the form

B=[Y 0 0
0 Zz o],
0 0T
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where Y is a 2 Xe; x 2 Xe; matrix, Z is a Zp; x Zyu; matrix and T is
a v, x Zv; matrix. If B is to be non-singular, ¥, Z, T must be

non-singular. If A= (4, 0 0
0 4, 0
0 0 A4,

is the corresponding division of 4 into blocks we must have
A1YA, =Y, AyZA,=2Z, A3TA;=T.
The existence of a symmetric matrix Y satisfying this condition

is easily established. C,(8;!)—AL, and C, (8;) — AL, have the same
elementary divisors. Hence there exists a non-singular matrix

P, such that P71C(By) B, = Co(BY).
Thenif ¥, = / 0 B 0 0. .0
P, 0 0 0 . . O
0 0 0 P
0 O P; .. . O B
o . . . . 0 P
o . . . . PO

Y, is symmetric and non-singular, and
AY 4, =1,
Hence there exists a non-singular symmetric matrix Y, satisfying
the required condition. Y] is a particular form of Y, and we shall
continue to denote by Y any matrix satisfying the requirement
AjYA, =7,
We next try to find a matrix Z such that
A3 ZA, = Z. (8)
In this case it will be necessary to find the most general form of Z
satisfying this condition. We write Z in blocks:
Z= (7200 | ZQa
Zey | Zea

’

Z@) | e
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where Z(@"is a u; x u; matrix. Then equation (6) leads to the equation
B, Z%E, = 76,

and this is equivalent to
Bt g+ =0 (p=1 . p059=1,..,1),

where Z@ = (242) and 2§ = 2 = 0.

These equations can be solved by recurrence methods just as
the equations (5) for By, above. We find that if u;> u,, 2% = 0 if
P+ q < py;, and finally we obtain )

ZH= 10 . . o0
0 . . 0
b1,
0 t0y
F0,

where 6,; is arbitrary, and the elements above the diagonal in which
the +0,; appears are zero; the elements in the last row are arbi-
trary, and the form of the remaining elements below the diagonal
is easily calculated if required. Similarly, if x, <y, we find that

Z(i7) == O . . . O 01: ‘]

0 . 0 6y

where the elements above the diagonal containing + 6,; are zero,
the elements in the last column are arbitrary, and the remaining
elements are easily calculated when required.

We now have to consider the conditions for Z = (Z¢)) to be
symmetric and non-singular. Let us suppose that

M=t = ... =flgg =P
HPay41 = Haypa = «oo = Ugy1q, = P2< P15
Ka—apy1 = o0 = Hg = Pr<Pr-1

HPII 18
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where a,+...+a; = a. We then have the following form for Z
(taking, as an example, the case u; = 3> u):

7
0 0 6y 0 . 0 6, 0 0
—011 —012 *
013
*
+0, * 05, * 10,5 *
o . 0 6, 0 0 O 0 0
—0y * —0y *
O3
£
+0, * 10p * 40y *
0 0 6 0 0 6 0 . 0 0Oy
"031 "632 * "033 *
U 0 £05* t Ogy *
(7

If Z is symmetrical, we must have 0;; = (= 1)7710,, (1,5 = 1,...,y),
Oy = (—1)P10;, (5,j=a,+1,...,a;+ay), etc. We expand the
determinant of Z in terms of the first, (u, + 1)th, (u,+u,+ 1)th, ...

rows, obtaining detZ = 6 det Z0.

where

0, . O 0 . 0
01 - Ouq 0 . 0
0a1+] 1 . 0a1+1 [} 0al+l a+1

oal+ax 1 8a1+aa ay 001+an ay+as
k
= H ¢1Z:
i=1

where @, =det(0,) (a,b=a,+...4+a;,+1,...,a;+...+a).
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Expanding det Z® in terms of the first, w,th, (u,+x,—1)th, ...
00].umn8, we obtain det ZV = + @1 det Z*,

where @, differs from @ only by the omission of the factor @, in
the case y, = 1. Z* is the matrix obtained from Z by striking out
the first and last rows and columns of each submatrix Z¢). Pro-
ceeding to expand Z* similarly, and so on, we finally obtain

k
detZ = + [ D
i=1

In order that Z be non-singular, it is necessary and sufficient that
@, should be different from zero, for ¢ = 1, ..., k. Now if p; is even,
@, is the determinant of a skew-symmetric matrix of order a;;
hence it can only be non-singular if a, is even. On the other hand, if
a, is even whenever u, is even, it is easily seen that we can choose
the 6;; so that det Z is different from zero. Thus a necessary and
sufficient condition that there exists a symmetric matrix Z satis-
fying equation (6) is that the number of elementary divisors of 4
of the form (A —1)?" ghould be even.

When this condition is satisfied we shall find it convenient to
take Z in the general form represented by (7). A special form Z, of
Z can, however, be constructed as follows. We pair off the elemen-
tary divisors (A — 1)¢ (each pair having the same exponent) as far as
possible. Then for any pair (A —1)¢, (A —1)¢, corresponding to the
tth and (¢ + 1)th blocks of 4,, we find P, such that

P't_l (1) F; = C,(1),
and put Z{HD = B, ZHL0 = Py
The only elementary divisors not paired are of the form (A — 1)2m+1,

no two such divisors having the same exponent. Suppose (A — 1)2m+1
is the elementary divisor corresponding to the jth block of 4,. Let

Wymsr = [0 0 0 .0 1
0 0 0 . =1 0

1
0o -1 _(2”‘1'2) . =10

by ey

18-2
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in which non-zero terms in the (r + 2)th row are

o[ () (5)1]

Then Eomi1Wems1 Bomir = Woma-
If Z(H) I/V2m+1 + W2m+1’
Z{? is non-singular and symmetric, and
4 o
2m+1Z(1mE2m+1 = 209,

We take this for the block Z{? of Z,. Put all the remaining Z{?
equal to zero. Then Z, is symmetncal and non-singular, and sa,tlsﬁes
the equation (6).

Finally, we have to determine whether there exists a non-
singular symmetric matrix 7' such that

AjTA,=T.

This case is treated in exactly the same way as equation (6), and we
find that 7 is necessarily of the form (7) and can be chosen to be
non-singular if and only if the elementary divisors of the form
(A+1)>m are even in number. Thus we have

TueoreM II. If q is an orthogonal (n+1)x (n+1) matriz,
q—Al, ., has elementary divisors of the form

Q=g =gy (i=1,..,1),
A=-1)m (i=1,...,a),
where if u; is even there is an even number with exponent p;;
A+1yi (i=1,...,b),
where if v, is even there is an even number with exponent v;; and
2%e;+Zp;+2Zv; = n+1;

conversely, if B;, e;, u;, v; are any numbers satisfying these conditions,
we can find an orthogonal (n+1) x (n+ 1) matriz q so that ¢— A1, .,
has these elementary divisors.

Now let B be any symmetric matrix such that

A’'BA = B.
The collineation y = Ax (8)



9. ELEMENTARY DIVISORS 277
transforms the quadric . 2Bz =0 ‘ (9)

into itself. We study the relation of the united spaces of the collinea-
tion to this quadric. If £ is any latent root of A4, the points of the
corresponding united space satisfy the condition

fr = Az,
Hence if z is in the united space we have
p2x'Bx = ' A'BAx = x'Bx.

If S+ + 1, it follows that 2’ Bx = 0; hence the united space of (8)
corresponding to any latent root £+ + 1, lies on the quadric (9).

Now consider a latent root of 4 equal to 1. The corresponding
united space is obtained by putting each 2; equal to zero except
those z; which correspond to the

Ist, (u,+1)th, ..., (uy+...+p,1+1)th

rows and columns of Z, given by (7). When we substitute in (9)

the resulting equation is

where the only terms present come from the top left-hand elements
of the matrices Z¢, Unless u; = s, = 1 this element is zero; hence
if p, > 1, this is an identity; the united space therefore lies on the
quadric. If p, = 1, however, (10) is not identically zero, and the
determinant of the form is @, +0. Hence the united space meets
the quadric (9) in a cone of type a, +... +a;_;.

Similar reasoning applies to the case of a latent root of 4 equal
to — 1, and we obtain

TueoreM II1. If q is an orthogonal matriz, the united space of

the collineation
y=qz

corresponding to a latent root of q not equal to plus or minus one lies
on the quadric 2Bt ..+ = 0;
the united space corresponding to the latent root +1 (—1) lies on the
quadric if g — Al ., has no linear elementary divisor A—1 (A + 1), and
if it has such an elementary divisor the united space corresponding to
the latent root + 1 (— 1) meets the quadric in a cone of type o, where
o i8 the number of non-linear elementary divisors (A —1)*((A+1)°).



278 XIII. QUADRICS

10. Pairs of quadrics. As a preliminary to the study of the
intersection of two quadrics, this section is devoted to the problem
of finding a canonical form for the equations of two quadrics in
S, assumed distinct. Let the equations of the quadrics be

z'ax =0, x'bx =0,
referred to the coordinate system (z,, ..., z,). If

r = DY,
where p is a non-singular (z+ 1) x (= + 1) matrix with elements in
K, is any allowable transformation of coordinates, the equations
of the quadrics in the coordinate system (y,, ..., ¥,) are

y'p'apy =0, y'p'bpy =0,

and our problem is to find a canonical form to which the equations
of the quadrics can be reduced by a suitable choice of the matrix p.
The problem is very similar to that investigated in Chapter I1X,
where we sought a canonical form for a pair of bilinear forms, one
of which was symmetric and the other skew-symmetric. We shall
follow a similar method to that used in Chapter IX, and where the
arguments are the same as, or differ only trivially from, those used
earlier, we shall save space by not giving them in full. ,

Our first result deals with the case in which the matrix b is non-
singular. '

THEOREM 1. If 2'ax and x'bx are two quadratic forms in (%, ..., %,),
and b 18 a non-singular matriz, a necessary and sufficient condition
that there should exist an allowable transformation of coordinates
x = py which transforms the quadratic forms to y'cy and y'dy is that
the A-matrices a — Ab and c — Ad have the same elementary divisors.
~ The condition is clearly necessary. For if there exists a non-
singular matrix p over K such that

plap=c, p'bp=d,
then P (@a—Ab)p = c—Ad,
and [II, §9, Th. III] a —Ab and c— Ad have the same elementary
divisors.
Conversely,if a — Ab and ¢ — Ad have the same elementary divisors,

and if b is non-singular, it follows from Chapter II, §9, Th. V that
there exist non-singular matrices m and » over K such that

m(c—Ad)n = a— Ab,
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that is men =a, mdn =b.
Now a, b, ¢, d are all symmetric, hence we have

n'em’ = n'¢’'m’ =a' =a,

n'dm’ =n'd'm’ = b = b;
therefore n'm™lan"lm' = a,
and n'm=tbn"1m’ = b.
We write these equations in the form

n'm~la = a(n'm1t), n'm-1b = b(n'm1).

If ¢ = n'm™1, t is non-singular, since m~! and n are non-singular.

We have ta =at',  th=>bt,

ta = a(t'), tb=>b{t);
and, more generally, if f(z) is any polynomial over K,
f®)a = af(¢) = alf®)Y',
F@) b =bf(t') = BLf(O]
Since ¢ is non-singular, we can choose f(z) [II, § 10, Th. II] so that if
8 = f(¢), then s = ¢.
With this choice of s, we have
sa = as’, sb=bs'.
Now ¢ =m"lan"! = (n1) tan—!
= (n~1)' s?an?
= (n 1) sas'n™t
= (8'n71) as'n1,
and similarly d = (¢n1) bs'n L.
Now s’ aﬁd n~1 are non-singular, and therefore p = s'n~! is non-

singular. We have thus found a non-singular matrix p over K

such that ¢ =pap, d=7pbp,

and thus Theorem I is proved.
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We use Theorem I to construct a canonical form for the pair of
quadratic forms x’ax and «’bx in the case in which b is non-singular.
Suppose that the elementary divisors of @ — Ab are

O R O
where ey +ey+...+e, =n+1.
Let P,(a) be the e x e symmetric matrix
P(a)= /O 0
0 0
0 a

1 0. 000
and let @, be the e x ¢ symmetric matrix
Q=40 . 00 1

0 . 010
0O . 1 0 0}.
1 .. 000
If p = ‘Pel(al) 0
O 'Pe,(“z)
. F, e,(ar)
and 7=1Q, 0 .
o @,
Q
an elementary calculation shows that the elementary divisors of
poAgare 5 o A—ag)s, .. (A—a)n

Hence, by Theorem I, the quadratic forms 2’ax, 2’bx can be trans-
formed to y'py, y'qy. Since these quadratic forms are uniquely
determined by the elementary divisors of @ — Ab, they may be taken
as a canonical form for the pairs of forms z'ax, 2'bx with the given
elementary divisors.
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For notational convenience in what follows, we state the result
just proved in a different form. Let

e e—1
Oz, ) = “Elxi Xepri +.21Xi+1 Xeno

e
¢(d, e) = ‘iElXiXe+l-—i'
We then state the result proved above as

TraeorREM II. If 2'ax, 2'bx are two quadratic forms, of which the
second 18 non-singular, then by an allowable transformation they can

be reduced to the form r
z'ax = Y, O(a;,e;),
i=1

z'bx = 5_’, d(a;, e;),
i=1

where (A—o.), ..., (A —a,)er are the elementary divisors of a — Ab.
When we use this notation we assume that the forms 6(e,, e;)
and ¢(a;, ¢;) are paired and are forms in the same set of coordinates,
and two distinct pairs involve non-overlapping sets of coordinates
[ef. Vol. I, p. 396].
In order to deal with the case in which b is singular, we have to
introduce four new types of pairs of forms [cf. Vol. I, p. 397]:
(i) bi(e) = 2X X, +2X, Xg+...+2X,, 3 X,, ,+ X},
di(e) = 2X, X+ 2X X, +... +2X,, ; X,,;
(ii) 02(6) = 2X0X1 + 2X2X3 + ese + 2X26X2¢+1’
Pole) = 2X, X+ 2X3 X+ ... +2Xp, 1 Xy,
(iii) O4(e) = 2Xo X, +2X, Xo+... +2X,, s X,, ;,
Po(e) = 2X, Xp +2X, Xy +... +2Xp, 5 Xy, p+ X3, 45
(iv) Oy(e) = 2Xo X, +2X, X+ ...+ 2X,, o X,, 1,
¢4(e) = 2X1X2 + 2X3X4 + eee + 2X26—1X26'
We now prove

TrEOREM ITL. If2'ax and x'bx are two quadratic formsinz,, ..., 2,,
then they can be simultaneously reduced to the forms

4
z'ax =Y O(a,e)+ X X O5(e),
1 i=17

4
z'bx = ? Bos ;) +El§ diley).
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As in Theorem II, the forms 6(e;, ¢;) and ¢(«;, ¢;) are paired, as
are the forms 6,(e;) and ¢,(e;). Pairs of forms involve the same sets
of coordinates, and distinet pairs involve non-overlapping sets of
coordinates.

The proof is by induction on n. We can begin the induction with
the case n = 0, when x’ax = A2? z’bx = Bx?. In this case there is
nothing to prove. We therefore assume that the theorem is true for
pairs of quadratic forms involving less than »+ 1 indeterminates.
We follow the method used in Chapter IX, §5, very closely; the
quadratic forms «'bx, x'ax taking the place of the bilinear forms
y' Bz, y'Cz.

Suppose that a is of rank n + 1 —r,, and that bis of rank n + 1 —ry,

while (Z) is of rank n+ 1—7, By a preliminary transformation of
coordinates we arrange that the space S,,_; defined by ax = 0 is,
o Xp= 0, wts Zpppgir,=0 Zppu=0, ..., %, =0, ]
and that the space §,,_, defined by bz = 0 is

2o=0, .., x,, =0;
8§,,_; and 8,,_, intersect in the (r,— 1)-space S, _; whose equations
are :

=0, .., z,, =0.

Having done this, we confine our choice of transformations to the
permissible ones, which are of the form

y = Pz,
where P=|D 0 0 O
E F 0 0
G 0o H of
L M N K

in which the matrices in the first, second, third, fourth rows
(columns) have n—r; —ry+7ro+ 1, 7ry— 1y, 7, — 7, 7o TOWS (columns),
respectively. These transformations preserve the form of the equa-
tions of S, _;, 8,4, S, [cf. IX, §5].

After the preliminary transformation, the forms z'ax, 2’bx can be

written n—rp
z'ax = T ayx,x,

i,5=0

n—mr
x’bx = 2 b”x.ix s

i,7=0
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where the summation X’ is over the values
0, 1, ..., m—=ri—7ry+ry, n—ri+1l, ..., n—r,

of the suffixess, j. If ry > 0,the two quadratic forms involveless than
7+ 1 of the coordinates, and Theorem III follows at once from the
hypothesis of induction. We need therefore only consider the case
7o = 0.
If r, = 0,bisnon-singular, and Theorem III follows from Theorem
II. C
Suppose now that ;> 0. Then a,, (¢ = 0,...,n) are not all zero,
since ry = 0. Let k be the largest value of 4 such that a;, = 0. Then
[Chap. IX, § 2], we can find a permissible transformation such that

n—1 n—1
z'ax = %’aéjyiyjﬂykyn (or %’aé;ywﬁyi),

n—r

xlbx = %' b’:jyiyj’

where a;; = 0 if k<n.

(ie) k = » (in this case we have the second form for z'az). By
the hypothesis of induction a permissible transformation, derived
from a permissible transformation on y,, ..., ¥,_; only, can be found
which gives |

Z @isYiY; = T 0(ae)+ Z Z Bile;),

z;: bty = 3 $lap e+ 3 3 biley)

i=1 3

4
Hence x'ax = Y 0(a;e)+ X X 0;(e) + 6,(0),
i=17

4
2'bx = 3, (g, €;) + § > Pile;) + $4(0),

and so the necessary reduction is obtained.

(ib) m—r, <k<n (in this case we use the first form of z'az). An
exactly similar argument is applicable in this case, the only differ-
ence being that instead of a pair of terms 6,(0), ¢,(0) we have the
pair 6,(0), $4(0).

(1) k<n—ry. Thenk<n—r,—r, This caseis treated in a manner
very similar to the treatment of the corresponding case conmdered
in Chapter IX, § 5. We need only give the conclusions.
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n—1
(ii@) 2'ax = 2zyz, + ?' afz,2;,
n—mry

2'bxr = 2 + 3 bfzz,
. 1

By the hypothesis of induction we can write

n—1 4
?l a?j zizj = Z e(ai: ei) +21’_2 01:(81),

n—ry 4
; bfiziz; = X bl €;) +¢§1;Z Piley).
Then aw = 36 ) *f%? 0,(e;) + Oa(1),

4
z'bx = ¥ d(ay, €;) +i§1§ Pi(e;) + Bs(1).

n—1
(iib,) x'ax = 2zyz, + 12* atyz;2y,

n—nr

@'bx = 2202, + X 022 (A>n—ry—1y),
1

when the summation X2* omits the value 4. By the hypothesis of
induction, we can write

n—1

4
21:* afiziz; = X 0(ay, €;) + 21§ Bi(ey),

n—1 4
21 b«?}zizj = Y dlaye,) +i21§ Piley),
and hence we obtain the reduction

4
x'ax = z 0(“{, e‘i) +{§1 § 01(61) + 04(1),

4
z'bx = 3 Py, €;) +i§‘1§ Pile;) + Pa(1).

(iib5). In this case we obtain [cf. Vol. I, pp. 408, 409]

n—1
z'ax = 222, + ?’a;“,z,-z,,

n—nr
x'bx = 2292, + X bj2;2;,
. 1

n—1 n—r
where X'af;z;2; and 3 62,2, are already expressed in reduced
1 1



10. PAIRS OF QUADRICS 285

form. In this case, the terms 22,2, and 22,2, have to be added to
a pair of corresponding terms in the expressions for X’af;z,2; and
ZbY;2;2;, and change the e in these terms to e+ 1. Thus the proof of
Theorem III is complete.

Let us now consider a pair of corresponding forms 6,(e), @;(e).
If 7 = 1,2, 3, the matrix of §,(e) is non-singular, and we can con-
sider the elementary divisors of A6,(e)—¢@,(e). Direct calculation
shows that if 7 = 1, there is one elementary divisor A%+!; if 1 = 2,
there are two elementary divisors A®*1, A+1, and if 7 = 3, there is
one elementary divisor A%. If ¢ is even, say e = 2f, the elementary
divisors of Af,(e) — Py(e) are the same as the elementary divisors of

A0,(f)+ b:(f) + A6:(f) + $1(f),

where 6,(f), ¢.(f) and 61(f), ¢1(f) are pairs of forms involving
independent sets of indeterminates. Hence, by Theorem I, we can
obtain an allowable transformation of coordinates so that

Os(e) = O1(f) +61(f),  dsle) = $1(f) + 81 (f)-

Similar reasoning shows that if e is odd, e = 2f— 1, we can find
a transformation which reduces

by(e) to  O3(f)+ O5(f),
Pale) to  3(f)+85(f).

Hence we can find a reduction of z'ax, 2’bx to the form given in
Theorem III in which there are no terms 6,(e;), $,(e;).

With this additional reduction, we can show that the reduced
form given by Theorem III is uniquely determined by the matrices
a and b.

It is clear that the number r, is determined by these matrices.
The proof given in Vol. I, pp. 416-17, is immediately applicable and
shows that the pairs of forms 6,(e;), ¢,(¢;) are also determined by the
matrices @, b. Then if there are k such pairs of forms, the rank of
Aa+ pubis n+1—ry—k, and as in Chapter IX, § 5, we see that if the
elementary divisors of this matrix are

(aiA‘*‘#)ei (i = 1,...,7’),
A%fi1 G=1,...,8),

Az G=1,..,1),
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the only reduced pair of forms equivalent to z'ax, x'bz are

r 8 t
t§1 0oy, €4) + ? 0,(f2) +i§1 04(g:) + 2 04(py),

r 8 t
i§1¢(ai’ )+ ;: #1(f2) +i§l¢8(gi) + 2 Pa(ps)-

Thus the reduced forms given by Theorem III, in the case where
there are no pairs of terms 0,(e), ¢,(e), form canonical forms for
pairs of quadratic forms.

11. The intersection of two quadrics in S,. In this section
we study the intersection of two quadrics ¢, @’ in S, whose equa-
tions are z'ax =0, x2'bx=0.

We assume that the quadrics are distinct. The intersection of
two primals in 8, is an unmixed variety of dimension » — 2 [XTI,
§ 4, Th. I], except in the case in which they have a variety of dimen-
sion 7 — 1 in common. This can only happen when @ and @’ are both
reducible, and have a prime in common. This case is trivial, and
we shall omit it, though in fact some of our general theorems may
include it as a special case.

The system of quadrics @, ,, where @, , has equation

Ax'ax + px'bx = 0,

and A, x are variable parameters, is called a pencil of quadrics. Two
quadrics @, and @,, of the pencil are distinct if and only if ps — gr 0.
It is easily seen that if @,,, and @,, are distinct quadrics of the pencil,
the intersection @,,.@,, coincides with the intersection @,Q’'.
For the equations

px'ax+qx'bx = 0,
rx'ax + sx'bx = 0,
imply the equations vax =0, z'bx =0,
and conversely. We wish to show that a similar result holds when
we consider the varieties multiplicatively. If @ is irreducible (that
is, if its type p is less than n— 1), Q is the multiplicative variety
obtained by attaching unit multiplicity to Q; if Q is of type n— 1 it
consists of two distinet primes, and Q is the variety obtained by
attaching unit multiplicity to each of these primes. If @ is of type
n it coincides, as a point-set, with a prime; Q is then obtained by
attaching multiplicity two to this.
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Now let 2’ Az, ’Bx be two quadratic forms in 2, ..., 2, whose
(n+ 1) (n+2) coefficients are independent indeterminates over K,
and let &,, be the multiplicative variety obtained by attaching
unit multiplicity to the quadric whose equation is

' Az’ Az + px'Bx = 0

We denote &,, by &, &;, by &'. If ps—qr=+0, the intersection
Spqa Sy, coincides with S, &', But §,,is of order two, hence [XI1I,
§4,Th.II16,,.S,,and €. &’ are of order four. Since €, &’ are generic
quadrics which are independent, the intersection G, &’ is simple,
and hence the sum of the orders of the components of S, @’ is four.
Since each of these components counts at least once in &,,.S,,, it

follows that Spq-Cro = 6.6,

Now consider the specialisation (8, &)~ (Q, Q’). Since @@’ is,
by hypothesis, of dimension n—2, and the object-variety of the
normal problem is a 2-way space, we deduce that the specialisations
of §,,.8,, and .8’ are uniquely determined. This specialisation

then gives
& Q,,-0.,=0.0"

Thus the properties of the intersection of two quadrics, both in
the point-set sense and in the multiplicative sense, belong to the
pencil determined by @ and Q' rather than to the individual
quadrics. We use this fact to simplify the canonical form of the
equations of the intersection of the two quadrics.

Using Theorem III of § 10, we can choose the coordinate system

SOhat e = Z0(ay )+ Z0,(f) + Z64(g.) + Z04(p),
2'bx = Zp(ay, ;) + 21(f;) + ZPs(9:) + Zha(ps)-
Then,
pr'az+qx'bx = Z[pb(ay, €;) +q(o, €)1+ Z[p0,(fo) + 98:(f)]

* + Z[p03(g:) + 9P3(9:)]1+ Z[204(ps) +2Pa(P)],

and we express 7z'ax + sz'bx similarly. We may choose p, g, r, 8 so
that ps—¢r+0, and =0, ra; +s=+0 (any 7).

The various terms in these summations arising from paired
forms involve independent sets of coordinates, so we can treat them
separately.

(i) The matrix of the quadratic form

[p6(cts, €5) + qb(tir €:)] — AlrO(@,, €0) + 5b(esr )]
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has the single elementary divisor (A — 3,)¢, where
| _Pa+g
Pi= ra,+8"
Hence [§ 10, Th. IT] we can make an allowable transformation of
the coordinates involved so that
PO(0s, €;) + (e, 6;) and  76(a;,e;) + sy, €))
become, respectively, (8, ¢;), $(S:. e;).
(ii) The matrix of the quadratic form

[(20(k) + qi(k)] — ALr0,(k) + sp(k)]

has the unique elementary divisor (A—p/r)%+1 if { =1, and
(A—p/r)* if i = 3. Hence, by an allowable transformation of the
coordinates involved, we can reduce

POy(k)+qd,(k) and r0,(k)+sp,(k)
to O(p/r,2k+1), d(p[r,2k+1) ifs =1,
and to O(p[r, 2k), ¢(p|r,2k), if ©=3.

(iii) The matrix of the quadratic form

ULDPO4(P) + qPa(p)] = A[r6,(p) + 364(p)]

is a (2p+1) x (2p + 1) matrix whose rank is 2p for all values of A, u
not both zero.

This is, however, a characteristic property of the matrices of
two forms 2’ Ax, 2’ Bz in 2p + 1variables which can be simultaneously
reduced to forms 6,(p), ¢,(p)-

It follows that we can choose the coordinate system so that

pr'ax+qx'bx = 3 0(B}, e;) + T 0,(f7),
re'ax + sx'bx = )y $(Birei) + % Pa(f3)-

¢t will be observed that what we have done is to choose 7, s so
that the rank of the matrix ra + sb is the same as the rank of a — Ab
for indeterminate A.
In studying the intersections of the two quadrics @ and Q' we
may replace them by @, and @,,. In other words, we may assume
that @ and @’ are such that the canonical forms for their equations
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given by Theorem III of § 10 do not involve pairs of forms 6,(e;),

Pq(ey) (¢ = 1,2,3). With a simple change of notation we can then
write

x'ax =220 %, + 223 T3 + ... + 2Tqp g%y, 4

+2YoY1+ 2¢5Ys+ .- + 2Wary2Y2r 1

+... g (1)

+ 22921 + 22925 +... + 229, 929,

+t' At,
2'bx =22, 25 + 22324 + ... + 22q,, 1 Xy,

+2y1Ya+2YsYs+ .- + 2Y5r,1Yor,
+... s (2)

+22,29+ 2252, +...+ 22y, 1%,

+t'Bt

k
where B is a non-singular matrix of n+1—2 Elri —k—ry rows and
Pe=
columns, and ¢’ 4¢and ¢’ Bt are in the reduced form given by Theorem
II of §10. The total number of coordinates involved is n+ 1 —7,.
If we wish to give a name to the coordinates which do not appear in
(1) and (2) we shall denote them by u,, ..., 4,
Let the elementary divisors of 4 —AB be

(A—op)e, (A—ay)fe, ..., (A—ay)e.

It will appear that the geometrical properties of the pencil @,,
with which we are concerned depend on the numbers e,,e,, ..., e,,
T4, .oy Ty 7oy @nd also on equalities between the a;, but not on their
actual values. We therefore introduce a symbol to represent the
different kinds of pencil which can arise in §,,. This is analogous to
the Segre symbol in Chapter VIII for collineations, and is called
the Segre symbol of the pencil. Weform it by writing down thenumbers
ey, ..., ¢, in any order, subject only to the condition that the values
of e; which correspond to elementary divisors with the same ; come
together, and to indicate the equality of these o, we enclose the
corresponding e, in round brackets. Having written down the e;,
we put a semicolon, after which we write the numbers r,, ..., in
any order. Then we write another semicolon and finally r,. En-
closing the whole in square brackets, we have the Segre symbol of

HPI 19
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the pencil. If we are given the space S, in which the quadrics lie,
the number 7, is determined by the other numbers in the Segre

symbol, since Se,=n+1—25r,—k—r,,

and giving 7, is equivalent to giving the dimension of the space in
which the quadries lie. When 7, = 0, it is usual to omit it.
Let @ and @’ be the sections of @ and ' by the linear space

UY=U=..=u, =0,
and let S, _, be the linear space given by

;=0 (1=0,...,2n),
Y =0 (1=0,...,2r),
Z.i=0 (?:=O,...,27‘k),
=0 (1=0,...,0—22r,—k—r).

Then @ and @' are the joins of @ and @’ to S,,_;, and the inter-
section (either in the point-set sense or the multiplicative sense) of
@ and Q'is the join of the intersection of @ and @’ to 8,1 It follows
that we can obtain all the intersection properties of @ and Q' from
those of @ and @', and it is usually more convenient to consider the
latter quadrics. In the (n—rg)-spaces containing them, the pencil
QM has the same Segre symbol as @, ,, save that r, is replaced by
zero. We therefore confine our attention to pencils whose Segre
symbol has r, = 0, and for the remainder of this chapter we shall
assume that 7y = 0. It should be noted that if 7, is not zero the
statement of some of the results to be given later may require minor
modifications.

The vertex of the quadric @, is given by the equations

Az, =0, Yaory—2+ WYop, = 0,

Azg+ pzy = 0, - BYzr1 =0,
BT +A3 =0, ...

L eeeereereeeneane. Az; =0,
A%y, o+ iy, =0, Azg+ pzy = 0,
UZop 1 =0,

Ay, =0, A2y g+ Higy, = 0,

AYo+pys = 0, Kgp 1 =0,

.................. (A4 +uB)t = 0.
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Let S3+# be the space spanned by the points
Ay xpy = (=1 A%, 2y 1 =0,y,=0, ...,2,=0,¢, =0,
Ay: 2= 0; Yy = (1) A%, yp, 0, =0, ..., 2, =0,8,=0; ...
Ay 2,=0;9,=0, ..., 29 = (= 1A%, 25, = 0; ¢, = 0.
Every point of S{-# is in the vertex of @,,, and indeed S{-# is

the vertex of the quadric, unless det (A4 + uB) = 0. Thus the general
quadric of the pencil given by

z'ax =0, x2'bx =0,

where x'ax and 2’bx are given by (1) and (2), is of type k.

The matrix pA + ¢B is singular if and only if —¢/p is a latent root
of A—AB. Suppose that o of the elementary divisors of type
(A —ca;)¢ of A —AB have a; = —q/p. Then the equations

=0, y;=0, ..., z,=0, (pA+¢B)t=0

determine a linear space §,_,, and the vertex of @, is the (k + o — 1)-
space joining this S,_; to S%2. The relation between the spaces
8,_, obtained by making —gq/p equal to the different latent roots
of 4 —AB is easily discussed by a method similar to that used in
Chapter VIII to discuss the united spaces of a collineation. We may
leave it to the reader to prove that if the Segre symbol of the pencil is

[(el’ LR eal) (eo'l+1, ceey eo-1+o-¢) e (eal+...+o'f—1+1! LRRS] e¢1+...+crf) 5 7'1, seey rk]’
the spaces §,,_4,...,8, _; in
xi=0, yi=0’ ceey z,;=0,

f
are independent, their join being a space of dimension Y o, — 1.
i=1

We return to the spaces S{#. Itis easily verified thatif ps —gr +0,
S8P2 and S, do not intersect. The spaces S{# are all contained

in the space I7:

X =Tg = ... =:c2,g_1=yl=y2= =y21‘a—1= ree
==ty ==y =b=ly= .=l =0

(m =n+1-—22r,—k),whichis of dimension 2r; + k — 1. By referring
to the equations of @ and @', we see that IT lies on both quadrics,
and hence on every quadric of the pencil determined by them. The
tangent prime to @,, at the point X of II whose coordinates are

(go, 0, gzs 0, ---agzr s Nos 09772, 0, coeyMapgs «oes gl: 0, gz,o---gzrk; 0,0,..., 0)

19-2
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is
(Abo+uEp) 2y + (Al + puEy) 25+ ... + (Abgpy—a+ MEar,) Tap, 4
+ Ao+ pm3) Yy + (Mg + A1) Y5 + .. + (Agp,—a + M3r,) Yory
+...

+ (Ao +p8s) 2.+ (A8 + p8y) 23+ ... + (ALgp, o+ 1Lsr,) 201 = 0.

It is uniquely determined unless X lies on S &, Tt is independent
of A, u if and only if

I TRETEIIRRE TUIPEL 1S3 PENUURY PIPS BUPRY SN

SR TII TERES JHEL AL RN M U ¥ SN
that is, if and only if X lies in 8%:2 for some choice of p, g. If X lies
in 8%-9, then the tangent prime of @, . 8t X, where Ag— up +0, is in-
dependent of A, x, that is, the quadrics of the pencil touch each other
at X. The locus of points X in S@+? for any choice of p, ¢ is therefore
given by equating to zero all the 2-rowed minors of the matrix: -

(xo Loeo o Lop—2 Yo Y2---Yory—2 -+ zm—z)
Ty Zyeo-Tap,  YolYs-oe Yary -+ 2o,

It is easily verified that p; 4, +p, A, + ... +p; A,, where py, ..., p;
are independent indeterminates over K (A, ), is a generic point of
this locus, and from this we deduce that the locus is of dimension k.

We now consider the intersection of two quadrics Q and Q' in
S, assuming that @,Q’ is of dimension n—2, and determine
conditions for this to be reducible. If n = 2, the intersection con-
sists of a finite set of points, in which case it is always reducible.
We shall later enumerate the intersections of quadrics of all possible
Segre symbols in the case » = 2. We shall also enumerate all pos-
sible cases when » = 3, so for the present we shall assume n > 3.
We also assume [cf. p. 290] that it is not possible to express the
quadrics simultaneously by equations involving less than n+ 1 of
the coordinates. With these assumptions we prove

TrrorEM 1. The intersection of two irreducible quadrics in S,
(n> 3) contains an (n— 2)-space as a component if and only if the
Segre symbol of the pencil defined by the quadrics is

[(L1);1] or [2%1] or [2] or [;1,1].

We have seen [p. 236] that a quadric in S, of type p does not
contain a linear space of dimension greater than §(n+p—1). If
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Q. Q' contains an (n — 2)-space, it follows that @, ,is of typep >n —3.
Ifp>n—1, @,,is reducible, and we have excepted this case. Hence
p = n—2 or n— 3. If the Segre symbol of the pencil is

[(egs c-r€q) cee (€yyys ooes€r)s 71y oens Tids

@y, (for A, 4 independent indeterminates) is of type k. Hence

k=n—-2 or k=n-3. (3)
k
Again | 2y ri+k<n+1, (4)
=1
k
and therefore Sr;<2. (5)
i=1

Since, by hypothesis, » >3, we find that the only solutions of
(3), (4), (5) are

i n=4 k=1, rn=1,
(i) n=4, k=1, r =2;
(ill) n=5, k=2, r=r=1L
(i) The equations of @ and @’ can be written in the form
2xg2, +t' At = 0,
2, 2,4+ t'Bt = 0,

where 4 and B are 2 x 2 matrices, and we may assume that B is
non-singular. There are two cases to consider: (ia) when the
elementary divisors of A —AB are (A—a),(A—/f), and (ib) when
there is one elementary divisor (A — )2

(ia) The equations of @ and Q' can be written in the form

2wy x, + oxs + fai = 0,
22 %, + 23+ 25 = 0.

Any plane on  passes through (0,0, 1,0,0), and any plane on
Q' passes through (1,0,0,0,0). Hence the equation of any plane
on their intersection can be written in the form

This lies on @ if and only if A = 0, au?+ g2 = 0, and it lies on @’
if and only if A = 0, u2+% = 0. Hence in order to have a plane
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common to the two quadrics, we must have o = f. When this
condition is fulfilled, the pencil defined by @ and @’ has the Segre
symbol [(1, 1); 1], and conversely if the Segre symbol has this form,
the equations of @ and @’ can be taken as

2z0x1+m§+mg = 0,
2, 25+ 22+ a2 = 0.

The intersection of the quadrics consists of the two planes 7, 7’

whose equations are
=0, z3+tiz,=0,

and the quadric ¢ whose equations are
Xy = axy, 2,2, +2%+2F=0.

Since Q. Q' is of order four, and each of the components of @, Q'
must have positive multiplicity in Q. Q’, we have

0.0 =xn+n'+q.
(id) The equations of @ and @' can be written in the form
2y, + 20xy 2, + 22 = 0,
22,25+ 2252, = 0.

The Segre symbol of the pencil in this case is [2; 1].
The plane 77 whose equations are

xy=x,=0

is common to @ and @'. It can then be verified that the remaining
component of ,Q’ is the surface F having the generic point
(=v(ap+3v), A%, —uv, Au, Av). It can then be shown that this
surface has three points in common with a generic plane of S,, and
hence that it is of order three. We thus have

0.0 =n+F.

(ii) This corresponds to the Segre symbol [;2]. The equations
of @ and @’ can be written in the form

The intersection @, Q' consists of the plane 7 whose equation is

x1=x3=0,
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and the surface F whose generic point is (A2, uv, — Av, Au, v2), which
can be shown to be of order three. Hence

Q0.0 ==n+F.
(iii) In this case the Segre symbol is [;1,1]. We can take the

equations of @ and @’ in the form

2%y, + 22524 = 0,

2%, %y + 2,5 = 0.
The 3-space 7 given by the equation

ry=2,=0

is common to @ and @'. The remaining intersection is a ¥, with

generic point (Ap, —p?, uv, pA, pp, pv), which can again be shown
to be of order 3. Hence
Q.0 = n+V,

This completes the proof of Theorem I. It is worth noting that
the cases (ib) and (ii) are distinguished by the fact that in (ib)
mand F meetinthelinesz, = z; = 2, = Oand 2; = 2, = ¥y—az, = 0
while in (ii) 7 and F meet in the conic 2, = 23 = 22, — 23 = 0.

Since the intersection Q. Q' of two quadrics in S,, is of order four,
this intersection is either an irreducible variety of order four, or
two quadrics of dimension n— 2 (possibly coincident), or else the
intersection contains an (n— 2)-space. We therefore consider when
the intersection can become a pair of quadrics of dimension 7 — 2.

Let @,_, be a quadric common to @ and @’. We choose the
coordinate system so that ¢,_, has the equations

r,=0, }+...+2% ,=0.
The equations of @ and @’ are then of the form
Zo(@pTo+ ..+ Ay ,) + 3+ ...+ 25, =0,
@o(boZo+ ... + 0, ,) + 2+ ... +25_, = 0.
The intersection of @ and @’ is equally well defined by the quadrics
Zo(CoZo+ ... +Cp2,) =0, (6)
Zo(boo+ ... +by,) +af+ ... +25_, =0, (7

where ¢; = a;—b;, and it will be more convenient to define @ and @’
by the equations (6) and (7). Not all ¢; can be zero, since the original
quadrics are distinct. There are several cases to be considered.
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We first consider certain transformations designed to reduce the
number of coordinates which appear in the equation of . We have
four cases to consider:

I. Suppose that in (8), ¢; = ¢, = ... = ¢, = 0. Then ¢y=+0. The
equations of @ and @’ are 22 =0
0= Y

To(bog+ ... +bpx,) +a}+ .. 425, = 0.

IT. Suppose that in (8), ¢,_,4y = ... = ¢, = 0, and that ¢;+0,
for some value of % satisfying the inequality 0 <k<n—p. In the
space S,_,_; given by the equations

Zg=0, Z, ,;3=0, ..., 2,=0,
the equation o}t ,=0
defines a non-singular quadric @,,_,_,, and the.equation
T+ .ty Xy, =0

defines a linear space S,_, . In the present case we assume that
8,—p—g does not touch @, , ,. Then there exists an allowable

transformation n—p

x’: =:’Zlcijxj (i = 1,---,”“[)),
. n-r, n=p 2 ’ n=p ’ s
which transforms Y c;z; and ¥ «? into z; and Y ;% respectively.
1 1 1

If we write
Yo = Zos
n—p
Y= Zlcuzi‘*'coxo»
Te=

n—p

Y: =5§1%xj (t=2,...,n—p),
Yi=%; (t=n—p+1,...,n),
the equations of @ and @’ become
| Yo¥1 =0,
YoboYo+ ... +Ony) + i+ ... +yh_, = 0.

III. This is the same as II, except that S,_, 5 touches @,_,_,.
We can in this case construct an allowable transformation

’ P N
x =jzlci,xj z=1,...,n—p),
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. n=p nr .
which transforms 3 ¢;x;and 3 zfinto 2 and 22125 + a5 + ... + 25—,
im1 i=1

Putting Yo = Zg,
Y1 = Xy 25+ 0y,
Y, =Zeyx; (1=2,...,n—p),
Y =24 (t=n—-p+1,...,20),
the equations of @ and @’ become
Yo =0,
YoboYo+ - +00Yn) + 21 Y2+ Y3+ ... + Y, = 0.

IV. Suppose that there exists a value of & satisfyingn—p<k<n
for which ¢, + 0. The transformation

Yn = CoZo+ ... +C %y,
Yr = Tns
Yi=x; (@*kn),

transforms the equations of @, @’ into
YoUn =0,
YolboYo+ ... +bny,) +93+ ...+ 5, = 0.

We consider the cases I, ...,IV in turn. In the transformations
which follow, the form of the equation of @ is unaltered, but the
equation of @’ will be simplified. It will sometimes be convenient
to replace @’ by another quadric of the pencil defined by @ and @',
8o that @’ is non-singular. There is one case, however, in which this
is not possible, since every quadric of the pencil @,, is singular.

I. We take the equations of @ and @’ in the form

3 =0,
xo(boTo+ ... +b,2,) +ai+ ... +25_, = 0.
(i) If b; = 0, for all ¢ > n—p, we put
Y =%;+4bxzy (t=1,..,n—p).
The equation of @’ becomes

by3+yi+...+ys_, = 0.
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By replacing @' by another quadric of the pencil, we can arrange
that b+ 0; the transformation
% = b*yi’ 21=Y1 s R = Yn
then reduces the equations of @ and @’ to the form
2 =0,
zg+...+2%_,=0.

If we assume, as usual, that every z, is present in these equations,
we must have p = 0. @, Q' is therefore the intersection of the non-
singular quadric @’ with a prime not tangent to it. The Segre symbol
is[(1,1,...,1),1;]. )

(ii) If there exists a value of k£ greater than n — p for which b, + 0,
the transformation

Yi=2; (i*k)n)’
Y = Tn»
2y, = byxo+ ... +b,2,,
reduces the equations to ya =0,
2y0yn+y%+ +y?@——p = 0,

and if all the y, are present, p = 1. @,Q’ is the intersection of the
non-singular quadric @’ and a tangent prime. The Segre symbol is

[a,i,..,1,2);].
II. The equations of @ and @’ are of the form

Zy2y = 0,

Zo(bg@o+ ... + b, 2,) + 23+ ... 2%, = 0.

(i) Suppose that b,_,,; = ... = b, = 0. Then if we write
Y=z +ibw, (=2,..,n-p),
Y, =, (all other ¢),
the equations become Yoy = 0,

Yo(byo+eys) +9i+... +95_, = 0,
and if all y, are present, p = 0.

If b+ 0, we replace @' by another quadric of the pencil so that
we may take ¢ = 0, and then, by absorbing the multiplier 5, we
obtain the equations

Yoth = 0’

B+yi+...+yi =0.
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@, Q' is the section of the non-singular quadric @ by two primes
not touching @’. The Segre symbol is [(1,1,...,1),1,1;].

If, on the other hand, b = 0, we can choose @’ in the pencil so
that ¢+ 0; and by absorbing a multiplier we obtain the equations

202, = 0,
2292, + 23+ ... +2% = 0.
@, is the intersection of the non-singular quadric @' with
a tangent prime 2, = 0, and with a prime z, = 0 not tangent
to it. The Segre symbol is [(1,1,...,1),2;].
(ii) Suppose that there exists a b,+0, k>n—p. The trans-
formation
2Yp = boo+ ... +b,2,,
Y = Tps
Y =24 (z=i=k,n),
transforms the equation to the form
Yot =0,
2YoYnt+Yi+ ... +yn, =0,

where p = 1 if all the variables are present. @, @’ is the section of
the non-singular quadric ¢’ with a tangent prime y, = 0, and a
prime through the point of contact. The Segre symbol is

[(L,1,...,1,3);]
ITI. We take the equations of @ and @’ to be
oy = 0,
xo(boZo+ ... +b,2,) + 22, 2y + 23+ ... +2h_, = 0.
(i) Suppose that b, ,,; = ... = b, = 0. By writing
Yi=2;+3bxy (1=3,...,n—p),
Y =, (all other ¢),
these equations become Yol =0,
Yo(bYo+ oYy +dYa) + 2y Yy + Y3+ .+ YA, = O,

and if all y, are to be present, p = 0. By replacing Q' by another
member of the pencil, we can choose ¢ as we wish. If d is zero, and
b is not zero, we take ¢ = 0, and we see that by rearranging the
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coordinates we obtain the case considered in II(ii). If d =0,
b = 0, the equation can be written as
Y% =0,
2y, Ya+ Y2+ ... +9% = 0.

In this case, all the quadrics of the pencil are singular. Then @, Q'
is the intersection of a quadric of type one with a prime touching it
along a generator, and with a second prime not through the vertex.
The Segre symbol is [(1,1,...,1); 1].

We next consider the cases in which d is not zero. Put

zi=y; (1%2),
2y = Yy +by/d.
Then the equations become
22, = 0,
. 2(C'2y +dzy) + 22,2, + 28+ ... +22 = 0.
We can if necessary replace @ by another member of the

and arrange the multipliers so that ¢’ = d = 2. Then the equations
’

of @ and @' become —

22125+ 2929+ 292,) + 23+ ... +25, = 0.

Q, Q' is the intersection of the non-singular quadric @ with two
primes, not tangent to @', but meeting in an (n» — 2)-space tangent
to @'. The Segre symbol is [(1, ...,1,2),1;].

(ii) If b, =+ 0 for some k greater than n—p, we make the trans-
formation

2y, = bozo+ ... + b, 2,
Y = Zp,
yi=2z; (i%kn),
and obtain the equations of @ and @’ in the form
YY1 =0,
2YoYn+ 201 Y2+ Y3+ ... +Yng = 0.

@, Q' is the intersection of @' with two tangent primes to @' whose
points of contact lie in a line on @’. The Segre symbol of the pencil
is [(L1,...,1,2,2);].
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IV. We take the equations of @ and ¢’ in the form

oz, = 0,
Zo(bo+ ... + 0, 2,) + 25+ ... +25_, = 0.

In this case p > 1.
(i) We suppose, first, that b,,_,.,, ..., b,_, are zero. Then we write

yi=x'i+%bix0 (’l= l,...,n—p),
Y, =X; (all other 7).
The equations become YoYn =0,

Yolbyo+cyy) + 93+ ... +45, = 0,

where p = 1 if all y, are present. If b = 0, we choose the quadric
Q' in the pencil so that ¢ = 2. Then @, Q’ is the intersection of a
non-singular quadric @’ with a pair of tangent primes whose points
of contact are not conjugate with regard to Q’. The Segre symbol
of the pencil is [(1,1,...,1),(1,1);].

If b+0, we can choose the quadric in the pencil so that ¢ = 2,
and arrange the multipliers so that 6 = 1. We thus obtain a case
already considered in II (i).

(ii) If b, =+ 0, for some k such that n—p <k <n, we write

2:’/%—1 = b0x0+ +bnxn7

Y = Tp-1,
yl.=xi (’l:#:k,n—l).

The equations then become
YolYn = 0,

2YoYna+Yi+ . +Yn_p, =0,

and in this case p = 2 if all y; are present. This is the case of the
pencil of singular quadrics considered in III (i).

We have thus obtained all cases in which the intersection of two
quadrics reduces to a pair of quadrics. Recalling that our condition
that all the variables are present in the equations of the quadrics
is equivalent to the condition that the vertices of  and @’ do not
intersect, we can state
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TraeoreM I1. If Q and Q' are two quadrics whose vertices do not
meet, their intersection reduces to a pair of quadrics if and only if the
pencil of quadrics defined by them is of one of the following types:

[(,...,1),1;], [1,1,...,1,2);],
[(13 1""’1)’ lsl:]: [(1’1;"-51),2;]) [(1’ 1:'-')133) s]’
[(1""’192)’1;]’ [(13"'a 132?2) ;]: [(1’ l:'-'sl)’ (1: 1) ,]s
[(1,1,...,1);1].

Theorems I and IT and the enumeration of all possible pencils
in §,, (n < 3) given below enable us to determine effectively all cases
in which the intersection of the quadrics of a pencil is reducible.
We have deduced these cases from the cases in which the vertices
of two quadrics of the pencil do not intersect. We observe that we
have proved, incidentally, that if the intersection of @, Q' is redu-
cible, the function field of each component of the intersection is a
pure transcendental extension of K, that is, each component is
rational. We can go further and prove

TaeorREM III. If n>4, and @, Q' are two quadrics in S, whose
vertices do not meet, and whose intersection s irreducible, then their
tntersection is rational.

We shall prove in the next Chapter [XIV, § 7] that two quadrics
in 8, have a line in common, and from this it follows that two
quadrics in S, (n > 4) have a line in common. Choose the coordinate
system so that @ and @’ have the line in common given by

wl = LR = xn_l = 0.

Case (i). Suppose that the line lies in the vertex of a quadric of
the pencil determined by @ and @'. We may suppose that @’ is
this quadric. Then we may suppose that ¢ has the equation

n—1 n—1 n—1
Zy ? aix¢+xn ? dix,;-i- . jZ 1Aijxixj = O;
i,5=

and that @ has the equation
T Xy—23—...—25_, =0 (p=1).
Let ¢y, ...,t,_, be n— 3 independent indeterminates over K, and

let§, =313, & =1,8=1t;(j = 3,...,n—1). Consider the equation
B

n-1 n—1 - n-1
Zo 21: a;é+z, ? o &+ ”Z lAijgigj = 0.
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The generic solution of this is
Ey=c+dt, &£,=e+ft,

where c, d, e, farein K(t,, ...,%,_;), and ¢, is indeterminate over this
field. The point £ = (&, ...,£,) lies on @ and @', and, since

K(go» ’gn) = K(tD l3, ""tn—l)

is a transcendental extension of K of dimension n — 2, £ is a generic
point of an irreducible variety V of dimension »—2 over K. But,
by hypothesis, @, @’ is an irreducible variety of dimension n—2,
and V=@ ,Q'; hence V =Q,Q". Since K(£,,...,§,) is a pure
transcendental extension of K, V is rational, by the definition of
a rational variety.

Case (ii). If the common line is not in the vertex of any quadyic
of the pencil determined by @ and Q’, we can take the equations
of @ and @’ to be

n—1 n—1 n—1

X ? a;x;+ 2, ? o+ zlAifxixJ =0,

)=

n—-1 n—1 n—1
and xy X bz, +x, X B+ X Bywix; =0,
1 1 1,j=1

n—1 n—1 n—1 n—1
respectively, where X a,x; > f,x;— X b;x; X a,%;isnotidentically
1 I 1 1
zero. Let ¢,,...,t,_, be n—2 independent indeterminates over X,

andlett, , =1. If§, =1¢, (¢ =1,...,n—1), the equations
n—1 n—1 n~1
Ty ? ai§¢+x” ? Otigi-*- jElA“gigj =0
i,j=

n~1 n—1 n-—1
and Zy ? bi&i+, 21‘: B.E+ _:I}:lBijgigj =0
i,j=

have a unique solution &, £, in K(¢,,...,%,_,). As in Case (i), we
show that £ = (&, ..., £,) is a generic point of V = @, @', and since
K(&gy+eor&,) = K(ty, ..., t,_5) i8 a pure transcendental extension of
K, it follows that @ , @’ is rational.

We conclude this chapter by giving a complete list of the possible
types of pencils of quadrics in 8, for » = 1, 2, 3. The methods used
in §10 are applied. The proofs are omitted. Statements about
multiplicities can easily be verified.
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If n =1, any two binary quadratic forms xz'az, 2'bx can be
simultaneously reduced to one of the following forms:

(i) Yo ayd;

(i) y3+9i a(yd+yd);
(iit) 29041, 2bY0y: + 9t

(iv) Y8 240Y1;

(v) ¥ byi+ul

(vi) Yo+yl ayi+byl (a+b,a=+0).

When we are concerned with pencils of quadrics, (i) and (ii) can
be rejected, since they do not define pencils, and (iii) and (iv) are
equivalent, defining a pencil of type [2;]. Cases (v) and (vi) define
a pencil of type [1, 1].

When we pass to pencils of quadrics in S,, we first have two cases,
obtained from the case » = 1 by joining the points of a pencil of
quadrics on a line to a point outside the line. The quadrics in S, are
then pairs of lines through a point. We omit these cases.

From our general theory, we see that there only remains one case
in which every quadric of the pencil is reducible, and that in this
case the coordinates can be chosen so that the equations of the
two quadrics are 2,7, = 0,
2z, = 0.

The pencil then consists of conics containing the line 2, = 0 as a
fixed line and a variable line of a pencil of lines. This is the case [; 1].
To consider other pencils, we may suppose that the two quadrics
8 = 0 and §’ = 0 are non-singular, and we have only to consider
the pairs of quadrics corresponding to the different types with
r=..=1r,=7y=0. '
@ [1,1,1]. S=axd+bad+cat = 0,
S'=af+al+a =0
(@, b, ¢ all different). The quadrics meet in four distinct points.
(i) [(1,1),1]. S=a(x§+af) +cxj = 0,
S =af+af+ai =0.
The quadrics touch the lines 23 + 23 = 0 where they meet z, = 0.
(iii) [(1,1,1)]. This is the identity case, which we omit.
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(iv) [2,1). 8= 2azyx, + 23 +ca} = 0,
8’ =2zy%, + 23 = 0.
The quadrics touch z, = 0 at (1, 0, 0), and meet in two other points.
(v) [(2,1)]. S =2azyz, + a3 +ax} = 0,
S’ = 2wz, + 23 = 0.
The conics have ‘four-point’ contact at (1, 0, 0), which is their only
intersection.
(vi) [3]. S =2axyz, + axd+ 22,2, = 0,

S’ =2xgx,+ 23 = 0.

The conics meet in (0, 0, 1), and in (1, 0, 0) which counts three times.
When we pass to n = 3, we again omit the cases in which all the
quadrics of the pencil have a common vertex, since these can be
obtained by joining one of the cases in n = 2 to a point. We there-
fore assume that all the coordinates are necessarily present. In
this case, there is again only one case of a pencil in which every
quadric is singular, namely the case [1;1]. The equations can
be taken in the form
8=2xx,+axi =0,
S’ =2xqx,+23 =0.

These are two point-cones having the line #; = 3 = 0 in common,
and touching z, = 0 at every point of this line. The remaining
intersection is the quadric

axg—2y = 0, 2xqz,+2%=0.

We classify the remaining types by their Segre symbols; a, b, ...
represent different elements of K.

@) [1,1,1,1]. S=azd+bai+caxi+dai=0,

S =ad+22+af+23 = 0.

The intersection is an irreducible quartic curve.
(i) [(1,1),1,1]. S=aad+ax}+ca}+daj =0,

S =ad+a}+al+a} = 0.

HPII 20
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The intersection is the section of § = 0 by the two planes
(c—a)zd+(d—a)zi = 0.

These are two ‘general’ sections of § = 0. -
(iii) [(1,1),(1,1)].

S=aai+ax?+cxi+cad =0,
S'=ad+ai+ai+22 = 0.
The intersection is given by the two plane-pairs
2B+ai=0, ai+ai=0,
and consists of four lines.
(iv) [(1,1,1),1] S=aak+az?+axi+dal =0,
S’ =2+ +ak+ad = 0.
The intersection is the quadric @, given by 2+ a3 +2% = 0, 2, = 0,
counted twice. -
(v) [(1,1, 1, 1)]. Thisis the identical case, which must be omitted.
(vi) [2,1,1].  S=2axyx,+23+ca+dai =0,
S’ =2zyx, + 23 + 23 = 0.
The two quadrics have the same tangent plane z, = 0 at (1, 0, 0, 0).
If we eliminate z,, we obtain the equation
22+ (c—a)xi+(d—a)ai = 0.

Let (&,, £,, ;) be a generic point of this locus, regarded as a conic
in the (z,, x5, ;)-plane and let §, = — (£3+ £3)/2,. Then (&, &, £, £5)
is a point common to S and §’, and is a generic point of a curve
common to the quadrics. It can be verified that this curve is of
order four; hence the intersection is a quartic curve. We can also
verify that (1, 0, 0, 0) is a multiple point of this.

(vil) [(2,1),1]. S=2ax,x,+2}+axi+dad = 0,

S’ =2xyx, + 23+ 23 = 0.
The intersection is given by S’ = 0, 22+ (d—a)a% = 0. We verify
at once that this is a pair of quadrics, but in this case their inter-
section, given by z; = z; = 0, 8’ = 0, is a pair of coincident points.

(viid) [2,(1,1)]. S=2az,z,+23+cai+cal=0,

S’ =2z, + a3+ 3 = 0.
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In this case the intersection consists of the section of § = 0 by the
tangent plane z; = 0 at (1, 0, 0, 0), which is therefore a pair of lines,
and the section by the plane 2(a —c)x,+ 2, = 0, which is an irre-
ducible quadrie not containing (1, 0,0, 0).

(ix) [(2,1,1)]. S=2az,z,+23+azi+azi =0,
S’ =2zyx, + 23+ 23 = 0.

The intersection is the section of the non-singular quadric S’ with
the plane z; = 0 counted twice. The plane touches the quadric, so
the intersection is two lines, each counted twice.

(x) [2,2]. S =2ax,x, + 2%+ 2bxy 2+ 25 = 0,
8’ =2z, + 22,24 =0.
The intersection contains the line 2, = x5 = 0. The remaining inter-
section can be shown to be a cubic curve, which meets the line in
the points (1,0,0, 0) and (0,0, 1, 0).
(xi) [(2,2)]. S=2azqx,+2}+ 2ax,25+23 = 0.
8’ = 2xyx, + 22,24 =0,
The intersection is given by 8’ = 0, 23 + 2 = 0. The second equation
represents a pair of planes which meet in #, = 23 = 0, which is
contained in the intersection. Each plane therefore meets S’ in
x; = 3 = 0 and another line. The intersection is thus three lines,
of which one is counted twice.
(xii) [3,1]. S=2azyx,+axi+ 22,2, +daj = 0,
S’ = 2zx, + a} + 3 = 0.
In this case it can be shown, as in case (vi), that the intersection is
a quartic curve, having (1, 0, 0, 0) as a singular point. The difference
here is that if A is the tangent line to the quartic at a generic point &,
A has a unique specialisation as £— (1, 0, 0, 0), whereas in Case (vi) it

has two specialisations. The quartic is said to be cuspidal in this
case.

(xiii) [(8,1)]. 8=2azyxy+ ax}+ 22,2,+ax} =0,

8’ = 2xyxy + 23 + 23 = 0.
20-2
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The intersection is the section of 8’ = 0 by x, = 0 and x, = 0. The
former gives a non-singular quadric Q,,while the latteris the tangent
plane at (1,0,0,0), a point of @,. The intersection is thus @, and
a pair of lines meeting on Q,.

(xiv) [4].  8=2ax x5+ 202, 2y + 22,25+ 23 = 0,

8’ = 2xyxy + 22, 7, = 0.

The intersection contains the line z, = 2, = 0. The residual inter-
section is a cubic curve having this line as tangent line at (1, 0, 0, 0).



CHAPTER XIV
GRASSMANN VARIETIES

WE saw in Chapter X that an unmixed algebraic variety of order
g and dimension d can be represented by its Cayley form F(u,, ..., %;),
this form being homogeneous of degree g in each set of indeter-
minates Uy = (g ooy tigy) (6= 0, ..., d). (1)
Conversely, a form which is homogeneous of degree g in the d + 1 sets
of indeterminates (1) is the Cayley form of an algebraic variety of
order g and dimension d if and only if the coefficients of the form
satisfy certain algebraic relations [X, §8, Th. II]. This theorem
suggested the definition of algebraic systems of varieties of a given
order and dimension.

The investigation of the properties of an algebraic system of
varieties of a given order and dimension is usually a difficult task,
but there is one case, of considerable importance in algebraic
geometry, in which a number of interesting results can be obtained.
This is the case when g = 1, in which case the varieties in question
are linear spaces of d dimensions [X, §7, p. 48]. This chapter is
devoted to the study of algebraic system of d-spaces in S,,. We shall
make considerable use of the Grassmann coordinates (..., p;, ... 54 ---)
of these spaces. The properties of these coordinates were examined
in Chapter VII.

1. Grassmann varieties. Let a given S; in S, have the Grass-
mann coordinates (..., ;, ., -..). Its Cayley form is

n n
Flug, ..., ug) = X oo T Dy, ig Yoiy -+ Yaigr (2)
fo=0 =0

This was proved at the end of X, § 7. It follows immediately that if

n n
2o Dy, iy U0i, - Yaty
fo=0 ig=0
is the Cayley form of an S, the a; _;, are skew-symmetric in their
suffixes, and [VII, § 6, (2)]

ad+1

A —
AEO(— 1) By ecitadr o a1 r1ee ddir = 0.
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Conversely, if the a,, , satisfy these conditions they are the
Grassmann coordinates of a unique S; [VIIL, §6, Th. II], and, by
the above reasoning,

n n
> .. Z a .Y,
202 0.+ 1d dig

is the Cayley form of this S;.

We have therefore found a set of algebraic relations which are
satisfied by the coefficients of any form, homogeneous of degree 1
in the d + 1 sets of indeterminates (1), if and only if the given form
is the Cayley form of an S;. The representation of the S; of S, is
an immediate deduction from this.

Let (..., X;, i ---) be a system of homogeneous coordinates in
Sy» where
n+1
N+1= ( d+t 1),

the range of 4, ..., %4 being 0, ..., n, and the coordinates being skew-
symmetric in the suffixes. We consider the variety 2(d,n) in Sy
given by the equations [VII, § 6, (2)]

d+1
E?l-uidyjou-.’ldﬂ(X) =/\§0( - I)A Xix--uid.h\ Xj0~~-jA—1j/\+l~~jd+l =0, (3)

where 1,, ...,%; are d distinct numbers chosen from the set 0, ..., 7,
and jg, ..., Jq41 8re d + 2 distinct numbers chosen from the same set.
By VII, § 7, Th. I, the set of equations (3) forms a basis for all the
equations satisfied by £2(d, n). There is a one-to-one correspondence
without exception between the points of £(d,n) and the S; of §,,.
The variety 2(d, n) is called the Grassmann variety or Grassmannian
of the d-spaces of S,.
An allowable transformation of coordinates in S,

n
x,t* =j207'ijz1 (1/ = 0, ...,n)

induces the transformation

£
Pio.ia =, Eh Tioho - Tighe |Pho...ha (4)
d

03 ss 0y

Tioha > Tiaha
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on the Grassmann coordinates of S; [VII, §2, (2)], and therefore
the transformation

X i =h2hd Tioho *  Tighy | Xhooha (5)

Tioha + Tiaha
in Sy. This transformation may also be written in the form
*
X340 = Z .3 Tioho+* Tigha X ho...ha"
hi=0 hi=0

The equations of 2(d, n) in the new coordinate system are the same
ag in the original coordinate system, for

*
F’l;...id,jo...;fdﬂ
d
— —~ 1) X* *
—Az-;o( 1) ‘Xix...'idj,\Xfo..-j)\—lf)\+1~--j +1

= Z(—l)*Z Z 2 Tishy -+ TighaTinka X ha...haka

hy=0 ha=0 kr=0

x E 2 Tioko * T:ld+1kd+1Xko...k)\_lk).ﬂ...kdﬂ

ko=0 kd+1"0
n n n n
2 Z 2 . Z TiLh raT j F .
cha s TighaTioko ** Tigry ka1 Lhyechd Ko.o. kd i
h‘== a=0 °=0 kg+1=0

Hence the set of equations F; jorwtars = 0 becomes the set of
equations F¥ i ;. iz = 0. That is, Q(d,n) is transformed into
itself by the transformation (5).

We could, of course, regard the equations (5) as defining a collinea-
tion in S, in which case S is transformed into S7, and the point
(ce0s Xy ig-++) O0 2(d,m) into the point (..., X ;,,...), which is
also on Q(d, n). Since a collineation in 8, can always be found which
transforms any given §; into any other given S}, there is a pro-
jective transformation in Sy which transforms Q(d,n) into itself
and any given point on 2(d, ») into any other given point. The set
of projective transformations in & linear space Sy which transforms
a given algebraic variety into itself evidently forms a group, and
the property just proved tells us that when the variety is Q(d, n)
the group is a transitive group, that is, a group which contains a
transformation taking any point 4 of 2(d, n) into any other assigned
point B of 2(d,n).
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By the Principle of Duality, properties of S; in §, indicate
properties of 8, _;_, in 8,. More precisely, the variety 2(d,n) is
projectively equivalent to the variety Q(n—d—1,n). In fact, if the
coordinates of an Szare (..., p;, ¢z ---), then these same coordinates
are the dual coordinates of an S, ; ;; and the equations of
Q2(n—d—1,n) in a space Sy can be taken as

d+1
Y (= 1A YirtaiaYie - ir1frea-dan = 0,
A=0

where Yioia =Y, . are the coordinates in Sy, (ip,...,1,) being
an even derangement of (0, ...,n). The equations
X,

1o, d

= Yto-ta (6)

determine a projective correspondence between £2(d,n) and
R(n—d—1,n).

We now esta,blish some fundamental properties of 2(d,n). Let
g (i = d;j=0,...,m) be (n+1)(d+1) independent indeter-
mmates, and let

'Eio...id = I 52, . ga . (7)

& . &

The point (..., &;, 4 d, ...) corresponds to a generic S; of S, and lies
on 2d,n). If (..., X} ;;...) is any point on £(d,n), there is a
d-space which has (~--’X;.,...i 4 +++) 88 its Grassmann coordinates
[VIL, § 6, Th. II], and we can therefore find (n+ 1) (d + 1) elements
zf (£=0,...,d;5=0,...,n) in an extension of the ground field
such that

X;o...ia = x::? . x;f}

A

The point ( , X%,..ip ---) is therefore a proper specialisation of the
point (...,&; p»...)- This proves that (d,n) is an irreducible
variety and that (..., Z; 4, ...) 18 @ generic point.

The possible smgular pomts on £(d,n) fill a proper subvariety
[X,§14]. Hence, since the projective transformations of Sy which
leave Q(d,n) invariant form a transitive group, it follows that
all points on Q2(d, n) are simple points.
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To find the dimension of Q(d, n) we first normalise the coordinates
of a generic point. From (7) none of the Z; ;. is zero. We nor-
malise the coordinates so that 5, ; = 1. If we define d+ 1 points
Bi = (b§,...,b%) (¢ = 0, ...,d), where

bi =54 4150410 ¢0=0,..,d;5=0,...,n),

these d+ 1 points determine a basis.for the S; with Grassmann
coordinates (..., &, i, ...) [VIL, §4, p. 300]. The point B is the
intersection of this S; with the S%_; whose equations are

2, =0 (j=0,1,..,i—1i+1,..,d).
Since B°, BY, ..., B® form a basis for the generic S;, and

;i — ol
b5 = &y .i1jit1..

all Grassmann coordinates of this S; can be expressed integrally
in terms of the coordinates £y ; 1j441.4(t=0,...,d;j=0,...,n),
where Z, ;=1. When j=0,1,...,i—1,5+1,...,d, the corre-
sponding coordinate is zero. Hence the Grassmann coordinates of
a generic S; can be expressed integrally in terms of (d+ 1) (n—d)
coordinates

Ep.imrpirra @0=0,...d;j= a+1,...,n).

These coordinates are independent indeterminates. This follows
from the fact that there exists an S¥ determined by the d + 1 points

B = (1,0,...,0,6%,,, ...,b‘,’,),]

B'=(0,1,...,0,b%,,,...,b}%), (8)

Bd = (O’ Oa [XES) 19 bg-{—l: '-'ablfll.),

where the b} which appear in (8) are independent indeterminates.
The Grassmann coordinates of this S} are given by the equations

ch...i-niu...d = b;:

and since we have proved above that the dimension of a generic
point on 2(d, n) is at most (d + 1) (n — d), the construction of a point
on Q(d,n) with dimension (d+ 1) (n—d) over K proves that the
dimension of a generic point is (d+ 1) (n —d).

Wehave proved pot only that 2(d, n)is of dimension (d + 1) (» —d),
but that Q(d,n) is a rational variety, the coordinates of a generic
point being expressible rationally in terms of (d+1)(n—d)



314 XIV. GRASSMANN VARIETIES

independent indeterminates which are themselves rational func-
tions of the coordinates of the generic point.

We remark that £2(d,n) lies in Sy and not in a space of lower
dimension. This follows from VII, § 6, Th. I, where it is proved
that there is no non-trivial relation of the form

05 seey

connecting the Grassmann coordinates of a generic S;. Hence
Q(d, ») is not contained in any prime

We also note that if d = 0, 2(d, n) = S,,, and, by duality,
Q(n—-1,n) = 8,.

For convenience we shall sometimes omit these cases.

There is a geometrical property of Q(d,n) which it is con-
venient to insert here. This connects points P and @ on Q(d, n)
whose representative S; meet in an S;_;. We prove that the tangent
space to £2(d,n) at either point contains the other point.

If two S; meet in an S;_, their join is an S , ;, and there is a pencil
of S; in this Sz, ; through the S;_,. If the coordinates of P and @ are
(coosDsy..igp+++) a0d (..., gy, 44 ---) Tespectively, the pencil of §; is
given by (...,p;, i, +Ag;,. 45 ---)- Hence this point satisfies the
equations (3), that is, the line PQ lies on 2(d, ). Let

F(oonX; 41..)=0

be any one of these equations which represents a quadric through
£2(d, ) with a simple point at P. Then

F(-“apio...id +,“qaco...i¢’ "-)

20...74?

OF (.. os Pigigr -+-)
= F(...,pio...id, -..)+/’LZQ1:°“'1:4 ap'i ‘tf:d
< T0eer
+/42F('--’Qio---":d’ )
OF (., Py -+-)
_ i = 0.
/,t?q 0-+-1d ap-,:o...id

Hence the tangent prime to this quadric at P contains @. Since the
tangent space to 2(d,n) at P is the intersection of the tangent
primes at P to all quadrics given by (3) which have simple points
at P, the tangent space to £2(d, n) at P contains @. Similarly, the
tangent space to £(d, n) at @ contains P.
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Conversely, let P and @ be two points in £(d,n) such that the
tangent space at- P contains . If F(...,X; .,...)=0is one of
the quadratic equations given by (3), which form a basis for
2(d, n), we have

4 aF("-s.pio...tdv'“)

apio...’ld

and since F(...,p; 4 ---) =0 and F(...,q; 4 -..) =0, and F is
of degree two, it follows that F(...,p;, i +#4;,. i ---) = 0, that
i8 (..., Pq,.. i3+ M4;,...ipp --+) 8T€ the coordinates of a d-space for all
values of x. Hence the line PQ lies on Q(d, n).
We now show that this condition implies that the spaces
{_: (coos Diy..igp++-) @0d ¢ = (.05 Q4. 40 ---) Meet in & (d— 1)-space.
et

2;4 Qio...ig =0, (9

n
zuijxj=0 (‘i= 1,-..,d‘-1)
i=0

be the equations of a generic (n—d + 1)-space S,_g,, of S,. This

’

meets p in the line p’ whose coordinates are (..., p;;, ...), Where

’
Pig =2 2 Uik -+ Yd-1kg_; Phy...kg—r i
kx kd—l

and ¢ in the line ¢’ whose coordinates (...,q;;, ...) are similarly
defined. Equation (9) can be written in the form

? (= I)Apix--.idhquuj/\—x JA+1.dd+1
+ % ( - 1)/\ Qis...3a02 Pio... ia—1 a1 Jasr = 0, (10)

for all choices of iy, ..., %4, and of jg, ..., jg,;- Multiply (10) by

ulil ces ud_ud_l '”’1!1 “ee ud_ud_l,
and sum over all possible values of ¢y, ..., %4_1,J1, -+-;Jg—1- We obtain
the equation 0 = pPiys Tysars +PiajaBiasiso T PiajarsBiosa + tETMS in
which p’ and ¢’ are interchanged. Since this relation holds for all
choices of 74, jo» Ja» Jas1» We conclude that if (ag, ...,a,), (% .-, %y)
are two points on p’, and (b, ..., b,), (B, ..., B,) are two points on
¢’, then the matrix

@ 129
% %y
bO n
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is of rank less than four. Hence p’ and ¢’ have a point in common.
It follows that 8,_g,, meets the intersection of p and ¢. Since
8, _4.118 generic, p and ¢ must have in common a space of dimension
d—1 at least, and since p and ¢ are distinct they must meet in a
space of precisely this dimension. Hence we have

THEOREM 1. A necessary and sufficient condition that two d-spaces
in S, meet in a (d— 1)-space is that they be represented on the Grass-
mannian £2(d, n) by two points whose join lies on 2(d, n).

2. Schubert varieties. An algebraic subvariety on £2(d,n)
defines an algebraic system of S; in S,,. Of particular importance
are the Schubert systems. A Schubert system is that system of
d-spaces which satisfies a Schubert condition (ag,ay,...,az). This
condition is now defined.

Let 4y, A4, ..., 45 be d + 1 linear spaces such that

AycA,<c...cA,.

If their respective dimensions are a,,a,,...,a;, we have the
inequalities 0<apg<a;<...<azg<n.
The d-spaces satisfying the Schubert condition (ay, a4, ...,a;) are
those which meet 4, in a point (at least), 4, in a line (at least), ...,
Ag_,in a [d—1] (at least), and liein 4.

The subvariety on 2(d,n) which represents these d-spaces is
called a Schubert variety and is denoted by 2, ,, ...q,-

When there is no risk of confusion we shall use the symbol
Q40a,...a; both for the subvariety on £(d,n) and for the system
of d-spaces represented by 2(d, n).

TrEOREM L. Q, .. 4, 18 irreducible and of dimension
d+1
Sa,—3dd+1).
i=0

Let £® be a generic point of 4, (k= 0,1, ...,d). Since 4; ., £ 4,,
gk+9 i3 mot in A, (¢>0). On the other hand, £§#-? lies in A,.
Then £9,£®, ..., £ are linearly independent. For, suppose that
EO £ E® are linearly independent, but £©,£®, ..., ER), £k+D
are linearly dependent. Then £*+D is dependent on £, ..., £®, and
therefore lies in 4;. We thus have a contradiction.
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Let the S; determined by £9, ..., £¥ be denoted by 7, (k = 0, ..., d)
and let 5 =7, Clearly #7;,,,4; =7 It is also evident that
72 A 27, If this intersection contains a point P which is not in
%, P cannot be in 7;.,, and since P is in 5, 4;,,, it follows that
NaApy1 > Mgyy- Proceeding in this way, we see that the assumption
7, A, 21, leads to the conclusion that 7 and 4;_, meet in a d-space;
that is, y= 4,_,. But 9 contains {9, which is notin 4, ;, and we
have a contradiction. Hence 9,4, = 7,.

Consider the correspondence with generic point (£9, ...,£9, 7). We
may regard this as a correspondence between the (d + 1)-way space
8,,...a;80d 2(d, 7). Among the equations of the correspondence are:

(@) the quadratic equations which express the fact that 7 is a
d-space;

(b) the equations which express the fact that £® lies in 7 and
in 4,;

(c) the equations which express the fact that # and 4; meet in
a k-space.

From (a) and (c) we deduce that any proper specialisation of 7
is a d-space which meets 4, in a k-space, at least.

Conversely, let 7 be a d-space which meets 4, in a k-space at
least (£ =0, ...,d). We can find a point Z® in 7 and in 4,. Since ¥
meets 4, in a line, at least, we can find ZV47® in 3 and in 4,.
Proceeding in this way, we can find Z9,z®, ..., 79, where Z® is in
A,, and the d + 1 points are linearly independent.

Since £9,...,£9 are independent generic points, (Z©, ..., 9) is
a proper specialisation of (£9,...,£@). Corresponding to this,
there exists at least one proper specialisation y’ of 7 such that
(ZO, ..., 79D, y') is a proper specialisation of (£9, ..., £9, ). From the
properties of the correspondence we see that y’ is a d-space con-
taining Z®) (k = 0, ..., d). Since 7 is the only d-space which contains
these points, we have y’ =%. Hence any point of Q,, 4, i8
a proper specialisation of 7. It follows that 7 is a generic point
of 2, 4,...ap Which is therefore irreducible.

Sincey , A} = 7;, thespecialisations of ¥ which correspond to7 lie
in 7. Conversely, if ¥ is a generic point of 7, (£9, ..., £®, ..., £9, 9)
is a proper specialisation of (£9,...,£®,...,£9,9). Hence there
corresponds to 7, in the (d + 1)-way space S, . ,,, & variety of dimen-
sion 0+ 1+...+d = 4d(d+1). It follows that if Q, ., is of dimen-
sion p,, the correspondence we have been considering is of dimension

Po+3d(d+1).
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On the other hand, it is clear that the object-variety in S,  ,, is
the whole space, and to a generic point of it, (£0,...,£9), there

corresponds a unique point 77 of 2, . ., Hence the dimension of

the correspondence is also Z a; It follows that
i=0

a+1
pa= T o= d+1).

Any two Schubert varieties corresponding to the same set of
dimension numbers (@, @, ..., @;) are projectively equivalent in Sy.
Let Ay A,<...<A4;and By< B, <...<=B; be two sets of defining
spaces, where dim 4; = dim B; = a;. We can evidently find a projec-
tive transformation of S,, which transforms 4, into B; (¢ = 0, ..., d).
This transformation maps an S; satisfying (a,, @, ..., a;) for one set
of defining spaces on an S; satisfying (@, @,, ..., a;) for the other set.
The projective transformation induced in SN by the prOJectlve
transformation in §, therefore transforms one variety 2, ., ..
into the other.

It follows that all Schubert varieties corresponding to the same
set of dimension numbers (ay,a,,...,a;) belong to a continuous
algebraic system.

Some special Schubert systems are of frequent occurrence. The
system £, _;, _4.1.. » coincides with Q(d,n), since every S; meets
an S,_; in a point (at least), an S,_;,, in a line (at least), ..., and
lies in §,. A system £,, ,; consists of a unique S;. A system
8, am-ar1...m consists of all the S; which lie in a fixed [m], since
all such §;, and only these, satisfy the Schubert condition. All the
8; of S, which meet a given [{] in a space of ¢ dimensions, at least,
are given by a system

O i1-i41 . UG L nmd it 2. m
In particular, all the S; which pass through a given [/] and lie in
a given [m] are given by a system
‘QO 1...lm—d+l+1m—d+l+2...m*

Again, all the S; which meet a given [/] are given by a system

'Ql n—-d+1n—-d+2...n°

Schubert varieties may have singular points. For example, the
lines in S, which meet a given line satisfy the Schubert condition
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(1, 3). If the line has coordinates (..., 7, ...), the Schubert variety
£, ; is given as the intersection of the Grassmann variety

. X3 Xog+ Xog X33+ X3 X5 = 0
with the S,

oy Xog+ Moy Xy + Tog Xgy + 751 Xogg + 7oy X5+ 7715 X g3 = 0.

This S, touches the quadric £(1, 3) at the point (...,7,...), and
this point is a singular point on the variety £, ,.

We have seen that any two Schubert varieties 2, , . ,, with the
same dimension numbers a,,a,, ..., a; are projectively equivalent.
In discussing the properties of a Schubert variety it is therefore
permissible to consider one which corresponds to conveniently
chosen defining spaces 4,<A4,<...< A4, This is what we shall do
in the next section.

We conclude this section by finding the dual of a Schubert
condition. We prove

THEOREM II. The dual of a Schubert condition is a Schubert
condition.

We consider the Schubert variety £, , . ., which consists of
the d-spaces in S, which satisfy the Schubert condition (ay, a,, ..., a3)
by meeting 4, in a point (at least), ..., 4, in a k-space (at least), ...,
and lie in 4;, where

AycA,c...c 4,

are assigned spaces of dimensions ag,a,,...,a;. We consider the
dual of the whole configuration.

Write ¢ = n—d — 1. The dual of an S, is an S,. The dual of 4, is
a space By, of dimension §;, = n—1—a,, and

B;<B; ,<...<B,.

Since an S, satisfying (a,, @y, ..., a5) meets 4, in a [k] (at least), the
dual 8, is such that its join to By is an [n — 1 —k] (at most). A neces-
sary and sufficient condition for this is that S, and By, intersect in
a [+ k—d] (at least). If we write

Yi = Prtk—d,
then Ye1— Ve = Pr1—Pr—1=ap—a_,—120.
Hence VaS$Va-1S.- <Y

Also Ve=n—1—d+k—ay,
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and since A<y <...<Bz<M,
it follows that a,<n+k—d,
so that Vi — 1L

The g-spaces which are the duals of the d-spaces satisfying the
Schubert condition (@, a,, ...,a;) therefore meet B, in a y,-space
(¢t=0,...,d). We show that these are just the g¢-spaces which
satisfy a certain Schubert condition.

Suppose that y; = ... = ¥,., = — 1, 7,2 0. Then there is no con-
dition imposed on the S, to meet B, ..., B,,;. The S, must meet B,
in a y,space, and we express this as a Schubert condition. We

choose in B, spaces Cy, (4, ..., C,,_,, where

OOCCIC”'CO')', = 'BS’

the dimension of C; being dim B,— (y,—1) = f,—V,+% =d—s+1.
Any g¢-space meeting C; in an ¢-space (¢ = 0,...,7,) meets B,in
a vy,-space, and conversely, any g-space meeting B, in a y,-space
meets C; in an i-space (1 = 0, ...,7v,— 1).

Now suppose that we have a sequence of spaces

CocCic...cC (t= Vi)

such that the g-spaces which meet C; in an ¢-space (2 = 0, ..., 1) are
just those which meet B;inay,-space(j = d, ...,k+1). If y;, = y4.,3,
each S, which meets By, in a 7y, ,-space meets B, in a y,-space,
since B, , <B,. Hence the g-spaces which meet C; in an i-space
(¢ =0,...,t) meet B;in a y;-space (j = d, ..., k). On the other hand,
if ¥4 > ¥k+1, We can interpose spaces Cj, 4, ..., Cypppy, ., Where

<. = Clyyypnn = Bio

the dimension of G, ..., ; being B —i. We see, as above, that the
g-spaces which meet C; in an ¢-space (i = 0,...,6+ 7Y, — V1) 8T€
just those which meet B; in a y;-space (j = d, ..., k).

We proceed to construct spaces C; in this way, finally considering
the case k = — 1, when we take y_, = ¢, #_; = n. We thus find a

sequence of spaces
CocCi<=...<C,
of dimensions py, p,, ..., p,, Where
0Kpp<p1<... <P, <,

such that the g¢-spaces which satisfy the Schubert condition
(Pos --+»Pg) defined by the set of spaces C, ...,C, are the duals of
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the d-spaces which satisfy the Schubert condition (ay,a,, ..., az).
We have therefore proved Theorem II.

A rule for finding the dual of a Schubert condition (ay, ...,a;)
may now be stated. The dual is (pg,P1,-.-s Pr—q-1), Where the
PosP1s -+ > Pr—g—1 @re merely the set of integers 0,1,...,n, with the
integers n—ag, n—ag_y, ...,n—a, deleted. Indeed, since

Ya=%Yi1= - =Yen=—1
we have n—ay=d—k (k>s),

and since p, = dim Cy = d —s < p; (¢ > 1), the numbers n—a;, (k> 3)
are missing from the sequence py, ...,p,. Similarly, if we have
Viersrr> Virs = o+ = Vis1> Vi When we pass from the sequence of

spaces
P Cy=Cc...<C,, .

to the sequence GcCi=...cC,,
we see by our formulae that
py=dimC; = fy,,
and Pria=dimCyy = B —Vi+ Vet 1

and we see that n—a, ., ..., n—a,,, are omitted. In this way we
can see that the rule for determining p,, ..., p, is justified.

3. Equations of a Schubert variety. A Schubert condition
(ag, ---,ag) in S, is given by a sequence of spaces

AjcA4,<...cA,.

Given the equations of these spaces in any coordinate system in
S,, we can obtain the equations of the corresponding Schubert
variety on 2(d,n) from them. In this section we shall consider two
methods [Representations A and B] of choosing the coordinate
system in S, which lead to particularly simple forms for the
equations of the Schubert variety. Since any two Schubert varieties
2,,...a3 With the same dimension numbers a, ..., @4 are projectively
equivalent, it is possible to choose the coordinate system so that
any given variety £, ., has its equation in one or other of these
forms. The purpose of having two representations is to enable us,
to write down in convenient form the equations of two Schubert
varieties 2, .. and £, ,, simultaneously; but it is important
to observe that it is not implied that, given any two Schubert
HPII 21
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varieties 2, ., and 2, ,,on Q2(d,n), we can choose a coordinate
system in 8, so that one is given in this coordinate system by
Representation A, and the other by Representation B. It will
appear, however, that in the cases considered in later sections a
Schubert variety £, ,,given by Representation A and a Schubert
variety &, . ;, given by Representation B in the same coordinate
system are suiﬁcwntly general members of the systems {Q, , d}
and {5} toenable us todeduce results of significance for generic
members of these systems.

Inbothrepresentations, we shall find it more convenient to denote
the coordinates in S, by (%, ..., 24, Yo, ---,¥,) (@ = n—d —1), rather
than by (z, ..., 2,).

Representation A. We choose the coordinates in S, so that the
az-space A, has the equation '

Yme = Ymgt1 = -+ =Yg =0 (g =my+d).
We have still a choice of the spaces to be represented by z; = 0
(¢ =0,...,d),y; = 0 (j <my,), and we can choose these so that 4,_,,
which lies in A4, is given by the equations
=0, Ym =Yms1=-=Yg=0 (aqg1=m+d-1).
Since 4; ,< A, ,, we may further choose the coordinates so
that 44_, is given by
g=2,=0, Yp,=Ympu1=--=Yg=0 (@ p=mp+d-2)
Proceeding in this way, we can choose the coordinate system so
that the a;_,-space 4,_, has the equations
Tog=...=%3=0, Yp=...=Y,=0 (a5, =m+d-r).
We observe that MeZMy = ... ZMy.
A generic point of 4,;_, is
(0,00050,0 eees Xy Brgs o+ o3 Brmp—1505 -+, 0),
where the a,; (j > ) and f,; (j < m,) are independent indeterminates.

4,...ag 18 irreducible, and the d-space which contains a generic

point of 4, (¢ =0,...,d) is represented by a generic point of
2 Since

AgeeeBd®
aou am . aOd = aoo du “ee add

0 oy . oy

0 0 . %aa
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is not zero when the a;; are independent indeterminates, not all
oints of 2 lie in
P Go---0d XO...d =0,

and in particular a generic point of it does not lie in this space. Any
8S; represented by a point of 2, ., not in this space is given by
a set of equations [VII, §2, (2)]

d
Y =’-§ou“x‘f (1/ = 0’ ceey Q), (1)

where Po...a%ij = Po1...j~1d+i+1j+1...d" (2)

We now find the conditions which must be satisfied by the S,
given by (1) to belong to £, ,;. It must meet 4; , in a space of
at least d —r dimensions, for » = 0,1, ...,d. If in the equations of
S; given by (1) we put

=0, ..., 2_,=0, y, =0, .. y,=0,

we obtain the equations

d N
Yo = Er“w Zjs

d
Yo =j§rua'jxj (o0 =m,—1),
T (3)

d
0 = 3 Uy, ;%5
j=r

d
0 = Z quxj.
j=r

7

These may be interpreted as giving ¢+ 1 primes in the space 4,_,
of a,;_, dimensions (z,, ..., Zg Yo, +» Ym,—1)- For all values of the u;
which appear in the above equations the first m, equations are
linearly independent, and therefore defineaspaceofa,_, —m,=d—r
dimensions. The remaining equations, if non-trivial, are inde-
pendent of the first m, equations, and therefore the equations
(3) define a space of dimension d—r if and only if u; =0
(i=m,.,j27).

Hence the conditions to be satisfied if the S; given by (1) belongs

to 2.0, 8T€ uy=0 (i=2my;j=0,..,d).

2I1-2
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If these conditions are satisfied, and the remaining u,; are taken as
indeterminates over K, K(u,;) is of dimension

d d
p=3m= 3 a;—dd+1).
i=0 i=0

Hence the coordinates of S; define a generic point of a variety of
dimension p on £(d,n), and this variety is contained in 2, .
But Q, ,,isirreducible and of dimension p. It follows that S; is
a generic member of the Schubert system defined by the condition
(@gs .-vr ag).
We note that a particular 8 satisfying the Schubert condition is
obtained by taking all the u;; appearing in (1) to be zero. We then
obtain an S, for which py, . 4 = 1, and all the other p; ,, are zero.
We put on record that among the equations satisfied by 2, .,
in this representation there are the linear equations

XO...j—1d+i+11+1...d =0 (i?mﬁj =0,...,d). . - (4)

The point P, corresponding to the particular S; for which all u,, are
zero, is a simple point on 2, ., To prove this we first find the
equations to the tangent space at P on £(d,n). This space is the
intersection of the tangent primes at P to the primals

d+1
A —_
AEO(“ DA Xy, tain Ko daerinerendars = O

which have a simple point at P [X, § 14, Th. IT]. Such primals must
contain X, , in their equation and can therefore be written in
the form [VII, § 6, (4)]

XOI...d on... id =AEOX0...S—1j,\s+1...d on o JA-18dA+1 .. dd°

This equation is non-trivial only if at least two of theintegers j,, . ..,j4
are distinct from 0, 1,...,d, that is, greater than d. We can then
choose s so that s is not in the set jq, ...,j;, and therefore the only
term in the equation which contains X, gistheterm Xy, X, ;.
The tangent space at P to the primal we are considering is therefore

X:’an-jd =0.
Hence the tangent space to 2(d, »n) at P satisfies the equations
Xio1a=0 ()

for all jg, ...,j4 in which at least two of the integers in this set are
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greater than d. The equations (5) define a space of dimension
(d+ 1) (»—d), and therefore define the tangent space at P to 2(d, n).

We now consider the intersection of the tangent spaces at P to
primals through Q, .. which have P as a simple point. This
intersection must satisfy the equations (4) and (5). But these
equations define a space of dimension

(d+ 1)(n—d)—-j2(q+l—mj) = Ya;—d(d+1),

which is the dimension of 2, ,,. Hence P must be a simple point
of Q, 4. and the tangent space at P is given by (4) and (5).
Representation B. An argument similar to that used in connection
with Representation A shows us that we can choose the coordinate
system (x,, ..., Zg, Yo, ---» ¥,) in S, so that 4, satisfies the equations

Tep1 = e =g =Yo= -+ = Ygmg—, = 0 (md—r = ar—r)
forr = 0,...,d. Again, we see that not all d-spaces which meet 4, in
an r-space (r = 0, ..., d) satisfy the condition p, ; = 0. Indeed, the
space for which p, ;= 1, while the remaining p, ;. are zero,
satisfies the Schubert condition. Any d-space for which p, ;+0,
satisfying the Schubert condition, and in particular the generic
d-space satisfying the condition, can be written in the form

d
yi =jzouijwj (1: = 0, ...,q). (1)

The S; given by (1) meets 4, in a space which has the following
equations:

-

r
0 == Euoj:l}j,
j=0

-
0 =jzouajxj (o0 =q—my_,),

r
You1 =_Zoua'+ljxjy
7“

r
Yy = 2 Uy,
q 1=0q;ii

Here the final ¢ — o = m,;_, equations define a space of a, —my_, = r

dimensions in 4,, and for §; to meet 4, in a space of » dimensions,

the first o+ 1 equations must be trivial. Hence we must have
uy=0 (@E<q—my_,;j=0,...,7).

o
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If 8; satisfies the Schubert condition (a,,...,a;), the whole set of
equations i . ,

q 818 u; =0 (iSq—my_;;5=0,...,d).
Among the linear equations satisfied by 2
tion are therefore

Xo.. j-1d+i41541...a =0 (1<g—mg 455 =0,...,d). (6)

There is, of course, a transformation of coordinates in S, which

gives us Representation A from Representation B, and conversely.
The transformation is

z,=x5_, (=0, ...,d),}

y1'=yz—-r (r=0,...,9).

The special §; for which py; 4 = 1 and all other p;, ;, are zero
satisfies the condition (a,,...,@;) in this representation, and, as
above, we can show that the point P on £(d, n) representing this
special S; is a simple point on Q, ;.

%...ag 1D this representa-

(7

4, Intersections of Schubert varieties: point-set properties.
In this section we shall consider certain properties of the inter-
section of a number of Schubert varieties on £2(d, ») which will be
used later as the basis of a multiplicative theory. Our discussion
will deal (i) with intersections £, 4442, s, for any admissible
values of a,...,a; and b, ...,b;, and (ii) with intersections
'an...adAQbo...bdAo-h’ where Op = 'Qn——d—hn~d+l...n’ that iS, On is the
Schubert variety which represents the d-spaces which meet a
fixed (n—d — h)-space of S,.. In (ii) we are only concerned with the
case in which

dim Q,  ,,+dim 2, . +dimo, = 2(d+1)(n—d) = 2dim Q(d, n),

when we should expect a finite number of intersections if the
varieties 2, ... 2, .5, and o, are in ‘sufficiently general’
position on 2(d,n). Since 0 <h < n—d, it is clear that this require-
ment on the dimensions puts a severe limitation on the possible
choices of ay, ..., ag, by, ..., by

We saw in § 3 [Representation A] that we may choose the co-
ordinate system (&, ..., Zz, Y ---,Y,) in S, 80 that a given Schubert
variety £2; .. represents the d-spaces of S, which meet 4; in a
point, 4] in a line, ..., and lie in A, where Aj_, is defined by the
equations

o= oo =X 1 = Ym, = Ymp11 = -+ =Yg = 0 (m=ag,—d+r).
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Let filos Xiyip ) =0 (G =1,...,7),

be the equations of £, ,,. We have seen [§2, p. 318] that if Q, .
is the Schubert variety of the same type as 25, ,,, defined by the
sequence of spaces AfjcAic...c Ay, it can be obtained from
£24,. .z by constructing a non-singular projective transformation
x = ty which transforms A4; into 4% (s = 0, ...,d); the equations of
Q. az 870 then

0
f‘l:("" ?tiofo oo tidjdeO---jd’ ...) = O (1; = 1, ...,7").

Again [§3, Representation B], we can choose the coordinate
system in 8, so that a given Schubert variety Q3 ,,is defined by
a sequence of spaces By< ... < By, where B; has the equation

Zpp1 = 0o =g =Yoo= oo = Ygong_,= 0 (ng—= br_r);

and we can define Q) ,. as the variety obtained from £, ,. by
a projective transformation in 8, with matrix ¢; and we can choose
tso that 2} ,_ is any assigned Schubert variety of the same type
as 'Ql,)o...bd‘

To consider the intersection £, 4.2, 5, We choose the
coordinate system so that £, ,. is defined by the sequence of
spaces By< B, <... < B, where B, has the equations

Zpp1= . =243=Yo= . =Ygy, =0,
and take Q, ,, to be 2} .. where 2 . is the variety defined

by Representation A for the same system of coordinates
(s 3 Tgs Yos -++>Yq)- $25o...q; Will denote the Schubert variety in
which the matrix ¢ is replaced by the matrix 7 whose elements are
independent indeterminates over K.

THEOREM 1. QF .. and 2, ., intersect if and only if
ad_i"'b,t?n ('I:=O,...,d).

(i) If QF o;and Q, ,. have a point in common, there exists
a d-space S; meeting A5 _; in a (d—¢)-space and B; in an i-space.
These two spaces, of dimension d—¢ and ¢ respectively, lie in the
d-space Sz and hence meet in a point common to 43 _; and B,.
Since A7_, is a generic (d —1)-space of S, over K, it can only meet
B‘ lf ad_,- + b‘i Zn.
Since this holds for all values of ¢ from 0 to d, the necessity of the
condition is proved.
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(i) Suppose that ag_;+b,>n (¢ =0,...,d).

Then AF_; and B; meet in a space of dimension a;_; +b;—n (and
not in a space of higher dimension, since 47_, is generic over K).
Let P; be a generic point of A3 ;,B; over K(r). We show that
F,, ..., P;arelinearly independent. Suppose, indeed, that P,, ..., P,_,
are linearly independent, but that P,, ..., P, are linearly dependent.

We have P, € B, <B,<...cB,_,,
Pl c Bl c ...C-Bk_p
Pk_]_CBk—l’

and since F, is linearly dependent on P, ..., P, ,, it is contained in
B,,_;. But P, is a generic point of 43_,, B, over K(r). Hence this

implies that A% 4 By B, .,
and therefore Af 2By Ay 4\ By
But since 4} _, is generic over K, A7 , , By is of dimension
g r+by—n
and 4}_,,B;._, is of dimension
ag_p+by_1—n.

Hence b, < b;_;, which contradicts the fact that b, > b,,_,.

It follows that F,,..., P; are linearly independent. These points
therefore determine a d-space S;. Since this contains the points
Py, ..., B, it meets B; in an i-space, and since it contains P;, ..., P, _;
it meets A7 in an i-space. Hence S; is a d-space satisfying the two
Schubert conditions defined by the sequences A< A]<... < A7and
By=B;<...cB; The sufficiency of the condition is therefore
proved.

If ag_4+b;=n (1=0,...,d), A7, and B; meet in a unique
point F;. By the proof of (i) it follows that any d-space represented
by a point common to QF  ,, and 9, ,. contains P;. The d-space
F,... P is therefore the only d-space which is represented by a
point common to £, and 2, .. Hence we have the

Corollary. There is a unique point common to the Schubert varieties
07 a,...a0 974 2

N—~AGN~Ad—1 ... N—Qq*
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If Q3. .4 80d 2, . are Schubert varieties of respective dimen-
sions p, = Xa,— $d(d + 1), p, = Zb, — }d(d + 1),and these dimensions
satisfy the equation

Patpy=(d+1)(n—d),

we say that they are of complementary dimension. Since this relation
is equivalent to d

igo(ai'i'bd_,t) = n(d+ 1), (1)

and the two varieties Q7 ,, and 2y, ,, intersect if and only if
a;+bgi=n (i =0,...,d), 2)
and since (1) and (2) imply
a;+bg_;=n (1=0,..,d),

it follows that if Q, ., and 2, , are two Schubert varieties of
complementary dimension, Q7 ,, and , ;. either have no
intersection, or else have a single point in common. We shall prove
in Theorem II that in the latter case the Schubert varieties intersect
simply in this point.

To obtain further information about the intersection of any two
Schubert varieties Q7 ,, and 2, ,., we use the methods of
XII, §3. Let the equations of £, . be

Jiloos Xy g ) =0 (E=1,...,7), (3)
and let the equations of 2, be
gi(""‘Xio..,id"")=0 ('I:= l,...,s). (4)

The dimension of 2, .. is p,=Za,—3d(d+1), and that of
Qy,..5, 18 pp = Zb;—3d(d+1). If (7;;) is an (n+1) X (r+ 1) matrix
of indeterminates, the equations

fi(""ETiojo"'Tidjd'on---jd’"')=0 (?:= 1,...,7') (5)
define the Schubert variety Q7 .

The equations (4) and (5) determine a correspondence € between
Q(d,n) and the 7-space. As in XTI, § 3 we find that this correspond-
ence is unmixed. To a point ¢ of the object-variety in the 7-space of
a component of € there corresponds a component of the inter-
section ‘Qflo---ad/\ Qbo...bd'

To determine the dimension of %, an argument similar to that
used in X1II, § 3 shows that it is p, + p, + o, where o is the dimension
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of the system of collineations in S, which transform one given §;
into another given §;. We find that

oc=n2+2n—(d+1)(n—-d),
so that the dimension of each irreducible component of ¥ is
Patpyt+n?+2n—(d+1)(n—d).

If a;+by_; <n for some value of 7, Theorem I tells us that 27 ,,
does not meet (2, ., 7 being generic. The object-variety of any
component of € does not fill the 7-space in this case, and has dimen-
sion v <n?+ 2n, the same for all components. To a generic point
§ of each object-variety there corresponds an irreducible com-
ponent of Q5 .., 2, ,, of dimension

PatpPet+n?+2n—(d+1)(n—d)—v>p,+p,—(d+1) (n—d),

and for any specialisation {—#', the corresponding locus has every
component of dimension greater than p,+p,— (d+1) (n—d). If
£q,...a does not meet 2, .. we can say no more, but if these
varieties do meet, ¢’ = I is on the object-variety of one of the
components of €, and we can say that every component of

’
'an...adA ‘Qbo.-.bd

has dimension greater than p, +p, — (d + 1) (n — d).
We are more concerned, however, with the case

a;+bg_;=zn (1=0,...,d).

By Theorem I the varieties Q7 ,.and 2, ,, meet, and therefore
the object-variety of any component of € fills the 7-space. It

follows that QF ...  »,is unmixed of dimension
Patpp—(d+1) (n—d),

and no component of 2, 4.1 2s,.. », is of lower dimension.

Later on we shall consider the multiplicative theory of the inter-
section of varieties on £2(d,n), and we shall require the theorem
that every component of 2 ,,r&2, s, counts simply in the
intersection 7 .82, s, To show this it is necessary and
sufficient to prove that there exists a point in the intersection at
which the tangent spaces to 27 ,,and Q, , meet in a space of
dimension p, + p, — (d + 1) (n — d). This in turn will follow if we can
show that there is a non-singular specialisation ¢’ of 7 such that
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there is a point on 4 ..., 5, at which the tangent spaces
meet in a space of p, + p, — (d + 1) (n —d) dimensions. We therefore
have merely to construct two Schubert varieties with this property.

This can be done at once by specialising Q7 ., to 25 ..
Then the d-space

Y= ... =Yg=0

is represented on 2(d,n) by a point P common to £, . and
£y,..»s The tangent space at P to 2, ,,is cut on the tangent
space to £2(d, n) by the primes [§3, (4)]

Xo...jm1a4i41541.a =0 (1=2my),
and similarly, the tangent space at P to £, ,,is cut by the primes
3, (6 .
153, (6)] Xy jravinjrn.a=0 (@E<q—ng ).
These primes are certainly independent if
g—ng_;<m; (j=0,...,d),
that is, if ag_;+b;=n,

which is true, by hypothesis. Hence the tangent spaces to 2, ,,
and £, ,, at the simple point P intersect in a space of dimension
Pa+Pp—(d+1)(n—d), and we have proved

TrroreM II. If Q .. and @, ., are two Schubert varieties,
and ag_;+b;2n (¢t =0,...,d), the intersection 27 .,x 2, b, 18 @
simple intersection.

It may happen that all the d-spaces represented by points of
0Q%....aan 2b,..bz i€ in a subspace of S, of dimension n—k (k> 0). It
is important for our future purposes to note a case in which this
happens. We may assume that a;_;+b;>n (2 = 0, ...,d), otherwise
there are no points common to Q7 ,.and 2, .. Ifa;=n—2,,all
the d-spaces represented by points of 07 ..., ., clearly lie
in 8;_,, = A%; and if by =n—A,,,, they all lie in S,,_,,,, = B;.
If, for 0<i<d, A;,=n—a,4_;—b;_,—1>0, the join of the spaces
Aj_; and B,_, is of dimension n—A; at most, and since A7_; is
generic over K, A} , and B;_; do not meet when A;> 0, hence the
join is a space 87,_,, of dimension exactly n—A;. If

n—az_;—b, 1 —1<0,

we define A; = 0, and 87,_,, = §,. Now any d-space §; represented
by a point of Q7 . ,.x&2,. »; meets A5 ; in a (d—1)-space and
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B;_, in an (¢ —1)-space. If A;>0, A3 ; and B;_; do not intersect;
neither do these (d—1)- and (¢ — 1)-spaces, and S; is therefore their
join; hence it lies in S},_,,. Hence every d-space represented by a

point of QF ..., s, lies in the intersection of the d+ 2 spaces
d+1
872, (6 =0,...,d+1). We show that thisisan S,_;, where k = % A

If it were of dimension greater than n— £, it would clearly be so
for all specialisations of 7, and in particular it would be of dimension
greater than n—% when Qf .-, .. For this specialisation,
87,5, becomes S;,_, ., where

Sn-), has equations  y,, =..=y, =0,
S

n—2gs, has equations Y, =...=y, , =0,

and, for 0<2<d,
87, has equations y,, = ... =y, . .. =0.

Since ay_;+b,>n, g—n,_;<m,, and hence these equations are

independent. It follows that the intersection of the S_,
a+1

(t=0,...,d+1) is of dimension n— Y A; exactly, and hence the
0

intersection of the S},_,. (¢ = 0, ...,d+ 1) is of this dimension.

This result plays an important role in the investigation of the
intersection QF .. A% 5,105 Where oy, is the Schubert variety
of d-spaces which meet a fixed (n—d—h)-space S,_g_, which is
generic with respect to K(7). We are only concerned with the case

dim an...ad + dim Qbo..,bd + dim oy = 2(d + 1) (n - d),
that is, with

h

d d
Ya,+3b,—n(d+1)
0 0

]

a
N—Ag+n—2Agy+ X (@g_;+b; 1 +1)—d—n(d+1),
1

where A, ..., A;,, are defined as above. Since
ad_,i + bi—l + 1 =Nn-—-— A’l (if Ai > O),
Qb +120-2 (A, =0),

d+1
we must have Az2n— Y A;+nd—d—n(d+1),
0
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that is, h+k>n—d,

d+1
where k = Y A;. On the other hand, we know that all the d-spaces

0

represented by points of Q7 ..., ,, lie in the (n—k)-space
87, _x The spaces meet S,_;_;, if at all, in the intersection of S7_,
and 8, _4_;, and this intersection is empty if 2+ k>n—d. Hence
if QF 4 ©p,..», 8nd 0, have a point in common, we cannot have
h+k>n—d. Thus we have, necessarily, 2+ k = n—d. This implies
that . -
& n—-/\i=ad_i+b¢_1+l$n (1«=1,..-,d).

Since, by Theorem I, we must have a;_;+b;>n in order that
Q7. ap 0,0, 80d 0 have a point in common, we have established

the first part of
TueoreMm III. If Q]

0.--Qd?

h = Za,+Zb,—n(d+1),

have a point in common, we must have

Oy,..0; AN 0y, where

g <n—b;_ 1 <a; ;4

for all i. Conversely, if these inequalities are satisfied, £
Qp,.. v Tn intersect in a single posnt.

To prove the second part of this theorem, we proceed by induction
d+1
on k= Z A,

Let us consider first the case k = 0. Then 4 = n—d, and hence
8,_4_1 is a generic point P of §,. Also a; = b; = n, and '

0++.ag?

ad_,t+bi_1+1 =N ('I:= ].,...,d).

To find the number of points common to 27 ... 25 s On We
have to find the number of d-spaces in S, which meet A7 in an
i-space (¢ = 0, ...,d), B;in a j-space (j = 0, ..., d), and pass through
P. Since A4}_; and P are generic over K, and independent, the
joins of P to A5_; and to B;_, meetin alinel, (s = 1,...,d). Theline
I, meets B,_, in the point @; where the join of P to A % meets it.
This join is a generic (a;_;+ 1)-space over K; hence it meets B;_;
in a generic point of B;_,, that is, Q; is a generic point of B;_,. Then,
as in the proof of Theorem I, we conclude that @, ..., @  are linearly
independent. The lines /,, ..., !; through P therefore lie in a unique
d-space. Now consider any d -space through P which meets 47_; in
a (d—1)-space and B;_, in an (¢ — 1)-space. It has a (d—i+1)-space
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in common with the join of P to A]_;, and an ¢-space in common with
the join of P to B;_;. The (d —i + 1)-space and the i-space, lying in a
d-space, have a line at least in common, which is therefore common
to the joins of P to A7 ; and to B; ;. Hence the d-space passes
through /,. Hence any d-space through P which meets A7 in an
r-space (at least), and B, in an s-space at least, contains P, @, ..., @,
and hence it must be the unique d-space containing these points.
Conversely, the d-space containing P,@Q,,...,Q; meets A7 in an
r-space and B, in an s-space. Thus Theorem III is true when k£ = 0.

Now suppose that the second part of Theorem III is true when
k<k, (1<k,<n-d), and consider the case k = k,. Since k>0,
some A; > 0. Suppose, first, that Ay > 0. Then a;<n. We take the
space A7 in place of §,. Let Q% . be the Schubert variety on
£(d,a;) representing d-spaces which meet A7 in an r-space
(r=0,...,d), and let Q% _, ..., be the Schubert variety on
£2(d, a;) defined by the spaces

By, Aj< B, Aj<...<B,;, A3

We also denote by o} the variety on £2(d, a;) representing the
d-spaces of A} which meet the (n—Ay—d—#%)-space S,_; .47
We consider the intersection QF ,..8% s, . 5:-2,4% The join
of A7 ;, and B; ;,A7 is an (n—Ay—Af)-space, where A} = A,
(¢=1,...,d), ATis an (n — Ay — A¥)-space (AF = 0), and B;, AT is an
(m—2Ag—A%,,)-space (A%, = Agz,,). Hence ZA¥ = k—2Ay<k. Also

@i < (n—Ag) = (b—y — Ap) S @g_i s

Hence, by the hypothesis of induction, 27 ., 2% 5, b:-2,40% 18 &
single point. This point represents the unique d-space which meets
AT in an r-space (r = 0,...,d), B, in an s-space (s = 0,...,d), and
meets S,_;_;, since any such space necessarily lies in 47. Hence
Q7 .aan$2b,. 6,1 0n 18 & unique point. A similar argument applies
if g4, > 0.

Finally, suppose that Ay = A;4,; = 0, £ = k, > 0. Then for some
1 (1<¢<d), A;>0. For this value of 7, we have

Az_; + bi—l + 1<n.
Since

g i+b;i2n, ag 4, +b;2n, and ag_;>a5; bi>b

we have Qg ;1205 ;+2, b;2b;_,+2.
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Let IT be a generic prime through 8;_,. This contains Ag
(j>1) and meets 43 ; in an (¢4_;—1)-space A}_; if j<i. Since
ay_s1—1>a,_;, we have

T * %
Ajcdic. ... cA] <AY ,<...< A%

Similarly, IT contains B, (j <) and meets B; in a (b;— 1)-space
B} (j »14), and we have

BycB,<...cB; ,=Bf<...cB%
Let Q%

To...00—; ag-is1—1..a;-1 D€ the Schubert variety defined by the
first of these sets of spaces, and Q3 ,,_ 4,1.. 5,1 be the Schubert
variety defined by the second set. Also let Sk_; , , be the
intersection of S,_; ; and II. Now any d-space which meets A7 in
an r-space (r = 0,...,d) and B; in an s-space (s = 0,...,d) lies in
87, and hence in JI. The number of points common to 2, 2
2,5, and oy is therefore the number of d-spaces which meet
8% _4_n_1 and are represented by points of

Q* 0*
Qy...00~7ag—j+1—1...ad—1A ¥ by, ..bj—1 b;—1...bg—1°

Applying the hypothesis of induction, we deduce that

'an...ad/\ 'Qbo...bdA gy

is a single point. Thus Theorem III is proved.

Theorem III will play an important role when we come to con-
sider the multiplicative theory of varieties on Q(d,n). To use it,
however, we want one more result. Suppose that the conditions
stated in Theorem III in order that Qf .., £, . 0; have an
intersection are satisfied. The Schubert variety o, is determined
by a generic S, 5, of 8,, that is, by a generic point { of
Q2(n—d—h,n). The equations for Qf ,..2, 5,40 determine
a correspondence between £2(d, »n) and the variety U which is the
direct product of the 7-space whose points are the matrices ¢ and
Q(n—d—h,n). Since both of these are irreducible and the 7-space
is absolutely irreducible (as, indeed, is Q(n—d—h,n)), U is irre-
ducible, and just as in the proof of Theorem III we show that for
any specialisation of 7, o, such that Q% ... 2, .. is of dimen-
sion zero, this intersection consists of a single point. If Qf .
£2,,...5> Oy, are the irreducible multiplicative varieties derived from

t o...aa» @oq..52» Ons We are able to conclude that Q, .. .9, , .5,
is a variety of dimension zero and order one provided that we can
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prove that 7 ..., . .o, is of order one, or, what is the same
thing, that Q7 .. 2y, 5, 0 intersect simply at their one common
point. This will follow if we can specialise 27 ,.and o7 so that
some point common to &, .., 2, ., 7, is simple on each of
these varieties, and so that the tangent spaces to them at the
point have only the point in common.

It is sufficient to specialise QF ., to £ .. and choose
o) suitably so that the point Plp, ,=1, p, ;=0 if
(495 -++»2g) * (0, ..., d)] has the required properties. We have already
seen that the space S, _, which contains all S; represented by points
of 24, 0anp,...», 18 the intersection of the k independent primes

Y=0 (G=my....q—n4 5,,;7=0,...,d+1).

Let y,, be the remaining » = (g+1—k) y’s, and let ¢,, ...,c, be d + 1
non-zero elements of K. Let @, be the Schubert variety of d-spaces
which meet the S,,_;_, given by

‘x—o"-‘ =x—d = ) =
Pt P Yo, 0 (v=1,...,h).
The d-space Y= 2vyx; (1=0,...,9)
3

meets S,,_,_, if and only if
Z.vp‘j(:j= 0 (7:= 1,-..,h).
7
These equations are satisfied by the space represented by the point

P, which therefore lies on ;. The tangent space to @, at P is given
by the equation

jzchO...j—ld+i+lj+1...d =0 (¢=pp . Pp)-

The tangent spaces to £2; .., 25, 5, 8t P intersect where
Xo..j1avim1541..a=0 (ISg—mgyorizmy;j=0,....d),

and we see at once that this meets the tangent space at P to @, only
in P, provided ¢, ..., ¢; are sufficiently general. Hence we have

Turorem IV. If a,...,a by, ...,b;, b satisfy the conditions of
Theorem 111, and if Q. 410 b, 5, 01 meet in a variety of dimension
zero, then R, ..y, b, 1 18 a zero-dimensional variety of order
one.
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5. The basis theorem. The importance of the Schubert
varieties on the Grassmann variety 2(d, n) lies in the fact that if V
is any p-dimensional variety (in the multiplicative sense) on 2(d, n),
there exists an equivalence

V~ Z“an...ad an...ad’

where &, . is the multiplicative variety obtained by attaching
multiplicity one to £, 4, %4,...q; 18 an integer, and the summation
is over all sets of integers ay, ..., a; which satisfy the relations

O0<ay<ao,<...<az<mn,
d
Sa,~d(d+1) = p.

In other words, the Schubert varieties of dimension p form a base
for the p-dimensional varieties on 2(d,n) [XII, §11]. In fact, as
we shall see, they form a minimal base. The object of this section
is to establish the truth of the fundamental property which we
have stated. It is sufficient to consider an irreducible variety V,
and to prove that V is equivalent to a sum of Schubert varieties.

Let FlnXpyap ) =0 A=1,2,..), 1)

be a basis for the equations of V in Sy, let « = («;;) be a non-
singular matrix of » + 1 rows and columns, whose elements may lie
in K or an extension of K, and let (4;;) be the inverse of a. If
P = (--0s P4y, 4pp---) 18 any d-space in 8,, ¢ = (..., g4, 4, ---), Where

Lio..tqg = ? A‘io!o s Aid:fd Pjo... 540 (2)

is the d-space obtained from p by the collineation I": 2>y,
Y = ?Aijxj'

p satisfies the equations of V if and only if ¢ satisfies the equations
fA(--.,§ai°10...aidjd.on."jd,...)=O (A= 1,2,..-). (3)

The equation (3) therefore defines a system of d-spaces which is
the transform under I" of the system defined by V. Moreover,
the transformation X—Y in Sy given by

Yipta = 24550+ Aigsa Xspy...1a 4)
transforms any point of 2(d,n) into a point of £2(d,n). Hence
equations (3) represent the variety on £(d, n) obtained from V by

HPIlI 22
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the transformation (4). We denote it by V= The variety V= is thus
obtained from ¥ by a projective transformation, as, in the par-
ticular case V = Q, .., we obtained 27 .. in§4; and the method
of passing from ¥V to V# is similar to that of passing from a variety
V to a variety V*in §,, discussed in Chapter XII, § 2. In particular,
if  is a matrix 7 of independent indeterminates, we prove that ¥V~
is an irreducible variety of dimension p over K(7), and is a generic
member of a system of varieties of dimension p on 2(d,»). The
properties of this system can be worked out by methods exactly
similar to those used to discuss the system of varieties obtained
for a variety V in 8, by projective transformation, and it will not
be necessary to repeat all the proofs. The main facts which we shall
use are

(i) that if m = n(n+2) and the matrix « is represented by the
point (...,a;,...) in §,, then in the irreducible correspondence
between S, and Sy in which to « there corresponds the points
of the variety whose equations are (3), the object-variety is S;
and if for a specialisation « of 7, the equations (3) define a variety
of dimension p, there is a unique specialisation of the variety V~
corresponding to 7> ;

(ii) V™ meets a fixed variety U on £2(d, n) simply, if at all.

The method which we shall follow to prove the main result
stated at the beginning of this section is similar to that used in
Chapter XII, §2, to degenerate an irreducible variety in S,. We
construct the variety V7 on 2(d, n), where 7 is a matrix of indeter-
minates, and consider a specialisation of V7 corresponding to a
specialisation of 7 to a suitably chosen singular matrix: But in
order to simplify our work, we shall find it convenient to consider,
not the complete system {¥2} of varieties of which V7 is a generic
member, but a one-dimensional subsystem of this.

Let a* be some fixed (n+ 1) x (r+ 1) matrix whose elements are
independent indeterminates over K. We write the equations of
Ve* in the form

F/\("" Xiﬂ---id’ ...)Ef/\(..., ?a”iodo...aﬁdjdxjo.”m, ...) = O,

the coefficients of F) being in K(a*).
Let @ = (by, ..., b,) be a generic point of §,, and let S,_; be a
generic prime of S, with equation

Byzy+ ...+ Bz, = 0.
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These are also to be kept fixed. Let 4 = b,By+ ... +b, B,. Weshall
denote the field
K(a*,b,,...,b,, By, ...,B,)
by K*. .
Consider the variety V(¢) having the equations

Fy(... Zbim biiaXsodwr ) =0 (A= 1,2,...),1

| (5)
where b;; = 8;;—¢€b; B,

d;; being a Kronecker delta, and ¢ being an indeterminate over K*.
Since det(b,;) +0, V(¢) is contained in {¥7}, and for specialisations
of € in K* defines a one-dimensional system over K* contained in
the larger system. For the specialisation ¢—>0, we obtain Va*,

We writ
wrte cij = 8{1—A—1b,tBj. . (6)

When e¢—>4-1 there may, a priori, be several specialisations of
V(e). Our immediate object is to obtain a set of equations which
must be satisfied by any such specialisation, and which define
a variety of dimension p. Since every point of the object-variety
of the correspondence in which ¥ (e) corresponds to € is simple, it
will follow from this that the specialisation of V(¢) when ¢—>A4-1
is unique. Let us call it V0. From the equations satisfied by this
specialisation we shall be able to make the deduction we require
regarding V0.

Among the equations satisfied by any specialisation of V(e)
corresponding to e—>A4-! are the equations

FA(""§c'tojo”'c'iddejo---jd’"')=0 (A= 1,2,...), (7)

obtained by putting € = 4-1in (5). But the variety defined by (7)
may depend on the particular basis (5) which we choose for the
equations of V(¢); and may be of dimension greater than p. Any
polynomial F(..., X, ., ...) which vanishes on V(e) can be written

in the form
F=2A’\FA(... Ebiofo“‘bid.fdxio jd,...),

where A4, is a polynomial in X; ,, with coefficients in K*(e).
This relation may not persist, however, when we specialise ¢ > 4-1.
For the coefficients of the 4, may contain (1 —e4) in the denomin-
ator, and we must multiply through by a suitable power of (1 —e4)
before replacing € by 4~1. When we have done this, and replaced ¢
by 4-1. we may obtain, not a relation expressing the specialised
22-2
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form of F in terms of F)(..., Xc; ;. --- €535 X;,... 320 ---)> DUt & relation
connecting the equations(7). We overcome this difficulty by showing
that from the equations (5) we can deduce a set of equations satisfied
by V°which specialise to equations which, with (7), define a variety
of dimension p. From this, we are able to deduce the uniqueness
of Vo.

If we express X b;;, ... by,5, Xy, . 4, in ascending powers of ¢ by

?

means of the relation b;; = d;;—€b;B;, we see that all terms of
degree greater than one vanish, since they are linear combinations

of expressions such as
2B;B, X, ..

which vanish because X, .
Hence

.??‘... bioge -+ big1a Xso.0a = ? (847, — €5, By,) - (05,5, — €05, By) X, ja

is skew-symmetric in its suffixes.

d
= Xio...id —€ ?I;-;ObikBjk 613010 oo 8’5k—1jk—18‘ik+xik+1 e 6@‘414 X:’o-u Ja

d
= Xiu...id - ekz-:ozj: b;, B; Xz'.,...tk_m' P2

If we substitute ¢ = 4~ in this identity we obtain our first result:

Xy = X Cigsn - Ciada Xjo...1at A-lég by B; Xy ixsginsria (8)
We also have the equation
12 iy = ? (8;5— A7, B;) (03, — €bs By)

= §Sijajk—A-1 % b;B;0;,—¢ % 0;;b; B, +e471 2,:' b;B;b; B,

= 8;,—A~1b;B;,—€b; By, + €471b; Bj, 4 = 03, — 470, By, = ¢y
It follows immediately that

? %%1« eee Ciggabiote o+ Osatea Xkeo.. kg = ]Zcmo S PIIP. PR ()
Finally, from the proof of (8),
? % Bybyiybisky -+ Oighg Kito...ka

d
= ? Bj[Xm...ia— € ? bj Bleil...id - 3}2% bt;,,Ble...ik_lu +,...i¢:|
= ? B; X, .~ €4 ; B; X4,
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the third term vanishing because of the skew-symmetry property of
the suffixes of Grassmann coordinates. Hence

? %ijjkobilkl e Oig kg Xk, kg = (1 —€4) 2: B, X;;, 4 (10)

Now let Fl(...,Xio__'i » ---) = 0 be any equation satisfied by the
fixed variety V4*, and substitute for X;; ., from (8). The left-
hand side of the resulting equation is a form in the variables
Y. and Z;, ., where

Yto...‘id = ?c‘iojo ce c’l:djdeo...‘id’
and Zy.ig= ZleJXH,...u-
Let us suppose that it is possible to extract from every term of this

form r factors Z, ., and that for at least one term we cannot
extract more. We express this by writing the equation as

z 9&(? B; Xm...id) k«\(? Civdo~++ CigiaXio...ia> ; B, Xm...td) =0,

where each g, is homogeneous of degree r in the Z, , and has
coefficients in K*, and for at least one value of A,

hA(;ciojo see cidjdeO"'jd’ 0) * 0.

The variety V(e) satisfies the equation

F(..., ;bioin"' b'tdjdeO---jd’ ...) = 0,

which, using (8), becomes
2%\(? % B;bjy, by, g, --- bidkkao...kd)
x by ?%cim e Ciggabioko -+ Ogaka X ko... kg
?%‘,ij,kobilkl ...b,.d,chko._.kd) =0,
;a,nd by (9) and (10) this simplifies to
(1—ed)yZ %\(? B, inl...'ia)

X hA(? Ctojo cee ctdjdeO‘njd’ (l —€A) ? Bij‘L'id) = 0,
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that is, to

z %\(? Bij...t,g)
X h/,\(? ciojo Py ciddejo---fd’ (1 —GA) ‘jv_‘ lejil..-id) = 0.

All equations satisfied by V(e) can be obtained in this way, since
Va* is obtained from ¥ (€) by the non-singular transformation in S,,,

We now specialise e—>4-1, and obtain the equation

- 29/‘(?B:IX:l‘ix---’id)h/\(;CioJ'o"'cid.’ldXJo---fd’ O) = 0. (ll)

Any specialisation V° of V(e) corresponding to the specialisation
€—> A~ satisfies the equations obtained in this way. In particular
these include, besides the equations (7),

?9,,,\(? Bjxfi,...id)

xhlm(§ciojo 'Ldeon Jja O) = O (ﬂ = ]., 2, ...), (12)

Gv("" ZB]inx...id"") = O. (13)
j

Equations (12) are those in which the forms 4 , are of degree greater
than zero, while equations (13) involve only the expressions
Z B;X;; i From the manner in which they are derived we see

tha,t equatlons (13) are satisfied by V* as well as by any specialisa-
tion VO of V(e) corresponding to e >4-1; and that every equation in
Z B,X;;, i, only,satisfied by the points of V*, is included in (13).

The variety V° satisfies the equations (7), (12) and (13). We
proceed to interpret these equations, showing that equations (7)
and (13) and the equations

Azo(—l) Xh idiAXio a-1fatreedder T 0, (14)

which are contained in (12), determine an dlgebraic variety of
dimension p. Since any specialisation of V(e) as ¢—> A1 satisfies
these equations, we are able to deduce that V(e) has a unique
specialisation for e->A4-!. Moreover, it follows that any further
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equations, such as those given by (12), can at most result in the
exclusion of certain of the components of the variety defined by
(7) and (13).

We now give geometrical meanings to the expressions

? Ciodo cid!dXJ'o...:fd and jz Bj Xj T1eeid®

If (%, ..., 2,) is any point in 8, its projection from @ = (b,, ...,b,)
ontotheS,_;givenby Byzy+ ...+ B, x, = 0is (2g— Aby, ...,z, — Ab,,),

n n
where B,x,—AY b;B;, =0,
2 B2 Eo 1B,
so that A=A4"1 % B,
i=0

Hence, since ¢;; = 0;; — 4~1b, B;, the projection
n n
(xo - A_lbo ZOBj xj, seay x,n - A_lb,njzij xj)
]‘ =

of (zy, ..., %,) is the same point as

n n
D CoyZgseeey 2, C x)
(j=0 0f*“j» ’j=0 nj i

We consider the d-space in S, spanned by the points 29,21, ..., 2%,
If its Grassmann coordinates are (...,p;, . ...), the coordinates
of the space spanned by the projections of 29, 21, ..., 2% are

(..., 12 Ciso **+ CigiaPio...da )
if the projected points are independent. If not,
ZiCosn - Ciata Pio..ss = 0

for all 4y, ..., 15. The projected points are dependent if and only if
their joins to @ form an §;, at most. The joins must, however,
contain 20 z!,...,29%, which span the original d-space. Hence the
original d-space passes through Q.

To interpret the second expression, let %!,...,u" % be n—d
independent primes which pass through the S; whose coordinates
are (..., p;, 4, ---)- With a suitable factor of proportionality £ we

can write 1 1
kpio---‘id= Uiger Uty |»

n—d n—d
uid+1 * u‘n
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where (2, ..., ,) is an even permutation of (0, ..., n). It follows that

(—1)¢%k ? Bipsie.ig,=| By - By,
uf, . u,
ufmd . upe

Henceif ¥ B;p,;, 4 = 0foralli,, ..., i; the primes S, _;, ut, ..., un~4
i

are linearly dependent, that is, the d-space lies in S,_;. If this is
not the case, XB;p;,; ., are the coordinates of the (d —1)-space in
which the d-space meets S,_;.

These facts lead to an immediate interpretation of the equations

I}(n..,;ciojo..-cidjdeo”.jd,...)=O (A= 1,2, ..-), (7)

d+1
AEO( - 1)/\ Xio---ideon---1;\—11)«4-1---fdﬂ = 0. (14)

Any solution of these equations represents a d-space

b= ("-)pio...id’ )
in 8,. If p is any d-space in S, through @,

?cio!o... Gidjdpj()u-jd = O (all ":o, ...,’id).

Hence p satisfies the equations (7) and (14). If p does not pass
through @, a necessary and sufficient condition that p satisfy the
equation (7)is that it projects from @ into a d-spacein S,,_, belonging
to the system represented by V**. Hence the solutions of (7) and
(14) are the d-spaces which pass through @ or project from ¢ into
d-spaces in S,_, belonging to the system represented by Va*.

In order to investigate the solutions of (13) and (14), we consider
a three-way correspondence I' between the space S, in which
(Bys --., B,) are coordinates, the space Sy containing 2(d,n), and
the space Sy- containing the Grassmann variety £2(d—1,n) of
(d—1)-spaces in S,. We denote the coordinates of points on
2d—-1,n) by Z, ;. The correspondence I' is defined by the
equations

(i) I:I(""Xio...td"") =0 (A=12,..), (5)

‘the equations of V&*, with coefficients in K, = K(a*,b, ... b,),
which is taken as the ground field;
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a+1
(ii) AZ-O( - I)A Z‘:---id-lfAX.fou-!A—d,\ﬂ--Jdﬂ =0,
d
AEO( - 1)/\ Zil'--id—ljz\zjo-ujA—!.jA-H.-"jd =0, (15)

% thhi,...id_, =0.

Equations (15) simply imply that (...,Z;, ., ...) is a (d—1)-space

in the d-space represented by (..., X; ., ...) and that
Byzy+...+B,z, =0

is a prime through it. Then (B’, X', Z’) is a solution of these equa-

tions if and only if X’ represents a d-space of the system defined by

Ve* Z'is any (d— 1)-space in it, and B’ is a prime through Z’.

We prove that I" is irreducible by constructing a generic point
of it. Let 7 = (...,m;, 4, ...) be a generic point of V4*, and let
Uy +eos Uy Vygs o3 Vg (8 =1, ...,m—d) be (n+1)(n—d+ 1) indepen-
dent indeterminates over K,(m). Let {; . = ?u, Tis,.. i a0d let

o can be interpreted as a d-space in S, {’ as a (4 — 1)-space in it,
and 8’ as the join of this (d— 1)-space to a generic (n —d — 1)-space
of 8,, that is, as a generic prime through {’. Clearly (8',m,{’)
satisfies the equations (5) and (15). Now consider any equation over
K, which is satisfied by (§’,m, {’), say

f(B,X,Z)=0.
We have fB,m ) =0, (16)
and since the u;, v;; are independent over K,(w), the coefficient of
each power-product of the u,, v;; must vanish, and this must remain
true for any proper specialisation of 7. Now let (B’, X', Z’) be any
point of I X' is a proper specialisation of 77, and since Z’ represents
a (d— 1)-space contained in the d-space represented by X', we can
find a prime UgZo+ ... +UnZ, =0
which meets X’ in Z'. We can then write Zj ., = SujXj, ..
Since B’ is a prime through Z’, we can, similarly, find
vy (J=0,..,m0=1,...,n—d)
so that
B} = X (= 'R o sa it -+ Yreae

Since (16) is satisfied for any proper specialisation of 7, it is satisfied
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1

when 7 is replaced by X', with u,, »;; independent indeterminates.
The resulting identity remains true when we replace %, v;; by
'u;, U.,’:j. Hence f(B', XI’ Zl) =0,
that is f(B, X, Z) vanishes on I'. It follows that (§’, 7, ') is a generic
point of I, which is therefore irreducible.

While the method just used is the most convenient for proving
the existence of a generic point of I', once we have established its
existence it is more convenient to construct a generic point in a
different way. We again take 7 to be a generic solution of (5), and
let B be a generic point (over K,(7)) of 87, that is, a generic prime
of S,,. The d-space 7 and the independent generic¢ prime 8 meet in
a (d—1)-space { whose coordinates are given by

Cip.oig = 2B, i1y 44"

Then it is clear that (£,7,{) is a generic point of I. Hence if
we regard I" as a correspondence between the two-way space S,y
and the one-way space Sy, we see that the locus I7 in 8, which is
the direct product of S, and V** is contained in the object-variety,
since its generic point (4, ) is on the object-variety. On the other
hand, it is clear that the object-variety is contained in IT; hence
IT is the object-variety. We now construct the image of (#,7)in I
From (15) any corresponding point in Sy. represents a (d — 1)-space
lying both in the prime f# and in the d-space 7. But there is only one
such (d—1)-space, namely {. Since (f,7) is a generic point of the
object-variety of I', and { is a generic point of the image of (8,),
it follows that (£, 7, {)is a generic point of I'. Since I7is of dimension
n+ p, and the image of (8, 7) is of dimension zero, it follows that
the dimension of I"is p + 7.

We now consider the correspondence I'y between S, and Sy,
whose generic point is (£, {). We first obtain the equations of this
correspondence. Amongst the equations (5) are the equations (13),
which we write in the form

GA(B’""ZBjxjil...id"") =0 (A = 1, 2,...).
Then, clearly, (8, {) satisfies the equations
GI\(B""’Z‘I:]_...id"") = O (A= 1,2,..-), (17)

d
,Eo(— 1)/\ Zil...id—ﬁ/\z.‘lo...J'/\-11/\+1..Jd =0,
‘::Bizﬂn---id-—l = 0.

(18)
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Consider any equation over K, satisfied by (8,), say,
9B, ... 2, g ---) =
Then 9(8, ...,Eﬂ,ﬂm'_.i‘,, ...) =0,
and since fB,, ..., 8, are independent indeterminates over K,(7) it

follows that ;
ows g(B, csey ZBij‘t],...‘id’ ...) = 0

on Ve* But (13) is, by hypothesis, a basis for the equations of
Ve* which involve only ZB,;X,,; ;.. Therefore we must have an
identity
¢(B) g(B! "':ZBijil...i,j’ "')
= ?a/\(‘B’ “"ZBjX]il...‘td’ .--) GA(B, ""ZBfinl...'td’ ...),

where the forms are polynomials in B,,...,B, and XB;X;; .
and ¢(B)=i=0 Then

H(B)Y(B, -, Zi,.igp )
—Za/\(‘B3 : Z’h Agy oo )G/\(B 1,1 @t y (19)

vanishes whenever Z; . iy.ige Since

is replaced by ZBj
i

whenever Z,, . satisfies (18) we can find X; ;. so that
Ziyy g = ;Bj in;...id’

it follows from Hilbert’s zero-theorem' that a power of (19) is
expressible in terms of the left-hand sides of the equations in (18).
Since ¢(B)+0, we conclude that any solution of (17) and (18)

satisfies 9B,y Zy 1) = 0.

Thus (17) and (18) are the equations of the correspondence with
generic point (4, §).

We have to determine certain dimension numbers related to the
correspondences 'y, I'. Let o be the dimension of the variety in
Sy- which has generic point {. § is on the object-variety of I,
regarded as a correspondence between Sy and 8,y, and hence
through it there passes an irreducible system of d-spaces of Va*,
of dimension o7, say. Any prime £’ through §, and any d-space £ of
Va* through &, and § itself constitute a point (8’,£,§) of I". Hence,
by counting constants, we see that the dimension of I"is

t1...14°

oc+oy+n—d=p+n.
Therefore oc=p+d—o,<p+d.
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The dimension of I'y is similarly seen to be c+n—d = p+n—o,.
Moreover, if £ is a generic prime of S, it meets a generic d-space of
the system represented by V°* in a (d—1)-space {’ which must
correspond to £ in I'y. Hence the object-variety in 8, of I'y is
8,, itself, and to a generic prime of S, there therefore corresponds
a system of (d— 1)-spaces of dimension 7 = p+n—0,—n =p—o0,.
Thus the equations (17) and (18), regarded as equations over
K* = K,(B,, ..., B,), determine an irreducible system of (d—1)-
spaces of dimension 7 < p.

We are now in a position to determine the variety given by the
equations (13) and (14). Any solution represents d-spaces of S,,.
Ifp=(...p;. 1) is a d-space in 8, lying in the S, _, .

Bom0+ cee +ann = 0!
we have 2 B;pjiy.4= 0,
i

and hence p satisfies (13) and (14). If » does not lie in S, , and
satisfies equations (13) and (14), its intersection with §,_, has
coordinates (..., ZB;p;;, 4. -..) and is a (d—1)-space p’ satisfying
equations (17) and (18). p’ is therefore a proper specialisation of {,
and hence through it there passes a d-space of the system repre-
sented by Vo*. Conversely, it is clear that any d-space in S, which
meets S,_,; in a (d— 1)-space contained in a d-space of the system
Va* satisfies (13) and (14). Thus the d-spaces which satisfy (13) are

(i) the d-spaces in S,_,, and

(ii) the d-spaces of S, which meet §,_; in a (d — 1)-space lying in
a d-space of the system represented by Va*.

Combining our results for equations (7), (13), (14) we see that the
solutions of (7), (13), (14) are

(@) the d-spaces which lie in the (d+ 1)-spaces which join @ to
any d-space of S,_; belonging to the system Va*;

(b) the d-spaces joining @ to the (d — 1)-spaces of §,_, which lie
on d-spaces of the system Va*,

We now examine these two systems of d-spaces.

(@) We consider the equations (5) and the equation

n
120t1Xm...¢a = 0. (20)

These determine a correspondence between V2* and the n-space
(t9s ---» ). For any specialisation X’ of 7 the coefficients of equa-
tion (20) form a matrix of rank d+ 1. Thus [XI, §5, Th. I] the
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correspondence is irreducible and of dimension p+n—-d—1. We
consider the image-variety of this correspondence in the ¢-space.
If this is of dimension less than # the equations (5) and

EBfin],-n‘id = 0,

where B,, ..., B, are independent indeterminates, have no solution.
Hence there are no d-spaces of V*in S,_,. The solutions (a) of (7),
(13), (14) are then non-existent.

If, on the other hand, the image-variety of the correspondence is
of dimension n, to the generic point (B,, ..., B,) of it there corre-
sponds a variety of dimension p—d — 1. Thus the d-spaces of Va*
which lie in §,_; form an irreducible system S* of dimension
p—d—1. Let the equations of this system be

Brleees Xy ) =0 (A=1,2,...).

The (d+ 1)-space (..., p;, 4;,,» ---) joins a d-space of S* to Q if and
only if it satisfies the equations

¢A('"’Bjyjio---'id"") = 0 (A= 1, 2,...),
a+2 A
/\§0( - 1) biA:Y;:o.-.iA—liA+1-u'id+2 = 0.

An elementary application of the principle of counting constants
shows that this system S** of (d+ 1)-spaces is irreducible and
of dimension p—d—1. We construct for this system of (d+1)-
spaces a correspondence similar to the correspondence I' con-
structed for ¥**, and deduce that the d-spaces of S, which lie in
(d+ 1)-spaces of S, through @ which meet S,_, in d-spaces of Va*
form an irreducible system § of dimension p. It is further clear from
the equations that as S* varies in a continuous system of d-spaces
in 8,_,, S varies in a continuous system of d-spaces in S,_;.

(6) The (4 — 1)-spaces which lie in S, ; and in d-spaces of the
system represented by Ve* form an irreducible system S* of
dimension 7 (7 < p), given by (17) and (18). Their joins to @ form the
irreducible 7-dimensional system & given by replacing’Z, .,
in (17) by 2B, X,,,, . 4, and adding the equation

Z( - I)A biAXia...i,\_li,\+1...id+1 =0.
Hence as S* describes a continuous system, so does S. )

Now return to the system ¥(e). When ¢ > 4-1, any corresponding

specialisation of V(e) satisfies the equations (7), (13). Since these
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define a variety of dimension p, at most, we conclude that the
specialisation of ¥(¢) is unique, say V°, and that as & point set it is
contained in § + S. Hence
Vo= AS+468, .

where A, 4 > 0, and if S is vacuous we put S = 0, and if S is of dimen:
sion less than p we put & = 0. Since V2* ~ V°, wehave Ve* ~ AS + 8.

We are now in a position to prove the main theorem of this
section.

TureoreM 1. If V is any p-dimensional variety on 2(d,n), there

exists an equivalence

7 V~Zaao...ad9ao...ad’
where the summation is over all values of a,...,a, satisfying the
relations 0<ay<a,<...<azg<n,

Za;—3d(d+1) = p.

The theorem is proved by induction on n. If n = 1, the truth of
the theorem is obvious. For in this cased = 0,ord = 1. If d = 0,
0(d, n)is a line, and V is a set of points; and as any two pointsin S,
are equivalent any 0-variety is equivalent to a multiple of a point.
If d = 1, 2(d,n) is a point, and there is nothing to prove. We
therefore assume the truth of the theorem for 2(d,n — 1), for all d
satisfying 0<d<n—1. Ifd = n, 2(d, n) is again a point, and there
is nothing to prove. Ifd = 0, £2(d, n) is an n-space, and the theorem
follows from XII, § 2, Th. I. We therefore assume that 0 <d <.

We have obtained the equivalence

V~AS +u6,

and we apply the hypothesis of induction to obtain equivalences for
S and &, but only in the cases in which these are p-dimensional..
(If they are of lower dimension, we have agreed to treat them as
zero varieties.) S* and S* are defined as above.

S* is a (p—d— 1)-dimensional variety on £2(d,n — 1), the Grass-
mann variety of d-dimensional spaces in S, ;. Hence, by the
hypothesis of induction, '

%
S*~ 2’110...1,; 91....:‘,1,
where the summation is over values of 4, ..., %; such that

0<ty<ty... <tg<n—1,

d
Yi—jd(d+1) =p—d—1.
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The d-spaces which are represented by points of any QF ;. of this
summation are those which meet the space C, in an r-space, where

OOCOIC LRy CCd’
and C, is of dimension s, and liesin §,_;. Let D, be the (i, + 1)-space
which joins C, to Q. A d-space of S, lies in the join of @ to a d-space

of the system defined by 2 _, ifand onlyifit meets D, in an r-space

(r=0,...,d). Let Q, ., ;.. be the Schubert variety on (d,n)
defined by the spaces D, ..., D;. Then the equivalence

S* ~ EA‘in...‘td Q‘t*n...fd
implies the equivalence
S~ZN,..iaRigt...igsre

We have O<ig+l<iy+1l<...<ig+1<mn,
d
Zoj(ij+l)—{;d(d+ 1) = p.

S* is a p-dimensional variety on 2(d—1,n—1), the Grassmann
variety of (d—1)-spaces in §,_;. Hence, by the hypothesis of

induction
’ S*NE/til...idﬂ‘;:...id?

where 0<4;<1g<...<tgsn—1,
d
Xi-Hd-1d =p.

The (d—1)-spaces represented by points of any QfF , of this
summation are those which meet the ¢,-space E, in an (r — 1)-space
(r=1,...,d), where

B, cE,c..<E; ,<8,,.

The joins of these spaces to @ are simply the d-spaces which meet
F, in an r-space, where F = @, and Z, is the (¢, + 1)-space joining
E,.toQ (r=1,...,d). Hence the d-spaces joining @ to the (d— 1)-
spaces represented by points of Q7 form the system represented
on Q(d,n) by the Schubert variety 2,; ., 41 defined by the

sequence of spaces
9 P FycFc..cF,

Writing ¢,+ 1 = 0, we have

d

%(i,+l)—%d(d+l)=p.
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The equation S*~Zpy, 1, R84
implies the equation
’ &~ 2Zpi,. 132011411041

Combining these results, we obtain Theorem I, for irreducible
varieties. The extension to virtual varieties is immediate.

We now show that if we assume that in the summation
2, as8%a,...q; DO two terms involve the same set of dimension
numbers a,, ...,a, then the coefficients «,, ,, are uniquely deter-
mined by ¥. We select any particular set of number a,, ..., a4. Since

V~Za Q

g...aq " ™ay...aq’

(V Qz-bd.,.n—bo) = ano...ad(gao...ad . Qa—bd...n—-bo):

[Chap. X1II, §10], where Za; = 2b; and Q,,_;, -3, i8 any Schubert
variety with dimension numbers n—bg, ...,n—by, and £27_, . 4
is obtained from it by a generic projective transformation. Since
(§4, Th.I]

an...adA Q:‘l«'—ba‘...ﬂ—bo
is vacuous if a;+b;, (R, 45 -Rrp,..n-p,) = 0 unless a;=b;, and
since £, ., and 2, ,. ., intersect simply in a point,
(25,05 R7—bg..n—,) = 1.
Hence Xy, .bg = (V'Qz;—bd...n—bo) = (V'Qn-bd...n—bo)5
and is therefore determined uniquely by V.
An immediate corollary is

TueoreM II. The varieties K2, o, for all distinct choices of
Qgs - .., Ay Such that

0<ay<a;<...<a;<m,
Za;—3d(d+1) = p,
Jorm a minimal base for the p-dimensional varieties on 2(d,n).
If
2o Q 0,

a...ag"%a...ag™
we have %go09 = (O'gn—ad...n-ao) =0.

6. The intersection formulae. We now consider systems of
equivalence [XII, §10] on 2(d, n). Let {V,} be any system of equi-
valence of virtual varieties of dimension p on £2(d, n), and let V, be
any member of it. By § 5, Th. I, we have an equivalence

I’; ~Zai.,...ia Qio...id ) (1)
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summed over all sets of integers 4y, ..., 4, which satisfy the condition

0<ig<i;< ... <tg< 7,
d .
24— 4dd+1) =p,

and we shall assume that the same set of integers does not occur
twice in the summation. We then have

{ }"Zazo 1.,,,{910 7«1} (2)

Since any two Schubert varieties with the same dimension
numbers are equivalent, the system {V,} is determined uniquely by
the numbers «; ;. and any p-dimensional system determines the
numbers «; , uniquely, since the numbers %5, 0 (1) are
uniquely determmed We can then specify any p-dimensional
system of equivalence by giving the appropriate numbers %y ige

Now consider a system of equivalence {V,} of virtual varieties of
dimension o, and let the equation corresponding to (2) be

Vot = Z6js...5... 54 (3)

Here, again, the summation is over all values of the integers
Jos -5 Jq which satisfy the conditions

0<jo<j1<...<jg<m,
d
%]jk—%d(d-f— 1) =o,

and we assume that each set appears only once in the summation.
If p+o>(d+1)(n—d), the systems {V,}, {V,} define a unique
system of intersection {V,}.{V,}, which can similarly be expressed
as a sum of Schubert systems {2, ;,} for which

—3dd+1)=p+o—(d+1)(n—d),

S&Y, {V;.J}' {I{r} = ZYko..‘ka{gko...kd}'

The main problem of the intersection theory on 2(d,n) is to
determine the numbers 7y, ;, in terms of the coefficients o,
Bs,...:.; in (2) and (3). Now we have

v, p}-{%} = Zi‘:Zj:“io...id/}jo...fd{ﬂio...id}-{910...ja}2

hence this problem will be completely solved if we can find the

HPII 23
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equivalences for {; ;}.{;. ;) for all values of i,,...,1,
Jos +++»Jq such that
2+ Zjp—d(d+1) = (n—d) (d+1).
This section is devoted to the solution of this problem.

An equivalent problem is the following: if Q,; .., &, ;. are two
Schubert varieties, to find an equivalence for , .. ., ;. in
terms of Schubert varieties. We first solve this problem in the case
in which Q; ., is a Schubert variety o, =, 4 44 41,0 88
defined in § 4.

By §5, Th. I,

ﬂio...id' Op ~ Z/\ko...kd ﬂko...kd’

where the summation is over distinet sets of integers k,, ..., k; such

that 0<ky<...<kz<n,

Xk, = Zi,—h.
Selecting any of these sets k,, ..., k;, we have, asin § 5,
Aoty = (i 13- Ry ny- On)-
By Theorems IIT and IV of § 4, we conclude that
Ao, kg = 0
unless tg g <n—(n—kg141) <igpy

for all ¢, and if these inequalities are satisfied we have

Aoig = 1.
Hence ;,..ig-On~ 2R, 1y (4)
where the summation is over all distinct sets ky, ..., kg, such that
0<ky<tg Tg<hy<iy, ooy Gg_41<kz<ig
2Lhy=2i,—h.

The formula (4) is usually called Pieri’s formula.

We use formula (4) to show that any Schubert variety is virtually
equivalent to a variety which is the sum of intersections of varieties
o, (k= 0,...,n—d). Consider the vdriety Q, ... Ifa;=n—d+7
(t=0,...,d), R, o, = 2(d,n) = 6, and there is nothing to prove.
Any other Schubert variety can be written in the form

sza.,...a,ﬂ.—d+r+l...ns Where 0 SYAN d:

and 0<ay<a;<...<a,<n—d+r.
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For convenience, we define a_, to be —1, and n—d +r to be m.
If 0<m—a;<n—d, we can define S The first condition, m > a;,
is satisfied by hypothesis. The second condition requires that a; > r.
Since a;>j, there is at least one value of j which satisfies this
condition. For any j satisfying the condition, we have

dim [an...a‘,_lajﬂ...a,m e MA O'm—aj]
r
= Zag+(m+ D+ +n—d@d+1)

= dim [an...a,.m+1...n]‘

Let p (p> —1) be the integer such that a, <7, a,,, >, and con-
sider the virtual variety

r
F = 1=§+1 ( - 1)1 an...aj_lajﬂ...a,m...n' <'m-—a«,' (5)
Using formula (4), we obtain the equivalence
F~ Z (— l)izﬂbz...b£m+1...m (6)
j=p+1 b

where, in the second summation, we include values of the bf_- which
satisfy the conditions

0<bi<ay ap<bi<ay, .., a;,<bi<a;,,

j
@y <bl<ay, ..., a,<bi<m.

r r (7)
Y bj =3 a,
i=0

i=0

We consider any Schubert variety which appears in any summa-
tion included in (6). It is of the form

900...c,-m+1...n’
where 0<cy<ay, ..., @, 1<Cc,<a,
and ¢,,y, ..., ¢, satisfy the inequalities
Cp<Cpi1<...<CEM,

and are distributed so that at most one of them lies in each of the
closed intervals

(ap +1, ap+1)’ (ap+1 +1, ap+2)’ L] (ar +1, m)°
23-2
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Moreover c; =

a,. (8)

oM+
oM~

There are r—p integers in the series Cpi1s+-+>Cpy and there are
r—p+1 intervals. Hence there is only one interval which is
unoccupied.

(@) Suppose that the interval (a,+1,a,,,) is unoccupied. Then
L. . .cmt1..n can arise only from the term in (6) with j = p+ 1.
We have

0<cosay, ..., a,,+1<c,<a,
@pt1<c, 1<, ..., a+l<e<m.

Adding these inequalities, we obtain

r r r
@G+r—a,< Y ;< Yo +m—a,,,,
i=0 i=0  i=0

and hence, on account of (8),
r—a,<0sm—a,,.

But by the definition of p, a,<r, and we have a contradiction.
Hence we conclude that there is no term £, . ,..;.., in the
summation (6) for which no c; lies in the interval (a,+1,a,,,).

(b) Suppose that the interval (@, + 1,m) is unoccupied. Then

0<cp<ay ay+1<c,<ay, ..., a,_;+1<¢c,<a,.

Adding these inequalities, we obtain

r r
26 < Xa,
0 0

and in view of (8), we must have ¢, = a; (1 = 0, ...,7). Further, the
term can only arise from the term in (8) with j = ». Thus the only
term which leaves the interval (@, + 1, m) unoccupied is

( - l)r ﬂao...armﬂ. e

(c) Iftheinterval (a; + 1,a;,,)is unoccupied, the term arises both
from the term in (6) with j = k, and from the term with j = k+ 1.
As these two terms have opposite signs, the two terms 2, . 11 »
must cancel out. Hence we conclude that F~ (— 1) Q
that is

ay...arm+1...n°

r
( -1y ﬂao...a,m-}-l...n ~ El( - l)j s'za,,,...a_;-; aj+1...arm...n" °'m—aj'
. p ’
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In what follows we shall formally introduce varieties 6, in which
% does not satisfy the conditions 0<% <n—d. We shall agree that
o, is the zero-variety when A does not satisfy these inequalities.
With this convention, the formula written above for Q
can then be written

ag...apm+1...n

»
( - l)r sza.,...a,n—d-(»r-{-l...'n ~ % ( - 1)7 gao...aj~1aj+1...a,-n—d—!-r...n . °n-d+r-aj'

(9)
We now use (9) to obtain the equivalence
an.. arn—d+r+l..n "~ Cp,y . Chotr ‘
ahr—l . ah]-l-'“l ( 10)
Ch—r - O, l

where b, =n—d+i—a; (1 =0,...,7) (a;<n—d+1,i>0), and the
right-hand side is to be evaluated as an algebraic determinant,
products being interpreted as intersections.

We prove this result by induction on ». For r = 0,

an'n—d+1...n = Op,»

by definition, hence there is nothing to prove. We therefore assume
that formula (10) is valid when » = s — 1, and prove it true for » = s
(s<d). By (9). we have

(-1yQ

oM«

—1)8
( 1) szao...a.,n—d+.1~1«4-l...nN ao...aj_1aj+1...a3n—d+s...n'cn—d+s—aj’

and since, by the hypothesis of induction, (10) is true for » = s—1,
we have

( - l)a gao...a,n—d+s+1...n

~ % ( _ 1)7 oho . cho+s-—1 'ahj+8~—j = ( - 1)8 °'hn . uho+a s
i=0

chj—l—j-{—l . Ghj_1+s—-j ch,‘ -8 cha

c"j+1—’j“1 . c'hja-r*'@-.’i‘2

ﬂhrs . Gh‘

and this establishes formula (10). We can write this formula in
another way, without having to distinguish in 2, ,, between the
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suffixes in which a;,<n—d+1% and those in which a;, = n—d +1.
In fact, if we write

hy=n—d+i—a, (¢=0,..,d),

we have
O + Ohgtd |=| Ony * Ohgtr Ohgrr+1 - - . Ohotd
Om-1 -+ Oh+d-1
Oh—r =+ O, Sp+1 -+ Onid—r
chd— d - ahd 0 . 0 [-/)}
o . o0 0 o,
0 . . . 0o . c,
where r is the largest integer for which a; <n—d +1, and since
= a-
Oh - Onud |=| Ong -+ Onger |-(60)* 7,

and o, = (d, n), we can omit the factor (o,)~". Hence

24..0a~| Ohe - Ongia |- (11)

Ohg—a -+  Ong

Formula (11) or (10) enables us to express any Schubert variety
in terms of intersections of varieties o;. This virtually solves
the intersection problem. To calculate an equivalence for
L, s, by We express each of the varieties in terms of inter-
sections of varieties o,. We then obtain an equivalence for the
intersection 2, ,..€; ,,in terms of intersections of varieties a,.
We express this intersection in terms of Schubert varieties €,

where Ze; = Za,+Zb,— (n—d) (d+1)— 3d(d+1).

Now any term g, ... o;, can be expressed in terms of the Schubert
varieties &, .. by repeated application of (9), since

0...Cd?

G = szn—d-—h n—d+1...n°

The formula is rather complicated, and we do not give it. It is
simpler to apply the process outlined above in particular cases
when required, than to use a general formula.
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It should be pointed out that it is sometimes more convenient
to use the varieties o ... o, where the integers i, ..., %, take all
values subject to the conditions '

1<iy<n—d, Ziy=(n—-d)(d+1)-p,

as a base for the p-dimensional varieties on 2(d, n). For, using (11),
we can express any Schubert variety €, ,, of dimension p in
terms of these. In terms of this base, the intersection problem is
trivial. But this basis has the disadvantage that it is not minimal.
For instance, on (1, 3), o}~ 20, . 0,.

7. Applications to enumerative geometry. The results
proved so far in this chapter are not only of interest as properties
of Grassmann varieties, but are also of importance because of their
applications to the enumerative geometry of systems of d-spaces
in 8,. Any algebraic system & of d-spaces of S, consists of the
d-spaces of S, which are represented by the points of an algebraic
variety V of 2(d,n). & is irreducible if and only if V is irreducible,
and the dimension of G ig, by definition, the dimension of V. If
there are x d-spaces of & which have a property ¢, z is called
the enumerative character of G determined by ¢. The properties
¢ considered are the properties of belonging to given algebraic
systems. Hence the d-spaces of S, which have an assigned property
¢ are represented by the points of £(d,n) which lie on some sub-
variety U, whose properties are assumed to be known. The x
d-spaces of G with the property ¢ are just the d-spaces represented
by the intersection U,V on 2(d,n). This point-set intersection
may be very complicated, and to obtain a satisfactory mathe-
matical theory we change our point of view.

Let the equations of ¥ be

f’i(""X‘I:o...id"")=0 (@': 1,-.-,7‘).

Then if a;; (¢,j = 0, ...,n) be (n+1)? independent indeterminates
over K, the equations

fi(...,):aiojo... “idjdeO---jd’ ...) = O (i = 1, ...,7‘)

define an algebraic variety V* ‘belonging to the same system as V’,
and therefore define a system of d-spaces S* equivalent to &
[XIL,§ 10]. The enumerative properties of G which we now seek are
not so much properties of G itself, but of the system of systems of
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which G* is a generic member. Having obtained the enumerative
properties of S* corresponding to the property ¢, we can obtain
the enumerative properties of G corresponding to ¢ by proper
specialisation. If U,V is of dimension zero (or vacuous), we can
attach a multiplicity to each of the intersections of U and V, that
is, to each d-space of G with the property ¢, and it is the number of
d-spaces of G with the property ¢, each counted with its multiplicity,
when this is defined, which is the enumerative property sought.
Thus the enumerative properties of S are intersection properties
on 2(d,n). It is clear that if dim U+dim V> (d+1)(n—d), the
intersection U, V* is either empty or of dimension greater than
zero [XII, §6, Th. I}, and that if dim U +dim V < (d+ 1) (n —d) we
have U, V* = 0. Hence we need only consider the case in which
dim U+dim V = (d+1) (n—d).

When this equality holds the intersection U, V2 is evidently
unaltered if we omit components of U and of V whose dimensions
are respectively less than dim U and dim V. Hence we need only
consider the case in which U and V are unmixed. Since U and V
are of complementary dimension, it then follows that the inter-
sections of U and V, when finite in number, all have positive
multiplicity [XTI, §§7, 8].

Hence S is taken to be an unmixed system of d-spaces of dimen-
sion p, and the property ¢ is represented by an unmixed variety U
of dimension o = (d+1)(n—d)—p. To find the enumerative
property of & corresponding to the property ¢ we must find
x = (U.V). Now ¢ is supposed to be known, that is, the properties
of U are known. Therefore, in the equivalence [§ 5]

U~ E/\bo...bd Qbo...bd
the numbers A, ,, are known. Then x is given by the equation
€ = (U° V) = E/\bo...bd(gbo...bd' V)’
and z is known if the numbers -

:ubo...bd. = (Rbo...bd' V)

are known for all sets b, ..., bz such that

0<by<by<... <by,

$b,—3d(d+1) = o.
i=0
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Thus the enumerative characters of G can be determined whenever
we know the numbers y;, ;. of V (that is, of S). These numbers are
called the elementary enumerative characters of S.

Systems of d-spaces arise in many problems in geometry. For
instance, when a system of lines in S, generates a variety ¥V}, the
enumerative characters of S determine important properties of ¥;.

Again, if M is an irreducible variety of dimension ¢ in S,, we can
associate with it an irreducible system of d-spaces for each value
of d from 0 to e, as follows. Let £ be a generic point of M, and let 7
be a generic d-space of the system of d-spaces which pass through
£ and lie in the tangent e-space to M at £. The properties of the
system &, of d-spaces whose generic member is 7 are clearly pro-
perties of M. The elementary enumerative characters of the S,
are called projective characters of M.

Consider, for instance, the case n = 3, ¢ = 2. We have to consider
" systems &,, &;, S,. The first system, S,, is simply the system of
points of M. Its only enumerative character is the number of
points of S, on a line. The corresponding projective character of M
is its order. & is a system of lines in S, of dimension three, and the
one enumerative character of G, is the number of lines in &, which
pass through a generic point of S; and lie in a generic plane through
the point. Hence the corresponding projective character of M is
the number of tangents which can be drawn in a generic plane
section through a generic point, or the class of a generic plane
section. Finally, the only enumerative character of &, is the num-
ber of planes of the system through a generic line of S;; that is, it
is the number of tangent planes to M through a generic line of
S;—the class of M.

Returning to the general problem of the determination of the
enumerative characters of an irreducible system & of d-spaces, we
have seen that these are determined if the elementary enumerative
characters of © are known, that is if the intersection numbers
(V. ;) are known, where V is the image of & on £(d,n).
A method for determining these intersection numbers has been
indicated in § 5.

There is one important type of problem in enumerative geometry
in which the elementary enumerative characters can be computed
at once. If S, & are two irreducible systems of d-spaces in general
position (that is, the corresponding varieties ¥, V' on £2(d,n)
intersect simply) whose enumerative characters are known, we
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can find the enumerative characters of ¥V, V’, the components of
intersection being counted simply. For if

I’"’zjl"ao...ads‘2

’
and | 4 ~2Vb°mbd$2bombd

Qg...0d

where the v, .., Vs,. 5, 8T€ known,
V.' V'~ “:vao...ad Vbo...b,igao...ad- Qbo...bd’
and by the intersection formulae of §6 we can determine the

equivalences
nao...ad . Qbo...bd ~ an,b ﬂco...cd'

We then have the equivalence
!
V.V~ ZVao...ad Vbe...54Ca, b ﬂco...cd’

and the coefficients v, ,,Vs,.54Cs,» in this equivalence are the
enumerative characters of V. V".

We now give some examples of the application of the methods
developed in this chapter, and compare the algebraic processes
involved, whose correctness we have established, with the corre-
sponding traditional geometrical methods of the Schubert calculus.

We determine the number of lines which meet four generic lines
a, b, ¢, d in S;. The lines meeting a given line determine an 2, 3 = ;.
By Pieri’s formula [§ 6, (4), p. 354],

R,3.0,~2Q 5,

where 0<by<1, 1<b,<3, by+b;, =1+3—1 =3, so that b, = 0,
b, = 3and b, = 1, b, = 2 are the solutions. Hence

R, 3.0,~ 25+ 5.

The system of lines meeting two given lines a, b is therefore equi-
valent to the system of lines passing through a point together with
the system of lines lying in a plane. By making the two given lines
@, b meet, and thus degenerating the system of lines we are
considering, this result would have been indicated, but we should
have been uncertain of the correct mu1t1ph01t1es to attach to the
component systems Again

Q5.2 5.6,~23.0,+R, 5.0, ~ 2, + 5,
and 91’3.91’3.91'3.61’\’ 230,2'61~ 290'1.
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Hence there are two solutions to the problem, since £, , consists of
one line. By the traditional Schubert methods this result would
have been indicated, but not proved, by taking the line through the
intersection of @, b which meets ¢, d, and the line joining the points
in which ¢ and d respectively meet the plane determined by a, b.

As another example let us determine the number of lines which
meet six planes generally chosen in S,. The system of lines meeting
any plane in S, is a Schubert system 2, , = o;. We have therefore
to determine the intersection number of six such varieties on
(1, 4). Using Pieri’s formula,

Q,,4.0,~Q, ,+Q,,, (1)

Q,4-0254.0:~ 4.0+ R, 3.0~ (R 4 +R5)+ 2,5 (2)
R5,4-8254.054.0;~ 4.6, +2R; 3.6, ~ Ry 5 +2(Ry 3+ 2, 5), (3)
24825 4.2, 4.5 4.0,~3Q) 5.0, +2Q, ,.6,~32,,+29,,, (4)

and finally
92,4.92’4- 92'4. 92,4.92’4.61"’590’2- 0‘1~ 590,1. (5)

Hence the number of lines is 5.

Let us consider some of the steps of the above process gec-
metrically.

(i) By replacing 2, ,.0, by Q, ,+, ; we say that the system
of lines which meet two generic planes in 8, is equivalent to the
system of lines meeting a line plus the system lying in an S,. This
is precisely what arises when the two given planes are specialised
to meet in a line /;, and hence lie in an S;. The lines meeting the two
planes either meet /;, or meet both planes and lie in the S; which
they determine.

(ii) When we replace &, ,.0, by £,,+ R, 5 we are replacing the
system of lines meeting /, and a plane by the system of lines through
a point in S, and the system of lines in an S; which meet a line. This
is the situation which arises when /, meets the plane in a point O,
and hence determines, with the plane, an S;. The lines required
either pass through O, or meet /; and lie in S;.

(iii), The system £, 3.0, represents the lines in an S3 which meet
a line /, in S; and a plane 7 of S,; this system is replaced by Q, ,
the system of lines in an §; which pass through a point, and Q, ,,
the system of lines in a plane. If 7 is allowed to meet I, the given
degeneration takes place. In fact, the lines either pass through the
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point /, , m and lie in S, or meet ,, and the intersection of 7 and S,
which is now a line meeting /,.

Pieri’s formula can also be used to find the order of the Schubert
variety 2, , . 4, If the Grassmann variety (d,n) lies in Sy,
and 7 denotes a generic prime section of 2(d, n), we assert that

T=o0,.

This follows from the fact that only one linear condition has to be
satisfied for an S; to meet a generic S,_;_;, so that o, is cut on
£2(d,n) by a prime section, and all prime sections of 2(d,n) are
algebraically equivalent. Hence

Q T~

apai...aq apay...aq " g,

~ Zﬂbobl k¥

by Pieri’s formula, where the summation is over values of by, by, ..., b,
satisfying the inequalities

0<by< ay, a0<b1<a1, ceey Bg_3<bg<ay,
d
Zbc Ea—l

=0
Hence

gao...ad LT nao—l ay...aq + gaoal-l...ad +...+ anal...ad—l’

where we exclude any variety (2, . ., appearing in this equi-
valence if the inequa,lities 0<cy<e,y <... <cq4are not satisfied.

The order of 2, ,,is equal to the number of points in which it
is met by p generic primes of Sy, where p = Za —3}d(d+1) is the

dimension of 2, ... Hence the order of .Q .ag 18 equal to the
order of the prime section 2, ,..7, and thls in its turn is equal
to the sum of the orders of the Schubert varieties which appear in
the above equivalence. Hence if we denote the order of 2, ., by
g(ag, aq, ..., a;), we have the recurrence relation

9(@g, 2y, ..., a5) = glag—1,ay4,...,a;5)+9(ag,a,—1,...,a5)+...
+9(ag, -..,ag5—1), (6)
where g(cg, ¢y, ..., ¢z) = 0 if the inequalities ¢y <¢; <... <¢cz are not
satisfied.
We know that g(0, 1, ...,d) = 1, since §,, _; consists of a single
Y; and is represented on £2(d, ) by a single point. We now prove
that !

e lg) = -a,), 7
g(ao: ay, a’(l) aO! ---ad!/\l,\],u(a,\ a,u) ( )



7. APPLICATIONS TO ENUMERATIVE GEOMETRY . 365

where, as above, p = Za —4d(d+1) is the dimension of 2, .

This formula is valid when a,=0,a, =1,...,a; = d, with the usual
convention that 0! = 1. We also note that we obtain the value zero if
any of the inequalities in ¢y < @, < ... <a,isreplaced by an equality.

We therefore suppose that it is true for all Schubert varieties

Dyop,..0, Whenever Z b, < 2 al, and apply it to equation (6). We
i=0
then find that

_ (=T ]
Aoy Ayy oeny @) = - a a,—ay,+1 a,—a,)+...
g(ag, ay ) ay! --~ad!L o/\l;IO( A~ G ))«>1}>0( A— @)
_ (p—1)! P ad ad? S |
= %
a! ... ag! al_, ad} .1
af ag—? |
L | @-1)% (gq—-1)%*1 . 1
+a, ad e o1+
ag_l ag:l . 1
| . . .
@-1 (@-1 1
' ad ad-1 |

We consider the expression inside the brackets, and denote it by
f(ag, @y, ..., a4). It is evident that

f@g oo @y 150,813, ey Qg g, Qg By, -5 Bg)
= —‘f(ao, ceey ai_l, a a,L+1, ceey aj_l, aj, aj+1, veey ad),
that is, interchanging a, and a; changes the sign of f(ay, a;, ..., ag).

Hence f(ay, a4, ..., @) contains D = I (2, —a,) as a factor, and f/D
A>p
is a symmetric polynomial in ay, a,, ..., @;. By comparing the degrees

of f(ay, @y, .-, ag) and D, it is clear that f|D is of the first degree in
@y, @y, ..., a3. Hence

a

flag,ay, ..., a5)[D = a,zai+ﬂ’, (8)
where o and g are rational numbers. The coefficient of ag+! in
f(a’o’al: . ad) 18 ( l)d ad—-l ) 1 ,

ail . 1
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and this is equal to the coefficient of ad in D. Therefore o = 1.
Now put a¢; =% (¢ = 0,...,d) in (8). Then f(0,1,...,d) = 0, since in
the determinantal expression for f(a,,a,,...,a;) the first deter-
minant is zero after multiplication by a, = 0, and in each of the
other determinants two rows become identical after the substitu-
tions have been made. It follows from (8) that

a[3d(d+1)]+8 =0,

and so ’ B =—3d@+1).
a
Hence aXa;+p=p,
i=0
pl
and g(ao: ay, ---,ad) =

a,! ... a4 AI}”(a’\_a")’
which proves (7).
In particular, since

Qn—dn—d+1...n = Q(d’ n),

and p=(d+1)(n—d)
in this case, the order of 2(d, n) is
112!...d!p! U2l dl[(d+1) (n—d)]! )
m—dlm—dtrDl..n - = m—d+)lnl -

Finally, we prove that two quadrics in S, have, in general, sixteen
lines in common. We saw, in Chapter XIII, §4, Th. III, that an
irreducible quadric @ in S, contains an irreducible system of lines,
of dimension three. If this system of lines be represented on (1, 4)
by the irreducible variety V, then

VaZ2, ..

Qp, Ay, Qg, Ay °

where ag+a,—1 =3,
Now (V.820,4) = A(820,4- 820, 4) + (820, 4. 82y,5)

but no line of the quadric passes through a generic point of §,.
Therefore A = 0. On the other hand,

(V.R,3) = A(82q,4.82,,3) + 4(82,5- 821, 5)
= ﬂ,,
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A generic three-dimensional space intersects the quadric in a
quadric lying in this 3-space, and four lines of this quadric in 3-space
meet a generic line of this space, since the line cuts the quadric at
two distinct points, and therefore meets a generator of each system
at each point. Hence u = 4, and

V~ 491' 3

Let @' be any other quadric in S,, and let ¥’ be the variety on
£(1, 4) which represents the lines on @’. We consider a 5 x 5 matrix
a whose elements are independent indeterminates. The collinea-
tion x>y, where z = oy,

transforms @ into a quadric @* and induces a transformation of
V into a variety V*which represents the lines on @*; V*is the variety
obtained from ¥V by projective transformation [§5], and V% and
V'’ intersect simply, if at all. Since
(Ve.V') = (V.V') = (48;,5.4R, ;5) = 16(R,; 5. 2, ;) = 16,

V> and V' have sixteen points in common. When we specialise o
to the unit matrix, we conclude

(i) that V and V' have at least one point in common, that is,
@ and @’ have at least one line in common;

(ii) if the number of lines common to @ and @’ is finite, unique
positive multiplicities can be attached to each, and the sum of these
multiplicities is sixteen.

+ 8. Varieties of dimension (n-d)(d+1)-1 on 2(d,n). So
far, the properties of £2(d,n) which we have considered in this
chapter are those which illustrate certain general properties of
algebraic varieties which have been discussed in earlier chapters.
We conclude this chapter with the consideration of one or two
further properties of £2(d,n) which do not fall into this category
(though that considered in the next section is, in.fact, related to an
important general question not discussed in this book).

We have seen [X, § 5, Th. III] that if V is an unmixed variety
of n— 1 dimensions in §,,, V is defined by a single equation

f@)=f(z,, ..., 2,) = 0.
A similar proof, which we do not give, enables us to prove that if

V is an unmixed variety of dimension Zn;—1in S, .., Vis given
by a single equation g1 4%) = 0,

irreducible if V is irreducible.
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On the other hand, there are many varieties of dimension d in
8§,, which contain unmixed varieties of dimension d — 1 which are
not the intersection of the variety with a primal. For example,
we consider a non-singular quadric surface @, in S;, and a line I
lying on it. Suppose there exists a primal V in S, such that

VAQ‘Z = l-
Any generator I’ of the same system on @, as ! does not meet .
Henc'e 0=1,0=V,Qul = V.l

Thus I does not meet V. But any line has at least one point in

common with a primal; so we have a contradiction. It follows that

there is no surface in S; whose total intersection with @, is a line.
In this section we prove

TueorREM 1. Every unmized variety V of dimension p(d,n)— 1
on £2(d, n) is the complete intersection of 2(d, n) with a primal.

Here p(d,n) denotes the dimension (n—d) (d+ 1) of 2(d,n). We
need only consider the case in which V is irreducible.

Let .F;:(-.., Xio---id’ ...) = O (1: = 1, 2, ...) (l)

be the equations of V, and let % be a generic point of it. We
consider a correspondence I', between the (d + 1)-way space S, ,

and the space Sy containing Q(d,n), which is defined by the
equations (1) and

B (=17 e X,
r=0

where (29, ...,2@) is the coordinate system in S, ,. For any
specialisation of 7, the equations deduced from (2) are of rank n—d
in (2, ...,29); and by an immediate extension of the argument of
§ 5 of Chapter XI, we conclude that I'is irreducible, and of dimen-
sion p(d,n)—1+d(d+1). From the equations of I" we see

(i) that if X is any point of ¥, the corresponding points of S, _,
are all the points (29, ...,%%) such that Z’ is a point of the d-space
in S, corresponding to X (i = 0, ...,d);

(ii) that if (2°...,7%) is any point of the object-variety M
of I'in 8, ,, any point of Sy corresponding to it must represent
a d-space through #* (i = 0,...,d), and in particular if z°, ..., 74
are independent points of S, the point of Sy corresponding to it is -
unique, since only one d-space contains z?, ..., Z?.

=0 (allig,...,iq,154 =0,....d), (2)

1’ir+1...id+1
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Let £°,...,£% be d+1 independent generic solutions of the
equations d +1

2 (=1y Zip M. ip—rtrsreiger = 0,
r=0

and let £ = (£°,...,£9). Then (£,7) is a generic point of I'. £ is a
generic point of the object-variety M. Since £°, ..., £% are indepen-
dent points of 8, it follows from (ii) that to £ there corresponds a
unique point in Sy. If M is of dimension o, we therefore have, by
the principle of counting constants,

0+ 0=dim "= p(d,n)—1+d(d+1),
that is o=n(d+1)—1.

Since M is irreducible and of dimension n(d+1)—1in S, ,, it
follows from the result quoted above that it is given by a unique
irreducible equation F@, ..., a4 = 0.

Ifz = (2°, ...,7%) is any point of M, there exists a d-space containing
Z° ...,z% which corresponds to Z in I'. Since Z, ..., 7%, where
(%9 .-, t4) is a derangement of (0, ...,d), lie in a d-space represented
by a point of V, (%%, ..., Z%) lies on M. In particular, (&%, ..., £4d) lies

on M. If (0 d ) is the substitution inverse to (0 d ), we
‘70.“‘7‘1 ’l«o...'l/d
conclude that f(&o, ..., ata)

vanishes on M, and hence contains f(z°, ...,2%) as a factor. It is
trivial to see that this implies that f(9,...,2%) is of the same
degree g in (zf, ...,2%) for ¢+ = 0, ..., d.

A similar argument shows that if A is any new indeterminate,
(89 ..., 8L, gi+ ALY, £+ . £2) lies on M. Hence

f goi o gi + Ag, o gd) =0,

thatis, S8 ... 60+ A DL @ £+
and hence p! §£—f¢ (&, ...,£) =0,
& Ok
that is, 2x§,§f7(x0, )
k Ly

vanishes on M. Hence it contains f(z?,...,z%) as a factor, or else
is zero. If j 1, the degree in «¢ is g — 1, hence f cannot be a factor.

HPII 24
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0

Thus Zx,’,a—f;(xo,...,xd)ao (j£1).
) L

The argument of X, § 7, Th. IV, then enables us to deduce that
f@...,29)=F(..., |2}, ...a%],...),

where F is of order g.
Now consider any polynomial &(..., X, ;....) which vanishes
on V. Th
en ¢(""177:0~--7:d"")=0'

But (...,7;, . ---) i8 the unique d-space containing £9,...,£%
Hence we may take

ﬂio...id = ggo . gd s

d d

% ia
and therefore o | 3, EL ) .) =0
Therefore &(...,|2%,...2%|,...) vanishes on M (or else vanishes
identically) and we can therefore write

D(..., |29, ... x4 |, ...) =¥ (2, ..., 2%) f(a®
Now 54} ‘f—owz),
and therefore fc 5l 1ﬁi f+y Z x’ af
But since f£0, 2 xk—"i =0,
axk

and so E @, 8_x¢_:; =

Therefore we may write

Y@, ..., a9 =YP(...,|a3,...2%],...).
NOW ¢(... X’io...’id"")_ ('“’X'tO---'ld’"')F(“"X‘tm--'td"")
is a form in X; , which vanishes when we put

a3

Lo...8d

— | 0
X’to...ia—' g

0 da |?
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where the z§ are indeterminates. Hence it must vanish on 2(d, n),
and is therefore expressible in terms of the basis for the equations
of 2(d,n) [§1]. Since, conversely, F(..., X; ;. ...) = 0 is satisfied
by the generic point (..., |£3,...,£%|,...) of V, it follows that V is
determined by the equations of 2(d, n) and the single equation

F(o Xy i) = 0, 3)

that is, V is the intersection of 2(d, n) and the primal (3).

9. Postulation formula for Q, , ... Let V be any algebraic
variety in 8. If f(z,, ..., z,) and g(z,, ..., z,) are two homogeneous
polynomials over K of degree m which vanish on V, then af + bg,
where a and b are elements of K, is either the zero form or is a
form of order m vanishing on V. Hence the forms of order m
which vanish on V¥ form a linear set over K. Let

Ji(@gs o0y ®y) (3=0,...,7,)

be a K-basis for the forms of order m which vanish on V; we further
suppose that the basis is independent over K. The forms of order m
in z,, ..., x, can be represented by the points of Sy, , where

n+m
Nm+1=( n );

each form being represented by the point whose coordinates are
its coefficients. The forms which vanish on V form a linear sub-
space of dimension 7,,. The number p,, = N,,—7r,,, which is the
number of linearly independent linear conditions which the coeffi-
cients of a form f are subjected to in order that f should vanish on
V is an important character of the variety ¥ in §,; it is called the
postulation of V for primals of order m. From what has been said,
it has a definite value for each m, but it is the formula expressing
it as a function of m which has to be obtained. The problem is a
difficult one, and in general all that can be said is that for V there
exists a polynomial k(z) with rational coefficients, of degree
[dim V], with the property that p,, = k(m) provided that m is suffi-
ciently large.

In the case in which V is 2(d,n), or a Schubert variety
£,,..ap it can be shown that the postulation of V for primals of
order m is expressible as a polynomial in m valid for all positive

24-2
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integral values of m. As this formula is of frequent application
in the theory of systems of d-spaces in §,,, we conclude this chapter
by obtaining the formula for the postulation of 2, ,,. This of
course includes the case 2,,_; , = 2(d,n).

Let 2, 4,4, be the Schubert variety on £(d,n) defined by the
spaces A, A,<...c 4, where 4, is of dimension a,. We choose

the coordinate system so that 4, has the equations
o= ... =2, 1=0 (¢, =n—a,). (1)

Let £&¢-" (12 a,; r = ,d)be Z(n—a,+1) mdependent indeter-
minates over K. Then the point

(,...,0,8¢, ..., £-7)

ay ?

is a generic point of 4,. If p;, ;. denotes the determinant formed
from the (35 + 1)th, ..., (¢;+ 1)th columns of the matrix

o . 0 . &, . . e 8

0.0.0.;‘,_1....&,’(2)

0.0 . . . . 0. g . &
‘then p=(...,p 4p---) I8 & generic point of Ry, 4 If
Pjo...sa=0s L4ya,...a, S8tisfies the linear equation

Xfomfd =0

in the related coordinate system in Sy. We find which of the p;,  ,
are not identically zero. We may assume that iy <14, < ... <1,.

The determinant p,, _;, is zero if, for any value of r in the range
0,...,d, we have i, <a;_,. For if this is the case for some value of r,
the element in the (i 4+ 1)th row and (j + 1)th column of the deter-
minant is zero whenever ¢ >r, j<r, and the result follows by ex-
panding the determinant in terms of the first r+ 1 columns. On
the other hand, if ¢, > a4_, (r = 0, ...,d), we consider the specialisa-
tion of the determinant obtained by specialising

£i—~>0 (i%1,),
g1 (r=0,..,4d).
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The specialised determinant is equal to 1, and therefore p;, ;, +0.
Thus p,, ;,isnotidenticallyzeroifand onlyif 4, > a4, (r = 0,...,d).

To calculate the number of non-zero determinants p,. ;, we
have merely to find the number of sets of integers 4, ..., i; which
satisfy the inequalities

0<ty<ty<... <tg<m,

8 20y
This number is clearly

n ta—1 ta—1 d—1

> X .. X XL

Tg=cy lg_1=0a1 Hh=ag_1te=0aa

We find this sum by an induction argument, assuming as our
hypothesis of induction the formula
w—1

-y s S

ik-1=0d—k+1 To=ag

(=) (i) 1

(“d;cku) (“l;z—_kix) (“d—lk+1)

- (“ld) 1 0 0 @
() () e o
(i) (i) 1
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This formula is clearly true when & = 1. We now have

Tg4+1—1

(= 1)k+1

=gk tk-1=0d—k+1

Tk+1—1

r=aa_p

tk+1—1

lr=ad-t

-1

X pX

The first summation comes to

= (bp41— %g—r)

(

%g
1
“d—1) %g—
1

2

(%)

k

)

[w—

) 1

(“d—k+1

1

In the second summation we obtain the determinant

(%)

0

)
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Using the formulai
b (A+e) _ (b+c+1) [a+c *
2('7)=Can)-60) ®

the last row of this determinant becomes

Ak
k+1

V41

(Ic+1

)=

) (%)

_ (“76*), (ikzﬂ) -

This determinant is therefore equal to

2

(O‘d—k

).

_ %g g
(1) 10 + (1) 10 0
Xg—k+2 Ag—k+2
(i) v () )
Ag—k “d—k) i1 ) (ik-u)
E¥1 2 k+1 2

and these are easily combined with the two determinants resulting
from the first summation to give two determinants of order k+1,

(7) 0
() - () o
(c3) () (%Y

1

(%) ()
) () (%)

. . . r+l) _ <r> ( )
} Derived immediately from <s+1 =1, + stl)'

Y41

(k+1
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The formula (3) is therefore proved. If k = d+1, and 453,, — 1 = =,
we obtain the number w,,, o, of non-zero determinants p, ;.
as the single determinant:

waoal...aa

=(—1)d+ (1) 1 0 . 0

(=) -

o n+1 Qg n+1
— — . - 1
(d+1) (d+1) (d) ( d %= (r+1)
To obtain this determinant in a more convenient form we form a
new column 1 = column 1 — column 2+ column 3 — column 4+ ...,

anew column 2 = column 2 — column 3 + column 4 — column 5 + ...,
and so on, using the formula}

(:)_(SZI)J’(sfz)""*‘“”’=(r;l)- ()
We then tind that

w

Qo ay...aq

= (—1)+ (“"1_1) | 1 0. 0

%gq—1 ag-1—1
( 2 ) ( 1 ) b0

(5 IR -y I
(o;lozll)‘(dil) (%; 1)‘(3) . (@=1)-n

which is of the same form as the determinant above, but with
ag—1,...,a3—1,m—1 for e, ..., a3 n respectively. We note that

1 Obtained by comparing coefficients of 2% in (1+)” (1+x)~1and (1+x)"1.
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(f;) =p(p—1)...(p—q+1)/q!, whatever the integer p, provided

that ¢>0, and we define g) =1 and f’ Ic) = 0 for use in future

calculations. We now repeat the above transformation on the
derived determinant and after » such steps we have

()]

Aoar...q¢ 1

= (—1)a1 (ad_ln_ ) 1 0 . 0
ogq—n—1 og1—n—1
(3" (") o
og—n—1 op—n—1 .
( d+1 ) ( d ) .. ag—n—1

(4)
It is this form of the determinant which we shall use as the basis of
a- further induction.
We now wish to calculate the number of power-products

Ko iaXjo..ia - Xig..da (5)

of degree m, no linear combination of which vanishes identically
when the X, ,. are replaced by the determinantal expressions
Ds,...i; Obtained from (3). We do this by determining a certain set
of power-products of degree m with the following properties:

(i) no linear combination of these power-products is identically
zero after the determinantal substitution is made;

(ii) every power-product of degree m, and hence every form of
degree m in the X; ., can be expressed as a linear combination
of the power-products in the set, modulo the equations of 2, ..

This set of power-products will be called standard power-
products of degree m. To define them we represent a power-product
(5) by a tableau .

to Jo - o

7;1 jl . ll (6)
e Ja - la

Each column contains the d+ 1 suffixes corresponding to a term
in the power-product. Since the power-product is of degree m,
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there are m columns. We shall assume that the suffixes corre-
sponding to any term are arranged so that the numbers increase
as we go down any particular column. It may be possible to re-
arrange the order of the terms in (5) so that the numbers in any
row do not decrease as we go along the row. If this is so the
tableau is said to be a standard tableau, and the corresponding
power-product is said to be a standard power-product. Hence any
tableau of d+ 1 rows and m columns corresponds to a standard
power-product in the X, ., of degree m if the numbers in any
column increase (stnctly) as we go down the column, and the
numbers in any row do not decrease as we go along the row. In
particular, any power-product (X, ;)™ is standard, and so is
(X4p1,...49™ Where i <4y <... <ig

TreEOREM 1. Any power-product of degree m can be expressed as
a sum of standard power-products of degree m modulo the quadratic
relations satisfied by Grassmann coordinates.

We know that [VII, § 6]

d+1 :
p§0( - 1)ppiq...‘id_qfppjo...jp—11p+1...1d+1 = O’ (7)
and that the quadratic relations may be written in the form
d
Pi,...5aPj0... 34 =p§0Pto...i,,_lj,,im...«:dpj.,...1,,_1{,,1,,“...1,1- (8)

From (7) we deduce a more general form of relation
2 .'fa-Hpil g da-a Pl A ss dgsrky g—n = =0, (9)

where the summation is over all possible values of [, ...,7;,,, and
o ";; is a Kronecker delta [II, §8, p. 74]. To prove (9) we first

note that when A = d we obtain (7). In fact, (7) is (in a shghtly
modified notation)

Z 81' ?(H-xpil Aal P g = = 0. (10)
Now, using (8), we have the equation

.pix...i,\lo...ld..Apla-,\ﬂ...idﬂ ky...kg—p
A+1
=I‘§lpﬁ---'b\lo---ld—A—xld—Mupld—Aﬂ---‘d-A +u—1ld=-ald-A+pedd+1Kr. Kg-a

d-2
+”§lpﬁ...1‘;\l¢...ld_,\_ 1k Py pirdger By Ry—1ld-akus 1. Ka-a'
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For a fixed value of u

ly..
28 1d+1p11 AAlo..dd— X—xld—/\ﬂ‘pld A+veedd-a+p-1lg-ali-A+p..ld+1 Kr.. . Keg-a

= —Z Ja+;pi1 Aalo.dd-r-1ld-a Pl a1 daer by kgn

interchanging the summation suffixes 7;_,,, and [;_,. Also

ly..
28 fd+1p7:1 Ao da-a- 1kup1d A+tdaar k. ky_alg-aku+1..kd-a

— 1)é+ Jo.
= (—1)%* 2 8 Fo j,,+,pi1...i)\k,‘lo...ld_)\_;p.ld_a...ldukl..-kp-l Kp+1..ka-n
by the skew-symmetric property of Grassmann coordinates. Hence

loeoola+
?35...4,:.2’11...1;10 Ja-a Py pirdgin ko da—a

—_ loe o la+ .
- (A + 1) Z ajoa jd_),l,p’lq_...i,\lo...ld_A_lld-).pld_,\+1...ld+1 Ei...kg—a
— 1)d+ ly.
+ Z( l) /‘26 Fo- 1d+;ph dakploedd-a—1Plg_p . dgir Fey.. Fep-1kpsrka-ac

If {9) is true when A is replaced by A+ 1, the second term of this
last equation is zero, and we deduce that

Toe. ol —
(/\'*' 2) Z 8 o f;_-'_‘p’il...iAlo...ld_Apld—A+1~--ld+],kl...kd—l\ - 0’

that is, (9) is true. Since the equation (9) is true when A = d, it
is true when A =d—-1,d-2, ..., 1, 0.

Now consider any power-product of degree m in the X, ,.,and
construct the corresponding tableau. Let N be any number greater
than 1. We define the measure of the tableau to be N™ times the
sum of the numbers in the first column plus N™-! times the sum of
the numbers in the second column plus, etc. We show that if the
tableau is not standard we can replace the power-product of degree
m by a sum of power-products of degree m, each of which has a
tableau of smaller measure. Indeed, if the tableau is not standard
there is a pair of adjacent columns, say the kth and (k + 1)th, with
the entries

o Jo
tq  Ja
such that for some A < d,

Jo<Ji< ... <Ja<ip<...<ig
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We then consider the particular case of (9),

% Ot X v datooda Xihsrdgsionia_y = O- (11)

By means of this equation we replace the factor
X‘to...id Xj'o... fd

in the power-product under consideration by a sum of quadratic
terms, and the power-product is replaced by a sum of power-
products, each of degree m, each of which can be represented by
a tableau which differs from the original tableau only in the kth
and (k+1)th columns; consideration of (11) shows that these
columns have been altered by the interchange of certain of the
numbers j,, ...,J, in the (k+ 1)th column with a corresponding set
of larger numbers from the kth column, and then rearranging the
numbers in each column so that they increase as we descend the
column. If the sum of the numbers in the kth column has been .
reduced by o, the sum of the numbers in the (£ + 1)th column is.
.increased by o, and the measure of the tableau is decreased by
o(Nm—k+1_ Nm-k)> (), Now the measure of any tableau is not
negative; hence we cannot carry on this process indefinitely. We
therefore reach a set of standard power-products of degree m
after a finite number of operations. This completes the proof of
Theorem 1.

Now let F(...,X; ;,-..) be any form of degree m in X, ..,
and let it be reduced, modulo the quadratic p-relations, to the
sum of standard power-products of degree m

Eaij...lXi.,...id on...jd Xzo...zd
+2bi5. X4, 00K s 50 Kyt

where the first summation involves power-products which become
zero after the substitution X; . = p; i, and the second sum-
mation involves only those power-products which do not become
zero after this substitution, p; ;, being the determinant formed
from the (4, + 1)th, ..., (¢;+ 1)th columns of the matrix (2). A typical
term a;; X, . Xj,.. 50 Xp..q; Of the first summation cannot
havealli,>cay . (r =0, ...,d), for, being a standard power-product,
we should have j,>a;_ . (r=0,...,d),...,.l,.2a; ., (r=0,...,d), and
the determinantal substitution would not make the term zero.
Hence ¢, <, for some value of ». In the second summation a
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typical term b;; X 1, X .- Xy o he8i,2a  (r=0,...,d).
On @, ,....q; WO have

F(oos Xy igp o) = Zbig 1Dy 4Pt Po.dyr
We wish to prove that if F(...,X; ;.,...)=0o0n 2, , .., allthe

coefficients b;; ; must be zéro.

We do this by attaching a weight to every term in the expansion
of the determinantal expression for p; ., We define (d+1)(n+1)
positive integers p;; by the formula

piyy=m+1=t)(n+1-i+j) (=0,..,d;j=0,..,n).
Ifk>j,
Pi—Py = m+1=1)(k—=j)>(n+1—-i—=1)(k—J) = pir1x—Pis1j
so that Pig+Pit1k<Pix+Pir1s (J<k). (12)
If we have a determinant whose elements are indeterminates,

yi, o ¥ | (Ge<ii<...<iy),

vi, - Y4
we put y§ = xitro,

where the 2} and ¢ are independent indeterminates. On expansion,
the determinant is an expression of the form

Z 4, ... af thoigt-+Pdiy,
We prove that the term of lowest degree in ¢ in this polynomial is
@} ... g, tPoiterpai

Consider any term
+2) ... aF troigte Pl

The numbers j, ...,j; are a permutation of the numbers 4, ..., %4,
and, by hypothesis, tg<4; <... <%4. In the sum

PojotP1jy T - TPaj,

let us suppose that ¢, is not in its undisturbed position, and that
Jr = to- Then j,_, >4, If we interchange j,_, and j,, by (12) we
see that o + Py >p +p
r—1jr— 75, =17, rir—1*
Therefore ! ’ '
P010+ ces +p,...ur_1+p,,-r+ ves +ded
>Pojet oot Pro1g, T Prjp_yF s FPajar
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Continuing this process, we move 4, to the first position, and then
we move ¢, in to the second position, and so on, and finally we
obtain the inequality

Pojot - +Pasy>Posyt -+ Pa1y

whenever (jo, ...,J4) is not the identical permutation of (¢, ..., %;).
With this result in mind, let us assume that

F(oot, Xy igpoee) = by 0 Xy 10 XKoo giee Koot (13)

0.0.%d

is a linear combination of standard products which is not zero, but
which vanishes on Q, ,. We may assume that the symbol X
means summation only over terms for which b;; ,is not zero. Then

e

2bis 1Dsy..1aPs0 40+ Pro.dg = 0 (14)

where the p; . are determinants formed from the columns of
the matrix (2). We replace each £§ by #}trii, and consider the,
resulting equation in £. The term of least degree in ¢ on the left-hand
side has coefficient

Z'bij...zﬂgo "7?4"7(1'., 77?4 77?0 "ﬂd,

where the summation 2’ is over those terms of the summation 2
for which

poto+...+pd¢d+pwa+... +ded+ vee +p010+ vee +pd1d

is least. 2" is necessarily a summation over a non-zero number of
terms, in each of which b;; ;is not zero. Since ¢is an indeterminate
over K(n%), (14) implies that

Z'big, a3y - M1, o 0 1Yy -1 = O (15)
It is clear, however, that any two distinct standard power-products
= (13 b PR
and X e Xt

lead todistinct products 93, ... 9%... 98, ... 7 and 9% ... 9%... 9% ... 9%
Hence from (15) we deduce that b;; ; = 0 for each term in (15).
But by our assumption X’ is a sum over terms with non-zero
coefficients, and we have a contradiction. Hence if (13) vanishes
on 2, .. F(...,X;, 4, ...) must be identically zero.

‘We have therefore proved



9. POSTULATION FORMULA FOR £, 5 4, 383
TreoreM IL. F(...,X; ..,...)vanishes on 2, q ..t and only if
Foors Xyt )= Z A atotanl @) By iato..sanlX)
+ 213 By, (X)X, 10

a+1
— A
where By 4 go...14:(X) = S Ky ian Ko iraiyosedare 404

the second summation is over the sets ly<l,<...<l; for which at
least one l. < ay_,.

In other words, the quadratic p-relations and the equations

X;.,=0 (I, <oy, for some r)
form a basis for the equations of 2, ,, ..

We note that in the particular case a, =n—d+r, a3, =r,
2400105 = 8(d,n), and Theorem II becomes the basis theorem of
VIIL, §7, Th. I.

We have seen that any form F(...,X; ,...) of degree m can
be written'in the form

ZA’il A Jo.. 1d+1(X)F171 dd,Jo.. .1d+1(X)
+ZBto HO.OP: CRNTE ¥ L (PORD. CREFIN §

where the first two summations are as defined in Theorem 11, and
F*(...,X;, 4p»---) 8 a sum of standard power-products of degree
m. In order that F vanish on 2, ., it is necessary and sufficient
that F'* should be zero. The coefficients of F* are linearly indepen-
dent linear combinations of the coefficients of F, and hence if
Wg,...q,(m) is the number of distinct standard power-products of
degree m, there are w,, ,,(m) linearly independent conditions to
be satisfied by the coefficients of F in order that F should vanish
on 2, .. Hencew, ,.(m)isthe postulation of 2 for forms of
degree m. We now proceed to calculate it.

When m =1, w0, 4,(1) =0, o, is the number of X, .,
(¢9 <%y <...<%3) which do not vanish on 2 This is given
by (4) as

w

ay...a4

ag ay...ag

(—1)a+ '(ad_”-l) 1 0. 0

ag...ag = 1

Qgq1—n—1 ocd_l—n—l)
( =) (] 1. o

ag—n—1 ag—n—1 .
( d+1 ) ( d ) .. p—n—1
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We now prove that

Wge...aq(Mm) = (= 1yme+D (“"'7:_1) (“";f;l) e |- (16)

g y—n—1 ag—n—1
m+1 m

ag—n—1 ag—n-—1
("ata) (il
The proof is by induction, the formula having been established for
m = 1. We shall assume that the formula is correct for standard
power-products of degree m — 1, and prove it for standard power-
products of degree m.
We begin by determining the number of distinct standard

tableaux of m columns for which the first column ;< 4., < ... <f
is given. We have the inequalities

p,za,=n—a, (r=0,..,d).

The remaining m — 1 columns form a standard tableau of the re-
quired type, corresponding to a non-vanishing power-product, and
to form these standard tableaux we must see that the first column
Vi<V <... <Y, satisfies the inequalities

YaZBa YaaZPar - Yo=Po
These inequalities ensure the existence of the necessary inequalities
v,z2n—a, (r=0,...,d).

The number of standard power-products of m columns with a
given first column 8; < f;_; < ... <, is therefore

wn—ﬂo n—p1.. .n-—ﬁd(m -1 ) ’

since they are obtained by constructing all the standard power-
products of degree m —1 obtained from the matrix (2) in which
Ay, ..., &g are replaced by B, ..., Bz, and then multiplying in front
by Xy, ps

If we now consider all possible values of ;< f;_;, < ... <, which
can serve as the first column of & non-vanishing standard power-
product, we have
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n

agay...ad

fa-s—1 Ba_,—1

Wg .. am)= 3 ...
Go- -Gd fo=ay  fa-r=adq-1 Pi=ca

= (- 1)(m—1)(d+1) %

Bo=cty

ﬂd—l—l

Pa=aq

(o

-n—1
—1+d

2 Opp,. n-pim—1)

(o) (ns?) -

) (eoyia

) ..

by the hypothesis of induction. Now, using the formula (*),

e (e
(=)
(B=r2)

m

m

(o=2-)

== (7
() (
(o7l

(ﬂd_l-—n— l)_(ad—n— 1

(ﬂd—fn -1

m—2

m—1

(ﬂd—l_n— 1

(Po""n—l)
m—2+d

m

(™)
)

(ad-—n—l
m—1

ﬂd—l—n—l) .

m—1

(%=27))

)

m—1 m—1

) )

(ﬂd-:n:nl— 1)

(o=572)

23
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When we carry out the next summation the second row is affected,
and we obtain the determinant

el (®a—n—1 ag—n—1
(=1 ( m ) ( m—1
oz 1—n—1 og_3—n—1
( m+1 m

Bo—n—1 Bo—n—1
m—1+d m—2+d
Finally, carrying out the last summation

(= 1) ﬁ‘: (cxd—n—l) (ad—n—l)

Bo=0 m m_l

ag_1—n—1 ad_l—n—l)
m+1 m
,b’o—n—l) (ﬂo—n—l)
m—1+d m—2+d

_ _ 2 ag—n—1 ocd—n—l)
Co ()

ad_l—n—l) (ad_l—n-—l)
m+1 m

_ oco-n—l) _(ao-—n—l)
m+d : m+d—1}

= (—1)#1 (“d—”—l) (ad—n—l)

m m—1

(ad_l-—n-— 1) (ad_l—n— 1)
m+1 m o

(cxo——n—l (ozo—n—l)
m+d m+d—1) 7
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Hence
ag—n—1 ag—n—1
ey ) = (= 1ymasn] (%37 =) (@ m )

ag,—n—1 ocd_l—n—l)
m+1 m

ay—n—1 ayg—n—1
m+d o \m+d-1
We have therefore proved formula (16). An alternative form in
terms of a,, ..., a; may be obtained, since

(“k"n— 1) = (- 1)'(”"'7‘—%) =(- 1)’(%"‘").

r r r
Then
wao...ad(m)
= (— 1)md+D (- l)m(“d"‘m) (—l)m“l(ad+m—1)
m m—1
(—1)m+e ao+M+d) (—1)"'+”’“(ao+m+d—1)
m+d m+d—1
_ ad+m) ad+m—l) (ad+m—d) ()
- m m—1 o m—d ’
(ad—-1+m+ 1) (ad+m—d+ 1)
m+1 ’ . m—d+1
(ao+m+d) (ao+m)
m+d : e m
as can be seen by removing factors (—1)™,(—1)"1,...,(—1)m4
from the first, second, ... columns and (—1)%(—1)},...,(—1)¢

from the first, second, ... rows.
We thus have

TaeoreM III. The postulation w,,, q,(m) of the Schubert variety
£,....az for primals of order m is given by equation (17) for all values
of m greater than zero.

25-2



BIBLIOGRAPHICAL NOTES

BOOK III

The treatment of algebraic varieties given here is inspired by the ideas
developed by van der Waerden, Zariski, Weil and others during the past
two decades. The work of van der Waerden has been the chief inspiration
for our study of varieties in projective space, although ideas due to Weil
have enabled us to prove some important results. The ideas of Zariski have
been profitable in certain places, but his work will figure far more in vol. 11x
than it does in this volume.

Chapter x. The ideas of the first five sections derive from van der
Waerden (10). The notion of & generic point was first explicitly introduced
by van der Waerden under the title allgemeine Nullpunkt. This was first
translated into English as generic point, but lately the term general point
has taken its place, and the term generic point is used to denote a point of
a variety which does not lie on a certain special set of subvarieties. We have
preferred to retain the name ‘generic point’ for allgemeine Nullpunkt, on
the grounds that the word ‘general’ in mathematics is often used in associa-
tion with rather vague concepts, whereas the word ‘generic’ has not, so
far, been thus spoiled, and appears to be very suitable for the precise
concept to which it is attached. What we have called the Cayley form was
introduced by van der Waerden and Chow in (12), under the name zuge-
ordnete Form. It is now often called the Chow form. Regarding it as leading
to the equation of the cone projecting a variety V, from a generic (n —d — 2)-
space (Pedoe (7)) the idea can be traced back to Cayley (1). For thisreason we
call it the Cayley form. The use of the Cayley form to obtain the parametric
equations of an algebraic variety (p. 62) is based on some lectures given by
Zariski at Princeton in 1935, which in turn owe much to the work of
Macaulay (6).

In the sections dealing with absolute and relative irreducibility we have
made use of the ideas of many writers. Results based on the use of the
Cayley form are mainly due to van der Waerden (10), in addition to the
many who have developed the theory of algebraic fields. The characterisa-
tion of an absolutely irreducible variety, as well as Theorem I of §13 are
taken from Zariski(14).

Chapter x1.- The general treatment given here of the theory of algebraic
‘correspondences is based on the work of van der Waerden (10). The notion
of multiplicative variety is closely related to that of algebraic cycle intro-
duced by Weil in his book (13), which appeared when preparations for this
volume had begun. The variety used in §2 to represent an r-way space as
a variety in 1-way space was studied extensively by C. Segre (8) and is used
in the study of correspondences between linear spaces by the Italian school
of geometers. The use of the direct product (p. 146) in the treatment of
general algebraic correspondences between two varieties is due to Severi,
and his methods have been adopted by all geometers, and penetrated other
branches of mathematics, such as topology.
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Advantage has been taken of the use of powerful arithmetic methods in
algebraic geometry, due mainly to Zariski, to give more general conditions
for the unique determination of a multiplicity than are given by van der
Waerden. Theorem I, our main theorem in this connection, is given by
Weil (13).

Chapter x11. The theory of intersections given in this chapter is based
on van der Waerden (11), but in order to develop the theory of equivalence
in sections 9-11, his work has been considerably expanded. Our aim has
been to develop intersection theory just as far as is necessary to establish
the results of classical algebraic geometry. More general algebraic theories
have been developed by Weil, Zariski, and Chevalley (2).

The first study of non-linear systems of curves on an algebraic surface is
due to Castelnuovo, Enriques, Severi, Humbert and many others. The
notion of a base for curves on an algebraic surface first arose in Picard’s
work on double integrals of the second kind on an algebraic surface. The
geometric theory of the base was first formulated by Severi. Important
contributions have been made by many other Italian geometers, especially
Albanese. In view of the many excellent bibliographies and works of
reference in which the achievements of the Italian school are recorded, it is
sufficient to refer to the article by G. Castelnuovo and F. Enriques, 111 C5
in Ency. der Math. Wissenschaften. The topological theory of the base for
curves on a surface is due to Lefschetz(5).

Systems of d-dimensional varieties on an n-dimensional variety have
been extensively studied by Severi. The methods used in §11 to obtain
a base on the Segre variety, and later in xi11, §6, and x1v, §5, rely on the
fact that for each type of variety considered there exists a transitive group
of transformations of the variety into itself. On more general varieties it
is not possible to find such groups of transformations, and no general
method for finding a base on an algebraic variety is known.

BOOK IV

Chapter x1r1. The theory of quadrics is discussed in so many geometrical
works that nearly all the results of this chapter are familiar to students of
geometry. Our object has been to illustrate how many of the standard
properties can be established by means of the methods of Book III.

Chapter x1iv. Our purpose in this chapter is two-fold; first, to give
another illustration of the general theory of Book III, and in the second
place to provide an adequate basis for the theory of systems of d-spaces
in S,, in particular for the applications of the Schubert calculus to such
systems. The geometrical treatment of the propositions discussed in this
chapterwill be found in papers by Severi, particularly Severi(9). The methods
we use, though differing in several major points, are based on Hodge(4).
The treatment given in these papers owes much to a study of Grassmann
varieties by Ehresmann (3).
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birational, 106
classes [V,], 184
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Field (cont.)
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least normal extension of, 68
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stem, 63
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368
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of systems of varieties, 173
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100
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Linear spaces on a quadric, 225

INDEX

Minimal base for varieties, 194
Minimum function of algebraic element,
63

Monoidal representation of variety, 63
Multiplicative variety, 130
Multiplicity

of component, 130

positive, 127

of solution, 127

zero, 127

Non-contractible representation as sum
of varieties, 10

Non-homogeneous coordinates of point,
16

Non-singular quadric, 205

Norm of a variety, 61

Normal extension of a field, 64

Normal problem, 121

Normalised coordinates, 16

Object-points in algebraic correspond-
ence, 102
Object-variety, 102
2(d, n) .
Gragsmann variety of d-spaces in S,,,
310
complete intersection with primal,
368
Q4 ay...aq> Schubert variety, 316
Order .
of irreducible primal, 48
‘of a variety, 41
Orthogonal matrix, 258

Parameter of algebraic system, 113
Parametric representation of variety,
63
Pencil of quadrics, 286
in§, (n=1, 2, 8), 304
Pieri’s formula, 354
Point
generic, 10
proper specialisation of, 91
simple, of variety, 87
singular, of variety, 87
Points
in algebraic correspondence, 100
conjugate set of, 27
conjugate, with regard to quadric,
207
Polar prime, 208
Polar r-ad, 221
Polar space, 216
Pole of prime, 215
Positive multiplicity, 127



INDEX

Postulation of variety, 371
Primal, 26
order of, 48
Prime, 26
at infinity, 16
ideal, 8
passing through point, 22
polar, 208
pole of, 215
Principle of
conservation of the number, 127
counting constants, 104
Pliicker-Clebsch, 116
Projective characters, 361
Proper specialisation, 91
of multiplicative variety, 131
Pure variety, 51

Quadratic transformation, 106
Quadric, 204
complete intersection with primal,
244
dual of, 213
envelope, 214
non-singular, 205 3
of type p, 205; alternative form,
212
touched along linear space, 217
Quadrics, pencil of, 286
Quotient ring of a point, 124

Rational intersection of two quadrics,
302
Reducible algebraic correspondence,
100
Reducibility condition, 6
Reducible varieties, 6
Redundant component, 10
Regular point of stereographic pro-
jection, 249
Relatively irreducible variety, 68
Ring
integrally closed, 123
of equivalence systems, 192

Schubert condition (a,, a,... az), 316
dual of, 319 '

Schubert system, 316 ‘

Schubert varieties
of complementary dimension, 329
Qugar...cqr 316
representation 4 for, 322
representation B for, 325
oy, 322
special, 318

Segre symbol of pencil, 289

393

Segre variety, 95
standard power-products for, 98
Self-conjugate space, 218
Self-polar simplex, 209
Simple intersection along a variety,
163, 170
Simple point of a variety, 87
Singular locus of a variety, 87
Singular point of a variety, 87
Space, independent of a point, 166
Special Schubert varieties, 318
Specialisation, proper, 91
Standard power-products, 377
for Segre variety, 98
Stem field, 63
Stereographic projection, 247
irregular points of, 249
Sum of varieties, 4
System
from projective transformation, 142
of all k-spaces in S,, 18
of all k-spaces through a given space,
19
of equivalence {V,}, 187
of equivalence {V,.Vu}={V_}.{V,;},
189
of orthogonal matrices, 265
of varieties, 57

Tableau, 377
Tangent space to variety, 88

Universal field, 2
Unmixed variety, 51

Variety
absolutely irreducible, 68
algebraic, 3
component, 9
cone projecting a, 46
contained in another, 5§
degenerated into two varieties, 1456
dimension of, 23
dimension in 7-way space, 92
effective, 185
function field of, 15
generic point of, 10
grade of, 193
Grassmann, 310
image-, 102
in r-way space, 89
irreducible, 6
irreducible component of, 10
lying in another variety, 5
monoidal representation of, 63
multiplicative, 130



394 INDEX

Variety (cont.) Varieties
non-singular, 170 continuous system of, 180
norm of, 61 cross-join of two, 154
object-, 102 direct product of two, 146
order of, 41 equivalent, 180

order, characteristic property of, 61
of order one, 48

parametric representation of, 63
postulation of, 371

pure, 651

reducible, 6

relatively irreducible, 68
Schubert, 316

Segre, 95

singular locus of, 87

tangent space to, 88

unmixed, 51

intersecting simply along a variety,
153, 170
intersections of multiplicative, 158
non-contractible representation of
variety as sum of, 10
sum of, 4
Vertex of quadric, 207
Virtual variety, 184

Zero multiplicity, 127
Zero variety, 185
Z-space, 155
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