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PREFACE TO THE SECOND EDITION

In this edition, the author has made minor alterations in
Chapters XV and XVIII and has rewritten Chapters XVI,
XVII and XIX.

Since the pubhcatlon o the First Edition of this work, a re-
markable contribution fo our knowledge of solutions of electro-
lytes has been made by Debye and Hiickel. The author has
endeavored to give an adequate presentation of their views in
Chapters XVI and XVII which deal with chemical equilibrium
in liquid solutions and with the important subject of electro-
motive force.

Chapter XIX is devoted to the Third Law of Thermodynamics
but contains also a brief discussion of radiation and the quantum
theory. In the First Edition the method of treatment followed
rather closely the historical development of the subject, a develop-
ment which received its characteristic impress from the in-
westigations and writings of Nernst and his fellow-workers.
But although the great importance of the Nernst heat theorem
is fully recognized, it is now evident that the methods employed
by Nernst in expounding and testing the heat theorem are
unsatisfactory and roundabout and tend to obscure the essential
simplicity of the Third Law. The author hopes that his treat-
ment of the subject in the present edition will be found to be
clear, direct, and adequate.

F. H. MacDOUGALL.

MiInNEAPOLIS, MINN.,
Feb. 3, 1926.
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PREFACE

No one can write on thermodynamics without being deeply
influenced by Willard Gibbs and Max Planck. The writings of
the former will always be the admiration (and sometimes the de-
spair) of the student of thermodynamics on account of the
extreme rigor and completeness with which he discusses the
subject, while Planck in his Lectures on Thermodynamics has
given a treatment which is a model of conciseness, accuracy and
logic. It has been my endeavor to write a book which, in addi-
tion to being accurate, logical and sufficiently rigorous, will fur-
nish the student with numerous examples of the application of
the principles of the science. It is with this object in view that
four chapters have been devoted to the phase rule and its
applications.

According to the point of view adopted in the following
pages, thermodynamics is an empirical science, i.c., it is based
on generalizations from experience which find their expression
in the First and Second Laws. Hypothetical views as to the
constitution of matter or the nature of heat are not used in the
development of thermodynamic principles and hence these prin-
ciples are as certain as the experimental facts on which they
are based. It is of course possible to develop the subject on
the basis of the kinetic theory, assuming heat to be the kinetic
energy of molecules. This method has many advantages and
may lead to a more intimate knowledge of nature than is gained
when we refrain from such hypothetical aids. On the other
hand, by developing thermodynamics empirically, we can be
sure that all our results will be expressed in terms of quantities
such as temperature, pressure, volume, etc., which can be de-
termined directly by experiment. It is true that we shall fre-
quently apply our empirical thermodynamic principles to prob-
lems which are set forth in the language of the molecular theory,
as in the case of the study of ionic equilibrium. The distinction

v
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between hypothesis and fact is, however, always emphasized, so
that the reader should never have any difficulty in determining
to what extent a given result is hypothetical.

This book has been written to meet the needs of advanced
students of Chemistry. While a course in thermodynamics is
indispensable to students of physical chemistry, it is no less
desirable for the organic chemist, who finds that, to an ever
increasing degree, he must make use of physico-chemical methods
and laws, the full significance of which will hardly be clear to
one who is not familiar with their thermodynamic foundations.
Moreover, the instructor in general or analytical chemistry, if
he is not already acquainted with the principles of thermo-
dynamics, will find that a knowledge of them will be of great
service to him both in the class-room and in the laboratory.
Many of the laws which we meet with in text-books of Chem-
istry are valid only under certain definite conditions. Chemical
literature is full of instances in which writers have employed
these laws in cases in which they are no longer valid. An
exact knowledge of the conditions under which these laws may
be applied would have prevented this waste of time and energy.

In addition to possessing a fair knowledge of chemistry and
physics, the student of thermodynamics should be familiar with
the elements of the differential and integral calculus. It is
more important that he should understand the language than
that he should be familiar with the results of the calculus. No
apology is offered for the considerable number of mathematical
equations which will be found throughout the book. They are
as essential as chemical equations in a book on descriptive
chemistry.

Errors of various kinds have doubtless escaped the eyes of the
proof-readers. The author will be grateful to anyone who will
be so kind as to call his attention to any error which may be
found in the following pages.

F. H. MACDOUGALL.

UNIVERSITY OF MINNESOTA,
MiNNEAPOLIS, MINNESOTA,

December 22nd, 1920.
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Thermodynamics and
Chemistry

CHAPTER 1
TEMPERATURE

In our every-day experience”we describe bodies as hot or cold,
basing our statements usually on the sensations we have when
we bring our hands in contact with the objects considered. If
we have before us a number of bodies, we may even attempt to
arrange them in a series such that each member is hotter than
the succeeding one. This property of bodies, which gives rise
to the sensations of which we have been speaking, is called their
temperature. Now, although our sensations inform us as to
qualitative differences of temperature, they are-.not sufficiently
accurate to be used as a quantitative measure of those differences,
especially since experience shows that in some cases they may
give erroncous results. Some more objective measure of tem-
perature must be found. Now, it is an empirical fact that, other
conditions remaining the same, most bodies have a greater
volume when they are hot than when they are cold; and this
fact can be established under such conditions that our sensations
are certain to give us the correct qualitative result. We shall
therefore measure changes in temperature by the changes in
volume which certain bodies undergo, when all other conditions
which might cause a change in volume (such as increased pressure)
are maintained constant. Before proceeding, however, to a con-
sideration of the various thermometric substances i.e. sub-
stances whose changes in volume are used to measure differences

of temperature, it may be well to state two fundamental empirical
I
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laws in regard to temperature. The first is that if two bodies
A and B have each of them the same temperature as a third
body C, then the temperature of 4 is the same as that of B; the
second empirical law is that if a number of bodies, 4, B, C, etc.,
have the same temperature and if a body M has a temperature
higher than that of A, then its temperature is higher than that
of B, C, etc.

If any number of bodies, originally at different temperatures,
are placed in contact with one another, we know by experience
that ultimately all will have the same temperature. The system
is then said to be in temperature-equilibriym. If we confine our
attention to two bodies originally at different temperatures, we
know by experience that the temperature of the hotter body will
fall, that of the colder body will rise. We describe this fact by
saying that the hotter body loses heat and the colder body gains
heat. It is the difference in the temperatures of the two bodies
which determines the direction of the transfer of heat. Methods
of measuring the quantity of heat transferred will be discussed
later.

Thermometry

If we wish to use a particular body 4 as a thermometer, we
note its volume when it is in temperature-equilibrium with melt-
ing ice (under a pressure of one atmosphere) and then when it is
in temperature-equilibrium with water boiling under a pressure
of one atmosphere. The change in volume represents a definite
difference in temperature which we might take as unity, but which
it is customary to take as equal to 100 units of temperature-
difference, each unit being called a degree. This gives us the centi-
grade scale. The temperature of melting ice is then o° C. and
that of boiling water, 100° C. If the volumes of our substance
4 at o° C. and 100° C. be Vo and Vi, respectively, then, when
the substance 4 has the volume V, the temperature will be

V-V
Viwm — Vo
be used in the same way to define the centigrade scale and since
its volume changes do not necessarily follow the same law as
those of substance 4, the scale, as defined by B, would probably

X 100 = #°C. Evidently a second substance B might
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differ at all points (except at o° C. and 100° C.) from our first
scale. Hence there arises a certain arbitrariness in the choice
of a thermometric substance, since there is no reason a priori
why one substance should be preferred to another. A definition
of temperature which is independent of any particular substance
can only be reached on the basis of the second law of thermody-
namics. For the present, then, we must simply recognize the
arbitrariness of our temperature scale, although we shall see that
the one obtained using such gases as hydrogen, helium or nitro-
gen does not differ appreciably from the thermodynamic scale.
Among the various substances which have been used for
measuring temperatures, we may mention mercury, alcohol,
pentane, hydrogen, nitrogen, helium and air. Since the gases
mentioned give temperature scales which are almost identical,
there is evidently some justification in using a gas thermometer
as a standard. For the most accurate work, however, the differ-
ences in the behavior of these gases must be taken into account
and the particular gas used as a thermometric substance has to
be borne in mind. A comparison of the various thermometric
scales can be found in Landolt-Bérnstein’s Tabellen. Other
methods of measuring temperature, such as those based (1) on
the electrical resistance of metals, (2) on the electromotive force
at the junction of two different substances and (3) on the radia-
tion emitted by hot bodies, need only be referred to in this place.

Equation of State or Condition

Confining our attention to a homogeneous, isotropic body of
uniform temperature and density, we can state as an empirical
fact that the state of the body is determined by its mass m, its
volume V, its temperature ¢, its state of electrification and mag-
netization, its surface and its chemical composition. For our
present purpose we can omit the consideration of electrical, mag-
netic and surface effects. Accordingly all properties of a given
body will be determined by its mass, volume and temperature.
This is, for instance, true of the pressure acting on the body and
exerted by the body on its surroundings. The pressure p is
expressed in terms of the force acting on unit area of the surface
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of the body; i.e., it is measured in dynes per cm.2. The unit of

I dyne) .
. n): s ) is, however, not the one

pressure so defined (1 bar =

commonly used. Pressures are usually expressed in millimeters
of mercury or in atmospheres, an atmosphere being represented
by a column of mercury at o° C., 76 cm. high, at sea-level and
45 degrees latitude. Taking the density of mercury at o° C. as
13.596, an atmosphere is equal to the weight of 76 X 13.596 =
1033.3 grams on a square centimeter, and since the weight of
a gram at sca-level and 45 degrees latitude is 980.6 dynes,
1 atmosphere is equal to 76 X 13.596 X ¢80.6 = 1,013,250 dynes
per cm.2.  One megabar, or 10® dynes per cm 2, is approximately
one atmosphere; more accurately it is represented by a column of
mercury 75.006 cm. high.

Now the pressure exerted by a body of mass #, volume V
and temperature £, depends on the temperature and the ratio of
mass to volume; for if we maintain the temperature constant,
we can double the mass and simultaneously the volume without
changing the pressure. Hence, if the specific volume he repre-

sented by v = 1%, we can say that for any homogeneous, iso-

tropic body the pressure is a function of the specific volume and
of the temperature or p = f(v,£). This equation, whether it
can be written explicitly or not, is called the equation of state of
the body and is characteristic of the body.

Ideal Gases

The relation between the pressure, volume and temperature
of most gases can be represented with a considerable degree of
accuracy by a very simple equation. Gases for which this equa-
tion holds strictly are called ideal or perfect. The general form
of the equation will be deduced from the laws of Boyle and of
Charles and from our arbitrary definition of the temperature
scale, using the gas thermometer. 1In a later section, the manner
in which actual gases deviate in their behavior from that of ideal
gases will be studied.

Now, according to our definition of temperature, using a gas
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as a thermometric substance (and this is equivalent to the law
of Charles), a gas under constant pressure increases uniformly in
volume with the temperature. Let us suppose we have 1 gram
of a gas at o° C. under a pressure p, and a volume 7. The vol-
ume v, under the same pressure po will be v, = 9, (1 + af), where,
according to our definition of temperature and Charles’s law,
« has the same value for all gases. Multiplying each side of this
equation by po we have pov. = povo (1 + af). Now, according to
Boyle’s law, the product of the pressure and volume of a given
mass of gas is a constant if the tempcrature is constant. In the
above equation, v, is the volume of 1 gram of the gas at ¢° C. and
under a pressure p,. Let v represent the volume at #° C. under
a pressure p; then, according to Boyle's law, pv = pw.. But
pove = povo (1 + o). Hence,

pv = povo (1 + af). (1)
Introducing the numerical value of «, which is ;; ; (more ac-

I
273.0
we now define a new temperature scale such that its zero is 273
degrees below zero centigrade and such that each degree is equal
to a degree centigrade, and if we represent this temperature by T
and call it the absolute temperature, our last equation becomes

curately 9), cquation (1) becomes pv = 5977}—;’ (273 + 0. If

Povo)
0 = (2%) 7. 2
= (2 @)
LEquation (2) may be written in the form

= 7’]‘, (3)

Dot

where r = 73 is the specific gas constant and is characteristic

for each gas. If we desire to write the equation of state for m
grams of an ideal gas, where V, the volume, equals mv, equation
(3) evidently becomes

pV = mrT. (4)
The value of 7 for any gas (assumed to be ideal) can be obtained
from the equation 7 = %’7%“ where 7, is the specific volume of the
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gas at o° C. and a pressure po. If the gas is at a pressure of
1 atmosphere, 7 is equal to the specific volume divided by 273.
Table I contains the density of a number of gases at 0° C. and a
pressure of 1 atmosphere and the values of the specific gas con-
stant 7 in atmosphere —cc. per degree.

TABLE I
Gas Density 1n % rin a;‘:g;z"
Hydrogen ...... . .. .. o 00008987 40 745
Oxygen . .. .. 0 0014290 2 562
Nitrogen .. e e 0 0012507 2 928
Air . e e e . 0 0012928 2 832
Carbon monoxide ....... .. .. .. © 0012504 2 929

If, instead of dealing with 1 gram of the different gases, we
take as our standard quantity 1 cubic centimeter at o° C., and 1
atmosphere we shall still have an equation of the form pv = kT.

But since, when T = 273, p = 1 and v = 1, the value of ks -2—;5
and is the same for all gases in so far as they may be considered as

ideal gases. Itis clear thatif we take any other definite volume at
o° C. and 1 atmosphere as a standard, we shall obtain a constant
in the gas law equation which will be the same for all gases. The
question then arises as to whether or not there is any particular
volume which naturally suggests itself as a unit. From the
purely physical point of view, the gram and the cubic centimeter
are natural and logical units. But since our chief interest is in
chemistry, we must ask ourselves if there is any chemical unit
which can find a natural expression in the gas laws. To answer
this question we must make a brief survey of some of the funda-
mental laws and theories of chemistry.

Molecular and Atomihleights

Whenever hydrogen and oxygen are combined to form water,
the proportion by weight as found by numerous experimenters
is always constant, within the limit of experimental error. The
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value obtained may be represented by the proportion: 1 gram
of hydrogen to 7.94 grams of oxygen. This is a particular case
of a general fact, which finds its expression in Dalton’s Law of
Definite Proportions by Weight. This may be briefly charac-
terized by the statement that every compound substance has a
fixed composition by weight. Thus the compositions of hydro-
chloric acid and of hydrogen sulphide are, respectively, 1 gram
of hydrogen to 35.2 grams of chlorine and 1 gram of hydrogen to
15.9 grams of sulphur. Another important fact is that we may
have compounds of the same elements in different proportions.
Thus the composition of sulphur dioxide is 15.9 grams of sulphur
to 15.88 grams of oxygen, while that of sulphur trioxide is 15.9
grams of sulphur to 23.82 grams of oxygen. Notice that 15.88
1s2 X 7.04and 23.82 is 3 X 7.94. The generalization from nu-
merous facts such as these is the Law of Combining Weights, viz.:
it is possible to select a definite weight for each element which
we may call the combining weight of the element, and to express
the composition of all compound substances in terms of these
combining weights or simple multiples of them. It will be clear
to the reader that different chemists might arbitrarily select
different combining weights for the same element, for the compo-
sition of any compound containing oxygen could be expressed
just as easily using 15.88 as the chemical unit of oxygen, as by
employing the number 7.94. We are, therefore, still in need of
some general and definite rule by means of which we shall be able
to select some one number for each substance which shall stand
as the chemical unit weight of that substance.

The atomic theory of Dalton is an attempt to account for the
laws of chemical combination enunciated above. He supposes
that all substances consist of very small particles called atoms,
the atoms of any one substance having the same weight, and that
chemical combination is due to union between a definite small
number of atoms of one kind with a small number of atoms of
anotherkind. This thedry evidently is consistent with the law of
definite proportions by weight and the law of combining weights.
The relative weights of these atoms, taking that of the atom of
hydrogen as unity, are called the atomic weights. We have still
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however no means of deciding between 7.94 and 15.88 as possible
atomic weights of oxygen.

The next step in the historical development of our subject
leads us to Gay-Lussac’s Law of Combining Volumes, more ac-
curately called the Law of Integral Proportions by Volume.
This generalization states that in all reactions in which gases
take part, the relative volumes of the different gases can be ex-
pressed by integers, usually small. Thus 2 volumes of hydrogen
unite with 1 volume of oxygen to form 2 volumes of water
vapor, ecach gas measured at the same pressure and temperature.
Or again, 1 volume of hydrogen unites with 1 volume of chlo-
rine to form 2 volumes of hydrochloric acid gas. The following
conclusion is therefore justified: equal volumes of different gases
at the same temperature and pressure contain either the same
number of atoms or numbers of them in the different cases
which stand to one another in proportions expressible by small
integers. A very natural assumption and one put forward by
Ampére is that the numbers are the same. FEvidently this as-
sumption, if adopted, would give us a definite unambiguous
rule for determining atomic weights of gaseous substances, both
elementary and compound. The reader must bear in mind that
the name “ atom” was originally applied to the smallest parts of
a compound substance as well as to those of a simple substance.
We shall employ this assumption, and shall find that it ends in
contradiction. Applying it to one case only, that of the union
of hydrogen and chlorine, since 1 volume of hydrogen + 1 vol-
ume of chlorine give 2 volumes of hydrogen chloride, 1 atom of
hydrogen + 1 atom of chlorine must give 2 atoms of hydrogen
chloride. Accordingly 1 atom of hydrogen chloride must con-
tain } atom of hydrogen and } atom of chlorine; and the atoms
of hydrogen and of chlorine must each consist of two parts, to
cach of which, and not to the whole, the name atom would more
properly be applied.

The way out of the difficulty was pointed out by Avogadro
who maintained that one must distinguish between two kinds of
ultimate particles which, in modern notation, are called mole-
cules and atoms, a molecule being a system which may contain
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any number of atoms, like or unlike. Avogadro’s assumption or
hypothesis is that equal volumes of different gases under like con-
ditions contain the same number of molecules. This hypothesis
leads without difficulty to a determination of the relative mo-
lecular weights of gases and incidentally to a determination of
atomic weights. Let us apply Avogadro’s hypothesis to the
same reaction to which we applied Ampére’s assumption. We
obtain the following result: 1 molecule of hydrogen + 1 mole-
cule of chlorine give 2 molecules of hydrogen chloride. Hence
1 molecule of the compound must contain half a molecule of
hydrogen and half a molecule of chlorine. The molecules
of hydrogen and chlorine therefore consist of at least two
atoms. The assumption that they contain two atoms only is
justified by the kinetic theory of gases. On this basis, if the
atomic weight of hydrogen be taken as 1, its molecular weight
must be taken as 2. The molecular weight of any other gas will
evidently be “#” times 2, if the gas is “n” times as heavy as
hydrogen. From the known densities of the gases, we should
obtain the following molecular weights: oxygen 31.76; chlorine
70.4, etc. In practice, however, oxygen is taken as a standard,
for the reason that oxygen unites with more elements than does
hydrogen and hence combining weights are frequently deter-
mined directly in terms of oxygen and only indirectly in terms
of hydrogen. For that reason we shall take 32.00 as the molec-
ular weight of oxygen, and therefore 2.016 as that of hydrogen.
Since 32 grams of oxygen occupy 22.4 liters at 0° C. and 1 atmos-
phere, the molecular weight of any gas may be defined as the
weight of 22.4 liters at o° C. and 1 atmosphere. We are next led
to define the atomic weight of any element as the smallest weight
of that element which occurs in the molecular weight of any of its
gaseous compounds. Table IT contains the results obtained in
the case of a number of substances.

Avogadro’s hypothesis has been confirmed by so many in-
dependent methods that it has lost a great deal of its hypothetical
character and will be made use of in this book without hesitation.
Like the laws of Boyle and of Charles, Avogadro’s rule is strictly
true of ideal gases only. But since actual gases, as we shall see,
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TABLE II

Substance Molecular weight Atomic weight
Hydrogen ...............ooooiiit, 2.016 1.008
OXYZEN . o' eevveeiinieiinan . 32 000 16 coo
Ammonia  .....o.iieeiiiee caeen. 17 03 e e e
Water . ... e 1802 | ..... .
Chlorine. ........ ... ... 70 92 35.46
Hydrogen chloride . ... .. . . 3647 | ... ...
Nitrogen .. .. . .. .. ..... 28 02 14 o1
Phosphorus (vapor) . . . .... 124 O 31.0
Mercury (vapor) Lo 200 6 200 6

can be made to approach very closely the state of perfect gases,
the true molecular weight of an actual gas can be obtained with
great accuracy.

We have then obtained an answer to our question as to what
quantity of a gas is to be taken as our chemical unit and the
answer is: the molecular weight in grams or approximately 22.4
liters at o° C. and 1 atmosphere. If M represents the molecular
weight in grams of an ideal gas, then equation (4) becomes, for
this mass of gas, pV = MrT. We shall use the abbreviation
“mole” for the molecular weight in grams. The value of M7 is

evidently %, and if we take T = 273 and p = 1 atmosphere,
V has the same value for all ideal gases, hence M7 is a constant,
having the same value for all ideal gases. Representing M7 by R,

we arrive at the following equation for 1 mole of an ideal gas,
pV = RT (s)

or for # moles,
pV = nRT. 6)

When the temperature is 273.09 degrees absolute and the pres-

sure is 1 atmosphere, the gram-molecular volume is 22.412 liters

(see next chapter). Hence the numerical value of R = —%—Z is
1 X 22,412 _ o820 liter-atm.

273.09 08207 degree
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. CC.

Evidently R = 82.0 7 d ~Jeares ' in absolute units, since 1 atmos-

phere is 1,013,250 dcﬁis,

R = 83.16 X 10° —&_
degree

Let us now consider how the behavior of an ideal gas can be
deduced from equation (5). We shall keep one of the three
variables p, V, and T constant and study the relation between the
other two.

‘Behavior at Constant Pressure. (Isobaric changes.) The
coefficient of expansion « is defined as the ratio of the increase of
the volume to the volume at o° C., when the gas has its tempera-
ture raised 1 degree centigrade at constant pressure p. Thus,
since pVr = RT, pVrsn = R (T + 1) and pVo = R X 273, we
have

- Vi — Vo _ I
Vo 273
Using the notation of the calculus,

av P R I

“=, ﬁ)_Rx:m ? 213

Behavior at Constant Volume. (Isochoric changes.) The
coefficient of increase of pressure 8 is defined as the ratio of the
increase of the pressure to the pressure at o° C. when the temper-
ature of the gas is raised 1 degree at constant volume. We have
then pV = R X 273, pTV = RT and pr«V =R(T + 1).
Accordingly 8 = 4 Tﬂp pr _ 273 —— and is equal to «, the coefficient

0

of expansion. In the language of the calculus,

p dT)y R X 273V 273
Behavior at Constant Temperature. (Isothermal changes.)

The coefficient of compressibility is defined as the ratio of the
infinitesimal diminution of unit volume to the infinitesimal
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increase of pressure, the temperature being kept constant. It is

av
therefore equa] to( l) =X, The reciprocal of the com-
dp)r P

pressibility coefficient is the coefficient of elasticity, which, for
isothermal changes, is therefore equal to p.

The three coefficients considered are not independent. For
every substance there is an equation of state p = f (v, T). Hence
dp = (‘iﬁ ) dv + (dp ) dT. Applying this equation to changes
at constant pressure we easily get

dp’ I dv)
v\ (dT., ap\ _ '(ﬁ o«
(ﬁ,“_dp) or (dT @\ K’
(‘_i; T 7’0(417

where « and K are the coefficients of expansion and compressi-

bility respectively and ( 4 is po times the coefficient of increase

AN
of pressure g = 7 ( 7 T)n

Mixture of Ideal Gases

If two gases at the same original pressure and temperature are
brought in contact with each other, it will be found that after a
certain time the two gases have formed a physically uniform
mixture under a pressure equal to the original one and a volume
equal to the sum of the original volumes. This at least is approx-
imately true of actual gases and is assumed to be strictly true
for ideal gases. The total pressure exerted by the mixture on the
walls of the containing vessel is supposed to be due to the sum
of the partial pressures exerted by each gas. (Dalton’s Law of
Partial Pressures.) Let us suppose that we have a mixture of
M, ny, 3, . . . moles of gas 1, gas 2, gas 3, etc., respectively, in a
total volume V' and at a temperature 7. Assuming that each
gas exerts a pressure independently of the others and letting
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P1, Doy P, . . . be the partial pressures of the different gases, we
have the following relations:

p1V = mRT,

P2V = maRT,

psV = mRT.

Adding these equations, and representing the total pressure by p,
we obtain

pV=@r+p+ps... ) V=(m+m+mn...)RT
or pV = Y mRT. ()

Defining the concentration ¢ of a substance as the number of
moles per liter, we evidently have for each gas in the mixture an

equation of the form

171 = nlIR;T = ClRT. (8)

When the pressure is measured in atmospheres, the volume in
liters and the concentration in moles per liter, R has, as shown
previously, the numerical value 0.08207. Evidently we have also
the relation

p=pi+po+ps+...)=(+a+e+...)RT. (9
The composition of a gas mixture may also be expressed in terms
of mole fractions. Thus the mole fraction x; of gas 1 is

m -
ny + ne + M3 +

Now since pV; = mRT and pV = (m +n2 +ns + . . . ) RT,
we have also the relation

X1.

X = %, (10)

which defines the mole fraction of a given gas in terms of its
partial pressure and the total pressure.

If we define the term partial volume of a gas in a mixture as
the volume which the gas would occupy if under the total pres-
sure of the mixture, and if we represent the partial volumes by
Vi, Vs, Vs, ..., then we evidently have pVi = mRT, pVs
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= mRT,etc. Hence p (Vi+ Va+Vi+ ... ) = (. + n +
n3+ ...)RT = pV. Therefore Vi+ Va+ Vi... = V (the
total volume), and

Vi _ "

V. mt+m+n+ ...

= ¥1. (II)

PROBLEMS

1. When the temperature is defined by a gas thermometer, the linear
expansion of copper is given by the formula i = & (1 + at + b#2) where
a = 1.670 X 1075 and b = 4.03 X 1070 If we, however, define tempera-
tures by means of a copper thermometer in which equal increases in length
of a copper rod correspond to equal intervals of temperature and if we
define o° and 100° C. in the usual way, what tempcrature will the copper
thermometer indicate when the gas thermometer indicates 50° C.?

2. Deduce the law of multiple proportions from the law of definite pro-
portions and the law of combining weights.

8. The mass of 1 liter at o° C. and 1 atmosphere and the composition of
some gaseous carbon compounds are as follows: ethylene, 1.250 grams,
85.71 per cent carbon and 14.29 per cent hydrogen; propane, 1.964 grams,
81.82 per cent carbon and 18.18 per cent hydrogen; carbon dioxide, 1.964
grams, 27.27 per cent carbon and 72.73 per cent oxygen. I‘rom thesc data,
determine the atomic weight of carbon.

4. Calculate the mole fractions, the concentrations and the partial pres-
sures of the components of a mixture consisting of 1o grams of hydrogen,
16 grams of oxygen and 42 grams of nitrogen, the temperature being o° C.
and the total volume 11.2 liters.

6. In the case of air at the constant pressurc of 1 atmosphere, 1 cc.
at o° C. becomes 1.3671 cc. at 100° C.; if, however, the volume is kept
constant, the pressure increascs from 1 atmosphere at o° C. to 1.3665 atmo-
sphere at 100° C. What arc the absolute zeros (in degrees centigrade)
on the constant pressure and the constant volume air thermometers?



CHAPTER IT
ACTUAL GASES

In this chapter we intend to study the behavior of real gases
and in order to indicate how it differs from that of ideal gases
we shall frequently employ geometrical methods. Let us there-
fore picture to ourselves the behavior of ideal gases by using the
geometrical equivalents of some of the algebraic equations of the
last chapter. We shall deal in all cases with one mole of the gas.

Isobars. If the pressure p is kept constant, we may write the

following equation: V =—=+T = k7. If the ordinates repre-

sent volumes and the abscisse represent absolute temperatures,
we get the series of curves given in Fig. 1 by taking different
values of p. The curves are straight lines running through the

origin and making an angle with the T-axis whose tangent is 1—;

Isochores. Keeping the volume constant, we have p = I—IE T

= koT, represented in Fig. 2 by a series of straight lines going
through the origin and making an angle with the T-axis whose

. R
tangent 1s Vi

Isotherms. When the temperature is kept constant, we have
pV = RT = ks, represented in Fig. 3 by a series of rectangular
hyperbolas.

We can also represent the isotherms as in Fig. 4, where the or-
dinates are equal to ¥ and the absciss stand for the pressures.

The pV-p diagram is well adapted to show any deviation
from the ideal state, since the isotherms for ideal gases are
straight lines parallel to the pressure axis. The departure of any
real gas from the ideal state will be shown on a pV-p diagram
by the extent to which the isothermal curves deviate from
straight lines parallel to the axis of pressures. The general

15
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behavior of gases may now be briefly stated. There is a certain
temperature, characteristic of each gas, at which the value of pV
remains essentially constant when the pressure is increased from

p Ve
\/
Vs
T T
F16. 1. Isobars F1c. 2. Isochores

zero to moderately high values. At this tempcrature the gas
obeys Boyle’s law within a certain range of pressures with great
accuracy. On the pV-p diagram, this would be represented

Ts
PV

P To
Ts

L

I
v P
F1c. 3. Isothermals FiG. 4. Isothermals

by an isothermal parallel to the p axis over a considerable range
of pressures. At higher pressures the isothermal bends upward;
i.e., the value of pV increases at higher pressures. This charac-
teristic temperature varies widely in the case of different gases;
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for hydrogen,* it is —165.72° C., for nitrogen it is about 52° C.
and for CO;, it would probably be above 400° C. For tempera-
tures above this character-
istic one, the value of pV
increases with the pressure 1
throughout the whole range
from zero pressure to very PV
high pressures. On the pV-p
diagram, this behavior would
be represented by an iso-
thermal rising continuously
with increasing pressure.
This is truec of hydrogen
(and also of helium) at ordinary temperatures, but not of any
other gases, whence Regnault called hydrogen the gas plus que
parfait. Lastly in the case of temperatures below what we have
called characteristic for the
gas, the values of pV at first
diminish, reach a minimum,
then rise continuously with
increase of pressure. This is
the behavior commonly met
with at ordinary temperatures
in the case of most gases.
We have next to consider
the phenomenon of liquefac-
tion which occurs within a

0°C

-170°C
.26 —205°C

P
F1c. 5. Hydrogen

1 0° \ certain range of temperature
! \ whenever the pressure on a

v gas is increased to a sufficient
Fi. 6. Isothermals of COs extent. For many years, at-

tempts to liquefy hydrogen, oxygen, nitrogen, carbon monoxide
and a few others were unsuccessful, and these gases were fre-
quently called permanent gases to distinguish them from those
which could be condensed. The researches of Andrewst on

* Onnes and Braak, Comm. Phys. Lab. Leiden, No. 97 (1907).
1 Phil. Trans., pt. ii, p. 575 (1869).
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carbon dioxide and of many investigators since his time have
shown that for every gas there is a critical temperature at and
below which the gas can be liquefied, usually at a moderate pres-
sure, whereas above this critical temperature, the gas cannot be
condensed to the liquid state no matter how high a pressure is
employed. The behavior of carbon dioxide, as found by
Andrews, is typical of all gases and is represented on a p-V
diagram in Fig. 6.

Equation of State for Actual Gases

Since actual gases deviate more or less from the behavior of
ideal gases, it becomes a matter of practical importance to be
able to express the pressure, volume and temperature relations
of real gases as accurately as possible. The first noteworthy
attempt in this direction was made by Van der Waals,* who, on
the basis of considerations concerning the actual volume of the
molecules and the forces of attraction between them, put for-
ward the equation

RT a
P—m—f,‘,’ (¥)

in which b is a function of the actual volume of the molecules
and a depends on the molecular forces of attraction.

Since it is our aim to avoid as far as possible the introduction
of hypothetical views as to the nature of matter, we shall con-
sider the equations of state of Van der Waals and of other inves-
tigators as more or less accurate, empirical statements of experi-
mental facts. The equation of Van der Waals is supposed to be
valid for the liquid as well as for the gaseous state. Now,
although this equation depicts in a very striking way the behavior
of gases, it does not do so quantitatively over considerable ranges
of temperature and pressure, without a great deal of juggling with
the constants ¢ and b. Especially near the critical point is it
highly inaccurate as it leads to results far removed from the
facts. On this account many investigators have tried to formu-

* Continuitit des gasférmigen und fliissigen Zustandes.
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late expressions which would be more consistent with the facts,
but the only one we shall mention here is that of Dieterici,* viz.:
__RT -
= V —b € (2)

in which ¢ and b have approximately the same significance as in
the equation of Van der Waals. In the Dieterici equation b1is a

function of the volume of the molecules and —% represents the work

done by the molecules in passing through the surface layer. The
applicability of the Dieterici equation and its superiority both
theoretically and practically to that of Van der Waals have been
shown in some detail by the author { in the case of a number of
RT
V-b
is plotted at three different temperatures for a substance using the
following system of units. The mass of gas dealt with has a volume
of 1 cm.2at 0° C.and 1 atmosphere and the values of the constants
are: ¢ = 0.008 atm. cc.? and b = o.002 cc. The three tempera-
tures selected are, on the absolute scale, 244.3, 271.5 and 298.6.
The highest isothermal approximates to a rectangular hyperbola,
the middle one has a horizontal inflexion at C, while the lowest
one exhibits a maximum and a minimum point, B and E. The
resemblance to the isothermals as found for an actual gas and as
depicted in Fig. 6 is very striking. Evidently the isothermals
correspond to temperatures above, at and below the critical tem-
perature. For a temperature below the critical, the ordinary
behavior of a gas on compression at constant temperature is
not given by the curve GFEDBAH but by GFDAH. In other
words, when the point F is reached, on further diminution of
volume, some liquid in a state represented by the point 4 is
formed and the process of condensation proceeds at constant
pressure until the gas is completely condensed. We may there-
fore distinguish the two curves by the names, theoretical and
actual isothermals. There is indeed evidence that part of the

-8
substances. In Fig. 7, the Dieterici equation p = e VET

* Ann. d. Physik. u. Chemie, 11, p. 700 (1899).
t Journ. Amer. Chem. Soc., 88, 528 (1916); 39, 1229 (1917).
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theoretical isothermal is realizable, for a gas can be compressed
along the curve FE without condensation and a liquid can be
expanded along the curve AB. The portion of the curve BDE,
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Frc. 7. Isothermals According to the Dieterici Equation

however, represents states that are probably unrealizable, since
going from B to E would mean an increase in volume with increase
in pressure and this can hardly correspond to anything that can
be experimentally attained.
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A very important point in connection with the Dieterici or the
Van der Waals or any similar equation is that it leads to a pre-
diction of a critical point and, moreover, permits the character-
istic properties of the critical point to be calculated from the
equation itself. Any horizontal line in Fig. 7 cuts the curve in
three points, of which all may be real and unequal (represented
by Vi, Vs, V), or all real and coincident (represented by the point
C) or one real and two imaginary (for any horizontal line above
the critical point). In other words, for given values of p and T
there are in general three values of V and the critical point may
be defined as the point at which these three values of V coincide.
This definition can be used in the case of the Van der Waals
equation in finding the codrdinates of the critical point, since this
equation may be written in the form of an equation of the third
degree in V. For example, Van der Waals equation can be

written
b V2 _.V.---_.-
v (+1>) *3 7 @)

A different method of defining the critical point and one that is of
general application is deducible from the fact that at the critical
point the critical isothermal has a horizontal inflexion, i.e., at this
point the tangent to the curve is horizontal, and the curve also
bas an inflexion. These two properties are expressed mathe-
matically as follows:

(1) condition for horizontal tangent, ( dlf'> = o,

.0 P ap\
(2) condition for inflexion, ( dV2)1' = o.
Applying these conditions to both the Van der Waals and the
Dieterici equations and representing critical quantities by the
subscript ¢, we obtain the following set of relations:

Van der Waals Dieterici
Ve=3b Ve=12b
8a _ . a
T°-27Rb T°_4Rb
a __e __@a
p°—27b2 b= rom 29.56 b )
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In place of the three constants a, b and R, the equations of state
may be written using the three constants p¢, Ve, T.. If we define
the reduced temperature, pressure and volume of a substance by

the equations, reduced temperature 6 = z, reduced pressure
c

= ji, and reduced volume ¢ = TI//:’ we obtain by substitution
(4 c
the following equations which no longer contain any constants

characteristic of a particular substance:

Van der Waals reduced equation, = = 86 _ 3.
36 —1 ¢
2
Dieterici reduced equation, = = pgu € - (5)

It is easy to show that under moderate pressures and therefore
large specific volumes, the two equations are essentially identical.
At the critical point however there is a great divergence. Thus

the value of the fraction fg‘ is 2.67 (Van der Waals) and 3.695

(Dieterici). For a great many normal substances, Young* has
found this ratio to be between the limits 3.67 and 3.93. For
these substances at any rate the Dieterici equation should be
much superior to the Van der Waals. The lowest value of the
ratio obtained experimentally is 3.13 for helium,} and even this
value is much higher than the one predicted by Van der Waals.

Gases at Low Pressures
Van der Waals’ equation may be written in the form

a ab
oV = &1+ 2 (0 - %) +

At low pressures, this is evidently equivilent to

a
pV_RT+p(b—ﬁ)- ©)
Similarly the Dieterici equation p (V — b) = RTe "KT
a
becomes pV — pb = RT (1 - VI_Q_T)’

* Stoichiometry, p. 228 (1908).
t Quoted in Young’s Stoichiometry, p. 212 (1918).
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a
or pV—RT+p(-—m;),
identical with that of Van der Waals. As p approaches zero,
pV = RT and the gas approaches the ideal state, a conclusion
confirmed by experiment. In the following discussion, we shall
take as our unit volume of gas, the volume at o° C. and 1 atmos-
phere. Hence, from equation (6),

—-b
1=RX273+b—'e, or r=tta=2o
73 273
and equation (6) may be written
_G+ae-YT ( _ __M_)

Confining our attention to isothermals at o° C., equation (7) will

become )
pV=>a+e—-b)+p@®-o). 8)

Since the gas becomes ideal when p is zero, we find that
(pV) ideal = 1 + @ — b, whereas (pV) actual = 1, when p =
1 atmosphere and the actual volume = 1. If the gas were ideal,
under the same pressure the volume would be 1 +a — 0. A
knowledge of ¢ and b is sufficient to enable us to determine what
would be the density of an actual gas if it were to become ideal.
Now the values of ¢ and b can be calculated from the critical data,
assuming the validity of the Van der Waals or the Dieterici or
some other equation of state. Since, however, it has been found
that ¢ and b are functions of the temperature, a different plan
must be followed. Rewriting equation (8) in the form

pV=1—-A+pA=14+(p—-1)4 (9)

and considering equation (g9) as an empirical expression of the
facts, the value of 4 is easily deducible from experiment, since

a(pV) -
(—'—'dp e A. (10)

In Table III are given a number of values of 4.*

* Young’s Stoichiometry, p. 45 (1918).
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TABLE III

Gas A Observer
OXygen.......cooevneennnnn.. —0.00094 Rayleigh
Hydrogen................... +o0 00033 “
Nitrogen. ..:................ —0.00056 ‘“
Carbon monoxide. ........... —0.00081 ‘o
Carbon dioxide.... ......... —0.00668 ‘“
Nitrous oxide. ... —0 00747 ‘“
Nitric oxide. . . —o0 oor1y %acquerod and Scheurer

eon...... ... -+o ooros

Hydrogen chloride —0.00748 Gray and Burt

For a given gas, when p = 1 atmosphere, V = 1 (equation (9)).
When p =0, i.e., when gas is in the ideal state, pV =1 — 4. If
now the given gas were ideal when the pressure is 1 atmosphere
its volume would be 1 — 4 instead of 1. If d represents the den-
sity of the actual gas when the pressure is 1 atmosphere and d;
the density if the gas were ideal under the same pressure, then

evidently & . d

774 % d1=1——:71" (1)
If M\, M, are the molecular weights of two gases, it is easy to
deduce the following equation

M, dﬂl__dl I—Az

M2 dt, d2 I — A1 (12)

Let us calculate the exact molecular weight of hydrogen in terms
of that of oxygen taken as 32, using equation (r2), the values of
A from Table III and the densities from Table I. We find

Mu=32- 0.00008987  1.00004 _

0.00I4290 ©.99947

in excellent agreement with results obtained from chemical
analysis. If D, represents the density of a gas with reference to
oxygen at o° C. and 1 atmosphere pressure, and if M is its
exact molecular weight, then

M = 32D, =25, (x3)

where A refers to the gas whose molecular weight is to be found.
We can also calculate now the gram-molecular volume of an ideal

o154
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gas. The volume of 32 grams of oxygen at standard conditions

is —32 - 22,393 cc. The volume if it were ideal is
0.00142Q90

found to be 22,393 X (r — 4) = 22,393 X 1.00094 = 22,414 cc.

Berthelot takes 22,412 cc. as the best value and 273.09° as

the temperature of melting ice on the absolute scale, whence

our values for R were derived in Chapter I.

PROBLEMS

1. Find the value of ( 71 4 ) for a mole of an actual gas, assuming the

validity (1) of the Van der Waals equation, (2) of the Dieterici equation.
How does it compare with the value for an ideal gas? Do the same for

2), (%), ana (421 .

2. Is there any temperature for which £ 1) - will equal 1_2 in the case of a gas

for which (1) the Van der Waals cquatlon holds, (2) the Dieterici equation
holds? If so, express it in terms of ¢, b and R.

8. Calculate the exact molecular weights of N,, CO, CO;, N,O, NO and
HCI from the following densities as well as from the data in Tables 1
and 3: CO,, 0.0019768; N0, 0.0019777; NO, o0.0013402; HCI, 0.0016394.
Compare the values obtained in this way with those determined by analysis.

4. Reversing somewhat the procedure in problem (3), and using mole-
cular weights based on the accepted atomic weights, calculate the volume
which one mole of each of the gases in problem (3) would occupy under
standard conditions if it were an ideal gas.



CHAPTER III
HEAT

In our first chapter we stated that if two bodies at different
temperatures are placed in contact, the temperature of one will
fall, that of the second will rise until the temperatures of both
are equal. Now there has been no change in the mass of either
body, so that if anything has been transferred from the hotter to
the cooler body, it is certainly not material in nature. But the
volume of the hotter body has become smaller and that of the
cooler body has become greater (at least, this is generally true)
and we desire a name for the cause or agent which has pro-
duced these effects. We shall call it heat and say that the hotter
body has lost heat and the colder body has gained heat. Evi-
dently this is a purely experimental definition of the term.
When we say that a body is gaining heat, we mean that it is
in contact with a body at a higher temperature and that there-
fore its own temperature is rising. If we say a body is losing
heat, we shall mean that the body is in contact with a body at
a lower temperature. Since the flow of heat into a body raises
its temperature we have a logical method of measuring the
quantity of heat by taking as our unit that amount of heat
which will raise the temperature of a definite amount of a
standard substance through a definite number of degrees.
Notice particularly that we have not defined heat as that
which raises the temperature of a body, for the temperature of
a body can be raised by compression or by an electric current,
and although mechanical work and the electric current can pro-
duce the same effects as heat, they are not heat. We are inter-
ested here mainly in the transfer of heat and the measurement of
the amount transferred, and according to our definition this
transfer takes place only when bodies are in contact. The

reader may be reminded of the common statement that heat is
26
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transferred by conduction, convection and radiation. We shall
not in this book consider radiant energy as heat, and as to trans-
fer of heat by convection, that is evidently a special case of con-
duction by contact. We are not concerned here with molecular-
kinetic theories which explain the loss of heat of a cooling body
as due to the decrease in kinetic energy of the molecules of the
body.

Unit Quantity of Heat. We shall call the unit quantity of
heat a calorie and define it as the quantity of heat which will raise
the temperature of 1 gram of water at atmospheric pressure one
degree centigrade. Since this quantity has been found to depend
on the initial temperature of the water, a further specification has
to be made in regard to this point. Formerly the initial temper-
ature was taken as o° C., giving what is called the zero calorie;
the 15° calorie has, however, been gencrally adopted in recent
times, although the United States Bureau of Standards recom-
mends the 20° calorie as more convenient. For most purposes
it is sufficiently accurate to consider that a calorie will raise the
temperature of 1 gram of water one degree centigrade as long
as the initial temperature of the water is between o° C. and
100° C. A larger unit of heat called the kilogram calorie (Cal.)
is equal to 1000 gram calories (cal.).

Heat Capacity. The number of calories of heat necessary to
raise the temperature of any system of bodies one degree centi-
grade is called the heat capacity of the system. In the case of a
physically homogeneous system (such as a substance or a solu-
tion) we can speak of the heat capacity of one gram or the specific
heat capacity, usually abbreviated to specific heat. The specific
heat of a substance is, like other characteristic properties, a func-
tion of two independent variables, e.g., the pressure and the tem-
perature, and these must therefore be fixed before the specific
heat is determined. If we represent by Q the quantity of heat
which raises the temperature of a gram of a substance from
t to #, then the mean specific heat of the substance Cm, from
Hto b, is given by the equation

__0 |
Cn= 2 ®




28 HEAT Ca. III

The strict definition of the (true) specific heat C of a substance
will evidently be given by the equation,
=4

C=a@ (2)
where d¢ represents the infinitesimal elevation of temperature
due to the infinitely small quantity of heat g. Since, however,
experience shows that the specific heats of most substances
change rather slowly with the temperature, the true specific
heat at any temperature is in practice equal to the mean spe-
cific heat over a small temperature interval including the tem-
perature in question.

Instead of dealing with the heat capacity of a gram of a sub-
stance it is often more convenient to consider the heat capacity
of the gram-atomic or gram-molecular weight. The atomic heat
is equal to the specific heat multiplied by the atomic weight; the
molecular heat is obtained by multiplying the specific heat by
the molecular weight.

Heat Capacity of Solids

The specific heat of solids is always determined under approx-
imately constant pressure. In 1819 Dulong and Petit put for-
ward the generalization that in the case of the solid elements,
the atomic heat is approximately constant and equal to 6.4. The
extent to which this law is valid may be seen by a study of Table
IV. Inthe case of a number of the elements of low atomic weight,
such as boron, carbon, and silicon, the atomic heat is lower than
6.4. Experiments at high temperatures show however that the
atomic heats of these substances increase rather rapidly with the
temperature, reaching a value of 5.5 at about 200° C. in the case
of silicon, ¢85° C. in the case of diamond, and at a red heat
in the case of boron. At extremely low temperatures, the specific
heats of solids become very small, vanishing at the absolute zero.
This may be illustrated by Table V, which gives the atomic
heat of copper as determined by Nernst.*

* Ann. d. Physik., 36, 205 (1011).
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TABLE 1V
Element Specific heat | Atomic weight | Atomic heat

Lithium..................... ... 0.941 7.0 6.6
Boron......coooiiiiiiiiiiii o 238 11.0 2.6
Carbon (diamond) . 0.117 12.0 12§
Sodium .. ...l 0.203 23.0 6.7
Magnesium. ...l o 246 24.3 6.0
Aluminium. ............c0viine. 0.222 27.1 6.0
Silicon ... . .. ... iiiieiiiia. o 170 28.3 4.8
Sulphur (thombic)................ 0.173 32.0 5.5
Potassium ................oe.... o 166 39.1 6.6
Calcium ..........cciiiiinnnnn.. o 170 40 0 6.8
Chromium..........ovvivveennnn. 0.104 52. 5.4

03 2 I 0.110 56 6.2
Nickel ... .oiiiiiiiiiiiinnnn... o 108 58 7 6 4
(071 5 o7 S 0 0923 63 6 5.9
ZINC .. e 0 091§ 65.4 6.0
Bromine (solid)............... ... 0 0843 8o 6.7

ilver.. ... ..., o 055 108 50
Cadmium.......ooevviinivnnnnnnn, ©.055 112 6.2
Tin. .o o o5 119 6.0
Todine..........covviiiiian.. 0 0541 127 6.9
Platinum....................... 0 032 195 6.2
Gold .......ciiiiiiiie o 031 197 6.1
Mercury...oovvvieveinennnnnnenn. o 032 200 6 6.4
Lead.. ......oooh oot o 0299 207 6.2
Bismuth.............. . ...... o 030 208. 6 2
Uranium. .............. ..... . o 028 238 2 65

TABLE V. ATOMIC HEAT OF COPPER

©C. Atomic heat
—185.0 3.38
—186.0 3 33
—239.6 0.538
—245.3 0.324
—249.5 O 223

The law of Dulong and Petit is evidently an approximate
statement of a fundamental law and many attempts have been
made to find a more exact formulation. Further discussion of
these points must be deferred to a later chapter.
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Heat Capacity of Liquids
The specific heat of liquids usually (although not invariably)
increases with the temperature, and the variation with the tem-
perature is usually greater than in the case of solids. The specific
heat of water decreases from o° C. to a minimum at about 25° C.
and then increases steadily. The following table gives informa-
tion on this point with respect to a number of liquids.

Methyl alcohol ¢ = 0.5634 + 0.002715 ¢ — 0.0000376 £
Ethyl alcohol ¢ = 0.5396 + 0.001698 ¢

Propyl alcohol ¢ = 0.5279 + 0.001692 ¢
Ether ¢ = 0.5290 -+ 0.000592 ¢
Chloroform ¢ = 0.2324 + o.o00101 ¢

No law for liquids, analogous to that of Dulong and Petit for
solids, has been discovered.

Heat Capacity of Gases

On account of the relatively large volume changes which gases
experience when the pressure or temperature is changed, it is
absolutely necessary that the determination of the specific heat
of gases should be carried out under conditions that can be speci-
fied accurately. There are three principal cases to be con-
sidered, (1) the specific heat at constant pressure (c5); (2) the
specific heat at constant volume (c,); (3) the specific heat when
the gas is maintained in equilibrium with the liquid form, called
briefly the specific heat of saturated vapor (#). Table VI con-
tains results for a number of gases.

TABLE VI. MEAN HEAT CAPACITIES (REGNAULT) BETWEEN
0° AND 100° AT CONSTANT PRESSURE

Gas 1 gram 1 liter, ::ns -and 1 1 mole
Air. .ot 0.2375 o 305 e
Oxygen........c. coevunnn.. o 217§ 0.310 6.96
Hydrogen.................. 3.4000 o 307 6 87
Nitrogen................... 0.2438 o 305 6.83
Carbon monoxide . o 2479 o 309 6.94
Chlorine.... . ........ . o 1214 0.38 8.6
Carbon dioxide. ............ 0.202§ o 398 8.91
Nitrous oxide............... 0 2238 0.440 9.83
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The increase in the heat capacity of gases with the temperature
is negligible in the case of monatomic gases, small in the case of
diatomic gases, becoming greater the more complex the constitu-
tion of the gas. Table VII contains the molecular heat at
constant volume for a number of gases, as given by Nernst.*

TABLE VII. VALUES OF G,

Gas o° C. 100° 300° 500° | 1200° 2000°
Argon ........... 2.98 2.98 2.98 | 2.98 | 2.98 2.98
......... ... 4.75 4.78 5.02 | 5.20] 5.8 .5
N,, 0,, CO, HCL. .... 4.90 4 93 5.17| 535 | 6.0 6.7
Cla..ooovvviiint, 5.85 5.88 6.12 63|70 | .......
HgO ................. 4.93 5.97 6.45 | 6 95 | 8.62 | about 14
CO,, SO:z..cvvnn. .. 6.80 7 43 8.53 | 9.43 [11.2 | about 14
NHs..... ......... .| 6.62 6 82 7.41 | 8. 52 R
(CHs)0 ... ....... about 23| about 32.6 |41.6 U

PROBLEMS

1. 100 grams of lead at 100° C. are put in 200 grams of water at 20° C.
and the resulting temperature is 21.22° C. Calculate the specific heat of
lead.

2. If the mcan molecular heat of nitrogen at constant pressure between
o° and T absolute is 6.50 + o.0005 T, calculate the true molecular heat at
o°C.; at 100° C.

3. The value of C; for water vapor up to 2000° C. is given by the equa-
tion Cp =881 — 1.0 X 107* T + 2.22 X 10° 72. Find the mean value
of Cp for the intervals 0°~100° C.; 100°-200° C.; 100°~1000° C.

4. The specific heat of a certain solid element is o.170 and its exact
equivalent weight is 20.03. Assuming the law of Dulong and Petit, cal-
culate the exact atomic weight of the element.

* Zeit. f. Elektrochemie, 17, 272 (1911).



CHAPTER 1V
THE FIRST LAW OF THERMODYNAMICS

Mechanical Work. In the science of mechanics work is meas-
ured by the product of a force and the distance through which
the force acts in the direction of the force or w = f.s. The unit
of work (the erg) is done by unit force (the dyne) acting through
unit distance (the centimeter). 1 erg = 1 dyne-cm. Since
work is done in raising a weight against the force of gravity, work
is frequently expressed in terms of what are called gravitational
units. Thus the work done in raising a gram-weight vertically
a distance of 1 cm. is called a gram-weight centimeter, or simply
a gram-centimeter and since the weight of a gram is 980.6 dynes
(at sea-level and 45° lat.), a gram-cm. is equal to 980.6 ergs.
Evidently the value of this unit depends on the value of the
acceleration of gravity at the place where the work is done.
Mechanical work is also done whenever a body changes its volume
while subjected to a pressure. We shall consider first the case in
which the pressure remains constant while the volume changes.
Suppose the body is in the form of a cylinder whose length is
! cm. and whose cross-section is 4 cm.2. Let p dynes per cm.?
be the pressure on the body. Then the force on the total cross-
section is p4 dynes. Let the increase in the volume of the body
be AV and let us suppose that during the expansion the cross-
section remains constant while the length of the cylinder increases
by Al cm. Then the work done is equal to the force X distance
= pA-Al. But A-.Al = AV, therefore work done = p.AV
ergs. If the pressure does not remain constant during the
expansion, we must consider an infinitely small increase of vol-
ume @V, under a pressure p, giving the infinitely small amount
of mechanical work dW. Hence

dW = pav, (1)

32
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or, for a finite change in volume,

Vs
W = f v, @)

where V; and V. represent the initial and final volumes.

Equivalence of Heat and Work

In Chap. III when we were defining our use of the word
heat it was stated that mechanical work and the electric current
could bring about the same effects as a quantity of heat. Thus
the temperature of a body can be raised by friction or by compres-
sion or by an electric current. Confining our attention to the
effects produced by mechanical work, the question naturally
arises whether or not a given amount of mechanical work is always
equivalent to a fixed quantity of heat in raising the temperature of
a system. The first quantitative experiments to determine this
matter were carried out by Joule in 1843. In these experiments,
weights falling through a certain distance caused stirrers to
rotate in a mass of liquid, and the work done by friction brought
about an elevation of temperature. At the conclusion of an
experiment, all the materials were in the same state as at the
beginning, except that the weights had fallen a certain distance,
and the liquid, thermometer, stirrers, etc., were at a higher tem-
perature. Now from mechanics the work done by the falling
weights is equal to the work done by the force of friction. Know-
ing the heat capacity of the system whose temperature was
changed, we can calculate the number of calories of heat which
would have produced the same effect as the mechanical work of
the falling weights. Since the time of Joule, many determina-
tions of the mechanical equivalent of heat have been made, the
result of which has been to show that a calorie of heat is equiva-
lent to a fixed number of units of mechanical work. This num-
ber is called the mechanical equivalent of heat. We shall adopt
the following value in this book: *

1 calorie (15° C.) = 42,690 gm.-cm. = 4.186 X 10’ ergs.

* Landolt-Bérnstein Tabellen (1912) p. 1266.
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Electric Currents

A study of the properties of electricity has shown that electric
currents are able to do mechanical work, e.g., drive a motor and
lift weights. Experiment has shown that the passage of 1
coulomb of electricity under a pressure of 1 volt will do work
equal to ten million (10”) ergs. An electric current passing
through a body raises the temperature of the body and here again
there is a definite relation between the current and the heating

effect, 1 volt-coulomb (1 coulomb under a pressure of 1 volt)
I

4.186

Radiation. We could proceed to a discussion of the fact that
the radiation emitted by a given body at a given temperature in
unit time, when it is absorbed by any system, raises the temper-
ature of the'latter by a constant amount, and accordingly it
would be possible to speak of a thermal equivalent of radiation.
But we shall not dwell on this relationship here.

Chemical Processes. If a solution of an acid and a solution
of a base, both at the same temperature, are mixed, we shall
observe a rise in the temperature of the mixture. If the surround-
ings are maintained at the original temperature of the solutions,
there will be a flow of heat from the mixture to the surroundings
and a certain number of calories will be transferred before the
mixture is at the original temperature. In this case also, which
may be taken as typical of a chemical reaction, a certain process
is equivalent, from our point of view at least, to a definite num-
ber of calories, and we may accordingly speak in a certain sense
of the thermal equivalent of a chemical reaction.

Energy. We shall give the name energy to anything which
can be converted directly or indirectly into heat and we shall
express quantities of energy in the same units as quantities of
heat, i.e., in calories or ergs. We shall speak of electrical energy,
energy of radiation and chemical energy, and these together with
heat and work may be called forms of energy. The total energy
of a body would be found if we could cause it to reach a state in
which it had lost all power to furnish heat or anything equivalent
to heat. Now since this is impossible at present, or at any rate

being equivalent to

= 072389 calories.
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impracticable, we must confine ourselves to measuring changes
in the amount of energy possessed by a body or system of bodies
when the body or system of bodies' goes from one state to a
second. We shall define the increase in energy of a body when
it goes from a given initial state to a given final state as the
algebraic sum of the thermal or mechanical equivalents of all
effects produced in the system during the process. This means
that all effects produced in the system are to be expressed in
thermal or mechanical units (e.g., calories or ergs) and that the
sum of these effects measures the increase in energy. From our
definition of the increase in energy when a body goes from one
state to another, it does not follow that this increase is independ-
ent of the way in which the process takes place. It is quite con-
ceivable that the difference in energy 'in the two states might be
determined by the nature of the process by which the body went
from one to the other. The matter can be decided only by exper-
iment and experiment has shown that the nature of the process
does not affect the numerical value of the difference of energy in
the two states. These experiments have led to a formulation of
what we shall call the First Law of Thermodynamics, which may
be stated as follows: The difference in energy of a system in two
states depends only on the nature
of the two states and is independ- P
ent of the process by which the
system goes from one state to the B
other. Let P;and P, (Fig. 8) rep-
resent in any suitable system of co-
ordinates the two states of a system.
Let U, be the energy of the system
at the point P, and let U, be the
energy of the system on arriving at
the point P, along the curve P.A P;.
According to the first law if we proceed from P, to P; along any
other path, such as P,BP;, the system will have the same energy
U, on reaching P,. Evidently if we were to consider P, as the
initial state and proceed to P, along either P;AP, or P,BP,
the system would have the same energy at P; independent of

F1c. 8
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the path and since the difference in energy between the two
states is constant, according to the first law, the system on reach-
ing P, would have exactly its original amount of energy U,. The
energy of a system in a given state (even though we are unable to
determine its absolute value) is therefore a quantity which is de-
termined solely by the state itself and is therefore constant as
long as the state does not change.

In order to express the First Law in a mathematical form, we
shall make use of the following notation. Let Q stand for the
quantity of heat absorbed by the system in any change, and let
W represent the work furnished by the system to the surroundings
(the term “ work” including not only mechanical work, but elec-
trical energy as well). Then for any change in which the system
goes from state 1 to state 2, we have the following equality:

Uz—U1=Q—W. ) (3)

In the case of an infinitesimal change of state, equation (3) takes
the form
a=0-W, (4)

where Q and W represent infinitely small amounts of heat ‘and
work. They are not written dQ and dW because they are not in
general differentials of a definite function.

Isolated System

If a system undergoes a change of state and is so bounded
that all exchange of heat and work with the surroundings is made
impossible, then from equation (3), since Q = o and W = o,
U; — Uy = o or U, = U, and there is no change in the energy
of the system. A system so constituted that all interchange of
heat and work with the surroundings is excluded, is called an
isolated system and one can therefore state that the energy of an
isolated system is a constant quantity, irrespective of the proces-
ses, physical or chemical, which may occur in the system. From
this point of view the First Law of Thermodynamics is often
called the Law of the Conservation of Energy.
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Cyclic Processes

If a system after undergoing any change returns to its original
state, it is said to have completed a cycle. Applying equation
(3) since U, = U, we have

o=Q-W. (s)

In other words, in any closed cycle, the work done by the system
is equal to the heat absorbed. Equation (5) implies, therefore,
that a perpetual motion machine, which must necessarily func-
tion in cycles and which would generate work out of nothing, is
impossible.

It will, I hope, be clear to the student that the First Law of
Thermodynamics or the Law of the Conservation of Energy is
merely a generalized statement of the experience of mankind. It
is a law which can be tested by further experimentation. Thus
the failure of every attempt to construct a perpetuum mobile is
added confirmation of the truth of the First Law. It can be
tested by experiments planned to determine the change in energy
when a system goes from one state to a second. If different
values were to be found when the process was carried out in dif-
ferent ways, the First Law would fall to the ground. So far,
however, experimental evidence is overwhelmingly in favor of
the accuracy of the First Law, so overwhelmingly that its
validity is no longer seriously questioned.

Units and Dimensions

Before proceeding to a study of the applications of the First
Law, it may be useful to the student to have at his disposal a
brief account of the subject of units and dimensions. Although
this is a topic usually discussed in courses in physics and physical
chemistry, it will be an advantage to the student of thermody-
namics to have the subject matter fresh in his mind.

Fundamental and Derived Units. All the units in which physi-
cal quantities are expressed may be built up from a few units,
called fundamental units. These may be selected in various
ways, but for our purpose we shall adopt the units of length,
mass, time and temperature as fundamental.
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Unit of Length. The unit of length, the centimeter (cm.) is
defined as the one-hundredth part of the standard meter pre-
served in Paris.

Unit of Mass. The unit of mass, the gram (gm.) is defined
as the one-thousandth part of the mass of the standard kilogram
preserved in Paris.

Unit of Time. The unit of time, the second (sec.), is defined
as the one-eighty six thousand four hundredth part of a mean
solar day.

Unit of Temperature. The unit of temperature, the degree,
is defined as the one-hundredth part of the difference in tempera-
ture between melting ice and water boiling at a pressure of 1
atmosphere and is represented by a degree on the centigrade
scale. (See Chap. I.)

From these fundamental units, others are derived in a syste-
matic way. Thus the unit of area is 1 square centimeter (cm.?),
and the unit of volume is 1 cubic centimeter (cm.3 or cc.).
Another unit of volume is the liter, defined as the volume occupied
by a kilogram of water at normal atmospheric pressure and at
its temperature of maximum density. The liter is, within 2 or
3 parts in 100,000, equal to 1000 cm.?. Here we shall consider
1 liter as identical with 1000 cm.3.

Unit velocity is 1 centimeter per sec. or 1 o Unit acceleration
1S I Cm. Der Sec. Per sec. or I ———. Unit force = 1 dyne and is
sec. .

defined as the force which will impart unit acceleration to a mass
of 1 gram. From the equation f = ma, where f is the force in

dynes, m the mass in grams and e the acceleration in e’ Ve

see that 1 dyne = gn:(;::n Unit work = 1 erg is done when
1 dyne acts through a distance of 1 cm. Accordingly, 1 erg =
1dyne —cm. =1 g%{?z . A larger unit of work or energy is
I joule = 10’ ergs. The unit of pressure is 1 bar and is equal
tor dyne A larger unit is 1 atmosphere, defined as the pres-

cm.2’
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sure of a column of mercury at o° C. 76 cm. high at sea-level
and 45 degrees latitude. Since 1 cc. of mercury at o° C. has
a mass of 13.596 grams and since 1 gram weighs 980.6 dynes,
dynes
cm.?

1 atmosphere = 76 X 13.596 X 980.6 = 1,013,250

Units of Heat and Electricity

The unit quantity of heat, the calorie (cal.) has already been
sufficiently defined. In regard to electricity, we shall give here
only a few of the more useful units. The practical unit quantity
of electricity is the coulomb defined as the quantity of electricity
required to deposit 1.11800 milligrams of silver from a silver
nitrate solution. An important unit of quantity of electricity is
the faraday equal to 96,500 coulombs* and corresponding to
the chemical equivalent weight of a substance. Currents are
measured in amperes, 1 ampere being 1 coulomb per sec., while
potential differences and electromotive forces are given in volts,
the volt being defined, for practical purposes, by the statement
that the E.M.F. of a standard cadmium cell at 20° C. is 1.0183
volts. The unit of electrical energy, 1 volt-coulomb, is equal
to 1 joule or 10" ergs.

Dimensions

By the dimensions of any physical quantity, we mean an expres-
sion which shows the relation between the unit used in measuring
the quantity and simpler units, especially the fundamental units
of length, mass, time and temperature. Let us take as an
example the quantity represented by pV where p is a pressure
and Visa volume. We shall show that p¥ has the same dimen-
sions as energy or work. Thus a pressure is a force per unit

area and can be expressed in terms of dyne:ﬁ Dynes can be

cm.
gm.

expressed as =———, so that a pressure has the dimensions
ec.

gm.
cm.sec.?

Since a volume has the dimensions cm3, pV has the

* Bates & Vinal, Jour. Amer, Chem. Soc., 36, 916 (1914)
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dimensions ; X cm.? or =———— and this expression is the
cIm. sec. sec.

same as that for an erg. In many cases we do not need to carry
the analysis down to the fundamental units. Thus we may say
. dynes
cm.?
volume in terms of cms3, the quantity pV can be expressed in

i}lfnn.ezs X cm.? or dyne-cm. or ergs. If the pressure is

and a

that since a pressure can be expressed in terms of

terms of

given in atmospheres and the volume in liters, then the product
of pressure and volume is so many liter-atmospheres and we know
that a liter-atmosphere must be a unit of work or energy related
to the erg. To find the exact relationship, all we have to do is
to express atmospheres and volumes in terms of fundamental
units. Thus 1 atmosphere = 1,013,250 dcynrllezs and 1 liter = 1000
cm’. Hence, 1 liter-atmosphere = 1,013,250 X 1000 ergs =
1,013,250 X 1000
4.186 X 107
In any expression which deals with physical quantities, all
terms in the expression which can be added or subtracted must
refer to quantities of the same physical nature and therefore of
the same dimensions. As an illustration let us consider Van der

Waals’ equation in the form: (p + -;—;) (V —~b) = RT. Wecan

= 24.205 cal.

make the following observations: the quantity & is of the same
nature as V, i.e., is a volume, and if V is expressed in cm.3, so must
b be expressed in the same units. The expression % must be of
the same nature as p, and therefore @ must have the dimensions
of pV2 If the pressure is measured in atmospheres and the vol-
ume in liters, ¢ must be expressed in atmosphere-liters?. Simi-
larly RT must have the same dimensions as pV and, as we have
previously shown, the dimensions are those of energy. The
physical nature of R may be expressed by saying that it can be
measured in terms of ergs per degree, or calories per degree or any
other unit of work per degree. The heat capacity of a system is
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obtained by dividing the number of calories added to the system
by the elevation in temperature in degrees. Heat capacity is

calories .
degree and accordingly we see
that R has the same dimensions as heat capacity.

The results in Table VIII may be of use to the student.

therefore expressed in terms of

TABLE VIII

Ergs Jw‘);‘éagcr 15° cal. * Liter-atm. Gram-cm.
Ierg = b4 107 0.2389 X 10—7 | 9 869 X 10—10| 1 0198 X 10—3
I watt-geci , 280 60 X 10 o

= I joule = | 10 I 0.2; .869 X 1 1.0198 X I

1 15° cal. 4 186 X 107 | 4 186 I 3m><w—= 4 2690 X 108
1 Iiter-atm. 1 0132 X I0° | I o132 X 10% | 24 205 I I 0333 X 108
I gram-cm. 9.806 X 10? | 9.806 X 105 2.3425 X 10—% | 9 678 X1o—? I

In the equation pV = RT for 1 mole of an ideal gas, the con-
stant R has the following values in different units:

R = 8.216 s _CT8S
316 X 10 degree

joules
= 8.316 32
31 degree
cal.
.0865 ——
1-9905 degre
0.0820 liter-atm.
’ 7 degree
gm. cm.
84800 degree

]

PROBLEMS

1. Calculate the work done when the volume of a system changes by
120 cc. under a constant pressure of 15 atmospheres. Express the result in
atmosphere-cc.’s, calories and ergs.

2. Express in liter-atmospheres the energy given to the surroundings
when a kilogram of copper (specific heat, 0.0925) cools from 300° to 25° C.

8. A battery with an E.M.F. of 4 volts has its poles joined through a
resistance. Battery and resistance form part of a calorimeter, the total
heat capacity of which is goo. If the total resistance of the circuit is 1 ohm,
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what will be the rise in temperature of the calorimeter after five minutes,
if no heat is lost to the surroundings?

4. What are the dimensions of the quantity “e” of Van der Waals’
equation?

6. Which of the two following equations is incorrect dimensionally, if
“a” has the same meaning as in Van der Waals’ equation?

ap\_ 2 9 @\ _t 22 ).
ET.,'T(””VRT) or \ar), T(I+VRT2)

6. In the equation, —1)‘—,= (V2 -" %’;, M\ represents a quantity of

heat, V2 and V, volumes, and p a pressurc. What are the dimensions of each
side of the equation?



CHAPTER V
APPLICATIONS OF THE FIRST LAW I

Homogeneous Systems

We shall now consider applications of the First Law to systems
which are physically homogeneous. Although many of the
results obtained will hold for heterogeneous bodies, it will per-
haps be conducive to clearness if we start with a study of the
simpler systems. The total energy U of any system, as pointed
out in Chap. IV, is a single-valued function of the variables
which determine the state of the system; it is therefore in general
a function of the total mass m, the volume V, the pressure p, the
temperature 7" and a number of variables which fix the composi-
tion of the system. Thus we may write

U=f(mp,V,T,c1,c,63 . . . ). (1)
If we denote by v the specific volume of the homogeneous body,
then V = mw and we can rewrite equation (1) as follows:
U=f(m,p,v, T, c,cCs o .. ) (2)
In addition the body will have an equation of state, which may be
written in the form:
P=¢(’D,T,61,€z,03,...). (3)
Evidently by substitutiﬂg the value of p from equation (3) in
equation (2) we can express the latter thus:
U=y (m,T,c,c,65 - . . ) (4)
We shall confine our attention to a homogeneous body in which
the mass is invariable and the composition is either invariable or
determined completely by the two variables ¥ and 7. Under

these circumstances, the energy is a function of m, vand T, or m,
V and T, and the pressure is a function of v and 7 only. In other

words, U=fimV,T) (s)
and p =1 (v, T). ()
43 .
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Evidently the value of U is determined not only by m, V, T, but
bym, p,T,orm, p, V. Weshall also suppose that in any changes
that the system undergoes the work done by the system is given

by the expression W = f pdV (see equation (2) Chap. IV);

i.e., we shall suppose that the work consists entirely of themechan-
1cal work due to volume changes of the system. With these
provisos, bearing in mind the fact that m is constant, the First
Law applied to our homogeneous body may be written

dU = Q — pdV, ()
or if we refer to 1 gram of the system, we shall employ the equa-
tion du =g — p dv. (8)

Specific Heats
The specific heat ¢ of the homogeneous body is defined by the

equation d
=2 _o, , 3
c=ar=art?r ©)
Since however both % and v are functions not only of 7" but of p
also, the values of ZT nd i;: are not determined unless more

information about the process is given. In other words, the
change in state is not determined simply by saying that the
temperature has increased by d7°. Accordingly, we shall have to
define the specific heat by specifying an additional condition
which the system has to satisfy. And we shall take as our first
condition the requirement that the volume remains unchanged.

Constant Volume. Under these circumstances we obtain the
relation for the specific heat at constant volume, Coy

€ = (%‘){ (10)

Constant Pressure. Let us suppose that the elevation of tem-
perature d7T takes place under constant pressure; then we obtain
as the value of the specific heat at constant pressure, ¢y,

@) o
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The relation between ¢, and ¢, for any homogeneous body may
be obtained in the following manner. Since # is a function of »
and T, we may write

du = ((dhl“) aT + ( p» )Td 9, (12)

or, at constant pressure,

@)-@+@. @, @

Substituting the value of (:iiT

@)L @]E),
e[ @], w

Experiments of Gay-Lussac, Joule and Kelvin

Before applying the First Law to the case of gases, ideal or
otherwise, we shall discuss briefly some experiments which throw
light on the relation between the energy and the volume of a gas.
The experiments of Gay-Lussac and the earlier ones of Joule
consisted essentially in determining whether there is any change
in temperature when a gas expands without doing work or with-
out any heat exchange with the surroundings.

One vessel is filled with a gas and a second one is evacuated.
By turning a stop-cock, the gas is allowed to flow from the first
to the second until equilibrium is reached. Neither Gay-Lussac
nor Joule was able to detect any change in temperature. Since in
this experiment ¢ = o and w = o, d» = o and from equation (12)

du

o= (TJT aT +( )dv According to the experimental re-

sn_xlts, dT = o, and (ZT) is, as we know, equal to ¢,; therefore

) in equation (11) we obtain

(‘;-:) is equal to zero. In words, the energy of a gas is a func-
T

tion of the temperature only. But we must add that there is
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evidence that Gay-Lussac and Joule detected no change in
temperature, not because there was no change, but because it
was so small. It is highly probable that all actual gases would
show a cooling effect in the experiment just described. In other
gi,}) 8T + (du) dv, if applied to a
small change in volume, 87 is negative and hence for all actual

words, in the equation o = (

gases (dﬁ) is positive. The matter was further studied by
T

Joule and Kelvin who carried out experiments of a somewhat
different kind. In these, a gas under a high pressure made its
way slowly through a porous plug into a region where it was at a
lower pressure, usually that of the atmosphere. After a certain
time the state of the porous plug becomes stationary and as far
as we are concerned can be disregarded. We shall consider the
change in state of 1 gram of a gas before and after it has passed
through the plug and we shall suppose that the quantities of the
gas on each side of the plug are so large that the passage of
1 gram does not cause an appreciable change in pressure. Let
the energy, pressure, volume and temperature of 1 gram of
the gas be initially u;, 1, v1, T and finally uz, pe, 12, T2, where
1> pe-  We shall suppose the experiment so carried out that no
heat flows into the gas from the surroundings or in the opposite
direction. Since ¢ = o, the First Law gives us the relation

Uy — Uy = —W OF U — U = W, (x6)

i.e., the loss in energy is equal to the work done by the gas on its
surroundings. During the disappearance of 1 gram of the gas
into the porous plug at constant pressure p;, an amount of work
equal to pi7; is done on the gas. While the gram of gas is issuing
from the plug at constant pressure pz, it does an amount of work
on the surroundings equal to psw.. Accordingly the total amount
of work w done on the surroundings by the gram of gas is
paws — pwi.  Hence, from equation (16),

— Uy = Pl — P OF g + Pty = Uz + Pova. (x7)

A complete discussion of the Joule-Thomson or Joule-Kelvin
effect cannot be given at this point, but we can nevertheless
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draw a number of important inferences. Let us suppose that the
gas used in the experiment is any gas other than hydrogen and
helium and that the temperature is around o° C. Let us also
assume for the moment that during the experiment the tempera-
ture of the gas has not changed, i.e., that 72 = 7;. Then we
know that p.1s is greater than pyu, (see Chap. II), and hence u;
is less than #;. Now the experiments of Gay-Lussac and of Joule
showed that (4—1‘) = o, (as a matter of fact, (@) is a small
dv)r dv Jr
positive quantity), so that if the temperature is assumed to have
remained constant, the energy of the gas will have remained
constant or actually will have slightly increased. We must
therefore conclude that the temperature does not in general re-
main constant. We may look at the matter in the following
manner. TFirst, in the case of all gases there will be a slight
cooling due to the Gay-Lussac-Joule expansion; second, this
cooling will be increased if puv. is greater than pv; and may be
balanced or there may even be a rise in temperature if p,v; is less
than p. A prediction as to what will occur necessitates a
knowledge of the equation of state of the gas and some deductions
from the Second Law of Thermodynamics. We shall therefore
merely state that in the case of hydrogen (and presumably helium)
a rise in temperature is observed, whereas with all other gases
there is a fall in temperature in the Joule-Kelvin experiment.
Since in these cases, as well as in the original experiments of
Gay-Lussac and Joule, the temperature change is small, we shall
extend our definition of an ideal gas by saying that its energy is

a function of the temperature only; in other words, (E:)i) or
T

(@) is zero
ap)r )
Returning now to equation (15), we can evidently write, for
an ideal gas, d
e ao=a+p (5. (:8)
?

Or making use of the equation of state for 1 gram of an ideal gas,

viz.: pv = rT, since %‘),,= ¥, we have on substitution in (18)

Cp = Cy + r. (19)
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If M is the molecular weight of the ideal gas, and if we denote the
molecular heats by C, and C,, we easily obtain, since R = Mr

(see Chap. I), Cp=Cy+ R (20)

The difference between the molecular heats of an ideal gas at

constant pressure and constant volume is a constant independent

of the nature of the gas and equal to 1.987 calories per degree.
For an ideal gas equation (12) becomes

du = (%)odT = ¢ dT. (21)

Evidently, if » is solely a function of T', the same may be said
of ¢ and hence of ¢, (equation (1g)). Measurements of the
variation of ¢, with the temperature have shown that over a con-
siderable range ¢, can be considered as practically constant. We
shall accordingly extend our definition of an ideal gas once more
by stating that its specific heat, either at constant pressure or at
constant volume, is an absolute constant. With these definitions,
we can integrate equation (21) and thus obtain

# = ¢,T + constant, (22)
where the value of the constant of integration depends on the
standard state from which the energy is reckoned. Evidently
we can write equation (22) in the form

uy —w = ¢ (T2 = Th), (23)
which may perhaps be applied more easily to actual cases. Table
IX gives the molecular heat, Cy, of a number of gases, the values

of C, as calculated by equation (20) and the value of v = (’—C:,?,
all at ordinary temperature. ’

TABLE IX

23

Gas Cp Cy 1=z,
Hydrogen..........coovevenennns 6.87 4.88 I.41
(0} 47 6.96 4.97 1.40
Nitrogen ... .....ooiiiiiiiiiien 6.83 4.84 1.41
Air (mole = 28.9 grams)......... 6.86 4.87 1.41
Carbon monoxide................ 6.04 4.95 1.40
Carbon dioxide. . ...oovvvnvarnens. 8.91 6.92 1.29
Nitrous oxide. . .covevveiirvnneenes 9.85 7.86 1.25
Helitm. .. ooieieniennneneeannens 4.97 2.98 1.67
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Isothermal Process. Since the energy of an ideal gas depends
on its temperature only, equation (7), applied to 1 mole of the
gas, takes the form 0=0—pdv,

or, for a finite change in volume,

Va
Q= , Pav. (24)
Since, for a mole of the gas, pV = RT,
Vs RTaV Ve
= — = RT l Ol
e=J, 7 og - (25)

If 7 moles of an ideal gas expand isothermally from an initial
volume V; to a final volume V,, the heat absorbed will be

Q = nRT log, L (26)
Vi

v
Theintegral, f 'pd V,is also equal to thework done by the gas, so
1A}

that, in this case, the heat absorbed is equal to the work done by
the ideal gas. If p and p, are the pressures corresponding to the
volumes V; and V,, since p,V, = pV2, we can evidently write
the following for 1 mole of an ideal gas,

Q=W =RT log‘,l,E = RT logazf- (27)
Vl PZ

Adiabatic Process. We shall next consider the case in which
anideal gas undergoes a change, during which there is no exchange
of heat with the surroundings, ie., Q = o. If we are dealing
with 1 mole of a gas, equation (7) becomes

aU = —pdV. (28)
But, for an ideal gas, dU = C,dT (equation (21)) and
RT _ _RTdV
p= 7 hence C,dT = T

av
7
represent the initial and final values respectively of the pressure,
volume and temperature, we obtain, on integration,

C. log, % = R log, % (29)

or Cvid%‘ = —R If ph Vl) Tland PS: Vz, T’
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Therefore when a gas is expanded adiabatically, its tempera-
ture falls., Since 1V, = RTiand p2V; = RT>, it is easy to obtain
?

the following relations, where vy = g—:
v

T
vlog 7t = (r —1) logegf (30)

PV = PV (31)

That is, if a gas is compressed adiabatically, the temperature
rises; also by comparing equation (31) with one that holds for
isothermal changes, e.g., p1V1 = p:Vs, it is scen, since v is greater
than 1, that on adiabatic compression the volume diminishes
more slowly than in the case of isothermal compression.

Work Done in Adiabatic Expansion. Equation (28), as we
have seen, becomes, for an ideal gas,

—C,dT = pdv, (32)
the integral of which is

Vs .
Cp (T1 - Tz) = v ﬁdV = W, (33)

which gives the mechanical work done when the volume of one
mole of an ideal gas is changed adiabatically. In equation (33),
Vi, T and V,, T, are the initial and final values respectively of the
volume and temperature.

Reversible Processes. Equilibrium

A system is said to be in equilibrium when all the factors which
determine the flow of energy or matter, either within the system
itself or between the system and its surroundings, are cxactly
balanced. For example, the temperature throughout the system -
must be uniform and if the system is bounded by a wall perme-
able to heat, then the system and the immediate surroundings
must have the same temperature. Moreover, if a system is en-
closed in a vessel with a movable piston, the pressure exerted by
the system on the piston must be exactly balanced by the press-
ure exerted by the piston on the system. If we have a gas, for
example, in a vessel with a movable piston, and desire to change
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the volume of the gas by a finite amount in a finite time, we must
have a finite difference between the pressure exerted by the gas
and the pressure exerted by the piston. If p and p’ are the press-
ures of the gas and of the piston at any instant and if dV is the
infinitesimal increase in volume of the gas, the work done by the gas
is p dV, that done on the surroundings is ' dV and the difference
(p — p') dV is equal to the kinetic energy of the system. In order
that the work done on the surroundings shall be measured by
p @V, there must evidently be no kinetic energy produced or the
difference in the pressures p and ' must be infinitely small. In
order to bring about a finite change, an infinite time would be
required or the process must proceed infinitely slowly. At
every stage in the process p and p’ must differ only infinitesimally,
i.e., at every stage in the process, the system and surroundings
must be in equilibrium. A process carried out in this manner is
called a reversible process. It is evidently characterized by the
fact that an infinitesimal change in the value of the external
pressure can reverse the direction of the change. By making the
difference between p and " small enough, we can approximate as
closely as we desire to a reversible process.

Similar considerations will apply to a process in which heat is
said to flow from one body to another at the same temperature,
as when a gas is expanded isothermally and heat flows in from the
surroundings to maintain the temperature constant. It is true
that a transfer of a finite number of calories from one body to
another can only take place in a finite time when there is a finite
difference in temperature. If we make the difference of temper-
ature infinitely small, the direction of flow will still be determined
but the process will be infinitely slow. Here again an infinites-
imal change in temperature is sufficient to reverse the direction
of the flow of heat. Such a process as we have described will be
a reversible isothermal exchange of heat and can, in practice, be
approximated to as closely as is desired. It is evident from this
discussion that reversible processes represent a limit to which
actual processes may more or less closely approximate. Since,
however, the properties of a system (such as the‘energy, density,
pressure, etc.) in two states depend only on the two states and not
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on the way in which the system has passed from one state to the
other, the assumption of reversible processes is to be considered
chiefly as a means of calculating the difference in the values of
various functions of the system in the two states. Thus the dif-
ference in the entropy of a system in two states can be calculated
by imagining the system to go from one state to another by a
reversible process, but the difference in the entropy of the
system in the two states is exactly the same, no matter by what
process the change actually took place.

Carnot Cycle in Case of an Ideal Gas

We shall consider in this chapter onc more application of the
First Law to an ideal gas by supposing it to go through what is
called a Carnot Cycle. This consists in a combination of two
isothermal and two adiabatic processes at the end of which the
system is in its original state. Woe shall imagine the process to
be carried out with one mole of an ideal gas. We shall suppose
that we have at our disposal two
heat reservoirs, at temperatures 7%
and T, (where T; > T,), which can
be put in communication with the
P 0 gas when necessary. The process
can be represented graphically on a
pressure-volume diagram as in Fig. g.

Starting at state represented by
El__IH Fl__16__ the point 4 in the figure, the gas is
ViV Va V3 R

v isothermally expanded to point B,

Fic. 9. Camot Cycle then adiabatically to point C, then
compressed isothermally to D, and finally adiabatically com-
pressed to its original state 4. Let the values of the pressure,
volume and temperature of the mole of gas at the various points
be as follows: at 4, p1, Vi, Ts; at B, po, Vs, Ta; at C, ps, Vi, T
and at D, py, Vs, Th. Let Q; be the quantity of heat absorbed
by the gas from the heat reservoir during the isothermal expan-
sion at T, and let Qr-be the heat given out by the gas to the heat
reservoir during the isothermal compression at 7. Let W, and
W, be the work done by the gas as it expands along AB and BC

A

T2
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and let I¥; and W, be the work done on the gas when it is com-
pressed along CD and DA. If Q is the total heat absorbed by

the gas in the whole process and if W is the total work done, then
evidently

Q = Q2 - QI:

W=W+W,—W; - W, (34)
Since the energy of the gas is the same at the end as at the begin-
ning of the cycle, 0=Ww (35)

Before calculating the values of Q, Qi, W\, Ws, W3 and W, it
will be advantageous to deduce a relationship between the vol-
umes V3, V5, Vsand Vi.  Applying equation (29) to the adiabatic
processes, we bave for BC,

T _ g1og Vs
C, log. T = R log, N
Ty _ o V2.
and for DA, C, log. T R log. V.
Vi _ Vi o Ti_ Vs
Hence V. " V. or 727 (36)

Stage 1. Isothermal Expansion, AB. For this stage the heat
absorbed Q; and the work W, done by the gas are given by the
following expressions (see equation (27)):

0: = RTylog, V2, (37)
1

W, = RT; log, —II;? (38)

1
Stage 2. Adiabatic Expansion, BC. In this process, the heat
absorbed is zero and the work W, done by the gas (see equation

(33)) is Wi =C, (T2 — T). (39

Stage 3. Isothermal Compression, CD. The heat evolved @
and the work W; done on the gas are

Q. = RT, log. —gf, (40)
4

'Ws = RTl loge 'II;' (41)
4
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Stage 4. Adiabatic Compression, DA. The heat exchange is
zero and the work W, done on the gas is

Wi=C, (T2 — T)). * (42)
Summing up, and bearing in mind equation (36), we have for the
total heat Q absorbed by the gas,

Q=0Q:i— Q=R (T, — T) log. -g-: (43)

and for the total work W done by the gas,
W=Wi+We—Ws—Wi=R(T,—T) 1og3_$_j. (44)

This result, viz., that Q = W, must of course be obtained, since,
in any cyclic process (see equation (5), Chap. IV), the work
done is equal to the heat absorbed.

Let us calculate the amount of work obtained compared with
the quantity of heat absorbed at the temperature T2 Since

W=R(T3—T1)10gez2'

d "
an
Qz RT, IOge Va
2%
we find
T,—~T
W= 'lf—l - Qs (45)

Using an ideal gas and carrying out a Carnot cycle in a reversible
manner, we find that the amount of work obtained is a definite
fraction 12— T 5 —Th o the heat Q; absorbed at the higher tempera-

ture. The process is sometimes described by saying that a quan-

tity of heat Q. at a higher temperature T, has been converted

partly into work W and partly into heat Q; at a lower temper-

ature 7. Since we can reverse every stage of the Carnot cycle

_and starting at D (Fig. 9) describe the cycle DCBAD, we have
in this process a means of taking a quantity of heat Q, from a
reservoir at a temperature 7 and, by doing a certain amount of

~work W, of delivering to a reservoir at the higher temperature
T, the quantity of heat Q..
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Although in the reversible Carnot Cycle, using an ideal gas,
T 2 — T 1
T,
of the heat Q; absorbed at the higher temperature 75, it does

not follow that the same fraction would be obtained if the sub-
stance or system employed were not an ideal gas. As a matter

the quantity of work W is equal to a definite fraction

of fact, the same fraction Zz—i—,——j—“ is obtained, no matter what
2

substance is employed. The proof, however, of this statement
is based on the Second Law of Thermodynamics and until the
Second Law is established we can take the results obtained above
as holding only for ideal gases. An interesting deduction from

Qe O ;
T, is equal to T a relation the

significance of which will be appreciated when we come to a
study of the Second Law.

equations (37) and (40) is that

PROBLEMS
(Assume gases to be ideal)

1. What is the difference between c» and ¢ in the case of 1 gram of
oxygen? carbon dioxide?

2. Calculate in calorics, ergs and liter-atmospheres, the heat absorbed
when 10 grams of hydrogen at o° C. are expanded isothermally from an
initial pressure of 16 atmospheres to a final pressure of 1 atmosphere.
Calculate also the initial and final volumes.

8. A mass of helium is at o° C. and 1 atmosphere. It is expanded adia-
batically to a pressure of 0.05 atmosphere. What is its final temperature?
Is it necessary to know the quantity of helium in solving this problem?

4. A quantity of air undergoes an adiabatic change from 10 atmospheres
to 1 atmosphere. The original temperature was 17° C. Find the final tem-
perature.

6. Ten liters of nitrogen at 27° C. are compressed adiabatically to a
volume of two liters. Calculate the final temperature.

6. Eight grams of oxygen at 27° C. and a pressure of 1 atmosphere are
compressed adiabatically to a final pressure of 16 atmospheres. Calculate
the final volume and temperature.

7. Calculate the work done in the processes described in problems 3, 4,
5, 6, assuming that in the first three cases one mole of the gas is used.

8. Five liters of a gas at 27° C. are expanded adiabatically to a vo,
of 6.0z liters and a temperature of 5° C. Calculate the molecular
constant volume and constant pressure.




CHAPTER VI

APPLICATIONS OF THE FIRST LAW II
THERMOCHEMISTRY

Heterogeneous Systems

A substance may exist in general as a gas, as a liquid or in one
or more solid forms, depending on the pressure and temperature.
We shall refer to these different forms as states of aggregation.
The change from one form to another is ordinarily accompanied
by considerable heat effects and sometimes by important volume
changes. The heat absorbed during the isothermal fusion, subli-
mation or evaporation of unit mass of the substance under a con-
stant pressure is called the latent heat of fusion, sublimation or
evaporation. The term “latent” is applied because the process
is so carried out that the absorption of heat does not effect any
elevation in the temperature of the body. If %, v; and u,, w
represent the energy and volume of one gram of the substance in
the initial and final states respectively and if p is the constant
pressure under which the process takes place, the heat ¢
absorbed during the process is

q=1u— u+ p @ — ). (1)

The term u, — u, measures the increase in the energy of the
unit mass and the expression p (v, — ;) represents the external
work done. The increase in energy #z — u is often called the
internal latent heat. If we represent by A, As and X the latent
heats of fusion, sublimation and evaporation of one gram of a
substance and by A/, N/’ and \’ the internal latent heats, we shall
have three equations of the form

A=V + p (— ). (2)

If we desire to deal with one mole of a substance, we shall use the

symbols L;, L, and L to mean the molecular or molar latent
56
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heats and V; and V| to stand for the molecular or molar volumes.
For one mole of a substance we shall have, analogously to equa-
tion (2), three equations of the form

L=L+pV:— V). (3)

Fusion

Applied to the case of fusion of a substance, equation (2)

becomes
MN=N+p@—n), 4)

in which 7, and v, are the specific volumes of the liquid and solid
respectively. Let us consider the special case of the fusion of
ice at o° C. at a pressure of one atmosphere and let us deter-
mine the relative importance of the two terms \/ and p (v; — 1)
which together make up the total heat of fusion A,. In this case,
% = 0.9999 and v = 1.0908. The value of p (v2 —v) when
p = 1 atmosphere is therefore —o.0gog atmosphere-cc. Since
1 liter-atmosphere = 24.205 calories (Chap. IV), —o.0g90g at-
—0.0909 X 24.205 _

1000 B
the value of s is 79.8 calories we see that the part due to the
term p (v; — v) is negligible. It is also true in general that in
all processes in which only solids or liquids are concerned, the
thermal value of the mechanical work due to the slight changes
in the volume of the system is very small compared with the total
energy change.

mosphere-cc. = —o0.0022 calories. Since

Evaporation

If we have the liquid and gaseous forms of a substance coexist-
ing under the same pressure, namely, that of the vapor, we know
by experience that this pressure (which we shall call the pressure
of saturated vapor and represent by p;) depends only on the tem-
perature. By supplying heat to the system, a portion of the
liquid will be transformed into vapor and the total volume of
vapor will increase under the constant pressure p.. If we con-
sider the evaporation of one gram of the substance, we shall have

)\=q=uz—"u1+Ps(”2—'”l): ()
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where u,, 7. refer to the vapor, and u,, v, to the liquid. Or we
may write the equation as follows:

AN=N+ ps (v — v), (6)
or, in the case of one mole,
L=L+p (Vs — V). ()

Let us apply our equations to the case of water at 100° C. where
psis 1 atmosphere. In this case N is 538.8 calories, v, = 1674 cc.,
9, = 1 cc. and ps = 1 atmosphere. The value of p; (v — 2y) is
then 1673 atmosphere-cc. = 4o.5 calories. Hence N, the inter-
nal heat of vaporization, is 498.3 calories. The value of the term
p (v2 — vy) is therefore in general not to be neglected in processes
in which gases take part. An approximate determination of the
value of p, (v: — v;) can be easily made if we assume that water
vapor follows the ideal gas laws. If M is the molecular weight
of water vapor, then for 1 gram of the vapor we have the relation
R
M
verted into calories. In the case of water and water vapor at

100° C. we can set ps (v2 — v1) equal to ps, equal to :8932 X 373

pw2 = — T, in which R has the value of 1.987, if pv is to be con-

and we obtain in this manner 41.1 calories instead of the more
accurate value 40.5 obtained above.

Latent Heat of Sublimation

Let the symbols ui, us, u3, v1, vs, v3 refer in order to one gram
of the substance in the solid, liquid and vapor states respectively
and let p, and T, be the pressure and temperature at which all
co-exist. Then we have the following relations:

heat of fusion = N, = us — w1 + ps (v2 — 1), @®
heat of evaporation, N = us — us + ps (vs — %), ©)]
heat of sublimation, \s = us — w1 + ps (3 — v1), (10)

from which we deduce
N=NM+2 (11)
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or the heat of sublimation is equal to the sum of the heats of fusion
and evaporation at the same temperature. One point however
needs to be considered. The value of A, the heat of fusion is
usually given for a pressure of one atmosphere, and not the equili-
brium pressure p,. But since the value of p (v; — v)) is very
small when applied to the process of fusion, a difference even of
several atmospheres will not have any noticeable effect on the
value of ). Hence in equation (z1), A\, may refer to fusion at
any moderate pressure, whereas As and N must refer to the same
pressure. It is also understood that all three processes are to be
carried out at temperatures which may be considered identical.

Thermochemistry

Thermochemistry in the widest sense has to do not merely with
the changes in energy associated with chemical reactions but
also with the relation between these energy changes and other
properties of the system studied, the equilibrium constant, for
instance. We shall however in this section deal exclusively with
the application of the First Law to chemical changes and hence
be content with a study of the various types of reactions and of
the changes in energy accompanying them.

The most general statement of the First Law in its application
to any process whatever, physical or chemical, is contained in the

equation
O=U,-U,+W. (12)

Now the value of U; — U, depends only on the initial and final
states and is therefore independent of the way in which the sys-
tem has gone from the initial to the final state. This is however
not in general true of W, the work done by the system on the
surroundings. Even in the case in which the external work is
simply the mechanical work due to a change in volume agamst

a pressure, i.e., when the mechanical work W is equal to f pdv,

the value of this integral depends not simply on the initial and
final values of p and V, but also on the relation between them
during the whole process. Let us illustrate this point by means
of the diagram in Fig. 10.
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Let the initial and final states of the system be represented by
the points 4 and D respectively on the p—V diagram. Let
U, and U, be the initial and final values of the energy of the
system. If the system proceeds from A to D through a series of
intermediate states represented by
the curve ABD, the mechanical work

Va
W is equal to pdV and is given
Vi

by the area under the curve, i.e.,
B W = area ABDFE. 1If the process
takes place in a different way, say
along ACD, the work W is equal to
F the area ACDFE. It follows that
the mechanical work done depends
on the nature of the process as well
as on the initial and final states and evidently, from the equa-
tion Q = Uy — U, + W, the quantity of heat absorbed also
depends on the intermediate steps in the process. In order
that the work done and therefore the heat absorbed or evolved
in any process shall be perfectly definite, we must so define the

>

v
F16. 10

Vs
process that the value of the integral | pdV is the same, no
"

matter how the system goes from its initial to its final state.
The Law of Constant Heat Summation announced by Hess in
1840 is frequently stated as follows: The initial and final con-
ditions alone determine the total heat evolved or absorbed
in a reaction or series of successive reactions and the inter-
mediate steps may be few or many but cannot alter the total
heat effect. Stated in that manner, the law is false, but we can
easily derive the correct formulation. The value of the integral

Ve
f p dV will be perfectly definite and independent of the interme-
v

1
diate stages so long as either of the following conditions holds

throughout the process; the external pressure on the system must
be constant throughout the whole series of changes or the total
volume of the system must remain unchanged. In the first case
the work W is equal to p (Ve — V1), an expression whose value
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depends only on the initial and final states; in he second case,
since @V is zero, the value of the integral is zerc We can there-
fore restate the Law of Hess in the following manner. The
quantity, of heat absorbed or evolved when a system goes from
one state to another is independent of the nature of the interme-
diate stages so long as the whole process is carried out either at
constant pressure or constant volume.

Exothermal and Endothermal Processes

We have been speaking of reactions in which heat is either
absorbed or liberated without specifying clearly what is meant
by these expressions. If in order to restore the system to its
original temperature heat must be given off to the surroundings,
we shall say that the reaction liberates or evolves heat and shall
call it an exothermal reaction. If in order to restore the system
to its original temperature, heat must flow in from the surround-
ings, we shall say that the reaction absorbs heat and shall describe
it as an endothermal reaction.

Energy of a Mixture of Gases

If communication is established between two vessels containing
different gases at the same temperature 7, so that diffusion takes
place without any external work being done, the mixture of gases
is observed to have virtually the same temperature as each of
the original gases. Since the gases have done no work on the
surroundings and since there has been no heat exchange, the
mixture of gases has an amount of energy equal to the sum
of the energies of the original gases. We shall suppose that
this result is strictly true for ideal gases, since it is sufficiently
exact for actual gases. Thus we can suppose that the energy
of each gas in a mixture of gases is the same as if the gas
were in the pure state and at the same temperature as the
mixture. The total energy of a mixture of ideal gases depends
only on the temperature and is independent of the volume or
pressure.
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Gaseous Reactions

We shall adopt the following scheme of representing a chemical
change between gases,

ndi+- - =mdy+- - - © (13)

in which 4, is the molecular formula of one of the initial substances
and » is the number of moles of A, which disappear in the course
of the reaction. Similarly A; is one of the substances formed in
the reaction and », the number of moles of it that are produced.
We shall adopt the convention of considering » and similar co-
efficients as positive and » and similar coefficients as negative,
so that the expression Zu shall mean the increase in the number
of moles in the course of the reaction. Thus in the case of the
union of hydrogen and oxygen to form water vapor, represented
by the equation 2 Hy + O = 2 H;0, the coefficients on the left
hand side are to be taken as negative, while that on the right is
to be taken as positive, so that 21: in this case is equal to —2 — 1
+ 2= —1. If we are considering the dissociation of water
vapor into hydrogen and oxygen, we shall write the equation
2 HyO = 2 Ho+ O: and in this case Euis equal to—2+4241=1.

Reactions at Constant Pressure

For any process in which the pressure is maintained constant
throughout and in which the only form of work is that due to the
change in volume of the system, the value of this external work

Wis W=p (Vz - Vo). (I4.)
Accordingly Q, the heat absorbed, is
Q=Us~ Ui+ p (Vo= V). (x5)

Since in most works on thermochemistry it is customary to con-
sider heat evolved as positive and heat absorbed as negative, we
shall use the symbol H, to stand for the heat evolved at constant
pressure when the final system is restored to its original tempera-
ture and when the total work done is purely mechanical and there-
fore equal to p (V2 — V1). For such reactions then

Hy=Ui—Us— p(Va— V). (x6)



Ca. VI REACTIONS AT CONSTANT PRESSURE 63

This may be written as follows:
Hy= U+ pV)i— (U + pV), (x7)

which indicates that H, measures the decrease in the value of the
function (U + pV) frequently called the heat-function at con-
stant pressure. If the same gaseous reaction is carried out at
the same temperature, but at constant volume V;, the heat
evolved at constant volume, represented by H,, will be

Hy,=U, - U.. (18)

Now it is to be borne in mind that though the U, of equation (18)
isidentical with the U, of equation (16), this is not in general true
of U,. The U, of equation (18) refers to a total volume of the
system equal to Vy, the U of equation (16) refers to a volume V..
In the case of gases, Us is essentially the same in both cases, since
the energy of ideal gases does not depend on their volume. In
the case of liquids and solids, the energy does depend on the vol-
ume and hence the value of U, would be different in the two cases.
If we are dealing with gases, we can therefore write

Hy=H,— p(Va— V). (19)
Now if in any gaseous reaction such as is represented by equation
(13), the total number of moles originally is #, and finally #,, we

have 21' = #p — m. Also if the pressure is constant through-
out the reaction, pV, = m,RT and pV, = nRT. Hence

p (Va— Vi) = (m ~— m) RT = 3pRT,
and we can write equation (19) in the simpler form,
H,= H, + JRT. (20)

This equation is valid only for reactions between gases. If the
values of H, and H, are expressed in calories, the value of R is
1.987. Since the term ZvRT is frequently much smaller than
H,, it will be evident that no appreciable error will in general be
made if we take the numerical value of R as 2. Under these cir-
cumstances equation (20) becomes

Hy=Hy+ 2pv-2T. (21)
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Reactions in Heterogeneous Systems

Unless both the initial and final states of a system include a
gaseous phase, it is usually inconvenient or even impossible to
carry out a reaction at a given temperature and maintain the
volume strictly constant. Thus if we consider the freezing of
water at o C. it is impossible to carry out this process at constant
volume. Such processes can however be carried out without
doing external work, e.g., by having the reaction take place in a
closed vessel which is sufficiently large and which may or may not
contain an indifferent gas. Under these circumstances the proc-
ess proceeds practically under constant pressure without how-
ever furnishing any mechanical work to the surroundings. In
the case of reactions in heterogeneous as well as in gaseous sys-
tems we shall define H, by equation (19); viz.: H, = Hp +
p(Va — V3); ie., H, is equal to the heat H, liberated at constant
pressure plus the thermal equivalent of the mechanical work.
H, measures therefore the decrease in the energy of the system
when the process takes place at constant pressure. Unless
otherwise specified, when we speak of the heat evolved in a reac-
tion we shall refer to Hp, the heat liberated at constant pressure.
Since the energy of a substance depends on its state of aggrega-
tion, this must be indicated in some way when there is any pos-
sibility of doubt as to the state of aggregation. Since most
thermochemical data refer to reactions at room temperature, this
is the temperature to be assumed unless otherwise expressly
stated. To distinguish the different states of aggregation, the
formulas of solids may be enclosed in square brackets and those
of gases in curved parentheses, while the formulas of substances
in the liquid state are written without brackets. Thus the
symbols [HyO], H;O and (H;O) would refer to one mole of ice,
liquid water and water vapor respectively. Most of our thermo-
chemical data are taken from Landolt-Bornstein Tabellen (1912)
and are based principally on the extensive researches of Julius
Thomsen and Berthelot.
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Thermochemical Equations

Equation (r3) indicates the material changes that occur in a
reaction, but does not say anything about the thermal changes.
The heat effect of a reaction may be specified in the following

way: ndi+ -+ - =nds+ -« +H, (22)

for reactions at constant pressure. Thus the equation, (H,) +
(Cly) = 2 (HCI) + 44,000 calories, gives 44,000 calories as the
heat evolved on the union of 1 mole of hydrogen and 1 mole of
chlorine, room temperature and constant pressure being pre-
sumed. All our thermochemical equations will refer to constant
pressure; the value of H, can be calculated if desired from H,
by using equations (19), (20) or (21). If we adopt the convention
that in a thermochemical equation, the symbol () for example
shall stand for the value of the heat function, U + pV, possessed
by 1 mole of hydrogen, then the equation we have just been
considering is thermochemically equivalent to (U + pV)u, +
(U + pV)a, = (U + pV).na + 44,000 calories. Now the terms
on the left are the total value of U + pV in the initial state,
that is, (U + pV);, whereas (U + pV)zua is the final value or
(U + pV)., hence, considered as a mathematical equation, we
have (U + pV), — (U + pV): = 44,000 calories and this accord-
ing to equation (17) is equal to H,. Since the absolute values
of the heat function U + pV are not known (the same is true
of the function U, the cnergy) and since we are concerned only
with differences in the value of these functions, we can adopt
arbitrarily any convenient state as one that shall possess zero
value of the function U 4 pV. We shall therefore simplify
many of our calculations by -assuming that the elements in the
state and at the temperature in which they enter into any given
reaction possess zero value of the heat function. Writing the
values of this function in the above equation, we should neces-
sarily have
(Hz) + (Cle) = 2 (HCI) + 44,000 cal.

o 0  —44,000. (23)
In this case, when we have a compound formed from its elements,
the heat evolved at constant pressure during the process will be



66 APPLICATIONS OF THE FIRST LAW II Cu. VI

called the keat of formation of the compound. Thus the heat
of formation of two moles of HCl gas is 44,000 calories. Since
the value of the heat function U + pV for two moles, according
to equation (23), is —44,000 calories (supposing the values for the
elements H, and Cl, to be zero), we deduce the following rule:
the value of the heat function for a mole of a compound is equal
to the heat of formation of a mole of the compound with the sign
changed. We can illustrate the usefulness of this convention by
calculating the heat of formation of acetylene from its heat of
combustion and the heats of formation of CO, and liquid H,O.
The heat of formation of CO, is 96,960 calories, that of 1 mole of
H;0 as liquid is 68,400. The heat of combustion of 1 mole of
C:H: is 310,050. If x is the heat of formation of 1 mole of acety-
lene, we obtain from the equation,

(CHe) + % (0;) = 2 (COs) + HiO + H,
—-x +o = —2 X g6,960 — 68,400 + 310,050,

the heat of formation, #, of one mole of acetylene as —47%,730
calories. On this account acetylene is often called an endother-
mic compound.

In many cases it is desired to know the heat effect of a process
which either cannot be carried out directly or at least cannot be
studied free from side reactions. This will be illustrated by
calculating the heat evolved at constant pressure when 12 grams
of amorphous carbon are burned in oxygen to form carbon monox-
ide. We are unable to burn carbon directly to carbon monoxide
without producing some carbon dioxide, so that the direct experi-
mental determination of the heat effect that we wish to measure
is impossible. The heat effect can however be obtained as fol-
lows. The heats of combustion of carbon to CO; and of CO to
CO; are known. Thus we have the thermochemical equations

[C] + (0) = (CO,) + 96,960 cal.
(CO) + %(0s) = (COy) + 67,960 cal.

Subtracting the second equation from the first and rearranging,

we obtain
[C] + 3 (O:) = (CO) + 29,000 cal.

!
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We shall also calculate the heat effect of this reaction by the
same method as was employed above in calculating the beat of
formation of acetylene. Since the heat of formation of CO, is
96,960, we have the following relation:

CO + % (0) = CO. + H,
—x+o0 = —g6,960 4 67,960

whence #, the heat of formation of CO, is 29,000 calories.

Heats of Solution and Dilution

~ The formation of a liquid solution is usually accompanied by
a noticeable evolution or absorption of heat. Thus if solid KNO;
is dissolved in water, the solution will absorb heat from the sur-
roundings; if solid NaOH is dissolved in water, the solution will
give off heat to the surroundings. The quantity of heat liberated
or absorbed when one mole of a substance is dissolved in # moles
of a solvent we shall call the integral heat of solution and repre-
sent by H,. The value of H, depends on # or H, = f (n). Itis
an empirical fact that for sufficiently large values of %, addition
of more solvent produces no heat effect. An aqueous solution
of KNO;s for which this is true will be represented by KNO;Aq.
If Ha represents the heat of dilution of a solution containing one
mole of solute, we evidently have the relation Hs = (H.).,
— (H)n, which means that if to a solution containing »#, moles
of solvent we add (#2 — 1) moles of solvent the heat evolved is

(H)n, — (Hs)s, or f(na) — f (m).

Slnce H, df (n) r dH; = df () dn, dH, is the heat evolved
an dn

on adding dn moles of solvent to a solution consisting of one mole
of solute and # moles of solvent. The addition of this infinitesimal
amount of solvent does not change the composition of the solu-
tion. We can express our results in the following way: if we add
one mole of solvent to an infinite amount of solution consisting
of one mole of solute to # .moles of solvent, the heat of dilution

is equal to >~ df (") This is called the differential heat of dilution.
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Although we have distinguished the two components as solute
and solvent, that has been done merely for the sake of conven-
' ience. Thus in a mixture of water
n/ and H,SO,, either component may
be looked on as the solvent. The
C results may be represented dia-
Hy grammatically in the accompanying
Fig. 11.
The ordinate at A is the heat of
solution of one mole of 4 in

o N, Ns molesof B. BC is the integral heat
N moles of B to 1 mole of A of dilution when B is increased
Fic. 11

from n; to #n,. The tangent to the
curve at A will represent the differential heat of dilution of a
solution containing 7, moles of B.

Heat of Neutralization

Another important heat effect is that obtained by the inter-
action of aqueous solutions of acids and bases. The heat of
neutralization in very dilute solutions will be represented as in
the following example:

NaOHAq + HCIAq = NaClAq + H,O + 13,700 cal.

It may be mentioned at this point that Thomsen and other
investigators have found that the neutralization of one equiva-
lent of an active acid (such as HCl, HNO;, HBr, etc.) by an
active base (such as NaOH, KOH, Ba(OH);, etc.) always
liberates approximately 13,700 calories. As early as Hess, it
was also found experimentally, that the mixing of dilute solu-
tions of salts does not produce any heat effect provided there is
no precipitation. The significance of these two generalizations
from the standpoint of the modern theory of ionization of aqueous
salt solutions cannot however be dwelt on in this place.

Effect of Temperature on Heats of Reaction

So far we have considered the heat effects that are produced
in a given process at one temperature only. In this section we
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shall see if there is any connection between the heat effects of a
given reaction at different temperatures. The connection can
be readily deduced in the following manner. For any system to
which heat is added, we have Q = dU + pdV. If the quantity
of heat is so small that it produces only an infinitely small rise in

temperature dT), the ratio 9 is called the heat capacity C of the

aT
system or
Q _du

_0 _ av,
C=ar~artta (24)

In the case of an elevation at constant pressure, the heat capacity
Cy is evidently given by the equation

Now since Hy = (U + pV)1 — (U + pV),, we find

() (%1250, e

and therefore from equation (25)

H
(2) - .- cn. (21)
We may write equation (27) in the form,
de = (C], - Cz)y dT- (28)

If, dropping the subscript p, H: and H, are the values of H, at
the temperatures 7 and T, we obtain on integrating (28)

Ty
H, - H, = r (Cx — (), dT (29)

If the heat capacities of the system are known as functions of the
temperature, the integral in (29) can be evaluated. In many
cases, we can suppose the heat capacities to be constant over a
small interval (T2 — T) of temperature. With this supposition
equation (29) becomes

Hy—H, = (Ci— C)y (Ta — Ty) (30)
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This may be written in the more compact form,
AHp = (C], el Cg)p AT

where AHp and AT refer to finite increases in the values of H,
and 7. These results were first deduced by Kirchhoff. They

TraT ‘can also be obtained by a consid-
B eration of a cyclic process as rep-
resented in Fig. 11a.

In this figure let A and D repre-
sent the initial and final states of a
system at the temperature 7" and
pressure p and let B and C have
A LS D the same significance for T + dT

Fio. 112 and the same pressure p. Also for

‘the sake of convenience let the let-

ters 4, B, C, and D represent the values of the function U + pV

in the four states mentioned. Let C; and C, be the heat capaci-

ties of the initial and final states at the constant pressure 2.

We shall imagine our system to go from A4 to D in two ways:

first directly at the temperature 7T'; secondly along the lines AB,

BC and CD. If Hr+ar and Hr represent the heat evolved at

constant pressure when the reaction takes place at the temper-
atures T + dT and T, respectively, evidently

Hryar=B —-C and Hr=A4 — D. (31)
But since the states B and C are reached by raising the tem-
perature of the systems 4 and D respectively by dT,

B=A4A+CdT and C =D+ CdT. (32)
From equation (31), we have

Hryaor —Hr=dHy, =B -C—-A+D
and from the equations (32)

Hriar — Hr = dH, = (G, — Cy) dT (33)

which is identical with equation (28) obtained previously.

As an application of Kirchhoff’s equation, let us determine
how the heat of combustion of hydrogen and oxygen to form liquid
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water varies with the temperature. At room temperature and
constant pressure, we have

(Hz) + % (02) = Hy0 + 68,400 cal.

C, the heat capacity at constant pressure of 1 mole of hydrogen
and § mole of oxygen is (Table IX, Chap. V) 6.87 4+ } X 6.96
=10.35. C;, the heat capacity of 1 mole of water, is 18. Hence,
applying equation (28), dH, = —7.65 dT. Assuming the heat
capacities to be constant over a moderate range of temperature,
this result may be stated as follows: the heat of combustion of
1 mole of hydrogen to form liquid water decreases by 7.65 calories
when the temperature at which the reaction is carried out is
increased by one degree.

The ‘‘Principle” of Thomsen and Berthelot

Both Thomsen and Berthelot saw in the heat evolved in re-
actions a measure of the driving force tending to make the
reaction go in a certain direction. They were led to enunciate
a principle, very curiously named the principle of maximum work
by Berthelot, according to which if a number of substances are
brought together that reaction will take place which evolves the
greatest amount of heat. The erroneousness of this principle can
be shown by a simple example. If one introduces the three sub-
stances PCl;, PCl; and Cl, into a vessel, a reaction will in general
take place, but the direction is determined by the temperature
and concentrations of the substances and not by the heat evolved.
It is perhaps true to say that the majority of the common reac-
tions at ordinary temperatures are exothermic but there is no
ground for considering that the law of Thomsen and Berthelot is
anything more than a very incomplete and often erroneous state-
ment of facts.

The following tables contain representative selections from the
mass of thermochemical data. In all cases, the figures refer to
the heat effect at constant pressure and at room temperature.
Also, unless otherwise specified, the various substances are to be
assumed to be in the state of aggregation corresponding to room
temperature and a pressure of one atmosphere.
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I. CompounDps OoF MEraLs. HEATs oF FORMATION
(a) Oxides
Na0........... ++ +-Approx. 100,000
100,000
145,000
130,000
,600 .
I§§’440 (d) Bromides
65,700 NaBr. 85,700
197,000 KBr.. 05,300
270,800 CuBry.......... ... ....... 32,
57,900 CuBr. 24,980
50,300 AgBr................. 22,700
40,800 PbBra........... .......... 64,450
37,200
B0, I e (© Todides
A ! Nal... 69,100
HeO 250 R 80,130
Cul...oooviiiii 16,300
(5) Sulphides V-4 15,000
NasS.. 89,300 Pbl.. 39,800
KoSeo oo 103,500
CaS..... i 90,800
BaS............cocil 102,500 NaNOj ... ....... 111,000
CuS..ooi vt 10,000  KNO;.. 110,000
%%ass 3,300 Ba(NOy), 228,000
........................ 18,400 AgNOs . 28,7 40
Pb(NOa)z 105,500
(¢) Chlorides
NaCl......oovvvievinvin., 97,700
KCl..o.oooovi il 105,600 NagSO4.... ... . . 328,500
BaCloeovvvveiviiin i, 196,00 KoSO4......ovvivvnion Lo 344,300
MgClaooo o 151,000 BaSO4.... .. . 340,000
ZnCl,. 97,200 MgSO4.......... ... 302,000
FeClaoovvvvviviiin e 82,050 ZnSO4.......... . 229,600
FeCls. 96,040 CuSO4........ . .......... 182,600
NiCl,. 74,530  AgaSOy . 167,300
CuCl 32,000 PbSOs.....cocivn vininn... 216,210
1I. Hears oF FormaTION, COMPOUNDS OF NON-METALS
HCI.... 22,000 N,O. . —17,740
HBr.... .. 8440 NO...... e e —21,570
HI..... . —6,040 HNOs..............counn... 41,600
H,0 (liq.) 68,360 CO (amorphous carb ) 20,000
HO(@@as).........covovennn. 58,000 CO, 96,960
HS....ooooiiii 2,730 CH, “ ‘o - 21,750
NH;. . 8o CoHs ....oovvivvevinninn. 28,560
SOz . ceiniiiiii 71,080 CoHy.oovvvvvevnvnnennn.n.. ~ 2,710
SO; (lig.) . 103,240 CoHaonnvoiinianin... —47,770
L P 192,920 CoHg.ooovnvininnnnennnnt —12,510
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ITI. Heats oF SoLuTioN

Substance N][-i),l(e)s Hyp Substance I‘I’I{‘:gs Hyp
HCl ............ 300 17,315 | NaBr.. .. ..... 200 | — 190
HBr......... .... 400 19,940 | NaBr.2H;0. ...... 300 | — 4,710
HI............. 500 19,210 al.. . 200 | -+ 1,220
NHs.oovvvvvnn. .. 200 8,430 | Nal.2H,O....... .. 300 | — 4,010
SO2..vvvinnnn.. 250 7,700 | NaOH.. 200 | 4+ 9,940
SOs (lig.)......... 1600 | 39,170 | NaNOs.......... .. 200 | — 5,030
2906 c..iinn, 1600 17,850 | Na,SO,.. 400 460
Os.ovvn ... 300 7,480 | NaySO4.10H,0 400 | —18,760
HC,H;0,. . ... 200 375 Cl.... 200 | — 4,440
NH.CI...... 200 | — 3 880 | KBr. 200 | — 5,080
NHBr.......... 200 |— 4,380 | KIL....... ... ... 200 | — 5,110
NHJI. .......... 200 | — 3,550 | KOH ... ... ... 250 | 413,290
NH/NO; . 200 | — 6,320 | KNO; 200 | — 8,520
(NH¢)zSO4 ...... 400 | — 2,370 | KoSO4 ... ... 400 | — 6,380
NaCl ........ 100 | — 1,180 | Ba(OH), . .| 412,260
Ca(OH), 2500 |+ 2,790 | BaCl, ....... .. 400 | 4+ 2,070
aCly . . 300 | +17,410 | BaCl;.2H0......... 400 | — 4,980
CaCl..6H,0....... 400 | — 4,310 | CuSO¢ . ..... . 400 | 15,800
ZnCly. . ........ 300 [ +15,630 | CuSO.5H;0. . 400 | — 2,750
ZnSO4 7H20 ...... 400 | — 4,260 | Cu(NOj),. 6H20 ..... 400 | —10,710
nSO¢............ 400 | 418,430 | PbCl,. ... . . 180 | — 6,800
FeClyoovvvnn...., 350 17,900 | PbBr, ....... 2500 | —10,040
CuCly.......... 600 | +11,080 | Pb(NO3),.. 400 | — 7,610
CuCl,.2H,0 .. . 400 |+ 4,210 | AgNOs ....... . 200 | — 5,440
Ag:SO¢. ... .. 1400 | — 4,480

IV. HEeATs oF CoMBUSTION AT CONSTANT PRESSURE AND RooM TEMPERATURE

() 211,930 C.H;O0H (lig.) e
(07 - P 370,440 n-CsH,OH apor) .........
[0 P 529,210 n-CH;OH (liq.).. .... ..
CeHs (Vap.)......covvennnn 799,350 (CHs)O..ovvnovvvvnnnnnnn.
3 PR 333,350 (C:Hg):O (vap.)............
CHs,.. vive.. 310,050 (CoHp)oO (lig).............
CH,0H (va.p ) . 182,230 CioHpOn (cane sugar) .......
CH;0H (lig.).....cv0vuuunnn 170,000 CeH;CO.H.. ..

CH,OH (vapor).....

.......

(the product water being liquid)

340,530

327,000
498,600
480,800
349,360
659,600
652,300

1,355,000

772,800



74 APPLICATIONS OF THE FIRST LAW II Ca. VI

V. HEeats oF NEUTRALIZATION. (Base and Acid Approximately o0.28 Normal
before Neutralization)

Base HClAq HFAq HNOz;Aq H,S0.Aq HC,H;0,
NaOHAq 13,780 16,270 13,680 31,380 13,400
LiOHAq..... ..| 13,848 16,400 | ....... 31,288 | .......
KOHAq. 13,750 16,100 13,770 31,288 13,215
Ba(OH).Aq....... 27,780 | 32,300 28,260 36,900 26,900

BaSO, ppted.

Ca(OH),Aq....... 27,9000 | . oo | aiaiaa. 35,140 | .......
Sr(OH),Aq....... 27,630 | ... ool 30,710 e
NH,OHAgq....... 12,270 15,200 12,320 28,152 12,010

CH;NH.Aq...... 75 & 3TN I (N e I
(CHjs):NHAq. .... 11,810 | oo oo
(CH;)sNAqg....... 8,740 | ... ol 21,080 | .......
(CH;){NOHAq....| 13,750 | «vvvvve | vuvnnnn 31,032 | .......
(CoH;)sSOHAq. . .| 13,720 | ....... | ....... 30,590 | .......

VI. HeaTs ofF NEUTRALIZATION AT DIFFERENT TEMPERATURES (WORMANN)

Concentration of acid
Temperature, ° C. and base, KOH + HCl1 NaOH + HC1
Normal

o 0.5 14,805 14,984 (g)

o 0.25 14,707 14,580

o 0.10 14,709 14,604

6 .25 14,473 14,352

6 o.1875 14,463 14,359

6 0.125 14,448 14,331
18 0.25 13,937 13,714
18 o.125 13,957 13,693
18 o oj5 13,887 13,631
32 o 25 13,155 12,974
32 0.125 13,171 12,922
32 0.05 13,160 12,980




Ca. VI PROBLEMS 75

PROBLEMS

1. If the latent heat of sublimation of 1 gram of solid iodine at room
temperature is 42.92 calories, calculate the heat of formation from_the ele-
ments as gases: (1) of HI as a gas, (2) of HI in dilute solution.

2. The heat of formation of glycerol (CsHs(OH)s) being 160,900 calories,
calculate the heat of combustion.

8. Calculate the heat of the reaction 2 Na 4+ MgCl, = 2 NaCl 4 Mg,
all the substances being solids.

4. Calculate the heat effect of the reaction Zn 4 2 AgCl + 300 H;0
= 2 Ag + (ZnCl, + 300 H,0).

6. Calculate the difference in H, and H, for the following reactions:

(@) Combustion of acetylene at 18° C.; (b)) Combustion of acetylene at
200° C.; (¢) Combustion of hydrogen at 700° C.; (d) Dissociation of am-
monia at 400° C.

6. The heat of solution of H,SO, in # moles of water is given by Thom-
17,860
n + 1.798
H;SO, in (a) 2 moles of water, (b) 10 moles of water. Calculate the heat
evolved in adding 10 moles of water to a mixture of 1 mole of HySO, and 10

moles of water.

7. From the formula of problem (6) calculate the differential heat of
dilution for a mixture containing r mole of H,SO, and (g) 1 mole of water
(6) 5 moles of water, (¢) 20 moles of water, (d) 200 moles of water.

8. Calculate the heat evolved in adding 1 mole of H;SO, to a mixture
whose composition is (@) 1 mole of H:SO, and 10 moles of water, (b) 1 mole
of H,SO, and 5 moles of water.

9. Calculate the difference in energy between 1 mole of liquid water
at o° C. and 1 atmosphere and 1 mole of water vapor at 100° C. and 1
atmosphere, taking the latent heat of vaporization of 1 gram of water
at 100° C. to 538.7 calories and assuming the water vapor to be an
ideal gas.

10. Solutions of the following composition, viz., NaOH + 100 H;0,
HCI + 100 H:0, NaCl + 201 H;0 have the specific heats 0.968, 0.964 and
0.978 respectively. If the heat evolved on mixing the first two solutions at
10° C. is 14,253 calories, calculate the heat of neutralization at 18° C. and
at 25° C. .

11. The heat of solution of 1 mole of HC in # moles of water is equal to

08
17,355 — T

sen as equal to Calculate the heat of solution of 1 mole of

0 according to Thomsen. Calculate the heat of solution

whenn = 1, 5, 10, 0. Calculate the heat of dilution from# = rton = 2;
fromn = 2ton = 3. Calculate the differential heat of dilution when # = 1,
2, 3, 10 and 100.

12. The heat of solution of 1 mole of NH,NO; in # moles of water at 18° C.
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is, according to Thomsen, equal to —6410 (ﬁ."‘_.?_i‘fj‘: . The solution

saturated at 18° C. consists of 1 mole of NH,NO; and 2.48 moles of water.
Calculate the heat of solution in 2.48, 5, 100, 200 and o0 moles of water.
Calculate the differential heat of dilution when 7 = 2.48, 5, 100 and 200.
Calculate the heat effect when 1 mole of NHNO; dissolves in an infinite
amount of a nearly saturated solution.



CHAPTER VII
THE SECOND LAW OF THERMODYNAMICS

If a given system can exist in two states which we shall desig-
nate as 4 and B, the First Law tells us that the difference in the
energy of the system in the two states is a constant quantity.
This difference may be positive, zero or negative. But if we raise
the question as to whether state A will spontaneously change into
state B or whether the reverse will occur, the First Law is unable
to give any answer. This is evidenced also by the fact that all
the relationships between two states of a system deduced from
the First Law are given in the form of equations, no matter how
the system may have gone from state 4 to state B, so that from
the point of view of the First Law all possible states of a system are
in a certain scnse equivalent. If we are to find any way of pre-
dicting the direction of reactions, we must find some property of
the system which always changes in a definite manner (for
example, increases) when a process takes place spontaneously.
And just as the statement of the First Law is an expression of the
experience of mankind, so also we must go to experience if we
desire to ascertain the conditions which dctermine the direction
of natural processes. When we speak of a process as occurring
spontaneously, we shall mean that the process will take place
without any exchange of cnergy with the surroundings being
necessary. Inmany spontaneous processes heat may for example
be given off to the surroundings, but that is a result of the spon-
taneous process rather than a necessary accompaniment. The
process would take place if the exchange of energy with the sur-
roundings were prevented. We must therefore find out from
experience what processes in Nature are spontaneous and what
are their characteristics. In no other way can we hope to deter-
mine the direction of reactions than by an appeal to the expe-
rience of mankind. Thomsen and Berthelot indeed based their

7
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law on experiment, for they had found in their experience that
chemical reactions occur spontaneously accompanied by the
evolution of heat. Now if this were the universal experience, we
should have here the answer to our question. But as a matter
of fact, Thomsen and Berthelot were either ignorant of or over-
looked many reactions which occur spontaneously and absorb
heat and as we pointed out at the close of the last chapter the
principle of Thomsen and Berthelot is not of general application.
Since we are desirous of finding a perfectly general criterion, we
must not restrict our considerations to chemical reactions, but
must include what are usually termed physical processes. Sup-
pose we make a list of some of the different types of processes
which we know will take place spontaneously. We shall have,
among others, the flow of heat from a warmer to a colder body,
the diffusion of gases into each other, the expansion of a gas into
a vacuum, the crystallization of a salt from a supersaturated
solution, the freezing of an undercooled liquid, the equalization
of the temperature differences of bodies in a closed vessel by radi-
ation, and finally any number of chemical reactions (as ordinarily
carried out) when they proceed with a finite velocity. Now all
these processes can be imagined to take place in a closed rigid
vessel, impermeable to heat or any other form of energy, so that
in each case we shall have an isolated system and the total energy
of the system will not have changed. Nevertheless the process
will bave occurred. In an attempt to determine the nature of
these spontaneous processes, let us see under what conditions we
can reverse them.

Let us consider first of all the expansion of an ideal gas into a
vacuum, a process which takes place spontaneously without any
permanent change in temperature, without any exchange of heat
or work with the surroundings and therefore without any change
in the energy of the gas. Let us call the original and final states
4 and B. If we desire to return to state A, we may compress the
gas to its original volume and then we may restore it to its original
temperature by allowing a certain quantity of heat equivalent
to the work done on the gas during the compression to flow into
a heat reservoir. The gas is in its original state, but certain
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weights which may have been used in the compression are at a
lower level and also a heat reservoir has an additional quantity
of heat. The original state everywhere can only be realized if
it is possible to take the quantity of heat from the reservoir and
convert it into its equivalent amount of work by raising the
weights to their original position without causing any other
changes whatsoever. Whether this is possible or not will be con-
sidered shortly.

Let us next consider the flow of heat from a warmer to a colder
body. Instate 4, we have two bodies, the first at a temperature
T: and the second at a higher temperature T,. After a certain
time, a finite quantity of heat will have gone from the second to
the first. To simplify matters we shall suppose that the bodies
are so large that the transfer of the quantity of heat Q does not
appreciably change the temperatures of the bodies. In order to
get back to state 4, we must extract the quantity of heat Q from
the body at the temperature 7, and deliver it to the body at the
higher temperature T without producing any permanent change
anywhere else. Now by means of the reversed Carnot cycle (see
end of Chap. V), using an ideal gas, we can take the quantity
of heat Q from a body at a temperature 7 and by doing a certain
amount of work W deliver to the body at the higher tempera-
ture T, the quantity of heat Q + W. This extra amount of heat
equivalent to W may then be given isothermally by the body to
a heat reservoir. Our two bodies arc now in their original state,
but a certain heat reservoir has an additional amount of heat W
and also certain weights (which furnished the mechanical work)
are at a lower level. All that remains to be done is to extract a
quantity of heat W from the heat reservoir and to raise the
weights to their original position and cause no change in anything
anywhere else. We are thus face to face with the same problem
as when we attempted to reverse the expansion of a gas into a
vacuum.

We shall consider one more process, a chemical one, namely
the interaction of zinc and an aqueous solution of copper sulphate,
represented by the equation

Zn + CuSO4, Aq = ZnS0O,, Aq + Cu.
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In state 4, we have 65.4 grams of zinc and the equivalent amount
of a solution of copper sulphate at a certain temperature 7. On
bringing the zinc and the solution into contact, we obtain 63.6
grams of copper and a solution of zinc sulphate, and in addition
the temperature of the system will be a number of degrees higher
than it originally was. Can we restore everywhere state A4? By
means of a definite amount of electrical energy E making the
copper one of the electrodes and a piece of zinc or any indifferent
metal the other electrode, we can regain our 65.4 grams of zinc
and the equivalent amount of copper sulphate. The system is
however at a higher temperature than it was at originally and
can give off the quantity of heat Q to a reservoir in cooling to
its original state. From the First Law, Q = E. The electrical
energy can be obtained in principle from the equivalent amount
of mechanical work W. Everything will be in its original state
if we can now take the quantity of heat Q from the reservoir and
convert it into the mechanical work W without bringing about
any changes whatever anywhere else.

The possibility of the conversion of heat into an equivalent
amount of work without effecting other changes is undoubtedly
a matter of the greatest importance. To use a time-honored
illustration, the ocean has immense stores of energy and can give
this energy up in the forth of heat. If this heat could be con-
verted into work as we have supposed, ocean-going vessels would
no longer need to carry large amounts of coal or oil. Such a
transformation of heat into its equivalent amount of work is not
in any way contrary to the First Law and any machine which
would enable this transformation to be effected would not be the
kind of perpetual motion machine the possibility of which is
denied by the First Law. It would however be almost as useful
to mankind, for the work done in driving the ship would be
restored in its entirety to the sea through friction, if we disregard
the slight change in the potential energy of the ship in different
parts of the world due to the fact that the earth’s surface is not
spherical. Ostwald bhas called such a machine a perpetual
motion machine of the second kind.

In order that this machine may do nothing other than convert
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heat entirely into work, it is necessary that the machine shall
return at intervals exactly to its original state; in other words, it
must work in cycles. Now, just as we based the First Law on
the experience of mankind, we are also relying on human expe-
rience when we declare that a perpetual motion machine of the
second kind is impossible. It is, in other words, impossible to
construct a machine functioning in cycles, which can convert a
quantity of heat into the equivalent amount of work without
producing changes elsewhere. This may be taken as one of the
statements of the Second Law of Thermodynamics.

Returning to the tasks we assigned ourselves of reversing cer-
tain spontaneous processes such as the conduction of heat and the
expansion of a gas into a vacuum, it will be remembered that the
possibility of reversing these processes and of restoring every-
where the original state 4 depended on the possibility of just
such a machine as the Second Law declares is impossible. For
the sake of brevity and clearness we shall speak of reversible and
irreversible processes but we shall use these words in a sense
somewhat different from that usually employed by chemists. A
process in which a system goes from state 4 to state B is defined
to be (thermodynamically) reversible, if it is possible to restore
the system to the state A without producing permanent changes
of any kind anywhere else. A process is irreversible if the
restoration to the original state can only be accomplished at the
expense of some permanent change or changes elsewhere. Bear-
ing these definitions in mind, we can say that the conduction of
heat and the expansion of a gas into a vacuum are irreversible
processes. And since a consideration of the various spontaneous
processes mentioned would lead to the same result, we may state
the Second Law of Thermodynamics as follows: all spontaneous
processes occurring in nature are irreversible.

A consideration of the scction in Chap. V on Reversible
Processes and Equilibrium will show that if a system has gone
from a state 4 to a state B by a reversible process, it is possible
by reversing every infinitesimal stage to restore exactly the orig-
inal conditions. Now a process can never in practice be carried
out in a strictly reversible manner since that would demand that
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the process be carried out infinitely slowly. We can in practice
only approximate more or less closely to such a process, but that
does not hinder us in the least from calculating what would be the
result if we could devote an infinite time to bringing about the
change. It is very much like many a problem in mechanics.
Thus the laws of falling bodies deduced on the assumption that
the bodies fall in a vacuum are still of great value even when the
bodies actually move through the atmosphere and are retarded
by friction.

We can see from the foregoing discussion that when a system
goes spontaneously from state 4 to state B, there must be some
property of the system which is essentially different in the two
cases. This property is not the energy of the system since spon-
taneous processes can take place with a gain or loss or no change
in the total energy. In the case of an isolated system (and by
this we mean that we include in the system everything that is in
any way concerned in the process), transformations take place
without any change in the total energy of the system. It will be
our next task to show that, for all processes occurring in an iso-
lated system, a certain function of the system called the entropy
always increase$ or in the limiting or ideal case of a reversible
process remains constant. When we bave shown that the
entropy has such characteristics, we shall be able to say that
if for any imagined process in an isolated system the total
entropy will increase, then such a process can occur, but if for
any imagined process we calculate that the entropy would
either remain unchanged or else diminish, we can say that
such a process will not take place.

Definition of Entropy
We shall define the entropy of a system by saying that for any
infinitesimal stage of a strictly reversible process in which the
system absorbs the infinitely small quantity of heat Q at the
absolute temperature T, the increase in the entropy, S, is given
by the equation

_0
dS—:,—a (1)
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or for a finite change in which the system goes from state 1 to
state 2 by a strictly reversible process

s-5=[% )

In these definitions nothing is said as to how the cntropy of a
system may change in irreversible processes nor does it necessarily
follow from equation (2) that the difference in entropy in two
states is independent of the particular reversible process em-
ployed in going from state 1 to state 2. We must prove that
Sz — S; depends only on the two states; in other words, that the
entropy of a system is a function of the state of the system and
does not depend on its past history. This result may also be
expressed by saying that dS is a complete differential.

Carnot Cycle for any System

In Chap. V, we carried out a reversible Carnot Cycle with
an ideal gas. In this process the ideal gas is restored exactly to
its original state and may for thc moment be left out of account.
The total result of the process may be expressed by saying that
a quantity of heat (; has been taken isothermally from aheat
reservoir at the temperature T3, a quantity of heat Q, has been
given to a reservoir at the lower temperature 7' and a quantity
of mechanical work W has been done. The work may be thought
of as consisting in the raising of weights against gravity. We
found the following relation between the quantities Qz, Oy, and W:

QR=0+W. (3)
_T.—-T
= '—T;‘— 2 (4)
From these equations the following is casily obtained:
Qe _ O,
.= T, (5)

With the aid of the Second Law, viz., that it is impossible to
convert a quantity of heat into the equivalent amount of work
without effecting other changes, we shall prove that the nature
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of the body employed in the Carnot Cycle has no effect on equa-
tions (3), (4) and (5), so long as the cycle is carried out strictly
reversibly. For let us supposc that, employing any system of
bodies in the reversible Carnot Cycle, and using heat reservoirs
at the temperatures T and T, we extract the same quantity of
heat (%; at the temperature T, but obtain a quantity of work W’
which is different from W of equation (4). We shall have from
the First Law

Q2 = Qll + W'} 6)

if O\ represents the heat given to the reservoir at the temperature
T\. Let us assume, in the first instance, that W’ is greater than
W and hence Q! is less than Q;. Carrying out a Carnot Cycle
with our system, we obtain the mechanical work W’ and deliver
the quantity of heat Q\ to the reservoir at 7y. Our working sys-
tem is in its original state. Now let us carry out a reversed
Carnot Cycle with our ideal gas. Using just a part W of the
mechanical work W' that we have gained we can take the quan-
tity of heat Q, (which is greater than () from the reservoir and
can return the heat Q; to thé reservoir at the higher temperature
T». As a result of this compound cycle, everything is in its
original state except that the reservoir at the temperature 7', has
lost a quantity of heat O, — Q," and we have gained an cquivalent
quantity of mechanical work W’ —W. In other words, we have
converted a quantity of heat into an equivalent amount of work
without producing any other permanent changes. The Second
Law denies the possibility of this and hence W’ cannot be greater
than W. But W’ cannot be less than W, for in this case we could
carry out the cycle with the ideal gas in the regular way and the
reversed cycle with our other system and the result would be the
conversion of heat into work without compensation. We must
therefore conclude that the relations expressed in equations (3),
(4) and (s5) hold for a reversible Carnot Cycle working between
the two temperatures T, and T,, no matter what substance or
system of substances is employed as the working medium or
engine.
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Change in Entropy During Carnot Cycle

From equation (1) or (2) we can easily calculate the changes
in entropy during a Carnot Cycle. First, as regards the working
system, we have only to consider the two isothermal procésses,
since during the reversible adiabatic expansion and compression,
the change in entropy is zero (equation (1)). In the first isother-
mal stage, the working system absorbs the heat Q, at constant
O,
T,
thermal stage, it gives out the heat Q; at the temperature 7} and

Ql Q Qx

temperature 7%; its entropy increases by In the second iso-

its entropy diminishes by But smce (equatlon (5)), the

entropy of the working substance does not change during a com-
plete reversible Carnot Cycle. Now, as regards the hecat reser-
voirs, the entropy of the one at the temperature T’; diminishes by
%2 % and since %2 S)l the
total entropy of the two reservoirs does not alter. We conclude
then that in a reversible Carnot Cycle carried out with any system
of bodies whatever, there is no change in the total entropy of the
whole system (including the working system and the reservoirs).

and that of the other increases by

Any Reversible Cycle Equivalent to a Sum of Carnot Cycles

We must next show that any reversible cycle can be looked on
as a combination of a number of Carnot Cycles. In Fig. 12 let
AMBSA represent any reversible cycle carried out with any
system whatever. Let the curves AC, EG, IL, NP, RT and
WB represent a series of isothermals and the curves AE, CD,
FI, GH, etc., represent adiabatic curves on the p-V diagram.
Let us imagine the system to go through a series of changes
which can be represented by the succession of points, ACDE,
then EGHI, then ILMN, then NPQR, then RTBW, then
WSRONKIFEA. 1t will be noted that the curves ED, IH,
NM and RQ are traversed once in one direction and once in
the opposite direction so that we can leave them out of account.
Our imagined process, which it is readily seen is a combination
of the simple Carnot Cycles, ACDEA, FGHIF, etc., is equivalent
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to a process along the broken curves which lie close to the curves
AMB and BSA. In the limit when we imagine an infinite
number of isothermals to be
drawn, the points CGLPT will
lie on the curve AMB and
the points AEIN, etc., on the
curve 4SB and our combina-
tion of Carnot Cycles will be
equivalent to the actual cycle.
Now since in every Carnot
Cycle the change in entropy
is zcro, the same must be true
for any reversible cycle which
can, as we have shown, be
looked on as a combination
of simple Carnot Cycles. We therefore deduce the important
result that in any reversible cycle there is no change in the
total entropy.

FIc. 12

The Entropy is a Function of the State of the System Only

Referring to Fig. 12, let A and B represent two states of a
system. We desire to prove that the entropies of the system in
the two states depend only on the two states and not on the proc-
esses, reversible or irreversible, by which the system has gone
from A4 to B. We determine or calculate the difference in
entropy (Sp — S.4) by imagining the process to take place revers-
ibly, but the actual process may have occurred in any possible
way. In the first place, if the change from 4 to B takes place
along the curve AMB and if we retrace our steps and proceed
to A along the curve BM A, we have described a reversible cycle
and hence the total entropy has not changed. Hence the change
of entropy along a given curve is exactly reversed if we go along
the curve in the opposite direction. Now the change in entropy
along the curve ASB is exactly balanced by the change along
the curve BM A since these two form a cycle. Hence the change
of entropy along ASB is equal to the change along AMB. Hence
the value of S; — S, is independent of the particular reversible
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process which we may use in calculating it. It depends on the
two states only and therefore we can say that the entropy of a
system in a given state depends only on the nature of that state.

Change in Entropy of an Isolated System

Let us consider an isolated system composed of any number of
homogeneous bodies. We desire to determine the change in
entropy which occurs when any reversible process occurs in the
isolated system. Since, in a reversible process, the entropy of a
body can only change if it receives or gives up heat and since the
transfer of heat from one body to another is irreversible if there
is a finite difference of temperature, we must suppose that all the
bodies which can exchange heat are always at a common temper-
ature. We could include in our isolated system, bodies at a
higher or lower temperature than others if we supposed them to be
surrounded by walls impermeable to heat. In this case however,
their entropy would not change during any reversible process.
Hence it involves no loss of generality if we suppose that all the
homogeneous bodies are always at the common temperature 7.
We shall also assume that during any infinitesimal stage of the
reversible process the mechanical work done by any of the bodies
is given by the expression pdV. In case there should be a revers-
ible exchange of electrical energy, the only modification in our
results would be that we should have to introduce a term for the
electrical work in addition to the term pdV. For the sake of
simplicity we shall exclude electrical work. We shall also assume
that there is no transfer of matter from one body to another, but
chemical changes as long as they proceed reversibly are not cx-
cluded. Let Uy, Us, Us, etc., be the energies; i, s, s, ctc., the
pressures; Vi, Vs, Vs, the volumes; S, Sz, Ss, the entropies of
bodics 1,2,3 . . . and 7 the common temperature at any instant.
Let us suppose that any reversible process whatever takes place
in the isolated system. For each body, we shall have equations
of the following form for any infinitesimal stage of the process:

Q1 = dU, + pdV,. €)]
as, =% = Wit pdhh, ®
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Applied to the whole system of bodies,
dsl+dsz+dsa+---=Q‘+Q“}Q“+"- ©)

Since the whole system is isolated, Q1 + Q2 + Qs + - - - = o for
every stage of the reversible process, hence dS; + dS. + dS;
+ s . = 0 O0r

dS1+S:+Ss+ - -) =o, (10)

which states therefore that in any reversible process whatever in
an isolated system, there is no change in the total entropy of the
system.

Change of Entropy in some Irreversible Processes

Before taking up the general problem, we shall calculate the
change of entropy in one or two special cases of an irreversible
process and we shall begin with the transfer of heat by conduction.
In state A we have two large reservoirs at the temperatures T,
and T2 If thesc are connected by a conductor of heat, after a
certain time the quantity of heat Q will have passed from one to
the other, without, as we shall suppose, appreciably changing the
temperature of either. This will be called state B. Now we can
calculate the difference in entropy (Sz — S4) by bringing about
the same changes in the two reservoirs by a reversible process.
Placing any system (such as a gas) in contact with the hotter
reservoir, we shall expand the system isothermally and take from
the reservoir at the temperature T’ the quantity of heat 9. We
shall now expand the gas adiabatically until its temperature is T}.
Placing it in contact with the reservoir at the temperature T,
we compress the gas isothermally and transfer to the reservoir the
quantity of hecat Q. What are the changes in entropy?

Reservoir at T:. Entropy has diminished by Q

.
Reservoir at 7). Entropy has increased by —TQ—
1
The increase in entropy of the gas is easily seen to be —Ig - TQ_
2 1

The change in the total entropy of the reservoirs and the gas is
zero, in harmony with our previous results. We are here how-
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ever concerned only with the entropy of the two reservoirs which

we see is greater in state B than in statc 4 by Q_¢@

0 (T, — T)) e I Ty
=g and this is positive since T: > T\. Hence we con-
clude that the conduction of heat from a reservoir at a higher to
one at a lower temperature is accompanied by an increase in the
total entropy.

Let us also calculate the increase in entropy in another irrevers-
ible process, the expansion of a gas into a vacuum. We shall
suppose that we arc dealing with one mole of an ideal gas. In
state A it may have the pressure p; and volume V; and in state
B the pressure p; (p2 < p1) and volume Vo (Ve > V). Its tem-
perature is the same (7') in both states. We can bring the gas by
a reversible isothermal process {rom state A4 to state B in which it
will absorb the quantity of heat Q from a reservoir at the tem-
perature 7. The value of Q is given by equation (25), Chap. V,
and is v :

Q = RT log, ﬁ (11)

The increase in the entropy of the gas as it goes from state 4 to
state B is therefore,
Sp—Sa=2 = Riog. 12, (12)
T 71
and since V, is greater than Vi, this is positive and therefore in
this irreversible process also there is involved an increase in the

entropy.

Entropy and Irreversible Processes in General

We must emphasize once more that all irreversible processes
are so because of facts which find their expression in the Second
Law. If a quantity of heat could be converted into the equiva-
lent amount of work, without causing other changes, then the
so-called irreversible processes could be reversed completely. We
can state the matter as follows: if any isolated system goes from
a state A to a state B by an irreversible process, we can always
bring state B by a reversible process into a state C which differs
from the original state 4 solely by the fact that some reservoir
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has an additional quantity of heat Q and an equivalent amount
of work remains to be done. Now the entropies of the isolated
system in states B and C are equal, since the system is imagined
to have gone from B to C by a reversible process. We can there-
fore determine the change in entropy during the irreversible
process in which the system went from 4 to B, by determining the
relation between the entropies of the system in the states 4 and C.
We shall transform the state C into a system so related to state
A that we can compare the entropies in the two states. We shall
suppose that in both states 4 and C we have a mole of an ideal
gas whose volume is V; and whose temperature, T, is the same as
that of the heat reservoir in state C which has the extra amount of
heat Q. By reversible isothermal expansion of the mole of gas
from volume V; to a larger volume V5, we can extract the extra
amount of heat Q from the reservoir and do the equivalent amount
of mechanical work, and the new state, which we may call state
D, has the same entropy as state C and hence the same entropy as
state B. Now, the only difference between state 4 and state D
is that in state 4 we have a mole of an ideal gas at a volume V;
and a temperature T', whereas in statc D the volume of the gas
is V; and the temperature 7. TFrom equation (12) the entropy in

state D is greater than in state 4 by R log. 5—2 , a positive quan-
' 1

tity. Hence the entropy in state C and therefore in state B is
greater than in state 4. Now the change from state 4 to state
B represented any irreversible process whatever, so that we reach
the conclusion that when any irreversible process occurs in an
isolated system, the total entropy increases. If an isolated sys-
tem goes from state A to state B without change in entropy,
then we can conclude that the process was reversible, for if it had
been irreversible, then the entropy must bave increased. If an
isolated system goes from state 4 to state B and if the entropy in
state B is greater than in state A, then the process must have been
irreversible, for if it had been reversible, there would have been
no change in the entropy. When applied to any process occur-
ring in an isolated system, the equality or inequality of the en-
tropy of the system in two states is not only the necessary, but
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also the sufficient condition for the reversibility or irreversibility
of the process. Stated mathematically, we have for any process
in an isolated system

s Zo (13)

where the inequality holds for an irreversible and the equality for
a reversible change. We may therefore state the Second Law of
Thermodynamics in the following form: Every process occurring
in nature is accompanied by an increase in the sum of the entro-
pies of all the bodies which take part in any manner in the process.
The Second Law may therefore be referred to as the Law of In-
creasc of Entropy.

EXERCISES

1. Isit correct to say that heat cannot be converted completely into work :

2, Clausius put forward the following proposition: it is impossible tc
transfer heat from one body to another at a higher temperaturc without
producing changes clsewhere. Derive this proposition from any of our
statements of the Second Law.

3. Show that a machine functioning in cycles cannot produce any mechan-
ical effect if all the processes are carried out isothermally.

4. Compare the statements: (1) in a reversible process the increase in

entropy is equal to j‘z % (2) in a reversible process the total entropy docs
1

not change. Is there any contradiction between these two statements?
Express each of them in a way that will give no opportunity for misunder-
standing.

6. What is the difference in the entropy in calories per degree of 1 gram
of water at 0°C. and 1 gram of water at 100° C., the pressure being
atmosphere and the specific heat of water being taken as constant anc
equal to 1?

6. Calculate the difference in the entropy of 1 gram of ice and 1 gran
of water at o® and 1 atmosphere if the latent heat of fusion is 79.8 calories
per gram.

7. Calculate the difference in the entropy of r mole (18.02 grams) of
water at 25° C. and 1 atmosphere and 1 mole of steam at 100° C. and 5 at-
mosphere. Take latent heat of evaporation at 100° C. and 1 atmosphere
equal to 538.7 calories per gram and assume steam to be an ideal gas.

8. A Carnot Cycle is carried out between the temperatures T; and T,
What fraction of the heat abhsorbed at the temperature T is converted inta
work when the two heat reservoirs are at the temperatures (¢) 100° C. and
202 C.. (B) 200° C. and.20° C.. () 80c® C.. and 20°C ?



CHAPTER VIII
DEDUCTIONS FROM THE FIRST AND SECOND LAWS

Thermodynamic Definition of Temperature

It will be remembered that in Chap. I we pointed out that a
temperature scale based on one thermometric substance will in
general differ from one based on any other substance. On
account of the great similarity in the behavior of gases, tempera-
tures indicated by various gases agrec very accurately with each
other. By a slight extrapolation it is easy to determine the
behavior of a gas in the ideal state and we can consider the
“ absolute ”” temperatures which we have cmployed so far as being
based on an ideal gas as thermometric substance. Nevertheless
we shall feel better satisfied if we can define a temperature scale
without the introduction of hypothetical ideal gases and we pro-
ceed to show how such a scale can be defined by the Second Law
of Thermodynamics.

On the basis of the Second Law we proved in the last chapter
that if we have two heat reservoirs at different temperatures and
if we carry out a reversible Carnot Cycle in which we take a
quantity of hecat Q. from the warmer reservoir and deliver the
quantity (. to the cooler reservoir, the quantity of work W
. obtained in the cycle is independent of the nature of the substance
which goes through the Carnot Cycle. Thus if one reservoir is
at the temperature of boiling water and the other is at that of
amelting ice, and if the quantity of heat Q. is absorbed by the work-
ing substance at the higher temperature, then no matter what
working substance is used, the quantity of work W obtained is
always a definite fraction of Qe, say a, so that W = a(:. Now
we might define a temperature scale in the following manner.
Let us call the difference in temperature between melting ice and

boiling water, one degree on our thermodynamic scale and let us
92
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say that in general two bodies differ in temperature by one degree
if a Camot Cycle carried out with the two bodies as reservoirs
gives us the same fraction o for the ratio of W to (; as is obtained
with melting ice and boiling water as the two reservoirs. In this
way a scale could be constructed but it would be quite different
from our ordinary one. We can, however, obtain one, which
will be close to the usual one, in the following way. Since the
working substance in describing a Carnot Cycle takes a larger
quantity of heat from the warmer reservoir than it gives up to the
colder one and since, if the temperatures of the reservoirs are
maintained unchanged, the ratio of the two heat quantities is
unchanged (otherwise the fraction converted into work would
change) we can if we desire define the temperatures of the two
reservoirs by saying that they are proportional to the two heat
quantities Q: and Qi which are transferred in the Carnot Cycle.
The magnitude of each degree of temperature is fixed by the addi-
tional convention that we shall call the difference in temperature
of boiling water and melting ice, 100 degrees. For a Carnot
Cycle working between these two temperatures, we should have,
_ 0 _ O

-+ 100 To

Hence the amount of work, W, which is equal to Q: — @y, is given

T,
by the expression Q» — WQ = (T e ) Oneac-

curate determination of the ratio w_ ‘__Iogm_ would fix the
Q: T+

melting point of ice and the boiling point of watcr on this ther-
modynamic scale. We can easily show that the thermodynamic
scale so defined is identical with that based on the laws of ideal
gases. For when we employed an ideal gas in the Carnot Cycle,
we found that the two quantities of heat concerned were pro-
portional to the absolute temperature on the ideal gas scale.
Hence the thermodynamic scale as we have just defined it is
identical with one based on the behavior of ideal gases and for
most purposes may be considered as identical with that obtained
using a gas such as hydrogen as the thermometric substance.

if T, is the temperature of the melting ice, T 100



04 FIRST AND SECOND LAW DEDUCTIONS Cu. VIII

Entropy of Ideal Gases
In all cases in which the external work done in any infinitesimal
stage of a reversible process is equal to pdV, we have as our defini-
tion of the change in entropy (equation (1) Chap. VII)

aUu 4} pav. (1)
Whenever the values of U and p are known as functions of ¥ and
T, it will be possible to integrate equation (1) and obtain the
expression for the change in entropy for finite changes of state.
In general, we do not know the equation of state for the system
under consideration and have to be content with the differential
equation (1). In the case of ideal gases however we can easily
integrate equation (1). For, considering one mole of the ideal
gas, we have (equation (21), Chap. V)

_0_
dSs =% =

dU = Cy dT (2)
and also from equation (5), Chap. I,
pV = RT. 3
Substituting in equation (1), we obtain
C,dT | RdV
@S = ——+ —— (4)

Since C, is assumed to be a constant for an ideal gas, we obtain on
integration S =C,logT + Rlog V + const. ()
This may be written in the following form, if we suppose that
Sy, T, Vi and Sa, T, V; are the values of the entropy, tempera-
ture and volume in the initial and final states of a process:
_ T, £

Sz — 81 = C, log T, + Rlog v, (6)
We can also express the entropy as a function of 7" and p. Thus
differentiating equation (3) we obtain pdV + Vdp = RdT or
pdV = RdT — V.dp. Substituting this value of pdV in the
CodT + pdV

T

as

equation, dS = we obtain

_C,dT — Vip
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since Co+ R = C, (equation (24), Chap. V); and since —; = 1—;,
we have .
s = C‘f,lf” - %d—/-’ . )

The integral of equation (8) may be written analogously to equa-
tions (5) and (6),

S =Cylog T ~ Rlog p + const. (9)
Sz = Si =( 108% ~ Rlog gf (10)

It may be left as an cxercise to the student to show that we have
also

S = Cylog: p + Cplog. V + const. (11)
Sz — S = C, log,ﬂ2 + Cy log. 143 (12)
b Vi

Entropy of a Mixture of Two Ideal Gases

Since the cnergy of an ideal gas depends only on its tempera-
ture, the encrgy of a mixture of gascs is equal to the sum of the
encrgies of each component gas when in the pure state at the same
temperature. The entropy of a given mass of gas depends on two
variables, say 7 and V or 7" and p, so that if we wish to determine
the entropy of a mixture of two gases, whose temperature, volume
and pressure are T', V and p, as a sum of the entropies of the com-
ponent gases, we may be at a loss to know what values of volume
and pressure are to be assigned to each gas. In other words, are
we to look on the total volume of the gas as a sum of partial vol-
umes or is the total pressure to be considered a sum of partial
pressures? This question cannot be answered arbitrarily. The
only way open to us is to convert the mixture of gases into two
pure gases by a reversible process and calculate the change of
entropy.

The vessel in Fig. 13 contains the two gases which are to be
separated reversibly. The pistons AB and CD are connected
rigidly to each other but are free to move in a vertical direction.
The walls EF and GH are stationary. The wall EF is supposed
to be permeable to gas (1) but not to gas (2); the wall CD is
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permeable to gas (2) but not to gas (1). AB and GH and all
other walls are impermeable to both gases. The vessel is so
built that the distance AC is equal to EG and the cross section
of the vessel is invariable. To simplify matters we shall suppose
the vessel is placed in a vacuum. The pressure on AB is due
solely to gas (1), the pressure on GH due solely to gas (2). Asto
the pressure on EF we shall make use of the experimental fact
that if a membrane is permeable to a gas, in a state of equilibrium,
that gas will exert the same pressure on both sides of the mem-
brane, but in opposite directions. Accordingly the pressure on
the piston CD will be due to gas (1) and equal to that on 4B,

A g but in the opposite direction,
(1) since the pressures on CD
due to gas (2) will annul each
other. SinceABand CD are
rigidly connected and since
the force on 4B is equal and
(6))] () " opposite to the force on CD,
there is no resultant force on
AB and CD considered as

S ® onesystem. By meansof an
. ®@) infinitesimal force in a verti-
" cal direction on 4B, the two

Fie. 13

pistons can be moved up-
ward reversibly since we supposc that there are nofrictional forces.
When CD has reached EF, the two gases are completely separ-
ated and in the pure state. During this process, no finite amount
of work has been done on the whole system and we shall suppose
that the vessel is so enclosed that there has been no exchange of
heat with the surroundings. The total energy of the system has
therefore not changed. This being the case, the temperature of
the gases is the same as it was originally in the mixture. Since
there has been no heat exchange and since the process has been
carried out reversibly, there is no change in the total entropy of
this_isolated system. The entropy of a mixture of two gases,
whose temperature is T and volume is V is therefore the same as
the sum of the entropies of each gas in the pure state at the tem-
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perature 7" and same volume V as the mixture. If we wish then to
express the entropy of a mixture of gases, as the sum of the entro-
pies of each component gas, we must suppose each gas to have the
same temperature and volume as the mixture, or the pressure of a
gas in a mixture must be supposed to be its partial pressure as
defined by equation (10) (Chap. I), since this is the pressure the
gas would have when in the pure state and occupying the volume
of the mixture.

Let us suppose we have a mixture of #; moles of gas (1) and
ny moles of gas (2) at the temperature T" and occupying a total
volume V, under a total pressure p. The partial pressures
1 and p, are given by the relations

" + P ?; P = ﬂ‘;{? (11)

The centropy of one mole of a gas, according to equation (g), is
S=CylogT — Rlog p + k. The total entropy of the mixture
is therefore

H =

S =mn(CplogT — Rlog p, + k) .
+ m (Cy, log T— R log p2 + kn). (12)
Evidently it is easy to prove that for a mixture of any number of

ideal gases the entropy would be given by an analogous equation.
We can therefore express this briefly as follows:

S = 3m (Cp log T — Rlog 1 + k), (13)

where p, is the partial pressure of gas (1). If we wish to introduce
the total pressure instead of the partial pressures, we can do so
in the simplest way by means of the rclation, equation (r1),

H= L p = x:1p where 2, is called the mole fraction of gas
1+ He
(1), whence we obtain, for the entropy of a mixture of gases,

S = 2m (Cy log T — R log (mp) + k), (14)
or

S = 2”1 (CologT —Rlogp+ k) —R En, log 2. (15)
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Diffusion of Gases

If we have two ideal gases originally at the same pressure p
and temperature 7" but occupying different volumes V, and V,
and if we allow them to diffuse into each other, the final state will
be characterized by a total pressure p, the same temperature T
and a final volume V; + V.. The number of moles of each gas
is given by the cquations, pV; = mRT and pV, = nRT. The
total entropy before diffusion is

Sy =m (Cylog T — Rlog p + k) + 02 (Cyp,log T'— R log p + k),
and after diffusion is (equation (1))
Sy =, (CplogT — Rlog p + k)

+ 13 (Cplog T — R log p + k2) — R (1 log %, + 7, log x3).

Accordingly
Sy — 81 = — R (n log 1 + n, log ), (26)

and this is necessarily positive since both #; and x, are fractions.
vV, _ 2

g - bl

Vi+ Ve mi4m

S — 5, = —R(nllosz:l +nzlogV—E_3_V—)- (x7)

For the case in which the volumes V; and V, are equal and hence
n, = ny = n, we shall have

Sa2 — Si = 2 Rn log, 2. (18)

The diffusion of two gases into each other is therefore an irre-
versible process.

Since xn =

Applications to Homogeneous Bodies

Let , s and v be the energy, entropy and volume of one gram
of a homogenecous body. Each of these will be taken as functions
of two variables, the temperature T and either the specific volume

v or the pressure p. Since du = (du aT + ( dv) dv and since
T

aT "
b+ (—-)
(iii‘-) 0T + — 7 4,

du + pdv I
——>—, wehave ds = aT), T

ds=—F T
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Also ds = (;;,) aT + ( ) dv. Since the differentials dT" and
dv are independent, we obtain
ds\ _ 1 (du\_oc (10)
ir).  T\aT)," T 10
du
(), - r+ (&), ()
dv Fd T 20

Differentiating equation (19) partially with respect to v and
equation (20) with respect to 7', we obtain

% dp du
a%s _l( 92u ) _ (6T87)>+(ﬁ>0. P+( )1’

oT v T \oT ov T T2

du\ _ dp
whence (d—v)q- T ( dT) P (21)

and equation (20) becomes

(&), (): &

Employing T and p as the independent variables, we have, since

_ (u _ (v
du—-(dT)dT+(dp>dpanddv (dT)dT-I-(dp)dp,

-t ((8) ()7
. (@) (@) )7

Butds = ( dT) aT + dp) dp, and since dT and dp are inde-

pendent we obtain

(&) - ()2 GE), o, (23)

Cp
ar T T

&) (&). o0

)"
ap T
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Differentiating equation (23) partially with respect to p and
equation (24) with respect to T and equating the results, we

obtain
) _ _p (@) _ (@Y,
@) -7 (@), (). @9

so that equation (24) becomes

RO

Equations (19), (22), (23) and (26) are important, since they tell
us how the entropy of a homogeneous body varies with the
temperature, volume and pressure and express this variation in
terms of quantities which are determinable by experiment. Dif-
ferentiating equation (19) partially with respect to » and equa-
tion (22) with respect to T, we obtain on equating the results,

(&)= 7 () @

Similarly from equations (23) and {26) we can obtain

dep\ _ _fdn .
<7[;)'1'_ T(dT2>p (28)

According to equation (15), Chap. V, we have the following rela-
tion between the specific heats at constant pressure and constant

du dy et e
volume, namely, ¢, = ¢, + [p + (&;)T](ﬁ),' Substituting

in this the value of (—jf}) from equation (21), we obtain
T

o=+ T ( 5%); (g-;—) (20)

If we make use of a relation deduced near the end of Chap. I, viz.,
(ir)
(éﬁ) ~ _\T/,

dT _@) ’
ap)r
equation (29) becomes
—a—T(%) (2.
w=a-T (dv)r (dT , (30)
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From equation (30) the difference between ¢, and ¢, is readily
given in terms of the compressibility and coefficient of expansion
and hence ¢, can be calculated from ¢, if the compressibility and

coefficient of expansion are known. Since (g—f) is negative, ¢y
T

is greater than ¢, except when (;T) is zero, which happens in

the case of water at 4° C. Let us calculate ¢, — ¢, in the case of
copper at o° C. For this purpose we shall write equation (30)

as follows:
( 1 dv
Cp— Co =T zﬂ{g‘_ T ‘00%2’ (3 I)
Yo

ap)r
where a is the cubical coefficient of expansion, K is the compressi-
bility and w, is the volume of 1 gram of copper at o®C. Using
therefore the following data for copper: v =o.112cc.; T = 273;
= 5.01 X 10~% K = 8 X 1077, where pressures are expressed
in atmospheres, we obtain on substitution

—b)2
6 — o= 213 X o.112 X (501 X 107°)* _ 00050 (32)

8 X 1077

(I dv

ar

( 1 dv
Yo d? 7
-7 Zf ) Ef) will show that if p is expressed in atmospheres,
vin cc., and T in the usual way, the result will be given in atmos-
phere-cc. per degree. To convert into calories per degree, we
must multiply by o.024205 (see Table VIII). We thus obtain
for copper, ¢, — ¢, = 0.0023 d——iﬂ'—- In the case of 63.6 grams
of copper (the atomic weight) we shall have C; — C, = 0.148,
and since according to the Law of Dulong and Petit the atomic
heat of solid elements is approximately 6.4, we see that the

In what units is the answer expressed?

A consideration of the expression T 2 or its equivalent
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difference between the specific heats of solids at constant volume
and constant pressure is very small if we can take copper as a
typical example.

Applications to Actual Gases

Assuming that the behavior of an actual gas can be expressed
by van der Waals’ equation so long as we restrict our considera-
tion to moderate pressures, we can obtain the following results by
applying some of the equations developed in this chapter. Since

(‘—i——) =T (@) — p (equation (21)), on applying this to van
av)r at/,
der Waals’ equation we obtain, for one mole of the gas,

[fdU a
(“ﬁ, T= 723 (33)

If the gas is heated at constant volume V and if p, is the pressure

at o° C., the coeflicient of increase of pressure g = i(d—I)) is
po\dT )v

=L _e \.
b= (I + ?on) G4)

If V, represents the volume at o° C. and if the gas is heated at con-

stant pressure p, the coefficient of expansion a = = ﬂ/) is

Vo dT D
I a a b
= (I + e + e 70) (342)
Similarly we obtain the following:
a
v—Cv+R+2T/T‘ (35)
S =C,log T+ Rlog (V — b) + const. (36)

Joule-Kelvin Experiment

In our discussion of the Joule-Kelvin experiment in Chap. V,
we showed that if we compare the state of a given mass of gas in
its initial state with that of the same mass in its final state, the
value of the heat function is unchanged in the process (see equa-
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tion (17), Chap. V). Referred to one mole of the gas, we have
the relation

U, + pVi = Uz + Vo, 37
which we may express in the form,
a(U + pV) =o. (38)

Since U + pV is a function of the two independent variables p
and T, we shall have

a @ +pv) = (L) ar + (HELLD) 4p. 0

4 4 T

Let us suppose that there is only an infinitesimal difference of
pressure dp in the Joule-Kelvin experiment and hence only an
infinitesimal change in temperature d7'.

Since d (U + pV) = o, we have

(d U+ pV))
ap)ix (d T+ 77) (40)
ar »
Now since (‘&U—d%P—V» is equal to (Zi) +V+p (d:>
and (d—(l—fd;;—m) is equal to Cp, making use of equation (25)
?
we obtain av
oy )t “
ap/ix. G

This equation will also hold approximately for finite differences of
temperature A7 and pressures Ap, so that we have

T Zg) v
AT = ——L2eem - Ap- (42)
Gy

If Ap represents the decrease in pressure, then AT represents the
fall in temperature. Assuming either the van der Waals or the
Dieterici equation of state, we have approximately

2a
28 _y
T=ﬂ5——2-Ap- 43)
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This equation (43) tells us that the sign of the temperature effect

depends on the relative magnitudes of Rf—-; and b. At a tempera-

ture T = %, called the inversion temperature, there would be
no temperature change; above this temperature, there would be
a heating and below this temperature, a cooling effect. The

Linde liquid air machine is based on the Joule-Thomson effect,

. . . . 2a .
since in the case of air, even at ordinary temperatures, RT 8

greater than b and hence there is a cooling effect. In the case of
hydrogen, the value of a is extremely small, so that at ordinary
temperatures and down to —80° C. we have a heating effect.
Below this temperature hydrogen in passing through a porous
plug will have its temperature lowered.

PROBLEMS

1. Let us define the temperature (9 ) on a thermodynamic scale as follows:
the melting point of ice will be taken as zero and two bodies will differ by

one degree when the ratio of -g/— for a Carnot Cycle using these two bodies
2

as heat reservoirs is 3. If T is the absolute temperature on the ideal gas

scale, show that 8 = log; (;—%) Convert this into an expression containing

the logarithm to the base 10. Calculate the values of 6 corresponding to
the following Centigrade temperatures, 546°, 100°, o°, —136. 5°, —200°%
—272°, —272.8%°, —273°%

2. Calculate the difference in the entropy of 6 grams of hydrogen origi-
nally at ¢° C. and a volume of 4o liters and finally at 10° C. and a volume
of 200 liters.

3. Calculate the difference in the entropy of 8 grams of oxygen originally
at 15° C. and a pressure of 10 atmospheres and finally at —10° C. and a
pressure of 1 atmosphere.

4. Calculate the difference in the entropy of 1o grams of air originally
at a pressure of 15 atmospheres and a total volume of 1 liter and finally
at a pressure of 1 atmosphere and 15 liters. Calculate also the original and
final temperatures.

6. Calculate the difference between the entropy of a mixture of 2 moles
of hydrogen and 1 mole of oxygen at 20° C.and a total pressure of 1 atmos-
phere and the sum of the entropies of the same amounts of hydrogen and
oxygen in the pure state at 20° C. and 1 atmosphere.
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6. What is the increase in the total entropy when 10 liters of nitrogen
and 1o liters of oxygen, eachat 20° C. and 1 atmosphere, diffuse into each
other and form a mixture with a volume of 20 liters?

7. Deduce the relation:

Y _ (% Py _
Ef),“"’(df),”(dr, .

8. Deduce the relation:
(), - (%), (&), - 7(%), - (&
dapJe dT ]y \@p /o dal Jp dp 1'.

9. What are the values of (—d—lf) and (@ in the case of 1 gram of an
dv ? d? [}

ideal gas whose molecular weight is M?

degree’

1fd

= 0.00018 per degree; — — (— = 0.0000039 per atmosphere;
U dp T

10. Given the following data for mercury at o° C.: ¢p = 0.0333
1 (dv

% \d7 /5

v = — % cc.; calculate the value of cp.

13.59
11. Without making use of any deductions from the Second Law, show

g_lf = ¢ ﬂ) —_ p and (l_i_i_‘) = ( d_
)y, "\dv/, dp)e \dp)o
12. By partial differentiation of (ﬁ) with respect to p and of (‘11—‘
& ? dﬁ 0

with respect to v, (using the expressions in problem 11), show that

T (%) (Y _ (% (Y _
e — 0 apav+(ap).(av)p a”)v(al’ , =

13. From problem 12 show that for a mole of a gas for which the only
assumption made is that pV = RT, the following expression holds:

14. Deduce equations (34), (34a), (35), and (36) for a gas whose be-
havior is given by Van der Waals’ equation.
16. Deduce the values of %—,)V’ dilg)q- and (3—1— from Van der
Waals’ equation and from the Dieterici equation.
16. Find the value of (d%ﬁpﬂ) using both Van der Waals’ and the Die-
T

terici equation. Find the conditions under which ((%‘Q) is zero and in-
T

terpret them. Find the value of 7 for which (‘-’%Y—» is zerowhen V= o0
or p = o and interpret your result. » /1



CHAPTER IX

THERMODYNAMIC FUNCTIONS AND THERMO-
DYNAMIC EQUILIBRIUM

In Chap. VII we learned that if any process takes place in
an isolated system, the total entropy is increased or in the limiting
case of a reversible process is unchanged. We can express this
result symbolically as follows:

dS Z o (isolated system). (1)

In our study of actual processes, physical or chemical or both,
we shall often have to deal with systems that are not isolated.
Thus if we are studying a system in which a process takes place
isothermally, it is evident that in general there must be an ex-
change of heat or work or both with the surroundings if the tem-
perature of the system is to remain constant. The results
obtained in Chap. VII can however be applied in such a case if
we bear in mind that the system plus the surroundings make up
an isolated system. Since our chief concern will be with the par-
ticular system and not with the surroundings, we can without
any serious loss of generality suppose that all changes in the sur-
roundings take place reversibly. And if we let S be the entropy
of the system and S, the entropy of the surroundings, then rela-
tion (1) becomes

d(S+S)=dS+dS.2o. (2)

If in any infinitesimal stage of the process, Q is the heat ab-
sorbed by the system from the surroundings, W is the work
done by the system on the surroundings and dU is the increase in
the energy of the system, we have from the First Law

dU=0-W. (3)

106
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Now, since we have assumed that all changes in the surroundings
occur reversibly, the increase in the entropy dS. of the surround-
ings is 0
dS. =— ‘1:' (4)
Substituting the value of dS, from equation (4) in relation (2),
we find that the following relation holds for any infinitesimal

change: AU +W >

ds—QT-Zo or as-TAW 2, (s)

where the symbols refer to the system under consideration. As
we have often pointed out, the term W includes not only mechan-
ical work, but also electrical work, in fact any form of energy
except heat. In cases in which the work is purcly mechanical,
W is equal to p dV and relation (5) becomes

ds_‘.l_{]_‘*i:_i’ﬂfz o. (6)

In all these relations, the inequality sign holds for an irreversi-
ble and the equality sign for a reversible change of state.

Conditions of Restraint

The changes that a system may undergo are in general subject
to certain conditions which we shall call conditions of restraint.
Thus if we are dealing with an isothermal process, the changes
of state in the system are subject to the condition that the tem-
perature shall not change. The condition of restraint in this
case can be expressed cither by the equation 7" = constant or by
the equation 67 = o. In the case of systems which do not
exchange matter with the surroundings, one of the conditions of
restraint is that the total mass shall not change. Suppose, how-
ever, we have a solid phase consisting of salt and a liquid phase
consisting of a saturated aqueous solution in contact with the
salt, and suppose we desire to deal with the solution and the solid
salt as two systems. Since a transfer of salt from one phase to
the other is a possible variation, the mass of each phase is no
longer constant. Thus if 7, and ma, represent the masses of the
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two phases, a condition of restraint will be that m, 4+ m; is con-
stant or m; + éme = o. If again we have only a saturated solu-
tion of salt and no solid present and if ; is the mass of the solu-
tion, a possible variation will be that some salt may precipi-
tate out, and therefore since 7, can diminish but cannot increase,
we shall have as a condition of restraint, m, = o. It will be
clear then that whenever a process takes place in a given system,
there will always be some conditions of restraint which can usu-
ally be expressed in the form of equations, but sometimes must
be given in the form of inequalities.

Isolated System

Conditions of restraint are in this case: Q = o, W = o and hence
8U = o. Equations (5) and (6) become for any infinitesimal

changes d.S 2. Wehave already discussed this kind of system
sufficiently.

Isodynamic System or Energy Constant
Condition of restraint is 3U = o. Hence ) = W and cquation

(5) becomes dS 2 % ordS 2 ZZ Such a system may be repre-

sented by an ideal gas which cxpands isothermally so that the
heat absorbed is equal to the work done.

Adiabatic System

Condition of restraint: Q = 0. Hence dS 2 0. If a system
undergoes any adiabatic process, its entropy increases if the proc-
ess is irreversible and is unchanged if the process is reversible.
Such processes are sometimes called isentropic since the entropy
is constant for a reversible adiabatic change of state.

Isothermal System
Condition of restraint: T = constant. Hence for any infini-
tesimal change of state we have

w5 Wz, ©
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Isothermal processes are of such great practical importance that
we shall discuss them somewhat fully. Since T is constant, rela-

tion (6) is equivalent to d (I'S — U) — W Zoor
AU -TS)S -w ()

We shall name the function U — TS the free energy and denote
it by the symbol F. For isothermal processes then we have

iF S —w. (8)

Since W is the work done by the system, — W is the work done on
the system; hence equation (8) mcans that the increase in free
energy in a process is equal to or less than the work done on the
system. For finite changes of state we can write

(F, — F)r 2 W. ()

In words, this means that in any isothermal process the decrease
in the free energy of the system is equal to or greater than the work
done by the system, the equality holding for reversible and the
inequality for irreversible processes. We may also say that the
work gained by the surroundings in an isothermal process is equal
to the decrcase in free energy if the process is carried out reversi-
bly and always less than that if the process is irreversible. Hence
we may say that the maximum work obtainable in an isothermal
process is cqual to the decrease in the free energy of the system.
For processes in which the work is purely mechanical and given
by pdV for each infinitesimal stage, relations (7) and (8) become

dU -1TS) S —pdV. (10)
aF S —pav. (11)

For reversible processes, relation (9) becomes
2
(Fy — Fi)r = f] pav, (12)

whereas for irreversible processes, we shall leave relation (9) as

it stands, viz.: >
(F1 - Fz)r =W. (13)
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When we define the free cnergy as given by the function U — TS
or when we define the loss of free energy in an isothermal process
as measured by the maximum work obtainable in the process,
we are adhering to the definition originally given by Helmholtz
who invented the expression ‘‘ free energy.” It must be borne
in mind however that some writers use the term ‘“free cnergy”
in a different sense.

Isothermal Process with Work Done Equal to Zero

If the additional constraint is imposed on the system that no
work shall be done, then in addition to T = constant, we have
W = o. This will be the case if the volume of the system is kept
constant and no other kind of work (electrical or otherwise) is
obtained. Under these circumstances we shall have

"dF So. (14)
or for a finite change of state at constant temperature and volume,
(F1 — Fz)T,V Z O. (15)

In other words, the free energy always decreases except in the
case of a reversible process.

Isothermal and Isobaric Processes

The conditions of restraint are, in this case, T = constant and
p = constant. It is not necessary that the pressurc shall be
the same in all parts of the system, but it is necessary that the
pressures shall not change from their original values. We shall
however consider here only the simplest case, namely where the
pressurc p is the same in all parts of the system. Since we are
still dealing with isothermal processes, relation (7) is still valid,
viz.: d (U — TS) S —W. Ifweadd to each side of this expres-
sion the term p dV, we shall obtain, since p is constant,

d(U =TS + pV) S —(W — pav). (16)

The expression U — TS + pV will be called the thermodynamic
potential of the system and will be represented by ¢. Evidently

&=U—TS+pV =F+pV, (17)
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so that we may express (16) as follows:
d® S —(W - pav), (18)

and therefore for a finite change of state at constant temperature

and pressure, 5
(@1 —®)r,y =W — p (Vo= V). (19)

The decrease in the thermodynamic potential in a process at con-
stant temperature and pressure is equal to or greater than the
total work done by the system minus the purely mechanical work,
depending on whether the process is carried out reversibly or irre-
versibly. Thus if a process furnishes both clectrical energy and
(on account of volume changes) mechanical work, we see that the
value of the electrical energy is given by W — p (V, — Vy) and is
therefore cqual to the decrease in the thermodynamic potential
(®: — ®,)7, » when the process is carried out reversibly.

For all cases in which the work is entirely mechanical, W is
equal to pdV or, for a finite process, equal to p (V> — Vi), and
equation (18) becomes

dd = o, (20)
and equation (19) becomes
d — Py Z oO. (21)

In other words, if a process occurs at constant temperature and
pressure and if the work done is purely mechanical, then the
thermodynamic potential diminishes if the process is irreversible
and remains constant if the process is reversible. We may say
that a system at constant temperature and pressure tends towards
a minimum value of the thermodynamic potential.

Equilibrium Conditions

We can now proceed to a consideration of the conditions under
which a system may be said to be in equilibrium and we shall
provisionally define the meaning attached to the word equili-
brium by the statement that a system is in equilibrium when its
state does not change in any particular with the time. In the
foregoing part of this chapter we have learned under what cir-
cumstances a process can occur in a system. The conditions are
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expressed in relation (5). According to (5), an actual process
can only occur if the following condition is fulfilled, viz.:

s — aw+w > o. (5)

T

The equality sign holds only for reversible changes and these do
not occur in nature. Hence if relation (5) cannot be fulfilled by
any imagined possible process, then the system cannot change
and will therefore be in equilibrium. We shall use the sign § to
indicate any imagined or virtual infinitesimal change in the state
of the system, whereas the sign d will refer to any actual change.
Accordingly we can assert that if a system is in equilibrium, it
will remain in equilibrium, if for any virtual infinitesimal change
of state consistent with the prescribed conditions of restraint,

&S — WAHW < o. (22)

T

It is of course possible that relation (22) may be fulfilled for some
virtual variations and not for others, in which case the system
may be in equilibrium as regards certain variations and not as
regards others. We may therefore have different degrees of
stability of equilibrium and we may illustrate this fact by an
example. A system consisting of a mass of water at —5° C.
and at atmospheric pressure is in equilibrium as regards changes
in temperature and volume. A possible variation however is that
an infinitesimal amount of water might change into icc at —5° C.
and atmospheric pressure. It may be shown that for such a vir-
tual variation, relation (22) is not satisfied; in fact in this case
we should have §S — W+ W ; W
this virtual change, our system is not in equilibrium.

Moreover, if for any virtual variation of the state of the system,
represented by a variation of the variables determining the state,
83U+ W

T
to take all the variations in exactly the opposite sense, so that we

shall have &S — 5—?—%—“—7 > o and this will correspond to a

> o0; and therefore as regards

the relation §S — < o is satisfied, it is usually possible
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process which can occur and therefore our system will not be
in equilibrium as regards this possible variation. These con-
siderations are always true if the conditions of restraint are ex-
pressed by equations and not by inequalities. Omitting the
inequality sign from (22), we have as a sufficient condition for

equilibrium U +W
3 — ——"T'— =o, (23)

for if this condition holds in any imagined virtual change, the

change cannot as a matter of fact take place, since the necessary

aU+w
T

> o, as givenin (5). Condition (23) is as we have just said a suffi-

cient guarantee of equilibrium, but nevertheless a system may

also be in cquilibrium even when (23) is not satisfied. Thus

if 85 — Q-I—JJ]L:—IK is negative, the system will be in equilibrium

condition for the occurrence of any actual process is dS —

as regards certain possible variations, although not usually as
regards these variations in the opposite sense. But we must
recognize another important fact. Even when for a virtual
U+ W
T
a variation of state is actually possible, the system as a matter of
fact will not always change but will often remain in equilibrium.
Thus the separation of ice from undercooled water or of salt
from a supersaturated solution are virtual variations for which

U4 W
88 =

take place. But as a matter of fact such processes do not always
occur and the system remains in equilibrium. We may say that
if the laws of thermodynamics declare that a process is impossible,
then the process will not occur; but if they state that a process
can take place, then the process may or may not take place. The
possibility of such behavior in nature gives rise to states of equi-
librium which differ in stability. Thus if a system is in a state
in which all conceivable virtual changes satisfy the relation
U + W

&S — =% then the state is absolutely stable. If how-

variation we have &S — > o, and this means that such

will be positive and hence such processes can
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U+ W
T
by all possible virtual variations, then the system is in equili-
brium as regards some but not as regards all possible variations
and hence the equilibrium is not absolutely stable. In these
cases the equilibrium is frequently described as labile or even
metastable. We shall now proceed to apply equation (23), the
condition of equilibrium, to systems subjected to various re-

straints.

ever the equation S — = ois satisfied by some but not

Equilibrium in Isolated System

Conditions of restraint: Q =o, W = o and therefore U = o.
Hence equation (23) becomes

8S =o. (24)

An isolated system is in equilibrium if all conceivable virtual vari-
ations satisfy (24) and the equilibrium will be stable. The system
will also be in equilibrium as regards a certain variation, if for
this variation 85 is < o. But this state will not be in general a
stable state. Tor if we take the variation in the opposite sense,
and this is usually possible, 35 will be > o and the state of the
system can change, although we cannot predict whether it will
U ; W< o, we shall
state once more that if the equality sign holds for all possible
virtual variations, then the equilibrium is absolutely stable. On
the other hand, if the equality sign holds for some but not for all
virtual changes, or if the inequality sign holds for some variation,
then the equilibrium is of a lower degree of stability. Bearing
these considerations in mind, we shall content ourselves with
U+WwW_ o

T .

or not. As regards the relation &S —

applying the condition for stable equilibrium, S —

Equilibrium in Isodynamic System

Condition of restraint: U = constant or U =o. Hence Q =W
and the condition of equilibrium is

8S = (25)

NS
NI
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Equilibrium in Adiabatic Process

Condition of restraint: Q =o. Hence 6U = —~W. Therefore
the condition of equilibrium is

6S = o. (26)

Equilibrium in Isothermal Processes

Condition of restraint: 7" = constant or 87 = 0. The condition
of equilibrium becomes

5(U~-TS)+W =o, (27)
or if F represents the function (U — TS)
oF = —W. (28)

In words, if for any virtual change of state, the increase in the
free energy is equal to the work done on the system, then the sys-
tem is in equilibrium. In cases in which the work is purely
mechanical, equation (28) becomes

oF = — pov. (29)

Isothermal Processes and Zero Work

Conditions of restraint: T'=constant and W=o0. The con-
dition of equilibrium is then
oF = o. (30)

When the work is entirely mechanical, W becomes zero, if the
volume is kept constant. Under these circumstances, §V = o,
and equation (29) reduces to equation (30). This result may be
expressed as follows: A system maintained at constant volume
and temperature is in equilibrium if its free energy is a minimum.
That equation (30) corresponds to a minimum and not to a
maximum will be clear if we consider relation (14) which tells us
that in all actual isothermal processes at constant volume the
free energy diminishes. We shall have equilibrium then if the
free energy cannot get less, that is, if it possesses a minimum
value. It must be borne in mind that these statements hold only
for processes in which no work of any kind is done; in general,
we must use equations (28) or (29) and not equation (30).
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Isothermal and Isobaric Processes

Conditions of restraint: 7" = constant and p = constant. The
condition of equilibrium in this case can evidently be written as

follows:
8(U—-TS+pV) = —W — péb), (31)

or since ® = U — TS + pV = the thermodynamic potential of
the system,
8= — (W — psV). (32)

A system at constant pressure and temperature is in equilibrium,
if for any virtual variation the decrease in the thermodynamic
potential is equal to the total work done by the system minus the
purely mechanical work. In the usual case in which the total
work is mechanical, we have, as the condition of equilibrium,

8 = o. (33)

If we consider relation (20) we see that in all actual variations of
the state of a system the thermodynamic potential decrcases.
Hence we shall have a state of equilibrium if the value of ® cannot
diminish. We can therefore state the condition of equilibrium
as follows: A system at constant temperature and pressure is in
equilibrium if the thermodynamic potential has a minimum value.

It may be mentioned at this point that a number of writers
give the name “ free cnergy ” to the function which is here called
the thermodynamic potential.

Some Properties of the Characteristic Functions

We shall proceed to calculate the changes in free energy and
in the thermodynamic potential for isothermal processes as func-
tions of the temperature and either the volume or the pressure.
We shall of course suppose that all changes are carried out re-
versibly. The process will in general be characterized by the dis-
appearance of definite quantities of certain substances, the forma-
tion of other substances, exchange of heat with the surroundings
and changes in volume and pressure. Thus a process may con-
sist in the disappearance of two moles of hydrogen and one mole
of oxygen and the formation of two moles of water. This is a
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statement of the material change. In addition there will be
changes in energy, depending on the temperature at which the
process occurs and on the manner in which the volume or pres-
sure varies during the given process. For the sake of brevity,
we shall speak of two processes as being the same, if the same
material change occurs in both. With this understanding, let
us determinc how the changes in free energy and the thermody-
namic potential for any given material change depend on the
variables T, V and p. The symbol (F; — F)v, 7 will mean the
decrease in the free energy for the given process at constant tem-
perature and constant volume; the symbols, (F; — Fy),,r,
(®1— ®3)y, , (B, — ®2) v, r etc., are to be interpreted in an analogous
manner. We have as our general definition of these functions for
isothermal processes:

(F1 - Fz)T = U1 - U2 - T(Sl - S2) (34)
(‘I’l — q’z)’r =U, — U2 -T (Sl - S2) + Plvl - P2V2 (35)
= F, + pVi — (Fz + pVo).

Isothermal Processes at Constant Volume
From the general relation (34) we have
d(Fy— Fy)v,r = dU, — TdS, — dUz + TdS: — (S1 — S2) dT
= —pdV + p2dV — (S1 — S2) dT. (36)

Hence we obtain the partial derivatives:

[(E=Fer] <y (37)
[(Z_(El(;TF____zLu]V = (52 — S (38)

For the sake of clearness, let us put equations (37) and (38) into
words. Equation (37) means that if a reaction is carried out,
first at the temperature 7" and constant volume V and then at the
same temperature but a larger volume V + dV, the decrease in
free energy in the second case, (F; — F2)v+av, r,is greater than in
the first case, (Fy — Fa)v,r, by (p2 — p1)dV. Equation (38) means
that a reaction is carried out in both cases at the constant volume
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V, but in one case at the temperature T and in the second case at
the temperature I" + dT" and the free energy decrease in the
second is greater than in the first case by (S2 — S1) d7. Similar
interpretations can easily be given by the student to all similar
equations. Substituting from (38) in equation (34) we obtain

(Fy — F)v.r = (U, — Ug)v.r + T[Mﬁ] . (39)
ar v
This is an extremely important equation, as it gives the relation
between the free energy, total energy and temperature-coefficient
of the free energy. It is one form of the Gibbs-Helmholtz equa-
tion.
Let us now consider the function (#;—®,)v,r. Since (& —&)v, 7
= (F\ = F)v,r + (p1 — p)V, we readily obtain the following
value for d (®, — &) v, r, viz.:

d(® — &)y, 0= [d (pr — 1’2)] av

+[ (d (p ‘dT 2 2)) +8;— Sl]dT- (40)

Hence we have for the partial derivatives:

[d_@;;VL]= v [WT;P)] (47)

Substituting (42) in (35) we obtain

@ —®)vr=U—Uv+ (pr— p)V —-TV [‘“%;_Pi)]v

+7T [d—————“‘ ;fz)v' T]V- (43)

If the reacting substances are all ideal gases, and if #, and »,

are the original and final number of moles, then p;, = _I7RT

and p. = T/’RT . Hence (p1 — o) = (annz)-RT and it is easy

to show that the expression (p1 — po)V — TV [d ( ldT ? 2)]
14



Cn. IX ISOTHERMAL PROCESSES AT CONSTANT PRESSURE 119

vanishes. Under these circumstances, equation (43) assumes
the simpler form

(4"1 - ¢2)V_T = (U1 - Uz)v + T [ﬁq%?}—)-]v. (433,)

Isothermal Processes at Constant Pressure

We can express the decrease in frec energy for an isothermal
process at constant pressure in the form:

(Fy — Fy)pr= (Ur — Us)p — T (51 — Sd)p (44)
On differentiation we obtain
d (Fy — Fa)pr = dU, — TdS, — dU; + TdSz — (S1 — S2),dT
= —pd(Vi— Va) — (S1— So)pdT

_ eV, - Vl)]
- P L dp le)
+| (wji—;—@) +8 - sl]dr. 3)
L ?
The partial derivatives are
d(F1 ‘—Fz)p,r I:d (Vz - Vl]
[ Ber] 49
[d~——~—~(F : d_TF 2, TJ (S2 — Si)» + p[ V‘)] (47)

Substituting (47) in (44) we obtain
(Fr — F2)p‘T = (U, — Us)y — Ty d (VZ Vl)]
2

+T [‘1—(%7'—-—— :L- (48)

If the reacting substances are ideal gases, it can easily be shown
that (48) is equivalent to

o= (U= Uyt p (s - v+ 7[ LB I27] )

Or if we use the thermochemical symbol, Hy, as defined by cqua-
tion (17), Chap. VI, we obtain

(Fi— F)pr=Hy + T [‘L%EM],' (50)
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The function (&, — &), r is given by the equation
(&1 = Bo)p,r = (Ur— U)p = T (S1 = So)o + p (Vi — Va)o. (51)
On differentiation, we obtain
d (B — ®)p,r = (Vi — Va)pdp — (S1 — S2)pdT,  (52)

since dU; — 1" dS; = p dV, etc. The partial derivatives are:

[‘L(i'lil_;_P_‘Ilzlu]T: Vs = Vo). (53)
[d(i:l;_@a)l = (S2 = Sy (54)

Substituting from (54) in (51) we obtain
(®1— ®)g, 7= (Ur— Us)p+ p (Vi— Va)pt+ T[d @M’_z)_pz'] - (55)

aT
And since H, = (U + pV), — (U + pV),, we may write
@1~ ), r=H,+ T [‘i_(iif‘._‘__?i%)_’l] . (55a)
daTr »

Equation (55a) is of especial importance since we frequently have
under consideration reactions at constant temperature and con-
stant pressure. We shall therefore find it convenient to denote
the quantity (#, — &), r by the symbol 4, or simply A and shall
call 4, the affinity of the process at constant temperature and
pressure. Similarly we may call (F, — Fu)v,r the affinity of an
isothermal process at constant volume and denote it by 4,. But
unless otherwise specifically stated, the symbol A will be the
affinity at constant pressure. Bearing these definitions in mind,
we have from equations (39) and (55a)

4, —H,,+T(dT) (56)

A,
A=A,=H,+T ({zr) (57)

The reasons for using the term affinity for the functions 4, and
A, will be given later when we discuss the conditions governing
chemical equilibrium.
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PROBLEMS

1. A system consisting of a supersaturated aqueous solution of sodium
thiosulphate is to be maintained at constant temperature and pressure. If
m, and m, are the masses of the water and the salt respectively, write down
the conditions of restraint governing all possible changes in the state of the
liquid phase including the possible formation of a new phase.

2. What would be the expression for the thermodynamic potential of a
system consisting of an aqueous solution under a pressurc p; and with a
volume V3, separated by a semipermeable membrane from water under a
pressure p. and with a volume V,?

8. Is there any difference between an isolated system and an isodynamic
one?

4. Calculate the change in free cnergy when a mole of a liquid is evapo-
rated at constant temperature 7" and constant pressure p (p = vapor pres-
sure at temperature 7), if V1and V, are the volumes of 1 mole of the liquid
and of the vapor respectively. For water when T" = 373, p = 1 atmos-
phere, V: = 18.02 X 1674 cc. and Vi = 18.02 cc. In this case give the
answer in calories.

6. What is the difference in the thermodynamic potential of 1 mole of
water and 1 mole of steam, both at 100° C. and 1 atmosphere?

6. Show that for any infinitesimal reversible change d® = Vdp — SdT.

7. Calculate the difference between the thermodynamical potential of a
mole of water under a pressure of 2 atmosphercs and a mole of water under
a pressure of 1 atmosphere, the temperature being 100° C. in both cases
and the water being assumed to be practically incompressible. Express the
difference in calories.

8. From problems 5 and 6 how do the thermodynamic potentials of
the water under 2 atmospheres and the steam under 1 atmosphere compare
with each other?

9. In the case of 1 mole of an ideal gas, we have U = CoT + b (b = con-
stant, equation (22), Chap. V) and S = Cp log T — R log p + k (equa-
tion (g), Chap. VIII). Show that the frec cnergy F of 1 mole of an ideal
gas is F =T (C, —CologT — Rlog V+RIlogR—k) +b=T(C, —
Cplog T+ Rlog p —k) +b. Show also that for 1 mole of an ideal gas
2=T1T(Cp—CplogT+Rlogp—k)+b

10. Show that for 1 mole of an ideal gas we have

dF _ _ _
(d"T = S —#i (dT =-S-R (T) o

de\ _ ,dF_,@__de=_
2),- S+R,(ET—V,(de—V, e

11. Deduce equation (40) omitting none of the steps in the deduction.
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12, State in words the meaning of equations (41), (42), (46), (47), (53)
and (54).

13. What are the values of the partial derivatives (46) and (47) if the re-
acting substances are all gases, there being originally #; moles and finally
7, moles?

14. For a certain process the value of (& — ®5)p, 7, at o° C. is 38,204
calories and at 10° C. 37,720 calories. Assuming that (®; — &:)p,r is a
linear function of the temperature, calculate the value of Hp at o° C.

16. Deduce the relationships:

-r_1(% —o—T(R) - (%



CHAPTER X
FUSION, EVAPORATION AND SUBLIMATION

We shall study in this chapter systems made up of bodies in
different states of aggregation, but we shall restrict our considera-
tion to systems which have the same composition throughout.
To every different, physically homogeneous part of the system
we shall give the name ‘“‘phase,” a term introduced by Willard
Gibbs. Hence on account of the restriction we have imposed,
the processes of fusion, evaporation and sublimation will alter
the mass but not the nature of any phase. The state of cach
phase will then be determined completely by its mass, and by
any two of the variables, p, v and 7. For the sake of clearness,
we may suppose that the system is made up of one substance only,
but it must be borne in mind that the results will hold for any
system which conforms to the conditions we have laid down.

Since we wish to determine the conditions under which our
system is in equilibrium, we may suppose it to be enclosed in a
rigid vessel impermeable to heat so that all interaction with the
surroundings is excluded. We have then the following conditions
of restraint: the total mass, the total energy and the total volume
are invariable. Let mi, v, i, p1, T1, s; be the mass, specific
volume, specific energy, pressure, temperature and specific
entropy of one phase, with corresponding symbols for the other
two phases, since we suppose that there are present in general
three phases, solid, liquid and gaseous. If m, V and U represent
the mass, volume and energy of the whole system, we have the
following equations for the conditions for restraint:

m = my + ms + ms = constant, (x)
V = mw + msv, + myvs = constant, (2)
U = muu, + maus + msus = constant. (3)

123
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For the total entropy S of the system, we have
S = mis1 + mesz + Mmsss. @)

The condition that this system (an isolated one) shall be in
cquilibrium is given by equation (24), Chap. IX and is

4S5 = o. (5)

We must therefore consider what variations our system is capable
of experiencing, and we must see that they satisfy equation (5)
if the system is to be in equilibrium. Evidently we can imagine
a transfer of matter from one phase to another causing m,, m, and
ms to vary; the specific energies u;, 4, and u; and the specific
volumes 7, v, and v; may change and we must calculate the
change in entropy due to these virtual variations. For every
virtual change of encrgy éx# and of volume év, we have

ou 4+ pov

os = 7 ©)
From equation (4) the total variation of entropy is
&S = 21711 os1 + 2 Sy 0my, )

where the summation sign applies to the three phases. Substi-
tuting from (6) we have

8S = 2 LULCI +3 mli’ LU 2 51 6my. (8

We must now take into account the conditions of restraint ex-

pressed in equations (1), (2) and (3) which limit the variations.
Evidently the following relations must hold:

omy + dma + dms =0, (9)

My 801 + Mg 80y + M3 805 + vy dmy + Ve 32 + V3 6ms = o, (10)

mlsul + ”hauz + m36u3 + u16m1 + uzaﬂtg +u3 oms = o. (II)

TIn equation (8) there are nine variations, but they are not all
independent since we have three equations, (9), (10), and (11),
which they must satisfy. We can therefore by means of (g),



Ca X FUSION, EVAPORATION AND SUBLIMATION 125

(10), and (11) reduce the number of independent variations to
six; thus

oms = —omy; — oms,
My 603 = —my 801 — M 82 + (Vs — v1) Oy + (vs — ) Sma,

MydUs = —my duy — Madthy + (Us — uy) 6my + (uz — us) Sma.

Substituting the values of éms, év; and du; in (8) we obtain

5 = f‘—‘—@) 1+(———1”2)5u2

T1 Ts T2 T3
P Ps P s
+ (Tl Ts) my ov; + (T2 13) s 67z
+[s1—53+ +P( Tvl)]mx
3
+'[82 —n+ s (v Wz):l oms.
3

These six variations, du;, duz, 6v1, 622, dm, and dm, are independ-
ent of one another, the magnitude of any one having no relation
to the magnitude of any other. If the system is to be in equili-
brium and if 6S is to be zero for all possible virtual variations,
then the coefficients of each of the variations must be zero.
Hence we obtain the following relations:

Ty= T,= Ty = T (equilibrium temperature), (12)

p1 = p2 = p3 = p, (equilibrium pressure), (13)
S3 — &1 = Us — +;s (‘03 - 7}]) ) (14)
== +]?“(”3_v2)- (15)

These six equations therefore hold for the system in equilibrium.
The first four, which tell us that the temperature and pressure are
uniform throughout the system, may appear rather obvious.
Equations (14) and (15) are of especial interest and will be em-
ployed in the study of the phenomena of fusion, evaporation and
sublimation.
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Equilibrium in One Phase
Under what conditions is a system consisting of one phase only,
say phase 3, in equilibrium? To answer this question we must
make m,; and m. equal to zero in all our equations. Let p; be the
pressure of this single phase. A possible variation may be the
formation of a second and a third phase, but in addition to the
relation om, -+ om, + dms; = o, we have

oms S o, om 2 o, &my 2

As before, we find for the variation in the total entropy on putting
m; = o and mp = o,

&S = (31 — s34+ b=t +1?3 (@ — '1)1)) dmy

+ [Sz PR B +;"‘ (o — ””)]am»z, (16)

where the variations dm; and §m, must be either zero or positive.
Now if p, represents the pressure at which all three phases are in
equilibrium for the given value of T, we have

— uy + ps (v — )

St — 83 + T = o, ctc.
Hence, on substituting in (16), we obtain
6§ = s = P T b [(vs — ) dmy + (vs — 3) dmma). (17)

Our system of one phase will be in equilibrium for the given
values of ps, 95, T, if 6S is zero or negative. Evidently, 8S is
zero if p; = p,; that is, if the single phase is under a pressure at
which all three phases could coexist. But we desire to see if the
phase is in equilibrium when the pressure isnot p. Since dm; and
ém, are both positive, the sign of 65 will depend both on p; — p,
and on the values of (v; — v,) and (v3.— v;). To simplify matters,
we shall ask ourselves under what conditions will it be impossible
for a single new phase, say phase 1, to appear. This simplifica-
tion means that the possibility of the appearance of phase 2 is for
the moment excluded, i.e. &, = o. Hence if we consider the
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possibility of the formation of one new phase only, equation (17)
becomes

65 = L= ")T(va = %) dm. (18)

If both (ps — p) and (v3 — v;) are of the same sign, since ém, is
positive, 85 will be positive and the new phase can appear. If
they are of opposite signs, S is negative and the new phase can-
not appear. To illustrate, supposc phase 3 is a gas, and phase 1
a liquid; p; will be the vapor pressure at the temperature 7. In
this case v3 is greater than »;. Hence 4S will be positive, zero or
negative according as p; is greater than, equal to or less than ps.
In other words, a gas is in equilibrium as regards the formation of
a new phase so long as its pressure is equal to or less than the
pressure at which it could cxist in equilibrium with the new phase.
The student can easily apply (18) to other special cases. It will
be seen that we have just been studying a system in which some
of the conditions of restraint are given by inequalities and not by
equations. Thus since the system consisted originally of phase
3 only, ém; could be zero or negative but could not be positive, or
oms S o. Similarly, sm; 2 o. Itisalso to be noted that even if
in the present case the pressure of the gas p; is greater than p; so
that the formation of liquid would mean an increase in the total
entropy, such a change does not always occur and the gas may
remain supersaturated and in what is called labile equilibrium.

Equilibrium between Two Phases

Distinguishing the two phases by the numbers 1 and 2, we
have at equilibrium,

T1 = T 9 = T,

Pr=p2 = Ps
L I
If we imagine one gram of phase 1 to be changed reversibly into

one gram of phase 2, we have, since ds =

2
82—81=./1'££+Tp-@'

du + pdv’
T
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If we carry out the process isothermally, we have

82—81=u~—2—;——m+71:, I\Pd'l’. (20)
And if we also carry out the process at constant pressure, we shall
obtain equation (19). But there is another isothermal process
by which we can at least conceive of one gram of phase 1 changing
into one gram of phase 2 and that is by a gradual change in the
volume and pressure of phase 1 without there being at any time
two phases. In other words, the system is to be homogeneous
throughout the change. Such a process is illustrated by the
theoretical isothermal, ABDEF in Fig. 7 (Chap. II). Since the
change in entropy s: — s, depends only on the initial and final
states, we shall have

S rd = po -, (21)

where the value of p as a function of v is given by the equation
of state of the substance. Referring again to Fig. 7, equation
(21) shows that if AF represents ps, the area ABD is equal to the
area DEF. Hence if we know the equation of state of a sub-
stance as represented by the curve HABDEFG, we can deter-
mine the equilibrium pressure for the two phases at any temper-
ature. Equations (19) for a system of two phases in equilibrium
may evidently be written as follows:

Tl = Tz
D=1 = ps , (22)
N+ =fo+ pova

where f is the free energy of unit mass; or in the following form,
where ¢ is the thermodynamic potential of unit mass:

Tl = Tz

Pr=1pr=1p:. (23)
b= ¢y

Since ¢ is defined as equal to # — T's + v,

d¢ =du — Tds + pdv +vdp — sdT
= vdp — sdT. (24)
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o\ _ de\ _ _
Hence ( dp)r— v and ( dT),_ s. (25)

Let us suppose that our system of two phases in equilibrium suf-
fers an infinitesimal change of state and reaches a new state of
equilibrium, in which the values of the equilibrium pressure and
temperature are p; + dp, and T" 4 dI. We have in general for
the two phases,

- (8)(8) -

aT ~\ar),, " \ap.)r dT T
déy _ (d¢x (‘i@) dps _ _ 1’2
a7 (dT),,+ dp)e ar = THT™
Since the new system is to be in equilibrium, we must have from
equations (23) di _ d
dT — dT
dpy _ dp: _ dps,
and 4T ~dr ~ dT
Hence from (26)
-5+ Wl% = —% + vz%’

or taking equation (19) into consideration,

s2—s1=(n—mn) pr =nu-h +TPs (2 — ), (27)

Hence from our definition of the latent heat accompanying the
transformation of one phase into another (see equation (),
Chap. VI),

Mo = s — s + o (2 — 07) =T(v2—vl>‘f{;—-:, (28)

where A\ is the heat absorbed when unit mass of one phase
changes into unit mass of the second phase at constant tempera-
ture and pressure. Equation (28) is the famous equation dis-
covered by Clapeyron and established by Clausius and is usually
called the Clapeyron-Clausius formula. We shall proceed to
illustrate the usefulness of this equation by applying it to certain
examples of fusion and evaporation.
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Heat of Fusion of Ice
Equation (28) may be written in the form:

dT _ ('Uz — ‘01) T
EE I VI ’ (29)

where 7 is the temperature of fusion, ), the latent heat, p, the
pressure on both phases, and v, and # the specific volumes of
water and ice. We shall determine the change in the equilibrium
temperature produced by changes in pressure. We can take
%2 = 1 cC. and v, = 1.0908 cc. and we may for our purposes sup-
pose that v; and , do not change appreciably for small changes in
temperature and pressure. If we express pressure in atmospheres
and volume in cc.’s we must express A, in atmosphere-cc. Now
M is 79.8 cal. = 3297 atmospherc-cc. Hence for a temperature
near o° C., we have, putting 7 = 273,

dT' _ —o0.0908 X 273 _

_d—i; 3207 —0.0075. (30)

For every increasc in pressure of one atmosphere, the melting-
point of ice is lowercd 0.0075° C. In 1850 Lord Kelvin (then
William Thomson) determined the melting-points of ice at pres-
sures of 8.1 and 16.8 atmospheres and found —o.059° and
—o0.129° or an average change in melting-point per atmosphere
of —0.0073° and —o0.0077°, in excellent agreement with equation
(30). Equation (29) not only gives a qualitative but a quanti-
tative answer to the question as to how the melting-point de-
pends on the pressure. A qualitative answer can be given from
a knowledge of the relative magnitudes of v, and ».. If the
liquid is denser than the solid, the substance behaves like ice, but
if, as is generally the case, the solid form is denser than the liquid,
the melting-point will be raised by increasing the pressure. Since
ice melts at 0° C. when the pressure is one atmosphere, it will melt
at 40.0075° C. in a vacuum or where the pressure is extremely
small, say 4 or 5 mm.
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Evaporation

The equations we have developed apply without change to the
process of evaporation. We shall calculate the latent heat of
aps .

' 4T and the specific
volumes of liquid and vapor. We have the following data for
100° C.:

evaporation of water from given values of T'

T = 373,
vy = 1674 cc. according to Knoblauch, Linde and Klebe,
7 = I CC,

dps _ mm. _ 27.12 atm.

o = 2712 degree — 760 degree (Holborn and Henning),

1 atm. cc. = 0.024205 cal.

Hence the latent heat of evaporation of 1 gram of water at 100° C.
is

N =373 X 1673 X % X 0.024205 = 530.I cal.,
in excellent agreement with values obtained by direct experiment.
An approximate result can be obtained by means of a simpler
formula if we assume that the vapor obeys the ideal gas laws.

Under these circumstances, neglecting the specific volume of the

liquid, equation (28) becomes, since v, = RT, where M is the

Mp,
molecular weight of the vapor,
_ RT? dp,
N= Mp, ar (31)

Applying this to the evaporation of water at 100° C., since R
= 1.987, M = 18.02, and p; = 1 atmosphere,

_ 1.987 X 373% , 27.12

A 18.02 X 760

Our approximation formula in this case gives us a result which

is between one and two per cent too high.
If we assume that M is approximately constant over a small
range of temperature, we can obtain (31) in a form which we may

= 547.1 cal.
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tdps _

call the integrated Clapeyron formula. Thus — il — RT’ » and
if #1 and ps are the vapor pressures at the temperatures 7y and T,
we obtain T.T 5

M\ = 2.303 R T, ! 2T 10810; (310)

where M\ is evidently the molecular heat of evaporation, R has
the value 1.987, and the factor 2.303 is introduced on account of
the use of ordinary, instead of natural, logarithms.

The relation between the vapor pressure and temperature of
a liquid has been expressed in a large number of empirical for-
mulas, among which may be mentioned:

log p = a + be' + ¢ (Biot),
log p = 4 — 3. + C log T (Kirchhoff, Rankine, Dupré),

log p ="—1‘;°— + éjloge T - 9_7:+ i (Nernst).

These formulas may be used in calculatmg @ from given values
of pand T.

Trouton’s Law

A relation, discovered independently by Pictet in 1876, by
Ramsay in 1877 and by Trouton in 1884 may be stated in the form
J‘T[} = % = constant, where L is the molar heat of vaporization
at the boiling point under normal atmospheric pressure. The
value of the constant is 20-21 for hydrocarbons, about 21 for
esters, COg, H,S and CS; and about 26 for water and alcohols.
For substances with very low boiling points, the value of the con-
stant is much smaller. Nernst has proposed the following form-
ula which holds very well, not only for the substances already
mentioned (excluding water and the alcohols) but also for such low
boiling liquids as hydrogen, nitrogen, argon, oxygen and methane:

5,L~ = 0.§ loglo T, — 0.007 T,
b

This may be referred to as the Trouton-Nernst formula.
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Effect of Changes of Pressure on the Boiling Point

By a combination of the Clapeyron formula and Trouton’s
Rule, we can easily deduce the expression which will tell us how
the boiling point of a liquid will change with slight changesin
pressure. Thus, if T3 is the boiling point when the pressure is
760 mm. we have, from the modified Clapeyron equation,

dT, T (Vu~V) RT®

dap L »L
From Trouton’s Rule, we have
L
T k.
dTy RT, 1
H aI», _ RTp 1
ence 7 > %
or approximately AT, = ;% « Ty Ap.

If the pressure is expressed in millimeters, since R = 1.987,
p = 760 and & is approximately 21, we obtain

AT, = o.00012 T+ AP,
or, in general,

ATy = T+ AP.
For most ordinary substances the value of ¢ is 0.coor2; for oxygen
and nitrogen it is o.00015, and for water and the alcohols it is
about o.cooro. The formula can be used to reduce observed
boiling points to the normal boiling point at a pressure of 760 mm.

Effect of Pressure on Vapor Pressure of Liquid or Solid

Equations (12)-(15) and (19) are valid when the system
consists of different phases of one substance in contact so that
the pressure is uniform throughout the system. It is possible
however, by the introduction of an indifferent gas, to have the
pressure on the liquid and solid phases different from the pressure
exerted by the vapor. We shall suppose for example that we
have in a closed vessel, some liquid water, some water vapor and
an indifferent gas at the temperature 7. Let p; be the pressure
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of the water vapor and p; the total pressure on the liquid. When
there is no indifferent gas present, let the vapor pressure be p..
In this case psis also the total pressure. Therefore, when p, = #,,
we have also p, = p,. Let ¢ and ¢ be the thermodynamic
potentials of 1 gram of liquid and of vapor. At equilibrium
¢1 = ¢2. According to equation (24) we have at constant tem-
perature, d¢; = v;dp, and d¢; = v, dp, for any increase in the total
pressure p, on the liquid and corresponding increase in pressure
2 on the vapor. If under the new system of pressures the system
is to be in equilibrium, ¢; + d¢; must equal ¢, + d¢; or dpy = deps.
Hence we obtain

ndp = vdps or dpe = ?dpl. (32)
3

Equation (32), together with the condition that when #, = p,
P2 = Ps, gives a definite solution to the problem if », and v, are
known functions of the pressure. We can obtain a fairly accurate
result by assuming the liquid to be incompressible (i.e., v; is con-
stant) and that the vapor obeys the gas laws. With these assump-

tions, we have v, = ]{;g where M is the molecular weight of the
2
gas. Hence equation (32) becomes
sz My,
P2 RT dpl, (33)

or integrating at constant temperature and bearing in mind that
when p; = ps, P2 is also = ps, we obtain

p_% _ M'Z)l
loglo - 2.3 X RT (pl Ps)' (34)

P §
Since, in general, v;, the specific volume of saturated vapor, is very
much larger than the specific volume of the liquid, it follows
directly from (32) that even a very large increase in the total
pressure, p;, will produce only a small increase in the vapor pres-
sure p2 of the liquid. Thus at o° C., the vapor pressure p, of
water is 4.579 mm. when the total pressure p; is p; = 4.579 mm.
Let us calculate the vapor pressure when the total pressureis
764.58 mm,, i.e., when p; — p, is 1 atm. We have M = 18.02,
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atm.-cc.
degree (Table VIII, Chap. IV), T = 273

and p; — p, = 1atm. We obtain the result; = 1.0008045 and

7% = 1cc, R = 82.07

hence p: — ps = 0.0037 mm. Since p; — p, is very small, equa-
tion (34) may usually be employed in the more convenient form

— 5 M
ol = o s = 1), (35)
or equation (32) may be written as
M= A (36)
2

Thus, using equation (36), since v; = 1 cc. and v; = 206,000 cc.,
the increase Ap. in millimeters of mercury is related to the increase
Ap, in atmospheres by the equation

760 X 1

206,000 Ap; = 0.0037 AP

Apg =

in agreement with our previous result.

The Clapeyron-Clausius formula (equation (28)) A\ =T (. — 7.'1) d/z :
holds only when the pressure on both phases is ps. As we
have just seen, a liquid and vapor can be in equilibrium in the
presence of an indifferent gas. Let the pressure on the liquid
phase be p; and let the partial pressure of the vapor be p;. At
equilibrium we have still 7y = T: and ¢, = ¢;, but now p: > p.
although the relation between p; and p. is fixed by the rela-

tion dp, = %dpl (equation (32)) with the additional condition
2

that when p, = ps, p» = p,. Weshall suppose that in any changes
that may take place in the system, p; is kept constant, e.g., at
atmospheric pressure. Equations (26) then give us

déy _d¢n _ o _ _ dps
ar ~ar - T TetEr
Hence, s; — 51 = % ZII’? Since 53 — 51 = %, we have

ap.
M= Tv2 (dT ) 1 = constant (363)
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If the vapor pressure of a liquid is determined at a series of tem-
peratures at the constant (total) pressure g, (e.g., one atmosphere)

and if from these results we deduce the value of (g%)
1 = const.

equation (36a) and not the Clapeyron formula gives us the latent
heat of evaporation of one gram of the liquid when the pres-
sure on the liquid is p;. As a matter of fact, the difference
between equations (28) and (36a) is negligible when the tempera-
ture of evaporation is far removed from the critical temperature,
i.e., when v, is very small compared with ..

Specific Heat of Saturated Vapor

In addition to the specific heats at constant pressure and con-
stant volume, we can define a third specific heat as the ratio of
the heat absorbed to the infinitesimal elevation in temperature in
the case of a phase which is maintained at a pressure at which it
is in equilibrium with a second phase. When applied to the case
of a vapor which is maintained at the pressure at which it is in
equilibrium with its liquid phase, we shall call this specific heat
the specific heat of saturated vapor. Thus if we have a gram of
water vapor at a temperature I and a pressure p, at which it
would be in equilibrium with liquid water and if we raise the
temperature to T + dT and increase the pressure to p, + dp, in
order to maintain the vapor in the saturated condition, the ratio
of heat ¢ absorbed in this process to the clevation in tempera-
ture dT is the specific heat of saturated vapor. From the general
definition of specific heat,

-9
4 a—T + P dT (37)
Since in the case of the vapor dv is negative, we sce that the spe-
cific heat of saturated vapor may be positive, zero or negative.
Let %, and % be the specific heats of saturated liquid and vapor
respectively. Wehave then,

d’lﬂ dWl
=g g
duz di)z
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denoting functions relating to the liquid phase by the subscript
1 and to the vapor phase by the subscript 2. The functions
wuy, Wz, Ps, U1, U3, etc., are determined by one variable only, for
example the temperature. In general, the pressure is a function

of two variables, v and 7. But in the case of the two phases in
cquilibrium, we have the following equations:

P = P2 = ps

T1 = Tz

= fi (0, Ty) 8
= fo (v, Ty) (38a)

fﬂipdv = p; (v — m).

Hence four of the six variables, pi, 2, 91, 93, T, Ty, can be elim-
inated, leaving a relation between two of the variables. Hence
dv, dvy dp, du,
dT’ dT’ 4T’ dT’
tions (38), we have

etc., are perfectly determinate. From equa-

d (‘1)2 - 7)1)

G —w) )
R b (39)
Also, since
N=w — u + ps (32 — v),
we obtain
d\ _ d(us — w) d (v; — ) _ d;bs_
9T = T +ps-——————+(v w) 3 (40)
Accordingly, making use of the Clapeyron formula, (28)
d)\ _ dﬁa _ax M
h2 hl = 7 (92 vl) - dT T (41)

At temperatures con51derably below the critical, & will be prac-
tically the same as c,, the specific heat of the liquid at constant
pressure. Therefore

dn A
he-—c),'l'ﬁ“i‘ (42)

In the case of saturated water vapor at 100° C., we obtain from
tables, A = 538.7, dif): = —0.61, ¢y, = 1.01. Hence A = 1.0
— 0.61 — 1.44 = —1.04. The specific heat of saturated water
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vapor at 100° C. is negative. In other words, if a gram of
water vapor at 100° C. and 760 mm. pressure has its pressure
increased to the vapor pressure corresponding to 101° C. and if
at the same time 1.04 calories are withdrawn, then the water
vapor will be at 1o1° C. We may also express the results by
saying that if saturated water vapor is compressed adiabatically,
it becomes superheated or unsaturated; if it is adiabatically
expanded, it becomes supersaturated and in general some con-
densation to the liquid state will take place.

The Critical State

It may happen that the values of v and v, (calculated from
equations (38a)) may become equal for some particular value of
T. In such a case the two phases will become identical. Such
a temperature is called a critical temperature and the pressure,
volume and density corresponding to this temperature are called
the critical pressure, critical volume and critical density. We
shall denote these quantities by the symbols &, pc, v, d.. Al-
though from the purely mathematical point of view a critical
point is possible in the case of any two coexisting phases, it may
not necessarily be real. We shall restrict our consideration at
this point to the equilibrium between the liquid and vapor phases
and determine some of the properties of the critical point. From

g
equation (21) we have f pdv = ps (v2 — v)). Let us consider
U

the state of the system just below the critical point. Then
v = 1 + Av, where Av is very small. Carrying out the integra-
tion by parts, we obtain

fpdv v fv(dv)rdv—pu SV <dv T+2 2 T dv,
or inserting the limits of integration v, and v, + Aw,
1+ Av
pdv = pav — = [(0, + Av)2 — Y] (d_p)
2 dv/)r
I 0, + Av dzp _
+ ; ‘/’; ?? (d—‘v;) dv = Ps Av. (4.3)

o
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Over the slight range v, to v, 4 Av, the values of (Z—vp-) and of
T
(g:—f) may be assumed to be constant. Since Av is very small,
T
equation (43) may evidently be represented as equivalent to

pAv — 2[(1)1 + Av)? — w](dp) + = v”(Z:f)TAv = p v,

or dividing through by Av, we have
dp 1 d
p— -[2 7 +A'v]( >T+ (dvf = P,

At the critical point, p = p, = p.. Hence
ap\ _ ) _
(@)c o @)e

at the critical point.
Equations (44) are identical with the conditions previously
found in Chap. II as obtaining at the critical point. Since

(%v_) for any substance in equilibrium is always negative, at the

T

critical point, (% must be negative and infinitely great (equa-
T

tion (44)). At the critical point a substance has an infinite com-
pressibility.
(@) at critical point = —o0. (44a)
ap)r

To simplify what is to follow, we shall assume that, for every

substance, (91—‘) is finite. Hence from equation (21), Chap.

dv

du dp\ _ dp)
VIII, namely ( g )T =T dT) p, it follows that ( aT is
always finite. We shall proceed to show that ‘Z, at the critical
point is equal to (c_i_f) From the Clapeyron equation, we

=1,

have

L (S" = s‘) : (45)

dT T(‘Uz'—vl) V2 — N7
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For a state infinitely close to the critical point, equation (45)
evidently becomes

dp - (at critical point) = (Z;)T
Tc

and from equation (22), Chap. VIII, we obtain

Ds (2t critical point) = (92 -
o (at critical point) = ( ar), (46)
The proof of this theorem can be established in various ways, but

that just given is probably the simplest. Since ((%’,) is always

finite (see above), (zilPT at the critical point is a finite quantity.

dv dv dp
From the perfectly general equation, (dz) (@) ( )

(where p, v, and T are connected by one relation), we have, since
(@) is negative and infinitely great at the critical point and
T

dp
since (Zg,) is always finite,

(at critical point) (:iiT) + 0, (a7)

or the coefficient of expansion at the critical point is positive and
infinitely great.

If we represent p, as a function of », and v, on a diagram in
which the ordinates represent pressures and the abscissz volumes,
we shall find, starting with the liquid phase, that as v, is increased
ps increases until v, equals 2., the critical volume, when a maxi-
mum value of p, is reached. Larger values of v correspond to z,
the volume of the vapor phase, and as v increases the correspond-

dps .

ing value of p, diminishes. In general, then, —— o, is positive and

aps is negative, but at the critical point each becomes zero. Since

dve
aT (dT) +( ) dps
dm dv ), \dp duy'

and d dps
d‘vz ( ) (dp vg dvz
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it is clear that at the critical point ar _ o and a _ o. Itis
dn dv,

easy to show that at the critical point

dv dy

d]l‘ +o0 and d; —00, (48)
by realizing that ncar the critical point ZT is always positive and
dve
I is always negative.

Latent Heat

Since N = T (ve ~ v,) ar “, at the critical point N = o, since

dps
ar

+ ps (w2 — 1), we have
d\ _ dux dul + ’ (dvz _ @) + (o _vl)

Since A is also equal to u, —

v = 7 and

ar ~ dr aT
o Zg% = % - g’? NS (ZZ‘ 37;) T (49)
el () = eor ().
S R )

at the critical point, since A = o, and (du1> (4—1@ » since the
dv Jr dvy/r

phases are identical. But we have shown that at the critical point

dn, dv
a7 is —oo and —— T is 400 ; hence at the critical point
d\
—d—f = —00, (SI)

We assume that the specific heat at constant volume is always
positive and finite. Since, however, we have (equation (29),

- ap -
Chap. VIII) ¢, = ¢, + T ( dT) ( dT) it follows that at the crit
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ical point, the specific heat at constant pressure is positive and
infinitely great, since (—d—”) =00,
aT),
We summarize in the following list some of the important rela-

tions which we have found to hold for the critical point.

ap\ ) _ _
(dv )r— ° o (dp)r o°- (44)
Py o B
n, =0 Oor 7y +
dps _ d _ _
dw ° % ap s
d2
(%), (a4)
dp\ _ db: _ g0
( a "c— 7 finite. (46)
aT d;
@)oo @)+ W
N
=% = +o0. (48)
aT _ an _ _
dm =0 O gp= (48)
A=o
2= —w. (s1)
Cp = 0.

The Law of Cailletet and Mathias

Cailletet and Mathias in 1886 discovered a remarkable and very
useful relationship between the densities of saturated liquid and
vapor. According to them, the mean of the orthobaric densities
of liquid and vapor is a linear function of the temperature. Thus,
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if d; and d, (the reciprocals of v; and ;) are the orthobaric densi-
ties of liquid and vapor, we have

di + da

2

= dy + of, (52)

where d, is the mean density at o° C. and « is a constant and
negative. This law is frequently referred to as the law of the
rectilinear diameter. It holds with a considerable degree of
accuracy for many substances and provides one of the best
methods of determining the critical density, d, for evidently we
have

d; = dy + ate. (53)

In cases in which equation (52) is not sufficiently accurate over

a wide range of temperatures, the critical density can be obtained

i+ d,
2

by determining the values of at temperatures in the

neighborhood of the critical temperature and then, by a slight
extrapolation, the value of d..

PROBLEMS

1. Calculate the latent heat of sublimation of ice at —20° C. from the
following vapor pressure data:

0.808 mm. at —10.5°; 0.770 mm. at —20°; 0.734 mm. at —20.5°.

2. Calculate the latent heat of evaporation of water at o° C. and at
27° C. from the vapor pressure data:

+0 5°C........4.750 mm, 27.1°Ccin e 26.9o5 mm,
00°C........4.570 mm, 27.0°C. .......20.747 mm.
—05°C........4.414 mm. 26 9° C..... ...26.500 mm.

8. In the case of ammonia, we have the following vapor pressure data:

t P n 2
Atm. ce. cc,
20°C 8.41 1.634 148.0
15° C. 7.14 1.616 174.1
10° C. 6.02 1.598 206.0
5°C. 5 04 1.582 245.2
o°C 4.19 1.566 293.9
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Calculate the latent heat of evaporation of ammonia at 5°, 10° and 15° C.,
(a) assuming ammonia vapor to be an ideal gas; (b) using the valucs of
7 and 7. given in the table.

4, Using the integrated Clapeyron formula (31a), calculate A for water
near o° C. from the vapor pressures at 0.5° C. and —o.5° C.

6. Employ the integrated Clapeyron formula in calculating the latent
heat of evaporation of ammonia near 10° C.

6. The latent heat of fusion of acetic acid at its normal melting-point,
16.6° C., is 46.4 calories. The density of the solid is 1.2658 and that of the
liquid is 1.0532. At what temperature will acetic acid melt when the pres-
sure is ro atmospheres?

7. Calculate the vapor pressure of water at 100° C. and under a pressure
of two atmospheres.

8. The orthobaric vapor pressure of ether at o° C. is 184.0 mm. What
will be the vapor pressure if the pressure on the liquid cther is increased by
10 almospheres, given 7, = 1.358 cc., and v, = 1209 cc.?

9. At what angle do the vapor pressure curves for ice and water meet,
the pressures being plotted in millimeters of mercury?

10. If the subscripts 1 and 2 denote liquid and vapor phases which are
always maintained in equilibrium, show that, at the critical point,

du, _ duy, _ du)

dv,  dv, 2y

11. In the case of normal pentane, at o° C., d; = 0.6454 and dz = 0.0008;
at 190° C., d; = 0.3445 and d; = 0.1269. Calculate the value of « in the
equation of Cailletet and Mathias. If 197.2° C. is the critical tempera-
ture, calculate the critical density of normal pentanc. Young gives 0.2323
as the value of de.



CHAPTER XI
THE PHASE RULE

In the last chapter we discussed the conditions of equilibrium
in a system subject to the restriction that the composition of all
the phases was to be the same and was to be invariable. We shall
now proceed to a consideration of systems to which this restric-
tion is no longer applied. We have already defined the phases of
a system as consisting of every different, physically homogeneous
part of the system. We turn our attention now to the problem of
fixing the composition of the phases.

In the case of a phase of invariable composition (such as water
vapor), the external variables, U, S, V, ® are determined by the
mass of the phase and any two of the internal variables, p, v, T,
etc. The internal variables, #, s, v, ¢, etc., are independent of
the mass of the. phase but are determined by any two internal
variables. If, however, a system contains phases which can
change their composition when there is an exchange of matter
between two or more phases, then the cxternal variables, (e.g., U,
the total energy) will depend not only on two internal variables
(e.g., p and T) but also on the masses of several substances. The
number of these substances, radicals or elements, whose masses
determine, together with p and T, the values of the external vari-
ables for every phase of the system, is said to be the number of
independent components or simply the components of the system.
The internal variables in any phase are from their nature inde-
pendent of the total mass of the phase and are therefore deter-
mined by p, T and the ratios of the masses of the independent
components; for doubling the total mass of the phase and there-
fore doubling the mass of every component in the phase at con-
stant temperature and pressure will not affect the specific volume
v of the phase or the value of any other internal variable.

Suppose we dissolve 10 grams of sodium chloride in 100 grams

145
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of 'water. The total volume V' depends on p, T and the masses
of water and of salt. The specific volume v or its reciprocal,
the density, depends on p, T and the ratio of the mass of water to
the mass of salt. Such a system has therefore two components.
It must be borne in mind that it is a matter of indifference to us
what chemical changes may take place in the phase. From the
standpoint of the atomic and molecular theories and the theory
of ionization, it is probable that in the salt solution we have a
number of different molecular species present, e.g., H:0, (H0),,

(H;0)3, NaCl, N;, Cland others. It is possible that the ions are
hydrated and other chemical changes are conceivable. From
our point of view however the state of the solution (whatever it
may be in detail) is determined completely by p, 7" and the
masses of water and salt used in making the solution or obtain-
able from it.

Let us consider another and more complicated case. Suppose
that on analyzing an aqueous solution, a chemist reported that it
contained W grams of water, ¢ equivalents of sodium, b equiva-
lents of potassium, ¢ equivalents of the nitrate radical and d
equivalents of the chloride radical. In the solution, in addition
to water, there might have been present, to use the molecular

symbols, NaCl, KNO;, NaNO;, KCl, N;, ﬁ, Cl, NO;. Let us
see how many independent components there are. The report of
the analyst might lead one to think that there were five inde-
pendent components, viz.: water, and the four radicals, Na, K,
Cl and NOs, or water and the four salts NaCl, KNO;, NaNO;,
KCl. But from the character of the substances in solution, we
have the restriction that @ + b must equal c +d,ord =a + b
— ¢. The analyst might have omitted the number of equivalents
of the chloride radical, since that is determined by a, b, c. Hence
we see that the solution in question, which may be described if
we desire as an aqueous solution of NaCl, KNO;, NaNO;, and
KCl, is a system of four independent components. The student
can easily convince himself that the given solution can be repro-
duced by taking W grams of water and suitable amounts of any
three of the four salts.
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We may add one more illustration. If we form a gaseous
phase by taking a moles of PCl; and & moles of Cl; and maintain
the temperature at 250° C. and the pressure at one atmosphere,
the total volume of the phase will depend on @ and ¥, i.e., on two
masses. Now this phase is believed to contain three substances,
PClL, Cl; and PCl;, the last because we have a (chemically)
reversible action represented by the equation PCl; +Cl =
PCl;, but evidently the state of the system is determined by our
statement of the amounts of PCl; and of Cl; used in forming it.
Exactly the same system would be obtained if we were to start
with ¢ moles of PCl; and (b —a) moles of Cl,, Hence we have in
this case a system of two components. The system is completely
defined by giving the temperature, the pressure and the masses
of PCl; and Cl; to be used in reproducing the system. This
means, for example, that when p, T, g, and b are fixed the actual
masses of PCls, of Cl, and PCl; in the equilibrium mixture are
thereby determined. It does not mean that they are known but
that they are absolutely fixed. Whether or not we can actually
find out the masses of the various substances present depends
sometimes on our experimental skill and sometimes on hypotheses
as to the nature of the system. Thus if we assume that PCl, Cl.
and PCl; behave as ideal gases in the mixture, then a knowledge
of the density of the equilibrium mixture, in addition to a knowl-
edge of T, p, aand b, will enable us to calculate the actual amounts
of the three substances.

Degrees of Freedom

We shall define the number of degrees of freedom of a system
as equal to the number of internal variables which may be altered
arbitrarily (within certain limits) without causing the disappear-
ance of any phase or the formation of a new phase. Thus a
system consisting of liquid water only may have its temperature
and pressure altered independently and arbitrarily within wide
limits without causing the formation of any new phase. It is
thereforea system of two degrees of freedom ora divariant system.
If we have liquid water and water vapor coexisting, we may alter
the temperature arbitrarily, but if we are to have the two phases
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still in equilibrium the pressure must be changed in a way that
is determined by the alteration in temperature. This is therefore
a univariant system or one with one degree of freedom.

System of N Components in P Phases

We shall distinguish the different phases by accents and the
different components by numeral subscripts. Thus &' is the total
thermodynamic potential of phase 1 and m,’ is the mass of com-
ponent 1 in phase 1. We shall suppose that no phases are sep-
arated by walls or membranes so that the pressure p is uniform
throughout the system. Evidently the temperature 7' must
also be the same throughout the system when in equilibrium.
We shall also assume for the present that each component is
found in every phase. In order to determine the conditions of
equilibrium, we shall consider infinitesimal virtual variations
of the variables of the system and calculate the variation 6% of
the thermodynamic potential of the whole system. We have

first of all o=+ 4 ... ()
If m, is the total mass of component 1, we have
mo=m'+m"” + ... m®
nzg=m2’+m2_”+ N
. . : (2)
Mo =md +md + ... m>
The thermodynamic potential &' of phase 1, like any other ex-
ternal variable, is a function of T, p and m’, ms’ . . . m,' or
=f(T; ?, ml’: m?': e mn’)' (3)

Hence we may write

,_(a® e’ av’ ,
o "(dT)p.m,f. d”(dp)rm... ”*2( >um,. dmy'

.My

(4)
For a phase of invariable composition (dm,’, etc. = o), we have

d® = —SdT + Vdp. Let us also define the function u by the

equation W (f?i) o ©
' dmll T,p,m . ..mn'
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Then equation (4) becomes
dd’ = —-S'dT + V’dP + m’dml' + ... m’dm,.' “ v (6)

T and p are unaccented because they have the same values in all
phases. We shall now show that the functions w/, w’, etc.,
are internal variables, i.e., that they are independent of the total
mass of the phase but determined by the specific properties of
the phase. Suppose that all the components in phase 1 have
their masses increased # times, the temperature and pressure
being unchanged. Then the total volume, the total energy, the
total entropy and the total thermodynamic potential will be
increased » times. Now if we are to bring about the same change
of state in our larger phase as is represented by equation (6) for
the smaller phase, every term in equation (6) must be increased
n-fold. For example, dm,’, etc., will be # times as large, V' will
be # times as large, and d&’ will be # times as large. Hence
w', w2, etc., are unchanged. Therefore we conclude from equa-
tion (5) that each pis a function of T, p and the N — 1 ratios of
the N components and is therefore determined entirely by what
we have called internal variables. The virtual variation in ¢ will
from equation (1) be given by

3 = 68 + 6" + . . . 6%° (7)

Since at equilibrium 7" and p must have the same values in all
the phases, the variations 87" and §p must be the same for all
phases. Hence substituting equation (6) and similar equations
for the other phases in equation (7), we obtain

b= (=S —8" ... =S)T+(WV+V"'+ ...V
-+ Itl' 57”1' + Ml” 5m1" + -+ ”1” Sm,®
+ w dm + ! md + - - -+ w” om’ ®
ol o+ I - - e a® oma?

From equation (8) we can deduce the conditions of equilibrium
and we shall do so for a system in which the temperature and
pressure are to be maintained constant. In this case, according
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to equation (33), Chap. IX, the condition of equilibrium is that
6@ shall vanish. Since 47 and ép are to be zero, the condition
that 6 shall be equal to zero means that the expression on the
right hand side of equation (8) shall equal zero.

Now, eliminating the terms containing 67 and §p, we see that
the remaining terms have to do with the transfer of the various
components from one phase to another. If the system is in
equilibrium there will be no interchange of matter between the
phases and the condition that there shall be no interchange is
that the sum of all the terms on the right hand side shall equal
zero. Now the variations ém,’, ém,”’, etc., are not independent,
for the sum of the masses of each component in all the phases is
a constant or from the set of equation (2) we have

dmy = o = omi + ém + . .. om?
8m».3=o=6m2_’ +5”‘?"+ .. omd’

: ; : : ()
e =0 = omy + oma + . . . oma®

Hence 8® can be zero for all possible variations, only if, in addi-
tion to 67 = o and §p = o, we have

w=wm" =w"= .. w
#2_’=MQ,I=H§,',= . M?

s : (x0)
w! = =" =

Calling g, the chemical potential of component 1 in phase 1, we
see that when a system is in equilibrium, the chemical potential
of any component is the same in all the phases. We can now
calculate the number of degrees of freedom of our system. The
total number of internal variables includes p and T and the
ratios of the masses of the N components in P phases; in all
2+ P(N—1). The number of conditions or equations which
have to be satisfied by the system in equilibrium is given by the
set of equations (10) and these amount to V (P —1). The number
of internal variables which are left indeterminate and which there-
fore ‘may be altered arbitrarily is 24+ P (N — 1) =N (P — 1)
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= N 4 2 — P. Hence the number of degrees of freedom F of
a system of NV independent components in P phases is

F=N+2-P (11)

This is the famous phase rule, first enunciated by Willard Gibbs *
(1875-1878).

It will be remembered that we assumed that each of the N
components was found in every one of the P phases. If however
a certain component is absent from a given phase, the number of
ratios of masses of components in that phase will be one less than
we have supposed and therefore the total number of internal
variables will be diminished by one. But at the same time the
chemical potential for that component in the given phase will be
absent from the set of equations (10) and accordingly the number
of conditions to be satisfied will be diminished by one. Hence
equation (r1) will still be valid.

Chemical Potentials

The chemical potentials of the various components of a system
may be defined with reference to functions other than . Thus
restricting our consideration to a single phase and omitting the
accents, we may write equation (6) in the following forms (since
dd=dU — TdS + pdV — SdT + Vdp):

AU=TdS — pdV+ mdm +mdme + - - - + padma . . . (12)
d(U+pV)=TdS+V dp+u dm+mdme+ - - - padma . . (13)
dF=d(U~TS)=—-SdT+pdV+mdm+ - - - +pndma . . (14)
From equations (6), (12), (13) and (14), it is evident that the

chemical potential of component 1 in the phase may be defined
by any of the following equations:

=(£E’_> =<‘i’_f_) =(ﬂ)
- ami)r, 9, my...mn admi)s,v,my ... mn ami)r,v,my. .. ma

gl S N

* See the Scientific Papers of J. Willard Gibbs, Vol. I, p. 96.
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We can interpret equation (6) in the following manner. Omit-
ting accents, we can suppose that d®is the thermodynamic poten-
tial of an infinitely small portion of a phase and that this infinites-
imal portion of the phase contains the masses dm,, dm,, etc.. of
the N components. Since the phase is homogeneous, dm; : dm, :
<o @mu=m:m: ... m. Integratingat constant temper-
ature and pressure (dT° = o, dp = o), we obtain

b = wmy + poms + . . . withn (16)

If we desire to think of the total thermodynamic potential of a
mixture as the sum of partial thermodynamic potentials of the
various components of the mixture, then we may evidently say
that the partial thermodynamic potential of unit mass of a com-
ponent in the phase in question is equal to the chemical potential
of that component.

System with Semi-Permeable Membranes

Let us now consider briefly a system of N components and P
phases in which one of the phases, which we may call phase 1, is
surrounded by a membrane or wall permeable to all the compo-
nents but one, e.g., component 1. The temperature will be the
same in all the phases, but in phase 1 the pressure p, may be
different from the pressure p common to all the other phases.
Equations (1) to (7) will still be valid for the system under consid-
eration with this difference that in equation (6) we must write
dp, for the first phase and dp for all the other phases. Moreover,
equations (g) are valid but we have the additional condition that
om’ = o. Hence in equation (8) the term u,’ 8’ is necessarily
zero and hence ;' may assume any value determined by T, p; and
the composition of phase 1. For the sake of simplicity, let us
suppose that our system consists of two phases only, phase 1
containing m," grams of salt and m;' grams of water, whereas
phase 2 consists entirely of m,"” grams of water. The two phases
are separated by a membrane permeable to water and the pres-
sure on the solution is #, and on the pure water 4. At equi-
librium, the chemical potential of the water must be the same in
the two phases or w’ = u”. The chemical potential of the salt,
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’
w’, will depend on T, p; and the ratio % Can we determine

/

whether p, is greater or less than p? From equation (6) we have
for any phase

dd ad
de -V a@y L
<dP)T. My, My and (dml)T. 9, my &

o)™ (i )one™ (@)
<6P om)r, my \dMi)1,9,m, ap /r, m,m Ge7)

) is the ratio of the increase in volume to the
T, 9, My

Hence

av
Now ( dm,

increase in the mass of component 1 when T, p, and m, are kept
constant. This ratio we can safely take to be in general positive.
Hence (éd%)r is positive; or, in words, the chemical po-
my, my
tential of a component in a phase is increased when the pre
sure on the phase is increased. We shall make use of the experi-
mental fact that the vapor pressure of a pure liquid at a fixed
temperature is always diminished when any substance is dissolved
in the liquid, even when the total pressure on the liquid is kept
constant. Since the chemical potential of water in the vapor
phase is always equal to its chemical potential in the liquid phase
and since we have just seen that (d” ‘) is positive, we
d T, my, mg

conclude that the chemical potential of water in a solution is less
than that of pure water at the same temperature and pressure.
Hence returning to our system of a salt solution at temperature
T and pressure i, separated by a semi-permeable wall from pure
water at the same temperature but a different pressure p, we
find that p; must be greater than p if the water is to have the
same chemical potential in both phases. The difference in
pressures (p; — p) is usually called the osmotic pressure of the
solution.

Some further information about the chemical potentials of
substances may be obtained by the following considerations. On
differentiating equation (16) completely and comparing the result
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with equation (6), we obtain, for each phase of a system of two
components,
d® = mdm + pedms + midw + mydp,
= ~§dT + Vdp + mdm + padma. (z8)
Hence,
m1dpy + medpy = —SdT + Vdp. (z9)

From equation (18) we deduce that

), - ().~
(6m1 amz)'r, p_ <d7nz T, 9, m dmi)z, s, m. (20)

Now we concluded on the basis of experience that the potential

of a substance in a solution is diminished when the mass of

another substance is increased, i.e., we assume it to be a general

law that (d” :

dms

’g the masses 7, and m,, the mass m. is increased by dm,, while
and m, are kept constant, we have, from (19),

din (iﬂz) _
™ (dm2>1' ?, ml+ e dms T, p,m 0. (2'1)

We shall suppose that in all cases the components are so selected
that m, and m, are either zero or positive. This can always

) is negative. Now if in a phase contain-
7, p,m

be done. Therefore, since ({%‘—’-) is always negative,
T,9, ™
QB—) is necessarily positive. Hence we deduce that the
dmz T, 9, m
chemical potential of a component increases when the mass of
that component is increased in a phase otherwise unchanged.
Now experiments on the lowering of the vapor pressure of liquids
by dissolved substances go to show that (d” 1) is nega-
dma /', 5, m

tive and approaches a constant value for small values of %’
1

Hence as mp approaches zero, since m (;:;) remains
T, 9,m
finite and negative, m. (%) must be finite and positive and
dms/r,» my

hence (il—"fi) approaches infinity as m, approaches zero.
dms T,p, m
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Representing the value of m; (gﬂ) by — 4 where 4 is posi-
7', 2,y

. d
tive, we have e
"

iﬂ_l) __A_ @(1@)
(dmz T, 9, m " my\dM2) 7, 9, my (22)
dus A
H — ==,
ence ( dm:;)r, - (23)

On integration we find
M2 = y:| 10g M +f (T, 2 ml); (24)

or, since s is a function of T, p and %' )

m=Alog’? +/(T, ), (25)

where 4 may also be a function of 7" and p.

Changes from One Equilibrium State to Another

We have in this chapter discussed the conditions under which
a system will remain in equilibrium if the temperature and pres-
sure are maintained constant and we have found that in general
the conditions are that the chemical potentials of the various com-
ponents shall be the same in all phases. It is possible however
to imagine a change to take place in the temperature, pressure,
and the masses of the components in each phase leading to a new
state of equilibrium. Thus we found, to take a simple case,
water and water vapor to be in equilibrium at constant tempera-
ture and pressure when the thermodynamic potential of unit
mass of the water is equal to that of unit mass of vapor or (see
equation (16) and the discussion immediately following it) when
the chemical potentials of the water and the vapor are equal.
But we can raise the temperature and the pressure and still have
water and water vapor in equilibrium.

We shall suppose then that our system of N components in
P phases is in equilibrium, for given values of T, p, m.’, my/, etc.
We shall suppose that the system undergoes an actual infinites-
imal change of state and we desire to know under what conditions
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this new state is also a state of equilibrium at constant tempera-
ture and pressure. If ® is the thermodynamic potential of our
original system, & 4 d® will represent that of the system in the
new state. The condition that our original system should be in
equilibrium at constant temperature and pressure was expressed
by the equation

8 = o. (26)

Similarly our new system will be in equilibrium at constant tem-
perature and pressure if

8 (® +dd) = o, (27)
or, since 6& = o, the condition is
8dd = o. (28)

Now for the first phase we have
d¥' = =S'dT + V'dp + w'dm/ + - - - + p’ dmi’. (29)

L2
Therefore for the whole system of P phases, if S and V are the
total entropy and volume, -

P .
d® = —SdT + Vdp + 3, (' dm’ + . . . w'dm.). (30)

We must now find the value of a virtual variation in d®, i.e., of
6 d®, at constant temperature and pressure, and put the result
equal to zero. We thus obtain

P
§d® = —b6SdT + 8Vdp + 3, (b’ dmy’ + . . . o’ dm,)

P
+ 2 (w'ddm" + . . . u 8dm,) = o. (31)

But the last term in (31) is zero since

I.lll ) dml' -+ /.q" 0 dml” + ... ”11’ 8 dm;’
= [41’5 (dm,’ + dﬂh” + « o dml’)

since w =wm = .. u
and this is equal to zero, since
m' +m" + ... m’ = constant.
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Hence we obtain the following condition that our system shall be
in equilibrium at constant temperature and pressure in the new
state:

P
—6SdT + sVdp + 2 (Ous’ dmy’ + . . . dud dmd) =o.  (32)

And if we represent by Q the quantity of heat absorbed by the
system in the virtual variation,

_9Q
8S—T

and equation (32) becomes

P
—Qf AT +5Vap+ 3 Gudm! + - - - +owd dmd) =0 (33)

Application to Univariant Systems

For a univariant system, ¥ = N 4+ 2 — P = 1 and all the
internal variables are functions of a single variable, say the tem-
perature. If we imagine a virtual variation in such a system at
constant temperature, all the internal variables, p, m’, ", etc.,
will remain unchanged, but there will be a quantity of heat
absorbed and a change in volume 8V. For such an isothermal
expansion or compression of our univariant system, we obtain,

Q

since du is zero, ——dT + 8V dp =oor

dp ap _ Q0

Q=Tar = Tov (34)
In any system with one degree of freedom, the equilibrium pres-
sure and temperature are related according to equation (34).
Whether the equilibrium pressure shall increase or decrease with
rise in temperature depends on whether Q and 6V have the same
sign or not. The student will perceive that the Clapeyron-
Clausius equation is a special case of equation (34). The Clapey-
ron formula refers to a univariant system of one component,
whereas equation (34) holds for a univariant system of any num-
ber of components. Thus for a univariant system of one com-
ponent, we have F=N+4+2—P=1+2—-P=10rP =2
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If m’ and m' are the masses of the one component in the two
phases, and if v’ and "’ are the specific volumes of the two phases,
for any virtual isothermal change in which the mass ém" goes
from phase 1 to phase 2, we have, if A is the heat absorbed per
gram transferred,

Q =nm"; oV = (v —)om”.

Hence from (34) d
A=T(@" —-v')ﬁ,

identical with the Clapeyron equation ( (28), Chap. X ).

Univariant System of Two Components

In this case N = 2, P = 3. As an example, let us consider a
system consisting of a solid salt (phase 1), an aqucous solution
of the salt (phase 2), and water vapor (phase 3). Water will be
component 1 and the salt component 2. Thus 72’ is the mass of
solid salt, m,"" the mass of salt in the solution, m,” the mass of
water in the solution, and m,”’ is the mass of vapor. According
to the phase rule, all the internal variables of this system are

functions of a single variable, say thc temperature; thus the
1

pressure p and the ratio of salt to water in the liquid phase %27,

1
= 7 are functions of T only. For any virtual change, we have the
conditions:

ome’ + omy’ =o and om + om’’ = o.

Let us suppose that an infinitely small amount of water om,"’

= —&m,”, evaporates, isothermally, out of the solution and,
"

since » = ;n"@,—, is constant, that simultaneously the quantity of
1

salt om, = —omy” precipitates out of the solution. Since
4

r=_ om" = romy”", or omy' = rom”’. If v/, 9" and o' are
1

the specific volumes of the three phases,
aV = 7)’ 6m2’ — 1)// (aml + 8mllll) + DI" 6mj_”,
— ml 6m1"’ — vll (r + I) 6m1”’ _I_ 7)III 6m1,”
= amllll (1)”’ + rvl —_ (r + I) vll). (35)
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If A is the heat absorbed when one gram of water evaporates
isothermally from the liquid phase, then Q = \, om,/”. Hence
from (34)
= 8V _dp _
M= T T
Now just as the Clapeyron formula was obtained in a modified
form by assuming the vapor to be an ideal gas and neglecting the
specific volume of the liquid, so in this casc, if we neglect 2’ and v’

d Ui 4 2
Ta%(v +nrn' =@ +1)v). (36)

and write v = Z—T, we obtain

'2

ALty -

where ), is the heat absorbed when one gram of water is evaporated
at constant temperature 7" and vapor pressure p from a saturated
solution of a salt. The evaporation will be accompanied -by the
precipitation of a definite amount of salt. If we carry out the
process in the reverse direction, we can say that A is the heat
evolved when one gram of water vapor and the requisite amount of
solid salt form a saturated solution at constant temperature and
pressure. We can find a relation between A; and A4; (the heat
evolved when the requisite amount of salt dissolves in one gram of
liquid water at the temperature T to form a saturated solution).
The pressure at which this occurs is of minor importance, since
the volume changes are slight. Let p, be the vapor pressure of
pure water at the temperature T. Starting with one gram of
water vapor at the temperature T and pressure p, let us compress
the vapor isothermally to the greater pressure po. Assuming the
vapor to be an ideal gas, its energy will not have changed. Let
us now condense the gram of water vapor isothermally at the
constant pressure po to liquid water. The heat evolved is
__ RT? dlog po

T M dT

the specific volume of the water vapor at pressure po. The

decrease in the energy of the water is therefore A — powo =

A= % T. Decreasing the pressure on the liquid water from p, to

and the work done on the system is poto if 7 is

# does not change the cnergy appreciably. Now bring the gram
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of water at T and p in contact with the requisite amount of solid
salt. The heat evolved is % and no appreciable amount of work

is done. The total loss in energy is therefore N — % T + k..

This must be the same as when the water vapor and salt are
brought together directly, and in this case the total loss in energy

ISNe — pv =N\ — R T. Accordingly since

M
R
)\_ﬂT""'hx—M_JT‘[T,
we obtain P
dlog &
N A=Kt
by = X — \ T IT (38)

In other words, the heat 4, evolved when one gram of liquid
water unites with a salt to form a saturated solution at a tem-
perature 7' and a vapor pressure p is given by equation (38)
where p is the vapor pressure of pure water at the same tempera-
ture and p is the vapor pressure of the saturated solution.

Divariant Systems
According to the phase rule, in divariant systems, the number
of phases is equal to the number of components. We shall dis-
cuss the important case of two components in two phases. The
condition of equilibrium at constant temperature and pressure,
as given by equation (33) becomes in this case

- %dT + 5V dp + su’ dmi’ + su” dmy”

+ 8’ dmy’ + S’ dmy”’ = o. (39)
We shall represent the composition of the first and second phases
by the ratios 7’ and »”” where
mzl %Il
r = - and 7" s (40

For the first phase, we have

dﬂl') (dﬂd ) ’
o’ = &
. (d”h' T,p,md o’ + ams’ )1, p,my "

o = i-”l’,) L+ ) o (41)
dml T,9, m m2 T,p,m'
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Similar equations hold for 8u,”, du.”’ of the second phase. Now
from equation (19) we have, when T and p are constant,

s (O ey
" 7 + my 7 = 0,
dml Ty ft ml' dml Tu » m!l

ld ’ d ’
m’ (. m') + m{( ﬂzl) =o.
dm2 T' Po ’n'l’ dm2 T: 13 ml‘

Similar equations hold for the second phase. According to
equations (zo0) and (22), for any phase,

dul) (iﬂz) __4
(dm2) T,p,m dm1 T, pma ml’ (43)

where A is essentially positive. We can, therefore, write for
our first phase,

(42)

iy () A
(dmzl T, .y - dmll T, 5 my - ml’, (44)
and for the second phase

d/.q" _ dﬂ2”) _ AII

(dmz")T, 2w - dm1" T, ma” - M1" - (45)

The partial derivatives in (41) may then be represented as follows,
bearing equations (40) and (42) in mind:

(ﬂ) _Aar, (dm’) 4w
dm,’ T, p,ms my dmy’ T, p.my’ me’

with similar expressions for the second phase. If our system in
the new state (as represented by the changes in the variables,
ar, dp, dm/, dm,’, dm,”’, dm,"") is to be in equilibrium at constant
temperature and pressure, it must be in equilibrium as regards
the transfer of each component separately from one phase to the
second. We shall consider then the conditions that must be
satisfied: firstly, if the first component is to be in equilibrium in
both phases, and secondly, if the second component is to be in
equilibrium in both phases. We shall therefore imagine two
kinds of virtual changes, the first involving the transfer of the
first ‘component only and the second the transfer of the second
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component only. For the first type of virtual variation, then,
we have om,” = —om,’ and ém;" = dm;”” = o. For the transfer
of the mass dm,”, from the first phase to the second, let Q, be the
heat absorbed and &V be the increase in volume. Then in this
case, equation (39) becomes, bearing equations (41), (44), (45)
and (46) in mind, and remembering that ém,”” = —ém,’, and
that ome" = omy”’ = o,

—%dr+wdp+

Al Alrl AII AII,II
omy”’ [—;dmz’ — -dmy — = dmy’ +—;
m m my my

dm] —o. (47)

From equation (40) we obtain
b gt — M g L
ar’ = ml, dms (ml,)2 dm, ml, dms m1' dm,’. (48)
Hence equation (47) may be written

—%dT FoVdp+om! [Adl — A" =0 (a9)

If we define the quantities A; and », by the equations,

. oV
M= S;(-nz—ll,—,-’ U = 5’”1%1"’ (50)

we see that \; and v; are the heat absorbed and the increase in
volume respectively when one gram of component 1 goes from a
large amount of phase 1 to a large amount of phasc 2 at constant
temperature and pressure. Thus we may write equation (49) in
the form,

—’%dT Foudp+ A'd — A" = o. (s1)

For the second type of virtual variation we have ém,” = ém,’
= o and omy” = —dm;’ > o. In this case, let Q; be the heat
absorbed and 8,V the increase in volume accompanying the trans-
fer of the quantity ém." of the second component from phase 1 to
phase 2. Also let \; and v, be defined, analogously to \; and o,
by the equations 0,

&V
)\2 = W; Vg = m/,' (52)
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Just as we obtained equation (51) for the first type of virtual
variation, so we can obtain for the second type

/ 14

—)%dT+v2dp—f;,—dr’+‘—4’,—,dr”=o. (53)
If our system is in equilibrium at constant temperature and
pressure for given values of T, p, 7’ and #”’, and if we change our
system into the new state, the changes being represented by dT,
dp, dr’ and dr”’, then if the new state is to be one of equilibrium,
there are two conditions, (51) and (53), which must be satisfied.
Hence of the four variables, T, p, #, 7/, only two can be varied
arbitrarily and hence, in harmony with the phase rule, our system
has two degrees of freedom.

It is often convenient to have the equations which we have just
developed based on moles instead of grams as the unit of mass
of each component and we shall obtain the corresponding equa-
tions in the important case that one of the two phases considered
is gaseous. The other phase may be liquid or solid but for the
sake of clearness we shall suppose it to be liquid. In the liquid
phase we may supposc that we have N, moles of component 1
and N moles of component 2. In the vapor phase let the mole
numbers be #, and #,. Moreover we shall make use of the mole
fractions, defined by the equations:

P A /N
TN+ Ny N, + N,
" (54)
y1=——1—, Yo = .
n + 72 #n1 + #a2

Instead of the ratios of the masses, 7’ and "/, we shall employ the
ratios of the mole numbers; thus, corresponding to " and »”/, we

shall have No _#00a™ _ % Insteadof u, the chemical poten-
N, =« ny M
tial of one gram of a component, we shall use the symbol & for the

potential of one mole. And instead of A4’ and A” of equations
(44) and (45), we shall use B’ and B” defined by the equations:

d<I>1') _ (@_z_’) __B
sz T,», N, le T, p, Ny Nl (55)

d‘Iﬁ" dcpzll BH
(dﬂz )T.p. n,= (—d—;’l_)r. D, ny T —’Z
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In place of A;, vy, Ae, v: of equations (50) and (52) which refer to one
gram of the components, we shall use L, Vi, Ly, V, based on
moles as the unit. Thus we shall have corresponding to the
equations (51) and (53), the two following:

_L a (N2 _ grg (™) =
TdT+V1dP+Bd(N1) Bd(nl) o (56)

_L Nl 17 (N2 By iy (M2
- B ) - 0.
~Lar v d(Nl) +™Mp d(m) o (s7)
Assuming the vapor phase to be an ideal gas mixture, in which
the partial pressures are p; and p; and the total pressure p, we
have for the total volume V of the vapor phase

= (1 + n2) %1:

av RT av RT
(N R e ov=(Y) KL
& <d"1)T 4 an ? (d”2)T nm P

Let Uy, U, Sy, Sz, &/, &/ be the energy, entropy and potential per
mole of gases 1 and 2 at the temperature T and total pressure p.
According to equation (z5) (Chap. VIII)

Now

Sl=C,llogT—Rlogp+k1—-Rlogm?nz- (58)
Since & = U, — TS: + $V and since piV = RT,
&/ = U, — Cy, T log T + RT log p — kT + RT
L = mo
+RTlog-—"—- = f (I, $) + RT log .——"- (59)
d<I>1") RT

= - 6o
Hence ( o B "+ 7 (60)

and therefore, from equations (53),

B = RT = yRT = %RT. (61)

ny + %2
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We may therefore, since = = P2, yrite equations (56) and (57) as
follows: mo P

L‘dT+—dp+B’d( )—%RTd(ﬁ) —o,

' (62)
Ly Ni bt @z)
——=dT dp — = B d T =
gar + 5l ap - o)+ Bara(f) -o
Since dp = dp: + dp; and since d (P 2) . M—@, equations
24 h 2%

(62) may be transformed into the following, bearing in mind that

Ne _t_1— I—x\_ _dn
v, = = = o *' and that therefore d ( Nl) d ( o )— o

—-L—‘dT+RT‘-1?! — B im =o,
21 x

(63)
?dT+RTd1i” 'dxl ~o.
Equations (63) may also be written
U
_LidlogT + RT dlog p — B dlog z = o,
X1
(64)

/4
—delogT—{—Rleogpz+§—-dlogx1 —o.
2

The Duhem-Margules Equation

If the liquid phase is supposed to undergo a slight change in
composition at constant temperature, there will be changes in
the partial vapor pressures p; and p». Since dT" = o, we have,

from (64),
(d lOg Pl) _ B’
o dx, Jr xRT ’

n(tE) B
dx1 T leT

Hence we have the Duhem-Margules equation
xldlogpl +xzdlogpz -0

de de ’

66

xdlogpl=xzdlogp2’ . (66)
! dx, dxg

(65)

or
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We see that the value of B’ can be determined by equations (65)
if g, or p, are known as functions of the composition of the
liquid mixture. We also see that if p, is known as a function of
the composition, then p, can be determined.

Distillation at Constant Pressure
Assume phase 1 = liquid, phase 2 = vapor. If in equations
(51) and (53) we set dp = o, the new equilibrium state is at the
same pressure as the original one. Under these circumstances,
we can deduce from equations (51) and (53), the following:

7 M+ 71"N) dT

dr = o
A (7' //) T’ 67
dr" — 7‘” (XI r )\2) dT 7
A// (rl Il) T
4 ”n / r’
Hence dr A W\ + 7 )\2) (68)

dr” = / 77 ()\1 + r )‘2)

Since all the terms in the expression on the right hand side are pos-
!

itive, —; is positive. Hence in distilling a mixture of two com-
drll

ponents at constant pressure, the concentrations of the two
phases change in the same sense. If we define the more volatile
component as the one which is present in the second phase in
greater proportion than in the first phase, and if we call it the
second component, then with this understanding #” > . Hence
from (67) and (68), as the distillation proceeds, both 7’ and 7"
diminish. The two cquations (67) may also be written

dT _A'T (v —1"). ar _A"T(r —1"), (69)

A O oW S A Ll (W WY
It may happen that at a definite stage in the distillation at con-
stant pressure, #’ becomes equal to 7/, that is, the two phases
become identical in composition. At this point dZ—: =o,and T

has a maximum or minimum value, and the boiling-point is con-
stant. Now since in distillation at constant pressure, any change
in temperature must be zero or positive, the boiling-point will be
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actually constant only when it represents a maximum value. For
if some slight variation takes the system away from the state in
which 7 has its maximum value, further heating will bring it
back to this state; whereas if a system departs in the least from
a state corresponding to a minimum boiling-point, further heat-
ing will remove it still farther from that state.

Isothermal Distillation

If we put dT = o in equations (51) and (53), we obtain the
following relations:
N U )
dr' = A7 (r// _ I’,) P
" 24 /, )
ar =" S dp, (70)

dr' A" (v + r"v)

dar' A (o + o)

’

Again ?;—,, is positive and therefore the compositions of both
¥

phases change in the same sense. Since the evaporation at con-
stant temperature is accompanied by a diminution in pressure,
dp is negative and hence since #/ > 7/, dr’ and dr” arc negative.

Again, since (‘_1 p) A=) (71)
T

dar')e 7 o+ ")

it may happen that r”/ = 7" at a certain stage and hence p will
have a maximum or minimum value and we should have our
system evaporating at constant pressure without any change in
the composition of either phase. It is casy to show that it is only
when p is a minimum that the system will in actual practice con-
tinue to evaporate at constant pressure.

The meaning of equations (51) and (53), which give the con-
ditions of equilibrium between two phases in a system of two
components, has been illustrated by supposing that the two
phases are liquid and gaseous respectively. They hold however
no matter what the state of aggregation of the phases may be.
Thus they may be applied in a study of the melting-points of a
mixture of two components or the equilibrium between two liquid
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phases of two components. Examples of such cases will be con-
sidered later. We shall discuss briefly the equilibrium in a
divariant system of two components in which one of the com-
ponents is confined to one of the two phases. As examples we
might mention the following systems: ice and an aqueous salt
solution; salt and an aqueous solution of the salt; an aqueous
salt solution and water vapor. For the sake of clearness we shall
suppose that the first component is present in both phases and
that the solution is the first phase. Thus if our system consists
of a salt solution and water vapor, water is the first component
and the solution is the first phase. We shall also in this case
refer to the water as the “solvent” and to the salt as the

“solute.” Let m,’ and my’ be the masses of water and salt in
’

the solution, and m,” the mass of water vapor, and let r = ;n"&’
1

Since we assume that the salt cannot pass into the vapor phase,
equation (53) finds no application and we are left with (51) which
in this case we shall write

_)‘TdT+vdp+Adr=o, (72)

where X and v are defined by equations (50) and 4 by equation
(44). Our system, which is in equilibrium for given values of T,
p and r, will be in equilibrium for infinitesimal changes in T, p
and 7, if equation (72) is satisfied.

Change at Constant Concentration
If 7 is kept constant, we have

d
( d’} Tv (73)

where A, is the latent heat of evaporation of one gram of water
from an infinite amount of the solution of composition 7 and » is
the corresponding increase in volume. If we assume that the

vapor is an ideal gas and neglect the change in volume of the solu-

tion in comparison with that of the vapor, we can put v = RT

and hence M.p

dp\ _ MMip RT? dlogp
(dT),‘ R: M= i (74)
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A, is also the heat evolved when one gram of water vapor at pres-
sure p and temperature T is condensed and unites with an infinite
amount of the solution of composition . We can carry out this
process in a different manner. Starting with one gram of water
vapor at T and p, we compress it isothermally to the pressure ,,
that of pure water at the temperature 7. This process does not
change the energy of the water vapor supposed to be an ideal gas.
Then we condense the gram of water vapor at constant 7 and p,

into liquid water. The decrease in energyis X — povo = N — 73 T.
1

We decrease the pressure on the liquid water to p. This process
is accompanied by a negligible change in energy. Then we add
the gram of water to an infinite amount of the solution of com-
position ». The loss in energy is essentially equal to the heat
evolved, which we shall denote by %, and which is the differential
heat of dilution per gram of water (compare Chap. VI). The

total decrease in energy is therefore N — i T + ha. Now when
1

the vapor is condensed directly into the solution, the loss in energy

ish—pp=N— LS T. Hence we find,

'Ml
hs =N =\, (75)
or, from equation (31) of Chap. X and equation (74),
R d log g)
= — )
ha = i, T2 T ) (76)

which is Kirchhoff’s formula for the differential heat of dilution.
This formula is very similar in appearance to equation (38) but
in reality is quite different. The p of (38) refers to the vapor
pressure of a solution which is maintained saturated, so that p is
a function of the temperature alone. In (76), p is a function of
both T and 7.

In Chap. VI, we mentioned the fact that the heat of dilution
tends to zero when the quantity of solvent is sufficiently great.

d log ?

When this is the case, #: = o and hence 2ol —oor log 2

d T r P()
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(and therefore 2 ) is independent of the temperature. This is

von Babo’s Law and we accordingly see that von Babo’s Law
can only hold for solutions so dilute that the heat of dilution is
negligible. .
Change at Constant Temperature
In this case, equation (72) becomes

) _ _4
( dr r - v ) (77)
or if we assume the ideal gas laws for the vapor,

é_b;gi) - M4

( dr ). T RT (78)

Hence the vapor pressure of a solution at constant temperature
diminishes as the concentration of the solute increases. Writing

(78) in the form épz = (—%14) dr, we may assume that for

small changes in 7, — MA is virtually constant and therefore

RT
Pm ety (79)

If pois the vapor pressure of the pure solvent (r = o), then, for
small values of 7, we may write

(PJ’—,;O:—P—L = kr, (80)

or the relative lowering of the vapor pressure is proportional to
the concentration (Wiillner’s Law).

Change at Constant Pressure
Equation (72) becomes, when dp = o,

()4

df ? )\r’

or the boiling-point of a solution at constant pressure increases
with the concentration of the (involatile) solute, since 4, T and
A are positive. For small values of 7, it can be shown that the
elevation in the boiling-point is proportional to 7.
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Liquid and Solid Phases

If the second phase is solid, instead of gaseous, we shall have,
for example, a salt solution in contact with ice. The application
of equation (72) to this case follows readily from our preceding
discussion. Equations (73), (77) and (81) apply without change
when the appropriate interpretation is given to the symbols.
Thusin (81) N, will represent the heat absorbed when one gram of
water is frozen from a large amount of solution of concentration 7.
Since in general heat is actually evolved under these circum-
stances, N\, will be negative and therefore (%) of equation (81)

»

will be negative. In other words, the freezing-point of a solution
at constant pressure is lowered by increasing the concentration
of the solute. Instead of ice as the seccond phase, we may have
salt, so that our system consists of salt and a saturated solution
of salt. Under these circumstances the results we have obtained
apply without any modification if we call the salt the first com-
ponent and therefore the solvent and the water the second com-
ponent and therefore the solute. The symbol  will mean the
ratio of water to salt in the first phase. Let us see the significance
of equation (81) in this case. M is the heat absorbed when one
gram of salt separates out of an infinite amount of solution whose
composition is 1 gram of salt to » grams of water. Writing equa-
tion (81) in the form
dr = A

AT

we see that if A\, is positive, the concentration of the water in-
creases and therefore the concentration of the salt decreases with
rise in temperature. The concentration of salt in a saturated
solution increases with rise in temperature if heat is absorbed
when salt dissolves in a nearly saturated solution.

The usefulness of equations (73), (77), and (81) is somewhat
impaired by the fact that the value of 4 is in general not known
as an explicit function of T, p, m; and m,. In a later chapter
we shall show how the value of 4 can be determined in the case
of ideal gases and dilute solutions and we shall then be able to
put our equations in a much simpler form.

dT, (p = constant), (82)
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PROBLEMS

1. How many components are there in a system made up of water,
sodium chloride and barium chloride?

2. How many components are there in a system made up of nitrogen,
hydrogen and ammonia (a) at ordinary temperatures, (5) at 500° C.?

3. At 1000° C. the following reactions take place readily: C 4+ CO =22 CO
and CO; + H,= CO + H,0. Ifasystem at 1000° C. contains C, CO, CO,,
H, and H,0, how many components and how many degrees of frccdom are
there?

4, How many components are there in an aqueous solution of cane-
sugar if we suppose that in the solution the following reaction occurs:
CieH20y + m H,0 2 C,;H30y « m HO?

6. The heat of solution at 18°C, of ¢ grams of water and & grams of

. —23.061 b (b + 0.8701 a)
NaNO; is % o361 .

with respect to the salt when g = 0.8665. Calculate the heat evolved when

The solution is saturated at 18° C.

1 gram of water and 0.8665 gram of NaNO; form a saturated solution and
p
d log p

T
when 1 gram of water is added to an infinite amount of the saturated solu-
d log 2

0 .
AT Jr=osss

6. Interpret cquation (73) in the case of a salt solution in contact with
ice. What in general are the signs of the quantitics A, and v» Hence de-
duce a general rule for the change in the freezing-point of a solution with
change in pressure.

7. Interpret equation (73) when we have a salt solution in contact with
the solid salt. What are the signs of ) and »? If the pressure on a satu-
rated solution of a salt in contact with the solid salt is increased, how must
the temperature be changed if the composition of the solution is to remain
unchanged?

8. Interpret equation (77) when the system consists of a salt solution
and ice. How will increase in pressure at constant temperature affect the
composition of the solution?

9. Interpret equation (77) when the system consists of a salt solution in
contact with the solid salt. Deduce therefrom a general rule for the rela-
tion between the solubility of a salt and the pressure.

Calculate the heat cvolved

from equation (38) find the valuc of

tion and from equation (76) calculate the value of



CHAPTER XII
APPLICATIONS OF THE PHASE RULE I

Systems of One Component
According to the phase rule, F = N 4 2 — P, we have for a
one-component system F = 3 — P. Since the number of degrees
of freedom cannot be ncgative, we may have in our system one,
two or three phases coexisting. Also, since the number of degrees
of freedom cannot in this case be greater than two, we can repre-
sent the behavior of the sys-

50
temon an ordinary Cartesian i 7—
diagram, taking the pressure
and the temperature as in- /
dependent variables. Inthe a0
case of a system consisting . Liduia
1qule
of water, we shall have some B ) )
. . . 200 y
such diagram as Fig. 14 if > | Seld
we confine our attention at
. - 10—

present to ordinary ice as o Vapor
the only solid phase. =1

One Phase. Divariant 0 0 P 30 40
System. Since F = 2, the Fro. 14, Water

variables p and ¢ may be
varied independently and hence the field of existence of a single
phase will be represented by an area. Thus, in the area 40B,
the solid exists; in the area BOC, the liquid; and in the area
AOC, the vapor. The areas will be bounded by curves which
represent the equilibrium between any pair of phases.

Two Phases. Univariant System. F = 1. Since there is but
one independent variable, a change in pressure will bring with
it a definite change in temperature so that the coexistence of two
phases is represented by a curve. Thus for ice and vapor, we
have the equilibrium curve 40; for ice and liquid water, the

173
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curve BO; and for water and vapor, the curve CO. The gen-
eral direction of these curves may be deduced from the Clapeyron

.. dp A . . .
formul.a, viz.: ar = T———_—-(Y)z —) in which ) is the heat absorbed
when one gram of phase 1 is transferred to phase 2. If the

vapor phase is the second phase, ;—;
hence the curves 40 and OC rise as the temperature increases.
Since water is denser than ice, the curve OB slopes to the left
as the pressure increases. The curve OC ends at C, the critical
point.

Three Phases. Invariant System. F = o. This state must
be represented by a point where all three phases coexist and where
the curves meet. It is easy to show that the curves must inter-
sect at the same point. The codrdinates of this point, point O in
the diagram, are p = 4.579 mm. and ¢ = + 0.0075° C. The
equilibrium states so far described have been stable ones. We
can, as we pointed out in Chap. IX, have states of a lower degree
of stability. Thus water and vapor may coexist in states repre-
sented by points on the curve OC’, although the most stable state
under these circumstances is ice. We say that water and vapor
in this case are in a state of metastable or labile equilibrium. The
student can deduce from the Clapeyron formula the slopes of the
curves AO and OC at the point O and hence show that the vapor
pressure of water below zero is greater than that of ice at the
same temperature.

The researches of Tammann * and of Bridgman 1 have shown
that water can exist in at least five different crystalline forms,
all of which, with the exception of ordinary ice (Ice I), are
denser than water. The forms are designated as Ice I, Ice II,
Ice III, Ice V and Ice VI. The absence of the term Ice IV is due
to the fact that Tammann obtained some indications of a form
which he called Ice IV, the existence of which is however still
doubtful. The relationships of the various forms will be clear
from diagram 13.

is necessarily positive,

* Ann. der Physik, [4], 2, 1424 (1900).
t Proc. Amer. Acad., 47, 441 (1912).
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TRANSITION TEMPERATURE
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The codrdinates of some of the points in Fig. 15 are as follows:

Phascs Point t b
Ice I, liquid, vapor ... .... o +o0.0075 4.579 mm. Hg.
Ice I, liquid, Ice III..... . c —22°C 211§ gm:
cm.
Ice III, liquid, Iece V.... . D —17°C. 3530 g
Ice V, liquid, Ice VI.... . . E +0.16° C. 6380 ¢
Ice I, Ice 11, Ice III... F —34.7° C. 2170 ‘¢
Ice II, Ice III, Ice V. G —24.3° C. 3510
12000
/H
10000
8000
; S
) —AE
gmoo \ A
I 7{:—% Liquid
R < y,
2000 ——=F== C
R
I
o (6]
-5 -4 -30 -20 —mt'c 0 10 20 30 40
Frc. 15. Water

a triple point.

Triple Points

A system of one component has no degrees of freedom when
three phases coexist. A point in a diagram such as Fig. 14 or
15 which represents such an invariant system is frequently called

Transition Temperature

The temperature at which one phase is in equilibrium with a
second is in general called a transition temperature. The name
is usually applied however only when the phases are solid or
liquid. This temperature, as we have seen, is a function of the
pressure and sometimes of other variables. Thus o° C. is the
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transition temperature for the two phascs, ice and walter, at a pres-
sure of one atmosphere. The term is still oftener applied to the
equilibrium between two solid phases. Thus we should speak of
the transition temperature of Ice I and Ice III under a given
pressure and this would refer to some point on the curve FC in
Fig. 15.

Sulphur

Sulphur exists in two solid forms, orthorhombic and mono-
clinic, in a vapor state and in a liquid state. The p-T diagram
for sulphur is shown in Fig. 16.

Applying the phase rule, we see that, in a system consisting of
sulphur, threc is the largest number of phases which can coexist

1 1 1 ] 1 1 1
80 90 100 110 120 130 140 150 160
Temperature, Degrecs Cent

F16. 16. Sulphur

in equilibrium. The curve DA is the vapor pressure curve of
orthorhombic sulphur. The point 4 is a triple point where
orthorhombic, monoclinic and vapor coexist under the pressure of
the vapor. If the pressure is increased considerably, rhombic and
monoclinic sulphur will remain in equilibrium if the temperature
is raised in accordance with the curve AC. Since rthombic and
monoclinic sulphur do not differ very much in density, it will re-
quire a very great increase in pressure to change the transition
temperature appreciably. Thus the transition temperature under
the vapor pressure of the sulphur is only slightly less than when
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the pressure is one atmosphere. (Compare the change in freez-
ing-point of water with the pressure.) Thus the transition tem-
perature of the two solid forms of sulphur at atmospheric pressure
will still be close to 95.5° C. The change from orthorhombic to
monoclinic sulphur is so slow that orthorhombic sulphur can
exist for some time at atmospheric pressure above 95.5°. The
curve AF’ is thus the vapor pressure curve of orthorhombic sul-
phur in labile equilibrium. F’ is the point where rhombic sul-
phur, vapor and liquid coexist. The temperature corresponding
to this is 114°. The curve F'C represents the labile equilibrium
between rhombic and liquid. Similarly, 4 B is the vapor pressure
curve of monoclinic and B is the triple point for monoclinic, vapor
and liquid. Along BC, monoclinic and liquid are in equilibrium,
the point B representing approximately the ordinary melting-
point of monoclinic sulphur (120° C.). The curve CE (of which
F'C is the labile continuation) represents the states of stable
equilibrium between rhombic and liquid.

Divariant Systems: One Phase

Vapor Phase...................... Area DABF
Rhombic............coooiiiiit Area DACE
Monochinic. ......oooiiiuiei.... Arca ABC
Liquid......... ...l sfrea FBCE
L.
Univariant S ystené?"«z‘fwo Ph’qfes
Rhombic-Vapor............. o o . Sfable, Curve DA
Labile, Curve AF’
Monoclinic-Vapor. . ............... Stable, Curve AB
Labile, Curve 4B’
Rhombic-Monoclinic............... Stable, Curve AC
Rhombic-Liquid................... Stable, Curve CE
Labile, Curve CF’
Monoclinic-Liquid . . .............. Stable, Curve BC
Liquid-Vapor..............cooolt. Stable, Curve BF

Labile, Curve BF’
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Invariant Systems: Three Phases

Rhombic-Monoclinic-Vapor......... Stable, Point 4
Monoclinic-Vapor-Liquid........... Stable, Point B
Rhombic-Monoclinic-Liquid. . . .. ... Stable, Point C
Rhombic-Liquid-Vapor............. Labile, Point F’.

Two-Component Systems

The number of possible phases in a two-component system is
sometimes rather large. Thus in the system CaCl, and H;0, the
following solid phases are known: Ice, CaCl;, CaCl; - H;O,
C&C]z * 2 Hao, CaClz ‘4 H';,O a, CaCIz, 4 HQO ﬁ, CaClz 6 H),O
In addition we have the liquid phase and the gaseous phase. The
study of two-component systems is made more complicated
by the fact that we frequently have to do with liquids that are
immiscible or only partially miscible, and with solids that may
form solid solutions. It will, therefore, be impossible to go into
detail in connection with the numerous types of systems. We
must be content with a discussion of the characteristics of what
may be considered as the principal types of two-component
systems. And we shall begin with a study of the equilibrium
between vapor and liquid phases, where the liquid phase may
contain either component in any proportion whatever; i.e., the
two components as liquids are miscible in all proportions over a
certain range of temperatures and pressures. The thermody-
namic foundation for our study of such systems is given in Chap.
XI, to which reference should be made by the reader. Adopting
the nomenclature of Chap. XI, the intcrnal state of the system is
a function of any two of the variables, T, p, r’, r”, since our sys-
tem has two degrees of freedom. We shall call T the boiling-
point and p the vapor pressure. Evidently, then, T is a function
of p and 7’ or of  and " and similarly p is a function of T and
either »’ or . If we maintain the pressure constant at some
arbitrary value, the boiling-point, 7, may be considered as a
function of the composition of either phase; and similarly if the
temperature is maintained constant, the vapor pressure will be
determined by the composition of either phase. Thus we may
represent the composition of either phase by the abscisse in a
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rectangular system of codrdinates, and either the pressures at
constant temperature or the boiling points at constant pressure
by the ordinates.

Isothermal Distillation

The vapor pressure curves of a mixture of two liquids are of
three types. In type I, the vapor pressures of all mixtures are
intermediate between those of the pure components at the same
temperature. Methyl alcohol and water give vapor pressure
curves which are practically of this type. In type II, there is a
certain mixture whose vapor pressure is less than that of all other
mixtures and of either of the pure components. In type III, we

D
1
\
" ll
l %
v’
P //
c
Type 1
A E” |E’ E F’ F B
100% H,40 100% CH3 OH
Composition
Fi16. 17

meet with a mixture which has the maximum vapor pressure.

In Chap. XI we adopted the convention that the component
which is present in the vapor phase in greater proportion than in
the liquid phase is to be called the more volatile component. We
also called it the second component, so that we had the relation
7" > 7'. Since the pressure falls on isothermal expansion or dis-
tillation, both #”” and #’ also decrease. Thus, in a system con-
sisting of the two components, water and methyl alcohol in two
phases, liquid and vapor, the percentage of alcohol is greater in
the vapor phase than in the liquid phase and the percentage in
both phases diminishes on isothermal distillation. In Fig. 17,
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we have a diagrammatic representation of the vapor pressures of
all possible mixtures of water and methyl alcohol at a fixed tem-
perature. Since the vapor pressure can be expressed as a func-
tion of the composition of either phase, we shall have two curves,
giving the relation between the pressure and the composition of
both phases. Since the vapor phase is relatively richer in the
more volatile component, the curve whose abscissa refer to the
composition of the vapor phase will be closer to the ordinate
BD representing 100 per cent of the more volatile component.
Thus, in Fig. 17, a liquid phase whose composition is E is in
equilibrium with a vapor phase whose composition is represented

Type 11 Type 11T
100%A . 100%8 100% A 100%B
Composition Composition
Fra. 18 F16. 19

by F. By determining where a horizontal line cuts the two
curves, we can ascertain the composition of the two phases in
equilibrium. It will be noticed that the composition of the
phases in these diagrams is expressed in percentages and not by
7' or 7, the ratio of the mass of the second component to that of
the first. This is done to simplify the task of representing all
possible compositions. The relation between  and the percent-
age composition is of course a very simple one. From equations
(70) and (71) (Chap. XI) we deduced certain results which in
the present case may be stated as follows: on isothermal distilla-
tion of a liquid of composition E, we shall obtain at first a vapor
of composition F. As distillation proceeds, the composition of
the liquid will change to E’ and that of the vapor to F’. If all
of the vapor remains in the system, the last drop of liquid evapo-
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rating will have the composition E” and the vapor (since it now
contains all the original substances) will have the composition E.
By fractional distillation, it would be possible to separate the
mixture into the two components, water and methyl alcohol.
Diagrams for pairs of liquids belonging to types IT and III are
given in Figs. 18 and 19.

Chloroform and acetone give a mixture belonging to type II
whereas water and propyl alcohol belong to type III. The
behavior of these mixtures on isothermal distillation can be read-
ily deduced from the appropriate vapor pressure diagram.

Distillation at Constant Pressure

Since liquids are usually distilled at constant pressure, it will
be worth while to study this part of our subject in some detail.
Corresponding to the three types of vapor pressure curves, we
shall have threc kinds of boiling-point curves. In type I, the

vll
v ¢
1 Yy
T
Type 1 Type 1I
100%A . 100%B 100%A . 100%B

Composition Composition

F1G. 20 F1c. 21

boiling-points of the mixtures are intermediate between those of
the pure components. In type II the boiling-point curves exhibit
a maximum and in type III a minimum. The three types are
illustrated in Figs. 20, 21 and 22.

Since the more volatile component is present in relatively
greater proportion in the vapor phase than in the liquid phase,
it will be evident that in the boiling-point-composition diagrams
the upper curve always refers to the composition of the vapor
phase. Thus we shall suppose that in Fig. 20, 4 represents water
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and B methyl alcohol. A study of the diagram, as well as of the
equations (67) and (68) of Chap. XI, enables us to determine
what changes occur on isobaric distillation. If we start with a
liquid whose composition is J, the vapor formed will have the
composition ». The liquid will therefore become poorer in
methyl alcohol and as the com-
position changes to /', the boiling-
point will rise. If all the vapor
formed be kept in contact with
the liquid, evidently when the last
drop of liquid is distilled, the vapor
will have the composition v/, iden-
tical with Z. If, however, (and this
is of course the ordinary proce-
100%A Compoaition 100%8 dure) the vapor is removed by con-
Fic. 22 densation, the boiling-point will
rise until the last drop of liquid is
pure water. By fractional distillation, any mixture can be more
or less completely separated into the two components 4 and B.
For if we were to redistil the fraction obtained as the compo-
sition of the liquid went from [ to //, the fraction would have a
composition intermediate between v and »" and on distilling
would give at first a vapor richer in B than ».

Type II can be illustrated by mixtures of water and formic
acid. A certain mixture of composition M has the maximum
boiling-point for a given pressure. In this case it will be con-
venient to think of all mixtures to the left of M as consisting of
the two components 4 and M, whereas for all mixtures to the
right of M, the two components will be M and B. In the first
case, 4 is the more volatile component, M the less volatile; in
the second case, B is the more volatile and M the less volatile.
Hence any mixture whose composition lies between pure 4 and
M behaves like a mixture of type I and can be separated by
fractional distillation into the two components 4 and M; sim-
ilarly, for mixtures of M and B. On distillation of any mixture,
then, the boiling-point will rise and if the vapor is removed the
composition of the liquid will ultimately be that of M and the

Type III
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liquid will distil at constant temperature since the composition
remains invariable. This is a stable constant boiling-point, for
if through any cause the composition of the liquid goes to the right
or left of M, it will necessarily return to M. The constant boiling
mixture behaves in some respects like a pure substance since it
distils at constant temperature and pressure without change in
composition. If however the pressure, at which the distillation
is carried out, is altered, the composition of M is also altered and
hence M corresponds to a mixture and not a pure substance.
Other mixtures belonging to type II are the following: water and
any one of the following acids: formic, hydrochloric, hydro-
bromic, hydriodic, hydrofluoric, nitric and perchloric; chloroform
and acetone; chloroform and methyl acetate. In the case of
water and some of the acids (e.g., HCI) we cannot at atmospheric
pressure have liquids consisting of the two components in all
imaginable proportions. If, in Fig. 21, 4 represents water and
B represcnts HC, the curves can be drawn only a certain distance
to the right of M, ending at points corresponding to the most
concentrated aqueous solution of the hydrogen chloride which
has a total vapor pressure of one atmosphere. The following
table contains some data with reference to mixtures having a
maximum boiling-point. The data refer to atmospheric pressure.

TABLE X
M C f t1 f

Components bmﬁ’:é‘-]pt:)rlrrl\t mﬁ?&ogo?]mmgl}pc:nm}.o
Water + HNO;  ........ .. ... 120 § 689, HNO;
Water +HCL... ............ ...... . 108.5 20.24% HCI
Water +- HBr.... .. .. ... 126 o 47 5% HBr
Water + HT . ................. . 127.0 57 0% HI
Water +HF .. . ...... .... .. . 120 0 37 0% HF .
Water -+ formic aci 107 1 77 0% formic acid
CHC]; + acetone. e e .. 64.7 80 09, chloroform

In the case of water and HCI, the composition of the constant
boiling mixture at different pressures is as follows: *

mm. % HC1 mm. % HCl
770. . . .20.218 740.. .. ....20.200
760. . . . .20 242 730.. ceiniienn 20.314
750. . . ..20.266

* Roscoe and Ditmar, J. Chem. Soc., 12, 128 (1860). Hulett and Bonner, J.
Amer. Chem. Soc., 81, 390 (1909).
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A large number of pairs of liquids have boiling-point curves
belonging to type III. We may mention the following: water
and any one of ethyl alcohol, normal propyl alcohol, isopropyl
alcohol, butyric acid and pyridine; benzene and any one of
methyl, ethyl, allyl and tertiary butyl alcohols; acetone and car-
bon) disulphide; ethyl alcohol and hexane, etc. In this case also
it is convenient to think of any particular liquid mixture as con-
sisting of the mixture with the minimum boiling-point and suit-
able amounts of cither pure 4 or pure B. To any mixture whose
composition as represented in Fig. 22 lics between that of 4 and
M, we can apply the results deduced for type I mixtures. Thus
by fractional distillation any such mixture can be more or less
completely separated into 4 and M. Similarly for a mixture
whose composition is between that of M and B, fractional distilla-
tion will effect a separation into M and B." But pure B cannot
be obtained by distillation from a mixture whose composition is
between that of M and 4. If we start with a mixture whose
composition differs by even a small amount from that of M, on
continued distillation the composition of the liquid will depart
more and more from that of M. This is clear from a study of
Fig. 22. Since then the composition corresponding to M cannot
in practice be reproduced with absolutely no error, it is impos-
sible to make up mixtures of type IIT which will boil at a constant
temperature for a considerable time; for the composition will
gradually change and the temperature will gradually rise.

In the case of water (b.-p. = 100° C.) and ethyl alcohol (b.-p. =
78.3° C.) at atmospheric pressure, the minimum boiling-point is
~78.13° C. for a mixture which is g5.57 per cent™ alcohol by weight.
The minimum boiling-point is thus very slightly below that of
pure alcohol and the minimum point is very close to the alcohol
axis. Any mixture containing less than g5.57 per cent of alcohol
behaves like mixtures of type I and can be separated by fractional
distillation into water and ¢5.57 per cent alcohol. In the case of
any mixture which contains between 95.57 and 1oo per cent
alcohol, we shall in practicc have a mixture which will boil at
a fairly constant temperature since the maximum change in tem-

* Young and Fortey, Trans. Chem. Soc., 81, 717 (1902).
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perature is from 78.13° to 78.3°. Changes in composition will
occur very slowly. Theoretically, it should be possible by frac-
tional distillation to separate a 98 per cent alcohol into the two
components, 95.57 per cent and 1oo per cent; practically, how-
ever, the changes in composition on distillation would be so slight
that the separation could not be effected without an excessively
large number of distillations. For the rapidity of separation by
fractional distillation depends to a large extent on the magnitude
of the difference between the composition of the vapor and of the
liquid from which the vapor has come. This difference is meas-
ured by the horizontal distance between the points on the two
boiling-point curves in the figures. The farther apart the two
curves are, the casier it will be to effect a separation of the com-
ponents. In the case of water and ethyl alcohol, the two curves
going from M (¢ = 78.13° C., composition = 95.57 per cent
alcohol) to the point representing the boiling-point (78.3° C.) of
pure alcohol, must be exceedingly close to each other.

Boiling-Points of Partially Miscible Liquids

If two liquids are soluble in cach other in limited proportions,
we shall have to consider the possibility of having two liquid
phases in addition to the vapor phase. Since in accordance with
the phase rule for a system of two components, F' =4 —P, we shall
have two degrees of freedom, if we have a vapor phase and one
liquid phase and one degree of freedom if we have a vapor phase
and two liquid phases. If we make the pressure constant and
equal to, say, one atmosphere, we shall have for two phases, one
degree of freedom and for three phases, no degrees of freedom.
For two phases, the boiling-point is a function of the composition
of the phases; if three phases are present and the pressure is
fixed, then the boiling-point and the composition of the phases
are fixed. The boiling-point diagram for a system consisting of
amyl alcohol and water at atmospheric pressure will be approx-
imately that given in Fig. 23.

According to unpublished experiments of the author, the boil-
ing-point at atmospheric pressure when the two liquid phases
(each consisting of water and amyl alcohol) are present, is about
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95° C. and the composition of the vapor phase is approximately
50 per cent by weight of either component. If we distil a homo-
geneous liquid of composition /, the vapor coming off will have the
composition » and the temperature will rise gradually until the
boiling-point of pure amyl alcohol is reached. If we start with
a homogeneous liquid having the composition /, the boiling-
point will gradually rise until that of pure water is reached. If,
however, we take quantities of amyl alcohol and water correspond-

13080 39 ngtoa composition be-
& tween C and D, the mix-
8120 o ture will separate into
§ two homogeneous liquid
§, 0 1o phases which will boil at
o the constant tempera-
§ ture of g5° C. At this
§ 100 100 temperature the compo-

o c oo sition of the phases is

100% Amyl Alcohol 100%H,0 represented by the points

&};‘;m:i:on C and D and on distilla-

tion the vapor from each
phase has the composition E, where E is the point where the
two vapor curves, AE and BE, meet. On continued distilla-
tion, one of the liquid phases will disappear. If the average
composition of the two liquid phases was represented originally
by a point to the left of E, then the phase of composition D will
disappear and the boiling-point will rise as the composition
moves along the curve CA. On the other hand, if the original
heterogeneous mixture was richer in water than is represented
by point E, the phase C will in time disappear and then the
temperature will rise along the curve DB.

Mixtures of methyl alcohol (b.-p. 64.7° C.) and carbon disul-
phide (b.-p. 46.3° C.) behave similarly to mixtures of amyl
alcohol and water. The boiling-point when two liquid phases
are present is about 38° C. and the vapor phase in these circum-
stances contains approximately go per cent by weight of carbon
disulphide. ]

In the cases just considered, the boiling-point, when two liquid
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phases were present, was lower than that of either component.
It is possible however for the boiling-point when two liquid phases
are present to be intermediate between those of the two com-
ponents. This case is represented in Fig. 24, and is illustrated
by mixtures of water and liquid SO, In the figure, C and D
represent the composition of the two coexisting liquid phases
with a constant boiling-point.

No matter what is the composition of the original mixture,
the boiling-point will ultimately be that of pure A. Thus if we
start with a homogeneous liquid
corresponding to I, the boiling-
point will rise until the liquid has
the composition D. On continued
heating the boiling-point will re-
main constant, and, since the
vapor given off has the composi-
tion E, the other liquid phase repre-
sented by C will be simultaneously
formed. Finally phase D will dis- 1051 Composition 1007 B
appear and the boiling-point will
follow the curve CA.

The two cases just considered (represented in Figs. 23 and
24) are analogous to types I and III (Figs. 20 and 22). A third
type in which the boiling-point of two liquid phases of two com-
ponents would be higher than that of either pure component
(analogous to type II, Fig. 21) does not appear to be possible.
For assuming that two coexisting liquid phases containing two
components have a boiling-point higher than either pure com-
ponent, on distillation one of the phases must in general disappear.
The boiling-point of the remaining single phase must now neces-
sarily rise, which contradicts our hypothesis.

Temperature

F1c. 24

Two Immiscible Liquids
When two liquids are completely immiscible, the boiling-point
diagram will always have the form illustrated in Fig. 25 in which
AE, EB give the composition of the vapor and AC, CD, DB rep-
resent the composition of the liquid. In other words, the com-
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position of the liquid phases will always be given by the points
C and D, any point between C and D corresponding to a hetero-
geneous mixture of the two components. The boiling-point of
the two liquid phases will be constant for a given pressure and it
is easily shown that this boiling-point must be lower than that
of either pure component. Since in practice no two liquids are
absolutely insoluble in each other,
Fig. 25 should be looked on as the
limiting case of Fig. 23, when the
points'C and D approach infinitely
close to the ordinates representing
pure A and pure B. A full inter-
pretation of Fig. 25 can be easily
made when it is considered from
thispoint of view. The composition
108 A Composition—1oozs £ of the vapor from two immiscible
liquids can be readily calculated. If
at the boiling-point when the two
liquid phases are present, the vapor pressures of the two pure
liquids are pa and pp respectively, then in the vapor phase we
have the relationship iﬁ = %’ where 74 and #s are the number
B B
of moles of 4 and B in a given amount of vapor. If ma and ms
represent the actual weights of the two liquids in a given amount
of vapor and if M 4 and My are their respective molecular weights,
then we have,
_ Mma __mn ma _ (Pa\ Ma
m-—E, ny—my E—(E)-ﬂ[—a'

F16. 25

If the molecular weight of B is much smaller than that of 4, the
proportion of 4 to B in the distillate will be much greater than
the ratio of the corresponding vapor pressures of the two liquids.
This fact is utilized in the distillation with steam of liquids im-
miscible with water and of high boiling-points and correspond-
ingly low vapor pressures.



Cu. XII LIQUID PHASES IN ABSENCE OF VAPOR PHASE 189

Liquid Phases in Absence of Vapor Phase

We shall now consider briefly the equilibrium between two
liquid phases of two components at constant pressure, the pres-
sure being sufficiently great to prevent the appearance of a vapor
phase. Since we have already seen that the effect of pressure on
a system in equilibrium depends on the magnitude of the volume
changes produced when the pressure is altered and since these

Iy
S

Temperature_Degrees Cen,
-] =
(=] =)

‘Al
>

volume changes are very slight when the vapor phase is absent,

only, we may ordinarily neglect the effect of pressure. Systems

from which the vapor phase is absent we shall call condensed

pressure is constant, the

number of degrees of free- 7 T

dom still at our disposal § / \

for a condensed system of

two components this be- / \

. A B

sider the temperature and

the composition of the l \

we see that if we have but o, 26

one phase, there are two

one independent variable. Let us consider the equilibrium be-

tween two phases of the two components, water and aniline, at

Fig. 26 will serve to describe this system.
Starting with pure water at 80°C.,if we add a small quantity

addition of aniline the point 4 will be reached, representing

an aqueous solution saturated with aniline. If more aniline is

D, we shall have two layers, corresponding respectively to the

points 4 and B. Since the system of two phases at constant

we can infer that when we are dealing with liquid and solid phases
systems. If, then, in a condensed system, we assume that the
will be N 4+ 1 — P and /f \\
comes 3 — P. If we con-

phases as our variables, “"H,0 Composition Aniline
independent variables, whereas, if two phases exist, we have only
a pressure sufficient to prevent the appearance of a vapor phase.
of aniline we shall obtain a homogeneous solution. On further
added, so that the whole mixture corresponds to a composition
pressure is a univariant system, on changing the temperature
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the composition of each liquid will change in a perfectly definite
manner as represented by the curves AC and BC. Above the
curve ACB, we have the region of homogenrous solutions (one
phase and therefore two degrees of freedom) so that both the
temperature and the composition may be altered independently.
In the diagram, the liquid phases are seen to approach each
other in composition as the temperature is raised and at a tem-
perature of 167° C. the two liquid phases become identical, with
a composition of 48.6 per cent aniline. The point C is called
the critical solution point. In some cases, liquids which are only
partly miscible in each other at certain temperatures become
completely miscible at lower temperatures. Such liquids are
said to have an inferior critical solution temperature. This is
the case with water and diethylamine, the inferior critical tem-
perature being 143.5° C. It is to be noted that in all cases the
critical solution temperature depends on the pressure. Some
examples of liquids are known which possess both a lower and an
upper critical temperature. This is the case with nicotine and
water.

In many cases, therc is a relationship between the concentra-
tions of the two liquid phases which recalls the law of Cailletet
and Matthias (equation (52), Chap. X). Thusif p, and p; are the
percentages by weight of phenol in the two layers obtained from
phenol and water, then p; + p2is a linear function of the temper-
ature.

Some Applications of the Duhem-Margules Equation

The cxperimental study of the vapor pressures, total and par-
tial, of liquid mixtures has shown that in many cases the vapor
pressures can be expressed as rather simple functions of the com-
position. We shall consider examples of pairs of liquids miscible
in all proportions so that the mole fractions, x; and x;, may
assume any value between o and 1. Let us investigate in the
first instance the case in which the partial pressure p; of com-
ponent 1 is proportional, at constant temperature, to its mole
fraction «; in the liquid mixture; in other words

P = Puy. ()
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Evidently P, is the vapor pressure of the pure component 1, since
p1 = Pywhenx; = 1. From equation (1), we find #; %’%& =

1
Hence according to the Duhem-Margules equation (equation (66),

Chap. XI), » ¢ 125 P _ 1, and therefore
2

pr =Py = P2 (1 — %), (2)

where P, is the integration constant. P, is evidently the vapor
pressure of the second component in the pure state. The total
vapor pressure p = p; + p is given by the equation

p=Pux + P: (1 — x). (3

Hence if either partial vapor pressure is a linear function of #; or
%2, the same is true of the total vapor pressure. If the pressures
are plotted in diagrams as in Figs. 17, 18 and 19, the curves
referring to the pressures as functions of the composition of the
liquid will be straight lines. If, however, we plot the curves as
functions of the composition of the vapor phasc, we shall have
quite different results. For if y; and y; are the mole fractions in
the vapor phase,

_ ﬁ Pix
N P P, + P, (I - xl) (4)
and
x Pyy, .
! Pl + (P, — PO
Hence we can obtain
b= P, Py, . Py = _PIJ)L(I -3 .
t P+ (P, — Pl)yl’ P+ (Py ~ Pl)yn
P1P2
P P1+(P2—P1)y1 (5)

Thus the vapor pressure curves as functions of y; are no longer
straight lines. If, for the sake of brevity, we call the vapor pres-
sure curves plotted against the composition of the liquid, the
x-curves, and those plotted against the composition of the vapor,
the y-curves, it is easy to show that the y-curve is always below
the corresponding x-curve as illustrated in Fig. 17. It is also
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easy to show that the y-curves have no maximum or minimum
P2 _ e

point. From equations (1) and (2), we also have, since yab
1 1

&=&@%. 6

Y1 Pi\x, ( )

According to (6), the ratio of the two components in the vapor
phase is proportional to the ratio in the liquid phase, the propor-
tionality factor being given by the ratio of the vapor pressures
of the two components in the pure state.

The behavior just discussed and summarized in equations (1) to
(6) is exhibited by a number of pairs of liquids, usually by pairs of
closely related liquids. We may mention as examples: chloro-
benzene and bromobenzene; ethyl propionate and ethyl acetate;
ethyl benzene and toluene; #-octane and n-hexane; toluene
and benzene; ethylene dichloride and propylene dibromide, etc.

In other cases equation (1) does not hold but must be replaced
by the following:

P = P (7

Employing the Duhem-Margules relation, we find that if equation
(7) is valid, then we must have

pz = ngza = Pz (I - xl)“. (8)
Hence the total vapor pressure p is
p=2p1+4p: =P+ Py (1 — x0)° (9)

and the vapor pressure curves are no longer linear functions of #;
or x. We also have instead of equation (6)

@=&=&@§.
n M Pi\x, (IO)
From equation (g), we obtain, on differentiation,
ap _ a [Plxl‘"l - Py (1 — xl)“"] (11)
dx1

@¢p Puxl—2+ P a—2
E&:—l;=a(a—1) 1X1 + 2(I—x1) .
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The x-curve of total vapor pressure will have an extreme value

when dp = o, or when

dx
_ P e—1 % _ P xz)
r P R —
P1 ( ) ° % Py (xl (12)
But from equation (10), we see that at the extreme point ;” ;—
1 1

or the vapor and the liquid have the same composition. Whether
the extreme point is a maximum or minimum depends on the sign
gxp when d;[:
a(a — 1). Now a is always positive. Hence when ¢ is greater
than unity, the x-curve of total vapor pressure will have a mini-
mum point; when ¢ is between o and 1, the curve will exhibit a
maximum. Finally if ¢ = 1, the #-curve is a straight line and
therefore of course has no maximum or minimum point. Ethyl
alcohol and ethyl ether are a pair of liquids for which equation (7)
is valid, the value of ¢ at 7.2° C. being o.5. Hence the vapor
pressure curve for mixtures of these two liquids has a maximum
point.

There are many pairs of liquids for which even equation (7) is
not valid, much more complicated equations being required to
express the vapor pressures as functions of the composition. We
shall however omit a consideration of these more complex cases.

of is zero and therefore on the sign of the quantity

If a system of two components in two phases is in thermody-
namic equilibrium, certain relations between the variables of the
system must be satisfied. These relations were given in Chap.
XI in a variety of forms (see equations (51) and (53), (56) and
(57), (62), (63), (64)). In equations (62), (63), and (64) of Chap.
XI, one of the phases is supposed to be an ideal gas-mixture.
Some of these equations contain the quantities B’ and B” de-
fined by equations (55). By assuming the vapor phase to con-
sist of ideal gases, we found it possible to express B” in a very
simple way in terms of the variables T, p and p: (see equation
(61) of Chap. XI). By means of equations (65) of Chap. XI,
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we can express B’ explicitly in terms of T, p and p, if piis a
known function of #;; for such mixtures the value of B’ can be
easily calculated and inserted in the equations (62), (63) and
(64).

Let us assume then that we have a mixture of two liquids, the
vapor pressures of which are given by equations (%), (8) and (g) of
this chapter. By putting @ equal to unity, we also include the
case in which the vapor pressures are linear functions of ;. Since

then p, = P, and therefore x; (‘%’f—p‘) =g or dlog p =
1
a dlog %, the value of B’ is, from equation (65) of Chap. XI,

r_ _ M
B —axIRT—N1+N2aRT. (13)
For liquid mixtures in which p, is a linear function of #;, B’ would
equal 2, RT = Nll\fli v, RT. Substituting the value of B’ from

equation (13) in equations (64) of Chap. XI, we may write

—LidlogT + RT dlog p — aRT dlogx, = o, (14)
—L,dlogT + RT dlog p» — aRT d log 2 = o.| "%

If the temperature is maintained constant, evaporation or dis-
tillation will proceed subject to the condition

d log (%j) =ad log( ) (T = constant). (15)

Since a is positive, we see that as distillation proceeds the compo-
sition of both phases changes in the same sense. Multiplying
the first equation of (14) by p: and the second by p» and adding,
we obtain

""'(PlLl +P2L2) d lOg T+RT dp—aRT (Pl d lOg X1 +P2 d IOg xz) =0.

And since

dxa dx, L
og X2 . % . Og X1,

the equation becomes
~ (Lt L) Alog T + RT dp + 272 ‘”"x‘ (1”2 ”’) RTdlogx,=
(16)
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If the distillation is carried out at constant pressure, dp = o and
we have

%2 (01Ly + poLo) dT
axipy (1’— - ) RT* (r7)
2B

If the second component is the more volatile one, it is present in
the vapor phase in greater proportion than in the liquid phase;

dlogx =

that is % is greater than % As the distillation proceeds at con-
1 1

stant pressure, dT is positive and hence d log # is positive or the
mole fraction of the less volatile component in the liquid increases.
If finally the partial vapor pressure s of the second component
is maintained constant, dp, = o and hence we can deduce from
the equations (14) the following relations:

(Ll + % Lz)
N 5 Jar

dlog = RTz P2 = constant, (18)

dlog «; = R Tz

We can interpret equations (18) in the following manner: If the
temperature of the system we have under consideration is raised
and if at the same time the partial vapor pressure of the second
component is maintained constant, the increase in the partial
vapor pressure of the first component is given by the first equation
of (18). At the same time the concentration of the second com-
ponent in the liquid will decrease, the magnitude of the change
being given by the second equation of (18). If Vy liters is the
volume of the liquid containing %, moles of the first component
and x, moles of the second, then the concentration C; of the

second component in the liquid is C; = ~V—2 If we assume that

Va is practically independent of %, and T' (which will be the case
if «, is small) then d log x; = d log C; and we have

dlog Cy=— 22T, (19)
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which may be interpreted as showing how the solubility of a gas
at constant partial pressure varies with the temperature. If
%y is exceedingly small, the first equation of (18) becomes

dlog p = 1_2%_‘2 dT, which is one of the approximate forms of the

Clapeyron-Clausius formula.

PROBLEMS

1. Using Fig. 15, compare the densities of Ice I, Ice III, Ice V and Ice
VI with that of liquid water.

2. Compare the densities of rhombic, monoclinic and liquid sulphur.
(See Fig. 16.)

8. The per cent by weight of phenol in the two liquid phases of the two
components phenol and water is as follows: 45° C., 10.62 and 65.02; 55° C.,
13.88 and 60.18; 65° C., 22.26 and 49.34. Calculate the composition of
each phase at 68.8° (the critical solution temperature).

4. Water and C¢H;Cl are practically immiscible. Their vapor pressures
are at 9o° C., 525.45 and 208.35 mm.; at 91° C., 545.8 and 215.8 mm. Cal-
culate the boiling point of a mixture of water and CsH;Cl under a pressure
of 740.2 mm. and also the composition of the distillate, assuming the vapors
to be ideal gases.

6. A mixture of CsH;Cl and CsH;Br obeys the linear formula (equation
(1)). At 136.7° C., the vapor pressure of CsH;Cl is 863 mm. (P,) and of
CeH,Br is 453 mm. (P;). (o) What mixture has a total vapor pressure of
760 mm.? (b)) What is the molecular ratio of chlorobenzene to bromo-
benzene in the vapor from mixtures containing one per cent of CsH;Cl? one
per cent of CsH;Br? (¢) What is the composition of the liquid when the
partial pressures of the two components are equal?

6. Benzene and ethylene dichloride obey equation (1). At a certain tem-
perature Py(CsHs) = 268.0 mm. and Py(C,H,Cl;) = 236.2 mm. What is
the molecular composition y; of the vapor when #; = 0.5? What is the
value of ; when y; = o.5?

7. What is the physical significance of equations (7), (8) and (g) when
a is zero?

8. Assume that ethyl alcohol and ether follow equation (7). At 7.2°C.,
the vapor pressures are Py = 24.37 and P, = 264.7 mm., and @ = o.5.
What are the total vapor pressures of mixtures containing %, 4 and % of their
weights of alcohol and what is the composition of the mixture of maximum
vapor pressure ?

9. For the range of temperatures 48°-77°, we have the equation

- — 2, \09
l—;-l‘ = 3.32 (E—-x—x‘) where x; is the mole fraction of benzene in a
1 1
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mixture of benzene and carbon disulphide. Find the per cent by weight
of CsHs in the distillate from mixtures containing 95, 50 and 20 per cent
by weight of benzene. Find also the ratio of the vapor pressures of the
pure liquids.



CHAPTER XIII
APPLICATIONS OF THE PHASE RULE II

Dilute Solutions

In Chap. XTI (equation (66)) we found that the change in the
partial vapor pressures of a solution of two components due to a
change in the composition is given by the Duhem-Margules
formula. But in order to apply the formula to finite changes in
the composition, it is necessary to obtain it in an integral form
and this requires a knowledge of one of the partial vapor pressures
as a function of the composition. Now the partial vapor pres-
sures are in most cases rather complicated functions of the mole
fractions and these functions must ordinarily be determined by
actual experiment. There is, however, a class of solutions for
which a general law has been established and we shall use this
law in determining some of their thermodynamic properties. We
refer to that class of solutions in which one of the components is
present in large excess, so that its mole fraction is but slightly less
than unity. If we represent the composition of a solution of two
components by the mole numbers, N; and N, or the mole frac-
tions, 2; and %, then we shall have a dilute solution when N, is
much larger than N,, or when x, is approximately unity. We
shall refer to component one as the solvent. If (p)ois the vapor
pressure of the pure solvent at the temperature T, and p, is its
vapor pressure in the solution, we can express the relation between
(p1)o, 1 and x; by means of Raoult’s Law. This law was estab-
lished by Raoult on the basis of numerous experiments and has
been confirmed by later investigators. We shall take it to be a
fundamental law for dilute solutions. It may be expressed in
the following forms:

(1) — p1 __ N
(B1)o Ny + N

%3, ﬁ=xl or pr=%(p)o (1)

198
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The vapor pressure of the solvent in a dilute solution is equal to
the vapor pressure of the pure solvent multiplied by its mole
fraction. Writing the Duhem-Margules equation in the form

(2)

xldlogjh +x2d10gp2 -0

dx; dxl !
we obtain, from equation (1), #; ‘43—%& = 1 and since dw; = —dx,
1
P2 = (P2)o %2 (3)

where (p2)o is a constant at a given temperature. Equations (1)
and (3) are taken to be valid for dilute solutions only. (p2)o is
evidently the vapor pressure of pure component two. If & is
the thermodynamic potential of one mole of component one, we
have, in general, for changes in temperature and pressure,

dp, = =S dT+ Vidps. (4)

Now the potentials of components in a liquid or solid phase are
equal to the potentials of the components in the coexisting vapor
phase. We can therefore find the difference between the poten-
tial of the pure solvent and the solvent in the solution by finding
the difference in the potentials when the vapor of the solvent is
at a pressure (p1)o and when its pressure is pi. Assuming the
vapor to be an ideal gas, equation (4) may be written for isother-
mal changes,

d®, = %del =RTdlogpn (T = constant). (5)
1

Hence if (&), is the thermodynamic potential of one mole of the
pure solvent,

& = (®)o + RT log é’l‘)—o = (@) + RT logx.  (6)

In the same way, if (&), and & are the thermodynamic potentials
of one mole of component two in the pure state and in the solu-
tion, we find, from equation (3),

& = (&), + RT log 2. (0
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If the solution contains N; and N; moles of components one and
two, the total thermodynamic potential of the solution will be

P = N1((I>1)o + Nz (‘I’z)o + NlRT].ng), +N3RTlogxz.

The foregoing results can be readily extended to a dilute solution
of any number of components. Thus if %, 2, %5 . . . are the
mole fractions and if component one is the solvent and hence ;
is only slightly less than unity, the total thermodynamic po-
tential of the solution will be

d = N1(¢1)0+N2(¢2)0+N3(‘I’3)0+ LA
+ RT (N110gx1 +Nzlogxz+Nalogx3+ cee ). (8)

In equation (76), Chap. XI, we have a criterion as to whether
a solution can be considered as dilute. According to this equa-
tion the heat H, evolved when one mole of solvent is added to
an infinite amount of a solution of a given composition is

dlog ?
H, = RT? dT?" , )

where Hy = M ks and 7 is the ratio of the two components. If
the second component (the solute) has a negligible vapor pres-
sure, we can let p and p, refer to the solvent. Now, according

to equation (1), —g—is equal to x; and is constant if 7 is constant.
0

Accordingly the heat of dilution of a dilute solution is zero.

Solutions Containing an Involatile Solute

If in a solution of two components, the solute has a negligible
vapor pressure, the equations we have developed will still hold,
but we can consider the vapor phase as consisting exclusively of
the solvent. Thus we can write p, instead of (p1)o and p instead
of pyin equations (1), and we shall have p = #ip. Let us cal-
culate the boiling-point of such a dilute solution. Let T} be the
boiling-point of the pure solvent at the pressure po and let : be
the vapor pressure of the solution at this temperature. We
have to calculate how much the temperature of the solution
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must be raised in order that its vapor pressure may equal py.
According to equation (75) Chap. XI, N\, — X\ = A, or, in terms
of moles, L, — L = Hs. Now for dilute solutions, H; is zero.
Accordingly instead of L, we may write L. According to equa-
tion (74), Chap. XI,

iry _ kD
ap).  Lp’
or
d R
'2—;2— = Zd IOg P. (IO)

We can integrate this, assuming that over small intervals of
temperature, L, the molar heat of vaporization, is constant.
Since at the temperature T’ our solution has the vapor pressure,
P1 = %1 po, we obtain on integration

T—-T, R P
= — 10 —_—
T, L %)
Therefore the temperature 7" at which the vapor pressure of the
solution is equal to py, is given by the equation

RTTy, po _ RTT,
17 IOglh I

T—Tb=

I
log . (10a)

Since the solution is supposed to be dilute, T" does not differ much
from T and since 2, = 1 — %, we obtain, writing AT = T — T,

AT = — R{"z log, (1 — &2). (11)
Expanding the term log, (1 — x.) we obtain
2 3
AT=RT02'(x2+£+&+"')' (12)
L 2 3
And finally, since #; is very small,
2
AT = x5 - RT, ) (z3)

L

which gives the relation between the boiling-point of the pure
solvent and of a solution of an involatile solute whose molar
fraction is ;. It should be noted that when we introduced the
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term L = M\ (where \ is the heat of evaporation of one gram of
the solvent), the molecular weight M, referred to the solvent in
the gaseous state. The molecular elevation of the boiling-point
is usually defined as the elevation preduced by 1 mole of solute in
1000 grams of solvent. Thus if we have N, moles of solvent and
N,

N moles of solute, &, = ¥+

N, . _ 1000 _ _ N.M, .
, Butif N, = I ™= Tooo and equation (13) becomes

and this is practically equal to

N.M\RT:® _ N 2RT,,

AT = =
1000 L T00O N

since
L
=
M 1

Therefore, the elevation for 1 mole of solute in 1000 grams of

solvent is —AZ-; or

RTy* _ o.002 T
1000 A A

. (14)

since R = 1.987 or practically 2. We give herewith the values
of E for a number of solvents.

TABLE XI
Solvent L
Water. ... 0 52
Ether ... .... e e 2 12
Benzene.. ... ... 2.67
Chloroform ...... ............ 3.66
Anmline ...... ... ... .. 3.22
Aceticacid. ............. ... 2.53

Freezing-Points of Dilute Solutions

For the sake of clearness we shall suppose that water is the
solvent and we shall calculate the freezing-point of an aqueous
solution. We shall assume that the phase which separates out
on freezing is pure ice. Let p; be the vapor pressure of ice, p»



Ca. XIII FREEZING-POINTS OF DILUTE SOLUTIONS 203

that of liquid water and p, that of the solution, in which the mole
fraction of water is #, and of the solute #2. Let (p1)o, (pu)o and
(5)o be the values of the vapor pressure at the freezing-point T
of pure water. Then (p), = (pu)o and at all temperatures
Ps = %ipn.  The molar heat of fusion, L,, will be essentially the
same for the dilute solution as for pure water. We shall also
suppose that L, the molar heat of vaporization, is a constant
over the small temperature interval considered. Applying the
Clausius-Clapeyron formula, we have

i _L+1L
n - ' T
or on integration
. _T-T,
loge (P) RTT’ (L + L/).
Similarly for the solution
dps _ L
5 RIS daT,
s _T-T Ps
Tlog. 2 = log —2 ! L= log-2% — log z.
o (Ps)o %5 () RIT, ) B

If T is the temperature at which ice and solution are in equi-
librium, then at this temperature p; = p, and hence
T —T; T -7,
RTT, RTT,

(L+L) =

L + log %

Therefore we have, since #; = 1 — x3,

-T“mm—m. (13)
f

—ATf=Tf_T= -

But, since «3 is small, T is not very different from 7}, and we
obtain finally
©RT/?

f

—ATI = (16)

This equation for the lowering of the freezing-point is identical
in form with equation (13) for the elevation of the boiling-point.
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Hence if K is the lowering of the freezing-point produced by 1
mole of solute in 1000 grams of solvent, we obtain

, RT,2 0.002 T2
= ’

" 1000 % - N

(17)

where ), is the latent heat of fusion of one gram of solvent. The
following table gives the values of the molecular depression con-
stant for a number of solvents.

TABLE XII
Sotvent K
Water .. . L. 1 86
Acetic acid . e 3 88
Benzene . . . . . 5 12
Phenol . . . 7 4
Nitrobenzene . 70

The usefulness of equations (14) and (17) in determining the
molecular weights of dissolved substances in dilute solution will be
obvious to the reader. Thus if m grams of an involatile substance
are dissolved in 1000 grams of a solvent, for which the boiling-
point and freezing-point constants are E and K, and if A repre-
sents either the elevation of the boiling-point or the lowering of
the freezing-point, then the molecular weight M of the dissolved

substance is

M=_"E~_E or M:Ln_lg. (18)
A A

Henry’s Law

We shall now consider a type of dilute solution in which the
solute is very volatile, so that although its mole fraction in the
liquid phase is very small, its mole fraction in the vapor phase
may approach unity. If we bring hydrogen and water together
at ordinary temperatures, we shall have an example of the type
we are now to study. Let $, and p; be the partial pressures of
water vapor and hydrogen, and let #; and 2 be the mole frac-
tions in the liquid phase. Let p be the total vapor pressure and
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£o be the vapor pressure of pure water. For this dilute solution,
according to Raoult’s law,

P = Tapo. (x9)

Applying the Duhem-Margules equation, #, d l;gl P, dlg—fj"
= o (since dv, = —duy), we find that x, d 1;52#2 = 1 and hence

pr=Fx, or x = kpa. (20)

In words, the mole fraction of hydrogen in the solution is, at a
given temperature, proportional to the partial pressure of the
hydrogen. The assumptions cxplicitly or implicitly made in the
deduction of equation (20) are: (1) the gases (water vapor and
hydrogen) are ideal gases, (2) the aqueous solution is a dilute one,
(3) the gas dissolves in the liquid without change in mole number
of the gas. Equation (20) may be taken as a statement of
Henry’s Law in regard to the solubility of gases in liquids.
Equation (20) will evidently hold most accurately when the solu-
bility of the gas is not large and when the gas is approxi-
mately ideal. Henry’s Law cannot be expected to hold if the
mole number of the gas changes when it dissolves in the liquid
and this will in general be the case if a chemical change takes
place. Thus Henry’s Law does not hold for the solubility of
hydrogen chloride in water. We have evidence that in this case
a chemical change occurs, for the absorption of hydrogen chloride
in water is accompanied by a considerable heat effect and more-
over the theory of ionization leads us to infer that in the aqueous
solution the hydrogen chloride is dissociated to a large extent
into ions.

Henry’s Law may be expressed in terms of the concentrations of
the gas in the two phases. Let v; be the specific volume of the
solvent and therefore that of the dilute solution, and let M;be
the molecular weight of the solvent. In one liter of the dilute
]l:x: moles of solvent and * o, 9_91;01.
practlcally — xz moles of solute (since %; is almost unity). If

solution there are therefore
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C: and ¢, are the concentrations in moles per liter of the gas in the
liquid and gaseous phases, then

C2 _ }_O._;Oxz and Cy = _.p_“,_.

M 10 .RT
According to equation (20), #; = kp.; therefore,
= (1o° Y
C. (Mﬂll kRT) c2 = ke, (21)

where £’ is a function of the temperature. Henry’s Law, as given
by equation (21), may be stated as follows: At a given tempera-
ture, a gas distributes itself between a gaseous and liquid phase so
that the ratio of its concentrations in the two phases is a constant.
The solubility of gases in liquids is usually given in terms of what
is called the absorption-coefficient. The absorption-coefficient
aof a gas in a liquid at 7° is defined as the volume of the gas
(measured at o° C. and 1 atmosphere) absorbed by unit volume
of the liquid at 7° when the partial pressure, ps, of the gas is one
atmosphere. It is easy to show that the relation between the
absorption-coefficient and the &’ of equation (21) is given by the
equation

a = -2%3 K. (22)

Thus equation (21) may be expressed as follows in terms of the
absorption-coefficient :
I __ ap
C = 273 acy = 273R, (23)
where « is a function of the temperature.

Equations (20), (21) or (23) enable uieto determine the solu-
bility of a gas in a solvent under different partial pressures pe.
The solubility will however change with the temperature, and the
law governing this is given in equation (19), Chap. XTI, in which.
we set ¢ equal to 1 (since we have a linear law for the rela-

tion between the partial pressures and the composition of the
liquid). Thus we have

dlogC, = —R{;,- dT, (p. = constant), (24)
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where L, is the heat absorbed when one mole of the gas is evap-
orated from a large amount of the solution at the temperature T.
If we assume L, to be a constant and if (C,); and (C.); are the
concentrations of the gas in the liquid at the temperatures 72 and
T, we obtain on integrating (24)

(Co)e _ _ Lo (T, — T)

C = R (p2 = constant). (25)

log.«,

If, as is in general the case, L, is positive, we see that the solu-
bility of the gas diminishes as the temperature increases. From
equation (23), d log C: = d log o when p; is constant. Hence if
a; and oy are the absorptxon-coeﬂiaents at the temperatures T

and T, o __ Li(T; — T

o= R T » (p2 = constant). (26)

log.
The absorption-coefficient of a gas which follows Henry’s Law
decreases in general as the temperature is raised.

Osmotic Pressure of Dilute Solutions

In a system which is in thermodynamic equilibrium, the poten-
tial of each component is the same in all phases if each compo-
nent can pass without hindrance from any one phase to any other
phase (see equations (10) of Chap. XI). But if conditions are
such that a certain component cannot pass from one phase to
another, the potentials of this component may be different in the
different phases. For the sake of clearness, let us suppose that
we have a system consisting of pure water, an aqueous solution of
cane sugar and water vapor. Let the vessel in which the system
is confined be so constructed that the water and the sugar solu-
tion are separated by a membrane permeable only to the water.
When thermodynamic equilibrium is reached, the potential of
the water must be the same at the boundary of all the phases.
As is well known from the experiments of Pfeffer and others,
water will go from the pure solvent into the solution and if the
external pressure at the surfaces of the two liquids is equal, the
level of the solution will rise until the pressure due to the height
of the column of solution above the level of the pure solvent pre-
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vents further osmosis. Instead of allowing equilibrium to be
reached in this manner, the transfer of water across the semi-
permeable membrane can be prevented by increasing the external
pressure on the solution. If Py is the pressure on the pure sol-
vent, and P, is the pressure on the solution, the osmotic pressure,
P, of the solution is defined as equal to P = P; — P;, when these
pressures are sufficient to maintain the solvent and solution in
thermodynamic equilibrium. Under these circumstances, the
vapor pressure of the solution under a pressure P, must equal
that of the pure water under the pressure .. By means of
equation (32) or (34), Chap. X, we can determine the relation
between P;, P, and the vapor pressures of solvent and solution.
Let po and p; be the vapor pressures of pure water and of solution
under the pressure P; which we shall take to be constant and
equal to po. (Since the vapor pressures of liquids change only
slightly with change in pressure we might even consider P, as
constant and equal to one atmosphere.) Substituting in equa-
tion (34), Chap. X, we have

log. 22 =M i (P2 —p) = M, P,
’ RT
» oa. 21, (27)
B —-M 11 8 5, Po

In equation (27), M, is the molecular weight of the solvent as a
gas and v, is the increase in the volume of a large amount of the
solution when one gram of the solvent is added to it. In the case
of dilute solutions, v, is practically the specific volume of the sol-
vent. The assumptions made in deducing (27) are: (1) the vapor
of the solvent is an ideal gas, (2) the specific volume of the solution
is negligible in comparison with that of the vapor, (3) the solution
is practically incompressible. On the basis of these assumptions
equation (27) is valid for a solution of any concentration. For
dilute solutions, it can be put into simpler forms. Thus if x, is
the mole fraction of the solvent and #; that of the solute, we have,

from equation (19) for dilute solutions, % = %, and hence
0

RT \ o _RT
= -:j'!_w—l log. %1 = Mo log, (1 — #3). (28)
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2 2
Since 4%@—w=%+%+%+.”,
we have, when x, is small,
%RT
P =
Mo (29)

Now in the case of dilute solutions, M, is practically the volume
of the solution which contains one mole of solvent. If the
solution consists of N; moles of solvent and N; moles of solute,

N
N1+ N
resent by V the total volume of the solution, V is equal to N, M,
and hence from (29)

X = and therefore approximately x; = ZI—\\; If we rep-
1

PV = N.RT, (30)
valid only for very dilute solutions.

Returning to a consideration of equation (27) let s be the
density of a solution containing N, moles of solvent and N2 moles
of solute and let V liters be the volume of this amount of solution.
Letc = sz be the molar concentration of the solute. Then
1000 sV = NiM; 4+ N;M,. The expression M in equation (27)

av
is equal to ( 7 N1)1v,‘ Hence

1 _ (Vi) _ 1o CANNE
Mo, (dV)N,_ M, I:S + V(dV)N.] (31)
) N,
But since =7
av =Yg - Vg
C

Hence equation (31) may be written

1 _ 1000 (s _ 6@)’ (32)
Mw M de
and therefore equation (27) becomes
_ _IooRT 95\ 109, 1.
= M1 ( d logg P (33)
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In very dilute solutions, ¢ = oand s = s, the density of the pure
solvent, and
1000 So A
P = ————" RT log, =~

M1 8o po (34)
In general, however, in concentrated solutions, the variation of
the density of the solution with the concentration must be known
before the osmotic pressure can be calculated from p, and p,. But
even in concentrated solutions, if the density is a linear function

of the concentration, that is, if s = so + k¢, then s — ¢ ds _ So

dc

and equation (34) is valid. Since the relation s = s, + k¢ fre-
quently holds, we can expect equation (34) to be approximately
valid even for concentrated solutions. Determinations of osmotic
pressure of rather concentrated aqueous solutions of calcium
ferrocyanide have been carried out at o° C. by the Earl of Berke-
ley and Mr. Hartley, who also determined the densities and the
relative lowerings of the vapor pressure, thus furnishing all the
data required to test equation (33). In the following table some
of their results are reproduced, together with the values of the
osmotic pressure calculated according to (33).

TABLE XIII. AQUEOUS SOLUTIONS OF CALCIUM FERRO-
CYANIDE AT o°C.

Grams in Moles ds s c® i P P

loo;:trgrms s lxter.pgr de de fogh d cale. observed
313.9 | 1.224 | 1.001 |0 202 | I 022 1 033 41.27 41 22
395.0 | 1.270 | 1.232 | 0.192 | 1.033 1.057 71.22 70.84
428.9 1 287 1323 | 0188 | 1.038 1.070 87 35 87.09
472.2 1 309 1.438 | 0.183 1.043 1 092 114.2 112 84
499.7 1.322 1.509 | o 18 | 1.050 1.107 132.8 130.66

It will be evident that equation (33) gives the osmotic pressure
even of concentrated solutions with great accuracy. A glance at
the column headed (s - cgc‘i) shows that this expression has a
maximum deviation from s, = 1 of about five per cent, so that
the simpler equation (34) would reproduce the osmotic pressures
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of the calcium ferryocyanide solutions with an error not greater
than five per cent and usually less.

The simple formula, (equation (30)), which we have deduced for
dilute solutions, may be tested by means of Pfeffer’s experiments
with a one per cent sugar solution. The concentration of this
solution is very approximately g% = 0.0292 moles of sugar per
liter. The value of R when the pressure is expressed in cm. of Hg
and the volume in liters is 76 X o0.08207 = 6.273. The osmotic
pressure, P, of this solution according to equation (30) should be
P = 00282 X 6.273 X T = 0.182 T. The following table con-
tains the osmotic pressures at different temperatures as measured
by Pfeffer and as calculated according to this formula.

TABLE XIV

t©° C. P observed P calc.

cm. cm.
6.8 50.5 50.9
13.2 52.1 52.1
13.8 52.2 §2.2
14 2 53.1 52.3
22 0 54.8 53.7

Since Pfeffer also found that at a given temperature, the osmotic
pressure of dilute cane-sugar solutions was proportional to the
concentration, we may look on equation (30) as established for
dilute solutions.

The resemblance between equation (30) and the equation of
state of an ideal gas (pV = nRT) is very striking and was first
pointed out by van’t Hoff.* The osmotic pressure of a dilute
solution is equal to the gaseous pressure which the solute would
exert if it were an ideal gas and filled the space occupied by the
solution. Accordingly all the relations which we have found
between the pressure, volume, temperature and molecular weights
of gases, hold for the solute in a dilute solution if we substitute
osmotic pressure for gaseous pressure. On account of the sim-
plicity of equation (30), many physical chemists in discussing the

* Z. {. physik. Chem., 1, 481 (1887).
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various properties of solutions have related these properties,
whenever it was possible, to the osmotic pressure of the solution.
And just as the kinetic-molecular theory of gases has shown itself
very fruitful in accounting, not only for the pressure but for many
other properties of gases, so also attempts have been made with
a considerable degree of success to give a kinetic interpretation
of osmotic pressure, supposing that the osmotic pressure is due
to the motion of the molecules of the solute. Thus if water and
an aqueous solution separated by a wall permeable only to the
water are in equilibrium, on the basis of the molecular theory the
number of molecules passing through the wall per second in one
direction must equal the number passing through the wall per
second in the opposite direction. The water must therefore exert
equal pressures on the two sides of the wall. The extra pressure
on the solution side must be due to the molecules of the solute.
This in brief is the kinetic view of osmotic pressure. From the
point of view adopted in this book, however, the osmotic pressure
of a solution is defined, in a purely experimental manner, as equal
to P, — P, where P; and P, are the pressures on the solution and
solvent respectively when the two liquids are in equilibrium. A
comparison of equations (10a), (15) and (27) or (34) will show that
the osmotic pressure of a solution can be expressed very simply
in terms of the difference between the boiling-point or freezing-
point of the solution and of the pure solvent. Thus if T is the
boiling-point of the solvent under any pressure, po, and if T' = T
+ AT, is the boiling-point of the solution under the same pressure,
then the osmotic pressure of the solution at the temperature T is

_ L AT, L AT, 9
Mo, T Mo To+ATs 3

If a solution freezes AT, degrees below the freezing-point 77 of

the pure solvent, then the osmotic pressure of the solution at the
temperature 77 is given by the relation
L, AT,

=, 2 6

P M1W1 T["‘AT] (3)

If the volume v, is expressed in liters and the osmotic pressure, P,

in atmospheres, the latent heat of fusion must be converted into
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L
M,
for aqueous solutions at o° C,,

P o.o1206 AT, _ o.01206 AT, (1 +-A———T’ ce ) 37

oo AT, o 273

liter-atmospheres. Taking -~ equal to 79.7 calories, we obtain

273
Substituting the value of ;— from equation (32), we have
1

_ _ % ATy .
P = 12.06 (s cdc) AT/(I ek ) (38)

We can test equation (38) by means of the experimental results
of Morse, Frazer and associates,* who determined the freezing-
points, densities and osmotic pressures of aqueous solutions of
cane-sugar. The results are given in the following table.

TABLE XV. OSMOTIC PRESSURE OF CANE-SUGAR SOLUTIONS

AT o°C.
Moles of sugar ¢ = moles ds

ATy n tsvo:tgams s = density per liter s=co P obs. P cale.
0.195 0 09924 1.0I31 0.09724 0 9999 2.46 2.35
0.393 o 1985 1 0257 0.1906 1 0o0O 4 72 4.75
0.584 o 2978 1 0379 0.2804 1 000X 7 o8 7.06
0.784 0.3970 1.0495 0.3668 1 0002 9 44 9.48
0.983 0 4062 1 0607 0.4499 10004 | II Q 119
1.190 0.5954 1 0714 0.5300 1 0006 14.4 14 .4
1.390 o 6946 1 0817 o 6071 10008 | 169 16.8
1.621 0 7929 1.0916 0.6815 1.0010 | I9.§ 19.7
1 829 0.8931 1.I0I1 0.7532 1 0013 | 22.1 22.2
2.066 0.9924 1.1103 0.8225 1.0016 | 24.8 25.1

As will be seen on examining the column headed (s - % » the

value of this function is approximately unity and was so taken in
calculating P by means of equation (38). It will also be evident
that the osmotic pressure of a solution can be calculated with a
considerable degree of accuracy from the lowering of the freezing-
point. We should even expect that the simple equation,
P = 12.06 AT}, (39
* Amer. Chem. Jour., 86, 9t (1906); 46, 600 (1911).
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would give good results over a considerable range of concentra-
tions in aqueous solutions at o° C.

The molar latent heat of fusion I, of course varies with the
temperature according to equation (30), Chap. VI. Thus if
Ly, is the latent heat at the temperature 7, and L, is the latent
heat at the temperature T = T, — ATy, then L, = L; — (C,
— Cy) AT, where AT is the lowering in the freezing-point. The
value of C; can be taken as equal to 18 and that of C, (referring
to 18 grams of ice) as equal to 9. Hence if L, = 79.7 X 18
calories, L, = 79.7 X 18 [1 — 0.0063 ATy]. If this value of L,is
taken in deducing the relation between the osmotic pressure of
aqueous solutions and their freezing-points, we shall obtain

P = 12.06 AT [1 — 0.0063 AT,]I: I +§;Tgf +... ] instead of

ds
dc
accurate equation for the relation between the osmotic pressure
of aqueous solutions at o° C. and the freezing-point lowerings is
the following:

equation (38), assuming s — ¢ — equal to 1. Therefore a more

P = 12.06 AT, (1 — 0.0026 ATY). (392)

As can be easily shown by applying it to the case of cane-sugar
solutions at 0° C., equation (39a) will give the osmotic pressure of
cane-sugar solutions even more accurately than equation (38).
The relation between the osmotic pressure and other properties
of a solution may be deduced from our general conditions of
equilibrium. Thus let a system consist of a pure solvent (the
first phase) and a solution (the second phase), the two phases
being separated by a wall permeable only to the solvent. Let
P, be the pressure on the solvent, P, that on the solution. A
study of equations (29), (30), (31), (32), (33), (47), (49), (51) and
(56) of Chap. XTI will show that the condition of equilibrium in
our present system may be written (in place of equation (56))

Li g7 4 V,dP, — V2 dP, + Bd (1173) —o. (1)
T . M

In equation (40) L, is the heat absorbed when one mole of solvent
under the pressure P, is transferred through the semi-permeable
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membrane to the solution under the pressure Ps; V; is the vol-
ume of one mole of solvent and V; is the increase in volume of a
large amount of the solution when one mole of solvent is added
to it. V,is identical with My of equation (32), this chapter.
Even if the solution is concentrated V. will not in general differ
much from V, (compare the column headed (s -c %) in the
table giving the osmotic pressure of cane-sugar solutions at
0° C.). N, and N; are the number of moles of solvent and solute
in the solution and finally B’ is equal to —N; <ii?1>
dN:)r, p,, N,

= —-N,; (—dﬂ> (see equations (55) of Chap. XI). Let AU
dN,/r, Py, Ny

be the increase in the total energy of the system when one mole
of the solvent goes from the solvent to the solution. If this takes
place at constant pressure (say of one atmosphere) the external
work is negligible and AU = —H,, the differential heat of dilu-
tion by one mole of solvent. But if the solvent is at a constant
pressure Py, and the solution at a constant pressure Ps, the exter-
nal work done is P,V, — P,V and therefore the heat absorbed is
L, (of equation (40)) and L, is equal to AU — PV, 4 P;V,.
We may therefore write

L = —H; — P\V: + PV, (41)
or very approximately (since Vz and V; are nearly equal)

L, = PV, — H,. (P = P, — P, = osmotic pressure). (42)

Temperature and Composition Constant

If the temperature and composition of our system are kept
constant, we can still vary P; and P, subject to the relation

VadPy=VidP, or dPs= % dP..

2

But since P = P, — P,, dP = dP, — dP, and hence

_(_ (-1
dP = (72 I) dP, = (1 Vl) dPp,, (43)
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an equation which tells us how the osmotic pressure of a solution
in equilibrium with the pure solvent varies with the pressure on
the solution or on the solvent. Since, as we have seen, V; and V,
are very nearly equal, the osmotic pressure of a solution is to
a great extent independent of the external pressure.

Composition and Pressure P; on Solvent Constant

If the pressure on the solvent is kept constant (say at one at-
mosphere) and if the composition of the solution is not allowed
to vary, we have, since dP = dP;, (P, = constant),

L,

TV, o

dP =

and from equation (42)
dP = (P H ") dT,

T TV,
_dp 4T, (44)
o _Hi T
-y,

On integration, assuming Ve and H, to be independent of the
temperature, we obtain

P =T+ 3 (45)

Now, for sufficiently dilute solutions, H; = o and, in this case,

éP P

P=}T and Zn=7 (46)
We have already found that for a very dilute solution (Raoult’s
Law being assumed) equation (30) is valid and hence P is propor-
tional to the absolute temperature and Z; = g But if the
heat of dilution of a solution is positive, the osmotic pressure of
the solution will be greater and its increase with rise of tempera-
ture will be less than would be deduced from equation (30). Itis
evident then that erroneous results will be obtained by applying

the simple equation (30) even when the solutions considered are
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fairly dilute, if there is an appreciable heat of dilution. Neglect
of this point has vitiated the conclusions drawn by many exper-
imenters in regard to the molecular weights of dissolved sub-
stances.

Law of Distribution

If a substance is present in two phases, its partial vapor pres-
sures above each phase must be equal when the system is in
equilibrium. Let us assume that the substance is present in each
phase in such small proportions that we may consider each phase
to be a dilute solution of the substance. Let p, be the partial
vapor pressure and let #; and #» be the mole fractions of the sub-
stance in the two phases. Then, according to equation (20),

% =hkp and 2 = kp (47)
and hence
X2 _
o= k. (48)

A substance distributes itself between two phases subject to the
condition that the ratio of its mole fractions in the two phases is
a constant at a given temperature. It is assumed that the solu-
tions are dilute and that the substance has the same molecular
weight in both phases. It is easy to show that for dilute solu-
tions instead of mole fractions we can use concentrations, just
as in the deduction of Henry’s Law. In fact Henry’s Law is a
special case of the general law of partition of a substance be-
tween two phases.

PROBLEMS

1. At 8c° C. benzene has a vapor pressure of 753.62 mm. A solution
consisting of 2.47 grams of ethyl benzoate in 100 grams of benzene (molecu-
lar weight = 78) has a vapor pressure at 80° C. of 744.36 mm. (a) Assum-
ing Raoult’s Law, calculate the molecular weight of the dissolved ethyl
benzoate. (b) By means of equation (27) or (34) calculate the osmotic
pressure of the solution, given the density of benzene at 80° C. equal to
0.8145. (¢) Assuming the solution to have the same density, calculate
the osmotic pressure by means of equation (30).

2, The value of A for 1 gram of benzene at its normal boiling-point
(80.2° C.) is g3 calories. Calculate the elevation of the boiling-point pro-
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duced by 1 mole of solute (a) in 1000 grams of benzene, (b) in 1000 cc. of
benzene.

8. The latent heat of fusion of benzene is 30 calories per gram. Calcu-
late the lowering of the freezing-point due to 1 molc of solute in 1000
grams of benzene.

4. The density of benzene at its melting-point, (5.4° C.), is 0.8943. The
freezing-point of benzene is lowered o0.840 degree by the presence of cthyl
benzoate. Calculate the osmotic pressure of the solution at 5.4° C. by
means of equation (36). Calculate the composition of the solution.

6. A vessel of 2 liters’ capacity contains originally 1 liter of pure water
and 1 liter of air at o® C. and 1 atmosphere. The absorption-coefficients
in water at o° C. are: oxygen, 0.04890; nitrogen, 0.02388; argon, 0.05780.
If air is taken as consisting of 78.06 per cent nitrogen, 21.00 per cent oxy-
gen and o0.94 per cent argon, in per cents by volume, calculate the final
partial pressures and the final total pressure, the partial vapor pressure of
water at o° C. being 4.58 mm.

6. The vapor pressure of pure water at 25° C. is 23.763 mm. Calculate
the vapor pressure at 25° C. of (a) 1 per cent urea solution, (b) 1 per cent
cane-sugar solution. Also calculate the osmotic pressure of each solution.

7. The following table contains the concentrations of I, in coexisting
phases of water and CCl in moles per liter. The temperature is 25° C.
The density of CCL is 1.5843. Find the partition coefficient in terms of
concentrations and in terms of mole fractions.

Water CCl,
0 0000258 0 002206
0 0000409 0.003483
o 0000638 0 00544
©0.0001457 o o1280

~

8. The vapor pressure of water at o° C. being 4.579 mm. and that of an
- aqueous solution containing 86.3 grams of glucosc per liter being 4.541 mm.,
calculate the osmotic pressure of the solution at o° C.

9. The vapor pressure at o° C. of an aqueous solution containing 36.52
grams NaCl per liter is 0.09125 mm. less than that of purc water at o° C.
Calculate the osmotic pressure of the solution and also the molecular weight
of the solute.



CHAPTER XIV
APPLICATIONS OF THE PHASE RULE III
EQUILIBRIUM BETWEEN LIQUID AND SoLip PHASES

Systems of Two Components

On account of the great variety of phenomena met with in a
study of the equilibrium between liquid and solid phases in sys-
tems of two components, it will be impossible for us to do more
than select a few of the more important types for our considera-
tion. We may employ the following rather imperfect scheme of
classification to assist us in obtaining a grasp of the most impor-
tant facts in this field.

Crass I.  Solid phases are pure substances, insoluble in each
other.

Group A. Only two solid phases, the two solid components.
Group B. Solid compounds of the two components are
possible.
Division (¢). The solid compounds of the components on
melting change their composition.
Division (). The solid compounds melt without change
in composition.

Crass II. Solid components are soluble in each other in all
proportions.

Crass III. Solid components are soluble in each other in
limited proportions.

In systems consisting only of liquid and solid phases, change
of pressure has very little effect on the equilibrium. Unless other-
wise specified we shall suppose the pressure to be constant and
sufficiently high to prevent the appearance of a vapor phase. In
a system of two components, the number of degrees of freedom is
equal to 4 — P where P is the number of phases. But if we fix

the pressure as constant, there remain then in the systems we
" 219
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shall study 3 — P degrees of freedom. We shall begin with a
consideration of systems consisting of the two components, water
and silver nitrate. The liquid phase may vary from 100 per cent
water to 100 per cent AgNQs; the solid phases will be either ice or
pure solid AgNO; or both. The equilibrium relations are repre-
sented graphically in Fig. 27, in which the ordinates are tempera-
tures and the abscisse represent the composition. Since in
general we have several
2 —25°] phases present, we shall
in general need several
curves to indicate the
F composition of the differ-
ent phases. The curve
giving the composition of
the liquid phase will be
called the “liquidus”

[/ curve; that giving the
/

.

Cen.
&

g

composition of the solid
phase or phases, the ““sol-
/ idus” curve. The “solid-
us”’ curve will always be

/ below the “liquidus?”
Pd curve except that under
D C certain conditions they
-0 may touch each other or
1008 H,0 ® 4095 AsNgoa meet at several points.
Fic. 27 The curves AC and CB

which intersect at the

point C give the composition of the liquid phase. A solution
whose composition is given by a point on AC is in equilibrium
with ice; if the composition is given by a point on CB, the
solution is in equilibrium with pure AgNO;. The convention is
adopted that the composition of the solid phase in equilibrium
with the liquid phase is to be found by drawing a horizontal
line from the point on the liquidus curve to the solidus curve.
The solidus curve in Fig. 27 consists of the three lines, AD, DE
and BE. It is to be noticed however that any point on DE

2

Temperature Degrees

8

=4

m
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represents a heterogeneous mixture of the two solid phases whose
compositions are given by the points D and E.

Since the pressure is kept constant, our system has 3 — P
degrees of freedom. The other internal variables may be taken
to be the temperature and the composition of the phases. If we
have only one phase (say the liquid solution) we shall have two
degrees of freedom and therefore the temperature and concentra-
tion of the solution may be altered arbitrarily. This corresponds
to the region above the curves AC and CB. If we have two
phases present, the liquid and one solid, we shall have a univariant
system and the concentration will be determined by the tempera-
ture. This is illustrated by the curve AC which corresponds to
equilibrium between the liquid phase and ice and by the curve
BC in which we have the solution and solid AgNO;. Finally we
may have three phases present, one liquid and two solid, as repre-
sented by point C and this will be an invariant system (at con-
stant pressure). Thus if we start with a solution containing, say,
20 per cent AgNO; and cool it, we shall reach some point on the
curve AC and pure ice will separate out. As ice separates out,
the solution becomes richer in AgNO; and the equilibrium tem-
perature follows the curve AC down to the point C. Similarly if
we start with a solution containing 8o per cent AgNOQs, we shall
have AgNO; separating out until the point C is reached. When
this point has been attained, both ice and silver nitrate will appear
as solid phases, and since this is an invariant system there will
be no further change in the temperature or the composition of the
different phases so long as there are three of them coexisting.
The point C also represents in practice the coexistence of the four
phases, solution, ice, solid silver nitrate and water vapor, if the
pressure on the system is made equal to the vapor pressure, and
is therefore a quadruple point. The name “ cryohydrate ” was
originally given to the mixture of ice and salt which is formed at
the point C, for at this point the solution freezes without change
in temperature or composition and the heterogeneous mixture
behaves like a pure substance in having a constant melting-point.
AC is usually called a freezing-point curve and BC a solubility
curve. There is however no real difference between them.
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From the standpoint of the Phase Rule and of thermodynamics,
the two components, water and AgNO;, are perfectly equivalent
and we should be justified in speaking of AgNO; as melting at
90° C. when in contact with a solution of a certain composition,
just as we speak of ice melting at —5° C. when in equilibrium
with the proper solution. Since the point C represents the lowest
temperature at which solidification takes place from the liquid
phase, we may also call it the “ eutectic ” point, and the solution
corresponding to this point, the “ eutectic’’ mixture.

If the two components are not miscible in all proportions in the
liquid state, our diagram will be different from Fig. 24. For in
this case, if the two components are water and an involatile salt,
1001 - at a certain point on the

curve corresponding to CB,

I two liquid phases will ‘ap-

pear. For most purposes,
since we usually restrict our
consideration of the equilib-

/ rium between water and
salt to a region of moderate

[ temperatures, we may omit
the higher portion of the
curve CB. Thus our dia-

s

B

Temperature Degrees Cen.
13

A -

c\:/ gram for the system H,0
o and KCI would be similar

-2 e — % to Fig. 28.

100% H,0 I ¥ u0s k3 Let us consider next the
1G. 2

melting-point and solubility
curves in the system, water and succinic nitrile, investigated by
Schreinemakers.* The equilibrium relations will be clear from
the diagram in Fig. 29. The freezing-point of water is represented
by the point A. On cooling a solution containing a small amount
of C:H,(CN)s, ice will separate at a temperature corresponding
to the point on AC which represents the composition of the solu-
tion. If the solution contains about §.5 per cent of CoH,(CN),, it
will have the composition represented by the cryohydric point
¥ Zeit. f. physik. Chem., 23, 418 (1897).
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C and both ice and C.H,(CN), will separate. From solutions
whose composition is between that of C and F, pure solid C,H,-
(CN), will separate out on cooling. At the point F, correspond-
ing to 18.5° C. and 10.2 per cent CsH,(CN),, we have in equilib-
rium the three phases, solid C;Hy(CN),, and two liquid phases
containing 10.2 and go.2 per cent CoH,(CN). respectively. If
heat is added to this invariant system, the solid phase will grad-
ually disappear at con-
stant temperature, until H
we have only two phases /] \ B)
left. If now the temper-

ature is raised, the two L //

liquid phases will change 84

in composition as given §
% y
] q
=

by the curves FH and GH.
The point H (55.4° and
51.0 per cent CoHy(CN),)
is the critical solution
point. The freezing-
points of solutions con-
taining between go.2 and K
100 per cent of CoHy(CN), :l ¢

are given by the curve - 7 B -
BG, pure C;Hy(CN), be- '**™© e 100%CaH{C30;
ing the solid phase which "0

separates out. On cooling a solution corresponding to the point
G (go.2 per cent C;H,(CN)z2), we find at 18.5°, solid CoHy(CN)s,
a liquid phase of composition G and a liquid phase of composition
F._ On further cooling, the liquid phase G will disappear, leaving
the phase F and solid corresponding to E. On further cooling,
the solution will change as given by the curve FC until the cryo-
hvdric point C is reached.

-
(=3
—_— T

System of Two Salts
We have examples of many pairs of salts whose melting and
freezing curves are similar to those of the system, water and
AgNO;. In Fig. 30, we give the liquidus and solidus curves for
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systems consisting of KCl and AgCl. Other examples may be
found in the numerous diagrams in the Landolt-Bornstein
Tabellen. From any liquid mixture of KCl and AgCl, either
pure KCl or pure AgCl separates out, except when the mixture is
70 mole per cent AgCl, when the liquid mixture solidifies at the

constant temperature of

800] Clme Ae01 306° without change in
8 composition. The point
700 C is the eutectic point for
8 this system. The inter-
S 600 B\ pretation of Fig. 30 is ac-
§ \ cordingly identical with
500 that given to Fig. 27.
g 405
g Systems of Two
%400 \// Metals
" 3002 we | N/ | E  The following pairs,
0% Ag and Pb, Bi and Cd,
200} . Pb and Sb, also belong to

Mg ace % 1% Group A of Class I. In
Fig. 31 are given the
liquidus and solidus
curves for the Pb-Sb system. The interpretation of the diagram
is similar to that in the case of the systems H.0-AgNO; and
KCl-AgCL

Many examples of binary systems belonging to Group A of
Class I may be found among organic substances. We may select
as a typical example the two-component system, benzene-chloro-
form, illustrated in Fig. 32. To the same group belong the bi-
nary systems: CHsCl—CcHsNHz, C2H4Br2—CeHe, CeHr‘CHaCOzH,
CeHe—(Cest)zNH, CeHs-C:H;NO., C,H,Br.-p-xylene, and many
others.

F16. 30

Class I, Group B, Division (a)

We must now consider the case in which solid compounds of
the components are formed. These compounds however are
supposed to change their composition on melting. We shall
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illustrate Division (a) of Group B by means of systems of water

and a salt in which solid hydrates are possible.

haps at this point interpo-
late the remark that by
“melting” we mean the
passage of matter from
a solid to a liquid phase;
the same definition may
be used for what is custom-
arily called “dissolving.”
Similarly by “freezing”
or ‘“solidification,” we
mean the transfer of
matter from a liquid to a
solid phase and this will
include what is usually
termed * precipitation ”.)
We shall discuss first of all
the system, HyO-Na,SO,,
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in which the solid phases may be ice, NaeSOs, Na,SO; 7 Hx0,
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Na;SO4-10 H;O. The
heptahydrate in presence
of solution is a labile or
metastable phase and the
curve referring to it will
be indicated by broken
lines. Since the two com-
ponents do not form a
continuous series of liquid
solutions, we shall restrict
ourselves to concentrations
of Na;SO, in which we
have a single homogeneous
liquid phase. The pheno-
mena met with are illus-

trated in Fig. 33. From dilute solutions, ice separates out
along the curve AC. At the cryohydric point C, ice and
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Na,SO;, : 10 H:O precipitate. From more concentrated solu-
tions, the solid phase formed is Na,SO,+ 10 H:O as given by
the curve CE. The curve FE gives the equilibrium between
solution and anhydrous Na;SO, The point E corresponds
to the coexistence of the three phases, solution, Na;SO, Na.
SO;- 10 H;O and therefore, at constant pressure, this repre-
sents an invariant system. Thus addition of heat will increase
the quantities of the solution and of Na,SO, and diminish the

50 F

A"'

w»
>

g
§ 30 \, 7
I‘G
7’
g 20 / o
g A
B /
g8 /
é 10 / ’1
/
P
o fo S ~19°
_~{. -8.6° | ___.
H
10 10 20 _ 30 40 50 60
% Nay S0,
F16. 33

amount of Na,SO, + 10 H;O. The temperature corresponding to
the point E may therefore be called the melting point of Na,SO, -
10H;0. Itisalso called a transition-point, for below this temper-
ature the stable solid phase is the decahydrate and above this
temperature, the anhydrous salt. Under certain conditions, the
heptahydrate can be obtained; its equilibrium relations are
shown by the broken curves.

The melting of one mole of decahydrate is represented by the
equation

Na;SO; - 10 H;0 — x Na,SO; + [(1 — %) Na,SO, + 10 H:0],

where the expression in brackets represents the composition of the
solution corresponding to the point E. This solution contains
33.2 per cent Na;SO,.
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In Fig. 34, we have the system H.O and Cu(NOs): repre-
sented. The curve AB represents solutions from which ice
separates out on cooling.

7
In the case of solutions g, F
represented by BC, CD , o lo
and DF the solid phases & ,, = |
separating out are re- §30 P
spectively Cu(NOs)s - & ¥
9H20, Cu(NOa)z « 6H,O g 10 A
and Cu(NOj); - 3HO. § ol %
The point B is the so- § | ] /
called cryohydric point. & N
The point C is called the 2 BV{i;0
transition point between 0 20 40 %0 100
Cu(NOy); - gH:0 and % CuNOshn

Fic.
Cu(NOy); - 6H:;0, while 16 34

D is the transition point for the hexahydrate and the trihydrate.
AN0s  The system, picric acid-
benzene, is analogous to
thesystems just described.
‘ A compound, CsHz(NOz)s
A OH - CiH,, appears as

g R s\ ’
/

A

84.3° C. we have a transi-
80 \ tion point at which it
! changes into CgHa(NOs)s

E
Ew B L_k;\ / OH plus solution.

Class I, Group B,

\ )
\ // Division (b)
I

We shall take as our
N Pl first example of a system
O —— s s o belonging to Division ®
Mole % HNO, of Group B of Class I,

Fic. 35 the binary system, HyO-

HNO;, represented in Fig. 35. The solid phases possible are ice,
HNO; + 3 H;O, HNO; - H,O and HNO;. All these substances
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melt without change in composition. The coordinates of some
of the important points are as follows:

A, o° C., o mole per cent HNOs;
, —43° C., 11.96 mole per cent HNO;s;
, —18.5° C., 25 per cent;

o

, —42° C., 40.6 per cent;

S o

, —38° C., 50 per cent;
, —66.3° C., 71.9 per cent;
, —41.2° C., 100 per cent.

QM

The composition of the solid phase which separates out on
cooling a solution corresponding to any point on the liquidus
curve is obtained by drawing a horizontal line to the solidus
curve. Thus if a solution has a composition represented by the
point R, the solid phase which separates out when the liquid
phase is cooled to —30° C. is represented by the point .S on the
solidus curve CL. The point C corresponds to the compound
HNO; - 3 H:0, the point E to the compound HNO; - H:O. Solu-
tions of these compositions freeze without change in composition
and therefore at constant temperature and the corresponding
solids melt at constant temperature without change in composi-
tion. If we add to a solution having the composition C either
H.0 or HNO;, the freezing-point will be lowered and from either
solution the hydrate HNO; - 3 H;O will separate out on cooling.
It will be seen that at a given temperature (for example —30° C.)
we can have two different solutions, represented by R’ and R, in
equilibrium with the same solid phase, HNO; - 3 H:O. We can
interpret the curves BC and CD as giving the solubility of
HNO; - 3 H;O in water, so that we have the interesting result
that HNO; - 3H,O has two quite distinct solubilities in water
over a considerable range of temperature. This phenomenon is
always met with in systems of two components which form solid
compounds which melt without producing a phase of a different
composition. This will be illustrated by the system H.O-
Fe,Cls in which a number of hydrates are possible. Here the
possible solid phases are: Ice, Fe;Cls+ 12 H:O, Fe;Cls + 7 H20,
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Fe,Cls - 5 Hy0, FeyClg - 4 HyO, Fe.Cl. The melting-point and
solubility curves are represented in Fig. 36.

The solidus curves have not been drawn, but can be easily ap-
plied by the student. The points B, D, F and II correspond re-
spectively to pure dodecahydrate, heptahydraté, pentahydrate
and tetrahydrate. The points C, E, G and I may be described
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as eutectic points. The point L is the eutectic point between
dodecahydrate and pentahydrate in a metastable region.

Similar behavior is shown by many pairs of salts and of metals.
Tt will suffice however to give the curves for the binary system
Mg-Sn as an illustration of this behavior. This is done in Fig.
37. The student can readily determine by means of this diagram
the nature of the solid phase which will separate out on cooling
any liquid mixture of Mg and Sn.

We may finally illustrate Division (b) of Group B of Class I by
means of systems consisting of organic substances. We may
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take as an example the system, phenol-trimethylcarbinol as repre-
sented in Fig. 38. In addition to the pure components, we have
the solid phases, PA4; and P,4, where P and A represent respec-
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tively a molecule of phenol and of the alcohol. The cotrdinates
of the principal points in degrees Centigrade and in moles per cent
of phenol are as follows:

A4, 24.95° C., o per cent.

B, 8.14° C., 12.6 per cent.

C, 23.3° C., 33.3 per cent.

D, 4.48° C., 56.4 per cent.

E, 15.75° C., 66.7 per cent.

F, 85° C., 75.3 per cent.

G, 40.9° C., 100 per cent.

Belonging to the same division are the following binary sys-
tems: (C,Hs):0-C.H;I, acetone-phenol, ethyl alcohol-acetalde-
hyde, acetone-pyrogallol, urea-phenol, benzene-triphenylme-
thane, and many others. '
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Class 11, Solid Components Soluble in All Proportions

In Class IT, we meet with solid solutions, that is, with solids
which are physically homogeneous mixtures. We have three

types of melting-point
curves exactly analogous to
the three types of boiling-
point curves illustrated in
Figs. 20, 21 and 22 of Chap.
XII. Type I, in which
the freezing-points of all
mixtures lie between those
of the pure components, is
represented by the follow-
ing binary systems:
AgCl-NaCl, PbBrs-PbCl,
SnClL-PbCL, Ag-Au, Ag-
Pd, Co-Ni, Cu-Ni, Cu-Pd,
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etc. The general behavior will be illustrated by means of the
Cu-Ni diagram given in Fig. 39. A liquid mixture of copper
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100

and nickel having the
composition represented by
the point  on the liquidus
curve is gradually cooled.
At about 1300 degrees a
solid phase having the
composition s will separate
out. If the cooling is
carried out very slowly so
that the solid phase always
remains homogeneous, the
composition of the solid
when the last drop of liquid
solidifies must be given by

the point s’ vertically below 2 and hence the last drop of liquid

must have the composition represented by Z'.

These points also

give the final temperature of solidification. If however the
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cooling is not carried out with sufficient slowness, the solid will
not have time to become homogeneous and the result will
evidently be that the final temperature of solidification will be
much lower than we have supposed. In the interpretation of
all freezing-point and melting-point diagrams referring to systems
in which solid solutions occur, this point must be borne in mind
constantly. In general we shall assume that the freezing and
melting processes are carried out so slowly that diffusion in the
solid solutions is able to maintain the solid phases homogeneous.

Class II. Type I1

Very few systems belonging to type II are known, the best
investigated one being the binary system: d- and Il-carvox-
ime. This system is represented in Fig. 40. The points 4 and
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B are at 72° C. The maximum freezing-point C is at g1.4° C.
and corresponds to equimolecular proportions of the two com-
pouents.

Class II. Type III
A large number of binary systems belong to type III, in which

a certain mixture has a lower freezing-point than any other mix-
ture and lower than either of the pure components. We may
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take as our first example the system HgBr.—Hgl. represented in
Fig. 41. The melting-points of the pure components are 236° C.
and 255° C. and the minimum or eutectic point is about 217° C.,
the mixture containing at this point about 40 mole per cent Hgls.
Assuming that the process of cooling is carried out slowly so that
the solid phase is always a homogeneous solid solution, we can
predict the behavior of any given mixture when the temperature
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is lowered. Thus a mixture having the composition 7 will begin
to solidify at 225° C. and the solid phase will have the composi-
tion s, that is, will be richer in HgBr,. On further cooling the
temperature will fall as the composition of the liquid approaches
I and that of the solid approaches s’ and the final temperature
of freezing will correspond to the points s" andZ. If the solid
phase be removed, as soon as it is formed, from contact with the
liquid (a process analogous to what happens in ordinary distilla-
tion) the composition of the liquid will reach that given by the
point C after which solidification will take place without any
change in composition or temperature. Approximately the same
result will be attained on rapid cooling, for under these circum-
stances, the portions of the solid phase formed in the earlier stages
will be practically removed from contact with the liquid by being
surrounded by solids richer in HgL.
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Fractional Crystallization of Solid Solutions

Just as by fractional distillation a more or less complete separa-
tion of liquids soluble in each other can be effected, so by frac-
tional crystallization we can effect a separation of the compo-
nents in a solid solution. In the case of solid solutions belonging
to type I (Fig. 39) a practically complete separation into the two
pure components is possible. In the case of solid solutions with
a minimum freezing- or melting-point, fractional crystallization
will effect a separation into the eutectic mixture and into one of
the pure components. Thus fractional crystallization of a mix-
ture containing 20 mole per cent Hgl: and 8o mole per cent HgBr;
would ultimately result in pure HgBr; and the eutectic mixture.

As additional examples of binary systems similar to the system
HgBr,-Hgl;, we may mention the following: CaCl-MnCly;
CaSiOs-MnSiO;; CdSiOs~ZnSiOs; KCI-KBr; KBr-KI; and
among the alloys, Cu—Au; Cu-Mn; Fe-V; Mn-Ni. Details in
regard to these systems (as well as many others) may be found in
Landolt-Bornstein Tabellen.

Class IIT1. Solid Components Partially Soluble in Each Other

We now come to consider binary systems in which the possible
solid phases are not soluble in each other in all proportions. We
shall be able to give but a few examples out of the large number
of systems belonging to this class. We may divide Class III into
two large groups; the first one including systems in which there
is a eutectic or minimum freezing-point; the second group, those
in which all freezing-points are intermediate between those of
the pure components. In the latter case we have a transition
point instead of a eutectic. We shall take as our first example
of a system with a eutectic point, mixtures of KNO;s and TINO;,
the curves for which are given in Fig. 42. On cooling a liquid
mixture having the composition /, a solid solution of composition
s will separate out. On further cooling, if the original mixture
was richer in TINO; than corresponds to the point D, the com-
position of the liquid will follow the curve to the point C. At the
temperature corresponding to this point, two solid solutions
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corresponding to D and E separate out at constant temperature
until all the liquid has solidified. If the temperature is lowered
below 182° C., the two solid solutions in equilibrium with each
other change their composition as indicated by the dotted lines.
Any solid having a composition intermediate between D and E
will consist at 182° C. of two solid phases, the composition of
the phases being given by D and E. Similar behavior is shown
by the system KNO; and NaNOs;. KNO; melts at 33¢9° C.,
NaNO; at 308° C., the eutectic temperature is 218° C. and the
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liquid phase at the eutectic point contains about 51 mole per
cent KNO;. At the eutectic temperature we can have solid solu-
tions containing from o up to 20 mole per cent KNO; and from
87 up to 100 mole per cent KNOs:

The system, naphthalene-monochloracetic acid, also belongs
to this group. Among the alloys, we may mention the binary
systems, Cu—Ag; Au-Ni; Bi-Pb; Sn-Pb. The system Bi-Pb is
represented in Fig. 43. The interpretation of the diagram may
be left to the student.

Class III. System has a Transition Poini.

A binary system at constant pressure is invariant when three .
phases coexist, e.g., a liquid phase and two solid phases. In the
systems we are now considering in which the solid components
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are soluble only to a limited extent in each other, the two solid
phases will be saturated solid solutions. If the temperature
corresponding to this invariant system is below the melting-point
of either component, the system has as we have seen a eutectic
point. We now proceed to consider the case in which the tem-
perature corresponding to the invariant system is intermediate
between the melting-points of the two components and is then
called a transition temperature. The following systems be-
long to Class III and exhibit a transition point: AgCl-LiCl;
MgSiO;-MnSiOs; Cd-Hg; p—CeHilr—p—CeHLCII; p~CoH,(NO,)Cl-
p—-CeHy(NO:)Br. The behavior of the system Cd-Hg is shown
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diagrammatically in Fig. 44. The points C, D and E represent
respectively 51, 62.7 and 65.2 per cent cadmium at a temperature
of 182° C. The dotted lines DF and EG represent the composi-
tion of the two saturated solid solutions of cadmium and mercury.
If we start with a solution whose composition is represented by
the point @, at a certain temperature a solid phase rich in cad-
mium will separate out, the temperature of solidification will fall
forty or fifty degrees and we shall have finally a homogeneous
solid solution of composition a¢. If we start with a solution b of
composition intermediate between D and E, the temperature of
solidification will fall to 182° C. when the solid phase will have
the composition E and the liquid phase the composition C. If
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more heat is extracted from the system, the temperature will
remain constant, but the homogeneous solid phase D will be
formed from the liquid phase and from phase E. This will take
place at the constant temperature, 182° C. When the liquid
phase has entirely disappeared, we shall have the two solid phases
D and E coexisting in amounts depending on the composition of
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the original solution. On further cooling, the composition of the
two saturated solid solutions will change in accordance with the
dotted curves DF and EG. If we cool a liquid whose composition
is intermediate between C and D, when the temperature 182° C.
is reached, the phase E will disappear and the phase D will be
formed. (Hence this temperature is called a transition tempera-
ture for the two solid solutions.) On furgher cooling we shall
obtain a homogeneous unsaturated solid solution which however
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at low temperatures will break up into two saturated solid solu-
tions the composition of which is given by the dotted lines. On
cooling a solution of composition ¢, the behavior will be similar
except that the amount of phase E formed will be zero or negli-
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gible. Finally if we cool a solution of composition d, the process
of solidification will extend over a rather large temperature-
interval and we shall finally have at ordinary temperatures an
unsaturated homogeneous solid solution of the composition d.
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This case has been discussed in some detail so that it will be

sufficient to give the diagrams only for the systems, AgCl-LiCl
and p—-CeH,I,—p—CeH,CIL
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Ternary Systems

On account of the great complexity of phenomena observable
in the case of three-component systems, we shall have to be con-
tent with a discussion of some of the simpler cases. For more
detailed treatment the reader may be referred to Findlay’s Phase
Rule and its Applications. The number of degrees of freedom in
a ternary system is 5—P. Itis possible therefore to have a maxi-
mum of five phases coexisting at what is called a quintuple point
which would represent an invariant system. The maximum
number of degrees of freedom will be four (since we must have
at least one phase) and the four internal variables of the system
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will be T, p and the two ratios of two of the components to the
third in any phase.

We shall begin with a study of the equilibrium relations of three
components which are all liquid at the temperatures considered.
The three chief cases to be examined are those in which the three
components form respectively one, two and three pairs of partially
miscible liquids. Examples of the first case are: chloroform,
acetic acid and water; ether, water and alcohol; chloroform,
water, alcohol; benzene, water and alcohol; molten lead, molten
zinc, molten silver. Thus at ordinary temperatures, water
and chloroform are but slightly soluble in each other while
both water and chloroform will mix with acetic acid in all
proportions. The composition of a ternary mixture is best
represented by means of a triangular diagram as in Fig. 47 which
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gives the equilibrium relations in the system, CHCl;,H,O and
CH,CO,H.*

If in this system we maintain the temperature and pressure
constant, we shall have left 3—P degrees of freedom. In case our
system is restricted to one homogeneous phase, it will have two
degrees of freedom and will be represented by some point in a
“region.” If our system consists of two liquid phases, it will be
a univariant system and will be represented by a point on a
“curve,” the curve aKMb. The length of each side of the equi-
lateral triangle is set equal to 100 and the point 4 represents 100
per cent A or pure A. The per cent of 4 in a mixture represented
by any point N is found as follows: through N draw a straight
line to the side opposite 4, parallel to either of the other two
sides; the length of this line gives the percentage of 4 in the
mixture. In the same way the percentages of B and C in the
mixture are determined. Our diagram then represents a system
of three components at the constant temperature, 18° C. and con-
stant pressure. If we restrict our consideration to liquid phases
only, all we need know about the pressure is that it is sufficiently
great to keep the phases liquid. If to pure chloroform we add
water we shall have at first a homogeneous solution, but very
soon the chloroform will be saturated with water giving a solution
of the composition represented by the point . Further addition
of water gives us two conjugate solutions represented by the
points ¢ and b. If we start with a certain mixture of CH,Cl and
acetic acid and add water, we shall have a homogeneous solution
until the point a’ is reached when further addition of water gives
us the two conjugate ternary solutions, ¢’ and ¥’. The line join-
ing @’ and ¥ is called a tie-line which in general is not parallel
to the base-line AB. With solutions containing more and more
acetic acid, the tie-lines become shorter and shorter until they
shrink to a point K, which therefore represents the point where
the two conjugate ternary solutions become identical. The point
K is therefore a critical point although it is not in general at the
summit of the curve. Any point in the region outside the curve
aKb represents a homogeneous mixture, while any point inside

* C. R. A. Wright, Proc. Roy. Soc., 49, 174 (1891); B0, 375 (1892).
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the curve represents a mixture which will break up into two con-
jugate liquid phases. Thus if the three components are put
together so that the composition of the mixture would be repre-
sented by the point L, the mixture will form two liquid layers
of the composition given by the end-points ¢ and &’ of the tie-
line going through the point L. An important property of the
diagram may be illustrated as follows: the line AP cuts the curve
aKb in the points S and R. It can be shown that in all mixtures
represented by points on the line AP, the ratio of C to B or of

acetic acid to water is constant and given by the ratio PB If

PC
then to a mixture of water and acetic acid of the composition P
we add chloroform, we shall have from P to R a series of homo-
geneous solutions; from R to S we shall have a series of hetero-
gencous mixtures of the two conjugate solutions and finally from
S to A, homogeneous solutions again. If we start with a solu-
tion which contains a greater per cent of acetic acid than cor-
responds to the critical point K, but less than is represented by
the point M, it is possible, by adding proper amounts of the
three components, to keep the per cent of acetic acid constant
and yet travel in a horizontal line from a homogeneous region
through the heterogeneous area and then into a homogeneous
region again. This phenomenon is called retrograde solubility
and is somewhat analogous to retrograde condensation near the
critical point in the case of mixtures of two components. The
diagrams for the systems: H,0, ether and C;H;OH and Zn,Pb
and Ag are similar to the one just described.

Figure 47 represents a ternary system at constant pressure
and at a given temperature. The graphic representation of the
behavior of these systems at different temperatures requires a
space diagram. Thus if we represent temperatures on a vertical
axis perpendicular to the triangle ABC of Fig. 47, we obtain the
isothermal diagram by drawing a horizontal plane. In the space
diagram, the homogeneous region would become a volume, the
curve aKb would become a surface and the point K would be
represented by a curve.

The second group of ternary systems of three liquids consists
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of those in which there are two pairs of partially miscible liquids.
Thus water and alcohol are miscible in all proportions, but water
and succinic nitrile and alcohol and succinic nitrile are only par-
tially miscible. Such a system is represented in Fig. 48. Any
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point on the diagram inside of the curves Kb or cLd represents
a heterogeneous system of two ternary solutions; any other
point a homogeneous ternary solution. The curves aKb and cLd
will of course change their position as the temperature is changed.
This may be illustrated by the diagram for water, aniline and
phenol represented in Fig. 49 where the components are indicated
by their initial letters. The curves ab, cd refer to a temperature

Fic. 50 FiG. 51

of 50° C., the curve eK'f to 95° C. and gK"' % to a temperature of
148° C. The interpretation of the diagram may be left as an
exercise to the student.

In the third group of ternary systems of three liquids, we have
three pairs of partially miscible liquids. The equilibrium rela-
tions are represented in Figs. 50 and 51. Fig. 50 represents the
case in which the system always consists of either one or two
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liquid phases. At lower temperatures it sometimes happens
that the curves broaden out and give the diagram of Fig. 51.
If the mixture has a composition represented by a point in the
clear spaces near the corners of the diagram, the mixture will
form a single homogeneous'solution. If the representative point
lies in any of the quadrilateral areas, the mixture will form two
liquid layers and if finally the representative point is within the
triangular area, the mixture will break up into three layers of
the composition @, b and ¢. Water, ether and succinic nitrile
may be given as an example of a system which can form three
liquid phases.

Similar diagrams may be used in the case of ternary systems
when some of the components are solid. In illustration of this,
we shall consider briefly the ternary system: water plus two salts
with either a common positive or a common negative radical,
e.g., H;O-NaCl-KCl. In this case the salts do not form a com-

/\
"IAVAVA INNO
1/ CAVAVAVAVAYANA

Fi1c. 52

pound and do not form a solid solution. At any given tempera-
ture and pressure, for example, 20° C. and 1 atmosphere, the
diagram for this system will be somewhat like Fig. 52. Point
D represents a saturated solution of NaCl in water (26.4 per cent
NaCl, 73.6 per cent H:0), F a saturated solution of KCl in water
(25.5 per cent KCl, 74.5 per cent H;0), DE represents ternary
solutions in equilibrium with solid NaCl, the curve FE solutions
saturated with KCl, and the point E, a ternary solution saturated
with both salts (20.1 per cent NaCl, 10.4 per cent KCl, 69.5 per
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cent H;0). Any point inside the area CDEF represents a homo-
geneous ternary solution. If to a solution of H:O and NaCl of
the composition H, KCl is added, the representative point moves
along the straight line HEB. If NaCl is added to a solution
whose composition is given by the point G, the representative
point moves along the line GEA. Therefore if we put water,
NaCl and KCl together so that the composition will be given
by a point in the area BEF, the system will consist of solid KCl
and a solution whose composition is given by the point on the
line EF obtained by drawing from B to EF a line through the
given point in the area BEF. Similarly a point in the area AED
corresponds to solid NaCl and a ternary solution whose composi-
tion is given by a point on the curve DE. And finally, if our
representative point is in the area AEB, the system will consist
of solid NaCl, solid KCI and the ternary solution E which is
saturated with both salts. Fig. 52 is an isothermal diagram. If
we desire to represent the behavior of our system at different
temperatures, we must either use a space diagram orimore simply
draw in the Fig. 52 curves for different temperatures.

The diagrams become more complicated if the salts can form
double compounds or if hydrates are possible or finally if the salts
form solid solutions. Further details in this connection may be
sought in Findlay’s Phase Rule or other similar treatise.

PROBLEMS

1. Using Fig. 29 and the data given in connection therewith, describe in
detail what will happen on supplying heat to the following mixtures of ice
and C.H,(CN), originally at —1c° C.; namely, mixtures containing 5, 8,
25 and g3 per cent C;H,(CN)..

2. From the data in connection with the system Na,SO~H.0, deter-
mine the amount of Na,SQ, and of solution formed when one mole of
NasSO; - 10 Ho0 disappears at the transition temperature.

3. What phase or phases will separate out on cooling an aqueous solution
of HNO; containing 65 per cent HNO; by weight?

4. Describe the phenomena which would be observed on cooling mix-
tures of Mg and Sn containing 20, 6o, 85 and g9 per cent Sn.

6. At what temperature approximately will a mixture of phenol and tri-
methylcarbinol containing 45 per cent by weight of phenol begin to solidify,
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what will be the final temperature of solidification and what will be the
solid phase or phases formed?

6. Describe the phenomena encountered on cooling very slowly mix-
tures of Bi and Pb containing 5, 20, 60 and ¢35 per cent Pb.

7. Describe the behavior which would be observed on heating very
slowly solid mixtures of LiCl and AgCl containing 10, 40, 60 and go mole
per cent of AgClL

8. What will be observed on adding acetic acid in increasing amounts
to a mixture of 50 grams chloroform and 5o grams water?

9. What will be observed on adding water in increasing amounts to a
mixture of 5o grams chloroform and 50 grams acetic acid?

10. According to Fig. 48, what will be observed on adding increasing
amounts of succinic nitrile to mixtures of water and alcohol containing
(a) 50 per cent alcohol, (b) 95 per cent alcohol?

11. In a triangular diagram, if (x., 1, 21) and (x5, ys, 2,) are the coérdi-
nates of two fixed points and if (x, y, ) are the cosrdinates of any point on
the straight line passing through the two given points, then 2B YN

X1—% N—Y
=§TT:Z—Z‘; where &1+ + s =%+ +%=x+y+3z=100 Find
the composition of the solutions corresponding to the points H and G in
Fig. 52. If x, y, 2 refer respectively to NaCl, KCl and H,O show that the
equation for the line DE (assumed to be straight) is x + 0.606y = 26.4
and for the line EF is y + o.751 x = 25.5.

12. What will be the final state on mixing 10.05 grams NaCl, 55.20 grams
KCl and 34.75 grams water and what will be the amounts of each phase?

13. What will be the final state on mixing equal weights of NaCl, KCl
and H,O at 20° C.?

14. Determine the composition and mass of the phases resulting on mix-
ing 5 grams NaCl, 55 grams KCI and 40 grams H,O at 20° C.

16. Show that, using a triangular diagram for a system of three com-
ponents 4, B and C, the proportion of B to C is the same in all mixtures
represented by points on a straight line passing through the corner 4.



CHAPTER XV
CHEMICAL EQUILIBRIUM

Gaseous Systems

In Chap. IX we discussed the conditions of thermodynamic
equilibrium in a system subject to various constraints and found
that the conditions could be expressed by saying that some func-
tion of the system (such as the entropy, free energy or thermo-
dynamic potential) has a maximum (or minimum) value when
equilibrium prevails. Now these functions are determined by the
temperature and pressure and the quantities of the various com-
ponents of a system so that if the thermodynamic potential (or
free energy or entropy) of a system is a known function of the
variables just mentioned, then the thermodynamic behavior of
the system can be readily predicted. As a matter of fact, the
entropy, free energy and thermodynamic potential of ideal gases
are given by simple equations (see Chap. VIII and Problem g
of Chap. IX). Moreover in Chap. XIII, we found an expres-
sion for the thermodynamic potential of a dilute solution. In
this chapter it will be part of our work to show somewhat more
explicitly how the state of equilibrium depends on the quantities
of the various substances present, firstly, when all the substances
are ideal gases, and secondly, when the system is a dilute solu-
tion.

If substances which can react with one another are brought
together, it will be found that in general, when all change seems
to have ceased, the original substances are still present, although
their concentrations may be extremely small. We say that the
original and final substances are in chemical equilibrium. The
system will of course be in thermodynamic equilibrium but we
employ the expression “chemical equilibrium,” not because it is

something different from thermodynamic equilibrium, for it is
246
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not, but because our main concern is with the relative amounts
of the various substances present at equilibrium. In other words,
we are especially interested in determining the extent to which
a given chemical reaction will take place and in finding out how
the final state of equilibrium depends, not only on the tempera-
ture and the pressure, but on the concentrations of the rcacting
substances. ,

Let us suppose that we have the three gases, H,, O, and H,O
at such a temperature that no appreciable chemical interaction
occurs even in a long period of time. The system consists then
of three independent components in one phase and hence has
four degrees of freedom. Representing the concentrations of the
three substances by ¢i, ¢z and c3, the phase rule tells us that the
total pressure (for example) is a function of four independent
internal variables or

p= fl (611 C2, Cs, T)- (I)
Hence we may also write
¢ = faler, 0, p, T); €2 = f (c1, 3 P, T). (2)

Let us now suppose that the temperature of our system is
raised so that a chemical reaction takes place between the hydro-
gen, oxygen and water vapor. This reaction leads to a state of
chemical equilibrium in which we still have the three substances
present. We now have however a system of but two independent
components, for at a given temperature and pressure, the concen-
tration of the water vapor is fixed when the concentrations of
the hydrogen and of the oxygen are fixed. Our system now has
but three degrees of freedom so that we may write:

p=rilc,ees) =file,cT)

C2 = f3 (61, b T)’ C3 = f'l (Cl) b T) (3)

T = fs (01, Ce Ca).
In other words, all the internal variables of the system are func-
tions of any three internal variables. In this particular case we
may take ¢y, ¢z and ¢; as the three variables and we find that p and
T are functions of ci, ¢z and cs. We shall find that another char-
acteristic function of the system, the equilibrium constant, is
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determined by any three variables, for example by the values of
¢1, ¢z and ¢; at equilibrium. We shall now proceed in a general
way to determine the value of the equilibrium constant as a func-
tion of the internal variables of a gaseous system.

The system we are to examine may consist of a mixture of a
number of ideal gases, whose mole numbers are #,, #,, 3, etc.,
whose partial pressures are pi, ps, ps, etc., whose concentrations
and mole fractions are ¢, ¢s, ¢3, ctc., and x4, %3, %3, etc., and whose
temperature and total pressure are T and p. The energy of an
ideal gas depends only on its temperature and is independent of
its pressure so that the total energy of our mixture is the same as
if the gases were in the pure state at the same temperature. The
entropy and thermodynamic potential of a gas depend on two
variables, and in the case of a mixture the entropy and thermody-
namic potential of any component of the mixture are equal to
the entropy and potential of that component in the free state at
the same temperature as that of the mixture and at a pressure
equal to its partial pressure in the mixture. Hence we may, if
we desire, consider our mixture of gases separated into the indi-
vidual components under their respective partial pressures with-
out change in the total energy, entropy or thermodynamic poten-
tial (see Chap. VIIT on the entropy of a mixture of ideal gases
and also equations (14) and (15) of Chap. VIII). If U,, S;and &,
are the energy, entropy and thermodynamic potential of one mole
of gas 1, then we have

(I>1=U1—TS1+P1V1=U1"-TS;|+RT, (4)
and, moreover,
Uy =CoT +b; Ui+ RT = Co T + by,
S1 =CplogT —Rlog py + ki = Cplog T — Rlog p
+ k1 — Rlog xy,
& =T (Cp —CplogT +Rlog pr — k) + b, (5)
=T (Cp —Cplog T+ R log p — k) + RT log x, + b,.
The total thermodynamic potential of the mixture of gases will be
® = m®P, + 1P + n3®; + - - -
= 2 (CoT — CpTlog T + RT log p — kT + by)
+ RT 2”‘ log 1. (6)
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Chemical Equilibrium at Constant Temperature and Pressure

According to equation (33) (Chap. IX) our system will be in
equilibrium at constant temperature and pressure if for any vir-
tual change compatible with the fixed conditions, the following
relation holds, viz.:

P = o. Q)
We shall consider as a virtual change an infinitesimal change in
the mole numbers #,, nz, #s, etc., corresponding to the possible
chemical reaction between the gases. The equation for the chem-
ical reaction we shall write as follows:
nd, +mde + wds+ - - - =o, ®)
where A, A,, A, etc., are the molecular formulas of the different
gases and »y, », 3, etc., represent the number of moles concerned
in the chemical change, positive when they refer to the formation
of a substance, negative when they refer to the disappearance of
a substance. Thus the equation of the union of hydrogen and
oxygen to form water would be written
—2H2—‘02+2H20=0, (9)
in which » = —2,% = —1; s = 2. Or we might say that in
an equation written in the customary manner, the coefficients on
the right-hand side of the equation are to be taken as positive,
those on the left-hand side as negative.

Our virtual chemical change will consist in the mole numbers
1, Mg, 13 etc., suffering the virtual changes 6n,, n2, dn3 - - - where
according to equation (8)

8’)2125%2; 5”3:°'°=V1:V2:l!3:“‘. (IO)

Applying our condition of equilibrium at constant temperature

and pressure as given in equation (7), we have from equation (6)
& = Y'om (CoT — CpT log T + RT log p — kT + by)

+ RTzan, «log , + RT ana log %, = o. (11)
Now, since m_tm_"_ ., =(nl+m+n3+...),we
have X1 X2 X3

X mod log 2, = 2—35 8%y
=(m+ng+nst+ ) (@0 +ox +oxs+ ).
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But,since®; + % + %5 + - -+ = 1,80+ %+ xs + - - - =0,
and hence

RTYm élog 4, = o.
If in place of ény, ons, etc., we substitute the finite quantities vy, v,
etc., as given by equation (10), equation (11) becomes

20 (CoT — CopT logT + RT log p — &uT + b))
2"‘ log 1= — BT :

(12)
When the temperature and pressure are constant, the expression

on the right in (12) is constant and we shall represent it by
log K., so that

log Kz 2”1 log

z'— xl"x.xz"n x" .« .

_ ] at equilibrium. (13)

We shall call K, the equilibrium constant in terms of the mole
fractions of the substances at equilibrium. We see from equation
(12) that K, is a function of 7T and p. Thus

RT (d log Kx) _ —EleT — _av,

T b4
(£115) - L. w
dlog K.\ _ 2m(Col + b)
( T ),,‘ RT® (5)

Now, from equations (5), U = Cy,T + by, and since Cp, =
C"x + R;

S ol + b) = SynlUs + JwRT = — H, + JuRT.
But —H, + EleT = —H, (see equations (15) and (16) Chap.
VI). We have therefore the following equations for the depend-
ence of the equilibrium constant K; on the temperature and the

pressure:
(d log Kz) — —AV _ _2”1 (]'_6)
T

dp TRT T p

(d log Kz = "—Hp

iT ),~ R (x7)
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If a reaction takes place at constant temperature and pressure
with an increase in the total volume, an increase in pressure will
diminish the value of the equilibrium constant K, and therefore
increase the mole fractions of the original substances. Similarly
from equation (17) we see that an increase in the temperature
of a system in equilibrium will favor the endothermic process.

Evidently from equation (16) a change in the pressure only will
not affect the value of K, if 21’1 = o, that is, if the number of
moles disappearing in the reaction is equal to the number
formed.

We may also define equilibrium constants in terms of the par-
tial pressures or the concentrations of the substances at equilib-
rium. Thus if we set .

log K, = 21:1 log 1 (at equilibrium), (18)
we have
log K, = 21’1 log p1 = 21'1 log % + 2"1 logp, (19)
= log Kz + X,»log p.

Hence at constant temperature and pressure, since K is a con-
stant, so also is K,. From equation (12)

S (CoT — CoT log T — kT + by)
RT ’

log K, = —

and hence in the case of a reaction between ideal gases, K, isa
function of the temperature only. Thus we find

dlog K, _ 2"1 (CoT + by) _ —H,
iaT RT: RT?

Similarly the equilibrium constant K. in terms of concentrations
is defined as follows:

(18a)

log K, = 2”‘ log c1.

Now since 1 = ¢.RT, log ¢, = log p1 — log RT and
log K. = log K, — Eul log RT. (20)

Since K, is a function of T only, the same is true of K., hence

dlog K, _d log K,__zm__ _(H, + zylm)_ —He ()

dT 4T T ~ RT? - RT?’
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where H, is the loss in energy when the reaction takes place,
usually termed the heat evolved at constant volume.

To summarize: when a reaction between ideal gases has
reached equilibrium we have the following relations existing
between the mole fractions, concentrations or partial pressures of
the substances taking part in the reaction:

log K, = z"’l logx or K;= x/% .
log K, = ¥ nlog ¢; or K, et L, (22)
log K, gvl log pr or K, = pippss . .
Thus if the reaction considered is the union of hydrogen and oxy-
gen to form water as given by equation (9), we shall have, if the

subscripts 1, 2 and 3 refer respectively to hydrogen, oxygen and
water,

1

X 2 ’ P (23)
= b} = = e
e X122 ¢ a’c ? P12P2 3

The set of equations (22) may be considered as the mathematical
formulation of the Law of Mass Action for a reaction in gaseous
systems, since these equations give the relation that holds
between the concentrations of the various reacting substances at
equilibrium. When the value of the equilibrium constant is
known for a given temperature and pressure, we can predict with
accuracy the effect produced in the system by varying the con-
centrations of the substances.

On account of the great importance of the law of mass action,
it may be worth while to derive it in a somewhat different manner.
We shall not, however, consider the most general case, but merely
deduce the law for a particular case, viz.: the reaction given by
equation (9). We suppose then that the volume V contains
ny moles of Hs, #, moles of O; and #; moles of H;O at the temper-
ature T and the total pressure p. We desire to bring about;the
union of 2 moles of H, and 1 mole of oxygen to form 2 moles
of H,O in a thermodynamically reversible manner. We first
imagine the three gases to be separated from each other so that
we have »; moles of pure H, at the pressure p,, 7, moles of O, at
the pressure p, and #s moles of water at the pressure p;. The
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temperature and volume of each gas are 7 and V. This separa-
tion can be brought about (see Chap. VIII and the discussion
just preceding equation (4) of this chapter) without any change
in the energy, entropy and thermodynamic potential of the gases.
We shall also suppose that a certain vessel, which we may call
the equilibrium box, contains the three gases at chemical equi-
librium, their partial pressures in the equilibrium box being py.,
Pae, pse The equilibrium box is supposed to have three semi-
permeable walls, permeable respectively to Ha, O: and H,O. We
shall proceed to calculate the change in the total thermodynamic
potential of the system when 2 moles of H; at the initial pressure
f1 and 1 mole of O, at the initial pressure p, are transformed
reversibly and isothermally by means of the equilibrium box
into 2 moles of H;O at the pressure p;. If & is the thermo-
dynamic potential of 1 mole of Hy, then d&, = —S,d7T + V,dp,

= —SdT +l-;~]:dp1; and if the hydrogen suffers a change in
L

pressure at constant temperature then
dq)l = RT d ].Og j)]. (24)

Similar expressions will hold for the oxygen and the water. Let
us now expand z moles of hydrogen isothermally from p; to py.
and 1 mole of oxygen from p, to ps and bring them in contact
with the appropriate semi-permeable membranes. The total
increase in thermodynamic potential so far will be

2 RT logP—"+RTlog£2—"- (23)
b2 P2

If we compress the two moles of H; and the one mole of oxygen
into the equilibrium box and at the same time remove two moles
of water vapor through the appropriate semi-permcable mem-
brane at the pressure s, the state of the equilibrium mixture will
be absolutely unaffected and in particular the partial pressures of
the various gases will have remained unchanged. This part
of the process then (like the isothermal condensation of satur-
ated vapor into liquid at the constant pressure of the saturated
vapor) does not produce any change in the total thermodynamic
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potential. Finally we transform isothermally the 2 moles of H,O
from the pressure ps. to the pressure ps, increasing its thermo-
dynamic potential by the amount

2 RT log 2. (26)

3e

Jf now we denote by &, the total thermodynamic potential of our
system in its original state and by &, the thermodynamic poten-
tial when two moles of hydrogen and one mole of oxygen have
united to form two moles of water giving a final system at the
same temperature and pressure, then the increase in the thermo-
dynamic potential is as follows:

— = P — ﬁae _P3e |

& — & = RT logp o RT log —+°— Y (27)
Now the change in the thermodynamic potential, like the change
in the energy, entropy, free energy, etc., is a function of the
initial and final states only (that is, in equation (27), ®, — &, isa
function of T and of p;, p, and p;) but is independent of the
intermediate states through which the system has passed and
therefore is independent of the particular partial pressures, pi.,
P2, D3¢, in the equilibrium box. At constant temperature and

D3

must be a constant,
PréDae .
which we can put equal to RT log K, in agreement with our pre-

vious result. Rewriting equation (27) in the form

— & = RT log K, — RT log PP ; (28)
we see that our system will be in chemical equilibrium if &, = &,
(for in that case & would be zero) and the condition that this shall
be the case is

pressure then, the expression RT log

s ps

or K, = . 2
PN ? Pips (20)
Generalizing from these particular results, we see that if &, is the
thermodynamic potential of a gaseous system and if &, is the
thermodynamic potential of a system formed from the first one
by a chemical change at constant temperature and pressure, then

log K, = log
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(@ — )7, 5 = RT log K, — RT Y v log p,
= RT log K. — RT 2"1 log ¢
= RT log K, — RT 2:/1 log %, (30)

where » is negative if it refers to one of the initial substances and
positive if it refers to one of the products.

Referring to Chap. IX and, in particular, to equations (20)
and (21) of that chapter, we find that if & — &, is positive, the
reaction will proceed from the first state to the second; if & — &,
is zero, the substances are in chemical equilibrium and if &, — &,
is negative, the reaction will proceed from the second state to the
first. The function (& — &) is therefore a measure of the ten-
dency of a chemical reaction to proceed in a given direction at con-
stant temperature and pressure, and will accordingly be called the
affinity of the reaction and represented by the symbol 4 or 4,.

Since the free-energy and thermodynamic potential are con-
nected by the relation

it follows that the decrease in the free energy during an isothermal
process at constant temperature and constant pressure is

(Fi — F)r,p = (&1 — @)1, + 9 (Vo — Vi1, »
= (& — ®)1,5 + 2?1 RT, (32)

where V; and V, are the initial and final volumes at constant
temperature and pressure. If the reaction takes place under
these conditions without change in volume (this will occur if

» = o), then the decrease in free energy is equal to the decrease
in the thermodynamic potential and hence equal to what we have
designated the affinity of the process at constant temperature and
pressure. But this equality holds only when the reaction occurs
at constant pressure without change in volume. In general then
we have

(Fy — F)1,» = RT log K, — RT Jyn log p1 + 2uRT
= RTlog K. — RT Jmloga + JmRT |+ (33)
= RT log K. — RT X log % + 2mRT.
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Reactions at Constant Temperature and Volume

According to equation (11) (Chap. IX) a system of sub-
stances will be in equilibrium at constant temperature and con-
stant volume if any virtual infinitesimal process produces no
change in the total free energy or in mathematical symbols if

oF = o. (34)
If F, represents the total free energy of equivalent quantities of
the initial substances and F, that of equivalent quantities of the
products of a reaction, then the system is in equilibrium at con-
stant temperature and volume if

(F1 —_ Fz)T,V = O. (35)
Since at constant temperature, dFF = —pdV = Vdp (for ideal
gases) we can readily calculate the change in free energy when a
reaction between idecal gases is carried out reversibly (for example,
by means of an equilibrium box). If we have the final volume
equal to the original volume, then the maximum work obtained
(equal to the decrease in free energy) will be given by the follow-
ing expression:
(F\ = Fo)r.v= RT log K, — RT 3% log p,
= RT log K. — RT Y» logc, (36)
= RT log K, — RT 2"1 log x,.

The detailed deduction of the results in equation (36) may be
left to the reader. From equation (31) it may casily be shown
that, in general, for ideal gases,

(@ — ®)r,v = (Fr = Fa)r,y — 2 nRT. (37)

If (F, — F,)r,v is zero, the system is in equilibrium at constant
temperature and volume. If it is positive, a chemical change will
occur, increasing the quantity of the products; if it is negative,
the reverse change will take place. We shall therefore call
(F, — F;)r, v the affinity of a process at constant temperature and
volume and represent it by the symbol 4,.

The condition of equilibrium, §F = o or (F; — Fy)r,v = 0, can
most readily be applied in the case of reactions among gases
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where it is a simple matter to maintain the volume constant.
When reactions in which solids or liquids take part are under
consideration, it is preferable to use the criterion 6& = o for
equilibrium at constant temperature and pressure, although even
in these cases, on account of the small volume changes, when the
condition 6® = o is satisfied, the condition §F = o is also prac-
tically fulfilled.

Chemical Affinity

We shall not consider it necessary to dwell on the historical
development of the ideas connected with the term chemical
affinity.” From the point of view of atomistics, chemical affinity
has to do with the various forces acting between the atoms and
molecules of the substances concerned in a given chemical change.
Our knowledge of these forces is at present too inaccurate and too
incomplete for us to be able to attack the problem from this
point of view. Thus if we have molecules of hydrogen, oxygen
and water in a given space, there are doubtless forces between the
various atoms in each kind of molecule, between the atoms in
different molecules and between the various molecules. Some at
least of these forces depend on the temperature which would for
example determine the average distance apart of the atoms in a
given kind of molecule. A complete knowledge of all these forces
might enable one to predict the direction of chemical change and
the final state of equilibrium, but evidently we are far from pos-
sessing such a detailed knowledge. Now, quite apart from all
hypothetical views as to the atomic and molecular constitution
of matter, we have deduced, on the basis of the two laws of ther-
modynamics, certain functions the values of which determine the
direction of chemical changes and the state of equilibrium. Thus
we found that for processes at constant temperature and pressure,
the value of the function 4 = (&, — &)z, and for isothermal
processes at constant volume, the value of the function 4, =
(Fy — F3)z, v determine the direction of any chemical change. We
are therefore justified in considering these functions as quantita-
tive measures of the chemical affinities which are active in any
chemical change, even though the exact nature of these affinities
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is unknown. It must be borne in mind that we shall not speak
of the affinity of one substance for another, but of the affinity of
a certain process. Thus we shall not speak of the affinity of
hydrogen for oxygen but of the affinity of the process in which
hydrogen and oxygen unite to form water, for the direction of the
process depends not only on the concentrations of the hydrogen
and of the oxygen but also on the concentration of the water vapor.

Our method of defining the affinity of a process is in its
essentials due to van’t Hoff. If a reaction is supposed to proceed
isothermally at constant volume, the affinity of the process 4,
is equal to the loss in free energy and therefore to the maximum
work obtainable. For anisothermal process at constant pressure,
the affinity 4 is equal to the decrease in the thermodynamic
potential and therefore equal to the maximum work obtainable
minus the purely mechanical work represented by the term
p (V2 — V1) where p is the constant pressure and V, and V, are
the initial and final volumes.

Equilibrium Constant and Temperature
According to equation (30), we have
A=A4,= (2 — ®)r,, = RTlog K, — RT Smlog p. (38
From this we easily deduce by differentiation,
dA A dlog K
(d_f), =7 tRT dgzr‘ 2. (39)
Comparing (39) with equation (57) (Chap. IX) we obtain
dlog K H
ar = RN (40)
Similarly from equation (36), we have
A, = (Fy = Fa)r,v = RT log K. — RT Yn log c,,
and by differentiation at constant volume, since ¢, ¢, etc., re-

main constant,
4.\ _ 4, dlog K.,
(7). = 7 + R0 2% (42)
Comparing (41) with equation (56) of Chap. IX, we obtain
dlog K. _  H, .
dr R 42)




Cu. XV EQUILIBRIUM CONSTANT, HEAT OF REACTION 259

It is usually advisable to use the equilibrium constants K, or
K. rather than K, for the former are functions of the temper-
ature only, whereas K. is dependent on both temperature and
pressure.

Equilibrium Constant and Heat of Reaction

From equation (40) or (42) we obtain on integration

H I
log X = ﬁ ~JRT
f G = Cz) dT + const., (43)

where C; is the heat capacity of the initial system and C; that of
the products (see equation (33), Chap. VI). In equation (43),
when the equilibrium constant is K., H stands for H, and C, and
C, for the heat capacities at constant volume; when the equi-
librium constant is K, then H stands for H, and C; and C; for
the heat capacities at constant pressure. If K; and K, are the
equilibrium constants at the absolute temperatures T and T,
then equation (43) becomes

K, H, _ﬂ_fT'Cl—Cz
log & = Ry “RT, Jr, ET 9% (49)
For the case in which H can be considered as constant over the

temperature interval from T to T (and this means that C; — C;
is zero or negligible) we have the following result:

Ky _H(T\—T)
K, RT\T:

We can thercfore express the heat of reaction according to (40)
or (42) in the form

H = —RT*?

log (45)

dlogK’

T (46)

or integrated in the form

RT\T, log

H_T - T

K2 =2 (H = constant). (47)
1
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Expressing H in calories and using ordinary logarithms, we
have ‘

g, = 4514 IhT, logo (Kp)‘z’
o neh )
H, = 4.514 LT logio (Kc)2'
T, -1, (Ko)t

Dissociation of Hydrogen Iodide

Let us apply our formulas to the homogeneous gaseous reaction,
2 HI 2 H, + L, studied by Lemoine,* and later by Bodenstein.f
In this reaction, written in the form —2HI 4+ H, + I, = o, we
see that 2"1 = o and hence according to equations (19) and (20)
K. =K. = K,. We shall therefore represent the equilibrium
constant by K. K in this case is evidently a pure number, its
value being independent of the units in which concentrations or
partial pressures are expressed. In Tables XVI and XVII, the
equilibrium concentrations of HI, H, and I, are expressed as cubic
centimeters of the particular gas reduced to o° C. and 760 mm.
Since the reaction takes place isothermally without change in
volume, the particular volume or pressurc at which the reaction
is investigated is without effect on the final state of equilibrium;
the equilibrium constant is therefore given by the product of the
quantities of H, and I, divided by the square of that of HI.

TABLE XVI. Temp. = 357°C.

Izin cc. Hjin cc. HI in cc. K

0.10 4.14 4.98 o o167

0.93 1.4 9.55 o o147

4.46 0.47 11 88 o o148 | Average value of
19.95 0.14 12.54 o.0178[ K = o.o1494
17.73 0.13 12.17 o.o156| (Bodenstein)
15.93 0.15 12 71 o 0148

* Ann. de chimie et de phys. [5],12, 145 (1877).
T Zeit. fiir phys. Chem., 18, 56 (1893); 22, 1 (1897); 29, 295 (1899).
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TABLE XVII. Temp. = 448° C.

I, H, HI K
o 12 5.28 5.64 ©.0199
0.58 3.19 9-49 © 0195
2.53 1.33 13 47 o oi8s Avlgrigi‘glgl;id
6 97 o 65 14 93 © 02931 (Bodenstein)
19.76 o 25 15 54 o 0205
25.40 o 19 15 40 © 0204

The cquilibrium state in reactions such as the foregoing is
often described in terms of the fraction of the original substance
or substances transformed. Thus if « represents the fraction of
HI which has broken up into H; and I, @ and K are connected in
this case by the relation
2

K=—% _.

4 (1 —a)

The heat effect of the reaction 2 HI & H, + I, can be calculated
by means of equation (48), assuming that H is constant through-

out the interval 357° C. to 448° C. We thus obtain

H = 4574 X 630 X 721 log (M‘l) = —2810 cal.
—91 0.01404

(49)

Dissociation of Nitrogen Tetroxide

The equation for this reaction is NyO, = 2 NO: or —N;O,
+ 2 NO, = o, whence » = —1 and » = 2 and 2"‘ =1. Ifwe
suppose that we had originally one mole of N:O; in V liters
and if « is the fraction dissociated, then

()
_A\V) __ac* _[NOJ
G—aw —aoV [NOj°
4
If p, and p. are the partial pressures of N:O, and NO; at equilib-
rium and if p is the total pressure, then evidently pV = (1 + )
RT; pV = (1 — a)RT; .V = 2 aRT. Hence the value of K,
is given by the expressions,
_p? _ 4&RT

K, = - = K.RT = 14—_‘_1% (see equation (20)).

K.
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The value of « can be calculated. from determinations of the den-
sity of the equilibrium mixture. For if d, is the density which
the gas would have if no dissociation had taken place and if d is
the observed density, then

d_1te or a=d°—d- (50)

d I d

And in general if one molecule dissociates into # molecules
do dy — d

E=1+(n—1)a or a=a~_—_—;ﬁ- (51)
Applying equation (50) to the case of N,O,, we have
4(M)2p -
" K, = d _ 4(do = d)’p (52)
v (do - d)z do(2 d — do)
TT\d

Evidently, instead of the actual densities, we may let dy and d
stand for the specific gravity with reference to any standard. In
Table XVIII the numbers in the column headed d give the
specific gravity compared with air at the same temperature and
pressure. At 49.7° C., d; is evidently equal to the molecular

weight of undissociated N»O, divided by the (average) molec-
92.02

28.95
pressed in atmospheres.

ular weight of air, or = 3.179. The value of K, is ex-

TABLE XVIIL % =49:7° N,0.=2NO,

do=3.179
$ (mm.) d (air = 1) @ Kp (atmospheres)
93.75 1.788 0.777 0.752
182.69 1.894 o 678 o 818
497.75 2.144 0.483 0.797

If a molecule of a substance dissociates into two unlike mole-
cules (as for example in the reaction PCl; 2 PCl; 4 Cl) and if &
is the degree of dissociation (it being assumed that one started
with pure PCl;), then in this case
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Kc = [PCIs] X [C12] - o’ _ aZP
[PCL] (t1—a)V (—o)RT
K, = pray, X poi _ a?RT atp

PPCI. (I —a)V= I—az.
The formulas containing « can be used only when the quantities
of PCl; and Cl; are equivalent, the others are perfectly general.

Dissociation of Water Vapor (2 H,O =22 H; + 0,)

Confining our attention to the case in which the hydrogen and
oxygen are present in chemically equivalent quantities and let-
ting o equal the fraction of water dissociated, and p the total
pressure, then

tro=(=—=\p tu=[——]2
I+~ 142
2 2

2 «p and K, = P

I—I—g 2(I—a)2(1+§)

Since even at rather high temperatures « is small compared with

o, =

unity, we may write K, = '3321 At any given temperature the

degree of dissociation is therefore inversely proportional to the
cube root of the total pressure. We shall return later to a study
ot this reaction.

Reactions in Heterogeneous Systems

If in addition to a gaseous phase, other phases of constant
composition are present in the reacting system, the relations we
have deduced are still applicable without appreciable change.
Thus if a reaction is supposed to take place between various gases
and a solid, we may imagine that the reaction in reality occurs
between the gases and the vapor of the solid. The vapor pres-
sure of the solid will be constant at all stages of the reaction. To
fix our ideas, we may consider the reaction NH,HS & NH; + H,S
where NH,HS is a solid and at the temperature T has the vapor
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pressure p.. In any mixture let p, and p, be the partial pressures
of NH; and H.S respectively and in any equilibrium state let us
represent the pressures by pi., p2. and in the case of NH,HS by
ps. In analogy with equation (27), the total increase in the ther-
modynamic potential when one mole of NH,HS at the pressure
$s changes isothermally and at constant total pressure into one
mole of NH; and one mole of HsS is
®, — & = RT log Egj_ RT log 21.;)1’_25, (53)
or the affinity of the process 4 at constant pressure is given
by the following relation (since p, cancels out).
A = & — & = RT log K, — RT log (p:p2), (54)

where K, = prepae = pnm, X pus. We have therefore the fol-
lowing rule: if a solid (or liquid) of unchanging composition
takes part in a gaseous reaction, the affinity 4 and the equi-
librium constants K, and K, are calculated in the usual manner,
taking only the gaseous substances into consideration. The
student can easily convince himself that equation (30), viz.:
A = (& — &)1, = RT log Kp — RT v log p1, will be un-
changed if a solid is supposed to take part in the reaction, for if
»s is the number of moles of the solid which react and if p; is the
vapor pressure of the solid, the quantity », log p, will be added
to log K, and also to Z”l log #; and the value of A will be
unaltered.

Examples of Heterogeneous Reactions

As the simplest example of a heterogeneous reaction, we may
take the equilibrium between a solid or liquid and the vapor of
the substance. Consider for example the equation, H.O (liquid)
2 H,0 (gas). If p, is the pressure of water vapor in equilibrium
with liquid water at the temperature T', we have

K,=p; A =RTlogK,— RT log p
or
A = RT log ps — RT log p,
if p is the pressure of water vapor. We see that 4 is positive if
p < ps, zero if p = p, and negative if p > p, and from these re-
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sults we can predict whether in any given case water will vaporize
or water vapor condense.
According to equation (40),

dlogK, dlogp. _ _ Hy

aT diT ~  RT

and since —H, = L (the latent heat of vaporization) we have

_ . d log p,
L = RT? i

the form which the Clausius-Clapeyron equation takes when we
assume water vapor to be an ideal gas and neglect the volume
of the liquid, (see equation (31), Chap. X). '

)

Formation of Hydrated Salts

We shall take as a typical example the process represented by
the equation

CuSO; - 3 H:O + 2 H:O 22 CuSO; - 5 H:0.
If p. is the pressure of the water vapor at equilibrium, then

K, = 51—2 - If in a certain vessel we have the two hydrated salts

and either ice or water (the water not in contact with the salts)
and if the vapor pressure of the ice or pure water be represented
by po, then the affinity of the reaction represented by the above
equation (since 2"1 = —2)is

A = RT log K, — RT X,» log py = RT log - + RT log p.

D
The heat of the reaction H is
d log L
_ dlog K, pé dlog p..
H, = —RT? —aF = RT2——dT = 2 RT T

If we refer all quantities to a reaction in which one mole only of
water or of ice reacts, then

_ Po _ dlog p.,
A = RT log ’ and H, = RT*—2F (55)
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In Table XIX are given the affinities and heats of reaction in
processes in which one mole of ice reacts with a salt ato® C.
The calculations are due to Schottky.* The values of H, are
derived from Thomsen’s thermochemical data.

TABLE XIX. Ice + Salt at o°C.

: H mole e
Reacion gt At
CuSO4 3 H:O4+2HO.oovvvoeenoee 1190 840
ZInSOq« H,O+sHO .................. 554 480
MnSO4- HO+4HO o oooienanaaes. 336 359
FeSO, 'H O+ H,O.oviiiiiialt 200 275
CuSOq+HzO.ooooooiiiiin i Ll 4860 2350

Dissociation of Limestone, CaCO; == CaO - CO,

If p. is the pressure of COe in equilibrium with CaCO; and CaO,
then K, = p,and H,, the heat evolved in the dissociation of one
mole of CaCOs, is given by equation (48). In Table XX we give
the dissociation pressures of CaCO; as measured by Johnston §
and the values of H, calculated by means of equation (48).

TABLE XX. CaCO; 2 CaO + CO,

t° T ? (n"xm. Hg) —Hp (calc.) —Hp (observed)

671 944 13.5 e .

711 984 32.7 40,800 43,000 cal. at ordi-
748 1021 70 © 41,100 nary temperature
819 1092 235.0 37,800 (Thomsen)

804 1167 716.0 37,600

Evidently the affinity of this reaction is given by the equation
A = RT log » °if p is the initial pressure of CO,. If p is greater

than p., the affinity is negative and therefore CO, will combine
with CaO to form CaCOs.
Let us finally consider the homogeneous gaseous reaction
H, + CO: 22 H;0 + CO. In this case since 3» = o, K, = K.
* Zeit. f. phys. Chem. 64, 422 (19o8).
t J. Amer. Chem. Soc., 82, 938 (1910).
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= K, = K. At 886° C., the value of K is 1.197. What will
happen if we mix one mole of each of the four substances at
886° C.? Evidently no matter what the total volume or pressure
may be, Evl log p1 is equal to zero, and therefore we have

A = RT log K = RT log, 1.197 = 414 cal.

Since A4 is positive, the reaction will proceed, as written, from
left to right until equilibrium is reached.

PROBLEMS

1. At 448° C., the degree of dissociation of HI is 0.2198. Calculate K,
and Kp. If previous to dissociation, the system contained 1 mole of HI at
1 almosphere, and if the pressure is kept constant, calculate the partial
pressurcs of HI, H, and I, at cquilibrium.

2. If 0.05 mole of HI, 0.02 mole of I, and o.or mole of H, arc brought
together at 357° C. into a total space of 4 liters, calculate the composition
of the equilibrium mixture in moles, mole fractions, concentrations and
partial pressures, assuming K, = 0.01494 (Bodenstein).

3. If 0.05 mole of H;and o.or mole of I, are brought together at 448°C,
what fraction of the original iodine will exist as HI? (Use equilibrium con-
stant from problem 1.)

4. PCl; dissociates according to the equation PC15<—- PCl; + Cl,. The
degree of dissociation at atmospheric pressure is 0.485 at 200° C. and o.800
at 250° C. Calculate the mole fractions, concentrations, and partial pres-
sures at equilibrium and the values of Kz, K. and Kp at each temperature,

6. From the data in problem 4, calculate the heat of dissociation of
PCl; at constant volume and at constant pressure, over the temperature
range 200°—250° C.

6. Solid ammonium hydrosulphide dissociates according to the equation

NH,HS = NH; + H,S, and the vapor phase contains practically no
sohd
NH,HS. At 10.1°C. and at 25.1° C., the dissociation pressures are 184

and sor mm. respectively. Calculate K and Kp at each temperature. Cal-
culate the heat of sublimation of 1 mole of NH,HS at constant pressure
at an average temperature of 17.6° C. Calculate the change in energy ac-
companying the sublimation.

7. Into a liter vessel at 25.1° C. are put o.o5 mole of NH; and o.04
mole of H,S. What will be the final partial pressures, the total pressure
and what amount of solid NHHS will be formed? (Find Kp from prob-
lem 6.)

8. If K: and K, are the equilibrium constants at the temperature T for
the two reactions 2 CO; = 2 CO + O; and 2 H,O = 2 H; + O: respectively,
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find the value of K, the equilibrium constant at the temperature T for the
reaction H; + CO, = H,0 4 CO.

9. For the reaction 2 SOs= 2 SO: + O, the values of K, at a number
of temperatures are: 627° C., 0.000316; 727° C., 0.00354; 832° C., 0.0280.
Calculate the values of Kp for cach temperature. Also calculate the heat
of the reaction for the intervals 627°-727° and 727°-832°.

10. From the data in problem ¢ calculate the values of K; and Ajp at

the temperatures, 500° C. and 1000° C. What fraction of SO, will be dis-
sociated at cach of the temperatures, 500, 627, 727, 832 and 1000° C., the
total pressure being 1 atmosphere?
" 11, Assuming air to be 79 per cent N, and 21 per cent O, by volume,
what per cent of SO, will be transformed into SOs if equal volumes of SO,
and air are mixed at 627° C. under a total pressure of 1 atmosphere?
(See problem g.)

12. At 21.5° C. and a pressure of 59.7 mm., the degree of dissociation of
N.O, is 0.483. Find K, and Kp. Calculate the volume occupied by one
(original) mole of N;O,. At what pressure will the degree of dissociation
be o.1?

13. A mixture containing 49 per cent of HCl and 51 per cent O, by volume
was heated at a constant pressure of 723 mm. to 480° C. At equilibrium
76 per cent of the HCl had becn transformed according to the equation
4HCI + O; =2 2 Cl; + 2 H;0. Find the values of K, and Kp (pressures
in atmospheres).

14. Calculate the composition of the equilibrium mixture obtained at
48¢° C. and 720 mm., starting with a mixture which is 25 per cent HCI and
45 per cent O; by volume (sce problem 13).

16. If CO, at 1000° and t atmosphere, is dissociated to the extent of
0.003 per cent, find the value of K.

16. If oxygen is passed through carbon at 1000° we shall have present,
C, CO, and CO; and a small amount of oxygen. If at a total pressure of
1 atmosphere, the gaseous mixture is 99.3 per cent CO and o.7 per cent
CO, find the partial pressure of the oxygen present. Determine also the
equilibrium constant of the reaction C 4 CO;& 2 CO (sec problem 153).
Ans. po, = 6.71 X 1071 atmosphere.

17. From the data of problem 16 calculate the composition at 1000° C.
and a total pressure of 1 atmosphere, of the gaseous mixture obtained by a
reaction between carbon and air, if the equilibrium mixture is 6o per cent
nitrogen by volume.

18. From the data of problems 15 and 16 determine Kj at 1000° C. for
the reaction 2 C+0: < 2 CO.

19. From the data of problems 15 and 16, calculate the affinity of the
process in which 1 mole of oxygen at 1 atmosphere and rooc® C. is isotherm-
ally combined with carbon to form CO, at 1 atmosphere.



CHAPTER XVI
CHEMICAL EQUILIBRIUM IN LIQUID SOLUTIONS

If a phase consists of No, N1, N, -+ - - moles of various con-
stituents, we may rewrite equation (16) of Chapter XI in the
following form:

® = Nopo + Nps + Nopz + - - - Npppe (1)

In this equation, & is the total thermodynamic potential of the
phase and wo, u1 - - - represent the chemical potentials per mole
(or partial molal thermodynamic potentials) of the various con-
stituents. Evidently the chemical potential per mole of any
constituent is defined by the equation:

_ (@:) (2)
b= le T,p,No, Nay . o ?

The subscript zero will in general indicate the solvent.

Thermodynamic Properties of Very Dilute Solutions

Let us suppose that we are considering an aqueous solution
so dilute that we may write

U= Naw+ 2Nws; V =Nao+ 2Nwm 3)

where %o, %1, %, %1, €tc., are functions of 7" and p but independent
of the mole numbers Ny, Ny, etc. Then #, and v are the energy
and volume respectively of one mole of pure water. If the
dilute solution undergoes any infinitesimal change without
change in the mole numbers, we have

dU = No duo + ZNldul,
dV = No d?)o + ZNI di)l.
Hence we obtain the relation

dU + pdV _ No(d'uo + P d?)o) + le(dul + Pd?h) .
T - T T
269

as =
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If we write ds, = ‘iu—g——l-T&d—vP, ds, = ‘-121——%:& , etc., and inte-
grate, we obtain for the total entropy of the phase,
S = Noso + 2Nis1 + &, (4)

where & is independent of T and p but is a function of the mole
numbers. Let us now imagine that by appropriate changes in
T and p our liquid phase is converted by a reversible process
into a dilute gas phase without change in the mole numbers.
The entropy of the gas phase is given by equation (15), Chapter
VIII. Since the mole numbers have not changed in the im-
agined process, we find the following value for & of equation (4),
viz.:

= —R EN;' log, x;. (s)
0

Thus the total entropy of our dilute solution is given by the
expression:

S = No(so — Rlog, x0) + ENl(sl — Rlog, x1). (6)
If we introduce a function, ¢, defined by the equation
¢ =u—Ts+ pr, ()

we readily obtain the following relation for the total thermody-
namic potential of a very dilute solution, viz.:

® = No(¢o + RT log, %) + 2 Ni(¢: + RT log, x,). (8)

It is to be observed that ¢o, ¢, etc., are functions of T and p
only. By comparison with equation (1) or (2), it is seen that
the chemical potential of any constituent of a very dilute liquid
solution is given by the equation

um = ¢é1 + RT log, x:. (9)

If we compare the equations of this section with those ob-
tained for ideal gas mixtures (for example, equations (5) and
(6) of Chap. XV), we find that, in a very dilute solution, the

chemical potential of any constituent is the same function of
the composition as in an ideal gas mixture. Solutions for which
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this is true may be called ideal solutions. Accordingly, many
of the thermodynamic results obtained for ideal gas mixtures
may be applied without change to ideal solutions. Thus the
expressions for the equilibrium constant of a reversible chemical
reaction in an ideal liquid solution will be identical with those
obtained for reactions in an ideal gas mixture. (See the set of
equations (22) in Chap. XV.)

Activity and Activity-Coefficient

Since ideal gases and ideal solutions are never met with and
since actual solutions and gases are frequently far from ideal,
it has been found useful to introduce certain functions which
tell us, among other things, how far the behavior of a certain
substance or system departs from that characterized as ideal.
A function called the activity has been proposed by G. N. Lewis.
The activity, a, of any constituent of a solution or gas mixture,
we shall define by either of the following equations:

w = ¢1 + RT log. a1, (10)
du, = RT dlog, a, (T and p constant). (11)

Comparing equation (10) with equation (g), we observe that
the activity of a constituent of an ideal gas mixture or of an ideal
solution is proportional to its mole-fraction. It is evident that
any function proportional to the activity can be put in place of
a and still satisfy equations (10) and (11). Hence some addi-
tional specification is necessary before we can express the ac-
tivity numerically. This specification may be made in different
ways, depending on the nature of the problem. For example,
in studying the activity of water in aqueous solutions, we may
arbitrarily set the activity of pure water at the same tempera-
ture and pressure equal to unity. As regards other constitu-
ents of the solution we make use of the fundamental assumption
that the behavior of a substance becomes ideal as its concentra-
tion approaches zero. Our additional specification may then
take one of the following forms: the activity of a substance is
set equal to (a) its mole-fraction, (b) its concentration, or (¢) its
partial pressure (for gaseous systems), as the concentration of
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the substance approaches zero. Corresponding to these three
possibilities, the activity-coefficient, v, of any constituent is
defined, according to circumstances, by one of the three equations:

a; a, ay ( )
= — 3 = — = — 12
Y1 %X PR 41 ¢ s Y1 Pl

Affinity and Equilibrium Constant

Let us suppose that in a certain system the reaction repre-
sented by the chemical equation

vdi+wds+vds + ... =0 (13)

can occur (see equation (8), Chap. XV), and let us also suppose
that in an infinite amount of this system, a chemical reaction
takes place isothermally and at constant pressure to the extent
represented by equation (r3). According to equations (1) and
(2), the corresponding increase in the thermodynamic potential
is equal to 2”1#1. Thus the affinity, A, of this isothermal
process (see Chap. XV) is given by the expression

4 = - zl’lﬂl = ‘21’1([)1 — RT Zvl IOge 1. (14)

If the system happens to be in equilibrium, the chemical change
we have imagined will not be accompanied by any change in the
total thermodynamic potential (see equation (33), Chap. IX).
Hence, characterizing the state of chemical equilibrium, we have
the relations:

4 = “‘21’1“; = 0
Z”l log, a —E;@L AT, p) =

Equation (15) defines K, the equilibrium constant. We may
distinguish three equilibrium constants if we introduce into
equation (15) activity-coefficients as defined by equation (12).
Thus we obtain

log, K, = 21'1 log, %+ 21'1 log, v1,
log, K, = zvl log, p1 + El‘l log. 11,
log. K, = 2”1 log. ¢ + 2”1 log. v1. (16)

]

log, K (15)
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These expressions may be compared with those given in Chap.
XV.

The affinity of an isothermal process is given by equation (14)
which may be transformed into the expression

A = RT log, K, — RT 21}1 log, x, — RT 21’1 log, v (17)

It is sometimes convenient to speak of the standard afinity.
A", of a process, by which we mean the affinity of a process
in a system in which every reacting substance has unit ac-

tivity. With this understanding, we obtain the important
equation

A0 = RT log, K. (18)
Heat of Reaction and Equilibrium Constant

The general relation, 4 = 0, + T (Z‘;{) (see equation (57),
Chap. IX), may be written
A
d(T)

H,= —T?—~ T (19)
Hence we obtain from equation (17) the expression

dlog, . '
H, = —R*—— og * + RT? Ev;(d log 7‘) , (20)

in which H, is the heat of reaction in a system in which the
rcacting substances have the activity-coefficients vi, 7., etc.
If we carry out the same process in a system which is so dilute
that we can assign unit activity-coefficient to each reacting
substance, we may call the heat of this reaction the ‘‘ standard
heat of reaction,” H,'. Evidently the value of H,’ is given by
the following equation:

Hy = —Rrﬂ‘il—g’%{{. (21)
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Effect of Change of Temperature on Activity and Activity-
Coefficient

Let us consider a solution whose composition is independent
of the temperature. Let the activity, the activity-coefficient,
and the mole-fraction of any constituent of this solution be
represented by a, v, and x, respectively. Consider another
solution which differs from the first one in that the mole-fraction,
%o, of the given constituent is so small that we may set its ac-
tivity equal to x, and its activity-coefficient therefore equal to
unity. Considering the chemical potential of the constituent
in the two solutions, we obtain, using equation (10),

M~ po a x
T = Rlog.,:)?0 = Rlog,;c—0 + Rlog, v. (22)

Differentiating with respect to the temperature, the composition
remaining unchanged, we obtain

(d log, a) B <d log. ’y) _ (w4 p) — w+ po) (23)
ar ).~\ar )= RT? B

In most cases, the quantity (pv — pu) is negligibly small, so
that it is permitted to write

dlog,a\ (dlog. v U= Uy
( dT ),,‘( dT ),,‘ ~ RT® (24)

We see from these results that the activity-coefficient of a con-
stituent of a solution varies appreciably with the temperature
only when its energy in the solution under consideration differs
appreciably from its energy in very dilute solution. This
happens to be the case with jonic constituents of aqueous solu-
tions. Even here, however, the temperature-variation of log v
is in general not large, so that as a first approximation it is always

allowable to consider H, as equal to H,". (See equations (20)
and (21).)
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Solutions not Infinitely Dilute -

Although the results obtained in the preceding section are
perfectly general, it will be useful to discuss the thermodynamics
of solutions from a somewhat different point of view. We have
characterized ideal solutions by means of the equations, U =

Nouo + leul, and V = New, + Zval, and have arrived
at values of the entropy and of the thermodynamic potential

given by equations (6) and (8). Let us write, for actual solu-
tions, the following set of equations:

U=U, + Notto + 2Ny, (25)
V =V.+ Naw + 2N, (26)
S =S, + No(so — Rlog, xo) + ENl(sl — Rlog, x,), (27)
® = &, + No(¢o + RT log, x,) + 2N1(¢, + RT log, x,). (28)

The functions with the subscript “¢” depend on T, p and the
mole-numbers and become zero in an infinitely dilute or ideal
solution. Evidently in equations (25) and (26), w0, u, etc., and
%, 71, etc., denote energies and molar volumes in an infinitely
dilute solution. We shall therefore represent by #, v and s, the
energy, molar volume and entropy to be assigned to any con-
stituent of the solution. These functions for any constituent
satisfy the equations

- _oU _ 3V _ a5 (20)
M=oN M T AN TN, 29

The chemical potential is still defined by equation (2). If we
also define uy,, v1, $1. and u;, by the equations

oU v e s
ulc‘—aNl, vlc—ale Sle—ale Mla"aNl 30

we readily obtain

U=t + te; 01 =0 +v%; 5 =35 — Rlog x + su;
m = ¢ + RT log, 21 + wi.. (31)
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Since &, = U, — TS, + pV., it follows that

- _TJ‘(U + pV) (32)

Also, a comparison of equation (31) with equations (ro) and
(12) shows that there is the following relation:

Mle

log. v: = RT (33)
. dloge v\ f(met P\ _ (o —w) + plo — vl)
Since ( aT )x— < RT: )— RT?

we have arrived at a result identical with equation (23). It is
a fact derived from experimental work that the term V, is usually
negligibly small, even for aqueous solutions containing as much
as one mole of a salt per liter. We shall suppose that this
condition is satisfied in the case of all solutions to be considered.
It therefore follows that if we can find for any solution an expres-
sion for U, as a function of 7" and the mole numbers, we can
calculate ®, by equation (32), the chemical potentials of all
constituents by equations (30) and (31), and the activity-
coefficients of all constituents by equation (33). One can
therefore readily judge the great importance of some recent work
of Debye in which this investigator has calculated the value of
U, for a whole class of solutions, viz., aqueous solutions of
electrolytes.

Heat of Dilution

The addition of water to an aqueous solution will in general
bring about chemical changes, including hydration, dissociation,
etc. These chemical changes may be defined as changes in the
mole-numbers, N;, Na, etc. Assuming that V. is negligibly
small, the differential heat of dilution per mole of water is given
by the equation

dU, dN,
H. = _(m)r,p B Zul(dN o)r.p'
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The heat evolved on addition of an infinite amount of water

to the solution will equal U, — j:v Eul%dNo. If the process
o 0

of dilution is not accompanied by changes in the mole-numbers,

i.c., if chemical changes, including hydration and dissociation,
do not occur, then we have

daU,
H = —(dIVr))T,p'

Heat of dilution with infinite amount of solvent = U,

As an introduction to the theory of Debye, it may be of
interest to sketch briefly the development of views as to the
ionization of electrolytes since the year 1887.

Theory of Ionization

The main points in the Arrhenius Theory of Ionization are
well known, but it may be useful to consider the assumptions
underlying the application of this theory. The degree of dis-
sociation of an electrolyte is deduced according to this theory
in two distinct ways: firstly, from the values of the osmotic
pressure, freezing-point lowering, boiling-point elevation; sec-
ondly, from the values of the molecular electrical conductance.
Underlying the application of the first method is the assump-
tion that the mutual potential (clectrostatic) energy of the
ions in a solution is zero. This would correspond to an ab-
solutely random distribution of the ions in a solution, similar
to the distribution of the uncharged molecules in a solution or
a gas. At the basis of the second method is the assumption
that the mobility of an ion is independent of its concentration
and the concentration of the other ions; in other words, that its
mobility is not affected by inter-ionic forces. The belief has
been growing in recent years that neither of these assumptions
is valid and that therefore both methods are incompetent to
give us exact information as to degrees of dissociation. In fact,
the view has been put forward that strong electrolytes are



278 CHEMICAL EQUILIBRIUM IN LIQUID SOLUTIONS Cm. XVI

virtually completely ionized even up to moderately high con-
centrations.® Before the effect of inter-ionic forces can be
taken into account, it is of course necessary to obtain an exact
or approximately exact expression for the mutual electrostatic
energy. Credit must be given to Milner for being the first to
attack this problem in a satisfactory manner. In the method
he adopted, he encountered serious mathematical difficulties,
but his results furnished a considerable amount of evidence in
favor of the view that one may consider strong electrolytes to be
completely dissociated. On the other hand, it must be asserted
that the calculations of Ghosh are theoretically unsound. It
remained for Debye and Hiickelt to find a method of calculating
the mutual electrostatic energy of an ionic solution, which we
must consider to rest on a sound basis and which leads to a highly
satisfactory solution of the problem. The theory of Debye is
by no means complete, but even in its present form it seems
destined to be of great usefulness in the study of aqueous solu-
tions. The details of the mathematical and physical methods
employed by Debye must be sought in the original articles.
We must be content here with a statement of the assumptions
tacitly or openly made, the results obtained, and the applica-
tions that can be made. The student should consult papers on
this subject by A. A. Noyes,} Scatchard§ and Debye and Paul-

ing.||

* Sutherland, Phil. Mag. [6], 8, 161 (1902); T, 1 (1906).
A. A. Noyes, Jour. Chem. Soc., 30, 351 (1908).
G. N. Lewis, Z. physik. Chemie, 70, 212 (1909).
Bjerrum, Proc. VII Intern. Cong. App. Chem. (Londgg) 1909.
Z. fiir Elektrochemie, 24, 321 (1918). '
Milner, Phil. Mag. [6], 28, 551 (1912); 2B, 742 (1913)
Ghosh, J. Chem. Soc., 113, 149, 627, 790 (1018).

t Physik. Zeitschrift, 24, 185, 305 (1923).
Rec. trav. chim. des Pays-Bas., Vol. 42, 507 (1923).

1 Jour. Amer. Chem. Soc., 46, 1080; 47, 2122 (1925).

§ Ibid., 47, 2098 (1925).

|| Ibid., 47, 2199 (1925).
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Theory of Debye and Hiickel

For the mutual potential energy of the ions in a solution,
Debye and Hiickel arrive at the expression

Ae N,S,‘2

Ug = - ;_E I+ Kb; (34)

where

s - 41I'621'1222V,'3,'2 . ( )
1000 DRTV 35

K

In cquations (34) and (35), the symhols have the following
significance: U, is the energy in ergs; A is Avogadro’s number
(6.061 X 10%); N; is the number of gram-ions of the 7th kind
of valence z;; e is the charge on a univalent positive ion (4.774 X
10 ®e.s.u.); D is the dielectric constant of water at the absolute
temperature T'; V is the volume of the solution in liters; R is
the gas constant per mole; and b represents the “ diameter ”’ of
an ion of the 7th kind. The meaning of b will be discussed more
fully presently. Debye adopts Drude’s* formula for the di-
electric constant, viz.: D = 88.23 — 0.4044 ¢ + 0.001035 2,
which gives 88.23, 81.29 and 78.77 at o° C., 18°C,, and 25° C,,
respectively. .

Although it is not defined very explicitly by Debye we may
interpret b; as follows: If ,, 7, - - - 7, represent the radii of the
different kinds of ions in a solution in such a way that r; + 7, is
the distance between the centers of ions of the first and nth
kind when they are in as close contact as is possible, and if
Ny, N2 - - - N, represent the number of ions of different kinds
in unit volume, then we may define the ionic diameters by the
equations:

b =1 +N17’1 + Nz + - - - Nora
Ni+ Nz + -+ - N,

b = +N17’1+N2’2+ <o Nty
=T TN TN+ - - - N,

* Ann. d. Physik, 69, 61 (1896).
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If there are but two kinds of ions present and if these have the
same valence, we obtain

ntrn_3ntn

bh=n+ > p ,
A

If, moreover, the two kinds of ions have equal radii, then b, =
b» = 27. In general, however, the ionic ‘‘ diameter” b; is a
complicated function of the radii of all the ions in the solution.

The function, —U,, may be interpreted as being equal to the
work required to move the ions until each ion is at an infinite
distance from every other ion. If we imagine this to occur by
dilution with solvent, there are two additional effects which
must be considered. First, since the ions are of finite size, the
removal of an ion from a given place to another requires that a
certain amount of solvent be transferred in the contrary sense.
In the second place, it should be observed that the electric in-
tensity in the neighborhood of a given ion is greater in dilute
than in more concentrated solutions, owing to the presence in the
immediate neighborhood of the ion of an excess of ions of opposite
sign. Water molecules will therefore be attracted more strongly
in dilute than in concentrated solutions and hence we may con-
clude that ions will be larger in dilute than in concentrated
solutions. In other words, dilution of a concentrated solution
is accompanied by an increase in the ‘“ hydration ” of the ions
and this may well be accompanied by an appreciable energy
change. It is therefore clear that the expression in equation
(34) will be accurate only if the two effects just discussed are
negligibly small. We must therefore confine our application of
the theory of Debye to solutions that are already so dilute that
addition of solvent is not accompanied by further hydration or
increase in the size of the ions. In applying the theory of
Debye to solutions of electrolytes, we are identifying the U, of
equation (34) with the U, of equation (25).*

* Objections have been raised by E. Q. .\dams (see Jour. Amer. Chem. Soc. 48,
621 (1926)) to this procedure and his objections are justified. Nevertheless, it
can be shown that the important equation (36) is still valid. Let us represent the
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We may now proceed to the evaluation of the function

U.dT

8= -7 [

From equations (34) and (35) we find:

A€
$, = — 3D EN,'Z,""X;, (36)
where x is a function of «b given by the equation
'.‘I 2
x =,;§7’1;.;(10ge (1 + «b) ~Kb+K2’)- (37)
n=0o0 ”3 (Kb)"
= 2 (-1) .
n=0 3+mn
For small values of «b, i.e., at low concentrations,
x =1 — 3xb.

We shall also introduce the function ¢ defined by the equation,

_dlx)
? dk

mutual potential electrostatic energy of equation (34) by the symhol 1I" Tet
P be the observed osmotic pressure of the aqueous solution and let P, be the osmotic
pressure which the solution would have if it were an ideal solution; i.e., if clectrical
forces due to the ions were absent. Define Pe by the equation P = P; + P..

17
Then it can be shown that W = f VdPe. TIrom this equation we find P, =

V=c

- 6:—1;)2’;’ ZNize; where V is expressed in em 3. Now IV represents the excess
thermodynamic potential of the actual solution under a pressure P 4 p over that
of the ideal solution under a pressure P; + p (where p is any arbitrary constant
pressure). Assuming the solution to be incompressible, we find that the ther-
modynamic potential of an actual solution is greater than that of the ideal solution
under the same pressure by W — PeV and hence we write & = W — P¢V. From
the value of W given by equation (34) and the value of Pe just found, we arrive at
a value of & which is identical with that given by equation (30). It may be added
that the correct expression for U, (in the thermodynamic sense) is given by the
equation U, =W (1 + g:zgl;. .
only if the temperature-coefficient of the dielectric constant were zero.

It is seen that U, and IV would be identical
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We find, accordingly,

o= ﬁ-s—[l-i—xb- _i b—210g¢(1+xb)]

-1 - 3fzb+3xgww

ey ,3 (4 1) (kb)”
3 (—on— (39)

i

It should be noted that the following simple relation exists:

S
2xto= 70 (39)

Modified Equations of Debye

The application of the theory of Debye to extremely dilute
solutions is a simple matter since under these circumstances the
functions 1 + «b, x and ¢ (see equations (35), (37) and (38))
become equal to unity. If we desire to apply the theory to
solutions of moderate concentrations we must retain these func-
tions of the jonic * diameters.” It would, however, be a task
of great difficulty in any given case to deal with the various
values of & which occur in the fundamental equations. It must
suffice for the present to introduce into these equations an aver-
age value of & (and hence of x and ¢), so that as a result we

may write equations (34) and (36) in the following modified
form:

Aexk
U= T 2D(1 + «b) EN'Z' : (40)
2
AHXZN&. (41)

Bearing in mind equations (30), (31), (33) and (38), we ob-
tain for the chemical potential per mole of water in the so-
lution,

A 62110':021\7 12:2

Mo = ¢o + RT log, xo cDvV (42)
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The last term in this equation may be simplified into

Ae?
BD 2t

For the chemical potential of any ion in the solution we have

Aexz,? 2 Y Nz
m = ¢ + RT log, x, — [2x+a(1——l—zl72—2— . (43)
1

6D

1)12;’\7,2;2
I’Zl2
will be very small compared with unity. Neglecting this term,
and making use of equation (39), we find

Even in solutions as concentrated as 1 M, the term

wm = ¢1 + RT log, x, — % . (44)
Applying equation (10) we obtain for the activity, a,, of an ion:
log, a; = log, 2, — L - ) (45)
2 DRT(1 + «b)
and for its activity-coefficient, a1,
2 2
log.vi = — ;‘D-gjeﬂ-(xl——zl_,_xb) (46)

Mean Activity-coefficient of an Electrolyte

Quite apart from any thggz' as to the degrec of ionization of
an electrolyte, it is sometimes convenient to make use of what
is called the mean activity-coefficient of an electrolyte in a solu-
tion. If one mole of an electrolyte on complete ionization
furnishes »; moles of an ion of valence z; and », moles of an ion
of valence s, then the activity-coefficient, v, of the electrolyte is
defined by the equation

(1 + ) logy = vlogy = v log v1 + »log . (a7)
y = (v
A. A. Noyes has recently* used the term activation-product
AP, defined by the equation

11
AP = v tiyy,

* Jour. Amer. Chem. Soc., 46, 1100 (1924).
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It is easy to see that the following relation exists between AP
and v:

%+ %
log (4P) = pysal &4 (48)
Ionic Strength

It will be convenient to use the term “ ionic strength,” intro-
duced by Lewis and Randall.* Representing the ionic strength
by S, its value is given by the equation

=“‘;‘V—=—”——' (49)

We may therefore rewrite the important equation (35) as
follows:
8 Te2A2S
2. 2T 2,
*" 7 1oco DRT (s0)

Activity-coefficients of Ions

Equation (46) gives the activity-coefficient of an ion on the
basis of the theory of Debye. It should be borne in mind that
in arriving at this equation, the theory of Debye was somewhat
simplified in that an average value of b was introduced into the
important equations. " Strictly speaking, in equation (46),
different values of b should be used for different ions in any
given solution. And the value to be used for any ion is not its
own diameter but some function of the diameters of all the ions
in the solution. To attempt to apply Debye’s Theory in its
most general form would lead to very complicated expressions.
We have, therefore, adopted a point of view which is intermedi-
ate between that of neglecting ionic diameters altogether and
that of taking into account all of the different values of b to be
assigned to the various ions in a given solution. With these
considerations in mind, we may make the following observations
in regard to ionic activity-coefficients on the basis of equations
(46) and (47). In any given solution, no matter how many
different kinds of ions are present, the activity-coefficient of an

* Jour. Amer. Chem. Soc., 43, 1140, (1921).
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ion is determined by its valence, the ionic strength, and a value
of the ionic diameter characteristic of this solution. Ions of the
same valence have the same activity-coefficient. In any given
solution, the activity-coefficient of an ion is equal to that of a

univalent ion raised to a power, the power being the square of
+
its valence. Thus in a solutlon containing both K and Mg,

the activity-coefficient of M g is equal to the fourth power of the
+
activity-coefficient of K. This relation does not necessarily

hold if the K+ and J-liz;; are in different solutions, even if these
are of equal ionic strengths.

In extremely dilute solutions, the term b vanishes in com-
parison with unity and we find that the activity-coefficient of
an ion is determined solely by its valence and the ionic strength.
We see in this the theoretical basis of the important rule enunci-
ated by Lewis and Randall.*

Having found in equation (46) an expression for the activity-
coefficient of an ion, we may substitute its value in equation
(47) and obtain a useful expression for v, the mean activity-
coefficient of an electrolyte.

Thus, on the basis of the simplified Debye theory, we have

] _ (1212 + w2?) A€k wA e (s1)
O8:Y =~ (0,1, 2DRT(1+ ) 2DRI(z + ) 5"

in which equation the symbol w is defined by the relation

w = 2t (s1a)
=5

On substituting the numerical values of 4, ¢, D, R, and T in
equations (46), (50) and (51), we obtain for o° C.,

k = 0.3241 X 108 St (52)
0.4854 %25

logio v = — 7 + 0.3241 X 10%S* (s22)
0.4854 wS*?

logoy = — I + 0.3241 X 10%S? (52b)

* Loc. cit.
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At 25° C., these equations become

k = 0.3283 X 1035} (53)
_ 0.5045 5,25}

logom = I + 0.3283 X 10%S* (530)
_ 0.5045 wS*

logm’y = I+ 0.3283 X 105t (53b)

It may be well to consider the error that will result if we neglect
the ionic diameters in these equations. For this purpose let us
assume an ionic diameter of about 3 X 107%® cm. A short
calculation shows that if we neglect the term containing b, the
value of v; so obtained will be 5 per cent too small if the ionic

. 0.0, .
strength, S, is as great as Tzi , and 10 per cent too small if the
2

0.08

ionic strength is Similarly the value of v will be 5 per cent

212
and 10 per cent too small if the ionic strength of the solution is

0.0 0.08 . .
equal to —;OA and o respectively. It is therefore clear that

if we neglect the ionic diameters in applying Debye’s theory, we
shall be restricted to solutions less concentrated in general than
o.or molar.

Electrical Conductance

According to Arrhenius, the degree of ionization of an elec-
.. . A . .

trolyte is given by the equation a = x where M is the equiva-
lent conductance of the solution and A, is the value at infinite
dilution. Arrhenius assumes that the mobilities of the ions are
independent of the ionic concentration. In the light of the
calculations of Debye and Hiickel,* this assumption is no longer
valid. For a uniunivalent salt at 18° C. in very dilute solution,
they obtain the following result, assuming complete ionization:

>’|>‘

=1 — (0.393 w1 + 0.329 X 10%H)SH,

L.

* Physik. Zeitschrift, 24, 305 (1923).



Cu. XV OSMOTIC PRESSURE 287

where w, is a function of the mobilities of the ions. The coeffi-
cient of S* is approximately unity. Thus in a solution of ionic
strength S = o.cot, the mobility of a univalent ion is approxi-
mately 3 per cent less than in pure water. In the case of ions of
higher valence, the effect is even greater. We infer that it is

allowable to employ the conductance-ratio ;—- in calculating

the ionic concentration in a solution of a weak electrolyte, the
calculated value being about 3 per cent too low in a solution of
ionic strength S = o.co1. The error in general is proportional
to S.  For purposes of illustration let us consider o.r1 M acetic
A

A

<

We conclude that the value « = o.013 is about 3 or 4 per cent too
low. In more dilute solutions the error will be considerably less.

acid for which the value of —is about o.or3, giving S=0.0013.

Osmotic Pressure

Let an aqueous solution at the temperature 7T and pressure p
have the aqueous vapor pressure p;, whereas pure water may
have the vapor pressure po. If ¢o is the chemical potential of
the pure water and po that of the water in the solution, then,
assuming that water vapor behaves as an ideal gas, we obtain,

#o = ¢o + RT logs%- (54)

Comparing equation (54) with equation (42) we find

2
RT lOg,%‘l = RT log, x0 + Ag 30)“ EC,-slz.
0

According to equation (27), Chap. XIII, we may write for the
osmotic pressure, P, of the solution

RT. p  RT Aewa D Cin?
P= - ;;-log,}; = — ?o—log.,xo -~ %D - (54a)

If we represent by zx; the sum of the mole-fractions of all con-
stituents other than water, we obtain

RT Ao EC 122
P= —fz;;log¢ (1.—295,-) - %D - (55)



288 CHEMICAL EQUILIBRIUM IN LIQUID SOLUTIONS Ca. XVI

Up to a concentration of several tenths molar, we may replace

C '252
log, (1 — Ex,-) by —Ex,-. Moreover, the fra,ctionE = may

2

ll'Z,'2
be easily shown to be very approximately equal to 2—}1- EE‘ R
0 Vi
where »; is the number of ions of the sth kind (of valence z;)
obtainable from one mole of a given salt. If the solution
contains one salt only, we may write

P = RT (I —_ 2 s’ A€2K0')

T & S 6DRT
RT wA ko

The term in brackets in equation (56) we may call the * osmotic
coefficient,” =. If we also write § = 1 — =, we obtain

wA e2ko

0=1—m=cFpr- (57)
Making use of equation (50) we obtain

1.393 X 10%wS?
0=1—7= &iﬁi‘i—“ . (58)

This gives for o° C.,
§ =1 — 7 = 0.3726 waSh. (59)

Comparing equation (57) with equation (51), we find the follow-
ing relation between the activity and osmotic coefficients of an
electrolyte:

31 == 30
—logey = S S G+ ) (60)

In exceedingly dilute solutions both ¢ and (1 + «b) become
equal to unity, so that under these circumstances

—log,y = 3(1 — =) = 39. (61)
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Freezing-point Lowering

An accurate expression (see Chap. XIII) for the osmotic
pressure in atmospheres of an aqueous solution at o° C. in terms
of the lowering, A, of its freezing-point is given by the equation

P = 12.06 A (1 + 0.00052 A). (62)

For most purposes, the simpler expression, P = 12.06 4, is
sufficiently accurate. If we represent by A, the lowering of the
freezing-point to be expected on the theory of Arrhenius if the

. . RTp2 .
salt were completely ionized, viz., A, = —EL Ex,-, then evidently
from equations (54) and (59), we have
A, —
A,

4 0.3726 waSh. (63)

A=74; 0=1—m=

If C is the molar concentration of a salt, then for a solution
o2 2

= ot 2+ ned) = P&C Accord-

ingly equation (63) assumes the following forms for solutions of

salts of the indicated types:

Type KCl, 0 =1 — 7 = 0.3726 Clo. (64)
Type K2SOy, 6 = 1 — m = 0.3726 X 2V'3 Cle. (642)
Type AlCL;, 6 =1 — 7 = 0.3726 X 3V6 Clo. (64b)
Type CuSOy, § = 1 — 7 = 0.3726 X 8 Clo. (64¢)

containing this salt only, S

]

]

In the accompanying table are given the values of the function ¢
corresponding to values of x = «b from o to 5 (see equation (38)).

TABLE XXI. THE FUNCTION ¢.

3 o x a x o
0 00 I 0000 o 70 0 4418 1.5 0 2377
o o5 0.9293 o.80 0.4035 2.0 o.1760
o 10 0.8662 o 9o o 3702 25 o 1361
o 20 o 7588 1.0 o 3411 3.0 o 1086
o 30 0.6712 1.1 0 3154 3.5 o 0888
o 40 0.5988 12 o 2926 4 0 0 0741
0.50 o 5376 1.3 o 2723 4.5 0.0628
0.60 0.4860 14 0.2541 5.0 0.0540
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Equilibrium in Systems in which the Ionic Concentration is
Small or Negligible

The theory of Debye has given us a means of calculating the
activity-coefficients of ions. There is no theory that enables us
to calculate in advance the activity-coefficients of uncharged
molecules. To simplify our treatment we shall proceed on the
assumption that all substances that exist in a solution in the
form of uncharged molecules have activity-coefficients equal
to unity. This procedure is evidently justified if the concentra-
tion of the particular substance is not too high. According to
equation (16), we sec that the expression for the equilibrium
constant in such cases is identical with that employed in dis-
cussing equilibrium in ideal gaseous systems.

We may consider first a reaction studied by Cundal,* viz., the
dissociation of NyO; in various solvents, such as chloroform,
benzene, methylene chloride, etc. The results in Table XXII
are taken from calculations by Ostwaldf based on Cundal’s
experimental work. The value of K, is evidently given by the
same expression as was found in Chap. XV, p. 261, viz,, K, =

4a’
G-V

TABLE XXII. N;O, IN CHLOROFORM AT o°C.

liters a = degree of K= 84 a2
moles dissociation TT=aVv
4 28 0.00239 5.36 X 10—¢
2.06 o 00152 4 48 X 10—¢
154 O 00145 5.44 X 10°°
1 16 o0 00140 6 76 X 10—¢
o 87 0 0011} 6 o4 X 1074

The values of K in the third column vary irregularly, owing
doubtless to experimental error and the fact that the solutions
investigated are not very dilute.

As our second example we may consider the equilibrium

* Jour. Chem. Soc., 1891, p. 1076, and 1895, p. 794.
t Allgem. Chemie Verwandtschaftslehre, p. 600.
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between a solid and its saturated solution. We suppose that the
dissolved substance is not at all, or only slightly, ionized. If C
is the molar concentration of the dissolved substance, then,
according to equation (11),

K, =C (65)
for the equilibrium represented by the equation

A 2 saturated solution of 4.
(solid)

According to equations (20) and (2r) the heat, H;, of this process
is given by the equation

dlog K, _ _RTzdlogC

H, = —RT*—% ==, (66)

where H, is the heat evolved when one mole of the solid dissolves
in an infinite amount of the (almost) saturated solution. In
the case of sparingly soluble solids, the heat effect we are con-
sidering should not differ markedly from the heat evolved when
one mole of the solid dissolves in the pure solvent. Assuming
that H; does not vary appreciably with the temperature, we
obtain the integrated form of equation (66), viz.:

_ 4574 T G
Hs = - Tg _ Tl loglocl' (67)

The solubility of succinic acid is 2.35 grams at o® C. and 6.76
grams at 24.8° C., in 100 grams of water. Applying equation
C .
(67) to this case, we may take 6—2 equal to the ratio of 6.76 to
1

2.35. We obtain H; = —6880. Berthelot found for the heat
of dilute solution, —6700 calories

Weak Electrolytes in Aqueous Solution

Since a weak electrolyte must be in general a weak acid or a
weak base, we may take as our typical example an acid of the
formula HA which ionizes in solution according to the equation

+ -
HA=H + A.
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If v: (see equation (7)) is the activity-coefficient of the univ-
alent ions, we have for the equilibrium constant K,

2 [H] X [A]

K=" (68)

Let us call G, the ““ apparent dissociation constant > and define
it by the equation

+ _—
[H] X [A]
Ge = “THA - (69)

Moreover, let us define the symbol K, by the equation

K\ = . (70)

-

In sufficiently dilute solution, K, = G, = K,. In general,
however, G, > K, and G, > K, for obvious reasons. In Table
XXIII are given the values of K, as determined by Kendall*
for acetic acid at 25° C. The composition, m, of the solutions
is expressed in terms of the number of moles of acid in 1000
grams of water.

TABLE XXIII. K, FOR ACETIC ACID AT 25°C.

n Ky X 10% m Ky X 108
10 1 40 0 032 1 83
o3 1 63 o orb 1 85
0.25 1 76 o 004 1.84
o 13 1 81 0 002 1 84
o 063 1 84 o oox 1 84

We infer from this table that the value of K, the equilibrium
constant, is 1.84 X 1075, which is the value of K, (and also of
G,) in very dilute solutions. In the more concentrated solutions,
the value of G, must be appreciably greater than 1.84 X 1075,

* Medd. Vetenskapsakad. Nobelinst. 2, No. 38 (1g911).
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whereas, as the table shows, the value of K, decreases rapidly
above o.1 molar.

In view of equations (46), (53b), (68) and (69), we have the
following relation between G, and K, at 25° C.:

1.009 S*

logio G = logi K, +I F 0.3283 X 10°55}" (71)

Equation (71) may be applied to any solution containing the
weak acid, HA, even if other electrolytes, weak or strong, are
also present. In the absence of strong electrolytes, the last
term is generally negligible. This is not the case if strong
electrolytes are present. Thus, in a solution containing both
acetic acid and a salt, the value of G, will be appreciably larger
than that of K,. For example, addition of NaCl to a solution of
acetic acid will increase the degree of dissociation of the acid

+
and therefore the concentration of H and acetate-ion.

Dissociation Constant of Water

In pure water, the ionic concentration is so small that we may
take the ionic activity-coefficients to be unity. It will also be
possible to determine directly the concentration of hydrogen
and hydroxyl ions by measurements of electrical conductance.
Setting the activity-coefficient of undissociated water equal to

+ -_
unity and representing by a, and g, the activities of H and OH,
we have

+ -
K, = ma, = [H] X [OH]. (72)
At 25° C., according to Kohlrausch and Heydweiller,* we may

take [ﬁ] = [OH] = 1077 and therefore K, = 10™%. If we are
dealing with an aqueous solution in which the activity of the

aa, 10 H
water is represented by a, then K, = 2 = e
in aqueous solutions containing as much as one mole of solute
per liter, the activity of the water will be only a few per cent less

* Ann. d. Physik (4) 28, 511 (1909).

But even
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than that of pure water, and hence the value of K, for such
solutions will be virtually the same as for pure water. It is, of
course, a different matter as regards the value of the ¢ apparent

dissociation constant ”’ G,, = [IJ&] X [OH] in solutions containing
a strong electrolyte. In this case the relation between G, and
K, at 25° C. is given by equation (71), which shows that G, may
be appreciably greater than K,,.

Heat of Ionization of Water

According to Kohlrausch and Heydweiller,* the concentration

of f—i in pure water is 0.80 X 1077 at 18° C. and 1.47 X 1077 at
34° C. Hence K, has the corresponding values 0.64 X 107!
and 2.16 X 10'“. Employing the integrated form of equation
(17) (see equation (67)), we obtain —13,500 calories as the heat
evolved on the ionization of one mole of water at 26° C.  Strictly
speaking, 13,500 calories is the calculated value of the heat

+
evolved when in an infinite amount of pure water one mole of H

and one mole of OH unite to form one mole of water. Never-
theless, this value should not differ much from that observed on
neutralizing one equivalent of an active base with an active acid
in dilute solution. There are several reasons for this result, the
chief one being that although in moderate concentrations of aci

and base the activity-coefficients of ﬁ and OH are by no means
unity, yet their temperature-coefficients are so small that in this
case H, and H,® of equations (20) and (21) do not differ greatly.

According to Wérmann,T the heat of neutralization, H,, per
gram-equivalent of strong acid and strong base, is given by the
expression

H, = 14,617 — 48.5¢ (73)

where ¢ is the centigrade temperature. For a temperature of
26° C. we obtain from equation (73), H, = 13,356 calories, with

* Ann. d. Physik (4) 28, 511 (1900).
t Ann. d. Physik (4), 18, 703 (1905).
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which the value previously calculated, viz., 13,500 calories, is
in excellent agreement.

Heat of Ionization of Weak Electrolytes

If the dissociation constant of a weak electrolyte is known for
several temperatures, the heat of ionization can be calculated
by means of equation (21) or its integrated form. Since K =

Ca?

I —a’

_ dlog K 2 — «a dlog a
H; = —RT* T _(r — a)RT’( T )c. (73a)

we easily obtain

A simpler, though less accurate, method is to make use of the
value obtained for the heat of neutralization of the weak elec-
trolytes (for the weak electrolyte is in most cases an acid or a
base). If we take 13,700 calories to be the heat evolved on
neutralizing the equivalent weight of an active acid by an active
base, then the heat of ionization, H,, of a weak base or acid is
given by the relation

o, = H, — 13,700. (73b)

Equation (73b) assumes that the weak electrolyte is entirely
undissociated and is therefore approximate only.

Another method, similar to the one we have just outlined,
consists in determining the heat evolved when, to the solution
of a salt of a weak base or weak acid, an equivalent amount of
a strong base or strong acid, respectively, is added. The heat
effect will be the negative heat of ionization of the weak electro-
lyte. Thus if we add HCI to a solution of KCN, or NaOH to a
solution of NH,Cl, we have the following reactions:

-+
CN + H—HCN - II;

+ _ (73¢)
NH, + OH — NH,0H — H;

In using this method, also, account must be taken of the fact that
the weak acids or bases are not entirely undissociated.
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Two Weak Electrolytes with Common Ion

Since virtually all salts are strong electrolytes, we are con-
cerned here with solutions containing either two weak acids or
two weak bases. In such solutions, the ionic concentration will
be so small that the activity-coefficients of the substances
present may, as a first approximation, be taken as equal to unity.
In the general case, we must also take into account the ionization
of the water. Thus for an aqueous solution of the weak acid
HA we have the following relations:

[OH] = [H] — [Al; K. = [H] x [OH] = [H]? — [H] x [A].

+ p—
But since K4 = @%ﬁ_%}[f\] ,

[H)? = K, + K, [HA. (74)

Equation (74) is the strict expression for the dissociation of a
weak acid in water. Usually, however, K,, is negligibly small in
comparison with K4 [HA], so that equation (74) reduces to the

+ -—
familiar one, [H] X [A] = K, [HA].
Similarly, if we consider a weak base, MOH, in water, we have

[O.i-I]2 = K, + Kz [MOH], which usually reduces to the equa-

tion [M] X [OH] = K [MOH].

If now we have an aqueous solution of two weak acids, HA; and
HA., whose dissociation constants are K, and K, respectively,
we easily obtain

[f = K, + K: [HA] + K [HA,). (75)

Usually the term K,, may be neglected in this equation. When
this is the case, let a; and a. be the degrees of dissociation and
C, and C; the molar concentrations of the two acids.

Then Kl._.._M; I{2

I —ay

= Olz(Clal + Czaz) (7 6)

I — ag
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Let us consider first the case in which the two acids are of equal
strength, i.e., K, = K,. Then from equation (76), it follows
that oy = as. In other words, in a solution of two weak acids
that have the same dissociation constant, both acids are ionized
to an equal extent. Representing this degree of ionization by
a, we have

. (Ci+ Cya?
Ki=Re="—r (77)
Thus in a solution of two weak acids of equal dissociation con-
stants, each acid has the same degree of ionization which it
would have if it were present alone at a concentration equal to
the sum of the concentrations (C; + C3) of the acids.

Moreover, if we have two separate solutions of acids of equal
dissociation constants, there will in general be a change in the
degree of dissociation on adding one to the other. If, however,
their original concentrations are equal, the total concentration
after mixing in any proportion will be the same as that of each
before mixing, and there will be no change in the degree of dis-
sociation of either acid.

Let us now consider the more general case of solutions of acids
of unequal concentrations and unequal values of K. Let V)
liters of the solution of acid of concentration C; and equilibrium
constant K, be added to V, liters of the acid of concentration
C: and equilibrium constant K;. If ay and a; are the degrees of
dissociation of the acids in the mixture, then

- (241 V1 V
K, = — an(V1 TV, Cias + 57— Vit Vs C2012),

Vs
K2=1—a2(V1+VC’°“+V +V2C )

We shall take the case in which Cia; = Csas. Then we shall
have

2 Cocrs?
K1=_C‘1—aL" K, = i . (78)

I"‘Ot1’ I —ae

Evidently if Ciai = Cin, we find that o and a; are not only
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the degrees of ionization in the mixture but also the degrees of
ionization in the original solutions. The condition Cia1 = Ca
may be expressed by saying that the original solutions have the
same hydrogen-ion concentration. Hence two solutions of the
same hydrogen-ion concentration may be mixed in any propor-
tion without changing the degree of ionization of either acid.
Moreover, the hydrogen-ion concentration of the mixture will
be the same as that of either solution before mixing.

Aqueous Solutions Containing Strong Electrolytes

We may consider, first of all, the ionization of a weak elec-
trolyte in an aqueous solution of moderate ionic strength. The
true equilibrium constant, K, for a weak electrolyte, given by
equation (68) or some similar expression, is not affected by the
presence in the solution of other electrolytes, weak or strong.
What we have called the apparent dissociation constant, G,
(see equation (69)), is, however, markedly dependent on the
jonic strength of the solution. Equation (71) gives the relation
at 25° C. between G, and K,. We infer that any weak electro-
lyte (including water itself) has its apparent dissociation con-
stant increased by the addition of other electrolytes. The effect
will be marked only if the added electrolytes are of the class
called strong. We may distinguish two cases. In the first case,
there is no ion common to the added electrolyte and the original
weak electrolyte. This may be illustrated by the addition of
sodium chloride to pure water (where water is the weak elec-
trolyte) or by the addition of sodium chloride to an aqueous
solution of acetic acid. In these cases the values of the equi-
librium constants, K, and K,, will be unaffected, but the values
of the apparent dissociation constants, G, and G,, will be in-
creased, as is indicated by equation (71). In other words, there
will be an appreciable increase in the degree of ionization of the
water and of the acetic acid. In the second case, there is an ion
common to the added electrolyte and the original weak electro-
lyte. As illustrations, we may consider the addition of HCI to
water or of sodium acetate to a solution of acetic acid. Once
more the values of K, and K, will be unchanged and the values
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of G, and G, will be increased, but, as equations (69) and (71)
indicate, the concentration of the common ion will in general
increase much more rapidly than the value of G,, so that as a
result the concentration of the other ion furnished by the weak
electrolyte will be markedly decreased. In other words, the
degree of ionization of the weak electrolyte will be diminished.
This phenomenon is commonly referred to as the repression of
the ionization due to the common-ion effect.

Thermoneutrality of Salt Solutions

Hess® made the interesting discovery that when two dilute
salt solutions are mixed, there is neither evolution nor absorption
of heat. The theory of Debye leads to the same conclusion.
Let us consider two dilute solutions of the same ionic strength,
S. We shall distinguish them by the subscripts 1 and 2. We
shall denote the mixture of the two solutions by the subscript 3.
Then, from equations (40), (49) and (50), we have

AeSV, .
W = = Dt b’
AexSV,
W = = (e + )’
—AexS(Vy + V)
Uds = — 50 5y

The heat evolved on mixing the two solutions will therefore be
equal to

—AexkS Vi V2 Vi+ Ve
(Uc)l + (Ue)z - (Ue):i = D (I + Kb1 + I + sz - I+Kb3 )

If b, = by, = b;, the heat effect is zero. But even when by, b,
and b are not equal, the heat effect will still be very small, even
for solutions of moderate concentration. We may also make
the following generalization: In order that there may be no heat
effect on mixing two salt solutions, the solutions must have
approximately equal ionic strengths.

* Pogg. Ann. 50, 385 (1840).
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Hydrolysis

Hydrolysis is a process in which a salt and water react to form
free acid and free base; it is therefore the exact reverse of neu-
tralization. We shall deduce expressions for the hydrolysis
of salts, (1) of a strong acid and a weak base, (2) of a strong
base and a weak acid, and (3) of a weak acid and a weak base.

(1) Salt of weak base and strong acid. — We may take as an
example of this class the chloride, MCl, of a weak base, MOH.
We represent the hydrolysis by the equation

+ +
M + H;0 =2 MOH + H.

According to equation (46), the activity-coefficients of the
univalent ions in any given solution may be taken as identical.
Representing this coefficient by v, and assuming the activity
of water to be represented by unity, we obtain for the hydrolytic
counstant, K,

_ [MOH] x v [H] _ [MOH] x [H]

Ky = T T (79)
v [M] [M]
Evidently we may write
+ -
- MOH]| X v [H] X v[OH] K,
i, - MIOH X 7 ] X O8] _ K, 5o)
v [M] X v [OH] i

~here K, and A'g are the dissociation constants of water and of
the weak base respectively. Let C be the concentration of the

. I e .
salt in moles per liter, V = ol the dilution, and % the fraction

+ +
hydrolyzed. Then [M] = C(x — %),[MOH] = C % = [H]. Sub-
stituting in equation (79) we have
C h? h? K, X
AT G=RV K (87)
(2) Salt of strong base and weak acid. — Let NaA represent
the salt of the strong base, NaOH, and the weak acid, HA. The
equation representing the hydrolysis is

I\'h =

A + H,0 = OH + HA.
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Corresponding to the results in the previous section, we obtain

[HA] x [OH] K,
Tw . ©

Chre B K,
A G-RV Ks (83)

Ky =

K, =

(3) Salt of weak base and weak acid. — Let MA represent the
salt of the weak base, MOH, and the weak acid, HA. The
hydrolytic equation is

+ —
M + A + H:O 2 MOH + HA.

Now [M] [ = C(z — &) and [MOH] = [HA] =

Accordingly
K, = DMOH] X [HA] _ v [0 x v[OH] K,
" + s KaKs
v M X 7[A] v [F] X v [OH]
h?
Y (84)

We infer from equation (84) that the degree of hydrolysis of
a salt of a weak base and a weak acid is virtually independent
of the dilution, provided the latter is so large that v is approxi-
mately unity. Thus in the case of aniline acetate, Lundén*
found that for dilutions of 39.32 and 195.9 liters per mole, the
degree of hydrolysis at 25° C. was 51.3 and 52.3 per cent re-
spectively.

In general, hydrolysis is made evident by the fact that the
aqueous solution reacts either acid or alkaline to indicators.
It will be clear, however, that if the weak base and the weak
acid are of equal strengths, so that K, = Kp, then, although

+
there will be hydrolysis, the concentration of H will equal that

of OH and the solution will be neutral.
* Jour. Chim. Phys., B, 155 (1906).
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Solubility Product

Let us now consider the equilibrium between a solid and its
saturated aqueous solution. The solute may be a weak or a
strong electrolyte. In the former case, we write

A (SOH(‘I) = A = V1A1 + llez

where A4 is the molecular formula of the substance, each mole-
cule of which dissociates into » positive ions and », negative
ions. Let the valences be z; and 2, respectively, so that »s =
va%. If ps, py, w1 and pe are the chemical potentials per mole
and if a,, a,, a1, as are the activities of the four chemical species,
then u, = p, and e, is proportional to a, (see equation (10)).
At constant temperature and pressure, y;, a;, u, and @, are there-
fore constant. Applying equations (10) and (15) to the equi-
librium 4 2 v 4, + 1., we find

by = v + vouz
a, constant X a,” a,™.

But since a, is constant, we obtain the important result that
a’'a® = constant. (85)
If the solute is a strong electrolyte, the concentration of 4 is
negligibly small according to the views we have adopted, and
we write
4 (solid) 2 nd: + rd..
In this case equations (10) and (15) give
Bs = vipr + voue
a5 = constant X (a," as”)

and therefore, as before,
aa* = K. (86)
Let us write L = C"Cy” and call L the ionic or solubility

product. Since a; = Ciy;, where v, is the activity-coefficient
of the ion 4;, we obtain

K = Ly"y.”
log L = log K — (v log 71 + vz log v2)
= log K — »log v. 87
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In view of equation (51) we may write
viwA el
2 DRT (1 + xb) :

And if we make use of equation (53b) we obtain for a temperature
of 25° C.

log. L = log, K + (88)

0.5045 vwS* 8
1+ 0.3283 X 108bS*° (89)
The coefficient w, which we may call the ¢ valence factor,” has
the following values for ionogens of the indicated type:

log,oL = log,o K +

Type W= %‘—:;2 yw
AgCl . ..... 1 2
K:SO4 ... .. 2 6
FeCls 3 12
BaSO0, 4 8

Since K in equation (89) is a constant at any given tempera-
ture, we see that the solubility or ionic product represented by L
increases with the ionic strength of the solution.

It will usually be more convenient to deal with the quantity
L: rather than L, for the former is a more direct measure of the
solubility. Accordingly, equation (87) may be transformed into

the following:
A\L
(5. (90)

It may be remarked that equation (8¢9) is of fundamental
importance in the theoretical interpretation of the effect of one
salt on the solubility of another.

We shall illustrate the usefulness of the theory of Debye by
applying it to the case of the solubility at 25° C. of TICI in solu-
tions containing KNOj, as determined by Bray and Winninghoff.*
In this case, we may use equation (89) in the following form:

0.5045 S}
I + 0.3283 X 108bS*’ (or)
* Jour. Amer. Chem. Soc., 38, 1663 (1911).

logiw C = logi L} = logio & +
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where C is the molar concentration of thallous chloride and
k = K! may be called the ideal solubility of the TICl. Evi-
dently the mean activity-coefficient of TICl is given by the
equation

k
Y= ok (02)

In Table XXIV are presented the results of the solubility
measurements. The first three columns give the solubility of
TICl, the concentration of KNQO;, and the ionic strength, of each
solution investigated.

TABLE XXIV. SOLUBILITY OF TIC1 AT 25° C. IN THE PRESENCE

OF KNOs
(' = Conc. of TIC1 Conc. of KNO; S = Jonic Strength Calc. Solubility
(o o1607) o (o o1607)
0.01716 0.020 o 03716 o 01714
0.01826 o0 050 o 06826 o 01826
0.01961 o 100 o 1196 o.01962
(0 02313) o 300 (o 3231)
0 03072 1 000 1.0307 0 02976

In attempting to determine activity-coefficients from solu-
bility measurements, it is necessary to obtain an accurate value
of k, the ideal solubility. This may sometimes be done graphic-
ally by extrapolating from the values of C for given values of S
to the value corresponding to S = o. If the theory of Debye
is essentially correct, we ought to be able to determine this ideal
value more accurately by means of equation (91). From two
sets of corresponding values of C and S* we can obtain the value
of k and that of b. In general, it would be advisable to make
use of all the data, but for the purpose of this illustration, we
use the data that are enclosed in parentheses in the table. Sub-
stituting these values of C and S* in equation (g1) we easily
find b = 1.698 X 1078 cm. and k = o.o14015. With these values
of k and b we calculate the values of C for the remaining values
of §'. These calculated values are given in the fourth column
of Table XXIV and, as can be readily seen, are in excellent
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agreement with the observed values, with the possible exception
of the solubility for the high ionic strength, S = 1.0307. The
reciprocal of & is 71.4. To be compared with this is the value
70.3 obtained by G. N. Lewis by graphical extrapolation.

Up to an ionic strength of at least 0.3 we have thus obtained
the following expression for the activity-coefficient of TICl in
KNO; solution at 25° C.,

_0:5045 S*
1+ 05578 (93)

logwy = —

In Table XXV are given values of v for various ionic strengths
calculated by means of equation (93).

TABLE XXV. ACTIVITY-COEFFICIENT OF TICI IN KNO;

SOLUTIONS
S '3 S Y
0.001 o gbs o oz o 859
0 002 0 950 o o3 o 794
o 005 0 924 o 10 o 732
o o1 o 896 o 20 o 660

Activities from Freezing-point Lowering

According to equation (63) a measurement of the freezing-
point of an aqueous salt solution leads to a determination of the
value of the function ¢ for this solution. Corresponding to this
value of ¢ we obtain the value of x = «b from Table XXI. The
value of « is then obtained from equation (50) or more directly
from equation (52). Thus we arrive finally at a value of the
characteristic ionic diameter . The theory can be tested by
assuming this value of b for solutions of other concentrations and
comparing the calculated with the observed values of 6.

We have followed this plan in a consideration of the data
obtained by L. H. Adams* on the freezing-points of dilute KCl
solutions. In the first column of Table XXVI are given the
concentrations in moles per 1000 grams of water, in the second
column the freezing-point lowerings and in the third column, the

* Jour. Amer. Chem. Soc., 37, 481 (1915).
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“ observed ” valuesof § = 1 — 7 = A‘; A. In calculating the
3

value of A, 1.858° is assumed to be the molecular lowering. No
considerable error is made in treating the concentrations in
moles per 1000 grams of water as equal to the concentrations in
moles per liter of solution.

TABLE XXVI. FREEZING-POINT OF KCl SOLUTIONS

C A 8 obs x =« o 0 calc.
0.00506 o o184 o 0214 o 0867 o 8822 0 0234
0 00963 o 0348 0.0275 o 1196 o 8436 o 0308
o 01648 0 0590 0.0366 0.1564 o 8032 o 0384
0.03170 0.1122 0.0475 0.2169 0.7427 0 0493
o 05818 o 2031 o ofob 0.2938 0.6762 o o6o8
o 11679 o 4014 0.0749 (0.4163) (o 5882) (o 0749)

From the value of § = 1 — = for the most concentrated solu-
tion (C = 0.11679), we obtain, using equation (63), the value of
o, Vviz., 0.5882. According to Table XXI, we find corresponding
to ¢ = 0.5882, x = xb = 0.4163. Using equation (52), this
gives b = 3.759 X 107® cm., and hence we are able to calculate
a2 = xb and ¢ for the other solutions. These values are given
in the fourth and fifth columns. Finally, in the sixth column
are given the values of 6 calculated by mcans of equation (63).
In view of the relatively large error in the values of 8 (observed),
the agreement must be considered as excellent. Nevertheless,
the fact that the calculated values of § are without exception
larger than the observed values leads us to the inference, previ-
ously suggested, that in the more dilute solutions the ionic diam-
eters are probably larger than in the more concentrated solutions.
Evidently a larger value of b than that calculated from the most
concentrated solution would lead to smaller values of ¢ and
hence smaller values of 6 (calculated).

It is now possible to calculate the activity-coefficients of
KCl at o° C., using equation (52b) and the value of b just ob-
tained, viz., b = 3.76 X 10°® cm. Since this value was ob-
tained from a single solution, its accuracy may not be very
great. Nevertheless, it may be of interest to use it in a pre-
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liminary calculation, the results of which are given in Table
XXVII.

TABLE XXVII. ACTIVITY-COEFFICIENTS OF KCl! AT o°C.

(Preliminary Values)

v = Activity-coeffi- ~ = Activity-coeffi-

Concentration cient Concentration crent
o oor o 967 0.100 0.775
o oro o 9os : 0.200 0.724
o 020 0.874 1 000 o 611

Vapor Pressure of Solutions and Activity of Solute
In view of equations (54a), (56) and (57), we may write

-—log%l) = wzx,. (94)

so that from a measurement of the vapor pressure of a solution
we can determine =, the ““ osmotic ”’ coefficient. Using equation
(58) we can obtain the values of ¢ and b and, by means of equa-
tion (60), the activity-coefficient of the solute. In principle,
this method is identical with that employed in deriving activity-
coefficients from measurements of osmotic pressure or of freezing-
points. In Chapter XVII we shall consider the determination
of activities from measurements of electromotive force.

Effect of Temperature on the Solubility of a Salt

In an earlier section of the present chapter we considered the
relation between the heat of a reaction and the equilibrium
constant (see equations (20), (21) and (23)). We have thought
it useful to discuss at this point the special case of the equilibrium
between a solid salt and its saturated aqueous solution.

At the temperature T, let the saturated solution contain N,
moles of water and N moles of salt, one molecule of which
ionizes into », positive and ». negative ions of valence z and
2z respectively. Let ¢, u, u, pe represent the chemical potentials
per mole of the solid salt, the salt in solution, and the ions.
Then at equilibrium, ¢, = p = v + vape. Let S; and S be



308 CHEMICAL EQUILIBRIUM IN LIQUID SOLUTIONS Ca. XVI

the entropy per mole of solid and of the salt in solution. Con-
sider an infinitesimal change in temperature at constant pressure.
This will in general be accompanied by a change in the composi-
tion of the saturated solution.

Since the new state is also one of equilibrium,

d¢s _ (du du\ N —_S4(®) .
dT"(dT)N+(dN>T a & S S+< N) ar-

ButS — S, = :Ti{f , where H; is the differential heat of solution

of one mole of salt. We thus obtain
duw\ dN _< o _ —H;
(ﬁ) A _5-s = (05)

From equation (44) and the relation u = vy + veue, we have

du ndlogx , rdlog x-z:l A€2 Vm (
dN) RT[ N Toav | ipa Faian )

From equation (35) we obtain the relation

(Lif) _ _K_<I _Ndv
aN T 2 N VanN

or, with sufficient accuracy,
ey _x T
dN)r 2N’

dlogx, % dlogx,

aN N dN

Moreover, Equation (g6) becomes,

therefore,

d# _[(n + 123 _ A€2K2V1212 )
(@), = C32)xe (s = sprren s ey o) ©
Substituting in equation (95) we arrive at the result,
H = Ae"’xzzqzlz
A G 4DRT(V1 + 112) (I + Kb)2

o+ ) xoRTzd lo%,N (98)
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In the case of solutions of moderate concentration we may write
%o = 1 and may replace d log N by d log C, where C is the molar
concentration of the solution. Moreover, making use of equa-
tion (51) and writing » = »; + », we have

log, v dlog C
H, = — —2 1 WRT? .
(I toa+ xb))” ( ar (99)
Finally, if the saturated solution is also a very dilute one, we

may write (y — 1) in place of log, v and unity instead of (1 + «b),
so that there results,

_ (1t~ dlog C
H = (_—2 )VRT2( o ) (100)

Evidently, if we restrict our consideration to a small interval
of temperature in which H, and v may be assumed to change
but little, we may employ equation (100) in the integrated form,

_ I+"/ VRT2T| C2
H, = ( . )Tg——TllgC' (tor1)

The results just obtained may be arrived at more directly if
we make use of equation (16). Since log K = » log C + v log v

dlog K _ dlogC dlog vy (dlogy) ac
ar ' Tdr +"( ar ).t \Tac )ar

_ dlogC dlog v dlogy) dlogC)
= ~ar T\ Car )c+"(dlogzv '\ dT )

Accordingly from equation (20),

dlog, K . {4 log, ’Y)
[ — of T8 - 2.
H, RT( T >+RZ u( T ).

_ d log v ,dlog C
= (1 + (d Tog N)T)VRT A (102)
It can be readily shown that 1 +(d gx]) is equal to the

term in brackets in equation (98) or (g9).



310 CHEMICAL EQUILIBRIUM IN LIQUID SOLUTIONS Cu. XVI

Amphoteric Electrolytes

A class of substances is known which possess both basic
and acidic properties and on ionization can furnish both
hydrogen and hydroxyl ions. The amino-acids may be taken
as typical examples. In the hydrated form, they may be
represented by the general formula, HXOH. Thus glycollic
acid, NH,CH,COOH, may be considered to exist in aqueous
solution, to some extent at least, in the hydrated form OHNH;-
CH,COOH. The theory of the behavior of such substances,
called in general amphoteric electrolytes, was first given by
Walker.*

In the first place, it will be clear that for any equilibrium
R + #H,0 @ R(H;0),, the ratio of the anhydrous to the hy-
drated form is a constant independent of the dilution, provided
the solution may be considered a dilute one. Any function
proportional to [R] will also be proportional to [R(H:0),] and
also to the sum of [R] and [R(H,0),).

In an aqueous solution of the amphoteric electrolyte we shall
have the following sets of equilibria to consider:

HXOH= H+ OH+ X = HO + X
HXOH = H + XOH
HXOH = OH + XH

HO= H+OH

Let the solution contain C moles of the amphoteric electrolyte
per liter, and for convenience let us represent the concentrations
of the various substances in the following manner:

[H] = o; [OH] = b; [XOH] = d; [XH] = ¢;
[X] 4+ [HXOH] = .

* Proc. Roy. Soc., 78 and T4 (1904). Zeit. f. physik. Chem., 49, 82 (1904); b1,
706 (1905).
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Let K4 and K be the dissociation constants of the electrolyte
as acid and as base respectively. Then we obtain

ab = K,
ad = K,u (u is proportional to [HXOH],
be = KBu,
a + ¢ = b + d (electroneutrality of solution),
u+d+e=C.

These five equations determine any five of the quantities (for
example, a, b, d, e, and %) in terms of the remaining four quanti-
ties (for example, K,, K4, Kp, and C). The general solution
will lead to very complicated expressions. In any particular
case, the solution may be effected by the method of trial and
error.

There is a simple solution for the case in which K4 = Kjp,
for this leads to the following results: ad = be or‘—z = ‘—I;; hence
a+e=b-;d and therefore d = ¢ and @ = b = VK,. Thus

¢
the solution is neutral at all dilutions. Moreover, we easily
arrive at the result that the fraction of the clectrolyte in the

form of ions, viz. (1 - ?—) is given by the equation

u 2Ky

¢ 2 K4 + \/I\—"w .
Hence, in this case the degree of ionization is independent of
the dilution. If a substance existed for which K4 and K were
both equal to 1077, the degree of ionization would be 66.7 per
cent at all dilutions.

Usually, however, in the case of any one amphoteric electro-
lyte the values of K4 and Kjp are of different orders of magni-
tude. Thus in the case of o-aminobenzoic acid, K4 = 1.04 X
10 %and Kp = 1.34 X 10712, For a solution of this acid which is

%, we obtain by a tedious process of trial and error the following

results:



312 CHEMICAL EQUILIBRIUM IN LIQUID SOLUTIONS C=. XVI

C = o.015625; # = [X] + [HXOH] = o0.014571;

+ —
a [H] = 2.264 X 10_4; b= [OH] = 4_417 X Io'll;

- +
d = [XOH] = 6.667 X 1074, e = [HX] = 4.403 X 1074

At a dilution of 64 liters, the acid is 92.93 per cent un-ionized
and 7.07 per cent ionized. At this dilution if Kp had been zero,

+ -—
[H] would have been equal to [XOH] = 3.984 X 107¢, corre-
sponding to 2.55 per cent ionization. In the actual case the

+ +
concentration of HX is almost double that of H although less

than that of the negative ion XOH. It will be clear that if the
degree of dissociation of this amphoteric electrolyte were cal-
culated in the ordinary way from conductance measurements,
erroneous values would be obtained and the law of mass action
would seem to be invalid.

Membrane Equilibria

In our discussion of osmotic pressure we have considered the
case of a system of two phases separated by a membrane per-
meable to some but not to all of the components of the system.
Somewhat unusual conditions arise when the membrane is per-
meable to some ion-constituents but not to others. For, in the
absence of an electric current, the passage through the mem-
brane of positively charged ions, for instance, can only occur if
there is at the same time either a transfer of negative ions in
the same direction or of positive ions in the opposite direction
through the membrane. The theory of “ membrane equilibria,”
first discussed by Donnan,* has found extensive application in
biological problems.

Let us suppose that we have an aqueous solution of an ionogen,
NaR, separated from pure water by a membrane which is im-

permeable to NaR and R only. If we overlook the presence of
+ —_
H and OH on both sides of the membrane, we shall expect the

* Zeit. {. Elektrochemie, 17, 572 (1911).
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normal type of osmosis in which water diffuses through the
membrane into the solution until osmotic equilibrium is reached.

+ -
The presence of the diffusible ions, H and OH, however, makes
+
it possible for Na to pass through the membrane. It is im-

material whether we suppose that IJtl ions or OH ions are trans-
ferred. Evidently we may describe the process by means of
which the system reaches equilibrium as a transfer of water
across the membrane in one direction and a transfer of NaOH
in the opposite direction. In the usual type of osmotic pressure
experiment, the condition of equilibrium is that the chemical
potential of the water shall be the same on both sides of the
membrane. In the present case we have the additional condi-
tion that the chemical potential (and activity) of NaOH shall
be the same on both sides of the membrane; expressed symbolic-
ally, the function (an, X agy) has the same value in both
phases. To give some quantitative idea as to the state of affairs,
let us suppose that the volume of the solution is equal to that
of the water phase, and that the pressure on the solution is so
regulated that there is no transfer of water. We shall also
simplify the treatment by supposing that salts and active bases
and active acids are completely ionized and that the activity-
coefficients of all substances concerned may be set equal to unity.
Let C be the original concentration of the salt, NaR, and let %
be the fraction hydrolyzed. Let K, be the dissociation con-
stant of the weak acid HR and at equilibrium let x be the con-
centration of NaOH in the water phase. At equilibrium we

have then the following state of affairs in the solution: [I\}_a]l =
C — z; [ﬁ] =C(1 — h); [HR] = [O_i-I]l =Ch; [ﬁ]l = negli-
gibly small. In the (originally) pure water phase we have [N:;.]z =
[Oh]z = x. Accordingly, we obtain

+ + -
(i, [Na _[OH, = _Ch
C—2x2
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The value of % is given by equation (83), from which we infer
that the concentration of NaOH in the phase that was originally
pure water will be appreciable only when the acid HR is very
feeble. It is clear that there can be diffusion of sodium ions

through the membrane only if the OH concentration is greater
in the solution than in pure water, and this is the case if HR is a
weak acid.

As a second example, let us suppose that the solution of NaR
is separated by the membrane from a solution of NaCl. The

membrane is to be permeable to Cl. Since the following sub-
stances can pass through the membrane (either directly or by
means of their ion-constituents), viz.: H.0, NaCl, NaOH, HCI,
the conditions of equilibrium are given by the equations:
+ + -
[H]z [Na]z [Cl] [OH][

M, [Nal [Cl. [OH]

As a third example, let us suppose that the solution of NaCl
1s replaced by a solution of KCl or by a solution containing both
+

Na(Cl and KCl. If the membrane is also permeable to K or
KC], the equations defining the equilibrium state are:

+ + + -

(H]. [Na]z [K]2 [C1]1 [OH],

(A, [Nal [K} [Cl. [OH

+
If the membrane is impermeable to K, the equations govern-
ing the state of equilibrium are those given for the second ex-

+
ample. The presence of K does, however, affect the distribu-
tion of ions between the two phases since, on account of the
principle of electro-neutrality, the following relation must hold

for the second phase, viz.: [I-E] + [ﬁa]z + [ITI]?, = [Cl], + [OH]..

Let us consider once more our second example when the system
is in equilibrium. If we call the solution containing NaR phase
1 and that contalmng NaCl phase 2, and if we consider the dis-

tribution of Na and Cl in phase 1, throughout the membrane,
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and in phase 2, we shall come to the conclusion that there is a

+
sharp fall in the concentration of Na as we pass from phase 1
into the membrane. In the membrane itself there will be a

variable concentration-gradient as regards l\?a and Cl, so that
we infer that in the membrane there must be an electric field
sufficient to maintain the ionic concentration-gradients. In
other words, the membrane is the source of a difference of electric
potential just sufficient to balance the difference in the chemical
potentials of any ion in the two phases. Thus if @, and a, are

+
the activities of Na in phases 1 and 2, the difference between
+
the chemical potentials of Na in the two phases is p; — 2 =
RT]og:%, (see equation (10)). The difference in electric po-
2

tential maintained by the membrane just balances this and,
RT
7,
A full discussion of processes in which electrical energy plays an
important rdle will be found in Chapter XVII.

expressed in volts, is equal to log %, where F, is a faraday.

PROBLEMS

1. A weak monobasic acid is ionized to the extent of one per cent in tenth-
normal solution. What is the value of the dissociation constant? What
will be the degree of dissociation in hundredth-normal solution?

2. The solubility of AgCl in water at 9.97° C. is 8.9 X 107% per cent
and at 25.86° C. is 1.94 X 15* per cent. Calculate the heat of solution of
a mole of AgCl.

8. A saturated aqueous solution of TICI contains at 25° C. and at 39.7° C.,
0.386 and o.604 per cent respectively of the salt. Calculate the heat of
solution of one mole of TICl, assuming an average activity-coefficient of
85 per cent.

4. A saturated aqueous solution of BaSO, at 25° C. contains 2.3 X 1074
per cent of the salt. Calculate the solubility product. Assuming all
activity-coefficients to be unity, what will be the solubility of BaSOy in
o2 N (NH4)2SO4?

6. A saturated aqueous solution of Pbl, contains at 25° C. 0.00165 moles
of the salt per liter. Calculate the ionic product. Assuming activity-
coefficients to be unity, what will be the solubility of PbI; in a solution con-
taining 1o grams of Nal per 1oo cc.?
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6. The following heats of formation at constant pressure are due to
Thomsen: (H, Cl, Aq) = 39,320; (K, C, N, AQ) = 29,490; (H, C, N, Aqg)
= —21,380, and (K, Cl, Aq) = 101,170 calories. From these data calcu-
late the heat of ionization of HCN.

7. The heat of neutralization of HCN by a dilute solution of NaOH is
2770 calories. Calculate the heat of ionization of HCN.

8. Given the following heats of formation: (N, H,, Cl, Aq) = 71,010;
(Na, O, H, Aq) = 111,810; (Na, Cl, Aq) = g¢6,510; and (N, H,, O, H,
Ag) = 88,680 calorics; calculate the heat of ionization of NH,OH.

9. The heat of neutralization of NH,OH by HCl, Aq is 12,270 calories;
calculate the heat of ionization of NH,OH.

+ N it e
10. Calculate the concentration of H in Too acetic acid, if K4 = 1.84 X

1075  To one liter of this solution at 25° C. o.o1 mole of solid NaC.H:O,
is added. Assuming that in this solution the activity-coefficient of uni-

+
valent ions is 0.9o, calculate the activity and the concentration of H.
11, Taking Kp for NH,OH equal to 1.8 X 107% and Ky = 1 X 107

N
at 25° C., calculate the degree of hydrolysis of (a) %NHACI; ®) o8 NH.CL
12. What is the degree of hydrolysis at 25° C. of the following solutions:
N N . -
N, I—oand;-;o KCN, given K4 = 7.2 X 10717

13. A solution of potassium phenolate, C;H;OK, containing 1 mole in
51.3 liters, is hydrolyzed 6.69 per cent at 25° C. Calculate K4 for phenol.

14. At 25° C. a tenth-molar solution of aniline hydrochloride is hydro-
lyzed 1.56 per cent. Calculate the hydrolytic constant and the dissociation
constant of aniline as a basc.

16. What is the percentage hydrolysis in ;1:—: aniline hydrochloride which
is also LA with respect to HCI?
100

16. Calculate the percentage hydrolysis in 11-:-: NH,C.H,0,, if K4 = KB
= 1.8 X 10”5 and vy = 0.78.

17. Calculate the percentage hydrolysis at 25° C. of i%o aniline acetate,
assuming y = o.go. Obtain the values of K4 and Kp from Problems
10 and 14.

18. Calculate the degrec of ionization of an aqueous solution of ace-
toxime, CH;,CHNOH, if K4 = Kp = 6.3 X 10 ¥ at 25° C.

19. A liter of a solution of NaR of concentration C; is separated by a

membrane impermeable to l_{ (and HR) from a liter of a solution of NaCl
of original concentration C.. Neglecting the hydrolysis of NaR and assuin-
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ing the salts to be completely ionized and to have unit activity-coefficients,
calculate the equilibrium concentrations of the various ions and the ratio

of [Cl]; to [Cl]; in the following cases:

(@ Ci =o001,C=1.0; ) Ci =0.1,C; = 1.0; (c) Ci = 1.0,C; = 1.0;
@) C, = 1.0,C; = 0.1; (¢) Ci = 1.0, Cs = 0.01.

20. Carry out similar calculations when the solution of NaCl is replaced
by a solution of KCl of concentration Cs, in the following cases:

(@) Ci =01, C:=1.0; () Ci =10, C; =1.0; (c) Ci =10, C; = 13
(d) C = 100, C; = 1.



CHAPTER XVII
ELECTROMOTIVE FORCE

According to equation (9), Chapter IX, the total amount of
work obtainable in a reversible isothermal process is equal to
the decrease in the free energy of the system. For our present
purpose we may say that the total work may appear in two
forms, viz.: mechanical work due to changes in volume, and
electrical energy. If we restrict our consideration to processes
either at constant volume or at constant pressure, then the purely
mechanical work will either be zero (constant volume) or be equal
to p(V, — V1) where p is the constant pressure and V; and V.
are the initial and final volumes. For any reversible isothermal
process at constant pressure, we shall have

Electrical energy = F, — Fy + p(V. — Vi) = (&1 — &)1, (1)

where (@, — ®»)r,, is the decrease in the thermodynamic
potential which accompanies the chemical change. The equa-
tion for a chemical reaction we shall write as follows (sec cqua-
tion (8), Chapter XV):

V1A1+V2A2+V3A3+ ce s =0, (2)

and we shall suppose that in order to bring about the change
represented by equation (2) the quantity of electricity, nF,,
must flow through the circuit. F, represents one faraday or
96,500 coulombs. In general, the passage of nF, coulombs of
electricity through the cell would bring about changes in the
concentrations of the reacting substances and hence changes in
the electromotive force. It is, however, our object to determine
the E.M.F. of a cell as a function of the composition; in other
words, we want to determine the E.M.F. for a given composition.
This is done by balancing the E.M.F. of the cell by an external
E.M.F. which just prevents any chemical change from occurring.

This is equivalent to allowing #F, coulombs to flow through a
318
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cell which contains infinite amounts of the reacting materials,
for in this case the process represented by equation (2) can occur
without change in the concentrations. The corresponding

change in thermodynamic potential is evidently 2,,1@ =
dN,

2111#1. The affinity, 4, of such a process (see equations (14)
and (17), Chapter XVI) is given by the relation

4 = “‘2"“‘1 = RT log. K — RT 2”1 log, a1 3)

If E is the external E.M.F. which just keeps the system in equi-
librium, then

nF,E = A = —21’1#1 = RT log. K — RT 21/1 log, &

RT . RT
E = mlog, K — E ZV‘ log, a;. (4)

Reversible and Irreversible Cells

Let us imagine the cell, Zn — ZnSO,Aq — Pt, so arranged as
to have in the circuit an opposing E.M.F., the magnitude of
which may be varied at will. We shall suppose that at first the
EM.F. of the cell is exactly counterbalanced by the opposing
E.M.F. so that no current is flowing. If we increase the opposing
E.M.F. slightly, we shall have metallic zinc deposited on the
zinc electrode and oxygen evolved on the platinum, and in addi-
tion sulphuric acid will be formed near the platinum. If now
we diminish the opposing E.M.F. so that it is less than that of
the cell, metallic zinc will go into solution, forming zinc sulphate,
and hydrogen will be evolved on the platinum. In addition
zinc hydroxide will be formed near the platinum. This second
process is not the exact reverse of the first. If, however, we have
a cell of the following kind: Concentrated zinc amalgam —
ZnSOAq — dilute zinc amalgam, it is evident that by altering
the opposing E.M.F. we can exactly reverse the process that has
taken place. Or if we have a cell of the Daniell type, Zn —
ZnSO,Aq — CuSOAq — Cu, the process that takes place under
certain conditions can be exactly reversed by altering the oppos-
ing E.M.F. in a suitable manner. (We neglect the slight changes
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due to diffusion between the two solutions.) Any cell in which
the process that occurs when the current flows in one direction
is exactly reversed when the current flows in the opposite direction
will be called a reversible cell. All other cells will be called
irreversible. We shall be concerned mainly with reversible
cells.

Certain Conventions

When a quantity of electricity is transported across the bound-
ary separating two different bodies, a certain amount of electrical
work is either expended or gained. We must, therefore, con-
sider the contact of two dissimilar bodies as the seat of a differ-
ence of potential. In order to avoid confusion in the interpre-
tation of statements of E.M.F., or of differences of potential,
we must adopt a definite convention. Thus, if we write

Zn — ZnSO,Aq = +0.76 volt, (5)

Conc =C

we shall mean that there is a tendency for the positive current
to flow from metallic zinc into the solution. Similarly, when
we write
Zn — ZnSO, — CuSO; — Cu = 1.10 VOlts, (6)
c2

c1

we mean that this cell has an E.M.F. of 1.10 volts and that the
positive current through the combination is from left to right.
If the Zn and Cu are connected by a wire, the current outside
the combination will be from the copper to the zinc so that the
Cu is the positive pole and the Zn is the negative pole. The
difference of potential at the junction of two different solutions
is represented in a similar manner. Thus if we write

KCl (0.1 M), HCI (0.1 M) = —0.0286 volt, (7

we mean that in this case positive electricity tends to pass from
right to left across the bounding surface.

Instead of describing a cell after the manner of equation (6)
we may make use of the customary chemical equation; for
example, 9

Zn 4 CuSO; = ZnSO, + Cu; E = 1.10 Volts. 8)
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When E is positive as in equation (8), it means that the cell is
capable of furnishing electrical energy when the reaction pro-
ceeds as written from left to right.

In all cases great care must be taken to indicate the exact
state of all the substances, particularly the partial pressures of
the reacting gases and the concentrations of the dissolved sub-
stances. The differences of potential at the contact of unlike
metals cancel each other in a closed circuit at constant tempera-
ture, so that we do not need to consider them here. In the
combination represented in equation (6) there remain three
sources of potential, viz.: the contact Zn — ZnSO;, the contact
CuSO, — Cu, and the liquid junction ZnSO, — CuSO,. Ifitis
desired to indicate the E.M.F. of a combination due to the elec-
trode potentials only, we shall make use of the following scheme:

Hg, HgCl,KCl (1.0 M), || HCl (0.1 M), Cly; E = 1.1423,

where the two vertical lines indicate that the liquid junction
potential is not included in the given value of E.

Standard Cells

The usual method of determining the E.M.F. of any cell is
to compare it with that of some standard cell, whose E.M.F. is
known with sufficient accuracy. The cadmium cell is at the
present time the standard which is generally used. This com-
bination may be represented as follows:

Cd (12.5 per cent amalgam), CdSO, - § H,O + sat. solution,
Hg:S0,, H.

The E.M.F. of this cell at 20° C. is 1.0183 volts, the pure mercury
being the positive pole. The Clark cell, formerly used exten-
sively, differs from the cadmium cell in having zinc instead of
cadmium, and zinc sulphate instead of cadmium sulphate. The
relation between the E.M.F.’s of these cells and the temperature
may be represented by the following equations:

Cadmium Cell, E; = 1.0183 — 3.8 X 107 (¢ — 20)
Clark Cell, E;, = 1.4325 — 1.19 X 1073 (¢ — 135)
— 0.7 X 1075 (¢t — 15)2
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For details as to the experimental methods employed in measur-
ing electromotive force, textbooks of physical chemistry or of
electrochemistry must be consulted.

Electrochemical Value of R

According to equation (4), if E is to be expressed in volts, RT
must be expressed in volt-coulombs or joules. Hence R =
6 joules

7" degree’

Since one faraday, F,, is equal to 96,500 coulombs,

the value of —R— is 8.617 X 1078 volt In most electrochemical

F, degree’

equations, the expression (I'Ei) appears multiplied by a natural
V.
logarithm. When, however, we use ordinary logarithms in such

equations, we must dividel—g by the modulus 0.4343, thus obtain-

y

. -, volt . .
ing ————— = 1.084 X 10°* The following table will
0.4343 F, degree
be found useful.
- - RT
TABLE XXVIII. VALUES OF ———+
0.4343 Fy
t =15 T = 288 o0 05715
t = 18 T = 291 0.05774
t = 20 T = 293 0.05814
t = 25 T = 298 ©0.05913
t = 30 T = 303 o 06011

Normal E.M.F. of Cells

We shall define the normal E.M.F. of a cell as the EM.F. of
the cell when the activities of all the reacting substances are
unity. Representing the normal E.M.F. by the symbol E° we
obtain from equation (4),

. _RT
E - nFy log3 K’ (9)

and hence, in general,

E = E° — ii—;; S, v log, ar. (10)
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As far as gases are concerned, we may, without much error,
replace the activity of a gas by its partial pressure. In the case
of any ion, we shall follow the convention established in Chapter
XVI, whereby the activity of an ion is equal to its concentration
multiplied by its activity-coefficient, the activity-coefficient
approaching unity as the ionic strength approaches zero. In
general, we shall assign the value of unity to the activity of any
substance, the activity of which does not change in the process
under consideration.

Let us apply these considerations to the process occurring in
the Daniell cell. We may describe this process by means of
either of the two following schemes:

44
Zn 4+ Cu = Zn + Cu; EMM.F. = E volts. (11)
4 || ++
Zn, Zn “ Cu, Cu; EM.F. = E volts.

Setting the activities of the metals equal to one, and distinguish-
ing the zinc and copper ions by the subscripts 1 and 2, we have

o R
E =27 log. K, (12)
where K = 7,[Zn] at equilibrium.
'Yz[CU]
Thus the general expression for the E.M.F. of this cell is
RT |  v[Zn
E=E - —-1 og 2= o — Kl jog, 2l ()
y ‘Yz[CU]

Normal Electrode Potentials

We may apply the considerations of the present chapter
without change to the process occurring at a single electrode.
Thus we shall define the normal electrode potential as that
obtaining when the activities of the reacting substances are
unity. For example, the normal potential of the zinc electrode
is that which exists between zinc and a solution in which the
activity of zinc ions is unity. Representing this normal electrode
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potential by E°z, or more simply by E°, we obtain for the poten-
tial between Zn and zinc ions in general,

3 RT _ o RT ++
E=F° R Fylog, a=E " Fylog; (v[Zn]).  (14)

Single Electrode Potentials

It has not been found possible to measure satisfactorily the
difference in potential between an electrode and a solution.
For most purposes, it is unnecessary to know the absolute value
of a single potential difference, since the E.M.F. of a combination
is usually the difference of two electrode potentials, plus one or
more liquid junction potentials. It is, however, convenient to
be able to give numerical values to the electrode potentials and
this is made possible by assigning arbitrarily a definite value to
the difference of potential in some selected case. Two elec-
trodes are widely used as standards of reference, the normal
calomel and the normal hydrogen electrode. In the first case
the potential difference in the combination, Hg, HgCl, I§Cl,

=1I

E(Cl is placed equal to zero; in the second case, the difference of
=0TI

potential between hydrogen at atmospheric pressure and a solu-

+
tion of H, the activity of which is unity, is taken as zero. The
process that occurs at a hydrogen electrode may be represented
by the equation

+
H:+2F,=2H. (15)

If p: is the partial pressure of the hydrogen and g is the activity
of the hydrogen ions we obtain from equation (4),
— o~ Ry @ po _ BTy, @
E=E 2 Fylog,lp1 E 7, log,Pla . (16)
Adopting the normal hydrogen electrode as a standard is equiv-

alent to setting E° equal to zero in equation (16), so that the
expression for any hydrogen electrode becomes

RT a

E=— Elog,b—]—;. (16a)
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In case the partial pressure of hydrogen is one atmosphere, we
obtain

E= —Rl10g 0 = ~ Rl iog, o1, @)
¥y ¥y

Students frequently have difficulty in obtaining the correct
expression for the difference of potential at a given electrode.
This difficulty may be overcome if we write down the equation
representing the process that occurs when positive electricity goes
from the electrode into the solution. Equation (4) or (10) may
then be applied to give the potential difference. According to
our conventions, a positive electrode potential means that there
is a tendency for positive electricity to flow from the electrode
into the solution. As illustrations, let us consider the following

+
cases: (@) Ag electrode in contact with Ag; (b) a chlorine
electrode (Pt + chlorine) in contact with (ﬁ; (¢) a ferrous-ferric
++
electrode (Pt in contact with Fe and Fe); (d) a Pt electrode in

- +
contact with Bry, BrO; and H. In accordance with our rule, we
write down the following equations:

+ — ++
(¢) Ag+ F,=Ag. (b)) 2Cl+2F,=Cl. (c) Fe+ F, =
4+ - +
Fe. (d) Brz + 6 HO + 10 F, = 2 BrO; + 12 H.

The corresponding expressions for the electrode potentials will be:

(a) E = E° — II{T——Tlog8 Y[Kg]. (18)
4) E= B — XL tog, L. (x0)
Y (ICy)e
4+
c) E=E° —Ig-‘log,—"ig. (20)
Y v:{Fe]

- +
@ E=E - Ifiylog‘ (‘Yl[BI’O[:;]g)rz(]‘Yz[HD . (21)
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Comparison of Standard Electrodes

Following the practice of G. N. Lewis,* we shall define the
normal calomel electrode as the combination Hg, HgCl, KCl
(1.0 M), KCl (0.1 M), designated by the symbols N. E. At
25° C. we have, according to G. N. Lewis,

+
H: (1 atm.), H (¢ = 1),|| N. E.; E = 0.2822 volt.  (22)

According to the conventions we have adopted, the potential of
the normal calomel electrode at 25° C. is —o0.2822 when that of

TABLE XXIX. NORMAL ELECTRODE POTENTIALS

(Taken chiefly from Lewis and Randall, Thermodynamics)

Lower state of Higher state of E° = Normal Elcc-

oxidation oxidation trode potential
% Lit.. 2 9578
Rb........o. ot Rb*.. 2 9242
K K+... .. 2 9224
Na........ Nat 2 7123
Mg .. . Mgt 155
H, + 2 OH™ 2 H.O 0.8280
Zn . Zntt 0.7581
Fe........ Fett 0 441
Cd Cda+t o 3976
TI....... T+ o 3363
Co Cott o 29
Ni....... ... ... Nit++ R o 22
Sn . ... . Sntt ... o 136
Po.... ... . .. . . PL++ 0 122
H, . ... ........ .| 2H% . .. 0.0000
Cu.  ..ovi... Cutt . .. .. —o 3448
Hg ... . ....... Hgt..... .. ... —0.7986
Ag... ... ...... .| Aghr. e e —o0 7995
4O0OH™ ......... .. 0:4+2H,0 . ..... —o 3976
2 I™ . R I, (solid). . ... ...... —0.5357
Fett . ...l Fett+ . . . ... —o0 7467
2Br~ ...... .. ..... . Bry(ligmd) . ... —1 0659
2HO .o O 4+4HY . ... —1 2256
2CI . | Cla(gas) . .......... —1.3594
2F~ Ll e F. (gas). .. ....... —-1.9

* Jour. Amer. Chem. Soc., 39, 2255 (1917).
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the normal hydrogen electrode is taken as zero. From the same
article by G. N. Lewis ef al., cited above, we have at 25° C,,

Hg, HgCl, KCl (0.1 M), N. E.; E = —o.0529 volt,  (23)

giving the potential difference between the tenth-normal and
the normal calomel electrodes.

In Table XXIX are collected a number of normal electrode
potentials referred to the normal hydrogen electrode. The
temperature in most cases is 25° C.

Concentration Cells

We shall take as our first example the following combination:
Zinc amalgam (C,), ZnSO,Aq, Zinc amalgam (C).

When this cell functions, we have a transfer of zinc from a solu-
tion of concentration C, to a solution of concentration C,. Let
41, @1, pz, @2, be the chemical potential and activity of the zinc
in the two amalgams. The transference of one mole of zinc
(assumed to be represented by the symbol Zn) will evidently be
accompanied by two faradays of electricity. According to
equation (4), the EXIML.F. of this concentration cell is, therefore,

I
E = m(ﬂx — pa). (24)
But according to equation (10) (Chap. XVI), we have
— w = RTlog, 2.
B M2 g (25)
Hence
_RT, @
E = 2 F,10g°a2' (26)

If we assume that in the dilute amalgams the activity of the zinc
is proportional to its concentration, we may write:

_RT, C,_ G
E = 2_F,]Og°C—'z = 0.0000992 Tloglocz- (27)

The validity of equation (27) is shown in the following table.
The experimental work was done by G. Meyer.*

* Zeit. f. physik. Chemie, 7, 447 (1891).
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TABLE XXX. ZINC AMALGAM AND ZnSO, SOLUTION

Temp. °C. Cy C: E obs, E calc.
11.6 0.003366 0.00011305 0 0419 0.0416
18.0 0 003366 0.00011305 0.0433 0.0425%
12.4 o 002280 0.0000608 0.0474 0.0446
6o o o 002280 o 0000608 o 0520 0.0520

The results given in the table may be taken as additional
evidence that in dilute amalgams the zinc molecule is mona-
tomic. Similar results have been obtained with cells in which
cadmium and copper amalgams were used instead of zinc amal-
gams

We may next consider the following cell, which is essentially
of the same type as the zinc amalgam concentration cell, viz.:

H; (p: atm.), H,SO.Aq, H, (p2 atm.). (28)

Gas electrodes (such as hydrogen, oxygen, chlorine electrodes)
may be experimentally realized by having platinized platinum
electrodes surrounded by the gas in question and immersed in
the appropriate solution. The E.M.F. of the cell we are now
discussing is evidently

RTl a, _ RT

E = 2 F, 0g, — = mlog,};, (29)

for the transfer of 1 mole of hydrogen from one electrode to the
other corresponds to the passage of two faradays of electricity.
The E.M.F. of the cell,

Cl, (p1 atm.), any chloride, Cl; (p2 atm.),

is evidently given by the expression:

= — BT 1
E= = Fl8, (30)

the minus sign being due to the fact that the transfer of chlorine
from left to right is accompanied by a flow of positive electricity
in the opposite direction. The results given in equations (29)
and (30) can readily be obtained by making use of the expressions



Cn. XVII CONCENTRATION CELLS 329

already found for the single electrode potentials, given in equa-
tions (16) and (19).

We may now consider cells in which the two electrodes are
identical but are in contact with solutions of different concen-
trations. We shall omit provisionally the consideration of the
liquid junction potentials. The following cells may be taken
as typical examples:

(a) Ag, AgNO; (C)) || AgNO; (Cy), Ag.

(®) TL ThSO. (Cy) || T1SO4 (Cs), TL

(6) Zl’l, ZnSO, (Cl) “ ZnSO, (Cz), Zn.

(d) Ag, AgCl (solid), KC1 (C,) || KNO; || AgNO:; (C»), Ag.
(8) Hz, NaOH (Cl) “ HCl (Cz), H,.

In cell (a), let a1, 71, a2, 72 be the activities and activity-

+
coefficients of Ag in the AgNO; solutions of concentrations (),
and Cs.. According to equation (18), the single electrode po-
tentials are of the form

E=EFE° —%log,a.

Hence the E.M.F. of cell (¢) is given by the equation
RT, @ _RT

E Cove
] ] 2

which at 25° C. becomes
E = o.0591 loglog—:z—n. (32)
1M
A slight consideration will show that the E.M.F. of cell ()

will be given by an expression of exactly the same form as (31)
or (32) if @ and v represent the activity and activity-coefficient

+ ++
of Tl. Similarly, for cell (c), if a and y refer to Zn, the E.M.F. is

_RT, @& _ RT, Cm
= Fylog, il Fylogs Crra? (33)
which at 25° C. becomes
E = 0.0296 logy Came (34)

Crn )
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Cell (¢) may be regarded as a concentration cell in which silver
ions are at different concentrations. If L is the solubility
product of AgCl, and if K is the ideal solubility product, then
K = v,2L, where v, is the activity-coefficient of univalent ions
in the solution of KCl of concentration C;. Let v, be the ac-
tivity-coefficient of univalent ions in AgNO; of concentration
C:.. The E.M.F. of cell (d) is easily seen to be:

RT 'YzCZ'YlCl RT 'szzcl
E- 1 T e ot (35)

Similarly, cell (¢) is a hydrogen-ion concentration cell. If v,
and v are the activity-coefficients of univalent ions in the NaOH
and HCl solutlons respectlvely, and if K, is the product of the

activities of H and OH in either solution, then the E.M.F. is
given by the expression:

_ @ ¥2CoyiC1
E F, log, X (36)

Concentration Double-cells

As a typical example of a concentration double-cell, we may
consider the following combination:

Zn, ZnCl, (Cy), HgCl (solid), Hg, HgCl (solid), ZnCl; (Cs), Zn.
This combination may be looked on as consisting of two cells
of the type Zn, ZnCl,, HgCl, Hg, so arranged as to oppose each
other. If two faradays of electricity pass through the combina-
tion from left to right, the sole result is the formation of one

mole of Zn and two moles of Cl in the solutlon of concentration

(1, and the disappearance of one mole of Zn and two moles of Cl
from the solution of concentration C.. The amount and state
of metallic zinc, mercury, and HgCl do not change in the least.
We therefore obtain,

_ Cz(’YZn)z Co(ya)z
2F,E = RTlog,C( o + 2 RTlog‘Cl('YC])l.

Bearing in mind the relation,
3 log vzaci, = log vza + 2 log va,
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and representing by v, and v. the activity-coefficients of ZnCl,
in the two solutions, we arrive at the following expression for the
E.M.F. of the double-cell:

3RT) . Com

2 F g¢ CI'YI M (3 7)

The E.M.F. of any other concentration double-cell can be ex-
pressed in a similar manner.

E=

Liquid Junction Potentials

The calculation of the potential difference at the boundary of
two liquid solutions is in general a matter of some difficulty;
we shall confine ourselves to some of the simpler cases. Con-
sider the cell,

Let n, and #, be the transference numbers of the cation and anion
respectively.  The passage of one faraday of electricity through
the cell from left to right brings about the formation of #, moles

+ —_
of Ag and NOj in the solution of concentration C, and the dis-

+ —
appearance of the same amount of Ag and NO; from the second
solution. Accordingly, if v, and v, are the activity-coefficients
of AgNO; in the two solutions, the total E.M.F. of the cell is

E = "aR lo ¢C0(7A3)2+ aglog,cz(vNos)z

F, % Cilvagh | " Fy % Cilvno

= 2 n., RT Iog,, Core
Cl’Yt

(38)
The E.M.F. due to the two electrode potentials is given by equa-
tion (31). Hence the liquid junction potential is

Ca(vnoy)2 RT Ca(vag):
o — ] .
Cl('YNOa)l i 8 Cx(“)’ ) (3 )

This result could be readily obtained by con51der1ng the proceis

E = n,,—— log,

that occurs at the boundary of the solutions, since #, moles of Ag
go to the right and n, moles of NO; go to the left. If we make
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use of the approximately correct principle that in any given
solution ions of the same valence have the same activity-coeffi-
cient, we have yagno, = vag = Yno,, and equation (39) reduces
to the following:

RT Cz’)’z

E = (n, — c) Cm (40)

It may be noted that for a cell of the type
C12 (p atm.), KCI (Cl), KCI (Cz), Clg (p atm.),

the total E.MLF. is given by the expression

RT Cm
E = —2n-—-"log,
F o8 61’)’1

log,

(41)

instead of by equation (38).

We may now consider the liquid junction potential in the
following more general case:

Avan y(cl) ) A 23 Bv: (Cz) ’

where 4 and B represent the positive and negative ions with
valences of 2 and 2 respectively. Evidently, vz = vyzs. If
we imagine the passage of vz, faradays of electricity across the
boundary from left to right, we shall evidently have #,», moles
of the ion A transferred from left to right and %4, moles of ion
B trunsferred in the opposite direction. Hence the liquid
junction potential will equal

A n.RT Cl(’YA)l #n, RT Cl('YB)l
£y =" 10g Za 2 log 22YB
P 51 F Cz(‘YA)z 29 Fy ° C2(‘YB)2 (42)

Employing once more the approximately correct relation,
z2°log v4 = zlog vz (see Chap. XVI, equation (46)), we may
obtain

RTT (M0 _ 1) 100 Coy (e ") 1]
E = 7 [(zz zl) +( 2 logayl . (43)

So far we have been considering the potential difference at the
boundary of two solutions of the same electrolyte. For the gen-
eral case in which the two solutions may contain any number of
different electrolytes at any concentrations, the problem is much
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more difficult. The reader is referred to the following investi-
gators: Planck,* Johnson,T Henderson,} Bjerrum,§ and Lewis.|
We shall here consider the relatively simple case of two electro-
lytes with a common ion and at the same concentration. The
ions are also supposed to be univalent. Let us take as an
example the system HCl, KCl. Let Uy, U, and V be the mobili-

+ + -
ties of H, K and Cl, respectively. Then according to Planck,

E = %loge Z———; i II; (44)
In the deduction of this formula, the assumption was made that
the electrolytes were completely ionized or at least ionized to
equal extents. On the basis of the Arrhenius Theory, we may
set U1 + V = N and Uz + V = \pg, where \o; and Nz are the
equivalent conductances at infinite dilution. Thus equation
(44) becomes

RT, M

E =22 log, 22,
1 > loge (45)

F

If, however, we adopt the view that strong electrolytes are
virtually completely ionized at all dilutions, we may interpret
the U, + V and U, + V of equation (44) as equal to the equiv-
alent conductances of the actual solutions. We thus obtain

RT A
E, = —= e 6
J Fy log’ )\27 (4 )

which is the equation proposed by Lewis and Sargent.

Chemical Cells. Oxidation and Reduction

When concentration cells function, the changes that occur in
the system may be described as consisting in the transfer of one
or more substances from a region in which they have a certain
concentration to a region in which they have a different con-
centration. Considering the process as a whole, there is nothing

* Wied. Ann., 40, 561 (1890).

t Ann. d. Physik, 14, 995 (1904).

t Zeit. f. physik. Chem., 89, 118 (1907); 68, 325 (1908).
§ Zeit. f. Elektrochemie, 17, 391 (1911).

|| Jour. Amer. Chem. Soc., 31, 363 (1909).
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that could be described as a chemical change. The Daniell cell,
on the other hand, may be taken as an example of a system in
which chemical changes do occur. We have already studied
this cell, the results of the investigation being given in equations
(11), (12) and (13). As an additional example we may consider
a cell in which all the chemical reactions that occur take place
between substances in solution, the electrodes suffering no change
and serving only to conduct the electricity into and out of the
solution. The following reaction may occur in a cell:

SnClz + 2 FeCl; =2 SnCly 4+ 2 FeCl,,

FH+ A+
Sn+2Fe'—<—*9n+2Fe (47)

A cell in which this transformation will occur may be represented
by the following scheme:

ol

n e

Pty pis || 44+, Pt (48)
Sn Fe

The reaction represented by equation (47) will be brought
about by the passage of two faradays through the cell from
left to right. Applying equation (4), we obtain for the E.M.F.

of the cell,
RT RT (asa**+++) (apett)®

B = —74‘—3,10 K- ;—ﬁ—‘;log’ (asa™)(arctt+)?”

(19)
Let us also consider the following chemical reaction:
KSCN + TICI (solid) 22 KCl + TISCN (solid)
SCN 4 TICI (solid) = Cl + TISCN (solid).  (50)

The equilibrium constant is given by the equation:
K, = (—a—(})at equilibrium. (51)
asCN

Representing by r the ratio, ‘—la% , we obtain from equation (3).
SCN

A = RT log, K, — RT log, r. (52)
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The process described in equation (50) may be carried out
reversibly in the following cell:

Tl-amalgam, TISCN (solid), KSCN || KCI, TICI (solid),
Tl-amalgam. (53)

The passage of one faraday of positive electricity through the
cell from left to right will bring about the required chemical
changes. Hence, according to equation (4) and equation (52),
E = %logfr—‘. (54)

Measurements of the E.M.F. of such cells have been made by
Knupffer.* The liquid junction potential was eliminated by
having KOH present in both solutions at the same concentra-
tion, this concentration being large as compared with that of
any other substance present. Making use of the principle that,
in a given solution, ions of equal valence have approximately
cqual activity-coefficients, we find that we may set 7 equal to

the ratio of the concentrations of Cl and SCN, and K, equal to
this ratio at equilibrium. Table XXXI contains the experi-
mental data and a comparison of the observed E.M.F. with that
calculated according to equation (54).

TABLE XXXI

Temp. °C r= -—:—”—- K, ob-. E obs. E calc.
[SCN]
o8 o 84 1.74 +o0 o175 +o0 o172
0.8 1.55 1.74 +0.0037 +o o027
20.0 0.84 1.24 +o0.0105 +0.0098
20.0 1.52 1 24 —0.0048 —0 0051
399 0.83 0.85 -+o0.0010 +o0 o006
399 1 50 o 85 —0.014I —0 0153

The cell just discussed may evidently be viewed as a simple
concentration cell. It may be left to the student to calculate
the E.M.F. from this point of view and to obtain a result equiv-
alent to equation (54).

* Zeit. f. physik. Chem., 26, 255 (1898).
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Oxidation and Reduction

It is of interest to consider the processes of oxidation and re-
duction which occur when any galvanic cell is functioning. In
the case of the Daniell cell, it is evident that when this cell is in
operation metallic zinc is being oxidized to zinc ions and copper
ions are being reduced to metallic copper. We may make the
general statement that oxidation occurs where positive electricity
enters and reduction where positive electricity leaves the cell.
In terms of the electron theory, we have reduction where
electrons enter the cell and oxidation where electrons leave the
cell. Even in the case of simple concentration cells, we may,
therefore, say that chemical changes occur at the electrodes,
although in these cases the process of oxidation which occurs
at one electrode is exactly reversed by a process of reduction at
the other. We have in measurements of the E.M.F. of cells a
means of comparing certain systems as to their reducing or
oxidizing power. We may take the normal hydrogen electrode
as a standard of reference, whether we are considering the oxidiz-
ing or reducing power of other combinations. It should be borne
in mind that, strictly speaking, we cannot measure the oxidizing
or reducing power of a single substance. The reducing power
of hydrogen depends not only on the partial pressure of the
hydrogen but also on the concentration or activity of its oxida-
tion product, viz.: hydrogen-ion. Suppose we make up the cell:

++ +
Zn, Zn (&), | € (@ = 1), H (1 atm.). (s5)
The E.M.F. of this cell is
E = E°; — ﬂlog, a. (56)
2 F,

This value is a measure of the reducing power of zinc in contact
with zinc ions of activity ai, as compared with the reducing power
of the normal hydrogen electrode. Evidently we may also say
that hydrogen ions at unit activity in contact with hydrogen at
atmospheric pressure form a better oxidizing system than zinc
ions at the activity a, in contact with metallic zinc. The measure
of the difference in oxidizing power is once more E volts, the
E.M.F. of cell (55).
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Applications of the Gibbs-Helmholtz Equation

According to equation (57) of Chapter IX, the relation
between the affinity of a process carried out at constant tem-
perature and pressure and the decrease in the heat-function is
given by the expression:

a=m+1(57). (s)

If the affinity is expressed in terms of the electrical energy that
the given process will furnish we have, since 4 = nF,E,
dE

z=2 (%) (s8)
In this equation H, is the dlﬁerence in the values of the heat-
function, U + pV, in the initial and final states; it is therefore
equal to the heat that would be evolved if the process took place
without furnishing electrical energy. Expressing H, in calories
and E in volts, we obtain

__H, dE
E= 23,053 1 + T(dT)p. (s9)

During the reversible, isothermal functioning of a cell, the
heat absorbed from the surroundings is evidently equal to

nF T(ZT) . In the case of concentration cells, the sole result

of the process which takes place when the cells function is the
transfer of some substance or substances (gases or dissolved
substances) from a certain pressure or concentration to a lower
pressure or concentration. If we assume that these substances
may be considered either as ideal gases or as present in extremely
dilute solution, neither the function U nor the function pV will
change during the isothermal process and hence H, will equal
zero. In this case
E= T(Z?) or E = kT. (60)
We find therefore that in such cases the E.M.F. is proportional
to the absolute temperature.
According to the Gibbs-Helmholtz equation, the value of H,
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. dA dE
for a process can be calculated if 4 and ({17‘), or E and ( dT)

are known. It is not in general possible to calculate A or E if

only H,is known. It is true that in many cases the term T(Z/; )

or T (‘7]—) is small compared with the other terms of equation

(57) or (58). When this happens to be true, the affinity is equal

to H, and the EM.F. of the cell is equal to%’i . But this state
y

of affairs is far from being universal. In the case of concentration
cells, for example, it is the term H, which is usually negligibly
small.
Let us consider the combination:
Ag, AgCl (solid), KCl (0.1 M), KNO; (0.1 M),
AgNO; (0.1 M), Ag.

When one faraday passes through this cell from left to right, the
sole change of any importance is the precipitation of one mole
of AgCl from solution. In this case H, will be the heat of pre-
cipitation of AgCl, which Thomsen finds to be 15,740 calories
at 18°C. Lovén* found the E.M.F. of this cell to be 0.443
volts at 15° C. and 0.394 volts at 77° C. Assuming that the

EM.F. varies linearly with the temperature we find Z—? =
—o0.00079. This gives, for 18°C., E = o.441 and T%,

—o.230. Hence, from equation (59), H, = 15,470 calories, in
excellent agreement with Thomsen’s value. Evidently the
affinity of the process is A = F,E = 23,053 X 0.441 = 10,170
calories, and the heat evolved during the isothermal reversible

functioning of the cellis —F, TdE = 5300 calories.

ar
We may also apply the Gibbs-Helmholtz equation to the

following Daniell cell:
Zn, ZnSO4 + 100 H20 “ CuSO4 + 100 H20, Cu,
for which we have the following data at o° C.:

E = 1.0962 volts; % = +0.000034; H, (determined thermo-

* Zeit. f. physik. Chem., 20, 456 (1896).
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chemically) = so,110 cals. We easily find that 4 = 50,541 cals.
and H, (calculated electrochemically) is equal to 50,113 cals.
The heat evolved during the reversible and isothermal function-
ing of the cell would be — 428 calories.

Equilibrium Constants and Activity-coefficients

A'-study of equations (1), (3) and (4) will show that, whenever
it is possible to carry out a reaction reversibly and obtain the
affinity of a process in the form of electrical energy, we have, i
measurements of the E.M'¥. of the cell in which the process
oocufs®a means of determining the equilibrium constant of the
re&!tlon and the activity-coefficients of the reacting substances.
As a matter of fact, E.M.F. measurements have been frequently
made with these cnds in view. E.M.F. measurements carried
out with cells in which there are no liquid junctions are most
easily and correctly interpreted. For if liquid junction potentials
have to be taken into account, it is necessary to know the trans-
ference numbers of the ions concerned, and, even if this knowledge
is at hand, there is always some doubt as to the accuracy of the
formulas used in calculating the liquid junction potentials.
The difficulty of the calculation becomes even greater if the
transference numbers of the ions of the salt concerned vary
markedly with the concentration of the salt.

Another point that may be emphasized is that, although
E.M.F. measurements furnish us with an admirable and accurate
method of determining the relative activities of a salt or an ion
at various concentrations, the problem of determining what we
may call absolute activity-coefficients is not so readily solved
in this way. It will be recalled that even in the simplest
cases the measured E.M.F. is a function of the ratio of two
activities or of two activity-coefficients (see, for example, equa-
tion (37)). Hence it is necessary to know the value of one of
the activity-coefficients before the value of the other can be
given. Taking advantage of the principle that the activity-
coefficient of a salt or an ion approaches unity as the ionic
strength of the solution approaches zero, we make E.M.F.
measurements, using a very dilute solution of the salt. We are
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still confronted with two difficulties: first, we must estimate, by
means of some hypothesis or other, how far the activity-coeffi-
cient differs from unity in the dilute solution; and secondly,
we are faced with the fact that E.M.F. measurements with
very dilute solutions have a lower order of accuracy than that
generally attained. But, in spite of everything, the E.M.F.
method is still one of the most important means at our disposal
in the task of determining activity-coefficients.

The Tables XXXII to XXXVI which follow are included
because they furnish information that may be of use to the
student. The data are taken from the critical compilation of
Noyes and Falk.*

TABLE XXXIT EQUIVALENT CONDUCTANCE A AND CON-
DUCTANCE-VISCOSITY PRODUCT (n) AT 18° C.

Concentration = MM-
liters
Concentration o o or o oz o o5 0 10 0 20 o 50 I0
NaCl {)\ ........ 108 9 |101.88| 99 55| 95.66| 91.96| 87.67| 80.89| 74 3r
M.. ..., 108 9 |101 97| 99 73| 96 10| 92 75| 89.13| 84.21| 80 70
KCl {)\ .......... 130.0 {122.37|119.90|115.69/111 97|107.90[102.36( 98 22
Moo 130.0 122.37|119 9 |115.6 (111 8 [107.5 [101.3 | 06 §
KBr A {132.2 |124.31{121.78|117.69|114.14|110.32|105 30
{M ....... 132.2 |124.3 |I21.7 |117.4 [113.5 |109 I [101 3 | .
KI N oL 131.1 (123.44|121.10(117.26[113 98| ... [106.2 [103 6O
{)w, ....... 131 I |123.3 |120 9 |116 7 j112 9 | . . |10I.4 | 95 3
NaNO {)\ .......... 105.2 | 98 o7 95 57| 91 35| 87.16| 82 21| 73 99| 65 81
FAnpe.al. 1052|981 |95.7]91.6|875]|82.9}75.6]69.4
KNO D S 126 3 |118.10|115.12{109 78[104.71| 98.67| 89.18| 80 41
3 {)«n ......... 126.3 [118.1 |115.0 [109.5 |104.1 | 97.5 | 86.9 | 77.4
AgNO {)\ ......... 115.8 |107.80(105 1 | 99.50| 94.33] . . 77.5 |1 67 6
ENUs Aol 115.8 [107.80l105.1 | 99.50| 94.33| . .. | 79.1 [ 71 5
HCl D 380 0 |369.3 |365.5 |358.4 |351.4 [342 |327.0 |301.0
HNO; M......... 376 5 365 0| . . |353.7 [346.4 | . .. | ... ..
PbClzs A.......... 126 3 [102.1 | 93.2 | 79.2 | . .. ..
K.SO {)\ ....... 133 0 |115 8 {110 3 [101 9| 949877178 4| 716
P N 133 o [116.0 [110.7 |102 5 | 96 0 | 89 5 | 82.2 | 78.8
) 111 9 | 95.7 83 64| 77.07{ 69 95| .... | . ..
Na,50q {)\17 ......... 119 |90s.9|.. |8.6[78.8]|730 L.
ZnSO {)\ ......... 115.5 | 72.9 { 63.8 | 52.8 | 45.4 | 39 1 26.2
C A 115.5 | 73 1| 64 2 | 53 6| 46 8 | 41 6 35.7
CuSO {)\ .......... 114.4 | 71.74| 62.40| 51.16| 43.85| 37.66 25.77
R0 ¥ T, 114.4 |72 0[ 629 | 520|453 |401 | .... [35.3
KOH a......... (239) |228 o |225 o |219 o [213 o |206.0 |197.0 [184.0

* Jour. Amer. Chem. Soc., 33, 1436; 34, 454, 485.
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TABLE XXXIII. EQUIVALENT CONDUCTANCE () AND CON-
DUCTANCE-VISCOSITY PRODUCT (\), AT 25°C.

Concentration = w~
liters
Concentration [ o or o oz o o5 o010 | 020 | 050 1.0
) 127.0 |118.7 (115.9 (111.2 (106.8 |101.7 | 93.45| ....
NaCl {)\1, ........ 127.0 [118.8 |116.1 |111.8 {107 9 [103.6 | 97.9 | ...
KCl {x . ....|t50 6 |141.4 [138 65|133 65|129.0 |124 2 |118.8 |117.4
M. .. . [150.6 |141.4 |138.5 [133.3 [128.3 |123.2 |117.3 |[115 9
KI {)\ ..... . |t31 3 [142.3 [139.4 134 7 |130.8 | ... | .
M. . .....|151.3 [142.2 |139.2 [134 3 [129.9
v N ..o ..|145 4 |134.9 | .. 126.3 [120.3
KNOs {)\‘r’ .. 1438 4 |134.8 125 9 119 §
HCl {)\ ..[426 o 411 6 |406 7 |398.4 {390 4 (380 2
A .... . [426 0 [412 0 [407 5 |400.0 [394.4 |385.3
HNO, {)\ . .. . |420 0 [406.0 | . .. |393 3 |385.0| ..
M .. . |420.0 {406 o 303 7 (385 8
PbCl; ... ..... 147.0 {118 2 [107.6 | 91.3 R
A . . |154 8 |134 4 |128.1 |118 15|109.9 |101.4 | 90.4
K50 {7\7; .. . .. |54 8 |134.5 |128.3 {118.5 |110.6 (103 T | 94.8
Na.S0 {h vov o .. 13102 [112.55|106.05| 97.9 | 90 1 | 81.65] . ..
SRy oo 131 2 (112 8 |107.4 | 98 8 [ 91.8 | 85 1

TABLE XXXIV. CONDUCTANCE-VISCOSITY RATIO (IOO %’—) AT
Mo

18° C.
Concentration = equivalents per liter

Concentration 0 o1 0 02 005 o 10 0 20 o 50 10
NaCl. ... ... ... .|93.6|091.6 882|852 8187737471
KCl..... ........ .. .|941]02.2(8 9|8 0|B82.7|779]|742
KBr....... .......... 940 |92.1 [ 8.8 |89 |8 535|766 . ..
KI. e 94 1(92.2 8 0|8 9] . 77.3 | 72.7
NaNOs.. ... .193.2|910 |8 1|82|788|71.9|660
KNOs....oooveiviinn .193.5|9r 1|8 7|824]|772|688]6r3
AgNO;......... ... ... 93.1 | 90.8 | 85 9 | 81 4 68 3 | 61.7
HCL ...... ........ . 97 2062944925 . ..
HNO; . ... ... . 97 o 94 0| 92.1
PbCly........... .. .18 8738|627/ . .. .. - .
KoSOg oo 87.2(83.2|77.1{722|673|61.8|3592
Na,SOq...oeena. . . .48 7| .. |756]| 704|652 ... .
ZnSO4 ..... ... ... .| 63.3]|55.6]464]|405]|36.0]... |30.9
CuSO, ... . .. ..|6209|35.0(45.5(39.6[35.x]|....]30.9
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TABLE XXXV. TRANSFERENCE NUMBERS OF THE ANION

AT 18°C.

Concentration (o) § 0 02 o 05 oIx o2 o5 10
NaCl. . ... o 604 | 0 604| 0 606| 0o 607 o 610 0 618} o 631
KCl1 .. 0 505| 0 504| © 504| 0 505 0 506
KBr .... . . o 505 0 505
A%NO.\; L. o 529 0 529/ 0 529| © 529 .
HC1 . o 167 | o 167| o 166| o 165 0 163| o 160| 0 156
HNO, . ... . |o160o| o0 159 o 156 .
NasSO, o 608 | o 610| 0 617
KoS0, .. o 506 | o 508| o 510
Pb(NOs): . o 513 0 513
MgSQO,. . .. . o 615| o 619| 0.627 .
CdSO; .. o 611 0.616| 0 626/ o 636 o 650| © 677 o 706
CuSOq..... .. o 625| o 625| o 627| o 639| o 673

TABLE XXXVI. EQUIVALENT IONIC CONDUCTANCES (OR
MOBILITIES) AT 18°C. AND 25°C.

Ion 18° 25° Ion 18° 25°
Cs ..... 68 o Cd 46 4
Rb .. 67 5 Mg .. 45.9 55 o
T .. 65 9 76 o Cu R 45 9 .
NHq....... 64 7 Br. ... .. 67 7 .
K. ..... 64 5 74 8 I .. ... 66 6 76 5
Ag . 54 © 63 4 Cl . .. 65 5 75 8
Na ........ 43 4 5T 2 NO; . .. .. 61 8 70 6
Li. ... 33 3 . SCN. ..... .. 56 7 .
H. 314 § 350 ClO;....... . 55 T
Pb ..... .. 6o 8 71 © BrO;.. .... . . 47.6 54 8
Ba . 55 4 65 2 F . .. 46.7
Ca 51 9 60 o 10; . R 34 0
Sr.. ... .. 51 9 1 SO¢ L. L . 68.5 80 o
Zn............ Lk r.n 63 o 72.7
174 196
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PROBLEMS

(The student may use the following table of activity-coefficients)

Molar Conc.
Salt

Kt ‘ >} ‘ c5 | 10 ‘ 20 10

KCI, KBr, KI © 903 o 874 . o 773 0.724 o 611
NaCl .. . 0 903 o 874 o 823 o 782 o 737 o 636
AgNO; . o 723 . .
ZnS0s . . o 4o . 0.22 o 16

1. In the cell, Cd amalgam (C;), CdI solution, Cd amalgam (C:), the
observed E.M.F. at 16.3° C. is 0.0433 volt when (| and C; are o.0017705
and o.00005304 respectively.  Calculate the E.M.F. of this cell.

2. In a similar cell with Cu amalgams as electrodes and CuSO. solution
as clectrolyte, the observed E.M.F. at 20.8° C. is 0.0124 when C, and C; are
0.0004472 and 0.000016045 respectively. Calculate the E.M.F.

3. From equation (12) and appropriate data in Table XXIX, calculate
the ratio of the activity of zinc ions to the activity of copper ions in a system
obtained by adding an cxcess of metallic zinc to a solution of CuSO, at
25° C.

4. Calculate the E.MLF. of the following cells at 25° C.:

(a) H, (5 atmospheres), H;SOq, H: (1 atmospherc).
(b) Cl: (2 atmospheres), NaCl, Cl; (0.1 atmosphere).

6. In the following cells, calculate the E.M.F. due to the electrode
potentials, that duc to the liquid junction potential, and the total E.M.F,
at 18°C.:

(a) Cl; (z atm.) NaCl (o.02 M), NaCl (o.20 M), Cl, (1 atm.) .
(b) Hg, HgCl, KCl (1 M), KCI (o.1 M), HgCl, Hg.

(¢) Zn, ZnSOy4 (o.10 M), ZnSO, (0.01 M), Zn.

(d) Hg, Hg:SOy, ZnSO, (0.05 M), ZnSO, (0.01 M), Hg,SO,, Hg.

6. Calculate the liquid junction potentials at 18° C. for cach of the follow-
ing combinations, using both equation (45) and equation (46).
(a) HCI (0.1 M),KCl (0.1 M).
(b)) NaCl (o.01 M), KCl (0.01 M).
(¢) KNOj; (0.1 M), NaNO; (0.1 M).
(@ KNOs (o.x M), AgNO; (0.1 M).
7. Calculate the E.M.F. of the following double concentration cells at
25°C.:
(¢) K amalgam, KCI (o.01 M), AgCl, Ag, AgCl, KCl (0.1 M), K amal-
gam.
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() K amalgam, KI (o.or M), Agl, Ag, Agl, KI (0.1 M), K amalgam.
(¢) Zn, ZnSO, (o.01 M), PbSO,, Pb, PbSO,, ZnSO; (0.1 M), Zn.

8. If the E.M.F. of the cell, H; (1 atm.), HSO, solution, O, (x atm.), is
1.23 volts at 18° C., calculate the equilibrium constant at 18° C. of the
reaction 2 H; + O: = 2 H,O (liquid). If the vapor pressure of water at
18°C. is 15.48 mm., calculate the equilibrium constant of the reaction
2H; + 0, 2 2 H,O (gas). Calculate the degree of dissociation of saturated
water vapor at 18° C. into hydrogen and oxygen.

9. In the lead accumulator, the following reaction occurs: Pb + PbO. +
2 H,SO, = 2 PbSO, + 2 H:O. When the electrolyte contains 78 moles of
water to 1 mole of HoSO4, the value of H) is 85,700 calories and the tempera-
ture-coefficient of the E.M.F. is zcro. Calculate the E.M.F. of this cell.

10. An accumulator containing acid of density 1.15 (H:SO. + 21 H,0)
has a temperature-coefficient, %
1.96 volts. Calculate the heat of the reaction.

11. Calculate the solubilities of AgBr and of Agl in water at 25° C. from
the values of the E.M.F. of the following cells:

(a) Ag, AgBr, KBr (0.1 M) || AgNOs (0.1 M), Ag; E = 0.586.
() Ag, Agl, KI (0.1 M) || AgNO; (0.1 M), Ag; E = o.807.

12. The cell, Ag, Agl, KI (o.1 M), || KBr (0.1 M), AgBr, Ag, has at
25° C. an E.M.F. of o.217 volts. Determine the relative solubilitics of
AgBr and Agl in water.

13. Calculate the EXM.F. of the cell: Ag, AgCl, NaCl (0.01673 M), NaCl
(0.001674 M), AgCl, Ag at 18° C.

14. Bodenstein and Geiger measured the E.M.F. of cells of the type, Ha,
HBr solution, Br; at 30° C. and obtained the following data (partial pressures
of gases in millimeters):

=4 X 1074, and at 17° C. its EM.F. is

PHBr Ppr, Py, I volts
12 0 60.682 742 5 o 573
2.25 1 509 753 6 o 623
119 1.448 760.6 0.636

Deduce from each experiment a value of log K for the reaction H: + Bra
= 2 HBr (gas). Calculate therefrom the partial pressures of hydrogen
and bromine in gaseous hydrogen bromide at atmospheric pressure.

16. The dissociation pressure at 25°C. of Ag:0 is 5.0 X 1074 atm.
Calculate the E.M.F. of the cell: Ag, Ag:0 (solid and saturated solution),
0, (1 atm.).*

* See Lewis, Zeit. f. physik. Chem., 65, 465 (1906).



CHAPTER XVIII
SURFACE TENSION AND ADSORPTION

In this chapter we shall discuss the application of thermo-
dynamic principles to certain properties of substances which we
have hitherto neglected, viz.: to those properties which depend
chiefly on the extent of surface separating different phases. We
shall confine ourselves mainly to a consideration of the surfaces of
liquids.

The total surface of a given mass of liquid can be increased
many times by subdivision or otherwise without thereby affecting
appreciably the total volume or bulk density. The increasing of
the surface will be accompanied by work and heat effects, so that
there will necessarily be changes in the total energy, entropy,
etc., of the liquid. Since however (as we have just stated) the
total volume of the liquid is essentially independent of the
surface, the energy, entropy, etc., of the liquid (apart from its
surface) will be unchanged when the surface is changed and we
may therefore suppose that the changes in energy and entropy
when the surface of a liquid is altered are changes in the energy
and entropy of the surface. By the symbols, Us, F;, and S;, we
shall denote the total energy, the free energy and the entropy
respectively of the surface.

According to equation (8) of Chap. IX, the increase in the
free energy of a system is equal to the work done on it during a
reversible process. Now the work done in increasing isother-
mally the surface of a liquid by the infinitesimal area d4 will be
proportional to dA, since there will be no appreciable change in
the total volume and therefore p dV will equal zero. We may
therefore write dF, = v dA, (1)

Were v is the work done on the liquid in increasing its surface by
unit area. Similarly let g be the quantity of heat absorbed when
345
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the surface is increased isothermally by unit area. Then we shall
have for the increase in the total energy of the surface,

dUs; = ydA + qdA. (2)
=dF + qdA.

If we represent by T' the increase in the total energy due to the
increase in surface by unit area, then
I'dA = vdA + ¢qdA. (3)
' =v+44

Applying equation (39) of Chap. IX, I' corresponds to U, — U,

v to Fy — Fy; hence
dy.

y=T+T % (4)
and therefore, from equation (3),
- 79,
¢g=—-T4z (s)

Since gf is negative for all liquids (except at the critical point,

where it is zero), ¢ is positive and therefore heat is always
absorbed when the surface of a liquid is increased isothermally.
In the case of many liquids, v is a linear function of the tempera-
ture, i.e., ¥ = a — bT, so long as the temperature is not too close
to the critical. Substituting in equation (4) we obtain for the
total surface energy of unit arca,
=y-T dif‘ = @ = constant. (6)
The quantity which we have represented by 1 is usually termed
the surface tension; evidently it also represents the free surface
energy of unit area and it is sometimes spoken of as the surface
energy of unit area. The distinction between 4 and I' should
however be carefully borne in mind. The surface tension ¥ may
be expressed in ergs per square centimeter or in dynes per centi-
meter.



Cu. XVIII MOLECULAR VIEW OF SURFACE TENSION 347

Surface Tension from the Molecular Point of View

Although the results obtained by the application of thermo-
dynamic principles are independent of the views we may hold as
to the constitution of liquids, it may be well to discuss briefly
the origin of surface tension on the basis of the molecular hy-
pothesis. From this standpoint we may imagine that there are
attractive forces between molecules effective over very short dis-
tances. In the interior of a liquid the forces on a given mole-
cule will on the average neutralize each other. The molecules
in the surface layer will however be subjected to a resultant force
at right angles to the surface and directed towards the interior of
the liquid. When the surface of a liquid is increased by one
square centimeter, a certain number of molecules which were
previously in the interior have to be drawn to the surface against
the molecular forces and therefore work must be done. The
effect is therefore the same as if a force in the plane of the surface
had to be overcome.

From this point of view we may also consider the effect of
curvature of a surface on the vapor pressure of a liquid. Equili-
brium between vapor and liquid is reached when the number of
molecules leaving the surface per second is equal to the number
returning to it. On account of the force directed inwards, only
those molecules which come from the interior with a velocity
greater than a certain critical value are able to pass through the
surface layer and get into the vapor phase. If the surface is
convex, the molecules in the surface will be pulled inwards by a
smaller force than if the surface were plane. This may be easily
realized by considering a molecule in the plane surface and then
imagining sufficient liquid to be removed to make the surface
convex. Since therefore the force on a molecule in a convex
surface layer is less than on one in a plane surface layer, the criti-
cal velocity necessary to enable a molecule to penetrate the sur-
face layer is less and therefore a larger number will leave the
surface per second, thus giving rise to a greater vapor pressure.
Similarly the vapor pressure at a concave surface will be less than
at a plane surface. On the kinetic molecular hypothesis we can
therefore show qualitatively that small drops will have a higher
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vapor pressure than large ones or than a mass of liquid with a
plane surface. The exact relation between vapor pressure and
curvature is easily deduced thermodynamically.

Vapor Pressure of Drops

Let a spherical drop of liquid have the mass m, the radius
r, vapor pressure p, surface tension v, and density s at the temper-
ature 7. Let the vapor pressure at a plane surface of the same
liquid be po. The density and surface tension of the larger mass
of liquid will not differ appreciably from those of the small drop.
We shall proceed to calculate the loss in free energy when dm
grams of liquid are transferred reversibly (for example, by
isothermal distillation) from the small drop to the larger mass.
Assuming the vapor to be an ideal gas, the work gained in evapo-
rating one mole of liquid from the small drop at the pressure p,
expanding the vapor to the smaller pressure po and finally con-

densing the vapor at the constant pressure po is RT log, ;{’— If
0

M is the molecular weight of the vapor, we obtain for the decrease
in free energy when dm grams are transferred,

RT P
—dF = dm—~=1log. £.
F = dm 73 log b @)
If A is the surface of the spherical drop, we have
m=4-1rr3s, dm = 4wrisdr.
A=ga7r dA=81rrdr=;2;dm. (7a)

Since dA is the decrease in the surface of the sphere when the
mass dm is removed, the work to be obtained in the process is
equal to v d4 where v is the surface tension and v d4 is therefore
the decrease in the free energy. (Adding the quantity dm to
the larger mass, which may be looked on as a sphere of infinite
radius, will not increase its surface appreciably). Accordingly

we obtain (since ydA = % dm), from equation (7),

2y, R0 P am: p_2x M
s dm §7i log. o dm; log. - 8)
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Since in general p is only very slightly greater than p,, we may
write

_ 2 YyM\
p = po(x +227) D
In the case of water at 20° C.,

dynes ergs
= T= = . ————e = N R= . J___ o~
M =18, 201, Y=72.53 ~_——, S=I 8.316 X 10 degree’

hence

(10)

1.08 X 107\
7

P=Po(1+

Accordingly a drop of water with a radius of 10~% cm. will have
a vapor pressure greater by one per cent than a large mass of
water at 20° C. The difference in the vapor pressures of small
and large drops is therefore in general exceedingly small, but it
is sufficient to account for the growth of large drops at the
expense of small ones. The fact that vapors can be super-
saturated and that small dust particles favor the condensation of
vapors can be readily accounted for if we bear in mind how the
vapor pressure of a drop depends on its radius.

The results obtained by Ramsay and Aston * for the surface
tension of benzene may be represented fairly accurately by the
equation: vy = 28.09 — 0.127 (¢ — 20). At 20°C., we have:
g-}, = —o.127, I = 293; Tg% = —37.21. Apply-
ing equation (6) we obtain I' = 28.09 + 37.21 = 65.30 ergs. In
other words, the total surface energy of unit area of benzene is
65.30 ergs and this is independent of the temperature so long as
the critical temperature is not approached too closely.

In studying the surface tension of liquids, it must be borne in
mind that the properties of a surface layer depend on the nature
of the two phases which are separated by the surface layer. In
most cases however it makes very little difference whether the
two phases considered are a liquid and its saturated vapor or a
liquid and air.

v = 28.09;

* Zeit. f. phys. Chem. 16, 89 (1894).
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Interface Between Two Liquids

The boundary between two liquids has associated with it a
certain amount of free energy just as is the case at the boundary
between a liquid and a gas. The value of the free energy per
cm.? of interface will be the surface tension of the interface. Let
A and B be two liquids partially or not at all miscible in each
other. Let v4 and vs be the surface tensions of pure 4 and pure
B respectively in contact with air or their saturated vapors and
let ¥'4 and 45 be the surface tensions of 4 saturated with B and
of B saturated with 4. Also let y4» be the surface tension at
the interface of the two mutually saturated liquids. Imagine
the liquid B saturated with A to have a plane surface equal to
two square centimeters and suppose we cover one square centi-
meter of it with a thin layer of liquid A saturated with B. The
total free surface energy will be /4 + v'5 + vas. If the liquid
A now spreads over the two square centimeters of B, the total
free energy of the surfaces considered will be 2 v'4 + 2v4s. The
decrease in the free energy is v's — ¥'4 — vas. According to
equation (15) Chap. IX, the decrease in free energy is positive
for any spontaneous process which takes place without doing
any external work. Hence if v'5 — ¥4 — 7.5 is positive, liquid
A will spread on liquid B. The condition that liquid 4 (sat-
urated with B) shall spread on liquid B (saturated with 4) may
also be expressed by the inequality,

Yas < ¥’ =7 a (1)

At 25° C. the surface tensions of pure benzene and of pure
water are 28.17 and 72.05 dynes per cm. respectively. The
values for benzene saturated with water and for water saturated
with benzene are 27.90 and 60.19 respectively.® The surface
tension at the boundary of the two layers is 34.68. Thus we

have ¥4 = 2790, ¥p=06019 and vyap = 34.68,

hence

ve—Y4—vap= —239 or vis> v —7a
We therefore conclude that benzene saturated with water will not
spread on water saturated with benzene. If we use the values

* Harkins, Brown and Davies, Jour. Amer. Soc. 39, 355 (1917).
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for the pure liquids, then vz — v4 — v48 = 9.20 and we might
infer that if a drop of benzene is placed on pure water, the
benzene will spread and dissolve until the surface tension of the
water is reduced by the dissolved benzene.

Surface Tension of Solutions

The surface tension of a solution will in general differ from that
of the pure solvent. From the molecular point of view, the mag-
nitude of the surface tension depends on the work done in pulling
molecules from the interior of a liquid to the surface layer. As
the forces acting on the solute molecules will in general be dif-
ferent from those acting on the solvent molecules, we should
expect differences in surface tension. Moreover on account of
the differences in the molecular forces on solvent and solute mole-
cules, the concentration of the solute molecules in the surface
layer will differ from that obtaining in the bulk of the liquid. A
relation between the concentrations in the surface layer and in
the bulk of the solution may be deduced by the application of
thermodynamic principles.

According to the definition of the free energy function (see
Chap. IX), F=U —17S and dF =dU —TdS — SdT =
—S dT — pdV, when surface effects are excluded. Applied to
a dissolved substance, we have

dF = —SdT — Padv, (16)
where P is the osmotic pressure of the solution. If however we

include the free surface energy and if dA represents an infini-
tesimal increase in the surface of the liquid, then

dF = —SdT — PdV + vydA. (x7)

Restricting our consideration to isothermal changes (dT = o),
we have

dF = —PdV + ydA. (18)

From equation (18) we easily obtain

dF . (dF\ _ . a’-F__(gl_)=(d_y)_
(d‘f/)f -5 (E)V‘ v svaa ~ ~\aa),= \av). 9
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Let N be the total number of moles of solute in the volume
V and let e be the excess number at the surface per unit area. If
A is the total area, then the concentration in the interior is

N—eA_
14

When N, the total number of moles, and T, the temperature, are
maintained constant, all the specific properties of the solution
(as represented, for example, by P, c, ¢, v) are functions of the two
independent variables V and 4. The osmotic pressure however
is determined entirely by ¢, the concentration in the bulk of the
liquid; the same is true of e, for the surface concentration will
be fixed by the internal concentration. Similarly, the surface
tension will be determined solely by ¢ or e. Thus we may write
the functional equations:

P=fi()=file) =fs(v) =1 (V,4). (20)

When P is constant, so also are ¢, ¢ and v. From the relation
P = f(V, A), we have the mathematical relation

. dA dA dA
And since d——*-V) dV) ( av). etc.,

we obtain ( ( ) (

dP dc de (d'y
a4\ _ \av)._ \av V)a. (o
Dol e

From the equation 4 = %7 ~ ‘v, we obtain, taking equation

(21) into consideration,
dvy
dA) _ _°¢c_ _ <lﬁ—/ A
=-.=

av). (_11)'
dd )y
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In view of equation (19) we may write

_(d_v> =<é1_’) P, .éc_) and (d_v = d_c)
av)y \dd)y dc \d4d), dd )y~ dc'\d4 ),

Hence we have

e ‘_11)
dc
Thus there results finally
dc
T Ty ¢
dc

If we assume that the concentration in the bulk of the liquid is
so small that the equation P = ¢RT may be applied, then
%—: = RT and equation (22) takes the form
_c 4,

RT dc (23)
If the solute is dissociated so that P = #cRT, then if we

e =

assume 7 to be constant, %10: = iRT and equation (23) becomes
c d
6=~ 2L (24)

dy
7 have oppo-

site signs. If therefore a solute lowers the surface tension of a
liquid, its concentration will be greater in the surface layer than
in the bulk of the liquid, and vice versa.

Although for purposes of illustration we have considered the
surface layer to be the boundary between a liquid and its vapor
(or air), the results are perfectly general and apply to surfaces
separating a liquid from a solid or another liquid, or a solid from
a gas. The difference between the concentrations of a dissolved
substance in the surface and in the bulk of a phase is spoken of

Since in equation (22) %ﬁ—) and ¢ are positive, ¢ and
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as due to adsorption. Since ¢ of equation (22) may be positive
or negative, we may have either positive or negative adsorption.
According to equation (21) we have

&
av)a

Now (é:y— has necessarily a sign opposite to that of dy and
AN dc

therefore it has the same sign as ¢ (equation (23)). It follows
therefore that (%) is always positive. Hence if the surface
1 4

separating two phases (one of which is a solution) is increased
while the total volume remains constant, the surface tension in-
creases; if the surface is diminished, the surface tension dimin-
ishes. The result of this is to make the equilibrium a stable one.

Empirical Adsorption Equation

If a solution is brought in contact with a solid phase (e.g.
finely divided charcoal) the solute will be positively adsorbed by
the surface separating the charcoal and the solution if the surface
energy is reduced by increasing the concentration of the solute.
Equation (2 3) will apply in this case. On account of the difficulty
of measuring 7 and e in such cases, attempts have been made to
find a relation between variables which are more easily measured.
If m is the mass of the adsorbent, x the mass of the solute
adsorbed and if C is the equilibrium concentration in the solution,
the following relation has been found to hold, viz.:

-7% = aC" (25)

where a and # (» > 1) are constants for a given solution and
adsorbent. It is assumed that the total surface active is pro-
portional to the mass of the adsorbent and this means that the
adsorbent must be used in the same state of subdivision in differ-
ent experiments. Equation (25) is the analytical expression for
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the general parabola and isnot an *‘ exponential ’ equation, as we
sometimes find it stated. The equation may also be written

x 1
log (;) = log C + log a, (26)

so that if we plot log % as ordinates against log C as absciss® we

should obtain a straight line. The value of a or log @ depends to
a great extent on the units employed in expressing #, m and C.

The value of :—L is more characteristic. The following values of%

as determined by Freundlich * refer to blood charcoal as the
adsorbent and (unless otherwise stated) to water as the solvent.

TABLE XXXVII. ADSORPTION BY BLOOD CHARCOAL

I
Solute L i Solute I
“w X n
|
Formicacid . . . . 0 451 Benzoic acid .. . . .| 0.338
Acetic acid . 0 425 Chlorine . . . .. 0.297
Propionic acid o 394 Bromine. . L o 340
Butyric acid . o 3ot Picric acid (in alcohol) .| o.230
Monochloracetic acid. . o 363 Benzoic acid (1n benzene) 0.416
Succinic acid . . . o 243 Bromine (in cther).. .. 0.263

Electrocapillary Adsorption

In case a solution containing ions is in contact with a liquid
or solid phase, it may happen that ions from the solution are
adsorbed at the bounding surface, forming the equivalent of a
Helmholtz ‘“‘double layer.” Let E be the potential difference
at the boundary and let Q be the clectric charge on the surface,
A, due to the adsorbed ions. Imagine an infinitesimal increase,
dA, in the surface at constant temperature and at constant
volume, accompanied by an infinitesimal increase, dQ, in the
charge on the surface. The work necessary to bring about
these changes is equal to v d4 + E dQ and the heat absorbed
may be set equal to 7dS. Hence we obtain for the increase in
energy,dU = T'dS + vdA + EdQ. Thismay be written in the

* Kapillarchemie, p. 150.
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form d(U — TS — EQ) = —SdT + yvd4A — QdE. Or, since
the temperature is maintained constant,

d(U — TS — EQ) = vd4 — QdE. (27)
Since d(U — T'S — EQ) is a perfect differential,
dr\ _ _(40) _ _
<dE),, - (dA PR (28)

where ¢ is the charge per cm.? for a potential difference E.

If ¢’ is the number of equivalents of adsorbed ions per cm.?
(reckoned positive for positive ions and negative for negative
ions), then ¢ = €'F, where F, is a faraday. Hence from equa-
tion (28},

’ 1 fdy
/- -£(3), (20)

Since 1 volt-coulomb = 10’ ergs, we must replace equation
(29) by the following, when differences of potential are expressed
in volts and electric charges are given in coulombs:

ro (&
¢ = T IoF, (dE)A’ (20)



CHAPTER XIX
THE THIRD LAW OF THERMODYNAMICS
Including a Brief Treatment of Radiation and the Quantum Theory

RADIATION

If two bodies at different temperatures are put in contact, the
temperatures of the two bodies will in time become equal. We
have described this process (see Chap. III) by saying that heat
has passed from the hotter to the colder body. This transfer of
energy by contact of two bodies at different temperatures is some-
times referred to as the conduction of heat. But even if the two
bodies are not in contact and are separated by a vacuum, transfer
of energy will take place through the vacuum and in this case we
speak of the transfer of energy by radiation. Radiation from one
body to another can also occur even if the bodies are separated by
a material medium. Experiment has shown that this radiation
follows all the laws which govern visible radiation. Thus we
can apply to all forms of radiation, whether visible or not, the
laws governing the reflection, refraction and propagation of light
rays. In our brief treatment of the subject we shall restrict
ourselves to radiation that is unpolarized and of uniform inten-
sity in all directions and we shall suppose that the medium of
propagation is a vacuum or what is practically equivalent to this,
air at atmospheric pressure. For a complete and rigorous treat-
ment the student should consult Planck’s Theory of Heat Radia-
tion.

Let do represent an infinitely small element of area in the
interior of a medium through which radiation is passing. Any
direction through de may be specified by the angles 6 and ¢,
where 6 is the angle the given direction makes with the normal to
do and where the azimuth ¢ is the angle which the projection of
the direction on the surface do makes with a given line in the
plane of do. The energy radiated through do in a given direction
in the time d¢ is evidently proportional to dg, to the time df and

357
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to the cosine of the angle §. Thusif § = 2, the radiation through

de in the direction @ will vanish. A finite amount of energy is
however not present along a mathematical line. We may look
on every point of the element do as the vertex from which radia-
tion passes in all directions. And instead of a mathematical line
defined by 6 and ¢, we shall consider the radiation in the infinitely
small cone limited by § + d6 and ¢ + d¢. The solid angle of this
cone (the area cut out of the surface of a sphere of unit radius
with center in do by our infinitely small cone) is

dQ = sin 6 - do do.
Accordingly the energy radiated in the time d¢ through do¢ in
the direction of the cone d is proportional to df, to de, to cos 8§

and to the solid angle dQ. If K is the proportionality factor,
we have for the energy radiated in time d¢

K dtdo cos 0dQ = K dt do sin 6 cos 0 df d¢. (1)

The quantity K we shall call the intensity of radiation in the
direction (8, ¢). For the total radiation through do toward one

side, we have
f do ﬁdﬂ + K sin 0 cos 0 do dt.
0 0

Since we assume that the radiation is uniform in all directions,
K is a constant and we finally obtain on integration

7K do dt. (2)
If we let R be the energy radiated in one second by a square
centimeter towards one side, we have

R = =K. (3)

Space Density of Radiation
Since energy is radiated in air or a vacuum with the finite

velocity ¢ = 3 X 10% z%, there must be in every cubic centi-

meter of space the finite amount of energy of radiation, . Con-
sider a small volume v and with any point O in this volume as
center construct a sphere with the radius r. Let do be any ele-
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ment of surface of the sphere. From any point in deo as vertex
consider a cone passing through v and cutting out a volume with
cross-section f and length s. The radiation from de in this small

cone will take % seconds in traversing the length s. The solid

!
72
perpendicular to de. The energy in the volume fs is, according
to equation (1),

angle of the cone is £; § = o since the direction of the cone is

Kgdai = Kda'-f—{-
c r 7%
This energy enters v and spreads out into the volume fs. Sum-
ming up over all conical elements which have their vertex in do
and enter », we obtain

This is the total energy in v due to the radiation from the element
des. Assuming K to be uniform in all directions, we have for the
total energy passing through the total surface of the sphere and
entering the volume v, since the total area is 4 =2,

K,
4 2

Hence we obtain for the energy density #,

K
u=4:’ ()
and from equation (3)
R
u=4_ (s)

The Stefan-Boltzmann Law

We shall define a *“black ”” body as one which absorbs com-
pletely all radiation incident on it. The radiation in equilibrium
with a black body is a function of the temperature of the black
body and we shall speak of the radiation as having the same tem-
perature as the black body. On the electromagnetic theory of
radiation, radiation incident on a completely reflecting surface
or on a black body exerts a pressure which is equal to one-third
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the space density of the energy of the radiation. Thus if « is
the energy of the radiation per cubic centimeter, we have

u

3 (6)
This deduction from electromagnetic theory has been confirmed
experimentally. Let us imagine a cylinder containing a black
body at the temperature T" and enclosed by a movable piston on
which the radiation exerts a pressure p. The whole apparatus
may be supposed for simplicity’s sake to be in a vacuum. Let
U, V, and S be the total energy, total volume and total entropy
of the radiation in the cavity. We shall have U = Vu. Let
us imagine that the system undergoes an infinitesimal reversible
change of state, accompanied by changesin U, S and V. These
changes will be determined by the equation

aU + pdV

ds = T . (7)

We shall express all variations in terms of the two independent
variables T and V. Hence since % is a function of T alone, we

have dU = V % dT + u dV. - Substituting in (7), and bearing
equation (6) in mind, we obtain
V du 4udV
as = T dt —dT + 3T 8)

From (8) we obtain the partial derivatives:

(‘Z‘E):Kii_‘i- (15_) =4, (9)
ar)y ~Tar \av): "3 T 9

Differentiating the expressions in (¢) partially with respect to
V and T, we have

This gives us
and finally, % = aT*. (10)
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where a is a constant of integration. Equation (10) is an expres-
sion of the Stefan-Boltzmann Law. Employing equation (5) we
may express (10) in the following form:

R=%T4=aT4. (11)

Wien’s Displacement Laws

The total intensity K of unpolarized black body radiation may
be looked on as a sum of contributions from the various parts
of the complete spectrum. Thus if we consider that part of
the spectrum contained within the limits X and N 4 d\ the con-
tribution from this region will be proportional to d\ and may be
represented by E\ d\. Accordingly we have for the sum of all
contributions

K=f Ey dn. (12)
0

We shall call E, the intensity of radiation of wave-lengths lying
in the spectral region A to N 4+ d\ or more simply the intensity of
radiation of wave-length \. It should be noted however that E,
and K are of different dimensions. The general problem of the
distribution of energy in the spectrum consists in determining
E, as a function of A and the temperature.

Since in equation (12) K is always finite, E, must equal zero,
not only when A = o but also when A = 0. A curve expressing
E, as a function of A must therefore exhibit at least one maximum
point. A complete solution of the problem is not possible on the
basis of thermodynamics alone and a satisfactory solution is not
obtainable even on the basis of the classical electromagnetic
theory and the classical dynamics. Wien was however able to
deduce two important results without its being necessary to find
the exact form of the functional relation between E,, A and 7.
If M represents the wave-length corresponding to the maximum
value of E, (which we shall call Ep,; ), then Wien found the two
following relationships: —

MI = b = const.
B — kTS, (13)
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QuantuM THEORY

This is not the place for an adequate presentation of the
quantum theory* and a full discussion of the remarkable results
achieved by the application of the theory to various fields of
chemistry and physics. We shall limit ourselves to a statement
of certain results which will be useful to the student of thermo-
dynamics, indicating in a brief and necessarily incomplete
manner the methods employed in arriving at these results. Our
chief concern will be with the question as to whether or not the
expressions derived on the basis of the quantum theory or
otherwise are in accord with experimental facts.

Planck’s Distribution Formula

The attempt to determine the relation between E,, A and T
led to two formulas, one by Lord Rayleigh, which is valid for
large values of A only, and onc by Wien. valid for small values
of \. Planck arrived at an expression which appears to be in
excellent agreement with the facts, by discarding the principle
that exchange of cnergy is always a continuous process. He
accordingly denied the general validity of the principle of the
equipartition of energy between the various degrees of freedom
of a system, a principle which even before this time had been
scen to be irreconcilable with the experimental facts in regard
to the specific heats of polyatomic gases. To simplify the
problem to be solved, Planckt discusses the equilibrium between
radiation and a hypothetical system consisting of a large number
of identical linear oscillators, each oscillator having one degree
of freedom. In the first form of the theory, Planck assumed
that both emission and absorption of energy by the oscillators
were discontinuous. In the later form, he supposes that the
emission only is discontinuous. We may list the postulates
made by Planck as follows:

* For an excellent treatment of the subject, see the article by Saul Dushman,

which forms Chap. XVI of A Treatise on Physical Chemistry, edited by Hugh S.

Taylor.
t Ann. d. Physik., 4, 553 (1g9o1); Theory of Heat Radiation.
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(1) The oscillators are able to absorb energy of radiation in
a continuous manner.

(2) When an oscillator emits radiation, it can do so only in
multiples of a certain unit e = kv, where % is a universal constant
and » is the frequency of the emitted radiation.

(3) When an oscillator by absorption has acquired energy
equal to a multiple of the unit ¢, it may or may not emit it, but
if emission occurs, the total quantity of absorbed energy is
emitted.

(4) The ratio of the probability that no emission takes place
to the probability that emission does take place is proportional
to the intensity of the radiation with which the oscillators are
in equilibrium.

It will be observed that the quantum of cnergy, e = Av, is not
a fixed quantity, but is proportional to the frequency of the

radiation considered. For the energy of the system of N oscilla-
tors, Planck finds the value

U — IV( ]wh_li_ IZV) (14)

T — 1

It may be noted here that on the basis of the earlier form of
Planck’s theory, the expression for the energy of the oscillators

does not contain the term l;_,, The equation obtained by

Planck for E,, referred to monochromatic unpolarized light of
wave-length A, is as follows:
E\ = 2 c*h 1 . (15)

A8 ch
ek)\T — 1

If we define u\d\ as the energy per cubic centimeter due to radia-

Q0

tion between the wave-lengths N\ and A + a\, then « = f u\@A.

0
Also from equations (4) and (12) we have

4 LI f Eydh.
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Hence Uy = ‘%rEA. (16)
Accordingly from equation (15) we have
8 wch
= _)'r\r?c_z 7,—1—— . (17)
eAT — 1

In equations (15) and (17), k is the gas-constant per molecule
and hence is equal toz—l\—i if NV is Avogadro’s number (6.061 X 10%).

Equation (17) may be expressed as an infinite series, viz.:
2¢h 3¢ch

Up = 8;:611 (e BT 4 ¢ BT + ¢ BT + - ) (18)

We obtain on integration,

u = f AN = 48 rcha(—)
0 ch

where
1,1 L
a=1+;+§+ =§6=1.o823
This may be written
LRy T (19)

3[3

so that the proportionality factor @ of the Stefan-Boltzmann law
is given by the equation

48 Thia
=5 (20)
From equation (15), we find the condition that E, shall be a
. . dE)‘ . _ ch
maximum by putting N equal to zero. Setting x = NET?
we obtain as the condition
er+2 -1 = o, (21)
5
the solution of which is ¥ = 4.9651. Hence
T = ch___ b (of equation (13)). (22)

4.9651 &
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It may be of interest to compare the values of ¢ and b of equa-
tions (10) and (13) which can be obtained from actual measure-
ments of the total radiation and the distribution of energy in
the spectrum of a black body with their values as calculated
independently by means of equations (20) and (22). The value
of / can be determined in various ways, e.g., from Bohr’s theory
of the optical spectra of hydrogen and from the photo-electric
effect. The best value of % is 6.554 X 107% erg sec.* Since

k= ]5\;, where N is Avogadro’s number, we obtain & = 1.372 X
-6 €T . . . 10 €.
10 dogree” The velocity of light, ¢, is 2.9986 X 10 ok

Substituting these values of ¢, %, and k, we obtain:

a = 7.618 X 107" erg cm.™® deg.™*
o= a:c = 5.711 X 10 ®erg cm. 2sec. ' deg.™
b = 0.2885 cm. deg.

We may compare with these calculated values, the value ob-
tained by Coblentzt for ¢, viz.: 5.72 X 1075, and the values
obtained for » by Lummer and Pringsheim and by Paschen,
which range from 0.294 to 0.292.

A More General Statement of the Quantum Postulates

The linear oscillator considered by Planck possesses one degree
of freedom. In applying the quantum postulates to other
systems and especially to systems of more than one degree of
freedom, it has been found necessary to state the postulates, not
in terms of energy quanta, but in terms of other properties of
the system. Thus, if the configuration and motion of a system
are given by the position-coérdinates ¢i, ¢s, ¢s + - - and the
corresponding momentum coérdinates pi, ps, ps - - - , then the
quantum theory postulates that the only possible motions that

* R. T. Birge, Phys. Review, 14, 361 (1919).
t Proc. Nat. Acad. Science, 3, 504 (1917).
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the system can have are those for which the following conditions
are valid, viz.:

fpl dql = nlh;
f padqe = mah,

f padgs = nsh,

where #,, %2, 125, etc., are positive integral numbers. Morcover,
the quantum postulates are applicable to periodic motions only.
The interested student should consult Sommerfeld’s ¢ Atombau
und Spektrallinien,” Chap. IV, for a fuller treatment of this
subject.

Energy and Heat Capacity of Solids

It has been known for a long time that the heat capacities of
all substances (excluding monatomic gases) increase with rise in
temperature. Previous to about 1go7, it was customary to
express the specific heats of substances as linear or parabolic
functions of the temperature, and such expressions reproduced
with sufficient accuracy the available experimental data. In
1907, Einstein predicted that the specific heats of all solids would
approach zero at the absolute zero of temperature.® Nernst
was one of the first investigators to carry out measurements of
heat capacity at low temperatures. The methods devised by
Nernst and his co-workerst have been adopted by investigators
in other countries; we may mention Kammerlingh Onnes in
Holland, Griffiths in England, and G. N. Lewis in the United
States. As a result of these researches, it was found that Ein-
stein’s prediction was thoroughly justified. We shall now con-
sider some of the attempts to find a mathematical expression for
the heat capacity of a solid as a function of the temperature.

* Ann. d. Physik (4), 22, 180 (1g07).
+ Nernst, Ann. d. Physik, 36, 395 (1911); Eucken, Phys. Zeit., 10, 586 (19009).
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Einstein’s Specific Heat Formula

In the paper cited above, Einstein supposes that a ‘ mona-
tomic "’ solid consisting of V atoms is equivalent to a system of
3 N linear oscillators of the kind imagined by Planck. The
partial justification for this assumption is that the motions of an
atom in a solid can be resolved into three components along three
mutually perpendicular axes. Adopting Planck’s quantum
postulates in their original form, Einstein obtains the following
expression for the energy of a solid consisting of N atoms (see
equation (14)):

hy

E=U—Uo=3N,w . (23)

eT— 1

If N is Avogadro’s number, and if we make the substitution

8= % = 4.777 X 10”1, we may write

E=U-Uy,=3R Bv_ (24)
el — 1

In this equation U, is the energy at absolute zero. For high
temperatures, we obtain E = 3 RT. From equation (24), we
obtain for the atomic heat at constant volume

Br\? 2
(7)<
G =3R . (25)
(F-1)
If we substitute x for the quantity%i: , equations (24) and (23)
become
E=U-u =3 (26)
x*
G=3R &= (27)

It will be observed that Einstein’s specific heat formula (equation
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(25) or (27)), gives C, = o, when T' = oand x = ®, and C, =
3R = 5.06 gg;—' when ¢ = o and 7 = ® (Law of Dulong and
Petit). It therefore represents these two limiting cases satis-
factorily. It has, however, been found to be incapable of re-
producing the experimental data over any considerable range

from the absolute zero up.

Equation of Nernst and Lindemann

In 1911, Nernst and Lindemann* proposed an empirical
equation which, from analogy to equation (27), may ba written
as follows:

2z

R| «x%* (2) e

C =3 2 _ Y (28)
2 | (e — 1) (e; _ 1)

This formula will be seen to consist of two “ Einstein ” terms,
in the second of which the frequency employed is half that used
in the first term. Nernst and Lindemann have shown that their
empirical expression is capable of reproducing with a consider-
able degree of accuracy the experimental data in many cases.
It may be noted at this point that, since experiment always gives
C,, the following simple empirical equation proposed by Linde-
mann and Magnust is of great value in calculating C, (observed)
from C, (observed):

CP =C, + dTQ, (29)

where ¢ is a constant characteristic of each substance.

Debye’s Atomic Heat Formula

A very considerable advance in the theory of the specific heat
of solids was made by Debye,f who, instead of supposing with
Einstein that all the atoms in a solid vibrate with a single char-
acteristic frequency, maintained that the vibrations must be

* Z. Elektrochem., 17, 817 (1911).
t Z. Elektrochem., 16, 269 (1910).
1 Ann. d. Physik (4), 89, 780 (1012).
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very complex and that, if a body consists of N atoms, the system
will in general possess 3 IV different periodic vibrations. Accord-
ing to Debye there is a definite limiting frequency, »», beyond
which the spectrum does not extend. Debye finds from the
theory of elasticity that the number of vibrations in the interval
v to v 4 dvis equal to%—]—g v?dv. Assigning to each vibration the

hy

energy —- (see equation (14)), Debye obtains for the energy
T — 1

of a solid containing N atoms,

E-U-U = (" a, (30)
vm' Jo o=
T — |

where we have introduced U, to represent the energy at the
absolute zero.

Introducing the temperature § = B», characteristic of each

substance and writing y = %;, x = B—;,"—‘ = 2", we obtain
GoElitan W
From (31) and (32) we obtain
E=U-U,=% fT(S%’e + 2 1)' (33)

Atomic Heat at Moderate and at High Temperatures

The expressions — xr and e"s ¥ can be expanded in infinite
e —1 -1

series. Thus (see page 106, Edwards’ “ Differential Calculus,”
3rd Edition),

0
x x n-1_DBn 2n
=1—" - x
F—1 2+§( 1 (2n)!” "’
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where B, is the nth Bernoullian number. For example, B, =
— 1 — — —_ — —
%’ B, = 30 B; = ’4}72’ B, = '810'7 B = '(Fs'ﬁ'y Bs = '2%?‘0'7 B, = %

Expanding both e y_3 . and exs_x - and carrying out the integra-

tion in equation (32), we obtain

_,= _ _ a2 —1 By
3R ' 32( 2 2n+3(2n)!x

x2 14 .1.6 1.8 xl()
T 58+5_6<; 18,144+633,6oo 23,063,o4o+ - (34)

This series may be used in calculating C, when & is less than 2,

i.e., when 7" > z

Atomic Heat at all Temperatures

3

The expression ;’—'\_—I may also be expanded as follows:

¥ Ve +e?+edr+ ... )=i3’33—”"'-

¢ —1

Now we have

f ye dy = f ye dy — f ye ™ dy

8w g S 0.

nl 2x2 n3x3 n ax4

Therefore

y3 dy =fiyzc—ny dy

o€ — 1

—2——x42""‘ e %4)

n2x?  nixd

X 4
Now the value of 2’% is g—o = 1.0823. Accordingly, from (32),
I

we obtain

G _am_ 3% .3 (L 6
- szEe nx+n2x2+n3x3 n‘x‘ - (35)
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At very low temperatures, and therefore for large values of z,
equation (35) becomes

Cv 4 4 T 3 T 3
7 () e (5) (9

Debye’s equation leads to the conclusion that, at sufficiently
low temperatures, the atomic heat of a solid is proportional to
the third power of the absolute temperature. This conclusion
has been fully confirmed by various investigators.* Indeed the
general expressions for the atomic heat as given by equations
(34) and (35) have been found to agree within the limits of
experimental error with the specific heat data for monatomic
solids and even for solids of more complex constitution. We
may add that Born and Karmanf have arrived at rather com-
plicated expressions for the specific heat of crystals, taking into
account the actual crystal structure, i.e., the arrangement of
the atoms or ions in the space-lattice.

As an illustration of the applicability of the atomic heat
formulas of Debye and of Nernst and Lindemann, we give in
Table XXXVIII the values of C, for silver, as calculated by
both equations.

TABLE XXXVIII. SILVER, 6 = fvm = 213

P - C, (Nernst and

T CP (obs.) (,p (Debye) {mdemann)
35.0 1 58 1 50 159
391 I 9o 1 88 1 92
42.9 2 26 2 14 2 22
45.5 2.47 2 42 2 44
51.4 2.81 2 85 2 82
53 8 2.90 3 02 2 98
77 © 4.07 419 4 11
100 O 4 86 4 83 4 77
200.0 5.78 5.80 5 77
273.0 6.00 6.04 6.02
331 0 6 or 6 13 6 12
535.0 6.46 6 46 6 45
589.0 6 64 6 57 6 57

* Kammerlingh Onnes, Comm. Phys. Lab. Leiden, No. 147 (1915).
t Physik. Zeit., 13, 297 (1912); 14, 15, 65 (1913).
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Entropy and Free Energy of a Solid

At this stage in our discussion we shall assume that the entropy
of a solid at the absolute zero is not infinitely large. We shall
represent it by the symbol So. If U, and F, represent the energy
and free energy respectively of a solid at the absolute zero, we
obtain from the general relation, F = U — TS,

Fy = T.,. (37)

Neglecting for the moment changes in the volume of a solid with
the temperature, the entropy of a solid at the temperature T
is given by the equation,

TC,dT _ ”C,dx
~S'—$'o—~[)k T —‘/; %’ (38)
where x = %and d;‘ % . Assuming that the heat capacity

of the solid is given by Debye’s formula (equation (35)), we ob-
tain, on integration,

S—So—4—5—7r—!-e+9Rloge(1—e ?)

— —nz = 42
12 R ge (n’x + nix? + n‘x“ (39)

Combining this result with equation (35), we may write

C, 3Rx

S—So= + —-3Rlog,(1—e") (40)

We have also, in view of equation (33),

S_S°—§UTUO"sRloge(I—e‘“)- (41)

The value of the free energy can be bbtained from the integral
f — S dT or the integral —T f 1[,—]5 dT, or more directly from the

relation F = U — TS. Bearing in mind equations (33), (37),
(40) and (41), we obtain
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F —F,= —TSo—U;U°+3RTloge(I—e“") (42)
_ —gﬁ"_ 3 RTx — %
- Py 1)+ 3RTlog.(1 —e™®). (43)

Ii we employ Einstein’s equation for the heat capacity (equa-
tion (27)), we obtain from equation (38),

xR
-1

(S = Solzimen = 2=, — 3Rlog (x = ™). (44)

On comparison with equation (40), we find

(S — So)pebye = (S — So)Einstein = % . (45)

It will be noted that the difference between the two expressions
for the atomic entropy of a solid approaches the value R at
high temperatures.

From equations (26) and (44) we obtain the Einstein expres-
sion for the free energy of a solid, viz.:

(F - Fo)Einstein = TS + 3 RT loge (I - e—-x)_ (46)

Heat Function and Thermodynamic Potential

In the preceding sections we have calculated the energy,
entropy, and free energy of a solid at the temperature T, assum-
ing that its volume is the same as at the absolute zero. Since
we are usually concerned with isobaric processes, it is evident
that it will be desirable to find expressions for the change in the
entropy, the heat function, and the thermodynamic potential at
constant pressure. Making use of the empirical equation (29)
and setting Vo equal to the volume of the solid at the absolute
zcro, we obtain

T
U+;DV=Uo+pVo+‘£ C,dT

T
= Uo+pVo+f C,dT + % aT".
0
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T .
The value of the integral f C,dT is given by equations (31) and
0

(33). Hence

C,,T+ 9 RTx
4 4@ -1

Similarly, the entropy at the temperature 7" and under the
pressure, p, is given by the equation,

T T, T
(s—s0= [ L [ iy [ar @)
0 0 0

In view of equation (40), we have

U+ pV =Us+ pVo + + 2aT*  (47)

(S — So)p = %+e%§—xl —3Rlog, (1 — ¢ + 3aT (49)

For the thermodynamic potential, ® = U — TS + pV, we
obtain, from (47) and (49),

e _GT_ 3RTx
?=%—T5 12 4( — 1)
+ 3RTlog, (1 — e7®) — &% aT™ (s0)

It should be observed that, since we have assumed that S is not
infinitely large, the value of the thermodynamic potential at the
absolute zero is given by the equation,

<I>o = Uo + PVo. (SI)

It will be convenient to introduce the functions E and G, defined
as follows:

E=U— Uo (52)
G = F,— F — TS, (s3)

The important equations (47) and (50) may now be written:
U+ pV — (Uo+ pVo) = E + 3T, (54)

®—B=0— (Up+ pVo) = =TS0 — G — 5 aT. (55)

Values of% and g as functions of ¥ = % will be found tabu-

lated at the end of this chapter.
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Determination of Characteristic Frequencies

In order to apply the formulas due to Einstein, Nernst and
Lindemann, and Debye, it is necessary to determine the fre-
quency » or v, characteristic of the solid, or, what is equivalent
to this, the characteristic temperature 6 = 8v,. We shall con-
sider briefly the methods that have been used.*

(1) Method of Residual Rays

When radiation from a black body falls on the surface of a
given solid, part of the radiation is reflected, part is transmitted,
and part is absorbed. Certain wave-lengths will he more com-
pletcly absorbed than others, so that we shall have one or more
absorption maxima. Now the radiation which is most strongly
absorbed is also that which is most completely reflected or
re-emitted, at least when the absorption maxima lie in the infra-
red region. If, therefore, radiation of all wave-lengths be re-
flected successively from a number of pieces of a solid, the
reflected radiation will, after cach reflection, approximate more
and more closely to that which is most strongly absorbed and
which we may consider as corresponding most closely to the
characteristic frequency of the solid. This method has been
developed chiefly by Rubens and his co-workers. The following
table contains some of the results summarized by Rubens and
Wartenberg.f We have inserted in the table the values of the
characteristic temperature as calculated from the relation, § = gv.

TABLE XXXIX. RESIDUAL RAYS

Wave- Wave-
Substance lengthin |6 =8 Substance lengthin |6 = Bp
" [
NH,C1 51§ 278 || KI . 94 1 152
NaCl . . . 52 0 275 || HgCl, .. 95 0 | 151
NH,Br . 59 3 242 || CaCOs 98.7 145
KC1 . 63 4 226 || HgCl . 98 8 143
AgCt . ..., .. 81.5 176 || AgBr RN S T2 2 I -1t
KBr . . 82 6 173 || TIBr . . 117 o | 122
PbCl,. . 91.0 g7 || TII . . . 151.8 94

* C. E. Blom, Ann. d. Physik [4], 42, 1307 (1913).
t Sitzungsber. kénigl. preuss. Akad., p. 169 (1914).
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(2) Einstein’s Formula for the Characteristic Frequency

From a consideration of the forces acting on atoms when dis-
placed from their position of equilibrium, Einstein* derived the
following approximate formula, viz.:

v =254 X107 ATHdF K},

where A is the atomic weight (or in case of compounds the aver-
age atomic weight), d is the density, and K is the compressibility.

(3) Lindemann’s Formula

On the assumption that at the melting-point, 7, of a solid the
amplitude of vibration of the atoms is equal to the mean distance
between the atoms, F. A. Lindemannt arrived at the formula,

» = 2.80 X 1012 A7} T,

(4) Debye’s Formula

In connection with his investigation of the heat capacity of
solids, Debye derived the following expression:

vm = 7.57 X 107 AHdV K7¥ (f(o)) 7},

where f(¢) is a certain function of the Poisson constant. Un-
fortunately, our knowledge of the elastic properties of a body is
seldom accurate enough to make this equation of Debye of any
great use. It must also be recognized that the equations of
Einstein and of Lindemann are but rough approximations.
There remains to be mentioned a method that can always be
used where we possess some data in regard to the heat capacity
of the solid in question. We shall call this the Trial Method.

(5) Trial Method

If we have measurements of the heat capacity of a solid at
the temperatures T, T, T3, etc., we may first of all determine
whether Debye’s specific heat formula is applicable or not.
This test may be carried out graphically or algebraically. Ac-

* Ann. d. Physik [4], 84, 170 (1911).
1 Physik Zeit., 11, 609 (1910).
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cording to Debye, the heat capacity is a universal function of %

and hence of log 7" — log§. If the value of C, as given by
Debye’s expression is plotted against log T for a series of differ-
ent substances, i.e., for a series of different values of 6, we shall
obtain a series of curves which are superposable by a displace-
ment parallel to the log T-axis. Hence, if we plot the values
of C, (observed) against log T in the case of the solid under con-
sideration, we can readily determine whether the heat capacity
of the solid is given by the Debye equation.

Probably a simpler method consists in making use of the
tabulated values of C, as a function of x (see table at the end of
this chapter). Corresponding to the observed values of C, at
the temperatures T, Ty, T, etc., we find from the table a series
of values of x, viz.: xi, xs, x3, etc. If the values of x and T
satisfy the relations, T = x;T, = 23T, etc., then we can infer
that the Debye expression is applicable to the solid in question
and we find at the same time the value of 6, viz.: 0 = By, = 2,1}
= x,T>, etc. Naturally, this method (which is identical in
principle with the graphical method) is the more reliable the
greater the temperature range in which we possess experimental
determinations of the heat capacity.

We shall conclude this section with a table showing how agc-
curately the Debye expression for the atomic heat reproduces
the experimental data in the case of potassium chloride. For
the characteristic temperature § = Bv,, we shall employ the
value 226 derived by the Method of Residual Rays (see Table
XXXIX). The experimental data are taken from a paper by
Nernst and Lindemann* who determined C, (calc.) from C,
(calc.) by means of the equation

Cp = Cg + szTA. (56)

In the case of KCl, A has the value 2.0 X 107%. It may also
be noted that the heat capacities are given for half the gram-
molecular weight.

* Zeit, f. Elektrochem., 17, 817 (1911).
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TABLE XL. ATOMIC HEAT OF } KCL v = 226 =6

r Cy (Debye) CP cale. CI’ obs.
22 8 .47 .47 .58
26 9 .75 .75 .76
301 .97 .97 .08
337 1 26 1.26 1.25
39 o 170 1.70 1 83
48.3 2.45 2 45 ‘2 852
52 8 2.77 2.78 2 8o
57 6 3 07 3.08 3 ob
63 2 3 38 339 336
70 o 3.71 373 379
76 o 395 397 4 11
86.0 4.31 4 34 4 36
137 © 5.23 5 29 5 25
235 © 5.70 5 86 5 89
331 0 5 83 6 o7 6 16
416 © 5 88 6.20 6 36
550 0 592 6 37 6 54

Tuirp LAwW oF THERMODYNAMICS

Historical Introduction

The important Gibbs-Helmholtz equation may be written in
any one of the following equivalent forms, viz.:

dA
4 =H, + T(ﬁ), (s57)
A = Hp + T(Sz - Sl)p = Hp + TASP. (58)
T
A4=- H"T(fT- (59)

These equations do not permit a determination of the affinity of
a process in terms of purely thermochemical quantities. For
example, in equation (59) there is an undetermined integration
constant multiplied by 7. As for equation (58), it contains the
difference between the entropies of the final and the initial
substances. Now the entropy, S, of a substance at the tempera-
ture T and pressure p is given by the relation

TC,dT
S = jﬂ‘ + S (60)
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where S, is the entropy at the absolute zero. We include in the

integral, if necessary, the entropies of fusion and vaporization

given by the expressions %’; and T Substituting in equation
b

(58) and writing AS, = I, we obtain

A=H, +T f 2Co4r + ILT, (61)

in which AC, is the heat capacity of the products minus the heat
capacity of the original substances. It is clear that the affinity
of any process can be calculated from purely thermal data if we
know the value of I,. Le Chatelier* was the first to call atten-
tion to the importance of a knowledge of the integration constant
I, and to express the view that the value of I, was determined by
known physical properties of the substances concerned in the
process. Later this matter was discussed by G. N. Lewis.f
T. W. Richards,{ van’t Hoff§ and Haber.|| Richards was able
to show that, in the case of a number of voltaic cells, the values
of 4 and H, approached each other at low temperatures. The
most important results, however, were obtained by Nernsty in
1906 when he proposed his “ heat theorem.”

The Nernst Heat Theorem

Nernst postulates that for any process in a condensed system
(i.e., one containing only pure solids or pure liquids), we have
not only A = H, when T = o, but also

dA B dH,
(d_T T=o_0 (dl >7~—o (62)

Geometrically speaking, if 4 and H, are plotted as functions of
T, Nernst supposes that the two curves not only meet for T = o,

* Ann. mines, 13, 157 (1888).

t Proc. Amer. Acad., 86, 3 (1899).

1 Zeit. {. physik. Chem , 42, 129 (1902).

§ Boltzmann Festschrift, p. 233, Barth Leipzig (1904).

|| Thermodynamik technischer Gasreaktionen (1903).

9 Nachr. kgl. Ges. Wiss. Gottingen, Math-Phys. Klasse 1 (1906); Die
theoretischen und experimentellen Grundlagen des neuen Wirmesatzes, Halle
(1918).
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but also form a cusp with a common tangent parallel to the

T-axis. Since (%‘), = AS and (%[—If’) = —AC,, the postu-

lates of Nernst are equivalent to the following:

I, = AS; = o and (ACy)r=, = o. (63)
That (ACy)r =, is equal to zero can be readily deduced if we
assume merely that (?Il')r . is not infinite. For, from equa-

tion (57), we find
(@é) _(A- H) _o_{(d4 _dH
aT T=o0 T T=o0 (] d] d!
dH . ..
and therefore Jt). = oand (ACy)r =0 = o. This conclusion is
T

confirmed by the results obtained for the specific heats of solids
at low temperatures. The same conclusion follows if we assume
the validity of the Debye formula for the specific heat. If we

differentiate equation (57) with respect to 7, we obtain au _

ar
dH,, d4 d?A
+ + a7

d_4 1dH, _C -G
dar:~ T dT T
equation ¢ is zero when T = o and therefore (d A) is also
T aT?)r _,

zero. The important postulate of Nernst is therefore that AS,
is zero, when T = o; in other words, if a process occurs in a con-
densed system at the absolute zero, the total entropy of the
initial substances is equal to the total entropy of the final products.

Thus

According to the Debye

Planck’s Statement of the Heat Theorem

In 1912, Planck® generalized the Nernst Heat Theorem by
supposing that the entropy of a pure solid or liquid at the abso-
lute zero is zero. He therefore sets So equal to zero. Postpon-
ing a consideration of the question as to the entropy of a liquid

* Ber., 45, 5 (1912).
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at o° K., we shall adopt the following statement of the Third
Law of Thermodynamics: The entropy of every pure crystalline
solid is zero at absolute zero. It should be noted that, in any
application to chemical reactions, there is no essential difference
between the Nernst and the Planck formulation. We shall
therefore make use of the latter on account of its greater sim-
plicity and convenience.

Certain Properties of Solids at o° K
On the basis of the Third Law, we may write for the entropy

of a solid,
TC,dT
S = f 222,
o T
From this we may obtain on differentiation,

is T 1 (dC,
Y _ [T L(%) gr

In view of equation (28), Chap. VIII, we have,

().~ L G =[-Ga) L+ (@) ).

Comparing this equation with equation (26), Chap. VIII, we

find
A\ . oo
(ﬁ)ﬁat oK. =o.

In other words, the coefficient of expansion of a solid becomes
vanishingly small at the absolute zero. This result is consistent
with recent work on this subject.*

Since the compressibility of a solid does not change much with
the temperature, it follows that at o° K. we have also

N _
(@), -~

* M. Thiesen, Verh. d. deutsch. Phys. Ges., 10, 410 (1908); E. Griineisen, Ann.
d. Physik, 88, 33 (1910).
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Application of Third Law to Solids

We are now in a position to rewrite the expressions obtained
in a previous section for certain thermodynamic functions of a
solid, by setting .S, equal to zero. In obtaining these equations,
it is assumed that the specific heat of the solids is given by the
Debye equation and that equation (29) is a sufficiently exact
statement of the relation between C, and C,. It is to be re-
membered that the functions E and G are defined by means of
equations (52) and (53). It is also to be noted that the follow-
ing equations refer to the atomic weight of an element or to the
mean atomic weight of a compound.

Sto= [ Grar =S4 3RS _ 5 Riog, (1 - e
o T 3 €& —

I

+ §aTt (64)
= 4E — 3Rlog, (1 — e™®) + % aT" (64a)

3T
=E_“Tt§+§aT!=ETfC—;+%(C,— D). (64b)
U+ pV =Us+ pVo + E + § aT. (65)
F=F,—-G=U,—G=U—- (E+QG). (66)
q) = q)o - G - '147)' aTs. (67)
= Uo + pVo bt G - T4'5 aT! (67&)
=U+pV — (E+G) — 3T (67b)

U+pV —(E+G -3 —-C)T. (67¢0)

Affinity of a Process in a Condensed System

Let us represent a process in a condensed system by the
equation

mA + meds + nds + - - - = o, (68)

in which 7, ns, ns, etc., are the number of afoms taking part, and
in which the #’s are to be taken as negative if the corresponding



Cu. XIX, EXPERIMENTAL TEST OF THIRD LAW 383

substances disappear and positive if the corresponding sub-
stances are formed in the reaction. If from now on we represent
by H the ‘ heat of a reaction ” at constant pressure, i.e., the
decrease in the heat-function, U + pV, and if we bear in mind
that the affinity of an isobaric and isothermal process is equal
to the decrease in the function ®, we readily obtain for a process
in a condensed system,

- 2”1@1 = — znl‘bm + 2”101 + A& T anal (69)

= Hy, + E”‘Gl + & T znlal (69a)
=H + En;(El +G) +3T 2”101 (69b)
=H + Enl(El +G)+ 32T znl(C,,l - Cy) (69c)
=H+ T 3mS: = H+ TAS. (69d)

The problem of finding the affinity of a process in terms of purely
thermal quantities is solved, therefore, for condensed systems.
In equation (69d), for example, the affinity is expressed in terms
of the heat of the reaction, and the entropies of the various
solids reacting and the cntropy of each solid is given by the

definite integral, f

Experimental Test of Third Law

We shall test the Third Law by comparing the value of A — H
obtained experimentally for some reaction with the value of
T AS calculated from the heat capacity data for the solids con-
cerned. Let us consider the reaction,

Sn (white) = Sn (gray),

studied by Bronsted,* who found that at the transition point,
19° C., the value of H is 541 cal. Obviously, at this temperature,
A =o. From the specific heat data obtained by Bronsted,
which extend down to 70° K., and by assuming that the specific
heats down to the absolute zero are given by the Debye equation,
it is possible to obtain by graphical integration or otherwise the

* Zeit. f. physik. Chem., 88, 479 (1914).
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entropies of both modifications of tiri at any desired tempera-
ture. Thus it is found that at 25° C. for white tin, § = 11.17,
and for gray tin S = g.23. We therefore obtain for 25° C.
AS = —1.94 and TAS = —578 cal, calculated from heat
capacity data, assuming the Third Law. From the values 4 =
oand H = 541 cal. at 19° C., we readily obtain for 4 — H at
25° C. the value —3557 cal. (knowing the specific heats and the
difference in entropies of the two forms from 19° to 25° C.).
The agreement between the two values is satisfactory when one
considers the probable error in the determination of the various
quantities involved.
In the case of a reaction of the type

Ag + HgCl = AgCl + Hg,

the Third Law can be tested without measuring A and H sepa-
rately. If % is the temperature-coefficient of the E.M.F. of
a cell in which this reaction occurs, then 4 — H = TAS =
23.053 7L,

ar’
value of 7°AS obtained from heat capacity data in regard to the
solids involved. We list in Table XLI several reactions in con-
densed systems for which we have compared the valuesof 4 — H
obtained from equilibrium measurements with the values of
T AS calculated from specific heats. The agreement is well with-

in the limits of experimental error and constitutes a satisfactory
test of the validity of the Third Law.

With this value of 4 — H may be compared the

TABLE XLI. TEST OF THIRD LAW. Temp. = 25°C.

A — H calories :
Reaction (From equiib- | (g0 o2 e
ments) data)
Sn (white) = Sn h'0 FE . —55 -578
S (monoclm1c) =(§r(rhomb1c) R —667 —89
% HgCl = AgCl + Hg....... 2320 2295
gCl = 4 PbCl, + Ag.. .. —1280 —~1280
3 Pb + Agl =34 Pblo+Ag . . . . —1190 —1100
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In Table XLII is given a list of the characteristic tempcratures
of some solid elements, derived chiefly from the critical papers
by Lewis and Gibson* and by Lewis, Gibson and Latimer.f The
specific heats of the listed elements are given, at least approxi-
mately, by Debye’s equation. G. N. Lewis has defined a char-
acteristic temperature, freyis, as being the temperature at which
the value of C, is § R. The relation between frewis and fpebye
for substances whose atomic heats are given by the Debye
cquation, is as follows: Opepye = 4.02 Orewss-

TABLE XLII. CHARACTERISTIC TEMPERATURE, ¢, OF DEBYE’S

EQUATION

Element [} Element [}
Li. . L. 340 Rh...... ... .. 335
Be..... .. . ... 354 Pd............... 267
C (diamond)........ 1860 Ag ... ... 216
Na. .. ... .. ... 168 Cd.. .. ... ... 170
Mg .. ... 203 Sn (white) ... 172
Al . .0 . 390 Sn (gray). . . . 253
Ca ... e 206 La.. e 116
Ti. .0 396 Ce.. 113
465 291
353 320
417 270
358 219
358 188
314 96
231 100
238 116
338 180

378

Gaseous Reactions

The absolute value of the entropy of a gas at a given tempera-
ture and pressure (for example, at 25° C., and atmospheric
pressure) can be obtained on the basis of the Third Law, if we
possess the following information:

(1) A knowledge of the specific heat of the solid form from the
absolute zero up.

(2) If there are several solid modifications, a knowledge of
the transition temperatures and the heats of transition.

* Jour. Amer. Chem. Soc., 39, 2554 (1017).
t Jour. Amer. Chem. Soc., 44, 1008 (1922).
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(3) A knowledge of the heat of sublimation and the vapor
pressure of the solid at some temperature 7.

(4) A knowledge of the specific heat of the vapor (as a func-
tion of the temperature and pressure) from the temperature T}
up to the desired temperature.

In place of item (3) we may substitute:
(32) A knowledge of the heat of fusion at the melting-point
T )
(3b) A knowledge of the specific heat of the liquid from 7,
to a temperature T%.
(3¢) A knowledge of the heat of vaporization of the liquid
and the vapor pressure at the temperature T%.

The entropy of a gas at the temperature T" and the pressure p
1s thus seen to be finite and positive. The application of the
Third Law to reactions in which gases take part is now seen to
be no more difficult in principle than in the case of processes in
condensed systems. If for a gaseous reaction at the tempera-
ture 7" and pressure p we know the heat of the reaction and the
absolute values of the entropies of the various substances con-
cerned, then the affinity of the reaction is easily calculable by
means of the equation,

A =H + TAS.

The validity of the Third Law may be tested by comparing the
value of A so obtained with the value of A obtained by some
other method. For example, if the equilibrium constant A,
of the gaseous reaction has been determined by experiment, then
we have from equation (30), Chap. XV,

A = RTlog, K, — RT 2”‘ log, 1. (70)

If the entropies have been calculated in each case for a stand-
ard pressure of one atmosphere, then the two equations to be
compared become:

A° = H + TAS,
A° = RT log, K,, (71)

where A° represents the standard affinity of the process.
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Entropy of Monatomic Gases

The classical expression (equation (9), Chap. VIII) for the
entropy of an ideal gas contains an undetermined constant of
integration. On the basis of the Third Law, the entropy of a
gas at a given temperature and pressure is finite and can be
determined if we possess sufficient experimental data. On the
other hand, the introduction of the quantum theory into the
results obtained by Gibbs by the methods of statistical me-
chanics has led to a theoretical cxpression, which contains no
undetermined constants, for the entropy of an ideal monatomic
gas. We shall give the expression obtained by Tetrode,* at the
same time referring the reader to investigations by Planck,f
Sackur,} and Stern.§ A derivation of the Tetrode equation
may be found in “ A Treatise on Physical Chemistry,” edited by
Taylor, pp. 1181-1185.

The Tetrode equation for the entropy of N atoms of an ideal
monatomic gas is

et
S = Nk log,—(i—wjvl%?—ze—, (72)
where m is the mass of an atom, % is Planck’s constant, and % is
the gas-constant per molecule. For one mole of the gas, we
obtain, on setting ¥ = Nm and R = Nk,

S =3Rlog. T+ Rlog, V+ 3Rlog. M +3R

(2 m)'RY
o (73)

+ R log,

S =3 Rlog, T —Rlog.p+ $Rlog. M + 3R

iRY
+ R log, (21\;:),13 . (73a)

If we represent the last term in equation (73a) by Ri and if we

* Ann. d. Physik., 88, 434 (1912); 39, 255 (1912).
1 Heat Radiation, p. 133.

1 Ann. d. Physik., 36, 958 (1911); 40, 67 (1913).
§ Phys. Zeit., 14, 629 (1913).
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substitute the values, R = 8.315 X 107 8 h= 6.554 X 107 %

degree’
erg. sec. and N = 6.061 X 10%, we obtain:
. 2 7)}R%
i = IOg‘(T\;;)Zs— = 10.17. (74)

Equation (73a) may now be written in the form
S=23%Rlog. T — Rlog, p + 3 Rlog, M + R (§ +40). (75)

If the pressure is expressed in atmospheres instead of in dynes
per cm.2, equation (75) will be valid if we set 4o = —3.66. Using
ordinary logarithms and expressing the pressure in atmospheres,
we have

S = 11.43 logie T — 4.574 logw p + 6.862 logw M — 2.30. (76)
Finally, for the entropy of one mole of a monatomic gas at
298° K. and 1 atmosphere, we obtain

cal.

= 6.862 1 . .
S = 6.862 logio M + 25.908 dogree

(77)

To illustrate the usefulness of equation (77), we give in Table
XLIII a comparison of the calculated and the experimental
values for four monatomic gases at 298° K. and 1 atmosphere.
For helium, the experimental value is due to calculations by
Lewis and Gibson* from the experimental data of Eucken.f
In the case of argon, the experimental value is due to Born.}
and for cadmium and mercury we have used the values obtained
by Fogler and Rodebush. §

TABLE XLIII. ENTROPY OF MONATOMIC GASES AT 208° K.
AND 1 ATMOSPHERE

l Experimental Calc. by equation (77)

Helium .... .. R . 29 2 30 11
Argon... ........ .. ..ol 36.8 36.96
Cadmium.... .. e 39.9 40.05
Mercury....... ... ... 41.4 41.78

* Jour. Amer. Chem. Soc., 89, 2554 (1917).
1 Ber. deutsch. physik. Ges., 18, 4 (1916).
1 Ann. d. Physik., 89, 473 (1922).

§ Jour. Amer. Chem. Soc., 45, 2080 (1923).
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TABLE XLIV. ENTROPIES AT 25°C. AND 1 ATMOSPHERE,
CORRESPONDING TO THE FORMULA GIVEN

(A) ELEMENTARY SUBSTANCES

Negative Electron (E) ...... 3.59 Copper, Cu...... 8.18
Hydrogen, H . ... 2600 Zinc,Zn....... ... 9.83
et e 29 § Zn (ﬁds) ............ 38 44
Helium, He..... . .. .. 30.11 Bromine, 1'2 (hquld) ...... 36 8
thhlum, L1 (solul) ......... 76  Br(gas).......... 39 03
Li(gas) ........ 31.75 Brz ?as) ......... 59 6
Carbon C (d1amond) o 58 Krypton, Kr...... ..... 39.13
C (grdph1te) 1.27 Rubidium, Rb (gas)........ 39 23
Nitrogen, N. ... 33.85 Zirconium, Zr.............. 9.5
Ng ........ ... 45.6 Molybdenum, Mo... . . .. 4.5
Oxygen, O...... .. . . .. 34.24 Ruthenium, Ru........ . . 69
Oy ... ... 48.2 Rhodium, Rh . 76
Fluorine, F....... .. . . 34.75 Palladium, Pd. .. . 89
Neon, Ne ................ 34.94 Silver, Ag........ .. .... 10 23
Sodium, Na (solid) ..... 12.2 Cadmium, Cd.... ....... . 11 80
Na (gas) . . 35.32 Cd (gas).. .. 40 05
Magnesium, Mg. . ... 8.3 Tin, Sn (white) 11 17
Aluminium, Al.. ...... . . 6.82 Sn (gray). 9 23
Silicon, Si....... .. 4.7 JIodine, Iz (sohd) ....... 26.6
Phosphorus, P (gas) 36.22 40.41
Sulphur, S (rhombic) ..... 7.6 12 f as). 61 8
S (monoclini¢) .. . 7.8 Xenon, Xe.. 40 49
S (gas). w... 36.31 Cesium, Cs (gas). 40 55
Sy ggas). . 53 4 Lanthanum, La 13.7
Chlorine, C1 . .. 36 61 Cerium, Ce ... ... 138
Ck.... .. .. 526 Tungsten, W.......... 8 4
Argon, A......... ....... . 36 g6 Osmium,Os.......... 7.8
Potassium, K (solid). 16 6 Iridium, Ir ... 8 7
K (gas) 36.90 Platinum, Pt.. 10.0
Calcium, Ca (solld) 10.64 Gold, Au. i1 o
Ca (gas) ... ..... 36.08 Mercury, Hg (hqmd) 17.8
Titanium, Ti....... .6 Hg (gas). 41 78
Chromium, Cr ....... . 5.8 Thallium, T1...... 14 6
Manganese, Mn..... . .... 73 Lead, Pb . .. 15 53
Iron, Fe.....  ........ 6.71 Radon,Rn ... . . .. 42 08
Cobalt, Co .... 7.2 Thorium, Th . .. 136
Nickel, Ni..... . ........ 7.2 Uranium, U................ 1.1
B. CoMPOUND SUBSTANCES
CO. ......... 4555 KBr ......... 22.42
COs....... 49 5 AgCl 23 4
H,0 (solid) o° C 9.2 Agl. 26.8
H,0 (liquid) o° 144 TICI .. ... 28.6
H,0 (liquid) 25° [ N 16.o0 HgCl ..... 23.2
H,0 (vapor) 25° C 44.2 HgSO,...... 52.5
CeHs (solid). . 36.0 PbCl,. 33 2
C.H, (liquid). 44.5 PbBry ...l 39.7
........ 17.44 PbL....... 41.3
KCI ...... 19.72
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As regards attempts to calculate the entropy of diatomic
gases, the student is referred to papers by Reiche,* Tetrode,}
Sackur,} Tolman,§ and Urey.||

In Table XLIV, we have collected the values of the entropy,
at 298° K. and 1 atmosphere, for a number of elements and
compounds. These values are taken mainly from a summary by
Lewis, Gibson, and Latimer.§ except that in the case of mona-
tomic gases we have given the values calculated by means of
equation (77).

Illustrative Examples
Let us consider first the reaction:
6 C (graphite) + 3 Hy = CeHs (liquid)

From the measurements of Roth and von Auwers** and Richards
and Barry,it the heat of formation of benzene at 25° C. is
— 11,700 calories. From Table XLIV, we find AS = 44.5 — 6 X
1.27 — 3 X 29.5 = —51.6. Hence, for the affinity of the re-
action at 25° C., we find from the equation 4° = H + T AS,
A% = —11,700 — 15,400 = —27,100 calories. On account of
the uncertainties in the values of the entropies, the calculated
value of A° may be in error by as much as 2000 calories. We
have, however, in this case an example of a reaction, the aflinity
of which cannot be readily determined by other methods.

As our second example, we shall select the reaction
H: + 3 0: = H;0 (liquid).

For this reaction we have, according to Lewis and Randall.i}
ACys = 56,560 cal.; H, = 68,270 cal. From Table XLIV, we
find AS = 16.0 — 29.5 — 24.1 =w37.6. Hence for this reac-

* Ann. d. Physik. [4], 51, 450 (1916).

1 ibid., [4] 38, 441 (1912).

1 ibid. [4], 40, 87 (1913).

§ Jour. Amer. Chem. Soc., 42, 1185 (1920).

|| ibid., 4B, 1445 (1923).

1 Jour. Amer. Chem. Soc., 44, 1008 (1922).
** Ann., 407, 152 (1914).
1 Jour. Amer. Chem. Soc., 37, 903 (1915).
{t Jour. Amer. Chem. Soc., 36, 1981 (1914).
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tion we find A° = 68,270 — 11,205 = 57,005 cal., a value which
differs by soo calories from that obtained by Lewis and Randall.
As a third example, we may take the reaction

C (graphite) + 3 O, = CO.

From the measurements of Roth and Wallasch* on the heat of
combustion of graphite and from those of Berthelot and of
Thomsen on the heat of combustion of CO, Lewis and Randallf
find Hys = 26,140. They also give A%z = 32,560. From Table
XLIV, we find AS = 45.55 — 1.27 — 24.1 = 20.18, whence 4°
= 26,140 + 6014 = 32,164 cal. The difference of 400 calories
between this value of 4° and that found by Lewis and Randall
is well within the experimental error.

The Method of Nernst

The procedure followed by Nernst in developing the conse-
quences of his heat theorem and subjecting it to the test of
experiment was quite different from the method we have em-
ployed. In the earlier treatment of the subject, Nernst assumed
that specific heats of solids and of gases as functions of the tem-
perature could be expressed with sufficient accuracy by two or
three terms of a series in powers of 7. Nernst was one of the
first investigators to show experimentally that this supposition
was erroneous, but in the meantime there was a waste of a great
deal of energy spent in more or less useless calculations. We
shall accordingly confine ourselves to a brief account of the
method of Nernst as modified by present-day views

Let us consider any gaseous reaction represented by the nota-
tion of equation (8), Chap. XV. We shall study this reaction
at a temperature so low that the reacting substances are capable
of existing as solids with the saturated vapor pressures P, P,
Py, etc. The standard afhnity of the reaction at any tempera-
ture T is given by the equation,

A° = RT log, K. (48)

* Ber., 46, 896 (1913); Zeit. f. Elektrochem., 21, 1 (1915).
1 Jour. Amer. Chem. Soc., 39, 38 (1917).



392 THE THIRD LAW OF THERMODYNAMICS Cr. XIX

We shall denote quantities referring to solids or to a reaction
in the condensed system by the subscript s. For the equilibrium
between a solid and its vapor (the vapor is assumed to be an ideal
gas), we have

d log, P L
?igT 1=R’%—2’ (79)

where L, is the molar latent heat of sublimation of a given solid.
On integration, we obtain

—_ _{‘l fTCl - Csl .
log, P, = RT+ RT dT + 1y, (80)

where ¢, is the integration constant in this case. Similarly from
the equation

dlog. XK H
aT RT¥’

we obtain, on integration,

. H Ty dH
log. X = 572~ J ®Ta7%’
EVICI
- = L f dT + ig, 81)

where H is the heat of the gaseous reaction at constant pressure
and 4x is an integration constant. Since, for any reaction,

4 = —zvlm, where u,; is the chemical potential per mole of a

reacting substance, and since the chemical potential of a solid
is equal to the chemical potential of its saturated vapor, the
affinity, A;, of the reaction in the condensed system will equal
the affinity of the reaction in the gaseous system when the react-
ing gases have the pressures Py, P, P;, etc. Hence

A, = A° — RT 3 log, Py
= RT log, K — RT 2”1 log, P;. (82)

Substituting in equation (82) the values of log, P, and log, K
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from equations (80) and (81), we obtain for the affinity of the
reaction in the condensed system,

T 2 nCs e .
A =04 3Inli+T f 2; “dT + R1 .(zR — Dvi). (83)

But H + 2111121 = H,, the heat of the reaction in the condensed

system, and EVIC,I may be represented by AC;, the heat capacity
of the products minus the heat capacity of the reactants. We
may therefore rewrite equation (83) as follows:

T
A, =H, + T f A;f’dT + RT (g — ). (8)

To be compared with this, we have equation (61), viz.:

T
A,=Hs+Tf A
0

TC’dT +IT. [(61)]

Now according to equation (63), the Nernst Heat Theorem postu-
lates that I, is equal to zero. Consequently we find, firstly, that
the indefinite integrals of equations (83) and (84) may be re-
placed by definite integrals with the lower limit of the variable
equal to zero; and secondly, that the following relation holds,
viz.:

I:R = 21’11:1. (848.)
We may accordingly rewrite equation (81) and also equation
(78) as follows:

r$%,C
log. K = -+ [ %”}—‘dr + S, (85)

A°=H + TfT E;CIdT + RT zm’n. (86)
We shall call the 7, of equation (80), the * true chemical constant ”
of the substance concerned. We see therefore from equations
(85) and (86) that the integration constants occurring in the
expressions for the equilibrium constant and the affinity of a
gaseous reaction are related in a simple manner to the “ chemical
constants ” of the substances concerned. Since in equations
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(85) and (86) we are dealing with a gaseous reaction exclusively,
the chemical constants must be properties of substances in the
gaseous state. Hence we conclude that an equation analogous
to equation (80), expressing the vapor pressure of a pure liquid
as a function of the temperature, would have the same integra-
tion or chemical constant 4;. To give a concrete example, if
equation (8o) represents the vapor pressure of ice, then the vapor
pressure of water is given by the same equation if we replace L,
and C,; by the latent heat of vaporization and the heat capacity
of water, respectively.

In order to cvaluate the chemical constant of equation (80)
for any substance, it is necessary to know the specific heats of
the substance as vapor and as solid or liquid down to the absolute
zero. In the absence of complete experimental data on these
matters, Nernst proposed simple expressions for the heat capac-
ity of vapors and of solids or liquids, which we now know to be
quite erroneous at extremely low temperatures. The result is
that the ‘ conventional” chemical constants which Nernst
obtained are quite valueless. It must also be pointed out that,
even if we use in evaluating equation (80) the experimental
values of heat capacity, we are employing a round-about method
of reaching our goal. For, according to the Third Law, the
entropy of a gas at any finite temperature and pressure is finite,
and therefore in the equation 4 = H + TAS, as applied to
gaseous reactions, the term AS is finite and can be determined
from specific heat and other thermal data. Equation (86) is
therefore only another way of writing the equation 4 = H +
TAS. Tt is therefore much more direct to use the specific heat
and other necessary thermal data to calculate the entropies of
the gases concerned in a reaction rather than to use them to
calculate the chemical constants by means of equation (80), for
in the latter case we are still obliged to find the value of the

T al
integral f (’—Zf' dT for each gas (see equation (86)). As equation

(86) indicates, the chemical constant of a gas must be related to
the integration constant in the expression for the entropy of the
gas. We shall show the relationship for an ideal monatomic gas.
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Chemical Constants of Monatomic Gases

Writing C, for the heat capacity of a gas and omitting the
subscript 1, equation (80) becomes

T
f C————’Z(,iT — Rlog, P + Ri =

Evidently the right-hand side of this equation represents the
entropy of the saturated vapor at the temperature 7" and pressure
P. 1t is clear, therefore, that the integration constant of equa-
tion (80) multiplied by R is the entropy constant of the gas. For
the particular case of an ideal monatomic gas, C, = £ R, and the
classical expression for its entropy is

S =3Rlog. T — Rlog, p + So. (88)

TC, dT

Hence
So = Ri. (89)
Comparing equations (8¢) and (75) we see that the chemical
constant 7 of a monatomic gas is given by the equation
=1 + %+ 3log. M. (90)
It must be pointed out that the chemical constant is usually

defined by an equation which leads to a different value. If in
equation (79) we substitute for L the value

T
L =L +£ (€ — C,) dT, (91)

we obtain

f (c cs) dT
log, P = — =, + aT +j, (92

where j is what is usual]y called the “ true ” chemical constant.
For a monatomic gas we obtain on setting C = § R,

L deT
log.P = — <%+ §log, T aT +3

RT T RT*

Lo

deT_fTCdT

S
7+ flog. T+ w7 - (03)
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From (g1) we have L = L, + § RT —f C,dT. Also the in-

tegral f G dTis equal to g dTby the Third Law. Hence
T o RT
we obtain from (93):
log. P = — o +nb&T ijdT+n+J (94)
From equation (80) we obtain on setting C = § R,
log. P = — —+"lgsT f ‘Clr'{‘z (95)

It follows, therefore, that the chemical constant j is related to 2
by the equation

j=i=4 (96)
In place of equations (89) and (go), we have

So=(+IR (89a)

J =0+ §log M. (goa)

Since the term § in equation (8¢a) is due to the value taken as
the heat capacity of a monatomic gas, and since for polyatomic
gases the value would be different, it seems preferable to define
the chemical constant by means of equation (80), a procedure
which leads to the simple relation of equation (89) between the
chemical constant, Z, and the entropy constant S,. It may be
emphasized once more that equation (86) implies that ZR is the
entropy constant of a gas when its entropy is expressed as a
function of T and p.

Entropy of Solutions and Supercooled Liquids

Planck* supposes that the entropy of a pure liquid is zero at
oK. On the other hand, he concludes that the entropy of a
solution (liquid or solid) at o° K. is greater than zero. We can
imagine two substances so similar as regards their physical and
chemical properties that on mixing they will form an ideal solu-

* Ber., 46, 51 (1912).
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tion (liquid or solid) which will remain homogeneous down to the
absolute zero. Now the heat capacity of this solution at any
temperature will be close to the average of the heat capacities
of the two components, so that the entropy of the solution at
the temperature T will be greater than the entropy of the solu-
tion at o° K. by the entropy of the pure components at the tem-
perature 7. Now at any temperature at which the solution is
ideal, the entropy of the solution is greater than that of its com-
ponents in the pure state by the quantity AS (see equation (17),
Chap. VIII), where AS is given by the equation

AS = _'N1R log, X1 — Nz lOgc Xo.

In this equation N; and N, are the number of moles, and x, and
xp are the mole-fractions of the two components. For a mixture
in which N; = N. = 1, we have

AS = Rlog, 2 = 1.4%,

which would also be the entropy of the solution at o° K.

Lewis and Gibson* are of the opinion that the entropy of super-
cooled liquids at o° K. is greater than zero. The experimental
work of Gibson and Giauquef on the heat capacity of liquid and
crystalline glycerol seems to favor this view. Altogether we
may say that it is still doubtful whether Planck is justified in
including pure liquids in his statement of the Third Law. A more
complete discussion of these points is given by Rodebush.{

Standard Affinity Tables

The Third Law has furnished us with a method of calculating
the affinity of a process from purely thermal data. In many
cases, however, the affinity has been determined directly with
greater accuracy than we can assign to the thermal data. Ac-
cordingly it will be useful to have at our disposal a table of
affinities that have been determined by direct measurement.

* Jour. Amer. Chem. Soc., 42, 1529 (1920).

t Jour. Amer. Chem Soc., 46, 93 (1923).
1 Taylor’s “Treatise on Physical Chemistry,” Chap. XVIL.
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We shall include in our table affinities of formation only; from
these the affinity of any reaction is easily calculable. In using
the tables, the following considerations should be borne in mind:
(1) the standard affinity of a process is the affinity of the process
when each substance concerned is in its standard state to which
we assign unit activity; (2) this means, in general, that each gas,
liquid, or solid is at atmospheric pressure and each ion is at a
concentration at which its activity is unity (see Chap. XVI,
Activity and Activity-coefficient); (3) the affinity of the re-

action, 3 H, (gas at atmospheric pressure) = ﬁ (¢ = 1), is
assigned the value zero; (4) the standard aflinity of formation
of any elementary ion is equal to the normal electrode potential
of that ion multiplied by 23,053 7, where # is the valence of the
ion; (5) the standard affinity of formation of an element in its
standard state is taken to be zero.

The data in Table XLV are taken with slight changes from the
tables of Lewis and Randall.* Since we have adopted the rela-
tion, 1 volt-coulomb = 4—;%6 cal. or 1 volt-faraday = 23,053 cal.,
our values for the affinity of formation of the elementary ions
and a few other substances differ slightly from those of Lewis and
Randall, who assume 1 volt-faraday = 23,074 cal.

TABLE XLV. STANDARD AFFINITY OF FORMATION AT 25° C.
A. CATIONS AND SoME MErTALLIC COMPOUNDS

Substance A° 998 Substance A° 998
H+ . . o Hg.++ L —36829
Liv ... . . 68186 HgCl(s) .. .. .. 25115
Nat ....... . 62531 HgO(@s)...ooovennn.. 13808
NaCl(s) . .. . 91710 TH .. .. . 7753
K+ . 67370 TICI(s)...... .. 44124
KClOs(s) .. . 69250 T1OGS)...... .. . 32410
Rb+ ... A 67411 Snt+ ... . 6270
Cut+ ... . —15897 Pbtt.. ... 5625
Agt. . —18431 PbCl(s) . .. 74922
AgCl(s). .. . 26163 PbO(s).. 41000
AgO(s)....... . .. 2395 Fet+ .. 20333
Cd++ . . ... 34953 Fet++ ... 3117
Znt+. ... .. L. 18332 NH#+. .. 18930

* Thermodynamics, pp. 607-608 (1923).
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B. ANIONS AND NoON-METALLIC COMPOUNDS
Substance A° 298 Substance A° 25
Ha(g) oo oovveennnn. o ;O] C) NN 56418
H(g) o oereiaieanenn, —37730 H™ ... ...... 37472
Ou(g)eeceeieanann o H.0:(g)......... 24730
Og(g)  .ovvennnn. —32400 H;0:(1).......... 28230
54507 H20:(s) 27980
56560 H;0:(aq.) 31470
o T 31338
—~ 32400 HCIO(aq)....... 19218
—1146 (O 6500
—1650 HCI10;(aq) 250
22692 Cl0;™ . 250
31338
—18250 HBr(aq) 24572
=755 Br7... 24572
o Br; 25207
—314 HBrO(dq) 19680
—977 HBrOs(aq) —2300
12540 BrOs~ . -—2300
—15470 HI(aq) 12350
—4630 12350
—g20 Is . 12305
o HIO(aq) . 23170
—3026 HIOs(aq) .... 31580
—315 107, .. . 31580
—30240 SO:(g) ... 69660
—18280 S50z(aq). . 69770
—18 H,S0;(aq) 126330
o HSO;™ . 123920
7840 SOs= 116680
6490 SOs(g ) 85890
HS —2980 sz().(aq) .. 176500
S=..... ... —23450 SO&= ... 176500
Nolg)...... o NO:(g). . . —11920
NH;(g) 3910 NaOs(g). . . — 22640
NH;(). ... 2620 HNO:(aq). 13070
NH;(aq). . 6300 NO,” . . 8500
NH.OH(aq) 62860 HNOs(g) . 18210
o 18930 HNOs(aq). 26500
NO(g) —20850 NO;™ ... 26500
NOCl(g) —16010
C(graphlte). .. o HCOOH(aq) . 87920
C(diamond). . .. —390 C.H,0H(1) ... 45100
CHug). ... ... 12800 CO(NHy)2(s) . 47280
CeHe(1)...... ... — 27100 CO(NH2) (aq) 48840
CO(g)... ... ... 32510 N(g).. 28910
COCl,(g) 48770 HCN(I) . — 28870
CO:(g) 94260 HCN (aq). . —27520
H;COj(aq).. ... 148810 —39370
HCOg™... .. 140000 HCNO(dq) 29100
COs= 125760 CNO~ 23750
HCOOH............. 84040 C2Nz(g). . —92000
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The manner of using the data of Table XLV in calculating the
standard affinity of a process is simple. If A° is the standard
affinity of a process at 25° C. and if 4° is the standard affinity of
formation of any substance concerned in the process, then,

Ao = 21’1A°1,

where », is the number of moles of a substance reacting and is
positive for substances formed and negative for substances that
disappear in the reaction. We shall illustrate the manner in
which Table XLV is to be used by calculating the standard
affinity of a number of reactions at 25°C. Since A° = RT log. K,
we can calculate the equilibrium constant for the temperature
25° C. by means of the equation:

logw K, = A (97)
g1o 1’*;3?3—_—6- 97

Standard Affinity of Certain Reactidns

+ —
(1) O() =H (e = 1) + OH (a = 1).
A° = o+ 37.472 — 56,560 = —19,088 cal.
logw Ky = —13.998, K, = 1.005 X 10 ™,

(2) 1 H, + OH (u = 1) + @ = H,0 ().

A° for this process is the negative of that of the first reaction
and therefore 4° = 19,088. For the potential at an electrode

with hydrogen at atmospheric pressure and the activity of OH
equal to unity, we find,
o

= = 0.8280 volt.
23,053

[o]

++ ++
(3) Zn+ Cu(e=1) =Zn(e = 1) + Cu.
A° = 34,953 + 15,897 = 50,850 cal.
E° = _so8s0 1.103 Volt.
2 X 23,053
(4) Ag + HgCl = Hg + AgClL
A° = 26,163 — 25,115 = 1048 cal.; E° = 0.0455 volt.
(5) 2 HeS + SOz = 2 H,O (l) +3 S.
4° = 2 X 56,560 — 2 X 7840 ~ 69,660 = 27,780 cal.
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(6) 2HCI (g) + 3 0; = H:0 (g) + Cl: (g).
A5 = 54,507 — 45,384 = 9123 cal.
() CHi + 30: = COs + 2 H;0 ().
A% = 94,260 + 109,014 — 12,800 = 190,474 cal.

A method of finding the general expression for the affinity of
a reaction as a function of the temperature, when the value of
the affinity or of the equilibrium constant is known for one or
more temperatures, will be illustrated by means of the reaction

(8) #N.+ { H. = NH; (g).

We owe to Haber* and his associates more exact determina-
tions of the equilibrium constant, of the heat of this reaction,
and of the specific heat of ammonia. We shall use the following
equations for the molecular heats at constant pressure:

H,, C, = 6.50 + 0.0009 T,

N:, Cp = 6.50 + o.0010 7,
NH,, € = 8.04 + 0.007 T + o.0000051 12,
Cy — Cy = 4.96 + 0.00115 T — 0.0000051 T2,

T
From the equation H = H, + f (Cy — () @T and the known
o

value of Hags, viz., 10,894, we obtain H, = g500. From the
o

equation ‘—;—, = J - 1—,—2dT = R log, K,, we obtain on integration
%,— = 9—5T°—° — 4.96log, T — 0.000575 I'? 4+ o0.00000085 1% + I.

The value of I, the integration constant, can be obtained by
substituting in this equation the known value of 4° at any one
temperature. If we have measurements of A° at several differ-
ent temperatures, then we are in a position to derive a series of
values of I, the average of which may then be employed in the
equation for the standard affinity.

Tables of Einstein and Debye Functions

The tables that follow will be of use in the numerical evaluation
of expressions that contain the Einstein or the Debye functions
for the specific heat, energy, and free energy of solids. In these

* Z. Elektrochem., 20, 597 (1914); 21, 89, 129, 191, 206, 228, 241 (1915).
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tables, %,’—' T is represented by x. The values in the tables

are based on R = 1.987 calories per degree.
Table XLVI contains the values of C, for a gram-atom of a
solid calculated according to equation (25) or (27):

C, (Einstein) = 3 R mprt—e, = 3 R ~20—
(eT— 1) (e — 1)
Table XLVII gives the values of C, calculated according to the
formula of Debye (equation (34) or (35)).
Table XLVIII contains the value of the Einstein function

(see equation (24)):

- Uo= SRJC
T e — 1

% (Einstein) =

Table XLIX is devoted to the Einstein function:
o — IF

%(Einstein) = = —3Rlog (1 —¢™).
(See equation (46).)
Table L contains the values of the Debye function:

E U—-U_3R(C 390)
T(Debyc)— T <3R~* et —1)

(See equations (33) and (52).)
Table LI gives the values of the Debye function:

F,—F E L
T 3T (1 —e™).

—Zq" (Debye) =

(See equation (53).)

Finally, the entropy of the mean atomic weight of a solid at
the temperature 7' and pressure p is given by equation (64b),
viz.:

E
S=7+

NIQ

+2aT?.
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TABLE XLVI. G (Einstein)
x 0.0 o1 0.2 0.3 0.4 o5 06 o7 0.8 0.9
o |5.961 [5.953 |5.941 |5.917 |5.882 |5.838 |5.785 |5 723 |5.653 [5.574
1 |5.488 |5.395 [5.294 |5.188 |5.076 [4.959 |4.837 |4.711 |4.582 |4.450
2 |4 316 |4 180 (4 043 |3 906 [3.768 |3.630 (3.493 |3 356 |3 222 |3.089
3 |2 958 |2.830 |2.704 |2.581 |2.460 |2 344 |2 231 |2 121 |2 oI5 |1 912
4 |1.813 |1.717 |1 625 |1.538 |1.452 |1.371 |T 293 |1 219 |1.149 |1 082
5 [1.018 [0.957 |0.899 |0 844 |0 792 [0 744 |0.697 |o 653 |0.611 [0.572
6 |o 536 |0 500 |o 466 [0.436 [0.407 10 379 [0 354 |0 330 [0 307 o 286
7 o 266 [0 248 o 231 {0 215 [0.200 [0.185 [0.172 |0 160 |0.149 |o 138
8 |0.128 |0.119 |0 110 |0 102 |0 09450 0884l0 0811jo 0752/0 06950 0650
9 |o oboolo 0554|0 0509/0 0468|0.0435/0 0400[0 0372(0 0340|0.0310/0 0286
10 |0 0266/0 0247[0 0231|0 0212[0 0196/0 0180[0 0167|0 OI52(0 O142{0 OI29
11 |0 o11glo 0110[0.01020 0093|0 0085l0 0078l0 00730 0067|0 cOb2|0 0057
12 |0 0052{0 00480 00450 00410 0038|0 0O35|0 0032|0 0029/0 0027|0 0024
13 |0 0022(0 0020[0 00IY|0 0O17]0.00I6[0 OOIS|O 00I4|0.00I3|0 ©OIZ(0 OOIT
TABLE XLVII. (; (Debye)
x oo o1 02 03 04 o3 o6 o7 o8 09
© | 5961 5961595|594|592 589|586 582578574
T 15676 562|555|549)542|535]|527|5719|5 710|501
2 | 4919483474405 455|444 |434(424|4714]|404
3 | 3945 3.84(374|365]1355(345]336|327|318|309
4 2.999| 291 | 283 275|267 |259|251|243|235]|227
s 2200 213 |206| 200|194 |18 |18 |17 |17 ]|164
6 1583 153|148 |1.43|138|134 |13 |126|7122]T1.18
7 1 138| 1 103 1 068| 1 034| 1 oo1| 0 969 0 938| 0 9o8| o 880 o 854
8 o 831 o 811| 0 791| 0 771| o 751| 0 732| 0 713| 0 694| 0 675 0o 656
9 o 637 o 618 o0 599| 0 580| 0 561 0 542 0 524/ 0 506| 0 487| o 469
10 0 451| 0 435| 0 421| 0 409| o 398| o 388 o 378| o 368| o 359! o 351
11 0 343| 0 335/ 0 327/ 0 319| 0 3II| 0 303| 0 205/ 0 287| o 280| 0 273
12 o 267| o 261| o 255/ 0 249| 0 243| 0 237| o 231 0 225| O 220/ O 21§
13 0.210| 0 205/ 0 200| 0.106| 0 192| 0 188| 0.184| o 180] 0.176] 0.172
T4 0.168] o 164| o 161| 0.158] 0 155/ 0 152| O 149| 0 146| 0.143| 0.140
13 o 137 0.134| 0 131| 0.128] 0.125| 0 123 0.121| O 119{ O.117| O II5
x x x
16 o 113 21 0 0499 26 o 0262
17 0.094 22 0 0433 27 o 0234
18 0.079 23 o 0380 28 0 0211
19 o 067 24 0 0335 29 0.0189
20 0.058 23 0.0206 30 0.0172
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E .. .
TABLE XLVIIIa. T(Emsteln). x from o to 2.00
x [¢] b 2 3 4 5 6 7 8 9
0.0 | 5.961 5.931| 5 902| 5 873 5 844| 5 815 5.786 5.756 5 727 5 798
o1 | 5.669| 5.640| 5 611 5 582| 5 554 5 526( 5.498 5 470| 5.441| 5.413
o2 |5 385 5357 5.329| 5 301} 5 273| 5 245| 5 218] 5 101| 5 164] 5.137
03 | 5 111] 5 085| 5 058 5 032 5 006 4 979 4 953| 4 926/ 4 9oo| 4.874
© 4 | 4.848| 4.822| 4 796 4 770| 4 745| 4.720| 4 695 4 670| 4 644| 4.619
05 | 4.594] 4 569| 4 544 4 519| 4 494| 4 469| 4 445( 4 421| 4 397| 4 373
06 | 4 349| 4.325] 4 301| 4 277| 4 254| 4 231| 4 207| 4 184| 4 161] 4 138
0 7 | 4 115 4 092| 4.069| 4 047| 4 024 4 ooz| 3 979| 3 957| 3 935| 3 913
0.8 | 3 891| 3.869| 3.847| 3.825| 3.803| 3 781| 3 759| 3 738| 3 717| 3 696
0.9 | 3 675 3 654] 3.634] 3 613| 3.593| 3.573| 3 552| 3 531] 3.511| 3.490
I 0| 3.460 3 448| 3 428 3 408| 3.388| 3 368 3.348| 3 328/ 3.300| 3 290
1.1 | 3.271| 3.252| 3.233| 3.213| 3.194| 3 175 3 156| 3.137| 3 319| 3 10OI
12 | 3.083 3 0bs| 3.047 3.029| 3.011| 2 993 2 975| 2 957/ 2.939| 2 921
13| 2903 2.885 2 868| 2 851| 2 834 2 817| 2.800| 2 783| 2 766| 2 749
1 4 | 2.732| 2 715 2.608| 2 681| 2 664| 2 648| 2 632| 2.616| 2.600| 2 584
15| 2568 2.553] 2 537| 2 521| 2 505| 2 489| 2 473| 2 457| 2 442] 2.427
16 | 2412 2 397 2 382 2 367| 2 352 2 337 2 322 2 307| 2 293| 2.279
1.7 | 2 265 2 251| 2.236| 2.222| 2 208 2.194| 2.180| 2 166 2.152| 2.138
1 8 | 2124 2 110| 2 096| 2 083| 2 070| 2 057 2 044| 2 031 2 018| 2 ooOj
19 | 1992 1979 1 966 1 953| 1 940 1 928] 1 916| 1 9o3| 1 891| 1 878
TABLE XLVIIIb. %(Einstem). x from o to 12.0

x 00 ol 02 03 04 o5 0.6 07 o8 09
o |5 961 |5 669 |5 385 |5 111 (4 848 |4 594 (4 349 |4 115 (3 891 |3 675
1 13 469 |3.271 |3.083 [2.903 |2.732 |2.568 |2.412 |2 265 |2.124 |1 992
2 |1 866 |1.747 |1 635 [1.529 [1.428 [1.333 (1.243 |1.159 |1 081 |1 0O7
3 [0.937 |0.872 [0.811 [0.754 |0 700 |0.650 |0.603 [0.560 |0.519 |0.480
4 [0.444 |o.411 |0.381 |0 352 |0.326 |0.301 |0.278 [0.257 |0.237 |0.219
5 lo 202 |0.186 {0.172 [0.158 [0.146 [0.134 |0.124 [0.1I14 [0.106 |0 098
6 |o.08g1|0.0818/0.0752|0.0691|0.0635|0.0584/0.0536/0.0492[0.0452|0 o415
7 10.0380/0.0349/0.0320(0.0294(0.0269|0.0248|0.0227/0.0208(0.0190(0.0174
8 |o.o160/0.0146/0.0134/0.0123/0 01130 0103/0 0094/0 0086l0 0O79/0.0072
9 |0.0066(0.0061/0 0055/0.0050/0.0046/0.0042|0 0039[0 0035/0.0032|0.0030
10 |0.0027|0 0025/0 0023/0.0021[0.0019/0 0017/0.0016/0 OOI4|0 OOI3|0 OOIZ2
11 |0 0011(0.0010/0 0009/0.0008|0.0008|0.0007|0 0006/0.0006/0 0005|0.0005
12 [0.0004| ..o | cen | i | e ]l .
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TABLE XLIXa. %(Emstein). x from o to 2.00
z o 1 2 3 4 5 6 7 8 9
01 [14 02 |13 45 |12 94 |12.48 {12 08 |11.69 |11.33 |11 0O |10 69 |10 43
o2 r0o181 993|969 |9.45|922|899 878|858 839|822
03 |8o05 |78 | 772|756 |741|727]|714]|7.00]6.87]|674
04 |662|651 640|629 |618|607|5096/|586|576]| 566
o5 (556|547 (538|528 [519|5.10502]|4095|488]4.81
06 (474|466 |459|452[445|439(432|426|4.20]4.14
07408 |402|397]392(38 |381|376(371|366]36r
08 1355|351 ({347 |342|338|334[329|325|321)316
09 |3.11 | 307|303 |300 2096|293 | 288|285 ]|281]|2.77
10| 2.734] 2 605 2 658 2 623| 2 590| 2 559| 2 528| 2 498| 2 468| 2 440
T 1| 2411 2 382| 2 354| 2 326| 2 299| 2 272] 2 245 2 217| 2 190| 2.163
12| 2 136) 2 109| 2 083 2 058| 2 034| 2 oro| 1 986] 1 963} 1.940 1 918
13| 1.896] 1 874| 1 852/ 1 830 1 809| 1.788| 1 768| 1 748| 1 728| 1.708
14| 1688 1 669 1 650 1 631| 1 612| 1 593 T 574] T 556/ 1 538| 1.521
15 | 1504 T 487 1 471 1 455| 1 439 T 423| T 407| 1 391| 1 375 1 359
16| 13430 1 328 1 313 1 208| 1 284 1 270| 1 256| 1 242 1 228| 1 215
17| 1200|1188 1 174 1 161 1 149| 1 136 T 124 1 1I2| T 10O| 1.088
18 | 1076 1 064/ 1 052| 1 041 1 030 1 018| I 006| 0 Y95/ © 984 0 973
1.9 | 0 963| 0 953| 0 942| 0 931| 0 921| 0 911| 0 9o1| 0 892 O 883| 0 874
TABLE XLIXb. (I—;,(Einstein). x from o to 7.0

x oo oI 02 03 04 05 o6 o7 o8 o9
-] o |14 o20[10 180| 8 049| 6.615| 5 565 4 745 4 085| 3 550| 3.109
1 2 734| 2 411| 2 136 1 806| 1.688| 1 504/ T 343 1 201| T 076 0 963
2 0.865| 0.777| o 699| o 629| o 566/ o 510/ 0.458| o 412| 0 372| 0.335
3 o 302| 0.273| 0 246| o 222| 0.200| o 181 0 164] 0 148| 0 133| 0 119
4 o 107| 0 097| 0.088| 0 079| 0 071 0 064| 0.058| 0 052 0 047| 0 042
5 o 038| 0 034| 0.031| 0 028| 0 025 o 022| 0 020] 0 018| 0 016| O 014
6 0.013| 0 or1| o cog| o 008/ 0 007/ o 0ob| © 0O5| O ©O4| O CO4| O 003
7 0.003 . .. .o

|
{
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TABLE La. %(chyc). x from o to 2.00

x <} 1 2 3 4 5 6 7 8 9

o.1 | 5739 5 716/ 5 694 5 673| 5 652| 5 631 5 610| 5.589| 5 568| 5.547
0.2 | 5.526[ 5 506/ 5.485| 5.464| 5.443| 5.422| 5.401| 5.380| 5.359| 5.338
03 |5 317 5.296| 5.276] 5.255| 5.235| 5.215| 5 195/ 5 175 5.155| § 135
©4 |5 115 5.096| 5.076| 5.056| 5.036| 5 o17| 4.997| 4 977| 4 957 4 937
0.5 | 4.917| 4.897| 4 878| 4 859| 4.840/ 4.821| 4.802| 4 783| 4.764| 4.745
0.6 | 4 726| 4 708| 4 689| 4.670| 4 651| 4.632| 4 614| 4 596 4 578| 4 559
© 7 | 4.540 4 522 4 504| 4.487| 4.469| 4.451| 4.433| 4.416| 4 398 4 380
0.8 | 4 362| 4 345| 4 328| 4 311| 4 204| 4.277| 4.259| 4 242| 4 225 4 207
09 |4 190 4.173| 4 156] 4 139| 4.122| 4 105| 4.088| 4 071| 4 054| 4 037
1.0 | 4.021 4.005 3.980! 3.972| 3 956| 3.939| 3.922| 3 906| 3.890| 3.874
11 | 3858 3842 3 826| 3 810 3 794 3 778| 3 762| 3 746] 3 730 3 714
1.2 | 3 699 3 684| 3.669| 3.654| 3 639 3 624| 3.600( 3.594| 3 579| 3 564
1.3 | 3.549| 3 534| 3 510| 3 504| 3 490 3 475| 3 460| 3 445| 3.431| 3 417
1.4 | 3 402 3 388 3 374| 3 360 3 346 3 332| 3 318| 3 304| 3 290| 3 276
1.5 | 3.262| 3 248| 3.234| 3.220| 3.206| 3.193| 3.179| 3.166| 3.153| 3 139
1.6 | 3.126) 3 113| 3.099| 3 085 3 o72| 3 059| 3 046 3 033] 3 020 3 007
17 | 2995 2 982 2 969| 2.956| 2 943| 2 930| 2 918| 2 gos| 2 893| 2 880
1.8 | 2.867| 2.854| 2 842| 2 829| 2 817| 2 8o4| 2 792| 2.779| 2 767| 2 755
1.9 2.742| 2 730| 2 719] 2 707| 2 695| 2 684| 2 673| 2 662 2 651 2 640

TABLE Lb. —Z—,(Debyc). x from o to 16.0

x () or 02 03 04 05 06 o7 o8 09

o |5 961 |5 739 |5 526 |5 317 |5.115 (4 917 |4 726 |4 540 |4 362 |4 190
1 |4 021 |3 858 |3 699 |3 549 |3 402 (3 262 |3 126 |2 995 (2 867 |2 742
2 |2 626 |2 516 |2 409 |2 307 |2 207 |2 110 |2 o19 |1 931 |1 846 |1 766
3 [1.689 |1 615 |1.544 |1.477 |1 413 |1.353 |1.295 |1 239 |1 185 |1 133
4 |1 083 |1 037 |0 994 |0 933 |o 913 |0.874 |0 837 |o 8o1 [0 766 |0 732
5 |0 702 |o 672 |o 644 [0.619 |0 505 |0 371 |0 548 |0 526 |o 504 |o 483
6 |0 462 |0 444 [0 426 |o 409 |0 393 |0 379 [0 366 [0 352 [0.339 |0 326
7 lo 313 |o 302 |0 291 |0.281 |0 270 |0 261 |0 252 |0 242 |0 234 |0 227
8 |o.220 |0.214 |0.208 |0.202 |0 106 |0.191 |0.186 |0.180 |o.175 |o.1fi9
9 |o 164 |0 159 |0 154 |0.149 |0 144 |0 138 [0 134 |0 129 |0 124 |0 120
10 |0 1150/0 11080 T0O71|0 10390 IoTOj0 0984/0 0958jo 0932|0 0go8lo o887
11 |o 0867/0.0846/0 08250 0805/0 0784]0 0764|0 0743|0.0723|0 07050 0687
12 |o 0672(0 ob56lo 0bg1lo 0626/0 obii1|o 05960 05810 0566/0 0553/0 0540
13 |0 0527/0 0515/0.0503(0.0491|0.0481]0.0471|0 0461|0.0451|0.0441]0.0431
14 |0.0420/0 0411|0 0403/0 0395/0 03880 03800 0373|0 0365/0 0358|0 0350
I5 |0 0343/0 0335/0 0328l0 0320]0.0313/0 03080 0303|0 0298|0 0293l0 0288
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G
TABLE Lla. T(Debye). x from o to 2.00
% 0 1 2 3 4 5 6 7 8 9
o1 |15 93 (15.47 |15.02 |14 57 |14.15 (13.75 |13.40 (13.05 |12.71 |12.36
02 |[12.02 |11.74 |11.5T |11.28 |11.04 |10.81 |10 58 |10.37 [10.18 | 9.09
03 | 982]9.65/9350|935!9.20/9.05|890]8.75]8.60]8.46
o4 [ 832|819 |807]7.96|784|7.73|762|751]7.41]%.3
05 |72 |710|700 |6.90|681|672|663]6.55|6.47|6 39
o6 |632|624|616| 609|601 |5094|587]|58]5.73]5.66
o7 | 560|553|547|541(535|529|524|518]|5.13]|5.07
08 | 5 o011 4 960| 4 910| 4 860| 4 809| 4 759| 4.709| 4.659| 4.609| 4.558
09 | 4 508| 4 462| 4 416| 4 370| 4 326| 4 282| 4 240| 4.200| 4 160| 4.121
I o | 4.081] 4.042| 4.003| 3.964] 3.925 3.887| 3 848| 3.809| 3.771| 3.735
11 | 3699 3 664| 3 629/ 3 594/ 3 560 3 527| 3 495| 3.462| 3.430| 3.399
T2 | 3368 3 338 3 308| 3.278| 3.248| 3 218| 3.189| 3 161| 3.134| 3.106
I3 | 3079] 3 052 3.025 2 999 2.972| 2 945| 2.919| 2.804] 2 870| 2.846
1 4 | 2822 2 790 2 776 2 753| 2 729| 2 706| 2 683| 2.660| 2.637| 2.615
15 | 2593 2 571| 2 550| 2 529| 2 508| 2.487| 2.466| 2.446| 2.426| 2.406
16 | 2386 2 367| 2.348( 2 330| 2 312 2.293| 2.275| 2.257| 2.238| 2.220
17 | 2201|2183} 2 166 2.149{ 2 132 2.116| 2.099| 2.082| 2.065{ 2.049
18 | 2033 2018 2003 1 987 1 971 1.956| 1 941| 1.926| 1.910| 1.895
19 | 1.880| 1.865| 1.851| 1.837| 1 823| r.809| r.795| 1.781| 1.768| 1.755
G
TABLL LIb. T(Dehye). % from o to 15.0
% oo o1x 02 03 04 05 o6 o9 o8 09
o » |15.93 |12 02 [9.82 |8 32 |7.20 |6 320 |5 Go5 |5.011 |4 508
1 14081 | 3699 | 3 368 |3 079 |2 822 |2 593 |2 386 |2 201 |2.033 |1.880
2 11.743 | 1 617 | 1.503 |1.399 |1 302 [1.214 |1.133 |1.058 |0.990 [0.926
3 [0.8673| o 8130| o 76270 7164l0 6738/0.6330(0.5960/0 5618l0 5203/0.4997
4 |0 4713| 0 4453] o 4214|0 3989|o 3778[0.3580|0 3392(0 32150 3047|0.2888
5 [0 2742| 0.2608| o 2478|o 2363|0 2253|0 21480 2049|0 1953|0.1862[0.1773
6 |o 1689] 0.1611] 0.1539(0.1471|0 1409|0.1352|0.1209|0 1247|0.1197/0.1147
7 |o 1098 0.1056| 0.1015/0 0975/0.0938|0 0902(0 086GY|0 0836|0.0805/0.0777
8 lo 0752| 0 0731| 0.07710/0 O6golo obi70l0 obiz0j0 0630[0.0610/0.0591]0 0573
9 |0 0555| 0.0537| 0.0519|0 0501|0 0483|0.0466{0 0449|0.0433[0.0417|0.0401
10 [0.0386| 0 0371] 0.0358|0.0348|0.0338|0.03200.0320/0.0311|0.0303|0.0296
11 |0 0289] 0.0282| 0.0275/0.0268/0 0261|0 0254|0.0247|0.0241/0.0235/0.0229
12 |0 0224| 0.0218| 0.0213|0.0208|0 0203|0.0198|0 0193|0.0188/0.0184/0.0180
13 |0.0175| 0.0171| 0.0167|0.0164/0.0160/0 0157|0.0154/0.0150(0.0147(0.0144
14 |0.0140| 0.0137| 0.0134/0.0132(0.0129/0.0126/0.0124{0.01220.01190.0117
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