UNIVERSAL
LIBRARY

OU_154498

Advddll
TVSHAAINN






Osmania University Library

Call No 6&, ' @ , Accession No @19\63’
H 39m
Author H—o—»k} c . Ls.

Title
“A €l o g (‘Y\e,_c__[,\_:
This book should be feturned on or befofe the date fast m%olow

g :
i i i






MECHANICS OF MACHINERY






MECHANICS
OF
MACHINERY

BY
C. W. HAM, M. E.

Professor of Machine Design, University of Illinois;
Member of American Sociely of Mechanical
Enginecrs

AND

E.J. CRANE, M. E.

Western Electric Co., Chicago, 111.; Formerly Associate in M echanioal
Engineering, University of Illinois; Member of American
Society of Mechanical Engincers

Seconp Ebrriox
SixtH IMPREss1ON

McGRAW-HILL, BOOK COMPANY, Inc.
NEW YORK AND LONDON
1938



CopyRriGHT, 1927, 1938, BY THE
McGraw-HiLL Book Company, INc.

PRINTED IN THE UNITED S8TATES OF AMERICA

All rights reserved. This book, or

partsthereof, may not be reproduced

in any form without permission of
the publishers.

THE MAPLE PRESS COMPANY, YORK, PA.



PREFACE TO SECOND EIWMQN

The first edition of this book was published in September,
1927. In preparing the second edition, the authors not only
have profited from their own classroom experience, but have been
aided by suggestions from others who have used the book in-the
past ten years. The second edition is offered as an improvemeht
in content and arrangement of material. The same general
sequence that was found so desirable in the first edition has been
retained; that is, Mechanism is treated in a scparate division
under Part I, followed by Kinematics and Dynamies of Machin-
ery under Part I1.

The book has been completely reset.  Many changes in word-
ing, in arrangement, and in content have been made throughout.
Some material has been climinated, new material has been
included, and a large number of problems have been added.  The
major changes embody the omission of two chapters, Funda-
mental Coneepts and Governors, the addition of one chapter,
Gear Footh Systems and Production Methods, and the grouping
of all problems into a separate division at the end of the book.
Such material in the chapters omitted as it seemed wise to
retain has been included at appropriate places in the other
chapters.

A new feature of this edition is the large number of up-to-date
problems for drafting-room work, with dimensions, scale, and
location on sheet given. These problems have been selected
with a view to illustrating, as far as possible, practical applica-
tions of the fundamental theory.

This work is not offered in any sense as a complete treatise.
The material generally has been limited to that necessary to
bring out fundamental principles and methods. In bringing
this material up to date, other works on the subjeet, publications
of manufacturers, ete., have been freely consulted. Every
attempt has been made to give suitable acknowledgment, where
this is in order.
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vi PREFACE TO SECOND EDITION

The book has been used by the authors in a five-hour course
(thrce one-hour recitation periods and two three-hour drafting
periods per week) during a half year. However, Part I may bhe
given as a two-hour or a three-hour course in Mechanism fol-
lowed by Part II as a three-hour course in Kinematics and
Dymnamies of Machinery. It has been the purpose to cover in
one textbook sufficient material to give the student an under-
standing of the fundamentals of both subjeets in the time that is
ordinarily available in an engineering curriculum. It is believed
that the conventional course which includes mercly the subject
of Mechanism, or Kinematics, with little or no attention given to
Dynamices, is inadequate for present-day requirements because of
the great variety of new problems that are confronting the engi-
neer as a result of the increased speeds in industrial machinery.

The book presupposes a knowledge of Analytical Mechanices,
but Part I may be given without this requirement. The authors
have kept in mind the varying requirements of other instructors
who may desire to use the book, and the material is so arranged
in Part II that, if time is limited to a brief course, the more
complex examples and special methods in the latter part of each
chapter may be omitted without interfering with the sequence of
the work. On the other hand, the material may be adapted to
advanced work by application to problems of the type outlined
in the Appendix.

The authors wish to express their appreciation to those who
have offered comments and helpful eriticisms during the prepara-
tion of the second edition of the hook.

C. W. Ham,
E. J. CraNE.

UrBANA, ILLINOIS,
CHicaco, ITuLiNols,
March, 1938.
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MECHANICS OF MACHINERY

PART I
MECHANISM

CHAPTER 1
INTRODUCTORY CONSIDERATIONS

Engineering is based on the sciences of mathematics, physics,
and chemistry. These thrce sciences are more or less interde-
pendent, this fact being particularly true of mathematics and
physics. Mechanics is one of the several branches of physics. It
deals with the relations that exist between masses, motions,
and forces and is usually considered under three main divisions,
namely, kinematics, statics, and kinetics. T'he first division deals
with motion alone, the second with forees considered apart from
motion, and the third with forces in conjunction with motion.
Since both statics and kinetics deal with the action of forces on
bodies, that part of mechanies embraced in these two subdivisions
of the subject is sometimes called dynamics.

1. Scope of the Subject.—Mechanics of machinery deals with
the study of masses, motions, and forces in machines. The
subject is restricted so as not to include the study of clastic
forces and deformations in machine parts, these lying in the
province of mechanics of materials; neither does the subject
include the determination of the sizes and shapes of machine
parts necessary for carrying the loads and transmitting the forces
imposed upon them, this lying in the province of machine design.

The subject of mechanies of machinery as presented in this
book will be considered under two main divisions, as follows:
Part I, Mechanism; and Part II, Kinematics and Dynamics of
Machinery.

2. Definitions.—A machine is a combination of rigid or resist-
ant bodies, so formed and connected that they move upon cach

1



2 MECHANICS OF MACHINERY

other with definite, relative motions and transmit force from the
source of power to the resistance to be overcome. Within itself
the machine thus has the two functions of transmitting definite
relative motion and of transmitting force. When attention is
concentrated upon the first of these—strength and rigidity
needed for transmitting force being assumed—the term mecha-
nism is applied to the combination of geometrical bodies constitut-
ing the machine or part of the machine. A mechanism may
therefore be defined as a combination of rigid or resistant bodies,
so formed and connected that they move upon each other with
definite relative motions. The term mechanism, used in a broad
sense as in the title of Part T of this book, is concerned primarily
with a study of the functions, geometrical properties, and
relative motions in the various mechanisms in common use.
The study of motions in a broader sense—to include velocities
and accelerations—is reserved for Part II of the text. Although
the gencral scheme is mechanism first, as defined above, and then
kinematics and dynamics of machinery, the treatment of the
separate divisions is not cxclusive, elementary principles of
mechanies being introduced in Part I as the ocecasion demands.

Kinematics of machinery treats of the motions of machine
parts without considering the manner in which the influencing
factors (force and mass) affect the motion. It deals with the
fundamental concepts of space and time, and the quantities,
velocity, and acccleration derived therefrom. Dynamics of
machinery, embracing the two subdivisions statics of machinery
and kinetics of machinery, treats of machine parts that are
acted upon by both balanced and unbalanced forces, taking into
account the masses and accelerations of the parts as well as the
external forces.

3. Machine Motion.—The motion of a machine member
is usually such that all its points move in parallel planes. This
type of motion is called plane motion. The motion of the driving
member of most machines is one of two simple kinds of plane
motion, namely, rotation or translation. The same statement
is true for the motion of the final driven member which overcomes
the useful resistance. The motions of intermediate members
may, on the other hand, be fairly complex.

Although the majority of motions which have to be dealt with
in machines are plane motions, there are two other types, helical
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motion and spherical motion, which are of importance. A screw
advancing through a threaded hole is an example of helical
motion. It is of interest to note that helical motion is a combina-
tion of rotation about an axis and a translation along that axis.
When a body has spherical motion, all points in the body move in
the surfaces of spheres having a fixed point for a common center,
as in the case of the flyball governor, the universal joint, ball-and-
socket joint, cte. )

A body that has no material connection with other bodies, so
that the path of its motion varies with the external forces acting
upon it, is said to have free motion. The planets, for example,
have free motion. A body that has a material connection with
another body, so that the path of its motion relative to that
body must be of a definite character, regardless of the external
forees that may act upon it, is said to have constrained motion.
The crankpin of an engine, for example, has constrained motion.
All machine members arc dependent upon constraint for their
proper action.

4. Cycle, Period, and Phase of Motion.—When, after starting
from some simultancous sct of relative positions, the parts of a
machine have passed through all the possible positions they
could assume and have returned to their original relative posi-
tions, they are said to have completed a cycle of motion. The
time required for a cycle is called a period. The simultaneous
relative positions occupied by the parts of a machine at any
instant during the cycle constitute a phase.

In the ordinary steam engine (Fig. 1) the energy cycle and also
the motion cycle correspond to one revolution of the crankshaft.
In the ordinary gasoline engine, however, cach energy cycle
requires two revolutions of the crankshaft or four strokes of the
piston: the intake, compression, working, and exhaust strokes.
Hence, for each energy cycle of the engine, the main parts,
namely, crank, connecting rod, and piston, complete two motion
cycles. The camshaft and valves, however, complete only one
motion cycle during this period, so that considering the engine
as a whole, the moving parts return to their initial relative posi-
tions only after two revolutions of the crankshaft or four strokes
of the piston. For this rcason gasoline engines of this type are
referred to as four-stroke-cycle engines, or more simply as four-

cycle engines.



4 MECHANICS OF MACHINERY

6. Continuous, Intermittent, and Reciprocating Motion.—The
motion of a machine member is continuous if during each succes-
sive eycle it neither stops nor reverses; tntermittent if during each
cycle it stops for a finite interval of time; and reciprocating if
during each cycle its motion is reversed. For example, the
crankshaft of the gasoline engine has continuous motion, the
valve tappet rods an intermittent reciprocating motion, and
the piston a purely reciprocating motion.

The rotation of a member may be continuous, intermittent, or
reciprocating, the last being more commonly designated as
oscillating. The translation of a body, which may be either
rectilinear or curvilinear, also may be continuous, intermittent,
or reciprocating, with the exception that, obviously, rectilinear
translation cannot be continuous. The motion of the side rods
of a locomotive is a good example of curvilinear translation.
When the term translation is used without qualification it is
understood to mean rectilincar translation.

6. Pairing Elements. Pairs.—The rgsistant parts of a
machine must be so placed and so connected to adjacent members

Fi1a. 1.

that the relative motion between any two is of a definite character.
The geometrical forms placed upon two bodies so that they may
be connected in this manner are called pairing elements. Two
elements thus joined constitute what is called a paér, and the
process of connecting them is called pasring. The cylindrical
surface of the crosshead pin of an engine (Fig. 1) and the inside
cylindrical surface of the connecting-fod end are examples of
pairing elements. When joined together, they form a pair or
what is commonly known as a joint. Pairs which permit surface
contact are called lower pairs; those which permit only point
or line contact are called higher pairs. The most common
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examples of lower pairing are the turning pair and the sliding
pair. The turning pair may be either a journal and its bearing
or the ordinary pin-and-eye connection between two links. The
sliding pair is exemplified by the crosshead and guides of the
ordinary steam cngine, as shown in Fig. 1. Examples of higher
pairs are ball and roller bearings, the contact surfaces of a cam
and its follower, and the contact surfaces of a pair of mating gear
teeth. These examples are all so familiar as to require no
explanatory illustrations. In general, a lower pair completely
constrains the motion of the pair of links connected, whercas in
the case of a higher pair the constraint is generally incomplete.
It frequently oceurs that a single lower pair may have several
contact surfaces. An example of a turning pair with multiple
contact is the engine crankshaft and its bearings. An example
of a sliding pair with multiple contact is the piston link of a
steam engine, consisting of piston, piston rod, and crosshead, with
sliding contact between piston and cylinder, piston rod and stuff-
ing box, and crosshcad and guides. This example is clearly
illustrated in Fig. 1. Thus a single sliding pair may have any

number of contact surfaces, provided these surfaces are parallel,
and a single turning pair_ maﬁimﬁm‘ber of journals and
hearings, ‘provided that they all have the same axis.

7. Links.—A link may be defined as a l‘lgld body having two
or more pairing elements by means of which it may be con-
nected to other bodies for the purpose of transmitting force or
motion. A link is sometimes defined in a broader sense to include
bands and fluid connectors. In ordinary practice, however, the
name is applied to a rigid connector, and it is in this sense that the
term will be used in this work. A link with but two pairing
elements is called a simple link. If it has more than two pairing
clements, it is called a compound link.

In any machine there is one link that either occupies a fixed
position relative to the earth or carries the machine as a whole
along with it during motion. This link is called the fized link.
As as example showing the usc of the term link, let the steam
engine shown in Fig. 1 be considered. Taking into account
only the main members of the machine, it is secn that the number
of linksis four. Link 1is thefixed link and includes the frame and
all other stationary parts such as the cylinder, crosshead guides,
crankshaft bearings, ete. Link 2 includes the crank, crank-
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shaft, flywheel, etc., all of which have a motion of rotation about
the axis of the main bearing. Link 3 is the conneeting rod and,
being an intermediate link, has, as might be expected, a fairly
complex motion. Link 4 includes the crosshead, piston and pis-
ton rod, etc., and has a motion of reciprocating translation. It is
evident, from the examples discussed above, that a link includes
all the auxiliary parts that are rigidly fastened to the main part
and move with it as a unit.

8. Kinematic Chains.—When a number of links are connected
by means of pairs, the resulting system is called a kinematic
chain, or simply a chain. A chain may be locked, constrained, or
unconstrained. If a chain is locked, no relative motion is possi-
ble between the links, and any motion that takes place is that of
the chain as a whole. A locked chain is shown at ain Fig. 2. Ifa
chain is constrained, definitc relative motion between the links

is possible; i.e., if one of the links is held fixed and another
put in motion, all points of the remaining links will move in
certain definite paths and will always move in these same paths
no matter how many times the motion is repeated. A con-
strained chain is shown at bin Fig. 2. If a chain is unconstrained,
the relative motions of the links are not definite; 7.e., if one link
is held fixed and the motion of another link is repeated, the
points of the remaining links will not, in general, follow the same
paths. An unconstrained chain is shown at ¢ in Fig. 2.

The locked chain has its application in structures. The
constrained chain is the one with which kinematics is chiefly
concerned and is the basis of all machines. The unconstrained
chain is of little use practically.

9. Mechanism. Machine. Structure.—If onc of the links of
a constrained kinematic chain is made a fixed link, the result is a
mechanism. If a different link of the same mechanism is made
the fixed link, the result is a different mechanism. Evidently
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there are as many different mechanisms for the same chain as
there are links in the chain. Some confusion may arise as to the
distinction between the term mechanism and the term machine,
both of which arc fundamentally a constrained chain with one
link fixed. As stated in Art. 2, the primary function of a mecha-
nism is to transmit or modify motion, whereas that of a machine
is to modify energy and do work. If, therefore, the chain is
considered solely from the viewpoint of motion modified or trans-
mitted, it should be referred to as a mechanism. If, on the other
hand, the chain is considered as an agent for modifying energy or
doing uscful work, it should be thought of and referred to as a
machine. There is a large class of instruments or apparatus, such
as clockwork, adding machines, typewriters, engineers’ instru-
ments, etc., that may scem to be on the border line between
mechanism and machine, according to the above definitions.
But they are more properly classified as mechanisms, since the
force is no greater than necessary to produce relative movement.
In other words, change of position of members is the useful effect,
and there is no performance of external work. When a kinematic
chain is analyzed as a mechanism, no special consideration need
be given to the forms or proportions of the links except in so
far as concerns the location of the pairing elements. As a
machine, however, the requirements of strength, stiffness, clear-
ances, ete., make it imperative to consider the links in all their
details.

The leading distinction between a machine and a structure is
that the former serves to modify and transmit energy, or foree
and motion, while the latter modifies and transmits force only.

10. Machine Representation. Skeleton Outlines.—For the
purpose of kinematic analysis, a mechanism may be represented
in an abbreviated or skeleton form called the skeleton outline of
the mechanism. The skeleton outline should give all the geo-
metrical information necessary for determining the relative
motions of the links. In Fig. 3 the skeleton outline has been
drawn for the stcam engine shown in Fig. 1. It will be observed
that in this skeleton outlinc everything necessary for determining
the relative motions of the main links has been shown, namely,
the length A B of the crank; the length BC of the connecting rod;
A, the location of the axis of the main bearing; and the right
line path AC of point C, which represents the wrist-pin axis.
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When drawing the skeleton outline, a link that has only two
pairing elements niay be represented by a straight line joining the
axes of the two elements, as shown by link 2 in Fig. 3 for example.
The turning pairs themselves may be represented by small
circles with dots at their centers, as shown at A, B, and C. The
fixed link need not be shown except in the vicinity of its pairing
elements, where crosshatching may be used, as shown in Fig. 3,
as a conventional way of indicating that it is the fixed link.
A sliding link may be represented in the conventional manner
shown at C in the figure, .e., by a rectangle pivoted on the axis
of the pairing element of the link with which it has a turning
connection. A simple method of representing a turning connec-
tion with the fixed link is that shown at A in the figure. That
shown at O; or O, in Fig. 15 may be used, if preferred. A link

. 7
%/ rizZz4444

Fra. 3.

with three or more pairing clements is represented by the geo-
metric figure formed by connecting the axes of the pairing
elements, as shown by link 3 in Fig. 15, for cxample. An
example of the skeleton outline of a4 more complex mechanism is
illustrated by the shaper mechanism in Fig. 4.

In this mechanism, gear 2 is driven by a pinion on the shaft
of the drive pulley (not shown) and carries a pin A on which is
pivoted the block 3. Through the sliding action of the block in
the slot in the vibrator (link 4) and the rotation of gear 2, link 4
is caused to oscillate. Since the ram, link 6, is so constrained as
to have only reciprocating motion in a horizontal line, whereas
the end of link 4 moves in the arc of a circle as it oscillates, it
becomes necessary to have link 5 interposed between links 4 and 6.
It is seen that link 2, the main driving link, is in effect a crank,
and is so represented in the skeleton outline shown at b. It is
also evident that link 6 is completely represented in skeleton out-
line by a rectangle pivoted on the end of link 5 and guided in a
horizontal direction by link 1. The simplest representation of
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the action between links 3 and 4 is a rectangle sliding on a line
as shown.

In the casc of links containing higher pairs, it is usually impos-
sible to make much reduction from the actual form of the link

Fic. 4.

when drawing the skeleton outline; this is particularly true in the
case of certain types of cams. Two spur gears in mesh may,
nevertheless, be represented by their piteh circles as shown in
Fig. 5. Sometimes the existence of higher pairing in a mecha-
nism may be disregarded, as for example, in a mechanism in which
a ball bearing is used in place of the ’ '
ordinary pin-and-eye -joint. The
ball bearing is distinctly a case of
higher pairing in so far as concerns
its elements, but it acts as a whole
exactly like an ordinary turning joint.

11. Expansion of Pairs.—The sizc
of the pairing elements has no
effect on the relative motion of the links connected by the pair.
Sometimes by simply expanding pairing elements the appearance
of a machine may be changed beyond recognition without
altering in the slightest degree the character of the motion.

Fra. 5.
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Thus it-is often the case that mechanisms differing widely in
appearance have the same or similar skeleton outlines, as will
be made clear by consideration of the mechanisms shown in
Figs. 6 to 11. :

In cach of these figures the skeleton outline has been superim-
posed on the drawing of the actual mechanism at the place
where the expansion has been made. An inspection of the

Fia. 7.

several skeleton outlines will make it evident that they are
identical, thus showing that the mechanisms are all the same from
a kinematic point of view. The differences in appcarance are
chiefly due to modifications in the detail (but not in the character)
of the pairs.

With the fundamental mechanism in Fig. 6 as a starting point,
link A B was replaced in Fig. 7 by an eccentric disk by the simple

Fie. 8.

process of enlarging or expanding the pairing elements at B to
include pair A. In Fig. 6 the pairing elements were represented
by a small circle with the center at B. In Fig. 7 they are repre-
sented by the enlarged circle (the circumference of the disk) with
the position of center B unchanged. The relative positions or
motions of the two links affected, 2 and 3, have, therefore, suf-
fered no change whatever. It is evident from a comparison of
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Figs. 6 and 7 that an eccentric is equivalent to a crank whose
length is equal to the eccentricity.

In Fig. 8 the pair D has been enlarged to include C. Evidently
the motion of DC will be equally constrained if the sides of the
circular disk are cut away, leaving the zone indicated by the
-~ wolid lines. A further modification is shown in Fig. 9, where
the link CD is given the form of an annular ring instead of a disk.
The next step in simplification is to cut away all the ring except
a small block containing the pair C. Finally, since by the
rotation of crank AB the pair C is forced to reciprocate in a
limited circular are, the slot in which the block moves may as
well be shortened to the length actually required as shown in
Fig. 10. By comparing Fig. 10 with Fig. 6, it is seen that the

Fia. 10.

sliding pair C in Fig. 10 is cquivalent to a turning pair whose
center of curvature is the center of curvature D of the slot. It is
also evident that the block containing the point C is equivalent to
a bar of length CD equal to the radius of ecurvature of the slot and
pivoted at the center of curvature D. By increasing the radius
of curvature of the slot, the equivalent of very long links may be
obtained without increasing the dimensions of the machine.
Thus the ordinary sliding pair, consisting of a block moving in a
straight slot, is equivalent to a turning pair whose axis is at an
infinite distance.

By expanding pair C in a series of modifications similar to those
described above, the mechanism shown in Fig. 11 has been
derived from Fig. 6, the relative motions of the links remaining
unchanged. The solution is left to the student.

12. Inversions.—Inversion is a term used in kinematics for a
sort of reversal or interchange of form or function, as applied
to pairs, kinematic chains, and mechanisms. The process of
interchanging the hollow and solid elements of a pair is called
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tnversion of the pair. For example, instead of having a pin in the
crosshead of an engine fitting into an eye in the connecting rod,
the rod might contain the pin, the latter fitting into a hole in the
crosshead. It should be noted that this interchange of elements
in no way changes the character of the relative or absolute
motions.

It was shown in Art. 9 that from a given kinematic chain as
many mechanisms may be derived as the chain has links, by

(a) (b)
Fia. 12.

fixing each link in turn. These mechanisms are called ¢nversions
of the original mechanism, and, like the case of the inversion of
pairs, the exchange of one fixed link for another is known as
tnversion of the mechanism. . 4

If, for example, link 2 of the four-link mechanism shown at a
in Fig. 12 is fixed and link 1 made free to move, the resulting
mechanism, shown at b, is said to be an inversion of the original

(a)

Fia. 13.

mechamsm It is important to keep in mind that the inversion of
a mechanism does not change the motions of its links relative
ta each other, but does cha.nge their absolute motions. As
another example of the inversion of a mechamsm, consider the
gesr train at o in Fig. 13. The epicyclic gear train at b is an
inversion of the ongmal train at a. In making an inversion of a
mechanism it may often be necessary to make an invergion of a
pair or change proportions of links te suit requirements.
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Inversion of function may be noted in the case of such machine
tools as the shaper and planer, lathc and boring mill, cte.
Whereas in the shaper the work is held stationary while the
cutting tool moves, in the planer the work moves and the cutting
tool is stationary. Similarly, in drilling and boring on a lathe
the tool is stationary, while in a drilling machine the work is
stationary. Functional inversion occurs in a machine, also,
when reversal of motion causes the original driving member to
become the driven member. - _

13. Point Paths—Displacement Diagrams.—In the kinematic
study of mechanisms, it is frequently desirable to plot the paths
of the motion of certain points and also to construct a diagram
of the displacement of some point corresponding to the motion
or displacement of some other point. In most cases the points
considered are those that represent the axes of the moving pairs.
In constructing a displaccment diagram, the usual scheme is to
plot displacements of some point on the last driven link against
displacements of some point on the first driving link, employing
any system of coordinates that may be found convenient.
Usually rectangular coordinates are the most convenient to use.
Taking- first a simple illustration, in the engine mechanism
(IFig. 14a), it is known that onc end A of the connecting rod
describes a circle and that the other end B describes a straight
line. By assuming, say, 12 cqually spaced positions of the
crankpin A in the complete cycle of its motion, a corresponding
number of positions of any other point such as C on the rod may
be plotted, giving the elliptical curve shown in the figure. In a
similar manner a diagram of the displacements of the piston B
corresponding to the displacements of crankpin A may be plotted.
In Fig. 14b displacements of the crankpin A, or angular dis-
placements of the crank, have been plotted as abscissas, and
piston displacements as ordinates. It is important to note
that the length of the base line, representing abscissas, has been
taken as an arbitrary length and not cqual to the circumference
of the crank circle, as might have been expected. Since the
information sought is piston displacements corresponding to
equally spaced crank positions, it is evident that in such a
diagram any convenient length may be chosen for the base line.
The use that is made of this particular diagram will become
evident after studying Chap. II.
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As a further example of problems in plotted movements, let
it be required to plot the paths of the motion of B and C and the
displacement diagram of piston D for the complete cycle of the
Atkinson gas-engine mechanism, shown in skeleton outline in
Iig. 15a. 'This type of engine is now obsolete, but the mechanism
is ingenious, and therefore of kinematie interest.  This was a four-
cycle engine and was designed to get the four strokes of the eycle
into one revolution of the crank 0.4, with longer strokes for

/f'T i
|

i
d '
1 2 3 4 5 6 1T 8 9 0 u 1
Crank positions

DISPLACEMENT DIAGRAM FOR B

(b)
Fig. 14,

Piston displacements

[=]

expansion and exhaust than for intake and compression.  Just
how well this end was attained may be seen by examining the
piston-displacement diagram at Fig. 15b. This diagram was
obtained by determining the piston displacements corresponding
to the 12 crank positions indicated and plotting thesc displace-
ments as ordinates on the arbitrarily chosen length of base line
0-12. The plotting of point paths of B and C is an incidental
part of the work of obtaining the piston displacements. This
mechanism affords an excellent example of the value of such a
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diagram as shown at Fig. 15b, as an aid in studying machine
motions. '

14. General Remarks.—All mechanisms derived from one
kinematic chain have been shown to be inversions of that chain.
These inversions frequently differ very widely in gencral appear-
ance and in purpose. For example, the ordinary steam-engine
mechanism and the Whitworth quick-return mechanism (Fig.
37b and Fig. 39b, Chap. II) are kinecmatically identical, though
their general appearance would not make this fact apparent.

The motions in a machine depend entirely on the relative
positions of the pairs and not at all upon the size and shape of
the links. The appearance of a machine depends largely on the
size and shape of its component links. Links are of diverse
shapes; a crank and cccentrie, for example, which are kinemati-
cally identical but quite different in appearance, are shown in
Figs. 6 and 7.

In the study of mechanics of machinery it is necessary to
climinate from consideration problems of the design and manu-
facture of machine parts and confine attention largely to the
skeleton outlines of the moving parts, since the motions of the
parts are of chief concern.  Once the kinematice relations between
the links of a kinematice chain are known, those for all mechanisms
obtained by inversions or expansions are also known. This
fact is of great importance, for no matter which link is fixed,
the relative angular motions of the constituent links of a kine-
matic chain are always the same. The study of kinematics of
machinery is, therefore, greatly simplified and necdless repetition
avoided if the fundamental kinematic chains are studied in
place of the many mechanisms which are kinematically identical.

Furthermore, the study of the subject may be approached
from two different points of view, namely, the analysis of forces
and motions in existing machines, and the creation of machines
to produce desired motions and forees. The usual procedure is
to study and analyze existing machines, and that method will be
followed in this book.



CHAPTER 11
LINKWORK

In Art. 7 of Chap. 1 a link was defined as a rigid body having
two or more pairing elements by which it could be connected
with other bodies for the purpose of transmitting foree or motion.
The term linkage refers to a mechanism made up of such links as
cranks, levers, rods, etc., with turning and sliding pairs, thus
excluding from the classification cams, gears, belts, ropes, and
chains, ete.

The function of a link mcchanism is to produce rotating,
oscillating, or reciprocating motion from the rotation of a crank,
or the reverse. Stated more specifically, linkwork may be
used to convert:

1. Continuous rotation into continuous rotation, with a con-
stant or variable angular velocity ratio.

2. Continuous rotation into oscillation or reciprocation (or
the reverse), with a constant or variable velocity ratio.

3. Oscillation into oscillation, or reciprocation into recipro-
cation with a constant or variable velocity ratio.

15. The Four-link Mechanism.—One of the simplest examples
of constrained linkwork is the four-link mechanism. Many of
the commoner mechanisms may be formed from the four-link
mechanism by means of slight modifications such as changing
the character of the pairs, proportions of the links, etc. Further-
more, it may be said that any link mechanism may be analyzed
as a four-link mechanism or a combination of two or more such
mechanisms. A great majority of four-link mechanisms fall
into the two following classes: (1) the four-bar mechanism, and
(2) the slider-crank mechanism.

THE FOUR-BAR MECHANISM

16. The Four-bar Mechanism.—This linkage, in its simplest
form, has four bar-shaped links and four turning pairs, as shown
in Figs. 16 and 17, which represent open and crossed linkages

17
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respectively. The fixed link may actually be bar-shaped, but
more frequently it represents the frame of a machine and in that
case is usually a massive casting of irregular shape.

In order to facilitate discussion, one of the rotating members of
the four-bar mechanism, usually the driver, will be called the
crank, or driver, and the other will be called the rocker or follower.
The floating link that connects the crank and the rocker will be
called the connecting rod, and the fixed link will be called the
frame.

In some of the applications of the four-bar mechanism, the
crank has a motion of oscillation, whereas in other applications it
must be capable of making a complete rotation. The same
statement may be applied to the follower. In cases of less

Fra. 16. Fia. 17.

frequent occurrence, both the driver and follower must make
complete rotation. In order to meet the requirements of certain
types of motion, it is necessary to hold the relative lengths of
the links within certain well-defined limits. In proportioning the
links, consideration must also be given to the avoidance or the
neutralization of dead points in the motion of the driven link.

17. Dead Points.—Referring to Fig. 18, let 2 be the driving
link and 4 the driven link. The lengths are such that neither of
the links may make a complete rotation. Link 2 may oscillate
between the extreme positions 2”7 and 2", and link 4 oscil-
lates between the extreme positions 4’ and 4”7. The position 4’
of the follower is called a dead-point position, for it is obvious
that any driving force transmitted from the driver by the con-
necting rod 3 will be radial and hence can have no effect on the
turning of the link 4. In practical applications of such a linkage,
the range of action required is usually much less than the maxi-
mum. This is a desirable condition, since the action is not
smooth when the follower is near a dead point.
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In Fig. 19 is shown a four-link mechanism in which the driver
may make a complete rotation, and the follower 4 oscillates from
4’ to 4". It can be seen that if link 4 should become the driver
there would be two dead points in the cycle. When link 4 is
the driver and complete rotation of the crank 2 is required, it
becomes necessary to provide external means, as for example, a
flywheel to carry the crank 2 past the dead points.

Fia. 18. Fia. 19.

18. Four-bar Mechanisms in Combination.—With suitable
proportioning and proper choice of relative positions of the links
the four-bar mechanism may be made to produce a great variety
of relative motions of driver and follower. The arrangement
shown in Fig. 20 is just one example of the many possibilities.
If the driver (link 2) is turned clockwise with uniform motion
through the angle 6, the
follower (link 4) will turn in
the same sense through the
much smaller angle 6, and
with decreasing speed, which
will become zero when link
2 reaches the position 2'.
Reversing the motion of link 2
will cause link 4 to return toward its initial position, its motion
being slow at first and then gradually increasing. This type
of motion is used in the Corliss valve gear on steam engines to
secure quick opening and closing of the valves. In this particular
application neither of the links 2 or 4 makes a complete rotation
but oscillate through comparatively small angles, generally
not exceeding these shown as 6, and 6, in Fig. 20.

Many interesting arrangements of the four-bar mechanism
that have numerous practical applications other than where
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used in combination could be discussed, but since space does
not permit their illustration here only a few that appear else-
where in the text will be pointed out.

When links 2 and 4 and 1 and 3, Fig. 20, are equal, forming
a parallelogram, the driver and follower have simultaneous
dead points, and if the driver makes a complete rotation special
means must be resorted to for complete constraint of the follower.
The parallel rule, Fig. 51, represents one application in which
the links 2 and 4 oscillate through a limited angle.

The four-bar linkage is the basis for a number of very simple
straight-line mechanisms, such as for, example, the Watt mech-
anism illustrated in Fig. 45, in which the point P is constrained
to move in a straight line. A somewhat different arrangement
is that shown in Fig. 357 where by choosing suitable proportions
and expanding link 3 into a triangular form, the point C is
constrained to move in a straight line. The Roberts straight-
line mechanism, Fig. 377, in which the point C is constrained to
move in a straight line is an interesting example showing how a
few simple changes converted the foregomg arrangement into
an entirely different mechanism.

The main driving links of a Corliss valve gear are shown in
skeleton outline in Fig. 21. The wrist plate 6 is given an oscilla-
tory motion by means of the complete rotation of driving link 2,
which, in the actual mechanism, is in the form of an cceentric.
The linkage 1, 6, 13, 14, actuating one of the exhaust valves, will
give to the link 14 a very slow motion when M is near M, i.e.,
when the valve is closgd, but between M and M5, when the valve
is opening or closing, the motion is much faster. The same
statement applies in the case of the admission valves, as shown
by the linkage 1, 6, 7, 8.

It is interesting to note that the main part of the valve gear
represented in Fig. 21 is made up wholly of four-bar mechanisms,
six in number, and also that it furnishes examples of four distinet
types of these mechanisms. Unit 1, 2, 3, 4 has in eccentric 2 a
short crank arm (in skeleton outline) that makes a complete rota-
tion and through rod 3 gives to the rocker arm 4 a symmet-
rical oscillation about 0,C. In unit 1, 4, 5, 6 this oscillation is
transmitted to wrist plate 6, which, so far as its function in this
section of the mechanism is concerned, is sufficiently represented
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by radius O¢D. Unit 1, 6, 7, 8 is an example of an open four-bar
linkage, and unit 1, 6, 13, 14 is an example of a crossed four-bar
linkage. No attempt is made here to show the remainder of the
valve mechanism, namely, the releasing gear whereby arms 7 and
9 alternately take hold and let go of their valves.

&,

Fia. 21.

19. The Drag-link Mechanism.—A common application of the
four-bar linkage, in which there is continuous rotation of both the
driver and follower, is found in the drag-link mechanism shown
in Fig. 22a where it takes the form of a quick-return mechanism
for a slotting machine. In Fig. 22b, only the skeleton outline of
the main rotating links is shown. This mechanism has for its
object the transformation of a constant angular velocity of the
crank 2 into a varying angular velocity of the follower 4, the
latter making one revolution in the same time as the crank but
at a varying angular velocity during the revolution. For the
suceessful operation of the four-bar linkage in the drag-link mech-
anism, the requircments are that both the crank and the follower
must be able to make a complete rotation and that no dead points
shall occur. These requirements are met when the following
relations, referring to the skeleton outline of the mechanism
shown in Fig. 22b, are true:

c>d+b—a
and
c<a+b-—d
Hence
d+b—-—a<a+b—-d
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Therefore
d<a

The action of the drag-link mechanism can best be understood
by plotting a displacement diagram, as shown in Fig. 23. The
complete skeleton outline at a shows the proportions of the
various links of this mechanism as used in a slotting machine of
the type represented in Fig. 22a. Link 2 is a driving crank, which
rotates uniformly, 3 is the drag link, and 4 is a follower link that
drives the tool head 6 by means of connecting rod 5. At b,
uniform angular displacements of the crank (link 2) are repre-
sented as abscissas, and corresponding displacements of the
slide (link 6) are represented as ordinates. Since angular dis-
placements are directly proportional to time, Fig. 23b shows
that the return stroke of the slide (link 6) is made in about
one-half the time required for the working stroke.

The four-bar linkage with four turning pairs has various other
forms, and it has many other applications, but space does not
permit further discussion here.

THE SLIDER-CRANK MECHANISM

20. The Slider-crank Mechanism.—This mechanism, which
has a well-known application in the steam and the gasoline engine,

Fra. 24.

is simply a special case of the crank-and-rocker mechanism. In
order to make this clear, let it first be noted that if the rocker
arm 4 is of considerable length, as shown in Fig. 24, it may be
desirable to replace it by a block sliding in a curved slot or guide
as shown. If the length of the rocker arm is infinite, the guide
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and block are no longer curved, but are straight, as shown in
Fig. 25, and the linkage takes the form of the ordinary slider-
crank mechanism.

21. Variations of the Slider-crank Mechanism.—There are
numerous variations of the slider-
crank linkage, only a few of which
will be discussed here. In Fig. 26
the connecting rod has been replaced
by a sliding block by the process
of expanding pair C to include pair B. The skcleton outline of
the mechanism (in dotted lines) shows, however, that although

Fra. 25.
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Fra. 26.

the forms of the links have been greatly modified, the kinematic
essentials of the mechanism have
not been changed. The relative
motions of the links will, therefore,
be unchanged. When the mech-
anism shown in Fig. 26 is only
slightly modified, it has an applica-
tion in punching and shearing ma-
chines. In Fig. 27 part of the head
of such a machine is shown. Uni-
form rotation is imparted to the
cccentric 2 by the main shaft, which
turns about the axis 0. The eccen-
tric transmits its motion throughi the
connecting rod 3, called the pendu- (a)

lum in this type of mechanism, to Fa. 27.

the ram 4, giving to the latter a motion of vertical reciprocation,
the magnitude of which is cqual to twice the length of the erank
2. The punch is fastened to the ram as shown at P and is
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forced down through the work W by the motion of the ram.
The skeleton outline of the mechanism is shown at b, bringing
out very clearly the fact that kinematically the linkage is noth-
ing more or less than the ordinary slider-crank mechanism
with the pair C expanded to include both B and A.

22. Connecting Rod of Infinite Length.-—When the slot in the
mechanism shown in Fig. 26 is made straight, as shown in Fig. 28,
the linkage is equivalent to a slider-erank mechanism having a
connecting rod of infinite length. This mechanism is known as
the Scotch yoke. Uniform rotation of the erank 2 gives simple
harmonic motion of the slotted
crosshead 4. This can be shown
as follows: Referring to Fig. 28,
let the displacement of the cross-
head be measured by the dis-
placcment of the center line of
the slot. When the crank angle :

. . o X
6 is zero, the center line of the Fic. 28.
slot passes through the point By
which lies at a distance B from the center O, R being the length
of the erank.  As @ increases, the center line of the slot will move
to the left. Then, letting the distance of the eenter line of the
slot to the left of By be represented by v, the displacement of B is

q ) s

SN
A6 _Infinite rod
iy bl

=R — R cos 0 = R(1 — cos 0) (1)

The velocity of B is

dzx .
Ve = 0 Rew sin 0 (2)

where w = d8 /dl.
The acceleration of B is

_
Tt

Il

Ay Rw? cos 0 3)

A point is said to have simple harmonic motion if it moves in
a straight line with an acccleration that is proportional to its
distance from an origin and is directed toward the origin. The
point B therefore has simple harmonic motion, since its accelera-
tion is proportional to its distance B cos 8 from 0O, and is directed
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toward O,. A useful conception of simple harmonic motion is
the following:

If a point moves along the circumference of a circle with uni-
form velocity, the projection of the point on a diameter of the
circle moves with simple harmonic motion.

23. Connecting Rod of Finite Length.—In the case of the ordi-
nary slider-crank mechanism, where the connccting rod must be
of finite length, the motion of the crosshead is obviously not a
simple harmonic motion. The de-
viation from simple harmoni¢c mo-
Sl tion, owing to what is known as the
3" angularity of the connecting rod,

Fia. 29. may be indicated by comparing

displacements, Referring to Fig.

29, let R be the length of the crank, L the length of the connect-

ing rod, and z the displacement of the crosshead to the left of
its extreme right-hand position. Then

z=R+L — Rcos8 — L cos ¢
= R(1 — cos 0) + L(1 — cos ¢)
=R — cos 6) + L(1 — v/1 = sin? ¢)

= R(L — cos 6)'+ L( 1- \/T; (%)2“:,2— 0) @)

This is the exact formula. The usual scheme for simplification
is to expand the quantity under the radical in accordance with
the binomial thcorem and discard the higher powers of the series
thus obtained. Then

22
= R — cos 0) + é% sin? @ (approximately) (5)

Comparison of this expression with that of Eq. (1) shows that
in the case of the slider-crank mechanism the deviation from the
simple harmonic motion is indicated by the second term of the
expression.

In Fig. 300 displacements of the crosshead have been plotted
against crank angles, both for the Scotch yoke (infinite rod) and
for a value of R/L = 14 for the slider-crank mechanism. Atten-
tion is called to the fact that, for the same length of crank, as the
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length of the connecting rod becomes smaller the deviation of the
crosshead from simple harmonic motion becomes greater.

A convenient graphical method for obtaining the displacements
of the slide corresponding to given crank positions, in the case
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of the ordinary slider-crank mechanism, is shown in Fig. 30a.
For any crank position, such as A4,, the displacement X, of the
slide B from the right end of the stroke is equal to the horizontal
intercept A4.P, between the crank circle and the are MN, whose
radius is the length of the con-
necting rod. Inlike manner the
displacement X, of the slide
from the left end of the stroke
iS A4P F

24. The Scotch Yoke.—Figure
31 shows an application of the
Scotch yoke as it has occasionally Fro. 31.
been used on small engines and
steam pumps. P indicates the pump cylinder and S the steam
cylinder. The flywheel is carried on the crankshaft @. The
practical value of this modification of the glider-crank linkage is to
provide a more compact mechanism than could be obtained with
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a connecting rod of finite length. Arranged as in Fig. 31, it
gives a very compact means of introducing flywheel control into
a steam pump or compressor, but it is an awkward arrangement,
and the rubbing surfaces between block and slide are difficult
to keep in proper lubrication.

Proportioned as in Fig. 32 with a large
block surrounding an eccentric of small throw,
the mechanism thus formed is of common
occurrence in punching and shearing ma-
chines, its function being the same as that
of the similar arrangement shown in Fig.
27. It should be understood, however, that
it is only the form shown in Fig. 31 that
may be designated as the Scotch yoke.

26. Toggle Mechanisms.—When the slider-
crank mechanism approaches dead center, as indicated by the
positions of links 2, 3, and 4 in Fig. 33, there is a rapid rise in
the ratio of the resistance @ to vertical driving force P. Let @ be
the resistance at C, P the vertical force applied at B, and a the

Fra. 32,

C.. s4
%]
o Fra. 33.
angle that each link makes with the line of motion of C. "Then,

if 2 and 3 are equal in length,

lj =2i1_:¢..=2t,ana
Q cos o

This means of overcoming a very great resistance with a small
force by straightening out a flat angle between two links is
called a toggle effect. The toggle mechanism is applied in a
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variety of forms in stone crushers, presses, pneumatic riveters,
friction clutches, etec. Figure 34 is a diagram showing an
example of a toggle mechanism as applied in one type of stone
crusher.

26. The Isosceles Linkage.—Another modification of the
slider-crank mechanism that is of interest is that obtained by

making the crank and connecting rod of equal length, as in Fig.
35. In this arrangement, these two members always form an
isosceles triangle A BC with the line of travel DE of the sliding
member.  For this reason the arrangement is sometimes called

|

Fia. 356.

the isosceles linkage. It is evident that for a complete rotation
of crank 2, the length of stroke of the sliding member C is DE =
4AB. With the arrangement ABC, the slide C cannot have
positive motion at the mid-point A of its stroke. In practical
applications of this linkage, positive action is secured by the
simple expedient of extending link CB to F where another sliding
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member is attached to it and guided in exactly the same manner
as at C. With this addition, the motions of the several links
become independent of AB and hence the link AB may be dis-
pensed with as far as constraint is concerned.

The isosceles linkage is the basis for scveral useful devices,
among these being the ellipsograph, an instrument for drawing
ellipses. The principle of the ellipsograph is illustrated in Fig.
36. If a bar AC has the two points A and C guided in perpen-
dicular straight lines, any other point on the bar such as D will
trace an ellipse.

Let

DC =b
and

DA =a
then )

DE =y =bsin 6
and

DF =z =acos b
whence

x? y2 .
ﬁ+b_2=coszo+'81n20=1 (6)

the equation of an ellipse. For the particular point B midway
between A and C, the ellipse becomes a
circle. This can be casily seen by refer-
Jx ring back to Fig. 35.
The isosceles linkage is also the basis
g .B for straight-line motions as applied in
f certain types of indicator mechanisms.
e 27. Inversions of the Slider-crank
0
\\ Mechanism.—The meaning of the term
tnversion as applied to mechanisms was
explained in Chap. I. The inversions of
the slider-crank linkage give rise to several
well-known mechanisms. The most im-
portant, of course, is the engine mech-
anism that has been considered in Chap. I
Figures 37, 38, and 39 have been selected and arranged with
the purpose of showing not only common examples of inversions

F1a. 36.
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of the slider-crank linkage, but also typical examples of the
kinematic identity of machines that, at first sight, appear to
be very different.

In each figurc the skeleton outline is shown at a, and b and ¢
represent two kinematically identical mechanisms that have
been derived from it. The links in the actual mechanisms are
numbered similarly to those in the skeleton outlines, so that the
figures arc almost self-explanatory.

a. The First Inversion.—In the first inversion (Fig. 37) with
link 1 fixed, b represents the ordinary engine mechanism in
which the piston 4 is the driver, and ¢ represents a pump mecha-

(a) (b) (&)
Fic. 37.

nism where the crank 2 is the driver. It should be noted, in this
connection, that in machines of this type the crank is commonly
constrained by the action of a flywheel to a practically uniform
rotation; therefore, regardless of whether the drive is actually
from piston to crank, or from crank to piston, it is usual and
logical to take the crank as kinematically the driving member.

b. The Second Inversion—The sccond inversion (Iig. 38),
resulte from fixing connecting rod 3 of the original mechanism.
At b is shown a form of oscillating engine in which sliding block 4
has been elaborated to form a cylinder on trunnions and the
original frame 1 changed into a piston.and rod. This type of
engine has had limited application as a hoisting engine. Its chief
advantage is cheapness of construction, since it permits of a very
simple scheme for supplying steam to the cylinder. This is also
the usual form of toy engine. A more useful inversion is the
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crank-shaper mechanism shown at ¢. Suitable extension of the
linkage is required beyond link 4 for connection to the ram of
the shaper. The object of this mechanism as applied to the
shaper is to secure a slow cutting stroke and a quick return stroke
of the tool.

(a)

c. The Third Inversion.—In the third inversion (Fig. 39),
crank 2 of the original mechanism becomes the fixed link, or
frame. The Whitworth quick-return mechanism shown at b is
derived from this inversion and is used in shapers and other

(a) (b) (c)
Fia. 39.

machine tools. Gear 3, rotating on axis O3 and carrying pin 4, on
which slide 4 is pivoted, corresponds with the connecting rod 3 of
the original mechanism and acts as the driver. Link- 1 rotating
on axis 0 is driven with a variable angular velocity and carries
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crankpin B, which can be adjusted to various radial distances
from Oy, to change length of stroke of slide to which it is con-
nected by an additional link. The rotary type of engine shown
at ¢, at one time used in air service, is another interesting example
of this inversion in which the crank is the fixed member. The
cylinders are mounted upon a rotating frame that turns on axis
0, and the connecting rods arc pivoted on fixed crankpin 4.

d. The Fourth Inversion.—The fourth inversion, obtained by
fixing the sliding block (link 4) of the original mechanism, does
not give a mechanism of sufficient practical value to warrant dis-
cussion. Certain mechanisms, of kinematic interest only, have
been devised, but space does not permit of their discussion here.

28. Quick-return Mechanisms.—It was shown above that
two very important quick-return mechanisms were derived from

4. 9 2 .19
10 aa
le——— Working stroke ——st=— ldle stroke —]

)/ |
MIIN

0O I 2 3 4 5 6 71 8 9 10 1 12
Crank angles

<—Ram displacernents —

(b)
Fia. 40.

inversions of the slider-crank mechanism, namely, the ordinary
crank-shaper mechanism (Fig. 38¢) and the Whitworth quick-
return motion (Fig. 39b), which is used in shapers, slotting
machines, cte.

A quick-return mechanism may be defined as one in which a
slow working stroke of the tool and a fast idle or return stroke is
produced from uniform rotation of a crank. Just how well this
end is attained in case of the crank shaper may be determined by
plotting the displacement diagram shown in Fig. 40. At a is
shown the skeleton outline of the mechanism of Fig. 38c, with
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suitable extension of the linkage beyond link 4 for connection to
the ram of the shaper, which is represented by link 6. In the
displacement diagram at b, angular displacements of crank 2 have
been plotted as abscissas, and corresponding displacements of
ram 6 as ordinates.

In the study of quick-return mechanisms, considerable use is
made of what is called the time ratio. Thls is simply the ratio
of the time required for the cutting stroke to the time required
for the return stroke, both on the assumption that the driving link
has a motion of uniform rotation. Referring to Fig. 40, it is
evident that, in the case of the crank-shaper mechanism, the ram
is at the end of its stroke when the crank 2 is perpendicular to the
rocker arm 4. The cutting stroke takes place while the crank is
turning through the angle @, and the return stroke while the crank
is returning through the angle 8. Since the crank rotates uni-
formly, it is evident that the time required for the cutting and
return strokes of the tool must be proportional to those angles;
that is, the time ratio is equal to /8.

Another type of quick-return mechanism, in which there are
no sliding pairs between the first driving link and the last driven
link, is the drag-link mechanism shown in Figs. 22 and 23.

Elliptical gears were formerly employed to some extent in
shaper mechanisms to secure the quick-return motion. Although
abandoned for this application, they are occasionally used in
other mechanisms where a quick-return effect is desired.

29. The Oldham Coupling.—A striking example of inversion
will be found in the Oldham coupling illustrated in Fig. 4la.
This is a well-known form of flexible coupling used to transmit
uniform angular velocity between parallel shafts whose axes may
be out of line. As shown in the skeleton outline in Fig. 41b it
is seen to be an inversion of the mechanism of Fig. 35 (in its
practical form) with link 3 instead of 1 as the fixed member.
With link 1 fixed (Fig. 41b) the locus O of the center of the cross
is a circle of diameter AB. Let O and O’ be two positions of the
center of the cross. Then angles 0A0’ and OB0O’, as may be
seen from the geometry of the figure, are equal. Hence, if
link 2 turns through an angle OB0’, 3 will turn through an equal
angle OAOQ’. If, therefore, 2 and 3 are mounted on shafts as
shown in the actual form of the coupling in Fig. 4la rotary
motion may be transmitted from one to the other with an angular



LINKWORK 35

velocity ratio equal to unity. Evidently the center O of the
cross will travel around a circle whose diameter AB is the dis-
tance between the axes of the shafts. Disk 4, instead of being
shown with two slots at right angles as in the diagram (Fig. 41b),
is in its actual form made with a slot on one side and with a guide
strip on the other side at right angles to the slot, as shown in
Fig. 41a.

E]:——'

(a)
Fra. 41,

30. Reducing Motions.—In Fig. 42 the threc mechanisms that
may be used for the same purpose show interesting kinematic
variation in the slider-erank mechanism. The crank 2 is
arranged here for oscillating motion only, and the purpose is to
give at cord C, which actuates the drum of a steam-engine
indicator, a miniature copy of the motion of the crosshead 4.

(b) )
Fia. 42.

31, Chamber Trains.—The term ‘‘chamber train’ covers
mechanisms of the type shown in Fig. 43, used as pumps for
comparatively low pressures and as blowers delivering against
moderate pressures. Although chamber trains are made in a
great variety of constructions, they really fall into two general
divisions: (a) those which have a single rotor or impeller placed
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eccentrically within a cylindrical casing, as in Fig. 43 (it will be
found that this type is usually built around some form of the
slider-crank mechanism) and (b) those which have two rotors, each
concentric with its part of the casing (Fig. 44), the two working
together like a pair of gears, though actuated by a positive drive
from outside the casing.

In Fig. 43 the fact that the mecha-
nism is essentially of the slider-crank
form is clearly brought out by the skele-
ton form outlined on the figure. The
crank and connecting rod are embodied
in the inner eccentric 2 and the outer
ring 3 respectively, and the slide 4 in the
reciprocating - partition. It is interest-
ing to observe that eccentric 2 may be
considered as formed by expansion of the
pairing elements at A (Art. 11), thus
replacing crank OA; and that likewisc
ring 3 may be considered as formed by
a further expansion of the outer, or hollow, clement at A, thus
replacing the connecting rod AB. The variable displacement is
contained between contact point @ of rotor with casing 1 and
the sliding partition 4.

Fia. 44.

The arrangements in Fig. 44 are regularly used in large positive
blowers. Correct relative motion between the two rotors in
each case is maintained by the pair of equal gears (indicated by
the dotted circles) outside the casing. Since these chamber-
wheel mechanisms are toothed wheels, discussion of their kine-
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matic properties should be taken up under the subject of toothed
gears, rather than under the subject of linkwork.

VARIOUS LINK MECHANISMS

32. Straight-line Mechanisms.—A straight-line mechanism is
a linkage designed to make a point on onec of the links move
exactly or approximately in a straight line. In order to avoid
the friction and also the structural difficulties arising from the
use of straight guides, links with turning pairs are almost invari-
ably employed in a straight-line mechanism. A large number of
linkages have been devised for the purpose, only a few of which
will be considered here.

a. Approximate Straight-line Mechanisms.—The Watt straight-
line mechanism, one of the carliest and best known of the approxi-

mate straight-line mechanisms, is shown in Fig. 45 in its simplest
form. Links 2 and 4 are pivoted at O, and O,, and their free
ends are connected by link 3. When in mid-position, links 2
and 4 are parallel and connecting link 3 is shown perpendicular
to both. It is not absolutely necessary, however, for link 3 to
be perpendicular to links 2 and 4. P is a point on link 3 that
traces an approximate straight line, within certain limits of the
motion. The complete path of P is the figure 8 shape of curve
shown. The path of P is a function not only of arms 2 and 4,
but also its locaticn on the intermediate link 3. It can be seen
that the principle of action is based on the fact that as the tracer
bar is deflected by the arm at one end, it receives a compensating
deflection at the other end. If 2 and 4 are of the same length,
P is located at the mid-point of link 3. In general, the segments
AP and BP are inversely as the lengths of the adjacent arms.

b. Exact Straight-line Mechanisms.—The best-known of the
exact straight-line mechanisms is the Peaucellier mechanism,
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shown in Fig. 46. Two equal links 2 and 3 have a fixed center
0. The links 4, 5, 6, and 7 arc cqual, and link 8 with a fixed
center at @ equals the distance OQ. P is constrained to move
in an exact straight line mn, within the working limits of the
construction.

The above statement may be proved as follows:

042 — OD* = AP? — PD?
or
OA® — AP? = OD* — PD?
= (OD + PD)(OD — PD)
= OP X OC

Therefore, the produot OP X OC is a constant. Now aﬁppose
that the linkage is moved until
C falls at C’, and let P’ be the
new position of P. Then
0C’ X OP' = OC X OP, or

oc' _ or
oc ~ oP

and 0Q = QC = QC’, so that
0, C, and C’ lic on a semicircle,
3 which makes the angle OCC’ a
right angle.

In the triangles COC’ and
POP’, the angle POP’ is com-

€ mon, and since the sides are
' . .
Frc. 46. p.roportlonal, the triangles are
similar.

Thus, since the angle OCC’ is a right angle, the angle PP’O is
also a right angle.

In the same way it can be shown for any other position of the
linkage that the line PP’ is perpendicular to OP’, and therefore P
moves in a straight line.

33. Copying Devices. The Pantograph.—This class of mecha-
nisms is composed mostly of variations of the pantograph. The
pantograph is a four-bar linkage so arranged as to form a paral-
lelogram in which, if one point is made to travel in any path some
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other point will be constrained to describe a similar path, enlarged
or reduced.

Figure 47 shows one such arrangement in which the links form
a parallelogram with one corner fixed at 0. A point p on ab
that lies on the line connecting P and O will move in a path
similar to that traced by P. Assume that P moves to P’ along

F1c. 47.

the path indicated by the dotted linc; then p moves to p’ along a
similar path. From similar triangles

OP _ cP
Op ¢b
also
or’ _ c'P'
op 'V
But
cP = c¢'P’ and ch = 't
Therefore
op _ o
Op  Op

Hence, the distance of p from O is proportional to the distance of
P from O. As p always lies on the line OP, since OcP and pbP
are similar triangles, the angular motion of p about O is equal to
the angular motion of P about O. Any path of P is determined
by its angular motion about O and its radius vector to O as a pole.
As the angular motions of P and of p about O are seen to be equal
for any motion of either of these points, and as the radius vector
of p bears a constant ratio to that of P, the path of p is similar
to that of P.
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The pantograph is the standard instrument for copying and
reducing or enlarging drawings, maps, engravings, etc. It is
also frequently used to increase or reduce motion in some definite
proportion, as in the indicator rig on an engine where the motion
of the crosshead is reduced proportionally to the desired length
of the indicator diagram. The practical objection to its use as
an indicator rig is the great number of joints and consequent
likelihood of lost motion from wear.

34. Applications of Straight-line Mechanisms.—In the carly
days of the steam cngine, the straight-line and parallel mecha-
nisms were of greater importance than now. These mechanisms
represented the method whereby the extremity of the piston
rods of the beam engine of that time (shown in Fig. 48) were

Fra. 48,

constrained to move in a straight-line path. The modern device,
that of crosshead and guides, was not feasible because of struc-
tural and machining difficultics. The straight-line link motion
was, therefore, an ingenious solution providing suitable constraint
of the piston rod of a beam engine. Watt combined the panto-
graph with his straight-line mechanism so that the stcam piston
rod, and pump rod were guided in straight lines by one combina-
tion of links as shown diagrammatically in Fig. 48. The links
CD, DE, and EF form the Watt straight-line mechanism, and
DE is divided at G so that DG/GE = EF/DC. CD is one arm
of the oscillating beam of the engine, and it is extended to the
point J. On this link CDJ, the pantograph CDJHE is con-
structed, the lengths of DJ and EH being such that the point
H traces a path similar to that of @. From previous discussions
of the pantograph, it will be recognized that the condition for
this motion is that C, G, and H lie on a straight line. The main
- piston rod is then connected at H and the pump rod at G.
Although straight-line mechanisms are no longer required for the
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original purpose for which they were designed, they still have an
important use in connection with multiplying gear for recording
instruments, of which the steam-engine indicator rig is typical.

A

L

Fia. 49.

36. Indicator Mechanisms.—The function of the indicator is
to give a magnified copy of the movement of the indicator piston,
as variable pressure (against resistance of spring) causes that
piston to move up and down.
To the kinematic requirements
of straight-line path and con-
stant-travel ratio for the pencil
is added the necessity for mini-
mum mass, in order that the
instrument may be quick acting
without serious disturbance by inertia.

The Richards indicator (Fig. 49), one of the earliest of the
modern types, used the Watt linkage ACDE to guide the pencil
point at P in a straight line.

The Crosby indicator, a modern type, is
shown in Fig. 50. This mechanism is a
modification of the pantograph. The guid-
ing is all concentrated on member CA
and dependent upon radius rod BD.

36. Parallel Linkages.—These are commonly applications of
the four-bar linkage in which the links form a parallelogram.

FiG. 50.

Fig. 51.
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The parallel rule (Fig. 51), an old-fashioned piece of drafting
equipment, furnishes an example of its simplest application. The
universal draofting machine (Fig.
52), a modern substitute for the
T-square and triangle, is an inter-
esting example of its present-day
use. This instrument consists
primarily of a combination of
parallelograms ABCD and EFGH
in which the coupling ring CDEF
is an important feature.

37. The Universal Joint.—The universal joint (Fig. 53a), also
known in the older literature as Hooke’s coupling, is a spherical

Fia. 52.

e)
Fia. 53.

linkage in common use for connecting two shafts that intersect.
Regardless of how constructed or proportioned for practical
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use, it has essentially the form in Fig. 53b, consisting of two semi-
circular forks 2 and 4, pin-jointed to a right-angle cross 3. If
only one-half of each fork is considered, as eb of 2 and fd of 4,
and these are assumed to be connected by a spherical link db
equal to the fixed distance between the two adjacent points of
the cross 3, a four-bar conic linkage is produced in which the axes
of all the turning pairs intersect in O. With this arrangement,
the fork could be omitted and there would be, as the kinematic
equivalent of the original mechanism, the arrangement shown in
Fig. 53c.

The driver 2 and the follower 4 make complete revolutions in
the same time, but the velocity ratio is not constant throughout
the revolution. The following analysis will show how complete
information as to the relative motions of driver and follower may
be obtained for any phase of the motion.

a. Analysis of a Universal Joint.—If a plane of projection is
taken perpendicular to the axis of 2, the path of a and b will be
a circle AKBL (Fig. 53d). If the angle between the shafts is
B, the path of ¢ and d will be a circle that is projected as the
ellipse ACBD, in which OC = OD = OK cos 8 = OA cos 8.

If one of the arms of the driver is at A, an arm of the follower
will be at C; and if the driver arm moves through the angle 6 to P,
the follower arm will move to @; OQ will be perpendicular to OP;
hence COQ = 6. But COQ is the projection of the real angle
described by the follower. @Qn is the real component of the
motion of the follower in a direction parallel to AB, which line
is the intersection of the planes of the driver’s and the follower’s
paths. The truc angle ¢ described by the follower, while the
driver describes the angle 8, can be found by revolving OQ about
AB as an axis into the plane of the circle AKBL. Then OR =
the true length of 0Q, and ROK = ¢ = the true angle that is
projected as COQ = 4.

Now
tan ¢ = g:%

and
_Qn

tan0=m
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But
Qn = Rm
Hence
tno_Om _OK _ 1 _
tan ¢ On ocC cos B
Therefore

tan ¢ = cos 8 tan 6 )]

The ratio of the angular motion of the follower to that of the
driver is found as follows, by differentiating Eq. (7), remembering
that B8 is constant

wy _ d¢p _ cos B sec? 6 _ cos fsce?d
we d0 sect¢ = 1+ tan? ¢

®

Eliminating ¢ by means of Eq. (7)

cos 8

ws _ cosBsectd cos?

ws 1+ cos®Btan?@  cos? 6 + sin® 6 cos® B
cos? @ )

_ cos f8 _ cos B ©)
" cos?@ +sin2 (1 —sin2B) 1 — sin? @ sinZ B

By a similar process 6 could be eliminated, giving

ws _ 1 — cos? ¢ sin? B
Wy cos B

(10)

It is seen from KEq. (9) that w 4+ w; is a minimum where sin
6 = 0, or when 8 = 0, m, ete., which corresponds to a value of ¢ =
0, m, etc. The same thing is scen from Eq. (10), which gives a
minimum value of w4 + w, when cos ¢ =1, or ¢ = 0, =, ete.
Also ws <+ w; is & maximum when sin 8 = 1, or cos ¢ = 0, cor-
responding to 6§ = 90 deg., etc.; ¢ = 90 deg., ete. To summarize
the above, when the driver has a uniform angular motion, the
follower has a minimum angular motion when the driving arm
is at A or B and the follower arm is at C or D. The follower has a
maximum angular motion when the driving arm is at K or L and
the following arm is at 4 or B.
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b. The Effect of a Double Universal Joint.—By using a double
joint (Fig. 53¢), the variation of angular motion between driver
and follower can be entirely avoided. This compensating
arrangement is to place an intermediate shaft 3 between the two
main shafts 2 and 4, making the same angle 8 with each. The
two forks of this intermediate shaft must be parallel. If the
first shaft rotates uniformly, the angular motion of the inter-
mediate shaft will vary according to the law deduced above.
This variation is exactly the same as if the last shaft rotated
uniformly, driving the intermediate shaft. Since, therefore, the
variable motion transmitted to the intermediate shaft by the uni-
form rotation of the first shaft is exactly compensated for by the
motion transmitted from the intermediate to the last shaft, the
uniform motion of either of these shafts will impart, through
the intermediate shaft, uniform motion to the other. This is
the combination frequently seen in machine-tool drives, and
elsewhere.

VALVE GEARS

38. Valve Gears.—The linkages so far considered have, in
general, been made up of not more than four to six links. Link-
work of a much greater degree of complexity is found in great
variety in the mecchanisms that actuate the valves of steam,
gasoline, and locomotive engines. Linkages of this class are
called valve gears. Although in some cases, particularly in gaso-
line engines, the actuating motion for the valve is derived from
or mostly applied through cams, the great majority of valve gears
are link motions that appropriately come under the heading of
this chapter and merit extended discussion. It is not practicable,
however, to consider more. than a few examples here.

Kinematic study of valve-gear linkages usually involves prob-
lems relating to the determination of point paths, displacement
of valve corresponding to displacement of crank or piston, and
relative motions of various links.

39. Steam-engine Valve Gears.—The simplest form of valve
gear, used on the ordinary steam engine, adds to the main slider-
crank linkage a secondary linkage of the same kind. A skeleton
outline of the arrangement is shown in Fig. 54. Since the crank-
shaft, crank, and eccentric form one rigid link, they are repre-
sented by the compound link 04C, 04 representing the crank
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and OC the eccentric. ‘Whereas in the steam engine the length
of the main connecting rod 3 is usually from five to seven times
that of the crank arm OA, the length of eccentric rod 5 varies
from twenty to forty times the throw OC of the eccentric. For
this reason, in analysis of the motions, it is usual to neglect the
effect on the valve movement of the finite length of rod, except.
in case of close analysis.

Fra. 54.

The simple form of the regular Corliss type of valve gear used
on steam engines (Fig. 21) has been discussed briefly in Art. 18.
Because of the time element in the dashpot relcasing gear, the
full Corliss type of valve gear represented in Fig. 21 is suitable
only for engines running at comparatively low speeds. For high-
speced steam engines there have been developed modifications of
the Corliss gear in which the dashpot control has been climinated.

A

6-2 : dé B .
D

A valve gear of this type, known as the Corliss nonreleasing
gear, is outlined in Fig. 55. Through the linkwork shown, the
eccentrics at A actuate the steam-valve mechanisms at B and C
and the exhaust-valve mechanisms at D and E. The steam
valves rotate through the same angles as links a and b, to which
they are rigidly connccted. In like manner the exhaust valves
rotate through the same angles as their driving links ¢ and d.

Fra. 55.
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40. Locomotive Valve Gears.—Of the many varieties of loco-
‘motive valve gears, two typical examples will now be considered:
the Stephenson valve gear, which for a long time held predominant
place in locomotive design, and the Walschaert valre gear, the
predominant modern type.

Reach rod

To valve
Bell crank--

Lifting arm
' Block

" 7
Eccentric rodsy’

¥ \ Link
‘Eccendrics g

Fia. 56.

The Stephenson gear is shown in Fig. 56. Located between
the wheels, this gear was successful up to the time when modern
developments in locomotive practice began uncomfortably to
crowd the space between the wheels. When this condition
became serious, the Stephenson gear was abandoned in favor of
the Walschaert type (Fig. 57), which, in various modifications,
has been adopted on practically all modern locomotives.

Reach rod

Bel/ crank--

F1a. 57.

The principal advantage of the Walschaert gear lies in the
accessibility of its parts, which are placed entirely outside the
driving wheels. This facilitates inspection, oiling, and cleaning.

In heavy locomotives employing the Stephenson valve gear,
the eccentrics must be of large diameter to secure the required
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throw. This increases the velocity of the rubbing surfaces and
the tendency to heat. Also, the inertia effects of the heavy
slotted links are objectionable.

The various parts of the Walschaert gear are pm-connected
and are easily lubricated; hence troubles due to overheating are
reduced to the minimum. The Walschaert gear also transmits
the moving force of the valve in practically a straight line; con-
sequently there are less springing and yielding of the parts than
in the Stephenson gear. By removal of the valve gear from
between the wheels, a better opportunity is afforded to introduce
frame bracing, thus reducing the possibility of frame breakage.
The Walschaert type of valve gear also possesses advantages as
regards steam distribution and operation.

The general adoption of the Walschaert valve gear has been
accompanicd by a number of variations which, however, do not
eliminate its essential clements. The Baker, the Young, and
the Southern valve gears, other well-known modern locomotive
valve gears, are simply variations of the Walschaert gear.

GOVERNORS

41. A governor may be defined as a device for regulating auto-
matically the output of a machine. The governor of a steam
engine, steam turbine, gas engine, or other prime maver is a
linkage that automatically regulates the supply of steam, gas, or
other fluid so as to keep the driving force exerted by the working
fluid constantly adjusted to the resistance to be overcome.

The output of a prime mover is continually varying. If, for
example, a steam turbine is driving a generator used for lighting
purposes, the number of lights in use varies from time to time.
The same condition exists in the casec of an engine that furnishes
power for a machine shop, since the power demands from the
various machine tools in the shop are continually changing.

The governor partakes of the motion of the machine to which
it is attached so that a change in the speed of the machine due to
a change in the load causes a corresponding change in the moving
parts of the governor, which, in turn, cause, by means of a suit-
able mechanism, a change in the pressure of the fluid or a change
in the quantity of the fluid delivered to the machine.

The regulating action of a governor should not be confused
with that of the flywheel of an engine. The flywheel that acts
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as a reservoir of energy is useful in regulating speed throughout
the very short period of a revolution or engine cycle, whereas
the function of the governor is to regulate speed over greater
periods, maintaining a balance between the energy supplied to
the engine and the resistance to be overcome.

42. Types of Governors.—Classified according to disposition
of the revolving masses and the method of attaching them to the
prime mover, governors are of two general types: flyball governors
and shaft governors.

Flyball governors are of two kinds:

1. Gravity loaded (Fig. 58), in which the centrifugal force due
to the revolving masses is largely balanced by gravity.

2. Spring loaded (Fig. 59), in which the centrifugal force is
largely balanced by springs.

Shaft governors are of two kinds:

1. Centrifugal governors (Fig. 60),
in which centrifugal force plays the
major part in the regulating action.

2. Inertia governors (Fig. 61), in
which the incrtia effect predominates.

43. The Gravity-loaded Flyball
Governor.—This type of governor is 3
older than the shaft governor. It is
the original type used by Watt on his
engines and has been much used since
on low-speed steam engines. Modi- Fra. 58.
fications of the earlier designs have
been adapted to modern gas-engine and steam-turbine practice.

The older forms of steam-cngine flyball governors are gravity
loaded and run at moderate speeds. A typical gravity-loaded
fiyball governor of the conic-pendulum form used on a Corliss
engine is illustrated in Fig. 58.

In its simplest form it has two or more weights W, carried by
arms 2 which in turn are pivoted on a rotating spindle S. The
spindle is driven at a speed proportional to the speed of the
engine. As the weights revolve with the spindle, they tend to
move outward under the action of centrifugal force. If this
force is great enough, the weights will move outward, and by
means of links 3 will move the weighted slide 4 along the spindle
S. Through a suitable linkage this slide actuates the valve
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mechanism, and thus the supply of working fluid is controlled by
the position of 4, decreasing as 4 rises.

44. The Spring-loaded Flyball Governor.—More recent designs
of the flyball governor such as are used for steam turbines arc
spring loaded, as illustrated in Fig. 59. A spring-controlled
governor may be considered a special case of the gravity-loaded
flyball governor, in which a spring is substituted for the dead
weight for the purpose of rendering
the governor more effective. In
large turbines the flyball governor
may act indircetly. That is, it may
take only the light service of moving
a small pilot valve of an auxiliary
device that operates the main valve
1 d gear or valve.

w; i‘ w; ) 46. The Shaft Governor.—This

\~Spring

§ governor is a later development
Fra. 59. than the flyball type, having come
into use in this country mainly as
an adjunct to the high-spced steam engine, which requires
a governor of greater cffort and power than is usually
possible with the flyball type. Builders of high-speed steam
engines have governed them almost entirely by varying the point
of cutoff of the stcam. This has been accomplished by changing
the angle of advance and also the throw of the eccentric by means
of a governor that causes the center of the eccentric to vary in
position relative to the crank, according to the load, resulting
in a change in the events of the stroke. Since the governor
usually acts directly upon the eccentric, it is necessary to have
a powerful governor in order properly to overcome the resistance
of the valve. Again, since the governor acts directly on the
eccentrie, it is convenient to have the governor on the erankshaft
and hence running at the engine spced. The term shaft governor
is therefore appropriate for this type of governor.

46. Principle of the Centrifugal Shaft Governor.—The ele-
ments of a governor of this type are shown in Fig. 60. The
governor parts are usually mounted inside the flywheel and rotate
with it on the engine power shaft O, The weight W is pivoted
at O3 to one of the arms of the flywheel so that it can assume
various positions with respect to the flywheel. As the flywheel
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rotates, the weight W tends to move outward under the action
of centrifugal force. This motion is opposed by the tension of
spring 8. If the speed increases beyond a certain point, weight
W will assume a new position, and by means of suitable linkage
(not shown) the eccentric will be shifted relative to the shaft O,,
thus regulating the supply of working fluid.

In addition to the centrifugal force, there is another force tend-
ing to move weight W relative to the flywheel. Let it be assumed
that the flywheel is rotating about shaft center O, with angular
velocity w. If the load is decreased, the engine tends to speed
up and the flywheel reccives an angular acccleration @. Owing
to its inertia the governor weight W
resists this acceleration and thus
tends to rotate about the center O;
in a sense opposite that of w. This
action is known as the inertia effect.
In this case, however, the inertia
effect is relatively small and the
centrifugal effect very powerful.

When a shaft governor is so pro-
portioned that the centrifugal action
predominates as in Fig. 60, the
governor is known as a centrifugal
shaft governor. It is not practicable
to construct a shaft governor that operates by inertia alone, but
when the inertia effect is relied upon to furnish the greater part
of the regulating force, the governor is called an inertia gorernor.

47. Principle of the Inertia Shaft Governor.—One of the sim-
plest forms of incrtia governor is outlined in Fig. 61. It consists
of a single picce of cast iron in the gencral form of a bar pivoted
to the flywheel at P, with the center of mass very close to the
shaft center O. The eccentric that operates the valve is attached
to this bar, or weight, by means of a suitable linkage. Neglecting
the small centrifugal force that will be set up, it is evident that, as
long as the flywheel rotates with a uniform angular velocity,
there will be no relative motion between the weight and the
flywheel. Now, if the flywheel is given an angular acceleration,
the weight, because of its inertia, will resist this acceleration. As
a result, there will be a relative motion between the flywheel and
weight that will cause the eccentric to shift its position relative




52 MECHANICS OF MACHINERY

to the shaft. Although the centrifugal force has a certain desired
effect in regulation, owing to the fact that the mass center is
placed a short distance from the shaft center O, it is evident that
in the action of this governor inertia force plays decidedly the
major part.

48. Action of the Two Types of Shaft Governor Compared.—It
has been shown that shaft governors operate as a result of com-
bined centrifugal force and inertia force and are classified accord-
ing to the force that predominates. It is important to have a
clear understanding of the principle of action of each type. These
principles will be discussed further in Part II.

Fia. 61.

In the centrifugal type the governing force depends upon the
amount of change in the angular velocity of the flywheel. Hence
there must be a definitc amount of change in the speed before
the change in the centrifugal force is great enough to move the
valve gear against the frictional forces.

In the inertia governor, on the other hand, the governing force
depends on the rate of change of angular velocity, which is usually
greatest just at the beginning of the change of speed. Hence
it begins to act just as soon as the flywheel begins to change
its speed. It follows, therefore, that the inertia governor is more
sensitive than the centrifugal governor.



CHAPTER III
CAMS

The transformation of one of the simple motions, such as uni-
form rotation, into any other arbitrarily determined irregular
motion is most convenicntly accomplished by means of a cam
mechanism, consisting usually of two moving elements, the cam
and the follower, mounted in a fixed frame. A cam may be
defined as a machine element having a curved outline or a curved
groove, which, by its oscillating or rotating motion, gives a pre-
determined motion to another element called the follower. The
cam has a very important function in the operation of many
classes of machines, especially those of the automatic type, such
as printing presses, shoe machinery, textile machinery, gear-cut-
ting machines, screw machines, etc. In any class of machinery
where automatic control and accurate timing are paramount, the
cam is an indispensable part of the mechanism. The possible
applications of cams arc unlimited, and their shapes occur in
great variety. Some of the most common forms will be con-
sidered in this chapter.

49. Cam Motions.—Two simple examples of a disk cam and
follower are shown in Figs. 62 and 63, one with a roller follower
and one with a flat-faced follower. If the cam (Fig. 62 or 63) is
given a motion of rotation, it will first lift the follower by direct
contact to its extreme position, will next permit its return to its
initial position, and will then let it remain at rest in its initial
position during a given interval of time, after which the cycle of
motion will be repeated. In cams of this type the return motion
of the follower must be brought about by some force external to
the cam, by means of a spring, for example. The roller, by
means of which contact is made between cam and follower (Fig.
62), serves to reduce friction to a minimum, but it is sometimes
desirable or necessary to use a flat-faced follower, such as repre-
sented in Fig. 63. That part of the follower face which comes in
contact with the cam is usually provided with a hardened surface

to prevent excessive wear.
53
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50. Fundamental Procedure in a Cam Layout.—In the layout
of a cam, the initial position, length of stroke, direction, and
character of the motion of the follower are, as a rule, completely
known. The angular motion of the cam and the location of the
axis of the cam relative to the follower are usually known also.
The problem, therefore, is to determine the shape of the cam
profile that will impart the required motion to the follower. '

The fundamental principles to be observed in the layout of a
cam will be brought out by means of the examples given in Figs.
62 and 63. In Fig. 62 is shown a disk cam A whose clockwise

c

Fia. 62.

rotation is to drive the roller follower B radially outward along
the line OC. The cam is assumed to rotate clockwise at a uniform
rate.

The outline of the cam is to be such that for each 30 deg. of
uniform rotation of the cam for the first 120 deg. the axis of the
roller follower is to move progressively from its initial position
at 0 to 1, 2, 3, and 4 and then return progressively from
its extreme position at 4 to 3, 2, 1, and 0 during each 30-deg.
rotation of the cam for the second 120 deg., remaining at rest in
its initial position during the remaining 120 deg. of the cycle.

The first step in the solution is to draw the four radial lines
dividing the first 120-deg. rotation of the cam into the required
30-deg. intervals. The next step is to locate the centers 1/, 2/,
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3’, and 4’ of the roller follower along these radial lines at distances
from the center O of the cam successively equal to the distances
01, 02, 03 and O4 measured on the initial radial line OC, and
draw in the outline of the roller follower in these positions. The
final step in the solution is to determine the required outline of
this part of the cam by drawing a smooth curve tangent to the
initial position and the four constructed positions of the roller
follower.

In determining the constructed positions 1/, 2/, 3’, and 4’ of the
roller follower, as described above, it is convenient to apply the
principle of inversion (see Art. 27). That is, to assume that the
cam is the fixed link and that the frame that guides the follower
and carries the bearing supporting the cam shaft is the moving
link. Obviously, fixing the cam and rotating the frame in a
sense opposite that assumed for the cam will give the same rela-
tive motion between the follower and frame as would be given
by the actual setup, i.e., rotation of the cam with the frame
fixed. In the present instance, e.g., when the cam has rotated
clockwise through an angle «, which in this case is equal to
60 deg., the axis of the roller follower is to have moved from 0 to
2; or, if the cam is fixed and the roller and frame are rotated
counterclockwise through the angle a to the dotted position
shown in Fig. 62, the roller will move a distance equal to that
of 0 to 2 relative to the frame. Hence point 2’ is where an arc of
radius O2 intersects the radial line 02’. Obviously, if a circle
of radius equal to that of the roller follower is drawn from point
2’ and a part of the cam outline drawn tangent to this curve
and the initial position 0 of the roller, and the cam is then rotated
clockwise through 60 deg., the center of the roller follower will be
positively driven from 0 to 2. Having determined the remaining
points 1/, 3/, and 4’ in a similar manner, the outline of the working
surface of the cam for the first 120-deg. rotation was determined
as shown in the figure. Since the method of determining the
working surface of the cam for the second 120 deg. of its motion
is exactly the same as for the first 120 deg., the outline has been
drawn in without showing the construction. Since the follower
is to remain stationary while the cam rotates through the last
120 deg., this part of the cam outline will be a circular arc
drawn from O tangent to the initial position of the roller
follower.
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In order to avoid confusion in a cam layout, the constructed
positions of the follower, such as 0, 1/, 2/, 3/, and 4’ in Fig. 62
should always be numbered to correspond to the numbered posi-
tions 0, 1, 2, 3, and 4, which define the motion of the follower
along its path.

Figure 63 illustrates the layout when the roller follower of
Fig. 62 has been replaced by a flat-faced follower. The specifica-
tions are otherwise exactly the same as for the layout of Fig. 62,
and the solution is made in the same manner. The working
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surface of the cam is a smooth curve tangent to the several con-
structed positions of the face of the follower as in the previous
case.

It should be noted that in this case the face of the follower
makes an angle of 90 deg. with the initial radial line OC, and,
therefore, in its constructed positions the face should make the
same angle with the corresponding radial lines, as illustrated
by the dotted position of the follower at position 2’.

61. Displacement Diagrams.—In the layout of a cam mecha-
nism it is frequently desirable to make use of a displacement
diagram. Such a diagram (Fig. 64) shows graphically the rela-
tion between the motions of the driver and the follower. The
length of the diagram represents the time of one revolution of the
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cam, and the height of the diagram the total displacement of
the follower. If the cam rotates with uniform angular motion,
which is usually the case, the time of a revolution is divided into
any convenient number of equal parts, called time periods, which
appear as equal spaces on the base line. The ordinates cor-
responding to the several time periods represent displacements
of the follower from its initial position.

Figurc 64 represents the displacement diagram for the cam
mechanism in Fig. 62 (or Fig. 63) as it would be plotted on an
arbitrary length of base line representing 12 time intervals for
one rotation of the cam. The total number of intervals in the
present instance was determined from the fact that four were
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used in the first one-third rotation. The ordinates in the diagram
represent the correspondingly numbered displacements shown
along the line of stroke of the follower in Fig. 62 (or Fig. 63).
The law of variation of displacement with time during the rise
and return of the follower is clearly indicated by the curves in the
diagram.

In Figs. 62 and 63 the construction for the return motion of
the follower during the second 120 deg. of motion of the cam was
omitted for sake of clearness. But since the return motion is
exactly the same as the rise, except in reverse order, the return
motion is represented in the displacement diagram (Fig. 64) by
the reversed curve shown from positions 4 to 8. The remaining
120-deg. period of the cam motion, where the follower is at rest
in its initial position, is represented in the diagram between
positions 8 to 12. Hence, positions 0 to 4 in the displacement
diagram represent the rise of the follower, 4 to 8 the return, and
8 to 12 a rest, or dwell, in the initial position until the beginning
of the next cycle.
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In addition to providing a very convenient means for studying
the character of the motion of the follower, a displacement dia-
gram may also be of value in showing the proper sequence of
events in & mechanism. In general the diagram may be drawn
on any suitable length of base line, since this dimension is
arbitrary.

Cam outlines should be designed so as to avoid shock at the
beginning and end of the follower stroke. In order to secure
smooth action no abrupt changes should appear anywhere in
the displacement diagram. One method sometimes used in the
design of a cam is to lay out & displacement diagram such as
shown in Fig. 64, drawing in with the compass or irregular curve
an outline that will represent a smooth motion for the follower.
The intersection of this outline with the ordinates of the diagram
will give a scale for the motion of the follower similar to that
shown at the left of the diagram in Fig. 64. In general, however,
the travel of the follower conforms to some definite law of motion,
such as is discussed in the next artiele, in which case the variation
of the motion between its extreme positions (scale of motion) can
be laid out without the aid of a displacement diagram. The
desirability or necessity of making a displacement diagram in
any given case is thus governed by the requirements of the
problem.

62. Base Curves.—The curves in the displacement diagram
that represent the motion of the follower during its rise or fall
arc called base curves. The motion of the follower may be made
to conform to a great variety of basc curves, but only the simple
forms that are more commonly used will be considered here,
namely, the modified straight-line base curve, the harmonic base
curve, and the parabolic basc curve.

For purposes of comparison the base curves shown at e in
Figs. 65 to 68 have been drawn on base lines of equal length, and
for equal displacements. Xach of these base curves, thercfore,
may be considered as applying to a cam which imparts to the
follower the same total displacement during the same angular
motion of the cam. The difference lics in the law of motion of
the follower. The velocity and acceleration diagrams shown
directly beneath the base curves, at b and ¢ respectively in Figs. 65
to 68, give a comparison of the characteristics of the follower
motion for the base curves shown at a in these figures.
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a. Straight-line Base Curve.—If the motion of the follower were
represented by the straight line, Fig. 65a, it would have equal
displacements in equal units of time, <.e., uniform velocity from
the beginning to the end of its stroke, as shown at b. The accel-
cration except at the ends of the stroke would be zero, as shown
at ¢. The diagrams indicate very clearly the abrupt changes of
motion, with the consequent large forces, at the beginning and
end of the stroke. This condition is undesirable in any casc
and especially so when the cam rotates at high velocity. The
straight-line base curve is, therefore, only of theoretical interest.

Displocement
Displacement

(a) (a)

|

(b) (b)

(c) l)

F1a. 65. Fia. 66.

Acceleration  Velocity

Acceleration Velocity

(c)

b. Modified Straight-line Base Curve—To avoid the very
undesirable condition described in a above, the law of motion
of the follower should be such as to give gradually increasing
velocity at the beginning of the stroke and then gradually decreas-
ing velocity at the end of the stroke. This can be accomplished
in the case of the straight-line basc curve of Fig. 65a by casing off
the corners of the diagram as shown in Fig. 66a, giving what is
known as the modificd straight-line base curve! The lengths of
the periods for acceleration and retardation at the ends of the
stroke, and for uniform motion between, depend entirely on the
“easing-off’ radius. This radius may be taken as any conven-
ient length, within reasonable limits. The shorter the radius
the nearer the approach to the undesirable conditions of the
straight-line base curve. The longer the radius the more gradual
the action at the ends of the stroke, but the more abrupt at the
middle of the stroke. A radius equal to the follower displace-
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ment is commonly used in practice. The diagrams of Fig. 66
are based on this radius. Although the velocity and acceleration
diagrams at b and c in this figure show a decided improvement in
the character of the follower motion as compared with the similar
diagrams at b and c in Fig. 65, the motion is not so smooth as
that of Figs. 67 and 68, which will be discussed presently.

¢. Harmonic Base Curve.—A cam with the base curve at a in
Fig. 67 will impart simple harmonic motion to the follower. This
curve is sometimes called the crank curve, owing to the fact that
when a crankpin moves with uniform speed in a circular path the
motion of the projection of its center on the diameter of the circle
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is a simple harmonic motion. The velocity diagram at b indicates
smooth action. The acceleration, as shown at ¢, is a maximum
at the initial position, zero at the mid-position, and a negative-
maximum at the final position. The method of constructing the
harmonic base curve is shown in the figure.

d. Parabolic Buse Curve.—The parabolic base curve is shown
in Fig. 68a. Asindicated at b, the velocity increases at a uniform
rate during the first half of the motion and decreases at a uniform
rate during the sccond half of the motion. The acceleration is
constant and positive throughout the frst half of the motion, as
shown at ¢, and is constant and negative throughout the second
half. Because of the constant acceleration this base curve is
sometimes called the gravity curve. A method of constructing
this curve is shown in the figure.
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- 63. Disk Cam with Radial Roller Follower. a. Layout of the
Cam.—A disk cam rotating clockwise at a uniform rate is to
impart harmonic motion to a roller moving in a radial path as
follows:

Up 34 in. while the cam turns through 120 deg.

Rest while the cam turns through 60 deg.

Down 34 in. while the cam turns through 90 deg.

Rest while the cam turns through 90 deg.

The motion of the follower is fully represented by the displace-
ment diagram shown in Fig. 69a, and its lowest position with
respect to the axis of the camshaft is shown in Fig. 69b. The
first step in the solution is to lay out the scale of motion of the
follower along the path of the axis of the roller between its initial
and final positions, 0 to 4 respectively. This may be accom-
plished cither by transferring points from the displacement dia-
gram or by laying out a semicircle of 34 in. diameter, dividing
it into a number of equal parts (four were assumed in this case),
and projecting to the diameter to obtain the divisions 0 to 4
shown along the line of the follower stroke.

Since the follower is to complete its eycle of motion during one
revolution of the cam, the next step is to lay out around the axis
of the cam the four angular divisions, 120, 60, 90, and 90 deg.,
required for the motion of the follower. In the solution of this
problem, the same expedient is employed as in Art. 50, the cam
being assumed as fixed and the frame and follower rotated in a
sense the reverse of that specified for the cam. Since the cam
motion is clockwise, the angles referred to above will therefore be
laid out in a counterclockwise sense from the path of motion of
the follower, as shown in the figure. Now, since the displacement
scale has been constructed on the basis of four equal time inter-
vals for both the 120-deg. up and the 90-deg. down motion, these
angular spaces are divided into four equal divisions and numbered
0 to 4 as shown. Arcs with radii equal to distances from the
axis of the cam to the numbered divisions on the displacement
scale will intersect correspondingly numbered radial lines at
points that represent constructed positions of the axis of the
roller follower. Arecs equal to the radius of the roller follower
are drawn about these centers, and the working surface of the
cam obtained by drawing a smooth curve tangent to these ares.
The working surfaces of the cam for the periods of rest of the
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follower are obtained by connecting the working surfaces for the
up and down motion of the follower with circular arcs drawn
from the axis of the camshaft.

b. Pressure Angle—In general, the length of the displacement
diagram is immaterial. If, however, in cases like Fig. 69, where
a roller follower moves in a radial path, the length of the dis-
placement diagram is made equal to the circumference of the
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circle ABC, the diagram will represent a true development of the
pitch surface of the cam. This circle, whose radius is equal to
the distance from the axis of the cam to the mid-point of the travel
of the follower, is called the pitch circle. In Fig. 69a the length of
the displacement diagram was made equal to the circumference
of the pitch circle. The developed pitch circle in the displace-
ment diagram is called the piich line.

The angle that the tangent to the base curve in the displace-
ment diagram makes with the base line is known as the pressure
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angle. In Fig. 69a the maximum pressure angle is obviously at

the mid-point of the stroke, and it is indicated as ai, on the up

stroke and a; on the down stroke. It may be noted that the

velocity of the follower is proportional to the tangent of the pres-

sure angle. Referred to the actual cam outline, the pressure

angle is the angle between a normal at the point of contact of the

cam and follower and the axis of the follower stem. In Fig. 69b,

for example, the maximum pressure angle «; on the working stroke

is located at the point A. For this type of cam mechanism the .
maximum pressure angle is at the point where the pitch circle

intersects the pitch surface of the
cam. .

It has been commonly assumed
- that 30 deg. should be the maximum
limit for the pressure angle on the
working stroke, but this limit must be
governed by the character of the
design, and in many cases a much
greater angle may be used with satis-
factory results.

c. Size of Cam.—For a given stroke,
or travel, of the follower, the maxi-
mum size of the cam is governed only by the space available.
The minimum size may be determined by constructive
details such as size of camshaft, or by the consideration of
pressure angle. The size chosen should be large enough to insure
an easy motion of the follower. The larger the cam the easier
will be the motion of the follower for any given travel in any
given angular rotation of the cam, as shown in Fig. 70. Let O
be the center of the camshaft and let 45 deg. be the angular
motion of the cam required to raise the roller follower 14 inch.
It can be seen that the part of the larger cam outline ab, which
produces the rise, imparts a more gradual motion to the follower
than does curve cd on the smaller cam. It should be noted also
‘that in the case of the larger cam the pressure angle is smaller.
This fact may be observed by comparing angles a; and as.

Although the parabolic base curve combines the two most
important theoretical considerations, namely, smoothest motion
and least power for operation, the harmonic curve permits of a
smaller cam for a given pressure angle than does the parabola,
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provided the follower is a roller moving in a radial direction.
In other words, for the same size of cam, the pressure angle is
smaller for the harmonic curve, and therefore the action of the
harmonic curve is easier in this respect than the action of the
parabolic curve.

This fact is evident from Figs. 71 and 72. For the same maxi-
mum pressure angle « and the same rise ¢, the length 7 of the base
curve will bear a definite relation to the rise £. Since the dis-
placement diagram, when drawn to the proper scale, represents
the development of the pitch surface of the cam, the line CD
(equal to ) in Fig. 71 is a development of a part of the piteh circle
of the cam. Such a pitch circle cde in its relation to the cam and
follower may be seen in Fig. 72. Its circumference is equal to
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the length of the complete displacement diagram, and it passes
through the point A of the pitch surface of the cam where the
cam hag its greatest side pressure (pressure angle) against the
follower. This discussion applies, however, only to cams in
which the center of the roller follower moves in a radial line.

It will now be shown that the radius r of the pitch circle cde
is less for the harmonic base curve than for the parabolic base
curve, when the maximum pressure angles « are the same. Let
it be assumed that the rise ¢ of the follower is to take place while
the cam turns through an angle 8 and that ¢d in Fig. 72 is equal
to the length I of the displacement diagram (Fig. 71).

21r1‘B
Arced = ft = 360 (11)
where
= i (called the cam factor, Fig. 71)
therefore

r = 360ft = if 12)
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where

k = a constant = %6%

For a maximum pressure angle of 30 deg., f = 2.72 for the
harmonic curve, and 3.06 for the parabolic curve. It is evident,
therefore, that the cam with the harmonic base curve is the
smaller and that, in general, for the same maximum pressure
angle, the size of the cam is directly proportional to the length [
of the base curve.

Fra. 72.

The pitch circle serves no purpose other than that of obtaining
a cam of minimum size for a given pressure angle in cases like
the preceding where the follower is a roller moving in a radial path.
For other motions of the roller follower, and for flat-faced fol-
lowers, the cam is generally independent of a pitch circle based
on pressure angle, and hence no reference will be made to these
terms in the discussion of other types of cams.

64. Disk Cam with Offset Roller Follower.—In Fig. 73 the
roller follower is required to move in the straight-line path from
0 to 4 with harmonic motion while the cam turns clockwise with
uniform motion through 120 deg. Since the straight-line path
of the roller (extended) does not pass through the axis of the
camshaft, this is known as an offset roller follower. Consider-
ation of only the upward motion of the follower as indicated in
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the figure will be sufficient for the present purpose. The working
surface of the cam is determined by the general method outlined
in Art. 50. One important difference, however, should be care-
fully noted when comparing this solution with that of Fig. 62.
Assuming the vertical line through the axis of the cam as the
zero or initial line for the layout, the angle of 120 deg. is laid off
in-a counterclockwise sense from this line and subdivided, as
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required, by the equally spaced radial lines 0’, 1’, 2/, 3/, and 4'.
The constructed positions of the roller follower are not located
along the radial lines, but are offset from corresponding radial
lines the same distance as the actual positions of the roller from
the initial radial line OC. For example, in position 2", arc a'd’
must equal arc ab so that when line OC’ on the cam rotates into
initial position OC the axis of the roller will be in its required
position at 2 along its line of travel.

It should be noted here that the constructnon shown in Fig. 73
is only one of several possible methods that could be used in
determining the constructed positions of the roller follower such
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as shown at 2. The initial or zero line OC, for example, could
have been assumed as a line drawn from O through the initial, or
zero, position of the roller, in which case the offset such as a’d’
would vary. Another method is to let the path of the roller
represent the initial or zero line. In-this case the four division
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lines such as 0’, 1/, 2/, 3’, 4’ can be drawn tangent to a circle
through O, in which case no offsets will be required.

66. Disk Cam with Reciprocating Flat-faced Follower.—In this
problem it is required to determine the working surface of a disk
cam (Fig. 74a) to impart motion to a reciprocating flat-faced
follower in accordance with the displacement diagram shown in
Fig. 74b. The cam is to displace the follower a total of 114 in.
during one revolution while turning clockwise at a uniform rate.
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The time for one revolution of the cam has been divided into
16 equal time intervals. The follower is to dwell in its initial
position during three time intervals, rise during eight time
intervals, dwell in its extreme position during one time interval,
and return to its initial position in four time intervals. The dis-
placement diagram given does not represent any definite law of
motion for the follower. However, it was drawn so as to give a
gradual motion at the beginning and end of the stroke.

The initial, or lowest, position of the follower was taken as
13¢ in. from the axis of the cam. If the displacement diagram
is placed in line with the displacement of the follower, the dis-
placement scale shown in the figure is easily constructed by
projection. The most convenient point from which to start
the displacement scale is the point D where a perpendicular
through O, the axis of the cam, intersects the contact surface
of the follower. As the cam rotates clockwise, point D in the
contact surface of the follower advances to positions 1, 2, 3, etc.;
or, following the usual scheme of assuming an inversion of the
mechanism while the construction is in progress, as the follower
is rotated counterclockwise with the cam stationary, point D
moves to the radial positions 17, 2”7, 3", etc. Hence, for the
sixth position, e.g., the intersection of an arc of radius 06 with
radial line 06’ of the cam determines the position 6’ of the
point D of the contact surface of the follower. Since this con-
tact surface is perpendicular to the center line of the stem of the
follower, a line through 6"’ perpendicular to 06’ determines one
line to which the working surface of the cam must be tangent.
Lines representing the contact surface of the follower having
been similarly located for the remaining positions, the working
surface of the cam is obtained by drawing a smooth curve
tangent to them as shown.

In the layout of cams with flat-faced followers, limitations
may be found as to minimum size, because below a certain size
it may not be possible to draw the outline of the cam tangent
to all the constructed positions of the follower. For example,
had the minimum radius OD of the cam been taken as 11{¢ in.,
the lines for positions 12, 13, and 14 would have intersected in a
point as shown at K, thus requiring the outline of the cam to
come to a sharp point. Had the minimum radius OD been
taken still smaller, the line for position 13 would fall outside the
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intersection of the lines for positions 12 and 14, in which case a
solution in accordance with the specifications given would be
impossible. :

The length of face of the follower is determined by the maxi-
mum distances of the line of contact to the right or left of D.
It is a maximum to the right for position 14 and a maximum to
the left for position 8 as shown by the dotted outlines in the
figure. For obvious practical reasons the actual length of contact
surface should extend somewhat beyond the theoretical points of
contact as indicated by dimensions M and N.

If the stem of the follower is cylindrical and its axis located as
shown in Fig. 74 but offset from the mid-plane of the cam, the
friction between the cam and follower face will cause the follower
to rotate while reciprocating, thus requiring the follower face to
be in the form of a circular disk of radius M. Such a follower
is known as a mushroom follower. This arrangement has the
advantage of assisting lubrication and distributing wear.

For the reciprocating flat-faced follower, the pressure between
the cam and follower, friction neglected, is at right angles to the
face of the follower. The pressure angle is constant, therefore,
and equal to 90 deg. minus the angle between the face of the
follower and the stem. In the present instance the angle between
the face and the stem is 90 deg., and hence the pressure angle
is zero.

66. Disk Cam with Pivoted Roller Follower.—Another case of
the roller follower is that in which the center of the roller is
constrained to move in a circular arc. Let it be required to lay
out a disk cam which will give harmonic motion to a pivoted
roller follower in the following manner:

Up 15 deg. while the cam turns through 120 deg.

Rest while the cam turns through 60 deg.

Down 15 deg. while the cam turns through 90 deg.

Rest-while the cam turns through 90 deg.

The cam is to have a uniform clockwise rotation. The location
of the follower pivot relative to the axis of the cam, and the lowest
position of the roller, are shown in Fig. 75.

The first step is to subdivide the motion of the follower har-
monically. If the chord of the arc through which the roller
travels is taken as the diameter of the circle that is used .in
laying out the harmonic motion, the construction will, in general,
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be sufficiently accurate. The numbered positions of the follower
correspond to the equal subdivisions (similarly numbered) of
the angles through which the cam turns while the total rise or
fall of the follower is taking place. The next step is to consider
the cam mechanism “inverted’’ and to locate the follower (its
working profile is sufficient) in positions corresponding to the

F1a. 75.

numbered positions in the original mechanism. This has been
accomplished by a simple geometrical construction as indicated
at position 6. Other geometrical constructions that may occur
to the student may be used if desired. The working profile
of the cam during the periods of rise and fall may now be drawn
tangent to the various positions of the working profile of the
follower. For the sake of clarity, only positions 0, 3 and 6 have
been shown in the figure. In the actual layout all the positions
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from 0 to 6 would be used. The parts of the profile of the cam
that make contact during the periods of rest are arcs of circles
having their centers at the axis of the camshaft.

67. Disk Cam with Pivoted Flat-faced Follower.—As a further
example of a cam layout, let it be required to lay out a disk

/5%

\
N
N 6/

\, /

N’

Fia. 76.

cam which will give harmonic motion to a pivoted flat-faced
follower in the following manner:

Up 15 deg. while the cam turns through 120 deg.

Rest while the cam turns.through 90 deg.

Down 15 deg. while the cam turns through 90 deg.

Rest while the cam turns through 60 deg.
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The cam is to have a uniform clockwise rotation. The location
of the follower pivot relative to the axis of the cam and the lowest
position of the face of the follower are shown in Fig. 76.

The first step in the layout is to subdivide the angular displace-
ment of the follower in accordance with harmonic motion. A
little forethought here will materially reduce the labor of laying
out the cam later on. The working profile of the follower is a
straight line, and it will eventually be necessary to locate this
straight line for the various positions of the follower in the
“inverted’”’ mechanism. The one point of the follower that has
no motion relative to the fixed link is the center A about which the
follower swings. The straight-line working profile of the fol-
lower will always be tangent to a circle of radius r drawn from
the successive positions of this center. The position of one other
point B on the straight line will be sufficient to locate it. If
now an arc with A as a center is drawn through any point B
and 15 deg. laid off on this are, the total angular motion of
the follower will be completely represented. ~ This ar¢c may now
be subdivided in accordance with the required motion as shown
in the figure. Using the chord instead of the arc for this con-
struction is an approximation, but is sufficiently accurate for
almost any condition. The location of the follower in the various
positions in the “inverted”’ mechanism is now accomplished with-
out difficulty, and the working profile of the cam is drawn in
the usual manner. For the sake of clarity, only the construction
for positions 0, 3, and 6 has been shown in Fig. 76.

The length and location of that part of the face of the follower
that comes into contact with the cam during a complete revolu-
tion may be determined by measuring the longest and shortest
distances from the follower pivot A to the points of tangency of
cam and follower. In the figure these distances are A’C and A”’D
respectively, and, when laid off on the follower in the original
mechanism, they completely determine the working face of the
follower. For obvious practical reasons a small amount should
be added to the theoretical length as determined above.

68. Other Types of Cams.—As previously indicated, the return
motion of the follower in the types of cams that have just been
discussed must be brought about by some force external to the
cam. This is usually accomplished by the use of weights or
springs. Where a positive action is desired, the usual method is
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to add a second working profile of the cam on the outside of the

roller in the manner shown in Fig. 77.

In designing positive-motion cams, the radius of the follower
roller must be considered. This radius may be equal to, but in
general should be less than, the shortest radius of curvature of
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the pitch surface, when measured on the working-surface side.
If the radius of the roller is not so taken, the follower will not
have the motion for which it was designed. Thus, in Fig. 78,
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let @, b, and ¢ represent three rollers moving in grooves of widths
A, B, and C, respectively. The radius of curvature of the pitch
surface common to the three grooves at the point under considera-
tion is indicated by R. Roller a has a radius smaller than R,
roller b a radius equal to R, and roller ¢ a radius greater than R.
It is evident from the figure that when the radius of the roller
is greater than R, as in the case of roller ¢, the width of groove at
that point becomes greater than the diameter of the roller, and
positive motion cannot be assured.

A plate cam, or sliding cam, such as shown in Fig. 79, has a
reciprocating motion between fixed guides. It carries a curved
face or slot that may impart reciprocating
motion to a roller follower or oscillating
motion to a pivoted-roller-follower arm.

An inversion of the plate cam in which
the roller becomes the driver and the plate

Fia. 79. Fia. 80.

the follower is sometimes used in light mechanisms such as
sewing machines. An example of this type of cam, known as an
inverse cam, is given in Fig. 80.

A cylindrical cam may be used to give the same motion as a
sliding cam. A cam of this form may be looked upon as a sliding
cam bent to a cylindrical shape. As the cylinder is rotated on its
axis, the follower is given precisely the same motion as when the
sliding cam is given a motion of translation. The general method
‘of laying out a cylindrical cam with a pivoted roller follower is
shown in Fig. 81. The first step is to lay out a displacement
diagram in which the height of the diagram is equal to the
stroke of the follower and in which the length of the diagram is
equal to the circumference of the cylinder. The diagram is next
wrapped around the cylinder and the required cam outline
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- transferred to the surface of the cylinder. The groove in the
cylinder may now be milled by a cutter of the same size and shape
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as the roller, the cutter being guided so as to conform to the
curve marked on the cylindrical surface. It should be noted
that the roller follower is usually the frustum of a cone whose
apex is on the axis of the cam.

Another form of cylindrical cam
is obtained by fastening adjustable
strips on the surface of a cylinder.
This form is very much used on
automatic screw machines.

Disk cams with roller or mush-
room followers, such as illustrated
in Fig. 82, are usually employed to
operate the valves of automobile
engines. In order that such cams
may be accurately made on a pro-
duction basis their outlines are usu-
ally made up of circular arcs, or
‘straight lines and circular arcs, as
indicated in the figure. Fra, 82

In Fig. 83 is shown a positive- o
return disk cam whose outline is made up of circular ares of two
different radii. In order that the cam may be of constant
breadth, the centers O, B, and C must be at the apexes of an
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equilateral trianglé. It can be seen that thereis a dwell at each
end of the stroke while the cam turns through 60 deg. The
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total displacement B — R, takes place while the cam turns
through 120 deg. Such cams are designed for a given total
displacement of the follower. The law of displacement, there-
fore, must depend upon the assigned outline of the cam.

In Fig. 84 is shown an oscillating

disk cam that imparts reciprocating 2
motion to a flat-faced follower. Be- [
cause of its form and action this ”
. . . Lifting.
combination is often spoken of as a plate ™ |
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toe-and-wiper cam. It is frequently seen in the valve mechanism
of marine engines.

A well-known form of cam used in stamp mills for pulverizing
crushed ore, is the stamp-m:ll cam shown in Fig. 85. It consists
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of a reciprocating flat-faced follower actuated by a rotating disk
in the form of a double involute cam. When the cam rotates
at a uniform rate, the involute outline of the cam imparts
uniform velocity to the follower. The construction of the
involute outline is indicated in the figure by the dotted construc-

\

N
\

7

~

~

~

'
T
:\\\

F1a. 86

tion at the three points a, b, and ¢. The stamp is raised and
dropped twice during each revolution of the cam.

A spherical form of cam is shown in Fig. 86. There are many
other intcresting types of cams that enter into the construction
of modern machinery in a great variety of forms, but space docs
not permit their discussion here. The fundamental principles
involved in laying out any of these cams are the same as those
that have been applied in the examples given in this chapter.



CHAPTER 1V
TOOTHED GEARING—SPUR GEARS

The study of gear-tooth action is fundamentally a study of the
motion transmitted by a pair of members having curved surfaces
in direct contact. Preliminary to the study of gearing, therefore,
the general case of a pair of curved members in driving contact
will be considered. Figure 87a shows two such members, with
the driving member 2 pivoted at O, and the driven member 3
pivoted at O;. Except for obvious practical limitations the
contact surfaces may be of any form, and they may move upon
each other with a pure rolling action, a pure sliding action, or
with a combined rolling and sliding action. The last condition is
the most general.

69. Nature of the Motion Transmitted by Curves in Direct
Contact.—In pure rolling action no one point of either member
comes in contact with two successive points of the other, for
example, two circles rolling upon cach other without slipping. If
a point on one member comes in contact with all successive
points of the acting surface of the other, within the limits of the
motion, the action is pure sliding. 'This action occurs in the casc
of one circle (in the above example) being held stationary and
the other made to rotate while in contact with it. Combined
rolling and sliding is exemplified in the case of a pair of circles
rolling upon each other with some slipping permitted. The
precise nature of these actions will now be considered.

Referring to Fig. 87a, it is evident that all points in 2 must
rotate about O;, and that all points in 3 must rotate about O,.
Consequently, the motion of any point in cither 2 or 3 is repre-
sented for the instant by aline through that point perpendicular
to the radius connecting it with its center Oz or Os. The point
of contact P between the members may be considered as a pair of
coincident points. Considered as a point on 2, P will be desig-
nated as P; and as a point on 3 it will be designated as P,

78
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Then P;M; and P3M3 will represent the motions of P, and P;,
respectively.

Motion by direct contact can be transmitted only by normal
pressure between the surfaces. The pressure between 2 and 3

(a)

(b)
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is, therefore, transmitted in the direction NN, the common nor-
mal to the two surfaces at the point of contact, and whatever the
actual motions of P, and P; the components Pn of these two
motions along the line of the normal NN must be equal. If
this were not the case, the surfaces would have either to separate
or to cut into each other. The tangential components of the
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motion of the coineident contact points P; and P; must be in the
direction of the common tangent T'T, but they may have dif-
ferent magnitudes, in either the same or opposite directions.
In Fig. 87a it is seen that these tangential components Psf; and
Pst; are in the same direction, but of different magnitudes. It is
evident that this difference of the tangential components repre-
sents the rate of the sliding action for this particular phase of
the motion. When the tangential components are in the
opposite directions, the rate of sliding is evidently their sum.
Thus the rate of sliding is the algebraic difference of the tangential
components. :

When the tangential components are equal, the nature of the
action is pure rolling. In Fig. 87b the members of Fig. 87a have
been rotated into positions to illustrate this condition, and the
motions PsM, and P3M; are identical. But P, as a point on 2,
moves for the instant at right angles to 0.P,, and P; as a coin-
cident point on 3 moves at right angles to O;Ps. Therefore, when
PyM, and P3M; are coincident, Q2P and O3P; are both perpen-
diculars to the same line at the same point, and they must, there-
fore, lie in one straight line. In order that this may occur,
the contact point P must lie on the line of centers. Thus the
condition of pure rolling is that the point of contact shall always
lie on the line of centers.

When the common normal NN passes through the center
about which the driver rotates, as in Fig. 87¢, the radius O.P,
coincides with it and the motion P;M; of the contact point of the
driver lies in the direction of the common tangent T'7’; hence the
normal component of this motion is zero, and P; has no motion.
It is seen, therefore, that for this particular phasec of the motion,
the action is for the instant pure sliding.

60. Angular-velocity Ratio for a Pair of Curves in Direct
Contact.-—In the general case of a pair of members with curved
surfaces in contatt, as in Fig. 87a, the angular-velocity ratio of
driver to follower is continually varying. This ratio for any
instant may be determined by the most elementary principles of
mechanics. Since the ratio of the angular velocities is inde-
pendent of the actual angular velocities, the angular velocity of
one member may be assumed, and this affords a means of deter-
mining the corresponding angular velocity of the other member
at that instant.




TOOTHED GEARING—SPUR GEARS 81

If in Fig. 87a the angular velocity of link 2 is ws, the linear
velocity P:M of P as a point on 2 can be found from the relation

PzMz = 02P2 X w2 (13)

The direction of the velocity of P; as a point on 3 (perpendicular
to O3P;) is known, and it has been shown that its normal com-
ponent must be equal to that of P;, or Pn. The magnitude of
the velocity of Ps (P3M ) can now be found, and hence the angular
velocity of 3 is

PsM;,

w3 = 0.P, (14)
The ratio of the angular velocities is therefore
w3 —_ P3M3 02P2 (15)

wy  OsP3 7 P.M,

The above expression may be simplified in the following manner:
Drop the perpendiculars O.f and Ozg from O, and Os upon the
common normal NN. P.Myn and O,P:f are similar triangles,
and hence

DMy _ P
0P Oof
Similarly, PsMsn and O;Psg are similar triangles and
PsM, _ _Pﬂ
0:P; = Oy

Therefore

ws P n ng Ozf

— T — IE e——— 1

w2 Oag X Pg'n Oag ( 6)
The common normal NN intersects the line of centers 0.0; at K,

O:Kf and 03Kg are similar triangles, and
ws _ Oof _ OnK
we 039 OsK

It follows, therefore, that, for a pair of links with curved sur-

faces in direct contact, the angular velocities X s the
segments into which the line of centers is divided by the common

normal,

1n
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From the above analysis it follows, also, that for constant
angular-velocity ratio the common normal must intersect the line
of centers in a fixed pornt. The two propositions just stated are of
fundamental importance in the theory of toothed gearing, as will
appear later in this chapter.

61. Curves That Give Pure Rolling Action.—There are many
pairs of curves that will satisfy the condition of either constant-
velocity ratio or pure rolling. Several cases of the former will be
taken up laterin connection with the study of gear teeth. Among
those curves that will give a pure rolling action, the following
may be mentioned: a pair of circles rotating about their centers;
a pair of equal ellipses each rotating about onc of its foci, with a
distance between centers equal to the common major axis; a pair

Fia. 88.

of similar logarithmic spirals rotating about their foei; a pair of
equal parabolas; and a pair of equal hyperbolas.

There is but one class of curves, however, 7.e., circular ares
rotating about their centers, that can have both constant angular-
velocity ratio and pure rolling action. 1t has been shown that for
constant-velocity ratio, the common normal must intersect the
line of centers in a fixed point; and that for pure rolling the
point of contact must lie on the line of centers. If both these
conditions are satisfied, the point of contact must be at a fixed
place in the line of centers. As a result, the contact radii must
be constant and, therefore, the curves are circular ares.

62. Motion Transmitted by Members in Pure Rolling Con-~
tact.—It has been stated that there are several classes of curves
that may be so paired as to give pure rolling action. In the
present article, however, only those cases that have common
application in the study of the theory of toothed gearing will be
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considered, namely, rolling cylinders, rolling cones, and rolling
hyperboloids.

a. Rolling Cylinders.—If two cylinders in contact rotate on
each other about fixed parallel axes without slipping, the ratio
of the angular velocities of the two cylinders will at all times be
constant. Referring to a and b in Fig. 88, if there is no slipping
at the point of contact P, P, and P; will have the same velocity
at any instant. The angular velocities of the cylinders may be
expressed in terms of the linear velocity of the point of contact, as
follows:

Wy = —Ol:—’P and w3 = 0173;’
-Therefore
we _ V,  OP _ OsP
w = 0P XV, = 0,p (18)

That is, the angular velocities of the cylinders are inversely pro-
portional to their radii. If onc cylinder drives the other, the
ratio of their angular velocities is designated in a definite manner,
being the ratio obtained by dividing the angular velocity of the
driver by the angular velocity of the follower or driven member.
This ratio is called the velocity ratio of the pair of cylinders. This
method of designating velocity ratio is in accordance with uni-
versal practice in discussions on gearing.

It should be noted that at a in Fig. 88 the cylinders rotate
in opposite directions, and that at b they rotate in the same
direction.

b. Rolling Cones.—The derivation of rolling cones from rolling
cylinders is illustrated by the use of two right cylinders combined
with two right cones as shown in Fig. 89. Each cylinder has
one base in common with that of one of the cones; hence the axes
of this cylinder and cone must coincide. Although the bases
of the cones need not be equal, the slant heights must be the
same. The bases of the two cones have a common tangent in
their plane that passes through B (Fig. 89a), and that is perpen-
dicular to the plane of the paper. If the axis O34 is caused to
rotate about this tangent, the apex O; will coincide with the apex
0., the bases of the cones will still have the common tangent at B
and will be in contact along element O,B (Fig. 89b). Therefore,
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the cones will roll upon cach other in their new positions, the
contact points at their bases having equal velocities along the
common tangent, as in the original positions where these bases
were in common with those of the two rolling cylinders. Any
other corresponding transverse sections of the cones equidistant
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from the common apex O,, as at C, will roll together with the
same velocity ratio as their bases.
Therefore,

@~ CDy " 7 a9
where 7, and 73 are the radii of the bases of the cones 2 and 3-

A pair of rolling cones may be constructed to transmit a given
velocity ratio between two given
shafts that intersect at some angle
a, in the following manner:

If, in Fig. 90, OA. and OA; are
the given axes, the position of the
contact element may be found by
laying off from O on these shafts
the distances OB, and OB; di-
rectly proportional to the given
angular velocities of these shafts,
thus

@ _ OB,
F1a. 90. w3 OB

If on OB, and OB; a parallelogram is constructed, the diagonal
of this parallelogram OC is the required common contact element.
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The following proef- will show the above construction to he
correct: e o

From C drop the perpendiculars CD,; and CDj; to the axes OA4,
and OA;. TFrom similar triangles it can be seen that

CBs _CD; _ AE

CB: ~ CD: ~ 4B (20)
But
CBs _ OB,
CB.  OB;
Therefore
wa A;E
;’; = A_QE (21)

and the cones (or frustums of the cones) with any selected radii

F1a. 91.

of bases as AsF and AsF will roll together with the required
angular-velocity ratio.

¢. Rolling Hyperboloids.—Figure 91 represents a pair of rolling
hyperboloids of revolution tangent to each other along a common
element AA. Since the elements of the surfaces are rectilinear,
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any pair of elements can be placed in a tangent position. If the
axes are fixed in positions corresponding to such tangency, the
two surfaces will continue to be tangent along a common element
as the two figures rotate about these axes. It is characteristic
of the action of these two members as they roll together that
there is a certain amount of sliding along the common contact
element. In a sense, therefore, there is a departure from pure
rolling action. This does not, however, prohibit the use of these
forms as pitch surfaces for toothed gears. For a more complete
discussion of rolling hyperboloids, see Barr’s ‘Kinematics of
Machinery.”

63. Friction Gearing.—When two plain wheels of circular
cross section are held in contact with each other by properly con-
structed bearings, the frictional force between their surfaces will
be sufficient to transmit rotary motion from one axis to the other.
Such an arrangement constitutes what is known as friction gear-
ing, and it is chiefly limited to rolling cylinders, rolling cones, and
disk wheels, though other rolling surfaces arc possible. Some
slipping between the contact surfaces is incvitable; therefore, a
constant-velocity ratio cannot be assured. In'many instances it
is not cssential to maintain this definite relation between driver
and driven member, and in certain applications the likelihood of
slipping when subjected to the excessive loads is desirable, since it
serves to protect the driven mechanism against excessive stresses.

Figure 92a illustrates the principle of a friction drive between
parallel shafts. The action is purely frictional as the pair rotate
upon each other, and the velocity ratio remains constant unless
the resistance of motion exceeds the frictional resistance. T'ric-
tion gearing of the bevel type for transmitting power between
intersecting shafts is illustrated in Fig. 92b. Figure 92¢ shows
friction gearing of the disk-wheel form, which has been used
extensively for varying feed movements in machine tools. The
small brush wheel, A in this case, bears against the flat face of a
cast-iron disk B, and the relative speeds are varied by changing
the radial position of wheel A. The power that can be trans-
mitted through friction gearing depends upon the physical charac-
teristics of the materials forming the surfaces in contact and also
upon the normal pressure between the surfaces. The driving-
wheel face is usually made of a material that has a high coefficient
of friction, as wood, compressed paper, or leather; while the
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driven wheel is usually made of cast iron. In order to secure
greater frictional resistance between the wheels than is possible
with the plain surfaces in Fig. 92a, without at the same time
increasing the pressurc on the bearings, the wheels arc sometimes
made with V-shaped grooves and ridges, which mate with a
wedging action, as shown in Fig. 92d.

Although limited in use to the transmission of small powers,
friction gearing finds considerable application in speed-controlling
devices, light power hoists, coal screens, friction-board drop ham-
mers, etc.

(a) (c)

Fia. 92.

64. Toothed Gearing.—In the design of toothed gearing the
contact surfaces of mating teeth are so shaped that the motion
transmitted is the same as that of friction gearing when no slip-
ping occurs. Kinematically, therefore, friction gearing running
without slip and toothed gearing are identical, but as pointed
out, friction wheels are of limited service in practice, and toothed
wheels are employed where considerable power must be trans-
mitted and where a constant-velocity ratio must be maintained
at cvery phase in the cycle of motions. The surfaces of the rolling
bodies which are kinematically identical with the toothed wheels
which replace. them are called pitch surfaces of the gears; and
right sections of these surfaces are called pitch lines or pitch curves.
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Toothed gearing may be classified according to relation of the
axes and pitch surfaces, as in Table 1.

TABLE 1.—CLASSIFICATION OF TOOTHED GEARING

Name Kind Relation of axes | Pitch surfaces

Spur gears Parallel Cylinders
Straight Intersecting Cones
Bevel gea Spiral Intersccting Cones

Vel gears Skew Not in one plane Hyperboloids

Hypoid Not in one plane Cones

. . Parallel Cylinders

Helical Gears Not in one plane Cylinders

Worm and Wheel Not in one plane Cylinders!

1 Except in case of the Hindley worm (see Art. 97).

The characteristics of the various types of gears in the above
clagsification will be discussed in some detail in the articles that

Clearance

Fi1a. 93.

follow, after the fundamental principles that apply to toothed
gearing in general have been considered.

66. Definitions.—In order to facilitate the discussion of toothed
gearing, it is necessary to define certain terms that are in
common use. Those terms that are most frequently men-
tioned are defined below. It will be noted that the definitions
pertaining to gear-tooth parts may, in general, be represented on a
right section of the gear. Figures 93 and 94 will, therefore, be of
assistance in obtaining a clear understanding of these definitions.
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1. The pitch surface is the surface of the imaginary rolling
eylinder (cone, etc.) that the toothed gear may be considered to
replace.

2. The pitch circle (also called piteh line) is a right section of
the pitch surface.

3. The addendum circle is the circle bounding the ends of the
teeth, in a right section of the gear.

4. The dedendum, or root circle, is the circle bounding the
spaces between the teeth, in a right scction of the gear.

5. The addendum is the radial distance between the pitch
circle and the addendum circle.

6. The dedendum is the radial distance between the pitch
circle and the dedendum circle.

7. The clearance is the difference between the dedendum of
one gear and the addendum of the mating gear.

8. The face of a tooth is that part of the tooth surface lying
outside the pitch surface.

9. The flank of a tooth is that part of the tooth surface lying
inside the pitch surface.

10. The tooth thickness (also called the circular thickness) is the
thickness of the tooth measured on the pitch circle. It is the
length of an arec and not the length of a straight linc.

11. The tooth space is the distance between adjacent teeth
measured on the pitch circle.

12. The backlash is the difference between the tooth thickness
of one gear and the tooth space of the mating gear.

13. The circular pitch is the width of a tooth and a space,
measured on the pitch circle.

14. The diametral pitch is the number of teeth of a gear per
inch of its pitch diamcter.

A definite relation exists between the circular pitch and the
diametral pitch, which may be determined as follows:

A toothed gear must have an integral number of teeth. The
circular pitch, therefore, is equal to the pitch circumference
divided by the number of teeth. The diamctral piteh is, by
definition, the number of teeth divided by the pitch diameter.
That is,

ol

p’=7—rt[2 and p=
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Hence
pp' == ' (22)

where p’ = circular pitch.
= diametral pitch.
= number of teeth.
D = pitch diameter.
That is, the product of the diametral pitch and the circular pitch

=T.

p
11

Pitch circle. rPressure angle

Pifeh circle
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15. The fillet is the small radius that connects the profile of a
tooth to the dedendum circle.

16. A pinion is always designated as the smaller of any pair of
mating gears.

17. The velocity ratio in a pair of mating gears is always the
ratio of the number of revolutions of the driving gear to the num-
ber of revolutions of the driven gear, in a unit of time.

18. The pitch point is the point of tangency of the pitch circles
of a pair of mating gears.

19. The common tangent is the line tangent to the pitch circles
at the pitch point.

20. The line of action is a line normal to a pair of mating tooth
profiles at their point of contact.
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21. The path of contact is the path traced by the contact point
of a pair of tooth profiles.

22. The pressure angle (also called the angle of obliquity) is
the angle between the line of action and the common tangent.

23. The base circle is an imaginary circle used in involute gear-
ing to generate the involutes that form the tooth profiles. It is
the circle drawn from the center of each of a pair of mating gears
tangent to the line of action.

66. Fundamental Law of Gear-tooth Action.—In order to have
a pair of toothed gears transmit the 0
same motion as the rolling members ——— z
(usually cylinders or cones) that they
replace, it is necessary for the tooth
profiles to have definite forms. There is
a fundamental kinematic requirement to
which the tooth profiles of any pair of
gears must conform if the gears are to
transmit the correct motion referred to
above. This requirement will now be
discussed.

Figure 95 shows a pair of gear teeth
in contact. All of cach gear has been T
removed except one tooth, the resulting
mechanism being merely a pair of :
members with curved surfaces in contact 0,
(sce Art. 59). Now let it be assumed
that the pitch circles of the original gears
are tangent to each other at the point P
on the line of centers. If the pair of tooth profiles in contact are
such as to satisfy the requirement of constant-velocity ratio, the
common normal NN at the point of contact A must, at any
instant, intersect the linc of centers in a fixed point P (see Art.
60); and this fixed point must be at the point of tangency of the
pitch circles (called the pitch point), if the velocity ratio is to be
the same as that of the rolling pitch circles. The fundamental
law of gear-tooth action may now be stated as follows: The
common normal to the tooth profiles ot the point of contact must
always pass through the pitch point.

67. Usual Forms of Gear-tooth Profiles.—A number of tooth
forms will satisfy the fundamental requirement of correct gear-

Fia. 95.
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tooth action, as outlined in the foregoing articles, but only two
have been widely used, namely, the cycloidal form and the invo-
lute form, so named because of the curves on which they are
based. Up to about 60 yecars ago the cycloidal tooth form pre-
dominated, but now the involute form has replaced the cycloidal
almost entirely. Cycloidal outlines are still used in some special
cases for both cast teeth and cut teeth. The cycloidal principle
is still applied also in the design of pin gearing for watches, clocks,
and instruments.

The cycloidal tooth form is discussed at some length in the
following pages largely because of its historical and kinematic
interest, and also because it is believed that the student will
gain a broader viewpoint of the fundamental theory of gear-tooth
action than is possible with his attention confined merely to the
one commonly used tooth form, namely, the involute.

INVOLUTE TOOTH PROFILES

The curve most commonly used for gear-tooth profiles is the
involute of a circle. This curve is the path traced by a point on
a line as the’line rolls without
slipping on the circumference of a
circle. It may also be defined as
the path traced by the end of a
string as the string is unwound
from a circle. The circle from
which an involute is derived is
called its base circle.

Referring to Fig. 96, let line
MN roll without slipping in a

Fra. 96. counterclockwise sense on the cir-
cumference of the circle whose radius is OA. When the
line has reached the position M’N’, its original point of
tangency A has reached the position a’, having traced the .
involute curve Aa’ during the motion. As the motion continues,
the point A will trace the curve Aa’B’. The involute
posscsses several interesting and useful properties. In the first
place let it be noted that, since the line MN rolls without slipping
on the circle, the distance A’a’ is equal to the arc A’A. For any
instant the instantaneous center of the motion of the line is its
point of tangency with the circle. Therefore, the motion of the
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point that is tracing the involute is perpendicular. to the line
at any instant, and hence the curve traced will also be perpen-
dicular to the line; 7.e., the normal at any point of an’ 1nvolute
is tangent to the base clrcle

Figure 96 also shows that by rolling the line MN in the oppo-
site scnse, the involute Aa’” would be generated. This curve is
the same as Aa’ except for position.

68. Construction of the Involute Curve.—A method of con-
structing the involute curve is shown in Fig. 97. The are of the
circle to the left of 0 is divided into equal ares of convenient
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length, 01, 12, 23, etc.; and the straight line tangent to the circle
at 0 is divided, to the left of 0, into equal parts 01/, 1'2’, 2’3/, ete.,
of the same length as the arcs. Hence when the straight line is
rolled on the cirele, the point 1’ will come into coincidence with
1, 2" with 2, 3’ with 3, ete., and the describing point 0 on the line
will have moved to 1/, 2, 3", ete., corresponding to the dotted
positions of the generating line. It is obvious from the method
employed .in plotting the involute curve that points 1’ and 17,
2’ and 2", 3’ and 3", ete., must be on concentric arcs from O as a
center.

A construction that is sufficiently accurate for ordmary pur-
poses is shown in Fig. 98. Step off a number of divisions 01, 12,
23, etc. on the circumference of the circle and draw tangents to
the circle at these points. From point 1 with a radius equal to
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chord 01 strike an arc extending from 0 about halfway to tangent
22’. From 2, in turn, with a radius great enough to connect with
the preceding arc, strike a second arc extending about halfway
to tangent 33’, and so on as indicated in the figure.

Where, for illustrative purposes, it is desired to draw the teeth
of a gear, a templet for the purpose may be made from the invo-
lute curve that has been constructed in accordance with one of the
above methods. A more convenient mcthod, and one that is
sufficiently accurate for ordinary purposes, is to find, by trial, an
arc that will closely approximate the involute and draw in the

Fig. 98.

tooth outlines with the compass. In most cases it will be found
that the locus for the center of this arc can be taken on the base
circle.

69. Involute Teeth Satisfy the Fundamental Law of Gear-
tooth Action.—The construction of a pair of mating involute
gear-tooth outlines, and their action, is illustrated in Fig. 99.
From centers O; and O; the pitch circles 2 and 3 are drawn in
accordance with the required velocity ratio. Through the pitch
point P the line of action NN is drawn at an angle to the common
tangent MM equal to the given pressurc angle 8. The base
circles 2’ and 3’ can now be drawn tangent to the line of action at
points B; and B;. Now, if the common tangent B,B; is assumed
to be cut at any point b and the segment bB; rolled on base circle
2, the point b will describe the involute curve C2D,, forming the
outline of a tooth on gear 2. If next the segment bB; is rolled on
the base circle 3’, the point b will describe the involute curve
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C3D;, forming the outline of the mating tooth on gear 3. In the
actual operation all the motions take place simultaneously as the
gears rotate about their axes. Hence, the curves are traced
simultaneously by the point b on the common tangent B;B; and
thus are in contact for the instant at that point. After the mat-
ing profiles have thus been determined the complete tooth forms
can be drawn as shown in the figure.

%
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It is evident that, since the common tangent B,Bj; cannot
change its position, it will always intersect the line of centers
0,0; at the same point P. Since any normal to an involute is
tangent to the base circle of the involute, it follows that the
segments bB; and bB; must form a common normal to the two
involute curves at their point of contact b. Since this common
normal i3 coincident with the common tangent to the two base
circles, it will always intersect the line of centers at the pitch
point P. The above discussion can be shown to hold true for any
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position of the curves. It is evident, therefore, that gears with
involute tooth profiles will satisfy the fundamental law of gear-
tooth action.

70. Characteristics of Involute Tooth Actlon.——Sm(,o the com-
mon normal to a pair of involute gear teeth in contact is always
a line tangent to the two base circles, this line is called the line
of action. It follows that the point of contact is always situated
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on this line. The part of the line of action along which con-
tact takes place is determined as follows: Referring to Fig. 99, it
is evident that contact cannot begin until point D; (end of the
tooth) crosses the locus of contact, which is along the line of
action B.B;. It is also evident that contact cannot continue
after the point D, crosses the locus of contact. Therefore, con-
tact along line B:B; is limited by the intersection of the two
addendum circles and the tangent to the two base circles (line of
action).

_In Fig. 100 let 2 and 3 represent the pitch circles of a pair of
mating gears, 4 and 5 the corresponding addendum ecircles, and
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6 and 7 the base circles. Let gear 2 be the driver, and assume
that it rotates in the direction indicated by the arrow. The
shaded lines at 4 and B represent a pair of mating tooth profiles
drawn in at their first and last points of contact. It is cvident
that these profiles must begin contact at A where the addendum
circle of gear 3 cuts the line B,B; tangent to the base circles, and
that as the gears rotate, the contact point will move along BB,
to the point B where this line is cut by the addendum circle of
gear 2. With any further motion the profiles will separate, and
thus B marks the end of contact. The line APB (drawninheavy)
is called the path of contact.

Referring again to Fig. 100 and considering the driving gear
2, it can be seen that the point C where the tooth profile at the
beginning of contact cuts the pitch circle will move through
the arec CP of the piteh circle as the tooth profile approaches the
line of centers, and will move through the arc PC’ of the pitch
circle as the tooth profile recedes from the line of centers to the
point where contact ceases. Are CP is called the arc of approach,
and arc PC' the arc of recess. The angle as subtended by the
arc of approach is called the angle of approach and is evidently
the angle through which the tooth moves from the position where
contact begins to the position where contact is on the line of
centers. The angle 8; subtended by the are of recess is called
the angle of recess and is evidently the angle through which the
tooth moves from its contact position on the line of centers to the
position where contact ceases.

The arc of action is the sum of the arcs of approach and recess
and is, therefore, the arc measured on the pitch circle from the
position of the tooth at which contact begins to the position of
the tooth at which contact ends. The angle of action is the sum
of the angles of approach and recess and is, therefore, the angle
through which a tooth moves from the position where contact
begins to the position where contact ceases.

The methods of determining the ares of approach and recess
DP and PD' and the angles of approach and recess as and 83 of
the driven gear 3 are the same as those just described for the
driving gear 2.

The direction of the common normal in the case of involute
gears is the same for all positions of the teeth. The line MN
drawn through the pitch point P perpendicular to the line of
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centers 0:0; is tangent to both pitch circles at that point. The
angle @ which the common normal 4B makes with the line MN
is called the pressure angle (or angle of obliquity) and is evidently
a constant for all positions of the mating tecth. .

71. Interference in Involute Gears. Limits of Addendum.—
Figure 101 represents the layout of a pair of involute gears in
which the line of action is tangent to the base circles at 4, and
As. It will now be shown that for correct tooth action the path
of contact must lie entirely within these tangent points, A, and
As. If pinion 2 is the driver, and its addendum circle is the circle

x-x =Inferference
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passing through the point Bs, and the addendum circle of gear 3
is the dotted circle passing through the tangent point A, contact
will begin at 4, and end at Bj;, and the teeth will work together
properly. But the actual addendum circle of the gear 3 inter-
sects the line of action AsA; at B, outside of its point of tangency
with the base circle. Considering first the dotted addendum
circle that passes through 4., the contact on the pinion profile
begins at A, on the base circle where the involute part of the
profile begins and advances along the profile to the end of the
tooth while the profile is rotating to position Bj;, where the teeth
pass out of contact.

Consider next the addendum circle that passes through B,
and the increased addendum of the gear tooth that this implies.
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If the teeth begin contact at By, it is evident that the addendum
of the gear tooth must act upon that part of the pinion profile
that lies inside its base circle. But this part of the pinion profile
was arbitrarily drawn in as a radial line, since it was not possible
to extend the involute curve inside the base circle. Correct
tooth action can result only from the action of involute upon
involute. The tooth action from position B; to A, is involute
upon a radial line, and the face of the gear tooth must cut into
the radial flank of the pinion tooth as shown in order to
maintain the constant angular-velocity ratio desired. This is
called interference of involute teeth, and to avoid it the flanks
must be hollowed out or the points of the teeth eased off. The
latter is the usual remedy.

In a full depth 1414-deg. involute system the smallest number
of teeth in a gear that will mesh with a rack without interference
is 32; but in the 1414-deg. composite system the cutters have
been 30 designed that the teeth are slightly eased off on the end, so
that practically, the minimum number of teeth is 12 (refer to
Art. 74 and Fig. 103).

72. Layout of a Pair of Involute Gears.—The general method
of procedure in laying out a pair of involute gears will be illus-
trated by a numerical example. Let it be required to lay out a
pair of involute spur gears in accordance with the following
specifications:

The tooth proportions are to conform to the 1414-deg. com-
posite system (see Art. 98). '

Distance between shaft centers = 12 in.

Driving shaft turns 400 r.p.m., clockwise

Driven shaft turns 200 r.p.m.

Diametral pitch = 4

Backlash = 0
The following computations may now be made:
Pitch radius of the pinion Ry = , 200 X 12 = 4 in
itch radius of the pinion Ry = 555156 = .
. . 400 e
Pitch radius of the gear B; = 500 4 400 X 12 = 8 in.

Number of teeth in pinion = pD; = 4 X 8 = 32
Number of teeth in gear = p X D3 = 4 X 16 = 64

Circular pitch p’ = Z 0.7854 in.
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From Art. 98:

:5..

Addendum
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in. + 0.05 X 0.7854 in. =
0.289 in.

Radius of addendum circle (pinion) = 4 4 0.25 = 4.25 in.

Radius of addendum circle (gear) = 8 + 0.25 = 8.25 in.
Radius of dedendum circle (pinion) = 4 — 0.289 = 3.711 in.
Radius of dedendum circle (gear) = 8 — 0.289 = 7.711 in.
Lay out the piteh circles, addendum circles, and dedendum
circles as shown in Fig. 102. Through the pitch point P, draw

+

Dedendum =

-
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the line of action E;E; at an angle of 1414 deg. with the line
tangent to the pitch circles at the pitch point. The base circles
arc tangent to this line at points E; and E;. The direction of
the line of action is governed by the direction of rotation of the
driver, which, in this case, is clockwise as indicated by the arrow.

Construct the involute profile bPa of the pinion tooth by rolling
the line PE; on the base circle of the pinion and construct the
involute profile ¢Pd of the gear tooth by rolling the line PE,
on the base circle of the gear. Draw radial lines to complete
the parts of the tooth flanks that lic inside the base circles and
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join the flanks to the dedendum circles by small fillets (sec Art.
98). Space off the tooth thicknesses PC; and PC; on the piteh
circles and through C; and C; draw the tooth profiles (reversed)
to form the opposite sides of the teeth. The tops of the teeth
and bottoms of the spaces between adjacent teeth are completed
by the bounding addendum and dedendum circles. The com-
plete gears, or as many teeth as desired, can be represented by
stepping off the tooth thickness on the pitch circles and drawing
the profiles through the division points. These profiles may be
drawn with the compass, in the manner suggested in Art. 68.

The arcs of approach and recess may now be found, if desired,
by the methods described in the preceding articles.

There is an important relation between the circular pitch and
the arc of action that must be considered in the design of any pair
of gears. In properly designed gears there must be continuous
tooth action; that is, onc pair of teeth must not cease contact
before the adjacent pair which follows begins contact. It is
evident that when the arc of action and the circular pitch are
equal, one pair of teeth is ceasing contact just as the adjacent
pair is beginning contact. It follows, therefore, that the circular
pitch must not be greater than the arc of action, for in that case
continuous contact becomes impossible.

73. Interchangeable Involute Gears.—A sct of gears is said
to be interchangeable when any two of the set will run together
properly. The conditions of interchangeability for involute
gears are that all gears of the set have the same pitch and the
same pressure angle.

74. Involute Rack and Pinion.—When the radius of the pitch
circle becomes infinite, as in the case of a rack, the radius of the
base circle also becomes infinite, and the involute will become
a straight line. Hence in an involute rack the tooth profiles
become straight lines, and these lines are perpendicular to the
line of action. The general layout of an involute rack and pinion
is shown in Fig. 103. No interference can ever occur between the
face of the pinion tooth and the flank of the rack tooth, but
between the face of the rack tooth and the flank of the pinion
tooth, conditions are such as to give the maximum of interfer-
ence. Figure 103 shows the interference of an uncorrected rack
in mesh with a 12-tooth gear having a 1414-deg. pressure angle.
A slight interference is also indicated in the case of two 12-tooth
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gears meshing with each other. It is evident that the straight-
sided rack teeth will mesh properly with any involute gear of the
same pitch and the same pressure angle. This fact is of great
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importance in its bearing on the manufacture of gears, for it
makes possible the generating of the tecth of any gear of an inter-
changeable set with a cutting tool of the simplest form, namely,

Path of contact
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one having a straight side. This principle will be discussed more
fully in Art. 105.

76. Involute Internal (or Annular) Gears. ——Flgure 104 shows
the general layout of an involute internal (or annular) gear and
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pinion. It will be observed that in the internal gear the tooth
profiles are concave instead of convex, as in the case of the exter-
nal gear (spur gear). Because of this shape an interference condi-
tion exists that is not found in the case of either the external
gear or the rack; that is, if the ratio of the number of teeth in the
internal gear exceeds a certain limit, a secondary interference will
occur between the teeth after they have ceased .contact along
the path of contact. Obviously, the rack with its straight-sided
teeth is the limiting case of both the external and theinternal gear.

CYCLOIDAL TOOTH PROFILES

A cycloid is the curve described by a point on the circumference
of a circle as the circle rolls on a straight line. If the circle rolls
on the outside of another circle, the curve described is called an
epicycloid; when it rolls on the inside of another circle, the curve
described is called a hypocycloid.

76. Construction of Cycloidal Curves.—A convcnient method
of drawing an epicycloid is as follows: Let R be the radius of the
fixed circle and r the radius of the rolling or describing circle
(Fig. 105). Draw through C, a circle CD concentric with the
fixed circle. Evidently the center of the describing circle will
always be on CD as it rolls on the fixed circle. Lay off on
the describing circle convenient divisions such as 0-1, 1-2,
2-3, ete.; then lay off divisions of the same length on the cir-
cumference of the fixed circle, as 0-1’, 1’-2’, etc. If the
divisions are taken small enough, the differences between the
chords and arcs may be assumed to be negligible, and the work
will be sufficiently accurate if the chords are used in the construc-
tion. Through the points of division on the fixed circle, draw
radii and produce them to intersect CD, the locus of centers for
the describing circle, in points Co, Cy, Cs, etec. The points thus
located will be the successive positions of the center C of the
describing circle. If the describing circle is drawn in any one of
these positions, as C;, its intersection d with the circular arc
through 3, about center O, will be a point on the required epi-
cycloid om. (It is usually more accurate to lay off gd = f3.)
Other points on the curve are determined in the same manner.

The construction for the cycloid is the same as that for the
epicycloid except that the center of the fixed circle is moved to
infinity, and the circumference becomes a straight line.
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The construction for the hypocyecloid on is indicated in Fig. 105.
The method is the same as for the epicycloid, the locus for center
C in this case coming inside the fixed circle, as shown. The figure
shows how the epicycloid and hypocycloid form the face and
flank, respectively, of a gear tooth.

Fia. 105.

An important case of the hypocycloid is that in which the
diameter of the describing circle is equal to the radius of the fixed
circle in which it rolls. In this case any point on the describing
circle has its path along a diameter of the fixed circle, and the
hypoeyecloid thus becomes a straight line.

77. Cycloidal Teeth Satisfy the Fundamental Law of Gear-
tooth Action.—In Fig. 106, 2 and 3 are two pitch circles whose
centers are 0, and O, respectively, and 4 and 5 are describing
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circles. The epicyecloid cd, forming the face of a tooth on gear 2,
is deseribed by point ¢ as the describing cirele rolls on the outside
of pitch circle 2. The hypocycloid ce, forming the flank of a
tooth on gear 3, is traced by point ¢ as the describing circle rolls
on the inside of pitch circle 3. By construction, therefore, arcs
Pc, Pe, and Pd are equal. In the actual operation, all the motions
take place simultaneously, the circles all remaining in contact
at the pitch point P. Hence, the curves ¢d and ce arc traced
simultaneously by the point ¢ on the describing circle, and thus
are in contact for the instant at that
point. It follows, also, that the
curves must have a common normal
and a common tangent at that
point. When a cirele rolls on a line,
straight or curved, the point of
contact is the instantaneous center
for the motion of all points of the
cirele. It is evident, therefore, that
P is the instantaneous center for
the motion of point ¢ on the de-
scribing circle, which moves in the
direction of the common tangent
TT, and that Pc is for that instant
the common normal at the contact
point of the curves c¢d and ce. - The
above proof can be shown to hold
true for any other position of these
curves. It can be seen that the
common normal will always cut the line of centers at the pitch
point P. It is evident, therefore, that gears with cycloidal tooth
outlines will satisfy the fundamental law of gear-tooth action.

In the above proof it was only necessary to consider the face
ed of the tooth on gear 2 mating with the flank ce of the tooth on
gear 3. The other face and the other flank necessary for com-
pleting the pair of tooth profiles are described by the rolling of
describing circle 5 on the two pitch circles.

78. Characteristics of Cycloidal Tooth Action.—It can be scen
that from the very nature of the method of describing a pair
of mating cycloidal tooth outlines, the point of contact must
always lie on the circumferences of the describing circles; and -

Fra. 106.
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further, that the limits of this locus of contact must be at the
points where the addendum circles intersect the describing cir-
cles. This is clearly shown in Fig. 107. Let 2 and 3 represent
the pitch circles of a pair of mating gears, 4 and 5 the correspond-
ing addendum circles, and 6 and 7 the describing circles. Let
gear 2 (pinion) be the driver and assume that it rotates in the

Fia. 107.

direction indicated by the arrow. The shaded lines at A and B
represent a pair of mating tooth profiles drawn in at their first
and last points of contact. It is evident that these profiles must
begin contact at A where the addenum circle 5 of gear 3 cuts the
describing circle 6, and that as the gears rotate, the contact point
will move along the circumference of this describing circle to the
pitch point P. From this point, contact proceeds along the
circumference of describing circle 7 to the point B where this
circumference is cut by the addendum circle 4 of gear 2. With
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any further motion the profiles will separate, and thus B marks
the end of contact. The curve APB (shown in heavy lines) is
called the path of contact.

Referring again to Fig. 107 and considering the driving gear 2,
it can be seen that the point C where the pinion tooth profile at
the beginning of contact cuts the pitch circle will move through
the arc CP of the pitch circle as the tooth profile approaches the
line of centers, and will move through the arc PC’ of the pitch
circle as the tooth profile recedes from the line of center to the
point where contact ceases. Arc CP is called the arc of approach,
and arc PC’ the arc of recess. The angle a: subtended by the
arc of approach is called the angle of approach and is cvidently
the angle through which the tooth moves from the position where
contact begins to the position where contact is on the linc of
centers. The angle 82 subtended by the arc of recess is called
the angle of recess and is evidently the angle through which the
tooth moves from its contact position on the line of centers to the
position where contact ceases.

The arc of action is the sum of the arcs of approach and recess
and is, therefore, the are measured on the pitch circle from the
position of the tooth at which contact begins to the position of
the tooth at which contact ends. The angle of action is the sum
of the angles of approach and recess and is, therefore, the angle
through which a tooth moves from the position where contact
begins to the position where contact ceases.

The methods of determining the ares of approach and recess
DP and PD’ and the angles of approach and recess as and S;
of the driven gear 3 are the same as those just described for the
driving gear 2.

The pressure angle (angle of obliquity) is the angle formed by
the common normal as PA or PB at the point of tooth contact
and the common tangent to the pitch circles at the pitch point
P. Evidently this angle varies from zero where tooth contact
is on the line of centers to a maximum when the tooth contact
is just beginning or ending. In Fig. 107, 6 is greater than ¢,
and therefore 8 is the maximum pressure angle for this pair of
gears.

79. Layout of a Pair of Cycloidal Gears.—The general method
of procedure in laying out a pair of cycloidal gears can best be
illustrated by a numerical example. Let it be required to lay
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out a pair of cycloidal spur gears in accordance with the following
specifications:
The tooth proportions are to conform to those of the 1414~
deg. composite system for involute-cut teeth (see Art. 98)
Distance between shaft centers = 12 in.
Driving shaft turns 400 r.p.m., clockwise
Driven shaft turns 200 r.p.m.
Diametral pitch = 4
Backlash = 0
Diameter of describing circle for pinion = 3 in.
Diameter of describing circle for gear = 6 in.
The following computations may now be made:
200

Pitch radius of pinion R, = 300 + 400 X 12 = 4 in.

400 .
moﬁ X 12 = 8 1in.
Number of teeth in pinion = pD; = 4 X 8 = 32

Number of teeth in gear = p X Dy = 4 X 16 = 64
Circular pitch = 7v/4 = 0.7854

From Art. 98:
Addendum = 1/p = 1/4

Dedendum = 11) + 0.05p’ = 14 4+ 0.05 X 0.7854 = 0.289 in.

Radius of addendum circle (pinion) = 4 4 0.25 = 4.25 in.
Radius of addendum circle (gear) = 8 + 0.25 = 8.25 in.
Radius of dedendum circle (pinion) = 4 — 0.289 = 3.711 in.
Radius of dedendum circle (gear) = 8 — 0.289 = 7.711 in.

Lay out the pitch circles describing circles, addendum circles,
and dedendum circles, as shown in Fig. 108.

Construct the face Pa of the pinion tooth by rolling the describ-
ing circle A on the pitch circle of the pinion and construct the
flank Pb of this tooth by rolling the describing circle B inside the
pitch circle of the pinion. On the pitch circle of the pinion lay
off Pc equal to the thickness of the tooth (one-half the circular
pitch) and through ¢ draw the curves Pa and Pb (reversed) to
form the opposite side of the pinion tooth. Join the flanks of the
tooth to the dedendum circle by a small fillet (sec Art. 98). The
top of the tooth and the bottom of the space between adjacent
teeth are completed by the bounding addendum and dedendum
circles.

Pitch radius of gear R; =
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A tooth of the gear may be constructed in the same manner.
The face of the gear tooth is determined by rolling describing
circle B on the outside of the pitch circle of the gear, and the flank
by rolling describing circle A inside the pitch circle of the gear.

The complete gears, or as many teeth as desired, can be laid
out by dividing both pitch circles into arcs equal to one-half the
circular pitch and by then drawing the curves already found, in
their proper order, through these points. These outlines may be
drawn in with the compass after finding, by trial, arcs that closely
approximate the true cycloidal outlines.
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The arcs of approach and recess, maximum angle of obliquity,
etc., may now be found by the methods described in the preceding
article.

There is an important relation between the circular pitch and
arc of action that must be considered in the design of any pair of
gears. In properly designed gears there must be continuous
tooth action; z.e., one pair of tecth must not cease contact before
the adjacent pair that follows begins contact. . It is evident that
when the arc of action and the circular pitch are equal, one pair
of teeth is ceasing contact just as the adjacent pair is beginning
contact. It follows, therefore, that the circular pitch must not
be greater than the arc of action, for in that case continuous
contact becomes impossible.

80. Size of the Describing Circles.—In Fig. 109 are shown
three gear teeth of the same proportions constructed on the three
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equal pitch circles indicated. At a the diameter of the describing
circle that forms the flank of the tooth is less than the radius of
the pitch circle. This describing circle describes the hypocycloid
Pa, which gives a spreading flank and, therefore, a strong tooth
shape. At b the diameter of the describing circle is equal to the
radius of the pitch circle. The hypocyecloid in this case becomes
a straight line coincident with the diameter of the pitch circle.
The result is a radial tooth flank, which results in a tooth narrower
at the base than at the pitch circle and, therefore, of weak form.

At ¢ the diameter of the describing circle is greater than the
radius of the pitch circle, and the flank of the tooth is undercut
as shown; 7.e., the hypocycloid Pa falls inside the radial line,

P ™~ /P:— ™~ P-. \
XA "~
a a
() b) (c)
Fra. 109.

and a very weak form of tooth results. It follows, therefore,
from the standpoint of strength of the teeth, that it is desirable
to have the diameter of the describing circle less than the radius
of the pitch circle. .

Referring again to Fig. 108, it can be seen that the faces of
the teeth of one gear act only on the flanks of the teeth of the
mating gear. Hence, the form of the tooth face on one gear is
independent of that of its own flank. There is no fixed relation,
therefore, as to the size of the describing circles used for a pair
of gears, as far as proper tooth action is concerned. There are
however, practical conditions that govern the size of describing
circles to be used in any given case.

81. Interchangeable Cycloidal Gears.—In Fig. 108 it was
shown that, in the teeth of two gears 2 and 3, the faces of the
former and the flanks of the latter were described by the circle
A, and that the faces of 3 and the flanks of 2 were described by
another circle B. It was also shown that these two gears would
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work together properly. A third gear, 4, of the same pitch, how-
ever, cannot work properly with both 2 and 3; for if the faces of 4
are described by A and its flanks are described by B, it may
engage properly with 3, but it cannot act correctly with 2, for the
faces of 2 and the flanks of 4 are not described by the same circle;
neither are the flanks of 2 and the faces of 4, and the conditions
of constant-velocity ratio are not satisfied by this construction.

Practical considerations make it desirable to provide for the
working of any gear of a set with any other gear of the same set.
When this is possible, the set is said to be interchangeable. The
conditions necessary for interchangeability in a set of cycloidal
gears are that all the gears of the set have the same pitch and thal
all the teeth have outlines generaled by the same describing circle.
The size of the describing circle usually chosen is such that the
smallest gear of the set shall have radial flanks. This gear is
commonly taken as having from 12 to 15 tecth.

82. Cycloidal Rack and Pinion.—If gear 3 of Fig. 108 had the
center of its pitch circle moved to infinity, the resulting com-

1/
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bination would be a rack and pinion (Fig. 110). Thus a rack is
simply a gear with a pitch circle of infinite radius, and it is evident
that the theory discussed in the preceding articles applies equally
well in this case. The faces and flanks of the rack are both
cycloids, and in an interchangeable set of gears they are alike.
In this case any gear of the set will work properly with the rack.
The rack is necessarily limited in length, and its motion must be
reciprocating.

83. Cycloidal Internal (or Annular) Gears.—Figure 111 shows
an internal (also called annular) gear combination. The larger
of the pair is called the internal or annular gear. The theory of
the tooth action applies here in the same manner as for the ordi-
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nary spur-gear combination. Here, however, the faces of the
pinion teeth and the flanks of the gear teeth are both epicycloids,
and the flanks of the pinion teeth and the faces of the gear teeth
are both hypocycloids.

84. Pin Gearing.—An interestingform
of cycloidal gearing called pin gearing
is illustrated in Fig. 112. Although
now confined mainly to clockwork, this
is an old type of gearing much used in
carly times when teeth were commonly
made of wood. The kinematic require-
ment in this class of gearing is that the
describing circle shall be equal to one of
the pitch circles. The hypocycloid in
this case becomes a point, and this point
acted upon by an epicycloid described
on the other gear by this same describing
circle will transmit motion identical
with the rolling of the two pitch circles.

The primary tooth forms are, thus, a
point P on the pitch circle of the pinion
2 (Fig. 112) and the dotted epicycloid which this point describes
on the mating gear 3. In actual use point P serves as the center
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of a pin of sensible diameter, the actual tooth profiles being
parallel to the primary curves, and at distances from these
curves equal to the radius of the pin.
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With the primary curves (the point and epicycloid) the angle of
action is entirely on one side of the line of centers. In toothed
gearing the tooth action is always smoother during recess than
during approach. In order to have the action take place during
recess and thus secure smooth action in pin gearing, the pin wheel
should be the follower. It can be seen, however, that with a
pin of sensible diameter there must always be a small angle of
approach.

8b6. Comparison of Cycloidal and Involute Tooth Forms.-—The
fact that the involute form of tooth has almost entirely superseded
the cycloidal form 1is in itself an indication that the former must
possess decided advantages as compared with the latter. The
situation may be summed up as follows:

Advantages of involute gears:

1. In involute gears the distance between centers may vary
without affecting the velocity ratio. In cycloidal gears the tooth
action is not correct unless the exact center distance is maintained.

2. Involute rack teeth have straight sides, and therefore cut-
ting tools of simple design may be used for manufacturing
involute gears. Furthermore, involute teeth are of single curva-
ture and this simple form is conducive to ecconomy in manufacture.

3. In the involute tooth forin the angle of obliquity is constant.
This is generally considered more favorable to smooth running
and durability than the varying obliquity in the cycloidal form.

Advantages of cycloidal gears:

1. There is no interference in cycloidal gears.

2. The ecycloidal tooth has, in general, spreading flanks,
whereas, the standard involute tooth has radial flanks. There-
fore, the cycloidal tooth is of somewhat stronger shape. For this
reason the cycloidal form has been favored for cast teeth.

3. In cycloidal gears a convex surface is always in contact with
one that is concave. This condition tends to result in less wear
than in the case of involute teeth where convex surfaces are in
contact. The difference in wear probably is negligible.

In the above comparison the advantages are more in the favor
of the involute tooth than a superficial examination would indi-
cate. For example, interference in the involute form of tooth is
obviated in practice by slight modification of the involute profile,
or by modifications in tooth proportions. The stronger shape of
the cycloidal tooth is of little importance in modern industrial
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gears, because the allowable tooth loads are generally based upon
wear rather than upon strength.

Furthermore, when it comes to the matter of production, with
the simplicity of the single curve and the great importance of the
straight-line rack profile as a fundamental form, and in securing
and maintaining conditions for correct opcration, the geometrical
advantages of the cycloidal curves are greatly outweighed by the
greater simplicity and flexibility of the involute.



CHAPTER V
BEVEL, HELICAL, AND WORM GEARING

The form of gearing used to connect shafts that intersect! is
called bevel gearing. In Art. 62 the contact surfaces of a pair of
bevel friction wheels were shown to be surfaces of the frustums of
a pair of cones having a common apex. If teeth are formed on
these surfaces in a manner analogous to the methods used in spur
gearing, the cones become the pitch surfaces of a pair of bevel
gears.

86. Classification of Bevel Gears.—In the great majority of
bevel-gear drives the shafts are at right angles, but the angle
between the shafts may be either greater or less than 90 deg.
In such casecs the gears are called angular bevel gears. When the
angle between the shafts is 90 deg. and the two gears of a pair
are equal, Z.e., the angular-velocity ratio is 1:1, the gears are
called miter gears.

Bevel gears are nearly always made to work together in pairs
and are not interchangeable. The involute form of tooth is used,
and the Brown and Sharpe 1414-deg. involute tooth proportions
(see Art. 98) have been widely used in the past for ordinary work;
but for the better class of bevel gearing and especially for high-
speed gearing, the teeth conform to standards that have been
developed for bevel gears (see Art. 102). Bevel gears may be
divided into four classes:

1. Straight-tooth bevel gears, in which the elements of the
tooth surfaces are straight lines, converging at the apex of the
pitch cone. The pitch surfaces are cones.

2. Spiral bevel gears, in which the teeth are curved. The pitch
surfaces are cones.

3. Skew bevel gears, which may be used to connect nonparallel,
nonintersecting shafts. The pitch surfaces are hyperboloids
(see Art. 62) and the teeth are straight.

4. Hypoid gears, which connect nonparallel nonintersecting
shafts. The pitch surfaces are cones and the teeth are curved.

! The shafts are nonintersecting in the case of skew bevel gears.
115
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87. Form of Bevel-gear Teeth.—The motion of a pair of spur
gears comes under the head of plane motion, and the relative
motions can be represented by a right section. Thus, an involute
tooth profile is described by a point in a line that rolls on a base
circle. In reality this is simply a representation, in a plane, of a
tooth surface that is swept up by a line in a plane as the plane
containing the line rolls on a base cylinder. This simple trcat-
ment cannot be applied to bevel gears. Although each bevel
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gear considered separately has plane motion (rotation) about its
own axis, the relative motion, considering the two gears rolling
together, is spherical motion.

a. Theoretically Correct Form.—A simple illustration will show
that the method of forming the surface of an involute bevel-gear
tooth is fundamentally the same as that for forming the surface
of an involute spur-gear tooth. In Fig. 113 let the cone OHI
represent the base cone of the bevel gear shown, on which the
involute tooth surfaces are to be formed. Imagine the base cone
to be enclosed in a thin flexible covering that is cut along the
line OE. Now take hold of the edge OF and, keeping the cover-
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ing taut, unwrap it. The surfacc OEF swept up by the edge or
element OF is the desired involute surface. The point E is
constrained to remain a constant distance from the cone center
O, equal to OE, and consequently moves in the surface of a
sphere HAI. For this reason the curve EF is called a spherical
involute.

b. Tredgold’s Approximation.—The difficulty of laying out a
tooth profile that is a curve lying in the surface of a sphere
is apparent, since the surface of a sphere cannot be developed.
No appreciable error will be introduced if the conical surface
CBD is substituted for the spherical surface CAD. The cone
CBD, called the back cone, is tangent to the sphere at the
circle CD, this circle representing the common base of the pitch
cone and back cone. The back cone is thus normal to the pitch
cone; i.e., the clements of the back cone are perpendicular to
corresponding elements of the pitch cone. It can be seen in the
figure that the comparatively short distance necessary to include
the entire tooth profile practically coincides with the spherical
surface. Within the limits of practice, therefore, such profiles
agree quite closely with the theoretically correct forms.

The above approximation was first published by Tredgold
and is known as Tredgold’s approximation. In the application of
the method to the layout of bevel-gear teeth, the teeth are laid
out on the developed surface of the back cone as shown in
Fig. 113, and the back-cone surface is then wrapped back to its
original position. The profiles thus constructed on the back cone
will form the ends of the bevel-gear teeth, and straight lines
drawn from the pitch-cone center O and following the profiles will
sweep up the tooth surfaces, all elements of which are straight
lines converging at O.

The teeth are laid out on the developed back cone by exactly
the same methods as used for spur gears. In Fig. 113 the slant
height BD of the back cone is the pitch radius of the equivalent
spur gear and Bl is the radius of the base circle.

88. Bevel-gear Nomenclature.—As far as the layout of the
teeth and their action is concerned, the definitions and nomen-
clature for bevel gears are in every respect the same as those
given for spur gears in Arts. 65 and 70. Bevel gears, however,
require the additional nomenclature shown in Fig. 114, which is
self-explanatory.
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In bevel gearing formative number of teeth is the number of
teeth of the given pitch that would be contained in a complete
spur gear having a pitch radius equal to the back-cone radius of
the bevel gear. This number of teeth is used in laying out the
teeth, in the kinematic analysis of the tooth action, in calculating

.
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the strength of the teeth, in designing and selecting the proper
cutting tools, etc.

89. Layout of a Pair of Bevel Gears.—¥igure 115 shows a pair
of straight-tooth bevel gears laid out in accordance with the
fullowing specifications:

1414-deg. composite system (Arts. 98 and 101)
Diametral pitch = 2!4



BEVEL, HELICAL, AND WORM GEARING 119

Velocity ratio = 2 to 1

Angle between shafts = 69 deg.
Number of teeth in pinion = 15
Number of teeth in gear = 30.
Length of face of the gears = 234 in.

The following items may be calculated before starting the layout
(all dimensions given in inches).

I Pinion ! Gear
Pitchdiameter................................. I 6.000 12.000
Back-coneradius............................... ' 3.228 8.853
Addendum......... ... ... . © 0 0.400 0.400
Dedendum............... ... . ... .. ... | 0.463 | 0.463
Formative number of teeth......................0 16.14 ' 44.26

Lay out the pitch cones in accordance with the method
described in Art. 62, and then draw the back cones HDB and
HEC. The gears will be shown in seetional view, the usual prac-
tice for working drawings. At H lay off on the back cones the
addendum and dedendum distances for the pair of teeth in con-
tact. Next lay off the face length HK on the contact element of
the pitch cones and draw the lines that converge at O, represent-
ing the tops and bottoms of the pair of teeth. Repeat the above
tooth layout at E and D and complete the sectional view of the
gears by drawing in suitable hub, rim, and web proportions, as
shown in the figure.

Although the above layout is sufficiently complete for
ordinary shop purposes, it is frequently necessary to show the
truec shapes of the tooth profiles. To do this, develop
parts of the back cones as shown. The teeth will then be
laid out as the teeth of a pair of involute spur gears having pitch
circles whose radii are BH and CIT and whose piteh is the same
as that of the bevel gears. The formative number of teeth
for the pinion = 2BH X p = 2 X 3.228 X 2.5 = 16.14, and the
fermative number of teeth for the gear = 2 X CH X p = 2
X 8.853 X 2.5 = 44.26. That is, the tceth are laid out as the
teeth of a pair of equivalent spur gears having 16.14 teeth in
the pinion and 44.26 teeth in the gear, whose center distance
is BC and whose pitch is the same as that of the bevel gears.
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Before generating machines were developed, the teeth of bevel
gears were proportioned as in Fig. 115 and cut on the milling
machine by the use of formed cutters of the Brown and Sharpe
type. To a very limited extent bevel gears are still cut by this
method, which is inherently incorrect. When the requirements
are at all exacting, the tecth of bevel gears are proportioned in
accordance with the Gleason System for Bevel Gears (Art. 102)
and cut to a high degree of accuracy on Gleason machines. It

Fia. 115.

should be observed that if the teeth in Fig. 115 had been laid out
in accordance with the Gleason System they would appear as in
Fig. 114.

90. Spiral Bevel Gears.—Spiral bevel gears have been almost
universally used for the rear-axle drive of the automobile, but
at the present time hypoid gears are replacing them to a consider-
able extent for this purpose. They are also used in machine
tools, motion-picture machinery, sewing machines, and many
other classes of machinery where quiet and smooth operation at
high speeds is essential, or where the quantity is such that the
cost is less than for straight-tooth bevel gears.
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The spiral type of bevel gear is illustrated in Fig. 116. Theo-
retically, the teeth are curved on a spiral, but in order to facili-
tate manufacture they are actually curved on the arc of a cirele
that very closely approximates the true spiral within the limits
of the length of the tooth. The use of a circular arc instead
of a spiral not only makes rapid production possible but results
inan adjustability valuable from
the standpoint of assembly and
operation.

The outstanding advantage of
gpiral bevel gears as compared
with straight-tooth bevel gears
is the greater quietness of opera-
tion of spiral bevel gears, partic-
ularly at high speeds.

The reasons for the smooth
and quiet action of spiral bevel
gears arc:

1. More teeth are in contact than in the corresponding straight-
tooth bevel gears.

2. The teeth of spiral bevel gears engage with one another
gradually, the contact beginning at one end and gradually
working over to the other cad, whereas in straight-tooth bevel
gears the contact takes place along the entire face of the tooth at
the same instant.
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The points of superiority of spiral bevel gears over straight-
tooth bevel gears are identical in almost every respect with the
points of superiority of helical gears over spur gears (see Art.
94). ,

The fundamental thcory of toothed gearing as applied to
straight-tooth bevel gearing applies also to spiral bevel gearing.
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The tooth proportions of spiral bevel gearing conform to what
is called the Gleason system for spiral bevel gears (sce Art. 102).

The diagram in Fig. 117 shows how the angle of spiral (analo-
gous to helix angle in helical gears) is designated.

"91. Skew Bevel Gears.—Skew bevel gears may be used to
connect shafts whose axes do not intersect, as illustrated in
Tig. 118. The teeth are constructed on rolling hyperboloids as
pitch surfaces (see Art. 62). The tooth elements are straight
lines which, however, do not converge to a common point as in the
casc of ordinary straight-tooth bevel gears. The teeth arc in con-
tact along straight lines, and there is sliding action along the tooth
clements as well as at right angles to the tooth elements. Skew
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bevel gears are rarely used in machine construction because of the
difficulties involved in producing correct tooth forms. This type
of gearing, however, has certain well-recognized advantages, and
numerous efforts have becn made to overcome the difficulties in
its design and production.

92. Hypoid Gears.—The outcome of a recent development in
the attempt to secure the advantages possessed by skew bevel
gears has been a new type of bevel gear called the hypoid gear
(illustrated in Fig. 119), which was developed by the Gleason
Works, Rochester, N. Y. The term hypoid is a contraction of
the term hyperboloid and is believed to have been first used by
Geo. B. Grant in his “Treatisc on Gearing.” Hypoid gears
possess the main characteristics of skew bevel gears, namely,
offset axes and a certain amount of sliding action in the direction
of the tooth clements. But hypoid gears have curved teeth,
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whercas true skew bevel gears have straight teeth constructed on
rolling hyperboloids of revolution as pitch surfaces.

The hypoid gear was developed in 1925 and was first used in the
rear-axle drive of the Packard automobile. Its chicf application
has been in the automobile, where its use is rapidly increasing.
It is also having gradually increasing use in the industrial ficld.
The use of hypoid gears in the automobile permits lowering of the
drive shaft and is thus advantageous in the design of cars with
low bodies.

Some important advantages result from the application of
hypoid gears to industrial purposes. The pinion may be mounted
on a continuous shaft, bearings may be placed on both sides of the
gear and pinion, and in some cases, the raised or lowered position
of the pinion allows arrangements of machinery that would not
otherwise be possible.  Owing to the offsct axes, the pinion of a
pair of hypoid gears is larger and stronger than that of the
cquivalent pair of spiral bevel gears. Also, the tceth of the
hypoid gears have a certain amount of endwise sliding.  Although
this sliding action results in quicter operation, the sliding, when
in combination with the high unit pressures, makes it advisable
to give special attention to the matter of lubrication.

HELICAL GEARING

Helical gearing is a term applied to all classes of gears in which
the teeth are of helical form. Helical gearing is used to connect
parallel shafts as well as nonparallel, nonintersecting shafts.
The pitch surfaces are cylindrical as in spur gearing, but the
teeth, instead of being parallel to the axes, wind around the
cylinders helically like screw threads.

The distinction between helical gearing and worm gearing may
be stated as follows: If the number of threads, or teeth, on the
pitch cylinder is such that no one thread makes a complete turn,
the gear is called a helical gear.  If, on the other hand, a thread
(from one to four is the usual number) makes a complete turn,
the result is a worm and the mating gear is called a worm wheel.

Helical gearing is used mainly between parallel shafts, but it is
also employed to some extent to connect nonparallel, noninter-
secting shafts, usually at 90 deg.

93. Helical Gears for Parallel Shafts.—Helical gears connect-
ing parallel shafts are illustrated in Fig. 120a. The conception
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of a helical gear is simplified by considering it as a spur gear with
the teeth twisted. Assume a spur gear to be cut by a scries of
cquidistant planes perpendicular to the axis and let the resulting
slices or laminations be twisted relative to each other as shown in
Fig. 121. The result is a stepped gear in which there is a series of
narrow teeth derived from the original gear coming into contact
successively with similarly constructed mating teeth, instead of a
pair of wide teeth coming into contact at the same instant along
the entire length, as in the original pair of gears. If the slices
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FiG. 120.--(Fellows Gear Shaper Co., Springfield, Vt.)

become thin enough, lines joining corresponding points of the
stepped teeth become helices, and the gear is, therefore, called a
helical gear. The teeth of helical gears with parallel axes have
line contact, just as do spur gears. An instantaneous line of
contact, however, is not parallel to the axes but runs diagonally
across the tooth faces, so that in successive sections all conjugate
points of a pair of profiles are in contact at the same time. The
teeth of helical gears are of the involute form, usually of a stub
type, with a pressure angle greater than that of the standard
1414-deg. systems (see Art. 101).

In Fig. 121 helices formed by the intersection of the pitch
surface and two adjacent tooth surfaces are shown. The dis-
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tance between the helices measured around the pitch surface in o
plane at right angles to the axis is the circular pitch. The distance
measured in a similar manner at right angles to the helices is
called the normal pitch. The helix angle is always the angle
between the tangent to the helix and the axis of the gear, as shown
in the figure. The velocity ratio follows exactly the same law
as for spur gears.

-Laminated spur gears
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From Fig. 121 it is evident that single-helical gears produce an
axial thrust on the shaft. This objection is overcome by using
double-helical or herringbone gears (Fig. 122), which are simply
two single-helical gears with tceth of the opposite hand combined.

Double-helical gears, as manufactured in this country, are of
two general types, as follows:

1. The type in which the teeth meet at a common apex at the
center of the face as shown in Fig. 122b. A modification of this
type in which the central part has been removed with the object
of providing tool clearance is shown in Fig. 122a.
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2. The type known as the Wuest gear in which the tceth are
staggered as shown in Fig. 122¢. The central portion is cut
away somewhat by the tools but the blank is not grooved as in
Fig. 122a.

Figure 122d illustrates an interesting type of helical gear called
the Citroén gear, manufacture by the Citroén Gear Company,
Ltd., Paris, France. The tceth may be cut to any required
shape, and may be either double helical or double herringbone.
Figure 122d shows a typical case of a double-herringbone Citroén
gear used for connceting parallel shafts. Since the teeth of
Citroén gears are produced with an end-milling cutter, the teeth

/
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can be readily formed on bevel gears also, in either the double-
helical or double-herringbone form.

94. Advantages of Helical Gears.—The outstanding advantage
of helical gears, as compared with corresponding spur gears, is
that helical gears run more smoothly and more quietly at high
speeds and under other severe service conditions.

The reasons for the smooth and quiet action of helical gears
are:

1. There are more teeth in contact than in the corresponding
spur gears.

2. The teeth come into engagement gradually, the contact
beginning at an end and gradually working over to the other end.
In spur gears the contact takes place along the entire face of
the tooth at the same instant.

95. Helical Gears for Nonparallel, Nonintersecting Shafts.—-
While helical gearing for nonparallel, nonintersecting shafts
may be designed for any angle between the shafts, the shafts are
usually at right angles as in Fig. 120b. The general case of
helical gearing may be considered as exemplified by some angular
relation of shafts between 0 and 90 deg., and shafts parallel
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and at right angles might be considered to represent special cases
of helical gearing.

It is important to note that although the design is essentially
the same, the tooth action of helical gears for nonparallel, non-
intersecting axes is quite different from that of helical gears for
parallel shafts. The former have merely point contact, while the
latter have line contact.  In the former case, also, there is a large
amount of sliding in the direction of the common tangent to the
tooth clements, which is entirely absent in the latter case. Heli-
cal gears for nonparallel, nonintersecting shafts may conse-
quently be used only for comparatively light service. Such gears
are, therefore, of secondary importance,

WORM GEARING

Worm gearing is commonly employed to obtain higher velocity
ratios than can conveniently be obtained from other forms of

W
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gearing. In a worm-gear combination, the shafts are non-
intersecting and nearly always make an angle of 90 deg. with
aeh other.  The worm, which is usually the driver, is a special
form of helical gear in which the angle of the helix is such that
the tooth becomes a thread making one or more complete
turns around the pitch eylinder. The worm wheel, the driven
member, becomes a form of helical gear in which the helix angle
is the complement of that of the worm.

There arc two classes of worm gearing in use: the straight or
parallel type illustrated in Fig. 123, and the hollow type (generally
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known as Hindley worm gearing), shown in Fig. 124. Of these
two classes the straight type is the more frequently used.

96. Straight Worm Gearing.—The pitch surfaces of straight
worm gearing are cylinders, and the teeth are of the involute
form. The proportions now regarded as standard are given in
Art. 103. The contact between a pair of teeth is theoretically
line contact.

The pitch of the worm is the distance between corresponding
points of adjacent threads or teeth measured parallel to the axis
of the worm, and is called the linear pitch. The linear pitch of the

Fia. 124.

worm must, of course, be equal to the circular pitch of the worm
wheel. The lead of a worm thread is the axial distance traversed
by a point moving on the helix in one complete turn of the
helix. Worms are designated as right-hand (or left-hand) single-
thread worm, right-hand (or left-hand) double-thread worm, ete.
In a single-thread worm the lead equals the lincar pitch; in a
double-thread worm the lead equals twice the lincar pitch; ete.
The distinction between lead and pitch is made clear by examina-
tion of Fig. 125, in which the difference between a single- and a
multiple-thread worm is clearly shown.

The velocity ratio in worm gearing does not depend upon the
diameters of the worm and gear but is the ratio between the
number of teeth on the worm wheel and the number of threads on
the worm. Thus, for a single-thread worm and a worm wheel
having 36 teeth, the velocity ratio is 36:1; and for a triple-
thread worm and a worm wheel with 36 teeth the velocity ratio is
36:3, or 12:1.
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In general, when the pressure angle is 1414 deg., 32 teeth is
the smallest number advisable for the worm wheel on account
of interference, or undercutting (see Art. 71). Hence, if the
velocity ratio is less than 30:1, the worm must be provided with
a multiple thread in order to avoid this condition.

It can be scen in Fig. 126 that in a central plane containing the
axis, the straight worm is an involute rack, and the teeth, there-
fore, have straight sides. In the central plane perpendicular to
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the axis of the worm wheel, the worm wheel is an ordinary invo-
lute spur gear. The worm and gear are, therefore, equivalent to
an involute rack and pinion, and in making a layout of a worm
and gear, the method employed is the same as that for the
involute rack and pinion.

A characteristic of worm gearing that is not found in other
types of gearing discussed in this chapter is its self-locking prop-
erty; that is, a worm drive, in general, is not reversible. This is
obviously a useful property in many applications such as ele-
vators, hoists, automobile steering devices, etc. In rare cases, as
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in the eream separator, for example, the worm wheel is the driver,
in which case the helix angle is very large. _

97. Hollow Worm Gearing.—In the hollow type of worm gear-
ing the worm has a shape similar to that of an hour glass. Worms
of the hollow type arc generally known as Hindley worms. As

I
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can be seen in Fig. 124, the object in making the worm hollow
is to make it conform to the shape of the worm wheel. The
chief advantage claimed is larger contact surface between the
mating teeth than in the straight worm type. In securing this
advantage, however, manufacturing difficulties are greater, and
the requirements as to mounting are more exacting than in the
case of straight worm gearing.



JHAPTER VI

GEAR-TOOTH SYSTEMS AND PRODUCTION
METHODS

The first toothed wheels were made of wood, and the first
metallic gears were cast. Cast gears arc still used to some
extent in certain machines and appliances where the requirements
are not exacting and in places where they are exposed to the
clements and operate only occasionally. The teeth of cast gears
are made from forms carefully shaped by the patternmaker to
seceure as close an approximation of conjugate gear-tooth action
as possible. The proportions for cast tecth have never been
standardized. The proportions that have been used differ from
those for cut teeth only in the provision for greater clearance
and greater backlash.

Although the use of toothed gears extends back into ancient
times, it was only about 250 years ago that the theory of correct
tooth shapes was enunciated, and only about 75 years ago that a
means of producing accurately cut teeth was made commercially
available. At that time the formed milling cutter of the type
shown in Fig. 135 was introduced by the Brown and Sharpe
Manufacturing Company. This development marked the first
real advance in gear manufacture. At this time the eycloidal
form of tooth prevailed, but it was not long thercafter that it
began to give way rapidly to the involute form.

Since the introduction of the involute form of tooth, a variety
of gear-tooth proportions have been devised to meet the changing
requirements of industry. The different systems that have come
into use have been developed primarily around the method
employed to produce them. It is only recently, however, that
attempts at standardization have generally been successful.

Before entering into a discussion of these recently adopted
gear standards that are now gaining wide acceptance, a brief
review will be given of those systems for cut teceth that have been
developed in the past and are still employed to a considerable

131
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extent. These systems will generally fall within the following
classification:

1. The Brown and Sharpe 1414-deg. system.

2. The stub-tooth systems.

3. The unequal-addendum systems.

98. The Brown and Sharpe 14!5-deg. Involute System.—
When this system was introduced by the Brown and Sharpe Man-
ufacturing Company, it was given the same tooth proportions as the
cycloidal system that it has almost completely superseded. This
system, like its predecessor, the cycloidal system, was developed
primarily for formed milling cutters, and it has long been the
recognized standard for this widely used method of cutting gear
teeth. This system has been adopted as one of the new American
Standards and it is now known as the 14!4-deg. composite
system (see Art. 101).

The tooth proportions of the Brown and Sharpe 1414-deg.
involute system are given as functions of either the diametral
pitch p or the circular pitch p’ and are as follows:

Pressure angle = 1415 dcg.

o 1 1
Addendum (ln lllLlleb) = m;'trﬁﬂzh = ;
Dedendum (in inches) = addendum + clearance = 11) + 0.05p’

Clearance = 0.05 X circular pitch = 0.05p’
Whole depth of tooth = 2 X addendum 4 clearance = 2 X

1
- 4 0.05p’
» P

Working depth of tooth = 2 X addendum = 2 X %

circular pitch _ p’

2 2
. circular pitch _ p’
Width of tooth space = Ty =g

Thickness of tooth =

Minimum radius of fillet = clearance = 0.05p’

It is noted that in the above proportions the backlash is zero.
This is sometimes desirable, but it is common practice now to
provide backlash, and when standard cutters are used, this is
accomplished by cutting the teeth slightly deeper than standard.
In any case, the backlash is only a few thousandths of an inch
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for ordinary cut gears and does not enter into the kinematic
study of gear-tooth action.

The proportions of cast gear teeth have not been standardized,
but the proportions that have been commonly used do not differ
greatly from those given above for cut teeth. Obviously,
the backlash and clearance in cast teceth must be considerably
greater than for cut teeth.

The profiles in the Brown and Sharpe 1414-deg. involute system
are not true involutes, the curves produced by the standard
cutters deviating slightly from the true involute in order to avoid
interference.

99. The Stub-tooth Systems.—While the Brown and Sharpe
1414-deg. involute system was long the recognized standard for

24 TEETH P4 TEETH 24 TEETH
Minimum radius of Minimum radius of Minimum radius of
curmfur?-=0.6‘0/l curm/.f/rc =2.3547 pase curm:/ure =2, 7.]86” a‘w/c,'rcle
Lo . ' § —AA
25 Clrege \ pitch circle
., P A
Pitehcireles
o .
pafeci 5,
“tt
.. /. . I L . ‘db@, -
Minimum radius of Mirmmum radius of Minimum radivs of ey,
curvature=0 curvature = 00994 curvature=0.8874 ©
Number of feeth Number of feeth Number of feeth
/n contact=1.284 in contact =1.254 in contact=1.203
12TEETH 12 TEETH 12TEETH
BROWN & SHARPE FELLOWS MAAG
Fia. 127.

most ordinary purposes, unusual conditions arose where the
standard tooth form was not suitable. A demand arose for a
stronger tooth shape and one that would minimize interference.
Jonsequently, teeth of greater obliquity of action and less depth
than the preceding standard have become quite common. Gears
with this special form of tooth are called stub-tooth gears and are
being successfully used in automobile drives, machine tools,
hoisting machinery, cte. '

Stub teeth are of the involute form, usually having a 20-deg.
angle of obliquity, and have a shorter addendum and dedendum
than that of the 1414-deg. standard. Of the several stub-tooth
systems that have been proposed, that adopted by the Fellows
Gear Shaper Company (Fig. 127) has become the most widely
used. In the Fellows stub-tooth system the pitch is expressed as a
combination of two standard diametral pitches, as for example,
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64 pitch which is read siz-eight pitch and not as a fraction siz-
eighths. Thus, a 8g-pitch tooth has a thickness on the pitch
line equal to that of a standard 6-pitch tooth, while the addendum
is equal to that of a standard 8-pitch tooth. The clearance
is made greater than that of the standard tooth, being 0.25/diam-
etral pitch, so that the dedendum is 1.25 times the addendum.
In the case of the 8§ pitch tooth the dedendum would be 1§ +
0.25/8 = 1.25/8, or 1.25 X 4.

It is thus evident that the first number of the expression for
the combined pitch governs the thickness of the tooth, and the
second number governs the height of the tooth.

The pitches that have been adopted and arc in usc are as
follows: }’gy 94) 9§1 Zé) %07 3{1’ 19.{2y and l?’i-b

100. The Unequal Addendum Systems.—The exacting require-
ments of high-speed gearing led to the adoption by certain gear
manufacturers of other special tooth forms that aimed at elimin-
ating the defects of the standard involute system and at securing
the best possible results as to quietness, strength, and durability.
Important features of these tooth forms, all of .which have the
true involute outline, are a long addendum for the driving pinion
and a short addendum for the driven gear, accompanied hy a
varying pressure angle; 7.e., for a pair of gears of a given velocity
ratio the addenda and the pressure angle are chosen so as to give
the best running conditions for this particular ratio.

Typieal of the form of tooth coming under the above descrip-
tion is the system of gearing originally developed by Max Maag
of Zurich, Switzerland, and known as the Maag system (Fig. 127).

The Maag system has been successfully applied in many classes
of machinery where high-speed gearing of the spur or helical type
is required.

Another tooth form of the unequal addendum type, known as
the Gleason system for bevel gears is in common use in the rear-axle
drives of automobiles, and in many other places where high-speed
bevel gearing is used.

Some of the advantages claimed for the tooth forms of the
unequal-addendum type described above are as follows:

1. The elimination of interference. accompanied by a tooth
shape of greater strength. The most advantageous part of the
involute curve is used, so that the flanks of the teeth are truc
involutes, and pinions with a small number of teeth can bhe used
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successfully. Onc of the defects of an equal-addendum system
is the interference and undercutting in pinions with small num-
bers of teeth.

2. The arc of recess is greater than the arc of approach, and
there is a maximum of rolling contact and a minimum of sliding
contact. These factors result in smoother and quieter running
and less wear than in the case of equal-addendum teeth.

3. The teeth of the pinion and gear can be proportioned so as
to be of equal strength, whereas with equal-addendum tecth this
is not possible without resorting to the use of different materials
for the pinion and gear.

In the case of the unequal-addendum tooth forms such as
referred to above, the tooth proportions vary with the velocity
ratio, and hence the proportions cannot be given by simple
formulas as in the case of equal-addendum teeth, where the pro-
portions are constant. For example, the addenda and pressure
angle for a pair of gears of 2:1 ratio would be different from the
addenda and pressure angle of a pair of gears of the same pitch
having a 4:1 ratio. Klaborate tables are required to cover the
data for all the ratios in common use. The tables for the Gleason
system for straight-tooth bevel gears are given in Art. 102.
Since the tooth profiles of all such systems are involutes, the
fundamental theory of the gear-tooth action is the same for all.

Figure 127 is given for the purpose of comparing the tooth
proportions in a particular case, for the Brown and Sharpe
1414-deg. involute system, a stub-tooth system, and an unequal-
addendum system. In cach of the three cases represented, the
pitch, piteh diameters, and velocity ratio are the same.

101. American Standard Spur-gear Tooth Forms.—Since any
two spur gears that will mesh properly with a rack will mesh
properly with each other, rack-tooth proportions may be used
as the basis for an interchangeable system of spur gears.  Of the
various spur-gear tooth standards that have been proposed for
an interchangeable system, the best known and most widely used
have been the Brown and Sharpe 1413-deg. involute system and
the Fellows 20-deg. stub-tooth system. Of the unequal-adden-
dum systems for noninterchangeable spur gears, that proposed by
Maag is typical and is perhaps the best known. It was probably
the first used to produce to any extent noninterchangcable spur
gears on a commercial basis. The above-mentioned tooth
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forms have been discussed in Arts. 98 to 100 and illustrated in
Fig. 127.

In June 1921, the American Standards Association, with the
American Gear Manufacturer’s Association and the American
Society of Mechanical Engineers as joint sponsors, began a survey
of the various standards on gears in use in both the United States
and Europe with the view of developing standards to meet the
requirements of industry. With the findings of this survey as a
background, the American Standards Association in November
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1932, approved and designated as American Standards, four
spur-gear tooth forms that are listed as follows:

1415-deg. composite system.

1415-deg. full-depth involute system.

20-deg. full-depth involute system.

20-deg. stub involute system.

The proportions approved for the basic rack of the 14}¢-deg.
composite system are shown in Fig. 128. In this system the
12-tooth pinion has been adopted as the smallest gear of the set,
and the tooth profile of the basic rack is a combination of involute
and cycloidal curves. Reference to Fig. 129 will show how the
proportions given in Fig. 128 were established. The line bPc is
drawn at an angle of 1414 deg. with the pitch line 3 of the rack,
circle 2 being the piteh circle of a 12-tooth pinion with its center
at 0.. The corresponding base circle 2’ is tangent to line bPc
at c¢. Since there can be no involute action beyond ¢, the
distance ce is the maximum addendum of a 14l4-deg.
involute rack tooth. Since PcO; is evidently a right triangle,
point ¢ lies on a circle 2" having a diameter equal to the radius
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of the 12-tooth pinion. Hence if k! is described by rolling 2" on
pitch line 3 and fg is described by rolling 2" on the inside of 2, the
cycloidal face kI of the rack tooth will mesh properly with the
hypocyecloidal flank fg of the pinion tooth. Beyond ¢ the path
of contact c¢d would therefore follow the describing circle 2.
The flank mn of the rack tooth will mate properly with the face
bh of the pinion if the flank mn is made a cycloid described by
rolling 3" on pitch line 3, and the face bh is made an epicycloid
by rolling 3" on the outside of 2’. The rack-tooth profile is
therefore cycloidal from n to m, involute from m to %, and

0>

D

Fia, 129,

cycloidal from k to I; whercas the pinion-tooth profile is hypo-
cycloidal from g to f, involute from f to b, and epicyecloidal from
b to h. With the diameter of 2" equal to the radius of 2, the
hypocyecloid fg becomes a radial line.  If the rack tooth is to be
basic for an interchangeable system of gears, the generating
circle 3" must be made equal to 2", in which case the path of the
point of contact abPed becomes symmetrical with respect to the
center line O.P. It was in the above manner that the basic rack
of the 141¢-deg. composite system as shown in Fig. 128 was .
derived. In this figure are given the radii and location of the
centers that would very closely approximate the true cycloidal
faces and flanks of the rack.
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The tooth proportions of the 1415-deg. composite system are
identical with those of the old Brown and Sharpe 14!4-deg.
involute system (sce Art. 98), and the basic racks of the two
systems have substantially the same tooth profiles. It is impor-
- tant to note, therefore, that the new system was established by
practically adopting the old system as a definite standard,
and that gears cut in accordance with the two systems are
interchangeable.

The 14}4-degree composite system finds its chief application
where the teeth are produced by the form-milling process, par-
ticularly by those concerns that have been using the Brown and
Sharpe cutters for many years in jobbing and repair work.

The tooth proportions of the 14!4-deg. full-depth involute
system (Iig. 130) and the 20-deg. full-depth involute system
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(Fig. 131) arc identical with those of the 1414-deg. composite
system, but the teeth of the basic racks have straight sides
throughout the full working depth. These two systems are
employed when the teeth are cut by the gencrating methods, and
their purpose is to obtain full involute action. However, to
obtain full involute tooth action on pinions of 31 tceth and
smaller in the 1414-deg. full-depth involute system and on pinions
of 17 teeth and smaller in the 20-degrec full-depth involute
system, the outside diameter of the pinion must be increased.
To maintain standard center distance where a gear is substituted
for the rack, the outside diameter of the gear must be decreased
the same amount. Tabulations of the amounts of increase and
decrease in diameter and the corresponding circular tooth thick-
nesses on the pitch circle of both gear and pinion are included in
tables published by the American Standards Association.

For gears with a relatively large number of teeth, say 40 or
more, the 1414-deg. full-depth involute system is customarily
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employed, but for gears with fewer teeth, the 20-deg. full-depth
involute system is given preference.

The proportions for the basic rack of the 20-deg. stub involute
system are given in Fig. 132.
This system, also, applies to
gearing where the generating
method is employed. A pinion
having 14 tecth is the smallest
that will mesh with the rack
without interference. These
proportions are identical with
those of the American Gear Manufacturer’s Association recom-
mended practice, for herringbone gears. It may be observed,

Fia. 132.

TagLe 2.—COMPARISON OF STANDARD INTERCHANGEABLE INvoOLuTE

SYsTEMS
| T
1415- . 1414-
i d(;g. 11“ 2" deg. 2?-::1110_ B- | Fellows | 20-deg.
Brown Cleg- full- denth stub- stub-
and “9".}' depth inv;I))l\xte tooth |involute
Sharpe pu? ‘?] involute system | System? | system
system syster system | 7
Pressure angle, | |
dog......... 1415 1415 14y 0 20 20 20
L 1 i T 01 0.80
Addendum. ... . — - — - = T
2 5 5 5 B 1o
Working depth. . 2 - = = — -
p » p » pa »
Clearance. ... ... 0.157 | 0.157 | 0.157 | 0.157 | 0.25 0.20
p 14 P 4 Pd »
Dedendum. ... .. 1.157 1.157 1.157 1.157 125 L
P 14 ! 4 P4 P
Whole depth. . .. 2.167 2.157 2.157 2.157 2.25 1.80
polr | n e e | T
Tooth thickness! ). P P P T P
2 2’ 2] 2, 2p. 2,
Tooth spacel.. .. v P P A P
2 2 2 2px 2
Fillet radius?....| 0.157 | 0.157 | 0.209 | 0.239 0.25 0.304
3 P pa »
: |

The symbols p and p’ denote diametral and cireular piteh respectively.

All dimensions are in inches.

1 In these proportions backlash has not been taken into account.

2 These may be assumed as minimum values. The fillet radius has not been standardized.

3 For this fractional form of pitch, the symbol p. represents the figure in the numerator
and pa the figire in the denominator. Example: pa/ps = 3§.
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also, that these proportions approach very closely those of the
Fellows stub-tooth system. The 20-deg. stub-involute system is
particularly applicable where the tooth numbers are relatively
small in both pinion and gear, as in automobile transmission
assemblies. It is also used to some extent for heavy mill gears
with large tooth numbers, where the increased strength of the
shorter teeth is a distinct asset.

Table 2 is given for convenience in making a comparison of the
standard spur-gear tooth forms that have been discussed in this
and in previous articles.

102. Standard Tooth Proportions for Bevel Gears.—Standards
have been developed by the Gleason Works, Rochester, N. Y.,
covering in a very comprchensive manner the tooth forms of
straight-tooth bevel gears, spiral bevel gears, and hypoid gears.
The teeth are of the unequal-addendum type and the gears are
not interchangeable. This system, known as the Gleason system
Sor bevel gears, has been adopted as a recommended standard by
the American Gear Manufacturer’s Association. The system
applies to any pair of generated straight-tooth or spiral bevel
gears operating at right angles where the pinion is the driver
and has 10 or more teeth in the case of straight-tooth bevel gears
and 5 or more teeth in the casc of spiral bevel gears. The data
covering that part of this system relating to straight-tooth bevel
gears are given in Tables 3 and 4. Similar tables of data are
available for spiral bevel gears and hypoid gears, but space does
not permit their inclusion here.  In these tables the term diame-
tral pilch is designated by the abbreviation D.P. When this
term is designated by a symbol, in this text, the letter p is used
(sce Art. 65).

103. Standard Proportions for Worm Gearing.—The propor-
tions recommended by the American Gear Manufacturer’s Asso-
ciation for worm gearing for general commercial use are given
in Table 5. The range covered by these proportions may be
defined as follows:

Lincar pit‘ChOSJ inches /1’4) éiﬁy 967 }é; 5/6, i”i) 17 1}41 l}éy 1?4’ 2.

Multiplicity of threads, single to quadruple.
Gear ratios........... 10:1 to 100:1.
Relation of axes...... 90 deg. only.

The thread form regarded as standard is the form produced by a
straight-sided milling cutter having a diameter not less than the
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MECHANICS OF

MACHINERY

TABLE 5.—PROPORTIONS OF STANDARD COMMERCIAL WORMS AND WoRM
WhEELS RECOMMENDED BY THE AMERICAN GEAR MANUFACTURER’S
AssociaTioN (GEAR RaTtios 10:1 to 100:1)

(Refer to Figs. 133 and 134)

Terms for worm (Fig.| Sym- | Single- and double- | Triple- and quad-
133): bol thread worms ruple-thread worms
Linear piteh. ....... D e
Pitch diam......... d, |24 Xp +1.1 24X + 1.1
Outside diam....... d, |3.036 X p' + 1.1 2972 X p' + 1.1
Rootdiam.......... d. 11664 X p' + 1.1 1.726 X p’ + 1.1
Hub diam.......... dp |[1.664 X p’ + 1.0 1.726 X p’ + 1.0
Bore (max.)........ dy |p’ + 0.625 P’ + 0.625
Face length. ....... I p’ X (4 50) p’ X (4 :7_)\/0
Hub extensions. . . .. he P’
Hub length........ f +2 X F+2Xxp
Keyway ........... A.G.M.A. Std. A.G.M.A. Std.
Addendum. .. ...... 0.318 X p’ 0.286 X p’
Whole depth. .. .... 0.686 X p’ 0.623 X p’
Lead angle......... N |eot A = qL); 3.1416 cot. A = dp X 3.1416
cad " lead
Nor. tooth thickness| .. |0.5 X p’ X cos. 0.5 X p’ X cos A
Top round. ........: ry 0.05 X p’ 0.05 X p’
Lead ... ... ... .. .. | No. of thds. X p’ No. of thds. X p’
Nor. pressure angle. .:  a 1415 deg. 20 deg.
Terms for wheel (Fig. | Sym- Smglc— and double- | Triple- and quad-
134): bol thread worms ruple-thread worms
Circular pitch. .. ... P
No. of teeth........ N o
Pitch diam......... D, |N X 03183 X p’ N X 0.3183 X p’
Throat dinm........| D¢ [ D, + (0.636 X p') | D, + (0.572 X p’)
Outside diam....... D, | D+ (04775 X p’) | D, + (0.3183 X ')
Hub diam.......... D, [1.875 X bore 1.875 X Bore
Keyway ........... .. |A.G.M.A. Std. A.G.M.A. Std.
Face width, .. ...... r 2.38 X p’ 4+ 0.26 2.15 X p' + 0.2
Hub extensions. .. .. .. 10.25 X bore 0.25 X bore
Hub length. .. ... ... H |F 4+ 0.5 X bore F + 0.5 X bore
Radius of face. .. ... I, 10882 X p' +0.55 |0.914 X p’ + 0.55
Radius of rim...... R, [22 X p’' 4+ 0.55 2.1 X p’ + 0.55
Edgeround......... R. 10.25 X p’ 0.25 X p’
Center distance. .. .. C Dy +dy) X 0.5 Dy +dyp) X 0.5
Nor. pressure angle, .| « 1414 deg. 20 deg.
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outside diameter of the worm nor greater than 1!y times the
outside diameter of the worm, the sides of the cutter having an
angle of obliquity of 1413 deg. in the case of single- and double-

uld

—F=—AYA
| 2,1
do | dr dy

3 S
1L O 772
E&,, s e

Fia. 133.

4
1 Normal section
- of the

worm thread

thread worms and an angle of obliquity of 20 deg. in case of

triple- and quadruple-thread worms.

METHODS OF PRODUCING GEAR TEETH

Gear teeth are produced commerecially by two distinet proe-
esses: molding and machining. Formerly all gear tecth were
cast,! the molds being forined from complete patterns of the gears.

At the present time, however, cast
teeth arc generally produced by a
machine-molding process which is
superior to the earlier method.
Iiven with the improved foundry
methods, however, cast teeth are
not suitable for high speeds and
are found only in the cheaper
classes of machinery.

In the machining process two
general methods are followed:
forming and generating. In the
forming method the teeth are cut
cither by a rotary milling cutter
that has been formed to the exact
shape required, or by a planing
tool which forms the cutline re-

7

F:
Fra. 134.

quired by [following a previously shaped templet.
104. Producing Gear Teeth by the Forming Process.—The
rotary milling cutter and its action are indicated in Fig. 135. The

1In ancient times wooden gears were used.
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cutter is shaped so that the required tooth outlines are formed by
setting the cutter to the proper depth and cutting the spaces
between adjacent teeth.  The standard rotary cutters are made
by the Brown and Sharpe Manufacturing Company and may be
obtained in sets to cover a wide range of work. This is one of the
oldest and most widely used methods of producing cut teeth. It
is extensively employed in the production of many of the gears
that are required to meet only ordinary conditions.

The teeth of Citroén gears illustrated in Fig. 122d are cut with
a rotating end-milling cutter formed to the normal contour of the
teeth.

/|
V//

Fra. 135.

Stamping, which may be considered a process in which all the
teeth of the gear are formed by a single stroke of the cutter (die),
is used extensively in producing small thin gears such as are
used in watches, clocks, instruments, ete.

The templet-planing method is shown in Fig. 136 as applied in
cutting the teeth of bevel gears. The apex of the pitch cone of
the bevel gear is located at 0. 0A is the axis of a roller in contact
with a master form or templet, called a former, whose¢ shape
corresponds exactly to an enlarged profile of the tooth to be cut.
It can be seen that as the roller swings about O and remains in
contact with the former, the line OA will sweep up the required
tooth surface. In the actual cutting process the point of the tool
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reciprocates along the line OA, the cutting action taking place as
the tool travels toward the cone center 0. In cutting the teeth of
spur gears by this method, the point of the tool is constrained to
move parallel to the axis of the gear, instead of being directed
toward the apex of a cone.

Fra. 136.

106. Methods of Generating Spur-gear Teeth.—In the generai-
ing method a machine generates mathematically correct tooth pro-
files by virtue of the motion given to the cutter and the gear
blank; Z.e., the machine gives both the cutter and the work
motion, while the cutting is in process, identical with the motion
they would have if they were two similar gears in engagement.

Machines for generating gear teeth are of three distinct types:
one employs a rotating worm-shaped cutter called a hob; another
employs a reciprocating pinion-shaped cutter; and in the third
type, a reciprocating rack-shaped cutter is used.
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The hobbing process consists in rotating and advancing a worm-
shaped cutter through a rotating blank. Figure 137 illustrates
a hob in position for generating the teeth of a spur gear. The
usual hob consists of a straight-sided worm-shaped cutter, its
axial section representing the developed form of the generating
rack. If the axis of the hob is set square with the axis of the gear

T —

X

Fic. 137.

blank, its axial section represents the gencrating rack. As the
hob is usually sct at an angle to the blank, the angle of the sides
of the hob tecth are altered accordingly. The hobbing process
has the advantage of requiring only one hob to cut gears with any
number of teeth of the same piteh. All motions are continuous

36-footh blank

20-tfooth cutter

Fia. 138.

and, except for the feeding of the hob through the blank, all
motions are rotary. Hobbing is one of the most rapid methods
of producing gear teeth.

The Fellows gear shaper is the best-known machine employing
the pinion-shaped cuiter. The cutting process is indicated in
Fig. 138. Both the cutter and the gear blank are rotated the
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proper amount between the strokes of the cutter. In this
machine the cutter is made exactly like a pinion such as may be
in engagement with the gear about to be made. The cutter
differs in one respect from the pinion in that its addendum is
made long enough to provide clearance on the gear to be cut.
The cutter is mounted on a vertical ram that has a reciprocating
motion; and both cutter and work are made to rotate as if they
were two similar gears in engagement. One cutter cuts gears
with any number of teeth of the same pitch. This method is
extensively used in the automotive industries in producing the
well-known Fellows form of stub tooth.

Fic. 139.

The Maag machine is typical of the generating machines using
the rack-shaped cutter. The cutting process is shown in Fig. 139,
as applied in generating the tecth of a spur gear. Between each
stroke of the cutter the blank is revolved and advanced the
proper distance along the face of the rack cutter. When the
blank has advanced a distance equal to the circular pitch, it
returns to its starting point without any rotary motion. This
method of generating gears has the same advantage as hobbing
and cutting with pinion-shaped cutters in that one cutter cuts
gears with any number of teeth of the same pitch.

Any of the methods described above may be adapted to the
cutting of either spur or helical gearing. No one method has
all the advantages. Specific requirements determine which is
best to use.
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106. Methods of Generating Bevel-gear Teeth.—The generat-
ing of bevel-gear teeth is greatly complicated by the fact that
the tooth clements converge toward the apex of the pitch cone.
The reciprocating-rack principle is employed, but instead of the
cutting tool consisting of several rack tecth, it is in the form of
one side of a single rack tooth.

a. Straight-tooth Bevel Gears.—The cutting proccess as employed
in the Gleason bevel-gear generator of the straight-tooth type is
illustrated in Fig. 140. In the generating motion, by which the
profile of the tooth is obtained, the cutting edges of the tools
represent the sides of adjacent teeth of a crown gear, which is to
the bevel-gear system what a rack is to the spur-gear system.
As the tools rotate about the axis of this imaginary ecrown
gear they cut in the direction of the tooth clements. The gear
to be cut is set so that the apex of its pitch cone coincides with the
apex of the crown gear, and so that the pitch surfaces of both are
tangent to cach other. Means are then provided to rotate tools
and gear about their axes while maintaining the same speed of
rotation that they would have if they were finished gears properly
in mesh.  Since the tools are taking the place of the teeth of the
crown gear, they cut away the interfering metal on the gear tooth
as they reciprocate, cutting alternately, one on each side of the
tooth, and thus leave the correct tooth profile.

Figure 140 shows the tools and gear in three positions. A4 is
the beginning of the roll, B the middle, and C the top. In gears
of coarse pitch the gears are previously gashed, or roughed out.
In gears of fine pitch, however, the teeth may be generated from
the solid blank.

b. Spiral Bevel Gears.—The principle of action of the Gleason
spiral bevel-gear generator is shown in Fig. 141. The three
generating stages shown correspond to those of Fig. 140. A
circular cutter of the face-mill type is used with blades whose
cutting edges are straight sided to correspond to the tooth shape
of a crown gear, which is to the bevel-gear system what a rack is
to the spur-gear system. The teeth are generated by rolling the
revolving cutter with the gear blank in the proper relation to
conform to the meshing action of the crown-gear tooth, to which
the cutter corresponds. .

107. The Grinding of Gear Teeth.—With the increasing use of
hardened gears, machines of various types have been developed
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Fiu. 140. TG, 141,
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for the grinding of gear teeth. Somc machines are of the form-
grinding type, and others are of the generating-rack type. The
machines that operate on the rack principle have the generating
features common to the gencrating machines that employ cutting
tools.. The chief object in grinding gear teeth is to make correc-

Fra. 142. ’

tions for the irregularitics resulting from the distortion due to
heat treatment. Figure 142 is a diagram showing how the flat
side of a grinding wheel gencrates involute tooth curves as the
gear rolls along an imaginary rack.

Burnishing and lapping processes are also extensively employed
in producing smooth and polished tooth surfaces to meet the
cxacting requirements of modern industrial gears.



CHAPTER VII
BELTS, ROPES, AND CHAINS

When the distance between shafts becomes so great as to
render the use of gear trains impracticable, rotary motion .is
transmitted by means of belts, ropes, or chains. In these cases
the belt, rope, or chain is passed in a continuous: band over
pulleys, sheaves, or sprockets, and the motion is transmitted
as though the wheels rolled directly upon each other. Owing to
conditions that will be explained later in this chapter, the first
two of the above methods of driving cannot be used where exact
velocity ratio is required. These methods, nevertheless, have a
wide range of employment in the transmission of motion and
power, because of the numerous applications where exact velocity
ratio is not necessary.

FLAT BELTS

When a belt is in the form of a thin flat band designed to run
on a cylindrical surface it is known as a flat belt. The flat-belt
drive has been one of the most widely used methods of transmit-
ting power. Although very largely superseded by more modern
methods, it still has applications. The use of belts is subject to
certain limitations. For example, there is a limit to the distance
over which power can be transmitted with economy by this
method. No specific figures can be given for this limit, as cach
installation is a special case and must be treated as such. The
distance between centers for a great number of flat-belt drives,
however, varies from 15 to 30 ft. Another limitation upon the
use of belts results from the fact that the driving foree transmitted
depends upon the friction between the belt and the faces of the
pulleys it connects. There is always the possibility of some slip-
ping between the belt and the faces of the pulleys, and hence the
character of the motion transmitted is not positive. Where
positive action is required, gears or chains must be used.

108. Velocity Ratio of Belt Drives.—When the rotation of the
driven pulley of a belt drive must have the same sense as that of

153
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the driving pulley, the scheme shown in Fig. 143 is employed.
When on the other hand, the sense of rotation of the driven pulley
must be opposite that of the driving pulley, the belt is arranged
in the manner shown in Fig. 144. These two arrangements are
called open and crossed belt drives, respectively.

The velocity ratio of a belt drive is defined as the ratio of the
number of turns of the driving pulley to the number of turns of
the driven pulley in a unit of time. This may be determined with
sufficient accuracy in the following manner: Let it be assumed
that the center of the belt section has a constant linear velocity,

TrG. 144.

whether it is between the pulleys or passing around one of them.
Let this velocity in feet per second be V; the thickness of the belt
t; the diameters of the driving and driven pulleys D; and D,
respectively; and the r.p.m. of the driving and driven pulleys
N, and N, respectively. If there is no slip, the linear velocity of
the belt, while passing around one of the pulleys, will be equal to
the angular velocity of that pulley multiplied by the sum of its
radius and half the thickness of the belt.

Hence,
,  2xN,(D, 2aN.f D,
V= __6_0_(2-'__2-) 60<2+§)

NuDy + 1) = No(Ds + 8)

Ny _ Do+t
N~ D+t @)
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Since the thickness of the belt is usually small compared to the
radii of the pulleys, the approximate formula

N, D,

N, - D, (24)
is sufficiently accurate, except for rare cases wherc a relatively
thick belt runs on a comparatively small pulley.

109. Belt Tensions.—Referring to Fig. 144, it is evident that
if the belt is to stay on the pulleys, both the part marked T\,
called the tight side, and the part marked T, called the slack
or loose side, must exert a pull on the pulleys; that is, the slack
side is only relatively slack. If the tensions in pounds are repre-

Fia. 145.

sented by T, and Ts as shown, the effective pull or the force
transmitted from one pulley to the other is

T=T1—T2

If D, is the diameter of the driving pulley in feet, and N, is the
number of revolutions it makes in a minute, the horsepower
transmitted is

_aDWNy,

Methods of determining the effective pull, or as it is often called,
the net tension, will be found in works on machine design. The
thickness of the belt is disregarded in the formula for the horse-
power given above, the error resulting therefrom being negligible
in view of the incompleteness of available information regarding
the net tension.

Frequently an idler pulley is used to increase the arc of contact,
especially on the smaller pulley, and also to produce more tension
in the belt. When a swinging idler is used, as shown in Fig. 145,
the belt tension can be regulated and may be rcleased altogether,
if desired.
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110. Length of Belt.—The determination of the correct length
of belt for a given installation is a somewhat complicated prob-
lem, even when the effect of sag is not taken into account. For-
mulas for this length will be deduced, first for the crossed and
then for the open type of belt drive.

a. Crossed Belt—Referring to Fig. 144, let D,, D., and C be
known. The total length of the belt is made up of the part
around the smaller pulley, the part around the larger pulley, and
the part between the pulleys.

Part around the smaller pulley = (= + 20)1—)2—

Part around the larger pulley = (r + 20)_D_2_1
Part between the pulleys = 2C cos 0

The total length is then

L= (g + 0)<D1 + Dz) + 2C cos 0 (26)
sin § = &;ETPE and cos 0 = (|1 — (91;;)1)2)2
— Z(D1 + D) + (D1 + D) are sin 21722 4

S

20\/ _ (D1 £ D2\ (97

1 ( 20 (27)

Equation (27) may be simplified by making use of the scries

obtained by expanding the arc sine and the quantity under the
radical as follows:

Let
,_D 1 + D 2 _

2C

T i = z 3t .,
I'hen, arc sinz = = + 6 + 0 +

and



BELTS, ROPES, AND CHAINS 157

Substituting the above quantities in Eq. (27), an expression is
obtained for the length of the belt that involves only the diam-
cters and center distance of the pulleys, thus

L= 20+ 5D+ Dy + Dot D"
(D1 + Dz)‘ (D: + Dy)s

19205 T 2,560C5

+-- (29

The number of terms to be taken in calculating the length of
a crossed belt by means of Eq. (28) is dependent upon the degree
of accuracy desired. Not more than three terms are necessary,
all powers above the square being negligible. The final expres-
sion for the length of a crossed belt then becomes

IJ—2C+2(D1+D2)+(D1+D1+ s (29)

For rough calculations, as in making a cost estimate, the first
two terms will give sufficiently accurate results. The values of
the quantities Dy and D, in the above equation are usually taken
as the diameters of the pulleys under consideration. To be
strictly accurate the term D. (or D) should be taken as the
diameter of the pulley plus twice the distance from the face of
the pulley to the neutral plane of the belt. The latter distance is
approximately equal to one-half the thickness of the belt, thus
making the value of D, equal to the diamecter of the pulley plus
the thickness of the belt. Such accuracy is seldom required.

> Open Belt.—The case for open belts is similar. Referring
to Fig. 143 it may be seen that the component parts of the total
length are as follows:

The part around the smaller pulley = (r — 20)D2
The part around the larger pulley = (x + 249)Dl
The part between the pulleys = 2C cos 6

By a process of reasoning similar to that employed for crossed
belts, it may be shown that the length of an open belt is

L=20+5Di+ D)+ PPl o)
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From a comparison of Igs. (29) and (30), it is evident that for
relatively large center distances the same belt may be used for
cither crossed or open drives.

111. Cone Pulleys.—It is sometimes desirable so to construct a
belt drive that its velocity ratio may be changed. This may be
accomplished by means of a single belt and a pair of stepped cone
pulleys as shown in Fig. 146. This change may be accomplished
in a similar manner by the use of a pair of speed cones which are
merely cones tapered down smoothly instead of by steps. It is
customary to construct cone-pulley
drives in such a manner that the

N Driver 2 speeds of the driven cone for a con-

v"\\ 7 stant speed of the driving cone in-

i crefSes in geometric ratio for each

step as the belt is shifted from one

a side of the pair to the other. Refer-

‘ ring to the figure, let w; be the con-

| stant angular velocity of the driving

bg_r,@,, il —I , cone, and let w2 be the lowest angular

[L J velocity of the driven cone. Then, if

the speeds are to increase in geometric

Fra. 146, ratio, the next pair-of pulleys on the

cones should give the driven cone an

angular velocity of kws; the succeeding pair should give it a

velocity of k%ws; the next k*w,; ete. The corresponding velocity
ratios are

L

w—Dz——u

w) w1 w1

) 7Ty S “t(‘-
ws kws Kk ws

After the veloeity ratios for the various steps of a cone-pulley
drive have been determined, the diameters of the pulleys for
one step may be chosen at will, subject, of course, to the require-
ments of space and satisfactory operation. The choice of the
diameters of the other pairs of pulleys is complicated by the fact
that the same belt is used for all the pairs. The problem will
first be taken up for the crossed belts and then for the open
belts.

a. Cone Pulleys with Crossed Belt.-—Referring to Fig. 146, let
N1/N2, be the velocity ratio for the position of the belt shown.
The length of the belt for the diameters Dy, and D, is
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+ D2a)

Do
= 9C 4 T(Du + Dyy) + Pro A Lo” 31)
For any other pair of diameters «, the length of the belt is
Dy, + D, .
= 20 + (D + Doy + P P )

Since this length is a constant, the two expressions for the length
may be equated as follows:

me+Dm+f91£P”-+ = 5D+ D) +
(Dl.l: + D".ﬂ) ..
w (33)

This equation can be true only if
l)lu + ])‘lll = ])lz + I)Qz (34)

For the velocity ratio Ny/No,, the diameters D;, and D, must
also satisfy the relation

1)2,,- Nl .
Dlr B N (35)
These two relations may be solved simultancously for D, and
Dy., and the diameters of any pair of pulleys of a crossed-belt
cone-pulley drive thus determined.

b. Cone Pulleys with Open Belt. -The case for open belts is as
follows. Referring again to Fig. 146, the length of belt required
for pulleys a is given by

(Dlu I)Zu)

L =2C+ 2(D1,, + D) + 40 (36)

This value may be calculated and substituted in the equation
Dy, — D, —_
L=20+ 5D+ Doy + P P

From the equation expressing the velocity ratio,

Dy, = ib 38)
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Substituting,

AN
af, , N (1 N )
L =20+ §(1 + N—)D + Ay DR+ (39)
This equation may easily be solved for Dy, and from the preced-
ing equation D,, may then be found.

Convenient graphical methods of obtaining the results
expressed by the above analytical expressions may be found in
several well-known treatises on mechanism.

Of these, that known as the Burmester method, illustrated in
Fig. 147 is the most conven-
ient. Theline AM = C = the
distance between the centers of
the shafts is drawn at an angle
of 45 deg. with a horizontal
line AB. Next MN = C/2 is
drawn perpendicular to AM at
M. With A as a center, a cir-
cular arc is drawn passing
through N. On this are the
point £ is located so that the

#° vertical distance between K

\ and a point F on AM is EF =

4 i 147 B D1./2 — D3,/2, the difference
IG. .

between the radii of the given
pair of steps. 'The line EF is extended to G, making FG = D;,/2.
Through G the horizontal line OG is drawn intersecting
AM at O. Then EG = Dy/2, and OG = D,,/2. Now draw
OF and lct the angle EOG@ = 6. Then tan 0 = EG/0C, and
Dy/Dy, = N1/N, the given velocity ratio.

The radii D;./2 and D»./2 for any other velocity ratio N1/N.,
are found as follows: Through O draw OF,, intecrsecting the
circular arc at E, and making an angle 6; with OG such that tan 6,
= N3./N,. Finally draw the vertical line E,@, intersecting OG
produced at Gi. Then E,Gy = D;,/2 and OG, = D,,/2.

To secure satisfactory results, the above construction should
be accurately drawn to as large a scale as possible.

112. Belt Connections between Nonparallel Shafts.—Belts
may be used for drives between shafts that are not parallel,
provided the pulleys are so located as to conform to a fundamental
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principle that governs the operation of all belt drives, namely:
The center line of that part of the belt approaching a pulley must
lie tn the central plane of that pulley. The angle at which the belt
leaves the pulley is immaterial. This will be made clear by
reference to Fig. 148. In this case the shafts 1 and 2 are turning
in the directions indicated by the arrows. The center line of the
belt leaves the driving pulley A at the point m. The driven
pulley B is in such a position on
shaft 2 that a plane through the
middle of its face and perpendicular
to its axis contains the center line
mn. The belt will, therefore, run
properly on to pulley B. It is
cvident that if the direction of mo-
tion were reversed, the belt would
immediately leave the pulleys.
Changes in direction of rotation thus
necessitate corresponding changes
in relative positions of ihe pulleys.
In Fig. 148 the axes of the pulleys
are at 90 deg. with each other. The
belt would run equally wel! if the
pulleys were turned at any angle
about xx as an axis. It can be scen
that the extreme practical limits of
motion about this axis would in once
direction result in an open belt drive
between parallel shafts, and in the
other direction a crossed belt drive between parallel shafts.
Belts arranged as in Fig. 148 are called quarter-turn belts.

If the drive between two nonparallel shafts is to be such that
the pulleys may run in either direction and still deliver the belt
properly, in accordance with the fundamental principle already
explained, it is necessary to make use of intermediate pulleys to
guide the belt into the proper plane. Such pulleys are called
guide pulleys. It is impossible to arrange a reversible belt drive
between nonparallel shafts using only two pulleys. An example
of a reversible belt drive is shown in Fig. 149.

113. Crowning of Pulleys.—Pulleys are crowned to prevent
the belt from running off their sides. By crowning is meant
making the pullev slightly conical or spherical as shown in

Fre. 148.
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Fig. 150a and Fig. 150b. Just how the crowned pulley tends to
center the belt may be seen from the following considerations:
Referring to Fig. 150c¢, if a belt is led on to a double conical pulley
as shown, it will be immediately subjected to two influences, the
first of which is to lie flat, thus causing the belt to be bent laterally

Fic. 149.

as shown. The second is to resist this lateral bending and, as a
result, that part of the belt that is approaching the pulley will

bhe thrown over to the right. Onee in contact there is not much

tendeney for the belt to slip sidewise, and, since the first point of

(a) (b) (c)
Fra. 150.

contact tends to be thrown towards the center of the pulley,
the belt as a whole will run centrally.
V-BELTS

When a belt is trapezoidal in scction, designed to run in a
V-shaped groove, it is known as a V-bell. The usual form of
V-belt and pulley is shown in section at a in Fig. 151, where D
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indicates the nominal pitch diameter of the pulley. This form
of belt has long been in use for special purposes, the ordinary
automobile fan belt being perhaps the most familiar form of this
type of drive. The modern V-belts, made of fabric and vulcan-
ized rubber with a cotton-cord tension clement, run on sheaves
having a varying number of grooves to suit the horsepower
ratings. They are in certain cases used with a grooved driving
pulley and a flat driven pulley. Also, these belts may be adapted
to quarter-turn drives and, with modifications in design, as shown
at b in the figure, to reversed bending
about sheaves. Where the distance
between centers of shafts is small the
V-belt is rapidly replacing the older flat
belt drive, since it transmits a larger
amount of power from a pulley of a
given width of face. Also, being almost
positive and slipless in action, the V-belt
drive is displacing chain and gear drives for many short-center-
distance machine drives.

114. V-Belt Drives.—The discussion in the preceding articles
relating to belts applies specifically to flat-belt drives. It should
be noted, however, that the part pertaining to velocity ratio and
length of belt may be applied to V-belt drives by using the proper
diamecters.

ROPES

Rope drives are used where power must be transmitted over
greater distances than those for which it is economical to use
belts. Ropes are also used in cases where the conditions of
service are such that the life of a belt would be very short. Onc
of the objections to the use of a rope drive from the standpoint
of ceconomy is that the sheave must be grooved to prevent the
rope from running off.

115. Rope Systems.—Ropes used in cngineering operations
are made of a fibrous material such as manila, hemp, and cotton,
or of iron and steel. As to the kind of service, rope may be classi-
fied as follows: (1) for hoisting and transporting of loads, and
(2) For the transmission of power.

Fibrous rope is used for both hoisting tackle and transmission
of power, whereas the present-day application of wire rope is
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chiefly to hoisting, haulage, and transporting service, and but
little to the actual transmission of power.

There are two distinet systems of driving with fibrous rope,
each of which has its advantages. One is the multiple-rope or
English system. This is the simpler of the two and consists of
independent ropes running side by side in multiple-grooved

Fra. 152.

sheaves. An illustration of this system is shown in Fig. 152.
The other system, illustrated in Fig. 153, is called the continuous
or American system. One rope is wound around the driving and
driven sheaves several times, and conducted back from the last
groove of each sheave to the first groove of each sheave by means

;ﬁ\

&-.

.~€

Fia. 153.

of one or more intermediate sheaves which also serve the purpose
of maintaining a uniform tension throughout the entire rope.
The slack should be taken up on the loose side just off the driving
sheave.

The transmission of power by means of manila rope gives satis-
factory results for distances between shafts as great as 175 ft.
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without the use of carrying pulleys, and with carriers the dis-
tance may be increased almost indefinitely. Manila rope is
also well adapted to short distances.

Wire rope as a medium for the transmission of power is used
where the distances are too great for the use of manila ropes.
The development of clectrical transmission has gradually
crowded out the wire rope, though for distances of from 300 to
1,500 ft. it is considered a cheap and simple method of trans-
mitting power. Two systems are usec, namely, the continuous or
endless rope, used in operating cableways, haulage systems, and
tramways, and the single loop, the latter being simply a modifica-
tion of belt driving.

116. Rope Sheaves.—-The forms of groove required on rope
sheaves in the different kinds of serviee for which the sheaves

- 4\ f::. —:L\

(b) (c) (d)
Fra. 154.

are used are shown in Fig: 154. Tor fibrous rope the form of
groove at a is used on power-transmission sheaves, and that at
b for idler sheaves. TFor wire rope the type of groove shown at ¢
is employed on power-transmission sheaves, and that at d for
idler sheaves. The transmission sheaves for wire rope are made
with a space (not shown) in the bottom of the groove that is
filled with leather, rubber, or hardwood blocks. This provision
is for the purpose of increasing the friction and of preventing
injury to the rope, which cannot be wedged in a groove as in the
case of fibrous rope.

CHAINS

Chain drives are used where positive action is required and
where it i1s desired to obtain a more compact arrangement than
would be possible by the use of a flat belt. In general, the power
is transmitted over a shorter distance in a chain drive than is the
case for a flat-belt drive. The wheels over which chains run are
called sprockets and have their surfaces shaped to conform to
the type of chain used. Chains and sprockets are made in a
large variety of forms, according to the service to he performed.
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The various types of chains found in engineering practice may
he classified as follows:
L . Coil
Hoisting chains. ............. 38 tud-link

Detachable, or hook joint
Closed joint
Block
Power-transmission chains, .. .. Roller

I Inverted-tooth

117. Hoisting Chains.—The coil chain (Fig. 155a) is used on
hoists, eranes, dredges, etc., and the stud-link chain (Fig. 155b)
is used mamly in marine work in conneetion
with anchors and moorings. The chief ad-
vantage=f thé stud-link chain is that it will
not kink or entangle so readily as a coil chain.

118. Conveying and Elevating Chains.—
Conveying chains are used for conveying and
clevating all kinds of materials under a wide
range of conditions. The detachable or hook-
joint chain (Fig. 156) is used’extensively for
®)  conveying and elevating, but is not well

adapted for conveying gritty bulk material.
It is also used to some extent for power transmission where the
speeds arc low. The closed-joint chain, one type of which is
shown in Fig. 157, is well adapted to the elevating and conveying
of gritty bulk material, as well as the transmission of power at
moderate speeds.

Conveying and clevating c]mins;

Fia. 155.

Fra. 1506.

119. Power-transmission Chains.—The types of chains dis-
cussed in the preceding paragraphs are not well adapted to any
service requiring speeds above 600 f.p.m., and consequently are
not suitable for the transmission of power where the speed exceeds
this limit. For this class of service the special forms of power-
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transmission chains, all of which are machined fairly accurately,
have been devised.

Figure 158 illustrates a block chain. As the name indicates,
the block chain consists of solid steel blocks, shaped like the letter
B or the figure 8, to which the side links are fastened by hard-

Fra. 159.

ened steel rivets. Chains of the block type are less expensive to
make than roller or inverted-tooth chains, and have proved
satisfactory for light power transmission where the speeds do not
exceed 800 to 900 f.p.m.

A typical roller chain is shown in Tig. 159. This type of chain
is used to some extent in motor-vehicle service, especially on
trucks, as well as for general powcr transmission. A chain
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speed of 1,500 f.p.m. with proper lubrication is about the limit
for general use.

The most widely used type of chain for transmitting power at
relatively high linear speeds is the inverted-tooth chain. There
are now in use several well-known makes of inverted-tooth chain
that run satisfactorily at high speeds. Onec example (Fig. 160)
will serve to illustrate this type of chain, since the several designs
have, in general, the same form of link, differing only in the form
of joint used. If properly designed and constructed, an installa-
tion of an inverted-tooth chain will be just as efficient, it is
claimed, as a gear drive for the same conditions of operation.

Fra. 160.

Where a positive drive is essential, and where the shafts are too
far apart for gearing, inverted-tooth chains are used extensively.
Inverted-tooth chains are well adapted for transmitting power
ceonomically at speeds of 1,200 to 1,500 f.p.m., and the smaller
sizes of chain may be run as high as 2,000 f.p.m. The higher
limit of speed, however, is attained at a cost of reduced life of
the chain.

VARIABLE-SPEED TRANSMISSIONS

It has been observed (Art. 111) that with the flat belt, change
of speed is accomplished by moving the belt along the axes of the
cone pulleys or speed cones to give a different pair of working
diameters on the driving and driven pulleys. These may be
regarded as the elementary mechanisms through which variable-
speed transmission is accomplished with flexible connectors.

One of the best-known modern devices for accomplishing
variable-spced transmission through the use of a belt is the Reeves
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variable-speed transmission. It consists essentially of a pair of
pulleys connected by a V-shaped belt in the manner indicated in
Fig. 161. Each of the pulleys consists of a pair of beveled disks
(cones) keyed to the shaft so that disks and shaft must turn
together but the disks are free to be moved along the shaft. By
means of suitable adjusting deviees the two conical disks on one
shaft are caused to approach each other at the same time that
the two disks on the other shaft separate. Bringing the two
disks nearer together causes the V-shaped belt to be in contact
with them farther out from the axis, and separating them causes
the belt to be in contact necarer the axis. Thus, the effective

Fig. 161.

radius of one pulley is increased at the same time that the
effective radius of the other pulley is decreased. In this manner,
the ratio of driving diameter to driven diameter is readily and
quickly changed, thus sccuring any desired speed, between the
maximum and minimum, without the necessity of stopping the
machine. The device is in the form of a compact unit that can
readily be interposed between the source of power and the driven
machine.

Variable-speed transmission in the case of the chain drive may
be securcd by a device similar to that described above for the
V-shaped belt. One such device, known as the P.I1.V. (positive,
infinitely variable) gear consists essentially of a V-shaped link
chain with teeth on the sides that cngage with radial teeth in a
pair of axially adjustable conical disks on the driving and driven
shafts. Each pair of disks thus becomes an adjustable-diamcter
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wheel in the transmission of power, so that an infinite number of
speeds between the minimum and maximum are available.

HOISTING TACKLE

Under the title of hoisting tackle may he grouped all those com-
binations of ropes and chains with pulleys and pulley blocks, the
purpose of which is to overcome a considerable resistance that
acts through a relatively small distance by means of a
relatively small force that acts through a considerable
distance.

120. The Block and Tackle.—Probably the simplest
cxample of hoisting tackle is the ordinary block and
tackle illustrated in Fig. 162. For purposes of analysis
it is more convenicnt to use the diagrammatic repre-
sentation of the block and tackle, as shown in Fig.
163. For the case shown, a force P acting through a
distance p will, if friction is disregarded, lift the load
Q, which is equal to 4P, through the distance 14p. The
mechanical advantage of a block
and tackle, as in the case of any
<7 other machine, is the ratio of the
resistance overcome to the force
that would have to be applied if
H friction were disregarded. There

N e

’ are a number of methods for

P e determining the mechanical ad-
14—} vantage of a block and tackle, but

AD probably the most convenient is

simply to count the ropes support-

Fm.Ql(i:Z. Fia. 163, ingtheload. Thisnumberisequal

to the meehanical advantage.

In some cases block-and-tackle systems are used to lift a small
load through a considerable distance by means of a large force
acting through a small distance.  An example of such an applica-
tion is the hydraulic elevator system shown in Fig. 164. In
this system the sheaves, instead of being placed side by side as
in the ordinary pulley block, arc placed one above the other in-a
line, interference between the ropes being avoided by making
the diameters of the outer sheaves somewhat larger than those
of the inner sheaves. The hydraulic cylinder is the stationary
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~element, the plunger being forced down by means of high-pressurc
water in the cylinder. The mechanical advantage of this system
is one-sixth. Attention is called to the fact that if the plunger
were stationary and the cylinder the moving element, the
mechanical advantage would be
( N one-fifth.

v Combinations of tackle like
\/ that shown in Fig. 165 may be
employed in cascs where a con-
siderable mechanical advantage
is required. Referring to the
figure, it is evident that P: is
equal to 5P;, neglecting friction,
and that Q is equal to 4P,; that
™ is, the total mechanical advan-

tage is 20.
121. The Differential Chain
Block.-—Although the hoisting

Cylinder...

.

C N
e ECBITO)

Plunger |

wo

Firau. 164. Fra. 165.

mechanism shown in Fig. 166 differs somewhat in principle
from the ordinary block and tackle, it is used for the same
purpose, namely, the raising of a heavy load by mecans of a
small applied force. The upper block contains two sheaves of
slightly different diamcters that are fastened together so as to
move as a unit. The lower block has but one sheave and is
attached to the upper block by means of the endless chain, as
shown. The foree is applied at P, and the load @ is fastened to
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the hook on the lower block. The relation between P and @
may be determined as follows: Let the diameter of the larger
sheave in the upper block be D,, and let the diameter of the
smaller sheave be D,. If these sheaves are rotated in a counter-
clockwise sense, the chain that is run off the smaller sheave will
increase the total length of chain between the
upper and lower blocks, and that which is run
on to the larger sheave will decrease this
length. The net change of the total length of
chain between the blocks will be the differ-
ence of the lengths run on and off the upper
sheaves. This change of length is equally
divided between the two parts of the chain
that connect the upper and lower blocks, and
hence the change of center distance of the
two blocks is equal to one-half the differ-
ence of the lengths of chain run on and off
the sheaves in the upper block. Let the
sheaves in the upper block be turned through
one revolution under the action of the force P. The load Q will
be raised through a distance,

Fia. 166.

h = g(D,. — Dy) (40)

Assuming no friction, the amount of work delivered to the hoist
by PP must cqual the amount done in raising @. Thercfore,

PrD, = Qh = Qg[z),. — Dy

-g22]



CHAPTER VIII
INTERMITTENT-MOTION MECHANISMS

In addition to the standard agencies for transmitting motion,
namely, linkwork, cams, gears, belts, ropes, and chains, there are
numerous auxiliary devices for controlling and regulating the
motions of machine parts and adapting such motions to a great
variety of purposes. By far the greater number of these supple-
mentary mechanisms consist of combinations such as ratchets
used in feed and stop mechanisms, escapements for controlling
clockwork, clutches, and brakes for controlling motions between
a pair of shafts; or the combinations may be of a more complex
nature as in indexing and reversing mechanisms for automatic
machines. Such combinations are usually classified as intermat-
tent-motion mechanisms, and they will be discussed in this chapter
under the following subdivisions:

1. Ratchets, escapements, intermittent gearing, and indexing
devices; for producing rotary or rectilinear motion by steps.

2. Reversing mechanisms; for producing reversible running of
trains of mechanisms.

3. Clutches and brakes; for stopping and starting parts having
rotary motion of the uniform type.

122. Intermittent Movements.—The action of all automatic
machinery is based upon intermittent movements so synchronized
that one or more members will automatically perform a certain
function and then remain at rest while the other members do
their part by continuous motion. From various combinations
of the two main movements possible in a machine, namely, rota-
tion and reciprocation, all the complicated movements in
machinery are composed. For example, in the casc of rotary
motion, any number of revolutions or any fractional part of a
revolution may be followed by a period of rest equivalent to any
number of revolutions or fractional part of a revolution. Com-
binations of these movements may be varied in any way, and a
series of different motion periods followed by required rest
periods.

173
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123. Ratchet Mechanisms.—A wheel provided with suitably
shaped teeth, receiving an intermittent circular motion from an
oscillating or reciprocating member, is called a ratchet wheel. A
simple form of ratchet mechanism is shown in Fig. 167. A is
the ratchet wheel, and B is an oscillating lever carrying the
driving pawl C. A supplementary pawl
at D prevents backward motion of the
wheel. When arm B moves counter-
clockwise, the pawl C will force the
wheel through a fractional part of a
revolution dependent upon the motion
of B. When the arm moves back, the
pawl will slide over the points of the
teeth while the wheel remains at rest
because of the fixed pawl, and will be
ready to push the wheel on its forward
"~ motion as before. The amount of backward motion possible
varies with the pitch of the teeth. This motion could be
reduced by using small teeth, but this procedure would result in
weak teeth, and the expedient is sometimes adopted of placing
several pawls side by side on the same axis, the pawls being of
different lengths. Thecontact sur-
faces of wheel and pawl should be
so inclined that they will not tend
to disengage under pressure. As
shown in Tig. 167, this means that
the common normal at N should
pass between the pawl and ratchet-
wheel centers. If this common
normal should pass outside these
limits, the pawl would be forced
out of contact under load unless
held by friction. 1n many ratchet
mechanisms the pawl is held
against the wheel during motion by Fro. 168.
the action of a spring.

The usual form of the teeth of a ratchet wheel is that shown in
Fig. 167, but in feed mechanisms such as used on many machine
tools it is necessary to modify the tooth shape for a reversible
pawl so that the drive may be in cither direction.

Fia. 167,
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Ratchet mechanisms occur in a great variety of forms and find
a wide range of application. They may be seen in ratchet drills,
lifting jacks, feed and stop mechanisms in machine tools, cap-
stans, windlasses, etc.

124. Escapements.—Under the head of escapements may be
grouped a number of sclf-acting stopping and releasing ratchet
mechanisms in which the driven link is alternately released and
stopped. The most familiar example is found in clockwork
where the driving weight or spring is permitted to move the
parts and, therefore, the hands by a definite amount at regular
intervals.

One common form of escapement such as used in clocks is
shown in Fig. 168. The escape wheel A turns in the dircetion
indicated by the arrow and is supplied with long pointed teeth
acting upon the pawl ends B and C, which are known as pallets.
The double pawl D is oscillated by the pendulum FE, which is
attached to it at F. The pendulum has a normal period of vibra-
tion corresponding to its length, and il the pendulum is so heavy
that the rotative effort of the escape wheel cannot alter this
period, the pendulum in swinging will control the motion of the
wheel. The tendency of the wheel to produce vibration of the
pendulum may be made sufficient to overcome the frictional
resistance which acts to stop the pendulum, and thus the ampli-
tude of the vibrations is maintained. Many modifications of
the escapement have been devised to meet special requirements.
The problem of design is an intricate one requiring the skill
of specialists. In watches, chronometers, etc., a balance wheel
is used instead of a pendulum to regulate the period of the
vibrating member, but all these escapements operate on the same
general principle.

125. Intermittent Gearing.—A pair of rotating members may
be so designed that for continuous rotation of the driver, the
follower will alternately roll with the driver and remain station-
ary. Such an arrangement is known by the gencral term inter-
mittent gearing. This type of gearing occurs in some variety
in counting mechanisms, motion-picture machines, feed mecha-
nisms, ete.

a. The Simplest Case.-—The simplest form of intermittent gear-
ing, illustrated in Fig. 169, has the same kind of teeth as for ordi-
nary gears designed for continuous motion. This example is
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merely a modification of a pair of 20-tooth gears to meet the
requirement that the follower shall advance one-tenth of a turn
for each turn of the driver. The interval of action is the two-
pitch angle « (indicated on both gears), the single tooth on the
driver engaging with each space on the follower to produce
the required motion of one-tenth turn of the follower. During
the remainder of a driver turn, the follower is locked against
rotation in the manner shown in the figure. In order to vary
the relative movements of the
driver and follower, the meshing
teeth may be arranged in various
ways, to suit requirements. For
example, the driver may have
more than one tooth, and the
periods of rest of the follower

Fra. 169. IM1a. 170.

may be uniform or may vary considerably. Counting mech-
anisms are often equipped with gearing of this general type.

b. The Geneva Wheel.—An interesting example of intermittent
gearing is the Geneva wheel combination shown in Fig. 170. In
this particular case the driven wheel B makes one-fourth of a turn
for one turn of the driver A, the pin a working in the slots b
causing the motion of B. The circular portion of the driver,
coming in contact with corresponding hollow circular parts of
the driven wheel, retains it in position when the pin or tooth a
is out of action. The wheel A is cut away near the pin a as
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shown, in order to provide clearance for wheel B in its motion.
If one of the slots is closed, A can make only a little more than
314 revolutions in either direction before pin a strikes the closed
slot and thus stops the motion. The device in this modified
form was carly used in watches, music boxes, cte., to prevent
overwinding, and from this application received the name Geneva
stop. In the arrangement as a stop, wheel A is secured to the
spring shaft, and B turns on the axis of the spring barrel. The
number of slots or interval units in B depends upon the number of
times it is desired to turn the spring shaft.

As applied in some types of motion-picture machines, the wheel
B has four slots, so that it is given a quarter turn for every
revolution of wheel A. Wheel B is secured to the sprocket that
meshes with the openings in the edge of the film and jerks it
down before the lens, picture by picture, as the pin in wheel A
pulls B around one-quarter of a turn.

The Geneva wheel is sometimes used on machine tools for
indexing or rotating some part through a fractional part of a
revolution.

126. Indexing Devices.—By indexing, as a shop term, is
meant the operation of exactly dividing the periphery of a cir-
cular piece into a number of equal parts, or what is the equiva-
lent, one turn of a wheel, or 360 deg., into a number of equal
angular divisions. Mechanisms in considerable variety have
been devised to produce this result, most of them concerned
with the production of toothed gearing. Indexing is mostly
donc on milling machines and gear-cutting machines. The
indexing mecchanisms on gear-cutting machines are usually more
or less complex. Indexing in its simplest form is found on the
milling machine where, for general service, the well-known type
of index head, also called dividing head, which forms a part of the
standard equipment of the machine, is used.

a. The Index Head.—Index heads vary considerably in design
but all embody the essential features of the mechanism of the
plain index head outlined in Fig. 171. Spindle 4 is carried in a
headstock with which comes a companion tailstock. Work can
then be held either between centers or in a chuck attached to the
spindle. On the spindle is a 40-tooth worm wheel B driven by
a single-threaded right-hand worm C. On the end of the worm
shaft and located at the side of the head is the adjustable index
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crank D with handle E and plunger pin F which can be let into
any hole in the index plate G. This plate, which, with sector H,
is shown in more detail in Fig. 172, carries the essential dividing
clement of the apparatus in the form of a number of circles of
cqually spaced holes.

I8ach index head is provided with several interchangeable index
plates in order to cover a wide range of work. The plate shown
in Fig. 172 has circles of 15, 16, 17, 18, 19, and 20 equally spaced
holes, but for the sake of clearness in illustrating the usc of the
plate, only the circle of 17 holes is shown.

Fie. 171.

As 40 turns of the crank are required to make one turn of the
work, since the work turns with the spindle, in order to find how
many turns of the erank are necessary for a certain division of the
work, 40 is divided by the number of divisions desired. The rule
then may be stated as follows: Divide 40 by the number of divisions
desired, and the quotient will be the number of turns, or part of a
turn, of the crank which will give each destred division. Applying
the rule, to make 40 divisions of the work the crank would be
given onc complete turn to obtain each division. To obtain 20
divisions the crank would be given two complete turns for each
division, ‘

b. Function of the Index Plate—The index plate becomes
nccessary when the crank has to be turned only a part of the
way around to obtain the necessary divisions. For example, if
the work is to be given 120 divisions the crank must be turned
one-third the way around, and an index plate should be selected
that has a circle with a number of holes divisible by three, as
15 or 18 (Fig. 172).
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¢. Function of the Index Sector.—The index sector is of service
in obviating the necessity of counting the holes at ecach partial
turn of the crank. The sector has two arms that can be sct and
clamped together at any angle. To illustrate the use of the
sector it will be assumed that it is desired to divide the work into .
136 parts. Applying the rule, 40 divided by 136 gives #{7,
showing that the crank must be rotated five-seventeenths of a
turn to obtain each of the 136 divisions on the work. An index
plate with a circle of 17 holes is selected (Fig. 172), and the sector
is set to measure off 5 spaces. Starting with the crankpin in

Fra. 172,

hole a, for example, a cut would be made in the work and the
crank would then be turned to bring the pin into the hole b and a
second cut made in the work. The sector would then be turned
to the position shown by dotted lines. After the second cut had
been made, the crank would again be turncd to bring the pin
into hole ¢, and so on until the operation had been repeated
136 times. The operator of the machine is provided with index
tables so that for any given case the number of turns of the crank
and number of holes in the circle may be readily ascertained.
For rapid indexing in simple numbers, as in milling four- or
six-fluted reamers, provision is usually made for indexing directly
through a plate on the spindle A4 itself. This plate has circles
commonly of 24, 30, or 36 holes and indexes any number dividing
directly into these numbers. To change from one indexing
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method to the other, a cam or eccentric throw-out is provided for
disengaging the worm. With the worm out of mesh with the
worm wheel, the spindle is then indexed by hand.

Index heads may be used not only on milling machines, for
which they are primarily designed, but also on shapers, planers,
and any other machine tool where there is work that must be
indexed.

d. The Geneva Wheel as an Indexing Device.—The process of
indexing involves the starting of a mass from rest, moving it
through a fixed distance, bringing it back to rest, and accurately
locating it. Regardless of the magnitude of the mass the starting
and stopping are accompanied by a shock. In the design of cer-
tain kinds of automatic machinery where provision must be made
for indexing the work or the tools it is necessary to reduce this
shock as much as possible, and good results have been achieved
by the use of the Geneva wheel.

The mechanism consists of a driving and a driven member
arranged so that the driving member, rotating uniformly about
its axis, carries a roller that engages a slot in the driven member
and causes the latter to rotate with a variable angular motion
until the roller leaves the slot. The driven member then remains
stationary until the driving member has rotated to a position
where engagement is made with the next slot.

In Fig. 173, the roller shown entering the slot at @ moves with
uniform angular motion about the center O of the driver in the
direction indicated, leaves the slot at I, and continues its motion
until point a is again rcached where it is then ready to engage the
next slot. In the meantime the first slot of the Geneva wheel
has moved about its center of rotation O; through the angle aOjl,
when it again comes to rest.

It will be seen from the figure that, since the driving arm O,a is
of constant length, it forces the roller moving in the slot of the
driven member toward the center O; of the driven member as the
latter rotates about that center. The effective arm Osa will
therefore decrease to Osm as its minimum length. At this
point the driven member 3 is rotating at its maximum velocity.
The driven member 3 has a gradual motion at the start as shown
_by the travel of the roller from a to b while the point a of the
wheel moves from a to b’. Acceleration of the wheel 3 is positive
until the roller is on the center line 0:0; at m, after which the
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acceleration is negative until the roller leaves the slot at !, where
the wheel comes to rest.

The relative angular motions of the driving and the driven
member are very clearly shown by the angular-displacement
diagram in Fig. 174. If the second half of the motion of the
driven member is plotted as shown by the dotted line in the
figure, then the ordinates of the curves in the lower half of
the figure will represcnt, to a suitable scale, the angular velocitier

-

~

Fic. 175.

of the driven member corresponding to the constant angular
velocity of the driving member at any given positions indicated
Ly the abscissas.

With the mass of the driven member known, and means for
finding its velocity in any phase of its motion, the accelerations
and consequently the forces acting may be determined by the
methods outlined in Part IT of this book.

In laying out a Geneva wheel it is necessary to know the diam-
oter and number of slots. The procedure then is to draw the
circle of radius Osa (Fig. 173) and lay off the angle « = 360/N.



INTERMITTENT-MOTION MECHANISMS 183

where N is the number of slots. Next the angle a is bisected
by the line 030, and through point a the line a0, is drawn
tangent to the circle, making an angle 8/2 with the center
line 030;. The length of driving arm O.a and center distance C
between driver and follower are thus determined. If greater
accuracy is required than can be obtained by the graphical
method, these distances can casily be calculated.

In Fig. 175 is shown an indexing mechanism in which it was
found necessary to introduce a geared connection between the
Geneva wheel and the member to be indexed. A locking device,
to prevent any rotation of the last driven member while the
driving member is moving around to the position of engagement
with the next slot, is shown in the figure.

127. Reversing Mechanisms.—A reversing mechanism is an
arrangement of machine parts whose function is to produce
reversible motion of sliding or rotat-
ing members or entire trains of
mechanism. The types of reversing
mechanisms in common use vary
greatly, both as to principle of opera-
tion and as to formm.  Some are hand
controlled, but by far the greater
number are operated automatically.
Some must be so designed that the
reversal of motion occurs at a fixed
point in a cycle of carefully timed
movements, and with others the
point of reversal may be changed by means of adjustable dogs or
trips that arc attached to a moving part and control the action of
the reversing mechanism.

a. The Idler-gear Arrangement.—One of the simplest methods
for obtaining reversal of motion in a gear train provides for the
insertion of an additional gear in the train, as in the old type of
lathe feed train, illustrated in Fig. 185 (Chap. IX). In Fig. 176
is shown diagrammatically the part of the train cssential to this
discussion. The two intermediate gears B and D are carried on a
swinging arm FE pivoted on the axis of gear A, which can be
adjusted for engaging cither of the intermediate gears with gear C.
In the position shown, the drive is from C through B to A.
When the arm is shifted to the other extreme position, the drive

Fig. 176.
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is througb beth intermediate gears, or from C through D and B
to A, thus reversing the direction of rotation of A.

b. The Epicyclic-gear Arrangement.-~Reversal of motion may
bhe obtained by means of an epicyclic gear train, as illustrated
diagrammatically in Fig. 177. This figure shows the principle
of operation of the transmission gearing used in some of the early
designs of automobiles.

The gear a that is keyed to the crankshaft is the driver in
each case. At a is shown the combination for obtaining the slow
forward speed. The internal gear ¢ is held stationary by the
application of a brake band to its periphery. The pinions b
carricd by the driven member are then foreed by the driving
gear a to roll around inside the internal gear ¢, thus transimnit-

(c)

Fra. 177.

ting a slow rotating motion to the driven member attached to
the pinions.

The reversal of motion is shown by the combination at b.  The
member carrying the pinions is prevented from rotating by the
application of another brake band, so that the pinions are forced
to rotate on their stud and thus produce rotation of the internal
gear ¢.  In this case the internal gear that is attached to s
driving sprocket becomes the driven member.

For obtaining the direct high-speed drive the gears are all
locked together and revolve as a unit with the crankshaft, as
shown by the combination at ¢. The relative motions of the
gears of each combination are clearly indicated by the arrows.

¢. The Bevel-gear Device~—-A bevel-gear type of reversing
mechanism is illustrated diagrammatically in Fig. 178. This
arrangement is found in many classes of mechanisms in which
the reversing action is automatic. Gear a, which is usually the
driver, is constantly in mesh with the pinions b and ¢. The
pinions are loose on the driven shaft and have a toothed clutch d
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interposed between them. The clutch is free to slide axially on a
feather key that forces it to revolve with the shaft. Kach pinion
is provided with a cluteh end so that its engagement with the
clutech compels it to revolve with the shaft. Since the pinions

Fra, 178,
rotate in opposite directions, the rotation of the driven shaft is
reversed as the clutch iz shifted from one pinion to the other.
No motion is transmitted to the driven shaft when the eluteh is
in the neutral position shown in the figure. The cluteh is shifted
by means of the yoke e, which may receive its motion in various
ways.

e 1l LY

I
Fic. 179.

d. The Use of Open and Crossed Belts.—Reversal of rotation
may be accomplished by the use of open and crossed belts. One
familiar device for reversing the motion of the drive pulley of a
machine is outlined in Fig. 179. This is the older form of drive
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that has been much used for an ordinary engine lathe.  Power
is taken from a continually running line shaft A by means of open
and crossed belts B and € which drive countershaft pulleys D
and E in opposite directions, thus reversing the rotation of the
machine drive pulley F. Provision is made for starting and
stopping and for reversing the machine by means of friction
clutches (7 and I connected with each pulley. The shifting yoke
K is usually operated by a hand-controlled lever. The older
countershafts for many other machine tools requiring a reversal
of motion have been commonly arranged in this manner.

¢. The Automatic Belt Shifter—A belt-shifting arrangement
in which the reversing action is automatic is exemplified in the
standard belt-shifting mechanism of the ordinary planer of
the older type. Two adjustable dogs elamped to the bed of the
planer acting near the ends of the forward and return stroke trip
a lever arm that shifts the open and erossed belts in such 4 manner
as to reverse the motion of the planer table.

CLUTCHES AND BRAKES

128. Clutches and Clutch Mechanisms.—A cluteh is a form
of connection between a driving and a driven member on the
same axis, 50 designed that the two
members may be engaged or disen-
gaged at will either by a hand-
operated  device or automatically
by the action of some power-driven
device. Several distinet types of

Free. 180, clutches are in common use, and
they are made in a great varicty of
designs.  The  common types of clutches may be divided
into two general classes, namely, the positive or jaw eluteh
and the friction clutch. The jaw eclutch is simpler and
more powerful and is used when it is not objectionable to
start the driven member suddenly and where the resistance to
motion is not so great as to cause injurious shock when the
cluteh teeth come into engagement.  Since a friction eluteh may
be engaged gradually and will slip while the driven member is
being accelerated, it ean be used successfully with great differ-
ences in speed.
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a. Jaw Clutches.—A simple form of jaw eclutch is shown in
Fig. 180. Part 4 ix keyed to its shaft, and part B is splined so
that it can be moved axially by a shifting device that engages
it by means of a groove in the flange as shown Several forms
of this clutch differ mainly in o
regard to the shapes of teeth or B

angle of the engaging surfaces. ‘
b. Friction Clutches.—The __(“——‘ﬂ—g——-—————-—
different  types of friction . _

clutches vary mainly in regard
to the form of the friction sur- 7
faces and with respeet to the
kinds of material used to ob- Fra. 181

tain sufficient frictional resistance.  The frictional surfaces may
be conical or eylindrical, or in the form of one or more flat rings
or disks. A simple form of conical cluteh is shown in Fig. 181.
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Motion is transmitted from the driving member 4 to the driven
member B by the frictional resistance of the conical surfaces.

c. Clutch-operating Mechanisms.—Since friction clutches require
the development of heavy pressure just as they close up, the
toggle principle (sce Art. 25, Chap. IT) is very gencrally employed
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\
in the operating mechanism of the clutch. In some types of
friction clutch, the members are maintained in engagement by
means of springs which are compressed in order to release the
clutech.  Where toggle mechanisms are employed, springs are
frequently used to separate the friction members and thus
eliminate any tendency to drag when the clutch is open.

An example of a conical clutch and its operating mechanism
as applied to a machine tool is shown in Fig. 182. The driving
pulley runs loose on the hub of the bearing ¢, and fastened to the
pulley is the cast-iron cone d.  The sliding cone e, which engages
with cone d, is keyed to the driving shaft @ by means of a feather

'<</\///‘/{<// w 7
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key.  The cones are engaged by means of the sliding member f
and the levers g, Several helical springs, one of which is shown
in the figure, are placed in the hub of the conc ¢ for the purpose of
disengaging the two cones when the sliding member f is shifted
80 ax to relieve the pressure between the cones.

In the type of clutch shown in Iig. 183, the operating mecha-
nism consists of an assemblage of several vise arms, d and e, cach
double gripping and thereby driving an annular ring ¢ integral
with the pulley b, which runs loose when not in engagement
with the clutch. By means of the toggle mechanism at g, the
vise arms d and ¢, which are lined with shoes made of hard maple,
are forced to grip the annular ring from both sides. The shaft a
is driven by means of the member f, which is keyed to it. The
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clutch is thrown in and out of engagement by means of the sliding
member h.

A clutch of the disk type is represented in Fig. 184, as applicd
to a pulley b running loose on a shaft a. The disk ¢ is faced with
hard-maple segments, and the construction is such that the seg-
ments may easily be renewed. The flange d slides on the flanged
hub e, which is keyed to the shaft «. By means of the toggle
mechanism consisting of levers f, g, and h and the sliding member

A
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k, the flanges d and e are pressed against the disk ¢, so that the
power is transmitted from the pulley to the shaft or vice versa.

129. Brakes.—In their action, brakes are very closcly related
to friction clutches, and in some starting and stopping mecha-
nisms the clutch and brake principles are used in combination.
The study of clutches and brakes more properly belongs in books
on machine design, and, therefore, no attempt will be made to go
farther than the few illustrations already shown, which have
been given merely for introductory purposes, as examples of
intermittent-motion mechanisms.
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A vast number of ingenious devices of kinematic interest may
properly be included under the heading of this chapter, but
the object has been merely to call attention to this important
class of mechanisms by a few simple examples rather than to
attempt a thorough treatment. An cxtended discussion of
such mechanisims may be found in zeveral well-known treatises
on mechanism.



CHAPTER IX
TRAINS OF MECHANISM

Since the primary purpose of a machine is to modify cnergy, al’
machines must have as constituent parts a mechanism or a series
of mechanisms hetween the point where the power is received and
the point where the useful work is delivered.  Similarly, mecha-
nisms, whether they form constituent parts of machines or are
employed merely in their primary funetion of modifying motion,
are made up of combinations of units arranged in trains. Such
combinations of units are called trains of mechanism. These
trains may consist of a great variety of constituents: linkwork,
cams, gears, chains, belts, ropes, etc., any or all.

When the distance bet:scen shafts is comparatively great, rope,
belt, or chain conneetions may be used. When the distance
between shafts is comparatively small and positive transmission
is essential, gears are used. When this last condition is not a
requisite, and the distance between shafts is too small to use belts
or chains advantageously, frictional gears are ocecasionally
employed. It is possible with a train of mechanism to securc any
desired result as to planc and direction of the ultimate motion,
and as to variety of motion, whether rotary, reciprocating, con-
stant, intermittent or irregular, ete. Trains of mechanism are
common to all classes of machinery, and in connecting the source
of power to the useful work, they must provide separately or in
combination mechanical advantage, a definite velocity ratio,
flexibility as to speed ratio, and compactness.

130. Typical Examples.—A typical example of a comparatively
simple train of mechanism, and one with which students are
ordinarily familiar, is found in the ordinary metal-cutting lathe
of the older style. The mechanism of this lathe is shown in
diagrammatic form in Fig. 185. The main train at A drives the
spindle S, which carries the work picee and rotates it against
the cutting resistance of the tool. The first secondary train B,
an end view of which is also shown, drives the lead screw; this

191
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screw engages a split nut on the tool carriage or saddle, so as to
give the latter a smooth and steady motion along the ways for
screw cutting. The belt at C connects L and M, and the gears
at D drive the feed rod, which by means of gear trains E and F can
give a longitudinal feed to the whole saddle or a cross-feed to the
slide resting on the saddle.

The cone pulley a, with pinion b fastened to it, is the first mem-
ber of the main train. This combined pulley and gear is driven
by a belt from an overhead countershaft and turns freely on the
spindle to which the gear e is fastened. Through the back-gear
train b-c-d-e, a slow and powerful movement is given to the
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spindle. For high-speed work the back gears ¢ and d, which are
fastened to a hollow shaft G, are thrown out by means of the
shaft H, which has eccentric bearings in the headstock. Gear ¢
is then locked to cone a, so that the belt drives the spindle directly.
As regards the reversing gears, it is only necessary to state
that the plate carrying these intermediate gears is pivoted on
axis 2 and that arm ¢ can be latched in position for forward, neu-
tral, and reverse. Different gears can be slipped on studs 2, 3,
and 4 so as to give different speed ratios of lead screw to spindle,
stud 3 being adjustable to any position required.

The belt drive for the feed rod is an old-fashioned arrangement,
modern lathes having some form of all-gear drive. In the old
type of lathe the lead screw could be used for ordinary longitu-



TRAINS OF MECHANISM 193

dinal feeding, but its general use would cause unevenly distrib-
uted wear, so that it is genecrally reserved exclusively for the
operation of screw cutting.

The tool-carriage feed trains E and F are carried in the apron
that cxtends down from the saddle, and they conncet with the
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fixed rack on the lathe bed for the longitudinal feed and with
the screw for the cross-feed, respectively.

A typical example of a more complex train of mechanism is
shown in Fig. 186. This figure is a diagram of the driving
mechanism found in a certain type of automatic gear-cutting
machine. It may be noted that the constituents common to
trains of mechanism occur here in considerable variety, namely,
pulleys; spur, bevel, and worm gearing; cams; linkwork; ete.
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The mechanism as a whole is composed of a number of auxiliary
trains branching off from the main drives to the cutting tools and
the work, to actuate the indexing, reversing, and feeding mecha-
nisms, etc. In a machine of this type careful timing is necessary,
so that the velocity ratios are generally exact.

131. Gear Trains.—If motion is transmitted entirely through
gearing, the combination of gears is called a gear train. Gear
trains may be divided into two classes, simple and compound. In
a simple gear train cach shaft of the mechanism carries one gear
only, as in Fig. 187. In a compound train of gears each shaft

_except the first and last carries two gears as in Fig. 188. It is
kinematically possible to transmit motion between any two shafts

S
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by a single pair of gears, but therc are practical considerations
that often make this arrangement impracticable.

A numerical example will show the advantage of a compound
train over a simple train. In Fig. 188 let a, b, ¢, and d have 12,
60, 16, and 64 teeth, respectively. The velocity ratio between
a and d is therefore 605 X 64{¢ = 29{. To get the same veloc-
ity ratio by employing a simple train, a 12-tooth pinion meshing
with a 240-tooth gear would be required, assuming 12 to be the
smallest number of teeth practicable for the pinion. If the piteh
of the gears is taken as 4, the diameter of the 240-tooth gear would
be 60 in., whereas in the compound train the diameter of the larg-
est gear would be 16 in. Moreover, in case of the single pair, the
pinion would be subjected to twenty times the tooth wear of the
gear, a very undesirable condition. In addition, the faster pair
of gears in the compound train may have a smaller pitch and
narrower face than the slower pair, a condition that results in
further compactness.
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Still further compactness in a compound gear train may be
obtained by placing the first and last gears on the same axis, as
shown in Fig. 189, one of the gears being attached to a sleeve
or hollow shaft. This arrangement is sometimes referred to as a
reverted gear train. A familiar example of this arrangement is

-

Qa.

Fra. 188,

observed in clockwork, where the hour and minute hands are
attached to gears on the same axis.

Jompound trains of the type shown in Figs. 188 and 189 find
wide application in speed-reducing mechanisms used in connec-
tion with high-speed prime¢ movers such as the steam turbine and
the high-speed electric motor. . Such a train is generally enclosed
in a housing, forming a unit that connccts the prime mover to
the driven machine, and is called a speed reducer. Descriptions
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of the several types of speed reducers in common use are given
in Art. 139.

132. Velocity Ratio in a Gear Train.—In Chap. IV velocity
ratio in the case of a pair of mating gears was defined as- the
ratio of the angular velocity of the driving gear to that of the
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driven gear. It can be shown that a similar relation exists for
the velocity ratio of a gear train.

Assume four axes, 1, 2, 3 and 4 (Fig. 190) to be arranged as
shown and connected by toothed gears represented by their pitch
circles a, b, ¢, ete. Gear a meshes with b, ¢ meshes with d, and e
meshes with f.  Both the gears b and ¢ are secured to the shaft
2; hence they must rotate as one piece, having the same angular
velocity at any instant. Likewise d and e are both secured to
shaft 3 and thus have the same angular velocity. Let the angular
velocities of the shafts 1, 2, 3, and 4 be represented by wi, ws, ws,
and ws, respectively. Two gears that mesh together must
have the same pitch; hence the numbers of teeth are proportional

o
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to the circumferences, to the diameters, or to the radii. But
their angular velocities are inversely as the radii, and therefore
inversely as the numbers of teeth in the gears. If a, b, ¢, ete. are
the numbers of teeth in the gears designated by these letters, it
follows that

wr_bow_doos_f
_wg—a’wa_(t'uu—e
Therefore
wi_wiyowry e _bod f_ bdf (42)
w4 w2 w3 w4 a c e ace

In this train a is the driver and b is the follower in the first
pair; ¢ is the driver and d the follower in the second pair; and e
is the driver and f the follower in the third pair. The important
conclusion expressed by wi/w; in the above equation may be put
into the following general statement, good for all such trains:
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The angular-velocity ratio of the first driving gear to the last
driven gear equals the continued product of the numbers of teeth
in the driven gears divided by the continued product of the numbers
of teeth in the driving gears.

In finding the velocity ratio of a train, any of the factors
w1/ws, we/ws, ete., may be expressed in terms of the numbers of
teeth, radii, diameters, or revolutions per unit of time of the pair
of gears involved. If the last relation is used, however, the
ratio is direct, and not an inverse ratio as in the case of the other
terms. Nor is it necessary that these different factors all be
given in the same terms. Thus in Fig. 190, if a has 15 teeth and
b has 60 teeth; if ¢ is 3 in. in diameter and d is 15 in. in diameter;
if e makes 75 r.p.m. and f makes 25 r.p.m., then

wi _60 15 75 _ 60

wy 15 3 25 1

Hence, if shaft 1 makes 120 r.p.m., shaft 4 will make 2 r.p.m.

133. Value of a Gear Train.—In most problems involving gear
trains the speed of the first gear is known and that of the last
required. It is convenient, therefore, in making calculations
to have a factor by which to multiply the first in order to get
the last speed. This factor is the reciprocal of the velocity ratio
of a train. The relation may be expressed by writing the recipro-
cal of Eq. (42) as follows:

wg _ ace ace

;1' = Wf or ws = wp X b_Jf (43)

The reciprocal of the velocity ratio, <.¢., the continued product
of the numbers of teeth in the driving members divided by
the continued product of the numbers of teeth in the driven
members, is known as the value of the train. Rcferring to
Fig. 188, if a, b, ¢, and d have 12, 60, 16, and 64 teeth, respectively,
the train value is a/b X ¢/d = 12/60 X 16/64 = 1/20; and if
w; = 100 r.p.m., ws = w; X ac/bd = 100 X 1/20 = 5.

In making gear-train calculations, it is a matter of choice as
to whether the results are obtained by consideration of the over-
all velocity ratio or train value. A little practice, however, will
show that the use of the train value is generally more convenient.

134. Idler Gear and Direction of Rotation.—If two gears are
placed in direct contact, their sense of rotation, except in the
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case of an internal gear, will be opposite; but if one intermediate
gear is placed between them, their sense of rotation will be the
same. In Fig. 187 let the letters that represent the gears also
designate their respective numbers of tecth. Gear a drives b,
which in turn drives ¢.  Gear b is, therefore, both a driven and a
driving gear. Such a gear is.called an idler. The velocity ratio is
Wq b _ec
@ aXp =

Qla

Thus the introduction of an idler in a train serves to change the
sense of rotation, but not the velocity ratio or the train value.
The chief function of an idler is to change the sense of rotation.
Sometimes it is used to bridge the space between driver and fol-
lower and so enable a given velocity ratio to be transmitted by
use of smaller gears than would otherwise be possible. If a
train is made up entirely of spur gears, the adjacent shafts rotate
in opposite sense and the alternate shafts in the same sense.
If there is an odd number of shafts, the first and last axes will
rotate in the same sense; and if there is an even number of
shafts, the first and last shafts will rotate in the opposite sense.
In general the safest procedure is to determine the directions of
rotation in a train of mechanism by inspection and not attempt
to go by rule.

A familiar example of the case in which an idler provides
a simple and convenient reversing device is embodied in the
tumbler gears common to many mechanisms. A common appli-
cation of the tumbler-gear arrangement occurs in the headstock
of the screw-cutting lathe (Fig. 185), where it provides a con-
venient means of changing the direction of feed, or for cutting
either a right- or left-hand thread. Two idlers, g and h, are
mounted on a swinging arm ¢ so that they are always in mesh, but
at different center distances from axis 2 of the pivot. In the
configuration shown, the train runs f-g-k, and f and k rotate in the
same direction. By swinging the arm through a small angle, h
is brought into mesh with f. The train now runs f-h-g-k, and f
and k rotate in opposite directions. :

136. Gear Trains with Nonparallel Axes.—In the preceding
articles only gear trains with parallcl axes have been described.
The methods deduced in Arts. 132 and 133 for the velocity ratio
and value of a train are general and apply to all cases when the
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proper substitutions are made. A train is shown in Fig. 191 in
which the axes are not all parallel. A pinion a on shaft 1 drives
the spur gear b on shaft 2; a pair of bevel gears ¢ and d connect
shafts 2 and 3, and a worm e on shaft 3 drives the worm wheel f
on shaft 4. If the numbers of teeth on a, b, ¢, d, e, and f are 16,

1
Mﬂﬁ]mﬂhml LTI
s ."4

a b 2

32, 15, 30, 1, and 40, respectively, and if shaft 1 runs at a speed
of 320 r.p.m.,

a

ws = w1 X Xfxg 16 15 1
b d

f‘32°X:§§X§6XE

136. Selection of Gears for a Train.—When no restrictions or
limitations are imposed as to the number, size, pitch, ete. of the
gears, the variations in the make-up of gear trains that would
transmit a given velocity ratio are almost unlimited. No definite
rules or formulas can be followed, the process being mainly one
of cut and try until the desired result is obtained. Therc are,
however, certain limiting conditions in practice that confine
the selection of combinations within comparatively narrow limits.
Almost every drive is subject to certain special restrictions as to

=2
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space and arrangement of the gears. The power transmitte.l
determines the pitch of the gears in any given case, and since it is
common practice to limit the number of teeth in a pinion to 12,
the minimum size of the pinion is fixed. When the function of
the train as a whole is to reduce the speed, smoothness of action
requires that there should be no gearing up at any point in the
train; 7.e., the driving gear should be smaller than the driven
gear in cvery case.

a. The Hunting Tooth.—Another consideration that often must
be taken into account in the sclection of gears is the frequency
of contact between a pair of tecth of mating gears.  Although it ix
a debated question, it is considered by many that greater evenness
of wear on the teeth will result when a given pair of teeth on two
gears comes into contact the least number of times. To illustrate
this point, assume a pair of mating gears to have 30 teeth each,
the velocity ratio thus being unity; then a given tooth of one
gear will come into contact with a given tooth of the other gear
at each revolution of each gear. Now if the number of tecth in
one gear is increased to 31, the velocity ratio is nearly the same
as before, and yet a given pair of teeth will come into contact only
after 30 revolutions of one of the gears and 31 revolutions of the
other. The tooth inserted is called a hunting tooth, because a
pair of teeth, after once being in contact, gradually separate and
then approach by one tooth in each turn, and thus appear to
hunt each other as they go around. The result of the use of a
hunting tooth is most completely obtained when the numbers are
prime to each other, as in the case just cited. A hunting-tooth
arrangement is frequently found in automobile rear-axle drives,
where, for example, a 13-tooth pinion driving a 53-tooth ring
gear is just as satisfactory, as far as velocity ratio is concerned,
as the exact-multiple ratio of 13 to 52. But there are a great
many cases where an exact-multiple ratio is required, thereby
rendering the use of a hunting tooth impossible.

b. Illustrative Examples.—It is evident from the above discus-
sion that in selecting gears for a train there are some general
lines of attack which may be followed, and which may best be
understood by studying certain typical problems.

1. As an example let it be required to select the gears for a
train arranged as shown in Fig. 188. The train value is to be 14
and the gears selected are to be subject to the limitation that no
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gear is to have fewer than 12 teeth. The first step in the solution
of the problem is to write the equation,
a_c 1
5X3a~
It is desirable in general to have the two factors a/b and ¢/d as
- nearly as may be of the same value. The square root of 14 is
between 14 and 14; so a trial pair of factors may be taken as 14
and 4. Then,

_1
!
and the equation is satisfied if q, b, ¢, and d, have 13, 52, 12, and 60
teeth, respectively. By factoring differently or by using other
numbers of tceth for the pinion, other successful combinations of
gears may be sclected.

The above arrangement has what is considered by many the
disadvantage of having the same tooth of a pinion always making
contact with the same tooth in a gear. This condition may be
avoided and the huntm;._,—tooth condition obtained by the follow-
ing arrangement:

1 13 12 1
X5=5 %8 2

Sal B~
ST

C
Xd 5 =2

a
b
2. As a further example let it be required to sclect the gears
for a train with the axis of the last gear coincident with the axis of
the first gear, as in Fig. 189. The train value is to be 144, no
gear is to have fewer than 12 teeth, and all gears are to be of the
same pitch. As in the preceding example, a trial pair of factors
may be taken as 14 and 14 so that
a _c 1 1 1
bXa= 1%~
Now since the pitches are all the same,

a+b=cH+d

Let x represent this sum. Then a value must be chosen for x
such that it may be broken up into two parts whose ratio is 1 to 4
and also two parts whose ratio is 1 to 5.  If 2 is made equal to the
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least common multiple of (1 + 4) and (1 + 5), the conditions will
be satisfied. This least common multiple is 30. Then a/b =
6/24 and ¢/d = 5/25. But the values in the numerators are too
small for the numbers of teeth required in the pinions, so that
numerator and denominator of each fraction must be multiplied
by some number such that no number will be less than the num-
ber of teeth allowed in the smallest gear.  In this case multiplying
944 by 35 and 345 by 35 gives

a _c¢c 18 15

b Xa= 1275
Thercfore the conditions of the problem are satisfied when a, b,
¢, and d have 18, 72, 15, and 75 teeth, respectively. When the
pitches of the two pairs of gears are not the same, a slight modi-
fication of the method is necessary. The solution in such a case
is left to the student:

137. Speed-changing Gear Trains. Change Gears.—The
gears of a train may all be interposed permanently between the
driving and driven members, or certain gears in the train may be
changed from time to time to vary the velocity ratio of the train.
Gears thus subject to change are called change gears. Speed-
changing gear trains are mostly used in machine tools and motor
cars. The oldest and simplest arrangement of change gears is
that in which certain gears may be removed from their shafts
or studs and others substituted in their place.

The most convenient and desirable arrangement, and the onc
that represents the modern tendencey in design, is that in which
the gears are not removed from the machine, but are enclosed
in a box or housing called a speed bozx or gear box, so designed that
various combinations of gears may be selected automatically and
the spced changes quickly obtained by manipulating a hand
lever that slides or shifts the gears into any desired positions.

The mechanisms of a great variety of machines might be chosen
to illustrate the two general schemes outlined above for effecting
speed changes. But since the principles are fundamentally the
same for all, it is desirable to select for illustration a type of
machine with which students are commonly familiar.

The ordinary enginc lathe serves this purpose remarkably
well, The mechanism of the lathe, particularly in respect to its -
screw-cutting provision, illustrates. a typical application of a
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gear train in which speed changes arc required. In lathes of
the older type the change gears are removable, whereas most
modern lathes are of the quick-change type with an elaborate
train of gears in which the speed changes are made in a manner
similar to the gear shift of automobiles.

a. Speed-changing Mechanism of the FEngine Lathe.—The
general arrangement of gearing in a simple lathe of the older
type, equipped for screw cutting, is shown in Fig. 185 and was
briefly deseribed in Art. 130. On the spindle S are the gears b,
e, and f and the stepped cone a. The cone is connected by belt
to the countershaft, which supplies the power. The gear e is
keyed to the spindle, and the stepped cone is free to rotate on
the spindle except when it is locked to gear e by means of a pin.
The gear b is fastened to the stepped cone and rotates with it;
¢ and d arc the back gears and are keyed to a shaft that is parallel
to the spindle. This shaft has cccentric bearings so that the
back gears may be thrown out of mesh with b and e.

When the back gears are thrown out, ¢ and the stepped cone
are locked together, and as many speeds can be obtained as there
are steps on the cone, whercas with the back gears thrown in, ¢
and the stepped cone are not locked, and the number of speeds
of the spindle is therefore doubled.

The purpose of the spindle gear f is to drive the thread-cutting
train. The tumbler gears g and h are for the purpose of changing
the direction of rotation of the lead screw. Gear g meshes with
k, which is the inside stud gear, and the arrangement is such that
fand g may be thrown out of mesh and A be made to mesh directly
with f.  fand k are usually made the same size, but, when they
arc not the same, k is usually made twice the size of f, so that k&
makes onc-half as many revolutions as the spindle.  On the same
shaft with k is the outside stud gear j. Meshing with j is an
intermediate gear I, which meshes with the lead-screw gear m.

In thread cutting it is necessary to change the stud gear j and
the lead-screw gear m. The intermediate gear I is held on a
slotted bracket called a quadrant, not shown in the figure. This
allows I to be adjusted to accommodate different-sized gears
J and m. ‘

In order to cut a greater range of threads without adding more
change gears, the intermediate gear ! may be compounded, that
is, replaced by two gears of different sizes, and fastened together,
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one of them meshing with the stud gear and the other with the
lead-screw gear. When compounded, the intermediate gears
are subject to change and therefore become change gears along
with the stud gear and lead-screw gear.

Onc of the inherent advantages of the involute system, namely,
the possibility of varying the center distance without affecting
the velocity ratio, is manifest in change-gear sets, because no
provision is made for adjusting these gears to the theoretical
center distance. To do so would greatly complicate the design.

The cutting tool is held in a tool holder mounted on a carriage
that is moved back and forth along the work by means of a
split nut engaging the lead screw. If there werc eight threads
per inch on the lead screw, then eight revolutions of the lead
secrew would advance the cutting tool 1 in., and if the work
made four revolutions to eight of the lead screw, four threads
per inch would be cut on the work.

b. Selecting Change Gears for the Screw-cutting Train.— -An
illustrative example will show the method of selecting the change
gears to do a given piece of work. A certain lathe of 16-in.
swing has a lead serew of four threads per inch, and a set of change
gears of the following numbers of teeth: 24, 30, 36, 42, 48, 54,
60, 66, 69, 72, 78, 84. Lect it be required to find the numbers of
teeth in the stud and lead-screw gears j and m, when f and &
are the same size.

Since the gears g, h, and [ arc idlers, they need not cnter into
the calculations, and since the spindle and stud shafts make the
same number of revolutions, it is only necessary to find the
number of revolutions of the stud shaft.

Let n = number of threads per inch to be cut on the work.

N = number of threads per inch on lead screw.
t = number of teeth on lead-screw gear.
T = number of teeth on stud gear.
Then
N T
T

n

(44)

Let it be required to select change gears for cutting six threads
per inch on the work.
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Any two gears of the set may be taken that have numbers of
teeth in the ratio of T to £. In this particular case a 24-tooth
gear would be selected for the stud and a 36-tooth gear for the
lead screw.

If the change gears are compounded, the pair of intermediatc
gears, unlike the idler I, which they replace, affect the velocity
ratio between the spindle and the lead screw because of their
difference in diameters. The velocity ratio as found by the
preceding method must be multiplied by the ratio of the two
intermediate gears. Thus if 35 threads are to be cut on the
same lathe, it will be nccessary to use the compound intermediate
gears. Take the ratio TT/tt = 4/35 and split it into the obvious

factors 24 and 24, which can be realized with gears of 24, 60, 20,
and 70 teeth.

The primary unit of nearly all quick-change lead-screw trains
is a cone-and-tumbler pair (Fig. 192) based on the arrangement
shown by gears 7, I, and m, (Fig. 185). The secondary train,
which will not be discussed here, multiplies and divides the cone
ratio by 2. Of the two gears j and m in Fig. 185, one will serve
as a pinion (constant), and the other will become a cone (in
cffect, a gear of varying diameter). Whether f or j is expanded
into a cone depends upon the system of screw threads.

The above screw-cutting trains are given as examples of the
old and the modern arrangements; but among lathes of various
makes there are many modifications in detail to be found. All
ordinary screw-cutting lathes, however, have mechanisms that
are fundamentally those given above.

c. The Automobile Transmission.—Figure 193 is a drawing of a
variable-speed transmission showing how the speed-changing
principle is applied in the automobile drive. The standard
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arrangement gives three forward speeds to the drive shaft (one
without using the gears) and one reverse. The power from the
engine is delivered through a friction cluteh (not shown) to the
shaft E and to this shaft is secured a gear 4 having also a part
of a jaw clutch B on its right-hand side. Gear 4 meshes with
another gear G on the countorshaft M, which carries also the
gears H, J, and K keyed to it, and, whenever the engine shaft £
operates, the gears G, H, J, and K are running. On the right
is shown the power shaft P, which connects with the rear or
driving axle; this shaft is in line with Z and carries the gears D
and /' and also the inner part C of the jaw clutch, which engages
with the outer part B. The gears D and F are forced to rotate

D
AB N R. T

5 - ml)—
L
C
:—1
—
M > K
G
F1c. 193.

with P by means of keys at T, but both arce sliding gears and may
be moved separately along the splined shaft by means of a shift-
ing lever that connects with the collars at N and R, respectively.
In addition to the gears already mentioned there is another, an
idler gear L, which meshes with K and runs on a bearing behind
the gear K.

When it is desired to operate the car at maximum speed (third
or high), the operator throws F into the position shown and
pushes D to the left so that the clutch piece C engages with B,
in which case P runs at the same spced as the engine shaft .
The second highest speed (second or intermediate) is obtained
by slipping D to the right until it comes into contact with I7, the
ratio of the gears (train value) then being A /G X H/D; F remains
as shown. For the lowest speed (first or low) D is placed as
shown in the figure and ¥ moved into contact with J, the ratio
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of the gears in this case heing A/G X J/F. The shaft P and the
car are reversed by moving F to the right until it meshes with L,
the gear ratio being A/G X K/L X L/F. The shifting arrange-
ment is such that it is not possible to have more than one set of
gears in operation at one time. )

138. Epicyclic-gear Trains.—If one of the gears in a train is
fixed or stationary and another gear (or gears) in mesh with it
revolves about the stationary gear in addition to rotating relative
to its own axis, the mechanism is known as an epicyclic gear
train, because points on the revolving gears describe epicycloidal
curves.

Fia. 194.

a. Simple Epicyclic-gear Train.—In Fig. 194 let @ and b be
two gears mounted on an arm ¢, so that if ¢ were fixed, a and b
would form a simple gear train. Now let it be assumed that a is
the fixed member of the train. Then ¢ can rotate about 0,
carrying b with it, b itself rotating relative to ¢ around its axis
at 0’. It is required to find the number of revolutions that b will
make around its own axss relative to the fixed member a for every
revolution of ¢ around 0.

First, let a be disconnected from the fixed frame, so that a, b,
and ¢ (locked together) can make one revolution as one piece,
.in the direction indicated, around O. Then b will make one
revolution around 0’ solely because of its motion around 0. This
can be secn by noting the positions of any point, as P, relative to
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0’ during different phases of the revolution, as shown. Now if
¢ is held stationary and a is rotated backward one revolution, @ is
brought back to its original position, and thus its resultant motion
is zero. At the same time b must receive a/b turns forward.
Then the total number of revolutions that b will make for one
revolution of ¢ around O is 1 + a/b, and its direction of rotation
will be the same as that of ¢. It is evident that ¢ can be
rotated in either direction, and the result obtained will still
hold.

The total motion of each link may be tabulated in the following
manner: Assume clockwise rotation as +, and counterclockwise

F1a. 195. Fis. 196.

rotation as —. Then considering the whole mechanism locked
and given one revolution about O in the positive direction, each
member will rotate 41 revolution. Next consider that the arm
¢ is fixed and that a is given one revolution in the negative direc-
tion. The total motions in this case are: —1 revolution for
a; + a/b revolutions for b; and 0 revolutions for ¢. The total
motion of each link is then given by the following table:

a b c
;Vi;);;ions withe....................L. +1 V +1 +1
Motionsrelativetoc.................% —1 +§"" +0
Total motions....................... : 0 1+ _Z- +1
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Then the angular-velocity ratio between the gear b and the arm

¢ may be expressed as follows: == 1 and the signs indi-
cate that both rotate in the same 6 ¢ 6 c

direction. :

If an idler is placed between a and b,
as in Fig. 195, or if a is an internal gear
(Fig. 196), the direction of motion of b
is reversed.

b.” Compound Epicyclic-gear Train.——
The tabular scheme may be followed if
other gears such as ¢ and d are added as
in Fig. 197, forming a compound reverted train. If b is fastened
to ¢, and d is free to revolve about O, the motions are shown in
the following table.

AL iy

(HIHNRRRRNL B

Z.d a

Fra. 197.

|
a i b ¢ d e
Motions with e.......... +1 +1 +1 : +1 +1
Motions relative toe. .. .. -1 |- +% ‘ + % i - % X (—‘; 0_. |
Total motions........... ! 0 1 +;)—‘ 1 +% | 1 — ;::; +1
_ ac
. bd
It follows that ¢ = 2%
We 1

This form of epicyclic train is used extensively for obtaining
great velocity ratios between the arm e and the last gear d.
As an extreme example:
Let a have 99 teeth.
b have 100 teeth.
¢ have 101 teeth.
d have 100 teeth.

Then
1 - % (1 _ 99)(12)
wd _ bd 100 X 100
we 1 1
1
10,000



210 MECHANICS OF MACHINERY

The application of epicyclic gearing to hoisting devices will
be obvious from the above. Epicyeclic gears are also used for
feed mechanisms on large boring bars, in machines for making
wire rope, in speed reducers, ete.

¢. Epicyclic Spur-gear Trains. The Triplex Hoist.—In the
triplex hoist, shown in diagrammatic form in Fig. 198a, is found
an interesting practical application of the epicyclic-gear train.

2
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Fia. 198.

The frame e is provided with bearings that carry the hoisting
sprocket g, and in the casting f, which is keyed to the hoisting
sprocket, are studs, each carrying a pair of compound gears ed,
the smaller one (£) meshing with an internal gear integral with the
frame e, and the larger one (¢) of the pair meshing with a pinion b
on the end of the shaft m to which the hand sprocket wheel a
is attached. 'When an operator pulls on the hand sprocket chain,
the hand sprocket wheel a is rotated, and with it the pinion b,
which in turn sets the compound gears ¢d in motion. As one of
these gears meshes with the fixed annular gear on the frame ¢,
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the only motion possible is for the spider and the studs carrying
the compound gears to revolve, and thus carry with them the
hoisting sprocket wheel g.

The velocity ratio between hand sprocket wheel a and hoisting
sprocket wheel g is evidently the same as that between gear b
and rotating casting f. In finding the velocity ratio for any
specific case, it is convenient to draw the skeleton outline of the
gear train as shown in Fig. 198b. The two pairs of gears ¢ and d
arc for the purpose of distrib-
uting the load. In finding the
velocity ratio it is only neces-
sary to consider onc-half of the
symmetrical arrangement, 7.e.,
the gears that are lettered in
Fig. 198b.

d. Epicyclic Bevel-gear
Trains. The Automobile Rear-
axle Drive.—Figure 199 shows -{-—
the arrangement of bevel gears
in the automobile rear axle.
Shaft a is driven from the en-
gine and has keyed to it the
bevel pinion b meshing with
ring gear ¢, which is fastened
to the frame d. The frame
turns freely on the axles ¢, to
which gears f and the rcar wheels are keyed. The frame
d, to which ¢ is fastened, carries the pinions g, which are free to
turn on the studs A. There are usually three of these pinions, in
order to distribute the load. When the automobile is going
straight ahead, a drives b, and all the other gears revolve as a
unit with ¢, without any relative motion. As soon, however, as
the car starts to turn a corner, say, toward the right, the left-hand
wheel will have to travel faster than the right-hand wheel, and
therefore the gears begin to move relative to each other, the
action being that of an epicyclic train. _

Let it be assumed that the left-hand . wheel is jacked up so that
it may turn freely while the right-hand wheel is left on the floor,

_thus holding right-hand gear f from turning. Consider fixed
gear f as the first gear of the train and the frame d as the arm
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carrying gears g. The velocity ratio of free gear f relative to
fixed gear f may be found in the same manner as for epicyclic
spur-gear trains. Thus using the tabular method:

J(fixed) d g f(free)
Motion withd................| +1 | +1 | ... | +1
Motion relative to d........ ... -1 o | ... +§ x4 '
;l‘otal motion................. 0 +1 .o 1 +';; =2 -

Whence it is shown that the left-hand wheel turns twice as fast as
gear ¢. It is cvident that in the case of the cpicyclic bevel-
gear train, direction of rotation cannot be definitely defined as
clockwise or counterclockwise, as is done with spur gears, so that
direction of rotation in any given case must be determined by
inspection.

139. Speed Reducers.—The turbine with its high speed is
more efficient than the low-speed engine; and the small high-
speed motor is more efficient, just as powerful, and less costly
than the larger one of slow spced. The use of the high-speed
prime mover, however, calls for a compact and cfficient device
that will decrease or step down the speed to a value suitable for
practical conditions, 7.e., to a speed or range of speed at which
the driven member operates economically and efficiently. Belt,
chain, and rope drives, open gearing, or any combination of these
methods of speed reduction may be found in practically every
industry. Although these methods of speed reduction possess
certain individual merits, they are also accompanied by many
objcctionable featurcs. Since the maximum practical ratio for
a belt drive is about 6 to 1, and that of a chain or spur-gear drive
8 to 1, it is evident that great reduction is possible only by the
use of a scries of reducing units. Satisfactory service on double-
belt transmission requires a minimum pulley diameter of 12 in.,
triple and quadruple belts requiring pulleys of larger diamecter.
It is evident then that transmission that requires considerable
speed reduction would necessitate the use of a great deal of space.

Open drives such as the above are also difficult to lubricate
properly and are subject to wear and deterioration, particularly
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where exposed to dirt, dust, grit, moisture, and acid and alkaline
fumes. Another very important consideration is that of safety.
If not carefully guarded, open drives are a constant source of
danger on account of rapidly moving exposed parts.

The advent of the efficient high-speed prime movers, and
the disadvantages of the prevalent meth-
ods of speed reduction resulted in the
development of units known generally as
speed reducers. These units vary in design,
but they all consist essentially of a train of
gears totally enclosed in a cast-iron hous-
ing. Speed reductions in ratios as great as
300 to 1 are accomplished in standard con-
structions, and special construction makes
ratios much larger than this possible.
Speed reducers fall into four general classifications: (a) worm
gear, (b) spur gear, (c) internal gear, and (d) planctary gear.

a. The Worm-gear Reducer—The worm type of reducer (Fig.
200) is commonly used tc¢ secure high-speed reductions between
shafts that are at right angles to each other. Combined bevel-
and spur-gear reducers are also used for angle drives.

Fra. 200.

Fia. 201,

b. The Spur-gear Reducer.—The ordinary spur-gear type of
speed reducer consists of a train of spur gears arranged as in
Fig. 201 or 202, each having its peculiar advantages. The
arrangement in Fig. 201 is commonly found in large steam-turbine
drives in which double-helical gears are used. The most used
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arrangement is that of Fig. 202, the outstanding advantages
being compactness and reduction in a straight line.

The arrangement shown in Fig. 202 reduces in a straight line,
the low-speed shaft S being to all outward appearances a con-

Fia. 202.

tinuation of the high-speed shaft F. The high-speed pinion b
meshes usually with threc idler gears ¢ making contact at 120-deg.
points of the pinion. This three-point application of the load
is for the purpose of keeping down
the size of a single-toothload. Keyed
to the same shaft of each of these
gears is another smaller gear d, which
- in turn drives a larger gear e making
contact at 120-deg. points of the
larger gear. This large gear is keyed
to the slow-speed shaft S. Any
reduction required may be attained
by proper gear ratios, or by making scries combinations of the
units just described.

c. The Internal-gear Reducer.—In the internal-gear type of
reducer (Fig. 203), the small high-
speed pinion b makes three-point con-
tact with three intermediate gears c,
which in turn make three-point con-
tact with an internal gear d. In this
case, however, the intermediate gears -
¢ are journaled in the frame e, and
the internal gear d, which is keyed to
the low-speed shaft S, is free to rotate. Greater speed reduc-
tion is obtained by making series combinations of this single
stage.

Fia. 204.
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d. The Planetary-gecr Reducer.—In the planetary type of speed
reducer, the gear train contains an epicyclic pair arranged as
shown in Fig. 204. Here, as in the previous cases, the high-
speed pinion b meshes with the three intermediate gears ¢.  The
gears ¢ are journaled on studlike shafts that protrude from a
plate ¢, which is keyed to the low-speed shaft S.  As the three
intermediate gears ¢ rotate about their centers, they mesh with a
stationary internal gear d.  This causes the entire unit, consisting
of the three intermediate gears, the plate in which they are jour-
naled, and the low-speed shaft, to rotate. Greater speed reduc-
tion is obtained by making series combinations of this single
stage.



PART II

KINEMATICS AND DYNAMICS OF MACHINERY
CHAPTER X

VELOCITIES IN MACHINES

In this chapter two general methods will be developed for
determining the velocity of any point in a machine having con-
strained motion, when the velocity of any other point is known.
These two methods will be called the method of relative velocities
and the method of instantaneous centers; they may be applied
cither graphically or analytically, but are more often applied
graphically. In the casc of many problems, however, a solution
is more casily effected either analytically or by a combination
of graphical and analytical work.

The reasons for making a velocity analysis vary somewhat with
the type of machine analyzed. In the case of high-speed machin-
ery, it is important to have a knowledge of the inertia forces
sct up in a given machine. In order to determine these inertia
forces, the accelerations of certain points of the machine must
be determined, and this usually requires that a complete velocity
analysis be made first. In many cases some idea of the accelera-
tions may be obtainced from a velocity analysis alone. In the
case of the quick-return mechanisms used on shapers, slotters, and
other machine tools, a velocity analysis will show the cutting
and return speeds of the tool. It is frequently more convenient
to determine the mechanical advantage of a given mechanism by
means of a velocity analysis than by means of a force analysis.

140. Vector Quantities.—The fundamental quantities of
mechanics may be divided into two groups, since they are either
vector or scalar quantities. A vector quantity has both magni-
tude and direction, whereas a scalar quantity has magnitude
only. A vector is a straight line, the length of which is propor-
tional to the magnitude of the quantity it represents, and the
direction of which (indicated by means of an arrowhead on the

216
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line, or by some other similar means) is the same as that of
the quantity. The initial point on the straight line is called
the origin of the vector, and the final point is called its extremity.
These are sometimes called the tail and head of the vector
respectively.

Some of the fundamental quantities of mechanics, such as
force and velocity, are obviously vector quantities. Many of
the others that are not so obviously veetor quantitics may,
nevertheless, be represented by means of vectors, and actually
are thus represented in the study of vectorial mechanies. The
latter subject, however, is not particularly well suited to the
needs of the engineer, and for this reason vector representation
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will be used in what follows only for those quantities where it is a
distincet aid to visualization.

It is shown in textbooks on vector analysis that it is possible
to manipulate vectors in much the same manner as algebraic
quantities. That is, a set of operating rules may be formulated
by means of which operations very similar to those commonly
performed upon algebraic quantities (such for example as addi-
tion, multiplication, differentiation, etc.) may also be performed
upon vectors. The only operations suited to the purposes of this
text, however, are those known as veetor addition and vector
subtraction.

The addition and subtraction of two vectors may be under-
stood by referring to Fig. 205. The vectors shown at a are added
at b, the vector V3 being their sum. It should be noted that the
origin of the vector representing the sum is coincident with the
origin of the first vector of the sum, and that its extremity is coin-
cident with the extremity of the last vector. The result of
vectorially subtracting V; from V, is shown at ¢, and the result
of subtracting V, from V, is shown at d. The vectors repre-
senting the results of the last two operations are equal in magni-
tude and opposite in direction.
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The operations described above may be indicated as follows:

V1 + Vz = Vs (Fig. 205b)
Voo Vi=V, (Fig. 205c¢) (45)
VioVe=Vs (Flg 205d)

The signs + and — indicate that the addition and subtracticn
arc vectorial and not algebraic.

The fact that the order in which two vectors are added has no
cffect upon their sum is brought out in Fig. 206. It is of course
cvident that the same statement applies to any number of vectors.

It should not be inferred from the foregoing discussion that in
order to obtain the sum of a number of vectors it is necessary for

all of them to lie in the same

\ " " plane. The operations of addition
G z 1z and subtraction may be performed
upon vectors in space in exactly
/'{' ’ the same manner as upon vectors

1 lying in the same plane. In order
la} (b) to perform these operations graph-
ically, however, considerable labor

is involved in the way of projection, and it is therefore better
when dealing with veetors in space to employ analytical methods.

Fia. 206.

MOTION CONCEPTS

141. Motion.—As stated in Chap. I most machine members
are constrained to have plane motion; 7.e., their points move in
parallel planes. In such cases it is possible to study the motion
of a machine member by means of its projection in a plane parallel
to the plane of motion; that is, by means of a working drawing
of the machine of which the member is a part. This is due to
the fact that all the points of the member situated on any one
line perpendicular to the plane of motion have exactly the same
motion.

142. Position.—Motion is change of position, and hence the
first requirement in the study of motion is a clear and definite
means of defining the position of a rigid body at any instant.

The position of a rigid body in space may be defined by defin-
ing the positions of any three of its points. Two points are not
sufficient, for in this case the body can rotate about the axis
formed by the straight line joining the two points without in any
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way disturbing the position of the latter. If a rigid body is con-
strained to have plane motion, two points are sufficient to deter-
mine its position, provided, however, that the points are not
situated on a line perpendicular to the plane of motion.

The position of a point in space may be defined:

1. In terms of its distance from three fixed rectangular axes.

2. In terms of the length and direction of a line drawn to it
from a single fixed point, the direction of the line being measured
by means of the angles that it makes with three fixed recta,ngular
axes passing through the fixed point.

The position of a point in a plane may be defined:

1. In terms of its distance from a pair of fixed rectangular axes.

2. In terms of the length and direction of a line drawn to it
from a single fixed point in the plane, the direction of the line
being measured by means of the positive angle that it makes
with some fixed line in the plane.

In graphical representation the posi- B
tion of a point in a plane is usually
referred to the paper on which the
representation is made and is indicated
by means of a letter or some other suit-
able character.

143. Motion of a Point. ——The motion
of a rigid body is defined in terms of
the motions of its points. In order, A Fra. 207.
therefore, to study machine motions it
is first necessary to consider the motion of a single point.
Because of the fact that machine members usually have plane
motion, the discussion that follows will deal largely with the
motion of a point in a plane, and it will be assumed that the
motions dealt with hereafter are plane motions unless otherwise
stated.

a. Displacement of a Point.—Referring to Fig. 207, if a point
moves from A to B along any path whatsoever (as indicated by
the curve), its change of position is measured by the straight
line AB; i.e., it is the distance AB measured along the straight
line in the d1rect10n AB. This change of position is called the
displacement of the point. Having both magnitude and direc-
tion, the displacement is obviously a vector quantity. It should
be noted that, although the total distance traveled by the point
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is the length of the curve A B, its change of position is the straight
line AB.

Instead of representing the two positions of the point merely
by the letters A and B, let these positions be defined in terms
of the lengths and directions of the lines drawn to them from some
fixed point O as shown in Fig. 208.
The position of A relative to Ois
given by the straight line OA, and
the position of B relative to O by
A the straight line OB. These two

position lines are vector quantities,
having as they do both magnitude
and direction. The displacement
A B therefore may be considered the
vector change of the moving point’s

4 Fro. 208, position. It is evident from the
figurc that

B

OB = 04 v 4AB

b. Velocity of a Point.—The concept of velocity is introduced
by considering the time required for a given displacement.
Referring to Fig. 209 let a point be moving along the planc
curve AB, and let it be at position 1 at time 7'y and at position
2 at time (T, + AT). The displacement of the point during the
interval is AL. Its average velocity during the interval is a vector
quantity having the same direction as AL and a magnitude as
given by the ratio AL/AT. The average speed of the point
during the same interval is AS/AT.

The average velocity of a moving Z B
point during an infinitesimal time a8,
interval is called its <nstantaneous 41
velocity. In this case the quantities
AS and AL become the infinitesimals
dS and dL, respectively. Since the 4
latter are practically equal in length, Fia. 209.
the instantaneous speed ds/dt is the
same as the magnitude of the instantaneous velocity, and, since
the direction of dL is practically the same as that of the tangent,
the direction of the instantaneous velocity is also the same as
that of the tangent.

A
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The quantity dS is equal to the product R - d8, where R is the
radius of curvature and dé is the angle between the two radii
drawn from the center of curvature to the ends of the infinitesimal
segment dS. The magnitude of the instantaneous velocity is
therefore equal to R%ig If the radius of curvature be thought
of as moving with the point, the quantity d6/d¢ may be considered
its angular velocity.

The term velocity is usually intended to mean instantaneous
velocity and will be so understood hereafter.

¢. General Relations.—It has been brought out that the posi-
tion, displacement, and velocity of a moving point are all vector
quantities or may be defined in terms of vector quantities. The
position of the moving point relative to any fixed point is, at
any instant, defined by a vector, the origin of which is at the fixed
point, and the extremity of which is at the moving point. The
displacement of a moving point is the vector change of its posi-
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Fic. 210.

tion. The velocity of a moving point is the time rate of the
vector change of its position. The acceleration of a moving
point will be shown later to be the time rate of the vector change
of its velocity.

144. Combined Motions. a. Displacements.—-1{f a point is
given a number of successive displacements, the total displace-
ment of the point will be equal to the vector sum of the several
displacements. For example, let a point situated at 4 in Fig.
210a be given displacements that are equal to the vectors a, b,
and ¢ shown at Fig. 210b. The path of the point is made up of
the displacements a’, b’, and ¢’, equal to the vectors a, b, and c.
The total displacement is evidently the vector AB, which is the
vector sum of a, b, and ¢. As shown at Fig. 210c the total dis-
placement will be the same regardless of the order in which the
intermediate displacements are taken.
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The next step is to consider displacements that occur simul-
taneously. In order to illustrate the case of simultaneous dis-
placements, let the example shown in Fig. 211 be considered. A
man rowing from A to B straight across a river in which a strong
current is flowing has not only to cover the distance between the
two banks, but also to avoid being carried downstream by the
motion of the water. If he were to make no attempt to resist
the stream, 7.e., if he were to row at right angles to the dircction
of the current, the actual motion of the boat would be in some
diagonal dircction such as AC. The total displacement of the
boat AC will be the result or sum of the displacements A B, given
it by the man, and BC, given it by the current. The two com-
ponent displacements occur simultaneously, and hence the path
of the boat will be along the diagonal indicated, but the total
displacecment AC will be exactly the same as though it were given
the displacements AB and BC
separately.

It is evident from the foregoing
example that if a point is given several
displacements simultaneously, the
magnitude and direction of the total
displacement arc exactly the same as though they were given
the several displacements scparately. Similarly a given dis-
placement may, for the purposes of analysis, be considered
the combined effect of several displacements which occurred
simultaneously, provided, of course, that the vector sum of the
component displacements is equal to the given displacement.

b. Velocities.—Now let it be assumed that a point P is given
several simultaneous infinitesimal displacements during an
interval of time dt. The total displacement dL of the point
during this interval is, of course, the same as though the several
simultaneous displacements occurred separately, and it is given
by their vector sum. The velocity of the point may be repre-
sented by a vector having the same direction as the displacement
dL, and a magnitude as given by the ratio dL/dt. It is also
possible to think of the point as having component velocities
corresponding to each of the several simultaneous infinitesimal
displacements. In each case the component velocity may be
represented by a vector having the same direction as its cor-
responding displacement, and a magnitude as defined by the
ratio of the magnitude of its corresponding displacement to. the

Fia. 211.
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quantity dt. Since the time required for each of these displace-
ments is the same, the total velocity and all the component
velocities will be proportional to their corresponding displace-
ments in the same ratio. It follows that, if the several component
velocities are added vectorially, a figure will be obtained that
is similar to that obtained by adding the simultaneous infinitesi-
mal displacements vectorially. The total velocity dL/dt, there-
fore, is equal to the vector sum of the component velocities. The
velocity polygon may be thought of as a large scale drawing of
the infinitesimally small displacement polygon. This conception
is a valuable aid to visualization. Sinece a given displacement
may be considered the combined effect of several simultaneous
displacements, so also may the velocity of a point be considered
the combined effect of several component velocities.

¢. Acceleration.—The method of dealing with accelerations in
connection with combined motions will be shown later to be
similar in every respect to that employed for displacements and
velocities; <.e., the total aceeleration of a point may be considered
as made up of a number of component accelerations the vector
sum of which gives the total acecleration.

146. Relative Motion.. a. Relative Displucement.—It was
shown in Art. 143 that the displacement of a moving point is
the vector change of its position relative to some fixed point.
Instead of referring the position of a moving point to some fixed
point, it may, at any given instant, be referred to the position
occupied by some other moving point at the same instant. The
position of one moving point rclative to another is defined in
exactly the same terms as those given in Art. 143 for the position
of a moving point relative to soine fixed point, and it is, therefort,
a vector quantity of the same kind. Referring to Fig. 212a, let
the two moving points A and B be considered. The position
of the point B relative to the point A is given by the line AB
measured in the direction AB. If the points are given the dis-
placements S, and S, to the positions A’ and B’, the position of
B relative to A will then be given by the line A’B’. Now let
BB’ be drawn parallel and equal to S.. Since by construction
A’B" is equal to the relative position veetor A B, it follows that
B’B’ (= 8i.) is the vector change of relative position. By
analogy this vector is called the displacement of point B rela-
tive to the point A. The displacement of one point relative to
another, therefore, is defined as the vector change of the relative
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position of the two points. It can be seen from the figure that
Sy = Sa P Spa

The construction at Fig. 212b shows that the displacement S.»
of A relative to B is equal and opposite the displacement of B
relative to A.

b. Relative Velocity.—Now let the displacement of two points 4
and B, during an infinitesimal interval of time dt, be considered.
The infinitesimal displacements themselves are too small to be
shown in a figure, but if the velocities of A and B are known, they
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may be represented by vectors as shown at ¢ and d in Fig. 212,
and these veetors will be proportional to the actual infinitesimal
displacements. It follows that the vector V, is proportional
to the infinitesimal displacement of B relative to A. By analogy
this vector is said to represent the velocity of B relative to A. It
is evident from the figure that

V=V, Vi (46)

The foregoing is a fundamental principle of extreme impor-
tance and should be thoroughly understood before proceeding any
further. The expedient of considering the velocity veectors as
large-scale representations of the actual infinitesimal displace-
ments is of assistance in visualizing relative motion. Thus the
‘““displacement”’ V;, may be considered the net effect of two simul-
taneous ‘‘displacements’” V, and V. The final displacement
would be the same if the two simultaneous displacements were
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taken separately, and the point B may be thought of as moving
first with A, 7.e., parallel to V,, to the end of “displacement’’
V., and thence on alone to its final position at the ends of *“dis-
placements” Vi and V. During the first part of the journey, its
position relative to A remains unchanged, and therefore all the
change of relative position must take place during the second
part. It follows that Vi, must be the ‘displacement’ of B
relative to A, and if the vectors are again taken to represent
velocities, the vector V3, must represent the relative velocity.

c. Relative Acceleration.—The relative displacement of two
points has been defined as the vector change of their relative
position, and their relative velocity as the time rate of the vector
change of their relative position. By analogy the relative accel-
eration of two points may be defined as the time rate of the vector
change of their relative velocity. This will be discussed in a later
chapter.

d. General Considerations.~—It has been brought out in the
foregoing discussion that the relative motion of any two points is,
in all its phases, merely the vector difference of the absolute
motions of the points. It will be shown later that relative angu-
lar motion may be defined as the difference of two absolute angu-
lar motions, only in this case the difference is algebraic, angular
motion being considered a scalar quantity. This concept of
relative motion will be used almost exclusively in the discussions
that follow. Other concepts are possible, but they are likely to
lead to confusion in dealing with certain types of probleins.

146. Angular Motion.—The angular position of a line in a
plane is defined in terms of the angle that the line makes with
some arbitrarily chosen reference line in the plane. In order to
secure definiteness it is customary to choose positive directions
for both the line and the reference line as indicated by the arrows
in Fig. 213. The angular position of the linc is then defined as
the angle measured to it in a positive sense (usually counter-
clockwise) from the reference line. The angular position of the
line AB, for example, is the angle 6,, and that of the line CD is
the angle 0.

The angular motion of a line is the change of its angular posi-
tion. If, for example, the linec AB in Fig. 214 moves to a new
position as indicated by the letters A’B’ it is said to have moved
or turned through an angle Af. This angle is called the angular
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displacement of the line. In defining angular displacement it is
unnecessary to choose a positive direction along the line displaced,
definiteness being secured by the order in which the line takes up
its two positions.

The angular displacement of a line does not completely define
its change of position. For cxample, the linc AB might have
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been moved to some other position as indicated by the letters
A’’B"" and still have been given the same angular displacement
A9, Its final angular position, howcver, would be the same
regardless of whether it were moved to A’B’ or A”’B”’.

If the angular displacement of a line takes place during the
time interval AT, then the average angular velocity of the line
during the interval is given by the ratio A9/AT. If an infinites-
imal time interval be considered, the ratio d6/dt gives the instan-
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taneous angular velocity. 'T'he term angular velocity usually means
instantancous angular velocity and will be so understood hereafter.
Angular velocity is usually represented by the Greek letter w.

If, during the time interval AT, the angular velocity of a line
changes by an amount Aw, then the quantity Aw/AT is called the
average angular acceleration of the line during the specified time
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interval. For an infinitesimal interval dw/dt is the instantaneous
angular acceleration; dw/dt is equal to the second derivative
d20/dt:. As before, the term instantaneous is usually dropped.
Angular acceleration is usually represented by the Greek letter a.

147. Relative Angular Velocity of Two Rigid Bodies.—Refer-
ring to Fig. 215, let the reference lines AB and CD be drawn
on the projections of the rigid bodies 2 and 3, respectively, and let
the fixed reference line OX be drawn. The angular position of
the rigid body 2 may be defined by the angle ¢.; that of the rigid
body 3 by the angle ¢3. Now let it be assumed that during the
interval of time AT the two bodies are displaced as indicated
by the dotted lines. The angular displacements of bodies 2 and
3 are A¢. and Ag;, respectively.
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The angular positions of 2 relative to 3 at the beginning and
at the end of the interval AT are given by the angles ¢o3 and ¢a-3-
(not shown) respectively, where

d23 = b2 — 3
dorar = (P2 + Ads) — (¢35 + A¢s)
The change Age; of the angular position of 2 relative to 3 is
Ados = ¢2r3' — 23

[(¢2 + Aps) — (P35 + Ads)] — (@2 — obs)
Ay — A¢s

and, dividing both sides of the equation by AT,

Adas _ A¢a _ Ads
AT T AT AT

That is, the average angular velocity of 2 relative to 3 is given
by the difference of the average absolute angular velocities.
Passing to the case of an infinitesimal interval of time dt,
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doas _ déy _ ds O wys = Wy — w3 47)

dt dt dt

where o is a general term indicating angular velocity. In a
similar manner it can be shown that

o

Wiy = W3 — Wz = —was (48)
;3 > \w‘,‘, =-w, That s, the angular velocity of 2 relative
d to 3 is equal and opposite the angular
wWp=0 . .
Fre. 216 velocity of 3 relative to 2.

It is to be noted that the absolute
angular velocity of a rigid body is merely a special case of
relative angular velocity. Referring to Fig. 216, let the rigid
body 3 have an angular velocity w; in the direction shown, and
let the rigid body 2 be assumed as fixed. The angular velocity

Fra. 217,

of 3 relative to 2 is
w3 = w3 — w2 = w3 — 0 = w;
also,
w23=w2—w3=0-—w3= — w3
That is, the fixed body 2 may be thought of as having an angular

velocity relative to the moving body 3 that is equal and opposite
to the absolute angular velocity of the latter.
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148. Displacement of a Rigid Body.—Referring to Fig. 217,
let the rigid body represented by the outline ABC be given a
displacement to the position A’B’C’ during the interval of time
AT. It is evident from the figure that in general the different
points of the body have different displacements. The displace-
ment of the point 4 is, for example, much greater than that of
the point B. If the dispiacements of two of the points (e.g., A
and B) are known, the displacement of any third point C can be
determined by drawing ares from A’ and B’ as shown.

Referring again to the figure, it can be seen that not only have
all the points of the body been displaced, but also that the body
as a whole has been turned through an angle; 7.e., it has been
given an angular displacement. For example, after the side
AB has been displaced, it makes an angle A8 with its original
position; and it can be seen that the two positions of any other
line on the body make the same angle A8 with each other. The
ratio AG/AT is the average angular velocity of the body during
the interval of time AT.

METHOD OF RELATIVE VELOCITIES

149. Fundamentals of the Method of Relative Velocities.—
In order to bring out the fundamental principles underlying the
method of relative velocities, let it first be noted that the dis-
placements of the points of the body shown in Fig. 217 all took
place during the time interval AT and were, therefore, simultane-
ous. It was shown in Art. 144 that any displacement of a point
may, for the purpose of analysis, be assumed to be made up of
two or more simultaneous displacements, the vector sum of
which is equal to the actual displacement. Referring to Fig. 218,
let it be assumed that the body AB has been displaced to the
position A’B’ during the time interval AT, and let it be further
assumed that the displacement of any point of the body such as
B is made up of the two simultaneous displacements, BB", equal
to the displacement AA’ of some other point 4, and B”B’, the
displacement of B relative to A.

If the displacements BB’ and B"’B’ are taken separately, the
net result will be the same; <.e., if A and B move to A’ and B”,
and then if B moves from B’ to B’ along the arc as shown, the
final positions of the two points will be the same as though the
displacements occurred simultaneously. Since two points deter-
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mine the position of a body having plane motion, it is evidently
quite possible for the body to move as a whole along with the
two points A and B in the manner just described, and it follows
that if the body s moved in this manner the displacement of any
third point will be made up of two displacements similar to those
of B.

The vector equation for the displacement of the point B is

BE = BE 1 BB = A4+ BB

Dividing both sides of the equation by AT,

BB _ AA” B"B
AT — AT 7 AT

or Vb,,\.,‘ = Vﬂnvu + Vb“ﬂ‘"

The magnitude of Vi, is given
by
. Al
ST 2 sin 5
BB —— 2
: Vb"nvu - 'A’"’Iv" - AB : '—‘ATIT""

where A6 is the angular displace-
ment, of the body. The direction
Viawey Makes an angle a with both

"
2 the initial and final positions of
p the line AB. This angle is obvi-

Fra. 218. ously the same for any other point

of the body.

Now let it be assumed that the displaccments all take place
during the infinitesimal interval of time dé. The average veloci-
ties become instantaneous velocities; the angle a becomes, cxeept
for negligible quantities, equal to 90 deg.; and the quantity

. A8
2 sin - do
AT becomes a the angular velocity of the body.
Therefore
Vo= Vo Via . (49)
Vie=4B-% - 4B - o (50)

dt
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That is,

1. The velocity of any point of a rigid body is given by the
vector sum of the velocity of some other point and the velocity
of the first point relative to the second.

2. The velocity of any point of a rigid body relative to any
other point of the body is a veetor quantity having a magnitude
cqual to the product of the angular velocity of the body and the
distance between the points, and a direction at right angles to
the line connecting the points.

Let it be noted that the first statement is merely a special
casc of the statement of the relation that exists between the
velocities of two independent points and their relative velocity.

160. Applications of the Method of Relative Velocities. Points
on the Same Link.—The simplest and most fundamental applica-
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tion of the method of relative velocities is that shown in Fig. 219.
The velocity of point A of the rigid body is assumed to be
completely known, and it is also assumed that the direction of
the velocity of the point B is along the line XX. The velocity
of the point B is

Vh = Va, + Vbu

The direction of Vi, is perpendicular to the line AB. If, there-
fore, the vector V, is laid off from B and a line drawn through its
extremity at right angles to A B, the intersection of this line with
the line XX will determine the velocity vectors V, and Vi as
shown.

Now let it be required to determine the velocity of any third
point C. First, let the two following vector equations be written:

Ve=Vat Ve
Vc = Vb'*") Vcb

The simultancous solution of these two vector equations may be
obtained as follows: Let the vectors V, and V3 be laid off from the
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point C, and let lines be drawn through their extremities per-
pendicular to AC and BC respectively. The intersection of these
two lines locates the extremity of the vector V.. If now the
construction at C is compared with the preceding equations, it
will be found to satisfy both of them, and the vector V. must,
therefore, represent the velocity of the point C.
The angular velocity of the rigid body is
Vba Vca — ch

“= 4B~ AC ~ BC
161. Application to a Simple Mechanism. The Velocity Poly-

gon.—In Fig. 220e is shown a four-link mechanism in which
V., the velocity of point A on link 2, is assumed to be known and
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Fra. 220.

V,, the velocity of a point on link 4, is required. The velocity
of A has a magnitude determined from the angular velocity and
length of link 2, (V4 = 024 - w;). It hasa direction perpendicular
to 0.4. The point 4, being the center of a turning joint, is
actually the position of a pair of coincident points, one on link
2 and one on link 3. These points must have the same velocity,
as otherwise links 2 and 3 would separate at A. The velocity
of one point on link 3 is therefore known as soon as V, is known.
Likewise B represcents a pair of coincident points on links 3 and
4. Hence, since A and B may be considered as points on link 3,
the analysis of the preceding article applies. Therefore V, =
Ve Vi Inthe vector addition representing this equation, the
sides of the triangle are:

V4, known in magnitude and direction.

Vs, known in direction (perpendicular to 0-B).

Vs, known in direction (perpendicular to B4).
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The construction is shown in Fig. 220b. First the known vee-
tor V, is laid off, to some scale. Next a line mm is drawn from
the extremity of V, in the known dircction of Vi From the
origin of vector V, a line nn is drawn in the known direction of
Vs. The intersection of these lines determines the magnitudes
of Vy and Vi Making the vector addition on the drawing of
the mechanism at the point whose velocity is required, as shown
in Fig. 219, has certain advantages but results in confusion of
lines in complex mechanisms. Hence, in applying the method of
relative velocities, such constructions will generally be made off
the figure, as in Fig. 2200.

In Fig. 220¢ is shown the same diagram with a simplified nota-
tion. "'In this diagram it is observed that the absolute-velocity

Fra. 221.

vectors radiate from a pole o, and the relative-velocity vector
is represented by the line joining the extremities of the absolute-
velocity vectors. The small letters at the extremities of the
vectors correspond with the capital letters on the mechanism.
Thus oa represents V,, ob represents Vs, and ab and ba, in the
order given, represent Vi, and Va, respectively. This diagram,
Fig. 220¢, is known as the velocity polygon. In drawing velocity
polygons it is important to keep in mind that all absolute-velocity
vectors are lines radiating from the pole, whereas all relative-
velocity vectors are lines joining the ends of absolute-velocity
vectors. In what follows arrows representing the sense will be
placed on absolute-velocity vectors but will be omitted from
relative-velocity vectors for convenience in reading these vectors
in either sense as desired.

In Fig. 221a the four-link mechanism of Fig. 220a has bcen
redrawn with link 3 extended to include a third point C, the
velocity of which is to be determined. First, a pole o is chosen



234 MECHANICS OF MACHINERY

(Fig. 221b), and, with oa (the velocity of A) known, ob (the
velocity of B) is determined, as in Fig. 220c.

To determine the velocity of point C, consider the following
equation:

Vc = Va + ch

In this equation, V, is known in both magnitude and direction,
and V.. is known in direction only (perpendicular to the line
C4). If from the extremity of vector oa in the velocity polygon
(Fig. 221b) a line is drawn perpendicular to CA, it is known from
the equation that the extremity of vector ac will lic on this line.
The complete determination of V., however, requires the use of
another equation :

Ve=Vs P Var

In this equation, V, is known in both magnitude and direction,
and V4 is known in direction only (perpendicular to the line
CB). If, therefore, from the extremity of vector ob in the velocity
polygon, a line is drawn perpendicular to CB, it is known from
the equation that the extremity of the vector be will lie on this
line. The intersection ¢ of the two lines perpendicular respec-
tively to AC and BC determines the magnitudes of the relative
velocity vectors ac and be and at the same time the direction and
magnitude of vector oc, which represents V,, the velocity of C.
This method of determining the velocity of C is essentially the
same as that employed in connection with Fig. 219; it has been
described in detail to bring out the manner in which the velocity
polygon may be used to reduce graphical work.

In the velocity polygon (I'ig. 221b), the line ab representing
Ve was drawn perpendicular to the line AB. The lines ac and
bc were drawn perpendicular respeetively to AC and BC. Thus,
the three sides of the shaded triangle abe of the velocity polygon
arce perpendicular respectively to the sides of the link ABC, and
it follows that the triangle abc in the polygon is similar to the
triangle ABC in the mechanism. Tor this reason, the triangle
abc in the velocity polygon is known as the velocity image of the
link ABC. Each line or link in the mechanism has its image in
the velocity polygon. Lines ab, be, and ac are images of lines
AB, BC, and AC respectively. Line oa is the image of 0.4
(link 2), ob is the image of O4B (link 4), etc. The image of link 1
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(the fixed link) is the polec o, the point of zero velocity, since
link 1 has no motion.

162. Application to Cams and Gears.—In the cam mechanism
(Fig. 222), which can also be taken for the purposes of analysis as
representing a pair of gear teeth, link 3 is driven by link 2. At
the instant under conmsideration, point 4. of the driver is in
contact with point A3 of the follower. From the angular velocity
of the driver (link 2), the lincar velocity V., of point 4 can be
found. That is, V., = 024, we:. The problem is to find the
velocity V., of point As on the follower. It is known that

Va: = Vag + Vu;,ug

Velocities V., and V,, are known to be perpendicular respectively
to 0245 and 034;. "o draw the velocity polygon, the direction

az

(a)
Fra. 222.

of Vg, must be known. Since 2 and 3 are rigid links, there can
be no motion in the direction of the normal NN’. Therefore
Ay and Az can move relative to each other only along the common
tangent TT'. The polygon is shown in Fig. 222b. Vector oa.
is laid off equal to the known velocity V,,. A line is drawn from
o in the known direction of V,, and a line from @, in the known
direction of V., (parallel to the tangent 7T’). The intersection
of these two lincs at a; gives the n.agnitudes of V., and Vg,
Now with the velocity of one point on 3 known, the velocity
of any other point on the link, or the angular velocity of the link,
can easily be determined.

153. Application to a Complex Mechanism.—In Fig. 223a is
shown the skeleton outline of a toggle press. Link 2, the driving
link, has a constant angular velocity. Link 8 is the last driven
link. If crank O,4 has a length of 10 in. and an angular velocity
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of 1 radian/sec., the point A will have a velocity of 50 f.p.m.
Knowing V,, the problem is to determine V; [the velocity of the
ram (link 8)], by the method of relative velocities. The mecha-
nism is shown at about the beginning of its stroke, where V, is
large compared with its value during the pressure portion of the
stroke.

Figurce 223b is the velocity polygon, which was drawn beginning
with V, (equal to oa) and progressing through the mechanism to
V; (equal to of). A velocity scale of 1 in. = 50 f.p.m. was used,
and V; on being scaled off was found to be equal to 73 f.p.m. for
the configuration of the mechanism shown. Notethat Vy, (= af)
has no practical significance here, but was drawn simply to show
how the relative velocity of two such points (A and F) could be
determined from the polygon.

Qo>

Fia. 223.

164. Methods of Attack.—The solution of a velocity problem
requires in general the exercise of a certain amount of ingenuity,
as almost every problem is more or less a special case. In general
the best method of obtaining a solution depends largely upon
the conditions of the particular problem at hand. By way of
illustration let the mechanism shown in Fig. 224 be considered.
The velocity of the point A is known, and the veloéities of the
points B and C are required. The velocitics ¥, and V. are
determined by the methods used in the preceding articles. In
the determination for point C, however, these. methods break
down because of the impossibility of securing intersections. In
order to determine V,, let it first be noted that

Vea = AB - w3 and V., = AC - ws
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Therefore,
Vee _ AC

Vie AB
The vector V.., being proportional to Vi, in the ratio AC/AB,
may be determined by means of the ordinary similar triangle
construction shown at b in the figure. This construction may, if
desired, be made on the drawing of the mechanism itself as shown.
The relative velocity V.. having been determined, the remainder

(b)
Fia. 224.

of the solution for V. follows without difficulty. The velocity
polygon is shown at c.

166. Practical Considerations.—In the velocity analysis of a
machine, it is seldom the case that the velocities are required for
a single position only of the mechanism. Usually the velocities
must be determined for a sufficient number of positions to show
just how the motions of the machine members vary during one
complete cycle. In such cases, much time and trouble can be
saved by giving a little consideration to the method of attack
before actually starting the problem; and, as previously stated,
practically every problem may profitably bc considered as a
special case. The problem given in the following article is
intended as an illustration of the foregoing statements; it is not
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in any sense intended to illustrate a specific method of procedure
applicable to any large number of different problems, because in
general no such method exists.

166. Velocity Analysis of a Crank Shaper.—Let it be required
to make a velocity analysis of the crank shaper shown in Fig. 225.
In order to vary the stroke of the ram the length of the crank
arm may be varied by the bevel gears and screw shown in the
figure. In order to avoid extended discussion, the analysis will
be made here for one length of crank arm only. This involves
the determination of the velocities of the several members of the

~

R -y
|

machine for all positions during ont complete cycle; 7.e., during
one revolution of the crank. The general method of procedure
is to make velocity dcterminations for a number of positions
during the cycle and to approximate the velocities corresponding
to the intermediate positions from the data thus obtained.

The crank gear of the shaper under consideration is assumed to
turn at a constant angular veloecity of 1013 r.p.m. The length
of the crank arm is 6 in. It is required to determine the velocity

.of the ram for all positions of the crank, the mechanical advan-
tage of the mechanism, and any other items of interest that may
appear as the analysis progresses.

a. Preliminary Analysis.—The first step in the analysis is to
choose a suitable scale (a scale of 114 in. per ft. was chosen for
the original drawing) with which to draw the skeleton outline
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of the mechanism in any convenient position, as shown in Fig.
226a, and to calculate the velocity of the crankpin as follows:

_ 6 X2r 1_
Var = —9 X 10-2- = 33 f.p.m.

" The requirement now is to determine V3, the velocity of the
cutting tool. After choosing a suitable scale (a scale of 1 in. =
30 f.p.m. was chosen for the original drawing), the velocity V.,

o5
b

(b)

az

Fra. 226.

of the center of the crankpin may be laid off as the vector oa.
in the polygon at b in the figure. Now let the velocity of the
point A4 be considered. Ay is a point on link 4 coincident with
the point A, on link 2 and may be thought of as being situated
on link 4 directly beneath the point A.. Since link 4 rotates
about the fixed center Oy, the velocity V., will have a direction
perpendicular to the line 0444, and this direction may therefore
be laid off as oas in the polygon. The relative motion of 4, and
A, is along the center line of the slide, which in this case is the
line 0444. If, therefore, a line is drawn from the extremity of
vector oa; and parallel to the line 044, the intersection of this
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line with the line oas will determine the point a4 and therefore
the magnitudes of the velocities V,, and V,,4,. The situation
at B is similar. The point on link 4 situated at B has a velocity
of which the direction is perpendicular to the line O,B. Since
link 4 rotates about a fixed axis, the velocity Vs, is proportional
to V., in the ratio 0,B/0:A, and may be determined by the
similar-triangle method shown on the figure and drawn as ob,
in the polygon. The ram, link 5, is constrained to move in a
horizontal direction, 7.e., it has a motion of horizontal translation,
and the point Bs will, therefore, also move in a horizontal direc-
tion.- The relative motion of B, and B; is along the center line
of the fork, i.e., along the line O,B, from which it follows that the
velocities Vs, and Vi, may be determined by drawing a line
through the extremity of obs, in the polygon parallel to the line
048, to intersect the horizontal line ob; drawn from the pole o.
The vector obs represents the velocity of the cutting tool.

b. Analysis for All Positions of the Crank.—The velocity deter-
mination having been made for a single position of the crank,
ways and means may now be considered for reducing the labor
involved in dealing with the other positions. As the next step
in the solution, let the skeleton outline be redrawn as shown in
Fig. 227 and the crankpin circle divided into 24 equal parts,
starting at the extreme right where the ram is at the beginning of
the cutting stroke. Now let the velocity polygon of Fig. 226
(which is the polygon for crank position 11) be redrawn for the
present purpose, as shown at b in Fig. 227. If this polygon
is turned through 90 deg., as shown at ¢ in Fig. 227, it will be
observed that oas is parallel to the crank, that ob, is parallel to
the rocker arm, and that obs is in the dircction of the vertical
center line of the mechanism. This suggests the possibility of
using a modified drawing of the mechanism itself as the velocity
polygon. (A revolved velocity polygon such as shown in Fig. 227¢
could be drawn for any mechanism, and its use is recommended
by some authors because of the convenience in drawing the vee-
tors in the polygon parallel instead of perpendicular to the center
lines of the links of the mechanism.)

The next step in the solution is to take the revolved polygon at
¢ in Fig. 227 and superimpose it on the mechanism as shown by
the heavy lines, with the pole o placed at the center O,. The
parallel dotted lines drawn from 4 and B show how the propor-
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tion oas/obs = 04A4/04B4, necessary to locate point by, can be
conveniently obtained in the scheme employed here. Now let
the circle be drawn with O.a. (the velocity vector V,,) as a radius,
with numbered divisions corresponding to those of the crankpin
circle. The velocity polygon for any other position of the crank,
and hence the desired velocity Vs, of the ram, can now be easily
determined by lightly drawing in the new configuration of the
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Fra. 227.

mechanism and drawing the lines of the revolved polygon, from
0, as the pole, parallel to or coincident with the links of the mech-
anism as illustrated for crank position 11 in the foregoing
discussion.

Since it is the velocity vector obs (which represents the velocity
of the ram) that is required for each of the 24 crank positions, it
will be observed as the work progresses that merely the location
of intermediate points will suffice, and many of the lines in the
constructions radiating from the pole 04 can be omitted. Since
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the motion of the ram on each side of the midposition is
symmetrical, the velocity determinations need be made for
one-half the crank circle only.

¢. The Velocity-space Diagram.—Starting with the ram in the
zero position, at the extrcme right (Fig. 228) and continuing
through the complete cycle, the velocity of the ram V,, (vector
ob; from Fig. 227) has been plotted on the stroke of the ram as a
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base line. The ordinates of the curve above the base line repre-
sent the speed of the cutting tool during the working stroke, and
the ordinates below the base line represent the specd of the tool
during the idle, or return, stroke. Not only is this a useful
diagram in the study of an existing mechanism of this kind, but
it is also useful in the original design, where various arrangements
and proportions of links may be tried out and the diagrams
compared in order to secure the most desirable arrangement. In
some designs modifications of the standard or conventional link-
age are made in order to secure a flatter curve on the cutting
stroke, 7.e., a more uniform cutting speed.



VELOCITIES IN MACHINES 243

d. The Velocity-time Diagram.—Since the motion of the crank
is uniform, the 24 equal divisions on the crank circle represent
equal intervals of time. If, therefore, 24 equal spaces of any
convenient length are laid off on a horizontal line, as shown in
Fig. 229, and if the velocities of the ram are laid off as ordinates
perpendicular to this line, the velocity-time diagram for the
motion of the ram will be obtained. This diagram also brings
out very clearly the relation between the cutting speed and the
return speed of the tool.
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The mechanical advantage during the cutting stroke may be
determined as follows: For this case the mechanical advantage
may be defined as the ratio of the resistance encountered by the
tool to the tangential force exerted upon the crank gear at the
pitch line, on the assumption of 100 per cent efficiency. It may
be shown that this ratio is equal to the ratio of the pitch-line
velocity of the crank gear to the velocity of the cutting tool. The
pitch-line velocity of the crank gear, whose pitch diamecter is
25 in., may be calculated as follows:

V = DN = 7 X 25{5 X 10.5 = 68.71 f.p.m.

If, therefore, 68.71 is divided by the velocity of the ram for any
position in the cutting stroke, the mechanical advantage for that
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position will be obtained. These values have been calculated
and plotted in Fig. 229. The curve shows very clearly that near
the end of the stroke the mechanical advantage becomes very
large, so that if the tool meets any unusual obstruction when the
ram is in this position, very large forces are set up.

e. Acceleration and Inertia Force of Ram.—The velocity-time
diagram furnishes data for an approximate determination of the
inertia forces of the ram. The method employed is as follows:
Referring to Fig. 229, let it be noted that a length equal to 24
position spaces represents the time required for one revolution
of the crank. One space, therefore, represents an increment of
time

60

Al =105 X %

= 0.238 seec.
Between numbered positions 3 and 4, for example, the inerement
of velocity Vs, is

AV, = 0.740 — 0.660 = 0.080 f.p.s.

The average acceleration is .
Ay = = = —55 = 0.336 f.p.s.2

After a suitable scale has been chosen (in this case 1 in. =
0.6 f.p.s.?) the average acceleration is laid off midway between
positions 3 and 4. This having been done for all such positions,
and a curve drawn through the points, the approximate accelera-
tions of the ram corresponding to-the numbered positions may be
obtained by scaling the ordinates at these points. The weight
of the ram of this machine is estimated as 300 Ib. The inertia
force of the ram at position 4, for example, where the scaled value
of the acceleration is 0.258 f.p.s.?, is F = MA;, = 300/32.2 X
0.258 = 2.42 1b. The maximum inertia force (near positions
16 and 22) is about 18 1b.

METHOD OF INSTANTANEOUS CENTERS

167. Instantaneous Center of Rotation.—It was shown in
Art. 149 that the displacement of a body having plane motion
may, for the purpose of analysis, be considered as made up of a
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translation with one of its points and a rotation about that point.
Upon this fundamental concept the method of relative velocities
was based. The method of instantaneous centers is based upon a
similar concept, namely, that any displacement of a body having
plane motion may be considered as a pure rotation about some
center.

Referring to Fig. 230, let the rigid body AB be displaced so
that it takes up any position such as A’B’. Now let the perpen-
dicular bisectors of the lines representing the displacements A4’
and BB’ be erected, and let the intersection of these bisectors
be designated by O. It can be seen that AO and 4’0 are equal;

Fra. 230.

also that BO and B’O are equal. Hence it is evident that the
line AB of the rigid body, without being lengthened, shortened,
or otherwise deformed, can move to A’B’ as part of the triangle
A BO turning about its vertex O. A similar proof could be given
for any other line on the rigid body. The indicated displace-
ment of the rigid body AB could therefore have been effected
by means of a rotation about the fixed point 0, and it follows that
any required plane displacement of a rigid body can be effected by
a rotation of the body about some fixed point.

Referring again to Fig. 230, let the line that joints any point
of the body to the center O be called the radius of that point.
The radius of the point A, for example, is the line OA. Any
radius will, during the displacement, sweep through an angle Av
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equal to the angular displacement of the body. The displace-
ment of any point, therefore, may be determined in terms of its
radius and the angle A# as follows:

Displacement of 4 = 04 - 2 sin —42—0

Displacement of B = OB - 2 sin %0
It is seen from the above equations that the displacement of any
point is proportional to its radius. Reference to the figure will
bring out the fact that the displacements of the various points
all make the same angle a with their corresponding radii.

If, instead of the finite displacement shown in the figure, the
body is given an infinitesimal displacement during the time di,
the directions of the infinitesimal displacements of its points will
all be at right angles to their corresponding radii, and the magni-
tudes of these displacements will be equal to the product of the
infinitesimal angular displacement of the body and the lengths
of the corresponding radii (the second statement follows from

. . Al
the fact that when A6 becomes small, 2 sin g 13 equal, except for
negligible quantities, to the angle A@). That is,
ds = R-db

where ds is the infinitesimal displacement of any point of the
body, R the radius of that point, and d6 the infinitesimal angular
displacement of the body. Dividing both sides by dt,

% = B2 = R (51)
where w is the angular velocity of the body, the quantity ds/dt
being obviously the magnitude of the velocity of the point. The
direction of this velocity is perpendicular to the radius I (since
« becomes a right angle). For an infinitesimal displacement of
the body such as that just discussed, the center O is called the
instantaneous center of rotation, and the distance of any point
of the body from that center (i.e., the radius R) is called the
instantaneous radius of the point.

The practical significance of the instantaneous-center concept
can best be brought out by means of a simple example. Refer-
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ring to Fig. 231, let it be assumed that the link AB has plane
motion, that V, is the known velocity of point A at a given
instant, and that the direction of V; at the same instant is also
known. The instantaneous radii of the points A and B are, as
seen above, perpendicular to the directions of the velocities V.,
and V; respectively, and hence may be drawn from A and B as
indicated by the dashed lines. Their intersection locates the
instantaneous center Q. The magnitude of V, can then be

determined from the relations:
. B

V,=04‘w Vy=0B-w

i.e.,

Y. _08 52

Vi 04 C;
the velocitics being, therefore, pro- \ /
portional to their instantaneous \ /

radii. Similarly, any third point \ /
C has a velocity perpendicular and

proportional to its instantaneous \ /
radius OC (not shown). ))/

1t is important to note that the
link AB is not necessarily con-
strained to continue to rotate about the point O and will not in
general do so. As a matter of fact, all that has been done in the
foregoing analysis is to draw lines from 4 and B perpendicular
to the known direetions of the velocities of these points, and then
to assume that the body as a whole is turning about the intersec-
tion of these two lines, the justification for this assumption being
simply the analogy that this casc bears to the case of the finite
displacement illustrated in Fig. 230. It can be shown, however,
by other methods of analysis (the method of relative velocities,
for example), that the velocities of the various points of link AB
arc, at the instant under consideration, exactly the same as they
would be if the link were constrained to rotate about the point O.
Actually, the link is not “rotating” about O; and at any subse-
quent instant the velocities of its points would no longer be
related to O in the manner just stated. In veloeity analyses,
however, we arc concerned only with the conditions that exist
at definite specified instants, and it is convenient, therefore, to
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think of the motion of the link AB as being a rotation about the
instantaneous center O at the instant under consideration.

A special case of the instantaneous center is illustrated in
Fig. 232. Here the link has a motion of straight-line translation,
and henece the instantancous radii of any two of its points are

| | I center parallel and intersect at infinity.

| at-oo 168. Instantaneous Center of a Pair

! | of Links.—The instantancous center of

I a pair of links is the point about which
-—F one of the links may be considered to

s be rotating at a given instant relative
7 to the other link, which may be cither

fixed ormoving. Referring to Fig. 233,
let the vectors V, and V, indicate the relative velocities at
some instant (and hence the directions of relative motion
at that instant) of two pairs of coincident points at A and B
respectively, one point of each pair being on link 2 and the other
on link 1, which may be either fixed or moving. Link 1 in
this case is represented by an irregular shaped.body on which
link 2 is outlined. Point A on 2 may be considcred as moving

Fia. 233.

relative to A on 1 at the given instant about any poin*. on a line
through A perpendicular to the vector V.. Likewise, point B
on 2 may be considered as moving relative to B on 1 at the given
instant about any point on the line through B perpendicular to
the vector V. The intersection of these two lines at O is obvi-
ously the only point about which the two points A and B can
move (and therefore about which link 2 can rotate) at the given
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instant relative to link 1. Therefore, the point O must be the
instantaneous center of the rotation of link 2 relative to link 1.
Obviously this point also represents the instantaneous center for
the motion of link 1 relative to link 2, since the relative rotation
between a pair of links is the same, regardless of which link is
considered as fixed, or whether both are moving relative to some
other link. Ordinarily, a center of rotation such as found above
would be designated by the symbol O, or more specifically, as
012, in this case indicating center of the relative rotation of link 2
and link 1. For brevity the symbol O will be dropped, and from
this point throughout the text instantaneous centers will be
designated, for example, as 12, 23, 34, ctc. These symbols
should be read one-two, two-three, three-four, etc., and not
twelve, twenty-three, and thirty-four, ete.

Further examination of Fig. 233 will show that, in addition to
being the point about which one body may be considered to
rotate relative to another, the instantancous center is the point
at which the two bodies have zero relative velocity, and henee the
only point at which they may have the same velocity relative to
points on other bodies coincident with it. The instantaneous
center of two links may be thought of as the position of a pair of
coincident points, one on each link, having zcro relative velocity
and identical velocities relative to a coincident point on some
otherlink. For this reason the instantaneous eenter is sometimes
referred to as the point of common velocity.

It is important to note, and clearly to appreciate, that the
instantaneous center of two moving links is related, in the manner
described above, to the relative motion of coincident points only
of the two links, and not to the relative motion of noncoincident
points. This can be seen by considering two cases, both illus-
trated by Fig. 233, it being assumed in the first case that link 1
is fixed, and in the second that link 1 is moving, the relative
angular velocity we; and the relative position of the links and
their instantaneous center O being assumed the same in both
cases.

In the first case (link 1 fixed), the velocity V, of the point at A
on 2, relative to the coincident point at 4 on 1 (called A, and 4,
respectively hereafter), is obviously the samc as the absolute
velocity of A, and is equal to O4 - wy, the second factor being
equal to the absolute angular velocity, w. of link 2 in this case
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(since link 1 is fixed). Since the relative velocity of two points
in general is given by the vector difference of their absolute
velocities, and since when link 1 is fixed the velocities of all of its
points are zero, it is evident that V, in this case is also the velocity
of A, relative to any point on link 1.

With link 1 moving, however, an entirely different situation is
found. TFirst let it be noted that the motion of link 2 as a whole
relative to link 1 is, at the instant under consideration (and as
far as velocities are concerned), exactly the same as the motion
it would have relative to link 1 if the two links were permanently
connected by a turning joint at the instantancous ecenter 0. It
follows that the point A, is moving away from point A, at a
rate given by

V’azll. = m t Wy

which shows that the relative veloeity of the pair of coincident
points at A is exactly the same as in the previous case. This is
not true for noncoincident points. The velocity of A, relative
to any other point on link 1 is,-by definition, the vector difference
of the absolute velocities of the two points.  Since the absolute
veloeity of this other point on link 1 obviously differs from that
of A4, it follows that the velocity of A, relative to a noncoincident
point on link 1 differs from V,,,,, which was unchanged when
link 1 was set in motion under the conditions stated. However,
with link 1 fixed, the velocity of A, relative to any point on link 1
is Va(= V) as scen above. It follows that the velocity of A,
relative to a noncoincident point on link 1 is changed when the
latter is set in motion.

It is evident from the foregoing discussion that, regardless of
how complex the motion of a body may be, its motion at any
instant may be considered as a rotation about an instantancous
center.  This is equivalent to saying that its motion through a
complete cycle consists of a series of rotations about successive
instantancous centers. The connecting rod in an engine, for
example, has a motion of pure rotation at one end and pure
translation at the other end, thus producing a combined motion
of considerable complexity. Since, however, in any phase of its
motion it may be considered as rotating about such a center as O
in Fig. 233, its velocity relations may be very easily determined
by this method.
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- '169. Location of the Instantaneous Centers in a Complete
Mechanism.—In the preceding article the method of locating
the instantaneous center of the motion of one link relative to
another was discussed. The present article will deal with the
location of instantaneous centers in a complete mechanism. In
Fig. 234 is shown a four-link mechanism in which link 1 is fixed.
Evidently the mechanism will have as many instantaneous
centers as there are possible combinations of the links, taken
two at a time. In this case the number will be six, as follows:
12, 13, 14, 23, 24, and 34. Links 2 and 4 rotate relative to 1
about their respective centers 12 and 14.  Also the motions of
2 relative to 3 and of 3 rclative to 4 are about the respective
centers 23 and 34. It is to be noted
that the four centers thus far obtained
have been determined by inspection.
The remaining centers, 13 and 24,
may be found by the method outlined
in the preceding article. First, with
link 1 fixed, the center 13 can be
found as follows: Since link 2 rotates Fre. 234.

about the fixed center 12, the direc-

tion of motion of 23 (23 is the point of common velocity
for links 2 and 3), must be perpendicular to line 12-23. Hence
the dircetion of motion of 23 as one point on link 3 is known.
Again, since link 4 rotates about center 14, the direction of
motion of 34 (34 is the point of common velocity for links 3 and 4),
must be perpendicular to line 14-34. Hence the direction of
motion of 34, a second point on link 3 is known. Thus, the
directions of motion of two points on link 3 (23 and 34) have now
been determined, and 13, the instantaneous center of the rotation
of 3 relative to 1, is found at the intersection of the lines drawn
through these points perpendicular to their directions of motion.
It can be seen that these lines are extensions of lines 12-23 and
14-34.

The determination of the position of the instantaneous center
24 depends upon the application of a principle which as yet has
been brought out by inference only, and which may be stated
specifically as follows: The center, instantancous or otherwise, of
the relative rotation of two bodies having plane motion is the point
about which one of them would for the instant rotate if the other were
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fized, provided, of course, that the relative rotation of the bodies
remains unchanged when one of them is fired. The latter con-
dition is automatically fulfilled in a constrained mechanism.

With link 4 assumed to be temporarily fixed, thercfore, as
shown in Fig. 235, the same reasoning as that applied in the
preceding paragraph will locate 24, the instantancous center of
the relative rotation of links 2 and 4, at the intersection of the
lines 23-34 and 12-14.

2
Fira. 235.

160. The Law of Three Centers.—The method of locating the
instantaneous centers of a four-link mechanism, based on the
application of simple fundamental principles, was demonstrated
in the preceding article. It is obvious that this method would
be quite complicated and laborious for mechanisms of six, seven,
cight, or more links. This article suggests a simpler and more
practical method of locating instantaneous centers, namely, the
use of what is known as the law of three centers.  This law may be
stated as follows: When any
three bodies have plane motion,
their centers of relative rotation
(whether they be. fized, perma-
nent, or instantaneous) lie on the
X £\ same straight line. In Fig.
=z Fm.’236. B 236, link 1 is any link, fixed or
moving; links 2 and 3 are mov-

ing links. The three possible relative rotations are between
1 and 3, between 1 and 2, and between 2 and 3. Hence
there will be three centers, 12, 13, and 23. Point 12 is
the center of the rotation of 2 relative to 1 and point
13 is the center of the rotation of 3 relative to 1. From
the preceding discussion, it is known that the third center 23
must be situated where a pair of coincident points of links 2 and 3
bave zero relative motion. Let it be assumed that center 23
might have a position such as that of 4 in Fig. 236. As a point
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on 2 the direction of motion of A4 is indicated by the vector V.,
at A perpendicular to radius 12-4A. As a point on 3 the direction
of motion of 4 is indicated by the vector V,, at A perpendicular
to radius 13-A. It is evident that, even though these vectors
may be of equal length, they do not coincide as is necessary
if the two coincident points are to have zero relative motion.
This condition is possible only when A4, that is 23, lies on the line
joining 12 and 13. Therefore, the three centers 12, 23, and 13
must lie in the same straight line, as stated in the law of three
centers.
161. Application of the Law of Three Centers.—The procedure
in locating all the instantaneous centers of a mechanism by
p o TEE
VA 3¢~
/N (5)
[12-23

131 14- 34
)

2-14
24[23-.74
d)

24 e 2 14

(a)
Fra. 237.

applying the law of three centers may be outlined as follows:
First, determine the number of centers. The number of instan-
taneous centers N for any mechanism composed of n links is
the number of possible combinations of the links taken two at a
time. Hence

_n(n —1)
N = —y (53)

Second, write down a list of all the centers. Third, locate
by inspection the known centers and check them on the list.
Finally, locate the remaining centers, using the law of three
centers.

As an example of the above procedure, let the four-link
mechanism shown in Fig. 237 be considered. The number of
centers is found to be six, and these are set down in the form of
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a half square as shown at b. Centers 12, 23, 34, and 14 are found
by inspection and checked off in b as shown. To locate center 13
write down the centers as shown at ¢.  Numbers 1 and 3 outside
the braces, designating the center 13, are combined first with 2
to form centers 12 and 23, which with center 13 must lie in a
straight line, according to the law of three centers. Next, 1and 3
are combined with 4 to form centers 14 and 34, which with center
13 must also lie in a straight line. All the possible combinations
of the remaining links have now been made with 1 and 8. The
intersection of the line through centers 12 and 23 and the line
through centers 14 and 34 determines the location of center 13.
Since the remaining center 24 is located in exactly the same
manner, the procedure should be obvious from the figure.

162. Application of Instantaneous Centers to the Solution of
Velocity Problems.—This article will show how instantaneous

centers are usced in the solution of a velocity problem.  Figure 238
is Fig. 237a redrawn showing all the instantancous centers.
Assuming that V,,, the velocity of A is known, let it be required
to find V3, the velocity of B, using the method of instantaneous
centers. According to the instantancous-center concept, link 3
may be considered to be turning about center 13 with respect to
link 1. TPoint A, which is a point on both link 2 and link 3, 1s
moving with a velocity as shown by vector V,. Since 4 and B
are two points on link 3, the velocities V, and V, are directly
proportional to the distances 13-23 and 13-34, respectively, of
these points from center 13. This method of determining V3 is
shown graphically by the dotted-line construction in Fig. 238.
When a vector is placed in a position other than its true position,



VELOCITIES IN MACHINES 255

for construction purposes, its symbol will be primed as shown in
the case of vectors ¥V, and V, in Fig. 238.

The velocity V3 may also be found by the use of center 24.
To find V3, assuming V, known as before and using center 24
instead of center 13, consider 24 as the two coincident points on
links 2 and 4 that have the same velocity. Since center 24 is a

point on link 2 (extended) that turns about center 12, it is moving

. . 12— 24 . . .
with an absolute velocity Vo = V, - 12 = 23" “¢ with a velocity
represented by the vector Vs shown in Fig. 238. Now, center 24
is also a point on link 4 (extended) that turns about center 14.
14 — 34
14-—24
This method of determining V53 is shown graphically by the solid-
line construction in Fig. 238.

1t is sometimes necessary to determine the ratio of the angular
veloeities of two members of a mechanism with respect to a
third member. Such determinations by the use of instantaneous
centers may be shown as follows:

In Fig. 238 let it be recalled that center 23 is the point of
common velocity for links 2 and 3. IFrom the fundamental
relation w = V /R, the angular velocity of link 3 relative to link 1
is equal to the velocity of point 23 divided by the distance 13-23,
i.¢., expressed as an equation;

Therefore, point B is moving with a velocity Vy, = V-

_ Vs Teowr = _. V_23__

@i = j3= 53 Likewise wy; = 15 =93
’ w31_12—23 . . 0)41_12—‘24 .
T'herefore, o — 13 — 23" Similarly, o 14 =24 (54)

Thus, it is observed that angular-velocity relations between links
of a mechanism may be expressed in terms of distances between
instantancous centers without involving linear velocities in any
manner whatever.

163. Application to Slider-crank Mechanism.—In Fig. 239a
is shown the skelcton outline of a slider-crank mechanism.
Link 4 is the piston, which has a motion of translation, i.e., its
center of rotation 14 is at infinity in a direction perpendicular to
its path. Centers 12, 23, and 34 are also located by inspection
and checked off at b. To locate the remaining centers 13 and 24,
use the combinations shown at ¢ and d in the figure. Knowing
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the velocity of the crankpin center (point A), the velocity of the
piston (V3) can be found using center 13 (dotted-line construe-
tion) or center 24 (solid-line construction), as shown in the figure.

%]
2v 12 14” 12-23 <
27" 24 13\ 1234 /// },\‘
24*
%) (@) , I

Fia. 239.

164. Application Involving Cams or Gears.—In Fig. 240 is
shown a three-link cam mechanism. Link 2 turning in the sense
indicated by the arrow drives link 3. Centers 12 and 13 arc

F1c. 240.

~ located by inspection. From the law of three centers the remain-
ing center 23 is known to lie along the line 12-13. Its position
along this line may be determined in the following manner: The
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point of contact A of the links is in reality two coincident points.
A on link 2 and 4; on link 3. While the cams are in driving
contact, these two points cannot have relative motion in the
direction of the normal NN’. It is evident, thercfore, that the
instantaneous relative motion of points A, and A3 must be along
the common tangent TT’. The instantancous center of the
relative motion of A, and 43, then, must lie along a line at right
angles to the common tangent, 7.e., along the common normal
NN'. Thus, the intersection of the line of centers 12-13, and
the common normal NN’ locates 23, the instantaneous center of
relative motion of links 2 and 3.

Now let it be assumed that the velocity of any point B on the
driver is known and that the velocity of any point C on the
follower is required. Since center 23 is the point of common
velocity in the two links, it becomes, as in the preceding examples,
the transfer point in passing from velocities on 2 to velocities on 3.
The solution is shown graphically on the figure.

1t is evident (Art. 162) that the ratio of the angular velocity
of the follower to that of the driver is given by the expression

w31 12 - 23

13 =23

w2
166. Application to a Complex Mechanism.—The solution of a
problem, involving a mechanism of six links is shown in Fig. 241.
Since there are six links and therefore 15 centers (See Art. 161),
the problem of locating all the centers is somewhat more involved
than in the preceding illustrations. Although it is seldom that all
the centers are required, the complete determination will be
made here because of its value as an illustrative problem. The
procedure in locating the centers is the same asin Art. 161. At b
i shown the group of 15 centers used for checking purposes, and
at ¢ all the possible combinations that may be used in determin-
ing one of the unknown centers, 24, for example. These com-
binations are found by combining with 2 and 4, one at a time, the
remaining links 1, 3, 5, and 6. If there are too many unknowns
in this setup for 24, try another, 13 for example, and continue
until a workable setup is found. In a complex mechanism it is
helpful to recognize four-member linkages, since the unknown
centers in such a linkage lie at the intersections of opposite
sides of the linkage (sec Figs. 237 and 239).
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After finding all the instantaneous centers, let it be assumed
that the veloeity of point A on link 2 is known and that the
velocity of point D on link 6 is required. Link 6 has a motion of
translation, and hence the velocities of all its points are identical.
The velocity Vas of the point on 2 at the center 26 is casily
determined, as shown. The point on 6 at this center has the

16 at Va

16 at

15—

213 14¥15 16"

23" 24 25 26 12-14
34 Zg .;Z 24123-34

56 -

(b) (c)

Fra. 241.

same velocity. Hence V. the velocity of D is now known.
The figure shows how V, may be checked, using center 25. The
solution by means of 25 is possible because the velocity of a
point on 2 is given and the velocity of a point on 5 is required.
166. Application to Epicyclic-gear Trains.——A useful application
of the instantaneous center method in the determination of veloci-
ties is that in connection with the solution of epicyclic-gear-train
problems. After working out the solution of an epicyclic-gear-
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train problem by the tabular method of Chap. IX, it may be
desirable in certain instances to have a check on the result by
some other method. It is the purpose of this article to outline a
convenient graphical method of making such a check.

In the epicyeclic-gear train shown in Fig. 242, the members of
the train are designated in the usual way, and the lettersa, b, and ¢
represent the numbers of teeth in the gears. The pitch of the
teeth is 10, and the numbers of teeth are a = 75, b = 30, and
¢ = 15. Applying the tabular method of Chap. IX it will be

ab

-bd

Fra. 242. I'ra. 243.

found that the ratio of the number of turns of the last gear ¢ of
the train to the number of turns of the arm d is

Now as a check on this solution, find the instantaneous centers,
which in this case arc designated by letters, and then lay off a
veetor of any convenient length at bd, the end of arm d. Since
center bd is the point of common velocity for links b and d, its
veloeity is the same whether considered to rotate about center
ad or center ab. It is evident from the construction shown in
the figure that vector mo represents the velocity of a point on the
pitch circle of gear ¢, and that vector mn represents the velocity
of the coincident point on arm d. Since the two coincident
points are rotating about the same center ac (or ad), mo, and mn
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are proportional to the angular velocities of ¢ and d. That
is w.,/wg = mo/mn = 3.96/0.68 = 6/1 (approximately). The
numerical result was obtained by scaling vectors mo and mn
from the original drawing, and it can be seen that this result
checks very closely with the exact result obtained above by the
tabular method.

Let the case shown in Fig. 243 be considered next. The pitch
of the gears is 8, and the numbers of tceth are a = 60, b = 18,
¢ = 33,and d = 45. Applying the tabular method of Chap. IX,

p_g ;_60XxX33
it is found that £¢ = bd _ 18 X 45 _ 1444 Apply-
W, 1 1 1
ing the graphical construction in exactly the same manner as in
Fig. 242, it is found that the ratio of the number of turns of the
last gear d in the train to the number of turns of arm e is

wqg _mo _ 1.08 1.44 .
o M T oTES i (approximately)

Again it is observed that this result is in very close agreement
with the exact result obtained by the tabular method.

It is obvious that the graphical work described above could be
duplicated step by step analytically. The details will not be
worked out here other than to call attention to the fact that the
vector mo in Fig. 242 is obviously twice the length of the vector
at point bd; also that the vector mn is one-third the length of the
vector at bd. Therefore, mo is exactly six times as long as mn.

167. Centrodes.—The relative motions of any two links may
be considered as a series of rotations about successive positions
of their instantaneous center of relative rotation. A pair of
curves in contact, one attached to and moving with each link
and always containing this center, constitute what are known as
the centrodes of relative motion of these links. It follows, there-
fore, that there is a pair of centrodes for each pair of links in a
mechanism.

For example, if any link, such as link 3 (Fig. 244) has motion
relative to the fixed link 1, then this motion may be regarded as a
series of rotations about successive positions of the instantaneous
center 13. If a curve is drawn connecting all the positions of the
instantaneous center 13, this curve is called the fized centrode.
This locus of center 13 may be regarded as a curve attached to
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link 1. Similarly, if a plane is attached so as to move with link 3,
a second curve that always contains the center 13 can be drawn
on this plane. The second curve is called the moving centrode.
If these curves were given material backing and constrained to
roll upon each other without slip they could replace the actual
connecting links 2 and 4 and continue to give the same relative
motion of the links 1 and 3. Centrodes such as those of Fig. 244
are mainly of theoretical intcrest. Centrodes of symmetrical
form such as circles and ellipses may, on the other hand, be
useful. For example, if a wheel rolls along a rail the instantane-
ous center of the wheel is always the point of contact with the
rail. The top of the rail is therefore the locus of this center, i.c.,

23

Moving
cenfrodes
AN

Moving

centrode
! AwFixed

13 cenfrode

Fia. 244. Fre. 245.

the fixed centrode. Also, the rim of the wheel always contains
the instantancous center and is, therefore, the moving centrode.

In the case of a pair of gears the instantancous center of relative
motion is always the point of contact of the pitch circles. These
pitch circles, therefore, constitute a pair of centrodes of relative
motion and are both moving centrodes. In the case of the
crossed four-bar linkage Fig. 245, the centrodes of relative motion
are a pair of ellipses. In general, it may be said that except in the
case of symmetrical curves such as those mentioned above,
centrodes are of little practical significance.

OTHER METHODS

168. Special Methods.—It occasionally happens that a velocity
problem is encountered that cannot be solved directly by either
of the two general methods thus far described. In such cases a
certain amount of ingenuity must be exercised, as no general
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rule can be laid down for the solution of all the special problems
that may arise. The case shown in Fig. 246 will serve as an
example. In this figure four links of a rather complicated mech-
anism have been shown, the other links having been omitted in
order to avoid confusion. The velocities of the three points
D, E, and F are assumed to be known, and it is required to deter-
mine the velocity of any point on link 2.

A é“%d (direction)

Fia. 246.

In attempting to determine the velocity of the point 4 by the
method of relative velocities, it is at once seen that sinee the
direction of V,is unknown, the method breaks down. The same
statement applies to the points B and C. It would seem, there-
fore, as though the problem could not be solved.

On link 2, however, let a line be drawn from the point A in
the same direction as the line DA. In the same way let a linc
be drawn from B in the direction EB. The velocity of the inter-
section S of these two lines is given by the simultaneous solution
of the two vector equations
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V. = Va'l') Vm = Vd"') Vad"") Vm-
V.—_- Vb'H V.b= Vc'H Vbe‘*')Vob

Now let it be noted that the vectors Vi and V,, are both per-
pendicular to the line DAS. They must therefore have the same
direction and hence their vector sum (Ve + Vi) will also have
this direction. The latter, therefore, may be treated as a single
vector perpendicular to the line DAS. A similar statement ¢an
be made for the vector sum (Vi + V). If, therefore, the vee-
tors (Vaa + V) and (V. 4 V) are laid off (in the polygon at S)

Fia. 247.

from the extremities of the vectors V,; and V. respectively, their
intersection will give the vector representing the velocity V..
I, having been determined, the velocity of any other point of
link 2, such as C, can be determined.

It sometimes happens that a combination of the method of
relative velocities and the method of instantaneous centers is
required for the solution of a given problem. A case of this kind
is the mechanism shown in Fig. 247. This is a purely hypo-
thetical mechanism, its only useful purpose being to illustrate
the point that it is desired to bring out. It is, however, a
constrained mechanism as may readily be verified. The velocity
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of the point 4 is given, and it is required to determine the velocity
of the point E.

In attempting to solve the problem by the method of relative
velocities, it is at once seen that, since the directions of the
velocities of B and C are unknown, further progress is impossible.
In order to apply the method of instantancous centers, the centers
13, 16, and 36 should be known. The position of 16 is at Os,
and the position of 36 may readily be determined; the center 13,
on the other hand, is situated at a point far outside the limits of
the paper and hence its determination and use will be difficult,
if not impossible.

In order to solve the problem, let it first be noted that 36 is
the position of a pair of coincident points on 3 and 6 having the
same velocity. As a point on 6 the direction of its velocity
must be perpendicular to the line 0¢-36. As a point on 3 the
following vector equation must hold:

V:m = Vu + V36-a

The velocity V3¢ may therefore be determined as indicated in
the figure. V3¢ having been determined, the velocity of the
point £ may be determined by either the method of relative
velocities or the method of instantaneous centers.

169. Analytical Methods.—The methods described in the
preceding articles have been in the main graphical. It must not
be inferred from this, however, that graphical methods are always
to be preferred to analytical methods. Both methods have their
particular application, and one should not be used where the other
is more convenient. This article will be devoted to the solution
of several velocity problems by analytical means.

a. The Slider-crank Mechanism.—As a first example let the
slider-crank mechanism shown in Fig. 248 be considered. It
has already been shown in Art. 23 that the displacement z of
the crosshead is given by

= R(1 — cos 0) + L(1 — cos ¢)
) 3
= R(1 — cos 0) + R[%.IE?' sin? 6 + 5—1—4% sint 0 4

1-3 RS 1-3-5 B
e A 6L Ot e g0 ]

If this equation is differentiated with respect to time, the velocity
Vs of the crosshead will be obtained.
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dz 2R . de
V»=7t--Rs1 +R[2Ls1n0cosod +
1-4R? de 1
5" 4L,‘:sm"(icosliﬁ-nj

2Lzst()+ ?fg,sm 0+

; 3 2? sin® @ - - - ]} (55)

where w;, the angular velocity of the crank, is written for the
derivative dé/dt.

= sz{sm (] + sm 20[ 1+

———— Stroke ———
<~ ———— R+l —_——— e —— - —

Fra. 248.

The foregoing is what might be styled the fundamental analyt-
ical method. It consists of first determining the displacement of
one member in terms of the known displacement of another
member and then in differentiating to determine the velocity of
the first member in terms of the known velocity of the second.
It is frequently more convenient, however, to make use of the
fundamental principles that were brought out in the discussion
of the two graphical methods.

As an illustration let the slider-crank mechanism in Fig. 248
again be considered. It has already been shown in Art. 163 that

_ o 0:.C
Vb = Vam

This expression may be put in a form suitable for calculation as
follows:
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zB-tan¢_V(Lcos¢+l£cosa)tan¢

Vi = Va = Va R = Va &
_ ng(L sin ¢ + sm;;:gs 0
and since
sin ¢ = % sin 6
Vy = ng(sm 0+ I—f Suzz;:;: 0) ng(%m 0+ ; g ::lons2d?> (56)

Comparing this expression with the expression previously devel-
oped for V,, it is evident that 1/cos ¢ is equal to the infinite
series in the parentheses.  An expression for 1 /cos ¢ in terms of

R, L, and 8 may be obtained as follows:
1 -1 1

cos ¢ = \/1"_"S‘Tz—¢ = \‘/1 _ES mT(;
T2

If this expression is expanded, the infinite serics obtained will be
identical with the one obtained above.

The angular velocity of the connecting rod may be determined
as follows:

sin¢=%sin0

d¢ R do
oosdrm—zcoqoﬂ
_d¢ _ l_tcosﬂ
@3 =9 T Tcos 2 (57)

Now let it be required to determine the velocity of a point
E on the connecting rod situated at a distance A from the wrist
pin B.

The horizontal and vertical components of V. arc

V:' V: - V':b = Vb - Vcb sin 3
Vi=VI+Vy, =04+ Vapcos ¢ = Vgcos ¢
The relative velocity V. is given by

R cos 6
Lcos ¢ 2

Il

Vb—hws_h
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Therefore,
= Rw2(81n 6 + ;gil:s 2: — Row 22 IZS————-mcf):‘;S 8
- rin o+ [1 - 23T 0% @)
and
hf sgq i cos ¢ = %sz cos 8 (59)

If A is equal to zcro, the horizontal component will be equal to V'
and the vertical component will be zero. If & is equal to L, the
horizontal and vertical components will be the same as those of
the erankpin.

b. The Crank-shaper Mechanism.—As a further application of
the analytical method let the crank shaper discussed in Art. 156
be again considered. Referring to Fig. 226, let it be assumed that
the angular velocity of the crank is we, and let it be required to
determine the velocity Vi, of theram. This may be accomplished
by means of the following analysis, which is self-cxplanatory:

Vv 0.B
V., = Ve "044
B cos ¢ cos ¢

Vae= Va, cos (6 — ¢) = V,.(cos 0 cos ¢ + sin 0 sin ¢)
OB _  h
O0A  hi+ Rcox 8

Therefore
V. = Vashe _cos 6 cos ¢ + sin 0 sin ¢
% = hi+ R cos 8 cos ¢
R sin 6

Vi = Rwy and tan ¢ = FE R 608 6

Therefore

_ hg R sin? @
Vo = Rw2h1 + R cos G(COS o+ hi + R cos 0)



CHAPTER XI
ACCELERATIONS IN MACHINES

In the preceding chapter methods were outlined for the deter-
mination of velocities in machines. In this chapter similar
methods will be developed for the determination of accelerations.
It will be found that a velocity analysis is a necessary accompani-
ment of an acceleration analysis. Similarly, both the velocity
and acceleration analyses are essential in an inertia-force analysis.
The study of inertia forces will be taken up in Chap. XIII.

170. Acceleration of a Point.—The acceleration of a point is the
time rate of its vector change of velocity. Referring to Fig. 249a

(b)

Fia. 249.

let the point P be moving along the piane curve AB, and let it
be assumed that as the point moves from position 1 to position
2, its velocity changes from V;to Vs This change is completely
represented by the vector difference AV, as shown at b in the
figure. The ratio AV/AT of the vector change of velocity to the
length of time required for the point to pass from position 1
to position 2 is the magnitude of the average acceleration of the
point during the interval AT. The direction of the average
acceleration is that of the vector AV. If now the segment 1-2
and the time required for P to traverse it are infinitesimals, then
the ratio AV/AT becomes dV/dt and is the magnitude of the
instantaneous acceleration of the point. The term acceleration
usually means instantaneous acceleration.
268
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Referring again to the vector polygon shown at b in Fig. 249, let
OC be laid off equal to OA by drawing an arc through A with O
as a center and OA as a radius, and let the chord AC be drawn.
It is evident from the figure that the vector change of velocity
AV is the vector sum of AC and CB, and may be represented by
the following vector equation:

AV = AC » CB

The vector length CB obviously represents the change of the
magnitude (scalar change) of the velocity of the point P as it
passes from position 1 to position 2. AC is the vector that
would represent the total change of velocity if the scalar change
were zero, i.e., if the velocity were changed in direction only.

It is evident from the figure that the above equation may be
written as follows:

AV = AT HTB = Vy- 25in 5 6 (V2 — V)

where A¢ is the angle whizh measures the change of the direction
of the velocity of the point P. If both sides of the equation are
divided by the quantity AT, the resulting cxpression will be
equal to the average acceleration of the point P during the
interval AT'.

2‘in—A-g
AV 4AC , CB _,°° 2, V=T

Aws =35 = a7 P a5 = Vi3 AT

It should be noted that the direction of the component AC/AT
is perpendicular to the line OM, which bisects the angle A#,
and that the direction of the component CB/AT is the same as
that of the final velocity V.
If the segment 1-2 is an infinitesimal, the foregoing equation
becomes
de  dV
A= V(-ﬁ- + r (60)
where A is the instantaneous acceleration of the point P. Let
it be noted that in this case the directions of V,, OM, and V.
coincide except for negligible quantities. It follows, therefore,
that the component dV/dt is tangent to the curve at the position
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of the point. Also, since the component V - da lS perpendicular

to the line OM, it is evident this component is normal to the
curve at the position of the point. The normal and tangential
components of the acceleration A are represented by A" and
At, respectively. The expression for the total acceleration may
be written

a=vE L = ar s a (61)
An inspection of Fig. 249 will bring out the fact that the com-
ponent A" is directed toward the center of curvature of the path,
and that the direction of the component
At is either the same as or opposite that
of the velocity depending upon whether
the magnitude of the latter is increasing
_R-Radiusof OF decreasing.
curvatvre The quantity d@ is the angular dis-
w placement of the velocity vector V dur-
« ing the time interval di. The quantity
df/dt, thercfore, may be conveniently
thought of as the angular velocity of
the velocity vector V. If the radius of
curvature of the path of the point is imagined to move with the
point, then the angular velocity of the vector V is also that of
the radius,

There are a number of interesting relations between the quanti-
ties V, A", A* and the radius of curvature R, which will now be
discussed. Referring to Fig. 250, let thc point P be moving
along the plane curve MN with a velocity V and an acceleration
A, and let the radius of curvature OP ( = R) be assumed to move
with the point. It has been shown that the velocity V is equal
to the product Rw, where w is the angular velocity of the radius of
curvature. It follows that

An_Vid‘-’_Vw Ro-w = sz_l'R—‘ (62)

Fra. 250.

and

(Rw) —R Y 4 w = Ra + w%? (63)
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where « is the angular acceleration of the velocity vector and
hence of the radius of curvature. The quantity « is obviously
equal to d26/dt2. It is to be noted that if the radius of curvature
is a constant, (.e., if the point is moving along a circular are)

. dR
the quantity w T becomes equal to zero.

Since A" and 4 are perpendicular to each other, the magnitude
of the total acceleration may be expressed as follows:

A = V(A + (4h? (64)

171. Relative Acceleration of Independent Points.—The rela-
tive displacement of two points has been defined as the vector
change of their relative position, and their relative velocity as
the time rate of the vector change of their relative position. By
analogy the relative acccleration of two points will be defined as
the time rate of the vector change of their relative velocity.

Referring to Fig. 251a, let the point A traverse the segment
A1A;in the time interval AT, and let the initial and final velocities
of the point be V., and V7, respectively. During the same inter-
val of time let the point B traverse the segment B;B;, and let its
initial and final velocitics be V3 and V3. The vector change of
the velocity of the point A during the interval AT is AV, and that
of the point Bis AV, Now let V,, the velocity of 4 relative to
B at the beginning of the time interval AT, and V7, the relative
velocity at the end of the interval, be determined as shown by
the heavy lines in the polygon at ¢. It is clearly brought out
by the remaining lines of the polygon that the vector change
AV of the velocity of A relative to B is equal to the vector
differcnce of the absolute velocity changes AV, and AV,. The
following vector equations may therefore be written:

AVa = Vo — Vg

(Vo= V) = (Vo> V)
= (V= V)= (Vy—- W)
= AV,— AV,

AV _ AV. AV,

AT — AT AT

- That is, the acceleration of A4 relative to B is the vector differ-
ence of the absolute accelerations of A and B. If A4, is accel-
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eration of the point A, A; that of the point B, and A, the
acceleration of A relative to B, then

A, = Ay D Ay (65)

In Fig. 251d the relative velocities ¥V, and V7 and their vector
difference AVq have been laid off separately, and the remaining
lines of the figure have been drawn in the same manner as in

(d)
Fra. 251.

Fig. 249b. In a manner entirely analogous to that employed in
Art. 170, it may be shown that
2 si Af
AVa _AC CB_ """ vh— v,
AT — AT 7 AT — "% AT AT

8 | dVa

Aw = V“‘Tﬁ -f-)—dt = A b AL, (66)

The normal éomponent Al is perpendicular to the relative
velocity V. and is directed toward the concave side of what may
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be called the relative path. The quantity d6/dt is the angular
velocity of the relative-velocity vector. The direction of the
tangential component A’, is the same as or opposite that of the
relative velocity V., depending upon whether the magnitude
of the latter is increasing or decreasing. Obviously, if 4, is given

A, = Ay AL, b A, (67)
172. Relative Acceleration of Two Points on the Same Rigid
Body.—The relative acceleration of two points on the same rigid

body possesses certain special characteristics that correspond in a
general way to those possessed by the relative velocity of two

Fia. 252.

such points. In order to bring out these characteristics, let the
case shown at a in Fig. 252 be considered.

It was shown in Art. 171 that the relative acceleration of any
two points may be broken up into components perpendicular
and parallel to the direction of the relative velocity. It was also
shown that the magnitudes of these components are
dVb,.

[ Cp— do t —
Ap, = Vbum and A}, = 7

where d8/dt is the angular velocity of the relative-velocity vector
Vie. Since in this case the vector Vi, is always perpendicular
to the line AB, it is evident that the direction of the normal
component is along this line, from B toward A4; never from B
away from A.' Its magnitude is

Ap, = V,,,,% = Vow = (AB-w)o = AB-w*  (68)
1 The proof of this statement makes a good exercise. Let the rigid body

be drawn in two positions, and then let the fundamental method discussed
in Art. 171 he applied.
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where d6/dt has been replaced by its obvious equivalent w, the
angular velocity of the body.

The direction of the tangential component is parallel to Vi,
and hence perpendicular to the line AB. The sense of its
direction is such as to make B turn about 4 in the same direction
as the angular acceleration of the body. Its magnitude is

_ L‘_(_Kba_) _d o5 ——dw —_—

AL, T =2@B-w) = ABL =AB-a  (69)

It should be noted that the line A B enters into the ecxpressions
for A}, and Ay, in the same way that the radius of curvature of
the path of a point moving in a circle enters into the correspond-
ing expressions for its absolute acccleration. This was to be
expected, as the motion of the point B relative to the point 4
is a rotation of the former about the latter, the relative path, so
to speak, being a circle of radius AB. Obviously, as indicated
by the dashed vectors at B,

Ay = A, AL b AL,

It has been seen that the direction of the relative velocity of
two points on the same rigid body is perpendicular to the line
joining the two points. A similar condition is true for the
relative acceleration of two points on the same rigid body. The
angle ¢ in Fig. 252a is given by the following relation:

A, AB -«

tan ¢ = S0 = 227

B-
: 70
Ap, B:w (70)

1]
Ele

N

It follows that the angle ¢ is independent of the location of the
two points A and B and is dependent only upon the angular
velocity and angular acccleration of the body.

When a rigid body is turning about a fixed center O as shown
in Fig. 252b, the absolute acccleration of any point P of the body
is merely its relative acceleration with respect to the fixed center
0. It follows, therefore, that the normal and tangential com-
ponents of the absolute accelcration of the point P are

42 = 0P - o
A = 0P - a
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The total acceleration of the point is
Ap=A2H A, =0P -2 HOP - a

The angle that this vector makes with the line joining the point
P to the fixed center of the rotation is given by
‘ a
tan ¢ = /TZ =
Very often in acceleration problems the angular velocity w of a
link is known, but the angular acceleration is unknown. As an
illustration’ of this type of problem, let the motion of the rigid

\\w (given)
A B

.@ p— . z

Ag
(given)

body shown in Fig. 253 be considered. The acceleration of the
point A is completely known, the acceleration of the point
B is known in direction only, and the angular velocity » of the
rigid body is known. It is required to determine the magnitude
of A, and the angular acceleration a. The acceleration A4, is
given by the following vector equation:

Ay = A. D AL D AL,

Direction
given

F1a. 253.

The magnitude of A7, may be calculated as follows:
b= AB - w?

and it may then be laid off from the extremity of A, as shown.
Although the magnitude of A4;, is unknown, its direction is
known to be perpendicular to Aj,, and it may therefore be laid
off from the extremity of A, as shown. The intersection of
this line with the line representing the direction of A, will deter-
mine the magnitudes of the vectors 4, and Af,. The angular
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acceleration of the rigid body is @ = A},/AB. It isevident from
the construction that the sense of the angular acceleration is
negative, i.e., clockwise.

Attention is called to the fact that in dealing with acceleration
problems the instantaneous center of absolute motion must not
be confused with the center of curvature. This may be under-
stood by referring to Fig. 254. The point A of the four-link
mechanism there shown moves in a circle, the center of which is
0.. A however, is also a point on link 3, the instantaneous center
of which is O;. The normal component of the acceleration of
point A is directed toward the center of curvature O, ‘of its path
and not toward the instantaneous center Oj.

Fra. 254.

173. The Acceleration Polygon.—In the preceding article it
was shown how accelerations could be determined by means of
vector additions on the figure. It is the purpose of this article
to outline the procedure to be followed in the construction of an
acceleration polygon. In Fig. 255a is shown a simple four-link
mechanism that has been drawn to a convenient scale. The
angular velocity ws and the angular acceleration a. of the driving
link are given and the complete acceleration polygon is required.
The first step in the solution is to draw the velocity polygon.
Since the velocity of 4 is known from the relation V, = 0zAw,,
the vector oa representing this velocity is drawn to a convenient
scale and the velocity polygon completed as shown at b in the
figure.

The next step is to calculate the acceleration of A on link 2 and
start the construction of the acceleration polygon at ¢. The
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acceleration of A is
Ao = A2 b A% = 040}  0:4ay

After selecting a pole o and a convenient scale the vectors A" and
A% are drawn and the vector oa determined as shown in the figure.

Since A represents a pair of coincident points on links 2 and 3,
which have the same acceleration, the acceleration of one point
on link 3 has now been determined. The acceleration of point B
on link 3 is, therefore,

Ab = AuﬁAba = Aﬂ+) (A:aﬁAlt)a)

The normal component A;, is readily determined. Its magnitude
(Vya)2/AB (= AB - »?) can be calculated since either V,, or w,
can be determined from the velocity polygon. Its direction and

F1a. 255.

sense are BA. The tangential component A4}, is known in
direction only, perpendicular to AB. Its magnitude AB - ay
cannot be calculated since a3 is unknown. However, the vector
Al can be drawn from the extremity of oa in the direction and
sense BA, and A}, can be represented in direction as shown in the
figure at c.

In order to complete the acceleration polygon, it is necessary,
to consider B as a point on link 4.

Ay = AP b Al

The normal component A} is known in both magnitude and direec-
tion, since its magnitude V3/0.B (=0,B . w}) can be calculated
(since V3 or wy can be determined from the velocity polygon) and
its direction and sense are BO,. The tangential component A}
is known in direction only, perpendicular to O,B. However, the
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vector Ay can be drawn from the pole o (since this is an absolute
acceleration) in the direction and sense BOs. The component 4;
is represented in direction as shown in the figure. The point b
and hence the vector ob are determined by the intersection of the
components Af, and A}, and the polygon is completed by the
final step of drawing in the relative-acceleration vector ab.

As in the case of the velocity polygon, oa in the acceleration
polygon is the image of link 0.4, ob the image of link OB, and
ab the image of link AB. Hence, the acccleration of any other
point on AB, say C, is represented by the vector oc drawn from
the pole o to a point ¢ such that ac in the polygon is proportional
to AC in the figure of the mechanism.

It is observed that the acceleration polygon proper, oab, has
been drawn in heavy solid lines. Obviously, as in the case of the
velocity polygon, arrow heads on absolute-acceleration vectors
are not essential. It is convenient, however, to have them on
absolute-acceleration vectors, as shown in the figure, but it is not
desirable to have them on relative-acceleration vectors. The
normal and tangential components have been drawn in light
broken lines and identified by the symbols and arrow heads in the
manner indicated in the figure.

174. Accelerations in the Four-link Mechanism.—As an illus-
tration of the application of the principles developed in the pre-
ceding articles, let the four-link mechanism shown in Fig. 256 be
considered. The angular velocity and angular acceleration of
link 2 are given as

we = 20 radians/sce. as = 150 radians/sec.?

and it is required to make a complete acceleration determina-
tion for the mechanism. The scale of the original drawing was
3 in. = 1 ft. :

The first step in the solution is to determine the normal and
tangential components of the acceleration of the point A. Since
link 2 is rotating about the fixed center O, these components are

Ar = 0.4 - wi = 849 X 202 = 200 f.p.s.2
AL =T - ay = 6{g X 150 = 75 f.n.s.?

The magnitude and direction of total acceleration 4, may, after
a suitable scale has been chosen (a scale of 1in. = 150 f.p.s.2 was
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chosen for the original drawing), be determined by the vector
addition of A” and A?.

Since A is a point on both links 2 and 3, the acceleration of
one point on link 3 has becn determined. The acceleration of
the point B is represented by the vector equation

Ab:‘Aa—HAM
= A, P AL B A},

The determination of A}, requires that the angular velocity of
link 3 be known. In order to determine ws;, let the magnitude

Fia. 256.

of Vg4 be calculated and let the partial velocity polygon shown
at b in the figure be drawn.

V., = 02/‘1 fy = 912 X 20 =10 fpS

The scale of the polygon in the original drawing was 1in. = 8f.p.s.
The length of the vector ab in the polygon was 0.96 in.  The rela-
tive velocity Vs, is therefore 7.68 f.p.s. The angular velocity of
link 3 is
Voa
A

_ 7.68
ws = TR T orig,

= 8.38 radians/sec.
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The magnitude of the normal component A4;, may now be calcu-
lated as follows:

= 4B - w} = 1143 X 838 = 64.3 f.p.s.

Now let the veetor oa (= A.) be constructed from the pole o
in the acceleration polygon as shown at ¢ in the figure, and from
its extremity let the vector Aj, be drawn. Although the magni-
tude of the tangential component A}, is unknown, its direction
is known to be perpendicular to A;,. This dircction may be
represented in the polygon by a line perpendicular to and through
the extremity of the vector A,

In order to determine the magnitude of the tangential com-
ponent A}, the angular acceleration a; should be known. Since
this is for the present unknown, the problem must be attacked
from another angle.

It is evident that since the velocity Vi, may be obtained from
the velocity polygon, the angular velocity ws of link 4 may be
determined. Scaling the vector ob in the velocity polygon, it is
found that V, is 6.55 f.p.s. - Therefore,

Ve _ 6. 55

= 0.8 = 57, = 8.72 radians/sec.

Wy
The angular velocity being known, the normal component of the
acceleration of the point B may be determined as follows:

Ap = 0,B - o} = 9, X 8722 = 57.0 f.p.s.2

The vector A} may now be laid off in the polygon. A line
through the extremity of this vector and perpendicular to it will
represent the direction of the tangential component Aj. It is
e¢vident that the extremity of the total acceleration vector A4,
must be situated on this line. It must also be situated on the
line representing the direction of A4;,, and hence it must be at the
intersection of these two lines. The position of the point b in
the acceleration polygon can, therefore, be determined and the
vector ob may be scaled to determinc the magnitude of the
acceleration of the point B.

Ay = 165 f.p.8.?

The accelerations of the points C and D may be determined
most conveniently by drawing figures (images) in the accelera-



ACCELERATIONS IN MACHINES 2R1

tion polygon similar to links 3 and 4. The accelerations thus
determined are

A.=117fps? Az =121 1fps.?

If desired, the angular accelerations of links 3 and 4 may be
determined as follows:

_ A, 167 _ Lo ..
as = 4p = ug,; = 182 radians/sec.?;

—"ii_.lég— i s /wpe 2
“=5BT9,; 212 radians/sec.

176. Application to Slider-crank Mechanism.—As a further
application of the principles developed in the foregoing articles,
let the slider-crank mechanism shown in Fig. 257 be considered.
The crank is assumed to have a uniform motion of 3,000 r.p.m.,
and it is required to determine the acceleration of the wrist pin B
and the acceleration of the center of gravity G of the connecting
rod. The scale of the original drawing was 6 in. = 1 ft.

Since the angular acceleration of the crank 0.4 is zero, the
total acceleration of the crankpin is the same as the normal
acceleration. That is,

— 2.5 3,000\’
= 2 = jut At = 3.2
A. = 0,403 12 X (21r X 60 20,570 f.p.s.

The acceleration of point B is given by the following vector

addition:

Ap = Ao A = Ao b (A}, D AL)

Before A}, can be determined, the angular velocity ws of the con-
neeting rod (link 3) must be known. But in order to determine
wy it will be necessary to draw the velocity polygon for the
mechanism. From the given data

— 2.5 . (27r X 8,000

=50 ) = 65.5 f.p.s.

A velocity scale of 1 in. = 30 f.p.s. was chosen for the original
drawing and the velocity polygon drawn as shown at b in the
figure. From this polygon the relative velocity Vi, is found to
be 46.80 f.p.s. The angular velocity of link 3 is
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= Voo _ 4680 _ i
W= op = 107, ~ 56.16 radians/seec.

The magnitude of the normal component Apis
A}, = AB - o} = 199 X (56.16)% = 2,624 {.p.s.2

The acceleration polygon can now be drawn. Let the vector
oa be laid off from a pole o as shown at ¢ in the figure.- The scale
chosen for the original drawing was 1 in. = 10,000 f.p.s.2 Next
lay off the vector A}, remembering that it must be drawn, not
from the pole o but from point a in the polygon and that its

4 O2A4=2hin.
[ AB =/0:h.
G g3 A6 =2%m,
2
% _ L4
(a)
a
b o
Vi :1
(b) ba», (c)
9/
b le o >
an
ba
Fia. 257.

direction must be from B toward 4 in the figure. A line through
the extremity of the vector A, and perpendicular to it will
represent the direction of the tangential component A}, The
direction of the acceleration of the point B is determined by the
fact that this point moves in a straight line. It follows that a
horizontal line through the pole o will represent its direction.
The intersection of this line with the line representing the direc-
tion of A}, determines the magnitudes of 4, and A},.

The line ab in the acceleration polygon is the image of the con-
necting rod AB. Hence the following proportion must hold:

a _ AG
ab~ AB
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Hence
A 25 ...
ag = abZ—E = 1.44 X 1—0‘ = (.36 in.

If, therefore, the distance ag is calculated and laid off in the
acceleration polygon, the vector og representing the acceleration
of point @ will have been determined. Using the acceleration
scale chosen above, the accelerations of points B and G were
found to be

Ap = 14,400 f.p.s.2 and A, = 18,000 f.p.s.2

Attention is called to the fact that these accelerations are many
times greater than the acceleration of gravity (32.2 f.p.s.2). It
is evident, therefore, that in an engine of this size running at
3,000 r.p.m. the incrtia forces of its moving members must be
many times greater than their weights.

176. Graphical Constructions. Scale Relations.—Althoug).
the methods employed in the preceding articles were in the main
graphical, it was nevertheless necessary to make a number of
intermediate calculativag before a full solution of the problem
could be obtained. The present article deals with a method that
will materially reduce such calculations.

In any acceleration problem it is possible to choose the space,
velocity, and acceleration scales so that the vector representing
the normal component of the acceleration of any point may be
determined by means of a graphical construction. This con-
struction, which will be explained below, involves the normal
component vector, the vector representing the velocity of the
point, and the length on the drawing of the radius of curvature of
the path of the point.

a. The Scales Defined.—Before proceeding further it will be
necessary to make sure that a clear understanding is had as to the
precise meaning of the three scales just mentioned. Velocities
and accelerations are usually expressed in feet per sccond and
feet per second? respectively, and in order, therefore, to make use
of the various motion formulas, lengths must also be expressed
in feet. The space, velocity, and acceleration scales (k,, k., and
ks, respectively) used in this text will be defined as follows:

1 in. on drawing = a distance of k, ft. on mechanism.
1 in. on drawing = a velocity of k, {.p.s.
1 in. on drawing = an acceleration of k, f.p.s.2
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For example:
For a space scale of 1in. = 14 ft. 3 in. = 1 ft.), k, = 14.
For a velocity scale of 1in. = 100 f.p.s., k, = 100.
For an acceleration scale of 1 in. = 150 f.p.s.2 k, = 150.

b. Graphical Method.——The graphical method mentioned above
for determining A* will now be developed. Referring to Fig. 258,
let the point P be moving along a plane curve with the velocity
V. Let this velocity be represented in the
figure by the vector length PQ inches, and
let R, the actual radius of curvature of the
path of the point in fect, be represented on
the drawing by the length OP inches. The
normal component of the acceleration is

v:_PQ-ky _PQ* K
A = — = — = ==
kR OP-k, OP k

Fra. 258. where k, and k, are the velocity and space
scales, respectively. Now let it be assumed
that the acceleration scale is k. and that the vector length
representing A is 2z inches. Then, from the preceding
expression
_Per k-

44 » o= ku = =
e = 0P T

I the three scales k,, k,, and k, are chosen so that

K,
ko = e, (71)
Then,
_ PQ? « _ PQ

“TopPQT 0P

That is, PQ is a mean proportional between x and OP, and hence
‘any of the various geometrical constructions pertaining to a mean
proportional may be employed to determine z from PQ, or vice
versa.

In the construction employed in Fig. 258 to determine z,
the line OQ is drawn and the right triangle OQM constructed.
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The distance PM is the desired vector length . That is,

Py _ ar

PM =z =22
TP T

In order to show the vector PM in its true position, it may be
rotated about P into the position PM’ as shown in the figure.
Of the various geometrical constructions pertaining to a mean
proportional, the two shown in Fig. 259 will be found convenient
for this work.

The construction shown at a is for the purpose of finding the
aceeleration vector A%, when the velocity vector V,, is given.
This has alrcady been explained in connection with Fig. 258,

Q , - ~< g
// /ﬁ\\ // | \\
- I / 1Y
- 1\ / 1 \
i | \\ / | \
/’ I \ \‘
r=———0-w O————0-;
> )\ ) M
1) M\ g J 0 P
\\ 7
Given Vpo (-PQJ; to find Givgn magnitude of Apo (=PM)
magritude of Afp (<PM) fo find Vpo(=PQ)
(a) (b)
Fra. 2569,

The construction at b is for the purpose of finding the velocity
vector V., when the acceleration vector 4}, is given.  The length
PM representing A%, is laid off as an extension of OP, and a circle
drawn on OM as a diameter. The line PQ drawn at right angles
to OM is the velocity vector V,,. The proof is obvious from
Fig. 258.

It is important to keep well in mind that the use of the above
constructions (or any similar constructions) requires that the
space, velocity, and acceleration scales satisfy the relation k. =
k2/k,. It should be noted also that two of the scales may be
selected at will, but the third scale must be determined from the
above relation.

c. Uniformly Rotating Crank.—When the motion of one of the
members of & mechanism is uniform rotation about a fixed center,
it is convenient to choose the velocity scale so that the vector
representing the velocity of any point of the member is equal in



286 MECHANICS OF MACHINERY

length to the radius of the point. When this is done, and when
the acceleration scale is chosen in accordance with the relation
ks = k2/k,, the radius of the point also represents its acceleration.
This statement may be proved as follows: Referring to Fig. 260
let the link 2 be rotating with uniform angular velocity w about
the fixed center O, and let the velocity scale be so chosen that the
vector PQ representing the velocity of the point P is equal in
length to the distance OP on the drawing. Then let the line 0Q
be drawn and the right angle OQM constructed. PM is the
length of the vector that represents the normal component of
M the acceleration of the point P; and
Ap Reversed A\ since the tangential component is zero,
indirection_ [/ \ owing to the uniform rotation, it is
evident that in this case the length PM
is also that of the total acceleration
vector. Now let it be noted that since
PQ = OP, the angle PQO is 45 deg. and
Q@ hence PQM is also 45 deg., from which
it follows that PQ = PM. That is, PM
is equal to the length OP on the drawing.
¢ 177. Four-link Mechanism. Complete
Graphical Method.—As an application of
the methods deseribed in the preceding article, let the four-link
mechanism again be considered. Referring to Fig. 261, let the
angular velocity and angular acceleration be given as follows:

w2 = 22 radians/sec. az = 180 radians/sec.?

and let it be required to determine the accelerations of the points
C and D.

The first step is to calculate the magnitudes of the normal
and tangential components of the acceleration of the point A.

A2 =04 - 0} = 3{y X 22% = 201.7 f.p.s.2
At = O.Aay = {9 X 180 = 75.0 f.p.s.2

Before proceeding with the graphical work, attention must be
given to the selection of scales. The space scale, as is usually
the case, has already been selected, that of the original drawing
having been

3in. = 1ft.;7.e., k, = 14
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If the methods of Art. 176 are to be followed, only one of the
other two scales may be selected arbitrarily, and for the purposes
of the present problem it will be more convenient to select the
acceleration scale. In the case of the original drawing the scale
selected was

lin. = 100 f.p.s.?; i.e., k., = 100

For the purposes of the present problem it is not necessary to

Fia. 261.

make use of the velocity scale. It could, however, be calculated
in the following manner:

eN

k. =

&I

Therefore
ky = Vs = V199 = 5.79; i.c., 1 in. = 5.79 f.p.s.

The acceleration scale having been selected, the vector A, may
be determined from its normal and tangential components and
laid off in the polygon as shown at c.
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The next step is to determine the length of the vector repre-
senting the velocity of the point A. This has been acecom-
plished on the drawing of the mechanism itself by the methods of
Art. 176. The partial velocity polygon may then be drawn as
shown at b.

Using the vector length Vi, the normal component 4;, may
be determined by means of the construction shown on the figure
of the mechanism. The vector length A7 may be determined in
a like manner. Both of these vectors are then laid off in the
polygon. Lines representing the directions of the tangential
components, A;, and Aj, may also be laid off in the polygon,
the intersection of these lines determining the position of the
extremity of the vector A;,. The acceleration images of links 3
and 4 are then drawn and the accelerations of the points C and
D obtained as follows:

A. = 118 f.p.s.? Ay = 134 f.p.s.?

Tt is seen that for the solution of the foregoing problem only
one caleulation had to be made, namely, the calculation by means
of which the acceleration of the point A was determined.

178. Slider-crank Mechanism. The Ritterhaus Construction.
The slider-crank mechanism is of sufficient importance to warrant
the development of special methods for its analysis. This is the
purpose of the present article.

In Fig. 262 the velocity and acceleration polygons shown at b
and ¢ respectively have been drawn in accordance with the
methods of the preceding articles but the construction has been
omitted from the figure. The crank is assumed to be turning at
uniform rate, and the velocity and acceleration scales have, there-
fore, been chosen so that the vectors representing the velocity
and acceleration of the crankpin A are both equal in length to
the crank radius OA.

Referring to the construction shown on the figure, the triangle
OAM on the figure of the mechanism is equal to the triangle oab
in the velocity polygon. Let the polygon oab be turned through
90 deg. and shifted so that the pole o coincides with the center O
of the crank and so that the velocity vector o falls along the
line OA. It follows that OA and OM represent the magnitudes
of the velocities of A and B respectively, and that A M represents
the magnitude of the relative velocity of these points,
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Now let the acccleration polygon at ¢ be turned through
180 deg. and shifted so that the pole o of the polygon coincides
with the center O of the crank, and so that the acceleration vector
A, falls along the line OA. It is evident that:

1. The point a of the polygon will coincide with the point 4
of the figure.

2. The vector ob will fall along the line OB.

3. The normal component A}, will fall along the connecting
rod AB, and the tangential compouent A}, will be perpendicular
to the connecting rod.

It is to be observed that the directions of the acceleration vec-
tors in this construction are directly opposite their true directions.

) o a
At e
t b 0
ns a
Apa «©) (b)
Fia. 262.

The length AT (which is equal and opposite the vector at in
the acceleration polygon) may be determined more conveniently
by means of the construction shown on the figure of the mecha-
nism than by the method employed in the preceding articles.
This construction is as follows: First, the line BA is extended until
it intersects the vertical line OM at M. Through M a horizontal
line is drawn intersecting the line OA extended at N. A vertical
line through N will intersect the line AB at a point T such that
the distance AT is the vector that, reversed in direction, repte-
sents the normal component of the relative aceeleration of the
points A and B, that is 4;,. This construction is known as the
Ritterhaus construction. Its proof is as follows: The triangle
ANT is similar to the triangle AOM; and the triangle AMN is
similar to the triangle ABO. Therefore
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AT AN AM _ AN

i~ 20448 = 4o
from which

é!.—é_z‘!orAT—;TE

AM =~ AB ~ AB

The line AM, however, is equal to the vector length Vi,.

M
r
79
EY—-———e el
0 A b
Q . D
Fi1a. 263
Therefore
_ Vi
A AB

and, since the polygons have been drawn in accordance with the
methods of Art. 176, it follows that the distance AT is equal to
the vector length Aj},.

The acceleration image of the point £ may be determined by
drawing a line through E parallel to the horizontal line BO. The
proof of this construction follows from the fact that the triangles
AEe and ABb are similar.

In order to bring out the method of dealing with a problem
where a number of acceleration determinations are required for
different positions of the crank, let the case shown in Fig. 263
be considered. The outline of the mechanism is the same as that



ACCELERATIONS IN MACHINES 201

of Fig. 262. In Fig. 263 half the crank circle has been drawn
to an enlarged scale, and the acceleration determination has been
made for one position of the crank.

The determination for the crank position shown was made as
follows: First, a circle of radius 0Q was drawn such that

0Q _ length of crank
OA ~ length of connecting rod

The line AO was then extended to ineet this circle at @, and a
horizontal line was drawn through @ intersecting the crank circle
at P. The line OP gives the dircetion of the conneeting rod! for
this position of the crank. Using this direction, the vector length
AT, which represents the normal component of the relative accel-
eration A, reversed in direetion, was determined by means of the
Ritterhaus construction as shown. A line through T perpen-
dicular to the connecting rod gave the vector length ob, which
represents the acceleration of the wrist pin reversed in dircetion.
The aceeleration of a point E on the connecting rod (outside the
limits of the drawing) was determined as follows: First, a circle
of radius OF’ was drawn such that

OF' _ distance from wrist pin to the point £

04 length of connecting rod

Through the interscetion E’ of the line OA with this cirele, a
horizontal line was drawn intersecting Ab at e. The point e is
the acceleration image of the point E on the connecting rod and
Oe is the vector that (reversed in direction) represents the accel-
eration of point E.

The determinations for any other crank positions may be made
in the same manncr. This illustration brings out very clearly
the extent to which special methods can be developed for the
routine solution of certain types of problems, provided the prob-
lems are of sufficient importance to warrant such a development.

1 This means of climinating the full length of the connecting rod from the
drawing permits of the use of a much larger scale in laying out the crank cir-
cle. This results in larger scales being used for the velocities and acceler-
ations and thereby increases the accuracy of the determination. Note that
the Ritterhaus construction does not require the full length of the connecting
rod as does the usual construction given in Art. 176.
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179. Relative Acceleration of a Pair of Coincident Points.
Coriolis’ Law..—The preceding articles have dealt with the rela-
tive acceleration of two points situated on the same rigid body.
The present article deals with the relative acceleration of a pair
of coincident points of two rigid bodies. The general charac-
teristics of the relative velocity of two such points have already
been discussed in Chap. X by means of the theory of instantane-
ous centers; in discussing their rclative acceleration a slightly
different method of attack will be employed.

Referring to Fig. 264, let links 2 and 4 of the four-link mecha-
nism therc shown be assumed extended in the manner indicated.
It is evident that as the mechanism is set in motion, the point
P on the extension of link 2 will trace out a curve such as MN on

Fra. 264.

the extension of link 4. In the position shown, P is coincident
with the point @ of link 4.

It was shown in Chap. X that the magnitude of the relative
velocity V,, is given by the product (24-P) X ws4, Where wsy is
the angular velocity of link 2 relative to link 4, and that the
dircction of V,, is perpendicular to the instantaneous radius
24-P. This method of determining V,, does not involve any
reference to the curve MN mentioned above.

The relative velocity V,, could, however, be expressed also in
terms of the curve MN traced out by P on link 4. For, let ds
be the length of an infinitesimal segment of the curve and dt
the time required for the point P to trace out that segment. The
length of the infinitesimal segment is given by

ds = Rdo

where B(= 0'Q) is the average radius of curvature of the infini-
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tesimal segment, and where d@ is the angle between the two radii
drawn to the ends of the segment. If both sides of the equation
are divided by dt,

ds do

m = Rm = Rom

where ds/dt is obviously the magnitude of V,, and where
d0/dt(= w,s) is the angular velocity of the radius of curvature
(assumed to move with P) relative to the rigid body 4. The
direction of V,, is perpendicular both to the radius of curvature
R, and, as scen above, to the instantancous radius 24-P. Tt
follows that the two radii are collinear. It should be observed,
however, that the center of curvature O’ and the instantaneous
center 24 are separate and distinet points, and that in this case
they are even situated on opposite sides of the curve MN.

The foregoing discussion has shown how the relative velocity
of a pair of coincident points may be discussed in terms of the
path that one of the points traces out on the rigid body of the
other. The relative acceleration of a pair of coincident points
will be discussed in a similar manner.

Referring to Fig. 265a, let the point P (shown as P, and Ps,)
be moving in a manner such that it traces out the curve AB on the
moving body M, and at the beginning of a given time interval
AT let P be coincident with the point A of the body, the common
initial position of P and A being P; and A, in the figure. It is
required to determine an expression for the acceleration of P
relative to A.

At the beginning of the interval AT the velocity of P relative
to 4 is V,,. At the end of the interval the point P will be
coincident with some other point B of the curve (indicated by
P, and By), and the body M will have moved to some other posi-
tion as indicated by the dotted lines. The velocity of P relative
to A is now V,,,, but it should be noted that this is no longer
the relative velocity of a pair of coincident points. The vector
change of the velocity of P relative to A is given by

AVP“ = Vmﬂz - Vmﬂn

as shown by the polygon at ¢, and the time rate of this vector
change of velocity is, at the limit, the acceleration of P relative
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to A, an expression for which, containing only usually known
quantities, will now be determined.

Since, at the end of the interval AT, P is no longer coincident
with the point A4, its velocity relative to A will be made up of two
components, namely, Vs, the velocity of P relative to B, (the
point with which P is coincident), and V4,4, the velocity of B
relative to A. That is,

VP::‘H = szbz + Vbzﬂz

A reference to the polygon at b in the figure will make this step
clear.
Substituting in the expression for AV, given above,

AVpu = (Vrzbz + Vbzﬂz) —> mell
= Vbi:n.‘ "") (I/’p:ba hd ‘/Plal)

In order to cxpress the vector difference (V,up, — Vpa,) in
terms usually known, let the vectors V.., and Vs, be laid off
from a single pole as shown at d in the figure, and let the line
on be drawn making an angle A¢ with the vector V4, this being
the angle between the normals drawn to the curve at A and B.
It is evident from the geometry of the figure that on will make an
angle A9 with the vector V,., where A6 is the angle through
which the body M turns during the interval AT. With o as a
center, let ares be struck intersccting the line on at the points r
and s, and let the vectors qr, 7s, and st be drawn. The magni-
tudes of these vectors are given in the figure, the proof following
dircctly from the geometrical relations involved. It is evident
that

Vs = Ve 4> gr 43 78 5 81
Therefore
(Vosbs = Vo) = qr +> 718 > st
Substituting in the expression given above for AV p,.
AV = Vi D qr 18 D 8t

For an infinitesimal interval of time di, these velocity vectors
become infinitesimal velocity vectors, which, if divided by d¢
become acceleration vectors. The vector AV p, obviously becomes
Apa, the desired relative acceleration. Before taking up the
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others, let it be noted that O74,(= 0’A) and O}B,(= 0’B) in
the figure become, for an infinitesimal interval, the radius of

Infersection of normals

Angular X
P 7 approx. center of
c;’/:%acemenf\ - curvature of AB
—_  Parallel fo
,/— \\ o Vi B \‘\
0; \\\2 N
\
/ \ \\
\ \\
¢)’\\ \
\ \
\ \
7z \ \
@2 \ \\
N
————— — 4z
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0
(b) (c) (o)
TFia. 265.

curvature R of the path AB of the moving point P; also that

lim i—f = g;—) = angular velocity of body M

lim —A-A% = %? = angular velocity of R (considered as moving
with P) relative to M.

. AB ds

lim _Ai- = % = Vpu

Then, again considering the four vectors on the right-hand side
of the equation

= i AB - db/dt _ ds do _ . df
At At Tdt odt T T ™dt
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which is normal to 4B and hence to the curve; it is dirccted so
as to satisfy the condition that B must turn about A in the same
sense as that of the angular velocity d6/dt of the body M; this
is loosely equivalent to saying that it is directed so as to make the
extremity of the veetor V,, turn about its origin in the same sense
as that of do/dt.
The vector gr when divided by At becomes
_ 2V pya, SiN A2¢

ar _ m2 _yodd
lim A lim — Al V"“dt

which is normal to the curve and directed toward the center of
curvature O'.
The vector rs becomes

P _ e (Vo = Voal _ @V
lnn Kt = lim Al =4

which is tangent to the curve and directed the same as or oppo-
site to V,., depending upon whether the latter is increasing or
decreasing.

The vector st becomes

. Af
— 2V pub, SIN - 5

lim —ﬂ = lim —a = V”“dt

which is normal to the curve and is dirccted the same as the
dey ..
component lim Vi,q.,/At ( Va7 dl) discussed above.

The vector expression for the relative acceleration A,, of the
coincident points P and A4 is, therefore,

- d¢ . AV dé
Ape = Vm('zz +> Vpu'd—t' -+ —d +> Vpadt

_pdo Ve o dO

= Voagg B =g P 2Veg

since the two terms V,,,.:% are the same in magnitude, direction,

and sense.
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Il

Now let wm = angular velocity of body M.
w,m = angular velocity of the radius of curvature R
(considered as moving with P) relative to body M.
a,n = angular acceleration of R relative to M.

Then
Voil? = Vo = Ro,
d};‘” = %(me) = Ram + wm%B
= Ra,n if R is constant, the usual case.
ZVP%—:—) = 2V paom
It is to be observed that V,.,.%‘—f and d—gt”—’ are precisely the

normal and tangential components of the acceleration which P
would have if the body M were standing still and ihe point P
were moving along the curve with a velocity V,(= V,.). 4
special notation @ps, @, and @, will be used to designate this

2VpaWm ;-

(Ffawmis () 2 Voo Win (1F @ 15 ))

F1a. 266.

acceleration and its components. The quantity @u. is not,
however, the acceleration of P relative to 4, and must not be
confused with 4,.. Iividently,

V2
Gpe = Vioa* Wpm = —R”E = Rw?, (72)
@, = (%%' = Ra,m + wdeI:' = Ra.n (if R is constant) (73)

tp = @b @b (74)
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Therefore

Aym = a'p'a + a:m + 2Vp,.h)m
(i,.u -+ 2V1mwm (75)

If A, is the acceleration of the point A, the acceleration of the
point P is

llp = Aa +> Apll
= A“ + a,m + 2Vpawm (76)

This is known as Coriolis’ law, and the vector 2V pawm is known as
the Coriolis component.

For reference the rules regarding the dircetions of the various
vectors of the foregoing have been illustrated in Fig. 266.

180. Applications. The Governor Mechanism.—The applica-
tion of Coriolis’ law will be illustrated first by considering the
following simple problem: The flywheel of an engine (Fig. 267)
has an angular velocity ws = 30 radians per sec., and an angular

A e s

L30r®
a’z/
#27
Vaya;
/2"
3 #3
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(a)
Fic. 267.

acceleration «s = 100 radians/sec.? The governor weight is
moving outward relative to the wheel with a uniform velocity
of 10 f.p.s. The problem is to find the acceleration of 4, which
is the center of gravity of the governor weight. This application
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will be made clear by writing the general expression for Coriolis’
law [Eq. (76)] as given in the preceding article, followed by sub-
stitution of the particular notation given in Fig. 267. That is,

Ap =4,b A,m
= Ag P Qpy P 2V pawm (Coriolis’ law)

In Fig. 267 the letter A represents a pair of coincident points 4.
and 4;. The point A lies on the arc m described on the wheel
(link 2) by the coincident point A3 on link 3. As applied to
Fig. 267, the above general expression then becomes

Ao, = Agy B Aoy,
= Aa, +> Ga,a, +> 2Va,.,,w2
= (A ::2 -}_) Aflg) +) (G’::J(L_, + G‘fx,u,,) -H 21”41;412‘02

The magnitudes of the several components of the acceleration
A, are determined as follows:

=043 15 87 X 30% = 1,190f.p.s.? (Dircction 4:0)

— 5 87 L.
= 043 -ay = —— X 100 = 132f.p.s.? (Direction per-
pendicular to A20,)

(Vag)? _ 10

@z, =BA; o} = BA, =iz, =100f.p.s.2 (Direction A 3B)
Qlq, = BA;-az =0 (Since az; = 0)
2Vaaw: = 2 X 10 X 30 = 600 f.p.s.? (Direction BAj)

A pole 0 and a convenient scale having been selected, the acceler-
ation polygon may now be drawn as shown at b in Fig. 267. By
scaling the closing vector A,, in this polygon, the required
acceleration A, is found to be 1,268 f.p.s.2

181. The Slider-crank Mechanism.—As a further illustration
of the application of Coriolis’ law, let the slider-crank mechanism
shown in Fig. 268 be considered. The normal and tangential
components of the acceleration of the crankpin are as given in
the figure, and it is required to determine the acceleration of the
wrist pin B.

At the outset let it be understood that the solution of this
problem can be obtained more conveniently by the ordinary
method (see Art. 175) than by the application of Coriolis’ law.
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The chief purposes here are to aid the student in recognizing a
situation where the law may be applicable, and to give practice
in applying it.

Since the acceleration of 4; (one point on link 2) is known, and
since the link is rotating about the fixed center O, the aceceleration
of any other point on the link may easily be determined. Let
link 2, therefore, be extended so as to have a point at B. The
conneeting rod, link 3, also has a point at B, the acceleration of
which it is desired to determine. The problem is therefore

Fia. 268.

that of determining the acceleration of Bz and the acceleration
of the coincident point B;. The point B; corresponds to point P,
and the point B; to point A of Art. 179 and hence Coriolis’ law
applies. Therefore

Ay, = Ap, D App, = Ap, D Qop, P 2V s 0,02
= A P (i:sb: + a,t,‘bﬂ +H 2Vipw2

It is evident from the figure that the curve traced out by the
point B; on the extension of link 2 is a circle of radius AB; also
that the angular velocity of the radius of curvature, relative to
link 2, is w32. Therefore

G'g,bz = AB : wgz a:nd G,,f'b, = E ¢ age
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In order to determine the angular velocities ws2 and wsz, the
velocity of the crankpin A is first determined and the polygon
drawn as shown at b.

ir = 450 = Y _ L‘E; therefore V, = \/450 X 5 15 f.p.s
“*a . O2A %2 a 12 o} leide

and the velocity Vs, is found from the polygon to be 10.92 f.p.s.
The angular velocities of links 2 and 3 are then

wg = -OV—;{ = 911—52 = 30 radians/scc.
Voo
wg = —A—bl';, = ——11(;—?22 = —7.28 _radians/sec.

the negative sign in the casc of w; being required by the direction
of Vpe. The relative angular velocity ws, is

w3 = w3 — wp = —7.28 — 30.00 = —37.28 radians/sec.

The normal and tangential components of A4,, are

OB 213 .
Ay, = Mgz = 450T/‘ = 1,631 f.p.s.2
OB 2134 ‘
Af = Aim = 300_644 = 1,087 f.p.s.?

The magnitudes of Gz and 2Vepw: may be calculated as
follows:

@3y, = AB - wly = 18{y X 37.28% = 2,085 f.p.s.?
2V puws = 2AB - w3s - ws = 2 X 18{5 X 37.28 X 30 = 3,356 f.p.s.?

The magnitude of G} 5, 18 unknown since as: is unknown. In
order to make the vector Ve, (which is obviously perpendicular
to the connecting rod and directed in the same sense as wsz)
rotate about its origin in the same sense as wz (sce Iig. 266), the
vector 2V w2 must be dirceted to the right, away from A. The
direction of @, is toward the center of curvature A.

Now let the known vectors be laid off in the polygon as shown
at ¢. The magnitude of the vector @ », is unknown as stated
above, but its direction is known to be perpendicular to AB.
The direction of A, is known to be horizontal. If, therefore,
these two directions are laid off in their appropriate places in the
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polygon, their intersection will determine the magnitudes of
@y, and Ay, as shown. '
182. Shaper Mechanism.—Although the problem of the pre-
ceding article could have been solved much more readily by the
method of relative accelerations, there are many problems in
which the applications of Coriolis’ law provides the more con-
venient means of obtaining a solution. As a matter of fact, in

Fii. 269.

all cases where the relative motion of a pair of coincident points
on different bodies must be considered in order to study the
motion of the mechanism, the method of relative acecelerations
breaks down and Coriolis’ law must of necessity be applied. A
case of this kind is the shaper mechanism that has been partially
shown in Fig. 269. The crank 0.4, which is 6 in. in length,
makes an angle of 15 deg. with the horizontal. The crank
rotates in a counterclockwise sense at a uniform rate of 1014 r.p.m.
It is required to determine the acceleration of the point B for the
crank position given.
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The first step in the analysis is to draw the velocity polygon.
The velocity of the crankpin is

Va, = 0240, = 813 X 2r X 10.5 = 33 f.p.m.

After choosing a suitable scale, the velocity polygon may be
drawn as shown at b.

Since the coincident points A3 and A4 are involved, it will be
found necessary to apply Coriolis’ law in the determination of
the acceleration polygon. Observing the fact that the curve
traced out by A; on link 4 is a straight line coincident with 044,
it will be more convenient to consider the acceleration of Asj
relative to A4, rather than vice versa. Therefore

Au; = Au. + Aa:.u.,
= A4 P Qua, P 2V, (Coriolis’ law)
= (A7, D A;) B (G, + Q) P 2V,aws

The magnitudes of the several components of acceleration may
now be determined as follows, the veloeities being scaled from the
velocity polygon as required :

A, = = (.(’0) = (.605 f.p.s.2
OgA %12

L _ Ve _ (17.2/60)
AL =04 = 204/12
A = O4A - au (Unknown, since as is unknown, but known

in direction)

= 0.0483 f.p.s.?

@24, = Vo wu = 0 (since wy is zero)

Qg = %i"—‘(Unknown in magnitude, but known in direction)
28.2 17.2/60 _ )

Proceeding now with the construction of the acceleration
polygon at ¢ in the figure, lay off vector oa; (= A,,) in the direc-
tion AO,. Next lay off A7 and the known direction of Aq,
From a; lay off the component 2V, w4 in the position shown.
Applying the rule given in Art. 179, this vector is perpendicular
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to O4A and is directed to the right. The component shown as
(if,;,,_‘ in the figure is drawn perpendicular to 2V, .« from the
origin of the latter. The intersection of the tangential com-
ponents Af,d and a:’a"q at a4 is the image of A,. Hence oas = A,,;
and ob, determined by proportion, is A;. By scaling the vector
ob the acceleration of point B is obtained as 0.630 f.p.s.?

183. Analytical Methods.—As an example of the analytical
determination of the accelerations in a mechanism, let the ease
shown in Fig. 270 be considered. The crank is assumed to be
turning with a uniform angular velocity we, and it is required to
determine the acceleration of the point £ on the connecting rod.

Fia. 270.

It was seen in Art. 169 of the chapter on Velocities that the
x-component of the velocity of the point E is given by

= sz[sin 6 + ( — %)% % 225246’]

Differentiating with respect to time,

s = Loysy o de h\1 R( cos 20 d(26)
A2 = R“”lc"“ﬁ‘*(l L)ZL(cosd: a T
sin 20 tan ¢ d¢ |
cos ¢ dt

In the article mentioned above it was also shown that

%if = ;—fg—————g: :wz and sin ¢ = g sin @
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Therefore

)1 R(Z-cos 20 , 2 sin 0 cos 6 tan ¢

Az = ng[COE 0+ ( L)L cos ¢ cos ¢

2
_ ng[cos o+ ( L)R(co‘s 20 " 2’,2 sin? 0 cos? 0 J 1)

cos ¢ cos® ¢

The vertical component of the velocity of the point E is
Vv = ng’—t— cos 0
¢ L
Differentiating,
h .do h .
AY = ngz(-—-sm O)EZ = -Rw%z sin 0 (78)

If h is equal to zero, the expression A% becomes the acceleration
of the crosshead
R cos 26 .~’ sln > § cos® 0 A

Ay, = Rw,[wh 0 + 7\ Ccos ¢ _|— - o ¢ J (79)

This is the exact expression. The following approximate expres-
sion is, however, sufficiently accurate for most purposes.

Ay = ng[cos 0+ % cos 20] (approximately) (80)
Similarly

= ng[ cos 0 + (1 — %)g cos 20] (approximately) (81)



CHAPTER XII
STATIC FORCES IN MACHINES

The analysis of the forces acting in any machine is based
upon the fundamental principle which states that the system
composed of all the external forces and all the inertia forces
acting upon any single member of the machine is a system
in equilibrium. The forces acting in machines having plane
motion are for the most part situated in parallel planes. In such
cases it is customary to analyze the system as though all its
forces were situated in the same plane, the couples due to the
offset of the forces being disrcgarded. This method will be
employed in the following articles unless otherwisc stated. In
the static force analysis of a machine the inertia forces of the
machine members are disrcgarded. If the inertia forces arc
taken into account, the analysis is called a dynamic force analysts.
In either case the effect of friction may be taken into account or
disregarded depending upon the requirements of the problem.
The present chapter deals only with the static force analysis of
machines. '

184. Reactions between Members with Friction Disre-
garded.—In the present article and in the next few articles the
effect of friction will be disregarded. An analysis in which fric-
tion is disregarded is uscful in obtaining preliminary results, and
in the case of well-lubricated machinery these results are often all
that is required. In such an analysis the results obtained repre-
sent ideal conditions, .e., 100 per cent efficiency. '

The forces acting upon a machine member are in general
applied at its points of contact with other members of the
machine, the two most important exceptions being the dead-
weight forces and the incrtia forces. This contact is usually
made by means of turning or sliding pairs, and sometimes by
means of higher pairs. Whatever the type of connection, the
forces exerted by one member upon another are, if friction is
disregarded, normal to the surfaces of the members at their points
of contact.

306
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When the contact between two members of a machine is made
by means of a turning or sliding joint, the force exerted by one of
the members upon the other is not applied at one point alone,
but is the resultant of a number of elementary forces distributed
over a considerable area. These clementary forces have direc-
tions normal to the surfaces at their corresponding points of
contact. In the case of the turning joint the line of action of
each elementary force passes through the center of the joint,
and hence the resultant of all the elementary forces will also
pass through the center of the joint. In the case of the sliding
joint the elementary forces are all normal to the same plane, and
hence their resultant will also be normal to the planc. The line
of action of this resultant, however, cannot be determined from

the characteristics of the joint alone. In order to simplify the
analysis, the position of the line of action of the resultant is some-
times assumed to be situated at the center of gravity of the con-
tact area, but it is usually determined from the conditions of
cquilibrium.

186. Analysis of a Bell Crank.—A simple example of a static
force analysis is shown in Fig. 271. The bell crank 2 is part of
a system of levers, and it is connected to the rest of the system
by mecans of the rods 3 and 4. The force P is assumed to be
known, and it is required to determine the other foreces acting
on the bell erank. The forces exerted by the rods are assumed
to act along their center lines. With regard to the notation,
F42 means the force exerted by link 4 upon link 2; Fy would be
the equal and opposite force exerted by link 2 upon link 4. This
notation will be employed very extensively in the force analyses
to follow.

Three forces act upon the bell crank 2: the known force P,
the force exerted by rod 4, and the force exerted by the bearing
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1. The line of action of F, is completely known. The resultant
of P and Fy, must pass through the intersection M of their lines
of action. The remaining force F;2, which passes through the
center of the bearing, must be equal and opposed to the resultant
of P and Fy,, and hence it also must pass through the point M.
The directions of all three forces being known, the force polygon
may be drawn as shown in the figure and the magnitudes of Fi,
and Fys thus determined.

186. Steam-engine Mechanism.—In the force analysis of a
machine, it is necessary to assume either that the effort is known
or that the useful resistance is known. In the case of the steam-
engine mechanism shown in Fig. 272a, the effort P due to the
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Fra. 272.

pressure of the steam against the piston is the known force.
The useful resistance is the unknown couple Qg, which acts upon
the crankshaft and which is equal and opposed to the torque
exerted by the latter.

The first step in the analysis is to consider the forces acting
upon the crosshead (link 4). These are as follows:

P = the known cffort.
F14 = the reaction of the guides.
F3, = the force exerted by the connecting rod.

Of these three forces only the effort is known. Owing to the
fact, however, that only two forces act upon the connecting rod,
namely, a force at A and a force at B, it is evident that the line
of action of F3 must be coincident with the line AB. The
resultant of P and F3 must pass through the intersection B of
their lines of action; and since only three forces act upon the
crosshead 7'y must also pass through the point B. The direc-
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tion of Fi; must be normal to the guides as shown. All three
forces, therefore, being known as to direction, the force polygon
can be drawn as shown at b in the figure and the magnitudes of
F3 and Fy4 thus determined.

The force F;; exerted by the connecting rod upon the crank,
is obviously equal and opposed to Fi.. The other forces acting
upon the crank are.F12, the main bearing pressure, and the forces
of the unknown couple Q¢. In order to hold the couple Qq in
cquilibrium, the force Fi; must form a couple with Fj;; that
is, F'1; must be equal and parallel to ¥3;; and must have the
opposite direction. The moment of the couple Qg is equal to
Fyh; the latter is usually called the turning moment. If Fj.
is resolved at the crankpin into the components Ty and R,, per-
pendicular and parallel respectively to the crank, then the per-
pendicular component T, is called the turning effort. It is
evident from the figure that 1%2 = 0:4 ; therefore Fash = T - 0:4.

During any one revolution of the erank the cffort P is a con-
stantly varying quantity, and the turning effort T, is subject to
corresponding variations. On the other hand the actual useful
resistance overcome by the engine is ordinarily fairly constant,
and in order to prevent violent fluctuations in the speed of the
crankshaft, it is in general necessary to make use of a flywheel.
The function of the latter is to store up energy when P is too
great and to deliver this energy to the crankshaft when P is too
small. Tt is evident that where a flywheel is used, the couple
Qq is not the actual useful resistance but is rather the combined
cffect of this resistance and the inertia of the flywheel.

For complcteness an analysis of the forces acting upon the
frame should be made, although this analysis is usually omitted.
The forees acting upon the frame are as follows:

1. The force P’, which is equal and opposed to P.

2. The force F'y;, which is equal and opposed to Fi,.

3. The force F4;, which is equal and opposed to Fia.

4. The forces due to the weight of the frame and foundation.
Since the vector sum of P, Fy, and F1. is zero, it is evident that
the vector sum of P’, Fy;, and Fj; will also be zero. The latter
three forces, however, are not in equilibrium, as may be seen
from the following analysis. Let Fa; be resolved at the center
of the main bearing into its horizontal and vertical components
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F%, and FY,. The horizontal component is equal and opposed
to P’ and is thus ncutralized, but the vertical component F%,
forms a couple with the force 4;.  This couple, which is equal to
the couple Qq, tends to rotate the engine as a whole about the
crankshaft and must be held in equilibrium by the forces due to
the weight of the frame and the foundation.

F1a. 273.

187. Drag-link Mechanism.—The static force analysis of a
somewhat more complicated mechanism is shown in Fig. 273a.
It is required to determine the effort P that must be applied in
the form of pressure upon the teeth of gear 3 in order to overcome
the known resistance Q. The first part of the analysis is the
same as that of the steam engine mechanism discussed in the
preceding article. The forces acting upon the ram (link 7) are
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Q, Fi7and Fg;.  The magnitudes of Fi7 and Fe; may be determined
from the force polygon shown at b. The forces acting upon
link 5 are Fe, Fus, and Fi5. The lines of action of Fe and Fiys
are completely known, and hence the intersection M of these lines
can be determined. F1; must pass through this point and through
the center of the bearing Os. The directions of all three forces
being known, their magnitudes may be determined from the
force polygon. The forces acting upon link 3 may be determined
in a similar manner, and the tooth pressure P thus obtained.

188. Friction.—Part of the encrgy supplied to every machine
must be used in overcoming the frictional forces occurring within
the machine. These frictional forces are classified according
to the manner in which they are set up, the most important
being sliding friction, rolling friction, and the frictional resistance
that a wrapping connector offers to being bent around a sheave
or pulley. In pumps and in those cases where a fluid is used for
the transmission of power, part of the energy is used in overcom-
ing fluid friction.

Sliding friction is the resistance offered to motion, or the
tendeney to motion, when two surfaces are rubbed on each other.
This type of friction may be materially reduced by the use of
lubricants, the action of the latter being partially to separate
the rubbing surfaces, thus substituting fluid friction for a part
of the sliding friction.

Rolling friction is the resistance offered to motion when two
surfaces roll on cach other. The fact that this kind of friction

_is much less than sliding friction is the reason for substituting ball
and roller bearings for the ordinary turning joint in cases where
it is desired to reduce the frictional resistance to a minimum.

The frictional resistance of a wrapping connector is an internal
friction caused by the fibers of the connector sliding over one
another.

189. Sliding Friction.—In dealing with sliding friction, it is
customary to assumec that the so-called law of proportionality
is strictly truc. This law, which is but an approximation,
states that the friction is proportional to the normal force
pressing the rubbing surfaces together. It may be represented
by the equation F = uN, where F is the force of friction, N the
normal force, and u a quantity called the coefficient of [riction.
This coefficient is usually assumed to be the same for all the
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points of contact of any one joint, but it is not necessarily
assumed to be the same for all joints. The force of friction at
any point of contact has a direction and line of action tangent to
the rubbing surface at that point.

a. Sliding Joint.—A simple sliding joint consisting of a block
moving along a plane surface is shown in Fig. 274. The block
2 is assumed to be under the action of a system of forces (not
shown) that cause it to move in the direction indicated and
‘that press it against the flat surface 1. The normal unit pres-
sure excrted by the flat surface upon the block will not in general
be uniform; 7.e., it will vary in magnitude at different points of
the contact area. Let dN be the elementary normal force acting
at A and u the cocfficient of friction.

Motion . e .
> The elementary force of friction at A4 is
2 dF, = udN
A4 The resultant of the clementary force of

1 aN | fo;’}?/ld” friction and the elementary normal force

' dF, dN is the total elementary force dF,,

exerted upon the block 2 by the flat

A surface 1 at the point A." The angle

¢ that the direction of dF s makes with the normal is called the

angle of friction. This angle may be determined in the follow-
ing manner:

tand;-—d":':tdzfrv—y

¢ = arc tan u (82)

It is evident from the equation that if u is the same for all points
of the contact area, the angle ¢ is also the same. It follows that
the resultant of all the elementary total forces will make an
angle ¢ with the resultant normal force, and that the lines of
action of these two forces will pass through the same point of the
contact area.

Now let the case shown in Fig. 275 be considered. The block
2 is pressed against the flat surface 1 by the known force @
and is moved along the flat surface under the influence of the
force P, the latter being known as to line of action but unknown
as to magnitude. For equilibrium the force exerted upon the
sliding block by the flat surface must pass through the point 4.
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If friction is taken into account, the force F12 must be inclined
to the normal by an amount equal to the angle of friction. If ¢
is this angle, the direction of F,, is as shown. The magnitudes
of P and Fy; may be determined from the force polygon shown.
If Fy; is resolved into horizontal and vertical components at its
point of application, it is seen

at once that the horizontal )

component is equal to P and o| Mern Q| Vi
has the opposite direction, and P
that the vertical component is 2

equal and opposite Q. If there 2 px

were no friction, the force P 2

ant normal force F%, would be
directly opposed to @Q; i.e., it
would have the same line of
action as Q. It is cvident, therefore, that the cifect of friction
has been to shift the line of action of F¥, in the same direction
as that of the motion of the block.

b. Turning Joint.—~In a perfectly lubricated bearing, the
frictional resistance offered to the turning of the journal is
entirely due to the viscosity of the
lubricant. In such cases the law of
proportionality does not hold, even
approximately, as the frictional resist-
ance is very nearly independent of the
"load. Most bearings, however, are
far from being perfectly lubricated,
and this is particularly true of the
turning joints found inlinkages. The
frictional resistance of these imper-
fectly lubricated bearings is approxi-
mately proportional to the load, and

Fra. 276. since in any case the frictional resist-

ance is small, it is convenient to

assume for the purposes of analysis that the law of proportion-
ality holds exactly.

The motion of a journal in a bearing is, therefore, for each
element of surface the same with respect to friction as the sliding
action shown in Fig. 274. The resultant force F), is laid off at

7 0l 7777777777777
would be zero, and the result- 1y |\he
I3
¢

Fia. 275.
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an angle ¢ with the radius as shown in Fig. 276. This force may
he considered the resultant of the resultant normal force N
and the resultant tangential force uN. The foree Fy2 1s tangent
to the small circle of radius k. The radius of this circle is
h = R sin ¢. But since angle ¢ is very small, sin ¢ = tan ¢
(approximately). Hence A = R tan ¢ = pR. This approxima-
tion (assuming the sine and tangent to be equal) is permissible
in the case of small angles and is sufficiently accurate in this
casc because the angle ¢ is very small and also becausc the
coefficient p is a quantity that may vary between wide limits.
It is evident from the forcgoing cquation that if p remains
constant in accordance with the law of proportionality, the
distance A will remain constant also and will be independent
of the load. Tt follows that the linc of action of the resultant
force duc to a weight of any size will be tangent to a circle of
radius h drawn about the center of the journal. This circle is
called the friction circle and is dependent only upon the radius of
the journal and the coefficient of journal friction. The force
excrted by the journal upon the bearing i§ the only other
force acting upon the bearing, from which it follows that this
force also must be tangent to the friction circle.

The friction cirele is of considerable service in a graphical
analysis. Its radius may be calculated as soon as the coefficient
of journal friction is known or assumed, after which it may be
drawn in and used to locate the line of action of the force exerted
by the journal upon the bearing, or vice versa. Whatever the
direction of the force, its line of action must be tangent to the
friction circle.

¢. Higher Pair.—The friction analysis of a higher pair is almost
identical with that of a sliding pair. An example is the locomo-
tive driving wheel shown in Fig. 277. The normal reaction of the
rail upon the wheel is directed toward the center of the wheel.
The total reaction of the rail upon the wheel has a direction differ-
ing from that of the normal by an amount equal to the angle ¢.
It is evident that the total reaction of the rail exerts a turning
moment on the wheel that opposes the turning moment due to
the foree exerted by the driving rod.

d. Magnitude of Friction.—The magnitude of the coefficient
of friction in any of the three cases discussed above is very much
dependent upon the conditions as to lubrication. In the case of
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a well-lubricated bearing, it may be as low as 0.001, or even less,
and in the case of a dry flat slide, it may he as high as 0.30. In
actual practice the coefficient rarely approaches cither extreme.
In a well-lubricated sliding joint, the value of x varies from ab8ut
0.02 to 0.04, while for a well-lubricated bearing it varies from
about 0.01 to 0.02. In the case of gears and cams running in an
oil bath, the value of x is about the same as it is for a sliding joint.
With the intermittent lubrication ordinarily found in connection
with the turning and sliding joints of linkages, these values are

Fie. 277.

considerably higher, say about 0.09 for sliding joints and gears,
and about 0.06 for bearings. The friction between a locomotive
driving wheel and the rail is represented by a value of u varying
from 0.15 to 0.25. In a graphical force analysis it is desirable
to be on the safe side, and for this reason the following values are
given for problem work:

Sliding joints, cams, and gears............cooiinn 0.12
Turning joints. . ...t 0.10
Dry friction...........coiiiiiiiiiii i 0.20

190. Friction Analysis of Bell Crank.—An application of the
methods described in the preceding article is given in Fig. 278.
The effort P acts through the bell erank there shown, overcoming
the useful resistance Q. The only other foree acting upon the
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bell crank is Fy,, the force exerted by the bearing. The line of
action of F;, must pass through the intersection of the lines of
action of P and Q. It must also be tangent to the friction circle
drdwn about the center of the journal. The radius of the friction
circle is given by r = uR, where u is the coefficient of journal
friction and R is the radius of the journal. In order to decide on
which side of the friction circle the force ¥z should be drawn, the
direction of the motion, or the tendency to motion, should be
known. Then since F1; is the force exerted by the bearing upon
the bell crank, it should be drawn so as to oppose the motion of
the latter relative to the former. The direction of the three
forces being known, the force polygon can be drawn and their
relative magnitudes determined.

F

MG, 278.

191. Efficiency.—The efficicncy of a machine is defined in
general as the ratio of the energy that a machine delivers in a
given interval of time to the energy that it receives during the
same interval of time. In many machines the motions of the
members, as well as the forces acting on them, vary for different
positions of the machine. In such cases the cfficiency at any
instant, called the instantaneous efficiency, is determined by the
ratio of the energy supplied and delivered during an infinitesimal
interval of time. The average efficiency is that corresponding to
the time required for the machine to make one complete cycle.
The word efficiency as ordinarily used means average efficiency.

The efficiency of a machine may be cxpressed algebraically
as follows:

_W-w,_ W
B = =% “w,irw,

where W, is the input, W, the output, and W, the lost work, all
for the same interval of time. If, for a given interval, the effort

(83)
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and the useful resistance remain constant, then the quantities
W, and W, may be expressed as follows:

W1=Pp W2=Qq

where P is the driving force, p is the distance through which it
acts during the given interval of time, @Q is the resisting force at
the point where the net energy of the machine is being delivered,
and ¢ is the distance through which the force @ acts. Since the
input is equal to the output plus the lost work,

Pp =Qq+ W,

The foregoing equation leads to a means of expressing effi-
ciency in terms of forces alone. Let @ be the useful resistance
overcome by the driving force P in the actual machine, and let
Q. be the useful resistance which could be overcome by P if the
machine were able to operate without losing any work. Then

Pp=Qq+ W, =Qu
Wo—-W, _Pp—W;_Qq_ Q (84)
Wi Pp Quq Qo

Again let @ be the uscful resistance overcome by the driving
force P in the actual machine, and let P, be the force that would
be required to overcome this resistance were the machine able
to operate without loss of work. Then

Pyp =Pp — W, = (Qq
We Qq _Pop — Py (85)

Ef. =

'Eﬁ'=Wz+Wf=Qq+Wf——P; P

If the forces P and Q are constantly varying, the ratios @/Qo
and Po/P represent the instantaneous efficiency of the machine.

192. Effect of Friction in the Engine Mechanism.—The fric-
tion analysis of the engine mechanism is shown for one position of
the mechanism in Fig. 279. Here the force P acts on the cross-
head (link 4), and it is required to determine the other forces
acting in the machine. The first step in the analysis is to assume
a coefficient of journal friction, not necessarily the same for each
joint, and to calculate the radii of the friction circles for the turn-
ing joints O, A4, and B. Next let the forces acting on the con-
necting rod be considered. These are Fy; and Fys. The angular
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motion of the connecting rod relative to the crosshead is counter-
clockwise, and to oppose this motion the force Fy3 must be tan-
gent to the upper part of the friction circle at B. Similarly, the
motion of the connecting rod relative to the crank is counter-
clockwise, and hence Fay3 must be tangent to the lower part of the
friction circle at A. The common line of action of Fy3 and Fas is
thus determined. '

The forces acting on the crosshead are P, Fiy, and Fi. The
force P and the direction of the force I7s, are known and may be
laid out in the force polygon at b. The polygon shows that the
guide reaction /1, must be directed upward, and the direction of

\
" \ — Y./ Equivalent
» P14 0{4 Z A~ Jurning effort
@ b rBeh
B B 04

Fra. 279.

the motion of the crosshead shows that it must be inclined to the
left, the angle of this inclination being determined by the value
assumed for the coefficient of sliding friction. The direction of
F 14 being determined, the polygon may be completed as shown.
Attention is called to the fact that the sense of the inclination
of Fy is such as to decrease the force transmitted through the
connecting rod to the crank. The line of action of Fi4 is deter-
mined by the fact that it must pass through the intersection of
the lines of action of P and F,.

The forces acting upon the crank are Fs,, Fio, and the forces of
the couple exerted on the main shaft by the useful resistance. In
order to balance the couple, the force Fi» must be cqual and
parallel to 3, and must have the opposite direction. In order
to oppose the motion of the crank, ¥, must be tangent to the
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upper part of the friction circle at 0. The moment arm A of the
couple formed by the forces F'3; and F. is therefore determined.
The equivalent turning effort is the force that, if applied at the
crankpin in a direction perpendicular to the crank, would have a
moment with respect to the point O equal to the moment of the
couple F3oh. If T is this force and OA4 is the crank radius, then

— Fash
T =04

A graphical scheme for obtaining the vector length corresponding
to T is shown at c.

The instantancous efficiency of the mechanism may be deter-
mined by making a static analysis as shown at d, disregarding
friction and determining the turning cffort T, that would be
given by the force P if there were no friction. The cfficiency for
the position shown is then given by the ratio 7/T,. In the
origival drawing the length of the vector representing 7 was
1.18 in.; the length oi the vector representing 7T, was 1.52 in.
The corresponding efficicney is 77.6 per cent. The reason for
the low efficiency is that the cffect of friction was purposely
exaggerated in order to facilitate the demonstration.

193. Stone Crusher.—The friction analysis of the stone crusher
shown in Fig. 280 is very similar to that of the engine mechanism
discussed in the preceding article. In this case, however, the
useful resistance is known, and it is required to determine the
equivalent, turning cffort that must be applied at the crank in
order to overcome resistance @.

The radii of the various friction circles having been determined,
the lines of action of the forces acting in the mechanism may be
determined as shown. The force @ may then be laid off as shown
at b and the remainder of the polygon completed. The equiva-
lent turning effort is determined by means of the construction
at c.

In order to determine the efficiency, let the static force analysis,
disregarding friction, be made on the skeleton outline of the
mechanism as shown in Fig. 281, and the turning effort T cor-
responding to 100 per cent efficiency thus determined. The
ratio To/T is equal to the instantaneous efficiency. In the
determination made on the original drawing this was found to
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' be 68 per cent. Here again the low efficiency is explained by the
fact that the effect of friction has been purposely exaggerated.

(a)

Fia. 281.

194. Cam Friction.—As stated in Art. 189 the friction analysis
of a higher pair is very similar to that of a flat sliding joint. An
example where the higher pair consists of the working profiles of a
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pair of cams is shown in Fig. 282. The left-hand cam (link 2)
drives the right-hand cam (link 3) by means of pressure exerted
at the point of contact A. The total force 23 exerted by cam
2 upon cam 3 is inclined to the common normal by an amount
equal to ¢, the angle of friction, and the sense of this inclination
is such as to oppose the relative motion of the two cams. The
direction of the relative motion, which is determined from
kinematic considerations, is indicated by the two arrows shown
at the point 4.

Fra. 282.

If Plis the turning moment exerted on the driving cam by the
shaft to which it is keyed, it is evident that

Pl = FyR,
Likewise, if Qh is the resisting moment exerted on cam 3,
Qh = FaR,
These two equations may be éombined, thus expressing the

resisting moment in terms of the effort:

Qh = Pl R,

If friction were eliminated from the mechanism, the force
exerted by cam 2 upon cam 3 would act along the common
normal. If N, were this force and Qoh the corresponding resisting
moment then

Pl = N(R, Qoh = NoR),
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and

RI
h = Pl=3
QO R;

The efficiency of the mechanism is
Q _Rs R,
Ef. =~ =555
7 Q R. Ry
An application of this expression to the original figure gave

1 - 5:18 245 _ .
Eff. = 582 331 = 0.805 = 80.5 per cent
Attention is called to the fact that in the above analysis the

friction of the bearings has not been taken into account.

Fra. 283.

195. Spur Gears.-——The friction analysis of a pair of gears is
fundamentally that of a pair of cams. In Fig. 283 a pair of one-
pitch, 24-tooth, 14'¢-deg., standard, involute spur gears have
been partially drawn. In the position shown there are two pairs
of teeth in contact. It will be recalled that in the case of involute
gears the common normal to the profiles of a pair of teeth coin-
cides with the path of contact for all positions of the pair, the
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path of contact being, of course, a straight line. It follows that
the normal forces of the driver upon the driven have at both 4
and B the same line of action zz. The resultant normal force is
therefore simply the sum of the normal forces at A and B. The
total force F, is swung by friction from the normal through an
angle ¢; I, is swung through the same angle but in the opposite
sense. The resultant total force 23 must pass through the inter-
section C of the lines of action of F, and Fp. If the latter are
assumed to be cqual, the direction of the resultant Fa; will be
parallel to the common normal. The effect of friction therefore
has been to shift the line of action of the total force exerted by the
driving gear upon the driven gear parallel to itself and away from
the center of the driver. If Pl is the driving moment, Qh the
resisting moment, 7, and 73 the radii of the base circles, and m the
displacement of the line of action of Fy;, then

Pl = I”g;;(?‘g + m) Qh = l’vea(ra bl ﬁ.‘,)

—pls—m
Qh—llh_'_m

Without friction m will be equal to zero and Qoh the corresponding
resisting moment, will be

= Pl
Qoh = Plr2
The efficiency will then be
1-"
R
0 3 2 1 + m
T2
1-— (:ﬁ + :_n) very nearly (86)
3 2

In the case shown in the figure the coefficient of friction was
assumed equal to 0.1, and the resulting displacement of the line
of action was 0.158 in. The radii of the base circles are each
equal to 11.618 in. Hence

0.158 , 0.158 ,
Eff. =1 — (Ti'.’éﬂ; + '1"1T18) =1 — 0.027 = 0.973

= 97.3 per cent
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It is worthy of note that even with a coefficient of friction
greater than would ordinarily be expected, the efficiency of the
pair of gears is high. This is in accord with numerous experi-
ments made to determine the efficiency of spur gears.

The special case just discussed may be taken as a basis for
the treatment of all the types of spur gears ordinarily encountered
in practice. This treatment is justified by the fact that the
efficiency of spur gearing is so high that the use of more cxact
methods, particularly in a graphical analysis, would give results

Q
14
~ 12
e
(b)

Fia. 284.

differing from those of the approximate method by a very small
amount. In applying this method the fundamental assumptions
are that two pairs of teeth are always in contact, that the load
is equally divided between both pairs, and that the pressure
angle is a constant. Gears having tooth profiles other than
involute may be treated as involute gears having a pressure
angle equal to the average pressure angle of the actual gears.
The value of m for a given coefficient of friction may be computed
as follows. Referring to Fig. 283,
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The distance AB is the normal pitch of the gears and is hence
equal to the circular pitch p’ multiplied by the cosine of the
pressure angle 6. Therefore

mn 2

196. Screw Threads.—The force analysis of a square-thread
screw is merely that of a block sliding on an inclined plane, the
latter being wrapped around a cylinder. The screw itself is
illustrated in Fig. 284a. The analysis is based upon the assump-
tion that the resultant effect of the forces exerted upon the screw
by the nut in which it turns is equivalent to that of a single
force concentrated at the mean thread radius. A development of
one thread of the nut is shown at b, and the block may be taken
to represent the screw. The block is subjected to the vertical
load @ and is moved up the inclined plane (thread of nut) under
the action of the horizontal force P, which is the turning effort
exerted upon the screw reduced to the mean thread radius.
The force of the plane upon the block is inclined to the normal
by an amount ¢, the latter being the angle of friction. If « is
the mean helix angle, then ’

P = Fy;sin (a + ¢) Q = Fy; cos (a + ¢)

. F12 sin (a +?) _

P = QF12 cos (@ +9) Q tan(a + ¢) (88)
The efficiency may be determined by assuming ¢ equal to zero
as follows:

P, = Q tan «
__tanae _1—ptana
~ tan (a + ¢) 1+ pcot a

Ef. = % where u = tan ¢ (89)

The corresponding expressions for the case where the threads

are not square as, for cxample, as shown at ¢ in the figure, are
as follows:

\/'1 4 tan® B

_ ptana+au 1+ tan’a

P = Ql — p tan a\/jr (90)
1 + tanZe
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where 8 is half the thread angle as indicated in the figure. A very
close approximation is to disregard tan? a under the radical.
This gives

cos 8 tan o + u

) . ————— -
£ Qcos ;3 — u tan « (o1)

The corresponding cxpression for the efficiency is

7 cos B — u tan (92)

= o8 B + pcot

197. Rolling Friction.——The motion of a roller or wheel along
a smooth surface is always accompanied by a certain amount of

Fic. 285. Fra. 286

friction, the effect of which is to oppose the motion of the roller.
This friction is the result of the elastic or semiclastic deformation
of both the roller and the surface. A general idea of the effect
of these two deformations may be had by considering them
separately. In Fig. 285 the roller is assumed to be perfectly
rigid and the surface is assumed to be clastic. Under these condi-
tions the surface will be depressed, and a wave will be built up
in front of the roller opposing its motion. If the roller is elastic
and the surface rigid, the conditions shown in Fig. 286 will
maintain. The roller will be deformed and will tend to bulge
slightly on the leading side, again with the effect of opposing
the motion.

The most convenient method of taking account of rolling
friction is to consider that the normal force exerted upon the
roller by the surface is shifted to one side as indicated in Fig.
287. The normal foree N, after it has been thus shifted, forms
a couple with the load @ upon the roller, the effect of this couple
being to oppose the motion. The full force diagram is shown
in Fig. 288. The force P that causes the motion is assumed
to be applied at the center of the roller. The complementary
static frictional force T forms a couple with P that is equal and
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opposed to the couple formed by the forces @ and N. The force
T is tangential to the surface; it is the tractive force required to
overcome the resistance to rolling and is preeiscly similar to
the much larger static frictional forces by means of which the

Fia. 287. Fic. 288. Fra. 289.

traction of a locomotive is secured. The total reaction of the
surface upon the roller is the resultant of N and 7. It must be
equal and opposed to the resultant of Q and P as indicated
in Fig. 289.

The offset & in the case of a steel roller moving on a steel surface
is very small. Professor Heck, in
his treatise on ‘‘Mecchanics of Ma-
chinery,” states that for an ordinary
car wheel (about 33 in. in diameter)
the value of A is likely to be about
0.02 in. In the case of a ball or
roller bearing, it is very much
smaller, too small in fact to be given
any consideration in a graphical
analysis. For an automobile wheel,
on the other hand, h is apt to be
fairly large, owing principally to the
much larger deformation of the
rubber tire.

198. Friction of Wrapping Con-
nectors.—'The action of a rope in
passing over a sheave is illustrated in Fig. 290. Owing to its
internal friction, the rope first resists being bent around the
sheave and then resists being straightened again.  The net result
is that the rope tends to force itself away from the running-on
side of the sheave and tends to hug the running-off side. The
combined effect of these two actions is to make the moment arm

Q P
Fig. 290.
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of the force Q greater than that of the force P. For equilibrium,
assuming that the magnitude of the offset is the same on both
sides of the sheave,

E+h
R—h
The foregoing relation does not take account of the bearing fric-
tion of the sheave.

Very few data are available as to the value of the offset h.
Professor Heck gives the following formula:

P(R ~ h) = Q(R + h) Thercfore P = Q (93)

h= (o.w + —kg)df (94)

where P = load in pounds.

d = diameter of rope in inches.

k = 10 for fiber rope.
60 for soft-iron wire rope.
120 for strong steel rope.
He states, however, that the frictional resistance of a rope is very
much dependent upon its condition and that for a new stiff hemp
rope the value of A may be 50 per cent higher than that given by
the above equation, whereas for an old and soft rope it may be
one-half or even one-third the value given by the equation.

Professor Leutwiler, in his text on ‘‘Machine Design,”” has
summarized the results of some experiments on the efficiency of
hoisting tackle. He has, however, included the effect of the
friction of the shecave bearings, and this should be taken into
account in making comparisons with the above formula. If
proper allowance is made for bearing friction, it will be found that
his results check the formula fairly closely.

199. Forces in Parallel Planes.—In all of the preceding
articles the couples due to the offset of the forces have been
disregarded. The reason for this is that the forces acting in
machines are usually situated in parallel planes, and such a
system may, by disregarding the couples, be analyzed as though
all the forces were situated in the same plane. As a result the
force analysis is very much simplified. Usually, these couples are
of little importance. If the offset is of sufficient magnitude to
make necessary the consideration of the couples, they may be
determined by means of a very simple secondary analysis, once
the coplanar analysis has been made.

I



CHAPTER XIII
INERTIA FORCES

Whenever the motion of a rigid body is changed in any manner
whatsoever, inertia forces are set up that tend to resist the change
of motion. The starting point in the discussion of these inertia
forces is the inertia force of a particle, this being the resistance
that the mass of the particle offers to any outside influence that
tends to change its (the particle’s) motion. The magnitude of
the inertia force of a particle is equal to the product of its mass
and acceleration. The line of action of this inertia force
passes through the particle in a direction opposite that of the
acceleration.

A rigid body may be considered as being made up of a large
number of such particles held in fixed positions relative to each
other. These particles are called the elements of the rigid body.
The inertia force of any element is dependent upon its mass and
its acceleration, and the inertia force of the body as a whole is
the resultant of all its elementary inertia foreces. Inertia forces
are thus like gravity forces in that they belong to the body and
enter into an equilibrium system with the forces impressed on
the body. This coneeption of inertia forces is of great importance
in the solution of force problems, since by introducing the inertia
forces, they form, with the external forces on the body, a force
system that is in equilibrium, thus reducing the kinetics problem
to an equivalent statics problem.

As stated in the preceding chapter, the force analysis of a
machine taking account of inertia forces is called a dynamic force
analysis. In order to simplify the discussion, the effect of friction
will be disregarded in the dynamic force analyses that follow.
This is further justified by the fact that in most machines having
inertia forces large enough to be taken into account the journals
are fairly well lubricated, and in consequence the frictional forces
are small.

200. Inertia Forces of a Rigid Body Having Plane Motion.—
The elements of a rigid body having plane motion move in parallel

329
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planes. Hence the inertia forces of these elements have lines
of action situated in parallel planes, and, as a result, the inertia
forces may conveniently be treated as though they formed a
coplanar system. An analysis based on such an assumption
neglects certain couples that are usually unimportant but may,
if desired, be determined by means of a very simple sccondary
analysis. The assumption of a coplanar system is, in dealing
with inertia forces, also equivalent to assuming that the mass of
the body has been concentrated in the plane of motion.

Referring to Fig. 291, let G be
the center of gravity of the rigid
body M, the mass of which is
assumed to be concentrated in
one plane, and let P be any ele-
ment of the body, the mass of I
being dm. The acccleration of
the clement P is

A, = A, + Az, b Alpu

PO

= A, P ro*Hra
where A, is the acceleration of
the center of gravity G, and w
and « are respectively the angu-
lar velocity and angular acceler-
ation of the body. The inertia
force dF of the element P has a
direction opposed to that of the acccleration 4, and a magni-
tude as given by

Fra. 291,

dF = A,dm

The inertia force dF may be resolved, as shown in the figure, into
the components 4,dm, A}, dm, and A, ,dm. The resultant inertia
force of the body as a whole is made up of::

1. The resultant of all forces like A ,dm.

2. The resultant of all forces like A} dm.

3. The resultant of all forces like A% dm.

The forces like A ,dm are all parallel and opposite to the accel-
eration of the center of gravity G, and the magnitude of each is
proportional to the mass of its corresponding element. They
form, therefore, a system of parallel forces, the resultant of
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which, F,, passes through the center of gravity of the body as
indicated in the figure, this last characteristic being due to the
properties of the center of gravity. The magnitude of F, is

F, = ZA,dm = A,2dm = MA, (95)

M being the mass of the body.

The forces like A dm(= rw? - dm), all pass through the center
of gravity G, and the magnitude of each is proportional to the
mass of the corresponding clement multiplied by the distance of
the element from @, 7.e., proportional to rdm. The vector sum
of such a concurrent system of forces is zero, again due to the
properties of the center of gravity, and they cannot have a couple
as a resultant (since all the forces pass through the same point).
Hence the resultant of all forces like A} dm is zero.

The magnitudes of the forces like AL ,dm(= ra - dm) are pro-
portional to the magnitudes of the corresponding forces like
Amdm, and, since the direction of cach is at right angles to the
correspondmg force like Ap,dm it is evident that the vector sum
of all forces like A% dn: is also zero. In this case, however, as
the forces obviously do not pass through the same point, their
resultant is a couple. Let moments be taken about the point G.
Then, if 7' is the sum of the moments of all forces like A},,dm, the
moment of the resultant couple is:

T = —3A dm-r = —Zradm -r = —a2rt -dm = —Ia (96)

py

where I is the moment of inertia of the body with respect to the
center of gravity G. The significance of the negative sign is
merely that the sense of the suggested rotation of the couple is
opposite that of the angular acceleration a.

The resultant of all the inertia forces of the rigid body is there-
fore the force F, and the couple —Ia. The latter may be com-
bined with the former as indicated at @ and b in Fig. 292, giving
thus a single force as the resultant inertia force of the body. The
magnitude and direction of the resultant inertia force F are the
same as those of F',(= MA,),and the linc of action is situated at a
distance & = Ia/F, from the center of gravity G.

Attention is again called to the fact that the above analysis
is based upon the assumption that the mass of the rigid body is
concentrated in onc plane, namely, a plane parallel to the plane
of motion and containing the center of gravity G of the body.
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Actually, however, the mass is distributed in three dimensions
and in order completely to determine the net effect of the elemen-
tary inertia forces, it is necessary to take this fact into account.
It can be shown that the total inertia force thus obtained is made
up of the force and couple determined by the coplanar analysis
described above, and a secondary couple tending to rotate the
rigid body about an axis in the plane of motion. This secondary
couple usually may be disregarded, in which case the analysis
can be made on the coplanar basis described above. If the
reference planc is a plane of symmetry and if the density of the
body is uniform throughout, then the resultant secondary couple

‘,//a’o% ,70;

(o) (b)
Fra. 292.

disappears. In the following articles it is always assumed that
the mass is concentrated in one plane unless otherwise stated.

201. Inertia Forces of a Floating Link.—The engine connecting
rod, having a motion of combined rotation and translation, is a
link that affords an ideal illustration of the general case of inertia
forces in a link having plane motion, as discussed in the preceding
article. Moreover, the connecting rod is a typical example of
what may be termed a “floating link”’ (i.e., a link not fixed at any
point), and the method outlined for the determination of its
resultant inertia force will cover “floating members’’ in general.

In Fig. 293a is shown a connecting rod of mass M with the
acceleration 4, of its center of gravity and its angular acceleration
« given ag indicated in the figure. From the discussion in the
* preceding article it is known that the resultant of the inertia
forces of the link is made up of the force F;, = MA, passing
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through the center of gravity G in a direction opposite that of the
acceleration 4,, and a couple whose moment is 7' = Ia, where I
is the moment of inertia with respect to G. This is indicated at
b in the figure. Since the angular acceleration is clockwise, the
sense of the incrtia couple must be counterclockwise. The forces
of the couple may be assumed, of course, to act on the link any-
where in its plane of motion, provided the moment of the couple
remains constant.

(¢c) Mfm
Fia. 293.

If it is desired to represent the resultant of the inertia forces
as a single force, rather than a force and couple, this can be
accomplished by letting the forces of the couple = F. Then the
arm of the couple is

_Ia

h—-F

Placing the couple with one force F equal and opposite the force F,
through G as shown at ¢ in the figure the resultant is the single
force F, which is parallel to 4,, opposite in direction to 4,, and
displaced a distance h from 4,. It is obvious that the moment
Fh must oppose the angular acceleration of the link.
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202. Inertia Force of a Link Rotating about a Fixed Center.—
Figure 294 represents a link rotating about center O with an
angular velocity « and an angular acceleration « in the sense
indicated. The mass of the link is M and its moment of inertia
about its center of gravity G is I.

The resultant of the inertia forces must be a force ¥ = MA,,
and a couple whose moment is T = Ia. The aceeleration of the
center of gravity is:

A, =A"H AL =06 w06«

From the vector 4, the magnitude and direction of the resultant

- inertia force F can be determined.

Its line of action is situated at a
distance h such that,
Ia

h=T

@
@

the distance h being measured from
G in a direction such that the mo-
ment of F with respect to G tends
to oppose a.

The inertia force F always
passes through the same point ¥
on the line OG extended regardless
of the values of w and «. This is shown by the following
considerations:

Fia. 294.

GE _ A,
GH A}
A A Ia A 4 A 1
—QF g e Ao _ L AL
G = GHyi = Wi = " 3G ~ MA, 06 ~ M - 00

From the above expression it may be observed that the distance
GE is independent of w and « and depends only on I, M, and
OG. Therefore, with a fized axis of rotation, the inertia force
of the link always passes through a fixed point E on the link.
This point E is called the center of percussion of the link with
respect to the fixed axis of rotation O.
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If k is the principal radius of gyration,

1 Mk?

2
GE = _lc_‘_’ therefore k2

“M-00 M-0G 0C
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=0G-GE (97)

If a rigid body is permitted to swing freely as a pendulum, its
period of vibration is the same as that of a simple pendulum
having a length equal to the distance between the axis of oscilla-

tion and the center of percussion with re-
spect to that axis, i.e., a length equal to the
distance OE for the case just discussed.
This suggests an experimental method of
determining the moment of inertia of a
machine member. Referring to Fig. 295,
let it be required to determine the moment
of ivertia of the connecting rod there shown.
It is assumed that the position of the center
of gravity @ has been previously determined,
that I is the moment of inertia with respeet
to G and that K is the center of percussion
with respect to the axis of oscillation. The
connecting rod is suspended on the knife-
edge B, about which it is permitted to
oscillate as a pendulum. The time required
for a given number of complete oscillations
(over and back) is noted, thus determining
the time T for one complete oscillation.
The center of percussion and moment of
inertia of the rod are then determined
from the pendulum formula (see any

-B
K

|
Fra. 295.

textbook on analytical mechanics) as follows:

T = 21r\/BqE = %\/h" ;‘E, whereg = 32.2f.p.s.2  (98)

The distance of the center of percussion E from the center of

gravity G is then

(99)
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The moment of inertia I with respect to the center of gravity is
2 A T
I=Mk=Mh,,h,=M;,4—ﬁ—h,, (100)

203. Transverse and Radial Components.-—In problems
involving inertia forces, it is often necessary to deal with a single
force that acts upon a two-joint link and has a line of action
crossing the link at some point between the centers of the two
joints. An example is the force F. in Fig. 296. In order to
determine the other forces acting on link 3, let F, be resolved at
E into components perpendicular and parallel to the line AB.
This is done in order to facilitate the taking of moments with
respect to the point A. The perpendicular component F74 is

71

TA

Fia. 296.

called the transverse component of F, with respect to the point
A, and F#4 is called the radial component of ¥, with respect to A.
It is evident that in taking moments about 4 the moment of the
radial component F%4 is zero. 'The moment of the transverse
component is F7* - AE, and it follows from the principle of
moments that this product is also the moment of the original force
F. with respect to the point A.

Besides F,, only two other forces act upon link 3, namely, a
force at A and a force at B. The moment of the force at A is
zero. That of the force at B is equal, in accordance with the
scheme outlined above, to the product of its transverse compo-
nent F;* and the distance AB. Since for equilibrium the sum
of all moments must be zero,

F™ - AE + F{* - AB =0
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and
AE
Fr4 = —FZ“E (101)
The significance of the negative sign is that the direction of
F74 is opposite that of F?4, A graphical method of applying the
moment relation to determine F34 is shown in the figure.

The radial component F#4 is unknown, and unless something
further is known regarding the total force /s, no further progress
is possible. Let it be supposcd, however, that Fi°, the tangential
component of the total force F, with respect to O, has been deter-
mined from other considerations. Then, since Fy° and Ff* are
known to be perpendicular to Fi° and Fj* respectively, it is
cvident that the extremity of the total-force vector Fy is situated
at the intersection of the perpendiculars drawn through the
extremities of F}° and F{4. After the total force F, has been
determined, the force acting at A may be determined in the usual
manner.

204. Four-link Mechanism.—In the present article the
dynamic force analysis of the four-link mechanism shown in
Fig. 297 is discussed. The angular velocity and angular accelera-
tion of link 2 are given as follows:

wy = 20 radians/sec. az = 160 radians/sec.?

The necessary linear dimensions are given in the figure. The
weights and moments of inertia of the various members are as
follows:

W, = 4.65 lb. Ws
I, = 0.01379 slug-ft.? I,
W, = 5.27 lb.
Iy = 0.02040 slug-ft.>

It

2.17 lb.
0.00814 slug-ft.*

It is to be noted that the moments of inertia given above are in
mass units where the unit of mass (W/g) is here called a slug.

It is required to determine (@) the inertia forces of the moving
members, (b) the effort required to accelerate the mechanism.
and (c) the effect of the inertia forces upon the frame.

a. Determination of Inertia Forces—The first step is to make
the complete acceleration determination. This, of course, would
necessitate the use of the velocity polygon at b.  The normal and
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tangential components of the acceleration of the point A may be
calculated as follows:

Ar = 04 - o} = 5 X 20° = 333 f.p.s.2

Al = 0:4 - ay X 160 = 133 f.p.s.2

12

Then, after a suitable scale has been chosen, the acceleration
polygon may be drawn as shown at ¢ by means of the methods of
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Fra. 297.

Chap. XI. The scale chosen for the original drawing was 1 in.
= 150f.p.s.2. The magnitudes of the accelerations of the several
centers of gravity as determined from the polygon are

A, = 162 f.p.s.® A, = 3711.ps.? 4, = 189 f.p.s.2 -
The magnitudes of the inertia forces are

=I%?A — 465 162 = 23.25 Ib.

ik 322
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_Wey _207 o _

F; = g Ay, 322 X 371 = 25.01 Ib.
W 5.27

F4—~g—A —322X189—30891b.

In order to determine the lines of action of the various inertia
forces, it is first necessary to determine the angular accelerations
of the corresponding links. The angular acceleration of link 2
is given, and those of links 3 and 4 may be determined as follows:

— lt'a e 75 — 75 d' 2
a; = b — 37 = radians/sec.2,
=58 =13, = 375 radians/sec.

the numerical values of A}, and A} being determined from the
acceleration polygon. The distances of the lines of action of the
various incrtia forces from the centers of gravity of their corre-
sponding links may now be calculated as follows:

he = = 23-25 = 0.0949 ft. = 1.139 in.
Iaaa _ 0.00814 X 75 _ _ .

h; = s = 2501 = 0.0244 ft. = 0.293 in.
_ Tiazs _ 0.02040 X 375 . _ .

hy = WS T 3080 0.2467 ft. = 2.972 in.

The inertia forces Fy, F3, and Fs may then be laid off on the draw-
ing of the mechanism as shown in Fig. 297, the direction of cach
force being opposite that of the corresponding acceleration and
the moment of cach force opposing the angular acceleration.
Attention is called to the fact that the lines of action of the inertia
forces of links 2 and 4 might have been located by determining
the centers of percussion of these links with respect to their fixed
centers of rotation.

b. Accelerating Effort.—The effort required to accelerate the
mechanism may be determined by applying the conditions of
equilibrium. The underlying fundamental principle is the fact
that the system composed of all the inertia forces and all the
external forces acting on any one member is a system in equilib-
rium. Let it be assumed that the accelerating effort is applied
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in the form of a couple acting on the shaft to which link 2 is
keyed. '

Referring to Fig. 298a where the mechanism has been redrawn
in skeleton form in order to avoid confusion of lines, let the forces
acting on link 4 be first considered. These are

F, = the inertia force of link 4.
F14s = the reaction at O,
F3; = the reaction at B.

A suitable force scale having been chosen (a scale of 1in. = 301b.
was chosen for the original drawing), the inertia force F, is laid

Fie. 298.

off at £, and resolved into transverse and radial components with
respect to the point O,. Moments are then taken about O,, and
the transverse component F32* is determined in accordance with
the methods of the preceding article. No further progress is
possible by considering the forces acting on link 4 alone.

The forces acting on link 3 are

F; = the inertia force of link 3.
F, = the reaction at B.
Fq3 = the reaction at A.
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Let the inertia force F; be resolved at T into transverse and radial
components with respect to the point A. The transverse com-
ponent Fj3, or rather its opposite F3;, may then be determined
by taking moments about A. The extremity of the vector
representing the total force Fs, is situated at the intersection of
the perpendiculars drawn through the extremities of the vectors
FI% and F32.

The reaction Fg having been determined, several methods
of attack are open. Probably the most convenient is to lay off
the forces F's, Fy, and F3 in a polygon as shown at b. The closing
sides of the two force triangles thus formed are the reactions Fiq
and F 23.

The forces acting on link 2 are

F, = the known inertia force of link 2.

Fj, = the reaction at A4 that has just been determined.
F,; = the unknown reaction at O,.

PL = the unknown accelcrating couple.

Let the inertia force Fs be laid off in the polygon as shown. As
the couple has no effect upon the polygon, it is evident that
the closing side of the latter is F12. The moment of the couple
PL must equal that of the couple formed by the force Fiz and
the resultant R of the forces Fs, and Fo. The magnitude of the
resultant R is determined from the polygon as 60.8 Ib., and the
distance between the lines of action of R and ¥, may be scaled
from the drawing as 3.27 in. The moment of the couple PL
is, thercfore,

PL = 60.8 X 3.27 = 198.8 lb.-in. = 16.57 Ib.-ft.

It is interesting to note that the accelerating effort, in this par-
ticular case, is resisting the motion of the mechanism and that the
actual driving force is largely supplied by the kinetic encrgy of
link 4.

c. Effect of Inertia Forces on the Frame.—The only forces acting
on the frame of the mechanism are the reactions at O; and Oy,
i.e., the forces Fa; and Fy;. The resultant S of these two forces
passes through the intersection M of their lines of action. The
force S is called the resultant shaking force. It is the force that
tends to shake or lift the frame of the machine from the founda-
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tion to which it is fastened. The magnitude and direction of S
are givan by the vector sum of the forces F»; and Fy;.  An inspec-
tion of the partially redrawn polygon at ¢ will bring out the fact
that the magnitude and direction of S are also given by the vector
sum of the three inertia forces F,, Fi, and F,. This relation is
true in the case of all machines, and because of this fact the magni-
tude and direction of the resultant shaking force of any machine
may be determined directly from the inertia forces of its members
without any reference to the manner in which these inertia forces
are transmitted through the machine. The position of the line
of action of 8, howeyer, can be determined only by means of a
complete analysis.

206. Combined Static and Inertia-force Analysis.—In the pre-
ceding article, the inertia forces alone have been considered. In
most problems, however, it is necessary to consider not only the
inertia forces but also the static forces and reactions by means of
which the effort is transmitted through the machine. In such
cases the reaction between any two members of the machine may
be determined by combining the results of two separate analyses,
one in which the inertia forces arc taken into account and the
static forces are disrcgarded, and another in which the inertia
forces are disregarded and only the static forces are considered.

This will be discussed bricfly, using as an illustration the
mechanism shown in Fig. 299. For simplicity, links 3 and 4 will
be assumed weightless so that their inertia forces are both zero.
The known inertia force f; and the known resistance @ are
assumed to be held in equilibrium by the unknown effort P. It
is required to determine the effort P and the other forces acting
in the machine. The following notation will be used:

f will denote inertia forces and the reactions that are due
to inertia forces.

& will denote static forces and the reactions that are due to
static forces.

F will denote the forces and reactions due to the combined
effect of the inertia forces and the static forces.

The static-force analysis is based upon the assumption that the
inertia forces are nonexistent, and that the resistance @ is held
in equilibrium by means of the static effort @, which is applied on
link 4 in a horizontal direction. On this assumption, the only
forces acting on link 2 are
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@ = the known resistance.
F12 = the reaction at O,.
F3s = the reaction at A.

With regard to F12 and F3, let it be emphasized that these forces
are not the actual reactions at O, and A, but are merely those

Q (given)
q

Jo (given)
A

Fia. 299

varts of the actual reactions that are due to the resistance Q.
The line of action of Fz must be coincident with the line AB,
since only two forces act on link 3.  The third force §12 must pass
through the interscction ¢ of the lines of action of @ and Fs..
The magnitudes of 12 and F3; may, therefore, be determined by
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means of the polygon shown at’a, and the remainder of the poly-
gon may then be drawn without special difficulty, theforce Fy,
heing that part of the guide reaction that is due to the resistance
Q and the force @ being the static effort required to hold @ in
cquilibrium.

The method employed in making the inertia-force analysis is
similar in every respect to that employed above, the only differ-
cnce being that the inertia foree f. is taken into aceount and the
resistance @ is disregarded. The inertia-force analysis is shown
at b in the figure. The force p is the accelerating effort required
to overcome the inertia force fs.

After the preceding two analyses have been made, the total
cffort P and the total reaction between any two members may be
determined by combining the corresponding vectors of the poly-
gons at a and b. The total effort, for example, is

P=0¢+Hp=0¢+yp

since @ and p are parallel. Likewise, the total guide reaction is
given by the vector sum of F14 and fi4; the total reaction of link
1 on link 2, by the vector sum of Fi2 and fi2; cte.

The total force determination might, of course, have been made
in the first place as shown at ¢. The method would be to deter-
mine first the resultant R in the polygon, and then to draw st, the
line of action of R, on the figure of the mechanism. The suceeed-
ing steps are the same as those of the above analyses. In some
instances this method may be advantageous, but in general it
tends to obscure the scparate cffects of the two classes of forces.

This is probably the proper place to call attention to the fact
that, in most practical problems involving the determination of
inertia forces, it is usually assumed that the motion of one member
of the machine is completely known, and that either the cffort
or the usecful resistance, but not both, is also known. This
usually involves either the assumption of a very large flywheel, or
the assumption that power is reccived from a constant-speed
source. -

There is one class of problems, however, in which both the
effort and the useful resistance are assumed to be known, namely,
problems dealing with the speed fluctuations in machinery. 1In
such cases it is usual to assume that the velocities of the machine
members are known but that the accelerations are not known.
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Problems of this nature are considerably more complicated than
those in which the motion of one member is assumed to be com-
pletely known.

206. Kinetically Equivalent System.—In determining the line
of action of the inertia force F from the expression Fh = Ia, it
is necessary to determine first the moment of inertia 7 and the
angular acceleration « of the link under consideration. A deter-
mination wholly in terms of forces, thus avoiding the preceding
moment equation, will now be developed. The procedure is to
reduce the distributed mass of a link such as shown in Fig. 300
to a simple concentrated system, namely, two masses.  As finally
applied this procedure may be found more convenient in certain
applications, such as will be discussed later, than that outlined
in the preceding articles.

In Fig. 300 let G be the center of gravity of the rigid link there
shown, and let the mass M be replaced by the two masses at B
and E. One of the masses may he placed at any convenient point
such as B, but the other must be so located as to satisfy three
conditions, the first of which is that the total mass must not be
changed. That is,

My+ M, =M

where M, and M, arc the masses at B and E respectively.  As a
second condition, the center of gravity must be unchanged, and
the masses at B and K must be on a line through that center at
distances such as h, and A. from @ satisfying the moment equation

Myhy, = M.h.

The third condition is that the moment of inertia of the system
must remain unchanged. Therefore

Mubi 4+ MR = Mk? = |
and
Mihwhy + Mohoh, = Mhhy, + Mohoh, = Mk
Therefore
(M, 4+ My)hsh. = Mk?, or hsh, = k?

The masses concentrated at B and E may be thought of as
being connected by a weightless rod, and, since this system has
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the same mass, same center of gravity, and same moment of
inertia as that of the original body, it is known as a kinetically
equivalent system.

In order to determine the characteristics of the kinetically
equivalent system, the mass, center of gravity, and moment of
inertia of the original body must be known. Then the following

Fia. 300.

relations, Fig. 300, will determine the two-mass system to be
substituted for the actual body.

2 = _I_
hbh'a - k - M (102)
M. =350 (103)
he
My = 5 M (104)

Obviously the two systems must have a resultant inertia force
F having the same magnitude, direction, and line of action. In
any given case the acceleration polygon for the mechanism would
be drawn. The force determination for the original system has
been covered in the preceding articles. That for the kinctically
equivalent system is shown in the figure. Forces F» and F. are
determined in the usual way by means of data from the accelera-
tion polygon. These forces are then the two components of the
resultant force F, as indicated in the figure.

In the casc of the connecting rod shown in Fig. 300, it is con-
venient to locate one of the masses at B, the axis of the wrist pin.
The other mass will then be at E, the center of percussion of the
rod with respect to the wrist-pin axis.

It may be well at this point to consider the advantage in using
a kinetically equivalent system. There is obviously no advan-
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tage if the inertia-force determination is to be made for one crank
position only. The advantage bccomes evident only when
determinations must be made for a number of crank positions,
as, for example, in the case of the gasoline engine, where it may
be desirable to make a complete force analysis involving 48 crank
positions in the four-stroke cycle (see Appendix). In such a
case the line of action of the inertia force of the piston is definitely
located in the path of reciprocation. That of the unbalanced
crank, assuming the general case of angular acceleration, passes
always through a fixed point on the crank, the center of percussion
(see Art. 202). In the case of the connecting rod, however, the

. 1 . . . . .
distance h = —ﬁ: which locates the line of action of the inertia

force of the rod, is different for each of the 48 crank positions,
since this is a floating link. If, therefore, the kinetically equiva-
lent system is substituted for the connccting rod, all the inertia
forces in the mechanism will have their lines of action through
fixed points on the links, regardless of the positions of the links.
This will be found a decided convenicnce when making the analy-
sis for a large number of crank positions.

207. Application to Engine Mechanism.—In order to illustrate
the application of the kinetically cquivalent system, let the engine
mechanism shown in Fig. 301 be considered. The applied force
F, is assumed to be known, and it is required to determine the
reactions at O, 4, and B, taking into account not only the force F,
but also the inertia forces of the moving members of the mecha-
nism. The crank is assumed to be turning counterclockwise with
a uniform angular velocity of w radians per second. The masses
of the three moving members are Ma, M5, and My, respectively.
The center of gravity of the crank is at (7;; that of the connecting
rod is at (3. It is also assumed that E, the center of percussion
of the connecting rod with respect to the point B, has been
determined experimentally by the method described in Art.
202.

In determining the turning effort, the guide pressure, and
the reactions at O, A, and B, the methods of Art. 205 will be
employed. That is, two separatc analyses will be made: a static-
force analysis and an inertia-force analysis. The results of the
two analyses will then be combined to determine the required
forces.
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a. Static-force Analysis.—In the case of the present problem,
the effort &, is the known quantity and is therefore the starting
point in drawing the static-force polygon shown at b in the figure.
The static guide pressure is 4, and the static reactions at A and
B are F32(= —Fqs) and Fau(= —F43), respectively. The static

RO //\\
7.72// \\\ ro
/ \]32

(f)

Fra. 301

force Fs2 is the force that would be transmitted along the connect-
ing rod to the crank (and thence to a useful application) if part
of the effort §; were not required to overcome inertia forces.
Furthermore, F3, is the static force at A on the crankpin (assumed
integral with the crank), and & is the static force at B on the
wrist pin (assumed fastened to the piston or crosshead). The
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equal and opposite forces, F23 and Fis, are obviously the static
forces exerted on the bearings of the connecting rod.

If it is assumed that power is taken off the shaft in the form of a
couple, the static reaction at O, ¢.e., F12 (which is not shown in
the polygon at b), is equal, parallel, and opposite to the reaction
&3z at A.  This force, Fi4, is the static force exerted by the main
bearing at O upon the crankshaft; the force s, is the equal and
opposite force exerted upon the bearing. The static turning
cffort %5 is determined by resolving &F;; into components per-
pendicular and parallel to the crank as shown.

b. Inertia-force Analysis.—Preliminary to the inertia-force
analysis, it is necessary to make the acceleration determination.
Since the erank has uniform rotation, and since its axis is on the
center line of the piston, this can be most casily accomplished
by means of the Ritterhaus construction, as shown at a in Fig.
301. It should be recalled that in this construction the. true
directions of the accelerations are opposite those of the accelera-
tion vectors as read from the pole O. Hence the inertia forces
are in the same direction. os the acceleration vectors as read from
the pole O.

The next step is to determine a kinetically equivalent system
for the connecting rod (link 3), since this member has a fairly
complex motion. The most convenient system for our purposes
consists of two masses, one concentrated at B and the other at
E, the magnitudes of the masses being given as follows:

GE _BG
.M}, = m,Ms M., = BT;}M;;

As link 2 is rotating about the fixed center O with a uniform
angular velocity, there is no advantage to be gained in replacing
this link by its kinetically equivalent system. The same state-
ment applies to link 4, in this case because of the fact that the
link has a motion of translation.

The various inertia forces are:

Inertia force of crank.................... fa = M.A,,
Inertia force of connecting-rod mass at E..f, = M. A..
Inertia force of connecting-rod mass at B..fy = MA,.
Inertia force of link 4.................... Ji = M A,.
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It will be assumed in what follows that the inertia forces have
been calculated in accordance with the above equations and that
they are represented in the polygons by the vectors fa, fe, fo,
and fi. The determinations of the rcactions due to the inertia
forces will now be discussed in detail, the analysis being based
upon the fact that the incrtia force of any single link taken
together with the inertia reactions (not the static reactions) of
the other links upon it are a system of forees in equilibrium.

Let the forces acting upon link 4 be considered first. Since
only three forces (fi, fu, and fs) act upon the link, they will
intersect at B. As indicated at ¢ in the figure, the first step in
drawing the polygon is to lay off the known force f;, after which
the known direction of fi; may be laid off. As nothing is known
as yet concerning the third force fi, no further progress can be
made in this direction.

The forces acting on link 3 are f., fu, f23, and fis. The known
forces f. and f, may be laid off as shown at d in Fig. 301. By
taking moments about B, the transverse component of fo; with
respect to B may be determined, the construction being made
on the drawing of the mechanism, as shown at a.! The force
f22 may then be laid off in the polygon and a line drawn per-
pendicular to it through its origin to represent the general direc-
tion of f. No further progress is possible by considering the
forces acting on link 3 alone. Moments might be taken about A
to determine the transverse component of fi, but there would be
no particular advantage gained by so doing.

The two solutions attempted above have both failed because
of a seeming lack of known quantities. That sufficient data are
given for the solution of the problem is at once evident, however,
if the two polygons are combined as shown at ¢ in the figure.
There it is seen that the two vectors fi; and fi, must intersect
at the extremity of fis(= —fa) in order to satisfy the relations

S Pf.Pf=0
fubfitrfu=20

The vectors f3s and fa3(= —f32) may then be drawn as shown, and
the two force polygons thus completed.
1 The letter m in the construction at a, and in the polygon at e, has no

significance here, being shown in the figure only to facilitate the discussion
in the next article.
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Since only three forces, fs2(= —f23), f2, and fi2, act on link 2,
and since the first two are known, the third force fi» forms the
closing side of the triangle, and the polygon of forces at e can be
completed for the entire mechanism. The force at B on the
wrist pin due to inertia is fa, the force at A on the crankpin is
f32, and the force at O on the crankshaft is fio. The equal and
opposite forces, namely, fis, fas, and fa1, are obviously the forees on
the bearings at B, A, and O respectively. It should be observed
that, although the foree polygon at e closes, the inertia forces
and reactions acting on the crank are not in equilibrium, since
the lines of action of f», f12, and f32 do not intersect in a common
point. Ior equilibrium, a counterclockwise couple is required,
which may bhe assumed to be supplied substantially by a flywheel
keyed to the erankshaft.

If the foree f32 is resolved into components perpendicular and
parallel to the crank, as shown at g where f3; from e has been
redrawn, the perpendicular component fiy will represent the
inertia or dynamic turning effort. The incrtia force f, of the
crank (a centrifugal furee) has a line of action passing through
the center of the main bearing, and has, therefore, no effect upon
the turning effort. It is to be noted that the dynamic turning
effort f;7 opposes F3y for the position of the mechanism shown.
Later in the stroke this condition reverses itself, and the kinetie
energy previously given to the connecting rod and piston is
regained. :

¢. Total Forces—Corresponding static- and inertia-force vec-
tors can now be combined to give any desired total force. For
example, the total force at B on the wrist pinis Fgy = F3q b f34,a8
shown at f; the total force at A on the crankpin is Fzy = F32 4 f3,
as shown at g; and the total force at O on the erankshaft is #1, =

F12 > f1z,as shown at . The total turning cffort I3y is obviously

the algebraic sum of components ¥ and fis, or it may be
obtained directly from the total force F3, shown at g.

It could be shown in a manner entircly analogous to that
employed in Art. 204 that the total shaking force exerted on the
frame of the machine is equal to the vector sum of the three
inertia forces. The line of action of this force would pass through
the intersection of the lines of action of fa; and fa..  There is also
a static couple exerted on the frame, the moment of this couple
being equal to the moment of the static turning cffort.
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208. Engine Mechanism. Special Methods.—In Art. 178
special methods were developed for dealing with the engine mech-
anism in cases where acceleration determinations are required
for a number of different positions of the crank. In the present
article similar methods will be developed for expediting the
routine work of analyzing the forces in the engine mechanism for
a number of crank positions. Data will be given for the solution
of a numerical example, and, in order to illustrate the method, the
analysis will be worked out in detail for one position of the crank.

It is required to determine the total turning effort and the
various reactions of the engine mechanism (Fig. 302) covered by
the following description:

Tengthof ecrank OA..... .. .. ... ... ......... 4 in.
Length of connecting rod AB................. 12 in.
Distance of center of percussion % of conneeting

rod from center of wrist pin B.............. 1034 in.
Speed of ¢rank, link 2 (uniform rotation)....... 1,800 r.p.m.
Total weight of connecting rod, link 3......... 3.59 1b.
Weight assumed concentrated at center of per-

CUSSION . . ottt eee e in st ee e : 2.84 1b.
Weight assumed concentrated at wrist pin. . ... 0.751b.
Weight of piston, link 4...................... 2.00 1b.
Force on piston due to gas pressure (45-deg.

POSition). ... ... 1,800 Ib.

The crank is assumed to be fully counterbalanced; 7.e., weights
have been added to the crankshaft opposite the crankpin such
that the center of gravity of the resulting system is situated at
the center line of the main bearing. As a result, the inertia force
of the crank is zero. It is observed that a kinetically equivalent
system has been substituted for the conneeting rod.

Referring to Fig. 302a, the first step in the solution of the
problem is to make the acceleration determination, and this has
been accomplished by the methods of Art. 178. In the original
drawing, the crank circle was laid out full size, and the distance
0OA on the drawing was thercfore 4 in. The acceleration scale
k. was then calculated as follows:

A. = Rad = 12<2” Xﬁ(} 800) — 11,850 f.p.s.?

ko = .l—l-gé‘? — 2,063 f.p.s.?
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The scale having been calculated, the accelerations of the wrist
pin and the center of percussion are determined from the polygon
to be

Ap
A.

8,500 f.p.s.2
11,260 f.p.s.2

The inecrtia forces f., f», and f, are then calculated as follows:

_ W.A, _ 2.84 X 11,260

f. = = 355 = 993 1b.
_ Wids _ 0.75 X 8,500 _

fo = r = 399 = 198 Ib.
_ Wady _ 2.00 _ .

fo= T2 = o5 X 8,500 = 528 1,

The forces f., f», and fy may now be laid off in the polygon as
shown. It is convenient to use O the center of the main bearing

70 H——
/’F\ JJ? /
RO 7 N\

‘7.72 // \\ S 92,
4

&/ /™

Fra. 302,

as the origin for the vector f. when drawing the force polygon, for
the reason that it will bring the vector f, always along the line
Oe and in the sense Oe. The direction of fi, may be laid off from
the extremity of f; as shown. In order to determine the magni-
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tude of fu, let a point m be located on the vector f, such that

BE 10.75
Om = f'I—;;{ = 993 X -ﬁ- = 896 lb.

The line mn drawn parallel to the connecting rod will then
determine the length of the vector fi. The proof of this state-
ment is as follows: Referring to Fig. 301e, let the intersection of
the veetor f22 (which is parallel to the connecting rod) and the
vector f, be denoted by the letter m. The same letter is used to
designate the corresponding point on the drawing of the mecha-
nism (on the vector f, drawn from the point E in Fig. 301a). It
is evident from the geometry of the figure that

Em _ 3 _ BE

BE
7. =7~ BA a

Therefore Em = feﬁ 1

Referring again to Fig. 302, it is to be noted that the point =
(intersection of fi1 and the line mn parallel to the connecting rod)
also locates the extremity of the vector fss (origin of fz;). The
force polygon can now be completed by drawing in the vectors
fas and fa. With the exeception that f; = 0, and the omission
of 2 and f%2, it can be seen that the arrangement of vectors in
this superimposed force polygon is the same as that shown at e
in Fig. 301.

If the vector f3, is resolved into components perpendicular and
parallel to the crank, the component f3; will give the turning
effort due to inertia. The procedure outlined above is of great
convenience when determinations must be made for a large num-
ber of crank positions, as for example, in the Appendix, where, in
the complete analysis of a gasoline engine, determinations are
made for 48 crank positions.

The next step in the solution is to make the static-force analy-
sis; 7.e., to determine the forces due to the gas pressure. These
forces are represented in the triangle shown in Fig. 3025, in which
piston pressure F; forms the base. If the static turning effort
§12 is required, it may be determined as shown in the figure.  Any
total force may be determined by combining the inertia-force
vector with the corresponding static-force vector, as shown in
Fig. 302b, where, for convenience, the vector addition has been
made on the figure. The solution may be completed and the
required forces obtained as follows:
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Total force on crankpin....... Fiz = T4 fu2 = 890 lb.
Total turning effort.......... FI? = gTOH fT0 = 810 1b.
Total force on wrist pin....... F34 = FauH>fae = 1,300 1b.
Total force on crankshaft..... Fi; = G fiz = 890 1b.
Total force on cylinder wall... Fqy = Fa+> fu = 160 1b.
Total effective piston force.... Fy = F+>fi= 1,2701b.

In the above analysis no attention has been given to signs, .e.,
as to whether a force is positive or negative. - In general, it is a
good plan to consider a force aiding the motion as positive and a
force opposing the motion as negative. An example of this
procedure is shown in Fig. 342 in the Appendix, where positive
values of the turning effort have been plotted as ordinates above
the base line and negative values as ordinates below the base line.

Force Diagrams.—In the force analysis of a machine, where
the speed is such as to set up inertia forces of appreciable magni-
tude, it may be desirable to plot certain force diagrams. This is
particularly true in the case of high-speed engines, where dia-
grams of piston forces, turning effort, bearing pressures, ete., for
the complete cycle serve a valuable purpose. Examples of such
diagrams, for a high-speed gasoline engine where the forces were
determined in accordance with the principles outlined in this
chapter, are given in the Appendix. It will be found that the
various forces represented by the veetors in the foree polygons,
I'ig. 301, have been plotted for the complete engine cycle. In
Iig. 340, for example, the static and inertia piston forces §4 and
f4, respecetively, and their combined effect have been plotted for
each 15-deg. crank position. Statie- and incrtia-force vectors
g4, and f%,, representing turning cffort on the crank, and their
combined effcct have been plotted in Fig. 342. As another
example, crankpin pressures Fip are shown in Fig. 345. At this
point the student should read over the Appendix where it will be
found that all the forces represented in the static- and inertia-
foree polygons (Fig. 301) have been plotted in the form of
diagrams for the complete ¢ycle. For this purpose, force deter-
minations were made for 48 crank positions (every 15 deg.) in
the four-stroke cycle. The total turning-effort diagram for the
six cylinders combined is shown in Fig. 343. In this figure, also,
is shown the mean turning-cffort diagram, which is the basis for
the design of the engine flywheel.

209. Inertia Forces in a Cam Mechanism.—The inertia-force
analyses thus far have dealt with linkwork. The methods out-
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lined can readily be adapted to the great majority of cases that
may arise. An example of the application to direct-contact
mechanisms, such as cams or gears, is the object of the present
article. '

Let it be assumed that the cam shown in Fig. 62, Chap. II1, is
rotating at the rate of 180 r.p.m. and that the roller follower
receives its maximum displacement of 2 in. while the cam rotates
clockwise through the angle of 120 deg. Referring to Fig. 303a,
assume that the follower has harmonic motion and let its total
rise, or total displacement, be represented by h. Its displace-
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ment s at any point will be determined by the projection of the
extremity of the rotating radius r(= h/2).
The displacement of the follower is

s =r(l — cos 0)
The velocity of the follower is
ds

V = a = rw, sin @
The acceleration of the follower is
A= %—I—: = rw? cos 0 (105)

where r = h/2 and w, = the angular vclocity of the rotating
radius ». The time for the total displacement of the follower is

t = 6%go X 12%60 = )4 sec.
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The angular velocity of the rotating radius r is

™ . .
w, = 77 radians/sec. = 9r radians/sec.

From Eq. (105) the accelerations of the follower at positions
0 to 6 are respectively 66.62, 57.69, 33.31, 0, —33.31, —57.69,
—66.62 f.p.s.2

The weight of the follower is 5 lb. From the expression ¥ =
M A the incrtia forces of the follower at positions 0 to 6 are respec-
tively 10.35, 8.96, 5.18, 0, —5.18, —8.96, —10.35 lb.

In Fig. 303b the inertia forces for the six follower positions have
been plotted to a scale of 1in. = 10 lb. on base line 4 B represent-
ing the 2-in. stroke of the follower. These inertia forces are
represented by line CD.  The weight of the follower is plotted to
the same scale and is represented by line EF in the figure; ordi-
nates below base line A B represent vertical forces of the follower
against the cam, and ordinates above A B represent vertical forces
away from the cam. That is, beyond point H between positions
3 and 4 the acceleration of the follower is such that its weight is
not sufficient to keep it in contact with the cam, and it becomes
necessary to use a spring. At the end of the follower stroke the
difference between the inertia force of the follower and its weight
is 10.35 — 5 = 5.35 Ib. Hence, a spring with a scale of 214 1b.
per in. set up under an initial load of 0.35 1h. will be just sufficient
to keep the follower in contact with the cam when it reaches the
end of its stroke, as indicated by the line GB in the figure. It
should be stated, however, that the effect of friction has been
neglected in the foregoing analysis.

210. Analytical Methods.—The analytical determination of
the forces acting in even a simple mechanism is likely to become
somewhat involved. In certain cases, however, it will be found
more convenient to use analytical methods than to use the graph-
ical methods discussed in the preceding articles. For this reason
it is worth while to give some consideration to the general analyt-
ical method of attack. In the present article, a brief outline
will be given of the analytical determination of the inertia forces
and dynamic reactions that act in the engine mechanism.

Referring to Fig. 304, the various accelerations are given as
follows (see Art. 183, chapter on Accelerations):
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. . 2
Ay = Rwilcos 0+ .II%(M 4 B? sin’ 6 cos 0)]

cos ¢ ’ cos? ¢
h\Rfcos 20 , R? sin? 0 cos? 0
z — 2 A by Ehetedinad —_— —
4 sz[cos o+ (1 L)L(cos ¢ + L2 cos® ¢ ]
h .
Ay = —-Rcu%z sin 0
Az = Rw? cos 0 and AY = —Rw3 sin 6

Ay, = ra} = 5 Roj = pAa

Therefore
r r
Az = I—aA: and 4y = RA’,‘,
In order to reduce the algebraic work, let
A, = Rw? cos 0 and

,R(cos 20 , R? sin? 6 cos? 0) _
i ST 7 COS™ 0

Al = Row

cos ¢ ' L2 cost ¢

2
!;—wgcos 26 (approximately)
4
The quantities A, and A; are called respectively the primary and
secondary acceleration of the wrist pin. Substituting in the
above equations,

Ay = AL+ AV (106)
s = Al 4 (1 - %)A,ﬁ’ (107)

Also
z = A} and AY = I%'Az (108)

The expressions for the various incrtia forces may then be
“written as follows, the notation being the same as in Arts. 207
and 208 except that the letters x and y are used to denote hori-
zontal and vertical components respectively.

Jo= —Mi4; + AY) Jo= —My4; + 47
) I h ”" h

2= —M,(A,, + [1 - Z]A") Ji = —MgAy

fi = —MapAs fi = —Mapdy
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The inertia force of the piston is usually given special prominence
because of its importance in connection with the balancing of
engines. As ordinarily written, this force is

Jio = — M ,Rwi(cos 0 + —11% cos 26) (109)

In order to determine any of the dynamic reactions, it is neces-
sary to set up the equations for the equilibrium of one or more
members of the mechanism. The method will be illustrated by
determining the expression for the reaction at A. The first step

Fra. 304.

is to set the sums of the horizontal and vertical components of
the forces acting on links 3 and 4 equal to zcro. The cquations
for link 3 are :

foa+rlfi+H+1h=0
Jo 4+ 2+ f4, = 0 (not used)

The corresponding equations for link 4 are

fi+fau=0
Ju + f4 = 0 (not used)

In order to obtain a solution, onc more relation is necessary, since
two of the above cquations are of no direct use in determining
the reaction at A. The most convenient one to apply is obtained
by setting the sum of the moments about B of the forces acting
on link 3 equal to zero.

foslisin ¢ + f*h sin ¢ — fYL cos ¢ — flhcos ¢ = 0

The simultaneous solution of the preceding equations will
give the following expression for the dynamic reaction at A4:
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fio = F2+ fo + i)
Mo = o tan 6 — 1% tan ¢ = f2) (1)

h
= (f* + fo+ fs) tan ¢ — f;(ﬁ tan ¢ — f¥)
Stated in terms of acceleration, this becomes

fio = —(Ms + M) (AL + AY) + M%A,ﬁ' (112)

h h ) h
fgz = f;Z tan ¢ + l‘[,E{[A:, + (1 — E).‘ll’,’ Jta/n ¢ — -I‘J‘Aa}
(113)
The reactions fi and fis could be determined in the same way
and would be represented by similar expressions.
The dynamie turning effort 7'; is given by
T; = f3, sin 0 + f%, cos 0 (114)

The total shaking force cxerted on the frame is the resultant
of the inertia forces of the members. If the shaking foree is
represented by f, then

o= =+ M)+ A + MotAy — MLAz (115)
fo= —Moay — Mo (116)

The horizontal component passes through the center of the main
hearing, and the vertical component has a line of action situated
at a distance £ to the right of the main bearing, where Z is given
by the following equation:

5 = Ju(R cos 0 + L cos ¢)

I 117)



CHAPTER XIV
BALANCING OF MACHINERY

Omne of the most important applications of the study of inertia
forces is in connection with the balancing of machinery. Moving
parts of machines, in general, have either reciprocating motion
similar to that of the piston of an engine, or rotating motion
such as that of the erankshaft of an engine or the rotor of a turbine
or dynamo. If the moving parts arc not in perfect balance, or
if the parts have variable motion or are subject to acceleration,
inertia forces (also called shaking forces) are set up that tend to
produce vibrations in the frame of the machine, and hence in the
foundations to which the frame is attached. Such vibrations,
particularly in the casc of high speeds, may produce excessive
noise, cause undue wear and tear on the machinery and its sup-
ports, or result in the faulty performance of the work for which
the machine is designed. Furthermore, if the period of vibration
of any part of the supporting framework or foundation should
happen to coincide with the period of vibration of the moving
part, the disturbances set up may become dangerous. The pur-
pose of balancing, therefore, is to neutralize or minimize these
unpleasant and injurious vibratory effects as far as may be
practicablc.

The moving parts may be in (a) static or standing balance or
(b) dynamic or running balance.

Static balance exists if the parts are in equilibrium among them-
selves when not running, regardless of the position in which the
parts may be placed, i.e., if the center of gravity of all the moving
parts remains in a fixed position relative to the frame of the
machine regardless of the positions of the parts. A system is in
dynamic balance when the inertia forces and couples exerted by
the moving masses are in equilibrium among themselves.

The discussion in this chapter is confined very largely to the
balancing of engines, but the methods and principles involved
are fundamental and may be applied to machinery of all kinds.

361
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The reactions betwcen the component parts of an engine in
motion may be analyzed in two main groups, namely, the forces
due to the working fluid and the forces due to the accelerations
of the parts. The former are static forces, and their effect upon
the engine frame is dependent upon the manner in which power
is taken off the crankshaft. When the useful resistance over-
come by the crankshaft is in the form of a couple, there is a
corresponding static couple that tends to rotate the engine frame
about the crankshaft. The forces due to acceleration are, of
course, the inertia forces, and these may be combined to form a
force, or a couple or both, which ultimately act upon the founda-
| M, M, tion and tend to cause vibration.
The inertia forces in high-
speed engines are of great mag-
nitude, and the balancing of
.. these forces has received a great
2 ¥ deal of attention in the devel-
: opment of marine engines, loco-
|

L motives, and the automotive
**dr-;' )= type of engine.
Mz M 211. Balancing of Rotating
Fig. 305. Masses.—The effect of rotating
masses is to produce inertia forces or kinetic loads on the shaft
to which the masses are connected. The balancing of such a
system consists in rearranging the masses forming the system, or
in introducing into the system additional masses, so that the
inertia forces acting on the shaft in consequence of rotation form
a system in equilibrium.

The inertia forces set up by a system of rotating masses arc
always situated in planes perpendicular to the axis of the shaft
to which the masses are connected. If the rotation is uniform, as
will be assumed here and in the succeeding articles, the lines of
actions of the inertia forces all pass through the axis of the shaft;
that is, they are pure centrifugal forces.

212. Effect of a Single Rotating Mass.—If a shaft (Tig. 305)
rotating at an angular velocity of w radians per second carries a
single mass M, (equal to the weight of the mass divided by 32.2)
whose center of gravity is R, feet from the axis of rotation, the
shaft will be subjected to a centrifugal force of magnitude M Rw?.
This foree, which is continually changing in direction, causes the

N
o —————
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shaft to cxert forces on the bearings, and these forces in turn are
transmitted to the frame and foundation of the machine. The
effect of such a kinctic load is to set up vibrations that are par-
ticularly noticeable at high speed.

The effect of the centrifugal force due to the single rotating
mass may be climinated by the addition of another mass M.,
whose center of gravity is in the plane of M, diametrically oppo-
site M, and at a distance R, from the axis of rotation, such that

M1R1w2 = M2H2w2

It will be noted that with these two masses in the same plane, the
shaft is in both static and running balance. The center of gravity
is in the axis of the shaft and remains therefore in a fixed position
relative to the frame of the machine regardless of whether the
shaft is turning or standing still.

213. Effect of Two Rotating Masses Not in the Same Plane of
Rotation.—If a shaft (Fig. 306) carries two rotating masses M;

Fi6. 3006.

and M in different planes of rotation but in the same axial plane,
.., the same plane passing through the axis of the shaft, and
if, further, the centrifugal forces MR w? and M:R.w? are equal,
then the shaft is subjected to the action of an unbalanced cendrif-
ugal couple. This unbalanced couple tends to turn the shaft
in an axial plane and is therefore resisted by an equal couple
applied at the bearings.

Although this system is obviously not in running balance, it
is, nevertheless, in standing balance. That is, the center of
gravity of the system is situated in the axis of the shaft and is,
therefore, stationary.
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The two rotating masses may be balanced by the introduction
of two additional masses M3 and M, in the same axial plane such
that the centrifugal couple that they set up equals the centrifugal
couple of M, and M,. That is,

Jl'Ille"a = M3R:,'w2b, and M3R3w2 = M4R4w2

214. Several Rotating Masses in a Single Transverse Plane.—
If several masses, M, M,, M;, etc., lie in the same transverse

(o)
Fia. 307.

plane, as in Fig. 307 at a, the shaft is subject to a concurrent
system of centrifugal forces,

M1R1w2, M232w2, cte.
The condition that such a system shall balance is that
M\Rw? 4+ MaRew? 4 + -+ D M, Rw?>=0 (118)

It is to be noted that this equation requires that the center of
gravity of the system be situated in the axis of the shaft.

Since w? is a common factor in the above equation the products
M;R,, M;R,, etc., may be used instead of the actual forces and
the equation of equilibrium may he written

J."]Iil'HMzR'_' e -I—)M,.R,. = 0 (119)

That is, the vectors representing MRy, MsR,, ete., if laid off in
succession, each in its proper direction, will form a closed polygon.

In Fig. 307 at b suppose that the products MR\, MR, etc.,
representing the concurrent system of forces at a in the figure,
when laid off as vectors do not form a closed polygon. In order
to close the polygon and thus balance the system, a mass M,
must be added at a distance Ro, such that the product MR, is
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represented in both magnitude and direction by the closing side
EA of the vector polygon. By assuming a convenient value for
R, the value of M, is definitely determined. The gap EA may
be closed, however, by two or more vectors chosen at will, and
the system may thus be balanced by two or more masses instead
of one.

215. Several Rotating Masses in Different Transverse Planes.
Referring to Fig. 308, let the masses M, and M, be connected to
a shaft the axis of which is XX; and let the centers of gravity of
the two masses be situated in the planes A, and A,. The forces
set up by the rotation of the system are F'; and Fy. At some point

iy

A

)
l: - az

Fia. 308.

0 in the shaft axis pass a transverse plane 4, (called the reference
plane, or briefly, the R.P.). At O in the reference plane introduce
two equal and opposite forces F; parallel to the original force F,
in plane A:. The force F; at O and the opposite force F', at O,
form a centrifugal couple whose moment is M Riw%a,, where «
is the angular velocity of the shaft. Hence the single force Fy
acting at O, in plane A; may be replaced by an equal and parallel
force acting at O in the reference plane and a couple whose mom-
ent is Fya;.  Likewise the force Fa acting at O, in plane A, may
be replaced by an equal and parallel force F acting in the refer-
ence plane and a couple whose moment is Fyas = MiRw%a,.
Thercfore it is evident that a reference plane can be chosen
arbitrarily, and the system of forces set up by the rotating system
may be reduced to a system of concurrent forces acting in the
reference plane and a system of couples acting in various axial
planes. The forces, if not balanced, have a single resultant in
the reference plane, and the couples, if not balanced, can be
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reduced to a single couple in some axial plane. Hence, in general,
the system of forces, if not balanced, may be reduced to a single
force and a single couple. The magnitude of the couple will
depend on the position chosen for the reference plane.

The conditions of balance, then, for the system of rotating
masses in different transverse planes are evidently the following:

1. The vector sum of all the centrifugal forces must be zero.
That is,

EMRw? = (120)

2. The vector sum of the moments of all the forces with respect
to any arbitrarily chosen reference plane must be zero. That is,

ZMRw? = 0 (121)

In order to balance such a system, at least two additional masses
in different transverse planes are required. That is, the forces
must be balanced by a mass in the reference plane, and the
moments by a mass situated in some other transverse plane.

216. General Graphical Method of Balancing Any Number
of Rotating Masses.—Referring to Fig. 309, let it be required
to balance the system composed of the three rotating masses
M,, M., and M;s. 'The solution consists merely in applying the
conditions of balance developed in the preceding article. These
conditions are represented by the equations

ZMRw? =0
EIMRw?a = 0

or, if the common term w? be dropped,

-

ZMR =0
ZMRa = 0

Two methods of solving the problem will be given, the first
of which will be made to depend upon both the force and the
moment relations, and the second of which will depend upon
the moment relation alone.

a. First Method.—Let the various masses and distances of the
system, “My, M, M, be as given in the table shown at d in

(122)
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the figure, and let the reference plane (denoted by R.P.) be
chosen as shown. Let the balancing masses be M, and M and
let the mass M, be situated in the reference plane. The left
side of the reference plane is taken as the positive side.

1 ]
Plane Mass Radius ; a 0 | MR MRa

1 15 4 4 30° : 60 240
2 30 4 —4 150° l 120 —480
3 15 5 8 270° 75 600

Assume Assume
o 16 6 10 131° 96 960

Assume
0 (R.P.) 30 4.88 0 324° l 146.5 0
@
Fra. 309.

The first step is to calculate the terms MR and MRa for
the three masses M, M, and Ms. This has been done, and the
numerical values of these quantities have been set down in the
table. Let it be noted that since the mass M, is on the negative
side of the reference plane, its moment is negative.
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The next step is to draw the moment polygon shown at b in
the figure. On the positive side of the referencs plane, the direc-
tions of the moment vectors are the same as those of the cor-
responding forces, namely, outward from the axis of the shaft
and parallel to the corresponding radii. The moment M WRoaz,
being negative, is represented by a vector having a direction
opposite that of the centrifugal force of the mass M, The
unknown balancing mass M,, being situated in the reference
plane, has zero for a moment. The moment MoRoao of the
unknown balancing mass My is given by the closing side of the
polygon. Assuming that Mo is situated on the left-hand (posi-
tive) side of the reference plane, the direction of its radius will be
the same as that of the moment vector My Roae. Let it also be
assumed that its distance to the left of the reference plane is
10 in. The quantity MqRo may then be caleulated as shown,
and if it is decided to use a Lalancing mass of 16, the proper radius
to use is found to be 6 in.

It is seen, therefore, that by applying the moment relation the
characteristics of the balancing mass My have been determined.
It remains to determine the characteristics of the balancing mass
M, in the reference plane. This is accomplished by applying
the force relation, namely, that the vector sum of all the centrifu-
gal forces must be zero.

The quantities MR are first calculated for all the known masses
including the balancing mass M. The force polygon is then
drawn as shown at ¢ in the figure, the closing side of the polygon
being the vector that represents the quantity MoR.. A con-
venient value of M, is then assumed, and the value of R, calcu-
lated as shown in the table.

b. Second Method.—The second method for the solution of the
problem (refer to Fig. 310) is exactly like the first up to the point
where the moment polygon has been drawn and the characteris-
tics of the balancing mass Mo determined. The remainder of
the problem consists merely of taking moments with respect
to the plane of the balancing mass Mo and drawing a sccond
moment polygon as shown at ¢ in the figure. In this case the
right side of the planc 0’ has been taken as the positive side.
The closing side of the polygon is the vector M (f4bo from which
the characteristics of the balancing mass M, can be determined
as shown in the table'at d.
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This method is analogous to the determination of the reactions
of a simple beam by taking moments first with respect to one

support and then with respect to the other.

It is cvident by

Plane Msss | Radius a b 0 ! MR | MRa | MRb
1 15 4 4 6 : 30° 60 240 360
2 30 4 -4 14 | 150° | 120 | —480 | 1,680
3 15 5 8 2 | 270° 75 600 150

Assume Assume !
0’ 16 6 10 0 |131°| 96 | 960 0
Assume ;
0 30 4.88 0 10 324° | 146.5 0 | 1,465
(@)
Fia. 310.

comparing the tables in Figs. 309 and 310 that the results of the

two methods are identical.

The second method, however, has

the advantage of requiring one vector less in the layout, and in
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addition it eliminates the necessity of remembering whether to
draw the moment polygon or the force polygon first. It also
corresponds to the method used in connection with the balancing
machine described later in the chapter.

217. Reduction of Masses to a Common Radius.—It has been
assumed in the discussion of the preceding articles that the
masses have unequal radii. The centrifugal force M Rw? is pro-
portional to the product MR, and the individual factors may
have any value provided their product remains constant. It is
therefore possible to choose some convenient radius, say that
of an engine crank, or unity in a general problem, and all the
masses that have different radii can be reduced to masses having
this common radius. In this case the factor R can be dropped
and the reduced masses M1, M., ete., can be used for the sides of
the force polygon, and the reduced mass moments Mia,, M.a.,
ete., become the sides of the moment polygon.

218. Analytical Method of Balancing a System of Rotating
Masses.—It is often convenient to use analytical methods in
the solution of balancing problems instecad of the graphical
methods discussed in the preceding articles of this chapter. In
applying the analytical method to a system of rotating masses,
the forces arc resolved into vertical and horizontal components
as shown in Fig. 311. Each group of components, as well as the
two groups formed by taking the moments of the components
with respect to any arbitrarily chosen reference plane, must be
balanced separately. The conditions of balance are expressed
by the following equations, the masses being reduced to a com-
mon radius:

Horizontal forces:

(Mycos 60+ Macos 0. ......... + M., cos 0,)Rw? =
. Vertical forces:
(M,sin 6, + Mzsin 0,...........4+ M, sin 6,)Rw? =0

Horizontal moments:

(Mia, cos 0, + Msaz cos 0. . . .. + M,a, cos 6,)Rw? = 0
Vertical moments:

(M1ay sin 01 + Moas sin 6s. .. ... +Mna, sin 0,)Rw? = 0

Dropping the common factor Rw?, the four equations may be
written as follows:
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(I) =M cosb =0
(II) =M sin6=0
(I1I) =Macos 6 = 0
(IV) =Ma sin 6 = 0

With Eqgs. (I) and (II) satisfied, the system will be in static
balance; but for running balance, all four equations must be
satisfied. The significance of either of the moment equations
not being satisfied is that a centrifugal couple exists that will

o
z 8 <
D N o
=\ [% 3
N AR
M; x| M
M, R,y 0cos6) —=~M A
7\, — -~ M, Ry cos 6,
/7 02
/ NN
6, AN
! ) }
\
\
\
\
1, Ry cv’cos6, >
MRy cvécosby
My M,
q J
> N
¥ 3
¥
Fic. 311.

set up vibrations when the system is rotating but will disappear
and not affect the equilibrium of the system when the latter is
standing still.

As brought out in the preceding articles, the characteristics
of the masses required to balance any rotating system may be
determined either by applying both the force and moment rela-
tions, or by applying the moment relation twice; 7.e., either by
using all four of the preceding equations or by making use of
Eqs. (III) and (IV) twice. The second method is that used in
connection with the balancing machine described later -in this
chapter. :
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As an example of the applications of the analytical method,
let it be required to balance the system composed of the three
rotating masses shown in Fig. 312. This system is the same
as that shown in Fig. 309, except that the masses have been
reduced to a unit radius. The second of the two schemes out-
lined above is used in the solution of the problem. The method
of calculation is fairly well outlined in the table. The unknown

l"— _— e ——— 62 ~~~~~~ AI
!
MZ
—ap—
Ma Ma B Mb Mb
Plane o o e Ma cos 0 sin 0 b Mb cos 6 sin ¢
1 60 30° 4 240 207.8 120I 6 360 | 311.7 180
2 120 150° |—4 [ —480 415.7 —240, 14 | 1,680 {|—1,455 840
3 75 270° 8 600 0 — 600 2 150 0 - 150
o [95.25] [130.9°]| 10 | [952.5] [—623.5] ([720] 0 0 0 V]
V] [143.6]| [322.7°]! © 0 0 0| 10 | [1,436]| [1,143]] —870
v o 720 - 870
tan 6" = 8335 tan 0o 114
Frc. 312.

quantities that were determined by taking moments are enclosed
in brackets. The horizontal and vertical components of M pa.
were obtained from

Myay cos 8y = —ZMa cos 6

Myay sin 8y = —XMa sin 6 (123)

where 2Ma cos 6 is written for the algebraic sum of the moments
of the horizontal components of the three original masses with
respect to the plane 0; and ZMa sin 8 for the moments of the
vertical components. The quadrant of the angle 6, was deter-
mined from the signs of M@y cos 8¢ and Myae sin Oy, after
which its numerical value was calculated from the tangent as
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indicated. The quantity M yay was obtained from
Moay = \/(Myay cos 6y)? + (Myay sin 6y)2  (124)

The characteristics of the mass M, were detcrmined in a similar
manner.

219. The Balancing of Reciprocating Masses.—The discussion
in the preceding articles shows that it is always possible to balance
a system of rotating masses by means of two properly placed
masses in any two desired planes of rotation. The following
articles deal with the more complex problems of balancing masses
that do not revolve in a circular path, but have either a motion of
translation at variable speed, such as the piston of an engine, or
clse a swinging motion such as the connccting rod of an engine.

In an engine mechanism, when the motion of the crankpin is
given, the corresponding acceleration of the piston can be found
for any phase of the mechanism. A certain amount of force is
required to-produce this acceleration, .e., to overcceme the inertia
of the piston. This foree must be taken from or added to the
total fluid pressure a~ting on the piston, to find the force trans-
mitted along the connecting rod to the crank, according as the
acceleration is positive or negative. Hence there arises an
unbalanced force (inertia force) equal and opposite to the force
required to accclerate the piston, and, since this force must be
absorbed by the frame and foundation, the cffect is to set up
vibrations.

The effect of the accelerating force on the piston may be com-
pared with that of the motion of a shot from a gun. The acceler-
ation of the shot is always accompanied by the recoil of the
gun. Similarly, if the engine frame were free to move in the
direction of the stroke, a recoil would take place just as if the pis-
ton were a shot and the cylinder a gun. It should be distinctly
borne in mind that the recoil of the frame depends only upon the
acceleration of the reciprocating mass and has nothing to do with
the agent that causes the acceleration. That is, for a given
acceleration of the reciprocating mass, the recoil of the frame-
work is the same, whether the motion is due to the action of
steam pressure on the piston, or to the explosion of a gas in the
ceylinder, or whether the turning effort on the crankshaft is accom-
plished by an outside agency as when the mechanism is that of an
air compressor or pump.
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220. Inertia Effects of the Reciprocating Masses in the Engine
Mechanism.—It was shown in the chapter on Inertia Forces
that the inertia force of the reciprocating masses of the engine
mechanism is given with very fair accuracy by the relation

F=MA-= MRw’(cos 0 +% cos 20)

where M and A are the mass and acceleration respectively of the
reciprocating parts, and w is the angular velocity of the crank.
The various steps by mecans of which this relation was deduced
will be repeated here in order to bring all the steps together.

T
i

! L——- - Stroke ———,I

Fra. 313.

Referring to Fig. 313, the displacement of the piston is given
by

tr=R+L—Rcos 0 —Lcos ¢ (125)
= R(1 — cos 6) + L(1 — cos ¢)

The cosine of the angle ¢ is givon by

cos ¢ = /1 —sin? ¢ = \/ ==m2 0, since sin ¢ = fsin 6

The quantity under the radical may be expanded as follows:

1/R . 2 1 (R . 4
-3 29 =1 — (2 T (L _
\/1 sm 6=1 2<L sin 0) 5 4(L sin 0)

[]
-2-—1~4—36<¥ sin 0) .- (126)

Substituting in Eq. (125), the displacement z of the piston
becomes
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R?
2. 4 A

21—% f’; sinff. . . )

R(l——cosO)—i—R( —sin2 4 + 5 s1n‘0+

Since R/L is usually less than }4 the terms beyond the square
may be dropped without appreciable error. Then

2
z = R(1 — cos 6) + % % sin? 6 (approximately) (127)

Differentiating with respect to time,

dz . do . 1R2 . do
€= R8111071—+§~E-25111000b07t
Rw(sm 0 + R sm 20) (128)

where w has been written for d6/dt and the quantity 2 sin 6 cos 6
hag been replaced by its equal sin 2¢0.
Differentiating a second time,

d*x

it + - 2 cos 26

2T dt

= Rw((os 0— T 1 R d0>

Rw”(cos 0+ %f COs 20) (129)

The inertia force due to a mass M having this acceleration ix

d*x

F =Mz

= MRw? (cos (/] + (,os 20) (130)
When this expression is positive, the inertia force will be directed
away from the main bearing, and when it is negative, toward
the main bearing.

The expression for /' may be written as follows;

= MRw: cos 0 + M( >(2w)‘ cos 20 (131)

The term M Rw? cos 0 is called the primary inertia force and would
be the total inertia force if the connecting rod were infinite in
length. The term M(R?/4L). (2w)? cos 28 is called the secondary
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inertia force and is introduced as a result of the fact that the
connecting rod is actually of finite length. It corresponds to the
case of a mass M, an infinite connecting rod, and a crank of
length (R2/4L) turning at a speed of 2w.

It should be noted that both the primary and secondary inertia
forces may be considered as due to a mass M having harmonic
motion. In the case of the primary inertia force, the amplitude
of the harmonic motion is equal to the length of the crank, and
the period is the time required for the crank to turn through one
complete revolution. In the case of the secondary force, the
amplitude is equal to the length R?/4L of an imaginary crank

Fic. 314.

rotating at twice the speed of the actual crank; the period, there-
fore, is half that corresponding to the primary force.

The above inecrtia forces may be determined graphically for
any position of the crank as follows: First, let a suitable force
scale be chosen and then, referring to Fig. 314, let two concentric
circles be drawn, one with a radius 0A; = MEw? and the other

with a radius Od, = M (%) (20)2. Now let the crank angle 6 be

laid off as shown and let the line OA; be laid off making an angle
20 with the horizontal line OX. Then if the points A, and 4.
are projected on the horizontal line OX the lines Oa, and Oa; will
represent the primary and secondary inertia forces respectively.

The relation between primary and secondary inertia forces
will be made clear by the following example: For a six-cylinder
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gasoline engine the length of crank = 214 in.; length of con-
necting rod = 814 in.; weight of piston = 1.94 1b.; and r.p.m. of

crankshaft = 2,500.
The primary inertid forces for a single cylinder have been
calculated for each 30-deg. crank position and plotted as the
900
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harmonic curve A in Fig. 315. Similarly, the secondary inertia
forces have been caiculated and plotted as the harmonie curve
B. It will be observed that the two curves are in phase at the
head-end dead center, but that curve B has twice the frequency
of curve A.

Fra. 316.

The inertia forces of the reciprocating masses are transmitted
to the frame in the following manner: Referring to Fig. 316,
the inertia force fy sets up the reactions f1s and f3, the magnitudes
of the latter being given by the polygon shown. The force fi,
is the side pressure exerted upon the piston by the cylinder walls.
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An equal and, opposite force fi is exerted by the piston upon the
cylinder walls, and this force tends to shake the frame. The reac-
tion f3 is transmitted along the connecting rod and finally appears
at the main bearing as f.;. The resultant shaking force S is
obtained by combining fi; and f;. The magnitude and direction
of the force S are the same as those of the inertia force f;. The
line of action of S, however, is offset as indicated (except for the
dead-center positions of the crank).

Instead of combining f.; and fi; to determine the resultant
shaking force S, let the force fu1 be resolved into horizontal and
vertical components at the center of the main bearing O. The
horizontal component f3, is equal to f; and has the same line of

.
/ Izez -

[~

~

Fra. 317,

action. The vertical component f¥, forms, with the force fi,
a couple that tends to rotate the frame of the engine about the
crankshaft. The cffect of this couple upon the frame is usually
considered along with the other torque effects, such as that of
the static turning effort, and it will thereforc be disregarded in
discussing the balancing of engines. This being the case, the
inertia effect of the reciprocating masses upon the frame may be
considered as equivalent to a force f%,, which is applied at the
main bearing and has the same magnitude and direction as the
inertia force fy.

221. Inertia Effects of Crank and Connecting Rod.—The
inertia effect of the crank is a pure centrifugal force (assuming a
uniform speed of rotation) and it may be calculated by multi-
plying the mass of the crank by the acceleration of its center of
gravity. In analyzing the shaking forces of the engine, it is
customary to replace the mass of crank by an equivalent mass at
the crankpin. Since the inertia force of the crank is a pure
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centrifugal force, it may be completely balanced by placing a mass
of the proper characteristics opposite the crank.

The inertia effects of the connecting rod may be studied by
replacing it by a kinetically equivalent system, .e., by assuming
that the mass of the connecting rod is concentrated at two points,
at the wrist pin and, referring to Fig. 317, at the center of per-
cussion E of the connecting rod with respect to the wrist-pin
center. If the position of the center of gravity G of the rod is
known, and if the moment of inertia of the rod with respect to
@ is also known, then the position of the center of percussion E
may be calculated as follows:

1
he = W
where I and M; are respectively the moment of inertia and mass
of the rod. The masses assumed concentrated at B and E are
given by
M, = %’Ma and M, = %"Ma

The horizontal and vertical components of the inertia force

of the mass concentrated at E are as follows (refer to Art. 210):

_cos 0+ (1 — %)g Cos 20A|

M 3%&»2[ cos 0 + (l — I%)[Lf cos 20] (132)

=M glﬂw% sin @ = M ;#‘Rw’ sin @

Fz = M .Rw*

The vertical component of the inertia force of the mass con-
centrated at B is zero. The horizontal component is

Fz = M.,Rw“(cos 6 + ;—{ Ccos 20)

e

(133)

he 1 4 R
M 7 Rw (cos 0+ I o8 20)

The inertia forces determined by means of the above expres-
sion are exact in so far as concerns mass distribution, the only
error being that introduced by the use of the approximate expres-
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sion for the horizontal components of the accelerations at E
and B.

Although a rigid analysis would require the mass of the con-
necting rod to be distributed as shown in Fig. 317, a convenient
and much used approximate method of taking into account the
inertia effect of the connecting rod is to assume that its mass is
concentrated at the crankpin and wrist pin so that

Maha = Mbhb; 1:.6., M., = %Ma and Mb = %M:

Then in determining the inertia forces of the mechanism, the
mass assumed concentrated at the wrist pin is simply added to
the other reciprocating masses; and likewise the mass assumed
concentrated at the erankpin is added to the crank mass.

The magnitude and direction of the resultant inertia force
of the rod as obtained by assuming the mass concentrated at the
crank- and wrist pins are identical with the magnitude and direc-
tion as obtained using the kinctically cquivalent system. The
line of action, however, is different. '

222. The Single-cylinder Engine. Counterbalancing.—As
stated in the preceding article, the inertia force of the crank and
that part of the connecting-rod mass that, by the approximate
method, may be considered as concentrated at the crankpin,
can always be balanced by placing a mass of the proper charac-
teristics opposite the crankpin. Consideration of these forces
will thercfore be omitted in this and in the following articles
unless otherwise stated.

The situation in the case of the inertia forces of the recipro-
cating masses is altogether different; in the single-cylinder engine
they cannot be balanced at all. They can be modified, however,
by the process of counterbalancing. The primary force is M Rw?
cos 0. If, referring to Fig. 318, a counterbalancing mass M,
is placed opposite the crank at a distance R, such that MR, =
MR, this mass will set up a centrifugal force equal to M Rw? in
a direction opposite the crank radius. If this force is resolved, at
the center of the main bearing, into horizontal and vertical com-
ponents, the result will be as follows:

Horizontal force = — M Rw? cos 0
Vertical force = —MRw? sin 8
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The primary shaking forces are thus balanced and vertical shak-
ing forces substituted. Considering a complete revolution of the
crank, the result is to shift the original shaking forces through
90 deg.

For engines of this type it is common practice to balance, by
means of a revolving mass opposite the crankpin, all the revolving
crank mass, including that part of the mass of the connecting
rod assumed concentrated at the crankpin, and approximately
two-thirds of the reciprocating mass. The balancing conditions
will be made clear from the analysis of a typical case, as follows:

A single-crank gas engine of the stationary type (Fig. 319)
runs at a speed of 230 r.p.m.

MRw?cos6”

[}

L]
[}
[]
[}
.

M,
MRw?2sin 0
F1a. 318.

Length of crank = 10%4 in.
Length of connecting rod = 5214 in.
Distance of center of gravity of connecting rod from crank

end = 20.3 in.
Equivalent unbalanced weight of crank at 1014-in. radius
= 162.5 lb.

Weight of piston = 244 lb.

Weight of connecting rod = 254.5 lb.

Equivalent weight of counterbalance at 10}4-in. radius =
533 1b.

From Art. 221 the proportion of the weight of the connecting
rod that may be assumed to be concentrated at the crankpin is
32.2/52.5 X 254.5 = 156 lb. The remainder, 254.5:— 156 =
08.5 Ib., is assumed to be concentrated at the crosshead pin. The
total revolving crankpin weight at 10}4-in. radius is then 162.5 +
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156 = 318.5 lb., and the total reciprocating weight is 244 4 98.5
= 342.5 1b.

Fia. 319.

The total inertia forces are as follows:
For the revolving crank mass,

F.= MRw? = 5,030 Ib.
For the reciprocating mass (primary),
F, = M,Rw? cos 0 = 5,400 cos 6 Ib.
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For the reciprocating mass (sccondary),

N R2 P

F, =M, i, (2w)? cos 20 = 1,080 cos 20 1b.
For the counterbalancing mass,

Fy = MyRo? = 8,400 Ib.

It will be convenient, in studying the effect of the inertia forces,
to plot curves (Fig. 319) showing the resultant inecrtia forees
for each 30-deg. position of the crank.

From a pole O (Fig. 319), draw the vector OA, representing
to scale the inertia force (= 5,030 lb.) of the crank mass. Next
draw AB(= 5,4001b.). Then AC(= 5,400 cos 6) is the primary
inertia force. If DE is now drawn to represent 1,080 lb., DF
will represent 1,080 cos 26, the secondary force. Lay off CG =
DF. OG is the resultant inertia force for this position of the
crank (6 = 30 deg.), and G is one point on the curve of inertia
forces for the condition where the engine is not counterbalanced.

The effeet of using a counterbalancing weight cqual to the
sum of the crank weight and the reciprocating weight may be
shown by bringing into the force polygon OACG the vector GH =
0B, giving a new resultant OH. The point H is then one point
on the curve of inertia forces for this balancing condition. The
curve clearly shows that although the horizontal forces have been
largely neutralized (only the secondary horizontal forces remain),
rather large vertical forces have been substituted.

The effect of the actual counterbalancing weight used on the
engine is shown by the curve correspondingly indicated in the
figure. The point K on this curve for the 30-deg. position of
the crank is obtained by laying off GK = 8,4001b. The counter-
balancing weight is approximately equal to the rotating weight
plus two-thirds of reciprocating weight.

The circles of radii OA, OB, and OF have been drawn for con-
venience in making the graphical constructions for the remaining
points on the curves that have just been discussed.

It may be observed from the figure that these curves are sym-
metrical about the horizontal axis. If the secondary forces were
neglected, the resulting curves would be symmetrical about the
vertical axis also. '



384 MECHANICS OF MACHINERY

2923. Conditions of Balance in a Multicylinder Engine.—In an
engine having more than one cylinder the rotating crank masses
can easily be balanced, but the inertia forces of the reciprocating
masses may or may not tend to neutralize each other, depending
upon the arrangement of cranks and the proportions of the vari-
ous links of the mechanism. In Fig. 320 the schematic outline
of a three-cylinder engine has been shown, the inertia forces of
the reciprocating masses being indicated by the arrows. These
forces are transmitted through the connecting rods to the cranks

\

1

g

F1a. 320.

and thence to the crankshaft. If the forces acting on the crank-
shaft are in equilibrium, no pressure duc to the inertia of the
reciprocating masses will be exerted on the main bearings; other-
wise a force, a couple, or both will be exerted that will tend to
shake the frame of the engine.

Assuming that the resultant shaking force due to the inertia
of the reciprocating masses will pass through the axis of the crank-
shaft (s.e., disregarding the couple mentioned in Art. 220), the
problem of balancing the engine is reduced to the analysis of a
system of vertical forces (for the case shown in Fig. 320) all of
which are situated in the same axial plane.
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In order to bring out the general conditions of balance for
an engine of this type, let the case shown in Fig. 321 be con-
sidered. This is assumed to be an n-cylinder engine, although
only four of the units are shown. The stroke line of each cylinder
is assumed to be situated in a horizontal plane passing through
the axis of the crankshaft, and the inertia forces of the recipro-
cating masses are of course also situated in this plane. It will be
convenient to consider the equilibrium of the primary and second-
ary forces separately. Let I represent the crank, L the connect-
ing rod, and M the reciprocating mass. The subsecripts 1, 2, 3,
ete. will refer to cylinders 1, 2, 3, ete.

Fra. 321.

1. The primary forces will be in equilibrium if their algebraic
sum and the algebraic sum of their moments with respect to any
transverse plane are both equal to zero. Setting the algebraic
sum of the primary forces equal to zero,

M \Riw? cos 0; + MoRow? cos (0, + ¢5) - - -
+ M.R.w? cos (01 + ¢.) = 0 (134)

1t is to be noted that the angle 6, is a variable whereas the values
of the angles ¢s, ¢3, ¢4, ete., are constant, being merely the fixed
angular positions of the various eranks relative to crank 1. The
angle ¢, is, of course, equal to zero. Therefore

M\R10? cos (0; + ¢1) + MaRyw? cos (01 + ¢2) -+ - -
F M.R.w? cos (61 + ¢.) = wcos 0;(M R, cos ¢,

+ M3R; cos ¢2 + + + + MLR, cos ¢.) — sin 6,(M R, sin ¢,

+ -+ 4+ M.R,sin ¢,)] =0 (133)

In order that the above equation may hold for all values of 9,,
each of the quantities in the parentheses must be equal to zero.
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Therefore,

ZEMR cos ¢ = 0
SMR sin ¢ = 0

Similarly, it may be shown that

2XMRa cos ¢ =0
XMRasin ¢ = 0

where a is the distance from the center line of any cylinder to
an arbitrarily chosen reference plane, the latter being perpen-
dicular to the axis of the erankshaft.

Any engine for which the preceding conditions are satisfied is
said to be in primary balance.

It is to be noted that the preceding conditions of balance are
precisely those of a rotating system, the masses of which are
equal to the reciprocating masses and are situated at distances
from the axis of rotation cqual to the lengths of the cranks.

2. Setting the algebraic sum of the secondary forces equal to
zero, '

ki R ,
A/Ilr wz coSs 2(01 + ¢1) + M2'IT2 w” COS 2(01 + ¢2) + oo
1

2
+ M,.%‘ w? cos 2(0, + ¢,) =0 (136)

Therefore
B 2 2
w? cos 201(M11—B-‘ cos 2¢; + - - - M,.& cos 24;,,)
L, L,
. R? . R on
— sin 26, er sin 2¢, + - - - M,.L— sin 2¢, ) | =0 (137)
1 n

In order for this equation to hold for all valucs of 6,
2 2
EM—R}J— cos 2¢ = EM%(COS" ¢ — sin? ¢) =0
N, L . R?
ZM_, sin 2¢ = 0; t.e., EMT sin ¢ cos ¢ =0
Similarly it may be shown that

R? SN
zM—Ea(cos2 ¢ —8inz2 ¢) =0
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Rz .
EMT:“ sin ¢ cos ¢ = 0

where a is the distance from the center lines of the cylinders to
any transverse reference planc.

Any engine for which these conditions are satisfied is said to
be in secondary balance.

224. The Eight Fundamental Equations of Balance.—It is
cvident from the foregoing discussion that for the complete
balance of the primary and secondary forees and couples, eight
cquations must be satisfied. Letting £ = cos ¢, and y = sin ¢
these equations may be written as follows:

) ZMRx
(1) 3 MRy =0

(II1) Y MRaz = 0
‘ Primary couples balanced
(IV) X MRay = 0

2
V) M v) =0
Secondary forees balanced
(VD) EM——.Ly 0

(VID) ZMT(L(:C"’ —y) =0

It

Primary forces halanced

/

Secondary couples balanced

2
(VIII) EM—I{—aa:y -0

These eight fundamental cquations express completely! the
analytical conditions of primary and secondary balance among
the reciprocating parts for an engine with any number of cranks,
the cylinders being arranged as in the automobile type of engine,
i.e., all on one side of the crankshaft and their center lines all
in the plane that contains the axis of the crankshaft.

Partial balance may be securcd by satisfying part of the eight
fundamental equations. It should be noted, however, that
these equations must always be taken in pairs. That is, in order

1 Based upon the assumption that the inertia forces of the reciprocating
masses are exerted at the main bearmg and that the expression F = MRw?

(cos 9 + T, cos 20) is sufliciently exact.
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that the primary forces may be in balance both Eqs. (I) and (II)
must be satisfied, and similarly for the other forces and couples.

Applications of the method will be illustrated in the articles
which follow. In these applications the lengths of the connect-
ing rods and cranks are assumed to be the same for all eylinders;
and the reciprocating masses are all assumed to be equal. In
this case the equations of balance can be written in the following
form:

2z =0 Sx2—y?) =0
0

Zy = Zzy =0
Zar = 0 Sa(z: —yH) =0 (138)
Zay =0 Yaxy = 0

If, after the equations of balance have been applied, it is desired
to determine the magnitudes of the unbalanced forces and couples
for any position of the mechanism, the following equations may
be applied:

F, = MRw*(cos 6:Zx — sin 6,2y) |
C, = MRw?*(cos 6:Zax — sin 6,Zay)

2

F, = M%w"-[(ﬁos 20,2(x? — y?) — 2sin 260, 2zxy) (139)
2

C, = M%w“[cos 20,2a(x? — y*) — 2sin 26, Zaxy]

where F,, C,, F,, and C, are respectively the unbalanced primary
forces, unbalanced primary couples, unbalanced secondary
forces, and unbalanced secondary couples.

If an unbalanced force exists, its line of action is situated in the
reference plane. If in addition, as is usually the casc, an unbal-
anced couple also exists, it may be combined with the force to
form a single force situated in some other transverse plane. It
should be noted that, for an actual couple tending to tip the
engine frame end over end to exist, the forces must be in balance.
If the forces are not in balance, the couple equation merely shows
the position of the line of action of the resultant shaking force
(the force obtained by combining the unbalanced force and the
unbalanced couple). In this case the unbalanced couple is simply
the momeunt of the resultant force with respect to the reference
plane. If for any position of the crank, however, the force
hecomes zero without the couple also becoming zero, then a true
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couple is exerted on the engine frame tending to tip it end over
end; this is equivalent to the resultant shaking force (the resultant
of the zero force and the couple) being situated in a plane at an
infinite distance from the reference plane.

225. The Two-cylinder Engine.—In order to investigate the
shaking forces in the two-cylinder engine, let the case shown in
Fig. 322 be considered. Here the cranks are at 180 deg. The
quantity M Rw? is assumed equal to one, and the quantity R/L
is assumed equal to one-fourth. The distance between the
center lines of any two adjacent cylinders will be assumed equal

W

(e)

Fia. 322.

to unity, and the reference plane will be taken through the center
line of the first ¢ylinder. These same values will be maintained
throughout the discussion of engine balance in order to compare
the shaking forces of the various types of engines.

The first step is to apply the eight fundamental equations. A
convenient tabular method of applying these equations is shown
in Table 6. The results thus obtained indicate that the primary
forces alone are balanced.

The unbalanced forces and couples for any crank position may
be calculated as follows:

F, = MRw*(cos 6,2z — sin 6,2y) = cos 6; 0 —sin 6, -0 = 0
Cp, = MRw?(cos 6:Zax — sin 6:2ay) = cos 6,(— 1) — sin 6, -0
: = —cos 6,



390 MECHANICS OF MACHINERY

F, = MRw2 [cos 20,2 (z% — y2) — 2 sin 26, 2zy]

= 14(cos 26, - 2 — 2 sin 26, - 0) = 1% cos 26,
C, = Mszg[cos 20,2a(x? — y?) — 2 sin 26, Zaxy]

= 14(cos 20, - 1 — 2 sin 20, * 0) = 14 cos 26,

The total shaking force and the total shaking couple are,
respectively,

F=F,+F, =14 cos 26,

C=C,+C, = —cos 6 + 14 cos 26,
The resultant shaking force obtained by combining the force in
the reference plane and the couple has a magnitude equal to
2.5

2.0 —]

2 X fotal inertia force of one cylinder /
1.5
o= - Unbalanced couple /
0 B B
\ / - 4
0.5 \ /. \ /
< ¥ Vil < N P
N L / V. Y N N / 7
0 N R \ N yd
N\ Funsatanced Nt [ .~

o5l < , // ariced force N N V2

NI T
e e U ==
-LS /

0 30 60 9 120 50 180 200 240 210 300 330 360
Crank angles, degrees
Fia. 323.

F and a line of action as given by
C _ —cos 6; + !4 cos 26,

2 = 2 = —

F 14 cos 201

1 _ 2 cos 0,
2 cos 26,

where zis the distance of the line of action of the resultant shaking
force from the reference plane (i.e., from the center line of the
first cylinder). .

In order to study the manner in which the total unbalan(ed
shaking forces and shaking couples vary, they may be calculated
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for each 15-deg. position of the crank as shownin Table 7. These
results may then be plotted as shown in Fig. 323. '~ In this figure
twice the total inertia force of a single cylinder has also been

TABLE 6.—Two-crRaNk ENGINE (Cranks AT 180 DEkc.)

Crank ¢ x v | a | ac |ay | x| y2 | (@2 —y?)]| zy |a(@? — y?) | ary
1 0 1 0 0 (V] 0 1 o 1 0 0 0
2 180 | —1 0 1| -1 0 1 0 1 0 1 0
Total....... . 0 0 —1 0 2 0 1 0
Lot MRa? = 1 and & = 3 F o= Fy 4 Fy= 04 3 con 20, = ©%,2"
C =C(Cp 4 Cs = —cos 0, + ¥4 cos 26,

TABLE 7.—Two-cRANK ENGINE (CrRANKS AT 180 DEq.)

[} cos 0 cos 20 F, F, F Cp C, c

[
0i+l.’)00 +1.000 | 0,000 | 40.500 | 40.500 | ~1.000 | 40.250 | —0.750

151 40.966 | +0.866 | ..... | -+0.433 | -+0.433 | —0.966 | +0.217 | —0.749

30 , 40.866 | 4+0.50C | ..... +0.250 | 4+0.250 | —0.866 | 40.125 | —0.741

45 | 4+0.707 | 4+0.000 | ..... 0.000 0.000 | —0.707 0.000 | —0.707

60 | +0.500 | —0.500 | ..... | —0.250 | —0.250 ; —0.500 | —0,125 | —0.625

75 | 4+0.259 | ~0.866 | ..... —0.433 | —0.433 ; —0.259 ; —0.217 | —0.476

20 0.000 | —1.000 | ..... —=0.500 | —0.500 ; 0.000 | ~0.250 | —0.250
105 | --0.259 | —0.866 | ..... ¢ —0.433 | —0.433 | +0.259 | —0.217 | 40.042
120 | —0.500 | —0.500 | ..... —0.250 | -~0.250 ; +0.500 | —0.125 | 40.375
135 | —0.707 0.000 | ..... 0.000 0.000 | -+0.707 0.000 | +0.707
150 | —0.866 | -+0.500 | ..... +0.250 | 40.250 | +0.866 | +0.125 | +0.991
165 | —0.966 | +0.866 | ..... +0.433 | 4+0.433 | 4+0.966 | +0.217 | +1.183
180 | —1.000 | --1.000 | ..... +0.500 [ +40.500 | +1.000 | 40,250 | -}-1.250
195 | —0.966 | 40.866 | ..... +0.433 | 4+0.433 | +0.966 | 4+0.217 | +1.183
210 , —0.866 | +0.500 | ..... +0.250 | +0.250 | 40.866 | +0.125 | +0.991
225 | —0.707 0.000 | ..... 0.000 0.000 : +0.707 0.000 | 40.707
240 | —0.500 | —0.500 | ..... -—0,250 | —0.250 ; 4+0.500 | —0.125 | 4+0.375
255 | —0.259 | —0.866 | ..... —0.433 | —0.433 | +0.259 | —0.217 | 40.042
270 0.000 | ~1.000 ! ..... ~0.500 | —0.500 0.000 | —0.250 | —0.250
285 | +0.259 | ~0.866 | ..... ~0.433 | —0.433 | —0.259 | —0.217 | —0.476
300 | +0.500 | —~0.500 | ..... —~0.250 | —0.250 | —0.500 | —0.125 | —0.625
315 | +0.707 0.000 | ..... 0.000 0.000 | —0.707 0.000 | —0.707
330 | 4+0.866 | +0.500 : ..... +0.250 | 40.250 | —0.866 | +0.125 | —0,741
345 : 40.966.1 +0.866 | ..... | +0.433 | 40.433 [ —0.966 | +0.217 | —0.749
360 i +1.000 [ +1.000 | ..... | +0.500 | 4-0.500 | —1.000 | +40.250 [ —0.750

plotted, thus giving some idea of the extent to which the engine
is balanced. ’

The arrangement with cranks at 180 deg. is not ideal in a
gasoline engine on account of the uneven turning effort, the two



392 MECHANICS OF MACHINERY

TaBLe 8.—Two-ckANK ENGINE (QUARTER CRANK)

Crank ¢ | x| v | a|ax|ey| 22| y?|(x—yd| 2y |a(z? — y®) |axy

1 0 1 0 0 0 0 1 0 ] 0 0

2 90 0 1 1 0 1 0 1 -1 ] -1 0
Total........ Y Y 0 0 -1 )

Tet MRw? = 1 and% = 14

Fp = cos 61 — sin 01 Cp = 0 — sin 6
Fo = 3%{0 — 0) Cs = ¥4[—cos 26, — 0]

cxplosions of the complete cycle taking place in the same revolu-
tion of the crank, as shown by the chart (Fig. 322b). If the

2.5
20
2 x fotal inertia force of one cylinder
1.5 _
Lo T7 N
10 i \ | A == al N N
\. \ Unbalarced couple-, / '/ JK\
05 N\ sy ) .
3 \ P 7 Y / ‘\}
o \.\ 4 / N
N / /Unbalanced / <
-05 REN \‘ e ,"( force 1
~~ . [~ 7
~4N P = - .
-1.0 ' |
<\ L.~ /
-1.5 <
-20 -
-2.5

0 30 60 90 120 150 180 20 40 210 300 330 360
Crank angles, degrees

Fia. 324.

two cranks are placed on the same side of the crankshaft, the
engine becomes equivalent to two single-crank engines. In
this case the balance is poor but the turning effort is good. If
the cranks are placed at right angles, the balance is fair and the
turning effort is good. The firing-order charts (Figs. 322¢ and
322d) show tHe character of the turning effort in the last two
cases. Table 8 shows the balance with cranks at right angles,
and the curves in Fig. 324 show how the unbalanced forces vary.
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It must be remembered, in considering the arrangements of
cranks in a multicylinder engine as regards balance, that the
arrangement is governed primarily by the considerations of even
turning effort. That is, the power strokes are so distributed as
to produce as steady a torque as possible.

(b)

(a)

Fi1a. 325.

226. Three-cylinder Engine.—The cranks of the three-cylinder
engine arc usually placed 120 deg. apart, as shown in Fig. 325.
The balance of this engine is shown by Table 9. The primary
and sccondary forces are in balance but the couples are not.

TaBLE 9—~THBE1«:—(‘RANK KNGINE

! l e

i —~
I ! LR )
Y
-: ' x y a ‘ I x? y? | | xy | axry
g .. ; % 3
[ 4] | i ! 8 ]
1 0 1.000 O 0 1 0 1. 000 0 1. 000I 0 0 0

0 |
120/ —0.500/-+0.866] 1)—0.500/+0.8660. 2500. 750 —0.500,—0.433|—0.500{—0.433
3 |240/—0.500,—0.866, 2/—1.000/—1. 7'!20 2500. 750 —0.500, +0.433)—1.000'4-0.866

Total....; 0 0 ..'—1.500l---0.866i .......... o o —1.500{4-0.433
| .

Let MRw? = 1 und-’if =

Fp =0 ’ Cp = —1.500 cos 61 + 0.866 sin 6:
Foe =0 Ce = 3}4(—1.500 cos 26, ~ 0.866 sin 26y)
F = Fp+ Fom=0
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The unbalanced couples have been plotted in Fig. 326, and a
curve representing three times the inertia force of a single cylinder
has also been drawn.
in marine work.

227. The Four-cylinder Automobile-type Engine.—The con-
ventional crank arrangement of the four-cylinder automobile-
type engine is shown in Fig. 327, and the balance of this type of
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engine is shown in Table 10. The secondary forces are unbal-
anced, and when, as is the casc here, the reference planc has been

TasLe 10.—FoUR-cRANK LENGINE

Crank | ¢ { T y|alaxjay| x| y?| (x2 — ¥?) {Iy a(@? — y?) | axy
1 0 110;0 00o|1]0 1 } 0 0 0
2 180 | -1 |0 |1|—-10|1]0 1 0 1 0
3 180 | —-1|0|2(-2/0({1]0 1 0 2 0
4 0 1jo{3]| 3/0]|1]0 1 01 3 | 0

Total........ | 0;0 .|0‘01..l.. 4 |oz 6 0

Fp, = Cp=0

Fy = 14lcos 26-4 — 0] C, = 14 cos820-6 = 35 cus 20

=. cos 20

F =F, +F, = cos 20

C =C,+ C, = 34 cos 20
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chosen through the center line of the first cylinder, it appears that
the secondary couples are also unbalanced. It may be shown
by the following analysis, however, that there are no secondary
couples in the true sense of the term. The unbalanced forces
and couples are given by

F =F,+F, =0+ Y4(cos 26, -4 — 2 sin 26, - 0) = cos 26,
C=0C,+ Cy, =044 Y(cos 26,6 — 2 sin 26, - 0) = 34 cos 26,

The line of action of the resultant shaking force, obtained by
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Fra. 327.

combining the force in the reference planc and the couple, is

given by

35 cos 20,
cos 260,

,_C_ _3
F 2

That is, for every position of the erank the line of action of the

resultant inertia force is situated midway between the two middle

cylinders.

The firing chart shown at b in Fig. 327 indicates that the
turning effort with this arrangement of cranks is good; and the
shaking force curves in Fig. 328 show that the amount of unbal-
ance is not particularly great.

A simple and effective device that has been used for balancing
the secondary forces in the standard four-cylinder engine is
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represented kinematically in Fig. 329. Two gears driven at a
speed twice that of the crankshaft are placed in an axial plane
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so that their pitch point is directly below the mid-point of the
crankshaft, i.e., so that the line
of action of the resultant shak-
ing force passes through their
pitch point. On these gears are
placed the equal masses M. and
M3, sct so that the horizontal
components of their centrifugal
forces always neutralize each
other, leaving their combined
vertical components to balance
the otherwise unbalanced sec-
ondary forces. Since the masses
rotate at a speed twice that of
the crank,. it is evident that the
vertical components of their
centrifugal forces will vary harmonically in the same period as
that of secondary inertia forces. A device designed in accord-

Fia. 329.



BALANCING OF MACHINERY 397

ance with the above principles was in use several years ago on
certain four-cylinder automobile engines.

228. The Six-cylinder Automobile-type Engine.—The crank
arrangement in this type of engine is shown in Fig. 330. The

Fia. 330.

balance of the engine is shown in Table 11. As indicated in the
table, the six-cylinder engine is in complete balance with regard
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to both primary and secondary forces and couples. The six-
eylinder engine arranged in this way is onc of the most perfectly
balanced engines of the usual multicylinder type that it is possible
to construct.

TaBLE 11.—SIX-CRANK KNGINE

s
i i i
K] z y a.| azx { ay @ |yt om—gr| oy .! ] ary
g | | ' )
5 i i | |5 |
.0 T PO G H RSN SO 1 1 _
1 +1.000, © ' o0 o '1 0000. 000l 1.000 0,000 o. ooof 0.000
2 120/—-0.50014+0.866 1~0. 500,+0.8660.2500. 750, 0. ',00' 0.433/—0.500,—0.433
8 [240/-0.500~0.866| 2—1.000'~1.7320.2600. 750: —0.500 +0. 433~ 1,000 +0. 866
1 [240/—0.500{—0.866| 3—1.500/~2.5080.2500.750—0. 500 +-0.433 ~ 1.50041.299
5 |120—0.500{+0.866 4}—2 000/+3.4640.2500. 750 —0.500, —0.433 —2.000 — 1.732
6 | 0[+1.000 0.000 5+5.000 0. oom 0000.000. 1.000 0,000+5.000, 0 _
Totnl..l()lO]]OlO ..... [ooeee |o§o;u]0
Fp =0 Cy =
Fe =0 Ca =

229. The Eight-cylinder Automobile Engine.—In this type of
engine the following constructions have been employed:

1. In the form of two units, each composed of four cylinders
arranged as described in Art. 227, the axes of the eylinders in

1 1

4 : 4
Fra. 331

one group being inclined at some angle (usually 60 or 90 deg.)
to those of the other group. Because of this arrangement the
engine is referred to as the V-type.

2. A V-type differing from the conventional arrangement
described under case (1) in that the four throws or cranks are at
right angles to each other, as shown in Figs. 331 and 332.
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3. The eight-cylinder-in-line type consisting of two units each
composed of four cylinders arranged as described in Art. 227,
with crankshafts 90 deg. apart and constructed in a tandem
arrangement.

4. The eight-cylinder-in-line type in which the middle four
cranks arc arranged in an axial plane making an angle of 90 deg.
with the planc of the outer four throws. The arrangement is
shown in Fig. 333 and Fig. 334.

Fia. 332.

In cases (1) and (3) the arrangement is such that the unbal-
anced forces eannot completely neutralize each other, and, there-
fore, as in the case of the four-cylinder engine, the engine is not
balanced as far as the secondary forces are concerned.

18 4 8
g 4
d 3 4 5 6
A s
Fia. 333.

In case (2), with the crank arrangement described, only the pri-
mary couples are unbalanced, and in practice these are neutralized
by the addition to the crankshaft of rotating counterweights.

In case (4) the engine is in complete balance as regards both
primary and sccondary forces and couples.
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230. The Twelve-cylinder Automobile-type Engine.—This
type of engine usually consists of two groups of six cylinders,
cach group being arranged as described in Art. 228. It is evident
that, since each of the two groups is completely balanced in itself,
the entire engine is in perfect balance as regards both primary and
secondary forces and couples.

231. Balancing the Crankshaft.—The crankshaft is in general
an unbalanced system of rotating masses in which the plancs of
rotation and the crank angles are fixed by the reciprocating

./fl

Fra. 334.

system that it operates. The crankshaft may be balanced in
either of two ways:

1. By the addition of two balancing masses in two separate
planes of rotation, in accordance with the method outlined in
this chapter.

2. By the extension of the arms of each crank to form balancing
masses for the rotating masses of that ecrank. In this case there
are a3 many balancing masses as there are crank arms. This
method, however, has the advantage that the intermediate parts
of the crankshaft do not have to transmit force from one crank
to another, since cach crank is balanced in its own plane of rota-
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tion. The crankshaft is thus relieved of any bending moment
due to rotating masses.

In addition to the lateral bending to which the crankshaft
is subjected because of unbalance or applied periodic forces, it
is also susceptible of vibrating about its axis. This action is
known as torsional vibration. A periodic twisting couple agree-
ing with the periodic time of the shaft about its axis, is capable
of exciting large vibrations of that period, cven though the magni-
tude of the couple producing it is extremely small. Automobile
engines are now equipped with devices for eliminating the tor-
sional vibration of the crankshaft.

232. Balancing the Connecting Rod.—The connecting rod has
two distinct effects:

1. It disturbs the simple harmonic motion of the reciprocating
masses. This effeet on the balance of the engine has been dealt
with in Art. 223.

2. Its motion is one of periodic acceleration, and hence inertia
forcer are set up that have periodic variations. These forces
ultimately appear as rcactions on the frame or foundation and
because of their periodic naturc tend to cause vibration. In
balancing an engine a commonly used approximate method of
taking care of the inertia effect of the connecting rod is to assume
the mass of the rod to be distributed between the crankpin and
wrist pin inversely as the mass center divides the rod. Balanc-
ing masses are then added in accordance with this assumed
distribution.

238. Vibrations Due to Impulse and to Fluctuating Pressure
of the Working Fluid.—When the forces and couples due to the
motion of the parts of an engine have been balanced, the engine
is not necessarily free from vibration, because balance of mass
doces not take into account the fluctuating pressures in the cylin-
ders, or the effort of each succeeding impulse to rotate the engine
backward around the erankshaft. Hence, after the inertia forces
are balanced, there still remains a couple acting on the framc
equal and opposite to the turning couple on the erankshaft, and
this couple may have a periodic variation sufficiently great to
cause vibration. 1n order to have an engine entirely free from
vibration, therefore, it must be arranged not only for balance
among the moving parts, but so that the turning effort on the
crank is uniform.
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234. Vibrations of Foundations and Supports.—In the preced-
ing articles, the links of all the mechanisms considered have
heen regarded as rigid. Although the forces acting on the frame
of a machine due to a set of moving masses in balance may form
a system of forces in equilibrium, the individual forees of the
system cause clastic deformation of the frame at the places where
they act. In general, machine frames are stiff enough to limit
the clastic deformations to negligibly small amplitude, but in
some cases, notably in revolving shafts, there may be appreciable
deflections, and these deflections, being of course periodic, may
hecome of sufficient amplitude at certain critical speeds to cause
vibrations of a serious nature.

The foundation or support of an engine or machine is usually
an elastic system susceptible of vibrating in a variety of ways.
If the engine or machine is unbalanced, it applies a periodic
force or couple to its supports, resulting in forced vibrations
that may, in general, be of little consequence, even though a
large force or couple may be acting. If, however, the support
happens to have among its natural modes of vibration one whose
period is equal or approximately equal to the time of revolution
or other motion cycle of the machine, then the amplitude of the
forced vibration may be large, even though the magnitude of
the force producing it is extremely small. This phenomenon
may be explained by the fact that the work done in displacing
the system from its position of rest appears as the energy of the
vibration. If the succceding applications of the force are so
timed as to begin to act just at the instant that the vibrations
are about to repeat themsclves, other small amounts of energy
are communicated to the system without interfering with each
other. Energy is thus gradually accumulated in the system to
such an extent that the amplitude of the forced vibration is
all out of proportion to the force producing it.

It is in this way that the engines of a power plant or the
machines in a factory, though firmly secured to massive concrete
foundations, may set up vibrations in the earth in which the
foundation is embedded, which may be transmitted all around
the neighborhood. Within the building itself, irrespective of
neighboring properties, the vibrating action of machinery is
often felt and has been known to cause a great deal of
annoyance.
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In addition to engines, the types of machinery usually likely
to cause annoyance from vibration are printing presses, pumps,
ice machines, air compressors, and various types of purely rota-
tive machines such as blowers, centrifugal pumps, etc.

235. Critical Speeds.—In some unbalanced rotating members,
notably in rcvolving shafts, the deflections and vibrations at
certain critical speeds become extremely severe. The peculiar
behavior of an unbalanced rotating shaft has been a matter of
common knowledge for many years, and has received increasing
attention as reciprocating machinery has been replaced by high-
speed rotative machinery. The most striking phenomena are as
follows:

1. Increasing deflection of the shaft as the speed of rotation
increases from zero to the critical speed.

2. Dangerous deflection at the critical speed unless some damp-
ing influence, usually in the form of friction, comes into play.

3. Gradual rcturn to a condition of stability as the speed
increases above the critical value. .

The vibration phetiomena of a shaft while passing through its
critical spced are very interesting from a theoretical point of
view, and, at the same time, they are of great practical impor-
tance in the design of steam turbines and other high-speed
machines. A comprehensive literature on the subject exists, so
that detailed trecatment is not possible here.

236. Balancing Machines.—It is not in general possible to
seeure the satisfactory balance of a machine member merely by
giving it the proper proportions when it is being laid out on the
drawing board; and this is particularly true of members intended
to rotate at high speeds. This is due to the ordinarily permis-
sible variations in the dimensions of the member that arise from
imperfeetions in the manufacturing process, and also to the fact
that the material of which the member is made will usually vary
slightly in density from point to point. There is, therefore, a
real need for a means of adjusting the balance of a rotating mem-
ber after it has been made, and this need is met by the various
types of balancing machines.

The function of any dynamic balancing machine is to deter-
mine where metal should be added or taken away from a rotating
member in order to secure its dynamic balance. This is usually
accomplished by mounting the member in two bearings on an
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elastically supported frame. The member is then rotated, and
any lack of balance is at once evidenced by the resulting vibration
of the frame. The magnitude of this unbalance is determined
by methods peculiar to the type of balancing machine being used.
The body is then dynamically balanced by the addition or
removal of weight in two arbitrarily selected planes of correction
perpendicular to the axis of rotation.

Three types of balancing machines are in use. In one of these
the work is supported and rotated in a pivoted carriage, with one
of the correction planes over the pivot axis, and measurement of
the amount and angular position of the unbalance of the rotor
taken in the other plane of correction. In another type of
machine the work is supported and rotated on light flexible
bearings, and the unbalance is determined by calculation from
measurements of the vibration produced at the supports. The
most recent development is embodied in a machine in which the
work is carricd on light flexible supports and the unbalance of
the rotor is determined by means of a highly developed system of
electrical networks. It is claimed that this machine retains the
desirable features of the other two types and avoids their inherent
disadvantages.

237. Description of a Balancing Machine. a. Principle of
Operation.—In order to illustrate the principle upon which a
dynamic balancing machine operates, a machine of the pivoted-
carriage type manufactured by the Gisholt Machine Company
will be discussed in some detail. This machine possesses certain
novel features in addition to those ordinarily encountered, which
will also be described.

A schematic outline of the machine has been shown in Fig.
335a. In the actual machine there are, of course, many refine-
ments not shown in the schematic outline. The latter, however,
shows all the essential elements and will, therefore, suffice for
the purposes of this discussion.

The rotating member to be tested (indicated in the figure by
the dotted outlines) is mounted in two half bearings that in turn
are mounted on the frame B. The latter rests on two knife-edge
pivots P and is connected by means of the link L to the long flat
spring S. One end of the member to be tested is connected to
the spindle F by means of the clutch C. The latter is so con-
structed that it provides a positive driving connection that is
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at the same time flexible. The spindle is carried by the head-
stock E, which is rigidly fastened to the frame B. Keyed to the
opposite end of the spindle from the clutch is the drum D, and
fastened to the drum is the balancing disk K. The connection
between the drum and the balancing disk is provided with an
adjustment 7' by means of which the balancing disk may be set
in any desired angular position relative to the drum, and hence

’

——__.0
-\:“P.
THF
o Py
B
S L | @
(a)
/"‘—-0w S~ M
M

2Zero rnark on drum
0\/ X
(b)

Fia. 335.

to the spindle and to the member being tested. The counter-
weight W is fastened to the balancing disk K in such a manner
that it may be moved along the radial slot shown and set at any
desired distance from the axis of the spindle. With the counter-
weight set at zero, the system composed of the spindle, clutch,
drum, and disk is in perfect dynamic balance.

Now let it be supposed that the entire rotating system includ-
ing the member being tested is set in motion. If the counter-
weight is set at zero, the only unbalanced centrifugal forces will
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be those of the member being tested. These forces will cause the
clastically supported frame to vibrate, the amplitude of the
vibrations being indicated by means of the scale and pointer
shown at the right. If the piece being tested is in perfect balance,
no vibrations will occur.

In the actual operation of the machine, the rotating system is
brought up to some convenient speed and ‘then permitted to
rotate freely under the influence of its own inertia. As the
system continues to rotate, it gradually slows down until eventu-
ally it passes through a critical speed corresponding to the natural
period of the elastically supported frame; at this point the ampli-
tude of vibration is & maximum. This maximum amplitude is
proportional to the amount of unbalance in the rotating system,
and the balancing process for which this machine was designed is
based upon this principle.

In order to bring out the full significance of the foregoing state-
ment, let it be assumed that when the counterweight is set at
zero, the unbalanced mass moment of the rotating system with
respect to a transverse plane through the pivots is represented by
the letter M,. Since this unbalanced moment is due entirely
to the member being tested, it is evident that

—

M, = Zrdm - a (140)

where dm = the mass of any clement of the member being tested.

r = the distance at which the element is situated from
the axis of rotation. _

a = the distance between the element and the transverse
plane through the pivot, this distance being con-
sidered positive when measured to the right from
the plane.

If the system is rotated, the amplitude of the vibration of the
frame will reach a maximum 8, as the system passes through its
critical speed.

Now let it be assumed that the counterweight is set at some
distance 7, from the axis of rotation. The total unbalanced
mass moment of the system will then be

M, = Zrdm:a -+ (—m,r.A) (141)
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where m,, is the mass of the counterweight and the distance A is
as indicated in Fig. 335. The negative sign is due to the fact
that the counterweight is situated on the left-hand side of the
reference planc through the pivots. If the system is rotated,
the maximum amplitude S, will be different from that obtained
when the counterweight was set at zero. The statement that
the amount of unbalance in the system is proportional to the
maximum amplitude means that

M. M,

The quantity k is called the calibration constant.

The maximum amplitude of the vibration of the frame depends
not only upon the magnitude and position of the unbalanced
centrifugal forces but also upon the size, shape, and weight of the
member being tested. Strictly speaking, therefore, the calibra-
tion constant k is different for every member tested. Practically,
however, the machine has been so designed that there is almost
no difference between the calibration constants corresponding to
two members having approximately the same proportions. Due
to this fact, it is possible to calibrate the machine for one of a
number of similar members and then to use the constant thus
obtained in determining the unbalance of the other members.

b. Procedure in Balancing a Rotating Member.—In describing
the method of testing for unbalance, it will be assumed that the
calibration constant has already been determined. The member
to be tested is set up in the machine and rotated with the counter-
weight set at zero. Let it be assumed that the observed maxi-
mum amplitude is S.. The magnitude of the unbalanced
moment of the member with respect to the transverse plane
through the pivots is then given by

JWm = kSm

The direction of the unbalanced moment M,, is as yet undeter-
mined. - Referring to Fig. 335D, let it be assumed that this direc-
tion makes an angle 0,, with the zero mark on the drum. Now let
the counterweight W be set at some arbitrary distance r, from
the axis of rotation. The magnitude of the additional unbal-
anced moment thus introduced into the system is given without
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regard to sign by the expression
M., = myr A

where m,, is the mass of the counterweight and A4 is the distance
indicated in Fig. 335a. Let it be assumed that the direction of
the radial slot in which the counterweight is situated makes an
angle 8, with the zero mark on the drum. The direction of M,
the moment of the counterweight, will be opposite that of the
radial slot as indicated in Fig. 335b. The magnitude of the total
unbalanced moment of the entire system is

M, = /M + M2 — 2M M, cos (6,. — 0,) (142)

In this equation the quantities 6,,, M,, and M,, are known, the
last quantity having been determined by observing the maximum
amplitude S,, with the counterweight sct at its zcro position.
The quantity M; may be determined by observing the maximum
amplitude with the counterweight set as indicated in Fig. 335b.
The equation may, therefore, be solved for 6,, and the direction
of the unbalanced moment M ,, thus determined.

In applying the foregoing method it is customary to set the
counterweight so that M, = M,, and 6, = 0. Then

M, = \V/M% + M% — 2M M, cos (6,, — 0)
= M.\2 = 2cos 6, (143)

If 8, is the maximum amplitude corresponding to M, then
V2 —2¢08 0p = 37 = Tor = o (144)

from which 6, may readily be determined.

The accuracy with which the unbalanced moment M., and the
angle 6, have been determined can be checked by rotating the
system with the counterweight set so that M,, = M, and 0, =
0m. If the determination has been accurately made, there will
be no vibration of the frame.

The operations described have resulted in the determination
of the unbalanced moment of the member being tested with
respect to the plane O of the member. In order completely to
balance the member, it is necessary to determine the unbalanced
moment with respect to some other plane O0’. This is accom-
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plished by turning the member end for end and setting it up in
the machine so as to bring the plane O’ over the pivots. The
process described above is then repecated and the unbalanced
moment with respect to the plane O’ thus determined. The
unbalance of the member may then be corrected by means of
mass adjustments made in the planes O and O’ in accordance
with the methods deseribed in Art. 216. It sometimes happens
that it is inconvenient to make the mass adjustments in the planes
0 and O’. When this occurs, the equivalent mass adjustments
for any other pair of arbitrarily chosen planes may be determined
by applying the fundamental principles discussed in this chapter.

238. Balancing Rotors by Means of Electrical Networks.——
Typical of the balancing machines of the third type mentioned
in Art. 236 is that illustrated in schematic outline in Fig. 336.
This diagram and the information that follows were supplied by
the Gisholt Machine Company, manufacturers of the machine.
The operation of this machine is based upon a fundamental
principle of mechanics that involves a very interesting application
of the center of percussion.

As stated in Art. 236, a body may be dynamically balanced by
the addition or removal of weight in two arbitrarily selected
planes of correction perpendicular to the axis of rotation. In
the schematic drawing, W; and W, represent the unbalances
in the arbitrarily selected correction planes 1 and 2 that will give
the same vibration cffect at bearings A and B as is produced
by the unbalances existing in the rotor. If it is desired that
bearing vibration at A and B be reduced to zero, a means must
be found for determining the magnitudes of the unbalances W,
and Wa.

The method whereby this is accomplished may be understood
by reference to the schematic diagram (Fig. 336), The rotor
is carried on two independent, flexibly supported lightweight
struetures which permit of vibration only in a horizontal plane.
The rotor is supported at the bearings A and B where it is desired
to reduce vibration to zero. It is driven by the motor through a
light, flexible belt.

Before proceeding further with a discussion of the elements of
the balancing machine, consider the effect of a horizontal periodic
force P applied to the axis L-L of the rotor in correction plane 2.
This force P will cause a combined periodic translation and
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rotation of the axis of the rotor in a horizontal plane (the axis
of the rotor will move between the lines Li-L; and Ls-L») so that
there will be a point X, on the axis of the rotor that will have no
motion. A vertical axis through X,, then, will be the axis of
suspension for a center of percussion at the intersection of the line
of action of the force P with the axis L-L of the rotor. Then any
point in a plane perpendicular to L-L containing X, will have no
motion due to the periodic force P.

Work supporting

structure,

Roforfo  r
be batariced --~._
-

correction plane
2 with periphery
of work

7/
Flexible supports
permitting vibration
only in a horizontal plane

F1c. 336.

Under rotation, the unbalance W in the rotor will provide the
periodic force P because the supporting structure has freedom
only in a horizontal plane. Further, the point C, on a bar con-
necting the two work-supporting structures and in a plane per-
pendicular to the axis of rotation that contains the point X, will
have no motion due to the unbalance W in the correction plane 2.
However, this point C will have motion due to a force in any
other correction plane such as the force produced by unbalance
Wi in correction plane 1. Therefore, an indicator between the
machine base and point C will provide a means for measuring the
unbalance effect W, without any effect from unbalance Wo.
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In a similar manner, there can be found a point X, which will
be on a vertical line that is the axis of suspension for the center
of percussion in correction plane 1. Then therc will likewise be a
point D on the bar connecting the two work-supporting structures
which will have no motion due to unbalance W, and will, therc-
fore, serve as a means of measuring the unbalance effect W,.

In this machine an electrical indicating means is used for
obtaining the measurements of the efects of the unbalances. By
attaching generating coils E and F to the work-supporting struc-
tures and permitting these coils to vibrate in the ficlds of powerful
permanent magnets, voltages will be generated in the coils that
will be proportional to the movements of the bar connecting the
work-supporting structure. As the motion of point C on this bar
is a function of the movements of the ends of the bar, a position
C’ on a potentiometer can be found, which will give a resultant
voltage on the meter, which is the same function of the voltages
gencrated at K and F. Electrical means of this sort are used
because tremendous amplification of the generated voltages are
possible and becausc it is also possible by these electrical means
to determine the angular positions of the unbalances W, and W,
by means of a stroboscopic lamp.

A simplified mechanical arrangement of this machine consists
in the elimination of the complicated electrical equipment and
the use of the ordinary indicators shown at C and D, reading in
thousandths of an inch, for the purpose of measuring the unbal-
ances W, and W,. It is claimed that the advantage of this
arrangement is a comparatively simple and incxpensive machine
that is made available for the small manufacturing plant.






APPENDIX
FORCE ANALYSIS OF A GASOLINE ENGINE

The following analysis provides an exccllent means for applying
the principles of dynamics, as outlined in the foregoing chapters,
in the solution of problems pertaining to high-speed machinery.

This problem may be adapted to classroom work by distribut-
ing the routine work among a group of students. In this manner
the complete analysis has been made in a period of 6 weeks, work-
ing 6 hr. per week.

Figures 337 to 347 and Tables 12 to 15 give the results of an
investigation of the forces acting in a standard six-cylinder engine
of the automobile type.

The following daté were taken from information furnished by
the manufacturers and from actual measurements of the engine.

Dimensions:
Ropm. e 2,800
Number of evlinders. ........ ... ... ...... . .......... 6
Diameter of evlinders........... ... ... ... ... ......... 334 in.
Stroke. ... e 5% in.
Length of conneeting rod, center to center......... . 11 in.
Distance of center of gravity of connecting rod frum cmn!\-
Pineud. . ... ... 2.66 in.
Principal radius of gyration (to be calculated)
Diameter of wrist pin......... .. ... ... ... .. 1in.
Diameter of erankpin.......... ... ... o oL 2 in.
Diameter of main bearing. ....... ... ... ... ... ... ... 2 in.
Center of gravity of unbalanced weight of erank from center
Jine of crankshaft. ... ... .. ... ... ... ... ... ... ... ... 25% in.
Weights:
Connecting rod, complete (including bushings)............ 2.88 1b.
Piston, complete (including wrist pin, rings, ete).......... 1.54 1b.
Estimated unbalanced weight of erank. .................. 4.75 1b.
Timing:

Inlet valve opens 16 deg. after head-end dead center.

Inlet valve closes 44 deg. after crank-end dead center.

Exhaust valve opens 46 deg. before crank-end dead center.

Exhaust valve closes 10 deg. after head-end dead center.
413
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Indicator Diagram:
Compression volume, 23.7 per cent of piston displacement.
Maximum explosion pressure, 300 lb. per sq. in. absolute.
Pressure rise completed at 2 per cent of stroke.
Development of expansion curve begins at 3.2 per cent of stroke.
Mean suction pressure 12 Ib. per sq. in. absolute.
Mean exhaust pressure 16 1b. per sq. in. absolute.
Atmospheric pressure 14.7 1b. per sq. in. absolute.
Pressure at beginning of compression, atmospheric.
Exponent for expansion curve, 1.3.
Exponent for compression curve, 1.28.

239. Indicator Diagram.—With the given timing data, the
crank and piston positions showing the succession of events in
the cylinder were laid out as shown in Fig. 337. On the stroke
of the piston as a base line, the indicator diagram was next drawn.
The ordinates used in constructing the expansion and compression
curves, corresponding to piston positions laid out for each 15-deg.
crank position, are given in Table 12. In the determination of
these ordinates the equation PV" = C was used. For con-
venience in making calculations, the equation may be put in the
form log P = —n log V + log C. Since this is a straight-line
equation, the labor in determining the points on the expansion
and compression curves is considerably reduced by making use
of logarithmic cross-section paper as shown in Fig. 338. Points
on the expansion curve were obtained by drawing the expansion
line in accordance with the form log P = —1.3 log V + log C
where pressures are ordinates and percentages of volume are
abscissas. The pressurc at the beginning of expansion is given
as 300 Ib., and the expansion curve begins at 3.2 per cent of the
stroke, or at 23.7 + 3.2 = 26.9 per cent of volume. Thus with
the coordinates for one point and the slope known, the expansion
line is completely determined, and other points on the expansion
curve may readily be found. Points for the compression curve
are determined in like manner from the compression line in
Fig. 338.

Since the ordinates in the indicator diagram represent absolute
pressures in pounds per square inch, the total effective pressures
on the piston (Table 12) are obtained by deducting the atmos-
pheric pressure.and multiplying by the area of the piston in
square inches: In the original diagram the pressures were drawn
to a scale of 1 in. = 50 lb.
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240. Inertia Forces.—Having obtained from the indicator
diagram the gas pressures acting on the piston throughout the
cycle, the next step in the analysis is to determinc the inertia
forces of the piston, connecting rod, and crank. Although these
forces can be determined by analytical methods, the labor is

Pressure, Ib. per sq.in.

Volume, per cent
F1c. 338.

greatly reduced by graphical methods such as have been used in
this analysis.

a. Piston Inertia Forces.—By means of the Ritterhaus con-
struction (Art. 178), the vector Ob (Table 13), which represents
to scale the acceleration of the piston, was obtained for each
15-deg. crank position. From this the actual acceleration was
determined, and the piston inertia force fi (Table 14) was then
computed.
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TABLE 12.—INDICATOR-CARD DATA

Expansion curve Compression curve
% Gas pressure Gas pressure
] £ () g ® .
£ 5 2 : |z X 2 K ; lE X=
g 8| F|, .88 B.Sn 8 B | F|,cRE |E.5x
? o - o <+ X g ol 8 P " w ¥ 2 =

& °g§-3§ 2555 o 258 [E57Q
8 % | 3|gEsg 3Bl 2] 4 | BIGEGE el
£ 5 | S(2aagligaswl 21 & | 3 |REREL|E RS
0 0 [0.237] 108 834 36 [ 180 |1.237| 14.0 -6.3
1 15 [0.259 300 2,550 37 195 |1.224 14.7 1]

e ... ]0.269 300 2,550 38 210 |1.185) 14.7 1]

2 30 [0.320 239 2,005 c oo |1.127 14.7 o

3 45 ]0.415) 171 1,370 39 225 [1.122 4.8 0.9
4 60 |0.535| 123 950 40 240 [1.034 16.4 15.2
) 75 0.667 92.4 682 41 255 |0.926 18.9 37.5
6 90 |0.800) 72.7 518 42 | 270 ]0.800| 22.8 72.4
7 105 |0.926 60.1 406 43 285 |0.667| 29.0 127.9
8 120 ]1.034] 52.2 327 44 300 0. 535 38.3 11

9 135 ]1.122 46.9 288 45 315 |0.415 53.1 343

10 150 |1.185) 42.8 251 46 330 [0.320 73.5 531

11 165 |1.224) 35.6 187 47 | 845 |0.258 95.7 742

12 180 |1.237| 26.0 101 48 360 |0.237| 108 ]34

“i2to| 180 to |..... 16.0 11.6
24 360
t24to| Oto |..... 12.0 —-24.1 |
36 180 :

* Fixhaust line.
+ Intake line.

b. Connecting-rod Inertia Forces.-——A Kkinetically equivalent
system was substituted for the connecting rod as described in

Fia. 339.

Art. 206. It was found experimentally that the time for 50
complete swings (over and back constitutes onc complete swing)
of the connecting rod about the center of the wrist-pin end of the
rod was 52.4 sec. By the methods of Art. 206 it was found that
with one mass at B (Fig. 339) the other mass at E was located
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TABLE 13.-——ACCELERATIONS

. Acceleration of Acceloration of Acceleration of
Crank position piston center (f(f) Pereus-| center of gravity

Ob X ka=4As | o x‘;ﬁ’; A, | O9Xka=4,

Num- Angle, | Vector £::f;; Vector ;:;,::i; Vector :_::::;

ber degrees | Ob in. f.p.5.2 Oe in. fps.? Og in. f.p.83

0] 24 01| 360 | 6.875 | 24,630 5.53 | 19,840 | 5.83 20,900
1|23 151345 | 6.56 | 23,500 | 5.53 | 19,840 | 5.70 | 20,430
2122 30330 | 5.46 | 19,600 | 5.46 | 19,600 | 5.34 | 19,150
3|21 45 | 315 | 3.90 13,980 5.43 | 19,500 | 4.88 17,520
4|20 60 300 | 2.07 7,420 | 5.36 | 19,220 | 4.46 | 16,000
5119 75| 285 | 0.21 753 5.833 | 19,130 | 4.17 | 14,950
6| 18 90 | 270 | 1.44 5,160 5.835 | 19,190 | 4.19 15,030
71171105 | 255 | 2.65 9,500 5.36 | 19,220 | 4.40 15,770
8| 16 ] 120 | 240 | 3.43 12,300 5.40 | 19,360 | 4.62 16, 560
9|15 1351225 3.8 | 13,830 | 5.44 | 19,500 | 4.88 | 17,500
10| 14 | 150 | 210 | 4.03 14,460 5.46 | 19,590 | 5.04 18,060
11|13 165 | 195 | 4.11 14,730 5.47 | 19,600 | 5.11 18,310
12| .. | 180 4.125 | 14,770 5.47 | 19,600 | 5.167 | 18,350

Tasre 14—InNeErTiA Forces anp THEIR REsuvLranTs, IN L.

Crank position Inertia forces Resultant inertia forees

Turn- | Normal Side
Angle, EB ing force
Number degrees Jo | JiuB Jo Jo | force | crank tl?“t
S I "

0| 24 0[360{1,375| 1,343 492 1,178 0 3,000 0
1| 23 | 15|345|1,375| 1,343 470 1,124 550 2,880 120
2| 22 | 30/330/1,360| 1,399 392 938 860 2,400 | 190
3| 21 | 45/3151,353| 1,322 | 280 668 830 | 1,880 | 200
4] 20 | 60{300|1,333| 1,302 148 355 520 1,460 140
5] 19 | 75|285(1,328] 1,298 16 36.0, 60 1,300 45
6| 18 | 90|270|1,330| 1,300 103 247/ 350 1,390 55
7| 17 |105|255|1,333| 1,302 190 454 610 1,630 135
8| 16 |120{240/1,342| 1,311 246 588 665 1,900 165
9| 15 |135{225/1,353| 1,322 276 662 570 2,120 160
10| 14 |150/210|1,358| 1,327 289 691/ 410 2,260 110
11| 13 |165{195{1,360| 1,329 204 704 210 2,340 60
12 180}.../1,360 1,329 296 706 0 2,390 0
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0.25 in. from A. By means of the Ritterhaus construction the
accelerations of masses at B and E and of the entire connecting
rod were determined, and Table 13 completed. The inertia
forces f. and f; (Table 14) were next calculated and the resultant
inertia forces of Table 14 determined by constructing the inertia-
force polygons in accordance with the methods of Art. 207.

c. Inertia Force of Crank.—From the given data the inertia
force (centrifugal force) of the crank is MRw? = 4.75/32.2 X

2.75/12 X (2r X 2,800)2/602 = 2,915 1b. This force exerts a
pressure on the crankshaft bearing but has no effect on the piston
or the connecting rod. It has thercfore been omitted when
drawing the inertia-force polygons such as are illustrated in Fig.
301 (Art. 207). Moreover, if balancing weights are attached to
the crankshaft opposite each crank, which is common practice,
this force is completely neutralized.

241. Combined or Resultant Forces.—In order to obtain the
total forces acting on the several links of the mechanism, it is
necessary to combine the forces due to gas pressure (static forces)
and those due to inertia. The forces due to gas pressure are
found by means of force polygons such as deseribed in Art. 207,
and the results are recorded in Table 15 as shown. The table
is then completed by combining the gas forces with the inertia
forces previously determined.

The investigation up to this point has been very largely con-
cerned with the work of sccuring and recording all the forces
acting on the various members for each 15-deg. crank position
throughout one complete cycle (two revolutions).. The charac-
teristics of these forces and their effects can best be understood
from a study of the diagrams (Fig. 337 to 347) that have been
plotted from the data recorded in Tables 12 to 15.

242. Indicator Diagram (Fig. 337).—This diagram, which has
already been discussed, is the starting point in the analysis.
It very closely approximates the form of the actual diagram
taken from an engine of this design, and the piston pressures
obtained therefrom must therefore closely approximate the pres-
sures that actually occur.

243. Diagram of Piston Forces (Fig. 340).—The purpose of
this diagram is to show for one cylinder the variation of piston
forces that act in the line of stroke, during one cycle. The dia-
grams have been developed on a base line representing the total
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" motion of the piston (disregarding reversals) during a cycle.
The forces due to gas pressure F, (Table 12) and the forces due
to inertia f; (Table 14) have been plotted scparately and then
combined to form the total-pressure diagram F, = $4 4 fi.
Forces aiding the motion of the piston are considered positive
and are plotted above the base line, and forces resisting the

- :
|// T —

r—~p. L
H Explosi j'l\
Pl ’pls"’g R\

Fra. 340.

motion are considered negative and are plotted below the base
line.

244. Side Pressure of the Piston (Fig. 341).—This diagram
shows the variation of pressure of the piston against the wall of
each cylinder during a cycle. From Tables 14 and 15 the side
thrust ¥4 due to gas pressure and the side thrust fi1 due to inertia
have been plotted separately and then combined to form the total
side-pressure diagram Fy. The base line is of arbitrary length,
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TaBLE 15.—ForcEs DUE To GAs PRESSURE anND Torawn Forces, 1IN Lk.
Turning Side
Position forces Total Gas Total Total thrust Total Total
due to | turning | pres- along é"" ?:i due to side éoﬂg'd
E—m— p za‘sne forc:as, sure N | € crank, érx;mk &A8 pres- "'Ir,“"t' on piston
um- ressure, ' sure 3
bel? Angle| 4 F, 32 Fis Fre are, 14 3
Explogion Stroke
0 0 0 848 2,155 2,155 0 0 326
1 15° 815 290 2,430 460 540 160 50 1,430
2 30° 1,240 400 ’ 800 900 260 20 1,100
3 45° 1,155 320 810 1,000 1,050 250 70 730
4 60° 950 430 300 1,170 1,250 220 80 630
5 75° 720 660 15 1.385 1,575 180 120 670
6 90° 500 860 130 1,500 1,750 130 180 780
7 105° 370 980 210 1,835 2,075 100 240 900
8 120° 250 920 235 2,120 2,310 80 250 950
9 135° 165 740 240 2,370 2,480 65 225 0980
10 150° 100 510 230 2,495 2,545 35 150 950
11 165° 35 240 182 2,515 2,530 20 80 895
12 180° (1] 0 110 .4 2,400 0 0 816
Exhaust Stroke
12 180° tael ¥ .*l 2,400 2,400 e ¥ 0 R16
13 195° 1 ..... 210 | ..... 12,340 2,350 60 705
14 21001 ..., 410 | ..., 2,260 2,290 | 110 700
15 [ 225°| ..... 510 | ..., ‘ 2,120 2,195 | 160 675
18 240°) ..... 6h 1,900 2,015 1656 610
b 255°| ..... [ 7% 2 | 1,630 1.740 135 475
18 | 270°) .... 350 | ..... 1,390 1,440 55 255
19 2850 ... 60 L. 1,300 , 1,300 45 55
20 | 3000 ..., 520 e 1,460 | 1,555 140 375
21 315°1 ..., 830 . | . i 1,880 ! 2.040 200 690
22 3300 ..., 860 , ..... 12,400 ; 2.545 190 945
23 3452 ..., 550 | v 2,880 1 2,920 120 1,125
24 l3e0el 1l o | il i 3,000 i 3, 0 | 1,145
Suction Stroke
24 0° 0 | ..., *i 3,000 3,000 ceead® 0 1,145
25 15° . 560 | ..... 2,880 2,900 . 120 1,125
26 30° .. 80 | ..., ' 2,400 2,560 . 190 945
27 a3 ... 830 | ..... i 1,880 2,050 . 200 690
28 6P ..., 520 | ..... 1,460 1,555 . 140 380
29 750 ..., 60 | ..... 1,300 »3 . 45 55
30 90°| ..., 350 | ... 1,390 1,440 | ..., 55 255
31 105°| ..... 610 | ..., 1,630 1.740 135 475
32 120° ..... 0665 .. 1,900 2,011 . 165 610
33 135° esrae 570 | ..... 2,120 2,195 160 675
34 150°| ..... 410 | ..... 2,260 ,300 116 700
35 165°| ..... 210 | ..... 2,340 2,350 60 705
36 180°1 ... o ... 2,390 2,301 0 707
Compression Stroke
36 180° [} 0 0 2,390 | 2,390 V] 0
37 195° 1 ..., * 210 N ...,340 2,340 LR 60 720
38 | 210° [P 410 . ,260 2,200 .. 110 | 695
39 225° eses 570 | ..... 2,120 2,190 . 160 680
40 | 240° ceeas 666 | ..... 1,900 2,100 - 165 650
41 255° 30 610 16 1,640 1,750 10 140 | 512
42 270° 70 412 19 1,400 1,450 18 85 325
43 285° 125 55 0 1,295 1,310 25 20 95
44 | 300° 205 315 70 1,390 1,425 50 85 180
45 315° 200 540 195 1,695 1,780 60 130 365
46 330° 320 530 410 2,015 2,000 65 130 425
47 345° 235 290 680 2,2 2,220 45 60 410
E 2, ST 6
48 360° 0 848 2,155 2,155 0 0 32

* Negligible.
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representing the 48 crank positions at 15-deg. intervals for one
cycle. The scale of the original drawing was 1 in. = 500 1b.
246. Turning-effort Diagrams for One Cylinder (Fig. 342).—
The tangential component of the pressure on the crankpin is the
turning effort. On an arbitrary length of base line representing
the 48 15-deg. crank intervals in a cycle, turning effort %, due

Gas pressure (Frg)
\

e Total force (Fry)
ii--‘ o

~ny

Jemmmee e §

Exhaust --- === ->fe= ===~ SUCHON ==~ <=~ = == - COMPIESSION =w==mr}

Fig. 341.

to gas pressure, turning effort f%, due to inertia, and combined
turning effort F, from Tables 14 and 15 have been plotted as
shown in Fig. 342. Turning effort that aids the motion has
been plotted above the base line, and that which opposes the
motion has been plotted below the base line.

246. Combined Turning-effort Diagrams (Fig. 343).—The
total turning cffort of the engine is the result of the combined
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efforts of the six separate cylinders. In Fig. 330 (Art. 228) is
shown the order in which the events occur in the different cylin-
ders. With the aid of this diagram and data from Tables 14 and
15, the combined effort for the six cylinders was plotted as shown
in Fig. 343. Since ordinates represent turning effort and abscis-
sas represent movement of the crank, the area under the curve
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represents the work performed. It is the function of the flywheel
to maintain a uniform turning effort of the magnitude represented
by the mean ordinate shown in the figure. The areas above the
mean ordinate line therefore represent excess energy that is
stored in the flywheel and given up in those parts of the cycle
where there is a deficiency of energy, as indicated by the nega-
tive areas under the mean ordinate line.

Since friction has been neglected in the analysis, the horse-
power of the engine when calculated from the turning-effort
diagram should be equal to the horsepower calculated from the
indicator diagram.
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247. Pin Pressures (Figs. 344 to 346).—In the design of the
wrist pin, erankpin, and erankshaft it is necessary to have infor-
mation regarding the magnitude and distribution of the forces
acting on these members and their bearings in order to proportion
for strength and wear, and also to determine the best place for
the oil to enter the bearing.

a. Wrist-pin Pressures (Fig. 344).—In Fig. 344 the wrist pin
was drawn full size in the original drawing, and resultant pres-
sures Fy, from Table 15 plotted in magnitude and direction as
vectors acting against the surface of the pin. The vectors thus
represent forces acting on the pin, and the figure shows clearly
where wear may be expected to occur on the pin. The pin was
assumed to be fixed in the piston, and in the original drawing
the vectors were plotted to a scale of 1 in. = 500 lb.
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b. Crankpin Pressures (Fig. 345).—In the original drawing
(Fig. 345) the crankpin was drawn in full size and the resultant
forces F3; (Table 15) were drawn to a scale of 1 in. = 500 Ib., as
veetors representing forces acting against the surface of the pin.
Since the crankpin is rotating, the vectors arc drawn, not in their

Fic. 344.

true direction, but in their direction relative to a line turning
with the pin, in this case the center line of the crank. The figure
clearly shows that the pressure is always on the same side of the
pin, thus demonstrating the cause of uneven wear of the pin.
The diagram is also of value in showing where the oil-feed hole

24

Crank arm~

Fra. 345.

in the crankpin should be located, namely, on the side opposite
that on which the pressure occurs.

¢. Main-bearing Pressures (Fig. 346).—The pressure on the
crankshaft per cylinder is evidently F12 (= —F3,) from Table 15.
The reaction or pressure on the bearing is therefore Fz (= Fs).
With this force must be combined the centrifugal force of the
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crank in order to obtain the resultant force on the bearing. Fora
seven-bearing crankshaft the resultant force on each bearing
may be assumed as half the forces from each of the pair of adja-
cent cranks.

In Fig. 346 are shown the magnitude and distribution of pres-
sures acting on the crankshaft at the center main bearing. Thesc
pressures were obtained by combining onc-half of Fiz (= —F32)
from Table 15 for cach of the adjacent eranks with one-half the
centrifugal force of each of the adjacent cranks. The combined
pressures are represented by veetors drawn against the surface

F1a. 346.

of the crankshaft. In the original drawing the vectors were
drawn to a scale of 1 in. = 1,000 1b.

248. Diagram of Shaking Forces (Fig. 347).—The centrifugal
force (inertia force) of the crank arm and pin (when unbalanced),
the inertia force of the connecting rod, and the inertia force of
the piston all tend to cause vibrations of the engine. The shaking
forces for a single cylinder are shown in Fig. 347. The vectors
in the original diagram were drawn to a scale of 1in. = 1,500 lb.
Force polygons have been drawn for each 15-deg. crank posi-
tion, the end of the resultant vector locating a point on the
curve. Referring to crank position 8, from a pole O the vector
0A was laid off to represent the centrifugal force of the crank
arm and pin. AB represents the inertia force of the conneeting
rod (f.+ f») Table 14. BC represents the shaking force due
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to the mass of the piston. OC represents the resultant shaking
force for this crank position, and C is one point on the curve of
shaking forces for one revolution of the crank. Now let it be
assumed that the crank arm and pin are to be balanced by a
rotating weight opposite the crankpin. This introduces a new
vector CE (= OA) in the force polygon OABC, giving a new
resultant OE, the point E being & point on the curve of shaking
forces with the crank arm and pin balanced. Only the shaking
forces of the connecting rod and piston now remain.

B C.
/
A "—JE“\ //
\ \ ¢\ TAY
/
3 \ Wy
‘ 2 A LA 2
1\\ N .
~——
P
G Radlius of
‘mean shaking
force circle

Fia. 347,

If, instead of balancing the crank arm and pin only, the rotat-
ing weight opposite the crankpin is of magnitude such that its
centrifugal force is represented by the vector 0G, the radius of
the mean shaking-force circle, the vector CD(= 0G), will be
brought into the original force polygon OABC, giving the result-
ant OD. D is one point on the curve of remaining shaking
forces. This may be considered to represent the best balancing
condition, since any further increase in the size of the counter-
weight, although decreasing the horizontal forces in curve D,
would increase the vertical forces.
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It should be kept in mind that curves C, E, and D represent
the shaking forces for a single cylinder for the conditions stated.

. This would be the proper procedure in the exact analysis of the
balancing conditions for a single-cylinder engine. In a six-cylin-
der engine the shaking forces for the six cylinders combined form
a balanced system. In the case of this particular engine, there-
fore, the diagram (Fig. 347) is chiefly of intcrest in showing what
shaking forces are set up in the plane of rotation of each crank.






PROBLEMS

With a few exceptions the problems in the following list have been arranged
for solution in pencil on 8%5- by 11-in. sheets. A heavy grade of white paper
is recommended. The general layout of the sheet is given in Fig. 348, where
the solution of Prob. 6 is shown as a typical example. In the statement of
cach problem the necessary scales are given. Positions of the mechanisms,
diagrams, ctc., on the sheet are given by X and Y coordinates measured
from the edges of the sheet. TFor example, the coordinates designated as
0:(8, 8), Prob. 6, arec X and Y coordinates that locate the point O, in Fig. 348,
6 in. from the left-hand edge of the sheet and 8 in. from the lower edge of
the sheet. Similarly, the coordinates 0(1Y4, 1) locate the point numbered
0 on the displacement diagram, 114 in. from the left-hand edge of the sheet:
and 1 in. from the lower edge of the shect. All such locating dimensions
arc in inches.

If larger drawing sheets are preferred, 12 by 18 or 18 by 24 in., for example,
these sheets may be blacked out for two or four problems respectively, or
the scale of the drawings, us specified, may be changed as desired.

Chapter I
INTRODUCTORY CONSIDERATIONS

1. Expand pair C in Fig. 6 to form a slider-block pair in which link 3
becomes the block, as shown in Fig. 11.  Assume that link 2 oscillates 30 deg.
each side of its given position and determine length of slot required. Add
1{¢ in. on each end of slot to length as actually determined by construction.
Data: 4 B makes an angle of 60 deg. with the horizontal; AB = 1in; BC =
3in.; CD = 2in.; AD = 4 in.; scale, full size.

a. Draw the mechanism as shown in Fig. 6 in position 4 (24, 7).

b. Redraw in position A (2, 2) and procecd with the solution. Indicate
all construction work by light continuous lines.

2. By expanding the crosshead pin of pair C (Fig. 3) to include the crank-
pin at B, show how a slider-block pair similar to that in Fig. 26 may he
formed. Data: AB makes an angle of 45 deg. with the horizontal; AB =
1in.; BC = 314 in.; scale, full size.

a. Draw the mechanism in position A (214, 8) indicating thercon letters
and dimensions. Let the two circles at each joint be )4 and 4 in. diameter,
let the width of the links 2 and 8 be !4 in. and the dimensions of the block,
link 4, 3¢ by 3§ in.

b. Redraw in position A (214, 5}4) and proceed with the solution.

¢. Show by means of a new drawing at A (214, 131) the effect of making
the connecting rod of infinite length. (The resulting mechanism is known
as the Scotch yoke, shown in Fig. 28.)

429
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3. Show how a punch and shear mechanism similar to that in Fig. 27 may
be derived from the slider-crank mechanism (Fig. 3) by expanding pair C to
include pair B. Data: AB makes an angle of 45 deg. with the horizontal:
AB = 34 in.; BC = 134 in.; scale, full size.

pX .
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F1:. 348.

In order to avoid confusion of lines, show the construction in two stages,
the first in position 4 (214, 714), and the second in position A(214, 237).
4. Starting with the skeleton outline of the ordinary stecam-engine mecha-
nism (Fig. 3), show with skeleton outlinc drawings how the oscillating engine
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mechanism may be derived from it by applying the principle of inversion.
Data: AB = 1in.; BC = 315 in.; scale, full size.

a. Draw the skeleton outline of Fig. 3 to the dimensions given, in position
A (214, 814). Crank angle = 45 deg.

b. Show the inversion that represents the skeleton outline of the oscillating
engine, in position 4 (214, 535). Crank angle = 45 deg.

¢. Using the same dimensions of links as in (b) above, make a drawing of
the oscillating engine in some detail; i.e., show cylinder, flywheel, frame, ete.,
but omit minor details, such as bolts, nuts, etc. Position A4(214, 214).

5. Draw the skeleton outline of the “up-and-down-cut shear,”” Fig. 387, to
a scale of 114 in. = 1 ft. For dimensions see Prob. 117. The numbering
of the links and the lettering of the joints must be the same ag those given
in the figure. Suggested proportions: }§ in. diameter for the circles that
represent the turning joints, and 3¢ by !4 in. for the rectangles that represent
the sliding members. 0:(2}4, 714).

6. Draw the skeleton outline of the Atkinson gas engine (Tig. 15), deter-
mine paths of points B and C and construet the displacement diagram for the
piston (link 6), following the general scheme shown in the figure. For scale
and dimensions refer to Prob. 78. For the mechanism, 0.(6, 8); for the
displacement diagram, o(1%4, 1). Length of diagram, 6 in.

7. Referring to Fig. 4, draw the skeleton outline of the shaper mechanism
to & scale of 2 in. = 1 ft. with the erank (link 2) making an angle of 30 deg.
with the horizontal. Sturting with the oscillating arm (link 4) in its extreme
right-hand position, divide the erank cirele in 12 equal parts and on a base
line 6 in. long draw the displacement diagram of the ram (link 6), showing
the variation of its motion through the complete eycle.  The requirements
of the completed drawing as to numbering, lettering, ete., are indicated in
IMig. 40. For dimensions of the mechanism refer to Prob. 85; for the mecha-
nism, 04(4%4, 415); for the displacement diagram, o(1%4, 13).

8. In Fig. 23 the drag-link quick-return mechanism of a slotting machine
is shown in skeleton outline. This mechanism is designed to give a slow
motion to the cutting tool on the down stroke, or working stroke, and a quick
return of the tool on the up stroke, or idle stroke. Draw the mechanism
to a scale of 3 in. = 1 ft. with the erank (link 2) in the position shown in
Tig. 23 (30-deg. angle with the vertical center line). Data: 0,04 = 23§ in.;
0,4 = 5% in.; AB = 474 in.; O,B = 634 in.; 0,€ = 6% in.; BC = 931 in.;
CD = 167% in.

Starting with the ram (link 6) in its upper extreme position and using 12
cqually spaced divisions on the crank circle (since the crank has uniform
motion), draw the displacement diagram on a base line 44 in. long. For the
mechanism, 0:(65, 214); for the displacement diagram, o(34, —).

Refer to Fig. 23 for the requircments of the completed drawing as to num-
bering, lettering, ete.

Chapter I1

LINKWORK

9. Figure 349 shows the skeleton outline of an air-pump mechanism
designed to secure a piston stroke equal to four times the length of crank
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instead of twice the length, as would be the case when using the ordinary
slider-crank mechanism. Plot the paths of points E and C, and draw :
displacement diagram 414 in. long for the piston (link 5) for one complete
rotation of the crank (link 2).

In the figure the relative positions of the links are shown when the piston
is in its upper cxtreme position. Draw this configuration of the mechanism
to the dimensions given and in the solution of the problem use 12 equal
divisions on the crank circle. Data: AB =
1 in.; BC = BE =1)4 in.; FE = 34 in.;
DC = 434 in.; scale, full size. For the mech~
anism, A(23, 2)4); for the displacement
diagram, o(3%¢, —).

10. In Fig. 350 is shown in skeleton outline
a claw mechanism at one time applied in mo-
tion-picture machinery to give the film an
intermittent motion as it passed in front of
the lens. The claws engaged the perfora-
tions on both edges of the film and thus
operated in pairs. In addition to the specific
purpose mentioned here, this mechanism has
other applications. It is used, for example, in
obtaining an intermjttent advancement of a
transport for conveying materials.

The claws are operated by means of two
equal gears A and B in mesh. The gears arc
represented in skeleton outline by their pitch
circles. The claw is pivoted to gear 4 at C,
and its motion is further controlled by the
pin D, which is fastened to gear B and moves
in the slotted end of the claw. Draw the
mechanism as outlined in the figure to the
dimensions given (scale, full size) and plot
the path of end E of the claw for one com-
pletc rotation of the gears 4 and B. C(5%,
414) (Note: These coordinates are based on
the assumption that the long side of sheet is
placed in the horizontal position).

11. In Fig. 351 is shown the mechanism for
operating the stcam valve of a steam engine
equipped with the Corliss nonreleasing type of valve gear. Tt is that part
of the valve gear shown at C in Fig. 55. ‘

The angular motion imparted to link 6 by the reach rod 7 during one
complete rotation of the eccentric is indicated in the figure, the unequal
angular divisions shown corresponding to equal angular divisions on the
occentric circle.  The steam valve rotates through the same angle as link 3
to which it is rigidly connected.

a. Determine the angular positions of link 3 corresponding to the given
angular positions of link 6.

Fia. 349.
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b. Draw a diagram of displacements of B (valve displacements) in Fig,
351, corresponding to equal angular positions of the eccentrie Fig. 55. (Cor-
responding angular positions of OsE arc shown in Fig. 351). Data: Draw

L
L,
2} diam.

Fra. 350.

the mechanism to the following dimensions: 0,05 = 63g"in.; 024 = 3}4 in,;
0.B = 25§ in.; BC = 3 in.; AC = 134 in; CD = 214 in.; OsD = 414 in ;

] 02 \

DE = 53 in.; OeE = 6 in. and is in a vertical position. Note: For an
814- by 11-in. sheet, draw the mechanism to a scale two-thirds of the dimen-
sions given. Tet 0,0; run parallel to long edge of sheet. For the mecha-
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uism, 0.(2}4, 634); for the displacement diagram, o(34, 3§); length of
diagram = 8 in.

12. Figure 352 shows the skeleton outline of the Whitworth quick-return
mechanism as used in a slotting machine of recent design.

a. Draw the skeleton outline to a scale of 3in. = 1 ft. and make a diagram
showing ram displacements corresponding to cqual angular displacements
of the driving link 3. Take ram displacements as ordinates and equal
angular displacements of link 3 as abscissas.

b. Determine the time ratio of the mechanism. Data: 0,05 = 334 in.;
03A = T7}4 in., and it makes an angle of 60 deg. with the horizontal; O:B =

c?

6

Fia. 352, Fra. 353.

4 in.; BC = 20 in. For the mechanism, 03(6%4, 3); for the displacement
diagram, o(3§, —). Length of displacement diagram = 6 in,

13. The skeleton outline of ‘a Powell lever engine is shown in Fig. 353.
Starting with the piston (link, 6) in the upper extreme position draw its
displacement diagram for the complete cycle on a base line 6 in. long. Draw
the mechanism in the position shown to a scale of 6 in. = 1 ft. For the
mechanism, 0,(6%4, 2); for the displacement diagram, o(34, —).

14. The Andreau variable-stroke engine is represented in skeleton outline
in Fig. 364. The circles M and N represent the piteh eircles of a pair of
Citroén gears (see Art. 93) in mesh at . Links 2 and 5 are rigidly connected
to gears M and N, respectively. Diam. of M = 21{¢in.; Diam.of N = 414
mn.

(In the design of a machine or in a study of its operation, particularly
where the motions of the members are as complex as in the present case, it.
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is essential to have diagrams showing paths of various points and variations
in the piston stroke during a cyecle.)

Starting with the member O;C in the position shown [corresponding to the
lowest positions of the piston (link 7)] and placing it successively in 24
equally spaced positions in the cycle (one revolution), plot the path of point
B and draw the displacement diagram for the piston (point D). The length
of the displacement diagram is 6 in. The first upward stroke of the piston
is the exhaust stroke. Indicate along the upper edge of the diagram the
distances that represent the exhaust, intake, compression, and power strokes,
as in Fig. 15. For the mechanism, 02(32%, 1}4); for the displacement dia-
gram, o(2}4, —). Make the drawing to the dimensions given in the figure.

16. In Fig. 355 is shown a skeleton outline of the Zoller double-piston
engine. Draw the mechanism to the dimensions given.  Starting with the
crank (link 2) in the position indicated in the figure, .., with piston 4 in
its extreme upper position, and using 12 divisions in the cycle, plot the path
of point B.  Also, draw the displacement diagrams of the two pistons (points
C and D) on the same basc line for comparison. For the mechanism, 0,(514,
134); for the displacement diagrams, 0(3Y4, 3}4). (Note: Let the base line
of the displacement diagrams run vertically on the shect. Length = 6 in.)

16. The linkage outlined in Fig. 356 is that of the Wellman geared bucket,
used in excavating work. The outline of the bucket (one half) in its closed
position is shown in dotted lines. Plot the path of the cutting edge of the
bucket (point C) between its closed position, where operating link 2 makes
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an angle of 27 deg. with the vertical line through O,, and its extreme open
position, after link 2 has moved through an angle of 105 deg. Draw the
mechanism to a scale of 114 in. = 1 ft.: 0:(3%4, 634).

17. Figure 357 shows in skeleton outline a straight-line mechanism for an
oil circuit breaker. The point C moves in a straight
26 — line through its operating range.
nra a. Draw the mechanism to the dimensions given in
1 t-D the figure, 0:(13, 3), and plot the paths of points 4, B,
and C using 1-in. displacements (approximately) of
point B, starting with 0:4 at an angle of 60 deg. with

between Oz

%6 C¥
Fia. 355. Fia. 356.

the horizontal. Adopt a numbering scheme to indicate intermediante posi-
tions of all points. Determine the complete path of point €, which is a
closed curve.

145_‘"

o __! EN
——

Fi1a. 357.

b. Indicate clearly (by showing the mechanism in dotted lines) the dead-
point positions when 2 is the driving link and when 4 is the driving link.
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18. Draw the Crosby indicator mechanism (Fig. 358) to a scale of 114 in.
=1 in. 0:(133, 4); 0:04 = 3§ in.; 0,4 (vertical) = 13{g in.; OD =
745 in.,, BD = 174, in.; BC = 31§ in.; AB = 214, in.

Starting with point C in its lowest position, move it vertically in its
gtraight-line path, and at 34-in. intervals of C plot the path of D. Find
the arc of a circle that will pass through the several positions of D (approxi-
mately) and thus determine the position of Qs and the length of link 5.

19. The skeleton outline of the Holst pumping engine, with dimensions,
is shown in Fig. 359. The purpose of this design is to give the pump piston
(slide F) a reciprocating motion that is
approximately uniformn while the erank
0.4 is rotating with uniform motion.

The result required is two displacement
dingrams on the same base line for com-
parison; one of piston 4 (point B or C)
showing the deviation from uniform mo-
tion due to the angularity of the connect-
ing rod; and one of piston 8 (point F)
shoving how closely uniform motion is obtained by the use of this mech-
apism. Use 12 crank positions and a length of 6 in. for the base line of the
diagrams. Position of diagrams, o(114, 34).

In position 0:(614, 814; lraw the part of the linkage 0.4 B to a scale of
4in. = 1 ft. with 0.4 vertically upward and find the displacement of link 4.
In position Os(4}4, 414) draw the remainder of the mechanism to the same
seale and find the displacement of piston 8. While determining the displace-
ments of point F, plot the path of point E.

Fia. 35%.

5"

‘Fra. 359.

20. Draw the skeleton outline of the ““up-and-down-cut shear’” shown in
Fig. 387 to a seale of 113 in. = 1 ft. and make a displacement diagram for
the upper shear member (link 9).  For dimensions sce Prob. 117. (For the
purpose of this problem the lower shear member (link 8) and therefore links
4 and 6, will be assumed stationary.  Now change the numbering and letter-
ing so that the skeleton outline will appear as follows: N umbers 2 and 3 as
ghown in figure; triangular link 5 in figure will appear as number 4, with fixed
center of rotation 04, number 7 will appear as number 5; number 9 as number
6; and numbers 4, 6, and 8 in the figure as a part of the fixed link, number 1.)
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Make determinations for every 45 deg. of motion of the crank 0:4, number-
ing positions from 0 to 8. Tet zcro position of crank be that which will
bring link 6 to its upper extreme position. Draw the displacement diagram
with crank positions represented on a 6-in. base line and let the ordinates that.
represent displacements of link 6 be drawn to twice the length sealed from
the drawing. Refer to Fig. 15 for the general plan to be followed in number-
ing points, cte. For the mechanism, 0:(2}4, 714); for the displacement
diagram, o(1}4, 1).

Chapter III
CAMS

21. Construct the outline of a disk cam that will transmit harmonic motion
to a roller follower in the following manner: Up 1 in. while the eam turns

-
N
~
[
é

.
Z

e/

Fri. 360. Fic. 361.

through 120 deg.; rest while the cam turns through 60 deg.; down 1 in. while
the cam turns through 90 deg.; rest while the cam turns through 90 deg.
The initial position of the follower relutive to the axis of the camshaft and
other information regarding the general layout are shown in Fig. 360. Coor-
dinates of axis of cam, (414, 434).

22. Same as Prob. 21 except that follower has parabolic motion,

23, Same as Prob. 21 except that follower has modified straight-line
motion.

24. Same as Prob. 21 except that path of roller follower is in vertical line
54 in. to left of vertical line through axis of cam.

26. Same data as in Prob. 21, except that: diameter of shaft = 1y ing;
diameter of hub = 1in.; keyway = 1§ by }{ in.; distance that axis of roller
follower is ahove axis of eam = 1 in.; travel of roller follower = #4 in.

a. Construct the outline of the cam and show on the drawing the pitch
circle and the maximum pressure angle (refer to Fig. 69). Coordinates of
axis of cam, (414, 414).

b. Draw a displacement diagram of the follower (refer to IFig, 69).  Coor-
dinates of displacement diagram, o(}4, 814).



PROBLEMS 439

26. a. Construct the outline of a disk cam that will transmit harmonie
motion to a flat-faced follower in the following manner: up 1 in. while the
cam turns through 90 deg.; rest while the cam turns through 90 deg.; down
1 in. while the cam turns through 90 deg.; rest while the cam turns through
90 deg.

b. Determine the required length of face of the follower, and then add
14 in. on each end. Information regarding the general layout is given in
Fig. 361. Coordinates of axis of cam, (414, 434).

27. Same as Prob. 26, except that the face of the follower as shown in
Tig. 361 is to be tipped clockwise 15 deg. about its point of intersection with
the vertical center line.

Fra. 362.

28. The roller follower (Fig. 362) is mounted on the end of an arm that
is pivoted at A. Construct the cam outline that will impart motion to the
follower in accordance with the following specifications: Harmonie-motion
hase curve. Up 15 deg. while the eam turns through 120 deg. ; rest while the
sum turns through 150 deg.; down 15 deg. while the cam turns through
90 deg. The lowest position of the follower and other general information
regarding the layout are given in the figure. Coordinates of axis of cam,
(444, 434).

29. The flat-faced follower, which is pivoted at A4 in Fig. 363, is required
to move in accordance with the following specifications: Harmonic-motion
base curve. Up 15 deg. while the cam turns through 120 deg.; rest while the
cam turns through 90 deg.; down 15 deg. while the cam turns through 90 deg.;
rest while the ecam turns through 60 deg.
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a. Determine the required cam outline.

b. Determine the limits of contact along the face of the follower. The
lowest position of the follower and other general information regarding the
layout are given in the figure. Coordinates of axis of cam, (414, 5).

80. Determine the shape of the groove in the cylindrical cam in Fig. 364,
that will impart motion to the arm that swings about axis A-4 in the follow-
ing manner: Outward 15 deg. with harmonic motion in one-third turn of
cam. Rest for one-sixth turn of cam. Return with harmonic motion in
one-third turn of cam. The roller is to be 3§ in. in diameter at large end,
34 in. in length, and of such form as to give pure rolling contact. Coordi-

&”D/a .

; Ib .
Note: Initial position of 2o
upper arm is 7% deg. fo ~
left of vertical centerline d

Fic. 363.

nates for the axis of the cam: (614, 3). TFor the displacement diagram, i.e.,
the developed ecylindrical surface, which will run parallel to left-hand edge
of sheet, 0(214, 14).

31. In the toe-and-wiper cam mechanism, IMig. 84, the face of the follower
is shown in its lowest position, which is 1 in. above the axis of the cam. The
follower is to have a vertical movement of 114 in. while the cam turns coun-
terclockwise through 45 deg. at a uniform rate. The positions of the follower
correspouding to equal angular positions of the cam are to be %, {6, ! 314,
and 114 in., respectively, above its initial pesition. Determine the working
outline of the cam and draw, in good proportion, the complete outline of both
cam and follower. Axis of cam, (237, 411).

32. The dimensions of a stamp-mill cam similar to that shown in Fig. 85
are as follows: diameter of camshaft, 5 in.; diameter of hub, 12 in.; center
line of stamp shaft, 5 in. to the right of center line of camshaft; the lifting
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plate is 16 in. above the center line of the camshaft when in its upper extreme
position and from this position it has a fall of 9 in. to its extreme lower posi-
tion; diameter of lifting plate = 9 in.; height of lifting plate = 10}4 in.;
diameter of stamp shaft = 3 in. The contact surface of the cam is
2 in. wide, and it passes !4 in. in front of the stamp shaft. Draw the cam
and follower to a scalc of 3 in. = 1 ft. Coordinates of axis of camshaft,
(414, 416). The cam has a counterclockwise rotation of 55 r.p.m.

a. Assuming 24 time periods per revolution, that the stamp is to rise with
uniform motion and rest two-thirds of a time period after it has fallen to its

Fia. 364.

lower extreme position, make a displacement diagram of the follower motion
through its complete cycle on a base line 6 in. long.  Coordinates, o(1}4, }4).
b. Determine the required outline of the cam.

Chapter IV

TOOTHED GEARING—SPUR GEARS

83. An involute gear with 14}¢-deg. full-depth involute teeth of 1 diam-
etral pitch has a pitch diameter of 12 in.  Axis of gear, o(4!4, }3).

Using the method shown in Fig. 97, Art. 68, lay out full size one complete
tooth. (Refer to Arts. 98 and 101 for tooth proportions.)

84. Lay out the tecth of a pair of involute spur gears to conform to the
following specifications: 14}¢-deg. composite system (Arts. 98 and 101);
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diametral pitch = 215; piteh diameter of pinion = 6 in.; pitch diameter of
gear = 12.800 in.; backlash = 0. The pinion is the driver, and its direction
of rotation is clockwise. Axis of pinion, (4}4, 13) (refer to Art. 72).

a. Show not more than four or five teeth on each gear, having one pair
of teeth in contact at the pitch point.

b. Indicate on the drawing the following: (1) Angles of approach, ap and
a,; (2) angles of recess 8, and 8,; (3) line of action; (4) path of contact (indi-
cate by heavy line); and (5) pressurc angle, 6.

c. Examine the teeth for interference and, if there is any, indicate it in the
manner shown in Fig. 103.

86. Same as Prob. 34 except that rotation of pinion is counterclockwise.

86. Statement same as for Prob. 34 with the exception that the pitch

diameter of the gear is 12 in.
37. Same as Prob. 36, except that
rotation of pinion is counterclock-

75 wise.

A % 38. A cycloidal gear of 1 di-
4 7_?(, %i\'{\,__ Y2yl . ametral pitch has a pitch diameter
-\ C ~—F of 12 in. Axis of gear, 0(4Y4, 13).
7N L a. Using the method given in Art.
-*7'5"-(— _;‘-.,L.’:_ "% |- 76, lay out full size one complete
‘ — tooth. (Refer to Art. 98 for tooth

s -~ - ) proportions.)
6 _ _* T 39. Lay out the teeth of a pair of
: interchangeable cycloidal spur gears
— to conform to the following speci-
\"\) 7 fications: diametral pitch = 2; num-

ber of teeth in pinion = 12; number

Fic. 365. of teeth in gear = 25; backlash = 0.

The pinion is the driver, and its

direction of rotation is clockwise. Axis of pinion (414, 18). (Refer to Art.
98 for tooth proportions.)

a. Show not more than four or five teeth in cach gear, having one pair of
teeth in contact at the pitch point.

b. Indicate on the drawing the following: (1) angles of approach, a;, and
a,; (2) angles of recess, 8, and B,; (3) path of contact (indicate by heavy
line); and (4) maximum pressure angle, 0.

40. A drawing and a description of the Root positive blower are given
under Art. 31. In Fig. 365 some gencral dimensions for such a blower are
given. Lay out the cycloidal outlines of the rotors, or impellers, by the
methods outlined in Chap. IV. The diamcter of the generating cirele is
one-fourth that of the pitch circle. (For a three-lobed wheel it would be
one-sixth, etc.) It can be seen that, with the complete curves, the impellers
act like a pair of mating tecth on ¢ycloidal gears. There can, however, be
real tooth action (in the sense of effective driving) over only certain parts of
the revolution. The maintenance of proper rolling is insured by an external
pair of equal gears having the pitch circies indicated in the figure. Axis of
lower impeller, (417, 334). Secale, full size.
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41. Statement same as for Prob. 40, with the exception that the impellers
are to have involute outlines, and the diameter of the pitch circles of the
mating gears is 4 in. 'The pressure angle is 35 deg. Start construction with
the long axis of the lower impeller in a 45-deg. position in the second quad-
rant. The end of cach impeller is to be rounded off with an arc of a cirele
having a 194 o-in. radius, the center of thisare to belocated on the pitch circle.
The same are, with its center on the pitch circle, will also connect the involute
curves of the two lobes inside the base circle. Axis of lower impeller, (414,
274). Scale, full size.

Chapter V

BEVEL, HELICAL, AND WORM GEARING

42. Lay out a pair of involute bevel gears to meet the following require-
ments: 14%4-deg. composite system (refer to Art. 98 for proportions); angle
between shafts = 75 deg.; velocity ratio = 2:1; diametral pitch = 4; pitch
diameter of gear = 8in.;length of face = 115 in.  Lay out at least two teeth
on the developed back cones of cach gear, and show sectional view of the
gears as in Fig. 115.  Assume proportions for bores, hubs, webs, ete., using
proportions shown in Fig. 115 as a guide.  Axes of pinion and gear intersect
at (414, 2, with long edge of sheet horizontal),

43. Same as Problers 42 except that the teeth are to conform to the
Gleason System for Bevel Gears (Art. 102).

44. Make a layout, similar to that shown in Fig. 126, of & worm and worm
wheel having a velocity ratio of 18:1. The worm is right handed and douil«
threaded and has an axial piich of 34 in.

The distance between centers is 5.747 in. The bore of the worm is 134 in.,
and that of the worm wheel 131 in. Refer to Art. 103 for proportions, and
use proportions shown in Fig. 126 as a guide in drawing hub, web, rim, etc.
Coordinates of axis of worm wheel, (41§, 113). Note: The design illustrated
in Fig. 126 conforms to the standards of the American Gear Manufacturer’s
Association (Art. 103).

46. The purpose of this problem is to make a comparison of the tooth
forms of the 1415-deg. composite system, the Fellows stub-tooth system and
the Gleason system for bevel gears (unequal addendum), using the following
data and making the drawings to a scale of 2in. = 1in.

The 141 5-deg. composite system: pitch diameter = 4in.; pitch = 4; radius
of fillet = ! in.; axis of gear, (114, 2) (Arts. 98 and 101).

The Tellows stub-tooth system: piteh diameter = 4 in.; pitch = 13;
involute outline of tooth to be approximated by an are of 34-in. radius; radius
of fillet = lyg in.; axis of gear, (411, 2) (Arts. 99 and 101).

The Gleason system for bevel gears: piteh diameter = 4 in.; pitch = 4;
addendum = 0.3375 in.; dedendum = 0.2095 in.; tooth thickness = 0.4424
in.; involute tooth outline to he approximated by an arc of Zg-in. radius;
radius of fillet 1{¢ in.; axis of gear, (7, 2) (Art. 102).

Lay out onc tooth of the 14}4-deg. composite system, one of the Fellows

" gystem, and one of the Gleason systemn.  Show on each as dimensions in
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inches, the addendum, dedendum, and tooth thickness. Also indicate the
pressure angle in degrees.

Chapter VII
BELTS, ROPES, AND CHAINS

46. A pair of three-step cone pulleys conneet a driving and a driven shaft
(42 in. apart) by means of a crossed belt. The driving shaft runs at
275 r.p.m., and the smallest step on the driving pulley is 12 in. in diameter.
The driven shaft is to run at speeds of 175, 225, and 300 r.p.m.

a. Determine the size of all steps on both pulleys.

b. Determine the length of belt required.

47. a. Solve the preceding problem if an open belt is used instead of a
crossed belt.

b. Check the results found in (a), using Burmester’s graphical method.

48. In a belt-driven slotting machine, countershaft A running at 200 r.p.m.
is connected with drive shaft B by means of a pair of four-step cone pulleys
and a crossed belt. The distance between shafts is 8 ft., and the diameter
of the largest step on the countershaft pulley is 15 in. The maximum and
minimum speeds of the drive shaft are 544 and 68 r.p.m., respectively, and
the intermediate speeds must be in geometric ratio. Caleulate the length
of the belt required and also the diameters of all the steps of both pulleys.

49. a. Solve the preceding problem if an open belt is used instcad of a
crossed belt. )

b. Check the results found in (@) by means of Burmester’s graphical
method.

560. In a block and tackle similar to that shown in Fig. 162, the upper
block has two sheaves and the lower block has three sheaves. Show the
mechanism in diagrammatic form as in Fig. 163 and determine the mechan-
ical advantage.

61. Make a diagrammatic representation (asin Fig. 163) of the hydraulic
clevator system shown in Fig. 164 and give the mechanical advantage of the
system. What is the ratio of the speed of the cage to that of the plunger?

62. In a differential chain hoist similar to that shown in Fig. 166, the
upper block consists of a 22-pocket chain sheave and a 20-pocket chain
sheave fastened to the same shaft. The lower, or hook, block is a 21-pocket
chain sheave.

a. What is the mechanical advantage of this hoist?

b. If the chain is pulled over the upper sheave at the rate of 50 f.p.m., at
what speed will the load be lifted?

Chapter VIII
INTERMITTENT-MOTION MECHANISMS

63. Lay out a pair of intermittent gears, similar to the pair shown in
Fig. 169, in which the driven gear advances one-fourth turn for every turn
of the driving gear.
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54. Lay out a Geneva wheel combination in which the driven wheel makes
one-gixth turn for one turn of the driver. Distance between centers = 4 in.
Axis of driven wheel (434, 35¢) when directly below driving wheel.

b66. A circular plate is required to have 17 accurately spaced notches cut
in its periphery. Describe fully the method of performing this operation
on a milling machine, using the index plate shown in Fig. 172.

66. Draw to a scale four times that shown in the figure the skeleton out-
line of the toggle mechanism used to operate the friction clutch (Fig. 183)
and show the positions of all the links when in their extreme in and out
positions. With the long edge of the paper horizontal, the intersection of
the center line of the shaft with the center line of the pulley is (114, 34).

Chapter IX

TRAINS OF MECHANISM

67. Given the gear train shown in Fig. 366 and the following data: gear
A, 20 teeth; gear B, 12 tecth, 10 pitch; pinion D 134 in. in pitch diameter,

G I T

Fic. 366. Fia. 367.

8 pitch; gear K, 30 teeth; worm F triple-threaded, right-hand type; worm
wheel G, 45 teeth; gear H, 15 teeth, 6 pitch.

a. How many revolutions of gear A, in the direction indicated by arrow,
are necessary to move the rack K a distance of 1 in.?

b. Will the rack move up, or down?

68. In Fig. 367 is shown a train of mechanism through which power is
transmitted to the cutting tools of a bevel-gear-cutting machine. a is the
driving pulley; b and ¢ arc two of a set of simple change gears by means of
which the speed of the tools is controlled; member f is a crank plate attached
to gear e; g is a rack in mesh with pinion h at one end and pivoted on an
adjustable stud in the crank plate on the other end. The adjustable stud
provides means for varying the length of tool stroke. The cutting tool is
carried on a reciprocating slide to which rack k is fastened. Data: drive
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pulley a runs at 500 r.p.m.; the stud in crank plate f is set for a throw of
213 in.; gear b, 24 teeth, 8 pitch; gear ¢, 56 teeth, 8 pitch; gear d, 15 teeth,
8 pitch; gear e, 100 tecth, 8 pitch; gear h, 25 teeth, 6 pitch; gear j, 25 teeth,
6 pitch.

a. How many strokes per minute does the tool make?

b. What is the cutting speed in feet per minute?

¢. If the tool must run at 50 strokes per minute, figure out the pair of
change gears necessary at b and c.

69. A motor running at 1,800 r.p.m. drives a conveyor through the double-
stage spur-gear speed reducer shown in Fig. 368.

F1c. 368.

a. Find the total speed reduction from motor to conveyor.

b. Find the r.p.m. of the conveyor shaft.

¢. Do the motor and conveyor shafts run in the same direetion?

Data: A is the shaft to the motor; B is the shaft to the conveyor; gear q,
12 teeth; gear b, 24 teeth; gear c, 60 teeth; gear e, 14 teeth; gear f, 18 teeth;
gear g, 50 teeth.

60. a. In the triplex hoist (Fig. 198), find the number of turns hand
sprocket @ must make in order to produce one turn of hoisting sprocket g.

b. How many feet of hand chain must be moved to raise weight W 1 ft.”

Data: gear b, 13 tecth; gear ¢, 31 teeth; gear d, 12 teeth; gear e, 49 teeth.
Pitch diameter of hand sprocket = 934 in. Pitch diameter of hoisting
sprocket = 314 in.

¢1. A good example of a spur-gear differential train is shown in Fig. 369.
The driver (link 2) consists of the shaft and gear a, which is keyed toit.  The
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planetary gears b and ¢, which are keyed together, constitute link 3.  Link 4
consists of gear d and the shaft on which it is keyed. The spider that carries
the planetary gears b and ¢ is link 5. The motion of the driven shaft (link 4)
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Fra. 369.

is the result not only of the continuous motion of the main driving shaft
(iink 2) but also of the continuous or intermittent motion of link 5, which is
driven through the sleeve shown at the left in the figure.
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Fia. 370.

All the gears have the same pitch, and their number of teeth are indicated
by the letters a, b, ¢, and d.  Determine the angular velocity w4 of the driven
member in terms of the angular velocities ws and ws of the driving members.

62. In Fig. 370 is shown a diagram of the arrangement of the gears in the
old Ford transmission (Model T).
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a. For low speed, gear f must be held stationary. In this case, find num-
ber of turns of gear d (and hence rear-axle shaft) for one turn of engine drive
shaft e.

b. For reverse, gear g must be held stationary. In this case, find number
of turns of d for one turn of e.

¢. For high speed, how does the mechanism operate?

63. The train of gears shown in Fig. 371 includes an epicyclic-bevel-gear
train in the form somectimes used in indexing and differential mechanisms
of machine tools. The drive is from a and b through the epicyeclic train to
d. Data: gear a, 60 teeth, 12 pitch; gear b, 60 teeth, 12 pitch; gear ¢, 52
teeth, 8 pitch; gear d, 26 teeth, 8 pitch; gear f, 24 teeth, 8 pitch; gear g, 20
teeth, 8 pitch.

NN

{
!I’
N

NN

Fia. 371.

a. If @ and b are running in the same direction at the same speed, how
many revolutions does d make for one revolution of a?

b. If a and b are running in opposite directions at the same speed, what is
the specd of d?

¢. If b is held stationary, how many revolutions does d make for one
revolution of a?

d. If o runs at 50 r.p.m. and b at 25 r.p.m. in the same direction, what is
the r.p.m. of d?

84. In Fig. 372 is shown an epicyclic boring-bar feed train. Such a train
is sometimes used in lathes to cut internal threads. The piece to be hored
or threaded is fastened to the bed of the lathe concentric with the boring
bar, which is mounted between the lathe centers. The bar rotates with the
face plate of the lathe and drives its own feed train as shown in the figure.
The boring bar ¢ and the fixed gear a, which is fastened to the tailstock are
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concentric with the center line of the lathe. The compound gears b and
¢ rotate on a pin in a lug of the boring bar. Gear d is keyed to the feed screw
s, which lies in a horizontal groove in the bar and passes through a threaded
lug on the tool head. The direction and magnitude of the feed of the tool
head along the bar for each revolution of the bar will depend on the direction
and number of revolutions of the feed screw relative to the bar. Assuming
that the bar rotates forward and that the lead screw has 8 right-hand threads
per inch, determine the number of teeth for gears a and b to cut 6 internal

7'a/'lsféck

Fia. 372.

right-hand threads per inch.  Gears ¢ and d each have 24 teeth. The ratio
of distance n to m + nis 3 to 7.

Chapter X
VELOCITIES IN MACHINES

86. Draw the oil-circuit-breaker mechanism (Fig. 357) to the dimensions
given. 0:(3¢, 213). Assuming that link 2 has clockwise rotation for the
instant and that the velocity of 4 is represented by a vector 214 in. long,
draw the velocity polygon for the mechanism. o0(3l3, 3).

66. In the tool-slide mechanism of a bevel-gear-cutting machine (Fig.
373), link 2 is a rotating driving link that imparts a reciprocating motion to
a slide attached to link 6. The slide carries an adjustable tool head. Draw
the mechanism to a scale of 6 in. = 1ft. 04(3, 514). Assuming counter-
clockwise rotation and letting the velocity of point A be represented by a
vector 214 in. long, draw the velocity polygon. o(3, 3).

67. Draw thc mechanism of the Andrcau variable-stroke engine to the
dimensions given in Fig. 354. 0:(4,115). Refer to Prob. 14 for description
of the mechanism. Assuming the velocity of crankpin A to be represented
by a vector 2 in. long, draw the velocity polygon. o(5, 8).

68. Figure 374 represents in skeleton outline the mechanism of a toggle
press. Link 2 is the driving link, and link 8 is-the last driven link. Draw
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the mechanism to a scale of 134 in. = 1 fi. Data: 0.4 = 10 in.; AB =
32 in.; BC = 26)4 in.; CD = 4034 in.; OsD = OE = DE = 9 in.; EF =
17%4 in.; 0.C = 14 in.; 04(6, 7¥4). 0D is vertical.

Fig. 373.

If the velocity of A is represented by a vector 134 in. long, find the length
of vector that represents the velocity of F, by means of the velocity polygon.
o(3, 3).

Fia. 374.

69. The crank of the lever engine, Fig. 353, is running at 2,000 r.p.m.
Draw the mechanism in accordance with the specifications of Prob. 13. By
means of the velocity polygon, determine the numerical value of the velocity



PROBLEMS 451

of the piston (link 6) by means of the velocity polygon. Velocity scale,
lin. = 15f.p.s. 0(3, 7). Rotation of crank, link 2, is clockwise.

T0. Draw the drag-link quick-return mechanism (Fig. 23) to the dimen-
sions and scale given in Prob. 8. 0:(3%4, 334).

The angular velocity of link 2 is 50 r.p.m. By means of the velocity
polygon, find the velocity of the ram (link 6). The velocity seale is 1 in.

=1fps. oY, 7).

T1. Given the stcam-valve mechanism of the Corliss nonreleasing type
of valve gear (Fig. 351). Draw the mechanism to the dimensions and scale
given in Prob. 11. 04(613, 8).

Assuming that the velocity of K is represcnted by a vector 4 in. long (sensc
to the right), find the length of vector that represents the velocity of B by
means of the velocity polygon. o(1,4). Whatisthe mechanical advantage?

72. The steam-valve mechanism of the Corliss nonreleasing type of valve
gear is shown in Fig. 351. Draw the mechanism to the dimensions and
scale given in Prob. 11. 0s(613, 9).

a. Assuming vector V, = 3 in. (sense to the right), determine vector V,
by means of the velocity polygon. o(¥4, 514).

b. Assume that O.F swings 45 deg. each way from its vertical position.
Toint £ will, therefore, have a total travel over an are of 180 deg. during
the eycle.  Starting toward the left from E, divide this are through which
E travels into 16 equal parts. With displacements of E represented on a
base line 8 in. long, driv a diagram that will show the corresponding dis-
placements of B for the entire cyele. o(}4, 1).

73. Draw the skeleton outline of the Atkinson gas-engine mechanism,
given in Fig. 15, to a scale of 114 in. = 1 ft., and by the application of the
law of three centers find all the instantaneous centers. Refer to Prob. 78
for dimensions. 4(6, 7).

74. Determine all the instantancous centers of the crank-shaper mecha-
nism referred to in Prob. 85. In this case, the crank (link 2) is to make an
angle of 15 deg. with a horizontal line through 0. to the right. 0.(5,
414).

76. Determine all the instantaneous centers of the mechanism of the
Corliss valve gear shown in Fig. 351. Refer to Prob. 11 for dimensions and
scale of drawing.  0:(2)4, 8).

76. I'ind all the instantaneous centers of the drag-link mechanism shown
in Fig. 23. Draw the mechanism to the scale and dimensions given in
Prob. 8. 0444, 414).

77. The Whitworth quick-return mechanism of a slotting machine is
shown in Fig. 352. Draw this mechanism to the dimensions and scale given
in Proh. 12 and find all the instantancous centers. 03(6, 314).

78. Given: the skeleton outline of the mechanisin of Fig. 15 drawn to
a scale of 1}g in. = 1 ft. Data: 0.4 = 10 in.; OB = 1234 in.; AB =
2434 in.; AC = 2534 in.; BC = 334 in.; CD = 2915 in.; O.E = 2634 in.;
O = 3% in. 04(6, 725).

a. Find all the instantaneous centers.

b. Draw the velocity polygon. Assume that the veloeity of A equals
330 f.p.m. and use a scale of 1 in. = 150 f.p.m. o(5Y4, 114).
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¢. Check the velocity of D as found in b using centers 12, 26, and 16.

d. Same as ¢ except that centers 12, 25, and 15 arc to be used.

T79. Determine all the instantaneous centers of the shaper mechanism
referred to in Prob. 85. In this case the crank (link 2) makes an angle of
15 deg. with a horizontal line through O to the right. . 0:(5, 415). Gear 2
has a uniform velocity of 22 r.p.m. Draw the skeleton outline to a scale
of 2in. = 1 ft. Note: velocity scale, 1 in. = 70 f.p.m.

a. Find all the instantaneous centers.

b. Find V., using centers 12, 25, 15.

c. Find V., using centers 12, 26, 16.

d. Find V., by means of the velocity polygon. o(7}4, 2).

80. Draw the Corliss valve gear in accordance with the dimensions and
scale given in Prob. 11. 0.(214, 8).

a. Find all the instantancous centers.

b. If the velocity of point £ on link 6 is represented by a vector 4 in. long,
find the vector length that represents the velocity of point B on link 3.

¢. Check the velocity found in (b) above, by means of the velocity poly-
gon. o(1, 4).

81. The drag-link mechanism is to be drawn to the scale and dimensions
given in Prob. 8. 04(4}4, 414).

a. Find all the instantancous centers.

b. If the crank (link 2) rotates at 50 r.p.m., find the velocity of the ram (link
6), by means of the velocity polygon. Secale, 1 in. = 1f.p.s. 0(5}3, 715).

¢. Check the velocity of the ram found in (b), using center 26.

82. Given the quick-return mechanism of the slotting machine (Fig. 352).
Draw the skeleton outline of the mechanism to the dimensions and scale
given in Prob. 12. 03(6, 314).

a. Find all the instantancous centers.

b. If link 3, the driving link, rotates at a uniform velocity of 84 r.p.m., and
the velocity scale is 1 in. = 150 f.p.m., find the velocity of C by means of
instantaneous centers, using (1) centers 13, 36, and 16 and (2) centers 13, 37,
and 17.

¢. Check the above result by means of the velocity polygon. 0(214, 215).

83. Given the quick-return mechanism of a slotting machine drawn to
the same dimensions and scale as in Prob. 12. Driving link 3 rotates with
a uniform velocity of 80 r.p.m. 03(234, 3).

a. Construct a velocity-displacement diagram on the path of the ram
(link 7) as a base line. Note: velocity scale, 1 in. = 150 f.p.m. Start with
the ram in the upper extremec position and make velocity determinations
for 12 equally spaced crank positions.

b. Construct a velocity-time diagram on a base line 414 in. long. 0(6, 4).
Base line vertical.

84. Draw the drag-link mechanism to the diménsions and scale given in
Prob. 8. 04(2, 3).

a. Construct a velocity-space diagram for the slide (link 6), using its
path as a base line. The crank (link 2) has a uniform velocity of 50 r.p.m.
Velocity scale, 1 in. = 1.6 f.p.s. Start with the slide in its upper extreme
position and make velocity determinations for 12 equally spaced crank posi-
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tions. Determinations may be made for intermediate positions where
desirable.

b. Construct a velocity-time diagram on a base line 6 in. long. 0(5}3, 2).
Let this diagram run vertically on the sheet.

86. In the crank-shaper mechanism (Fig. 4), the gear 2 has a uniform
velocity of 22 r.p.m. Draw the skeleton outline of the mechanism to a
seale of 2in. = 1ft. 0,4 = 54 in.; OB = 277§ in.; BC = 6 in.; 0:04 =
1434 in.; distance from O, to path of C = 12}4 in.; 0,(4}4, 614). In the
configuration shown, 0;4 makes an angle of 30 deg. with the horizontal.

a. Construct a velocity-space diagram on the path of the ram C as a base
line. In order to simplify velocity determinations, refer to construction
outlined in Art. 156.

Note: Velocity scale, 1 in. = 70 f.p.m.

Start with the ram in the right-hand extreme position and make velocity
determinations for 12 equally spaced crank positions.

b. Construct a velocity-time diagram on a base line 6 in. long. o(1}4, 3).

86. An 18-tooth pinion rotating at 500 r.p.m. in a clockwise direction
drives a 32-tooth gear. The teeth are of four pitch and conform to the
1414-deg. involute system. By the method of relative velocities, find the
rate of sliding between a pair of mating tceth at the last point of cortact.
Use a graphical method. Velocity scale, 1in. = 300 f.p.m. Note: Tt is not
necessary to draw in accurate tooth outlines. Axis of pinion, (4}4, 2).

Chapter XI

ACCELERATIONS IN MACHINES

87. The table of a hydraulically reciprocated grinder is arranged to operate
with a 34-in. stroke and makes 200 complete cycles (over and back) per
minute. Except during a very short period at each end of the stroke, the
table moves with a uniform velocity of 8 in. per sec. Assuming that during
the period of reversal the table is accclerated at a uniform rate, what is the
magnitude of the acceleration in fect per second??

88. At a given instant a 12-in. pulley is turning at a rate of 600 r.p.m., and
its speed is increasing at a rate of 1 per cent per revolution.

a. Determine the angular velocity and angular acceleration of the pulley
in radians per second and radians per second per second respectively.

b. Determine the magnitude and direction of the acceleration of a point
on the face of the pulley.

¢. Determine the magnitude of the acccleration of a point on the straight
portion of the belt 8 in. from the point of tangency of the belt and the pulley.
Disregard the thickness of the belt.

d. Determine the acceleration of this point relative to the point on the
face of the pulley with which it was previously in contact.

89. A fourqlink mechanism similar to that of Fig. 16 is to be drawn full
size to the following dimensions: link 2 (024) is 2 in. in length and makes an
angle of 60 deg. with the horizontal. 0.(2, 6). Distance 0,04 = 4}4 in.
Link 4(0.B), which is in a vertical position, is 24 in. in length.
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a. Draw the velocity polygon. The angular velocity of link 2 is w, =
60 radians/sec. (clockwise). Velocity scale, 1 in. = 5 f.p.s.  o(1, 413).

b. Draw the acceleration polygon. The angular acceleration of link 2 is
ay = 900 radians/sec.? (clockwise). Acceleration scale, 1 in. = 200 f.p.s.?
o(7, 5).

¢. What is the velocity of B in fcet per second? What is the acceleration
of B in feet per second??

¥1a. 375.

90. The four-link mechanism of Fig. 375 is to be drawn to a scale of 3in. =
1 ft. Dimensions are shown in the figure. 0:(21%, 6). The angular veloc-
ity of link 2is w; = 25 radians/sec. (clockwise), and the angular acceleration
is a2 = 180 radians/sec.? (clockwise).

a. Draw the velocity polygon; scale, 1 in. = 5 f.p.s. o(1, 433).

b. Draw the acccleration polygon; scale, 1 in. = 100 f.p.s.2  o(7, 5}.

¢. What is the acceleration of point C in feet per sccond??

91. Lay out the mechanism of Fig. 376 to the dimensions given and draw
the acccleration polygon, using the ana-
lytical method, as in Art. 174, The
angular velocity and angular acceeleration
of link 2 are w; = 40 radians/sec. and
ay = 400 radians/scc.? respectively, both
in the counterclockwise sense.

For the mechanism: scale, full size;
0:(2Y4, 7). For the velocity polygon:
scale, 1 in. =24 f.ps.; 00734, 2).
For the acceleration polygon: seale,

Fra. 376. lin. = 100 f.p.s.%; 0(3, 4).

92. Same as Prob. 91 except that the
graphical method is to be employed, as in Art. 177. In this case, let the
velocity scale be determined from the conditions of the problem.

98. Lay out a four-link mechanism to the following dimensions, using a
scale of 3 in. = 1 ft.; 0,(2, 8); 04(7, 5). Link 2 (0:4) makes an angle of
45 deg. with the horizontal in the second quadrant. Link 3 (AB) is 20 in.
long, and link 4 (O4B) is 1315 in. long. The angular velocity and angular
acceleration of link 2 are respectively wa = 60 radians/sec. and a2 = 900
radians/sec.?, both in clockwise sense.  Link 2 (0,A) is 4 in. in length.
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a. Draw the velocity polygon; scale, 1 in. = 10 f.p.s.  0(8, 514).

b. Draw the acceleration polygon; scale, 1 in. = 300 f.p.s.2 o(1, 314).

94. In the Roberts straight-line mechanism (Fig. 377), the path of point C
is a straight line. Make a fullsize drawing of thc mechanism, using
the dimensions given on the figure. 02(114, 613). The angular veloc-
ity of link 2 is w: = 20 radians/scc., and the angular acceleration is a; =
100 radians/sce.2, both clockwise.

a. Draw the velocity polygon. o(5, 5). Secale, 1 in. = 3 f.p.s.

b. Draw the acceleration polygon. o0(414, 434). Scale, 1in. = 50 f.p.s.?

96. Draw the oil-circuit-breaker mechanismm to the dimensions given in
Trig. 357, letting link 2 make an angle of 45 deg. with the horizontal. 0,(}3,
314). Seale, full size. The angular velocity and acceleration of link 2 are,
respectively, w. = 18 radians/sec. and a2 = 160 radians/sec.?, both in
clockwise sense.

a. Draw the velocity polygon. 0(514, 6). Secale, 11in. = 2.5 f.p.s.

b. Draw the acceleration polygon
using the analytical method as in
Art. 174, 0(414, 6). Seale, 1in, = 50
f.p.s.2

96. Same as Prob. 95, except that
the graphical method of Art. 177 is to

Fia. 377. Fia. 378.

be used in the determination of the acceleration polygon. The space scale
and the velocity scale are to remain as in Prob. 95.  Acceleration polygon,
0(4Y4, 5).

97. Lay out the control mechanism (Fig. 378) to the dimensions given.
0,(7%4, 814). Scale, 3 in. =1 ft. The angular velocity and angular
acceleration of link 2 are, respectively, w: = 15 radians/sce. and an =
100 radians/sec.?, both in a counterclockwise scnse,

a. Draw the velocity polygon. 0(234, 3%4). Scale, 1 in. = 10 f.p.s.

b. Draw the acccleration polygon. o(1, 6). Scale, 1 in. = 100 f.p.s.?

¢. What is the numerical value of the acceleration of C?

98. In the circuit-breaker mechanism represented in Fig. 879, the point C
moves in a vertical straight line. Draw the mechanism to a scale of 6 in. =
1 ft., using the dimensions given. 0:(1%4, 7}4). Link 4 is in a vertical
position. The angular velocity and angular acceleration of link 2 are respec-
tively ws = 45 radians/sec. and a3 = 300 radians/sec.?, both in clockwise
sense.
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a. Draw the velocity polygon. Scale, 1in. = 10f.p.s. 0(6)4,9). Find
the velocity of C in f.p.s.

b. Draw the acceleration polygon employing the analytical method, as in
Art. 174. Scale, 1 in. = 400 f.p.s.2 0(3%, 5).

¢. Draw the acceleration polygon, employing the graphical method, as in
Art. 177. Scale (to be computed). 0(7Y4, 4). Find the magnitude of the
acceleration of C in feet per second2. Note: Arrange on the sheet, in neat

Fia. 379.

form, all the computations made in connection .with the solution of this
problem.

99. The drag-link mechanism of Fig. 23 is to be drawn to the dimensions
given in Prob. 8, with link 2 making an angle of 30 deg. with the vertical
center line, in the fourth quadrant. Secale, 3in. = 1ft. 0,(234,375). Link
2 has a uniform angular velocity of w; = 50 r.p.m., counterclockwise.

a. Draw the velocity polygon. Secale, 1 in. = 1.25 f.p.s. o (5)4,81%).

b. Draw the acceleration polygon. Scale, 1 in. = 5 f.p.s.2 0(6, 4).

¢. What is the velocity of the slide (link 6) in feet per second? What is
the acceleration in feet per second??

Fi1c. 380.

d. Assuming that the space and velocity scales are the same as in the
analytical solution above, draw the acceleration polygon by means of the
graphical method, as in Art. 177, 0(6,1).

100. Using the dimensions given, draw the Watt straight-line mechanism
(Fig. 380) to a scaleof 6in. = 1ft. 0:(1}4, 734). Theangular velocity and
angular acceleration of link 2 are, respectively, w, = 60 radians/sec., and
az = 900 radians/sec.? both in a clockwise sensec.
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a. Draw the velocity polygon. Scale, 1 in. = 10 f.p.s. 0(2, 6).

b. Draw the acceleration polygon. Scale, 1 in. = 600 f.p.s.2 (6, 3).

¢. Find acceleration of point C in feet per second?.

101. The Scott-Russell straight-line mechanism is represented in Fig. 381.
Draw the mechanism to the dimensions given and to a scale of 6 in. = 1 ft.
0,(7, 6). If the angular velocity of link 2 is ws = 40 radians/sec., and the
angular acceleration is a; = 400 radians/sec.2, both in clockwise sense, deter-
mine the following:

a. The velocity polygon. Secale, 1in. = 10 f.p.s. o(1Y4, 124). .

b. The acceleration polygon. Secale, 1 in. = 400 f.p.s.? 0(334, 434).

102. Figurc 356 represents the operating mechanism of the Wellman
geared bucket. Link 3 as shown is a skeleton outline representation of the
excavating bucket, the point C representing the cutting edge of the bucket.
The mechanism is to be drawn to a scale of 134 in. = 1 ft., with link 2 in the
45-deg. position shown. 0.(3%4, 6). The angular velocity of link 2 is

F1a. 381.

we = 40 radians/sec., clockwise, and the angular acceleration is a; =
400 radians/scc.?, counterclockwise.

a. Draw the velocity polygon. Scale, 1in. = 25 f.p.s. 0(7}3, 3).

b. Draw the acceleration polygon. Secale, 1in. = 500f.p.s.2 0(614, 434).

103. Using the dimensions given in Fig. 353, draw the lever engine to a
scaleof 6in. = 1ft. 020614, 214). The crank, which in the position shown
makes an angle of 30 deg. with the horizontal, is rotating at a uniform rate of
2,000 r.p.m., counterclockwise.

a. Find the velocity of the piston (link 6) by means of the velocity poly-
gon. Secale, 1in. = 20 f.p.s. o(134, 614).

b. Find the acceleration of the piston by means of the acceleration poly-
gon. Secale, 1 in. = 2,000 f.p.s.2 o(4}4, 114).

104. In the tool-slide mechanism of Fig. 373, link 2 is the driving member
that operates a reciprocating tool block attached to a sliding member that
receives its motion through oscillating link 4. Draw the mechanism to the
dimensions given with link 2 in the 45-deg. position shown. Scale, 6 in. =
1ft. 0.6, 7).

The angular velocity of link 2 is w: = 96 radians/sec., and the angular
acceleration is az = 2,400 radians/sec.?, both counterclockwise.

a. Draw the velocity polygon. Secale, 1in. = 4 f.p.s. o(1, 315).

b. Draw the acceleration polygon. Scale, 1in. = 200f.p.s.2 0(414, 315).
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106. In Fig. 382 is shown the skeleton outline of the operating lever of an
air compressor. Draw the mechanism to a scale of 3in. = 1ft. 0:(3, 51%).
The angular velocity of link 2 is w: = 40 radians/sec., and the angular
acceleration is'a, = 400 radians/scc.?; both clockwise.

a. Draw the velocity polygon. Secale, 1 in. = 10 f.p.s. 0(515, 615).

b. Draw the acceleration polygon. Seale, 1 in. = 400 f.p.s.2 0o(514, 8).

106. A gasoline engine runs at a speed of 2,800 r.p.m. Length of crank
0OA = 234 in. clockwise rotation. Length of connecting rod AB = 11 in.

a. Draw the mechanism to a scale 6 in. = 1 ft., with the erank in the
30-deg. position before erank-end dead center, and construet the velocity and
aceeleration polygons by means of the Ritterhaus construction.  04(6, 75 .

Fia. 382. Fra. 383.

b. Determine the velocity and aceeleration scales.

c. Construct the velocity and acceleration polygons, using the scaler
det>rmincd in (b) and the graphical method of Art. 177. Compare these
polygons with those obtained in (a). Veloeity polygon, o(214, 2). Accel-
eration polygon, o(613, 114). Redraw mechanisim for part e¢.  0,(6, 234).

107. The flvwheel of an engine (Fig. 267) rotates with an angular velocity
wy = 30 radians/sec. and an angular acccleration a» = 20 radians/sec.?
The governor weight is moving outward relative to the wheel with a uniform
velocity of 10 f.p.s. TFind the acceleration of @, the center of gravity of the
governor weight.

Calculate each component of the acceleration and find the resultant graph -
ically. Note: Apply Coriolis’ law.

108. Wheel 4 of the Geneva motion shuw. in Fig. 383 rotates at a uniform
rate of 100 r.p.m. Determine the angular acceleration of wheel B. Note:
Apply Coriolis’ Inw. :
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109. The vane of a centrifugal pump (Fig, 384), rotates with a uniform
angular velocity of 30 radians/sec. Using the dimensions given in the
figure, find the acceleration of a particle of water P, which moves with a

velocity along the vane of 20 f.p.s. and an acceleration along the vane of
100 f.p.s.2  Calculate cach component of the acceleration and find the result-
ant graphically. Note: Apply Coriolis’ law.

110. One of the buckets of a Pelton water
wheel is represented in Fig. 385. Using the
dimensions given, make a drawing of the
bucket, to a suitable scale. The velocity of
the jet is 180 f.p.s. in a horizontal direction
and the velocity of the bucket is assumed to
be 0.4 of the velocity of the jet. Find the
cceeleration of the water at point P, using
Coriolis’ law. Note: Assume 4}, = 600 f.p.s.?

111. The driving link 3 of the Whitworth

~R =61 focenfer line
of bucket

quick-return mechanism (Fig. 352) runs at a Fii. 385.
uniform speed of 80 r.p.m. Draw thc mech-
anism to a scale of 3 in. = 1 ft., using the dimensions given in Prob. 12.

By the application of Coriolis’ law, find the acceleration of the piston
(link 7).

Chapter XII
STATIC FORCES IN MACHINES

112. In the Atkinson gas-¢ngine mechanism, Fig. 15 (see Prob. 78 for
dimensions) the force on the piston (link 6) is represented by a vector 2 in
long directed to the right. By means of the force polygon, determine the
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vector length that represents the tangential force on the crankpin at A.
Scale of drawing, 114 in. = 1 ft. 0.(6Y4, 7}{). Origin of vector P in force
polygon, (14, 6). Friction is to be neglected.

113. Draw the drag-link mechanism Fig. 23 to the dimensions given in
Prob. 8, with the crank (link 2) making an angle of 30 deg. with the ver-
tical, in the fourth quadrant, and having counterclockwise rotation. Scale,
3in. =1 ft. 0.(8Y4, 4). The gear driving 0.4 has its axis at O; and a
diameter of 1614 in. The pinion has a diamcter of 514 in. and its axis lies
on a horizontal linc¢ to the right of O;. The pressure angle is 1414 deg.

If the force Q on the ram is represented by a vector 2 in. long, determine
the length of vector that represents the normal foree on the teeth of the
driving pinion. Origin of vector @ in force polygon, (734, 714). Neglect
friction. Note: Draw the complete foree polygon showing all forces properly
labeled.

114. Draw the oil-circuit-breaker mechanism (Fig. 357) to the dimensions
given. 0,A makes an angle of 45 deg. with the horizontal. 0.(}4, 234).
Scale, full size. Assuming that veetor @ (= 2 in.) directed upward rep-
resents the resistance at €, determine the length of vector P that repre-
sents the force applied in a horizontal direction at A. Origin of vector @
in force polygon, (6,2). Negleet friction.

116. For the steam-cngine mechanism shown in Fig. 272 the following
data arc given: piston pressure P = 7,500 lb.; length of crank = 6 in.;
length of connccting rod = 30 in.; diameter of crankshaft bearing = 5 in.;
diameter of crankpin bearing = 313 in.; diameter of wrist-pin bearing =
214 in.

Using the methods of Arts. 186 and 192, determine the following for the
60-deg. crank position, shown in the figure (scale, ! in. = 5 in.):

a. The turning effort T',, disregarding friction.

b. The turning effort T, when friction is taken into account. Select
coefficients of friction from Art. 189d.

c. The efliciencey of the mechanism for the position shown.

Note: On account of the small size of friction circles, it is desirable to
wark with a full-size drawing in the solution of part (b) of this problem.

116. In Fig. 386 is shown the drawing of a 20-ton air riveter for which the
following data are given: AB = 35 in.; AD = 6 in.; DE = 3}4 in.; DC =
17Y4 in.; AC = 18 in.; BC = 21}4 in.; stroke of ram = 214 in. The diam-
eters of the bearings are as follows: at 4, 214 in.; at D and E, 2 in.; at C and
B, 114 in.

a. When the ram is 114 in. from the upper end of its stroke, find by
means of a graphical analysis, the piston pressure necessary to produce a
pressure of 2214 tons at the end of the ram, ncglecting friction. Scale,
2in. = 1ft. 0:(1}4,6). Scale of forces, 1in. = 10,0001b. Origin of vector
representing ram pressure, (3, 2).

b. Make the force analysis outlined in (a) above when friction is taken into
account. Select coefficients of friction from Art. 189d.

¢. Determine the approximate efficiency of the mechanism.

Note: On account of the small size of friction circles, it is desirable to work
with a full-size drawing in the solution of part (b) of this problem.
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117. The following data apply to the ‘‘up-and-down-cut shear’’ shown in
Fig. 387: 0;:4 = 7 in. and is inclined at an angle of 45 deg. with the horizon-
tal. Point C is 214 in. vertically below a horizontal line through 0.. AB
= 2634 in.; BC =17 in.; CD = 9% in.; BD = 254 in.; CE = 18 in,;
DF = 2134 in. Secale, 134 in. = 1 ft.

a. The resisting forces exerted by the billet upon links 8 and 9 are assumed

" to be represented by two equal and opposite veetors @, 3 in. long, acting

Fia. 386.

along the center line of the slide. Neglecting friction, determine the vector
length that for equilibriuimn must be applied at A in a direction perpendicular
to the crank 0,4. Origin of vector Q, (234, 214).

In the solution of the problem, the lower slide 8 together with links 4 and 6
can be assumed to be stationary. Therefore, at 0:(2, 7) draw the skeleton
outline accordingly, and renumber the links, so that number 5 becomes num-
ber 4, number 7 becomes number 5, number 9 becomes number 6, and num-
bers 4, 6, and 8 become number 1.

b. Make the force analysis outlined in (a) above when friction is taken
into account. Select cocflicients of friction from Art. 189d. The diameters
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of the bearings arc as follows (Fig. 387): at O, A and E, 5 in.; at B, 3 in.; at
(', D, and F, 6 in.

e. Determine the approximate efliciency of the mechanism.

Note: On account of the small size of friction circles, it is desirable to work
with a full-size drawing in the solution of part (b) of this problem.

/

il\

A% 1

1

1

5 <2231

! : Billet

] av. L/

7
Fra. 387.
Chapter XIII

INERTIA FORCES

118. In this problem an inertia-force analysis of the four-link mechanism
of Fig. 297 is required. Link 2 makes an angle of 60 deg. with the horizontal,
ws = 24 radians/sec. and a; = 240 radians/sec.?, clockwise. The data are
otherwise the same as given in Art. 204. Draw the skeleton outline of the
mechanism to a scale of 3 in. = 1 ft., using the dimensions given in the
figure. 0:(134, 4). In making this analysis, the following procedure is
suggested: (a) Draw the velocity polygon, (scale, 1in. = 20f.p.s.). 0(6,813).
(b) Draw the acceleration polygon, (scale, 1 in. = 200 f.p.s.2). 0(3, 9)3).
(¢) Determine the inertia forces and draw foree polygon with origin of £,
at (214, 1). Scale, 1in. = 40 lh. Sec that all inertia forces and reactions
are set up on the figure in magnitude, direction, and line of action, and that
necessary computations are indicated in the lower right-hand part of sheet.

119. A six-cylinder gasoline engine is running at a uniform speed of
2,500 r.p.m. Length of crank 0,4 = 214 in.; length of connccting rod
AB = 84 in.; distance from A to center of gravity G of connecting rod =
113{¢ in.; weight of piston = 1.94 1b.; weight of connecting rod = 1.75 lh.;
equivalent unbalanced weight of crank at crank-pin radius = 3.25 1b.; time
for 68 complete swings (over and back constitute one complete swing) of
connecting rod about wrist-pin axis is 60 sec.
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a. Make an inertia-force analysis of the mechanism when the crank is in
the 60-deg. position. All inertia forces and reactions are to be determined,
as in Art. 204. Procedurc: Use two sheets. On sheet 1, make a drawing
of the mechanism and show thereon all dimensions, weights, cte. Seale,
34in. = lin. 0.8, 7), piston to theleft. Place all necessary computations
on this shect. On sheet 2 make a drawing of the mechanism and indicate
thercon the inertia foreces fs, f» and fi in magnitude, dircction and line of
action. Scale of drawing, 3{ in. = 1 in. O0: (8, 7), piston to left. Tocate
the several polygons on the sheet as follows: velocity polygon, o(34, 3), scale
1in. = 30 f.p.s.; acceleration polygon, o(lg, 6), 1 in. = 5,700 f.p.s.?; inertia-
force polygon, origin of vector f2(7, 119), scale, 1 in. = 300 1b.

b. Make a static-force analysis of the mechanism. The gas pressure on
the piston at this position is 750 1b.  Origin of vector s, (13, 114). Scale,
1in. = 300 lb.

c. By combining the inertia forces and static forces, determine the magni-
tudes and directions of the following total forces: force on wrist pin; foree
on crankshafi; force on crankpin; turning effort.

120. Samec as Prob. 119, except that the solution is to be made for some
other crank position.

121. A six-eylinder gasoline engine is running at a uniform speed of
2,500 r.p.m. Length of crank 0.4 = 2)g in.; length of connecting rod
AB = 8)4 in.; distance from A to center of gravity of connecting rod =
11%¢4 in.; weight of piston = 1.94 1b.; weight of connecting rod = 1.75 1b.;
equivalent unbalanced weight of crank at erank-pin radius = 3.25 1b.; time
for 68 complete swings (over and back constitute one complete swing) of
the connecting rod about the wrist-pin axis is 60 sec.  (Note: The data given
and the results required in this problem are the same as in Prob. 119.  The
procedure involves the substitution of a kinctically equivalent system for the
connecting rod.)

a. Make an inertia-force analysis of the mechanism when the erank is in
the 60-deg. position. All inertia forces and reactions are to be determined
as in Art. 207. Procedure: Use two shects.  On sheet 1 make a drawing of
the mechanism and show thercon all dimensions, weights, ete.  Seale, 34 in.
= 1in., 0. (8, 7), piston to left. Place all necessary computations on this
sheet. On sheet 2 make a drawing of the mechanism and indicate thercon
the inertia forces fs, fe, fu, and f4 in magnitude, direction, and line of action.
Scale of drawing, 34 in. = 1 in., O: (8, 7), piston to the left. Locate the
several polygons on the sheet as follows: velocity and acceleration polygons
(use Ritterhaus construction); inertia-force polygon, origin of vector f.
(7, 118), scale, 1 in. = 300 Ib.

b. Make a static-force analysis of the mechanism. The force on the
piston due to gas pressure is 750 lb.  Origin of vector a4, (13, 5). Secale
1in. = 300 1b.

¢. By combining the inertia forces and static forees, determine the magni-
tudes and dircctions of the following total forces: foree on wrist pin; foree
on crankshaft; force on crankpin; turning effort.

122. Same as Prob. 121, except that the solution is to be made for some
other crank position.
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123. A six-cylinder gasoline engine is running at a speed of 2,500 r.p.m.
Length of erank 0:4 = 214 in.; length of connecting rod AB = 81§ in.,
distance from A to center of gravity of connecting rod = 113{§ in.; weight
of piston = 1.94 Ib.; weight of connecting rod = 1.75 lb.; the crank is bal-
anced; time for 68 complete swings (over and back constitute one complete
swing) of the connecting rod is 60 sec. (Note: The data given in this prob-
lem and the results required arc the same as in Problems 119 and 121. In
this case, the crank is balanced. The inertia-force polygon will be super-
imposed on the Ritterhaus construction on an enlarged drawing of the
mechanism.)

a. Make an inertia-force analysis of the mechanism when the crank is in
the 60-deg. position. This analysis is to be similar to that in Art. 208, where
the inertia-force polygon is superimposed on the Ritterhaus construction.
Procedure: Use two sheets. On sheet 1 make a drawing of the mechanism
and show thereon all dimensions, weights, cte. Scale, 37 in. = 1 in. 0,
(8, 7), piston to the left. Place all necessary computations on this sheet.
On sheet 2 make a drawing of the mechanism twice full size with the crank
in the 60-deg. position. 0. (6}4, 434), piston to the left. IDetcrmine the
inertia forces and reactions by means of the force polygon superimposed
on the Ritterhaus construction. Scale of forces, 1 in. = 300 1b.

b. Make a static-force analysis of the mechanism. The force on the
piston duc to gas pressure is 750 Ib. Origin of vector F, is at A on the
mechanism.  Scale 1in. = 300 1b, ’

¢. By combining the inertia forees and static forces, determine the magni-
tudes and directions of the following total forces: force on wrist pin; force
on crankshaft; force on crankpin; turning effort.

124. Same as Prob. 123, except that the solution is to be made for some
other crank position.

126. a. Using the data and methods of Problem 123, plot a diagram of
inertia forces of the piston on a base line 6 in. long, located 64 in. from lower
edge of sheet. Start with zero position of c¢rank when piston is to the
extreme left and make the determinations for each 30-deg. crank position
during one revolution. For the end positions (0, 6, and 12) use the analytical
methods of Art. 210. Secale, 1 in. = 300 Ib.

b. On a base linc 6 in. long, located 224 in. from lower edge of sheet, plot
a diagram showing the variation of the turning effort at the crankpin during
one revolution. (Note: These diagrams are similar to those shown in Figs.
340 and 342.) Procedure: Use two sheets. On sheet 1 make a drawing of
the mechanism with piston to the left. 0, (43¢, 514). Secale, 115 in. = 1in.
Draw in the mechanism for crank positions 1, 3, 5, 8, and 10 and determine
the inertia forces and reactions for these positions by means of the force
polygon superimposed on the Ritterhaus construction. Secale of forces,
lLin. = 3001b. (It will be observed that the magnitudes of the inertia forces
for erank positions 11, 9, 7, 4, and 2 will be the same as for positions 1, 3, 5,
8, and 10 respectively.)

126. In addition to the diagrams plotted in Prob. 125, other diagrams such
as those described in the Appendix may be assigned for problem work as
desired.
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Chapter XIV

THE BALANCING OF MACHINERY

127. Three masses M,, M., and M; (Fig. 388a), which revolve in the
transverse planes 1, 2, and 3, are to be balanced by the addition of two
revolving masses. Plane 3 is chosen as the plane of one of the masses M,
and the plane of the other mass M,, is to be arbitrarily selected as the refer-
ence plane. Determine by graphical method values of M, and M, and the
lengths and directions of the corresponding radii for kinetic balance. The
accompanying table (Fig. 388)) gives the values of the masses in pounds,
the length in inches, the directions of their radii, and their distances in
inches from the reference plane.  Secale of drawing, 14 in. = 1in. End ele-
vation of axis, 0(213, 8). Scale of couple polygon, 1in. = 3001b.-in. Scale
of force polygon, 1 in. = 50 Ib.

M, M,
aQ, -—,4_-a?

+ <
) RP
Plane Mass Radius a 0 MR MRa
1 15 4 4 30°
2 | 3 | 4 —4 150°
3 . 1 1 3 8 270°
- | Assume | Assume
o i 20 8
Assume |
O(R.P.) 30 -
L
(b)

Fra. 388.

128. Same as Prob. 127 except that the solution is to be accomplished by
means of two couple polygons.

129. Same as Prob. 127, except that the solution is to be accomplished
by the application of the analytical method.

130. Same as Prob. 127, except that mass M, = 20, R, = 5, and R; = 6.

181. Same as Prob. 130, except that the solution is to be accomplished
by means of two couple polygons.
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132. Same as Prob. 130 except that the solution is to be accomplished by
means of the analytical method.

133. The crankshaft of a horizontal stationary gas engine of the center-
crank type carries two flywheels A and B, the planes of revolution of which
are 3 ft. 8 in. apart. The plane of revolution of the crank is 18 in. from the
planc of flywhecl A. The cquivalent weight of the crank arm at a radial
distance of 10 in. from the crankshaft and in the planc of revolution of the
crank is 110 Ib. The crank is to be balanced by weights placed at a radial
distance of 24 in. from the crankshaft, one in each flywheel. Find the
magnitudes of the weights. Make a diagram of the general setup to a scale
of 114 in. = 1 ft. Start center linc of crankshaft at (114, 6).

134. A single-cylinder horizontal gas engine runs at a speed of 250 r.p.m.
Length of erank = 10}4 in. Tength of connecting rod = 51'4 in. Dis-
tance of center of gravity of connecting rod from crank end = 19.8 in.
Equivalent unbalanced weight of crank at 10}4 in. = 159.5 Ib. Weight
of piston = 234 Ih. Weight of connecting rod = 251 Ib. Equivalent
weight of counterbalance at 1014 in. radius = 522 1b. Draw the skelcton
outline of the mechanism to a scale 144 size and indicate thereon the dimen-
sions and weights. 0;(113, 815). Place all computations on this sheet.
Using the methods outlined in Art. 222, plot to a scale of 1in. = 3,000 Ib. (on
another shect) the following diagrams of inertia forces. o(414, 5).

a. Assuming that no counterbalaneing weight is used.

b. Assuming that a counterbalancing weight is used that is equal to the
sum of all the rotating weight concentrated at the erankpin and all the
reciprocating weight concentrated at the piston, the counterbalancing weight
to be placed opposite the crank at a distance equal 10 the erank radius.

c. For the actual conditions existing in this engine, 7.c., when the given
counterbalancing weight is used.

186. A single-cylinder horizontal oil engine runs at a speed of 250 r.p.m.
Length of crank = 9 in.; length of conneeting rod = 477%{¢ in.; distance of
center gravity of connecting rod from c¢rank end = 16 in.; equivalent unbal-
anced weight of ecrank at 9-in. radius = 150 1b.; weight of piston = 198.5 Ib.;
weight of connecting rod = 194.6 1b.; equivalent weight of counterbalance
at 9-in. radius = 410 Ib.

Draw the skeleton outline of the mechanism to a scale of 115 in. = 1 ft.
and indicate thereon the dimensions and weights. 0:(7Y4, 815). Place all
computations on this shect.

Using the methods outlined in Art. 222, plot to a scale of 1 in. = 3,000 1h.
(on another sheet) the following diagrams of inertia forces:

a. Assuming that no counterbalancing weight is used. o(414, 5).

b. Assuming that a counterbalancing weight is used that is equal to the
sum of the rotating weight concentrated at the crankpin and the reciprocat-
ing weight concentrated at the piston, the counterbalancing weight to be
placed opposite the crank at a distance equal to the crank radius.

¢. For the actual conditions existing in this engine; i.c., when the given
counterbalancing weight is used.

136. A two-cylinder 80-hp. vertical Diescl engine running at 327 r.p.m.
has the two eranks in the same axial plane on the same side of the erankshaft.
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Length of crank = 674 in.; length of connecting rod = 3134 in., distance
of center of gravity of connecting rod from erank end = 11.32 in.; equivalent
unbalanced weight of crank at 674 in. = 133 Ib.; weight of piston = 194 1b.;
weight of connecting rod = 146 1b.; equivalent weight of counterbalance at
674-in. radius = 215 1b.

Draw the skeleton outline of the engine to a seale 2in. = 1 ft. and indi-
cate thercon the dimensions and weights. 0,(2, 2Y5). Draw erank in
45-deg. position. Place all computations on this sheet.

Using the methods outlined in Art. 222, plot to a scale of 1in. = 3,000 ih.
(on another sheet) the following diagrams of inertia forees per cylinder:

a. Assuming that no counterbalan:ing weight is used. o(414, 434).

b. Assuming that a counterbalancing weight is used that is equal to the
sum of the rotating weight coneentrated at the erankpin and the reciprocat-
ing weight concentrated at the piston, the counterbalancing weight to be
placed opposite the crank at a distance equal to the erank radius.

¢. For the actual conditions existing in this engine; z.c., when the given
counterbalancing weight is used.

137. The arrangement of cranks in an eight-cylinder 16 by 20 vertical
Diesel engine is shown diagrammatically in Fig. 389, with crank 1 making
any angle 8 with the vertical center line.

Y
~

@ o

o

R.P

sy u—
&

Fic. 389.

a. Assuming o constant and M, R, and a cach equal to unity, determine
by the methods illustrated in Arts. 223 to 230 what forees or couples are
unbalanced.

b. The angular velocity of this engine is 300 r.p.m. Total reciprocating
weight per cylinder = 984 1b. The distance between cranks is 30 in.
Determine the magnitude of the unbalanced couple for positions of 6, = 0,
45, 90, ete., to 360 deg. and plot a graph showing its variation in magni-
tude. Base line of graph, 0(2}4, 114); length 4 in.; scale of ordinates
1 in. = 25,000 lb.-ft. (Length of connecting rod = 54 in.).

138. Applying the mecthods of Arts. 223 to 230, make a study of the
balance of the 90-deg. V-8 engine referred to in Fig. 332, showing what forces
or couples are unbalanced and what may be done to put the engine in
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halance. For the purpose of this analysis, it will be convenient to assume
that one of the groups of cylinders is in a vertical position on the sheet.

139. The data given below apply to a six-cylinder gasoline engine of the
automotive type. A complete force analysis of this engine is required, in
accordance with the method outlined in the Appendix.

Dimensions:

R.p.m. at maximum horsepower (80 hp.)................ 3,300
Numberof eylinders. ......... ... . o .. 6
Diameter of cylinders......... ... ... .. ... ... ... .... 3346 in.
StroKe. .. 4 in.
Length of connecting rod, center to center............... 7Y% in.
Distance of center of gravity of connecting rod from erank-

pinend. ... ... 234 in.
Diameter of wrist pin......... .. ... ... . L 1 in.
Diameter of erankpin. .. ... ... o oL 214 in.
Diameter of main bearing. ... .. ..o oL 231{¢ in.

Center of gravity of unbalanced rotating weight of each

crank from center line of crankshaft (when cranks are

not balanced).. ... ... ... . 2 in.
Time for 50 complete swings (over and back constitutes

one complete swing) of connecting rod about genter of

wrist-pinend i8.......... ... o i 43 sec.
Weights:
Connecting rod, complete (including bushings)......... .. 1.99 b,
Piston, complete (including wrist pin, rings, ete.)..... ... 2.36 1b.
Est.mmtv(l unbalanced weight of each crank (whon (-mnks
are not balanced)......... ... ... i i 2.25 1b.
Timing:

Inlet valve opens 4 deg. before head-end dead center.

Inlet valve closes 34 deg. after ecrank-end dead center.

Exhaust valve opens 47 deg. before crank-end dead center.

Exhaust valve closes 4 deg. after head-end dead center.
Indicator diagram:

Compression volume, 22.5 per cent of piston displacement.

Maximum cxplosion pressure, 375 1b. per sq. in. abs.

Pressure rise completed at 2 per cent of stroke.

Development of expansion curve begins at 5 per cent of

stroke.

Mean suction pressure, 12 1b. per sq. in. abs.

Mean exhaust pressure, 16 Ib. per sq. in. abs.

Pressure at beginning, of compression, 12 1b. per sq. in.

Exponent for expansion curve.......................... 1.3

Exponent for compression curve................ ... ..., 1.3

Atmospherie pressure 14.7 1b. per sq. in. abs.

140. The data given below apply to an eight-cylinder gasoline engine of
the automotive type. A complete foree analysis of this engine is required, in
accordance with the method outlined in the Appendix.
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Dimensions
Ropm. .o 3,000
Numberof evlinders. ... ............................ 8
Diameter of cylinders................. e 3376 in.
Stroke. ... ... 3L3 in.
Tength of connceting rod, center to center. ... ... .. 716 in.
Distance of center of gravity of connecting rod from :
erankpin end......... ... . i 1.75 i
Diameterof wrist pin....... .. .. ... ... ... . 154 in.
Diameter of erankpin.... ... ... ... ... ... 2 in.
Diameter of main be'xrmg ..................... 25, in.
Center of gravity of unbalanced rotating \u,lght of each
crank from center line of crankshaft. (when eranks are
not balanced) .......... ... L 137 in.
Time for 50 complete swings (over and back constitutes
one complete swing) of connecting rod about center
of wrist-pinend is........... ... ... .. ... ... ... 42 sece.
Weights:
Connecting rod, complete (ineluding bushings). ... . .. .. 2.03 b,
Piston, complete (including wrist pin, sings, etel). ... . 2.13 I
Estimated unbalanced weight of each erank (when cranks
are not balanced) . ......... ... .. .. 2.00 1b.
Tivung:

Inlet valve opens 5 deg. after head-end dead eenter.

Inlet valve closes 39 deg. after erank-end dead center.

Exhaust valve opens 45 deg. before crank-end dead center.

Exhaust valve closes 15 deyg. after head-end dead center.
Indicator diagram:

Compression volume, 21.2 per cent of piston displacement.,

Maximum explosion pressure, 375 lh. per sq. in. abs.

Pressure rise completed at 2 per cent of stroke.

Development of expansion curve hegings at 5 per cent of

stroke.

Mecan suction pressure, 12 lh. per sq. in. abs.

Mean exhaust pressure, 16 1h. per sq. in. abs.

Prcssur(- at beginnin;, of compression, 12 h. per sq. in.

hxp()ncnt for compression curve....... B 1.3
Atmospheric pressure 14.7 1h. per ~5q in. ‘mhs

141. Sccure data similar to that in Prob. 140 for an cight-cylinder two-
cycle Diesel engine, and make a complete foree analysis of the engine in

accordance with the method outlined in the Appendix.
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of single rotating mass, 362
Balancing machines, 403-411
Base curves for cams, 58-60
Bell crank, friction analysis, 315
static-force analysis, 307
Belt, cone pulleys, 158--160, 444
conncetions between nonparallel
shafts, 160-161
drive, velocity ratio of, 153-154
length of, 156-158
open and crossed belt reversing
mechanism, 185
tensions, 155
V-belt drives, 162
Bevel gears, 115-123, 443
angular, 115
classification of, 115
Gleason system, 120, 134, 140-143
hypoid, 115, 122
layout of, 118-120
nomenclature, 117, 118
as a reversing mecchanism, 185
skew, 115, 122
spiral (which see), 115, 120-122
(See also Spiral bevel gears)
straight-tooth, 115, 118
teeth, form of, 116
Tredgold’s approximation, 117
Brakes, 189
Brown and Sharpe gear-tooth sys-
tem, 131-133
Burmester’s method, 160

C

Cams, 53-77, 438
base curves, 58-60, 64

471
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Cams, cylindrical, 74
disk, 53-75
displacement diagrams, 50-58
friction analysis, 320
inertia-force analysis, 355
layout, fundamental procedure,
54-56
minimum size of, 63, 68
miscellancous types of, 73-77
pivoted flat-faced follower, 71, 72
pivoted roller follower, 69-71
sliding flat-faced follower, 56, 67—
69
sliding roller follower, 54, 61-67,
75
spherical, 77
velocity analysis, 235, 256
Centrodes, 260
Chains, kinematic, 6
hoisting and conveying, 166, 444
power-transmission, 166-168, 444
Chamber trains, 35, 36
Chamber-wheel mechanisms, 35-36
Clutches, 186-189
Cone pulleys, 158-160
Jonnecting rod, balancing of, 401
of finite length, 26
inertia cffects of, 378
inertia forees, 417
of infinite length, 25
Coriolis’ law, 291--208
governor mechanism, 298
shaper mechanism, 302
slider-erank mechanism, 299
Corliss valve gear, 20, 46
nonreleasing, 46, 432, 433
Crank, balancing of, 400
inertia effect of, 378
Crankpin pressures, 424
Crankshaft, balancing of, 400
inertia effect of, 378
Crank-shaper mechanism, 8, 33
acceleration and inertia force of
ram, 244
acceleration analysis of, 302
velocity analysis of, 238244, 267
velocity-space diagram of, 244
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Crank-shaper mechanism, velocity-
time diagram of, 243
Critical speeds, 403
Curves, in direct contact, 78-86
Cycloid, 103, 104
Cycloidal gears, 103-114
advantages of, 113
character of action, 105-107
construction of curves, 103, 104
deseribing circles, 103, 106, 109
interchangcable, 110
internal, 111
layout of, 107-109
pin-gearing, 112
rack and pinion, 111

D

Dead points, 18
Definitions, 1, 2
Diagram of shaking [orces, 425
Differential chain hoist, 171
Displacement, angular, 226
combined, 221, 222
of point, 219
relative, of two points, 223
of rigid body, 229
Displacement, diagrams, 13-15, 56—
58, 430
for cams, 5658
for Geneva wheel, 181
Drag-link mechanism, 21-23
displacement diagram, 22
static-force analysis, 310

E

Efficiency, 316
Epicyclic gears, bevel, 211, 448
compound-train, 209, 447-449
as reversing mechanism, 184
simple-train, 207
triplex-hoist, 210
velocity-analysis, by instantane-.
ous center method, 258-260
" by tabular method, 207-215
Escapements, 175
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F

Fellows stub-tooth gears, 133
Force analysis of gasoline engine,
413-427
Four-bar mechanism, 17-21
acceleration analysis, 278, 286
dead points, 18
inertia-force analysis, 377
velocity analysis, method of in-
stantancous centers, 254
method of relative velocities,
232-234
Friction, coefficients of, 315
rolling, 326
sliding, 311
turning, 313
wrapping connectors, 327
Friction gearing, 86, 87

G

Gear teeth, action of, i »mdamental
law of, 91
bevel, form of, 116
comparison of forms, 113
definitions, 88-91
methods of producing, 145-152
- usual forms, 91
Gear-tooth systems, 131-145
American  standard (A.S.A;
A.G.M.A.), 135-140
Brown and Sharpe, 131-133
Fellows stub-tooth, 133
Gleason, 134
Maag unequal addendum, 134
Gear trains, 191--215
automobile transmission, 205-207
change gears, 202-205
direction of rotation, 197
epicyclic, 207-212, 258-260
hunting-tooth, 200
lathe, 191, 203-205
nonparallel axes, 198
sclection of gears for, 199, 200-202
speed reducers, 212-215
velocity ratio of, 195-197

473

Gears and gearing, bevel, 115-123
Citroen, 126, 434
classification of, 88
cycloidal, 103-114
(See also Cycloidal gears)
definitions, 88-91
efficiency of, 323 .
epicyclic, 184, 207-212, 215, 258
friction, 86, 87
friction analysis of, 320
helieal, 123-127
(See also Helical gears)
intermittent, 175-177
involute, 92-103
(See also Involute gears)
miter, 115
spur, 78-114, 441
valve, 20, 21, 45-48
velocity analysis of, 235, 236
worm, 127-130
(See also Worm gearing) -
(See also Bevel gears)
Geneva wheel, 176, 180-183, 458
Gleason bevel-gear system, 134, 140 -
143
Governors, 48-52
application of Coriolis’ law to, 298

H

Harmonic motion, 25
Helical gears, 123-127, 443
advantages of, 126
herringhone, 125
on nonparallel, nonintersecting
shafts, 126, 127
normal pitch, 125
on parallel shafts, 123-126
tooth proportions, 139
Ierringbone gears, 125
tooth proportions of, 139
Hoisting tackle, 170-172
Hunting tooth, 200
Hyperboloids, 85
Hypoid gears, 122

I

Idler gear, 197, 198
Indexing devices, 177-183
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Indicator diagram, 414, 415, 419
Indicator mechanisms, 41, 437
Inertia forces, 329-332, 416, 462
analytical methods, 357
in eam mechanism, 355
combined static and inertia-force
analysis, 342
connecting-rod, 417
of floating link, 332
in four-link mechanism, 337
of link rotating about fixed center,
334
piston, 416
in slider-crank mechanism, 347,
352, 358
transverse and radial components,
336
Instantancous acceleration, 268
angular velocity, 226
centers, location of, 251, 253
method of, 244-261
of pair of links, 248
of rotation, 246
velocity, 220
Interchangeable gears, cycloidal, 110
involute, 101
Interference, 98
Intermittent gearing, 175-177, 444
Inversion, 11
of pairs, kinematic chains and
mechanisms, 12
of slider-crank mechanism, 30--33
Inversions, 11, 55
Involute, 92-94
Involute gears, 92-103
advantages of, 113
character of action, 96, 97
construction of involute, 93, 94
interchangeable, 101
interference in, 98
internal, 102
layout of, 99-101
rack and pinion, 101
Isosceles linkage, 29, 30

K

Kinematic chain, 6
inversion of ) 11
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Kinetically equivalent system, 345
application to slider-crank mech-
anism, 347

L

Lathe gear train, 191-193

Law of three centers, 252

Linkage, isosceles, 29, 30
parallel, 41, 42

Links, 5

Linkwork, 17-52, 431

M

Machine, 1, 6
motion, 2-4
representation, 7
Main-bearing pressures, 424
Mechanical advantage, 243
Mechanism, 1, 6
drag-link, 21-23
four-bar, 17, 19, 20
four-link, 17
inversion of, 11
trains of, 191-215, 445
Mechanisins, indicator, 41
intermittent motion, 173—-190
quick-return, 33, 34
link, 17-52
‘slider-crank, 23-26
straight-line, 37, 38, 40
Method, of instantaneous centers,
244261
cams and gears, 256
epicyclic gear trains, 258
four-link mechanism, 254
law of three centers, 2562
location of centers, 251, 253
slider-crank mechanism, 255
of relative velocities, 229-244
cams and gears, 235
crank shaper, 238-244
determination of angular veloc-
ity by, 232
four-link mechanism, 232
points on same link, 231
toggle press, 235
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Moment of inertia, experimental
determination of, 335
Motion, continuous, intermittent, or
reciprocating, 4
cycle, period, and phase of, 3
harmonic, 25
plane, helical, and spherical, 2, 3

(0]
Oldham coupling, 34, 35
P

Pairing clements, 4 .
Pairs, 4
expansion of, 9-11
inversion of, 11
lower and higher, 4, 5
Pantograph, 38-40
Peaucellier mechanism, 37
Pin gearing, 112
Pin pressures, 423
Planetary (epicyclic) gearing, 207-
215, 446--449
Point paths, 13
Position, definition, 219
Positive hlowers, 36, 442, 443
Problems, 429469
Pulleys, cone, 158
crowning of, 161
for quarter-turn drive, 160
for V-belt, 163
Pure rolling, 80
centrodes, 260, 261
condition for, 79, 80
curves that give, 82-86

Q

Quick-return mechanisms, 33, 34
crank-shaper, 33
drag-link, 21-23
Whitworth, 32, 33

R

Ratchet mechanisms, 174
Redueing motions, 35

. 475

Relative acceleration, of independ-
ent points, 271
of two points on same rigid body,
273
of pair of coincident points on two
rigid bodies, 291
Relative angular velocity, 227
Relative velocities, method of, 229-
244

Relative velocity of two points, 224
Reversing mechanisms, 183-186

bevel-gear, 184

epicyclic-gear, 184

idler-gear, 183

open and crossed belts, 185
Revolved velocity polygon, 240
Ritterhaus construction, 289, 416
Rolling cones, 83-85
Rolling ¢ylinders, 83
Rolling hyperboloids, 85, 86
Root positive blowers, 36, 442, 443
Rope drives, 163-165

]

Scale relations, for graphical accelar-
ation analyses, 283
Scotch yoke, 25, 27
Serew cutting, selection of gears for,
204
Screw threads, friction in, and effi-
ciency of, 325
Shaking forces, diagram of, 425
Skeleton outline, 7-9
Slider-crank mechanism, 23-28
acccleration analysis of, 281, 288,
299, 304
balancing of, 373-402
combined static- and inertia-force
analysis, 342, 347
connecting rod of infinite length,
. 25
force analysis, 342, 347
friction analysis, 317
inertia forees in, 347, 352, 358
inversions of, 30-33
static-force analysis, 308
toggle mechanisms, 28
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Slider-crank mechanism, variations
of, 24 '
velocity analysis of, 255, 264
Speed reducers, 212-215, 446
Spiral bevel gears, 120-122
Spur gears, 78-114, 441
Static forces, 306-328, 459
analysis of, 306
combined static- and inertia-force
analysis, 342
effect of friction, 311
transverse and radial components,
336
Steam-engine mechanism, 4, 5
friction analysis, 317
static-force analysis, 308
Stephenson valve gear, 47
Stone crusher, 29, 319
friction analysis, 319
Straight-line mechanisms, 37, 38
applications of, 40
Peaucellier, 37
Roberts, 455
Scott-Russel, 457
Watt, 37
Stub-tooth gears, 133

T

Time ratio, of quick-return mechan-
isms, 34

Toggle mechanisms, 28

Toggle press, velocity analysis of,
235, 236

Trains of mechanism, 191-215, 445

Transverse and radial forces, 336

Tredgold’s approximation, 117

Triplex hoist, 210

Tumbler gears, 198

U

Universal joint, 42-45
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v

Valve gear (or gears), 4548
Baker, 48
Corliss, 20; 21, 46
locomotive, 4748
Southern, 48
steam-engine, 45, 46
Stephenson, 47, 48
Walschaert, 47, 48
Young, 48

Variable-speed transmissions,

170

V-belt drives, 162

Vectors, 216-218

Velocities, in machines, 216267, 449
method of relative, 229-244

Velocity, analytical methods, 264
combined, 222
instantaneous, 220
of a point, 220
polygon, 233, 240
relative, of two points, 224
space diagram, 242
time diagram, 243

Velocity ratio, angular, 80
of belt drive, 153
of cone pulley drive, 158
of epicyclic gear trains, 207-212
of gear traing, 195
instantaneous center method, 255-

257

of pair of gears, 90

Vibrations, 401, 402

w

Walschaert valve gear, 47
Watt straight-line mechanism, 37
Whitworth quick-return mechanism,
32, 434
Worm gearing, 127--130, 443
A.G.M.A. standard, 140, 144
Wrist-pin pressures, 423
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