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PREFACE

OBpjECcrioN is sometimes raiscd to the methods of practical mathematics,
on the ground that mathematics is not an experimental science.  This
is truc; but mathematics is built up from a system of conventions
which are not arbitrary, but chosen with relerence to experience.
Thus it is both logically and educationally nccessary that the beginner
in any branch of mathematics should have the corresponding part of
his expcrience clearly realized and defined.

This has been recognized in the now gencrally accepted view that
the study of geometry should begin with a course of experimental
measurcment. It is the object of the treatment followed in this book
to extend the same method to some other branches of mathematics
with special reference to the needs of the technical student.

In the chapters on trigonowmctry, for instance, while results are
nowhere given without proof, the deduclive treatment is, as far as
possible, accompanied at every step by graphic or arithmetical verifica-
tion, to enable the student to realise clearly his own expericnce of
space, and to see that he is not dcaling with an arbitrary system of
symbols alone. Every one has in his own mind the fundamental notion
of a rate of increase from which the differential calculus took its rise,
and this should be clearly defincd belore proceeding to the analytical
process of differentiation. Accordingly the subject has been arranged
so that, after a course in plotting to fix the notion of the function
of a variable clearly in the student’s mind, he is introduced to
the mecthods of differentiation by a chapler on rates of increase
treated by arithmetical and graphic methods. It is only after such
a course that most students are ripe lor the analylical methods of
difterentiation. It too often happens that a student who Dbegins with
these acquires mercly a fatal facility in differentiation, regarding it
as a mechanical juggling with sywmbols, but having no conception
of its relation to expericnce.  This intuitional direct vision mecthod
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is intended, not to take the place of, but to prepare the way for a
more rigorous analytical study of the subject

In the same way, the study of definite integration is preceded by
a chapter in which various practical problems on integration are treated
cntirely by graphic and intuitional methods, so as to stimulate the
interest of the student, and to lead him to feel the necessity for
analytical methods of integration.

The logical order of a mathematical subject may not be the
same as the best educational order, or as the order of its historical
development.

The most natural method of advance is by a series of successive
approximations to logical rigour, and, in fact, this is the way in which
the subject has actually grown up. It is scarcely twenty years since
some of the most fundamental positions of the calculus, such as the
criterion for the existence of a definite integral, were completely
established, yet no one would maintain that the great body of analysis
which existed before that time was valueless, because its foundations
were not yet truly laid. The process by which the science itself was
formed is also the most natural for the mind of the student.

The fundamental laws of vector algebra are each given in connection
with some application to mechanics or geometry.

The chapters on solid co-ordinate geometry deal with some parts
of the subject which bear on the student’s study of practical solid
geomelry.

A large number of the more technical examples presupposc some
knowledge of mechanics or electricity. It is not intended that any
one student should work through them all, but that each student should
sclect those examples which interest him most.

E. M. SAXELBY.

May, 1905,
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SUGGESTED COURSE OF READING

Tnrs course is adapted to the syllabus of the Board of Education,

Stages II. and ITT. Tor Stage II., students should read through the

following course :—
Logarithms and introduction to trigonomeltry, including solution of
right-angled triangles : Chapters 1., I1,, [11.] §§ 22, 23, 28, 29, 30.

Usc of formula and equations : Chapters V., VI.

Use of squared paper: Chapters VII., VIII, IX.

Rates of increase and differentiation: Chapters X., X1, §§ 99-1006,
XIV., XV.

Graphic methods of integration : Chapter XVII.

Addition of vectors : Chapter XX,

Solid geometry of points and straight lines: Chapiers NXII., XXIII.,
§§ 191-192.

Determination of volumes and centres of gravity by graphic methods :
Chapters XNI1V. §§ 197-190, 201, XXV, omitling examples CVII.,
CX.

For Stage TII. students will requirc the whole of the book.

The mathematical course for engincering degrees in the University

of 1.ondon also includes many of the subjects treated in this hook.






PRACTICAL MATHIEMATICS

CHAPTER 1
LOGARITIALS

1. As numcrical computation plays an important part in the methods used
in this book, the student should have a thorough working knowledge of the
use of four-figure logarithms, and, if he has not such a knowledge, should
work carefully through this chapter.

It is assumed (hat the student is familiar with the proofs of the following
laws of indices, where 22 and »# are positive whole numbers :—

™ x A" = am +n ; .1'5

SN a2
A™ 2 g — g n e A= 2 -y
(@™ = 2™ e (¥M? = 19

2. Fractional and Negative Indices.-- The student already knows that
P=rXrxar; X =a1rXarXarXxarxarxxXa;and,in general, when
7 is a positive whole number 2™ = x X 2 X 2 x ¥ . . . to z factors.

The question now arises : What meaning is to be given to expressions

such as .1'?}, 1‘1%, 2% etc., and, in general, to 2™ when 2 is negative or a
fraction ?

™ cannot have the same meaning when #z is a fraction as it has when 2
is a positive whole number, but we choose a meaning such that 2", when 7 is
a fraction, shall satisfy the same laws of indices as are already known to hold
good for the case when # is a positive whole number.

The product of two integral powers of x is obtained by adding the indices,

and if 2~ obeys the same rule we must have 2° x 2° =«

Therefore xé is a quantity which gives x as the product when multiplied by
itself, Z.e.—

.ré = Jx
. 5%
Similarly 27X xxr =x
and .r* =Y
1
In general = Y
a
so also (,1'&)3 = .r* X r% X xé =2’

a e
fe. x° is the cube of the square root of x, and, in general, 27 Is the g*

power of the ¢g* root of x,
B
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If negative powers obey the same index law of multiplication as positive
powers, we must have

FTixat =272 = o

r 1

and . a7 = T = oy

at gt
and in general = L
xr

Ze. a negalive power is equal to the reciprocal of the corresponding
positive power.
Note in particular that
ATV x =Tl <yt

I
LAt = x - =0
A
whatever the value of 15 7r. the zero power of any quantity is equal to
unity.

Examerrs.—-I.

: 3

. LI 1 :
1. Write down the values of 4%, 9%, 16*, 277, 1147, 9617, 729°.
4 4
2. Write down (e values of 41%, 16225, S1*, 277, 10075,

3. Write down the values of 2-4, 32, 5-2, 2974, 125‘3, 4913_’}.

—,

. 1 1]
4. Find the valucs of 107}, 10 2, 10°, 10%, 10!, 10 ~, 102,

3. Logarithms.—Definition: If y = a7 then x is called the logarithm of
 to the base 2. T'his is denoled by the abbreviation log, ¥. In words, the
logarithm of a number to any base is the index of the power of the base
which is equal to that number.

The statements y = a® and x = log, ¥ are two different ways of expressing
the same fact ; e,g. we know that 100 = 10? ; this fact may also be expressed
by saying that 2 is the logarithm of 100 to the base 10.

In the same way, we know that

8 = 23; 7. 3 =log, 8

1 .
2 =4%; 7.e. 1 =log, 2
R -1 .. _1 -1 .
01 =—-3 =100"2; i =1 = logy 01
1002
and so on.
ExamrLrs.-—II.

Write down the values of the following quantitics :—

1. log, 2. 2. log, 3. 3. loga 3. 4. logy 512,
6. log,,e 10,000,000. 8. log, 7%. 7. log,, o°1. 8. log, 1.
0. log§ 3162, 10. log,, 31°62. 11. log,, 0°3162.

4. The three laws of indices givenin § 1 may be cxpressed in logarithmic

form.
I. The logarithm of the product of two numbers is the sum of

their logarithms.
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If @ and ¢ be the two numbers, and
log, @ = m,log, b6 =»n
then @ = 2™ and 6 = 1"
and .. @b = am+n

i.e. by the dcfinition of a logarithm
log:ab = m + n = log. a + log, 8
Thus, if we have a table of logarithms to any base, we can substitute

addition for multiplication.

Examrre.—We know from tables that log,, 2°53 = 0°4031, and log, 3'64 =
05611
. logy 2°53 X 3764 = 0°4031 + 0°5611 == 0°9042
aud from the tables we find that this is the logarithm of 9*208 to base 10

.. the product 2°§3 X 364 = 9°208

II. The logarithm of the quotient of two numbers is the difference
of their logarithms.
With the same notation as before, we have

e log: F=mon= log. a — log, &

Thus we can substitute subtraction for division.

ExamrLe,—To find 3'611, we have
2°53

6.

logy, 2?‘; = log;y 364 — log;, 2'53
= 0'5611 — 0°4031
= 01580

We find from the tables that 0’1580 is the logarithm of 1°439 to base to

. 364 _ .
TR

III. The logarithm of the n'* power of a number is equal to
n times the logarithm of the number.

Let m = log; a, then @ - 2™
and @" = (2™)" = 2™
Z.e log, (a") = mn =n x log, a

This law enables us to perform many arithmetical operations which could
not easily be performed by direct arithmetical methods.

EXAMULE.— 70 find the value of (2'53)'3.

We know that logo 2'53 = 0°4031
then logio (2'53)13 = 1°3 X logue (2°53)
= 1'3 X 0°4031 = 0°§240
From the tables we find that 0'5240 is the logarithm of 3'342 to base 10, We
conclude that (2°53)'9 = 3°342.
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end of the book. Some cxplanalion is necessary as to the arrangement and
use of these tables.

The integral part of the logarithm of a number to base 10 may be found
by considering the two mterfral powers of 10 between which the number lies ;
thus, 3432 lies between lo‘ and 10% and therefore its logarithm lies between
2 and 3; 0'00342 lies between oot and ooor, 7. between 10~2 and 1073;
and therefore its logarithm lies between — 2 and — 3.

The decimal p-nrt of the logarithm of a numbcr is given in the tables.

Thus, to find log 3432, we [ind the first Lwo figures, 34, on the left-hand
side of the tables; the next figure, 3, is found at the top. In the horizontal
line opposite to 34, and in the column under 3, we find 5353. This is the
decimal part of log 343. T'o account for the next figure, 2, we notice that in
the table of (]IlfLILIlLLS, at the right-hand side of the lnblcs, the difference
for 2 in the horizonlal line opposite to 34 is given as 3.

This must be added to the value 5353 already found to correspond to 343.
Thus we find that the decimal part of log,, 343'2 is 0'5356. We have seen
above that logy, 343°2 lics between 2 and 3, and therefore log 34372 = 2'5356.

It will be noticed that the arrangement is somewhat different in the part
of the tables corresponding to numbers whose first signilicant figure is 1.

The logarithms here increase so rapidly with the numbers that two se!s
of differences are required for the interval between two numbers whose
second significant figures differ by 1.

Thus to find log 126°3, we know as before that the integral partis 2. To
find the decimal part, we get as before the value 1004 corresponding to 126.

The difference for 3 must now be sought in the horizontal line opposite
to the value 1004 already found ; this difference is 10, and therefore the
decimal part of the logarithm is o'1014, and log 1263 = 2°1014.

To find the decimal part of log 125°3 on the other hand, we should look
for the difference for 3 in the upper line opposite to 0969, which corresponds
to the first 3 significant figures, 125, of the number whose logarithm is to be
found. This diﬂ'uen( e is 11, and thus we get log 1253 = 2'0980.

Since 10° , log 1 =0, and thcnefone the logarithm of any number
less than 1 is ncqnuv lhls is true for logarithms to any base whatever.

It is found convenient to kecp the decimal part of all the logarithms
positive, and to restrict the negative sign to the integral part. Thus, if the
lngmrnhm of a number is — 0°3, we write it 17,76 -1+ 07; ifa logarithm
15 — ‘;7,wewrllelt43, ie. — 4+ 03.

"This device enables us to use the same tables for all numbers, whether
greater or less than 1. Ior any number less than 1 may be obtained from
a number greater than 1 having the same digits by dividing by 10 an exact
number of times,

This is equivalent to subtracting a whole number from the logarithm
without altering the positive decimal part of the logarithm.

Thus 003432 is obtained from 343'2 by dividing by 10

.. log 003432 = log 3432 — log 10%
= 25356 — 4
25356
Note that the decimal part of the logarithm is unaltered. Thus the

logarithm of 0'03432 could be found directly from the tables by first finding
as before the decimal part of the logarithm of 3432, and prefixing the integer

2, because 0'03432 lies between 107! and 10-%

ILXAMPLE.— 70 find log 0°01594 from the tables.
In the horizontal line opposite to 15, and in the column under 9, we find 2014.
The difference for the next figure 4 in the horizontal line opposite to 2014 is 11.
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Adding this to 2014, we get 2025 as the decimal parl of log 0'01594. Since the
number lics between o'x and o°o1, its logarithm lies between 1 and 2.

.. log 0’01594 = 2°2025

0. Antilogarithms.—When the logarithm of a number is given and
we wish to find the number, we may of course usc the table of logarithms,
but it is more expeditious to make use of a scparate table of antilogarithms.
This table gives the number corresponding to any given logarithm to base
10. The arrangement is similar Lo that of the table of logarithms.

EXAMPLE.— Z%e logarithm of a certain number is found to be 270361 to find the
numdber,

We find, by using the tuble of anlilogarithms in the same way as we used the
table of log:mlhm:., that the antilogarithm of 0'0361 is 1086. 'I'hese are the signifi-
cant figures of the result, but we do not yet know the position of the decimal point.
This is found by consldcnm: the integral part of the logarithm. Since the logarithm
is made up of z and a positive decimal, it lies between T and 2, and therefore the
number lies between o1 and o o1, 7.e. the number is 001086,

7. Napierian Logarithms.—Logarithms to base 1o are used for
numerical calculations, but the student will also mect with logarithms to
base ¢, where ¢ is a (uanlity defined by means of the serics

e . T
IX27I1x2%x3 IX2X3X4
It can be shown that, however many terms of this series are taken, the
sum is never greater than a delinite limiting value ¢ = 2'718 . . ., and that
the sum may be made as nearly equal to ¢ as we please by taking a suffi-
cient number of terms of the series. The quantity ¢ is accordingly dcfined
as the limit of the sum of the series.

I

1
ixz2tixzx3Tix2x3%xa toe

141+

as the number of terms is indclinitely incrcased. The quantity ¢ will be
more fully treated in Chapter XXIX., when the student is in a better
position to understand the theory of the subject.

Such logarithms are variously called natural, Napierian, or hyperbolic
logarithms. The reason for the occurrence of this base will appear to the
student at a later stage in his work.

The logarithm of a number to base ¢ is obtained from its logarithm to
base 10 by multiplying by 2°3026.

To verify this from the tables, let # be the logarithm of a number # to base
10. Then, by the definition of a logarithm, 7 = 10”.

We find from the tables that

log,‘, €= lOK..- 2 713 = 04343
Soe= lo"
and 10 = ‘_&"IIH:I = (200
s substituting a — (2504
i.c. log, 2 = 2°3020p = 2°3026 log,, 7

Examrres.— 1L
I'ind [rom the tubles the values of the following logarithms to base 10 :—
1. T.og 200, log 20, log 2, log 0'0002.

2. Log 7837, log 7837, log 78'37, log 7637, log 07837, log 0'07837,
log o° 007b37.
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3. Log 27156 x 10% log 2°156 X 10—4, log 2°156 X 10-7.
4. Log 3°142, log 0°2965, log 4672, log 7°864, log 11°32, log 11772, log 001568,
log 0°002374.
6. Find the numbers which have the following logarithms to base 10 :—
‘1562, 2°3010, 14771, 0°5631, 12759, 3°3648, 2°7649.
6. Find thgvalues of the follg\?vzng logurithmszs—g, 33045 27049
Log, 231, log. 3°57, log, 462, log, 8-86.

8. The methods of working with logarithms and of arranging the work
will be understood from the following examples :—

EXAMPLE (1).—Zva/uate 17362 X 23'54 X 13°05.
log 17362 = 0°1342
log 23°54 = 13718
log 1305 = 1°1155

adding, log 1°362 X 2354 X 13'05 = 2°6215 = log 4183
.. the required product = 4183

I ‘003621
EXAMPLE (2).— Evaluate > 35 x 07003621 _

2534 X 76°52
log 31°35 = 1°4962 log 2°534 = 0°4038
log 0003621 = 35588 log 76°52 = 1-8838
adding, log 31°35 X 0°003621 = igg;jg log 2°534 X 76°52 = 2'2876

subtracting, log x = 47674 = log 0'00u3853
-, 31°35 X 0°003621

" Zsyax gz - 00005853

EXAMrLE (3).—Zwvaluate (0°0326)!3.
log 0'0326 = z'5132
1’2

1'2X0°§132= 06158
I'2 X 2= —2%

log (0'0326)1% = 2°2158 = log 0'01644
. (0'0326)'3 = 0701644
In the above we have lo multiply a2 number which is partly positive and partly
negative by a positive number.  We multiply the two parts separately, and add the
results with their proper signs.
EXAMPLE (4).—Zvaluate (0'0314)—21.
Consider a negative power as the reciprocal of the corresponding positive power,

; I

(0'0314)~%1 = (oo3tgP
log (0°0314) = 24969
2'1

10435
—4'2

log (0°0314)21 = 4°8435
logr=o00

log (0'0314)~*1 = 31565 = log 1434
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valu

(0-03[4)"1 from log I.
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e of log (0'0314)~%! in the last line is obtain

W.XAMPLE (5).— Lvaluate 31325,

EXAMPLE (6).—

Here we have to divide 2 by 4- 3.

g 1329 }1og 1325
o 1325 = 57098

Vige = 1325}

log 13275 = 271222

7

ined by subtiacting b

log 132°5 = 0’7074 = log 5'098

Evaluate 3Joo132s,

= 2°1222

log 0’01325
log \/0 01325 = ,‘,(2_"1222)
=3+ 171222)
= 13741

- 3001325 = 0°2367

= loyr 0°2367

As we wish to keep the decimal part of the

quolient positive, we write 3 4 1 for 2, so that the negalive parl can be divided
exactly by 3.

In working with four-figure logarithms it is found that the results arc
more likely to be accurate, Lspccnlly in long calculations, if all logarithms
are set down in vertical columns, as in the above cnmples

EXAMrLes.—IV,

Evaluate the following expressions to as closc a degree of accuracy as the usc of

four-figure tables will permit :—

1. 0035621 X 25780,

2. o'013640 X 153°27,

3. 22585 X 179.

. 2'006 152°05641
4. 1362 X 0°0251. 5. 000345 8. —0'0005649
q, 5346257 g, 46217 g, 1236 X 21'
1386497 1'12534 32
0 ; . 6 __0'0065 X 136
10. 00352 X 125 X 0°000561I. * 001324 X 0'005621
0'1639 X 52100 X 0'0253, . .
12, — 000035 X Tosbg 13. /251 14, {/o'0742.
16. V/3615. 18. /3615, 17. {/0'030615. 18. {/ooabs1.
19. ,le 7 20. J/217. 21, Y2512, 22, Vz251°2.
23, Y2512, 24, 3/2512. 26. 2189, 26. (0'059)t4.
27, (1°34)0%, 28. (0'0351)-28. 20. (o'1754)792.
30. (o 1854) —0°063, 31. (0'01625)~%3, 32. (0'0532)!,
83. (00b51)-34, 34, 71015, 35. 12794,
30. (1°333)-°". 37. (25:61)-1. 38. (1°305)-7,
89, (0036)-03, 40. (0'32655)-2418, 41, (0'2543)-90%,
42, (log, 2°963)~*%. 43. (0°2461)108,)1204, 44. (0'348g)0 00,
-3 (1036)-31
45, (0'1043)715, 46. § x (ros2)~3- 47. 2/2[;2—
a8 35620 . 2583 X 000036 g, 1357 X (0'21)"
67X 21 (0r0125)* X logy, 29°3 logy, 31°3
. 341x,Jo 036 X 2523, 5 55X af0° 0621x53""
b1. 59°32 x (logie 261)%. 62. (103)* X logm 1571 3. 00035 X (20°06) 93"



CHAPTER 11

TRIGONOMETRY—MEASURLEMENT OF ANGLES—
TRIGONOMETRICAL RAZT10S OF ONL ANGLE

9. Measurement of Angles.—Draw two straight lines OX and OY al right
angles. If XO and YO are produced to X’ and Y’ they divide the plane in
which they lie into four quadrants, XOY, YOX', X'OY’, Y'OX.

Suppose the straight line OP starts from the position OX, and movces 50
that P describes a circle about O
as centre in a dircction opposite to
that of the motion of the hands of
a clock, then the line OP is said
to generate the angle XOP as it
passes round.

The angle XOY is divided into
9o equal parts, called degreces, and
1 0 x for any position of P the angle XOP
is measured by the number of de-
grees through which OP has turned.

One degree is divided into 6o
minutes, and one minute into 6o
seconds.
¥ The quadrants are numbered,
P the 1st, 2nd, 3rd, and 4th, after the
order in which OP passes through
' them.

FiG. . Wlhen OP is in the 2nd quadrant

YOX' it makes an obtuse angle with

OX; when OP is in the 3rd quadrant X'OY’ the angle XOP is slill
measured in the same direction, passing through OY.

Similarly, when OP is in the 4th quadrant, XOP mecans the angle between
OX and OP traced out in a counter-clockwise dircction through OY and
OX’, and not the acute angle between OX and OP.

When OP comes again to its original position OX, it may go on revolving
round O in the same direction, so that it may gencrate an angle as large as
we please: e.g. an angle of 750° is one which is formed when the line OP
starts at OX, and makes lwo complete revolutions, and then turns through
30° in addition.

N

o

10. Positive and Negative Angles.—If the line OP revolves in a
counter-clockwise direclion as in the last §, the angle which it generates is
said to be positive. If OP starts from the position OX, and revolves through
the positions OY’, OX/, OY, in the same dircction as the hands of a clock, it
is said to generate a negative angle.

A negative angle may contain any number of degrces; e.g. an angle of
— 135° is formed when OP revolves through the 4th quadrant XOY' and
halfway through the 3rd, Y'OX’, in a clockwise direction.
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Similarly —roo0® = =11 x g0° — 10% and therefore an angle of — 1000"
is formed when OP turns through 11 right angles in a clockwise direction,
and then continues to revolve through 10° in addition. Thus the generating
line of an angle of ~—1000” is in the 1st quadrant.

11.—Circular Measure of Angles.—Angles may also be measured in

circular measure,  When P moves a distance

XP cqual to the radius OX along the circum-
ference of the circle XYX', the angle XOP Y
which OP generatcs is called a radian. P
It can be proved that when P moves
compleltely round the circle XYX' to its (irst
position X, the whole circumference traced
out by P is equal (o X (o] X
2r.OX = 25 . XP

where = is equal to 3'1416 . . . ]
And since the angle XOP 15 proportional
to the arc XP,

OP gcnerates an angle which = 2o, XOP
= 2= radians Y
.. 360° = 27 radians FiG. a.
. 60°
and 1 radian = 3,};‘ = §7'2958°

We shall usually find it sufficiently accurate to take 1 radian equal
to 57°3°.
It 15 useful to remember the following values :—

2 right angles = 180° = = radians ;
. ™ .
I right angle = go° = 5 radians ;

” . w . n .
° = — radians ; 30° = = radians ; 45° = - radians.
3 4

6

The values in radians of angles from 0° to go® arc given in the tables.

LEXAMULE (1).—Z0 express 125° in radians.

We have 57°3° = 1 radian
125° = 5'—;'53 = 2'18 radians

Using the tables, we have
125° = 90° -} 35° = 1°'5708 + 0’6109 = 2" 1817 radians

Similatly, to convert radians to degrees multiply by 573, or use the talles.

EXAMPLE (2).—dA flywheel of 2°5-ft. radius is revolving at 120 revolutions per
minute, what is the speed of a point on its rim ?

Any radius of the wheel urns through 120 revolutions per minute = 2 revolutions
per second = 4w radians per sccond.

By the definition of a radian we know that when the radius turns through one
llzzulinn its extremily moves through a distance cqual to the radius, #.c. through 2§
cet.

Therefore, in one sccond a point on the rim of the wheel travels through
4w X 2°5 = 3142 {cet per second, and Lhe speed of a point on the rim is 3I°42 fect
per second.
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ExAMILES.—V,

1. Draw figures to show the following angles, and c¢xpress them in radians :—
152°, 205°%, —2750° 300° —840° 1350°.

2. Draw a figure to show angles of 1, 2, 3, 4, and ¢ radians.

3. Make a protractor to measure angles less than two right angles correcl to
o1 radian.

4. Draw figurcs to show angles of 1'3 and 2'9 radians, and express them in
degrees.

gﬁ. Find the length of the arc which subtends an anglc of 41° at the centre of a

circle of 11-ft. radius.

8. A flywheel of 3-ft. radius is revolving at 260 revolutions per minute : what is
the speed of a point on the rim?

7. The earth moves round the sun once a year in a circle (approximately) of
92'8 X 10" miles radius : find its velocity in miles per second.

8. The carth revolves round its axis once in 24 hours : through what decimal of
a radian does it revolve in one second?  Fiud the specd, in feet per second, of a point
on the equator, Radius of carth = 3963 miles.

0. The armature of a dynamo is 1 foot in diamcter, and is revolving al 1100
revolulions per minute.  What is the speed of a point on the outside of the armature?

10. Through what angles do the large and small hands of a clock respectively
turn between 11.15 a.m. and 2.30 p.mn. ; and between 3.44 a.m. and 7.31 p.m.,?

11, What arc the angles, measured in a positive direction from the minule to the
hour-hand of a clock, at the following limes: 3.7, 6.10, 7.15, 9.257

12. Co-ordinates of o Point.—If a point is supposed free to move about
on a surface, we requirc to know two quantities before we can determine its
pousition ; e.g- to fix the position of a point on the earth’s surface we specify

its latitude and longitude, z.e. its
Y distances measured in degrees
from the equator and the meridian
of Greenwich.

In the samc way the position
P P of a point on a plane is fixed when
its distances from two straight
+ Ky lines in the plane are known.

+ r o+ From any position of the point
A P in § g draw PN perpendicular to
Ve , . |N X  the axis X'OX.

I Let 2 = ON measured from O to N
f Y- and y = NP measured from N to P

Then x and y, taken with their
proper signs, are called the rec-
p P tangular co-ordinates of the point
P, y is called the ordinate and x
the abscissa of the point P.
Y The signs are chosen as fol-
lows :—
FiG. 3. r is positive when measured
from left to right in the direction
X'OX, and negative when measured from right to left in the direction XOX’.
y is positive when measured upwards in the direction Y'OY, and negative
when measured downwards in the direction YOY’,
Thus, when P is in the first quadrant,

# = ON and is positive, y = NP and is positive
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When P is in the second quadrant,
x 1s negative, y is positive

When P is in the third quadrant,
x is negative, y is negative

When P is in the fourth quadrant,
& is positive, y is negative

P is described as the point (1, ¥) ; e.g. the point (2, 3) is the point whose
abscissa is 2 and ordinate 3.

Polar Co-ordinatos.—The position of the point P is also determined if
we know the length » of the line OP and the angle XOP = 6, which it
generates in passing from OX to its position OP. These are called the
polar co-ordinates of the point P.

6 is measured positively in a counter-clockwise direction from OX to OP,
and 7 is mcasured from O to P and taken positive in all four quadrants.

P is described as the point (7, 6) ; ¢.&. the point (2, 25°) is the point for
which » = 2 and 6 = 2;5°

Examrres, —VILL

1. Draw a figurc to show the positions of the poinls whose rectangular co-ordinales
are given as follows: (2, 3); (5, 2); (3, 1); (=3, 2);5 (=5, —=3); (=4, 3); (2,—3);
(3, =32); (=43, =34). . , .

2. Show in a figure the positions of the points whose polar co-ordinates are given
as follows : (1, 157); (2, 36°); (2, 64°) 5 (2, 110%); (2, 220°) ; (2, 300%); (2, —60°);
2, —100°).

( 9. Find Ly mecasurement from your figure the polar co-ordinates of the first
6 points in Example 1.

4. Find by measurcment the rectangular co-ordinates of the first 6 points in

Example 2.

18. Trigonometrical Ratios of an Acute Angle.—Let 6 be any acute
angle NOP, let ON = » and NP = y be the rectangular co-ordinates of P,
and let OP = . Then the trigonomectrical ratios of the angle 6 arc defined
as follows:—

sinc 0, written sin § = NPy

' oP r

. . ON _»
cosine 8, written cos 0 = oP 7
tangent 6, written tan 0 = NP Y
’ ON 2
cosecant 6, writlen cosec 6 = Cﬂ:’_ =z
! NP y

. OP _r

secant 0, written sec 8 = ON" 7
ON_ x»

cotangent 0, written cot 8 = NPTy

EXAMPLE (1).—Find by a graphic method the sine, cosine, and tangent of 35°.

This is most conveniently done on squared paper. The student should draw the
figure on a large scale, and verify the measurements for himself.

Take two axes, OX and OY, at right angles, and set off the angle XOP = 35°
by means of a protractor.
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With centre O and radius equal to unit length on some convenient scale, cut off
OP, and draw PN perpcndicular to OX.
Then we have

sin 35° = g:; =NP =o0'574

cos 35° = 8’; = ON = 0819

o NP _os574 .
tan 35" = ON = aB1g =~ 27

Note that when, as in (his example, we tuke OP as the unit of length, the sine
and cosine of 8 are cqual to the rectangular cn-ordinates y and x of the point P.

NoT1E.—The notation sin—! x is used (o denote an angle whose sine is x, e.g. 35°,
or 0°61 radian is a value of sin-? 0°§74. Similarly, ces=Va and tan—! x dcnote angles
wlose cosine and tangent are equal to a.

EXAMULE (2).— Find the acute angle whose tan ent is equal to 0°8.

Here we require to find the angle 8, so thal we may have

NP .
on~°8

The student should draw the figure for himself.

Using squared paper, sct off on the axis of x the length ON c'ﬂu:l.l to unily on
some convenient scale.  On the ordinate passing through N sct oft NP equal to o8
on the same scale. Join OP. Then NOP is the required angle, We find by
mcasurcment that the angle NOP = 38°7°.

Examrres.—VII,

1. Set off on the axis of x, ON, = 1, ON, = 2, ON, = 3. Draw any straight
line OP in the first quadrant. Krect ordinates N,P,, N,P,, N,P;, meeting OP in
N.P, NP
Ty . s 222 T3 3
P,, P;, and P,. Find by mcasurcment the values of oP,’ OP,’ OP,’ and
N,P, NP, N,P,
ON,’” ON,’ ON; and compare.
What do you infer from this experiment with respect to the sine and langent of
an angle ?
2. Find by construction the values of sin 25°, cos 40°, tan 65°, sin 44°, tan 45°,
cos 75°.
3. Find by construction the values of the following acule angles in degreces :
sin=! 039, sin~! 0’89, cos~! 0'6, cus-1 0’85, lan~! 0’4, tan~1 0'7, tan—' 1’73, tan1§.

compare them. Also measure

14. Trigonometrical Ratios of an Angle greater than a Right
Angle.—When the angle NOP is greater than a right angle, ils trigono-
metrical ratios are defined in the same way as in § 13, but it is also
necessary to take account of their signs.

We shall consider the signs of the trigonometrical ratios when the
generating line, OP, of the angle 6 lies in each of the four quadrants (Fig. 3).

When OP is in the first quadrant, x, , and » are all positive, and there-
fore the ratios of the angle XOP are all positive.

When OP is in the second quadrant, we have

Z negative, y positive, and 7 positive

In what follows, ON, NP, and OP rcpresent the numerical values of the
lengths of the lines indicated without taking account of dircction.
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r3
5h0:£=$%;=41hP0x
co50=::=q___82 = - cos POX
lnna—%t__.i;g::_:_mn POX

When OP is in the third quadrant, we have

x negative, ¥ negative, and 7 positive

. __}’ _NP_ H ]
smo.,;_=-+—op._—5mX0P
- —ON L
cos 6 - F=FoP~ — cos X'OP
_ll‘—NP_ ,
tan 0 = 7= _ON = 4 tan X'OP

When OP is in the fourth quadrant, we have

& positive, y negaltive, and 7 positive

e Y _—NP_

sin 0 = >~ 4op= —sn POX
r 4 ON

cos 0 = 77 Y0P~ + cos POX

ano—2_—NP_ _

tan 0 = = TON" tan POX

We have here expressed the ratios of the angle 8 when the generating
line OP is in any quadrant in terms of the ratios of an acute angle.

LEXAMPLE.— 70 construct an angle in the third quadrant whose sine is — £, amd to
find by measurement its cosine and tangent.

‘T'his is most easily done on squared paper.

Take two axis, OX and QOY, at right
angles. We require to find a point for which
y=—5,and r=13.

‘Take a point M on the axis of g, such that
OM = —5, and draw MP parallel to XOX'.
Then all points for which y = —5 lic on the
straight line MP.

To make » = 13, with centre O and radius
13, describe a circle cutting MP at P in the
third quadrant. Join OP.

Then XOP 15 the required angle in the
third quadrant whose sine is — {%.

To find the cosine and tangent of the angle XOP, draw PN perpendicular
to OX'.

Then, by measurcment, the value of x for the point P = ON = -13

FiG. s.

and °, cos XOP :"f

r
tan XOP =2 ==
x =
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ExamrLes.—VIII.

. Construct an angle of 40°. Find by measurcment its sine, cosine, and tangent.
. Construct an angle of 140°. Find by measurement its sine, cosine, and tangent.
. Conslruct an angle of 220°, and find its sine, cosine, and tangent.
. Construct an angle of 310°, and find its sine, cosine, and tangent.
. Construct an acute angle whose sine is 2, and find its cosine and tangent.
. Construct an angle in the sccond quadrant whose sine is £, and find by
measurcment its cosine and tangent.

7. Construct an angle in the third quadrant whose sine is — 2, and find its cosine
and tangent.

8. Conslruct an angle in the fourth quadrant whose sine is — 32, and find its cosine
and tangent.

O NN

15. To find the Sine, Cosine, and Tangent of any Angle from the
Tables.—The results of the last paragraph give us the method of finding
the trigonometrical ratios of an angle of any size from tables which give
the values of these ratios for angles between o® and go®.

Draw a figure showing how the angle
v is generated, and thus find in what quad-
rant the gencrating linc OP lies ; then
look up in the tables the numerical values
of the sine, cosine, and tangent for the
acute angle which OP makes with X'OX,
and before these place the proper signs
X as found in the last paragraph.

LEXAMELE (Y).—70 find from the tables the
values of sin 242° and lan 242°.
In the figure, OP is in the third quadrant.

sin 242° = —ONPI? = —sin NOP = — sin 62°
= — 0’8829 from the tables

tan 242° = :g: = + tan 62° = 1'8807

EXAMPLE (2). —Find the value of cos (—200°).

Y
[
\\
1 T~
X__IN __._:_l\_o . X
\‘ I':'
SR PP
Yl

Fi. 5.
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The generating line OP is in the second quadrant
cos (— 200°) = -_(;)PN = - cos PON
= — cos 20°= — 0'9397

When we require Lo find a trigonometrical ratio of an angle which lies
between two consecutive angles in the tables, we assume that a small change
in the ratio is proportional to the change in the angle, and proceed as
follows :(—

LEXAMPLE (1).— 70 find sin 15°S° from the tables.

We find from the tables
sin 16° = 0°2756
sin 15 .. 0°2588

difference for 1° = 00168
*. difference for 0°5° =08 X 0°0168 = 00134

Adding this to sin 15°, we get
sin 15°8° = 0'2722

IIXAMPLE (2).— 70 find cos 221°4".

We have ros 221°4° = —cos 41°4°.

From the tables
cos 41° — 0°7547
cos 42° = 0°7431

Difference for 1° = o'o116
.. difference for 0°4° - 000464

Since the cosine «f an angle decreases as the angle increases, this difference must he
subtracted from cos 41°,
We et cos 41°4° = 0°75006
", cos 221'4° = — 0°7501

A graphic method of finding the ralios of an angle which lics between (wo given
values, by means of squared paper, will be given in Chapter VIL,

EXAMPLE (3).—70 find the angle between o°® and 9u® whose sine is 0'6070,

We find from the tables
sin 38° = 061§y
sin 37° = 0'6018

Difference for 1° = 0’0139

Thus the required angle lies between 37° and 38°.

Let the required angle = 37° + 2°
Then sin (37° + 2°) = 0'6o70
sin 37° = 0'6018
Difference for x° = 00052
- i - o_'005_2 =0
T oorz9 374
.". the required angle is 37°37°.
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10. Trigonometrical Ratios of Angles of Equal Numerical Magni-
tude but Opposite Bign.
Let OP and OP’ make angles @ and -6 with OX.
Take OP = OP' = 7.
Then for the points P and P’ the
Y values of ¥ and 7 are always the same,
whatever the value of 0, while the values
of y are of equal numerical magnitude
but opposite sign.

. NP’ _ —NP .
> }?0 .. sin (—8) OP - “©P sin @
ON _ ON
OP’ OP
NP’ NP
_ — = — = - J
: tan (—6) ON oN tan ¢
r L }"‘0 An cven f i :
- ‘n power of any uantity does
/ not change sign when that quantity
L changes sign, while an odd power of
P any quantity does change sign with that
quantity. By analogy, we say that sin 6
and tan 6 arc odd functions of 6, be-
' cause they change sign when 0 changes
Y sign, while cos 0 is said to be an even
FiG. 8. function of 0 because it does not change
sign with 0.

.20

cos (—0) = = + cos 0

x N

17. Angles whose Generating Lines lie between Two Quadrants.
I. Ratios of o°.
Y Let XOP = 6 be a very small angle.
Then for the point P x is very
ncarly equal to », and y is very small.
Now let OP move down towards OX.
Then, as 6 gets nearer and ncarer to
the value 0° 2 gets more and more
P nearly equal to 7, and » gets more and
more nearly equal to o.

. X
.. cos 8 = — approaches the value 1
r

Y and may be made as nearly equal to 1 as we

P plcase by taking 0 small enough, while sin 6 = {,

4 . . .
and tan 8 = J; approach the value o as 8 diminishes.

Accordingly, although we cannot construct an
angle of 0% we may still say that

sino® = 0,co50° = I, tano® = o

I1. Ratios of go°.

0 N X Suppuse OP to be approaching OY, so that
b ¢ = XOP is approaching the value 9o®,

Fio. 1o, Then y is getting more and more nearly equal
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to 7, so that sin 8 = { is approaching the value 1, s0 also x is getting more
. ]
and more nearly equal to o, and cos 6 = ;s approaching the value o.

Next consider the value of tan 6 = ﬁ

I
Suppose y = 1 and a = 1,600,000 then tan 0 = 1,000,000

I
——, then tan 8 = 10,000,000

Suppose y = 1and x = 16,600,

1
Suppose y = 1 and v = —————— then tan 8 = 100,000,000
00,000,000

and so on.

Thus by taking x small enough, and consequently 6 sufficiently near to
9o° we can make tan @ greater than any number that can be thought of. A
quantity which is greater than any number that can be thought of is said to
be infinite, and is denoted by the sign oo,

We thus get the results

sin go® = 1, cos 9o° = o, tan 9o° = @

I11. Ratios of 180°
Y

b
o
x

. P
X ¥

Fic. .

As OP approaches OX'—

and 9 approaches the value 180°

» " -

x
and y » ” o
.. as before we get

. —r
sin 180° = o, cos 180° = - = —1,tan 180° = 0

IV. Ratios of 270°.
As OP approaches OY', and 6 approaches the value 270°

x approaches the value o
and y » n —T

. -r
and we get sin 270° = - =" I, cos 270° = 0



18 Practical Mathematics

By proceeding as in the case of go® we get, if we suppose OP to approach
OY’ from the third quadrant, tan 270° = + .
We may here notice that if we suppose OP to approach OY from the

Y

v

Y

FiG. 12.

second quadrant in finding the value of tan 9o% the value of x is negative,
and we get tan 9o° = — .

Thus the tangent of an angle gradually increases from o to e as the angle
increcases from o to a right angle, and then makes a sudden change to —o0
as the angle passes through the value go”.

So also the tangent changes f[rom 4-c0 to — as the angle passes through
the value 270°.

Examrrrs.—IX,

Draw figures to show the angles in the following examples, and find from the
tables the sine, cosine, and tangent of each :—

1. 1759 210° 320°, 400°. 2. 163°, 213° 310° 50%° 1200°.

3. 159° 238° 204°, 516°. 4. 163°, 210°, 100°, 200° 300°.

b. 23° 123°, 233°, 312°, 383°. 0. 113° 211° 265° 293°, 310°.

7. —73° —160", —250° —403°. 8. —131°% —283° —791°

Find the values of the following : —

0. Sin 26°7°, cos 26°7°, tan 26°7°, 10. Sin 133°3° cos 133°3°% tan 133°3°.

11. Sin 221°4°, cos 221°¢4°, tan 221°4°. 12, Sin 311°2° cos 311°2° tan 311°2°,
13. Sin 121°2° sin 212°6°, sin (—82°).
14. Give the values in degrecs, correct to one-tenth of a degree, of the following :—
sin—! 0°2147, sin~! 0'8634, cos—! 0'3859, tan—} 1°2985.
}_B. Find the values of the following expressions; the angles are given in
radians 1—

tan 'Sg' sin 2°§3, cos §, cos 3'42, sin (—1°571), cot (—2"34)
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10. ¥ind the values of cos (3x — 1) for the cases where x = 1 radian, and
x = 5 radians respectively.

17. Find the value of sin (¢ + g), where c = 600, # = 0'1, £ = —0°1745, and the
angle (c£ + g) is expressed in radians.

18. Find the value of sin (¢ 4 g) where ¢ = 400, £ = 001, g = 1"1170.

19. Construct angles of 2 and 3 radians, and find from the tables their sines, cosines,
and tangents,

18. Complementary Angles.—If the sum of two angles is a right angle
they are said to be complemen-
tary angles, and each is called Y
the complement of the other.

To find the relation between
the ratios of an angle and of its
complement.

Let XOP = 6 be any acute P
angle. Then in the figure

NOP + OPN = go° r y

and OPN is the complement )

of 6. 0 0 I; N x
Accordingly we shall get the x

values of the ratios of the com- FiG. 13.

plement of 6 by interchanging x

and y in the values of the ratios of ¢ given in the definitions on p. 11.

sin (9o°® — 6) = sin OPN = '; = cos @
Y

cos (go°® — 6) = cos OPN = S = siné
X

tan (9o° — ¢) = tan OPN =—; = cot 0

sec (9u° — 6) = sec OPN -—.}:; = cosec #

These results may be expressed in the statement—
Any ratio of an angle is equal to the co-ratio of its complement.

This property of complementary angles is made usc of in the tables.
Each angle between o° and 45° on the left-hand side is opposite to its
complement on the right-hand side, so that the column for any ratio of
angles from 0° to 45° will also serve for the co-ratio of angles from 45° togo° ;
e.¢. the column of sines for angles from 0° to 45° is the same as the column
of cosines for angles from 45° to 9o° thus 0'4848 stands as sin 29° and also
as cos 61°

This property of complementary angles may also be proved for angles of
any size. As an example the student should prove it for the case of angles
between 90° and 130°.

10. Bupplementary Angles.—If the sum of two angles is 180° they are
said to be supplementary angles, and each angle is called the supplement of
the other.

To find the relation between the ratios of an angle and of its supplement.
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If OP generates an angle 6, the supplement of @ which is equal to 180°— 0,
will be generated by a su.ught line OQ, rotating, first from OX to ox’

Y
Q P
Al+ .
X' H 0 + )L X
M- + N
Yl
Fic. 14.

through an angle of 180° in a positive direction and then backwards through
an angle X' OQ = 0 in a negative direction, so that XOQ is the supplement
of 8.

Thus, as OP starts from OX (o gencrate the angle 6, OQ starts at the
same instant from OX’, and the two lines votate round O in opposite
dircctions at the same rate, crossing each other at OY and OY'.

It follows that whatever the valuc of @ the values of y and » are the same
for the two points P and Q, while the values of 2 are numerically equal, hut
of opposite sign.

. o o __ — MQ = !“P. = s1
.. sin (180° — 0) = 00 op_smo
OM_ _ON_
cos (180° — 0) = CY) OP — cos @
] o MQ _ _
tan (180° — 0) = oM~ ON tan @

Note in particular that—
'The sine of an angle is the same as the sine of its supplement ;

The cosine of an angle is cqual in numerical magnitude but opposite in
=ign to the cosine of its supplement.

20. Formule connecting the Ratios of an Angle.

From the definitions of the trigonoinetricql ratios we get the following
relations :—

r I
CCO = —m=—— , &+ , " e I
. x cos 0 * 0

VVRY~
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ry 1 I
0=—==a=...— . . . N ¢
cosec Y (2)
r
L | I
ot =—"m=_"_ | |, & & e o
Y Y tané ®
X
>4
P
Sn% Z.Y tan® .. . ... . (4)
cos0 1+ x
r

EXAMPLE (1).-—70 verify from the tubles that cot 56° = Tan 56°

Examples in the verification of these formula: are given in order to fix them in the
mind of the student. The details of the calculation should he set down in full, as in
this example, so that the student may obtain a knowledge of the limits of accuracy in
working with four-figurc tables.

From the tables we get lan §6° = 1°4826.

log 174826 = o°1711
log 1 = o0

= log ir".|f5".".76 = 18289 = log 06744

The tables give cot 56° = 0'6745
1
- o - ..
. col 56° = Lin 56°
within the limits of accuracy of the tables,
sin 31°

EXAMPLE (2).— Verify from the tables that lcué} e tan 31°.
From he tables

sin 31° = 0'5150; log 0’5150 = 1°7118
cos 31° = 0'8572 ; log 0°8572 = 1'9331

0'§I50 -~

s log o857z = 1'7787 = log 0°6oo8

From the tables tan 31° = 06009

. sin 31°
. 1”‘ == tan 31°

EXAMYLE (3). —Z0 find the angle whose langent is 827 correct to one-tenth of a
degree.

The angle is evidently between 89° and 9o®, but cannot be found directly from the
tables since tan go° = c0.
We know, however, that, if x° be the rcquired angle,

1
tan (9o® — x°) = cot x = Ty = oorzt

The tangent of a small angle is very nearly proportional to the angle, and
thercfore we may find the tangent of (9o° — x°) from the tables,
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We have tan 1° = 0’0175
. amo _ go 00121 _
. 90° — x —o—.°'75—° 9

L x= 39'3"
21. In Fig. 13, p. 19, we have by elementary geometry, since ONP is a

right angle,
B L N )
Dividing by r? we get
I’ },I
AT =1
Socos?O4sin?b=1. , . ... .. (6

Dividing (5) by 2 we get

" 2

o
T+ 2= 2
ST 4 tanfé=sectf . . . . . . . . (D)
Dividing (5) by y? we get
x? r?
ypt1 =
Socot!04+ 1 =cosec?® , . . . .. . (8

EXAMPLE (1).— Z0 verify the formula (6) for the case when 0 = 40°,

We find from the tables
sin 40° = 0°6428 ; cos 40° = 0'7660
.". 5in? 0 + cos? 0 = (0°6428)* + (0°7660)*

= 074130 + 0°5866

= 0°9996 .

=1 to an accuracy of 0’05 7,
By mcans of these formule, if onc ratio of an angle is given, all the others can

be found.

EXAMPLE (2).—Given sin 8=0'2 : find cos 0 and lan 6. We shall assume that 6
is less than go°.
We have by (6) sin® 6 + cos? 0 == 1
S.cos?@ =1 —sin?@=1-(02)=1—004=096
. cos 0 = A/'96 =098
sin@ __ o2

cos8  ogs” 024

and tan 6 =

We may also proceed as follows :—
Draw the triangle OPN so that OP

=r=1, and PN =02, to any con-
venient scale, and ONP is a right angle.

P
r y Then sin NOP =02
0 N X . NOP =9
I and since &* + y* =7
At =72—y'=1~004=096

;. x = aJo'96 = 0'98

x
and cos 6 = - = 098
r

y 02
tan ¥ =< =_—__ =0
s T o T
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If tan 0 is given in the first instance, we may find sec @ from the formula (7);
cos @ is then given by (1), and sin 6 by (4).

ExAMPLES.—X.

1. Verify from the tables that sin* 8 + cos® @ = 1 for the case when 8 = 49°,
1 o

2. Verify by numerical calculation that %logs%} = tan 23°.

3. Verify that 1 4 tan® 25° = sec® 25°,

4. Verily that cot 55° = ﬁ,

6. Verify that 1 4 cot? 8 = cosec® @ for the case when 8 = 25°.

6. The sine of an angle is 0'3; construct the angle, and find its cosine and

langent.

7. The cosine of an angle is 0°25 ; hnd its sine and tangent.

8. The tangent of an angle is 2 ; find its sine and cosine.

9. Sin 6 = 0°5341 ; find cos @ and tan 6.
10. Cos 0 == 04746 ; find sin 0 and tan 6.
11. Scc 6 = 7°9604 ; find sin 6, cos 6, and lan 6.
12. Construct an angle whose tangent is §, and find its sine and cosine.
13. Sin 6 = 0°350: find cos @ and tan 6.
14. Construct an angle whose sine is 4, and find its cosine and tangent,
16. Construct an angle whose tangent is 43, and find its sine and cosine,
16. Construct an angle whose secant is $7, and find its sine, cosine, and tangent.
17. Construct an angle whose cosine is }4, and find its sine and tangent.
18. Construct an angle whose tangent is 7, and find its cosine and sine,
19. Construct an angle whose cotangent is ‘“6, and find its sine and cosine.

. Iftan ¢ = —';, find sin ¢ and cos ¢.

.U x 4y 4 s =7 and cos 0 =:, find sin 6 and tan 6 in terms of x, y, and =.



CHAPTER I1I
SOLUTION OF TRIANGLES

22. A triangle may be considered as made up of three sides and three

angles. ‘Thesc are called the six parts of the triangle. When any three

of the six parts are given, one given part being

A a side, the triangle can be constructed and the

remaining parts found. The process of finding

the remaining parts when three are given is
sonctimes spoken of as solving the triangle.

\ \We use A, B, C to denote the angles of the

triangle ABC, and @, &, ¢ to denote the sides

opposite to the angles denoted by the correspond-

FiG. 16. ing lctters ; thus @ denotes the side BC opposite

to the angle A,

23. Solution of Right-angled Triangles.—If it is known that one of
the angles, C, is a right angle, this part of the triangle is known, and we
require to know two “other parts, one of which must be a side, in order to

solve the triangle.

1. Let one of the angles, and one of the
sides containing the right angle, be given as
A, a.

Then we have

Y @ ‘o
A+ B+ C = 180" and C = go°
A+ B=90%and B =90 - A

Thus B is determined.

A y3 C

14
Also -=colAjand .. 6 = acot A
FiG. 17. a

Thus 4 is determined.

BD [ . a . .
To find ¢ we have L7 osin A and . ¢ = sin A and ¢ is determined.

EXAMPLE. — Zet a = 277 (1., B = §4°.  Solze the triangle.
Wehave A + B =90%; .. A=090° — B =36°
14
L =tan B; ~i=atanB=271lan54°=27x%X1376 = 3715 (t.

=% = I
CSn A 0588 =459t
W A=306°%6=3715ft,c =459 M.

Also £ = sin A;
¢

The student should draw the triangle ABC to scale from the given data, and find
the values of 4, ¢, and A by mcasuremcnt,
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[1. Let one of the angles and the hypotenuse be given as A, ¢,
Then, as before, B = go® — A.

b

—2=c05A SLb=ccos A
a . . .

— = sin A Joa=csin A
c

Thus B, 4, and « are determined.

EXAMPLE.—LZet ¢ = 34 [t.,, B = 20°%  Svlve the triangle.
We have A = go° — B = 61°
a=rccos B =ccos 20 := 34 X 0'8746 = 2975 t,
6 =csin B =csin 29°:: 374 X 04848 = 1°049 ft.
SLA =01°% a=2975 L., 6= 1049 (L.

The stulent should vuiify these results by construclion and measurement,

I11. Let the two sides containing the right angle be given as g, 8.

Then tin A = @

b
B =90° — A
@ - a
= sin A, and ¢ = sin A

or c = y/at + 0%

Thus A, B, and ¢ are determined.

EXAMPLE. —ZLet a = 34 /L., b = 2°6 ft.  Solve the trianyle,

tan A = 2 = 23 = 1"307 = lan 52°5°

oA =525°; B =90° — 52°5° = 37°5°
c= A @t 0= W34 276 = 428 R,
SoA = 52750 B = 3750 c =428 M1,
Verify by construction and measurement,

1V. Let the hypotenuse and onc other side be given as ¢, a.

Thensin A =%
c

B =90° - A

o . .

?zsmB S b=csinB
or a4 0% = c2 b=yl

Thus A, B, and 6 arc determined.

EXAMPLE.-~Let ¢ = 54 /1., b = 2°6 f¢.
;—46‘ = 04815 = sin 28°8°, and ,". B = 28-8°
A = go° — 28-8° = 61°2°

Solve the triangle.
We have sin B = b

4= 3 S8 = 2016 =676 = 473 1.
. B=288° A=612°a=4710
Verify by construction and mcasurement.

25



26 Practical Mathematics

ExamprLrs.—XI,
ABC is a triangle having a right angle at C. Solve the triangle, having given the
following data. In each case verify your result by construction and measurement.

1LLA=732°;a=171t 2.A=56°; 6=381,
3. B=49%; c=271t. 4. b=34ins.; a =27 ins.
6. 6=55ins.; ¢ = 167 ins. 0. a = 32ins.; ¢ = 98 ins.

24. The Bides of a Triangle are Proportional to the Sines of the
Opposite Angles.

A ) A
c b/ \h /EI\X
a C N C

<
N B a

Fic. 18,

In the triangle ABC draw AN perpendicular to BC o1 BC produccd.
Then in both figures

sin B = AN; 5in C = AN
¢ o
AN
FETITTI ] sinBz:rcrzé
. dividing we get snC AN ¢
N

Similarly, by dropping a perpendicular from B on AC, we may prove

that
sin C _

ML _ ¢
sinA a
and similarly :::-g = Z

Thus the sides of a triangle are proportional to the sines of the opposite
angles ; or
n _ b _ ¢
sinA sinB sinC s e ()

EXAMPLE.— 70 verify the formula 1. numerically.

Let 6 =2, c=3. With any point A as cenlre, desciibe two circles of radii
3 and 2. Draw any straight line DE to cut the circles in B and C respectively,
Join AB and AC.

Mcasure the angles at B and C, and calculate the ratio Z—:?l— g Compare this

. . b
with the ratio - = 2,
Then draw the straight line DE in another position, so that it still cuts the two

. . B . .
citcles, Find 2 as before, and compare with (he ratio -.
sin C €
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In an actual case il was found

b,
while LEE= 0666 . . .
Similarly, by drawing DE in other positions, so that B and C are on the re-

A

/
D B ~—_ _—C E

Fis. 19.

. . in B
speclive circles, and therefore 4 and ¢ have always the same values, we find that :—.—

in C

is always equal to — within Lhe limits of experimenlal error in drawing.
c

This formula may be used in the following cases of solution of triangles.

25. I. Given two angles and a side as B, C, 4.

Since A+ B + C = 180°% A = 180° ~ B + C, and is determined.
We now know all three angles.
To find ¢ we have

£_sinC . .- ,5nC
6" sinB " 7 "sinB
and can be calculated, since all quantities on the right-hand side of this
equation are known.
To find @ wc have

sin A . _&sinA

sin B sin B

a
[
We have now expressed A, ¢, and 4, in terms of known quantities.

EXAMPLE.—1n the triangle ABC piven, B = 49°, C = 63°, 6 = 36'3. Find A,
¢ and a,
" In this and subsequent examples the logarthmic working has been shown in full,
as an example to the student of how his work should be sct down,

Since A4+ B 4+ C = 180°
A = 180° — (B + O) = 180° — (49° + 63°) = 68°
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To And @ we have
a_sin A, 6smA_363sm68°_363x0927z

3 snB’ °" snB sin 49° 0'7547
log 36°3 = 1'5599
log 0'9272 = 1'9672

15271
log 07547 = 1°8778

loga=1 6493 = log 44°60
S =446
To find ¢ we have
c_sinC | 45in C _ 36°35in 63° _ 36°3 X 08910

» sinB T SinB sin 49° 07517
log 36'3 = 1'5599
log 0'8910 == 10499

1'5008
log 07547 = 1°8778

log ¢ = 16320 = log 42853
e = 42°85
Thus the required values are
A = 68° ¢ = 42'85, a = 44°6

The student should construct the triangle from the given values, and find the
values of @ and & by mcasurement.

The percenlage error of the measured as compared with the calculated value
should be found and stated.

28. II. Given two sides and the angle opposite one of them, as 6, ¢, B
Draw AB cqual to the given value of ¢.
Make the angle ABC equal to B. With

centre A and radius equal to the given

value of 4 describe a circle. This will in
general cut BC in two points, C, CL.

If 4 is less than ¢, these points are both
on the same side of B. Join AC, ACL

Thus there are two possible triangles,

FIG. 70. ABC, ABC!, having the given values of
b, ¢, and B.

If 4is greater than ¢, only onc of the points of intersection, C, is on the
same side of B as the given angle ABC.

In this case there is only one triangle satisfying the given conditions.

If the circle of radius 4 touches BC the two triangles ABC and ABC!
coincide, and we have a right-angled triangle ABC.

If we find that 4 is shorter than the perpendicular from A to BC, the
circle will not reach the line BC, and there is no possible triangle havmf,r
the given values of 4, ¢, and B.

Whenever two sides and the angle opposite one of them are given, the
student should first draw the figure to scale ; he will then see what solutions
to look for.

To solve the triangle by calculation we proceed as follows :—

sin C
sinB "~

csin B
S smC——b

§-|h
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Since ¢, 4, and sin B are known, this gives sin C. Since angles in both
the first and second quadrants have their sines positive, this value of sin C
may correspond to either of two values of C, one the acute angle ACB, and
the other its supplement, AC!B.

In Fig. 20, };r example, we should find from the tables the value of ACB
corresponding to the value of sin C, but the angle AC'B, which is the
supplement of ACB, has the same sign, and is a possible solution. The
figure will always show what values to take.

Taking first the acute angle ACB as the value of C, we now have

A = 180° — (B + C)
The side BC may now be found from the formula

a sin A 6sin A

= —v e @ = =
6 sinB sin B

We have now found all the parts of the triangle ABC.
Similarly, taking the obtuse angle AC'B as the value of C, we may solve
the triangle AC'B.

EXAMPLE (1).—Jn the triangle ABC, given 8 = 5631, ¢ = 4732, B = 43°,
Sfind C.

sin B _ 4732 X 97314
5631

log 4732 = 0'6751
log 0’7314 = 1°8641

0'5392
log 5°631 = 07506

log sin C = 1'7886 = log 0'6146

S sinC = 06146 sin 38° = 06157
sin 37° = 0’6018 sin 37° = 0'6013
differcnce = 0'0128 difTerence for 1° = o'ar3g

S C=(37+130° =379°

Verify by construction and measurement.
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EXAMILE (2).— Given a = 25°2, b = 31°6, A = 23°, find B and C.
By construction we see that there are two possible solutions,

sin B _ &
Wc havc \ier - 'a‘
bsin A _ 31°6 X 0'3007

s.sin B =
a 252

Fi16. 22

log 31°6 = 1°4997
log 0°3907 = 1°5919

log 25°2 = 1°4014

log sin B =: 1°6902 = log 0°4900
.. sin B = 0°4900 = sin 29°3°
and B :- 29°3°

This is the angle CBA = CB'B in the figure.
.. CB'A = 180° — CB'B = 180° — 29'3° = 150"7°
and the possible values of B are 29°3° and 150°7°.

I{ B =293° C =180° — (A 4+ B) = 127°7° = ACB
IfB = 150'7°, C = 180° — (A 4 B) = 6'3° = ACB!

Compare these results with the values found by construction and measurement,

ExamrLes.—XII.,

Solve the triangle ABC completely when the following data are given :=e

1. A=28", B=35° ¢=6. 2. A=58° B=173° 46=342
3. A =75 B - 43° b= 5402 yds, 4. A=385° B =42 a= 4605,
Given—

6. b= 5651, c =432, B =47° find C.

6. c=351 M., =432 [t., B =30° find A and C.

7. a=1252, $=131'6, A = 235 find B and C.

8. a=29'1, =302, A = 26° find B and C.

9.