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PREFACE

This volume is the fifth in a series of contribution to the Non-
linear Oscillations published by the Annals of Mathematics Studies. As
usual there are quite a variety of topics covered. The first paper by
LaSalle is on a central problem on optimal control — a problem which is
agitating mathematicians both in the United States and in the Soviet
Union. This is followed by a contribution from Harnik and Kurzweil on a
generalized differential equation depending on a parameter. This is a
continuation of a series of papers published on the topic by Kurzweil.

We have next an elegant paper by Jane Cronin on the perturbation theorem
of Poincaré. This 1s followed by two papers by Hale and one by Cesari.
The first paper concerns a discussion of the critical points for a linear
system with periodic coefficients. The second paper of Hale deals with
the important question of the stability of periodic solutions of periodic
and autonomous differential systems. Simple criteria for stability are
proved by the use of a convergent process of successive approximations.
The paper by Cesarl gives existence theorems for periodic solutions of
periodic and autonomous differential systems satisfying a Lipschitz con-
dition. These theorems are proved by application of fixed point theorems
in functional spaces and from this approach an incerpretation is given of
the method of successive approximations used ir the paper by Hale. Stokes,
in his paper, applies a fixed point theorem in linear spaces to the study
of certaln stability and boundedness properties of the solutions of differ-
ential equations. By the use of such methods he is able to reduce the
study of systems to that of related first order equations. The next peper
by Markus deals with a curious application of abstract algebra to the
classification of linear differential systems. The papér by Reeb deals
with a property of the totality of bounded solutions of certain dynamical
systems. Mendelson's contribution deals with the stable motions in a
neighborhood of critical points in topological dynamics. It is connected
with a topological method introduced and promoted by WaZewski. The joint
paper by André and Seibert deals with pilecewise continuous differential
equations. It i1s part of the noteworthy work done by those authors in

v



organizing the earlier work of Mrs. Flugge-Lotz. Coleman‘'s paper 1s a
study of asymptotic stebility of a 3-dimensional system where the leading
terms are a homoge'neous function of degree m. In the final paper of this
volume Figueiredo studies the self-sustained oscillations of a second
order system.

A1l but the papers by Jane Cronin, Jarnik and Kurzweil, Reeb,
and Figueiredo were carried out at RIAS and supported in part by contract
number AF 49(638)-382.

The work by J. Cronin and A. Stokes was supported in part by the
Office of Naval Research.

Editors

L. Cesari
J. P. La3alle
S. Lefschetz
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I. THE TIME OPTIMAL CONTROL PROBLEM
J. P. La Salle

§1. INTRODUCTION

It has been an intultive assumption for some time that if a con-
trol system 1s belng operated from a limited source of power and if one
wishes to have the system change from one state to another in minimum
time, then this can be done by at all times utilizing properly all of the
power available. This hypothesis is called "the bang-bang principle."
Bushaw accepted this hypothesls and in 1952 in [2] showed for some simple
systems with one degree of freedom that of all bang-bang systems (that 1is,
systems which at all times utilize maximum power) there is one that 1is
optimal. In 1953 I made the observation in [7] that the best of all
bang-bang systems, 1f 1t exists, 1s then the best of all systems operating
from the same power source. More recently, more general results have been
obtained by Bellman, Glicksberg, and Gross in [1], and later — but
seemingly independently — by Krasovskii in [6] and Gamkrelidze in [4].

We confine our attention to the time optimal problem for control
systems which are linear in the sense that the elements being controlled
are linear and as a function of time the steering of the system enters
linearly. The differential equation for such systems 1is

(1) x(t) = A(t)x(t) + B(t)hu(t) + £(t) ,

wvhere x and f are n-dimensional vector functions (x(t) 1s the state
of the system at time t), A is an (n x n) matrix function, and B 1s
an (n x r) matrix function. The vector equation (1) represents the sys-
tem of differential equations

dx, (t) n

r
—- ;1 8y y(t)xg(t) + me(t)uk(t) s £4(8), 1=1, ee,n .
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Our ability to control the system lies in the freedom we have to choose
the "steering" function u. We assume that the admissible steering func-
tions are plecewise continuous (or measurable) and have components less
than 1 in absolute value (|uk(t)[ < 1). The number 1 1s selected
for convenlence. We could just as well assume - & < u, (t) b, where
& and b, are any positive numbers. Glven an initlal state X, and
a moving particle z(t), the problem of time optimal control is to hit
the particle in minimum time. Let x(t, u) be the solution of (1)
satisfying x(0) = X5+ An admissible steering function u* is optimal
1f x(t*, u*) = z(t*) for some t*> 0 and if x(t, u) # z(t) for

0< t < t* and all admissible u.

In [1] Bellman, Glicksberg, and Gross consider the system
(2) x(t) = Ax(t) + Bu(t)

and restrict themselves to the problem of starting at x, and reaching
the origin in minimm time. The (n x n) matrix A 1is constant and its
characteristic roots are assumed to have negative real parts. B was
assumed to be a constant non-singular (n x n) matrix, and it is this
restriction that is quite unrealistic. Gamkrelidze in [4] considered
the same problem, removed the restriction that B be non-singular, and
showed for systems which are later in this paper called "normel" the
existence and uniqueness of an optimal steering function. The form of
the optimal steering function 1s the same as that given in [1], and for
normal systems one can conclude that the optimal steering is bang-bang
(Ju(t)] = 1). Krasovskii, in (6] considers the more general control
system (1) and the more general control problem of hitting a moving par-
ticle. Using results of Krein on the L-problem in abstract spaces, he
proves the existence of an optimal steering function for, what are called
in this paper, "proper" control systems. We prove the same exlstence
theorem without restricting ourselves to proper systems. Krasovskii
makes the further assertion that the optimal steering function is unique
and simple examples show that this 1s not true even for proper systeums.

To date, therefore, the most general bang-bang principle has
been proved by Gamkrelidze for normal control systems of the form (2)
and for the speclal problem of reaching the origin in minimum time. We
shall show for the general control problem that if an admissible steering
function can bring the system from one state to another in time t then
there is a bang-bang steering function that can do the same thing in the
same time. This extends my result in [7] and at the same time extends
the bang-bang principle. This does not mean that all optimal steering
functions are bang-bang. Even for proper control systems there are
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examples where the objective can be reached in minimum time using a
steering function which during part of the time has some zero components.
As in the speclal case considered by Gamkrelidze, it is shown that normal
systems have unique optimal steering functions and for such systems
there Is a true bang-bang principle: the only way to reach the objective
in minimum time 1s by bang-bang steering. In Theorem 5 a result is
established that should be of some practical importance in the synthesis
problem, which 1s the problem of determining the optimal steering u*

as a function of the state of the system. This result shows that for
some control systems optimal steering can be determined by what amounts
to running the system backwards. In Section 4 we discuss the con-
trollability properties of proper control systems. The examples have
been given at the end of the paper in Section 5, and they serve to
1]llustrate the ideas and the application of the theory.

§2. THE GENERAL PROBLEM

The problem, described in the Introduction, for the system (1)
of reaching a moving particle in minimum time will be called the general
problem. For the control system (1) the state x(t, u) of the system
at time t 1s glven by

t t
(3) x(t, u) = X(bhxy + X(6) [ Y(ehu(edas + X(6) [ X7 (x)e(x )
o o]

X(t) 1s the principal matrix solution of X(t) = A(t)X(t), and
Y(x) = X" (v)B(x). We want at some time t to have x(t, u) = z(t);
that is, to have

t
(%) w(t) -f Y(s)u(x)dr ,

[}

where

t
wt) = X (®)z(t) - xg - [ X (EGar
o

We assume throughout that A(t), B(t), £(t) and z(t) are continuous for
0< t < w. The proof of the following lemma was pointed out to me by L.
Pukanszky.

ILEMMA 1. Let M be the set of all real-valued
measurable functions a(t) on [0, 1] with
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lalt)] € 1. Let M° be the subset of functions
in M with |a(t)] = 1. Let y(t) be any
n-dimensional function in L' ((o, 11). Define

K = {f]a(t)y(t)dt; @€ M}
o

K - {f O (t)y(t)at; o e Mo} .
o

Then K° 1s closed and K = K°.

PROOF. For each measurable set E in [0, 1] define

w(®) = [yt .
E

Let R, denote the range of this vector measure. Let ocp(t) be the
characteristic function of E, and let a°(t) = 2cp(t) - 1. Then
a®(t) ¢ M°, and each a%(t) € M° can be so represented. Then clearly

K° = 2R, - §, where
1
¥ -f y(t)dt .
[o]

By Liapounov's Theorem ([81, [51]) Ru is closed and convex, and therefore
K° 1s closed and convex. Let

1
2 -f a(t)y(t)at

o

be any n-vector in K. What we wish to show 1is that 2z 1s a limit of
vectors in K°, and hence is in K°. It'will then follow that X° = K.
Lot B(t) = #(a(t) + 1) and Z = #(z + §). Note that 0 B(t) 1

and
1

z -f B(t)y(t)at -

]

m
7y - 2 g {y(t)dt
=1 j

Define
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where

Ej-{t;L;—‘<s(t)5%}
Then

m m 1
Iz - 2| = Z£ (l% - ﬂ(t)) y(t)dt é Zf ly(t)lat =%f|y(t)ldt
E o
J=1 7
which shows that 2z, —> z as m —> «=. Letting
m
Fy = U E, ,
1=]
we obtain

By = o if y(t)at .
=1 Ty

Since R 1s convex, 1t follows that zm € R therefore
= 2zm ¥ e K° and Zp, —> z as m—> w. This completes the proof.

For our purposes here we wish to restate this lemma in the
following more general fashion.

LEMMA 2. Let @ Dbe the set of all r-dimensional
vector functions u(t) measuragble on [0, t] with

lug (+)| ¢ 1. Let a° be the subset of functions

(<) with Iu1(1)| = 1. Let Y(t) be any
(n x r) matrix function in L'([0, t1). Define

Alt) = {ft Y(ou(e)ds  u e n}
[e]

A°(t) = {ft Y(e)uw()dw; e n°} .
o

Then A°(t) 1s closed and A(t) = A°(t).

PROOF. Let y1(1), ya(x), veey 75 (1) be the column vectors in
Y(<), and define
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t
- J .
Aj(t) {“/; ¥y (T)uj(‘r)d'r, ue 0}

and t
Ag(t) = {f yj('r)‘ug(‘l')d'r; w e no}
o
Since
t r t
[ tenrans Y [ gt e,
o o
J=1
we see that
Alt) = A, (8) + A () + ooe + AL(L)
and

A°(t) = AD(t) + AS(t) + «.v + AS(L) .

By Lemma 1 A,(t) = A9(t) for each § =1, ..., v, and hence A(t) = A°(t).
Bach AJ(t) 1s bounded, and it follows from Lemma 1 that each AS(t)

1s compact. Therefore A°(t) 1s closed, and this completes the proof.

It is convenient to point out also two elementary propertles of convex

sets that we will use later.

LEMMA 3. Consider sets A(t) of E,, t < t* with
the following properties: :

a. Each A(t) 1s convex.

b. Corresponding to each € > 0 there is a
8> 0 such that d(p, A(t)) < € for each p e A(t*)
and all t*- 8 < t < t*. [d(p, A(t)) 1is the
distance of p from A(t).]

Then, if q 1s in the interior of A(t*), there
1s a t, < t* such that q 1s an interior point
of .l\.(t'.1 ).

PROOF. Iet q be in the interior of A(t*), and let N be a
neighborhood of q of radius & > 0 inside A(t*). Suppose for each
t < t* that q 1is not an interior point of A(t). Then for each t < t*
there 1s a support plane Pt through q such that there are no points
of A(t) on one side of Py ([3]). Because of the neighborhood N
sbout q that lies in A(t*) we see that for each t < t* there is a
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point p 1in A(t*) whose distance from A(t) 1s at least e. This
contradicts (b).

LEMMA 4. Let M be a convex set in E, containing
the origin with the property: given any number K
and any non-zero vector g in E, there is a
vector y in M such that (4, y) > K. Then
M=E.

PROOF. Suppose that M 1s not En Then there 1s some non-
zero p that is not in M, and hence ap 1is a boundary point of M
for some a > 0. Then au has a support plane P ([3]). Let n be a
non-zero vector normal to P and directed toward the side of P that
contains no points of M. Then (5, y) 1s bounded above for y in
M — a contradiction. Therefore M = En

Turning our attention back to the control problem, we see that
the set o 1n Lemma 2 is the set of admissible steering functions and
a° 1s the set of bang-bang steering functions. The set A(t) 1s related
by equation 4 to the set of states that can be reached in time t by the
admissible steering functions, and A°(t) is similarly related to the
set of states that can be reached in time t by the bang-bang steering
functions. Lemma 2 then states that anything that can be done by an
admissible steering function can also be done by a bang-bang function.
Suppose that there is a steering function u e @ such that x(t1, u) =
z(t,); the particle is then hit at time t,, and

t
1
w(ty) =f Y(t)u(r)dr .
o)

The lemma then states that there will be & u® ¢ 8° with the property
that x(t,, ) = z(t,); bang-bang steering can accomplish the same
thing in the same time. As a direct consequence of this we obtain the
following palr of theorems.

THEOREM 1. If of all bang-bang steering functions
there is an optimal one relative to n°, then it
is optimal (relative to ).

THEOREM 2. If there 1s an optimal steering function,
then there 1s always a bang-bang steering function
that 1s optimal.
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The first of these theorems extends the result in [7], and the
second 1s a general bang-bang principle. Although we did not state the
intuitive hypothesis this way, the feeling actually is that not only
should there always be bang-bang steering that is optimal but no other
type of steering should be optimal. If at some time all of the avallable
power is not being used, then it should be possible to improve the per-
formance by using, properly, the additlonal power that 1s available. Per-
haps this is true in some more general sense, but under our restriction
on the amplitude of each component of the steering function this is not
true without placing further restrictions on the control system. We
return to this question in the next section.

We can now extend the results that have been obtained previously
on the existence of &nd the form of optimal steering. The set A(t) 1is,
as we have sald, related by equation (4) to the set of all states of the
system that can be reached in time t. The exlstence 1s & simple conse-
quence of the fact that A(t) 1is a closed set, and the form (5) below
for optimal steering follows from the convexity of A(t). [For
r-dimensional vectors & and b, & = sgnb means that a; = sgn bi’

1 =1, veey, I3 sgnbj=1 if bj>0, sgnbj=-1 if bj<0’ and 1is
considered to be undetermined if b i 0. In using this notation a 1is
always a column vector and b 1s a row vector.]

THEOREM 3. If for the general problem there is a
steering function u in @ such that x(t, u) =
z(t) for some t > 0, then there is an optimal
steering function in a. Moreover, all optimal
steering functions u* are of the form

(5) u*(t) = sgn [n¥Y(t)]
where 1 1s some non-zero n-dimenslonal vector.

PROOF. Our assumption that x(t, u) = z(t) for some t > O
and some u e & 1s equivalent to assuming that w(t) e A(t) for some
t> 0. Let t* Dbe the greatest lower bound of all positlve t's with
this property. ILet

t
yit, w = [ Y(uledas .

o

Then there 1is & non-increasing sequence t, converging to t* and
w, € 8 such that w(t,) = y(tp, w,) e A(t,). Now for some number K
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it 1s easy to see that
ly(tp wy) = y(t* w)| < Kty - t*| .

Therefore w(t*) 1s the 1imit of points in A(t*), and since A(t*) is
closed, w(t*) 1s in A(t*). This proves the existence of a steering
function u* in @ such that w(t*) = y(t*, u*). By the defilnition of
t*, u* 1s optimal.

We now want to show that u* 1is of the form (5). In order to
do this we note first that w(t*) cannot be an interior point of A(t,)
for 0K 1:,1 < t*. Suppose this were true. Let N be a neighborhood
of w(t*) contained in A(t1). Then, since A(tl)C A(t) for all
t; < t, N; 1s contained in A(t) for all t > t,. The trajectory w(t)
is continuous and this implies w(te) € A(t2) for some t, < t*. This
contradicts the definition of t*, and therefore, w(t*) cannot be an
interior point of A(tl) for 1:1 < t*. It then follows from Lemma 3
that w(t*) 1s not an interlor point of A(t*). Therefore w(t*) 1is a
boundary point of the convex set A(t*). There is then a support plane
P through w(t*) (see [3]). Let n be a non-zero vector normal to P
and directed to the side which contains no points of A(t*). Therefore
for each y(t*, u) 1in A(t*)

(n, y(t*, u) - wit*)) o .

Now
t*
w(t*) = y(ex, w) = [ Y(our(nas
o

and this inequality implies

t* t*
[ xoutas g [ G, Tlourie e
(o]

[o]

for all u e 8. Let v(t) = n¥(7r). Then

t* r t* r ot
f (n, Y(x)ur(x))dv < Z f lvy()las = Zf vy(x) sgn vy(s)dr .
° 3=1° =1 °

Hence we see that on any interval of positive length where vj('r) #0 1t
must be that ug(r) = sgn Vj(")' This completes the proof.
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The form (5) for an optimal steering function enables us to
state a uniqueness criterion. Let yJ (t) be the jth column vector of
Y(t). The control system (1) is said to be normal if for each
J =1, «e, v the functions y3(t), ..., yi(t) are linearly (func-
tionally) independent on each interval of positive length. This is
equivalent to saying that no component of q¥(t), n # 0, 1s identically
zero on an interval of positive length. Therefore u*(t) 1s uniguely
determined by (5), and for normal control systems there is at most one
optimal steering function, and if there 1s one, it 1s bang-bang. Thus,
for normel control systems, the only way of reaching the objective in
minimum time 1s by bang-bang steering of the form (5). For other con-
trol systems the most that can be sald 1s that if 1t 1s possible to
reach the objective in finite time then there 1s a bang-bang steering
function that 1s optimal. The optimal steering will be of the form (5)
but there may be an infinity of optimal steering functions, some of
which will not be bang-bang steering.

§3. THE SPECIAL PROBLEM
The control problem for the system
(6) *(t) = A(t)x(t) + B(t)u(t)

where the objective 1is to start at an initial state x, at times t=o0
and to reach the origin (the equilibrium state) in minimum time will be
called the special problem. The objective in the special problem is to

have [see equation (k)] for some t > O

t
(7) - Xq =f Y(<)u(r)dr .
o

For this special problem we can show that i1f there 1s a steering function
of the form (5) that brings the system from the initial state x, to the
origin in finite time then it 1s an optimal steering function.

THEOREM 5. If for some t > 0 and some n-vector
n there is a solution u =14 of (7) of the form

(5) () = sgn [(n¥(x)] ,
and 1f n¥(s) ¥ 0 on an interval of positive length,
then it 1s an optimal steering function for the speclal
problem.
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PROOF. By Theorem 3 the existence of & § and & t > 0
satisfying

t
- % = ¥E D - [ v
o

implies the existence of an optimal u* and a minimal time t* ¢ t. But

then y(t*, u*) = - x_, and
t*
(n, ¥(E, @) - g%, w)) = [ a¥(6)[E(8) - ux(t)at
o
t
N f WY (£)a(t)dt = 0 .
t‘*

Since U 1s of the form (5), we can conclude that

nY(t) = 0 on [t*, t]

and that u;(t) = U;(t) on [0, t*] wherever the jth component of
7Y(t) # 0. Therefore, by the assumption that n¥(t)® 0 on an interval
of positive length, it follows that t* = T. Hence U 1s an optimal
steering function. This raises in a qulite natural way the concept of a
"proper" control system which is discussed in the next section.

Although the above result 1s quite elementary, 1t 1s of con-~
siderable practical significance and does offer a means of solving the
synthesis problem. It has been mathematically convenient up to now to
treat the steering function u as though it were a function of time.
What one actually wants, 1s to know the optimal steering function u*
as a function of the state x of the system, and this is the "synthesis
problem". If the control system 1s autonomous (equation 2), then we can
replace t by -t in equation 2, use a steering function of the form
(5), start at the origin, and look at the solution. Theorem 5 states
that the particular steering function used is optimal for all states of
the system through which the solution passes. "The time at which the
solution passes through a state of the system is then the minimal time
for the system to go from that state to the origin. For normal sys-
tems the optimal steering is unique, and this procedure of reversing the
system determines the optimal steering as a function of the state of the
system. It is even true for some systems which are not normal that the
synthesis problem can be solved in this way. This procedure leads to
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the determination of the switching surfaces, which are surfaces where
certain of the components change sign. This method 1s illustrated in
Section 5, and the swltching surfaces (curves in the examples consideied)
are easily obtained by quite elementary reasoning. In Example 3 of Section
5 the synthesis problem is solved for a system that is not normal.

§4. PROPER CONTROL SYSTEMS AND CONTROLLABILITY

In this section we introduce the concept of a proper control
system and establish some controllability properties of such systems. We
say that a control system 1s proper 1f ¥(t) = 0 on an interval of
positive length implies 15 = 0. Thls is equivalent to saying that the
row vectors y,(t), y,(t), «.., yn(t) of Y(t) are linearly independent
functions on each interval of positive length. It 1s clear that every
normal system is proper. If the steering function has only one component
(r = 1), then the concepts of proper and normal are equivalent. How-
ever, it is not in general true that every proper system 1s normal, as
1s shown by Example 3 in Section 5. It is a direct consequence of Theo-
rem 3 that in proper control systems optimal steering u* has the
property that at any given time some component of u* assumes an extreme
value.

Think now of removing all of the constraints on the admissible
control functions, and consider any two states x, and X, and any
two times t1 and t2. If for each palr of states and pair of times
there 1s a steering function such that starting at x, at time t, the
system 1s brought to the state x, at time tys then the system 1s sald

to be completely controllable.

THEOREM 6. Proper control systems are completely
controllable.

PROOF. We may certainly assume that t, =0 and t, > 0. From

(k) we see that complete controllability is equivalent to the property
that for each t > 0 the set M. of all vectors

t
[ Y(z)u(<)dtr ,
o

using all possible steering functions u, 1s the whole phase space En.
Let v(t) = nY(1), end define
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t
Yy = ‘/‘ Y(t) sgn v(t)dr .
o

Then

r t
(ny, ¥) = Z f |Vj(1’)|d1 .
j=1 °

Since the control system is proper,

t

ii Jf |Vj(r)|dT >0

e

if g # 0. Therefore corresponding to each direction n there is a
vector y in M, such that (q, ¥) > 0. M, 1s obviously a linear
manifold, and therefore Mg = E . (It 1s of interest to note that the
theorem is also a consequence of the fact that for proper control sys-

tems the linear transformation F on En defined by

t
F(q) = f Y(1)¥Y'()n'dr
o

is non-singular for each t > 0. The prime denotes the transpose. Thus
the system 1s completely controllable with steering functions restricted
to those of the form u(r) = Y'(t)q'.)

Complete controllability assumes that there 1s no restriction on
the admissible control functions, and if unlimited power is available to
a proper control system the above theorem says that it 1s always possible
to move the system from any one state to any other state as quickly as
we please. For each r-vector v define |v| = |v,| + Vol + oo + |vr|.
If we replace the concept of being proper by the requirement that

o

JP ln¥()lldr > o

o

for each n # 0, then it 1is easlly seen that with no constraints on the
steering functions there 1s a time T > 0 such that the system can be
started at any state X, at time t = 0 and can be steered to any other
state in time T. This fact does not appear to be of any particular

importance, and for autonomous systems this condition is equivalent to
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the condition that the system be proper. We wish now to return to the
assumption that the system has limited power and to the speclal problem.
We shall say that a control system 1s asymptotically proper if

00

[ 1xtolar - =

o

for each « # 0. For the speclal problem we are interested in systems
with the property that given any initial state X, there 1s a steering
function in Q@ that brings the system to the origin in finlte time. We
shall say that such a system 1is controllable. Of course, by Theorem 3
we know that i1f a system 1s controllable then for each initial state %,
there 1s a steering function in @ that 1s optimal for the special
problem.

THEOREM 7. Asymptotically proper control systems
of the form (6) are controllable.

PROOF. For systems of the form-(6) we know from (4) that the
system 1s controllable if corresponding to each x, 1in En there 1s a
u in a with the property that

t
- x5 = y(t, u) =[ Y(r)u(r)de
[e]

for some t > 0. ILet A= (y(t, u); ueaq, t> 0). Clearly A 1s a
convex set, and what we wish to show 1s that A = En.

Taking u(t) = sgn[n¥(t)], we have

t
(n, y(t, u)) =f [[n¥(s)flar .

* []

Since the system 1s asymptotically proper, we know that (v, y(t, u)) —> «
a8 t —> = for each n # 0. By Lemma 4, A = E  and the system 1s
controllable.

We now examine some specilal properties of autonomous control
systems (equation 2). Let o(r) = det(A + AI) = A + c1kn'1 +eee + 03
¢(- A») 1s the characteristic polynomial of A, and we know that
(- A) = 0. Hence v(t) = nY(t) = qe'AtB satisfies the n®? order linear

differential equation with constant coefficients
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v(n)(t) + c1v(n'1)(t) ¥ oeee + cnv(t) =0 ,

where v¥)(t) 1s the kD dertvative. Thus v(t) = 0 on an interval of
positive length 1s equivalent to v(0) = nB =0, v'(0) = - nAB = 0,

ey V n=1)(o) = (- 1)P=73a4%"'B = 0. It then follows that an autonomous
control system is proper if and only if one of the following hold

(M = B(E,) 1is the range of B and ©', ..., B* are the column vectors
of B):

1. For each non-zero vector g in E, there 1s an integer
k, 0<kg<n-1, suchthat nAB # O.

2. M+ AM) + oo+ ADVM) 2 B L

3. The set of vectors b', «..p b5, Ab', «e., 8D, ...,

A(n'])bl, ooy A(n'”br contains a set of n linearly independent
vectors.

The requirement that a system be normal 1s, in general, much
stronger. The system 1s normal if and only if no component of
v(t) = nY(t) 1is identically zero on an interval of positive length.
Therefore an autonomous system is normal if and only if for each integer
J, 0< j<r, the vectors bj, AvY, ..., A(n:jjbj are linearly
independent.

Let us now assume that an autonomous control system is both
proper and stable [the characteristic roots of A have non-positive real
parts]. For n # O we know that one component of v(t) = n¥(t) = ne'AtB
1s not identically zero. We may suppose that v, (t) # 0. Then

o a.t
v1(t) = }; Pj(t)e J cos(ﬁjt + aj) ,
=1

@;> 0 and Pj(t) are polynomials. Hence for t sufficlently large,
say t > a,

lv,(6)] 2 Ip(e) + alt)]

where p(t) 1s almost periodic, is not identically zero, and [q(t)] < % .
It then follows that
T T
1im lf Ip(t) + q(t)|?dt = 1im lf Ip(t)|%dt = 2c > 0 .
TS o T T—-)uoTa

.
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Consequently, for T sufficlently large,

T T T
f lv, ()]t Zf |p(t) + q(t)lat > T'%f Ip(t) + q(t)|3dt > cT% .
a a a

Therefore

00

[ et -«

o

and the system is asymptotically proper. What we have shown is that:

If an autonomous system 1s both stable and proper,
then it is asymptotically proper and therefore
controllable.

Let us now see what can be sald about the existence of a solution
and the determination of optimal steering for the general problem of
starting at x, at time t = 0 and hitting a moving particle z(t).

The control system is

(1) x(t) = A(t)x(t) + B(thu(t) + £(t) .

We wish to know whether or not there is & ue o anda %, >0 such
that [equation (4)] "

1
w(ey) = [ ¥(u(ea
o)

where

&,

wit)) = X6 )a(e)) - xg - [ X (ortaas
. o
that 1s, whether or not w(t,) € A(t,) for some t, > 0. Think for the
moment that t, 1is fixed and ask whether or not, for some t > O,
w(t,) € A(t). This is then the special problem for the control system

(6) x(t) = A(t)x(t) + B(t)u(t)
-

of starting at - v(t,) and reaching the origin in finite time. Suppose
that the synthesis problem for this speclal problem can be solved. Then
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for each point - w (t1) of the curve - w(t), we would know the optimal
steering function 1 and the minimum time &, for starting at - w(t,)
and reaching the origin. If %, < t,, then

wity) e A(E))C AlE))

and we would know by Theorem 3 that the general problem has an optimal
steering function u* and a minimum time t*; we would know also that
t* < t,. Thus, we have the following relation between the general prob-
lem and the special problem:

The general problem x(0, u) = > 3 x(t, u) = z(t)
has a solution if and only if in the special prob-
lem it 1s possible, starting at some point - w(t,)

of the curve

t
- w(e) = - X7 (8)a(s) + xg ¢ [ X (n)E(ar
o

to reach the origin in time t, < ¢,.

For proper control systems we can say a bit more. Suppose that
the general problem has a solution. Let u* be the optimal steering
function and let t* be the minimum time. Let u* be the optimal
steering for the special problem of starting at - w(t*) and reaching
the origin. Let ET* bve the minimum time. Then Tt < t*. Now, using
the steering function u* during the time interval [0, t*] and
coasting (u(t) = 0) during the interval [t*, t*], we hit the particle
at time t*. But we know for proper systems that optimal steering 1is
never identically zero on an interval of positive length, and therefore
it must be that ©* = t*. Thus, we have shown that

For proper systems, if wu* 1s optimal steering
for the general problem and t* 1s the minimum
time, then u* 1s optimal for the special prob-

lem of starting at - w(t*) and reaching the
origin; t* 1is the minimum time for doing this.

Thus, if the system 1s proper and if the synthesis problem for
the special problem can be solved, one can move along the trajectory
- w(t), t > 0, use optimal steering from each point, and locate the
first point where one can go from - w(t) to the origin in time t. The
steering function that does this would then be optimal steering for the
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general problem. Let m(x) be the minimum time to go from the initial
state x to the origin. What we wish to find 1s the smallest t > ©
satisfying m(- w(t)) = t. '

§5. EXAMPLES

The purpose of these examples 1s to illustrate the concepts
that have been introduced and to indicate how the theory can be applied
to solve the synthesis problem. Although similar examples have been
given before, the more complete theory simplifies the reasoning and the
computation leading to & solution. We had pointed out previously that
the restriction Iuil < 1 was a matter of convenlence and that this can
be replaced by the more general condition - a; < uy < bi’ ay > 0, bi > 0.
This is 1llustrated 1n Example 1.

Example 2 was solved in [1], and we consider the same example
to show how a more complete theory leads to a simpler solution.

In Example 3 a system which 1s proper but not normal 1s con-
sidered. The optimal steering 1s not unique, not necessarily bang-bang,
but yet the synthesis problem, which 1s to define optimal steering
uniquely as a function of the state of the system, can be solved.

EXAMPLE 1. The differential equation of a controlled, undamped
harmonic oscillator 1s

X + X = U.

We consider the constraint -agugb, a>0, b>0. An equivalent
system is

=y
= -X+Uu .

e e

01 r (0 cos t -sint -1 sin t
A= <— 1 o)’ B = (1)’ X(t) = (;in t cos t)' Y(t) = X7 (£)B - (;os t) ?
7Y(t) = ncos t + ny8int = A cos(t + 8) .
The system is proper, and since r = 1, 1s also normal. It is stable and
is therefore controllable. We know therefore that for each initial point

(xo, yo) there 1s a unique optimal control function of the form

u(t) = sgn* [A cos(t + 8)] = 1_ 2: i§ ﬁ §2§§§ + gg Z g
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which brings the system to the origin in minimum time. Conversely, we
know that any steering function of this form which brings the system to
the origin 1s optimal. We replace t by - 7, obtain

ax _ .

dr ¥

9y . x -

dr X u ,

and consider steering functions of the form u(r) = sgn*[A cos(d - t)].
When u = ¢ the trajectory in the phase plane is a circle with center
at (c, 0) and as 1 increases (t decreases) the direction on the
trajectory 1s counterclockwlse. The arrows in the figures are in the
direction of Increasing t. Thus, the trajectory can leave the origin,
as indicated in Figure 1, golng counterclockwise on elther the circle
with center at (b, 0) or the circle with center at (- a, 0). De-
pending on the choice of 1, the steering function can change sign at

y=x
\\
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£ \ \
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any time ﬁefore a half-revolution and cannot go past a half-revolutlon
without changing sign. The switching curves are therefore the chain of
semlicircles shown in Figure 1. Above these semiclrcles u = - a and
below them u = b. Thus starting in the first quadrant, as i1llustrated,
optimal steering opposes the motlon and does not change sign untll past
the point of maximum displacement except at those exceptlonal points
where the semicircles joln. Because of the simple nature of the tra-
jectories we know that there is a unique optimal trajectory through, each
point of the phase plane. This 1s also a consequence of the fact that
these are the only possible swltching curves and that the system 1s both
controllable and normal.

EXAMPLE 2. This example was solved in [1] by reasoning, which
we can now see, was more complex than is necessary. In its normalized
form the system 1s

RA TR AT T
Vo = =¥, +uy +2u,, ul <1, Jul <.

Here

Y(t) =
n1e2t + quet
and 1t 1s clear that the system is normal and controllable. In order to
solve the synthesis problem we consider the solutions, starting at the
origin of

dy, ~
Fratli ST u,
dy2 B
TRl au,
using steering functions of the form
u, (v) = sgn(fhe'21 + npe"")

-21

u,(7) = sgn(ne +2ne”") .

Taking N * M < 0 My + 20, > 0, 1, > 0, we begin at the origin with
u, = -1, u, = - 1, and move out along the parabola (Figure 2)
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Y2

FIGURE 2

@y (x) = e -, y,(x) = 3T 1) .
Now wu,(t) changes sign at «t, = tn(- n,/2n,), and then u,(t) changes
sign at 1, = #n(- n,/ny). Hence =1, - 7, = 4n2. Therefore, starting
at the point (yT(TI), y2(11)) of o with u, = -1, u, = 1, we leave
a along the parabola
¥, (x) =y (1,027
Vole) = yplayde®™ - (7 - 1)

and the shift in the sign of wu, occurs at

¥, (#n2) = 4y, (x;)
Y, (em2) = 2y,(x,) - 1 .
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This linear transformation applied to o« glves the switching curve 8
where u, changes sign. Starting at the origin with Ny + 1, <0 and
Ny + 29, >0, we have u, = -1, u, =1, and u, must change slgn some
time not later than <« = fn2 and can change at any time along the line
from (0, 0) to (-1, 0). This is the switching curve 7. The
switching curves a', B', 7' are obtalned by symmetry. These are the
only possible switching curves, and, since the system is controllable

and normal, the steering function is determined uniquely at each point

of the phase plane as indicated in Figure 2.

EXAMPLE 3. Here we consider a system which 1s proper and con-
trollable but not normal. The difficulty is that 1t is not sufficlent
to determine all of the possible switching curves, since the optimal
steering 1s not unique. What one wants to do 1s to determine a set of
switching curves for which there 1s a unique optimal trajectory through
each point. The system is

X, = -2X, + U

2 o + 1,

S 190 [ PR 00 [P B

where the matrix A is in diagonal form.
-t

e 0 1o
X(t) = s B = ,
0 o2t 10
A 0 "1et * “aeat
Y(t) = s Y (t) = .
R nye?"

The matrix B 1s non-singular, and the system is proper and controllable
but not normal. We shall obtaln a solution in which one component of the
steering 1s zero in twd regions of the phase plane. Ietting t = - 1,
we examine the solutions of
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leaving t@e origin with steering

u, (1) = sgn(n,e™" + n072%), u,(x) = sgn(n,e™@%) .

Taking n, =0, we can choose u, to be any value between - 1 and

1
and swltch values any time we please. We restrict ourselves to values
-1, 0, or 1.

The curve «a 1n Figure 3 corresponds to
u, = - 1, uy, = 1.

'11<0:'12=0:5-nd
5 If we switch to u, = 0, the trajectories leaving a
are parebolas with vertices at (- 1, - %). The curve B corresponds to
switching a% time «+ = 0, and every point between o and B has an
optimal trajectory passing through it. The curve B corresponds to
leaving the origin with u, = - 1, u, = 0. Switching to u, = - 1, we
leave B at any point we please along parabolas with vertices at
(-1, 1). The curve 7y corresponds to switching to u, = -1 at time
t = 0; that 1is, to leaving the origin with u, = - 1, u, = - 1. All
points between B and

Picking 1, > ©
and not o <o,
y we please. The trajectories leaving 7 are parabolas with vertices at

(1, 0), and each point between y and «
The switching curves o', B', and 7'

y can be reached in this way.
we see that we can switch to wu,

= 1 at any point along

can be reached in this way.
are obtalned by symmetry.
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II. CONTINUOUS DEPENDENCE ON A PARAMETER

J. Jarnik and J. Kurzwell

Glchman [1] was the first to show that the averaging principle
1s a consequence of a modified theorem on continuous dependence on a
parameter (cf. also (2] and [3]). Let the solutions of

(1) F-rx 0

be unique. In [4] 1t was proved that the solutions of

(2) g . fi(x, t), k=1,2,3, ...

dt

tend uniformly to the solutions of (1) with k —> « 1if
t t

(3) f fi(x, T)ds ——>f £(x, )dr
o 0

uniformly and if the following Condition A is fulfilled. (x, f, fk are
n-vectors, f, fk are continuous for x € G, t € <0, T, G open.)!
Let o,(n), w,(n) be non-decreasing for 0 ¢ n < o, ¥(y) =
@, (0o, (n), n"v(n) non-decreas:l.ng.2
CONDITION A:
t

2
f i (x, t)
€,

(%) dat g o, (18, =t |)

vocr. {4+], Theorems L4, 2, 1, which is formulated for generalized differ-
ential equations. In the special case of equations (1), (2) with f, fk
ﬁontinuc))us, every solution is necessarily regular (cf. Definitions

y 2, 1)

2 It 1s sufficient that v(n) be non-decreasing. This will be proved
in a paper by J. Kurzweil, which will be published in Czechoslovak Math.

Journal.
25
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for |t, - t,1 o, k=1, 2, 3, ...
t2

(5) | f (£ (xy, t) = £ (xy, t))dtls 1%, = % lo, (It - t,1)
t
1

for |t, - t,| <o, |x, - x| g 20, (0), k=1, 2, 3, ...

&) i 21v<_2%)

i=1

Consider the speclal sequence

ax

94X - xx'"%cos kt + k' Psin kt
at

(2")
0 a, B 1, k=1, 2, 3, «.s

and the equation

ax _ o
dt
(1
(n=1, G=E(x; [x] <2).

Then (3) is obviously fulfilled, () and (5) hold with wo,(n) = K17,
me(n) = Kena, y = min(a, B) (K1, K, 1independent of k) and (6) holds
for a + y > 1. Consequently the solutions of (2" tend to the solutions
of (1) with X —> o 1f o'+ y > 1, 1l.e.,

(1) a+B>1, éz>%.

By direct calculation it 1s easy to show that the solutions of (2') tend
to the solutions of (1') precisely if a + B> 1 (cf. (4], p. ¥19).

Our aim is to prove that condition (6) cannot be weakened even
i1f we restrict ourselves to linear equations. In the case of linear '
equations we shall always suppose that

w,(n) > coy(n), ¢ >0 .

As o,(n), oy(n) are modull of continuity (cf. (4) and (5)), we shall
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suppose that
(8) mj(n]) + wj(qz) > wj(q1 +np)y J=1,2 0

THEOREM. Let 1 'w,(n), n "wy(n), (0 < n < 1) be non-de-
creasing for a positive i, v(q) = mI(n)wa(n);

(9) 0)1(']) > sz(n): c>o0 ,
(10) oAy 4 .

12 W(;f)

=1

Then there exlsts a sequence of linear differential equations
(1) X .8 (t)x + b (t)
dt k ’

(n =1, G==E(x; |x|] <2)), such that (%) and (5) are fulfilled,

t t
f &k(‘t)d‘( ——> 0, f bk(-r)d'r —> 0

o o

uniformly, while the sequence of solutions xk(t) of (11) (with
x,.(0) = 0) does not converge.

27

Let us explain the r8le of the inequality o > % in (7). Con~

sider the sequence
n dx
(2") E = aylt)x + B(t)

where X, bk are n-vectors, &, are n X n-matrices. Suppose that

gy () )ay (t,) = &y (£))a () for t,, ty € <O, T>, k=1, 2, 3, «vv »
Then the solutions of (2") tend to the solutions of

") g% = a(t)x + b(t)

if
t t

a(e) = [ el —> a) - [ ate)as
[o} (o]

uniformly,
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t t
B (t) =f by (r)dr —> B(t) =f b(r)dr
[e] [o]
uniformly,

1B (tp) = Bt <oy (It = 410, 1A () = A(E)] S o (lt, = £, ), 7,

if (6) holds (with ¥ = w,0,) and if v(n) dis non-decreasing. This
follows from the representation

t
x(8) = exp (e(e)) [2 + [ oxp (- aleNan(0)]
o

where

t
f exp (- A (1))dB ()
[}

tends to
t

f exp (- A(x))dB(x)

o]

if q'1v(n) 1s non-decreasing according to (4], Theorem 3,2. (In the
case that merely v(y) 1s non-decreasing, cf. footnote 2.) Let
b (t) = b(t) = 0. Then the solutions of (2") converge to the solutions
of (1") if (and only if) A (t) —> A(t). This situation specially occurs
for n = 1.

In the non-commutative case it follows from the Theorem that
there exists such a sequence of linear homogeneous equations that (3),
(4) and (5) are fulfilled (with ,(n) = w,(n)) and the sequence of
solutlons of these equations does not converge, if

i 21v2<;1I)-w ,

i=1

va(q) - wg(q), n_ng(n) non-decreasing, A > 0. (It suffices to take
n=2 and

3 If Z 1s a matrix and zij are its elements, we put, for example,
12| - 2t



DEPENDENCE ON A PARAMETER

— = a (t)x, + b (t)x, ,

x1k(°) =0, x2k(o) =1, k=1,2,3 ...

with & (t), b, (t) from the Theorem). This explains the appearance of
the inequality a« > 4 1in (7), as a general result on the continuous de-
pendence on a parameter appllied to the sequence (2').

PROOF. Let

m,
expl - Ak(t)) =Cy + z 11w2<;11 )sin 2,
1=k

m
B, (t) = C, Z ‘1‘“1(—;—1 ) cos 21t R
1=k

() =& A (t), b (t) =SB (t), k = 1, 2, 3, «..
ok at k k at x

where the constants C;, Cys £, £, 13, seey My, My, Mg, eeey Wy > k,
will be chosen later.

We shall prove

t
(1) A () - Ak(o) -f 8y (7)dtx —> 0 uniformly,
[

t
B (t) - B, (0) =f by (7)ds —> 0 uniformly with k —> «.
o

(2) dwy(n) 1is a modulus of continuity of Ay (t) = 0 = an( %, -‘1-; )

(cf. (9)) -;-«»1('1) is a modulus of continuity of
B (t), k=1, 2, 3, «+0 -

(3) Consequently (uz and (5) are fulfilled. (G = E(x; |x| < 2))
the sequence xkt' diverges for t # O.
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Let us choose the sequence Ly Let

LsnE[1;1>s; a)j<;11>525-1wj<-21§>é(1+—>-s- for3=1or3-2]

S=1,2, 3, «on 1=2, 3, 4% «eo ,

8

L-Jr,, M=Q-1L ,
vhere Q 1s the set of all natural numbers and C > 1 will be chosen
later. We put
1 for 1eM ,
4y =

0 for 1eLlL .

As n')'a)j(q) is non-decreasing,

(12) “’j(ﬁﬁ)se-x‘“J(i‘I)’ J=1,2, 1=1,2,3 . .
let us estimate

L 2“(21) < 2 Al )

I>s

1-3-1

w( >31<28>] [‘*c] <
1-8-1
.<_25v<-21§>§Z[2"'<1+é>] .
I>s
let C be so large that
-] 1.
hZ[e')‘(‘IJr%)] <C ;

i=0

1t follows that
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Y (k) <ie(5)

ieLs
Consequently
k
(% )Zav( )- % T (k)
Zi "21
i=1 =1 s=1 leLg
k
21 ) (%)
2 21
1=1
and

(13) i 1121W<i-1>=
i=1 2

(cf. (10)).
We shall further prove that

r-i ziQi_rwj( -211 > < c(c + 2)«»3.( # )
i=1

(14)
J=1,2, T=2,3 4% . .

If r e M, then

o )2 (L) g 1

r-i-1
, 1 =1,2, ¢eep =1,

Ql-=
P

i+1-r

T ez an(3) ] (1) e ()

i1=1

If r e L (obviously 1 € M), then there exists such an r, < T, r,eM
that 1 eL for vy <1lgr. Then
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r. -1
r-1 1
r,-r i-r r. -r
to (L iz p (_1_ Y 1 (_1 )
Z 1‘”.1( 21 >2 2 Z 12\ 2 2 ol 7 )<
i=1 i1=1 2

< c(C + 1)‘“3("1?; >2r1-r + arl'rwj(_% > <
2 2

< clc + z)ar"rwj( ;%; )< o+ 2):0:](;1-1.— )

(> 1) (cf. (8)) and (14) holds for r =2, 3, 4, ... .
Let us prove 1), 2), 3).

1) According to (12),
. “’J(g'i>< ® o
1=1

If -
o> ) e(E)

1=1

then A, (t) - A (0) —> 0, B, (t) - By (0) —> 0 wuniformly.
2) Let

w 1 . )
8 (t) = Z d1w1<;>coszt »
1=1

[d
1 i
Tk(t) = Z dima(;?_ ) sin 27t ,
i=1

di""i for 1=k, k+1, ccop, M >

di-o for 1<k or 1> m ,

1 1
—— t. - ¢t |>__ .
2r-12|2 1 .
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Then
|sk(t2)-sk(t)lszd1w< )'51’1212- Z (1)5
1=1 e
ziu,( Rt (L) T e (L)
i=0

Sm1(|t2't]|) ’

=C(C+2)+ (1 -2
(ef. (12) and (14)). Similarly .
1T (tp) = Tp(t,)] < Koy (18, = £41)

If C,, C, are large enough, then 2) is fulfilled.
3) Obviously

My
) 1 (1 1, -
by (£) = - C, Zzie u>1<-2—1 ) sin 21t
1-k

X, (t) = exp(a, (t)) f exp(~ A (v )by (x )dv =
(o]

m

k -1
1 1
=-[c, + Z tiw,‘,(;{)sinat] x
1=k
t e Ty
1 1 1 1 1

f[cI+Zzim2<;>sln21]C2Zatim1<;>sin2‘rdr
o 1=k 1=k

As

00
C'|>Zm2<-;-i> ’

i=1

it follows that
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mk , t
1 2
I x (e > 03[2 2 ziv<;>f sin? okt ar
1=k °
m £
-C.I Z 21£iwl<-1->‘f sin 211 dr | -
a1
1=k o
m
- Z 23113(»1(—-{)@( j>’f sin21 sinzjf ds
2
1, j=k

C3>O

If j+# 1, then

i f 1 j 21 o1
‘fsinersinETdT < TN 3
jal-23| 21 4 23
Ty t
Z eizlzjm1( i >m2< -21—:]- ) lf sin 2t sin 29¢ a«
1, j=k °
J#
o3[ a5 [Z t)]
1\ ot 2\ 31
1=k 1=k
Consequently
Ty Dy
t 1 1 1 1 141
Ix ()] 203{5 Z 2 zi"(;)'ﬂ Z tiw<-2—i->sine t
. 1=k 1=k

PRES IR ENIREN!

Let us choose my, in such a manner that

J
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mk
3 (1) —
1=k

with k¥ —> « (cf. (13)). Then |x(t)|—> = with k —> = for
t #0 (cf. (12)).
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III. POINCARE'S PERTURBATION METHOD AND TOPOLOGICAL DEGREE

Jane Cronin
§1. INTRODUCTION

We study the periodic solutions of a system of differential
equations
(1.1) %=F(x, t, u)
where x, F are n-vectors, appropriate differentiability and periodicity
conditions are imposed on the components of F, and u 1s a real para-
meter. Poincaré's perturbation method is used and the results extended
by using topological degree. The technlique developed gives a general
approach to the existence problem for the degenerate case (the case for
which the variational equation has periodic solutions) and new existence
theorems are obtained i1f the degree of degeneracy exceeds one. (In prob-
lems of mechanical or electrical oscillations, the degree of degeneracy
is frequently greater than one.) The technique consists in using topo-
logical degree to make an 'in the large' study of the bifurcation system
(Verzwelgungsgleichungen) without imposing any local uniqueness conditions
on the solutions of the bifurcation system. The results obtalned are
generalizations and refinements of the results in a previous paper (7],
(Numbers in brackets refer to the bibliography at the end of this paper.)
although the present paper 1s independent.of [7]. Existence theorems are
obtalned for a wider class of equations; autonomous systems are studled;
and it is shown that for the totally degenerate case (degree of degeneracy
equals dimension of the system), the topologlcal degree is a kind of lower
bound for the number of distinct periodic solutions.

The literature on this subject is extensive. General treatments
are described briefly in [7]). Bass [2] has given a large bibliography

including not only general treatments but papers on applications. The
work of Friedrichs (8, 9, 10], Coddington and Levinson (3, 4] and

37
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Lefschetz [11, 12] are most closely related to our approach. We base our
treatment on the results of Coddington and Levinson concerning properties
of the bifurcation system. As in Lefschetz's work, we need not Ilmpose
local uniqueness conditions on the solutions of the bifurcation system,
and our results may be regarded as an extension of the criterion for the
existence of real periodic solutions glven by Lefschetz.

In Section 2, we describe how the bifurcation system is set up.
Periodic solutions of the original differential equation correspond to
solutions of the bifurcation system. We study solutions of the bifurcation
system by determining the topological degree of the mapping defined by the
bifurcation system. By using the properties of the bifurcation system
obtained by Coddington and Levinson (3, 4], we show in Section 2 that the
problem of determining the topological degree can be reduced to that of
determining the topological degree of a mapping in Euclidean g-space where
q 1s the degree of degeneracy.

In Section 3, we apply the method to obtain some existence theo-
rems for periodic solutions of non-autonomous differentlal equatlons. 1In
particular we show that if the function F(x, t, p) in (1.1) 1is such that
F(x, t, u) = Ax + pf(x, t, u) where A 18 a constant matrix and
£(x, t, u) = f](x, p) + fz(t, u) where the components of f1(x, 0) be-
have like polynomials for large X, then, except for cases for which the
topologlcal degree is not defined, equation (1.1) has, for sufficlently
small u, at least one perlodic solution near the initial solution.

In Section 4, the exceptional case in which the topological
degree 1s not defined 1is discussed. In Section 5, the case in which the
topological degree 1s even 1s briefly considered. In Section 6, we prove
that the topologlcal degree 1s, for the totally degenerate case, a kind
of lower bound for the number of distinct periodic solutions. Finally
in Section 7, application of topological degree to an autonomous differ-
ential equation 1is described.

I am indebted to Professor 3. Lefschetz for a number of ex-
tremely helpful discussions of this material.

Most of the work on this paper was done under the sponsorship
of the Office of Naval Research contract Nonr-1858(0k4).

§2. THE BIFURCATION SYSTEM
In [8], Friedrichs treated the equation

(2.1) % = F(x, t, u) (« = d/dt)
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where x, F are n-vectors; the components of F have continuous deriva-
tives with respect to x, t, and u; these derivatives have continuous
derivatives with respect to x; F(x, t, u) is periodic in t with
period T(u) where a°T/du® 1s continuous; and (2.1) has for u =0 a
solution x,(t) of period T(0). The problem 1s to determine if for
sufficiently small u, equation (2.1) has a solution x(t, p) periodic
of period T(u). The classical result of Poincaré ([13], Vol. 1, Chapter
IV) states that if the variational equation X = A(t)x, where

aw) - & ,
x=xo(t),u-o

has no non-zero solutions of period T(0), then for sufficiently small
u, equation (2.1) has a unique solution x(t, n), periodic of period
T(w), such that

Um  x(t, u) = x,(t) .
p- 0

Here we treat the degenerate case in which the varlatlonal equation has
q linearly independent solutions, periodic of period T(0), where

1< q<n. The number q 1s called the degree of degeneracy of the
problem.

Friedrichs shows that if

213] -0
a kd
\ - x=x,(t),n=0

then the problem can be reduced to the study of the equation
(2.2) x = A(t)x + uf(x, t, n)

and then derives a bifurcation system for (2.2). Coddington and Levinson
({31, (4]), by imposing the further conditlon that A(t) 1s a constant
matrix and then putting this constant matrix in a canonical form, derive

a more explicit form for the bifurcation system. (Coddington and Levinson
also assume that T(u) 1s a constant function. This is not a restriction
in the generality because Friedrichs shows in [8] that the general case
may be reduced to the case T(uw) a constant.)

Now we describe the bifurcation system derived by Coddington
and Levinson. The system is obtained by using the varlation of constants
formula to describe the solution and then imposing the condition that the
solution be periodic of period 2 (i.e., assume T(0) = 2n.) The system
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4o

1s:
2n

(2.3) (™ _ E)c + uJ[ (0(27=8)Ap x(s, 4, ¢), s, ullds = 0 ,
o

(this 1s equation (1.12), p. 23, of [3] or equation (3.20), p. 360 of [4])
where E 1s the 1dentity matrix, c 1is an n-vector such that x(t, u, c)
is a solution of (2.2) with initial value c, i.e., x(0, u, c)c, and
x(t, u, ¢c) has perlod 2x. Thus (2.3) 1s a system of n equations in
the n wunknowns which are the components Cis eees Cp of c¢. The prob-
lem of finding periodic solutions for (2.2) is reduced to that of solving
(2.3) for cyy +er5 Cpe
In order to study the properties of (2.3), Coddington and

Levinson assumed that matrix A already has the following real canonical

form
A
Ay
A= B,
Bm
o]
where the elements not shown are zeros. Each A., j =1, «¢s, k, 18 a

matrix of aj (aj even) rows and columns of the form

where all elements are zero except Sj and E2, and

o 'Nj 1 o
Sj = , E, =

o
NJ 0 1
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where NJ 1s a positive integer. A matrix A; may have only two rows
and columns 1n which case Aj = Sj. Fach matrix Bj has B j rows and
colums, j =1, ..., m, and is of the form ‘

0 O+ oo 40
1 0 .
By - o o
0 ... ‘0 "1 °0

where B may have only one row and column in which case B. consists
of the single element 0. The matrix C has (n - z]f=1a - ):‘3‘=1Bj) Tows
and columns and has no characteristic roots of the form 1IN for any
integer N including N = 0. Matrix C need not be in canonical form.

If (cqs «ees Cys =ves cn) is an n-vector, the indices 1 corre-
sponding to the last two rows of any A. or to the last row of any B
are called exceptional indices. They are the indlces with the following
form:

2

1+a2+...+aj

1=0a, +a +...+(aj-1)

1i=a

wvhere j

"
=

+...+ak+a1+...+5j

where j =1, ..., m« The indices 1 corresponding to the first two rows
of any A; or to the first row of any B: are called singular indices.
They are the indices with the following form:

1=1,2, a +1, a; +2, veey Oy A Oy 4 eee 4Oy, T,

[ +a2+...+ak_]+2,a +...+ak+1 )

1 1

[+

+...+ak+B1+1, essy a‘+...+ak+ai+...+5m_14~1

1
There are (2k + m) exceptional indices and (2k + m) singular indices.
The number q = 2k + m 1is the degree of degeneracy of the problem.
Throughout our study, we assume that q > 0, 1.e., that there is at
least one Aj or one Bj in the canonical form of matrix A.

Now let (], +++y Gy o) Dbe the (n-q)-vector whose components
are the components (in the same order) of (c1, caey °n) which have
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non-exceptional indices and let (cy, «+e, cc';) be the g-vector whose
components are the components of (°1' ooy cn) which have exceptional
indices. Let subscript J denote a singular index and J' a non-
singular index. It is shown in [3] and [4] that system (2.3) can be re~
placed by the system

2n
(eh)  Nols vues of ) wu{ [ o heixs, v, 0), s, aas} o
o (4n

27
(2x-s )Af s Mo » S =
{[ <] [x(s, p, Cc), 8 u]ds}(j) 0

wvhere N 1is a non-singular (n-q) x (n-q) matrix acting on vector
(chy ooy c;l_q) and

{[en e@m=8)hr(x(s, 4, <), s, u]ds}(jl)

denotes the vector composed of the (n-q) components of
2n
{f 9(2"'S)Af[x(s, wy €), 8, u]ds}
o
which have non-singular indices. Simllarly

2n
{ f e(Q"'S)Af.‘[x(s, us C), 8, u]ds}
[} (3

denotes the vector composed of the q components which have singular indices.

The left side of system (2.4) describes a continuous mapping
(call it o# ) of real Euclidean n-space into itself. Let c¢" denote
the vector ¢ 1n which the (n - q) components with non-exceptional
indices have been set equal %o zero. Then

{jﬂ 6(2"°S)Af[eSAc", 8, O]ds}(j)

defines & continuous mapping of real g-space into itself which we denote
by o#,. We call the system

2n
{f o(2n=8)Ap( SAn o O]ds}
(o]

=0
J)
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the reduced bifurcation system.

Friedrichs [8] and Coddington and Levinson, [3] and [4] assume
the existence of a solution c¢" of the reduced bifurcation system such
that the Jacobian of the reduced bifurcation system is non-zero at c".
From this, the existence of a solution of (2.3) and hence of a periodic
solution of (2.2) is obtalned. We use instead the notion of topological
degree.

LEMMA 2.1. For given r, there 1s an € > 0 such
that 1f |p| < &, the topologlical degree of o# at
the origin and relative to a solid (n-1)-sphere with
radius r and center at the origin 1s equal (except
possibly for sign) to the topological degree of My
at the origin (in q-space) and relative to a solid
(q-1)-sphere with radius r and center at the origin.

PROOF. The proof follows from the definition of topological
degree and the invariance under homotopy of the topological degree. (see
{1, Deformationssatz, p. 42k].)

Lemma 2.1 shows that in order to demonstrate the existence of
periodic solutions x(t, u, c) of (2.2) 1t is sufficient to show that the
topological degree of 0440 is non-zero. For then the degree of # 1s
non-zero; hence for given small u, system (2.3) has at least one solution
ey = (c?, ceey cg). This implies that (2.2) has a solution x(t, u, ¢g)
of period 2x such that x(0, u, c,) = (c$, +.., c2). From the funda-
mental properties of topologlcal degree, the initial values (c,, ceey cn)
are continuous in p 1in the following sense: 1f for given Ko
(c?, vy cg) 18 an 1solated solution of (2.3) which has non-zero topo-
logical index, then given € > 0, there is a &> 0 such that if
|u1 - uol < 8, there 1s at least one periodic solution x(t, u, c,)
with initial value (c{, «.., cﬂ) such that Ici - cgl < e for
1=, oo, n; Af (e, «.u, cg) 1s not an isolated solution of (2.3),
i.e., (c?, veey cg) is a limit point of a set S of solutions
(e}, +eey cp)) of (2.3) for u = u,, then suppose that the topological
degree of an open set N containing S but no other solutions of (2.3)
is different from zero. Then given € > 0, there is a & > 0 such that
if | - uol( 8, then there is at least one solution x(t, u, ¢) with
initiel value (c,, «.., C_) such that for some (c?, cee, c;) €S, we
have |cj - ;| <e for 1=1, ..., n. From the usual existence theo-
rems for differential equations, it follows that the solutions x(t, u, c)
are themselves continuous in p 1n the same sense.
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§3. EXISTENCE THEOREMS FOR THE NON-AUTONOMOUS CASE

We obtaln existence theorems for periodic solutions of the equa-
tion

(3.1) X = Ax + pf(x, t, u)

where A 1s a constant matrix; u 1s a real parameter; and f, af/ax1
are continuous in (x, t, u) for small |w| and all (x, t); and f has
period 2n 1in t. The perlodic solutions of the variational equation

X = Ax correspond to the characteristic roots of A that are of the form
iN where N 1s an 1integer.

ASSUMPTION 1. Suppose that A has just one palr of character-
istic roots of the form 1N, - IN where we assume the integer N 1s non-
zero. Then A may be put in the standard form

where Ao is not necessarily canonical but 1s real and has no character-
istic roots of the form 1iN. We assume that A 1s in this standard form.

ASSUMPTION 2. The components f,(x, t, u) and f,(x, t, u) of
f(x, t, u) have the form

£i(x, t, ) = Hy(x, .o, X B) o+ Ki(t, u) (1 =1, 2)

where Xys +eey X, are the components of x, and Hi’ Ki are functions
of the indicated variables which have continuous second derivatives in
these variables. The functions K,(t, u) and K,(t, u) have period 2«
in t. Also there exist polynomials P1(x1, x2) and P2(x1, X,) such
that

Hi(x1,x2,o,...,o,o)

1im =1 (1 =1, 2,)
ro Pi(x1,x2)

where r2 = xf + xg .
Two real independent periodic solutions of the variational
equation are:
x(1)(t) = (cos Nt, sin Nt, 0, ..., O)
x(z)(t) = (- sin Nt, cos Nt, 0, ..., 0) .
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Following Coddington and Levinson, we may write the reduced bifurcation
system as:

(3.2) /?" {cos(Ns)H [c1x(1)( s) + C x(a)(-s), o]

o
- sin(Ns)H2(01x(1) + °2X(2)' o)} ds +

en
+[ {cos(Ns)K1(-s, 0) - s:Ln(Ns)Ka(-s, o)} ds =0 .

21
(3.3) f {sj.n(Ns)H1 c1x(1)(-s) + cex(a)(-s), 0
[o]

+ cos(Ns)He(c1x(1) +cp x , o)} ds +

2x
+[ {sin(Ns)K1(-s, 0) + cos(Ns)Kz(-s, 0)} ds =0 .

(Here for convenience we have not indicated the components of c1x(1) +
cax(a) separately although H1 and H2 are actually functions of these
components. We use this convention with Pl and P2 also.) Let k1
and k, denote the constants which are the second integrals on the left
sides of equations (3.2) and (3.3). Let #,(c;, c,) and #ylcy, c,)
denote the first integrals on the left sides of (3.2) and (3.3), and let
P,(cyy cy) and P oy, ¢y denote the polynomials obtained if in  #,
and #,, the terms H, (c,x 1)y e X 2)0) and Hy(c,x + cax(a), 0)

are replaced by P,(c, x(’) + cx(a)) and P,(c, (1) ¢ x(z))

ASSUMPTION 3. If @, and @, are of degrees n, and n,
respectively in c, and c,, let Q and be the homogeneous polynomials
of degrees n, and n, in P, and #, respectively. Let
M (e, c) —> (c,, cy) be the mapping defined by

Q(eys ) = o
QQ(C'I’ 02) = c; .

We assume that the topological lndex at (0, 0) of M 1s defined.



46 CRONIN
From standard arguments, we have:

LEMMA 3.1. et M, : (c,, ¢,) —> (c], c)) be

)
defined by:
P (c,s op) + k, = c!

¢%(c1, ce) + k,

1
Q
n
.

The topological degree of mapping M, at (o0, 0)
and relative to any sufficlently large circle with
center (0, 0) 1s equal to the topological index
at (0, 0) of M.

THEOREM 3.1. Let Assumptions 1, 2, 3 be satisfied.
Then for all sufficiently small u, Equation (3.1)

has at least one solution of period 2n.

PROOF. Let o# : (c,, 02) _— (c{, cé) be defined by:

1
Q

#.(ey, cy) + Xk, =)

#,(cy, cy) + k,

[
Q

It 1s sufficlent by Lemma 2.1 to show that the topological degree of yﬂ
at (0, 0) and relative to a circle with center at (0, 0) 1is different
from zero.

We show first that relative to any sufficlently large circle,
the topological degrees of M; and oH, at (o, 0) are the same. From
Assumption 3 and the fact that ﬁ> and ﬁ> are polynomials, 1t follows
that given m > 0, there exists rl >0 such that 1f c? + c > r

then
[7?1(01, 02) + k1}2 + [’De(ci’ 02) + k2]2 >m .

Further there exists €>0 and r, > 0 such that 1f |g,] < e, }q2| < €,

and c? + 02 > r then

2n
[Jf {}os(Ns)[PI(c1x(1) + cax(e))](1 + )
o

2
- sin(Ns)[Pe(c1x(1) + czx(z))](1 + qz)} ds + k‘] +
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: 2n
+ [ JP {sin(Ns)[Pl(c1x(1) + ch(e))](1 + 1)
o]

+ cos (Ns)[Pe(c1x(1) + czx(a))](l + qe)} ds + k2]2 > % m .

By Assumption 2, there exists ry> 0 such that 1if c? + cg > rg, then

) e x(z), 0) = (1 + "1)P1(°Ix(1) + czx(e))

Hy (c,x

where |nq] < e for 1 =1, 2. Hence the homotopy h: (cy, cpy t) —>
(cy (), cé(t)) defined by:

2

2n
c;(t) = Jr {FOS(NS)[P‘(GIX(I) + 02X(2))](1 + tq1)
Q

- sin(Ns)[P2(01x(1) + ch(e))]h + tqe)}ds + k,

2n
cé(t) = JF {}in(NS)[Pl(c1x(1) - ch(Q))](1 N tq1)
o

- cos(Ns)[Pz(o1x(1) + czx(e))](1 + tqe)}ds + X,

shows that the topological degrees of M, and ””o at (0, 0) and
relative to any sufficilently large circle with center (0, 0) are the
same.

A trivial computation based on the fact that

2n
Jf sin™(x) cos™(x) dx # o
o

only if m and n are even shows that ?, and ?2 are polynomials
of odd degree in c, and c,. Then the topologlcal index at (0, 0) of
M 1s odd [5] and hence the topologlcal degrees of M, and yﬂb are
different from zero. This completes the proof of Theorem 3.1.

As a second example, we consider Equation (3.1) under the
following assumptions.

ASSUMPTION 4. Matrix A has just one pair of characteristic
roots 1N, - iN where N 1s a non-zero integer and A has 0 as a
characteristic root. Also A has the form
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where Ao 1s not necessarily canonical but 1s real and has no character-
istic roots of the form 1iN.

ASSUMPTION 5. The components f,(x, t, u), £ (x, t, u) and
f3(x, t, u) of f(x, t, u) have the form:

fi(x’ t, u) = Hi(x1, ceey X u) + Ki(t, w) (1 =1, 2, 3)

where X5 «ee, X, are the components of x; and H1 and Ki are
functions of the indicated variables and have continuous second deriva-
tives in these variables; and K1, K2, K3 have period 2n 1n t. There
exist polynomials Pl(x1, Xps x3), P2(x1, Xps x3), P3(x1, Xy, x3) such
that

Hi(x‘,xa,xa,o,...,o)
P (X, %p,%;)

1im =1 (1 =1, 2, 3) .

r-o

-

Also the degree of P, 1s k, odd, and there 1s a term ax§ (with

3
a #0) in P3-

Three real independent periodic solutions of the variational
equation are:

). (cos(Nt), sin(Nt), 0, «.., 0O)
x(g) = (- sin(Nt), cos(Nt), 0, «e., O)
x3) 2 (0, 0, 1, «un, 0).

The reduced bifurcation system 1is:

21

Jr [cos(Ns)H‘(c1x(1) + czx(2) . c3x(3), o)
°
- 31n(Ns)H2(°1x(1) + cex(E) + °3X(3), 0)] ds +
2

+ Jr [cos(Ns)K, (- s, 0) - sin(Ns)K,(- s, 0)] ds = 0
o
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27 2
[sin(Ns)H1 + cos(Ns)Hé] ds «+ /\ [sin(Ns)K1 + cos(Ns)K2] ds = 0
[¢} o

2n

(2) +C x(a), 0)ds =0 .

(1)
H3(c1x + C X 3

2

Let ky, #y, Py, and Y (L =1, 2, 3) be defined analogously to thelr
counterparts in the preceding example.

ASSUMPTION 6. Let M : (c;, ¢, c3) —> cf, ¢}, cj be the
mapping defined by ci = Qi(c1, Cys 03) for 1 =1, 2, 3. We assume that

the topological index at (0, 0) of M is defined.

By the same type of argument as for the preceding example, we
obtain:

THEOREM 3.2. Let Assumptions 4, 5, 6 be satisfied.
Then for all sufficiently small u, Equation (3.1)
has at least one solution of period 2.

More complicated examples may be treated in a similar manner.
§4. EXCEPTIONAL CASES

By Assumption 3, the topological index at (0, 0) of mapping
M 1s defined. Now suppose that this assumption 1s not satisfied, i.e.,
suppose the topological index 1s not defined. This means that Q1, Q
have a common real factor. Hence by varying one coefficient in Q,
(1,e., varying H1) arbitrarily slightly, we obtain a mapping for which
the topological index is defined. When such a change i1s made, two differ-
ent cases arlse. First suppose that after Q, 1s changed slightly in
some definite manner, the topological index j of the resulting mapping
is defined and suppose that j 1s odd or that |j| > 2. Then by using
the analysis of [5, Sectlon 3] it can be seen that regardless of how Q1
or Q, 1s changed (provided the magnitude of the change is sufficiently
small) the topological index will be non-zero and there will be at least
one perilodic solution.

Now suppose that after Q, 1s changed slightly in some definite
way, the Index j 1s zero. Then no conclusion can be drawn about whether
there 1s a periodic solution. Further suppose that j = 2 or - 2.

Then, again by using the analysis of [5, Section 3] it can be shown that
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a different small change in Q, will yleld a mapping of index zero. Again
no conclusion about the existence of periodlc solutions can be drawn.

Another exceptional case which may occur is this. In the first
example of Sectlon 3, functlons 4#,(c,, ¢,) or #,(c,, c,) may be
identically zero. If ,¢1(c1, c2) =0 and k, # 0, the bifurcation
system is inconsistent and there are no periodic solutions with initial
values continuous in p for small u, If H1(cl, cz) = 0, and k1 = 0,
no immedlate conclusion can be drawn. It is worth noting that if we
consider a problem in which

daT

— 0

du] ro
u=0

then as 1s shown in [8], nelther #, or ¢¢2 1s 1dentically zero.
§5. IF THE TOPOLOGICAL DEGREE IS EVEN

The condition (in Assumptions 2 and 5) that the fi(x, t, u)
can be written as the sum of a term that depends only on x and u and
a term that depends only on t and u 1mplles that the topological
degree 1s odd and therefore non-zero. If we do not impose this con-
dition, the topologlcal degree may be odd or even. By the results of [5]
and Lemma 3.1, i1f there are two equations in the reduced bifurcation
system, the topological degree can be computed in all cases and the
computation consists simply in approximating the real roots of certailn
polynomials. (See [7], Theorems 1 and 2.) If there are three or more
equations in the reduced bifurcation system, the degree can be computed
in many speclal cases.

If the topological degree i1s zero, Equation (3.1) may or may not
have perliodic solutions as the example in [7, Section 5] shows.

§6. THE NUMBER OF DISTINCT PERIODIC SOLUTIONS

.For the totally degenerate case (q = n), the topological
degree also ylelds an estimate of the number of distinct periodic solu-
tions. We 1llustrate this by considering the first example of Section
3 with the additional hypothesis that n = q. As before, the reduced
bifurcation sygtem is:

/#1(01, 02) +k, =0

#ylcy, c) vk, =0
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LEMMA 6.1. Let M be a continuous mapping defined
on the closure 0 of an open set 0( R®, real
Euclidean n-space, and suppose M 1s differentiable
in 0. Suppose the topological degree of M at
point p, and relative to 0 is d # 0. Then
there 1s a neighborhood U of p, and a set E

of n-dimensional measure zero, E( U, such that

if peU-E, then M'1(p) 1s a finite set con-
sisting of at least |d| points.

This lemma 1s proved in [6, p. 213].

Now suppose that the topological degree at (0, 0) and relative
to a solid circle S with center (0, 0) and radius r of the mapping
defined by the reduced bifurcation system is d for all sufficiently
large r. Let mapping M, be defined by ey = A#(cys cp)y o) = #ylcy, cp)e
Then 1f r 1s sufficlently large, the topological degree of M3 at
(- k;» - k,) and relative to S 1s also equal to d. Applying this fact
and Lemma 6.1 to the bifurcation system, we see that if Ky, k, are
changed arbltrarily slightly, there will be at least |d| distinct
solutions of the bifurcation system. Since

2n
k'l =f {cos(Ns)K1(- s, 0) - Sin(NS)Ke(S) 0)} ds
()

and similarly for k,, we obtaln:

THEOREM 6.1. Suppose K, and K, are Independent
of u and suppose the topological degree at (0, 0)
of the mapping defined by the left side of the re-
duced bifurcation system is equal to d 1f the
topological degree is taken relatlve to any
sufficiently large solid clrcle with center at

(0, 0). Let u have a fixed value, say u,-

Then glven n > 0, there exist functions X,,(t),
K,,(t), both of period 2x, with continuous second
derivatives, such that

K., (t) - K (t)] < (L =1, 2)
Oggzzn l 11( ) Ki l K

and such that if u = uy 1n Equation (3.1) and
K,(t), K,(t) are replaced by K,,(t), K, (t),
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then the resulting equation has at least |d]
distinct solutlons of perlod 2n.

§7. THE AUTONOMOUS CASE

Topological degree can also be used to study autonomous sys-
tems, but because the bifurcation system 1s quite different in the
autonomous case, a different approach must be used. We describe the
application to an example.

Consider the equation:
(7.1) x = Ax + pf(x, u) .

Assume A has just one palr of characteristlc roots of the form iN,

- iN, where N 1s a non-zero integer, that A has zero as a character-
istic root, and that A has the standard form described in Assumption

4. Assume further that n = q. The bifurcation system may be written:

2n
~vey v [ {cos(Ns)f,(c1x(1) v ogr®) 4 (3, o)
[e]

- sin(Ns)fQ(c]x(l) + cex(g) + c3x(3), 0)} ds = 0

21
ve, + JP {} sin(Ns)f, + cos(Ns)fg} ds = 0
o

21
veg + JF {%3(c1x(1) + cex(e) + c3x(3), 0)} ds =0 ,
o}

(1) ,(2)

where f1(x, W), f2, f3 are the components of f, and x , X , and
x'3) nave the same meaning as before and

v = 1im Slw)
p— 0o H

where t(u) 1s the period of the solutions of (7.1). The physical prob-
lem represented by the autonomous case 1s ,such that the corresponding
mathematical problem can be posed as: set one ¢y = 0 and solve for
the remaining c,'s and v. (See (3, pp. 30-31] and [, pp. 364-366].)

Let us assume that f,(x, 0), £,(x, 0), f3(x, 0) are polynomials
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in the components of x. Then the bifurcation system may be written:

(7.2) - ve, + Py(cy, Cyr 03) = 0
(7.3) ve, + Py(c;, ¢y, c3) =0
(7.%) vey + P3(c1, Cos c3) =0

where P,, Pe’ P3 are polynomials in Cyy Cps C3e We set c3 = 0 and
solve (7.2), (7.3), (7.4) for ¢,s Cy» and v. Multiplying (7.2) vy
c, and (7.3) by c¢,, and adding, we obtain the system:

(7.5) c,P ey ey 0) + cyPyley, oy 0) =0
(7.6) P3(c1, Cyy 0) =0 .

If u 1is varled slightly, Equations (7.5) and (7.6) become
(7.5)! ¢ R (cyy cpy u) + CuRy(Cys Cpy m) = 0
(7.6)! R3(c1, Chs M) = 0

where R, Ry R3 are continuous functions of Cy1s Cps and u. Suppose
the topological degree of the mapping defined by the left sides of (7.5)
and (7.6) 1s non-zero. Then for a sufficlently small u, (7.5)' and
(7.6)' have a solution (c?, cg). When u 1s varied slightly in (7.2),
(7.3), and (7.4) (but keeping ey = 0) we obtain:

(7.2)! - ve, + Ryleqy cpy u) = 0

2

(7'3)‘ VC.‘ + R2(01J 02: H) =0
(7.4)! R3(c1, Css w) =0 .

Now suppose one of the c?, cg, say c?, is different from zero. (This
will occur if, for example, P3(c1, Cos 0) has a constant term.) We set

RQ (C?J Cg,u)

o 5
4

v

v, are a solution of (7.2)', (7.3)', and (7.u4)'.

Then Cqs Cps Vg
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IV. ON THE BEHAVIOR OF THE SOLUTIONS OF LINEAR PERIODIC
DIFFERENTIAL SYSTEMS NEAR RESONANCE POINTS

Jack K. Hale

§1. INTRODUCTION

In the last few years, systems of differential equations of the

form
n

(1.1) yg + °§yj =€ z; 5 J=1, ey n ,
k=1

where € 18 a real small parameter, the constants o are positive, and
the real functions vjk(t) are periodic of period T = 2n/w and
L-integrable in ([0, T], have been lnvestigated by many authors [1, 3a,
4a, 5, 7, 8, 9, 10b, 10e, 12, 13]. (See also the book [3b]). For n = 1,
classical results of O. Haupt [9) assure that all solutilons of (1.1) are
bounded for |e| sufficiently small and an arbitrary periodic function
®,, provided 20, # 0 (mod ).

For the study of the system (1.1) for |e| small and n 3 1,
L. Cesari [3a] 1n 1940 considered a method of successive approximations,
which was successively developed by L. Cesari, J. K. Hale and R. A.
Gambill [6, 4b, 10c, 10e] and applied to questions of existence and
stabllity of periodic solutions of weakly nonlinear differential systems
(cf. the book {3b] and [3c]). By using this method it was first proved
[3a, 10b] that all solutions of (1.1) are bounded provided 20 = O,
os t oy #0 (mod w), j #%k, j, k=1, 2, «eo, n, and the matrix
Oit) = [ k(t)] is either symmetric or even in t. Under the same re-
strictions on the numbers o¢; more general boundedness theorems have
then been proved [5a, 10e] by the same method, but they all involve some
type of "symmetry" conditions on the matrix ¢(t). Again using the same
method it has been proved [3a, 5b] that some "symmetry" condition is
necessary to assure that all solutions of (1.1) are bounded for =

55
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sufficiently small. For systems more general than (1.1), see [1, 10e].

Analogous boundedness theorems involving "symmetry" conditions
have been proved by M. Golomb [7] by a different method. Finally, J.
Moser(13], J. M. Gel'fand and V. B. Lidskii ([14] have recently shown that
1t 1s sufficient to require 204 # 0, oy + oy # 0 (mod 0), j 7 k,
J» k=1, 2, «ssy, n, when ¢ 1s a symmetric matrix.

In the present paper a procedure based on the same method
developed by Cesarl, Hale and Gambill 1s given for the study of the be-
havior of the solutions of (1.1) (and more general systems) near the
"resonance points" 20. = s, o + o, = sw, for some integer s. The
ultimate goal, of course, is to try to classify systems of type (1.1)
according to the "resonance points" for which some solutions are un-
bounded for every e # 0. This general problem is not solved in this
paper. However, we do give some general theorems concerning the behavior
of the solutions of a class of differential equations (1.1) (and even a
more general type) around the resonance points (A)a1 -0, =S, s an
integer or zero, 205 # 0, o5+ 0 # 0 (mod w), j #k, j, k=2, 3, ..., n
[Theorems (5.2) and (5.3)] and (B) o? =€ ae, oy £ 0, 2°j # 0, o5 £ oy o0
(mod w), j # k, j, k=2, 3, «ee, n [Theorem (5.k4)].

More specifically, if the oy satisfy (A) and Theorem (5.2) 1s
applied to system (1.1) with (C) ¢ = (°3k)’ where each ¢ k(-t) =
(-1)k+j °jk(t) is a matrix, then the AC (absolutely continuous) solu-
tions of (1.1) are bounded for & sufficiently small if a certain func-
tion G(s, o) of the Fourler coefficlents of the functions ¢jk(t) is
1s positive and some AC solutions are unbounded for every € # 0 if
this function 1is negative. If ¢ 1is symmetric and also satisfies (C),
then G(s, o) > 0 (Remark 5.3), which agrees with the conclusions of J.
Moser [13]. Some examples are given in §5 to show that G(s, o) may be
< 0 for some matrices ¢ 1if ¢ satisfles (C) and 1s not symmetric. If
Theorem (5.4) is applied to system (1.1) satisfying (B), (C), then all of
the AC solutions of (1.1) are bounded for e sufficlently small.

In §6, the above method 1s applied to systems of Mathieu type
equations of the form (1.1) where each o k(t) = d; cos 2t, each d X
1s a constant and 2aj 2 0, oy % oy F0(mod 1), J#k, j, k=2, 3, eev, n,
0,(0) =m, where m 4is a positive integer. Sufficient conditions are
glven (Theorem 6.1) to insure that there are unbounded absolutely con-
tinuous solutions of (1.1) in every neighborhood of the point (m, 0) in
the (01, €)-plane, where m 1s a positive integer. A corollary of Theorem
(6.1) is the well known fact [11] that there are unbounded solutions of
the Mathieu equation x" + o°x + e(cos 2t)x = 0, 1in every neighborhood of
the point (m, 0) of the (o, €)-plane for every positive integer m.
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Using determinants, the behavior of the solutions of (1.1), n> 1, near
the "resonance points" has also been discussed by E. Mettler [12] and W.

Haacke [3] for the case where o(t) is even in t. General theorems of

the above type seem to be easler to obtain using the method of this paper
since it does not involve determinants.

Another application of the method discussed here concerns the
stability of periodic solutions of weakly nonlinear differential systems.
The linear variational equations associated with such a periodic solution
1s a linear differential equation with periodic coefficients of the form
(1.1) and, in many cases, some of the basic frequencies o, are "in
resonance" with . The asymptotic stabllity of periodic solutions of
weakly nonlinear periodic differential systems has been discussed re-
cently by H. R. Balley and R. A. Gembill [2] using essentlally the same
method. For a more complete discussion of the application of this method,
in particular, Theorems (2.1) and (3.1), to the stability of perilodic
solutions of both weakly nonlinear autonomous and weakly nonlinear perilodic
differential systems, see [10g].

§2. DESCRIPTION OF THE METHOD

Let C, denote the family of all functions which are finite
sums of functions of the form f(t) = eatw(t), -®w<t<+w, where «
is any complex number and ¢(t) 1is any complex-valued function of the
resl variable t, periodic of perlod T = 2n/w, L-integrable in [0, T].
Following L. Cesari [3a], if f£(t) = ¢*%o(t) ¢ C, and o(t) has the

Fourier series
+00

o(t) ~ ) cpet™t
ke

1= ~/-1, then we denote by mean value, M[f], the number M(f] = 0 1if
inw + @ ¢ 0 for all n; M(f] = c, if 1w + @ = 0 for some n. It is
clear that M([f] 1s uniquely defined. Finally define M[f] in the class
Cw as an additive functlonal. Obviously M[f] reduces to the usual mean
value for periodic functions f(t) of period T. The following lemma is
needed in the sequel.

LEMMA (2.1) If f£(t) e Cm and M(f] = 0, then
there is a unique primitive of f(t), say

F(t) = [ £(t)dt, vhich belongs to C, and
M[f] = 0. (L. Cesari [3a], J. K. Hale [10a]).
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Consider a linear system of differential equations of the form
(2.1) z! = Az + € C(t)z

where € 1s a parameter, A, C are N x N matrices, C = (c k(t)),
each cj; (t) 1s periodic in t of period T = 2n/w, L-integrable in
[0, T], A= diag(p1, ceey pN), where the Py are complex numbers such
that

Py = Py T mjkmi, mjk an integer or zero, Jj, k =1, 2, «es, v,
(2.2)

°j # Py (mod ol), J =1, 2, eee, v; K=v + 1, eee, N .

Notice that all of the Py J=1, 2, «es, v, could be equal and also the
remaining N - v of the Pk? k=v+1, ..., N, can be two by two con-
gruent mod «l. Thls becomes important in discussing the stability of
periodic solutions of nonlinear differential systems [10g].

In this sectlon, a method of successive approximations 1is given
for the determination of the characteristic exponents as well as the
solutions of (2.1). Thls method colncides with the one given by L.
Cesari [3a] for the case where v = 1 in (2.2). More specifically, we
try to determine solutions of (2.1) of the form

(2.3) 2(t) = e"p(t), p(t + T) = p(t) ,

where 1 1s a complex number to be determined. The equation for p(t)
is then

(2.4) p'=(A-1I)p+eC(t)p .

In the following, the characteristic exponent + which is "close
to" p; 1s to be determined, i.e., v as a function of e is such that
1(0) = p,« From (2.2) it follows that p, -  Wwill be "close to" a
multiple of ol for k =1, 2, ..., v. Rather than solve (2.4) directly,
consider an auxiliary equation

(2.5) p' =Bp + e C(t)p ,

where * »*
B = dlag(pys «+es py)
(2.6)

» » *
Py = 0, pp = mk1mi, K =2, 3, seey, v, P = P = Ty kK=v+1, «e., N.
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and the myg are defined in (2.2). Suppose that 8, 1s a circle in the
complex plane with the center at o, such that

(2.7) p} 0o (mdwl), J=v+1, ¢ee, N ,

for all v e 3,.

If the mth

approximation to p(t) 1s denoted by
(2.8) p(m) - x(o) + € x(I) + ees + emx(m)
where each x(r) i1s periodic in t of perlod T = 2n/w, let

5P (5) = e Bbo(t)x (™1 (t)

(2.9)
s(r) = (sfr), cesy sér))
and define
s(r) . diag(sfr), vee, sﬁr), 0, eeep O)
(2.10) sgr) =0 1f M[sgr)] =0 ,

ays{®) - mis{Fy e ws{™ Ao g2, v,

where M[s§r)] denotes the mean value for functions of the class Cw and
d;s e++, d, are complex numbers. If M(s T)1 40 forany r, it is
understood in definition (2.10) that the corresponding dj is chosen # ©
so that S{¥) will be well defined in all cases. In fact, If dy 1s a
function of €, then dj 18 # 0 for € = O.

With these notations, the successive approximatlons are defined
by

* *
(o) - D1t th

x (d1e ) eees 4@ 7 5 05 eeey 0)

(2.11) =) . eBt\/\e'Bt[c(t)x(r-1) ENTTC DM () I
sx-1)y1a¢, v a1, 2, 3, eor &

It is clear that condition (2.7) assures that each of the integrands in
(2.11) belongs to the class G and has mean value zero provided that the
integrations are always performed so as to obtain the unique primitive of
mean velue zero. It is assumed that the integrations are performed in
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this manner. Purthermore, the x(¥)(t) defined by (2.11) are perlodic
of period T.

The method of successive approximations (2.11) 1s precisely the
one given in [6] for obtaining perilodic solutions of nonlinear systems
of differential equations. Exactly as in [6], 1t follows that p(m) de-
fined by (2.8), (2.11) converges uniformly in t for |e| sufficiently
small to a solution of the equation

(2.12) p' = [B-¢€ H(t, 4, 0o, €)lp + € Clt)p ,

vhere d = (d1, ooy dv), p = (p,, essy pN) and H = dia.g(h], eeey B,
0, ..., 0) and each hJ(r, d, p, €) 1s an analytic function of & at
e = 0 and 1ts power serles expansion 1s given by

(2.13)  ny = sg‘) +e sge) + €2 s§3) ey 3= 1y 2y eeey v

Therefore, 1f the nmumbers =1, d;, ««., dv, pys e++y p, are chosen so that
the matrix equation,

(2.14) B-¢ H(vr, d, p, €) = A -1
or, equlvalently, the equations,

my ol - € hk(r, d, py €) = Py = T

(2.141)
k=1, 2, ceoy v,m”=0 y

are satisfled, then the perlodic solution p(t) of (2.12) will be a
periodic solution of (2.4) and z(t) defined by (2.3) will be a solution
of (2.1). We shall refer to the equations (2.14), (2.14') as the
determining equations for «, d;, «eey A5 Pyy oo, P e These represent
v equations for the 2v + 1 parameters =, d;, .., dv, Prs sees Py
and the particular problem of interest will, in general, determine which
of these parameters are to be determined and which are fixed.

REMARK 2.1. In the above discussion, it was assumed that the
numbers Py J=1,2, «os, N, and the matrix C(t) were independent of
€. This 1s not necessary and systems of the form

(2.15) z' = A(e)z + € C(t, €)z

could have been considered, where A(e) = diag(p,(e), ..., py(e)), each
pJ(e) 1s an analytic function of & at € = 0 with
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pj(O) - p(0) = myol, myy en integer or zero, J, kK = 1, 2, «euy v ,
(2.16)
pj(o) £ 0p(0), (mod i), J =1, 2, sauy vik=v 1, eou, N;

C(t, ) = (c k(t, e)), §, k=1, 2, ..., N, where each cjk(t, e) 1s
analytic in € for 0 ¢ |e| ¢ €y E5 > O, Ich(t, e)| < n(), 0¢ el ¢ €g»
Jbk=1,2, «e., N, and n(t) is L-integrable in [0, T]. The matrix

B 1in (2.6) 1s exactly the same as before and the method of successive
approximations 1s appllied in the same manner by replacing everywhere o j

by pj(e), J=1,2, eov, N, and the matrix C(t) by C(t, €). The
determining equations are :

(2.17) my ol - ehk('r, d, o(e), €) = pk(s) —T, k=1, 2, ves, v ,

where m,, = 0 and the functions h, are given by (2.13) with the sgm)
analytic functions of e for 0 ¢ |e| ¢ e;. The remainder of the dis-
cussion will deal with thls more genersl system. It 1s also true that the
above analytlclty at e = 0 can be replaced by continuity in e at

€ =0 if pJ(E) - pj(O) = 0(e), but to make the presentation as simple
as possible we will not consider this generalization.

A solution 71, dq, eee, Ay, pys seey o, Of (2.17) must be such

that djalo for e=o:Li‘M[s§-r)]#o forany r =1, 2, «ss o+ In
case some d; 1s o0(e), then the method of successive approximations
must be mwodified slightly taking the zeroth approximation to have this
dJ = 0(e). We will not gilve the details of the method for such a case,
since 1t 1s clear how one would proceed.

In case the numbers Prs es+s o, are fixed, then the determining
equations represent v equations for the v + 1 parameters =, dl, ey dv.
Since (2.1) is a linear system, it is clear that one of the numbers d
may be chosen equal to one, but, in general, this decision will depend
upon the form of equations (2.17). Two solutions (=, dyy eees dv),
(<", d:, ooy d:) of (2.17) will be called distinct if they correspond to
two linearly independent solutions of (2.1) of the form (2.3). A similar
definition applies to k solutions of (2.17). If Py = P Jo k=1, 2,
.ee, v, one would hope that there would be v distinct solutions of
(2.17). However, this 1s not always the case since some of the character-
istic exponents +t wmay be equal.

From (2.10) the functions hj(w, d, ple), €) 1in (2.17) satisfy
the property
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T v
1(m,,-m,. ot
(2,18) thJ(T' d, p(0), 0) = %f Z cjk(t:o)dke 1 m‘ﬂ ¢ dt,
O k=1

J=1,2, ceey, v,

which is a linear function of d;, «.s, dv and is independent of <. If
eB = v - p,(0), then for & ¢ 0 equations (2.17) are equivalent to the
system of equations

(2.19) (G - BI)d + € F(d, 7, p(e), ) = 0
where G = (gjk)’ js k=1, 2, «es, v, 1s independent of e and

T

(e)- )
gy5 =%/ cjjts 0t + 1lim pyle)eyl)

T €
° E—- O

T
ei (mk1 -5 Jot

(2.20) gu = - ci(t, 0)t, m,, =0 ,
Jj Jjk 11
o]

Jéfk JHk=1,2, ceey v,

and F(d, v, po(e), €) 1s an analytic vector function of e for
0¢ le| ¢ e;« These results are summarized in the following theorem.

THEOREM (2.1). Consider the system of differentlal
equations (2.15), (2.16), and suppose the matrix G
is defined by (2.20). If B, 1s a simple charac-
teristic root of the matrix G and the corresponding
elgenvector, dg, has no zero components, then there
is a characteristic exponent =(e) of (2.15) which
is analytic in € for 0 ¢ |e| ¢ €5 €5 > 0, and

(2.21) w(e) = py(e) + € By + 0(e®) .

- The proof of this theorem follows immediately by applying the
implicit function theorem to (2.19). If the matrix d0 has some com-
ponents which are zero, then the above method of successive approximations
must be modified slightly taking the first approximation (2.11) to have
some dJ = 0(e). In case the matrix G in Theorem (2.1) is the zero
matrix, then the theorem says nothing about the characteristic exponents.
However, by obtaining more of the functions sg“‘) in (2.17), one can
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determine the characteristic exponents. Thls theorem and the following
corollary are not used in thls paper but are important for the study of
stabllity of periodic solutions of weakly nonlinear systems of differ-
ential equations (see [2], (10g]).

COROLLARY (2.1). Consider the system of differential
equations (2.15) with

(2.22) pj(O) ¥ 0 (0) (mod wi), k¥ # J, k = 1, 2, «eey N ,

where J 1s a fixed integer, 1 ¢ j ¢ N. Then there
is a characteristic exponent of (2.15), Ty = tj(e),
analytic in e for 0 |e] (e, and

T
(2.23) wy(e) = og(e) + %[ ogq(ts 0)at + o(e?)

where the terms of higher order in € may be cal-
culated by using the above method of successive
approximations.

REMARK 2.2. L. Cesari [3a] had previously observed that one
could calculate the characteristic exponents one at a time to obtaln
relation (2.23) but under the more restrictive requirewent that
P # Py (mod wi) j # %, J, k=1, 2, «ee, N. It 18 also clear from his
work that the above corollary holds for a particular characteristic ex-
ponent « 3 with the weaker restriction (2.22).

For specific examples, the method of successive approximations
of this section 1s probably as efficient as any, but to obtaln general
boundedness theorems and the form of the functions h; in (2.13) for
classes of differential equations, the following formulation 1s somewhat
more convenient when the py satisfy certain additional properties.

§3. AN ALTERNATIVE FORMULATION OF THE METHOD

Suppose the numbers e in (2-1) satisfy the property*
P2y-1 = sej’ J=1,2, eeey v ,

(3.1) Paj-1 = Pak-1 = m,jk‘”i' myy &n integer or zero, J, k = 1, 2, eee, v,

°j # oy (mod wl), J =1, 2, eoey, 2v, K = 2V + 1, eee, N .

* Throughout this paper, & will always denote the complex conjugate of a.
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Notice that P23-1 may or may not be congruent to P2 modulo wi,
j=1,2, «es, v. Both situations are important in the applications.
Rather than make the substitution (2.3), consider the auxiliary equation

(3.2) z! = Bz + € C(t)z
where B = dlag(p), «++s oy)
* - * -
(3.3) oy = 7= By Popog T T T W@y = Poys K= 1, 2y coey v ,
*
Py = Py’ K=2v + 1, ¢eey, N ,

where the numbers m., are defined by (3.1), and « 1s an undetermined
complex number such that

* *
(3.4) Pj # ppr 3 =15 25 eeey 2v5 K=2v + 1, eeey N

If the mth approximation i1s defined by

(1) m, (m)

(m) (0) + eee + EX

(3.5) z =x + €X

s(r) is defined as in (2.9) with B as in (3.3) and

s < atag(s{®), ..., 8{T), o, ..., 0)
(3.6) Sgr) =0 1if M[sgr)] =0

djsgr) = M[sgr)] if M[s ] 0, J=1,2, «eo, 2v,

where M[sgr)] again denotes the mean value for functions of the class

C, and dys eeey d,, are complex numbers. If M[sg ¢4 0 for any r,
it 1s understood 1n definition (3.6) that the corresponding d, 1is chosen
40 sothat S$F) will be well defined in all cases. In fact, if a

is a function of €, then d; 1is # 0 for e = 0. The successlve

approximations are now defined by
* *

p,t 5.t
x(°) - (@ ', ooy dye 2V 0, vee, 0)

(3.7)
x(*) -’eBt‘/ﬂe-Bt[C(t)x(r-1) - (S(r)x(o) oeee + S(I)X(P-T))]dt,

r=1, 2, 3, cese,
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where the integrations are performed so as to obtain the unique primitive
of mean value zero. The proof of convergence of the functions z'‘®’ de-
fined by (3.5), (3.7) to a solution of the equation

(3.8) z' = [B - eV(t, d, €)lz + € C(t)z ,

where V = diag(V1, Vos eees Vs 05 eee, 0), (d = (d], veey dav) ,
= a(1) (2)

(3.9) Vj Sj + € Sj Foeee

1s exactly the same as before. The determining equations for =, d,,

seey dzv’ Ps eces Poys are
(3.10) 1—€VJ(T, 4, E)=pj, J =1, 2, seey 2v

Remark (2.1) at the end of §2 also applies to the method
defined in this manner. In the following, our cholce between these two
methods will depend upon the epplication and the convenience which it
affords.

In case system (2.1) arises from a real system of first and
second order differential equations, some of the determining equations
(3.10) are redudant as we show in the next few lines. Consider the
system of real equations

n u
Y; + ajyj + o?yd =€ }j Pk * € zz ijyi' J=1,2, ceuy u ,
k=1 k=1
(3.11)
D u
LA LA EZ Pk * € Z Yl J =1, e n
k=1 k=1

1

2
where o, B:, 0;, € are real numbers, 7y; = (462 - %) > o, j=1, 2
esey u, and the functions ¢jk(t), vjk(t) are real, periodic in t
of period T = 2n/w, L-integrable in [0, T]. Suppose the roots of the
equation 22 + @z + 02 = 0 are kaj-1’ xej = iej-1’ J=1,2, seey,
and let x“+3 = - ﬂj, =pu+ 1, s+es, n. The transformation

=1 v -1
vy = (aiyj) (zej-1 + Zaj)’ vy = (217j) (xej_]zaj_1 + Azjzej) ,
(3.12) =1, 2, cee, 1y
YJ = zl“"‘J, J=u+1, n ,
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yilelds the equivalent system of first order equations,
(3.13) z' = Az + e C(t)z

where A = diag(r,, ..., xn+“) and C 1s an (n + p) x (n + p) matrix

whose elements ~°jk(t) are given by
- -1 ) _ -1
c2:]-1,2k—1 (2171{) ((ij + "ek-1“'jk)’ 025_1,21{ = (217k) ((ij + p2kwjk)’
K =1, 2, eoey, H,
Ca4-1,p+h = g0’ D= u+ 1y eeey D5 Cpyg g = = Cpg o £ = 1,2,00,m0;
(3.14) J=1,2, oo, b3

-1 . ~ -1
Curh,2k-1 = (107 @y + oo 1 ¥ieds Cpan o = (RN Oy * eopeViye)s

K =1, 2, eeey M} c“+h,“+l = Py L =p+1, eoo, Ny h=pu+1, coeyn.
We also suppose that the equations in (3.13) are reordered so that

(3.15) A = dlag(pys <oes op,)

where each o i1s one of the numbers A and the pj satisfy condition
(3.1). It 1s very easy to prove the following lemma.

ILEMMA (3.1). If the alternative method of successive
approximations is applied to the auxiliary equation
of (3.13), (3.15) with the dj in (3.7) such that
daj-l = - dzj’ j=1,2, eeey, v, then

(3016) VQJ_I(T: 4, €)= vgj(‘f, d 8), J =1, 2, eoe, v,

for every t, d where V. 1s defined by (3.9).
Therefore, the determining equations (3.10) become

T -€ Vaj-1(1’ de)= Pqs J=1,2, cen, v,
(3.17)
A= (s vees Op)y Gpg = = pqgs T =15 25 eees v

For applications to the stability of perlodic solutions of non-
linear differential equations (see [10g]), 1t is convenient to have the
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following theorem.

THEOREM (3.1). Consider the system of differential
equations (3.11) with

k2j-1 = Xaj’ kej-1 ] kaj (mod wl),
(3.18) xej_1 R mjkmi, mjk an integer or zero, j, K = 1, 2, «es, v,

xj Fap (wodel), J=1,2, coy 2v5k=2vel, oo, N,

vhere hyy ;= % (- ay + 17j), 75 = (ha§ - dg)% > 0,
J=1,2, ciey my ku+j = =By JEH A+, ees, N,
and let H = (h-k), jyk=1,2, «ev, v, be the

v X v matrix defined by

T
1(m, ,-m,, Jot
_1 k170351
hjk =T JF °2j-1,2k-1(t)e dt,
o

(3.19)
Jyk=1,2, eeuy, v,

where the functlons Cpj-1,2k-1 8re defined by
(3.14). If p, 1is a simple root of the equation
|H - BI| = 0 and the corresponding eigenvector has
no zero components, then there are two character-
istic exponents 1, T of (3.11) glven by

(3.20) T =py + o€ Byt 0(52)
for e sufficiently small.

PROOF. For € # 0 the determining equations (3.17) can be
written in the form

(H-8I)d = o0(e) ,

where € B =1-py, d= (dy, dgy ++ey dp, ) end H= (hy) 1s the

v X v matrix given by (3.19). It then follows lmmedlately from the
implicit function theorem that Theorem (3.1) 1s true for ¢ sufficiently
small.
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§4. SOME BASIC LEMMAS

Consider the system of linear differential equations,

[ n
" 2
Yj + UJYJ =€ Ej(wjkyk + ijYﬁ) + € }: ijykr J=12, ceey n,
k=1 k=pu+1

(4.1)

u n
Y3=ez (P53 + ¥pk) + € Z Ve d=me 1 e my,
k=1

k=p+1

where e 1s a real parameter, each o, 1s a positive real number (and

if o, = o.(e) 1is an analytic function of ¢ at e =0, then o;,> 0

for € # 03, each ¢jk(t), wjk(t) is a real functilon, periodic in t

of period T = 2x/w, L-integrable in [0, T]. Suppose the matrices

[ (wjk)’ J=1,2, eee, n, K=1,2, voe, p; ¥ = (wjk), i k=1, 2,

«es, n, are partitioned so that ¢ = (°jk)’ j=1,2,3 %k=1,2,

¥ = (ij), i, k=1, 2, 3, where ®,,» ¥,, are pXx p matrices,

®,5, ¥y, are (b - p) X (p - p) matrices and ¥aq isan (n - p)X (n - u)
matrix. Throughout the present section, we always assume that

(h2) ey (6) = (1T ep(eb), ¥ (6) = (ORI v o)
for all j, k.

LEMMA (4.1). If o5 = o.(e) 1s an analytic functlon
of € at € = 0, 0,(0) % 0 (mod wil), j =1, 2, eee, u,
and the matrices ¢, ¥ satisfy (4.2), then there
exlsts an €6 > 0 such that there are n - u

linearly independent periodic solutions of (4.1) for
le] < ege

PROOF. The transformation y“+j = zj, J=1, 2, ees, n =y,
- -1
¥y (log) T 2y g * 2eg)s V= 2T g ag) T 2 e

leads to an equivalent system of first order equations
(4.3) z' = Az + € C(t)z ,

where A = dlag(0, ..., 0, lo,, ««., iu“, - 1oy, ey - ia“), C = (Cjk)’
J=1,2, eee, 5;
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Co ™ = Cugae J = 203 K= 102ieee55 Oy = By ppy ko= 2,3,

J=1,2,00.,5;

3 . - . = ..1 - . =
Cr1 = 335 Coy = %135 C3y = %533 20y ypy = Oy + ¥y, ko= 1,25 204, 0,

-1
= oj,kAk * Y 3y k= 1,25 A, = diag(io,,...,icp); A, = diag(i"pn""’i"“)‘

With this partitlioning of the matrix C 1t 1s convenient to also partition
the vector z = (z(”, e, z(5)), where z(j) has a dimension compatible
to the matrix multiplication. We now apply the above method of successive
approximations of §2 directly to (%.3) with x(o) = (4, o, 0, 0, 0),
d= (d], cesy dn-u)’ where dy, «e., dn-u are arbitrary real numbers.
The solution obtained in this manner will obviously be periodic. If the
successive approximations x ) are partitioned the same as 2z, 1.e.,
x(P) . (xg'g, ceey xg)), then we first show by induction that
1) - ateg(s(), Lo, sy a0,

(hol)

x{F-e) = x{E), 2 E)-6) = - x{E) o), 20 - 2B,

P=0, 1,2, «os .

The induction is on the functions xégg. The assertion is clearly true
for r = 0. Assume the assertion true for r =0, 1, 2, «¢., V = 1, Then
the matrix C(t)x(r)(t) satisfies the property

o-t)x)(-t) = E cexTlt), E = atag(-1, -1, 1, =1, 1) .
T=0, 1, 2, eee, VeooIl.
Since the first vector component of this matrix product is an odd func-
tion of t 1t follows immediately from (2.10) that H(r) =0, r=1, 2,
«sey v, for every 4 = (d1, veey dn_“). To complete the induction, we
have from (2.11), since B = A,

xV)(p) - e'Atfe'AaC(a)x(v")(a)da -
- - oAt f "% (-a)x (V1) (- ) =

= - e'AtfeA“EC(a)x(v'1)(a)da .
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This 1is clearly assertion (4.4) for r = v, since C k= cj+2,k’
J=2,3 k=1,2, «eo, 5; therefore, (4.4) is true for all r. Since
the d:y J =1, 2, eee, n - u, are arbitrary, one can find n - p such
linearly lndependent solutions and the lemma 1is proved.

Suppose the o5 = “j(s) of (4.1) are analytic functions of e
at € =0, 0;(0)> 0, J =1, 2, eeey u, aj(o) - 0 (0) = myw, my  an
integer or zero, Jj, k=1, 2, «.s, @, and the transformation 23.12)
is applied to (4.1), to obtain the equivalent first order system

(4.5) z' = Az + € C(t)z

where A = dlag(ie,, - 1o, ..., 1o, - 10,, 0, +«vv, 0) and C = (% Cjk)’
J, k=1,2, ¢eo, n + u, where

® ik ik
Caj-1,2k-1 = I%; Y5 Ceger,ek T o, T Vi K2 T 2 ees
Czj—l,h = Wj,h’ h=u+1, ¢¢., n; Cej,l = - Czj-1,t’
(4.6) £ =1, 2, eee, Ny J =1, 2, cae, K3

Ch,2k-1 = ;%ﬁ * Ynier Cn,ox = ;%ﬁ TVpier K= 12 ey
Ch,m S Ve ™= B+ 1, eee, 0 h=p+1, ¢eo, n .

The auxiliary equation of (4.5) 1s chosen as

(k7)) z' = Bz + € C(t)z

where B = diag(itl, 11y, eeey 112q’ ioq+1, - iaq+1, cesy io“, - 1°u’
0, ses, 0), and the 'S are real numbers such that

Taj-1 = T sz, 121_1 = Toke1 = mjkm, Jy k=1,2, ¢ee, Q,
(4.8)

Tage1 £ 05 Tpyq t o (0) F 0 (mod @), § =1, 2, «oey q

k=qgq+ 1, «e0, n ;

and the mjk are defined above by the numbers oy at € = 0. Notice
that e'j may or may not be a multiple of w.
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LEMMA (4.2). If the matrices ¢,¥ associated with
(4.1) satisfy (k.2) and if the alternative method of
successive approximations is applied to (k.7), (4.8)
with the zeroth approximation given by

i+, t 1t t

0

x( )= (die L ) seey, d2q6 2q y 0y eeey o),
with dj = bj, J=1,2, «e., 2 min(p, q); dj = ibj,
j=2p+ 1, e, 2q; where each b; 1s a non zero
real number, then the numbers j =1, 2, «es, 2q,
defined by (3.9) are purely :Lma.gij,

PROOF. For simplicity in notation we only prove the lemma for
P2 q, but it will be clear how to discuss the other situation. Applying
the method (3.7), 1t 1s clear that x *)(t) has the form

2q +00
it.t
(4.9) x(r)(t) = Z e “ Z Bgﬁ) olkot
=1 k==

where B(II;) is an n + p dimensional column vector. We show by in-
duction that

(4e10) gi = col(Bg.if, 1 Bgﬁg, gig), P=0, 1,2, o,

and all j, k, where B{¥), 4 - 1, 2, 3, are real column vectors of

jke?
dimension 2p, 2u - 2p, n - u, respectively. The assertion is clearly
true for r = 0. Assume that (4.10) 1s true for r = 0, 1, +es, v - 1 and

observe that the Fourler series for
+00

c(t) ~ z C(k)eika)t
k=co

in (4.5) 1s such that c( ). (o, j ok }), hy, j =1, 2, 3 where By =1

if h+ J 1s odd; = 1, 1fh+jiseven,andeach Cl(jgisa.real
matrix with cjk , §J=1,2, 3, of dimensions 2p X 2p, (2u - 2p) x (2u - 2p)
and (n - p) X in - u), respectively. Therefore,

2q +00
C(t)x(r)(t) = Z eiTjt Z p{F) olkot . v -1
jk ? ’ )y o0y ’

J:] k==
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where Dgi) = col(iDgiz, Dgig, Dg;;) where each of the real vectors

Dgiz,l =1, 2, 3, has the same dimension as Bgiz. From (3.6) and the
assumption on the numbers dJ in the statement of the lemma,

(4e11) S§r) is purely imaginary, J = 1, 2, eee, 2Q; P = 1, 2, ceey, V &

It then follows immediately from (3.7) and the above results that (4.10)
is true for r = v and, therefore, (4.10) 1s true for all r. Finally,
(4¢11) also holds for all r and the statement of the lemma 1s true.

REMARK (4.1). Lemma (4.2) holds also in a slightly more general
situation, namely when q of the o's differ by a multiple of o
at e = 0, but the ones which satisfy thls property are not necessarily
the first q. The notation for the statement of this result as in Lemma
(k.2) 1s extremely complicated, but it should be clear that the same
conclusion is true, the only thing necessary is the proper choice of the
numbers dj.

REMARK (4.2). When u =n in (4.1), 1t 1s obvious that the
condition 7,4, # 0 (mod w) 1in (4.8) may be eliminated.

REMARK (4.3). The determlning equations for the 2q + 1 real
numbers b], ooy b2q and T [only Ty since the 3 are related
by (4.8)] in Lemma (4.2) are the 2q real equations

(ko12) ‘rj -eI [Vj(‘r, b, €)] = (-1 )j+1 Oj: J=1,2, «¢s, 2q,

b = (bl, vesy beq) and I[w] 1s the imaginary part of a complex number
w. If, in addition to condition (4.8), we assume that 21j # 0 (mod w),
J=1,2, «¢¢, 2q; and choose b2 =" b2 y J=1,2, ¢ev, D,

bys_y =byss =D + 1, «vs; q 1in Lemma (4.2), then we know from Lemma
(3.1) that sz_1 = Vy5 j=1,2, «v., q, and the determining equations
(k.12) are equivalent to the equations

(4.13) Toge1 - €I[Véj_1(f, b, €)] = L J=1,2, veep, a ,
This remark

for the q + 1 real numbers b,, b3, ey beq—1 and 7
will be ilmportant for the applications.

REMARK (4.4). In the previous remark, equations (4.12), (4.13)
were considered as determining equations for b and rt,, but we could
Just as well have consldered =+, as fixed and determined the numbers
g, b S0 as to obtain a solution of (4.5). This will be important in de-
termining the stable and unstable regions around "resonance points".

1
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§5. SOME BOUNDEDNESS THEOREMS

As an application of the lemmas in §4, we state a few theorems
concerning the behavior of the characteristic exponents of (4.1) and also
some theorems concerning the boundedness or unboundedness of the AC so-
lutions of (4.1) in (- o, + ).

THEOREM (5.1). If the matrices ¢, ¥ assoclated
with system (4.1) satisfy (4.2) and the numbers

o, = o:;(e) are real analytic functions of e at
€ = 0, with

(5.1) aj(O) F0 (mod w), J =1, 2, «e.y i,

then there exists an €o > 0 such that there are
always n - p llnearly independent periodic so-
lutions of (4.1) for J|e| < o+ If one of the
numbers °j’ say o, is such that

(5.2) 201(0) # o, 01(0) ¥+ ak(O) (mod w), k = 2, 3, eee, B ,

then there are always two characteristic exponents
1v,, 11, of (4.1) which are purely imaginary for
lel < egr €, > 0, are analytic in e at e =0
and T, = - T, 11(0) =0,

PROOF. The first part of the theorem is a restatement of Lemma
(4.1). The second part of the theorem 1s an immediate consequence of
Lemma (4.2) and Remark (4.3). For since q = 1, the implicit function
theorem assures us that Equation (4.13) has a real solution T analytic
in € at € = 0 with 11(0) =0,

COROLLARY (5.1). If the conditions of Theorem (5.1) are
satisfied and

(5.3) QUJ(O) #o, UJ(O) Ft uk(O) (mod ), J #k, J, K=1,2, eony 15

then all of the AC solutions of (4.1) are bounded
for |e| < €y Eg > 0o

PROOF. This result follows immediately by applying Theorem (5.1)
to each of the numbers, ay J= 1, 2, ooy ue
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Corollary (5.1) coincides with a previous result obtained by
the author [10e]. For u =n - 1, this corollary has also been ob-
tained by the author [10f] without using successive approximations. For
u = n, this result has also been obtained by M. Golomb (7].

Consider the system of differential equations (4.1) satisfying
(4.2) and suppose that o,(0) - 0,(0) = s& where s 1s an integer or zero
and each 9y 18 & real positive analytic function of € at e = 0 with

(5.4) 203(0) o, uj(o) t 0 (0) 0 (mod w) JAK, Jy K=2, 3, eos, e

If J, ¥ 1in (5.4) are allowed to take on all Integer values from 1 to
u, 1t follows from Corollary (5.1) that all of the AC solutions

of (4.1) are bounded for |e| sufficiently small. We now wish to de-
termine additional conditions on the functlons ¢s., v; 1n (4.1) so
that all of the AC solutions are stlll bounded for fs! sufficiently
small.

It follows from Theorem (5.1) that there are n + u - 4 linearly
independent bounded AC solutions of (4.1) for |e| sufficlently small.
Furthermore, the characteristic¢ exponents corresponding to these solutions
are elther zero of close to one of the numbers 1cj, - 1o, j =3, 4,
esey de It remains only to determine the four characteristic exponents
close to the numbers io,, - 10,, J = 1, 2. Consider the equivalent first
order system (L4.5), (h.6§ and apply the alternative method of successive
approximations (3.7) to the auxiliary equation

(5.5) z' =Bz + ¢ C(t)z ,

where

(5.6) B = dlag(it,-17, 1(1-s0), -1(7-sw), 103,-103,.-.,10“;-iou,o,...,o),

th

and the zero ™ approximation is

(5.7) x(©) o (10el7F, 1Fe717t, 1gel(T-s0)t g -1(R-se)t ) s

where 1, a, b are undetermined complex numbers, and if <« 1s a function
of €, then <t 1s close enough to o, 8o that (5.4) 1s satisfied with
0,(0) replaced by +(0) - sw.

From Lemma (3.1), Sfr) = 5§r), Sgr) = §£r) for every
r=1, 2, «ses, and all complex numbers a, b. Therefore, the determining
equations
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it - EV1(1', 8, b, €) = 1o,

(5.8)
it - ¢ V3(1', a, b, ) = :L(u2 + so)

represent two equations for the undetermined parameters =+, a. We now

calculate the first terms of v, and V3 to obtain the characteristic

exponent T.
Suppose the Fourier series of cvjk(t), vjk(t) are given by

(5.9) y iy
Q’Jk(t) ~ Z bjk‘eitwt; \ij(t) ~ Z djk‘eitwt: Jo k=1,2, «es, n o
f==00 L=—00

From (4.2) it follows that each bjkt' djkz must be either purely im-

aglnary or real and bjk,t = bjk,-t'

(5.10) b“o = d;jjo = bJks = djks =0, ¢k, J, k=1,2 ,

then 81(1) = 5(1) = 0. Calculating the functions x§1), J=1,2, ooy
n +p, from (3.7) and (4.6), 1t is then very easy to show that

s2) - L L el + P
(5.11)
s{) e - b e S0
where
o(8)(x) = 8,,(0,0), a{2)(x) = B, (5,0), af)(x) = By, (050),
(5.12) aé:)(t) = Bpp(s, 8)

'3 400
Buv(41s22) = z Z 71:,)“11[7‘512,)-(“42)bt("k)'%si,)-(nta)54(';1{)] +
k=1 f==
n 400
* Z Z ) " Puk,,-(248y) 8,(0)

ku, 4+4,
K=p+l fm-w
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b b
kis kjs
71&54) = ("Fg‘ * idka) 7k z <—‘L - mka)' By (vy) = :

DR ’
Vi = T Vp =T - 8w, vy o= o5 J=3, 4 cie, u,

and the index # + tj in (5.12) does not take on the values in (5.10).

In order to make the statement of the following theorem meaning-

ful, first observe that the conditions (4.2) and Lemma (4.2) imply that

each of the numbers a;;) is real if =+ 1s real and elther p » 2 or

- (s) (s (s) ()
P =0, and ayy’, & 127 %

T 1s real and p = 1, since the agi) are 1ndependent of the numbers

dJ in Lemma (%.2).

are real, « are purely lmaglnary if

THEOREM (5.2). Consider the system of differential
equations (4%.1) with the functions wjk(t), VJk(t)
satisfying the condition (4.2) and having the Fourier

series
+00 +co
\
P(t) ~ E: bjklei‘“t, Vip(t) ~ z: oljmei“"t
f=—c f=—x

bijo = d;jo = Dyes = dyeg = 0 JAK, 5 k=1, 2

01(0 - g, (0) = sw, where s 1s an integer or
zero and each 94 is a real positive analytic function
of € at e =0 with 20,(0) # 0, aj(o) + uk(o) #0
(mod w), J #Xk, J, k=2, 3, ees, p; 1if the numbers
a. 3 () are defined by (5.12) and G(s, o,, o) =

[aeés)(a1) - a(s)(o ) + bol, H(s, o) = (s)(OI)a(s)( 1)

wvhere o = 1135405 [02(5) - o,(e) + so] 1s finite,
then the followlng conclusions hold:
(1) If H(s, o,) # 0, (G(s, o}, 0)1® + H(s, o) > O

for € = 0, then there exists an €4 > 0 such that
all of the AC solutions of (4.1) wilth the o5 as
above are bounded for |e| < €03

(11) 1f H(s, 0,) # 0, [G(s, a,, 0)]% + H(s, 0,) < O
for e = 0, then some of the AC solutions of (4.1)
with the 9y as above are unbounded for every e # O.

PROOF. From the remarks preceding the statement of the theorem
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it 1s sufficient to discuss the four characteristic exponents which are
close to the numbers 1uj, - 101. For e # 0, the determining equations
for these characteristic exponents are given by

1F, (v,8,b,¢)
(5.13)

170 + & [a(s)(r) + = a(s)(r)] - 1o, + o(e3) =0
41 b

(s)(T) - G(s, L2 g) - = a(s)(r) + 0(e) =

Fa(T,&,b,e)

where the d§§) are given by (5.12). Any solution =1, &, b of Equation
(5.13) ylelds two characteristic exponents 1it, - 1T.

Suppose that the conditions of (1) are satisfied. If the in-
teger p associated with system (4.1), (4.2) 1s 3 2, then, from the
remark preceding the statement of the theorem, all of the numbers agi)(a1)
are reel. Furthermore, from Lemma (4.2), the functions F,, F, 1n (5.13)
are real if «+, & are real and b = 1. The numbers <, = ¢ (0),

a, = (G(s, oy g) + [Ga(s, ays 0) + H(s, a])]*] '[2a§g)(°l)]-1 are such
that F1(1, ay; 0) = Fe(r ays 0) = 0 and the Jacobian of these two
functions with respect to +, a at 1 =1, a=2a, €=0 is different
from zero. Consequently, Equations (5.13) have two real distinct solutions
v =1(e) a =a(e) analyticin € at € =0 and

T =0+ 1; (5)(0 ) + &, a(s)(a )1 + 0(e3), a = a, + o(e) .

For p = 1, take a purely imaginary, b =1 and for p = 0, take a pure-
ly imaginary, b = - 1, and apply the same reasoning.

The reasoning for the proof of (11) of the theorem 1s exactly
the same as above except that we do not have to apply Lemma (4.2) but
apply the implicit function theorem directly to the functions F,, F, 1in
Equations (5.13). The two +'s obtalned are obviously such that one 1«
has a real part positive and the other has a real part negative. There-
fore, the theorem is proved.

REMARK (5.1). In the statement of Theorem (5.2) some cases have
been excluded, in particular, the case where H(s, 01) ¢ 0 and the other
expression in Theorem (5.2) 1s equal to zero. Reasoning as in the proof
of (1) Of Theorem (5.2), one sees that two of the remaining characteristic
roots are still purely imaginary, but one cannot declde using the above
method whether the solutions are bounded or unbounded. The other cases
mey be treated by going to higher approximations in the method.

Theorem (5.2) glves some insight into the behavior of the so-
lutions of (4.1) near the resonance point o,(0) - 0,(0) = sw. More
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specifically, if 915 T3y eee, Oy 8TO fixed and say independent of e,
if the conditions of Theorem (5.2) are satisfied and H(s, o,) ¥ 0, then
all of the AC solutions of (4.1) are bounded for e sufficlently small
along the curve o, = 0, - so + €20 1n the (02, €) plane if the dis-
criminant D(o) = [G(s, oy, 0)12 + H(s, o,) > 0 and some solutions are
unbounded along this curve for every e # 0 1f D(o) < 0. Furthermore,
if H(s, 0,) > 0, then D(¢)> 0 for every o and the AC solutions
of (k.1) are bounded along every curve g, = 0, - S + €26 1in the

(02, €) plane for e = e(o) sufficilently small. On the other hand if
H(s, 01) < 0, then there exists two o's such that G(o) = 0. If these
two o's are distinct then there 1s a region in the neighborhood of the
point (a1 - S0, 0) of the (02, e) plane where some solutlons are un-
bounded no matter how small ¢ # 0. These results are summarized in the
following theorem. ’

THEOREM (5.3). If the conditions of Theorem (5.2) are
satisfied and o, oj, J=3,%4 ¢ee, n, are fixed
numbers independent of €, then

(1) H(s, 0;) > 0 for e = 0 implies that the
AC solutions of (k.1) are bounded in a sufficiently
small neighborhood of the point (a1 - sw, 0) 1in the
(0,5, ) plane:

(11) H(s, 0,) < 0 for e = 0 implies that some
of the AC solutlions of (4.1) are unbounded in every
neighborhood of the point (o, - sw, 0) of the
(o ,, &) plane.

REMARK (5.2). Theorems (5.2) and (5.3) deal only with the case
u1(o) - 02(0) = sw. The same type of analysis could be used to discuss
the resonance points a‘(o) + 02(0) = sw. The essential element of the
argument was (5.11) and Lemma (4.2). It should be clear that a statement
similar to Lemma (4.2) is true for the more general situation where
aJ(O) + 0, (0) = nye, Dy an integer or zero, I keT, oj(o) o, (0) =
Wy, Mg &N integer or zero, J, k e T,, where T,, T, are subsets of
the set of integers (1, 2, «es, u), I1f the matrix B 1in (4.7) is chosen
properly and the numbers t satisfy a condition simlilar to (4.7). That
the functions 8, 33 have the form (5.11) when 01(0) + "2(0) = sw,
20:(0) # 0, a4(0) + ak(o) ¥ 0 (mod w), J#k, J, k=2, 3, ees, u, follows
immediately from the method of successive approximations. With the
generalization of Lemma (4.2) mentioned above, one can dlscuss the region
of stabllity and instability of systems (4.1) when any of the numbers 9y
are "in resonance" with «. However, the results in general cannot be
stated explicitly as in Theorems (5.2) and (5.3) since the determining
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equations are extremely compllcated.

REMARK (5.3). As remarked in the Introduction, if p =n in
(4.1), ¥ =0, and ¢ 1is symmetric, J. M. Gel'fand and V. B. Lidskii [1h]
and J. Moser [13] have shown that only the poilnts o, + oy = mn, ¢
may lead to unbounded solutions. On the other hand, for systems (E o1 ),
(4.2), Theorem (5.2) implies the behavior of the solutions at the
resonance points o; - o, = se depends upon the value of a certain
discriminant. Therefore if u =n, ¥ = 0, ¢ 1s symmetric and also satis-
fies (k.2), 1t must be true that the function H(s, o, ) 4in Theorem (5.3)
18 > 0 for € = 0. This 1s indeed the case; for the functions °’§k) in
(5.12) are given by

poo*
b
(s)(.r) - Z Z .l_.lﬁl:_‘_l_Alk; 0,1(:)(,) - Z Z Pyo, s+P k1,: A s

9,9, 50y
k=1 f=-c k=1 4==c
(5.14)
(s) bku k2, £+8 |bk2 £+s 2
() = Z Z ——-;1—0;—A 22 (1)= Z Z ——L'__Atk
k=1 f=—o k=1 f==c0

where A, = Bt(vk) - 51(- ;k)’ Vi =T, Vp =T - S0, vy = 0, kK =3, 4 oo,
n. Consequently,

oDiay) = 2 &)

G

and H(s, ¢,) > 0 for all s if a(s)(a ) # 0. Actually, all that we
have required to obtaln boundedness a.t c:v1 - 0, = S0 is Pk = Pk

Pop = Ppor K =1, 2, eeey T To obtain boundedness at all of the polnts

o5 = oy = S0, j#% 3, k=1,2, «os, n, the matrix ¢ must be symmetric.

In case ¢ 1s not symmetric, th®n some solutlon may not be
bounded for an € # 0. For example, consider the system (4%.1), (4.2)
with p=n-=2, ¥ =0, o = 0,(0), o, Iindependent of e,

2pcos t 2 cos t
2q cos t 2rcos t .

From (5.12), “1(2)("1) =B(p +1r) a 0)(6 )=8alp+r), B =0 1(lw -7

for e = 0. Therefore, from Theorem 5.3 the AC solutions are bou.nded in
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a neighborhood of the point (o,, 0) in the (02, €) plane for e
sufficiently small if p +r # 0, ¢ > 0, and some solutions are unbounded
in every neighborhood of this point if p + r # 0, q < O.

As another example, consider system (4.1), (4.2) with u=n = 2,
¥ =0, o, - 0,(0) =1, o, independent of e,

2p cos t 2 cos 2t

? =
2q cos 2t 2r cos 2t .
From (5.12), af;)(a1) = 8o, - 1), aé:)(a1) = 8qo]’, B = 2p(1 + 20;)7"

for e = 0. Therefore, from Theorem (5.3) all of the AC solutions are
bounded in a neighborhood of the point (a‘ -1, 0) of the (02, e)
plane for e sufficlently small if p # O, g, > 1, a> 0, and Some
solutions are unbounded in every neighborhood of this point if p # O,
o, > 1, @< 0.

The following theorem concerns the behavior of the solutions of
(4.1), (4.2) with p = n when one of the o's approaches zero as ¢
approaches zero.

THEOREM (5.4). Consider the system of differential
equations of order 2n,

(5.15) y" =Dy = e o(t)y + € ¥(t)y!

where € > 0, D = diag(eof, cg, vy ci), [

Y are n x n real matrices whose elements Py (t),
¥y (t) are periodic in t of period T = 2n/w,
L-integrable in ([0, T] and have mean value zero;

o = (°jk)’ ¥ = (ij), j, k =1, 2, where O Yyx
are matrices of the same dimension and

(5.16)  op(=t) = (=1%o (8), vy () = (<)M e (6),
Jy k=1, 2.

Iif o5 >0, =1, 2, «eu, n,
(5:17) 20 #0, o5+ 0 # 0, §/k (modw), J=k J, k=2,3, ..., n,,
[if the o, are analytic functions of € at € = 0,

then o, in (5.17) is replaced by o (0)1, then there
exists an e, > 0 such that all of the absolutely
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continuous (AC) solutions of (5.15) are bounded

for 0< e< g, (notice this 1s not true for e = 0).
Furthermore, the characteristic exponents of (5.15)
are analytic functions of Je at e = o.

PROOF. By using an elementary argument, we show that there are
2n -2 1linearly independent bounded AC solutions of (5.51). This same
result could also be proved'by the method of successive approximations.
The characteristic exponents «+, are only determined up to a multiple of
o1, but without loss of generallty we may assume that the = (e),
k=3, 4% ..., 2n are such that ‘2j-1(°) = 104, 1,4(0) = - Loy,
j=2 3, «ee, n. From the Floquet theory condition (5.17) assures us
that these functions 1k(€), K =3, 4 ..., 2n, are analytic in e at
e =0 and

rzj_1(e) = ?zj(e), J=2, 3, oo, 1
(5.19) ‘\’j # 0, ‘l'j ¥# Tk(mOd wl), J #k, J, k=3, 4% <o, n;
0gegey, 6,50 ,

provided only that e, 1s sufficlently small. If y(t) 1s a solution of
(5.15), there exist, from (5.16), a nonsingular matrix P such that
Py(-t) d1s also a solution of (5.15). This, together with (5.18) implies
that each 1, k = 3, L, .+, 2n, 18 purely imaginary and this obviously

implies the existence of 2n - 2 linearly independent solutions of (5.15).

It does not seem possible to obtain the other two characteristic
exponents by such an elementary argument so we apply the above method of
successive approximation.

The transformation of variables yj = (2icj)'1(z2j_1 + Zaj)’
vy o= 2"1(z2 1 - Zp )3 =2, 3, ese, N, ¥y = Zqs y; = Azy,\ = Je, leads
to the equivalent system of first order equations

(5.19) z' = Az + AC(t, A)z

where A = diag(o, O, toy, - 102) ceey 1°nt - 1°n): C = (cjk)’ J, k =
1, 2, «e., 2n,
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- = = - 2
Ciq =0y Cip=1,0 e 0, J =12, 3, eve, 2n, Cpy P14 9y

Caz = ¥q4
P P, s
1 1 -
02,2j_1 = (IE% +‘V1j ); 02,2:] = (1‘;:]" - V‘|j)) j =2y 3, esey, N,
(5.20) Cax,§ = = Cok-1, 5’ k=2, 3, eoopnj =1, 2, e0s, 2n ,

_ ~ 32 _
Coka1,1 = My,17 Cogar,2 T MV, K =2 3, .ees

q)k (P'k
Coj-1,2k-1 = * (Igi * Virdr Cogor,ok = M (Iﬂi - Vi)
j,k=2, 3, eeey I .

To obtain the two characteristic exponents close to zero, we apply the
first method of successive approximations to obtain a solution of the form
z = eirtp(t), p(t + T) = p(t), where t 1s a real number. The equation
for p(t) 1is
(5.21) p' = (A - 1<I)p + A C(t, AM)p
If 1 1s close enough to zero so that

(5.22) o T Fuw, K =2, 3, seeey N m =0, 1, 2, eve

then the method of successive approximatlons may be applied to the
auxiliary equation :

(5.23) p' =Bp + 2 C(t, A)p

where B = diag(o, o, i(o2 - 1), - 1(o2 + T)y eeey 1(on - 1)) - i(on + 1)
and the zeroth approximation 1s taken to be

(5.24) p(o) - x(0) . (1, 1b, 0, «eey 0)

where b 18 a nonzero real number. The functions x(r) obtained in this
manner are periodic of period T = 2n/w. If x(r)(t) has the Fourier
series

(5.25) Ty~ z Bﬁr) 1kt

where Bﬁr) 1s a 2n dimensional column vector, then we show by induction
that
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B{") = cor (8(F), 18{Z), 18(1), BIY), k=0, 1 1, 1 2 weny
(5.26)
T =0, 1, 2, ees

where Bﬁf), (Z) are real scalars, Bég) is a 2p - 2 dimensional
real vector and Bkﬁ is & 2(n - u) dimensional real vector. The
assertion 1s clearly true for r = 0. Assume that 1t 1s true for
r=0,1, 2, «.., v - 1. Then from the definition of the c, 1in (5.20)
and the assumptions on the ¢jk’ ij of the theorem, it 1s clear that
ce)xT(t) ~ = Dﬁr)eikmt where

(5.21) o) - car (anff?, o), ofF), 1x(f)
and the real vectors Dég) have the same dimension as the Bﬁg). From
(3.6) and (5.24)

(5.28) Sfr), Sér) are purely imaginary, r = 1, 2, «ee, V

It 1s now very easy to show from (3.7), (5.27), (5.28) that (5.26) is
true for r = v and the induction is completed. Consequently (5.28) 1is
true for all r and the determining equations

- it = - xs$1) - xassg) e

(5.29)
- 10 = -asll) - a2s{?) L

are purely imaginary. Furthermore, it is immediate from (3.6) and (5.24)
that
(1) (1) %
1 1) _ 1
8770 = 1by S = - g

and for A # 0, the determining equations (5.29) become

T = 1xb + o(xz)

(5.30) 0,2

b-—E—=0(L2) .

For A = 0, these equations have two solutions =t = 0, b = + o, and since
the Jacoblan of the functions 1, b = c?b", with respect to b, v 1s

4 0 at each of these solutions, 1t follows from the implicit function
theorem that there are two solutions of (5.30) analytic in A at A =20
and the solutions are given by
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T =+ 1ro, + 0().2)

1

b = o

i+

1"0()«) )

where +t 1s purely imaginary and b 1s real. These two solutions lead
to two linearly independent solutions of (5.15). These solutions together
with the 2n - 2 mentioned previously will form a fundamental system of
bounded AC solutions of (5.15) and Theorem (5.4) is proved.

§6. ZONES OF INSTABILITY FOR SYSTEMS OF
MATHTEU TYPE EQUATIONS

Consider the equation

n
n
(6.1) Xy + a?xJ + be(cos 2t) E: °kdjkxk =0, j=1,2, «sua,n ,
k=1

where € 18 a real parameter and aj, djk’ j» k=1,2, «o., n, are
reel constants. If 1, ...y T, are the characteristic exponents of
(6.1) and Py = e™j, j =1, 2, «.., 2n, are the characteristic multi-
pliers, then the Py are the solutions of a polynomial equation,

& 2
(6.2) F(p) = H (p° - QAJD + Bj) »
j=1

where the A., Bj are real numbers and n?=1 Bj = 1. If oy eee, o,
are analytic functions of e at € = O,

01(0) =m, m a positive integer ,
(6.3)

aoj(o)#ol 0Jt°k¥o(m°d2):.17‘k: J, k=2, 3, ¢so, n,

then it follows from Theorem (5.1) that 2n - 2 of the characteristic
exponents are purely imaginary, say T3s cees Tops and raj_1(s) =
?gj(e), 12j_1(0) = 1aj(0), j=2,3 <., n for |le| sufficiently
small. Therefore, ijl =1, J=3, % ..., 20, and By =1, |Aj| <1,

J=2,3, «eo, n. Since n’j‘=1 By=1,B =1 and

n
(6.%) Flo) = JT (o - 2850 + 1)
3=
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The remaining characteristic multipliers p,, p, Wwill have absolute value
less than one if and only if |[A;| < 1 and have absolute value greater
than one if and only if |A| > 1. Consequently, the transition curves in
the (o,, €)-plane from stebllity to instability will occur when A, = + 1
or A =-1. But this implies that p, + Pp=+2 OP p, +p,=-2
i1.e., there 1s a periodic solutlon of (6.1) of perlod = or 2x . These
comments are generalizatlons of the well known facts for the Mathieu
equations [11].

The purpose of the present sectlion is to determine the nature
of these transitlon curves for system (6.1) satlsfying condition (6.3).

To obtain these curves transform system (6.1) into an equiva-
lent system [see (3.12)].

(6.5) 2! = Az + 1e(e?1t 4+ 721t)p,

where A = dlag(lo,, - 1o, «e., 1o, - i°n)’ and

e 9k
(6.6) D= y 3y k=1, 2, ess, n

- djk - djk

The alternative method of successive approximations is now
applied to the auxiliary system

(6.7) z' = Bz + 15(e21t + e~2lt)p,

where B = diag(im, - im, lo, - 1o, ..., 1o, - io,), m a positive
integer, and the zerot approximation is given by

(6.8) z(o) = x(o) = «,imt’ be'imt, 0y, +ee, 0)

and b 1s a real number. From Lemma (4.2), we know that the functlons

Vj obtained from the successive approximations are purely imaeginary. Con-
sequently, the determining equations for e # 0 are equivalent to the
equations N

m - el [V,(m, o;, b, €)] = o
(6.9)
I (v,(m o, b, €)] + I [Vy(m oy, b, e)] =0 .

Since m 1is fixed, equations (6.9) may be used to determine o, and b
as functions of € for |e| sufficiently small and the corresponding
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function o, = o,(e) will be & transition curve in the (o,, €)-plane near
the polnt € = 0, o, = m. Therefore, the only thing that remains to be
done 1s to find the first nonzero terms of V, and V, containing b

and solve equations (6.9).

First, it 1s clear that xgz)(t), J=1,2, «os, 2n, for all

t, contains only terms of the form ei(m+2p)t, e-i(m+2p)t

esey + Lo Let

» D=0, +1,

+4

xgz)(t) _ EZ [aéfg ol(m+ap)t | céf; e-i(m+2p)t]

p=-1
(6.10) .
J=1,2, ¢eee, 2n ,

for all ¢, where aéf}, oéfg are constants.

We now show by,induction that

(£) _ 1,(2) (2) - palt) - .
°p,2§ = P8p,25-17 Op,2j-1 T Pip,2yr I T s Broeees B3
(6.11)
P=0, +1, eoey, + 25 £ =0,1, 2, e0e, m=1,

(o)

the constants ap,j’

where the constants (2) ) (2) are independent of b. For k = O,
?:23‘1 Bp;ej
c 03 satisfy (6.11) for all p, j. If the constants
2

aéf%, céf} satisfy (6.11) for all p, j and £ =0, 1, 2, ees, V = 1,
then the terms S t, si4) 4n (3.6) are glven by
1 2

n
L N (2=1) £-1)
S$ V-1 z dik Z (ap, 2’1 + 51(3,21{ )
k=1 p==1,1

(6.12) n

(2 -1 (£-1) (2-1)
35 Yoo zz dyx }: (cp,2k-1 * ®p,2k ) = - Sfl)

' k=1 p=-1,1

L= 1, 25 seey Vv,

1f vem ana s{%), s{) are independent of b. From the definition of
(v) ! v)
xjv in (3.7), 1t now follows immedlately that the coefficlents ay 3

elv satisfy (6.11) for all v < m. Therefore, (6.12) 1s also satisfied
for'all v < m.
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From (3.6) and (6.11),

n
(m)
S =1 d m=1) (m-1) m-1
1 Z 1k [ Z ‘;(a,ek- *ap oy ) ¢ °S(m-1)) 2k=1
k=1 P==1,1
o(m=1)
-(m-l) 2k

(6.13)

n
(m) (w) _ - p! - -
8,7+ 8% =1 - v™") Z dyy [ a1 e * af“(‘ml,)),gk]

where this 1ast ex%resaion is independent of b. If we define 7y bY the
relation 8, (m) = 1(b - b~ )7y then it 1s & simple calculation to
show that

n m=1 ed a
(6.14.) - Z H Kpkypq Kpin

7 7z * d
o (m-24-2)%-0f Kpqo!
Kyseeo,Ky (®1 4=0 £+1

ky=1

where o, = m in thls expression.
Consequently, for ¢ ¥ 0, the determining equations (6.9) are

g, =m = el [V1(m, 99 b, €)]

(6.15)
7p(® -b"") = o(e) .

If m § 0 for & = 0, then these two equations have two dis-
tinct solutions o, =m + 0(e), b = + 1 + 0(e), where the two curves
o, = 0,(e) colncide up to terms of order € '. We have proved the

following theorem.

THEOREM (6.1). Consider the system of equations (6.1)
satisfying (6.3). If Tm defined by (6.14) is differ-
ent from zero, then there are unbounded AC solutions
of (6.1) in every neighborhood of the point (m, 0) 1in
the (g, ¢)-plane, vhere m 1s a positive integer.
Furthermore, the transition curves in the (o, €)-plane
from a region of stability to instability coincide up
to terms of order e
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COROLLARY (6.1). There are unbounded solutions of the
Mathieu equation x" + o°x + ke(cos 2t)x = 0 in every
neighborhood of the point (m, 0) in the (o, e)-plane
for every positive integer m.

PROOF. In this case (6.1%) implies ,(0) = [~ 2" 'mI(m-1)1]"" 4 o
for every positive integer m.

COROLLARY (6.2). Consider the system of equations
(6.1) satisfying condition (6.3) and suppose that
djkdrs 2 0 for every Jj, k, r, s, at least one
d;]k is # 0, and 0, >M k=2,3 <., n, M

a positive Integer. There are unbounded solutions
of (6.1) in every neighborhood of the point (m, 0)
in the (o,,e)-plane for every positive integer

mg¢ M+ 2.

PROOF. In this case (6.14) implies Tm # 0 1f at least one
djk is # o.

In case Yo = 0, then there still may be two distinct
solutions to the determining equations (6.9). It should be clear from the
proof of relations (6.11) and (6.12) that if the first S(” which de-
pends on b occurs in the mfh approximation, then relations (6.12) are
valid for v =m; - 1, and (6.13), (6.14) will hold for m = m, and the
determining equations (6.15) for m = m, will have two different solutions.
Therefore, Theorem (6.1) will hold for m = m;. In case S(” is in-
dependent of b for every £, then the determining equations (6.9) will
always have only one solution o, = o, (e) which 1s independent of b.
Therefore, there are two linearly independent periodic solutions along
this curve and the AC solutions are bounded in a neighborhood of the
point (m, 0) in the (o,, €)-plane.
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V. ON THE STABILITY OF PERIODIC SOLUTIONS OF WEAKLY
NONLINEAR PERIODIC AND AUTONOMOUS
DIFFERENTIAL SYSTEMS

J. K. Hale
§1. INTRODUCTION
Consider the system of differentlal equations
(1.1) x" + Ax = ¢ £(x, x', &, t)

where € 1s a small real parameter, X = (x1, ooy xn), A= diag(q?, ooy
02), and the vector f = (f,, ..., £,) 1s periodic in t of period

T = 2x/w. For & small, and certain conditions of smoothness on f,
various methods have been given for the determinatlon of periodic solutions,
xo(e, t) of (1.1) of the form

xjo(o’ t) = ay cos(rjmt + wJ), J=1, 2, ceey b,
(1.2)
xjo(o, t) =0, J=p+ 1, eeuap, n ,

where each aj, ] i1s a real number and each r,; = k /mj 1s a rational
mmber, J = 1, 2, ..., u (for example, see [4a, Section (8.5)] and [kb].
If the partial derivatives of fJ with respect to X, xi exlst, the
standard procedure for determining whether or not such a solution is
stable 1s to discuss the solutions of the linear variational equation

A (x_,x),e,t) A (x ,x',e,t)
(1.3) Y||+Ay_€____°’__g’_,__y+e___°:-a—;,‘—-’——yl ,
X

where of/dx, df/dx' are matrices defined by of/ox = (ij/bxk), Af /ax! =
= (bfj/bxﬂ), j» k=1, 2, «os, n. The coefficients in (1.3) are periodic
of period mwl, m = m;...m, T = 2x/w. If all of the characteristic

91
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exponents of system (1.3) have negative real parts, then the solution
(1.2) of (1.1) 1s asymptotically stable for e sufficiently small
( [Liapunov, 91]).

From the Floquet theory [5, p. 78], the characteristic exponents
of system (1.3) are obtailned from the elgenvalues of a 2n x 2n matrix,
which depends upon a fundamental system of solutions of (1.3). Suppose
that the coefficients in (1.3) are such that the characteristic exponents
are continuous functlons of € at € = 0. Some of the properties of the
characteristic exponents of (1.3) can be obtained by using the fact that
they are continuous functions of €& at & = 0 and are only determined
up to a multiple of wi/m. In fact, the characteristic exponents can be
grouped into sets 31’ which are disjoint for all €, 0¢ € ¢ Eqos such
that each Si satisfies one of the following properties: (1) S1 con~
tains more than one characteristic exponent all of which are equal to
zero for € = 0; (ii) 8, contains more than one characteristic exponent
all of which are equal to a complex or real number # O for € = 0;
(111) 31 contains only one characteristic exponent. Furthermore, 1if
there exists an S; which satisfiles (11) there 1s a set Sj (which may
coincide with Si) whose characteristic exponents are the complex con-
Jugates of those characteristic exponents of 8;. Even with this more
detalled information about the characteristic exponents, it does not seem
possible to use the Floquet theory directly to reduce the order of the
2n x 2n matrix from which the exponents are obtalned.

For e sufficilently small and using the method of successive
approximations developed by L. Cesari, J. K. Hale and R. A. Gambill in
a series of papers (see [4], Section 4.5 and 8.5), it was shown in [8]
that the cheracteristic exponents of (1.3) which belong to any one of the
sets S. above, say S, are determined by the elgenvalues of & p X p
matrix where p 1s the number of elements in S, provided that all of
the eigenvalues of this matrix are distinct for |e] su.f‘ficiently,small.1
Furthermore, this matrix of order p can be written explicitly in terms
of the coefficients in (1.3). In particular, for p = 1, this charac-
teristic exponent can be obtalned directly from the method. The purpose
of the present paper 1s to illustrate the application of some of the
results of [8] (see Lemmas 2.1 and 2.2) to the stability problem. We
state some explicit stabllity theorems in §3, §4 and give a few examples.

In §3, under the assumptlion that each fj in (1.1) is analytic

' Added in proofs: Since writing this paper, the author has become
aware of some other recent literature on this same problem in which
similar results have been obtained (see [13], [14]).
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in x, x', ¢ and satisfies (2.2) these results are applied to systems
(1.1) (and even more general systems) to determine a number of sufficient
conditions for asymptotic stability (see Theorems 3.1, 3.2, 3.3). Using
the same method, Theorem 3.1 had already been proved by H R. Balley and
R. A. Gambill [3] for the case where u =n 1in (1.1), (1.2). As a
corollary of Theorem 3.2 one obtalns a result proved by L. Mandelstam
and N. Papalexi [10] using another method for the case where u =n =1
in (1.1), (1.2).

In §4, these same methods are applied to the linear variational
equations for a periodic solution of an autonomous nonlinear differential
gystem to obtaln a number of sufficient conditions for asymptotic orbital
stability (see Theorems L.1, 4.2, 4.3). In his thesis at Purdue University,
E. W. Thompson [12] has obtalned Theorem 4.2 by first eliminating the
zero characteristic root of the linear variational system and applying
the method of successive approximations mentioned above; in particular,
the results of H. R. Bailey and L. Cesari [3]. Theorem (4.2) is ob-
tained in this paper by the above method in a more stralghtforward way.
A speclal case of Theorem (4.2) is the following result which seems par-
ticularly significant. Consider the system of second order equations

(1.4) xg + °§xj =g fj(x1, cees X x:, ceey xA), j=1,2, e, n ,

where 2°j 4 moy, o5+ oy # me,, J k J,k=2,3 «..,n;m=0, +1,

£2, ... endeach f; 1is snalytic in X, x} for lle < b, |13| < b,

b > 0. and suppose that xjo(e, t) = xjogs, t+2nfw), §=1,2, «.., n;
=0, + o(e), 1s a periodic solution of (1.4) and is analytic in e

at € = 0 with x1o(0, t) = a cos(o,t + 9), Xo(0s t) =0, k=2,3, ..., n,
where a, ¢ are real numbers. If

an
(1.5) Jf fjxj(a oS t, 0, ++vy 0, =& 0, 8IN t, O, +u., 0)AL < O
o

?
J=1,2, «es, n ,

then this periodic solution of (1.4) 1s asymptotically orbitally stable
in [to +w], 0 €eg €07 € > 0. This result was obtained by A. Andronov
and A. Witt (1] for n = 2, by evaluating the characteristic polynomlal
of a matrix of order four. The result above for arbitrary n 1s proved
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by the above method and the properties of the characteristic exponents
without evaluating any determlnants.

In §3 and §4, the nonlinear functions in the differential equa-
tions are assumed to satisfy a certain condition of analyticity. It is
shown in §5 that it 1s sufficient to require that these functions possess
continuous second derivatives.

Throughout the present paper, the following notations are used:
1= J-l; & 1s the complex conjugate of a; R(a) 1s the real part of a;
I(a) 1is the imaginary part of a. Also e, 1s used to denote a
sufficiently small positive number.

§2. DEFINITIONS OF STABILITY
Consider a system of differential equations
(2.1) x!' = q(x, t)

where q = (q1 s eeey qn) 1s a continuous vector function of the real
vector x = (xy5 ++s, X,) and the time t and suppose that (2.1) satisfies
a uniqueness condition in a reglon R of the (n+1)-dimensional (x, t)
space. A solution x (t) = x(t, Xo to)s to*g t <o, of (2.1) with
x (t,) = x, 1s sald to belong to R 1if [x (E)’ t] 1s an interior
point of R for every t » t,. A solution x (t) = x(t; x,, t,) 1s
said to be asymptotically stable (to the right) i1f there exists a & > 0
such that (1) every solution x(t; x,, t,) exists for all t  t, and
belongs to R 1if Jix; = x|l < & (11) |x(t; x;, t,) = x(t; x5 o)l
—> 0 a8 t—> = 1f |[x; - x,ll <8, where |x] = 2’},1 |xJ|.

Suppose now that .q(x, t) in (2.1) is perlodic in t and the
solution x*(t) 1s also periodic and the second partial derivatives of
the functions ays J=1, 2, «osy, n, with respect to Ryes K=1, 2, ¢os, n,
in the region R of (x, t) space. Then the linear variational equation
for the solution x" 1s given by

(2.2) y!' = Qt)y, Q(t) = (qu/axk)xq*' Jyk=1,2, «ee, n ,
where Q(t) is periodic in t. We need the following known theorem.

THEOREM 2.1. If q(x, t) satisfies the above conditions
and the characteristic exponents of (2.2) have negative
real parts, then the periodic solution x*(t) of (2.1)
is asymptotically stable to the right ([Liapunov, 91,

see also [5, p. 314]).
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If system (2.1) is autonomous, i.e., x' = q(x), then any
periodic solution x*(t) defines a closed curve C 1n the n-dimensional
x-space, E . If d(x, c) denotes the distance*of a polnt x 4n
from the curve C in E, then the solution x (t) 1s sald to be
asymptotically orbitally stable (to the right) provided, given & > 0,
there exists a 8 > 0 such that every solution x(t) with d(x(t,), C) <
8 for some t, implies d(x(t), C) < e for t 3 t, and d(x(t), C) —> o
a8 t —> + .

THEOREM 2.2. If x (t) 1s a pericdic solutlon of
the autonomous system x' = q(x) where each component
of q; has continuous second derivatives in a region
R of En, and n - 1 of the characteristic ex-
ponents of the linear variarional equation for

x*(t) have negative real parts, then the solution
x¥(t) 1s asymptotically stable to the right. [5,

Pe 323].

§3. PERIODIC DIFFERENTIAL SYSTEMS

Consider the periodic system of equations

xjj’ + o:jxj + a?xj =€ fj(x, x', e, t), J=1, 2, oo, n ,

(3.1)
x3+ijj=afj(x, X', g, t), J=n+1, oo, n; to gt <+,

where € > 0 1s a real parameter, X = -(xl, ceey xn), x! = (x1', veey xu),
each f; 1s real and analytic in a neighborhood U of the origin of the
(x, x', €) space; the power series expansion of each f, in U has co-
efficlents periodic in t of period T = 2x/w, L-integrable in [0, T],
and there exists a function n(t), L-integrable in [0, T], such that

(3.2) Ifj(x’ X', g, t)] < n(t), 3 =1, 2, eeey n ,

for all (x, x', €) in U. The paremeters o, B., oy real, analy-
tic functions of €, 0 €< €5 & > 05 75(e)’= (bo§ = )% > o,
J=1,2, «eo, u, 0 € ¢ € e Furthermore, we define numbers Py
j=1,2, «eo, n + 4, Dy the relations

pEj-'l = '!'(- QJ + 17:]) = S'ZJ" J =1, 2, eee, U, DLH'J = - 5," )

(3.3)
J=ur+1, eee, n .
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The system of periodic differentisl equations (3.1) satisfying all of the
above conditions shall be referred to as system (3.1). Notice the vectors
X, x!' used above do not have the same dimension.

Suppose there exists a real periodic solution, X(e, t) =

(Xyy oeey xn), of system (3.1), analytic in e for 0 e €y ;> 0
with

X0 = Xj(o, t) = a4 cos (rjwt + <pj), J=1,2, cee, v;vgm ,
(3.4)

XJOEXJ(O, t) =0, J=v+ 1, eee, n ,
where aj, ‘?;j are real numbers, rj = kj/mj, k;, m; relatively prime
positive integers, Jj = 1, 2, ees, v, and X(e, t + mT) = X(g, t),
T = 2x/w, m = my+..m . Many methods have been given for obtaining such

periodic solutions (for example, see [ha, Section 8.5] and [4b]).
(3.1),

(3.5) g =Xy +¥p J=1,2 e n

then the linear variational equation for yj 1s

n B
2 * *
Y:i' *ayyy + o5y =€ Z fjxkyk + € Z fjxl'{yl'c’ J=1,2, eeey n,

k=1 k=1
(3.6)
n
* *
YS+BJYJ=E ijxkyk+e ifjxl'(yllc’-j““*“: eeey L,
k=1 k=1
where
(3-7) f;xk = fjxk()g; X', €, t); f;xl'{ = fjx'k(x’ xl’ €, t) s

and X = (X;5 oo, Xn), Xt = (X], eeey x&). Each of the coefficlents of
Vs YL 1in (3.7) is periodic in t of period ml = 2mm/w.

The transformation of variables

vy = (2173)-1(223_1 + Za:l): Yi = (2i7j)—1 (923_1223_1 + °2jzaj) ’
(3.8)
J =1, 25 eeey uy yk'z;uk’k"‘l"l’ eeey NI,
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leads to the equivalent system of first order equations
(3.9) z' = Ale)z + € C(t, e)z
where A = diag(pv ceey pn+“), the Py are defined by ('3.3), and
C = (cjk)' Jyk=1,2, cse, n+pu,
C24-1,2k-1 = (217k)-1(r3xk * pak-Ifgxi); Cpy-1,2k = = S2j-1,2k-1
K=1, 2, oy p;
caj-l,m-h = f;xk, h=p+1, eee, Nj °2j-1,t = - °2j,t’ L =1, 2, «os, N + 4y,
(3.10) J =21, 2, eesy, 0
Cth, k-1 = (217)”" (f;xk * °2k—1f;x1'{’)‘ Cuth,2k = = Cpen, k-1 2
K=1,2, eosy 43

*
cu+h,u+l =fhxl’ L =p+1, cesynzh =g+ 1, seeyn ,

and the functions f;x , f’J‘X. ave defined by (3.7).
k k
In the sequel, we need the following known results.

LEMMA 3.1« (J. K. Hale [8, Theorem 2.1)). Consider the
system of differential equations (3.9 with C(t + uT, €) =
c(t, €), T = 2x/w, m = myoeem . Suppose that o' = w/m,

pj(o) - pk(O) = mjkm'i, My an integer or zero,
(3.11) hk=1,2, ¢es, p;
pJ(O) 7 pk(O) (mod @'1), J = 1, 2, eeey Ds K =D + 1, eoe, N + 4y

and define the p X p matrix G=H-D, D=
dlag(d,, «ee d.p), H= (hjk)’ b k=1,2, ooy Dy
where

-1
dJ = el-imo € [DJ(G) - OJ(O)]

(3012) ol
1(my,. g
By - (@n)™! f o (g =g Jo

o

cjk(t’ 0)dt, j, k =1, 2, «ss, Do
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If A, 1s a simple characteristic root of the matrix
G and the corresponding elgenvector has no zero com-
ponents, there 1is a characteristic exponent t(e) of
(3.9) which 1s analytic In e for O e g e,, and

(3.13) 1(e) = p1(0) +E A+ o(e?) .
COROLLARY 3.1. Consider the system of differential

equations (3.9) with C(t + wT, €) = C(t, &),
T = 2x/w, m = myeeem, . If o' = o/m and

(3.14) pJ(O) ¢ pk(O) (mod w'1l), X # j, k = 1, 2, eee, D + p

where j 18 a fixed integer, 1 < j < n + u, there
1s a characteristic exponent of (3.9), Ty = rj(e),
analytic in e for 0 ¢ e < ey, Wwith

T
(3.15) wy(e) = py(e) + sT'I[ 044(8, 0)at + o(e?) .

LEMMA (3.2) (J. K. Hale, [8, Theorem 3.1]). Consider
the system of differential equations (3.9) with

C(t +mT, €) = C(t, €), T = 2x/w, m = mye.em .

Suppose ' = w/m,
sz_1 = 52j’ 023_1(0) # Paj(o) (mod w'i),
pej_1(0) = pgk_1(0) = mjkm'i, My and integer or zero,
(3.16) Jo k=1,2, «ee, D3
pj(o) # pk(o) (mod w'l), Jj = 1, 2, eee, 2P; kK = 2P + 1, oo, N + K,

and define the p x p matrix G = H - D,
D= diag(d1, ooy dp), H = (hjk)’ Jy k=1,2, «eo, D,
where

ay = e%imo 8-1[p23_1(€) Y IO P I PIE PRRPRRS O

(3.17)
mT

1
Dy = @D f Cpjut, ok (Bs O) @
(e}

(mkl'mj1)m'ﬁjt

Jr k=1, 2, eeo, Do



STABILITY OF PERIODIC SOLUTIONS 99

If A, 1s a simple characteristic root of the matrix
G and the corresponding eigenvector has no zero com-
ponents, then there are two characteristic exponents
7, T of (3.9) analytic in e for 0¢ e g e, amd

(3.18) 1(e) = p1(0) +EN+ o(e?) .

From the Floguet theory [5, p. 78] the characteristic exponents
of system (3.9) are obtalned by finding the elgenvalues of a matrix of
order 2n. We shall illustrate by means of a few theorems how Lemmas 3.1
and 3.2 can be of assitance in reducing the order of this determinant.
More specifically, if there are p of the characteristic exponents close
to the origin in the complex plane, then they will be obtalned from the
elgenvalues of a determinant of order p. If the remalning characteristic
exponents are isolated for all e, 0¢ € €, then they will be ob-
tainable immediately from Corollary 3.1. If there are say 2p character-
i1stic exponents which are two by two complex conjugate none of which are
close to the origin in the complex plane, and p are equal for € = O,
then they will be obtained from a determinant of order p.

THEOREM (3.1). Consider the system (3.1) and suppose
that (3.4) 1s a perlodic solution of (3.1). Suppose
e > 0, Ay = Oy eee = aq =0, @y > 0, J=Qq+ 1, soey, Hj
Bj >0, J=un+1, «ea, n; forall g 0g e €40 and

(0) = 1 kj m/mj = 52.(0), J=1,2, eeey v; vE uy

P2 -1 J

(3.19) pj(O) ¥ 0, (0) (mod w'l), J =1, 2, eeey 2v; K= 2v £ 1, eey D+ 45
DJ(O) ¢ pk(o) (mod w'd), § #k, Jy k=2v+ 1, cev, N+,

vhere o' = o/m, m = m;...m, and the p; are defined
by (3.3). The periodic solution (3.4) of (3.1) is
asymptotically stable to the right for 0 ¢ e €y,
€, > 0, if the following conditions are satisfled:

mT
(1) ‘jﬂ fjxi (Xgr X5 0, )AL <0y J=v 41y eoey @
2

where X, = (X1o’ ceey Xno)’ X} = (x;o, ceey Xﬂo) are
defined by (3.4);

(11) the eigenvalues A, «.., M, Of the 2v x 2v matrix



100 HALE

G=H-D, D= dl&g(d1, ceey d2v)’ H-= (hjk)’
Jy k=1, 2, «oo, 2v,

-1
d23_1 =1 51_1;m0 € [uJ(e) - aj(o)], dzj = - dej-v

J=1,2, ooy v,
wT

i(m, -m,. Jo't
= -1 k17041
Ny 5o1,2k-1 = ooF [ (Loy) Tix, * fJxl'{] e at
o

(3.20)

1 w -1 -L(myy 4y Jo't
Ny5-1,2k = g7 f ((1a)) fjxk - fjxl'(] e dat
o]

hyg,2k-1 = Bajor ok’ Poj,ek = Poj-1,ok-10 30 K= 15 25 ey vy

where the functions under the integrals are evaluated
at (X, X 0, t), °2j-1(°) - Popp(0) = mjk‘”'i’

my an integer or zero, J, k=1, 2, .., v, are
distinct, have negative real parts and the corresponding
eigenvectors have no zero components.

PROOF. From Corollary 3.1, it follows immediately that the
characteristic exponents T4(€), § = 1, 2, eeep D+, Tp3-1(0) = ?23(0) =
3 (- aj(o) = 17j(0)], J2Q+ 1y eeey 13 1“”.(0) = - B,(0) J=n+1, coepny
have negative real parts for 0¢ e &,. Furthermore, from the same
corollary and (3.10),

mT
R(tyyq) = Rlrgy) = eCci;)™ [ £gay o Xpp O £+ oe?)
(o}

for § =v + 1, ess, q. Therefore, from (1) of the theorem, the real parts
of these characteristic exponents are negative for 0< e ¢ g,. The other
characteristic exponents Tys eers Ty, aTe determined from Lemma 3.1 for
p = 2v. The matrix G of the theorem is precisely the maetrix G of
Lemma 3.1. Therefore, from (ii) and (3.13), 1t follows that these charac-
teristic exponents also have negative real parts for 0< e ¢ € Theorem
2.1 now implies that Theorem 3.1 1s true.

REMARK 3.1. Theorem 3.1 has been previously obtained by H. R.
Bailey and R. A. Gamb1ll [3] for the case where v = u =q =nj i.e., for

systems of second order equations, x&' + c?xj = g fj(x“ eeey Xpy x;, ""xﬁ’e’t)
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j=1,2, «eo, n, where each oy = aj(e) satisfles the relation

uj(o) = kjw/mj, J =1, 2, ¢ee, n. An interesting example is also given
in [3] for v = u=q=n =2 1llustrating the application of this
theorem.

REMARK 3.2. If any one of the roots of |G - BI| = 0 1in (11)
have a positive real part or if any of the functions in (1) are positive,
then the periodic solution (3.4%) of (3.1) is unstable in [ty + @] for
every € # O.

THEOREM 3.2. Consider the system (3.1) and suppose
that (3.4) with v = 1 1s a periodic solution of
(3.1). Suppose € > 0 and the a5 Bj, 95 satisfy
the conditions of Theorem 3.1 with v = 1; 1l.e.,

e (0) = 1 kjo/m; = 5,(0),

pj(o) # 0y (0) (mod w'L) J =1, 2; k=23, 4, cee, n+p ,

(3.21)
pj(o) # pk(o) (mod w'l) j # k, j, k=3, l" seey N+ B

where o' = o/m;. The periodic solution (3.4) of (3.1)
1s asymptotlcally stable to the right for 0< e ¢ g/
i1f the following conditions are satisfiled:
mT
(1) u[ fjxi(xo’ Xl 0, £)AE < 0, J =1, 25 eeey Q5
[¢)
vhere X,, X! are defined by (3.4) for v = 1;

(11) The numbers A, B defined by
m‘T
em, A = [ £
o

m, T 2 . m,T 2
(2m1T)2B = (Jf f1x{dt> + [2m1'1'd1 - o, (0) Jf f,x1dt]
[o o

(3.22)
m, T w, T 2
_ [a;‘ (o)f f‘lx cos 20, (o)t dt -f f1x{ sin 201 (o)t dt]
[} ! °
m, T

m‘lT 1 2
- [,;1(0)f f1x1 sin 20, (0)t dt +f f1x1. cos 2a,(o)dt]
[o) o

d; = lm e’ [o,(e) - a,(0)] ,
E— O
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wpere all of the functions are evaluated at
(xo, XL O, t), satisfy the property A # B,
A2 4 B, B> 0.

REMARK 3.3. Thils theorem has been proved by H. R. Balley and
R. A. Gambill (3] and L. Mandelstam and N. Papalexi [10] for the case
where q =v = p =n=1; 1.e., & second order equation x" + o?x =

e f(x, x', €), where x, f are soalars and o = o(e), 0(0) = kwo/m.

PROOF. The system under consideratlon in Theorem 3.2 is a
special case of the system in Theorem 1 for v = 1. Condition (1) of
Theorem 3.2, for Jj =2, 3, «es, Q@ I1mplies condition (1) of Theorem 1 1s
satisfled for v = 1. For v = 1, the characteristic equation of the
matrix G in Theorem 3.1 1s given by A2 - 2an 4+ B=0, where A, B
are given in (3.22).' The roots of this equation have negative real parts
if and only if A > 0, A2 ¢ B, B> 0 which 1s assured by condition (1)
and (11) of Theorem 3.2. The condition A # B assures that the corre-
sponding eigenvectors of G have no zero components and Theorem 3.2 1is
proved.

EXAMFLE. Conslder the system of equations

"
1

(3.23)
" 2 = = %2 o x2)et
X, + ooXp = e(1 = x7 - x5)x}

x) +x, = e(1 - xf - xg)x{ + Epcost = ¢ f1(x1, X5, X, X4, € t) ,

€ f2(x1, X2, X{y xal: €, t) 1)

where € > 0, p< 0 and o, > 0, o, # m, m an integer. Applying the
method of successive approximations [6], 1t 1s easy to see that (3.23) has
a periodic solution XJ(E, t) = Xj(e, t +2x), j=1, 2, anelytic in ¢
for 0 eg e, 5> 0

(3.24) x1(o, t) = a sin t, x2(o, t)=0 ,

where a > 2 1s the positive solution of the equation 1 =~ (9-')2 + 2= o,
2 a
Furthermore,

2n
fjxj(a sin t, 0, a cos: t, 0, 0, t)dt = x(2 - a?) <o ,
o

j =1, 2, and the numbers A, B of Theorem 3.2 are given by La = (2-a2)
16B = (2 - 82)2 + 16a® - 9a%/4 and A ¢ B, A2 # B, B> 0 for every real
a # 0. Therefore, from Theorem 3.2, the solution (3.24%) of (3.23) is
asymptotically stable to the right for 0 < e g e,



(3.25)

(3.26)

(3.27)
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THEOREM 3.3. Consider the system (3.1) and suppose that
(3.4) 1s a periodic solution of (3.1). Suppose € > O,

@ = Ay = eee = =0, @y >0, J=qQq+1, vee, n,

51 >0, J=p+1, oo, n, foralle 0geg o and

921_1(0) =1 kjm/mj = Baj(o); j = 1, 2, eeey V3 V S q

pj(o) # Dk(o) (mod (0'1), J=1, 2, eee, 2v;

K=2v + 1, seey D + u 3
Pp3-1(0) ¥ pp5(0) (mod w'1), ppg 1(0) = ppp 1(0) = mye 1
mjk an integer or zero, j, k =v + 1, «es, P; v¢§r¢aq

Dj(o) # pk(O) (mod w'i), J = 2v + 1, ..., 21

kK=2r + L, eee, N + 3
pj(o) # pk(O) (mod w'1l), J#k, J, K=2r + 1, eee, D+ 4

where ' = w/m, m = m,...m, and the p; are defined
by (3.3). The perlodic solutlon (3.4) of (3.1) 1is
asymptotically stable to the right, 0 e ¢ e, if
condition (1i) of Theorem 3.1 1s satisfied and, in
addition,

mT
iji(XO’ X('), 0, t)dt< 0, J =T + 1, «ve, q,
[e]

where X, = (X, eees Xpo)s X5 = (X{os eees X)o) are
defined by (3.4); and the elgenvalues X,, seey A,
of the (r-v) x (r-v) matrix M =N - P,

P= diﬂs(p,» ceey Pr_v): N = (njk)’ Jo k=1,2, «o0y
r-v,

1

Py = i 1lim e~ [dv+j(€) - °v+j(°)]’ J=12, eee, T =

€0

mT

1( -m,, o't
nj'V:k"'V = m-% f 62J-1,2k-1 (t, 0)e k1 J dat ,
[e]

Jo k=v + 1, coe, »

.
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where the c,, are defined by (3.10), are distinct,
have negative real parts and the corresponding eigen-
vectors have no zero components.

PROOF. The proof that the characteristic exponents Tys eees Tou
Tops1? **%0 Tnap have negative real parts 1s exactly the same as the proof
in Theorem 3.1. The remaining characteristic exponents Tops1? **00 Top
are obtained from Lemma 3.2. The matrix M of the theorem 1s precisely
the matrix G of Lemma 3.2 1f the equations (3.9) are reordered so that
A = dlag(og,,qs 009 Pops Pis sses Pays Popyqs *oes °n+u)' Therefore,
each of the elgenvalues >‘j , Of the matrix M determines two character-

istic exponents Toy-12 T2 = %2.1—1’ with Tpj-1 = 1pj(0) Ehy o+
o(e), J =v + 1, ees, T« The real parts of these characteristic exponents
are also negative for 0< e ¢ e,, and the theorem follows from Theorem

2.1,

REMARK 3.3. For v = 1 in Theorem 3.3, the condition (i1) re-
ferred to can be replaced by condition (11) of Theorem 3.2.

This theorem should clarify the remark preceding Theorem 3.1. In
fact, this theorem is wmentioned only to 1llustrate the procedure for cal-
culating the characteristic exponents of (3.9) which are two by two complex
conjugate, r - v which are equal for € = 0 and none of which are close
to the origin in the complex plane.

§4. AUTONOMOUS DIFFERENTIAL SYSTEMS

Consider the autonomous system of equations

x; + ajxj + ang = € fj(x, X'y E)y J= 1,2, ceey 1,
(ko) ,

xj + Bjx;] =€ fj(x, X'y e)y J=r+ 1, e, mp oS B+,
where €> 0 18 a real parameter X = (X,, «.s, xn)’ xt = (x], oo, x:l),

each f. 1s real and analytic in a neighborhood U of the origin of the
(x, x', €) space. The parameters aj, ﬁj, ug are real analytic functions

of €, 0geg ey, e > 0; 7j(e)= (hoa-aﬁ) >0, J =1, 25 seey 1)
0geg ey Furthermore, we define numbers Py J=1,2, ¢eepy n+ 4, by
the relations

(ke2) Pag-1 = 3(- UJ + 17J) = 32‘-’; J=1,2, eesy Pusry = = 51:

J=u+1, ceeyn.
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The system of autonomous differential equations (k.1) satisfying all of the
above conditions shall be referred to as system (4.1). Notice that the
vectors x, x' wused above do not have the same dimension.

Suppose there exists a real periodic solution, X(e, t) =
(Xys eeey X;); of system (4.1), analytic in e for 0 e e, €y > 0
with
Xy

o = xj(o, t) = ay cos(rj ot + tpj), J=1,2, eee, v;vgu,

(4.3)

onixj(o, t) =0, J=v+ 1, seayn,
where aj, ¢; are real numbers, ry = kj/mj, k;, m, relatively prime
positive integers Jj =1, 2, «e., v, and X(g, t + mT) = X(e, t),
T =2n/0, m = Wyeeom o Many methods have been given for obtalning such
periodic solutions (for example, see [ka, Section 8.5] and [4b]).

As 1n the previous section, the linear variational equation
assoclated with the solution X(e, t) of (4.1) is gilven by

(bol) z' = A(e)z + € C(t, €)z

where A = diag(pv eoe, pn+“), the °j are defined by (4.2) and the
matrix C = (°jk)’ jy k=1, 2, «ee, n+ p, 1s given by (3.10) with

(4.5) fjxk = fjxk (X X'y &), fJ"fc = fjxl,( (X, X, ¢€)

and X = (X1, ceey )gl), X' = (x;, veey Xl"). The matrix C(t, €), there~
fore, satisfies the relation C(t + mT, €) = C(t, €).

We wish to apply Lemmas 3.1 and 3.2 to obtain sufficient con-
ditions for the asymptotic orbital stability of the periodic solution
X(e, t) of (4.1). Before proceeding to the formal discussion, observe
that one expects each of the glven numbers °j to satisfy a relation of
the form o4 = rso, + O(e), J =2, 3, eee, v, to obtain a periodic solution
of (4.1) of the form (4.3). The number « (also the numbers r., ¢.,
J=1,2, «e., v) 1s then determined as & function of & and the numbers
o5 S0 that (4.3) satisfles (4.1). In particular o = o, + 0(e)s As we
know, one could just as well obtain o, @as a function of « and e simply
by meking a convenient change of scale in the variable t. In the present
context, 1t 1s convenlent to assume that the latter alternative 1s chosen,
namely, o 1s independent of & and the numbers o;, Jj =1, 2, cee, v,
are convenient functions of & so that (4.3) satisfies (4.1).
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Another observation to be made 1s that the linear variational
equation (4.4) always has a periodic solution of period mwl (5, p. 322])
and, therefore, one of the characteristic exponents (since they are only
determined up to a multiple of wi/m) wmust be keol/m, where k 1is an
integer or zero.

THEOREM 4.1. Consider the system (4.1) and suppose
that (4.3) 1s a periodic solution of (4.1). Suppose

e>o,a1-02=...=aq=0,aj>0,j=q+1,
eesy Hj 5J> 0) J=p+1, ¢eo, n; for all e,

Ogsgeo, €, > 0, and
pzj_j(o) =1 kj"’/mj = 523(0), J=12, cee, v, v,
(4.6) pJ(O) # pk(O) (mod ®'d), 3 =1, 2, eeey 2v3 K = 2v + 1, eee, D + 4

pj(o) ¥ pk(O) (mod '), J #k, J, k=2v + 1, veey n+u ,

where o' = o/m, m = m «.om,, and the p, are defined
by (4.2). The periodic solution (4.3) of (4.1) 1is
asymptotically orbitally stable to the right, 0 < e g €.,
€y > 0, If the following conditions are satlsfiled:

mT
(1) f fjxj (Xo, XL, 0)at < 0, J=v+ 1, eee, q ,
o

where X, = (Xw, vesy xno)' Xc': = (X{o, ey X:xo) are
defined by (4.3);

(11) 2v - 1 of the eigenvalues of the 2v X 2v matrix
G=H-D, D= die.g(d,-ude‘,), H= (hjk)’ Js k=
1, 2, ooy 2v,

Gpge = 1 1m e og(e) < 05001, Gpyy = = dygs J = 1y 2y wees v
mT
Byy-170k-1 = ‘2',],7‘1‘ f [(1°k)-1fjxk * Tyxple
(5.7) o
h2;]-1,2k = ﬁ A [(1°k)-1fjxk - fjxl'cle

1(mk1—mjl)m'tdt

)

1(mm+m:]1 )w'tdt

hog,ok-1 = Boger,on Doj,ox = Pogor,opa1s d0 K= 1 25 ceey v 5
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where the functions under the integrals are evaluated

at (xo: Xc',: 0); p2j-‘| (o) - Pok-1 (0) = mjk‘b'iy mjk an
Integer or zero, Jj, k=1, 2, ..., v, are distinct,

have negative real parts and the corresponding eigen-

vectors have no zero components.

PROOF. The proof of this theorem is exactly the same as the
proof of Theorem 3.1 1f we observe that one of the characteristic ex-
ponents of (L4.4) being a multiple of wi/m 1s equivalent to one of the
roots B of the equation |G - BI| = 0, being zero. One then applies
Theorem 2.2 rather than Theorem 2.1 to complete the proof.

THEOREM 4.2. Consider the system (4.1) and suppose
that (4.3) with v = 1 1s a periodic solution of
(4be1)s If e > 0 and the cxj, Bj, g satisfy the
conditions of Theorem 4.1 with v = 1, 1l.e.,

91(0) = 1o = ;2(0))
(4.8) pj(o) # pp(0) (mod wl), J =1, 25 k=3, by eee, D+

DJ(O) # Dk(o) (mod wi), J #k, Jo k=3, 4, eeoe, n+pn 3

the periodic solution (4.3) with v = 1 of (k.1) is
asymptotically orbitally stable to the right, 0 < e < ¢ o’
€0 > O ir

T
(k.9) f f‘jxi (X5, X8, 0)dt < 0, J =1, 2, «eey Q4
[¢]

where X, = (X;5 «oes Xpo)s X = (X{gs ooy Xio)s
Xio = & cos (wt + 9), Xpo = 09 k=2, 3, eeuy 1y
a, 9 real numbers.

REMARK 4.1. In his thesis at Purdue University, E. W. Thompson
[12] has obtained this same result by another method. The method used by
E. Thompson was to first eliminate the zero root of the variational equa-
tions and then apply some known results of H. R. Balley and L. Cesaril
{2]. Also, A. Andronov and A. Witt [1], (see also [11, pe 153]) have ob-
tained this result for the case v =1, q = pu =n=2; 1l.e., for a system
of two second order equations with no "large" damping terms. The method
used by A. Andronov and A. Witt was to evaluate the characteristic poly-
nomisel of & matrix of order four. As we shall see in the proof of this
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theorem, no determinants are required.

PROOF. Exactly as in the proof of Theorem 4.1, we apply
Corollary 3.1 to obtain the real parts of the characteristic exponents,
Tpj-1 = ?23, J =2, 3, eeey 3 Tuey? J=u+1, coe, n as

T
o4
Rlryyq) = -+ & [ £ gxyOhor Xy 0)a8 + 0(€2), § =1, 2 veey b
[0}
(k.10)
R(t,q) = =By + ¢ f fjxj(xo, Xy, 0t + 0(e?), § = w+ 1, eerym &

We mey assume that <, = 0, 7, = 0(e) and we know [5, p. 81] that

n+ T u n
T XATJ= { tr (A(e) + € C(t, €))dt = = Z aj— z Bj
j=1 J=1 J=u+1
+ € f ( i Jxl + Z fjx )it .

° J=u+1

From (k.10) and the fact that t, = 0, we have

R()r = [ £1x1 (or Xy 005 + 0(5)
o

and Theorem 4.2 now follows lmmediately. One could prove thls theorem in
another way by evaluating directly the eigenvalues of the 2 X 2 matrix
G 1in Theorem L.1.

EXAMPLE. Consider the system of equations

" 2. _ [ - - 1

xy + oix, e(1 xq xe)x1 € f(x1, Xy, Xbs e)
(he11)

2)

2 2 _ 1 = ]
+axx, - (1 - x7 - x)x} = e glx;, x{, X5y €), €>0

"
x 2

2
oy 9, are analytic functions of & at €= 0 vith o, (0) -»fau (o),

f(-x1, Xz, Xe, 5) - - f(x,, X2, xa’ 5)} 8(X1, X1, -x2’ 5) = - g(x-l) X1, xa) E)
are any analytic functions in a neighborhood U of the origin in
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(xy, x5, X{, X}, €) space. It is known [7, p. 300] that there are two
periodic solutions of this equation of the form -

(1) x, =&, sin(t + ¢) + o(e), x, = 0, &, = 2 + o(e), o, = 1 + o(e)
(11) X, =0, X, = 8, sinWat + 9) + o(e), a, = 2 + 0(e), o, =2 + 0(e)

of periods 2x and Yax, respectively (we are choosing o,, o, as func-
tions of e rather than choose the period). For (1) conditions (4.9) for
J =1, 2, are equivalent to
2n 2n
f [1 -4 sin®t1dt = - 2 f sint dt < 0 .
[ 0

It follows from Theorem 4.2 that (1) is asymptotically orbitally stable to
the right, 0< &g g, €, > O. Similarly, one shows that (11) 1s also
asymptotically orbitally stable to the right for e sufficlently small.

THEOREM 4.3. Consider the system (k.1) and suppose that
(4+3) 1s a periodic solution of (4.1). Suppose € > 0,

a1=a2=.‘..=aq=0,a >0, J=aq+ 1, eeey, K3
aj>o,;]=p+1,...,n, for all €, 0geg ey
€6 > 0

°2j-1(0) = ikjw/mj = 521(0), J=1,2, eee, v; vga ;

Pj(o) # Pk(o) (mod w'L), J =1, 2, cee, 2v;

(k.12) K=2v + 1, see, D+ 1 3

92‘1_1(0) ? °2j(°) (mod m'i)’92j-1 (0) - p2k-l(o) = mjkwi ’

e

mjk an integer or zero, J, k=v + 1, esee, P; v r¢<q

DJ(O) # Dk(o) (mod w'l), J =2v + 1, s, 2r;

kK=2r+ 1, soey D+ pu ;
p3(0) # p(0) (mod @'1), J Ak, § k= 2P+ 1) ey nbu

vhere o! = w/m, m = m ...m  and the ps; are defined

by (4.2). The periodic solution (4.3) of (h.1) 1s
asymptotically orbitally stable to the right, 0< e g €,
g, > 0 1f condition (11) of Theorem 4.1 1s satisfied,
and, in addition,
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ul

(k.13) f fjxi (Xgr X4y 0)aE < 0, J=r +1, vos, q ,
()

where X, = (xm, ceey Xoo)s X8 = (Xigr woes X;m) are
defined by (4.3); and the eigenvalues Mys evey M
of the (r-v) x (r-v) matrix M =N - P,

P = diag(p‘, tees pr_v), N = (njk)’ Jo K=1, 2, coey T = v;

r-v

py = 1 slimo ¢! °v+j(e) - °v+j(°)]’ J=1,2, ceeyp=v ,
(ho1k)
oT
1( -m,. Jo't
-t Dyt 4170 gt
Byav, kv * @ Co3-1,2k-1 (t, ole !
[e]
Jobk=v+1, oo, v,

where the functions cj &re defined in (3.10) with
the £ glven by (%.5) are distinct, have negative
real parts and the corresponding elgenvectors have no
zero components.

PROOF. The proof 1s exactly the seme as the proof of Theorem
3.3, replacing everywhere the words Theorem 3.1, Theorem 2.1 by Theorem
k.1 and Theorem 2.2, respectively.

REMARK 4.2, For v = 1 1n Theorem 4.3, the condition (11) re-
ferred to can be replaced by

mT
f flx.} (XO, é, 0)dt < 0 .
o

EXAMPLE. Consider the system of equations
x;‘ + a?x1 = e(1 - x?)x{ + e 31(x1, 542, x}5 X3 xé) =g f,(x, x!)
(4.15) x’a' + 2%, = g1 - x? - xg - xg)xa' + ex$x~3 + ege(x,, x1‘) = efz(x, x')
x'3' *exg = e(1 - x? - xg - xg)x§ + ¢-:xfx2 + sga(x” x]) = efa(x, x!')
where x = (x1, Xps x3), e> 0, gy = 01(5), o, (0) =1, 31(-x1, Xy, X}, X3 xé)
-8 (x4, Xps X, X3 xé) and g, 8, &3 are analytic functions of their

arguments for lle,lle <A, A> 0. Using the method in [7], 1t 1s easy to
see that there exists o, = o, (e), a = a(e) analytic in e for
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0geg ey 01(0) =1, a(0) = 2 such that there is a periodic solution
X(e, t) = X(e, t + 2x) analytic in e, 0 g € g €y X = (x1, X,» x3)
where

(bo1k) X,(0, t) = 2 sin(t + 9), X,(0, t) = X3(0, t) =0 ,

and ¢ 1s an arbitrary constant. This solution will be asymptotically
orbitally stable if we can show that five of the six characteristic ex-
ponents of the linear variational equation assoclated with X(e, t) have
negative real parts. Since this system 1s a special case of Theorem 4.3
for v=1, r=q=pn=n-=3, it follows from Remark 4.2 it is
sufficlent to show that

2n

[ it (XG0, 1), X0, £)10t < ©
1

o

and the elgenvalues of the matrix M,

25
20t = (my), oy [ (- 12-%fjxk(x(o, £), X1(0, £)) + £4,, (X(0, %),

X'(o, t))1dt ,

j» k¥ = 2, 3, have negative real parts. One finds immediately that

27

2n 2n 25
f fjxjdt = -2, jJ =1, 2, 3, f fjx dt = 0 -f fjxl'{dt’ f fjxkdt = hkn ,
o o J o [¢]

j#%k j, k=2, 3, where the functions under the integral sign are
evaluated at X(0, t), X'(0, t). The characteristic equation for M 1s
g2 + 28 + 3 = 0 and both of the roots of this equatlon have negative real
parts. Also the corresponding eigenvectors have no zero components and
the solution (4.14) of (4.13) 1s asymptotically orbitally stable to the
right, 0 < € €y, &5 > Oe

§5. GENERALIZATIONS

In the preceding sections, we have assumed that the fj, dj’ B
were analytlc functions. This 1is not necessary but was assumed only to
meke the presentation simple. The basic Lemmas 3.1 and 3.2 hold under
very general conditions on these functions (8], the most severe restriction
arising from applying the implicit function theorem to show that the
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eigenvalues A of the matrices G in these lemmas will yileld a charac-
teristic exponent of the form (3.13) or (3.18). One can show that the
Lemmas are still valid if we assume only that the functions fj have
continuous second derivatives with respect to Xy xl'(, €, k=1, 2, ¢«¢s, 1,
and the functions o4, B 3 u? have continuous second derilvatives with
respect to € [8]. Therefore, the stabllity criteria in Sections 3 and

4 hold for this more general situation. For the exlstence of periodic
solutions of systems (3.1), (4.1) under these and even weaker hypotheses,
see L. Cesari [ib].

Another assumption that has been made in all of the theorems 1s
Bs(e) > 0, J=n+1, eesy n, 0¢ e e This restriction was introduced
only to simplify the notation. In fact, if one of the B, = 0, say
Bu41 = O» then the peridoic solution (3.4) or (4.3) may have
xu +1 (0, t) # 0. One then has one additional characteristic exponent
which is close to the origin in the complex plane. There is a generaliza-
tion of Lemma 3.1 [8] which will yield sufficient conditions for sta-
bility in these cases.
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VI. EXISTENCE THEOREMS FOR PERIODIC SOLUTIONS OF NONLINEAR
LIPSCHITZIAN DIFFERENTIAL SYSTEMS AND
FIXED POINT THEOREMS

Lamberto Cesari
INTRODUCTION

In the present paper we consider nonlinear systems of ordinary
differential equations in the complex fileld containing a small parameter
and satlsfylng merely conditions of continulty, or a Lipschitz condition.
We prove exlstence theorems for perilodlc solutions, and families of
periodic solutions. This 1s done by considering a convenlent transforma-
tion ¥ = T 9 from a space @ of periodic vector functlons into itself,
and by proving that 1t transforms a compact convex set ﬂ; C o into
1tself under mere hypotheses of continulty. Thus I has at least a
fixed element y ¢ n;, vy=1y, and y 1s a perlodic solution of the given
differential system provided a (finite) equation is satisfiled (determining
equation). The analysis of 1 and of the determining equation in the
case of complex or real systems leads to final and simple existence theo-
rems for periodic solutions (and familles of periodic solutions). Under
a Lipschitz condition ¥ 1s a contraction In a closed sphere @, C 2 and
thus T has a unique fixed element ¥y € Q. Under a Lipschitz condltlon,
the method of successive approximeations ¢(k+1) = I ¢(k), as usually
associated with 1, 1s uniformly convergent toward the periodic solution
¥

This method of successive approximations, or variants of 1it, has
been already studied and its convergence proved directly by the author, by
J. Ko Hale, and R. A. Gambill [4b, 8, 9c] in the analytic and in the linear
case. In the present paper, therefore, a functional interpretation of it
1s given, and this assures the convergence of the method under a mere
Lipschitz condition. Also, known existence theorems for periodic solutions

' This research was pertielly supported by AF Contract No. 49 (638)-382
at RIAS, Baltimore, Maryland
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and families of them are extended, particularly the ones recently proved
by J. K. Hale [9 cf ] in the analytic case using the same method. Also,
other theorems are extended in various ways. The method just mentioned,
or variants of 1t, has a bearing on two papers of J. K. Hale [9 hi, this
volume of the Contributions)], one dedicated to the study of the critical
frequencies of linear systems with periodlc coefflclents, and the other to
the proof of new and simple criteria for stability of periodic solutions of
nonlinear systems. Finally, let it be mentloned that the same method of
successive approximations was studled and appllied by the author, J. K.
Hale, R. A. Gambill, H. R. Balley, W. R. Fuller in a serles of papers
11sted in the references. >

A1l applications and results under conslderation belong to the
class of the problems of perturbation of linear differential systems. In
successive papers I shall deal with straightforward nonlinear differential
systems as well as with perturbation problems of nonlinear differential
systems.

§1. THE CONCEPT OF MEAN VALUE AND OTHER REMARKS

(a). The concept of mean value. Consider the family O = of
all functions f(t), - ®» < t < + », which are finite sums of functions of
the form e“tcp(t), where o 1s any complex number, and ¢(t) 1s any
complex-valued function, periodic of perlod T = 2n/o, L-integrable in
[0, T]. Obviously Cw i1s an additive class. If ¢(t) has the Fourler
serles

+00

1mwt
o(t) ~ Z Cpe

n==-c
then the series
+00
(1.1) £t) = eot(p(t) ~ Z cme(inm + o)t
m=w~co

1s sald to be the series associated with f(t) = e”%o(t) ¢ C,. Note that
the decomposition e °Yg(t) 1s not unique since also efo+ihelt | e~ 1ote(y),

2 fThe present results contain some of those proved by W. R. Fuller [10] in
his thesis at Purdue University. For instance, W. R. Fuller proved the con-
vergence of the method of successive approximations in the autonomous case
under a Lipschitz condition. Other results of thils thesis, (e.g., the
applications of the same method to systems containing differences) will
appear independently.
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h any integer, has the same properties. Nevertheless, the series (1.1)
1s uniquely determined. The mean value w [f] of £(t) = e°%o(t) is
defined by wm(f] = Cy if imw + ¢ = 0 for some m, by W[f] =0
otherwise. For any function f(t) e C,, then w [f] 1s defined as an
additive linear functional. For periodic functions £, w(f] 1s the usual

mean value of Fourier series theory.

For vector functions f = <f1’ ceey fn), all fj € Cm, we shall
denote by w [f] the vector (m1, ey mn) with wy = n [fj]’
J =1, see, Do

This concept of mean value has been proposed by L. Cesari [4b]
and further studled by J. K. Hale [9a]. It was proved first that W (f]
1s uniquely defined in C‘b, and that, if f = f.‘1 + eee + fN 1s any finite
decomposltion of f in C,, then W f]1 = o [f1] + oees + W [fN]. Also
the following simple statement holds:

(1.1)s If f£(t) e C, then any primitive F(t) of f(t) be-
longs to C, 1f and only if w(f] = 0. In addition, if w(f] = O,
there exists one and only one primitive F(t) e Cw with W [F] = 0. We
shell denote this primitive by

f £(t)dt

[see 4b and 9a].

Ir r(t) = (@ 18)t(5) ¢ Cyr @ B real, wi(f] =0,
o(t) ~ cmeim‘”t‘

the unique primitive F(t) of f£(t) of mean value zero is given by

(1.2) F(t) = e(aﬁ‘a)t'o(t), o(t) =Zcm(a + 1p + imw)"lelmet

where 1n the last series the term with o« + 1B + imw = 0 (if any) 1s
omitted, the seriles 1s convergent for all t, and o(t) 1s absolutely
continuous in each finite interval [see 9a]. The following simple ex-
amples may be considered, all with o =1, wm[f] = O:

fcostdt-sj_nt, fsj.ntdt--cost

fe(d+iﬂ)tdt = (a + 1ﬁ)'1e(“+15)t, x+ 1B 40 .
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REMARK. Though not needed in the sequel the following considera-
tions may be of some interest. Given a function f(t) e C, with
W [f] = 0, 1t 1s of interest to know whether its unique primltive
F(t) e Cy with w([F] = 0 1s a definite integral of the form

t
f £(u)du
3

with 0< ¢ < T. For functions f(t) = e(d‘“iﬁ)tq)(t) € Cpo W(f] = w(o] =0,
this 1s true, for instance, 1f the function ¢(t) above happens to be real,
and then we may take for ¢ any zero of 6(t). In particular this is true

for a+18 =0, £ = ¢ real. ForA+fl.13=0,f=cp=q>1 +1q>2, P P

real, w(f] = w[e,] = w[e,] = 0, there are two points
such that
t t
F(t) = f 9, du + f 9, du ,
& £2

and the points &, &, wmay be distinct, as for £(t) = elt

0k, < T

cos t + 1 sin t,

F(t) = - 16X = sin t - L cos t, &, = 0, &, = n/2, &, # ¢, (mod x). If
£(t) = e(o”iﬁ)tq)(t) € Cm’ W (f] = w([p] = 0, then there is always a de-
composition f = f, + f, and two points 0 ¢ £ &5 < T such that

£y €Cp W [fj] = 0,

ffj(t) at = ftfj au
5

j=1, 2 (J. K. Hale, 9a, proved thls by the use of faltung integrals]. If

w[e] # 0 then not even thls is true as the example shows:
w(f) = o, (a) # 0,

t
F(t) = o le9t o o1 f e™ dqu ,
+00

£(t) = &%

+ according as W (¢) < 0, or (o) > 0. Note that for f(t) =

e°t<p(t) €Cyp o # 0 (mod wil), we have

t+T
F(t) = (°T = 1)~! f £(u) du .
t

For o = 0 (mod wl) we have
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t+T
P(t) = 77 f uf(u) du

[J. Moser].

(1.41). If £(t) = 0% (t) ¢ €, w(f1 = 0, and PF(t) e O, 1s
1ts unique primitive with W ([F] = 0, 1f V > T 1s any constant, then
there 1s a constant N, depending only on o, T, V, such that

T
(1.3) IF(t)Ing lp(u)| du, o0tV .

o

If o= 0 (mod wl) we may take N =2, 1f |o + imw| > 5 for all
m=20, +1, +2, ¢ss, and some &> 0, we may take N depending only on
8, T, V. If F(t) 1s periodic then (1.3) holds for all t (J. K. Hale,
9a; see also H. R. Balley and L. Cesari, 2].

Given o = o + 18, o, B real, with o + imo # 0, m = 0, + 1,
+2, eee, let & =min [|o + imw|, m =0, + 1, ..., ]. For every
o' =a' + 18", o', B' real,"with |o' - ¢| < 8/2 we have
|o' + 1mw| > 8/2 for the same m.

(1.1141). Let o = « + 1B, @, B real, be any complex number with
o +1mo # 0, m=0, + 1, ees, and let 0< 8 < min [|o + imw|, m = O,
+ 1y, ees]y 0< 8< w, let o' be any other number with |e¢' - o] < 8/2,
let o¢(t) be any complex valued function periodic of period T = 2x/w,
L-integrable in [0, T], et £(t) = e”Cp(t), £,(t) = e?'tep(t), hence
W([f] = W[f] =0, and let V> T be any gilven constant. Then the
unique primitives F, F, of f, f; of class C, and mean values zero
verify the relation

T
(1.5) [F(t) - Fi(t)| < |o - o' W f [p(w)] du, o0tV ,
o

where N' 1s a constant depending only on 8, T, V (o bounded).

PROOF. A simple proof can be glven by making use of the last
lines of the remark above. By taking

o= (edT - 1)-1(60"1' - 1)-‘l

we have
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t+T
Fo) -7 (0) = [ (e - )76 - (e%'T - 1) Te Mg (u) au -
t
t+T )
= q f e’ Ty - e(ul'c)(u'T)) + (e(""")j’1 - 1)16%%(u) du.
T

For 0t V, TSV, we have also
T
IF(t) = F(t)] < |o' - o|N! f le(u)| du .
)

This proves (1.1i1).

(1e1v). If A 1s a constant n X n wmatrix with characteristic
TOOLS py, seey pp, If £(E) = (fy5 +es, £,) 1s a vector function whose
components f; are perlodic of period T = 2x/w and L-integrable in
[o, T], if ?p +1imo| > 8> 0 for some 8> 0, all Jj=1, «se, n, and
m=0, + 1, +2, .ee, then the differentlal system y' = Ay + f(t),
y = (y1, eoey yn), has exactly one solution y(t) = (y1, sy yn) whose
components are perlodic of period T. Also, there is a constant N de-
pending only on A and T and not on f(t) such that

n T
(16) Iy en ) [ag@)at, Jo1, e n cactcre
n=1 °

PROOF. It 1s not restrictive to suppose that A = [a.jh] 1s given
in triangular form, 1l.e., a‘jh =0, J> h, B‘jj =Py J =1, ese, ne Let
py = a; + 1B, a4, B real,J=1,...,n,7=ma.x|a|,M=e7T,Q
the sum in (1.6), a = max |a’jh|' The last equation of the system,

LTp = ¥+ £alt)
has a unique periodic solution of period T = 2x/w, which, by using the
notation of this Section, can be written as

p..t -p_u
yn(t)=en fe nt‘n(u) du ,

where the integrand 1s of class C, @and has mean value zero, the integral

is the unique primitive of class C, and mean value zero, has the form
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-t
e ™ o(t) considered in (1.2), and hence Vo = ¢(t) 1s periodic of period

T. Let N be the constant of (1.11) depending only on 8, T, and
V =T. Then by (1.11) for all 0 t < T, we have

T
raedl s my [ e (6)] av g Mg
[¢]

The last but one equation of the system is
yr'l_,.= Pn-1¥n-1 *+ [an-1,ny(t) + £ ,0) ,

where the expression in brackets 1s periodic of period T. Hence this
equation has a unique periodic solution given by

p, 1t -p,_4U
Yo () =e ™ ! fe n-1 [8nq, o Ty (@) + £, (W1 du ,

and we have, for 0 t < T,

T

195, (6] < MN f Uapey,nl 13501 + 18, @)1 du
o]

< MNQ(aMNT + 1)

By repeating this procedure n times we find, for 0 t < T,

lys(£)] < MvQGamvr + 1)°79, 3=, o, n,

and these relations hold for all t since 3 (t) 1s periodic.

(p)s A form of Brouwer's fixed point theorem. For the use in
§5 we mention here the following statement which has been shown to be
equivalent to the Brouwer fixed point theorem for a cell in the Euclildean
space E, [Ce Miranda, Un'osservazione su un teorema di Brouwer, Boll.
Unione Mat. Ital. 3, 1941, 5=T].

(1.v). If K(C E, 1s a cube whose 2n opposite (closed) faces
are K}, Kip § =1, eee, n, 1f f£(x) = (£15 eeey £)s X € K X = (%,
seey xn), is a real vector function, continuous in XK, if f£,(x) has
opposite constant signs on the two faces K&, Kj, (j =1, eeey, n), then
there 1s at least one point x, € K°, such that f(x.) = 0, 1.e.,
rj(xo) = 0, J = 1y eeey, N

An immediate corollary of (1.v) is
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(1.vi). If K(C E, 1s a cube whose 2n opposite (closed)
faces are K, K, y J =1, eee, n, 1f M 1s & compact topological space,
and f(x, m) = (f;, «., £ ), x ¢ XK, m ¢ M, 1s a real vector function,
continuous in K x M, if for"some m, € M, f.(x, mo) has opposite
slgns on the two faces K&, Kj, (J =1, «eey, n), then there 1s a neighbor-
hood N of m; in M and, for each m ¢ N, at least one x, = %o (m),
meN, x° ¢ X° such that fx,(m), m] = 0 for every m e N.

Indeed, by continuity, there 1s a neighborhood N of m, such
that, for every m e N, f.(x, m) has the same constant sign on K‘% [Kg]
a.s f‘j'(x, m,), and thus f(x, m) has opposite constant signs on

j’ J’ (J =1, esey n)e
A slightly different fort. of (1.vi) 1s the following one:

(1.v11) If K( E, 1s a cube whose 2n opposite (closed)
faces are K!, K} sy J =1, ¢ee, n, 1f M1, M are compact topological
spaces and f£(x, my, my) = (£, «ou, fo)y xeX m eM,meM, 1sa
real vector function, continuous in K X M X M 1f for some m20 € M
f.(x, my, Wy ) has opposite constant signs on the two faces Kj’ Kj’

(J =1, ees, n), 1independently from m; € M1, then there 1s a nelghbor-
hood N2 of m,, in M2 and for each m, e M,, and m, € N2, at least
one X, = X, (m1, my), m, e M, my e Ny, %0 ¢ KO, such that

fx, (ml, m, ), my, my]l = 0 for every m; e M, my, ¢ N,.

(c)s Schauder's fixed point theorem. We shall need in §3 the
following form of Schauder's fixed point theorem:

(1.vi1i). Any continuous mapping f : K —> K, from a con-
vex, closed, compact subset K of a linear space M has at least one
fixed point y ¢ K, fy = y.

[See J. Schauder, Der Fixpunkt in Funktlonalralimen, Studia Math.
2, 1930, 171-180. Also, 3. Lefschetz, Topics in Topology, Annals of Math.
Studies, No. 10, 1942.] We do not repeat all definitions, but only the
following ones: K convex means that X, y ¢ K implies tx + (1 - t)y ¢ K
for all 0 t < 1; K closed means that M - K 1s open, and hence
Xy —> X, X, € K, x e M, *implies x e K; K compact means that every
sequence [x,], x, € K, possesses a convergent subsequence.

'We shall need in §3 also the following statement:

(1.1x). Any continuous mapping f : K —> K, from a complete
subspace K of a metric space M, which i1s a contraction in X, has
exactly one fixed point in K (Banach's fixed point theorem).

If d(x, y) 1is the metric in M, then f a contraction means
that d(fx, fy) < md(x, y) for all x, y ¢ K, and a constant m < 1.
That K 1s complete means that every Cauchy sequence in K has 1its limit
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in K. Thus K 1is closed [H. Hahn, Reelle Funktionen I, Chelsea 1948,
ps 118]. The uniqueness follows by the obvious remark that fx = x,

fy =y, X, yeK, x#y, Implies 0 < d(x, y) = d(fx, £y) { md(x, ¥)
with m < 1, a contradiction. The existence follows by proving that any
sequence [x,] with x,., = f(xn), n =0, 1, +es, X, € K arbitrary, is
a Cauchy sequence [Cf. E. A. Coddington and N. Levinson, Ordinary differ-
ential equations, McGraw-H11l, 1955, p. 41].

§2. A TRANSFORMATION t IN FUNCTIONAL SPACES

We shall consider first, for the sake of simplicity, a differ~
ential system of the form

(2.1) dy/dt = Ay + eq(y, bty €), ~o< t< + @ ,

where y = (F;5 eeey yn), A = A(e) 1s a constant real or complex n X n
matrix, e > 0 1s a real parameter which will be supposed to be
sufficiently small, q = (Qqy e« qn), and each qj(y, t, €) 1s a real
or complex function of t, y,e. We shall make on A and q the follow-
ing assumptilons:

(). There are numbers o > 0, 8 > 0, e, > 0, and integers
0< v, ay % 0, by > 0, J = 1, eesy v, such that the n character-
istic roots p.(e), % =1, eeey, n, of A are continuous functions of ¢
in 0 e < ey, and verify the relations

DJ(O) =1 &jﬂ’/bj: J=1 e, v,
(2.2)
|pj(0) - 1mm/b0| >8>0, J=v+ 1, eoe; n, by =by cea b,

m=0, £1, +2, eos =«

In addition we assume A = diag(A,, A,), vhere A, A, &re v Xxv and
(n-v) x (n-v) matrices, A = dia.g[p1(s), veey pv(e)], and (*)
A, = dlagle,,q(€)y eeey pp(e)]e

Actually, the last requirement (*) 1s unnecessarily restrictive,
and all of the present results are valid under a much weaker assumption
replacing (*); namely (**) B, 1s any matrix whose coefficlents are
continuous functions of e in 0< e e . It is only for the sake of
simplicity that we use condition (*) [See remarks at the end of §21].
Also, by, 1in (2.2) need only be any common multiple of by, sy b,

Finally, A(e) could actually be any n x n matrix whose ele-
ments are contlnuous functions of € 1in 0 ¢ € gy, having a matrix A,
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as above for its canonical form, l.e., provided there exists a matrix
P(e) whose coefficlents are continuous functions of e 1in 0 e < €y,
with det P(e) 4 0 and PAP™' = A.

(K) There exists a number R > 0 and a function ¥(t) > O,
- o < t < w®, L-integrable in every finite interval such that Iyll <R,
£ =1, oo, n, =@ < t < oo, Iimplies IqJ(y, t, e)] < ¥(t), =1, ees, ¢
Given ¢ > 0 there exists ¢ > O such that Iyll: |Y§| <R, 0¢ e,
e? < €ys |Y; = Y%l & 4 =1, ees, n, 151 - 52' < &, implies

lagr's toe") - qy0% 6 S S EvlE), Jo 1y vy me b

Finally, (p) the functions qj(y, t, €) are periodic In t of period
2n/w, or are independent of t and then v(t) 1s replaced by a constant
K> o,

Sometimes we shall replace (K) by the stronger assumption:

(L). Condition (K) holds, and, in addition, y,, ¥, <R,
£ =1, «esy n, 0 €< €y, dmplies

n
lqj(y‘, t, &) - qj(ye, t, e)] < vit) }: Iyl - y%], J =1, seey Ny- @< £ < o
£=1

Condition (p) will be replaced by a condition of quasl periodicity
in some theorems. Also, 1t may well occur that we can take R = o, or
that we may take R any arbitrary constant and v(t) depends on R, all
with obvious simplifications in the statements of the present paper.

REMARK 1. Let us give here 1in a few words the actual meaning of
condition (a). In most cases (2.1) will be the canonlcal form of a real
system containing at least one equation of the form x: + u2x1 =ef,, and
then p, =10, pp = = 10, Then the first condition (2.2) 1s satisfied by
slmply teking v =2, w =0, & =1, 8, = -1, by =b, = 1, while the
second condition (2.2) requires that the remaining characteristic roots are
not "close" to any one of the numbers im o, m = 0, + 1, + 2, «es o If
the real system contains, besides the equatlon above, a first order equa-
tion of the form x; = € f3, then we have Py = 0, and the first con-
dition (2.2) is satisfied by simply taking v =3, o =0, & =1, 8, = = 1,
a3 = 0, by =b, = b3 = 1, while the second condition (2.2) requires again
that the remaining characteristic roots are not "close" to any one of the
same numbers above. In §5 we shall actually consider these and more general
sltuations. Integers ajs bj # + 1 certainly occur in connection with
subharmonic and ultraharmonic solutions [cf. 8]. As & further informal
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comment on the general process discussed rigorously below we wish to
mention that periodi.c golutions of system (2.1) can be expected to be of

T

the form y: =c; e . 0(e)y J =1, eoey, v, yj'= 0(e), J=v+ 1, eeep n,
where 11, = p,(0) + 0(e) 1n the autonomous case, and where the numbers
cy =2¢C (e; do not necessarily approach zero as & —> 0. This 1s
actually the case in innumerable known examples [see, e.ge., 8, 9c for
references]. Thus 1t 1s natural to look for periodic solutions of (2.1)
in the "nei, liorhood" of solutions of (2.1) for & = 0 of the form

ps(0)t
yj-cjej ,J-1,...,v,yj-o,J=v+1,...,n.

Note that, by force of the continulty requirement in condition
(@), wo may assume e > 0 and 8> 0 sufficiently small so as

ij(s) - iajm/bjl <8 J=1, vee, v, 0K EL &,
(2.3)
|pj(£) - imm/bol >8, J=v+ 1, eaa, n, 0 EZ &g

me= 0, + 1, eoe o

Note that ® appears in both conditions (o) and (K). In case
the functions q:; do not depend on t (autonomous case), then we may
assume that relations (2.3) hold for all o of a sufficlently small
neighborhood U of the number, say ®,, for which (2.2) holds.

Note that the points =z = pj(o), J =1, ees, v, are apart from
all points z = Dj(o): J=v+1, «ee, n, and z = :Lma)/bo, m/bo d aj/bji
m=0, +1, ses, 1in the complex plane. Then we can take & in (2.3)
sufficiently small in such a way that (2.3) still holds, and the
8-neighborhoods of the points z = pj(O), J =1, eeey v, are & apart
from all remaining polnts.

Let us consider the auxiliary matrices B = diag (B1 » 32 )s
;= A (0) = dlag (17,, «.o) ir,), 1"j = pj(O) = 1a.ja)/bj, J =1, eeey vy
(€) = (py(e) ). Thus 6B - atag(e s 0 20)
and B, = €)= [ = ¥+ 1, eeey N)o us € = e e
, B Aale) = leyledy o vr g poe -1t o At
) = diag (e

o2 = diag (e 5y J=v+1, ooy, n). Let us denote by z(t) any

particular solution of system (2.1) for & = 0 of the form

B

’»

vesy © ), e 7. dlag (e y eees @ V),

1
DJ (53t

1.t It t
(2.4) z(t) = (cqe Ve, c,e V., 0y ees, 0) = et
where ey #0, J =1, «ee, v, ave constants, C = col (°1’ ceey Cy O,
eesy 0)s Lot @ = 8(Cys eees Cus Doy ®) be the class of all continuous
periodic vector functions o(t) = (9, ««s, ¢,) of period T = 2xb, /o,
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such that
—irjt
(2.5) w [e cpj(t)] = ¢y J=1, veey v,
that 1s, the first v component 4 of ¢ have the form
irjt *
(2.6) oy(t) = e [cj . ¢j(t)] , Jmy ey,

with W= [cp:.;] = 0. Let us denote by ay the subclass of o of all
@ = (9gs eeey @) with [o;(t)] <R, J =1, esey, no Let T be the
transformation of ag into a defined by v(t) = (T¢)(t) with

(2.7) v(t) = z(t) + eeBtfe‘B“tq[qa(u), u, €] - Dlele(u)) du ,

(2.8) D(eIC = w (6™PMq[e(u), u, €1} ,

where D = D[g] = diag (d1, . dv’ 0, ess, 0). The following remarks
are essential:
(a) As we shall prove, each component of the integrand 1s of

class O, with o' = “’/bo and mean value zero;

(b) The integral in (2.7) denote the unique primitive of class
and mean value zero;

(¢) For ¢ e ap we have ¥ e 2, 1l.e., I transforms ap
into o [See proof below].

C

!

In component form relations (2.7), (2.8) become

11Jt 11Jt -ifju
(2.9) vj(t) = cye + €@ fe (qu(u), u, €] - depJ(u)] du ,

J=1, eeey v ,

ojt -oJu
(2.10) vj(t) = €@ fe qj[tp(u), u, €] du , J=v+1, ee, n,
—1¢ju
(2.11) cydy = W (e qJ[cp(u), u, £1), J=1, ceey v ,
-p U
(2.12) o0 = w{e Jqj[cp(u), u, €1} , J=v+1, «eu, n,

and we shall analyze these relatlons below.
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Obviously the products e i"'1qu[q>(u), U, €], J =1, eeey vy
are periodic of period T = 2xb /w, and are L-integrable in [0, T].
Thus ™ 1in (2.11) 1s the usual mean value, and since cy ¥0,d ] is
defined, J =1, +es, v. By (2.6) we have

-11’\,’“

G (QJ[¢(u): u, €] - dj¢j(“)] =
(2.13) -i‘rju »

= (e QjW(u), u, €] - °jdj] - djﬂ’j(u) ’

and, by (2.11), these functions are periodic of perlod T = 2mby/w, of
class Cm, and mean value zero. Hence, by §1, there is one and only one
primitive, say vj(t), of (2.13), also periodic and of mean value zero,
and finally, by (2.9), we have

* i'rjt
(2.14) vj(t) = [c‘1 + evj(t)]e N Jm1, eeey v,

that 1is, the functions wj(t) satisfy (2.5). A:Lso, the same functions

vj(t) are absolutely continuous. The functions e juq [e(u), u, €],

J=v+1, «es, n, are obviously of class C,, with |- Py * 1ma>/bol >
8> 0 forall j=v+ 1, eeeyny,me=0, + 1, +2, ees, and hence have
mean value zero according to §1. Thus (2.12) is justified. Also, there
is one and only one primitive of class C,, and of mean value zero, and

of the form e J Viglt), (t) periodic of period T (v;, of mean
value not necessarily zero), a.nd then w (t) = ey O(t:), J=2v+1, eue, ne
Mlso, the same functions v.,(t) are periodic a.ng absolutely continuous.
Thus (a), (b), (c) are completely proved, and 2 ag( .

We shall take in @ the uniform topology (§3) and we shall prove
that, for e sufficlently small, 1 transforms a closed sphere 4,
around z(t), o, C 9, into 1tself under the hypotheses of continulty (K).
Also, (§3), there 1s a compact convex set n C 2, C R which 1s transformed
into itself by . This implies (§3) that I has in n at least one
fixed element y(t), ¥y = 1y, by Schauder's fixed point theorem. Under
the Lipschitz condition (L), ¥ | 8, 18 a contraction (§3) and thus the
fixed element y = Ty is unique in @,. In any case, y(t) satisfies
the integral equation

y(t) = z(t) + eeBtfe’Bu {afy(u), u, €] - D[yly(u)) du ,

(2.15)
IC = DIyIC = w (e gy (u), u, €]} .
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Since both y(t) and D depend upon the integers a.d % 0, bj > 0, and
the complex constants cs # 0, jJ = 1, eee, v, besides o and e, we
shall write y(t, &, b, ¢, », ), D(a, b, ¢, o, €), vhere a = (a,, eeey
av), b = (b,, ceey bv), c = (c1, veey cv). By (2.15), y(t) 1s abso-
lutely continuous, has first derivative y'(t) a.e., and, by differ-
entiation, we obtailn

(2.16) y'(t) = (B - eD)y(t) + eqly(t), t, ] ;

in other words, y(t) satisfles a differential equation analogous to
(2.1)e The vector function y(t) will be a solution of (2.1) provided
the equation B - €D = A 1s satisfied, or, in component form,

(2.17) 1aj“’/bj - edj(a, b, ¢, w, €) = pj(e), J =1, ceey, v .

These equations are called the determining equations of system (2.1).

Under the Lipschltz condition (L), 1 | @, 1s a contraction,
and the actusl determination of the unique fixed element y(t) e 8, and
of the numbers d;, .., dv can be obtalned by a method of successive
approximations, namely

1.t it t
Y(O)(t) = z(t) = (c,e 3 s seey € v s Oy eeey 0) ,

y(M)(t) = z(t) + eeBtfe'Bu(q[y(m'”(u), u, €] - D(m"”y(m'1 )] du
D(m'”C = D[ym"]C = (e'Buq[y(m")(u), w, €ll, m=1, 2, ses,

C = col(c1,...,cv,o,...,0), D(m“l) = diag(dfmq),...,d‘(‘m—”,o,...,o),

where each integrand 1s of class C, and mean value zero, and each in-

tegral is the unique primitive of class Cw and mean value zero. The

uniform convergence of the process, 1i.e.,
y(t) = 1im y(m)(t) s D(y] = 1im D[y(m)]

as m —> o, 13 a consequence of the fact that 1 1s a contraction in
Qg This 1s the method of successive approximations mentloned in the
Introduction and used in most papers listed in the references.

REMARK 2. A few informal words on the definition (2.7) of the
transformation  may be of Interest. First, the term DleJe(u), which
is subtracted under { } 1n (2.7) has the effect to make the integrand
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of mean value zero in the class C,, So as the integral 1is also in Cm.
Otherwise, there could be constant terms c¢ # 0 in the integrand, and
terms ¢t 1n the integral (the so called secular terms of classical
analysis). Secondly, we actually subtract more than secular terms, but,
by thils device [cf. Cesari 4b] it is assured that the fixed element

y(t) of ¥, or the 1limit y(t) 1in the method of successive approxima-
tions, satisfies the differential equation (2.16) which is similar to
(2.1) and in fact has exactly the same terms eq as (2.1).

§3. PROOF THAT t HAS A FIXED POINT. EXTENSIONS

(a)e Proof that : has a fixed point under condition (K). We
shall introduce a uniform topology in @ by defining as norm % [¢] of
an element o(t) = (cp,, ceey qan) of & (9; perlodic of period T =
2ab,/w and continuous, j = 1, ..., n), the number % ([9] = max I‘Pj(t)l:
where the maximum is taken with respect to all - » < t < + », and
J =1, ¢ee, ne Thus g 1s the closed set of all ¢ ¢ & with 9% (®] < R.

(3.1). Under hypotheses (a) and (X), given a = (31, ey av),
b = (b, e+, b)), and any two numbers r,, r,, 0<r, <Tr, <R, there
is an €5 0< g, & €or such that, for every c¢ = (cl, ooy cv) and €
with r; lesl € Toy § =1, eee, v, 0 €< €y, the transformation 1
is continuous, maps the closed sphere o, 1into 1tself, &, = {ole(t) -
z(t)l1gr), »=R -1, and has at 1eastta.tf:1_xed poinLixg ag.

PROOF. Obviously z(t) = (c,e v, c @ Y, 0, «ee, 0) € Q,
and W [2(t)] = max chl < r, < R. Hence, z(t) e ag. Also, for every
o(t) e a, we have % [p] < w([z] +TP Ty + = R, and noC nRC Q. Let
K be any number such that

T
(341) f v(t) dt < KT .
[e]

For every ¢ e 8, and § =1, «es, v, We have, by (2.11),

.

'rju 1 r ~i1ju
qj[cp(u), u, e]} =T e qj[Mu), u, €] du ,
o

-1

[¢ Jd j = w{e

(3.2)
T

T
-1
lazl < I<>jl'1T'1 f lajle(u), u, ] dug |<>j|'1T'1 [ v(u) augr K.
o

For J = 1, «es, v, we have, by (2.4), (2.9),
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it.t -1
Vj(t) - Zj(t) = €O Tj fe Tju {QJW(U): u, ] - dj‘PJ(u)} du ,

and, by (1.41) with Vv =T, (K), and (3.2), also

T
H!j(t) - Zj(t” < 25[ HqJ-[‘P(u): u, e]f + Idj' |‘Pj(u)|] du

(3.3)
< 2e[KT + Tr;lKR] = 2e(1 + r;lR)KT R

for all - o< t < + » since Vj’ z'j are perlodic of period T,
J=1, ¢eey vo For j=v + 1, ees, n, we have, by (2.11), (2.10),

t -
Vj(t) - Zj(t) = Vj(t) = epj fe pjqu[q)(u)’ u, €] du ,

with |- p +ima)/bo|25>0,j=v+1,...,n,m=0,tl,... . Let
7 = max I:lipjl, j=v+1, e, n, and H= e7T. By (1.11) there is a
constant N = N(8, w, b) such that

T
(3.4) Wj(t) - zj(t)l < eHN f |qj[<p(u), u, €]] dug €HNKT, J = v + 1, ves, Do
[

By (3.3) and (3.4), for M' = max[2(1 + r]'R)KT, HNKT],
e! = min[e,, r/M], 0 e < €', we have

ulp(t) - z2(t)] L eM L e™M g

Thus ¢ e o, for every o e LY l.e., e noc L

o

let L > 0 denote any number with pj(e) <L, =1, ees, no
Let us consider the subset &, C a, of all o(t) e o, whose components
9:(t) are absolutely continuous, with first derivatives (a.e.) satisfying
the relations

lo3(6)] < 2LR + equ(t), J= 15 seey By m@ < E < o

Obviously n; 1s convex. Note that the functions cpj(t), J=1, ¢eey n,
*
with o(t) e a, are equibounded, equiabsolutely continuous, and equi-

continuous., Thus, by Ascoli's theorem, 2t 1sa compact family.
o v

Finelly, if y" = g § =15 ey m) e n;, D=1, «eo, and
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Tin(t) 3 y4(t) s n-—> =, the equisbsolute contimity of the func-
tions Yin implies that yj(t) is agbsolute continuous, J = 1, see, N
If Vi, an denote the total variations of y., ¥ n in any interval
[t', t"], Dby the lower semicontinuity of the total variations we have

t" g"

1(t)] dt = 1im = 1lim (e At .
‘1/:' lyj ! S EE Yt 2R ! 194n (%]

Hence
t" t"
1
f lyy(0)l at < f [2IR + & ¥(t)] dt ,
t! Tt

and, by a 1imit, also |y5(t)| < 2IR + € v(t) for almost all t. Thus

n; 18 a closed set.

Let us prove that 1 n;( n;. By (2.9), (2.10), by differentia-
tion, we have

v‘;(t) = pj(O)vj(t) - edjtpj(t) + qu[cp(t), t, €], =1y ey v,
V‘;(t) = pj(E)wJ-(t) + sqj[cp(t), t, €1, J=v+1, vee, n,
and hence
|v3(t)|$m+er;1M+€W(t), =1, eee, 0,

Thus, for e" = min [e!, rlLK'1], 0< e< e", we have
]
Ivj(t)l < 2IR + e ¥(t), J=1, ese,n

This proves that v = 1 ¢ ¢ n; for every o € ﬂ;, il.e., n;( ﬂ;.

We must now prove that, for every e, 0 e ¢", 1t 1s a con-
tinuous transformation in a,. Given ¢ > 0, let ¢ > 0 be the number de-
fined in (K) relative to t. For every two elements ¢° = (Pgys +oes cpse) € 0
8 =1, 2, let Vs =1 ‘Ps: Vs = (VSV ceey Vsn)’ and DS = D["Ps] =
(dgys ++es Qgys O +eey 0o By (3.2) we have |dgyl < 7K, S =1, ey,

§ =1, 2. We have also, by (K) and (3.1), for % (¢! - 921 < ¢, and by
taking ¢ < ¢,
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=-17,u
cjd1j - cjdgj “""{e J [QJ[¢1 (u),use ) - QJ(‘PQ(U):UIE]] } 5

T
(3:5) 18570551 < leg17'T™" [ ajto (whused - agi0P()uer|au .
o

T
< lcj|-1‘1‘-1§ f ¥(u) duSP'{]K; .
o

For §j =1, .., v, we have now, by (2.%), (2.9),
iv.t =1t
Vi) = vpy(8) = e 0 3 [T el (u), e -

- qj[cpe(u),:.;.,s] - dqu’u‘ + dzquej} du ,

and, by (1.11), (K), (3.1), (3.2), (3.5), also

T
Mig(e) = w50l < 2e [ {lagie’ wel - qqref (huen] +
o

(3.6) + |d1j| |q>1j(u) - cpej(u)l + |d1J - dej' |q32j(u)|} du
< 2e[KT + »7'KT + r'KTRIL < 2eKT(1 + 27! 4 rI'R)¢ .
For j=v+ 1, «¢e., n, we have, by (2.10),

.t -p:u
¥y g(E)-vaq(t) = co’d fe E {QJ[@1 (u)u,e] - qj[mg(u),u,r:]} du

and by (1.11) for the same constants H = e7T, N = N(5, w, b), we have

T
H"lj(t) - Waj(t” < €HN f |Qj[¢1(u); u, €] ~ Q.J[‘?Pe(u): u, €] du
o

(3.7)
< eHNKT ¢, J=v+1, cee, n .

By (3.6), (3.7), for M" = max [2KT(1 + r;‘ + r?’R), HNKT] we have



NONLINEAR LIPSCHITZIAN SYSTEMS 133
wiv! - V21 g eM"t < (e M")E,

and this assures that I 1s a continuous transformation in Qg0

Since T 1s a continuous transformation and <t maps the con-
vex closed compact set n; Into itself, where n;C 2, C nR( Q, and
@ 1s linear, by Schauder's fixed point theorem we conclude that 1 has
& fixed element in n;.

(b). Proof that 1 1s a contraction in 0, under condition

w).

(3.11). Under hypotheses (&) and (L), we can take €
sufficiently small in (3.1) so that 1 | 8, 1s a contraction, namely
% (19 - 19°1< 1/2 (o' - ¢°] for every o', o ¢ a,. Thus, the fixed
element y(t) e n;( 2, 1s unique in a..

PROOF. We have already proved that I a, C 25 We need not

consider n;. Relations (3.1), (3.2), (3.3), (3.4) will be needed.

Relation (3.5) can be replaced by

n T
lyg = gl < 1oyl ) [ v ley ) - 0y, (0] qu
g=1 ©
(3+5L)
< r;an *J:[q:‘ - cpe], J=1, eeey v W

Relation (3.6) can be replaced by

¥y 5(8) = ¥p3(0)] < 2enkT + 27'KT + x7'nKTR] % (o] - oF)

(306L) -1 1 2
< 2enKT[1 + v (1 +R)I% [@ - 0o°),

J =1, eve, v

Relation (3.7) 1s replaced by

(3.7L)  [¥y4(8) = ¥p3(0)| S eHNnKT wio! - o%), J=v 41, eeeyn

By (3.6L) and (3.7L), for M''' = max [2nKT [1 + rj'(1 + R)], nHNKT],
€, = min e, 1/eM'''], 0 & < gy, We have

apy' =B ettt we! - Py g et wpe! -0 ¢

(3.8L)
< (/e)ue - 9% .
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Thus 1 | o,

REMARK 1. If we denote by |D|, or norm of D = (d1, eve, d,
0, ses, 0) the number |D| = max IdJI; J =1, esey v, and by M, the

constant M = nrllK, then, under the same conditions of (3.1i1), by
(3.5L) and (3.8L) and for 0 ¢ € €, we have

is a contraction and (3.ii) 1s proved.

2

wire' - 1921 < (1/2) wie' - 9%

(3.9)

2

IDte') - DIo®1l g M, wie' - %1 .

Note that under the present hypotheses, i.e., (L) instead of (K), the ex-
istence of a fixed element in 9, could be deduced by the fact that
T | 9, 1s a contractlion and @, 1s a complete set.

REMARK 2. The fixed element y(t) = (Fqs eees Tp)r ¥ = 17,
whose exlstence has been proved above (3.1) satisfies the integral equation

(3.10) y(t) = z(t) + eeBt‘/“e'Bu {qly(u), u, €] - D[yly(u)} du .

As noted in §2, the components yj(t) are absolutely contlnuous and thus,
by differentiation of (3.10), we conclude that the differential equation
(2416) 1s satisfled for almost all t. By (2.6), (2.9), (2.10), relation
(3.10) in component form is

1.t ir.t -i'rju
yj(t) = cqe J ot ee J jpe (qj[y(u),u,a] - djyj(u)] du,

(3.11)

J=1, eeey v ,

os:(e)t -ps(e)u
yj(t) = ge J Jre °J qj[y(u),u,e] duy, J =V + 1, eesyn

By (3.3), (3.4), (2.4) we know that, for all t, we have

iv.t -1
|yj(t) - cje I < 2eKT(1 + 1) R), J =1, eeey v .

(3.12)
IYj(t)l < €eHNKT, J=Vv 41, eee,n .

Having already denoted by L any number such that ij(s)l <L,
J =1, eeey n, 0g €< €y, by (2416) and (3.2) we have

(3.13) ly&(t)l < IR + er;lKR +ey(t) .



NONLINEAR LIPSCHITZIAN SYSTEMS 135

(c). Case of large forcing terms. We shall consider the system
anslogous to (2.1):

dy/dt = Ay + F(t) + eq(y, t, €) ,
where F(t) = (F;, +.., F ) is a periodic vector function of period
2x/w, whose components are L-integrable in [0, 2n/w]. For what all
previous consideratlons are concerned we may actually replace (3.14) by
the system
(3.14) dy/dt = By + F(t) + eq(y, t, &) =

We must suppose that

7
-it.t =11t
wmie 9 Fy(t)] = 17" f 6 3 Fy(t) dt = o, J=1, eeny v .
[o)

Under this condition, system

dy/dt = By + F(t)
has a particular solution gilven by

Y(t) = eBtfe-BuF(u) du

with the usual conventions. let y = Y(t) + 2, z = (z1, eeey zn). Then
(3.14) 1s transformed into the system

dz/dt =Bz + eq[Y(t) + z, t, €]

which 1s of the type (2.1).
(d). Extensions.

(d1 ). The considerations above can be repeated for systems much
more general than (2.1). For instance, we may consider systems of the form

(3.15) dy/dt = Ay + a(y, t, €); ~@<t<+w ,
¥ = (¥qs +oes ¥p)s @ = (qqs <ees qy), under conditions (o) and (K) pro-
vided qj(y, t, 0) =0, =1, ees, no Gilven ¢{ > O there s a ¢ > O

such that

(3.16) Iqj(y, t, )] < ¢v(t), J=1, ¢«sey n ,



136 CESARI

for all ij| <Ry —w<t<+o 0 e Lo

(dz)‘ The considerations above can be repeated for systems of
the form

(3.17) dy/dt = Ay + q(y, t, €) + g(y, t, €), —©o< t <+ ,

under conditions (a) and (K) (both q and g) provided q 1s as above
in (d;) and the following holds: given ¢ > O there is a ¢ > 0 such
that, for all 0 eg ey - =< t<+ = |yl <R, we have

(3.18) lg5@s t, €)Xl < LUyl + «oe + Iyyllv(e)

In thls case we must take ap with R sufficlently small. The last con-
dition i1s certainly satisfied if Igj(y, t, )| < M[|y1l2 Foees 4 |yn|2]
for some constant M. Finally the case

(3419) dY/dt = Ay + F(t) + aly, t, €) + g(y, t, €) ,

where q, g are as above and F(t) 1s a glven periodic function of
period 2x/w, can be reduced to the previous ones by the remark
(c) above.

(d3). Note that systems of the form
dy/dt = A(t)y + ealy, t, &) ,

or the similar ones, where A(t) 1s a matrix whose elements are continuous
periodic functions of t of period 2x/0, can be reduced to systems (2.1)
by a change of coordinates 2z = Py where P 1s a matrix whose elements
are continuous periodic functions of t, det P # 0 for all t, such that
PAP"' 1s a constant matrix.

(dh)‘ Another lmportant extenslon concerns the case where
B, = By(e) 1s an arbitrary (n-v) x (n-v) matrix (§2, condition (@)) whose
elements are contilnuous functions of & for 05 €% €y and whose char-
acteristic roots ps(e), j=v + 1, «vs, n, verify the relations
pj(O) # 1mm/b°, b° = b1...bv, m=20, +1, +2, «eo « Then the co-
efficlents of the characteristic polynomials of Be(s) are also continuous
functions of e, and finally the characteristic roots pj(s) are con-
tinuous functions of € (the latter statement can be proved in terms of
theory of functions of one complex varlable and the use of the logarithmic
indicator. See, e.g., [4a]). Also, 1t is known that there exists a
(n-v) x (n-v) matrix P = P(e) whose elements are continuous functions
of € In 0gege, forsome e, >0, with det P(e) 4 0, and FB,P™'
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is a triangular metrix. See, e.g., for analogous considerations [ka].
See also, S. P. Diliberto, On systems of ordinary differential equatlons.
These’ Contributions, Vol. 1, 1950, 1-38. Thus we can suppose B, = Be(s)
a triangular matrix, say B2 = [b;]h]’ Jy,h=v + 1, «ee, n, sugh that
bjh =0 for J> h, bj;] = pJ(e). Note that the least n - v equations
(2.1), written in inverse order, are

1
Vn = pple)yy + eqy
1
Ypo1 = Pnoq (E0Wpog * Puq ¥y * Sy o

1
Yoz = Pna{&Wno * Pup n 1¥nq * Ppa,n * €% 0

n

: (e)

Tye1 T Pyp1 €Ty * Z Dyar, sV ¥ €y
t=v+2

The transformation ¥ = ¥ ¢ can now be defined by the same re-
lations (2.9), (2.11) for j =1, ees, v, and, for j=v + 1, ses, n,
by

ppt P -ppu ‘
vn(t) = €@ fe qn[‘P(u)’ u, €] du ,

Pnqt =PpqU
¥p-q(t) = e f\e {}qn_1[¢(u), u, €] + bn_1,nvn(ui} du ,

Pn-ab [ ~Pn-ov
Ypp(t) = e jpe {eqn_alw(u),u,el * o nar¥pg (W) + bh—e,n*n(“i} du,

® e o o o s e 0 s e 0 0o

n
(t) = ep""'tk/‘e-pv“u € (p(u),u,el + b (u)} du
Vy41 Qyq (PS5 J v, 2Ys ‘

L=v4+2

A1l considerations of the present paper extend to this case with-
out difficulties. Note that for v = 0 no condition is imposed on A(e)
but pJ(O) #dmw, J =1, eeo, n, m =0, + 1, +2, eee o For the sake of
simplicity we shall refer in the following mainly to systems of the form
(2.1). All considerations of §3 extend with obvious changes to the more
general situations mentioned sbove.

(e). The elementary case v = O.
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(3.111). System
(3.20) y' = Ale)y + ealy, t, &)

¥ = (345 e0es Tp)» @ = (qgs +oes qp), satisfylng (¢) and (K) with v =0,
has always a periodic solutlon for all 0 e < &, and some &, > O
sufficiently small.

Indeed, for v = 0, there are no &y bj, c:, and (a) requires
only that p;(0) # imw, j = 1, esey n, m = 0, + 1, +ee, Where 2n/o 1is
a period of q. Then, for 0 €< €, and some €, > 0, 8> 0, we have
also Ioj(e) - imw| > 8 > 0 for the same Jj's and m's. The trens-
formation 1, or y =1g¢, of §2, 1s now the obvlious one

y(t) = eiAtf e_muQ.[CP(u): u, €] du ,

where the integrands are of class C and mean value zero and the integrals
are the unique primitives of class C, and mean value zero. Actually
v(t) 1s the unique periodic solution of the linear system

y' = Ay + eq(9(t), t, €]. Note that we have here z(t) = (0, «.u, 0),
and A =DB. Also a, 1s a sphere about 9 = 0, a4 C a,, and

ta,C 8, for 0 e e, andsome ;> O. Finally 1 has a fixed
element y(t) e 0,. The determining equations (2.16) are nonexistent
(thus certainly satisfied) and y(t) 1s a perlodic solution of (3.20).
Under condition (L) the corresponding method of successlve approximations
1s the usual one y ) =0, ™ = 1y oy, 2, s [See A.
Lyapunov, Probléme général de la stabilité du mouvement. Ann. of Math.
Studies, 17, 1949].

(3.iv). System
(3.21) y' = A(e)y + F(t) + ealy, &, &)

where y, @ F are n-vectors, where A and q satisfy (@) and (K) with

v =0, and F(t) 1is periodic of period 2x/w, L-integrable in

(0, 2n/wl, IFJ(t)I {TP<R, =1, «osy n, has always a periodic solution
for all 0 e €, and some &, sufficlently small.

Indeed the conditlon Wi(e pjtF ()] = 0y, § =1, seey, n, 18
necessarily satisfied since |ps(e) - 1mm1 >8>0, forall j's and
m's as before. Hence, system {3.21) can be reduced to another analogous
to (3.20). A 1little reflection shows that the method of successive
aspproximations can actually be defined in terms of system (3.21) by taking
for y(o)(t) = z(t) the unlque periodic solution of the linear system
y' = A(e)y + F(t), and for y(m (t) the unique periodic solution of the
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linear system y'! = A(e)y + F(t) + sq[y(mq)(t), t, el, m=1, 2, «os, 1in
other words

y(O)(t) = z2(t) = eiAtfe-iAuF(u) au ,

y(m)(t) = z(t) + eeiAtfe'iAuq[y(m'”(u), u, €] du .

Extension of (3.iv) in the lines of the remarks d,, d, are the
following ones.

(3+v)s Consider the system
(3.22) dy/dt = A(e)y + a(y, t, €) + g(y, t, €) ,

where y, q, g are n-vectors, where A, g, g satisfy conditions (@) and
(K) with v = 0, and, in addition, q satisfies condition (3.16) and g
condition (3.18). Then there is a periodic solution y(t) of (3.22) for
all 0¢eg e, and some g > 0 sufficlently small.

Finally, we may replace A(e) 1n (3.22) by a n x n matrix
A(t, €) whose elements are continuous functions of t and e,
-ow<t<+w, 0g e ey, perlodic In ¢ of period 2x/w (the same o
as for q and g), and whose characteristic exponents, say A (),
j =1, eesy n, (all defined mod wi) verify the relations ).j'zo) #
0 (mod wl), j = 1, eee, Ne

0

The last extension contains, as particular cases, results of
Antosiewicz and Diliberto, since the former assumed R(M j) < 0, and the
latter R().J) #0, =1, ess, n. Furthermore we assume that the func-
tions q and g are periodic and L-integrable in the period (1in the
sense of condition K) instead of periodic and continuous (5. P. Diliberto
and M. D. Marcus, On systems of ordinary differentiable equations. These
Contributions, Vol. 3, 1956, 237-241).

An extension in a different direction can be obtained as follows.
Suppose that system (3.21) satisfies conditions (a) and (L) with v =0
and ]R(pj)l >8>0, =1, sesp, n, suppose that F(t) ¢ QP, where QP
1s the class of all vector functions whose components Fj(t) are
La—quasi periodic, l.e.,

it
FJ(t) ~chme *w s Z'cjm|2< +w, J =1, eee, N
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We shall suppose also that qj(y, t, e) e QP and q,(y(t), t, €] ¢ QP
This condition replaces the periodicity condition (pi of (X) as mentioned
in §e.

Note that we have now z(t) = 0 and

Ia t
Y300~ Y (oy + ) Toge ™y Y ey + ) o 12 <872 Y oy 2
< +®

1.0., y°(t) € QP. The same argument proves that system (3.21) has a
solution y(t) of class QP. [See J. J. Stoker, Nonlinear vibratlons,
App. 2., Interscience, 1950].

(f)e The analytic case. Though not needed in the sequel the
following remark may be of some interest. The method of successive approxi-
mations defined by relations (2.18) is the one inltlally proposed by the
author [4b] in 1940 for linear systems, and successlvely used by J. K.

Hale, R. A. Qambill [9b, T7abc] for linear systems, and by W. R. Fuller [10]
for Lipschitzlan nonlinear systems. The corresponding serles

(3.23) 3] = vl + Z ™ - y™en, g-1 e,

n=0

are not power serles in e even in the case where the functions

qy (y, t, €) are analytic in J,, «e., ¥, €. For this case a modification
of the process (2.18) has been used in [9c, 8, €éb]. In harmony with these
papers, suppose

QJ(yI t, €) = Z (k)(y, t), qgk)(y, t) € Cp 0<ege,
k..

(k)(y t) analytic in ¥, «+s, ¥, and let s(r’k)(t) denote the co-

efficient of sr'1, r=1, 2, eesy, when y in qj (y, t) 1s replaced

by
(3.24) y = z(o)(t) + ez“)(t) + aaz(a)(t) o

where each z(k)(t) is independent of e. Moreover, let the corresponding
coefficient of €' in aj(¥ t) €) be denoted by sgr)(t)- Let
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-1t
cJS§r’k) - {e i sgr’k)(t)}, Ty e v
11,
tll:{e " sgr)(t)} , J =1y eeny v,

str) o dlag (31(1'), vee, Ssr), 0, seey 0)

(r)
(3.25) OJS:]

where
s:(jr) - s51-,0) . s,gr'--1,1) N s'51,1'-1)
S‘.(]r) = s‘,(jr’o) + Sgr-1’1) + see + 331’1’-1 ), J = 1, seey Vo
The modified method of successive approximations is then defined
by
iv,t it t
y(o)(t) = z(t) = z(o)(t) = (c,e “ ) ssey 0 v y Oy sesy 0) ,
r
y(r)(t) = z(O)(t) + eBtfe'Bu[ Z eks(k)(u) -
k=1
(3.26) 3
- ( Z eks(k)(u) >z(k"1 )(u)] du ,
k=1
mod €r+1’ r =1, 2, see

(1) r (r),

with oK) . (sl(k), ceey ssk), 0, eesy 0), y(r) = z(o) + €z 4 ees + EZ
and exactly the same conventions above. In (8, 9¢] 1t was proved directly
that this method converges and that y(t) = lim 7®Nt) as r—> =,
satisfles the differentlsl system dy/dt = (B - eh)y + eq(y, t, €), where
h=nh(a b, ¢, w, €) = g(1) L es(®) L 25030 L |,, . Thus h wmay replace
d 1in the analytic case.

A11 the proofs in the present paper are given in terms of the
transformation 1 and a fixed point theorem. In the Lipschitzian case,
some could be given in terms of the process of successive approximations
(2.18) and, in the analytic case, even in terms of the process (3.24, 25,
26). The differences are mostly notational.

(g)e A remark. In thls section we have supposed all cj # 0
and between positive bounds, 0 < ry < |°J| Ty < R, J =1, ees, v. There
are cases where this requirement can be weakened or omitted.



142 CESARI

A first situation where we may consider some c; arbitrarily
small, say 0 < chl $ o, <R, 1s vhen, in a convenient class &, the
corresponding mean value (2.11) 1s identically zero. Then we may assume
dj s 0, °4 arbitrary. This situatlon will occur in §6.

A second anslogous situation will occur when we can prove that
the corresponding mean value (2.11) is o(cj) as chl ——> 0. Then
dy = o(1), Idjl < M, and the previous evaluations are simplified. This
situation will occur in §4 with applications in §6.

Another anslogous situation would occur if for c, = o(ek) as
€ —> 0 for some J and k > 0, we could prove that also the corre-
sponding mean values (2.11) are o(ek )e We do not discuss this case
in the present paper.

§4. PROPERTIES OF THE FIXED ELEMENT

(a)s The general case. Gilven system (2.1) under hypotheses ()
and (K), and the two sets of integers a = (3.1, ceey av), b= (b1’ ceey bv),
a % 0, bj > 0y, J =1, eesy, v, we have determined the n-vector
yit) =y(t, & b, ¢, o, €) = (4, ++e, ;) and the relative v-vector of
numbers dj’ D=D[y] = D(ay b, ¢, w, €) = (d], cvey 4y 05 eeo, 0) with
~wt<+w, 0 ELE,C= (°1’ veey cv), 0<ry g lcj|5r2<R,

J =1, eee, vo As wmentioned in §2, in the periodic case o 1s fixed,
since the relations

pj(o) = iaja)/bj, J =1, cee, v,

are satisfied, and the functions q‘1 are periodic functions of t of
period T = 2n/w. In the autonomous case we shall denote by o = N the
value of o for which the v relations above are verified and then o

1s thought of as a parameter varying in an interval U = [wg,, Wop1s

0 < ®4 < N < ®5p < + o, In this section we shall discuss the properties
of y as a function of t, as well as the propertles of y and D as
functions of ¢, € and (in the autonomous case) of w. For the sake of
brevity we must treat the two cases together: system (2.1) periodic, and
system (2.1) autonomous. To do this we shall suppose, in all that follows,
that in the periodlc case the interval U 1s reduced to the single point
@q» thus gy = Wy = Oy = B We shall take for the v-vectors ¢ the
norm |c| = max |cj|, j =1, ees, ve The vector function y(t) 1s periodic
in t of period 2x/w and verifies the integral equation (2.15) and the

differential equation (2.16), thus

yi(t) = (B - eD)y(t) + eq(y, t, €) ,
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where A = dlag [pj(e), J =1, ¢es, n], and B = diag [pJ(O), J =1, veey v3
pJ(e), J=v+1, ¢eo, nl¢« Let M Dbe large enough in order that

lDJ(EH <M J=1, vesyny 0 g €,+ Since lYJI <R IQJl < ¥(t),

and |44l < r’,"K (§3) we have, as in §3,

(4a1) I7j(6)] < MR + &, r7 KR + ev(t) .

Thus, we have, for all t‘, ta,

I3 (82) - 35D e er'RR (2 -6 e e, [y ar
t‘

1.e., the functions yj(t), j=1, «.., n, are equiabsolutely continuous
in t (with respect to ¢ and e). In the autonomous case, we have
¥(t) = K, and

(k.2) !ys(t)l SMR+ TR + €K,

i.e., the functions yj(t): J =1, veey n, are uniformly Lipschitzian in
t (with respect to ¢, €, and o).

We could now prove a number of theorems stating that, under con-
dition (L), y(t, &, b, ¢, », €), D(a, b, ¢, ®, €) are continuous functions
of ¢, €, and (in the autonomous case) of w, and that further smoothness
conditions on the q; imply analogous properties for y and D. We will
prove only the following theorem of a mixed type (which cannot be deduced
from general theorems. Cfr. J. Schauder and J. Leray, loc. cit. in §5).

(4.1). Suppose hypotheses. (¢) and (L) are satisfied, that
8= (8y, seey &), D= (by, eee b,), 0K ry<r, <R 0ge, ey, and A,
are given as in (3.1), and let V > 2wb,/w 4, by = by..b, Dbe any
nunber. Then, there are mumbers e,, Mg, 0< e, <y M2 > 0, and, given
t > 0 arbitrary, there i1s another number ¢ > 0 such that, for all
5 =
I A A T W T

01 = k] 02’ ’ ’ 2 2’ 3
we have

|yJ(t, a b, ¢, o, ') - yj(t, a, b, c2, o, €2)| } <
ldy(a, b, el oy €!) - dy(a, b, e, o, €2)|

2 2
P LRI TR Pl I

J =1y eeey My h=1, see ¥, 0K t < V. Note that for o' = o2, the
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functions y a.bove’ are all perlodic of the same period anbo/m' <V,
and hence, the relations above hold for all t, - » < t < + ». This
1

occurs, in particular, in the periodic case, since then o = o = @y

PROOF. Take ¢! = ¢{/N, where N 13 a constant which will be
determined later, and let ¢ > 0 be the number defined in (X) in re-
lation to ;' We may assume & < ¢'. Also, we may assume ¢ so small
tha.t Ip (e )-pj(s )] <t J=1, essy n, forall 055, €2 < Eps
It-: - f( e

We may suppose g, < o! < o? < ®ype Take V, = 27tbo/m02,
V, = 21b, /0,1, Vy SV, < Ve Since oy, { w < oy, and T = 21b /v, we
have V, { TV, < V. Note that Iqjl < ¥(t)y =1, eesp n, and that

we took K in such a way that
T
f ¥(t) dt < KT
[}

In the autonomous case v(t) K and this requirement is certainly satisfled.
We shall denote by ys, , yjs’ djs’ TJS, °js' Ts’ etc., 8 =1, 2, the
va.luez of y,QD, yj, dy Ty Py T for ¢ =c! y @ = w', € = 61, and

¢c=¢ =0, ¢=¢2, We shall omlt to indicate all the parameters which
are not essentlal. Note that V, (T, < T, {V,< Ve

For J =1, sesy v, we have by (2.11)
T1

2
- =it _ -irs.t
dy, = dyy = 03T f o a1t (at - cj1T ! f e gy at,
(o] (o]

where 4ys (3°(t)] denotes qj[y(t, %, o8, %), t, %], s =1, 2. By
manipulation, by introducing the new variable of integration u = o 1:/«»2 2

in the second integral, and changing u into t we have
T
2

11,8
ay, - dy, = (0;12 - )T" f o 2 qu[ye(t)] at +
" 0

(4.3) p

o=lp=1 ¢ “Lrgpt 2 102,71

RTIEA f e {qjaiy (t)] - ayly (&7t/0 )1} at .
o

Note that in the periodic case 'I.‘1 = Ta’ "jl = 112, Wy = 0 and thus the
expression in ( } actually is
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(kolt) qj[y(t, ce, ®, 52), t, e?) - qd[y(t, c‘, @, €1), t, e,
while in the autonomous case 1t 1s
(4.5) q.j[y(t, 02$ “’2: 52)’ 52] - qj[y(mat/w1, 01: (1)11 51): 51] .
We shall denote by A the number A = max ij2 (t) - Y34 (t)| for all
0 t<V, J=1, «os, no Forevery 0 t < V we have osmat/m' <
@°V/o  and hence |t - Pt /o] < m;}V lo® - »'|. Because of (4.2) [only

in the autonomous case we may take m‘ # a)2] » Wwe have

lys(t, o2, of, &%) - 7y(t/nl, ofy 0f, e g

N

IYj(t: 32: ‘“2: 52) - Yj(t: cl: ‘“1: 51)[ +

+

lyj(t: °1: 0’1: 51) - yj(wgt/w', 01.- ‘”1: 51)‘ <
e -1
< A+ a)mV]m - | [MR + a.lK(1 + 1] R)] =

(4.6) A+Ple? -0'l, 0LV ,

where P 1s a constant.

By (L) we can now evaluate the expression in ( } of (4.3),
that 1s, either (L.4) or (k.5):

n
lqjatye(t)] - qj,[y1 ()1l [ Z [7,0(6) = 37,480 + c'] ¥(t)
£=1
(4e7)
< A+ P |of =o'+ g1 ¥(t)

By (4.3) we have then
(4.8)  ldyp - dj1| < r;'K(r'{Illc2 —c'+na+nP 0 -0l 4 gt) .
For j =1, eeey v, by (2.9) we have

1v.,t 1t,.t

Yje(t) - yd1(t) = Cjype j2* _ ¢y ey
1t,,.t -1 .

+ % "2 fe Tjeu(qulyz(u)] - djgyjz(u)] du -

1t,.t -it;.u
e i fe iL tay iy ()] - d31y31(u)] du .
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By manipulation, by introducing the varieble v = mlu/me in the second
integral and replacing v by u, we have

i(Tj1-'rJ2 )t

111112
yjz(t) - yji(t) = (a:>‘12 - °j1)° +(1 -8 )yja(t) +

vt p -17,u
s (R e W fe fe {qja[yg(u)] - djzyja(u)} du +

1t,.t ~it,,u 2 2
wele 7 [T g R - 8 ay[v' ¢ W] - gzt +

2 2 2 17..t u=t -ic,,u 1 2
+ ff dj1yj1(:‘:T u)} du + &' %1- o 1 f o 2 {qj1[y (% u)] -
u=u)1t/u)2
4 o?
(4.9) - djlyjI(;T u)} du = Sp *+ eee 485

For 0 t <V we have |s,] g||02—01||, and

8=0

V40 (t) f (1t)e*5%as

S-Tj.l -132

'

|52[ = ]

< l;{V|1'j.l - Tj2| < RVQl o -

since Tys " 1aja>s/bj, s =1, 2, and we take Q = max aj/bj, J =1, seey ve
By |e2-¢'| <t<t', andby (1.11) taking N = 2, and by (3.2), we have

T

|53| e 2 f |QJ2[Y2(‘~1)] - djeyja(u)l SQKTEU + r;]R)g'
o

In 8), the integrand is periodic of period T2, of class C s and mean
value zero. By (1.11), taking N = 2, we have @
T,

2
oy | g 26’ f {qutye(u)l - (@P/a)ay,7 (@Pu/al) +
(o]

¢ lay, = (@l dagy 1] Ty0) + @Pel) lay, 1 I3gp() - 7y (ePu/al )} au,
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and, by (%.6), (4.7), (4.8), also

lage 3% (@)1 - (/0" )ay,y" (a®u/a’)|

< |qj2[y2(u)] C1J,[y1 Pu/a' 1] + |1 - o®/0’| Iqj,[y1 («®u/w')]|

< A+ nPlo® - o' + £V 1v(t) + o7} o - o [¥(t), § =1, eee, n

o1
lagp - (¥/0")ag | < 27'K@TMe® - ¢!l + na + nPlo® - o' | + ")

+ ollp 1K|w -a)1|,

0171
| (02 /' )Idj1| ijg(u) - yj1(w w/w')| < w01w02 N 'K[a + Ple® - '],

J =1, eeey ve

Thus
Is,l < €'P1a+ P[0 - 0| + P11 o - o' + PV

for convenlent constants P', P", P''t, plv, Finally, s; may be not

zero only in the autonomous case, and
Isgl < e'oflogy It - o't/?| (K + r7'KR) .
By (4.9) and the present evaluations, we have
1¥jo(6) = 7331 < Isg ] + Iyl + Isgl + Isy| + Iss]

(4.10)

V4N

= 1) eeey V ,
?

for convenlent constants Q.

For j=v+ 1, «eey, n, by (2.10) we have

th- P
yje(t)-yj1(t) = eaepjzfe pjaqug[yg(u)]du-e1epj1 fe p‘ﬂqu][}’1 (u)ldu =

147

eQla+ Q"e® - @' + QR - oty + QM ,

tp- t t p=-
- (B )6032/; pjauQley"‘(undu v el (@I I g ) au s

L el [ [ e 20 au - o9y 52 () aul} +

+eledl fe-pj‘ {qderye(u)] - qjlty'(u)l} du = ) + oo + 0 &
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For 0< t<V, by (1.111), (4.7), and for convenient constants N,
H=e", 7y = max|n pj(e)l, 0 €K €y J =1, ooy n, Wwe have

lo | & ¢HNKT,

|o,‘| < ¢ HNKT [nA + nP Iu)2 -a>1| + ¢,

logl < ¢ 1 16732 - 1| ¢ climmy Jo, - |
< € HNKTVL! .

Finally, by (1.iv), we have

T
logl < 81Hclpzj - eyl f |q32[y2(u)1| du < e HOKTE!
o}

Thus, for 0< t <V, we have
(ke11) |Yj2(t) 'yjl(t)l g e'ma + N 2 = '] + N'UIEY, § = v + 1, vsy n,

for convenient constants N', N", N'!!,

By (4.10) and (4.11) we have now

| Yje(t) - yJ1(t)| < e'Ma + M" |m2 ']+ M e? - c'l] + Mi";'

for all § =1, «eey n, 0 £ <V, and hence, 1f we take ¢

= min[e,, 1/2M'],
for 0¢ el e < &, We have

2

ag (1/2)a + M" Ima -wl| + M1 ||c‘2 - clll +M1V§'

and finally

agaM o - o | +amrrt @ - et + 2tV

+

iv

If we suppose N = 2M~' and M = max [2M", 2M'!'], we have
Vet - Nt =t and
(ho12) 732 (8) = 75 (0)] g A g Hlo® - ol + o - el + ¢

for &1l 0 t<V, =1, «¢e, n. This proves (bod)e
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(¢). Further properties of y in the autonomous case and
v = 2 < n. The theorems (3.1), (4.1) admit of a stronger form under
additional hypotheses. We consider here only the autonomous case with
v =2, -8.2=8..|=&=‘I,b] =b2=b=1, -c2'=cI=c>0,
- 7 =1, =1 =ao/b. We need the following additional hypothesis:

(K') qJ(O, 0, X3, «ees Xy e) =0, j=1,2 .

The following statement is stronger than (3.1):

(4.11). In the situatlon above and under hypotheses (a), (L),
(X'), giten a, b, and any r,, 0< r, <R, there is an € 0< €, €
such that for every ¢, 0< cr, and OSGSEI,I|Q° 1s a con-
traction and into, where U8 1s a convenient closed subset of q.

PROOF. The proof 1is the same as for (3.1) with the following
modifications. First, by virtue of (L) and (K'), we have

|qd(x; 5)'0|S K[Ix'll + |x2|]J j=1) 2 .
For r2/3 < ¢ ¢ r, Theorem (3.1) holds. Suppose 0< ¢ < r2/3, and
define a, as the closed subset of @ with |o,(t) - zj(t)l < 2c¢,
=1, 2, Iq)j(t)l Ty J =3, e, n, where zit) = (coltt, - co~17t,

0y eesy 0)s Thus |q>j(t)| < |zj(t)| +20¢3¢r,<R j=1, 2. In-
stead of (3.2) we have now

T
lagl g o7 [ layto(a), €1 au

T
<ok [ le, )l ¢+ lopw) 1 aug 6K, S, 2 .
(o]
Relation (3.3) 1s now replaced by
|vj(t) - zj(t)l < 2e[6KTc + 6KT3c] = 48eKTc, j=1,2,

while relation (3.4) remains the same

I*J(t)l S EHNKT, J = 3’ seey N

If M= max [2LKT, HNKT], €, = min [e, 1/M, I‘e/M]' 0geg ey, vehave
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Ivd(t) - zJ(t)I < 2eMe < 2c, J=1,2 ,
lvy(6)] < eM g 1y, J=3 e, n ,

i.e., InoC 9o+ For any two 9 e 2, 8 =1, 2, we have, instead of
(3.5L)

it.u
c(dyy - dyy) = \)h‘[e J {qJ[cp'(u), €] - qj[cpe(u), e]}] )

)

T n
-1
oldyy = dpyl <17 [ K ) olt) - o3(w) qug K - wipl - o2
(o]
L=

-

l(d1j - daj)‘PeJ(u)l < 3c Id‘lj - d2j| < 3nK ¢ @ [4)1 - CP2],0 j=1,2.

Finally (3.6L) 1s replaced by
1¥13(£) = ¥ 5(t)] < 26(nKT + 3nKT + 3KnT] (o' - %]

< 1henkT % [o - 923, i=1,2 ,
while (3.7L) remains the same. For M, = max [14nKT, nHNKT] |,
e: = min [e,, 1/2M2], 0 eg e:, we have

2

D A e B VA S CLIPC) [P - I S C LN LE B

and thus 1 | 2, 1s a contraction. Thereby, (4.11) is proved.
In analogy with (3.12) we have now

7)1, lyg(t)] < 3¢, IYJ(t” < Ty J=3 «e,n,
Iy, (t) - celTt|, lyp(t) + ce )| ¢ 2c,
lyg(t)| < eHngT, J=3, eeeyn .

If we suppose: (K") the requirement (K') holds for all ay J=1, «sep n,
then we have also

IyJ(t)l < 3HNKne, J =3, eee, n .
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The statements of this section become, under hypotheses (), (L),
(K'):

(ke111). TUnder hypotheses (¢), (L) and (X'), given a, b, Ty,
and o, as in (4.11), there is an e,, 0< e, < €, and M > 0 such
that, for all cs, 0 < e {ry 8=1,2, 0{ege, the conclusions of
(%.1) hold.

§5. FIRST EXISTENCE THEOREMS FOR REAL SYSTEMS

Conslder the real system, of order N = u + n,

n 1
Xy o+ aajxj + ang = sfj(x, X', t, €) J =1, eoey u,

(5.1)

'
Xy + Bjxj = efj(x, x', t, €), J =+, eeeyn,

where (') = d/dt':, —wdt<+n 0 uEN X = (x1, ceey xn),
x! = (x1, ooy x“), °j > 0, “j’ B: real constants, or continuous functions
of e, 0 eg ey, and where fj%u, vy, t, €), J =1, ees, n, are real
functions of the n-vector u, of the u-vector v, of = o< t< + =,
and of € > 0.

For the sake of simpliclity we shall assume czg < a? N

2 2y1/2 =

120 we w anaput 7y = (55 - VR 5 0 0gy(e) < epple) -
- aj + iyj, J = 1, eeey He

We shall order the first u equations (5.1) in such a way that
for some fixed w > O we have «a;(0) = 0, 0,(0) = aj‘“/bj’ 85 b.’i >0
integers, j = 1, eee, v, and pj1(0), pip(0) Fdma/by, J=v +1, coeyu
m=0, +1, +2, «oo o« The latter can be expressed by saying that either
aj(o) 40, or otj(O) =0 and o4 # mo/by, Dy =Dy.eeb,
m=0, 1, 2, eeey (j=v + 1, voo, u). We shall order the last n - p
equations (5.1) in such a way that B4(0) # 0 for j = + 1, ees, 1,
and ﬁj(o):: 0 for J=r+1, eeey, n, with u<rgne

Thus we have 0 v S uw g r < ne

We shall finally assume that the functions fj, J=1, ¢eep n,
s%tisfy cortxdition (L) (with respect to the n + u vector (x1, cees Xy
Xys seey xu)).

Let us introduce in (5.1) the new varisbles ¥, sees Ty
N=n+ p, by the usual relations
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! [
Jojo1 = " Py¥y t Xy Vo = PyiXy - Xyps J= 1, eeey u,
(5.2)

yu+j = xj N J=u+1, eeey n,
and hence
(5.3) Xj = (217J)-1 (y2j-1 + YQJ)’ x.; = (217:')-1 (Pj1y2j_1 + pjgygj))
J=1, eeey o

Then system (5.1) 1s transformed into the system of N = u + n first order
differential equations

(5+4) y' = Ay + eq(y, t, €) ,

where ¥ = (¥y5 eees ¥y)» @ = (qys «+ey qy)» A 1s the diagonal matrix of
the N elements

A = diag (pj], Pias J =1, esey Hy = 63, J=nr+1, eee, n) ,

and
q’2j-1=fj’ q_ej-;_fj,j:], ceey My qu+j=fj,j=u+l, ceey L,

where the N + 2 arguments of the q's are, In order, y;, ««e» ¥y &, &
and the N + 2 arguments of the f's are, in order

(217j)-1(Y2J_1 + Ye:])) J=1, «oe, u; yl.H-j’ J=m+1, ooy n ;

(217j)'1(oj1ygj_, AT 2T PR I PRETEPIN IR PRC I

System (5.4) 1s of the type considered in §2, where the first 2av
equations and the last n - r equatlons replace the first v equations
of §2; hence 2v + (n - r) replaces v, N=n + p replaces n, and
n+u=-[2v+(n=-r)] =pn+r-2v replaces n -~ v. The numbers
p3(0) = 115, J = 1, «ee, v, Of §2 are now replaced by the following
2v + (n - r) numbers

ity - 1tg, coes irv, - irv, 0, see, 0,

(the zero repeated n - r times), whers t; = ajw/b y J =1, eee, ve In
other words, for the numbers aj, bj of §2, say ag, bs, we have now the
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integers aéj-] - ay aéj - - &y béd-‘ = béj =bp =1 e, v, 8f =0,
b3 =1, J=7r+1, «.., n. Let us take for the v mumbers c of §> the
following 2v + (n - r) numbers

oéj_1 = ¢y, céj = -Gy cy # 0, complex, § =1, eee, v ,
cy # 0, °y real, J=uw+T+1, veu, p+n .

Then the vector z(t) of §2 1s now the N-vector

1.t ~it.t
z(t) = (Cje J - Eje Tj s

J =1y eeey V30, eeey 05 0y wae, 0 cj, J=r+r+1, .o, u+n),

where the zero is repeated (2u - 2v) + (r - u) times. In the present
sltuation we may consider the space @, analogous to the one of §2, of
continuous perlodic N-vector functions ¢(t) = (Ql, vesy ¢N) of period
T = 2nbo/m{ bO = b1--obv, with vej-l = - w2j’ J=1, vvuy o, mj
real, j=J =20+ 1, ees, p + n, and

-1i7.t it.t
n {é J ¢2J_1(t)} = cj,wu{é 3 ¢2j(t)} = - EJ, J=1, eeey v,

m[¢j(t)] =C J=eu+r+1, oo, p+n .

jl
Then z(t) y @, and we may note that, for every o y @, the N ex-
pressions (2173)-1 (q>2j_1 + CPQJ-); (217:])-1 (Dj1‘P2j_1 + szq)gj); J=1, .,

M; P35 J =2u + 1, «os, u +n, are all real, and thus the functions

qj[o%u), u, €], J =1, «e., N, are defined, provided the absolute values

of the same expressions are all below some prescribed constant R! > o.

This certainly occurs if |¢J| <R, j=1, «ee, N, for some R > 0. The
transformation 1 analogous to the one of §2 1s then defined for all ¢ e g,
g = [0 ¢ 0, |¢j| <R, J=1, «eo, n+p] and tap C 0 as in §2. As in
§2, there is a sphere o, about =z(t) in @ with I(ﬂo) C a,- The
transformation ¥ = ¢ 1s defined by the following relations:

i+,t izt =it;u
Wﬁj-'l = Cje T.j + ge Tj fe 1J {qej_1fq)(u), u, €] = d21-1¢2j-1 (u)} du ,
(5.5)

-17,t -1t.t it.u
e 4 + €e 73 ‘/ﬁe 5 {éejrv(u), u, g - dajmaj(u)} du ,

it oose

J=1, «oi, v ,
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ps,t -ps, U
W2j-1 = g€ h) fe i qej_1[cp(u): u, €] du ,
(5.6) .
1 -p4,u
vy =0 2 [ g 5t00), u, €1 ay, J=vaty ey,

-p.t Bsu
(5.7) vy=e J \/ﬁe J qj[v(u), u, €] du, J=2u 41, see, mrr,

(5.8) Wj = Cj + €f{qj[q>(u), u, €] - djwj(u)} du, j=p+r+1, «eo, p +0,

where D = DIP] = (d;, ++es dgys Op wevs O Quipiqs woe du+n), and
-i‘rju
°jd2j-1 =N {e qej_1 lo(u), u, 6]} s
_ i'rju
(5.9) = dezj = {é qej[w(u), u, 8]}, =1, seey v,
cid; = w g:le(u), u, €] , Jer+r+1, oo, w+n .
373 J
(5.1). LEMMA. For every ¢ € Qg We have ¥ e @,
and dej-1 = dej’ J= 1, eeey vy dj real,
Jew+r s, oo, p+no
PROOF. We have qaj-1 = fj, qej = - fj real, Jj =1, eee, v, and
T;u  =ir.u
hence qej_1 = - qzj’ while e 9 y € J are complex conjugate. By

(5.9) we conclude that dej-1 = daj’ and then the integrands in (5.5) are
complex conjugate and of opposite signs. Thus, also their unique primitives
of mean value zero have the same property, and (5.5) implies Vaj-1 = - sz,
J =1y eeey v

. Since pje =5 1? j=v+ 1, ees, u, We can repeat on relations
(5.6) the same reasoning above and thus Voje1 = - Wej’ J =V, eee, He
Since B; 1is real, aj is real, J = 2w + 1, «ssy B + I, by (5.7) we
conclude that Wj is real, j = 2u + 1, +.., 4 + r. Finally, for
j=m+T 41, «ve, u+mn, relatlons (5.9) and (5.8) assure that d, and
*j are real, j = w + T + 1, ++., #u + n. Thereby, (5.1) is proved.

By (5.1) we conclude that 0z ( @ and, as in §§2, 3, there 1s

a sphere a, &bout z(t) in op with 148, Cay, for e> 0 sufficlently
small. A fixed element y(t) = (yqs «ves yy) exists in a,, 1y =y, eand
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D(y] verifies the same relations of (5.1).

We shall consider now the determining equations of §§1, 2, 3,
which are in number of 2v + (n - r), namely

i1 = i‘tj - 5d2j-1’ pje(e) = - 1";] - ed2j' J=1, eee, v,
5j’€du+j’ J=r+1, eeey n

By the remark above we conclude that for every J = 1, «ee, v, the two
equations above are equivalent, and thus we have actually only v + (n - r)
determinihg equations

Py = i"j - Ede-1 » J =1, seey v ,
(5410)
Bj‘Edu+j; j=r+1, seey, I

1e

We shall write cy = A€ J, J =1, eeey vy 4 = Cusrsj

j=1, ees, n -1, A # 0, n2 # 0, o5 all real, eJ(mod 2%), A = ().1, ceey
Xv), 6 = (91, veey Sv), = (19 ecey nn_r),

da;]-1 = Pj + iQ‘.], P;]’ Q;] real, J =1, eeey v,

du+r+j=Rj’ Rj real , J =1, ese, n=-1r,

where P, = Pj(a., b, Ay 8, n, @, €), QJ = Qj("')’ Rj = RJ(...). Then
equations (5.10) reduce to the following 2v + (n - r) real equatlons

er = Q:J(e) ) J =1, eeey v,
(5.11) eQJ = ajb?“’ - 7j(€) B J =1, ceep v ,
eRJ = ﬂr+j(e) , J =1, ey n -1,

where «,(0) = O, an'1m - 7:00) =0, =1, «eey v, B, 4(0) =0,

j =1, esey n - r. Equations (5.11) are the 2v + (n - r) determining
equations in real form. By (5.9) we have

-1ej -1'rju

%3-1} sy J=1, eeey v,

= -1 am
Pj + 1Qj )'j e nw<e

R‘1 - '131 n [qu+r+j] B J=1, ese,n =1 ,
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and, by obvious manipulations, also

Pj = 7»31 [cos ejzn.'[fj cos ajb31mu} - sin ej\v:(fj sin ajb'j"mu]] »

Q4 = x}‘ [- sin ejxu.-{fj cos ajb31mu} - 08 84 (fj sin ajb31cuu]] ,

Ry = n31 0 (fr+j]'

where the n + u + 2

xj(u)

(5.12)
x:'](u)

J=1, eeey v ,

J=1, eee, n=-1r ,

arguments of fj are

(2i7j)'1(yej_1 + y2j)’ J= 1, eeey u; xj(u) "Yu,,_'j ’

J=u+1, eee, n;

(:217j)-1(pj1y2j_1 + pjeya:j)’ J =1, eeey w3 uy €

By the continuity, with respect to e proved in (4.ii), we can
take the limit of both conditions (5.11) and solution (5.12) as e —> O,
By using the notation xj(t, €), Pj(e), etc., we have

xj(t, 0) =

(5-13) x‘.](t, 0) =

xj(t, 0) =
and

x3(t, 0) =
(5.14) .

xj(t, 0) =
Also,

PJO = Pj(o) = (ij)’

(5.15)

QJO = Qj(o) = (le)-

kj13181n(1-jt +ey), F= 1y eeey v,

O J=v + 1, eeoepy uy, and Jj=p+1, eee, » ,

Nj-r ? J=r+1, ¢eey, n ,
xj cos(rjt + ej), J =1, eeey v ,
0, J=v 4+ 1, coe, n o

T T
1 -1

ces 0 -
[cos ej [fj( , u, 0)cos ajb;] ou du - sin 3;] ffj
o

(e, u, 0)sin ajbslmu du] R

T T
1[- sin oy [fj(..., u, o)cos ajb31‘°u du - cos ejifj

(eee, u, 0)sin ajb;i'wu] du, J =1, eee,v,



NONLINEAR LIPSTCHITZIAN SYSTEMS 157

Rjo = Rj(o) = (']:',IJ)"1 ‘[ fr+;]("" u o)duy, Jj=1, ees, n -1,

where the missing n + u arguments in the f's are the ones listed in
(5.13) and (5.14). We shall use the notation o = (&, «so, a,)s

7 = (795 ooy 7,)s B = (Bpyys +esy B). The previous considerations prove
the following

(5.11). THEOREM. If for some a, b, A(e), o(e), n(e), a(e),
y(e), B(e), all real and for e > 0 sufficlently small, equations (5.11)
hold, then system (5.1) has a real periodic solution of the form

xj(t, e) = xj'rglsin(-rjt + ej) + 0(e), J =1, eeey v,
(5416) xj(t, e) = o(e), J=Ev+il, ees, v,
xj(t, t-:)=nj_r+0(8>; J =T+ 1, eee, 04

In particular, for e > 0 sufficlently small, given a, b, i(e), o(e),
n(e), there are always a(e), 7(e), B(e) such that equations (5.11) are
satisfied and system (5.1) has a real periodic solutlon of the form (5.16).

We shall now consider the mors usual question as to whether glven
@, 7, B 1t 1s possible to define X = (A, «ee, X,), 0 = (91, coey ev),
n = (nys eees n_5) 1n such a way that equations (5. 11) are satisfled and
system (5.1) has & peri?dic solution of the form (5.16). Let us suppose
that the derivatives aj(o), 73 (0), J(O) exist and are finite. By
dividing relations (5.11) by e and ta.k:Ln.g the 1imit as & —> 0 we have

1
Pjo(a, b, A, 8, 1, w, 0) = aj(o) ’ J= 1, e, vy,
1
(5.17) Qjo(a., by Ay 8, 1, @, O) = = 7j(o), J=1, e, v,
!
Rjo(a., by M 8, 1, W 0) = ﬂr+‘,](o) ’ j =1, eeey N =D

We shall suppose that these relations are satisfled by some Ay = ()'jo’

J= 1, eeey v)y 0 = (ejo, J =1, eeey v)y g = (qjo, J =1, eesy n =1
If we suppose that the functions f; have continuous first ,

partial derivatives with respect to the varlebles X;, «ee, X, xl, ooy x“l.

Then by (§4, Note 1) the functions yj have continuous partial derivatives

with respect to all ).J, 9:]’ nys and the same holds for the PJ, QJ, Rj'

If equations (5.17) hold for Ay, 8, ny and
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(5.18) 3(P, Q, R)/3(r, 6, n) £ O

for the same M, 8., n,, then equations (5.11) have a solution x(e),
6(e), n(e) 1in a nelghborhood of Ay, 6y, n, for all e » 0 sufficiently

small. This proves the following theorem which 1s essentlally of the type
usually proved by Poincaré periodicity conditions.

(5.111). THEOREM. If real Xy, 8., n, exlst such that equa-
tions (5.17) and (5.18) hold, then for e > 0 sufficiently small system
(5.1) has a real perlodic solution of period T = enbo/w of the type

xj(t, e) = Ajrsls:l.n('rjt + ej) + 0(e), J=1, eeey v,
(5.19) xj(t, e) = 0(e), JEv+l, eeey v,
xj(t, €) = Nyop * o(e), J=Er+1, eee, n .

REMARK. The differentiability condition concerning the functions
£, used above to prove (5.111) requires more than needed as we shall see
below (cf. (5.iv), (5.vi), etc.). The present first remark may be of in-
terest. For instance, let us require that only f (x, t, 0) has con-
tinuous first partial derivatives with respect to x (and f(x, t, €) 1is
continuous in x and e). Then the functions Pjo’ Qjo’ Rjo have con-~
tinuous first partlal derivatlves with respect to A, 8, n. If the
Jacoblan of the Pjo’ Qjo’ Rj with respect to A, 8, n 1s # 0 at
(Ao, 049 no), then, for a convenlently small solid sphere| o of center
(ko, 849 qo), the mapping uj = Pj - dj(o): 3= Qj + 74(0), w j = Rj

+1(0)s (%, 8, n) € o, has topological index one with respect to the
origin. By force of continuity only, this holds true also for the (per-
turbed) continuous wapping UJ = P.(r, 8, n, €) = €~ Ta (e), Vi = Qq +
eV (r,(e) - asdilw), Wj = Rj - g'1Br+j(e), (A, 8, 1) € 0, provided € » 0
is sufficiently small. We shaell discuss this point in more detall in the
papers mentioned in the Introduction. For the present argument, see,
©.8., J. Leray and J. Schauder, Topologle et équations functionnelles, Ann.
Ec. Norm. (3) 51, 45-78, 193k.

Tet us consider now real systems (5.1) where the functions fj
do not depend on t, 1l.e., autonomous systems,

" '
Xy + Qajxj + u?xj = sfj(x, x', €), J =1, eeey, n

xs * ByXy = efj(x, x!, €), J=u+1, eeeyn ,



NONLINEAR LIPSCHITZIAN SYSTEMS 159

satisfying the hypotheses listed at the beginning of §5, where now o .in
condition (X) is actually arbitrary. As mentioned in §2 and §4 we shall
suppose w € U, where U 1s a sufficlently small neighborhood of any
number «, for which aj(o) = aj‘”o/bj' J=1, eeey v, pJI(O), pja(o);l
imw/bo, J+v+1, v, n,m=0, +1, ..., and we may expect to
satisfy (5.11) by a convenlent function o = w(e) with w(0) = wge  Thus

(5+41v). The same as (5.11) for system (5.20) with w(e) added
to the 1list of parameters.

For every solution x(t) of (5.20) also x(t + e) 1s a solution
for every arbitrary constant phase 6. Thus we may expect that (at least)
one of the phases 64, j =1, ..., v, considered above, say 81s remains
arbitrary and we put 8, = 0. Note that now the 2v + (n - r) expressions
P, Q R are still functions of 2v + (n - r) arbitrary parameters,
nemely xj,j=1, eeey Vy 04y J =2, veey vy ngy J =1, eee, n-1r, and
® ¢ U. We may now denote by o the (v-1)-vector (e, «e., ev). Again,
as above, let us suppose that the functions f.(x, x', €) have continu?us
first partial derivatives with respect to the variables Xis sees Xpy Xq
eeey x's If equations (5.17) hold for some Ay, 6., n, and o = o,

"
and the Jacobilan

(5.21) 3(P, Q, R)/3(N, 8, 1, ®) #0

for the same X,, 6, ngs ®,, and € = 0, then equations (5.11) have a
solution Ar(e), 6(e), n(e), w(e), 1in some neighborhood of Ags 85 M, &and
w e U for all e > 0 sufficlently small. In analogy with (5.111) we have

now the Poincaré type theorem for autonomous systems:

(5.v). THEOREM. If real M\, 8., M., ®, exlst such that equa-
tions (5.17), (5.21) hold, then for e > 0 sufficlently small system (5.20)
has a real periodic solution of perlod T = anbo/m of the type (5.19)
with e; =0 (and then also all other solutions with t replaced by
t + 0, 8 arbltrary).

We proceed to prove a theorem of a more general type (others will
be glven in §6). For the sake of simpliclty we shall conslder a system
(5.20) with v =1, r =n, @, = 0, 1l.e., an autonomous system of the form

"
Xy + u?x.l = sf1(x, x', &) ,

"
(5.22) Xy + 204Xy + u?x% = sfj(x, x!', €), J=2, eeey u,

x3+ijj=sfj(x, X'y €), J=u+1, «ee,n,
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wvhere 1 =v < ugn X-= (Xl, coey Xn), x! = (x:) XYY X'); a.(e) > 0,
aj(s), ﬁj(e) real functions of e, Bj(e) # 0, (or consta.ntsg, 0geg gy
Also, we assume that a = b = 1, and hence 01(0) = o, pj,l(O), pjz(o) #
imo, J = 2, esey g, m =0, + 1, +2, oo o Thus 'r]=a>°=01(0), and
there will be only one c. The functions f; are assumed to satilsfy a

condition (L). There is only one equation (5.10), namely, 1w - ed,(c, o, g) =

1o, (e), or, in real form, two equations (5.11), P, =0, 0 -eQ= 01(3).
Since there 1s only one phase 6, 1t is not restrictive to take it equal
to zero, l.es, c =1, 0< P (AT, < R, » real and positive. Thus the
two determining equations are actually

(5.23) (% o €) =0, ©-=-eQr o e)=0(e) .

Note that
T

P00 @ 0) = (TA)7 ff“m"sin @t,0, +ee,0,) COSt wh,0,.ss,050)co8 ut dt
[o]

(5.24)

T
QU w, 0) == (M) £ (Mo sin at,0,...,0,% COSt wt,0,.0.,0;0]8in wt dt
1 1

[e] .

where T = 2x/w. We shall suppose that for some A, We have P1(x, Wy 0)
and that for two A', A", vy AT <Ay <A<y, the two numbers
P (A, @y 0), P1(>.", wys 0) have opposite signs.

(5.v1i). Conslder system (5.22) where the functions f, are in-
dependent of t, Lipschitzian in x, x' and continuous in e, for
|xJ|5_R, J=1, «ee, n, |x3|gR, J=1, «ee, m, 0 € g e . Suppose that
a 3’ aj, B are continuous functions of € [or constants] and that

)

oj(O) >0, J =1, eeey Uy aj(o) 40, j=n+1, ..., n, and elther aj(o) 40,

0 € [“’01’ “’02]' A€ [r1, r2], with 0K ®nq < ®q < Wop2 og Ty < ry < R.
If there exists A', Ay, ', r) < A< A < A" Cr, such that P (x,, o
0) =0, and P, (', @y O) P1(k", ®gs 0) have opposite signs, then there
1s an €, > 0 such that, for every €, 0 e < €y, system (5.22) has at
least one periodic solutlon of the form

or aj(o) = 0, g,(0) # 0, mod 01(0), j=2, «ou, ne Lot o = 01(0),

x,(t, €)= Me)o™ (e)sin oledt + 0(e)

(5.25)
xj(t, e) = o(e), j=2, «oepn ,

for conveniently chosen w(e) e [0y @551, re) e [A', A"]. System (5.22)
has also any other solution we obtaln by replacing t by t + 8, 8 an
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arbltrary constant.

PROOF. Let us use statement (1.vi). Take F, (A, o, €) =
P, (A, o, €), where o ¢ U, say U = [of, o'l o' <oy <o, Me V= A, A",
e € [0, gl Thus F, (at, a)o, 0), F, (", 0y 0) have opposite signs,
and, 1if we suppose U = [0, o"] su.t’f‘iciently small, also F, (M, o, 0),
F, (A", ®, 0), o € [0'y, ©"], have opposite constant signs. Take
F (A, ©, €) = 0 = 0,(e) - eQ(», o, €), and note that F,(uy », 0) =
mo-o (0) = 0, Fy(w', 1, 0) < 0, Fpla", &, 0)> 0 fora.ll e [, "1
By (1.v1), with M = [0, g,], K = [;.' 'l X [o', «"], we conclude that
there are a neighborhood [0, el of =0, and AMe) e [, 2",
o(e) e [o', o"] for every 0< eg e, suchthat Fy =F, = 0. Then
(5.v1) 1s a consequence of (5.iv).

REMARK 1. Theorem (5.vl) 1s more general than the usual theo-
rems which are proved by Poincaré periodicity condition, since no differ-
entisbility property is involved (other theorems will be given in §6).

Note that the condition of (5.vi) 1s certainly satisfied if
P, (A, wy O) heppens to have derivatlive with respect to A at » =2,
and 3P1 /da # 0 at that point.

Finally, under usual conditions where the functlons f‘j have
c?ntinuous first partial derivatives with respect to Xys ooy Xpy x1 y seey
xu, then FI’ F2 have also continuous first partial derivatives with
respect to A and o, and 3(F,, F,)/3(r, o) = F,,F, - F, F,,, where

= P =1+ 0(e), Fip = 0(1), o) = 0(e). Thus we have

Fia=Bu F

3(F,s Fp)/3(x, @) = 38, /31 + O(e) -

The condition just mentioned assures that this Jacoblan is ¢ 0 for

M= hgy @ =y € =0, and finally assures the uniqueness and continulty
of w(e), re) for 0g e ey, andsome e > 0 sufficlently small.
Note that, under the same conditions, the inequality

f f1xn[m"sm by 0, eeey O, A COS mt, O, ess, 0; 0] AL < O ,
1

or the equivalent Krylov-Bogolyubov condition BP1 /oL < 0 [in both

A= hy o =0, €= 0], together with dj <0y J =2y eoey uy B, <0,

J= W+ 1, ess, n, assure that the same perlodic solution is asymptotically
orbitally stable. [For these and more general stability conditions see J.

K. Hale, 91, and E. W. Thompson, 11].

REMARK 2. The following considerations may help to understand the
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generality of (5.vli). The real numbers (or functions of ¢) Bj(e) ,

J =+ 1, eeey ny aj(a), cj(e), J =2, ¢esy, #, have no bearing on

P, (», @, 0). We require for them only B #0, J=u+1, eee, n,
gs(0)>0, =1, +es, n, and elther ajio) # 0, or aj(o) = 0,

o5(0) # o(mod 0,(0)), J =2, «ee, 1, 01(0) = w,. The functions

fj(x, x', €), J =1, ses, n, are supposed to be continuous in

x, x', e, and f,, e, £ have no bearing on P, (», w, 0)s If we put

' '
Z1(x‘, x]) = f1(x1, 0y seey 0y Xy 0y weey 05 0),
1
31(x1 x', €) = f1 (x, x', €) - Z1(x1: x1) )

1
then f, = Z, + g, 81(x1, 0, eeey 05 X1y 0y eesy O 0) = 0 and g, has
no bearing on P1(>., @, 0)s Finally, if we put

-1 [ ' ! 1
Zyy = 472 (x5 X))+ 2y (= Xy, X)) = Zi(xy, - xy) = Zy(- xy, X)),

and we define Z,,, Z;3, Z,, enalogously by changing the signs (+, -, -)
into (+, +, +), (':,“: +), (=, +, -), then Z11[Z12] is even in J'(

and odd [even] 1n Xy 213[Z1h] 1s odd in x, and odd [even] in 1
We have f, = Z, +8 = z11 + Z12 + Z13 + Z” + g, and Zm, Z13, Zm,
g, have no bearing on PI(x, w, 0). We have

1

T
P‘(k, ®, 0) = (Ta)™! f Z”(Xa)"‘sin wot, cos wt) dt ,
)

where T = 2x/w, and % = a1(0). In the particular case whers Z7,, is
8 polynomial in Xy Xq hence necessarily of the form

2h12k-
Z”=Eamgr115c1' T, hyo0, k1 ,
then

P, (%, oy, O) = Q'EZa,hk {2h)i(2k)} <_)'. )2h+2k-2
! ° nik! (h+k)i \ 20,

where o, = al(o). If, for instance, a, and the coefficlent of the
maximal power of A are (# O and) of opposite signs, then certainly (5.22)

has a periodic solution [cf. J. K. Hale, 9c, for the analytic case].

EXAMPLE 1. The real system (5.22), without restricting 1ts
generality, can be written as follows:



NONLINEAR LIPSCHITZIAN SYSTEMS 163

n

P ' ' 1
Xy + 01Xy = s[Z”(x1, x1) + 212(x1, x1) + Z13(x1, %,)

'
+ 20Xy X)) + gy(x, X', €)],

n

(5.24) xj + Qajx3 + u?xj = efj(x, x', €), 3 =2, eeey, B,
1
xj+ajxj=efj(x, x', €), j= 4+, eeey, n,

where Z”, veey Zyyr By f2, eeey £, are Lipsch1t7ia.n in x, x!', e where
Z“[ 10 1s even in X, and odd [even] in x1, Z13[Zm] is odd in X,
and odd [even] 1n x], where g,(xv 0y eeey Oy Xy 05 eas, 05 0) = 0,
where «.(e), o:(e), B:(e) are continuous functions of e [or constants]
with ojio) >0, J =1, eee, ny Bs(0) #0, j=p+1, ooy, n, and either
aJ(O) 4 0, or otj(O) = 0, aj(O) # 0, mod ¢,(0), 0,(0) = wy, J =2, eee, Ne

If we take Z,, = (1 - xf)x;, then P, = (1/2)(1 - xz/haf).
Thus for every e, 0< e < ¢,, and some e, > 0, system (5.24) has a
real periodic solution of the form

(5.25)  x; = d'sin (wt + 8) + 0(e), Xy = 0(e),  J =2 ey D,

with X = 29, (0) + 0(e). For 2y =Z =2, =0 8 =0, k=n=1, we
have, as a particular case, the well known Van der Pol equation

X, *+ u’fxl =e(1 - X7 )x By (9.1) we can see that the solution (5.25) 1s
asymptotically orbitally stable.

If e take Z,, = (1 - x; - x{2)x], then P, = (1/2)(1 - A%/o)
and (5.24) has a real pericdic solution of the form above with
A= 61(0) + 0(g), o = 01(0) + 0(g).

EXAMPLE 2. As in Example 1 with 2, = (1 - |x1|)x1'. Then

T
P, = (m)! f (1 - 2! |sin wt]) cos? ot dt
o

and P, (ry @y 0) = (1/2)(1 = A/no, )« Hence, system (5.24) has a periodic
solution of the form (5.25) with >. = mo, + 0(e), w= o, + 0(e).

EXAMPLE 3. The real system
X" 4 x -l -x% - FP)x' = ef (x, ¥, ¥') + eg (x, X' T, T,
y"' + 2y - e(1 - 12 - YE)Y' = Efa(x) x', ¥) + sgg(x: X', ¥, ¥y)x,

where f,(- X, ¥, ') = - £,(x, 7, ¥'), £,(x, X', - §) = - £p(x, x', ¥)o
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There are two periodic solutions of this system given by

x =Asin (ot + 6) + 0(e), y=0(e), =1+ 0(e), » =2 + 0(e) ;

/2, o(e), » =2 + o(e) .

x=0(e), y=xr5sin (ot +0), =2
[See J. K. Hale, 9c, for the analytic case. In 91 it is proved that both
solutions are asymptotically orbitally stable.]

The following further examples have been studled among others,
in the lines above, by R. A. Gambill and J. K. Hale [8] with emphasis on
the exlstence of harmonic and subharmonic solutions. In [1], [3], and
[91] the stability of some of these solutions has been dilscussed. In all
examples € 1s a small parameter.

4, x" + o®x = B cos 20t + ex COS 20t ¢ X + ebxS 3
5. x"+cay=Bcos ot + ex3 3
" _ 2ny.,
6. x" +x=¢e(1 - x")X'" + epw cos (wt + «) ;
x" + a?x = eox + €A COS t ¢ X + EBXD + eyxyS
n {
y" o+ agy = gby + Bcos at ¢y + euyS + evxly
6 {x"+l+x=cost+s[cost-x+ky3+by] ,
' +y = elcos t ey +exd]
x" + 2 2) 1
{ a1x1=a(a-7yx+acost,
9.
y" o+ a§y= e(s - px2)y! + v cos 2t

Example 4 1s a nonlinear Mathieu equation with a large forcing term, 5 1is
a Duffing equatlon, 6 1s a generalizatlon of the Van der Pol equatlon, 7
1s a system of nonlinear Mathieu equations, 8 1s a system of nonlinear
Mathieu equations of which oné has a large forcing term, 9 1s a system
of Van der Pol equations.

§6. REAL SYSTEMS PRESENTING SYMMETRIES
We shall consider now real systems (5.1) presenting symmetries

as defined below. In addition to the hypotheses listed at the beginning
of §5, we shall suppose
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aJEo, J=1, eeey n ,

0O v w=rgn, 53‘0’ Jeu+t1, coe, n .

Then we have y; = 0., P11 = i"j’ pje = - 1°J' J=1, eee, #, and equa-
tions (5.2), (5.3) become

Yo4-1 = :!.«-ij‘1 + x;], Va3 = i“jxj - x;], J=1, eeey uy Vusj = xJ

(6.2) JEur+1, eeeyn ,

1

X‘.] = (Eidj)-1(y2j_1 + Yej); xj = 2-1 (Y2j_~| - yaj) ’

6. s
(6.3) J =1, eeey He

Also, if u = (x1, ceey xm), v = (xm+1’ ceey xu), W= (xuﬂ’ ceey xn),
hence x = (u, v, w), x' = (u', v'), for some 0 mg v, Wwe have

fj(u,-v,w,-u',v',-t,e) = f‘j(u,v,w,u',v',t,s), J=1, eeeym ,
(6.4) fj(u,-v,w,-u',v',—t,e) = - fj(u,v,w,u',V',t,S), J=m+ 1, eee, by
fj(u,-v,w,~u',v',-t,€) = - fj(u,v,w,u',v',t,s), j=u+1, eee, D

For m= 0 all fj are odd with respect to (v, u', t). For m> 0 the
first m of the f‘J are even and the remaining ones are odd with respect
to (v, u', t).

We shall take 68 = n/2, J = 1, ees, m, 9;] =0, J=m+ 1, eoe, v,
and hence cj = nj, J= 1y eoe, m, cj = xj, J=m+ 1, eeey v, Ay Treal;

we shall take cj j=uw+r+1, «v., p +n. Then we have

= “j-u-r’

T T
-1 - -1 .
Py = = (Trg) [ £ sin Tyt b, Qg = = (Trg) [ £ cos syt dt ,

(6.5) J =1y eeey, m,
T T
-1 -1
Pj = (T).J) { fj cos -rjt at, Qj = - (Tkj) [ f;] sin "jt it ,

JEmAEl, ceey, v,

T
Ry = (qu)’1 [ fr+Jdt, J=1, seeyn-1,

where the arguments of the f's, besides t and e, are given by the
(5.12) of §5, thus, in the present case, by relatlons analogous to the (6.3).
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We shall restrict the space 8 to all ¢ = (9, +ev, 9, ) as
in §5 which besides verifying q:aj_,(t) == 3,4(8) J =1, oy my 5

real, j = 2u + 1, ..., u + n, have the following properties:

¢23_1('t) == 62‘«]_1(1:)) er('t) = = 62‘1“:), J=1, «oi, m

q)2j-1 (-t) = 52:]_1 (t), q)zj("t) = 52J(t)’ J=m+1, cee, n,
(6.6)
@j('t)=q’j(t)) J=2u + 1, vee, p+n .

This 1s the same as requesting that for j =1, ..., m, all

217 ¢2j have odd real parts (r.p.) and even imaginary parts (i.p.),

that for j=m+ 1, ¢es, u, all Poj-1? wzj have even r.p. and odd i.p.,
and that for j=2up +1, ..., p+n, all ¢ are real and even. Also the
first two lines of (6.6) are equivalent to requesting that for Jj = 1, ...,
m, the expressions (2103)"1(®2j-1 + wej) are real and even,

and the expression 2"(q>2J_1 - ¢23) are real and odd, while for
j=m+1, ..., u, the former are real and odd and the latter are real

and even.

Because of (6.4) the integrands for the Rj and Pj are all
real and odd, hence Pj E0, J=1, eee, v, Rj 20, J=1y esey, n = po As
& consequence, for j =2 + 1, ..., p +1n, we have dj = 0 and, by (5.8),

since qj 1s real and odd, we conclude that Wj 1s real and even.

Relatlons (5.7) are not present here since r = pu.

For j=v+ 1, eee, u, by (5.6), and since 51 1s real and
odd, and Py is purely imaglnary, we sec that the integrand has odd
r.p. and even 1.p., hence Vej-1 has even r.p. and odd 1.p. By §5 the
same holds for Wej‘

For j =1, «eo, m, we have c, = 1xj, cj 1s 1meginary,

G j-1 1s real and even, and by (6.6), the expression under ( )} 1in (5.9)
has even r.p. and odd 1.p., hence cjd2?-1 1s real and dej-l is
imaginary. Then the expression under ) 1in (5.5) has even r.p. and odd
i.p. and the same holds for the integrand. Hence, the integral has odd
r.p. and even l.p. and the same holds for Waj-l’ By §5 the same 1is true
for sz‘

For j=m+ 1, «as, v, Wwe have c: = A, c; 1s real, qej-1
is real and odd, and by (6.6) the expression under ( in (5.9) has odd
r.p. and even l.p., hence c daj-1 is Imaginary and d2j-1 1s imaginary.
Then the expression under ( } in (5.5) has odd r.p. and even i.p and
the same holds for the integrand. Hence, the integral has even r.p. and
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odd i.p. and the same holds for v23_1, and finally for Vaj'

In connection with §5 we conclude that v = T 9 ¢ @ for every
9 ea, lee., Tag C a.

Also, the first v and the last n - r equations (5.11) are
identlcally satisfled and the second v equations become

-‘1
J

1y eeey Vv,

(6.7) &jb ® - EQj(a, b, A, §y @, €) = oj(s), 3

where, for e = 0, we have

T
Qo = -(ij)'1 f fj(..., t, 0)cos a.jb31wt dt, J =1, eeey m,
[e]

(6.8)

T
Qjo = - (ij)'1Jf f5(ees, t, O)sin ajb31mt dt, J=m+ 1, eeey, v ,
[e]

and the missing arguments are

xj(t, 0) = xj731cos ‘jt’ xs(t, 0) = = xj sin rjt, J=1,..0m,

xj(t, 0) = XJ131Sin 1Jt, xs(t, 0) = xj cos rjt, JEmt, 000,

(6.9) 1
xj(t, 0) =0, xj(t, 0) = 0, J = vHl,cea,u,p =1,

xj(t,, 0) = njop j=rer,.00,n .

In connection with §5 we may summerize the preceding results as follows.
Consider the real system

x; + ag(e)xj = efj(x, x!, t, €), J =1, eeey B,

(6.10)
Xy = efj(x, x', t, €), J=m+1, eee, n,

1 1
where X = (Xy, sse, Xp)y X' = (Xy, eeey xu), o:(e) > 0 are continuous func-
tions of e for 0¢ e < €,, and for some integers O mg v k<N
the following occurs:
uJ(O) = ajm/bj’ J =1, eeey v, &y bj > 0 integers;

GJ(O) fi.mm/bo, j- V o+ 1y eeey Hy bO =b1--obv; m=0, 1, 2, +eo .
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The functions fj, j =1, ees, n, satisfy condition (L) and the con-

ditions of symmetry (6.4). As usual we shall put a = (&, «so, a,),

b= (bys eees bv)’ g = (c1, ooy av), A= (Ayy weey ).v), n = (q1, ey "n-u)'
(6.1)s If for some a, b, A, 3, all real, and e sufficiently

small the determining equations (6.7) are satisfied, then (6.10) has a

real periodic solution of the form

-1

xj(t, €) = M7 1) eee, m,

Jd
xj(t, €)= ijalsin -rjt + 0(e),

cos 'jt + 0(e),

m+ 1 ssey V
(6.11) ! ’

xj(t, e) = 0(e), Vot 1, eee, M,

e G G Gl
u

un

xj(t’ €)= T]j_“"'o(ﬁ): B+ 1, oo, N,
and x.(- t, e)=xj(t, €)y J =1, eaeymy jJ=p+1, ¢os, n, and

xj(- t, €) = - xj(t, €)y J=m+ 1, eee, no In particular, given

a, b, u, A there is always a o(e) such that equations (6.7) are satisfled
and system (6.10) has a real periodic solution of the form (6.11). If
system (6.10) 1s autonomous, the parameter « has to be added.

(6.11). If the functions £, have continuous first order
partial derivatives and, given a, b, A, 3, there are v numbers
Ay = (7\10, aesy )‘vo) such that Q:(a, b, Aoy Hy © 0) =0, J =1, saey v,
and the Jacobian 3Q/dr # 0 at A = Ay, € = 0, then for all e
sufficiently small system (6.10) has a periodic solution of the form (6.11)
with convenlent a(e), A(0) = Aj.

Obviously here the Jacobian of §5 of order 2v + (n - r) may be
identically zero while the Jacoblan above 0Q/3» of order v may well be
# 0. In the case (6.10) 1s autonomous, also the parsmeter « can be taken
into consideration as in §5.

The following result is also of interest since it 1s an explicit
existence theorem of a (n-u+2)-parameter family of periodlc solutlons. It
concerns asutonomous systems (6.10) with v = 1, m =0, or m=1,

a, = by = 1. .

(6.111). Consider an autonomous system
" 2
Xy + o3xg = efj(x, x', €), J =1, eeey u,
(6.12) .
xj-efj(x, x!', €), J=u+1, eeeyn,

where the functions fj, i] =1, et n, are Lipschitzian in the n + u
variebles Xqy esey Xpy Xqs eeey X and continuous in e, for
|xg| <R, 8= 1, sosy my |Xi| SRy 8 =1, eouy u, and Ogege,e In
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ac'ldit.ion suppose, for f, only, that £,(0, X, «ee, X, O, x;, veey

X, e) = 0. Suppose that either all fj, J =1, eee, n? are odd in

(Xys ooy x“), 07 f; is even and f,, ..., £, are odd in

(Xgs eees X, x,). Suppose cj(e)> 0, J =1, eeey, n, are continuous
functions of & [or constants] and aJ(O) # 0, mod 0,(0), J =2, oo, ne
Put w, = 0,(0), and let r, be any number, O < r, < R. Then there ex-
ists an €4y 0< €, £ €y such that, for all real e, k1, LPERREEPR M
0L My Mgy wees My KTy, O € &y, System (6.12) has a real periodic
solution of the form

x1(t, ge) = }.1w'1sin ot + 0(e), or X, (t, €) = )..1as"1cos ot + o(e) ,

(6413) xj(t, e) = o(e), J =2, ceey m

xj(t, e) nj_u+0(e), =R+ 1, eseyn ,

where x, 1s odd or even in t, X5, «es, X, are odd, X 419 *os X are
even, where o = w(e, Mo Ny eeey ”n-u) is a continuous function of the
same parameters, and o = N for e = 0. Also, t can be replaced by
by t+ 8 in (6.13), 8 an arbitrary constant. [See J. K. Hale, 9cf,
for the analytic case, and W. R. Fuller, 10, for the present situation
with u = n.]

PROOF. By (4.111) we know that the unique Q = Q1(k1, u, ®, €)
where 1 = (ql, e, r]n_r), 1s a uniformly continuous and Lipschitzlan
function of Ao oMy @, and uniformly continuous functions of €. The
only determining equation (6.7) 1s

® - eQ,1(k1, n, ®, €) = 0‘1(5) .

If weU-= [a)m, u)oa] with oy < oy < s and Dop = ®gy sufficiently
small, 1f 0< e g e, and 0< g, < e, sufficlently small, we put

F1(a), e)=m—sQ1(u), e)-a1(e) .
For all ®5q < w1 < mg < LY 0<eg 2 we have
|Q,,(w2, e)-Q‘(m‘, €)|SM(a)2-w1) ,
F, («?, &) - F, (@, €)> (1 - eM)@? - ') ,
where M 1s a constant, independent of Ms My €y e For 0 e g e',

el = min[e1, 1/2M], the last expression above 1s positive. Thus F1 is
an increasing continuous function of o with F, ("’o’ 0) = 0. Hence,
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F, (0,5 0) < 0, F(ay,, 0) > 0, and finally Fy 0y, €) < 0y Flogy, €)> 0
for all A;, n as gbove, and 0 e g €', e" sufficiently small. Thus,
for the same Ay, m, 0 e < e", there 1s a unlque o with F (o, €) = O,
By the usual argument of implicit function theorem we know that o 1is a
continuous function of the same parameters. Now (6.111) follows from (6.1)
and the previous considerations.

NOTE. If system (6.12) verifies the conditlons of (6.111) when
any one of the variables xJ takes the place of % and correspondingly
the jth equation replaces the first one, J =1, «es, p, then (6.111)
assures the existence of u families of perliodic solutions, each a
(n-p+2 )-parameter family.

EXAMPLE 1. The equation x" + x = ef(x, x') with f(o, 0) = o,
and either f(x, - x') = £f(x, x'), or f(-x, x') = - f(x, x'), has a
family of periodic solutions of the form x = o1 cos (ot + 8) + 0(e), or
x = M 'sin (ot + 8) + 0(e), with o = w(r, €) =1 + 0(e), A, 8 arbltrary,
e > 0 sufficlently small. We may take, for instance, f = x + x2 + x'a,
or £ = |x|+ |x'|, or f = x|x'|. Also we may take f = (2 + x) (|x'|
+X).

EXAMPLE 2. The system x" + x =¢e(i- |y])|x'|x, y" + 2y =
e(1 - |x])|y'|ly, has two families of periodic solutions of the forms

x =M 'cos (ot +8) + 0(e), 7= 0(e), o =olr ) =1+o0(),

1

x=0(e), 3 = Mo lcos (ot + 8) + 0(e), o =olr, &) =272 4 o(e).

1

EXAMPLE 3. The system x" + x = ef,(x, y, 2, x'), y' =
efe(x, Y, 2y, X'), 2' = ef3(x, ¥, 2, x'), with f£,(0, y, z, 0) = 0 and
elther

fj('x’ Y, 2, X')='fj(x: ¥, 2z, X'), =1, 2,3,
or
£, 7, 2, x') = £,(x, 7, 2, x'), £5(x, 7, 2, =x') =
1 . 1 j
"fj(x: ¥y 25 X', j=2,3,

has a four paerameter family of perlodic solutions, for every e sufficilently
small, of the form x = Ao 'sin (wt + 8) + 0(e), or

X = M lcos (st + 0) + 0(e), ¥ = ny + 0(e), z = ny + O(e)

with o = o(r, ny, 9y, €), 0, A, ny, n, arbitrary.



NONLINEAR LIPSCHITZIAN SYSTEMS 171

EXAMPLE 4. A third order equation x''! + a,x" + ax! +
agx = ef(x, x', x", t, €), with f periodic could be studled in the
lines of §§5, 6. For instance, if f£(x, -x', x", -t, €) =
- £{x, x', x", t, €), then equation x''' + ¢°x!' = ef, ¢ > 0, has
perlodic solutions of the form x(-t, €) = x(t, e), x(t, 0) =
- c1amo-2b-1 cos ab~wt + c,» & b integers, c,, ¢, # 0 real, provided
ab=le - eH = 0, where H = H(a, b, Cys Cpy @, ¢, €) and

T
H= ()" ff‘[x(t,o),x'(t,o),x“(t,o),t,O]sj_n ab et dt + o(e) .
o

If o = am/b, and there 1s a Cio = ¢1olcp) such that H =0 and
aH/ac1 # 0 for ¢, = C,o» then the equation has a non-zero solution for
every c,; that 1s, a one-parameter family of periodic solutions [J. K.
Hale, 9f].
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VII. THE APPLICATIONS OF A FIXED POINT THEOREM TO A
VARIETY OF NON-LINEAR STABILITY PROBLEMS

Arnold Stokes
§1. INTRODUCTION

We use a fixed point theorem for locally convex linear spaces,
due to 'I‘ychonof‘f1 to reduce the study of the boundedness and stability
of certain n-dimensional vector differential equations to the study of
the corresponding properties of related first-order equations. In this
manner, we very simply obtain a variety of known results, and in certain
cases, we are able to clarify some of these results.

Fixed point theorems have been used to study the stability of
systems of differential equations before, notably by Hukuwara? , and
Bellman3 , but the present approach, by using Tychonoff's theorem rather
than Schauder's result® glves many more results in a greatly simplified
fashion.

§2. TEFINITIONS

We will let E be the real vector space of all continuous func-
tions from the non-negative reals into R%, the n-dimensional vector space

¥ Ihe results presented here are based on material contalned in the suthor's
thesis, written as partial fulfillment of the requirements for the Ph.D.
degree at the University of Notre Deme. The author wishes to thank Dr. J.

P. LaSalle for his valuable suggestions and constant encouragement during
the development of this study. The author also is grateful to the Office

of Naval Research for their assistance while at the University of Notre

Deme.

1 A. Tychonoff, Ein Fixpunktsatz, Math. Ann. 111, 767-T76, 1935.
2 M Hukuwara, Sur les Points 8 lers des Equations Differentielles
Lineaires, J. Faculty of Sci., H%?liﬁo Tmp. U];ﬁv. Ser. I, Math. 2, 13-88,
1934-36.

R. Bellmen, On the Boundedness of Solutions of Non-Linear Difference

3
and Differential Equations, Trans. Amer. Ma&th. SoC., 62, 357-386, 1947.

J. Schauder, Der Fixpunktsatz in Funktionalraum, Studia Math. 2, 171=-181,
1930.
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over the real field. The topology on E shall be that induced by the
family of pseudo-norms (p,)7_.,» where for x e E,

pu(x) =  sup  x(t)]
ogtg¢n

where |x(t)|| 1s any vector norm. A fundamental system of nelghborhoods
is then given by (Vn]:=1, where V, = (xeE | p,(x) ¢ 1}. Under this
topology, E becomes a complete, locally convex linear space. For such

a space, we have a theorem of Tychonoff's:

THEOREM 1. ILet E be a complete, locally convex
linear space. ILet T : E—> E be continuous,
and let A be a closed convex subset of E. If
T(A)C A and T(A) 1s compact, then there exists
a fixed point of T 1in A.>

If T 1s a compact (completely continuous) operator and if A
1s bounded, then T(A) 1s always compact. We then obtain:

COROLLARY 1. Let E be as in Theorem 1. Let

T : E—> E be continuous and compact, and let
A be a closed, convex, bounded subset of E. If
T(A) ( A, then there exists a fixed point of T
in A.

§3. REDUCTION TO A FIRST~ORDER EQUATION
We shall consider theee types of n-dimensional systems here:

(1) % = £(t, x)

Alt)x + £(t, x), where [X(t)l <X,
. IX(£)X" " (s)l ¢ K, K > O

e
"

(2)

A(t)x + £(t, x), where [X(t)| < Ke~°C

Mo
]

(3)
X)X (s)| < k=083, o> 0,

5

This theorem, while not explicitly stated by Tychonoff, follows from a
theorem given in No. 1 in the same manner that tgg second’fixed point
theorem of Schauder's in No. 4 follows from his first theorem.
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where by X(t) is meant the principal matrix solution of the system

% = A(t)x, where A(t) 1s a continuous function of t for t » 0. If
A(t) 1s a constant matrix, or periodic in t, examples of systems
satisfying the inequalities in (2) or (3) are well-known.

In addition we shall assume that f 1s continuous on an
into R", and that

() I£(t, x)| < G(t, lx]|), for t > 0, x e DC R*

where G(t, r) 1s plecewlse continuous on Rz, positive for t, r > o,
and nondecreasing in r for fixed t; and D 1s some subset of R%.

With (1) above, we shall assoclate the integral operator
t
(5) L)) = b+ [ £0s, x(s)as
o

and with (2) and (3) above we shall assoclate the operator

t
(6) Ty (x)(6) = X(6)b + [ X(6)X7'(s)e(s, x(3))as
o}

where b 1s a vector 1in R™.

Clearly fixed points of these operators correspond to solutions
of the assoclated equations, the solution passing through b at t = 0.
Also 1t 1s evident that both operators are compact in the topology of our
function space E.

To apply Corollary 1, we shall proceeds as follows: Let B be
8 bounded subset of Rn, and let A be a subset of E defined by a
positive real-valued function g(t), continuous for t > O, that is,

(7) A={xecE | [x(t)] g glt)) .

For such a g, A 1s closed, convex, and bounded in the topology
glven above on E. We will further assume that for x e A, x(t) e D for
all t > 0, so that (4) may be used.

Now take b € B, x ¢ A. To apply Corollary 1 to elther of the
operators in (5) or (6), we must show Ty (A)C A, or, by (1),
ITy (x)(t)]l < g(t). Using the operator in (5), we obtain
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t
1Ty )& < ol + [ lies, x(s))las

[¢]

t
<ol + [ als, Ix(s)idas, by (1)
(o}

< ol +f G(s, g(s))ds, by the definition of A,
as G 1s non-decreasing.

Thus, for (5), we have T,(A)C A if g satisfies
t

(8) Il + [G(s, g(s))as < g(t) for beB, tro0 .
)

Now consider (6), and let A(t) be such that X(t) satisfies
the inequalitles in (2). In precisely the same fashion as before, we
have Tb(A) C A if g satisfles

(9) Kol + [ Ko(s, g(s))ds < g(t), for beB, t30 .
(o]

If X(t) satisfies the inequalities in (3), we have T, (A)C A
if g satisfies

t
(10) X |pj &=t +f ke~ (t-8)g (s, g(s))ds < g(t), for beB, t> 0.
[e]

Equations (8) and (9) may be combined into

t
(11) K, Il +f K,G(s, g(s))ds  g(t), for b eB, t >0 .
o

where K, = 1 1f equation (1) 1s being considered, or X, if (2) is
belng discussed.

Now g will clearly satisfy (11) if it satisfies the differ-
ential lnequality:
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(12) g(t) > K,G(t, g(t)), g(0) > K, Ibll, for beB, t>0 ,
and g will satisfy (10) if it satisfiles the differential inequality:
(13) &(t) > - og(t) + Ka(t, g(t)), g(o) > K |bl, for beB, t>0 ,

where by a solutlon 1s meant a differentisble function g satisfying (12)
or (13) wherever G 1s continuous.

Thus, to demonstrate the existence of a solutlon to any of the
equations (1), (2), or (3) which satisfies |[x(t)| < g(t), we must choose
BC R® and & g satisfying (12) or (13), (and, of course, g wmust possess
the property that [Ix(t)| ¢ g(t) implies x(t) e D).

§4. STATEMENT OF THE THEOREMS

(1) On existence in the large. We will consider equation (1) and
assume that f 1s dominated by G everywhere, that 1s, D = R™.

THEOREM 2. If the equation r = G(t, r) possesses the
property that for any ry> 0 there exlsts a solution
defined on ([0, =), passing through r, at t =0,
then for an arbitrary vector b e R", there exists

a solution of (1) defined on [0, =) which passes
through b at t = 0.

PROOF. Take b ¢ R%, let B = (b). Choose g to be a solution
of T =G(t, ») with g(0) > |lb| which is defined on [0, =). Clearly
such a g satisfies (12), so the operator in (5) maps A into A, where
A 1s defined as in (7). So by Corollary 1, T, has a fixed point in A;
that 1s, there exists a solution of (1) defined on [0, =) passing through
b at t = 0.

COROLLARY 2. Assume |£(t, x)| < M(t)L(|x]), for
t>0, Xe Rn, where M, L are plecewise continuous,
positive, and I 1s non-decreasing. If

©

f LIg)ds:m !

To

for positive r,, then for any b e R%, there ex-
ists a solution of (1) passing through b at t = 0.
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PROOF. Observe that the equation r = M(t)L(r), r(0) = r, may
be solved for any ry, > 0, for 1if we write

\/y t
l_4s = M(s)ds ,
[

o]

note that the function of r on the left is strictly increasing, so the
inverse function exlsts, and by our assumption concerning L, the domain
of the inverse functions is [0, =), so the solution through r, at

t = 0 1s defined on [0, ») for all r, > 0. The result follows from

Theorem 2.

Corollary 2 1s a theorem due to w1ntner6, which was later improved
by him by removing the requirement that L be non-decreasing7. Later
Con.ti8 generalized this result still further, by replacing the norm function
by a more general functlon. The above proof is considerably simpler than
Wintner's original proof, howsver.

For an example of a function dominated as in Corollary 2, con-
sider any function f(t, x) such that |[If(t, x)|| = o(|x||) as x| —> =
for fixed t.

(11) On Boundedness. We will consider Equations (1) or (2),
and again assume that f 1s dominated by G everywhere, or D = R".

THEOREM 3. If the equation I = G(t, r) possesses the
property that for any Ty > 0 there exists a solutlon
defined and bounded on [0, =), passing through r,

at t = 0, then for an arbitrary vector b ¢ R® therse
exists a bounded solution of (1) or (2) defined on [0, =)
which passes through b at t = 0.

PROOF. The proof 1s precisely the same as for Theorem 1, where
B= (b}, for b eR" and here g 1s taken as any bounded solution to
= G(t, r), with g(o) >k, [b].

e
L

° A. Wintner, The Non-Local Existence Problem of Ordin Differential
Equations, Amer. J. of Math., 67, 277-28L, 1945,

A. Wintner, The Infinities in the Non-Local Existence Problem of
Ordin Differen uations, er. J. of Math., N =178, 1946.

g R. Conti, Limitazioni 'in lezza' della Soluzioni di un Sistema di
uazioni Diff'erenz ) cazlionl, etino della Unilone . al.,

T 3, 11, =350, 1056,
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COROLLARY 3. Assume ||f(t, x)| < M(t)L(|x|) for
t> 0, xe R®, where M, L are plecewlse continuous,
positive, and L 1s non-decreasing. If

for positive r and

0’
w
f M(s)ds < » ,
[e]

then for any b e Rn, there exlsts a bounded solution
of (1) or (2) defined on [0, =) passing through b
at t = 0.

PROOF. The proof follows from Theorem 3, 1f we observe that, as
in Corollary 2, our assumption on L implies that for any ry > 0, there
exists a solution to T = M(t)L(r) defined on [0, =), passing through

r, at t = 0, and further that

f M(s)ds <
o

implies that this solution i1s bounded.

With reference to the following theorem, observe that the above
bounds 1in general depend upon the initial conditions.

For an example of a function dominated as in Corollary 3, let
f(t, x) = B(t)x, where B(t) 1s an n x n wmatrix, continuous in t,
such that

o

f IB(t)ldt < o

[}

Such a theorem appears in Bellmang, where the proof uses Gronwall's in-
equality. The sbove corollary shows that the linearity of L 1s not
essential, but rather that it suffices that
r
Jr‘ ! ds
L(s)

To

9 R. Bellman, Stability Theory of Differentlal Equations, (McGraw-Hi1l
Inc., New York, 1953).
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diverges as r —> =,

(111) On Ultimate Boundedness. Here we use ultimate boundedness
in the sense of Yoshizawa' O; that 1s, through every point there passes a
solution which 1s not only bounded but as t —> », enters a bounded
region, which 1s independent of the initial conditlons. We wlll now con-
sider Equation (3), and again we assume f 1s dominated by G everywhere.

THEOREM 4. If G 1s such that for every positive
initial condition Tys there exists a solution to
the lnequality o > - or + KG(t, r) passing through
r, &t t =0 which is ultimately bounded, then
for any b € R, there exlsts a solution of (3)
passing through b at t = 0 which is ultimately
bounded.

PROOF. The proof is the same as for the above two theorems,
where B = (b}, for b e R, and here g 1s taken as any ultimately
bounded solution to T > - or + KG(t, r), with g(o) > K |jb].

COROLLARY 4. For any e > 0, assume there exlsts
R(e) > 0 such that |[If(t, x)]| < N, [Ix| < R, £ > 0,
and ||f(t, x)|| < elxll, Izl >R, t > 0. Then all
solutions to (3) are ultimately bounded.

PROOF. Here let

N, »<R
o I')={er, r>R .

By Theorem 4, all we must show is that for e sufficlently small, there ex-
ist ultimately bounded solutions to * » - or + KG(t, r) passing through r

o
at t =0, where r, > K |bl, for b an arbitrary vector in R™.

Now choose € > 0 such that e < o/K, and choose B such that
0<B< 1. Let g(t) =K vl eﬁ(EK"")t + NK/o. By our choice of e,
g —> MK/o as t —> ©, and so g 1s ultimately bounded. And
g(0) > K |bvll, so all that remains is to show that g satisfies the differ-
entlal lnequality:
N, g(t) <R
g(t) > -og(t) + K .
eg(t), g(t) > R

10 T. Yoshizawa, Note on the Boundedness and the Ultimate Boundedness of
Solutions of x = F(t, XJ, Mem. of the Coll. of Sci., Univ. of Kyoto, Ser. A,
29, Math. No. 3, 275-291, 1955.
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Now &(t) = B(eK - o)K o] eB(K-00t g
(18)  &(t) + og(t) = K bl P (KT b aek + o(1 - B)] + MK .

By our choice of B, this is clearly > NK for all t > 0, and so half
the inequality is satisfied. Now Kg(t) = K2 |bJ eP(K=9)t , Nk2/o, ang
upon comparison with (14), we see that the inequality

g(t) > - og(t) + eKg(t)

reduces to the two lnequalities
BeK+o(l -B)>ceK
NK > €K NK/o .

But the first of these 1s equivalent to o(1 - B8) > ¢ K(1 - B), or

¢ < o/K, and the second reduces to e¢K/o < 1, or e < o¢/K. So by
choosing e < o/K, we see that the conditions of Theorem 4 are satisfied,
and so all solutions to (3) are ultimately bounded.

For an example of a functlon f(t, x) 'dominated as in Corollary
4, 1t suffices to choose f so that |If(t, x)| = o(lxll) as |[x]| —> =,
uniformly in t.

(i1v) On Stabllity of a Critical Point. Here we will suppose
(1) or (2) has a critical point at the origin, that is, f(t, 0) = 0 for
all t > 0, and we wish to examine the stability of this point. We will
say the origin 1s stable if given any e > 0, there exists a & > 0 such
that for any b ¢ R® such that |jb]l ¢ 5, there exists a solution through
b at t = 0 which is bounded in norm by e for t > 0. As this 1s a
local problem, we willl assume f to be dominated by G 1in some neighbor-
hood of the origin, that is D = (x e R® | x|l < n), where n> 0 is '
given.

THEOREM 5. If the equation I = K,G(t, r) possesses
a stable critical point at the origin, then (1) or
(2) also possesses a stable critical point at the
origin.

PROOF. Take e > O, and let 8 > O be such that if o0< r, < 8,
there exists a solution to o = K,G(t, r) which passes through r, at
t = 0 and is bounded by min(e, n) for t > 0. To apply Corollary 1,
let B= (b e R® | bl < 8}, and let g be a solution to T = K|G(t, r)
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which is bounded by min(e, n) for t > 0, and g(0) = 8. Thus for
b ¢ B, ‘I‘b(A) C A, or there exists a solution to (1) or (2) through b
at t = 0 which 1lies in A. The theorem follows.

COROLLARY 5. Let [If(t, x)|l ¢ M(t)L(|x]|), for
t> 0, [Ixl ¢ n, where M and L are continuous,
and for r > 0, L 1s positive and non-decreasing.
If L(o) = 0, and

r

1im + f ! ds = »
r - 0 L(s)
o r

for r small and positive, and

]
f M(s)ds < w ,
o

then (1) or (2) possesses a stable critical point
at the origin.

PROOF. By Theorem 5, if the equation » = K M(t)L(r) possesses a
stable critical point at the origin, the result follows. But by consider-

ing the equation
r t
1
ds =f M(s)ds
f L(s) ’
T o

o

and by the above assumptions on L and M, clearly given any € > 0,
there exists a & > 0 such that

{ei—lgsds>[M(s)ds R

or, there exists a solution through r, at t =0 which, for r, < 8,
is bounded by e for t > 0. The corollary follows.

A result of this type, where L(r) = r, 1is glven by Bellme.n9,

where again Gronwall's inequality 1s applied. As before, Corollary 5
demonstrates that the linearity of L 1s not important.

For an example of a functlon of this type, conslder f(t, x)

9 R. Bellman, Stability Theory of Differential Equations, (McGraw-Hill
Inc., New York, 1953).
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where the 1-th component 1s the product of a polynomlal in the components
of x, without a constant term, with a function mi(t), where

[l«vi(S)lds <o .
\O

(v). On Asymptotic Stability of a Critical Point. Here we
shall consider (3), and assume that (3) has a critical point at the
origin, that is, f(t, 0) = 0. By asymptotic stabllity we mean, of
course, that the origin 1s stable, and in addition, there exists a & > 0
such that through any b, |b|| ¢ 8, there passes a solution which approaches
0 as t —> =. As this 1s agaln a local problem, we will assume f to
be dominated in G 1n some neighborhood of the origin, that is,
D= (x ¢ R" | x|l < n}s For our purposes, here we wish to take 1n as a
functlon of e, where e 1s a small parameter, and we wlll also assume
that G(t, r) = G(t, r, €¢) 1is also a function of this parameter.

THEOREM 6. If the inequality © > - or + KG(t, T, «)
possesses an asymptotically stable point at the

origin for ¢ sufficiently small, then (3) possesses
an asymptotically stable critical point at the origin.

PROOF. Take € > 0 80 small that the differential lnequality
above 1s asymptotically steble. Then there exists a & > 0 such that
for 0< ry< &, there exists a solution to the inequality which passes
through ry at t =0, tends to 0 as t —> o, and for all t > O,
is bounded by n(e). Then, to apply Corollary 1, let
B=(beR" | Ibll < 8}, and choose g to be a solution to the inequality
having the above properties, with g(0) = &. The theorem follows.

COROLLARY 6. Assume that for any ¢ > 0, we have
leCt, %)l < € Ixll, for t > 0, |Ixf < n(e)e Then
in (3), the origin 1s asymptotlcally stable.

PROOF. By Theorem 6, we must show only that for sufficlently
smell e a solution g(t) can be found to the differential inequality
g(t) > - og(t) + eKg(t) which is bounded by n(e) and tends to 0 as
t —> =, But.for e < o/K, we may choose g(t) = n(e)e K-o t, and the
corollary 1s proved.

As en example, we may teke any f£(t, x) for which |[f(t, x)|| =
o(Jxl) as |x|| —> 0 uniformly in t. This result, by now classical,
is originally due to Perron.
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COROLLARY T. Assume that for any e > 0, we have
T(e) > 0 such that

X lIxll + t° Ix '8, o<t < T(e) ,

hece, o < {
e Ixll + ° =) T*8, £ > T(e)

for |x|| < n(e), where k, b, > 0, a > 0. Then in

(3), the origin is asymptotlcally stable.

PROOF. Agaln by Theorem 6, we must show only that for sufficient-
1y small e, a solution g(t) can be found to the inequality

. xg(t) + to8(6)'"%, oty
g(t) > - og(t) + K { eg(t) + tPg(t)'*®, ¢ 2T

vhere T, > T(e), which 1s bounded by n(e) and tends to 0 as t —> w.
Now, for 0 rg 1, 0t Ty, - or + K(kr + tPp'+2) < Cr,
for some constant C, 80 clearly we can find a solution to the inequality
over [0, T1 1, for any '1‘1, with an arbitrarily small bound on [O, ’l‘1 1,
simply by choosing g(0) sufficiently small. So we may assume
g(t) < n(e) on [0, T,]1. Let g, = g(TI). We now wish to define g
for t > T,.
Take € > 0 so that ¢ < o/K, and choose B so that 0< B < 1.
Take T, > T(e), and let g(t) = goeﬁ(‘K’U)(t'Tl ), Clearly, by our choice
of € g—>0 as t —> =, and as g, < ne), g(t) ¢ n(e) for all
t > 0. We now wish to show that for T, sufficiently large, and g,
sufficlently small, g satlsfles the differential inequality
g(t) > - og(t) + eKg(t) + ktPg(t)'™® for t > T,. Now

B (eK-0) (1;-']'.‘1 )

8(t) = (eK - a)g(t) = (8 - 1)(eK - o)gye = ag(t) ,

where o = (B -~ 1)(eK - o) > 0 by our cholce of B and e. So we must
show that ag(t) > Ktbg(t)”'a, or, as g 1s positive, o« > Ktbg(t)a.

But
KtPg(t)® = ggxe-aﬂ(eK-o‘)T1 . tPgaB(eK-a)t .

Now choose T, So large that tPe8B(eK-0)t [y pon ¢ > T,, and choose
g, S0 small that ggxe'a”(‘K“’ )Ty < Ja . Clearly both these cholces can
be made, and the corollary 1s proved.

Corollary 7 appears in Coddington and levinson''. There we also
have an example of a system to which Corollary 7 applles.

T



VIII. QUADRATIC DIFFERENTIAL EQUATIONS AND
NON-ASSOCIATIVE ALGEBRAS

Lawrence Markus
§1. STATEMENT OF THE PROBLEM AND THE RESULTS

In order to obtaln a thorough knowledge of the qualitative be-
havior of the solutions for a class of non-linear differential equations,
we classify and analyse differentlal systems which have quadratic poly-
nomials as coefficlents. We find all such differential systems in the
plane, and an Interesting collection of such systems in higher dimensional
spaces.

The method of classification 1s based on an algebraic technique
and thus differs from the geometric methods which are customarily used in
the qualitative theory of differential equations. While the algebralc
method 1s somewhat more intricate than the geometric analysis 1in dimenslon
two, 1t 1is avallable in higher dimensions where the geometry is more diffi-
cult to manage.

To each quadratic differential system we attach a certain non-
assoclative, but commutative, real linear algebra. The problem of affine
equlvalence of differential systems 1s shown to be the same as the iso-
morphism problem for the corresponding algebras. This is analogous to the
classification of linear differential systems by canonical forms for the
coefficlent matrix, that i1s, by means of certain linear endomorphisms of a
vector space.

Thus we first find all real, commutative, two-dimensional, linear
algebras, see Theorems 6, T, and 8. This ylelds all quadratic differential
systems, up to affine equivalence, in the affine plane. It is easy to
show, Theorem 9, that there are just six geometrical types of quadratic
differential systems with isolated critical points in the plane. Repre-
sentation for these six geometric types are pictured in Figures I through
VI. Finally there 1s & brief discussion of quadratic differential systewms
in the real projective plane and in higher dimensional spaces. The standard
sumation notation is used throughout.

185
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§2. THE ALGEBRA CORRESPONDING TO A QUADRATIC
DIFFERENTIAL SYSTEM

DEFINITION. A quadratlc differentlal system is

dxi

@) e

ka y 1=1,2, ¢vssy n ,

3

1
where the n” real constants Jk are normalized so that aJk akj

DEFINITION. The related real linear algebra w of the quadratic
differential system ¢ 1s defined by the multiplication table for a basis
Uy, Upy esey Uy 88 Us * Uy = 85Uy Clearly the n-dimensional algebra
1s commutative but it may not be assoclative.

THEOREM 1. Two quadratic differentlal systems

= a kax

1 A1 Jok

@) 3= Ay 1, 5, K=1,2 «ee, n

are equivalent under a non-singular linear trans-
formation
L
- vy

if and only if thelr related algebras “ and § ,
respectively, are lsomorphic.

PROOF. Suppose x biyl carries the system ¢ into @ .
Write B{bi = biBi = Gﬁ, the Kronecker symbol, so y B[xi. Then

o2 £e1 J k j k
¥ Bix Biarsb.]bky
Thus
T 1 rs 1
jk - B! b bkars or ajkb bekars .

Now consider the related algebras with multiplication tables

a) uJ cuy = a}'kui
and

A

i) Gy ¢ Oy = 8, .
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The linear transformation of % onto u defined by
ﬁz —_—_ b}ui 1s now shown to be an isomorphism. For

A

vt = ala Al
uJ Uy &jkui > ajkbiut

r s _
by ¢ Dyug = jbkars :
But
2 e
ajkbi bjbkars .
Conversely, if there 1s an isomorphism between w and & ,
which 1s expressed in terms of the given bases by u‘ —_— biui, then
the linear transformation xt = bj}fz carries ¢ 1nto ﬂ, as required.

Here we say that ¢ and ¢ are affinely (or linearly)
equivalent.

It is of interest to relate the algebralc properties of w to
the behavior of the solution curves of ¢’. The next three theorems give
certain general results in this direction.

THEOREM 2. The quadratic differential system

@) it =aikxjk 1, §, k=1, 2, esey n
has an 1solated criticel point at the origin if and
only if the related algebra w has no nilpotent ele-
ment e # 0 for which e +« & = 0.

PROOF. If ¢ has another critical point P than the origin
0, then the line OP consists of critical points since ¢ 18 homo=-
geneous. Take OP to be the x'-axis and then the coefficients of ¢ (in
the new coordinates) satisfy a{', =0 for 1 =1, 2, ..., N, But then the
first basils vector u,, for the related algebra ¥, satisfles u, e u, =0,

Conversely if e » e = 0, take a linear transformation of the
X-space so that e = u,, the first basis vector of . Then a%l =0
and the x'-axis consists of critical points of ¢ » QeE.D.

THEOREM 3. The quadratic differential system
Q) it - a}lgjxk i, 3 k=1,2, «es, n

has a solution which is a ray to or from the origin
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if and only if the related algebra « has a non-zero

i1dempotent (l.e., an element e # 0 for which

ece=86).

PROOF. If ¢’ has a ray solution, say the x1—a.xis, then e.i
satisfiles
Conversely 1if
1 =0 for 1=2, 3
Q.E.D.

for 1 =2, 3, ¢ee, ne Thus the basls vector u
u; * u; =iy, for some A # 0. Take e = 1/a u
an idempotent, sey u, * u, =u;, then a
and a:] =1 80 the x -axis is a ray solution of ¢ .

;1 1n

1°

A

COROLLARY. If n=1, 3, 5, T, «es 18 0dd, and 1if

has an isolated critical point at the origin ( w

has no non-zero element e e = 0), then

a solution ray( w has an idempotent element).

o

has

(;)

A

1

has

ceey 0

PROOF. This 1s an immedlate consequence of the topological re-
sult that the sphere s*1 cannot support a continuous, non-vanishing,

tangent vector fleld. Q.E.D.

THEOREM 4. The quadratic differential system

@) %t - afj'kxjxk

has an invariant r-plane, 1 < r < n, through the
origin if and only if the related algebra

an r-dimensional subalgebra.

has

1, jo k=1, 25 eoe, nn

PROOF. Say the r-plane spanned b’y the coordinate axes of
x‘, xe, ooy x¥  1s invariant under the flow of . Then a}'k = 0 for

r+1<1<n and J, k ¢ r. Thus the basis vectors Uyy Upy ooy

of % span an r-dimensional algebra. The converse also follows from the

same observation. Q.E.D.

If ¥ has an r-dimensional ideal then, in a certain sense,

(.,)

has a projection on an (n-r)-dimensional quadretic differential system.

However 1f % splits as a direct product, then so does

dicated in the next theorem.

THEOREM 5. Let ¢ be a quadratic differential sys-
tem with related slgebra u . If there exist ideals
and ¢, Iintersecting only in zero and spanning
then ¢ 1s affinely equivalent to a product differ-

ential system of the form

W

A,

2\

as is in-

(¢]
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ii = a%kxjxk 4L, b k=1,.2, esqy v
and
J‘(i=&§kJ(jxk L b, k=r+1, eeey,n .

PROOF. We require that sl =0 for 1¢r with j>r or
k>7r; and for 1> r with j<r or k< r. Choose a basis u, Uy,

ceey Upy Upyy seey Wy of % such that Uy eves W, i1s a basis for
the 1deal % and Uppqs cers Wy i1s a basis for the ideal ¢ . Then
the multiplication tensor a%k has the desired properties. Q.E.D.

§3. EXAMPLES AND APPLICATION OF QUADRATIC
DIFFERENTIAL SYSTEMS

In the study of the potentlal flow from a doublet we are lead to
the differentlial equation

&y P -x
dx 2xy

whose solution curves describe the streamlines. The equl-potential lines
are the orthogonal trajectories which thereby satisfy

The quadratic differentlal system

J‘(=2XY; &=y2'x2

corresponds to the algebra L) of Theorem 8, which is the complex numbers.
Next consider the quadratic differential system

X = yz - x°
§=xz-73°
5= xy - 2°

which occurs in a solution of the Einstein gravitational field equations,
cf. [9). The corresponding slgebra has a basls of ldempotents €5 €5 €3
with
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61 . 61 = 61 ’ 62 . 62 = 62 ’ 63 . 93 = 83

=-le

29 82 63 '

There is just one (independent) nilpotent of index two, namely,
8y + &y + B3¢

Next consider the Jacobl elliptic functions' u = sn t, v=cnt,

w =dn t for a fixed parameter value of k2 on 0< k< 1. Then
QE = VW , g! = - uw , QE = - kauv .
dt dt dt

This corresponds to an algebra with basis €5 €5 ey of nilpotents such
that

e, e, =0, €, * 6, =0, €y * €5 = ¢}
. = -1 g2 . = -1 . =21

e, €, k e3 PR e3 = > €y 5 € e3 =3 €

Let
1 _ 1 _
E1 = ; e E2 = i oY) E3 = e3
and then
E1 . E1 = 0, E2 . E2 = 0, E3 . E3 =0
and
F— . = -1 . =1
E1 . E2 = E E1 E3 > Ea’ E, E3 > E1 .

Thus for all k, the corresponding quadratic differential systems for
the elliptic functions are linearly equivalent.

One of the major epplications of quadratic differential systems
occurs in interaction processes which depend on collisions of entities.
For example, second order chemical processes, or blological interactions
are often of this nature.

Following Volterra [18], we consider n > 2 specles Tys Opy esey
o, Of creatures with populations Nys Npy o eeey N, respectlvely. Say that
the members of 9y each have mass By and also assume that each speciles

' The author wishes to thank Professor G. Birkhoff for calling attention
to this example and for discussing with him the toplc of quadratic differ-
entlal equations.
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has a natural net blrth-death rate €y Assume that when individuals of
species oy and 9y meet, there is a certain probabllity that the member
of o4 will destroy and eat the member of o4e Then the fluctuations of
the populations with time t can be studled by the differential system

n
Z—fL(Ei* Z%W‘j)l‘i
J=

-

for 1 =", 2, «¢s, n. Here the a.i‘1 are real bilological constants and
the conservatlon of mass requires that

e e - S
By By

One computes easily B1ﬁ1 + a2ﬁ2 +oeee + ﬂnﬁn =eB N + e+ e BN,
which leads to a first integral in certaln important cases. For example,
if €y = €y = see =€, =0 we have a quadratlic differential system with
an integral B;N; + ... + anNn = const, which is a hyperplane.

To be more definite consider the case of two interacting speciles,

B, a
] 2712
N1=<el+—-—51 N2>N1

B,a
o 1721
N2=<52+ 5 N1>N2.

Then an integral is

' a, N -€ -8,8,,N
I‘Ieeexp{———--—‘31 211}1\1 1exp{—————e122}=<:ons1:.
1 2
By B

1

In case €, = €y = 0 we have the quadratlic differentlal system
Ny = BoyNNp, Ny = - BYNi N,
for

0, B.> 0, 7 =125 o
By > 0, By » 7 Bl> .
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This corresponds to the algebra 3) of Theorem 6.

As a second example of Volterra's theory consider the problem
of the three fish. There are three speciles Oys Opy Og with populations
N.» N2, N3, respectively. We assume that the net birth-death rates
€, =€y = €3 = 0, that 1s, each species is in equilibrium with the en-
vironment whenever the other two specles are removed. Assume that the
first type of fish eats the second type, which eats the third, which
eats the first. Then 8,5, > 0 85 > 0, a4 > 0. The resulting quadratic
differential system corresponds to an algebra with a basis of nilpotents
€15 € €3 such that

0

e, * e, =0, €, * €, =0, ey * o3

e, * e, = Ae1 - Cez, e, * e3 = - Be1 + Ee3, ey ¢ e3 = D92 - Fe3 o

Here the posltive constants A, B, C, D, E, F are given by

B,a B.a B,a
op = 2012 , _ 2B = 313 , - o0 = 21
B B Ba
BLa, B,a a
2D = -3.21 , oF = 23] , _ oF 2732
B2 B3 3

Volterra's theory can be modified to apply to military situations,
where 1t 1s termed Lanchester's law [5], but here the conservation of mass
is no longer required since civilized warriors do not (as yet) eat one
another.

Finally we point out that by increasing the dimension of the
space of dependent variables we can make a differentlal system with non-
homogeneous quadratic polynomlal coefficlents into a quadratic differential
system. For example, consider the damped harmonic oscillator with the
equations of motion x + h% + o’x = 0, for positive constants h and w.
In the affine phase spacé this 1s written

x = Y & = - 0?

X -hy .

Consider the differential system in the real projective plane, with homo-
geneous coordinates (x, y, z) and write the differentlal equations in
an affine plane "at infinity" where x # 0. In this affine plane use the
coordinates
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and then

.
% =-2v, V=-0-20w-v .

Now introduce a new coordinate w and consider the quadratic differential
system 1in R3,

. .
z = - ZV, \'r=-m2w2-2hw-v2, w=20 .

The solutions of this enlarged differentisl system, in the plane w = 1,
are solutions for the harmonic osclllator.

§4. REAL COMMUTATIVE ALGEBRAS OF DIMENSION TWO

LEMMA. Let ¥ be a real 2-dimensional commutative
linear algebra. If % does not contain a (non-zero)
nilpotent element with square zero, then W con-

tains an idempotent e with e . e = o # O.
PROOF. For some basis wu,, u, of w we have

=a1

u, e u 11

1 2 1 2
1 u, + a®u y Uy ot Uy = AU+ BTLU, Uy o Uy = BooUy + 85,Us.

1 1172

If a$1 = 0, then 9.11 # 0 and take

_ 1
o= Y,
11
which is idempotent. If 5.122 = 0, then agz # 0 and one could take

which is 1dempotent.

Thus suppose 311 40 a.nd 322 # 0. Consider the real cubic
polynomial a22x3 + (29.12 - 9’22)" + (a11 - 2a12)x - aff‘ This has a

real non-zero root Xxge. Thus

+8.]

2 1
+ 2a ”] o

2 2 2
+ 2a;,X + & 220 12X°

o2
852% 12%0 11""[a

2 2 2 2 1.2 1 1
Ir a5p%g + 285X, + &, =a.22°+2312x + 85, = 0, then E u, +x°u2

is nilpotent which is i.mpossible. Then E « E = AE where
A= a.11 + 25‘12x + 9,22 5 2 / 0. Define the idempotent e = 1/ E. Q.E.D.
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We first classify the quadratic differential systems in the plane
where the origin 1s not an 1solated critical point. Here the related alge-
bra contalns a non-zero nilpotent element with zero square, that is, a
nilpotent of index two.

THEOREM 6. There are ten (types of) real commutative
2-dimensional algebras which contain a nilpotent of
index two.

1) e, e =0, 0, e, =0, e «6,=0

2) o) v @ =0,0; ;=00 *e,=¢6

3) @, € =0, 0, 6,=0,08 +06,=0 +6,

b) ey c e =0, e, c0y=0,0,"0,=6

5) e, e =0, +e,=0,0,0,=6

6) e, - e, =0,e e, =0, 6, 6,=ke,, real k #0
) e, e =0, e e, =08,,08,°6,=¢6 + 26

8) e, "€, =0, 8, * e, =06, € * 6,

9) e, * e =0, 8 *e, =26, 6, 6, =0

10) e, * e =0, e *e,=6, 6, 6, =ke +e, real k # 0.

The first three algebras each have a basis of nill-
potent elements of index two whereas the last seven
algebras each have just one independent nilpotent
or index two. In Cases 6) and 10) the algebras are
distinct for distinct values of the parameter k.

PROOF. First assume that the algebra has a basis of nilpotents
of index two, say e, and e,. Then we need only determine the real con-
stants ¢, d 1n

= ce, + d92 .

1" % 1
If ¢c=0,d=0 we have the first Case 1), Il ¢ =0, d # 0, then a
scalar change in e, ylelds the algebra 2). If ¢ # 0, d=0 we agaln

obtain an algebra isomorphic with 2). If ¢ # 0, d # 0 1let

and compute E, ° E, = E; + E,, which ylelds the Case 3).

The Case 1) has a zero multiplication and hence 1s different
from 2) or 3). 1In the algebras 2) and 3) the only nilpotents of Iindex 2
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are scalar multiples of e, and e,. The algebra 3) 1s distinguished from
3) by the property that the product of two indeperident nilpotents is a
nllpotent of index 2.

From now on assume that the algebra has just one independent
nilpotent e, which we take as the first vector of a basis, e, and CP
Write e, e, = Ce, + dee. If ¢=d=0, then e, +e,=0, If ¢c=0,
d # 0, replace e, by 1/d e, and then e, * e, =e,. If ¢ 40,d=0
replace e, by 1/c e, toobtaln e, *e,=e,. If ¢ #0 and d # 0
let E,; = 1/4 eys By = c/d e, + e, to obtaln E, * E, =0, E; * E, = E,.
Thus one can always select a basis €15 €5 for which €, * e = 0 and
€, * €, =0, Or e, c e, =6, Or e, * e, =@, Exactly one of these
alternatives must hold. For only in the first case does e, (which 1is
the unique nilpotent up to a scalar multiple) annihilate the algebra upon
left multiplication; in the second case e, generates a 1~dimenslonal

1deal and this 1s not so in the third alternative.

Now take a basls in the algebra ¥ with €, * € =0,
e, * e, = 0. Write e, » e, = fe, + ge, for real constents f, g. By
a change to a new basls, still preserving the properties €, " e = 0,
€, * ey = 0 we can always obtaln €y * €y =€, Or ©, * &, = €. These
yleld the algebras 4) and 5) sbove. They differ in that 4) contains an

l1dempotent whereas 5) does not.

Now take a basis in the algebra v with e, + e, =0,
e, * e, =e,. Take a new basis E1 = ae,, o 4 0, and E2 = ke1 + e,
so that E; - E, =0 and E; - E2 = E;. Write e, * e, = fe, + ge, and

then

. _ (e-g)r + £
E Ee———-g—a—-——E‘+gE

2 2 *

If g=0, choose @ =1, A =1/2 f which mekes E, nilpotent and this
1s not allowed here. Thus g # 0. If g # 2, we can obtain

E2 . E2 = gEe. If g =2, one obtalns either E2 . E2 = E1 + 2E2 or

E, » E, = 2E,. These yleld the algebras 6) and 7) above. The algebra 7)
has no 1-dimensional subalgebra, other than that generated by a nilpotent
element, and so 7) is different from every algebra in 6). If k =2 in
6) then every element generates a 1-dimensional algebra whereas 1if

k # 2 there 1s only one (up to scalar multiples) non-nilpotent element
which generates a 1-dimensional subalgebra. Now consider the Case 6)
with k # 2. Here the 1-dimensional space generated by e, is dis-
tinguished. But then e; * &, = &, normalizes e, S0 that k 1s an
invariant of the algebra and distinct values of k determine non-iso-
morphic algebras.
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Finally take & basis in ¥ corresponding to the third alterna-
tive:

©y *€ =0, & *e,=06, .
Write e, * e, = fe, + ge,. Replace e, by E, = ue,, # 0. Then

E, * B, = u2r91 + ugE,e If g =0, ve can obtain algebras 8) or 9).
If g # 0, we obtain algebra 10). In this last case we exclude k = 0
since this ylelds an algebra with a basls of nllpotents.

In the algebras 8), 9) and 10) the idempotents ae, each de-
fine a linear transformation upon multiplication of % . Moreover only
e, produces an eigenvalue of + 1 and that for the elgenvectors be,,
b # 0. Thus if there is an isomorphism of algebra 8) onto 9) or 10)
it must carry e, to e, and e, to be,. Thls distingulshes between
algebras 8), 9), and 10). Also for distinct values of k 1in the alge-
bras 10) we obtain non-isomorphic algebras. Q.E.D.

The only algebras occurring in this Theorem 6 which are associ-
ative are 1), 4), 5), and 6), for k = . The algebra 6) for k = 2 1s
power assoclative and all the remaining algebras of Theorem 6 are not
power assoclative. The necessary and sufficient condition for the power
assoclativity of real commutative algebras 1s the identilty x° « x% =
(x2 « x) » x, cf. [1], and a direct computation ylelds the desired
result.

THEOREM 7. Every real commutative 2-dimensional alge-
bra v, contalning no nilpotents of index two, and
with a basis of ldempotents, 1s lsomorphic with ex-
actly one of the following:

1) €, * € =€, 8, * 08, =06, € *e, =0

2a) €+ €, = 6,8, 6, =86, 6, e, =6,

b) €, * € =20,, 6, * €, =6,, 8, * €, =6,

c) @, * 6y =8, 6, * 6, = 6,, 8, * 6, = O,,
for 0<Ca< 1 and a> 2

3a) €, * e, =208,, 6, * 6, =Be, 6 *6, =0 +6,
with B # 0, B # 2

b) ©, * 6, = U8, 8, * €, = Boy, O, 6, = O, + O,
with a#0, a#2,8+40,B¢2, aB# b4 a+p¢ab,
and 2 < B< 2+ oy« < ~1 and on o > 2.

a

@ -1

Distinct values of the parameters yield non-isomorphic
algebras.
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PROOF. Take a basis E, and E2 of idempotents in v,
Then E1 . E2 = cE1 + dE2.
If c=d=0, we have Case 1) of the theorem.

If ¢c=0 and d # 0 write
1 -
e, = E El’ e, = E2

to obtain an algebra of the form, Case 2, &, * € =Qae;, e, * e, = 6,
€ * 8, = €5 The parameter restrictions on « will be explained later.
If c#0 and d = 0, the algebras are isomorphic to those of Case 2.

.

If c#0 and d # 0, 1let
e, = = E,, e, = é
to obtain an algebra of the form, Case 3,
e, * & =oae,, &, * €, = Bez, €, T e =e; +e, .
The condition that there are no nilpotents imposes no restriction
on Case 1, but requires o # 0 in Case 2, and o ¥ 0, B ¥ 0, ap # 4 1in
Case 3.

Next we show that no algebra of one of the above three types
1), 2), or 3) 1s 1somorphic with an algebra of & different type.

In Case 1) the only idempotents are e, and e, and their
product is zero. This characterlizes Case 1). In Case 2) the only idem-
potents are

1
a’ 61, 62,
and

é e, + (1 - %)e2 .

Here the ldempotent e, generates a 1-dimensional ideal, yet it does not
annihilate the algebra upon multiplication. Thuse Case 2) differs from
Case 1). In Case 2) we distinguish the subcases 2a) where « = 1, for
only in this case does the corresponding idempotent e, - &, also gen-
erate an ideal. Also the subcase 2b), where « = 2, 1s the only algebra
of 2) which contains just two idempotents.

In Case 3), the idempotents are
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and

Q-ﬂe s 2-0

e,
b -ap | b -oap 2

If o+ B ¢ aB, 1t 1s easy to see that no idempotent generates a 1-di-
mensional ideal. Thus Case 3) differs from 1) and 2). Finally we show
that e, * e, = ae,, 6, * 8, = B8y, &, * &, = e, + 6, With o # 0, B# 0,
ap # 4 1s an algebra of Case 2) in case o + B = aB. Here there are idem-
potents

If =2 and o+ p =0aB, then B =2 80 op =4 which 1s impossible.
Thus « # 2 and also B # 2. Compute ﬁ1 . Eg # 0. But iz generates a
1-dimensional ideal and thus we have an algebra of Case 2). The subcase

3a), o =2, 1s distingulshed in that there are just two idempotents. If

B=2 (80 «o# 2) we agailn have Case 3a).

We next study the restrictions on the parameter « in Case 2)
and (a, B) 1n Case 3), so a8 to have a unique form for each possible
algebra.

Thus consider €y € =ae, €, €, =6, € e =8, for
a#0, a# 1, a#2. Here e, 1s the unique idempotent which generates an
ideal. Using
1 2
st (1 - 5)82

and e, as a base for the algebra we find that the algebras with values «

and
o

a -1

are isomorphic and that no other value of the parameter yields an isomorphilc
algebra. Thus we pick out a single representative for each algebra of
Case 2¢) by demanding

[0

[+2
>d—1

Thus 0< @< 1 and «a > 2 enforces a one-to-one correspondence between
parameter values o and isomorphism classes of algebras in 2c).

Consider Case 3a) with « =2 (so B # 2). There are just two
ldempotents

1
and -692 .

[SIE
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The product of these ldempotents 1is
1 01 1 1
B (2 91) *3 (E 92) .
Thus isomorphic algebras in 3a) must yield the same value for

+

[N

1
]
Thus £ 1s different for different algebras. The case B = 2 (so a # 2)
is isomorphic to an algebra with o =2 and B # 2.

Now turn to Case 3b):
€, ‘61 = ey, €5 '82=562, e, -92=e1 + e,

with
a#o,aaée,e-/o,s%e,as#u,aa»a#aa.

There are three idempotents

1 _
E1=;e1, Ee"Eee’
and
E=_2_-_Ee 2-a .
3" % -ap ' b -ap 2
The table
1 1
E1'E2’§E1+§E2’
Lp kB -aBy 1
E, ¢ Eq g~ E1+aE3 R
e 1 o+ B - 0B
E,  By= 5Byt o E,

shows that the algebras of 3b) with parameter values (@, B) = (a, B),
or (B, @), or

(oo ) o (520, 0)
@+ B ~-oaf ¢+ B - ap

or

<__h__-_<19._,¢), or (8, o)

@+ p -ab o+ B -ap
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are lsomorphic. Also these are the only isomorphic parsmeter sets.

To obtain a unique parametrization of the algebras in 3b), we
must find & fundamental domain, in the («,B)-plane with the deletions
a$0, af2, BFO,BF2, apféh, a+pdap under the group generated
by the transformations

. — 4 - ap )
T: (@, ) —> ( v

R : (d, B) "‘—'> (B; d) .
We compute T° = R® = I, the identity. Also RTR = TRT. Call
Z = RT (first T then R) and z3 = I, RZ = Z°R. Thus the group con-
sists of six elements I, Z, Z°, R, ZR, and ZZR.

Use the fact that

4 - aB
o+ B - aB

1s a monotonic decreasing function of B, for each fixed a. A careful
study of the geometry of the six transformations of the group I, Z, Za, R,
ZR, Z°R shows that every allowable point of the («,B)-plane 1s equivalent
to one and only one point of the fundamental domain

2 2 +a
a -1 SPS [e1
with «o > 2, and
2 2 +
a -1 < B S a

for 2 ¢ -1. Q.E.D.

A long computation based on the identity X2« x2 = (x2 + X) - X

shows that algebras 1) and 2a) of Theorem 7 are associative but that none
of the other algebras of Theorem T are power associative.

THEOREM 8. A real commutative two-dimensional algebra
w, wilth just one ldempotent and no nilpotent elements
of index two, 1s isomorphic with exactly one of the
following:
1) e+ e =8, 8 +e,=0,0, 86, =0e +ge,

with 0¢g< 2
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2) e, + @, =©,,0, 0, =6, +6, 6, +0,=Ffe ,
with £ < -1

]

1 -
@) € *+ 8, == 65, 6, * €, = O,

3a) e, * e :

b) e, * e =¢€;, e; * 922- de,, o, * &, = €, + ge,,
with 4 # 0, g> 0, g° < (1 ~ 2d)
= . =1 =
c) e, e, =6, 6 +6,= 5 8 8 * & = -8

d) ey s ey =0 8 0, =dey 6, * 6, = - & + g8y,

with d#0, d#1, g #4d°, g <4(ea-1), g2 o.
k) e, + e =6, 8 + 6, =6, €, 6, = -0,
Distinct values of the parameters yield non-isomorphic
algebras.

PROOF. Let e, be the idempotent element of . Then there is
a basis €45 ©, in % such that exactly one of the following three
cases holds:

CASE 1: e, * & =0

CASE 2: e, * e, =68, + &,

CASE 3: e, * &, = de,, for d # 0.

To see this write e, - e, = ce, + dee. If ¢c=d=0 we have
Case 1. If c¢#0,d=0 replace e, by E, = -ce, +e, to obtain
Case 1« If ¢ =0, d # 0 we have Case 3. Finally suppose c 7 0, and

d # 0. Here replace e, by

(Lf & # 1) to obtain Case 3 again. If d =1, ¢ # O use

_ 1
Ey =3 %
to obtain Case 2. Thus every w 1lles in Case 1, 2, or 3.
Also an algebra w can fall in just one of these three cases.
For in w the element e, is distinguished as the unique idempotent.
The linear transformation T, : ¥ —> ¥ of multiplication by e, has

a null space in just Case 1. In Case 2 T, has just one independent elgen-
vector, e;. In Case 3 T, has two independent eigenvectors.

Now consider an algebra % of Case 1. We consider three sub-
cases designated by:

1A) e, * e, =ge, for g # 0
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1B) e, * e, =fe, for £>0

2
1C) e, e, =+ e +ge, for g # 0.
Suppose e; « €, =¢€,, &, * 6, =0, €, * e, = fe1 + g6, Sub-
case 1A) 1s inadmissible since 1t allows a basis of idempotents in .
If g=0, f# 0 then there are nilpotents unless f > 0. If g # 0,
f # 0 we have Case 1C), upon replacing e, by E, = If‘l'1 292'
In Case 1B) replace e, by E, = f'1/292 to obtain the result
e, e =86, e - E2 = 0, E2 . E2 = e, which 1s listed in the theorem.
In Case 1C) the possibility & * &, = =€, + ge, i1s not allowed since
it admits a basis of idempotents. Also in case e, * 8, = e, +ge,
we must have 52 < 4 to prevent a basls of idempotents. But the values
+g and - g yield isomorphic algebras under the automorphism
6, —> €y, €, —> - &, Therefore every algebra  of Case 1 1s listed
under 1) in the theorem.

It 1s easy to check that each algebra of 1) has exactly one idem-
potent and no nilpotent of index two. Also in an algebra w of 1) the
element e, 1s distinguished by e, * e, = e,. Also the subspace Ae,
is the null space of T,, wmultiplication by e,. The condition
e, * 6, = 6, + ge, fixes the palr {e,, - €,). But then the restriction
g > 0 shows that no algebra in 1) corresponds to two distinct admissible
values of g.

Now consider Case 2), e, * €, = €,, &, * e, = € + ey,
6, * e, = fe, + ge,. If g # 0 we replace e, by
- -8
E, s C1 V%

to obtain e, e, =6, e ° E2 = e, + Ez’ E2 . E2 = he1. Therefore we
can always take g = 0 1in Case 2. If f > - 1 there are two independent
idempotents in % and so we are lead to the Case 2) listed in the theorem.

Each algebra w of Case 2) has no nilpotent of index two and
only one ldempotent. In an algebra w of 2) the element e, is dis-
tinguished by e, * e, = &,. The affine space [e2 + ae1) is distinguished
by the relatlon e, * e, = e; + €, But the only member of {e2 + ae1l
whose square 1s a scalar multiple of e, 1s €y which is thereby dis-
tinguished in ¥. Thus distinct values of f yleld non-isomorphic alge-
bras in Case 2).

Now consider Case 3, €, " e =€, € e, = deg,
e, * e, = fe, + ge,, with d # 0., If £ =0 there 1s either a nilpotent
of index two or two idempotents in W so we must have f # 0. Replace

e, by E, = |f|'1/2e2 and thereby we can assume that f = + 1 or
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f = - 1. PFurther we separate the case where the operator '1'1 s of malti-
plication by e,, 1s the identity, that 1s d = 1. We are then lead to
three subcases of 3:

I) e; e =0, e ce, =08, 0,0, =+, +ge,

II) e, * 8, =6, 0 *+0,=de, 6, * 8, =0, + go,,

d¥0,d+¢1
III) e, * e, =6, &, e, =de,, 6, * 6, = ~ 0, + gO,,
d#0,d¢#1.

An algebra % of Case 3 has a distinguished element e, with
€, * & =10, Thus the operator '1‘ is an s.lgebraic invariant and in
3I) 1t 1s the identity. Case 3 II) 1s distinguished from 3 III) in that
the eigenvector e, has a square with e, - e, = e, + go,, instead of
6, * 6, = - 0, + g0y

In 3 I) the possibility e, « e, = e, + go, 1s eliminated since
such an algebra always has a basis of idempotents. Also the possibility
e, * &, = - 8, + go, 1s restricted since if 32 = 4 there are nilpotents
whereas if > 4 there are two ldempotents.

Thus take 32 < 4 and define new basis vectors E1 = e

E, = %o, + ne, where u> 0 and A are defined by

2

1"'225: Ha" t

Then one computes directly E, - E,=E, E, + B, =E,, E, E2 = - E,,
which is algebra 4) in the theorem. This algebra is the complex numbers.
We next show that in 3 II) the admissible values of the pa.ra,-
metersa.re g < 4(n -2d) and g=0,d=—. Use (ae, +ae2) =
(@ + 8 )e1 + (20Bd + B g)e2 to show that there are neither nilpotent.s
nor idempotents, with B # 0, for g < 4(1 - 2d). But if g > (1 - 2d)
then there are two idempotents and so this 1s not admissible. If
2 = 4(1 - 2d) there are two idempotents in  unless g =0, d = % .
Now the interchange of e, and - e, replaces g by -g and so we can
take g > 0. Thus algebras of 3 II) are those of Cases 3a) and 3b) in
the theorem.

In Case 3b) the arithmetical condition g° < 4(1 - 2d) shows
that d # 1, d ¥ 4 . Thus 3a) 1s different from any algebra in 3b). In
an algebra ¥ Of 3b) we can distinguish the idempotent e,, then the
pair (e, - ©,) Dby e, * €, = e, + g,. Since g 0 there is just
one algebra for each admissible parameter value.

Next consider the cases 3 III). We shall show that the admissible
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values are exactly those where d # 0, d ¢ 1, g # + 2d, 32 < 4(2d - 1) and
also g=0, d = % . Use (ae, + eea)2 = (a2 - Bz)e1 + (2aBd + ﬂag)ea.
Since g # + 2d, there are no nilpotents of index two. Since

32 < k(2d -1), or g=0,4d-= % , there are no idempotents other than
€.+ Now suppose d # 0, 4 # 1 but 32 = 4d® or 32 > k(2d - 1) (ex-
cepting g = 0, d = %). Ir 32 = 43% there are nilpotents of index two.
Ir 32 > 4(2d - 1) then there are idempotents other than LA (provided
we exempt g = 0, d = %). Therefore we have the algebras of Cases 3c) and
3d) in the theorem.

Finally we must note that two parameter values in 3d) defins
non-isomorphic algebras. For such an algebra w first distinguish the
idempotent e,, then the eigenspace of e,, then the pair [92, - ee).
Interchanging e, and - e, replaces g by - g and since g 0
there 1s a unique algebra for each admissible parameter value. Q. E. D.

Only the algebra 4) in Theorem 8 is associative. Moreover none
of the other of these algebras in Theorem 8 13 even power assoclative.

In Theorems 6, 7, and 8 we have found all real commutative alge-
bras of dimension two. An interesting by-product of our classification
1s the following result.

COROLLARY. The only real commutatlve two-dlmensional
algebra which is power assoclative, yet not associ-
atlve 1s:

= 0 e, * e, = 2e

e, *e, =0,e e 2 2

2 1?7 "2
This 1s a Jordan algebra, that 1s, 1t satisfies the

identity (wh? = u(vu?).

§5. QUALITATIVE BEHAVIOR OF QUADRATIC DIFFERENTIAL
EQUATIONS IN THE AFFINE PLANE

We shall study the topological behavior of the solution curve
familites for quadratic differential systems in the plane, with an isolated
critical point at the origin. Thus we shall utillze the algebras listed
in Theorems 7 and 8.

Consider the algebra 1) of Theorem 7:

8, * 0, =6,,6, 0,286, 0, 6, =0 .

This corresponds to the quadratic differential system
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x=x, §=3° .

Corresponding to the three idempotents €5 ©; + 8, and e, there are
three lines through the origin which define solution curves. The compu-
tation

R e A R

X"+ 7

where 8 = arctan y/x, displays these ragy solutions along the lines
X=0,y=0, and y-x = 0. We designate a ray solution by + if the
raedial velocity is positive and - 1f the radial veloclty 1s negative.
For each sector between the ray solutions we write an arrow to the right
—> 1if the angular velocity is positive and an arrow to the left <—
if the angular velocity is negative. Thus the differential system

;f=x2: §=Y2

1s represented by the combinatorial scheme
DAt =D s D e - —>

where the first + (in the order of reeding left to right) represents the
positive half-axis solution.

The combinatorial scheme of each quadratic differential system,
with an isolated critical point and a finlte number of solution rays in
the plane, 1s defined similarly. The combinatorlal scheme is only speci-
fied up to a cyclic ordering; thus

e i Tk eI P

also represents
x=x%, y=3° .

DEFINITION. Two quadratic differential systems, t), and 0’2’
with isolated critical points in the plane, are called geometrically
equivalent in case (‘,’1 has the same cyclic combinatorial scheme as Py
or as (), transformed by an orlentation reversing reflection.

DEFINITION. Two autonomous differential systems S, eand Sy
on a differentisble manifold M" are called topologically equivalent in
case there exists a homeomorphism of the M® onto itself carrying each
critical point of (31 onto one of 85 and each directed (but non-
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parametrized) solution curve of cﬂ onto one of §2, and conversely
carrying the solution curves of Sp onto those of 51 . If M 1s
orientable and the homeomorphism 1is orilentation preserving, then J
and J, are o-topologically equlvalent.

1

LEMMA. Let (‘,71 and ¢, be quadratic differential
systems, wilth 1solated critical points and finitely
many ray solutions in the affine plane. Let o, and
o, be their corresponding cyclic combinatorial schemes,
as above. Then ¢, and ¢, are o-topologically
equlvalent 1f % and o, are the same.

PROOF. This is an immediate consequence of the general theory
of separatrix configurations developed in Theorem 7.1 of [14]. Q.E.D.

It should be noted that topologlcally equivalent differential
systems can fall to be equivalent under a differentiable homeomorphism.

THEOREM 9. Each quadratic differential system, with
an isolated critical point in the affine plane, 1s
geometrically equlvalent to exactly one of the
following six differential systems:

I. x =x%, § =y° which represent Cases 1), 2a),

2¢), and 3b) for > 2, 0K B <K 2, % = aB < O,
and 3b) for @< -1, =1 < B < 0 1in Theorem 7.

II. x = 3x° + 2xy, § = y° + 2xy, which represents

Cases 3b) for > 2, 0 B< 2, ¥ —ap > 0, and
3b) for @< -1, 0< B < 1, 1in Theorem 7.

IIT. % = 2x° + 2Xy, ¥ = - y° + 2xy, which represents
Cases 2b), 3a) for B < 0, and 3a) for B > 2,
in Theorem 7.

IV. % = 2x2 + 2xy, ¥ = y° + 2xy, which represents
Cases 3a) for 0< B < 2 in Theorem 7.

All of the above have four or six directions of
approach to the origin, and next there are systems
with just two directions of approach.

V. % =2x°+753°, ¥ =y° which represents Cases 1),

3a), and 3b) of Theorem 8.

VI. % =x% - 2y% + 2xy, § = 2xy which represents

Cases 2), 3¢), 3d) and 4) of Theorem 8.
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By examination of

=Z&‘I__E2' )
X+ 5

we sketch the solution curves and find the schemes for the quadratic
differential systems as follows.

In Theorem
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2b)
2c)

3a)

3b)
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In Theorem 8, we find
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An examination of these combinatorial schemes, and those corre-
sponding to the above differential systems after an orilentation reversing

mp X —> - X, §y—>,
in the theorem.

Q.E.D.

yields the geometrical classification stated

A necessary and sufficient condition that quadratic differential
with 1solated critical points in the plane, be
topologically equivalent is that they have the same separatrix configura-
An examination of Figures I through VI shows that I and

equations @,

and (?2’

tions, cf. [14].
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QUADRATIC DIFFERENTIAL EQUATIONS 209

III are topologically equivalent and also II and IV are topologically
equivalent. Thus there are only four topologically different planar
quadratic differential systems having isolated critical points.

§6. QUADRATIC DIFFERENTIAL EQUATIONS AND LINE
ELEMENT FIELDS IN REAL PROJECTIVE SPACE

Consider a quadratic differential system in the affine n-space

4 n
Q) %= Z afj‘lgcjxk 1=1,2, o) N
Jak=1

Now ¢ defines a non-directed line-element field £ 1in R%, with the
critical points of (¢ deleted. We shall only consider ¢ with isolated
critical points in R® in this section.

Now £ can be extended to a unique differentiable line element
field on the real projective space P?, with a minimal set of critical
points occurring on the Pn"1 at infinity. We define linear equivalence
of two line-element filelds ,£° and L5 On R® , and topological equlva-
lence of f1 and £, on either R* or PP just as was done for
differential systems (except that here the solution curves have no direction
or sense).

THEOREM 10. let ¢, and @, be quadratic differ-
entlal systems, with isolated critical points in R™.
Let the corresponding line-element flelds be £,

and £, in R If ¢, and @, are linearly
equiva.lent in R® , ‘then so are £, and ,L”a. Con~-
versely if ., and £, are linearly equivalent
in Rn then @, is linea.rly equivalent to (,72 ’
or to the quadrs.tic differential system c¢ ¢, ob-
tained by multiplying each coefficlent of ¢, by
the fixed positive number c.

PROOF. If ¢, and ¢, are linearly equivalent in R%, then
certalnly .&, and £, are linearly equivalent in R%.

Next suppose that after a linear transformation of R%, .£,
coincides with .C,. Then there are two quadratic differential systems

9s) - i), 1=1,2 wen ,
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and the transform of ¢@,, say
) - Mo, 1=1,2 weeyn ,

which yleld the same line-element field. Therefore Pi(x) - x(x)?’i(x)
where A(x) # 0 in R™ - {0), the space R® with the origin deleted.
Since

n n
A(x)2 = Z Pt (x))2 Z 2,
11 1=1

we see that A(x) 1s a real anslytic function on R - {0}. By the
identity theorem for power series, A(x) 1s a constant in a neighborhood
of each point and 1s therefore everywhere constant in R® - (0). Thus
Mx) = g

Since ¢, and - ¢, are linearly equivalent, we can take
Ag = C> 0. Q.E.D.

THEOREM 11. Let ¢, and ¢, be quadratic differ-

ential systems, with isolated critical points in R™.

Let £, and Ly be the corresponding line-element

fields in the resl projective space P". If ?, and

9, are linearly equivealent in Rn, then 1’1 and

£, are topologically equivalent in P".

PROOF. A linear transformation of R onto itself can be ex-
tended to a projective transformation of P® onto 1tself. This pro-
jective transformation is a homeomorphism of P! onto itself which carries
the solution curves of ,L°1 onto those of .£,, since £ 1sa unique
extention of ¢. Q.E.D.

It may happen that a topological equivalence of 1”1 and 1“2
in R® can not be extended to & topological equivalent in PR, We shall
not classify line-element flelds in P"%; not even in the projective plane

§7. QUADRATIC DIFFERENTIAL EQUATIONS IN 3-SPACE R3

We shall only investigate real commutative 3-dimensional algebras
which are the direct product of a 2-dimensional algebra and the real numbers
Re :

REMARK. Let u be a real commutative 2-dimensional algebra
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THE LINE-ELEMENT FIELD FOR % = x°, ¥ = y° IN P?

N

\o

FIGURE VII

and R the real numbers. Then % X R contains a nilpotent of index two
1f and only if % does. This 1s easily seen from the multiplication
(695 ) + (ops 2y) = (8y + &5, M2y) In w xR.

THEOREM 12. Let ¥, and v, be real commutative
2-dimensional algebras contailning no nilpotents of
index two. Then %y X R 1s lsomorphic with

Ap X R If and only 1f o, is isomorphic with % ,.

PROOF. Assume A, X R 1s isomorphic with Ay X Re. Now n,
(or %, x 1) 1s a 2-dimensional ideal in ¥, X R. We shall consider
the image w{ of in %, X Re

Let €45 Oy ©5 be a basis for Ay X R such that e, e, are
a basis for %Aye Take eo,, €, 80 that «, has one of the canonical
forms for commutative 2-dimensional algebras found in Theorems 7 and 8,
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and also demand 91063-02'93-0,93'63-83-
Ir ”ny and %, are each i1somorphic with the algebra ¢,
having a basis of orthogonal idempotents (algebra 1) in Theorem T7), then

the theorem holds.

Consider the 2-dimensional subalgebra ¥ 1n %, X R. If
911' = Ay X ey the theorem holds. Otherwlse choose a basis

u=ae, +Pe, + 7e; and v = te, + ne, + teg of 9[]'. Since w{ 1s
an ideal u + 63 = 763 must lle in 9(1'. Then

1) 7 = ¢ = 0 in which case 2'11’ = %, and the theorem holds,
or

2) v 40 (or ¢t #0) and e; 1sin alt.
1

In the second case choose a basis W = le, + ue, and o3 for ¥ 1 In
fact W+ w=vw for some real v # 0, S0 %] ¥ ¢. In this case

9[1'&'(5,

Now repeat the argument for the image 912' of w 2 in Ay X R
to show that either ¥ ) = %, x1 orelse ¥, ¥ ¢ . In any case
w, ¥ uye Q.E.D.

Thus we have constructed an infinite class of quadratic differ-
entlal systems in R3, with lsolated critical points, such that no two
of them are linearly equivalent.
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IX. SUR UNE PROPRIETE DE L!'ENSEMELE DES TRAJECTOIRES
BORNEES DE CERTAINS SYSTEMES DYNAMIQUES

Georges Reeb

Nous exposerons le remarque (cf. théoréme 1) qui falt l'objet
de la présente note sur un cas particulier, les généralisations dont cette
remarque est susceptible étant immédiates.

Considérons la variété a bord Sy, x1I (o0 I est l'intervalle
[-1+1] et o0 B, est la sphére & n dimensions munie de la structure
d'espace de Riemann usuelle) et désignons par E un champ de vecteurs
sur 8, x I (de classe C,) vérifiant les propriétés suivantes:

(1) E ne s'annule en asucun point de Sn x I.
(11) Sur 8, x (-~ 1] le champ E est dirigé vers 1'intérieur
de 8, x I, tandis que sur S, x {1] 1l est dirigé vers

l'extérieur de S, x I.

I1 est clalr que de tels champs E exlstent. Parml les trajectolres de E
nous pouvons distinguer les trajectolres entrantes (c. & d. celles qui
rencontrent S, x (- 1)) et les trajectoires sortantes (celles qui
recontrent S, x (1}). Désignons la réunion des trajectoires entrantes
par R et la réunion des trajectoilres sortantes par S. Les ensembles 3
et R sont ouverts et homéomorphes & S, x [0, 1] si S NR=82.

Nous désignerons par H 1'hypothése suivante:
(H) SNR=98 .

Le complémentaire compact de S N R est noté A. L'ensemble A mérité
d'étre appelé l'ensemble des trajectoires bornées de E.

81 H est vérifiée, l'ensemble A jouit d'un certain nombre
de proprid&tés dont voici quelques unes des plus importantes:

(1) H(A) = H(8,) (en homologle de fech)

215
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(La propriété (1) est évidente si on remarque que S et R sont homéo-
morphes & Sn X [0, 1] et que 1l'homologle de Sn/A vérifie 1l'excision
compléte ).

(2) 1' ensemble A admet des transformations, homotopes &
1'identité, sans points fixes.

(La propritétd (2) est é&vidente pulsque A est un ensemble
de trajectoires bornées).

La remarque que nous avons en vue résulte de (1) et (2):

THEOREME 1. S1 n est palr et s1 H est vérifiée, alors
A n'est pas homéomorphe & un polyédre, ni localement
connexe.

En effet s1 A étalt localement connexe le théoréme de points
fixes lul serailt applicables donc X(A) = 0 et 11 y auralt contradiction
avec X(A) = X(Sn) = 2.

Le théoréme met en évidence une propriété topologique de A,
assez intéressante sous réserve d'établir les deux points sulvants:

(1) H est vérifiée par certains champs E méme si
n est pair.
(11) si n est impair, 1l'ensemble A peut-8tre un polyédre.

Nous allons maintenant construire deux exemples qul apporteront la preuve
de ces deux points.

1. Exemple montrant que sl n est impalr i1 se peut
que A soit un polyédre

Un tel example est trds facile & fabriquer et correspond & un
phénoméne bilen familier. Solt u un champ de vecteurs de classe C1 sur
8,» ne s'annulant en aucun point de S8,. On définira E(x, t) par ses
deux composantes dans S, x I, & savoir:

E(x, t) = [u(x), It]1 .
Ici l'ensemble A se réduit & S, x (0].

2. Exemple montrant que H peut-étre vérifiée
méme si n est pair

Nous allons décrire cet exemple dans le cas particulier ou
n = 2, le cas géndral pouvant 8tre calquéd assez simplement sur le cas ol
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n = 2. A cet effect on considdrera S, x I comme 1'espace obtenu en
recollant convenablement (le bord S, x (1) étant recollé sur 3, X (-1})
quatre exemplaires de 82 x I; nous définirons E dans chacun de ces
exemplaires, d'ou le champ E total.

Mals au préalsble introduisons dans 3, un axe polaire et un
systdme de coordonndes sphériques (e latitude, ¢ longitude). Les
calottes définies par

1<ogFet-F5<0g -1

seront désignées respectivement par Ty et rys la zone -1 6<1
est notée B. On désignera par e le champ de vecteurs de composantes
(o, cos 8); ce champ est analytique et admet les paralléles de 8, comme
lignes intégrales. Une rotatlon de g autour d'un diamétre équatorial
de S, transformera les coordonndes (68, ¢) et les éléments Tos Ty
B, e en nouveau systdme de coordonndes et de nouveaux é1léments qui seront
notés (9, @), T‘o, F1, B, 8. Nous définissons maintenant E dans les

quatres exemplaires de 32 x It
(1) Premier exemplaire:

Les composantes de E sont:

(e -t) s1 (e, ) € B

or !
(egr (1 -t)+ (8 -1) 81 (e, @) €Ty

(egr (1 - t) - (8 +1))s1 (o ®)er, -

On remarque que sur 3, X {- 1) 1e champ E est dirigé vers l'intérieur de
S, X I. Les trajectoires de E ne traversent pas B x {1] mals elles
traversent T, x {1} et T, X (1.

(11) Deuxléme exemplalre:
Les cowmposantes de E sont:

(eoi%z: ‘P‘";—l) si (9) Q’)EB .

(0o L15ED), ((1+8) + (0 - 1)) LB 1Lty a1 (o, 9) T

-t 1-t, 1+t
(0o {8, (1 + ) - (v 1) I=F+ I22) 51 (0, @) ey

On remarquera que t = 1 implique E(x, 1) = (o, 1)
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(111) Troisidme exemplaire:

((t+1) e, 25E) s1 (5,5 B

(b +1) e, I5E 4 (B-1)00 +8)) s1 (5, 8) er,

((E+1) e, 2ot (5+ 1) +1t)) 81 (5 ) er,

(1v) Quatriéme exemplaire:

(201,t;1) si (8, ) ¢ B
(204, 2(8 - 1) + (t + 1)) s1 (8, ) ¢ T

(20,, = 2(8 + 1)+ (£ +1)) 8L (5, §) T, .

Le champ E que nous venons de définir n'est pas exactement de
classe C, (en effet sur les zones de recollement et sur B n (r, U 1"1) x I)
le champ E est seulement de classe Co). Cependant notre exemple
conserve sa valeur démonstrative; il serait d'allleurs faclle, en
modifiant 1égdrement les définitions analytiques, de donner effectivement
un exemple de classe C_ (Voir également la derniére phase de cette note).

Pour volr que notre exemple &tablit effectivement la propridté
voulue 11 suffit de remarquer que les trajectoires de E qul entrent
par B x {- 1} sont arretées dds le bord du premier exemplaire de 8, x I,
tandis que les trajectoires qui entrent par (I‘o u I‘1) x {- 1) traversent
les deux premiers exemplaires de Se x I mais sont arretées au bord du
troisiéme (parce que les calottes r, et r, ont 8t8 choisies suffisamment
petites).

I1 reste une dernidre remarque: les exemples ci-dessus sont
peut-etre critiquables parce qu'une 1égdre modification de E peut
entrainer la non-validité de H; on peut facilement parer & ce dernier
inconvénient comme le suggdre dans le cas ol n est impair 1'example du
champ:

1 1
(u(x)t, (t + -é')(t - -2-)) .
31 n est palr on peut &galement falre une construction analogue. Cette
dernidre remarque, combinde avec le thdordme d'approximation de Welierstrass

établit le falt sulvant: le théordme 1 reste valable méme si le champ E
est supposé analytique.




X. ON LAGRANGE STABLE MOTIONS IN THE NEIGHBORHOOD
OF CRITICAL POINTS

Pinchas Mendelson

1. We consider an autonomous system of ordinary diffeerential
equations

axy
(1.1) rrall fi(x1, P xn) , (L =1, 2, eesy n) ,
defined in some region @ 1in the n-dimensional Euclidean space E® and
having a unique solution there.

We shall employ the standard vector notation: the n-tuplet
(X,, seey X ) will be denoted by x.
1 n

Let P be a point of a. The (unique) trajectory or orbit, of
system (1.1), which passes through P, 1s denoted by TI'p; 1ts para-
metrization by (the time) t 1is assumed to be chosen in such a way that
rp(0) = P. The positive semi-orbit {rp(t) | t > 0) and the negative

semi-orbit (rp(t) | t < 0) are designated by rp and Ty, respectively.

Let © be an open subset of o and let H(w) be the boundary
of o in 0. Apoint p e H(w) 1s sald to be a point of egress from the
set o (with respect to the system (1.1) and the set a) 1if there exists
an 79, > 0 such that I‘P(t) € o for all - gy < t< 0. If, moreover,
there exists an 1, > 0 such that I‘P(t) e -® forall 0< t< oo
then P 1s sald to be a point of strict egress from o.

Consider w fixed. The set of all points of egress from o will
be called E. The set of all points of strict egress from o« will be
called E'. Clearly E'( E.

If Pew and r;q ®, then I‘; must intersect E(C H(w); we
denote the first such point of intersection by ¥ (note that the open arc
of the semi-orbit TI'j between P and P 1s contained in ).

2. The following theorem, due to T. WaZewski ([3], [4]) will be
used in the sequel:

219
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THEOREM (T. Wazewskl). Let every point of egress from
o (with respect to the system (1.1) and the set )
be a point of strict egress, and let a certain set 2
satlsfy the following conditions:

(1) zCw UE
(2.1) (11) Z N E 1s a deformation retract of E
(111) 2 n E 1s not a deformation retract of 2,

then there exists a point Po € ® N 2 such that
+
roC  we
Po
The above theorem, sometimes referred to as Wazewski's principle,
was formulated by A. P118 [2] in a somewhat more general form. His state-
ment of the principle is as follows:

THEOREM (A. P11§). Let E = E° and let certaln sets

Z, E, satisfy the following conditions:
1

(1) E,CE
(2.2) (11) 2C 0w UE, Z+ ¢
(111) E, 1s not a quasi-isotopic deformation re-
tract' of ZUE, 1In oUE,

then there exists a point P, € o N Z such that
elther I‘;OC @ or '1\"0 ¢ E-E,.

The results contalned in this note will be obtained by a sultable
application of Wafewski's principle in the nelghborhood of an 1solated
critical point of system (1.1).

3. Let ¢ Dbe a system such as (1.1) and let 0 ¢ @ be a (not
necessarily isolated) critical point of ¢. Let o be an open topological
n-sphere containing O 1in its interlor; we assume o swall enough so

" let I denote the closed unit interval (0, 1]. A set A 1s a quasi-
1sotopic deformation retract of a set B 1n the topological space E 1if
there exists a continuous mapping ¢ : B x I ~—> E having the following
properties:

(1) (P, 0) =P forall P eB.
(11) o(P, 8) =P forall PeA and any 0K s 1.
(111) o(P, 1) e A for all P ¢ B.

(1v) ¢4 : B—~> E defined by 9,(P) = 9(P, 8), P ¢ B,
8 fixed, 1s a homeomorphism for all 0< 8 < 1.
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that o( 9. The sets E( H(w) and E'C H(w) are comprised, as above,
of the points of egress and the points of strict egress from o,
respectively.

THEOREM. The equality E = E* is a sufficient con-
dition for the existence of a semi-orbit (other than
0) wholly contained in w.

. PROOF. We always have E C E. If E 18 empty the equality
E = E holds trdivially. In this case it follows from the definition of
E that no motion which starts in o can intersect H(w) when continued
in the positive direction. In other words, every orbit which passes
through a point Q ¢ o satlsfles r‘éc @,

Similarly, if H(e) - E is empty and E = E', every point of
H(w) 1s a point of strict egress from o; therefore no motion which
starts in o can intersect H(w) when continued in the negative direc-
tion. Every orbit which passes through Q ¢ o satisfies I‘-QC .

We may therefore assume that E = E' 1sa non-empty proper sub-
set of H(w).

The set E may be connected, or it may be disconnected; in the
latter case we denote its components by E, where & ranges over some
index set % . We shall treat'these cases separately.

Suppose first that E 1s disconnected. Then E = Uaesx Ea and
the cardinality of u 1s at least 2.

Let P Dbe any point of o other than 0. Let P, be an
arbitrary point of E, and let =, be a polygonal path with the following
properties:

(1) xy has P for its Initial point and P, for its
terminal point.
(11) The set =,, except for its terminal point P,, is

contained in o - O.

Let 2 = Uy 4(n, UE,). Clearly the set Z 1s connected. Further-
more, it follows from the above construction that Z N E = Ua - Ea
and that O ¢ Z. ‘

Thus Z N E = E 1s (trivially) a deformation retract of E. On
the other hand, Z N E — being disconnected — 1is clearly not a deforma-
tion retract of 2, which 1s connected. WazZewski's theorem may therefore
be applied to the set Z and we conclude that there exists a point Qe 2
such that the semi orbit r‘a( w. This completes the proof in the case
vhen E 1s disconnected.
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Assume next that E has only one component. Let P be an
arbitrary point of E. Let Hy(0) be the surface of a sphere of radius
8 and center 0; & is assumed small enough 80 that Hg(0)C w. Let =
be a polygonal path with the following properties:

(1) The initial point of = 1s on Hg(0); 1ts terminal
point is P,

(11) The set =n, except for its terminal point P is
contained in o - O.

Let Z=H5(O)UxUE. Clearly ZNE=E and Z ¢ ¢. Let
®, = ® - O. Then H(w,) = H(w) U O. Since O 1s a critical point, O
is not & point of egress from w, (with respect to the system ¢ and-
the set 8). Hence the set E'!' of points of egress from o, 1s identical
with the set E. Clearly E, as a consequence of the Jordan-Brouwer
Separation Theorem, 1s not & quasi-isotopic deformation retract of Z U E
in o, UE. Conditions (2.2) are satisfled, with E, = E; there exists
apoint Q € oy N Z such that r‘ C o, ( we This completes the proof
of the theorem.

We recall that a trajectory r‘P 1s said to be positively stable
in the sense of Lagrange, or simply L*-stable if 1‘P 1s compact; 1t 1s
L -stable 1if I‘P 1s compact. Thus the theorem proved above furnishes a
sufficlent condition for the existence of an L' or L™-stable motion in
the neighborhood of the critical point 0. It 18 of interest to contrast
this local condition with the global one derived by the author [1], namely
that the system ¢ have no improper saddle poi.ntse-

4., 1In the event that system (1.1) 1s of class 0% we can em-
ploy the theorem proved above to derive sufficient conditions, expressed
analytically, for the existence of Lagrange stable motlons in the nelghbor-
hood of the critical point 0. The particular analytical expressions ob-
talned will depend on the cholce of the set w. Two examples will be worked
out by way of 1llustration.

(4.1) Let o be the open sphere of radius A and center O.

The system ¢ 1is said to have an improper saddle po:Lnt i1f there exists
a sequence of points C 2 and two sequences (1 {t,} of real

n
numbers satisfying the followj_ng conditions:
(1) o< <ty n=1,2, ) &

(11) 5, —> + = as n—> + o,
(111) Py—> P e 8 88 n—> + =,
(1v) rPn(tn) —> Q€N a8 n—> + w,
(v) (rp (7)) has no limit point in @.
n
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We assume, without loss of generality, that O 1s at the origin. Iet

p = (x$ + oeee + xﬁ)‘/e. The condition E = E* means that every point of
egress from o 1s a point of strict egress; in other words, p = p(t)
along any orbit which intersects ® cannot have a relative maximm on the
surface p = A. This, in turn, is certainly the case if for every

P ¢ H(w) such that:
(a) P 1is not a critical point; and

) | =o,
dt |P
2
we would have d—% |P > 0. In fact, this last statement 1s actually stronger
d

than the statement E = E' and could be weakened somewhat if necessary.
In terms of the notation employed for system (1.1) we have:

2 g 2
(ket11) p° = Z X3
1=1
d n
o 1
(ke12) 5123 =p = y Z xifi
1=1
n n
2 of
d7p o w1 2 1 Y .
(“-u‘3) d_tg P o < Z fi + z s;j- fin [ )
1=1 1,§=1

Thus the sufficient condition under consideration obtains the following
form:

COROLLARY 1. Iet A > 0 be arbitrary. If for every
regular point P(X,, +ss, X ) = P(X) such that

n
gV
1=1

and at which
n

ob = ) EfyE -0,
1=1
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there holds the inequality

n _ n _ _ ari

(ha14) PREACIEIDNNE X M) &-—l >0,
1 Iz
=1 1, =1

then there exists a semi-orbit wholly contained in
the open sphere of radius A and center O.

(4.2) Next let o be an open box with sides parallel to the
coordinate axes; 1.e., the open set defined by the inequalities
=M <Xy < Byp M >0 uy >0, (L =1, ¢os, n)e Following the same line
of reasoning as in (4.1) we obtain

COROLLARY 2. Let Ay > 0, py > 0, (L =1, eee, n),
be arbitrary. If for every regular point P(iv eoey
%) = P(X) 1lying on the 1®M face of the

boundary of o (i.e., such that J'Ei ==y

or ii = “1) at which fi(’-‘v cee, in) = 0,

there holds the inequality

35
i
(k.21) Z%fi)o’
J=1

then there exists a seml-orbit wholly contained with-
in the box - Ay < x3 <y, (L =1, oo, n)e

Other topologically equivalent cholces of « will result in
sti1ll further analytical expressions for the above sufficilent condition.

Columbia University
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XI. THE LOCAL THEORY OF PIECEWISE CONTINUOUS
DIFFERENTTAL EQUATIONS

I. IDEAL SYSTEMS °
J. André and P. Seibert
INTRODUCTION

The theory aof automatic control, which is an important field of
modern engineering, gave rise to the investigzation of a class of differ-
ential equations which, until very recently, have not been studied by
mathematicians; these equations involve plecewise continuous functions.
Among the previous contributions to the subject we mention a paper of
Solncev [10] which glves a stability theory for two-dimensional piece-
wise continuous systems, the monograph of Fliigge-Lotz [5] who investigates
various plecewlse linear systems and stresses mainly the engineering point
of view, two notes by the authors [1a], [1b] concerned with n-dimensional
plecewise linear systems, a number of recent papers on the problem of
optimal control (e.g., those of Bellman, Glicksberg, Gross [2], Boltyanskil,
Gamkrelidze, Pontryagin [3], [6], [9], Krasovskil [8], Bushaw [4]), and
a paper of Krasovskil [7] on stability in the large of piecewlse continuous
systems.

The present paper gives a generalization of the two above-mentioned
notes by the authors. The systems under consideration are plecewlse of
type ¢® and the set of discontinuity is assumed to consist of certain
hypersurfaces of class c3. The latter are called the "switching spaces"
of the system, their points "switching po:Lnts".1 The precise hypotheses
and the definition of a solution will be given in §1. In §2 we study the

1 It will be noted that in most of the papers on optimal control ([2], [3],
[61, [8], [9]) the right hand sides of the differential equations considered
depend dlscontinuously on t and not, as in the other papers (including
the present one), on x. However, since the problem treated in these
papers 1s to find optimal switching times for a given initial point, the
solution of this problem for all initial points 1s actually equivalent to
that of finding certain switching spaces in the sense considered here
(provided, the uncontrolled system is autonomous). The systems studied

by Krasovskil in [7] (which are generalizations of thcse occurr: in the
control problems) have right hand sides which also depend discontinuously
on

.

225
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behavior of the solutions near the switching spaces and give a classifica-
tion of the switching points. The latter consist of three principal
types: transition points (i.e., points at which a solution traverses the
switching space), end-points (at which two solutions "end", (i.e., are
not continuable beyond the point), and starting points (at which two
solutions "start", i.e., are not continuable into the past). At
switching points of some of the other classes (which are less frequent)
solutions may fuse or fiburcate. In §5 we describe qualitatively the
entlre sets of solutions passing through giveh closed subsets of a
switching space. For this purpose we introduce "local flows" (in §4)
which are defined on compact subsets of the phase space and can be con-
sidered as "local dynamical systems" in analogy to the concept of local
groups. The system of solutions around the switching spaces can then be
concelved as a complex of local flows, connected with each other by
certain neighborhood relations.

The second part of the paper will be devoted to systems with
switching delay. These formally belong to a class of difference-differ-
ential equations.1 They are dlstingulshed from the systems considered in
the present part of the paper (also called "ideal systems") by the prop-
erty that the discontinuous function changes sign shortly after the tra-
Jectory has reached the switching space, rather than at the exact moment
of transition. They usually represent a better approximation to physical
reality than the ideal systems and, in contrast with the latter, their
solutlons are continuable indefinitely into the future, 1l.e., they have
no end-points.

§1. THE CONCEPT OF PIECEWISE CONTINUOUS DIFFERENTIAL
EQUATIONS AND THEIR SOLUTIONS

1. The system (S). Consider m real single-valued functions
s“(x), defined in E (n-dimensional euclidean space) and satisfying
the following conditions.

(a) The functions s“(x) are of class C3 (1.e., they possess
continuous partial .derivatives of first, second and third order).

(b) At no point of E® does any function s“(x) vanish
similtaneously with 1ts gradient

(-a‘i, LXXY) ii}:) .
ax‘l axn

1 p n
Strictly speaking, this 1s true only for systems with "constant time
lag", not for those with "threshold".
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Under these conditions the sets

(1.1) 8, : s"(x) =0

(b =1, ese, m) are smooth hypersurfaces of E". We introduce the follow-
ing notations:

s(x) = (31(x), esey sm(x)) .

We now consider the domains into which the space 1s decomposed
by the hypersurfaces S“. Denoting by sgn(a;, e, «,) the vector
(sgn ;5 «ee, sgn dm) = (a1/[a1], cesy am/]aml) (a'1 real, # 0), we can
assoclate to every point x e S® - 8 a vector e(x) by setting

(1.2) e(x) = sgn s(x) .

Furthermore, we assoclate to every vector e with coordinates + 1 an
(open) domain'

(1.3) De={ern-§:e(x)-e) .

Apparently, every such domain i1s bounded by hypersurfaces Su.

Finally, we assoclate to every vector e (for which De is
4 #) an n-dimensional vector function f(x, e) which 1s defined and of
class ¢? throughout E®* 2 and vhich does not vanish on the boundary
of D,. '
(:]

After these preparations we consider the differential equation
(1e4) x = £(x) (x = (x1, vesy xn), = d/dt)
where the vector function f(x) 1s given by

(1.5) f(x) = £(x, @) for x eD,

T which may be empty or disconnected.

2 s long as we restrict ourselves to ideal systems, it is sufficient
that f(x, e) 1is defined in an open set containing the closure

Dy of De.
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and undefined on §. Using (1.2) and (1.5), we can write (1.4) in the
form

(8) x = f£(x, sgn s(x)) .

2. The Concept of Solution. Given a point p of a domain De’
there exlsts exactly one solution of the differential equation

(8, o) x = f(x, o)

which passes through p at the time t = 0. We denote it by x(t, p).
Since the system (S) coincides with (S, e) for all x ¢ D, the func-
tion x(t, p) 1s also a solution of (S) if it is restricted to a
t-interval I for which'

x(I, p) C De

holds. We now extend the concept of a solution of (S) by the following
definition:

DEFINITION 1.1. We call a (single valued) vector function x(t),
defined in an interval I, & solutlon of the system (8) if it satisfies
the following conditions:

1° It 1s continuous throughout I.
o

2” For every t ¢ I, such that x(t) ¢ D, ([which is equivalent
to e(x(t)) = sgn s(x(t)) = e], the function x(t) 1s differentiable and
satisfles equation (S, e).

3° The set of values t e¢ I for which x(t) ¢ § holds, has
no cluster point in T.

A solution according to this definition satisfies equation (3)
in the ordinary sense for almost all values t ¢ I. In the second part
of the paper we wlll extend the notlon of solutlon in order to include
also certaln paths contalned entirely in 38 which are related to a
phenomenon in the theory of discontinuous control (after end-point motlons).

§2. SWITCHING POINTS AND THEIR CLASSIFICATION
3. Topological classification of switching points. The hyper-

surfaces S, are called the switching spaces of the system (3). Polnts
in a switching space, or switching points, will usually be denoted by u.

x(I, p) denotes, as usual, the set (x(t, p)ly 1 «
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Unless the contrary is stated, 1t will always be assumed that u belongs
to exactly one switching space Su’ and we will therefore drop the

index u. Under this assumption u belongs to the boundaries of exactly
two domains De which we denote by De+ and De" » respectively. The

corresponding vectors e and e~ differ only in their u~th coordinate
which we assume tobe +1 1in e% and -1 1in e~. The solutions of
the equations +
x = f(x, o)

+
with the initial value u will be denoted by x (t, u).

We flrst classify the swltching points u with respect to each
of the cruves x'(t, u) and x (t, u) by introducing the following
definitions: If the limits

+ + + +
(3.1) 7y = lim e (x7(t, u)), 75 = lim e (x7(t, u))
t> -0 ¥ t—> +0 H
both exist, the point u will be called

+ + +
an A-point (with respect to x (t, u)) If »] =% 1, 75 =

I+

1,

+ +
a.nE—pointif71-=il,7£=$1,
b o
an L-point if 7 =7, = + 1,
+ +

an R-point if 7;'=7;=i1 .

In the case of an A-point there exists a t-interval B = (0, B)
for which eu(xt(t, u)) = + 1, and consequently xX(B, u)C De:. Since
xX(t, u) satisfies (S, eX) and this equation coincides with (S) for
x e Dy, the function x%(t, u), restricted to the interval B, 1s a
solution of (3). Analogously we find that for some interval (- @, 0)

the same function does not satisfy (8).

N In the case of an E-point the situation 1is vice versa, l.e.,
x(t, u) satisfies (S) for small negative values of t, but not for
small positive values.

+
If u is an R-point, x (t, u) is a solution of (S) in a
certain open neighborhood of t = 0, while in the case of an L-point there

+
exists an interval around O in which x (t, u) does not satisfy (S).

Consider now the case where some of the limits (3.1) fall to
exist. This situation occurs whenever the intersections of one or both

+
of the curves x (t, u) with S cluster at u. We call u
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+
an A"-point if 7, exists and is equal to + 1,

+
an E*-poi.nt ir 7; exists and is equal to

+
-
-

an L*-poi.nt in all other cases.

It 18 easy to see that A"-, E'-, L*-points have the above stated
properties of A-, E-, L-points, respectively, except that xt(t, u)
usually satisfies equation (3) in certain intervals clustering at t = 0
and contained (in the case of A"- [E*]-points) in the semi-neighborhoods
which are voild of solutions in the case of A- [E-] points.

We now extend the classes A, E, L, by the sets A* E* L*,
respectively. The set of all X—points u (X =4, E, L, R) with respect

to x (t, u) will be denoted by x . Then the complete topologlcal
classification of the switching points 1s obtained by considering the

intersections of the sets X' and Y (X, Y = A, E, L, R). Since the
points of the sets X' NY" and X~ n Y' are of the same topologlcal
character with respect to the solutions passing through them, the sets
of topologically equivalent switching points are given by the expressions

(3.2) XX =& nyY)u (xnyh)

(X, Y=A, E, L, R). The symmetry relation XY = YX reduces the number
of these classes to 10.

4. Behavior of solutions at switching points. If u 1is of
type AE, there exists a unique solution with u as 1ts initial value
which 1s deflned in an open interval around t = 0. This solution,
which we denote by x(t, u), 1is given by

®, ) x*(t, u) for t o
x =
e {x'(t, u) for t< O

in the case a ¢ A* n E7, and vice versa if u e A~ n E*. At the point
u the solutlion crosses the switching space; u is therefore called a
transition point. In the topological behavior of the solution x(t, u)
there 1s no difference between a transition point and a point at which
£(x) 4s continuous. (Vid. Figure 1, also for the following cases.)’

If u 1s an AA - [EE-] point, the positive [negative] half

T Dotted 1lines represent half trajectories which are not solution of (3).
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trajectories’ of x-(t, u) ave both solutions of (3), So that the unique-
ness theorem fails to hold in this case. Apparently, these two half
trajectories cannot be continued beyond u into the past [future]. An
AL, - [EL-] point is the initial point of exactly one solution of (8)
which is defined only for t > 0 [t  O]. We call the AA- and AL~
points starting points, the EE- and EL- points end-points.

If u 1s an AR - [ER-] point, both x*(t, u) and x"(t, u)
are solutions of (3), one being defined only for t < 0 [t > 0], the
other for positive and negative t-values. This implies the existence of
two solutions actually passing through u. Assume, e.g., Uu € At n R
fueE NRJ. (Inthe case u e A™ N R*[u ¢ B n R*] the situation is
analogous.) Then

X, (t, u) = x"(t, u)

x (t, u) for tgoO[t> O] ,

x,(t u)={
arm x*(t, u) for t> o0 [tgO0) ,

are both solutions of (3) passing through u. 3ince for t < 0 [t > O]
these two solutions are identical, the situation can be described as a
bifurcation [fusion] of tra,]’ectories.2

Through an LL- point there apparently exists no solution of
(8). - If u 1s an IR- point, there 1s exactly one solution [elther
x*(t, u) or x (t, w)] with u as its initial value. It is defined for
positive and negative values of t and does not cross the switching space.
Apart from the transition (AE-) points, the LR- polnts are the only
switching points at which the existence and uniqueness theorem holds in
the strict sense. - If, finally, u belongs to the set RR, both
x*(t, u) and x7(t, u) are solutions of (8) around t = 0. This implies
the existence of altogether four solutions passing through u, the latter
therefore being a point of fusion and of bifurcation simultaneously.

5. Normal and exceptlonal switching points. Beside the topological
qualities of a switching point which we a.na}__.ysed in the preceding setion,
it 1s of significance whether the curves x (t, u) assoclated to the point
u are tangent to S or not. We introduce the following notions:

T +
1.e., the restrictions of x7(t, u) to t > 0 [t < O].

The concept of solutlons introduced in the gaper André-Seibert Qa]
vas slightly less general than the one we use here. According to the
former, there exist fusions of trajectories, but no bifurcations.



Pl

ANDRE AND SEIBERT

-
.
/'
/

/,
/

s
1
i

ammeeann
~
~

\.

9
\
\

1
7
]
]
1
1

EL

Fig. 1.

232

\ ,
\ J
< %
N =l
N —— e ———
- N
. .,
J \
B .
)
i '



PIECEWISE CONTINUOUS DIFFERENTIAL EQUATIONS 233

Apoint u e 3 will be called a normal switching point if

neither of the curves x¢(t, u) are tangent to the switching space S
at u, otherwise an exceptional polnt. In particular, all points of the
types A*, E*, 1* are apparently exceptional. The same is true for all
points of the types LX, RZ_( (X = A, E, L, R), since for all of these at
least one of the curves x~(t, u) falls to traverse 3 at the point u.
Denoting the set of all normal points by So, we therefore have the in-
clusion

(5.1) S°C AA U AE U EE .

The sets of normal starting, end-, and transition points will be denoted
by A, E, T, respectively:

(5.2) A=8ns® E=EEns® T=4aENS® .

We call an exceptional point u of first order, if only one of

the curves xt(t, u) 1s tangent to S at u and the contact 1s of 151:.
order; in all other cases we say u 1s of higher order. By S' we de-
note the set of all exceptional points, by S" that of all exceptional
points of higher order, and by S' = 8' - 8" the set of exceptional
points of first order. The intersections of any subset. Q of S with
80, 81, 8", 8' w11l be denoted by Q°, Q', Q", @'. ! Since at points of
types 1L, LR, RR both curves xt(t, u) are tangent to 3, we have the
relation

(5.3) IL ULR URR( 8" .

6. Determination of the type of a switching point. In order to
state the criterla for the type of a glven switching polnt u e 3 = S“ it
1s sufficient to assume 8, € c? s T e ¢! instead of the stronger conditions

+
foruulated in §1.1. Then the functions x7(t, u) which satisfy the equa-

+
tions % = £(x, e~ ) are of type C2 and we can apply the following
Taylor expansion:

g4 a pa a2 pa ) £2
au(x (t, u)) = = S"(X (r, u)) =0 t +1)/2 ?‘T—a S“(X (v u =0t =
. * b
(6-1) = cj ()t + 1/2 cy(ot, wit? (0cect) .

1 In the case of the sets A, E, T ([vid. (5.2)] we omit the superscript

0. -- It should be noted that the sets 8°, 8', 8", 8' comprise only
that part of S which 1s not contained in any other switching space.
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Here

* at *

cj(t, u) = e su(x (t, u))
and

+ +
cy(u) = cjlo, u) (1 =1, 2) .

For the present purpose 1t i1s sufficient to examine the signs of the co-

efficients cj (u) and c, (u). An obvious calculation ylelds the follow-
ing f‘o:t'nn.l.'l.a.s:1

* 4
(6.2) cj(u) = £(u, e7) = s, () ,

cg(u) = £(u, et) (-gz-g s“(u) > £(u, et)'
(6.3)

]
+ f(u, e ) (-— £(u, et) ) g—; Su(u) 3

Here 4 denotes the gradlent when applied to a scalar and the Jacoblan

matrix when applied to a vector:

3x1 6x1 Bx1
ds .
B af _ 4 =
= : el (£5 oees £1)
an an axn

2
The operator -Z? , applied to a scalar, denotes the Jacoblan matrix of

the gradient. From the formula (6.1) we immediately obtain the following
theorem:

THEOREM 6.1« If u 1s a point of the switching space
S (and of no other switching space), the following
implications hold:?

1 By ' we denote the operation of transposition.

2 e upper [lower] signs +, - 1in the superscripts corresponds to the
upper [lower] signs <, >.
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o> p4
c,(u)<0 implies u e A" ,

+

cj (u) ; 0 implies u ¢ E
b * > +
cj(u) = 0 and cz(u) ¢ O together imply u e R ,

+ +
c;(u) = 0 and c M) § 0 together imply u eL* .

+ +
The coefficients c;(u) R c;(u) are glven by the
formulas (6.2) and (6.3).

In particular, u 1is

a normal transition point if c:'(u) and cj(u)
are elther both positive or both negative,

& normal starting point if c:'(u) > 0 and
ci(u) < o,

a normal endpoint if cj(u) < 0 and cj(u) > o.

Unconsidered in this theorem remain only those exceptional points
of higher order which involve contacts of higher than first order [i.e.,
at least 3-point contact].

The three last implications require only the hypotheses
fe C°, S e C‘. If these are satlisfled, the functions cf are continuous
and we obtain the following corollax'y:1

COROLLARY 6.1. The sets A, E, T of normal switching
points are open relative to 8.

Since every point of s! involves a contact of first order, we
conclude from the third and fourth implication in Theorem 6.1 and from the

+
continuity of c,(u) (assuming again f e ¢!, s e 03):

COROLLARY 6.2.2 The set 8' of exceptional points
of first order consists of the sets (AL)', (&L)',
(AR)', (ER)', all of which are open relative to 8'.

! The boundaries of the sets A, E, T may contain parts of intersections
of 8 with other switch spaces. The latter, however, being closed
sets, do not affect the validity of Corollary 6.1.

ardnl sets with superscript 1 consist of exceptional points of first
order.
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'§3. TOPOLOGICAL PROPERTIES OF THE CLASSES
OF SWITCHING POINTS

7. The exceptlonal classes. Let u be an exceptional point of
S (= S“) [vid. §2.5]. Then the conditions

su(u) =0
(7-1) . .
oy = £, o) L5 (w) = 0

hold, the second either for e* or e~ [vid. (6.1), (6.2)]. The func-

+
tions s“(u) and c;(u) are of class C'. Therefore, if the Jacoblan
matrix

+
(su(u), ey (u))

e ]

of the system (7.1) 1s of rank 2, it follows from the implicit function
theorem that the set of all exceptional points in a certain neighborhood
of u constitute an (n-2)-dimensional differentiable submanifold of S

+
for, 1f cj(u) both vanish, the union of two such manifolds]. We in-
troduce the following terminology:

.
“(u) = &
J7 () "=

4 *
[- L 5,0, 676

If the matrices J1t(u) are of rank 2 at all points of S [or
of a part Q of 8] satisfying the corresponding conditions (7.1), we
say, the system (S) satisfies condition A on the switching space S [or
on the subset QJ. ’

We can then state the following theorem:

THEOREM T7.1. If condition A is satisfied on a subset
Q1 of the swiltching space 3, the set Q! of ex-
ceptional points in Q consists of (n-2)-dimensional
differentisble submanifolds of S if it 1is not
empty. Every point u ¢ Q' possesses a neighborhood
N such that Q' N N 1s contained in the union of at
most two of the connected manifolds constituting

Q' (namely, one (connected) component of each of

1

It 1s assumed that Q contains no points of switching spaces other than
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the sets {(u e Q': c;(u) =0) and (ueQ':ci(u)=o0)).
If, in particular, U 1s an exceptional point of

first order (vid. §2.5), the set Q' n N 1s contained

in a single (connected) manifold.

We now establish a similar theorem for the set 8" of exceptional
points of higher order [vid. §2.5]. Every point u e 8" satisfies one
of the two following sets of equations:

(7.2) s, (u) = c;'(u) =cju)=o0 ,
+ +
(7.3) s, (u) = ¢y (u) = cz(u) = o

+
(the latter either for c;j or cj). Denote by J,(u), J3(u) the
Jacoblan matrices of these systems:

Iy(u) = 2‘; (s,(u), cj(u), cj(a))

* a * b4
J3) = e (s,(m), ¢ (u), eg(u)) .

We say, condition B is satisfied on S [or QC 8], if the matrices

¥
Ja(u), J;(u) are of rank 3 at every point of 8 [or Q] satisfying
the -corresponding set of conditions (7.2), (7.3).

Then, in analogy to Theorem 7.1, we obtaln

THEOREM 7.2. If condition B 1s satisfied on a sub-
set! Q of the switching space S, the set Q" of
exceptional points of higher order in Q consists

of (n-3)-dimensional differentiable submanifolds of

Q' 1f it 1s not empty. Every point u ¢ Q" possesses
a neighborhod N such that Q" N N 1s contained in
the union of at most three of the connected manifolds
constituting Q".

REMARK 7.1. By comparing the number of (scalar) equations enter-
ing into the conditions A and B with the mmber of independent vari-
ables, it is easy to see that, in general, both conditions hold in the
entire switching space.

' Vid. Footnote on p. 236
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REMARK 7.2. Since 3" 1s of lower dimension than 3' (pro-
vided that condition B 1s satisfied on S8' and the latter is not
empty), S'[= 8' - 8"] 1s apparently dense in S':

(T.4) LU
8. The classes of normal switching points. For the following

considerations we assume conditions A and B to be satisfied through-
out the switching space S. Then the following lemma holds:

+ +
LEMMA 8.1. If c;(u) =0 and cy(u) 4 0 hold,
+

the function c1' assumes positive and negative

values in every neighborhood of u.

PROOF. Under the assumptions c Fu) = o, [ *(u) > 0 the curve
x*(t, u) 1s contained in the set D o+ for lt] < & a.nd 8 sufficiently
small [vid. (6.1)]. Now assume that c1 is non-negative in & neighbor-
hood N of u wrelative to S:

(8.1) c;(v) >0 for veN ,
and take N 8o small that
(8.2) cp(v)>0 for veN .

Then, due to the continuous dependence of x* on the initial values, there
exists a neighborhood N, ( N of u such that, 1f I denotes the inter-
val (0, 8) and & 4s chosen small enough, the set x'(I, N, ) contains
no point of S outside N. Then (8.1) and (8.2) imply

x* (1, N)C DB+ .

Since x"(I, N1) 1s a homeomorphic image of the product set N, x I and
N, 1s an open set on the Wypersurface S, the set x *(1, N ) appa.rently
contains a semi-neighborhood ¢7 n Do+ of u (&7 ¢ neighborhood of u).

On the other hand, it follows from the hypotheses (and (6.1)) that
=t (t,u) C D+ tends to u for t —> -0, which leads to a contradiction.

If c; <0 is assumed in N instead of c;' > 0, the preceding
argument needs only to be modified by considering the interval (- 8, 0)
instead of (0, 8). - For the coefficients c;, c; the proof is exactly
the same.
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We now consider the boundaries relative to S of the sets A,
E, T and denote them by JA, JE, JT.

From Theorem 7.1 and Lemma 8.1 we easlly obtain the following
pair of inclusions:

(8.3) (aL)' v (aR)' C 3 n 3T ,

(844) (L)' v (ER)' C 3E n T .

Consider, e.g., the case ue (A" n 1”)'. [The other cases are treated
in obvious analogy.] Here c; > 0, ¢; = 0, c; > 0 [Theorem 6.1].
According to the lemma there exist points v, w ¢ 3 arbitrarily near u
with cj(v) > 0, ¢](v) > 0; c}'(w)> 0, cj(W)< 0. This implies v e T,
W ¢ A [Theorem 6.1].

After these preparations we can prove the following theorem:

THEOREM 8.1. If the conditions A and B are
satisfied on the switching space 38, one of the
following statements 1s true, provided that S
intersects no other switching space:

(a) S consists entirely of normal switching
points of one type, i.e., S = A, E, or T.

(b) The sets T and A U E are both non-empty
and their boundaries OT and O(A UE)
coincide. Thus the closure T of T
separates A from E and the components
of A and E from each other and, con-
versely, the components of T are separated
from each other by A U E.

If S8 intersects other switching spaces Sx’ the
preceding statements hold for every component of
8 -y, (8, n 8).

PROOF. We first show that the set of exceptional points S' is
empty if all normal points are of the same type. (The converse is obvious
because dA, OE, T ( S'.) Corollary 6.2 ylelds
(8.5) s' ¢ (aw)' v (aR)' v (E)' U (=) .

Prom (8.3), (8.4) it follows that all sets on the right-hand side of (8.5)
are empty, hence 8' = §. PFinally, (7.4) implies S!' = #, 8o that we have
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the case (a).

Suppose now that S' and therefore also 8! are non-empty.
Then 1t follows immediately from (8.3), (8.4), and (8.5) that both T
and A UE are non-empty. The same relations imply
(8.6) (3a)' ¢ ar, (3E)' C ar, (31)' C (A UE).

Observing that dA, 3E, dT are closed subsets of S and using (7.%)
and (8.6), we obtain

3 =3ANS'CAMNS =3ANS = (M) (I =
and the analogous relations
QEC 3T and T dAUE) .
Hence,
(8.7) 3(AVE) =0T ,

vhich ylelds the separation property of case (b).

The extension to the case where S intersects other switching
spaces 1s immediate. . -

§4. LOCAL FLOWS

9. Definitions and elementary properties. As we have seen in
§2.4, the qualitative behavior of the solution of a system (S) differs in
many respects from that of a dynamical system in the usual sense, defined,
e.g., by the solutions of differential equations satisfying a Lipschitz
condition. In order to study families of solutions of (3) qualitatively,
we introduce the notion of "local flows".

DEFINITION 9.1. ILet Y be a compact connected topological space.
Denote by t,, t; two continuous maps of Y into the negative and positive
halves of the real line (both including 0) respectively, and by I(y)
the interval [to(y), t, (y)]. Then a continuous mapping ¢ of the set
8={(y,t) :ye¥, t e I(y))] onto Y defines a local flow &= (¥, I, @)
if ¢ has the following properties:

(8) ye¥, teI(y) implies I(9(t, y)) =I(y) -t =
[t ¥) - t, t,(y) - t1.

(b) ¢(0, y) =y holds for all y e Y.



PIECEWISE CONTINUOUS DIFFERENTIAL EQUATIONS 2

() If ye¥, t elI(y), t+t* e I(y), the relation
ot + t', y) = o(t', o(t, y)) holds.

(d) o(t, y) 1s a topological mapping of the set
{yeY:t eI(y)l for every fixed t.

In the case where Y 1is a k-dimensional manifold with bounda:'y1
we call F a local k-flow.

The sets ¢(I(y), y)) [y fixed] are called the paths of the
local flow; we denote them by 7(y). The set U, P y(p) (PC YY) will
be denoted by y(P). It follows from (a) and (cg that

q e y(p) implies (q) = »(p) .
To every polnt y ¢ Y we associate two points
Yo = ot (¥), 7). 7, = 08, (), ¥)
and define a pair of sets Yor ¥, by
Y, = {yo(y)}yd, Y, =y, (y)]er .

We call Yo and Y1 the entrance and exit set of . Apparently, the
paths of & are in one-one correspondence with the points of each of
the sets Y., Y,; y,(y) and y,(y) are the end-points of the path through

v .

PROPOSITION 9.1. The entrance and exit set Yo
Y1 of a local flow are connected sets.

PROOF. Since the mappings tys ty» @ are contlnuous, so are
Yo and Y, Therefore the sets Y, Y,, which are lmages under Yo and
¥4 of the connected set Y, are connected.

PROPOSITION 9.2. The mapping o¢(t, y) 1s univalent
(as a function of t for every point y e Yo).2

1 I.e., a Hausdorff space with the property that each of its points
possesses a neighborhood which is homeomorphic either to an open k-sphere

or to a semi-k-sphere xf + see + xi <1, X2 O.
2 It should be noted that Definition 9.1 excludes the case where I(y)

is the whole real line. Therefore, in particular, critical points
[p(t, ¥) = y] are excluded due to condition (a).
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PROOF. Suppose that o(t', ¥) = o(t?, ¥). Then obviously
o(- t', o(t', 7)) = o(- t', o(t?, 7)) holds. By applying (b) and (c)
we obtain

oo, y) =y =0t -t', y) .
Finally (a) ylelds I(y) = I(y) - (t2 - t'), f.e., t' =2 .

PROPOSITION 9.3. Consider a dynamical system' [or
flow] defined on a finite-dimensional manifold X
by the mapping function ¢. Iet C be a compact
connected subset of a hypersurface without con-
tact with the paths of the flow.2 Then there ex-
ists a mmber T > 0 such that ¢ defines a
local flow on the set Y = ¢([0, T], C).

PROOF. Choosing T so small that Y 1s contailned in a neigh-
borhood H of the kind mentioned in footnote 2, it is clear that every
point y ¢ Y possesses a unique representation y = o(t, yo) (3o ¢ Cs
t € [0, T]). Then, if we define I(y) = [- t, T - t], the conditions
of Definition 9.1 are obviously satisfied.

So far only interior properties of local flows have been con-
sidered, 1l.e., properties which do not depend on an imbedding of Y into
8 larger space. Now we are going to study properties which depend sub-
stantially on such an imbedding. We therefore assume Y to be a subspace
of a topological space X. Closure, interior, and boundary of Y will
always be understood relative to X.

DEFINITION 9.2. A local flow &' = (Y', I', ¢') 1s called a
subflow of the local flow & = (Y, I, ¢) 1if Y'C Y( X, I'(y) =
{t e I(y) : 9(t, y) e Y') forall y e¢Y' and ¢' 1s the restriction of
9 totheset a' = (t, y:ye¥Y', telI(y)l.

If ' 1s a subflow of F we write
F'C F.

PROPOSITION 9.4. Consider a local k-flow & = (Y, I, o)

1 I.e., a continuous mapping of the product space X x I (I: real line)
onto X which satisfies the conditions (b), (¢), (d) of Definition 9.1
in which Y and I(Y) are replaced by X and I.

2 In this context we mean by a "hypersurface without contact" a hyper-
surface H of X with a neighborhood N such that H does not contain
more than one point of any component of the intersection of any path with N.
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and denote by dY the boundary of Y. If a path
y of & contains a point p ¢ 3Y not lying in ¥,
or Y,, the entire path 7 1s contained in oY.

PROOF. To every point p e Y we assoclate the set’ Qp =
(- to(p) » Y,) [which is a (k-1)-dimensional manifold with boundary].
Since t, and t; are cuntinuous, given two numbers « e (to(p), 0),
8 ¢ (0, t;(p)), there exists a neighborhood Q| of p relative to
such that o¢(t, p') 1s defined for all t ¢ I = [¢, B] and all points
p' e %. If p 1s an interior point of Q' (i.e., possesses a neighbor-
hood relative to Q' which i1s homeomorphic to & (k-1)-sphere), it is
also an interior point of the set o(I, Q‘l") (since the latter 1s a
homeomorphic image of the product set I X Q') and therefore of Y. The
converse 1s also true. Indeed, consider a sequence of points pn eY
tending to p. Then (again using the continuity of to) to(pn) - ty(p) eI
for sufficilently large n, while, due to the continuity of ¢, the
points o(t,(p") - to(p), p*) ultimately belong to Q- Thus
" e o(I, %). Therefore, the intersections of Y and o(I, Ql')) with a
sufficiently small neighborhood of p coincide. This implies the equiva-
lence of p € py and p € aQ,p.

Now consider two points p e¢ dY and q = w(tq, p) (1;q e I(p)).

Then D e pr and, choosing % as before (with tg € 1), Q(tq, y) maps
! homeomorphically onto Q' = q)(tq, QI')), so that q e BQ&. This implies

q € oY which proves the proposition.

DEFINITION 9.3. A subflow &' = (Y!, I', ¢') of a local k-flow
& = (Y, I, 9) 1s called a face of % if Y' is contalned in the
boundary of Y. We also say, %' 1s incident with & and use the
notations2

F'C 0¥

FTCAF, N3F, If g'( 0¥, amd F'( 0T, .
Apparently, a face of a local k-flow 1s a local (k-1)-flow.

PROPOSITION 9.5. Consider a local k-flow & = (Y, I, ¢)

T 1r o(- to(p), ¥) 1s defined only on a subset Yr') of Y, We mean by
o(- t,(p), Y,) the set @(- t,(p), Y.).

2 The symbol o denotes the collection of all faces of .
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and a local (k-1)-flow #!' = (Y', I', ¢') which
satisfy the conditions:

(1) I'(y) =1{(t e I(y) : o(t, y) e X'}
for all y e Y'nNn Y.

(2) The restrictions of ¢ and ¢' to the
set (t, y:yeYnY', telI(y)l are
identical.

(3) The entrance [exit] set YJ[Y;] of 7'
is contained in the boundary of the entrance
[ex1t] set Yo[Y1] of .

Then
FrCd F.

PROOF. Assume condition (3) to be satisfied, e.g., for Y, and
Yc;’ Then it follows by an argument analogous so that in the proof of
Proposition 9.4 that

() =¥ XCY .

Conditions (1) and (2), therefore, imply that &' 18 a subflow of &
and the proposition follows.

DEFINITION 9.4. We call two local k-flows &%, = (Y;, I,, 9,),
Fp = CYQ, I, cpa) coherent if ¥, n Y, # # and there exists a (k-1)-
flow &F,, = (y1 nY, I, ¢12) such that

Fin C a.v1 n 3(72

and I,, does not reduce to a single point for any y.

Apparently, Y, nY, = 3Y, n dY,, Ilé(y) =t eI () :
9,(6, ¥) e Yy N Y0 = (& e L(F) : op(t, 7) € Y, nY,), and 9, = 9, = 9,
in the set {t, y : ¥ ¢ Yl n YE’ t e 112(y)] [vid. Definitions 9.2 and
93],

DEFINITION 9.5. A local flow & = (Y, I, ¢) 1s called the
union of the flows &' = (Y', I', 9') and &" = (Y", I", o"), 1f
F!' and F" are both subflows of & and Y 1is the union of Y' and
Y". We use the notation

F = F1 Yy F"

Obviously the union of local flows 1s assoclative in the sense
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that if one of the sums &, U (&, U F3), &, U (F U .0'3),
F3 U (F, U F,) exist, they all exist and are equal.

PROPOSITION 9.6. The necessary and sufficient condition
in order that two coherent local flows &, = (Y1, 1, tp1)
and ¥, = (Y2, I,, 95) possess a union is that

(9.1) 7 (X, nY,) = 9, (Y, nY,) =Y, nY,.
Here 790 72 denote the paths of ¥ 1 Fpe
PROOF. Apparently, (9.1) implies
(9.2) I, =I, on Y nY,.
If (9.1) is satisfied, wo define I and ¢ on Y = Y, nY, by

I( )-{I.I(y) for ye¥,,
v I(y) for ye¥,

?,(t, ) for yeY, t e L(y),

t =
@ (& 3) {qaa(t: y).for ye¥, teI(y) .

[On Y‘ n Y2 the equality o, = 9, holds due to the coherence property
(vid. the remark following Definition 9.4).] Then (¥, I, 9) obviously
satisfies the conditions (a), (b), (c) of Definition 9.1. Condition (d)
follows easily from the following lemma:

Consider two compact sets A,, A2 in a topological space X and
two homeomorphic mappings ¢, : A, —> A1’, 9, Ay —> Aj (A1', A ¢ X
Assume 9 =9 on A.I n Aa' Then the mapping

®, on A,
o= {
®; on A,
is homeomorphic if and only if
(9.3) Al n Ay = oA nA) .

Indeed, (9.3) is necessary and sufficient in order that ¢ 1is
one-one. The continuity of ¢ 1s cbvious; therefore, since A1 and A,‘,
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are compact, ¢ 1s homeomorphic if (9.3) is satisfied.

For every t the mappings o.(y) = ¢.(t, ) (J =1, 2) of the
sets Ay = (y e Y; : t € I,(y)} satisfy the hypotheses of the lemma and
condition (9.3) due to (9.1), so that ¢ satisfies (d).

We now assume the existence of a union &% = (Y, I, @) =
Fq (VAR 2° Consider an interior point y of Y‘ and suppose that
I(y) DI,(y). Then, by Definition 9.2, one endpoint y, of 7,(y) would
belong to Y, N Y, C aY1 . Consider the path 7y through 7y, of the common
face of (‘71 and .‘72 [vid. Definition 9.4). Since 7> 1s contained in
8Y1 n 7, (y) and does not reduce to a point, a whole arc of 7, (y)
would 1ie on dY,, in contradiction to Proposition 9.ks Thus I(y) = I, (y).

Now consider a point y e¢ ¥, n Y, C 3Y1 . Every neighborhood of
y contains an interior point y, of Y¥,. S3ince I(y,) = I, (y,) and
the endpoints of I and I1 depend continuously on y, we conclude that
also in this case I(y) = I, (y) holds and, in the same manner, I(y) =
I,(y), so that (9.2) follows.

Now consider two points p e Y1 n Ya’ a=9, (t, p). Then, since
9, and ¢, are both restrictions of o, 9,(t, p) = @ holds. Thus
qQe¥ nY, and (9.1) follows.

PROPOSITION 9.7. If two local flows (Y', I', o')
and (Y", I", ¢") are linked by the relation

f "
Yo=Y

they possess a union (Y, I, 9), where Y, I, ¢ are
defined by

Y=Y UY" ,

1(y) { [té(Y): t; (y) + t;'(y" (y))] for yeY' ,
Y [to(y) + t1(ya(¥))s ty(y)] for ye¥",

¢'(t, y) for ye¥Y' ,

o(t, y) = {
' 9"(t, y) for yeY" .

The proof follows easily from the definitions of the sets Y., Y, -
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§5. THE QUALITATIVE PICTURE OF THE SOLUTIONS
NEAR A SWITCHING SPACE

10. Local flows around sets of normal switching points. Through-
out this chapter U will denote a compact connected subset of 8 - 3"
[vid. §2.5], containing no points of switching spaces other than 3.

Consider first the case UC T. Since U 1is compact, there
exist two numbers a (< 0), B (> 0) such that the functions xt(t, u)
satisfy (S) in the mtewa}s ¥ = [0, B] a.n&i I = [@, 0], respectively,
and define local flows &~ on the sets x(I-, U). Moreover, x(t, u)
defines a local flow & = %% U &~ on x(I,U) (I=1I" UI*) [vid.
Proposition 9.7].

In the case U(C A [E] the set U 1s the common entrance
[exit] set of two local flows defined by solutions of (S) on the sets

+
1, m [x'(I’t, U)], respectively, where I' = [0, B], I” = [a, 0];
- a, B> 0 and sufficlently small.

The ambiguity occurring in connection with starting and end
points can be eliminated by a modification of the phase space En, namely
by "cutting" it along the sets A, E and replacing every point u e A,

E by a pair of points u~, situated on elther "edge" of the cut. More
precisely, this procedure can be described as follows: Denote by V the
set

V=AUE

and consider an open set X ( ER satisfying the condition X n 8 = V.
Then complete the set X - V (with respect to the euclidean metric), and
finally replace b by the space

D=(ER-XNNUVE-V) ,

where the closure is to be understood in the sense of the new topology, de-
fined by the Cauchy sequences in X - V. Qbviously, the construction of
the space D" does not depend on the choice of X. Denote by ¢ the
continuous mapping of D' onto E' which leaves every point of E-v
fixed. Each point v e¢ V possesses two imeges under v = o~! which we
denote by Vi(v) = v and which are distinguished from each other by the
property
-

v €D +

e
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Apparently, through every point p e D* there exists exactly one
solution of (S). This we denote by x(t, p).

11. Local flows around the sets (AL)' and (EL)'. If U 1s
a subset of (AL)', 1t 1s easy to see that i1t 1s contained in one of the
sets A* N L~ and A" n L'. Indeed, in the opposite case the connectedness
of U would imply the existence of a point

ueUnaAtnL nA nLY ,
which we could, e.g., assume to belong to AY nL”. This would imply
c; > 0 [vid. Theorem 6.1]. Since, however, every neighborhood of u
would contain points of A~ n L+, on which cT = 0, c‘; could not be con-
tinuous. Therefore, without loss of generality, we may assume

uC At L .

Relation (8.3) implies TU( OA n 3dT. Moreover, U 1s contained
in the intersection of the boundaries of two components A' » '1‘1 of A
and T:

(11.1) UC A, noar, .
This follows immediately from the connectedness of U and from Theorem

Te1 ,1 according to which every point u e U [C S‘] lies on the boundary
of exactly two components of s°.

For every point u ¢ U the relation
(11.2) x"(t, u) e D+ (o< |t] € t")
holds for sufficiently small t' [Theorem 6.1]. If Vv ¢ A, we have

(11.3) x (t, v) € D,- (0 <t <t,(v))

for small t,(v). The continuous dependence of x~ on the initial value,
together with (11.2), implies the existence of a neighborhood N of u
such that

(11.4) x (¢, N)C Dy*

T we again assume condition A to be satisfiled.
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holds. We now restrict v to A; n N. Because of (11.3) and (11.4), we
can choose t,(v) 1n such a way that x (t,, v) ¢ S and (11.3) holds
for veNnA,. 3Since U 1s compact, there exist a connected compact
set ¥, contalning U and contained in U U A1’ and a (continuous)
function t, defined on <X such that

A, for t=0 ,
(11.5) x(t, v) ¢ D,- for 0< t< t(v) ,
T, for t =t,(v)

holds for all v € &% - U. [It is sufficilent that ¥ 1is contalned in
the union of a finite number of sufficlently small open sets N, (satisfy-
ing, in particular, (11.4)) which together cover U.] Moreover, we can
assume ¥ to be a (n-1)-dimensional manifold with boundary (because A
is an open subset of the hypersurface S). 3ince U( (L)' and

AC U U A, (11.1) implles

& 1

UQ,BTIC_Tl(_S- (1-\l U (aL)' )¢ s - (A1 Ul S-x .
This, together with U( .¥, ylelds
(11.6) UC %

By cutting the space along A, as describeg in the preceding
section, the set . is split into two "sheets AT =y ( %). Since K
1s compact, the mappings ' P A —D> ‘77' are homeomorphic. This implies
the compactness of ¥ a.nd, together with (11.6), the relation
(11.7) UC aA naxT .
Then 1t follows immediately that
(11.8) N =U .

After these preparations it is easy to analyse the local flows
around U. According to (11.5), the solutions of (8) define a local

n-flow %~ = (Y, I", x~) on the set

= t, v)} I"(v) = [0, t,(V)] for v eX .
Cxlt, ¥) teI-(V),vsé)f, 't

Using the notations of §4 (and indicating by & superscript - the related-
ness to &), t,(v) = t7(v) holds for v e . Since t, (v) —> 0
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with v —> U, 1t follows that
(11.9) to(y) —> 0 with y—> U .

Since x+(t, v) e De+ holds for all veUU .l\.1 u T1 and small
t and F U Y; 1s a compact subset of U U A] Uy, there exists an in-

terval I [0, t7] (t" > 0) such that

+ . -
(1, AUY)CD, .

)
As a consequence of (11.9), the inequality tg (v) < t* holds for all v Y;
i1f ¥ 1is sufficlently small. Therefore, the solutions x(t, v) of (S)
define a local flow #' with the entrance set «¥' U Y] = Y. and the

intervals of definition

* +

[0, £t ] for § e. ¥
(11.10) (V) ={ T T
[0, t + to(v)] for v e¥] .

Now we spllit up the local flow ./ * into two subflows o1 and 2, de-
fined on the sets x(I*, %) and Uy oy x(1*(v), v), respectively. Then
Y; = Yg holds and, due to Proposition 91.7, &7 U2 1s a local flow
which we denote by ! = (x(Ij, %¥"), I', x). Since % 1is an (n-1)-
dimensional manifold with boundary, ~F ' and ' are both local n-flows.
Denoting hy T2 the (n-1)-flow defined on x(I,, U), (11.7) together
with Proposition 9.5 implies

F12 ¢ 30t g

From this and (11.8) 1t follows that &% ' and ' are coherent.
Finally, if v ¢ Y;, Proposition 9.7 and (11.10) yield

I'(W) = [£5(V), £+ t5(v))
which, together with (11.9), implies

I'(u) = [o, t*] = Io (uetyu) .

3ince also I1(u) = I,, condition (9.1) of Proposition 9.6 is satisfied
for the flows .#' and .¥', their union thus being a local flow:'

1 Vid. remark following Definition 9.5.
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F o FUF = FU(FRUF) e (F U F2) U F

= FF g,
This yilelds the following theorem:

THEOREM 11.1. Consider a connected compact subset U
of (L)' (= AL n 8'; vid. §2, Sections 4 and 5],
on which condition A 1is satisfiled [vid. §3.7].
Assume the phase space to be cut along the set A
of starting points. Then U 1s contained in a
compact connected set Y which 1s an n-dimensional
manifold with boundary'and has the property that
all solutions of (8) which contain points of Y
form a single local flow & on Y. The entrance
seE of & consists of U and the two "edges"
«¥~ of the cut along A n Y. The paths originating
on A~ [oron <¥* 1in the case UC A™ n L]
traverse the switching space exactly once. The
exlt set 1is contained in D _ [D _]. (Vid.

e

+
Figures 2, 3). e

The case U( (EL)] 1s exactly analogous and can be reduced to
the one consldered above by reversing the sign of t.

12. Local flows around the sets (AR)' and (ER)'. If U is
a subset of (AR)1 i1t can be assumed without loss of generality that it
is contained in AY n R™. [The proof 1s analogous to the corresponding
one in the preceding section.]) Denote again by A1, ']?1 the components
of A, T which are adjacent to U. Let ¥ and . be compact connected
sets satisfying the conditions

Uc.chUA1,' v Cuur, .

We can assume ¥ and 7 to be (n-1)-dimensional manifolds with boundary;
& will again be replaced by two "sheets" k.

Through every point u e€ U there exist exactly two solutions
x, (t, u), xa(t, u) of (8). Since U is compact, the inclusions

(12.1) x,(t, U)C D~ (-t, <t <ty t#0)

and
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De' for —t1<t<o )
(12.2) %6 0 C {

De+ for 0<’(:<1:3

hold for sufficiently small positive numbers ¢t,, t,, t3 [vid. §2.6].
Due to the continuous dependence of x~ on the initial values, it follows
from (12.1) and (12.2) that the solutions of (3) define three local
flovs &, &5y F), on the sets x(I1, at), x(Ia, J), x(Iu, A7),
respectively, where I, = [0, t31, I, = [~ tj, t31, I, = [0, t;],
0<tli<ty (J=1,2,3) and ¥ and 9 are sufficlently small. The
local (n-1;-f'lows defined on the sets X,(I,, U), x,([- t;, 0] U),

x,(I,, U) we denote by F,,, & ,3; &3, The relations (11.1) and
(11.7) obviously hold also in the case under consideration. Since (11.1)
implies U(C 389, Proposition 9.5 ylelds the incidences

Fip CAF, 0 3F,,  F,u (37, F (3F, .

The first of these implies the coherence of the local flows & ; and «9'2.1
Moreover, due to Pgoposition 9.7, the unions -‘723 U .712 and
Faz U ‘9'31; exist.

Finally, a local flow which is incident with the (n-1)-flows
(‘723 and ¥ 34 is obtained by considering a hypersurface H without
contact3 with the solutions of (8, e”), which contains U,’ and a
compact connected subset C of HN 59" the boundary of which contains
U. Then, denoting by I, the interval (- 1, t2'], every arc x (I3, P),
where p € C, intersects C only at p. Consequently, the solutions of
(8) define a local flow “73 on the set x'(I3, C). Since U(C &€, the
Incidence relations

F oy (L Fy  Fgy (T,

follow. Therefore, ., and ‘73 as well as ¥ and &, are co-

herent..5 We therefore have the result:

1 However, the union of “71 and %, 1s not a flow [vid. Proposition 9.6]e
2 Tnis situation can be described as a "bifurcation" of the flow & o3 into
F and Faye

12 34
3 vid. p. , footnote 1.

b he set x*(I, U), e.g., has this property if I 1s a suitable inter-
val around t = O.

5 Again (due to Proposition 9.6) neither of the unions 1s a local flow.



254 ANIRE AND SEIBERT

THEOREM 12.1. If U 1is a compact connected subset
of (&R)' [= AR n 8"}, satisfying condition A, and
the space is cut along the set of+starting points,
splitting it into two "sheets" <¥~, there exists a
compact connected set Y which 1s an n-dimensional
manifold with boundary containing U and has the
following property: The solutions of (8) which
contaln points of Y constitute a complex of four
local flows F 17 vees F y» Separated from each
other by (n-1)-flows F s o35 F3) such that
Fy,ue1 (W= 152, 3) 1s incident with ¥, end
.7’”1 and the two latter are coherent. Upon

reaching the set U, the flow (‘723 bifurcates

into #,, and F 34 in the sense that the exit

set of & 23 and the entrance sets of .‘71 2 and
.‘73,‘ are all equal to U. The local flows (‘71

and &, originate on ¥* and «¥7, respectively.
The paths of ¥, (or, 1f UC A" nRY, of .‘73)
and only these traverse the switching space.

Figure 4 gives a symbolic picture of the local flows and their
interrelations.

The analogous result for the case U( (ER)! 1s again obtained
by reversing the orientation of the paths.
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XII. ASYMPTOTIC STABILITY IN 3-SPACE

Courtney Coleman
1. Consider the system,

1) & £ (x) + glx, t) .

where f(m)(x) and g(x, t) satisfy the following conditions:

a) Both are n-vector functions of the n-vector x.
g may depend on t. f(m)(o) = g(0, t) = 0.

b) In some neighborhood, D, of x = 0 and for all
t greater than some t, f(m)(x) and g(x, t)
are continuous In x and t and satisfy a
Lipschitz condition in x.

c) f(m)(x) 1s a homogeneous function of degree m —
(m an integer > 1) In D; i.e., f m)(x) =
cBf(x) for any constant ¢ > O and for all
x in D.

d) g(x, t) =©° (Jx|™) uniformly'in t in D.

Malkin [1] and Massera [2] have shown that if the trivial solu-
tion, x = 0, of the system of first approximation,

(2) ax | r(@)x)

dt
18 asymptotically stable, then so 1s the trivial solution of (1). The
problem, then, is to find conditions ensuring the asymptotlic stability
of the trivial solution of (2). This will be done for n = 3 (see the
theorem below) using some of the results obtained by the author [3]. For
n = 2 such conditions can be found implicitly in a number of papers --
e.g., see Forster [4]. The conditions are simply that the origin be an
attracting focus if the function h(x,, Xx,) = xr{m) - x,£{") nas no
real zeros, and that

257



258 COLEMAN

§£<o (r2=x":+x§)
t

on the zeros of h if they exist.

It should be noted that for m = 1 and for any n the theory
of characteristic roots holds. Clearly, if m 1s even, there can be no
asymptotic stability. Hence, m 1s assumed odd.

2. et n=3,m> 1. Let r-(x$+x2+x3),¥=-l-x. Then

2 3
(2) becomes in r, y, v

s Z.g, £®@) g
(3)
. I e®(z) - (7, £@ gy,

where ( , ) indicates scalar product. Let Pt (t)dt = dv. Then (3)
becomes,

a. ar . (g, @)
dr
()
b. & . £y - 3, e ™y .
T

If y(1) 1s a solution of (4b) and r(r) 1s a solution of (4a)
in which y stands for y(t) (the solution of 4b), then (r(x), y(x))
is a solution of (4). Similarly for (3a, b). System (4) 1s more sultable
for our purposes since no solution of (&) may have a finite "escape time"
while a solution of (3) may. Ignoring the differing parametrizations, the
trajectories in 3-space of (3) coincide with those of (4); for the only
difference between the two systems is the factor rn’", which 1is positive
everywhere except at the origin. This implles in addition that the tra-
jectories of the two systems agree in the sense of parametric description.
If all the trajectories of (4) close enough to 0 tend to 0 as
1imit with increasing =+t and if none tend to 0 with decreasing =1, then
the same 1s true for the trajectories of (3) and hence of (2). Since sys-
tems (2), (3), (&) are autonomous, to prove asymptotic stability it is
sufficient to show that’ there 1s a nelghborhood D" C D such that for any
trajectory I of (4) which cuts D' a(r) (the omega 1limit set of ) con-
tains O only and A(r) (the alpha limit set of T') has no points in p".
Actually for systems (2), (3) and (4) D and D" might as well be all of
3-space.
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The following properties of system (k) and its trajectories were
observed in [3].

P I. Each trajectory 7 : y = y(v, ¥, 7,) of (4b)
1lies on the unit sphere s?. The Poincaré-
Bendixson theory can then be applied to
a(y) and A(7).

P II. Each trajectory 7 of (4b) determines a cone
3(7) generated by rays through © and the
points of 7. 8(y) 4s an integral surface
of (&4).

P III. On 3(y) each T of (4) is given by

—

T
x-em [ e ®Ehar |-y
"o
where K 1s an arbitrary positive constant.

P IV. If x(p) 1s a ray on S(y) through 0 and
and p, then all trajectories of (4) on
S(y) cut A(p) at the same non-zero angle
in the same sense (except in the trivial case
that » 1s a singular point of (4b)).

The following general properties of a system of autonomous
differential equations,

(5) ax h(x), X an n-vector,

dt

and its trajectories will be needed. All functions are assumed analytic.

P Va. If N({) 1s a small enough neighborhood of the
non-critical point p in the normal hyperplane
to the trajectory of (5) through p, then the
trajectories of (5) through the points of N(p)
cross N(p) from one side to the other in the
Same sSensee.

P Vb. If S 1is a smooth surface in x-space and C
a simple smooth arc on S such that all tra-
Jectories of (5) cutting C do so crossing
C from one side of S to the other and not
tangent to S, then there 1s a neighborhood
N(C) in S8 of C such that the same is true
for all points of N(C).
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P VI. The A 1imit set (o 1limit set) of a
bounded trajectory of (5) is closed, non-
empty and connected. If a point belongs to
a 1imit set of some trajectory, then so does
the full trajectory through the point.

In the proof of the theorem that follows frequent use will be made of
PI - PVI. Unless required for clarity specific reference will not be
made.

THEOREM. Suppose

a) (¥, £(y)) < 0 on all zeros of
£®@g) - (5, £ ™)y

and

T
b) f (v, f(m)(y))df < 0 for each periodic
)

solution y(t) of (hb} (T 1is the period
of y(x)).
Then the solution x = 0 of (1) for n = 3
1s asymptotically stable.
PROOF. It is sufficient to show that under assumptions a) and
b) a(r) contains only 0 and A(T) has no finite points for any tra-
jectory T of (4).

In the following 7, 7*, 740 1=1, ..., k, denote trajectories
of (¥b) on 8% and P, Py, 1 =1, .ss, k critical points of (¥b)on S°.
3(713, S(Pi), .+ denote the integral surfaces determined by 74, Py, ...
r, T, Tp Iy, 1= l’ +es, k denote trajectories of (4) on the integral
surfaces S(7), 3(r ), S(P), S(yi), .es Trespectively. The Poincaré-
Bendixson theory states that a 1limit set of a trajectory » of (4b) on g°
1s one of the following:

(L 1a.) y 1tself, where » 1s a single point;

(L 2b.) y 1tself, where 7y 1s a closed curve;

(L 2a.) a critical point P, not 7;

(L 2b.) a closed curve ', not 7;

(L 3) a closed graph G : Py Uy, U ... UP Uy UP,»

where 0(‘71) = Py, A(ri) =Py1o Py = By-

The various combinations of these possibilities for A(y) and a(y) must
nov be considered.
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(L 1a.) for A(y) and hence for a(y). Hypothesis
a) ensures that for the ray trajectory T of (&)
through 7, 0(I') contains 0 alone and A(r) 1s
infinite. (See P III).

(L 1b.) for A(y) and hence for a(y). Here hy-
pothesis b) ensures that a(I') consists only of
0 and A(r) is infinite (See P III and [3]).

(L 2a.) for A(y) and for a(7). Whether or not
A(7) = a(y), A(T) 1s infinite and a(I') contains
just o. (See P III, Iv and [3]).

(L 2a.) for A(y) and (L 2b.) for a(y). Let
A(y) = P. Then Ip 1s as in A above. By (P VI)
for any T on S(y), A(T) cannot contain any
point of I‘P unless it contains 1"P 1tself.

This 1s impossible by (P Va.) which also implies
that A(T') cannot contain 0 alone. Hence A(T')
has no finite points. On S(»") B. above obtains.
Hence a(r') has no finite points, or contains ©
and at least one T on 3(7*), or contains ©
alone. lLet p be any point of 7*. Let

T
f G, £3"))dr = -K<o0 ,
[0

where ,° 1s glvenby y =y (7), y (v + T) =

y(:). Let o be an arc (bounded on one end by D)
of the great circle on 82 through p normal to 7*.
Let 7 be glvenby y = y(r) and let d denote
Euclidean distance. If y(t) 1s on o for some =,
denote by T . the smallest positive number such that
y(v + T) 1s on o. If the length of ¢ 1is small
enough, T  1s defined for all =+« for which y(«x)

T

is on o; and if y(t,) is on o, then

max d(y(x), 7*)
T2 'ro

(for a1l 2 7,) and

T.,:"ng‘o T - T.| (y(s) on o)
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are so small that

T+T,

(y, £(ylat ¢ - K/2< 0 (g(x) on a) .

T

But this can be done for every point of 7*. Hence,
2(r) can contain 0 alone (recalling that r
1s glven by

[K expf v, f(y))dv] .« y(x) .
T

o
(L 2a.) for A(y) and (L 3.) for a(r). As in D,
for any T on S(y) A(r) contains no finite
points. We must show that «(r') contains 0 alone.
In the first place for any Iy or Tp on the cone
s(@), A(r‘i) and A(r‘Pi) have no finite points and

n(ri) and n(r‘Pi) contain 0 alone. For, each

8(y4) or S(P;) 1s covered by cases A. or C.

above (Figure 1). Hence, as in D, for any T on
S(y), a(r) has no finite points, contains 0 and
at least one Ty or PPi on S(G), or else con-

tains O alone. The first two alternatives must
be excluded.

First a simple closed curve
without contact C 1s constructed
on 83(G) such that one of the
components of the complement of C
on S(G) has 0 as a boundary
point and 1s bounded. Let qg be
any point on 8(y, ). Suppose each
r, on 3(71) tends to 0 with
increasing T tangent to FP and

1
to infinity parallel to I‘P with

2
decreasing T (see C. above and
[31)s Let

y(‘ro) = —1 . .

flagll

FIGURE 1
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Considering all rays as being directed toward 0, let 0 < 68(q) < = be the
angle defined by the field vector at q and the directed ray A(qa) for
each q on S(7,). e(q) 1s a continuous function of q as q varies
along any contimuous curve on S(7, )e Define e(vr) as any positive con-
tinuous function of < such that

T

1im (g, £™(y)) + e(x)1dax = 4n Jo
T ool

[o]

vhere q, ,1s some point of Tp . There are many ways of defining e(x).

For example, since by hypothesis (a) (y, £(y)) 1s negative and bounded
away from 0 for +t large enough, e(v) could be taken as

(t+1 -7 o )E ||qo

for <« large enough.
Define the curve C:(qo, q,, t) as

T
a0 { ol e [ (@ £3)) + e(xdiac -+ 3(0)
T

o}

for =2 T4 CT 1s then a smooth arc bounded by q, and gq,. g—% at
any polnt q, q # q # @45 Of C:(qo, q,» 7) 1s greater by the positive

quantity e(1) than g—f given by (4a). Hence the angle ¢(q) defined

by the directed tangent to C:(qo, qs t) at q and the directed ray
r»(q) 1is greater than e(q). Then C;(qo, Qs 7) 1s an arc without con-
tact. In a similar way, Oj(qy Qs 7) for ¢ 5, q on I‘Pe, can be
defined as a smooth curve without contact bounded by q, and q,. After
small changes in C; and C:' near q,, if necessary, define OC,(q, q,)
as C;UCT. C‘(ql, q,) 1s then a smooth curve without contact on S(y,)
bounded by q; on I‘P1 and g, on I‘Pa. All trajectories on 8(71)

cross C,(qy, qp) into the reglon on 3(7,) bounded by 0, PP1' PPz' and
C,(qays qp)+ Note that q, and q, are arbltrary points on I‘P1 and I‘P2.

In like fashion a curve without contact Cy is constructed on
each S(74)s Since the boundary points of each C; may be chosen
arbitrarily, the ci's may be connected to form a simple closed curve C
on S(G) with the desired properties. (See Figure 2.)
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Now, let N(C, ¢) be the sur-
face generated by the normals of
length ¢ to S3(G) along C. The
normels are taken in the component
of the complement of S(G)UO which
contains r'. By (P Vb) and a
compactness argument, for o small
enough N(C, o¢) 1s a smooth (except
on the boundaries) non-self-inter-
secting surface without contact
bounded by C and the curve generated
by the ends of the normals.

Let G!' Dbe a smooth simple
closed curve on S° enclosing G
and cut by 7. There 1s a 7 such

FIGURE 2 that for all =3 T, y(tr) 1ies in

the region on S° bounded by G and

by G'. Let the maximal distance between G and G' be so small that the
cone (not an integral surface), S(G') determined by G' and 0 1s cut
by N(C, o) 1in a simple closed curve. For example, G' might be con~
structed by using arcs of fixed length (sufficlently small) of great
circles of 8° normal to the 7y and then joining the subarcs around the
Pi in some smooth fashion.

Let R be the reglon bounded by S(G), S(G'), and 0. Let R
be the subregion of R bounded by S(G), 3(G'), 0 and N(C, ¢). For
all

T
T2Ts Do {r(fo) exp f (3, £(y))asp « y(x)
T

o

is in R. Furthermore, 1f T 4s in R* for some 1, 1t is in R for
all greater <. For evidently T could not leave R* via s(g ), 8(@)
or 0. It could not leave through N(C, ¢) because by construction of
N(C, o) all trajectories cutting the interior of N(C, o) enter R'.
Hence in this case using (P VI) a(r) contains only O. Suppose 1t is
not known that I intersects R*. let p be a point of I corresponding
to some 715, v, 2 T,. Then for some k, 0< k<1, k*p 1sin R*. Then
the trajectory k . I':

{k e r (1) « exp fT (¥, r(y))dr} ¢« y(x)

"o
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must 1ie in R' for all T2 7 and a(k - T) contalns 0 alone. By
(P III) this implies that n(r) consists of just O (see Figure 3).

\
\ \ $(6) / /

se)\

FIGURE 3

F-I. The remaining combinations of possibilities for A(y) and
a(y). are not discussed since in each case the argument is similar to the
preceding.

Thus, in every case A(y) and a(y) have the desired properties
and the theorem 1s proved.

3. EXAMPLE

Consider the system

dx
-dt—1 = - u(x?/3 - x,xg) + a.x1x§ + bx1x§ + x2x§ + 8 (x, t) = f1(x) + g, (x,t)

ax, 2 2 3
(5) g = - %4¥3 + 8%yXg + bxy + g5(x, t) = £,(x) + gy(x, t)

X3 3, .2
5T ¢ 8%3 + bXpXg + g3(x, t) = f3(x) + g5(x, ) ,
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vhere a< 0, b< 0, k>0, X = (X5 Xp» x3). Suppose that g = (g, 85, 33)
satisfies the hypotheses given in Section 1 for m = 3.

In r, y coordinates (5) become

(a) E -, £
T
(6)
(») %Y = £(y) - (3, £GFNy >
T

where f = (£, f,, £3) and r°dt = dv. It is not hard to verify that the
only roots of f£(y) - (y, £(y))y =0 are (+1, 0, 0), (0, + 1, 0),

(0, 0, + 1) and that (y, £(y)) < 0 on each of these roots (a and b
must be negative). Projecting the hemlsphere ¥3 > 0 from the origin onto
the plane I3 = 1, we obtain

(1)

where

1 .
-3 -4
SRR AURS R ANV AUEE AE AR

This is just Van der Pol's equation, and there is a unique periodic solution,
for u small enough, which 1s near the circle: z? + zg = 4, Thus, there
is a unique periodic solution to (6b) on the hemisphere y., > 0 (and, of
course, another on the hemisphere ¥3 < 0)s This solution is near the
circle V3 =25 ; 2 on the two sphere. But then (y, f(y)) 1is approxi-
mately - wyj (7, /3" 1/5) + 1/58 + byg which is negative for |a| large
enough, a < 0. Hence,

T

[ @ enas <o
o

wvhere T 1s the period of the periodic solution. Similarly for the
periodic solution on the hemlsphere V3 < O

The theorem then applies, and the solution x = 0 of (5) is
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asymptotically stable.
4. REMARKS

A. The two condltions given in the theorem for asymptotic
stabllity are usually easy to apply. The first is
always easy, and the second condition can be verified
wilthout knowing either a precise expression for a
periodic solution of (4b) or its exact period --
as was seen 1n the above example.

B. The two conditions are in a certain sense nec-
essary for asymptotic stability. That is, 1f
elther of the ilnequalities 1s reversed, the
critical point of (2) at the origin is not even
stable. It is evident that i1f one of the two
inequalities is replaced by an equality, the
trivial solution of (1) may or may not be
asymptotically stable, depending on the form
of g(x, t).

C. If m= 1, the linear case, the two conditions are
equivalent to the condition that the characteristic
roots of the matrix of coefficients of the linear
terms have negative real parts. The proof of this
fact 1s not difficult, but 1s a little long because
of the necessity of consldering the various possible
canonical forms for the matrix. The proof will be
omitted.

D. Zubov [5] has given conditions for asymptotlc stabllity
for m = p/a(p, q integers, q odd) where n 1is
arbitrary. His conditions do not seem easy to use
inasmuch as one must have a priori bounds on the
solutions x(t) of (1) for which [x(0)| = 1,
namely |x(t)]] < At™%, A, @ positive constants.

RIAS, Baltimore
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XIII. EXISTENCE AND UNIQUENESS OF THE PERIODIC SOLUTION OF
AN EQUATION FOR AUTONOMOUS OSCILLATIONS

Rul Pacheco de Figueiredo
I. PRELIMINARY REMARKS3
Consider the differential equation
(1) R+R(EX)+x=0
where Rﬁ%) 1s a real-valued function having a plecewlse continuous de-~
rivative and from now on the dot on a variable denotes differentiation
with respect to t. Both (1) and its alternate form
(2) F+ry)y+y=0

where y = x and r(y) = R'(y), have been widely used to represent the be-
havior of physical systems undergoing self-sustalned oscillatory motion.

In this paper we propose a general set of conditions for the ex-
i1stence and uniqueness of the periodic solution of (1).

The results of this paper are from a part of the author's doctorate thesis
at Harvard Unlversity and were presented at the annual meeting of the
American Mathematical Soclety in Philadelphla on January 20, 1959. It is
a pleasure to thank Professor P. Le Corbelller of Harvard for his very
valuable advice thr out thls reasearch, and Dr. F. Huckemann, now at
the Mathematical Institute of the University of Giessen, Glessen-: s
Germany, for his careful reading of, and very useful remarks on the
original manuscript of this thesis. This work was supported in part by a
grant from the Junta de InvestigagBes do Ultramar, Portugal.

For such a function, i1t can be readily shown (cf, the author's thesis)
that the two-dimensional system equivalent to (1): X =y, y= - R(y) - x
possesses locally a unique solution .everywhere on the (X, y) plane. This
and the continuity of the right-sides of thls system assure (see reference
[1]) that the Poincaré-Bendixson theorem is applicable to this system
under the above assumption.

269
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Noting that r(y) (= R'(X)) represents the damping in the physi-
cal system, we may describe our existence conditions simply as follows:
(1) has at least one periodic solution if, for small |X|, the damping in
the system 1s negative and provided that, for large |X|, the damping is
positive for positive X and greater than a negative minimum for negative
%X (or vice-versa). We further show that the periodic solution 1is unique
(except for translation in t) if R(x) satisfies some additional re-
strictions.

Among the previous contributions on this subject, notable are
those of Iiénard [2] and Levinson and Smith” [3]1. In the present conditions,
we remove the restriction of these authors that, for large x , the
damping in the system be positive for both positive and negative X, and
in particular we do not require R(X) to be odd.

It 1s convenient to replace (1) by the equivalent system
(3a, b) x=y, ¥=-R(y)-x
which 1s a special case of the two-dimensional autonomous system
(ka, b) x=Xx,5), v-=7Yx y)

where X and Y are real continuous functions defined on the real (x, y)
plane and such that (4) is assured of possessing locally a unique solution
everywhere on this plane. Some of the well known definitions and results
of the Poincaré-Bendixson theory [1] relative to (4) will be now briefly
recalled, the terms defined being assumed to refer to (4) unless otherwise
stated.

A point of the (x, y) plane is saild to be critical if both the
right sides of (4) vanish there and it is sald to be regular otherwise. If
x(t) and y(t) constitute a solution of (4) then for a given t they
define the x- and y-coordinates of a representative point P(t) on the
(x, ¥) plane for this solution. The set (x(t), y(t)} for all real t,
that is the curve on the (x, y) plane which is the locus of all the
representative points for this solution, is called an orbit. Uniqueness
of the solutions of (4) implies that no two orbits can intersect. A closed
orbit (that is an orblt which 1s represented by a closed curve in the
(x, y) plane) made of regular points only is periodic (i.e., it 1is such
that only a finite change In t 1s required for a representative point to
describe a complete circuit on it), and vice-versa. In particular a

Levinson and Smith actually considered the more general equation
§ +r(y, 7)¥ + g(y) = 0. Thelr results may be readily particularized to (2).
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periodic orbit 1s sald to be a stable (unstable) limit cycle if it is
approached asymptotically by 1ts neighboring orbits as t —> o (- «).

If these remarks are particularized to the system (3), it 1s clear that,
for the purpose of this paper, it is sufficlent to determine the conditions
for the existence and uniqueness of a periodic orbit of (3).

In order to establish the existence conditions we shall need

the conclusions of the following section and also the following general
result [4].

LEMMA 1 (Poincaré-Bendixson). If an orbit of (4) re-
mains for t —> «» in a finlte region K of the

(x, y) plane and if K is free of critical points of
(4), then either this orbit is periodic or it approaches
asymptotically a 1imit cycle a8 t —> «.

2. AN AUXTLIARY AUTONOMOUS SYSTEM OF TWO FOCI
OR OF A FOCUS AND A NODE

Consider the piecewise linear autonomous system

(58, b) x=y y=-R@E)-x
where

(6a) -0 (y g 0)
(6b) Yy -7 (F>0) .

Here, pys p, and 7y are positive constants and 2 > p,; < pg-

The patterns of the orbits of thls system for Py <y = and > 2
are 1llustrated respectively in Figures 1(a), (b) and (c), where we make
use of the well-known results for the (x, y) plane solutions of a linear
second order differential equation in t with constant coefficlents.

Since 0< p; < 2, the origin 0 of the (x, y) plane 1s an
unstable focus for the parts of orbits of (5) lying in the half-plane
¥ < 0. Hence the arc of an orbit of (5) beginning at an arbltrary point
A on the positive x-axis, when followed in the clockwise (increasing t)
direction, although getting farther from the origin, must necessarily
turn and meet the negative x-axis at some point B. Then from the well-
known results alluded in the preceding paragraph, the ratio of the distances
OB and OA is
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52
0B _ .~
(1) T
where
(8) ®, = Vi --‘1; p?

From the conditions on Py 1t follows that for the parts of
orbits of (5) located in the half-plane y > 0, the point (0, 7),
labeled F 1in Figures 1(a), (b) and (c), 1s a stable focus or node de-
pending on whether pp < oOr > 2. ILet us assume first that pp < 2 and
refer to Figure 1(a). As we proceed clockwise on the orbit mentioned

(a) oy =1, 92=%,7=g

FIGURE 1(a) FIGURE 1(b)

above byond B, we shall meet the
positive x-axis at some point C to
the right of F. Then agaln from
the well-known results alluded above
we deduce the relationship between
the distances OC and OB

]
(M EY
Wl

9) € -7 .4
OB + ¥y

(e) P =1, Py =3 7=%
FIGURE 1(c)



AN EQUATION FOR AUTONOMOUS OSCILLATIONS 273

where
- V 1 2
(10) 0)2 1 - T 92

From (7) and (9) there is

_5(53_"_1>
2 a)2 m’

_nP2
2
—-— =0 +7<e

S
+
-
N—
[
LV E
{

which shows that as OA increases from O to «, the ratio OC/OA de-
creases monotonically from « to the value

_3(2_ﬁ>
2 o, ®
e 2 1

which 1s positive and less than unity. Hence there is one and only one
position of A, say A', at which A and C colncide, this occurring
when the ratio (11) is unity, that is, when

(12) OA = OA!

_xf -xP2
72'1 2 ®

e - €

In virtue of (11), it 1s clear that the resulting closed orbit
A' BA' 1s a limit cycle of (5) to which all the other orblts of the
system tend as t —> .

We next assume that p, > 2 (see Figures 1(b) and (c)). Then,
whatever the position of the point B on the negative x-axis, the orbit
through AB always tends to F when followed clockwise from B, since
now F acts as a stable node for the arc BF. Thus as A varles its
position on the positive x-axls from O to =, there is only one position
of A corresponding to a closed orbit of the system, namely when A co-
incides with F. All other orbits of the system tend to F (and hence
approach the closed orbit FBF) as t —> o.

.

The above conclusions may be summarized as follows:

LEMMA 2. Under the conditions stated, the system (5)
haes in the (x, y) plane one and only one closed
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orbit which 1s approached by all the other orbits
of the system as t —> =.

3. ON THE EXISTENCE OF A PERIODIC SOLUTION
We now state the following result for the original equation (1):

THEOREM 1. The equation (1) has at least one periodic
solution of

() R(0) =0
(b) R'(0) exists and 1s negative

and provided there is a Yo > O such that
(¢) R'(X)> 0, min (% > y,)
@) 2> - min R'(X) <R'(- %), (X< -7,)

except for the values of X at which R'(X) undergoes
simple discontinuities.

REMARK. Below it will be necessary to compare the slopes of the
elements of orbits, through a point P 1in the (x, y) plane, of two
systems z, and z, of the form

(13) Z, X =73, y=-FF)-x

ede

(1%) Z, : J':=y, = -Fe(y) - X

where F1 and F2 are real, continuous (piecewlse differentiable) func-
tions. For this purpose we let 2z denote the distance from the origin of
the (x, y) plane to a point on an orbit of Z, and z,, 1l.e.,

which after differentiation with respect to t and combination with (13)
or (14) glves

(15) E=-lrmGy, 1.9,

This shows that at P, if y> 0 and F, < F,, Z 18 larger along the
element of orbit of Z, than along that of Z,, 1n other words, when
taken 1n the direction of increasing t, the first of these elements

intersects the second one outward or away from the origin. The same is
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the case If y < 0 and F‘1 > Fa’ the opposite being true if y > 0 and
F,>F2 or y<Oa.ndF1<F2.

PROOF. Consider the two-dimenslonal system (3) equivalent to
(1).

Since R(y) 1s continuous on - Jo ST Ty |IR(y)| 1s bounded
by a positive constant M there.

It will be convenient to introduce the variable
(16) u=x+M .

The conditions (¢) and (d) of the theorem allow us to define the
positive constants [ and Py satisfying

(17) pp = min R'(y), (2 35)
(18) 2> py < 0y

(19) oy > - min R'(y), y<-7,) »
Finally, let

(20) 7 = ¥ +2M .

Pys Pp and 7 thus defined satisfy the conditions assumed for
these constants in (6) and hence by Lemma 2, the system

(21) 4=y, y=-R(y)-u
- ( 0)

(22a) R (7) - { P45 v <

(22b) Py =7, (y>0)

has a unique orbit in the (u, y) plane and therefore in the (x, y)
plane. We label this orbit Tye

Now consider the annular region K (see Figure 2) in the (x, y)
Plane bounded outside by T, and inside by the circle T defined by

(23)~ x2+3° =58

where 8 1s a sufficiently small positive constant such that R'(y) < 0
in the interior of and on Ty
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X, 'R(Y)) "Rl(Y)

FIGURE 2

let (21) and (22), after combination with (16) and (20), be re-
written as

(24a, b) x =y, y=-F@F) -x
(25a) - M, 0

a F(y) _ { p1y+ (Y S )
(25b) (¥ -3) =M (3>0) .

Then since |R(y)| <M for 0¢ |y| < Y, and according to a7
and (18) we have

(26a) For y< 0: R(yY)< - o7 +M=F(y)

(26b) For y> 0: R(y) > po(y - ¥,) - M = F(y)

where the rightmost terms in (26a) and (26b) arise from the definitions
(25a) and (25b). It follows, from (26a) and (26b) (when considered together
with (3) and (24)) and by virtue of the remark just preceding this proof,
that the elements of orbits of (3) on Ty, taken in the direction of in-
creasing t, remain iIn K.

Also, according to the conditions (a) and (b) of the theorem,
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R(y)< 0 for y>0 and R(y)> 0 for y < O. Moreover (23) 1s a
solutlon of the system x = ¥ y = - X. Hence, by the remark just re-
ferred to, the elements of orbits of (3) on Ty when taken in the
direction of increasing t, intersect T, outward from the origin and
hence into K.

Thus an arc of orbit of (3) starting at a point on K cannot
leave this reglon for increasing t. Moreover, the origin of the (x, y)
plane, which is the only critical point of (3), is external to K. Hence
by Lemma 1, K contalns at least one periodic orbit of (3). This con-
cludes the proof.

4. UNIQUENESS OF THE PERIODIC SOLUTION
We now make the following proposition:

THEOREM 2. Assume that the conditions of Theorem 1
are satlsfied for the equation (1) and let there
exist a y; > 0 such that™

(a) R(y,;) =R(0) =0

(®) xR(&x) <o, (o< | <7y,)

() R(x)>0, (x>y,)

@) R'(%) i R(X), (%<0, X>y,)

except at the values of X where R!'(X) undergoes
simple discontinuities. Then (3) has a periodic
solution which 1s unique except for the translations
in t.

REMARKS. As before, instead of (1), the equivalent system (3)
will be considered.

Figure 3 illustrates the direction, for increasing t, of the
elements of orbits of (3) under the conditions of this theorem. In this
and the following figures, - R(y) 1s also shown plotted along the axis
of the abscissae. It follows from (3) that, for Increasing t, the ele-
ments of orbits of (3) above the x-axis are directed rightward and those
below it leftward; the ones at the left of - R(y) are directed upward
and those at its right, downward. The curve - R(y) 1tself 1s intersected

By évident changes in the proof it can be shown that the result of this
theorem holds if the conditions (a), (c) and (d) are replaced respectively

by (a) R(- ;) =R(0) =0, (c) R(x)>0, (X<-¥), (@) R'(x) » 1 R(x),
(x < -y %> 0 x
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x
l -R(y) I -R(y)

w

FIGURE 3 FIGURE 4

by every orbit horlzontally and the x-axls 1s crossed vertically.

Let r in Figure 4 represent an arc of orbit of (3) that
describes a complete clockwise turn around the origin, leaving the positive
x-ax1s at A and meeting this axis again for the first time at some point
I. Then nowhere on I 18 an alement of T along a radial direction. In
fact, thils follows directly from the discussion in the preceding paragraph,
for that part of o that does not lle in the reglon between the curve
- R(y) and the y-axis (indicated by the hatched area in the Figure). To
show that the same holds for the arcs FG and BC of T that lie in
this region, consider first FG. In the y-interval on which FG 1s de-
fined there 1s a N > 0 such that R(y)/y ¢ N. Since an orbit through F
of the linear system X =y, ¥ = - Ny - x, when followed clockwise from
F, does not approach a radial direction in this y-interval, the arc FG
cannot certainly approach a radial directlon (since R(y) < Ny). Similar
argument holds for BC, but in this case one follows BC counterclockwlse
from C to B.

If P(xp, yp) and Q(xg, ¥y) are two points on an orbit of (3),
we shall often need to relate their distances OP and 0Q from the origin
of the (x, y) plane. For this purpose (3) is reduced to a single first-
order equatlion in x and y and then integrated to give

(27) OQE-OPE-(xa+y”a)-(x§+y§)=-2¢gfi(y)dx
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where the rightmost term 18 a line integral computed on the orbit from P
to Q.

PROOF. Since the conditions of Theorem 1 are satisfied, (3)
has at least one periodic orbit. It remains to be proved that thls perilodic
orbit 1s unique under the present set of restrictions.

Condition (b) of the theorem clearly :melies* that the perilodic
orbit must be partly sbove and below the band |y| ¢ Ty

Consider the arc of an orbit of (3) ACIFI (see Figure 5) which

y
E, / F2 Hy  H,
3 1L ~F
N, o
B, fi~_/E
2 [E
1 \i 5/ Hy
ds ~.
dopfr—f L N /
S~ / A
1
~ £,
o]
X
5, (b, |D, \ 10/1’1 I, -R(y)
'R(}’) dsl
d52
P N, . —=4
Cy
Cs
FIGURE 5

starts at a point A on the positive x-axis and continues clockwise from
A intersecting: the curve - R(y) for y < 0 at C, the negative
x-axis at D, the curve - R(y) for y > 0 at F, and agaln the
positive x-axis at I. Clearly, C and F are respectively the mininmum
and maximum of y for this arc.

If C and F (the y-coordinates of which are denoted by Jg

This follows from application of (27) to the arcs of orbits of (3)
lﬂeing in the band |y| < ¥,,» taking into account the condition (b) of the
theorem. -
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and yF) are inside or at the edges of the band |y| < ¥4 A 18
certainly at the left” of I. Let ACDFoIo be the arc ACIFI such
that min (- Yoo’ YFo] =y, The proof of the theorem now proceeds via

the following lemma.

LFMMA 3. As the position of the point A moves right-
ward on the positive x-axis from A, the ratio of
the distances OI/OA decreases monotonically.

PROCF OF LEMMA 3. Syppose A, and A, are two points on the
positive x-axls such that A, 1s to the right of A‘ and A1 is to the
right of (or coincides with) A, The corresponding arcs of orbits
A,C1D‘F111 and A,C,DF I, will be denoted by I, and T, and the
quantities assoclated with these arcs will be indicated respectively by

the subscripts 1 and 2. The lemma 1s proved by showing that

(28) —<
0A, = OA,

let the left- and right-side intercepts of y = v, with I‘l

be denoted respectively by E1 and Hl, and those with r, respectively

by E, and H,. Assume that OE1 and OH, when produced in the

directions from O to E1 and H, intersect T, respectively at E3

and Hj.

Now the change in the radial distance of a representative point
moving clockwise on TI'; wlll be compared to that on T',. For this pur-
pose, each of the parts into which T, is divided by the points Dl, El
and H, will be considered together with the corresponding part on T,.

Consider first the arcs A1CID1 and A202D2.

Introducing the polar coordinates =z (already defined) and ©
(which 1s the angle measured in the clockwise direction from the positive
x-axis), we write

(29a) X =2z cos ©
(29b) y=-zsinoe
with which (3) may be expressed as the single first order equation

dz z Rsin o
(o] 2L - ————
(30) de z + Rcos o

See footnote on preceding page.
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where R = R(- z sin o).
(30) may be conveniently rewritten in the form

(31) R sin o '

d
= (log z) =
de(g ) zZ + Rcos e

Conslder now two differential elements ds1 and d52 belonging
respectively to A;C,D, and A,C,D, and lying along the same radlal
direction, as indicated in Figure 5. For both these elements the terms in
e 1n the right side of (31) are the same.

Partial differentiation of (31) with respect to z gives

(g-i—i z - R) sin e
(32) 29 (108 2) = —————————
dz de (z + R cos 8)

The denominator in the right side of (32) does not vanish at any
point on A,C,D, and A,C,D,. For if it did, then (30) would imply that
the element of A1C1D1 or A202D2, there, 1s along a radial direction,
and, as remarked earlier, this 1s not possible.

Also, for the elements ds1 and ds,
(33) sine > 0

and, according to (29b),

R - B! _
(3%) 22 R=R'(yl)y -RgoO

the right-most member of (34) resulting from the condition (d) of the
»*
theorem.

(33) and (34%) together with (32) imply that

) d
(35) 5[&3‘“‘”’]@

and since ds, 1s at a greater radial distance than ds,, (35) shows that
the right side of (31) 1s less (or equal) for ds, than (and) for ds,,
or symbollocally:

Note that since y < 0, multiplication by y changes the sign of the
inequality given in the condition (d) of the theorem.
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R sin e R sin e
(36) {z+Rcose} s z+Rcose}
d52 ds1

Integrating (31) along A,C,D, and A,C,D,, making, in this in-
tegration, the differential elements of these arcs along the same radial
direction correspond, and using (36), we obtailn

0D2 x
f dlogz-f —Rsine Sf ——B-—B—LE—Lde=
o, OCDz+Rcose z + Rcos 6
A0, %4,0,D,
(37) 0D,
= d log z
OA1
and hence
(38) —Z—Dg ]
A 70

Next we consider the arcs D1E1 and D,E, using a modification
of Llénard's [2] approach.

Now y 1s taken as the independent varisble (in the line in-
tegration to be performed) and a differential element ds, on DE, 1s
made to correspond to the element ds, of D2E2 having the same
y-coordinate, as shown in the figure.

Let (x', y') and (x", y") denote the coordinates of ds, and
ds,. Since x" < x'< 0 (see Figure 5)), y' =y" =y > 0, and according
to the conditlon (b) of the theorem, R(y') = R(y") = R(y) < 0, we deduce
from (3) (by reducing (3) first to a single order equation in x and y
and expressing dx in terms of the other variables):

(39) axt > ax" > o
and
(40) R(y) dx* <R(y) dx" g 0

Then integrating (40) along D,E, and D,F, in the way indicated
in (27), we have:
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OE? - of = - 2 4 Riy)ax' » -2 [ R(y) ax" -
1By D%,
(%1) '
- OE3 - 0Df > o
or simply
(42) OE} - 0D} » OE3 - 0D > ©

which may be rearranged as

(43) oo’ (——-1)201)2(-—--1) .

Since, according to (k2), both sides of (43) are non-negative and
because 0D, > OD, we derive from (43)

(b4) O, ( ) OF
1 > —= -1
on2 < onf
and therefore
OE,
" _—2 1.
(43) oD, s oD,

For the arcs E2E3 and H3H2 of T, R(y) > O (since y > yl).
Hence applying (27), separately, to each of these arcs, we get

(46) 3 <1

OE2

Ok,
4 —_— 1 .
(47) oa, <

The arcs 1!:113‘11{1 and E3F‘ H3 are treated in the same way as
AC,D, and A,C,D,. For those arcs (33) 1s negative and (34) 1s positive.
Hence, the right side of (32) 1s again negative and therefore, as in (38),
there is
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0. OH
(48) _§3_ 1 .
0E3 OE‘l

Finally, dealing with the arcs I-I1I1 and H212 in much the same
way as with D]E1 and D2E2 , we deduce
01 oI
(49) 21
0}12 OH1
Multiplying together separately the left and right sides of (38),
(45), (46), (47), (48) and (49), the result (28) 1s established.

CONCLUSION OF THE PROOF OF THEOREM 2. It follows from the above
lemma that if the points A and I coincide, they can do so only once.
Since (3) has at least one periodic orbit (since it 1s assumed to satisfy
the conditions of Theorem 1), A and I must coincide at least once.

In other words, (3) possesses one and only one periodic orbit and this
orbit corresponds to the periodic solution of (1). This completes the
proof of the theorem.
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I. In formulas (2.7), (3.3), (5.1), (8.k4), (9.13), (10.1),
(10.7), (10.8) replace

uy! (Q) (q)
m qu' (ZJ) by Gi? (ZJ) .

II. In (2.7) replace the upper limit of the second summation
sign by Hy - 1.
III. Replace (2.9) by

(2.9) 6y4(2) = = (z - 25) 1Dy (2)/(D(2)0(2))
IV. Replace (2.11) and the material above (2.12) by
oo ) t
(2.11) yi(t) S f Z .ﬁ.(.z— [etha+ f ez(t-‘r)ua(,‘.)d.,] dz ,

2ni D(z)
[ a=1 [}

where C 1is a contour enclosing the zeros of D(z) but not those of
D(z). Then

ﬂ-ihy - fi iE&.(.z_).(Ai - 8y42) [eZt'ba
at = BYp 2“10 2] p

D(z)
a=1 p=1
‘ a
- 1
+j°" o2ty (r)arraz - =L ) ua(t)£ Dy, (2)/D(2)] dz
=1
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By (2.4) the first term on the right vanishes because its integrand has
no poles inside C. Therefore

V. Replace equation (2.13) by

(2413) Sy = - ;:E‘c[ [Dyo(2)/D(2)] dz .

VI. Replace the material below equation (2.14) and above equa-
tion (2.16) by, "To evaluate 8,, note that as z —> =,"

VII. Change formula number (2.16) to (2.15).

VIII. Idne 11, p. 36 should read, "degree m -1 or <m -2
according &s ... o"

IX. Replace "inserting (2.16) into (2.15)," by "inserting (2.15)
into (2.13),".

X. Omit 1lines 15-18, p. 36.

XI. Replace line 19, p. 36 by "Solving (2.5) for D, (z) and
inserting in (2.11),"

XII. Replace lines 4 and 5, p. 37 by

D, (z) v
1 1 zt. z
Fale) = - 2l “[D(Z)D(z) (ez) ‘[ ° (t-T)U(Z:f)d'r] dz

The integrand has poles at the characteristic roots only, so by the theory
of residues and (2.9),

Hae=1
S SR - 2t
yi(t) z (”1-1 )l az;J_.l {Gij (ZJ)[Q B(ZJ)

t
+f ezj(t-T)U(zj, 'r)d‘r]} .

o
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