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PREFACE TO THE THIRTEENTH EDITION

The present edition of this book has given me an opportunity
to make a number of minor corrections and to add Chapter XVI
containing suitable solved examples illustrating the motion of a
rigid body under finite end impulsive forces.

The large number of examples—always a popular feature of
the book—has been supplemented by some additional problems
taken from recent University Papers.

It is hoped that in its present form the book will be still more
useful and will continue to serve the cause of Mathematical teaching
in Indian Universities.

4, Daryaganj, Delki-6 ; S. R, GUPTA
September, 1963

PREFACE TO THE FIRST EDITION

This book is meant to be an introduction to the study of Dyna-
mics of a Particle, and is primarily intended for the use of students
preparing for the B.A. degree examination of Indian Universities, but
may also be used by students preparing for the Engineering and
other competitive examinations. It includes a short account of the
Cycloidal Pendulum and the Planctary Motion for the benefit of
students preparing for the Honours course.*

This work differs from others of its kind in the method of treat-
ment of the subject. Elementary works already existing in the
market treat the subject geometrically, whereas I have tried to
popularize the analytical method, the employmont of which has
hitherto been restricted to advanced works only. This preference in
treatment is in accordance with my conviction (which, in turn, is the
result both of my personal cxperience of teaching the subject for the
last twelve years and the various discussions which 1 have had with
students and teachers of Indian and Foreign Universitics) that no
other method but the analytical can enable the beginners to grasp
the subject clearly. Thus the present volume is designed to supply
a real need of the students.

*The Treatment of Moment of Inertia, Compound Pendulum, Linear
motion in & resisting medium, Motion of a rigid body in two dimensions under
finite and impulsive forces, centre of Percussion, Torsional vibrations and
Ballistic Pendulum have been added in subsequent editions.
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To afford a fuller idea of the scope of this work, I may mention
that Newton’s laws of motion, motion of a particle attached to olastic
strings, motion of trains and cars on curved paths, the principle of
work and encrgy, the principle of relative velocity and the graphical
method of solving Dynamical problems—all these are treated in
detail and profuscly illustrated by carefully selected solved examples.
Besides, other examples, which are seattered throughout the book
are also particularly designed to assist the student to understand
the principles of Dynamics. The ready made examples are taken
moxstly from questions sct at the Indian and Forcign Universitics.
Certain articles and examples which may present some difficulty to
a beginner are marked with an asterisk and may conveniently be
omitted by him during the first reading.

My acknowledgment is generally due to modern writers on the
subjoct whose works I have freely used. But I am particularly
indebted to Professor A.T. Banerjee of the Hindu College Delhi, for
his kindness in going through the manuscript and making valuable
suggestions. I shall be thankful to others who may suggest improve-
ments for future editions, or even point out errors in this volume
which may have escaped my serutiny.

Lahore ; S. R. GUPTA
April 1931.
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The following approximate results may be referred to for
numerical calculations :—

/2 =1414 V3 =11732
/5 =2236 V6 =2449
V1 =2646 1/10=3'162
V/11=3317 +/13=3606
r=31416 2 =031831
log,ee=0'4343 7?=9870
Weight of one gallon of water =10 Ibs.

Weight of one cubic foot of water =626 lbs.



Elementary
Analytical Dynamics

CHAPTER I

VELOCITY, ACCELERATION

1’1, Dynamics is the science which treats of bodies in motion.

When a body moves all parts of the body have not necessarily
the same motion but if the body is a very small one, the differences
between the motions of its different parts are unimportant. In fact,
we may regard the body as coinciding with a gcometrical point and
then consider its motion. Such a body, the position of which is defin-
ed by that of a geometrical point at cach instant, is called a
particle. Onr main object in this book is to deal with motion of a
particle.

11, If a body moves in such a way that all its points move
through equal and parallel distances in all equal iiitervals of time,
however small, the body is said to have a Motion of Translation. In
such cases the body moves without rotation and between any two of
its points there is no relative motion in space. Its motion is com-.
pletely determined when the motion of any one of its points is
known. The body is then taken as replaced by a material particle
coincident with this point and having its mass equal to that of the
whole body. It is usual to take the centre of gravity of the body as
the point whose motion determines the motion of the whole body.

1'2. When a point changes its position relative to any object
and occupiés different positions at different times, it is said to be in
motion relative to that object. The curve drawn through the succes~
sive positions occupied by the point, is called its path.

1'3. The path of a moving point may be a straight line or a
curve.

In earlier chapters of this book we shall deal with the motion
of a particle along a straight line and we now discuss some concepts
necessary to the investigation of such a motion.

1'31. Displacement in a straight line. In order to
determine the position of a point P in a straight line, a fixed point O
must be marked on the line. The position of P is then defined by
the length OP. If at any instant the position of a moving particle
be P, and at any subsequent instant it be @, then PQ is the change
in position or the displacement of the partiole in the intervening
time. o

Whenever a relation betweet-the distance OP=x and tinie ¢ is
known, the displacement or the distance travelled during a given
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interval of time can be obtained by substituting the given values of ¢
in the relation.

If, for example, in the, relation =162, we put t=2, we get
z2=64 and for {=3 we get =144, so that the displacement in the
third second is 144—64=80 ft.

1°'32. Average Velocity during an Interval. Ifa particle
moves a distance z aleng a straight line in time ¢, then 4 Is said to
be the average velocity during the interval.

For example, if a train travels from Amritsar to Delhi, a
distance of 300 miles in 12 hours, then #82=25 miles per hour is
its average velocity. It means that if the train were supposed to
have been moving with the same velocity of 25 miles per hour during
the whole interval, the train would have covered the distanee of 300
miles in 12 hours. But as a matter of fact this is not so. We know
from expericnce that the train starts from rest, gathers speed and
stops at the next station and continues doing so between every two
stopping stations.

It is evident, therefore, that the average velocity is related teo
the intervals as a whele and is simply a matter of calculation. It is
distinct from the actual velocity which a moving body may have at
any particular time.

With a view to understand the motion in all details, we intro-
duce the notion of velocity at a point.

1°33. Velocity at a Point. Suppose that a particle begins

to move from a point O along the straight line OX and comes in the
position P after describing a dis-

0 =« P 32Q X f{ancoin time t. Furtherlet it move
a little distance 8z in a little time §t and come in the position @.

Then 8;;— is the average velocity of the particle during the interval §¢.
As §t and consequently §z becomes smaller and smaller, the point @
is taken nearcr and nearer to the point P so that -i:z charuc-

terizes more and more accurately the nature of the motion at P.

3

Thus it is natural to take Lt ——1-:="(—]£‘as the velocity at P.
Thus the derivative of z with respect to t expresses the rate of
change of displacement or the velocity v at the time ¢,

. dx

‘.C., . v=—di .

1'34. Speed. The velocity may be positive or negative accor-
ding as the particle is moving in one or tﬁe other dircction along a
straight line. The magnitude of the velocity without any considera-
tion of dircction is usually called speed, A man walking north at the
rate of 4 miles per hour and another walking east at 4 miles per hour
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have the same speed but different velocities because the directions of
motion are different.

1°35. Uniform Velocity. In case the velocity of a particle
moving along a straight line is the same at every instant during an

interval, 1. e.,% remains constant thronghout the interval, the

motion is said to be uniform.

For measuring velocity one second is usuaily taken as the
unit of time and either one foot or one centimetre as the unit of
length.

A train which travels uniformly 60 miles in one hour will travel
88 feet in ope second and is said to have a velocity of 88 feet per
second or 60 miles per hour.

1'36. Relative Velocity of two bodies moving in
straight line.*

Let the velocities of two bodies. 4 and B at any instant be u,
and v’ and let x, 2’ be their distances from a fixed point O in the line.

The velacity of B relative to A
=rate of change of the distance AB

d 4 Cl.’{ — fd_:.l_:_—u'_.
=z (2'—2) =7 0= .

Thus the velocity of B relative to 4 is obtained by adding to
the velocity of B, the reversed velocity of 4.

If, for example, two trains 4 and B are moving on parallel
tracks in the same direction with equal velocitics, their relative
velocity is-zero, so that to a person in 4, the train B appears to be
stationary. If the trains are moving with unequal velocities of 20
and 25 miles per hour respectively in the same direction, the motion
of Brelative to 4 is 25—20, 1.e., & miles per hour. Again, if the
traing are moving in opposite directions the velocity of B relative to
A is 25—(—20), s.e., 45 miles per hour. In this case & person in B is
separating from a person in 4 at the rate of 45 miles per hour.

1°37. Acceleration ata Point. We have seen that the
rate of change of displacement at the particular instant is the velo-
city at that instant, similarly the rate of change of the velocity
with respect to time is called acceleration and is generally denoted
by f.

Let v be the velocity at any instant, of a particle moving
with variable velocity and §v, the change in the velocity in a little
time §2.

g—:i is then the average rate of change of the velocity in the short

interval §t.

*For relative motion in a plane, see Chapter XI.
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The rate of change of velocity, i.e., acceleration at any instant

. Lt §v dv
¢ is therefore =810 o =
dv d d sdxN dx
v ===y 'Zl?)‘—‘dz"

dv dv _dx o dv

Also f=g=% 4= &
Thus general expressions for accelcration of a moving particle
are
dv  dz dv
—ﬂ or Jti or Ua—;‘

The student should clearly bear in mind these three forms for
f, and as to which one is best to employ in a given case will become
clear from the examples given in the next article.

The word acceleration is used to denote any change in the velo-
city, whether that change be an increase, or a decrease. In other
words the acceleration may be in the dircetion of motion, or in the
contrary direction, 7.e., the acceleration f mayv have the same sign as
that of the velocity » or may have the opposite sign.

In case the sign of f is opposite to that of v, the acccleration
is sometimes known as retardation. So that retardation implies
decrease in the magnitude of velocity.

Just like velocity, acceleration may be uniform or variable.

1'38. As acceleration is the change of velocity per unit of time,
a point is said to be moving with #n units of acceleration when a
change of 7 units of velocity takes place every unit of time,

Thus a point is moving with 5 foot-second units of acccleration
when a change of velocity of 5 ft. per second takes place every second;
it is ususl to express it by saying that the point posscsses an accelera~
tion of & feet per second per second or 5 ft./sec.?  Similarly 5 centi~
metre-second units of acceleration are written as 5 cm./sec.® and 10
miles-hour units of acceleration as 10 mi.fhr.2.

Example 1. A particle meves in a straight line in such a way
that the distancd from a fized point O in the line at the end of ¢ secs., ts
114-5t4-1% ft.  Find (1) its distance from O, (it) its speed, (311) its accele-
ration it the end of 4 secs.

Here §=345{-F11=95 ft. when t=4,
v:g‘%=3t2+5=53 ft. per sec. when t=4,
dis -
and f=a?— =6¢=24 ft. per sec. per sec. when {t=4.

Example2. A body moves 30 that the distance x feet which it
travels is given by lhe relation x=t24-6t+11 where t is the time in
seconds. Find the velocity and acceleration 4 secs. after the body
begins to move,
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GRAPHICAL REPRESENTATION

r'4. Distance-Time Graph. If a particle moves along a
straight line, the distance moved is a function of time.

If a graph is drawn such that
the time is represented on some scale
by the abscissa, i.c., by a length drawn
along 0X, and the corresponcing dis- p,
tance, by the ordinate on the same
scale, the graph is called the distance-
time graph, and the velocity which

1
is s evidently given by the gradient )

dt
of the tangent to the curve at a parti- 0 T M X

cular point determined by an assigned value of ¢.

1’5. Velocity-Time Graph. In exactly the same way, we
can draw a graph representing the velocity in terms of time. The
dv
de
gradient of the tangent at the corresponding point on the graph.

When the acceleration is uniform the velocity-time graph will
be evidently a straight line.

acceleration —- at a particular instant is then represented by the

Examples
x. For the velocity of a tram car it is given that
t 0 1 3 4 5 6 7
3 0 2 9 14 20 27 33
Plot the space-timz curve and find the velocity at the end of each
second, hence find the acceleration at the end of the 4th second.
(Roorkee)
2. Show that the above figures are connected by the relation
28=1%+43t and hence verify the results obtained in Kxample 1.
3. Show that in the velocity space curve (in which abscissae
denote spaces covered and ordinates represent velocities) the sub-
normal represents acceleration, (B.U.)

[Hint. Subnormal=vx —Z: ]



CHAPTER II
MOTION IN A STRAIGHT LINE—I

2't. In the preceding chapter we have shown how by
differentiation, we deduce the velacity from a knowledge of the
relation between the distance travelled and the time taken and how
we deduce the acceleration from the relation between the velocity and
the time.

We now consider, the more important problem of dcducing the
velocity from a knowledge of the acceleration, and the distance
travelled from a knowledge of the velotity. Thisis the inverse prob-
lem and hence can be solved by integration.

2°'2. Motion with constant acceleration. A particle moves
along a straight line from a fixed point in it with initial velocity v and
constant acceléeration f, in its direction of motion. 1o find the velocity
v and the distance s travelled after any time t.

The acceleration of the particle is given constant and equal to
J, and s is its distance at any time ¢ from the point at which it starts,
then its equation of motion is

d2%s
=

Integrating with respect to ¢, we have

%:ﬂ-}-c, where ¢ is a constant.

ds

It is given that initially when ¢=0, —Z-zu, r.e., u=0+c
or c=u.
ds .
—‘W:u—kft, e, v=u+ft. (1)

which gives v, the velocity at any time.
Integratling again with respect to ¢, we get
s==ut+}ft*+k (a constant),
when ¢=0, =0, so that k=0
o s=ut+}fed o (2)

dv . . .
Alsc v -E:— being another expression for acceleration, the equa-

tion of motion can be written as v %:sf '
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2
Integrating with respect to s, we have -';~:fs !

It is given that initially when =0, v=v, so0 tha.

]
=04, i, cr—i;-. R L P
i.e., vi=u?42fs ..(3)

The last equation can also be obtained by eliminating ¢ from
(1) and (2) as follows ;—

From (1) v=u4-2uft+f23

=ub4 2f(ut+3 ft*) =u?+2fs.

If the particle starts from rest, so that u=0, these equations
take the simpler forms (
v=ft, 8=31f1? and 1?=2fs.

The three equations obtained above are of fundamental import-
ance. They are the equations of motion of a particle moving along &
straight line with constant acceleration.

Each of these equations involves four quantities and any one of
them can be obtained whenever the other three are known,

In solving problems we sclect the equations which contain the
quantities that are given and the one which is required.

Example 1. A par o/lc starts with a velocity of 20 ft. per sec.
and travels 100 yards vn 30 secs. along.a straight line. Find (i) the
acceleration supposed uniform, (2i) the times at which it is 1663 ft. from
the starting point, and (iii) the time when 1t comes to rest.
(t) Here u=20 ft. per sec., £&=100 yds.==300 ft. and ¢t=30 scc=.
Substituting these in s=ut}1f(2, we get
300=20x30+431fx30x30

te., [f=—% ft. per sec. per scc.
(i), 1662 =20t+3(—#)2
or 500=60t—1? or (t—10)(t—>50)=0.
y =10 or 50 secs.

& (m) In the formula v=u+ft, we have v=0, v=20 and f=—3§

S 0=20—%t or t=30 secs.

Thus the particle moves with a retardation of & ft. per sce. per
sec. and it comes to rest after 30 secs., then ii returns back and is
again at a distance cf 1663 ft. at t=50 sces., the second value of ¢
obtained above.

Example 2. . body moving with uniform acceleration in a
straight line has a velocity 12 ft. per sec. at a distance of JO ft. from a
point Q) and 16 ft. per sec. at 24 ft. from O. Find the acéeleration and
velocity at O.

Let v be the velocity at O, then using the formula
v¥=u®+42fs,
we have
144=4%4-2f % 10 and 236=1242fx 24
which give f=4 ft. per sec. per sec, and v=8 ft. per sec.
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Example 3. 7wo cars start off to race with velocities u and v and
travel in a straight line with uniforn accelerations a and B ; if the race
ends in a dead lLeat, prove that the length of the course is

2u—) uﬁ-—za)
T {a—pp ,

Let the length of the course be ¢ units. As the race ends in
dead heat, the cars rearh the destination at the same time, i.e., each
of them describes the distance 8 in the same time, say &.

Then by the question, we have

. s=ut+} at*=vt+1pL3

which gives

B(n—v)
B—a’
rejecting the value t=0, which corresponds to the initial position.
Substituting the value of ¢ in s=ut+} at®, we now get
2u (u—v 4 (u—v)2 2 (v—v
=__B(;_;,_?+éa, ([(}—a)l = [g_a)g [u(B—a) +a(u—t)]
=2(n—v) (uB —va)/(a—B)2

2'21. Other results. For a body moving along a straight line
with wniform acceleration, we have

(1) the average wvelocity is the mean of the initial and final veloci-
ties and is equal to the velocity at the middle of thesinterval.

Let  be the initial velocity and v, the final v cloclfy, then

v=u-ft. .

2
-————-——1lt+;', 'ﬂ =u+}ft.

"4 'u+1l-+ft

The mean velocity T R + ga

The velocity at the middle of the interval=u 4%
=u+}ft.

(n—v) t=}(B—a)? or t=

The average velocity —':——_-z

Thus all the three are eqnal.
(2) 7The distance travelled in t seconds s equal to the product of ¢
and the mean vclocity,
For, s=ut+3} fP=u+ 1ft)t—-lt-vxt
=mean velocity X time,

If the partiele starts from rest and acquires a velocity v in time
¢ u=0 and  s==}ol.

(3) Distance travelled in the nth sccond
=Distance deseribed in 7 secs.—that described in (n—l) secs.
= unt§fat—[u(n—1)+}f(n—1)"]
=u+3 f(2n—1).
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Thus the distance described in the first, second, t.}‘lird. ceeeans
seconds of the motion arc w<4-3f, u43f, u+4f......w+ . forman
4.P. with common difference f.

Examples II

[N.B.—In the following questions, bodies are suppused tu be moving
along a straight line and thoeir accelerstion is taken to be uniform.]

V'z. The spoed of atrain increases, from 30 m.p.h. to 45 m.p.h. in 11
seconds, What is tho acceleration of the train and what distance does it des-
cribe during this time ? X ‘

Find also the velocity of the train when it has travelled a further dis-
tance of 847 ft.

“ 2. If abody, moving withuniform accoleration passes over 300 foet
while its velocity increases from 30 to 70 ft. per second, find the acceleration
and thoe time of motion.

3. The velocity of a particle, which is moving in a straight line with
constant rotardation, decreases 10 ft./sec. whils the particle travels 10 fest; and
15 ft.[sce. while it travels 12} ft. from the starting point. Find _}he distance

the particle travels from tho starting point until it comes to rest.
4- A car is moving at 30 m.p.h. when passing one lamp-post, and at 15
m.p.h. when passing the other. If the lamp-posts are 110 yards apart, how far
will tho car travel before it coms to rest if this retardation 1s mantamed ?
How long after passing the first lainp-post will thoe car bo moving ?
;L 5. A train is moving with a speed of 43 m.p.h. and tho brakes produce
a retardation of 4 ft. sec.2 At what distance from a station should the brakes

e

be applied so that the train may stop at the station ?

If the brakes aro pu. on at half this distance, with what specd will the
train pass tho station ?

6. An cngine driver whose train is travelling at the rate of 30 miles an
hour sces a dangoer signal at a distance of 220 yards> and does his best to stop
the train. Supposing that he can stop the tram when travelling 30 miles an
hour in 440 yards, show that his train will reach the signal with a velocity of
217 miles per hour nearly. ) ) _(r.U)

A body sturts with velocity u and moves in a straight line with
constant acccleration f.  When the velocity ha- increased to 5u the acceleration
is reversed, its magnitudo boing unaltered.  Find the velocity with which the
body again reaches 1ts starting point.

8. A train moving with constant scceleration takes ¢ secs. to pass a
certain point and the ends of tho train pass the pomnt with velocities w, v res-
pectively.  Find (é) the acceloration, (i) the longth of the train, (i) the velo-
city with which the eentro of tho train passes the point, . (I=U.)

A body starting with initial velozity and moving with uniform accel-
cration acquires a veloeiry of 20 ft. per sec. atier moving through 10 ft. and a
velocily of 30 ft. per sec. after moving through a further 15 ft. When and
wherc will 1ts veloeity be 40 ft. per sec,

[Hint. Writo down one equation for the first distance and the second
equation for the sum of tho two distances.]

10. In a certain interval of J0 seconds, a point passes over 220 ft., in
the next interval of § scconds it passes ovor 830 ft. ; if the poinf is moving
with uniform acceleration, find its velocity at the bsginning of each of the two
intervals, (P. U.)

1. A particle moving in a straight line with constant accoleration
passes in succession through throe points 4, B, C, the distances AB and BO
each being cqual to 12 ft. Tha particle takes 1 see. to travel from 4 to B,
and 2 secs. to travel from B to €.  Determinoe the point at which the particle
-vnes to rest and the point at which its velocity is 8 ft. per sec. {Bom. U.)

’ N2 A particle moving with uniform acceleration in & straight line '
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passes points P, Q, R. If PQumQR=b, and if the time from P to Q is ¢;, and ¢
2b(t; — t3) ‘
Lta(ty +2a)

13. A body moving with uniform acceleration, moves thraugh 530 and
770 ems. respectivoly in the ninth and the thirteenth seconds of its motion. Find
its initial volocity and the accoleration with which it moves.

. 14 If the distances gone over by a particle (moving with uniform accele-
ration) in the pth, gth and rth seconds are respectively z, y and z ; show that

(g—1)z+(r—p)y +(p—g)z=0. (P.U.Y

Two points 4 and B move in the same straight line being initially
at rest and B being 80 fect in front of 4, B star:s from rest with an accelera-
tion of 12 ft./scc.2 and A starts with a velocity of 23 ft./sec. and an accelera-
tion of 8 ft./sec?. Prove that 4 will overtako and pass B after an interval of 4

seconds and that B will in turn overtalte 4 after a further interval of 3}
scconds.

to R is ty, prove that the acceleration is

6. A particle is projected in a straight line with a certain velocity and
a constant acceleration. One sccond later another particle is projected after it
with half the velocity and double the accelcration ; when it overtakes the first
the velocities are 22 and 31 ft. per second respectively. Prove that the distance
traversed: is 48 foet. (D. U.)

17. A bus is beginning to move with an acecleration of 1 ft./sec.2 Show
that (¢) & man who can run at 9 ft./sec. will catch the bus in 8 secs. if he is
40 ft. behind when it starts ; (ii) if the man is 404 foet hehind he will only just
catch tho bus ; (¢i1) if he is 50 ft. behind he will nover catch the bus the short-
est distance between them being 9% feet.

¥ 18. A cyclist passes a car that is just starting with an acceleration of
2 ft.[sec.2 The speed for the cyclist is 12 m.p.h., and the car maintains its
acceleration for 15 seconds and then moves uniformly. How far will tho car
havo run beforo overtaking the cyclist ?

19. A train moving'with uniform acceleration, has a vclocity of 20 m.p.h.
at 4 and 40 m.p.h. at B. Find the velocity at the middle of the intetval and
also the velocity midway between 4 and B.

20. Two particles P, Q move along a straight lino AB, starting from
A, P moves with velocity u and acceleration f, Q with velocity %’ and accelera-
tion f. If they both have the same velocity at the middle point of AB, prove

w?—ul
=
I=f
21. A particle moves in a straight line with uniform acceleration. In
motion from one point to another, show that the average velocity is equal to
the velocity at the middle of the interval of time and that it is less than tho
velocity at the point midway in distance.
If the particle moves according to the law s=FkN¢, thow that the average
velocity is now equal to the velocity at the point midway in distanco.

*t(z. A train travels a distance § starting from rest and finishing at rest
The Velocity increases uniformly till it reaches a maximum value ¥, and then

that AB (LU

.. 28
decreases uniformly. Show that the whole time of the motion is 7
23. A 100 yards sprinter starts with a rpeed of 20 ft. per second,
accelerates uniformly to 30 ft. per sec. and finishes the race at th‘ls speed.
If his total time is 10 secs., show that his uniform acceleration is 45 ft. per
8ec. per sec.

.

. Two particles P and Q move in a straight line AB towards each
othet. P starts crom 4 with velocity w and acceleration f, whilo  starts fygem
B with velocity u’ and acceleration f’. They pass ono another at the mid-pdint
of AB and arrive at the other ends of A with equal velodities. Prove that

(') 1) = 8( fu' —uf’). '
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£.25.- A point moves with uniform acceloration and vy, vy, V3, donoto the
avetugo veloaities in threo suceessive intervals of timo t1s toy t3e rove that

1Tt _Nhith (P.U.)
v3—1g iy +13
2'3. Bodies falling vertically. It has been proved by
numerous simple cexperiments (such as Newton’s guinca and feather
experiment) that all bodies let fall in a vacuum, at a part/'siular
place on the carth (not far away from the earth), move vertically
downwards with constant acceleration. This acceleration is called
the acccleration due to gravity and its value is about 32°2 or 32 in
foot-second units and about 981 in centimetre-second units. It is
gencrally denoted by the letter g and in solving problems on falling
bodies we make usc of the three equations obtained in Art. a2 by
changing f into ¢.
When bodies fall freely from rest, the equations are of the
form :—

=gt, s=]}gt?, u®=2gs.
For example*the velocity acquired by a particle in falling from

rest thrbugh a distance % is given by v= v/2gh. This velocity is
usually known as a velocity die to a fall from a height h.

2°'4. Bodies projected vertically upwards. When a body
s projected vertically upwards, it is under the effect of the downs
ward acceleration due to gravity, i.e., it moves with a retardation.
Its velocity, therefore, gradually diminishes until it is totally ex-
hausted 5 the body is then for an instant at rest and immediately
begins to fall with a velocity which increases numerically but is
negaiive.

The upward direction being taken positive, the acceleration is
negative and is denoted by —g¢, the equations of motion are, there-
fure, as follows :

v=1—ql (1)
s=Rt—4gl? .(2)
and viP=u?—2g¢ - ..(3)

where s, the distance measured {from the starting point is positive
above that point and ncgative below it.

We now deduce the following facts from these :

u u?
(a) v=0 when from (1) t:—&— and from (3) s=~§(7
which give the time to reach the highest point and the maximum
height reached. £

U

(b) =0 when from (2) =0 or t=§--

1)
~lU
=0 refers to the instant when the body starts and !=7 rcfers to

the instant when the body returns to the starting point.
This is called the time of flight, which is twice the time to the
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greatest height. BSince the time ofascent is T:;—-, therefore the tim.

of doscent isalio -3—

(¢) The equation (2) when written in the form
2un, 28

—t4+—=0

g g

gives the time taken to reach a given height & (less than the

greatust), .

—

This, in general, gives two values of ¢ one giving the time to
reach the point in the upward motion and the other the whole time
to reach the same point in the descent after the body has reached the
highest point.

(d) The equation v*==u%—2gs gives the two equal and opposite
values of v for a particular beight s, one representing the velocity in
the upward motion and the other in the downward motion. This
shows that the motion in the downward direction is exactly, the re-
verse of that in the upward direction.

Example 1. 4 Wy 18 projected vertically upwards with a velo-
city of 80 f.p.s. Find

(¢) how high it will go,

() at what time it will be 96 ft. (a) above, (b) below the point of
projection.

(¢) To find the total height we use v*=u?—2gs, where v=0,

=80 and ¢g=32.
0=80X% 80—84s i.c., s=100 ft. ,
(#2) (a) To find the times for a height of 96 ft., we use

s=ut—}gtt,
where 8=98, u=80, and g=32.
96-=80t—16¢2
or 3—5t4-6=0 i.e., (t—3)(t—2)=0.
t=2 secs. or {=3 secs.

(b) In this case we put 8=—96 and we get
—96=80¢t—16¢3

or , $9—5t—8=0, i.c., (I—6)(t+1)=0,

ie., t=6 or t=—1.

. the required time is 6 seconds, the second v....¢ teing im-
possible.

Note 1. t=1 is the time that would be taken by the body to reach the
poin 96 [t. below the Yoint of projaction if it were projected downwards. Also
when projected vertically upwards it takes 2u/g=160/32m=5 seconds to return
to the point of projection. The whole time taken to reach the given point is

hua 6 scconds, the same as obtained above,
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Note 2. When a body is projected upwards and we require the time to
reach a point below the point of projection, we need not find the whole time up
and down to the point of projection and then the time taken to reach the point.
We simply give a negative sign to the distanco measured below the point of
projection as we have done in the abova example.

Example 2. 4 particle i3 dropped from the top of a tower 200 ft.
high and another particle is projected al the same time vertically
upwards from the foot of the tower so as to meet the first particle at a
height of 56 ft. Find the velocity of projection of the second particle.

Let the particles meet after ¢ secs. The first particle fallsfrom
rest a distance 200—56-=144 ft.

144 =1}gt? =162 ..(1),
which gives t=3 secs.

If u is the required velocity of the second particle, we have

56=ut—}g1* . (2).
Adding (1) and (2), we get -’
200=ut .. (3)
which gives u= 2-29-=—2:;ﬂ=66§ ft. per scc.

Or thus :—The velocity of the second particie relative to the
first at time ¢ is v —gf—(—gt)=u, the velocity in the beginning. Since
both the particles move with the same acceleration, their relative
velocity remains constant and equal to u. In order that the
particles may meet, the second particle’ must move a distance of
200 ft. relative to the first, hence we have 200=ut which is
the same as equation (3) above. But from (1) {=3, consequently
u=29¢ ag before.

Examples III

1. Astone is projected upwards with a velocity of 112 ft. per sec.
(¢) How high will it rise ? (9¢) How long will it take to return to the point of
projection ? (¢¢i) When will its velacity be 16 f.p.s. ? ({v) At what time will it
be 98 ft. above (v) 128 ft. below the point of projection ¢

2. A ball is thrown vertically upwards with a speed of 128 ft. [sec. Find
whdre it is after 5 secs. and the total-distance it has actually travelled in this
time. If it falls past the point of projo-tion into & well of aepth 120 ft. find
when it strikes the bottom.

3. A stone is projected vertically upwards with a certain velocity and
it is founHl that when it is 384 ft. from the ground it takes 10 seconds to return
tp the same point again. Find the velocity of projection and the whole timo of
flight. |

A stone drops from the rcof of a house and falls past a window 8 ft.
high in } of a second, find the height of tne house above the window.

8.. A lift moves upwards from the bottom of & mine with acceleration
of 4 ft./soc.2  After 12 secs. a ball is dropped from the lift. When will the ball
strike the ground and where will the lift be at the instant ?

6. A body is dropped from a balloon at & height of 300 ft. from the
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ground. Find its velocity on reaching the ground _if the balloon is (a) falling
() rising with a velocity of 80 ft. per sec.

What time does the body take in reaching the ground in the two cases ?
7. A balloon has boen ascending vertically at a uniform rate for 4:5

secords and a stone let full from it reaches the ground in 7 seconds. Find the
velocity of the balloon and its height when the stone is let fall. (P.U. 1950)

8. Astone is let fall from a height of 240 ft. and at the same time
another stone is thrown upwards to meet it. With what velocity must the
second be projected in order that the stones may meet at a height of 96 ft. ¢

9. A particlo is dropped from the top, of & tower h ft. high and at the
same moment another paiticle 1s projected upwards from the bottom. They
meet when the upper one has described 1/n of the distance.  Show that the
velocities when they ntect aro m tho ratio 2 : (n—2) and that the initial velocity
of the lower is ~Jin.g.h.

x0. A stonue is thrown veitieally upwards with such a velocity as will just
take it to the level of the top of a tower 100 ft. high.  Two seconds later an-
other stono is thrown up frr the sume place with the same veloeity. Find when
and whero the stones will meet.

~ 'fu. A particloss projected vertically upwards with a velocity of w
ft./sec. and aftor ¢ seconds another particlo 18 projeeted upwards from the sameo
point and with the sumo velocity. Prove that the particles will meet at a hoight

2~ g213
M foct, ufter a tune ( —:~+—y'4) seCs,

87 - g

12. A particlo falls freely from A4 and a sccond particle is allowed to

fall from B, at a distanco ¢ ft. vertically below A, at the mstant when the first
particle is half way between 4 and B. Find when and where they will be
togothor and show ihat their velocities at that time will be as 3 : 1.

13. Tho space described by a body in the fifth second of its fall from rest
was to the space deseribed in the last second but three as 9 : 11. For how many
seconds did tho body fall ?

v/ <X 14. A stone is let full from the top of the Qutab Minar and during the

last kecond of its flight it 18 obscrved to full 334 of the wholo of distance. Find
t he hecight of the Minar. :

“1g. A stone dropped into 2 mino is heard to strike the hottom in 7% secs,
Find tho depth of the minc, the vilocity of the sound being 1100 ft. per se.

v, 6. Two balls aro projocted simultaneously with the samo velocity from
the tdp of a tower, one vertically upwards and the other vertically downwards.
1f they reach tho ground in times ¢y, ty respectively, show that Ntytg 18 the
time whi:}x vach will take to reach the ground if sumply let drop from tho top of
the tower.

x;; A particle, projected vertically upwards, takes ¢ seconds to reach a
height & ft. If ¢ secs. is the time from this point to the ground again prove

"
h=}git’ and that tho maximum height is ‘L(t_'_;t_) .

Show also that the velocity of the particle at a height 3k is Jg\iE+ (2.

18. A, B, C’, D aro points in a vertical line, the lengths AB=BC=CI
If a body falls fro?: rost at 4, prove that the times of describing AR, BC, CL
are as
1:42—=1:«43—«2.

19. A particle takes ¢ seconds less and acquires a velocity of ¢ ft. pe
sec. more at ono placo than at another in fulling from rest through the same
distance. Show that gravities g; and gy at the two places are related hy

7193 =82[i2.
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2’5 Space average and time-average of velocity.
Since dz/dt==v, therefore the distance z deacribed by .a body during the
¢
interval of time ¢; to t,n-j Yo
81
And the time-averags of velocity during the interval
oioteldistance | 1 (2
total time ta—t1 ¢y v
Bimilarly the space-average of velocity in an interval of space from =, to EN

1 ]
= v dx,
%}z,

where v i8 now cxprossed in terms of z.

In this case tho space is divided into an infinite number of equal portions
assuming tho velocity to remain constant in each portion and to vary from
portion to portion.

Example 1. 4 particle moves along a straight line with uniform aocels-
ration.  Show that the space-average of velocity when its initial and final velocsives

2 2
are uy and ug 8 § o F Uzt
. Ug +uy
Lot s bo the total distance described and let v bo the velocity and « the
distance described in time ¢ measured from the initial position as origin, then,
2=, 42z .. (1)
and ug2=u 2 + 2fs .. (2)
and the space average of volocity
1 [ | R
=._J v ds —.=.8-I Nut+ 2fz dz
8
0

0

'l'[ : -4 (“12“"2/3?):‘;]:-——3};[( “12+2f-’)%-u1’]

_ 2 3.y by (2) = 2 WetFEretuld
- §.‘172;‘—“1? [uz — ] RACE tatuy

Note 1. Tho time-averago of velocity

1 (¢ 1 (¢ o
= J. v 'llr-’—,‘jo (ug +ft) dt=uy+}ft==}u) +up)=moan oviocity,

0
(comparo Axt\ 2-21)

Note 2. The rcsults of Art. 2:5 above are applicable even to the case
where the acceleration is not uniform.

Ex. a. A particle moves from rest with a uniform acceleration.  Prove
that the averags veloeity is half or two-thirds of tho final velocity, according ae
the tune or thy space s divided into an infinite numbor of equal portions and
the averages taken with rogard to thoge.

Show also that in any interval the space-average of tho velocity 18 4 ‘of
the time-average.

2'6. Graphical Methads. The number of umits of the distance
described by a particle in a given time is represented by the number of
units of area under the velocity-time graph for the sume time.

, Suppe%e a particle is moving with a continually changing
velocity, the rate of change of velocity, i.c., acceleration being uni-
form or variable.
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Let AP\PyPyi..... B be the velocity-time graph drawn so as'to
‘have the same scale for both the axes and let

01)1 =t1

Y B and OM=t,.
Let us divide the whole interval
ty—t, represented by L, Y inton small

A Ay intervals each equal to §t. If pyv,,
i lf,rﬂz 3. .. be the velocities in the beginning
of these intervals, and if these velo-
cities be supposed to have remained
constant during the short intervals,
0 L LyL,L, M x ‘then the total distance described is

TIME V18840884 v,8¢. . . . v, 8¢
or  (ntvgtvet....+,)8 ..(1)

which is equal to the sum of the areas of rectangles LK, LyK,, LyK.
eto. .

X

VELOCITY

Tf now we take the constant velocity during each interval to be
the velocity at the end of that interval, the total distance moved is

Vo8t +vadt+. .. Fv,4,8
or (vo+vat. s +Vn+1) 8¢ --(2)
which is equal to the sum of the areas of rectangles

LyPy, LyPy, LyPy,. . . .etc.

Evidently the actual distance moved lies between expressions
(1) and (2).

Now when the short intervals of time into which ¢,—¢, is divided
become indefinitely small, the expressions (1) and (2) get nearer to
eaeh other, the differcnce between the two sets of rectangles becom-
ing smaller and smaller, and in the limit each approaches the area
AL\MB, ie., the arca included hetween the graph AP, P,....B, the
axis of , and the two ordinates L, 4, MB corresponding to times t,,t.
Thus the number of the units of the distance travelled between the
times ¢, and ¢; is graphically represented by the number of the units
of area AL, MB under the velocity-time graph and is given by

W,

ty
308t or the integralj v di.
4

It can be shown in exactly the same way that the number of

unifs of velocily generaled is represented by the number of units of the
areq under the acceleration-time graph.

261, As a particular case let us consider the motion of &
particle moving with constant acceleration f and initial velocity u.

The acceleration being constant, the gradient of the velocity-

time graph is the same everywhere and its graph must, therefore, be a
straight line, -



MOTION IN A STRAIGHT LINE—I 19

Let AP be the graph in which OM=t, 04=u, the witial velo-

city and MP=v, the final velocity. )’ P
l‘;’——g—r-tan LNAP=f ‘ p
S NP=f AN ,
=f.OM =fi. 4 ; —W
Also NP=MP—MN « ) u
=MP—(04=v—u. .
S v—u=fi .
ie., vemtf S VI ¢ M X

The number of units of the distance described
=area OAPM—=area O4ANM+4ANP
=0A.OM+§AN.NP-OA.OJ(+}—§£—AN'
=ut+}fib.
s=ut+ it (2)
Also area
OAPM=3(0A4+MP\GM =3(04+ MP)AN
AN

=HOA+MPINPY

- 4(04 +MP)(MP—-0A)%%7-

8=} (u+v)(v—u) -Tlf--z}(v'—u’)%
ie, vi—ul=2fs <o (3
These results are the same as ohtained already in Art. 2'2.

Since the problem of finding the displacement of a point, in any
interval of time is the same as that of finding the area of the
velocity-time graph, some problems in Mechanics can easily be solved
by graphical methods.

2. Motion of a train between two stations. A4 train
starls from one station and reaches another station at a distance d from
the first, being uniformly accelerated for some time t,, and uniformly
relarded during the last time t,, the velocity remaining constant for the
rest of the journey for a given time t. To find the motion.

Let 4 and B be the two stations and let v be the maximum’

speed of the train.
8 S Sy

Let AC=@8, be the distance and ¢,
A—f, C DheB the time for wh%ch the acceleration is f;,

then v=fify and Sy=4fif," =1 fit, =1ty
Let DB=S, be the distance and ¢ the time for which the
retardation is fy, then

O=v—f4l, OT Ve=fyly
end Sym=vig—4 foly? =vlg—f0ls = {vly.
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Let CL=S8, be the distance and ¢, the time for which the train
moves with constant velocity v, then

S=ut.
Hence d=8,4+S+8=Fv!t;+2t+t,) .. (1)
and o v=fit;y=[ys - (3)

a*7t. These two equations are important in all sueh cases and
can be very casily obtained from velocity-time graph as follows :—

APQB is the velocity-time graph for the motion of the train.
The distauce d=area .§PQBA

=A4PM+rect. MPQN

+ANQB
=lnt, +vl-4-dot,
N =§n(ty+ 2t +1y) - (1)
E The accelerntion fy
P P
0 -
§‘ N ; :thc n\l()p() ('f :1[)'::“1—37:; }l -
N Pa¢ v. \ : The retardation f,
.r \ 1 [\‘(;) "
Aty M { N oty BTime X =the slopc of QF N
o=fili s )

In the particular case when t==0, i.c., when the train docs not
move any distance with constant rpeed, the pomnts P and @ coincide
and the first equation becomes d=: fo(t,+t,).

Example x. A train travels in 3 munntes a distance of onc mile
Jrom rest at one station (o vest ab another station. It is uniformly
accelerated for the first 30 secs and wiiformly retarded for the last 15
weed., the speed bevny conatant for the remaining time. Find the acceli-
ration, the vetbardation and the mazimum velocity.

OPQA s the velocity-time graph, The maximum velocity v is
represeuted by LP or M.

One mile=25250 ft. Y

. =Arer OPQAQ)

$.30.04135043.15.0. P
Y 2 == |,

e, 5280=: 1710, A
or ] o.}f]-f.p_\\ ‘/" I I

The acedddraton f s given e ]u Ul .
_l'_\ " FZANNRN S B

r . . . .
f:b-};» v:a)~~lu°,75if'/5t'('2. 0 30Nees, L1335 Seogo M IS See.

\ v .
The retudaiion fy= 1-5:;2“71&" ft./se?,

. Example 2. The Calcuita mail linves the Goraya station, 16
miles from Ludhiana with a velocity of 30 m.p.h. and maintaining this
speed for 154 miles stops at Ludhiana with wuniform retardation, o nother
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train starts from Goraya at the instant the first passes, and being
uniformly accelerated for part of the journey and wniformly retarded for
the rest, stops at Lvdhiana at the same time as the first. Find the
greatest speed.

Let the first station Goraya be A4, and the next Ludhiana be L.

PQL is the velocity-time graph for the motion of the mail
train.

AP=thc constant speed in the first part of the journey =30
neph.

Area APQM-- the distance moved with constant speed
=2 154 =44 mules, V%
s, time AM

__{lvlw’f(“_:}AP(,)J[ -3l S\
T AP T 2x30 /} AN 0
N

=31 hr =31 min. 4 i NI
Arca QL -the distance |
moved under  retardation | R
=4 mile. - 1 2
' N

s time taken to describe A
3 mile

2MQL 2x} 1
Mg

=AM/ — - == hr.= 2 min.
1 - I .
Total time A L=-3 4,1 —= 1

3 30
11
P

Let ASL be the graph of the motion of the second train NS,
representing the max. velocity, say V.

)
hr.

Arca AS8L ==the whole distance==16 miles.

114l =16 or }V.}}=16.
-‘. V:pl‘rc =58r:‘r 'I)!.p.]lr.
Examples IV T

1. A train tran ols between two stopping stations 7 miles apmst in 14
minites,  Assuming that its notion 1» one of uniform weceleration for part of
the Journcy and of uniform retardation for the rest, prove thut the greatost
specd on the journey is 60 m.p.h. - (P.U. 1954)

2. A tramn starting from rest, is wnformly accclerated during tho first }
mile of 1ts run. then vuns § mule at the uniform speod acquired, and s ater-
wards brought to rest in |} mile under uniform retardation. If the timo for the
wholo journey 139 5 munutes, find the uniform acceleration and the uniform
1etardation and show that thy latter 1s double of the former.

An clectric tram covers s distance of 2:76 kin. between two stops in
2} mins.  The tramn s first constuntly aecelerated for 40 scees. to & maximum
specd at which 1t continues to run. Finully it is brought to rest in 30 sees. by a
comstant retardation.  Find the acccleration, the reterdation und tho constunt
speed.

A lift ascending from a point 640 ft. deep rises during the first part
of its ascont with uniforin acecleration.  On neaung the top the upward force 18
cut off and the velocity of the lift 1s just sufficrent to carry 1t to the top. If
the whols process occupigs, one minute, find the acceleration during the firsy
part of the ascent and the maximun velocity attamed. '
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3. A lift performs the firat part of its ascent with uniform acceleration
J and the remainder with uniform retardation 2f. Prove that if 4 is the depth
of the shaft, ¢ the time of ascent, h=}t2.

. 6. Two atopging points of an olectric tramcar are 440 yards apart. The
maximum speed of the car is8 20 miles per hour, and it covers the distance
between stops in 75 seconds. If both acceleration and retardation are uniform
and the latter is twice as great as the former, find the value of each of them,
and also caloulate how far the car runs at 1ts maximum speed.  (D.U., P.U.)

z. The greatest ible acceloration of o train is 3 f.s.s. and the
g;oam permissible retardation is 4 f.2.s. Find tho loast time taken to run

twey two stations 8 miles apart if the maximum speed is 45 miles per hour.

8. A train stopping at two stations two miles apart takes 4 minutes on
the journey. If the motion is first that of uniform acceleration f, and then of
uniform retardation r, prove that

1 +-l—-=-=4
T or

taking one mile as the unit of distance and one minute as the unit of time.
, r:f 9. A body travels a distance s in ¢ soconds. It starts from rest and ends
at rest. In the first part of the journey it moves with constant acceleration f
and in the second part with constant retardation r. Show that

Vo

. g0. A lift ascends with constant acceleration f, then with constant velo-
¢ity and finally stops under constant retardation f. If the total distance
ascended ‘is ¢ and the total time occupied is ¢, show that the time during which
the lift is ascending with constant velocity is

()

xx. A train goes from one station to another, being uniformly aocelera-
ted from rest in the first quarter of the distance, and being brought to rest by
uniform retardation during the last quarter. The middle half of the journey is
performed at & uniform speed. Show that the average speed of the train is two-
thirds of the full speed.

12. Distance between Barara and Ambasla is 15 miles. A train Faml
Barara without stopping at 25 miles an hour and maintaining this speed for 14
miles stops at Ambala with uniform retardation. Another train starts from
Barars at the instant the ficst train passes and being uniformly accelerated for
part of the journey and uniformly retarded for the rest stops at Ambala at the
same time a8 the first. Show that its maximum speed is 46§ m.p.h.

REVISION QUESTIONS—I

1’ . A partiole moves along a straight line starting with velocity « and
having a constant acceleration’f. Prove that the distance from the starting
point after time ¢ is ut + § fi3.

A point moving in a straight line with uniform accelcration describes dis-
tances a, b feet in successive intervals ¢;, { seconds. Prove that the accelera-
tion is

[ 2(bty —aty)
Latg(ty +13)
slao that if the point describes successive equal distances in times ¢, ¢y, f3 then
1 1 1 3
. Lt 1

171 2 i3 tyFia+iy
2. A bullet travelling horizontally picrees successively three screens
placed at equal distances a apurt. If the- timo from the first screen to the
second be 7, and from the second to the third be gy, prove that the retardation
(assumed to be constant) is 2a(rg—/1)/tty(t; +23) and that the velocity at the
middle screen is

LiCkas (P.U. 1953)
bytg(ty +1p)
[Hint. Thickness of the screens 18 to be neglocted. ]
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3. A particle is moving in a straight line with constant acceleration.
Show that its acceleration is

(i) (S—~8’)/(m—n), where S and S’ are the spaces described during the
mth and nth seconds respectively.

(15) 2 (if,— -%) / (¢+¢'), where § is tho space desoribed during any ¢
seconds ar- S’ during next ¢’ seconds. (P.U. 1955)

. A partiolo moves'in a straight line with constant acceleration, and
its distances from an origin O on the line (not nocessarily the ition at time
t=0) at times !, i3, 3 &Te 2, 2y, 3 respectively. Show that if t), ¢, ¢3 form an
A.P. whose oommoan Jiﬁerenoe 18 d and z,, @y, 3 are in G.P. then the accelera-
tion is —(!fla:zﬁ"')— assuming z;, 73, 3 to be positive.

. An express train is run in two parts, the first part is given 5 mins.
start and attains its maximum speed of 48 m.g.h. in one mile. Prove that the
two parts will run 4 miles apart but the first parf would have gone 3 miles
before the start of the second.

-6. An engino driver suddenly puts on his brake and shuts off steam
when he is running at full speed.; in the first second afterwards the train travels
87 feot, and in the next 85 feet. Find the original speed of the train, the time
that elapses beforo it comes to rest and the distance it will travel in this
interval, assuming the brakesto cause a constant retardation.

Find also the time the train will take, if it be 96 yards long, to pass_a
spectator standing at a point 484 yards ahead of the train at the instant when
the brake was applied. ' /

*5. If the velocity of a bullet is supposed to be a uniform horizontal
velocity equal to n times that of sound, show that the points at which sounds of
the firing and of the bullet striking the target are heard simultaneously lie on &
hyperbola of eccentricity n. . - (Pub. Ser. Ex.)

. *8. A stono is dropped from an aeroplane which is rising with acoelera-
tion f, and ¢ seconds after this another stone is dropped. Prove that the dis-
tance between the stonas at a time T' after the second stope is dropped is

Ho+ 1 +2T)e.

*9. A juggler keeps three balls going with one hand, so that at any
instant two are in the air and ome in his hand. Find the time during which a
ball stays in the hand if each ball rises to @ height (s) 18 ft., (#) S ft.

*10. It is estimated that g is increased by the resistance of the air to
g (1 +f) in upward motion and reduced to g (1 —f) ih downward motion ; find the
time a stone is in the aiwr when projocted upwards with velocity u.

Find the value of f which will make the time the same as in unresisted
motion. )

*y1. A train travelling at 60 m.p.h. has t}’"alow down on account of work
being done on the line. Instoad of continuing at a constant spaed, it, therefore,
moves with & constant retardation of 1 mile per hougper second until its speed
is roduced to L3 m.p.h. It thep travels at a constand speed for } mile, and
then accolorates at 4 milo per hour per second until its specd is once more 6Q
m.p.h, TFind the dolay caused. (Bom., Univ.)
M/ xa. Tho spoad of a train inoreases at a constant rabs x from 0 to v, thon
r¥rfining constant for an interval and Raally decreases to O ab a constant rate B.

If | be the total distance doscribed, prove that tha total time ocoupied is

] 1 1
v b [‘; * T]'

Also find the least value of time when as= 8. (B.4.0)

13. A train takes tiwo T' to perform a journey, it travels for time Y

with uniform acceleration, then for time (n—3) %—- with uniform speed v, and
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o
finally for time -‘1;-‘1: with constant retardation.  Prove that its average speed
is
(2n—~3) »[2n.

14. For -’i- of tho distance between two stations a train is uniformly

1 . . . .
accelerated and for re of the distance 1t is uniformly retarded ; it atarts from

rest at ono station and comes to rost at tho other,
Prove that the ratio of its greatest velocity to its averago velocity is

1,1
4 il (4.U., D.U.)

*15. A steamer is timed to run from Bombay to Aden at an average rate
of 8 knots per hour, but owmng to heavy sea loses 12 hours in the first part of
thq voyage, 1t then acceelerates at the rate of half a knot per hour per hour
uniformly till the specd renches 10 knots winch speed is mamtamncd till the
end of the voyage. If the steamer now reaches Aden in time, prove that it
started uceelerating when at o distunee of 496 sen mules from Aden.

(r.U.)

16. A <tone is diopped from the top of a tower mto a well at 1ts foot,
and it resches the water witha velocity of 128 ft.fsce. The sound of the
splaxh is heard 473 Sceondsatter the stone was dioppeid. Find the specd of

3%

sound.



CHAPTER III
MOTION IN A STRAIGHT LINE—II

Nature and Nature’s Laws hid in night
God said “Let Newton be’’ and all was light.

3.1. Newton’s Laws of Motion. In the preceding chapters
motion of a material body has been studied without reference to its
mass, the quantity of matter in the bodv, and force, the cause of
motion. In the present chapter we shall consider motion under the
application of forces to a particle.

The treatment of the subject is based on expcrimental laws,
known as Newton’s laws of motion, which we now discuss.

3'x1. Law 1. Every body continues in its state of rest or of
uniform motion in a straight line, except in so far as it 13 compelled
by vmpressed forces to change that state.

According to this law, force is necessary in the following
cases :—

(1) To change the. state of rest of a body or to bring the body
into motion.

(2) To increase or decrease the speed of a body moving in a
straight line.

(3) To change the direction of motion ot a body without even
changing its speed.
So that a force may be defined as follows :—

Force is something which changes or tends to change the state of
rest or uniform motion in a straight line, of a body.

3'12. Impressed Force. An external foree is usually called
an tmpressed force. The mutual action and reaction between the
molecules or parts of the same body are internal forces.

The law states that the internal forces of a body do not alter
uniform motion in a straight linc and that the cause of the change
in motion must be external.

3'13. The first law of motion implies what is sometimes called
the Principle of Inertia, that is, a body bas no tendency of itself to
change its state of rest or motion and if it iskept free from the action
of external forces, it will remain in its state of rest or of uniform
motion in a straight line. Thus the state of rest or of uniform
mo‘ion in a straight line is the natural state of a body. (The Greek
i*hiloscphers wrongly belicved motion in a circle to be inherently
natural and perfect). It is only the presence of an cxternal force
which can alter this natural state and the law asserts that a body
upon which no force acts must be either at rest or else it must be
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moving in a straight line with a uniform velocity and that if a body is
at rest or it moves with uniform velocity sn a straight line, the external
Jorces, if any, whick act on it, balance and are tn equilibrium.

Suppose, for example, a railway carriage is at rest. Obviously
some force is necessary to set it in motion. If it is pushed by an
engine, a force has acted, and the carriage begins to move and
acquires a certain velocity. Now, on separation from the engine,
unless some forces act on the carriage it must go on moving indefi-
nitely with the same constant velocity in the same straight line in
which it is now moving. But we know from experience that its
speed goes on decreasing till it stops. Hence some forces must have
acted against the motion. These forces are the resistance of air
and the force of friction. The law states that in thc absence of
friction and of any other interfering agent such as the resistance of
the air, the carriage would go on for ever.

Again, if the track is curved instead of being straight, the
carriage no longer moves in a straight line, there is a change in
direction which must be due to the action of some force. The force
in this case i’ the pressure of the rails on the flanges of the wheels
which tends to turn the carriage in the direction of the rails. Had
the flanges been absent, this force could not be exerted and motion
would have taken place along a straight line causing the carriage
to go off the rails. :

Thus if a carriage in a railway train moves with constant
velocity in a straight line, the external forces which act on it—
such as the friction of the rails, the resistance of the air acting
backwards, the weight of the carriage acting downwards, the
pressure of the rails acting upwards, the traction of the carriage in
front of it and the drag of that behind it—must all exactly balance
each other.

3'2. Having studied the necessity of a force to change the
natural state of a body, we now consider the law governing the
measurement of force.

3'21. Law IL  The rate of change of momentum is proportional
to the impressed force, and takes place in the direction of the straight
line tn which the force acts.

Momentum is the product of the mass of a body and the
velocity with which it is moving.

If m denotes the mass and v the velocity, mo is the momentum.
If P denotes the force acting on the mass m, then by the first part of
. d
this law, we have P=k —‘-ﬁ—(mv)-

In most of the problems with which we are concerned at pre-
sent, m is constant and so the equation becomes

i

dv
P=Lm-¢Tt- =kmf,

where k is the constant of proportionality and its value depends upon
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the units chosen. 1If the unit of force be so chosen that unit force
acting on unit mass produces unit acceleration, t.e., P=1, when
m=1 and f=1, then k=1, and thua
szfo

This is the fundamental equation of Dynamics and is sometimes

written in the form )
. P T ausi i
Acceleration f== -— = Horee causing motion
m Mass moved

Thus if a body is accelerating some force must be acting on it
and in case it is not accelerating the resultant of the external
forces acting on it must be nil, so that the effect of a force on a
body does not in the least depend on the velocity that the body
already has.

When the impressed force £=:0 then —%—(mv):O.

mv==a constant,
Hence a body continues to move with constant momentum
when not acted upon by an impressed force. This shows that Law I

is a particular case of Law II.

3'22. Units of Force. The unit of force as implied in-the
fundamental equation P=mf can be defined as follows :—

The unit of force is that force which acting on unit mass generates
in it unit acceleration.

In the English (Foot Poudnd-Second or F.P.S.) system the unit
of mass is one pound, the unit of acceleration is one foot per second
per second and the unit of force is the Poundal.

Hence one poundal is that force which will create in a mass of
one pound an acceleration of one foot per second. per second.

In the French (Centimetre-Gramme-Second or C.G.S.) system
the unit of mass is one gramme, the unit of acceleration is one
centimetre per second per second and the unit of force is the Dyne.

Hence one dyne is that force which will give to @ mass of one
gramme an acceleration of oze centimetre per second per second.

These units of force are called Absolute Units because their
values are the same everywhere and do not depend on the earth’s
attraction.

323. Weight. Any body let fall in vacuum at a particular
place (near the surface of the earth) drops downwards with constant
acceleration g, showing that it is acted on by somne constant force.
This force is the one with’ which the carth attracts the body and is
called the weight of the body. Weight is thus a force and is, there-
fore, measured by the formula P=mnf.

Writing W for P and ¢ for f, we get W=mg,
which gives in absolute units the weight of a body of mass m.”

When m is one pound, the weight is g poundals.

Hence the weight of one pound 1s equal to a force of g (32)
poundals.



28 ELEMENTARY ANALYTICAL DYNAMICS

Similarly when m is one gramme, the weight is g dynes.

p Hence the weight of one gramme is equal to a force of g (981)
ynes.

It is often convenient to compare force with the weight of a

body, and to speak of the force of so many pound-weight or gramme-
weight.

One pound-weight or simply one pound and similarly one
gramme are taken as units of force in engineering practice. They
are called gravitational «nits as they depend on acccleration due to
gravity which is slightly diffcrent at different places of the earth’s
surface and this is the reason why a given mass extends the spring
of a spring balance to slightly different extents at different places
on the earth, Here the mass, i.e., the quantity of matter in the
body, remains the same, but the weight changes.

The student must distinguish carcfully between the two mean-
ings of the words ponnd, namely (a) mass, and (b) a force, two totally
differcnt physical concepts. Thus a pound of lead is a certain quan-
tity of matter. Tf it is hung by a string, the tension in the string is
a pound of force.

In working problems in Mechanics it ic best to express force in
absolute units, i.e., units independent of gravity, viz., the poundal
and the dyne and to change them afterwards, if required in
pound-wcight and gramme-weight by dividing them by 32 and 981
respectively.

Example. A body of mass 16 lbs. is pulled along a smooth
horizontal table by a constant force. It describes 18 feet from rest in
3 secs. Find the magnitude of the froce.

Since s=ut {-3/t* (u=0, s=18, 1=3),
18= 3 1.9, i.e., f=4 ft [sec.?
Force is given by the formula
P=mf=16x4=61 poundals
=4 or 2 lhs. wt.

3'24. Physical Independence of Forces. W: Lave learnt
-from the first part of the sceond luw of nmoticn that a foree is the
cause of acceleration and is proportional to the acceleration produced
by it. The latter part states that the change of momentum produced
by a force is in the direction in which the force acts, that is, if two
or more forces act on a body at the same time cach produces an
acceleration proportional to it in its own line of action independent
of the motion of the body. Hence we artive at the following princi-
%le, usually called the principle of the Physical Independence of

orces :

When any number of forces agct on a body, the acreleration due to
each force is the same in direction and magnitude as if the other has not
been in action.

Illustration. A cricket ball thrown horizontally in air is under
the effect of two forces * (4) resistance of the air, and (it) its weight.
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The resistance of the air opposes motion and produces an acceleration
in a direction opposite to that of the motion of ball, while the
weight of the bull moves it towards the earth and produces an
acceleration vertically downwards. The two forces act independently
of each other, each producing its own acceleration in the dircction of
its own line of action.

The effect of a number of forces acting on a particle along one
line in either direction is the same as the effect of one force equal
to the algebraic sum of all-the forces.

So that the effect of the two forces P and @ acting on a particle
along a line in one direction will be the same as that of a force P4Q
in the same direction and the effect of P and @ acting alonga line in
opposite directions will be that of a force P—@ in the direction of
the greater force P,

Example 1. 4 stone weighing 200 lbs. is being dragged from
rest by a man who can exert @ uniform force of 100 lbs. wt. What dis-
tance will the stone movein two secs. when the resistance to motton 1is
20 lbs. wt.?

201bs %) > /001)s

P, the effective force on the stone=100—20=80 lbs. wt.

=80 x 32 poundals.
The acceleration produced -—-—-%_—_@2—:;(?—2 =44 ft [sec.

The distance moved from rest in 2 secs.
=4ft?=} X 54 X 4=256 ft.
Example 2. An engine and train weigh 210 tons, and the
engine exerts & pull of 3} tons. T'he resistance to the motion of the train
is 14 lbs. wt. per ton. Find the time the train will take to acquire ¢
velocity of 30 m.p.h. starting from rest.
T, the tractive force of the engine, is 3% tons=1 x 2240q
=17840¢g poundals,
and R, the resistance, is 210 x 149=2940g poundals.
.. P, the resultant accelerating force=F—R
=(7840—2940)g=49007 poundals.
P 4900%x32 £t lsec.2
m =310% 2340~ ¢ ft-Irec.
To find the time to acquire a velocity of 20 m.p.h.=44 ft./sec.,
we usc v=u+ft (u=0)
. 44=14, ie., t=132 sces.=2} min,

o the acceleration =

Example 3. In the above example, it is given that the resistance
due to the brakes 1s 126 lbs. wt. per ton ; find the distance whick the {rain
subsequently runs when (i) the steam is shut off, (ii) the steam 13 shut
off and brakes are gut on.
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(¢) The retarding force R=14 % 210g poundals,
the retardg,tvion- f‘ = 2;?(;( ;;;igz =} ft.[sect.
To find the distance travelled in losing the velocity of 44 ft.
per sec., after the steam is shut off, we use ¥*=u34-2fs,
0=44x44—2x}8.
ie., 8§=22x44 X5 ft.=}} mile.
(¢3) The retarding force due to the brakes
==126 x 210g poundals.
~. the additional retardation due to brakes
210 x 126 x 32
= mza*- = g ft./sec’.
S the total retardation=j4-§=2 ft./sec?.
"The distance travelled by the tiain in this case is given by
0=44 X 44—2 X 28, v.e., S=484 ft.

Examples V

x. A body of 25 lbs. mass is acted upon by a constant force which in 10
secs. gives it a velocity of 75 ft. per sec. What is the magnitude of the force ?

2. A train woighing 110 tons is running at 15 miles per hour when
steam is shut off and a resistance of 10 lbs. per ton acts continuously until it is
brought to rest. Find the distance it travels after steam is shut off, and the
time taken to come to rest.

. A body whoso mass is § pounds moving with a gpeed of 110 ft. per
gec. suddenly cncounters a constant resistance equal to the weight of  pound
which lasts until the speed is reduced to 90 ft. per sec, For what time and
through what distance has the resistance acted ?

A railway truck weighing half a ton is pulled by a constant force
end travels 30 ft. from rest in 10 secs. Find the magnitude of the force.

(P.U.)

. A particle of mass } lb. moves in a straight line 8o that its distance

# from tho origin at the end of time ¢ is given by the equation
#=38+44 sin 3¢.

Find the maximum force upon it during the motion.

6. A bullet weighing 81 grammes and moving at the rate of 200 cms-
per scc. is fired into a log of wood into which it penetrates 10 cms. If the bullet
moving with the same velocity were fired into a similar piece of wood § cms.
thick, with what velocity would it emergo ! Find also the force of resistance,
supposing it to be uniform. '

A train weighing W tons is moving with an acceleration f, when a
carriage of weight w tons is suddenly detached from it. Find the change in thé-
acccloration of the train (resistance neglected).

8. A mass m is acted on by a constant force of P Ibs. wt. under which in
¢ secs. it moves a distance z feet, and acquires a velocity v ft. per scc. Show
that

giP _ oim
= “Sm W . (M -T')

3. A bucket of water weighing 160 lbs. is being raised from a well
100 ft. deep with a uniform force of 200 Ibs. wt. With what acceleration will it
move and what time does it take to reach the top of the well ?

20. A small balloon of total mass 10 lbs., at a height of 100 ft. above
the ground, is moving upwards with a velocity of 60 ft./sec. and acceleration
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4 ft.[sec?., when a mass of 1 lb. becomes detached. Find the new acceleration
of the balloon assuming that the upward force acting upon it remains unaltercd.

Also find how many seconds it tekes the 1 1b, mass to reach the ground,
neglecting air resistance. (Lucknow U.)

xx. A ball of mass 8 oz. falls frecly und-r gravity through a distance of
25 ft. In the process of catching a man allows his hands to drop a distance of
1ft. Find the average pressure on his hands during the catch.

x2. An engine of mass 30 tons pulls after it a train of 130 tons ; suppos-
ing the friction to be 1 th of the weight of tho whole train, calculate the fogoe
exerted by the engine, if at the end of the first mile from the start the speed be
raised to 46 m.p.h. (P.U.)

13- An engine exerts a uniform force of 2 tons woei ght on a train of 100
tons when there is a resistance of 14 Ibs.w¢.per, ton. Find the time required to
get up a velocity of 30 miles per hour from rest.

14. A train of mass 160 tuns starts from a station, the engine exerting a
tractive forco of 24 tons in excess of the resistances until a speed of 374 m.p.h.
is attained. This speed continues constant until tho brakes causing retardation
of 2} ft.[ scc.2 bring tho train to rest 6 miles away. Find the time taken
(i) during acceleration ; (i) during retardation ; (ii{) altogether.

15. A train of mass 120 tons is travelling with a uniform speed, tho
resistance due to friction etc. being 14 lbs. wt. per ton. 1If a portion of mass
20 tons ig slipped, how much will the other portion have gained on it in 12
seconds assuming the pull of the engine and the resistance per ton to be the
samo as before 1

3'3. Law IIl. 7o every aclion there corresponds an equal and
opposite reaction.

Whenever two bodies are moving or are at rest, the one cannot
exert a force on the second, without the second exerting a force on
first at the same time.

It is impossible for any force to exist in the universe without
the existence at the same time of another force equal and opposite
to it in the same straight line. If two masses act on each other in
any way either by actual contact, or by connection with a string or
a rod, or by mutual attraction or repulsion, the force exerted by one
mass on the other has the same magnitrde as, but is opposite in
direction to, that which the other mass exerts on the first.

The whole phenomena of the mutual action between two bodies
or between portions of a body Is called a Stress.

If we consider one portion of a material body and the effect on
it of the other portion we c¢all Action, the opposite aspect of the
stress on the other portion is called Reaction.

The stress is measurcd numerically by the force exerted on
either of the two portions of the body by the other.

Illustrations. (1) A body supported on hand, presses the
band with a force equal to the weight of the body. The hand reacts
and exerts pressure on the body equal to its weight.

(2) In the case of water contained in a cistern, the water exerts
some pressure atevery point on the wallof the gistern and an equadl
pressure is exerted at the point by the wall of the cistern on the
water.

(3) The earth attracts a body of mass m with a foree equal to
mg. The body of mass m also attracts the earth with an equa
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amount of force, although it is not so obvious because the accelrration
created by the body in the earth (obtained by dividing mg by the
mass of the earth) is so small that it i3 negligible.

(4) In a tug-of-war between two pariics the furce exerted at

any point of the rope in one direction is exactly equal to that exerted
in the other direction.

Then fow does one party win over the other ? This must be
due to some external cause. When members of one party pull at the
rope they push the ground backwards with their feet, and an equal
amount of the force of friction between the feet and the ground acts
forwards, If the total amount of friction in one dircction is, say F,
and if it is F’ in the other direction, it is only when F and F’ are
unequal that one party wins over the other.

(5) Horse and Carriage. In the case of a carriage driven by
a horse the force of tension with which the horse pulls the carriage
forward is exactly the same as that with which the carriage pulls the
horse backwards.

The force of tension, in this case, is not an external force, but a
mere internal action (mutual action and reaction) between the two
parts of the system (carriage and horsc together) and so it can no
more effect motion of the system as a whole than any of the other
forces which hold the parts together.

The system bigins to move on account of the external force,
viz., the friction between the horse’s feet and the ground. The horsc
in trying to go forward, pushes the ground backward with the feet;
the ground being rough, an equal amount of the force of friction, say
F, acts forwards. Friction also acts on the carriage. Due to the
presence of the wheels the total amount of the friction, say #, checking
the motion of the carriage is much smaller than F. It is the presence
of the external force F—F', the diffcrence between the two frictions,
that makes the system move.

(6) Engine and Carriage. In the case of a carriage pulled by
an engine, the tensions in the two directions at any point of the
coupling chain are equal and opposite and hence the forco with which
the engine pulls the carriage is the same as the force with which
the carriage pulls the engine. How the system beging to move may
pe explained thus ;—

The driving wheels of the engine are made to rotate by means

of a crank attached to the axle, the crank being moved by the
mechanism. Tf there were no friction between

the wheels and the rails, the whecls would slip

N
round anrl rotate while the engine would remain
—> stationary. The slipping of the wheels is
/ opposed by the force of friction, say F, between
¥
— 174

the rails and the wheels. 7'his frictional force

acts in the forward direction and canses the for-

ward molion of the engine. It is usually spoken
of as the force exerted by the cngine or the propulsive force.

It is important to note that F cannot erceed the limiting amount
of friction which is p (the co-efficient of friction) times the pressire
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between the driving wheels and rails. ‘This pressure being equal to the
weight, to avoid slipping, as much weight as possible is brought on
the driving wheels.

Again, if there were no friction between the wheels and the
rails, the other wheels of the engine and the wheels of the carriage
would move forward and slide without rotation.

The friction in this case acts in the opposite

direction to+the motion of the engine and

makes the wheels rotate. The resultant

magnitude of this force, say F’, is small as

compared to £, the frictional force on the pe>m 2
driving wheels, F—F" is the resultant cffective

force which makes the system move.

The motion of a bicyele or a motor car is also similar—the hind
whecls correspond to the driving wheels of the engine.

Note. The cxcess of tho tractive force over all resistances is
the accclerating force. If there is no excess i.e., if the tractive force
just balances the resistances, the train or the vehicle moves ot a constant
speed.

Example 1. An engine weighing 120 tons is coupled to a
carriage of mass 80 tons. The system starts from rest with oonstand
acceleration and acquires a velocity of 45 m.p.h. on the level in two
minutes. Find (i) the force exerted by the engine and (ii) the lension
in the coupling chain, neglecting resistances.

The velocity acquired=45 m.p.h.=66 ft.[sec.
The time to acquire this velocity =2 min.=120 sec.
.~ the acceleration f is given by
66=120f, or f=1} ft.[scc.?

M, the total mass=120480=200 tons=200 x 2240 lbs.

Neglecting resistances, the force exerted by the engine is given
by

P-=Mf=200x 2240 x }} poundals.
0
—_—23(-)20—;(-‘-?:%2';—109)—:(;01 or %5) or 3¢5 tons wt.

Now if 7 poundals be the tension in the coupling chain, the

cquation of motion for the engine is
mf =P—T,ie, 120X 2240 X 3} =P—T.

-—-132;)52‘2»227;3561:3773—21’3 or 13 tons Wk,

Note. The same result is obtained by writing the equation of
motion for the carriage, viz. 80_)( 2240f =1,
80224011
T32%2240 %20
Example 2. In the above example, show that W, the part of the

T=P

or ' =13 tons wt.
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weight carried by the driving wheels of the engine cannot be less than
15§ tons, if u, the co-efficient of friction is 0-22.

The maximum amount of friction available=pW.

In order that the wheels may roll and not slide, this frictional
force should not be less than the effective force

i.e., uW>P or W>P/u.

55, 22 55x100
16 100~ 16X 22

=15§ tons.
Examples VA

1. A train of 300 tons drawn by an engine weighing 100 tons starts
from reat with constant acceleration and acquires a velocity of 30 m.p.h. on the
levol in one minute. Find tho acceleration and the force exerted by the
engine.

Find also the force of tension in the coupling between the engine and the
rest of the train. [Ans. 13 ft./sec.? ; 9} tons ; 8% tons}

.. the Jeast value of W=Pfu=

2. An cngine of mass 105 tons is coupled to and pulls a carriage cf mass
30 tons; tho resistance to tho motion of the engine is e - of its weight and

that of the carriage [} of its weight. Find the tension in the couplings if the

whole tractive force exerted by the engine is equal to 6,000 lb. wt.
[Ans. 11593 1bs.]
3. A train of 200 tons, uniformly accelerated acquires in two minutes
from rest a velocity of 30 m.p.h. Show that, if the co-cfficient of friction be
0-18, the part of the load carried by the driving wheels of the engine cannot be
leas than 12:7 tons.

Show also that if the part of weight of the engine supported by the
driving whecls is 25 tons, the velocity at the end of a minute after starting will

be less than 20% miles per hour.

[Hint. The limiting amount of friction between the driving wheels and
the rails should at least bo equal to tho force exerted by the engine.]

MOTION OF CONNECTED PARTICLES

3°4. Field of Force. A region in which force exists is known
as a field of force. A ficld of force is said to be determined when the
acceleration imparted to a material particle at any point in the field
is known. When the acceleration is the same at every point, the
field is said to be constant or uniform. We know that all bodies are
attracted towards the earth’s centre and it we consider only & small .
region on the carth’s surface, the acceleration due to the attraction of
the earth may be regarded as parallel and constant at every point.
This region is then a uniform field and we call it the field of gravity.

In the second chapter we considered the motion of a particle
moving freely in such a ficld, we now consider the motion of particles
which are not free to move but are connected with other particles or
are in contact with other bodies.

3'5. Weight carried by a lift. A4 body of mass m lbs., is
carried by o lift moring vith vpward acceleration f, to find the pressure
on the plune of the lift.
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The mass carried, being in contact with the lift, also moves
with-acceleration f upwards. The forces acting on.the mass are—

(1) the reaction R of the plane of the

lift upwards (which is equal and opposite) to nf R
the pressure which the mass exerts on the I
plane, and

(2) its weight mg acting downwards.

The total force upwards acting on the
mass is BR—mg.

.. by Newton’s second law, the
equation of motion for the massis
mg

mf=R~—mg ¢
t.e., R=mg+mf « (1)

which shows that the pressure is greater than the weight of the mass
by amount mf.

If the lift is moving with a downward acceleration f and if R’
is the reaction of the lift on the mass, mg— R’ is then the total force
acting downwards on it and its equation of motion is

mf=mg— R’ or R'=mg—nmf . (2)

In this case the pressure R’ is less than the weight of the body.
When f=g, R'=0, i.c., the body moves freely ; and when f>g,

R’ is to be negative in order that there might be contact of the mass
with the lift, i.e., the lift should pull the mass instead of pushing it,

which is impossible. In this case the body is left behind and moves
down freely.

It is important to notice that here we are concerned with onlvy
the acceleration of the lift and not with its direction of motion. The
pressure will be the same when either the lif, is ascending with
increasing speed and acceleration f or when it is descending, its speed
decreasing at the same rate, the acceleration in both cases being f in

the upward direction. Thus it is only the acceleration that affects
pressure and not the velocity.

When f=0, R=mg, i.e., when the lift is moving upwards or
downwards with constant velocity or is at rest, the pressure is equal
to the weight of the body.

Example x. 4 weight of 10 lbs. s placed on a horizontal shelf
which 18 made to ascend with (1) a uniform acceleration 2 ft.[sec® (2) a
uniform velocity of 2 ft. per sec. [Find the pressure on the shelf in euch
case.

(1) The pressure R=m(g+f)
=10(32+-2) poundals
=3401bs. wt.=10§ 1bs. wt.
(2) f=0, . R =mg=the weight=10 lbs. wt.
Example 2. 4 load W is to be raised by a rope, from rest to
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rest through a height b ; the greatest tension which the rope can bear is
nW. Show that the least time in which the ascent can be made is

r _f%_n.’g]%
Ln—D)g ] *

In all such cases the load W, in the first stage, is raised by a
certain constant tension 7' (>W), so that it moves with a constgnt
acceleration and acquires speed. In the next stage, in order to bring
it again to rest, the string is made slack and the load moves up freely
under retardation g due to gravity till it stops.

Let f be the acceleration in the first stage in this case, then
Wf=Tg—Wg, or f=(I—W)g/W (1)
Let 8y, s, be the distances described in times f, and fg in the two
stages and let V be the maximum velocity at the end of the first
stage, then
V—ft,=gts, 50 that z,+z,=v(i +-l“) L@
Iy
Also h=8,+33=3V(t,+13) or t{,+iy=2h/V ..(3)
». from (2) and (3)

1 17 2a0 W

2. —_— e fme—] ———
o T % 1
g T—WTg¢ 1=W]T

Now this is least when T is greatest i.e., when T'=nW as given
in the question,

.. the required leasy time

2h __}___]1} 2nh )%
Ly 1—=Wawj = (n-l)g:l .

Examples VI

1. A man weighing 110 lbs. stands on an elevator moving downwards.
The clovator moves at first with an acceleration of 6 ft. sec.2, then with cons-
tant volocity, and finally with retardation of 6 ft./sec.2. Find the pressure on
the elevator oxerted by the man 1n the three cases.

What happens when the acceleration of the elevator is more than the
acccleration due to gravity ?

2. A diver jumps into a well with a life-belt of weight 10 lbs. on his

head. What pressure does the belt exert on him before he reaches the surface
of water.

3. A massof 12 1bs, is woighed by an ordinary spring balance in a
lift moving unwards with an acceleration of 2 ft./sec.2.  What is its appearent
weight ?

A 4 1b. weight carried on a spring balance in & balloon has an
apparcnt woight of 4-8 lba. when the balloon is ascending. What is tho accelera-
ton of that balloon?  What should the body weigh if the balloon is descending
{#) with an acceleration of 10 ft./sec.2, (#i) with uniform velocity of 20 miles per
hour, (iit) frocly ? '

5. A body whose truc weight is 13 oz. appeared to weigh 12 oz. when
weighed by means of a spring balance in a moving lift. What was the accelera-
tion of the lift at the timo of woighing ? (D.U.)
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6. A string can support a weight of 41 grammes. What is the greatest
acceleration with which it can raise a weight of 40 gms, ?

7. A load of 300 Ibs. is being raised from rest with uniform accoleration
by a cable. The cable is allowed to become slack, and the load comes to rest
160 ft. above its original position. The total time from rest to rest is 5 secs.
Find the tension at the lower end of the cable when it is tight.

8. A lift whose weight is 10 cwt. is raised from rest by a force of one
ton, the force being rermoved at a time such that the lift comes to rest agan
after moving through a total height of 20 feet. Prove that tho total time from
rest to rest is 5 seconds. (P.U.)

’ . Prove that the shortest time from rest to rest in which a load of P
t0)# can lift & weight W tons through a vertical distance & feet is

v Zg"_ ] F'_Iz\“v secs. (D.U.)

3'6. Motion of two particles conmected by a string.
Sappose a piece of string 4B is acted on by forces F and F’ at its

ends 4 and B. F F
Considering the string as & body A T B
of mass m, its equation of motion is
mf=F'—F.

When f is finite and the weight of the string or its mass is
ncgligible, i.e., m=0, thén __
F—¥F=0
or ~F=F
t.e., the forces at the two ends of the string are equal.

Again by considering the portions AC and (B of the. string, it
can be shown that the pull at C on the portion AC along CB (=F")
is equal to the pull on the portion BC at ! along CA (=F). Thus
at any point of a string the two portions of the string cn the two
sides may be regarded as pulling each other with a force which is the
same throughout the string.  This force is called the tension of the
string.

Hence awhen the weight of a string is neglected, the tersion of the
string is the same thromghout its length and it acts in onc sense or in the
opposite depending on the portion of the string whose equilibrium or
motion we are considering.

37, Two masses my and mq, (my>m,) are suspended by a light
ineatensible and flexible string over a smooth, fixed, small, light pulley
(or a peg), to find the motion of the system and the tension of the string.

Let ! be the length of the whole string and at any instant Jet
z, y be the depth of the masses m, and m, respectively below the top
of the pulley, which is small.

Since the string is inextensible,

Z+y=l.
. 4z dy . dx dy
ot = e g=—ap
d*r d¥y

and oE =T
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Thus the velocity v and the acceleration f of the mass my
upwards must throughout the motion be the same as those of m;
downwards.

Also since the pulley is smooth, 7', the tension
of the string, is the same throughout the string.

Equation of motion for m, is

my f=myg—=T --(1)
AT and that for my is
mq f=T—myg ..(2)
fIE/Z Adding (1) and (2) we get
(my+my) f=(my—my)g,

o =217
///// or f-mx_‘__’nzg "(3)

g Substituting this value of f in (1), we get

_ 2mymy
g T_mﬁ—m,g .. (4)

m

. P 2 _mytmy_ 1 1
391, If 7'= Mg, then T gy, +_n‘1;
in the string is equal to a weight whick is the harmonic mean between the
given weights.
372. Pressure on the Pulley. The pulley is being pressed
downwards by the tension along the string on both its sides.

i.e., the tension

R, the presssure on the pulley R
oy A
my+my

dmymg __(my—m,)?

my+mg  myt+mg ¢, the pressure
on the pulley 18 always less than the sum of the weights of
the masses. /

Example 1. Masses 260, 230 gms. are connected by
a slring passing over a smooth peg. Find the distance they
will describe in 3 secs. and the velocity acquired in that time.

T T
f=§—g-g£—;§gg-=%%x980=60 cm./secs.3, 2T
v=ft=60 x 3==180 cms. per sec.
s=}fi8=1 x 60 X 9=270 cms.
Example 2. If the string of an Atwood’s machine can bear a
strain of only § of the swm of the two weights, show that the least possible

Since (m,+mg)g—

acceleration is %zg

Let my, mg (my>m,) be the masses of the two weights and let
my-+mg=m, then
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. —_ 2m,m
the acceleration f= 1" d the tension 7= —78 4
c onf s +m2g, and the tension e +m.g
: primmmn (matmaft—tmmy, o 205
. (mytmg)®® (my~+mg)? =

8o that f is least when 7' has its greatest valuc §(m,+mg)g=} mg.

Hence the least acceleration is given by

f’=a’——f§ X gmg=4g®, or f=-‘3/3§g.

Example 3. 7'wo scale-pans, each of mass m, are suspended by
a light string over a light pulley and in them are placed masses m, and
mg (my>my). Find the reactions of the pans during the motion.

f, the common acceleration of the system

my—mg
nlz2m—{~-m,—{—_r;z_,g'

If B is the reaction on m, of the scale pan on which it rests,
then my f=m;g—R
. 2my(m—+my)
Im+ my-mg
For the mass my which is moving upwards, let the reaction be

R, then myf=R,—myg
. 2mqo(m-4-m
te., Ry=my(g+f)= 2—"‘—_’:‘;‘;—_{_’:};

3'8. Atwood’s Machine. In Atwood’s machine two equal
weights each of mass, say M, are attached to the ends of a string and
suspended over a light pulley running with as little friction as possible.
Over one of the weights resting on the platform 4, an additional
weight, called the rider, of mass m, is put. The platform 4 is dropped
instantaneously and the system begins to move with acceleration

f.__(m+ My—M -_m
S+ +uI" mrou?

After it has moved a distance say & (=AB), it acquires a
certain velocity, say v, given by v2==2fs.

The weight with the rider is then made to
pass through a ring B by which m is caught off.
Weights on the two sides become equal and the

i.e., R=m,(g—f)= ¢ poundals.

g poundals

-

system moves with constant velocity v. Further, '~
the distance A moved with this velocity and ¢ the
time taken, are measured. Then we have M
he=vt, y A —z.___.z
38013 0fg et ™
or M=13?=13.2fs 2a¢’.m+2Mg, 8 ':O

in which all quantities except g are known. This
relation gives a rough value of g. This is one of the

chief uses of Atwood’s machine. '
Example. The two masses in an Atwood’s { - ’
machine are each 240 grammes and an additional

mass of 10 gms. is placed on one of them. It is found that they move
a distance of 250 cms. in 5 secs. Show that g=980 cm./gec?
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3'9. Tuwo particles of masses my and mq are connected by a light
snextensible string ; my 18 placed on a smooth horizontal table, the string
passes over a light pulley at the edge of the table and m, is hanging
Jreely. To find the motion, and the tension of the string.

Let I be the length of the string and at any instant and let x and
y be the distances of masses my and m, respectively from the edge of
the table, then

r+y=I,
dz dy . dy dx dy d*
=t o= =g

Thus the velocity and acceleration of m, vertically downwards
are at all times equal to those of my along the table towards the edge.

R Let f be the common accelera-
tion. Equation of motion for m, is
' mpf=mg-T ..(1)
‘%I:Z__Z ~ Equation of motion for m, in the
{ : . . .
... 4 ¥ horizontal direction is
mgf="1" ..(2)
l The mass my does not move in

the vertieal direction, so that myg=R,
29 THif  the pressure on the table, i.e., the
weight is balanced by the reaction of
I the table.
Solving (1) and (2) we have
m myg

—— =
f hiy+my 'm,+m,g

”’/9

In this case the pulley is being pressed by the two cqual forees
T at right angles.

.. the pressure on the pulley
= VI Ti— /2 I'=q/2- 200 .
myT My

3'9r. If the table is rough instead of smooth, the force of
friction of amount pR acts on the mass wy in the direction of the
string oppusite to that of the tension, so that equation (2) becomes

myf="T—uR,

or myf="T—vinyq.

Solving this equation with (1) i.e., my f-=ng—1T', we have

_my—(amy

/ mymg(L+),
nytmg my--1g
The body moves only wh en m; > pin,.

Examples VII

[N.B. The rotational inertia and friction of a pulley are to bo neg-
5

r Tho two massos of an Atwood’s machine are 10 and 12 Ibs, Find the
weceleigtion, thoe tension of the string and the pressure on the pulley,

7, and 1I'=

lested
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2. Two masses of 48 and 50 grammes are attached to the string of an
Atwood’s machine and start from rest, the greater mass falls 10 cms. in one
second. Find the acceleration due to gravity.

3. Tho weight of 10 Ibs. is attached to an end of a string, find the
weight which must be attached to the other end in order that when the system
is suspended from a fixed pulley, the acceleration may be half that of gravity.

4. Tho sum of the two weights of an Atwood’s machine is 18 lbs. The
heavier weight descends through 64 ft. in 4 secs. What is tho value of each
weight ? (P.U.)

. Two scalo pans of mass 2 lbs. each arc connected by a string passing
over a smooth pulley. Show how to divide a mass of 16 lbs. between the two
scale pans so that the heavier mass may descend through a distance of 40 ft. in
4 secs,

Find in this case, the pressure on the pans.

6. Two wuights are connected by a string passing over a light friction-
less pulley. One is 12 lbs. and the other is 11 lbs.  They ars released from rest
and after 2 seconds 2 Ibs. are removed from the heavier weight. How soon will
they be at rest again, and how far will they have moved between the instant of
relcase and that of coming to rest again ?

9. Two particles of masses m; and m, are connected by a light inexten-
sible string which passes over a smooth fixed pulley. If m;>m,, and m,; descends
with an acceleration f, show that the mass which must be taken from it so that
it can a~cend with the same acceleration is 4 my fg/(f+9)2.

8. Two heavy particles are attached together by a string passing over &
pulley. If tho string can only support & tension equal to one quarter of the
sum of the weights at its two ends, show that the least acceleration possible is
i{l’l%i and that the groater weight cannot be much less than six times the
smaller.

9. A mass of 12 lbs. rests on a smooth horizontal platform at a distance
28 ft. from its cdge. A sccond mass of 2 lbs. 15 attached to the first by means of
a cord passing over the edge.  ¥ind
. (1) the acceleration ;  (49) the space described in 3 secs. §  (744) tho time
in which the 12 lbs. weight reaches the edge ; (4v) tho tension of the string;
(v) the pressure on the pulley.

10. Obtain the results in example 9 when the platform is rough, the
cocfficient of friction (. being 015,

1. Inexample 8, if £=5/16, and the mass on the table is 4 lbs,, find
the acceleration of the masses.

_ x2. Two particles P and Q are attached to the ends of a light string, the
particle P is placed on & smooth horizontal table, while @ hanfs over the edge;
and the sysiem moves frecly under gravity. The mass at Q 1s I Ib.  If P starts
from rest and moves 8 ft. in thoe first sccond, determine the mass of P, (Bom. U.)

13. A mass of 20 lhs. on a rough horizontal table is connccted by a light
string passing over a smooth pulley at the edge of the table and supporting &
mass of 4 1bs. which hangs frecly. The frictional forco on the 20 lbs. mass is 3
Ibs. wt. and the 4 lbs, mass is originally 16 ins. above the floor. The system is
released and aftor ono sccond the string breaks.

With what velocity will tho 4 lbs. mass reach the floor ! How far will
the 20 Ibs. mass move after thoe string hreaks, assuming it does not reach the edge
of the table ?

14. If in Art. 3'9, my bo replaced by my and m, be replaced by ms, show
that tho acceleration of the system remains unaltered provided my, mg, mg are
in G.P.

15. A string passing across a smooth table at right angles to two opposite
edges has attnched to it at the cnds two masses my, mg, which hang verticelly.
A particle of mass M is also attached to the portion of the string which is on the
table. Show that the acccleration of the system when released is

NMog—ny
n11+mz+41g'
Find the tensions of the string on either side of M.
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16. An Atwood’s machine with masses m, and mq and atring clamped, i8
placed on a weighing machine. 8how that when tho string is unclamped and the
masses are allowed to move, the apparent woight of the Atwood machine is
diminished by (my —my)2 g/(mq+ms).

Also prove that the tension of the string is cqual to the weight of a mass
which is the harmonic mean between the two musses.

17. Masses P and Q in an Atwood’s muchine are allowed to move from
rest any distance z. If P is greatcr than (), show thut the mass which must
suddenly be removed from P at tho end of distance z, 80 that motion in the same
sense may continue a further distanco nz, is

(nt]1) (P2-Q2)
(n+1) P+(n-1)Q
18. An Atwood’s machine is set up in a lift accelerating upwards with

2 ft./sec.3. If the masses are 3 and b ozs., calculate the tension and the length
of time that olapses before 9 ft. of thread passes over the pulley.

[Hint. Reduce the lift to rest and replace g by g+2 in results (3) and
(4), Art. 3-7.] .
19. A light siring paeses over a light smonth pulley, fixed to the ceilmg of
a lift, and carries masses P of 6 lbs. and Q of 7 lbs. at its cnds. The mass @ 18
held in contact with the pulloy and the mass P is hanging with the string verti-
cal. If Q is now released, find the tension in the string while motion occurs,
and the time that elapses before Q is 3 ft. below the pulley, (¢) when tho Lft
remains at rost, (ii) when tho lift is rising vortically with constant acceleration g,

20. A string passes over a smooth fixed pulley and to one end thero is
attached a mass iy, and to the other a smooth light pulley over which passes
another string with masses my and mg at the ends.™ If the system is released
from rest, show that my will not move if

4 1 1 '

.;l;ﬂ—"—rz+;l;. (I‘U.)

REVISION QUESTIONS-—II

x. State and explain Newton’s second law of motion and show that if a
particle is moving in one plane, the rate of change of its moment of momentum

about any fixed point in the plane is equal to the moment about that point of the
forces acting on the particle.

If hy, hy are the moments of momentum of a moving particle (m) about
two fixed points 4, B in the plane of motion, prove that its velocity perpendi-
cular to 4B is equal to

hy—hg
mAB (Pub. Ser. Ex.)

a. Twenty men whose total weight is 30 cwt, are boing drawn up a mine
shaft in a cage by a rope whose tension is constant throughout the operation. If
the weight o? the cage is 10 cwt. and its speed after rising 30 ft. is 12 ft. per
gec., calculate the tension in the rope.

Find also in tons weight, the pressure on.the floor of the cage due to the

men. (L.U.)
. The engine of a train weighing 400 tons is capable of exerting a trac-

tive effort of 156 tons wt. The road resistance and tho brake resistance ure respec-
tively 30 lbs. wt. per ton. and 150 lbs. wt. per ton. Find the time taken to travel
between two stations 1} mile apart if the train starts from rest, accelerates till its
speed is 45 m.p.h., runs at this speed for a certain distance and then the steam is

shut off and the brakes applied simultaneously, so that the train comes to stand
still at the second station., — - (Bom.U.)

4. A chain which can safely bear a tension of 10 tons is to lift 8 tons as
?huiokly as possible through a height of 200 ft. so that tho load comes to rest at
e top.

Find the time required to the nearest second (weight of the chain to be
neglected).
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A train of 100 tons is to bo taken from rest to rest in 2} min. over a
distance of 3610 ft. by a uniform pull against a constant resistance of 20 ibs. per
ton; the brakes press the wheols with a total force of § of the weight of the train
and the coefficient of friction bstwoon them and the whoeels is 0-18; find the
magnitude of the pull and the time during which it must be applied.

6. A train of weight W Ib. moving with v ft. Fer sec, on the level is
pulled with a force F' lbs. against a train resistance of R lbs. Show that in accele-
rating from vy to vy ft. par sec. the distance in feet dascribed by the train is

w 2 vdv
“¢9J F=R
7% T

7. Two particles, P and @, of unknown woights are attached to the cnd3
of a light string; the particle P is placed on a smooth horizontal table, while @
hangs over the edge, and the system moves froely under gravity. The particle P
passes in succession through the points 4, B, C, on the table, it passes through
B and C at instants 3 secs. and 5 secs. respectively after passing through A4, the
distance AB and BC being ocach 3 ft. From thess data determine ths accelera-
tion of the svstem and deduce that the weights P and Q ar> m tho ratio of
159 : 1. (Take g==32 {t.[sec.?).

8. Two weights W, W’ are connocted by a light string passing over a
light pulley. If the pulley moves with an upward acceleration cqual to that of
gravity, show that the tension of the string is

4WW [(W+W").

- A Ihan weighing 10 stone and a weight of 8 stono are suspended by
means of a light rope over a smooth pulley. Find the pressure on the pulley and
the acceleration of the man.

If the man pulls himself up the rope 8o that his downward acceleration
is 9/18, find the upward acccleration of the waight and the upward acceleration
of the man relative to the rope. . (P.U.)

10. A mass g s attached to one end of a light inextensible string which
passes over a smooth fived pulley and to the other end is atiached a smooth pulley
of mass my over which passes another string with masses mg and my at its enda.

ind the motion.

Let T, T be the tensions in ths strings passing over the fixed pulley and
the movable pully (mj).

Lot the acceleration of the mass m, be f, moasured downwards, then my
must have an acceloration f upwards.

. 1f f; be the downward acceleration of my relative to
my ite actual acceleration will be f;~f downwards, and
that of m, will be fy-+f upwards.

Equations of motion for m;, mg, mg and mg are :—
myf=myg—T T
Mgf =T~ meg— 2T,
my(f1—f)=myg~ T
my(fi+f)=T1~mg.
Any of the unknown quantities SiJ1» T, Ty can be ';1
obtained from these equations.
(a) Taking my=41bs., mgwml lb., my=2 lbs., my==1 .
1b., show that f= ,‘,1;9. * T
11. A string which carries at one end 4 a partiole
of mass mg, passes over a fixed pulley at C and carries at
the other end B a similar pulley. A second string carries at ono end D, a
purticlo of mass m;, passes over the pulley at B and carries at the other end E a
purticle of mass mg. ~ Show that when the masses of the strings and pulleys are
negligiblo the tension in the firat string is twice that in the second string.

Find also ths acosleration of ths particle at 4 whan my=11lb,my=2 lbs.,
mg=3 lbs,
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12. A light string, one end of which is fixed, has slung on it & mass 3m
and then passcs over a fixed pulley having a mass m attached to it at tho other
end. The portions of the string not in contact with the pulley are vertical,

Find the acceleration of the two massos and tho tension of the string when the
system is released.

13. A mass m lying on a smooth horizontal table is attached to a string
which after passing over the edge of the table hangs in a loop on which & heavy
smooth ring of mass M is threaded and then pussos over a smooth fixed pulley

and supports a mass m’. If the free portionsof thestringare vertical and the wholo
system lies in a vertical plune, dotermino the tension of the string and show
that the mass M will remain at rest provided that
2 1 1

M m " owm
14, Two masses my, my lio on a smooth horizontal table, They are
joined t0 a string on which slides a smooth ring of mass mg. If the two portions
of thu string lic close together in parallel straight lines and the ring hangs down
over the edge, prove that when released the tension in the thread is

L%
AT

mg mg my

and that the acceleration of the ring downwards is {(—"% + ;;i-) times the
1 2
tension.

l?l Two pulleys each of mass m, are connected by a string hanging ovor
a smooth fixed pulley ; a string with masses 2m and 3m at its ends is hung ovor
one pulley and another with masses m and 4m over the other. If tho system is
free to move, show that the acceleration of cither pulley is ;g . (D.U.)

16. A mass attached to one end of a light inextensible string which passes
over & smooth pulley is descending with uniform velocity ; to the other end of
the string is attached a ring without mass, through which passes a second string
supporting at the extremities masses m and m’. If one of these masses on arriv.
ing at the ring becomes entangled in it, show that it will afterwards move with

—m'\2

accelcration —Tn zTrﬂ':-zi-)ﬁfn}'n' and the tension in the string sbove the ring is
8mm/g(m+m’) ’ >
P S >0

17. A train starts from rest and covers a journcy of 29-9 miles in 40 min.
as follows ; it first accelerates uniformly for 3 min., reaches a speed which is un-
changed for the next 10 min., it is then aceclerated uniformly for a further 2
min., reaching a speed of 12 m.p.h. higher than previously ; it proceeds at this
new fixed spoed until the last § muin. of journcy during which it is umformly
retarded to rest.  Find the two fixed spocds.

18. A motor car is driven from the hind wheels. The centre of gravity
@ of the car 18 at a height 3 ft. above the road, and the distances of the vertical
through 6 from the front and rear axles are 8 ft. and 4 ft. respectively.
Negleeting tho rotatory mertia of the wheels, show that, if the co-effictent of
friction between the wheels and the road is 4, the maximum acccleration of the
car s 547 ft. [sec.2 (I.R.S.E.)

19. If P bethe tractive foree in tons on a train weighing W tons, and
R be the resistance, prove that the least time of travelling a distunce & from

rest to rest is
\/[_25_ _R_(V?V;W] (D. U. 1081)



CHAPTER IV
MOTION IN-A STRAIGHT LINE—III

4't. Motion with variable acceleration. Expressions tor
d’s dv

o
and v% where 8 is the distance measured along the line from a

acceleration of a particle moving along a straight line are

fixed point in it. If m denotes the mass of the moving particle and
F, the force acting on it at any instant along the line of its motion
and measured in absolute units, the equation of motion of the particle
a8 deduced from the second law of motion is,

md-{i=F . -(l)
dv

or mE=F ..(2)
dv

or my — =F < (3)

When the force F orthe acceleration 5— is constant, any of these

equations may be used as has been done in Chapter II. When
F is a funection of ¢ (1) or (2) is used, when F is a function of
velocity v either (2) or (3) is used and when F is a function of the
distance s, only (3) is used.

4'1x. The following examples illustrate the last three cases :

.Example 1. A particle of mass m moves along a straight line
starting from rest from a given point in the line. If the force acting at
any instant is mk cos t, find the motion of the particle.

Let z be the distance of the particle from the fixed point after
time ¢, then

m%=mk cos £,
.‘ilf.

Er =k sin t+-c,

Integrating we have,

when {=0, 4‘3—=0, 8o that ¢c=0 .*, v=Fk sin ¢ or —%« =k sin £.

Integrating again, we get,

2=~k cos i-+¢;
when ¢==0, 2=0. .'. ¢;=k.
Hence x=k(1—cos {)
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Example 2, A steam boat is moving with velocity V when steam
t8 shut gff. Given that the retardation at'any snbsequent time is equal
to the wmagnitude of the velocity at that time. Find the velocity and
distance travelled in time t after the steam is shut off.

dv 1 dv
Here F="voor 7»—~=—-l
Integrating we have, log v=-t+-c.
When t=0, v==V,  so that c=log V.

log Tl;—-=—-t or —;—-=e“.

ds
. _ Pt .-t
v="Ve-t or 5 =Vet.

Integrating again, we have, s=—Vet+c;.
When  ¢t=0, s=0, so that ¢,—=V
5 s=V—Ve~t=V(1—e~t).
Example 3. A jarticle of unit mass begins to move from a
distance a towards a fized cenire which repels according to the law uz.
If ita initial velocity 18 NJu @, show that it will continually approach the
faed centre, but will never reach it.

Since the particle is repclled from the centre the acceleration is
in the direction in which x increases and is, therefore, positive.

dv
Hence Vg TR,

where the distance 2 is measured from the fixd centre,
Integrating, we have, =3 . at+c.
Initially when r=a, 2?=q?, v=—4/ pa, v2=pa?, so that c=0.
S vi=p.a? or (dx/dt)?=pr3

Since the particle is moving towards the centre, = decreases as ¢

. dz .
increases and hence —j; 18 negative.

dz

. 3= Nk
Integrating we have, I — = [\/ At
ie., log :r:x==—.‘/g.:..t-|-c1

When {==0, z=a, so thatlog a=0-}-c;.
log x=—aJp.t+loga or log % =—aJp.t.
ze=qe —~u
Now as ¢ increases, z decreases, i.c., the particle gradually

approaches the centre, but since =0 only Wwhen t—c0, the particle
does not reach the centre for any finite value of ¢.
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Note a. Velocity in terms of time s can be obtained by differentiating
any of these equations involving z and 2.

Note 3. When the particle is on the left hand side of O, the equation of
motion is % macceleration in the direction of PjA =lOP; = p(—2)= —}»

Hence the same equation that holds on the right hand side of O, holds also om
the left hand side.

421, The nature of Motion. The equation
v=1a/ pt NJa?—2*

gives the velocity of P in terms of its distance from O. Initially,
when z=0 at the point O, the velocity is maximum and equal to
nJit a. As the particle proceeds towards 4, the acceleration being
towards O, the velocity goes on decredsing as z increases. At A4
where z=a, it vanishes and the particle is, for an instant, at rest.
Then owing to the acceleration towards O, the particle moves in the
negative direction with a velocity which increases numerically as 2
decreases and is the greatest at O where it is —af it @. Due to this
velocity, the particle proceeds further to the negative side of O, the
velocity remaining negative and decreasing gradually in magnitude
till the particle comes to rest at A, where z=—a. The accelera-
tion being towards O, the particle then starts and moves towards O
with a positive velocity which increases gradually till it is again
maximum at 0. The same motion is repeated again and again and
the particle goes on oscillating indefinitely between 4 and4,, the two
positions of momentary rest.

The motion of the particle is oscillatory. All oscillatoa?
motions are, however, not necessarily simple harmonic. In fadt
simple harmonic motion is the simplest and most important case of

oscillatory motion which occurs in nature and it is always dominated
by the differential equation

-.d.t’_ =~ux.
The distance 04 or 04,, i.e., the distance of the centre from
one of the positions of rest is called the Amplitude.

‘/4'22. The Period of Motion. The equation z==a sin J wé
gives the time from O in terms of z, the distance of the particle
measured from O.

Since z=a sin \Jp.t==a sin (Jp.t4-2%)

e=g sin \J (¢+—51—:; )
and %f—=a~lu cos nf pl=an] s cos 'Jp.( l+:2/%- )

the particle has the same position, velocity and direction after
time t+-—3—’a—, t-}--s%, etc., as it had at the time¢, i.c., the particle

has a periodio motion, its period of motion being %.
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4'23. Periodic Motion. A point is said to have a periodic
motion when it moves in such a manner that after a certain fized interval
of time, it occupies the same position and moves, in the same direction
with the same velocily.

In the case of a particle moving with simple harmonic motion, the
periodic time, as shown above, is 2n/N] ., which is independent of the
amplitude.

4'24. The Frequency is the number of complete oscillations
in one second, so that if n denotes the frequency and 7 the periodic
time,

nT==l, or n:.—.—}—::dﬁ.._..
7C

Example 1. 7he acceleration of a point, moving with S.H.M.
18 2 f.8.8. whe. -its displacement from the mid-position is 6 inches.
Find the amplitude and the time of an oscillation if the maximum
velocity is 4 fs. Find also the velocity of the point when it is at &
distance of half the amplitude.

The acceleration=2 f.s.8.=pr=pnx }.
we=4,

The time of an oscillation= 3"—'——--—-2—1:"'-~ w=n=3:14 gecs,

N N4

The maximum velocity =4 f.8.==J p.a=2a.

a==amplitude=2 ft.

To find the velocity at half amplitude where z=1, we have
v=fpna =2 = 21 =20/3=346 f.5.

Example 2. A4 particle moving with S.H.M. of period 12 secs.,
travels 8 inches from the position of rest in 2 secs. Find the amplitude,
the mazimum velocity and the velocity at the end of 2 secs.

2 T
Since — =12, .. =,

If a ft. be the amplitude then, z, the displacement from the
centre=a—;=a—4% ft.

t, the time from an extreme position=2 secs.
Since the time is given from the extreme position, we use

T=:a cos nJ pt.
. _ 2 ®_a
AN a—3§=a cos 24/ p=a cos 33
. a=}4 ft.==16 inches,

and z at the end of 2 secs.=4—j=4% ft.
R E N ITRN -——5’-—=-§~,\/ -!g-—--%-m’sl . —?—'g—'?—=0'604 ft. per sec.

and max. vel. -sju.a.—-.%- . -%———=%3=0'69 ft. per sec.
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Example 3. A particle moves with S.H.M. in a straight line.
In the first second after starting from rest, it travels a distance @ and in
the next second it travels a distance b in the same direction. Prove that
the amplitude of the motion is

2a®
3a—b"

Measuring time ¢ from the starting point and the distance = of
the particle from the centre of motion and denoting the amplitude by
A, we have

=A cos \J pl.

Now by the question when t=1, x=A4—a
and when 1=2, x=A—a—b.

A—a=A cos / p ..(1),
and ~ A—a—b=Acos 2 =4 (2cos* N i —1) ..(2).

. from (1) and (2), we get

y (4—a)? 1

—a—b=4 [2 -Z,w~—l]———'~2— [42—4ad4-2at],
or A*—a4 —bd =A*—4aA4-2a%,
or (3a—b)A=2a?, i.e., 4=2a%/(3a—D).

Example 4. A horizontal shelf moves vertically with S.H.M.
If the. complete period is one second ; find the greatest amplitude in
centimetres that it can have so that a book, weighing 100 gms., resting on
the shelf may always be in contact with it. Find also the greatest and
least pressures exerled on the shelf.

Here Si—=1 . N p=2m, die p=4nt

When the shelf is movingl above the centre of motion, its
acceleration f is downwards whi¢h should not exceed g in order that
the book may rest on the shelf, ' [See (2) Art. 3-5).

245 245

= T 987

When the shelf is in|its highest position, the acccleration g is

downwards.
the least pressure ‘R’ =m(g—f)==m(g—g)=0.

The greatest pressure R occurs when the shelf is in its lowest
position where the acceleration, being directed towards the centre O,
is upwards and equal to g. ,

R=m(g+f)=m(g+g)=2mg=200 grammes,

Example 5. A4 particle is projected with a velocily V from a
point A along the straight line OA. Find the motion when the
acceleration is proportional to the distance of the particle fzom O and is
directed towards O. Find also the amplitude of motion if VA =a.

=25 cms. nearly.

i.e., =L=

‘The equation of motion is v —g—:-.=~px.
jv3=—Juat+-c.
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Initially vy=V when z=a, .". c=}(V*+4pa?).

Heace V3= V34 p(at—2").
The value of = when v=0 gives the amplitude, so that when
4]
v=0, z= T+a’=amplitude.

*4'3. Composition of two simple harmonic motions of
the same period, in the same straight line. By equation (3)
Art 4'2, the general displacement of a particle moving in S HM. is
z==a sin (4/pt+¢), where a is the amplitude of the motion. The
quantity / ut+e is called the phase of the motion and e the initial

phase in angle, (given in radians), and t+-—-e-- is defined to be the

N
phase in time.
Now let 2=a sin (/@ t-+-¢) and x=> sin (\ix t+¢') be the dis-
placements in the two motions having the same period —31“-

Compounding these, we get
a=q sin (\J pt4-€)+0 sin (N put+e’)
=(a cos e-4b cos ¢') sin N/ ut4(a sin e+ sin ¢’) cos \Juut

=4 sin (N pt+E) ..(1)
where A cos E=a cos e-}-b cos ¢’ } @
and A sin E=a sin e+b sin e’ -+(2)

Equation (1) shows that composition of two S.H. motions of
the same period, in the same st. line, gives a similar motion of the
same period, whose amplitude and phase are known from equa-
tions (2).

*Example, Prove that if two S.H. vibrations of the same
period in the same line whose amplitudes are ¢ and b and whose
phases differ by a« be compounded, the amplitude of the resultant
vibration is n/ a®4-2ab cos a+b2.

If a=2b, and the phases of the two motions differ by one-
quarter of the period show that the amplitude of the resultant

=n/5.0, ?d its phase is in advance of the second by -2—11"_— tan-1 2 of
the period.
Examaples IX

1. A point moving with S8.H.M. has a period of oscillation of 1 sec.
and its groatest acceloration is 5 ft./sec.2 Find the amplitude, and the velocity
when the particlo is at a distance 1 ft. from tho centre of oscillation.

2. A particle doscribing simple harmonic motion executes 100 complete
yibrations per minute and its spoed at its mean position is 15 ft, per sec. What
is the length of its path ? What is its velocity when it is half way between its
mean position and an cxrermity of its path ?

?. A particle moving in 8.H.M. of period 8 sccs. oscillates through a dis.
tanoe of 4 ft. on each sido of its central position. Find the maximum speed and
tho specd whon tho particle is 2 ft. from the centre.

What timo doos it take in moving from this position to the nearest
oxtromoe position ? VY e,
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s.e., tension of an elastic string or a spring is proportional to the exten-
sion of the spring beyond its naturallength. This is Hooke’s law of
elastic string and A is called the Modulus of Elasticity.

When z=I, 7'=A, so that A for a string of unit cross-section is
equal to the amount of force which would stretch it to twice its
natural length,

Example. If an elastic string is stretched 3 ine. by a force of

2 Ibs. show that the tension in the string when it is stretched 8 ins. is
5§ Ibs. wt,

HORIZONTAL ELASTIC STRING

4'5. Let one end of an elastic string be fixed to a point O on a
smooth horizontal table and let OA =1 be its natural length.

’

B A4 0 ¢ Aaxp B

If a particle of mass m is attached to the other end and if the
particle is displaced along the line 04, a distance AB=>b and P be
position of the particle at any subsequent time so that AP=ux, then

the tension in the string is T2 which acts in the direction P4 and is

directed towards A.

The tension of the string being the only force which tends to
move the particle, its equation of motion is
a3z A d*x A
md—ti =—T=—Tz, or ?i?'-‘:_i;ﬁz' (1)
which shows that the motion about 4 is simple harmonic, the cons-

tant u being replaced by i%i The period of oscillation is

2r ”—%l-

The particle will further move through O to a point B’ at an
equal distance on the other side of O and then back again and so on.

The distance from A to 4’ (0A=04') and back to 4 is moved
with the velocity which the particle acquires at A. The string being
slack this velocity remains the same throughout this part.

The periodic time obtained above refers to the time which the
particle takes in moving from B to 4, from A’ to B’ and then from

B to A’ and from A4 to B. This is the only part where motion is
simple harmonic. )

4’51, To find the velocity we write equation (1) as
dv A

U% =—2;‘-x,

which on integration gives }v’=-—-2-l"\-”-‘x’+0
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A
T

A . A
o v'_-—-.l;;(b’~—x’), or v=—p- Vi—zt --(2)

the sign is taken negative because the particle is moving towards O.

Example. An elastic siring, to the middle gpoint of which a
particle of mass m is attached, is stretched to twice its natural length
and placed on a smooth horizontal table and its ends ate then fized.

(a) Find the period of oscillation when the particle is displaced
in the direction of the string.

(b) Find also the period of a small transverse oscillation.

7 7

< g
>

At B, 2=AB==b and v=0, & C==

A 0xp B
Let 2! be the natural length of the string, then the extended

length is 4l. Let 4, B be the fixed ends and O the middle point,
then 40=0B=2I.

(a) Let P be any position of the particle when displaced such
that OP=x (z being small).

The extended length of the portion 4P of the string=2l+z.

S extension of AP=(2l4x)—Il=I+4z.

The extension of the portion BP=(2l—z)—l=l~2.

T, the tension in PA-—Al-tx 7", the tension in BP—-Al:f

Equation of motion for P is

mg;’gg"__gv A E’:’f._l_.‘ti":l=._7\
@z 2\
or @E="m"

which shows that the particle moves with S.H.M., the centre of
motion being 0.

. 2 m
The period=————==n am
P V2Nim /\/

(b) Suppose the particle P is displaced a small distance y,
perpendicular to the string.

0
A 'y B
/4 r
I)
Let T be the tension along PA or PB, then the resultant tension
in the direcction PO=21' cos /| OPB.

-, the equation of motion of the particle is

dl
maa --—-:2'1: cos / OPB,.
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Now PB= VOB 0P= Vit =zz[1+-g—,]*=zz,

neglecting powers of —iy—— higher than the first,

_OP y
cos LOPB-—I-,—B- -0 (approx.).

PB—I_.2-1

Also T along BP or PA=A—;—=A——=A.

] 3

5 2Tcos 1_0p3=27\.-;’-[ =—’l‘—y.
.. the equation of motion of the particle is
dy N dty A

mWa-——lg or d"{"'n—'l—”‘; Y,

d the period of moti ~—2—"—-2/\/‘5’7
and the period of motion= vma 4 Y

VERTICAL ELASTIC STRING

57

4'6. Suppose that a particle of mass m is suspended from a
fixed point O by a string (or spring) OA of a natural length {

(04 =l).

Let OB be the length of the string when 0

the mass hangs in equilibrium, then 4B(=¢), the
extension of the string is given by

mg-—-?\éi—-le-e-, )

Now if the particle is displaced vertically

from B, it will oscillate in a vertical line about B

and it will execute 8.H.M. which can be proved
as follows :—

Let P be the displaced position of the
particle during its motion and let PB=z, then
the tension, 7', of the string in this position is
given by

A A
=T(BA +x) =mg+—Tx. .o (2)
[by (1)].
& the resultant force acting on the parti-
cle in the direction BP

:=mg—-T=mg-—(mg+ %‘-x )a — -%—z.

Hence the equation of motion of the particle
diz A d% A

18 ma’[“::-——l—x or d—‘;-—m:c

which shows that the zarticle moves with simple harmonic
having B, the position of equilibriumn, as the centre of oscillation.

0

0

]

mg

molion



58 ELEMENTARY ANALYTICAL DYNAMICS

The period of motion is 21:/\/ ﬂ}f—=2n/\/ _eg_ ..(4)

e being the extension of the string in the equilibrium position of the
particle. By cquation (1), e being proportional to 'r’:z__’ the period
depends on the weight which is hung on, and on the stiffness of the
string or spring to which the particle is attached. The stiffer the
spring the shorter the period and the more magsive the weight the
longer the period.

Note 1. At B, the ultimate position of equilibrium of the particle, the
forces acting on it, viz., its weight and the tension of the string, balance. In all
problems of this type tho position of this point must be obtaincd first.

Note 2. The particle moves with Simple Harmonic motion only so long
as the particle is below 4, i.e., s0 long as the string remains stretched.

If the particle rises above A (it will do so, for example when it is pulled
down helow, B, a distance greater than AB) the string will become slack and the
part of the motion above 4 will be simply free vertical motion under gravity.

. Example 1. A mass of 4 lbs. suspended from a light elastic
string of natural length 3 ft. extends it a distance 2 ft. One end of the
string 13 fixzed and a mass of 2 lhs. is attached to the other. The mass is
held so that the string is just unstretched and is then let go.

Find the amplitude, the period and the maximum velocity.

OA, the natural length of the string=3 ft.

Since the extension is 2 ft. when the force is 4 lbs, wt., we have
by Hooke’s law

4g=A%.

ie., A=6y. .. (1)

Let OB be the length of the string when the mass of 2 lbs. is
hanging in cquilibrium, (Fig. Art. 4'6) then

4B AB
ie., AB=1ft. . (2)

Now let P be any position of the mass during the motion and
let it be at a distance z from the equilibrium position B after time ¢
secs. from B, the equation of motion is

2,
gl

IR =29—-1.
But T=A "—,-&P =Gy ”3”'” =2y 2.
2 —(5-13[':: =229 (29 +2gx) = —2¢4ur,
or —Z;;'- == .. (3)

which shows that the motion is simple harmonic having B, the equi-
librium position, as its centre of oscillation and period

) 9

2x __ 2rm

T

As given in the question the particle was initially at rest at 4
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amplitude=AB=1 ft.

and max. velocity= N i a=n] g x 1=4aJ2 ft. per sec.

Example 2. In the last example, the particle, instead of being
held at A and then let go, is pulled down below its equilibrium position
B, a distance of 6 inches and then let go. What is the period of motion?

Initially the particle is at rest at a point } ft. below B ; } ft.,
being less than AB which is 1 ft., the string is never slack and the

motion is entirely simple harmonic of amplitude 4 ft.

The equation of motion of the particle is the same as equation
{3) in Ex. 1.

.". the period of motion is 2%/} g.

Example 3. In Ex. 1, the particle i3

(a) pulled down below B, a distance of 18 inches and then let go,

() it is dropped from the point O.

Discuss the motion of the particle in each case, and find the periods
of motion.

04=1=3 ft., AB=1 ft., BP=ux.

Equation of motion of the particle when the string is
stretched is, as obtained before 0
diz dv (),

‘—E-t'a——-"-g-c or v —d;=--gz

where z is measured from B, the equilibrium position.

(a) The particle is initially at rest at D, § ft. below B.

In this case § ft. >AB, the extension in the equilibrium
posmon the motion from D to A is simple harmonic of ampli-
tude § ft. At 4, the string becomes slack and the particle C
movub freely under gravity with a certain initial velocity at A.

At D where z= y, r~—0 so that from equation (2), C=4§y.
. t=—gal+iyg.
vy, the velocity at A where z=—1 is given by
vi=—g+3g, i.e,v,=1% N 5g.
The particle comes to the rest again at £ at a height above 4

...vl’. 5q 5 ft/

v =, tom=moomm e

29 89 8

Integrating, we have g
v? y

e’ 20 @ |p

x

P

D

t,, the time from D to B=}th period of S.H.M.-:é:j%-
{5, the time from B to 4 is given by [z=a sin \J p ¢},

1=}sinngty ie, t’=75.3 ¢in-1§,

t3, the time from 4 to E._~71='.‘-I—5JZ.=_ =.
g 2 2 g
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.. the whole period of oscillation from D to E and back

=2(ts+t,11,),
=2 [AN5 i
T [‘-2**+-12i+8m 1 i]

() The particle falls freely from O acquiring a velocity

=n/2gl=nJ6g at A. The string is then taut and the particle moves
with S, H.M. given by equations (1) and (2).
At A where z=—1, v=a] 6y, s0 that from (2), C=1}g.
vi=—ga23+47g,
=0 when z=aJ 7=2'646 ft.=amplitude. So that the particle

comes to rest at C, a point nJ 7 ft. below B and then moves back with
S.H.M. to the point A where the string again becomes slack. The

particle then moves up freely with initial velocity=n] 8¢ at 4 and is
brought to rest again at 0.
t,, the time from C to B=} period of S.H.M.=;~-—,

2Ng'
ty, the time from B to A4 is given by
1=aJ7s8innfg. 4 ['.s 2=a sin \Ju {]

1 . 1
t,———:[‘-’—sm“—-»
{3, the time from A to O or from O to A= /\/-g- [ s=}gt%].

s.e,, d 71
.. the whole period of oscillation from O to C and back.

=2(‘a+t1+_%s)
=2[ A/ T+t g 3]
";,—‘“’;—-[v 645 int - .

Note. If we use z=a cos VI t=+7 cos ¥g¢, in which time ¢ is measured
from the extreme position C, then by putting z=—1for 4, we get

Ngt =m—ocos~14.
This gives time ¢ fram C to 4 ¢.e., £; +1s.

Examples X

x. An elastic string of natural length 2I can just support a certain
weight when it is stretched till its whole length is 3. One end of the string is
now attached to a point on a smooth horizontal table and the same weight is
attached to the other end. Prove that if the weight is pulled to any distance
and then let go, the string will become slack again after a time § 4 i/g.

2. A body of mass 5 lbs. is hung on a light spring and is found to stretch
it 8 inches. The mass is then pulled down a further distance of two inches and
released. Find the period of oscillation and the maximum velocity.

T 3. A light elastioc string whose natural length is 4 ft. is such that a force
of 12 lbs. wt. will stretch it to twice its natural length. One end of the string is
fixed and a mass of 4 Ibs. is attached to the other. Initially the string is vertical
and the mass is held so that the ntrinf is just unstretched. The mass is then let
go, prove that its subsequent oscillation is simple harmonic and find the
periodic time. (P.U.)
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4- A vertical spring exteuds a distance ! whin a given weight is attach-
od to its lowest point. Tho weight is pulled down a furthor distance a(<!) and
let go. Find the period of th B.H.M. that endues and show that the maximum
welocity of the weight is a<g/l. (P.U.)

< 5. If¢; and ¢y be the periods corresponding to two different attached
woights and ¢; and o3 the statical extensions due to these weights, prove that

gm=4n{(cy —cq)/(ty2 - t33). (P.U.)

6. A weight is attached to the lower end of a light spiral spring whose

upper end is fixed and is released. If it oscillates in a vertical line through a
space of 6 inches ; what is the period of oscillation ? (P.U)

. In Art. 4-5, m=3 lbs. and it is projected from 4 in the direction of
04 with a veloocity of 8 ft./sec. How far will it go and what time will it take
before it begins to return; given that the string stretches 6 ins. by a force of
12 lbs. * What is the time from rest to rest if the length of the string is one foot ?

8. A light elastic string of modulus A is stretched to double its length
and is tied to two fixed points distant 2a apart. A particle of mass m, tied to
its middle point, is displaced in the line of the string through a distance egual
to half its distance from the fix>d point and released. Find the time of a com-
plete oscillation and the maximum velocity acquired in the subsequent motion.

9. Find the extension produced in a given spring when the weight it
supports is increased by one gramme. If e be the extension and m the mass

supported ; show that the time of a small oscillation for the mass m is 2rtVme/g.

10. An elastic cord 4B, 6 inches long when unstretched and which would
be stretched to twice its length by a steady pull of 6 pounds, is hung up at 4 ;
and a2 lbs. weight is attach~d at B. The weight is then allowed to fall from
4. Find how far it will fall, and find its maximum velocity and maximum
acceleration.

1x. An elastic string supporting a heavy particle hangs in equilibrium,
the elongation produced by the weight of the particle being equal to e. The
Particle is now pulled down below the equilibrium position through a distance d
greater than e, and then released. Show that the height to which the particle

2_ o2

will rise after the string ceases to be taut is -51—2-6—6—- .
—~+ _*12. One end of an elastic string is fixed and to the other end is fastened a
particle heavy enough to stretch the string to double its natural length a. The
string is drawn vertically down till it is four timos its natural length and then
let go. Show that the particle returns to this point in the time

(2va+-2E )\/’?;_'.

*x3. A string of length 18 inches would be elongated 6 inches by a ten-
sion of 1 1b, weight. A woight of } lb. is attached to it and the string is pulled
to a total len¥th of 3 feet and relecased. Find the time of oscillation and tho
maximum velocity.

14. A heavy particle of mass m is attached to one end of an elastic
string of natural length a and modulus { mg tan2g. The other end of the string
i fixed at O and the particle is let fall from rest at O. Show that part of the
inotion is simple harmonic, and that the greatest depth of the particle bclow O
is @ cot2 } Q, and that the particle attains this depth in time

%
\/ - [L+(m=0) cot 0],

where @ is a positive acute angle.

P 15. One end of an olastic string whose modulus of elasticity is A and
whose natural length is g, is tied to a fixed point on a smooth horizontal table
and the other end tied to a mass m lying on the table. The particle is pulled
to a distance whero the oxtension of the string is b, and then let go ; describe
tho character of motion and show that the period of one complete oscillation is

NRESWES
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4'7. Further Examples of Motion with Variable Accele-
ration.

Example, A particlemoves in a straight line, starting from rest
from a distance a to a centre of attraction towards which the force per

untt mass is —:3-. Show that the time required to reach the cenire is

a?/ p
Lct v be the velocity of the particle at a distance # from the
centie,
m

\ . . . _ dv
Iquation of motion of the partiele is v ——=— "1
dx z

Integrating, we have jot=1 fz +c.

s )
Initially when z=a, v=0, so that ¢=— ok
2
* ¥= “‘___ w = -a’-ﬁ' .
2 at ate®

Since the particle is moving towards the centre, its velocity i

negative,
dx NN
— i .

R ==

/oo e | T = 2 __,2 "%
Whence afit.t ¢ I~/a’~—-x’ I az (a®—a?) dx
3

=a(a?—2?)*,
Initially when (=0, z==a, so that ¢'=0
N @ t=an] at—a?

. «a
Now when the particle reaches the centre, 2=0 and t=:/—-.
|55

h

T xamples XI

1. A particle 1 attracted by a force varying inversely as the nth (n>1)
power of the distanco. Find the value of n when the velocity acquired from un
infinito distance to a distanco a from the centre is equal to the velocity which
would be acquired by it in falling from rest from a distance a to a distunce «f4.

a. A particle leaves the origin with velocity u. If it moves with an
accoloration ~£«. v being the velocity at any instant, show that the distanco z
doscribed in timo ¢ is given by

4kz=(3kt+u3)&-—u‘.

. A particle is let full from rest from & point outside the carth at a
distanco b from its centre, Prove that the square of tho velocity of the purticls

on reaching the centre is ga (3- z;- ), whero a is the radius of the earth and ¢

the value of gravity at ita surface,

(It is avsumed that fur motion outside the earth the value of grocity
varica inversely as the square of the distance from the earth’s contre and the:
for motion insido the eartb, 1t varies directly as the distance.)
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4. A moteorito falls from rest towards the earth from infinity ; show
that its velocity on reaching the earth is the same as it would have acquired in
falling with constant acceleration g through a distance equal to the ecarth's
radius. (P.U. 1950)

If the earth were still, show that if a shot were projected vtrtically
upwards with a velocity exceeding 7 miles per second, it will ncver return.
Assume the earth’s radius to be 3,960 miles.

6. If tho radius of the moon is ftf of the earth’s radius and tho mass of
the moon is ;). of the earth’'s mass, show that tho lcast volocity with which

bodies must be projected from the surface of the moon so that they may never
return to it} is about 1-5 milea por second.

9. A particlo starts from 4 and moves in a straight line 40(==a) with
fin acceleration which is directed towards O and varies, inversely as the squaro ot
:t8 distanco from O ; show that the particlo arrives at O with an infinite velocity

3
ks
. L3 a . .
after a titne =5~ - — _=, @ being tho constant of variation.
8. Show that the timo of doscent to a centre of force the force varying
mver « ly a4 the square of tho distance from the centre, through the first half of
its initial distanco is to thet through the last half as ®4-2 : —2, (P.U., D.U.)

g. A particle movos in a straight line from a distance a, to 8 centra of

. . .o .243
forco.  Show that tho timo required to reach tho eentre is —~ or >

AR ,”.;1
according us the force of attraction is pr=3 or p.r—é'

4
~10. A particle whose mass is m is acted upon by a force mp (r+ .:a)

town'ds thoorigin.  If it starts from rest at a distance a, show that 1t will
arTive ot tho origin in time /441, (Agra U))

1. A particlo oseillates with simple harmonic motion of amplitude a
and periodic tane T, Jind en expression for the velogity v (1) :n terms of

a, 1, 2 ; (2) in termas of a, T, ¢, whore @ i3 the distanco from the centro and ¢ is
tho time measured from an instant whon z=:().

T 2nt

Prove that I vidt= i {Bm. U.)
[

12, Prove that if a struight tunnel were bored between any two points

onothe earth’s surface, and it tho resistance of the aiv s negl cted, n tein

g on smooth raile would travarss the tunnel under gravity nlons in about
s 2 minutes, )

What will be the maximum veioeit

y of the train if the length of the
turnel s nearly 300 mies.

Given that the attraction of tho earth at points inside its gurface varisg

as the distiunes fram it centro and that the radius of the earth 18 about 4,000
males,

13. .\ thread of netural length 30 cms. extends to o length of 50 cms.
when supporting 5 gms. One end of the thread is fustencd 30 ems. below a small
hole 1 n table while the other end is passed through the hiole and attuched to &
particle of weight 1 gim. The partitle 1« placed &t rest on the table at a distanoe
of 10 ¢ms. from the hole and is let go. Find the time in which it performs a
wommplote osallution and its velosity as it passes over the hole. (Bm. U\)

REVISION QUESTIONS—III

t. .\ Joad of mags M Ihs. is being pulled up with u uniform velocity u by
& long stegl ouble whenths upper end of the cable is suddenly fixed. Having
gven taat u weight of i Ihs, would ¢xtend the ¢able 1 fi., show vhat the amph.
tade of oscillation of the load 15 u YMjrag.

2. A lLight elastic string of natural length | has dne extrernaty fixed at &
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point 4 and the other attached to a stone the weight of which, in equilibrium,
would extend the string to a length 5, show that if the stone be dropped from
rest at A, it will come to instantansous rest at a depth ‘Jll’-l'—below the equili-
brium position.

If u, v, w be the velocities of a particle at distances a, b, ¢ from a

3
fixed point O (not the centre of motion) on the straight line along which the par-
ticle is moving with §. H. M., show that the period T is given by

(b—c)u4 (c—a)v2+ (6 —b)wi=4n2(b—c)(c—a){a—b)/T?2.
[Hint. Lct O, (00’=d) be the centre of motion and k the amplitude,
then 0’A=a~d, 0’'B=b—d, 0'C=c—d,
and ul=p[k2—(a — d)2]=(k2 —a? ~ d2+ 2ad) etc.]
A smooth light pulley is suspended from a fixed point by a spring of
natural length ! and modulus of elasticity A. If masses m; and m, hang over

the pulley, show that the pulley executes a simple harmonic motion about a point
whose depth below the point of suspension is

4"‘1"'29
‘[‘ * mmm‘r] :

'\' 5. Two bodies M and M’ (< M) are attached to the lower end of an
elastic string whose upper end 1s fixed, and are hung at rest; M’ falls off; show
that the distanco of M from the upper end of the string at time ¢ is

a+-b+c cos ,\/—%— t,

where @ is the unstretched longth of the string, and b and ¢ tho distances by
which it would bo stretched whon supporting M and M’ rospectively.

6. A heavy particlo of mass m is attached to oneo end of an eclastic
string of natural length I ft. whoso modulus of elasticity is equal to the weight
of the particle and whose other end is fixed at 0. The particle is let fall from
rest at O. Show that part of the motion is simple harmonic and that the grea-
test depth of the particle below O 18 (2+43)  ft.

Show also that this depth is attained in time

1 l
(‘J2+7!:——cos'1—“’—§) \/ e sccs. (D.U,)

*4. A light elastic string AB of length I is fixed at 4 and is such that
ifa weigzﬂ, W b attached to B, the string will be stretched to double its length.
If a weight /4 be fastend to B and lov fall from A prove that

(a) tho subsequent motion is harmonic.
(b) the distance through which it will fall is 21

(¢) the period of oscillation is \/»4% (4424742 sin1 ).
(d) tho amplitude is }l. (P.U.)

*8 A particle is sugpended from two fixed points in the same horizon-
tal line by cqual elastic threads and hangs in equilibrium with each thread of
length I, making an angle of 60> with the vertical. Hawving given that the
modulus of elasticity is equal to the weight of the particle, prove that the
period of small oscillation is 27 §21/3g.

*9. A particle m 18 attached to a light wire which is stretched tightly
between two fixed points under a tenson P, If a, b, bo the distances of the
particle from the two ends, prove that the period of a transverso oscillation is

2r FoTE (P.U. Hons.)
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*30. A particle moves in a straight line in such a manner that its velo-
city, ¢ seconds after it is projected with velocity « from the point from which

the distance & is measured, is uc“("“) » where « is a positive constant.

Prove that the time taken to attain the velocity 2u is % logzg—:;, and
Zu+1 ’
u+41°

*3x. Particles of masses my, mgy, are attached to the ends of u light
string of modulus A and natural length I. They are attached also to the ends
of a light inextensible string which passes over a smooth horizontal peg. The
system is rolpased from rest with the string unstretched, the lighter pdrticle my
wvertically below the peg, and the particlc mg, vertically below the particle m,.
Provo that the subsequent motion of each particle is simple harmonic and
the period and amplitude.

the distance travelled during this interval is -l; log

*12. A particle moves in a straight line starting from rost from a dis-
tance a to a centre of attroction towards which the force per unit mass is [t/s.

Show thav the time required to roach the centre is 041—r/ﬂ—2i‘--
@ -
[Hint. In the final integral put log—:—-z and use I s e“d:s-\/ 38

0



CHAPTFR V

COMPOSITION AND RESOLUTION OF VELOCITIES,
ACCELERATIONS AND FORCES

5'1. A particle may have several velocities and accelerations

simultaneously. In the prescnt chapter, we discuss the methods of
finding their resultant.

As the velocity or the acceleration of a particle at any instant
will have a certain magnitude and a certain direction, they may,

therefore, be represented by a straight line of certain magnitude
drawn in a certain direction.

511, Co-existence of displacements. A body may receive
two or more displacements simultancously in different directions, e.g.,
if a ball is rolled on the deck of a vessel in a direction other than that
of the vessel in a river, the ball receives simultaneously two displace-
ments onc on the deck of the vessel and the other that of the vesscl
on the stream. If moreover, the river is supposed to have a motion
relative to ity banks, the ball will also undergo the displacement of
the strcam when the earth is considered to be the reference body
relative to which we consider the motion,

5'12. Composition of displacements. If a particle receives
two displacements represented by the tuo sides AB and AD of the yaral-

D lelogram ABCD, the resultant dis-
c placement will be represented by the
diagonal AC.

We may suppose that a tube

coincides with AB, in which a

particle is moving and that the tube

itsclf is moving parallel to itsclf

such that its end A undergoes the

A B displacement AD. Suppose that in

the same time, the displacement of

the particle rolative to the tube is AB. 1t is clear that the position

of the particle duc to the two displacements will be C. Hence the
resultant displacement is represented by AC.

5'2. Composition of velocities. As the velocity is the rate
of displacement, the co-existence of displacements imglics the co-
existence of velocities. Displacements and velocities are compounded
by the same law which, in the case of velogcities, is known as ike
Parallglngrum of Velocities and may be stated thus:

5'21. Parallelogram of velocities. Jf two velocities are
represenied in mugnitude and diréction by the two sides of a parallelo-
gram drawn from a point, their resultunt is represented in magnitnde

and direction. on the same scale, by the diagonal of the parallelogram
passing through the point,
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Suppose that a particle possesses simultaneously two vclooities
u, v, represented in maguoitude and direction by the sides 4B, and
AD respectively of the parallelo- Y
gram ABCD. The resultant will be
represented in magnitude and
direction by the diagonal AC.

The particle may be supposed
to move along AB with speed u,
while the line 4 B moves parallel to
itself such that its end A4 describes 4
AD with speed v. 5 B

In unit time the particle moves the distance 4B while the line
AB moves to the position DC, so that the particle occupies the
position C.

The displacement of the particle in the time ¢ will be u¢, say
AB,, along AB, while the line 4B will move parallel to itself, its end
A moving a distance vt, say AD,, along AD.

Let AC, be the diagonal of the parallelogram of which 4B, and
AD;, are the sides. The particle will thus be at C, at the end of the
interval ¢. Join CCy. In the triangles 4B,C, and ABC.
4B, :4§L___1_1£ _n AB 4B
BC,” AD," vt ~ v =AD" BC’
4, C,, C are on the same straight line.

Hence the particle moves along AC, so that 4AC is the direction
of the resultant velocity of the particle.

Also if V is the resultant velocity, 4C,=Vt.

. ACy, AB, ut _ Ac, vt
But since o= AR ™ u =h we have AC= ==V

4

D/ G (4

i.e., AC represents the magnitude of the resultant velocity on the same
scale as AB and AD represent v and ».

Hence AC represents both in magnitude and in direction the
resultant velocity.
5'22. Now if we denote the /| BAD=/ CBL by a.
we have AC?*=AB*+ BC*—2AB.BC cos [_ABC
=AB*+BC?*—24B B( cos (180°—a)
=AB*+AD*+24B.AD cos a.
Hence V=1+/u24-v2+2uv cos «. «o(1)
Also if the angle BAC=¢ and CL is drawn perpendicular to AB
Y c Ve have

CrL
AB+BL
BCeina
=Z.BTBC cos &
vsina
“uFvcosa - (2)
V is called the resultant of «
and v, and » and v are alled the components of V in directions
ADB and AD.

tang=
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5°23. In the particular case when the two velocities u and v
are oqual, we put v=u in (1) and (2) and we get

V= VulFui42ud cos a=u V2(1 +cos a)=2u cos

il
2 ’

. a
. 2s8in — cos —
% sin @ 2 2 a
and tan a=u+u o - =tan —»
) 2 cos? —

2
i.e., the line of action of the resultant velotity bisects the angle
between its equal components.
In case u and v are at right angleg, a=90°

V= Vud4¢? and tan 0=%-

524. Resolution of velocities. A velocity may be resolved
into component velocities in an intinite number of ways, for the
straight lino representing the velocity may be the diagonal of an
infinite number of parallelograms.

The components of the velocity V in directions making angles
« and B with it can be found as follows :—

Let AC represent V. Draw

D C 4B, AD moking angles o and 8

with AC and complete the paral-
lelogram ABCD.

Then 4B and AD or AB and

BC represent the required compo-

T« nents.
A B ~. from the triangle ABC
we have
AB BC AC vV
sinB” sina  sin B~ sin (a+p)°
V sin B _ Vsina
Hence ABgsin TR tm(lB(}'--sin TRy

5°25. In the particular case when the components are to be
at right angles, let a=@, then

B=90°—9 and «+B=90".

So that the components make angles ¢ and 90°—g with AC and
are known as the resolved parts of the velocity V. If we denote
them by w and v respectively, we have D c

4=V cos g and v="V sin 6.

Since sin §=cos (90°— ),
it follows that the resolved part of a velocity o
in a certain direction 18 obtained by multiply- .
ing the magnitude of the velocity by the cosine
of the angle between the direction of velocily
and the given direction. A

:VV
O
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To find the components of a velocity we must be told the two
directions into which it is to be decomposed but to find the resolved
parts, we need only know one direction as tho second direction must
be at right angles to the known direction.

5'26. Example. A wheel 18 rolling, without slipping, in a ver-
tical. plane, along a horizontal straight line, its centre having the speed
u, to find the velocity of any point on its rim,

Let O be the centre, A the lowest point m contact with the
ground and B, the highest point of the wheel at a particular instant.
Take P any point on the rim such that
L POB=y9.

The centre moves in a straight
line with velocity » and the wheel turns
uniformly round the centre. Since the
wheel does not slip and since cach
point of the rim, in succession, touches
the ground, it follows that the time
which any point on the rim takes to
describe the perimeter of the wheel is the same in which the centre
of the wheel moves a distance equal to the perimeter. Hence any
point P of the rim possesses two velocities, each equal to u, one
along the tangent P1' relative to the centre, and the other along the
horizontal line PQ, cqual to the velocity of 0.

Since [ QPT=¢, .". the resultant of these equal velocitics

0
=2u cos & (0

=2u cos [ PAD
AP
=2u Z" o
It takes place along PR which biseets [ QPT, is perpendieular
to AP and passes through B (when produced backwards).

The velocity of B where §=0 is 2w, by (1), ¢ e., the highest point
of the whesinoves with double the velocity of s centre.

The velocity of A where §=m is zero, i.e., the lowest point is, for
an instant, at rest.

5'27. Triangle of velocities. In the figure of parallelogram
of velocities, Art. 521, since BC==4D, AC represents in magnitude
and direction, the resultant of velocities represented in magnitude
and direction, by B and B( or in other words the resultant of two
velocities represented in magnitude and direction by the two sides of a
triangle in the same sense, is represented in magnitudé and direction by
the third side of the triangle taken in the opposite sense.

Tlus theorem is called the triangle of velocity.

Since the resultant of velocities represented by 4B and BC is
represented by AC, therefore, the resultant of velocities represented by
AB, BC and CA will be nil and thus if a particle has three simul-
taneous velocities which can be represented in magnitude and direc-
tion by the three sides of a trmangle, taken in order, in the same
sense, the particle is reduced to rest.
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. 53. The sum of the resolved parts of two velocities in a given
direction is equal o the resolved part of their resultant in the same
direction,

Let AB and AD represent the two velocities « and v.  Complete
the parallelogram ARBCD, then the diagonal AC represents the
C resultant velocity V

[ Through 4, draw 4X paral-
lel to the given direction. Draw
BM, (N, DI, perpendiculars to
v AX and BK perpendicular to
B CN.
v K AM is the resolved part of
42 w in the direction AX, AL is the
resolved part of v while AN is
“the resolved part of ¥V in the
A L M N X same direction. .

It is easy to prove that
MY ==BK=AL
s AN=AM-+MUN=AM+AL
whirh proves the theorem.

Ry its repeated application the theorem can be easily extended
to the more general theorem which may be stated as :

The sum of the resolved parts of a number of velocities in a given
direction is equal to the resolved gart of their resultant in the same
direction.

5'4. Composition of a number of velocities. The resul-
tant of a number of velocitics, ug, #g,..vv... .Uy, can be obtained in
several ways.

(1) By the repeated application of the gparallelogram law of
velociites.

Find the resulant of #; and u, let it to be v, ; find the resultant
of v, and ug, let it be vy and so on. Finally find the resultant of
Vg and u, which gives V| the resultant sought.

(2) By means of the Polygon of Velocities.

Draw 04,, 4,4,;, Agds, etc., in order to represent in magnitude
and direction u,, ug, ug etc. Then by the triangle of velocities the
resultant of ¥, and wu, will be ropresented in
magnitude and direction by OA,; call it v;. The Az 45 A
resultant of v; and wvg, will be v, represented by 2
0A4,, and so on. Finally the resultant of v,y
and », will be represented by OA,, the line
which completes the polygon, and tuken in the An
gense opposite to that in which the other sides
of the polygon are taken.

(3) By resolution along two axes at right \/U, Al
angles (i.e., by Art. 5'3).

Take any two axes OX and OY at right angles and let the
velosities 1y, wg ete., make angles «, B, ete., with @X, then the

D

U
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In the position O at time ¢ let a particle be moving with two
simultaneous velocities « and v represented in magnitude and direc-
tion by 04 and OB. Let these / s
velocities be variable andlet B E C
8u, §v, the small changesin g '
the velocities in the short in- ©Y D
terval §t, be represented by % -
AA’' and BB’ respectively. ‘

Then 0A’, and OB’ re-
present the velocities at time

t+8t;

du

/
CD=Ad'=5u, 0 u A A
and CE=BB'=gv.

The resultant velocity V at time ¢ is represented by OC and
V48V, the resultant at time ¢+ 3f is represented by OC’, therefore,

by the theorem of the triangle of velocities, §V, the change in the
resultant velocity in time §¢ must be represented by CC’.

Thus, if §u and §v, the small change (in the short interval §t) in
the two velocitics posssessed by a particle, are represented by the
two sides CD and CE of the parallelogram CDC’E, §V the resultant
change in the velocity is represented by the diagoaal CC’.

N Su §v sV

ow T and =, are respectively proportional to $u, §v

St
and §7.

. N &V
if 8 ) ’ 8 ¢
gram drawn through a point, §8—:~, , can be represented' on the same
scale, by the diagonal of the parallelogram passing through the
point, and this remains true, however small §¢ may be.
du nd v,
it " &
in two dircctions are represented by the two sides of a parallelogram
7
drawn from a point, then (—f-i-}-, the resultant acceleration, must be
represented by the diagonal of the parallclogram passing through the
point.

From the parallelogram law of accelerations, it follows that
accelerations are resolved and compounded in exactly the same way
as velocities.

5'6. Parallelogram of forces. If tiro forccs are represented
in magnitude and divection by the two sides of @ parallelogram drawn
from a point, then the resullant force is represented in magnitude and
direction by the diagonal of u parallelogram passing through that point.

Let I'; and F, be the two forces represented by OA and OB and
Jet fy and fy be the accelerations produced by them on a particle of

mass . Let f; and f, be represented by Oa and 0b. Complete the
parallelograms Oach end DACB.

are represented by the two sides of a parallelo-

Hence in the limit when §t—0, if , the accelerations
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Then by the sccond law of motion, Fy=mf, and Fy=mfs.

; o4_Fy
(' 1.€,, 0a™ fl =
OB F,
and —O-bz—j; =m
. . 04_0B_Ac
—/C v 0a~0b~ ac
/ i.e., Oc produced passes through
T AT (' and triangles Qac and QAC are
similar,
Henee —%Z—:%:;.—:-m i.e., O0C=m.0c.

Now by the parallelogram law of aceelerations Oc represents the
resultant acceleration, say f.

S 0C(=mOc=mf) mus! represent the resultant force, say F.

Thus if F,, Fy are represented by the sides 04 and 0B, the
resultant force F is represented by the diagonal O¢',

Cor. Momenta being proportonal to velueitis. alzo follow the
parallclogram law.

Forces and momenta can be recolved and  nmpounded in exact-
Iy the same way as velocitics.

5'7. Vector quantities. Velocities, accelerations, momenta
and forces are examples of quantitics, called vector quantities, as dis-
tinguished from those knewn as scalar quaniities.

Vector quantities involve both magnitude and direction and
they can, therefore, be represented by straight lines of specified
[engths drawn in specified directions,  All such quantities are coms-
pcunded by the parallelogram law.

Sealar guantities such as lergths, masses, and times are com-
pounded by the ordirary algebraic rule. Thus if a body weighs 2 Ibs,
and another 3 1bs., the two together will weigh 243==5 lbs,, but a
velocity of 2 ft. per sec., and a velocity of 3 ft. per sec. are never
ehqual to a velocity of 5 ft. per sec. unless, in the special case, when
they are ¢ ken in the same direction along a straight line,

MOTION ON AN INCLINED PLANE

58. Smooth inclined plane. A body moves along a smooth
inclined plane under the action of gravity alone, to find its motion.

Let m be the mass of the body and « the inclination of the
plane.

The only forces acting on the body are its weight mg acting
vertically and the pressure R of the plane acting perpendicular to the
plane.

The vertical force mg is equivalent to (i) a foree mg cos & per-
pendiciiar to the plane and (i) a force mg sin « down the plane.



MOT{ON ON AN INCLINED PLANE 75

Since there is no motion and, thercfore, no acccleration perpendicular
to the plane, we have
R—mg cos a=0
or =mg cos o ..(1) R A
If the acceleration down the plane
is f then
mf=mg sin « 5
or S=gsina .+(2) A
Hence the body moves down the
planc with a constant acceleration o
g sine and it is, therefore, evident that B 1 C

the motion of a body, on a smooth

inclined plane is similar to that of a

body moving vertically under gra- mg

vity, except that instead of g we have to take gsin « for
acceleration.

Thus, if a body is projected up a smooth iaclined plane along a
line of greatest slope with an initial velocity «, then v, the velocity,
and s, the distance described in time ¢ are given by the equations

v=u—g sin a.t,
8=ut—4g sin a.t?,
and v?=ud—2g sin a.s.

Note 1. The line of greatest slope through any point on an in-
clined plane is the line on the plane drawn through that point per-
pendicular to the line of intersection of the inclined plane with a
horizontal plane.

Note 2. If a particle is released from rest or projected with an
initial velocity from a point on a smooth inclined plane, up or down
the plane, and moves under the action of gravity alone, the particle
moves along the line of greatest slope with a constant downward
acccleration equal to g sin «.

Note 3. If the body is made to slide down the plate in a
direetivn inclined to a line of greatest slope (e ¢., in a smoouth groove)
the acecleration is not gsina, but g sina cosf where g is the
inclination of the direction of motion with the line of the greatest
slope.

Example. The resistance lo the motion of a train, due to friction
efc.. is 14 lbs. per ton. If the train moving at the rate of 30 wniles an
hour, comes to the foot of an incline of 1 in 200, the steam being turned
off, find how far the train will go up the inclined plane before it comes
to r: ot

30 m.p.h.=44 f.p.s.

The inclination « of the plane is given by sin a==y};

1 32 4
2007200 25

If the mass of the train is m tons, the retardation due to

friction

Retardation due to the weight =g sin a==g x

cijrivtion ldmg 149 14%x32 1

e — == | IS Em e o et
mass 2240722407 2240 5
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- 4 1 9
. total retardatxons=§5+—5- =55
The required distance s is given by the equation
Om=ul—2fs
..0 44 X 44= 2 X ,9F 8
. 44>:44% 25
t.e., Cg——m—-‘ =2688'89 ft.

5°81. A mass my hanginy vertically pulls a mass my, up a smooth
tnclined plane of inclination «, by means of an inextensible string
passing over a pulley at the top of the plane (the part of the string
between m, and the pulley being parallel to a line of greatest slope), to
Jind the motion. .

The velocity and acceleration of my up the plane are equal to
the velocity and acceleration of m, vertically downwards.

Let f be the common acceleration,
then the equation of motion for m; is
my f=m,g—T . (1)
The equation of motion for mg along
the plane is
my f=TF—my g sin a < (17)
. from (¢) and (it), we have
f_m_ljm, sin o
' my+me
m .
29 and T=m1"'z_(1+91n a)
my+my
=0 gives the same results as obtained when m, is placed on a
horizontal table.

And a==90° gives results obtained when both the particles are
suspended vertically as in an Atwood’s machine.

Examples XIII

1. A body moves up a smooth inclined plane starting with & velocity of

48 ft. per sec. If the plane is inclined at an angle of 30°; find the velocity
of the body when it has moved a distance of 64 ft. from the starting point.

(P.U)

a. Prove that the wvelocity acquired by a heavy particle sliding
freely down a smooth inclined plane of given height, 1s independent of tho
inclination of the plane,

Prove also that the time of descent varics as the cosecant of the inclina-
tion.

3. Show that the time of fall down an inclined plane of given hase is
least when the inclination is 45°. (P.U. 1950)

A right-angled triangle is placed with its sides horizontal and verty.
cal. Find their ratio so that the time of fulling down the vertical and descrth-
ing the base with the velocity acquired, may be equal to the time of descent
down the hypotcnuse, (P.U. 1932)

?. (n) Prove that the time of descent along all smooth chords of &
vertieal circle drawn from its highest point ig the same.
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5'9. Rough inclined plane. A body slides along a rough
inclined plane of inclination « and cosfficvent of friction p, to find. tne
molion.

Let the motion be down a line of greatest slope of the plane,
then the force of friction acts up the plane. R

If f is the acceleration down the 5
plane, the equation of motion along the R
plane is

mf=mg sin «—pR .. (%),
and since, there is no motion perpendicular / "
to tue plane, we have {

R—mg cos =0, 9
. .. L ——
i.e., R=mg cos « .. (i), l
mf=mg sin @—p mg cos «
or =g (sina@—p.cos a). . (ii1), g

Tf sin @ <y cos @ or tan a<<p, then there will bo no accelera~
tion down the planc and as the body obviously cannot move up the
plane by itsclf, this means that it will remain at rest.

If the body is projected up the plane with a given vclocity #,
the force of friction will act down the plane and the resultant retarda-
tion f’ down the plane (obtained by changing the sign of u) isgiven by

J'=g (sin a+p. cos a) .. (1),

Due to this retardation, the body will come to rest after
describing a length [ of the planc given by

0==u2—2fl,

ie, u?=2gl (sin a4p. cos a).

Now if tan a>g, it will move down the plane with an
acceleration f given by (#4i) and thus it will return back te the
starting point with a velocity v, given by

v} =2f1=2¢l (sih @a—p cos «).
Obviously v<<n. This is due to the fact that the plane is rough.

5°91. A mass my hanging vertically pulls a mass m, up a rough
inclined plane of inclination &, by means of an inextensible string pass-
ing over a pulley at the top of the plane, to find the motion.

(Compare Art. 5:81, P. 76 and see the figure given there.)

Resclving forces perpendicular to the plane for m,, we have
R—mgg cos a=0

‘e, R=mgygcosa o {1).

Let f be the resulting acceleration of the system, then the
wquation of motion for m, which moves vertically, is

myf=m,g—T' . ..(2)
The plane being rough and the motion of m, being along the

plane upwards, the force of friction uR will act down the plane,
being the cocflicient of friction.
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.. the equation of motion for m, is
myf=T—m, g sin a—pR
=T—mq gsina—u myg cos a [by (1)]

=T—my g (sin a+p cos a) .. (3).
Adding (2) and (3) we get
(my+myg) f=mg—myg (sin @+ cos a) .. (4).

Cor. In case the motion takes place in the opposite direction,
the force of friction will act up the plane and the corresponding
equations of motion will be

myf=T—mg.
myf=myg sin @ —T—pR
=m,g(sin a—p cos a)—T
and (my4ms) f=myg(sin a—p. cos a) —m,g.

Example. Two equally rough planes, coefficient of friction p., of
equal height and inclinations o, ay are placed back to back, masses my
and my are placedon them and areconnected by a light inextensible string

sing over a prlley at the common vertex of the two planes (the string
ing parallel to the lines of greatest slopes of the planes through the
common vertex). If m, descends, find the motion.

Let T be the tension of the string and f, the common accelera-
tion.

Equation of motion for m,
moving down the plane of in-
clination «;, is
my f=m,g sin ,—uR,—T _

=myg (sinoy; —p cosey) — 7' (1)
and the equation of motion for
mg, moving up the second
plane is
mef=T—myg sin ay—pRy

=T —mqyg(sin a3+ cos ag)

1 .. (22)
L Adding (i) and (i), we

mx9 mg have
(my+'my) f=glm, (sin ay—{ €08 ay) —my(8in ay+ it €OS oy)].
Examples XIV

1. A rough plane is 100 ft. long and is inclined to the horizon at an

angle sin—1 f. the coefficient of friction being ¢, and a body slides down it from
rest at the highest point ; find its velocity on reaching the bottom.

If the body were projected up the plane from the bottom so as just to
reach the top, find its initial velocity.

a. A body is projected up a rough inclined plane with the velocity
which would be acquired in falling freely through 20 feet and just reaches tho
top of the plane. If the inclination of the plane is 30° and the angle of friction
is 60°, find the height of the plane.

. A body slides down a rough incline of slope 30° to the horizon. If
the ooefficient of friction between the plano and the body be 43/4, find the



CHAPTER VI
MOTION OF A PARTICLE IN A PLANE—I’

PROJECTILES

6°1. Position in a plane, So far we have been dealing with
motion of a point along a straight line, the positiom of the point being
completely determined by a single measurement along the line from
a given point in it. Now we considér the motion of a point in &
plane where #he position of the point P is determined either by two
distances z, y measured parallell to Oz, Oy in the plane or by r, the
distance of the point P from a fixed point O and the angle § which
OP makes with some fixed line OX in the planc.

In the case of motion ¢f a particle along a straight line, the
direction is constant and we consider only the magnitude of the velo-
citics and accelerations with positive or negative signs, their resultant
heing obtained simply by their algebraic sum.

In the case of motion of a particle in a plane, we find the com-
ponents of velocities and accelerations in two dircetions, generally
at right angles, their resultant being obtained by the tr.lllv]u[,ra.m
Jaw as discnssed in the previous chapter.

6'2. Expressions for velocity and acceleration of a par-
ticle moving in a plane.

Components of Velocity along OX, OY. ILet the particle
be moving along the curve APQ and let it move from the position
P at time ¢ to the neighbouring point
Q at the time t4 §t. Y /

Let the co-ordinates of P and @ 0
be (x, y) and (x+dz. ’/—4-81/) refurred ¢ /
to rectangnlar axes, UX, O A- s Pz

The displacement PQ may be *
represented by its components (§.¢, §y)
parallel to the axes.

The displacement of the particle
paralfel to OX m time §t is §r. L ;

». the resolved part of the 0 A
velocity parallel to OX

NI

Lt Sr (h
R 8(-—)0 8'

Similarly the resolved part of the velocit.y parallsl to OF
=Lt SV_9Y
Lt St dt

Thus if 2, y are the co-ordinates of the point P at any instant
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referred to axes OX, OY, the component velocities parulléf* the
. dx dy
axes are the rates of change of z and y, t.e., e and @

6'21. Resultant Velocity. The resultant velocity V is given

N o

and if § be the angle which the direction of motion makes with the
axis of x, we have

by,

dy /dx dy ..
tan 0-—‘&[ ’Jt' = ai . .(ﬂ)
i.e., the dircction of motion is the same as the direction of the
tangent to the path.
6:2xx. Another expression for the resultant velocity is obtained
as follows :
Let A be a fixed point on the curve, 8 the arc AP and §s, the
arc PQ of the curve, then
, chord PQ chord PQ arc PQ
=Jt— = ———— e b=
V=L st Lt e PQ st 1xL St dt
Thus the actual velocity at P is along the tangent at P and is equal

§s ds

ds . . . L Lo .
to o which is equivalent to expression (), a fact which is otherwise

obvious, [ (8§3)2=(§2)24(8V)%].

6°22. Speed. i.e., the rate of change of arcual distance

3
de
without any consideration of the direction of motion is known as
speed.*

So that speed is another name for magnitude of velocity. To
specify velocity we require both the speed and the direction of
motion.

6'23. Components of Acceleration along OX, OY. 1fu, v
denote the resolved parts of the velocity of the particle parallel to
the axes at time ¢ and v+ §v, v+ §v denote the resolved parts at time
1+ §¢, then the resolved partsof the acceleration are

Lt 8w du dysdr\ d%
§t—0 3T=(7i=7t(aTt')=IiF’
and Lt §v_dv_ dodyy dy
St—0 §t dt dt\dt/ di?
The consideration of component velocities and accelerations is
of great importance when we have to deal with cases of motion where
the path is not a straight line.

6'24. Equations of motion of a particle moving in a
lane. The position of a point in a straight line bcing determined
y onc co-ordinate, only one equation of motion is sufficient to de-

termine the motion completely. In the case of a particle moving in
a plane two cquations of motion are required in order to obtain the
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two co-ordinates which define the position of & point in a plane. The
two equations of motion are obtained by resolving the forces in any
two convenient directions at right angles to onc another.

If the two directions are taken parallel to the co-ordinate axes
the equations of motion, as deduced from the second law of motion,
will be of the form

2
mc—l——f=F, and md’ =F,

where F,, F, are the sums of the resolved parts of the forces parallel
to the axes of z and y.

Example 1. A particle of mass 5 lbs. is moving at any instant
in a north-east direction with a speed of 10 ft. per sec. It is then
acted on by a force of 20 pounds towards the north. Find the path it
describes and its position after one second.

Take the axis of x towards the east, the axis of ¥ towards the
north and the initial position of the particle as the origin. Let (2, y)
be its position at any time {.

Equations of motion for the particle are :

d y

—_209 dﬁdt’ Y NORTH
(L-=4gt+c and (i-=cl.
'” @ 20lb
When ¢=0, J
dx 10 dJ 10
__=V~2._5\/2, A=V =54/2, R
AST
B —tgrsy/2and U 52, £4s
o y=20845v/20+k
and a=F+/2.t+k, 0 X
when ¢t==0, 2=y=0, .. k=k,=0.
Hence y=291'+54/2.t  and xz=05+4/2..
Fliminating ¢, we get
2
y= 2 +x or ga?=25(y—x)

which represents a pamboln.

After 1 second x==54/2 ft., y=2 X% 32+5+/2 ft.=T1'07 ft.

Example 2. A particle of 10 lbs. is moving towards the north with a
speed of 6 ft. por second. It is acted upon by two forces, one of 30 poundals
acting towards the north-east, the other of 10 poundals acting towards the
north. Find the position of tho particle after ¢ seconds.

Example 3. Show that the path of a particle moving under a constant
forco is necessarily a straight line or a parabola.

6'3. Equation to a parabola. The equation to a parabola is the
simplest when its axis is taken as tho axis of # and the tangent at the vertex as
the axis of y. The equation then is of the form

y3=4az, i.e., (Ordinate)3=1latus rectum X abscissa.
the ordinate being the distance of any point on the curve from the axis and the
absoissa being the distance of the ordinate from the vertex.
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Suppqse now we take a parabola having its vertex upwards at a point
whose co-ordinates are (2, 1) with reference to two perpendicular axes 0X and
OY and having its axis AL parallel to the axis of y.

P is any point taken on the parabola having co-ordinates (z with
reference to the same axes. P oving (3

{ Then the ordinate MP=2z—2 and
A (241) the abscissa MA=1-y.
’ If I denotos the length of the
latus-rectum, equation of the parahola
M will be MP3=IxMA
(%Y)  or (z=2)2=i(1—y)
=—l(y=1).

Hence it follows that any cqua-
tion of the form (2——h)2= —1(y — k) repre-
sents a parsbola having its vertex up-
0 / \ X~ wards at the point (k, k) and having its

latus-rectum equal to I, the numerical
L value of the co-cfficient of y.

MOTION OF A PROJECTILE

We discussed in the second chapter, the motion of a particle
projected vertically upwards in the field of gravity. We now con-
sider the motion of a projectile, that is, the motion of a body which is
small enough to be regarded as a particle and which is projected in
a direction obligue to the direction of gravity. We shall suppese the
body to be projected in wvacwwin near the surface of the earth or, in
other words, we shall suppose the resistance due to air and the slight
variation in the force of gravity to be negligible.

6'4. A particle of mass m is projected inlo the air with velocity
u, in a direction making an angle « with the horizontal, to find its
motion and the path described. X

Let O, the point of projection, Y A
be taken as the origin and let the V
horizontal and the vertical lines
through O be taken as the axes of 0
zand y.

Let P(z, y) be the position
of the moving point, after time ¢.

During the motion of the
projectile, the only force acting on

it is its weight acting downwards. 0 M G x
The equations of motion, therefore, are
dix diz
Mo =0 or A= 0,
dty d3y
and mog=—mg or am="7
Integrating these equations, we get
dr

; d
a—=c and E!:- =—gt+c;, where ¢, ¢, are constants,

Initially at O, when t=0,-‘$ =U CO8 a, Z"{»=u sin a.
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%‘ =u cos «, constant throughout the motion (1
dy .
and Jp v sin a—gt .(2)

Integrating these equations again and applying initial con-
ditions, viz., when t=0, 2=y=0, we get,

x=ucosat .« (3)

and " y=u sin a t—}gt? ..(4)

Equations (1) and (2) give the comaponents of the velocity and (3)

and (4) the displacements of the particle in the horizontal and vertical
directions at any time ¢,

These equations could also be written down at once by regard-
ing the particle to be projected with a constant velocity u cos a in
the horizontal direction and with an initial velocity » sin « under a
retardation ¢ in the vertical direction.

Eliminating ¢ from (3) and (4) we get,

z3
— — I "
y=x tan a'. §g.u, wota «+(3)
which can be written as
‘ s 2ubsin a cos a 2u3 cos? o
22— L= —— 1,
g Jg
2?2 gin o cos a\3 2u8 cos? o u? sin?a
or (z— ) = ..(,,.__—-—-) ..(6)
g g 2g

Cor. Inthe particular case when the particle is projected horizontally,
a=0, and the equation (5) of the path reduces to
gzt 2u?2
y=—3.3 of zz=-7 y
w hich is obviously a parabola the length of whose latus-rectum is 2u2/g.

If the y-axis is taken downwards this equation can be written as
y=ga*/2u? .. (i)
u being the velocity #t the highest point of the path in this case.
This result can be obtained independently.
We now deduce the following facts from the six equations just
obtained :—

(a) The Path. Equation (5) is of the second degree and the
second degree term (z%) is a perfect square. It follows, therefore,
that the zath of the particle is a parabola.

Equation (5) when written in the form (6) shows that the latus-

2 ooct
rectum of the parabolic path=£'f_(;.)ii

[This can be remembered as the reciprocal of the coefficicnt of
a? in (5)). .
Equation (6) also shows that the vertex of the parabola is the
- ulsinmcosa  u?sin’«
g Ty
b The path of a projectile is called its trajectory.

point
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(b) The time of flight, T, is the time which the particle takes
in reaching the borizontal plune through the point of projection.

Putting y=0 in (4), we get either t=0 (at O),

3u sin o

or ===
g

] T=2u sin x
J

(c) Horizontal Range. (G=the range R, on the horizontal
plane through the point of projection=the horizontal distance des-
cribed by the particle in the time of flight 7'.

nsine %sin 2a
2 _u%sin2
g

e, R=u cos a. '=n cos a.

=twice the abscissa of the vertex.
R can also be obtained by putting =0 in equation (5).
Tho abscissa of the focus=the abscissa of the vertex
=half the range=u? sin 2a/2g which is the same as given in (a).
(d) Maximum Horizontal Range. Thecrange I is maximum

. , T -
when sin 20=1, i.e., when a=-p-or 45°. .
. n?
the maximum range= 7

For a given velocity of projection, the horizontal range is the
grealest when the angle of projection is 45°.
(¢) Directions of projection for a given Horizontal Range.

2 ] 2
Since ’:; sin 2 (é““¢)=%‘ sin (7‘—'21)=u“)lgn“ga, it follows that

the angles 4w —a and « give the same range.

Hence with a given velocity of projection, to have a particular
range or to hit a given point on the horizontal plane passing through
the point of projection, there are tiwo directions of projection which are
such that the inclination of the one with the horizontal 1s the same as that
of the other with the wvertical, i.e., they are equally inclined to the
dirccetion of the maximum range.

. u?sin 2a .

If u is enormous, the range ———— being fixed, a is small, so
that one path will be very flat and the other nearly vertical up and
down,

As » is diminished the two paths will approach ecach other till
they coulesce when u reaches its minimum possible value for the
range. '

(f) Greatest height 3 d=the ordinate of the vertex.

w3 sin? o
= —2’7—‘ from (6)
This is also obtained cither by finding. by differentiation, the
maximum valuc of y from (4) or by the fact that at the greatest
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height the vertical component of the velocity must vanish, i.e.,
from (2) %—=0 whence t=mﬁ-.
2 gipt
Substituting this in {4) and simplifying we get y=u_;;_n_i
(9) The height of the directrix=MX=MA+4X
=The height of the vertex+} latus-rectum
u% sin? o 2udcos?a__ u?
==y Tt T
which shows that the height of the directrix above the point of pro-
jection is the height to which the particle would rise if projected
vertically upwards or that the velocity at O 18 the same as acquired by a
particle in falling freely from thelevel of the directriz.
It also shows that all the trajectories which have the same point
of projection and the same initial velocity have a common directrix.

(k) The focus. The height of the focus
=the height of the vertex—} latus-rectum

_ u?sin® « 2u? cos? «
29 ) g
u? . - u® cos 2«
=— —fz-——(cos a—sinta)= — 20" -
and the co-ordinates of the focus are
( u? sin 2 u? cos 2a )
2¢ ? 29 ’
Hence the focus lies above, on, or below the horizontal line 0X,
. u? cos 2a .. .. .
according as — g s positive, zero, or negative, t.e., according
a8 a is greater than, equal to, less than -{— .

In the case of the maximum range the focus lies in the range.

Example 1. A particle is projected with a velocity of 24 fi. per
sec. at an angle of elevation 60°. Find (a) the equation to its path,
(b) the length of the latus-rectum of the rgath, (c) the greatest height
attained, (d) the height of the directrix of the path, (€) the time for the
range, (f) the length of the range, .

Here u=24 ft.[sec., a=60°, sin a=-§I§-?-’-, cos a=—;~, tan a=~J3

) : . gz*
.*. (a) theequationto the pathisy == tan « ~ 38 gont a
ie PT S T S I ‘
e y= 2x24x24x} Y9 77

3
(b) ‘Ilatus-rectum=2" cos’e_ 2X 2;;( 24 X =9 ft.

. n¥sinfa _ 24x 24
(¢) Greatest height= 5 2x32 x 3=6% ft.
(d) Height of the directrix
_1isin*a 2ntcosta_ u¥ _ 24X 24_9 £t

Ty g ="2§j 2%32
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/(e) T, the time for the range
/ : D
/ _2usina_2x24 N3 343
p 39 X G4 Secs.

(f) The hor. range=1 cos ax T=24% ‘}x?—g§=9~/3 ft.
., Example 2. Find the marimum horizontal range of cricket
Yall projected with a velocity of 48 fi.[sec.
If the ball is to have a range of 3653 ft., find the lcast angle of
projection and the least time taken.

J 2uxsina __ u®sin 2a
N Q./Hor. ange=1u cos @ X —- = .

\}{er u=-48 and for max. Lor. range a==45".

#

" .. the max. hor.‘mngc: 4835—4%23“—?9—-: 72 ft.
u? sin 2a . 364J3x32 _ N3
e s T g .t 3 2 —— =%
If ; ==36a/3 ft., then sin 2« 1848 S

o 22=60° or 120° .., a=3("" or 60°.
Thus the least angle of projection=30°
Jusine _2x48 |
PR X $=1} secs.

Example 3. A ball iz thrown from the top of the Qutab Minar
200 ft. high with a velocity of 80 ft. rer sec. at an elevation of 30° above
the horizon ; find the horizontal distance from. the foot of ithe Minar to
the point where it hits the ground.

We take the top of the Minar as the origin.
.. by the equation y=u 8in « t — }gi*,

and the least time taken=

we have —200=80 sin 30°t—}gt*=40{—16¢*
s.e., 22— 5t—25=0
or (2t+56) (t—5)=0.

Neglecting the ncgative value of ¢, we get t=3,

. the horizontal distance moved in 3 secs.
=80 cos 30° X 5=200n/3=346"1 ft.
Aliter. Putting «=30" and u=80 in equatian (3), we get

801t/ sec R SR o
7 Y=2"J3 T2X80x 803
. 2
' ™~ o y='5§‘”“??‘0‘6' '
0 D
0 . { A For the horizontal plane

through the foot of the Qutah
Minar, y=~—200, which gives

\\ 23 —100n/3 z—200 X 300=0
B

\
-200 ft.

i.e., (x—200n/3)(x410043) =0

~. rejecting the negutive
value, we have

=2000/3=3464 ft
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V cos §=u cos a,

and V sin g=u sin a—gt.
. _u sin a—gt
By division, we get tan 0———~—-—u wona (1)
which gives the direction of motion.
Squaring and adding, V3=u*—2u sin o gt+g** ..(2)
=ut—2¢(u sin o {—}gt%) =u—2g.y
2g( 2 (3)
= g(é; -—-y e

=2g (height of the directrix—ordinate of P)
==2g (height of the directrix above P).

It follows that the magnitude of the velocity at any point of the path
18 the same as would be acquired in falling freely a vertical distance
Jrom the directriz to the point.

(b) Geometrical Method of finding the velocity.

The velocity of a particle, ¢ secs. ufter it has been projected
from O with velocity « at an angle a above the horizontal, can also
be obtained geometrically as follows :—

Draw a straight line OA to repre-
sent # in magnitude and direction ; on the
same scale draw 4 B verticully downwards
to represent gt. Then OR represents V
in magnitude and direction.

Since [ X0OA=aq,
o L.OAB=90°—q.
From the triangle OAB, we have
OB =012+ 1B%—204.4AB cos [_0OAB,
te., Vi=ul4 gU2—2ugt sin o.
(c) Change in the direction of motion.

If the direction of motion of the particle has turned through an
angle ¢ from the original dircction,

L AOB=¢ and since [ OAB=90°—a, . [ OBA=90°—@+a
From the triangle OAB, we have

AB 04

sin@” sin (90°—@+«)’
) qat ur np gL Msing
e g~ corB—a % " s (Bay

In particular the velocity is perpendicular to its original direc-
tion if ==00°, which gives f=: - —.
g sin a
Example. A body is projected at an elevalion « with a velocity
of 32 ft.[sec. In what time will the direction of motion be }a ?
Putting #=32 and =14« in (1) of Art. 6:'41 we have
o 32 sin a—gt

t L ] D
tun '2"' == -*&2—00‘(5-;"- =tan G-—-COS~; [ R g=32].
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t @ 8in o cos jx—cos « sin §a
S e=tan qo—tan — = -
€OS o 2 cO8 & CO8
sin «
= =T
cOS o CO8 3ot
oo t=sin {a/cos ja=tan }a.

Examples XV (B)

1. A stone is projected with a speed of 64 ft./sec. at an angle of
elevation 30°, Find its speed

() after half a second ; (b) at the highest point of its path ;

(c) at & height of 15 ft.

* Find also the interval of time hetween two points at which the stone
has the same speed of 56 ft./sec.

2. A particle is projected under gravity with a velocity v at an angle «
to the horizontal. TFind its velocity after a time ¢, and the interval before it
has again that velocity.

If v=240 feet persecond, and the time between the two points in the
path of the projoctile at which the velocity is 208 feet per second is 5 seconds,
show that tan a=1%. (P. U,

.3. At any instant a projectile is moving with a velocity « in a direc-
tion making an angle a to the horizon. After a certain interval of time ¢ the
direction of its path makes an angle 8 with the horizontal. Prove that

gt

% €08 a== T
tan a—tan g

Prove also that the direction of motion turns through en angle @ after
time - uiiq @
eu g cos (Q—a)

the former diroction after a time u/g sin «.
. If vy and vy bo the velocities at the ends of a focal chord of & projec-
tile’s path and w tho horizontal component of the velocity, show that
1 1 1
vy? "ot Ut (P.U,)
. If a bo the angle betwecn tho tangents ot the cxtremities of any
arc of a parabolic path, v, v; the velocitics at these cxtremities and. % their
horizontul component, show that the time of describing the arc is
20y 8in a
gu
6. A particlo is projected with velocity V and elevation « (<m/4) from
& point O situated at a hoight 4 above a horizontal plane. If the particle is
moving at right angles to its dircction of projection when it hits the plane after
time ¢, show that '

(i) t==

and that tho direction of motion will bo at right angles to

V2 cos 2
2¢g 8ind o

—, (3i) h—
gsina

7. A ball thrown at a vertical wall 30 ft. away, strikes it perpendicu.
{arly at a point 25 ft. above the point of projection. Find tho height to which
the ball would rise if projected vertically with the samo spoed.

8. Provo that if o particlo is projected from O at an elevation a, and if
after timno ¢ the particle is at P, then

tan =4 (tan a+tan @),

where 8 and @ are respoctively the inclinations to the horizontal of OP and of
the dircction of motion of the particle when at P.

i. Two particles are projected simultaneously, one with velocity u up
a smooth plano inclined at sn angle of 30° to the horizon and the other with a
cerbain velocity v in = direotion making an anglo of 30° with the plane. The
two particles are relatively at rest at a time ¢, Find ¢ and v in torms of u.
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6'5. Directions of projection to hit a given point
The equation of the path viz., equativn (5) of Art, 6:4 is

_ gt .

y==x tan Z;WG . .(‘)

If the projectile has to pass through the point P (a, b), then

2
< b=atana—T (1+tanta) . (i)
2u? 2u%d
2, <% =
or tan? « o0 tan a1+ o =0 (1)

which, being a quadratic in tan «, shows that there are, in general two
directions in which a particle projected with a given velocity from a
given poirtO may pass-through another point P.

. o dut 2u3b
The roots will be real if }I—,;,-,~>4 ( 14 )

G
‘e, if u¢>g%ad 4 2ulgh

- e, - if (ud—gb)¥>gYas+b")
‘e, if ut>g(b+ v a* ).

Hence the least velocity of projection V, to kit a given paint (a, b)

8 given by
Vi=g(b+ v al+1*¥) (2

Cor. If OPmr and it makes an angle a with the horizon, then
AJaZ{B2=r, and b=r sin «

V2=gr(1}-8in a) ..(3)

6'6. Times to pass through a given point.

If the projectile bas to pass through a given point (a, b) then

a=u cosat-
and b=u sin a t—} gtd.
Eliminating «, we have, (b-+1} gt*)*+a3=ud? (1)
3 p
or b Og—wrt 4 <0 ()

If t,, t,, are the roots of this equation,
4(a®+b%) 4"

’ =T

g
where r is the distance of the point hit from the point of projection .
tlg==2r/g.
Hence the product of the two times of transite in the two
different paths is independent of the initial velocity. )
Also since 7=} gtit,, it follows that the produ-t of the two times
of transits of a projectile through a given point is equal to the square of
the time taken by a particle in falling from rest vertically through a
distance equal to r (the distance of the giver yoint from the pointof
projection). [~ in the latter case r=% g1
Cor. Replacing e by x and b by y in equation (1), we get
(y+4 o) =t=u’d. -.(3)

ity =
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This shows that particles projected simultaneously from the
same point in different directions with the same velocity in a vertical
plane will all lie on a circle after a time ¢.

Example 1. A particle projected with a speed of 120 ft.[sec.,
Jjust clears a vertical wall 25 ft. high at a distance of 300 ft. Find
the possible angles of projection.
Here u=120, a=300, b=25,
from (i) Art. 6'5, we have

_ 32(300)2 .
25=300 tan a—m (14 tan® ),

or 4 tan® «—13 tan a45=0.

(2 tan «—5)(2 tan a—1)=0,

t.e., a=tan~!(§) or tan~1},
Exnmple 2. The line joining C to D is inclined at an angle o to

the horizon. Show that the least velocity V required to shoot from ("to D
t8 tan (}r+§«) times the least velocity V' required to shoot from D to C.

From (3), Art. 65, we have
V2=gr(1+-sin a),
and replacing o by —«, we have
V3=gr(1—sin «)

_1’__/\/1+sin « cof atsinja l4tan}a
VT = |

l1—sin o cos 4 a—sin 4 = 1—tan } «

(3 +5)

Example 3. A ball is projected from a point on the ground

distant a from the fool of a vertical wall of height b, the angle of pro-

jection being « to the horizontal. If the ball just clears the wall prove
that the greatest height reached is a? tan® a/4(a tan a—b),

Let u be the velocity of projection, then since the ball passes
through the top of the wall, a point (a, b), we have
ot

b=a tan a— =a tan a—>b.

Buteost o> " 2 cost

Now the greatest height reached by the ball

_vhinle _ sin'e ga! _ dtenla

29 ~ 29 2(atan a—b) cos®x 4(a tan a—b)’

Example 4. A particle i3 projected with a velocity u so as just
to pass over the highest possible post at a horizontat distance d from the
point of projection O. Prove that the greatest height above O aflained
by the particle in its flight is

v
29(ut+gtd?)
Taking g as the angle of projection and substituting d for z in
the cquation to the path, we have

d? gd®
y=d tan 0—2"7‘—*'9&)?—'5:-‘(1 tan 0——2—‘;’- (l+tan’ e).
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i he angle of projection be 45° and the greatest height
jon be 3A, then the horizontal distance travelled is

- Gh(1++2).
jected so_asto have a range R on the horizontal

. projection. If «, 8 are the possible angles of projection
Esptnding times of flight, show that

oy '-‘2 sm(a—ﬂ).
43+t ein(at f)
67 Range on an inclined plane. Let a particle be project-
ed from a point O on a plane of inclination B, in the vertical plane
through OP, the line of greatest slope of
the inclined plane.
Let the velocity of projection be
% at an elevation a to the horizontal.
The equation to-the path of the
particle is

Also i
above the p

and £y l3y the cO

=ztan a__.__gfi__ (1) o
Y=ot 6Ty 3osia T I8
If the particle strikes the inclined 0 JA

plane at the point P, the distance OP is
called the range on the inclined plane.
If OP=r then the co-ordinates of P{r cos B, rsin B) must
satisfy equation (1).
TP __r/r’ cos?B
S rsin B=rcos B tana ST o

2u.’ (coa B tan a—sin B) cos? «
(o} '+ therange r= ~ cost B

2u"' sin {(#—pB) cos «
g —. cos? B (2

g coa’ B[bm (2a—B)—sin B] ..(3).

The range down the plane may be cbtained by putting —p for
B, for in this case the slope of the inclined plane is downwards.

() Maximum range. = and ,B being known, the range varies
with «, and lt will be max. when sin (20-—g) is max.

.

z.e\ when 2&—-/3-:—7:— or oc—ﬁ-—-_g__.a

S

Hence for mazimum ran J(’ the direction of projection must bisect
the angle between the vertical and the inclined plane.

If OT be the direction of projection, then O7 is tangent to the
path at O, and the vertical through O is perpendicular to the direc-
trix. 07 bcing equally inclined to OP and the vertical, the focus to
the path must, therefore, lie on the line OP of the inclined plane,
i.e., in the case of maximum range the focus lics in the range.

The calue of the maximum range is
w¥(l—sin B) a2

gcos? B g(14sin B) (4
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(c) Directions of projection for a gi

velocity of projection when the value of the
maximum, is given, sin (2a—p) in equation
thus we get two values for 2a—p8, each less t

If @, and «, be the corresponding values o
20y —p=r—(203—B) :

(G ()

or a given
an the
wn and

%(—g——&-ﬂ) being the direction for the maximum range, it follows

that for a given range, there are two directions of projection which are
equally inclined to the direction for maximum range,

(d) Time of flight, If the particle strikes the plane after a

time 7', then
OL=u cos a. T where OL=r cos $.

reos f _ 2usin (a—f)
wcosa  gceos B [From (2)]

(¢) Velocity at P. If v is the velocity at P,

vP=u?—2gy=ul—2gr sin B,

and if g is the angle which the direction at P makes with the hori-
zontal, then

S % sin (e
tan = 2.‘.. Eil_l. a.ju_q_zy__—:tan oL~ g9 X -_l‘ s (a_._..B.)
% COS o U CO8 « g cos B
=tan a—2 (tan a—tan B)=2 tan f—tan «.
*(f) The condition that the particle may strike the
plane at right angles.

We put §=—(}x—p), for in this case the direction of motion
of the partivle at Pis downwards making an angle }n—f8 with the
horizontal.

Hence the required condition becomes

tan (B—}mw)=2 tan B—tan «
or cot B=ten a—2 tan B. ..(8).

By adding tan « to both sides and simplifying it may be put in

the following form :

cot B=2 tan (x—p). ..(6).
(For another and direct proof see the next article.)

Note. In the above article the direction of projection is expressed in
terms of the angle with the horizontal. It can also be oxpressed in terms of
the angle with tho inclined plane. 1n working problem care must be taken to
sce which of these angles is given.

6'8. Another Method. When a particle is projected from a
point O (Fiz. Art. 67) on an inclined plane, in the vertical plane
through OP, (the line of greatest siope through 0), its range on the
plane and the iime of fight can also be obtained by resolving its
velocity # and the acceleration g along and perpendicular to OP (the
perpendicular being drawn upwards in the vertical plane through OFP).



CHAPTER VII
MOTION OF A PARTICLE IN A PLANE-II
MOTION ALONG A CIRCLE

In the following two chapters we shall consider the motion of a
particle moving in a circle with uniform or variable speed.
7-1. Angular Velocity and Acceleration. Let OX be a
fixed line and let P be any point moving along the curve 4PQ.
At any time ¢, let the position of the Q
r;oxgng point P be defined by the angle
OP.

In an additional time §¢, let the S p
point move to @, OP describing an addi- g
tional [ POQ=§¢. ]

89 {5 then tho average rate of change 0 / X

ot A
of the angle 4.

the angular velocity of P about 0= Lt ) £=_¢_i_0_
50 dt — at
Thus if a point P moves in a plane, and if O is a fixed point
in the plane and OX a fixed straight line through O, the angular
a;lggty of P about O (or of the line OP) is the rate of change of the angle

If the angular velocity is denoted by e, the angular acceleration

_du_ ddeN d
~a—a(@)=z

0 is always measured in radians, angular velocity in radians

per second and angular acccleration in radians per second per second.
7’11, Relation between Angular Velocity and Linear
Velocity. Let the velocity of the point P be v and’ let the tangent

v sineg at P make an angle ¢ with OP, then

o —— m e g,

904

=dt 'ds r r
i.e., the angular velocity of P about O
Vel. of P resolved perp. to OP
= OP ’

0.—~A4 T X In particular, if the curve isa
circle and the angular velocity is meu-

v
sured about the centre then ¢ being a right angle, w=—- 80 that the

P

r-o¢
s
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angular velocity of a particle moving in a circle about the centre at any
tnslant is robtained by dividing its linear velocity at that instant by the
ra dius of the circle.

0 This can be proved independently as
83 follows :—
‘ﬁ Since ds=arc PQ=r §0
X o = Ly 780,90
S vuSt]-;-:O 57 Lt 57 g =re
or @=—'—)~'
r

Example x. If a point P is moving along a circle with constant
speed v, find its angular velocity and acceleration about any point 4 on
the circle.

If the chord AP makes an angle « with the v
radius OA=r, then VoS !

AP=2r cos a.

The point P has a velocity v in the direction
of the tangent at P. Its component in a direction
perpendicular to AP is v cos a. o

~.  the angular velocity of P about 4 £
_veosa  veoso =
T 4P 2r

=2r cos «
A

=half the angular velocity about the
centre,

This being constant, the angular acceleration is zero,

Example 2. A4 point moves uniformly along a given straight
line ; show that its angular velocity about a fixed point varies invrrsely
as the square of its uistance from the fized point.

Let AB be the fixed straight line along which the particle moves
and let O be the fixed point. Draw 04 perpendicular to AB and let

04 =n.
4 vt £ v Let P be the position of the parti-

‘/9 B (le after a time £, t being measured from

a

) . the instant when the particle was at .1,
vecosf then AP=xvt.
0 AP wut
Now tan 0:—(—)—;: P
so that sec?g %g =_2_.
. w__d—q__ av MY ich varies as 1
S eSS T eect g Pt Whic aries as -
Aliter. o= "CLPEP 0 OP_weosg v _a_  ar

OF 0P T 0P OP T O0P?

Example 8. 4 flywheel making 180 revolutions per minvie is
to a constant angular retardation of two radians per sec. per sec.
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Ilow many revolutions does it make before coming to rest and what is its
angular velocity after © secs. ?

180 r.p.m.==3 r.p s.=6m rad. per scc.
*. the initial angular velocity==6x rad. per sce.

Angular accelemtion=ﬂ° =—2. [ o= -2+c.

N dt
"When t=0, e=0r, .°, ¢=6%, .\, 0=—2{467 . (1).
When t=r, a=6r—2n=4n rad. per scc.
When the wheel stops =0 and t=3n sec. [from (1)].
From (1) g% =06r—2t,
. 9=67"t“tz+cx;

but §=0 when =0, ., ¢,=0 [, §=6nl—1* .+(2)

When t=23mr, =18 n?—9n2=9n?

which is the angle turned in 3= sces.
. 9n? 9
.. the number of revolut10ns=-€1=—;———.—=~—1:.
2 2w 2
Note 1. Equations (1) and (2) are particular cases easily deducible from
the genoral formulae,
w=wg+st and Q=wqgt+} fi2.
where @) is the initial angular velocity and f the constant angular acceleration.
Note 2. The abbreviations r.p.m. and r.p.s, stand for ‘revolutions por
minute’ and ‘revolutions per sccond’ respectively.

Examples XVIII

1. A flywheel is making 180 revolutions per minute and after 20 socs.
it is turning at 140 r.p.m. How many revolutions will it make and what time
will elapse beforo stopping, if the retardation is uniform ? (P.U.)

2. A wheel starting from rest receives a uniform angular acceleration of
1} radians per second per second. How many revolutions per second will it bo
making at the end of one minute ?

If the effort is taken off and if the frictional resistance of the bearings is
equivalont to a uniform negative acceleration of } radian per second por second,
in how many minutes will the wheel come to rest ?

3. A wheel rolls uniformly on the ground, without sliding, its ccntre
describing a straight line; find the velocity of any point on its rim and ehow
that its angular velocity about tho point of contact of the whecl with tho ground
is equal to tho angular velocity of tho wheel about its centre.

A particlo falls vortically down a straight line z=a starting from
rest from the axis of z. Find the angular velocity and accoleration of the lino
joining the particle to the origin. Show that the particlo has fallen a vertical
distanco a/43 when the angular acccleration is zero.

5. Two points are moving with uniform volocitics « and v along per-
pendicular linca OX, OY tho motion being towards 0. When ¢=0 they are at
distances a, b respectively from 0. Calculate the angular vclocity of the lino
joining them at any timo ¢, and show that it is greatest when

_au+by,
Tulfe?

6. The cnds of a rod which rotates with constant angular velocity move
on two perpendicular straight lines 0X, OY. Prova that the projection of any
other point on the rod on OX or OY oxccutes simple harmonic motion.

Prove that the angular velocity of a projectile > about tho focus §
of its puth varies inversoly as its distance from tho focus.

[Hint. Tangent at P mukes cqual angles with SP and the vertical.]
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8. A ctank OP rotates about a fixad centre O while the end 4 (the
piston) of the connecting rod PA _is constrained to move along O04. If angles
PO4 and PAO are @ und ¢, prove that when
the angular velocity of P is @, the linvar velo-
city of 4 is

...OPS_“_‘_(MQ.
cos @
[Hint. 2=204=0V4+NA=0P cos g+PAcos ¢
also OP sin §=PN=PA sin ¢]
In Q. 8, if the perp. through O to the line 04 moets AP produced
in R; show th .t the volocity of A varies as OR.

[Hint. Show that OR/OP=sin (0 + @)/cos P.]

30. A circular disc of radius a is free to turn round its centre in its own
plane and a string whose thickness may be neglected, is wound round the rim
of the disc. If the free end of the string is withdrawn along a radius with
specd v, find the angular velocity of the disc when the distance of this end
from the centre is x.

712. Angular Velocity of a line joining two points
moving in a plane. The angular velocity about a tixed point @ of
the point P moving with a velocity » at an angle & with PQ

Vel. of P perp. to PQ  usin «
= PQ —=TPQ
the component velocity of P along PQ having no effect on the direc-
tion PQ.

But when P and @ both are moving
in a plane with velocities » and v, then v u
either possesscs an angular velocity
relative to the other. Let the directions
of motion make angles « and B with B o

PQ, the linc¢ joining the moving points 0 P
at any instant, then the angular velocity

of P relative to @, t.e., the angular

velocity of the line PQ

The component of velocity of P relative to Q perp. to PQ

PQ
_ Diff. of Vel. components perp. to PQ

PQ

u sin e—vsin 8

= - VITQ«——w -
the component velecities of P and @ along PQ having no effect on the
direction of £Q.

Whenever u sin a=v sin 8, the point P hasno angular velocity
velative to @, 1.e., the line PQ moves parallel to itself and the linear
velocity of P relative to @ is in the direction of the line PQ.

If, however, PQ remains constant, P must have the same velocity
a3 Q in the divection of PQ, i.2., u cos a=:v cos B.
2. The line joining two points P and @, is of constant length a

and the velocitios of P and Q are in directions which make angles « and B

respectivoly with PQ. Prove that the angular velocity of PQ is usin (a—B)

. . gecos 8 °
where u is the velocity of P. \

i
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Ex. a. Iftwo particles describe the circle of radius r in the same scnse
and with the same speed v, how that the relative angular velgeity of each with
respect to the other is ¢/r.

Ex. 3. Show how to measure tho angular velocity—
() of apoint about another point, and
(i) of the straight line joining two points moving in a given manner in
a plane.
ABCD is asquare of side 100 ft., a person P starts from A and walks
towards B with a specd of 4 f.p.s, at the same instant a second person Q starts

from B and walks towards C with a speed of 3 f.p.s., show that the
angular vploclty of tho straight line PQ aftor ¢ seconds from the instant of

starting is [2—-_-—35[:4—06 radians per sec.; and that it is the greatest when PQ
is 60 ft. (P.U.)

7'2. Expressions for tangential and normal accelerations
for motion along a circle. Suppose that a particle moves along a
circle of radiusr. Let P be the posi-
tion and v the velocity of the particle R
at any instant and @ its position and
v+ §o its velocity after a short inter-
val of time §t. Let the are PQ be §¢
and the angle POQ be §4, so that
Es=r30.

Now the change in velocity in
time §¢ along the tangent at P is

(v+8v) cos §8—v.
.. the tangential accelerationat P

(v+ §v) cos §6--v

= Lt ~——L 27
50 8
Le ("3 =138 +......]— v
3t—->0 3t
sv 8¢ dv _ dv
—Lt-s Lt § 6. (v+8v)8t +0 ar
and since g therefl dv_d% v ds i v !
incer =, therefore - 7 =25 or =—-. —, ie, v
Again, the change in the velocity parallel to PO, the normal at
Pis (v+§v) sin §9—0,
. the normal acccleration at P
8t-—>0 & t—->0 8¢
_ 8 1 ds 1 o
I L TR TR

And since v=rw, » being the angular veloeity of the particle,
. B %l

.o —_— == =

r
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Thus, if a particle moves along a circle of radius » and has the
speed v at any instant, the resolved part of its acecleration respec-
tively along the tangent and normal (towards the centre) are
3

dv dv d¥ v s
Z\orv g or dt’) and ~ (or 7o),

dv
7
ration has no resolved part along the tangent and the resultant
acceleration is, therefore, completely directed towards the centre and is

2

In particular, if the speed v is constant, — =0, 7 e., the accele-

v
of a constant magnitude T

Note 1. Whenever a particle moves along a circular path, the tangential
component of the acceleration changes the velocity in magnitude while the
normal component causes change in the direction of the velocity. If the former
is zero, the particle moves with a constant speed but if the latter is zero, the
motion must take place along a straight line only.

Note 2. So far as the oxpression for the tangential acgeleration is
concerned, the proof given above does not depend upon any property peculiar to
the circle and is, therefore, applicable to the motion of a particle along any

. d¥% dv dv .
curve and so the expressions 38 O gr O v cen be used whenever motion

along a curve is to be dealt with.

Example. . particle is moving along a circle of radius a such
that the arcual distance of the particle at any time ¢ from a fixed point of
the circle is 8. Show that the mnagnitude of the acceleration of the particle

atl time ¢ i3
20 2
[(G)+(%) ]!

721, We give below another method of proving the particular
case of the previous particle viz., if a yarticle moves along a circle of
2

. . . . .
radius r with uniform speed v, its acceleration is —r—towards the centre

of the circle.

(One other proof based on kodograph will be given in Chap. XI.)
As the particle moves along the circle with uniform speed, its
angular velocity about the centre must
also be uniform.

Let o be the angular velocity and
AOP be the angle deseribed by the parti-
cle in time ¢, then

L AOP=ut,

X If (x, y) are the co-ordinates of the
particle with reference to the centre as
origin, we have

T=r cos o, y=r sin of,
dr . d
—J; = —10 >ill o, ﬁ:m cos ot
d3z d%y

_(.iii: —rwd cos ol ¥T; = =708 sin of,
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;. the resultant acceleration

i\ /dy\? 2
N G+ =rr=r=
ddy /dic
Also since s / 4f =tan e, and since both components of the

acceleration are negative, it follows that the acceleration acts
along PO.

v°22. When a -particle describes a circle with uniform speed, sts
projection on a diameter of the circle moves with simple harmonic
motion,

As shown above, for the point M, we have
3

dix

z=r cos at, and —= = —o® cos wl=—uwlr.

dt

It shows that the acceleration of the point M is proportional to
OM and is directed towards 0, i.e., the point 3 moves with S.H. M.

This is a very important property of simple harmonic motion
and is frequently used as its definition.

7°23. Whenever a particle of mass m describes a circle of radius
2
r, with uniform speed v, the acceleration ~vr~ towards the centre must

be supplied by some force. If F is the required force, then

2
my
F=-—r—=mrw’,

If the particle makes n revolutions per second, then w, the angle
described in one second, is 27n
F=mr4n3n?

a
The force given by —mTL- or mro? is always in absolute units and

may be produced in various ways.

In the case of a particle attached to one end of a string and
whirled round, the other end of the string being held in the hand, the
required force is supplied by the tension of the string. The actior
and reaction being equal and opposite an equal amount of force is
exerted through the string by the particle at the hand in the opposite
direction. As the string is in a state of tension it is somctimes
wrongly believed that there is a tendeney for the particle to move
away from the centre along the radius of the circle. In fact, if the
string breaks the particle continues to move in itsdirection of motion
along the tangent of the circle.

In the case of a railway carriage moving on a curved track, the
furce necessary to compel the carriage to follow the curved path is
supplied by the pressurc of the outer rails on the flanges of the wheels,
the wheels oxerting an equal amouat of pressure on the rails which, if
not fixed, will leave their place causing derailment,

In the case of motor car the force is provided by the force of
friction betwcen the wheels and the ground.
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In case of the earth moving round the sun, the required force
which makes the earth follow a curved path, is supplied by the
attraction of the sun.

Example. A4 mass of 12 cz. revolves horizontally atthe end of the
cord 3 ft. long. If the string makes 20 revolutions per minute, find
the tension in the string.

Here m=12 oz=} b., r=3 ft.,
2w

20 .
and 0=20 r.p.m.=gs r;p.s. =73 radians per scc.
;. T=mre*=}3. é’;—=n'=9'87 poundals,
Examples XIX

1. A particle of mass 10 Ibs. is attached to a fixed point on a smooth
table by means of an inelastic string 20 ft. long. Tho particle is sot in circular
motion on tho table with a velocity of 12 f.p.s., find the tension of tho string.

(P.U.)

2. A mass of 20 gmas. tied by a thread to a point on a smooth table is
describing a circle of 60 cms. radius in every 4 scconds. Find the tension of the
thread.

. Four masses, each of 10 lbs., are fastened togother with four strings
each 3 ?t long 80 as to form a square. This squaro rotates in a horizontal
plane on a smooth table at a speed of one revolution per second ; find in pounds
weight the tension in the strings.

A cyclist travels on a levol track of radius 220 ft., and the coefficient
of friction between the tyres and the ground is 0-32. Find the groatest speed at
which he may travel. (P.U.)

5. An ongine of mass 20 tons is travelling round a level curved track
at the rate of 30 m.p.h. If the curve is an arc of a circle of radius 1200 ft., find
the horizontal thrust exorted by the rails on the engine.

6. A motor car weighing one ton is travolling on a curved level road of
radius one quarter of a mile at tho rate of 45 m.p.h. Find the nocessary force
of friction betwoen tho wheels and the ground.

. A string can just boar a woight of 18 Ibs. without broaking. If a
woight } Ib. be attached to it and whirled round in a horizontal circle of radius
3 ft. find tho number of revolutions that tho string must make in a second in
order that the string may just escape breaking.

8. Two particles each of mass m, aro attached to tho ends of a light
string of longth a and placed on a horizontal turn-table at dwstances e, 24
from the contre of rotation. Prove that when tho tablo rotates with angular
velocity w the particles can remain upon it without slipping provided that the
cocflicient of friction is not less than 3aw?/2g.

A hcavy particlo of mass m is connected by a string passing through
a hole in a smooth tablo with a particle of mass 4m which hangs vertically.
Find tho number of revolutions per minute which the particle on the table
must porform in a circlo of radius 6 inches in order to keep the other particle
at rest.

10. A particlo of mass m on a smooth tablo is fastened to ono ond of a
fine string which passes through a small hole in thoe table and supports at its
othor ond a particlo of mass 2, the first particle being hold at a distance ¢
from tho hole. Find the velocity with which m must be projected 8o that it
may doscribe a eirclo of radius ¢,

zx. A mass of 10 Ibs. is constraincd to movo in a circular path and makes
ono rovolution in one second. It is attached to the centre of a circle by a light
elastic string whoso unstretched length s 1 ft. and which extends 1/12 foot
under & pull of 4 pounds weight. Find the radius of tho circle and the tension
of tho string.
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73. Conical Pendulum. When a particle is tied to one end
of a light string, the other end of which is fixed at a point O, and
the particle describes a circle in a horizontal
plane, so that the string describes a cone whose
axis is the vertical line through O, the system is
called a Conical pendulum.

Let N be the centre and r the radius of the
horizontal circle described by P, a particle of
mass m, with uniform angular velocity o and let
¢ be the length of the string and @ the angle
which it makes with the vertical.

The forces acting on the particle are its
weight mg downwards and 7, the tension of the
string.

As there is no motion of the particle in the vertical direction,
the vertical component of 7' must balance the weight.

T cos §=mg ..()

ng

2
The central force-——m;-)—- or mre? along PN which is necessary

to keep the particle moving in the circle, is supplied by the component
of the tension in the horizontal direction.

']
T sin 0=—m—:)—=mrm’=ml sin § o? ..(2)

If g is zero, the string 'hangs vertically and from (1) T=mg,
which is otherwise obvious.

When ¢ is not zero, we have from (2)

' T=mle? poundals .-(3)
and from (1)

cosg=g_"9 _ 9 ..(4)

Thus, in order that the particle may move in a conical pendu-
lum, (cos § being <1) lo?>g

or m2> —g—-.
I
731. Now ON=h=L cos §=2 ..(&

i.e., the vertical depth of P below O varies inversely as the square
of the angular velocity and is independent of the length of the string.

Also from (5), «»”=—Z—,

9 —
and ¢, the time of one revolution:—:- =2r /\/ —:;—

If n is the number of revolutions made per second, o =2nn and
from (3)
T =4x*n*ml poundals.

7'32. When a particle moving in a conical pendulum is also
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constrained to move on a smooth horizontal table, equation (1)
becomes

T cos §+R=mg
or R=mg—T cos §=mg—4nintmh [*." cos §=h/l]
which gives R, the pressure on the table. In order that the particle
may not leave the table, mg>4n®admh

. 1 ra
s.e., n<~— % s or u<V%.

Example x. 4 mass of 2 lbs. suspended by a string 1 ft. long is
revolving in a conical pendulum. Find the greatest number of complete
revolutions per second of the pendulum when the greutest tension that the
string can bear s 10 lbs. weight.

Let » be the required number of revolutions per sec., then

o=2mn
. T sin @=mr w2®=ml sin §.42n?
ie., T=ml.4n%n? =21.4n2n3,

But the greatest value of T'=10 Ib. wt.=320 poundals,

S 320=8n2,? or n”a%g-=4 approximately.

Hence the greatest number of revolutions per sec. is 2.

Example 2. A4 siring of length 1 has its ends fastened to two
goints A and B in the same vertical line at a distance a apart. If a
smooth bead P on the string rotates uniformly about B so that BP is
always horizontal, prove that the angular velocity is «

) [ 2 1k ’
a (IB—a?)_J
2
Show also that P is nearer to B than A by .‘;_

Let the required angular velocity be v, and let BP=r, so that

AP=]—r,

The bead being smooth, the tension
along the string is the same throughout its
length, so that tension along PB

=tension along Pd=1T, say

.. for motion of the bead, we have

vertically, 7' cos §=myg,

or T'=mgqg sec g

and horizontally,

mre?=T+1"sin §=mg scc g (14-sin §)

u,z_gt’i< + t__)___‘/_l

1
m 2_ J° .
lg or o =7
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*13. The Governor af a steam engine, making 180 revolutions per minute,
takes up the position shown in the sketch, the rods AC, BD, CE and DF being in-
clined at the same angle of 30° with the vertical. It 1is required to find W, the
weight of the loaded sleeve, the mass of each ball being given.

The piece AR is fixed to the vertical spindle and the rods 4C, BRD, CB
and DF are freely hinged at both ends, so that when the spindle rotates the
sleeve EF ocan slide up and down, the balls 0 and D
moving in a horizontal circle.

Take AB=EF=2*; AC=BD=0E=DF=6", m, the
mass of each ball=2 lbs. and the mass of the rods
negligible.

Now, r the radius of the circle described by each
ball=0C=0L+LC=} AB+AC sin 30°=1+46x}=4"

=} ft.
©, the angular velocity of each hall=180 r.p.m.
==~16%(—) X 2m=6rc rad. [sec.
Let P be the pull in each of the rods 40 and BD
and Q . » . CE and DF
For motion of one of the balls, say C, we have :—
vertically, P cos 30°=Q cos 30°+2g9, ¢.8., P—Q= ;'%- (1)
horizontally, (P4Q) sin 30°=mrc)3=2x{X 38X n?, i.c., P4Q=48n2 . (2)e
4 3 4 3 4
ot = { Jp—— —rl = g8 — . .
20=A0n? - 73 "ﬁ( gy )i g s

Now resolving vertically for the sleeve EF, we have
3 4\ N3 3x1-73x99
= ° —_— —_— e e s e 2 .
W =2Q cos 30 x( - 43) . ; 2=10+84 Ibs.
18. In Ex. 17, ind W when
(i) AB, AC etc., are as before, m=1 lb., =210 r.p.m.
(i) AB=3", AC=10", m=3 lbs., w=120 r.p.m.

7'4. Rotating Sphere. A4 hollow smooth sphere is rotating
with uniform angular velocity » about a vertical diameter, to find the
position of relative rest of a particle placed in 1t.

2 Let P be the position of the particle and let
OP=a, the radius of the sphere,
PN=r, the radius of the horizontal circle

described by P,
/. PON-=§
h and R, the pressure of the sphere on the particle,
then

— R cos §=myg .. (D).
mg and R sin §=me?*=muw2g sin ¢ .. (2).

~ from (1) and (2), we get

wiz |
tan 0=—g- sin @ ..(3).
; T
or fIn @ cos f= P sin @.

Either sin =0 i.e,, =0 and from (1) R=mg, which gives the
lowest position as the position of rest,

or cos @ =__g_’..
aw
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Since, cos <1, -49-—,-<l, o w’>i'
ao a

Thus if the angular velocity fall short of V —g—, the particle
will rest only at the lowest point.

Examples

x. A particle moving on the inside of a smocoth sphere of radiusr,
describes a horizontal circle at a distance $r below the centre of the sphere.
Show that its spead is §4/6g r.

2. A smooth cup in the form of a paraboloid is set whirling with
angular velocity ) about its axis which is vertical. Show that a particle will
remain in equilibrium on any part of its surface if w=1/9/2a, where 4a is the
latus-rectum of parabolic section of the cup.

3. A body ismoving in a circle making n revolutions per sec. on
the surface of a smooth hollow cone of vertical angle 2x. Show that the
distance of the body from the axis of the cone is

goota
inn? '

3. A cyclist’s circular racing track is part of a cone with axis vertical,
vertex downwards, semi-vertical angle 60°, and radius 120 ft. If the co-
efficient of friction is 0'3, find the maximum and minimum speeds possible
on the track. (Punjab Public Servicc Commission)

[Ans. 64 ; 30 ft. per sec. approx.]

7'5. Motion of a bicyclist on a curved path. Whena
man runs or rides a bicycle on a curved path (supposed to be nearly

A circular), he always leans towards the centre
S of the path. By this the reaction of the

2 ground becomes inclined to the vertical.
Tt G R Let the machine and the rider be repre-

sented by the line 4B inclined at an angle 6
to the vertical. The forces acting on the
Mg \ g| machine are :—
(t) the total weight mg acting at G, the
7 centre of gravity of the machine and the
B rider, and (si) reaction S, passing through B,
the point of contact with the ground.
Now for motion in a horizontal circle, there must be a force
mv¥/r acting towards the centre of motion. In this case this necessary
force which has to act at G is the resultant of § and mg.

Since mg acts at @, therefore, S must also pass through G.
Resolving vertically and horizontally, we have

S cos §=mg (1)
2
and S sin 0=—72:— ..(2)
v?
s tan 0=7g—' -+(3)

which gives the inclination of the machine to the vertical in terms of
the velocity and the radius of the path described.
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The result shows that whenever v is large and r is small, g is
large, i.e., the cycle is in danger of falling to the ground if the
cyclist either takes a sharp turn or takes a turn while moving at
great speed.

F, the horizontal component of S, is the force of friction and
2
=§sin § ="ﬂirv—"9

R, the vertical component of S=§ cos §=mg.

mv? .
is not an external force but is

Note. It is important to note that

really the resultant effect of the forces mg and S.

76. Motion of a railway carriage or a motor car on a
curved level track. When a railway carriage moves along a curved
horizontal path (supposed to be C D

2

circular), the force ﬁz—:— towards the

centre of the path is supplied by the my2
horizontal component of the pressure _7I

of the rails on the flanges of the
wheels. P

Let ABCD be the section of a e
railway carriage by the vertical plane < <
perpendicular to the direction of /2 B VA
motion through @, its centre of gravity
(supposed to lie midway between 4 and B), 4 and B being the points
where the wheels touch the lines.

Let AB, the lateral distance between the wheels be 2a, and A
the height of @ above AB.

Tet P,, P, be the resultant vertical components and F,, F,,
(Fy+Fy,=7F) the resultant horizontal components of the pressures of
the rails on the wheels on the two sides.

Also, let » be the radius of the curved path described, and v the
velocity of the train.

mg F

t ]
The effective force —"—:P—- acting at G is the resultant effect of all

the forces (¥, Fy, Py, P,, mg) acting on the carriage.
Resolving in the horizontal and vertical directions, we have
P,+Py=myg -.(h

2
and F=F,+F,= -’ﬁr"- . (2).

. v? .
The last equation shows that the force 1’%—- is equivalent to a

force acting along the line 4B, not passing through G, the centre of
mass of the carriage,
761. Upsetting of a carriage on a curved level track.
2
As all the forces on the carriage are equivalent to _Z’_';_ acting
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at G, therefore the sum of the moments of the forces about any point
3

. mv
is the same as the moment of -

Taking moments about 4, we have

-3
-"L:—- h=mg.a—P,;.2a

2
ie., P,=;m(g-%£) ..(3).
»’. from (1) t.e., P+ Py=mg and (3), we have
Py =mg—Py=14m (g+ﬂ .. (4).
ra
This shows that P, is always positive and increases with v,
while P, decreases as v increases and vanishes when v’..—_—g—’:ﬁ so that

the wheels on the inside of the curve are no longer in contact with
the ground and the carriage begins to tilt about, .{ towards the outside

of the curve if
v> V i;l ..(5).

It shows that v is large when a is large and & is small so that
the danger of upsetting is minimized by keeping the centre of gravity
of the carriage as low as possible and distance between the wheels as
large as possible.

These being fixed for any particular carriage, the danger is
further reduced by keeping » small and r large, t.e., by reducing the
velocity of the carriage and avoiding a sharp turn.

Equations (3) and (4) give the vertical pressures on the inner
and outer wheels.

The motion of a motor car is exactly similar to the motion of
a railway carriage. The forces Fy, F, are, in this case, the forces of
friction between the tyres of the wheels and the ground.

7°62. - The result (5) given above can also be arrived ué, and
the phenomenon of upsetting can be explained as follows :—
3
The central force ﬁ;—- necessary to cause the circular motion,

should really act at @, the centre of gravity of the carriage but, actu-
ally, being produced by F, and F; or their resultant, F, it can act
only at the points of contact with the rails or ground. Now the force
F acting along AB is equivalent to an equal horizontal force F acting
at @ together with a couple which tends to make the carriage rotate
in direction BCDA, i.e., to lift the inner wheels off the ground and to
tilt the carriage about 4.

This fact is responsible for the upsetting of a carriage rounding
a curve at high speed. The weight mg acting vertically at G is the
only force which prevents this rotation.
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The moment of the couple tending to upset the carriage is

]
F.h=-”—t:-)—h while the moment of the weight about 4 is mg. a,

». the carriage will upset,

. —
if m'ih >mga or if v>/\/3’;‘i.

7'63. We have seen that in the case of a railway carriage the
force F acts on the wheels in the horizontal direction and action and
reaction being equal and opposite the wheels also exert an equal
amount of pressure on the rails in the opposite direction. These
lateral pressures wear away the rails and arc undesirable. In the case
of the motion of a motor car or a carriage moving on a curved road,
the force F appears as the force of friction between the wheels and
the ground.

v .
We have also seen that the force F =mTa.ctmg along the line

AB and not acting at G, the centre of mass, tends to upset the
carriage.

In order to avoid these objectionable lateral pressures and the
danger of upsectting, the plane of the track is banked up, t.e., itis
made inclined to the horizontal. In a railway track this is done by
raising the outer rail, so that the floor of a railway carriage moving
on a curved track is not horizontal.

7'7. Motion on a banked up track. How the banking up
of the track prevents the lateral pressure and upsetting of a carriage
can be shown as follows :—

Let ¢ be the inclination of the floor
to the horizontal and R,, R, the normal
reactions perpendicular to the floor.

In order that there may be no lateral

thrust, the necessary force _'ir": towards the

centre of the horizontal path must be the
resultant of the external forces R,, R,, and
mg acting at G.

Equating the sum of the resolved parts of the forces, and their
resultant in the horizontal and vertical directions, we have

3
(R,+R,) sin 9='L:’_ and (R;+R,) cos g=mg.

. v’

.o tan 0-'-—--;5 . (l)

which gives the required inclination of the track.

Thus, when the plane of the track is made inclined to the
horizontal, at an angle given by this equation, there is no side thrust
on the track.
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Also as the resultant of the weight and the normal reactions

is qg—‘acting at @, there will be ro tendency to upset.

Note. Equation (1) can also be obtained at once by equating the
resolved part of the resultant and the forces in the direction AB.

2
Thus we have 1';'-’- co8 §=mg sin @ or tan 9--:g

=21, When banking up theroad, the engineers adjust the angle
@ with reference to some moderate velocity with which the trains (or
cars on roads) are generally expected to move. If the actual velocity,
say V, of a train is different from v, which the engineers have taken
into account in banking up the road, some lateral thrust, (friction in
the case of a car) say F, comes into play.

Suppose that the fox"ce F acts along AB when the velocity of

. 14
the carriage is V, then =

cos §, the component of the central force

down the slope is supplied by F, and mg sin § the component of the
weight.

Hence m:” cos §=F-+mgsin §
i.e., F-—-—-ﬂ;}: cos8 §—mg sin @
=m cos8 0(1::— —g tan a)
=m cos 0( V"—-v’) [by (1) Art. 7-7.].

Thus, if V (the actual velocity of the train) is greater thanv
(the velocity for which there is no side thrust for the inclination §),
F is positive, i.e., it acts in the direction 4B and is caused by the
pressure of the outer rail at 4 while if V is less than v, F is negative,
it acts in the dircction BA and is causcd by the inner rail at B.

Exactly the same results apply to a banked up motor track.

Examples XXI

x. A bicyclist is revolving round a circular gardon at the rate of 15
m.p.h. the diameter of the garden being 100 yards. Find at what angle to the
vertical he should keep himself inclined in order to maintain the speed.

a. Find the horizontal thrust exerted on the rails by an engino of mass
25 tons going round a curve of radius 440 yards at 36 miles per hour.

If there is to be no horizontal thrust on the rails, show that the track
must be banked at tan—1 0-066.

3. An aeroplane moves at 90 m.p.h. ina curve of 110 yards radius.
Show that the plane must bo banked at nearly 59° to the horizontal.

A mass of one pound is suspended by a string 2 ft. long in a railway
carriage. Show that when the train is moving round a curve whose radius 1s
1.452 ft. at the rate of 30 m.n.k. the tension of the string is increased by about
% °f 8n ounce and the horizontal displacement of the mass is nearly one inch.

s. If a particle of weight W is suspended from the roof of a railway
carriage which is moving with a constant speed v, in a curve, prove that, in the
position in which the &nticle is at rest relatively to the carriage, the tension of
the cord is W(H'_pig—i )‘. where p is the radius of curvature of the path.
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6. A merry-go-round is revolving in a horizontal ocircle of radius, 3 ft.
at the rate of 7 revolutions in 22 secs. A child of weight 20 lbs. rides a wooden
horse suspended by a string ¥5 ft. long.

Find the tension in the string and show that its inclination to the
vertical is tan™1 §.

At what point will the child fall on the ground if he loses hold of the
horse whose height above the ground is 4 ft.

. If on a railway curve of radius 400 yards the distanco between the
rails is 5 ft. and the super-elevation of the outer rail is 3 inches, and if there is
to be no lateral thrust on the rails, show that the velocity of a train must be
about 30 miles per hour,

What is the lateral thrust on the track produced by an engine of weight
10 tons (1) at rest, (2) moving at a speed of 25 m.p.h., (3) at a speed of 35
m.p.h. ?

8. Find the veloocity with which a train can travel without side pres-
sure, on a curved portion of the Kalka-S8imla railway track of gauge 30” : it is

given that .
S=1}" and R=261 ft.
where S stands for the super-elevation and R for the radius of the track.
Also find the same when $=2}", and Ra==140 ft.

9. A railway of gauge 5 ft. is taken round a ourve of § mile radius.
What super-elevation must be given to the outer rail in order that a train
travelling round that curve at 30 and 60 m.p.h. may impose the same side pros-
sure on the inner and outer rail respectively ?

16. A motor racing track of radius g is banked at an angle «. Obtain
an equation which will give the speed for which the track is designed. Show
that if the speed of a car is one-half this speed, there will be a total transverse
fr;’ct}ion&l force of W sin « butween the car and the ground, W being the weight
of the car.

xx. An engine of weight W is at rest on a railway curve of radius r,
which is banked up to suit a speed v, show that there is an internal lateral
thrust on the rail of magnitude.

o3
W
vV A+rigd

1a. The axles of a motor car are 4 ft. 6 in. in length and the centre of
gravity of the car is 2 ft. above the ground. Prove that the car will overturn
if it is driven round an arc of radius 30 ft. at a speed greater than 225 m.p.h.
It is assumed that the car does not skid.

x3. The velocity of a motor-car is v, the distance between its wheels is ¢
and the height of its centre of gravity above the ground is A, show that the
radius of the smallest circle which the centre of gravity can describe, without

2
the inner wheels leaving the ground is 2 Zgh.

14. A tram with wheels 5 ft. apart weighs 2 tons and has its C.G. 5 ft.
above the ground. Find the pressure on the sides of the track and the vertical
reactions on the wheels when it moves round a curve of 100 yarde radius at 24
ft. per second.

What is the smallest radius of the curve in which the tram can move at
this speed without overturning ?

REVISION QUESTIONS VI

x. Show that the angular velocity of a moving point P about a fixed
origin O is vp/rd, where OP=r, v i8 the velocity of P and p is the perpendicular
from O on the direction of motion. (Roorkee)

a. If a vparticle describes a circle of radius g uniformly making one
revolution in n seconds, prove that its acceleration is directed to wards the
centre and is

4n%a

nd
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Show that the effect of the rotation of the earth ie to lessen the apparent
weight of a body at the equator by about r%’r of itself.

{Take the circumference of the earth as 40,000 kms. and g as 980 C.G.8.
units.)

3. A belt, the mass of which is m lbs. per foot length, passes round half
the circumference of a pulley wheel, the speed of belt being v ft., per sec. If Ty
and Ty be the tensions in the two sides of the belt, ghow that, neglecting the
weight of the pulley, the totul pull on the pulley is equal to

2
[Tl + T’—-?—";—'-)s]lbﬂ-

. A particle of mass m is attached to & point O by an inextensible
atring of length I. Prove that it can describe a horizontal circle about a point
vertically below O with uniform angular velocity @, provided lw?>g.

Prove that if the string is elastic this condition is replaced by

(‘)2
Iox R >SA=mlyuw?>0,
where A is the modulus of elasticity and I, the natural length of the string.

5. A string of length ! has its ends fastened to {wo points 4 and B in
the same vertical line, A4 being above B. 4 bead C on the string rotates about
AB with uniform apgular velocity w. Show that

. . . _gl
(i) if the string 18 not vertical, cos 4—cos B-m.
208
c(i2—c?)’
6. The point A is vertically above B and AB=1. The ends of a string
ABC of length 2! are fixed at 4 and B. A bead of mass m, which can slide
freely on the string describes a horizontal circle with angular velocity @ about
AB. The plane in which C moves is at depth y below 4. Show that
y=1 l+4g/3w2
A railway carriage 18 travelling on a curve of radius r with velocity
v ; if h be tho height of the centre of inertia of the carriage above the rails and
2a the distanco between them, show that the weight of the train is divided
between the inner and the outer rails in the ratio of gra—v2h to gra+v2h ard
henco show that the carriage will upset if

v> ,\/g’?- (P.U.; D.U. Hons. 1927)

8. If the maximum and minimum speeds of trains on a certain curve
of radius r are v and u respectively, show that, 1f the track is banked up so
that the slecpers are inclined at an angle 8 to the horizontal such that

v2+ u
tan S= “ogr "
then the outer lateral thrust of the fastest train is equal to the inner lateral
thrust of the slowest train, assuming their weights to bo equal.

. A train starts from rest and moves on & level uniform curve with
acceleration f. The outer rail is raised so that tho floor of the carriage is in-
clined at an angle « to the horizontal. Show that a body cannot rest on the
floor of the carriage unless the co-efficient of friction between the body and tho

foor is greater than Nj2+g?sinta
gcosw -
g0. A cyclist rides with velocity v on a circular track of radius a on
level ground. Determine the angle of friction, A, between the wheels and the
ground necessary to prevent slipping outwards. (Ans. tan~1 v¥/ag)

If tho track were banked up to an elevation 8, prove that the necessary
angle of friction would be A— 8, where ) is the angle determined in the first
part of the question. (Bm. U.)

(is) BC is horizontal, if w?=



CHAPTER VIII
MOTION ALONG A SMOOTH VERTICAL CIRCLE
SIMPLE PENDULUM

81 When a particle is constrained to move along a circle we
generally find its motion by resolving the forces in the tangential and
normal directions and writing the equations of motion in the form

dv mv?
v—— = —=F,.
my- F, and ; '™

In the particular case bf a particle moving aleng a horizontal
circle, if Fis zero, the first equation shows that v is constant. This
case was discussed in the previous chapter.

Now we consider another particular case, namely, the motion of
a particle on a smooth circle in a vertica} plane when the force acting
on it is the force of gravity only.

(We may conccive of a smooth curve by the concave or convex
side of a circular strip of smooth metal.)

In this case, the first equation, gives rise to a simple relation
between the velocities at any two points of the circle and the vertical
distance between them.  This relation is obtained in the next article
and will be frequently used in later discussions of circular motion.

8'2. A particle is projected along the inside of the arc of a
. smooth vertical circle, from any point in 1t with velocity v;. To prove
that v,, the velocity of the particle, after it has moved through a height
k, is given by
v¥=v2~2gh.

Let O be the centre, A the lowest point and r, the radius of the
vertical circle.

Let a particle of mass m move along
the are BPC, B bring its initial position
where its velocity is v, and C the final
position where its velocity is v,.
Let v be the velocity of the particlo 0
at any point P and let £ AOP=§ and c
arc AP-——-—G. 6 R

The only external forces acting on N
A

the particle are its wcight mg, acting
vertically downwards, and the pressure B
of the curvein the direction of the normal, \

Equation of motion of the particle mg
along 7I'P, the tangent at P, is
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mvg—q =sum of the components of the forces along 7'P

ds
=—mg 8in §. «.(1).
dv dv d9 1 dv _. _
But B=dg ds=7r @ [since s=rg].
% the equation (1) can be written as: vg—; =—rg sin @.

Integrating, we have Jvd=rg cos §4+c=9g.NO+¢
=g(40—A4N)+c=g(r—y)+c,
where y is the height of P above 4.
Now at B where v=v,, let y=1y,, so that
dot=g(r—y)+e.
Also at C where v=v,, let y=uy,, then
02 =g(r—y,)+c.
Subtracting, we get }v,2—3}v2=—g(ys—v;)
or v =02 —29(y,—y1) =" —2gh,
where & is the height of the point €' above the point B.

If, instead of moving upwards, the particle slides down the arc
of the circle with an initial velocity u, the velocity v after moving a
vertical distance % is given by vi=u?+2gh,

If the particle slides from rest, v2=2gh.

Thus the tangential equation of motion of a particle, moving
along a circular arc, gives us its velocity at any point on the arc,

The normal reaction R on the particle, is then obtained from
the equation of motion along the normal, viz.,

v?
Ln—r)—sum of the components of the forces along the normal

=R—mg cos §.

Similar results for the general case of motion of a particle along
any curve will be given in Chapter XIII.

Example. A heavy particle is free to move in a vertical circle of
radius [, the particle is projected with velocity u from the lowest point 4 of

tho circle. If v bo its velocity when it has risen a vertical distance h, prove
that »2=u? - 29k, If it just reachos a point B, show that

u ,\/ L az. (P.U.)

We now consider various ecases of motion of a particle
moving along a smooth vertical circle, 7.e., along tho concave or
convex side of & smooth strip of metal bent into the form of a vertical
circle.

8'3. Motion on the outside of a smooth vertical circle.
A particle atarts from rest al the highest point and moves down along the
outside of the arc of a smooth vertical circle, to discuss the motion,
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AOB is the vertical diameter of the oircle of radius r, P is
any position of the particle and PN is drawn-perpendicular to AB.

Let AN=h and £ AOP==§.
If v is the velocity at P, then by Art. 82 we

v =N =W h (D).

Equation of motion along the normal PO, is

4

have

-’—n;v-‘—-mg cos §—R
(the particle being outside the arc, the pressure
on it is outwards.) 8
. _ L r—h 29k r—3h
i Bongion 0= ) )2,

which gives R, the pressure of the curve on the particle.

R vanishes when h=-:—:—, the particle no longer presses the are
and leaves it. It afterwards moves in a free parabolic path.

8:31. To find the equation to the subsequent parabolic path.

Take the point where it leaves the curve as origin, the horizontal
line as the axis of z and the downward vertical line as the axis of y.
If v is the velocity at that point, then

r 2
v’=2gh=2g.—§- =39
The direction of motion at the point makes an angle g, with the
horizontal given by
ON 4 2 5

CcoS f=—5=-"—-=— or tanf=—.

o°P  r 3 2

. . gx?
The equation to the path is y=ux tan 0+~2;’E(;_33§‘.
3 3
=ﬂ2—5- x4 —gx —.:.\,.0

27 .
Sigrd 2 *Tier®

This is the required equation to the parabolic path whose latus-
rectum=44¢r.

8'4. Motion on the inside of a smooth vertical circle.
A particle is projected from the lowest point with velocity v. and moves
along the inside of the arc of a smooth vertical circlé, to discuss the
motion.

AOB is the vertical diameter of the circle. P is any position of
the particle and PN is drawn perpendicular to A B.

Let (BOP=¢, OP=r, and BN=h

then h=r—r cos ¢, a relation between A and 4.
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If v is the velocity at P, then by Art. 8:2, we have

vi=u?—2gh . (1)
Equation of motion along the normal PO is
2
'%?——R—-mg cos §.
A R—-—~+mg cos o—m( —-2gk+ f_:l‘
=—r—'[u’—3gh+gr] in terms of &, . (2)

mg  or =-?-(u’—2gr+3gr cos §) in terms of §.

Equation (1) gives the velocity of the particle and equation (2)
gives R, the pressure of the curve on the particle. )

(a) At the lowest point B, k=0, (§=0) and R= + (3)
(0) At highest point 4, where h=2r (=),
R=1”-[u=—5gr] and by (1), t2=ut—4gr.

In order that the particle may not leave contact with the arc of
the circle, R should not vanish till the particle reaches the highest
point, s.e., u2>5gr for which value of u, the velocity v also does not
vanish at any point ; thus the particle makes a complete revolution.

It must also go on making complete revolutions subsequently
provided the resistance of the air is altogether avoided and the arc is
ideally smooth which in practice is impossible.

When u®=5gr, then from (3) R=6mg so that if the particle is
grojected with a velocity just sufficient to take it to the highest point,
pressure al the lowest point==6mg, six times the weight of the particle.

To consider other cases, suppose that the velocity » vanishes at
8 height 2, and the pressure R vanishes at a height hy, then from (1)

and (2), we have
_u? utd-gr
hl— 2g an nd ’lg-—-——gg-‘

+g t.e., if u?<2r,

2

¢ hy<hy if |

( ) 1<f1g 29

Thus if the velocity of pro;ectxon, v is Jess than the velocity
sufficient to take the particle to the level of the horizontal diameter,
the velocity vanishes before the pressure vanishes. The particle,
therefore, stops and moves down, acquires some velocity at the lowest
point B, moves on the other side of B through an equal height and
goes on moving to and fro just like the bob of a clock pendulum.

o UBgr  w®

@ bo<hy i --,}gi-‘l. <G i W2y

8o that if #2>2gr, and u2<5gr i.e., when the velocity of pro-
jection is sufficient to take the partxc-l(, higher than the lovel of the
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horizontal diameter and is insufficient to allow the particle to make
complete revolutions, the -pressure vanishes before the velocity
vanishes. The particle, therefore, leaves the arc and on account of
the velocity it possesses, it moves freely along a parabolic path whose
equation can be obtained.

Hence we obtain the following results :

() When u¥<2gr, the particle oscillates on each side of the lowest
point.
(#5) When u3>2gr but <5gr, the particle leaves the curve some-

where above the level of O, and describes a paraboln.
(¢43) When u>Bgr, it makes complete revolutions.

8'41. Bead on a smooth vertical circular wire.

In the case of motion of a bead on a smooth vertical circular
wire or that of a particle moving inside a smooth vertical circular
tube, the bead or the particle necessarily keeps to the circular path
and the question of its leaving the circle does not arise.

In the case when u2>2gr, and <5gr, the pressure vanishes for
an instant somewhere in the upper half of the circle and then it
changes sign, so that instead of the bead pressing the wire outwards,
it begins to press it inwards above that point.

In this case the particle can reach the highest point if u®>4gr.

8:'42. Motion of a particle attached to the end of a
string. If a particle is hanging from a fixed point by a light inex-
tensible string and is projected with a certain horizontal velocity, the
motion is exactly the same as that of a particle moving inside a
smooth vertical circle. We have only to substitute the tension 7' for
the pressure R, and the length of the string I, for the radius r of the
circle in the discussion of Art. 8°4.

In the case when w?>24l and <5g¢l, the tension vanishes some-
where above the point of suspension, the string becomes slack, and
the particle describes a parabola freely so long as the string does not
become tight again.

In order that the particle may make complete revolutions, the
string must be strong enough to bear a tension of at least six times
the weight of the particle.

[This can be deduced from (3) Art. 8-4, by replacing R by T, r byl and
taking the least value of u given by u2=>5gl.]

Note. A heavy particle attached to a fixed point by a light atring and
swinging in a vertical plane is usually known as a simple pendulum.

Example. One end of astring 04, ! feet long is fixed and a body of
woight w lbs. is attached to 4. The body is projected horizontally from its
lowost position with velocity  ft./sec. Show that as long as the string remains
taut, the tension in the string is

.;i’l- (u?—2g1+ 39l cos @) lbs,,

where @ is the angle 0.4 makes with the downward vertical,

. (¢) If us=11gl, show that the maximum tension is twice the minimum
tepsion. (P.U.)

_(#3) If u3=(24-43) gl, show that the string becomes slack after it has
described an angle cos™1 (—1/+3). (D. U,
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Examples XXII-A

x. The roadway of a bridge over a canal is in the form of a circular
aro of radius 604 ft. What is the greatest velocity with which a motor cycle
can cross the bridge without leaving the ground at the highest point.

a. A glass containing some water is suspended by a string of length r
and made to turn along a vertical circle of that radius. S8how that in order to
prevent water from spilling outside, the velocity at the highest point must be

at least \/gr.

3. An aeroplane describes a vertical circle of 150 yards radius. Find
the least velocity it must have when upside down at the highest point in or cor
that no force may be necessary to keep the pilot in his seat.

What force is required to keep the pilot in his seat when the aeroplano
is moving upside down at the lowest point of the circle with a velocity which
is just sufficient to take it to the highest point ?

4- A trick cyclist rides inside a sphere; riding head downwards paat
the highest point. If the greatest velocity with which he can reach half-way
up the sphere is 30 m.p.h. and if he does not pedal in the upper hemisphere,
what is the diameter of the largest sphere in which he can perform his feat
without leaving contact with the sphere ?

Also find the least sgeed the cyclist must have when upside down at the
highest point of a sphere of radius 21 ft., the mass of the machine and rider
being supposed to be concentrated at a point 3 ft. from the track.

ai‘ In a centrifugal railway a car runs down a long slope and then the
rails take a turn round a vertical circle of 30 feet diameter, so that the car and
passengers arc upside down at the top. What is the loast vertical height
through which the car must descend before entering the circle in order that it
may not leave the rails.

6. A particle attached by a light string of length 3¢ to a fixed point
describes a horizontal circle of radius a with uniform angular velocity ®, prove
that 242a0t=g.

If when the particle is moving in this manner, it is suddenly stopped
and then let go, find its velocity when the string is vertical in the subsequent
motion.

7. A particle slides from rest down the rim of a smooth vertical circular
disc, starting from the position in which the radius through the particle makes
an angle a with the vertical. Prove that tho particle leaves the disc when tho
radius through it makes an angle of cos~! ( cos a) with tho vertical.

(a) If the particle starts from rest at a depth §r below the highest point
show that it leaves the disc at a height §r above the centre.

(b) If it starts from the highest point with an initial velocity due to a
fall from a height h above the centre, show that it will fly off tho disc at a
height §h above the centre.

8. A particle is projected horizontally with speed4/}ug from the highest
Foint of the outside of a fixed smooth sphere of radius a. Show that it will
eave tho sphere at the point whose vertical distanco below the t‘point, of pro-
jection is 3a. Find the magnitude and direction of tho velocity of the particle
when it strikes the plane upon which the sphere stands.

9. Tho bob of a freely hanging simple pondulum of length [ is projected
frem its lowest position with speed 4/6gl.  Find the velocity of the bob and
tension in the string when the string makes 120° with tho downward vertical.
Woeight of the bob is . (P.U. I951)

10. Find the greatest angle through which a person can oscillate on o
swing, ropes of which can support twice tho porson’s weight when at rest.

If the ropes are strong enough and he swings through 180° and if v is his
speed at any point, prove that tho tension in the rope at the point is 3;’:”.
where m is the mass of the person and ! the length of the string.
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. x1. A stone of weight w is tied to one end of a string and is describing a
circle in a vertical plane, the other end of the string being fixed. If the max.
spet_ed of the stone is twice the min. speed, prove that when the string is
horizontal its tension is 10 w/3.

Also find the tension when the string makes an angle of 45° with tho
downward vertical.

. 12 With what velocity must a particle be projected from the lowest
point of a smooth sphere of radius a in order that moving inside the sphere it
may just reach (z) the end of the horizontal diamoter, (ii) the highest point ?

(a) Show that the reaction at any point is proportional to the depth
below the horizontal diameter in the first case and below the highest point in
the second case.

(b) If the velocity of projection=4/2gh, and if §a >h>a, prove that
the circular motion ceases when the particle has reached the height $(a+ 2h).

1?. A heavy particle hanging from a fixed {»oint by a light inextensible
string of length a is projected horizontally with velocity ». Show that during
circular motion the tension of the string at any time is proportional to the
depth of the particle at that moment below a certain horizontal line.

(P.U. 1954)

# 14. A weight of 2 lb- is whirled round in a vertical circle with a cons-
tant speed of 20 ft. per sec., at the end of an elastic cord. The natural length
of the cord is 6 ft. and it extends 1 foot for every 7 lbs. of tension. Find the
length of the cord at the top and bottom of the path of the weight.

15. A heavy particle is suspended by a string from a fixed point and
rotates in a vertical circle. Show that the sum of the tensions of the string
when the particle is at tho opposite ends of a diameter is the same for all dia-
meters.

16. A mass of 10 Ibs. is attached to one end of a string the other end of
which is fixed at 0. The mass is held such that the string is tight and horizon-
tal and it is released so that it describes a vertical circle. Find the tension in
the string when it is vertical.

In this position the string prosses against a peg vertically below O, the
tension in the string is thereby trebled. Find the depth of the peg below O.
17. A heavy particle is projected horizontally along the interior of a
smooth fixed sphero of radius a with a velocity 24/ag from a point at a depth
{a below the contre of the sphere. Prove that the particle will just rise to the
level of the centre.

18. A hoavy bead is constrained to move on 8 smooth vertical circular
wire of radius . Show that the bead will describe the whole circle if projee-

ted from the lowest point with a velocity just greater than 24/ag.

What happens when instead of the bead, a particle is projected from
the lowest point with the same velocity.

19. A particle slides outside a fixed smooth cirele in a vertical plane,
starting from rest at the top, and another is projected from the lowest point,
inside the circle with just sufficient velocity to carry it to the top ; prove that
both leave the circle at the samse point, and procoed to describe parts of the
samo parabola.

20. A small ball is tied to one end of an inelastic string, the other end
of which is attached to a fixed point 0. It is held with the string tight ata
point which is 1} feet above O and then let fall. If the length of the string be
3 feet, find its velocity immediately after the string becomes tight and the
height above O to which it subsequently rises. (D.U.)

ar. A particle of mass m, attached to a fixed peg O by a string of
length {, is lifted up with the string horizontal and then let go. Prove that
when the string makes angle @ with the horizontal, the resultant acceleration

is 94/ 143 sinfQ.
If the particle is let fall from & point in the horizontal through O at a
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distance I cos § from O, show that when it is vertically bolow 0, its velocity is

V2gi(1=sin? ),
and the tension of the string is mg(3 — 2 sin3 9).

Examples XXII-B

*1. Find the volocity With which a particle must be projected along the
interior of a smooth vertical hoop of radius r, from the lowest point in order
that it may leave the hoop.at an angular distance of 30° from the vertical.

Show that it will strike the hoop again at an extremity of the horizontal
diameter.

Show also that if the velocity of projection be 4/ gors the particle will
leave the hoop and return to the lowest point. [Ans. A/ gr(44343)]

2. A simple pendulum is set swinging in a vertical plane so as to make
complete revolutions. If I be its length, show that the velocity of projection

must not be less than 4/ 5gl.

In the subsequent motion & is the angular velocity at any point of the
particle’s path. If the maximum angular velocity is greater than @ by an
amount a and the minimum angular volocity is less by the same amount, prove
that loa=g.

A heavy particlo of mass m makes complete revolutions in a smooth
circular tube fixed in a vertical plane. Its grcatest specd is n timos its least
speed. Prove that the pressure in tho tubo when tho particle is moving verti-

2(n241 2]
cally is J?ﬂ;’:l)ﬂ?, that its speed then is ,\/ ’Lg;— times its speed at the
highest point. (P.U.(
*4. A hollow cylinder of internal radius a rotates round its horizontal

axis with constant angular velocity . Show that a small particle inside the
cylinder will start to slide when its radius makes an angle @ with the downward
vertical given by
2
sin (9—1)=9—3)— sin 3,
2 boing tho angle of friction.

*5. A wheol whose spokes aro of length a is made to revolve about a
horizontal axis with uniform angular velocity «, on one spoke a small ring fits
loosely, and initially the ring is at rest in contact with the lowest point of the
rim of the wheel. Prove that tho angle « through which the wheel turns
beforo the ring slides is givon by

g cos (e —\)+4-an? cos A=0,
where ) is the angle of friction between the ring and the spoke.

*6. A particlo hangs froely from a string of length I, it is projected
horizontally with a velocity 24/gl. Show that it will rise to a height of §I be-
fore the string becomes slack. )

Also show that subscquently it will pass at a hoight (%1 directly over tho
point of suspension,

*5. A particle at the end of a string of length [, the upper end of which
is fixed, is projocted horizontally with tho velocity 4/ngl. If the string be-
comes slack before the particlo reachos the top of the circle, show that it does
#o at a height I(14-n)/3 above the lowest point. Prove also that the vertex of
tho parabola that it afterwards describes is higher than the point of projection

by o (1m)A8—n).

*8. A particle is projected along the inner side of a smooth vertical
circle, of radius a the velocity at the lowest point being u. Show that if
w2 < 5ga (>2ga) the particlo will leave the circle before arriving at the highest
point and will describo a parabola whose latus rectum is

2(u~2ga)?

L (D.U.)
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SIMPLE PENDULUM

8'5. If a heavy particle is tied to one end of a light in-
extensible string the other end of which is fixed, and oscillates
in a vertical circle, we have what is called a Simple Pendulum.

We now obtain the time of oscillation of such a pendulum
when it is allowed to oscillate through a small angle only.

Let O be the fixed point, 4 the lowest
position of the particle, and P any position
such that the arc AP=g and /£ AOP=4.

The forces acting on the particle are its
weight mg, and 7' the tension of the string.

The equation of motion in the direc-
tion of the tangent at P is

d?s )
B=m sin § <. (D).

If the amplitude of oscillation is supposed to be so small that
sin § may be replaced by @ (radians), we have

d3s
a9

AP
=

m

If I is the length of the string, §= fl-

d?s g
so that B=—7° ..(2).

The equation is of the same type as the equation for a simple
harmonic motion and it shows that when a simple pendulum swings
through & small amplitude, its motionis approximately harmonic. On
integration, this equation will give the velocity and time as obtained
in Art. 42,

2 T
The period of a complete oscilla.tion=21c/ /\/ —gl— = 21:/\/ —g—’

Note. If the equation of motion of a particle in a particular problem

d—;;% = — '%:c, then on comparing it with equation

(2) we find that the period of motion of tho particle ia the same as that of a

8imple pendulum of lenngth %, k is, therefore, known as the length of an equiva-
. dry A Ag

lent simple pendulum, e.g., in the equation 7 B = g .,

happens to be of the form

. am
length of the equivalent simple pendulum xsﬁi—g.

The pendulum of a clock beats at both the extreme positions
of momentary rest.

. time of one beat or & swing=% the period-——w/\/ %

A clock is correct when its pendulum beats seconds,

f.e., when ﬂv!—-l, which gives l=~"~’§' < (3)
g T
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Hence the length of a correct simple pendulum is,
_9_ 322 . 329x12 ...
= a8 ft. o857 °F 39-14 inches.

Taking g=981 cms./sec?., 1==99"4 oms,

8'6. Loss or gain of Oscillations. The time of an oscilla-
tion of a simple pendulum depends upon its length and the value of
g at a place. When owing to a change in either of them, the clock
does not beat seconds, it loses or gains a number of vibrations in a
certain interval,

If n is the number of beats in a certain interval of time 7'
seconds, and ¢, the time of one beat, then

T=nt=n1tvl~,

v g

or nz—ql /\/—g— ().
n l

If now the number of beats in the same interval becomes n-4-dn
when [ becomes l4d! and g becomes g+-dyg i.e., if dn is the gain in the
number of beats due to an increase of dl in ! and dyg in g, then

n+dn=.7.1_ ,\/ @

T l4dl
YA dl\—
SEASH 4y

_'fﬂ?_(l-{-%’i)%(lﬁk%i)—i (from (1)]

=

dn dg ‘dl dg dl
Sl —— = 2N 1-3=-)= — 3
+o =(n)=7)=mT T
dg and dl being taken so small that their second and higher powers are
neglected.
dn_ dq_%,‘?i.
;:—é g l

The same result may also be obtained thus :—
From (1), by taking logarithms, we have

Hence

Al
log n=Ilog —Z—t—+§ log g—14 log L.
Differentiating and noticing that log -7; i & constant whose

differential is zero, we have

dn . dy dl
e 7—},— .-(2),
where the differentials dn, dg, dl represent the changes in n, g and !
respectively.
8:6x. If only the length ! changes to !+-dl, dg=0.
y - . (3).

L) 2 l
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The negative sign shows that there is a loss in the number of
vibrations, so that an increase in the length of the pendulum makes the
clock go alow.

8:62. If only g changes to g+dyg, dl=0.

n dg
dn=—2— —b— .o (4).

The result being positive, the nubmer of vibrations is gained
i.e., an increase in the value of g (acceleration due to gravity) makes the
clock go fast.

Example 1. Find how many seconds a clock would lose per day
if the length of its pendulum were increased in the ratio 900 : 901,

l4dl 901 da 1
Here T =p00 & T =900
n=the number of seconds in a day
=24 X 60X 60=86400.
. dn d., . nd 86400
Since ';'/—B—-i‘i‘ .e dn= ""—2— T:—m

Hence the number of seconds lost per day is 48.

= —48 secs.

Example 2. A clock keeps correct time at a place where g=32'1
Jt.Jsec.t how many seconds would it gain or lose per day if taken to a
place where g=32"2 ft.[sec 2.

g+dg 322 dg 01 1

Here T=§§—f or —y—=§2—'1=3—2—1'
. dn __.dg | n dg 86400 .,
Slnce 7 = 7, e dn===-—2- —g—=2 X 32]:—134 6.

The result being positive the clock gains 134'6 secs. per day.

Example 3. A clock with a seconds pendulum loses 20 seconds
per day at the place where acceleration dueto gravity is 32 ft.[sec®.
Find what change (i) tn length, (11) in gravity is necessary to make 1t
accurate.

(+) Suppose the length of this pendulum is I+dl, then

dn__d
n  *l’
where n=number of seconds in one day

=24 X 60x 60=86400
dn=number of seconds gained=—20

l=correct length of the pcndulum-—-;% [Art. 85, (3)]

—20  dl
g6200— 7
401 40xg 40x32x12

or dl ft.= or 0018 in.

~ 86400 86400%® 86400 x 9-87
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Thus the length of the pendulum was originally too long by
0018 in. and must, therefore, be shortened by 0018 in.

(¢4) Let g be the value of gravity for correct oscillations, and at
this place let it be g+dg=32, then

Since %=§'dg, n=86400 and dn=—20.

g+dg m+2dn 86400—2x20 86360

" g n 86400 86400
32 8636 32 x 8640

1.e., =32'015

¢ 8640 ™" 9778636
Thus, g must be increased by 0'015.

8'63. Change in g due to position. (@) At points above the

surface of the earth g varies as i

. B
te€., g=7.‘,

where r is the distance from the earth’s centre and p is a constant.

o log g=log u—21log r and hence _l;_g__%@.

Now if % is the height above the earth’s surface, then

().
r
So that the number of oscillations is lost and the clock becomes
slow when taken to a high mouniain.
(b) At points inside the surface of the earth g varies as r,
ie., g=ur.

:o dg=p' drﬂ—'Z'df or %:—gi
If D is the depth below the earth’s surface, dr is negative=—2D,
and, therefore, ﬂ_—:ﬂ;-_--—-‘?-
g r r
. n dg nD
.o dn-—'—2" . "—g—l-—"2—‘r‘ ..(2),

So that the number of oscillations $s decreased i.e., the clock
becomes slow also when taken to a deep mine.

Example 4. A4 clock which keeps correct time at the surface of
the earth is carried to the top of a mountasn 4 miles high ; find the
number of seconds it will lose in a day.

Here =4 miles,

r=radius of the earth==4000 miles,
ne=24 X 60 X 60=_86400.



CHAPTER IX
WORK, ENERGY AND IMPULSE
1. WORK AND ENERGY

9't. Work. When a body moves due to the action of a force,
the force is said to do work  In orderto distinguish it from various
other kinds of work, such work is called Mechanical work.

T'he work done by a constant force is equal to the product of the force
and the displacement of its y,0int of application in the direction of the force.

Let F be the foree, 8 the displacement, and W the work done.

If the displacement takes place in the direction and line of
action of the force, then

W=PFs.

If the displacement is in the same line as the force but in the
opposite direction, the work done by the force is negative
i.e., W =—Fs.

If the displacement takes place along a line at an angle § to
the line of action of the force, then

W=F.AN==F .3 cos §.
the result being negative when g is an B
obtuse angle.

Since F.8 cos §=s.F cos @, the
work done by the force is equal to the /g
product of displacement and the resol- <~ -
ved part of the force in the direction of A N F
the displacement.

If =90°, W=0, that is when the displacement takes place at
right angles to the force, the force does no work.

As an illustration let W denote the work done by the force of
gravity on a body of mass m :

When the body drops vertically a distance, k, W=mgh.

When the body rices vertically a distance, k, W= —unigh.

i.e., mgh- units of work is required in raising the body through the
height k.

When the body slides down a length ! of an inclined plane of
inclination a, W ==mg.l sin « or mgh,
where & is the vertical distance in the dirccetion of the torce.

When a=0, W=0, i.e., if the body moves along a horizontal
plane the force of gravity does no work.

9'11. Units of Work. 7'he absolute unit of work is the work
done by an absolute unit of force in moving its point of application
through a distance of unit length in the direction of the force.

In the English (F.P.S.) svstem, the absolute unit of work is the
work done by a force of one poundal in moving its point of appli-

S




146 ELEMENTARY ANALYTICAL DYNAMICS

cation through one foot in the direction of the force and is called a
Foot Poundal.

In the French (C.G.S.) system, the absolute unit of work is the
work done by a force of one dyne in moving its point of application
through one centimetre in the direction of the force and is called an Erg.

The gravitational or practical unit of work is the work done in
lifting the weight of a unit mass through a height of unit length.
Owing to the slight difference in the weight of a unit mass at differ-
ent places of the earth’s surface the gravitational unit of work differs
slightly at different places.

The F.P.S. practical unit of work is the Foot-Pound i.c., the
work done in raising a mass of one pound ‘vertically through a height
of one foot.

Since weight of one ponnd=g poundals,

5 one foot-pound=g foot poundals.

The C.G.S. practical unit of work is the gramme-centimetre, i.e.,
work done in raising one gramme vertically through a height of one
centimetre.

Since the weight of one gramme=g dynes,

one gramme centimetre=g (981) ergs.

Example. A motor car weighing 20 cwt. and travelling at 15
m.p.h, 18 brought to rest in 50 feet by the application of its brake. Find
the work done by the resistance.

Speed of 15 m.p.h.=22 f.p.s., mass m=20 ewt.=20x 112 Ib.

2 22x2 2
Retardation f= %z; xi')g — ]2;

1
F, the force of resistance= mf=20 x 112 x -,2—5{ poundals

20%x112x 121 _
.. the work done=~F.s= —O—?(——_)»S X220 %50 ft. poundals
2x12
=20)( 11.;;)(1 1%x2 5. Ib.

121x2 121 B
=55 or & ft. tons=7"56 ft. tons.

9'2. Work done by a variable force. Suppose the force,
instead of being constant, varios and acts along the Iine OX and
suppose that the particle also
0O =z P 5z @ X moves along the same line. If F

is the magnitude of the force at P
at a distance z from O, the small amount of work §W, dene by the
force F, when the particle moves a small distance §z from P, is
approximately equal to F .3z, Y
ie., SW=F.3z

s. the total amouht of work done
by the variable force F when the particle
moves from the point z=a to the point
xz="b, i given by

W= r Fiz o
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921. Graphically it is evidently represented by the area 4BQP
under the force-distance graph between the ordinates z=a and z=b.

In the particular case when the
force is constant the graph is a straight Y
line parallel to the X-axis and the work is

P Q
represented by the area of the rectangle %
ABQP and is equal to F(b—a). //

Example. A particle is attracted /A

A

towards a fixed point with a force which

varies inversely as the square of the distance O B X
Jrom the point. Find the work done by the .
attraction for any displacement of the particle along the line of action of
the force.

Let the attraction be f‘z per unit mass at a distance z from the

fixed point and let the particle (mass m) move from the point z=a
to the point z=b (a<b), then for the small displacement §z, the

work done by the attraction is —%;333:, the sign being negative ‘as

the displacement takes place in the direction opposite to that of
the force.

N

which is negative as b>a.
9'22. Work done in stretching an elastic string.

Let one end of the string be fixed and let it be stretched by
pulling it at the other end.

Let I be the natural length of the string and let it be stretched
to a length I4+-z. The extension is z and the tension 7 of the string

is 7\%-

natural length,

Now as the string is being stretched the force applied by an
agent at any instant is always equal to the tension of the string at
that instant.

s 8W, the small amount of work done in stretching the string
a further distance §x against the tension I'=1".§x.

ie., sW=7\-’{~ 5.

o, W, the total work done in stretching the string from a
length [ to a length I+ is given by
z

W=L 7\£dx==§—? 2 (1)

which varies as z, the extension of the string beyond its

l

So that the work done in strelching an elastic string varies as the
square of the extension.

. A
Now the work done for an extension 1'1'—'%7”12 ;

. A
and the work done for an extension z,=4% Tx,’.
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Hence the work done in increasing the extension from z; to z,

A A Az
=}“T‘”zz“§—l~ 7= T ‘l'+z“ zy—1y).

A . A .
—} 2, is the initial tension and T a8 the final tension,

. Nty
U2
Zq—2, i the extension produced.

is the mean of the initial and final tensions and

Hence the work done in stretching an elastic string is equal to the
product of the mean of the initial and final tensions and the extension.
. x
Since —%— ) —3;;:—2 is also the tension for an extension -1+ 2
therefore, the work done is also equal to the product of the tenbxon
’71+ 2
at

and the extension.

9'23. The same can be easily proved graphically as follows :
c Let OA =1 be the natural length of
the string and let
OB=l+z, and OC=Il+uz,.
Tension when the length of the
string is OP
OP—0A AP

=A=ga TNy

0o ¢

Denoting the tension by y, and the extension 4P by z, we have
y= -?—x, which shows that the force-distance graph is the straight
line AB'C’, having its slope=—7l\—.
.. the required work is equal to the area BB'C’C

=BJ.3(BB' +CC)
= (v,—x;) X (mean of the initial and final tensions).

Also the work done in stretching the string from the natural
length 04 to a length OP==arca A PP =} AP X Pl
A A
=iy p=—1 2
=}x. T 3 i
Example 1. /7 elastic string of natural length 3 ft. is stretched
2 inches by a weight of 1 1. hanging on it. Find the work done in
stretching it from a length of 3} ft. to 4} f¢.

Since 1 lb. wt. stretches the string 2 inches, and 1=3 ft,
A 2

~. by Hooke’s law 1= CETL t.e., A=18 1b, wt,.
The tension for an extension of 3} —3or § ft.
|

18
=y ;F-::{l 1b. wt.
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The tension for an extension of 4f—3or § ft,
A= o .

_——,

3 72
>, the mean of the initial and final tensions
=319 6 1b. wt.
2
The extension=4}—34=1 ft.
. the workdone=6 x 1=6 ft. Ib.

An example of a different type is given below to illustrate how
we calculate work done by a variable force.

Example 2. A cork 3 inches long is drawn slowly from the neck
of a bottle, the force exerted at any instant being proportional to the
area of the cork vn contact with the bottle. 'alculule the work done in
drawing the cork, assuming that initially the whole corl is in the bottle
and that the pull at starting vs 48 Ibs.

If a ft. is the radius of the neck of the botile, the area of the
cork in contact with the bottle, initially

=2ra. 7 =7:1- sq. ft.

.. theinitial pull=£& 7%'—’::48 Ibs.

_ 9

ie., k=20

ra
The pull when a length x of the cork bhas been (
drawn out
=k.2ra(}—2x)
=2X96(;—z) Ib. wt.
The work done in drawing out a further length §x of the cork
=2X96(}—z)§r.
*,  the required work

:r‘2 X 96(}—r)dr=2 % 96[ 5 —}.1%]
0

=6 ft.1b.

Examples XX1V

1. Find the uniform force that will move a 1 1b."mass from rest through
1 foot in ono socond.  Tf this foree is exerted through 100 yards from rest, find
tho number of ft. 1b. of work done by tho force.

2. A truck weighing 400 1bs. requires a forco of 10 1bs, to keep it moving
at a constant speed.  What work must be dono to move the truck 20 ft. with an
accoloration of 2 ft. per soc. porsce. ?

Find tho groatost uniform volocity with which an enginoe capable of
producing 140,000 foot-pounds of work per sce. can draw a train of 100 tons
along a horizontal plane, tho resistance duo to friction etc., being th of the
weight. (P.U.)

4. Show that tho work dono in stretching an clastic string
=4} Toension X Extension.
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A spiral spring of length 1 foot is stretched to 13 inches when supporting
e f'l)]ur ounce weight. Find the work done in stretching it to a length of 18
inches.

Find also the period of a vertical oscillation of a three ounce weight sup-
ported by the same spring.

Prove that the work done in stretching an elastic string 4B, of
natural length | and modulus ), from tension 7'y to tension 7'y is

l
'27('—"2"‘ T,2%).

6. A spider hangs from the ceiling by a thread of modulus of elasticity
equal to its weight. Show that it can climb to the ceiling with an expenditure
of work equal to only three quarters of what would be required if the thread
were inelastic.

A man of weight W hangs at the end of a light extensible rope whose
modulus is n W, the other end being fastened to a fixed point. He procecds to
climb up the rope. Prove that when he reaches the fixed point he i:as done
Z::; times the work he would have to do in climbing the same distance up an
inextensible rope. (Indian Audit Service)

8. A man of 12 stone ascends a mountain 11,000 ft. high in 7 hours and
the difficulties in the way are equivalent to carrying a weight of 3 stone : one
of Watt’s horse could pull him up the same height without impediments in 56

minutes. Show that the horse can do as much work as 6 such men in the same
time.

A body whose rhass is m falls vertically to the earth’s surface from
a height a equal to the radius of the earth, show that  mga units of work is
done by the earth’s attraction which varies inversely as the square of the dis-
tance from the earth’s centre.

z0. A man js drawing water from a well with a light bucket which lcaks
uniformly ; the pail when full weighs 50 Ibs, and when it arrives at the top half
of the water remains. Find the work done if the depth of the well is ;00 ft.C

E.A.C.)

xx. A cylindrical cork of length ! and radius r is slowly extracted from
the neck of a bottle. If the normal pressure per unit of arca between the
bottlo and the unoxtracted part at any instant be constant and equal to P,
show that the work done in extracting 1t is trit PI3, where L is the co-efficient
of friction.

12. Prove that the work done in raising a system of bodies is measured
by the product of the total weight and the vertical height through which the
centre of gravity of the system has been raised.

¥3. A load of 2 tons is suspended by a vertical rope 300 fect long, the
rope itsolf weighing 6 lb. per foot. In winding up the load to the top, how many
foot-pounds of work are done ?

9.3. Power is the rate of doing work. It is the amount of
work that an agent is capable of performing per unit time,

The power may be measured in foot pound per second or
gramme centimetre per second.

The power of an engine is usually measured in Horse-Power
(H.P.). One Horse-power is the equivalent of 550 foot-pounds per
second or 33,000 foot-pounds per minute.

If §W is the small amount of work done in a small displace-
ment §s under the action of a force F at any time ¢, then

w 8s
W=Fgs, aund W =F —
8 8 ’ 8t 8t ’
aw

. _pds
oo —dt""—F dt --Fi),
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i.e., the power or the rate of doing work is equal to the product
of the force excrted and the velocity of the point of application of the
force.

Thus, if at any instant, an engine moving with a velocity of
v ft. per sccond, is exerting a force of F pounds in the direction of
its motion, the rate of work, i.e., the work done in one second is Fv
ft. 1b. '

The Horse-power of the engine, H= g%vo,
,..
or the force F=200 1 wt,

v
If the speed is uniform then F, the pull of the engine, is equal
to R, the resistance due to friction, etc., and the horse-power
H— RV
550"
I€ the train is accelerating, the work done per second is more
than RV as work is also being done in accelerating the train.

Note. The C.G.S. units of power is the Watt which is 107 ergs (=1 Joule
per sec.)

One horse-power is cquivalent to about 748 watts.

Example 1. A4 train of 100 tons is pulled by an engine on the
level at a constant speed of 30 m.p.h. the resistance due to friclion, etc.,
18 10 Ibs. per ton. Find the minimum. horse power of the engine.

The resistance R=100x 10 =1000 Ib. wt.

Speed V=30 m.p.h.=44 f.ps.

The speed being constant, the force exerted by the engine is
equal to the resistance.

.. theengine’s rate of work=RV=1000x 44 ft. lb. per sec.
_EBV _1000x44

550 = 550 ’

Example 2. In Ez. 1, find the acceleration of the train at the
instant when it is moving with a velocity of 10 wiles per hour, the engine
working at its mintmum rate.

In this case the engine. working at its original rate, will accele-
rate the train so long as the traindoes not acquire its original velocity
of 30 m.p.h.

H the power of the engine=80 H.P. ;

m, the mass=100 tons
v, the speed of the train=10 m.p.h.=4t4£ps.
F, the total force exerted by the engine
5 53
: =-5-‘lg£='-’"—0_‘>{-§9-=3000 Ib. wt.
R, the recistance=1000 1b. wt.

If the required acceleration is f, then by Newton’s second law of
motion, we have

wfe=(F—R) in poundals=(3000—1000) X 32 poundals.

. _2000%x32 2000x32

- J= W =Toox 2240~

V being the umform speed.

.. the horse-power H

% ft.[sec.?
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Example 3. Find the H.P., required for a car weighing 10 lors
if il has to attain a speed of 30 m.p.h. in 30 secs. from restup an incline
of 1 in 100, the frictional resistance being 20 lbs. per ton.

m, the mass of the car=10 tons=10x 2240 lbs.

R, the resistance=20 X 10=200 Ib. wt.
G, the component of the weight down the slope
=10X 2240 1 §5=224 1b. wt.
[, the acccleration to attain a speed of 30 m.p.h. or 44 f.p.s. in 30 secs.
=4$4=172 ft./sec.?
the accelerating force==mf==10x 2240 x £} poundals or.
10266 1b. wt.
N If F Ib. wt. be the total force exerted by the engine of the car,
then
mf=F—R—G or F=R+G+mf
F=200+224+41026'6-==1450"6 Ib, wt.
The work per sec. required by the car
=Fv=1450"6x 44 ft. Ib.

50
.. therequired H.P.= 14506 % 44 116 approximately.

55

Example 4. A train of mass 200 tons is ascending an i-cline
of 1 in 100, the resistance to wotion being 15 pounds weight per ton.
When its speed has reached 12 m.p.h., what is its acceleration if the horse
power developed is 600 7

> m, the mass of the train=:200x 2240 lbs,
v, the velocity ==12 m.p.h.=53% ft. per sec.
) . 550H
F, the force exerted by the engine= P

550 x 600
=2 —18750 b, w.

R, the resistance =135 x 200=3000 1b. wt.
G, the componcnt of the weight along the plane
=200 X 2240 X 1§ ; =4480 Ibs.
If [ is the required acceleration, then
mf=-(F—R—G)in poundals
=(18750—3000--4480) x 32
=11270 x 32.
11270x 32 161
=260 x 2240 200
Example 5. Anengine of mass M tons working at II horse
power draws n carriages, each of mass m tons, at the uniform rate of v

m.p.k. supposing the resistance to be yroportional to the weight, pro»e that
the tension in the coupling between the engine and the nearest carriage is

TS5 I mn ,
A48+ mn ) tons wt. (Madras U.)

_ Let the resistanee bhe & Ih. wt. per ton, then R. the total
resistance on the train=: (& X total mass in tons) 1bs, =k(3+mn) 1bs.

=0 805 ft./sec.?
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run hofore stopping ? If the engine continues to work at the same horse power,
whet will be the value of the speed when it again becomes.steady ? (P.U.
23. Tind the horse-power of an engine which can just pull a train of mass
m tons with velocity v m.p.h., up an inclino of 1 in 5, the resistance to motion
being z 1b. per ton on level.
If v=40 m.p.h., n=>500 and =15, show that the engine will be able to
pull the train down tho samo inchne at 74 1a.p.h. approximately. (P.U)
24. An engine of weight 50 tong, bauls a train of weight 150 tons up
an inchino of 1 in 32. Starting from res, and moving with constant acceloration
against rosistances amounting to 12 Ib. wt. pes ton, the train attains a _spoed of
30 m.p.h. in L mile. Find the tension in the coupling batween the engine and
the train.
Find also the maximum horse-power exerted.

Examples XXV—B

*1. A horse pulls a wagon of IC tov1s from rest azainal o constant resistance
of 501b. wt. The pull exerted is ini'iuily 200 Ib. wt., vwril decreases uniformly
with the distance covered until it falls to 50 lb. wt. at a dist.nce of 167 ft. from the
start. Show that the resulting velocity of the svagon is very nearly 6 ft. per. sec.

Lot the pull be P lb. wt. at a distancs of x ft. fror the initial position,

then P=200--kz,
wher #=1¢7 ft., P--50 1b. wt., 80 that 50=200—&. 187,
. 200—50_150
. =167 167
Tho resistance R 18 constant and equal to 50 1b. wt.
and the mass of the wagon=10x 2240 lbs.
.- the equation of mot:on of the wagon 13
150
==, —_ =( 2 — -5
mf=Pg— Ry ( 00 167 ) g—50y
RN Cdv o 1 -
or loxeo 0 <1509 (1. i )
15%x32 1 z?
. Bt g f .
a 1= 550 (“' 67 "2 )“
o a3 1 ) zz) +* v=-0, when z=0,
r v ‘“’7“(“’“‘334 i (R
3 187X 167
N hen x— 2.5 IRASARAANN IS Lol
Now when x =167, v o [167 352 ]
=3 X 12 nearly.
Henee v=4/36 or 6 ft.[sec. neerly.

*2. A body uf mass M 1b. starts with a specd w ft.[sec. Tho body moves
under the action of a forco which does work at the constant rate of H horse-
power. Prove that the equation which determines the specd v at a time ¢is

Mo sTv~.~550gH.

Write down the initial acceleration of the body in terms of M, H and u
and prove vhat the timo which the accoleration takes to full to one-quarter of its
IMu?

22091
*3. Instarting atrain the pull of the engine on the rails is at first
constant and equals P; after the speed ultains a certain value u the engine

works at & constant rato R==Pu. Provs thut when the engine has attained a
speed v>u, thoe time ¢ and distance  from the sturt are given by

M Y
t=} E}(v2+u2)_ =} —R?] (134 fus),
whoro M is the mass of the engine and the truin. (Pub. Ser. Com., D.U.)

initial vaiue is
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*4. Two trains of equal mass are drawn along smooth level lines by
engines one of which, X, exorts a constant pull whiloe the other, Y, works at a
constant rate. Both start with the same initial velocity » and after a timoe ¢
both trains again have the same velocity v. Show that Y describes a greater
distance during tho interval.

*5. A body movos in a straight line a total distance of a ft. from 4 to
B. It accelerates umiformly from rost at 4 until 1t attains a speed of V ft. per
soc. with which speed it travels a distance of b ft. It slows down to rest at B 1n
the last ¢ ft. undoer the action of a retarding force which does work at a constant
rate. If the whole journey takes ¢ scc., show that

*6. A train of mass 300 tons is originully at rest on a level track. It is
acted on by a horizontal force F which uni“ormly increases with the time, in
such a way that F=0 when (=0, F'=35, when t==15 ; F boing measured in tons
weight, ¢ in seconds. When in motion the train may be assumed to bo acted
on by a frictional force of 3 tons, independent of the speed of the train.

Find the instant of starting, and show that at ¢==13, the speed of the
train is 0-64 ft. por sec., whilst the horse-power required at the instant is about
13. [Ans. 9 sec.} (M.T.)

9'4. Kinetic Energy. If a particle is moving with a velocity
v and no force acts on it, it will continue to move uniformly in a
straight line with the same velocity ». But if a force acts on the
particle in a direction opposite to that of its motion, the velocity of
the particle, according to the second law of motion, decreases so long
as the force acts, the particle being ultimately reduced to rest if the
force continues to act for a sufficiently long time. Although the
force does work upon the particle, in reducing it to rest, the particle
is said to possess the capacity to do work. A particle in motion is,
therefore, caid to have the capacity to do work or to possess energy
called the Kinetic energy.

l Thus, the Kinetic Energy of a particle is the capacity to do work
tn virtue of its motion and is measured by the amount of work that the
impressed force will do in bringing the particle to rest.

Suppose that a particle of mass m moves along the straight line

OAB. Let the velocity of the particle
O « 4 P C B be V at A (OA=a) and lect it be re-

duced tozero at B (OB==b) by a constant
or a variable force acting in the line of motion of the particle.

Now suppose that at any point P at a distance ¢ from 0, the
magnitude of the force is F and the velocity of the particle is v, then

d»

=y~
ds

The work done by the force when the particle moves an addi-
tional distance §¢is F'§s.
*. the whole work done by the force till the particle is reduced

tU IESb El't B, 18
dv
I lda'-'—J mv'—’l dS—— ""'I mv dv-——éml .

a
Note. When the foree is constant and equal to P and if f is the cons-
tant retardation produced by it, then,
P=mf (1)
and 0=V2—-2f.AB L(2)
. imV2=mf.AB=P.AB=work done by the force,
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Further suppose that the forces do not act in the direction of

the original motion of the particle, so that the particlc moves along a

plane curve. Let a, b, 3 be the lengths of the arcs measured from a

fixed point O on the curve. If Fyis the sum of tho components of
the forces along the tangent at P, thgn
v

ds

The small amount of work done by the force F¢ when the
particle moves a little distance §s along the arc of the curve is Fy.§s.

». the work done by the external forces till the particle is
reduced to rest

b ®  dy 0
-_-J. F, ds=——-I mv—-ds:«-[ medv=}mV3. ) s
a ds vV

ngnmv

a
Thus the Kinetic Energy of a particle of mass m moving with
velocity V at any instant, (or the amount of work done by the impressed
Jorces to reduce the particle to rest), is given by the expression ym¥?
(measured in absolute units). «.(I)

It may be noted that this result depends only on the mass and
the velocity of the particle and is quite independent of the nature
and direction of the impressed forces.

Note. The change in the Kinetic energy per unit of space
=4 ({mV”):mV-’—i—V- =the force
T ds ds )
9'4x. If during the motion of the particle moving alonga
straight line (or along a curved path), its velocity changes from U at
A to Vat any other point C(0C=c), the total work done by the
impressed forces while the particle moves from A to C in the direction
of the resultant force ¥

=r Fds::r mvg—gdsjv my dy
- a ds U

=mV2—imU2%=Change tn Kinetic Energy.

Thus, in any displacement of a particle the change in the Kinetic
Energy is equal to the Work done by the forces acting on the particle.

. (11

This theorem expresses the important principle known as(thz
principle of Conservation of Work and Energy.

Note. If the particlec moves along a straight lino under a constant
forco I which produces a constant accoleration f, then

P=mf and V3=U3S4+27.40
o $mV2—imU2=mf.AC=P.AC=work dono by tho force,

Example 1. A man raises a bucket of water weighing 10 lbs.
from a well. ~ When the bucket has rigen 18 fi. its velocity 1is 16 ft. per
sec. Ilow much work has the man done up to this time ?

What ts the horse power of an agent who can do ten limes as much
work every second ?

Work done against gravity=mgh

=10 X 18¢ ft. poundals
=180 ft. Ib.
Work done in imparting K.E.=}my?

=} X 10% 16 x 16 ft. poundal
=10 ft. Ib,
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». the total work done=180440=220 ft. 1b.
Work done by the agent=10x220 ft. lb. per second.
1 H.P.=550 ft. 1b. per sec.

. 220 % 10

. H.P. of the agent= ~»:55—6-—=4.
Example 2. A train travelling at 45 m.p.h. picks up 240 cu.

fi. of water from a trough } mile long. Find the extra power that

must be developed to maintain the speed,

(T'he height to which the water 18 raised is to be neglected).

The velocity v==45 m.p.h.==86 ft. per sec.

distance 1760 x 3

velocity ~ 4% 66

Weight of 1 cu. ft. of water=625 lbs.

.~ .m, weight of water picked up every sec.

240x 625

K.E. imparted to picked up water
=4mvd=4 X750 X 66 X 66 ft. poundals.

750 % 66 X 66

gy fb. b,

Time to travel $ mile= =20 secs.

». the extra horse power
Jmv? 150X 66x 66 1485

=550  2x32x550 16
=928 nearly.

Example 3. A bullet moving at the rate of 200 ft. per sec. is
fired into a thick target which it penetrates to the extent of 6 inches ; if
Jired into a target 3 inches thick with equal velocity, with what velocity
would it emerge, supposing the resistance to be uniform and the same in
both cases ?

Let m be the mass of the bullet and R poundals the resistance,
then since the total Kinctic energy of the bullet is equal to the work
done by R when the bullet moves a distance of 6 inches, we have

dmx200% 200=R.} (1)
In the second case when the target is 3" thick, let v be the
velocity of emergence, then since the decrease in the ICE. is equal to
the work done by R,
we have  §m x 200 x 200—}mi?=R.}=] X m X 200X 200, by (1)

S 80,000m — 2111240000
ie, £2=20000
v=:1004/2=141 ft. per sec. ncarly.

Example 4. A mass of 12 lhs. falls 36 fect and isthen browght
to rest by penetrating } ft. into a soft bed of mud. Find the average
resistance of the mud.

If v is the velocity of the mass on reaching the ground, then

1220k =2 x 32 x 36 =64 x 36.
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Let R poundals be the average resistance of the mud. Since
the weight of the mass is acting downwards, the total force upwards
acting on the mass is R—mg=R—12g poundals.

Hence Imrd=(R—12g)s
ie., 3 x 12x 64 x 36=(R—12g)}
R=12x 64 x 36-+12g poundals

=24 % 36412 or 876 1b. wt.

9'5. Potential Energy. Potential energy of a body {s ils
capacity to do work in virtue of its position and i3 represented by the
amount of work that the forces acting on the body will do when the body
moves from its given position to some other position, taken as the
standard position.

For example, a body of weight w Ib. placed at a height & feet
froma the ground, possesses potential energy of amount wh ft Ib,
which is equal to the work that the weight of the body will do when
the body is allowed to fall to the earth’s surface, the standard
position.

In winding & clock spring one has to do work. In this case the
particles on the inner side of the spring have been forced together
and those on the outer side drawn apart against the elastic forces of
cohesion that hold them together. The spring is said to have
potential energy, <.e, the forces acting on the spring will do some
amount of work when it is allowed to unwind itself to its natural
shape (the standard position). The motion of the hands of a eclock
is thus the result of the potential cnergy of the compressed spring.

Compressed air is another example of potential energy, the
standard position in this case being the volume at atmospheric
pressure.

Examples XXVI.A

1. What is the potential energy of 8,000 gallons of water which has
been raised 50 ft. above the ground ?

If 8,000 ft. Ib. of work is required to drive a machine for one hour, how
long will the machine go before the whole water has fiowed down to the ground?

(1 gallon of water weighs 10 1bs.)

2. An engine is raising water from a depth of 55 feet and discharging
960 gallons a minute with a velocity of 44 ft./sec. Find the H.P. at which the
engine is working.

. A 3 1bs. weight extends a spiral spring 1 inch. How much work is
done on the spring when it is extended 8 inches ?

If this amount of work is done in winding tho spring of a clock and if
0-25 ft. 1bs. of work is expended to drive the clock for ono hour, for how many
hours will the clock go ?

What is the Kinetio energy of a bullet weighing 4 1hs. when moving
with a velocity of 20 ft. per sec. ?

The bullet loses a velocity of 4 ft. per sec. in pagsing through a plank,
find how many such uniform planks will it pass through completcly before
coming to rest, assuming tho resistance of the planks to be uniform.

A bullet moving horizontally with velocity u strikes and penetrates

o fixed vertical target of thickncss ¢ and emerges with horizontal velocity v.
Prove that the same bullet would have just failed to penctrate the target had the
2

thicknoss been :

.
u—12
the two cases.

, the averago resistance to penetration being the same in
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6. A bullet fired with a velocity of 1600 ft./sec. passes through three
planks in succession. If 1t loses a velocity of 400 ft./sec. ih passing through
each plank, find the ratio of their thicknesses to which the resistance is supposed
to be proportional. (I.I.T. Kharagpur)

. A mass of 10 Ibs. fulls 100 feet and is brought to rest by penetrating
1 foot into sand. Find the resistance of the sand.

8. A particle is projected downwards with a velocity of 80 ft./sec. and
just penetrates & uniform horizontal board of thickness 1 ft. whose upper surface
18 16 ft. bolow the point of projection. If the same particle were projected
vertically upwards with a velocity of 80 ft./sec. from & point 18 ft. below the
lower surface of the board, find how far it would penetrate assuming that the
resistance offered by the board is constant. (L.U.)

. Determine the horse-power which could be obtained from the Kinetic
energy of a river at a place where the width is 100 ft., the mean depth 20 ft.
and the mean velocity 4£ miles per hour.

r0. If work is done on a particle at a constant rate prove that the

velocity acquired in describing a space z from rest varies as ¥,

11. A mass of 18 gms. moving in a straight line is brought to rest in such
& way that it. loses kinetic energy at a uniform rate of ono erg per. sec. 1f the
initial kinetic energy is 900 ergs, prov~ that the distance travelled before

coming to rest is 6,000 cm.
Prove also that the velocity at any point is proportional to the cube root
of the distance from the stopping point.

12. Prove that a train of W tons going up an incline of 1 in m will
acqyire a velocity

(5L
W~ m T2240)7
P 1 R \?

- (P 1 R\,
and Kinetioc energy }W( W = 2240) gt
foot tons after ¢ soconds from rest.” being the pull of the engine in tons and R
the resistance on the level in pounds per ton.

9'6. Comservative Forces. In examples given in Art. 95,
the forces acting on the bodies are such that the algebraic total work
done in performing a scries of displacements which bring the bodies
to their original position is nil ; e.g., the work done by gravity when
a particle of mass m ascends a height % and then comes back to the
surface of the earth is —mgh+4mgh or zero.

Such is not the case with all forces. If, for example, a body is
dragged through a distance s against a constant frictional force F,
the work done is Fs. To bring the body to its former position on
the same path an equal amount of work Fs is to be done again. Thus
the total work performed to bring the body to its original position is
2Fs (or more depending on the path followed by the body) and not
zero. This is the essontial difference between the two types of forces
against which work is performed. Forces of the first type are called
Conservative forces.

A Conservative system of forces is, therefore, of such a nature
that if a particle, after describing any path in the ficld of the forces,
returns to its original position the total work performed during the
displacement is nil. It follows from this that in the case of such
forces, the work done in bringing a particle from one position to an-
other depends only on the initial and final positions and is indepen.
dent of the path followed by the particle.
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CONSERVATION OF ENERGY

9'61. A4 particle of mass m falls from rest at a height h above the
ground. The sum of its Potential and Kinetic energies remains consiani
throughout the motion.

Let us consider a particle of mass m at a height % ft. from the
earth’s surface. It possesses potential energy of amount mgh foot
poundals. When allowed to fall freely, it acquires a certain velocity.
If the velocity is v after falling a distance s, we have v?=2gs.

The kinetic energy of the particle=}mv?=}m.2gs=mgs, and
its potential energy in this position=mg(k—s).

.. the sum of kinetic energy and potential energy

=mgs+mg(h—s)=mgh=original potential energy.

On reaching the ground, its potential energy is zero, the ground
being the standard position, and the velocity v is given by 1v3=2gh.

o the kinetic energy=34mvie=3im.2gh=mgh

=original potential energy.

Thus, for all positions of the particle the sum of its kinetic and
potential energies remains always constant.

This is a very simple illustration of an important principle in
Mechanics known as the principle of Conservation of energy.

9'62. To take another example, let a particle of mass m slide
the length I of a smooth inclined plane of inclination, «, and height A.

At the top of thie plane, the particle is at rest and possesses
potential energy equal to mg.lsin a=mgh.

On arriving at the base of the plane, the potential energyis zero
(the standard position being taken at the level of the base) and the
particle acquires a velocity v, given by

v3=2g sin a.l=2gh.

The kinetic energy of the particle=3}mv2=3}m X 2gh=mgh.

Thus, the sum of the energies remains the same in the two
positions, the whole of the potential energy at the top being conver-
ted into kinetic energy at the bottom.

9'63. If the plane is rough instead of smooth the co-efficient
of friction being u, the acccleration down the plane is

g(sin «—p cos «) and for the velocity v, v2=2g(sin a—p cos a)l

S fmed=mg(sin a—p cos a)l=mgh—umgb,
where ! cos a==b is the length of the base of the inclined plane.

It shows that there is a loss in the energy of amount wmgb which
is equal to the work done against thc foree of friction in moving the
particle a distance equal to the base of the plane. This loss iz only
apparent, for, in reality, the energy lost has been transformed into
other kinds of cnergy, viz., sound energy or heat energy. If it is
possible to measure all kinds of energy, it will be found that therc is
no loss of energy, in nature.

In Dynamics, we are mainly concerned with the kinetic and
potential energics and we may, thercfore, state the principle of con-
servation of energy as follows :—



162 ELEMENTARY ANALYTICAL DYNAMICS

If a material particle describes any path under the action of a
conservative system of forces, the sum of the kinelic and potential energies
remains always constant.

In other words, the total amount of potential and kinetic
encrgies in a mechanic system does not change unless some work is
done on it from outgide or unless some of the energy of the system is
removed from it.

In the last case, the sum of the kinetic and potential energies
is not constant because one of the forces acting on the particle viz.,
the force of friction is not a conservative force. The principle of
encrgy should, therefore, never be applied to problems where there is
any friction or any sudden jerk or impact. Insuch cases energy is
always converted to various other forms, e.g., heat, light and sound.

9'64. In general, when a particle moves along a straight line
(or along a curve) under a force F, its velocity changing from U
at point 4 to V at any other point C, the work done

¢ ¢ 14
=j Fds=j mv -(-1—0—115-—:]‘ mvdy
a [} db‘ U

=}mV2—imU? [Art. 9411

*But work done by the force is cqual to the P.E. lost by the
particle==P;— Py, P; being the P.E. at 4 and Py that at (.

Thus we have Py —Py=3mV2—4mU?

i.e., P+ imUt=Py+3mV?

i.e., the sum of the P.E. and K.E. remains constant during the
motion.

A more genceral proof is as follows :

9'65. Principle of Energy. When a particle undergoes dis-
placement under the action of a conservative system of co-planar forces,
to prove that

(1) the change in the kinetic energy s equal to the work done by
the forces.

(ii) the sum of its Linctic and potential energies remains constant.

At any point P(x, y) occupied by the particle at any instant,
let. ds be the displaccment and F be the sum of the components of
the forces in the direction of ds, then the emall work done by the
forces is F.ds.

If X, Y be the sums of tho components of the forces in the
direction of the co-ordinate axes and dz, dy the displacements in these
dircctions, then the work done is also equal to Xdr+Ydy.

the total work done in a finitc displacement when the
particle moves from a point A(xy, ;) to another point B(x,, y,) is

B B
I Fds= I (Xde+Xdy) (L),
A A
If v be the velocity of the patticle in the position P and m be
ils mass, then F=mv 2. .

ds
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B B | u
I Fds=j mv —Z—:da—sﬂmv’ '=}mu,‘—}mu"
A A I

Uy
=KB—KA ..(2),

where u,, u, are the velocities of the particle at 4 and B respec-
tively.

Thus the left hand side of the equation (1) t.e., the work done by
the forcea ts equivalent to the change in the kinetic energies in the two
positions.

We denote it by K B-—KA where K stands for the kinetic energy.

Now imagine that there is some function of z and y denoted by

V such that, X=-—§—K and Y-—-—QY.
oz oy
J (de+Ydy)=—I (”d +2 d,)__j v
....‘VA—VB ..(3).

So that the nature of the forces is such that the work done by
them depends only on the initial and final positions 4 and B and
does not depend on the path followed by the particle. Such forces,
ay already defined, are known as Conservative Forces and V is known
as the Potential Function,

Thus the right hand side of equation (1) i.e., the work done by
the forces is equivalent to the change in the Potential Energy of the
particle.

From (2) and (3), we have

KB—KA=VA-—VB or IxB+ VB=KA+ VA
t.e., the sum of the kinetic and potential energies remains
constant.
The theorem can be easily extended for a system of particles.
In its general form, the principle of comservation of encrgy
states that :

Thetotal amount of energy in the universe is constant, energy cannot
be created or destroyed although it may be converted into various forms.

9°66. The principle of conservation of mechanical energy is of
great value in simplifying a certain type of problems in Dynamics.
For example, suppose we have to find the velocity v, of a parti-
cle projected upwards with velocity v, along thearc of a smooth verti-
cal circle from any point on it, when the particle has described a
vertical distance 2. [A problem discussed in Art. 8-2].
Taking the horizontal level through the point of projection as
thelevel of zero potential encrgy, we have
Initial P.E.=0  and K.E.=}mv>.
Final P.E.=mgh, and K.E.=}mu,*
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.. by the principle of energy, we get

$mv,*+0={mv *+mgh,
or v”= vl’ - 20’.‘1
which is the same 8s obtained in Art. 8:2.-

We give below a few more examples on the application of the
principle of energy :—

Example 1. Apply the principle of energy in finding the accele-
ration of two parlicles connected by a string placed over a pulley.
(Art. 37).

Let m, m’ (m>m') be the particles and let = be the distance
moved by each.

o dz \? Az \?

The kinetic energy of the system=={m (717) +3m ( ﬂ)

Work done by gravity=mgx—m'gz.
The work done by the tension of the string on the two particles
being equal and opposite, its effect on the system as a whole is nil.

n[dz7|® ’
Ym4-m’) a-;f] —(m—m)gz.
Differentiating both sides w. r. to ¢, we have
,n dx d*z ,. dzx
(mAm’) o5 - 75 =(m—m')g -
. dz_,_m—m’
.o dt’ ' "m+ ’ g'

Example 2. Find, by the principle of energy, the velocity of a
projectile (Art. 641 (a)]:

Suppose that a projectile of mass m is projected with a velocity
u and that its velocity at a height y above the point of projection is v.

Regarding the point of projection as the level of zero potential
energy, initial P.E. is zero and initial K.E. is § mu®. K.E. inthe
second position is §mt? and P.E. in that position is mgy.

o me? +mgy=fmul.

e, vi=u—2gy.

Example 3. A particle moves with simple harmonic motion,
its position of rest being at a distance a from the centre. Find, by the
principle of energy, the velocity at the centre. [Art. 4°2].

Let v be the velocity at the centre, then
K.E.=}mi*=work done by the force of attraction as the particle
moves from the position of rest to the centre.
The magnitude of the force F' at a distance z from the centre being equal

to mpz and dz being measured in & direction opposite to that of the force, tho
work done by the force

0 )
=-—I Fdr= -—J‘ muzx dr=gmpa
a a
oo imv2=}muas, or v=+/pa.
Example 4. A ring of mass m slides on a smooth vertical rod
attached to the ring is a light string j.assing over a amooth pey distant e
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from the rod, and at the other end of this siring is a mass M (>m).
The ring is held on a level with the peg and released. Show that it first
comes to rest after falling a distance
2mMa
M _—m¥
Let B be the peg and AC the vertical rod, 4 being the initial
position of the ring so that 4 B=a.
The ring will move dowh under its weight
and will subsequently come to rest in some A a B
position, say at P, Let AP=z.
Now, P.E. lost by the ring=mgz.
The distance through which M moves up ;
by this time v
=PB—AB=+/a*+z*—a. 2 My
& P.E.gained by M=Mg[ v al+2%—a).
Hence as the system starts from rest and
comes to rest, by the principle of energy, we have € ng

mygr=Mg[+/ a¥+2—a],

or (mz+ Ma)2=M?3(a®+z%)
i.e., m322 4 2mMar=M22® or (M2 —m3)z=2mMa.
. 2mMa
- s
Examples XXVI-B

x. A heavy particle is free to move in a vertical cirole of radius [, the
particle is projected with & velocity « from the lowest point 4 of the circle, and
Just reaches the point B ; show by applying the principle of energy that

g
U= ;\/--[—- A4B.

2. Two particles of masses 3m and m are attached to the ends, 4 and B
rospectively of a light rod 3 ft. long which is freely hinged at a fixed point O in
the rod where BO =2 ft. and the rod is constrained to rotate in a vertical plane.
Initially 4 is above O, show that, if the rod is just disturbed 4 will pass
through the lowest position with velocity 34/28 .

If the mass at A were 2m, show that the rod can rest in any position.

. An elastic cord, modulus A, natural length !, hangs vertioally, one
cnd being attached to a fixed point and the other to a body of mass M. The
mass 18 raised till the string has its natural length and is then released from

2Mgl
A

rest. Show that its groatest fall in the subsequent motion is

4- A massm is attached to ono ond of an elastic string of length @, the
other end being fixed to a peg. Initially m is held near the peg and projocted
with a velocity v vertically downwards. If the particle moves all along in a
straight line, show that tho depth & below the peg, of m when it is first at rost
is given by the oquation

W24 2hg= ;% (h—a)?,

where ) i8 the modulus of olasticity of the string. (Bm. U.)

5. An olastic string of natural length 6 ft. strotchos to 6 ft. 6 in. when
supporting & woight of 4 Ibs. Ono end of the string is fixed at a point 4 and the
mass is held at 4 and allowed to fall vertically.
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Find by the principle of energy or otherwise

(s) the extension of the string when the mass reaches the lowest point,
and (ii; the velocity of the mass when tho string is stretched 1 ft. beyond ite

natural length.
6. Two equal weights P and P are supported by a string passing over
emooth pegs 4 and B in ths same horizontal line, a weight Q= 33 P is attach-

ed to the middle Foint of the string between 4 and B. Prove that Q will
descend until QA B forms an equilateral triangle.

7. A light string ABCDE whose middle point is C passes through
smooth rings, B, D which are fixed in a horizontal plane at a distance 2a apart.
To each of the points 4, 0, F is attached a mass m. Initially O is held at rest
at O, the middle point of BD, and is then set free. Show that C will come to
instantaneous rest when OC =4a.

Show also that when O has fallen through }a from 0, its velocity is

25ag
86 (D.U.)

8. A heavy ring of mass m slides on a fixed smooth vertical rod and is
attached to a fine string which passes over a smooth peg distant a from the rod
and then after passing through a smooth ring of mass 3m, is tied to the peg.
8how that, if m is dropped from the point in the rod at tho same horizontal level
a8 the peg, then it will oacillate through a distanco 12a/5. Find the velocity of
m when it has fallen through a distance a.

A uniform string, of mase M and length 2a, is placed symmetrically
over a smooth peg and has particles of masses m and m’ attached to its ends, m
being >m’; show that the string runs off tho peg when its velocity is
[M +2(m —m')]ag.
TMY¥mam " (D.U. 1959)

10. ACB is a horizontal straight line of length a+b. A heavy particlo
at O is attached by an inextensiblo string of length b to 4, and by an unstretched
elastio string of length a to B. If, when the particle starts from rest, the string
AC just oscillates through a right angle, and the modulus of elasticity of the
elastic string is equal to twice the weight of the particle, prove that

4a3=0b(a + 2b)2.

1. Two equal particles cach of mass m are connected by a light clastic
string of natural length a and modulus }mg and placed together on the upper
edge of a smooth fixed triangular prism. Tho sides of the prism are cach in-
clined at an angle 30° to the horizontal, and the particles are roleased from rest,
8o that they slide down opposite sides. Show that they ncxt come to rest when
the length of the string is « (2+V3). (L.U.)

II-IMPULSE AND ENERGY

9'7: Impulse of a constant force. When a force 43 constant
in magnitude and direction, the impulse ts the product of the force and
the time during which it acts.

If & constant force P, acting on a particle of mass m, produces

an acccleration f and changes the velocity of the particle from U to
V in time ¢, we have

Impulse=Pt=mft=m(V—-U)=mV—mU

te., the inipulse: change in momentumn.
If U=0, ¢.e., if the particle starts from rest
Pi=mV
te., Im pulse=momentum generated in time ¢,

or Force P=momentum generated per unit time,
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9'71. Impulsive Forces. When a moving body strikes a
fixed object or when moving bodies impinge on one another there
is a sudden change of motion. The forces acting on the bodies are
great and act on them for such a short time that it is difficult to
estimate either their intensity or the time during which they act. Such
forces are known as Impulsive Forces or Blows.

In these cases instantaneous changes of velocities take place and
it is comparatively easy to measure the effect of the forces by their
tmpulses or the changes of momentum produced.

It is important to remember that an impulse is not a force.

If, for example, a hammer strikes a ball of m 1b. and sends it
off with a velocity of w ft.[sec., then wu is the magnitude of the
tmpulse which is given to the ball and nothing can be known about
the force exerted by the hammer unless the time during which the
force acts is also known.

It may be recalled that momentum is a vector quantity and so
care must always be taken to equip it with the proper sign.

Example. A ball 2 oz. in weight falls from a height of 36 feet,
and rebounds to a height of 25 ft., find the impulse and the average force
between the ball and floor, if the duration of impact is 134 sec.

Velocity of the ball just before impact

= V2X32x36=48 f. p. 8. (lownwards).
Velocity of the ball just after impact

= /2% 32x25=40 f. p. 5. (upwards)
.. impulse=change of momentum

_2 2 .
T X 4()__.(_1(—i X 48) =11 1b. ft. sec. units.

If P is the upward force exerted by the floor, then since the
weight of the ball acts downwards, the total force acting on the ball
upwards is P—img.

s, (P—mg) t=Impulse
Tmpulse 11 2
P=ime T™= 1, e X%
=1104 poundals=34'5 1b. wt.

9'72. Impact of water on a surface. When a jet of water
strikes against a fixed surface in a direction normal to it and when
there is no splash, i.e., the water flows along the surface after im-
pact, the pressure exerted by the surface continues destorving the
momentum of the water. By putting t= 1 in the equation Pt=mV,
we find that P, the average pressure exerted by the surface is obtai-

ned by caleulating the amount of momentum destroycd per unit
time.

or

If the water strikes the surface with velocity o after passing
through a pipe, the area of whose cross-section is @ and if m is the
mass of a unit volume of water then the mass of water which strikes
the wall each second is mav and tbe momentum destroyed each

second is smav.e or matr? which must be equal to P, the pressure
exerted on the wall.
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The pressure per unit area of the wall is mo® in absolute units.
Note. 1 ou. ft. of water weighs 82-5 lbs.

Example. Water issuing from a nozzle, of 2 inches diameler,
uith a velocity 60 ft. per sec., impinges on a vertical wall, the jet being
at right angles to the wall. If there is no splash, find the pressure exerted
on the wall.

Since there is no splash the water will flow along the surface of
the wall after impact and the whole momentum of the water is des-
troyed by P, the pressure exerted on the wall.

Here a=mn(yy)* and P=mar*=62'5 XT}Z % 60 X 60 poundals

=153'4 1bs. wt. nearly.
Examples XXVII-A

1. A hammer of mass 4 cwt. falls through 4 ft. and comes to rest after
striking a mass of iron, the duration of the blow being 1/50 of a second; find
the average force exerted by the hamraer on the iron.

2. A ball whose mass is 4 lb. is moving horiwzontally at the rato of 80 ft.
per sec. What force expressed in lb. wt. will stop it (¢) in 2 secs., (37) in 2 feet ?

A mass of 4 1b, falls vertically through 100 feet from rest and is then
brought to rest by penetrating into sand. Find the mean force exerted by the
sand if it stops the mass (¢) in 2 secs., (%) in 2 feet.

4. A stream of fluid of density m, meets directly a planc obstacle with
velocity v. If the fluid be assumed to flow outward at the rim parallel to the
plane, show that the pressure on the obstacle is mv2 per unit area.

Calculate the pressure in lb. wt. per square foot due to & wind of 50 miles
an hour, if a cubic foot of air weighs 1} oz.

?. A jet of water of 1 8q. in. cross-section, impinges normally on a fixed
vertioal plate so that the water after impact leaves the plate parallel to it. The
force on the plate is measured and is found to be 6:6 pounds weight. Prove
that the velocity of the jet is 20 ft. per sec. approximately.

6. A jot of water leaves a nozzle of 1 inch diameter at a speed of 50 ft.
per sec. and impinges on a plate flxed at right angles to its direction. What
pressure is exerted on the plate ?

If the nozzle is drawn backwards with a velocity of 20 ft. per sec. in the
line of the jet, what pressure is then exerted on the plate ? (P.U.)

7. Find the pressure in lb. wt. per acre due to the impact of a fall of
rain three inches in 24 hours supposing the rain to have a velocity due to falling
freely through 400 feet.

8. Aball of 20z. in weight falls from a height of 25 ft. Find the
impulse and the average force between the ball and the floor, if the duration of
the impulse is v 7 sec.

9. A bucket weighing 5 lbs. is suspended from a tap which is delivering
6 gallons of water per min. with a downward velocity of 16 ft./sec. Find in
Ib, wt. the vertical force the bucket exorts on the tap whon the bucket contains
a gallon of water.

9'73. Impulse of a variable force. Now suppose that the
force 1s variable and that P is its valuc at o particular instant ¢, then
the impulse of the force is defined as the integral

I T pat,
0

where 7T is the time during which the force acts
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If the velocity of the particle at the instant ¢ is v, then

.. the whole impulst in time 7' during which the velocity of
the particle changes from U to V

- ITPdt:- ij %’dt:— Iv/ndv=m(V—U).
0 o T
In particular when P is constant,
T T
j sz:PJ' U=PT=m(V—U) (Art.97).
0 0
Thus, whether a force is constant or variable, its impulse 13

measured by the change of momentum produced by it.

9'74. Graphically the impulse of a force is equal to the area
under the force-time graph included between the two ordinates
corresponding to the two times, i.e., if
04 =t, and OB=t, the impulse Y|

t
j : Pdt—area 4BQPA
1

In particular when P is constant,
the impulse= P(t,—¢,)=area of rectangle

ABQP.

9'75. If a constant force P acting
for time t, changes, the velocity of a
Y body of mass m from u to v, in a distance
Q 8, we have

7%
0 A B X

Pt=mft=m(v—u)
i.e., force X time=change of momentum,
and Ps=mfs=4m.2fs=m(v*—u?),
i.e., force X space=change in Kinetic
B X energy.

These equations may also be written as
| B pzﬂfﬁ_}éz’f

¢.e., when the force i3 variable, we calculate the time-average of the
force from the change of momentum and the space-average of the
force from the change of Kinetic energy.

Also since Ps=}m(r®—u?) =m(v-—u,)u2—i?,

it shows that the work done by an impulsive force is equal to the product
of its impulse and the mean of the velocities before and after the blow.
Example, It is estimated that the actual work dome in accele-

rating a steamer of 1,000 tons, from rest, for the first 210 seconds, is
4,000 foot-tons, and the distance travelled is 2,000 feet. Find (I) the
space-average, (2) the time-average of the accelerating force.

K.E. Work 4,000
distance distance 2,000

=2 tous wt.

Space average of force=
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The velocity v acquired by the steamer is given by
3mv?=work in foot poundals.

§ X 1000 X 2240 v2==4000 x 2240 X 32
or v=186 ft. per sec.
Time average of the force=w=m—-v
time ¢
_—.-_M;%MQ poundals=—l%(—);x§1§6 or 2-38 tons-wt.

9'8. Motion of two bodies. .Suppose that a body of mass
m moving with a velocity v is acted upon by a force F in the line of

motion, then by the second law of motion, we have %—(mv)-F . te.,
the rate of change of momentum=—the impressed force.
If no external force acts on the body —gt—(mv) ==(), or, mv=constant,

i.e., the body continues to move with a constant momentum,

Similarly, if there are two bodies of masses m, m’, moving in
the same straight line with velocities u, %', then on the assumption,
in accordance with Newton’s Third Law, that the mutual action
between the bodies are equal and opposite, we have

A (mu)=F,+R,

d .7
and -(—l-[(m w')=Fy—R,

where F,;, Fy are the external forces acting on the bodies respectively
and forces + R, —R are the mutual action and reaction.

By addition, we have %(mu-{-m’u'):lf’l—l- Fq,

which shows that the rate of change of momentum is equal to the
total external force and is unaffected by the mutual action.

If no external force acts on the system, then
—(—;d—t—(mu+m'u')=0 or mu--m'u’=a constant,

i.e., the total linear momentum of the system remains constant.

It is evident that if the bodies are not moving in the same
straight line and if no external force acts on them, the sum of the
resolved parts of their momenta in any particular direction will
remain constant.

Thus, if we consider two bodies as a single system and if no
external force acts, we may say that the two bodies together will
continue to move always with uniform momentum. If at any time
during the motion they come in contact with each other, the only
forces acting on them are the forces of action and reaction which
being equal and opposite cancel each other. Whenever two bodies
collide, the change in momentum of the one must be equal to the
change in momecntum of the second, but in the opposite direction,
their total momentum remaining unchanged in any particular direc-
tion. This is called the principle of conservation of linear momentum
and may be stated as follows :
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9'81. Conservation of Linear Momentum. If the sum of
the external forces acting on any system of mutually attracting and
tmpinging particles resolved in any direction 18 always zero, the total
momentum of the 8ystem in that direction remains constant during the
molion.

IMustration. (1) When a gun is fired the powder is converted
into a gas at a very high pressure which drives the shot out. During
the short time when the shot moves into the barrel of the gun, the
force exerted on the shot forwards is equal and opposite to the force
exerted by the shot on the gun backwards, ¢.e., the impulse of the
gun on the shot is equal and opposite to the impulse of the shot on
the gun. Hence the momentum generated in the shot is equal and
opposite to that generated in the gun. If free to move the gun will
recoil in the direction opposite to the motion of the shot.

Suppose m is the mass and u the velocity of the shot and M the
mass and V the velocity of the gun, then

MV + mu = momentum before the shot was fired = 0

Ve e —

M

the negative sign shows that the gun recoils, % e., moves in the direc-
tion opposite to that of the shot.

(2) When a shell moving through the air, is caused to explode
by means of a time fuse, the motion of the shell cannot change
whatever may happen inside it so long as the pressure of the gasis
not sufficient to burst the shell. It is only when the shell bursts
that the fraginents become independent objects themselves and are
thrown in different directions on account of the difference of pressure
of the air surrounding them.

9'82. Suppose a body of mass m, moving with velocity v
impinges on another body of mass M which is at rest and is free to
move in the direction of m’s motion.

Now if the bodies are tnelastic, t.e., the bodies adhere together and
move forwards as a single body of mass m+M with some velocity,
say V, then, as there is no loss of momentum

. m

s (m+4+M)V=mv or V=m+M
which gives the common velocity of the bodies after impact.

9'83. It is important to note that although there is no loss of

momentum due to the impact, there is a loss of Kinetic energy, for,
the Kinetic energy before impact=4mu2,

v,

and the Kinetic energy after impact

2,2
=}m+M)Vi=}(m+M). (-15’1—’!”%‘7)-,._-;”__’]’_”7. pme®.

The latter is obviously less than the former since -,71—_7: o is less than

unity.
In problems where impulsive forces are involved energy is
always lost and the principle of energy is never used.
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9'84. The principle of conservation of momentum can be
applied only in a direction in which there is no external impulsive
force. If, for example, a shot hits a smooth target obliquely, there
is no change in its momentum parallel to the surface of the target,
but the whole of its momentum perpendicular to the surface may be
destroyed on account of the impulsive reaction of the target.

Note. The word inelastic denotes the properties of bodies by which they
adhere at the time of impact and move forward as one mass.

The collision of elastic bodies where they scparato after impact will be
dealt with in the next Chapter.

Example 1. 4 body of mass 12 lbs. moving with a velocity of
9 t. per sec., meets a body of mass 8 lbs. moving (i) in the same direc-
tion (i1) in opposite direction, with a velocity of 4 ft. per sec. If they
coalesce into one body, find the velocity of the compound body. Find
also the loss of Kinetic energy.

(?) et V be the required velocity. Since the sum of the
momenta of the two bodies remains unaltered by the impact, we have
(84+12)V=8x4+12x9=140
AN V=17 ft per secc.
Initial K.E. =4 x8 x (4)2+3 x 12 x (9)* ft. poundals
=550 or 17°19 ft. 1b.
Final K.E.=1(8+12) X (7)® ft. poundals
=490 or 1531 ft. Ib.
Lossof K.E.=17"19—15'31=1-88 ft. Ib.

(i7) Let V, be the required velocity., By conservation of
momentum, we have

(84+12)V;=12%X9—8x4="T6
S V,=3'8 ft. per sec.
Final K. E.=}(8+412)V,*=144"4 ft. poundals
=4-51 ft. 1b.
Loss of K.E =17'19—4'51=1268 ft. 1b.
Observe that the loss is much greater in the second case than
in the first.

Observe also that when wvelocities in one direction are taken as
positive those in the opposite direction snust be considered as negative.

Example 2. A skot of mass I ounce, is projected with a velocity
of 800 ft. per sec. frem a gun of mass 10 lbs., find the velocity with which
the latter begins to recoil. Also compare the Kinetic znergies of the shot
and the gumn,

Let v be the required velocity, and let the direction of
motion of the shot be regarded as positive.

Since the total momentum of the shot and the gun in any direc-
tion must remain unaltcred, we have
1% X 800— 10v=initial total momentum=0
v==73 ft. per sec.
K .E. of the gun=§x 10 x5 x5=125 ft. poundals.
K.E. of the shot=} X % X 800 x 800=125 X 160 ft. poundals.
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The Kinetic energy of the shot is thus 160 times that of the
gun, and it is to this great superiority in Kinetic energy of the shot
that its destructive power is due.

Examples XXVII--B

x. A truck weighing 6 tons standing at rest on smooth rails is struck by
another truck weighing 4 tons moving at 10 ft. per sec. and both trucks move
together. What is their common velocity ?

2. A bullet of mass 2 ounces is fired into a target with & velocity of
1280 ft. per sec. The mass of the target is 10 lbs. and it is free to move : find
the loss of Kinetic energy by the impact in foot-pounds. (P.U.)

A car weighing 2 tons and moving at 60 m.p.h. along a main road
collides with a lorry of weight 10 tons which emerges at 30 m.p.h. from a cross-
road at right angles to tho main road. If the two vehicles lock, what will be
their coramon velocity after the collision ?

4. A gun of mass 5 tons discharges a shot of mass 112 lbs. horizontally.
The recoil of the is opposed by a constant force of 2 tons weight which
brings it to rest in 1§ sec. Find the velocity of the shot, and also the energy of
the explosion in foot-tons.

A bullet weighing } oz. is fired with & velocity of 1,000 f.p.s. from a
riflo weighing 10 lbs. The rifle kicks back through 4 inches. Find the average
pressure applied by the hand in bringing it to rest.

6. A railway truck of mass m when moving with a velocity 3y, strikes
a truck of equal mass at rest, and moves after impact with velocity v in the
same direction as before. Show that the velocity of the second truck after im-
pact i8 2v, and that the kinetic energy lost is 2me2. (P.U.)

7. A shot leaves the barrel of a gun of mass 150 tons with a velocity of
600 ft. per sec., if the gun recoils with a velocity of § ft. per eec., find the mass
of the shot.

8. Two ice yachts stand at rest on perfectly smooth ice with their
keels in the same direction. A man jumps from the first to the ceeon% and then
immediately back again on to the first. 8how that the final velocifies of the
yachts are in the ratio M : M +m, where M is the mass of each ice yacht and m
the mass of the man.

FURTHER EXAMPLES ON IMPULSE AND ENERGY

9'85. When two masses connected by a string passing over
a pulley are in motion or when a moving body penetrates in or
coalesce with another which is free to move, the principle of conserva-
tion of momentum muat be applied whenever any sudden jerk or impact
takes place.

It is important to note that in writing own cquations for the
instantaneous change of momentum produced by impulsive forces, all
impulses due to finite forces, such as weight, are neglected.

Example 1. T'wo masses of 5 oz. and 3 oz. are connected by a
light inextensible siring passing over a smooth fixed pulley. The system
starts from rest and after it has moved for 2 seconds, a weight of 4 oz at
rest 18 suddenly altuched to the 3 oz. wt. Find the time which elapses
before the systemn comes to instantaneous rest.

J, the acceleration of the system:%i-g g=19=8 ft.[sec.?

v, the velocity after 2 secs.=8x 2=16 ft./sec. ()
The momentum of the system=(54-3)16=128 oz. ft./sec. units,
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When the 4 oz. mass is suddenly picked up by the 3 oz. mass,
an impulsive action takes place and the new mass also partakes of
the motion of the system.

If V is common velocity of the system after picking up the
4 0z. mass, then

(54-34+4)V =128, i.e., V=22 ft.[sec. . (2).

The masses arc now 5 and 7 oz. and if f’ is the retardation,

f'==;—:_—g g=%—g ::l:;—j ft.[sec.?

. the time ¢, taken by the system to come to instantancous
rest ofter the 4 oz. wt. is attached, is given by

0=232—15¢ i.e., t=2 sec.
Note. Equation (2) may be explained as follows—

Suppose I is iho impulse due to tension of tho string (compared to which
the impulses of finitr weights are noglected) »t the instant when tho 4 oz. wt.
is suddenly picked up. Since a string cannot push but can pull, I acts upwards
on tho weights on ecither side of the string.

Taking the upward direction as positive and considering the 3 oz. wt.
which picks up the 4 oz. wt., wo get

T =change of momentum=New momentum — Old momentum
=(3+4)V —3x16 oz. ft. sec. (D).
Again, considering the 5 oz., we have
I=change of momentum in the upward direotion,
=5(—V)=5(—16)=5x 165V ..(2).
From (1) and (2), we get
(3+4+4)V —3X16=5x16—5V
or (3+4+5)V=(345)16=128.
Example 2. A shot of mass m penetrates a thickness s of a
fized plate of mass M ; prove that if M is free to move, the thickness

penetrated is
! m
s/ (1 ———)
/ ( tu

Let u be the velocity of the shot and B poundals the average
resistance to penetration.

In the first case the shot is reduced to rest after penetrating a
distance s.
. by the principle of work and energy, we have
Rs=%mu? (1),
Let s" be the thickness penetrated in the second case and v the
final common velocity of the shot and the plate when their relative

velocity ceases after impact, then the principle of conservation of
momentum gives

mi=(m-+M)v ..(2),
and the principle of work and energy gives

Ré'=mu?—3}(m-+ M)v?
miul

m+M

= {mud—3} [from (2)].

M
=}m s, m‘ﬂ— . (3).
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»,  from (1) and (3),

, M _ m
M 3‘8/(“’ ¥)
Example 3. An inelastic pile, of mass m pounds, is driven
vertically into the ground a distance of a feet at each blow of a hammer
of mass M pounds, which falls vertically through h feet. Show that

(i) the weight which would have to be placed on the top of the pile
2o drive it slowly into the ground would be
M=h
+G;';-E)~a pounds,

and (ii) the time during which the pile is in motion is

m+Ma, [2
M gh

Let u be the velocity of the hammer just before impact, then
u’=2gh . (1).
Let v be the velocity of the hammer and pile just after impact,
then by conservation of momentum, we have
(M +myv=Mu ’ ..(2).
If P poundals be the average resistance of the ground, then
the total force acting on the pile in the upward direction is

P—(M+4m)g, and this force brings the pile and hammecr to rest in
a space of a feet

by the principle of energy and work, we have

§(M +m) v*=[P— (U +m)gla . 3).
2
P=(M+m)g+(M+m) o
M2 )

=(M+m)g-l—m . ;T, [from (2)]

=(M+m) g+ﬂl—u+im. —% [from (1))

. M2 R .
so that a weight M+le s Ib. placed on the pile would:slowly
overcome the resistance and drive the pile into the ground.
Also the K.E. transformed by the blow
=3I Mud— L (M +m)e?
‘ M2 mM
=3¢ M= N L
bu (M M+4+m/  M+m gh-
(i) Ift is the required time, then sinde the impulse of the force
acting on the pile is equal to the momentum lost by it, we have
[P— (M +m)glt=(m+M)v ..(4)

» From (3) and (4) we get, -5- - %—
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or

(28 _20(M+m) (M+ma /\/_T_
v Mu M gh’

Note. Equation (2) may be explained as follows :—During the time
that elapses between the instant the hammer comes in contact with the pile and
the instant at which they begin to move together with a common velocity (this
infinitesimally small time is of course different from the finite time taken by
the hammer and pile to penetrate the ground), an equal and opposite impulse,
say I (compared to which the finite impulses due to weights and resistance of
the ground are neglected) acts upwards on the hammer and downwards on the
pile. Taking the downward direction to be positive, we have

For the pile I=cbange of momentum=mv —0=mv.
For the hammer, — I=change of momentum=My—Mu.
Hence My—Mu-+mv=0

s.e., (M+m)v=Mu.

Example 4. A bird of mass m s flying horizontally at a height
h with velocity v when it is struck by a bullet of mass M moving verti-
cally with a velocity V. If the bullet kills the bird and remains embed-
ded 1in it, prove that the bird will fall to the ground at a distance d from
the point of projection of the bullet where

d= mﬁ%)—,- IMV+ VMV 9k (M+m) ],
(I.1.T. Kharagpur)

Let the velocity of the dead bird with the bullet embedded in
it be u at an angle « to the horizontal, then by the principle of conser-
vation of momentum, we have

horizontally (m+M) u cos a=mv+M Xo=myv

and vertically (m+M) u sin a=mXo+MV=MV
.. by division, tan a= MV |/mv .. (1),
and by squaring and adding, we get
(m+M)2 ut=mP 4+ M2V? . (2).
Now the equation of motion for the dead bird, is
ga? ga? secla
=x tan a— —

y=x tan a— o

For a point on the ground, from where the bullet was pro-
jected y=—h, so that the required distance d is given by

2
—h=d tan a— Z’%, (1+tantx).

2u2 cos®a

Using (1) and (2) for tan « and #* and simplifying, we get the
quadratic equation in d in the form
g(m+4 M2 —2m Mo Vd—2mm%*h=0,
which gives the required result at once.

Examples XXVIII

1. The masses of 10 and 8 oz. are connccted by a light string which
passos over asmooth fixed pulley. The system starts from rest and the 8 oz.
mase, after it has risen 3 inches, passes through a fixed ring on which rests a bar
of mass 4 oz. and so carrics the 4 oz. mass on in its motion. Show that tho
4 oz. mass will be carried nearly 2} inches above the ring.
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But we know, as a matter of ordinary experience, that when
two bodies of any hard material impinge on each other, they separate
almost immediately and a finite change of
velocity is generated in each by their
mutual action depending on the material
of the bodies. Hence the spheres, if free
to move, will have after impact, different
velocities say v and v'.

The equation of momentum now iy, y My o
becomes v v
my+m'v' =mu+m'u'. ..(1)

xo'2x. This single equation is not sufficient to determine the
two unknown quantitiés v and »’. Another relation between the
velocities is supplied by Newton’s Experimental Law which states
that when two bodies smpinge directly, their relative velocity after impact,
13 tn a constant ratio to their relative velocity before impact, and is in
the opposite direction.

If bodies im pinge obliquely, the same fact holds for their component
velocities alony the common normal at the point of contact.

The equation derived from this law for the above spheres is,

v—v’
v T
or r—y’ == —e(u—u’), ..(2)

v, ¢', v and «’ being all measured in the same direction.

10°'22. The constant ratio, e is called the co-efficient of
elasticity or restitution. It depends on the substances of which the
bodies are made and is independent of the masses of the bodies and
their velocities before impact. The value of ¢ differs considerably
for different bodies and varies from 0 to 1.

When e==0), the bodies ure said to be inelgstic. In this case we
have from (2) v==v’, i.e., if tio inclastic spheres impinge they move with
the same velocity after impact.

When ¢==1 the bodies are said to be perfectly elastic.

Both these are ideal cases never actually realised in nature.

10'23. To find the velocities of the spheres after direct impact
we rolve equations (1) and (2) and get

mu--m'u —em’ (v —u') . mu+m'u' 4em(u—u')
== o ey < and v'=s - S .
m-tm m4-m

10'24 When m=m' and ¢=1, we have v=u’ and v'=u.

i.e., if two equal perfectly elastic spheres tmpinge directly they inter-
change their velocities after im pact,

~ Example 1. A ball of nass 8 lb. moving with a velosity of 4 ft.
per sec. 18 overtaken by a ball, of mass 12 1b., moving with a velocity of
9 ft. per sec., (i) in the same direction as the first, (it) in the opposite
direction. If e=}, find the velocities of the balls after impact. Find
also the loss of I inetic energy in the first case.

Let the direction of motion of the first ball be taken as positive
and let v, v' be the velocities after impact, then
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@) 80+ 120" =8x4+12x9=140
and v—v' =—}(4—9)=1,
which give v==T6 f.p.s.and v'=66 f.p.s.

Loss of KE.=3X8xX(4)2+3x 12X (9)2—}X 8% (7'6)2—} x 12X (6°6)*
=64 +486—231'04—261'36 '
=576 ft. poundals=1-8 ft. 1b.
(13) 8v+120'=8x4—12X9=—76
and v—v = — 4 (—9)|= — L =—2'8
which give =~—536 f.p.s., =276 f.p.s.
In this case the first ball turns back after impact.
It should be noted that the velocities are measured algebraically, that
18, all velocities tn one direction ave laken as positive while those 1n the
opposite dixection as negative.
Example 2. A ball 4, moving with velocity u, imp.inges divectly
on an equabball B moving with velocity v in the opposite direction. If
A be brought to rest by the tm pact, show that

w:v=1l+4e: 1—e
where e is the co-efficient of restitution,

Let V be the velocity of B after impact and let m be the mass
of each, then since 4 is reduced to rest after the impact, we have

m X0+ mP=mu-t+m(—v), or V=u—v,

and 0—V=v—e[u—(—v)], or V=e(u+r)
u—v=V=se (u+4v) or (L—e)u==(1+-e) .
Hence w s v=(l1+e): (1—e).

Examples XXX

1. A truck weighing 2 tons and moving with a velocity of 5 f.p.s, over-
takes a truck weighing 8 tons which has a veloeity of 2 f.p.s. TFind the velo-
cities of the trucks after impact if the co-efficient of restitution of buffers is 2.

2. A particlo 4 of mass 41b. and moving with a velocity of 10 f.p.s.
impinges on a particle B of mass 12 1b. at rest. How many foot pounds of
encrgy disappear in the collision and what 1s tho co-efficient of clasticity if 4 is
brought to rest.

3. Two sphere of masses 2 and 3 oz. arc moving in the line of centres
towards each other with velocities of 24 ft. per ace. and 30 ft. per sec., and
their co-cfficient of restitution is .  Iind their &¢locities after impact, and the
amount,of kinctic encrgy transformed n the collision,

/4. If o ball overtakes a ball of twice its own mass moving with one-
seventh of 1ts velocity and if the co-efficient of restitution between them be 3,
show\tyzf the first ball after striking tho second ball will remain at rest. (D.U.)

. Two elastic spheres impinge dircetly with equal and opposite velo-
cities ; find tho ratio of their masses so that onc of them may be reduced to rest
by the imppact, the co-efficient of elasticity being e.

. If the masses of two balls be as 2 : 1 and their respective velocities
before impact bo as 1 : 2 in opposite directions. Show that if the co-efficient of
restitution is §, each ball moves back, after impact, with $th of its original

velocit},/

7. Two spheres of masses M, m impinge directly when moving in
opposite directions with speeds u, v respectively, and the sphere of mass m is
brought to rest by the collision; prove that v(m—ed)=M(1+4e)u.

After the collision the sphere of mass M is 'acted on by a constant
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retarding force which brings it to rest after travelling & distance a. Prove that
magnitude of this force is Me2(u+v)3/2a.

8. Amass of 5 Ib. impinges directly on a mass of 10 Ib. which is at
rest, with a velocity of 12 ft. per sec. and is observed to recoil with a velocity
of 1 f,p.s. Find the co-efficient of elasticity and the energy lost in the impact.

. Two spheres 4 and B of masses 4 and 8 1b. moving with velocities 9
and 3 ft.fsec., in op‘rosito directions, collide. If A4 rebounds with velocity of
1 fc.(sec.. find the velocity of B after impact, the co-efficient of elasticity and
the loss of Kinetic energy. (D.U)

AJo. A ball is projected vertically with a velocity of 80 ft./sec. The
moment it roaches the highest point, a second equal ball is thrown after it
from the same point with the same velocity. How high will they collide ?

If the co-efficient of restitution be 3/5, find the time the second ball takes
to reach the ground. (P.U.)

1. A sphere impinges directly on an equal sphere at rest ; if the co-
efficient of restitution is ¢ show that their velocities after the impact are as

(1—e)/(1 +e).

If the mass of the first sphere be m and that of the second m’ show that
the first cannot have its velocity reversed if m>em’.
12. Two bodies 4 and B whose elasticity is e, moving in opposite
direcions with velocities @ and b, impinge directly upon each other ; show that
their distance at time ¢ after impact is  te (a +b).

x3. Two bodies whose elasticity is , moving in opposite directions with
velocities 25 ft./sec. and 16 ft.[sec., impinge directly. Find the distance
between them 44 sec. after the moment of impact.

14. Three perfoctly elastic balls of masses m, 2m and 3m are placed in a
straight line. The first impinges directly on the second with a velocity » and
then tho second impinges on the third. Find the velocity of the third ball after
impact.

If tho masses of the second and third balls are m; and m,, show that the
third ball will move after impact with velocity u if

(m+my)(my+mg)=4mm.

15. If 4, B, C be the masses of three perfectly elastic balls having
velocitics a, b, ¢ respectively, and A impinges upon B and B upon C so that
their velocitios after tho impact are u, v and w respectively, v being the velocity
of B after impact omr C ; prove that

Aa?4Bb%4-Cc?=Aul+ Bv2+4Cuw?.

16. A ball 4 weighing 2 lb. and moving with a veloeity of 5 ft./sec.,
communicates a velocity of 2 ft.[sec., to another ball B of weight 8 1b. by means
of an intermodiate ball C. If the balls are porfectly elastic show that the
mags of C is equal to cither that of 4 or that of B. Show also that C again
collides with 4 in the first casc.

17. The masses of three spheres, 4,B, C are Tm, Tm, m ; their co-efficient
of restitution is unity, their contres are in a straight line and C lies between 4
and B. Initially 4 and B are at rest and C is given a velocity along the line of
centres towards A. Show that it strikes A twice and B once and the final
velocities of 4, B, C are proportional to 21, 12, 1. (D.U.)

18. Three smooth spheres 4, B, C of equal volume have masses 3m, m,
4m respectively and are initially at rest in a straight line on a horizontal plane,
4 and B are projected along this line towards C with speeds of 10 ft./sec., and
& ft./sec., respectively. A4 overtakcs B before B reaches C. Find the speed of C
after B collides with it. The co-cfficient of restitution is } at each impact.

. A sgries of n elastic spheres whose masses are 1, ¢, 2 etc. are at rest
separated by intervals, with their centres on a straight line. The first is made
to iiapinge directly on the second with velocity «. Show that finally the first
n—1 spheres will be moving with the same velocity (1—e)u and the last with
velocity wu.

Prove that the final K.E. of the system is } (1 —e-+e") u2.
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a20. Two equal spheres, 4, B, lie on a smooth horizontal circular groove
at opposite ends of a diamoter. A4 is projected along the groove and at the
end of timo T' impinges on B. Show that the second impact will occur after a
further time 27'fe, where 6 is the co-efficient of elasticity . (P.U.)

az. A small ball of mass m is just disturbed from tho highest point of a
smooth circular tube in a vertical plane and impinges on a smooth ball of
mass 2m resting inside the tube at the lowest point of the circle. Find
the height to which each ball rises in the tube after (¢) first impact (i) second
impact, when the co-efficient of elasticity is }.

0'3. Oblique Impact of two smooth spheres. Suppose
that at the moment of impact the direction of motion of thé spheres
is not along the line joining their centres.

Let m, m’ be the masses of the two spheres with centres 4 and
Bat the time of impact,

#, ' the velocities just
before impact,

a, B the angles the directions
of motion make with AB becfore
impact,

»,v" the velocities after
impact,

and @,  angles the directions

m mn’

of motion make with 4B after impact.

Since the spheres are smooth, there is no impulse perpendi-
cular to the line of centres and hence the resolved parts of velocities
of the two spheres in the direction perpendicular to AB remain
unaltered.

v sin §=u sin a (D

and v’ sin p=u’ sin 8. . (2)

Since the impulsive forces acting during the collision on the two

spheres along their line of centres are equal and opposite, the total
momentum along 4 B remains unchanged.

.. mv cos §+m'y’ cos g=mu cos a-+-m'u’ cosfB. .+ (3)

By Newton’s experimental law for relative velocities resolved
along the common normal 4B, we have

v cos §—v' cos p=—e(u cos a—u' cos B). .. {4)
From (3) and (4), we obtain

(mu cos atm'n’ cos B)—em’ (1 cos a—n' cos B)

; = .. (5
v cos @ o ; (5)
mu cos a+m'n’ cos em (n cos o.—' cos fB)

’
v’ cos p= 7 . ..(6)
ne+m

Squaring and adding (1) and (5) we obtain ¢? and dividing (1)
by (5), we obtain tan g. Similarly we get ¢'? and tan ¢ from (2)
and (6).

10°31. We deduce the following particular cases from the above
cquations :—

(i) If v'=0, from (2) =0, ("."»'$0), i.e., if the sphere of mass
m' were at rest, it will move alung the line of centres after impact.
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(i3 If ©'=0 and m-=em’ from (2) ¢=0 and then from (5)
6=90°, so that if a sphere of mass m-impinges obliquely vn a sphere of
mass m’ at rest, the directions of motiun of the spheres after impact will
be at right angles if m=em’.

This evidently holds true when the spheres are equal and per-
fectly clastic i.e., when u’'=0, e=1 and m=m'.

(#17) If m==m’, e=1, then, from (5) and (6), we have

v cos §==u’ cos B and v’ cos ¢=u cos a
i.e., of two equal-and perfectly elastic spheres impinge they interchange
their velocities in the direction of their line of centres.

Also in this case, by using (1) and (2), we get :

tan § tan g=tan o tan B.

It follows that if two equal and perfectly elastic spheres tinpinge at
right anyles, their directions after impact will still be at right angles,

The stndent is advised to prove these particular cases independently.

Example 1. A smooth sphere of mass 5 lb. moving with a veloctsy
of 8 ft. per sec. from a direction 30° N of W collides with a <phere of
3 1b. moving with a velocity of 10 ft. per sec. 1'he impact takes place
in such a way that the line joining the cenlres of the spheres is E. and
W. at the time of impact. Determine the subsequents motion of the
secopd sphere and the deviation tn its direction of motion, if its direction
of motiun before impuct is

(¢) from N.to S. (ti) from 30° E.of N.and e=06.

Let the yelocities after impact be v and v’ at angles §, 7 to the
line of centres.

Since the  spheres  are N
smooth, the velocities perpendi- | for

cular to theline of centres are ‘5 e
unaltered. / i 6\
o
w—{-2 E

(¢) In the first case

o * | -
Soorsin g8 £in 30 3. (1) > w
and ¢ sing  105in90°= 10..(2) : N\

Since the momentum after N\ Y
impact along the line of centres S

7
/

=:momentum before impact,
50 cos 0+3v' cos ¢= X8 cos 30° +-3x 10 cos 90

- 2043. e
By Newton's law, '
v cos §--v" cos g=-—3F (8 cus 30°—10 cos 90)
=—123 Ny,

From (3) and (4), we have
3’ cos 45 v’ cos p=201/3 4 12¢/3, or v’ cos p=4J3 ..(5)
From (2) and (5), we have
v'= V148 =1217fps.
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5
and tan p=——=§a/3=1'4433 or ¢=55°17".
?=3 NE Y ?

.. the required deviation=90°—55° 17'=34° 43’ E. of S.

(it) In the second case, the direction of motion of the second
sphere before impact is from 30° E. of N. i.e., it is from 60° N. of E.
and therefore the corresponding five equations of motion are as
follows :—

v sin §=8 sin 30°=4, (D
v’ sin =10 sin 60°==5x/3, . (2)
5v cos §+43v" cos g=5x 8 cos 30°—3 X 10 cos 60°
=208/3—15 . (3)
v cos §—v' cos p=—3[8 cos 30°—(—10 cos 60°)]
=—123—3. .4

From (3) and (4),
3 v/ cos ¢+5v' cos ¢=323 or v’ cos p=4/3. .+ (5)
~. from (2) and (5), we have
v'=1/123=11'1 f.p.e.
and tan g=4=125 or ¢=>51°20
the required deviation =30°490°—51° 20’
=30°438° 40'=68° 40",

Example 2. 7T'wo equal spheres, each of mass i are in contact
on a smooth horizontal table, a third equal sphere of mass m' impinges
symmetrically on them, prove that this sphere ts reduced to rest by the
impact if 2m’'=3me.

Before impact, let u be the velocity of m’, which is reduced to
rest after the impact.

The spheres being equal in size,
A\ ABC is equilateral and AX, the com-
nmon tangent to B and ¢ makes cqual
angles, cach 30°, with 4B and AC.

By symmetry the velocities of B
and ¢ will be equal, say each equal to
v; also the total momentum of the
spheres along 4X will remain constant.

o mv cos 30°4-mw cos 30°=m'u
or N3 mv=m'u (D)

By Newton's law of relative velocity along 4B for the spheres
A and B, we have

v—0=—¢(0—u cos 30°),
or v=}euq/3 ..(2)
s from (1) and (2), we get
N3 mXien3=m', i.e., 2m'=3me.
Cor. If m'=m, then e=%.
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Example 3. A4 smooth sphere A, of diameter a, is projected in
a certain direction s0 us to have vmpact with another equal sphere B at
rest. If the direction of motion of A before and after impact makes
angles § and ¢ respectively with the line of centres at the time of vmpact,
prove that

(3) tan =2 tan §/(1—e) and
(i1) in order to produce the greatest deviation tn the direction of A,
it must be projected in a direction making an angle

. sin=1[ay/T—efecv/3—e ]
withthe line (of length c) joining the centres of A and B.

Let the sphere 4 be projected with velocity u along the line
ACE.

Let B be the centre of the
sphere B at rest and A(4dB=c)
the centre of the moving sphere 4 in
its original position.

Let B(' (=a) be the line of
centres at the time of impact of the
two spheres, (' being the centre of
the sphere A at that time.

Let v be the velocity of A and
v’ that of B after the impact, so that

£ BCE=g and / BCF=¢.

The sphere B, having no velo-
city before impact, will obviously
move along CI8 after the impact.

(¢#) By conservation of momen-
tum along B(', and by Newton’s law of relative velocity, we have

MY COS m'=mn cos
1]

or v cos p+v'=u cos g, (D

and v cos p—v'=—e(n cos §—0). .. (2)
From these, we get

v cos h=}(1—e)u cos g. «{3)

Also since the velocity of the sphere A4 perp. to CB remains the
same, we have

vsin @=u sin 4. < (4)
s from (3) and (1), we get
tan =2 tan /(1 —e), .9

(i) Now let £ ECF, the deviation in the direction of motion
of the sphere A, be D, so that ¢=:0-4-1), putting this in (5) and
differentiating w.r. to §, we have

tan (§-1-D)=2 tan g/(1—¢),

dD 2 y
and sec? (9 +D>['+Ei ml~’scc’0=]~é—:(l+wn’ n).
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In order that D may be the greatest dD/dg= 0 and thus we get,
_E_ 29 ) =qec? —qe0?
l_e(l-i-’mn 9) sec®(g+ D) =secp

2
14 by 9)
2 4 2 -
or F »~l=[ (—‘T_—e—)éwm_’tau' [
or [4—2(1—e¢)]tan? g=2(l—e)—(1—¢)®
or 2(14-¢) tan® g==1—¢t.
tan? g=}(1—e¢), i.r., tan g=- 4 T:?/Ji,
sin §=1/1—e/v/3=¢.
Nowto find /. C4B=gz, from A4BC, wo hav.

sin «  sin (m—g) sin « sin@

B~ ~a5 " Ta T
Hence sin z==a sin @fc=u V' 1—¢fc V3¢,

Examples XXXI

1. A ball of mass 5 1b, moving with a velocity of 15 fi. per sce., im-
pinges on n second ball of double its mas< and one-third its veloaity ; if their
voiocitios betore mmapact be parallel and inclined at an angle of 30° to the line
ot centres at the time of impact, find the resulting motion of the first sphero
e 4.

a. Two smooth spheres of mass 1 1b. each moving with velocity 20 f.p.s.
in dircetions at richt angles to one another, impinge in such a way that the
line joining thuir contres is the direction of motion of one of them. Find the
veloeitios of the spheres after impact if e==4.

Two equal balls moving with equal spreds impinge, thoir directions
Leinyg inclined at 30° and 60’ to tho line of centres at the timo of impact ; show
that 1f e=1, the balls move in parallel directions after the impact, inclined at
45¢ to the lino of contres.

4+ A\ sphere of mass 4 Ib. moving with a velocity of 5 {p.e. impinges
on a sphere of mass 2 1b. moving with & velocity ot 3 f.p.s.  ff spheres aro
moving {/) in like parallol directions (i) in opposite parallel directions incliped
gt an angle of 30’ to tho line of centres nt the tinie of impa.t. show that the
velocities of the socond sphere after impact are tho same in the two cases, tho
cv eflictent of restitution being 4.

What aro tho velocities of the first sphoro after impact ?

An inclastic sphere impinges obliquely on a second sphere at rest,
whase muss is twico its own, 1 a direction making an angle of 30” with the line
1rimner the centres of the spheres at the instant of impact ; show thot its direc-
t1on of motion is turned through an anglo of 30°.

6. A smooth sphere approusches o stationavy sphere of equal size and
maas its eentro moving along o tangent to tho stationary sphere.  On impact.
th> path of the moving sphere is ecaused to doeviate throngh 30°. Find thoe
co-cllicient of restitation between the spheres, and show that their speeds after
impa.t are equal.

5. A ball impinges on annther at rest prove that if tho co.efficient of
restitution be equal to the ratio of their masses, the bally will leave in directions
at 1ighn angles 1o eneh other.

What will happen m the caso of direst collision ? (P.U. , D.U.)

8. 'I'wo equal sigoth spheres whose co.eflicient of restitution is unity,
meving in ditections ¢t right angles to each other, impinge obliquely.  Show
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and v sin §=u sin «=8 sin 30°=4. .
P=12416=28 \
ie., v=5'29 ft. per sec.,

N3 . o ar
and cot 0=? , 1.6, §=49°6".

Loss of K.E.:}mu’—}mv’:im(S x 8—28) ft. poundals
=z} ft.1b.=9ft. 0z.  ("* m=1)
3 V3
Impulse=m(l4-€)u cos a=1 X -5 X 8 X=5—
=64/3=10"4 1b. ft. sec.
le 2. A particle falls from a keight b in time ¢t upon a
fized horizontal plane. It rebounds and reaches the maximum height b’
in timet’, show that
V=et and h'=ecth.
Also prove that the whole distance (up and down) described by the

1
particle before it has finished rebounding is h%:_t-z,- andthat the time that
. 1+-e iy
elapsea 18 1—e 7

The time ¢ taken and velocity u acquired on reaching the
horizontal plane are given by

u3=2gh, ..(1)
and u=gt «+(2)
or h—} g3, ie.,t=/2hjg ..(3)

The velocity of rebound being ew, the time {’ and the max.
height A’ attained by the particle to reach the highest point where
its velocity is reduced to zero, are given by

=eu—gt’ i.e., eu=gt’ ..(4)
and 0=eu?—2gh’, i.c., tut=2gh' .. (8).

From (2) and (4), we get e. gt=gt’, i.e., t'=et,
and from (1) and (5), we get e* 2gh=2gh’, i.c., h'=eh.

It will reach the horizontal plane again with the same velocity
eu, in the same time t'=et, after moving the same distance A’ =e3%.

Thus after the first rebound and before the second rebound
takes place, the particle takes time 2et and describes the total dis-
tance up and down equal to 2¢3h.

The same process will be repeated subsequently till the particle
comes to rest.

Thus the whole time taken by the particle during the motion

=t42et4+2e%+........=t+2c+et+......)
et 2e l14e, 14e, /20

and the whole distance described by it
2 2
O WILY I SRS YO LN .

1—e? T 1—¢3 k.
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Exzmples XXXII-A

£. A ball weighing 10 Ib. and moving with a velocity of 30 ft. per scc.
impinges on a smooth fixed plane in a direction making 60° with the plane. If
the co-eficient of restitution is § find

(i) the impulse on the plane due to the impact.
(i) the direction of motion of the ball after impact.

2. At what angle must a body whose elasticity is 4 be incidént on a
perfectly haxd plane so that the angle batween the directions before and after
impact may be aright angle ?

3. An imperfectly elastic sphere whose olasticity is equal to tan 30°
impinges upon & plane with a velocity such that

tho velocity after impacte=the velocity before impact Xsin 45°,
find the angles of incidence and reflection.

. Amarble dropped on a stone floor from a height of 12 ft. is found
to rebound to a height of 10 ft. Find the co-efficient of restitution.

5. Aasteel ball is released from rest end falls upon a fixed steel anvil
and rebounds, the co-effieient of restitution being 0:9. The lowest point of the
ball is initia y at a distance of one foot above the anvil. Show that the ball
finally comes to rest on the anvil 4:75 secs. after its rolease and that the total

dista\x7€ travelled by the ball is }%* ft.

6. A tennis brll is dropped from o point P at a height H above the
surface of the court and rebounds to a height k. Prove that the velocity v with.
which it must be projeeted vertically downwards from P in order that it may
just return to P after rebound is given by the equation

hv2=2gH(H —h).
Find tho impulse at the point of impact with the court in the latter case.

. A ball, whose co-efficient of restitution with the ground is %, is pro-
jeoted upwards from the ground with a velocity of 18 f.p.s. Find the total
distance described by the ball before it comes to rest, and the time occupied in
describing this distance.

8. An elastie ball of mass m is projected vertically upwards from a point
on a horizontal plane with a velocity u. 1fe be the co-efficient of restitution,
find the total space described by it and the time that elapses up to the instant of
its nth rebound. What is the kinetic energy after the nth rebound ?

(P.U. 1955)

. Two smooth balls, one of mass double that of the other, are moving
with equal velocities in opposite parallel directions and impinge, their directions
of motion at the instant of impact making angles of 30° with the line of centres.
If e=4, show that the emaller ball behaves after impact as if it were a perfectly
elastic ball impinging on a fixed plane.

go. Two perfectly elastic balls fall from rest from heights of 16 ft. and
9 ft. above a horizontal plane descending elong the same vertical line. They
impinge upon a plane inclined at an angle of 45° and move along tho horizontal
plane. Prove that they will collide after moving a distance 24 ft. on the
horizontal plane.

10°42. Aprojectileimpinging ona plane. A particle projected
with a certain velocity in a certain direction, other than the horizontal
and vertical,'may strike a horizontal, & vertical or an inclined plane,
and may continue its motion after rebounding from the plane.

Example 1. From a point in a smooth horizontal plane a ball
is projected with velocity u at an angle a to the horizon. Show that it
will keep reboun@ing from the plane for a time?z;‘-——-:?:; and will have a

u? gin 2o

range =’ e being the co-efficient of elasticity.
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The ball at first describes a parabola and on meeting the hori-
zontal plane, it rebounds and so describes another parabola, and again
rebounds and thus describes a series of parabolas.

The initial vertical component of the velocity is % sin « and
vertical velocities of the ball at the successive rebounds are eu sin «,
¢®u sin «, ete.

So the times of describing the various parabolic paths are

9u sinoe  2euwsina 22 sin «
) ’ , etc.

g 9 J
Hence the total time that elapses before the ball ceases to
rebound is

Qu sin & 2em sin & 2¢%u sin «

R
g g g
2u sin a 2 _2usina 1
=———?,-—-——- (1+e+e?+...)= 7 1=

The plane being smooth, the horizontal velocity 4 cos« of the
ball remains unaltered during the motion.
the horizontal distance described in this time
_ 2usinlx % 008 t = u%sin 2«
~og(l—e) ” g(l—e)
After the ball has ceased to rebound, it will move along the
plane with constant velocity « cos «.

Example 2. 4 particle after falling from rest through a distance
h strikes a smooth plane tnclined at an angle « to the horizon. Show that
the distance between the first two points at which ot strikes the plane is
4he(1-e) sin .
(¢) Find this value when e=4, «=60° and h=2 ft.
(t2) Prove also that the whole range on the inclined plane when
4he sin a
(1—e)?®
Let the particle start from O and strike the plane at A with
velocity u, so that
04 =h, NO
and wi=2h .. (1) ‘.’e_t{
Just before impact at L
A, the velocity components
of the particle are :—

% cos « along the nor-
mal AN in the direction N4,
and u sin « along the plane

downwards.
Just after the impact, they are :—
eu cos a along the normal in the direction AN,

and Gu sin « along the plane, the plane being smooth this remains
constdnt throughout for all impacts.

the particle ceases to rebound is
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Considering motion in a direction perp. to the plane, the time ¢
which the particle takes to strike the plane again at B is given by

O=eu cos « t—% g cos a 3, so that t="2eulg .(2)

Now considering motion in the direction of the plane, the range
4B is given by
. - . 2eu . 4etut
AB=u sin a. t+} g sin «. t*=wu sin a.—-g—- + % g sin «. o
=_________2e sgm % (1+e)ud= Zesina ;m x (1-}-e) x 2gh
=4he(l+e) sin o ..(3)
(i) Substituting e==}, x==60° and =2 ft., we have
AB=4x2Xx}X -g— x5/2—3=3~/3 or 52 ft. nearly.
(¢2) Just after the impact at B, the velocity component perp.
to the plane is e3u cos a.
2¢%u

;. asin (2), time for the second range BC= .

and so on for other ranges.
.. the whole time 7 till the particle ceases to rebound
2en  2e%u 2eu 2eu

=2 =2 T B
7 + 7 + p (14e+et+....) 70—e)

. the whole range on the inclined plane in this time
=u sin «. I'+4% ¢ sin . 7"
2eu gsina  4etul?

gi—e) T 2 PI—ep

2e sin a [1“"1'86]“2 2e sin a 16X2g"

=% Sin o X

=) g (1—e) X1
4he sin
=TT
Example 3. 4 ball is projected with a wvelocity u at an
elevation a, from a point distant d from a smooth vertical wall in a plane
perpendicular toit. After rebounding from the wall it returns to the
point of projection. Prove that

u? sin 2a=gd( 1—|—~~17>-

Let O, be the point of projection, AB, the wall and AN
perpendicular to 4B,

Let ¢, be the time for motion from O to 4
along the path OCA, and t; the time for the
r;turn journey from 4 to O along the path ADO,
then

d=t, X horizontal component of the velocity

before striking the wall
=t;. % COS &,
also d=t, x horizontal velocity after impact with
the wall
==1g, €2 COS «,
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5 (hHte) u cos a=d+%—=d (1+—Ie-) ..

The wall being smooth, the vertical component u sin o of the
velocity is unaffected by the impact and the final vertical displace-
ment of the ball being zero, we have

O0=u sin «. (bt —bg(t+5)%, or t1+r,=?-'fi;"—“ .(2)

Substituting this in (1), wet get
1 2. 1
. .U Ccos a=d (1+—e—) or u sm2a=gd(1+—é—>-

Note. TIn case u and a are known, the co-efficient of restitution between
the ball and the wall, as obtained from this equation, is given by

e=gd/(u? sin 2a—gd).
Examples XXXII-B

t. A particle of olasticity ¢ is projected in a direction inclined to the
vertical and bounces on the smooth horizontal plane. The range of one rebound
is r ; find the range of the next. [Ans. er.] (P.U. 1957)

2. A particle is projected from a point in a horizontal plane with a velo-
city of 32 ft. per sec. at an angle of 30° with the horizon. If the co-efficient of
restitution is §, find the distance described by it horizontally before it ceases to
rebound. [Ans. 111 ft. nearly.] (D.U.)

d3. A ball is projected from a point in a horizontal plane and makes one
rebound, show thatif the second range is equal to the greatest height which the
ball attains, the angle of projection is tan—1 4e, e being the co-efficient of
elasticity.

4. A smooth elastic ball 18 projected horizontally from the top of a
tower 100 ft. high with a velocity of 100 f.p.s. ; show that after one rebound it
will describe a horizontal range of 40 ft. if the co-efficient of elasticity is .

2u sin «

5. A ball falls vertically for 2 seconds and hits a plane inclined at 30°
to the horizon. If the co-efficient of restitution be 3/4, show that the time that
elapses before it again hits the plane is 3 seconds.

6. Aballis projected in a plane perpendicular to a smooth vertical wall
80 that after rebounding, it passes through the point of projection. If the point
is at a maximum distance d from the wall, prove that V ‘the velocity of

projection is given by V2=gd(l+——:—) , where e is the co-efficient of

restitution.

A ball projected from a point O hits a vertical wall, rebounds and
passes through the point 16 ft. above O two soconds after projection. If the
distance of the wall from O is 3043 ft. and tho co-efficient of restitution is %’,
find the magnitude and the direction of the imtial velocity of the ball.

Find also the height above the level of O, of the point at which the ball
hits the wall. L Ans. 80 ft./scc. at 30° with horizon ; 21 ft.]

8. A particle is projected from a point in a smooth horizontal planc so
as to strike a smooth vertical wall at right angles, and after rebounding from
the wall, and once from the horizontal plane, returns to the point of projection;
prove that the co-efficientiof elasticity is 3. (P.U.)

9- A perfectly elastic ball is projected from a point in a plane of inclina-
tion a ; show that @, the angle of projoction with the horizon in order that after
striking the plane, the ball may be reflected vertically upwards is given by

2 tan =3 tan a+cotu.
10. A smooth elliptical tray is surrounded by a smooth vertical rim,
prove that a perfoctly elastic particle projected from a focus along the tray in any
d.rection will aftor two impacts return to the same focus.
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xx. A small sphere, moving with velocity ¥ on asmooth horizontal
plane towards a fixed vertical plane in a line at right angles to it, impinges
directly upon an equal sphere at rest at a distance a from the vertical plane.
The oo-efficient of rustitution betwoen the spheres and also between a sphere
and the vertical plane is 4.

Prove that there are only two impacts between the spheres, the interval
between them being 12a/3V. Also find the final velocity of the first sphere.
[Ans. 7V/32.]
x0'5. Kinetic energy lost by impact. In general there is
always a loss of kinetic energy whenever two bodies impinge.

We have, by Algebra
(m ") (mud -+ u"®) = (mu+m'u' )2 mm' (u — '), (D)
and (m4m') (mo?+m'v'2)=(mv+m'e’2+mm'(v—v')? . (2)
(1) and (2) are mere identities.
I. Direct Impact. In the caseof directimpact of two spheres
as given in Art. 10-2, we have
my+m'v' =mu+m'n’ ..(3)
and v—0' = —e(u—u’) (4
Subtracting (2) from (1), dividing by 2(m-}m’) and using (3)
and (4), we have R
Loss in K.E.=(}mu?+jm'u'?)— (3mo®+tm'v'?)
mm’ na 2
=3 ﬁ;i—_—n?(u——u (1 —e?). s )]
Since e<C1, this is positive and there is always a loss of Kinetic
energy. This vanishes when e¢=1, i.e., when the spheres are perfectly
elastic, there is 1o loss of energy.
II. Oblique Impact. When the collision is oblique, we have
Loss in K.E.=(3mu24-1m'u'?)—(3mvd+im'v'?)
=3m{u? cos® a+ u? sin? a)+}m’'(u'2 cos? B+u’? sin®B)
—3m(v® sin? 94 0? cos?@)—Ltm'(v'? sin® 40’2 cos? ).
But the components of the velocities at right angles to the
iine of centres are unaltered by the impac. «: I thus, as in § 10'3, we
ave
vsin §=usin « and o sin g=u’sin 8.
Hence loss in K.E.
=Jmu? cos? a-t-}m'u'® cos? B—3me? cos? §—m'v?cos? ¢.
It follows that it is only velocity components in the line of
centres that can affecu a change in the Kinetic energy of the spheres

Hence proceeding as before in the case of the direct impact and
writing respectively, u cos «, »’ cos 8, v cos § and v cos ¢ for u, o/,
v and v’ in the four equations, we obtain a result similar to (5).

mm’
. Lossin KE.=}-— —, (u cos a—u' ¢ 2(1—el).
C.E %m-i—m'( co os B)3(1—e)

Note. If »/=0 and m'—e, the result is the same as (5) in Art. 10-41
for the loss of energy of a sphere striking a fixed plano.

10'6. Compression and Restitution. When a wet tennis
ball falls on to a hard floor or strikes a wall, it leaves a mark which
is not mercly a point, but a circle of considerable arca. Tt shows
that at the timo of impact, the ball must have undergone a deforma-
tion near the point of contact. Similurly when two elastic spheres of
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any hard material impinge on each other, each is slightly compressed
by the other, so that they are no longer perfect spheres. Finally each
resumes its original shape and separates from the other. The period
of impact may thus be divided into two parts :

() The Period of Compression, during which the distance
between the centres of the spheres diminishes until the distance is a
minimum at the moment of the greatest compression.

(ii) The Period of Restitution, during which the spheres
resume their original shape and separate completely.

At the instant of greatest compression the distance between the
centres of the spheres is minimum and, therefore, its rate of change is
then zero and consequently the relative velocity of the spheres along
their common normal vanishes. Thus at the time of greatest compres-
sion, the components of the velocities of the spheres along the line of the
centres must be the same.

*10'7. Impulses of Compression and Restitution. When-
ever two spheres impinge, tlie whole time of action between the
spheres is so exceedingly short that it is not possible to follow the
process in detail. Yet during the momentary contact, forces are
called into play rising from zero to a high value end dying away to
zero again, so that a great aud instantancous change of velocities
takeg place. We now find the relation between these forces and the
changes in the velocities of the two spheres,

Let n, m’ be the masses of the spheres, « and «’ their velocities
before impact, and », v’ their velocities after impact, the velocities
being all measured in the same direction.

Lev U be the common velceity of the spheres at the time of the
greatest compression.

The time from the instant at which the spheres touch to the
instnt of the greatest compressionisso small that the forevs pro-
ducing the changes in the veloci-
ties of the spheres may be regard-
cd asimpulsive. In whatsoever
manner these forces may change
during the impact, they, being of
the nature of the action and re-
action, must be equal and opposite
at a particular instant. Vi

Thus, if I is impluse of
compression on the sphere of mass
m, the impulse on the sphere of mass m’ will be —Z and we have

m

g~

u
ig

I-=change of momentum in m=m(U—u) ] )
—I=change of momentum in m'=m"(U—un’) - ()
1 1 o
o 7);—-}—-“:-,-—-U——u-—(lz-—u Y= —u ..(2)

After the instant of the greatest compression, the period of
restitution begins and another system of forces comes into play until
the spheres recover their shape and sepavate from each other with
vilocities » and @,
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If I’ be the impulse of restitution, then

—changc inmomentum in m=m(v— U) ] 3
and —J'=change in momentuminm’=m'(v’'—U) - (3)
II ’

R .__~+ _I__-——v_U (v —-U)==v-— ..(4)

From (2) and (4), we have

I v—o v—2’ ,

T =m=_u_u,=—-—(—e) by Newton’s law.

Hence I'=el

iie., Impulse of restitution=e X impulse of compression.
Conversely if I'=el, then from (2) and (4), we have
v—v' =e(u —u) =—e(u—u').

Total impulse=17I-1'=(14¢)]=(1+¢) l'y;»:t-gf" ) , from (2).
Also from (1), m(U—u)=—m'(U—1u')
1e., (m~+m')U=mu+mn'u’

Similarly from (3),
(m4m')U =my+m'v
Hence U= "L?{-I-m n _my+ mAv

m—r-m m--n'

Note. These equations prove the fact that the total momentum remains
the same throughout the motion.

10'8. Kinetic Energy lost by direct impact during the
two periods,
U, the common velocity of the spheres at the time of the
greatest compression is nivon by
_mu +m'u mv+m v
mA4m' T mAn
s Ey=loss of K.E. during the period of compression
=imud+Im'u'?—L(m+m\U?
=1 [muz%—m’u'?_(ﬂ”."%:m.’" )’]__1 _L""_‘. u--u')?
ot m+m'
by (15 105]
E,—~loss of K.E. during the pericd of restitution
=3m4m')U3—LIme®—3m'v'?

"~ my-t-m'v’)?
-=—-§Lmv2+ )n’v"-—(--»—— T

m-nd
»
’ ’
mm mm
=} (ot P e {u— it f o — ety
m-m m—-m

The negative sign shows that a part of the energy lost in the
first period is regained in the second period.
Total loss in energy =E, 4+ E;= I/, —€e*E;=(1 —r%)E,
mm’
—1 M 2] — 2
2'”+"Il (U u)‘l (‘)?
this result is the same as obtained in § 105,
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\/ Examples XXXIII
. Two vlastic spheres, each of mass m, collide directly. Show that the

energy lost during the impact is } m(u3—v2), where « and v ar8 the relative
velocities before and after impact.

If the velocity of one of the spheresis exactly reversed by the impact,
and if the co-efficient of restitution is §, show that the energy lost is four times
that of the sphere whose velocity is reversed.

2. A tram car weighing 10 tons and running at 10 m.p.h. overtakes
and collides with another tram car weighing 10 tons and running at 94 m.p.h.
After the impact the cars separate with a relative velocity of § f.p.s. Find the

amount of energy lost in the collision. (Ans. 50%}% ft.Ib.)

Two equal smooth billiard balls, whose co-cfficient of elasticity is e,
moving with equal velocites v in opposite directions, impinge obliquely, the line
of centres on impact being inclined at 45° to the direction of motion.

Prove that the loss of energy by impact is half what it would have been
had the impact been direct.

4- Given the masses, the co-efficient of elasticity and the magnitudo
but not the direction of the velocity of each of tho two smooth spheres, show
that tho loss of kinetic energy is greatest when the impact is dircct and the
spheres aro travelling towards each other.

Two smooth homogeneous spheres whose velocitics are u and v and
masses m, m’ impinge directly. Prove that the momentum transferred from
one to the other or the impulse which each reccives is

mm

m——_-'-_—"";' (U—-V)(l +6),

wheore e is the co-efficient of elasticity.

6. Explain tho action that takes place between two elastic bodies during
collision.

If the impulsive force during the period of restitution bears a constant
ratio e to the impulsive force during the period of compression, show that

(f) the relative velocity after impact i3 —e times the relative velocity
before impact, and

(i1) the momentum of the system is tho same after impact as before,
r.U.)

REVISION QUESTIONS—IX

x. Prove that when two smooth spheres impinge directly, the K.E. is
lost by impact, unless the elasticity is perfect. (P.U. 1954)

2. Describe the action that takes placo when ono clastic body impinges
on another. Show that the ratio of the impulses of the forces of restitution and
compression ig equal to the co-efficient of restitution. (P.U. 1955)

Two balls, each of mass 1 lb., are placed on a smooth horizontal
plane and connected by a light elastic string of ratural length 6 ft. and modulus
6 1b. wt. The balls are drawn apart so that the distance between them is 8 ft.
and thon let go. Find the velocity of the balls when the string becomes slack
and show that if the co-efficient of clasticity is 3, the balls rcturn, after impact,
with half of this velocity, and that the subsequent maximum elongation of the
string i3 one foot. [Ans. 8 ft.fsec.]

A small ball hangs from & point in a vertical wall by a string of
length I and rosts in contact with the wall. The ball is pulled back in a vertical
plane perpendicular to the wall, the string making an angle a with the vertical,
and let go. If e be tho co-efficiont of restitution show that tho angular
amplitude of the rebound after n impacts is

2 sin~(e" sin Ja).
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5. An imperfectly elastic sphere of mass m, moving with velocity
impinges dircetly on another sphere of mass m’ at rest. The second sphero
afterwards strikes a vertical cushion at right angles to its path : show that there
will be no further impact of the spheres if m(1+¢’+-ec’)<<em’, where e is the
co-efficient of restitution between the spheres and ¢’ that botween the second
sphore and tho cushion. (Bm. U.)

6. A ball is projected from the middle point of one side of a billiard
table 80 as to striko first an adjacent side, and then the middle point of the side
opposite to that from which it started ; show that the ball will hit the other

llj:e from the end nearest the opposite side, b being

the length of the adjacent side.

7. A square table ABCD whose side is @ has raised edges. A particlo
of elesticity ¢ is projected from a point P in AB and hits the sides BC, CD, DA
in @, R, §; prove that the paths PQ and RS are parallel

If a be tho anglo QPB and BP be z, prove that, if the particle returns

adjacent sido at a distance

to P,
2(1—e)==qa(l—e cot a). (D.U. 1959)

\/8. A sirooth circular tublo is surrounded by a smooth rim whosa
interior surface 18 vertical. Show that a ball projocted along the tablo from a
point on the rim in a direction making an anglo § with the radius through tho
point, will return to the point of projection after

(4) two impacts if tan == and that the timo of describing the
N 1e4-¢2
first chord 13 e-times tho tim» for the last chord.

A
(#i) threo impucts if tan Q=¢2, ¢ being the co-efficient of clasticity.

~e. A smooth sphere, of mass m, is tied to a fixed point by an inextensi-

blo string and another sphere, of mass m/, impinges directly on it with veloeity
v 1n a direction making an acuto angle « with the string.  Show that m begins
1o movo with veloeity

m’(14-¢) sin a

—— Y, P.U. Hons.

m+m’ sin2 g ( )

10. A particlo of olasticity e goes bouncing down an endless fight of

stairs eoch of height b and breadth b, It hits each stair at an exactly similar
point at tho same angle and with tho same speed. bwnd the angle of impact
and show that the nornal veloeity of impact 1s

N 2gh[(1—e2).
[Ans.  tan~1[b(1 = ¢)/2A] with the vertical.]

11. In a certain pame a ball is rolled along a horizonta! plano until it
strikes an inclined plano ot inchnation § from which it rebounds, The object
of the game 1s to make the ball after rebounding fall into o hole in the inclined
plane at a distance d from its junction with tho borizontal plane. Show that
i order that the ball may enter the hole, its velocity of projestion ¥ must bo
given by

gd=:2e V2 gin @ (1—e tan2p).

12. A perfeétly clastic ball is projected from the foot of a plane inclined
at an angle @ to tho horizon. TF after striking the plano at a distance { from
the point of projection 1t rebounds and retraces its former path, show that the

velocity of projection is
gl (143 sinfp) .
\/ T Seng (Agra U. ; P,U. Hona.)
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. 13. If two balls of masscs m, m’ moving with velocition u, w’ impinge
dircetly prove that the condition that each loscs the same amount of kinetic
energy is

(3+e)(mu+m’u')+(l-—e)(mu’+m'u)'=0.
v

14. Two cqual smooth spheres of radius r, movo with the same spoed in
opposite directions along parallel lines which are at a distanco d apart. Prove
that the direction of motion of each deviates, on impact, through a right augle
if

d2(14-e)=4er2.

\/15. An elastic ball is projected from a point at the foot of one of the
two suooth parallel vertical walls so that after three impacts it may return to
the point of projection. If thoe last impact bo direct, show that

S4edye=l.
16. A heavy perfectly elastic particle is dropped from a point Pon the
inside surfaco of o smouth sphere. Prove that the second point of impact on

the surface of the sphere will be in the saine horizontal planc as the first if the
angular distance of P from the highest point of the sphere is

o8 n{(zi +|)313}, (D.U. 1961)



CHAPTER XI
MISCELLANEOUS PROBLEMS
1.—RELATIVE MOTION

11'1. Rest and motion relative terms. When we say that
a body is at rest, we simply mean that the body has no velocity with
respect to another on which the body stands, as for instance, the
surface of the eartb. But rcally the body is not at rest as it is
partaking in the motion of rotation of the earth about its axis and
the motion of the whole earth round the sun. Again, the sun itself
with the-whole solar system is moving through space towards the star
Vega. Vega, the sun and a large number of stars are themselves
supposed to be moving with respect to another system of stars and
so on. There is thus no absolutely fixed point from which we can
measure our motion, so that all motion is relative. It is, thercfore,
unscicntific to distinguish between rest and motion as between two
different states of a body in itself, since it is impossible to speak of a
body being at rest or in motion except with reference, expressed or
implied, to some other body.

11'2. Relative Velocity, The velocity of a point P relative
to a point @ is the rate of change of position of P with respect to ¢
or in other words the velocity of P reletive to @ is the velocity which
P appears to have when viewed from Q.

The relative velocity of two bodies moving along a straight line
was discussed in the first chapter. We now consider the relative
velocity of bodies moving over a

Y Y| ’ P plane.

Let the position of tho point P
y at any time t be defined by the

co-ordinates (x, ¢) relative to two
, perpendicular axes through a point (¥
0 * W X' (supposed tixed) and let the co-ordi-
nates of the point @ at the same time
with reference to the samce axes be

0 x M X (& ).

If («', y') are the co-ordinates of P relative to the axes through
@ parallel to those through 0, then

r=r-¢ and y'=y—n (1)
Differentiating, we have

de' dr  dE df dy dy )

C I A @)

which shows that when all velocities are measured relative to a given
point, the velocity components of the point P relative fo the moving
point Q are obtained by adding to the actual velocity components of
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P, the actual velocity coraponents which are equal and opposite to
those of Q.

The velocity of P relative to @ may, therefore, be regarded as
the resultant of two velocities, viz.,,
(¢) the actual velocity of P,
and (#3) the reversed velocity of @.
Thus, we have the following :—

The velocity of P relative lo Q i3 obtained by compounding the
absolute velocity of P with the reversed vclocity of @.

11°'2x.  This can also be proved geometrically as follows :—

Let the velocities of P and @ be represented in direction and
magnitude by the lines PR and ¢S. Complete the parallelogram
PQAST and join T'R.

By triangle of velo- R

cities, the velocity PR is S T

cquivalent to two velocities

represented by P7 and TR.

But P7T, being parallel and

equal to @S, represents the ;

velocity of @. Thus the /

P

velocity of P is equivalent
to two velocities, one repre- Q

sented by P7T', equal and parallel to that of @, and the other
represented by 7'R.

Hence 7'R represents the velocity of P relative to Q.

Again, TR is cquivalent to PR, the velocity of P, and 7P, a
velocity equal and opposite to that of Q.

Hence the velocity of P relative to @ is obtained by compound-
ing with the actual velocity of P, a velocity cqual and opposite to
that of Q.

11°22. Thus, if the velocities of P and @ be # and v in direc-
tions making angles x and B with the axis of 2 and if I” be the
magnitude and § the ditegtion of

v U the velocity of P relative to (.
then
V" cos @=u cos a—v cos B
. \B A

and 'V sin g=u sin a—v sin g

‘ * U sin a—t si
0 r tan 0=——8-'—-————-——cL © s [3’
R % cos a—v cos B
and V2=(u cos a—1 cos B)®+(u sin a—v ein B2

=u2+v2—2uv cos (x —B).
These equations give the magnitude and direction of the relative
velocity.
11°23.  Equations (2) Art. 112, may also be written in the form
de  dé¢  da dy dn  dy’
dt :.TIZ 4 dt and a,'::a‘t—T?;
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i.e., the actual velocily of P is obtained by compounding with the velocity
of @, the velocity of P relative to Q.

Example 1. A railway train running at the rate of 60 miles
per hour is struck by a stone moving at right angles to the train with a
velocity of 33 ft. per sec. Find the velocity with which the stone appears
to strike the train.

Let V be the required velocity in a direction making an angle 9

with the direction of the train, then since 60 m.p.h.=88 f.p.s.
: V cos §=0—88=—88

and ¥V sin §=33—0=33

A V=1/88x88+33%33=11 V73=939 ft. per sec.,
33 3
and tan 0=—_—8-8,__~,__§.

'Example 2. A person going eastward with a speed of 4 m.p.h.
finds that the wind appears to tlow directly from the mnorth. e doubles
his speed and the wind seems to come from N.E. In what direction and
with whet velocily is the wind blowing ?

Let OF and 08 drawn in the east and south directions be taken

as the axes, let the velocity of the wind be v, and let it be blowing in
a direction making an angle ¢ with

i P s Q £ OF, then the components of this

N
h 2] 57 velocity arc v cos g, v sin §.
Components of the velocity
of the man are 4, 0.
' .". components of the relative
d

v
R velocity are
v cos 94, v sin 9—0.

;. in the first casc when the wind appeers to come from the

north, i.e., the relative velocity is perp. to OF,
its component along OF must vanish.

*, v cos §—4=0 i.e., vcosf—=4 (1)

In the second case when the man doubles his speed, the com-
ponents of the relative velocity are v cos §—8 and v sin §—0.

v sin §—0 y o
o i’zo;o:ﬁ-tan L EQR=tan 135°=—1
ie., v sin f=—v cos §4+8=—4+8=4% <. (2)

o from (1) and (2), we have v==44/2 and g =tan~? 1=45°
i.e., the wind is actaally blowing from the north-west.

Or thus : the man’s specds are represented by OP and 0Q
and let OR represent the velocity of the wind, then

(R compounded with PO and QO i.c., OP and 0Q taken in the
reversed  directions, gives the relative velocities PR and QR
respectively.

But. PR is given to be from the north, so that

LOPR=00°= / QPR,
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and QR is given to be from the north-east, so that

/ PQR=45".
s, L PRQ=45° and PR=PQ,
but PQ=0P, .. OP=PR and /. POR-45°.
Hence OR=0P sec 45°=4J2.

Example g, 7wo motor cars A and B are moving uniformly on
two straight roads at right angles to one another at 40 and 20 miles per
hour respectively. A passes the intersection of the roads wien B has
still to move S0 miles to reach it. How much time will elapse before they
are close together and what is the shortest distance between them ?

If z is the distance between the cars after ¢ bours, then

= (40t) -+ (50— 200)2, Y
dz . B
and z—d—t-=40>( 40t—20(50—20¢),
=2000t—1000 0 R
. dz 50
2 is least when aq =0,
ie., when t=} hour=30 mins., (] A
which gives 2==204/5==44"7 miles, 0 40 X

the shortest distance between the cars.

Or thus :—-Let O be the position of 4 when B is 50 miles from
O initially. 4 is moving along OX and B is moving along Y0. In
this position let a velocity of 20 m.ph. in the direction OY be

impressed upon botk of them.
B is reduced to rest and 4 moves with a velocity of
4/ 10x40+20% 20=204/5 m.p.h. along OR inclined at an angle
¢g=tan~! 2$=tan"! § with OX, )
OR is the direction of the relative velocity of A4 with respect tu B.
». the chortest distance between the cars
= BI,, perpendicular from B on OR

2
=0B cos §=50X% V5 =204/5=44"7 miles.

The time ¢ when it occurs
=time to describe OL with the relative velocity.

0L 1 . 1 50
=20v/5=204/5 < 0B ¢t 0=3575%X 75
Example 4. If the distance between two points P and Q at any
time bea, if V be their relative velocity, and if w and v be the
components of V respectively in, and perpendicular to the direction of a,
show that their distance when they are nearest to one another is av[V,
and tlh{lg the time that elapses before they arrive at their nearest distance
is aufV2,

In the Fig. of Ex. 3, let O be the position of P and B that of
Q, so that OB=a. )

Let OR be the path of P relative to @, so that when @ is

=} hour=30 mins.
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supposed to be at rest at B, P moves along OR with relative velocity
V, then by the question
V sin §=ccmponent of V in the direction of a, i.e., along OB=u,
V cos §-=component of V perp. to a, i.e., along 0X =v.
Now the shortest distance between them

v av
=Bl=a cos §=d.~=— -

Bl,=a cos §=u ="
and the time to reach this position

*11°3. Velocity of a shot fired from a gun free to recoil
horizontally. Let a shot of mass m be fired from a gun of mass M
at rest on a horizontal plane. Let the barrel be inclined at an angle
« to the horizon and let u be the velocity of the shot relative to the
gun.  This velocity, being in the direction of the bore of the gun,
will be inclined at the angle & to the horizon.

Let the gun recoil with a velocity v. Then the actual horizontal
velocity of the shot=its horizontal velocity relative to the gun

(u cos a)+the velocity of the gun (—v)
=u CO3:0.—v,
Also the vertical component of the actual velocity of the shot
=u sin «+0=u sin a.
If 9 be the inclination of the actual direction of motion of the
shot at the time of firing, then
vertigal vel. of the shot o sin «
tan §=—; - == (D).
its horizontal vel. n ¢cos x—7v

Now by the principle of conservation of momentum in the
horizontal direction, we have

m(u cos a—v)—Mv=0
mu Cosa

i.e., V= "m_*_‘M" ..(2).
. % co8 d— v cos g CoR e Mu cos «
*t : m+M m+M
» 8in o

Hence from (1), tan o=7ilu wsa(M+m)= [l+ %] tan a.

* Ex. 1. A cannon-ball of mass m is shot from a gun of mass M (which
is free to recoil in a horizontal direction) so that its muzzle-velocity relative to

72
the ground is V. S8how that its greatest range is Alf and is obtained by giving

thg gun an clevatior of
-1 "
cot [l+ il

[Hint. For the greatest range 9=45°]

*Ex 8. A shot of massm is fired from a gun of mass M with velocity
u relative to the gun, show that the actual velocitios of the shot and the gun are
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Mu mu

mi M and Mim respectively and show that the total K.E. generated is
Mm
2, =
}M+m u (Here take 2=0)

*Ex. 3. A gun of mass M free to move on smooth horizontal rails, fires

a shell of mass m in the vertical plane midway botween the rails. Assuming

that the velocity of the shell relative to the gun 18 of magnitudo u whatever the

elevation of the gun, show that ¢ the time taken by the shell to reach a point at

horizontal and vertical distances a@, b, from the initial position of the gun is
given by

Mrma s

M

Examples XXXIV

*"1. A train moving at the rate of 30 m.p.h. is struck by a stono moving
at right angles to the train with a velocity of 33 f.p.s. Find the volocity with
which the stone appears to strike the train.

+(b+ fge2)3=u2.

2. A ball of mass 8 ounces after falling verucally for 40 ft. i3 caught oy
a man in a motor car travelling horizontally at 30 m.p.h. Find the inclhination
to the vertical at which it will appear to him to be moving and the magnitude
of the impluse on the hand when the ball is caught.

3. To a passenger in a train moving at 45 m.p.h. tho rain though
falling vertically appears to make an angle of 60 dogrces with the vortical, Find
the velocity of the ramn.

. To a man walking at the rate of 4 miles an hour rain appears to fall
vertical?y. If its real velocity is 8 miles an hour, find its real direction of
motion. (r.U.)

5. A road and a railway line cross at right angles. If at a ccrtain
instant a car is approaching the crossing at 30 ft./scc. and a truin at 40 {t./sec.
find tho mugnitudo and direction of the velocity of the train relutivo to il.: car
at the said 1nstant. (P.U. 1951)

6. Two railway lines are inclined at an angle of 60° ; two ongines run,
one on each line from the point of intersection of the lines, at the rate of 20
m.p.h. Find their relative velocity in magnitude and diroction.

. Two motor cars are moving uniformly along straight roads making
an anglo of 60° with oach other, with velocities of 20 and 12 miles per hour. If
tho first car bo moving towards and the second away from the junction of the
rouds, find the relative velocity of the first with respect to the sccond.

8. A cyclist travolling at 10 m.p.h. is overtaken by a ecar moving at
20 m.p.h. as they both arrive at a cross.road. The cyclist keeps straight on,
but tho motorist proceeds along the road that makes 120° with his previous line
of motion. With what velocity and in what direction docs the car appear to
the cyclist to move ?

3 9. A steamship is travelling north at the rato of 15 m.p.h. ard there is
a north-east wind blowing at tho rate of 1042 m.p.h. Find the dircotion in
which the smoke from the funnel appears to move to an obsorvor in the ship.

10. To a cyclist going at 9 m.p.h. due east, the wind seems to blow from
a direction 60° south of west at 6 m.p.h. Find the truo dircetion and velocity
of the wind.

~{ 15 A ship is sailing due wost and the apparont dircetion of the wind as
shown by tho fluttering of tho flag on tho mast, is from north. Tho wind is
known to be blowing {rom a direction 30° cast of north. Show that its velocity
is double that of the ship.

<+ xa. .Two ships are sailing, ono towards the east with a volycity u snd
the other towards tho south with a velocity v. Tho wind is blowing with vslo-
city w in a diroction making an angle a to tho south of wost. Find the angle
butween the streams of smoko of the ships and show that if a=45° and u=v,
this angle is tan—1 ud/us,
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13. To a passonger in an open car travelling at 32 m.p.h. the wind
appears to come from a direction 30° to the right and from ahead at 8 m.p.h
What is the true direction and velocity of the wind ?

14. To & man walking at 4 m.p.h. along a road running due west, wind
appoars to blow from tho south, while to a oyclist travelling in the same direc-
tion at 8 m.p.h. it appcars to como from the south-west., What is the true diroc-
tion and velocity of tho wind ?

18. To a man travelling due east, the wind appears to come from the
noarth.cast, but when he doubles his spoed it appears to como from a direction
tan—1 § north of cast. Find tho direction of the wind. (P.U.)

16. A porson travelling towards the north-east finds that the wind
appears to blow from the north but when he doubles his speed it seems to come
from a direction inclined at an angle cot~1 2 on the east of north. Prove that
the true direction of the wind is towards the east. (r.U.)

27. A motor car is procecding duo east and the motorist notices that
the wind appears to como from a dircction 30° east of north. When he drives
duo west at the same speed the wind appears to come from a direction 60° west
of north, prove that the wind is actuslly blowing from a direction 30° west of
the north with the samc speed as that of the car.

18. ' ABC is a triangle right-angled at C, a particle P starts from A4 and
moves along 4C with uniform velocity u : a second particle @ starts from C at
the samo instant and moves along CB with uniform velocity v ; show that the
shortest distance between P and Q will be

v. AC ft . u.AC
Juzzi-;i alter a Limo u3+03'
19. Two acouts, cycling at 9 and 12 m.p.h. along straight roads which
cross atb right unglos at O, aro at some instant both at a distance of one milo
from 0. Find tho shortest distanco betwoen the scouts in the subsequent motion.

(You may use a graphical or an analytical method). (P.U.)
[Hint. Both may be taken to be cycling towards 0.}
20. A steamer A moving due north at 12 m.p.h. and another steamer B

which moves at 20 m.p.h. is two miles duo east of 4. Show that the least timo
in which B can catch up A4 is 7} mins. .

Find graphically or otherwise, the least distance apart of the vessels if I3
ateams in a dircetion 30° north of west.

ar. A foot-ball player A4 gets the ball at a point P and runs northwise
with it at 24 ft./sce. At the same time an opponent, B atarts at a speed of 268
ft.[sec. from a point Q due west of P to try to tuckle. In what direction should
horun?

(3) Show that the velocity of B relative to A must be eastward. Find
its value.

(i7) If PQ=25 ft., how long will B take to catch A ? (Posts and Tele.)

22. A bomber moves due east at 100 miler/hr. over a town X at acertain

time. Six minutes later a pursuit plane scts off from a station Y which is 40

miles duc south of X and flies north.cast, If both maintain their course, find

graphically or by calculation the velocity with which the plane must fly in order

to owertake the bomber. If the pursuit plane flies at the rate of 15042 miles/hbr.,
along its course, find its nearest approach to the bomber in miles.

(Pub. Ser. Com.)

a3. Two straight roads OX and OY arc inclined to each other at an acuto
anglé « ; one car moves along X0 with speed u while a socond car moves along
OY with speed v.
__ Ifthe first caris at a distance d from O when the sccond is at O, show
that ‘the cars are at their icast distance apart after time
(u+vcosa)d
%2403+ 24y cos & °
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Also show that when the cars are at the least distance apart, the ratio of
their distances from O is

V+%uCOS&x: u+vcosa.

. 24. Two particles ere moving with velocities v and 2v respoctively in the
circumferonce of a circle. In what positions is their relative velocity greatest
and least, and what values has it then ?

ag. A train of length 880 ft. travels round a curve of radius } mile at a
speed of 60 m.p.h. Calculate the velocity of the front of the train relative to the
rear,

26. A wheel of radius r is rolling (without slipping and in a vertical
planc) in a straight line along a horizontal plane, its centro having a speed 9.
If P, Q are the ends of a diamoter PQ, show that the velocity of P relative to
@ is 2v in a dircction perpendicular to PQ.

27. AB is the vertical diamster of a circle. Particles start simultane-
ously from the highest point A and any other point P and fall down along chords
AP and PB separately ; show that the least distance between them is equal to
the distance of P from AB.

28. One particle slides down a smooth inclined plane of inclination 30°
and & sccond drops vertically, both starting together from the top of the plane.
Find tho relative velocity in direction and magnitude at the end of 4 secs,

The position of a point P is definod by z==t, y=2¢ and that of another
point Q by z=3¢, y=5t3. Show that the path of Q relative to P is a parabola
and find the velocity of @ relative to P when ¢=3.

30. Two ships are streaming along straight courses with such constant
velocities that they will collide unless their velocities aro altered. Show that
to an observer on either ship the other appears to be always moving directly
towards him.

31. You are in a railway train standing at a station, Another train
arrivos on a parallel track from the opposite direction. As tho second train is
about to stop at the station, you feel as if your train has-hegun to move in its
own direction. Why is it so ? )

32. A shot of mass m is fired from & gun of mass M with a velocity u
relative to the gun. Find the onergy of tho recoil and the velocity with which
the shot weould be fired if the gun was fixed. (P.O.)

[The barrel of tho gun may be taken as horizontal.}

REVISION QUESTIONS —X

1. Define relative velocity, and from your definition deduce that

velocity of B==velocity of A plus the velocity of B relative to A4,
plus denoting vector addition. s
A wheol rolls along the ground with uniform angular velocity w. Show

that tho velocity of any point P on itsrim is ®.4P and is perpondicular to
AP, 4 boing the point of contact with the ground at any instant. (P.U.)

2. Theoo straight lines are equally inclined to one another in a plane,
and three equal particles P, @, R move along them with velocities u, v, w respec-
tively.  Show that the velocity of P relativo to the centroid of the particles is

$(403 + V34 wi 2up 4+ 2uw—vw)b . (P.U.)

If particles P and Q are traveiling in straight lines with uniform
velocitics u and v towards a point O, show that the least distance botwcen them

U~v

during the motion is

p, where p is the porpendicular distanco of O from

tho direction of the vclocity of P relative to @ when Q and P aro cquidistant
from O. (P.U.)

4 and B are projectiles doseribing parabolic paths under gravity.
Provo that, relative to 4, B uppears to describe a struight line uniformly.
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5. Two particles start simultaneously from the same point and move
along two straight lines, one with uniform velocity « and the other from rest,
with uniform acceleration f. Show that their relative velocity is least after &

. cos . G . .
time X 20% % and that the least relative velocity is u sin «, where « is the angle

!

between the lines.

§. An aeroplane has a speed of u miles/hr. and a range of action z miles
(§.c., can carry enough petrol to go # miles out and z miles back)in calm
weather. Prove that in a steady wind of v miles/hr., its range of action in a
direction inclined at @ to the wind 18

_ alud-e?)

tu(u2—o? sin’Q)*
Find also the magnitude and direction of the maximum rango.
[Ans. £V ui—vi[u, perp. to tho wind).
. An aviator flies round a triangular course each side of which is ¢ miles
long, wlile the wind blows at v m.p.h. parallel to & side, show that he takes
c(v+ny4p2—3u2)
R
hours to complete the cireuit in either direction, v being his velocity relative to
the air. (P.U. Hons.)
11'4. Relative Acceleration. Differentiating the equations
given in Art. 11°23, we have
dz d¢ d dby dy +d’y’
i =dp g ap = a e
i.e., the actual acceleration of P is obtained by compounding with
the actual acceleration of Q, the acceleration of P relative to Q.

*Example. 4 particle of mass m slides from rest down the
smooth face of inclination «, of a wedge. 1 he wedge is of mass M and
18 free to move on a smooth horizontal table on- whick it rests. 1o
determine the motion of the particle and of the wedge.

The forces acting on the particle are :—

(7) its weight mg, vertical,

(1i) R, the pressure of the wedge perpendicular to the face
(shown outwards in the figure).

The forces acting on the wedge are :—

(¢) its weight Mg, vertical,

(13) R, the pressure of the particle on‘the wedge (shown inwards

in the figure),
(13) the pressure, say S, of the table on the wedge, vertical (the
table being smooth),

Let f be the acceleration of the particle down the wedge relative
to it and f’, the horizontal aceeleration of
the wedge.

The acceleration of the particle rela-
tive to the ground is the resultant of the
acceleration of the wedge and the accele-
ration of the particle rclative to the
wedge.

Thercfore the components of the
acceleration of the particle are—
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(1) along the face of the wedge downwards
=f—f" cos «.
(2) perpendicular to the face=f" sin a, (inwards).
Hence equations of motion for m aloug and perpendicular to the
face are
m(f—f' cos a)==mg sin « (D),
and mf’ sin a=mg cos a—R .. (2).

The horizontal component of R on the wedge being R sin «, its
equation of motion is

Mf'=R sin « ..(3).
Solving (2) and {3), we get
7 mg 8in o co8 a Mm

= M+4m sin? a and R=M+m siniy * 9 008 %
From (1), we have fe=f’ cos a+g sin «
M+4m .
.—_-TM‘-i:'—’;—;n'i-a. gein a.
S, the reaction of the ground=Mg+-R cos

SMtnsint e
In. the particular case when some external force, say ¥, for
example the force of friction between the wedge and the table, is
sufficient to stop the motion of the wedge, f'=0 and therefore from
(1) ard (2), we have

f=¢ ¢in «, and R=mg cos «.
Also in this case S=Mg+R cos a=Mg-+mg cos®a=g(M +m cos® u)
and the horizontal force F' necessary to prevent the wedge from
moving =R sin a=mg sin « cos a.

*Eamples XXXV

1. Two bodies stuit simultaneously from rest, one sliding down a
smooth fixed inclined plane of inclination @, and the other falling freely. Prove
that their relative acceleration is g cos .

Hence show that either body as sven by a person moving with the other
appears to be moving from the obscrver in a straight line perpendicular to the
plane with uniform acceleration.

2. A wedge of mass 3 lb. apd angle 30°, rests with one face on a smooth
horizontal plane. If a particle of mass 1 lb., <lides down another smooth face,
determine the horizontal force necessary to prevent the wedge from moving.

3. The angle of a smooth wedgo of mass M is «. The wedge 1s placed
with ono face on a smooth horizontal tuble and a particle of mass = 1s allowed
to slide down its other face. Prove that a horizontal force mg sin « cos & must
be applied to the wedge to keep it from moving, and find the reaction between
the wedge and the table.

_A particlo is placed on the face of a smooth wedge which cun shde
on a horizontal table ; find how the wedge must be moved inorder that the
particlo may neither ascend nor descend.

Find in this casc, the pressure between the particle and the wedge.

5. A particle of mase 2 Jb. is placed on the smooth fuce of an inclined
plane of mass 7 lb., and slope 30°, which 1s free to shde on & smooth horizontal
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plane, S8how thut if the systern starts from rest, the particle will slide down a
distance of 15 feet along the face of the plane in 125 seconds. (P.U.)

6. A body of mass m with two plane smooth faces inclined at an angle
« (<1/2) is placed with one faes in contact with a smooth horizontal table, and
a particle of mass 2m slides down its other face under gravity. Show that the
horizontal aoceleration of the body and the pressure on the table are respectively

g sin 2a 3mg .
2=cos 2« ' Z—cos 2u

9. A mooth wedge of mass M rests on a smooth horizontal table and &
particlo of mass m is allowed to slide from rest down its face, which is inclined
at an angle a to tho horizontal. Show that when the particle has moved &
distance ! along the face of the wedge, the wedge will have moved a distance

ml cos a
M4m '

8. A smooth wedge whose section is an isosceles right angled triangle,
rests on & perfectly smooth table, the hypotenuse being in contact with the
tablo. Two masses m, and my aro attached to the ends of o string which
Ppassos over a amooth pulley at the summit of the wedge. Prove that the wedge
moves on the table with acceleration

(g —mg)g[(2M 4-myq+mg),
whore M is the mass of the wedge and m;> my. (P.U. Hons.)

A wedge of mass M can slide on a smooth horizontal plane and the
wodge has a facn inclined at an angle « to the horizontal. Initially the wedgo
is ab rest and & particle of mass m isfprojected directly up the inclined face. If
the particle rises 1o a height h ahove the point of projection, show that tho

volocity of projection is ,\/ 2gh ﬂ_f”%"-g'; oo (D.U. Hons.)
in2q

Also prove that if tho velocity of projaction of the particle is V, it will
return to the point in the wedge from which it was projected after a time
2V(M+m sin® a)

(m+M)gsina
10. A straight uniform tubs of mass M and length 2/ lies at rest on a
smooth horizontal tablo. A particlo of mass *m is projected with velocity v
along the tubo from ono end. The interior of the tube is uniformly rough and
the particle comes to rest relative to the tube at the middle point of the tube,
Show that the tuboe will have moved a distance ml/(m+ M) bofore the particle
comes to relative rest in it,

12. A small block of mass 1 1b. rests on the end 4 of a plank AB of
mass 10 Ib, and length 8 ft. and the plank lies on & smooth horizontal table ; a
horizontal impulse is applied to the block in the direction 4B, and the block
slides along the plank. If the block comes to rest relatively to the plank when
it reaches the other ond B, and if the co-officient of friction between the block
and the plank is } ; find the magnitudo of the impulso. (H.C.)

12. A mass of 8 Ib, is ut relativo rest on the rough horizontal floor of a
car. Find tho friction between the mass und the ear when the car is moving
(¢) with a uniform velocity of 40 f,p.s.,
(i¢) with tho same velocity and with a retardation of 10 ft.[sec?,

If the co-éfficient of friction is 03 and the retardation continues to act
until the car is brought to rest, prove that the relative motion ensues and find
how far the mass moves in the carriago beforo the carriage is finally at rest.

13. You are in a train that is getting up speed on leaving a station.
Which will b the easior to wulk along the floor of & caurriage in tho direction of
motien or against tho dircction of motion ?
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rr's. Relative Angular Velocity of two points moving in
concentric circles.
Example. Two points P and Q are describing concentric circles
of radii a and b and centre O with velocities u and v.
(i) Find the velocity of P relative to Q when the angle POQ 18 .
(it) Find @ when the angular velocily of the one relative to the other
is zero.
(1ii) Also prove that the angular velocity of PQ when ils length is
7,18 [(r*4a?—13)o 4 (r?—ad+ be']/2r2,
where o, o' are the angular velocities of P and Q.
Let the angle which PQ makes with OQ produced be. ¢.
Component of the relative
velocity along OQ=—u sin §—0.
Component of the relative
veloeity perp. to OQ=u cos §—v
(&) .5, the resultant relative
selovity
=4/ (—u sin @)3+ (1 cos §—v)?
= Vi “2nvcosd  ..(1)
(¢/) Now when the angular
veloeity of P relative to @ is zero
the lincar velocity of P relative to @ must be in the directicn of PQ.

ncosf—-v _LP_LpP _asing
—using TQL 01L,—0QT a cos g—b’
S (u cos §—v)(a cos §—h)+un sin? §=0
which gives cos @ - (au-Fbv)/(«cv-+bu) ..(2).
Aliter. Since [ PQL=¢, /P0[ =g,
? si ’ )~ 4 S —
oo sin gmpo =Y o0 0800 _ecm 0D )

&V, the velocity of P relative to Q, perp. to PQ

=:1 co8 (p—@)—v cos @

=(1 cos §—r) cos ¢4 «in @ sin ¢
S by (3), rVeo(n cos §~v)a cos §—=b)+ sin @ .a sin @

ez (cos? §-sin? §)+bv—(av-+bu) cus §

=it} hy—(ar--hi) cor g . (4).
Thus V=0 gives the same result as (2),
(17i) Now since u=-aw, r=he’, and from ADPQ,

cos @ =(a%4-02—12)/2ab,

O from' (1), rV=d% b2’ —(che’ {-abw)(a®4+h2 —r?)/2ab
=}[2(n20 + %" — (0 + o' )(a2+ b2) + (0 -0’ )2]
=H (2 +a?— 120 (12—at4-12)o’)

<. the angular velocity of the line PQ

14 V 1
7T %--z.,—,,[ (ko 12w (rf —at - 1o’ J

Note. This examplo finds its application in astronomy on the subject
of motien of planets round the sun.,
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Ex. x. Two particles 4 and B are describing circular paths with
coramon centre O, of radii 1 ft. and 2 ft. respectively with constant specds
and with the same

gense of rotation. A makes one complete revolution in 4
seconds and B in 6 seconds. If initially the particles are in line with 4 between
O aud B, find the velocity of A relative to B two seconds later.

Find also the angular velocity of the line joining them at that instant.

(4m. FvBeps, F)

Ex. 2. Two points doscribo concentric circlos of radii a and b with
&peeds varying inversely as the radii

Sl AN ; show that the relative velocity is parallel
{o the line joining the points when the angle @ betwesn the radii to these points
18 given by
2ab
°0% 0=Cige

Ex.3. Two points describa concentric circles of radii a and b with
8poeeds varyi

: Tying inverscly as the square roots of the radii ; show that their
relative angular veloci

ative an, ty vanishes when the anglo @ between the radii to these
points is given by

cos 9-_1/“-6—“.
a—v/ab 4+p
Il. LINES OF QUICKEST AND SLOWEST DESCENT
106. If a number of particles slide down a series of smooth
chords of a vertical circle starting from rest at the highest point, the

times taken are the came.

Suppose that a particle takes time ¢ to describe the chord PA
making an angle § with the vertical diameter
PC of the circle of radius a, then

PA=1}f2=%g cosg 1
. . 2P4 2PC co= @ _4a

Tgeos@” geos@ g
This result, being independent of @,
shows that the time taken by all the pacticles

slidling down different chords through the
highest point, is the same.

11°61. Lines of Quickest Descent. To find the line of
quickest descent from a given point P to a given curve, we have to
find a point @ on the curve.such that the time of descent of a particle
dowr PQ is a minimum, [See Fig. Art. 11°6]

If the vertical circle P4Q of the last article touches a curve at
Q, the time taken by a particle in sliding from rest at P along the
chord PQ is equal to the time from rest down the chord P4 and
accordingly less than the time down PB.

Thus. the time down the chord drawn from P, the highest point
of the circle, to @ the point of contact of the circle with the curve,
is less than the time down any other chord drawn from P to the
curve,

Hence the line of quickest descent from a given point to a curve in
the same vertical plane is obtained by describing a vertical circle having
its highest j.oint at the given point and touching the given curve at some
point and then by joining the gicen point with the point of contact.
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It can similarly be proved that the time taken by a particle in
sliding down any chord o? a vertical circle endingin thelowest poinu is
thesame and hence that the line of quickest descent from a given curve
to a given point in the same vertical plane is obtained by describing
a vertical circle having the given point as its lowest point and touch-
ing the curve at some point and then by joining the point of contact
with the given point.

It is important to note tuat the line of quickest descent is not
usually the shortest line geometrically.

11°62x. The line of quickest descent bisects the angle between the
normal to the curve and the vertical at the point where it meets the curve.

In the figure of Art. 11'6, OQ is normal to the circle as well as
to the curve.

Join PQ, OQ and draw QY vertical.

Since QY and OP are parallel,

£ PQY=/QPO

Also since OP=0Q,

/. QPO=/ PQO.

Hence L PQY=/ PQO, i.e., PQ bisects /0QY.

11°62. We now give geometrical constructions for the lines of
quickest descent in a few special cases. The points and curves are
assumed to lie in the same vertical plane.
(The student is advised to draw figures and verify the results).
(¢) (@) From a given point P to a given straight line.
(b) From a straight line to a given point P,

Draw through P, a horizontal straight line meeting the given
line in 4 and cut off along the given line AQ=AP, the point @ being
below A4 in case (a) and above 4 in case (b). Then PQ is the required
line.

A circle drawn to touch the given line at Q will have P as its
highest point in case (@) and as its lowest point in case (b).

(&t) (a) From a given point P without a given circle to the given
circle (P higher than the lowest point of the circle)
or from a given circle to a given point P within the circle.

Join P to the lowest point of the circle meeting the circle in Q,
then PQ is the required line.

(b) From a given point P within a given circle to the csrcle
or from a qiven circle to a given point P. withoat the
circle (P is lower than the highest point of the circle).

Join the given point P to the highest point of the circle meeting
it in Q.
(¢43) (a) From a given straight line withont a given circle to the
curcle.
Draw a horizontal line through the lowest point B of the circle

to raeet the given line in K and cut off along the line AP=BK. Join
PB meeting the circle in Q then PQ is the required line.
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(b) From a given circle to a given straight linc without the
circle.

In this case the horizontal line is to be drawn from the highest
point of the circle.

(¢v) (a) From a given circle to another circle without it.

Join the highest point of the upper circle to the lowest point
of the lower circle, cutting the two circies in P and @, then P@Q is the
required line.

(b) From a given circle to another circle lying wholly
within it.
In this case join the lowest, points of the circles.

(¢) From a given circle to another circle within which it lies.
In this casc join the highest peints of the circles.
Example. 4 particle slides dvun a smooth wire from a point O
to a line AB inclined at an angle a to the horizontal. Show that the time

o«

Jrom O to any point on AB is least when the wire makes an angle —

o .
= where d is (ke

. ) . 24
with the vertical and that the least time is N/ %— sec )

distance of O from AB.

First Method. Grometrical. Draw through 0 a horizontal
straight line meeting the line AB in ., cut off 4P=.40, then OP is
the required position of the wire. [See ¢ (a), Art. 11-62],

A 0 _Draw PC perp. to AB mceting the
vertical through 0 in C.
Then since
/O0AP=a, and D A=40,
. LAOP==/ APO-=}(180°—a)

=:90°—}a.
so that /COP= / (CP(O=}a,
B and PC=C0.

Hence if with C as centre and CP or CO as radius, a circle is
drawn, it will have its highest point at O and will touch the line AR
in P. This evidently satisfics the geometrical condition for the line
OP to be the line of quickest descent frum O to AB. [Art. 11'61.]

Now, to find the time we have
f, the acceleration down OP=g cos ~;- .

Draw ON perp. to AB, then ON =d, / AON =90°—2a
and /NOP=/AOP—/ AON=90°—}x—(90°—0a)=1u.
OP=d scc —925 .
Hence if ¢ is the time taken by the particle in sliding down OP,
then '
OP=1{%,

[
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. o a e
i.e., d sec -§-=}g cos 2 B,

or t= ,\/ Eﬂ sec —=.
g 2
Second Method. Analytical. Let OP be the wire making an
angle § with the vertical and ON (=d) perp. to AB, then
L PON=/ POA— / NOA=(90°— §)—(90°—a) =a—4,
and OPe=d gec / PON=d sec (2~ 4).
If ¢ is the time taken by the particle in sliding down OP, then
OP=1g cos § {*,
- _20P  2d sec (a—@) 2d

g cos @ gcos @ =g cos @ cos (a—@)
Now ¢ will be least when cos § ¢ns (x— @) is maximum,
i.e., when $1cos a+cos (2 —a)] is maximum,
or when cos (20—a) is maximum ¢.e., when 2 —a=0,

L o 2d 2d 3
whlc}f gives §=— and t-/\/ﬁ&,m—/\/? sec -

11'63. Lines of Slowest Descent. To find the lines of
slowest descent from a given point P to a given curve, we have to
find a point @ on the curve such that the time of descent of a particle
down PQ is maximum.

A few special cases are given below. Curves and points are
assumed to lie in the same vertical plane.

(1) From a given point P to a given circle, P being without the
circle and higher than the highest point of the circle.

Joint P to the highest point of the circle and produce it to meet,
the circle in @, then PQ is the required line of the slowest descent.
For, a circle can be drawn to have P as its highest point and to
touch the given circle at @ and it can be shown that the time of
descent down PQ is greater than the time down another line joining
P to any other point of the given circle.

(1t) From a given circle to a given point P without it.

In this case join P to the lowest point of the circle and produnc
it to meet the circle in @ then PQ is the required line.

(itt) From a given circle to another given circle lying wholly with-
out it, the lowest point of the first circle being higher than the hwyhest
point of the second.

Join the lowest point of the first circle with the highest pcint
of the second and produce it both ways to meet the circles in P and
@), then PQ is the required line.

Examples XXXVI

x. Find the shortest time in which a ring can be made to slide down a
mnooth wire to a  crtical wall from a point distant 50 ft. from it.

t.e.,
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Examples XXXVII
x. Find the hodograph of the motion of a point whose rectangular co-
ordwmates at time ¢ are given by z=}3, y==§s2,

dz dy
Here —a—‘—gt? and 2—‘-=t.

dz _dy
X=K—J?=Kt’ and Y—K—a}-'-Kt.

Eliminating ¢, we have the parabola ¥Y2=KX, which is the equation to
the hodograph.

s. A point moves on the parabola y2==4az in such a way that its hodo-
graph is the same parabola ; prove that, if it passes through the point (x4, ¥o)
at ¢=0, its co-ordinates at any time are given by

=2 ef?, y=yq 3.

The hodograph of a point projected with a velocity u tn a direction
making an angle @ with the horizontal and thus describing a parabola s a vertical
straight line. -

For u cos a the horizontal component. of the velocity being constant,
tne ends of the straight lines representing the velocities at different points of
the path shall all lie on a vertical straight line at 8 distance u cos « from the
fixed point.

4. Show that the hodograph of a point moving in a circle of radius r, with
untform speed v is another circle of radius v.

Hence prove that the acceleration of the pownt is vi/r directed towards the
centre of its path.

Suppose P and Q are two positions of the moving point and p and ¢ the
corresponding positions in the hodograph.

As the particle moves with constant speed
P v, 0’p=0'q=v, 80 that o’p is constant and the
hodograph of P s a circle of radius v units.

Also since /po‘g=the angle between the

h tangents at P and Q=/POQ.
9 -, wepg_arePQ - L
C o op Ve 8re.pg=arc PQ ;

The acceleration of the point P in its path
=the velocity of p in tho hodograph
P v PQ v _PQ v v?
=Lt g =Lt — - C=—Ltc=—" .t=—0.
ot 'Y rLtSz r T

The direction of motion of p, being along the tangent at p in the hodo-
graph, is cvidently parallel to PO.

?. A bead moves under the action of gravity along a smooth vertical
circle of radius a, starting from rest at the highest point, show that a polar
equation of a hodograph is r=24/ag sin }@, the centre of the circle being
taken as the origin.

6. Show that the polar equation of the hodograph of a point which
describes a circle of radius @ with a constant angular acceleration a is

r2=a[a(20 —n)+ 2],
its initial angular position and angular velacity being zcro, and  respectively.

7. The co-ordinates of a particle at time ¢ are a=a sin nt, y=a cos 2n¢;
lhou;l that the equation 16z4=n2a2(1622—y2) is a possible equation for the hodo-
graph.

8. What is the hodograph of a point moving in a straight line with
(a) constant velocity, (b) constant acceleration, (¢) having z=a 4 bt, y=c+dt, as
its co-ordinates at time ¢ ?

[Ans. (a) A point, (b) a straight line described with constant velocity,
(¢) the point (b, d)].
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This equation gives the velocity of the particle and it follows
from this that as ¢ increases and tends to infinity, the velocity conti-

nually approaches the limit%— which, as it is also evident from (1),
is the velocity which the particle ultimately attains when the
acceleration vanishes. This is thus the terminal velocity of the

particle.

Equation (2) can be written as
dx_9 9 ,u
a k  k ’

Integrating, we get
x= % t4+-L ety o,

k'
Initially when ¢=0, =0,
. ' g
0 C = %3 *
Hence a:='—f——-,%—+% et . (3)

which gives the distance described in time ¢.
Eliminating ¢ between (2) and (3), we get
el T o (12
a=mt— I l0g (1 g) ..(4),
a relation between z and v which can also be obtained directly by
writing the equation of motion in the form
va;=g—lw.

. 12°4. A particle falls vertically from rest, in a medium whose
resistance varies as the square of the velocity, to find the motion of the
particle.

Here the equation of the motion is
S-=g—kv? .. (1)-

In this case the terminal velocity is v/ g/k. Denoting it by V, we
have

dv_, 79  a\_, 2
E—k<k v)-L(V’—'I ).
Integrating, we get
dv ] 1 V+v
jrz‘_;;)z':"t'i‘c or é—'—/log ?—-_-;_kt-l—c.
Initially when t=0,v=0; ., ¢c=0,

Hence log;,i-z =2kVt
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Py | 1—e~2kvt
or v=V aripi=Vieai - (2)

This equation gives v the velocity of the particle after a time ¢
and it shows that as t — oo, v— V.

Equation {2) can be written as

_dx gt e L _‘L]
'IJ-—;?’[- V tanh —V— .o (3) . k= V’ .
Integrating, we have

3
J:ll log cosh '-q;—t,——}-c'.
1]

Initially when t=0‘, r=0, . ¢'=0.

Hence :::::Ej log cosh gt (4.
g - |4
Eliminating ¢ between (3) and (4), we get
_ 2qu
12 |3 <1~—-e Vz) (3,
a relation between v and » which can also be ebtained directly from
the equation v iQ—"r:g—-lm.)z.
de

12°5. A particle is projected upmeards, with velocity U against the
resistance kv®, to find the motion.

Taking the upward direction as positive, the equation of motion
of the particle is

dv
S e — - O {1
dt g—he . M
. . q ‘2
== L(VE42?), (tukmg -}7= I ‘)
Integrating. we get
dv 1 v 4
."14.-2%_—-@.2-—--—1.'!-}-6 or 7 tan ‘—V bl
Initially when t=0, v=10/,
o pem——tan~l—. .
c an~t—
: U
. Pkt —tan~? 7 —tan—! —% . (2
Again equation (1) can be written as
I’ voy o
v b&::-—g-—-kz’ cem (V2405

vdv r o (. ] DY P
jl«.?f—;.‘.=-—kx+c , te, log () 2-n?)e= —2kx--2¢".
Initially when =0, v =0,

) 20’=l(|g ("‘!J,-Uz)

22
Hence ax=log V4L

8 jan . (3).
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Equation (2) gives the velocity at the end of any time ¢ while
equation (3) gives the velocity in terms of the distance described by
the particle.

The greatest height A to which the particle rises is found by
putting v=0 and z="~ in equation (3), thus we have

The particle then begins to descend. Taking the highest point
reached as the origin and using the results of the previous article, we
can further find completely the motion of the partlde The velocity
of the particle when it returns to the point of projection is obtaine d
by substituting the above value of % for x in equation (5) of the
previous artncle, so that after simplification, we get

v U2 Ve
2=}? = (D).
=V (1- )= P (%)
Example 1. 7Take U, the velocity of projection=50 ft. per sec.
and V, the terminal velocity==150 fi. per sec. in the above Article. Find
the qreateat height reached by the particle and its velocily when it returns
10 its staiting point.

Using equation (4), we have

s )0)(1,0 50 x 50 TOX TS
e "[H 150 X 156]‘—‘ T5 logo ¥/loge
XTI 109542
e 04;;3
Using equation (3), we get
_50X30x 150X 150
T 150X 150430 x50
r==154/10=47"43 ft. per scc.

Example 2. 4 motor cycle which wsth its rider weighs 3 cuct. 8
Jound to run at 30 m.ph. up an incline of 1in 20, and at 50 m.n.h.
down the sume incline.  Assuming that the resistance is proportional to
the square of the velocity, and that the engine is working ot the same
horse-power find the speed that would be ultained on the level, and show
that the horse power is 2} nearly.

Let v ft. per see. be the velocity of the cycle and F1b. wt. be the
tractive force exerted by the engine at any instant, thenthe equations
of motion (1) on the level (2) up the inclined planc (3) down the
plane are:

]from the tables=37 ft. (apprex.)

15 x 150,

/
" ;‘i-f-:(r-kvﬂ)g (),

e

dr 2 Ix112 .
(o XL, o
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If H be the constant horse power of the engine, then

Fv=550H or F=5—5%€ .. (4)

The maximum speed obtained by the cycle while moving up the
plane is given to be 30 m.p.h. or 44 f.p.s. and, therefore, in equation (2)

_‘1'3_0 when v=44.
at
Hence from (2) and (4), we have
550 H 3x112
— =g =0
or 550 —kv®—E4iv=0, where v=44 ..(5)
Similarly from (3), we have
550H —kv'3+ 540" =0 ..(8),

where v'=50 m.p.h.=222 fps.
Subtracting (6) from (5), we have
N R —
P (2303 —(44)* —35x 121
Substituting this value of & in (5) and simplifying, we get
H=}§}8=2118=2} nearly.
N:i)w to find the speed attained by the cycle on the level, we
v

dt

equate ——=0 in (1), which gives

F=kv?® or §5—2'——H=va’.

Substituting the values of H and k and simplifying, we get
55x121x 816 (223 22 x 8\3
3 o0 _ (22 =222
v > ( 3 ) %X 510 ( 3 > (approx.)
_22x8,  22x8x15

oo U= 3 f.p.s.——‘—3~>z—2—2—

Examples XXXIX

1. A particle is projected with velocity V along a smooth horizontal
plane in a medium whose resistance per unit mass is k(velcoity). Show that
the velocity v after a time ¢ and the distance s described in that time are

given by

or 40 m.p.h.

v= Ve kt, .-_-..{.(1_ ~kt)

2. A particle is projected with velocity u along a smooth horizontal
plane in a medium whose resistance per unit mass is (. times the cube of the
velocity. Show that the distance d it has described in time ¢ and its velocity V
at that time are given by

=_1_[ u’—- H =~‘:‘~1‘;—__——‘-
d=i Vifpad-1]; ¥ Vitoam

Show also that dft=2uV/(u+ V).

3. A particle iz projected upwards with a velocity g/k in a madium
whose resistance is kv per unit mass, where v is the velocity of th> particle and
gis the doceleration due to gravity. Prove that the height attuined by the

1 . g(e—2)

particle after a time + is B
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. A particle of mass m, is projected vertically under gravity, the resis-
tance of the air being mk times the velocity ; show that the greatest height
attained by the particle is

%f[x—logunn.

where V is the terminal velocity of the particle and AV is the initial vertical
velocity.

. A particle is projected vertically upwards with velocity «, and tho
resistance of the air produces a retardation kv2 where v is the velocity. Show
that the velocity V with which the particle will return to the point of projec-
tion given by

1 1 k
va=at g
If E is the kinetic energy of the particle in its upwards path at a given
point, show that the loss of energy when it passes the same point on the way

2
T where E’ is the limit to which its energy approaches in its

down is y
downward course.

6. A particle of mass m can move in a resisting medium in which the
resistance varies as the square of the speed, the magnitude of the terminal velo-
city being V. If it is projected upwards with a speed V tan «, show that it
will return to the point of projection with a speed V sin a.

Show that the amount of energy, kinetic and potential together, which
is lost in its ascent is

imV2(tan? «—2 log, sec a). (L.U.)
A particle falls from rest in & medium in which the resistance is k2
per unit mass. Prove that the distance fallen in time ¢ is
-%— log cosh (t\/gT).

If the particle were ascending, show that its distance at any instant

below the highest point of its path is

1 _—
- log sec (t4/gk ),
where ¢ denotcs the time it will now take to reach its highest point.

8. If the resistance per unit mass is kv2 and the particle slides on a
emooth straight wire inclined at angle @ to the vertical, prove that the space &
described in time ¢ from rest is given b

ekﬂ=i(cbt+e'b‘)'
where b2=Lg cos @.

9. A cyclist works at the constant rate of P horse-power. When there
is no wind, he can ride at 22 ft./sec. on level ground and at 11 ft./sec. up a hill
making an angle sin~1 1 with the horizon. The total mass of the man and
cycle is 180 Ib. The resistance of the air is kv2 Ib. wt. where the velocity of the
man relative to air is v-ft. [sec. ; the other frictional forces are negligible.

Find P and show that the speed of the cyclist when riding on level

ground against a wind of 22 ft./sec. is between 10 and 105 ft./soc. (1.7,
(A ns. P=r~"°§)

10. A locomotive drawing a total weight of 264 tons on the level s
exerting a tractive force of 20,000 b, wt. at the speed of 16 m.p.h. It works at
& constant horse-power until its speed is 60 m.p.h. when it is just able to over-
come uhe resistance to motion, which may be taken to vary as the square of tho
velocity. Show that it reaches the speed of 456 m.p.h., from the speed of
18 m.p.h. in a distance of approximately 5,080 foet. (M.T.)

xt. The resistance to an acroplane when landing is a4-bv8 absolute unita
per unit mass ; v being the velocity, and a, b, constants. For a particular machine
b=10"3 1. Ib. sec. units and it is found that if the landing speed is 50 m.p.h, the
length of the run of tho machine before coming to rest is 150 yds. Calculate the
value of the constant a.

9240
[Ana. log,(l-}&::—;)no'!) or a=3-68]



CHAPTER XIII

MOTION OF A PARTICLE IN A PLANE-III

ELLIPTIC HARMONIC MOTION :
CYCLOIDAL MOTION : PLANETARY MOTION

13'5. A few simple cases of motion of a particle in a plane
were dealt with in Chapters VI, VII and VIII. In the present
chapter we will discuss similar problems of a more difficult type. As
was pointed out in Art. 624, the motion of a particle moving in &
plane is determined by two equations of motion obtained by resolving
forces in two directions usually at right angles to one another. The
choice of these directions is a matter of convenience depending upon
the nature of the problem.

A particle may be free to move along any path which it may
describe according to the forces acting upon it (e.g., parabolic path of
a projectile) or it may be constrained to move aleng any given curve
or surface, (e.g., may slide along a smooth vertical circle).

In the former case the motion of the particle is discussed by
reso}ving forces in directions parallel to two axes which are usually
at right angles, in particular, if the forces are central i.e., they are
directed towards a fixed point, the most useful directions for the axes
are along the radius vector and perpendicular to the radius vector.
In the case of constrained motion, since in addition to other forces,
there is always present a force of normal reaction of the curved
surface along which the particle is constrained to move, the motion
can best be discussed by resolving forces along the tangent and the
normal to the path.

1. MOTION REFERRED TO TWO FIXED AXES

13'11. In this case the position of the particle at any instant
is defined by the co-ordinates = and y referred to two fixed axes 0X
and OY and by resolving forces parallel to these axes, the equations
of motion as given in Art. 6'24, are of the form

2,
m—z =F. and n_a%i-’-—_-F,.

Example 1. Find the law of force parallel to an asymptote under
which a rectangular hyperbola can be described.

Let the rectangular hyperbola 2y==c® be described by a parti-
cle of unit mass, under a force parallel to the y-axis, which is one of
its asymptotes.

Then d*z 0 d . d _ tant=

an , anda .., P =a constant=u, say.
dy__ @
™~ 2 AT T L

2
. c
Now since y= =’
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. dy 2c*w dzx  2c%d

- T AT &

It shows that the force varies inversely as cube of z, the distance
of the particle from the asymptote parallel to which force acts.

Example 2. A particle describes freely the catenary y=c cosh z/c
under the action of a force parallel to the ordinate. Show that the
Jorce and the velocity at any point vary as the ordinate of the point.

As the force is parallel to the ordinate, it has no component
parallel to the axis of ,

d*z dx
m-at—,-ao, so that H-t-—const.—u, say (1
From this and given equation of the curve, we have
%:% .%=cx%—sinh—:—. %:usinh = ()

.. v, the velocity of the particle is given by,

3 2
= %::-) +(%%) =u2-+ud sinh? -%:-=u’ cosh? %-——u’."f—,,

which gives v=—j—!—y and shows that the velocity at any point varies

as the ordinate.

Also since %}f=o, .. for the resultant acceleration f, we have

from (2),
dly z dz wu z b
f—m,:—;— COSh—c- . E{g—gf .C oosh?=-~c, y

which shows that the acceleration and consequently the force varies
as the ordinate.

Examples XL
t. If the co-ordinates z, y of a moving point are given by
zma(cos 9+ 0 sin §), y=a(sin §—@ cos @)
and @ increases at a uniform rate ¢, prove that the velocity of the point is age.

2. A point moves in a plane such that its velocities parallel to axes of 2

and y are u4cy and v+cz respectively, where 4, v and ¢ are constants, show
that the path of the point is a conic section.

i. A particle describes the parabola y3=4ax whose axis is horizontal.
Prove that

(3) if its horizontal velocity is constant, its vertical velocity varies in-
versely as its ordinate,

(is) ifits vertical velocity is constant, the acceleration of the foot of the
ordinate is constant, and

(43¢ if its velocity is constant, the acceleration of the foot of the ordinate
varies inversely as the square of its distance from the directrix,

4. A particle moving in a plane is subject to a force towards the z-axis
and proportional to its distance from that axis. If initially it is projected from
tho origin with velocity u in the direction making an angle a« with the z-axis,

prove that it will cross the z-axis again at this angle after a time r » where

Al
{~ is the constant of proportionality. (The mass m=1). #

Also prove that the maximum displacement from the z-axis is propor-
tional to u sin a.
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A particle moves in a plane under a constant acceleration ait parallel
to Oz, and an acoeleration —2(.y, parallel to Oy where Oz, Oy are rectangular
axes. If the particle starts from rest at the point (0, a), show that it will
describe the curve y=a cos (2vz/va).

6. A particle moves on a curve y=a log sec-z- in such a way that the

tangent to the curve rotates uniformly, prove that the acceleration of the par-
tiole varies as the square of the radius of curvature.

. A particle acted upon by gravity is describing a curved path APB.
The resolved part of its velocity at 4 at right angles to the chord AB is u,
show that the resolved part of the velocity at B in the same direction is —u.

13'12. In examples given above and for the motion of a pro-
Jectile given in Chapter VI, the axes used are rectangular. In the
problem discussed in the next Article it will be found more convenient
to use oblique axes.

13'13. Elliptic Harmonic Motion. A particle moves in a
plane with an dcceleration which is always directed towards a fized
point and varies directly as the distance from it ; to prove that the parti-
cle describes an ellipse having the fixed point as its centre.

Let the fixed point O towards which the acceleration is directed
be taken as the origin and let the particle be projected in a certain
) direction from a point 4 with a
Vg velocity V.

4 Take OA as the axis of z and
B P a line OY parallel to the direction
of the initial velocity ¥, as the axis

of y.

4 Let (2, y) be the co-ordinates
of P in any subsequent position of
oxM JA A the particle. The acceleration of

the particle is w PO whose compo-

nents parallel to the axes are uPM

and @ MO or —py and —pa.
Hence the equations of mo-

tion are
d*z a2
7 i and ﬂg =—Uuy.
These equations show that the moving particle has a simple harmonic

motion of period -2-%— parallel to each of the axes of z and y.

Solving these equations, we have

z=A cos \fi. t+ B sin Ju t .. (1),
and y=C cos \Ju t+D sin NJp. ¢ ..(2).
Initially when ¢=0, z=0d4=a, y=0, %’: =0and %’tl =

Hence from equations (1) and (2), we get
A=a, B=C=0, D=V[\u.
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z=a cosy/pt, and y= —‘%‘- sin 4/ pt. < (3).
Eliminating ¢, we have

A

7+m-—— 1 .. (4).

Thus the locus of P is an ellipse having its centre at the centre
of attractionand having OX, OY,a pair of conjugate diameters, as axes.

13'131. By putting =0 in (4), we get y* or OB*="V*/u. which
gives V=4/p.0B.

Thus the speed of the particle at any point A, is proportional
to OB, the semi diameter conjugate of 0A4.

Velocity at any point P. Lect v be the velocity at P and let
/. AOB=w, then

dz \?  sdy\?*, K _,dz dy

a_ (%% oy o= gy
o) +(%) +2 T U eose

=a%y sin® \Ju t+ V? cos? afu ¢

—2aV NJp sin AJpt £ cos aJp ¢ cos o, [by (3)],

Note. Inthe particular case when the velocity V is at right angles to
OX, the two axes being perpendicular to each other, are the principal axes of
tho ellipse.

33'132. Geometrical properties of an ellipse. A few pro-
perties of an cllipse are given below for Y P Y »
ready reference, <

The letters used have their usual
meanings, C'D being the semi-diameter
conjugate to CP, D

SP+SP'=r+4r'=2a (1) A
SP. 8'P=ryr’ =CD? «.(2)
SY. 8Y'=pp’ =b «.(3)
% == Vi or Th . (4).
Also from (4)
o 2a—r 2a
;;2—=—;.2~ =—r- == - [by (l)]——- ’r'"— —1 .. (5)'

the pedal equation of an ellipse referred to a focus.
If, however, p denotes the perpendicular from the centre C on
the tangent at P and pP=r, then

CP*+4-(CD3=qa3+ 13 ..(6),
and p. CD=ab A7)
From (6) and (7),
5 ﬂ”:z
CI)2+ ——3—=a’+b’,
P i
alt? _ a2 2__ a3 1 }2_,2
or —1—‘,--=a +2—CPt=qd+4 12 —r ..(8),

the pedal equation of an ellipse referred to its centre,
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Example 1. A particle is describing an ellipse under a force to
thecendre. If V be the velocity at the end of the minor axis, and vy,
Vss the wvelocities at the ends of any pair of conjugate diameters, prove
that v 3+ vgi= V24 b2,

By Art. 13°131, we have

;=N CD, and v,=aJu CP.

Also since the semi-diameter conjugate to the minor-axis is the
semi-major axis=a, .. V=alpaor Vi=p a2

v 24 vt =p (OP*4-CD?)=u (a®+b?) [by (8)]

=V34p b2

Example 2. A particle describes an ellipse with an acceleration
wr directed towards the centre C, show that (i) its angular velocity about

u focus 18 inversely proportional to its distance from the focus,
(¢%) the rate of change of its direction of motion is aba/u/CD2,

({) Let v be the velocity of the particle at P and let @ be its
angular velocity about the focus §.

By Art. 13'131, v=Np CD (7))
_ vel. perp. toSP _vsina NuCD .
Now o= P =—gp = gp _ -Sin¢

—NeCD - b -
= SP . CD [by (4)] - SP N

Hence o varies inversely as SP.

(#1) Let ¢ be the angle which the tangent at P makes with the
major axis, then

the rate of change of the direction of motion

_dy dy ds v Np.CD ,
_I 4y do v _ NwCD [by ()]

Now to find ¢ we use equation (8), a2b?/pt=a2-4-b2—r2,
Differentiating this we get,
—2a2l> dr dr a?®?* (D3
=—2r Sop=r = o ———
3 R [by (7)]

dy ab abaJu
Hence = Np.CD x D= bt

Examples XLI

x. Show that the speed ‘of the particle at any point P of the ellipse
=q.r’, where 7’ is tho semi conjugato diameter of P.

Hence show that the same ellipse is a hodograph of the motion of P.

2. Show that the time taken by the particle to describe the whole
cllipse is 27/,
3. A particle is acted on by attractions to a number of centres of force,

each being proportional to the distance. If it be projected in any direction,
show that it will describe an ellipse.

- The ends of a rod which rotates with constant angular velocity move
on two intersecting straight lines at right angles; prove that any other point on
the rod exocutes an elliptic harmonic motion.
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5. The components of acceleration of a point are —4ytz, —y parallel to
fixed rectangular axes Oz, Oy ; initially it is at rest at the point (a, b). Show
that it will oscillate to and fro on the arc of the parabola 2ay3=b%(z +a) ; and
find its velocity at the point where its path first crosses the axis of y.
L 4y b
[Am. ,,[ ip.(8a§+bz). inclined to Oz at w+tan—1 —2:‘—2—&-

6. A particle moves in a plane with an acceleration which is always
directed away from a fixed point and varies directly as the distance from it.
Provo that the particle describes a hyperbola.

If a particle describes an ellipse about a centre of force in the centre,
show that sum of the reciprocals of its angular velocities about the foci 18
constant.

8. Prove that the speed at any point P of an elliptic orbit described
under a central force, varying directly as tho distance to the centre O of the
ellipse, is proportional to the length of the diameter conjugate to OP.

A particle is projected from a point P in a direction making an angle
7t/4 with the line joining P to the above centre of force 0. Its speed of projec-
tion is that which it would acquire in 10ving directly from rest at P to the
centre of force 0. Provo that the eccentrioity ¢ of the orbit is given by

e2=2(y2—1). (P.U.)

9. Prove that in an elliptic harmonic motion the time-average of the
Kinetic Energy is equal to the arithmetic mean of the greatest and least values
of the Kinetic Energy. (D.U. 1960)

I. CONSTRAINED MOTION

13°'2. One particular case of constrained motion, viz., the
motion of a particle along a smooth vertical cirole was discussed in
Chapter VIII. We now consider similar motion in a more general
manner. In this case the equations of motion are obtained by resolv-
ing forces along the tangent and the normal to the path.

13'21. Expressions for tangential and normal accelera.

tions.

i Suppose that a particle moves along the curve APQ. Let 4
be a fixed point and P and @, the positions of the particle after times
t and {+45¢. veSy

Let arc AP=s
and arc AQ=3s+8s.

Chord P@Q is the displacement of
the particle in time §t.

.. the velocity of the particle

- T4 chorgl_P_Q
5t—0 ot
= Lt chord PQ v ds

5t—0 58 —st Tdt

along the tangent at’P.

It follows that if the point P is constrained to move along a
given plane curve, the velocity of the point P at any instant is in the
direction of the tangent to the curve at the point and its magnitude

is —-—-Z: where 8 denotes the length of the are of the curve measured

from any fixed-point on it.
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Now let v be the velocity at P and let it be v+ §v at Q.

If the tangents at P and @ make angles ¢ and Y-8y with the
fixed line OX, the change in velocity in direction of the tangent at
P=(v+}§v) cos §y—uv.

(v4+8v) cos sy—v  dv
at T at

.". tangential acceleration=Lt
$t—0

and since v=--- flﬁ-a@ or v-‘—i2
dt °°  dt di® ds °
(the same as obtained in Art, 7-2)
The change in velocity in the direction of the normal at P
=(v-}8v) sin §¢ —0.
.. the acceleration in the direction of the normal at P
(v48v) sin 8y sin 8¢\ 8¢
Sk w T ltetd) o s

_.d dy ds__ ,dy  o?
A R TR ek TPl
where p is the radius of curvature of the curve at P and is equal

ds
to v by Calculus.
In particular when a particle moves along a circle of radius ¢
the radius of curvature is then the radius of the circle and the normal

.3
acceleration is —i— as already obtained in Art. 7-2,

Whenever a particle moves along a curve the resultant tangen-
tial acceleration changes the velocity in magnitude while the resultant
normal acceleration causes change in the direction of the velocity.
If the former is zero, the particle moves with a constant speed, but
if the latter is zero, the motion must take place along a straight line
only.

Example 1. A garticle is moving in a parabola with uniform
angular velocity about the focus, prove that its normal acceleration at
any point is proportional to the radius of curvature of its path at that
point.

Let the radius vector SP make an angle ¢ with the axis,

Then by the question dg/dt=a constant==Fk (say).

Also by the property of a parabola, the angle ¢ which the
tangent at P makes with the axis=44, so that

dy _.dg % _ ds_ ds dy ke
w g =y oeand v= =gy X =y
2 2.2 2
Hence the normal acce]cmtionl‘—.—.k—g—=l—f.
P 4p 4

Example 2. A gparticle describes a curve wilh uniform speed wv.
If the acceleration at any gpoint P be cv?/(c®+-s?) where ¢ is a constant.
prove that the curve described is a catenary.
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Since the speed v is constant, .°, the tangential acceleration

dy[dt=0,

) . v? dy
.. the resultant acceleration=normal acceleratlon=~9— =13 P

dy v
. : a2¥ _ %
<. by the question, v} o-=75 e |

_f[cds ¢ a8

or lll-—jmz—_-'*—(;— tan -—c— +C.

Let =0 when =0, so that C=0.

.. ¢=tan-! gfc, or s8=c tan ¥, a catenary.

Example 3. A particle moves in an ellipse with constant speed,
prove that the magnitude of its acceleration is proportional to the cube
of the length of the perpendicular from the centre on the tangent.

The speed being constant equal to v, say, the acceleration is
only normal=v?/p.

To find p, we use pedal equation (8) of Art. 13132, s0 that we have

a?b? 2 a?h? dr dr a?b?
—=ad4+b2—r?, and — —5— =—2r5— or r5—=—5
3 ’ 3 d d 3
v 74
dr a%?2 f’ Z;’
S =7 @-1*—1—)3—- N and . acce!erati0n= -—p-=;2—b-z— Pa.

Hence v being a constant, the acceleration varies as p®, p being
the length of the perpendicular from the centre on the tangent to the
ellipse at the point.

Examples XLII-A.

x. If the speed of a particle moving in a curve varies as the radius of
curvature, show that its direction of motion revolves with a constant angular
velocity.

[Hint. v=ds/dt=kp=Fkds/dy, .. d/dt=Fk.].

2. A particle moves in a catenary a=c tan ¢ the direction of its acceln.
at any point makes equal angles with the tangent and the normal to the path
at that point. If tho speed at the vertex ($=0)be u, show that the velocity
and acoeln, at any othor point are given by

9
ue ¢ and -%'—' ule 2y cos?y.

A point moves in a plane in such & manner that its tangential and
normal accolorations are always equal. Show that the equation to the path is

({) tho equiangular spiral ks=AeLp+B, when the angular velocity of the
tangont is constant and equal to k.

(ii) the catenary s=c tan {), when the linoar velocity of the point varies

8
ase ,wherotan § = .

A particle moves in a smooth tube in the form of a catenary, being
attracted to the directrix by a force proportional to the distance from it. Show
that the motion is simple harmonic. (D.U. Hons.)

[Hint. Resolve along the tangent and use y=c sec ), s=c tan ]
5. Aparticle starting from rest moves in a circle in such a way that its
apeed inoreases at a constant rate ¥, Show that when the particle has described
an angular distanco @ about the centre, its acceleration is

K/ 4QTFL.
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6. A particle is describing a circle of radius a in such a way that the
tangential component of its acceleration bears to the normal component a
constant ratio k, if u is the initial velocity, show that the circumference will be

described in the time
2 (1 —e 2"")
ku .

#. If throughout the motion of & particle describing a plane curve, the
tangential and normal components of acceleration are constant and each equal
to 4, show that the angle ¢ through which the direction of motion turns whilst
the velocity changes from V, to V is given by ¢=log —;— and that if ¢is the
time taken for the change °

At
o=log (1+T,- . (P.U.)

8. Prove that the angular acceleration of the direction of a point
moving in a plane is
Ly ot de
p " ds " pY ds

dy d) ds
[Hint. ~E;=—a::- -d—za—p—].

13'22. Motion of a Heavy Particle on a smooth Curve
in a Vertical Plane. A particle is projected with a velocity v, along
a smooth curve in a vertical plare. Its velocity vg after moving through
a height h is given by

vg2=v,2—2gh.

Let a particle of mass m move along the curve BP4, B being

its initial position where its velocity is v}, and 4, the final position
where the velocity is v,.

Y A)/ Let P be any position of the particle
P

R ~_ where its velocity is v,

The only external forces acting on
the particle are its weight, mg, acting
vertically downwards and R, the pressuro

B of the curve in the direction of the normal.
Equation of motion along the tan-
¥ gent is
0 7 n g < mv%=sum of the components of the
forces along TP
== —e7ig 8in ¥ (D).
. d
We know that for any curve, sin y= % and, thercfore, the
equation becomes,
v dv  dy
ds = s

Integrating, we get  jo*=—gy+-ec.
At B where  v=v,, let y=1y,,

then pvt=—gy,+c.
At A where  v=v,, let y=y,,

then dvd=—gy,+-c.
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Subtracting, we get

vt —dot=—g(y.—y,) -.(2)
ie., ve?=0,2—29(y3—y;) =0,"—2gh.

If instead of moving upwards, the particle slides down the
curve with an initial velocity , the velocity v after moving a vertical
distance A is given by,

vi=u2+2gh ..(3).
If the particle slides from rest,
v3=2gh ..(4).

The final velocity in each case depends on the vertical distance
moved and not on the form of the curve.

Thus, when a particle moves along a plane curve, the tangential
equation of motion gives the velocity of the particle and the normal
pressure is then obtained from the equation of motion along the
normal, vsz.,

my?

=the sum of the components of the forces along the
normal=R—mg cos ¢ ..(5)

13'23. Cor. If m is not cancelled from equation (1), equation

(2) will assume the form,
dmug—fmo *= —mgy,+mgy,

or Fmo,®+mgy,=4mv,*+mgy,,
which shows that regarding the axis of z as zero level

Kinetic Energy+-Potential Energy at A=K.E.4P.E. at B
=C('onstant.

i.e., when a particle moves along a smooth vertical curve under
gravity, the sum of its kinctic and potenlial energies remains always
constant.

Thus, the principle of energy is applicable to the motion of a
particle constrained to move along a smooth vertical plane curve
under gravity. Itsapplication to a few particular cases was shown
in Chapter IX.

Example. A thin wire in the form of the curve s=c tan ¢ is
fized with its axis vertical and vertex downwards and a small bead of
mass m slides freely on it. If the bead staris from rest at a height nc
above the vertex, prove that the reaction at the vertex will be (2n-1)mg.

By (4), the velocity v at the vertex is given by
v3=2¢gh=2gnc.
By (5), the reaction R at the vertex where ¢ =0 is given by
mv?/o=R—mg cos y=R—myg.
But p=-gi=c sec®y=c, at the vertex, where y=0.

R=mg+mv*/p=mg+m.2gnc/c=(2n+1)mg.
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Examples XLII—B

1. A particle falls from rest at the vertex of an inverted catenary

#=0 tan (), prove that tho particle leaves the curve at the point whero
t=sec1 2,

Show that at this point the length of the arc described is 43 times the
vertical distance through which the particle falls.

[Hint. p=c sec? ), y=c sec {.]

2. A particle of mass m moves in a smooth horizontal circular tube of
centre ¢ and radius g under the action of a force directed towards a fixed point
A of the tube and of magnitude pr per unit mass, where r is the distance of the
particle from A. If the particle starts from rest at B, the other end of the
diameter through A, prove that when the particle is at P, where /BCP=9, its
velocity v and the pressure R of the tube on it are given by

v2=2p.a%(1—cos @), R=ma(l -3 cos Q).

A bead, which slides on a wire in the form of a parabola with axis
vortical and vertex upwards, is just displaced from rest at the highest point ;
show that in any subsequent position the velocity of the bead varies as its
distanco from the axis of the parabola and that the pressure on the curve varies
as 1t8 curvature,

A smooth parabolic tube is placed, vertex downwards in a vertical
plane and a particle alides down the tube from rest under gravity. Prove that
in any position the rcaction of the tube is

2w(h+a)/p,
where w is the weight of the particle, p the radius of curvature, 4a the latus
rectum and k, the original vortical height of the particle above the vertex.

A smooth wire is bent into the form y=sin z and placed in a vertical
plane with the axis of z horizontal. A boad of mass m slides down the wire
starting from rest at z=Jx. Show that the pressure on the wire as the bead
passes through the origin is mg/v2, and find tho prossure as it passes through
r=—4in. [Ans. mg(342)].

13'24. - The Cycloidal Pendulum. In Art. 8'5, we have seen

that the motion of a simple pendulum is simple harmonic motion only

% when the angle of swing is so

small that sin @ is very ncarly

R cqual to @ and the amplitude

to the motion is so small that

7 it may be treated as infinite-

simal. If, however, the ampli-

sy Y tude of motion is not small and

the particle is supposed to be

o0 7 X constlmincd to rlr)wve under

mg gravity, along the arc of a

smooth ecycloid in a vertical

plane, the equation of motion of the particle along the tangent to the
curve is

d?s

mm—z—é——mg sin ¢ < (1),

where ¢ is the angle which the tangent to the curve makes with the
horizontal and s is the length of its arc measured from the vertex,
the cycloid being placed with its vertex downwards and axis vertical.
We know by the Calculus that the intrinsic equation of the
cycloid is
s=4a sin ¢ .. (2),
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8 being measured from the vertex where y==0, and a being the radius
of the generating circle.

From (1) and (2), we have

d2e
W: -—-‘4& 8 .o (3)

which shows that the motion shall be simple harmonic no matter
how great the amplitude.

The time of a complete oscillation is 21:/\/ -%‘—— which is cons-

tant for oscillations, small or large.

Thus, if a particle is constrained to move along a smooth cycloidal
curve, its period of molion is absolutely independent of the amplitude.

(This is an answer to the question which interested the mathe-
maticians of the 18th century—in what curve should the bob of a
pendulum swing in order that the period of oscillation may be
absolutely independent of the amplitude ?)

The oscillations on a cycloidal arc are called ¢sochronous be-
cause the period is the same for large or small oscillations,

This important property of a cycloid finds its application in the
formation of clocks, /
A cycloidal pendulum may be constructed by causing the cord
of the pendulum to wind and unwind itself on the evolute of the path.
13241. In order to find the pressure of the curve on the
particle, we write its equation of motion in the direction of the
normal at the point, namely
mo?
=R—mg cos ¥ .. (4),
where p is the radius of curvature of the curve, B the normal pressure
and v the velocity of the particle obtained from equation (3) by
integration.

Note . The student acquainted with elements of differential equation
will note that

8=A cosNt+ B sin vUe.
where p.=zg‘—, is the most general solution of equation (3).
.

Note 2. Since s=4a sin {=4a Z‘Z » .. 83=8ay, y and & being measured

from the vertex of the cycloid.

Example 1. A particle oscillates in a cycloid under gravity
the amplitude of the motion being I and the periodic time being T'.  Show
that its velocity at a time t measured from a position of rest is

2nl sin 2nt
17 7
Equation of motion of the particle is
d%s g 2
Et-i = —.Z&S— —nes,

29 27 =2F,
where #» i and fI_.n or m=;
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The solution of the equation gives

8==A cos nt4B sin n¢ (1)
v=%:—=—-An sin né+Bn cos nt .(2)

By the question when =0, 8= and v=0.
s, from (1) A=! and from (2) B=0.

Hence 8=l cos nt
and = —nl sin n¢
2l

=7 sm?g-t (in magnitude).

Example 2. A particle of mass m sturts from rest at the cusp of
a smooth cycloidal arc whose axis is vertical and vertex downwards. Find
the pressure on the curve at any goint.

The height of a cusp above the vertex being 2a, the velocity v,
at a point P of the cycloid at a height y above the vertex is given by

v*=2g(2a—y)
8’
=2 ( 2a—g-)  [ByNote 2, Art. 13:24i]

2.8
=2g< 2a— 1_6_“_8_21_'1_,‘?)=4ag cos? ¢.

By (4), 13:241, the pressure R is given by
7-"—”—’==R—-mg cos Y, where p= 9 _4g cos ¥

P ' di '

Hence R=mg cos Y+m 4ag cos? Y/4a cos $=2mg cos {,

where ¢ is the angle which the tangent aut 4 makes with the tangent
at the vertex,

Examples XLIII

1, A particle oscillates in a complete cycloid from cusp to cusp. Prove
that the velocity at any point P is equal to the resolved part of the velocity at
the vertex along the tangent at P,

2. A particle starts sliding down a smooth inverted cycloid s=4a sin ¢
from rest at the vertex. Show that it will leave the curve when it has descend-
ed a vertical distance equal to a. '

3. A particle of mass m starts from rest at the cusp of a smooth cycloi-
dal arc whose axis is vertical and vertex downwards. Prove that

(a) the time occupied in falling half the distance moasured along the
arc to the vertex is § of the time required to reach the vertex.

(b) the time occupied in falling down first half of the vertical height is
equal to the time of falling down the second half ;

(c) the pressure on the curve at any point is equal to twice that due to
the weight of the particle alone.

4 Two particles are let drop from the cusp of a cycloid down the curve
at an interval of time ¢, prove that they will meet at a timo

2 8.t
Rvg-{-z

s. A particle is projected with velocity ¥V from a cusp of & smooth
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cycloid down the are. Show that the time of reaching the vertex is

2,\/ 8 a1V 49,
g 17

6. Show that the time a train, if unresisted, takes to pass through & tun-
nel under a river in the form of an are of a cycloid of length 21 and height A,
cut by a horizontal line is
2l /2gh l v’—-2gh]
— = tan-1 1] 22
'\/2ghm s ? or Woos- A2 |
where v is the velocity with which the train enters and leaves the tunnel.

w. Two particles 2m, m are connected by a light string ABO, the
heavier rests in a smooth open tube in the form of a cycloid with axis vertical
and vertex downwards, and the other particle hangs vertically from an cpen
end B at which the tangent is vertical. Prove that in the position of equiiib-
rium the tangent at 4 to the cyocloid is inclined at 30° to the herizontal and
that the time of a small oscillation about this position is

21:,\/60.
g

8. A heavy bead slides on a smooth fixed circular wire of radius a. If
it bo projected from the lowest point with a velocity just sufficient to carry it
to the highest point, prove that the radius through the bead will turn through
an angle @ in time ¢ given by the equation

. f= ;\/._%.— log ten (24-_*..%)

9. A parabola of latus rectum 4a, is placed with its axis horizontal
and plane vertical, and a heavy smooth partiole is projected from the vertex
with a velocity due to a height h and moves on the concave side of the arc.
Prove that if § be the angle described about the focus before leaving the curve

h=a (tan3 —%—+3 ta.n-%—)

. Also by taking the particular case h==14g prove that the vertical hoight
attained before leaving the arc is two-thirds of the greatest huight attained.

10. A smooth parabolic cylinder is fixed with its generators and the axis
of each of its normal sections horizontal. A particle is placed upon it at a
height above the axial plane equal to the latus rectum, prove that it will run
off at the extremity of the latus rectum and will then describe a parabola of
equal latus rectum,

?

that its acceleration at any point is made up of two components equal in
magnitude and in directions of the two foci of the ollipse. Prove that the speed
of the particle along thc curve is constant, and that the magnitude of either
com{mnent of the acceleration is inversely proportional to the product of the
focal distances of particle. (P.U.)

IIl. MOTION UNDER THE ACTION OF A CENTRAL FORCE

13°3. In this case a particle moves under a ceniral force i.e.,
a force directed towards a fixed point called the centre of force. The
path described by the particle is called a central orbit. The position
of the particle at any instant is defined by the polar co-ordinates r
and § referred to the centre of force O as the origin and any fixed line
OX through O as the initial line. The equations of motion are then
obtained by resolving forces along and perpendicular to the radius
vector, as given later in Art. 13'43.

2
11. A particle is describing the ellipse -:T—=—2'-fl —1 in such a manner
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13'31. Areal Velocity, When a garticle moves along a plane
curve, the rate of change of the area traced out by the radius vector
Joz:;z.:lg the particle to a fized point is called the areal velocity of the
pa icie. .

Let the particle move along the curve APQ and let it describe
the arc PQ=35s in time §t.

Q Let (r, 8) be the co-ordinates of
P and (r48r, 9+89) be those of @,
then the areal velocity at P

2‘0=Lt —A—QI:Q=L(; r(r+8r) sin 80

st 3t
’i‘, N

)

3r%30 1290,
=Lt 5 =} 7

g2 :
A //Y If p is the length of the per-
pendicular from O oh the line PQ,

4 / and v the velocity of the particle at
P, then
ds
the areal velocity=Lt AOSIZQ =Lt éﬂs—if =-;-p71_t- =}pv.

Again, if (z,y), (x-+8%, y+8y) be the co-ordinates of P and @
then

—_ d d
the areal velocity=Lt —-—A—ngig- =Lt Heby—yde) =} (x Y. i )

) da " Yar
Thus, we have :—

d
Twice the areal velocity=r2:—g- =vp=xX g{* -y Etx“ '

Example 1. A point P moves in a parabola with constant s  peed
V, show that (i) the areal velocity about the focus S varies as secio,
and (i1) the angular velocity about S varies as c0s30, or inversely as

SP%, where @ is the angular distance from the vestex.
g
In a parabola with focus as origin, we have

pr=ar and—%‘=l+cos 9=2 cos? 3¢, i.e., r=}I scc? }0 (D).

.. (i) twice the arcal velocity about S at any point
=Vp=V Var =V 4/1al sec }6, which varics as scc }9.
(i) w, the angular velocity about S is given by

v o Ve  TNa
0= a%:;?:—y-—:iﬂ =":!§"=M' 32 c053§0 [by (1)]

A ¢Y)

It shows that the angular velocity varies cither as cos®} @ or

3
inversely as r i.e., inversely as (SP)g .
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Example 2. A zarticle is moving in a parabola with uniform
angular velocity about the focus, prove that its normal accelerationalany
point varies as the radius of curvature p at that point.

In this case dg/dt is constant=gc, say,
If v be the velocity at any point, we have
dg wvp I A

== or v’——?—=—a-7=-—a- (" pt=ar).

This shows that © varies as rg or (SP)% .

dr
> a1 2 — * =q-—
Now since p*=ar, .. 2p T

ar_gpr_ 2t et
a

R P
3 (2,8 RN
». normal acceleration=——=-"_°_. °_p.
p ap a 4 4
13°'4. Expressions for Radial and Transverse Compo-
nents of Velocity and Acceleration. Let a particle move along a
curve from P(r, ) to Q(r+8r, v Sy
0-+850) 1in time §¢. It is required .
to find expressions for the compo-
nents of velocity and acceleration
of the particle in the position P at
the time ¢, in the direction of the
radius vector OP and at right
angles to it, the senses being
those in which r and ¢ increase.
If 1.Q be perp. to OP, then 0 /4 x
u, the component of the
velocity along OP

u+Su

Lt displacement along OP in time §¢

EY
- PL . (r4-8r) cos §6—r dr
Lt T =Lt s & ..(1),

v, the component of the velocity perpendicular to OP
—Lt displacement perp. to OP in time §t
St -
QL .. (r+8r) sin 0 dg .
Lt st—Lt —-- 8‘ - -—fzt' ..(2).

dr d .
Hence g and r d—f— are the radial and transverse velocities of

the particle, the actual velocity being the resultant of these two.

Now to find the components of acceleration, suppose u+4§v,
v+-§v are the components of the velocity of the particle in the position
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Q, at time ¢+38¢, in the direotion OQ and perp. to it, then
f1» the component of acceleration along OP

Lt change of vel. along OP in time §¢
= S
[(u+8u) cos §0— (v+5v) sin §¢]—u

~de 4 ) B <2 [by (1) and (2)]

and f,, the component of acceleration perp. to OP
change of vel. perp. OP in time §¢

=TIt al
—Lt [(u+8u) sip 80+ (v+38v) cos §]—v
8t
de dv dr .do, d do )
dr do @g_ 1 d
plr B SR Ol

the actual acceleration is the resultant of f; and f,.

Cor. In the particular case when the path of a particle is a
circle with its centre as origin, r is constant, dr/di=0 and thus the
radial and transverse components of acceleration reduce to

—r(% and rZ:f respectively.

13°'4x. The above results can also be obtained as follows :—

Suppose that the Cartesian co-ordinates of P are (x, %), then
z=rcos @ and y==rsin §.

Differentiating, we lmve

dr . de
= con0 G —reing ]
dy a0 ..(1),
and . N = §in 0 T +rcos 6 - a
u, the component of the vclocny along OP
_dx d
= = €08 a+ sin §= —d';— by (1),

and v, the component of the vcloclty perp. to OP

dJ de __de i

= ¢o3 0— 0 sin = rar by (1).
Differentiating oquations (1), we have
dz d% r dg d2p

dg\t .
— sin §—»r cos @ (m> —1 .smel-ﬁ._,—,

T =ap e~ 2dt dt
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dly dir . dr d . dg \? d?
c'l_tg=¢_ii’r sma+2d—: '{{3’ cos §—r 8in @ (E%) +roosod—?g,
The component of acceleration along OP :

d? diy . dt dg \?
='-E; cos §+ d—i;i/ 8in == d—t;r—-r Fat-)’
and the component of acceleration perpendicular to OP

_dy diz . drdg , d¢_ 1 dg,dg
=g o0 0= Gasin0=2q; G+ =~ (" @)

Example. 4 particle describes the equianuglar spiral r=aea.

in such a manner that its acceleration has no radial component. Prove

- that its angular velocity is constant and that the magnitude of the velocity
and acceleration is each proportional to r.

. dér do \?
Here the radial component of acceln, = 7 i 'Jt—) =0,

dir  rdo\?*
—d_t—f_’ E_t—) . -(l).
9§ dr_ gdo_dg .
Also, since r=aqe , ;> = =T . (2),
_ dr drdg  d__cdgN\t, d%
and from (2), a—‘t-i=—d-t~ zi—-{-ra—{.— —T(a—i‘) +"'zt‘i . -(3),

.. by (1) and (3) r::-g=0, sothat 3—-f=a constant, say e, i.e.,

the particle moves with a constant angular velocity.

dr _ dg
Now from (2), P TRy .. (4).
3 3
Hence the velocity of the particle=/\/ (%) +(r %i

=1/ (re)i+(re)t= 1/ 2rted=awryJ2 i.c., varies as r.
Also the radial acceln. being zero, the resultant acceln,

_ 1 drqdgy 1 d . 20 dr
=the transverse acceln.= e (r W)"T —Jt—(r u)-——r— a
=2re? by (4)
which varies as 7.
Examples XLIV

x. A particle moves along raAeke ,» @=DBt, prove that its acceleration
18 proportional to r and makes a constant angle with the radius vector.

2. If the angular velocity of a porticlo about a point in its plane of
motion be constant, prove that the transverse component of its accsleration is
proportional to the radial component of its velocity.

If tho velocities of a particle along and perpendicular to the radius

veetor aom a fixed point are Ar and (1§, show that the accelorations along and
perpendicular to the radius vector are

m-ﬁff_’f and pe(x+%) .
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. The veloocities of a particle along and perpendicular to a radius
vector from a fixed origin are Ar? and (£192. Show that the equation to the path
of the particle is

. A
E Bz—r—i +00
Also show that the components of acceleration are
u2gd p2gs
2).’#———’_—— » ARrQ2+4-2 -

5. If the radial and transverse velocities of a point are always propor-
tional to each other, show that the equation to the path is an equiangular
spiral,

If, in addition, the radial and transverse accelcrations are also always
proportional to each other, show that the velocity of the particle varies as some
power of the radius vector. (All. U.)

6. If the path of a particle is r=a tan @ and the acceleration is directed
towards the origin, show that the acceleration in terms of r is

h3 242 do
3y [3+72~] where h=r? ks

7. Prove that the path of a puint P which possesses two constant velo-
cities, one along a fixed direction and the other perpendicular to the radius
vector OP drawn from a fixed point O, is a conic section,

8. A point moves in a circular path of radius a, so that its angular
velocity about a fixed point in the circumference of the circle is constant and
equal to w, show that, the resultant acceleration of the point at every point of
the path is of constant magnitude 4aw?.

[Take r=2a cos @ as the equation of a circle.]

9. A particle describes the circle r=2a sin @ with speed k& cosec2g.
Prove that its acceleration is wholly along the line joining the particle to the
origin.

10. A particle moves along the circle r=2a cos @ in such a way that
the acceleration towards the origin is always zero. Prove that

%—“‘3 =0 g-(-ga —2w3 cot §,  being \f,bp angular velocity.

Deduce that the transverse acceleration is'proportional to cosecp.

xx. The ends of a straight rod are moving in two straight grooves inter-
secting at right angles at O, and P is the foot of the perpendicular from O on the
rod. Show that the velocity of P perpendicular to OP is ®.0OP and along OP
is 20.0P, where C it the middle point of the rod and  is the angular velocity
of C about O.

12. A smooth straight tube 04 (=a) rotates in horizontal plane about
one ¢nd O with uniform angular velocity ®.

(a) When initially a particle is at rest at A relative to the tube,
show that at time ¢, tho distance of the particle from O is a cosh (®¢) and that
the force exerted by the tube on the particle at that time is proportional to
vinh (®t).

(b) When a particle is suddenly projected from A towards O with velo-
city at, show that the particle will have travelled half way down tho tube

after a time -Z-:- log 2 and will not reach O in any finite time,

13. A particle is placed at rest in a rough tube at a distance a from
one end and the tube ttarts rotating horizontally with a uniform angular velo-
city w about this end. Show that the distance of the particle at time ¢ is

ae @480 X [o0eh (ot sec 2)+8in A sinh (et sec A)].

whrre tan A is co-efficient of friction. (P.U.)
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_13'42. Angular Momentum. The angular momentuum of a
particle moving along a plane curve obout a point in the plane is the
moment of its momentum about that point.

The magnitude of the moment of momentum of a particle P of
mass m, at any instant when its velocity is v, about any point O (in
the plane of its motion) is

mvp .«(D),
where p is the length of the perpendicular from O to the tangent to
the path of the particle at P,

The sign is taken positive or negative according as the rotation

is counter-clockwise or clockwise.

If the velocity v isresolved along and perpendicular to OP in
the direction of ¢ increasing, then the components of the momentum

of the particle in these directions arem —d—':, and mrg-a- Hence an-

dt’
other expression for the moment of momentum about O is
de
: Bhukd
mrt ..(2),
the moment of m-g—:- about O being zero.

Again, if the velocity is resolved along two perpendicular lines
0X, 0Y, then the coniponents of the momentum are m %:i,m ‘i—%’- and
the moment of momentum about O is

dy dz
m[xﬂ—-y?z] ..(3).
Hence the angular momentum of a particle about the origin

do dy dx
= 2= = —— = ]
=g TP m(x @ Yar )
Also the expression for the kinetic, energy of the particle in
polar co-ordinates is )

dr\® o7do\?
1}m[(au) +r (dt)]

13'43. Equations of Motion. We have already discussed
motion of a particle in a plane by writing down its equations of
motion either in the directions of two fixed co-ordinate axes or in the
direction of the tangent and normal to the path described by the
particle. However a large number of dynamical problems, where a
particle moves under a central force, are readily solved, as\already

pointed out, by writing the equations of motion in the direction of the
radius vector and in a direction perpendicular to it.

These equations are of the form
d2r de\*_
= (%) ]—F 1),

m d dg
and T E‘t-(f‘ E‘—>=T ..(2),
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where m is the mass of the particle and F and T are the sums of the
components of the forces in the radial and transverse directions.

13°'431. Central Force. When a particle moves under a
central force, t.e., a force directed towards a fixed point with its in-
tonsity as some function of the distance from the fixed point, then
T =0 and from (2), we have

d/ado\ 2 ub
z‘_(r’ E)“O' te, oo =h (a constant).

So that in a central orbit the radius vector joining the particle to the
centre of force sweeps out equal areas in equal times and the angular
momentum of the particle remains constant throughout its motion.

Also from Art. 13'31, we have :
r :‘—;‘2=vp=twice the areal velocity=

. dg A h
o A= and v=—]-)-o

i.e., in the motion of a particle subject to any central force,

(v) the angular velocity of the particle varies inversely as tke square
of the distance ; and

(i) velocity of the particle varies inversely as the perpendicular
drawn from the centre upon the tangent to the path.

These results hold true in the case of planets moving round the
sun, the sun being the centre of force.

Since the moment of F about O is obviously zero and since any
point may be taken as the origin, cquation (2) Art. 13'43, when

written in the form
d de ,
a(mrt )=,

shows that for the motion of a particle along a curve, the rate of change
of its angular momentum about any point O iz equal to the sum of the
moments about the same point O, of the forces acting on the particle.

Examle 1. A4 particle P of unit mass describes an ellipse with
centre (' under the action of a force w.('P. Show that the normal accele-
ration at any instant varies tnversely as the speed of the particle.

Let ¢ be the angle which the tangent at P makes with CP, then
the normal component of the acceleration
h
=w.CP sin p=prsin ¢p= y.p--g‘—vﬂ %—,
where / is a constant.

. For, the force being a central force, v is constant, the constant
heing taken as h.

Example 2. A particle P of mnss m, moves on a smooth hori-
zontal table. A light string altached to P passes through a small hole
ir the table and an equal particle () is suspended at this end of the string.
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If initially OP=a, and the particle P is moving with velocity v/ }ag
in a direction at right angles to OP, determine the extreme values of
OP during the subsequent motion and find the tension of the string at any
mnstant,

Let T be the tension of the string and OP=r at any instant ¢.

The table being smooth, there is no force on P perp. to OP
and 7 is the only force in the direction PO.

Therefore, the equations of motions for P are :—

m dsado\
T @l 7)==
. do N —
i.e.,r? az—:constant:xts initial value=a X 1/ }ag (1),
d?r dg\*1_
and [ (@) ]--1 (@)
If | be the length of the string, the equation of motion for Q is
dér . dir
m (l-—-r)=mg—T, ie.,m o5 =T—mg ..Q3).

Subtracting (2) from (3) and using (1), we have :

\ _ dg\? __ }a’q mga®
21 —mg=mr (a—t—) = r7—_~§7_.—-

T=13mg(2+a3/r3).
Again, adding (2) and (3) and using (1), we obtain :

5 d¥r de\? o dir ga*
Zm(-l—t;—mr HT) =—mg or 2d¢i_§?3*_g'
Multiplying this equation by 3: and integrating, we bave

dr\® ga®
@ -{_%;i—_u.——gr—}-&

Initially when r=a, ?{: =0, which gives c=}ag.

dr\? gad®
Thus, Et') +ia= —gr+4-ag.
. dr _Q(l"’
For the max. or min. value of 7, Et"——o’ s0 that -4;,+gr=§ag,
ie., 4rr—5ar*+a*=0 or (1'—0)(4;"—:lr;a’);{)_
This gives r=a or ,-=1+ ;/1,7 a=064a,
1—- V17

the negative value of » wiz,,

5 @ being rejected.
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Examples XLV

1. A particle eapable of moving on a smooth horizontal table is con-
nected by a light inextensible string which passes without friction through a
small hole, to a second equal particle hanging freely below the table. When
the first particle is at a distance a from the hole, it is moving at right angles to
the string with the velocivy 1/ $ag. Prove that the hanging particle will move

up and down through a distance a and that the tension of the string will vary
between 2/3 and 11/6 of the weight of the particle.

2. A string passes through a small hole in a smooth horizontal table,
und has equal particles attached to its ends, one hanging vertically and the
other lying on the table at a distance & from the hole. This latter is projected
with a velocity \/ ag perpendicular to the string. Show that the hanging
particle will remain at ress, and that if it be slightly disturbed, the time of a
small oscillation will be

2rV/ 243,

3. Two particles of masses m, 2m lie on a smooth table and connected
by a taut, inextensible, light string of length 2a which passes through a fixed
smooth ring fixed at a point O on the table. The particle m is at a distance o
from O and is projected along the table with velocity u perpendicular to the
portion of the string attached to it. Prove that the particle 2m reaches O after
a time 3aju.

4. Two particles of masses 3m and m are attached to the ends of an
inextensible etring which passes through a smooth fixed ring, the whole resting
on a horizontal table. The particle m being projected at right angles to the
string show that path is a=r cos §@, a being the initial distance of m from the
ring.

5. A particle of unit mass lies on a smooth horizontal table and is
attached to one end of an elastic string of natural length ! and modulus of
elasticity A, whose other end is fixed on tho table. The particle is held so that
the string is just tight, and projected at right angles to the string with velocity
24//8, show that the greatest length of the string in the resulting motion
is 2l.

6. One end of a light inextensible string is attached to a particle of
mass m which moves on a smooth horizontal table. The other end is passed
through a hole in tho table and supports a particle of mass M which hangs
vertically below the hole. Show that the path described by the particle on the
table satisfies the diffential equation

d2u Mg . _ 1
(m+M)W+mu =i where / is & constant and u=—.

13'5. Central Orbits. 7o find the differential equation of the
path of a particle moving in a plane under a force which is directed to a
Jized centre,

Polar Equation. Let (7, §) be the co-ordinates of the particle

P referred to the fixed centre O and let mF be the attracting force
acting on it, then the equations of motion are

m d d9
= . g -—=)= (1
r di ”dt) 0 ()
&2 dg\*] _

and m Fﬁ"'(&t") ]—-—mF . (2)

Integrating (1), we have

72 gtg=h (a constant) < (3)
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. d b . 4 _1 _1
ie., a—t=—r7—hu , where u=-—— or r=—

. 1 du de 1 du

. do( ) R ey ¥ =—h5 —’

and dt’ ;o dt)dt d0<— )h whe=—htu 2d9"

Substituting in equation (2) , we get

—-h’u‘jzl: — h3ut=~—F

d?u F
or a-ég- +u= il_'-l-li . (4)
which is the equation of the orbit in polar co-ordinates, F being the

Jorce per unit mass or the acceleration.
Pedal Equation. If p be the length of the perpendi-

. 13'51.
cular from O upon the tangent at P, then by the Calculus

A=t G

Differentiating equation (5), with respect to r, we have

.. (5).

2 dp dudg |  du d*u df

P ar P Vo ar
du de du 2 d2u
=25 ar (* +d0’> (vt do’) = (vt )

2
T Iu’uz[b y (9]= h?

h* dp
Far ¥

..(6)

which is the pedal equation of the orbit,
Equations (4) and (6) are important for the solution of two

problems :—
(?) Given the orbit, to determine the law of central force
(#3) Given the law of central force, to determine the orbit.

13'52. To find the time we use equation (3) which gives
t—-———I rédg.

13'53. Equation (8) can bo obtained independently as follows
Lot o be the angle between the outward-drawn radius vector

and‘ the direction of motion.
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As the force F (per unit roass) acts along PO resolving along
yd v the normal we have

* == F sin ¢ or *=F -i—’ p.

13'6. Velocity.
First Method. By using equation (5).

13 du \?
s =
v * =h [ (do ) ] (M
which gives the velocity when the path is known,

Second Method. By using equation (8).

Integrating equation (6), we have :

h. . 2. '
—3 ?.=le dr4c, ie., jot= jF ¢ ..(8)

which gives the velocity when F, the force, is known.

13°61. Equation (8) can also be obtained independently as
follows :

Resolving along the tangent (See Fig. given above), we have

dv dr
v-dTg=—-F cos o= -—-F—d—; .

Integrating with respect to s, we get

-—-—-IF—d s+ C= —IF dr4C.

13'62. Velocity from Infinity at any point of a central orbit
means the velocity that a particle would acquire if it is moved from
infinity to that point under the action of the given attractive force
associated with the orbit,

From (8), the velocity from infinity is given by

{v’=-—[ Fdr ..9).

[~ =]

r
r r
o0

For example, 1fF--- oy t=—2 J: =2t
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13°63. Multiplying (9) by m, the mass of the particle, and

supposing that the velocity changes from v; to v, as » changes from
ry to ry , we have

Te

meyd—mod= — I F dr '

n
which shows that the change in the kinetic energy is equal to the
work done by the force as the particle moves from one position to
another.

Example 1. A particle describes the path r=a tan § under a
force to the origin, Find its acceleration and velocity in terms of r.

Here b=atan § e, au=cot g ().
B S

“Zg= —cosec?f=—(1-4cot?g) = —(14-adu?) . (2),

and a‘;—’o-,=2.cosec'o cot0=2h.u(l+a’u’) " 1.(3).

by (4) Art. 13'5, we have
d*u

..

The asceln. F=~h%3 [u-{— =h3u?(u+2u(14a*u?)]

1]

=133+ 2a%u?]= _[3+2“2:|

Also by (7) Art. 136, we have
vz__"”_hz[ a+(d“ J h’[ -+<1i9f_"_’)’] by (2)
2
’4 at+3a%3 414 )

Example 2. Find the law for a central altractive force for which
the velocity in a circle at any distance is equal to the velocity acquired in
falling from infinity to that distance.

Let O be the centre of force F, » the velocity at a point P at
a distance  from O and let F=uy/r", then by (9) Art. 13'62, we have

r

r
v2=—~2j Fdr:-zj -:7‘;=-——2“ 2u A1),

(1—- n):"" (n—1)m-1

Now velocity v in a circle at a distance r means that if the point
P were to describe a circle of radius r at P, its acceleration or foree
F on it will be v?/r,

o B_p¥_ %
Thus we have PO =F= y == [by (1)1,
Hence we get n—1=2 or n=3,

nd thus we £ind that law of the force is inverse cube of the distance.
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Examples XLVI

z. Find the law of force in the following orbits, the pole being the
centre of attraction :—

{) r=a sec® }0. (Ans. cfr2).
1) 12=qa2 cos 29. (Anas. ¢/r7).
(i13) 2a3/3=1 4cos 3§. (Ans. Const.)
.. h2(2r+a)
(iv) "éﬂ"b' [Am. —m-s-——].

2. If a particle describes the cardioid r=a(l —cos ) under & force to
gw pole, show that the force is proportional to the inverse fourth power of the
istance.

If P be the force at the apse (=), and V the velocity, prove that
3 V2=4aP.

. A particle moving under the influence of a central force, describes a
g:ircle through the centre of the force. Prove that the force is attractive and
inversely proportional to the fifth power of the distance.

‘}[ﬂn . Equation of the circle is r=2a cos ].
4. Show that the curve rn=q" cos n@ can be described under a force to
the pole varying inversely as (2n+3)rd power of the distance.
Deduce the law of attraction under which a particle describes :
(f) a parabola (n=—1%),
(i3) a cardioid (n=}),
(%) a straight line (n=—1),
(tv) a circle about a point on the circumférence (n=1),
(v) rectangular hyperbola (n= —2).
(vi) a Lemniscate (n=2).
§. The motion of a point in a plane at time ¢ is defined by z=at?,

Prove that the areal velocity is constant and verify that the accelera-

n!Q‘
.

y=
2
tion is everywhere directed froin a fixed point according to the law —t;- , 7 be-

ing the distance of the moving point from the fixed point.
[Hint. Use the third result of Art. 13:31].

Force varying inversely as the square of the distance

137. Planetary Motion. The laws according to which
planets move round the sun are as follows :

(¢2) The orbit of a planet round the sun i3 an ellipse, in one focus
of which the centre of the sun is situaled.

(11) T'he radius veclor, draw from the centre of the sunto the planet
describes equal arcas in equal times.

(v3t) The square of the periodic times of the various planets are pro-
portional to the cubes of the semi-major axes of their orbits.

These three laws were discovered by Kepler and were deduced
by him entirely from ohservations of the movements of the planets
without any reference to the nature of the forces which control these
movements,

Newton, however, proved them to be consequences of the law of
universal gravitation which states that every particle of matter attracts
every other particle with a force varying directly as the product of their
masses and inversely as the square of the distance between them.
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The law of inverse square of the distance for a particle describ-
ing an ellipse under a force to the focus is proved in the following
article :—

13'71. To find the law of force to the focus when the
orhit is an ellipse. 4 particle moves in an ellipse under a force
which is always directed towards one focus ; to prove that the attraction
})f the particle varies inversely as the square of the distance from the
ocus.

Also to find the velocsty and the periodic time.
First Method. By using the polar equation.

The polar equation of an ellipse is
lu=1+-e cos g, I being the semi-latus-rectum,

du e sin @ d*u e cos @
then -d—0-=—- —-—l-—-— and d0’=—.—l_—‘
By equation (4) Art. 13'5, we have

F d3u ecos@, 1 ecosg 1

mamagtt=T Tt =T
h® n
Hence F=——l~u’=?- . (1),
where hi=pl - (2).

This shows that the force varies inversely as the square of the
distance from the focus from which r is measured.

Second Method. By using the pedal equation,

The pedal equation of an ellipse with reference to the focus is

Differentiating, we get
202 dp 2a 1 dp a
9 ST AE T parTe
.. by (6) Art. 13'51
Fe Bdp R a pl

_ B ™,
PP ArT by =l

a
A=
13'72. The velocity.

First Method. By using the polar equation,
By (7) Art. 136 v==_"i=k=[u'+ (B )’J
. 3 1" do
(14-e cos §)® esin%
=ul ( ] + la‘"’)
_ f1+2ecos §+e* ¢ l14ecosd 1—e?
= ( 1 )‘*‘(2 - T’)
1

9 2
ep(——;-—;) [for l=%—=a(l-—-e’)].
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It the particle describes a parabola e=1 and v‘-27y', 80 that in
this case, the kinetic energy of the particle is inversely proportional
to its distance from the centre of force.

Second Method. By using the pedal equation.

3 3
v’==—h7 _—.ﬂ, , | being the semi-latus rectum=—b——,
r 7

a
-t Jl‘-—-—“—(g’?-— l)=y.(%— 71;) in the case of

s P e ellipse,
© /2a 2 1y,

=——{ =41 =y.(—— +4+— ) in the case of

a (f ) r a ) hyperbola,

_E;"a=g‘.?2;_a-2_;('_z (. l=2a) in the case of parabola.

Thus the orbit is an ellipse, a hyperbola, or a parabola according

as v? (s less than, greater than or equal to -—rE-, the velocity from infinity.

It may be noted that the class of a conic described depends
only on the velocity of projection, and not on the direction.

Example. A4 garticle describes an ellipse under a force to the
focus S.  When the particle is at one extremity B of the minor axis, its
kinetic energy 18 doubled without change in the direction of motion,
Prove that the particle proceeds to describe a parabola.

Let 2a be the length of a major axis, so that SB--S'B=2a and
SBe=S8’'B=a, the velocity v at B is given by

2 1 2 1 @
L S RSN T VY A ST VI .
v ~P'( r a ) P'( a a ) u
Now when the kinetic energy is doubled, the subsequent velo-
city v’ is then given by

But this gives the velocity of a particle deseribing a parabolic
path at a distance a from the centre of force and sirce the class of a
conic described by a particle depends on the velocity of projection,
the particle, therefore, proceeds to describe a parabola with § as the
focus.

13°73. Periodic time. Since 3% is equal to the area des-
cribed in & unit time it follows that if 7' be the time that the particle
takes to describe the whole ellipse, then

3h X T'=area of the ellipse=mab.
2rab 2% ub  2n 2 r bt
Hence Tem——=— .7 _-""q? l=~*].
b TN NPT L a
Example 1. Prove that the time taken by the earth to travel over
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half its orbit, remote from the sun, separated by the minor axis is about
2 days more than half the year. The eccentricity of the orbit is 1/60.

Let C be the centre, B

ACA'=2a, the major axis ; and

BCB'=2b, the minor axis of the
earth’s orbit.

If § be the sun in the focus A A
nearer 4’, we have S C

area SB’ABS

=area BAB'4 AB'SB. )

=} area of the ellipse4BC x SC B

={rab+bae.

Since the time of describing an arc is proportional to the sec-
torial area, therefore, ¢ the required time is given by

t area SB'’ABS {mab+abe
a year area of ellipse”  mab

e
=§+7t-.

e 1
So that t=(}+-;) of a year=} a year+60—1i_x 365} days.

=} a year-+about 2 days.

Example 2. Prove that the time required to describe an arc of a
parabola under the action of the force u/r® to the focus, starting from the
nearer end of the axis i8 given by

203 0 1. .8
/\/T‘— [t“n'§+§‘ tan _f]’
where a is the apsidal distance, and § is measured from the axis.

Let P be any point on the parabola whose focus is 8, vertex
A4(AS=a), and £/ ASP=g,

The velocity v at any point is given by,

v’::a'f:?-g' at 4 or at A4, v= -Z-E
roa a

.. h, the moment of the velocity at A about §
= V2ufax a= V2ya.
[or, *~ M=yl andl=2a, .. h*=2ua, and h=V2pa].
From the cquation of the parabola, we have
lu=1+- cos §=2 cos? }@, or r=4L sec? }g=a sec? }4.

d —
Now r’d—‘o-——h: V2ay,
— 6 + [0
or \/20(.:.. t= 1 dg=au o sectig dg
0

=a3L? (14-tan® 39) sec?}g do
=a*2 tan 19+ % tan® }4)

: _ 23 0 1 ,wa_]
Hence t—/\/;[tan—z—q—? tan 7 |
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Examples XLVII

x. A particle describes an ellipse as a central orbit about the focus,
prove that the velocity at the end of the minor axis is a geometric mean
(i) between the greatest and the least velocities.
(i¥) between the velocities ut the ends of any diameter.
2. A particle describes an elliptic orbit under a central force to one of
the foci, the greatest and least velocities in the orbit being 110 f.p.s. and
90 f.p.s. respectively, and tho periodic time being 20 min. ; show that the

eccentricity is b, and the lergth of the major axis is about 7-2 miles.

—_) 8 A comet describc a parabola about the sun, show that :—
(£) the sum of the squares of the velocities at the extremities of a focal
chord is constant,
(#7) its velocity perpendicular to the axis of its orbit varies inversely
a8 the radius vector from the sun.

4. Prove that in an elliptic orbit described about a centre at a focus,
the radial velocities at the two ends of any focal chord are equal.

. 5. Show that the velocity of a planetary body at any point of its orbit
is the same as it would have been if it had fallen to that point from rest at a
distance from the sun equal to the length of the major axis.

6. A particle describes an ellipse about the focus. Show that thno
greatest and least angular velocities occur at the ends of the major axis and
also that if @, 8 be these angular velocities, tho mean angular volocity is

2ap)}
Jz+4B

v. Prove that if a particle moves subject to a central acceleration W@/r2

and has a velocity v at a distance r from the centre of force, its periodic time is

ey 2 v ) "'?
w\r p

8. If w is the angular velocity at the nearer end of the major axis of
a planetary body prove that its period is

2, [ 1Fe .
© (1—e)®
9. If the velocity of a body in a given olliptic orbit (major axis 2q) is
<he same at a certain point P, whether tho orbit is being described in periodic

time T' about one focus S or in periodic timo 7" about the other focus §’, prove
that

2aT’ , 2aT
SP—-T———_'_T, , S P==T—————+T, .

ro. If a particle is describing an ellipse of eccentricity 4, under the
action of a force to a focus and when it arrives at an apse (an end of the major
axis) the velocity is doubled, show that the now orbit will be a parabola or a
hyperbola according as tho apse is the further or the nearer one.

rr. The period of Halloy’s comot is about 76 years. Show that the
::;atiso of the major axis of its orbit to tho carth’s distance from the sun is about

5-88.

2. Assuming that thn occentricity, e, of a planct's orbit is a small
fraction, show that tho ratio of tho time taken by the planet to travel over the
two halves of its orbit separatcd by the minor axis is nearly

4e
1+ 22,
+ k1
Show that in the case of the carth's orbit for which ¢=g'y, the differenco
in times is about 3-87 days.
13. The eccentricity of the earth’s orbit round the sun is J}, prove

that the earth’s distance from the sun excecds tho semi-mujor axis of the orbit
during about two days more than half tho ycar.
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14. Prove that the two parts into which tho earth’s drbit is divided by
the latus-rectum are described in 178:7 and 186-5 days respectively (cz“\ul.

15. Prove that in an eclliptic orbit the time average of the kinctic
energy 1s tho same as that of a particle revolving in a circlo of radius equal to
the mean distance ¢ with the mcan angular velocity.

The Converse Problem

13'8. Force p/r®, to find the orbit and the velocity. A
particle moves under the action of a force to a fized pointvarying inverse-
ly as the.square of the distance ; to prove that the orbit is a conic scction
with one focus at the centre of force.

First Method. By using the polar equation of the orbit.

n
F=*’—. =p.u’.
Hence equation (4) of Art. 13'5 gives
d*u Fwd
dp T e
d m ® ® o
or a—é—z(u-— »h?)+u—«ﬁ—,- =0 [’; W 18 const.]
Solving this equation, we have
u— ":2—=A cos (f—ua),
h3 k24
or _!:': =1+T cos (§—a)
ie., —;—_—_H—e cos (8—a),
2.
where hp"l =e and h¥=pl.

This is the polar equation of a conic section referred to the focus
as the origin,

Second Method. By using the pedal equation of the orbit,

]L2 d]) v ©w
We have 7 o= F= L
Integrating, we have
o9
per e 1),
3
Suppose h*=pl=p X semi-latus rectum=p .% , then
# 2 ac i
2o T ..(2)

Equation (2) is the pedal equation of a conic referred to the
focus as pole. It will represent an ellipse, a hyperbola or a parabola

according as i—? is =1, loro,

(i‘e., Cis —-——"'-, Eoor 0)-
a a
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13°81. To find the velocity. From equation (1), we have

2 1y . .
-——y.(—r--z-) in the case of ellipse,
=u<—?— + ; ) in the case of hyperbola,

=g:—"- in the case of parabola,

the results being the same as obtained in Art. 1372,
Force varying directly as the distance.
13'9. To find the law of force to the centre when the
orbit is an ellipse.
The pedal equation to an ellipse referred to its centre as origin is

a8
%;—a’-%b’—r’. (1)
Differentiating with respect to r, we have
2a%? dp
A
K dp AT 1 A2 h®

Hence F——-—? —d—; =~II—3- X'a—fb-z' =.~‘—l—,z—,r=yr; where ‘L'—‘-EZ—B?
Tt shows that the force varies directly as the distance.
[Compare Art. 13:13].

Conversely, if the force varies directly as the distance, the orbit
18 an ellipse with tts centre at the centre of force.

This can be proved as follows :—

i
2 32
.. integrating, we have — 2%-,:,3“/3.{.0 or f‘f}%‘f: —ur?—20,
33
so that ‘%::_=()'__,.a___.aa+ Py,

the same as (1) the constant C’ being taken equal to a?+b3.
13'91. To find the velocity v. In this case we have

h? o pa?h?
¥ TN R IS | o
pem =t o v
which shows that the veloeity is proportional to », the semi-diameter
conjugate to 7. [Compare Art. 13:131]

13'92. Apse and Apsidal Distance. An apse is a point on
central orbit at which the radius veetor drawn from the centre of a

foree is a maximum or minimum,
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The length of the radius vector at such a point is known as the
apsidal distance,

The analytical condition for a maximum or minimum value of

the length of the radius vector is that% shall vanish and that the

first differential co-efficient which does not vanish shall be of an even
order,

Now if ¢ be the angle between the radius vector and the
tangent to the curve, then by the Calculus,
6 w du L
du = cot ¢, so that when — 7 =0, p=7
Hence the tangent at an apse is perpendicular to the radius vector.

In the case of a planet moving round the sun in an ellipse, the
ends of the major axis are the two apses, the one nearer to the sun is
called, perihelion and the further one is called aphelion.

13'93. Example 1. If a particle is projected from an apse at a
distance a with the velocity from snfinity under the action of a central
Jorce pr=3-3_ prove that the path is 1™=a" cos ng.

Here Fampr=tn=3=pyines,
. duv F

s o =% :“ha“

Multiplying by 2du/dg and integrating, we get

“ +(d0> =it TC ().
V, the velocity from infinity at the apse r=a, is given by

—— — n-3
LI 2J Fdr 2j pr—2=3dr= (n+l)a"‘“
<. h%, the square of the moment of the velocity at the apse
=a?V3=p/(n+1)at".
Now to find the constant C in (1), we substitnte the initial
values at the apse viz., u_—;— c—i—-—-O nd h¥=

de (n+l)a""

tan @=—u

n+l

and we get C'==0.

. du\? _p.u"'*’ tn.2ns8
o +< Tk wginyints
This gives Im::o-}-a.
=1 dy .. 1 |
\-/—a"i_n_rz,.'=9+°" . U=

m .
Thercfore, cos™? -(;;::no-l—na, 1.e., r*=a" cos (n§+na).

If we measure g from the apse line, then r=a when §=0,

S cos na==1, 1.e., a=0.
Hence r":==qa™ cos n§.
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Example 2. Find the velocily necessary for the description of a
circular orbit of radius a under a central force 2p. a®u®—pud, Show that
the orbit is unstable. (D.U. 1960)

For a circular orbit of radius ,

n= LE and F=2y a2, ls,___pxt_zg_z_z__ﬁ:_&
a a

But force or acceleration F for the velocity v for a circular orbit of
radius a is v3/a.
.o N B Vi
S =Fe= o O v’-—-(—; , 1.8, V= —
This gives the required velocity.

Also  h=vh2=ril= (—f—:« Xat=y,

* d*n F 2uatud—pn?
Now dp? Tu= BET T

Suppose the particle is slightly displaced from the circular path
in such a way that A remains unaltered.

In (1), put u=z+1/a, where 2 is small, then

it oL ) (o)

=2a% u3—u (1)

1 3x 1 1
=202 — 4" |— —— 2= — F5ur
=2a [a3+a2:l a T3 5
neglecting square and higher powers of x.
d?x
S dat =4x.
z=A e + B

Tt shows that as @ increases, x also increases, so that z is not
always small and the orbit does not continue to be nearly circular
and hence the orbit is unstable.

Ex. Integrating equation (1), show that if a slight disturbanco takes
placo inwards, tho path may be roprosented by
r=a tanh ().

Examples XLVIII-A

1. The law of force is puS and a particlo 1s projected from an apse at a
distance a.  Find the orbit when the velocity of projection is Yit/a242.

[Ans. r=acos (.]

2. A particlo acted on by a central attractive forco /rd is projected

with velocity ¥l./a at tho anglo 7t/¢ with its imitial distance, a, from tho centre

of force ; provo that its orbit is tho equiangular spiral r=ace.
. 3. A particle of mass m moves under a central force m/r3, and is pro-
jected at an angle a to the radius at a distance r=a from the centre of forco
with tho velocity which would be acquired by a fall from rost at infinity to tho
puint of projection. Prove that the orbit is an equiangular spiral.

Show aleo that the time elapsed till the particle reaches a distance r
from the contre is §(r2—a?) sce ajyu, @ being a constant,
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4- (a) If in a central orbit under the force uud(34242u3), a particle be
projected at a distance ¢ with a velocity J5it fa in a dircction making tan—? §
with the radius, show that the equution to the path is

r=a cot(—l—t- + 9).

(b) If the law of force be 5uud+48pc2ub, and the particle is projocted
from an apse at the distance ¢ with velocity 34ft/e, prove that the orbiv is
r=c cos $Q.
A particle is projected at right angles at u distance a under a centrul
force @ /r® with the velocity frem infinity ; show that the orbit is
n=3 n-3 =n-3
r 2 =g & cCO8 3 0.

6. A particle under an attraction {L/r8 per unit mass, is projected from

an apse at a distance b from the centre of attraction with velocity (2p)ib-§
show that there is another apsidal distance equal to }b(¥3—1).
7. A particle of mass m moves under & central force
m[3aut—2(a?~b2)ub],
a being > b and is projected from an apse at the distance u+4b, with veloeity
Yi./(a +b) ; show that its orbit is
r=a+b cos Q.

Examples XLVIII-B

x. A particle of mass, m describes & parabola under un attraction to the
focus ; prove that the attruction at a distunce, 7, is m./r2 and that tho velocity

is @it

Two particles describe in equal times the arc of a parabola bounded by
the latus-rectum, one under an attraction to the focus, and the cther with con-
stant acceleration, g, parallel to the uxis. Show that the acceleration of tho
first particle at the vertex of the parabola is ‘2 g. (D.U. Hons., 1924)

[See solved Ex. 2, Art. 13:73]

2. A comet describes a parabola about the sun, its nearest distance
from the sun being one-half of the radius of the eurth’s orbit supposed circular.
Show that the comet will remain within the eurth’s orbit for about 77 days.

3. Show that the velocity of a particle P moving in an ellipse about a
centre of force in the focus S can be resolved into components, of constant
magnitude, one \/h perpendicular to the rudius SP and the other pe/h perpendt-
cular to the major axis 48.

4. Deduce from Ex. 3, that the velocity of P can bo resolved into

W(e4cos @)/ and @ sin /k,
respectively perpendicular and parallel to the muajor axws, where @ 1s the
angle ASP.

Hence show that the hodograph of the motion is & circle.

A particle of mass m is projected under the central foreo mu /2. If it
be projected from the point r=¢, @=0 at right angles to the radius, with
velocity aJnfjc, prove that

( r ‘;_: 2=—*:. (r—c)[ac—(2 —nir].

6. Show that, in elliptic motion about a focus under attraction (4/r2, the

radial velocity is given by the equation

dr\%
2 f ) = — Y re—u(l— P.U.
(& ) a [a(14-e)—r][r—u(l—e)] (P.U.) .
dr\% 2u(ry—r)(r—rs)
g (L) LT R
o »(7) = ritrs
where r; and rq are the greatest and least radial distances respectively.
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v A.planet is describing an ellipse about the sun as foous ; show that
its wvelocity away from the sun is greatest when the radius vector to the planet
is at right angles to the major axis of the path, and that it ia then

2rae/TN1—e2,
where 2qa is the major axis, ¢ the eccentricity and T the periodic time. (P.U.)

8. A particle describes an ellipse about a centre of force at the focus,
show that at any point of its path the angular velocity about the other focus
(i) varies inversely as the square of the normal at the point.

(45) varies inversely as the square of conjugate diameter and is equal
to n ab/OD%, where CD is the semi-diameter conjugate to CP and n is the mean
angular velocity.

If the velocity of the earth at any point of its orbit (sugeposed circu-
lar) were increased by about one-half, prove that it would describe a parabola
about the sun as focus,

ro. Obtain the velocity at any point of an elliptic orbit about a focus.
Find, when possible, the point at which, if the centre of force were transferred
to the empty foous, the orbit would be a parabola. Prove that there is no such
point unleas the eccentricity is greater than 45—2. (D.U. 1953)

xx. Show that if a parabolic orbit and a rectangular hyperbolic orbit
have the same latus-rectum under forces towards the foci, the velocity at the

(fand of the latus.rectum is AJ§ times as great in the latter case asin the
ormer.

12. A body .of mass m is describing a parabola under an attraction vary-

ing inversely as the square of the distance. It collides with another mass of

nitude (42—1)m which is at rest, at tho vertex, and the two masses

coalesoe into one. Prove that the collected mass will desoribe a circle having
its centre at the centre of force.

13. A body is describing a circle in a central orbit, the force varying in-
versely as the square of the distance. If the attraction is suddenly decreased
by one-half, show that the subsequent path is a parabola.

l?. If, when a planet is at the end of the minor axis of an ellipse, the
mass of the sun issuddenly increased by one-half, show that the planet will

continue to describe an elliptic orbit of axes ’}a, b42, where 2a, 2b are the
axes of the former orbit.

15. A particle is moving in an ellipse of eccentricity ¢, under an accele-
ration [1/r2 to & focus. When the particle is nearest to the focus, this accelera-
tion is suddenly replaced by an acceleration W'r towards the centre of the
ellipse. If the particle continues to move in the same ellipse, prove that

p=pad (1—e)2

36. A particle is describing an ellipse under an attraction to the focus.
When it is at any point of its path, the centro of attraction is transferred to
the othor focus, and the attraction continues to vary as the inverse square
of the distance, but tho absolute force is changed so that tho magnitude of the
attraction is unaltered, show that the particle continues to describe tho same

ellipse.
REVISION QUESTIONS—XI

t. A particle slides down the catenary, s=c¢ tan{, with vertex
upwards, the velocity at any point being that due to a fall from the directrix.
Prove that the particle moves inside the curve and that tho pressure at any
point is inversely proportional to the distance of that point from the directrix.

a. If a particle ba acted upon by a force always parallel to the axis of
y and proportional to the square of the radius of curvature ut tho point, prove
that it will describe the curve

vt 2
= log sec =

the particle moving parallcl to the axis of z at the point (o, b) and a boing &
comstant.
A particle moves on the outside of a smooth clliptic cylindor whose

axis is horizontal, tho major axis to tho principal olliptic soction being vertical
aad the eccontricity boing e. The particle starts from rest from the highest
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gencrator, and moves in a vertical plane. Prove that it will leave the cylinder
at a point where the eccentric angle ¢ is given by
¢3 cos’ =3 cos ¢ —2.

A smooth elliptic ring, semi-axes a and b, 18 placed with its major
axis vertical, and a particle is projected from the lowest point, along the concave
side of tho arc, with velocity due to height 4 above the centre. Show that the
particle will leave the arc at the point whose ecoentric angle is given by

(a2 - b?) cos® =342 cos ¢ +2 ah.

If the ring is placed with its minor axis vertical, show that the least
volocity of projection %, that will carry the particle completely round the ring,
without leaving contact, is given by u2=g(a2+ 4b2)/b.

5. If a particle slides on a curve under a constant force, show that it
leaves it at the point where its velocity is due to a fall under the force through
one quarter of the chord of curvature in the direction of the force.

Verify this in the case of & particle starting from rest from the highest
point of a vertical circle.

6. If the resistance of the air to a particle’s motion be n times its
weight, and the particle be projected horizontally with velocity V, show that
the velocity of the particle, when it is moving at an inclination ¢ to the
horizontal, is

a1 _
V(1—sin ) 3 (1+4sin ) z - (D.U. 1959)

A particle describes an ellipse with uniform areal velooity about one
focus. Show that the attraction of the particle is directed towards that focus
and varies inversely as the square of the distance from the focus.

Show also that the hodograph of the motion of the particle is a cir?lo.

P.U,

8. Find an expression for the velooity of a particle moving under :)s
central force.

If the law of force is inverse square of the distance, find the velocity at
any point and prove that the particle will describe an ellipse, a parabola or a
hyperbola according as the velocity at any point of the path is less than, equal
to, or greater than, that acquired in falling from infinity.

9. In the motion of a particle in an ellipse under a force to a focus,

2 1
Y 2=nf .
prove that hi=pl, o {J.( - - )

If the path described is l=r(1+e cos ) and U and V are radial and
transverse components of the velocity, prove that

dl] pecos @ av e 8in ¢
G0 e 28 = He8ng e (L.U.)
10. A particle moves in a circular groove, of radius a under an attraction
t/r2 to a point O which is in the plane of tho circle and distant b from its
centre. The particle is projocted with velocity » from the point of the circle
nearost to 0. Show that the particle will perform completo revolution if
u3 > 4pub/(a? - b2),
1x. A particle is constrained to move in a circlo of radius a under an
attraction {Lr per unit mass to a point O inside tho circlo distant ¢ from its
centre. If the particle be placed at its groatest distanco from O and started
with an infinitesimal velocity, prove that it will pass over the second quadrant

of the circle in the time
-2 log (N241).
’\/ pe ( )

4
x2. A particle moves with a central acceloration r+%) boing pro-

jected from an apse at a distance a with a velocity 2avi.. Show that it dos-
cribes the curve
r2(2-+cos V30)=3a2.

_ x3. If the orbit of a particle, moving under & ’'central attraction (/r8, is a
rectangular hyperbola, then the volocity V at a point where the radius vector
makos an angle of 45° with the tangent to the orbitis given by

rV3=p(1 +43). (P.U. Hons.)



CHAPTER X1V
MOMENT OF INERTIA. COMPOUND PENDULUM

14'1. Moment of Inertia. If m be the mass of a particle of
a given bedy and r be its distance from a given line, then w2 is call-
ed the moment of incrtin of the particle about the given line and the
sum of similur expressions taken for all the particles of the body, i.e.,
Imr? is callcd the moment of inertia of the body about the given line.

If the body consists of a finite number of isolated particles, the
value Smr? is caleulated by multiplying the mass of each particle by,
the 8q are of its distance from the given line and then adding these
results for all the particles.

If, however, the body consists of a continuous mass where the
number of particles is infinitely great, the value of Sme? is calculated
by integration,

. Sar? . .
If we wiite r"M - =Kk3, where 3 is the whole mass of the body

en the length K is called the Radius of Gyration of the hody
about the given line.

If M is given in pounds and K in feet, the moment of inertia is
measured in pound-foot squared or bricfly 1b./ft.2 units, the same
quantity in C.G.S. units being measured in gm.jem 2 units.

The moment of inertia (brietfly denoted by M. L) for a few
symmietrical bodies about their lincs of symmetry is calenlated in the
following articles :

14'2. Moment of Inertia of a rod. Let 2a be its length, «
the arca of ity cross-section, O its middle point and g its density.

When the rod is uniform the
4 mass M of the rod AB is 2aap and
the mass of the element P of
length §e at P is padx where
OP=x, then

(@) M. 1. of the rod ubout

oY

h<

ES
<
N
%
=

a
=YgodLat= j gord
—u
243 a? u®
=ga-, =2uap. 5 ==M--
frry ==dep- g 3
() M. T. about an uxis through O indined at an angle § to the
rod

« a! .
=J’ pard sin? § de=M - sin? g,
—a 3

z 8in § being the distance of the element PQ fromm the axis in this
case.,
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2 3 4a? . 4}
(¢) M. I about 4AY'= ¢ paz’dx-—:pagg- =2aap.i=M.—-—,
0 3 3 3
x being the distance of the clement PQ from AY' in this case.

(d) When the rod is not uniform and its density varies as the
distance from one end 4, 1.e., when p=kx at P.

2
Tts M. I about 4Y'= I ® b antdr ke dad=2kaad 22 = M 245,
0

2
the mass M being——-J ¢ kradx=2kual.
0

14°21. Moment of inertia of a uniform rectangular
lamina. Let ABCD be the rectangular lamina where 4 B=2q and
AD=2b; let G be the centre Y
of gravity of the lamina D 0 C
and X, GY be the axes
parallel to AB and 4D.

To obtain the moment G
of inertia of the lamina X
about ('Y, we divide the
;;tctangle into strips such as p
Q@OP=x) drawn parallel -
to GY. Ifpis the ml;ss per A 0 * 3Sx B
unit arca, the mass of strip PQ is 2b§.x.p and since the distance of every
g)int on PQ from QY can be taken as z, its M.1. about GY is 2bp§x.23.
ence

‘

(a) M.L of the lamina about GY
3
— 2 a D} 2 ._‘3_!"_’3‘_’3.___ ga.—__- .‘-1_.
=% ma ..j‘_a-bpx dar= 5 dabep. 3 M. 3
4at

16pba® da®
3

(6) M.L about Al):j‘za 2bpx2d:c=~-3~~ =4abp°é§3=M .
a being measured from 4 D.

Similarly by taking strips parallel to GX, we have

(¢) M.I. about GX = xmy?= li_szlpy”:ly———M. 1;; .

2% 442
(d) M.L about A8 .—:J 2upyPdy==M . Eh
)

(e) M.L. about GZ, an axis through G perpendicular to the plane
of the rectangle
a2 4b3
—5—
r, being the distance from the point G (beiug also the distance from
GZ) of any element of mass m at the point P(x, y) of the rectangle,

2 2
=Imri=3Im(2t+y?)=Sma2+Smy =2 f:{{ +Ar _l} =
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14'3. Moment of Inertia of a uniform circular ring. Let

OX, OY be two perpendicular diameters of the ring of radius a,

through its centre O and let P be any

Y, point on the ring, XOP being equal to

9, then NP=asing. If m be the

Q mass per unit length of the arc, then

P the mags of the element PQ is ma3d.
Hence

$ (a) M.1. about OX

2r
— 208 03 i
0 N Y =3madf.a?sin® g=ma jo gin® ¢ dg

2
=}ma® I: (1—cos 2¢)dg=mmna®

a? as
=2mam . 5 =M. 5~
27 at’
Similarly (3) M.I. about OY =ma?® I o cos? g dg=M . <"

Also (¢) M.I. about OZ, .n axis through O perp. to the plane of
the ring

2:
=3mash . a¥=ma® Ion dog=2rmad=M. u®.

14'31. Moment of inertia of a uniform circular disc.
Let O be the centre of the disc, 0X, OY its two perpendicular dia-
meters and let m be the mass per unit area.

Divide the disc into elements in the form of concentric rings.

The mass of a ring of radius r ¥)
and breadth 5r is m 2nr.§r and since
by Art. 14'3 M.1. of the ring about
OX is

,2

mnrgr. 5

s~ (a) M.IL of the disc about 0X

2 2 0 Y
=I: mrrddr=mna? . g—::)l. a ‘

=mmrd§r.

4 P
2
Similarly (b) M.I. about O¥ =M. ’}

Also (¢) M.I1. about OZ an axis
through O perpendicular to the plane of the disc,

o i mrat s @ a®
=J.02mmdr.r’= 5 mna.—2-——M.—2--

Cor. The moment of inertia of a circular cylinder of radius a,

about its axis is M ?7.
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14'32. Moment of inertia of a uniform elliptic disc. Let
0X, OY be its principal axes and let m be its mass per unit area.

Divide the disc into strips such Y,

as PQ perp. to OY. 0 /—\

Let the co-ordinates of P be 2 —
(x, y) or (a cos @, b sin §),

@ being the eccentric angle. 0
M.I. of the strip about 0Y =2x8ym.-?;' \
Hence (a) M.1. of the disc about 0Y
=J‘b-b§mx3dy=§m‘[a3 cos®9d(b sin 4)

v

N

S

—3mad T2 a da—Amadh T g Yo
é}mabx2IO costf dO--?;mo,b.16 mmab . v =M

Similarly (b) M.I. about OX =M —I:—;

14'4. Moment of inertin of a rectangular parallelo-
pipad (or rectangular prism).

Let the lengths of the sides be 2a, 2b, 2¢ and let OX, OY, 0Z
be the principal axes, i.c., axes through the centre O, perp. to the
faces of the salid body.

To find the moment of inertia about OX, divide the body into
parallel rectangular slices all perp. to OX. Each of the slices has
sides 2,b ax:d 2c. M.I. of each about OX is the product of its mass
b ;‘“ . [Art. 14:21 (e)].

b3 4-c?
Hence M.I. of the whole body about OX=M- —

and

24 .2 3 p0
e -;-c and about 0Z=M-2 ;—b .
14'5. Moment of imertia of a solid sphere about a dia-
meter. Let O be the centre of the sphere, a its radius and m the
B mass per unit volume of the sphere.

Let OX be o diameter of the sphere,

Divide the sphere into circu-

Op
k\ lar slices such as PP’'Q'Q (distant

Similarly M.1. about OY =M.

z from 0), all perpendicular to the
diameter OX, then

NPi=yt=qa?—a?
x L4
0 V‘ X s, the mass of the circular
7

slice PP'Q'Q
=mmy§r=mn(c®—2?)§2,
and its M.1. about OX

2

=mny82. % [Art. 14:31(c)]

,&
%\
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a—23

5
Hence M.1. of the whole sphere about OX

=mn(a?—2?)§x-

= Ia tmn(a®—a?)ide=mn ja (a’—-x’)’dx=m1t—i%a‘
-a 0

= 4 3 % .Ls.—- E‘i
=z mna =M. =
Cor. For the solid hemisphere ACB, the limits of integration
will be from o to a. and the result will be mryab=%mna® X §a=M §a?,
the same as for the whole sphere.

14'51. Moment of inertia of a hollow sphere abouta
diameter. Let m be the mass per unit area of the surface of the
sphere. Divide the surface into elements in the form of circular bands
such as PP'Q'Q), perp. to OX (Fig. Art. 14'5).

Let / XOP=g and / X0Q=§+39, so that the breadth of the

band=arc PQ=a§g, its radius=NP=qa sing,
its mass=m2na sin §.280, and its M.I. about OX is

2mra sin @ . a§f . a® sin? § [Art. 143 (¢)].
Hence M.I. for the hollow sphere about 0X

= ‘[ * 2mmal sin® §dg = §mmnal=4mna®X =M 3al.
0

Cor. For the hemis erical shell ACB, limits of integration
are from o to =, and the result is $mmnat=2mmna? X Ja*=2M 242 the
same as for the whole spherical shell.

14'6. Routh’s Rule. The following rule given by Dr. Routh
in his Treatise on Rigid Dynamics, is useful for remembering the
results obtained in the previous articles and other similar results for
moments of inertia of certain symmetrical solid bodies about their
principal axes,

M.I. about an axis of symmetry
the sum of squares of perp. semi-axes
X )
3,4,5

the denominator being 3 or 4 or 5 according as the body is rectangu-
lar (including the rod and a square) or elliptical (including a circle)
or ellipsoidal (including a sphere).

=Mass

147. Sometimes we require the moment of inertia of a body
about axes other than the principal axes. The three theorems given
below will be found useful for the purpose.

14'7x. Moment of inertia about perpendicular axes. /f
the moments of inertia of a lamina about OX and OY, two perdendicular
axes in its plane, meeting in O are A and B, then the moment of
inertia of the laminu about OZ, an axis through O perpendicular to the
plane of the lamina, is A+ B.
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Let m be the mass of an element of the lamina at P (z, ) and
let OP=r; then M.L about OZ, a line perp. to both OX and OY

=3mrd=3m(z?+y?) Y
=3 my?-+ Zma*
=M.I. about OX+M.I. about OY
= A + B
For example :—

(/) M.I. of a rectangular lamina, /0 * M X
(Art. 1421) about, GZ A
34 p2 2 13
=3(T55)=0rY +31 - <ML about G¥ +M.L about .

(7¢) M.I. of & circular 1'ing (:\rt. 14-3) about 0Z

=J{ -=M-——+ 1[ »»»»» =sum of tho values about 0X and OY.
(1) M.T. of a cireular dise (Art. 14°31) about 02

a? a? a’
=M- ;=M e +u y =sum of the valuesabout OX and OY.
(tr) M1 of an elliptic Jamina about 0Z
i a2
—M.Labout OX 4., about 0F =31 7 +M-r— --M(—A-r).

14'72. Moment of inertia about parallel axes. If the
moment of inertia of a body of mass M, about an axis through its
centre of gravity is I, then I', moment of inertia abouta parallel aris at
« distance d from the fir<t axis, 1s given by

I'=T42d%

Let the co-ordinates of G, the centre of gravity of the body
referred to rectangular axes OX, OY, OZ bhe (f, g, k) and let the co-
ordinates of any point P of the body referred to the same axes ho
g, y,2). Also let (2" 3. 2) be the co-ordinates of P referred to
GX'. GY’, GZ', axes through G parallel to the original, then

»__1’+f u=y'=+g, s=2'+h

I€ s the mass of a pmtx(-le of thc bod‘\ at I’ then I, M.I. of
the body about 07 is giyen by

I'=Sm(a2 ) =S ml(z'+1)24+ ' + 9%
=Xm(x 24y )+ (24 g Sm +2f Sma' + 2gSmy’ (D).
Now Su(z'2--y'%=1, the M.1. of the body about GZ', an axis
through ¢ parallel to the axis OZ.
f2i-g=d?, the distance between the parallel axes.

smar’ smy’ . .
Also and o, e the distances of the centre of gravity
‘4' ~

of the body from the planes Y'GZ’ and Z'GX’ respectively, but as G
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itself is the centre of gravity of the body, these expressions and
consequently Smz’ and Smy’ vanish. Also Sm=M.
Hence from equation (1), we get,

I'=]4+Md®, .. (2).
It can also be written as
Te=]'"—Md? ..(3),

which gives I when I’ is known.

It follows from this theorem that if a number of axes are drawn
in a given direction, the moment of inertia of a body is a minimum
about the one that passes through the centre of gravity of the body.

147721, The following examples illustrate the result (2) :—

(¢) M.I. of a rod about 4 Y’ (Art. 14°2)

4a? a®
=M~3~=M—3—+Ma’==M.I, about GY + Ma?,
(#¢) ML of a rectangular lamina about 4B (Art. 14:21)
2 t
=M‘E§— =M -b,;- + ML2=M.1. about GX -+ Mb2.

(737) ML.L of a circular dise of radius ¢ about a diameter
2
=M. _“I: (Art. 14:31)
Hence M.T. about a taugent parallel to the diameter
a

MY Yty Do
=M+ Uat=dt - S,

Note. It is important to note that the thoorem of parallel axes is to he
applied only when tho moment of inertia of the body about the axis through the
C.d. of the bedy has first been obtained.

14722. Moment of inertia of a hemisphere about a
diameter in its base.

(!) Solid Hemisphere. 1In Art. 14'5, M.I. of the elementary
dise PP'¢/Q of radius y and thickness dz about. its diameter PN P’
%
=mrytde. L.
mwydy, 3

S by (2), Art, 1472, its ML about OB, a diameter of the
base parallel to PN P’
=mmy*dz(}yt+2?) =mnytdr.] (424 42?)
=mn(a®—at)dx.}(a?—x? +422),
Hence M.I1. of the hemisphere about AOB is given by

I=}mn Ia (a?—2?)(a®+ 32ty dz=}mm X } fa®
0
=4mma? ja%=; Ma?,
Cor. Also by (3), M.L about an axis through G (0G=}n), the
(.. of the hemisphere, parallel to AOB

=1 —M(Ja)r=3 Ma2— § Ma?= A Ma?,

(it) Hollow Hemisphere. Tn Art. 14'51, M.I. of theelementary
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band (ring) PP'Q’'Q of radius NP=a sin ¢ and breadth a3f about its
diameter PN P’
=m.2ra sin § a§0.3a® sing.
s by (2), Art. 1472, its M.I. about AOB, a diameter of the
basc parallel to PN P’
=2mma? sin §86(3a® sin® §-+22) where 2=a cos §
=1}.2mna?@® sin® §+202 cos? @) sin 486
=mmnat(1+cos?9) sin 6846.
Hence M.T. of the hemispherical cap about AOB is given by

I:=mmat J (tn (14-cos?0) sin §dg = gmnat=2mna® X §a?

=§Ma2

Cor. Also by (3), M.I. about an axis through G (0G=}a), the
C'.G. of the hemispherical cap, parallel to AOB

=I—M(}a)*=4Ma®—}Ma®= F; Ma?.

Example 1. Find the moment of inertia of a solid right circular
cylinder of length L and radius a about OY, a diameter of one of its
end faces.

. Divide the cylinder into circular discs all parallel to OY aud let
one of them be at a distance z from it. If m is the mass per unit
volume and §r the thickness of this disc, its mass=mmna®.§z. The
moment of inertia of the disc about its own diameter parallel to
0Y is
2 ‘
m‘rmz.s.t.-} __m'n_:a Sx.
*. its moment of inertia about ()Y by Art. 1472
='£¢¢—3x+mna*8x x? (D).
Heuee M1 of the cylinder about OY
1
—I nnm —dx I mrati2dy

2
= Jmnadl - gmma®3 -~m"a21( Ty ) -—M( {}_ )

Also from equation (3) Art. 14:72, M.L of the eylinder about
an axis through its centre of gravity perpendicular to its axis i.c.,
paralldd to OY

,,_11(“2 3) M(‘,) M(m+

Note. The distance from OY of every particle ou the dise at a distance
z from it iv not the samo and this is the reason why its M.I. about QY consists
ot two temms as given in equation (1) and is not simply mzra?§z.22.

Example 2. Find the moment of inertca of a solid right circular
cone of height h and vertical angle 2, about a line through the vertex
parallel to the base,

Let the cone be generated by a line OP revolving about 0X as
axis, making a constant angle « with it. [See Fig, Art. 14-71).
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Let m be the mass per unit volume of the cone. Take an
clement of the cone in the form of a disc of radius y and thickness dz,
at a distance = from the vertex 0.

m’, the mass of this element =mmny?dr=mr1? tanq dx.

M.T. of this disc about a diameter=m’y?/4.

o, its M.I. about OY, a line drawn through the vertex 0,
parallel to the diameter

= m'(}y?+22) = Im/(a® tan%a +42%)=pm'a?(4 +tanx)

=}mmat tan®e(4+tana)dz.
Hence M.1. of the whole cone about OY

h
:’mnta.nza(«t-i-tanza)j atdr=}mm tanda(t-+tany) JA®
0

=§mwh? tan?a X fh2(4-Han®e) = 3 MA2(44tan2a).
Ex. 3. Find tho moment of inertin of a tr mngular lamioa about a line

through one of its vertices.,
[See (2), Art, 14:81 with full process.]

14'73. Moment of inertia of a lamina about a line in its
plane through the origin.
Let ON be the line making an angle ¢ with OX.
Let P (z.%) be the position of
'y an elerment of mass m of the lamina
and PN be the perp. to ON, then
r PN=y cos §—u sin @
and I the moment of inertin _about ON,
0 is given by
N l=SmPN2%:=Sm (y cos §—r sin §)*

7 T =cos? § Smy° f—Qm- 9 sma
- —25in @ cos @ Smry

Z
t.e., I==A cos® 4+ R sin? §—2 Fsin g cos ¢ (D),
where Zmy?=M.I. about OX=244, Emx>=M.I abont OY .B and
Smay. known ag the product of inertia about NX, OY -F.
So that when A, B and F are known, equation (1) gives I, the
moment of inertia of the lamina about 0., an axis through 0.
Also the product of inertia about NN and a line perpendicular to
it through 0 .
=3m NP.ON=3m(y cos §—xz sin §)(r cos -~y ~ing)
=Sm[(y2—22) sin @ cos §+xy(cos® §—sin® )]
== (g my?—Sma?) sin § cos §-+cos2g Smry
=(4 —B)sin @ cos §+F cos 2¢. (D).
14731. Momental Ellipse.
If a point Q(z, y) is taken on the line ON such that 0Q=r and
the moment of inertia of the lamina about AN isinversely proportional to

Met _Met .
3 pil i .
03, ie., if I= O =" eqnation (1) gives
J]’p

A co? g+ R sin® §—2F sin § cos §="—3— (1),
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which gives Az3+ By —2Fxy=Me*, It
where M denotes the mass and e, a length which is introduced to
satisfy the requirements of physical dimensions.

This shows that the locus of @ is a conic, and since, by construc-
tion every radius is real and finite, therefore the conic is an ellipse.
known as the momental ellipse at O.

The principal axes of this ellipse are called the principal azes
of inlertia and the corresponding moments are called the principal
moments of inertia at O.

In the particular case when F=0, the co-ordinate axes 0X, OY
are the principal axes of inertia at O and equation (2) reduces to

Aax*+ By =Mt
In case F is not zero, the co-ordinate axes arenot the principal
axes of the lamina. But at any point O there is always a set of

principal axes, their position being obtained by equating to zero the
product of incrtia of the lamina about these axes.

Thus if ON and a line perpendicular to it through O be the
principal axes at (), the product of inertia "% (m NP.ON) must vanish.
>, the angle g which ON, one of the principal axes makes with

0X, obtained by equating to zero the product of intertia as given
in (2) Art. 1473, is

2F

-1 .
3 tan B—i

Note. The product of inertia of a lamina about its principal axcs ata
point O always vanishes and conversely if the product of inertia about two
perpendicular lines through a given point of a lamina vanishes, the lines aro
the principal axes of the lamina.

Example. Show that theprincipal ares at a corner of a rectan-
grlar lamina of sides 2a, 2b make with a side angles @, =+ @, where
tan 29=1} ab/(a2-b2).

Let " be the mass per unit area and A the total mass of the

lamina, so that M =4abm.
Let the sides 04=2a, OB=2b, be the cc-ordinate axes, then
12
A, M. about 0A=M.‘1§'— (Art. 1421)

2
B, M.I. about 0B=1.%7,
and F, the product of inertia about 04, OB

J’2a 2b dr d

= max I dy

o Jo Yy y
m4b? | 4a

- 2.2
=dabm . ub=Mab ./ ,
2F° 2Mab 3abd

S tan 20:5:4‘.4:53{(0’—(/*):‘}(_0”:5’—) .
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Examples XLIX

1. Find the moment of inertia of the following :—

(a) An isoscoles triangle ABC about an axis through the vertex 4 per-
pendicular to (s) the opposito side, (i) the plano of the trianglo,
[Ans. (i) Ma2/24 ; (4) $Ma®(} +cotd §4), where BC=a].
(b) An arc of acirclo about an axis passing through its middle point
and (i) through the cente, (i) perpendicular to 1ts plane.
. a? sin 2a .. sin «
[Ans. (i) M-—2—-(l.——~-2?- i () 2Ma? (1_ & )
where a is the radius and 2x the angle subtended by the arc at the centre.)
(¢) A solid right circular cono whose height is h and tho radius of whose

base is a about (f) its axis, (i4) a line perpendicular to the axis through its
centre of gravity, (iti) about a diamcter of the baso.

[Ans. (i) 3Ma?/10, (it) 3M(h2+4a?)/80, (iiz) M(3u2+2h2)[20.]
a. A uniform triangular lamina 4BC is of mass M ; prove that its
moment of inertia about BC is AMh2/6, where k is the distance of A from BC.
Deduce that the moment of inertia of a uniforin rectangular tamina
about a diagonal is Ma2)3/6(a3+b2), where a and b are the sidos of the rectangle
and M is its mass.
?. Prove that the moment of inertia of a uniform triangular lamina
ABC of mass m about an axis through 4 gerpeudicular to the planc of tho
lamina is - Tam(303+3c2 - a?). (r.U.)
4. Prove that for a regular polygon of n sides, the squaro of the radius
of gyration sbout an axis through the ccntre perpendicular to tho plane is
a?  24-cos 2m/n
12 * T—cos 2r/n '

a being a side.

Particlos of equal mass are placed at the corners of a regular polygon.

Prove that the squaros of the principal radii of gyration at any point O in the

planc of the polygon are «?/2 and (424 2h83) /2, where a is the radius of the circum-

neribing eirelo of the polygon and A is the distance of O from tho centre of the

cirele. ' (D.U. 1957)

6. Prove that the moment of incrtia of a right circular solid cone of
semi=vertical anglo a, height 4 and mass M, about a gonorator is

22143 sin? a(1+4}sec? a), '

%. Show that the radius of gyration I of the frustuin of asolid cone
3 gd-bb

about its axis of sywractry is given by L2= y» whore @ and baro

the radii of the flat ends.

8. Show that tho moment of incrtia of a hollow sphore, whoss external
and intcrnal radii are ¢ and b about a diameter is
2M a5-105
BT
9. Show that the radius of gyration K of (f) a hollow cylinder and

(13) a solid cylinder about a tangent lino which lies in a plano passing through
the centr: of mass and perpendicular to tho axis 1s givon by |

) 3a3 R? . 5a2 L2
(1) I{2=__2_ +—'3—; (“) I(2=T+—é_ ’
where a is the radius and 2h the length of the cylinder.

10. Show that tho squaro of the radius of gyration of a parabolic arca
of latus rectum 4a, cut off by an ordinate at a distanco k from tho vertex 1s
41 about the tangent at the vertex and $ah about the axis.

xx. Show that the radius of gyration of a paraboloid of rovolution
about its axis is 1/¥3 of tho radius of its base.

10 "a3=b
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13. Show that the moment of inertia of a uniform elliptic plate of
semi-axes a, b and of mass m (i) about a line perpendicular to its plane through
an end of the major axis is $m(b2+542) ; (i) about & diameter inclined at an

angle @ to the major axis is -'—:—- (ad sin2 g4 b2 cos? 9).

13. If &y, ky be the radii of gyration of an elliptic lamina about two
conjugato diameters, show that

1 1 1 1
it =4+ ) (D.U. 1953)

14. ABC is a uniform triangular plate, C being a right angle, CA=g,
CB=b. Show that the principal axes of inertia at C makes with the sides an
anglo

b
-1_%
$ tan Py

15. A wire is in the form of a semi-cirocle of radius a ; show that at an
¢nd of a diametor the principal axes are inclined to the diamoter at angles

4. ™ 4
an-1 — and —/— tan -! —.
bt T d 2 +4 T

16. Show that at the centra of a quadrant of an ellipse of axes 23, 2b the
principal axos are inclined at an angle
4 ab
-1 (2,
} tan ( % ai-ta
x7. Find the M.I. of the lamina given by y=sin , and the 2-axis, about
.ho axis of y, 2 changing from O to . [dns. H(n3—d)m.]
18. For the area bounded by the curve r8a=al cos 20, prove that
(s) the equare of the radius of gyration about an axis through the origin
perp. to its plane is §ma2,
(i4) the moment of inertia about its axis is s Mal(r~ e);

(iti) the principal axes at the node of a half loop are inclined to the
initial line at angles

) to the axes,

3 tan-1} and {n+4tan-1§.
1g. Show that for a thin hemispherical shell of radius a and mass M, the
principal moments of inertia at the centre of gravity are T%Maﬁ, l!é,llla’. 4 Mal.

(D.U.)

20. A uniform rectangulur plate whose sides are of lengths 23, 2b has a
portion cut out in the form of a square whose centre is the contro of the rec-
tanglo and whose mass is half tho mass of the plate. S8how that the axes of
greatest and least maoment of inertia at a corner of the rectaugle make anglos
0, ¥+ O with a side, where

tan 20=0Gab/5(a? - b2). (D.U. 1958)

14'74. Moment of Inertia of a body. T find the moment of
inertia of a body about a line OQ through the origin O, whose direction
cosines with reference to three rectangular aves 0X, OY, OZ are 1, m, ».

Let A, B, C, be the moments of inertia of a body about OX, 0¥,
0Z,and D, E, F, its products of incrtia with respect to 0Y, 0Z ;
0%,0X ; and OX, OY respectively.

Let P (2, , 2) be the position of an element of mass m’' of the
body and let PN be drawn perpendicular to the line 0Q.

In the figure of Art. 14:73, lot OZ be perp. to the plane of the paper and
¢uppose 0@ to have direction cosines I, m, n.

Then by Solid Geometry,
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PN3=0P*—ON3=(23+y*+2%) — (lx+-my-+ nz)3
=23 (m34 n3)+ y}(nd+12) + 2213+ m?) — 2mnyz—2nlzx — 2hnzy,
since #-+m2+nt=1
=12(y2+23) +-m3(23+22) +n2(a+ y?) — Zmnyz—2nlza — 2lnzxy
.1, the M.1. of the body about 0Q
=123m’(y* +2%) +m2Im’ (2 +2%) +n*Em (2 +3?)
—2mnIm’ yz—2nlEm'zz—2lm3Im’'ry
Now since y3+23, 23423, 234 4? are respectively squares of the
distances of the point P from 0X, 0Y, 0Z, we have
1=A41"+Bn3+Cn¥—2Dmn—2Enl—2FIm (1)
14'741. Momental Ellipsoid. Now along a line 0@ drawn

through O, take OQ=r, and the point @ (<, ¥, 2), such that the moment
of inertia of the body about OQ may beinversely proportional to OQ%,

Met Met

t.e., let Tum ot where M denotes the mass of the body and

¢, a length to satify the requirements of dimensions, then

Met 2 2 2 9
T=A 124+ B m*4-Cn2—2 Dmn—2Enl—2FIm

or Ax®+4By*-C22—2 Dyz—2 Ezx—2Fxy=Me! ..(2).

Hence the locus of @ is an ellipsoid called the momental
ellipsoid.

If, with reference to a sct of rectangular axes, D=E=F=0,
these axes are then the principal ares and ellipsoid referred tothem is
reduced to the form

A’z B'y? (2= M A

Further if the three principal moments at any point O are equal
to each other, the cllipsoid becomes a sphere.

For example, the perpendiculars from the C.G. of a cube to three
faces are principal axes and the three moments of inertia about them
are, by symmetry, eqial. Hence the momental ellipsoid is a sphere.

14'8. Equimomental Bodies or Particles. Two bodics or
two systems of particles are said to be equimomental when their mo-
ments of inertia about all straight lines are equal each to each.

If this be so, the two systems will necessarily have the same
mass and the samo centre of gravity.

For example a straight uniform rod of mass m is cquimomental
with particles of mass }m at each of its ends and a particle of mass
§m at its middle point.

14'81. A uniform triangular lamina of mass M is equimomental
with three particles, each of mass § M, placed at the middle points of its
sides. )

As a first step, we find M.I. of the triangle ABC about (X, a
line drawn in its planc through one of its vertices C.
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Let o B be the distances of A and B from CX and let B4 meet it
in D, Ifm be the mass per unit area,
then

M, the mass of the triangle 4BC

=m(ABCD— ANACD)
=}mCD(B—a) (D).

Let P@Q be a strip of the ABCD
drawn parallel to its base CD at a dis-
tance y from CX and let dy be its
breadth, then since P@ is at a distance
ﬁ—;‘yD from B, the area of the strip

D 5 .._{’Q_f_:__] ¢ D L 4
= p (B y)d.'/ Db~ B :

M.I. of ABCD about CX

_[BmECD g nagy™ (L a1 a\_ 1 s

Similarly M.I. of A ACD about CX = P;mCD o®.

Hence 7, M.I. of AABC about CX

=15 CD(B*~a%)=}m CD(B—a) X §(B*+af+a¥)
— M(B*+ af+aY) A2

Now consider a system of three particles, each of mass M. at
the middle points of the sides of the A ABC.
Their C.G. coincides with that of the triangle and their M.I.

wout ¢X= "¢ (5 V+(5)+(54E) |=5 ¥ @+op+p

which is the same as I given iu (2).

This establishes the equality of the moments of inertia about
X, a line through an angular point.

Now suppose d is the distance of G, the common C.G. of the
particles and the triangle, from CX.

Then- by (3) Art. 1472, M 1. of the triangle, or of the particles
about a parallel line through @ is I—Md?.

Again, by (2) Art. 14'72, M.1. of either system about a parallel
line- at a distance & from @ is obtained by adding M2 to I—Md2.

Hence ML1. of the particles about any line parallel to €X is the
samc as that of thetriangle.

But the direction of ('X is arbitrary and so the theorem is proved.

Note. In the particular case when AB does not intersect CX and is
parallel to it, the proof is very much simplified and is left to the student as an
exercisc.,

If A and B are on opposite sides of 0X, the term «8 is nogative, «, 8
being of opposite signs.

Ex. 1. Show that a uniform triangular lamina of mass m is equi-
momental with threo equal particles of mass 12 m placed at the angular points
and a particle of mass § m placed at the centre of inertia (C.G.) of the triangle.

" (D. U. 1959)

Ex. 2. Show that a lamina of mass M in the form of a parallclogram is
equimomental to tho systom of five particles four of § M each at the middle
points of the sides and one of § M at the point of intersection of the dicgonals.

N “""""""':&"""”'

)



290 ELEMENTARY ANALYTICAL DYNAMICS

Ex. 3. Obtain the result of Ex. 3 P. 286 by the application of this
article,

Ex. 4. Show that the moment of inertia of a regular hexagon of mass
M and side a about onse of its sides is 53 Ma3.

Ex. 5. Show that, if «, 8, Y are the distances of the verticesofa
triangle from a straight linein its plane, the moment of inertia of the triangle

about this line is
FM(a?+ B2+ Y3+ BY +YataB)
where M denotes its mass.

14'9. Motion of a rigid body about a fixed axis. 4 1i5id
body is supposed to be one whose shape and size are invariable, so
that the distance between any two points of it remain the same
during any motion.

A rigid body is said to be moving in two dimensions when all
points of the body move in parallel planes.

A rigid body moving in two dimensions has three degrees of
freedom and, therefore, requires three co-ordinates to specify its posi-
tion and consequently three equations are necessary to determine its
motion.

In the particular case when a rigid body is free only to rotate
about a fixed axis, its position is specified completely by a single
co-ordinate, which is taken to be the angle § which some plane through
the axis of rotation, fixed in the body, makes with some other plane,
fixed in space, through the same axis.

In such cases, the angular velocity and acceleration, at any
instant, is the same for every point of the body.

This is proved as follows :—

*14°91. Suppose a rigid body of mass M rotates about a fixed
horizontal axis OZ drawn perpendicular to the plane of the paper.

Let the plane through the centre of gravity @ of the body per-
pendicular to the axis be the plane of paper ; let it meet the axis in
0 and let us call it the plane p.

Let XO0Z, the vertical plane through the axis OZ be a plane
fixed in space, mecting the plane p along OX.

Let GOZ, the plane through the axis 0Z and through 7 be a
plane fixed in the body, and let it make, at any instant, an angle ¢,
with the planc XOZ, so that
0=/ XO0G is theangle which a
plane through the axis fixed
in the body, makes with a
plane through the axis fixed
in space.

This angle specifies the
position of the body at any
instant.

Let a planc ZOQ through
0Z and any point P of the
body make an angle « with
the plane GOZ and cut the
plane p in the line OQ so that [ G0Q=«and / X0Q=0+«.
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As the body rotates about the axis 0Z, / GOQ remains always
the same and, therefore, we have
d _de az dse
W(a-{—a)-—-‘?{ and (—i-i‘i (0+a)=ai’ .
The results being independent of «, show that the angular
velocity and acceleration, at any instant, is the same for every point
of the body.

14°'92. The equation of motion of a rigid body rotating
about a fixed axis. From P draw PN(=r) perpendicular to the
axis 0Z and then from N draw N X' parallel to OX, then P being in
the plane Z0Q, / X'NP=¢+a.

Let a particle of mass m be situated at P, then as the body
rotates about OZ, PN or r remains constant and the particle at P
moves in a circle of radius » about N as centre.

.~ its acceleration perpendicular to PN is
r(le 0+a) 6 Cor. Art. 13-4
Jp0te =T - (Cor. Art, )

If F be the sum of the resolved parts of the forces acting on P,
perpendicular to PN, we have
dg
mr =F
d? d d

s om? (Yfg=Fr or Frs (r.mr—ds- ):Fr .(D),
r being a constant dr/dt=0, and, therefore, rdg/dt is the velocity,
mrd@(dt, the momentum and r.mrd@/dt, is the moment of the momen-
tum of the particle of mass m at P.

Equation (1), thercfore, shows that the rate of change of the
moment of momentum or of the angular momentum of the particle
P about the axis 0Z is equal to the sum of the morhents ebout the
same axis of all the forces acting at P.

Summing up for all the particles of the body, we have
d3g
2. )=
2<m7 Ji ) sFr.

2
:—Tg being the same for all the particles, we have

2
Tosont) or MEWO=s5(Fy), (),

where K is the radius of gyration of the body about 0Z. (Also ses
Art. 15°4),

S(Fr) is equal to the sum of the moments about the axis, of
all the forces on all the particles of the body. These forces are
partly ecxternal to the system and partly of the nature of internal
action and reaction among the particles.

On the assumption that the sum of the moments about the axis
of the mutual action among the différent particles of the body
vanishes, = (Fr) represents the sum of the moments about the axis
of all the external forces acting on the body.
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Equation (2) is then the required equation of motion and it
shows that the rate of change of the angular momentum of the body
about the azis of rotation ts equal to the sum of the moments about he
same azis of all the forces acting on the body.

Kinetic Energy. Since the velocity of P is r%f— , the kinetic

. . dg \*
energy of the particle at P is } mr’(-a-{> or $mrie?,

where o=~%§ is the same for every point of the body.

Hence the total kinetic energy of the body
simrle?=4e?Smri=} MK2?3. ..(3).

Example. Find the kinetic energy, of a circular disc of radius
2 ft. and weight 10 lbs., rolling, without sliding, on a horizontal plane
such that its centre moves foruwardwith a speed of 20 ft. per sec.
Here m==10 lbs., r=2 ft., K*=} 1=} X 4=2,
£ilso since the speed =20 ft.[sec.,
s e=p[r=20/{2=10 radians per sec.
The kinetic energy due to translation of the dise
={me?=} X 10 % (20)2=2000 poundals
The kinetic energy due to rotation
=§mK2?==} x 10 x 2 X (10)2=1000 poundals.
Hence the total kinetic energy
2?990,;1009 375 _937 . Ib.

14°'93. The Compound Pendulum. Any rigid body free to
turn about a smooth fixed horizontal axis is known as a compound

S pendulum
( \ Let AOG be the vertical plane, perp. to the
(0]

horizontal axis about which the rotation takes place,
through G, the centre of gravity of the body ; and
let (), called the cenire of suspension, be the point of
intersection of this plane and the axis of rotation.
Let OG make an angle @ with the vertical line 0A,
(the initial position of OG) and let OG=h.

Let M be the mass, and K, the radius of
gyration of the body about the axis.

My

The equation of motion is

MK? d—z—f =sum of the moments of the forees acting on
dt the body about the axis of rotation

== — Myl sin §.
Now if g is so smallthat «in § can be replaced by g, the equation
d*6 g

becomes =" _!\'2/11

67
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which shows that the motion is simple harmonic, the length 1 of the
equivalent simple pendulum being equal to

‘1}:2 _ Kz24+n
T h ’

where K, is the radius of gyration of the body aboutsthe axis through
G parallel to the axis through 0.

24 2
If 00'=1=- K2tk
h
Then K2=hl—12=h(l—h)=0G.GO' .

O’ is called the centre of oscillation and the symmetry of the
result shows that if the body were suspended from a parallel axis
through O’, O would be the centre of oscillation, so that the centres
of oscillation and suspension are interchangeable.

Example 1. A pendulum is supported at O, and D' i8 the centre
of oscillation. Show that, if an additional weight is rigidly attached at
0, the prriod of escillation is unaltered.

By Art. 1493, 00’ =1=K2[h, where OG=h.

Let M be the mass of the pendulum and m that of the additional
weight attached at @',

Let K’ be the radius of gyration about the axis through O, and
' the distance from O of the C.@. for the system M and m, then

(m+-M)W =Mh+ml=Mh-+-m !;;: ..(1),
and  (m4+-M)K'2=MK*+mi*
. Kt K® - K?
=MK2+7IL 7&2A= —IT[:.M’&J,-?M -7; ..(2).
2 2
Ditiding (2) by (1), we get —I,§,~= fz_,

Hence the period of oscillation remaing unaltered.

Example 2. A solid homogencous cone of height h and vertical
angle 2x, oscillates about a horizontal axisthroughits vertex. Show that
the length of the equivalent simple pendulum is

1h(4+4- tan? «).
From solved Ex. 2 Art. 1472, we have
K2= 8 h%(4+tan? ),
and 2’, the distance of the C.¢. from the vertex=% &.
Hence the required length of the simple equivalent pendulum
== K3k ==} h(4-+tanlx).

Ex. 3. If the cone of Ex. 2 makes small oscillations about a diamoter of
the base a3 axis, show that the period of a complote oscillation is

2{ {2+ 3 tan? ) hJ;

59
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Examples L

1. A light rod 4B of length 2! has two particles of equal mass, one
attached to the end B and the other to a point distant §! from B. Find the
period of small osvillation about a horizontal axis through 4.

TAne. 2m0/201/4/T57.]

a. A uniform rod of length ! is suspended from one end and swings in
a vertical plane. Prove that it oscillates like a simple pendulum of length $1.

Prove that this rod will oscillate most quickly if its point of suspension
is at a distance from one end equal approximately to 0-21 L.

3. A weightless straight rod 4 BC, of length 2a, is movable about the
end A which is fixed and carries two particles of the same mass, one fastened
to the middle point B and the other to the end C of the rod. If the rod be held
in a horizontal position and then let go, show that its angular velocity when
vertical is 4/8g/6a, and that {a is the length of the simple equivalent pendulum.

(D.U.)

. A compound pendulum consists of a thin uniform rigid rod of length
2a and mass m, with a heavy particle of mass 2m at its middle point. Show that
there are two points of suspension on each side of the mid-point of the rod,
about each of which the small oscillation will have the same period as those of a
simple pendulum of length g, and find the distance between there points.

[Ans. 0-745a.]

s. A uniform circular disc of radius a oscillates in its own plane about
& horizontal axis perpendicular to it passing through a point (i) a from the
centre, (i4) on its rim. Show that the length of the equivalent simple pendu-
lum is the same in both ths cases.

6. Compare the times in which a circular plate will vibrate about a
horizontal tangent and about the horizontal axis through the point of contact
at right angles to the tangent. {Ans. +/56.]

7. Show that the length of equivalent simple pendulum for a circular
wire of angle 60° and radius @ with 1ts mid-point as the point of suspension
is 2a.

8. Three particles of the same mass m are fixed to a uniform circular
hoop of mass M and radius a, at the corners of an equilateral triangle. The hoop
is free to move in a vertical plane about the point on the circumference opposite
to one of the masses m. Find the length of the equivalent simple pendulum.

[Ans. 2a.]

A uniform circular hoop, whoso centre is C, radius a, and mass m.
can move freely about an axis which is perpendicular toits plane and is hori-
zontal and passes through a point O of the hoop. A particlo of mass m is fixed
to the hoop at a point 4 such that the angle 0CA is a right angle. Find the
length of the equivalent simple pendulum, [Ans. 4a/~5.]

r0. A triangular lamina 4 BC oscillates in its own plane (which is verti-
lcal) about the vertex 4, prove that the length of the equivalent simple pendu.
um is

(3b24-3c2—a2)/44/ 282 ¥ 2c2—at. (D.U. 1954)

1x. A uniform cub> is frec to turn about one odge which is horizontal.

If 1 is the length of a scconds pendulum, find in terms of {, the length of the
edge of the cube =0 that it may execute a complote oscillation in 2 seconds.

[4Ans. 31/242,

12. Find the centre of oscillation of a cone whose axis of oscillation is a

dismeter of the base.

Prove that a simple pendulum of length 7k has the same period asa

solid cone of height & and semi-vertical angle 60° if the axis of rotation is a line
perpendicular to the axis of the cone through the vertex,

[Ans. .;(2+3 tan2 a)h from the base.]

13. Find the length of a simple pendulum equivalent to a compound
pradulum, consisting of a rod of mass m and length a carrying at one end &
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sphere of mass m; and diameter 2b, the other end of the rod being fixed. (P.U.)
4 al g 202 ma

14. An ellipse of semi-axes g, b and a circle of radius b are cut out from
the samo sheet of thin uniform metal and are superimposed and fixed together
with their centres coincident. The figure is free to move in its own vertical
plano about the end of the major axis; show the length of the equivalent
simple pendulum is

(5a2—ab+2b2%)/4a. (P.U.; D.U.)

15. A rigid body of mass M can turn freely round a horizontal axis
about which its moment of inertia is I. Prove that oscillations under gravity

are of period ;
I
2 ( —
™ (M gh ) '

where h i8 the length of the perpendicular G4 drawn from G, the centre of
gravity, to the axis of rotation.

This period is to be halved by attaching a heavy particle to tho body at
somo point P, in the straight line AG, show that the mass of the particle ro-

I
m . (D‘ U')

16. A sphere of radius q, is suspended by a fino wire from a fixed point
at a distance I from tho centre ; show that the time of a small oscillation is
given by

. 2 S 2a2 [0 )
T '\/ g L' T1e
wheré a ropresents the amplitude of vibration and is taken so small that its cube

and higher powers are neglected.
Find also the corresponding result for a simple pendulum of length l.

quired i& a minimum if 4AP=

17. A uniform rod AB of length 2a and Mass M, is freely attached to
a fixed support at 4 and swings in a vertical plane through 4. Find the
frequency of the small oscillations.

If & particle of mass k3 is attached to the rod at B, prove that the
frequency of the small osclliations is reduced in the ratio

A/ (T+28) [ (143k) (D.U. 1961)

18. A uniform lamina is bounded by a parabolic arc, of latus-roctum

4a, and a double ordinate at a distance b from the vertex. If b= ;~ (T+4/7),

show that two of the principal axes at the end of a latns-rectum are the
tangent and normal there.

[Hint. Tquate to zero the product of inergia about the tangent and
normal. |

19. Show that the equation of the momental cllipsoid at the corner of
a cube of side 2a, referred to its principal axes is

2224 11(y2+22)=const. (D.U. 1963)



CHAPTER XV

MOTION OF A RIGID BODY IN TWO DIMENSIONS

15'1. A rigid body is one in which the distance between every
pair of particles remains constant and the bodv retains its shape and
size even when it is in motion.

A rigid body is said to move in two dimensions or to move in one
plane when every particle of the body moves parallel to a fixed plane.

As pointed out in Art. 14'9, a rigid body moving in two dimen-
sions has three degrees of freedom and requires three co-ordinates to
specify its position and consequently threc equations arc necessary to
determine its motion.

The three co-ordinates usually taken are the co-ordinates (z, )
of the centre of gravity (& of the body with reference to two rectangu-
lar axes in the plane of motion and ¢, the angle which a line fixed in
tho body makes with a line fixed in space.

15'2. Equations of Motion. Let us consider a particle of
mass e of the body situated at a point (z, y). Its equations of
motion parallel to the co-ordinate axes are,

d*x o d*y -
Mo =X4+X" .. (1) and M N . (2),
where X, Y arc the sums of the resolved parts of the external forces
acting on the particle and X’. Y’ tho sums of the resolved parts of the

internal forces /e, forces due to actions of the other particles on it.
Multiplying (1) by y and (2) by @ and subtracting, we get

a2y dzx , ‘ , ,
'"[ * ”Zi{z‘]‘:‘“ —yX)+(@¥ —yX) (3).
Summing up fo. all the particles of the body, we have
v/ d 4
zm " «A—i—“; , S5 lt‘ 5Y43Y . (4),
r I Y \d]
and EmL A ‘/lt ] H(@Y —yX)+ S Y —yX') ().

The internal forces are of the nature of mutual actions and
reactions between the various particles, and, therefore, by Newton’s
Third Law, cancel cach other in pairs and hence

SX'=0.8Y = and S(aY’--yX')==0.
Thus equations (1), (2) and (}) reduce to the form
..,md =X, Vm(gl{—— Y ..(A),
(l'*’;, d2x
and }‘.m['r ar Vg ]_V(t) —-yX) .. (B).
15°21. D’Alembert’s Principle. d 2 " is called the effectlve

force parallel to the axis of X on a particle of mass m and thus
egnations (A) can be stated as,
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the sums of the components, parallel to the co-ordinate axes, of the
effective forces are respectively equal to the sums of the components of the
external impressed forces parallel to the same azes.

And equation (B) can be stated as,

the sum of the moments ahout the origin O (or about OZ, a line
through O perp. to the XY plane) of the effective forces is equal to the
sum of the moments of the external forces.

Equations (A) een be written in the form

2
IX—xmiZ=0,  s¥—3n Yoo

i.e., the reversed effective forces ana the exturnal forces of the system
are in equilibrium,

This is D’Alembert’s principle.
¢ 1522, Equations (A) of Aic. 152 can also oe written in the
orm,

d dx d dy

a(angy)=2x,  G(smT)=2,
i.e., the rate of change of the linear momentum of the system in any
direction is equal to the sum of the resolved parts of the cxternal forces
in that direction.

It follows that if there is a dircction, say that of the axisof z, in
which the sum of the resolved parts of the external forces is zero, 1.e.,
35X =0, then

zmg;:-zo, 1.e., %(Snz%}):O }:m%?:const.
t.e., the linear momentum in that direction is constant.

This is the principle of Conservation of linear momentum.

e di dx de dy | d* dy dr d*

Againsinee | = Gy |= G A= i

| I
e Var
cquation (B) can be written as,
i.e., the rate of change of the moment of momentum or of the angular mo-
mentum. of the system about any fixed origin (or azxis) is equal {o the sum
of the moments of the external forces about that origin (or axis).

From this it obviously follows that :

If the sum of the moments of the external forces about any fired
point 18 zero, the moment of momentum or the angular momentum of
the system about that point is constant.

This is the principle of Conservation of angular momen-
tam.

. 15'3. Motion of the centre of mass. If (z,y) be thc co-
ordinates of G, the centre of mass of the body of mass M, then

Mz=3mzx and My=xmy.
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Differentiating these equations, we get

drz d*x d*y dy
Mg =3m g Mg =Zm gy
Hence equations (A) become,
d*z d’z dy a*y
sz?z or M =3X, Sm zl—t* or M—=- T =3Y ..(0).

Further if 3X -0==2Y then

dz dy
M- d-t-—~const and M7V i =const.

So that if the body is not acted upo. by external forces, its C.G. is
either at rest or moves with a constant velocity.

The equations (C) indicate that :

The motion of the cenire of mass G is the same as sf the whole
mass of the body were collected tnto a single particle at G and all the
forces were to act at G.

15°31. Motion relative to the centre of mass. Now l»t
(', ¥') be the co-ordinates of the particle P of mass m relative o
parallel axes through &' (z, y), the co-ordinates of P relative to the
original axes being (x, y), then

p=a-ba, y=y+y' (),
o Sma=Smr-+Sme =Mi+Sma’
But since ISmre==M:,
s Smx'=0 and soalso Sy =0 .. (2),
do o d2 ’
and ., )‘,m + =0, undalso =m Tt Z-—O L (D).

Substxtutmg (1) in equation (B) of Art. 152, viz.,
dy 7)o .
E‘I)I[X,'Jti*:l/('iii-‘l-—-z(.bl —-—yA) e (B),
we get,
Y L C I
s [ (5+a) Gy )= G0 o (42

=32+ )Y —(y+y")X].
Taking z, y and their derivatives ouatside 3 and using results
(2) and (3), this equation reduces to

_ &2F g d%
M[: dt2 Y ]+2’"[“ g~ Il’t*]

=@3Y -3 X)+3@«'Y—y'X).
In view of equations (C) Art. 15°3, this further reduces to
2y 2
sm ‘Zt, ydd;] (@'Y —y'X) ..(D.
This equation is of the same form as equatlou (B) given above
and could have been obtained if the C.G. of the body were regarded
as o fixed point,

Now equations (C) Art. 15°3 give the motion of translation of
the body concentrated as a particle of mass M at the C.G.; while
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equation (D) gives the motion of rotation of the body about its C.G.
independent of any linear motion. Thus the motion of translation
and rotation are independent of each other.

This is known as the principle of the independence of
translation and rotation.

15'4¢. Equation (D) can a1s<) be written as

d dy’ .

m[f,”}( x':] y dt )]——2(2: Y—J X) . -(I’J),
i.e., the rate of chunge of the moment of momentum about G is equal to
the sum of the moments of the external forces.

Now z efiyt— —y dmt is equal to the moment about @ of the velocity
relative to G of the particle m at P (2', y'), when the velocity com-
ponents are expressed in cartesian co-ordinates,

In case the point Pis expressed in polar co-ordinates with
reference to G, equation (E) takes the form

dt(MK2 ) S'Y—y'X) ..(F),

whece K is the radius of gyration of the body about @, and g is the
ungle which a line fixed in the body j
makes with a line fixed in space.

To obtain this we proceed as
follows :—

Lot G4 be a line fixed in space
aud ¢B, aline fixed in the body, so
that /. 4GB= 6 changes as the body
rotates about G.

[ G4 remains fixed and GRB
changes its position.] _ :

Let GP=r, /BGP=a, which 0 x X
remain constant during the motion.

The components of the veloeity of P relative to (¢ along and
perpendicular to G/P are

‘(l{’ —0, and j~(9+7) 9

r and o being constants,

*. the moment of the velocity of £ about (=r, r—z—;—f— , so that

the moment of momentum of the particle of mass m at P about ¢
6
=nird-—-.
dt

Summing up for the whole body, its moment of momentum
about G

d‘!_@ 2y 290

€= Smrie=M K2 T
6 being independent of the position of P, dgidt can be taken
outside .

=3 nu
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Hence cquation (E) takes the form
d de
e 2V \ 'Y s
(MBS )=3(' Y~y X)
or M K’%}g=sum of the moments of the external forces about &,
which is written briefly as
Ul N
1 -Jta"—_A »
where I stands for the moment of inertia of the body about G, and ¥V
for the sum of the moments about G of the external forces.
15'41. Kinetic Energy. As seen above the velocity of P
relative to G is r d@/dt.
Hence the kimetic energy of the body relative to ¢

(24 (2 famie )

where o is the angular velocity about G.
If the body has also a velocity of translation equal to v, its total

2
kinetic energy is equal to } Mv2+4 M K’( %g ) =} Mrv*+ }wd

15'42. If we now denote the co-ordinates of the centre of masa
by (¥, y) and the angle through which the body rotates by @, the
three equations of motion (C) and (D) of Art. 153, 1531 take the
form :—

&r o d L 4% >
'Mdtz =X, Mrd—té-m-Y, ..(1), MK a2 =N. ..(2).

Example 1. A fine string has two masses m and m' (m>m’)
tied to its ends and passes over a rough pulley, of mass M, whose centre
18 fized, if the string does not slip overthe pulley and the pulley can
rolate abont the horizontal aris through the centre, show that m will
descend with acceleration

(m—m’)g
m-+m'-+ MK?[a®
where a 18 the radins and K the radius of gyration of the pulley about
the axis.

In Art. 37, the pulley was supposed to be light and fixed, the
tensions in the string on its two sides were, therefore,
taken to he equal.

In the present case since the rotation of the
pulley of mass M is to be taken into account, the
tensions on its sides must be different say 7', 77.

When the pulley has turned through an angle 8,
let the depths of masses m, m helow its centre be
z, i, then the equations of motion are :

ME?*j=sum of the moments of the tensions about the
centre of the pulley

=Ta—T"a, for the pulley by (2),
and m;‘g_:mg—T. and
m'p=m'g—T', for the masses.
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But the string being inextensible x4y remains constant through-
out the motion, so that #—= —% and hence m'¥=1". -—m'g,

Also since the string does not slip over the pulley

#=af and .. x=af or §=jila.
So the first equation can be written as
ME2x[a?=T—1".
Adding this to the other equations, we have
(m4m’+ M K3a®) i =mg—m'g==(m—m')g,

which gives the required acceleration.

Aliter. By Art. 15-41 Kinetic energy of the pulley

=AM K24 =} MK a?)?

and Kinetic energies of the masses are {mx?, 3m’y2,

Hence total K.E.=3}(m+m'+ M K?/a?):2

=work done=mgr—in'gr=(m—m')gx
Differentiating. this with respect to time ¢, we have
(m--m'+MK2?[a?) xi=(m—m')gx

Hence (m~+m'+ M K2 adx = (m—m')g, as before,

Example 2. A uniform circular disc of radius a and mass m
rolls down a rough inclined plane without sliding ; to find the molicn.

sSupposc D is the point of contact { secs. after the start and
that B wasin contact with 4 in the R
beginning.

Let AD-=z, /DCB=¢ and « the
inclination of the plane.

The external forces acting on the
disc are :—

R, the normal pressure of the
plane,

F, the force of friction up the
plane,

mg, the weight of the dise.

For the motion of €, the (.G of the disc parallel to the plane,
we have

2

m Yo mg sin a—F 1)
di? T=mg s . -( I
And since there is no motion perp. to the plane

U=mg cos a—R L (2).

For rotational motion obtained by taking moments about C,
we have

2

Mkzd e" F . <. (3).

Since there is no sliding, are BD=4D, i.c., z-=af and
. dir d’a (4)

v e
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Using (4) and eliminating F between (1) and (3), we have
dz a?

m(a®+k?) %:mga’ sin « -or ol gsin « ..(5).

For the disc  k*=}a? S dizfdi*=4g sin «.
Thus the centre of the dige moves with constant acceleration
f=%gsina,
then its velocity v and the distance z at time ¢ are given by
v=ft=%gsina.t, and z=}fi'=}X4%gsinx.(?
Now from (1), the friction F=mg sin a«—mf
' =mg sin a—§mg sin «
=4¢mg sin «.
Alsofrom (2), the pressure R=mg cos a.
In order that there may be no sliding of disc, F<uR,

ie., #mg sin a<<y . mg cos a. S op>jtan «

Note. It may be noted that we can avoid F by taking moment about

D, the point of contact. In this case
k2 about D=k? about ¢ +a2=§aﬁ.

2
m.3 a? gﬁﬁe =moment of the weight mg about D=mg a sin «.

Hence using (4), we get
42— §g si
ga=tgsine.

Example 3. A small light ring i3 threaded on a fixed thin hori-
zontal wire. One end of a uniform rod, of mass m and length 2a, is
Jreely attached to the ring. The co-efficient of friction between the ring
and the wire is u. The system is released from rest when the rod is
horizontal and tn the vertical plane containing the wire. Show that if
the ring slips on the wire when the rod has turned through an argle a,
then

(10 tan® a+1)=9 tan «. (M.T,)
When the ring does not slip, the forces acting on the rod
are :—

Its weight myg ;
R, the pressure of the wire at 4;
F, the force of friction at 4.
Let (z, y) be the co-ordi-
nates of G, the C.GQ. of the rod
as shown in the figure and let
@ be the angle through which
the rod turns in time ¢, then
z=a cos § and y=asin g.
J .. denoting differentiations by

dots, we have
i=—ados g .f"—asin g .4,
and j=—asing.@"+acos @ .§.
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Now the equations of motion for the rod are,

mig=—F ie,F=—mx=ma(cos § . %+sin @ .§) ..(1),
and mj=mg—R ie., R=mg—my=my+ma(sin § . §*—cos'¢.§ (2),
and in order to avoid action at the ring A, we take moments about
A, K3 about which for the rod=$a?
%az f=mgacos@ie,af=3}gcosd ..(3)

. mK%*,ie,m.
Integrating this, we get
ag®=13g sin §+C=13}g sin 9,
as §=0 when §=0.
Substituting the vhlues of §2 and § in cquations (1) and (2), and
simplifying, we have,
F=%my sin § cos § and R=}mg(10—9 cos? g).
If the rod is about to slip when @:=«, then the force of friction
F attains its limiting value pR, €., F=uR.
Henco  $mg sin @ cos az=p . }mg(10—9 cos? «)
or 9 tan a==1£(10 sec? a—9)
=p(10 tan?® a+1).
Example 4. 7he door of a railway carriage, has its hinges

(suyposed smooth) towards the engine, which starts with wn accelera-
ton f.  Prove tkat the door closes in time

”s A f*" U with an angular velocity ( 2af \)"
..uf Ve § at442
where 2u i3 the breadth of the door and k its radius of gyration about a
vertical axis through G, the centre of mass.
Let g be the angle through which the
door turns in time (. Let O represent the 0 f
line of hinges and OA(-=2u) be the horizonta) A
section of the door through G. a
When the train starts with accln. f, say, 7 f- (H
towards the right, the door will have a a
relutive accln. backwards towards the left, so
that the resultant force mf acts onitat G 4
which tends to close the door. X
«  To avoid forces acting on the line of hinges, we take moments
about 0.
.. the cquation of motion for the dogr is
m(a®+ L) =mfa cos 9 (A
Multiplying by 26 und integrating, we have
(a2 4 13)p2=2af sin 94 (.,
But as the door iy initially at rest §=0 when =0, .. C=0.
Hence (34 k?)9%2=22uf sin @,

de / 2uf_. .
or i Iy sin @. < (2).

This gives the angular velocity of the door when it has turned
through an angle g.
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The time when the door closes, i.e., when §=4}=, is given by

(A JEERf_do

2af Jo +/sing

when by (2), the angular velocity is /\/ »-2-2(!{ .
a?4k?

Note. If tho door is supposed to be auniform thin rectangular plate,
then k2=1} a2, a2+k’=§ai and by (2), tho angular velocity of the door when it

3
has turned through anangle @ is A / 2£ sin Q.

Examples LI

1. If in worked example 2, the body is a sphere instead of a disc, show
that the least co-efficient of friction is 2 tan a.

2. A uniform solid cylinder rolls without sliding on a rough planc of
inclination 45°, show that the least co-efficient of friction (. is !,

If tha cylinder be hollow, show that the least value of . 15 .

3. A circular ring rolls down a perfectly rough inclined plane in one
minute, show that a circular disc will roll down the same distance 1in 32 secs.
nearly.

4. Show that the kincetic energy of u body revolving about a fixed axis is

¥ T2, ‘
where I is its moment of inertia ahout that axis and w its angular velocity.

A thin hollow cylinder, open at both ends and weighing 96 Ibs.

(a) slides with a epeed of 10 ft. per sce. without rotating,

(b) rolls with the same speed, without shipping.

Compare the kinetic encrgies of the cylinder in the two cases. [Ans. 1 :2]

?. Which will roll more quickly down an inclhined plane, a solid sphere
or a hollow cylinder ?

A solid disc rolls down a plane inclined at 30* to the horizontal. How
far will 1t move down the plane in 20 secs. from rest 2 What is the velocity of
1ts centre and if it weighs 10 Ibs. how 1nuch encrgy hasit ? (Roor lee 1953)

(Ans. Sphero ; 2133} ft., 213% ft. per scc., 106663 ft. lbs.)

6. The weight of a wagon i 2 tons, of which the wheels weigh } ton.
The dinmetor of the wheels is 2 ft. und the radius of gyration is 0:9 ft. I\ind tho
total kipnetic cnergy of the wagon when travelling at 40 m. p. h. (Roorkee 1953)

[Ans. 11844 ft. tons.]

. A circular disc purtly rolls and partly slides down a rough inclined

plane, show that the acceleration of its C. (i. is tho same as for a body which
»imply slides and does not roll.

Show that the result is the same if the dise is replaced by a ceylinder or
a sphere.

[Hint. In worked Ex. 2, tuke F=pR. Equation (4) docs not hold in

this case.)

8. A wheel and axle Lias a moment of incrtia I sbout the axis, which
is fixod horizontally and about which 1t can revolve freely. Masses m and M
hang by light threads from the wheel (radius a) and axle (radius b) respectively-
Show that the angular acceleration under gravity will ho

_(ma—My)y
mal+Mb2+1

9. 'The end of a weightlusa thread wound round a reel, (a solid cylinder
of mass m), is held fixed and tho reol is allowed to fall in a vertical plane, its
a%is remaining hevizontal.  Show that tho aceeleration of the reel is g and the
tension of the thread is img.
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10. A uniform rod of length 2z is held in a vertical position with one
end resting upon a perfuctly rough table, and when roloased rotates about the
end in contact with tho table.

Show that when it is inclined at an angle @ to tho vortical its angular
aeccelcration is ;%—g sin ¢ and that tho pressuro on the table vanishes but the

rod does not leave tho table, when cos §=4%.

11. A uniform rod of mass m and length 2a can turn freely about a
fixed end.  Show that thoe loast sugular velocity with which it must be startod
from the lowust position so as to make complate revolution is

V/3gla.

Show also that with this as the initial angular velocity, timo taken by
the rod to turn through an angle @ is given by

4a
= \/% log tan £ [x+0].

12. A uniform hoop can rotato in its own plano which is vortical about

a smooth hingo at one end of a diameter. It is allowod to full from the position

in which thoe diamotor 18 horizontal. Prove that when the horizontal compo-

nent of tho roaction at the hinge is a maximum, the vertical component is 1-25

of the woight of the hoop. (Indian Railway Service).
[Procoed as in worked Ex. 3.]

13. AB and CD are two rods of lengths 2a and b respectively, the mass
of each rod being an por unit length. The rods aro rigidly joined togothor at
right angles ut (', tho middle point of AB, and tho system 1s froo to rotato in a
vertical plano about D. If the systom is held with AB vortical and then lot go,
calculato tho angular velocity when AB is horizontal- (D.U.)

[Ans. [37(4a+b)b/(2a3+6abd2+b3}3.

15'5. Torsional Vibrations. When a body such as a bar, a
circulur dise, or a lamina is supported in a horizontal position by a
vertical wiro attached to its C.Gi. and is rotated from the position of
equilibrium through an angle @, the wiro is twisted and'a restoring
couple is brought into action due to which the body executes vibra-
tions called torsional vibrations,

Let the body be a unifurm circular disc of mass m and radius @
suspended by a wire attached to its centre,

Suppose the restoring couple is proportional to thoe angle §
through which the disc is rotated, then its equation of motion is

2 d? A 2A at
S E L AR s S A V.. '} ( pre= ).
di 7 mk ma? 2

The motion is, therefore, simple harmonic, the period of oscilla-

tion being equal to

[ A k3 \ [ ma?
- ——=2r —_——=9 —_—
2r-: mk3d ¥ /\/> A r 2A

The length of the equivalent simple pendulum in this case is
imalg/A.

s 15°6. Ballistic Pendulum. An important application of the
compound pendulum dealt with in-Art. 1493 is mado in determining
the velocity of a rifle bullet.

A pendulum with a massive bob and considerable time of
oscillation is so formed that the bob is in the form of a hollow iron
eylinder open at one end, stuffed with a block of wond inside it.
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Let a bullet of mass m be fired in a horizontal line thrm;gb the
aentre of oscillation O’ of the pendulum.

Let v be the velocity of the bullet which is to be determined, M
the mass and I the moment of inertia (MK?) of the pendulum
op including the embedded bullet. Also let 4 be the

distance of @, the C.G. of the pendulum, from O,
the centre of suspension.

Then the equation of motion as given in
Art, 1493 is

ME3§=—Mgh sin § or [fe==—Mghsing ..(1).
h If g is taken to be a small angle and the
time T of oscillation is determined,
then I§=—Mghg

T _ MghT?

and T=2n m or I.-——-‘-Ec-’- ..(2).

G| Again multiplying (1) by 24 and integrating,
we get, 16*=2Mgh cos §-+C ..(3).
124 h =0, let f=0 initi n r
Lo | m*—— velocig oi'ntge l?énd?ﬂugn, tflertlhe initial angula
To¥=2Mgh+-C.
If the pendulum swings through an angle «,
80 that §=0 when §=a, then 0=2Mgh cos a+C.

Hence Jo?=2Mgh(l—cos a)=4Mgh sin’%,

Mgh . dn
or 0=2/\/ —lq- sin —%:Tﬂ sm-“;i ..(4), [from (2)].

Now there being no external force, the moment of momentum
or the angular mementum of the system remains constant
(Art. 15°22).

If 1=00"', the distance of the centre of oscillation from the
centre «f suspension, the angular momentum just before the bullet is
embedded=mv.l=mlv.

And the angular momentum just after the bullet is embedded is

If=1Io. '

. mlv=1Io or v=1Iw/ml.

Substituting the values of I and o from (2) and (4), the velocity
v of the bullet is given by,

1 MghT?2 4n . o TMgh . «
V=X amt XTI T g Y

In the above, M.I. and 7' may be taken as the quantities relat-
ing to the pendulum before the bullet is embedded in it, # being
emall, the errors so made are small. -

The angle « iz usually measured by a piece of tape attached
to the bottom of the pendulum and wound on a reel, tho amount
of the tape unwound is measured and the amplitude of oscillation is
determined.




CHAPTER XVI

FURTHER EXAMPLES OF MOTION OF A RIGID BODY
IN TWO DIMENSIONS

16:1. Rotation about an axis. A4 uniform rod OA, of mass
M ayd length 2a can turn freely about one end O which is fired. It is
started with an angular velocity w from the posstion tn which it hangs
vertically. To find the least value of w tn order that the rod may make
complete revolutions.

Let the rod make an angle ¢ with the vertical OZ, then taking
moments about O, we have

2
MEK? —%—;,.—: — Mg.a sin 8 we (1) 0
a? 4
1 e 2 _ _ 02
SmceK__3 +a2= 3a,
i _%:_ sin 6.

Multiplying by 26 and integrating,
we get

é“:g%cos 6+C.

Since § =w when 0=0,
C=w2—3g/2a.

Hence 02=w? -gf; (1—cos 8) e (2).

Now when f=m, (9’=w‘3——3g/a.

In this position 0 is positive if w?> 3g/a.

Hence the least value of w for the rod to make complete
revolutions is 4/3g/a.

Example 1. -Show that with this particular value of w, the

. . ., 4a w40
time t to describe any angle § isgiven by t = "3y log tan\ -4~ )

Example 2. A4 body makes complete revolutions about a fized
horizontal axis, about which its radius of gyration is K and from
which the distance of its C. G. is h. If the greatest and least angular
velocities are one per cent greater and one per cent less than w, prove
that K2w?==100 gh.

16:2. Reaction of the axis of Rotation. A body moves
about a fixed horszontal axis under the force of gravity alone, to find
the reaction of the axis.

It is assumed that the body is symmetrical about the plane
through, @, the centre of gravity of the body, perpendicular to the arts.
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Let AOG be the vertical plane perpendicular to the axis about
‘vhich rotation takes place, and let it intersect the axisin O.

Let OG make an angle 0 with
the vertical line OA (the initial
position of 0G), let X be the radius
of gyration of the body about a line

through G parallel to the axis and
let OG=h.

Then by taking moments about
the axis, we have

M(K24-h?)§=—Mg hsin g ... (1).

Multiplying this by 26 and
integrating, we get
(K2+h?) 02=2gh cos g+C

=2gh (cos §—cos a) ...(2),
taking =0, when 6=a.

Now let X, Y be the compo-
nents of the reaction at right angles
to and along GO, then resolving in
these directions, we have

Mhb=X~—-Mgsin6 ... (3),
and Mh §2=Y — My cos 8 e (4).
From (1) and (3), we get

X-- My sin - -M'/ ];‘, sin = ]zzg_:;; sin @ ... (D).
From (2) and (4), we get

2MMg k2
K24nr

Tho resultant of X and Y gives the required reaction.

Y=MWyg cos 6+- - (cos §—-cos a)

gh’
K22

The poriod of a small oscillation T is 2= \/(K-'+h3)/gh and its frequency
1= gk 22/ K2 ph2 .

Note. I'or sinoll oseillutions squation (1) becomes §:= —

Examples LII

1. A thin uniform rod has one end attached to & smooth hinge and is
allowed to full from a horizontal position.  Show thut the horizontal strain on
the hinge 18 greatest when the rod 13 inclined at an angle of 45° to the yertical,

and that the vertical strain is then 191 times tho weight of the rod.

2. A circular area of weight W can turn freely about a horizontal axis
porpendicular to its plane which passes through & point C on its circumference.
IF it starts from vest with the diameter through C verticaliy above C. show that,
when the dinmeter has turned through an angle 0, the components of the
strain at C along and porpondicular to this dismeter are regpectively

} W (7 cos 0 — 4) and } Wsin 0

Show also that when this divmoter is hovizontal the resultant pressuve on the
avisas 1/ 17 Woand that when it is vertically below € the resultant pressure is
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(b) Show that in the case of a uniform rod which just makes complete
rovolutions, these components of the strain are } W (345 cos 0) and } W sin 0,
[Hint. See Art. 16-1 and use (3) and (4) of Art. 16-2.)

3. A uniform hoop can rotate in its own plano which is vertical, about
a smooth hinge at ono ond of a diameter. It is allowed to fall from the position
in which this diameter is horizontal. Prove that when the horizontal compo-
nont of the reaction at the hinge is maximum, the vertical component is § of

the weight of the hoop.

4. A right circular cone, of weight W and of semi-vertical angle «,
can turn freely about an axis passing through the centre of its base and
perpendicular to its axis. If the cone starts from rest with its axis horizontal,
show that, when the axis is vertical, the thrust on the fixed axis is

W(6+3 cos? «)/(6—2 cos? a).

5. A uniform rod AB of length 2¢ and mass M, is freely attached to a
fixed support at A and swings in a vertical plane through 4. Find tho reaction
of the support and the frequency of the smull oscillations.

Prove that if a particle of mass kM is attached to the rod at I, the
frequency of the small oscillations is reduced in the ratio

vV (14-2k) [ (1+3k). (D. U. 1961)

16:3. A wuniform rod AB held at an inclination « to the
vertical with one end A in contact with a rough horizontal table.
T'o show that if released, the rod will commence to slide at once if the
co-efficient of the friction p is less than 3 sin « cos o [ (I + 3 cos? ).

Let m be the mass and 2a the longth of the rod.

Let (x, y) be the co-ordinates of the middle point of the rod
when it is inclined at an angle 8 to t}h(: vertical and let R be the
normal reaction and F, the friction in this position, then

Since x=a sin 6,

i==u cos 0.5 —a sin 0.0%,
and since y=u« cos #, : R B
fj== — « sin §.6—« cos 9.92 4
The equations of motion are :— n
mi==m (@ cos §.6—« sin 9.92) X
=1 e (), G
and mjj==m (-« sin 6.0 —« cos 6.62) y
=R—my - (2). L.. Q4
Taking moments about A, ¢
we have A F l
m -3-:' f==mg. « sin § mg

or 4a #=3gsin b e (3)
Multiplying (3) by 6 and integrating, we have
2 a %= —3g cos 0-}—(]::3 g (cvs a—cos §) e (4),
since § =0 when §=«q.
Substituting # and 8 from (3) and (4) in (1) and (2), we get
F:==3% mg (3 cos §—2 cos x) sin @,
and R=1} mg (149 cos* §—6 cos 0 cos a).
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When =a, F=3} mg sin a cos o, and R=} mg (143 cos? «).
The rod will slide at oncet.e., when f=a,

if F>p R, ie if § mg 8in « cos « >} » mg (143 cos? a)
t.e., if £ <3 sin a cos a/(143 cos? «).

Cor. (i) If the rod starts from the vertical position then =0,
and F=% mg sin 0 (3 cos §--2), and B=} mg (1 -3 cos 6)2.

It shows that when cos =4, although B vanishes but it does
not become negative, so that the end 4 of the rod does not leave the
table even when the pressure vanishes.

(¢t) In this case, F changes its sign and its direction is
reversed as @ passes through the value cos-1 2.

Note. Equation () can be written down at once from the principle of
energy.

K.B.=yml w?=4m § a? §2

and work done by the weight of the rod mg (a cos a— a cos 0), equating these
we got equation (4).

Examples LIII

1. A uniform straight rod of length 2 is held at an inclination « to
the vertical with its lower end in contact with & horizontal table and let go.
Show that the angular velocity of the rod when it becomes horizontal is

4/37g cos aj2a whether the table is perfectly smooth or perfectly rough.

2. A uniform rod 4B sglides down in a vertical plane with its
lower end B resting on a smooth horizontal plane and the upper end 4 resting
aganist a smooth vertical wall. It starts from rest when it is inclined at an
angle « to the horizontal. Show that the end 4 leaves the wall when the
inclination of the rod with the horizontal is sin-! (% sin «) and that its angular

velocity is then equal to 4/g 8in «/2a.

3. Insolved Ex. 3, P. 302, if tho horizontal wire is smooth instead of
being rough show that the centre G of the rod moves in a vertical line through
its initial position and that the velocity of eithier end of the rod is 4/ 6 ag

when the rod is vertical.
4. - A thin uniform rod, of mass m and length 2a, is held horizontally,

end is in contact with a fixed rough peg at & point distant d from the iddle
point of the rod. The rod is then released, show that slipping commences when

2
the rod makes with the horizontal tho angle tan-1 _9_(';2_";_;! and that the in-
2
itial reaction’of the pog is 3211 aa2 .

16-4. A-uniform rod OA, of mass M and length 2a, is free to
turn about a fived hinge ai one end O and revolves about a vertical
line OZ so as to describe a cone of scmi-vertical angle a, to find its
angular velocity w.
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Let m be the mass per unit length of the rod, so that 2am=M,
and consider an element PQ=dx at a distance z from the
fixed point O.

Draw PN perpeundicular to 0Z. o
Since the element P describes a circle
of radius r about N, its acceleration
towards N, is rw?,
where r=PN = sin «.

.. the force towards N is mdz. re® W
and its moment about O s
mdz. ro?. ON=mdzx «® x sin «. 2 cos «

=mw?® sin o cos a. x2dx.

Taking moments about O for the

whole rod, we have
2a

J- mw? sin o cos «. xidx
0

Y/

=moment of the weight
=Mg. a 8in ¢
=2 amyg. a sin «.

. mwdsin « cos «. § a¥=2 a® mg sin «

Hence either a=0, 1.e. the rod hangs vertically,
; g
Or 4aw? cos a=3g, t.e. cos a=— «(1).

This shows that cos « being <1, 4aw?>3g, t.e. w?>3g/4a.
Example 1. Prove that the direction of the reaction at the
hinge makes with the vertical the angle tan=! ( tan ag.
a

[Hint. Vertically Y= Mg. Horizontally X= I modz sin o« daz
0

=:mw? 8in &. 2a2=Maw? sin 2. Now use (1) for w’].

Example 2. 4 rod, of length 2a, s suspended by a siring, of
length 1, attached to one end ; if the string and rod revolve about the
vertical with uniform angular velocity, and their inclinations to the
vertical be 6 and ¢ respectively, show that

3! _ (4 tan 6—3 tan ¢)sin ¢
a (tan ¢ —tan 6) sin § (D.U. 1963)

[Hint. If T be the tension of the string and m the mass per

unit length of the rod, then resolving vertically, T cos 6=my,

The distance of an element at P from OZ = sin ¢4-I sin 4.
2a

Resolving horizontally, T sin 6= I mw? (x sin ¢-4-1 sin 0) dx
0

Taking of moments about O gives
20

2amyg.asing =I mw? (x sin $4-1sin §) x cos ¢ dz].
0
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Example 3. A4 uniform rod AB is freely movable on a rough
inclined plane about a smooth pin fixed through the end A. The rod
is held in the horizontal position in the plane and allowed to fall from
this position. The inclination of the plane to the horizon is a und the
co-effictunt of friction is w. Show that if 0 be the angle through which
the rod falls from rest, then

sin 0/0=p cot a.

16:5. A solid homogeneous sphere is resting on the top of another
rough fived sphere, and rolls down it. To find the motion.

Let ¢ and b be the radii and C and O the centres of the moving
and fixed spheres respectively.

Let D be the point of contact, ¥ the friction and R the normal
reaction on the moving sphere at any time ¢.

Let B be the point of the moving sphere which was initially in
contact with 4, the highest point of the fixed sphere.

Let ya AOC =- VA 00E=0,
and £ BCE=4¢.

The geometrical condition -
is arc BD=arc AD,
or a (p—0)=h 9,

1.e. ad=(a+b)o <. (1.

Since the centre C of the
moving sphere describes a circle
of radius ¢-+-b,

<. its eyuations of motion
aro :—

M (- b) 6=Mysin §—F ... (2),
and
M(a+h) 02=Mycos6—-R ... (3).

Also since CB, a line fixed in the moving sphere makes with
the vertical, a direction fixed in space, an angle ¢, by taking
moments about C and using (1), we have

MK? §=Fa, or by (1), MK® “;J’a =Fa .. (4).

Taking K2=2 a3, it becomes 3 M(a+b)f=F, and added to (2
it gives
(a+b) 6=2 g sin 8 e (3).

~ Multiplying this by 2 6 and integrating and applying the
initial condition that § =0 when §=0, we have

(a4b) §3=— 22 gy cos 84+C=2" g (1—cos 6) ... (B).
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Now from (3), R=Mg cos d— %2 Mg(1—cos 6)

= 1 Mg(17 cos § —10) e (7)

and from (2) and (5), F=Mg sin 8 —§ My sin g=3 Mg sin g ... (8).
Notes. 1. The sphere will slip if F=pR,
€., if 2 Mgsin 0=p. L Mg (17 cos 0—10) or 2sin 0= (17 cos 6—10),

Taking p=tan A, this can’be written as
2 sin (0—2)=>5 8in A (3 cos 0 —2).
2. If the sphere is rough enough to prevent slipping, then by (7)
R will be zero and change sign, 7.e., the upper sphere will leave the lower when
cos 0=:10/17, a r¢sult independent of magmtudes of the spheres.

3. Equation (8) can be obtained directly from the principle of energy
as follows :—

Kinetic energy of the sphero=§ Mov?+4 I o?

2 5
The work done by the weight = Mgy=Mgla+b—(a+ b) cos 0]
=Mg(a+b) (1—cos 0).

7 .
T M(a+b)? 6%=Mg(a+b) (1—cos 0) or (a +b)02=——§& g (1—cos 0).

ek Mgy By @?2:% M (a+b)* §° [by (1)]

Example 1. (a) Show that if the spheres were both smooth, the
upper sphere will leave the lower when cos 0=3.

(b) If the wpper sphere starts moving from the position of
rest at §=a, show that # will slide when

2 sin (§—A) =5 sin A (3 cos 6—2 cos a),

and that if it is sufficiently rough soas not to slip, it will leave the
Jixved sphere when cos §=1% cos a.

Example 2. A4 solid homogeneous sphere of radius a and mass
m, rolls in the interior of « fixed hollow sphere of radius b, the centres
of the two being always in the saume vertical plane. Show that

(¢) the equation of motion of the sphere is the same as that of @
simple pendulum of length 3 (b—a).

(23) That the pressure on the sphere is 3 mg (17 cos § —10 cos a),
where 0 ts the angle between the common radius and the vertical und «
the extreme value of 8.

(tit) That the sphere will make complete revolutions when tn its
lowest position, the pressure om it 18 grealer than X times its own
wetght.

Example. 3. A4 circular plate of mass m, rolls down the inner
circumference of a rough circle under the action of gravity, the planes
of both the plute and the circle being vertical. When the line jotning
their centres is inclined at an angle 6 to the vertical, show that the
friction between the bodies is } my sin 6.
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16-6. Impulsive Forces. Equations of motion as given in Art.

13-42 of the previous chapter are :—
d2F vy ] , 4% 5
M—dﬁ-—_—_X, M W'—Y ... (1); and MK TE= N ... (2),

where (%, ) are the co-ordinates of the point G, the centre of gravity
of the body.

Equations (1) show that G, the centre of gravity of the budy
moves as if M, the whole mass of the body, were collected there and
all the external forces act on it.

Equation (2) gives the motion of rotation of the body where N
is the sum of ithe moments of the external forces about @ as if it
were a fixed point. Integrating these equations, we have

aE dij L8 [
.M;?t‘l"-—— Ith, M *d? = ijt, and MK “d‘t == I Ndt.

Suppose X, ¥, N are large and act for a very small time ¢, their
effect is then mcasured by their impulses, viz.

¢ ¢ ¢
j Xdt=X,, I Ydt=Y,, and j Ndt=N,,
(7] 0 o

where X,, Y, are the impulsive forces and N, is the impulsive
couple.

t t t '
) dz R dy
Thus x,..«.jxmz[u ot '] RL ._[M .(ﬁ.]
7] [ 7] o
t 3
and Iv'l-.—:j NJf .- j!K‘-‘-[ ‘%0']
A ) o

Now suppose that just beforc the impulses act (i.e. when ¢--0),
the velocities of G, the centre of mass of the rigid body, are u,, v,
parallel to the axes and w, is the angular velocity and that after the
action of the impnlses (i.e. at time t) these veincities are ua, v, and
w, respectively.

Then these equations become
Xi=M (uy—wy), Y ,=M (v:—v,), and V,=MNK? (w,—w,).

The first two equations show that change in the momentum of
mass .M, supposed to be collected at @, in any direction 13 equal to
the sum of the impulses in that direction and the last equation
shows that change in the moment of momontum (or in the angular
momentum) about ¢ is cqual to the moment about ¢ of the impulses
of the forces.

Note. It may be remombered that an impulse iy not « force. The

former being measured by the change of momentum i3 of physical diraensions
MLT-1 while tho lattor 1s of dimensions MLT -2,
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16:61. These principles aro illustrated in the following
examples :—

Example 1. A uniform rod AB of mass m and length 2a, is
set in motion by a blow P acting at the end A and inclined at an angle
a to the rod. Find the velocity of A immediately after the impact, and
prove that the energy communicated to the rod is P*(14-3 sin?a)/2m.

(The rod may be supposed to be placed on a smooth horizontal table.)

Let @ be the C.G. of the rod, u, v velocities of G along and perp.
to AB, and let w be the angular velocity, then the equations of
motion are :—

mu==P cos «,
mv=DP sin «.

~\W
a? U
and m ~3~»w=moment of <5 X
Pabout =Pasina. A a G u a B
The component velocities of 4, just after the action of P are
P cosa Psina 3 Psina 4 Psina
U= - -, and v+-aw= = .

m m m
The kinetic energy of the rod=:} m (u?4 %+ K2w?)
R P2cos?a  P?sin2a , 1 9 P2sin®a pz -
:}7)1,[»»~m2 + ‘= - ]—-2;;L‘_(1+331n o).

m# 3 m?

Example 2. Two equal uniform rods ABand BC, each of inass
m and length 2a are smoothly jointed at B and pluced on a smooth table
so that ABC is a stright line. A horizontal blow of smpulse P acts at
4 at right angles to AB.  Show that

(3) the resulting velocity U of 4 is 3} times that of B,

(i%) the kinetic energy generated is 3 m U2,
shoi also that the kinetic energy generated is 7 times what it would be
if the rods were rigidly fastened together at B,

Let u, v be the velocities of centres D and E of the rods and
let ¢, and w; be their angular velocities after the action of the blow.

Let X be the impulsive action at B ih opposite directions
on the two rods, then for the motion of the rod AB, we have

N K~
T e 4
A*}J a p a ' a E a (¢
X

mu-=P4X (1),
and m -‘% wy="u—Xu we(2),
and for the rod BC,

mv=—=2X ... (3), and mf;: wr=Xu «o(4).

“



316 ELEMENTARY ANALYTICAL DYNAMICS

The velocity of 4 being given U, ... utaw,=U o (B)-
The velocity of the end B of the rod AB=u —aw,,

also the velocity of the end B of the rod BC=v—daw,
Equating them, we get U—Qw, =V — Qw, ...(6).
Substituting from the first four equations, we get

PrX_3(P—X)_ _ X _ %};()rSX 9P, ic. X~} P.

m m m
= P __bP __ %P and g 3P
VT T am YT am o YT g MO gy
. . 4P 7P
(7) Now velocity of A_u+aw1=—‘1—’7_~2%4 =U A7),
4P P .
and velocity of B=v—aw;= ~am = magnitude.

Hence the velocity of A=3} times that of B.
(%) The kinetic energy T'=4m [ut+v2 4} a?w,?+3 a’w,?]

25P2 P2 81 P2 9 P2 7P
—}m[ T6m® T iomt T g + ‘J:Sm“:ln= am +(®)
2
But %%: X ‘%3112—4, mU2. [by (7)].

(7¢7) When the rods are rigidly fastened together at B, it
beeomes one rod of length 44 and mass 2m. If V be the velocity of
its middle point B and w be its angular velocity, vhen

H
2mV=P, and 2mx "ok w=P. % or maw=nr P.
. R : (2a)?
The kinetic cnergy T’ in this case=}. 2mV2+4}. 2m ° 3 -w?
4 9p: 7| p?
=m 4 ’+ 3 »l—“—n—z—z:l——ﬁl—- .(9).
from (8) and (9) T—t1.

Example 3. In the above example if the blow P strikes the
rod AB not at A but at another point Q, show that A and B will begin
to move 1 the sume direction if AQ is greater than AL and iess
than 3AB.

To use the same figure as given in thelast example, let 4@ < AD
and let AQ==x, so that @QD=a—uwx.

Taking monments about the middle point D for the rod AB, we
have

a? .
'rn'—‘;—w‘;]’ ((,I "‘ll:)—A\‘ll ...(2)-
Sustituting from this equation and from (1), (3), and (4) in (6),
which remain the same as given in the last example, we get
P+X 3P (a—w)--3Xa__ X  3X

— e — —— e
—

m ma m wm
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or 8X=2P-—§-I~?, i.e. X=L—3££.
a 4 8a
P+X P P 3Pz _(10a—3x)P
U= =-—4 —_ =t
m m 4m Bam 8am
d _3P(a—2)—3Xa_3P(a—x) 3[ P 3Px
and  aw,= ma o ma m | & 8a
_ 3 (6a—bx) P
- Bam ’

.. Velocity of A=u+aw,=(28a—18z) P/8am,
and Velocity of B=u—aw,=(12x—8a) P/8am.
The velocity of A will be positive if 18z < 28a

ne. if x<7“3<,_2-a or 7A~B
’ 9 9
The velocity o f B will also be positive if 12z > 8a,
1.8 z> ~23— or 4B .
o 3 3
Thus 4 and B will move in the same dircetion
if 4 AB<xr<3AB.

Note. The velacities of both 4 and B will be negative if + >3 4B but
<} .1B, which is obviously imposrihle.

Example 4. 4 uniform rod of length 2a and mass m ts in
motion tn a horizontal plane p, with speed u at right angles to its length
when it collides with a stationary small uniform elastic sphere of
equal mass whose centre lies in the plane p. If the sphere is free to
move, prove that the ungular velocity acquired by the rod cannot exceed

(1+4¢€) us/6/4a,
where e is the co-efficient of restitution.

Let the rod 4B strike the sphere at a distance z from its
centre €, and let v be linear and w the angular velocity of the rod
and 7, the velocity of the sphere just after the impact. Then the
equations of motion are :—

—~ 1
v T w
y. | a 61 x P B
“ 1
For the rod m (v—u)= -1 (1)
2
and m a? w=1gx . (2)
For the sphere 1wy, =1, < (3)

where [ is the equal and opposite impnlse on the sphere and the
rod. ’
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From these equations we get
(11 —v)+u=2I/m=4%a*w|z .. (4).
The velooity of the point P of the rod just after the impact is
V—zw.
*. by the law of relative velocity for impact, we have
0, —(V—2w)=—e (0—u)=eu, or v,—vi{Irw=cu ().
Now from (4) and (5), we get
u—2w-teu=§ addw/z or (322+42a%)w=3zu (1+e)
_3u(l+e) and dw __3u (14-¢) [3224- 207 — 622
R dx (3:1:’-‘~+-2az)2
For max. value of w, dw/dz=0, which gives 2a2 3a2=0
or r=4/%a.
3u (1+e)4/2a _(14-€) u\/6
V31262 124%)  da
Example 5. A4 uniform rod AB, of mass m and length 2a, s
struck by an instantaneous tmpulse P acting at B in a direction BC

which makes an angle o with AB produced. Show that AB will
become parallel to BC after a time t given by t=maa/3P sin «.

For this value of z, o=

Let u, v be the components of the linear velocity of the middle
point G, and w the angular velocity of the rod, then

mu=P cos «, mv=P sin a,
u? . .
and mTw=moment about G of the impulse P=P.a sin «,

or w=3P sin «/ma.

After the action of the impulse the motion becomes steady and
the rod will become parallel to BC after it has rotated through the
angle « in time ¢ given by

e & __Maa
T w 3Psing

Example 6. I the above example if the end B, instead of being

free, is compelled, by « frictionless constraint, to move along the line



FURTHER EX. OF MOTION OF A RIGID BODY IN TWO DIMENSIONS 319

BC, show that the impulse P will be accompanied by a simultaneous
tmpulsive reaction on the constraint of magnitude.
3P sin a cos af(1+3 cosd a).
Let u,, v, be the components of the velocity ef @ and w,, the
angular velocity of the rod in this case.
The constraint being frictionless, the impulsive reaction will be
perpendicular to BC.

A a G w

Resolving along and perpendicular to 4B, we have
mu,==P cos a— R sin «,
mv,=P sin a+ R cos «,
and taking moments about @, we have
]
m————~q); w,;=P.a sina+R a cos a.

The velocity of B is u, along AB and v, +aw, 1 AB.

.. the point B will move along BC if
v,+aw,=P sin a4 R cos a3 (P sin o+ R cos )

Uy P cos a—R sin « T
or (P cos a—R sin «) sin =4 (P sin a+R cos a) cos «,
3Psinacosa__3Psinacosa
sin® at4cos? « 143 cost o

Example 7. Two equal unsform rods, each of mass m and
length 2a, rests on a smooth table, one extremity of one rod being con-
nected with one extremity of the other by a light inextensible string, the
rods and the string form the sides of a rectangle and the string is taut.
If an impulsive couple of moment G suddenly acts upon ome of the rode
80 as to produce an impulsive tension in the string, prove that the
energy communicated to the system is 15G*/16am.

Let u, u, be the velocities of the middle points and w, w, be
the angular velocities of the rods, and let 7' be the impulsive tension
in the string, just after the C
application of the impulsive > <
couple 7. Then the equa- T T
tions of motion are :

mu="T (1), a a
a?

m Tw:G—Ta...(Q),

and muy==—T ~...(3), __uyw _E,:\

3
m %%:Ta .- (4).
Since the string is

inextensible, the velocity

of B=the.velocity of C. A D

tan a=

which gives in magnitude R=

A
£

a a
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. U—dw="1U; —don
or U—Uy=Cw— Aw, ..-(B).
Substituting the values of u, u;, w, w, in (5), we get
27 =3G|a—3T—-37, or al'=3G.
ar
dw= ————mm e e — and awy=—
am m_ m m m m
Kinetic energy = im[u?+u;2+ 1a2w? + jaw,?)
[T T 257% 9T*
R P e B Y R v
4075 400 96 _ 156?
T 6m T 6m  64a2 T l6atm .
Example 8. A uniform circular disc of mass m, initially at
rest but free to move in any manner, is suddenly set in motson by an
smpulse, in its plane, applied to a point A of its circumference. The
initial velocity of A has components U along the radius through A,
and V along the tangent at A. Prove that the initial kinetic energy
of the disc 18 Im (U2 +}V?).
Let the diameter through and the tangent at A4 be taken as
the axes.

Let w be the angular velocity of the disc and u, v the components
of the velocity of its centre C, and let X, Y be the components of the

impulse at A.
Then we have

mu ==X, mv=Y, and mK?w=—Ya
2
or m%-w: —aY i.e maw=—2Y
2my+maw=2Y —2Y =0
or aw=—2v

For the motion of 4,
U=u, and V=v—aw=3v,
ie, v=3V and o= — 20
=3V
The Kinetic energy=3}m(u®+ v+ K%w?)

1 at 4V?
=§m[ (]2+—-9- V’+ —2~ X 'Q—aT-]
=im[U%4-§V2].

Examples LIV

1. A uniform rod 4B of length 2a, is lying on a smooth horizontal
plane and is struck by a horizontal blow, of impulse P, perpendicular to the
rod at a distance z from the centre. Find the motion and show that the point
about which the rod begins to turn is at a distance (a®--32%)/3z from the line
of action of P.

If P acts at the end 4 of the rod, show that the velocity of 4 is twice
that of the end B.

2. A light rigid rod has particles, each of mass m, attached at 4, B
and C, where AB=a, BO=b (a>}b). A blow P perpendicular to the rod is
applied at the middle point o; AC, show that the angular velocity acquired is

. a—b
dm ' aiyabibr’
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If the blow P acts at 8 point distant from A equal to BC, show that the
kinetic energy of the system is
Pt a*—_ab+4b?
Sm - at4-ab4-b*
3. A circular disc is revolving in its plane about its centre with angular
velocity w. Show that its new angular velocity if a point on the rim is
suddenly fixed is jw.

4. An impulse is applied at & point P in the rim of a uniform circunlar
disc lying on a smooth table, in such 2 manner that P starts to move along
the tangent to the rim at .”>. Prove that the initial velocity of the centre of
the disc is § times that of P,

5. A uniform circular hoop, lying on a smooth table, receives a blow,
in its plane, at a point P, inclined at an angle « with PO, the radius through P.
Show that P begins to move in & direction inclined to PO at an angle
tan-1(2 tan a).
6. A square lamina ABCD, of side 2a, rests on & smooth horizontal
plane. If the corner 4 is made to move with velocity 4 along the line B4
produced, prove that the initial angular velocity of the lamina is 3u/8a.

7. Two equal uniform rods, each of mass m, are freely jointed at A4
and laid on a smooth horizontal table so that angle BAC is a right angle.
The rod 4B s struck by a blow Pat B in a direction perpendicular to AB.
Show that

{¢) the resulting velocities of the middle points of AC and 4B are in
the ratio 2 : 7
and (74) the initial velocity of A4 is 2P[5m.

8. A uniform lamina of mass m in the form of an equilateral triangle
of side 2a, moves along with velocity u in a direction parallel to one sido AB.
Suddenly the foremost end 4 of the side is fixed. Show that the subsequent
angular velocity is /3 u[5a and that the impulee of the forco at the fixed point is
3 mu/yg in a direction inclined at an angle tan-1(/3/4) to the side 4B of
the triangle.

9. Three equal rods AB, BC, CD aro hinged freely at their ends, B
and C, so as to form three sides of a square and are laid on a smooth table ;
the end 4 is struck by a horizoutal blow J at right angles to AB. Show that
initial velocity of 4 is 19 times that of D, and that the impulsive actions at
B and C are respectively = J and 5 J.

10. A uniform rod 4B, of mass M and length 2a, lies on a smooth table
and a particle of mass i is attached to B by a light inextensiblo string. The
particle is projected from B along the table with velocity u at right angles to
the rod. Find tho velocity of the centre of the rod and its angular velocity
immediately after the string tightens, and show that a fraction M/(Al44m) of
tho original energy is lost. [Ans. muf(M +4m), Imufa(M +4m)].

11. A uniform rod falling without rotation, strikes a smooth horizontal
plane. Prove that for all values of the co-efficient of restitution, the angular
velocity of the rod immediately after the impact is & maximum if the rod before
impact makes with the horizontal an angle cos-*(1/v/3).

12. The end B of a uniform rod, of mass 2 and length 2a, is smoothly
hinged to & point on the rim of a uniformn ciroular disc of mass m and radius r,
The rod und disc are laid on a smooth horizontal table so that the direction of
AB passes through the centre of the disc.

An impulse P is applied at 4 at right angles to AB. Prove that the
kinetic energy produced is'9P%/10m, and that the impulsive reaction at the
hinge is 1 P.

13. A uniforin rod, of length 2 feet and weight 5 1b., is pivoted freely
at one end about a horizontal axis. The rod is slightly displaced from the
position of unstuble equilibrium. With what angular velocity will it reach the
horizontal position ?

What will be the impulsive blow on a stop which catches the end and
prevents the rod from moving past that poeition ? .

|Ans. 44/3; 40/4/3 lb. ft. sec. units.]
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14, A circular hoop of radius a rolling on a rough horizontal plane,
impinges on a rough peg of height 1 a fixed in the plane. Find the angula

velocity with which the hoop begins to trun about the peg. If V be the
velocity of the oentre before impact, prove that if 81 V2> 80ga, the hoop leaves
the peg immediately. [Ans 9V [104.]
15. Compare the kinetic energies imparted to an elliptic disc of semi-
axes a and b by a blow J in it plane through a focus at right angles to the
major axis
(¥) when the disc is free (if) when the centre of the disc is fixed.
[Ans. (5a?—3b%)[4(a’—bY)].
. 16:7. Centre of Percussion. If an impulse s applied to a
rigid body which 18 free to turn about a fixed axis so as not to produce
any impulsive reactton on the axss, the line of action of the smpulse is
called the line of percussion and the point tn which this line meets the
plane through the centre of gravity G of the body and the axis of rota-
tton is called the Centre of Percussion.
In the case of a thin rod the centre of percussion is the point in the rod
where the line of action of the impulse meets it.
When the line of action of the impulse is given, the axis about
which tho body begins to turn freely is called the axtis of spontaneous
rotation.

16.71. As a simple example let us consider the following :—

A uniform rod OA of mass m and length 2a suspended freely
from one end and struck by a horizontal blow P at a point C at a
distance x from G, the middle point of the rod.

Let w be the angular velocity acquired by the rod just after
the,application of P and let X be the impulsive reaction of the fixed
axis on the rod.

0 X Then the velocity of G is aw.
maw=P+X we (1),
Taking moments about O, we have
a m (K2 a?) o =moment of the impulses about O
=P (a+%) . (2),

where K is the radius of gyration of the rod

in about G, t.e., K2=14 a.
From these by eliminating P, we get
z m[K2+a?—a (a+2)]wo=—(a+x) X,
—_C or X=m (ax— K?)w/(a+z).
P Now X=0, i.e., there is no impulsive
action at O, if az=K?, i.¢., if 0G.GC=K2 ... (3).
A If this condition is satisfied the point C is

the centre of percussion and equation (3) shows
that the centre of percussin coincides with the centre of oscillation
in this case.

It also shows that if the axis of rotation passes through C, O is
then the centre of percussion t.e., the axis of rotation and the line
of impulse are interchangeable.
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Note 1. In the example given above z=K?%a. If z is not qqual to
K?/a, X exists and is not zero. It i positive or negative according as z> K*/a,
or <A?a i.e., the impulsive reaction on the rod is in the same or opposite
direction as the blow according as the blow is applied At a point below or above
the centre of percussion.

Note 2. If in a body (symmetrical about a plane through G perp. to
the axis of rotation), rotating about a fixed axis;0G=Ah, then the position of C is
given by 2=QC == K/h, whero K ia the radius of gyration about a parallel axis
through Q.

4

If may be compared with the Compound Pendulum discussed in
Art. 14.93, P. 292,

16-72. The principle of the contre of percussion has impor-
tant practical application in the design of instruments.

For example, the handle of a hammer is made of waod and
not of the metal of which the hammer-head is made. Wood being
lighter, the main part of the mass is collected in the hammer-head,
s0 that the blow acts at a point very near to the centre of percussion
and thus action on the axis of rotation t.e., on the hand of the
workman is very slight.

If the handle were made of the same material as the head,
the workman is bound to feel the jar at his hand.

Similar is the case with a cricket bat, the hands of the
batsman occupying a small portion of its handle is an approximation
to a fixed axis. A very little jar on the batsman’s hands is felt if
the bat hits the ball at the proper place. Any one who has used a
bat knows what difference it makes to strike the ball at the correct
point on the blade of the bat. The point is, of cour:e, the centre
of percussion.

The height above the table at which a billiard ball should be
struck by a horizontal blow, in order that it may not slide, is
a2+K2 _ a +§a’

P =TT g,

a a
where a is the radius of the ball.

Example 1. A4 uniform rod of mass m and length 21 lies on
a smooth horizontal plane and 1s freely hinged at a point A distant a
from the centre G of the rod. [t is struck by a blow of impulse P in a
direction at right angles to its length at a point B at a distance b from
G and a+-b from A. Find the angular velocity w tmparted to the rod
and the impulsive reaction at the hinge. Find also the position of B
in order that there may be no reaction at the hinge.

Let X and Y be the components of the impulse at the hinge A,

along and at right w

angles to the rod. X‘. A B

ThenX=0  ...(1), a [
maw=P—-Y...(2), Y‘, 1

2
and m ’,; w=Pbh4Ya - (3).
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From (2) and (3), we get P (a+-b)=m (a?+} I*) w.
3 _
w—-—-zz:g(:,:_::_l;})- and Y ‘=P“”’a“’=L3“,T_::_‘abl‘;‘P'
In order that the impulse at the hinge may be zero,
b=l’/3a=l’/3 AG, .
80 that the centre of porcussion in this case is distant 12/34G
from .

Cor. If the rod were not hinged and is free to move and if
the point 4 were at rest immediately aftor the blow, equations (2)
and (3) then become,

maw=P,  and mw }*=Pb, from which a=13/3b.
Thus the rod begins to turn about the point distant 3/3b
from the centre, I

Subsequently  moves with uniform velocity aw=P/m, at
right angles to the initial direction of the rod and at the same time
the rod rotates with uniform angular velocity 3Pb/mis.

Example 2. A pendulum 1is constructed of a solid sphere, of
mass M and radius a, which 1s atlached to the end of a rod AB, of
mass n and length b.  Where should it be struck at each oscillation’
that there may be no tmpulsive pressure to wear the point of support ?

Let G be the C. . and K the radius of gyration of the whole
body and let the point of support be at A, then
(M4m) b or (M+m) AG=M (a-}-b)+m. } b,
and (M +m) K2=M[2 a*(a+b2]+anl} (b B)24+(3 DR,
.. the required point (' is given by
AC=~IQ M iatt(at b))+ 1§ 1{1!){
h M (a-+-b)+ 1 mb )
Examples LV

1. Find the distance of the centre of percussion from the axis of rota-
tion in the following cases :—

() A uniform bar of length 2«, free to turn about one c¢nd.

(if) A uniform circular plate of radius a with axis perpondicular to ats
plane tlirough a point on its rim.

(iii) A uniform circular plate of radius b with axis a horizontal tanyent.

(i) \n equiangular triangular lamina of side 2a, rotating about a &'de
which is horizontal. .. .
[4na. (i) ga (i) ya (i) 16 () V3 .|

2. A uniform circular lamina whose centre is O, rests on a smooth
horizontal plane, show that it will commence to turn ahout a point 4 on ita
circumference if it isatruck a blow acting perpendicular to A0 st a distance
from A cqual to { of a dinmeter of the lnmina.

3. A pendulum ef length 1 ft, 4 ing. consists of 1 uniform circular dise
of dinmoter 4 ins. at ono end of a uniform rod of length, 1 ft.. which is
surpended from the othor end.  Find the ratio of the asses of tho rod and the
dise \f u horizontal blow applied in the plane of the dise § in. above the centre
produces no impulsive reaction at the point of Support. [4ns. 1:3)
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ANSWERS
Examples 1. Page 5.

(i) 183 f. p. s. (1) 21 ft./scc.® (z3t) 39 f.p.s.
(i) zcro, —2ft.[sec.? ; 1 fu.[sec., 4 ft.[sec.?® (i5) zero, -—gY ft.
(i13) — o ft. ’
From 2=0 to z=2 or from —2 to —oo.

1048 m.p.h. 10, 14 11. 7:8. 14. 2000 fv.[sec.

6 m.p.h.

Examples II. Page 11,

2 ft.[sec.? ; 605 ft. ; 60 m.p.h. 2, 4 ft./sec.?; 5 secs.

133 ft. N 4. 110 ft. further 20 secs.
.)4% ft. ; 334/2=46'7Tfps. 7. Tu.

@) (v—w)ft. (@) duto)kt. (i) V(i F0))2.

21 ft. from the last position ; after § sec.

—7} f.p.s. ;513 fps.

4 ft. beyond l' ; 4% ft. beyond B.

720 cm. /Rec 60 cm. [scc.? 18. 3193} ft.

30 m.p.h. ; 31'6 m.p.h.

Examples IIl. Page 15.

(¢) 196 ft. (21) 7 sccs. (iit) After 3 secs.

(iv) After 1 sec. and 6 secs. (v) After 8 secs.

240 ft, ; 272 ft. ; 8°8 secs. 224 ft.[sec. ; 14 secs.
17} 3f¢. 5. After 6 sccs. ; 648 fb above bottom

160 ft./sec. ; 2} secs. ; 7} secs. 7. 6844 f.p.s.; 3063 ft.
80 ft./sec.

3} secs™ from the instant of throw of the first stone ;
84 ft. above the point of projection.

Ata distance 3/8 btlow Band }4/ sfg sec. after the start of the
second particle.
9 secs. 14. 225 ft. 15. 1758% ft.-

Examples IV. Page 2r1.

25 mi./min2 ; % mi./min 2 ’
60 ¢m./scc.? ; 80 em.[sec.? ; 2400 cm.[scc.®

£2 ft. feec?; 21‘ fps. 6. }}ft.fscc?, 3 ft./sec? ; 440 ft.
IU min., 59 2o sees.

REVISION QUESTIONS—I. Page 22
60 m.p.h. ; 44 sccs. ; 1936 ft. ; 8 sccs.

1 sce. ; 14/ see, LY. _._.._1___:_ L1
ce 4\/ 8e¢ g(1+f+~]l—f’)’;72_
139 min. 12. 2,\/..‘_, 16. 1120 ft. seo.

-3
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Examples V. Page 30.
5861b. wt. 2. 1694 ft. ; 1648ecs, 3. 125 secs. ; 1250 ft.
361b. wt. 6. 9 poundals,
141'4 cms. per sec. ; 166'1-gm. wt.

Ww__f_ - 9. 8ft.[sec?; 5secs, 10. 8ft.[sec.?; 5 secs.

13 1b. wt, 12, 5%} tons wt, 13. 100 secs,
(i) 110 secs. (3i) 22 secs. (232) 5486 secs.
17-28 ft.

Examples VI, Page 36.

893 Ibs. ; 110 1bs. ; 130& lbs. 2. Zero.
64 ft. /sec 1:231b.; 41b. ;zero.
24'53 cm /sec’ 7. 500 1b. wt.
Examples VII. Page 4o0.
7rg, 10}# 1b. wt., 215 Ib. wt. 2. 980 cm./sec®.
30 1b. or 3} Ib. 4. 101b, 61b.
91b. 90z., 61b. 7 0z. ; 81 1b. wt., 7°44 lb wt.
13§ sec. ; 531,& ft.
V ft.[sect, 204 ft., 3} secs., 1§ Ib. wt,, 242 1b, wt,
$ ft.[secd, 206 fl; 1108 sec., 1'97 Ib. wt., 2:79 1b. wt,
4 ft [sec.® 12 11b.  13. 6% ft. per sec. ; 2§ in.
.M+2m, +2m, LTI
M4 m,+my g M+m +my W
381 oz, wt. ; 1'46 sec.
(3) 6% Ib. wt-. ; 1 N39 sec. (13) Tdg Ib. wt. ; InJ78 sec.
REVISION QUESTIONS—IL Page 42.

43 cwt. ; 1'61 tons wt, ‘
2 mins. 551 secs. 4. 8 secs. nearly.
1'95 tons ; 138§ secs. 7. 3} ft./sec?

]7{- stone wt. ; g/9 ; 139/72;g/8. 11. ¢/17.

19, &g ft. /sec L ; gmg poundals,

123 Ibs, wt.
rﬂg fh./sec"

S

39+ (—’;‘-+ — + ——). 17. 42m.p.h. ;54 m.p.h.
Examples VIIL Page 47.
—2 v3/ct, 11. log, 4=1"% sec. nca,rlv

350 log, 2 scc. ; 21} miles.
) 1
1 log"/("'x-*_ Vel t V2V sinh 4/p ¢; —j= cosh=1 2.

N 4 N * N
Examples IX. Page 52.

1. ft. 3 in. ; 13 ft./sec. 2. 2:86. ft. ; 13 ft./scc. nearly.
3'14fpe ,-7fps 1} see. 4. 2w sce. ; 34/2 in. per sec.
16 sec. ; 16-97 md\ee 8. 34/2=424 ft.[sec. ; 0'17.
6m=1885 f.p.s. 5 666, 333 1b. wt. nearly. 12, ja

-3, —34,0. 18. ’wz/ 16g. 19. 3508, 28'92 poundals.
304/¢/m=>54 nearly.. 22, =/3n.

3'14 sec. ; 5ft. ;10 f.p.s., 20 ft./sect.
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Examples X. Page 6o.
. —g» sec., 1} f.p.s. 3. m/4/6 sec. 4. 21\:\/:5- .
i in. ; T sec. ;o 4
W sec. 7. 6in.; 33 5€0i7g + 1 e

w Vam/h , VAg/m.,

1'19 ft.; § V15=6:19 f.p.s., 784 ft./sec?.

gin~t é— + %—-3— sec., 1414 f.p.s.
Examples XI. Page 62.

T 1
B TaE
2w 2ra 2t
’n=§. 11. -T-—‘\/a’..zi; ——i,-' 008—57—'.

4w

V9
REVISION QUESTIONS—III. Page 63.

(my+myl T}, (my—my )g
"["”"‘"'x"”] I

Examples XII. Page 71.

664 m.p.h. nearly. 13. sec., 54/g om.[sec.

2835 f.p.s. at tan-1 5—2\/7?- with the car’s direction of metion.

173 ; 3 m.p.h. 4. 7 m.p.h

At 90°4-sin—! $==143° 8’ with his own direction of motion.
30° North of West ; 104/3 m.p.h.

2857 min. nearly, ; nearly 30°5° East of South.

(a3 482424t \/E’——:_Eﬁ~5} |t
AV ud

v o Vui—?
At 30° with QP ; 6 min, ; at right angles.
V351 PQ. 17. 20, 17:32 f.p.s. at £-30° to the horizon.
604/3 m.p.h. ; at +30° to the horizon,

Examples XIII. Page 76.

16 ft./sec. 4 4:3.
1:(\2—-1);1:3;1:3:6. 7. lin 48,
Vgh; 0; gk
At a distance of gth length of the plane from the bottom ; 32 ft.
2182} yds., 4325 f.p.s.

v >u,

3220 1b, wt. ; 18617 ft. 14. {6 fb./sec.
13ft. 4in. ~ 16, 261b. 100z 17. 4:5; 11: 19,
(a) 5, 24. 32 Ib. wt. (b) 2} sec., 50 fr. 20. 30°. 21, 2 ft.

The radius through the point makes 60° with the vertical,
Examples XIV. Page 8o.
168/5 ft./sec. ; 80 ft.fsec. 2. 6ft. 3. 4 ft./sect. ;2 neos.

1v/5 sec. ; At4/5 ft. per sec. 7. 31-4-'5«.‘
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8. The larger mass descends with aceeln, 2"’3_3{); the masses do

9
276153
36 yds.

REVISION QUESTIONS—1V. Page 81.

2
4. sin™! ;:T’ . 8. u=(m sin §—M)/m cos §.

not move. 9.

Examples XV-A. Page g1.
1, (4) 72 ft. (i2) 200 fv. (¢i7) 98 ft. ; 15°, 75°.
2. 804/110, 484/ 110 ft./sec. 3. 1:4/3;equal
5. (b) 5sec., 6928 ft., 100 ft., 400 ft. 6. 604/3 ft.
11. 433 secs. ; 25 yards, 12. (a) 2400°0 ft./sec. (b) 192 ft.
13. 2712 ft. 14. 27 m.p.h.
. With a velocity 105/10 ft./sec. at tan~! 3 with the horizontal.

Examples XV-B. Page 94,
1. 577, 5§4, 56 ft.[sec. ; } scc.

(v®*—2v'sin «. gt+g22)* ; 2(v sin a—gt)/g. 7. 34 ft.
2u 2u

U= —;/—3, 1= 56—.
Examples XVI. Page g8.

1. 45° tan-! §=056°18'; 450 ft., 4154 ft. 2. 45° tan™! 3.
4. tan-! §. 8. 32 ft.[sec., after § sec. ; 24 ft./sec.
9. 4Y8ay. 12. 20 ft. 16. 13-4 ft,

19. %— NP +2gh. 21. 148 ft. from the nearest wall ; 50'6 f.p.s.
26. 865 f.ps.; 17064 f.ps.

Examples XVII. Page 104.
1. 4'3sec. ; 300 ft. 2. 64 yds. ; 192 yds.

4. 333333 ft: 5. 121'42 yds., 52}° with the vertical.
10. tanl {.
Examples XVIII. Page 111.
45 . v -
1. 135 ;90seccs. 2. - TPS; 3 min. 10. o N 2t —at.
Examples XIX, Page 116.
1. 2} 1b. wt. 2. 302 gm. wt. 3. 185 1b. wt.
4. 474 ft. [scc. 5. 1ly}p ton. wt. 6. 2311b. wt.
7. 3. 9. 480/r r.p.m. 10. V2¢q.
11. 1346 ft. ; 16:61 Ib. wt.

. Examples XX. Page 119.
1. 13} 1b. wt. 2. 31b. 6 oz. wt, nearly. 3. 48.
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41 r.p.m, nearly 4 0'115 Ib. wt.
(¢) 12 cm. ; 81 cm. per sec. nearly. (i) 32 gm. wt. nearly.
(iti) 2 r.ps.

m{g—20%/3l). 18. (5) 7°71b. (i) 1085 Ib.
Examples XXI. Page 126.
tan—1fk. 2. 1'65 tons wt.

224 1b. wt. nearly ; 48/2 ft. from projection of the centre on
the ground.

1120, 336, 117 1b. wt. nearly.

127, 12'5m.p.h. 9. 3'44 inches.

2688, 1971°2, 25088 |b. wt. ; 36 ft.

Examples XXII-A. Page 134.
30 m.p.h. 3. 8182 m.p.h., 6 times the weight of the pilot.

403 ft., 24 f.p.s. 5. 37} ft. 6. [2ag(3—2~j2)]*'
With a velocity § V/2ag at tan~! 24/} with the horizontal.
V3gl;§W. 10. 120°. 11.  3(204-94/2)w.

V2ag, Vag. 14. 63 ft., 6'8 ft.
30 Ib. wt. ; 3th of the length of the string.
The particle leaves the circle at a height §a above the lowest
point.
12 ft./sec., § ft.
Examples XXIII. Page 141.

39:03 inches, 99°3 cm. 2. 324 ft. nearly ; 6'36 ft.

4:32. 6. Shortened by 1'77 mm.

32-2 ft./sec?.  10. Gains 270 sec. 11, 33888, 12, 43%s.
Loses 1636 sec. 14. 108 secs.

1630 yds. nearly, & secs. per day.

£3 mile, 17. 1%. 20. 2 Vnb/F.

Examples XXIV. Page 149.
2 poundals, 183 fi. Ib. 2. 700ft. Ib.

w
50 f.p.>. 4. 12 ft. poundals ; 2 sec.
3750 ft. 1b. 13. 1,614,000 ft. Ib.
Examples XXV-A. Page 153.
125 H.P. 2. £y ft./sect. ; 2457 m.p.h.
8¢ HP, 0557 HP. 4. 3413664 HP.
672 ; 90 m.p.h. 6. 114 H.P.
28-64 H.P. 8. 53 nearly.
13'4 m.p.h. nearly 10. 18} m.p.h.
1:168 ft./sec?. 12. 12 m.p.h. ; 13} ft./sec?.

2142 m.p.h.

12430 1b. wt., 905 H.P. ; 0'189 ft./sec.®

50 m.p.h. 20. 435} HeP., 75 ft./sec?,
500 ; 490 H.P. 22 14, 20324 ft., 34,% m.p.h.

24
e (22 g JHP. 24 14225 b, wt.; 16173 HLP.
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Examples XXVI-A. Page 159.

40,00,000 ft. 1b. ; 500 hours. 2. 24'8. 3. 8 ft.lb. ;32 hours.
25 ft. b, ; 2. 6. V7:45:4/3. 7. 1010 lb. wt.

834 inches. 9. 1020°94 H.P.
Examples XXVI-B. Page 165.
() 3 ft., (i1) 84/6 ft./sec. 8. V{#(5—3v/2)ga.
Examples XXVII-A. Page 168.
104 cwt, 2. (¢) 51b. wt. (32) 200 1b, wt.
(2) 9 1b. wt. (it) 204 Ib. wt. 4. 1313 b, wt.
2664 1b. wt. : 959 lb. wt. 7. 3939 lb. wt.
5 units ; 16§ Ib. wt. 9. 15} 1b. wt.
Examples XXVII-B. Page 173.
4fps. 2. 31604 ft. Ib.

269 m.p.h. in a direction making 21° 48’ with the cross road.
1600 ft./sec., 2020 fc. tons.

4'58 1b. wt. nearly. 7. 1} ton.
Examples XXVIII. Page 176.
2 ft. 9% in., 1'68. scec. 4, 41fi., 4 oz. wt., }4/15 sec.
202/g, 2mvfyg, 2v/4/3. 7. 588 f.pas., 2§ in.
39713 Ib. wt., 17143 ft. Ib. 12. 772 NI0 £p.s.
n(n-——-l)b’sec A
2V P’ o

203542 f.p.s. ; 96458 f.p.s.
REVISION QUESTIONS—VIII. Page 181.
105 sec., 733 f.p.s., 73 H.P. 4. 02l

3} VVi—2yga. uy S
. . Mm((V+v)? | .
The integer just> PRI Ty e e 4, 2:48 ft. 1b.

Examples XXX. Page 186.

1fps, 3fps. 2. 4} ft. 1b,, }.

32'7 f.p.s., 7'8 f.p.s. ; both reversed ; 47°8 ft. poundals.
(14+2e) : 1. 8. §; 4567 ft. lb.

2 f.p.s. reversed ; 1 ; 5§ ft. lb. 10. 75 ft. ; 2:79 secs.
123 ft. 14, t%u. 18. 4 ft.[sec. (approx.).

0, }d ; 1d, {%d, d being the diameter.
Examples XXXI. Page 192.
6aJ3 ft. per sec. at 60° to the line of centres.

5 £.p.s. along the line of centres, 25 f.p.s. in a direction making
tan ! § with the line of centres.

b
. 7 ] -], 3 .
427 fps. at ian W o the line of centres ;

2:66 f.p.s. at tm"—vsﬁ— to the line of centres. 6. §.
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ANSWERS VII

The first ball comes to rest, the second moves with e timces
the original velocity of the first.
Examples XXXII-A. Page 196.

433 1b. ft. sec. ; tan~1(2/a{3) with the plane.
30° 3. 30° 45°. 4. 091,
m V2gH(1+ VHh). 7. 144 ft., 3 secs.
ns . 2u(l—em) | 2.8
Py R b
Examples XXXIV, Page 211
55 f.p.s. at tan—1§ with the rear of the train.

tan~ ‘»Q 0" 33'5 units nearly. 3. 38 f.p.s. nearly.

At 60° with the man’s direction of motion.
50 ft./scc. at tan~! § with the railway line.
20 m.p.h. at 120° with the direction of motion of one of them.

W3 N .
28 m.p.h. at tan™? T with the dircetion of motion of the firsi
car.
2646 m.p.h.. at 139° 6" with the direction of the cyclist,

At tan—1 §'S of W.
13 m.p.h. nearly at tan—? zl‘nm'th of cast,

NV —uw s8iN a-4-vw Cus &
1034 uw cos a—vw 8in «
254 m.p.h. from the right rear at 9° 3’ wath the direction of

tan—1

motion of the car. 14, 566 m.p.h. from S.K,
Trom the direction tan~! } E of N,
} mile, 20. 404 yards (approx.).

sin~! }2 nroth of east ; (¢) 10 ft./sec. ; (#1) 24 secs.

188:56 m.p.h. ; \J10 miles.
3v or ¢ ac cmdmg as the points are moving in the opposite or
in the same dirvection \\hvn\they are at the ends of a diameter.

29 ft./scc. nearly. 28, 110°85 f.p.s., perp. to the incline.

oR- vy 1 __._n_o_u_‘__)2 Mu _Mu
2808, 32, ,M( e i

Examples XXXV. Page. 215.

N3/4 Ib.wt. 3. g(M-+m cosla).

The wedge must be moved with accgleration ¢ tan « ;
maq sec o,

119 1b. ft. ~ec. 12, Zero, 251D, wt 32 ft.

Aadainat the divection of motion
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ELEMENTARY ANALYTICAL DYNAMIOS

Examples XXXVI.. Page a21.

2-6 seos.

From the hypotenuse BC, cut off BP equal to the horizontal
side B4, and join AP,

Measure from the lowest point along the hypotenuse a length
equal to the horizontal side.

Inclined at 60° with the axis in each case.

1

en2
A circle passing through the lowest point of the given circle
and touching it there.

Examples XXXVIII. Page 230,

Inclined at cos—!

. . . 1
with major axis ; e= ;R

214 2. 1'348x107ergs. 3. 4%, 4 .}
11 scc..9°68 ft. 6. 44ft., 13 sec. m
11b., 10 ft., § sec. 8. 6gm., 1§ om.

50 1b., 64 f.p.s. 10. 800 ft. 74 sec., 1200 Ib.

Power.





















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif
	00000165.tif
	00000166.tif
	00000167.tif
	00000168.tif
	00000169.tif
	00000170.tif
	00000171.tif
	00000172.tif
	00000173.tif
	00000174.tif
	00000175.tif
	00000176.tif
	00000177.tif
	00000178.tif
	00000179.tif
	00000180.tif
	00000181.tif
	00000182.tif
	00000183.tif
	00000184.tif
	00000185.tif
	00000186.tif
	00000187.tif
	00000188.tif
	00000189.tif
	00000190.tif
	00000191.tif
	00000192.tif
	00000193.tif
	00000194.tif
	00000195.tif
	00000196.tif
	00000197.tif
	00000198.tif
	00000199.tif
	00000200.tif
	00000201.tif
	00000202.tif
	00000203.tif
	00000204.tif
	00000205.tif
	00000206.tif
	00000207.tif
	00000208.tif
	00000209.tif
	00000210.tif
	00000211.tif
	00000212.tif
	00000213.tif
	00000214.tif
	00000215.tif
	00000216.tif
	00000217.tif
	00000218.tif
	00000219.tif
	00000220.tif
	00000221.tif
	00000222.tif
	00000223.tif
	00000224.tif
	00000225.tif
	00000226.tif
	00000227.tif
	00000228.tif
	00000229.tif
	00000230.tif
	00000231.tif
	00000232.tif
	00000233.tif
	00000234.tif
	00000235.tif
	00000236.tif
	00000237.tif
	00000238.tif
	00000239.tif
	00000240.tif
	00000241.tif
	00000242.tif
	00000243.tif
	00000244.tif
	00000245.tif
	00000246.tif
	00000247.tif
	00000248.tif
	00000249.tif
	00000250.tif
	00000251.tif
	00000252.tif
	00000253.tif
	00000254.tif
	00000255.tif
	00000256.tif
	00000257.tif
	00000258.tif
	00000259.tif
	00000260.tif
	00000261.tif
	00000262.tif
	00000263.tif
	00000264.tif
	00000265.tif
	00000266.tif
	00000267.tif
	00000268.tif
	00000269.tif
	00000270.tif
	00000271.tif
	00000272.tif
	00000273.tif
	00000274.tif
	00000275.tif
	00000276.tif
	00000277.tif
	00000278.tif
	00000279.tif
	00000280.tif
	00000281.tif
	00000282.tif
	00000283.tif
	00000284.tif
	00000285.tif
	00000286.tif
	00000287.tif
	00000288.tif
	00000289.tif
	00000290.tif
	00000291.tif
	00000292.tif
	00000293.tif
	00000294.tif
	00000295.tif
	00000296.tif
	00000297.tif
	00000298.tif
	00000299.tif
	00000300.tif
	00000301.tif

