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PREFACE.

This book has been written specially for the use of students
reading for the First-Year Course in Arts of the Bombay Univer-
sity, and will be found to cover fully the course in Geometry
and Trigonometry—given below—Ilaid down in the curriculum.

A summary of the Matriculation course in Geometry is given
in Section 1. References to the propositions in this preliminary
course are indicated by Arabic numerals, and those to the
propositions of the book itself by Roman numerals, placed in
square brackets. To render the book self-contained, a few
propositions in Geometry outside the University curriculum have
been either introduced or repeated from the Matriculation course,

In the latter part of the book a complete account has been
given of the * Trigonometry of One Angle.” It is hoped that a
sufficiently practical treatment of problems has been combined
with an accurate presentation of principles, so that the student
may have little to unlearn hereafter in studying the higher parts
of the subject.

The numerous Exercises have been selected with great care
and will, it is believed, illustrate mnost of the types of questions
usually set at examinations. The more important of these have
been marked with asterisks ; other results of equal importance,
particularly in Geometry, will be found in the Miscellaneous
Examples, which are intended to be taken up on a second read-
ing. For the purpose of securing increased interest generally
and assisting students reading privately, a large number of ex-
amples have been solved in the exercises or text. In these sclu-
tions stress has been laid on the utility of accurate drawing and
graphical work.
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The Tables of the Logarithms of Numbers and of the
Natural and Logarithmic Functions of Angles have been derived
from W. & R. Chambers’s Mathematical Tables (1885). Some
errors of the ordinary FFour-figure Tables have been removed, and
a Table of Natural Secants has been added.

Corrections for any mistakes left and suggestions for improved
treatment will be gratefully received.
K. J. Sanjana
Jan. 1, 1914.

GEOMETRY TREATED IN CONJUNCTION WITH
TRIGONOMETRY OF ONE ANGLE.—One Paper.

GEOMETRY.

The questions in Practical Geometry shall be set on the constructions
contained in Schedule A, together with easy extensions of them as riders
ifdesired. A candidate should provide himself with a ruler graduated in
inches and tenths of an inch and in centimetres and millimetres, a set
square, a protractor, compasses and a hard pencil. All figures should
be drawn accurately.

The questions on Theoretical Geometry shall consist of theorems
contained 1in Schedule B, together with questions upon these theorems,
casy deductions from them and arithmetical illustrations. Any proot of
a proposition shall be accepted which forms a part of any systematic
treatment of the subject; the order in which the theorems are stated in
Schedule B 1s not imposed as the sequence of the treatment. Proofs
which are only applicable to commensurable quantities shall be accepted.
The use of intelligible abbreviations is recommended.

SCHEDULE A.

Division of straight lines into parts in any given proportions,
Construction of a triangle or a square equal 1n area to a given polygon.
Construction of common tangents to two circles,

Simple cases of the construction of circles from sufficient data.

Construction of a fourth proportional to three given straight lines
'gnd a mean proportional to two given straight lines,

Construction of a regular pentagon

Description in a given triangle of a triangle similar and similarly
placed to another given triangle.

Description of squares in a triangle and in or about a given quadri-
lateral. .
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SCHEDULE B,

Proportion: Similar Triangles.

If a straight line is drawn parallel to one side of a triangle, the other /
two sides are divided proportionally; and the converse.

'If two triangles are equiangular, their corresponding sides are propor- 3
tional; and the converse.

If two triangles have one angle of the one equal to one angle of the
other and the sides about these equal angles proportional, the triangles
are similar.

If two triangles have one angle of the one equal to one angle of the
other and the sides about another angle of each proportional, the sides s
opposite the equal angles being homologous, the third angles of the
triangles are either cqual or supplementary.

e The internal bisector of an angle of a triungle divides the opposite .
side internally in the ratio of the sides containing the angle,and likewise
the external bisector externally.

In a right-angled triangle the perpendicular drawn from the right angle
to the base will divide the triangle into two parts which are similar to
the whole and to each other.

If an angle of a triangle be bisected by a straight line which cuts the
opposite side, the sum ot the rectangle contained by the two segments of
that side and the square on the bisecting line is equal to the rectangle
contained by the other two sides of the triangle.

If a perpendicular be drawn from a vertex of a triangle to the
opposite side, the rectangle contained by the other sides of the triangle
is equal to the rectangle contained by the prependicular and the diameter
of the circle described about the triangle.

The rectangle containced by the diagonals of a quadrilateral inscribed
in a circle is equal to the sum of the rectangles contained by the two
pairs of opposite sides.

The ratio of the areas of similar triangles is equal to the ratio of the
squares on corresponding sides.

If two triangles (or parallelograms) have one angle of the one equal to
one angle of the other, their arcas are proportional to the areas of
rectangles contained by the sides about the equal angles.

~

Concurrency and Collinearity.

If three concurrent straight lines are drawn from the angular points
of a triangle to meet the opposite sides, the product of three alternate
segments taken in order is equal to the product of the cther three
segments.

If a transversal is drawn to cut the sides or the sides produced of a
triangle, the product of three alternate segments taken in order is equal

to the product of the other three segments.

The three medians of a triangle meet in a point, and their common
point is a point of trisection of each median.

The three lines drawn through the angular points of a triangle per.
pendicular to the opposite sides are concurrent.

The three lines which bisect the angles of a triangle are concurrent;
and so also are the bisector of one of the interior angles of a tnangle
and the bisectors of the other two exterior angles.

G. A.
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The three lines drawn through the middle points of the sides of a
triangle perpendicular to those sides are concurrent,

In any triangle the three middle points of the sides, the three feet of
the perpendiculars drawn from the angular points on the sides, and the
three middle points of the lines joining the orthocentre to the angular
points all lie ona circle whose diameter is equal to the radius of the
circumscribed circle and whose centre is the middle point of the line
joining the orthocentre and circumcentre.

If from any point on the circumference of a circle, perpendiculars be
drawn to the sides of an inscribed triangle, the three feet of the perpen-
diculars lie on a straight line.

Harmonic Section.
Division of a given straight line internally and externally so that its
segments may be in a given ratio.
The locus of a point whose distances from two fixed points have a
constant ratio is a circle.
Centre of Simailitude.

If any two unequal similar figures are placed so that their homologous
sides are parallel, the lines joining corresponding points in the two
figures meet in a point, whose distances from any two corresponding
points are in the ratio of any pair of homologous sides.

Every straight line which passes through the extremities of two
parallel radii of two fixed circles passes through one or other of two
fixed points.

Pole and Polar.

If a straight line be drawn through a given point to cut agiven circle,
the intersection of the tangents at the two points of section always lies
on a fixed straight line.

If one point lie on the polar ot another point, the second point lies
on the polar of the first point
Radical Axis.
Determination of the locus of points from which tangents drawn to
two given circles are equal.
The radical axes of three circles taken in pairs are concurrent.
Construction of the radical axis of two given circles.

Expressions for radii of circumcircle, in-circle and ex-circle of a
triangle.

TRIGONOMETRY.

Trigonometrical functions of positive angles less than two right angles.
The formule relating to triangles with radii of circles connected with
triangles, formula for tan %, etc.

Four.figure Logarithms.

Solution of triangles with simple two dimensional problems in heights
and distances.
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CHAPTER L.

RECAPITULATION. THEOREMS AND PROBLEMS
ON RECTILINEAL FIGURES.

§ 1. SUMMARY OF PREVIOUS RESULTS.
A. Theorems.

1. All right angles are equal. (@) At a point in a straight line
only one perpendicular can be drawn to the line. (4) The supple-
ments and complements of equal angles are equal.

2. If a straight line meets another straight line, it makes the
adjacent angles equal to two right angles: conversely, if the
adjacent angles made by two straight lines at a point of another
straight line are together equal to two right angles, the two lines
are in one and the same straight line.

3. If a straight line cuts another straight line, the vertically
opposite angles are equal : conversely, if the vertically opposite
angles made by two straight lines at a point of another straight
line are equal, the two lines are in one and the same straight line.

Two triangles are identically equal when—

4. two sides of one are equal respectively to two sides of the
other, and the included angles are likewise equal ;

5. three sides of one are equal respectively to three sides of
the other ;

6. two angles of one are respectively equal to two angles of

the other, and likewise one side of one is equal to the corresponding
side of the other.

7. If two triangles have two sides of one equal respectively to
two sides of the other, and have likewise the angles opposite to one
pair of equal sides equal, then the angles opposite to the other
pair of equal sides are either equal or supplementary ; in the
former case the triangles are identically equal. (a) If the two

given angles are both right or both obtuse, the triangles are
identically equal.

8. A triangle which has two equal sides has the opposite angles

equal: conversely, a triangle which has two equal angles has the
opposite sides equal.

G. 1.
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9. If any side of a triangle is produced, the exterior angle is
greater than either of the interior opposite angles. :

10. Any two angles of a triangle are together less /'than two
right angles. (a) From a point outside a given straight line only
one perpendicular can be drawn to the line.

The converse of (10) cannot be demonstrated without the assurgp-
tion of some fact about parallel straight lines ; it is often assumed
as an axiom (Euclid’s), and stated thus: if twostraight liney falling
on a third make the two interior angles on the same side less than
two right angles, the two lines when produced far enough meet on
that side on which are the angles less than two right angles. ~Qr
the following axiom (Playfair’s) may be used instead: through the
same point there cannot be drawn two straight lines parallel to a
given straight line.

11. Ifa straight line intersecting two other straight lines makes
(i) a pair of alternate angles equal, (ii) a pair of corresponding
angles equal, (iii) a pair of interior angles on the same side
supplementary, the two given straight lines are parallel.

12. If a straight line intersects two parallel straight lines, it
makes (i) the alternate angles equal, (ii) the corresponding interior
and exterior angles equal, (iii) the interior angles on the same side
supplementary. -

13. Straight lines which are parallel to the same straight line
are parallel to one another.

14. If aside of a triangle is produced, the exterior angle is
equal to the sum of the two interior opposite angles.

15. The three angles of a triangle amount to two right angles.
(a) When one angle of a triangle is right, the other two are
complementary. (b)) When two angles of a triangle are equal to
the third, this third angle is right,

16. In a parallelogram, (i) the adjoining angles are supplemen-
tary and the opposite angles are equal, (ii) the opposite sides are
equal, (iii) each diagonal divides the parallelogram into congruent
triangles, and (iv) the diagonals bisect each other.

17. Ifa quadrilateral has two opposite sides equal and parallel,
its other sides are equal and parallel, and its diagonals bisect each
other.

18. Two rectangles are congruent when two adjoining sides of
one are equal respectively to two adjoining sides of the other. (a)
Two squares are congruent when a side of one equals a side of
the other: conversely, when two straight lines are equal, the
squares described on them are equal.

. Hence any rectangle is said to be contained by two of its adjoin-
ing sides, and any square to be the square of any one of its sides.
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19. If two straight lines fall on three or more parallel straight
lines and the segments of one made by the parallels are equal,
then the segments of the other made by the parallels are also equal.
(a) The straight line through the middle point of one of the sides
of a triangle parallel to a second side bisects the third side: (5)
conversely, the straight line joining the middle points of two sides
sf a triangle, is parallel to the third side ; and it is also half of
the side to which it is parallel.

20. If two sides of a triangle are unequal, the greater side has
the greater angle opposite to it; and if two angles are unequal,
the greater angle has the greater side opposite to it.

21. The sum of two sides of a triangle is greater than the third
side. (@) The difference of two sides of a triangle is less than the
third side.

22. If two triangles have two sides of one equal respectively
to two sides of the other, but have the included angles unequal,
then the third side of that which has the greater angle is greater
than the third side of the other: conversely, if two sides of one
being equal respectively to two sides of the other the third sides
are unequal, then the included angle of that triangle which
has the greater side is greater than the included angle of the
other.

23. Parallelograms on the same base, or on equal bases, and
between the same parallels, have equal areas. («¢) A parallelogram
is equal in area to a rectangle whose sides are equal to the base
and height of the parallelogram.

24. A triangle is equal in area to half the rectangle whose sides
are equal to the base and height of the triangle. (¢) Triangles on
the same base or on equal bases, and between the same parallels,
are equivalent: conversely, triangles of equal area on the same side
of the same base or of equal bases in a straight line, are between
the same parallels.

In the following four results, v, a, ,...are finite straight lines or
finite parts of straight lines; and xa, a® denote respectively the
rectangle contained by x and a, and the square whose side is a.

25. x(a+d+c+ )=xa+xb+xc...;
26. (a+0)? =a®+2ab+0%;
27. (a—0)? =a%—2ab+6%;
28. (a+d)(a—0b) =a*—02

29. In a right-angled triangle the square on the hypotenuse is
cqual to the sum of the squares on the sides about the right angle.
(a) The square on either side is equal to the difference of the
squares on the hypotenuse and the other side.

30. In an ebtuse-angled triangle the square on the side opposite
to the obtuse angle is greater than the sum of the squares on
the sides about the obtuse angle, by twice the rectangle contained
by either of these sides and the projection upon it of the other
side.
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31. In any triangle the square on the side opposite to an acute
angle is less than the sum of the squares on the sides about the
acute angle, by twice the rectangle contained by either of these
sides and the projection upon it of the other side.

32. If the square on one side of a triangle is equal to, greater
than, less than the sum of the squares on the other two sides, then
the angle opposite to the side is respectively a right, an obtuse, un
acute angle.

33. In any triangle the sum of the squares on two sides is equal
to twice the square on half the third side together with twice the
square on the median which bisects that side.

34. The locus of a point which is equidistant from two fixed
points is the perpendicular bisector of the straight line joining
the two given points.

35. The locus of a point which is equidistant from two fixed
intersecting straight lines is the pair of straight lines which bisect
the angles between the two given lines.

36. The straight line drawn from the centre of a circle to the
middle point of a chord (not passing through the centre) is per-
pendicular to the chord: conversely, the straight line drawn from
the centre perpendicular to a chord bisects the chord.

37. One circle, and only one, can be drawn through any three
points not in a straight line, (&) Circles which have three points in
common coincide altogether. (4) If from a point within a circle
more than two equal straight lines can be drawa to the circum-
ference, the point is the centre of the circle,

38. In equalcircles, arcs subtending equal angles at the centres
are equal : conversely, angles at the centres subtended by equal
arcs are equal.

39- In equal circles, arcs cut off by equal chords are equal, the
minor to the minor and the major to the major: conversely, chords
cutting off equal arcs are equal.

40. In equal circles, chords which are equal are equally distant
from the centres: conversely, chords which are equally distant
from the centres are equal,

41. The tangent at any point of a circle is perpendicular to the
radius drawn to the point : conversely, the straight line perpendi-
cular to any radius at its extremity touches the circle at the
extremity.

42. Two and only two tangents can be drawn to a given circle
from an external point; these tangents are of equal length, and
equally inclined to the straight line joining the external point to
the centre.

43. Iftwo circles touch one another, their point of contact is in
a straight line with their centres : conversely, if two circles have
a common point in a straight line with their centres, they touch
one another at the point,

44. {%ny angle at the centre of a circle is double of an angle
at the circumference standing on the same arc.
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45. Angles in the same segment of a circle are equal: converse-
ly, if the straight line joining two points subtends equal angles at
two other points on the same side of it, the four points lie on a circle.

46. The angle in a semicircle is a right angle ; the angle in a
segment greater than a semicircle is acute, and that in a segment
less than a semicircle is obtuse. (@) The locus of a point at which
{ given finite straight line subtends a right angle is the circle de-
scribed on the given line as diameter.

47. The opposite angles of any quadrilateral inscribed in a
circle are supplementary : conversely, if two opposite angles of a
quadrilateral are supplementary, the quadrilateral is cyclic.

48. Each of the angles between a tangent to a circle and a
chord drawn from its point of contact, is equal to the angle in the
alternate segment of the circle: conversely, if a straight line
through an extremity of a chord of a circle make an angle with
it equal to that in the alternate segment of the circle, the straight
line touches the circle.

B. Problems.

49. To bisect (i) a given angle, (ii) a given finite straight line.

5o. To draw a perpendicular to a given straight line from a
given point on the line or outside the line,

s1. To make at a given point of a given straight line an angle
equal to a given angle.

52. To draw through a given point a straight line parallel to a
given straight line.

53. To construct a triangle, given (i) three sides, (ii) two sides
and the included angle, (iii) two angles and the adjoining side or
the side opposite to one of them, and (iv) two sides and the angle
opposite to one ot them.

54. To divide a given straight line into a given number of equal
parts.

55. To construct a square upon a given finite straight line.

56. To find the centre of a given circle or of a given arc of a
circle.

57. To bisect a given arc of a circle.

58. To draw a tangent to a circle from a given point upon or
outside the circumference.

59. To describe a square in or about a given circle.
60. To describe a circle in or about a given square.

61. Todescribe in or about a given circle a triangle equiangular
to a given triangle.

62. To describe a circle in or about a given triangle.

63. To describe on a given straight line a segment of a circle
containing a given angle. .
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§ 2. The following theorems and the problems of § 3 are
supplemental to those given above. They will often be required in
the proof of subsequent propositions and in the construction of
equivalent rectilineal figures.

Def. The straight line joining the middle point of a side of
a triangle to the opposite vertex is called the median to that side
from the vertex.

Proposition 1. Theorem.

In any triangle the difference of the squares on two sides
ts equal to twice the rectangle contained by the third side and
the projection upon this side of the median drawn to it.

C

Given that AP is a median and DP its projection on the side
BC of a A ABC: to prove that AC? — AB?= 2 BC.DP.
Draw AD perp. to BC ; and let 2 APB be acute, so that £ APC is
obtuse.
Then AB? =Bp? + AP? — 2BP.DP, [31]
and AC?=PC? + AP? + 2PC.DP. [30]
Hence, *.* BP?=pC?, we have by subtraction
AC? — AB? = 2DP (PC + BP) = 2BC.DP.
If £ APB is obtuse, we shall have AB? — AC? = 2BC.PD.

By adding up the values of AB> and AC?, we get AB*+AC?
=2 (BP>*+AP?). See [33].

Exercises.

1. Draw a triangle ABC in which BC=%, CA=6, AB=35;
bisect ABin R and draw CF perpendicular to it. Measure the
length FR; also find it by calculation.

2. The sides of a triangle are 36, 3, 2°5 cm : find the median
to the largest side, and verify the result by calculation,

*3. The difference of the squares of the distances of a moving
point from two fixed points is invariable : prove that the point
moves on a straight line.

The sum of the squares of the distances of a moving point
from two fixed points is invariable : prove that the point moves
on a circle, and find the centre and radius of the circle.
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5. Given the lengths of the medians of a triangle ; obtain
formulzae for calculating the sides.

6. The sides of a triangle are 2, 2°4, 3'5 in.: find the segments
of the mean side made by the perpendicular from the opposite angle.
Also, solve the problem when the length of the third side is 3°1 in.

. *7. In any triangle ABC, BC=a, CA=5, AB=c: prove that
the square of the perpendicular from A on BC is

(a+b4c) (b+c—a) (c+a—1b) (a+6—¢:).

4a
Solution. Taking the first figure of the proposition,
b‘l p—
2 __ AR2= .. = :
AC°—AB?=2BC.DP; .. DP 24
2 2 2 2
and pc=2%=%; - cD-_-,pc.;.Dp:a_ﬂ__c,
2 2a

Hence AD?=AC?~— CD? [29]
=(AC—cCD) (AC+CD) [28]

=( b__a2+62-c2> ( 6+a'~’+b’—c2>
2a 2a
_ct—a’—b2+2ab o+ b2+ 2ab—c?

2a 2a
—_— — 2 2.2
_ct—=(a—-10)* (a+8)*—c¢ [27 and 26]
2a 2a
=(a+b+c)(a+b;;§)(c+a—b)(c—a+b). [28]

*8. Shew that the area of a triangle in terms of the lengths of
its sides a, 8, ¢, is } v§{(a4+b+c) (a+b—c) (c+a—b)(d+c—a)}.

9. The sides of a triangle are (i) 12, 15, 9, (ii) 3, 7, 8: find
its area by help of the preceding exercise. Verify the results by
geometrical construction,

10. Ifin a quadrilateral the sums of the squares on opposite
sides are equal, then the diagonals are at right angles.

11. Ifa quadrilateral ABCD is such that AB2+BC2= CD?+DA?,
then the projections ot its opposite sides on BD are equal.

*r2. AP, BQ, CR are the medians of a triangle ABGC : prove that
3 (BC?*+ CA%+ AB?) = 4 (AP*+BQ?+CR?).

13. Any point O is taken in the plane of a rectangle ABGCD :
prove that OA*+0C*=0B?+0D? Conversely, if ABCD is a paral-
lelogram and OA?+0C*=0B*+0D?, then the parallelogram is a
rectangle,

*14. The sum of the squares on the sides of a parallelogram
is equal to the sum of the squares on the diagonals, Conversely,
if a quadrilateral ABCD is such that AB?+4BC2?4CD2?+DA?=AC3
+BD?, then the quadrilateral is a parallelogram.

15. The side AB of an equilateral triangle ABC is produced
to D so that AD=3 AB: prove that CD*=7AB2.

16. A,B are two given points outside a given straight line
©D: find a point P in CD such that the difference of the squares on
PA, PB may be equal to twice the square on AB.
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Proposition 11. Theorem.

The three medians of a triangle meet all in one point, whick
18 @ pownt of trisection of each of them.

Let BE, CF be the medians through the vertices B,C of a A
ABC, meeting in 2 ; join AG, and produce it to meet BC in D: to
prove that AD is the median through A, and that G trisects each
median.

Produce AG to H, make GH=AG, and join BH, CH.
**  AF=FB (Hyp.), AG=GH (Cons.),
.. FG=% BH, and FGC and BH are parl., [19, 8.]
50 also EG=14 CH, and EGB and CH are parl.
Hence BGCH is a parlgm., and the diagonals BC, GH bisect
one another. [16, iv.]

.. BD=DC, and AGD is the median through A.

.~ the three medians are concurrent.

Again *' FG=1% BH and BH=GC, [16,ii.]
s FG=%GC=3%FC: soalso EG=} EB.

And DG=% GH=1GA, .. DG=}% DA;

G is a point of trisection of cach median.

Def.  When three or more straight lines pass through a
point, they are said to be concurrent.

Det. When three or more points lie on a straight line, they
are said to be collinear.

Det. The point of concurrence of the medians of a triangle
is called the centroid of the triangle.
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Exercises.

17. If DF, DE, EF be joined in the figure of the Prop., then G is
the centroid of the triangle DEF.
18. ABC is a triangle and G is the centroid: prove that
(i) AB*+AC*=BG?+CG*+4AG?,
(i) AG*+BG*+CG*= } (BC?+CA%+AB?).

19. Construct a triangle, given the lengths of (i) two sides
and one median, (ii) two medians and one side.

*20. Given the lengths of the three medians, shew how to
construct the triangle,
21. A triangle is formed with the medians AD, BE, CF of a
given triangle ABC for its sides : prove that each median of this
triangle is £ of the corresponding side of the triangle ABC.

§ 3. PROBLEMS AND RECTILINEAL CONSTRUCTIONS.

Proposition 111. Problem.

To divide a given finite straight line tnto two parts in any
gtven ratio.

APQCR 5
Ol R R R

c H i A
AN EE

s~‘~~:~:

7 X

Let AB be the given straight line : it is required to divide it
into two parts in a given ratio, say that of the numbers 3 and 8.

Draw the straight line AX making any angle with AB. Divide
AX into 11 ( =3+ 8) equal parts at the points @, b, ¢, . . . . J [54];
join BX, and draw ¢C parl. to BX to meet AB: then AB shall be
divided at C as required.

Draw aP, hQ, dR, . . . . . parl. to BX.

Then AB is divided into 11 equal parts at P, Q, C,R, . . [19]
of which AC contains 3 and CB contains 8.

s ABis divided at C in the ratio of 3 to 8.
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« Similarly, if the ratio is a: b, we divide AX into a+b equal
parts, join the last point of division to B, and draw through the
point where a parts from A are terminated a line parallel to the
joining line. If the given ratio is between numbers both of
which are-not integral, it should be first reduced to the ratio of
two whole numbers by arithmetical methods.

Det. The perimeter of any rectilineal figure is the sum of
all its bounding sides.

Exercises.

22, Divide a given straight line of length 1°7” into two parts
in the ratio of 2 to 7, and measure the length of each part.

23. Divide a straight line 3°7 cm. long into two parts of
which one shall be (i) one-eighth of the whole, (ii) one-eighth of
the other part,

24. In a given straight line AB find a point ¢ such that AC
may have to AB the ratio of m to m+n,

25. Prove the following construction for trisecting a given
line AB. — Through B draw any straight line XBY, make BY=XB,
join XA ; bisect XA in D, and join DY to cut AB in C: if AC is
bisected in E, E and C are the points of trisection.

*26. Shew how to divide a given straight line into three or

more parts whose ratios are known,

27. Draw any triangle the lengths of whose sides shall be as
346

28, The perimeter of a triangle is §7 mm.; the second side
is half as much again as the first, and the third is half as much
again as the second. Construct the triangle, and verify the lengths
of the sides by calculation,
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Proposition 1V. Problem.

To construct a triangle equal in area to a given rectilineal
figure.

First let the given figure be the quadrilateral ABCD: it is
required to construct a triangle of equal area.

Join DB; draw AX parl. to DB to meet CB producedin X, and
join DX. Then DXC shall be the required triangle.

For AXBD= AABD; [24,a]
add the ABCD to each:

.  AXCD=quad. ABCD.

Next let the figure be the pentagon ABCDE.

Join EB; draw AX parl. to EB to meet CB produced in X, and
join EX.

Then A XBE= AABE;
add the quad. BCDE to each:

quad. XCDE = pentagon ABCDE.

Now as in the first case the quad. XCDE can be reduced to
the equivalent A YCD, which therefore is equal in area to the
given pentagon.

The process may be similarly applied to rectilineal figures
having a larger number of sides.

Rectilineal figures of equal area are often called eguivalent.
To find the area of any polygon we should first reduce it to an
equivalent triangle: as this triangle has half the area of the
rectangle having the same base and height [24], the area of the
polygon is obtained by finding that of the rectangle by the usual
arithmetical rule.

Def. A rectilineal figure which has all its angles equal to
each other and all its sides equal to each other is said to be a

regular figure.
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Exerclses.

29. Construct a quadrilateral having three sides 18, 32, 21
mm, in succession, the angles between the side of 32 mm. and the
adjacent sides being 60° each., Reduce the figure to an equivalent
triangle,

30. Construct a parallelogram with one angle of 45° apd
equal in area to the quadrilateral in the preceding exercise.

31, Construct any rectangle equal in area to a pentagon
ABCDE in which

AB=7%, BC=5, CD=6, DE=4'5, EA=6;
L ABC=110", LBCD=118",
*32, Construct a regular hexagon of side 1'5 cm., reduce it to

a triangle and thence find its area. Verify the result by obtaining
an exact formula for the area of the hexagon,

33. A pentagon is formed by a square of side ‘8" surmounted
by an equilateral triangle of the same side : reduce the figure to an
equivalent triangle and thence find its area. Also obtain an exact
expression for the area and verify the measurement.

34. By means of the protractor construct a regular octagon
of side 1 cm : reduce it to an equivalent triangle,

35. Construct a triangle equal in area to the sum of two
triangles with sides 2°4, 2, 1°8, and 2°2, 1'6, 1'4, and thence find
the sum of their areas.

36. Through a given point in one side of a given triangle
draw a straight line which shall cut off { or 1 of the area of the
triangle.

*37. Bisect the area of a quadrilateral by a straight line
drawn through one of its angular points,

38. Construct a triangle equivalent to a given triangle ABC,
having one angle equal to the £ BAC and one side equal to a given
straight line,

39. Draw a quadrilateral ABCD in which AB=4, BC=3§,
CD=8, DA=65, L ABC=g8’, and divide the figure into four equal
parts by straight lines drawn from D. ‘
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Proposition V. Problem,

To construct a square equal in area to & gwen rectangle.

L= TTTTT s F

D c
Let ABCD be the given rectangle : it is required to construet
an cquivalent square.
Produce AB to E, making BE =BC ; bisect AE in 0, and on AE
as diamcter describe the semicircle AFE. Produce CB to meet the
semicircle in F : then BF is a side of the required square.

Join OF. " BF?=OF?-0B? [29]
= QA% - 0B?
=(OA + OB)(OA — OB) [28]
=(OA + 0B)(OE - 0B)
= AB.BE = AB.BC;

. the sq. on BF 1s equal in area to the rect. ABCD.

Cor. 'The square on the perpendicular drawn from any point
on the circumference of a circle to any diameter of the circle
cquals the rectangle contained by the segments of the diameter.

The arca of a square equal to a given rectangle will not in
general be represented by a square number; hence the side of
such a squarc will often be an incommensurable gradratic surd,
as explained in Algebra.  The process given above may therefore
be taken as a geometrical method for constructing such surds.
Thus, to find /(30), we may draw a rectangle of sides 6 and 5,
or 1o and 3, and then find the side of the equivalent square; the
measure of tius side will give ,/(30) approximately. We can also
obtain such surds by repeated application of Pythagoras’ theorem.
Thus, taking the same example—as 30 =25+ 4+ 1, /(29) will be
the hypotenuse of a right-angled triangle whose sides are 5 and 2,
and ,f(30), of another whose sides are ,/(29) and 1; hence
J/(30) inay be constructed and measured.
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‘ Exercises.

40. Construct a rectangle of sides 12 and 3'5, and draw
the equivalent square : measure its side and verify by calculation,

Solution. Scale, unit='2 in. Take AB=2'4 in., BC ( in the
same line ) =7 in, Describe the semicircle on diameter AC, and
let BD perp. to AC meet it in D. Then BD is the side of the
required square, BDEF.
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On measurement, we find BD=1"3 in. =65 units. The arith-
metical value of the side is V(12X 3'5) =¥(42) =6°48 nearly,

41. Draw any rectangle of area 40°'8 sq. cm. and find the
side of the equivalent square : verify by calculation,

42. Find by geometrical construction a side of the square
equivalent to an equilateral triangle of side 1°2 in.

*43. Describe a rectangle equivalent to a given square, and
such that the sum of two adjacent sides is equal to a given straight
line. When is the construction not possible ?

*44. Describe a rectangle equivalent to a given square, and
such that the difference of two sides is equal to a given straight
line,

45. Solve the following equations geometrically, giving
reasons for the constructions adopted :—

(i) x2—12x+35=0, (ii) #2~120~28=0, (iii) x?—z5x+3=0.
46. Construct the surds v(19) and v(35) by means of

Prop. V, and ¥(13) and (54) by means of Pythagoras’ Theo-
rem,

*47. Prove that the perimeter of a square is less than the
perimeter of any rectangle of equal area,
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Proposition VI. Problem.

To construct & square equivalent to any given rectilineal figure.

Let ABCD be the given rectilineal figure : it is required to con-
struct an equivalent square.

Construct the A XBC of area equal to that of ABCD (IV); draw
CcP perp. to AB and bisect it at M. Produce BX to L, making
XL =MP ; on BL as diameter describe a semicircle, and draw XY

perp. to BL to meet the (Oce: then XY is the side of the sq. required.

For XY? = XB.XL [V, Cor.]
= }XB.CP= A XBC [24]
= quad. ABCD.

The method is similar for figures of more than four sides.

Exercises.

48. Find the side of the square equivalent to a quadrilateral
ABCD in which AB=11, BC=9, CD=6, DA=8 and BD=10, If the
measures are in tenths of an inch, find the area in square inches.

. 49- Onabase 15 mm. long describe a regular pentagon by
using the protractor : obtain and measure the side of the equivalent
square.

. 50. Aregular hexagon is 1” in side ; find its area by reducing
it to a square, and verify by obtaining a formula for the area of the
hexagon.

51, Draw the quadrilateral ABCD from the following data :—
AB=25 mm,, BC=18 mm., £ ABC=70° £ BCD=140° £ DAB =65°.
Construct accurately a square of equal area.
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Proposition VII1. Problem.

To divide a given straight line into two parts such that the
rectangle contained by the whole line and one part is equal to
the square on the other part.

| - Y, Y o
3 A i
A\l
. ‘M i
. 4 ‘
‘. \ 4 .
(Y ’ H
\ \‘ ’ '
AR 4 .
o J '
N\ ’ '
G‘ ................ -..,_.:.--”.---_--..---_._---.:K
[ H N g '
' , N .
: )\ '
.
N DR '
. N '
] 'l ) [
' 4 ‘\ H
' . \
1
] ' \ H
. ’ .
) ’ \ '
H ’ \ [
) g \ ‘
1] ’ . .
] L . ]
F recvotonenancned cwovsnenn e - dmccasmscncmrae JD

Let AB be the given straight line: it is required to divide it
at H so that the rect. AB.HB is equal to the sq. on AH.

On AB describe the sq. ABCD ; bisect ADin E, join EB; with E
as centre and EB as radius draw a circle cutting DA produced n
F. With A as centre and radius AF draw a circle cutting AB n H:
then H is the required point of section.

Through F and H draw the lines FG and GHK rcspectively parl.
to AB and AD: then AFGH 1s a sq.
Now rect. DF.FG =rcct. DF.AF
= (EF + EA)(EF — EA)
=EF? - EA? [28]
=EB? - EA? ‘
= AB%

;. fig. DABC =fig. DFGK ; taking away the fig. DH, we have
fig. KHBC =fig. AFGH, that is, rcct. BC.HB =sq. AFGH.
.~ rect. AB.HB=AH?Z

Det. When a straight line is so divided that the rectangle con-
tained by it and one part equals the square on the other part, it is
said to be divided in medial section (or in extreme and mean ratio).
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It is seen that AH = AF = EF — AE = EB ~ AE : hence the following
construction may be given instead of that in the proposition.
At B in AB erect the perpendicular BC ; take BM =% AB; join MA,
and cut off MN=MB. Aso cut off AH=AN: then H is the required
point of section. For, AH=AM-MN=EB-EA,as thc As AMB,
ABB are congruent.

1f the length of AB is denoted by 24, that of MB is @, so that
AM =+3e, and ., AH=Vze—a={V§—1)a. It follows that
BH=2a—(V5—1)a =(3—v5)a; and it can be readily proved that
AB.HB=2(3 — V5)a’ = (6 — 2¥5) a*= (5 — 1)’a’ = AH%

Again, denoting AH by x, we get from AB.HB= AH? the equa-
tion 2a (2a —x)=x? or ¥?42av—4a*=o0. It is found that the posi-
tive root of this quadratic equationis (V5—1)a. We might there-
fore solve the problem by first solving this equation and then con-
structing for the length (v5—r1)a. The negative rootis — (V3+1)a.

The numerical value of v5—1 is very nearly 1°236 ; thus AH is
nearly "62 of AB and HB is ‘38 of AB.

Exercises.

52. Adopting the construction given in the Note, prove that
AH2=AB.HB from the triangle ABM without completing the
squares.

53. Divide a straight line of length 28 mm. in medial section:
measure the segments and verify the measurement by the solution
of a quadratic equation.

54. Prove that a straight line divided medially is also divided
in such a manner that (i) the difference of the squares of the
segments =the rectangle contained by them, (ii) the rectangle
contained by the line and the larger segment=the rectangle
.contained by the smaller segment and the sum of the line and the
larger segment,

*s5. A straight line AB is divided in medial section at X :
(i) if from AX the greater segment a part AY = XB is cut off, then
AX is divided at Y in medial section ; (ii) if BA is produced to C so
that AC=AB, CX is divided at A in medial section.

56, With the notation of the preceding exercise prove that
AB?— XY?=4AB.XY.
57. With the figure of the Proposition prove that AB?+BH?

=3AH% Verify this result by employing the surd values of the
segments,

58. Inthe same figure, if ABis produced to K so that BK = HB,
prove that AK?=5 AH®.

G. 2.
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Miscellaneous Examples 1.

1, Construct straight lines representing ¥6 and V7 cm. and
measure them in mm,

2. Draw a square of side 2'5 cm., and construct another with
area } of that of the given square, Measure the side and check the
result by calculation,

3. A square of side ‘6 in, is given: draw another whose area is.
3 or § of that of the given square.

4. Construct a triangle equivalent to a given quadrilateral
and having a base equal to a given straight line.

A farmer wishes to fence off a rectangular field two acres
in area : find the least length of the fencing required.

6. Construct the quadrilateral ABCD from the following
data :—AB =20, BC=24, CD=17, £ ABC=100° £BCD=60" Find
the equivalent triangle with vertex C and base lying along AB ; and
shew how to cut off the third part of the quadrilateral by a line
drawn through C.

7. Construct a rectangle equal in area to a given square, and
having one of its sides equal to twice or thrice the other side.

*8. The sum of the squares on the sides of any quadrilateral
is equal to the sum of the squares on the diagonals together with
tour times the square on the line joining the midpoints of the
diagonals.

*9. In the base BC of a triangle ABC a point P is taken such

that BP is i of BC : prove that (n—1) AB2+ AC?= "—;-‘BC’+ nApP?,

Solution. 1n the fig. of Prop. 1. let Bp=;‘ BC.
As proved there, AB*=BP*+ AP — 2BP.DP,
and AC*=PC?+AP*+ 2PC.DP.
Multiply the first by -1 and add up ; we get
(n—1) AB*+AC*=(n—1) BP*+PC?+nAP*+2PD{PC ~ (n — 1)BP}.
But BpP= ;EBC, S CP= nT:—lBC =(n—1)BP; hence by reduction,

(v=1)AB*+AC’= (22X %~ 1 \gci+nap
nt n?

="="BC*+nAp.

Yo, If @ is the centroid of a triangle ABC and p any point in
the plane of the triangle, prove that

AP*+BP*+ CP*= AG?+BG*+ CG*+ 3PG".

1t. The sum of the squares of the d'stances of a point from
the vartices of a given triangle is least when the point is at the
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12, The diagonals of a quadrilateral ABCD meet in E, and F
is the midpoint of the straight line joining their middle points :
prcve that AE2-+BE®+ CE?+DE?= AF?+BF?+ CF?+ DF?+ 4EF2

13. AD, BE, CF are the perpendiculars to the sides BC, CA,
AB of a triangle ABC, and K, L, M are respectively their middle
peints : prove that of the three rectangles BC.DK, CA.EL, AB.FM,
one is equal to the sum of the other two.

*14. A point p within a triangle ABC moves so that the trian-
gles PAB, PAC are equivalent: prove that the locus of p is a
straight line. Hence shew how to find a point Q such that the
areas QAB, QBC, QCA are all equal.

15. Prove the following construction for dividing a given
straight line AB in medial section.—Produce AB to ’/, making
BA'=AB; bisect BA’ in M; draw BN at right angles to AA/ and equal
to AB; join MN, and from MA cut off MC=MN: then AB is divided at
C so that AB AC=BC?,

*16. Givena straight line AB, find a point H in BA produced
such that AB HB= AH?.

17. Produce a givenstraight line so that the sum of the squares
on the given line and the part produced may be double of the rect-
angle contained by the whole line produced and the part produced.

18. By obtaining quadratic equations and couastructing for
their surd roots, solve the following problems geometrically.
—Divide a given straight line AB into two parts at H so that the
rectangle AB.HB=1} or } or J of AH2

19. Solve the following equations graphically :—
r*—s5r+4=0, x?+5v¥—4=0,

*20. A given straight line AB is divided at D so that
AB.DB= AD?; with centres A and D and radii AB and DA res-
pectively circles are drawn meeting in C : prove that in the triangle
ABC LB~ LCm=2LA,

Solution. Bisect AD in O,
and draw CM perp to AB. Then
AC!-CD*=2 AD OM [1].

Now AC=AB and CD=AD;
< AC* — CD?! = AB* — AD* =
AB'—ABDB (#yp.) =AB AD.
Hence 2AD OM and AB AD are
equal, .. AB=20M=20D+2DM
=AD+2 DM;

s DB=2DM, and DB is
bisected at M.

<. the As CDM, CBM are congrucent [4]; .. £ CBD = 4 CDB.
But as DC=Da, £ CDB=2 L CAD. [8 and 14]

S L CBD, as also £ ACB vqud! to it, is double of £ CAB.



CHAPTER IL

RECTANGLES OF SEGMENTS OF CHORDS
OF A CIRCLE. RADICAL AXIS.

§ 4. ALGEBRAICAL SIGNS OF LINEAR SEGMENTS.

The student is already acquainted with the application of the
signs + and - to the lengths of finite straight lmes. He knows,
for instance, how in graphical representation, the abscissa of a
point is reckoned positive or negative according as the pomt les in
one or the other of two directions from the ongm along the axis.

0 B2 o —
—_— —_—
Fig. 1. Fig. 2.

If O is the origin, or the pomt from which distances are mea-
sured, in a line OPQ, we can reach Q from O by making two steps,
one from O to P, the other from P to Q In Fig. 1, where
these are in the same direction, we have szp 0Q = st¢p OP + stcp PQ,
and as 0OQ is greater than OP we conclude that OP and PQ have
the same sign. But'in Fig. 2, although we have algebraically
step OQ=step OP + sfep PQ, yet as 0Q 15 less than OP we have to
take OP and PQ to be of opposite signs, and only then will the
final arithmetical value of OQ be obtained. It is immaterial
which of the two directions of motion in the line (indicated by
arrow-heads) is taken as positive; but once we have decided on
this, the other direction will have to be taken as negative. If the
second step is from P back to O, the final distance of Q from 0 is
2ero, so that OP + PO =o0 or PO= - OP. It should be remembered
that in such equations a line is to be measured in the direction
which is given by the sequence of the letters denoting the line.

.Det. When any point C is taken in the indefinite straight
line joining two points A and B, the distances AC, CB are called
the segments or parts of the line AB made by C.
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It will be seen that in all cases ’
AB is the algebraic sum of the two A 4
parts AC, cB  Thusn the adjoin-
ed second case CB 1s negative, in
the third case AC is negative. A B

B

ol

When the origin changes the parts

will however change, not only in ==
magnitude but also generally n G A
sign.

Whenever a geometrical figure admits of continuous variation,
it will be found that t.h.e lengths of some of the distances alter, and
in passing from positive to negative values they go through the
value zero.

Lllustrations. 1. A triangle
ABC is taken with an acute
angle at A, and the angle is
continuously increased so as
to become first a right angle
and then obtuse. The projec-
tion, AD, of AC on AB is found
to be positive at first, then to
vanish when AC is at right
angles to AB (so that A and D coincide), and finally to become
negative when the « A increases to an obtuse angle, The follow-
ing three theorems correspond to these cases, and are the expres-
sions of one and the same algebraical fact : —

AD pos., BC?*=AB'+AC®—2AB.AD; AD zero, BC®=AB>-+AC?;
AD neg., BC*=AB*+AC2+2AB.DA.

2. To divide a given straight line internally and externally into

parts in the ratio of 3 to 2. In the second case the smaller part is
negative, as 3—2=1,

3. Todivide a given straight line AB externally at H so that
rect. AB.HB= AH2,
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At B erect BM perp. to AB and =1 AB; join MA, and cut off
MN =MB from AM produced ; take AH= AN in BA produced.

If AB=24, BM=a and AM=avV5 ; .. AH=AN=gq(v5+1).

Thus BH=a(V5+3); and AB.HB = 242(3+ V5) = a?(6+245)
=a?(VN§+1)2=AH:,

In this case AB is said to be eviernally divided in medial section ;
and the process above gives the numerical value of the negative
root of the quadratic equation obtained in the Note on Prop, VII.

4. It A, B, C, Pare any points in a straight line, prove that
BC.PA+CA.PB+AB.PC=0, and state the arithmetical equation

when the nninte ars an tha lina in tha Aedae @ A & 0
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§ 8. RECTANGLE OF SEGMENTS OF A CHORD OF A CIRCLE.
Proposition VIil. Theorem.

If a chord of a given circle passes through a fixed point, the
rectangle contained by its segments is constant for all posztwm
of the chord.

Fig. 1. Fig. a.

In a O ABX (centre C) let any chord AB be drawn through a
fixed pt. P: to prove that the rect. contained by its segments
PA, PB, is constant whatever be the position of the chord.

Bisect AB in M, join CM; then CM 1s perp. to AB. [36]
Join CP, CA.

Now n Fig. 1, rect. PA.PB = (MA 4+ PM)(MB - MP)
=(MA + PM)(MA — MP)

= MA? - Mp? [28]
= MA? 4+ MC? - (MP? + MC3)
= CA? - CP?; [29]

and in Fig. 2, rect. PA.PB=(PM + MA)(MP — MB)
= (PM + MA)(PM — MA)

=MP? - MA? [28]
=MP? 4+ MC? - (MA? + MC?)
=CP?-CA% [290]

But CA and CP are fixed, being respectively the radius of the
given (O and the distance of the fixed pt. from its centre.

. rect. PA.PB is constant in all cases.
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Cor. 1. If two chords of a circle intersect in a point, the
rectangle of the segments, made by the point, of one chord equals
the rectangle of the segments of the other: forif EF is
another chord through P,

rect. PE.PF =difference of CE? and CP?
= difference of CA? and CP2.

Cor. 2. Conversely, if two finite straight lines intersect in a
point so that the rectangle of the segments of one line made by
the point equals the rectangle of the segments of the other, their
four extremities are concyclic,

Cor. 3. If r= the given radius and ¢ = the distance of the
fixed point from the centre, the constant numerical value of the
rectangle is #2 = @2 or 42 - /% accordmg as the point is inside or
outside the circle.

If we measure distances along AB from the fised point P, the
algebraical value of the rectangle 1s @2 -7* in both cases, as
PA.PB is negative in Fig. 1 and positive in Fig. 2. This value is
-often called #he potwer of the point P with regard to the circle ABX.
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Propesition 1X. Theorem.

If from an external point a secant and a tangent are drawn
to a civcle, the square on the tangent equals the rectangle
contained by the whole secant and its part outside the circle :
conversely, if the square on a line drawn to a circle from an
external point equals ths rectangle contained by any whol
secant from the point and s part outside the circle, the line
drawn to the circle is a tangent.

From a point P outside a (O ABX let a secant PBA and &
tangent PT be drawn to the O to prove that rect. PA.PB =PT*.
Join the centre C of the (O to A, P, T.
" LCTP=rt. angle [41], /. CP*=CT*+PT?2
.. PT?=CP?-CT2=0CP? - CA?
=rect. PA.PB (vIII, Cor 3}

Conversely, from P let a secant PABand a line PT be drawn to
the (O, and let PT2 =rect. PA.PB: to prove that PT touches the O

If PT does not touch the O it will meet it in a pomt S distinct
from T.

. PBA, PTS are two secants drawn through P,

< rect. PT.PS =rect. PA.PB. [VIII, Cor. 1}

=PT%, [Hyp.}

.".P8=PT, which 1s impossible unless § coincides with T.

~. PT does not meet the () ina point other than T, that is,
PT touches the () at T.
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The result can also be obtained by turning the line pPAB about P
until the points of intersection coincide; when A and B are both
at T, PAB becomes the tangent pT and rect. PA.PB becomes PT2,
When P is within the circle, PA and PB are of unlike sign, the
rectangle is negative and no single line like PT can exist: in this
case, however, when AB becomes perpendicular to CP, AB is bisected
at P, and the constant value of the rectangle equals the square of

vhalf the chord AB,

Def. Two circles are said to infersect orthogonally or at vight
angles when their tangents at a point of section are at right angles.
In this case cach tangent passes through the centre of the other
circle, and the square of the distance between the centres equals
the sum of the squares of the radii.

Exercises.

*59. P is any point on the circumference of a circle of diameter
AB, and PM is the perpendicular on AB: prove that PM?=AM-MB,
and PA: =AM, AB,

*6o. In a right-angled triangle the perpendicular is drawn
from the right angle to the hypotenuse: prove that the square
on either side of the triangle is equal to the rectangle contained by
the hypotenuse and its segment adjacent to the side,

61. Divide a given straight line internally and externally into
two parts whose rectangle may be equal to a given square.

62. Produce a given straight line so that the rectangle contain-
ed by the given line and the produced part may be equal to the
area of a given polygon.

*63. XY is a fixed straight line perpendicular to the diameter
AB of a given circle; a straight line through A meets the circle in
P and XY in Q. Prove that rect. AP. AQ is constant.

*64. From a fixed point A a variable line AP is drawn to any
point P of a given straight line XY; a point Q is taken on AP so
that the rect. AP.AQ is constant. Find the locus of Q.

65. Two chords of a circle intersect at right angles within the
circle; the two segments of one chord are 3 and 7 cm., and one
segment of the second chord is 2 cm. Find the other segment
of the second; measure the radius of the circle and also obtain it
by calculation.

66, In a fixed straight line OP a length OA of 1°5” is taken;
whthh O as centre and radii 2'1” and 3°5"” two concentric circles are
described. If any other straight line from O cuts these circles in
X and Y, prove that the circle through the points A,X,Y, meets OP
again in a fixed point, and find the distance of this point from O.

67. Three points A,B,C, are taken in a straight line so that
AB=3 cm., BC=1 cm., and through g another straight line DCE is
drawn making an angle of 60 with AC. Describe circles to pass
through A and B and to touch DE ; measure their radii, and find
them also by calculation.



26 GEOMETRY. [cuar.

68. A column of height 21/ 4” stands on a horizontal plane
and is surmounted by a statue of height g’ 4’/ : find points on the
horizontal plane at which the statue subtends maximum angles.

69. AB is a finite straight line and CD an indefinite one: find
the point p in CD at which AB subtends the greatest possible angle.

vo. Two circles intersect, and from a point on their common

chord two chords are drawn one to each circle ; prove that theig
four extremities are concyclic.

*71. Three circles intersect two and two : prove that their
common chords are concurrent.

Solutron. Let three (Os with centres at A, B, C intersect two
and two inFand G, Hand K, L and M: then the three common
chords FG, HK, LM, arg concurrent.

Let FG, LM meet in O; let OK, produced if necessary, meet the
O A in p and, if possible, the QOcin Q.

From the () A, rect. OK OP=rect. OL OM, [VIII]
and from the O C, rect. OK.OQ=rect. OF.03-
But rect. OL OM=rect. OF.0G, from the O B;

rect. OK.OP =rect. OK 0Q, so that OP=0Q.
This is impossible unless P and Q are the same, that is, unless
OK goes through H.
.’.FG, LM,HK are concurrent.

72. A, B, G, D are four points in a straight line in ‘order : find
‘another point O in the line such that (i) rect. OA.0OB=0C.0D,
(ii) rect. OA.OC =rect. OB.OD.

¥*73. Two circles intersect: prove that the locus of points from
which equal tangents can be drawn to them is a straight line.
‘Shew how to find points from which equal tangents can be drawn
to two non-intersecting circles.

74. Produce a given finite straight line AB both ways to p and
Q, so that the rect. PA.AQ is equal to a given square and the rect.
PB.BQ is equal to another given square.



1L] GEOMETRY. a7

75. The diameter AB of a circle is produced to p: draw through
P a secant PQR such that the circle on QR as diameter may touch
AB.

76. From a given point p outside a circle draw a secant PQR so
that PQ may be equal to QR. Find the distance of P from the
centre for the problem to be possible,

b Y

77. How far must any diameter of a given circle be produced
so that the tangent to the circle from the end of the produced part
may be of given length ?

78. A’ is the midpoint of the side BC of a triangle ABC in-
scribed in a circle, and AA’ meets the circle in K: prove that
AB24 AC2=2AA’ AK.

79. AB is a common tangent to two circles and P is its
midpoint; the secants PQR, PST are drawn cutting the circles,
and M, N are the midpoints of QR, ST respectively. Prove that
PM24SN2=PNz4{-RM2,

80. AB is the diameter and C the centre of a semicircle; the
radius CD is perpendicular to AB, and a chord AQ of the semicircle
meets CD in P, Prove that AP,AQ=2CD?2.

81. AC and AD are two tangents to a given circle; from a
point E on the circlea straight line is drawn meeting AC in P and
AD in Q, so as to be bisected at E. Prove that 2pc?+2QD?=PQ2,

*82. From an external point P a tangent PA and a secant PBC
are drawn to a circle: prove that any circle passing through
8 and C cuts orthogonally the circle whose centre is P and radius
PA.

83. From an external point P tangents are drawn to a given
circle of centre C; the chord of contact meets PC in U, Prove
that any circle passing through P and U cuts the given circle at
right angles.

*84. Prove the following construction for dividing a given
straight line AB internally and externally in medial section.—Erect
BE perpendicular to AB and = }AB; with E as centre and radius
€B draw a circle and let AE meet it in P and Q; with A as centre
and radii AP, AQ, describe circles meeting AB and BA produced in
H and K respectively : then H and K are the internal and external
points of medial section,

85. AB is the diameter of a semicircle, and P and Q are two
points on its arc; AP and BQ meet in L, AQ and BP in M.
Prove that AQ QM=BQ.QL
and AQ?=BQ-QL 4-PA AL.
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4 6. RADICAL AXIS.

If any chord, AB, of a fixed circle ABX, whose centre 15 0, is
drawn passing through a point P, we have proved that the rectangle
of its segments is always the same, and =o0P? - (radius)? or
(radius)? - oP3, according as P is outside or inside the circle. If
CD s a chord of another circle also passing through P, the rect-
angle of the segments PC, PD is constant for it, though not of the
same magnitude as PA.PB. When the two rectangles are equal
it is found that P moves on a straight line. IfP is outside the
circles, the tangents PS, PT, to them are also equal, for
Ps?*=pAPB and PT?=pCPD. Hence we adopt the following

Def. The 7adical axis of two circles is the locus of a point
from which egual langents can be drawn to the circles; or, more

generally, it is the locus of a point whose powers with respect
to the two circles are egual.
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Proposition X, Theorem.

The radical axis of two given circles is a straight line.

Let A and B be the centres of the given circles of radii @ and 4
respectively; let P be any point whose powers with respect to the
two circles (or the tangents PS, PT, from which) are equal : to
prove that the locus of P is a straight line.

Join PA, PB, AB, AS, BT , bisect ABin M, and draw PH perp. to AB.

*.» the powers of P with respect to the two circles are equal,

S, PB?—BT?=pA? -~ AS?; [VIII, Cor. 3]
< AS?!-BT?=pA?-pB?
=2 AB.HM. (1]

But AS, BT, AB are all fixed, and M is a fixed point ;
.. His a fixed point in AB,
and HP, being perp. to AB at this fixed point, is a fixed straight line.

. all positions of P at which the powers are equal lie on this
fixed straight line.
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Again, the line HP being constructed by taking H at the fixed
distance (a®- b*) + 2AB from the midpoint M towards the smaller
circle, and the perp. to AB at H being drawn, at every point of it
the powers of the two circles are equal.

.. the radical axis of the two circles is the fixed straight line Hpy

Cor. 1. When two circles interesect, the radical axis is their
common chord produced both ways. [See Fig. 1, and Exer. 73.]

From points of the chord within the circles no tangents can be
drawn ; but the powers of such points are still equal [VIII].

Cor. 2. When two circles touch, the radical axis is their
common tangent at the point of contact.

Cor. 3. The radical axis of two circles bisects each of their
common tangents.

Proposition X1. Theorem.

T e radical axes of three circles taken in paivs are either concur
rent or parallel.

W

i
i
*0

S--ccebecaana.
P

Let A, B, C be the centres of three circles x, y, ¢ respectively
let PX, QY, RZ be the radical axes of y and 7, 2 and x, x and
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(i) Let Qv and RZ meet in O: to prove that PX passes
through 0.
* 0 lies on Qy,
power of 0 for (Qx = power of O for O z;
gmilarly, *’ 0 lies on RZ,
power of 0 for OQx = power of O for () y.

.. power of 0 for (Qy = power of O for () z;
.. Olies on the radical axis of Os y and s,

that is, PX passes through O and the radical axes are concurrent.
(ii)) Let QY and RZ not meet at all ; then they are parallel.
Now AC is perp. to QY and AB to RZ; (X}
~. A, B, C are in one straight line.

.. the third radical axis, PX, which is perp. to BC, is parl. to
each of QY and Rz.

Cor. 1. When three circles intersect two and two, their three
common chordsare either all concurrentor all parallel. [See Exer. 71.}

Cor. 2. Ifa circle touches two others, the tangents at the
points of contact meet on the radical axis of the two.

Def. The point of concurrence of the three radical axes of
three circles taken in paus is called the radical centre of the
circles,
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Proposition X11. Problem.

To construct the radical axis of two given circles.
(i) When the circles intersect or touch, the common chord or
the common tangent at the point of contact 1s the radical axis.
(i) When the circles, whose centres are A and B, do not
touch or intersect,

describe any O to cut them at D, E and F, G respectively.  Let
DE, FG produced meet in R; draw RH perp. to AB. then RH 1s the
radical axis.

* rect RD.RE =rect. RF.RG, from the (QDEFG,

.. the powers of R for the two given (s are equal ;

.. R lies on their radical axis.

And . the radical axis is perp. to the line of centres, [X]
.. RH s the required radical axis.

Def. When every two of three or more given circles have
the same radical axis, the circles are said to be co-axal.

If several circles pass through the same two points, p and Q,
they form a co-axal system ; for the straight line PQ is the radical
axis of every pair of circles of the system [X, Cos. 1]. Such
circles may be called common-point co-axal circles.

Suppose several non-intersecting circles to be co-axal. The
tangents drawn to them from any point of the radical axis are
equal, and hence their points of contact all lie on a circle, which
is orthogonal to each of the given circles. (See the Def, after
Prop. 1X.) This circle cuts the line of centres of the circles of
the co-axal system in two fixed points ; these may be considered
as circles of the system of radius zero, and are called the lmiting
points of the co-axal circles,
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Exercises.

86. Construct the radical axis of two circles of radii 2°5and 1'3
cm.,, whose centres are (i) 5 cm. (ii) 3 cm. apart; and verify the
position by calculating the distance of the radical axis from the
midpoint of the line ot centres.

s 87. Iftwo circles are unequal, therr radical axis is nearer the
centre of the smaller but n:irer the curcumference of the larger
circle.

*88. If with any point on the radical axis of two circles as
centre a circle be descobed with radius equal to the tangent
drawn to etther arcle, this ircle cuts the given circles orthogo-
nally,

*89. Three circles touch each other two and two : prove that
their common tangents at the pomts of contact meet in a point
which is the centie of a curele touching the sides of the tiangle
formed by the three centres.

*go. Describe a circle to cut thiee given circles orthogonally.

*g1 With any pomt on the radical axis of a system of non-
intersecting  circles  as ceauce and the constant length of the
taogents diawn to the cudles as radius a cucele is described : prove
that this crcle cuts the hine of centres in two fixed points.

92. The four tangents drawn from a point P to two ghven
circles are cqual f the chords of contact intersect in Q, prove that
PQ 15 perpendicular to the hine of centres,

g3. Thelocus of a powat the sum of whose powers with respect
to two given circles 1s constant 1s a circle.

*93.  The difference of the squares on the tangents from anv
point to two given circles s equal to twice the rectangle contained
by the distance between the centies and the distance of the point
from the radical axis of the circles.

Solution.
Let A and B
be the cen-
tres of two
given circles,
M the mid- T
point of AB,
and HK the
radical axis:
then the dif- B i
ference ofthe
powers  of
p for the
two circles
= 2AB,.PN.

G. 3.
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For, difference of powers
=difference of the sgs. on tangents

=PB?—BT?—PA?+AS?=PB? —pA?+AS? - BT?
=2AB.MQ+2AB.GM [Tand X}
=2AB.HQ=2AB PN.

When P is on the radical axis, pN=o0 and the powers are equal,

*95. The locus of a point the difference of whose powers with
respect to two given circles is constant, is a straight line parallel
to the radical axis of the circles.

*96. If X, Y, Z are three co-axal circles, the tangents drawn.
from any point of Z to X and Y are in a fixed ratio.

*97. If tangents from any point P to two given circles X and Y
are in a given ratio, the locus of P is a circle co-axal with X and Y.

98. The radical axes of one given circle with each of a system

of co-axal circles are concurrent. ks

*99. Shew that the locus of a point whose distance from a
fixed point is equal to the tangent drawn from it to a fixed circle,
is a straight line.

Solution. ILet C be the
centre of the given (O of
radius a, A the given point, e
P one position of the moving
point. Draw PH perp. to CA,
and the tangent HS; join CS,
and bisect AC in M.
-* PT=PA, .. PC?—g2=PA?;
- PHZHHCZ—a2=PH2 4+ HA?,
-~ HC2—CS2=HA¢, HTTTTA
s.e.,HS=HA, sothatHisalso \ = Jeeee”
one position of the moving pt. |

)

\

g
-

W e

Again, ' CH?—HA2=g2,
. His a fixed pt.;

"._the locus of P is the line perp.to CA through the fixed pt.
Hin it. This line may be taken as the radical axis of the circle
and a circle at A ct radius zero.

100. Ifa circle passing through a fixed point” cuts orthogonally
a given circle, then it also passes through another fixed point.

ror. A circle cuts two given circles orthogonally: find the
locus of its centre, *

102. Describe a circle to cut two given circles orthogonally
and (i) to pass through a given point, (i1) to have a given radius.

103. Describe a circle to cut a given circle orthogonally
and to pass through two given points.

104. A circle O and three points A, B, C, are given: draw a

circle through A and B such that its chord of intersection with O
may pass through C,



CHAPTER III.
CONSTRUCTIONS WITH REFERENCE TO TH I CIRCLE,
§ 7. Inscription and Circumscription of Regular Polygons.

It is known that a circle can be described m or about any
triangle, and that in or about a circle a triangle with given angles
can be drawn ; but this does not apply to figures of a larger
number of sides. Thus, taking a quadrilateral, a circle can be
described about it only if the sums of its opposite angles are

’ equal [47], and it 15 casily proved that a circle can be inscribed

i in it only if the sums of its opposite sides are equal.  Similarly,
rectilineal figures of more than four sides can be described in or
about a circle only when they satisfy certain conditions.

In general we shall suppose the figures to be regular, that is,
to have all their sides equal and all their angles equal.  As the
equal sides of an inscribed polygon subtend equal angles at the
centre, the problem of its insciption in the circle reduces to that
of dividing the whole angle (four right angles) at the centre into an
equal number of parts. This may be practically done by means
of the protractor : in the theoretical or strictly geometrical solution,
it is understood that only the straight ruler and compasses are
employed.

The angle at the centre of a circle is readily divided into
four or six equal parts, by drawing two perpendicular diameters or
constructing an equilateral triangle on a radius. We proceed to
show how this angle may be divided into five equal parts, laying
down first a general proposition about regular figures described in
or about the circle.



36 GEOMETRY. [cuap,

Proposition XI1I1. Theorem.

T

If the circumference of a curcle is divided into any number of equal
arcs, the polgon formed by joining the successive points of division
is a regular inscribed polygon . and that formed by drawing successive
langents at the points is a regular circumscribed polygon.

Let the Oee of a (O ABC be divided mto 2 cqual arcs
AB, BC, CD, ,and lct 0 be the centre.

(1) Join AB, BC, CD, : to prove that the polygon ABCD... is
regular.

*. arcs AB, BC, CD, .. are equal,

*. chords AB, BC, €D,  arc also cqual, and the polygon is
equilateral.

Again, s the number of equal arcs is #, the arc AEDC contains
n -2 of them, so does the arc BAED;

-, arc AEDC =arc BAED, ', L ABC= L BCD, standing on equal
arcs at the circumference.

Similarly, the other angles are successively equal;

.. the polygon is equiangular.

Hence ABCD .. is the inscribed regular polygon of # sides.

(ii) Draw tangents to the circle at A,B,C,D... and let them meet
successively in T,U,V,W...  to piove that the polygon TUVW... is
regular. .

Jon 0OA, 08, OC, .., OT, OU, OV,... .

*s L's OAT, OBT are rt. angles, ., s ATB, AOB are supple-
mentary ; so also s BU(, BOC are supplementary.

But 2 AOB= .BOC, ,”, £ ATB= LBUC.

So also the other angles of the polygon are successively equal,
and the figure is equiangular.
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Again, the lines TO, UO, VO bisect the equal angles ATB, BUC,
CVD [42]; hence in the As OTU, OUV, OU is common,
L OUT = £ 0OUV, and £ OTU= £ OVU, being halves of equal angles,

.. the As are congruent, and TU=UV.

Similarly the other sides of the polygon are equal in succession,

‘and the figure is equilateral.

Hence TUVW... is the circumscribed regular polygon of 7 sides.

Cor. If straight lines are drawn bisecting two angles of a
regular polygon, the point in which they meet is the common
centre of the circles inscribed in and described about the regular
polygon.

Exercises.

*105. An equilateral polygon inscribed in a circle is equi-
angular, and consequently regular.

106. Is an equiangular inscribed polygon of a circle also
equilateral ?

*167. An equiangular polygon described about a circle is also
equilateral. Prove this and examine the converse proposition.

108. Compare the sides of the inscribed and circumscribed
equilateral triangles of any circle.

109. Draw an equilateral triangle of side 2°4 cm., and construct
its inscribed and circumscribed circles. Measure their radii, and
prove geometrically that one of them is double of the other.

110. A square and an equilateral triangle are inscribed in the
same circle : compare their sides.

111. A square and a regular hexagon are described about the
same circle : compare their areas,

112. On a straight line 1°5” in length draw a regular hexagon,
and inscribe a circle in it. Measure the radius of the circle, and
verify by calculation.

113. Prove that the area of a regular hexagon inscribed in a
circle is § ot that of a regular hexagon described about the circle.

114. In a circle of radius » a regular octagon is inscribed : prove
that the square of its side is 72(2 —~2).
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Proposition X1V. Problem.

To inscribe a regulayr decagon in a given circle.

Let ABX be the given (O with centre C: it is required to
inscribe in it a regular decagon.

Draw any radius ca, and divide it at H so that rect. AC.AH = CH?
[VII]. With centre A and radius equal to CH desctibe a O
cutting the given () at B; join AB : then AB shall be one side of
the required decagon.

Join €B, BH ; and about the A BHC describe the () BHCK.

‘S AB=CH, .. AB?=CHZ=AC.AH; [Cons.]

.. AB touches () BHCK [IX], and £ ABH = . HCB. [48]

S LABC= L ABH+ L HBC= LHCB+ LHBC= BHA.  [14]

But 2L ABC= LBAC, .. LBAH= LBHA;

~.BH=BA=HC [Cons.], -~ L HCB=  HBC.

Now L ABH= LHCB, ... ABH+ HBC=2,HCB, so that
L ABC=2, ACB, and .. LBAC =2, ACB.

Since in the A ABC each of the angles A and B is double of the
angle C, .. L ACB=1 of 2 rt. angles, [15]

4 L ACB =14 of 4 rt. angles.

By placing at C s ACD, DCE, ... each= 2 ACB, the Qre will
be divided into 10 equal parts AB, AD, DE  ; [38]

.~ AB is one side of the inscribed regular decagon. [XIII]

Cor. 1. By drawing tangents to the circle at the angular
points A, B, D, E... of the inscribed decagon to meet successively,
the circumscribed regular decagon can be constructed.  [XIII]

Cor. 2. By joining the alternate angular points of the
inscribed decagon, the chords of five equal arcs of the circle are
obtained and the regular inscribed pentagon can be drawn.
From this the circumscribed regular pentagon can be derived.
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/' The regular pentagon can also be inscribed in a circle indepen-
dently of the decagon by means of the following construction.

Through the centre O draw any o]
diameter AOB; divide OA at H so that j
rect. AO.AH=0H?; with centre H and
adius =OA describe a () to cut the
given O at G: then the arc AG is a  , B
fifth part of the (Qce. For, HO is the
larger segment of the radius OA when
divided in medial section ; it is therefore
such a segment of OC and HC, each of
which is equal to OA. Hence the A OHGC has each angle at the
base double of the third angle, as in the Prop. above; so that
the £ AOC is } of 4 rt. angles, and AC is one side of the regular
pentagon inscribed in the circle.  [See also Mis. Ex. I, z0.]

If » denote the radius of a circle, the side of the inscribed regular
decagon is & (V5—1)» [Prop. VII and Note], or nearly ‘6187
If AB, BK are consecutive sides of the decagon, AK is the side of the
inscribed regular pentagon, and is bisected perpendicularly at M by
the diameter BCX. .. AB?=BM.BX, so that BM=3}(3—15)x
And AM*=BM.MX =}(3—75).1 (5+v5)7*=1L (10—2v5),% [See
Fig. Prop. XIV.]

Thus AK, the side of the pentagon, =2AM=;}*J(10—2~J5);’, or
aearly 1°176 of the radius,

Exercises.

*115. Shew how to inscribe in or describe about a given circle
a regular polygon of 15 sides.

116. Divide a straight line A, 25 mm. long, at H so that
AB.HB=AH?. Construct triangles with sides (i) AB, AB, AH,
(ii) AH, AH, BH, and measure their angles. Explain the results.

117. In a circle of radius 1°2” inscribe a regular pentagon by
ruler and compasses, Measure a side of the figure and find its
area.

118. Construct an isosceles triangle each of whose angles at the
base shall be (i) } of the vertical angle, (ii) 4} times the vertical
angle.
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S,

«

119. On a given straight line to describe (i) a regular penta-
gon, (ii) a regular decagon.

Solution. (i) Let
AB be the given str.
line. Divide it atH
so that rect. AB.HB .
=AHz; with centres 5\

A and B and radii N
AB and AH respec- EX.
tively draw (Os to
meet in K, Join .
AK, KB; then the
A AKB has each of ..
the angles at K ..
and B double of

the angle at A

[Prop. XIV and

Note]. Produce BK to D making KD=KA=AB; with D as
centre and radius DK describe a (O cutting the equal \Qs
described with A and B as centres in ¢ and E. Then ABCDE is the
required pentagon. The sides of the polygon are evidently all equal,
Also, LBAK=36° L ABK= . AKB=72°; hence & KAD= L KDA
=36°: and "~ the As AED, BCD are each congruent with A KDA,
. £DAE= £ ADE= £ KDA=36°, and £ BDC= £ DBC = £ KDA = 369,
Hence each angle of the polygon is 108°.

Therefore the pentagon is regular.

(i) To describe the regular decagon on AB, construct the
ADAB as above. Then, £ KDA= 36" and £ ABD=72", .. L DAB=72",
and DA=DB. With D as centre and DA or DB as radius describe
a (), and in it place chords equal to AB successively from A or B.
' L ADB=36"= 1 of 4 rt. angles, .". each chord will be a side of
the regular inscribed decagon of the O.

120. On a straight line of length @ a regular decagon is
described : prove that its area is 1 5V(5+275) a2,

121. In a regular pentagon prove that each diagonal is %(45+ 1)
of a side ; also that two diagonals which do not meet at an angle
cut one another in medial section,

122.  Prove the following properties of the figure of Prop, XIV:—

(i) = The circle about the triangle BHC cuts the given circle in
two distinct points.

(ii) If the second point of section is K, CH, HB, BK are three
consecutive sides of a regular pentagon inscribed in the circle BHG.

(iii) If BH meets the larger circle in Q, AQ is a side of the regu-
lar pentagon inscribed in that circle.

(iv) The circle BHC is congruent with the circumcircle of the
triangle ABG.

(v) The circumcentre of the triangle ABH is the midpoint of the
arc BH of the circle BHC.
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*123. In any circle, prove that a chord which subtends an angfe
of 108° at the centre is equal to the sum of two chords subtending
angles of 60° and 36° severally at the centre,

*r24. Prove that the square on the side of a regular pentagon
inscribed in a circle is equal to the sum of the squares on the sides
Qf a regular decagon and a regular hexagon inscribed in the circle,

Solution, Let 0 be the
centre and AOB a diameter
of the (O ; divide AO in H
so that AO.AH=HOZ
Then HO is equal to the
side of a regular inscribed
decagon [XIV]; and AO,
the radius, to the side of a
regular inscribed hexagon.
With H as centre and A"
radius equal to OA
describe a (O) meeting the given () in G; join OC, CH. In the
A CHO, CH and CO are each equal to the radius, and HO is the
larger segment of the radius in medial section ;.". £ CHO= L COH=
2 LHCO [XIV]. Hence L COH=] of 4rt. angles, so that by
joining AC we obtain the side of a regular inscribed pen-
tagon. Draw CM perp. to HO ; then HO is bisected in M.

Now CA?=CO0O?+0AZ— 20A.OM [31]
=A0*+0AZ—0A.OH, .~ OM=HM,
= AO?+OA(OA —OH)=A0%*+A0.AH
=A0%2+HO?%: [Com.]
thus the result is proved. It may be verified by taking the surd
values of the sides given in the Note after Prop. XIV,
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*§ 8. COMMON TANGENTS TO TWO CIRCLES.

Defs. When a straight line touches two or more given circles,
it is said to be a common fangent of the circles. When two circles
lie on the same side of a common tangent, the tangent is called
a direct or external common tangent ; and when they lie on op;
posite sides of it, the tangent is called a fransverse or internal
common tangent.

Proposition XV. Problem.

To draw a common tangent to two given circles.

memmm—
- ~~

Let 0 and P be the centres of two given () s whose radii are
@ and b respectively : 1t is required to draw a common tangent to
the (Os. On the line OP as diameter describe the (O Oxp.
(1) Place in this O the chord OA equal to the difference of the
radii e and &; produce OA to meet the first () in'S. Draw
PT parl. to 08 and directed the same way; join ST : then gT shall
be a direct common tangent. Join AP.
** OA=a-b,and OS=aqa, ... AS=20.
.. AS and PT are equal and parl. ;

~. ST and AP are also equal and parl. [17]
But the £ OAP in a semicircle is a rt. angle ;

s, LOST,asalso £STP, is a rt. angle. [12]
Hence ST touches both the given circles. [41]

(i) In the OO on OP as diameter, place the chord OA equal to
the sum of the radii @ and 4, and let OA cut the first () in 8.
Draw PT parl. to 0S and directed the opposite way; join ST :
then ST shall be a transverse common tangent. Join AP.
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** OA=a+band OS=gqa, .. AS=04.
.. AS and PT are equal and parl. ;

2. ST and AP are also equal and parl.
But £ OAP in a semicircle is a rt. angle ;
. L OST, as also £ STP, is a rt. angle,

.o

Hence ST touches both the given circles.

By taking the arc 0A’ equal to OA in the (O OXP, we shall get
the second tangent in each of the figures above ; so that in gene-
ral two circles have two direct and two transverse common
tangents. let 4=0P, the distance between the centres. In the
second case the construction is not possible if @ + & > 4, which hap-
pens when eack circle 15 not wholly outside the other : in this case,
therefore, tnere are no transverse tangents. In the first casc the
construction is not possible if @ — & > 4, for no chord of a circle is
greater than the diameter : this happens when one circle is wholly
athin the otker. In this case there are no direct tangents; and no
transverse tangents too, for, of course, a + 4 > & when a - 4 > d.

Exercises.

125. Find when two given circles have 4, 3, 2, common tan-
gents, and when they have no common tangent,

126, Draw and measure the lengths of the common tan-
gents of two circles for which (i) a=8'4", 6=3'6", d=10";
(ii) a=25 mm., =35 mm., d=68 mm.

127. Draw two circles of diameters 18 and 2°4 to touch ex-
ternally. Construct their exterior common tangents ; measure the
lengths and verify by calculation.

128. Two points are at a distance of 2/ from one another : draw
straight lines the perpendiculars on which from the points may be
of lengths 8", 6/, severally.

*129. Given the radii of two circles to be a and 4, and the
distance of their centres apart to be & : find the lengths of their
common tangents. Discuss the formula, and find when there are
4, 3 and 2 solutions.

130. Two circles are given : shew how to draw a straight line
cutting one of them in P and Q, and the other in R and S, so that
PQ, Rg may be severally equal to two given finite straight lines.
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§ 9. CONSTRUCTION OF CIRCLES FROM GIVEN CONDITIONS.

We know that one circle only can be drawn passing through
three points [37] : this is the simplest case of drawing a circle
from three data concerning it. Instead of passing through a
given pomnt, a circle may be required to touch a given straight
line or circle, to have its centre lyingon a given straight line or
circle, or to satisfy some similar condition. The student will
find that when #Aree such independent conditions are given, the
circle may be constructed in one definite position or in a strictly
limited number of positions. Thus, to touch three given straight
lines intersecting two and two, four definite circles can be drawn,
the inscribed and escribed circles of the triangle formed by the
lines. [Prop XVIIL] If two of the lines are parallel, there will be
two solutions of the problem; when all three are parallel there is no
solution. In other problems too, when the data are inconsistent
with each other, no circle may exist satisfying all of them.

We shall solve a few problems in which three data are taken
by combining from the following classes ~— (i) 1, 2, or 3 points
on the circumference , (ii) 1, 2, or 3 tangent lines; (iii) 1, 2, or
3 touching circles; (iv) position of a centre-line (diameter);
(v) magnitude of the radius. It will sometimes happen that the
centre of the required circle moves on certain straight lines or
circles, on account of the circle satisfying two of the data. In
such case 1f a second locus of the centre could be found, the
position of the centre would be determined as being at the point
®r points of intersection of the two loci. In this connection it is
useful to remember the following simple properties of the circle :—

A circle passing through a fixed point and having a given
centre-line, passes also through a second fixed point. [ See 36.]

A circle passing through two fixed points has a fixed centre-line,
5. the perpendicular bisector of the line joining the points, [34.]

A circle touching two fixed meeting straight lines has one of
two fixed centre-lines, v7s. the bisectors of the angles made by the
lines. [35.]

A circle having a given radius and touching a fixed straight line,
has its centre on one of two parallel straight lines. [41.]

A circle having a given radius and touching a fixed circle, has
its centre on one of two concentric circles. [43.]



IIL] GEOMETRY. 45

Problem 1. Draw acircle to touch a given straight line at a
given point in it and also to pass through another given point.

LetMN be the given
straight lmne, P the
given pownt in 1t, S
arfother given point,
Join sp, draw PC perp.
to MN, DC the perp.
bisector of SP, and let
them mect n C.

Then the (O with
centre C and radius Cp
is the requned ) tar
it gocs thiough S as
CS=CP, and touchcs
MN as the s at p are
rt angles

Problem 2. 1haw a cncle of given 1adius to pass thiough a
given pomt and to touch a given cuecle.

.
e

Let b be the length of the given radius, C the centre and a the
radius of the given (QHKL, and P the given point.

With P as centre and radius - describe the () ABX; with C as
centre'and radius b +a describe the O ABE, meeting the (O ABX.
Then A and B are positions of the centre of the required ().

Join AC and let it meet the given () in H.

‘* AH=AC-CH=(b+a)—a=b=Ap, /. the (O with centre

and radius b goes through P and Halso, as ACH is a straight
line, it touches the given Q. [43]

The contact is external. So also B gives a second solution.
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L

If with C as centre and radius 5 —a a circle is described meet-
ing the (O ABX in X and Y, these points are centres of (s touch-
ing the given () internally, passing through P and having the
given radius.

It is seen that there are four solutions in the most general case.

Problem 3. Draw a circle through two given points so as ‘to
touch a given straight line.

Let P,Q
be the
given pts.,
(/) the
given line.
Join  PQ,
and let it
meet (/) in
A; take
along the
line pts. B and C such that AB2=Ac?=AP AQ [V ] Then the
Q through P, Q, B, or through P, Q, C, is the required Q.

-+ ABZ=AP.AQ .. ABis a tangent of the () PQB.

So also the (OPQC satisfies the given conditions.

(1)

Problem 4. Draw a circle through two given pomts so as to
touch a given circle.

Let P,Q be the
given pts., ATBS
the given Q.
Through P and
Q draw any con-
venient O to cut g
the given QO in A
and B;let AB and
PQmeet in O, and
draw OT, OS to
touch the given
(. Thenthe O through P, Q, S, or through P, Q, T, is the
required O.

\»' OA.0B = OP.OQ, .. 0S%=0P.0Q, 0T?=0P.0Q, [VIIIand IX]

~. 0s and OT are also tangents of the (Os PQS and PQT res-
pectively. These (s, therefore, touch the given (O and pass
through P and Q.

~

- -
- -
- -



L] GEOMETRY. 47

Problem 5. Draw a circle through a given point so as t0
touch a given circle and to have its centre in a given straight line,

Let P be the given
pt., ABX the given (),
and MN the given line.
« Draw PM perp. to
MN, and produce it to
Q, making MQ = PM.
Any (O whose centre
is on MN and which
goes through P, goes
also through Q. 'The
problem is now equiva-
lent to that of drawing
a (O through P and Q so
as to touch the () ABX.

Problem 6. Draw a circle through a given point so as te
touch two given straight lines.

Let KL, MN be the given lines meeting at O, and P the
given pt.

Draw XX/, YY/, the bisectors of the two pairs of vertically
opposite angles made by the lines. Draw PEQ perp. to one of
the bisectors,, XX/, and make EQ = PE.

Any (O touching KL and MN has its centre on XX’ or YY’
[35]. When the centre is on XX/, as the (O goes through P it
also goes through Q. The problem is now equivalent to that of
drawing a (O through P, Q, so as to touch either KL or MN.
There will be -only two solutions altogether.
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Problem 7. Draw a circle so as to touch a given circle
and also a given straight line at a given point.

Let ABX be the

given (O, and P the c’
given pt. in the given h
line MN. ! '

Draw KPL perp. to ! :
MN, and with a con- A ‘/ !
venient  centre K AN
and radius KP diaw b
a (O to intersect the Sy
given () in A and B. ! .
Let AB meet MN 1n X\ ' >
0, and draw the —— --}ﬁ-i'_-—f‘

tangents OT, OS to
thegiven(Q) Then

the (O touching MN at P and passing thiough S or T [Prod. 7.]
satisfies the given conditions

The ponts 8 and T of the construction above may also be thus
obtamed.—From the centre of the () ABX draw a perp  to MN,
meetmg the () m Q, R, of which Q 15 more 1iemote from  MN.
Jom QP meetmg the () mn S, and RP mecting it in T.  The proof 1s
readily obtamed by drawmg PK and jommg P and the centre of
the given (O to Sand T. A sinular method has to be employed
to solve the more general problem—to draw a circle so as to
touch a given curcle and a given straight linc and to pass through
any given point.

Problem 8. Draw a circle so as to touch a given circle and
two given straight lines.

LI //’I ™ ,/_i -------- l.--_-

[ A

/
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Let C be the centre and «a the radius of the given ) (pP), and
AOA/, BOB, the two given str. lines. Draw the str. lines KK, LL,,
at distances @ from the line AA,; and MM,, NN,, at distances
from BB,. Draw a () to pass through C and to touch KK, NN,
| Prob. 6]; and let X be the centre of this (). Draw XR, XS, perp.
10 KK,, NN,, meeting the given lines in U, W; and join XC, meet-
ing the given O in V.

" XR=X8=XC, and UR=WS=VC=gq,

Jo XU=XW =XV.

.. the (O described with centre X and radius XV touches the
gtven straight lines [41] and the given O [43]

[t should be noted that Q, the point of intersection of KK,, NN,,
lies on the bisector of the £ AOB; also that there are two solutions
in this case, both (Os touching (P) externally. Similarly, there
will be two other (s satisfying the data, with their centres on
the bisector of the « AOB,. In the most general case when both
AOA, BOB, cross the given circle, there may be eight solutions.

Problem 9. Draw a circle through two gven points so as to
bisect the circumference of a given circle.

Let C be the centre of the given O,
DEX, and A, B, the given pts. Draw
any conventent () through A, B, to
meet the given () m D, E  Produce
AB and DE to meet in O, draw OXCY.

Now, rect OX OY = OE OD =0B 0A,
the four pts. X, Y, A, B, are cyclic
[VILL, Cor. 2]. Draw the O through
these, then 1t goes through A and B,
and cuts the given (O at the ex-
tremities of the diameter XCY

Exercises.

13t. Construct a triangle, having given its base, the vertical
angle, and (1) the sum or difference of the sides ;(ii) the sum or dif-
terence of the squares of the sides.
132. [find a point within a triangle at which the sides subtend
equal angles. When is the solution not possible ?
133. Given the base, the height and the radius of the circum-
circle of a triangle, construct the triangle.
134. Given the base, the vertical angle and the radius of the
incircle of a triangle, construct the triangle.
*135. A and B are two given points on the same side of a given
straight line CD : determine the points on CD at which AB subtends
greater angles than at other points of it.

136. A and B are two given points in a chord of a given circle :
determine the points in each of the arcs cut off by the chord at
which AB subtends the greatest angle.

G. 4.
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137 I:‘rom the obtuse angle A of a triangle ABC draw a
straight line meeting the base in D so that rect. BD.DC=AD?z.

Solution. Supposing AD to be drawn, let O be the centre of the
circumcircle of the A ABC ; produce AD to meet the (O in F, and
join OD. ’

As BD.pc =AD?, and also
=AD.DF [VIIL], .. AD?
=AD.DF, and .. AD=DF.
Hence L ODA is a rt. angle
[36], so that D lies on the
() described on OA as dia-
meter. Thus the problem is
solved ; there are two solu-
tions, as the O on oa
meets BC in two pts. when \'F
the  BAC is obtuse. .

138. Any tangent to a
circle of 3 cm. diameter is
drawn : describe circles of 2°¢ cm. radius to touch both the circle
and the tangent. How many solutions are there ?

139. Two points are distant 1”7 apart on a straight line whose
distance from a given parallel line is *8” : construct a circle to pass
through the two points and to touch the given parallel line
Measure the radius, and verify its length by calculation. ’

t40. Two Poims 3 cm, apart are distant 2'7 cm. each from the
centre of a circle of radius 1°2 cm. Construct circles to pass
through the points and to touch the circle, and shew how to
calculate the lengths of their radii.

Solution. C is the
centre of the given A
O, Aand B are the
pts.;CP=1'2, CA=CB
=2'7, AB=3.
Draw QCPN perp. to
AB, which will be bi- Q f----——<-----g----gi--&]-------""
sected at N. The centre
of the () required
must be in CN ; hence
it touches the given
Oat P or at Q, and B
two solutions occur,
viz. the (Os through
AB, P, and A, B, Q If O is the centre of the (D ABP, it is
found on measurement that OA=Qp=0B=1"6 cm,
Let OA=x. Now CN?’=CA?—AN?=2'72—1'5?=5'04;
hence CN =225 very nearly, so that PN=1"05.
. ON=x—1'035, and x is found from OA?=x2=O0N?+NAZ
=(x—1'05)?+1°5% This gives x =1°596. Similarly the radius
of the other () is found to be 2'0% cm.

o8]

peem -
v
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*141. Draw a circle to pass through a given point, to touch a
given straight line and to have its centrc on another given straight
line.

142. A circle of radius a is given withits centre at the origin
of co-ordinates : describe circles to touch the axes and the given
circle, How many solutions are there? Prove that the radii of
the circles are a( J24-1).

143. Ois the centre of a circle of radius 3 cm.; a radius QA is
produced to P so that AP=4 cm. Describe circles to touch the
given circle and the line OP at P, and obtain their radii by calcu-
lation,

144. Two straight lines OA, 0B, include an angle of 6¢°; within
the angle BOA a point P is taken at a distance of 1’5" from OA and
-5 from OB. Construct circles to touch the two given lines and to
pass through P, and measure their radii.

145. A circle of radius » is drawn touching two rectangular
axes : construct circles to touch the given circle and both axes, and
calculate their radii.

146. Circles are drawn touching two rectangular axes and
going through the point whose co-ordinates are é, g: measure
their radii and verify the results by calculation.

147. Circles are drawn touching the axis of x and going through

the points (2, 4), (4, 2): find their radii, and prove that they touch
the axis of y.

148. The sides of a triangle are of lengths 3, 4, 5 : describe a
.circle with its centre on 4 to touch both 3 and 5. Measure the
radius and verify.

149. P isa point within an angle XOY of 45’ such that the
distance from OX is 6 and that from QY 4: draw circles with centres
on OX to touch OY and go through P, and measure their radii.

150. Draw a circle of radius 9 and place in it a chord AB at a
distance 3 trom the centre C; join AC, and let it meet the circle
again in D. Describe two circles to touch the given circle at D and
the indefinite straight line AB; measure their radii and verify by
calculation.

=2
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- Solution. Scale, unit="1 inch. Draw the tangent at D meeting
AB produced in T; take TN=TD. Let NO perp. to AN meet AD pro-
duced in 0. Then the () with centre O and radius ON touches
AB; it goes through D, as OD=ON from the congruent As ODT,
ONT; and it touches the given Q.

On measuring, ON is found to be 9, 7. e. g units. Another (O
with centre O’ is obtained by taking TN’=TD in the opposite di-
rection ; the radius is found to be 4°5 units.

Draw DQ parl. to AN. If AD=a, BD=06, OD =ON=x, then AB=
V(a2 —82), BT =02+ V(a2 — 2), DT =TN=ab = V{a? - b?%).
Hence, from DO*—-0Q*=DQ? we obtain

Blatd)? s 2ab?
—_— — = 2= - 2 P
w2— (v=0)7=(BT+TN)*=" " ', which gives 2bv= "=
o= _g,b_= ’?,_%g =9 units,

a—b 2

So also O'N’ may be calculated.

151. A circle with centre C and radius 2, and a straight line
PQ at a distance of 4°4 from C, are given ; the diameter ACB of the
ctrcle is drawn which meets the line in p at an angle of 60°
Construct circles (i) to touch the circle and the straight line at p,
(ii) to touch the line and the circle at A or B. Explain the reasons
for the construction in each case.

152. The sides of a triangle are of lengths 8, 9, 10; describe
circles with centres on 10 to touch the other sides,

153. Draw a circle of radius 2 cm. and a chord ot it distant 1°2
¢m, from the centre : construct circles to touch the given circle and
chord and to pass through the centre of the circle, and prove the
construction.

154. Describe a circle to touch two given circles and also to
touch one of their common tangents at its point of contact with
one of the circles.

155. Describe a circle to pass through a given point and to
touch each of two given equal circles.

156. ABC is an equilateral triangle of side 2'5 cm., and on AB
as diameter a circle is described. Draw two circles to touch this
circle, to pass through C, and to have their centres on AC; and
prove that the radius of the smaller circle is *5 cm.
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Iiscellaneous Examples 11.

1. In acircle of radius 1°6 cm. inscribe a quadrilateral ABCD
having the side AB 2 cm. long and the adjacent angles ot go’ and
60°. Reduce the quadrilateral to a triangle on AB as base, and
measure the height of the triangle above AB.

o 2. On abase 1'4” long describe a triangle of vertical angle 407,
having (i) the sum of the other sides = 3", (ii) the difference of the
other sides=6".

3. Construct a triangle of base 13 and vertical angle 53°, having
(i) the height=g5"7, (ii) one side=7"4.

4. Draw two circles of radii 3 and 4 with "centres at a distance
8 apart: find a point from which tangents of lengths 2°65 and 3
respectively can be drawn to the circles.

5. Two circles of diameters 14” and 4” cut at right angles :
prove that the length of their common chord is 13} 1 in.

6. Any point D is taken on the side BC of a triangle ABC ;
segments of circles are described on BD, DC on the side remote from
A, to contain angles equal to ABC, ACB respectively, Prove that
these segments intersect on the circumciicle of the triangle.

*7. A, B, C, D are four points in a straight line; shew how to
find a point O in the line such that rect. OA.OD= rect. OB.OC. If
each rect. =OR?, prove that at any point on the circle whose centre
is 0 and radius OR the finite lines AB, CD subtend equal angles.
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Solution. Draw any conveniently large (s through A and D,
B8 and C, to intersect in E and F. et EF meet the str. line in O.

** OA.OD=O0E.OF =0B.0C, .. 0 is the required pt.

Take ORz=0B OC [V], and let P be any pt. on the () whose centre
is O and radius OR.

** OP=O0B.OC, .. OP touches the circumcircle of the APBC
{IX]; . LOPB= L OCP [48].

Similarly, £ OPA= . ODP; .. by subtraction, L APB= . CPD,
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« 8. Describe a tringle, having given the vertical angle and the
lengths of the segments of the base made by the line bisecting the
vertical angle.

9. Construct a square, given (i) the sum, (ii) the difference
of the diagonal and side.

ro. Construct a rectangle, given the perimeter and the length.
of either diagonal.

11, Construct a parallelogram, given one side, one diagonal,
and (i) the angle between the diagonals, (ii) the angle between the
sides,

12. In a triangle ABC, AL, BM, CN are the medians and AD, BE,
CF the altitudes. Construct the triangle from the tollowing data:—
(i) BC, AL, L ABC; (ii) AD, BE,  ABC; (iii) AL, AD, £ ABC.

13. In a right-angled triangle having an acute angle of 18°,
the smallest side is to the hypotenuse as v3—1 is to 4.

14. A square of side 24 mm. is turned into a regular octagon.
by cutting out equal triangles at the four corners: prove that the
side of the octagon is very nearly 1 cm.

15. Construct a regular octagon on a given base.

*16. If s is one side of a regular polygon of % sides, and # one
side of a regular polygon of 2z sides, both inscribed in a circle
whose radius is 7, prove that 2=2/2—7 V(472 —s?).

Solution. Let AC (=s) be one side of the first
polygon; bisect the arc AC in B, then the str.
line AB or BC (=¢) is a side of the second. It
is easily seen that OB bisects AC at right angles.
Hence #2=AB?=A0?+40B?-20B.0D [31] O4---=]

=272 — 27 V(OA2 — AD?)
=27 —27 V(P —}s2)

=272 —7V(47% —s?).

17. By means of the result above prove that the sides of the
regular inscribed polygons of 3, 12, 24 sides of a circle of unit
radius, are respectively V3, ¥(2—+3), V{2—"V(2++3)}.

*18. If s is one side of a regular inscribed polygon and « one
side of a regular circumscribed polygon of the same number of
sides, of a circle whose radius is 7, prove that « V(472 —s?) =27s.

19. By means of the result above find the sides of the regular
circumscribed octagon and decagon of a given circle.

20. Calculate the perimeter of a regular polygon of 48 sides
(i) inscribed in, (ii) described about a circle of 1” radius.
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*21. Draw acircle to pass through a given point and to toykh
both a given straight line and a given circle.

Solution. Let P be the given
pt., AB the given str, line and C
the centre of the given (). Draw

+RCQ the diameter of the () perp.
to AB, meeting it in A; through
A, Q, P draw a (O, and let RP cut
itin 8. Draw the (QPSKB to go
through P and S and to touch AB
at B [§ 9, 3]: this is the required

Join RB meeting this ()
in K, and find its centre O.

-+ RK.RB=RS.RP=RQ.RA,

- pts. A, B, K, Q are concyclic;
S, LBKQ+ LBAQ=2rt, L. But
L BAQ= rt. angle, ~. £ BKQ= rt. angle; hence, £ RKQ being
rt., K lies on the given Q).

Again OB and RA are parl., being perp. to AB;

-, L OKB= L OBK= L KRC= L CKR.
- OKC is a straight line, and .. the (O PSK touches ‘the
given ) [43).

22. Draw a circle to touch a given straight line and also to
touch each of two given circles.

23. Prove that the locus of the centre of a circle which bisects
the circumferences of two given circles is a straight line parallel
to the radical axis of the given circles.

24. Draw a circle to bisect the circumferences of three given
circles,

25. Ina given circle inscribe a triangle whose sides shall, be
parallel to those of a given triangle,




CHAPTER 1IV.

PROPERTIES OF TRIANGLES AND CIRCLIS.

§ 10. THE CIRCUMCIRCLES AND THE INSCRIBED AND
ESCRIBED CIRCLES OF A TRIANGLE.

It 1s known that only one circle can be described about a
triangle ABC [37].  As 1its diameters perpendicular to BC, CA, AB,
bisect these lines respectively, we eonclude that #ie three perpen-
dicular bisectors of the sides of a triangle are concurreni, the pomt
of concurrence being the centre of the circumcircle (briefly, the
arcumeentre) of the triangle. ‘The following proposition gives an
important property of this circle.
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Proposition XV1. Theorem.

The feet of the perpendiculars drawn from any point
on the circumcircle of a triangle to the sides of the triangle, are
collineay.

’

~

AA

B v
Let P be any pt. on the circumcircle of a A ABC ; draw PK, PL,

PM perp. to BC, BA, AC respectively to prove that K, L, M are
collinear pts.

Join ML, MK, PA, PC.
" LPMA 4+ LPLA = 2 rt. angles, ., PMAL is cyclic [47),
and £PML = £PAB [45].

So also PMCK 1s cyclic, and £ PMK = L PCB.
But £pPAB= LPCB [45], .. 4 PML = LPMK,
that 1s, the pts. K, L, M are collincar.

Def. The straight line KLM is called the pedal Zine of the
pomnt P with regard to the triangle ABC. It 1s frequently but
incorrectly termed the Szmson line of P.

The converse of the proposition may be readily proved, w:z.,
if P 15 a point the fect of the perpendiculars from which to the
sides of a triangle arc collnear, the locus of P is the circumcircle
of the triangle.
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,

A circle can be easily inscribed in a given triangle ; the more
general problem of drawing a circle to touch three indefinite
straight lines admits of four solutions.

Proposition XVII. Problem,

70 describe circles to touck three indefinite straight lines forming
a triangle.

’
-

~

-
’
e
fremmeccemeanmcn s -

D%
\

-

Let the str, lines Ax, By, Cz form a A ABC: it is required to draw
(s touching each of the given lines.

Bisect the s ABC, ACB by the lines B, Cl; and draw ID, IE, IF
perp. to BC, CA, AB respectively.
*" the As BDI, BFl are congruent [6], ., ID=IF. Similarly,

ID = |E.
*. the O with centre | and radius ID passes through D, E, F,

.o

and also touches Ax, By, Cz at these pts. [41]
Again, bisect the s CBx, BCz by the lineg Bl,, Cl,; draw
1,04, 1,E,,1,F perp. to the str. lines By, Cz, Ax.
. the As BDI|1, BF1|l are congruent, .’ '1D1 -IlFl;so alsc

1D, =1,E,.
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. the O with centre 1, and radius 1,0, passes through D,
E,,F;, and also touches the given lines at these pts.

This O falls outside the A ABC, and it is evident that there are
two other circles of this kind, having centres at the intersections

of the external bisectors at C, A and A, B, and touching each of
the given lines.

Defs. The circle which touches each side of a triangle and
lies within the triangle, is called the #nscribed circle or the
incirele of the triangle ; its centre and radius are respectively the
incentre and inradius of the triangle. A circle which touches one
side of a triangle and the other two sides produced, so as to lie
without the triangle, is called an escrsbed circle or an excircle of the
triangle; its centre and radius are respectively an excentre and
exradius of the triangle.

It is usual to denote the length of the radius of the incircle by
7, that of the radius of the circumcircle by R; the lengths of the
radii of the escribed circles opposite to the angles A, B,C are denot-
ed by »,, »,, 74, respectively.

The following important properties of the figurc of the preceed-
ing proposition should be noticed.

1. Join Al.  As IE=IF, the As AIE, AIF are congruent, and
L|AE= LIAF: also, 1B, 1C bisect the s ABC,ACB. Hence,
the bisectors of the internal angles of a triangle ave concurrent.
Similarly joining Al,, we see that .1 ,AE, = £1,AF; that is,
1,A is the bisector of the ~BAC. Hence, #we bisectors of two
external angles of a triangle and the bisector of the third internal
angle are concurrent.

2. As Al Al both bisect 4 BAC, All; is astraight line: so
also Blly, Cllg are straight lines. Hence, a wertex of a triangle,
the incentre and .the excenlre opposite to the vertex are collinear.
As Cly, Clg, bisect vertically opposite equal angles, they form
one straight line : 50 also 1, Aly, 13 Bl are straight lines.  Hence,
a vertex of a triangle and the two excentres adjacent to the vertex
are collinear.

3+ As Al 1,15 biscct adjacent supplementary angles, they are
atright angles to each other : so also Bl and Igl,, Clz and 1,1,
Hence, 1A, 1,8, 1,C are #he perpendiculars of the Aly1,ly drawn
from the vertices to the opposite sides; and they meet af one
point, |, the incentre of the triangle. We shall show that this is a
property of every triangle.



60 GEOMETRY. [cuaP.

4. Let the lengths of BC, CA, AB, be denoted numerically by
a, b, ¢, respectively, and let s stand for 1 (BC+ CA+ AB) or the
semi-perimeter of the AABC. Then, °° AF=AE [42], .. AE=
1(AF + AE) ; s0BD = } (BD + BF), CD = }(CD + CE}. ", AE + (BD + CD)
=1 (AB+BC+CA), that is, AE + a=s5, and AE=AF=s-q.
So also BD=BF=s-5b, CD=CE=s—-c¢. It may be smilarly
shown that AF, =s, BD, =s-¢=0CD, BD,=s5, CEy=s-a= AE,
etc.

Exercises.

157. If the incentre and circumcentre of a triangle coincide,
the triangle is equilateral.

158. With the figure of Prop. XVII prove the following re-
sults :—(i) the midpoint of BC is the midpoint of DD (ii) DD, =c—¥,
D:Ds=c¢+6; (ii)) EE,=FF,=a.

*159. If S denotes the area of the triangle ABC, prove that
rs=S=r(s—a)=r,(s—b)=r(s—o).

Solution, In  the Fig. of  Prop. XVII,

AABC= ABIC+ ACIA+ A AIB. But ABIC =»:]2 rect. BC |D=%a}’;
ACIA=1or; AMB=Lcr; o S=lra+b+c)=rs.

Also A ABC= A AliB+ A AlLIC — ABIic; hence, as above,

S=Yen+don—Lan=1ricto+a—za)=} ri(zs—2a)=r(s—a).

Similarly »,, »; may be found.

160. Draw a triangle of sides 16, 25, 39, and measure carefully
the radii of its circumcircle, incircle and excircles. Also obtain
the inradius and exradii by calculation.

161. Draw a triangle with the sides BC, CA, AB respectively
3, 3°8, 4 8 cm; let the incircle touch these respectively at D, E, F,

and the excircle opposite A at D/, E/, F’., Measure BD, BD’, AF/, EE’,
and verify the lengths by calculation.

162. The incircle (or the excircle opposite to the angle A) of a
triangle ABC touches the sides BC, CA, AB in D, E, F respectively ;
FD, ED meet a straight line through A parallel to BC in Q, R.
Prove that AQ=AR.

163. Ina triangle ABC right-angled at p prove that (i) the
indiameter = the sum of the sides — the hypotenuse; (1) the
exdiameter opposite to A= the sum of the sides + the hypotenuse.

164. Two circles touch externally and each touches internally
a third circle : prove that their common tangents at the points of
contact meet in a point, which is an excentre of the triangle
formed by the centres of the three circles.

165. Ifcircles be circumscribed about the four triangles into
which a quadrilateral is divided by its diagonals, prove that the
four centres are at the vertices of a parallelogram,
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166. The internal and external bisectors of the angle A of a]
triangle ABC meet the circumcircle respectively in E, F: prove that
El=El,=EB=EC, and Fl,=Fl;=FB=FC.

*¥167. If the diameter of the circumcircle of a triangle ABC per-
pendicular to BC meets BC in A; and the circle in T, T,, prove that
2TA = —7r, 2T\A =7,+7, and that »,4+r,+7,—»=4R.

Solution. Let O be the circumcentre. The diameter bisects BC
[36], so that BA, T, CA,T
are congruent As, and !
BT=CT., .. arc BT
=arcCT, and AT bisects
the ~BAC, Hence AT
contains |, the incentre,
and |, the excentre op-
positeto A. Soalso AT,
bisects the external
angle at A, and contains
the remaining excentres,
1., 1,. Draw IPQ,1,Q parl.
to BC,TT, respectively.

By joining 1C, 1,C, TC, we can readily prove that TI=TC= Tl (see
exercise above) ; .. QP=Pl, and PT=}1,Q,

s orm—r=r4r—2r=Q—2r=2PT —2PA, =2TA,.

So also, as T, is the midpoint of L1, »,47;=2T,A,.

Hence, adding up, »,+7:+7,—7=2 TT,=4R,

168. If O is the circumcentre of a triangle ABC, and A,B,,C, the
midpoints of the sides, prove that OA;+0B;+0C, =R+7.

*169. In the figure of Prop. XVI if the straight lines pK, PL,
pM are revolved about P in the same direction through equal
angles, prove that the points K, L, M, where they meet BC, CA, AB,

are still collinear.

femem e
'

170. The angle made by the pedal line of any point on a circle
with one side of an inscribed triangle, is equal to that between
the lines drawn from the point to the centre of the circle and the

opposite vertex of the triangle,

*r71.  DProve that the Swmson lines of two diametrically opposite
points of a circle, with respect to any inscribed triangle, meet at
right angles.

*172, Find a point on the circumcircle of a given triangle the
pedal line of which is parallel or perpendicular to a given
direction,
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J
{ e
173. Pis any point on the circumcircle of a triangle ABC, and
PL parallel to BC meets the circle in L : prove that LA is perpendi-
cular to the pedal line of P with respect to the triangle.

174. Given the base and circumcentre of a triangle, prove that
the incentre moves on one of two circles,

175. Given one side of a triangle in position, the corresponding
excentre and the incentre, construct the triangle,

176. Given the three excentres of a triangle, construct the
triangle.

177. Given the base and vertical angle of a triangle, prove that
the circumcentre is fixed, and that each excentre moves on a circle.

178. With three given points as centres describe three circles
to touch each other two and two. How many solutions are
there?

179. Given one angle of a triangle, its perimeter and the
radius of the inscribed circle or of the escribed circle opposite to
the given angle, shew how to construct the triangle.

18 The incircle of a triangle ABC touches BC at D : prove that
the incircles of the triangles ABD, ACD, touch one another.

181. Find a point D in the side BC of a triangle ABC such that
the incircles of the triangles ABD, ACD, may touch one another,

*182. Four straight lines in a plane form a quadrilateral :
find a point in the plane such that the perpendiculars from it drawn
to the lines may have their feet in a straight line.

183. If perpendiculars drawn from a point p on the circumcir-
cle of a triangle ABC to BC, CA, AB, meet the circle again at Q R

S respectively, prove that AQ, BR, CS are each parallel to the pedal
line of p.

184. Given two of the excircles of a triangle, construct the
triangle.




IV.] GEOMETRY. 63

§ 11. THE ORTHOCENTRE AND THE NINE-POINT CIRCLE
OF A TRIANGLE.

Proposition XVI1i. Theorem.

The perpendiculars from the vertices of a triangle to the opposite
sides are concurrent.

B

In the triangle ABC let the perps. BE, CF, from B, C, to the
opposite sides, meet m 0. Jomn AO: to prove that, if AO meets
BC in D, AD is perp. to BC.

Join FE.  °" each of the s AFO, AEO is a rt. angle,

A, F, O, E are cyclic; {47]

.'. L CFE or OFE = £ OAE or DAC. [45]

Again, *; LBFC= LBEC=one rt. angle, ., B, F, E, C are
concyclic; . ~CBE= LCFE. ,, LDAC=CBE.

Add to these the . ACB;

‘. LDAC+ L ACD = L CBE + L ECB,
that is, - ADB = £ BEA =one rt. angle, [ 14 and Cons.]

Hence the three perps. meet at the point O.

Defs. The point of concurrence of the perpendiculars from
the vertices of a triangle to the opposite sides is called the
orthocentre of the triangle. ‘The triangle formed by joining the
feet of these perpendiculars is called the pedal or orthocentric

triangle of the given triangle.
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The following important properties of the figure of the proposi-
tion follow as corollaries :—

1. Ifone of the base angles is obtuse, say the ¢, the
orthocentre falls outside the triangle on the same side of AE as
C. Inthis case the above proof applies throughout, except that
each of the angles DAC, CBE has to be subtracted from the « ACB.
In fact, if the given triangle is AOB, 1t is seen that AE, BD, OF are
its perpendiculars, and these concur at the point C. Similarly,
B is the orthocentre of the A AOC, and A of the ABOC; so that
of of four pownts one point is the orthocentre of the triangle formed
by the other three, eack of the others is also the orthocentre of the
triangle formed by the remaining three. As LBOC= 180 - L BAC,
the circles about the As BOC, BAC are congruent, as the angles
subtended by the same chord BC of both at points of their cir-
cumferences on opposite sides of BC are equal. So also the
As AOC, AOB have the same circumradius as the A ABC.

2. If DF, DE are joined, it 1s seen that L DFB= L C= L EFA,
or DF, EF are equally mnclined to AB. Hence the sides of the
pedal triangle are equally inclined to the sides of the given tri-
angle ; that is to say, #he sides of the gwwen triangle bisect externally
the angles of the pedal triangle.  Again as L AFC = L BFC = go’,
therefore the remainders, the .s EFC and DFC, are equal;
or, CF bisectsthe & OFE. Thus#ke perpendiculars bisect the internal
angles of the pedal triangle, and therefore the pomts O, A, B, C
are theincentre and excentres of the pedal triangle [XVII].

3. If the perpendicular AD mects the circumcircle ABC in G,
itis seen that L GBD= L GAC or DAC (from the circumcircle)
= £ CBE or DBO, as proved. Hence the As GBD and OBD are
congruent, and DG =0D; that is to say, the infercept on any per-
pendicular between the orthocentre and the circumarcle is bisected by

/&e corresponding side.

4. The distances OA, OB, OC are respec-
tively double of the distances of the
circum-centre M from BC, CA, AB. Draw
the diameter CMN; join NA, NB; and draw
MP perp. to BC. Then BP=PC, also
NM=MC: hence NB=2MP. Now . CBN
= one rt. angle = £ CDA, 50 that NB is parl.
to AD; 50 also NA 1s parl. to BE, and ANBO
is a parlgm. Therefore AO =NB = 2MP.
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Proposition XI1X. Theorem.

In any triangle the three midpoints of the sides, the three feet
of the perpendiculars from the vertices to the sides, and the three
midpoints of the lines joining the orthocentre to the wvertices, all
lie on a drcle whose radius is half that of the circumcivdle and
whose centre is midway between the circumcentre and the orthocesftre.

Inthe A ABGC, let AD, BE, CF be the perps. meeting in o,
the orthocentre ; XS, YS, ZS the perp. bisectors of the sides
meeting 1n S, the circumcentre; and let K, L, M be the midpoints
of OA, 0B, OC: to prove that the nine pts D, E,F, X, Y, Z, K, L, M,
lie on a O whose centre is the midpoint of soO and radius
3 R, where R is the radius of the circumcircle.

Bisect SO in N; join NK, SA.

"JON=NS, OK=KA; ' ,NK=} SA=}R, and K lies on the O
mentioned above. So also L and M lie on the same ().

Produce OD to meet the circumcircle in H ; join ND, SH.

**ON=NS and OD=DH[XVIIL, 3], "' ND=4 SH=}R, and D
lies on the same () : so also do E and F.

Draw the diameter ASP, and join PB, PC, NX.

*t LPBA=90° [ina semi (Ol = L CFA, ..pB, CF are parl.; so
also are PC, BE. ", PBOCisa parlgm., and PO and BC bisect each
other; hence PO goes through X the midpoint of BG.

**ON=NS, and OX=XP, .", NX=48P =} R, and X lies on the
same () : so also do Y and Z.

Therefore all the nine points lie on the (O whose centre is N
and radius 4 R.

G. 5
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" pet. Hence this circle is called the nine-point circle of the
given triangle.

Cor 1. It isseen that OA, OP, OH being bisected, the points of
section lie on the nine-point circle; more generally, the nine-
point circle is the locus of midpoints of lines drawn from the
orthocentre to the circumcircle. Conversely, if the prthogenﬂ:e
is joined to any point on the circumcircle the joining line is
bisected by the nine-point circle.

Cor. 2, Join AX, meeting SO
in G; draw KQ parl. to SO to meet
AX. As AO=28x [XVIII, 4],
. AK=8X; and the As AQK,
SGX are congruent.
~.GX=AQ=4 AG, or GX=}AX
.*. G is the centroid of the A ABC.

Also SG=QK =1 GO, or SG=} so.

B

. the centroid and nine-point centre of a triangle lie on the line
Joining the circumcentre and orthocentre; the nine-point centre
bisects this line and the centroid trisects it.

It can be proved more generally that if lines are drawn from
the centroid to the circumcircle and produced backwards to bhalf

their lengths, the locus of their extremities (¢. g, X in the figure)
is the nine-point circle.

Exercises.

185. Given two of the excentres and the incentre of a triangle,
construct the triangle.

. x86.. The altitudes BE, CF, of a triangle ABC meet its circum-
circle in G, H: prove that (i) GH is parallel to EF, (ii) A is the
centre of the circle GOH, where O is the orthocentre.

*187. 1f S is the circumcentre of a triangle ABC, prove that
SA, SB, SC are perpendicular to the sides of its pedal triangle.

188. The line joining the midpoint of BC to the orthocentre O

af a triangle ABC meets the circumcircle in R : prove that ARO is
a right angle.

189. The triangle ABC is right-angled at A, and a straight line
bc perpendicular to BC meets AB in ¢ and AC in 4 : find the locus
of the point of intersection of Bb and Cc,

*190. Prove that the six lines joining the incentre | and the
excentres Iy, L 15, ofa triangle ABC, are bisected by the circum-
circle ; and that the radii of the circumcircles ot the four triangles

formed by these centres are each double the radius of the circum-
circle of the triangle,
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191, Construct a triangle of sides 2, 2°4, 3°2 cm. and carefully '
draw its nine-point circle. How is it situated with regard to the
incircle of the triangle ?

192. If the nine-point circle of a triangle bisects one of the
perpendiculars, the triangle is right-angled,

293. The base BC and the angle A of a triangle ABC are fixed,
and BE, CF are its perpendiculars : prove that EF is of fixed
length,

*194. Given the angles of a triangle to be &, B, 7, find those of
its pedal triangle. Examine the results when the triangle is
right-angled or obtuse-angled,

*195. Ina triangle ABC, O is the orthocentre : prove that the
circumcircles of OBC, OCA, OAB are equal, and that their centres
form a triangle identically equal to ABC.

*1g6. With the notation of the exercise above prove that
(i) AO?+BC?=BO*+CA%?=C0?+AB?*=4R?; and (ii) 2(AD.AO
+BE.BO+CE.CO) =at+&2+¢2, where D, E, F are the vertices of
the pedal triangle.

197. AD, BE, CF being the perpendiculars of a triangle ABC,
DKL is drawn at right angles to DE to meet BE in K and BA in L :
prove that | B?=LK.LD.

*198. 1f O is the circumcentre of a triangle ABC, |, Iy, I, 1; the
centres of the four circles touching its sides, and R the circum-
radius, prove that (i) W2+ LI2=12+0LL2=11,2411.2=16R?, and
(1) 0+01*+01.2+01 = 12R%

Solution. 1t may be easily shown that TI=T,=Tc. [See the
solution of Exer, 167.] Hencell;=2TC.

Similarly 1l;=2T,C. .. Wi+DLLE = 4(TC2+TiC?) = 4(TT:?)
=16R?% [Compare the result (i) in Exer. 196.] Again, as T is
the midpoint of Il;, .. OI2+0I?=2(0T?+TI?) =2 (R?+TC?);
so also, Ol,2+0l,2=2(0T2+Til.2) =2(R®*+T.C%). .. OI?+0I,2+0l,*
+012=2(2 R*+TT?) =2(2R*+4R?) =12R?%,

199. If from any point p perpendiculars PD, PE, PF are drawn to
the sides Bc, CA, AB of a triangle ABC, prove that BP2+CQ?+ AR?
=pC?+QA?+RB2 Conversely, if P, Q, R are pointsin BC, CA, AB
satisfying the above relation, the perpendiculars to the sides at
these points are concurrent.

200, Apply the result obtained above to prove that, in any tri-
angle, (i) the bisectors of the angles, (ii) the perpendicular bisec-
tors of the sides, (iii) the perpeadiculars from the vertices on the
sides, are concurrent,
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201. The angular points A; B, C, of a triangle are joined to N
the nine-point centre, and on AN, BN, CN produced S;, S,, S; are
taken such that NS, = AN, NS, =BN, NS; =CN: prove that S,, S, S,
are the centres of the circles described about the triangles BOC,
COA, AOB, where O is the crthocentre.

202, With the notation of the exercise above prove that, S beipg
the circumcentre—

(i) BSCS,, CSAS,, ASBS; are rhombuses;

(ii) S is the orthocentre and O the circumcentre of the triangle
8,8,8;;

(iii) A,B,C are respectively the circvmcentres of the triangles
SS,8,, S8,8,, SS,S;; and

(iv) the triangles BOG, COA, AOB, $SS,, §,5S,, §,88,, ABC,
S,S,8S; all have the same nine-point circle.

%203. If P is any point on the circumcircle of a triangle and O
its orthocentre, prove that the Simson line of P bisects OP,

Solution. PL, PM, PN are perp. to the N
sides, so that LMN is the pedal line SN
of P; AD perp. to BC, contains the k
orthocentre O. Join OP meeting LN
in H,

Let AD meet circumcircle in G, so that
DG=0D. Join GP meeting LN in E
and BC in F; also join PB, OF.

Then L PLN= LPBA= L AGP
=L LPE; and LPLF, being right,
= £ LPF+ L LFE:

-

.. L ELF= £ EFL, so that EP=EL =EF.

Again L OFD= L GFD, "~ the As OFD, GFD are congruent;
<. L OFD= LLFE= L ELF; .. OF and LMN are parl.

Hence, as PE=EF, and EH is parl. to OF, .~ PH=HO,

*204. The Sims?n lines of the ends of a diameter of a circle with
respect to any inscribed triangle, intersect on the nine-point circle
of the triangle,

205. 1 is the incentre of a triangle ABC: prove that it is the
orthocentre of the triangle formed by the circumcentres of BIC,
CIA, AIB,

206. A’,B/,C’are the midpoints of the sides BC, CA, ABof a
triangle, and D, E, F are the feet of the respective perpendiculars:
prove that the lines joining A/, B/, C’ to the midpoints of EF, FD,
DE respectively, all meet in the centre of the nine-point circle.

207. Given one vertex of a triangle and two of the four points
—the _Circumcentre, the orthccentre, the nine-point centre, the-
centroid : ¢onstruct the triangle,
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Miscellaneous Examples IlI.

1. Describe a circle so as to touch three given straight lines
two of which are parallel. How many solutions are there?

2. In a parallelogram agcp, BC=2 cm., 2 BCD =600 ; describe
a gjrcle to touch AB, BC, CD, and calculate its radius.

3. If one angle of a triangle, the radius of the incircle and the

radius of one of the excircles are given, shew how to construct the
triangle,

4. Given one angle of a triangle ‘and the perimeter, construct

the triangle so that the side opposite to the given angle may pass
through a given point.

. 5 Two circles intersect at A and B : draw another circle touch-
ing the two circles and such that the line joining the points of
contact may pass through A or B,

6. If points X, Y, Z be taken respectively in the sides BC, CA, AB
ofatriangle so that the quadrilaterals BZYC, CXZA, AYXB are cyclic,
prove that AX, BY, CZ are the perpendiculars of the triangle.

*7. The pedal triangle is the triangle of least perimeter which
<an be inscribed in a given triangle.

8.  The circumcircle and orthocentre of a triangle being given,
describe it so that one side may pass through a given point.

Solution. Let ABC be a triangle, O its orthocentre; draw AODG

to meet the cirumcircle (of centre S): then OD =DG' OSR is the
diameter through O, and M ) - 10Q

and N the midpoints of 0OQ,
OR, it is known that D lies
on the () on MN as diame-
ter. If BC passes through
the given pt. P, LPDOisa
right angle, and D also lies
on the () onPOas diameter.
Hence the construction :
draw the diameter QOSR;
bisect 0Q in M, OR in
N; draw the () on NM as
diameter to meet the () on .
OP as diameter in D; draw OD and PD meeting the given () in A
(in DO produced), and in Band C.

There is a second triangle corresponding to the intersection D/
of the two circles,

9. Given two of the angular points of a triangle and the centre
of one of the circles touching its sides, construct the triangle.



70 GEOMETRY. [cnap. IV,

R e ———— e e e ey

~

*10. The circumcentre, orthocentre, incentre of a triangle ABC
are S, O, | respectively: prove that the 2 SAQ = the differebice of the
angles ABC and ACB, and that Al bisects it.

11, Construct a triangle whose base and vertical angle are
given and the difference of whose base-angles is known.

12. AD, BE, CF are the perpendiculars of a triangle ABC, and
A, B,, C, the midpoints of BC, CA, AB: respectively: construct the
triangle, when (i) D, E, A, are given, (ii) A, By, F are given, Can
the triangle be obtained when D, E, C, are known ?

*13. Four straight lines form four triangles when taken three
and three : prove that the orthocentres of the four triangles are
collinear,

Solution, Let the str.
lines (l)) (2)| (3): (4)
form the four As ABE,
BCF,CDE,DAF; let 01.92,
O3, O, be the respective
orthocentres.

Draw (Os about the
As CDE, ADF, meeting
inP, and letK,L, M, N
be the feet of the per-
pendiculars from P on

AB, CD, AD, BC respec- 8
tively. AsP is on the )
(OCDE the pts. L, M, N o

are collinear [ XVI];

and from the (OADF, L, M, K are collinear, .. KLMN
is a str. line. As LMN is the Simson line of P for the ACDE, and
O, is the orthocentre, PO, is bisected by the line KLMN [Exer. 203];
so also POy, PO,, PO, are bisected by the same str. line.

But K,L,M,N are collinear, .. O,, 0,,O,, O, are collinear.

14. If P is a point on the circumcircle of a triangle ABC, the
pedal line of P cannot be in the same direction as BC, except when
P is diametrically opposite to A, and then it coincides with BC.

15. Shew that the pedal line of the point in which the circum-
circle is cut again by the perpendicular to BC from A, is parallel to
the tangent to the circle at A,

*16. The pedal lines of three points P,Q,R, on a circle with
regard to any inscribed triangle, form by their intersection a triangle
equiangular to the triangle PQR.

17. Let P be a point on the circumcircle of a triangle ABC, and
QR any chord of the circle parallel to the Simson line of P: prove
that PR is parallel to the Simson line of Q, and PQ to the Simson
line of R,



CHAPTER V.
RATIO AND PROPORTION.

§ 12. DEFINITIONS AND ELEMENTARY THEOREMS,

The ratio of two magnitudes of the same kind, A and B, is the
number showing how often one of them A contains the other B,
or what part or parts A is of B.

This ratio is written in the form A : B, and is known to be
measured by the fraction A/B; A is called the antecedent of the
ratio and B the consequent. '

If A and B are geometrical magnitudes, e. g, two lines or areas
or angles, they may be expressed in terms of the same unst (unit
length or area or angle) by the numbers a and b respectively;
then the ratio A : B is conveniently measured by the ratio a : b or
the fraction a/b.

In many cases it will not be possible to find the fraction a/6 in
Jimite terms.  The ratio of two lines of lengths 3}” and 52" is that
of the numbers 39 and 68 when {%” is the unit; but it is not
possible to express the ratio of the diagonal of a square to one side
by such numbers, however small the unit may be. In such cases,
when no common unit can be found to measure both terms, the
magnitudes are said to be wcommensurable. Similarly, as the
square root of 3 by the ordinary process does not give a terminated
result, the ratio V3 : 1 is incommensurable. It may, however, be
expressed to any required degree of approximation; for it will be
found that }/?> 1'73and <1°74; >1°732 and <1'733; >1°73205
and <1°'73206 ; and so on.

When the ratio of two magnitudes of the same kind, A and B,
is equal to that of two other magnitudes of the same kind, ¢ and
D (but not necessarily of the same kind as A and B), the four
magnitudes are said #o be proportionals or to form a proportion,
The equality is thus expressed,—

A:B=C:DorA!B::C:D.
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A and D are called the ex#reme terms, B and C the mean terms
of the proportion. Again the antecedents, A and C, of the two
equal ratios are said to be Zomologous or corresponding terms; so
also the consequents, B and D.

The antecedent and consequent of each ratio must be terms of
the same kind, so that such a result as A:C=B:D cannot occur,
unless C and D are of the same kind respectively as A and B. But
when the numerical measures of the ratios are employed, the terms
may stand in any order algebraically admissible, and we can have
the numerical proportion a:c=b:d.

When four magnitudes are in proportion, the fourth is said to
be the fourth proportional to the first three.

When three magnitudes are in continued proportion, so that
A:B=B:C, the third (C) is said to be the tAird proportional to the
first two, and the second (B) is said to be the mean proportional
to the first and third.

The square, A%/B3, of a ratio, A/B, is often called the duplicate
7atio of A :B.

When quantities are in proportion, many other proportions and
inferences can be derived by the laws of Algebra : the more
important of these are given below

(i) When four quantities are in proportion, the product of the
extremes is equal to the product of the means.

Let a, 4, ¢, 4 be the numerical measures of the quantities.

Then a/é=c/d, by definition

multiply each side by é2; .. ad=éc.

Cor. 1. If a, b, ¢, d are the measures of straight lines, it is
known that ad, bc¢ are the square units contained in rectangles
with sides @ and &, 6 and «. Hence, when four straight lines are
in proportion the rectangle contained by the extremes is equal to that
contained by the means.

Cor. 2. When three straight lines are in proportion, so that
A:B =B:C, the rectangle contained by the extremes is equal to the
square on the mean.

(ii) Conversely, if the product of one pair of quantities is
equal to the product of another pair, the four quantities are in
proportion so that the quantities of either pair are both extreme
terms or both mean terms.
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Let ad = be: divide each side by b4 ;

%=% or a.b=c.d.

Cor. If the product of a pair of quantities is equal to the
square of another quantity, the three are in continued proportion,
the latter quantity being the repeated mean term.

(ii) Ifa:b=c:d, then bia=d:c.
For a/b=c|d: divide unity by each; .. b/a=d/e

The use of this theorem is generally indicated by the term
“invertendo’.

(iv) Ifa:b=c:d, than a:c=b:d [alternando].
For ad =be, by (i) : divide each side by ed;

g=2, ora:c=b:d.
[

(v) Ifa:b=c:d, then atb:b=c4td:d.
For a/b=c/d: add and subtract unity ;

. %’ 4= :.t:[:r, orakb:b=ctd:d.

The inference is indicated by componendo or dividendo, accord-
ing as the positive or negative sign 1s taken : in the latter case
a>band c>d.

Cor. 1. Similarly we can infer aia®tb=c:ctd.

Cor. 2. By componendo, (%=€%Z ;
and by dividendo, a_;_ll= __;ii
divide the first equation by the second, term by term, and
we get a+d_ ‘i"'_d,
a-b6b c-d

or a+bla-b=c+dic~d [componendo and dividendo].

(vi) If three quantities are in continued proportion, the ratio
of the first to the third is the duplicate ratio of the first to the
second (or the second to the third).

Let a:b=b:c, then ac =13,

ac . a b a® . a b
e T t. e, —-— = i e e,
¢ b b ¢
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—

(vil) When several ratios are equal, eack of them is equal to the
ratio of the sum of the antecedents to the sum of the consequents.

2 9 7 s
then each of these _‘M

DHg+r+s
For let the common value of the ratios be ;

then Z=m, . a=pm.
P 2
So also b=gm, ceym,d=sm.

Hence a+b+c+d=m (p+g+7r+s);
. a+b+c+d

o Pror =m=each of the given ratios.
. .. _a-6 _b-c
It can be similarly proved that eachratio=——"=__" etc.
r-q 9-7

¢ 13, PROPORTIONAL DIVISION OF STRAIGHT LINES,

In & 4 we have given the definition of the segments of a straight
line made by a point and shown how these have to be taken with
proper algebraical signs to make up the given line.

If A, B are the

extremities of c

the line and ¢ At t 1B
the point of B

section, the ratio Ar t 16

of the segments

is AC:CB; and the line AB is said to be divided at C in this ratio.
It is seen that in the first case the ratio is positive, while in the
second it is negative as CB is of opposite sign to AC.

In case (1) the ratio may be made to have any positive value by
making C, the point of division, move along AB from A to B, the
value rising from zero in the beginning to a number larger than any
assignable quantity. In case (2) by making C move from B to
infinitely distant points in AB produced, the ratio may be alterefi
from a negatively infinite value to a value as nearly unity as possi-
ble and negative; while by taking C in BA produced, the values of
AC : CB range from O to — 1.



v.] GEOMETRY. 75

The following theorem gives an important result about the
point of division of a line in a given ratio.

Proposition XX. Theorem.

o 4 given straight line can be divided in & given ratio in only
one point either internally or externally.

A D,_¢

' — B Fig. «
Ar— B, D:g:C Fig. 2

Let AB be the given finite line, and let it be supposed to be di-
vided, internally in Fig. 1 externally in Fig. 2 in a given ratio.
Then there will be only one pt. of division, C, in each case. For,
if possible, suppose D to be a second pt. of division in the same

ratio, so that péCB 3‘3
s (), A_CZ "‘ CB_AD I;-B DB, [Componendo
and (2), AC—CB QD_ BDB‘ [Dividendo].

Hence in both cases (—3%= gg;

.. CB=DB, which is impossible, unless C and D coincide.
. there is only one such point of division.

Def. When a finite straight line is divided internally and ex-
ternally in the same ratio, it is said to be harmonically divided.

A C: :B +D

Thus if in the accompanying figure AC:CB equals AD:DB, the
line AB is said to be harmonically divided at ¢ and D. It should
be remembered that the ratios are only numerically equal, as one

is positive and the other negative; and the correct algebraical

AC AD
statement is BG ™ DB
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Proposition XX1. Theorem.

If a straight line is drawn parallel to one side of a triangle,
' divides the other two sides, internally or externally, in the
ame ratio. Conversely, tf a straight line is drawn so as to
livide in order two sides of a triangle, infernally or externally,
n the same ratio, it is parallel to the third side.

ATKL P B ATTKRL B P

(i) Let ABC be any A, and let PQ parl. to BC cut AB, AC in
>,Q respectively : to prove that AP . PB=AQ: QC.

Take KL a common measure of AP and PB, so that AP contains
t p times and PB, ¢ times.

». ABcan be divided ir:lto p+q or p—-q parts, each =KL, and
»is one of the pts. of division.

Through each pt. of division draw str. lines parl. to pQ, and let
(M, LN be two consecutive parl. lines out of these.

Then AC is also divided into p+q or p - ¢ parts, each= MN
19], and Q is one of the pts. of division.
AP :'&K—L -p—- A——Q— =[’._MN —'p .
Hence PE KL ¢ QC  g.MN Py

Q’E'%’ or Ap: PB=AQ : QC.

(i) Let the sides AB, AC of a A ABC be divided proportionally
n order, so that AP: PB=AQ: QC: to prove that PQ is parl. to BC.
If PQ is not parl. to Bc, draw, if possible, PQ/ parl. to it.
Then AQ’: Q/C=AP:PB, by the first part:
yut AQ : QC=AP : PB; [Hyp.]
S AQ’:Q/C =AQ:QC, )
hat is, AC is divided at Q and Q' in the same ratio, either
nternally or externally.

~.Q and Q' coincide, [XX]
and hence PQ is parl. to BC.
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Cor 1. We shall have also AP:AB=AQ:AC, by reasoning as
in the first part of the proposition. Or this result may be obtain-
ed by componendo or dividendo. [ See § 12, v, Cor. 1.]

Cor. 2. If any two str.
lines are cut by any number
of parl. str. lines, the cor-
responding segments are
proportional. If AB, A’B/
are so cut by pQ, Rs, TV,
then, drawing PFG parl. to
QSU, we have pR:RT =PFFG,
by the Prop.; but PF=Q8, 4
FG=SU [16].

Hence PR:RT =QS:SU.

Exercises.
208, Prove Prop. XXI in the case when P is in BA produced.

209. AD,BC are the parl. sides of a trapezium ABCD, and points
P and Q are taken in AB, CD respectively so that AP :PB=DQ:QC:
prove that PQ is parallel to AD or BC,

210. In a quadrilateral ABCD the diagonals intersect at O and
AO :0C=DOQ: OB: prove that two sides of the quadrilateral are
parallel.

211.  Draw to scale a line 45’ long and divide it (i) internally
in the ratio 2 : 3,(ii) internally as well as externally in the ratio 1: 35,
Verify the results by calculation.

212. Inthetwofigures of Prop. XXI, AP=9",QC=8", AQ=2PB :
find AB and AC.

213. D,F and E, G are points on the sides ABand AC respectively
of a triangle ABC, such that DE,FG are each parallel to BG: if AD =4,
DB=3, AE=6, GC=1, find DF and EG.

214. D is any point in the side BC of a triangle ABG; a straight
line parallel to BC meets AB,AD,AC (produced if necessary) 1n M,0,N
respectively, Prove that MO: ON=8D :DC.

*215. ABC is a triangle, and any line MN parallel to BC meets AB
in M and AC in N: prove that the locus of the intersection of BN and
CM is a straight line.

216. The straight lines AOB, COD meet in O so as to make
AO:0B=CO0:0D: if p,Q are the midpoints of AB,CD respectively,
prove that PQ is parallel to AC or BD.

217. Two circles touch (internally or externally) at A, and a
straight line through A meets them again in P and Qseverally:
prove that AP:AQ equals the ratio of the radii of the circles.

218. D is any point in the side BC of a triangle ABC, and DE,DF
parallel to AC,AB respectively meet ABAC at E,F respectively: find
the locus ot the midpoint of EF,

219. ABCD is a parallelogram; p is a point in AD such that
AP:PD=3:8. IfBP and AC meet in L, find the ratio AL:LC.



78 GEOMETRY. [cHaP.

220. ABCD is a parallelogram; H and K are points in AB and CD
such that AH =.§AB, CK =%CD. Find the ratios of the segments of

AC made by HD and KB.
221, Ina triangle ABC, BD is taken along BC equal to } of BC;AD
is joined and bisected in F. 1f BF meets AC in G, find the ratioAG:AC.
222, ABCD is a parallelogram, and P is taken in BC so that

PC is § of BC;AC and AP cut the diagonal BD in 0 and E. Prove
that OE is 1”6 of BD.

223. Inthe exercise above, if OE is 1 of BD how does P divide BC?

224. ABC is atriangle, and p isthe midpoint of BC ; any straight
line through C meets AD in E and AB in F. Prove that rect.
AE.FB= 2 rect, AF.ED.

Proposition XX1l. Theorem.

The straight lines bisecting internally and externally the
vertical angle of a triangle, divide the base internally and ex-
ternally into segments which have the same vatio as the ad-
jacent sides of the triangle.

B8

Let the str. lines AD, AD, bisect the vertical angle BAC and the
external angle CAK at A in any- A ABC, and meet BC in D, D:

BD BA BD:
o prove that —— = —— = —.
top pC AC CDt

Through C draw CK, CKi parl. to AD, AD: respectively, meeting

AB in K, K.
Then  ACK= L CAD {12]
= L DAB= L CKA; (RE]]
and £ ACKi= L CAD,= L DiAK = £ CKiA.
S, AK=AC=AK, {8]

Now DA is parl. to CK,
pDC AK

D BA
and so also -E——-‘ =BA A

n v a AC
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Proposition XX1I1. Theorem.

The straight lines drawn from the vertical angle of a triangle
to divide the base internally and externally into segments hav-
ing the same ratio as the adjacent sides of the triangle, bisect the
vertical angle internally and externally.

DE C b| E,
Let the str, lines AD, AD,, drawn from the vertex A of any
A ABC, divide the base in the ratio of the adjacent sides, so
BD _BA _ BD .
that — =" = —1 to prove that AD h
bo~Ac - oD, p , AD: bisect the angle at A
internally and externally.

If AD does not bisect the £ BAC, draw AE the bisector of the

B

BE_BA
angle, Then EG=AG i [XXII]
B . =
but D%‘)?é'[HYP-]‘ ‘- DC EC

1. e. BC is divided internally at D and E in the same ratio.
This is impossible [XX] ;

. AD bisects the BAC.

Similarly can AD: be shown to bisect the £ BAC externally.

Cor. As;BD:DC=BD,:CD,, it follows that the base of a
triangle 1s divided harmonically at the points where it is met by
the internal and external bisectors of the vertical angle.

Exercises.

225. Apply Prop. XXII to divide a given line internally and
externally in the ratios 1:2 and 3 :2.

226. Draw a triangle with sides 20, 15, 18 mm. Find points
in the side 18 dividing it in the ratio 4 : 3, and in the side 15
dividing it in the ratio 10 : 9, by means of the Proposition.

227. Inthe exercise above, find the distance between the two
points (of internal and external section) obtained in each side.

*228. Give the construction of Prop. XXII when AB is less than
AC; and examine the case of external section of the base when
AB=AC, .

229. By the help of Props. XXII and XXIII prove that (i) the
three internal bisectors, (ii) one internal bisector and two external
bisectors, of the angles of a triangle are concurrent.
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230. In the figure of Prop. XXIIlI, BC=a, CA=), AB=c:

find BD, DC, D,C, and prove that DD;= zabzz.
c —

*231, Inthe figure of the same proposition let M be the midpoint

of BC : prove that
MD :BC=AB—AC : 2 (AB+AC),

and MD, : BC=AB+AC: 2 (AB—AC).

232, The straight lines bisecting the angles B and C of a triangle
ABC meet the opposite sides in D and E : prove that if DE is parallel
to BC the triangle is isosceles,

233. From the vertex A of a triangle ABC perpendiculars AK, AL
are drawn to the external bisectors of the angles at B, C : prove that
KL is parallel to BC and equals the semi-perimeter of the triangle.

234. In a quadrilateral ABCD, the bisectors of the angles at
A and C meet on BD : prove that the bisectors of the angles at B
and D meet on AC.

235. The lines trisecting an angle of any triangle cannot
divide the opposite side into segments which are all equal.

236. AD is a median of a triangle ABC; the straight lines bisect-
ing the angles ADB, ADC meet the sides AB, AC in P, Q respectively.
Shew that pQ is parallel to BC,

237. AD is the bisector of the angle A of a triangle ABC; AC
meets the circle described about the triangle ADB in a second point
P, and AB meets the circle about the triangle ADC in Q. Prove
that BQ is equal to CP.

238. Iflisthe incentre and J the excentre with regard to the
side BC of a triangle ABC, and X the point where 1J meets BC, prove

Al_AJ_AB+AC
that {x=yx=""BC -

239, Prove that the radius of the incircle of an isosceles trian-
gle bears to its altitude the ratio which the base of the triangle has
to the sum of its sides,

Solution. Let ABC be the A, AB=AC, Bisect
BC in D, join AD : then the As ABD, ACD are con-
gruent, and AD bisects the £ A,

.. the incentre | will be on AD, and such that
Bl, Cl bisect the £ s B, C respectively.

ID_DC _DB_DC+DB
Hence we have 7= ¢ [XXII] “BA=CA3BA} B “
[vii, § 12] -
BC

A

. p__B ., . _ID____BC .
“ [A-CA+BA’ ** ID+IA-CA+BAfBC LV o1, ¢12]

ID __ base
Thus we get AD = perimeter’
240. CD is a chord of a circle and AB the perpendicular diame-
ter ; A and B are joined to any point Q in CD, and AQ, BQ produced
cut the circlein X, Y respectively, Shew that rect, CX.DY =rect. DX.CY.
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§ 14. ELEMENTARY RATIO CONSTRUCTIONS.
Proposition XX1V. Problem.

To divide a given straight line internally and externally n a
gwven vatio.

A C B A e,
H ' N L At C
. : ! N\ e R
. 3\/ : : ™~ -~ A
v . s 4
. ' ' < e
\‘ : : Q‘ \\ /¢
AR 4 \ Pd
L < [} | R
ﬁ‘xﬂ : FPS,
X\\\‘: \\‘
~
M "Q X
\“
A Y
Fig. « Fig. 2

Let AB be the given str. line, and the ratio of the lengths L, M,
the given ratio.

Draw a str line AX to make any convenient angle with AB.
Along AX mark off AP=L,PQ=M, the latter being n the same
sense (or direction) as AP Iig. 1, and in the opposite sense to AP
in Iig. 2. Jom @B and draw PC parl to QB to cut AB or AB
produced in C. Then AB shall be divided at C n the given ratio.

AC
. PC s pail. to @B, . cB 3% [XXI] =L|\;1'

Cor. DBy an cxactly similar construction we can divide a given
straight line similarly to a given divided line, or mto any number
of parts having given ratios to each other.
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Proposition XXV. Problem.
To find the fourth proportional to three given straight lines.

Tet L,M,N be the given str. lines. Draw two str. lines AB, AX at

any convenient angle. Along AX mark off AP =L and PQ=M, and
along AB,AR=N.

Jomn PR and draw QS pail. to PR to meet AB,
Then Rs shall be the fourth proportional.

. AP AR
arl.to QS e
S PRI1s P Qs, PO RS’

.

. L_N

.o - = -

', and RS is the fourth proportional.
M RS

Cor. By taking N=M, we shall have L:M=M!:RS; thus the
third proportional to L and M is obtained.

If the lengths L and M are large, PQ=M may be set off in the
opposite sense to AP, in order to give the figure conveniently small
dimensions.

Exercises.,
24t. Divide a straight line of length two inches into three parts
which shall be to each other as 1:4:7.
242. Draw a triangle of perimeter g cm. with sides as 2:45:5;.
Can the sides be proportional to 2:33:64 2

243. Divide a straight line of length 1

L
ratios 2:9 and 9:2.

4" externally in the
Measure the parts and verify by calculation,



v.] GEOMETRY. 83

244. A straight line APB is such that AP=1'75, PB="'2j3.
Divide it externally at Q so that AQ:BQ=AP:PB, and by measure-
ment show that [

a AP+AQ
*245. A straight line AB is divided internally and externally at
p and Q in the same ratio, and M is the midpoint of AB : prove that
rect. MP.MQ = MA?,

246. Construct the second figure of Prop. XXIV when Mis
greater than L, and examine the case when M=L.

247. Find x geometrically -in the following proportions, and
verify the answers by calculation :—

(1) r12:3=5:x; (2) 1'2:3=x:5; (3) ¥:2'5=2'5:6,

248. Find by geometrical construction the values of
18 and X7XE3,
39 4’5
249. The sides BC, CA, AB of a triangle are of lengths a, 8, ¢
respectively: find by construction the fourth proportionals to
(1) ab,¢;(2)e¢ b a5 ) a b

250. On a given base draw a rectangle equal in area to a given
rectangle,

D C

Solution.  let
PQ be the given
base and ABCD S R
the given rect-

angle. Produce _O . ._._.__A B

BA, take AO=PQ; . , ;P
draw any line \\‘\ ;

OEF, take é(\“\ !

OE=AD.  Join ¥

AE, draw BF parl, to AE- then EF is the other side of the rectangle,

Draw QR perp. to PQ and =EF, and complete PQRS, which is the
required figure. As we require PQ.QR=AB.AD; . P9=A~Dy so that
B

.o

QR (or EF) is the fourth proportional to PQ, AB, AD: "hence the
construction,

251.  Ona base 1}/ long construct a rectangle equal in area to

a square of side 1}/, Measure the cther side of the rectangle and
verify the result,

252, The sides of a triangle are 1%, 21, 24. Construct on a base

of length 30 an equivalent rectangle, drawing the fi
suitable scale, ' & the fgure to any
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*253. Two points P,Q, on the same side of a line OX, are at dis-
tances y;, y,, fromit: if H is taken in PQ so that PH : HQ=¢: d,
prove that the distance of H from OX is yidtyc

ctd

Solution, Draw the distances
PL, QM, HK from the given line OX
and PEF, HG parl. to it; let HK =y,

We have E%=Eﬂ=[-;;
_"ﬁ:f’ 7 :Z!:t
GQ d ’_J’_v—_y d

. 0L K M
Multiply out and solve for y. X

254.  Solve the problem above when (1) P and Q are on opposite
sides of OX, (z) H is in PQ produced.

*255. The centroid, G, of three points P, Q, R, is thus constructed:
bisect PQ in A, and divide AR in G so that AG:GR=1:2. If x,,
¥, x; are the distances of P,Q,R from a given straight line, find
the distance of G from the same line,

256, ACB is a given arc of a circle: flnd a point P on it such that
the chords AP,PB may be in a given ratio,

Solution, Complete the () of which ACB
is the arc ; bisect the remaining arc at M
[57], and divide the chord AB in the given SN
ratio, say 2:3 [XXIV], Join M to the pt, A LD
of division, D, and let MD meet ACB in P. | \

.+ arc AM = arc BM, . L APD= . BPD

(38, 441;
" AP :PB=AD:DB [XXII] = 2:3
[Cons.].

257. Through a given point O within a given angle BAC draw
a straight line XOY terminated by AB and AC, and such that X0 .0Y
is equal to a given ratio,




CHAPTER VI.

SIMILAR FIGURES- CENTRES OF SIMILARITY.

2 15. SIMILAR TRIANGLES,

Def- Two rectilineal figures are said to be equzangular to one
another when the several angles of one taken in order are equal
respectively to the several angles of the other taken in the same
order.

More briefly such figures are called eguzangular ; and this term
does not necessarily imply equality among the angles of either
figure.

The angles which arc equal 1n pairs are said to be corresponding
angles of the figures , and a side of one is said to be corresponding
or Lomologous to a side of the other, when the two sides terminate
in pairs of corresponding angles.

Two rectilineal figures are said to be similar when they are
equiangular to one another and have also their corresponding
sudes proportional.

Thus 1n the accompany- D
ing figure the two poly-
gons are similar (i) if C
LA= LN, LB= LB,
vy LE=LE’, and (2) f A B I B’

AB _BC _ _EA
aB BC T EA ,
Alternando we have EA =E—’£,, A§=é-,—8—/,, e
AB A’B° BC BC
hence the sides about each of the equal angles are successively in
proportion.

Both conditions of similarity are essential ; but it will be seen
from the immediately following propositions that either condition

alone is sufficient for triangles. This is due to the fact that e
triangle is the simplest of rectilineal figures.
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In the case of other figures both are
necessary. For instance, the annexed
diagram shows two pentagons which
are equiangular but not similar, as ,

%g gg are not equal ratios.

Again a square and a rhombus bhave
their sides in proportion, but are not
equiangular; they are therefore not

similar.

Proposition XXVI. Theorem.

If two triangles are equiangular to one another, their correspond-
ing sides are proportional, and the triangles are similar.

8

Let the As ABC, A'B'C’ be equiangular,so that A= LA,
LB= £ B,LC=C': to prove that they are similar.

Apply the A A'B'C’ to ABC so that £ B’ coincides with the equal
«Band A’ falls along BA (produced if necessary) at some pt. D;
then ¢’ falls along BC at E, so that DE is the new position of A'C'.

‘%t LD=(,A=rA, .. DEis parl to AC

- CB,
Hence £5.=CB [XXI Cor. 1), ie, ai=og

Similarly, by applying the A A'B'C’ to ABC so as to make G
coincide with £ C, it may be proved that BB% = c ,
AB _BC _CA

** AB'T BC CA’
also the As are equiangular, [&yp.]
. they are similar. [Def.]
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Cor. 1. Two triangles are similar if two angles of one are
severally equal to two of the other; for then the third angles
are equal,

Cor. 2. Two right-angled triangles are similar if an acute angle
of one is equal to an acute angle of the other.

.

Proposition XXVIIl. Theorem,

If two triangles have their sides proportional when taken in
order, their angles opposite to corresponding sides are equal,
and the triangles are sutmilar.

A A

C

Let the As ABC, A’B'C’ have their sides proportional in order,
so that E =BC _CA prove that they are similar.
A’'B’ B'C' C'A’
From BA, BC (produced if necessary) cut off BD =B’A’,BE =B'C/,

and join DE.
BA BC .BA BC
B'A’"BC" 'BD BE’
.. DE is parl. to AC. [XXI, ii]

Hence the As BAC,BDC are equiangular, and ., similar. [XXVI]
. BD_BA _B'A/
" DE AC AC/ [H3p-)s

but BD=B’A’ [Cons.], . DE=A'C/.

. the As BDE, B’A’C’ are congruent [5];

.. their corresponding angles are equal.

But the A BAC is equiangular to BDE [Proved];

. the As BAC, B'A’C’ are equiangular :

also their sides are proportional in order [Hyp.],

.. theyare similar. [Def.]
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Exercises.

258. Construct a triangle of sides 51}, 60J, 72 mm,, and mea-
sure its angles. Hence find the other sides of a triangle whose
largest side is 18 and whose angles are 45°, 55°, 80°.

259. Construct two triangles of different size whose sides are
as1:3: 3% ; show by measurement that they are equiangular.

260. Any point D in the base BC of a triangle is joined to the
vertex A, and ADis divided at O so that AO:0D=35:7; POQ is
drawn parallel to the base and terminated by the sides of the
triangle. If BC=1'2", CA="8/ AB=1"4", find PQ by measurement
and verify by calculation.

261. Draw two right-angled triangles each having an acute
angle of 48°; measure the ratio of the hypotenuse to the side
opposite the given angle in each triangle.

262. Draw two straight lines inclined at an angle of 70", and
find a series of points within the angle whose distances from the
lines are in the ratio 3 : 4.

263. Within a triangle ABC find a point P such that its distances
from BC, CA, AB, are as 7 11-16 respectively, and measure BP and
CP,

264. A man 5 ft. 8 in. high observes that his shadow cast by
the sunis 1yd. 4 in.: calculate the height of a tower which
casts a shadow of 357 ft. at the same iastant.

265, Draw two circles of radii 1” and 2 cm.; circumscribe tri-
angles of angles 50°, 55% 75° about each, and compare their
corresponding sides.

266, Prove the results of (VIII, Cor. 1) and (1X) by means of
similar triangles.

267. By help of Prop. XXVI prove that the medians of a triangle
concur at a point of trisection of each.

268. In a triangle ABC, AD and CE are the perpendiculars to
the bisector of the angle ABC : shew that AD.BE=CE.BD,

*269. Intwo similar triangles prove that two corresponding sides
are proportional to () the altitudes drawn to them, (2) the bisectors
of the opposite angles terminated by them, (3) the radii of the
circumcircles.

*270. Two right-angled triangles are similar if the hypotenuse
and one side of one are proportional to the hypotenuse and one
side of the other.

Solution. In the
As ABC, A/B/C/,
rt.-angled atB, B/, let
AC:A/C/=AB:A/B. A
Suppose BA>B'A/;
from BA cut off
BD=B’A’, and draw || ,
DE parl. to AC. B c
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» the As ABC,DBE are equiangular,
AC_AB_ AB
S DE BD_BA’ [Cons. ]—FC/ [yp.1;
. DE=A/C’. Also DB=A'B/, LB= ~B/,
.~ the As DBE, A/B/C’ are congruent [ 7, @ ], and equiangular.

But the A s DBE, ABC are equiangular ;
. the As ABC, A’B/C’ are equiangular, and hence similar.

271. Two circles touch at a point A, and any straight line
through A cuts them at Pand Q: prove that AP, AQ are in the ratio
of the corresponding diameters.

272. Two circles intersect at A and B, and any straight line
through A cuts them again at Pand Q: prove that BP,BQ are in the
ratio of the corresponding radii.

273. A chord BC of a circle cuts off an arc whose midpoint
is A ; any straight line APQ cuts BC in P and the circle again in Q.
Prove that rect. AP.AQ=sq. on AC,

274. The straight line joining the mldpomts of the parallel
sides of any trapezium passes through the point of intersection of
the diagonals ; and the straight line through this point parallel to
the parallel sides and terminated by the other sides, is bisected at
the point,

275. In the parallel sides AD, BC, of a trapezium the points
P, Q, are taken such that AP .PD=BQ: QC : prove that AB, CD, PQ
are concurrent,

276. ABCD is a quadrilateral having right angles at A and C,
and BK, DL are drawn perpendicular to AC : prove that AK=CL.

*277. Four straight lines AK, BL, CM, DN meet in a point O,
and ABCD, KLMN are parallel straight lines cutting them : prove
that AB:BC : CD=KL : LM : MN.

278. Apply the exercise above to divide a given straight line
into » parts having given ratios to each other.

Solution. Let AB be the given
str. line, and suppose it is re-

quired to divide it into four parts

proportional to «, b, ¢, d.

XTP dTRTS
Take a pt, X and draw XS parl. to AB; with any convenient unit
mark off XP, PQ, QR, RS of lengths @, &4, ¢, d units respectively.
Let XA, SB meetin O; join OP, 0Q, OR to cut AB in C, D, E res-
pectively,
It may be proved, as in the previous exercise, that AC: CD;DE :
EB=XP:PQ:QR:RS=g::c:d.
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279. AB, AC are two chords of a circle, and AT is a tangent;
CD is drawn parallel to AT to meet AB in D. Prove that AD is the
third proportional to AB and AC.

280. A square is inscribed in a right-angled triangle with one
side on the hypotenuse and the two opposite angular points on the
two sides of the triangle: prove that the three segments of the
hypotenuse are in continued proportion.

*281. X, Y are points on the sides AB, AC of a triangle ABC,such
that XY is parallel to BC : find the locus of the point of intersection
of BY and CX.

*282. A point p moves so that its distances from two fixed
straight lines AB, AC are in a given ratio : prove that the locus of P
is a straight line passing through A.

283. ABC, DBC are two triangles of equal area on the same
side of the base BC : prove that the parts, intercepted within the
triangles, of any straight line parallel to BC are equal.

*284. From a point O on the circumference of a circle perpen-
diculars OP, OQ, OR are drawn on two tangents AC, BC, and their
chord of contact respectively: prove that rect. OP.OQ=OR2.

*2835. O is a fixed point and XY a fixed straightline ; lines are
drawn from O to various points of XY and divided in a fixed ratio.
Find the locus of the points of section.

¥286. O is a fixed point in the plane of a fixed circle of radius
7; lines are drawn from O to various points of the circumference
and divided in the fixed ratio /: m. Prove that the locus of the
points of section is a circle of radius z+l1—” 7

287. Through one of the points of intersection of two circles
draw a chord which shall be divided at the point in the ratio of the
radii.

Proposition XXVIil. Theorem.

If two triangles have one angle of one equal to one angle of the
other and the sides alout these angles proportional, the triangles
are similar.

A

B c

Letthe As ABC, A’/B'C’have £ A= £ A/, and AB: A’B’ =AC :A/C":
to prove that they are similar.
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Apply the AA’/B/C’ to ABC so that the equal angles A/, A coin-
cide, and B’ falls on AB at D; then C’ falls on AC at E, and DE is

the new position of B'C'.
AB _AC . AB _ AC,

“ ABTAC” " AD T AE
» .. DEand BC are parl. [XXT, ii]
oo LB =LD=LB, LC=_LE="LC. [12]
Hence the As ABC, A'B'C’ are equiangular ;
[XXVI}

.. they are similar.
Proposition XXIX. Theorem.

If two triangles have two sides of one proportional to two sides
of the other and have likewise the angles opposite to one correspond-
ing paiy of these sides equal, then the angles opposite to the other
corvesponding pair ave either equal or supplementavy ;and in the

Jormer case the triangles are similar.

A

"y
]
I
I
’
’
o
4
’
!
¢
'
[
[
’
’
)
[
.
4
’
1]
'
L

C Bl CI B/ C'
Let the As ABC, A'B'C’ have . B= £ B’ and also AB:A'B’
to prove that £ C= . C' or £ C+ £ C' =2 rt. angles.

! .

=ACIA'C:
(i) If LA=c A, then LC=1,C'; the As are equiangular,

8

and therefore similar.
(i) But if 2Ais not = _A’, suppose . A greater ;

cut off LBAX= LB'A'C'.

The As BAX, B'A’C’ are equiangular, and therefore similar.
AB AX - AB _AC

Hence = =12 [XXVI]; but ',=-2, [Hyp];

A'B" A'C [ ik A'B AC (#5215
. AX AC .

~0-A,—c,-A—,a, t.e., AX=AC.

s LACX= L AXC [8],
=suplt. of « AXB=suplt. of £ A'C'B".

o L G+ £ C'=2rt. angles.
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~[ Cor. If the given equal angles B, B are right, the angles ¢, ¢’
are necessarily acute [10], and cannot be supplementary; they
are therefore equal. Hence if the given angles are both right,
the triangles are similar. [See Exer. 270.] So also, if the given
angles are both obtuse the triangles are similar.

The student should notice the close correspondence of the
conditions which determine the congruence with those which deter-
mine the similarity of triangles. The chief difference is that in the
case of similarity no linear equality is given ; for neither lengths nor
areas are necessarily equal, the triangles being only required to be
of the same shape. We thus have—

(a) two sides egual and included angles equal [4], two sides
proportonal and included angles equal [XXVIII];

(0) three sides equal [5], three sides proporéional [XXVII];

(¢) two angles equal and one side equa/ [6], two angles equal
and therefore the third angles also equal [XXVI]; and

(d) two sides equa/ and angles opposite to one pair of them
equal [7], two sides proportional and angles opposite to one pair of
them equal [XXIX].

Exercises.

288. Construct three triangles each having two sides in the
ratio 3 : 4, and the angle opposite to the smaller of these an angle
of 32°. Are all such triangles similar ?

289. Construct as many different kinds of triangles as possible
each having two sides in the ratio 5 : 3 and an angle of 32° oppo-
site to the larger of these.

290. Two straight lines AB, CD intersect at O so as to make rect.
AO.OB=rect. CO.0D:prove by Prop. XXVIII that the points A,C,B,D
are concyclic,

291, ABC,A/B/C’ are similar triangles, AD and A'D’ being cor-
responding medians: prove that AD:A’D/ =BC:B/C/.

292. Inthe exercise above if D, D’ are points in BC, B/C’ such
that BD:DC=B’D’:D/C’, prove that the result still holds good.

293. OABC...is a straight line; through A, B, C,...parallel straight
lines AP, BQ, CR..., in the same direction, are drawn so as to make
AP:BQ:CR,,,=0A:0B:0C.... Prove that the points O,P,Q,R...are
collinear,
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204. AB is the diameter and C the centre of a semicircle; N and
T are points in CB and CB producedsuch that AT:AC=AN:CN, and
TP is the tangent from T. Prove that the £ CNP is right.

*295. O is a fixed pointand XY a fixed straight line; on the
lines drawn from O to various points of XY triangles similar to a
given triangle are similarly described. Find the locus of the vertices
of the triangles.

Solution. P, p Mo
Let ABC be T N R Y
the given A« N Lo . '
Draw OP 8 : : ’
perp. to XY, ‘L".’

and describe
on it the A
OPV equian- A
gular to ABC, Then the A OPV is similar to ABC, also OPis a
fixed line and V a fixed pt.

Take other pts. Py, P,,...on XY, and draw similarly the A's OP,V,,
OP,V,,...equiangular to ABC, and therefore similar to it.

Join VV,VV,,...

The A's OPV, OP,V, are equiangular, and therefore similar; hence
OP _OV.
OoP, OV,

in the As OVV,, OPP,, two sides of the first are proportional to two
of the second, and the included angles are equal;

:. these As are similar [XXVIII].
. LOVV,= L OPP,=one rt. angle.

+Also © LVOP= LV, OP,, .. £VOV,=LPOP,. Hence

Thus v, lies on a str. line through V perp. to OV, z.¢, on a fixed
str. linc. Similarly V. and the other vertices are scen to lie on the
same fixed line, which is therefore the required locus.
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§ 16. MEAN PROPORTIONAL.

Proposition XXX. Theorem.
In a right-angled triangle the perpendiculay drawn from the
right angle to the hypotenuse divides the triangle into two triangles
similar to the given triangle and to one another.

A D 8

C

Let ABC be a Art.-angled at C, draw CD perp. to AB: to prove
that the As ADC,BDC are similar to the A ABC and to one
auother.

In the As ADC, ABC, LA is common; . ADC = « ACB, each
being right; and £ ACD = « ABC, each being the complt. of £ A.

Hence the As are equiangular, and therefore similar.

In the same way the As BDC, ABC may be proved similar.

. the As ADC,BDC, being similar each to the A ABC, are
similar to one another.

Cor.1. *© As ADC,BDC are similar, ,, AD:DC=CD:DB
[XXVI]; .. rect. AD.DB=CD? [ § 12,1 ].

Hence, if a perp. is drawn from the right angle of a ri-angled
A to the hypotenuse, the squarc on the perpendicular is equal to
the rectangle of the segments of the hypotenuse. [ See V, Cor.,
and Exer. 59.]

Cor. 2. -+ As ADC, ABC are similar, ., AC:AB=AD:AC;
.~ rect. AD.AB=AC?% So also rect. BD.BA =BC2.
Hence, the square on either side of the rt-angled triangle is

equal to the rectangle of the hypotenuse and the adjacent segment of
4t made by the perpendicular from the right angle. [See Exer. 60.]
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The student should see that the three triangles in the figure are
really similar, though they are not similarly situated. Thus the
A BDC may be made to occupy a position like that ot the A ADC
by being turned in its plane through a right angle ; the A ABC
will further require to be turned about AB as axis.

Proposition XXXI. Problem.

To find the mean proportional to two given straight lines.

A= : =B
. S . !
v P

- /
\ SN [ 7 ,‘
A SN 1 .y
1y ~ N /
\ ~ ' , ,’
\ ~ ' S
\ AN Vs
N < ll /
\ o . ’
N N L
~ S [
N Nt
Seel _/“C

Place the given lines, AD, DB, end to end 1n a straight line as

ADB; on AB describe the semi-(QAXB, and draw DC perp. to AB
to meet it in C* then DC 1s the mean proportional. Jomn CA,CB.

-+ £ ACB=rt. angle [46], and CD 1s perp. to AB,
.. CD is the mean proportional to AD, DB [XXX, Cor. 1]

When the given str, lines are so large that the length ADB is
inconvenient to draw, they should be placed as AB, AD, sc that AD
falls on AB ; making the same construction, AC will now be found
to be the mean proportional.

The proof gives another solution of Prop. V ; the student should
read the note on that problem, and solve Exers. 43, 46 and 47.

Exercises.

296. In the figure of Prop. XXXI, AC=2"%", BC="4"; calcu-
late AD, BD,CD.

297. One side of a rectangle is 13 mm. long ; find the other side,
if the area is the same as that of an equilateral triangle of side 2z cm.

298. Draw a rectangle equal in area as well as perimeter to a
triangle of sides 1°5, 2, 2°'5 cm., and measure its sides.

299. Divide a given straight line (i) externally, (ii) internally,
so that the rectangle contained by the segments is equal to the
square on another given straight line,

—
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300. In a triangle ABC, right-angled at C, the prepndicular
CD drawn to AB divides it in extreme and mean ratp so that
AB:AD=AD:DB: prove that AC is the mean proportpnal to
AB and BC,

*301.  Two parallel tangents of a circle meet a third tangent in
A and B: if T is the point of contact of this tangent, prove thav
rect. AT.TB= sq. of the radius. ¢

302. Two circles touch externally and an exterior common
tangent meets them at A and B: prove that AB is the mean pro-
portional to the diameters of the circles.

Solution. Let P, Q be the
centres of the (s, C their pt. of
contact; draw CM the common
tangent at C to meet AB;
join MP, MQ, AP, BQ.

As MC, MA are tangents to
the same O,

- MC=MA and <AMP
= £ CMP.

So also MC=MB and £BMQ= . CMQ [42].
Hence CM=J} AB, and £PMQ= £PMC+ L CMQ
=3(L AMC+ 2 BMC)=one rt. angle.
Now MC is the perp. of the rt.-angled AMPQ ;
MC is the mean proportional to CP, CQ, the radii.

Hence AB, z ¢., 2 MC, is the mean proportional to the diameters
of the O-.

*303. From any point T outside a circle tangents TP, TQ are
drawn to the circle, and O is its centre : if PQ meets OT in N, prove
that ON, OP, OT are in continued proportion.

304. ABis the diameter of a semicircle and BP the tangent to it
at B; any straight line through A meets the semicircle in Q and BP
in P, Prove that AQ, AB, AP are in continued proportion.

305. ABis the diameter of a semicircle and P any point on its
arc; a straight line perpendicular to AB at C meets AP, BP (produc-
ed if necessary) in D, E, and the arc in F. Drove that
CD:CF=CF:CE.

306, In the exercise above if the line CDE falls outside the semi-
circle, prove that rect, CD.CE=sq, of the tangent from C to the
circle.

307. Construct an isosceles triangle on a given base so as to
have a given area,
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£ 17. CENTRES OF SIMILARITY.

Proposition XXXI11. Theorem.

If two unequal similar polygons are placed so that thetr correspond-
ing sides ave parallel, the lines joining their corvesponding wvertices
all meet in a point, whose distances from any two corresponding ver-
tices are in the ratio of the covvesponding sides of the polygons.

Let ABCDE, abcde be similar unequal polygons. If af is placed
s0 as to be parl. to AB, then é¢is parl. to BC, as 4B= L 4; so
also the other corresponding sides are parl.

To prove that Aa, Bb, ..Ee are concurrent.

Let Aa, Bb meet in 8 ; join SC, Sc.

The As ABS, asS are equiangular;

. AB__BS AB
53 ~es [XXVIL But o;=8C [Def],

S ?g B;:, and £SBC= LS [12]

- the As SBC, Sbc are similar, [XXVIII]

Hence . BSGC ={Sc¢; .. SC,S¢ are in one str, line, i.6., the line Ge
goes through s.

So also 8,D, 4 and S, E, ¢ are collinear :

- the lines joining corresponding vertices concur in the pt. S.

G, 7
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. .. S
Again, from the similar As SAB, Sa4, §£ -2% so also

B
:—5-:——?=% =2—§ [ Def], and so on.

.. the distances of 8 from corresponding vertices are in the
ratio of any two corresponding sides of the polygons. .

Cor. If the straight lines joining any point to the vertices of a
polygon are divided, all internally or all externally, in the same
ratio and order, the points of division form the vertices of a
polygon similar to the given one and the corresponding sides of
the two are parallel.

Dets. The polygons ABCDE, adcde of the Proposition are said
to be similarly situated or homothetic , the point S, where the lines
joining corresponding vertices concur, is said to be a centre of
similavity or komothetic centre of the two figures. In the first
figure, s, which divides Aq, BY,...internally, 1s called the inzernal
or inverse centre of similarity; when S lies 1n Aa, BS,...produced,

as in the second figure, it is called the external or direct centre
of similarity.

In either case S may be within both figures. Thus take any
point O within the figure ABCD; divide
OA, OB, OC, OD internally in the same A
ratio at a, 0, ¢, d : then abcd is similar and
similarly situated with ABCD. It will be
seen that AB and ab, BC and 0c, ... are
drawn parallel in the same direction. But g
suppose AO, BO, CO, DO, are produced to [~
29,7 s, so that Op: pA=0g:gB=0r:7C
=Os:sD: then pgrs is still similar to
ABCD, but is now oppositely situated, so
that, although AB, pg are parallel, they are
drawn from A and p respectively in op- gkl° "---I__ \
posite directions. In the first case, O is o
the direct centre of similarity, in the second ;
the wnverse centre. The ratio Oa:OA or D
0p:0A, with its proper sign, is called the 7atio of similarity of the
figures.

If the two polygons are regular figures of the same number of
sides, they are necessarily similar : if then they are placed with
their corresponding sides parallel, they will have a centre of
similarity, direct or inverse. Let circles be described about the
figures ; and suppose the circles remain fixed while the sides of the
figures increase in number and diminish in magnitude, the figures
remaining regular all through. When this process is continued
indefinitely, the limiting forms of the regular polygons will be the
aircumcircles themselves. Hence itis seen that two circles have
also two centres of similarity: an independent proof of this fact is
given in the following proposition.
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Proposition XXXI1I1. Theorem,

The straight lines joining the extremities of any two parallel
xadii of two circles pass through one or the other of two fixed
points on the line of centres of the circles.

Let C, D be the centres of two given (s, CX any radius of the
first; draw YDZ the parl. diameter of the second, and join XY,xZz,
cutting the line of centres, CD, in 8, 8’: to prove that 8 and 8/ are
fixed points.

From the similar As CSX, DSY,

%-g—é-a fixed ratio (that of the radii);

. S divides the fixed line cD externally in a fixed ratio, and there-
fore is a fixed pt. (XX}

So also 8’ divides the fixed line CD internally in the ratio of the
radii, and is therefore a fixed pt.
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.

Cor. 1. The () whose centre is C and the pt. S or 8’ being
given, Y or Z may be obtained by joining SX, 8’X, and dividing
these internallyor externally in a constant ratio: hence, if the straight
lines joining any fixed point to points on the circumference of a
given circle are divided, all internally or all externally, in the same
ratio and order, the points of division lie on another circle, the
corresponding radii of the two being parallel. [ See Exer. 286. ]

Cor, 2. If common tangents to the two circles can be drawn,
it is seen that the outer common tangents pass through 8 and the
inner through s’.

Det. The points S and 8’ in the figure of the Proposition are
called the centres of similitude (or similarity) of the two circles ;
s is the external or dircet centre of similitude and S/ the internal
or ynverse. It should be noted that SY:SX 1s a positive ratio,
while S'Z:8’X is negative.

In the first figure of the Prop. let the outer common tangent,
TU, be drawn; it divides CD externally in the ratio of the
radii and, therefore, goes through 8. Let SXY cut the (s
again in X/, Y'; join CX/, DY/, Then,DY'Y= LDYY'= £ CXX’
=, CX’X. Thus CX’, DY’ are parallel radii, as was to be expect-
ed since the line joining their extremities goes through 8, We
have also SX.SX/=8T?, SY.8Y/=8U? [IX].

As the pairs of As SCT and SDU, SCX and SDY, SCX’ and SDY/
are similar,
ﬂ‘=SX=_SL’ each being = cT
- SU_sY sy £ U
From ST2=SX.SX’ and the equal ratios given above,
et ST —S_X=§.Y M
WeEe Sx'TsT su’
s, SX’/.8Y=ST.SU.

Similarly we have SX.SY=S8T.SU,

»? the products of the distances of X and Y/ and of X’ and Y
from S are constant. The result is seen to be true for any line
through 8 or 8’ cutting both circles; and holds good even when
the (s have no common tangents as in the second figure, In the

* latter case, a line through S at right angles to CD cuts the twe
Os in T and U so that SX.8X/=8T?, SY,8Y/=8U2 [VIII, Cor. 3].
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Proposition XXX1V. Problem.

On a given straight line to construct a polygon similar %0 a
given polygon.

Let A'B" be the given str. line and ABCDE the given polygon.
Join one angular pt. of the polygon, A, to the opposite pts. C, D.
At A’ and B make the s B'A’C, A'B'C’ respectively equal to
BAC, ABC, thus obtaining C’; at A’ and G make the s C'A'D’,
A'C'D’ respectively equal to CAD, ACD; and at A, D’ the Ls
D'A'E, AD'E equal to DAE, ADE. Then A'B'C’'D'E’ shall be the
required polygon.

It is readily seen that the several s of A'B'C'D'E’ are equal
to the corresponding s of ABCDE.

The As AB'C', ABC are equiangular ; .. AB _B'C’,

5 e e
BC

B’C’ ¢'A’
Also ——=-- ; but from the similar As A'C’'D’, ACD,

BC CA
’ 'n 1A ’
we have ©'A _CD R B_(_:,=CD.’,
CA cD BC CD
/D/ ‘et Al
In the same way we can prove ch_DE _EA,
CcD DE EA
Thus A_B_, ‘.3.9_,... E'A areall equal, and the sides about
AB BC EA

the equal angles are proportional :

. the figure A'B’C’'D’E’ is similar to ABCDE.
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Cor. 1. If A’B/is placed parallel to AB, the above construc-
tion will make A’B/C/D'E’ similar and homothetic to ABCDE. In
this case we can also proceed thus: join AA’, BB, meeting in O}

/ 1] ’ !
on OC, OD, OE take pts. G/, D/, E/ so that 9 = 9P’ OF’ _OA'
OC OD OE OA

/
Org—g 5 then A’B'C'DE’ is the required polygon [XXXII, Cor.]0

Cor. 2. Similar polygons can be divided into the same
number of similar triangles by joining corresponding vertices
in the figures.

From propositions XXXII, XXXIV, and their corollaries, it
will be seen that a rectilineal figure similar to a given one can
always be constructed so that the two have a givén point as a centre
of similarity, This fact may often be utilized in the inscription or
circumscription of figures of given shape in and about a given
figure. An illustration is given in the following proposition ;
others will be found in the exercises.

j Proposition XXXV. Problem.
To inscribe a square in a given triangle : that is, to construct a
square one side of whick lies along one side of the triangle, and the

two opposite angular points fall severally on the remaining sides of
2he triangle,

B S R C

Let ABC be the A, and BC its side along which a side of the re-
quired sq. is to lie. Draw any str. line parl. to BC meeting AB, AC
in D, E ; on DE draw the sq. DEFG [55]; join AF, AG, meeting BC
in R, 8; draw RQ, SP perp. to BC to meet AC, AB. Then PQRS is
the required square.

"~ QR, EF are perp. to parl. str. lines BC, DE,

~. they are parl. ; so also are PS and DG.

Hence AE: EQ=AF:FR=AG:GS=AD:DP;

~. PQis parl. to DE [XXI], .., to BC.
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And the s RSP,QRS are rt. angles, .. the s SPQ,PQR are
also right, and the figure PQRS is rectangular.

Again - the As AEF and AQR, AFG and ARS,AGD and ASP are
similar,
. EF_AF_FG_AG_DG,
“~ QRTARTRSTAS— 8P’
Al
but EF=FG=GD; [Cons.]
“. QR=RS8=5P;and, ** PQRS is a parlm., PQ=QR.
Thus the figure is equilateral ;

. it is a square.

Instead of DE we can take BC itself, and on it describe a square
outwardly. It is evident that there are
two other solutions, in which a side of 9 ~P
the square lies on CA, AB successively. ) ’
Moreover, the points P, Q, instead of
falling on AB, AC, may fall on these
lines produced ; in this case, the square
on DE or BC is to be described so as to
be towards A, asin the accompanying
diagram. In each diagram Ais the
centre of similarity of the two squares.

Exercises.

308. Draw a quadrilateral ABCD from the data AB=1, BC=2,
CD=2'5, DA=4, AC=2 ; take any convenient point, O, in
its plane and join OA, OB, OC, OD ; from a point @ in OA draw ad
parallel to AB to meet OB, from 4 draw b¢ parallel to BC to meet
OC, and from ¢ draw ¢d parallel to CD to meet OD. Prove that
ad is parallel to AD ; measure the ratios OA : Og, BC: bc, and show
that they are equal.

309. In the preceding exercise construct the quadrilateral abcd
so that each side of it may be (i) %, (ii) § of the corresponding
side of ABCD,

310. The sides of a triangle are 1°3, 2, 2°1 in., : find by construc-
tion the sides of the inscribed squares having in succession one
side lying on each side of the triangle.

* 311, The base of a triangle is ¢ and the perpendicular to it
from the vertex is p : prove that the side of the inscribed square

standing on the base is a—ai or ;‘2-, according as the opposite

angular points of the square fall on the remaining sides of the tri-
angle or on these produced.
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312. The sides of a triangle are 3, 4, 5; a square is drawn with
two sides lying on the sides 3 and 4 and the opposite vertex on the
side 5. Find its side (i) when both sides fall within the sides of
the triangle, (ii) when one of them falls on one side produced.

313. In an equilateral triangle of side 4 cm, inscribe a square:
measure its side and also find it by calculation.

314. The sides of a triangle are 4, 5, 7: inscribe an equilaterai
triangle with one side parallel to the side 7.

315. In a triangle ABC inscribe an equilateral triangle so that
two of its sides meeting in AB are equally inclined to AB,

316. In a sector of radius 1§ mm, and angle 72°, a square (with
two angular points on the arc) and an equilateral triangle ( with
one angular point on the arc) are described : find their sides.

317. Draw a semicircle of radius *6 in,, and inscribe in it a
square one side of which lies along its diameter: measure the side
of the square.

318. In the preceding exercise, if ¢ = the diameter of the
semicircle and x = the side of the square, prove that 42 = 5x2,

319. Ois a fixed point and P any point on the perimeter of a
given triangle ABC; OQ is drawn at a constant inclination to OP
and such that the ratio 0Q:OP is fixed. As P moves on the
perimeter of ABC, prove that Q traces out a similar triangle.

320. Construct any equilateral triangle with its vertices on
three given concurrent straight lines.

321. Solve the problem above when further one side of the
equilateral triangle goes through a fixed point.
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Solution. Let OA,0B,0C be the concurrent lines, P the given pt.
Draw any equilateral A xyz; on xy, x5 describe segments of (Ds
containing £ s respectively equal to AOC, AOB [63], and let these
intersectin w. On OA, OB, OC take Og, Or, Os respectively equal to
Ox, Oy, Oz. It is readily seen that the As Ogs and wxz, Og» and
wxy, are congruent : hence ¢s=uxz, gr=xy, Lrgs= L yxz, and

~ o~ the Agrsis equilateral.

Thus an equilateral Aof any size may be placed with its vertices
severally on the three given lines. Next, through P draw PQR parl.
to ¢7, cutting OA, OC; and take 0S:05=0Q:0g or OR:0». Then
the A QRS is similar to g»s [XXX1], Cor.], andis .. equilateral;
and its side OR passes through P. There are two other solutions
in which the side going through P is parl. to ¢s and 7s successively.

322. Construct any square with three of its vertices on three
concurrent straight lines.

323. Solve the problem above when a side cf the square is of
given length.

324. Inscribe a square in a given segment of a circle.

325. Prove that the point of contact of two touching circles is
one of their centres of similitude, and find out whether it is the
internal or external centre.

326. AC, CB are diameters of two circles touching at C, and AB
is bisected in D ; any circle described with D as centre meets one
of the given circles in E,, F;, and the otherin E,, F,. Prove that
E,, C, F, and E,, C, F, are collinear.

327. Construct a triangle ABC, given the vertex A, and the
points where BC touches the incircle and the excircle opposite to A.

328. Draw a circle to touch two given straight lines and to
pass through a given point. [See Prob. vi, § 9; the solution
there given may be shortened by employing centres of similarity.]

* 329. The vertices of a triangle are the direct centres of simi-
litude of its incircle with its excircles ; and the inverse centres of
similitude of its excircles with each other.

330. In the preceding exercise find the inverse centres of
similitude of the incircle with the excircles, and the direct
centres of the excircles with each other,

331. Find the internal and external centres of similitude of the
circumcircle of a triangle and its nine-point circle. [See XIX,
Cors. 1 and 2.]

332. Any secant through a centre of similitude of two circles
divides each of them into pairs of similar segments.

333. A variable circle PQR touches two given circles at P and Q:
prove that the straight line PQ always passes through a fixed point.
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* 334. Apply the exercise above to draw a circle to touch two
givencircles and to pass through a given point. [See also Exer, 155.]

Solution. Join C, D the centres of the given (s, and draw a
common tangent TU meeting CDinS, a centre of similitude,
Let E be the given pt.; draw the () ETU, and let SE meet this ()
againin K. Then the () passing through E and K and touching
either circle (89, Prob. iv) also touches the other circle.

Let the () through E and K be drawn to touch the () of centre
CatP. Join SP, cutting this circle again at Q, and the () of
centre D at Q' if possible.

Then SP.SQ=SE.SK=S8T.SU;

but as Sis a centre of similitude, ST.SU=5SP.SQ’ [XXXIII,
Note].

Hence SP.SQ/ =SP.SQ, z.e¢,, Q and Q' coincide, and .". the () EKP
touches the second () at Q.

335. A point A and two straight lines XOx’, YOY’ are given :
construct an equilateral triangle having one vertex at A and the
other two severally on XX/, YY'.

336. Solve the problem above when the given straight lines
XX, YY/ are parallel.




VL] GEOMETRY. 107

Miscellaneous Examples 1V.

1. The ratio of the perimeters of two similar polygons equals
the ratio of any pair of corresponding sides.

2. In the side BC of a triangle ABC a point D is taken such that

BO= of BC ; in AD a point E is taken such that Ae——’l of aD. If

BE is Jomed to meet AC in F, find the value of the ratio AF : AC.

3. Find by geometncal construction the side of a square whose
area is 2'7 sq. in., and verify your result by calculation,

4. Twocircles touch internally at A, and BC a chord of the outer
touches the inner at T : prove that BT : TC=BA :AC.

5. If D is any point in the side BC of a triangle ABC, prove
that the radii of the circumcircles of the triangles ABD, ACD are
in the ratio AB : AC.

6. AD is drawn to touch the circumcircle of a triangle ABC and
to meet BC produced : prove that the radii of the circumcircles of
the triangles ABD, ACD are as AD to CD.

7. The vertex of a triangle standing on a given base moves on
a fixed straight line . prove that the locus of its centroid is a
straight line.

8. Find a point such that the perpendiculars from it to the
three sides of a given triangle are proportional to three given
lengths. [See Exer. 282.]

9. A fixed point O is at adistance of 15 in. from a given straight
line AB; P is any point on AB, and Q is taken on OP so that rect.
OP.0Q=13"15 sq. in. Find the locus of Q.

*10. A f{ixed point Ois in the plane of a given circle; OP is drawn
to any point of the circumference, and Q is taken on it so that rect,
OP.0Q=a given area. Prove that the locus of P is a circle.

1. Take a point O on a given circle, and plot any curve
similar to the circle, O being the centre of similitude.

12. Through a given point draw a straight line meeting three
given concurrent straight lines so that the two intercepts between
the concurrent lines may be in a given ratio,

13. Describe a rectangle equal to a given square and having its
sides in a given ratio,

Solution. Let S be a side of the given

sq., and Z:m the given ratio. Take any ,;Q
str, line AB and divideit at Oso that | ,f\\
TN
AO:0B=/:m [XXIV]; on AB describe a R/ NN
semicircle, and erect erp. to AB, -l i R
op (. OP Perb.10 M8 SH ARG RIRY

On OP ( produced if necessary ) take

+0Q=8; draw QH, QK parl. to PA,PB, to meet AB, Then HO, OK are
the sides of the required rectangle.
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“  LHQO= APO and LKQO= L BPO,

~. LHQK= L APB=one rt, angle.

Hence rect, HO.OK=Q0? [XXX, Cor. 1 ]=S2= [Cons.].
Also HO=Q0_KO ryyy ) 1.);

AO PO BO
. H AO
< alternando, Kg Bd” = [Cons.;

»~ HO, OK are the sides of the rect. required.

14. From a point A outside a given circle draw a straight line
APQ meeting the circle in two points P, Q, so that AP=PQ. When
is the solution not possible ?

15. A point A and a straight line BC are given in the plane of a
fixed circle ; draw a straight line APQ to cut BC in Q and the circle
in P, so that AP=PQ, and find when the problem is impossible.

16. Prove that the area of a regular polygon of zsidesinscribed in
acircle is # times the area of the rectangle contained by the radius
of the circle and one-fourth of the shortest diagonal of the polygon.

17. Describe a triangle similar to a given triangle, so as to have
one of its vertices at a given point and the other two severally
on two given straight lines. [See Exer, 335.]

18. Describe a semicircle to touch two sides of a given square
and to have the ends of its diameter on the other two sides of the
square, If a is one side of the square, prove that the radius
of the semicircle is nearly }a.

*19. BAB'isa ngen angle, and P and Q are points within it such
that L PAB= £ QAB';if PM,PM’ and QN, QN’ are perpendicular res-
pectively to AB, AB’, prove that rect. PM.QN =rect, PM’/.QN’.

20. Prove the converse of the preceding theorem,—that if with
the previous notation rect. PM.QN=rect, PM/.QN’, then AP, AQ are
equally inclined to AB, AB’ respectively.

®*21. ABCis a triangle right-angled at C; BC is bisected in M
and BM in K; the straight line MI parallel to AC meets AB in N and
the line through K parallel to the bisector of the angle BAC in I.
Prove that IN=BN—IM.

22. The incircle of a triangle ABC touches the side BC in D, and
the excircle opposite to the angle A touches it in D/: if DIX is a
diameter of the incircle, prove that A, X, D’ are collinear.

23. The midpoint, A’, of the side BC of a triangle is joined to
theincentre I; A'l is drawn to meet the perpendicular from Aon
BC in L, Prove that AL equals the radius of the incircle, and
enunciate the corresponding result for the escribed circles,



VL] GEOMETRY. 109

24. Wltht;le notation of Prop. XVII and Exer. 167, prove
thatAlIT =2R», Ol*=R2—2Rz.

Solution. Join TC, T:C, IC; draw |'x perp.
to AC, and let Ol meet the circumQiny, .

“Now £ TIC= LIAC+ LICA=4(A4C);
and L TCl=LTCB+ LICB= L TAB+
£1CB=}(A+C):
s LTIC =LTCl,and TC=T

Also, *© L TT\.C=IAx,and L TCT,=90°
=lxA,

As TCTy, |Ax are equiangular.
lry TC ,
IATTTYy
Again, as vz is bisected in O and divided at 1,

Sslldy=0yp2— 0l
»5012=0y2 - 21.1y =0y2 — ALIT =R2 — 2Rr.

By a similar method we can show that Al,.L,T=2Rr, and
Ol,2=Rz 4 2R,

Hence ALTC=TT, lx, dic., ALIT=2Rz,

25.  With the notation of 3 1o, Ch. IV, prove that ALAIl,=c,
BLBI, =ca, CL.Cl, =ab; ALll,=BLIl,=CLIl,=4Rr.

*26.  With the same notation prove that
rr=(s=6)(s—c), rrs=s(s—a),
and rrrrs= A% [See Exer. 8.]

27. ABDE is a quadrilateral having BD parallel to AE;
through C, the point of intersection of AD and BE, FCG is drawn
parallel to BD or AE and terminated by the other sides. Prove that

I+l 1 I

AETBD CF ' &



CHAPTER VIL

APPLICATION OF PROPORTION TO AREAS AND
RECTANGLES.

§ 18. AREAS OF SIMILAR FIGURES.
Proposition XXXVI. Theorem.

Two triangles having equal hetghts have their areas propor-
tional to the bases.

Ay A

B H C H'l"'B/ Cl

Let the As ABC, A'B'C’ have equal heights, AH, A'H':
to prove that area ABC: area A'B'C’ =BC:B'C.
°* area ABC =,1, rect. AH.BC,
and area A'B'C’ =] rect. A'H'.B'C/, [24}

. A ABC  JAH.BC BC
. o T nlm o
AABC lAH.BC BC

, as AH=AH".

Cor. 1. Triangles having equal bases have their areas pro-
portional to the heights.

Cor. 2. Parallelograms having equal heights have their areas

in the ratio of the bases; for they are the doubles of triangles
with equal heights,
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Proposition XXXVII. Theorem.

Two triangles having one angle of one equal to one angle of the
other hove their areas proportional lo the vectangles contained by
the sides about the equal angles.

A'
A
!
i
3

B H C B’ H’ (v}

Let the As ABC, A’B’C’ have . ABC = L A’B'C’:
to prove that area ABC: area A’B'C’/ =rect. AB.BC: rect. A'B.B'C/,

Draw AH, A’H’ the altitudes of the As.

. LABH= L A'B'H [Hyp ],and L AHB= . A’H/B’ =rt.angle,

oo As ABH, A'B'H’ are equiangular,
and AH AB

A/HI = A/Bl * [XXVI]
AABC _ 3AHBC _ AH BC
ANBC' JAHBC’ A'H BT
AB@® BC

='ATB-/ . Bl\c’. [Proved]

. AABC:AABC =ABBC.AB.BC'.

Cor. 1. Two triangles are equivalent if one angle of one
equals one angle of the other and the rectangles of the sides
containing these angles are equal.

Cor. 2. Equiangular parallelograms have their areasin the
ratio of the rectangles of the sides about the equal angles.
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Proposition XXXVIIl. Theorem.

Two similay triangles have their areas proportional o the
squares on corresponding sides.

A
A

B cC g c’

Let the As ABC, A’B’C’ be similar, the sides BC, B’G’ being
homologous : to prove that area ABC : area A’B’C’=BC?:B/C’%

*  the As are similar, .- f/‘;} = g’%/‘ [Def]
But > the As have 2 ABC= . A'B'C/,
AA'B<13 = AB,.BF: [XXXVII]
A A'B'C’ A'B.B'C/
AB  BC _ BC , BC,
= AfBl B'C’ = B'C’ B/C7 [Proved]

- AABC:AAB'C'=Bc?:B'c’?
=AB?;A'B?=AC?:A'C'2

Proposition XXXIX. Theorem.

Two similar polygons have their areas proportional to the
squares on corresponding sides.

E A

Let ABCDE, A'B'C'DE’ be similar polygons, the sides AB, A'B'

being homologous : to prove that area ABCDE: area A’B'C'D’E’
= AB?:A'B"2.

Join A, A’ to the non-adjacent vertices of the polygons; then

the As ABC, ACD, ADE are respectively similar to the As A’B'C’,
A'C'D/, A'D'E. [XXXIV, Cor. 2]
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A ABC AB? A ACD CD"’
amse T aps XXV - AANCD  CDE A’B“‘ [Def]’

AADE _ DE?  AB%?
SA’D’E’—IS"E" AB? "’
AB? _ AABC+ AACD+ AADE
A'B'? AA'B'C'+ AAC'D'+ AADE"
area ABCDE _ AB?
area ABCDE A'B?
_ Bc* cp?
B'c’? c'D’?

hence [§ 12, vii]

Thus

s elc,

Cor. If thiee straight lmes L, M, N, arc in continued propor-
tion, any rectilineal figure described on the first is to the similar
figure described on the second as L:N.

Fe
M N

Tor, area of the first g arca of second =L2:M2% .
But . L:M=M:!N, . LZM ’=L.N [§12, vi]
Hence area of first fg.: area of second

= first str. line : third str. line.

The results of the two preceding propositions may be thus
enunciated . stmilar rectilineal figures aie to one another in the
duplicate ratio of their corresponding sides.

It is seen from the second note to Prop. XXXII, that a circle is
the limiting form of a regular polygon inscribed in it when the
number of the sides of the polygon is indefinitely increased and the
length of each side is indefinitely decreased.

Now, in the diagram
here, polygon ABCDE...:
polygon abcde...= AB2:al?,
as regular polygons of the
same number of sides are
similar. Butthe As OAB,
O’ab are evidently similar;
hence AB : ¢b=0A : Q’a.

.. polygon ABCDE...
polygonabcde... = OA?:0/q?.
Making the number of sides infinite, we see that in the limit
OABCDEF ..: Qabedef ..=0A2: 0'a?; wne., the arcas of circles are
proportional lo the squares of thewr radut,

G. 8,
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Exercises.

337. The areas of two similar triangles are 192, 588 sq. ft. res-
pectively, and one side of the former is rsft.: find the length of the
corresponding side of the latter.

338. Find the length of a straight line drawn parallel to the
base of an equilateral triangle of side 1°8 cm. and cutting off at tne
vertex a triangle having } of its area.

339. Prove that the area of the triangle formed by joining the
midpoints of the medians of a triangle is y} of the area of the
triangle.

340. T.hrough the vertices A,B,C, of an equilateral triangle
straight lines are drawn respectively perpendicular to the sides
AB,BC,CA, so as to form another triangle: compare the areas of
the two triangles,

34t. The sides AB,AD, of a parallelogram ABGCD, are bisected in
E, F, and CE,CF are joined: find the ratio of the area of the
triangle CEF to that of the parallelogram,

342. CD is drawn perpendicular to the hypotenuse AB of a
right-angled triangle ABC: prove that A CAD: A CBD =CA?:CB”.

43. Prove that similar triangles are in the duplicate ratio of
the radii of their inscribed circles.

*344. Prove that similar cyclic polygons are to one another as
the squares of the radii of their circumscribed circles.

345. Through the centroid of a triangle a straight line is drawn
arallel to one side and terpfmated by the other two sides: compare
the areas of the two parts into which the line divides the triangle.

346. Within a given triangle ABC find a point D such that the
triangles ADB, BDC, CDA may be equalin area. If AD produced
meets BC in X, find the ratio AX:DX.

. Two triangles ABC,DBC, of equal area, arc¢ on the same
side of the base BC; AC, BD meetin E and AB, CD in F. Prove that
gF (produced if necessary) bisects both AD and BC.

348. Two straight lines ACD, BCE intersect in C, and AB, DE
are joined : from the greater of the two triangles ABC, DEC, cut off
a part equal to the less by a straight line drawn through C.

*349. A triangle ABC is right-angled at C, and CD is perpendi-
cular to AB ; on AB, AC the equilateral triangles ABX, ACY are de-
scribed, and DX is drawn, Prove that the triangles ADX, ACY are

equivalent.

Solution. ** CD is perp. to the hypotenuse,
. rect, AD.AB=sq. on AC. (XXX, Cor. 2]

. rect. AD.AX =rect. AC.AY [Hyp.], so thatin the As ADX,ACY,

L DAX = £ CAY, and the rectangles of the containing sides are

equal ;
-. these As are equivalent. [XXXVI1I, Cor. 1]

This is a particular case of the more general theorem given below,
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*350. Similar and similarly described figures are drawn on the
sides of a right-angled triangle: prove that the figure on the
hypotenuse is equal to the sum of the figures on the sides about
the right angle.

351. A triangle ABC is right-angled at C, and CD is perpendi-
cular to AB; a polygon described on AB is equivalent to ABC.
Prove that the similar polygon similarly described on AC is equi-
valent to ADC.

352. Draw a triangle with area equal to the difference of the
areas of two given similar triangles and similar to each of them.

353. Draw a polygon with area equal to the sum of the areas of
two given similar polygons and similar and similarly described to
each of them.

354. Draw an equilateral triangle of side 1°5” and cut off at one
corner an equilateral triangle of side ‘5" describe an equilateral
triangle equivalent to the remaining trapezium, Measure the side
of this triangle and also find it by calculation.

355. In the diameter, PQ, of a circle produced a point O is
taken; OT is a tangent to the circle, PN another tangent cutting
OT in N, and C is the centre, Prove that A OPN:AOTC = OP:0Q.

356. To the circumcircle of a triangle ABC the tangent at A is
drawn to meet BC in D: prove that DB:DC = AB?:AC?.

Solutwn, . LDAC= L ABD [48], and Ls ADC, ADB are the
same, .. As ADB, ADC are equiangular and similar.

Hence A ADB: AADC=AB!:AC2 (XXXVIII]
But AADB: AADC =DBDC, for they have the same height ;
DB:DC = AB%:AC?.

357. Two circles intersect at A and B ; the tangents at A to each
circle meet the other circle in X and Y. Prove that
AABX: AABY = AB? + BX?:AB® + BYZ.
358. Construct any triangle with sides proportional to 12,14,17;

bisect its area by a straight line parallel to the mean side, and
measure the length of this line.

359. Construct a triangle ABC, given BC=1'2", LB =50
£ C=73’; divide it into three equal parts by straight lines parallel
to BC.

*360. Bisect a given triangle by a straight line parallel to one of
the sides,
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*361. Describe a polygon similar to a given polygon and such
that its area is to that of the given polygon as 3 to 4.

Solution. Let ABCD be the given polygon. ,
Bisect AB in M, draw MN perp. to AB and equal e
to it ; join AN, and mark off AB’= AN. c’
Draw B/C’ parl. to BC to meet AC, and C’D’
parl. to CD to meet AD.

The polygon AB'C'D’ is evidently similar to A% ™M B8
ABCD. \
Also, AB'® = AN2=AM?+MN’=AM2+ AB2= o
5AM?, and AB?=4AM? \ :
Hence ﬁ,————g‘ ABICP' =AB'2=5., \\3
fig ABCD agz 4 N

The side AB' is \{, if AB is the unit : thus the process amounts to

finding the surd 3 N5 In the preceding exercise the surd vz is
required, For the construction of such surds see the Note to
Prop. V.

362. 'Bisect the area ofa gi\.'en triangle by a straight line (i)
perpendicular to a given side, (1i) parallel to a given straight line.

363. Two regular hexagons are respectively inscribed in and
described about the same circle: compare their areas.

364. The middle points of the sides of a regular octagon are

joined successively to form another regular octagon: compare
the areas of the two figures.

365. Prove that the area of a regular octagon inscribed in a

circle is the mean proportional between the areas ot the inscribed
and circumscribed squares.

366, Construct an isosceles triangle equivalent to a given tri-

angle and having 1ts vertical angle equal to one angle of the given
triangle.

367. Construf:t a right-angled triangle equivalent to a given
triangle and having one angle equal to one angle of the given

frangle.
*368. Construct an equilateral triangle equivalent to a given
triangle.

Solutwn. Let ABC be the given A
Draw AD parl. to BC, and at B make the
£ CBD =60° by a line meeting AD. Join
CD; between BC,BD take a mean pro-
portional [XXXI1}, and on these lines
mark off BK, BL equal to it,
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Then the A BKL is the required triangle.

* BK=BL and £ KBL=60% .. each of the £s BKL,BLK is 609,
and the A BKL is equilateral.

Again in the AsDBC,BKL, the 4 at B is common, and rect.
BC.BD=BK2=BK.BL, .. the Asareequivalent, [XXXVII, Cor. r]

But ABDC= AABC [24, a]; .. the A BKL is equivalent to the
A ABC.

369. Draw a parallelogram with adjacent sides of lengths 32
and 27 mm, and included angle of 70”: construct a rhombus of equal
area having also an angle of 70°, and measure its side.

370. Draw a parallelogram of area 3°6 sq. in having adjacent
sides in the ratio 3:5 and included angle of 75°.

371. Construct a triangle of area §°8 sq. in. with sides propor-
tional to 2, 3, 4.

372. Divide a given square into three parts of equal area by
straight lines parallel to one of the diagonals.

*373. Construct a triangle similar to a given triangle and
equal in area to another given triangle.
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§ 19. RECTANGLES IN CONNECTION WITH PROPORTION.
Proposition XL. Theorem.

In any triangle the rectangle contained by two of the sides is
equal 1o the rectangle contained by the diameter of the circumcircle
of the triangle and the perpendicular drawn from the point of
Intersection of the two sides tv the third side.

A

Let ABC be a A ; draw AD perp to BC; circumscribe the (O
ABEC and draw its diameter AE: to prove that rect. AB.AGC = rect.
AD.AE. Join EC.

"+ L AEC = £ ABD, being angles in the same segment, and
L ACE = L ADB, being rt. angles,
the As AEC, ABD are equiangular.

AB AD
Hence —="_; -
AE AC’ [(XXVI]

.". rect. AB.AC =rect. AD.AE.

.o

Cor. The numerical value of the product of the three sides
of a triangle is equal to that of twice the product of its area and
the diameter of the circumcircle.

*.* AB.AC = AD.AE, multiplying by the numerical value ofBC,
we get AB.AC.BC =BC.AD.AE.

But BC.AD represents twice the area of the triangle ;
*, AB.BC.CA =2 (area) x diameter of circum(®).

With the usual notation, this result may be written thus —
abc=2Ador 4AR.
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Proposition XLI. Theorem.

In any triangle the rectangle contained by two of the sides is
equal to the square on the bisector of the angle contained by them
terminated by the thivd side, together with the vectangle of the
se,}menls of this side made by the bisector.

.....

Al N
4 N
\\
Y \
/ \
! \
/ )
‘ \C
8T A
{9 <
N 4
\ \ S
\ \ 4 '
\ \ / ’
\ \ 4 ’
\ \ e ;
< v / ,/
\
AN 7 s
~ \ ‘ P
R

Let ABC be a A; draw AD bisecting the < BAG, and meeting
the side BC: to prove that rect. AB.AC =AD?+ rect. BD.DC.

Draw the circum Q) of the triangle, produce AD to meet it in
E, and join EC.

L AEC = £ ABD, and £ EAC= £BAD [ Hyp. ],
.. the As AEC, ABD are equiangular.

AB_AD, . -
Hence 3g=,g; . rect. AB.AC =rect. AD.AE.

But rect. AD.AE=AD. (AD + DE)

= AD? + AD.DE

= AD? + BD.DC. [VIII, Cor. 1]
;. rect. AB.AC = AD? + rect. BD.DC.

Cor. If AD bisects the exterior angle at A and meets BC
produced (as in the second diagram), it can be similarly shewn
that rect. AB.AC =rect, BD.DC — AD?.

The results of the Prop. and its Cor. may be Ticluded under one
statement thus : the square on the bisector (terminated by the
base) of the internal or external vertical angle of a triangle is
equal to the difference of the rectangles contained by the sides of
the triangle and by the segments of the base made by the bisector,
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Proposition XLI1. Theorem.

The rectangle contained by the diagonals of a quadrilateral in-
scribed wn a civcle equals the sum of the rectangles contained by the
pairs of opposite sides.

C
o)

Let ABCD be a cyclic quad. ; to prove that
rect. AC BD = rect. AB.CD + rect. AD.BC.

At B draw BE meeting AC and making  ABE= ¢ DBC, so that
L ABD = £ EBC.

In the As ABE, DBC, « ABE= . DBC, L BAE = £ BDC [45];

. these As are similar, so that ‘B\g = S—(E: ; ' [XXVI]
. rect. AB.DC=rect. AE.BD........... ceeeeeens (i)

In the As ABD, EBC, £ ABD = . EBC, /_BIBDB= L ECB [45];

. - AD _BD g

.. these As are similar, so that ;5 =gg. ) [XXVII]
.. rect. AD.BC = rect. EC.BD......cceeeuenenennn, (i1)

Hence rect. AC.BD = rect. (AE + EC).BD
= rect. AE.BD + rect. EC.BD
= rect.AB.DC + rect. AD.BC, from (i) and (ii).

Cor. If the quadrilateral is not cyclic, the rectangle contained
by the diagonals is less than the sum of the rectangles
contained by the pairs of opposite sides. B

Make £ ABE= *.DBC, and, as . BAC is not
equal to LBDC, make also 4 BAE = . BDC.
Join CE. ‘
Then the As ABE, DBC are similar, and rect. A
AB.DC = rect. AE.BD, as before.

A

C-
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Also from these As gg’ gg, and 4 ABD = L EBC;

~. the As ABD, EBC are similar [XXVIII], and rect. AD.BC =
rect. EC.BD, as before. -

Hence rect. AB.DC + rect. AD.BC = rect, (AE+ EC). BD, which
is > rect. AC.BD, “. AE +EC is >"AC.

Exercises.

374. Draw a triangle of sides 12, 25, 30 cm,, bisect its smallest
angle, and measure the length of the bisector and the segments of
the opposite side made by it. Hence verify Prop. XLI.

375. In the exercise above find the diameter of the circumcircle
of the triangle, and hence verity Prop XL,

376. ABCDis a cyclic quadrilateral, and AC, BD meet in E:
prove that AB.BC : CD.DA=BE:ED

377. The areas of two triangles mscnbed in the same circle
are to one another as the continued products of their sides.

378. Construct a triangle, given the base, the vertical angle
and the rectangle contained by the sides.

379. ABC is a triangle ; from A two straight lines AD,AE are
drawn equally inclined to AB, AC, the former meeting the base and
the latter the circumcircle of the triangle. Prove that

rect. AD. AE =rect. AB. AC.

380. A circle is described about an equilateral triangle ABC, and
P is any point on its arc BC* prove that PA=PB+pC.

381. ABCDis a cyclic quadrilateral, and rect. AB.BC=rect.
CD.DA: prove that AC and BD intersect at a point which bisects
one of them.

382. The diagonals of a cyclic quadrilateral are at right angles:
prove that the sum of the rectangles contained by the opposite
sides is equal to twice the area of the figure.

383. In a cyclic quadrilateral ABCD, BD bisects the angle at B:
prove that AB+BC : BD=AC : CD.

384. ABCDisacyclic quadrilateral, and rect. AB.CD =rect. AD.BC:
prove that the tangents to the circumcircle at A and C meet on BD
produced,

*385. Construct a triangle, given the lengths of two sides and
the length of the perpendicular on the third side from the opposite
vertex,

386. The bisector of the vertical angle of a triangle terminated
by the circumcircle is bisected by the base of the triangle : prove
that the square on either side is twice the square on the adjacent
segment of the base.
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*387. ABCD is a cyclic quadrilateral : find a point P on the
circumcircle such that (i) rect, PAPC=rect. PB.PD, (ii) rect, PA.PD
= rect. PB.PC.

Solution. Joining AC, BD, it is seen that
rect, PA.PC=rect. of diameter of () and
perp. fromP on AC [XL]; so for rect. PB,PD.
Hence the perps. from P on AC andBpD are
equal, and .’. P lies on one of the bisectors
of the angles between these lines [42].
Hence the construction- let AC, BD inter-
sect in 0; bisect the angles at O by lines
meeting the (Oce in P, P,, P, P,; these
are the positions of the pt. required.

In the second case the angle between AD and BC produced has to
be bisected ; there are only two solutions.

*388. Construct a triangle, given the lengths of two sides andthe
length of the bisector of the included angle terminated by the base.

389. ABCDEis a regular pentagon and AC, BD meet in O:
prove that (i) 2AC =(¥5+1)AB, (ii) AC is divided at O in exXtreme
and mean ratio,

*390. The lengths of the sides AB, BC, CD, DA, of a cyclic
-quadrilateral are @, &, ¢, d, respectively: prove that
ACE= (ac+bd) (ad+bc), BDz=("C+l’d) (ub+ai).

ab+cd ad+bc

Solution. Let AC=e,BD=/; and let R

be the radius of the (). From the A ABC,

abe=4R (A ABC), [XI,, Cor.];

so also, cde=4R( A ADC).

By addition, ¢ (@b+cd) =4R (Quad.).

By similar reasoning, f (ad+bc)=4R

(Quad.).

Hence, e(ab+cd) =f(ad+bc), and
et (ab+cd) =ef (ad+bc).

But ¢f=ac+bd (XLI1];
St (ab+cd) = (ac+bd) (ad+be).
So also /2 may be tound.
It is seen that ¢ f=ad+bc:ab+cd.

391. ABis a fixed chord of a circle, Q the midpoint of the minor
arc AB, and P any point on the major arc: prove that PA4PB
varies as PQ,

392. A’ is the midpoint of the base of a triangle ABC, and AA’
meets the circumcircle in K : prove that rect. AB.BK = rect. AC .CK.
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Miscellaneous Examples V.

1. The radii of two circles are 5 to 6, and the area of the second
is 25.2 sq. cm.: find the area of the first,

2. A semicircle is described about aright-angled triangle, and
on the two sides about the right angle two other semicircles are
drawn outside the triangle : show that the areas ot the crescents
formed between the first semicircle and the other two are together
equal to the area of the triangle.

3. Transform a given triangle into an equivalent isosceles right-
angled triangle,

4. In a given triangle inscribe a rhombus with an angle of 45°,
so that one side may fall on one side of the triangle and the
opposite vertices lie on the other two sides severally.

5. In a triangle the squares on two unequal sides are in the
ratio of their projections on the third side : prove that the triangle is
right-angled,

*¥6. A point O within a triangle ABC is joined to the \ertices,
and OA, OB, OC meet the opposite sides of the triangle in K, L, M

respectively: prove that OK+ +9M= . Investigate the result

when O is outside the tnangle.

7. ABC, AD are triangles of equal area with the angle at A
common : if BC, DE meet at F, prove that AF bisects both BE and
CD.

8. Construct two squares or two equilateral triangles, whose
areas shall be in a given ratio and whose sum shall be equal to a
given square or a given equilateral triangle,

9. Construct two straight lines of given difference, so that the
rectangle contained by them shall be equal to a given square.

*10. Divide a given straight line into two parts such that one
part is to the line as vz is to V3.

Solution. Let ABbe the
given line. Take any str.

line PRQ, mark off PR=3, P‘ ___________ R....... Q
‘RQ=2on any convenient ! : |
scale, and construct the \ : /
mean proportional RS to ™\ P
‘PR and RQ, Seeel S

Through A draw any
convenient line, mark off AD=PR, AE=RS, join DB, and draw EC
iparl. to DB,
PR_RS . PR:_PR RS 3
RS RQ' '~ RS! RS RQ 2
AC _AE ’
Hence 8= 2D [XXVII] = —4[( ons. ] __3

; thus .=,
v
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11. ABC is a triangle: two circles are drawn, one touching ABat
A and passing through C, the other touching AC at A and passing
hrough B. If the common chord of these circles meets BC in D,
srove that BD:DC = AB2.AC?,

12. ABC is a triangle inscribed in a circle; AD and AE are
irawn parallel to the tangents to the circle at B and ¢ respectively
o meet BC, Prove that BD: CE=AB2: AC?, '

13. Draw a semicircle in a given sector of a circle so that the
wo arcs touch one another and the ends of the diameter of the
semicircle lie on the radii of the sector

14. The sides AB, AC, of a triangle are 4’ and 5" long, and
he bisector of the angle A is 3} in.: find the segments of the base
nade by the bisector, drawing the triangle to any convenient scale.

15. E, F, G, H are the midpoints of the sides AB, BC, CD, DA,
>f a square, and AF, BG, CH, DE form by their intersections an-
sther square PQRS : if @, &, ¢, d are the midpoints of PQ, QR, RS, SP,
compare the areas of the figures adcd, ABCD.

*16. On the sides AB, BC, of a triangle ABC the parallelo-
grams ABDE, BCFG are outwardly described ; DE, FG are produced
to meet in H, and on CA a parallelogram is described whose
second side is cqual and parallel to BH. Prove that the area of
this parallelogram is equal to the sum ot the areas AD and BF.

F G H

Solution, Let CAKL be the paralgm. described on CA, and:
let HB meet AC, KL m P, Q Join BE, AQ; draw AM, DN perp.
to HQ.

‘s the As APQ, DBH are on equal bases HB, PQ,

. AAPQ_AM
‘" ADBH DN
Now the As ABM, DHN are equiangular,

. AM_AB . DE . AAPQ_DE
.o b—ﬁ-m [XX\II] =D-ﬁ[l6], .o Z—BE;" b_ﬁ
But ADBE_DE ryxxvin, - AAPQ _ ADBE

ADBH DH ADBH ADBH
Thus A APQ= ADBE, and .".fig. AQ=fig. AD-

Similarly, fig. CQ=fig. BF ; hence the paralgm. CAKL is the sum.
Af the naralaome AN and RF
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17. Cis any point in a straight line AB; on AC, CB similar
right-angled triangles ACE,CFB are similarly described, E and F
being the right angles. Prove that AC.CB=AE.CF+-CE.BF.

18, D,E,F are points on the base BC of a triangle ABC such
that AF bisects the angle A, and AD,AE trisectit: prove that
AB.DF.EC = AC.EF.DB.

19. P,Q,R are points in the sides BC, CA, AB respectively, of a
triangle ABC, such that BP PC=CQ QA =AR RB, and RQ meets BC
in S. prove that BS:SC=CP* BP-,

20. AA', BB, CC' are three parallel line-segments such that
ABC, A'B'C’ are straight lines; AB/, A’C meet in p and AG/, A'Bin
Q. Prove that PQ is parallel to BB/,

21, Given of a triangle the base in magnitude and position, and
that the rectangle of the sides varics as the area of the triangle: -
prove that the focus of the vertex is a circle.

22.  On the base BC of a triangle ABC find a point p such that
( rect. BD DC+ sy. on AD ) may be equal to a given square,

23. From any vertex of a triangle ABG the perpendicular is
drawn to the opposite side; from F, the foot of this perpendicular,

and FQ arc drawn perpendiculars to the other sides, Prove
that PQ 1s a fixed length,



CHAPTER VIIIL

MISCELLANEOUS PROPOSITIONS INVOLVING
PROPORTION.

§ 20. HARMONICAL SECTION.

In Prop. XXIV a method has been given by means of which a
finite line may be divided, internally or externally, in a given ratio.
When it is thus divided in the same ratio numerically, the line 1s
said to be Aarmonically divided (§ 13, Def. and Note).

If AB is the finite straight
line, P and Q the points of in- A L Q
ternal and external section in P B
the same ratio, the four points
A, B, P, Q are said to form a Aarmonic range, which is briefly
denoted by the symbol ( AB, PQ)  The ends of the line and the
points of section are shown separately, and P and Q are said
20 be harmonically conjugale to one another with regard to A and.
B, or #0 separate A and B karmonically.

If P and Q separate A, B harmonically, A and B separate P, Q

harmonically also. For, by definition Q‘g=8% numerically ;

B PB _PA
hence P ﬁ = 8 ( invertendo ), and BO ™ AQ (alternando), so that

B and A are harmomcally conjugate points with regardto P and Q,
or PQ is harmonically divided at A and B.

The reason for calling such section of the line harmonical is
that the Jenigthis AP, AB, AQ form a larmonical progression as
defined in Algebra. For,

. AP AQ QB PB . AQ-AB AB AP
PB_ QB "'AQ AP’ "“A’Q_ T ap
or 1- ﬁg ‘:P 1, and z=ﬁg+AAg, '.'AZB AP"'KI—Q’

so that AB is the harmonical mean between AP and AQ.
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Again, Ag gg-ﬁ%—{-f, so that the third length is to the first

length as (the third - the second) is to (the second - the first).

E—— o et

If any point O is joined to the four points A, B, P, Q, of a
harmonic range, the figure thus formed is called a Aarmonic pencil ;
O is said to be the verfex of the pencil, and 0A, OB, OP, OQ are
called its 7aps. The pencil is denoted by the symbol O(AB, PQ),
the rays OP, OQ being ‘armonically comjugate with regard to
OA, OB.

The folbwing results give the fundamental properties of a har-

/10mc pencil
(i) Any straight line parallel to one ray of a harmonic pencil is
divided into equal parts by the other three rays.

Let EDF parl. to OA
meet the other three rays

of the harmonic pencil

O ( AB, PQ):then DE=DF,
Draw KBM parl. to EDF,

By simil ED_DO_DF . ED_BK
y simi arAs, BKTBO™BM® °* DF—BM'

Again, BT( PB’ and s,a Bg’ by similar As;

but QP IB\(Q;’ as (AB, PQ) is harmonic.

Qg 23, te., BK=BM; and .. ED=DF,

(ii) Any straight line meeting all the rays of a harmonic pencil
is divided harmonically at its points of intersection with the rays

Let the str. line XYDZ meet the rays of the harmonic pencil
O(AB, PQ) : then it is harmonically divided. Draw EDF parl, to
the ray AB of the pencil ; then ED=DF, as proved above.

Now )_L "‘DTE’ from the similar A's XYO, DYE ;

and XZ ZD DF' from the As XZO,DZF.

But X0_XO. . XY_xZ
= DF’ *- YD~ zD
so that (XD, YZ) is a harmonic range.
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Proposition XLIII. Theorem.

Lhe locus of a point whose distances from two fixed points are in
a constant ratio is a circle.

, - ~
op “
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Let A, B be the fixed pts, 7. a constant 1atio.

Let C be any pt. such that CA CB=¢ m to prove that C
moves on a fixed circle.

Divide AB internally and externally at P and Q in the ratio
Z.m [XXIV], then P, Q are fixed pts. [XX]. Jomn CA, CB, CP, CQ.

o OA_Z_AP . opbisects £ ACB [XXIII],

c8 m pB
so also, - CA=AQ [Cons ], . .CQ bisects . ACB externally.
cB QB

Hence the 2 PCQ 1s right ; and € les on the (O described on
the fixed line pQ as diameter [406, a].

The same 1s true of any other pt. satisfying the condition.

Conversely, 1f (AB, PQ) is the constructed harmonic range and
the circle on PQ as diameter 1s described, it can be shewn that

every point on this circle hasits distances from A and B 1n the
constant ratio.

.. the locus of the pt. C is a fined circle.
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Exercises.

398 In the figure of the Proposition take a point not on the
circumference of the circle PCQ, and prove that it does not satisfy
the condition of the theorem.

394 (AB, PQ)is a harmonic range and the circle on PQ as
diameter is described: prove directly that every point on the
circumference has its distances from A and B in a constant ratio.

395. The base of a triangle is 3 cm. in length and its vertical
angle contains 52;}23: construct the triangle so that the ratio of its
sides may be 5:4.

396. Draw to a suitable scale a triangle ABC with Bgc =18,
CA=1'5/, AB=1/, and find a point whose distances from A,B,0
are respectively as 3, 4, 5.

397 Construct a triangle, given the hase, the ratio of the sides,
and (i) the altitude, (ii) the length of the external bisector of the
vertical angle.

398. ABis a chord of a given circle: find a point on the circum-
ference whose distances from A and B are in a given ratio.

399. ABCD is a trapezium with AB and CD parallel, and AC,BD
meet in O: prove that the straight line through O parallel to AB or
CD and terminated by BC and AD, is the harmonic nean between
AB and ¢D. (See Misc, Ex. IV, 27.)

400 If a straight line parallel to one of the rays of a pencil is
divided into equal segments by the other three rays, then the pencil
is harmonic.

gor. If (AB,PQ) is a harmonic range, and O is the midpoint of
AB, prove that OP, OB, 0Q are in geometrical progression.

*40z  If O is the midpoint of a finite straight line AB and P and
Q are taken in AB and AB produced so that rect. OP.0Q = OB?, prove
that (AB,PQ) is a harmonic range.

403. ABC is a straight linc: find two points in it, H and K,
equidistant from C and such that (AB, HK) is a harmonic range.

404. From a point P outside a circle (centre O) the tangents
PS,PT are drawn; PO mects ST in Q and the circle in A and B.
Prove that (AB,PQ) is a harmonic range.

405. Given three points of a h irmonic range or three rays ot a
harmonical pencil, show how to find the remaining point or ray.

406. In the preceding exercise if one of the points is midway
between the other two, what is the position of its conjugate point ?
(See Exer. 228.)

407. If (AB,PQ) is harmonic, prove that

} rect, AB.PQ= rect. AQ.BP = rect. AP.BQ.

G. 9.
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th:?s. If (AB,PQ) is harmonic, and O is the midpoint of AB, prove
(i) rect. AQ.QB= rect. 0Q.QP,
(ii) rect. AP.PB = rect OP.PQ,
and (iii) OP:0Q=AP?:AQ?,

409. From a point P outside a circle the tangents PS, PT are
drawn ; any straight line through P meets the chord ST in Q and
the circle in A and B. Prove that the range (PQ. AB) is harmonic.

Solution. Let C be the
centre of the (O ; then the As
PTC, P8C are congruent, and
.~ the AsPTN, PSN also.

Hence LPNT= rt. angle ;

also L PTG is right,

s PT? =PN.PC [XXX,
Cor. 2]; and PT?=pA.PB [IX].

Thus PA.pB=PN PC, and
A, B,C, N are concyclic [VIII,
Cor. 2]

. L ANP= L ABC= L BAC

= L BNC.

But £ TNpP= ¢ TNG;

o the remainders, £ ANT
and LBNT, are equal, and
TN bisects the . ANB.

Also CNP, being perp. to
TNS, bisects the suplt. of the

L ANB.

- PA:PB=AN:NB=AQ:QB [XXII]; 7. e., (pQ, AB) is harmonic.

410. In a harmonic pencil if one ray bisects the angle between
two other rays, it is perpendicular to its conjugate ray. Conversely,
if two conjugate rays are perpendicular to one another, they bisect
the internal and external angles between the other two rays.

Solution (of Converse)., In the fig. of the preceding Exer.,
suppose N (PQ, AB) a harmonic pencd. with two conjugate rays
NP,NQ at rt. angles. From any pt. R in NQ draw KRH parl. to NP ;
then KR=RH [Theorem i, § z0]. Also ZKRN= 4RNP=go®

= £ HRN; hence the AsHRN,KRN are congruent, and LKNR=
2 HNR. Thus NQR bisects the . ANB and .. GNP bisects the angle
exterior to it.

411, The diagonals of a parallelogram and the straight lines
through their point of intersection parallel to the sides of the
parallelogram, form a harmonic pencil.

v 412, Construct the arithmetical, geometrical and harmonical
means between two given lengths.

Solution. Draw any str. line PC, and mark off PH, PK, the
two lengths, Bisect HK in G, and on HK as diameter draw a OF
draw PT. PS tangents, and join TS, cutting PHK in N.
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Then itis easily shown that
(PN, HK) is a harmonic range;

<. PNis the H.M. between
PH and PK [ § 20 ].

Also ' PT?= PH.PK [IX], /

% PT is the mean propor-
tional, 7 ¢. G.M. between PH, PK,

Again pK— PC= CK= CH=
PC — PH;

s PC is the A.M. between
PH, PK.

=

413. A, B, C, D being four points in a straight line, find two
points, H, K, in the line so that the ranges (AB, HK), (CD, HK),
are both harmonic.

414. Ifarange ( AB, PQ) is harmonic, then the circle on AB
as diameter cuts orthogonally every circle through P and Q;
and that on PQ as diameter cuts orthogonally every circle through
A and B.

415. If two circles cut orthogonally, any diameter of one of
them is cut harmonically at the points where it meets the other,

416. A, P, B, Q are four collinear points: if the circle on AB
as diameter cuts orthogonally a circle through p and Q, then the
range (AB, PQ) is harmonic,

417. The incircle of a triangle ABC touches the sides BC, CA, AB
in X, Y, Z respectively, and YZ produced meets BC in X/: prove
that the range ( BC, XX’} is harmonic, and state the correspond-
ing result for an excircle,

418. Tna triangle ABC, H is the orthocentre, O the circum-
centre, |, I;, I,. I; are the centres of the four circles which touch
the three sides; and Al meets BC in K. Prove that the pencils
A (HO, 11,), A(HO, IIy), and the range (AK, Il;), are all harmonic.

419. With the notation of the preceding exercise, if AD, IX, iX1
are perpendiculars to BC and A, is the midpoint of BC, prove that
(DK, XX1) is a harmonic range and that A;X2=AK.A;D.
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Solution. -’ Cl, Ol bisect the angles at C,
s Al IK=AC;: CK=Al hK;
thus the range (AK, 1) is harmomc

But Al : IK=px : XK, and Al: |; K=DX; : XiK; [XXI]
.. the range (DK, XX1) is also harmonic.
Now BX=s—5, and CX;=s—5; [~Vote, Prop. XVII]

and BA;=AC. .. AX=A1X1.
_D_5 DX1 . KXI-CE('I.

Thus, as R H
XK XiK’ KX DX
- KX1+KX DX,+DX .‘ 2A1X ZA\D
KX; —KX Dxl €0 TAK 2AX

Hence A X2 = AlK.AlD, see Exer, 4o1.

¢ 21. POLE AND POLAR,

Det. If on any radius of a given circle two points are taken,
one within and the other without the circle, so that the rectangle
contained by their distances from the centre is equal to the square

on the radius; then a straight line through
estker point at rt. angles to the radiusis x I
called the polay of the other point, and
thss point with regard to the polar is
called s#s pole. Thus if C is the centre Q
and » the radius of the circle, and
OA.CB = #3, and AX, BY are perpendicular
to CAB, BY is called the polar of A, and A
is the gole of BY. So also B and AX are mutually pole and polar.
Two points like A and B above are said to be each the snverse of
the other ; the given circle is called the circle of snversson, and
its radius the radsus of inversion. If AB meets the circle in P and
Q, it is readily proved that (AB,PQ) is a harmonic range.
(See Exer. 402.)
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Proposition XL1V. Theorem.

If a point lies on the polar of another, the second point lies on
the polar of the first.

Let the pt. B lie on the polar ot A with regard to a () of centre
C and radius=7: to prove that A lies on the polar of B with
regard to the ().

Let CA meet the polar of A 1n M; then £ CMB==rt. angle [Def.].

Draw AN perp. to CB.
"t LBMA+ 4 ANB=2 rt. angles,
pts. A, N, B, M are concyclic. [4M]
Hence CN.CB=CA.CM [ VIII, Cor. r]=+% (Hyp.]

Also NA is perp. to CB;
S, NA s the polar of B [Def. ], 7. ., A lies on the polar of B.

Cor. 1, If B'is another pt. on the polar of A, it can be simi-
larly proved that AN’, the perp. from A to CB/, is the polar of B';
and so also for other pts. on the line MB. Hence, if any number
of points B, B',..., be collinear, theiv polars are concurrent, the point
of concurrence, A, being #%¢ pole of the line on which they Ke.

Cor. 2. Conversely, it is seen that if any number of strasght
lines be concurrent, their poles are collinear, the line of collinearity
being the polar of the point at whick they meet. Thus in the fig.,
if AN, AN’, AN"....are all concurrent, their poles B, B', B”...all lie
on MB, the polar of A,
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Cor. 3. If we take MB in the fig. as the line joining BB', we
see that its pole is at the intersection of AN, AN’ ; thus ke line
Joining any two points is the polar of the point of intersection of
the polars of the two points. Conversely, the point of intersection
of any two lines 1s the pole of the line joining the poles of the
two lines.

Det. Two points, as A and B in the fig., such that the polar of
either passes through the other, are said to be comyugate points
with regard to the circle ; and two lines, as AN and BM, such that
the pole of either lies on the other, are said to be conjugate
straight lines.

Proposition XLV. Theorem.

Tke locus of the wntersection of tangents, drawn to a circle at
the extremities of chords which all pass thvough a given pcint, is
the polar of the point.

Let C be the centre and 7 = the radius of the given (), and A
the given pt. ; let PY, QY be tangents at the extremities of any
chord PQ passing through A : to prove that the locus of Y is the
polar of A with regard to the .

Join c©Y, cutting PQ in K ; join CP, and draw YB perp. to CA,
produced if necessary.

“PY=QY, ~PYK= £QYK [42], and YK is common to the As
YPKs YQK, .’. these As are congruent.

o LYKP=YKQ=rt. angle, and .. LPKC=rt. angle.
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Also L CPY=rt. angle; [41]
~.CPY=CK.CY. [XXX, Cor. 2]
Again, - L YKA =rt. angle = 2 YBA,
~.Y, K, A, B are concyclic {45 or 47];

and .’,CB.CA=CK.CY [VIII, Cor. 1]=CP?*=17%

Further BY is atrt. s to CAB;
< BY is the polar of A. (D]

So also any other pt. of intersection may be shown to lie on the
polar of A.

Cor 1, Conversely, it can be proved in the same way that
if from poinis in a given straight line tangents are drawn
to a grven civcle, the chords of contact all pass through a fixed point,
which is the gole of the given line.

Cor 2. If from an external point tangents are drawn to a
circle, the chord of contact produced is the polar of the given
point.

In the first fig. of the Prop., all points of BY form the locus; in
the second fig., the points of BY within the circle form no part of
the locus, as the tangents cannot intersect within the circle,
When the given point is on the circle, the polar is the tangent at
the point.

Det. When each side of a triangle is the polar of the opposite
vertex with regard to a circle, the triangle is said to be self-conju-
gate or self-polar with regard to the circle, and the circle is
said to be the polar eirole of the triangle.

Bxercises.

420. Prove that the point of intersection of two straight lines is
the pole of the straight line joining their poles.

4a21. Prove the corollaries of Prop. XLV independently.

422. Find the locus of the poles of all straight lines passing
through a given point.

423. Draw a circle of radius 12 mm. and take a point P at a
distance of 21 mm, from its centre: construct the polar of P, If
this polar meets the circle in § and T, shew that P8 and PT are
tangents to the circle,
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424. Draw a cirgle of diameter 1'5” and take a straight line at
a distance of 1°2// from its centre: take any three points on the
line and draw from them the three pairs of tangents to the circle.
Verify that the chords of contact are concurrent, and find the
position of their point of meeting.

425. What is the polar of the centre of a circle with regard to
the circle? And what is the pole of any given diameter ?

426. Given a point and a straight line: construct any circle
for which they are pole and polar respectively,

427. Given two concentric circles: find the locus of the poles
of the tangents of one with regard to the other.

428. With regard to a circle the points A,B,C are the poles of
the sides of the triangle PQR: prove that P,Q,R are the poles of the
sides of the triangle ABC.

429. The angle between the polars of two points is equal to
the angle subtended by the line joining them at the centre of the
circle ot reference.

430. 1f pM, QN be drawn perpendicular to the polars of QP
respectively with i1egard to a circle whose centre is O, prove that
PM:QN=0P:0Q.

Solution.  Let AN,BM be the polars of
P,Q; PM,QN perp. to BM,AN; and O the
centre, If 7=radius of the (), OP.OA =
0Q.0B =72 [Def, |.

Draw PF, QE perp. to OQ,0P.

The pts. Q, F, E, P are concyclic {45];

~ OE OP=OF.0Q [VIII].

But OP.OA=0Q OB ;

~.OP (OA — OE) =0Q(OB—OF),

i. e., OP.QN=0Q.PM.

Hence PM:QN=0P:0Q,

#431.  Any chord of a circle passing through a fixed point is cut
harmonically by the fixed point and its polar with regard to the
circle. |[See Exer. 409.]

432. On chords of a circle passing through a fixed point the
points harmonically conjugate to the point are taken: prove that
their locus is the polar of the fixed point.

Solution. Let C be the centre of the

given (D and P the fixed pt.; draw any

X\
PN
H

SR

chord, PAB, of the O and take Q in it so
that (AB, QP) is harmonic: it is required

to find the locus of Q.
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Draw the diameter PDE, and let the O about CAB cut it in N.
*'PN.PC=PA.PB=PD.PE.
and CP; PD, PE are given,
». PN is fixed, and N is a fixed pt.
Further PD.PE = CP?— CD?,
and PN.PC=CPz2—CN.CP,
..CN.CP=CD?, and N and P are inverse pts,
Now the radii CA, CB are equal,
~. L ONB= L CAB= . CBA= LPNA [47],
so that NP bisects the angle adjacent to ANB.
But N (AB,QP) is harmonic;
.. NQ bisects the & ANB, and .. £ PNQ=rt. angle.

Similarly, the harmonic conjugate of P onany other chord is
shown to lie on the str. line through N perp. to CP, z.e., on the
polar of the pt. P. (See Exers. 409, 410.)

433 From a point A outside a given circle the chords APQ,
ARS are drawn equally inclined to the diameter through A: prove
that PS,QR intersect in a fixed point.

434. Prove the following construction for drawing the polar
of a point P with regard to a circle having its centre at C:—draw
any chord, AB, of the circle, as also the diameter DE, passing

through P; let AE, BD meet in X, and AD, BE in Y ; then XY is the
polar of P,

435. If two circles cut orthogonally, the extremities of any
diameter of either are conjugate points with regard to the other
circle.

436. If two conjugate points with regard to a circle are taken,
the circle described on the line joining them as diameter cuts the
given circle orthogonally.

437. The square of the distance between two points conjugate
with regard to a circle, is equal to the sum of the squares of the
tangents drawn from the points to the circle. Prove this result,
and examine the case when one of the points is inside the circle.
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§ 22. GENERAL THEOREMS ON CONCURRENCY AND
COLLINEARITY.

Proposition XLVI. Theorem.

If the straight lines joining anmy point to the vertices of a
triangle, A, B, G, meet the opposite sides of the triangle in the
potnts X, Y, Z, respectively, then BX.CY.AZ=XC.YA.ZB.

Conversely, if X,Y,Z are points in the sides BC, CA, AB
respectively such that XB.CY.AZ=XC.YA.ZB, then the straight
lines AX, BY, CZ are concurrent.

2

O X C

(i) Let any pt. P be joined to the vertices of the A ABC, and
let AP, BP, CP meet the opposite sides in X, Y, Z ; to prove that
BO.CY.AZ = XC.YA.ZB.

BX ABPX
" have th I ,
the As BPX, XPC have the same height, 0% XG™= Apox’
so also BXa ABAX [XXXVI]
AXAC
. - ABAX - ABPX [vii, 2 12] ABAP
* GX AXAC - AXPC APAC'

Similarly it can be shown that
OY ACPB and AZ _ AAPG

YA APBA ZB APCB
~. by multiplication, B~X CY Az =g,
XGC’ YA ZB

i. ., BX.CY.AZ = CX.YA.ZB.
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(i) Letx, Y, Z be pts. in the 51des BC, CA, AB, such that
BX.CY.AZ=XC.YA.ZB: to prove that AX, BY, CZ are concurrent.
Join BY, CZ, meeting in P ; let AP meet BC in O, if possible.

*" the lines AP, BP, CP meet the opposite sides in O, Y, Z,

we have BO.CY.AZ=0C.YA.ZB. [ Proved)
But BX.CY.AZ = XC.YA.ZB; [ £yp.]
. BO_0oC  BO_BX [Alternando)

BX XcC’ oC XG
Thus BC is divided at 0 and X in the same ratio, which is
impossible. [XX]
~.0 and X comcide, and AP, BP, CP are concurrent.

With the convention of signs adopted in § 4, it will be found
that the two products have always the same sign, or that
BX CY AZ_ =+1.
XC XA' ZB
figure; but if P is taken at P, XC and AZ will both
be negative, and the product of the ratios will still be
+1. So also other posmons of P (as P;) may be considered, It
will be found that the sections of thesides are either all internal
or one internal and two external,

Thus all the segments are positive in thegiven
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Proposition XLVIl. Theorem.

If a straight line intersects the sides BC, CA, AB,of a triangle
in X, Y, Z, respectively, then BX.CY.AZ=CX.AY.BZ. Conversely,
X, Y, Z are points in the sides BC, CA, AB respectively, suckh
that BX.CY.AZ = CX.AY.BZ, then the points are collinear.

(L AR

(i) Let any str. line (L) cut the sides of the AABG at
X, Y, Z : to prove that BX.CY.AZ = CX.AY.BZ.

Draw any parl. lines through A, B, C, to meet (L) at D, E,F,
respectively,

“* th v i . Bx _BE,

.’ the As BXE, CXF are similar, . g% =Gf [XXVI]
so also SY=CF AZ_AD

AY ~ AD’ BZ " BE’

. lication. BX CY AZ_

- by multiplication, OX AY Bz=U

3, ¢, BX.CY.AZ=CX.AY.BZ.

(ii) Let X, Y, Z be pts. in the sides BG, CA, AB, such that
BX.CY.AZ = CX.AY.BZ: to prove that X, Y, Z are collinear.

Join YZ, and let it meet BC in O, if possible.

+ ZYO is a str. line,

we have BO.CY.AZ=CO.AY.BZ. [Proved)
But BX.CY.AZ =CX.AY.BZ ; [Hyp.]
o %‘)% - g—g, or g—g - %(. [Alternando)

Thus BC is divided at 0 and X in the same ratio, which is
impossible. [XX]
.~ 0 and X coincide, and X, Y, Z are"collinear.
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With the usual convention of signs, it will be found that the
products have always the same sign, or % % g—%= +1. Thus,

in the figure given AY and BZ are negative, the other segments are
all positive.

If the line is taken as L, the signs will be different, but the pro-
duct of the ratios will still be 4 1. It will be found that the sections
of the sides are either all external or one exlernal and two internal,
It should be noticed that in the enunciations of XLVI and XLVII
the right hand sides are differently wrilten,

Exercises.

438, Draw a triangle ABC with BC=28, CA=135, AB=19; in
BC, CA take BL, CM each=10, and let AL, BM meet in O. 1fCO
and AB meet in N, calculate AN and NB, and verify by measuring
their lengths.

439. The straight lines joining the vertices A, B, C, of a triangle
to any point O meet the oppesite sides in D, E, F, respectively :

.« BD CE - 4 AF
f ——— —_—= t] i =
1 06 %’EA %, nd g’ and prove that AO=3 OD.

440. Draw the figure of the preceding exercise when E divides
CA externally, and shew that the results still hold good.

441. In the figure of Prop. XLVI, join ZX, ZY, and prove that
the pencil Z ( BC,XY ) is harmonic.

Prove also that AP  BP L CP _
aaxtexteox =2

442. X, Y, Z are points on the sides BC, CA, AB respectivaly of
a triangle, and Z (BG, XY) is a harmonic pencil : prove that Ax
BY, CZ are concurrent. !

4 By means of Prop. XLVI or XLVII construct a ratio which
shall be the product or quotient of two given ratios, a : 6 and ¢ : d,

444. In the sides CA, AB, of a triangle ABC points M,N, are
taken so that CM: MA=AN: NB=a:&; MN and BC meet in L.
Prove that BL:LC =q2:5%

445. With the figure of Prop. XLVI prove that %*’%ﬂéﬂ .
x ’
and hence construct a ratio which shall be the sum or difference
of two given ratios.
446. If Y, Z are taken in AC, AB respectively so that %a%
(algebraically), and BY and CZ meet in P, prove that AP is parallel
to BO,
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447. Apply Prop. XLVI to prove the concurrence of the straight
lines joining the vertices of a triangle to (i) the midpoints of the
opposite sides; (ii) the points of contact of the incircle with the
opposite sides; (iii) the points of contact of any excircle with the
opposite sides; and (iv) the points of contact of the three excircles
severally with the opposite sides.

448. Shew that the perpendiculars of a triangle are concurrent;

and that two external bisectors and the third internal bisector ot
the angles of the triangle are also concurrent,

449. The three external bisectors of the angles of a triangle
meet the respectively opposite sides in collinear points,

450. If a triangle is inscribed in a circle, the tangents at its
vertices meet the respectively opposite sides in collinear points,

451. The incircle or any excircle of a triangle touches the
sides BC, CA, AB in D, E, F respectively; BC and EF meet in X, CA
and FD in Y, AB and DE in Z. Prove-that XYZ is a straight line.

452. A straight line cuts the sides AB, BC, CD, DA of a quadri-
lateral at L, M, N, O respectively: prove that the numerical product
AL BM CN DO
LB’ MC' ND’' OA
a polygon of any number of sides.

453. In the sides AB, BC, CD, DA, of a quadrilateral points
L, M, N, O; are respectivelytaken sothat AL.BM.CN.DO =BL.CM.DN.AO.
prove that AC, LM, NO are concurrent.

of the ratios , is unity. Extend the result to

454. If from any point in the diagonal, AC, of a quadrilateral
ABCD, two straight lines are drawn, one meeting ABBC in X,Y
respectively, and the other CD,DA in X/, Y/ respectively, then
AX.BY.CX/.DY/=XB,YC.X'/D.Y'A.

455. The incircle of a triangle ABC touches BC, CA in X, Y
respectively, and the excircle opposite to the vertex A touches AB
in g: if XYZ is a straight line, prove that the . ABG is right.

456. A circle cuts the three sides BC, CA, AB, of a triangle
respectively at Dy and D,, E; and E,, Fyand F,: if AD,, BE,, CF,
are concurrent, so also are AD,, BE,, CF,.

457. If Xand X/, Y and Y/, Zand Z/ are points taken respec-

tively in the sides BC, CA, AB, of a triangle, so that XYZ, X' Y'Z'
are straight lines, prove that the points of intersection of

(i) BC and YZ', CA and ZX/, AB and XY’,
and (ii) BC and Y/Z, CA and Z’X, AB and X'Y,
are collinear,
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*458. If X,Y,Z are points onthe sides, BC, CA, AB, of a
wriangle such that AX,BY,CZ are concurrent, prove that YZ, ZX, XY
meet the respectively opposite sidesin collinear points,

Solution. Let YZ, ZX, XY meet BC, CA, AB inL, M, N, re
spectively.

*r LYZis astr. line,
~BL.CY.AZ=CL AY.BZ[XLVII].
But AX, BX, CZ are concurrent;
~BX.CY.AZ=XC.YA.ZB. [XLVI].

Hence, by division, %: (03—')?
BL BX

1.6y — =...,
CL Cx
Similarly it can be shewn that
_CM =g_ and A_E ._-_-A_Z
AM YA B B’

Hence by multiplication, %Il__%mgn = %?{Xf\zé =13

.. BLLCM.AN=CL.AM.BN, and L, M, N are collinear [XLVII1].

It is seen that BC is divided harmonically at X and L. Taking
the quadrilateral BCYZ, it is found that the opposite sides intersect
in A and L, and the disgonals in the point (O) of concurreunce ; so
that the lines joining A to O and A to L divide the side BC harmo-
nically, (See Exer. 461 below.)

459. If a straight line, LMN, cuts the sides, BC,CA,AB, of a
triangle at L, M, N, respectively, and if AL,BM, CN form a triangle,
the lines joining A, B, C to the corresponding vertices of this triangle
are concurrent,

If O i« the point of concarrence, O and LMN are respectively
called pole and polar with regard o the iriangle ABC of the two pre-
ceding exercises,

460. It straight lines AP, BP, CP cut at X, Y, Z the sides,
BC, CA, AB, respectively ofa triangle, and if X/, Y/, Z’ are harmo-
nically conjugate to X,Y,Z with regard to BC,CA,AB iespec-
tively, prove that

(i) X, Y,Z;XY,Z, are collinear points,
and (ii) AX,BY/, CZ/; AX/,BY’/, GZ, are concurrent straight lines.

461. ABCD is a quadrilateral ; AB,CD meet in E and AD,BC in
F. 1If AC,BD meet in O, then the pencil E (BC, OF) is harmonic.

$63. With the notation of the preceding exercise, if BD, EF meet
in Pand AC,EF in Q, then the ranges (FE,PQ), (BD, OP), (CA, OQ)
are harmonic,

The figure formed by the four straight lines EAB, EDC, FDA, FCB
is called a complete quadrilaleral, The six intersections of these
four lines, A,B,C,D,E,F, are called the vertices of the figure ; and
the three lines AC,BD, EF, joining pairs of opposite vertices, are
called its dsagomals. If EO meets BC in F’, (BC, F'F)is a harmonic
tange as shown above,
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*463. Prove that the midpoints of the three diagonals of a
complete quadrilateral are collinear,

464. Pairs of points D; and D,, E; and E;, F; and F, are taken
respectively in BC, CA, AB, the sides of a triangle, so as to be equi-
distant from the midpoints of these sides : if AD,, BE,;, CF; are con-
current, so also are AD,, BE,, CF,.

*465. If two triangles, ABC, A’B'C/, are such that AA’, BB’, GG’
are concurrent, prove that the pairs of sides BC, B/C/; CA, C/A’ ;
AB, A’B/, intersect in collinear points.

Solution, Let AA/, BB/,
CC/ meet in O, and the
corresponding pairs of
sides cut in X,Y,Z

respectively,

** B/C’/X crosses the

sides of the A OBC,

°. B gg: Q_B_'=
“ X6 oo mET
(numerically );

CY AN 0C'_ . 4AZ BB’ oA/

soalso & 35 Gie- " Y™ ZE Bo AR
.. BX.CY AZ
H b ultiplication, —v—— " =1
ence, by multip ion, xCyAze= U

- from the A ABC, X, Y, Z are collinear.

466. If the corresponding sides of two triangles intersect in
collinear points, the lines joining their corresponding vertices are
concurrent,

The triangles in the two preceding exercises are said to be in
perspective ; the point of concurrence fcr corresponding vertices is
called their centye of perspective, aud the line of collinearity for
corresponding sides is callcd their az1s of perspective.
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§ 23. MISCELLANEOUS CONSTRUCTIONS.

(1) Z7 a given triangle to inscribe a triangle similar and similar-
by placed to a second given triangle.

Let ABC be the first A, PQR the A to which the inscribed A
is to be similar.

Across the 4 BAC draw the str. line pg parl. to PQ; make
Lgpr= L QPR, Lpgr= LPQR. Join Az, and let it meet BC in
D; draw DE, DF parl. to 75, »¢ to meet the other sides of the A
ABC. Then DEF is the required A.

Evidently £ EDF = & p7y; also ;I—i = % = 99;,

so that the A's DEF, pgr are similar. [XXVIII]
But the As PQR, pgr are equiangular ; [Cons.]
.. the As DEF,PQR are similar. [(xxVI]

Also the sides of DEF are respectively parl. to those of gqr,
and ., to those of PQR;
.. the As DEF, PQR are similarly placed.

We can also draw ¢7 or #p across the £ BAC so as to be parallel
to QR or RP, and then complete the Apgr so as to be similarly
placed to PQR. Thus two more solutions may be obtained, and
some of the points may fall on the sides of ABC produced. No
new solutions are obtained by drawing the parallels across the
& ABC or ACB,

G. 10.
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(ii) To describe a square about a given quadrilateral, i.e., a
square the sides of whick pass sevevally through the vertices of
the quadrilateral.

e

-~

P A

Let ABCD be the quad.; on AB, CD as diameters describe (s,
and let E, F be the midpoints of the arcs of these (Os within the
quad. Join EF, and let it meet the Os in P, Q; join PB, PA, RC, RD,
forming the quad. PQRS.

*+ L BPA =90’ in a semi-(), and arc BE =arc EA,

s LEPB=45";s0 also £FRC=45".

-, the A PQR is an isosceles rt.-angled A.

Similarly the A PSR is an isosceles rt.-angled A, and ., PQRS
is a square.

If the quad. to be circumscribed is not a square, but is similar to
a second given quad. pgrs, the following method may be adopted.

Join pr; make L ABE= L7ps, LBAE=L7pq, & CDF= L pry,
L DCF = L prs. Join EF, and let it meet the (Os about the As ABE,
CDF in P,R, Join PA,PB,RC,RD, to form PQRS. The As PQR,
pgr will now be similar, and so also PSR, ps7; hence the quad.
PQRS is similar to the quad. pgrs.
Some of the sides of PQRS may pass when produced through
the points A, B, C, D.

(iii) To inscribe a square in a given quadvilateral, i.e., a

square the vertices of which lie severally on the sides of the quadri-

lateral. A
P
», /"},
,'4"; H B
o{:;. . ;
4 'x.: Q

. h
L
%

\\,\
"
a«
©

. d,
)
.
)
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Let ABCD be the quad. Take any square pgrs, and about it
describe the quad. abcd similar to the quad. ABCD, as explained
above. Divide the sides of the given quad,,
so that AP:PB=ap.pb, BQ:QC=4y7:¢c,

CR:RD=c¢r.rd, DS:SA=ds:sa.

Then it is seen that the figure PQRS is similar to ggrs, and is
therefore a square.

Some of the points P, Q, R, S, may lie on the sides produced of
ABCD.

Exercises.

467. Prove the following construction for describing a square
about a given quadrilateral ABCD, Draw AO perpendicular and
equal to BD ; then OC is the direction of the side of the square
through the vertex C,Examine the case when AC is itself perpendi-
cular to BD,

468. Describe a square about a triangle ABC, so that one
vertex is at A and the opposite sides pass through B and C severally.

.469. Describe a square so that (i) two vertices may lie on a
given circle and the opposite side may touch the circle, (ii) two
sides may touch the circle and the opposite vertex may lie on it.

470. Construct a triangle similar to a given triangle so that the
vertices may lie severally on three given concentric circles.

471. Given a circle and a point: construct by means of the
ruler only the polar of the point with regard to the circle, Hence
draw tangents to the given circle from any external point.

J *:472. Find the harmonic conjugate of a point on a straight line
with regard to the extremities of the line,

Solution., 1f A, B are the extremities of the line, and P the pt.
on it, the harmonic conjugate of P may be found as in [XXIV] by
drawing parallel straight lines, This requires the use of the
compasses or the set square ; the following method depends on the
straight ruler only.
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Join any pt. O to A',' B, P, and on OP take a pt. X; let AX, BX
meet OB, OA respectively at K, L ; join KL, meeting AB in Q.
*» LKQ crosses the sides of the A AOB, .. AQ, BK, OL

A - AP BK OL_
But K, BL, OP concur at X, ., PB' KO LA=™
Hence 31? =%g, and Q is harmonically conjugate to P with regard
to A, B,

Miscellaneous Examples VI.

1. Two points, P and Q, are equidistant from the centre of a
given circle: if any circle through them cuts the given circle, prove
that the common chord of the two circles is parallel to PQ.

2, Divide a given straight line, AB, internally or externally at
C, so that AC?—BC? may be equal to a given area.

3. Prove that the geometrical mean of two given lengths is
also the geometrical mean of their arithmetical and harmonical
means. (See Exer. 412.)

4. D, E, F are the midpoints of the sides BC, CA, AB, of a
triangle ; EH parallel to AD meets FD produced in H, and BH, BE
are joined. Prove that D is the centroid of the triangle BEH.

s. The base of a triangle is given in magnitude and position
and the vertical angle is known: prove that the centroid and the
nine-point centre move on circles.

6. The points A, B, C, D, lie on the circumference of a circle:
prove that the orthocentres of the triangles BCD, CDA, DAB, ABC,
lie on an equal circle.

5. Prove that the pedal lines of three points on a circle with
regard to any inscribed triangle form a triangle similar to that
formed by the three points.

8. From a given point straight lines are drawn to the circum-
ference of a given circle and turned through equal angles in the
same direction: prove that their extremities in the new positions
lie on an equal circle,

*g, A triangle similar to a given triangle has one vertex fixed,

and a second moves on a given circle: prove that the third vertex
also describes a circle.

Solution. Let the varying A be similar tothe A PQR; let O
be the fixed vertex, C the centre of the given (). Draw the
diameter OACB ; take OM : OA=ON:0B=PR : PQ ; then the circle
on MN as diameter is the locus of points which divide lines from O
to the given () in the ratio PR=PQ (Exer. 286). Now, take any pt.
E on the (), draw the A OEF similar to the A PQR, and make
QG =0F,
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** OG:OE=0F : OE=PR : PQ=0M : OA,
» G lies on the () on MN as diameter.
Also L GOF= £ QPR and is constant, and OF =0G ;

. by the preceding exercise, F moves on a ( equal to the ©)
mentioned above,

10, Equilateral triangles are drawn on the sides of a square,
either all internally or all externally: compare the area of the
quadrilateral formed by joining their vertices with the area of the
square,

11, Draw a straight line parallel to one side of a triangle and
meeting the base, so that the length of the line within the

triangle is the mean proportional between the segments of the
base,

12, Given the sum of the squares of two straight linesand their
ratio, construct the lines geometrically.

13. Two circles, (A) and (B), intersect at M and N; a third
circle meets (A) in P and Qand (B) inR andS. DProve that
MP.MQ:NP.NQ = MR.MS:NR.NS.

14. Any points.A’,B',C’, are taken respectively on the sides
BC, CA, AB, of atriangle, and circles on AA’, BB/, CC’ as diameters

are drawn : prove that their radical centre is the orthocentre of
the triangle.

]
15. If D, E, F ate the feet of the perpendiculars from the ver-
tices on the sides BC, CA, AB, of a triangle, prove that

AABC=4R (EF4-FD+DE).

16. The perpendiculars from the midpoints of the sides ,

BC, CA, AB, of a triangle drawn respectively to the tangent to the
circumcircle at A, AB, AC, are concurrent.

17. The incircle of a triangle touches the sides BC, CA, aAB
respectively at X, Y, Z: prove that the perpendiculars from the
midpoints of YZ, ZX, XY respectively to BC, CA AB meet at the
nine-point centre of XYZ
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*18, If one triangle can be drawn so as to be inscribed in a
given circle and circumscribed to another given circle, prove that
any number of such triangles can be drawn.

Solution. Let | and O be the
centres of two (s which are such
that one A ABC can be circum-
scribed to the first and inscribed in
thc second. Take any pt. @ cn the
. circumference of the outero, and
draw ab, ac tangents to the inner
circle : then &¢ shall also touch
this ().

Let a | meet the outer O in M;
draw the diameter MON, join M5
and Nb; also join| to P, the pt.
of contact of @b with the inner Q). .

If», R are the radii of the inner and outer (s, we have
olz=Re—2R7 [Mis, Ex. 1V, 24].

Now MLlg = XIIY =0X2 — Ol2=R2 — Ol2 = 2R7 = MN.IP,

M _IPp_Md . .
M =C="" fi
. ia" N rom the similar A s 1aP, MNJ,

Thus Ml = Mb; S LMIb= L Moal;

o LMab+ Lba= £ Mbct+ L 1bec= £ Mac+ L e,

But , Mac=Mab, as ab, ac are tangents; .. . \bc= L 1da.

But ab touches the inner(0) ; ..4c also touches it. [See 42.]

Hence abc is a similarly described triangle ; and as a is any pt. on
the outer circumference, any number of such As can be drawn.

19. PQR is a triangle right-angled at R ; a straight line parallel
to the bisector of the angle p meets QR in K, and QX is taken the
mean proportional to QK and QR. If XI perpendicular to QR meets
the parallel at |, and N is the midpoint of PQ, prove that
Nl=QN £IX.

Solution. Let pS be the bisec-
tor of the . p meeting QR;M, N
the midpoints of QR, QP, so that
MN is perp. to QR ; draw NH parl.
to QR to meet |X.

..QK_QX .QX_QX—QK_KX
QX QR’ "'QR QR—-QX XRS
...QR.KX = QX.XR = QM‘ — Mxﬂ
=QMZ2—HN?,

qQ K XM

Hence HN?=QM?—2 QM.KX...(a). K
Now, from the similar As |KX, PSR, we have
IX _PR_PQ
Y=Es~os [XXI11]
_PRHPQ 1§ 5] - NM+NQ_QM(NQ+NM)_ QM
QR QM NQ?—NMZz  NQ—-NM’

v IX,NQ—1X.HX=QM.KX.
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Substituting in (a), we get
HNZ = QM2 — 2 IX.NQ+2 IX.HX
=QN2—-HX2 -2 IX.NQ+2 IX.HX
=(QN—=1X)? —(IX—HX)z=(QN—IX)z—IHz,
o (QN=IX)1=HN2HIHz=IN2; ., IN=QN—IX,
If X isin RQ produced or K in QR produced, it will be found that
IN=QN+IX. It follows that the () about the APQR and the()
whose centre is1 and radius IX, have internal contact-see [43);

and the important theorem in the next exercise can be readily
deduced.

*20, The nine-point circle of any triangle touches the inscribed
circle and each of the escribed circles.

21, The incircle ot a triangle touches the sides BC, CA, AB res-
pectively in X, Y, Z, and XX/, YY’, ZZ’ are its diameters through
the points of contact : prove that AX/, BY/, CZ/ are concurrent.

22, P is any point within a triangle ABC ; straight lines AX,BY,
CZ are drawn so as to make L XAC= L PAB, . YBA= . PBC,
L ZCB= LPCA. Prove that AX,BY, CZ are concurrent at a point Q.

(The points P and Q are said to be isogonally conjugate with
regard to the A ABC.)

23. In the exercise above if perpendiculars are drawn from P
and Q to the sides, prove that their six feet lie on a circle.

*24. Thetangents at Band C, Cand A, A and B, to the circumcircle
of a triangle ABC, meet in P,Q,R respectively: prove that (i) AP,
BQ, CR concur at a point K; (ii) AP bisects straight lines parallel to
QR and terminated by AB and AC; and (iii) if G is the centroid of
the triangle, - GAB= L KAC, 2 GBC = L KBA.

(The point K is thus isogonally conjugate to G.)

25. O is any point in the plane of a triangle ABC; the bisectors
of the angles BOC, COA, AOB, meet BC, CA, AB respectively in P, Q, R;
and OP’, OQ’, OR’ perpendicular respectively to OP,0Q, OR, meet
the same sides in P/, Q/, R/, Prove that (i) AP,BQ,CR are con-
current ; (ii) P/, Q’, R/, as also P,Q, R/, are collinear,

26. Any circle drawn through the limiting points of a co-axal
system cuts orthogonally every circle of the system.

27. The six limiting points of any three circles are concyclic.

28. IfL,L’ are the limiting points of a co-axal system of circles,
and C the centre of any one of them, prove that CL. CL/ = (radius)2,

29. The centres of similitude ot each pair of three circles form
six points lying three by three on four straight lines.

30. Four points A, B, C,D are collinear in order : find the locus
of points at which the segments AB and CD subtend equal angles.

3t. The range (AB,PQ) is harmonic ; G is the midpoint of AB
and R of PQ. If V is any other point in the line, prove that VA.VB
+VP.VQ=2VC.VR,
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32. The straight lines joining a point O to the vertices of a
triangle meet the sides BC, CA, AB in P, Q, R respectively; and
straight lines AP/, BQ‘, CR’ are drawn to the opposite sides so as
to make the pencils A (BC, PP’), B (CA, QQ’), C (AB, RR’) harmo-
nic. Prove that P/, Q/, R’ are collinear.

33. The points A, B, C lie on a straight line ; P is the harmonic
conjugate of A with regard to B and C, Q of B with regard to C
and A, Rof C with regard to A and B, Prove that (AP, QR),
(BQ, RP), (CR, PQ) are harmonic ranges.

34. The straight lines joining the extremities of a chord of a
circle to the midpoint of any chord passing through its pole, are
equally inclined to the latter chord.

*35. Any two points conjugate with regard to a circle and the
extremities of the diameter on which they lie torm a harmonic
range; and any two conjugate lines and the tangents to the circle
from their point of intersection form a harmonic pencil.

36. Prove that the orthoeentre of a triangle is the centre of the
circle with regard to which the triangle is self-conjugate. When
can a real triangle be self-conjugate with regard to a circle? And
what is the length of the radius of the circle ?

37. Prove that the polar circle of a triangle cuts the sides of
the triangle harmonically.

*38. If a quadrilateral is inscribed in a circle, the triangle formed
by its three diagonals is self-conjugate with regard to the circle.

The circle whose diameter is the third diagonal of a
quadrilateral inscribed in a circle, cuts this circle orthogonally.

40. PAP/, QAQ’ are two chords of a circle, and B is the inverse
of A with regard to the circle: prove that PQ, P/Q/ subtend equal
angles at B.

41. ‘Two chords of a circle drawn through a point are at right
angles, and tangents are drawn at their extremities to form a quad-
rilateral: prove that (i) this quadrilateral is cyclic; (ii) its diago-
nals pass through the given point; and (iii) the angles between the
diagonals are bisected by the chords,

42. AL, BM, CN are the perpendiculars of a triangle ABC, and
MN, NL, LM, respectively meet BC, CA, AB, in P,Q, R: prove that
the circumcentres of the triangles ALP, BMQ, CNR are collinear,

With the notation of the exercise above prove that (i) P, Q, R
are collinear; (ii) the sides of the triangle LMN are respectively
perpendicular to the lines joining A, B, G to the circumcentre; and
(iii) the perpendiculars from A, B, C, respectively to MN, NL, LM,
are concurrent,

*44. A hexagon is inscribed in a circle: prove that its three
pairs of opposite sides intersect in collinear points.

Three alternate sides of a cyclic hexagon form a triangle,
and the remaining three form another: prove that the two triangles
are in perspective.

*,6. A hexagon is described about a circle: prove that its three
pairs of opposite vertices lie on concurrent straight lines.
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CHAPTER IX.
MEASUREMENT OF ANGLES.

§ 24. The word Zrigonometry is derived from Greek, and
signifies the measurement of triangles. The present science of
Trigonometry is concerned with the general theory of angles, both
geometrical and algebraical; the measurement of triangles,
however, forms its most important application in practice.

An angle is measured, like any other physical quantity, by
reference to an invariable unit of its own kind. One such unit
is the right angle, which is known to be always of fixed magni-
tude. As however it is inconveniently large, its ninetieth part,
called a degree, 15 usually employed as the unit; and the degree
measure of any angle is obtained by finding the rafio of the
angle to an angle of one degree. For estimating small angles
the sixtieth part of a degree, called a mznute, is employed; and
this again is subdivided into sixty parts, each of which is called
a second.

On account of the occurrence of sixfy in the subdivisions of a
degree, the method above is called the sexagesimal method of
measuring angles. Another way of subdividing the right angle
will be found in Exer. 15 below.

A different method is employed in the more algebraical treatment
of the subject, called the radian method or the circular measurement
of angles. The unit employed in it is the angle subtended at the

.centre of any circle by an arc equal to its radius; this angle is
.found to be invariable and is called a radian.

Examples. 1. Express 6155 of a right angle in degrees,
‘minutes and seconds.
The given angle = (*6155% 90)° = 55'395°
= 55" 237 = 55" 23/ 42",
2, Find the degree measure of each angle of a regular
polygon of 12 sides.
Let x be the measure required ; then
12 x = sum of all the interior angles
= (2x 12— 4) rt. angles = (20 x90)";
o x = 150°.

G, 11,
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3- Reduce an angle of 50° 37’ 30" to the fraction of two right
angles.
The given angle = 50° 371’ = (50,7%)°
= (1%_5)" = % of 2 rt. angles;
thus the result is .

Angles are measured as well as laid off by means of the
Protractor. This is a thin semicircular disc of metal or stout
cardboard, graduated along its outer circular edge in degrees
from o to 180. Since equal angles at the centre stand on equal
arcs, the marks on the semicircle are equidistant. The diameter
of the semicircle, which evidently joins the graduations for o° and
180°, may be called the initial line, and its centre the origin, of
the instrument.

8 o] A

In order to measure a given angle, place the origin, O, at the
yertex of the angle and the initial line, AB, along one of the arms
of the angle ; the number at the point where the other arm of
the angle meets the edge of the protractor, gives the measure of
the angle (AOP or AOQ of the figure). If'p does not coincide
exactly with a graduation, the angle may be read to a fraction of
a degree by estimation : but this is a matter of difficulty with small
instruments, which should be read off to the nearest degree or
half-degree at most.

To lay off an angle of given magnitude at a point of a given
straight line, place O, the origin, at the point, and the part OA of
the initial line along the straight line, so that the arc of the
protractor is above it; prick off at the required number of degrees
on the arc, and join the point thus obtained to the given point.
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When two or more angles are to be compared, it is found con-
venient to bring one arm of each in succession along OA, the
vertex being at O; then the points P, Q, ....., where the other
arm of each meets the protractor’s «dge, at once give the
measures of the angles. We should thus have angles like AOP,
AOQ, AOB (=180"), estimated. If the protractor is circular and
transparent about the initial line, angles larger than two or even
three right angles could also be laid off and estimated. Care
should be taken always to measure the angles from the initial
line OA in the direction of the graduations from A, going from
right to left.

Examples (Contd.). 4. A bicycle wheel has thirty-two spokes
numbered consecutively : what angle is described by a radius in
passing from the 11th to the joth spoke?

The number of angular intervals passed over is 19 ; also each
interval is 3’y of 360° (z.e. the angle described by a radius in one
complete revolution ).

Hence the required angle=3§ of 360° = 213° 45’.

S. What angle is described by the minute hand of a watch

between 4 o’clock and the time when the: hour and minute hands
are next together?

At 4 o'clock the hour hand is 120° in advance of the minute hand.
If x=the angle required in degrees, the hour hand describes Ilgx :
hence x—ysr=120° =7 of 1440°=130° 54 %

As in some problems angles are indicated by reference to the
points of the Mariner's Compass, the sketch of a compass card
given in the annexed figure may prove useful to the student.
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The whole circumference is divided into 32 equal parts, so
that the right angle EON is divided into eight. The angle cor-
responding to one part is called a poinf ; thus when the course of
a ship is changed through 4 of a right angle or 11° 15/, itis said
to be altered by one point. The directions ENE, NNE are midway
between E and NE, N and NE respectively ; and N &y E indicates
the direction North altered by one point towards the East.

When the course of a shiff or the bearing of an object from the
point of observation is not exactly towards a point of the compass,
fractions of a point may be employed. Thus NW by § W means
the direction North-West altered by three quarters of a point
towards the West ; it is therefore 53;%" West of North. This
direction may also be indicated by 537" W of N, or by N 53°
26’ 15" W. So also 12° 4’ North of East may be expressed as
E 12° 4’ N, and North by East as N 11° 15/ E.

Exercises.

1. Write down the complementary angles of 2°* 33’ and 52°
33/ 21”; and the supplementary angles of 100° 11/ and 52° 0/ 12”.

2. Find in degrees and minutes the difference in bearing
between E by S and NNE, and between SW by W and NNW.
3. Simplify 7X1° 25/ 127 and 250 - & 4 48"
1° 257 127

4. A triangle HLK is drawn having L bearing ENE from H,K
from L 12°W of S, and H from K W by N: find the angles of
the triangle.

5. Qne angle of a quadrilateral is half aright angle, and a
second is 74° o/ 45" ; find the remaining two angles when one of
them is  of the other.

6. The numerical measures ®of the angles of a quadrilateral
when referred to units containing 1°, 2°, 3°, 4° respectively are in
Arithmetical Progression, and the second and fourth angles differ
by a right angle : find the angles.

7. The angles of an octagon are in A. P, and the least angle
contains 95°: find the remaining angles,

8, Find in minutes of angle the angle between the hands ofa
cllock at half past five, quarter to nine and ten minutes past
eleven,

9. Find the angle described by the hour hand ot a watch from
3 a. m. to 1-50 p, m,
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*10. The circumference of the Earth is 24900 miles, and twa
places 10 miles apart lie on the same meridian: find the difference
of their latitudes.

11, Find the distance in miles between two places on the equator
of the Earth which differ in longitude by 6° 18',

12. An arctic explorer reaches a latitude of 88° 0/ 30 /: find how
many miles he is distant from the pole, supposing the Earth to be
a sphere of diameter 7980 miles,

13. At two consecutive milestones on a straight road running
NNE the bearings of a distant object are 8 20/ N of E and
16° 40’ S of E respectively : find the distance of the object from the
first milestone, by drawing the figure to a convenient scale and
measuring with the ruler.

14, A ship is due W of a lighthouse and sails on a straight NNW
course ; when it has proceeded 12 miles the lighthouse is found to
bear SE 10° N. Find by means of a diagram the distance of
the lighthouse from the second point of observation,

*15. In the centesimal measurement of angles the following
table is employed :—

1 rt. angle=100 grades (¢), 1 grade =100 minutes ('),
1 minute= 100 seconds ().

Find the centesimal measures of 3 of a rt, angle, of 100° and 10°
10/ 10",

16. Reduce 508 2' 50" to the decimal of two right angles, and 428
2' 25" to sexagesimal measure,

17. The number of degrees in one angle of a regular polygonis
equal to the number of grades in one angle of a regular polygon of
half the number of sides: find the number of the sides of each
polygon,




CHAPTER X,

TRIGONOMETRICAL RATIOS.
§ 25. Acute Angles.

c
8
P
M
P M
P M
A

Take an acute angle BAC of fixed magnitude in any position,
and from any point P in oze¢ of its bounding arms draw PM per-
pendicular to the ozZer arm. It is seen that the triangle APM thus
formed has always the same angles, and therefore that its corres-
ponding sides have the same 7atios when taken two and two [ Prop.
XXVI]. We have thus six fractions, like ":\Al—!'j and ICl.:F”' constant
in value for a’/ positions of P, referring to the angle BAC.

If the angle changes ever so little, each of these ratios will
change. Let the B.-
angle increase to -
BAC; draw P'PM
perp. to AC, on AB
take AQ=AP, and

draw QN perp. to
AC.
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OO

It is evident that Q lies between A and P’ at a greater distance
from AC than P ; hence
MP_NQ _NQ Mp/
AP<AT’<FQ’ t.e. <Hp'. [XXVI]
Thus these corresponding ratios of the two angles are different ;
50 also for any other pair of corresponding ratios.

Conversely, if the corresponding ratios for two angles are equal,
the angles themselves are equal, as is seen from Prop. XXVIII and

Exer. 270 (§15). So also, if the ratios differ the angles are
different.

The ratios being thus intimately connected with the angle, it
is found that the properties of the angle are readily investigated
by means of them. The following fundamental definitions are,
consequently, adopted in Trigonometry,

Defs. If BAC is any given acute angle, P any point in either
arm and PM perpendicular to the other arm, then the ratio
9\45‘ is called the sine, QT'X' the cosine,
MP AM
AM the tangent, MP the cotangent,

AP the secant, and §b, the cosecant,
of the angle BAC.

As these ratios are continually employed in all branches of
Mathematics, 1t is found very convenient to use the following
respective abbreviations for them, denoting by A the value of the
angle ‘—

sinhA,  cosA, lanA, cofA, sccA,  cosecA.

The symbol sin A means “the sine of the angle A”, and is not
divisible into parts; so for the other symbols. These ratios are
said to be the trigyonometrical vatios or functions of the angle.

1f we take the triangle APM formed by the perpendicular, we
sce that AP is the
hypotenuse, and
AM and MP the
sides respectively
adjacent and oppo-
site to the given
angle BAC. Hence,
in the present case,
we can also define
thus: — construct .
the triangle APM, A adj. si. M C
right-angled at M,
to contain the
given angle A; then

————y



160 TRIGONOMETRY. [cHaPp.

opp. side —adj. side tanh = OPP. side

nA = cosA
sn hypot. ’ hypot. ’ adj. side’
colA= w’ A =~h—¥—e-°,i , cosecA =—M’°—F’~ .
opp. side adj. side opp. side

Examples. 1. To find the sine of an angle of 37°

Take a straight line AC, and at A lay off the angle (37°). In
the other arm take P so that AP=100 mm., and draw PM perp.
to AC; it is found on measurement that MP =G6oimm.

1
Hence sin 37° = 6oz _ *605.
100

By reading off the length AM, we can similarly find cos 37°,
tan 37°, &c.

The larger the figure is drawn the greater will be the accuracy
of the numbers found. But the construction will give the ratios
at most to two places of decimals, as even with careful drawing
we cannot lay off angles to within half a degree or lengths to 135
of aninch. The values of the trigonometrical ratios are more
readily and quite accurately calculated by means of formula given
in the higher parts of the subject, and entered in Tables like
those given at the end, whence we obtain sin 37°='6018.

2. To construct the angle whose sine is "34.

Take a O of
diameter AOB

=300 mm.;
from B draw
the chord BC
of length 34 /
mm. Then BAC /
is the angle :"
required. 1

As L ACB
= go° in a

semi-Q),

ameew———

. : cB
oo smA=—A—B
-_ii. = ’34,

100

e

On measuring
with the pro
tractor,the an-
gle is found
to be almost
exactly 20°,
The Tables

give 19°53".

Cd
4
Pid
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An angle with a given cosine or cosecant may be similarly
constructed. The construction when the tangent is given is
different, as may be seen from the following example.

3. The sides about the right angle of a right-angled triangle
are 31 and 22 : find its acute angles,

Let the A APM (see fig., p. 159) have a right angle at M, and
AM = 31, MP = 22. Measuring with the protractor, we get 2 A = 35°
and LP=65°

Or, reducing 22 to a decimal, we have tan A=‘7097; hence
L A=35° 22/ from the Tables, and .. P =64° 38,

1t is seen that such examples could be solved without the use of
trigonometrical tables ; but the results would not be very accu-
rate as pointed out above,

4. A Kkite is flying at the end of a string 100 ft. long : if the
string is taut and makes an angle of 40° with level ground, find
the height of the kite.

Taking the usual figure, we have now AP =100, L A =40 and
MP is the height required.

Now '}\Ag=sin A; .. MP = AP sin A = 100 sin 40°
=100 x ‘6428 [Tables]
- 64% (very nearly).
5. Two sides of a triangle are 1} and 2 in., and the included
angle is §3° : find its area.
C
In the figure, let AB =2,
AC=1'5, L A=753° Draw
CM perp. to AB, and
let A denote the area of
the triangle; then A =
4 rect. AB.MC.

;P‘-_‘“‘-"“‘—
w

A

But r—g- sin 53°; .. MC=AC sin §3°,
and A =3 AB.AC sin 53%.......(1).
Hence, from the Tables, A =4 (3) ('7986)=1'1979;
so that the area is very nearly 1°2 sq. in.
It is very useful to remember equation (1), which shows
that #%e area of a triangle
=} (vect. of two_sides) (sine of included angle).
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—— e

6. The hypotenuse of a right angled triangle is 2 ft. and the
cosine of one of its acute angles is }: find the angles and the

sides of the triangle.
adj. side
hypot.

the adj. side is §.

As cosine = , and as here hypot. = 2,

Take AB to represent 1%;
draw BM at rt. angles to AB.
With radius 2z and centre A de-
scribe a (O, cutting BM in C.
Then ABC is evidently the right-
angled triangle given.

e

.

On measuring, we find LA
=34°% LG = 56°; also BC
=11,

A B

The second side may be thus found :— *.* %%:sin 34,

~ BC=AC sin 34°=2('559)=r1"12 nearly, from the Tables,
Or again thus:— BC2=AC2 - AB?=4 — ‘—‘75’1 =—'9—' ;
s BC=3vVir=r1'106 nearly,

Exercises.

18. Draw an angle of 72° and measure the value of its sine,
Compare with the result given in the Tables,

19, Find as above cos24°30/, tang6°, secy4°.

20. AD is drawn perpendicular to BC, the hypotenuse of a right-
angled triangle ABC: find three expressions for sin B, and prove
them equal, Also write down tan C in three different ways.

21, Find from the Tables the angles with sine %, cosine -g,
tangent 2, cotangent % What relation is there between the
first and second angles, and between the third and fourth?

22, Construct angles A and B such that sin A=43, tan B=1"¢4
and measure them to the nearest half degree.

23. Find from the Tables sec 40° cot 30°30/, cosec 50°55/.

24. Construct in two ways the angle whose sine is g~.

25. Construct the angle whose secant is 3, and from the figure
read off its other trigonometrical ratios.
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26. An isosceles triangle on a base 24" long has equal sides 20/
long : flud the value of either base angle, and write down its sine
and cotangent,

. *27. The diagonals of a quadrilateral are of lengths ¢, f, and
include an angle a : prove that its area is ¢fsina.

28. A rhombus has an angle of 35° and each side of 2" ; find
its area and the lengths of its diagonals, having given
sin 55°= 819, sin 27°30/ = "462 and cos 27°30’ =887,

29. A ladder leaning against a wall reaches to a point 16 ft.
vertically above the level ground, with which it makes an angle
of 73°: find the length of the ladder,

30. A column 32 ft. high casts a shadow of length 26 ft:
find the altitude of the sun,

3t. A railway trainis moving up a slope of 1°30/: find the
height through which it ascends in going 1} miles,

32. A flagstaff subtends an angle of 20° at a point distant 20
metres from 1ts foot: find the height ot the flagstaff.

33. From a point P, distant 2°'5 cm. from the centre (O) of a
circle of radius 155 cm , two tangents PS, PT are drawn to the
circle, Find the trigonometric tangent of the angle TPO, and
thence find the angle between the tangents by means of the
Tables.

34. On a straight linc 1°3” long a segment of a circle is
described to contain an angle of 51°: calculate the radius ot
the circle,

35. From the fact that cach angle of a regular pentagon
_contains 108>, obtain the radius of the circumcircle of a regular
pentagon of side 2 cm,

*36. Prove that the area of a regular hexagon inscribed in

a circle of radius 18 mm. may be expressed as
972 sin 60° or 436 cot30® (sq. mm.).

37. The circumference of a circular ring, supported horizontally
and having a diameter of 4 ft, is divided into cight equal parts ;
from a point g§ ft. vertically above the centre of the ring,
straight strings are attached to the points of division. Find
the inclination (i) of each string to the vertical through the
point, (ii) of two consecutive strings to each other,
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2 26. OBTUSE ANGLES : RATIOS OF RELATED ANGLES.

We now proceed to consider the trigonometrical ratios of ob-

tuse angles. Tak-
ing any such angle
X0Q, place its ver-
tex at O the centre
of the protractor,
and one of its arms
along OA the dia-
meter: then the
other arm of the
angle will cut the
arc of the protractor in some point, Q, and AOQ will give the
measure of the angle. Draw QN perpendicular to AOB: then,
as in the preceding section, the six ratios
'.".9_, ON .N_Q, O_N, 99, O—Q, are respectively called the
oQ 0oQ ON NQ ON NQ
stne, cosine, tangent, cofangent, secant,cosecant, of the angle X0Q.
" It is seen that these ratios remain fixed if the angle is given,
no matter how the angle is drawn or where the point Q is taken
in the radius 0Q. The point might be taken even in the arm
OX and a perpendicular from it drawn to QO produced. If the
obtuse angle changes, each of the trigonometrical ratios wilk
change.

When the angle is acute, as AOP, the foot of the perpendicular
PM lies iz OX fowards A ; but for the obtuse angle AOQ, the foot
of the perpendicular PN lies o2 XO produced fowards B. This
is the fundamental dzfference in the figures for acute and obtuse
values of the angle. Both perpendiculars, NQ and MP, are seen
to be drawn on the same side of AOB, here above it.

After bringing the angle, AOP or AOQ, into position, and
drawing the perpendiculars PM, QN, let these perpendiculars
as well as OM and ON be measured as in the graphical repre-
sentation of points. Then we see that MP, QN are positive for
both acufe and obtuse angles, but that OM is positive for acute
angles while ON is zegative for obtuse angles. (See the explana-
tions and illustration 1 in § 4.)

The acute angle XOP is an angle of the triangle OPM; but the
obtuse angle XOQ is not, and in fact cannot possibly be, an angle
of the triangle OQN. We may not therefore define its trigonome-
trical ratios in terms of dase and opposite side as in the previous

PRPNS PN
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The perpendiculars MP, NQ correspond to the ordinates of the
points P, Q, as defined in graphical constructions, and the inter-
cepts of the diameter, OM, ON, to the absciss@ of these points.
Hence we may give the following general definitions of the ratios
of any angle. Bring the angle into position as AOP; take any
point P on the arm OP, and find its co-ordinates, and call OP the
revolving length : then

3 bs. d.

sin (L)=;ﬁl—’ cos(L)=?,’ tan (/—)=Zn,
abs. r. L. r. L

cot (L)=¢173.’ sec (L) = abs’ cosec(/_)=07d:-

It will be seen that we could even take the angle to be greater
than two right angles, by moving 0Q further so as first to coin-
cide with OB and then pass beyond it, the total angle formed
being the reflex angle XOR ; the functions of the angle may then

be defined in terms of LR, OL, the co-ordinates of R, and the
revolving line OR.

Examples. 1. Find the ratios for an angle of 105.°

Let OA represent the base-ra-
dius of the protractor; make
L AOP=105," and take OP
=50 mm.; draw PM perp. to AO
produced. On measuring care-
fully, PM is found to be 485
and OM to be 13.

. 8.
H o 495 _.
ence sin1oj P 970,

as MP is+ve; and cos 105°

= =13 _ — 260, as OM is - ve.
50

We can similarly find tan

105° (= —-3'731) and theother ________.

ratios. M o

2. To compare the ratios of an angle of 75° with those of
105.°

In the figure above make £ AOQ= 73", take OQ = 50 mm., and
draw QN perp. to OA.
As LAOP=105", /. L MOP=180" - 105" = 75" =NOQ :
hence the As NOQ, MOP are congruent.
Thus sin 75° =NQ_wmp
0Q OP

and cos 75°= gga %%M = +'260; and so on for the other

ratios.

D >
b

=970 ;
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We have shown that the ratios of an acute angle change when
the angle changes, so that no two acute angles have any one ratio
the same for both. But if we compare an obtuse angle with an
acute angle, as in the preceding example, it may happea that the
triangles OPM, OQN formed for the two are congruent, and then
some of the ratios may be the same for both. In this case it will
be found that the angles bear certain relations to each other; and
we are thus led to the following investigations.

1. 7o compare the trigonometrical ratios of any angle and
£ls supplement.

. 0o ™M a

Let AOB be the diameter and O the centre of the protractor.
Mark off £ AOP=A" and £ AOQ=(180 - A)," the supplementary
angle, so that .BOQ=A," numerically, Take OP=0Q, and
draw the perps. PM,QN to AOB.

Then the As POM, QON are congruent.

Hence, the perps. MP,NQ are equal and of like signs; while the
bases OM, ON, are equal but of unlike signs.

. NQ_MP .
: AP =sin AOQ=—Y"=-— =sin A°;
..8in (180 - A) Q oQ op H

o ON _OM °
- == o = —CO08 A®
and cos (180-A) 0Q op

Similarly we see that
tan (180 —A)" = —tan A°, cot (180 - A)* = ~cot A?,
sec (180 — A)’= —sec A°, cosec (180 - A)’ =cosec A°.

Thus the ratios of the supplement of any angle have the same
numerical values as the corresponding ratios of the angle; the
sine and cosecant are of the same sign for both, the remaining
ratios have opposite signs.

1t follows that if the cosine or tangent of an angle is a given
negative quantity, we should find from the Tablcs the angle with
the corresponding positive cosine or tangent, and take its sup-
plement as the value of the angle.
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If 2 AOQ is denoted by A (in degrees), £ AOP will be 180 - A,
7. e. the supplementary angle: hence the relations given above
are mufual, as is seen from the formule. It is found that they
hold guod even when A is a reflex angle.

II.  Zb compare the trigonometrical ratios of an angle of A* and
of (90+A)"

Drawing the centre-line of the protractor, mark off  AOP=A®,
and take 2POQ (in the same way round the arc)= a right
angle ; then £:AOQ=(go+A)".

i ) M A
Set off 0Q = OP, and draw the perps. PM, QN.
L POQ=90°, . L POM + . QON =go';
but 2 NQO + £ QON=go° also, .". LPOM= L NQO.
Thus the A's POM, QON are congruent;
hence NQ =0OM, and they have like signs,—
while ON = — MP as they have unlike signs.

»o.8ln (90 +AP = NQ_OM _cos Ao,
0Q or
and cos (90+AP =N_"MP _ _4in Ao,
o op

Similarly it is seen that
tan (go+ A)°= ~cot A° cot (9o + A)° = —tan A°,
sec (9o + A)°= — cosec A% cosec (9o + A)’=sec A2

Thus the trigonometrical ratios of go + A are found by inter
changing sin and cos, fan and co#, sec and cosec, and keeping the
signs of sin and cosec positive and changing the signs of the remain-
ing ratios to negative.

These formul are found to hold good when A is obtuse and
consequently go + A is reflex,
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111. To compare the trigonometrical ratios of an angle and its
complement.

As before, mark off 2 AOP = A° (acute) ; draw OD perp. to OA,
and make £ DOQ = p° within the right angle AoD. Then < A0OQ
= L AOD~- £LDOQ=(90-A)°. Set off OQ=o0p, and draw the
perps. PM, QN.

g\

* LQON=(90—A)"=g0"— LPOM= L OPM,

. the As POM, QON are congruent.

Hence NQ, OM are equal in magnitude and sign; and so also
are ON and MP,

. sin (90—A)0=[4_Q.=9M=cos A’,

oQ OP
.  ON _MP o

and €08 (90-A) = 0Q=Ol_5=sm A

Similarly we get
tan (9o — A)’ =cot A’, cot (9o — A)° =tana®,
sec (9o — A)’ = cosec A°, cosec (yo — A)° =sec A’,

Thus the trigonometrical ratios of the complement of any angle
are found from those of the angle by interchanging the size and
cosine, the tangent and cotangent, the secant and cosesant, without
any change of sign. If the angle AOQ is A, then AOP is go—A;
the relations given above are, therefore, mutual, as is seen from
the formulwe also. These results explain the origin of the prefix
¢co in three of the ratios : for the cosine of A is %'%, and is the same

NQ

as o, 3 the sine of the complementary angle. So also, the cotangent

of A is the tangent of the complement, and the cosecant of A the
secant of the complement.
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The formulxx may be proved from the triangle OPM itself. If
L POM=A, LOPM=090—A;
opp. side to L P
hypotenuse
= %MP = ad-" Sld,ei‘__g. =cosA.
hypotenuse

Also cos (go—A) =%g=sin A ; and so for the other ratios,

and sin (go—A)=sin OPM=

Exercises.

38. Construct an angle of 144°, and find all its trigonometrical
ratios.

39. Find from the Tables sin 47°30’; and hence deduce sin
132930/, cos 137°30’.

40. By means of the Tables find the angle whose cosine is
—*4848, and that whose tangent is — 2'1693.

41. Given sin A=ga, cos A=0; find the sine of the stipplement of
the complement of A, and the cotangent of the supplement of the
supplement of A,

42. DProve that the sine ot an angle is greater than the cosine
when the angle lies between 45° and 135°; but that when the
angle lies between o° and 45° or 135° and 180°, the cosine is nume-
rically greater than the sine,

*43. Trace the changes in the value of the sine of an angle which
varies, by finding the sines of 59 10° 15%.. 175° from the Tables.
Find also the variation of the cosine.

44. Givensin 15°=} (v6—+2), cos 15°=1 (v6++2), find all the
trigonometrical ratios of 105° and 165°,
45. Given tan 49°=1'15, find by geometrical construction the

sine and cosine of 51° and 131°, Verify the results by referring
to the Tables.

*46. If A, B, C are the measures of the angles of a triangle,
prove that

sin (A+B) =sin C, cos (A+B) = —cos C,
cos A_+_§_ =sin Q, tan At B= cot g.
2 2 2

G, 12,



CHAPTER XI.

TRIGONOMETRICAL RATIOS OF SPLECIAL ANGLES.

§27. The ratios of some angles are constantly required in the
subject, and the student should make himself perfectly familiar
with them. This is best done by retamming in memory the
figures of the right-angled triangles which contain the special
angles severally.

Ratios of an angle of 45° (% of a right angle).

Let 2BAC=45" From
P in AC draw PM perp. to
AB; then £ Apm=45°

.. AM = MP, =a suppose.
Hence AP?=aAMZ2 + mPp?
=2a%; ' AP= ./2.a.

a

NEN

MP
Then sin 45°= Ap =

=" ;cos450= T
2 2 A M B

Also tan 45" =1, cot 45°=1, sec 45" =cosec 45 = ,/2.

Ratios of angles of 30° and 60° (§ and  of a right angle).

A
C
H 30
4
'
A V3a = B C a B

Let £BAC=30> From C draw CB perp. to AB; then . ACB
=60° Draw BD to make & ABD = 30°

.. £ CBD=60° and hence 4 BDC = 60c° also.

Thus the ABCD is equilateral, and BD = DC = CB.
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-~
But BD=AD, as . DAB= L ABD;
. AC = 2BC, =2a suppose.
Hence AB2 =AC? -BC? = 4a% -a?=30%, ' AB= ,/3.0.

... sin 300 BC=£=! ; COS 300=AB \/30' J3
A

Also tan 30° = _;;, , cot 30°= /3, sec 3o’= ., cosec 30°= 2.
3

V3
Similarly, the second figure in which £BCA = 60°, gives
) Vs ¢ l .
sin 60°=—, cos 60)=2,
tan 60°= ,/3, cot 60‘3=—I, sec 60°=2, cosec 60’ = 2

W3
In fact the angles of 30° and 60° are complementary, so that

the sme and cosine of one are respectively the cosine and sine
of the other, as proved generally in the preceding article.

Let a magnitude x diminish indefinitely as it approaches a certain

point and vanish at the point ; and let a be a finite fixed magnitude
of the same kind.

Thenz will be smaller than any assignable quantity as x comes

very near the point, and will become sero at the point: while by

x
will then be /arger than any assignable quantity, and will become
anfinitely large at the point, These results are thus shown—
x a
=0 and == o, when r=o.
a x
It should be remembered that o does not stand for a definite
magnitude ; all that can be asserted about it is that it is Jarger
than any magmtude which can be named, Hence, if ¥ and s both
tend to become infinite, we cannot assert that y =z, as there is no
definite limit to their increase. A similar remark applies to sgero ;

for if & is another definite magnitude,-xb- will also become zero

when x vanishes, but % % will not bear a ratio of equalzty to Z unless

.« and b are coincident,

. I .
Tllustration. If x =——, , as it
1010 1023 ‘010

a
1010’ rotd *"’

approaches a

. . x .

certain point, ~ becomes ., and becomes zero if the
]

process is continued long enough. On the other hand, 2 becomes
X

10! g, 10" @, 10! q, ..., and becomes larger than any conceivable
.quantity in the limit when x vanishes.
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Ratios of angles of 0° and 9o.°

D
C
{P
/i
/"
)
[
I
j | P.T
[ "%
. T
| e 1Q
= i M:iR
A M o

Take a very small angle BAC , with centre A and radius=a,
draw the arc PQR cutting the arms m Pand R Let PM or QN,

perp. to AB, bedenoted by 2.
NQ

sin BAQ = ‘ap’

Then sin BAG = MP,
AP
these have the value ‘3, which is small when g is small,

and which becomes indefinitely smaller as P moves thiough Q to-

wards R. In the limit, PM diminishes towards ero, until, when
P actually coincides with R, PM /. e. p becomes cero. But in

this case AC coincides with AB and the angle is also zero.

thus see that sin 0°=0.
Again, when & A vanishes, AM or AN becomes coincident

We

a
with AR ; thus cos 0° = (; =

MP . .
Also tan A =— =‘_1in the limit;
AM a

. tan 0 =0.
a

.. A . .
As to cot A, it is J!', t.e., in the limit, %PE or »’ and there-

fore is infinitely large when p becomes zero, as explained above ;

thus cot 0° = .
So also we have sec o° =1, cosec 0’ = ®.
Similarly, by taking an angle very near to a right angle and
increasing it to 9o° we can prove that
sin 90°=1, c08 90°=0, tan 90°= =,

cot 90°=0, sec 90°= =, cosec 90° = 1.
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Or these results may be inferred from the fact that the angles
of go° and O’ are complementary,

The triangle APM has kyp. =a, base =a, perp. =0, when theangle

is zero ; and Ayp. =a, perp.=a, "base= =0, when the angle is a right
angle.

Examples. 1. Prove that
2 (sin 45° cos 60°+4cos 45° sin 60°) =2 (cos 30°+sin 30°).
Substituting the values of the functions found above, we get

the left side 2(L A] ‘Bi’,
2v2  2vV2 V2

the right side =~z (‘h+ ) \(H' L.

Thus the identity of the two sides is proved.

2. To find the trigonometrical ratios of an angle of 15°.

Take £ BAC=30% and draw CB perp.to AB. Produce BA te
0, making AO = AC, and jom OC. Then evidently £BOC=15°%
Let BC =a, then, as proved before, AB= ,/3a, AC=2a.
Hence 0B=(2+ ,/3) a;
and 0C2=0B2+BC =02 (7+4./3+1)=a% (8+2./12).
. OC=(,/6+ \/2) a.
Thus the three sides of the A OBC are known, and the ratios
of the angle at O can be written down.
Wegetsin 15°0=C=__ 1 - Vo= W2 ‘/3-l
oC JO6+ /2 4 2.2
2+ /3 8+443 _ O+ 2  Wf3+1
co 0= = or ;
S Jor a4 g~ 4 agal
tan 15°=—"w =2 = /3, COt 15°=24 /3.

»/3

The secant and cosecant can be similarly found.

In the following example we employ a construction depending
on Prop. XXII.
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3. To find the ratios for an angle of 22°30' (} of 90°).

«C

/” :

g ]

. )

s !

4 ’
. _.-oD

// ""/
I// /“/
Pras g

A 8

Take < BAC =45° draw CB perp. to AB, and bisect A by

AD meeting CB. Then BAD=224°, and if AB=a, BC=qa and

AB= ,/2.a.

Also by Geometry B‘D=l_3.5-
DC AC’
BD DC BD+DC BC _ a

“"BA AG BA+AC BA+AC a+ Jz2a

and AD?= AB? + BD? =a2(4 ~2 ,/2),sothat AD=a /(4 — 2 ./2).
We thus get sin z28°=__ ¥2=1 _ 132242

g 2 Ja—-2,/2) Na-2./z2

M on simplification ;
2 ,/2
cos 224°= ! = “/(4+2"/2);
YO IENE

tan 228°= J2 -1 ;cot 228°= J2+ 1.

-

Hence BD =

By means of the formulx sin (180° - A) =sin A, cos (180°— A)
=Cos A, etc., the ratios of any obtuse angle may be obtained from
those of the supplementary acute angle. We shall thus obtain

results like the following :—

sin¥20°=5in(180° - 60°) =sin 60° = ’*/3, cos 120°= - 1,
2

J3

sinr;sO-i, cosI35° = — ~5—;. sin150° = §, oS 150° = -
Again we shall have sin 180° = o, cos 180°= —1,

~/3- I 60 = — \/3+ I
22" cos165 PN

These values are frequently required, and may be also obtained
directly from the figures.

SInI65° =



XIL.] TRIGONOMETRY. 175

Powers of the trigonometrical ratios have often to be employed ;

e. g. (sin A)2, (cos B)?, (tan x) ?} In the case of the positive in-
tegral powers, the indices are attached ‘o the abbreviations of the
ratios and put before the angle. ‘Thus the first two powers above
are written sin? A, cos® B.

Exercises
47. Write down the values of
sin go°, cos 180° tan r50° cot 135° sec 120° cosec o
48. If a=60" B=90°% ¥ =120° prove that
sin? B sin ¥ + cos2f3 cosY +sin @ =+3 ;
and find the value of (cot w—cotf) (cotB—cot ¥) {tan ¥ —tan a).
49. Prove the identities—
(1) cos? 60°+cos 60°=cos? 30°;
(2) 3 sin 45°—4sin®45°4cos 135°=0;
(3) tan 45°—tan 30°=(2—V3) (1+tan 45° tan 30°).
50. Find x from the equation
x (cots 30°—tan 60°—tan 150°) =2 sec 0°+4 5 cosec go°.
*s1, Show that the formula ‘‘area of triané]e =4 (product of
2 sides) (sine of included angle),” holds good when this angle is
right or obtuse.
52. ABC is a triangle right-angled at C; prove that
wt 2 _AB+AC
cot 2= BGC °

53. The sine of an obtuse angle is §: draw the angle and mea-
sure its cosine and cotangent.

54. The ratio of the sine of an angle to its cotangent is—qt:
2
find the angle.

55. Taking an angle of 135° and proceeding as in Exam. 2
solved above, prove that

. vV (4—2v2)
6710 =___ Y ____ 1o=Yl4—2v2)
sin 671 NG = v2)’ cos 67g s
56. Write down the values of sin 1 1217, cos 1659, tan 105°.

57. Find the perimeter of a regular octagon inscribed in a cir-
cle of radius v2, (i) by means of the Tables, (ii) by employing the
values of the ratios of 223°.

58. Find the perimeter of a regular figure of 12 sides described
about a circle of radius 1'2 inches.

59. By proceeding as in Exam. 2 or 3 above, show that
tan ri}°=~(4+2v2) — vz —1.
60. By means of Prop. XXII or otherwise, prove that
tan 71°=V6+V2—2-v3,
and cot 7% =N6+v2+2++3.




CHAPTER XII.

ALGEBRAICAL RELATIONS: IDENTITIES AND
LEQUATIONS.
§ 28. ALGEBRAICAL RELATIONS BETWEEN THE RATIOS
OF THE SAME ANGLE: IDENTITIES.

Let AOP be
any angle of
magnitude 6,
draw PM perp.
to AOB. Then,
by defintuon

1
CMP b N :
Sné = o5’ B M o) M A

coseco = :}z, whether 6 is acute or obtuse;

.. simQ@xcosec O0=1,
1

and cosec @ = , SIN@=——0 .
sine@ cosec @
Similarly, the definitions give at once
cos O x secH =1, secO =—I-, Cos 6 = ~—vl—v—~;
Ccos 0 Sece
tan 9 X coto =1, cotl = , tan 6= - - |
tan@ cote
Again, in both cases,
sin @ <+ cos 0 ='\_@+9M=Mp_=tan 6,
OP OP OM
COs 6 +sIln 6 = c1"'+|-v'_':'=ﬂ/‘=cot 0;
OoP OP MP
Lo tang =8i"9, cotg =cose_
(£ 1:1¢] sing

Lastly, from either right-angled triangle OPM, we have
oP? = OM? + MP2,
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Dividing throughout by OP?, we get

1-( ) ( )—cos’e+sm’e

thus sin?6 +cos’0=1.
Dividing the same identity by oM? and MP? in turn, we get

3 2
(O? =1 +(MP> , that is, 1 + tan?6 =sec?6;
OM oM

2 2
and (OP> =7 +<QM) , that is, 1 + cot?6 = cosec?a.
MP MP.

The student is advised to make himself thoroughly familiar
with these identical relations They are not all independent, and
may be shown to reduce to five. For instance, if the first three, one
of the next two, and one of the last three, results are given, the re-

maining three can be deduced. For, if tan @ =§£3 , and cotg
0s

, then evidently cot 9 = 216. Again, if sin?g 4-cos2g =1,
tan @ sin @

cos 0 1 3
dividing out by sin? @ we get 1 N) =(— _) or
bt y g +Gn 6 sin 9/ ’

cos @

) S
1+cot2g = cosec?g, as cosec@ = - —_ isgiven and cotg =
sin g sin @

is proved. So also, dividing out by cosg, we get 1+tan?g =sec?g,
When the angle is obtuse, OM is negative ; but OM2is ot course
positive, and the identity OP2= GM-+MP? holds good in all cases,
These relations are zdentitics, that is, hold for any value what-
soever of the angle 9. They may be employed to prove more com-
plex relations in the manner of the following examples.

Examples. 1. Prove the identity
cosec?A —sec?A = cot?A — tan?A.
The left side= (1+cot?A) —(1+tan2a)
= Ccot2A —tan?A =the right side,

Or we may proceed thus,

The left side = b

stA LObzA.
cos? A _sin* A_ costA —sin'A
smZ A cos? A sin?Acos?A
__cos?A —sin?A
. —s_m—‘m’ as cos?A+sin?A = I,
1
= Thus the two sides are equal.
sm‘A [ zA t qua

This process is longer than that given above ; but it has the ad-
vantage of reducing the other trigonometrical ratios of A to sinA
and cosA only. The student will find this reduction very convenient

in most cases.

also the right side=
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2. Prove that
a++(at+6?). sin 0 b V(a?+8?). cos 6 _
b+ (a2+6%). cos 0 a—(a2+62). sin 6
Multiply out by the product of the denomumators : the right-
hand side remains zero ; and the left-hand side becomes
a?-(a?+b%) sin? @ + 6% - (a®+ 4%) cos®o
=(a%+ 6% - (a? + b?) (sin’6 + cos?p)
=(a?+b%) - (@*+ %) =0, as sin?@ +cos?g =1.

3 Prove that sin®g + cos®6 = 1 - 3 sing cos?g.

We have sin®g + cos%6
=(sin%6 + cos?0) (sin*6 - sin?6cos?6 + cos*p)
=sin*@ + 25sin?0cos’@ + cos?g - 3 sin?gcos?
= (sin%6 + cos?0)? - 3 sin?6cos?e
=1 - 3 sin?gcos?6.

The following method of establishing the result may be noted.
[t is known that if a+b+c=o0, then @*+8'+3=3abc. Now
sin?@ +cos?6 +(—1) =0, as we know ; .".(sin?0)3+ (cos?6)3+ (—1)3
= 3(sin26)(cos?6)(—1).

This gives sin®0 +cos®6 = 1 — 3 sin2@cos?H.

The student should similarly prove

sec’A —tan®A = 1+ 3 sec?A tan?A,
and 1-4cot®A+cosec’A =2 cot’'A+2 cosec’A+2 cottA cosectA,

We have seen that when any one of the trigonometric ratios of
an acute or obtuse angle is given the angle 1s fixed, and by con-
structing it the other ratios can be obtained. By means of the
formula this construction may be avoided, and the remaining
ratios can be found algebraically

4. Given sin A=1% ;find the other functions of A which is an-
acute angle.

» cos? A=1-sintA=1-}§6 =%, . cosA= 5: Py

As A is acute we take the positive value, cos A =}.

Also tan A=sin A<+cos A= ’3-2 ;cot A=T1tan A= 1159' ,

sec A= %3, cosec A=1§.

If} g were given as the sine of an obtuse angle, the cosine

would be -—Tg, and we should have

tan A= -2 cot A= —.173—, sec A = ——})5, cosec A =13,
the signs of the functions being determined as in § 26,
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2ab
a? =542
b being positive and a < 4.
As the cotangent is negative, £ A is odtuse.
40262  (a®+b%)%
(a* - b3 = (@ =b3)’

5. Given cot A=

find the other functions of A, ¢ and

v cosec?’A =14 cot!A =1 +

2, p2
cosec A = iq’ j;bf .
at — b3
As the cosecant of an obtuse angle 1s positive, we take the
negative sign which gives a positive result on the whole,

a?+0? _ a?+ 33 . b2 — a8
Thus cosec A = o i and ... sin A=;§+Ta.
. cos A .
Again cot A= S , SO that cosA=cot A. sin A ;
sin A
ab b2-a?
" CosA=.,2~ . —2-——=—_2_a{’_;
at—t3 a? + b2 a? + 42
a? + b? 2_ 2
and ., sec A= —- . Of course tanp = & =7 )
zab 2ab
In such examples it is often
convenient to draw a rough P

figure for the angle, and proceed 2,
te employ the definitions after b-a
finding such lengths as are ne-
cessary, In the present case,
B on T A

let AOP be the obtuse angle M -@at) O
with the given cotangent. Draw
PM perp. to AOB, and suppose OM = — z2ab, MP =03 —a?: for 2aé
and 4% — a? are positive, and the abscissa OM is negative while
the ordinate MP is positive.

Now OP?=0M?+MP*= 4a%b? + (b? ~a?)* = (a? + b%)? ;

». OP=a?+ b2, as the revolving length is always positive.

We now read off the other ratios :—

b3 - qa? 2ab b2 -2
SInA = COsA=— - tanAm= -
at+ 62’ a? 4 b3’ 2ab’
3,52 ad+ 09
SECA = -¢ +é , COsec A=—; +
ba~a2

If no relation like a < b is given, we cannot determine the sign
of cotA ; in this case, the ambiguity in the value of cosecA can-
not be removed.
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Exercises.

61. If the cosecant of an angle is;a, what is the secant? And
3

if the secant is 2, what is the cosecant ?

62, Find the cotangent of 22730’ by bisecting one acute angle of

an isosceles right-angled triangle ; and hence by means of formulx
find the other ratios of the angle,

*63. Given sin A=s, find the other functions of A in terms of s.
*64. Given 1—cos A=, find all the trigonometrical ratios of A,

The defect of the cosine of an angle from unity is called the
versed sine of the angle, Thus the quantity » given above is the
versed sine of A, which is abbreviated into versA,

65, Find an angle @ such that

(i) sin@ = 1 +cos 6, (ii) cosec@ =1+cot 6.
66, Simplify the following expressions:—

sec @ cot @ —cosec tan
0 6-c 0 ,‘_,6; vers A —2 vers A;

cos@ — sing@

(7 cos @ +6 sin g — 3)*+ (7 sin ~6 cos 6+3)?—94;
{cosec 0 +sec @ cosec @ —sec 9

}cosec 0 sec @.

67. In a triangle ABC right-angled at B, CB=2m, AB=m?2—1:
find sin BAC, cot BAC, sec BCA, cosec 8CA,
_a(at2b)
a(a+206)+ 207
*69. Express all the other trigonometrical ratios of an angle in
terms of (i) the tangent, (1i) the secant, of the angle.

68. Given cos 6 = find cot @ and cosec 6.

70. Iftan 6 =§—, prove that

)

. 1
sin @ = €COs Q= — cosec G—Lsec 6.
13 26

71. Simplify (2 tan A— sec A+1)(2 tan A+ sec A+1)~
{tanA—2 sec A+42) (tan A+2 sec A+2); and prove that

\,{L+tanA 4+ l-tanA}= 2 cos A
I—tan A 1+tan A V(2 cos?A—1) °

72. If cot 0=:, find the values of

asin 6 —25 cos 6, w, 'sin @ (14cos? 9),
a sin 646 cos 0
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Establish the identities in the following examples (73 —85) :—
73. sin A(r+4tan A)+cos A (1+cot A) =sec A+cosec A,

74. (sin A—sin® A)24 (cos® A—cos A)2=sinZ A cos? A,

75. cos'B —sin®B = (cos2B —sin 2B)(1 —cosB sinB)(1 +cosfB sinB).
76. 2 (cos®B+sin’B) —3 (cos!B+sin‘B)+1=o0.

77. 4 (cos®B+sin’B) =143 (cos?3 —sinz3)2,

78. costB —sindf3 = (cos?3 —sin*Q) (1 —2 cos?f3 sin3B3).

79. secdB+tanfB+1==2 sec*+2 tan*B+2 sec*B tan!f3,

80. (1+4tan¥ 4cotY) (sin¥ —cos?) =sin®Y secY —cos?Y cosec?.

81, (1+cot A)2— (1—cot A)z=(sin A+cos A)?—1,
(1+cot A)2+ (1 —cot A)+
sin A (cos A —sin A) tan A

82. = e
1—2smn?A 1+4+tan A
83. cos? A+sin A —sin? A= cos A-.
cos A (142 s A) 1+sin A
84. sinz A+7 cos A —7 cos? A=__iigf\_'

sin A (1438 cos A) 1+cos A’

8 sec A+4tan A+|}Z _cosec A+t
5 sec A—tan A+1 cosec A—1

§ 29. TRIGONOMETRICAL EQUATIONS.

An equality which is true for all values of the unknown quanti-
ties (variables) involved in it is called an identical equation, or
briefly an ddentity. Thus a?-4=(x+2)(x—2), 1+tan%g
=sec?g, are wdentities as they hold for any values whatsoever
of x,0.

An equality which is true for only one value or a definite
number of values of the variables involved may be called a
conditional cquation; more usually, it is said to be simply an
equation. Thus ® -1 =2 x+2 is an equation and not identity,
as it holds good only when 2= -1 or x=3. Similarly, sin ¢ =
V2 - cos@ is found to hold good when 6 = 45° and for no other
acute or obtuse value of 6; it is therefore an equation.

If an equation involves only one of the trigonometrical ratios
of an unknown angle, it is solved by finding algebraically the
value of that function, and then determining the angle by means of
the Tables. Ifthe ratio has one of the simple values found in
§ 27, the corresponding angle may be written down at once.
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If several trigonometrical ratios of an unknown angle occur,
the equation is solved by expressing the other ratios in terms of
some one of them, say the sine or the tangent; we can then find the
value of this ratio algebraically. On account of this substi-
tution, the ratio to be determined will often occur in expres-
sions under a square root sign; in this case we can employ
the usual process of rationalizing or transposung and squaring.
All roots found thus will not, however, necessanly satisfy the
original equation, and we shall have to determine the proper
roots by verification. (See Hall and Knight, Elem. Algebra,
§ 281 Ex. 3 and Note.)

As cos A=7V(1—sin2 A), tan A=sin A<-4(1—sin?A), it is seen
that cos A and tan A involve quadratic surds when sin A is
given, Thus if sin A, cos A, tan A occur together in an equation,

the equation in fact is a surd equation in sin A.  Similarly we
may reason when tan A and sec A occur together,

It is important to note the following results in connection
with the solution of equations :—

The sine and cosine of an angle cannot be numerically greater
than unity, which is the maximum value of either.

The secant and cosecant of an angle cannot be numerically
less than unity, which is the minimum value of either.

The tangent and cofangent of an angle can have any values
from o to «, positive or negative.

These results follow at once from the rule about the signs of
ordinates and abscisse, and from the fact that in a right-angled

triangle the hypotenuse cannot be less than either side while one
side may bear to the other any ratio whatever.

Examples. 1. Solve sin 3x=1,
The angles of 30° and 150° have % for their sine;
% 3x=30° or 150% so that x=10°o0r 50°
2, 15cos2x—19 cosx+6=o.
. Factorizing the left side, (3 cos x —2)(5 cos x—3)=o0;
hence either cos = 2 or cos x= 3.

' S. %=48 11 or 53°¢’, from the Tables.
When the factors are not rational, the method of completing the

'-ftquare may be employed,
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12 tan? 9 + 19 sec 9 =6.
As tan?@ =sec?@ ~ 1, we get 12 sec?9 + 19 sec § -~ 18 =o.
S (3seco-2)(4seco+9)=o0,
and seco = 2 or— 2.
3 4
The secant is never less than unity ; hence we reject the first
solution.
The second gives sec 6 = — 2'23.
Now 2 25 is the secantof 63°37’, and sec (180°-9)= -sec 6;

S, 0=180"-63"37"=116"23"

4 Af2. sinB+2 /2. cosB 3.
. o2,J2cos B=3~ J2sin §;
squaring, 8 (1 -sin® B )=9-6,/2 sin B+ 2 sin?g,
or 1osin’-6V2sinB+r1=o0.

. . I I
This gives sin 3= ;7; or P EY

From the first, 8 =45" or 135°;
from the second, 8 =388’ or 171°%52".

On substitution 1n the original equation, it 1s found that botk
obtuse values are mapplicable ,

S B=45°% or 8° 8.
In such examples it is preferable to get an equation for the

cosine, as there is only one angle between o° and 180° with a given
positive or negative cosine,

5 AJ3sinB+cosB=./3.

Transpose cos 8 and square ;
3(1-cos’B)=3-2,/3 cos B+cos? 3,
s 4cos’B-2,/3 cos B=o0.

Hence cosf=o0 or 5@, so that 8= go°or 30°
2

Both values are applicable.
6. 1+sin?B =3 sin B cos .
Divide throughout by cos? 8 ;
sec? B+tan’B=3tan B, . 2 tan?B -3 tang+1=o0.
Hencetan =1 or };
< B= 45° or 26° 34/ from the Tables,

When the terms involving the ratios of the unknown angle are
homogeneous in the sine and cosine, it is advantageous to divide
out by the highest power of one or bath of these ratios; the equa-
tion will generally be reduced to terms in powers of the tangent
or cotangent as in the example above. Otherwise, squaring will be
required, and this would introduce extrinsic roots as we have seen,
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7. If cot@ (1+sin8) = 4m, cotf (1-sinB) = 47,
find cot B and sin G, and show that
(m=n2)t = mn,

1+sinB _ m

By division -,
1-smn 3 ”
. m=-n
so that sinf = .
m+n

Substituting this value in either equation, we obtain
cotl = z (m+n).

1 m+n
Now cosec 8 = .= 7
s 3 m—n
and it is known that cosec 2 8 = 1+cot? 3 ;
2
m+n> -1 = g4 (m+n)
m-~n

which gives mn = (m?-n%)2

As [ is supposed to be the same in both equations, the values of

B found from each must be the same; on equating these a rela-
tion between the coefficients will result. Such a relation
is called the eliminant of the two given equations, and may
be found indirectly without actually solving each for 8. When one
ratio of an angle is known we have seen that the others could be
determined; hence we may find tw o ratios from the two equations,
and from the relation between them obtain the eliminant.

Exercises.

86. Obtain the values of A and B from the following pairs of
equations: -

(i) sin(A+B) =;. cos (A —B) =j§;
2

(i) cos(A+B)=—1, tan (A—B)=13.
87. By means of the Tables find the angle x in the following
cases:—
(i) sin »x="945; (i) cos (x+60) ="145;
(iii) tan 3x=2'459; (iv) 2cot x+1°514=0.
Solve the equations in the following examples (88~96):—
88, cos?@ ~—2sing +7]£ =o0.
89. sin?@ —cos’g=o,
go. 2(tang+4cot@)=s.
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91. sinx —cosxr=n+z,
92, V3. sinx+cosx=a2a.
93. 2 cosx+1=cotx+2 sinx.
94. 16 sin?xcos?x+4 sindxr—5=o,
14tany _ 3(1—tanx)
95 I—tanx 1+tanzx
96. <z, sin?x+cotx =12,
97. Solve the following equations:—
(i) tanx +4 cos?x=3;
(ii) sec’x+3 cosec’x=38;
(iii) 1 —11 cos?x=3 sin x cos x.

98. Find cos A when
(i) tan A 4sec A=%,
(ii) cosec A—cot A=];
and verify the solutions,
99. Eliminate § from the following pairs of equations:—
(i) xcos §+ysin §=a, asin §—y cos§=0;
(ii) a cos §+6 sin § =c=a’ cos § +4' sin §;
(iii) cosec § — sin §=m, sec §—cos§=7.

1oo. Eliminate a, 8, ¢ from the following equations, and obtain
a relation between the trigonometrical functions of A, B, C:—

dcos C+c¢ cos B=a, c cos A +a cosC=5, a cos B+5 cos A=g¢,

G, 13



CHAPTER XIIIL

TRIGONOMETRIC AND LOGARITHMIC TABLES.

§30. USE OF TRIGONOMETRIC TABLES: SIMPLE
PROBLEMS.

In all practical problems of Trigonometry the student will find
that some ratios of given angles are required; and conversely,
that angles have to be found from given values of some of their
ratios. To effect this tables are constructed giving the sine, the
tangent and the secant of all angles below go° at intervals of 1’;
these are respectively called Tables of Natural Sines, Natural
Tangents and Natural Secants. They give the values of the
ratios to four places of decimals and are used as explained below.

The degrees in the given angle are to be taken from the left-
hand column of any page of the Tables; and the minutes, at inter-
vals of six (o, 6', 12',...), from the line at the top. At the in-
tersection of the line and the column through these pcints will
be found the value of the required ratio. If an angle, like 25° 32/,
does not contain an exact multiple of 6°, we first find the ratio for
25° 30’ which is the next lower angle containing such a multiple;
we then look to the last five columns, headed 1’, 2/,...5', in the
line of the degrees, and take the number given under 2’, and add
it to the ratio found. Thus will be obtained the required ratio
of such an angle. The number so added is often called the
correction for the excess of minutes of the given angle over the
angle whose ratio is first found.

In the Table of natural sines (and of cosines) the decimal
points are all omitted, as no entry could be greater than unity. In
the other Tables the decimal points and the integers preceding
them are printed only in the first column of the values of the
ratios. No entries for obtuse angles are given ; for any ratios of’
such angles may be reduced to corresponding ratios of their
supplements (§ 26).
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It will be seen that the sine, fangent and secant increase for an
acute angle as the angle increases ; hence for an excess of the
angle the correction made should be additive. The cosine, cotan
gent and cosecant decrease as the angle increases; hence, if separate
tables of them are employed, for an excess of the angle the cor-
rection made would be sudfractive. But separate tables of these
ratios are not necessary, as they are respectively the sine, tan-
gent and secant of the complementary angles.

Examples. 1. Find sin 55°26/ and cos 31°49’.
From the Table of natural sines we get

sin 5524’ = 8231 ;

adding for increase of 2/ 3.
we have sin 55°26/ = "8234.
As cos 31°49/ =sin 58°11/,
we take out sin 58%/= *8490,
and add for increase of 5/ 8;

<. cos 31°49" =sin 58°11/="8498,
If we use the Table of cosines, we get

cos 31948’ = ‘8499 ;
subtracting for increase of 1/ 2,
we have cos 31°49' = *8497.

The difference of 1 in the last place is due to the fact that the
Tables give the nearest value of the fourth digit: more accurately,
we should first work to five digits and then keep four.

2. Find tan 66° 16/ and cot 70° 2/,
From the Table of natural tangents

tan 66° 12/ = 22673

add for increase of 4 74;

thus tan 66° 16/ = 2'2747.

And cot 70° 2/ = tan 1q9° 58/ ;

now tan 19° 54’ = *3620,
and increment for 4=

3%
»~. tan 19° 58/ =cot 70° 2/ ="3633.
9°5 7 3633

3. Find sec 37° 1/ and cosec 47° 2/,

As before sec(37°+1') =1°2521+'0003 = 1'2524 ; !
and cosec 47° 2/ =sec 32° 58/ .

=sec(32° 54/ +4/)=1" 1910+ 0009 = 1'191g,

When tables of secants are not available, the tables of sines may
be used; the reciprocal of any sine will give the cosecant of the
angle, and the reciprocal of the sine of the complement will give the
secant of the angle.

When the sine or cosine, tangent, . .. of an angleis given, the
angle may be found from these Tables asin the following

examples :—
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4. Find the angle whose sine is ‘8342 and that whose cosine
is "7064.
From the Table of natural sines
*8339 =sin 56° 30/ ;

add for increase of 3 2!
.~ angle required = 56° 32,

From the same Table ‘7059 =sin 44° 54';
add for increase of 5 2;,;

7063 =sin 44° 561/ =cos 45° 3}’
... angle required = 4503%/.
In the second case the increment g5is not found in any of the

small columns headed 1°, 2, . . §'. It is midway between 4 and
6 which are the increments for 2/ and 3’; hence we take the

increment of the angle to be 2}/, It is usual to take it as 3, the
angles being generally estumated to the nearest minute,

5. Find the angle whose cotangent is '84.

The immediately lower number in the Table of tangents is
‘8391 =tan 40°; for an increment of g (in the fourth place) we
add 2/ to the angle.

Thus 84 =tan 40°2' =cot 49°58/,

Here the increment lies between the printed increments 5 and
10, butis much nearer the second ; hence we take the corresponding
increment of the angle to be 2.

6. Find the acute value of @ «atisfying the equation
7tan? a+8 J3tana=1,
Solving by the ordinary rule and taking the positive sign, we have
—4V3+V355_ 488 _ 0697,
7 7
Hence we get from the Tables a=3°54’ 4+ 5'=3%9/.

The negative sign will give @=116° 1/,

tan a=

When one angle of a triangle is right, if we know any two of
its sides orany oneside and one acute angle, the remaining sides and
angles may be readily found by geometrical construction. The
process of finding their values numerically from the definitions of the
trigonometrical ratios of the angles and their values furnished by the
Tables, is called the so/ution of the A
triangle. Forinstance ifthe A ABG
has a right angle at C, and if
we know the length BC and the 4 B,
we can find the remaining sides and
angles thus :— L A=go®°~ £ B;and

..CA .
.E_é-tanB, Jo CA =BCtanB; 1
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Each of the three sides and three angles of a triangle is called
a part or element of the triangle; and it is seen without difficulty
that a right-angled triangle can be solved when two of its parts
(including a side), besides the right angle, are known.

Many objects on the earth aie practically inaccessible ; in order
to determine their distance from some known point, we should
measure one length at least between two known points and fwe
angles at least between lines of known directions. Thus, in the
figure given above, A being the inaccessible top of an object whose
height 1s CA, we measure the length CB and the <B; the 2¢
being given (9o°), three parss of the A ABC are known, and the
other parts may be calculated. By means of suitable instruments
angles can be measured with great accuracy, but it is always
difficult to measure lengths. Hence the calculations are made
to depend on a single length or on as few lengths as possible.

When an object is above the level of the observer'’s eye, the
angle made with the horizontal plane through the eye by
the line joining the object to the eye is called the angle of
elevation of the object, or, briefly, its elevation or altitude. When
the object is below the level of the eye, the corresponding
angle is called.the angle of depression of the object, or, simply,
its depression.

Examples (Contd.). 7. Ina A ABC, right-angledat C, CA = 30,
£ ABC =34°12’: find the other parts of the A.
LA + LB = 90% . LA =090 - 34° 12/ = 55048,
Again, BC + CA = tan A; , BC=CA tan A
= 50 X 174715 = 73" 575;
and AB = CAsec A = 50 x 17791 = 88'953.

If the triangle is drawn with the side CA vertical, the question is
seen to be the same as the following:—fiom the top of a tower 50
ft. high the depression of an object 1n the horizontal plane through
its base is found to be 34° 12"; find the distances ot the object from
the top and foot of the tower By Z0p and foof we usually mean the
kighest point of the tower and the point vertically below this point on
the horizontal base.

8. At a point on level ground 70 yards from the base of a
tower the elevation of the tower is found to be 60°: find the height
of the tower.

With the figure of the preceding example, we have here
BC= 70 and £ ABC= 60°, . ACB being right.

.. CA = BC tan 60° =70 ,/ 3 =121°24.

Thus the height is nearly 121} yards.
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9. The base of a triangle is one metre, and the angles at the
base are 121°, 25°: find the height of the triangle.
To any suitable scale draw BC = 10

(decim.); make . ABC = 25, AV
L ACB = 121°;and draw AD perp. to 2
BC. /,’l,

. BD . °. .

- paT OB L BD=DACOt2s e
so also CD =DA cot ACD=DA cotse’. B c D

.. BD=CD, 7. . BC = DA (cot 25° — cot 59°),

so that DA = _To - 10
cot 25" — cot 59 2°1445 — ‘6009
10
12 = 6418
1°5436

Thus the height is nearly 65 decimetres.

The solution should be verified by reading off AD to the scale on
which BC is drawn. The result thus found is not so accurate as
that obtained by calculation; but it forms a useful check on the
latter, and may be conveniently employed when only a rough ap-
proximation to the height is required.

. We can also find AB, AC, as they are respectively AD cosec 25°,
AD cosec 59°. Thus we see that an oblique-angled triangle, ABC,
can be solved when three of its parts (always including one side)
are given, by taking it as the difference of two right-angled
triangles, ABD and ACD, When the base angles are both acute,
ds in the following example, the triangle canbe solved by dividing
it into the sum of two right-angled triangles.

. 10. From two points A and B, 1500 yds. apart, an aeroplane
C is observed to have simultaneous elevations of 41° 23’ and
46° 32/ respectively: if the plane ABC is vertical and the vertical
line through C is between Aand B, find the height of the
aeroplane.

Let cD, the vertical C

line through C, meet the

horizontal line AB in D.
As in the previous
example,

AD =DGC cot 41° 23/,
and BD = DGCcot 46° 32/; A 4125 4632

D B
.. DC (cot 41° 23’ + cot 46° 32') = AD +BD = AB,
or DG (1'1350+°9479)= 1500, from the Tables.
.~ Dg=_1590 _ 15000000
2'0829 20829

=720 yds., almost exactly.
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Exercises.
101, Find from the Tables—
sin 40° 25/, cos 70° 32/, cot 80° 52/, sec 33° 36/.
102, Obtain the value of A from—
cos A =91, tan A= —1'023, sec A=1'g23.
103. By means of the Tables solve the equations—
4 sin? @ —10sin +5=0 and 2 tan?6+5=8 sec 6.
104. In atriangle ABC, right-angled at C, find the other parts
when—
(i) c=47,a=24, (i) a=45, b=25,
(iii) c=110, £ A=25° 40/, (iv) b=10, LB=70° 25'.
[If ABC is any triangle, the angles BAC, CBA, ACB are denoted res-

pectively by A,B,C; and the sides BC,CA, AB, opposite to these
angles, by a, b, ¢ respectively.]

10§. Find the side of a regular pentagon inscribed in a circle of
radius 25 mm,

106. Find the radiiof the inscribed and circumscribed circles of a
regular dodecagon of side 2/,
107. Ina trianglg ABC, BC=¢ and the perpendicular from A on
BC=p : prove that .
a=p (cot B+cot G)
when B and C are acute ; and examine the case when eitherBor C
is obtuse.

108. Attwo points A and B the elevations of P, the top of an object
whose base is in a line with AB, are a and 8 (a<f): if AB=g,
prove that

a cosec @ a cosec @

= (o} .
cot a+cot 8 cot a—cot B

109, At two points, 10cyds. apart, on the bank of a straight river,
the direction of an object on the opposite bank is observed to make
angles of 30° and 70° with the first bank : find the breadth of the
river, and the distance of the object from the first point of observation.

110. A tower %3 ft. high stands on a hillock; from the top and
base of thetower the angles of depression of an object on level

round are found to be 45° and 30° respectively : find the distance
of the object from the base of the tower.

111, A column 48 ft. high stands at a distance of 30 ft. from the
bank of a river; when the altitude of the sun is 20° the shadow,
falling right across the river, just reaches the other bank, Find
the breadth of the river,

112.  An observer standing 100 ft. from a pole observes the eleva-
tion of its top to be 11°: find the height of the pole, the observer’s
eye being 5} ft. above the ground. Find also how much farther
the observer must go to see the pole at an elevation of 53°.
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113. A ladder g ft. long rests against a wall and makes an angle
of 30° with it; the foot of the ladder is moved farther away from
the wall and the angle then made with the wall is 75°. Find
through what distances the top and foot of the ladder have moved.

114. From a point 402 ft. above the ground a column is observed
to subtend an angle of 45° and the distance of the foot of the
column from the vertical line through the point of observation is
found to be 100 ft. Find the height of the column,

115. A and B are two points on a straightriver-bank, and T is
the stem of a trec on the opposite bank; the angles TAB, TBA are
found to be 45° 46', 62° 31/ respectively, and AB is 22 yards. Find
the breadth of the river at the point T,

116. The coast-line between two places A and B runs straight 15°
E of N, and the bearings of a rock R from them are respectively
48° W of N and 12° S of W: find AR and the shortest distance of the
rock from the coast, taking AB=d.

117. From a window in a house on one side of a street 50 ft.wide,
the elevation of the top of the opposite house is found to be 32° and
the depression of the base to be 28°, Find the heights of the opposite
house and the point of observation.

118. The line joining two inaccessible objects, P and Q, is known
to be at right angles to a base-line AB of length m metres; it is
found that £PAB=60° LPBA=351° and L QAB=48° 12, Find
the distance PQ.

§ 31. LOGARITHMS AND LOGARITHMIC TABLES.

The student will find that there is often a large amount of
numerical computation required in the solution of practical pro-
blems. The labour of making the necessary calculations can be
greatly reduced by referring to logarithmic tables, with which the
student is already familiar to some extent. (See Hall and Knight,
Elem. Algebra, Ch. XXXIX.) A brief recapitulation of the
properties and uses of logarithms is given below.

Def. The logarithm of a number to a given base is the
index of that power of the base which is equal to the number,

If N is the number, b the base and ! the logarithm, we must
bave & = N ; this is written thus —

! = log, N.

It should be noted that 582N — \, by definition; that the
logarithm of the base is unity, as b*=0b; and that the logarithm
of unity is zero ,as 59 =1,
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Lllustrations. °' 2% =16, cologa 6 =4
so also log;243 = 5, log,,100 = 2.
Again, 3=, Sologa () = -2
50 also log 4, ("oor1 )= — 3, loge('16) = - 1.

The following are the chief properties of all systems of
logarithms:—
(i) The logarithm of a product = the sum of the logarithms
of the factors.
If logy,M ==2x,log,N =%, then 4* =M, b? = N;

S MN=Db b= b*+7, that 15—

log, (MN) =2 +y =log, M +log, N.
(ii) The logarithm of a quotient =the logarithm of the divi-
dend diminished by the logarithm of the divisor.
Proceeding as above, we have
M_ b

N 0%~ by the rules of indices;

M
logb(ﬁ)=o;—J=logb M -log, N.

(iii) The loganthm of any power of a number =the logarithm
of the number multiplied by the index of the power.

For (b%)V = b, for all values of « and y; if 8®=N, Nv =5,

logs(NY) = xy = (logy N). .

We conclude from these results that logarithmic tables
enable us to replace multiplication and division by addition and
subtraction, and extraction of roots and raising to powers by
division and multiplication.

It is found that the logarithms of numbers to a base are
incommensurable quantities, except when the numbers happen
to be rational powers of the base. Thus with the base 1o,
such numbers only as r100=10? q5=10"!, /10, have
logarithms which are definite rational numbers; the logarithms
of the great majority of ordinary numbers are irrational, and
require for their expression an interminable non-recurring
decimal fraction preceded or not by an integer.

Def. The positive fractional part of a logarithm (expressed
decimally) is called the mantissa of the logarithm, and the
integral part (positive, zero or negative) is called its-
ckaracteristie.
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Any positive number greater than unity could be employed
as the base of alogarithmic system; in practical calculations, how-
ever, the base is always ten, which is the radix or base of our
decimal system of notation. Logarithms to the base 1o are
called common logarithms. The common or ordinary system of
logarithms possesses the two additional properties given below:—

(iv) Incommon logarithms, numbers having the same se-
quence of significant digits have the same mantissa. Thus,

as log 1°353="1313,

~log (135°3) =log (1°353 x 10%) =log 1°353 +log 10?

=°'1313+2=2'1313;
andlog(‘oo1353) =log (1°353+ 10%) =log 1'353 —log 10%
='1313 - 3.

In the last case the characteristic is not added tothe mantissa,
as then the latter would become negative; but the result is
written thus—

log ‘001353 = 3'1313.

So also log 135300 =5'1313, log ‘1353 =1'1313.

(v) In common logarithms, the characteristic of the loga-
rithm of any number may be found by inspection.

Thus, as 1°353 > 10° (=1), but < 10},

. the characteristic of log 1°353 is zero, as this logarithm is
only a positive proper fraction.

And - 135'3=1'353 % 10%,

.. log 135°3=1log 10*+log 1°353=2+1log 1'353;
.. the characteristic is 2.
So also, °r *001353=1'353 % 1073,
<. log 001353 = ~ 3+log 1°353;
.. the characteristic is 3.

We can therefore deduce the following rule:—-express the
given number as the product of a number having one digit only
in its integral part and a power of the base 10 (positive or nega-
tive); then the characteristic is the index of the power of ten.
The mantissa is, of course, positive in all cases, and the new
number and given number have the same sequence of digits.

To find the value of z from such an equation as
_ Joo sin 51° singo’
sin 16° ’
.we take logarithms and obtain
log @ =1log 100 +log sin 51° +log sin 50° - log sin 16°.

@x
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We may find the values of the sines of 51°, 50°, 16° from the
Table of Sines, and then the logarithms of these values from the
Table of Logarithms of Numbers. This process is of such fre-
quent occurrence in the solution of triangles that it is found very
convenient to have the logarithms of the numbers in the Table
of Sines (and that of Tangents) calculated once for all and
shown in new tables. The two operations indicated above are
thus avoided, and one single reference gives the value of such
quantities as log sin 51°, log tans1°.

As the sine of an angle is never greater than unity, the log-
arithm of the sine will never be positive; and the same is true of
the cosine. The logarithm of the tangent of an angle will, also,
be negative when the angle is less than 45°. In such cases the
characteristics will be negative;and toavoid as far as possible the
occurrence of negative numbers in the Tables, it is usual to in-
crease each of the logarithms by 10, that is, to multiply the
ratios themselves by 101 before taking their logarithms.

Def. The tabular logarsthm of any trigonometrical function is
the common logarithm of that function ¢ncreased by 10.

Tabular Logarithms are indicated by prefixing L instead of log
to the functions; and the tables thus obtained are called
Tables of Logarithmic Sines, Logarnthmic Tangents,..., to distin-
guish them from the tables of the numerical values of the sines,
tangents,..., which are called Tables of Natural Sines, Natural
Tangents,...... . ‘

As in the case of natural cosines and cotangents, logarithmic
cosines and cotangents will be given by the Tables of Logarithmic
Sines and Tangents, the references being made to the comple-
mentary angles. No separate tables are required for logarithmic
secants and cosecants also, which may be deduced from the
.corresponding logarithmic cosines and sines by simple subtrac-
tion. For,

-+ cosec A x sin A =1, .. logcosecA + logsinA =o;
.hence, L cosec A + L sin A = 20, and L cosec A=20~L sin A.
Similarly we have L sec A = 20~ L cos A.

It can also be shown that L cot A+ L tan A =2z0.

The Logarithmic Tables of ratios are used in precisely the same
way as the Tables of Logarithms of Numbers or Natural Sines.
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Examples, t. Find L sin 55°26' and Z cos 55°26/,
From the Table of Logarithmic Sines
L sin 55°24' =9°9155;

adding for increase of 2/, 2,
we get L sin §5°26’=9°g157.
Also, L sin 34°30' =9 7531 ;
adding for increase of 4/, 7,
we get L sin34°34'=9°7538;
hence L cos 55°26’ =9'7538.

It should be noted that the acfual logarithms of sin 55°26' and
cos §55°26" are T 9157 and T 7538, as the student may verify by
using the Tables of Natural Smes and Logarithms of Numbers.

2. Find the angle A from Z tan A=8°80o4o0.

From the Table of Logarithmic Tangents
8 7988 =/ tan 3° 36/;
adding for increase of 52, 3/
we get 8'8040=17. tan 3° 39/ ;
thus angle required= 3°39’.

The increment 52 is not in the Table: it lies between 41 (for 2/)
and 62 (tor 3’) ; being nearer the latter, we take the increment in
angle as 3/.

3. Find Z sec 37° 1/ and the angle whose logarithmic secant
is 10°41.
As proved above, L sec 37° 1/=20—/ cos 37° 1/
=20-—/ sin 52°59';
the Table gives L sin 52° 59 =9'9023;
L sec 37° 1'=10 0977.
In the second case, if B is the angle required,
L cosB=20—L sec B=g'59.

Now L sin 22° 48/ =9"5883;
adding for 17, o/,
we have L sin 22° 54’ =9°5900 :
also sin 22° 54’ =cos 6;°6/,
Hence 1041 =1L sec 64° 6/, and B = 67°6/.

In this case it is seen that the Table gives L sin 22° 54/ =9°5901.

4 Calculate 12,/(1873).
Let x denote the value; .
then log x=1-‘2- log 1873= I‘g (3°2725) ="2727.
The antilogarithm of ‘272 =1871;
adding for 7 3,
we get x=1'874.
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5. Obtain the value of B from 7 cos 8=12 sin 14° 14’

Taking logarithms and adding 10 to both sides,
log 7+L cos B=log 12+ L sin 14° 14'.

As L sin 14° 12" is 9°3897 and the correction for 2’ is 10,
we get L cos 3=9'3907+1'0792— 8451=09"6248,

Thus go°— B=24° 54 +2"=24° 56', and B =65° 4.

6. A tower stands on
a hillside which has a uni-
form slope of 15° from a C
point A at the foot ot the A
hill the elevation of the top o
of the tower is found to be ey
50°, and from a point B, S
directly up the slope at a S
distance of 100 ft. from A, , /
it is found to be 66° Find ,' /
the height of the top of / ’
the tower above the level of J/ ,
the ground.

Let ABL be the slope of
the hill; AH, BK the hori-

¢zontal lines through A and
8, and C the top of the
tower.

Let CB meet AH in Q,
and draw AP perp. to BQ
produced. It is given that
AB = 100, L CAH = 350°,
L CBK =66° LBAQ=15°,

Then . ABQ= £ CQH— L BAQ= £ CBK — £ BAQ=51°;

and L ACP=  CQH— L CAH=16°,

Now - ﬁg = sinABQ, .. AP=100 sin 51%

and 2—g'~=cosec ACP, .. AC = AP cosec 16°
Finally, CH, the height required,
=AC sin 50°=AP cosec 16° sin 50°
100 sin 51° sin 50°

=100 sin 51°cosec 16° sin §o°= .
s 16°

‘Taking logarithms
logCH=log 100+ L sin 51°+ L sin 50°=Z sin 16°— 10
= 2

+ 9 "8905 r —19°4403
+ 9 8343
= 21 '7748—10'4403 =2'3345,
The antilogarithm of 2°3345 is 216°0;
thus CH =216 ft. almost exactly.
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Exercises.

r19. Find the numbers whose logarithms are 2°3457, 3°4568.
120. Obtain logs (sin 135°), log, (tan 60°), log 10 (01)3.
121. Find the characteristics of
logy ‘0527, log - "537, logs 5270, log, V(*0527).
122. Find the values of Z sin 80° 30/, /. cos 80° 40/, L tan 80° 50,

123. Given L sin 32° 20’ =9°72823, L cos 32° 20'=9'92683, find
the 7. tan and Z sec of 57° 40",

124. Find the angles in the following equations ;:—
L cos A=9g°8765, /. tan B=11"2345.

125. Find the logarithms of sin 47°56 and cot 56°47/, and verify
by means of the Tables of Logarithmic Sines and Tangents.

126, Prove that L sec A— L tan A=L cot A—L cos A,
and /L cot A=20—ZLtan A=10+L cos A—L sin A,

127. Prove the identities—
2 log tan A=log (sec A—1)-+log (sec A+1),
Lsin A=10+} log (1—cos A) +} log (1+cos A).

128. Prove that ¢'°%% = 51°8% and log,b. logsa =1. .

129. Givenlog 2="30103, log 3="47712, find the number of digits-
in 2% and 15'%,

130. Given log 2="30103, log 7="84510, find the position of the
first significant figure in (‘o5)¥ and( i«)u
343/

131. Givenlog 45=p, log 54=g, find log 2 and log 3 in terms
of p and ¢.

132. Given log 2=a, log 3=4, log 5=¢, log 7=d to any base
find to the same base log (*018), log (15°12)?, log (,754)§-

133. Given logi3="47712, find x from the equation
z+2 =-1

Gh) =9
134. By means of the Tables solve the equation
z - .
4 +4 =40'025,
135. Employ the Tables to obtain the values of

2362 sin 65°8"

23°62 tan 27°11/ cosec 30°40’ and -
sin 40°30/

CosZN\
259

136. Calculate when X\ =21°30/; also 2 ™ g,

where T =3°142 and g =32°'09.
137. Givena=35'1, =34, c=%'08, and 2s=a+b+c,

calculate ,J(S - b)bgs =€) and N/ (’:‘(),(:;)a).
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Solve the following problems (138-142), employing as far as poss
sible the Tables of Logarithms and Logarithmic functions:—

138. Find the side of a regular polygon of 24 sides described
about a circle of radius 13 mm,

139. The elevation of a spire whose height is 250 ft. is 34° 15':
find the distance of its top {rom the observer.

140. A river is 205 feet wide, and the angles of depression of its
banks, observed from a point in a vertical plane to which the banks
are both perpendicular, are 20° 17 and 17° 20': find the height
above the ground of the point of observation.

141. A circular tower, whose diameter is known to be7y:z ft.,
subtends an angle of 10° at the eye of an observer on level ground,
and the elevation of its top is found to be 36° 25": find the height
of the tower.

142. A spherical balloon, 5 metres in radius, subtends at the eye
of an observer an angle of 1° 46/, while the elevation of its centre
is found to be 25° 40": find the vertical height of the balloon,




CHAPTER XIV,

TRIANGLE FORMULA.
§32. FUNDAMENTAL FORMUL/Z RELATING TO TRIANGLES.

In the two preceding sections we have given methods for the
solution of right-angled triangles, and have shown how oblique-
angled triangles may be solved by being resolved into the sum
or difference of right-angled triangles. In this and the following
section we shall give the algebraical formule required in the
numerical solution of triangles of any sort. As before, in the
geometrical triangle ABC the measures of the angles will be taken
to be A, B, C, and the lengths of the respectively opposite sides
tobea, b, c.

1. In any triangle the sides are proportional to the sines of the
apposite angles ; that is,
a b ¢

SinA smB sinG’

B C(D)

Draw AD perp. to BC or BC produced. Suppose B to be acute ;
then, in all cases,

[—:—g—=sin B, .".DA=AB sin B=c sin B.
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In the first figure, where C is acute,
DA=AC sinCm=b sin C;
in the second, where C is obtuse, ’
DA=AC sin ACD=AC sin (180°—C)=4&sin ¢, §26;
in the third, where C is right, DA is the same as CA,
. DAmd=mj sin go° =4 sin C, as sin go® = 1.
Thus in all cases ¢ sin B=b sin C,
b _ ¢
sin B sinC
Similarly, by drawing the perp. from B on CA or CA produced,

or

a
we can prove . = .
sinC sinA
a b c
Hence = =

sinA sinB sin G
Cor. Putting each fraction =d, we have
a=dsin A, b=dsinB, c¢=dsinC.
Thus each side is expressed in terms of the sine of the
opposite angle and one length, d, which will be proved later on
to be the diameter of the circumcircle of the triangle.

The theorem proved above is often called the Rule of Sines: as
asin B=b sin A, b sin C=csin B, ¢ sin A=a sin C, it may also be
called the double sine Jormula. Although we get three equations,
it should be noticed that there are only two independent relations,

1I. In any triangle the square of a side s less tham the
sum of the squares of the other two sides by twice the rectangle
contained by these sides and the cosine of the included angle;
that is,

a® = b3+ - 2bc cos A,
b3 =c2+a? - 2ca cos B,
c¢2=a?+ b - 2ab cos C.
In the first figure above, as C is acute
AB? =BC?+ CA%*— 2 BC.CD;

but g—i-cos C, so that CD=CA cos C;

. AB®=BC?+CA?-2 BC.CA cos C;

that is, c?=a3+b3-2ab cos C.
In the second figure, where G is obtuse,
AB? =BC?+ CA2+ 2 BC.CD;
but CD = CA cos ACD = CA cos (180° - C) = — CA cos C, § 26,
. AB? = BC? + CA? — 2BC. CAcos C

that is, 6 = a® + b* — 2 ab cos C.

G. 14.
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Tn the third figure, where C is right,
AB? = BC? 4+ CA? = BC? + CA? — 2 BC.CA cos C,

as cos go° = o. Hence also ¢? = a® + b* - 2 ab cos C.

Thus the formula is true in all cases. The other two formule
may be similarly demonstrated.

Cor. By transposing we get 2 ab cosC = a2 + b* - ¢?,

a® + b - ¢?

2ab ’

b + ¢ - a? e + a? — b3

, CO8§ B =
2be 200

hence cos C =

So alsocos A =

These formula enable us to express the cosine of any angle of a
triangle in terms of the sides ; and the theorem given above is often
called the Cosine Rule. It is seen to be the general algebraical ex-
pression of the theorems [29],[30], [31] in § 1 ( Geometry ).

Examples. 1. Of a triangle ABC given A = 60° B = 435°, § = 6;
find the other sides.

=0 and c _ b
Here C =757 and as sin C sinB’
.. bsinC _ 6sinys” _ 6cos15® _ 6 (V6+v2)
t sin B ' sin 45’ sin 45° 2v2

= 3(v3+ 1);see § 27, Exam. 2,
_ bsinA _ 6 sin 60° _ 3V6.

d
And a sin B sin 45°

2. Givena = 5, b = 8, B = 60°; find the other angles.

We have S_A _ sin E;; sosinA = 2SnB i:’.@;
a b [/ 16
reducing this to a decimal, ‘5413, we find from the Tables A = 32°%7".
Hence C =84° 13/.

The angle A may also be taken to be 147°13’, as sin (180°—A)
=sin A, This value is, however, inapplicable here, as A+B=
207°13’ would beimpossible in a real triangle. But in other similar
cases both values may be applicable, and the solution may be really
ambiguous.

3. Find the angles of a triangle whose sides are 3, 4, 6.
Denoting these respectively by a, &, ¢, we have

cosA="—-—". =:}—~ ='8958; .. A=26°23 from the Tables.
So cos B=§—g= ‘8056, and B =36° 20, Hence C=117° 17",

If we find O first, we get cosC =—J1=—"4583; whence
C=180°—62° 43/ =117° 17, as cos (180°—C) = —cos C.
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There is no ambiguity when an angle of a triangle is determined
from its cosine; if the cosine is positive the angle is acute, and if
negative it is obtuse. The same remark applies to the tangent.
The case is, however, different with the sine, which is positive for
both acute and obtuse angles; and further investigation is necessary
to find out if there are really two solutions or not.

The following algebraical result is of use in the next proposition.
The expression 2 p2c?4-2¢2a%+ 2426 — a* — b* — ¢
may be written as 48%¢% — (a4 4 b+ 4+ 262c2 — 2¢2a? — 2a28?),
that is, as (26c)2 — (b2+ ¢2 —a?)?;
hence it is the product of
2bc+ 0%+t —a?, 2bc—8*~c2+al,
But these factors are (b+4c¢)2—a?, a?2— (b—c¢)?, respectively;
so that the original expression is the product of
at+b+c,—a+b+c, a—b+c, at+b-c.
Now let a+b+c=z2s; .2 (s—a)=—a+b+c¢, etc.
Hence 25%c?+ 2c2a2+ 24202 —a* — bt —¢*
(a+b+c)(—at+b+c)(a—b+c)(a+b—~c)
16 s (s—a)(s—8)(s—¢).

In

II1. Toexpress the sine of an angle of a triangle in terms
of the sudes.

b+ c2-a?

Sincecos A=
26¢

)
Am 4b%% — (B3 4 ¢? - a?)
4b3¢3 ’
The numerator = 2b%¢? + 2¢2a? + 22202 — at — bt — ¢*

=16 s (s—a)(s - b)(s - ¢), as shown above,
s being 3 (@ + b + ¢) or the semd-perumeter of the triangle.

.. sin? A =1 —cos?

Hence sin A= _2—. N (2b%c? + 2¢%a? + 20203 - at - b4 — c¥)
2be

or {;J{s(s-a) (s=0) (s=0) },

the positive sign being taken as sinA is positive whether A
be acute or obtuse.

Similarly sin B= c%a Jis(s-a)(s-b)(s=¢)}
and sinc=aibd {s(s—a)(s=d)(s-c) }.

Hence also we conclude that S'MALSMB_sinc

a b ¢
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" IV.  Zv find expressions for the area of a triangle.
As proved in I above, the perp. AD is equal to bsin G in all
cases.
Now the area is } BC.AD [§ 1, 24]; hence, denoting it by A,
we have
A =} ab sin C,
=3 bo sin A or }ca sin B by I above.
Also, substituting the value of sin A from III, we get
A=f b o {356-0a)(s-0)(s-9)}
‘ = J§{s(s—a)(s-0)(s—c)}. (See Geomeiry, Exer. 8.)
The area can be found in terms of one side alone : for
asinB
——— from I;hence

Bsin C

inB . sin
A-;.a E.TS_'}_.. sin c=éa2 < .
sin A sin A

10 C sin A inAsinB . .
=4 5 smSinS!Bn orf e smsmsg similarly.
V. In any triangle
a = bcosC + ¢ cosB,
b = ccosA + acosC,
c =acos + bcosA.

In the first figure of I, we have
CD=b cos C,BD=¢cosB;

. bcos C+ccos BéBD+CD=Bc=a.
In the second figure, CD = —b cos C as proved ; BD=¢ cos B,
. b cos C+c cos B=BD - CD=BC=a.
When C is right, BC=¢ cos B; b cos C=o0 for cos go°=o0;
> b cos C+ccos B=BC =a.
* Thus the result is true in all cases ; and the other two results.

ean be similarly proved.

In I, 1l and V we have separately derived eight relations between
the sides and angles of a triangle; and A+B+C=1:80° is a ninth
relation. These relations are not all independent; for a triangle
is known if three of its parts (including a side) are given, and to
determine three parts three equations ought to suffice. Henee from
three of these nine relations it is possible to derive the remaining
six ; for instance, we see in IIT how the sine rule can be obtained
from the cosine formule. The process is in general difficult ; some
simple examples will be found in the exercises below,



X1V.] TRIGONOMETRY, 205

A

Bxamples (Contd.). 4. Prove that the angle C of a triangle ABC
is right, acute, obtuse according as ¢? is equal to, less than, greater
than a?+- 52,

This well-known geometrical result may be thus proved.—

If A=a2428, cosc=‘f’—ib—,—-—‘—'

2ad

If e < a?+ 82, cos C is positive, and C is acute ;

if c¥>a2+482, cos C is negative, and C is obtuse,

§. Show that tan B : tan C=a2+52—c?: a®+4c?- 0t
tan B_sin B_sinC_sin B cos
tanC cos B cos C sin C cos B
=0 (a*+dt—ct). 2ca _a+b2—ct
¢’ 2ab. (A4a'—8) aifci—pr

=0; .. C=90",

Here

6. Prove the identities & (tan B+tan C) =g tan B secC, and
¢ (tan B+tan C)=a tanC sec B,

** & tanB secC—btan B=tanB( c__p )
cos C
a—bcos C
cos C
=tanB.ccosB 2‘): gos B, by V above,
_csinB_psin C
cosC cosC’
=btanC;
.»~a tan B sec C=p (tan B4tan C),

This proves the first ; and the second identity may be similarly
proved.

=tan B

by I above,

7. With the ordinary notation for a triangle, prove that
{8*—c?) cot A+ (c?—at) cot B+ (a2 —82) cot C=o0,

*’cos A=-b—2—-'—-£-:-a—’, sinA=2—A—, by II and 1IV;
2 bc
2  JE
socot A e L i , with analogous values for cot B and cot C.

~the given left side
';!Z {(82—c?) (8342 ~ad) + (2 —a?) (c*+at—dY)
+ (22— 8) (a¥+ 82— c?)}
";iA‘{b‘-“-“’(b’—c’)-l-t:‘-—a‘—-b’(c’—a')+a‘-b‘
—cY a2~ b’) }

=0,
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8. In any triangle prove that

ob—~c . c—a . a=b . . 2A(b—=¢c)(c—a)(a—b)
—;-; sin A+—5;— sin B + p sinG= — athigt .

Substitutingz—bé for sinA, and similar values for sin B, sin C,
c
the left side gives

2A (6—£)+2A (c—a)+2A(a—b)

a%he ) b2ca ctab

”2%;; {bc (6—c) +ca(c—a) +ab (a—b)}

=__£b%£—2(b—-c) (c—a) (@-8);

and this is the right side. (See Hall and Knight, Elem. Algebra,
§ 223.)

Exerclses.

143. The vertical angle of an isosceles triangle is 120°, and the
base is 10: find the sides of the triangle.
144. The base of an isosceles triangle is 20, and its area

is -1—3243: ‘find the angles of the triangle.

145. In a triangle given c=10, 6=9, B=60°; find C and A.
146. Given c=10,a=9, B=45°; find &.

147. Thesides of a triangle are n2+n+1, 7:—1, 2n41,
where #>1: prove that the greatest angle is 120°,

148. Two adjacent sides of a parallelogram are z and ¥3 in
length, and the included angle is 30°: find both the diagonals.

149. Find the resultant of two forces (P,Q) acting on a particle
at the angle (A), as specified below: —
(i) P=g4lbs,, Q=glbs, A=60°;
(i) P=3v2 &gs.,, Q=3 kgs., A=135%;
(iii) P=18 grs.,, Q=23 g7s., A=%5°
[When two forces acting at a point are represented by straight
lines drawn through the point, it is known that their resultantis
represented by the line joining the point to the opposite corner

of the parallelogram formed on the two straight lines as adjacent
sides.]
150. With the usual notation for a triangle prove that
b e ci4at at 45t
—— e €COS A4 cO3 B+ cosC=a+bd+¢,
Wb2) V(ca) (ab)
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151, Find thearea of the triangle ABC, given that—
(i) a=r'3,0=r14,c=r'5; (i) a=4, b=23'1, c=257;
(iii) @=60, =50, C=60%0'; (iv) c=35,A=30% B=45°
152. A triangle of area 756 sq.yds. has two sides of lengths
189 ft.,222 ft : find the length of the third side.

153. The sides of a triangle are 35, %8, 97: find the
perpendicular on the mean side from the opposite vertex.
154. Points P, Q, R are respectively taken in the sides BC, CA,
AB of a triangle, such that
BP: PC=CQ: QA=AR: RB=2: 5;
1

prove that APQR= ;g A ABC,

and PQ?+QR24+RP2=}4 (a2+42+c2).

155. If, in a triangle, b+c:c+a:a+b=10:11:14, find the
ratios sin A : sin B : sin C ; and show that the mean angle of the
triangle is 60°.

156. If a triangle ABC is right-angled at G, prove that

cos? f‘:.b_-*-f,
2 2¢
and 4A2=abc? cos A cds B.

In any triangle ABC prove the following relations:— (157 — 162)

157. tan B=} sin C+ (a— 4 cos C).
158. ¢ (a cos B—p cos A) =a2—p2.
159. &sin2C = ¢ (cos A + cos B cos C).
160. ab sin? C=¢ (a cos B cos C+ & cos Ccos A+4-c eos A cos B),
161, (& secB—c sec C) cos A=c sec B—b& sec C.

a—bcos C b—ccos A c—acosB _ at4-dt+ct
162 ab? + be? + ca? 2a2b3c?
163, Prove that

1+cosA , 1+cosB |, 1+cosC _ (a+b+c)?

LGS + =

@ b c 2 abc

and obtain a similar expression for

1—cos A 1—cos B 1—cos C

’

+ + .
a 14 c
*164. Prove that
A A A _A - 2b
:—-a+ s—b +s—¢: s sinB’

and  4As=abc{ sin A+sinB +sin A cos B-+sin B cos A}.
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165. If p, ¢, » are the lengths of the perpendiculars from A, B, C
to BC, CA, AB respectively, prove that

t I I §
ARy

and 2 p cos A+2 ¢ cosB+27 cos C=a sin A+ sin B 4¢ sinC,

166. From the equalities —
a=§ cos C + ¢ cos B,
b= ccos A + g cos C,
¢=acosB + Hcos A,
deduce the Costne Rule,

167. Show how to obtain the Sine Rule from the relations given
above ; and prove also that
cos? A4-cost B4-cos? C+2 cos A cos B cos g=1.

*168. Prove that 4A(cot A+cot B+cot C)=qg3+4pt+¢?,
and 2A =j¢ (sin B cos C+sin C cos B).
From the latter identity deduce the result—
sin (B+C) =sin B cos C +sin C cos B,

169. If P divides BC so that BP: PC=m: #, prove that
(m+n)? AP2=m2h2+nict+2mnbc cos A,

170. The sides of a parallelogram are g, 4 in length, and include
an angle 6: prove that the product of the diagonals is
V{(a? - 82)2+4a26? sin? 6}.

171.  In any triangle prove that
(8*+ca)cosA+ (c2+ab)cosB+ (a2 + bc)cosC
=(c2+ ab)cosA +(a?+ bc)cosB+ (b2 + ca)cosC
=bc+ca+ab, and that
abe(3+cos A4-cos B+cos C) =s(2ad+26c +2ca—a? - b2~ ¢2).

172. If in a triangle a?, b, ¢? are in AP., then tan A, tan B,
tan C are in H, P,

173, The length of the median AD of a triangle ABC is /; prove
that 4¢P =542+ ct+2)c cos A,

Hence show that if 7, # are the lengths of the other two medians,
4(P+m24n?) =3(a2+ 02+ ¢2). (See Exer, 12, Geometry.)
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§ 33. CIRCLES CONNECTED WITH TRIANGLES : HALF.
ANGLE FORMULE.

L To find expressions for the radius (R) of the circum-
eircle of @ given triangle.

Let 0 be the circumcentre of the A ABC; dr?.vY BOD the
-diameter through B. Then . BGD=go", in a semicircle ; and

4£BDC = LBAC or a, in the same segment.

Hence sin A = sin BDG = gg - ';172 5
" -R- a .
2sinA
.. b ¢
Similarly we shall have B = pyoeS e

If the angle opposite to BG is obtuse, as in the A A’BG,
‘we have £ BDC = 180' - BA'C;

and - sin BDC = sin (180" ~BA'C) = sin BA'C,
. we shall obtain the same result.

Again, °* sin A = ib%' as proved in the preceding section,

tRm_2__ _ abo etry, XL, Cor.
we ge saibh " A (See Geometry, X1, )
This gives R in terms of the sides in the form
abe .
4vis@-a)s-8)(s—o)}’
we also see that each of the fractions _'a_ b d

sinA’ sinB’ sin©
irepresents the diameter of the circumecircle,
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Cor.” As BC isa chord of the circle of radius R subtending
anangle A at the circumference, we see that the length of the chord
of a circle which subtends an angle a at the circumference is

2 R sina or dsin a,
where d is the diameter.

II. To find expressions for the radius (r) of the incircle
of a triangle.

Let1 be the incentre of the AABC; X, Y, Z its points of
contact in BC, CA, AB. Join Al, B, CI.
Then area BIC =] BC. IX, as the angles at X are right,
=1 ar.
So also area CIA =} br, area AIB=14 cr.
2" adding up, area ABC or A =4 (a+b+¢) r=sr;

hence Y= A .
s

Again, it is known that AZ=AY =4 (AZ + AY);
so also, BXx=1 (BX +B2),
cx=1 (cX+cy).
~adding up, AZ + (BX + CX) = 4(AZ + AY + BX + BZ + CX + CY),
or AZ+a=1 (a+b+c), so thatAZ=s-a.
Now As Az, AY! are congruent, so that 2 ZAI=1 A.

Hence, tané-=Lz=_7—; s 7 = (s—-a)tan A
2 AZ s-a 2

Similatly also 7 = (s-b) tan % or (s-c¢) tanC_ .
2

~ (See Geometry, XVIII and Exer. 160.)
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HI.  To find expressions for the radwus (r,)of the escribed
circle of a triangle ABC, fouching BC and the other two sides
produced.

Let I, be the centre of this circle ; X1, Y1, Z its points of contact
in BC, CA, AB. Join Aly, Bl;, Cli.
Then area AB=3 ABLZi=}c7;

soalso area BiC=}ar, area ALC =3b7,

Hence §cri+ 4 br—}ar =area AlB+area ALC -area BI,C
=area ABC= A ;
orn(s-a)= A, and = -
s-a
Similarly, the radii r,, 7; of the excircles touching CA, AB respec-
vely and the remaining sides produced, can be shown to be

A A
s=b’ s—¢

Again, ' 25=AB+BC+ CA,

alld BC =BX| + CX1 =‘le + CYI )

~ 28=(AB +BZ,) +(CA+CY\)
= AZ1+ AY1=2AZ,;
S AZ =S,
But Al, bisects the angle BAC,

¥ A
o tan2=ZM" s hence ri=s tan 2,
K 2

- > Az,
.. B C
Similarly also, #,=s tan —,7;= stan =,
2 2

( See Geometry, Notes 1 and 4 after XVIIL. )
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S

IV.  To express the tangents of the haif-angles of a triangle in
&rms of the sides.

We have proved in II above that

A

r-%,r- (s—a)tan 2’
o otanha_8
2 S(s—a)

But A = J/{s(s—a)(s—b)(s—0)};
an AoV 1s5G-a)(s-b) (-0} _ J(S =b0)(s-¢)
s(s-a) s(s-a)
Slmllarly we shall have
(8=c) (s-a) (s-a)(s- b)
-v s (s=0) ,tan i iaryree 8(s—o)

These tormulze may also be obtained from the equalities

A
n=28_,s =stan?, etc.
s—a 2

They can be employed in determining the angles of a triangle
when all its sides are given ; see Exam. 4 solved below.

“The student should hence find the values of ang » COS -:-, sin g, etc,

V. To express the tangent of half the difference of two angles
of a triangle in terms of the opposite sides and the angls con-
tawmed by them.

Let the incircle and the excircle opposite to A touch BC in X,
X, respectively. If 1, I1 are their centres, All, is a str. line, as it
bisects the £ BAC; let it meet BCin D.
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As in II and III above, we can prove that
BXm3—b BXy=ms—c¢;
S XXy=BX - BXi=o-b,

Now L1 DXi= ¢ IDX= L ABD+ LBAD =B +?
2

BL04A_(0.B) g 0B,
2 2 2

’

2 2 2
o' LX;I:_D:- LXID-E-;-—B.
c-B XD -
And XD _tan xip=tan S8, X0 _ 0y -8B,
Xl 2 X Iy 2
c-B

© XXp= XD+ X; D= (X! +X; I) tan —

Hence ¢-b=(r+7)tan G;B ................ RPN € 9
A A

But r=(s—a)tan —, n=stan—,as proved above ;
2

A
Se rdr = (28-a) tan_:.—(6+c) tan_z_.

Hence finally, from (1),

. c-8B
¢=b = (c+0) tan A tan ,
2 2
so that tanC=B =D oy A
2 c+o 2

Similarly, with the figure of the triangle taken above, we can
prove that
B-A _b-a C tanCTA_°=% x B,
2 b+a 2 2 c+a 2

These relations can be employed in solving a triangle when two
sides and the included angle are given; see Exam. 5 solved below,

tan

Examples. 1. Find the distances of the circumcentre of a
triangle, whose sides are 19, 20, 37 in length, from the vertices
and the sides of the triangle,

Let the given lengths be those of @, 5, ¢ respectively. The sum
of the sides is 76 ; hence s=38 :

SeS=a=19, s—p=18, s—c=1,

Thus A =vV{s(s—a)(s—5)(s—¢)}

=v{38.19.18. 1} =v{19%.62} = r14;

bc 19.20.37 5
R = L = =20~
4A 456 3%

this is the distance of the circumcentre from each vertex,

\

and
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To find the distance from the side ¢, we observe that the perp.
{ from the circumcentre bisects the side; hence, the sq. of the distance

-Gy - () -
6 2 62
242.128 112 82,
= 7
.distance from g= 88 29% .

The distances from 4 and ¢ will be found to be 29}, 24%.

2. In a triangle, a=104, &=153, c=185: find the radius of
the incircle, and the ratios of the segments of the sides made by
the points of contact.

W a+b4c=442,. . 5=221;
and s—a=117, s—~b=068, s—c=36.

Hence 'A =v(221.117.68.36) =V(362.172%.132) =36.17.13 ;
and r= B 171336 _ ¢
If X is the point of contactin BC, BX=s—4=68 and XC =s—¢=36;
. BX:XC=68:36=17:9
So also CY : YA and AZ:ZB can be found.
3. In any triangle prove, with the usual notation, that
2R? sin AsinBsin C= A,

and ntrtr—r=4nR.
= v__._.a ==_._.._—b ° 2=__ ab
: 2sinA 2sinB’ 4sinAsinB’

so that 22 sin A sin B=1 aé.

Hence 2R? sinA sinB sinC=J}a$ sinC= A, as already proved.

Secondly, we have to prove that ;

A A A _ A _abe
s—-a + s—b + S—¢ S A
1 1 1_abc

s=b s—c s A?

thatis, ——+
s—a
- abc
s(s—a)(s—6)(s—c)
This algebraical result can be obtained without difficulty : see
Hall and Knight, A/gebra, § 223, (Compare Exer. 164 above.)

4 The sides of a triangle are 4, 7, 9: find all the angles.
Here s=10, s—a=6, s—h=3, s—c=1.

Hence tanzg = Qf%i%:) = 916 H

so that 2 log tan %‘: —log 20= —1"3010.

Dividing by 2 and adding 10, we have

L tan '2 =9°3495; " 2= 12°36/ from the Tables.

Hence A =25° 12/,
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(s c) (s—a) % ;

B
Similarly tan 2 S G=0)

this gives - B, 24°6', and B=48°12",
2
Finally, C=180°—A—B=106%36,

The angle C should also be obtained trom

C_(s—a)(s— b)

2 s(s=c¢)

and the result compared with the value found : this serves as a.
useful check on the calculation.

tan?—

5. Ina triangle, A=60° and % =1'2 ; find the other angles.

eI c—b 1

=y —_

b 9 ) "cFb 10
Thus tan c——B=-—-cot 3o°=_vi, by V above,
2 10 10

L tanc—;§=xo+£ log 3~1=9"2386,
2

Hence, from the Tables, c-8 =9%50';
2
B A . s
also 912'— = 9o°~—=60°. By adding and subtracting, we get
at once C= 69°50’, B=50°10'.

6. To find the cosines of the half-angles of a triangle in terms
of the sides.

We have from 1V above, tan!A (s=8)(s=0) .
s(s—a
s sec? A-—-; +tan2 N Gl a)+(s b)(s—c)
2 2 s(s—a)
=288 s(atbte) +he
s(s—a)

)

=__b_€-—
s(s—a)’

A - A -
Hence coslz-‘s_(_sb_c_@, and Cos— = JE (s=a) » the positive gign

being taken as & A is acute.

So also we shall have cos;B = i“:—é), cosE= N M
ca 2
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Exercises.

174. Calculate the radii of the circumcircles and incircles of
triangles whose sides are—

(i) 49, 1200, 1201 ; (ii) 50, 369, 401,

175. ABC is atriangleand AX any straight line meeting BC : prove
that the circumradii of the triangles ABX, ACX are in a fixed ratio
for all positions of AX.

176. O is the circumcentre and P the orthocentre of the triangle
ABC : prove that the circles described about the triangles PBC, PCA,
PAB are equal, and fini the radii of the circles about OBC, OCA, OAB,

177. The area of a triangle is 840, and the radii of two of its ex-
circles are 10°5, 40 : find its sides.

178. The semi-perimeter of a triangle is 160, one side is 102, and
the opposite angle 41°’ : find the radii of the circumcircle and the
excircle opposite to the given angle.

179. Prove, with the usual notation, that Al2=j¢ .g_-;_a ; and find

similar expressions for Bi?, Ciz,

180, Show that Alz=3%C
s—a
*#181. Prove that Al Al =Al,, Aly=4c,

and Bl,. Cly. Al;=Cl,. Al,, Bl; =abc.
182. In a triangle ABC, right-angled at A, prove that
2 r=AB+AC—BC, 2 r,=AB+AC+BC,
(See Geometry, Exer. 164.)
183. With the usual notation for a triangle, prove the following
identities :—

. 1 1 1 1 . 1 1 1 3
—_— r-+~——; 11 ——— ————— ;
® 2Rr bc ca ab (it) 2R7 ab ca bc
. ¢?+a?~ca cos B b
= 2. — = .
(i) rmnn=at; (w)a sin A+bsinB+c¢sinC 2 sin B
184. Prove that cot B cot c_ r=_2%2
2 2 b+c~—a
B (V) za
1—-tan- tan - = .
and 2 2 bO+4c+a

*185, Prove that sinf = J(if—bb)c(s——_c) , with similar values of
. C
sing, sin =,
2 2

Hence deduce sin A =2 sin -; cos 2 , CcOsA =cos?-A _sin? A
2 2
186. Given a=g, =3, C =60’ 30/, prove that
A=82"57', B =36°33',
187. Givena=1, §=%, ¢=36, show that C=115° 22/,
188. Calculate the angles of « triangle when—
() a=2, 6=3, c=4; (ii) 3a=7¢, B=45°
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189, If &), d,, ds are the diameters of the excircles of a triangle
ABG, prove that
ady +dyds +dydy = (a+b+c) .
190, Three circles of radii a, 4, ¢, touch each other externally
two and two : if » is the radius of the incircle of the triangle
formed by their centres, show that

X 1 X X
»” bc * ca ab
191, If py, 2, ps are the perpendiculars from the vertices A B, C,
to the opposite sides of the triangle ABC, prove that

I I I b § I ) 4
S+ = + L+ X
H 2 F2 ” 72 7
and po= 27 R

r2t7s n—v’
with similar expressions for p, and p;.
192. Ifin any triangle g, 0, ¢ are in A.P., then

. A
tan I_‘, tan E, tan® are in H.P., and cot — cot ¢ =3.
2 2 2 2 2
193. Verify the following formulx with the usual notation :(—

(i) 7=4R sin A sin B sin 9, r1=4R sin? cos B cos ¢ ;

2 2 2 2 2 2

.. A B (¢ B C A
(i) 7, cos—=a cos— cos—, #COS—-=§ COS-- COS—;

2 2 2 2

(iii) 7 —7=atan %, ro+73=a cot ‘—; H

(iv) rl=rcotE cot 9, r,.=rcot9 cot ‘—‘, 73=7 cot A cotE;
2 2 2 2 2 2
(v) ricot® cotEcot 9=A.
2 2 2

194. In any triangle prove that

cot5+ cot§+ cot9= cot‘—\cotgcot 9,
2 2 2 2 2 2

and sin A cos? §+ sin B cos? %=i (sin A+ sin B+sin C).

195. Find, in terms of the sides of the triangle ABC, the values

of 4Rcosécos§cosg, 4Rcosf sin~B sing.
2 2 2 2 2 2




CHAPTER XV.

SOLUTION OF TRIANGLES AND APPLICATIONS.
§ 34. SOLUTION OF OBLIQUE~-ANGLED TRIANGLES.

It is well-known that there are four cases in which the
identical equality of two triangles may be asserted: see
Geometry, 3 1, [4, 5, 6, 7]. It follows that if the data of any
one of these propositions are given and triangles are drawn in
accordance with them, the triangles will be exact copies one of
the other, and their other parts, which are not given in the data,
will be respectively identical. Thus if, as in [4], the two sides
of a triangle are givenin length and the included angle is
known, the triangle if constructed geometrically will have the
remaining parts always the same. When these remaining parts
are calculated by means of algebraical formule involving the
data, the triangle is said to be sofved; and we see that, if the
data are consistent, each of the remaining parts should be
determined in one way only. Similar remarks apply when
the triangle is calculated from the data of [5] and [6]; in the
case of [7] there may be an ambiguity.

For the data to be consistent, one angle or the sum of two
angles must not be greater than two right angles; and one side
must not be equal to or greater than the sum of the other two
sides. In the case of theorem [7], the circle and the line
employed in the geometrical construction must meet in one
point at least. Algebraically considered, the consistency of
the data with each other will require any quantity whose square root
has to be taken to be positive: trigonometrically, we must have
any sine or cosine occurring in the calculation less than unity.

When an angle is determined from its sine, there may be more
than one solution, as such an angle can take either of two sup-
plementary values. In this case, algebraically, both signs attach-
ed to a real square root will be found to be applicable; geometri-
cally, both points of intersection of a circle and a line will give
possible solutions. When an angle, however, can be determined
from its cosine or tangent, there will be no ambiguity.
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We shall now consider the solution of triangles in the order of
the propositions referred to above.

1. Given two sides and the included angle, to solve the triangle.

Let 5, ¢, A be given, & being greater than c.

If the numbers b, ¢ are small, and if, in particular, A is one of
the special angles of § 27, the third side may be calculated from
a?=b2+c?~ 2 bc cos A; the remaining angles may be found by
means of the Cosine Formula from the Table of Natural Cosines.

But the following method, in which logarithms can be readily
employed, is more generally useful.

We have tan =__"cot2, [§33 V]

so thatLtanB=C = log(b—c)—log(b+c)+Lcot5.
2 2

- C

From this is found by help of the Table of Logarithmic

Tangents : also B+C , being 9o° -—»ﬁ, is known.
2 2

Hence, by addition and subtraction, we at once get B and C.

The third side is then found from the formula
asin B = b sin A,

which gives loga = logb + LsinA — LsinB.

11.  Given three sides, to solve the triangle.

If the numbers a, 4, ¢ are small, the angles may be obtained
from the Table of Natural Cosines by means of cos A=
(63 +c%—a®) + 2bc and two similar formule.

The following formule, suited to logarithmic calculation, are
of more general use :—

tan? A_ w tan? B (8—¢) (s~a)
2 (s-a) 2 (s-6)
c_(s—a)(s-b) . ‘

tan® 2= e [§33 1V]

Only four loganthms, those of 5, s—a, s-b, s-¢, will be re-
quired to obtain all the angles. The third angle, ¢, may be found
from C =180°— A ~B; or, this result may be employed in veri-

fying the value obtained from the formula for tan? & .
2

The values of sin% , cosg , etc., found in Exam, 6 and Exer, 185

of § 33, may also be employed. In determining all the angles, they
will require the additional logarithms of g, b, ¢,
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III. Given two angles and one side, to solve the triangle.
Supposing B, C, b given, we have A = 180°-B ~C.
Then a sinB=bsin A gives
loga = log 4 +L sin A -L sin B,
whence a can be found from the Table of Logarithms of
Numbers. Similarly, ¢ is obtained from
logc = log b + L sin C —L sinB.

IV. Grven two sides and the angle opposite to one of them,
to solve the triangle.
Let b, ¢ and B, opposite to the side b, be given.

¢ sin B

The formula sin C = gives

Lsin G = log ¢ + L sin B — log b.
Thus C is determined ; and then A is found from
A = 180°-B-C.

The third side a may now be found from the Rule of Sines.

As the sine of an angle is the same as that of its supplement,
we may take for C either the value furnished by the Tables or
its supplementary value. Then A will have two values, corres-
ponding to these values of G; and, if both are applicable, the
side a will also have two corresponding values, so that two
triangles may exist with the three given parts. Hence this case
is called the amdiguous case in the solution of triangles.

We give below a geometrical investigation of the problem,
finding out when the solution is unique and when ambiguous.
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Make an angle XBA =B, and on one arm mark off BA =¢, the
length of the given adjacent side ; with centre A and radius =b,
the length of the given opposite side, describe a circle. The
points, if any, in which this circle cuts the other arm BX, will
give the possible positions of the third vertex C.

Draw AM perp. to BX; then %’: = sin B, or MA = ¢ sin B.

(i) If b (AC), the radius of the (O described, is less than
¢ sin B (MA), the (O does not meet BX at all: no triangle can exist,
then, with the given parts.

(ii) If  (AC)=c sin B (MA), the (O douckes BX at one point,
viz., M itself: in this case, only one triangle exists with the given
parts, and it is right-angled at G (M). .

(i) If b >¢ sin B, but <e¢ (AB), the (O cu#s BX in two points,
C, and C,, on the same side of B: two triangles, ABC, and ABC:,
now exist, botk having the three given parts b, ¢, B.

(iv) If b is not only >¢ sin B, but also >¢, the (O cuts BX
in two points, C, and C., or opposite sides of B: of the two triangles
ABC,: and ABC, thus formed, ABG, alone has the given parts b, c,
B; the other, ABC,, has the angle ABC; equal no¢ 76 B but to its
supplement, and therefore does not satisfy the data. Thus in
this case there is only one solution.

If b=c¢, C, coincides with B, and only one triangle, an isosceles
one, is formed with the given parts.

We, therefore, conclude that there will be 7eal ambiguity only
when b (AC) is > csin B (MA) and <c¢ (AB); in other cases, either
the triangle is impossible or only one triangle can be formed
from the data or found to satisfy them.

Examples. 1. Given c¢=65 a=25, B=75°12/, solve the
triangle.

We have to employ the following formulae—

C—-A _c—a cotB b=sin____§

2 ct+a 2’ a sin A

tan

c—a
c+a
.. Ltan c-

B
N =4 0 26/:
ow cot 2"y cot 37° 36/;

A

=log4+L cot 37° 36/ —log 9

='6021+10'1135—'g542 =9 7614,

Hence 9-%5=3o°; also, STAL 9o°—§=52° 243
2 2

o C =82° 24, p=22°2y4".
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Again log §=Iloga+L sin B—L sin A
=log 25+L sin 75° 12/ —L sin 22° 24’
=1'3979+9'9853 —9°5810= 18022,

. 0=6342, or 634 very nearly,

Given a=2502, §=4263. c=35617, find all the angles.

2.
2502=q s—a=358g
4263=20 s—b=1928
5617=c¢ s—c= 574

2)12382 s=6191
6191 =§
Now tan— =,\/§£_—_b_).(s_—c_2;
2 s(s—a)

S Ltan% =10 + i{]og 1928+log 574 —log 61g1 —log 3689}
= 10

+1'6426—1'8959

+1°3795—1°7835
= 13’0221

—3'6794=9'3427.
. A =12° 25/, and A=24° 50'*

2

e

SoalsoL tan—B;= 10+§{log 574+log 3689 —log 6191 —log 1928}

= 10
+1°3795— 18959
+ 17835 — 16426

= 13'1630
—3'5385=9'6245.

=22° 50’, and B=45° 40’.

N0

Hence C = 180°—%0° 30/ =109°30’.
We have L ta).n‘—:\'2 = lo+§{log 3689+log 1928 —log 6191 —log 574};

this gives L tan9= 10°'1507, whence c_ 54° 45'. Thus a useful
2 2

verification of the previous work is obtained.

C=34°33', c=149: find the

3. In a triangle B=60°17/,
other parts.
We at once obtain A=835°10'.
F a_sin A
om LT sng
we get log a=1log 149+L sin 85°10/ —L sin 34° 33’
= 2'1732
+9°9985—9°7537
=12'1717-9'7537 =2"4180,
Hence ¢=2618.
So also 5 may be shown to be 228°4.



XV.] TRIGONOMETRY. 223

4. Given a=6, b=8, B=450°, find the other angles.

Wl. 1 =.£.' B=.§.__._l.=_3_12_=’ H

e have sin A 5 sin R 55504
hence A =32°2/, from the Table of Natural Sines.

- C =180°— (A+B)=180°—77°2' =10258/.

We could also have A =2180°— 32°2' =14%°58/; but, in this case,
C=180"—192%8/ = — (12°58/), which would be impossible in a real
triangle, Thus there is only one solution, as given by IV above :
see also § 32, Exam. 2.

5. Given a=6, 5=38, A=45° solve the triangle.

Here sin B=-Z-_ sin A =%, 7'2— =3v?2- ="9428;
hence B=70°32/, from the Tables.

Putting 70°32/ =B;, and its supplement 109°28/ =B,,
we have C,=180°— (A+B) =64°28';
and C, =180~ (A+B,) =25°32/.

In the first case, c; ='1—S.mc‘ =6+2 sin 64°28 ;
sin A
.. log ¢,=log 6+7 log 2-+L sin 64°28' — 10
= 7782
+0°'1505

+9'9553—10="8840. Hence ¢;=7'656.
In the second case, ¢, =642 sin 25°32/;
slogeo= 7782
+o0°1505
+9°'6345 —10="5632. Hence ¢,=73"658.
Thus there exist two distinct triangles with the three given parts,
in accordance with IV above. The student should check the
result by drawing a tolerably accurate figure.

From the two examples above as well as the investigation in
1V, it is clear that when the gwen angle is opposite to the larger side
there is no ambiguity, supposing the triangle to be possible.

The following trigonometrical method may be used in place of
the geometrical investigation in IV above.
The given parts being b, ¢, B, we have

csin B
-—b—.. ..................................... (I)-

(i) When b < ¢sin B, sin C > 1, and no angle exists satisfying
equation (1) : hence, in this case, there is no solution.

sin C =

(ii) When 6 =c¢ sin B, sin C =1, and C =9o°: thus there is one
solution, the triangle being right-angled at C.

(iii) When 6>¢ sin B, sin C<1, and two supplementary angles
exist both satisfying equation (1). Let these be denoted by C,,C,,
the former being acute and the latter obtuse.

If now 6<¢, B<C, and it is possible for B to be less than C, as
well as C.: thus there exist two solutions in this case.
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—

(iv) But, if further =c or>¢, B=C or>C, and it is not possible
to take the obtuse value C, for C; for then B= C, or>C,, and the
triangle has two angles each greater than a right angle, which is
impossible. Hence there exists only one solution, viz. that given by
the acute value C, satisfying (1).

We have supposed B to be acute; if it is obtuse, only the acute
value of C will be applicable, and there will be only one solution
when the triangle is at all possible,

Exercises.

196. Solve the triangle ABC, given—
(i) a=25, =65, C=065° 26/;
(i) ea=135'8, b=194"5,c=239"7;
(iii) B=351°31/, C=76° b6=098°2;
(iv) B=351°31’, C=%6° a=982;
(v) a=70, b=82, A=27%9’;
(vi) a=70, b =82, B = 27°49’.
197. Given 3c=%b, A = 37° 8/, find the other angles,
198. Given a=%23, b = 923, find c—
when C=35° 16/ and when C = 144°44/.
199. The three sides of a triangle being as 4: 5:7, find the
mean angle, \
200, Givena = 3, b = V3 + 1, ¢ = V6, find all the angles.

201. Two angles of a triangle are 65°31/, 59°29/, and the shortest
side is one mile : find the longest side.

202. Two angles of a triangle are 131°2/, 31°2/, and the longest
side is 1000 yds : find the shortest side.

203. The three sides of a triangle are 100, 174°6, 203’4 : find the
greatest angle from the formula for tan 5, and the least from that
2

A
for cos — .
2

204, Is there any ambiguity in the solution of the triangle ABC
from the following data ?—

(i) &=40, c=89, B=30°; (ii)) a=4, b=4+"V80, A=18°;
(iii) a=5, c=7, A=70%7'; (iv) a=7, c=5, A=70°17.
205. Solve completely the triangle in which 6=394"5, c=239'7,
B=47°13".
206. Solve completely the triangle in which d=11%, c=44'01,
C=20%37' : given—
log 11°7 = 1'0682, log 4401 = 1'6436, log 12°5 = 1’097,
log 94'or = 1°9732;
L sin 20°37/ =9°5466, L sin 69°23' =9°'9712, L sin 48°46/ =9'8762.




XV.] TRIGONOMETRY. 22§

207. In atriangle the two sides are 61, 39, and the difference
of the base-angles is 35°22/ : find all the angles, given—

log 22=1"3424, L tan 17%41/=09'5036, L cot’ 34°36’ =T0'1612.

208. Shew how to solve a triangle, when two of the angles are
given and the area or the perimeter is known.

209, Given 3, ¢, B, as in IV, if the solutionis really ambiguous
prove that the difference of the two valuesof ais
2V(p2—c*sine B), -

*210, Inany triangle ABC given &, ¢, B, prove that ¢ may be found
from the quadratic equation
a? —2ac cos B+c2—-p2=o0,

Discuss the roots of this quadratic and obtain the results derived
in IV above,

*211. When g, b, A are the given parts of a triangle ABC, and the

solution is really ambiguous, prove that the two values ¢, ¢,, of the

thirdside, are connected by therelations ¢; + ¢, =256 Cos A, ¢y¢, = b2 — a2,
Give also a geometrical proof of these results,

§ 35. APPLICATION TO PRACTICAL AND GEOMETRICAL
PROBLEMS.

I. We have already given examples of the practical solution
of right-angled triangles in § 30, and shown how other triangles
may be solved by resolving them into right-angled triangles. In
the following examples the formule of oblique-angled triangles
are directly applied.

In all cases it will be found that a fundamental straight line,
«called the dase line, has to be measured and two angles (at the
least ) have to be observed. The required distances or heights
are then calculated usually by the rule of sines, as in 111, § 34.
In more complicated problems more than two angles are observed;
and a second base line may sometimes be required. Cases I
and II of § 34 are of rare occurrence in practice; of course case IV
( the ambiguous case ) should never be employed.
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Examples. 1. In order to ascertain the distance of an inaccessible
object P on a horizontal plane, a convenient base line AB, of length
20yds., is measured; the angles PAB, PBA are observed to be 60° and
119°20’ respectively. Prove that the distance PB is nearly T ot a
mile,

Applying the »ule of sines tothe APAB, we have
PB_sin 60° _ ‘8660 _8660,
AB sin 40/ ‘or1y 117’
.. PB =Myds, =,.8w6_6.9 X 20 mile.
117 117X 1760

Simplifying, we get—433%_
implilying, we g 117X 44
We do not employ logarithmic sines as L sin 40’ is not given by
four-figure tables,—the logarithms of the sine increasing irregularly
when the angle is helow 3°. The angle at P can be only roughly
shown,

very nearly,

2. A ship is steaming due south at 15 knots
per hour; a lighthouse at first bears 8 24° W, A
and 15 minutes later it is exactly WSW, Find
the distance of the ship from the lighthouse at the '
first observation, !

Here the distance between A and B, the two ’
positions of the ship, is the base line of length 3% ‘
koots. If L is the position of the lighthouse, N

LBAL=24°, L ABL=90°+224° =112}°; ;
so that £ ALB=180"-1364°=43}°. L ﬁ::‘-’-'--‘*'
Thus Ak - 8in 1121°_sin 673°. /
AB  sin 433° sin 433°
& logAL =log3-75+Lsin 67°30"—Lsin 43°30/ ¢
= ‘7018, from the Tables,
Hence AL =35'032 knots=_3 8 miles nearly,

[A knot or nautical mile is almost exactly 2025
yards. ]

B

-
u

TR
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3. In the preceding example, if the ship continues on its
course find the least distance at which it will pass the lighthouse.
Drawing LM perp. to AB produced, it is seen that M is the point
of the course nearest to the lighthouse.
Now LM =AL sin BAL ;
s log LM =log AL 4L sin 24°- 10
='7018+49'6093 — 10
='3III,
** LM =2'046 knots.
[Here it is convenient to use not AL but its logarithm found above, ]
4. From two points A and B, 1500 yds. apart, an aeroplane G
is observed to have simultaneous elevations of 41°23/ and 46°_3,2’
respectively: if the plane ABC is vertical and the vertical line
through Cis between A and B, find the height of the aeroplane.
See Exam. 10, § 30, tothe figure of which reference is made.

Here £ ACB=180°~87°55/,

Thus ADa__sing@ar __sin g6z,
AB  sin (180°—87°55') sin 87%s/
cD_ . Oant .

and A_c—sm 4123/ ;

~.CD=13500 sin 46° 32/Xsin 41°23/ +sin 87° 55’.
<. log CD=3"176149 8608 +9'8202 —9'9997 — 10=2"8574.
Hence CD=720'1, or 720 yds., almost exactly.

In some problems the base line lies in a vertical plane of the figure
at some inclination to the horizon : see below and Exam, 6 of § 31,

5. The elevation of the top of a hill observed from a point on an
opposite slope is 18°; after descending the slope, whose constant
inclination’ to the horizon is 28°30/, for a distance of 200 yds., the
elevation is found to be 22°, Find the height of the hill-top above
the level of the second point of observation,

Let T be the hill-top, P and Q the two points of observation on
the slope OQP of constant inclination ; AOB, QK, PH horizontal lines,
and THK the vertical through T.
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Then LTPQ= L TPH+ LHPQ= 4 TPH+ POA
= 18%+ 28°30" = 46°30’ ;
similarly £ TQO= £ TQK + £ QOA = 50°30' ;
sothat LQTP=,TQO- LTPQ=4¢".
TQ _sin TPQ

Now P == QTP and TK=TQ sin TQK;
T _ QPsin TPQ. sin TQK _ 200 sin 46°30/. sin 22°
sin QTP sin 4°

Thus  logTK=log 200+L sin 46°30’+L sin 22°—L sing®°— 10
= 2'3010—8°'8436
+9°8606 — 10

+9°5736
= 21 7352—18'8436=2"8916 ;
~ TK=#%79 yds. almost exactly.

II. We shall conclude by giving some examples of the inves-
tigation of geometrical properties of triangles and polygons by
means of the triangle formule and the properties of trigono-
metric functions.

6. The perpendiculars of a triangle are drawn ; to find the sides
of the pedal triangle, and the segments of the perpendiculars
made by the orthocentre. )

Let AD, BE, CF be the perps, of the A ABC, meeting in O, the
orthocentre [XVIII, § 11]; then DEF is the pedal triangle. Itis
easily seen that L AEF=B, L AFE=C,

Hence, from the A AEF,

EF_sin EAF _sin A
EA sin AFE sin C’
but 'ETQ = Cos A,

A

as L BEA=90°,

E_F___sin Acos A

AB sinC '’

ive, EF= ¢SinAcos A
sinC

.
e

S

(
'
'
.
1

As 2R= . g B G
s =gnc (533,11, M D /
we can also write EF=2 R sin A cos A=ga cos A,
So we shall have FD=2 R sin B cos B=§ cos B,
DE=2 R sin C cos C= ccosC
Again A—g—sec OAE =sec (90°—C)=cosec C;
EA

AO
and —_— = S - =
AB cos A, .. AB cos A cosec C,
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Hence A0=f?°—sA= 2 R cos A.
sin C

Soalso,BO=2 R cos B, CO=2 R cos C,

Finally g§= sin OBD =cos C;
s, DO=O0OBcos C=2Rcos B cos C.
So also, EO= 2R cos C cos A, FO=2 R cos A cos B,

If S is the circumcentre, we can prove that the distance of 8
from BC is R cos A: hence AO is double of this distance. See Geo-
metry, XVIII, Note 4. Also, AO. OD, BO. OE, CO. OF are all equal,
being 4 R cos A cos B cos C, as was to be expected.

7. To find the distance between the centres of the incircle and
the circumcircle of a triangle in terms of the radii of these circles,
With the figure of Exam. 24, Misc, IV ( Geometry), we have
AL IT=yllz=0y2-012=R2—-0I?;
Ol2=Rz—-Al IT.
But il = coSecﬂ E_‘=ETL= é-
Ix 2’ TT, TT, 2’
s AL IT =7 cosec 5. Rsin® = 2R~
2 2

Hence Ol2=R?2 — 2Rz,
So too we can prove Ol2=R?+2Rx, etc.

8. A quadrilateral inscribed in a circle has consecutive
sides of length @, b, ¢, d: to prove that its area (Q) is given by
Q=v{(s—a) (s—8)(s—c)(s—d)}, where 2 s=a+b+c+d.

Let ABCD be the cyclic quad-
rilateral; AB=gq, BC=5,
= ¢, DA = d; join AC,
From the AABC [ § 32, II],
AC2=gq2+4p2—2 ad cos B;
and from the A ADC,
AC2=¢2+4d2—2 ¢d cosD.
But *. D+B=180",
cosD =cos (180°—B) = —cosB;
s at+b2—2ab cos B=
¢2+d2+2¢d cos B,
a4 p—ct—a B b c
2 (ab+cd)

HencecosB=

s B 4 (ab+cd)t — (a4 bt —ct—at)
4 (ad+cd)? .
The numerator may be proved to be

(a+b+c—d) (a+b—c+d) (a=b+c+d) (—a+b+c+d);
see Hall and Knight, Elem. Algebra, XXVI1I1 a, Ex, 39.

.~ sin? B=1—co.
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But a+b+c—d = a+b+c+d—2d = 2 (s—d), etc,
_ 16 (s—a)(s—8)(s—c) (s—a).

<. sin? B 4(ab+cd)? ’
Lo = 2V{(s—a) (s=0) (s—¢) (s—d) }
S sin B = wbFed .

Now Q = AABC+ AADC=3 absin B+ cd sinD
=1 (ab+cd) sin B, as sin D = sin (180°—B) = sin B,
Hence, substituting the value of sin B found above,
we have Q=vV {(s—a)(s—6)(s—c)(s—d)}.
If D and A coincide, d=o0, the quadrilateral becomes the A ABC,
and we get the usual expression for its area.

9. To find the side and area of (i) an inscribed (ii) a circum-
scribed regular polygon of a given circle,

Let R be the radius of the (),
n the number of sides of an
inscribed regular polygon
ABCD...Join the centre O to A
and B, draw OM perp. to AB;
then AB is bisected in M and
OM bisects £ AOB.

A A0M='7 L AOB

— I 360°

)

2 7
as all the 4 s AOB,BOC, COD
...are equal.

AM
Now AB=2 AM=2—A—6. AO=2 AO sin AOM;
o
thus  AB=BC=CD =2 R sin 5%,
¥/

And area ABCD .=7. AAOB=7 1 A0.0B sin AOB
2

260°

= 2 Resin
2

Again, let gbcd...be a circumscribed regular polygon of # sides ;
let a6 touch the () in m, and join Oa, 05, Om.

We can prove the As Oam, Obm congruent, and Om perp. to ab.

Hence ab=2am=z%ﬁn— Om=2 Om tan aOm ;
m

180°

so that ad= bc =c¢d...=2Rtan

And area gbcd...=n, AOab=n. % Om.ab

O C)
=2 R.2R tan—l—sg— =nR? tan 180 .
2 n %
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The student will see, on consideration, that the circumference of
the () is greater than the perimeter of ABCD...but less than that of
abcd...,s. e., > n. AB and <n.ab; and that if we make z very
large, both #. AB and 7.6 will nearly approach the length of the
circumference. For instance, let #=120; then the perimeter of
the inscribed polygon
=120,2R sin 1°30’ =2 R, 120X 0261769
=3'141228 (2R) :

while the perimeter of the circumscribed polygon
=120,2 R tan 1°30’ =2R, 120X 0261859
=3"142308 (2 R).

Thus we find that the circumference bears to the diameter (2R)
a ratio lying between 3'r412 and 3°'14231; it is known that this
ratio is 3'14159 to five places of decimals.

The values of the trigonometrical functions of 1°30’ are taken
from seven-figure tables; in four-figure tables both values will be
given as ‘0262.

Exerclses.

212, From C, the top of a tower 75ft. high, the depression
of a point A on the nearer bank of a river is found to be 45°,
and that of B on the farther bank to be 15° : prove that the breadth
AB is 205 ft. very nearly.

213. An observer at A finds that heis in aline, bearing 30° W of
N, with two distant objects P and Q; he walks a distance of 146
yds. due west to B, and finds that Q bears exactly N and P is NNE,
Find the distances AP, PQ.

214, Three objects A, B, C lie on ground which is so uneven
that the lines AB, BC, CA cannot be measured. An observer finds
the angle ABC at B and the angle BAC at A ; walking ¢ yds. along
BA produced to a point P, he also finds the angle BPC, Shew how
to obtain the lengths of the sides of the triangle ABC,

215. A steamer A leaves port at g-25 a.m. in a direction E by
S, steaming at 16 knots per hour ; ancther, B, leaves at 10 a.m.
in a direction SE by E, at 18 knots per hour. Find the distance AB
at 10-40 a.m,

216, A ship, sailing due East at 12 miles an hour, was observed
from a lighthouse to bear 10° E of N at 0-45 p.m. ; at 1-30 p.m.
it was found to bear due NE, Find its distance from the lighthouse
at the second observation.

217. From a ship, steaming in a direction N 15°E at 15 miles an
hour, a lighthouse is observed to bear due E;; 20 minutes later the
lighthouse bears E 8°32/ S. Find the distance of the lighthouse
from the ship at each observation,

Calculate also the least distance between the two, and find when
it will be reached.
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#218. At two points A and B, in a horizontal line with the base
of an object whose top is P, the elevations of P are found to be
a and B (#<@) : provethat, if AB = a, the distance of the top from

asin . asinB
sin (8—a) sin (8+a)

[Comparing these results with those in Exer. 108, we obtain the
two formule—

sin (B8 — @) =sin 8 cos a—rcos B sin a,

sin (8 + @) =sin § cos a+-cos § sin a.]
*219. At two points, A and B, in a vertical line such that AB=ug,
the elevations of the top, P, of an object are a and 8 respectively
(a<B): prove that the height of P above the horizontal plane
@ cos @& sin 8

sin (B8 - @)

220. From the terrace of a house 4o ft. high the angles of eleva-
tion of the top and depression of the base of an opposite building
are observed to be 20° 32’ and 32° 20/ respectively : find the height
of the building and the breadth of the roadway.

221. Arock is situated upon a uniform slope making an angle
of 25° with the horizon ; at the foot of the slope the elevation of the
rock is found to be 37°30/, and, after walking 300 yds. directly up the
slope, it becomes 71°.  Find the height of the top of the rock above
the horizon.

*222, Prove that the circumcircles of the two triangles found
in the ambiguous case are equal.
223. Verify the following expressions for the area of the pedal
triangle of a given triangle ABC—
2R2cos A cos B cos C (sin A cos A+sin B cos B4sin C cos C);
4bc cos Beos C sin 2 A, }ca cos C cos A sin 2B,  abcos AcosBsin2C.,

is either

through B is

224. The angle A of a triangle ABC is bisected internally and
externally by the lines AH, AH,, meeting BC : prove that
RV TR ¥ S
(6+¢) sin, (¢=8) cos,
*225. Find the distances of the incentre and the excentres of a
triangle from the angular points of the triangle in terms of the
sides,

226, With the usual notation for a triangle, prove that
1 I X 1

supposing AB>AC,

. A2+, Bi2+¢. Cl2=qabc, and =
a. M*+5. B+ ' anig T 5B Coa T ake
A B C
227. Prove that Il =g sec ) ;=5 sec P ll;=¢ sec ; ;
A B
and I; l3=a cosec ;, I3l =6 cosec;, Iy ;= ¢ cosec 9
2

228, Find the area of a plane quadrilateral whose diagonals, of
lengths 61°2 and 39'8, include an angle of 94° 49’.
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229. Inacyclic quadrilateral ABCD, AB=3, BC=g5, CD=}, DA=y;

find the area and the length of AC, H. :,

230. If @, 8, ¢, d are the lengths of successive sides of a uadrie«

lateral which can be inscribed in one circle and circumscri aboutt
1 ’ ~

another, prove that its area is (abcd)*. L

231.  Find the side of a regular dodecagon inscribed in a circle
of radius 2 cm., and that of a regular decagon described about a
circle of diameter 1”.

232. The side of a regular polygon of 24 sides is ‘4" in length:
find the radii of its inscribed and circumscribed circles,

233. Ifais the length of a side of a regular polygon ABCD .,
of # sides, find the lengths of AC, AD, ..

*234. Obtain the area of an inscribed regular polygon of a circle
(o]
of radius R in the form™z R? sin 152 cos %‘l. Hence prove that
”

180° .

S ———, L
n

235. Compare the areas of a regular inscribed octagon and a

regular circumscribed hexagon of a given circle.

. 360° . 180°
sin 322 =2 5in2%% co
”n n

*236., Find the perimeter of a regular polygon of roo sides inscrib-
ed in a circle of radius 6 in., and the area of a regular circumscribed
polygon of 100 sides of the same circle; given—

sin 1° 48! ='0314108, tan 1°%8/ =0314263. .

237. Two circles are respectively described about and inscribed
in a regular polygon of 7 sides: prove that their radii are as 1 to

(o]
cas 189°
”n

238. Two regular polygons of n sides each are respectively

inscribed in and described about the same circle : prove that their
(o]
areas are as cos? 18df to 1.
n

*239. In a cyclic quadrilateral ABCD, AB=g, BC=4, CD=q,

DA=d : prove that E '
ac= lactbd)(adtbe) gy  (actbd)(abted)
ab+cd ad+be
( See Geometry Exer. 390.) .
240. In the exercise above, find the radius of the circumcircle. '

*241. In a triangle ABC, right-angled at C, prove that
ntra=ry—r=c¢

242. With the usual notation for a triangle, prove that
(i) OI2401,2+0l,2+0l2=12 R;
@) OOt Ol Ohi 2cR?.

—_ — ! o
r + 7 72 73 A’ ; '
2 Ol2 1 o _
i) 4Ot OW_OF_gp ‘ e (g
"o ¥ 7 P .

(See Geometry, Exer. 167 and Exam. 7 solved above.)
G, 16,
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343. A spire CD is observed from two points A and B, 5o metres
apart, in the same horizontal plane as C the foot of the spire; the
angles DAB,DBA,CAD are found to be 735°, 70° 40° respéctively.
Find the height of the spire to the nearest decimetre,

244. A surveyor starts from A and goes 300 ft. N 20° E to B,
thence 210 ft. N 15° W to C, and thence 430 ft. W 22°30’ 8 to D,
Shew that the bearing of D from A is nearly W 40°22/ N,

MISCELLANEQOUS EXAMPLES IN TRIGONOMETRY.

1. The interior angles of a polygon are in A. P.; the least
angle is 120° and the common difference 5°. Find the number of
sides.

2, Shew that there are eleven pairs of regular polygons
which are such that the measure of an angle of one of them
in degrees is equal to the measure of an angle of theother in
grades.

3. If a=secO+cosecOd tan?@ (cosec?6+1),
and b=tan@ —tan30 (cosec26+1),

§_,3_.3%

prove that a®—-56°=2°
4. If sin@ =g, find the values of tan(g T —6), sec(if T+06 )
§. If tan® 0 =)+ a, prove that
3.,53
a sec 0+5 cosec 6=(a®+5°)%,

6, If asin 045 cos@=a cosec 6+ sec 9, prove that each
expression is equal to

2 2 1
* (a° - o%)(a§+b§)’~’.

9. In a triangle ABC, right-angled at C, D and E are the points
of trisection of AC, and it is found that AB4-AD=CB+4-CD: prove
that £ ABC=36° 52/ nearly,

8. Prove the tollowing identities :~—

@) sin?A4m cosA —m cos?A _ sinA .

sing {14+(m-+1)cosA} 1+4cosA
tanA —secA+1 } 2 (sinA—rx)(cosA—1) |

(i) tanA +secA+1 (sinA+1))cosA+1) ’
(iii) sin?@{ (2 —8)? cos? 6 —a?}*+cos?6{(a—8)* sin? @ — 43}
w (a? sin® 6+ 52 cos?6)*.
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9. Solve the equation
(4 —V3) (secO +-cosecO) = 4(tan6 sin@+cotd cosB),

10, Prove that the equation gtane-—z cos?.@ is satisfied by
tan 9 =

1
3/3 V)
11, The triangles A, B, C,, A; B, Cy, A; B; C; are of equal area
and have cot A,+cot A ;+4cot A;=o0: prove that
alz+a22+a32=612+612+622+622+63’+03’.
*12, With regard to any triangle ABC prove that
acos@=5 cos(C—0)+c cos(B+6),
and give a geometrical illustration.
13. If AD is the median from A in the triangle ABC and ¢ is > §,

prove that tan ADC = c:TAb?
14. IfP divides the side BC of a triangle ABC so that
BP: PC=m:n, shew that
m2b2 +n2c2+ 2mn bec cosA
= (m+n)?
15. In a triangle ABC, ¢?—5%= ab prove that

a+b -b
COoS B-z—, cos C =222 25

and shew that 4C = 2L8B,

16. In any triangle ABC prove that

(a+56+c) (cos A+cos B+cos C—1) =2 asin BsinC,
and a? cos B+ %% cos C+c? cos A
=ab+bc+ca— (ab cos A+bc cos B+ca cos C).

17. Ina triangle sin A, sin B, sin C are in H, P.; prove that
sin? }A, sin? 1B, sin? 3G are also in H. P,

18. The cotangents of the half-angles of a triangle are in A.P,;

prove that the sines of the angles are alsoin A. P,

*19, For any triangle prove that
tan % = a+lb; cot 9 , ¢ =(a+5) sin Q sec A:B.
20. Apply the formula in the precedmg example to solve a trian-
gle in which 2=15'8, b= 10, C=7%0%2":
given log 58 =1"7634, log 258 =2'4116,
L tan 54°39'=10"1491, L sin 35°21'=97623,

L tan 17°35' =9°5009, L sec 17°35'=10'0208, log 1566 = 3°1947.
21, Given a = 257, =341, £ A =33°14/, solve the triangle:
data - log 257=2"4099, log 341=2'5328, log 4616=3"6643;
Lsin33®12/ = 97384, diff, for 2’ =4; L sin y9°53/=9°9932;
Lsing6°36’ = 9'8613, diff. for 3/ = 4; L sin 13°25' =9°3655;
log 1087 =3'0366.
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22. In acircle of diameter 125a triangle whose sides 4, ¢ are
respectively 114, 35, is inscribed : prove that the third side ¢ is

either roo or 1243 §. .

23. The area of a triangle ABC, right-angled at C, is} ¢? sin 2A
or } ctsin 2B,
~ 24, Oneangle of a triangle is 60° the area is 10v3 and the
perimeter is 20 : determine the sides.

25. A workman is told to make a triangular enclosure of sides
§0,21,41 yards severally ; having made the first side one yard too
long, find what length he must give the other two sides to enclose
the same area with the same length of fencing.

. -26. The bisectors of the angles A,B,C meet the opposite sides in
L,M,N: prove that
ALMN _ 2 abc
. . AABC  (8+c)(c+a)(a+d)
27. The angular elevation of a steeple at a place due south of it

is 45°; at another place, due west of the former and at a distance a
from it, the elevation is 30°. Find the height of the steeple.

28, The sides of a quadrilateral of area Q are q, 4, ¢, d in order,
and the diagonals include an angle 6: prove that
Q=1(8+a?—a*-c*)tan 6.

29. In a triangle ABC, right-angled at A, AD is perpendicular to
BC: if 7, 7,, »; are the radii of the inscribed circles of the triangles
ABC, ABD, ACD, then »,+7;,+7;=AD,

30. A chord PQ of the circumcircle of a triangle ABC is drawn
through the excentre I;: prove that
\ LP. 1Q= 2z R. 7.

*31.  8'is the circumcentre and O the orthocentre of a triangle
ABC : prove that the rectangle of the segments of a chord of the
cifcurhcircle passing through O is

8 R3 cos A cos B cos C,
and that 802=R? (1 —8cos A cos B cos C).




28.
48.
53.
67.
68.
78.
86.
108.
111
117.
127.
139.
145.
148.
160.
194.

211
212.
220.
227.
251.
268.
266.
296.
310.
313.
317.
340.
348.
363.

ANSWERS (GEOMETRY).

EXERCISES.
13. 2. 21 6. #85 5% i% Ju
54; 6.3 22 3% W 23, 3%, 8.
12,18, 97. 33. ‘92;'64 (1+31.3). 86. 29.
66 sq. in. 49. 196 mm. 60. 2v3.

17-3,107. 66, 10'5;6'6 or ¥ ,/689. 66. 49"
1'T=(./3), 4=(T+ J3)

Neatly 24 ft. from the base of the column.

Not greater than thrice the radius of the circle.’
2 and % towards the centre of the smaller circle.
1:2. 109. 7=(4.38), 14=(84/3). 110. J2:3.
2:J3. 112, 13=(75,3). 118. 36° 72>, 72
14 in; 34 sq. in.  126. 88 in; 67 and 32 mm.

12 ,/3=2 nearly. 128. v {d*-(ax0)}.

25 143. 6Zcm. 144, ‘58, 7.
(32 2)r. 146, 2306 147. 2, 10.

1} or 6. 149. 63, 263 152. 4; 68 nearly,

325; 3, etc. 161. 1'65, 1-35, 545, 3.

180° - 2a, 180° - 28, 180° - 27, whenthe A is acute-angled;
2q, - 180°, 28, 27, when a is an obtuse angle.

(i) The smaller part is 75’ or 1125",

15,20 ; 3, 4. 213. 23, 3% 219. 3:11,
1:2:L 221 1:4 223. pPc = %8C.
613 ; 1425, 243. 5";2:25". 248. 4'6; 2 nearly,
2:7". 252. 58 nearly. 255. % (wl + x4 za).
12, 15%. 260. ‘5. 264. 6507 ft.

5: 4. 288. No.

9304, 196, *672, 297. 13:3 mm. 298. 3+%(3./3).

78, ‘11, *76. 312. 13,12

9 mm. = (4 /3 - 6) cm. 316, 9,10 mm,
54", 337. 211 338. Tmm.
3:1, 341. 3:8 345. 4:5.

3: 1 354, 14", 358. 99,

3:4. 364, 2+ ,/2:4.
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369. 291 374. 267. 375. 31 nearly.
424. On the perpendicular from the centre ata distance
of 3% in. 438. 171,19, 439, 9:4.

Miscellaneous Examples.

L 1 24} 2L 2 112mm. 5 984 yds.
II. 1. 320r25mm. 19. 2(,J2-1), 2(2- /3).

90. 6278, 6:297,
II1. 2. 87. 12. No; C lies on a circle.
IV. 2. 1:mn-n+l. 3. 164" 9. (O of diameter 21

V. 1. 17%6. 14. 27", 34", 15. 1:10. ‘

VL 10. 2% 3:1L .

38. Radius= ,/AH x HD = ¥ BH x HE = »/CH x HF.




21.

36.

71.

86,
87.
88.
91.
94.
96.

ANSWERS (TRIGONOMETRY ).

EXERCISES.
870271’ 379 26' 39”; 790 491, 1270 59/ 48”‘
78° 45, 101° 15/, 3. 9° 56’ 24"; 26.
90%, 553, 333 5. 96° 23’ 42", 144° 35’ 33".
30, 66, 108, 156. 7. Com. Diff. = 11§,
900, 450, 5100. 9. 325°% 10. (838 )"
435§ miles. 12. 1383} very nearly.

172 18" 75"; 111° 11...9; 11£ 30" nearly.

250125; 37° 49’ 13" nearly. 17. 22 and 11.
Complementary; equal. 26. sine=2},etc.

53" 85 8, '75. 28. 3276 sq. in.; 1848, 3'548.

1673 ft. 30. 50°54’. 381. 2075 ft.

7°28 metres. 33. 31°4. 34. ‘75 cosec 51°.
(cosec 36°) cm. =17 mm. nearly. 37, 38° 40';27° 50'.
119°; 114° 45'. 44. sin 105°=} (J6+ f2), etc.
-2+ /3 650. /3. b54. 135"

8:65. 58. 74s5. 62 J2z+ 1

cos A =*y (1-38?), tan A=ks+ ,/ (1-5%), etc.

sin A m*,/(2v-v2), cos A=1 -1, etc.

(1) 9o° or 180°%; (ii) 9o°.

seco cosecd; —sin? A; 103 - 78 cos@ + 6 sing;

4 (cos? 6 —sm’ 6)™L.

2m m3 - 5 a?+2ab a4+ 2ab+ 202

—_— etc. . .

mi+ 1 z2m - etc. 68 2b(a+b)’ 2b (a+b)
3_}3 1.9

6 tan?a, 72. 0,2 b, b(2a?+b ).
2ab (a’+b’)§

() Am=go’ or 30°, B=60° or o°; (ii) A=90% B=30°.
() 35%28, (ii) 21°42’, (ili) 22°38', (iv) 127°8"

30° or 150°. 89. 45°. 90. tang =z or .
135° 92. 60°. 93. 30° 150°, 45°
sing=+1 ./ (10%2.,/5) 95. tang=24,/3.
go°. 97 () 45° 673°; 1573°;

(i) 45° 135°;60°, 120°; (iii) 78° 42' 116° 34/.
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ANSWERS.

08. 34, 1§, 99. () 2'+y? =ad4 b3

100.
101.
102.
104.

106.
109.
112.
113.
114.
116.

117.

119.
122.
124.
130.
132.

133.

13.
139.
142.
145.
146.
151.
163.
177.
168,
195.

(i) A §(a-aP+(b-0)1} = (ab -a'd),
¢ 2 3 4
(i) m3nd +m¥nI =1,
cos? A+ cos? B+cos® G + 2 cos A cos B cos C=1.
6483, '3333» 1608, 1°20006.
24°30",134°21', 58%42/. 103, 43°43'; 73%47".
A=30%2’, B=59°18/, bmgo'4r;
A=60°57', B=29"3', ¢=35148;
B=64°20, a=4765 b=99'15;
A=19°35', Cm10°676, a= 3558,
29°39. 108. 7=3732, R=3864.
4771, 95°42. 110. 2049 111, 1or1°8.
25, 102 nearly,
1a( 6 + J2 - 2), Ja(z /3 - 6+ J2)
82'85. 115. 1473
1d sec 63°, 3d tan 63°
i . AB(cot 48°12/ 4 cot 60°
5783, 26'59. 118, cot 48°12'(cot 51°+ cot 60‘)))'
221'7, '0029.  120.-%, %, =3, 121 -z2,-1,7 -2,
9'994, 9'2101, 10°7922. 123. 10°2718, 10'1986.
41°12/, 86°40/,  125. 18706, 1°8161. 129. 20, 18.

5th, 47th. 131, §(zg-3p+1)5(p+g-1)
2b - 28 ~ 3¢, 20+ 60+ 2d - 4¢, § (6 +0+4d).
3125 13441184 935 ,..g
674 log 4

‘002995, ‘1958,  137. 3598, ©2363. 138. 3'423.
454 ft. 140. 421 ft. 141, 36 cosec 5°tan 36025/,
5 cosec 53’ sin 25°40/." 143. % /3. 144 30°
C=72013, A= gq7%47'; 0r C=107%47", A=12°13/.

7'856. 148. /13, 1. 149. /61;3 \/5;32"7 nearly.
‘84; 35'8; 1309'8; 224 2. 162. 7s.

3244, 174. (i) 1201, 24; (ii) 10023, 18.

25, 84, 101. 178. 77}; 59 nearly.

(i) 269567, 46°34,104°30; (ii) A =1113% C = 23}°.

3 (@+d+c), 3 (-a+b+o)
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186. (i) A = 22936", B=91°58/, ¢ = 59°16; (ii) 34°30, 5412/, 91°18/;
(iii) @ =99-52, c=121'8; (iv) b= 969, c=1201;
(v) B=33°8'0r 142°62/,C =119°3"or 9°9,c = 153'7 or 27 95;
(vi) A=9328/, C= 12843/, cm 137°1,
197. 191°25/, 21°27/. 198. 541-8, 1571. 199. 22°12/.,
201. 5865 fr. 202. 4083 yds. 205. 26°29/,106°18;a = 516.
206. B=69223or 110°37/, A =90° or 48°46/, a =125 or 94-01.
207. 69°12/, 735/, 37°43", 213. 170, 122.
215. 10 knots nearly,
218. 15.% miles.  217. 33-48, 32:55; 8:666 at 34 m. 40s.
220. 5498, 6319, 231. 238 yds. 228. 2428
229. 106-5;7-24, 231. 1:035cm., *325"”, 232.1:5632, 1'519.
235. 4:3./2. 236. 3:14108, 314263 ft. 92438. 527.

Miscellaneous Examples.
1. 9. 4 Fa+ J(1-a%), -l+a
9 30° 607, 1352, 20. A=72014/,B=37° 4/ c=1566.
21. B=46° 39/ or 133° 21/, ¢=100°7' or 13° 25/,
c=4616 or 1087,
24 7,8, 5. 25. 35, 26. 7. a+ J2







FOUR-FIGURE LOGARITHMS
AND

TRIGONOMETRICAL FUNCTIONS
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NATURAL SINES.

Deg:fl

’ ’ ’ !’ ! ! ! ’ !

0" | 6'|12'|18'|24/30"|36'|42' 48'|54|

1

0 0000 ] 0017 | 0035 | 0052 | 0070 | 0087 | 0105 | 0122 | 0140 | 0157 | 3
11 0175 | 0102 | 0209 | 0227 | 0244 | 0262 | 0279 | 0297 | 0314 | 0332 | 3
201 0349 | 0366 | 0384 | 0401 | 0419 | 0436 | 0454 | 0471 | 0488 | 0506 | 3
301 0323 ] 0541 | 0538 | 0576 | 0543 | 0610 | 0628 | 0645 | 0663 | 0680 | 3
41 0698 | 0715 | 0732 | 0750 | 0767 | 0785 | 0802 | 0819 | 0837 | 0854 | 3
511 0872 | 0889 | 0906 | 0924 { 0941 | 0958 | 0976 | 0993 | 1011 | 1028 | 3
61 1045 J 1063 | 1080 | 1007 | 1115 | 1132 | 1149 | 1167 | 1184 | 1201 ] 3
11 "1210 § 1206 | 1253 | 1270 | 1288 | 1305 | 1323 | 1310 | 1357 | 1374 | 3
8| '1302 | 1409 | 1426 | 1444 | 2461 | 1478 | 1495 | 1713 | 1530 | 1547 ] 3
9| 1664 | 1563 | 1599 | 1616 | 1633 | 1650 | 1668 | 1685 | 1702 | 1719 | 3
10(1 '1736 | 1754 | 1771 | 1788 | 180 | 1822 | 1840 | 1857 | 1874 | 1801 | 3
101 "1908 | 1925 | 1942 | 1950 | 1977 | 1994 | 2011 | 2028 | 2045 | 2062 | 3
1211 2079 | 2096 | 2113 | 2130 § 2147 | 2164 | 2181 | 2198 | 2215 | 2233 ] 3
1311 2250 | 2267 | 2281 | 2300 | 2317 | 2334 | 2351 | 2368 | 3385 | 2402 | 3
140 2410 | 2436 | 2453 | 2470 | 2487 | 2604 | 2521 | 2538 | 2654 | 2671 ] 3
15| '2588 | 2605 | 2629 | 2630 | 2656 | 2672 | 2689 | 2706 | 2723 | 2740 ] 3
16| 2756 | 2773 | 2700 | 2807 § 2823 | 2840 | 2857 | 2874 | 2800 | 2007 | 3
1711 2024 | 2040 | 2057 | 2974 | 2990 | 3007 | 3024 | 3040 | 3057 | 3074 | 3
18| 3090 | 3107 | 3123 | 3140 | 3156 | 3173 | 3190 | 3206 | 3223 | 3239 3
191 3256 | 3272 | 3289 | 3505 | 3322 | 3338 | 3355 | 3371 | 3387 | 3404 | 3
201 3420 | 3437 | 3453 | 3460 | 3486 | 2502 | 3518 | 3535 | 3551 | 3567 | 8
21 1 3584 | 3600 | 3616 | 3633 | 3649 | an65 | 3681 | 3697 | 3714 | 3730 | 3
22 || 3746 | 3762 | 9778 | 3795 | 3811 | 3827 | 3843 | 3859 | 3875 | 3891 | 3
23 || 3907 | 3023 | 3930 | 3955 | 3971 | 3087 | 4003 | 4019 | 4035 | 4051] 3
24 || 4067 | 4083 | 4090 | 4115 | 4131 | 4147 | 4163 | 4179 | 4105 | 4210] 3
25 || '4226 | 4242 | 4258 | 4274 | 4289 | 4305 | 4321 | 4337 | 4352 | 4368 ] 3
26 || 4384 | 4300 | 4415 | 4431 | 4446 | 4162 | 4478 | 4403 | 4500 | 4524 | 3
21 11 4540 | 4555 | 4571 | 4586 | 4602 | 4617 | 4633 | 4618 | 4664 | 4679 | 3
28 || 4695 | 4710 | 4726 | 4741 | 475 | 4772 | 4767 | 4802 | 4818 | 4833 | 3
20 || 4848 | 4863 | 4879 | 4804 | 4000 | 4924 | 4939 | 4955 | 4970 | 4985 | 3
30 11 5000 | 5015 | 5030 | 5045 | 5060 | 5075 | 5090 | 5105 | 5120 | 5135 | 3
311 5150 | 5165 | 5180 | 5195 | 5210 | 5225 | 5240 | 5255 | 5270 | 6284 | 2
321 5299 | 5314 | 5320 | 5344 | 5358 | 5373 | 5388 | 5402 | 5417 | K42 | 2
33| 5446 | 5461 | 5176 | 5490 | 5505 | 5519 | 5534 | 5548 | 5563 | 6577 | 2
34| 5592 | 5806 | 5621 | 5635 | 5850 | 5664 | 65678 | 5693 | 5707 | 5721 | 2
36 || 5736 | 5750 | 5764 | 5770 | 5793 | 5807 | 6821 | 5835 | 5850 | 5864 | 2
36 (| 5873 | 5892 | 5906 | 5020 | 5934 | 5948 | 5962 | 5076 | 5090 | 6004 | 2
3711 6018 | 6032 | 6046 | 6060 | 6074 | 6088 | 6101 | 6115 | 6129 | 6143 1 2
38| 6167 | 6170 | 6184 | 6198 | 6211 | 6225 | 6239 | 6252 | 6266 | 6280 | 2
33| 6203 | 6307 | 6320 | 6334 | 6347 | 6361 | 6374 | 6388 | 6401 | 6414 | 2
40 1| ‘6428 | 6441 | 6155 | 6468 | 6481 | 6404 | 6508 | 6521 | 6534 | 6547 | 2
4111 6561 | 6574 | 6587 | 6600 | 6613 | 6626 | 6639 | 6052 | 6665 | 6678 | 2
421l 6801 | 8704 | 6717 | 0730 | 6743 | 6756 | 6709 | 6782 | 6704 | 6807 | 2
43 || "6820 | 6833 | G845 | 6858 | 6871 | 6884 | 6896 | 6900 | 6921 | 6934 | 2
44 (| 6947 | 4059 | 6972 | 6984 | 6997 | 7009 | 7022 | 7034 | 7046 | 7059 | 2
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NATURAL SINES.

1
o ol . Ao, 1, ) Mean Differences
’

§» 0] 6 [12]18'|24'130 |36'|42'|48'|54'| | | | |
1128145

45 || 7071 | 7083 | 7096 | 7108 | 7120 | 7133 | 7145 J 7157 | 7160 | T1s1 | 2| 4| 6| 8|10
48 1| 7103 ] 7206 | 7218 | 7230 | 7242 | 7254 | 7266 | 7278 | 7290 | 7302} o | 4| 6| 810
47 || 7314 | 7825 | 7337 | 7349 | 7361 | 7573 | 785 | 7306 | 7408 {7420 | 2| 4| 6| 8|10
48 | ‘7431 | 7443 | 7455 | 7466 | 7478 | 7490 | 7501 |.7513 | 7624 | 7536 ] 2| 4| 6| 810
49 || 7547 ] 7559 | 7570 | 7581 | 7504 | 7604 | 7615 | 7627 | 7638 | 7640 | 2| 4| 6| 8] B
50 || ‘7660 | 7672 | 7683 | 7604 | 7705 | 7716 | 7727 | 7738 | 7740 | 77600 2| 4| 6| 7| 9
51 7771 | 7782 | 7793 | 7804 | 7815 | 7826 | 7837 } 7848 | 7850 | 7869 | ¢ 41 651 7|9
B2 || 7880 | 7891 | 7002 | 7912 | 7923 | 7934 | 7944 | 7955 | 79685 | 7976 | 2| 4| 5| 7| 9
63 || ‘7986 | 7997 | 8007 | 8018 | 8028 | 8039 | 8049 | 8059 | 8070 | 8080} 2| 3| 5| 7| O
64 || ‘8090 | 8100 | 8111 | 8121 | 8131 | 8141 | 8151 | 8161 | 8171 | 8181 ) 2| 5| 5| 7| 8
55 11 ‘8192 | 8202 | 8311 | 8221 | 8231 | 8241 | 8261 | so61 | ma71 [ ses1 | 2| 2!l 5| 7| 8
56 || 8200 | 8300 | 8310 | 8320 | xa20 | 8339 | 8348 | 8358 | 836 | 837 | 2| 31 7| 6| 8
b7 8387 | 8396 | 8406 | 8415 ] 8425 | 8434 | 8443 8453 | 8462 [ 8471} 2| 3| H| 6| 8
B8 || 8480 | 8490 | 8499 | 6308 | 8517 | 8526 | 8536 | 8545 | 8554 | 8563 ) 2| 4| 5| 6| ®
59 || 8572 ] 8581 | 8500 | 8599 | 8607 | 8616 | R625 | 8634 | €643 | 8652 | 1| 3| 4| 6] 7
80 | 'se60 | 8669 | 8678 | 8656 | 8695 | 8704 | 8712 § 8721 | 8720 | 8738 1| 3| 4| 6| 7
61 || 8746 | 8756 | 8763 | 8771 | 8780 | 8788 | 8796 | 8805 | 8813 | &82 | 1| 3| 4| 6| 7
62 || 8820 | 8338 | 8846 | 8854 | 8862 | 6R7n | 8878 | a8s6 | 6804 (8002 | 1| 8| 4| 5| 7
63 ‘8010 | 8918 | 8926 | 8934 | 8042 | 8949 | 8957 | 8065 | 8973 | €980}F 1| 3| 4| 5| 6
64 | 8988 | 8996 | 9003 | 9011 | 9018 | 9026 | 9033 | 9041 | 9048 | 9056 | 1| 3| 4| 5| 6
65 || ‘0063 | 9070 | 9078 | 9085 | 9002 | 9100 | 0107 | o114 [ oz | 28] 1| 2| 4| 5| 6
66 '9135 | 0143 | 9150 | 9157 | 9164 | 917L | 9178 | 9184 | 0101 | 01908 1| 2| 3| H| 6
87 *9205 § 0212 | 9219 | 9225 | 0232 | 9239 | 92451 0252 | 9250 | 0265 1| 2| 3| 4| 6
68 || o272 ] 9278 | 9285 | 9201 | 0298 | 904 | 0311 | 0317 {9323 [9330) 1| 2| 8| 4| 5
69 || 0336 | 9342 | 9348 | 9354 | 9361 | 9367 | 9373 | 9379 | 9385 | 930t ] 1| 2| 3{ 4| 5
700 0307 | 9403 | 9109 | 9415 | 9421 | 9126 | 0432 | 0438 | 0444 [ 0140 ] 1] 2| 3| 4| 5
111 o455 | 9461 | 9466 | 9472 | 9478 | 0403 | 0480 | 0404 [ 0500 | 9505 ) 1| 2| 3| 4| 5
1211 o511 ] 9516 | 9591 | 9527 | 9552 | 9547 | 0542 | o548 | 9553 | o558 | 1| 2| 3| 4| 4
bE] '956: | 9568 | 9573 | 9578 ] 9583 | 0588 | 9793 | 9508 | 9603 | 0608} 1| 2| 2| 3| 4
14| ‘9613 | Y617 | 9622 | 9627 | 0632 | 9636 | 9641 | 0646 | 9650 | 0655 ] 1| 2| 2| 3| 4
15 || 9650 | o664 | 9668 | 9673 | 9677 | 0681 | 9686 | 0690 | 9604 | 0699} 1| 1| 2| 3| 4
18| 07031 9707 | o711 | 9716 | 9720 | 0724 | o728 | 0702 [ 9736 | 9740 1| 1| 2| 3| 3
111 0744 | 9748 | 9751 | 0755 | 9750 | 9763 | 9767 § 0770 | 0774 | 0778 | 1| 1| 2| 3| 3
18| 0781 | o785 | 9789 | 9792 | 9796 | 9799 | 9803 | 0806 | 9810 | 0813 ] 1| 1| 2| 2| 3
79 11 0816 | 9820 | 9823 | 9826 | 9829 | 9833 | 9836 § 9830 | 9842 | 0845 | 1| 1| 2| 2| 3
80 || 0848 | o851 | 0854 | 9857 | 0860 | 0863 | 9866 | 9869 | 0871 | 0874 | 0| 1| 1] 2| 2
8111 0877 ] 9890 | 9882 | 9885 ] 9888 | 9890 | 9803 | 9805 [ 9808 | 9900 0| 1| 1| 2| 2
82 || 0003 | 9905 | 9907 | 9910 | 9912 | 9014 | 9017 | 0910 | 9921 [ 9922 ] 0| 1| 1| 2} 2
83 | ‘9925 | 9928 | 9930 | 9933 | 9934 | 9936 | 0938 | 9940 | 9942 [ 9043} 0 1| 1| 1] 2
84 || 9945 | 0947 | 0949 | 9951 | 9953 | 0954 | 9956 | 9957 | 9950 (960 | o 1| 1| 1| 1

i)

86 || ‘9062 | 9063 | 0965 | 9966 | 9968 | 0960 | 9971 § 0972 | 0073 {0074 ] 0| 0] 1| 1| 1
88 || ‘0976 ] 9077 | 9078 | 9979 | 9980 | 0081 | 9982 | 9983 | 0084 0085 ] 0| 0| 1] 1| 1
87 || 9986 | 9087 | 9988 | 9980 | 9900 | 0990 | 9991 | 9992 | 9903 | 9003} 0| 0| 0} 1| 1
88 || 9904 | 9905 | 9995 | 9996 | 9996 | 9997 | 0007 | 9907 | 0098 | 0998 | o | 0| 0| 0] ©
891 9008 | ouo | 9999 | 9999 | 9999 | 1°000 | 1°000] 1'000 | 1000 [ 1'000] 0| 0| 0] 0] 0




v NATURAL TANGENTS.

H ) Mean Differences
’ ! ’ 1 ’ ’ ' !

B 0|6 |12|18|24|3036'(42'{48' 54| | [ | |
Q | 112'(3'14'|5
*0000 | 0017 | 0035 | 0052 | 0070 | 0087 | 0105 | 0122 | 0140 [ 0157} 3| 6| 9(12[ 16
*0175 | 0192 | 0209 | 0227 | 0244 | 0262 | 0279 | 0207 | 0314 [ 0332 ] 3| 6| 9{12|15
*0349 ] 0567 | 0384 | 0402 ] 0419 | 0437 | 0454 | 0472 | 0489 | 0507 3| 6| 0|12 15
*0524 | 0542 | 0550 | 0577 | 0594 | 0612 | 0629 | 0647 | 0664 [ 0682 3| 6| 91215
[ ‘0699 ] 0717 | 0734 | 0752 | 0760 | 0787 | 0805 | 0822 | 0840 | 0857 ] 3| 6| 0| 12|15
‘0875 | 0892 | 0910 | 0928 | 0045 | 0963 | 0981 | 0998 | 1016 [ 1033} 3| 6| 9{ 12|15
*1051 | 1069 | 1086 | 1104 § 1122 | 1139 | 1157 | 1175 | 1192 | 1210] 3| 6| 9|12 |15
*1228 | 1246 | 1263 | 1281 | 1299 | 1317 | 1334 | 1352 { 1370 | 1388 ] 8| 6| 912|115
1405 1 1423 | 1441 | 1459 § 1477 | 1495 | 1512 ] 1530 | 1548 | 1566 | 3| 6| 9|12 |15
*1684 | 1602 | 1620 | 1638 | 16556 | 1673 | 1691 § 1709 | 1727 | 1745 3| 6| 0|12 15
10 (| ‘1763 | 1781 | 1709 | 1817 | 1835 | 1853 | 1871 | 1890 { 1908 | 1926} 3| 6| 9 (12|15
1 *1944 | 1962 | 1080 | 1093 | 2016 | 2035 | 2053 | 2071 | 2089 | 2107} 8| 6| 912 |15
1 °2126 | 2144 | 2162 | 2180 | 2199 | 9217 | 2235 § 2254 | 2272 { 2200) 3| 6| 9[12| 15
1 *2300 | 2327 | 2345 | 2364 | 2382 | 2401 | 2419 | 2438 | 2456 { 2475 3| 6| 9[12|15
1 *2493 | 2512 | 2630 | 2540 | 2568 | 2586 | 2605 | 2623 | 2642 | 26610 3| 6| 9|12 18
16 || 2679 | 2608 | 2717 | 2738 | 2754 | 2773 | 2792 | 2811 | 2830 | 2849} 3| 6| 9|13 |16
16 || 2867 | 2886 | 2005 | 2024 | 2043 | 2062 | 2081 | 3000 | 3019 | 3038 ) 3| 6| 0|13 {16
17| 3057 | 3076 | 3006 | 8115 | 3134 | 3153 } 4172 | 3101 | 3211 | 3230 3| 6]10(13 |16
18 || 8249 | 3260 | 3288 | 8307 | 8327 | 8346 | 3365 | 3385 | 3404 | 3424 ] 8| 6|10 13|16
19 || '3443 | 3463 | 3482 | 3502 | 3522 | 3541 | 3561 | 3581 | 3600 | 8620 3| 7|10 (13|16
20 || '3640 | 3850 | 3679 | 3697 | 3719 | 3719 | 3759 | 3779 [ 3799 | 3f19 ) 3} 71013 |17
21| *3830 ] 3859 | 3879 | 3899 | 3919 | 3039 | 3059 | 3079 | 4000 | 4020] 8| 7|10 13|17
22 || 4010 | 4061 | 4081 | 4101 | 4122 | 4142 | 4163 | 4183 | 4204 | 4224} 3| 7[10| 14|17
2311 4245 | 4265 | 4286 | 4307 | 4327 | 4348 | 4360 | 4300 | 4411 | 4431 ] 3| 710 |14 [ 17
% *4452 | 4473 | 4494 | 4515 | 4536 | 4557 | 4578 | 4500 | 4621 | 4642 ] 4| 7| 11|14 |18
25 11 "4683 | 4684 | 4708 | 4727 | 4748 | 4770 | 4791 | 4813 [ 4834 | 4856 ) 4| 7|11 |14 |18
26 || ‘4877 | 4809 | 4921 | 4943 | 4961 | 4986 | 5008 | 5029 | 5051 | 5073 | 4| 7|11} 1518
27| 5095 | 5117 | 5139 | 5161 | 5184 | 5206 | 5228 | 5250 | 5272 | 5205 | 4| 7{11]15|18
28 || 5317 | 5340 | 5362 | 5384 | 5407 | 5430 | 5452 | 5475 | 5498 | 5520 | 4| 8|11 |15{ 19
29 || 6543 | 5566 | 5580 | 5612 | 5635 | 5658 | 5681 | 5704 | 5727 [ 5750 | 4| 8121519
30 °5774 | 5707 | 5820 | 5844 | 5867 | 5800 | 5014 | 5938 | 5961 | 5085} 4 | 8|12 |16 | 20
3 ‘6009 | 6032 | 6056 | 6080 | 6104 | 6128 | 6152 | 6176 | 6200 | 6224 ] 4| 8|12 |16 | 20
32 (| '6240 | 6273 | 6207 | 6322 | 6346 | 6371 | 6395 | 6420 | 6445 [ 6469 | 4| 8( 12|16 |20
33 *6404 | 6510 | 6544 | 6569 | 6504 | 6619 | 6644 | 6660 | 6694 | 6720 4| 8| 13|17 |21
1) ‘6745 | 6771 | 6796 | 6822 | 6847 | 6873 | 6899 | 6924 | 6950 | 6976 | 4| 9| 13|17 |21
85| 7002 | 7028 | 7054 | 7080 | 7107 | 7133 | 7159 | 7188 | 7212 [ 7230 | 4| 0|13 |18 |22
88 || 7265 | 7202 | 7319 | 7346 | 7373 | 7400 | 7427 | 7454 | 7481 [ 7508 5| 0|14 |18 23
3 *7536 § 7563 | 7590 | 7618 | 7646 | 7673 | 7701 | 7729 [ 7757 | 7785] 5| 9|14 |18 |23
38 *7813 § 7841 | 7869 | 7808 | 7926 | 7054 | 7983 ] 8012 | 8040 | 8069 } 5| D |14 | 19| 24
3 '8098 | 8127 | 8156 | 8185 | 8214 | 8243 | 8273 | 8302 | 8332 | 8361 ] 6 10| 15|20 | 24
40 ‘8301 | 8421 | 8451 | 8481 | 8511 | 8541 | 8571 | 8601 { 8632 | 8662 | 5] 10 | 15| 20 | 25
41 ‘8603 | 8724 | 8754 | 8785 | 8816 | 8347 | 8878 | 8910 | 8941 [ 8972 | 5| 10|16 |21 | 26
42 || '9004 | 9036 | 0067 | 9099 | 9131 | 9163 | 9195 | 0228 | 9260 | 0293 | 6| 11 {16 |21 | 27
43 '0325 | 9358 | 0301 | 9424 | 9457 | 0490 | 9523 | 0556 | 9590 | 9623 | 6| 11|17 |22 | 28
1] ‘9657 | 9691 | 0725 | 9750 | 0793 | 9827 | 9861 | 9896 | 9930 | 0965 ] O | 11|17 |23 |29




NATURAL TANGENTS
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8118
1022
4374

2024

1842

52’)7
6605

8083
0714
1524
3544
5816

8301
1335
4737

8716
3435

9124
6122
4047

0427
10°20

12'43
15°89
9909
35°80

589549

0176
0538
0013
1309
1708

2131
2672
3514
4019

4550
5108

6977

7147

0202
0145
1060

2045
3109
4262
5517
6889

BT
0061
1910

6305

8047
1976
5483
9504
4486

0405
7720

6996 ] 8

0152
10°58

13°00
16°83
23'86
40°02

14372

4650
3224
5818
6447
71

7820
8572
9375

1155

9232
2303
5864
0045
5026

0283
0849
1028
1423
1838

2261
2708
3175
1663
4176

4715
5282
6880
6512
7182

7893
8650
9458
0323
1251

2251
3352
4504
5782
7179

8716
0415
2305
442
6806

9520

e R I~ XX

< 00 00 00 ~3

93
106
124
146
174

8
87
96
108
122

139
160
180
220
262

zE2E=ES

131
145
161
180
204

232
267
310

360
438

Mean differences
not sufficiently
accurate,




NATURAL SECANTS.

Degree] %

, , , , , , , Mean Differences
! !
0 | & |12|18'| 24 3086 |42\ 48 54| ) |||
0] 1°0000 } 0000 | 0000 | 0000 ] 0000 | 0000 | 0001 | 0001 | 0001 j 0001} 0| 0} o] 0] ©
1 0002 § 0002 | 0002 | 0003 § 0003 | 0003 | 0004 § 0004 | 0005 | 0006} O 0] o} 0] 0
2 0006 | 0007 | 0007 | 0008 § 0009 | 0010 | 0010 { 0011 | 0012 | 0018} 0| 0 o 0| 1
3 0014 | 0015 | 0016 | 0017 § 0018 | 0019 | 0020 | 0021 | 0022 | 0023} 0} 0| o| 1( 1
[) 0024 | 0026 | 0027 | 0028 | 0030 | 0031 | 0032 | 0034 | 0035 | 0037} Of 0| 1| 1| 1
] 0038 | 0040 | 0041 | 0043 | 0045 | 0046 | 0048 | 0050 | 00561 | 0053 ) o0f 1| 1] 1| 1
[ 0056 | 0057 | 0059 | 0061 } 0063 | 0065 | 0067 § 0069 | 0071 { 0073 ) O 1| 1] 1} 2
1 0075 § 0077 | 0079 | 0082 | 0084 | 0086 | 0089 | 0001 | 0093 | o096} 0} 1| 1| 2| 2
8 0098 | 0101 | 0103 | 0106 | 0108 | 0111 | 0114 | 0116 | 0110 | o122 % of 1| 1| 2] 2
9 0125 | 0127 | 0130 | 0133 § 0136 | 0130 | 0142 | 0145 , 0148 | 01614 o0f 1| 1| 2| 2
10 0164 | 0157 | 0161 | 0164 | 0167 | 0170 | 0174 | 0177 | 0180 | o184 | 1) 1| 2| 2| 8
1 0187 | 0191 | 0194 | 0198 ] 0201 | 0205 | 0209 | 0212 | 0216 | o220 1] 1| 2| 2| 3
120 0223 ] 0227 | 0231 | 0235 | 0239 | 0243 | 0247 § 0251 | 0255 | o250 ] 1| 1| 2| 3| 3
13 0263 | 0267 | 0271 | 0276 | 0280 | 0284 | 0288 § 0293 | 0207 | (9 11 1] 9| 31 4
1" 0306 | 0311 | 0315 | 0320 § 0324 | 0320 | 0334 | 0338 | 0348 { o348} 1| 2 2| 3{ 4
15 0353 § 0358 | 0363 | 0367 | 0372 | 0377 | 0382 § 0388 | 0393 | 0398 ] 1| 2| 3| 3| 4
16 0403 ] 0408 | 0413 | 0410 ] 0424 | 0420 | 0435 | 0440 | 0446 | 0451 ] 1] 2| 3| 4| 5
1 0457 ] 0463 | 0468 | 0474 | 0480 | 0485 | 0491 | 0407 | 0503 | 0509 | 1| 2| 3| 4| 5
18 0515 ] 0521 | 0527 | 0533 | 0530 | 0545 | 0561 | 0557 | 0564 | o570 ) 1| 2| 31| 4] 5
19 0576 § 0583 | 0589 | 0595 § 0602 | 0608 | 0615 § 0622 | 0628 | o35 | 1| 2| 4| 4] 5
2 0642 | 0649 | 0655 | 0662 | 0669 | 0676 | 0683 | 0690 | 0697 | o704 | 1| 2| 4| 5| 6
21 0711 J 0719 | 0726 | 0733 ] 0740 | 0748 | 0755 ] 0763 | 0770 {0778 } 1| 2| 4| 5| 6
2 0785 | 0793 | 0801 | 0808 | 0816 | 0824 | 0832 | 0840 | 0848 | 0856 ] 1| 3| 4| 5| 6
PX] 0864 | 0872 | 0880 | 0888 | 089G | 0904 | 0013 | 0921 | 0020 | 0938 } 1| 3| 4| 6] 7
% 0946 § 0055 | 0963 | 0072 | 0981 § 0089 | 0998 § 1007 | 1016 | 1025 1| 3| 4| 6| 7
25 1034 | 1043 | 1052 | 1061 ] 1070 | 1079 | 1089 | 1098 | 1107 | 1117} 2| 3| 5| 6| 7
2 1126 § 1136 | 1145 | 1166 | 1164 | 1174 | 1184 | 1194 [ 1203 | 1218 2| 3| 5| 6| 8
21 1223 | 1233 | 1243 | 1253 | 1264 | 1274 | 1284 | 1204 | 1305 | 18158 2| 3| 5| 7| 9
28 1326 | 1336 | 1847 | 1357 | 1368 | 1379 | 1300 | 1401 | 1412 | 1423 2| 41 5| 7] 9
2 1434 | 1445 | 1456 | 1467 | 1478 | 1490 | 1501 | 1512 | 1524 [ 1535} 21 4| 6| 7] 9
k1) 1547 § 1559 | 1570 | 1682 | 1694 | 1606 | 1618 | 1630 | 1642 | 1654 2| 4| 6| 8] 10
3 1666 | 1679 | 1691 | 1703 | 1718 | 1728 | 1741 § 1758 { 1766 | 1779 ] 2| 4| 6| 8|10
8 1792 | 1805 | 1818 | 1831 | 1844 | 1857 | 1870 § 1883 | 1897 | 1010 21 41 7| 911
3 1924 | 1037 | 1051 | 1964 | 1078 | 1092 | 2006 | 2020 | 2034 | 2048} 2| 5| 7| 0|12
34 2062 § 2076 | 2001 | 2105 | 2120 | 2134 | 2149 | 2163 | 2176 | 2193 2| 5| 7|10 12
3 2208 | 2223 | 2238 | 2203 | 2268 | 2983 | 2290 ) 2314 | 2320 | 2345 3] 5| 81013
38 2361 | 2376 | 2392 | 2408 | 2424 | 2440 | 2456 | 2472 | 2480 | 2505 8| 6| 8|11 {18
8 2521 | 2538 | 2554 | 2671 | 2688 | 2605 | 2022 | 2639 | 2676 | 2678 3| 6| 8| 11|14
2690 | 2708 | 2725 | 2742 | 2760 | 2778 | 2706 § 2813 | 2831 {2840 3| 6| 9| 12(15
3 2868 | 2886 | 2004 | 2023 | 2041 | 2060 | 2078 § 2997 | 3016 | 30364 3 6| 9| 13|16
40 3054 | 3073 | 3093 | 3112 | 3131 | 8151 | 8171 ) 8190 | 8210 | 8280} | 7 |10]13| 16
41 $250 § 3270 | 8201 | 3311 | 3331 | 3352 | 3373 1 3393 | 3414 | 3436} 4| 7|10 14|17
(7] 3456 | 3478 | 8490 | 3520 | 3542 | 3563 | 8585 | 3607 | 3629 | 3051} 4| 7|11 |14 |18
43 3073 | 8696 | 3718 | 3741 § 3763 | 3786 | 3809 | 3832 | 3855 | 8878} 4| 8| 11|15 19
[ 1] 8002 | 8025 | 3040 | 3072 § 309G | 4020 | 4044 | 4060 | 4003 | 4118} 4| 8| 12| 16( 20




NATURAL SECANTS.

vil

Mean Differences

& 6'112'|18']24'|30'|36'|42'|48'|54’ Al ol ol )
o] 112'18'14'|15
95 || 144142 | 4107 | 4192 | 4917 | 4249 | 4267 | 4203 | 418 | 4344 | 4370 4| 8]13| 17| ;1
46 || 4306 | 4422 | 4448 | 4474 | 4501 | 4527 | 4554 | 4581 | 4608 | 4635 | 4| 9|13 18|22
471 4603 | 4690 | 4718 | 4746 | 4774 | 4802 | 4830 | 4859 | 4887 | 4016 | 5| 10|14 | 19| 23
98 | 4945 | 4974 | 5003 | 5032 | 5062 | 50s2 | 6121 | 5151 | 5182 [ 5212 ] 5110(15| 20|25
gu (| 5243 | 5273 | 5304 | 5345 | 5066 | 5308 | 5420 | 5461 | 5493 | 5595 | 5 {10 (16|21 | 26
50l 507 | 5600 | 62 | 6655 | sess | 5721 | 6755 | 5788 | 5822 | sese | 6111792 | 28
51 || 5890 | 5925 | 5059 | 5994 | 6020 | 606+ | 600y | 6135 | 6171 | 6207 6|12 |18 |23 | 29
52| 6243 ) 6279 | 6316 | 6353 | 600 | 6427 | 6461 | 6502 | 6500 | 6578 ] 612|218 |25 | 31
83 || 6616 | 6655 | 0804 | 6734 | e772 | 6812 | 6852 § oru2 | 6932 | cyre | 713 |20 |26 |33
54 (| 7013 | 7054 | 7095 | 7187 | 7170 | 7021 [ 7263 § 7305 | 7348 | 7301 | 7|14 |21 (28|35
5511 7404 } 7478 | 7522 | 7566 | 7610 | 7055 | 7700 | 7745 | 7700 | 7837 ) 71592 | 20| 7
56 ]| 7ens | 7020 | 7976 | 8023 | 8070 | 811 | 8166 | 8214 | w263 | 312 ] 8 16|24 | 32 | 40
5711 8301 | 8430 | 8160 | 8510 | 8561 | 8612 | 8663 | w714 | 8766 | asis | 81725 34 | 43
58 || ge71 | 8924 | 8977 | 9031 | onga | 9130 | 9104 | 9240 | 9304 | e3e0 | 9| 18| 27|36 | 45
5ol ua1o | 9473 | u530 | 9687 | 0645 | 9705 | 9762 | o821 | 9880 | woso f 10 [ 19| 20 | 39 | 49
60 || 2*0000 § o081 | 0122 | 0183 | 0245 | 030 | 0371 | 0444 | 0408 | one2 | 10 | 21! 31 | 42| 52
81 || ~ouo7 | 0892 | 0757 | ¢824 | o890 | 0957 | 1026 | 1093 | 1162 | 1231 | 11 | 22 | 33 | 45 | 56
82 0l 1501 J 1371 | 1441 | 1513 | 1584 | 1657 | 1730 | 1003 | 1877 | 1950 | 12 | 24 | 36 | 48 | 61
83 [| 2027 | 2103 | 2170 | 2256 | 2333 [ 2412 [ 2400 | 2570 | 2650 | 2730 | 13 | 26 | 39 | 52 | 66
64 on12 | 2804 | 2976 | 3000 | 3144 [ 3228 | 3314 § 3400 | 3486 | 3574 J 14 | 28 | 48[ 57| T
65 I 66§ arsn | ssan | 2031 | 40 | 412 | 4207 | 4300 | 4395 | 4400 | 15 | 31 | 46 | 62 | 77
66 45x0 § 4683 | 4780 | 4879 | 4978 | 5078 | 5180 | 522 | 584 | 5488 | 17 | 34 | 50 | 68 | 84
71| 5505 0 5609 | 5805 | 5913 | g0z | 6131 | €242 | 6354 | 6466 | 6580 | 18 | 37| 65 | 74 | 92
68 || oo f 6811 | 6027 | 704¢ | 7165 | 7285 | 7407 | 7520 | 7653 | 7778 | 20 {40 | 61 | 81 (1 1
69 | 7o01 | g0z | 8161 | &201 | 8422 | 8555 | €68 | #s21 | 8960 | 9099 | 22 | 44 | 67 | 89 (111
70| o023 | 9370 | 9521 | 9665 | o811 | 9957 { 0106 | 0256 | 0407 | Ose1 | 25 | 49 | 74 | 08 123
71 (| 30710 ) 0872 | 1030 | 1190 | 1352 | 1515 | 1681 | 1848 | 2017 | 2188 | 27 | 55 | 82 [110 (137
12 2361 | 2535 | 2712 | 2891 | 3072 | 3255 | 8440 | 3628 | 3817 | 4009 ] 31 | 61 | 92 {122 |153
13| 4205 | 4300 | 4598 | 4799 § 5003 | 5200 | 5418 | 5620 | 5843 | 6060 | 35 | 60 [104 [138 173
74 1| engo | 6502 | 6727 | 6955 | 7186 | 7420 | 7657 § 7807 | 8140 | 8387 | 30 | 78 [118 157 {196
75 || 8637 | 8800 | 9147 | 9408 | 9672 | 0939 | G211 | 0ase | 0765 | To48 | 45 | 90 [134 [180 [224
76 || 4'1336 | 1627 | 1023 | 2223 § 2527 | 2837 | 3150 | 3469 | 3792 | 4121 | 52 o4 [156 [207 (260
17 || " 4d5e | 4703 | 6157 | 6486 | 5841 | 6202 | 6569 | 6oz | 7321 | 7706 | 61 [121 182 (242 (303
18 (| 8097 | 8196 | 8901 | 9313 | o732 | 0159 | 0503 | 103¢ | 1484 | 1042 | 72 143 (215 (287 (358
78 || 52408 | 2883 | 3367 | 3860 | 4362 | 4874 | 5396 | 5928 | 6470 | 7023 | 86 [172 (268 (344 |431
80 || 7588 | 8164 | &751 | a1 | o3 | 0580 | 1227 | Tes0 | 2546 | Te2s .

81 || ea05 | 4637 | 5366 | 6111 | 6874 | 7655 | 844 | 9273 | 0112 | 0972 Mf""t d‘%".e“if“
89 || 71853 | 2757 | 3684 | 4635 | 5611 | 6613 | 7612 | g700 | 9787 | 0905 | MOL SU ' clentlyl
83 (| 82056 | 3238 | 4457 | 5711 | 7004 | 8337 | 9711 | T120 | 2698 | 4105 |  accurate.

84 || 05688 | 9728 | 0'895 | 10°07 | 1025 | 10°43 | 10'63 | 10°83 | 11°02 | 11,25

85 || 117 J1um | 1°06 | 19'90 | 12°47 [ 1275 | 18°03 | 1834 | 18'85 | 1309

86 || 14'34 | 1470 | 15°09 | 16'50 ] 1503 | 16'38 | 16°86 | 17'37 | 17°01 | 1849

871 1011|1977 | 2047 | 2123 | 22°04 | 22°93 | 2388 | 24°02 | 26705 | 27'29

88 || 28'65 | 10716 | 31'8¢ | 3371 | 35°81 | 38'20 | 4003 | 44°08 | 4775 | 52°09

89 || 5730 | 6366 | 7162 | 8185 | 95'40 | 114°6 | 143°2 | 191°0 | 286'5 | 573'0




vili

LOGARITHMS OF NUMBERS!

Mean Differences
10 (| 0000 | 0043 | 0086 | 0128 | 0170 | 0212 | 0253 | 0204 | 0334 | 0374 | 4 8 12[17 21 26520 33 87
11 0414 | 0458 | 0402 | 0531 | 0569 | 0607 | 0645 | 0682 | 0719 | 0756 | 4 8 11{15 10 23|26 30 34
12 {1 0702 | 0828 | 0864 | 089y | 0934 | 0960 | 1004 | 1038 | 1072 | 1106 | 8 7 1014 17 21[24 28 81
13 [ 1139 | 1173 | 1206 | 1239 | 1271 | 1308 | 1335 | 1367 | 1309 [ 1430 | 8 6 1013 16 1¢[25 26 20
14 || 1461 | 2402 | 2523 | 1553 | 1584 | 1614 | 1644 | 1673 | 1703 | 1732 | 8 6 912 15 18[21 24 27
16 || 1761 | 1700 | 1818 | 1847 | 1875 | 19035 | 1931 | 1950 | 1087 | 2014 | 3 6 &j11 14 17]20 22 25
16 {1 2041 | 2068 | 2005 | 2122 | 2148 | 2175 | 2201 | 2227 { 2053 1 2270 | 3 & 8&[11 13 16{18 21 24
17 11 2304 | 2330 | 2355 | 2380 | 2405 | 2430 | 2455 | 2460 | 2504 | 2620 | 2 6 7/10 12 1517 20 22
18 || 2553 | 2577 | 2601 | 2625 | 2648 | 2672 | 2665 | 2718 | 2742 | 2765 2 b 7] 0 12 1416 19 21
19 (| 2788 | 2810 | 2833 | 2856 | 2678 | 2000 | 2923 | 2045 | 2067 | 2089 | 2 4 7| 0 11 13{16 18 20
20 {1 3010 | 3c32 | 3054 | 3075 | 3006 | 3118 | 8109 | 3160 | 3181 | 3201 | 2 4 6| 8 11 13(15 17 19
21 |1 8222 | 3243 | 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3085 | 3404 | 2 4 6| 8 10 1214 16 18
22 11 3424 | 3444 | 3484 | 3483 | 3502 | 8522 | 8541 | 3560 | 3570 | 3698 § 2 4 6| 8 10 1214 1517
23 | 3617 § 3636 | 3655 | 3674 | 3692 | 3711 | 3720 | 3747 | 3766 | 3784 {2 4 ¢ 7 9 111316 17
24 | 3802 | 3820 | 3838 | 3856 | 3874 | 3892 | 3000 | 3027 | 045 | 3062 | 2 4 5 7 9 11/12 14 16
25 || 3979 | 3997 | 4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4116 | 4133 |2 8 6| 7 9 10/12 14 15
26 1} 4150 ] 4166 | 4183 | 4200 | 42106 | 4252 | 4949 | 4205 | 4981 [ 4298 § 2 3 5| 7 810111315
21 || 4214 | 4330 | 4346 | 4302 £ 4378 | 4393 | 4400 | 4425 | 4440 | 4456 |2 8 5| 6 8 9|11 13 14
20 || 4472 1 4487 | 4502 | 4518 | 4533 | 4548 | 4564 | 4570 | 4504 [ 4609 | 2 3 6| 6 8 9|12 12 14
29 ) 4624 | 4639 | 4054 | 4609 § 4083 | 4098 | 4713 | 4728 | 4742 | 4757 |1 3 4] 6 7 9[101213
30 1) 4771 ] 4786 | 4800 | 4814 | 4829 | 4843 | 4857 | 4871 | 4886 [ 4000} 1 3 46 7 9101113
3111 4014 | 4928 | 4042 | 4955 | 4969 | 4983 | 4007 | 6011 | 5024 | 5038 |1 3 4| 6 7 8101112
32 |l 5051 | 5065 | 5079 | 5092 | 5105 | 5119 | 5132 | 5145 | 5159 | 5172 |1 3 4] 5 7 & 91112
33 it 5185 | 5198 | 5211 | 5224 | 5237 | 5250 | 5263 | 5o76 | 52s0 [ 5302 )1 3 4] 5 6 & 91012
34 |1 5315 | 5328 | 5340 | 5353 | 5366 | 5378 | 5391 | 5403 | 5416 | 6428 {1 3 4|5 6 8 91011
36 [ 5441 | 5453 | 5465 | 5478 | 5400 | 5502 | 5514 | 5527 | 6530 {5551 |1 2 4156 6 7| 01011
36 || 6563 | 5575 | 5587 | 5599 | 5611 | 5623 | 5635 | 5647 | 5658 | 5670 |1 2 4| 6 6 7| 810 11
31 || s6n2 | 5694 | 5705 § 5717 | 5729 | 6740 | 5750 | 5763 | 5775 | 5786 § 1 2 8/ 5 6 7|8 910
38 (| 5798 | 5809 | 5821 | 5882 | 5643 | 6855 | 566 | 5877 | 5888 [ 5899 |1 2 B/ 6 6 7|8 910
38 | 5911 | 5022 | 5933 | 5944 | 5965 | 6966 | po77 | 5988 | 6099 [ G010 |1 2 3 4 5 718 910
40 1| 6021 | 6031 | 6042 | 6053 | coe4 | 6075 | 6085 | 6096 | 6107 | 6117 |1 2 8/ 4 5 6/ 8 910
41 11 6128 | 6138 | 6149 | 6160 | 6170 | 6180 | 6191 | 6201 | 6212 {6222 )1 2 84 5 {7 8 9
42 || 6232 | 6243 | 6253 | 6203 | 6274 | 6284 | 6204 | 6304 [ 6314 [ 612501 2 8/ 4 5 6/ T 8 9
43 || 6335 | 6345 | 6355 | 6365 | 6375 | 6385 [ 6395 | 6405 | 6415 | 64251 2 B4 b5 6|7 8 9
44 || 6435 | 6444 | 6454 | 6464 | 6474 | 6484 | 6493 | 6503 [ 6513 | 6522 |1 2 B4 b6 67T 8 9
45 11 6532 | 6542 | 8551 | 0561 | 6571 { 6580 | 6590 | 6599 | ccop | 6618 J1 2 B/ 4 6 67 8 O
46 || 6628 | 6637 | 6646 | 6656 | 665 | 6675 | 6684 | 6693 | 6702 | 67121 2 B4 b 67T 7 8
47 1) 6721 ] 6730 | 6739 ) 6749 | 6758 | 6767 | 6776 | 6785 | 6794 [ 6803 |1 2 8/ 4 6 56 7 8
48 || 6812 | 6821 | 6830 | 6830 | 6848 | 6857 | 6866 | 6875 | 6884 | 689341 2 B[4 4 |6 T 8
49 || 6902 | 6911 | 6920 | 6928 | 6937 | 6940 | 6955 | 6964 [ 6972 [ 6981 |1 2 B/ 4 4 b{6 T 8
60 (| 6990 | 6998 | 7007 | 7016 | 7024 | 7033 | 7042 | 7050 | 7050 | 7067 1 2 8/ 8 4 b6 T 8
51 1| 7076 | 7084 | 7093 | 7101 | 7120 | 7118 | 7126 | 7135 | 7143 | 152 |1 2 8/ 8 4 5|6 T 8
62 | 7160 | 7168 | 7177 | 7185 | 7193 | 7202 | 7210 | 7218 | 7206 [ 7235 §1 2 2[8 4 /6 T 7
b3 | 7243 | 7251 | 7250 | 7267 | 7275 | 7284 | 7292 | 7300 | 7308 [ 7316 |1 2 2/ 8 4 56 6 7
64 || 7324 | 7332 | 7840 | 7348 | 7350 | 7904 | 7872 | 7380 | 7388 | 7306 J1 2 2/ 8 4 b6 6 7




LOGARITHMS OF NUMBERS.

ix

7

Mean Differences

123

456

789

7404

7659
7634
7700

7182
7853

7993
8062

8129
8195
8261
8325
8388

8451
8513
8573
8033
8692

8751

8865
8921
8976

9031
9085
0138
9191
9243

9204
0345
9395
0445
9494

9542

9731

8756
8814
8871

8982

9033
9090
9143
9196
9248

9209
9350

9450
9499

9547
9595
9643
9689
9736

9782
0872

09017
9961

7419
407
7574
7649
7728

7796
7868
7938
8007
8075

8142
8209
8274
8338
8401

8463
8525
8h85
8645
8704

8762
8820
8876
8032
8987

9042
9096
0149
9201
9253

9304
9355
9405
9455
9504

9552
9600
9647
9694
9741

9786
9832
0877
9421
9965

421
7505
7582
7657
7741

7803
7875
7945
8014
8082

8149
8215
8280
8344
8407

8470
8531
8591
8651
8710

8768
8825
R882
8948
8993

0047
9101
9154
9206
9258

9300
9360
0410
9460
95090

9557
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9699
9745

9791
9830
0881
9926
9069
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8287
8351
8414
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8537
8597
8657
8716
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8831
8887
8043
8998
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9106
9159
9212
9264

0315
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9415
9485
9513

0562
9609
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0841
0880
9930
0974
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7896
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8669
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9222
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9325
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9242
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0991

8686
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9238
9289

9340
9390
9440
9489
9538

9586
9633
9680
9727
9773

9818
9863
9908
9952
9996

P
— i DO DD DD
IS0 WD
O L0 W W W

e e
b bt b ek ek
DO O DO RO DD
oW WL

ot ok ek
et b bt b
OO OO ED
18 00 w0 T W

Pt o ek ok ek
ko i
[y ere

st
bt bt et
£ RO BZ BO BD
B BO BS BS 1D

T et et et
Pt bt b
TOBOBO KO 1D
£ 1O 0 LD 1D

OO
[y
— o po 1S
B9 BO O BS 0D

ccooo
B bt et b
b bl et b et

cCocoo
bt d et et s
et b

[ YR SIXY

LIS LS 1O LD

B LD DS D tD (R R Rt X ) wWertow W Lo o LW ot oL T Lo e e LR

[ SN

e Ty ey 2 oD el oo o & eoec o e e N gy A D B B b B e B B e v en
LS RS R R

creresTse

B

3

P R P e Lo Lol R R = ] LA RS R R S

SO

Lo e o

R P o e B W e e Lo =T erTroreven L T N v (X RN SIS D

S W B

L Wb B T cren e v o v o SRS RS S oo SO ks i)

B oh e b e




ANTI-LOGARITHMS.

4

7

Mean Differences

123456

7

8

1778

1905
1950

1995
2042
2089
2138
2188

2239
2291
2344
2399
2455

2512
2570
2692
2754
2818
2951

3020
309

1002
1020
1050
1074
1099

1125

1786

1871
1914
1959
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2051
2099
2148
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2355
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2406
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2767
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)65
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1963

2009
2056
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2360
2415
2472

2529

2049
2710
2713

2838
2904
2972
3041
3112

1600

1754
1795
1837
1923
1968

2014

2269
2312

2477

1603

1768

2723

2851
2017
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2080
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ANTI-LOGARITHMS.

xi

——————
0 s 112134 6l7 Mean Differences
5 8191244s6|789
*60 || 3162 | 8170 | 3177 | 8184 | 3192 | 3199 | 8206 | 8214 | 8221 | 3328 J 1 1 o/ 8 4 4|5 6 7
'611| 3236 | 3243 | 8251 | 5258 | 3266 | 3273 | 8281 | 3280 | 3206 (3304 |1 2 4/ 3 4 55 6 7
'62 [ 3311 § 3319 | 3327 | 3334 | 3342 | 3350 | 8357 | 8365 | 3373 [ 3381 |1 2 2( 3 4 55 6 7
B3 || 3388 | 3396 | 3404 | 3412 | 3420 | 3428 | 3436 | 3443 | 3451 | 3450} 1 2 9/ 3 4 5|6 6 7
54 || 3467 | 3475 | 8483 | 3491 | 8499 | 3508 | 3716 | 8624 | 8632 | 8540 J 1 2 23 4 5/ 6 6 7
"85 || 3548 | 3556 | 3585 | 3573 | 3581 | 3580 | 3507 | 3606 | 3614 [ 3622 )1 2 o[ 3 4 56 7 7
b6 || 3631 | 3639 | 3648 | 3656 | 3664 | 3673 | 2681 | 3690 | 8698 | 3707 J1 2 38 4 56 7 8
*67 11 3715 | 3724 | 3743 | 3741 | 8750 | 3758 | 3767 | 3776 | 3784 [ 3708 )1 2 3/ 3 4 5|6 7 8
68 | 3802 | 8811 | 3810 | 3828 | 3837 | 3846 | 3855 | 3861 | 3873 [ 888201 2 3|4 4 56 7 8
*69 If 3890 § 3899 | 3908 | 3917 | 3926 | 3036 | u945 | 3954 | 3963 | 39721 2 34 5 56 7 8
:60 3081 | 3990 | 3999 | 4000 J 4018 | 4027 | 4006 | 4046 | 4055 | 4084 J1 2 3[4 5 66 7 8
6111 4074 § 4083 | 4003 | 4702 | 4111 | 4121 | 4130 | 4140 | 4160 | 4159 J 1 2 3|4 5 67 8 9
62 | 4169 ) 4178 | 4188 | 4198 | 4207 | 4217 | 4227 | 4236 | 4246 | 4266 1 2 3|4 5 67 8 9
"63 || 4266 | 4276 | 4285 | 4205 | 4305 | 4315 | 4305 | 4355 | 4345 | 4355 1 2 3[4 5 6/ 7 § 9
*64 | 1365 | 4375 | 4385 | 1395 | 4406 | 4416 | 4420 | 4436 | 4446 | 4457 |1 2 314 5 67 8 9
*65 || 4467 | 4477 | 4487 | 4498 | 4508 | 4519 | 4520 | 4539 | 4550 | 4560 |1 2 8|4 5 67 8 9
*66 | 4571 J 4581 | 4502 | 4603 | 4613 | 4624 | 4634 | 4645 | 4656 | 46671 2 3f4 5 67 910
'67 || 4677 § 4688 | 4699 | 4710 | 4791 | 4732 | 4742 | 4753 [ 4764 | 4775 )1 2 3{4 5 78 910
*68 || 4786 § 4797 | 4808 | 4810 | 4831 | 4842 | 4853 | 4864 [ 4875 | 4887 §1 2 3/ 4 6 78 910
*69 | 4808 | 4909 | 4920 | 4932 | 4943 | 4955 | 4966 | 4977 | 4980 [ 5000 f1 2 3/ 6 6 78 910
*70 || 5012 | 5023 | 5035 | 5047 | 5058 | 5070 | 5082 | 5003 | 5105 | 6511741 2 4/ 6 6
‘11| 5129 | 5140 | 5152 | 5164 | 5176 | 5188 | 5200 | 5212 | 5224 | 6236 1 2 4|5 6
‘72 || 5248 | 5260 | 5272 | 5284 | 5297 | 5309 | 5321 | 5333 | 5346 | 5358 | 1 2 4[5 6
13 1| 5370 | 5383 | 5305 | 5408 | 5420 | 5433 | 5445 | 5458 | 6470 | 5483 1 3 4|5 6
T4 | 5495 | 5508 | 5521 | 5534 | 5546 | 5559 | 5572 | 5585 | 5698 | 5610 J 1 8 4} 5 €
*76 || 5623 | 5626 | 5649 | 5662 | 5675 | 5689 | 5702 | 6715 | 6728 [ 5741 J1 3 4[5 7
16 || 5754 | 5768 | 5781 | 5791 | 5808 | 5821 | 5834 | 5818 | 5861 | 6875 L 3 4[5 7T
77 1| 5888 | 5902 | 5018 | 5920 | 5043 | 5957 | 5970 | 5984 | 6998 | g2 J1 3 4[5 7
*78 || 6026 ] 6039 | 6053 | 6067 § 6081 | 6095 | 6109 § 6124 | 6138 | G152 |1 3 4|6 T
79 || 0166 | 6180 | 6194 | 6209 | 6223 | 6237 | 6252 | 6206 | 6281 | 6295 §1 3 4] 6 7
*80 || 6310 | 6324 | 6339 | 6353 | 6368 | 6383 | 6307 | 6412 | 6427 | g42 |1 3 4/ 6 T
‘81 || 6457 | 6471 | 6486 | 6501 | 6516 | 6531 | 6546 | 6561 | 6577 | 6502 f2 3 5/ 6 8
‘82 || 6607 | 6622 | 6637 | 6653 | 6668 | 6683 | 6699 | 6714 | 6730 | 6745 2 3 5/ 6 8
*83 || 6761 | 6776 | 6792 | Lb08 | 6823 | 6839 | 6355 | 6871 | 6887 | 6oe2 f2 3 5/ 6 8
‘84 || 6918 | 6934 | 6950 | 6966 | 6982 | 6998 | 7015 | 7081 | 7047 | 7063 |2 3 5/ 6 8
85 [| 7070 | 7006 | 7112 | 7120 | 7145 | 7161 | 7178 | 7104 [ 7211 [ 7928 § 2 B3 5| T 8
*86 {| 7244 | 7261 | 7278 | 7205 | 7311 | 7328 | 7345 | 7362 [ 7379 | 1306 §2 3 5/ 7 8
*87 || 7413 | 7430 | 7447 | 7464 | 7482 | 7499 | 7516 | 7534 | 7661 | 7568 2 3 5( 7 9
‘88 || 7586 | 7603 | 7621 | 7638 | 76566 | 7674 | 7691 | 7700 | 7727 [ 17452 4 5|7 9
'88 || 7762 | 7780 | 7708 | 7816 ] 7834 | 7852 | 7870 | 7889 | 7907 | 7925 § 2 4 5|7 9
80 || 7943 | 7982 | 7980 | 7998 | 8017 | 8085 | 8054 | 8072 | 8001 | 81202 4 €7 911
*91 || 8128 | 8147 | 8166 | 8185 | 8204 | 8222 | 8241 | 8260 | 8279 | 8299 J 3 4 6/ 8 911
*02 || 8318 | 8337 | 8356 | 8375 | 8305 | 8414 | 8133 | 8453 | 8472 | 8402 J 2 4 €] 8 10 12|
*93 || 8511 | 8531 | 8551 | 8570 § 8590 | 8610 | 8630 | 8650 | 8870 | 8690 § 3 4 6| 8 10 12
*94 || 8710 | 8730 | 8750 | 8770 | 8790 | 8310 | 8831 | 8851 | 8872 | 8892 § 2 ¢ 8101
‘06 || 8013 | 8033 | 8054 | 8974 | 8905 | 9616 9057 {9078 | 0090 | 3 4 6 810
86 || 9120 | 9141 | 0163 | 0183 | 9204 | 9226 | 9247 | 9268 | 9290 | 9311 | 2 4 6/ & 11
07 1| 0333 | 9354 | 9376 | 8397 | 9419 | 0441 | 9462 | 9484 | 8506 | 9528 | 2 4 17| 9 11
08 || 0550 | 9572 | 9594 | 9616 | 9638 | 9661 | 9683 | 0765 | 9727 | 9750 } 3 4 7 91
08 U 9772 | 0705 | 9817 | 9840 | 9863 | 9886 | 9908 | 9931 | 9954 3 5 7/ 91124016 13 20




=l LOGARITHMIC SINES.

) , AL AP [ ean Difierences
0 |6 12/|18'|24'|30'| 36| 42| 48|54 |1 | o[ 37| 4'( 5
2'|13'14'l6

0| —e [72410] 5420 | 7190 | 8439 | 0408 | 0200 | 0870 | 1450 | To61

1| 82419 | 2832 | 3210 | 8558 | 3880 | 4179 | 4459 | 4723 | 4971 | 5200

2 || 8'5428 | 5640 | 5842 | 6035 | 6220 | 6397 | 6567 | 6731 | 6889 | 7041
31| 87188 | 7330 | 7468 | 7602 § 7731 | 7857 | 7079 | 8008 | 8213 | 8326 | 2L | 42 } 63 | 84 (104
4 || 8'8436 | 8543 | 8647 | 8749 | 8819 | 804G | 9042 § 9135 | 9226 | 9315 | 16 | 32 [ 48 | 64 | 80
5| 80403 | 0480 | 9573 | o655 | 0746 | 9816 | ogoa | 9970 | vo4c | 0120 § 13 { 26 | 50 | 52 | 66
B 970192 | 026 | 0334 | 0404 | 0472 | 0539 | 0605 | 0670 | 0734 | 0707 | 11 [ 22 [ 33 | 44 | 85
1] 90859 | 0920 | 0981 | 1040 | 1099 | 1157 | 1214 | 1271 | 1326 | 1381 | 10 | 19 } 29 | 38 | 48
8| 01436 | 1480 | 1542 | 1504 | 1016 | 1697 | 1747 | 1707 | 1817 | 1895 | 8 {17 |25 | 34 | 42
9| 91943 | 1991 | 2008 | 2085 | 2131 | 2176 | 2221 | 2266 | 2310 | 2853 ] 8|15 |23 | 30 | 38
10 || 9'2307 | 2430 | 2482 | 2524 | 2565 | 2608 | 2647 | 2687 | 2727 | 2767 ) 7 ) 14 {20 | 27 | 34
111l 992806 | 2645 | 2883 | 26.1 | 2959 | 2997 | 3034 § 3070 | 8107 | 3143 | 0 |12 [ 19 {25 { 31
1211 93179 | 3214 | 3250 | 3234 | 8319 | 3353 | 3387 | 3421 | 3455 | 3488 o | 11|17 23| 28
13 || 93501 | 3554 | 3586 | 3618 | 3650 | 3682 s | 375 | 9775 | asos | 5 {11 {16 2i 26
14 || 93837 | 3867 | 3897 | 3927 | 4957 | 3986 | 4015 | 4044 | 4073 | 4102] 5|10 |15 |20 | 24
15 (| 9'4130 | 4158 | 4186 | 4211 | 4242 | 4269 | 4996 | 4423 | 4350 | 4377 ) 5| 9|14 |18 |23
16 || 9°4403 | 4430 | 4456 | 4482 | 4508 | 4533 | 4559 | 4584 | 4609 | d634 | 4] 9|13 117 {2l
171 974659 | 4634 | 4700 1 4733 | 4757 | 4781 | 1805 | 4820 | 4853 | 4876 | 4| 8|12 |16 | 20
18 | 94900 | 4923 | 4916 | 4969 | 4992 | 5015 | 5037 | 5000 | 5082 | 5104 | 4| 8|11 |15 19
19 || 95126 | 5148 | 5170 | 5192 § 5218 | 6235 | 5250 | 5278 [ 6299 | 5320 ) 4| 7|11( 14|18
20 || 9'5341 | 5a61 | 5382 | 5402 | 5423 | 5443 | nge3 | 5484 | 5504 | 5523 | 3| 71014 |17
21 || 95543 | 5563 | 5583 | 5602 | 5621 | £611 | 5600 | 5679 | 5698 | STIT| 3| 6|10 13|16
22 || o5a | 5754 | 5773 | 70 | 5810 | o828 | sse7 | sses | 5883 | 5901 | 3| 6| 9|12 |15
23 |1 9’5919 | 5037 | 5954 | 5972 | 5000 | 6007 | 024 | 6042 | 6059 | 6076 ] 3| 6| 9 215
24 || 96093 | 6110 | 6127 | 6144 | 6161 | 6177 | oluy | 6210 [ 0227 | 6243 3| 6| 8 [11[14
25 || 9'6250 | 6276 | 6292 | 6308 | 6321 | 6340 | G350 | 6471 [ 6387 | 6403 ] 3| 5| 8[11{13
gg 96418 64;; ﬁé‘g 6463 g:}xo 61495 | G510 | 63526 b(';él 6556 | 3| 5] 8|10 138
9’6770 | 678 00 | 6615 | 6629 | Lo | gong | 6UTS | 6687 [ 6702 2| 5 1012
2 | 5ons |6 | o4t | o750 | o773 | 677 | o | osie | o8 sz ] 2| 7 el
29 || 9°6856 | 686Y | LES3 | 6896 | 6V10 | 6923 | gyg7 | 6950 | 6963 | 69TT ) 2| 4 T 9|11
30 || 9°6090 | 7003 | 7016 | 7029 § 7042 | 7055 | 7ope | 7080 [ 7093 | TI06 | 2| 4] 6[ 9|11
30 oy | 730 | T144 | 7156 | TI08 | TI81 | 7199 | 7205 | 7218 | T2} 2] 4] 6] 810
30 (| goqn | 7254 | 7266 | 7278 | 7200 | 7002 | 7314 § 7306 | 7338 | 340 ] 2| 4| 6] 810
3301 07360 | 7373 | 7384 | 7396 | THT | T419 | 7430 | 7442 | TASY | T464 | 2| 4| 6| 810
34 || 97476 | 7487 | 7498 | 7500 | 7520 | 7531 | 7540 | 7553 | 7564 [ TS5 | 2| 4| 6| 7| 9
35 || 0'7586 | 7597 | 7607 | 7618 | 7620 | 7640 | 7650 | 7661 | 7671 | 7682) 2| 4| 5| 7| 9
36 (| g7oe2 | 7708 [ 7718 | 7123 | 7734 | 1744 | 754 | 7764 [ 7774 (7185 2| 3| 5| 7| 9
37 | 97795 | 7805 | 7RIS | 7825 | 7835 | 7844 | 7854 | 7804 | 874 | 884 ] 2| 3| 5| 7| 8
38 1 97894 | 7903 | 7918 | 7922 | 7932 | T941 | 7951 | 7900 [ 7970 | 7979} 2| 3| 5| 6| 8
39 || o'7u89 | 7998 | 8007 | 8017 | 8026 | 8045 | goyy | 8053 | 063 [ 8072} 2| 3| 5| 6| 8
40 | 98081 | 8090 | 8000 | BL0B | 8117 | 8125 | g4 | 8143 | 8152 (8161 1| | 4| 6| 7
41 11 98169 | 8178 | 8187 | 8195 | 8204 | 8213 | gon) | 8230 | 8238 | 847} 1] 3, 4| 6| 7
42 || o'g255 | 8264 | 8272 | 8280 | 8269 | 8297 | gage | 8313 | 8322 [ 8330} 1| 3| 4! 6| 7
43 |1 0'8338 | 8346 | 8354 ) K362 | 8370 | 8378 | gagq | 8394 | 8402 | 410 1| 3| 4| 5[ 7
44 1| pga1g | 8420 | 8433 | 8441 | BHO | 8467 | giae | 8472 [ 8480 | 848T) 1| 3| 4| 5] 6




LOGARITHMIC SINES.
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.
Xiv

LOGARITHMIC TANGENTSs

, , , , Ao , A [Mean Difierences
0 |6 |12'|18'|24'|30'|36')42'|48'|54'| 1/ ,

Q 1 2'|3'4'|5
= [12419| 5429 | 7100 | 8430 | 0400 | 0200 | G870 | 1450 | 1962 (Mean Differences
82410 | 2833 | a911 | 3550 | 1681 | 4181 | 4461 | 4725 | 4973 | 6208 | moOt sufficiently

8'5431 | 5643 | 5845 | 6038 | 6203 | A401 | 6571 | 6736 | 6894 | 7046 | accurate

87104 | 7337 | 7475 | 000 | 7739 | 7865 | 7988 | K107 | w223 | 8336 !
8'8446 | 8554 | sg50 | 8762 | 8862 | 8960 | 9056 | 9150 | 0241 | 9331 | 16 [ 42 [ 48 | 65 | 81
8'0420 | 0506 | 9501 | 9674 | 9756 | 9836 | 9915 | 0902 | Gos | 0143 | 131 26 ] 40 bJ 1 68
90216 | 0230 | 0360 | 0430 f 0409 | 0567 | 0633 | 0699 | 0764 ogog | 11 |92l 34| 451 56
9'0801 | 0054 | 1015 | 1076 | 1135 | 1194 | 1252 | 1310 | Lag7 | 1428 | 10120 99 | 39| 49
9'1478 | 1533 | 1687 | 1640 | 1693 | 1745 | 1797 | 1848 | 1898 | 1048 911712635143
9 || 91007 | 2046 | o004 | 2142 | 2180 | 9236 | 2282 | 2598 | 2374 | 2419 | 8[ 16| 23|31 39
10 || 9'2463 | 2507 | 9551 | 2504 | 2037 | 2680 | 2722 | o764 | 2805 | 2846 | 7| 14| 21| 28135
11 1| 9'2887 | 2027 | 2967 | 3006 | 3040 | 3085 | 3123 | 3162 | 3200 | 8247 6113]19f206)32
12 || 93275 | 8312 | 3349 | 3385 | 5422 | 3458 | 3493 | 3529 | 3o64 | ov9 ) | 1218 2130
13 || 9'3634 | 3608 | 702 | 3736 | 4770 | 3804 | 3837 | agro | 3oa | 8935 O 11417 2| 28
14 || 9'3068 | 4000 | 4032 | 4064 | 4005 | 4127 | 4168 | 4180 | 4220 | 4260} 6| 10|16 2126
15 || 94281 | 4311 | 4341 | 4971 | 4400 | 4430 | 4459 | 4488 | 4517 | 4546 8| 1011520 25
16 || 94575 | 4608 | 432 | 4660 | 4688 | 4716 | 4744 [ 4771 [ 4799 | 4826 | B 914119 ) 28
17 || 9'4853 § 4880 | 4907 | 4034 | 4961 | 4987 | 5014 | 5040 | 5066 | 5042 41 9113|1822
18 || 95118 | 5143 | 5169 | 5105 | 5220 | 5245 | 5270 | 5205 | 5320 | 5345 4] 81317121
19 || 95370 | 5304 | 5e10 | 5443 | 5467 | 5491 | 5516 | 5540 | 5564 | 5as7 | 4| 8| 12| 16|20
90 || 95611 | 5634 | 5gps | 5681 | 5704 | 5727 | 5750 | 5773 | 5706 | se19 | 4| 8 12(15) 10
21 | 95842 | 5864 | 5agy | 5000 | 5933 | 5954 | 5976 | 5098 | G020 | sz ] 41 7| ILITY 19
22 || 9'6004 | 6086 | 608 | 6129 | 6151 | 6172 | G194 | 6215 | 6236 | 6257 df 711418
23 || 96279 | 6300 | gao1 | 6341 | 662 | 6383 | 6404 | 6424 | 6445 | Gdea | 3| T |10\ 1417
2% || 96486 | 6506 | g527 | 6247 | 6567 | 6587 | v6u7 | 6627 | 6647 | o607 | S| T| 10| 13|17
95 || 0'6687 | 6706 | g706 | 6740 | 6705 | 6785 | GRo4 | 6821 | 6813 | 686 | B | T| 10| 1316
26 || 9°6882 | 6001 | g0 | 6939 | 6958 | 6977 | 6996 | 7005 | 7044 [ TOS3| S| 0| 9| 13116
27 || 97072 | 7090 | 7309 | 7128 | 7146 | 7165 | 7183 f 7200 | 7220 | T23R | 4| b 91210
28 || 97257 | 7275 | 7ogy | 7411 | 7330 | T8 | 766 | 7384 | 7402 | 7420 S| 6| 9112115
29 || 97438 | 155 | 7473 | 7491 | 7509 | 7526 | 7544 | 7502 | 7670 [ TOOT| 4| 6| 912} 16
80 || 07614 | 7632 | 7640 | 7067 | 7684 | 7701 | 7700 | 7730 | TUBE | TTILY B| 6} V|12 M
31 | 97788 | 7805 | 7892 | 7630 | 7856 | 7874 | 7890 | 7007 | 7op4 | 041 | 4| 6| 911U
32 || 97958 | 7975 | 7992 | 8008 | 8025 | 8042 | 5050 | 8075 | son2 | s109 | S| 6] 8111
33 || 9'8125 | 8142 | g158 | 8175 | 8191 | 8208 | 8224 | s241 | s257 (8274 | 8| 6| 81 M
34 || 9'8200 | 8306 | g3z | 8339 | 8355 | 8371 | 8388 | a404 | 8420 | 836 | S| 5| 8|1 | U
95 || 08452 | 8468 | geas | w501 | 8517 | 8533 | 8540 | saeo | sner [soor | ¥ 5| 81113
36 || 0'8613 | 8620 | sea4 | 8660 | 8676 | 8692 | 6708 | 8724 | 8740 | 8755 | S| O H L1
37 || 08771 | 8187 | ggoy | se1s | sw34 | 8850 | 865 | wes | swo7 | soiz | 8| 5| 81018
38 || 0:8028 | 8944 | 8959 | 875 | 8990 | 9006 | 9022 | 9037 | Yosi | 9068 31 5] 811018
89 || 90084 | 9090 | 9115 | 9130 | 9146 | 0161 | 0176 | 9192 | 9207 | 9203 ] 3| 5| 8| 10| 1
40 || 90238 | 9254 { 9269 | 9u8¢ | 9300 | 9315 | 930 | 9346 | 961 | 0376 § 3| B B} 10413
41 || 9°0802 | 9407 | 0422 | 0438 | 9453 | 0468 | v183 | 0190 | 9514 [ 9520 | 8| 5| 80|13
92 || 99544 | 9560 | 9575 | 0390 | 9605 | 9621 | 0036 | 9651 | 9eee | 9681 | 3| 5| 8] 10|13
43 || 0607 | o712 | o727 | a7az | 0757 | U173 | o7es | o803 | os1s B3| 3| B 8110418
44 || 00848 | 9864 | 9879 | oro4 | 0909 | 9924 | 9039 | 9955 | ouro [vuss | 8| 5| 8 (10|13




LOGARITHMIC TANGENTS.

xv

54 rlels

an Difierences

g 0 |6 (12']18'|24'|30'|36'|42'|48 45
45 1 10°0000 | 0015 | 0030 { 0015 | 0061 | 0076 | 0091 | 0106 | 0121 | o136 | 3| 5| 8] 10|13
46 |{ 10 0152 ] 0167 | 0182 | 0197 | 0217 | (228 | 0243 | 0258 | 0273 | 0288 ] 3| 5| 8| 10| 13
47 (| 10°0303 | 0319 | 0334 | 0349 | 0361 | 0379 | 0395 | 0410 | 0425 | 0440] 3| 5| 8|10 13
48 |1 10°0456 | 0471 | 0486 | 0501 § 0517 | 0532 | 0547 | 0563 | 0578 {0593 | 3| 6| 8| 10|13
49 1{ 10°0608 | 0624 | 0639 | 0654 | 0670 | 0685 | 0700 | 0716 | 0731 | 0746] 8| 5| 8| 10|13
50 | 100762 | 0777 | 0793 | 0808 J 0824 | 0839 | 0854 | 0870 | 0885 | 0s01 | 3| 5| 8| 10|13
51 | 100916 | 0932 | 0947 | 0963 | 0978 | 0994 | 1010 | 1025 | 1041 | 1056 ] 3| 5| 8|10 13
52 |1 101072 ] 1088 | 1103 | 1119 | 1135 | 1150 | 1166 | 1182 | 1197 {1213 3| 6] 8[10 | 13
53 |[ 1011239 § 1245 | 1260 | 1276 | 1292 | 1308 | 1324 | 1340 | 1356 | 1371 ] 3| S| 811 |13
54 || 10'1387 | 1403 | 1419 | 1435 | 1451 | 1467 | 1483 | 1499 | 1516 | 1532 8| 6| 8 {11 |13
55 (| 10'1548 | 1564 | 1580 | 1506 | 1612 | 1620 | 1645 | 1661 | 1677 | 1604 ] 3| 5| 8|11 | 1
56 {{ 101710 ] 1726 | 1743 | 1759 | 1776 | 1792 | 1800 | 1825 | 1842 | 1858 | 3| 5| 8|11 |14
b7 {{ 101875 | 1891 | 1908 | 1925 | 1941 | 1958 | 1975 | 1992 | 2008 {2025 | 3| 6| 8|11 |14
58 || 102042 ] 2059 | 2076 | 2003 | 2110 | 2127 | 2144 | 2161 [ 2178 | 9195 3| 6| 9|11 | 14
59 || 102212 | 2200 | 2247 | 2264 | 2081 | 2209 | 2316 | 2333 | 2351 [ 2368 | 3| 6| 9|12 | 14
80 || 102386 ] 2403 | 2421 | 2438 | 2456 | 2474 | 2491 | 2500 | 2507 | 9545 ] 3| 6] 9[12]| 16
61 || 102562 | 2580 | 2508 | 2616 | 2634 | 2652 | 2670 | 2689 | 2707 | 9725 3| 6| 9| 13|15
62 || 102743 ] 2762 | 2780 | 2798 | 2817 | 2885 | 2854 | 2872 | 2891 [ 2010] 3| 6] 9| 12[15
63 || 102928 ] 2047 | 2966 | 2045 | 3004 | 3023 | 3042 | 3061 | 3080 | 3099 ] 3| 6] 913|186
64 | 103118 | 3137 { 3157 | 3176 | 3196 | 8215 | 3235 § 3254 { 3274 {3204 ] 3| 6| 10] 13| 186
65 || 10'3313] 3333 | 3353 | 3373 | 3393 | 3413 | 3433 § 3453 | 3473 | 3494 3| 7|0 13|17
66 || 10'3514 | 3535 | 8555 | 3576 | 3596 | 3617 [ 3638 | 3659 | 3679 | 3700 | 3| 7[10| 14|17
67 || 1003721 | 4743 | 3764 | 3705 | 3806 | 3828 | 3849 | 3871 | suye | go14 ) 4 7|11 14|18
88 |[ 103936 | 3958 | 3980 | 4002 | 4024 | 4046 | 406% | 4091 | 4113 | 4136 ) 4| 7|11 |16 10
89 | 104158 | 4181 | 4204 | 4207 § 4250 | 4278 [ 4296 | 4319 | 4942 {4366 ] 4| 8[{12{15(19
70 |1 104389 | 4413 | 4437 | 4461 | 44r4 | 500 | 4533 | 4567 | 4581 | 4606 | 4| 8[12] 1620
11 |l 10°4630 | 4655 | 4680 | 4705 | 4730 | 4755 | 4780 | 4805 | 4x41 | 48570 4| 8(13 (17|21
12 |[ 104882 | 4908 | 4934 | 4960 | 4986 | 5013 | 5039 | 5066 | 5094 | 51201 4| 913 ] 18] 22
13 | 105147 ] 5174 | 5201 | 5229 § 5256 | 5284 | 5312 | 5340 | 568 | 5397] 6| 9|14 (19|23
74 || 105495 ] 5454 | 5483 | 5512 | 5541 | 5570 | 5600 | 5620 { 5659 | 5689 | 5| 10| 15|20 | 26
75 || 105719 | 5750 | 5780 | 6811 | 5842 | 9873 | 5005 § 5936 { 5963 | gooo | 5|10 | 16 {21 | 26
16 |l 10'6032 | 6065 | 6097 | 6130 | 6163 | 6196 | 6230 ] 6264 | 6298 | g3a2 | 6| 1117|2228
17 | 10°6366 | 6401 | 6436 | 6471 | 6507 | 6542 | 6578 | 6615 | 6051 | ¢ges ] 6| 12| 18 | 24| 80
78 || 1076723 | 6763 | 6800 | 6838 | 6877 | 6915 | 6954 § 6994 | 7034 | 7073 | 6|13 |19 | 26| 32
19 || 107113 | 154 | 7195 | 7236 | 7278 | 7320 | 7363 | 7406 | 7449 | 7493 7|14 |21 | 28| %
80 1 107537 ] 7581 | 7626 | 7672 | 7718 | 7764 | 7811 ) 7858 | 7908 | 7954 | 8|16 | 23 81| 30
81 || 108003 ] 8052 | 8102 | 8152 | 8203 | 8255 | 8307 | 8360 | 8413 | 467 9| 17 | 26| 85 | 43
82 1l 10'8520] 8577 | 8633 | 8690 | 8748 | 8806 | 8865 | 8924 | 885 | 904 | 10 | 20 | 20 | BY | 49
83 || 10'9100 | 9172 | 9236 | 9301 | 9367 | 9433 | 9501 | 9570 | 9pdo | g7i | 11|22 | B4 [ 45 (¢
84 || 109784 | 0857 | 9932 | 0008 | Ooss | 0164 | 0244 | 0326 | 0409 | G494 | 13 | 26 | 40 | 53 | 66
] Reet bbbl b P P E R A
1554 2012 | 2135 | 2261 | 2301 | 2595 | 2663 i

87 || 11°2806 | 2954 | 3106 | 3261 | 3420 | 3500 | 5777 | 3062 | 4153 | 4367 Mean Differences
88 | 14569 | 4792 | 5027 | 6275 | 5539 | 5519 | 6119 | 6441 | 6789 | 7167 | DOt sufliciently
89 (| 11'7581 | 8038 | 8550 | 9130 | 9800 | 0591 | 1561 | 2810 | 4571 | 7581 ] accurate.
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