UNIVERSAL
LIBRARY

OU_152692

AdVddl T
TVSHIAINN






OSMANIA UNIVERSITY LIBRARY

"\ No. ‘;’ )-8 é Accession No. /(6 O,
¢SH
Tide # [+illes ,

)
This book sh. 0§ St L‘ L O~ 5441,&(,:‘

» keturned on or before the date last marked below.







HOMOGENEOUS LINEAR
SUBSTITUTIONS

BY

HAROLD HILTON, M.A,, D.Sc.

PROFESSOR OF MATHEMATICS IN ‘I'HE UNIVERSITY OF LONDON
AND HEAD OF THE MATHEMATICAL DEPARTMENT OF BEDFUORD COLLFGE
FORMERLY FELLOW OF MAGDALEN COLLEGE, OXFORD, AND ASSISTANT
MATHEMATICAL LECTURER AT THE UNIVERSITY COLITGE, BANGOR

OXFORD
AT THE CLARENDON PRESS
1914



OXFORD UNIVERSITY PRESS

LONDON EDINBURGH GLASGOW NEW YORK
TORONTO MELBOURNE BOMBAY

HUMPHREY MILFORD M.A.

PUBLISHER TO THE UNIVERSITY



PREFACE

N this book I have attempted to put together for
the beuefit of the mathematical student those
properties of the Homogeneous Lincar Substitution
with real or complex coefficients of which frequent
use is made in the Theory of Groups and in the
Theory of Bilinear Forms and Invariant-factors; but
which have not hitherto been collected in a single
treatise, so far as I am aware.

I have confined myself to those properties of
substitutions which do not depend on any ‘group’
of such substitutions. The main reason for this
limitation is the fact that the most interesting
properties of substitution-groups may be found in
the second edition of Prof. Burnside’s Theory of
Groups (Cambridge Univ. Press, 1911); and it docs
not seem worth while to repeat work alrcady so
excellently performed. I have also limited myself
in the main to the discussion of substitutions whose
determinant does not vanish.

In the range to which I have confined myself
I have made considerable use of Dr. Bromwich’s
Quadratic Forms (Cambridge Tracts, No. 3, 1906),
Prof. Bocher’s Introduction to Higher Algebra (Mac-
millan, 1907), Dr. Muth’s Theorie und Anwendung der
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Elementartheiler (Teubner, 1899), and Prof. Weber’s
Lehrbuch der Algebra (Braunschweig, 1898), in addition
to numerous articles in mathematical periodicals. The
reader will find that the methods of proof are in many
cases new, though the results are for the most part
well known.

I have made no attempt to insert complete refe-
rences, though a reference is occasionally given if
likely to prove useful to the reader.

The student will find it an assistance to the under-
standing of the subject if he will work through some
of the examples, many of which are quite easy.
I have given indications of the method of proof in
most cases.

The reader who is more interested in the applications
than in the abstract theory of the subject may confine
his attention to the first four chapters in the first
instance.

My best thanks are due to the Delegates of the
Oxford University Press for kindly undertaking the
publication of this book, and to the Staff of the Press
for the care and skill with which the printing has
been done.

H. H.
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CHAPTER I
ELEMENTARY PROPERTIES OF SUBSTITUTIONS

§ 1. Definition of Substitution.

SUPPOSE we are given the equations

) ’ — . g v
@y = Uy F ity A3, %; +oos + Uy Ly
Zy = U@y FUpT, F Uy o+, T,

(@ 0 G, + Mgy s+ Wy By e . (1)
@, = Qg @y + Gy @y + @yt oo+ Oy

Then the operation of replacing «y by @, @, by @), ..., @,
by @, is called the Lomogeneous linear substitution A of
degree m defined by the equations (i).

In this book ‘substitution’ will always mean ‘homogeneous
linear substitution’.

The m quantities x;, @, ..., &, arc called the variables of
the substitution A; the quantities a,; ave called the cogfficients.
Both variables and coefficients are ‘ordinary real or complex
quantities.

The array

ST Uim

Uy gy + .« Uy,

U1 Ypg - Crum
will be called the matric of the substitution A. If the matrix
is considered as a determinant, it is called the determinant of A.
We shall suppose that this determinant does not vanish, unless
the contrary is stated.
The substitution 4 will often be denoted by

&) = U@+ Qp@yt oo ity (E=1,2,...,m)
or by
(U@ F UppZgF oo F Ty Uiyt UpplpF e Ly ¥y

ey Uyl F Uyt s+ @)

1645 B



10 DEFINITION OF SUBSTITUTION [I1
The substitution

@) =y, @) = @y, ) = Dy
is called the wnit substitution. It will be denoted by the
symbol E.*

Ex. 1. If f(x, y) =0 is the equation of a curve referred to
rectangular Cartesian axes, the equation referred to the axes
obtained by turning the original axes about the origin through an
angle w is found by performing on f(z, ) =0 the substitution
(rcos w—ysinw, zsinw+y cosw).

What is the similar result in three dimensions?

Ex. 2. The product zy is reduced to the difference of two squares
by performing on it the substitution (z+y, x—y)

§ 2. Products.

Given two substitutions 4 and B
wt, = U By Uyt o +a1mwm(t = 1: 2, vy 'm“)
and o)/ =byu; +0,2,+ o+ gy, (E=1,2,...,m);
then P is called the product of A and B, if P is the substi-
tution
&) = Pl + Pp@t o A Pt (8 =1, 2, .00, m),
where
Pij = bty + 0,05+ Foimttmj (67 =1,2,..,m) ... (i)
This is denoted symbolically by the equation > = A.B or
P = ABt
We can obtain P convenicntly in practice by operating
with A on the right-hand side of the equations
of B. @) = by, +bpr,+ oo + by,

We thus obtain
@y = by (@ + 0@, + o F ) F0p (G B+ 2yt
+ ana‘m) + ree + btm (amlwl +("ln2w2 + b + ammwm)r
. " ’ — 1 yp
ox Zy = pa@t Pyt o+ Pimtm
from equations (i).

We see immediately that A5 and BA are not in general the
same substitution. If they are,so that AB = BA, A and B
are said to be permutable or commutative. The conditions
for this are by (i)
bila,j+b,-2a2j+ v + bf'm“m,i = "ilbxj +a,-2b2j +o + il

(g =12,..., m).

* From the German ‘Einheit’. Bocher in his ¢ Higher Algebra’ uses L.

+ The definition of ‘product’ holds good, even if the determinant of 4 or B
is zero.
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We readily prove AE = K4 = 4.

By the ordinary law for multiplying determinants we Lave,
using equations (1),

! : |
1’11 plﬁ ° . - I)] n bu b]_» . . . b'l m
Pa Py - - - Iam "21 dog o oo by
i Py Pz - - - Pomm Do Oy o o brnm
Uy Uy - o o Uy
(112 ,, . . . U,
X
Gm Gm -+« Tum
Therefore :-—

The determvimant of the prodwct of to substitutions is the
product of their determinants.

Suppose now that C is
af =cp&i e, ez, (E=1,2, 00 m)
and that P is the product of AB and (/. Then
Pij = (b, +blz"'2j F ot by ;)
e, (baty +bgyty+ oo +0y,0,5) +
+(1im (bml”l[ +bm2”2j +.o.t butm“ )nj)’
or
Pij = Zeiybygug, (v, B=1,2, ooy m)eninnnnn, (ii)
Forming the product of A and BC w2 get the same substi-
tution, i.c. AB.C = A.BC = P.
We say that P is  the product ABC of 4, B, and .
Similarly ABC.D = AB.CD = A.BCD; and so on for
the product of any number of substitutions.
The reader will have no difficulty in proving by induction

that, if P = ABC ... KLM, then

by = Emiuéy}\k)w oo c&yb'yBqu (s Ak, e 8,7, 8= 1, 2,...,m);5

and that the determinant of the product of any number of

substitutions is equal to the product of their determinants.
Ex. 1. Find the product of 2’ =2—y+2, ¥y = —2+y+2¢,

2 =4x—2y—~z and of 2’ =22+2y—8z, ¥y =y—z F=r+y+=z.

[In the second of these, substitute from the first x—y+ ¢ for z,
—ax+y+22for y, 42—2y—2 for 2.
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We get w =2x—y+2)+2(—2+y+22)—-3(4r—2y—2)
y= (—o+y+29)— (4z—2y-2)|,
Z=@—y+2) + (—r+y+22+ (4r—2y—2)
or 2'= —1224+6y+92 y'=—br+3y+382 = 4x—2y+2¢
which is the required substitution.]
Ex. 2. If A=(@Cr+y,3x+2y), DB=(5z—2y, 2x—y),
CE(I-?/’ x+y):
find ABC, BCA, CAB.
[ABC = (Bx+y, bz+y), BCA = (13x—5y, 23x—9y),
CAB=(50—3y, x—y).]

Ex.3. If A=(r—y+2z 3zx—n —2r—y+2)

and R =(4a E Y-
find AB and ifa
[(—6z—4y+10., « d
(¢ + 5z, —8x4+4y—52).]
Ex. 4. (c+y+=2 - w i W —y—z+w) and
Crz—y+24+w, 2y+3z—un, [—J-—"’" -2 —2z~2w)

ave permutable.

[ eir produc. > (42+2:43w, z+ te, x—2y—32+2w,
=br—y 3z—4w).]

Ex. 5. (uc+by, cx+dy) and (dz+ 4) are permutable
if a—d:b:c=4-D:B:C.

Ex. 6. The snh. tions with m:

ra b ¢ | a 1
] 0 a b . 0 o
0 0 a wnd | 0 . we wtable.
0O nh < ; 090 0~ .~
0 0 2 O d 0 0 0 0 «
Ex. 7. A substh on with o t I the
4 L2 -0y, 1o e 9%
O &y~ Xpp-1 la Ay o
am—l Xy ol am 2 ¢ I( oy o a.:
&y &g Oy . -0 Ay v, O + Q-1

is called ‘cyclan. of type I’ or “«.e'apt nf {vy 77’ respectively.
Show that the product of any two cla.  Lsi ns of type I
is of type I; that the product of ar / tv v cyelar. .abstitutions of
type II is of type I ; and thatthe p» duct of a eyclant substitution
of type I and a cyclant substitutior  &ype II is of type II.

Show that any two substitution. .1 type I are permutable ; but
that this is not in general true of type IL
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Ex. & If S, = (a2, +byry ey + dyvy +
L I R L R S N O .7 s YTV Y o) §
Se = (aox.+b,x,+c ZTo+doxi +
' i o ;+ wl N O

then SISZSJ .E(aarlﬂia +yrg+8x4+ . lez+/3.r',+y:14+...,
oz +pBrg+ .., ., ax,);
where (¢ +0,x+c¢2%+...) x (a,+b,2+ ¢, 2%+ .. )% ...

=(x+pr+yzi+..).
[Use induction.]

Ex. 9. Prove that any two of the substitutions §;, S,, S.. ... , of
Ex. 8 are permutable.

§ 8. Inverses and Powers.

y TzeL product A4 is denoted by A% AAA Ly A% AAAA
yIf the determinant of A does not vanish, we may solve the

equations (i) of § 1 for a;,2,,...,a4,. Then we obtain

Ty = 0(“.11'+0(“£l '+ +o‘imwm, (t = 1 23 s ,'m)
where o = Ay/lal; Ay belng the cofactor of «, in the
expansion of the detelmmant lew| of A.

The substitution

a = oty iyt e 0, (E=1,2,.0, m)
is called the substitution inverse to A, and is denoted
by A-L*

It follows from the definition that AA~1= A-14 = L.

The substitutions inverse to 4% 43 4%, ... are denoted by
A72, 478, 474 L

Since
AA2=E=4 A 1'=AEA7'=4.4 A1.47"

= A2 A71A7Y, (A1) = At
and similarly
(A7) = 47, (A7) = 4-

The reader will now 1ead11y prove that (1f A= 1 and
Al = 4) AmAn=Am*"; where m and n are any positive or
negative integers.

The inverse of AB is B-A-1. In fact AB.B14-1
= AA-'=FE. Similaily the inverse of ABC is C7'B'4A1;
and so on.

The substitutions 4, 42 4%, 44, ... may be all distinct. If
this is not the case, suppose Ar = 4 (r>s). Then 4'. 4™

* This definition only holds good 1f the determinant of 4 is not zero.
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= A*. A% or A"* = E; so that one of the series 4, A%, A°,
A% ... is E.. Let A™ be the first of this series which is X.
Then n is called the order of 4.

Ex. 1. Find the inverse of
¥=dx+y+82, y=4x—y+4z F=31+y+22
[Solving for z, y, ¢ we get
r= =62 +y +7¢, y =42’ —y 42, Z'=Ta -y 82"
Therefore the required inverse is
¥=—0x+y+72 ¥=4da—y—tz 2'=Tr—y—8z]
Ex. 2. Find the inverses of
(Br—2y, 42—38y), (—2y—2 224+3y+ 2z, —x—y—2),
Rr+y+z+w, 20+26—w, —x+y—z+w, —y—w).
[(31_2?/7 41‘—31}), (w+y+z7 y+259 —x-zy_4z)7
@+2+2w, y+2e+w, —2—2:—8w, —y—2z—2w).]
Ex. 3. Find the inverses of
(@, Ty— gy, Ty— gy, ey Ty —yT1),
(o‘xl+x’2? 0(1'2+x-i7 ey Oy Ty O‘xm)’
(Tgy Tgy wooy Ty 8|xl+32xz+'"+emxm)’
(21, 0y + 250 OF2) + 2002, + Xy, -0, 12 +m-1C am 2,
+m710,0m S+ L+ 2,
[(xh ot ayry, Tyt Ay, .oy ‘Tm+u’mwl)7
(0 1y — O By 0 =, 0 Loy — 0 Ry 0T = ey ey 07 L),

1 R
(a("'cz”'l_cs"r‘z—'“_cmxm 1+xm)3 Tyy Xgy oeey xm-l)’

(10, — O, + 2y, 028 — 2000y + 5, —037; + 3082, —30xy +24, v ]
Ex. 4. The inverse of a substitution with a matrix of the type

00 0 « D C B 4

Y
?) 2 ?j‘ /; has a matrix of the type 1(; g % g ; and
a 3 y 8 A 0 0 O

similarly for substitutions of any degree.
Ex. 5. Find the orders of

1 1 \
(Bz—4y. 2r—3y). (8a—13y, 5x—8y), (~/2(x-—y), Jg@+9))

(=9, =2 —), (Ga+6y, —4o—by, 82+8y—2)
(8z—3y+4z, 22—-3y+42, —y+2),
(Ba+2y+22+2w, 2x+y+2w, —8zr—4y—3e—1w,
—6z—2y—2z—3w)
[2, 4, 8, 6, 2v 47 2']
Ex. 6. Show that
(—ay—@y—ay =2y — .y T, 42003 +2C T+ oy
_x3‘302x4_402£3—”" ooy (_l}mwm)
is of order 2.
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Ex. 7. Show that

2a
xt/_____ @ — t

a’+a’+ ... +a,

2 (alxl + agy+ ... + ama‘m)
is of order 2.

What is the geometrical interpretation if m = 8?

[, /', «3) and (#;, a,, z,) are reflexions of each other in
the plane a,, +a,7,+ayx; = 0.]

Ex. 8. If ad—bc =1, the necessary and sufficient conditions
that (ax+ by, cr+dy) should be of order 2 a1e at=1, b =¢=0.
If ad—bc = —1, the condition is a+d = 0.

Ex. 9. If A is (az, bx+ay, cx+az),

A" is (a*x, na" 1dx+aty. na' " 'ex+atz).

[If this were true we should obtain A7*! by substituting ax
for x, bx+ay for y, cx+az for z in this value of 47 i.e. 471!
would be

(a™(ax), na®~1b(az)+a® (br+ ay), na" ' c(ar)+a” (cx + az))
or (@ le, (+1)aba+ a1y, (n+1)a"cr+amz).

Now use induction. Examples 10 to 15 may be treated sone-
what similarly.]

If A is of finite order, b = ¢ = 0, and a is a root of unity.

Ex. 10. T 4 is (av, cotdy) A" s (wrs, “= % cotany).

—d
What are the conditions that A4 is of finite order ?
Ex. 11. If 4 is (cosw.z—sinw.y, sino.x+cosw.y), A" is

(cosnw.z—sinnw.y, sinnw.r+cosnw. y).
‘What is the condition that A is of finite order?

Ex. 12. Prove that the n-th power of
(om + a5, ATy +23, oy 0T, 1+, AT,)
is (o4& g, (o+ €ay, ooy O @y);
where € is the operation changing #, into z,,,, and
Typs1 = Typye = oo = 0.
The substitution is not of finite order if m > 1.
Ex. 13. Find the »-th power of
S = (ax, + by +cx, + dory+ ..., azy+drg+cr+ ...,
azs+br 4+ ..., .., aX,)
If S is of finite order, b =c=d=...=0, and a is a root
of unity.
[Use § 2, Ex. 8.]
Ex. 14. If S=(x,, 25, ooy Ty 60+ 62,+ .0 +0,7,);
8 = (z,, Ty Tgy -ovy Ty oy GmYm -1+ G Ymh
Ss = (xu 5y gy +ey Il s UnYin-1 +a’m+l.7/mr
A Ym-2 + 1Y =1 + am+2?/m):
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S =(a, Y0 CpYm-1F CopsrYms oor O+ G Yo+ oo+ Gy 1Y),
Smﬂ =(a‘m.7/m—1 + am+1?/m ’ “m?/mdz + am+1 ?/m~1 + am+2ym7 cy
s + am+2y2+ ot aanym)’
where ¥, =¢,2,, Y, = %, 6%, - ,
ym = 01 Z) +02.’I72 + .. + cmxm’
and 0/])‘ +Cb2)\2+ a.;}\:’ + .0+ am)\m+ am-vl)\”ﬁ‘1 +..

Ex. 15. If s, = 1+kay, s, =ka, (i#j); and S"*1 = P, then
p,/ = (kau + ”011021)" + ”CZk::C” + ...) + (1 +kalt)”,
», = (ka, +"C k20 + " CylPe, + ...) 5
where B = A% C= A" ...

If % and the a’s are integers and S is of finite order, S= FE
unless k= +2. If k= +2, S= L or §*=FE, (Minkowsky’s
Theorem).

Ex. 16. The determinant of a substitution of order » is an n-th
root of unity.

[lelle determinant of A" is the n-th power of the determinant
of 4.

Ex 17. If A is of order n, A’ = E, if and only if r = kn;
where k is a positive or negative integer.

Ex. 18. If A is of order m, A" is of order n/d; where d is the
H.C.F. of nand r.

Ex. 19. If A and B are permutable. so are A” and B*.

Ex. 20. If 4, B, (, ... are permutable, the order of ABC ... is
the least common multiple of the orders of 4, B, C, ....

§ 4. Transposed and Conjugate Substitutions.

Let 4 be the substitution with matrix

O (N (A
Uy Uy o o
a’ml ”mz N * . ”uun
The substitution with matrix
)

n Y - - - Uy
(('12 (l22 P a’mZ

Uy Ugp + - Ym



I15] TRANSFORMATION OF SUBSTITUTIONS 17

is called the substitution fransposed to A, and is denoted

by 4’.
The substitution with matrix
‘Z’ll (f'l'z . . . ‘?1 m
a P a_,2 . B . (lr_, m
dml dm‘l . d:m,m

is called the substitution conjugate to 4, and is denoted by A.
In this &; denotes the complex quantity conjugnte to «;;.*
We shall adopt this notation throughout. _

The substitution conjugate to 4’ is denoted by A"

It follows at once from equation (i) of § 2 that with tho
notation there used B’A’ is

&) = Pry®yt PPt oot Py @i
or that B’A4’ is the substitution transposed to A B.

It can now be at once proved that the substitution trans-
posed to ABC is C'B’A’; to ABCD is D'C’B'A’, &e.

Similarly the substitution conjugate to 4B is AB, to AL
is ABC, &e.

It follows that 4’2, A", ... are the substitutions transposcd
to A3, A3, ,..; and A?% A3 ... arc the substitutions conjugate
to A2, A4° ...

Again, the substitution transposed to E=AA s (474
But Z is transposed to itself, and hence (474" =K or
() = (473,

Therefore the substitution transposed to the inverse of 4 is
the inverse of the substitution transposed to 4 ; and similarly,
the conjugate of the inverse is the inverse of the conjugate.

Ex. 1. The determinant of 4 is the same as that of A4’, and
is conjugate to that of A and A4’

Ex. 2. If A and B are permutable, so are A’ and B, and so are
4 and B.

§ 5. Transformation of Substitutions.

If R= 8148, R is called the transform of A by S. The
importance of this transform lies in the theorem :—

The transform of A by S is found by expressing 4 in terms
of new vartables defined by S.

* If aj; is real, dj=a,.
1648 C
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In other words, if in the equations
2] = @+ @yt o+ Oy (6= 1,2, 0, m)
defining 4 we put
’ ’ ’ ’
gLy T84, + e T 811 W cqual to Yt } —
iy T ELEy Tt STy equal to y; (t L2 ”m)
and then solve for ), 9,y vy 9, in terms of ¥y, %y ooy Yoo
we get
’
Y= a1 F Y2t T T Ym t=1, Ry iy m).
In fact, we have by § 2 if 74 = D, i.c. 4 = 8D,
mf, = (lt1y1+(llzyz+ e +dfmym (t = ], 27 ey Tn)'
Hence
Y/ = spay’ +}"12w2/ Font 8@ = T LYt e T mls
since R = DS gives
7y = sty spdy ot S
The result of transforming A by several substitutions in

succession is equivalent to transforming A by « single
substitution.

For example, the result of transforming 4 in succession
by S, 8, 8, is 8,708, (N, 7148) 8, 8y, which is
(918.5,) 71 A (5, 8,8).
The transform of a product of any substitutions by « given
subslitution S is the product of their transformns by S.
For example,
S 'ABS = STVAEBS = S7AS.87'BS;
STABCS = ST1AS.S71BS.S7'C8; and so on.
In particular
S1428 = S1AS.STTAS = (STTAS)
S-1438 = (S714.8)*; and so on.
The transform of the inverse of A by S s the inverse of the
transform of 4 by S.
For since
S1A8.8 1478 = ST1AAS =88 = E,
S-1A-18 is the inverse of ST'AS.
It follows that S-14-kS = (STTAIS) .
If a substitution A is of finite order m, so 18 any trans-
form of A.
For (S1AS)" or §1A"S = E if and only if A" = &
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Ex. 1. Transform A=(-Tx—4y—9z, —22—z, 6x4+3y+72)
by S=(@Bx+2y+42, —z—2, x+y+22).
Deduce the order of A.
[S'=@-22 x+2y—z, —2—y+22). Hence by § 2
AS=(~xz—2z, z+y+22 32+2y+42),
and thence S AS=(y, 2, x).
The order of this is evidently 3, and hence A is of order 3.]
Ex. 2. Show that the transform
of 2y, x) by Cz—y, —3x2+2y) is 102+ 7y, —142—10y),
of (z, 2y, —2) by (z—y, 22—y+2z 22—2y+2)
is (x—y+z du—2 42—2y+2),
of (—z+y, —y, —2+w, —w)
by (z+2+42w, y+22+w, —2—2:—8w, —y—2z—2w)
is (k—y+22—2w, —3y—2w, —22+2y—38z+83uw, 2y + ).
Ex. 8. The tiansform of (w2, €z, +w,my, ..., €,2,+0,7,)

€
b (x g 4Ty e
y 1% — 1 29 ’

is (wl‘rl* Wylyy woey wm'Tm)'
_ Ex. 4. (i) Express A= (g, 25, .., Ty, ayter,+ ... te,7,)
in terms of new variables y,, ¥,, ..., 9,,, Where
Y1=6%py, .7/2=02xm+cl‘vm-l7 vy Y= cIII'TIN,+cHL-- R e +el‘Tl'
’__ /' —

[«7/1,= Yy Yo = ColytYis ooy Y = em.’/m"'ym—l‘]

(il) If BE(elxm’ czmm'*'clxnrly R emxm"'em—lxm- 1+ +€1Jf'1),
show that B-14AB = 4",

-1 . .

. [E:y §5s B 14B is (clxm’ czxm'{"’rl’ Tt c:nmm"'xm—l)’ which
is 4".]

Ex. 5. If A= (0 oy, Ty F 23, oy Ty F 8y, T,)
and B = (—ay + &= Ty + Ty— oovy 2,— 212, + 7 Clary —,

3¢ 4
—ay+°Cotry =4 + .oy oy (= 1)),

show that B-1AB = A"

Ex. 6. AB and BA have the same order.

[B-1.BA.B=AB.]
Ex. 7. If the transforms of C by A and B aie the same, D11
and 48B! are permutable with C.

Ex. 8 If B'1AB = A%, B-PAYB3 = A%#,
[Use induction].

€
ne

- . r +a,
m 1

§ 8. Polos and Characteristic-equations.

Quantities X;, X,, ..., X, not all zero, such that
AX, = X +dp Xyt oo+ @, Xy € =1,2, 000, m)o.. ()
are said to definc a poleof 4. They are values of wy, x,, ..., z,,
making @ rw) =@y,
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in the equations
®) = W+ @@yt oo+ Ay, (E=1,2,...,m),

which define the substitution A.

We are only concerned with the ratios of X,, X,, ..., X, ;
i.e. two poles (X, X,,..., X)) and (£,, Z,, ..., Z,,) are not
considered distinct if

X X2 X, =2,:2,:...:.Z,,.

Eliminating X,, X,, ..., X, from the m equations (i)
we get

=N ay e Uy
g “22—}‘ e Ugy

o= ' = 0.
Uy g o e Uy — A

We call 6(A) the churucteristic-determinant of A, and
0 (\) = O the characteristic-equation of A. Any root of the
characteristic-equation is called a characteristic-root of 4.

A substitution hus the same characteristic-determinant as
any substitution into which it can be transformed.

Suppose R = 87148 it is required to prove that

A=A a, P
(g Upp—N . . L @y,
(W Qg e e Ay — A
rn—A 7y N ST
Ta Ta—A o Ty,
Tt Tme D

In fact, since AS = SR we have by § 2
810y + 890yt un H 8 Qnj = 7485+ Va8 s + T8

and therefore by the ordinary rule for the multiplication of
determinants
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81 Sig + o . 8 dp—A  ay N [
B S e Ny g Up—K o oy,
X
S T Uy o v« v Upy=A
Th—A Ty s M
T Tu—A . Ty
"ha T2 i — A
811 81 « e 8"‘1
Sz S o oo F
x . .
'\.1 e ‘\‘2 m . * * sm ne

To each distinet characteristic-root of 4 corresponds at
least one pole. We now show that :—

If we apply the substitution S to « pole of A, we get a pole
of 87148 corresponding to the sume common characteristic-
root of A and SAS.

In other words, if (X,, X,, ..., X,,) is a pole of 4, then
(Y, Y,, ..., Y,) is a pole of R = S~1AS corresponding to the
same characteristic root, where

Yl =8y Xy +8y, Xyt sy, X
o=t Kby ot i X | e (i)
Y =smX +8,,X,+... +8nmXm
For by § 6 if
Xy =auX, X, +.0 +0y, X,
Yt,z 8thl,+st.>X2/+ e +Simel ) (t = l’ 21 AR m),
Yt = 8thl +8t2X2 +oe +Sthm J
then Yt’ = 7‘[1 Yl + )'t2 Y2 + e + ’I‘tm Ymo
Now since (X, X,, ..., X,,) isa pole of 4, X,/ =X,
Therefore Y,/ =AY, and (Y, Y,,..., ¥,,) is a pole of R.

We verify at once that 4 has (1, 0,0, ...,0) as a pole if
and only if @y = ay =...=a,, =0.
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It is cvident that we can choose S so that S-1A4S has
(1, 0,0, ..., 0) as a pole. We have only to choose S to satisfy
the conditions

suX +8, X+ 48, X, =0(=23,..,m),
where (X, X,, ..., X)) is a pole of 4.
In fact, if X, %0 we may take S, for instance, as
@ = "‘kah zy = — Xz, +ka2, e
""/kﬂ" X lwk+kak - P =—X 10+ kal’
4 k1= "'XI +1%7; +kak+1’ LA wm =- mwk+kam)
which has the determinant + X ;™. *
We have now transformed 4 into S71AS = R, wherc R is
xl =T @ F V@t Tyt e T Xy, }
x) = Ty g+ Ty + oon 7,2, (0= 2,8, .0, m)
If we now transform the substitution
) = Tp@, + Ty @yt e+ P& (6= 2,3, 00y m)
similarly, and repeat the process as often as required, we
transform A into a substitution of the type

’ 8 g s c
Ty = ]‘uxl + kuxz + /vl.,vlg +...+ 1”11)1wm

4 " ~
T = ps®y F kggog + o o+ Ky,
Ty = ]‘733‘”3 +...+ k;imwm { ’
c, . e e .
Xy = kmmmm

which is sometimes called a normal substitution.

An alternative method of transforming A into a normal
substitution is the following :—

Let (Z,,2Z,, ..., Z,) be a pole of A’ corresponding to a
characteristic-root o of A’.

If ¢ =2+ 2Z,0,+ ..+ 2,2, £, =af, by the definition
of a pole.

Hence the transform of 4 by

‘Ll = &y, w2 =Ly ey a’ m-—,1= Ly

Ty = d w + Z a‘2+ L +Ama’m,
is of the type f

"’1, = ellxl + "12" Foe e -1t €

af m= 1 - eln -1 le + cm 12%, + . + em 1 - lwm—l‘l' Cin-1m T

:vm = o(wm

* If X, %0, we take S as a/=—X,x,, 7, =— X0, + X 30 oy T’ =
—Xmax, + X om, which is of order 2, 1f X2 = 1.
+ We assume Zm £ 0; but thee is no loss of generality.
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We now transform
X = @ + €Tyt oo+ €y 4y Ly t=12 .., m=1)
in a similar manner; and repeat the process till 4 is trans-
formed into normal type.
Ex. 1. Find the poles of (2y+52, —z, —x+42).
[If (X, Y, Z)is a pole corresponding to the characteristic-root A,
“AX+2Y+b8Z=—-AY—Z= -X+(4-NZ=0.
These give on elimination of X, ¥, Z the charactevistic-equation
-\ 2 5
0 —x -1 =0, or A—=1)2(A=2)=0.
| —1 0 4—A
Putting A =2 we get

=2X42Y+5Z= —2Y—-Z=—-X4+2Z=0,
which are satisfied only by X:Y:Z =4:—1:2.

Putting A =1 we get

—X+2Y+57=-Y-Z=~-X+3Z=0,
which are satisfied only by X:YV:Z =3:—1:1.

Hence there are two poles, (4, —1,2) and (3, —1, 1).]

Ex. 2. Find the poles of

(15x—4y—162, 160—5y - 162, 122—3y—132).

[The poles are given by

(15—A) X=4Y—-16Z =16x—(5+A) Y—16Z

=12X-3Y~-(13+N)Z = 0.
Hence the characteristic-equation is (A+1)* =0; and when we
put A = —1 these three equations all reduce to 4 X—Y—47 = 0.
Therefore there is a singly infinite number of poles (X, 4X~—4,1);
where X may have any value.]

Ex. 8. Find the poles of R = (x—y+z, 40—z, 42—2y+2).

[The characteristic-roots 1, 2, —1 give respectively the poles
1,2,2), (1,1,2), (0,1, 1).

To verify, notice that R= S 'AS, where A = (z, 2y, —2),
S=(x—y, 2x—y+2, 20—2y+2). Applying the substitution S
to the three poles of 4, namely (1, 0, 0), (0, 1, 0), (0, 0, 1), we get
the poles just obtained.]

Ex. 4. Find the poles of

(z+2y, 2), (Bz+y—22, 22+ 8y—32, 42+ 2y —32),
(x—y+2z—2w, —3y—2w, —22+2y—8e¢+3w, 2y + w).
[ A =2 gives (2,1); A= ~1 gives (1, —1)-
(i) A =1 gives (1, 2, 2).
(fii) A = —~1 gives (X, —-2,1-X, 2).]
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Ex. 5, Find the poles of
(cosw.z—sinw.y, sinw.r+cosw. y),
(cosw.z—sinw.y, —sinw.zr—cosw.y),
(d(l‘1+:l7“ O‘xz"'xa’ T axm—l"’xfm 0(33,"),
(Zay Tgy ory Ty €121+ ETy+ oo + 6,2,
[() A = cosw+isinw gives (3 1); A =cosw—isinw gives
—i,
(ii) A = 1 gives (cos 3 w, —sin 3 w); A = —1 gives
(sin 3w, cos }w).
(iii) A = o gives (1, 0, 0, ..., 0).
(iv) (A, A%, A%, ..., A™) where A is any root of the characteristic-
equation \™ = ¢, +e,A+ ... +¢,A" 1]
Ix. 6. Find the poles of
a/= a4k (€121 + @yt o xy), =12, .., m)
[The characteristic-equation is
(A_l)’"‘l‘l (A- l-kl(‘l—kQCZ— XYy _kmc,,n = O.
The poles are
(cle’ cme ey cme-I: —01X1_02X2_'"-—cm-IXm—l)’

(ke kogy ooy Big)-]
Ex. 7. Find the poles of
o/ = (a2 +a+ ... +a,0) 1, — 20, (a2 + 0,2+ .. + 0, 2).
[The characteristic-equation is
A~ a2—a?— ... —a, " (A ta +alt + . +ay,’) =0
The poles are (X, X,, ..., X,,) Where 0, X, + @, X, + ... + 0, X,,=0,
and (a;, @y, .., Qy)
Ex. 8. Find the poles of (z,,, Zyy_1, oy T3, T1)-
[A=+1.]
Ex. 9. Find the poles of a cyclant substitution (see § 2, Ex. 7).
[@) Type I If wm=1, aj+0,0+00i+.. +0,0™ 1 is a
characteristic-root, and (w, @2, ..., @) the corresponding pole.
(i) Type ILI. ab is a characteristic-root and
(a+b, o la+ob, 0 2a+w?b, ..., 0 M 1g 4 wm=1p)
the pole ; where a denotes (0 +0Gw+ ;02 +... +&,,0™ )} and b
denotes + (; +00 1+ 0w 24.., +0(mw‘m+1)§.]
Ex. 10. Find the poles of
(=221 +2y, @ =22y + &3, oy Tyy_a =281+ By Zyo1 —22,)
[A = —4cos?}x gives (— sinma, +sin m—1aq,
—sinm—20q, ..., (=1)"sina);
where (m+)x=rm, (r=1,2 .., m).]
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Ex. 11. The product of the characteristic-roots of A4 is the

determinant of 4, and their sum is ay; +ag+ ... +a,,,.

Ex. 12, If (X, X,, ..., X,)) is a pole of 4 corresponding to
a characteristic-root o, and also a pole of B corresponding to a

characteristic-root 3, it is a pole of A corresponding to the
characteristic-root o3,

[Transform the substitutions so that the given pole becomes
(1,0,0,...,0.]

Ex. 13. If OB = A, the characteristic-equation of ( is

ap =A@ —Aby .y, —ADy,
Uy —=Abyy gy =NDgy o oy, —Aby, | _ 0
A — A b:nl Ao — A b:n‘.‘. N A bmm

[If «/=¢/ oy +¢ 2+ .. +0¢4,a,,, then
bllmll + bl2x2l T+ +btnzxm’= ap 2+ alzx2+ et At Lon

Now put AX, for x/, X, for z, in these equations and eliminate
X, Xy ooy X,

Ex. 14. The characteristic-roots of a normal substitution are the
elements of the leading diagonal in its matrix,

Ex. 15. Transform into a normal substitution

A=@—-y+22—-2w, —8y—2w, —22x+2y—32+3w, 2y+w)

[The characteristic-equation is (A +1)* = 0.

A pole of the transposed substitution is (0, 1, 0, 1).

Transform therefore by I = (x, y, ¢, y +w), and we obtain

(+y+22—2w, —y—2w, —2x—y—32+31w, —w).
A pole of tho substitution transposed to
(x+y+22 —y, —2x—y—32) is (1,0, 1).
Transform therefore by S = (r, , v+ 2, w), and we get
(—x+y+22—2w, —y—2w, —z+w, —u),

which is normal.

Since S"1(R"1AR)S is normal, A is transformed into normal
form by RS= (2, y, +2, y+w).]

Ex. 16. Transform into normal substitutions the other sub-
stitutions in Ex, 4.

Ex. 17. Find the condition that two given substitutions should
have a common characteristic-root,

[If the matrices of the substitutions are
| o @ ap
Ao Qyy Oy
U1 Gy Oy
1848 D

o bll blz
and | g g

» the condition is
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an~by —by Qo Y Uy3 0 |
—by ay—by 0 oF) 0 13 {
a2 ago—by  —by Oas 1= 0
g\ —by Apo—byy 0 agy ’
g 0 39 ay33—by  —byy
a3 0 @39 —by g3y,

and so in general.]

Ex. 18. Find the condition that two equations of the type given
in § 18 should have a root in commeon.

Ve
§ 7. Multiplications, &c.

The substitution
@ =y, B = Gy, e X)) = Ay,
is called & multiplication.
Any two multiplications are evidently permutable, and
their product is a multiplication.
The substitution
@) = ary, @, = awy, ..., ¥,/ = ax,
is called a similarity-substitution.
1t is evidently permutable with any substitution whatever.
The product of two similarity-substitutions is a similarity-
substitution.
The substitution
@) = &g, &y = Ay, o1 wy = Py

where &, 3, ..., p are the symbols 1, 2, ..., m in some order
or other, is called a monomial substitution.

If ¢,=a,=..=a, =1, the monomial substitution is
called a permutation.

The substitution of the type

’
% : 1%, + e + Ay
x, =0n% et Uty

/ —
Terr = b e sq +';-+b1fwe+f

, : : \
Lerf = bflwen + .. +bffwe+f
Rerfrr = nessrt .o HogTerprg

.
.

! -
Xorfrg=CpTesfr1F o+ CgTesfrg

will be called the direct product of the constituent substi-
tutions
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’ / -
®p = Oy @yt een + Oy T } Tor1 = beyy+ s +bype s
: : , : : ) e

By = ey g+ oo F gl Wosp = bpZeyt .+ @y

It will be noticed that no two of the constituents have a
variable in common, .

If P is the direct product of 4, B,C, ..., then Pk is
evidently the direct product of A%, B, C%, ..., where L is
a positive or negative integer.

The characteristic-equation and the poles of /> are at once
written down when those of 4, B, C, ... are known. In fact,
if 4, B, C, ... have characteristic-determinants 6, (\), 0, (A),
05 (A), ..., the characteristic-determinant of P is

0, (A) x 0, (A) x 05 (M) x ...

Again, if 4, B, O, ... have a common characteristic-root A,,
and the corresponding poles of 4, B, C, ... are (X, X, ..., X)),
Y, Y, ..., Y, (4,2, ..., Z), ..., then the poles of
corresponding to A, are
(X, aX,, ..., aX,, BY,, BY,, ..., /3Yf, V21, Y20, oo Yoy -o0);
any values whatever of the ratios o: 3:y: ... being taken.

If A, is & characteristic-root of 4 and B, but notof C, D, ...,
the corresponding poles of P are

(aXy, 0 Xy, ..oy aX,, BY, BY,, 0, 8Y 4 0,0,..., 0,0, .0) 5
and so on in general.

Ex. 1. The coefficients of a multiplication of order n are n-th
roots of unity.

Ex. 2. A substitution with
1,90, ..,0), (0, 1,0, .., 0), ..., (0,0,0, .., 1)
as poles is a multiplication ; and conversely.

Ex. 8 If two coefficients of a multiplication are equal, the
substitution has an infinite number of poles.

Ex. 4. The coefficients of a multiplication are its characteristic-
roots.

Ex. 5. If any substitution is multiplied by a similarity, its poles
are unaltered and its characteristic-roots are all multiplied by the
same quantity.

Ex. 6. The produet of the coefficients of a monomial substitution
of order # is an n-th root of unity.

Ex. 7. A permutation is always of finite order.

Ex. 8. The order of a direct product is the least common
multiple of the orders of the constituent substitutions,
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§ 8.
A substitution C of the type

@)= ay + @y, &) =0T+ 0y ey

— il 3 ,_
m—l"’aa“m—l +9"m’ Ty, =0Ty,

is of great importance in the theory of substitutions; for, as
we shall prove in § 9, any substitution whatever can be
transformed into the direct product of substitutions of this
type.

It has the characteristic-determinant (x—AX)™.

If (X,, X,, ..., X,) is a pole,

aX,=oX,+X, .,aX, =0aX,  +X,, 0k, =0aX,;
which give X,=X;=..=X,=0.

Honce ' has only one distinet pole (1,0, 0, ..., 0).

The k-th power of C is

2, = ohay+ 40 o1, 440yl ey + 4Oy a4
s b Cr - la/t‘“[ e,

@) = A S O U
-t LCm —'_'O‘L —m+'x1n \ ,*
x) = ol a0t e+

/ L—ne+3,,
ot ‘an—:ia . o

L . "
T = O" Lm
as is at once proved by induction.
For if we put
oy + @, TOr @, cory A&y, +1,, TOT 24y, Oy, for @,
in ol X+ I.‘Clak—l @, + 7‘020("—2.363 +o /.Cm_lo‘k—m 1 lxm‘
we get, using knQ =k, +C,_,
al.'+1 x + ] +lCla7x w2+ ’H']C'Za’»—l £y 4.+ /.'+10m—1a’n—'m+2wm s
Henee C is of finite order n, if and only if m =1 and o is

a primitive x-th root of unity.
The inverse C-1 of C is at once verified to be

— a1 -2 -3 m41y=m
a) = ol — oty oty — L+ (=) My,

— =1, -2 N +2 q—m+1
T, = o a2—~cx_1%+ ...+(—1)";+3oc_"”0wm
x, = oc'a:J—...+(—-l) Ry,
: : : ‘
’__ -1
Ty = ooy, )

* We suppose kC; = 0 if t >k,
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We can readily verify by induction, that C~* is
w = oty _1.0’ 0 h— -1p +I+1(Yk ""’2003—"*2()75_10(”"“3:54+...\
--+( 1)m+1 IL+m—2C O‘—I.'—mﬂw

w21= ak 2, — "C’,\._] —h— 1w +I+10 ah= 2w —
“+( l)“’ h+m—30 a—k—mﬂx
w's' — -'Is wd.— ’\0 a‘/m 1014+

.

+( l)m 1h+m- 40 a—l '"+3.’Z}

S ok Ly,
§ 9. Canonical Substitution.

We now prove the important theorem that, given any
substitution 4 of degree m, we can find a substitution S such
that 145 is the dircet product of substitutions of the type C
of § 8. On this account we shall call such a direct product
a cunonical substitution.

The theorem is true when m = 1. We shall assume it true
for all substitutions of degree less than m, and prove that on
this assumption it is true for any substitution 4 of degree m.
The result will then follow at once by induction. By § 6
A can be transformed so that (1,0, 0, ..., 0) is a pole of the
transform of A. Suppose this transform is

ml =b @+ Oty + o+ D,
xt l)[zmz+ +blm mn (t - ‘2 3 m)} ’

By the assumption 4 can be transformed so that
@) = byt oAb, (=2, 8, ..., m)
is in canonical form.
Suppose that now 4 has been transformed into
wl/— oy +a,@,+ ity zyt+ o, +ag L } (i)
= Ba,tay, o) = paytay, o) = Bay, o) = pag)’
to ta.ke a simple example. The method is general.
(«) Express this substitution in terms of new independent
variables &, @,, @y, @,, 25, where
& = o +bya, + by, + by,
We then get
& =/ +0a) +0) +b = am + (a,+Bb,) 2,
+ (ay+ Oy + BOy) @y + (g + 0y + BO,)  + a5,
= aé + (g + B—aby) @, + (@, +0,+ B — by 2,
+ (g + by +B—ady) ay + a5y
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If then we choose by, b, b, so that
ay+B—ob, = ay+ b+ B—aby = a,+by+B—ab, =0,

A will be the direct product of a substitution on @,, @3, @4,
and one on &,, #;. Kach of these can be transformed into
a canonical substitution by the assumption. Hence, since
a change of variables is equivalent to a transformation (§ 5),
the result is established.

In the above we assumed 3% a. It is still necessary to
discuss the case in which A has only one distinet charac-
teristic-root.

Suppose that A4 were transformed not into (i) but into
®) = Xy + Gy + Ay + A2, + BT+ g + Ay Xy + Ug g
ay = aaytay, @) = awstay, v = oz )

’
&) = oy + Ly, By = AL+ &y, B = Ay By = Xy
taking again a simple example, but the method is general. It

will be noticed that the constituents of the direct product
into which

w) = bpx,+ ... +bgpan, t=2,3,...,m)
was transformed are arranged so that the constituent with

the greatest number of variables comes first, that with the
next greatest number second, and so on.

There are two cases to consider.
(b) First suppose a, = 0.
Putting ¢, = x,—a,z,—a,, the substitution becomes
& = 0+ Ay + Qg+ Ay + Aglly, Ty = A+ Ty,
x,) = oz, +x,
w) = aay; & = 0z + By, T = A+ Ty, B = ALy
Ty = Xirg

This is the direct product of a substitution on w,, @, x, and
one on ¢§,, ;. ¥, #;, 3. Each of these can be transformed
into canonical form by our assumption.

(c) Secondly, suppose a, # 0.

Putting *
& = @, @, + @y, + 4, T, + A+ A+ a2yt dg g,
&= x5+ a2, + %y + A6y,
€= 0,4 +ds 2,

* The reason of this transformation will be clear in Ch. V.



19] CANONICAL SUBSTITUTION 31

we get
@ =ox + &y & =aby+&, & = ab+E, 8 = af, })
®) = @+ Xy, Ty = A+ Xy, B = ATy g = oy
which is in canonical form.

It will be noticed that we have transformed 4 into canonical
form by a series of successive transformations. This is equi-
valent to transformation by a single substitution (§ 5).

In practice it is convenient to first transform A into a
normal substitution (§ 6).

Corollary I.

A substitution A of degree m is transformable into a
maltiplication if and only if it has m poles
(Xll’ XQ]’ ter Xml)’ (Xl‘l’ XZ.’.’ M XI)I?)’ e ’(‘Yl "m? sz’ e Xmm)

such that
X, X, . . . X

X, X, - o 0 Xy
e 20,
Xml Xm2 * * ¢ Xmm
First suppose the poles exist, and let P be the substitution
) = X+ Xz, + ...+ Xy, 6 =1,2, 00, m).
Let the poles correspond respectively to the characteristic-
voots A;, Ay, viuy Ay, of A,
Then we verify at once, using
)‘ith' = atIXli + atZXZi +o athmi»
that PA = MP, M being the multiplication
@) = N&y, @ = Ny, wons Ty = Ny By
Hence P! transforms 4 into the multiplication M.
Conversely, suppose PXMP = A. Then M has the poles
10o,0,..,0,0), (0,1,0,...,0,0), ..., (0,0,0,...,0,1).
Therefore the corresponding poles of A are (§ 5)
(1> Pars s Pmi)s (Pr2s Pags +ves Punghs ooy (Prms Poms +oor Puum) 5

and the determinant formed by these poles is not zero, since
it is the determinant of F’.



32 CANONICAL SUBSTITUTION [reo

Corollary II.

A substitution of finite order is transformable into a
multiplication whose coefficients are roots of wnity.

For a substitution has the same order as any transform
(§ 5), and therefore the same order as its canonical form. 1’ut
by § 8 the canonical form is not of finite order unless it is
a multiplication.

Ex. 1. Transform
(r—2y—2¢ 2z+3y+42 —2x—y—22)
into a multiplication.

[The poles are (1, 1, —1), (0, 1, —1), (=2, 0, 1) corresponding
respectively to the characteristic-roots 1, —1, 2.

Therefore by Corollary I the inverse of (x—22, 24y, —~x—y+2),
Le (x+2y+22 —xr—y—2s y+2) transforms the given substitu-
tion into (z, —y, 22).]

Ex. 2. Transform into multiplications the substitutions of § 6,
Ex. 8, 4(i), 5 (i) and (ii), 6 to 10.

Ex. 8. Transform

A=(x—y+2:—2w, —8y—2w, —2x+2y—32+3w, 2y+w)
into canonical form.

[By§6, Ex. 15, K =(x, y, x+#, y+w) transforms A4 into normal
form (—z+y+22—2w0, —y—2w, —z+w, —w)

Considered as a substitution on #, w, it is already in canonical
form. Considered as a substitution on y, 2, w, it is the type (})
of § 9. Woetransform by L =(» y+22 ¢ w) and obtain
(—z+y—2w, —y, —z+w, —w).

This is again of type (). We transform by

M= (x+22 y, 2, w), and get (—z-+y, —y, —z+w, —w).

Hence LM = (z+22, y+22, 2, w) transforms

(—x+y+2:—2w0, —y+2w, —2+w, —w)
into canonical form.

Hence A is transformed into the canonical substitution

(—2+y, —y, —2+w, —w),
by KLM = (3x+22, 22+y+22, x+2, y+w).]
Ex. 4. Transform
A=@x+2y—22+2w, y+2—2w, 22—w, 2w)
into canonical form.
[4 is in normal form.
Applying § 9 (c), put w = —w. Then 4 becomes
(*+2y—22—20, y+2+ 20w, 22+w, 2w)
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Applying § 9(¢), put y = Y+az+bw. Then
Y=y —a2'—bo'=Y+(1—a)z2+(2—D)o.

Taking therefore a =1 and b =2, put y = Y +2+20, and 4
becomes (z+2Y+20, Y, 22+ w, 2w).

Put now as before z = {+cz+dw, and we find that we must
take ¢=0, d =2. Then A becomes (£+2Y, Y, 2240, 20).
Finally, put 2Y =7, and 4 becomes (§+9, 1, 22+ o, 2w), where
E=24+2w, n=2y—2z+4w, 2 =2 o= —w. Therefore 4 is
transformed into canonical form by

(x+2w, 2y—22+4w, 2, —w).

Ex. 3 and 4 illustrate the process given in § 9 for transforming
A into a canonical substitution. A method which is perhaps
easier in practice is given in Ch. II, § 5, Corollary IIL]

Ex. 5. Transform into canonical form

Bx+y—22 2x+3y—3z 4x+2y—32),
(Brx+38y+102+10w, 4x—y+42+ 06w,
—2x+42y+2—w, —2y—4:—3uw),
and
(—2x,—xy—x;+ 3,4+ 22, —da;+x,—2,+ 32,4+ 2,
T+ xy— 3wy —21;, —da;—2x,— w3+ 5w, +x;, 4o +a, +a;—~37).
[x+y, y+e 2), (x+y, y, —2+w, —w),
and (—z,+2,, —2,, 20,424, 224, 22;).%]

Ex. 6. Transform
(ax, + b2, 4 cx;+day + ..., a2y + b2y + g + oony aX; + 02+ 0y oy AT)
into canonical form if « #0, b # 0.

[Using (c) of § 9, we get as tlie transforming substitution
(21, b, + ey + drg+exs+ ..., by + ey +dox;+ ...,

b3x-l+cdx5+ ey b4x5+ Tery ey bm—lxm)7
where (b+co+da®+er+...) =0, +c,x+d x+er’+...]

Ex. 7. Show that, if a linear substitution of degree m and
prime order p has integral coefficients, m is a multiple of p—1.

[The characteristic-equation 8 (A) = 0 has one root which is
a p-th rool of unity. Hence the II. C. F. of 6(A) =0 and
A=l ap=24 [ 4 X41 is not unity, and must therefore be
APl ap~24 42 41.]

Discuss the case in which p is not prime.

Ex. 8. Show that the most general form of substitution of

order 2 and degree m with characteristic-roots —1, 1, 1, ..., 1 is
a)= 2tk (o1 + 0,25+ ..+ 02y,
where 0=2+4ke,+keo+...+k,c,.
[Transform (—ux;, @y, @y, ..., 2,,) by any substitution, and we

get a substitution of the given type.]

* See Burnside, Proc. London Math. Soc., xxx (1899), p. 194,
1646 E
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§10. Symmetric, Orthogonal, ..., Substitutions.

Let A be the substitution
xt, = atlwl +at2xz+ oo +atmwm (t = 1’ 2’ AR m)

If all the coefficients a;; of 4 are real quantities, 4 is
called real.

If for all values of ¢ and j a;; = a;;, A is called symmetric.
The determinant of A4 is symmetrical about its leading
diagonal.

If a;; = —a;; (so that a;;=0), A is called alternate and
its determinant skew-symmetric.

If a;; = d;; (so that ay; is real), A is called Hermitian. If
the Hermitian form Xa;#;x;* is definite (Ch. 1IL, § 2), 4is
called a definite Hermitian substitution.t

If AA’=E, A is called orthogonal. Forming the product
A A’ we see that we must have

G tad gt tagt =1 } ®)
Upilhj +Ugilly; oot Uiy, = O (EFg) ) 7

Since A’ is the inverse of 4, we have also 4’4 = £, and

therefore
WP+ @t F @it Uyt =1 } (@)
(lilajl+ai2aj +‘“+aimajm=0(':#:j) e

The equations (&) are, of course, algebraically equivalent
to («) and vice versa.

If AA’=FE, A is called unitury. As in the case of an
orthogonal substitution, we have

CRCTE UMUTE SRS WOWES } )

ali"zlj +azid2j tot “lnia’mj =0 (b 5é.7) B
and

UGy F Uiy Ty oo+ Wiy By, = 1 ' } W)

uildjl +ai2dj2+ e +aimdim =0 (0 #]) B

If A is real, evidently A~ is real; and the product of two
or more real substitutions is real.

If A is symmetric, so is A7Y, as is at once evident from § 3.
The product of two symmetric substitutions is not, however,
in general symmetric.

* In Xa;,%,2; i and j take independently all possible values from 1 to m;
80 that Xa,,Z,z, contains m? terms.
+ Some authors confine the title ¢ Hermitian ' to a * definite Hermitiun’

substitution.
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Similarly if 4 is alternate or Hermitian.*
If 4 is orthogonal, so is A=Y, For
AT (A = A7  =(4'4) = E.
The product of two or more orthogonal substitutions is
orthogonal. For instance, if AA’= £ and BB =E,
(AB)(ABY = AB.B'A’= AA’=E.
Similarly if 4 is unitary.
The transform of an orvthogonal substitution by an ortho-
gonal substitution is orthogonal.

For if S and A are orthogonal, S~! is orthogonal; and
therefore S-14.8 must be orthogonal, being the product of the
three orthogonal substitutions S, 4, S.

Similarly,

The transform of « waitary substitution by « unitary
substitution i8 unitary.

If A is symmetric and B is any suhstitution, B’AB is
symmetrie.

For the elements in the i-th row and j-th column and in the
J-throw and i-th column of the matrix of B’4 B are respectively

(§?)

b, «a . Sh. =3 =3b. .
;’wa'"tr'rb.,-r and ';’"Tb"o(’a'rbzr a‘,"’{,a’(wbn —;Tblraral)} o2

which are identical.

If B is orthogonal, B’= B!, and hence :—

The transform of a symmetric substitution by an orthogonal
substitution is symmetric.

Similarly, if 4 is Hermitian, B’ A B is Hermitian, and

The transform of « Hermitian substitution by a wwilary
substitution is Hermitian.

Similarly, if 4 is alternate, B'AB is alternate, and

The transform of an alternate substitution by an orthogonal
substitution is alternate.

If a substitution A has two of the properties (i) being real,
(ii) being orthogonal, (iii) being unitary, it has the third.

For example, suppose 4 is real and orthogonal, then A= A
and AA’ = E, therefore AA’=FE.

* We assume that the determinant of the substitution does not vanish,
which cannot be the case for an alternate substitution of odd degree.
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Similarly,

If A has two of the properties (i) being symmetric, (ii) being
orthogonal, (iii) being of order 2, it has the third.

For example, suppose A4 is symmetric and of order 2, Then
A= A" and A*=E. Therefore A4'= E.
Similarly,

If A Las two of the properties (i) being Hermitiun, (ii) being
unitary, (iii) being of order 2, it has the third.

Ex. 1. If A is orthogonal, the determinant of 4 is + 1.

[The determinant of AA4’= the product of the determinants

of A and A’= the square of the determinant of A. Therefore the
square of this determinant = the determinant of E=1.]

Ex. 2. If A is unitary, the determinant of A has unit modulus.
[Asin Ex. 1.]
Ex. 8. If (Y3, Y5, ..
to the pole (X, X,,

-y ¥} is the pole of S7148 corresponding
then

..., X,,) of 4, and S is orthogonal,
Y2+ Y, 4.+ Y, = X2+ X2+ ...+ X2
[Square and add equations (ii) of § 6.]

Ex. 4. If Sis unitary in Ex. 3,

Y] 7rl+ YZ Y2+ -t YmYm = Xl X} +X2:Y2+ oo +Xmim°
Ex. 5. If (1, my, my), (I, my, n,), (I3, m,, n,) ave the direction-

cosines of three mutually perpendicular lines, the substitution
whose matrix is

l, m, mn, | is orthogonal.
ly, m, n,
I, my ny

As an example, consider

(Ge+3y+32 Sz+3y—32 3a—3y+3ie)
Ex. 6. The most general orthogonal substitution of degree 2 is
(cosw.r—sinw.y, +sinw.z+cosw.y)
Ex. 7. The substitution obtained from a given orthogonal
substitution by permuting any two rows or columns in its matrix
is also orthogonal.

Similarly for a unitary substitution.
Ex. 8. A multiplication is unitary if its coefficients have unit
modulus,

Ex 9. The substitution of § 3, Ex, 7 is orthogonal,
[It is symmetric and of order 2.]
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Ex. 10. Prove that the substitution with matrix

14+ 2A2—p2—p2? 2(Aw+v) 2 (vA—pu)
K K K
2(Apn—v) 1224 p2—p? 2 (mv+A) ,
K K K
2 (A +p) 2 (v —A) 1—A2—p2 42
K K K
where K= 14A24p2+402

is orthogonal ; and find its characteristic-roots and poles.
[1 and 2 @—r+2vi=x);
(A, 1, v) and (AvFpv/T—k, pr+Av 1=k, —A1—p?).]
Ex. 11 If 2/= a@,+bzy+cay+dag+ea; ((= 1,2, 3, 4, 6)
is orthogonal, any two of the five spheres
(dy+ie) (22 + 2+ 2Y)+ 2R (ayx + by +c,2) +(—d,+ie) B2 = 0
cut orthogonally.

Show how to obtain similarly a system of four mutually ortho-
gonal circles in a plane.

Find the circles when the orthogonal substitution is

1 i 1 i 3 51
(r + 2%"‘ éxb z,+ 237.;" :2“4: Ty +2y— 1737 4 P
. . i 7
iy + iwy— @yt 1x4).

Ex. 12. If (ax, + b2, +cxy+dzy, ..., az,+bx,+ e+ ...,
axy +bxy+ ooy o0l)
is orthogonal, a?=1, b=¢=d = ... = 0; and if it is unitary,
jal=1L, b=c=d=..=0.

Ex. 18. If the real symmetric substitution A transforms the
unitary substitution U into another unitary substitution, U is
permutable with A2, Similarly if U and A~ UA are orthogonal.

[A'UA . A 1UA'= E gives UA?= AU, since A=A'=A
and UU'= E.]

Ex. 14. The characteristic-roots of a unitary substitution have
unit modulus.

[If (X, X,y ..y X,;) is a pole of 4,

SMX, X, B B B
=3 (ailzcl +ai2X2_+ ot aime)(ail Xl + a’zZX2+ ot ‘-'nnXm)
=2X,‘X,,:. e )\A= 1‘
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Ex. 15. If (X, X,, ..., X,,) is a pole of an orthogonal sub-
stitution corresponding to a characteristic-root other than +1,

X2+ X2+ ...+ X,2=0.
[As in the last Example.]
Ex. 16. If (X, X,, ..., X)), (Y}, Yy, ..., ¥,,) are poles of
a symmetric substitution corresponding to distinct characteristic-

roots, X Y\ +X,Y,+..+X,Y,,=0. What is the similar
theorem for a Hermitian substitution ?

Ex. 17, Express (0(z; 45, Q&+ 23, .oy Xy, 1+, AF,) as
the product of two symmetric substitutions.

[(‘Tm’ ALy, 1+ Xyyy vey KTy + 2y, ATy +2,)
and  (,,, T, _1y ooy X9y 27

Ex. 18. Find a symmetric substitution of degree 2 with
(1, i) as pole. Show that its characteristic-roots are equal, and
that it cannot be transformed into a multiplication unless it is
a similarity.

[The most general substitution is

(Caz+(a—0)iy, (@—b)iz+2by).]

Ex. 19. The coefficients of the characteristic-equation of a

Hermitian substitution are real.

Ex. 20. How far will the definitions and results of § 10 hold if
the determinant |a | of A is zero?

§ 11. Invariants.

Suppose f(x,, @,, ..., #,) a function of «;, x,, ..., @, such
that
f(xl’ Loy vees wm) Ef(allwl +(tu.’l'£+ see +almwm)

a21w1+ a22w2 +... +U‘Z "lwlll) ] a?lllwl + amZa‘? +ot ammxm)

for all values of », @, ..., z,,.

Then f(x,, ,, ..., »,) is called an invariant of the substi-
tution A

®) = &+ Wy + o H U@, (E=1,2, ..., m).
The equations («) of § 10 show that
AR AL R

is an invariant of 4, if and only if 4 is orthogonal.

If f(x,, @, ..., ,) is an invariant of A and of B, it is
evidently an invariant of AB. Hence the product of ortho-
gonal substitutions is orthogonal, as proved before.
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If PAP' = B, and f(x, @3 o1vy @) 8 an invariant of
4, then
F(Pu@i+ Pyt oo+ Pin®ms Pu®i+Po®s+ oo + Dom@ms

. . . AR pmlml +pm2x2+"'+pmmwm)
8 an wnvariant of B.

Since P-!BP = A, the equations
wtl= btlml + btz T, +.. 4+ btmwm
’ ’ ’
Y =pu® + D@ + o+ D@ F(E=1,2,..., m)
Yi = DPuZ1tPp®, +.oo Py
give by § 5
yt’= atl'yl’*'at‘t?/z’*' vee +atmym (t = 1’ 2» srey 'm)'
o Hence f(yl,’ yz’) ey ym:’) Ef(yl’ yZ) ey ym)
r
S (@) + Py + oo+ Pins <oos Py + - + Pmm @)
Ef(pllwl'*' ot P @iy vy Pyt +Pmmwm)’

where @) = by @+ by g+ ooo + by @
which proves the result.
It
’ ) =7 bR A— -~ -
J@/s oo )zl o @) SL@yy ooy Ty Bys vons T

where

azz =A@+ Qo+ .0 -I-atmwm }(t m)’ . (1)

‘Lt = atla’l+a’tlxz+ °'+a'tm m
f(@xy, ooy Ty Ty, ooy &) 18 usually called an invariant of A4 ;

though perhaps it would be more correct to call it an in.
variant of the substitution of degree 2mona,, ..., zy, @,..., T,
defined by the equations (i).
The equations (8) of § 10 show that
wla}l + wziz +.0t+ me;m
is an invariant of 4, if and only if A is unitary.

Since PAP-1= B gives PAP'= B, we get by considering
F(@py ooy Ty Ty ooy a,,,,) as an invariant of the substitution
(1) of degree 2m i—

If PAP =B and f(;y .o, ®py Tys oory &) 18 an nvATIANE
of A, then
f(pllwl"'"'+plmxm'_'_"’ pr)tlml+ ':'+pmm_xmr- o

pll""l + cee +'plmwm9 AR ] pmlwl'l' ee +pmmxm)
18 an tnvariant of B.
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It

j (a’ll &y +a12w2 Tt Uy By Gy + Uge, FooFdgy Ty,
vy Dy U Ba oo+ B ) = k.f(ey, @, ., L),

for all values of w,, #,, ..., #,, (where % does not involve
&, Ty, ..., T,), then f(@,, @y .., &,) is sometimes called a
relative invariant of A.

An invariant for which % =1 is then called an «bsolute
invariant. As before explained, the word ‘invariant’ will
denote an ‘absolute invariant ’ unless the contrary is stated.

Ex. 1. azyz,—a~lx,z, is an invariant of
(@, + 24, Ay, X 1w+, " ly),

[If we operate with the substitution on oz, z,—a~1z,z, we get

o (o, +a) (L) — oL (0 Ty + ay) () = oy — o a2,

Ex. 2. (i) y2—yz—2a7 is an invariant of @+, y+2, 2);

(i) 23® + 2324 + 2325 + 22,05 — 22,8, — 37,5

of (—zy+ay —Zy+ag, — &+, —&+1;, —5);

(iil) 2y y25— a1 Ys2e + 2,012, = Tplh 35t X2Y3 21 — T3l

and  —x39,25 + 20123+ By Yy 2y + LY, 25
of &= a(r,+), 2= awy, y/'= By +u), v)'= By,
2=y +ay), 2=y,
where a3y =1;
(iv) —2w,25 + 2906+ X35+ 20, 0+ 2252,
of (x4 2y, By+2y, Ly, T4+ 35, L5+ g, T).

Ex. 3. The substitution (xz+y, xy) has no algebraic invariant
other than ay+a;y+a,y*+a;y3+.... In what cases is this an
invariant ?

Ex. 4. The number of linearly independent algebraic invariants
of order & of A is equal to the number of such invariants of any
transform of 4.

Ex. 5. Find the linear relative invariants of 4.

fEiZ,l:olcl +Zy09+ o + Z,,x,,; Where (Z,, Zy, ..., Z,) is a pole
of 4’

Ex. 6. Find the conditions that z;?+x,%+...+,% should be
a relative invariant of 4.

Ex. 7. If A is orthogonal, Zp z,x,(; j=1,2, ..., m) is an
invariant of BAB™!; where P is the substitution BB’

Ex. 8 If mod. a =1, oz F—&z,F;, is an invariant of
(0@ + 2y, OLTy).

[If we operate with the given substitution on o, &,—Xz,%)
we get
O (oxay + ) (&) = o (0y) (Biy + ) = O (Xiry &y — XL )

= Q@ by =0, &y ]
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Ex. 9. If

o =1, 30,(F—0Fy)+35 Ja(tg—alrg) =0ty J3— a2 jy
is an invariant of
/= ox +ay, 2= az, 47, v,)/= az,, y{;: By + Y, ,
Yo' =BYstYss Yy = BYs.
Ex. 10. A substitution with
xlz +x22+ "'xm,2 and )\1.721 "_'1 + )‘zx‘z"_’z"’ et ’\m‘rm'i':n

as invariants, where A;, A, ..., A, are real, is a real orthogonal
substitution.

[See Proc. London Math. Soc., 2, xii, p. 92.]

Ex. 11. The two theorems of § 11 hold for relative invariants as
well ag for absolute invariants.

Ex. 12. Trace the connexion between invariants or covariants
of a quantic and relative invariants of homogeneous linear sub-
stitutions.

[Suppose the quantic a,x*+ 24,2y + a,y* becomes

'z + 2a,xy + ayy
when we put z=04La'+my’, y=1Ul2"+m,y". Then any covariant
of the quantic may be considered as a relative invariant of the
substitution in the variables a,, a,, @y, #, ¥,
ay =0 ay+ 2L Lay +1,%ay, a)=1lmay+ (I m,+1lm)a; +1lm,as)
a) =m2ay+2mym,a +myla,, x =103 +my, y=1Ls+my’)
Show that the determinant of this substitution is a power of the
determinant of the substitution #’'=1,x+my, y¥'=1L2z+m,y; and
extend the result to the general case of a g-ary p-ic.]

§ 12. Hermitian, Real Symmetric, or Real Alternate
Substitution transformable into a Multiplication.

A Hermitian substitution can be transformed into a
multiplication by a wnitary substitution.

This is true when the degree m of the Hermitian substi-
tution 4

’ ) . —_
Xy = U Ty F U@yt oot Uy, Ly (Whele aj; = ji)

is unity. We assume it true for all Hermitian substitutions
of degree less than m. We then prove it holds true for 4 ;
and the result will follow by induction.

Let (X,, X, ..., X;,) be a pole of 4. Since we are only
concerned with the rates of X, X,, ..., X,,, we may suppose

X, real, X,+1+#0, and X, X, + X, X, +...+X,X,=1

1645 ¥
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Consider the substitution P’ with matrix

X XY _ ‘Ys ) e Xm_
X ,X?_B(_Z _ X2 X:; XQAY,,I
PoX+ X +1 T X +1
x, L& LL ., Sl
R T e A T O
X X"LX-Z ‘Y'Q_X‘* ijXm _1
m X1+1 X1+1 . . . X——1+1

We readily verify that, since X, is real and
X1X1+ AN +Xme =1,

the cquations (8) of § 10 are satisfied and therefore I is
unitary.*

Again, the pole of P1AP corresponding to the pole
(Xl’ X2’ teed Xm) OfA is (1) 0) 03 tery 0) by § 6(11)

Hence if P AP =B, by,=0b,=..=0,,=0.

But since A is Hermitian and P unitary, B is Hermitian
(§10); so that by, = by =...=b;,, = 0.

Hence P71AP is of the form

@) = Ny, @)= byt byt o+, (0= 2,3, o0, m).

Now by our assumption we can find a unitary substitution @
transforming the Hermitian substitution

a = by, + byt o+ by, (E=2,3, ..., m)

into a multiplication #/ =Xz, (t =28, ...,m).

Therefore Q- (P~1AP)(Q is the multiplication M

wll = )‘1‘7:1’ '1'2, = )\232.') e wmlz )‘mxm’

and A is transformed into M by the substitution S = PQ,
which is unitary since I> and () are unitary.

Since §-148 = M, while 4 is Hermitian and S unitary,
M is Hermitian. Therefore A;, A,, ..., A, are rcal. Hence

All the characteristic-roots of o Hermitian substitution
are real.

A real symmetric substitution A is a particular case of
Hermitian substitution, and therefore its characteristic-roots
are all real. It follows at once from the definition of & pole’

* Tt is also evidently Hermitian, and therefore of order 2.
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(§ 6) that if (X, X,, ..., X)) is a poleof 4, X, X,, ..., X,
may be considered real. In this case P will be real and

orthogonal (since a real unitary substitution is orthogonal

by § 10). In fact the matrix of P becomes
‘\-’ l 4Y2 4Y3 . . . A\’ m
X2 X, .\, Y. X
X‘ - 2 _ ’2 3 L. 2=
PoX +1 ! X +1 X+t
X +1 Xo+1 X, +1 ... (i)
X' ‘Ym‘Yz ‘\ym ‘\'3 X m‘ _
"X+l X +1 ST X+l
where N2+ X+ 4N 2=
Hence

A real symmelric substitution has all its characteristic-roots
real, and may be transformed by « real orthogonal substitution
into a real multiplication.

Again, suppose 4 is a recl alternate substitution. Its degree
must be even, if its determinant does not vanish; for a skew-
symmetric determinant of odd order vanishes.

Then 7'4 is Hermitian, where 7' is the similarity substitution

&) = iw,, &) =iry, ..., @y = 1y,

Wo can find then a unitary substitution P such that
P1.TA.P =M, where M is a rcal multiplication. This
gives P1AP = P1T'P. 3. But P1T'P =171 so that
P1AP = T M, which is a multiplication, whose coefficients
are purc imaginaries,

Hence

A real allernate substitution has all its characteristic-roots
pure imayinaries, and may le transformed by a unitary
substitution tnto a multiplication whose coefficients are pure
imaginaries.

Ex. 1. The substitution A with matrix

‘ 317 _106 80
| 225 225 225
| 108 142 _1390
225 225 2725
80 190 275
225 2275 225
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It is transformed by the orthogonal substitution P with matrix

-3 3 -3
¥y -3 -3
-3 -3 3
into the substitution with matrix
2 0 0
0 —75 -3
0 -3¢ 75

This has a pole (0, 3, —¢) corresponding to the characteristic-root 1,
and is transformed by @ = (¢, 2y— ¢z, —{y—2¢) into (22, y, —2).

Therefore A is transformed by the orthogonal substitution PQ
with matrix _ 10

5. _10
| 5 15 15
o112 10
! 15 15 15
| 2 14 5

15 15 15

into (2x, y, —2).

Ex. 2. Transform into a multiplication the symmetric substitu-
tion with matrix

W WY WiN

Ex. 3. Given a substitution B, find a unitary substitution A4 so
that CC’ is a real multiplication, where C'= AB.

[A4 ! is the unitary substitution transforming the Hermitian
substitution BB’ into a real multiplication.]

Ex. 4. A skew-Hermitian substitution 4 for which a; = —a,
has all its characteristic-roots pure imaginaries, and can be trans-
formed into a multiplication.

[S4 is Hermitian, where S = (iz,, iy, izy, ...).]

§ 13,

The result thut a Hermitian substitution (and in particular
a real symmetric substitution) has all its characteristic-roots
real is so important that we give another proof. The result
is evidently a particular case of the following theorem : —

The equation

|a=AD| = | ay=Aby,  ap—Aby, ., ty—Aby,
Uy =Aby,  dy—Aby, iy gy —Abyy, =0
I e L
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has all its roots veal, if ay; = aji, by = 51, and one or other

of the Hermitian f(wms Ea i EiT .,,b is definite,
t.e. does not vanish for anJ values (f wl, wz, vy By M0t
all zero.

If we take 30,:%;2; = 2,2, +2,8,+ ... + 2,,&,, We havethe
fact that the chaxactenstlc-loots of the Hermitian substi-
tution 4 are all real.

Choose X, X, ..., X,, to satisfy

up X +a, X+ .0 +a, X,
A X X% 0, X)) (=1, 2 ., m),
This will be possible if | a—)\b ,=0.

Then Zay 2.0.¢ —_‘A (e X, -t-u“A +.nta;,X,)
——ALX (b,lX +0uX,+.. +0; Xm)_.)\\‘b X, X
Now since «; X X; and ay A X; are con.]ugate complb\
quantitics, "Ea X X; and sumlm]y ) b e X; are real.

Hence A is real, since by hypothesis Eu X X; and 20;; X, X,
are not both zero.

If a;; is always reul, uuuw z; will be definite whenever

the 1eal quadratic form a(( j%@; is definite, i.e. does not

vanish for any real va]ues of @, Ty, ..., @, not all zero.
For if @, = § +1ny, ““z_)w Z; = 2"1,§o§ +Eapmm;s & g, i
being real.

Similarly if b;; is always real.

Ex. 1. Show that lu——)\b[ = 0 has not necessarily real roots
if neither X a, 7;z; nor £0,,7,, is definite.

Y i [V

or 1nstance, considelr = ; Tor whichn
For insta id i‘_,{EOf hic)

X, =1, X,= —i]
Ex. 2. If both 2 a7z, and “‘bv ,%; are definite, the roots of

|[a—Ab| = 0 have all the same sign.
Ex. 8. Deduce from § 18, that

r a b ec . . .
-a x d e . . .
-b —d z f . . .|=0

l—c —e —jx

has purely imaginary roots, if a, b c, d e, /i ... arereal.
[Multiply every row by i.]
* See footnote, p. 34.
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Ex. 4. Through the curve of intersection of an ellipsoid S with
another conicoid S’ three real paraboloids can be drawn.
[Let the cones joining the origin to the infinitely distant points
on S and S’ be
F=ar?+by?+ca?+2fyz+2g922+2 hey = 0,

and F=dz2 40y 4+ 2+ 2 fyz+ 29 2x+ 20 xy = 0,
Then S—AS'= 0 is a paraboloid if F—AF’= 0 is a pair of
planes, i.e. La—Aa’ h—AK g—Ag

W=AI/ b=AY f—Af|=0.
g—=Ng f=Af c—=Ae
The roots of this equation are real if F is always positive.]

Ex. 5. An ellipsoid and a concentric conicoid have a real trio of
common conjugate diameters.

{ 14. Transformation of & Unitary Substitution into
a Multiplication.

A unitary substitution A can be transformed by a unitary
substitution into a multiplicution,

Let (X}, X,, ..., X,;)) be a pole of 4 as in § 12, Then if P
is the substitution with matiix (i) of § 12, P'AP =B is
unitary, since the transform of a unitary substitution by
a unitary substitution is unitary (§ 10).

Now, as in § 12, b,, = by, =...=D,,, = 0.

Therefore, since B is unitary, so that

huby+by by + ... +[)ml?)—“” =0 (=23, ..,m),
we have by=ly=0.= b =0.

The argument now goes on as in § 12.

Corollary.

The characteristic-roots of « unitary substitution A have
unit modulus.

For the multiplication into which A is transformed by

a unitary substitution is unitary: and the m cocfficients of
the multiplication are the characteristic-roots of A.

Ex. Transform the unitary substitution
®'= (icosp—sin®p)z+(1+4)sin Pp.cos p.y,
y'=(1+i)sinc.cos¢p.z+(isin?p—cos? )y
into a multiplication.

[The substitution has a pole (sin¢, —cos¢) corresponding to
the characteristic-root —1. Therefore the substitution

(sing.x—cosdp.y, —cos¢p.z—sin¢.y)
transforms it into a multiplication (~z, iy).]
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§ 156. Canonical form of a Real Orthogonal Substitution.

A real orthogonal substitution A can be transgformed by
a real orthogonal substitution into the dirvect product of
substitutions of the three types

() /=2, (i) &= -z,
(1) @ = cos0.x—sin0.7)
Y= sin().w+cosf).y}
Suppose 4 is
2] = dpa 4@+t dpr, =12, .., m),
and that (X,,X,,...,X,,) is a pole corresponding to the
characteristic-root A.

Then

M(X2+ X2+ X0 = (@ Xy g Xy 4 gy X)) -
st (alel + aszz +o..t “mm‘\' nL)Z = (‘\’12 + ‘\'22 ot ‘sz)’
since 4 is orthogonal.

Hence either X 2+X2+...+X,>=0or A*= 1

The above theorem is true when m = 1. Suppose it true
for all values of m less than the onc considered.

(1) Let A have a pole (X, X,, ..., X,;) for which

‘Y12+X22+"' +Xm2 #: 0
Then A? =1, and from the delinition of a pole in § 6 we may
suppose X;, X, ..., &,, all real and such that
X2+X2+...+X,2=1

Take P as the orthogonal substitution with matrix (ii) of § 12.
Then P-'AP = B, where by =b, =...=b,;, =0,asin § 12.

Since P and A are real and orthogonal, so is B.

Hence
D2 +byt+ o 40,2 =1 and by by 4y by + .+ by bme =0
(t=2,8,..,m);
so that b, =+1, b,=b,=...=0y,, =0.
Therefore A has been transformed by the real orthogonal
substitution I’ into the direct product of @,"= +a, and of
@) = by, 4+ by + oo+ by, (=23, ..., ).
But by hypothesis the theorem is true for this last substi-
tution of degree (m—1).
Hence by induction as in § 12 the theorem is true for 4.
(2) Let 4 have no pole (X,, X,, ..., X,,) for which
X2+ X2+ + X2 0.
Then it is impossible for X,, X,, ..., X,, to be all real
We may suppose X, X, +X,X,+...+ X, X, =2
Let 2pu=X,+X,, 2ipp=X~X,(t=1,2...,m). .
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Then pi2+py+...+put= Dt P+t Pt =1,
PuPrtPalet o+ PuPua =0
Choose real quantities py, po, ..., P to satisfy
plz2 +p232 +... +pm32 =1,
PuPutDPaPut oo+ PmiPmy=DP1a P + PPyt o+ + Ping Pz =0
Then choose real quantities p,,, Py, ..., Py to satisfy
PPl Pt =1,
PulutPalu+t o+ P Pins = PraPiat PogPaa+ oo + Pina Pina

= pPraPut P Put oot Pz P =0,
and so on.

The determinant | p,, . . . p,

Pmr =« « Pum
of the real orthogonal substitution P
xt,-—- pllwl+pt.‘w2+ oo +ptmw1n (t = 1’ 2’ re m)
obtained in this way will not vanish, for its square is unity.
Let PAP-'= D, where D is the real orthogonal substi-
tution @)= dy @ +da, 4. +d2, E=1,2, ..., m)
Then by § 6 (ii) D has (1, +4,0,0, ..., 0) as poles corre-
sponding to the poles (X}, X,,..., X)) and (X, X,,..., X
of 4, and hence
dy=dy=..=dpy=0, dy=dy=...=dp,=0.......(0)
But, since D is orthogonal,
A+ dy®+ o dp i =d 2 Ay 4 dyt = 1,
ndy+dpdy, + .o+ dyyd,y, = 0,
il + g + oo+ iy = dyydig + dygdpg+ o+l = 0
(t=38,4 ..., m)

m)

By (i) these reduce to
Al +dy? =d 2 +dyt=1, dydy+dyd,, =0,
gl + dy iy = dyydyy + dyyidyy = 0;
which give readily
dy=dy=..=dy, =0, dy=dy=...= dom =0,
dyy=cos 6, d,, = —sin 0,
and either
dy=sinb, dy,=cosd or d, =—sind, d,, = —cos 0.

But the latter alternative is impossible, for then PAP-1

would have a pole (Y, ¥,, ..., V,,), where
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6 . 0
Y= cos 3, Y,= —sin 3> V,=Y,=...=Y,=0;
so that Y2+Y +..+Y,2=1
Now by § 6 (ii)
Xi=puVi+ppYot o tpm ¥ ¢ =1,2, .., m),
and, squaring and adding these m equations, we get
D CLE D A8 SR (AL PGS DS I P O
which is zero.
In fact
@/ =cosf.x,—sin .z, v, =—sinf.x,—cosd.x,
is transformed by the orthogonal substitution
R wl-—sing— STy, Ty = sing . @ + €O8
into a =y, @) = -,
Hence A4 has been transformed into the direet produet of
the real orthogonal substitutions
@/ =cos 0.2, —sin0.a,, &,/ =sinf.w,+cosd.x,,
and @)= d @+ dy @+ .+ Ay, (6= 3,4, 0, m).
The proof by induction is now completed as in (1).
Corollary.
A real orthogonal substitution is transgformable into «
multiplication.
It is sufficient to show that
@/ =cos .o, —sinf.a,, x, =sind.z;+cosb .,
is transformable into a multiplication ; which is the casc by
§ 9, Corollary I, since it has the two distinct poles @, +7).

’
x, = cos @,

:‘é .

Ex. 1. Transform 2'=1y, ¥’ = #, 2=« into canonical form.
[A pole corresponding to the characteristic-root 1 is
(o 1 .L).
v3 V3 V3
Hence if P has the matrix

1 1

V3 V3 V3

1 —+3-1 +3-1
V3 T 2v3 ovs |’
1 vV8—=1 —=+3-1
V3 2v3 2v3

P-1AP is canonical.
In fact P71AP is (x, - ;y-i- 1/24?3 2z, — :g)jy - %e)].

Ex. 2. Transform similarly #'= —y, ¥'=2, ==



JHAPTER II
INVARIANT-FACTORS

§ 1. Rank of a Determinant.

SuPrPoSE that in the determinant *

(ln g « .« (llm
gy Uy o o o gy,
aml a’m2 * . . ul'l n

of the substitution A4 the doterminant itsclf and all the Ist,
2nd, ..., (m—r—1)-th minors vanish, but that not all the
(m—7)-th minors vanish. Then the determinant is said to be
of rank r. If the determinant does not vanish, it is of rank
an; if the determinant vanishes but not every first minor
vanishes, the determinant is of rank m—1; and so on. If
cvery element «;; vanishes, the determinant is of rank zero.

If B is a substitution whose determinunt does not vanish,
the determinants of AB and BA will have the sume rank
s the determinant of A.

For each A-th minor of the determinant of AB (or BA4) is
8 linear function of k-th minors of the determinant of 4 ; for
instance, taking £ =38 and m = 4,

by 4 Dyl + byt + Dy gy by 4 Byt +Dyg gy + 0,41,
Doyt 4 bya @y + Dyt 4 by 1ty Dy 4+ by €y + gy gy + by 0y,
byt 4 @y + Dyt +byyatyyy by gy +bg gy +bygaryy + by,
byy g+ ypgy 4 Uyt + by yay,
Dy @y + Dog gy + byt + by,
by @y by g + Doy + by

* In §§ 1 to4d we do not assume that the determinant of a substitution
does not vanish,
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Dby (U Uy Qg D1 0,044 Wy Mg Ay
= | Dyybybyy | X | gty | O DDy, | X g,
byylysbas sz lyy bibyshg WUyl
by Dby | Ity l bbby Uy Uy Ly

H | Dybyybyg | X gty |4 | Dylybyy | x| ag,ag,ay, |
biyb,,bs ( A3y | N (b3 Wy Ay

ag is readily verified.

It follows immediately that the rank of the determinant of
AD (or BA) cannot exceed the rank of the determinant of A.

But since A =AB.B, the preceding argument shows
that the rank of tho determinant of A cannot excced the rank
of the determinant of A B.

Hence the ranks of the determinants of A4 and AB (or BA)
are equal.

Ex. 1. The rank of a determinant is the same as the rank of
the transposed determinant.

Ex. 2. The rank of a determinant is not altered by multiplying
all the elements of any row by a non-zero constant, or by
adding to each element of any row the corresponding element of
another row.

Ex. 8. Find the rank of the determinants

9 1 01 | 1 1 0
‘(1) ‘}’7 é é ’ 0 0 OE, -1 -1 O],
' ‘ 1 0 1 2 1 0
I 1 11 11 11
1 1 1 14, 0O 1 2 II.
1 1 11 00 01
1 1 1 1 0O 0 0 1‘

[21121,3]
Ex. 4. Prove that the determinants of A and A4’ have the same
rank.

[Use the expression given in § 1 for a minor of the deter-
minant of AD in terms of the minors of the determinants of

A and B.]

Ex. 5. If the determinant of 4 is of rank 7, the characteristic-
equation of A has at least m—r zero roots.

[Differentiate the characteristic-equation m—r—1 times with
respect to A.  The resulting equation has a zero root.]
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§ 2. Invariant-factors of a Determinant,

Consider now the determinant
Uy =Aby ay=Abyy L g —Aby,
A=Ay Uy =Abyy . . . Gy —Aby,

I
! C”';nl'—)‘bml amz’_)\bmz' o “mm—}‘bmm
When expanded it may be expressed in the form
EA=o)" (A=RB)*(A=y) ...,
where £ is independent of A.

Suppose that every first minor when expressed in the same
form has (\—a)" as a factor (but that one or more is not
divisible by (A —a)"1*1), that every second minor has (A — o)™ as
a factor, and so on.*

Now 7 > 7,. For by the ordinary rule for differentiating

A

. A, . . .
a determinant 5—% is a linear function of the first minors

of &, and 3= is divisiblo by (\— o)™ but not by (\—a)"

Similarly Y>> >
Suppose quantitics (A—g)"1, (A=), (A—pgB)4, ..., &e., ob-
tained in a similar manner.
Then the quantities
A=)y (A=)t (A—=0)7a™Ts, ..y
(A—=B) ", A=BM s, (A\=B)4%, ...; &e., &e.,
are called the invariant-fuctorst of A.
The name is derived from the following important property :
Suppose I, ¢ any substitutions, and let PAQ = C, PBQ = D.
Then, 1f
t’ll—)\dll cl:")\dlz o Clm_}‘dlm
Ca=Ady Cp—Ady . .. Cp—Ady,

o2
i
z

cml-)\dml Cm2"')‘dmz L cmm_)‘dmm
A and d have the same invariant-factors.

* We suppose zero divisible by every power of (A —a).
*+ If dashes denote differontiation with respect to x,

a1e¢ b e « v a b ¢ a b ¢
5 d ¢ fi=jd ¢ fl+|& & f|+]|d e f|>»
g L1 ¢ ko g h gy ¥

and so in general. 1 Elementartheiler.
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Suppose that tho highest power of (A—a) which divides all
the k-th minors of & is (A—a)Pk.

We assume for the present that any k-th minor of & is
a linear function of k-th minors of A.

It will follow that every A-th minor of § is divisible by
(A=a), or p, > 1.

Similarly, since 4 = P-1€Q~! and B = P-1DQ-Y, we have
Tk 2 P

Hence 7, = p;; and the identity of the invariant-factors of
A and 5 immediately follows.

In particular, 3 /A is independent of A, We readily show in
fact that 5/A is the product of the determinants of P and Q.

To prove that any k-th minor of & is a linear function of
k-th minors of A, we proceed as follows :—

Let AQ = Uand BQ =V. Then, denoting by 4 —AB the
substitution whose coefficients are tg;—Aby;, we show exactly
as in § 1 that any Z-th minor of the determinant of U—AV,
i.e. of (A—XB) @, is a linear function of k-th minors of A.

Repeating the process, we show that any k-th minor of b,
i.c. of the determinant of P(U—AV), is a linear function
of k-th minors of the determinant of U—AV, and is thereforc
a linear function of £-th minors of A.

In the above we may suppose the determinant of A to be
zero, if we admit zero values for «, 3,5, ....

If the determinant of B vanishes we may consider similarly

the determinant whose elements are Aa;;—b;;.

It is essential, however, that the determinants of I° and Q
should not vanish.

We have supposed, moreover, that A does not vanish
identically for every value of A. For a discussion of this case
we must refer elsewhere.*

Ex. 1. Find the invariant-factors of

\l—A 0 : 2 1\ 247, A ,
1—-A 1-=A - —A ’l1+2N 2—A
6—3A 241 3A 1+A 0 ~1-2A
24X —1+4X 8 0 143X —1—4X |,
3A 3 24X —1—2X —1—4N  4A

141 0 1+A 0 0 —24A

0 0 1-x 0 141 2x

14X 1—XA —1+3x | —24N 2N —844A

* o.g. Muth, Elementar theiler, § 8 ; Bromwich, Quadialic Forms, § 21,
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[A=1),A=1); A—=1)*; A\=1),A—%); A=1), A+2), A=13);
A+3P; A=1), A=1), A+1); A—2)5 (A +1).]
Ex. 2. Find the invariant-factors of

x—A 1 0 0 A 1 00
0 a—r 1 0 4l 0 =x 10
0 0 a—\ 1 an 0 0 —x 1
0 0 0 X—A a b ¢ d—A

[(A—0)*; the factors of A*—a—bA—cA2—dA%]

Ex. 3. The invariant-factors of the determinant A of § 2 are
unaltered if we multiply any row (or column) of A by a non-zero
constant independent of A, or if we add each element of a given
row to the corresponding element of another given row.

[This result will assist in the practical caleulation of invariant-
factors.]

Ex. 4. The complex invariant-factors of the determinant
Ja—Ab| of Ch. 1, § 13, occur in pairs of the type (A—a&)", (A—a)".

[Since ¢, =«, and b, =1, the minors of this determinant
can evidently be glouped mto coulugate pairs. For instance,

U —Abyy 4 =Abyy | d a—Abyy ay—ADyy

Uy —Abyy Uz —Aby, A Ay —Aby gy —Abyy
are conjugate complex quantities, A being considered real. Hence,
if (A—ay divides all minors of a given order, so does (A—&)";
and conversely.]

§ 8. Invariant-factors of a Substitution.

By the invariant-fuctors of « substitution A we mean the
invariant-factors of its characteristic-dcterminant.

In this casc the substitution B of § 2 is replaced by the
unit substitution X.

Taking @ = S, P’ = S71in § 2, and noting that

D = §ES = E,
we sec that the invariant-factors of S-'4S and of A4 arc
identical, i.e.:—

The invariant-fuctors of « substitution A are identical with
the invariant-factors of any substitution into which A can be
transformed.

The following thcorems are an immediate consequence of
the definitions :—

A substitution has the same invariant-fuctors as its trans-
posed substitution.

If the imvariant-fuctors of A are

A=0)%, A=0)®, A—=0)%, ..., A=B)l, A=8)5 oory wuy
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the invariant-factors of A and A" are
A=B)5, A=3)%, A= 8)%, ooy (A= By A= )% ey o
Again,
The invariant-fuctors of TA, where T is the similarity sub-
stitution
2= k), &)= lwy, ..., x,/=ka,,
are
(A—=ka)u, A=ka)®, A—ka)®, ..., A=EkB), (A=kB)", ...
Ex. 1. The complex invariant-factors of a real substitution occur
in pairs of the type (A—a)?, (A —ux)%
Ex. 2, The complex invariant-factors of the product AN of
a Hermitian substitution 4 and a real multiplication I oceur in
pairs of the type (A—a)?, (A—a)
[If M= (e, e2,, ..., €,,), the characteristic-determinant
of AM becomes after division by eye,. . ¢,

all’—)\/el ay, e e Uy
G Ugpy—A/Ey o Gy,
m Apg N L )‘/ Cin,

Now use § 2, Ex. 4.]

Ex. 3. Prove similarly that the invariant-factors of the product
of an alternate substitution and a multiplication occur in pairs of
the type (A—o)? (A+a)".

§ 4. Invariant-factors of a Direct-Product.

It is casy to detcrmine the invariant-factors of a direct
product when we know the invariant-factors of the constituent
substitutions.

Consider, for instance, a dircet product of substitutions on
the variables

@y, @y, ©,, and @, x5, T, and @, 4.

The characteristic-determinant of the substitution takes the
form
—\

—A
—A

O O 0O O % ¥ %
O O 0 O % % %
O O 0 0 % % %
|
>
O ¥ ¥ % 0 0 0O
|
>
O % ¥ % 0 00
o ¥ % % 0 0 O

% % 0 0 0 0 00
% % 0 0 0 0 00

o o o o o o —A

where the asterisks denote quantities not necessanly zero.
)Sbo/
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If we crase a row and a column of this determinant, the
resulting first minor is readily seen to vanish unless the erased
row is one of the first three rows and also the erased column
one of the first three columns, or clse the erased row is one of
the next three rows and the erased column one of the next
three columns, or clse the erased row is one of the last two rows
and the erased column is one of the last two columns.

In fact the resulting first minor will vanish unless the
crasing of row and column leaves each of the three parts
of the characteristic-determinant which is of the type

*~N % *
* k—A %
* % k—A

in square form; i.e. does not convert it into a rectangle with
length and breadth unequal.

Similarly, when two rows and columns are erased the
resulting second minor vanishes unless cach part of the
characteristic-determinant remains in square form ; and so for
third, fourth, ..., minors.

It follows at once that if ecach constituent has a single
invariant-factor which is a power of (A\—a)* then the in-
variant-factors of the direct product corresponding to the
characteristic-root o are

A=), (A=), (A=0)%, ...,
where
(A_a)a" ()\—O()“ﬁ, ()\_o()a,’ s ((Ll 2 o 2 s 2 "')
are the invariant-factors of the constituent substitutions.

Even when the constituent-substitutions have more than
one invariant-factor which is a power of (A —a), it will be easy
to obtain the invariant-factors of the direct product in any
given cxample ; but the case just discussed is the case of most
importance in the general theory.

§ 5. Invariant-factors of a Canonical Substitution.

The substitution C' of Ch. I, § 8, has the single invariant-
factor (A—-a)™. For the characteristic-determinant is (x—A)",
and the first minor obtained by erasing the last row and the
first column in this determinant is unity.

Using § 4, we at once obtain the invariant-factors of the
canonical substitution of Ch, I, § 9, and establish that

* i.e. the determinant of each constituent has at least one first minor not
divisible by (A —a).
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The direct product N of substitutions of the type
Ty = pwy + 2, 2y = pZyt Ly, oy m/m—l': By F s wm,zl"'xnn
Sfor whick
p=o and m=a,;, p=a and m=«,, p=o and m=ay, ...,
p=RBand m=10,, u=p3 and m=10,, p=43 and m="0,, ...,
p=y and m=c¢;, p=y and m=c,, p=7y and m=c;, ...,

respectively, where
Uy 2 Ay 20y > 00y Dy 20, 20,2 100, 0, 20,202 000y vuny
has the invariant-factors
(A= )4, (A=) %, (A—0)%, ..., A= 81, A=B)y (A=), ...,
A=) A=9)% (A=7)" ooy e
The reader will have no difficulty in showing by a similar

process that the inversc N-! of this direct product has the
invariant-factors

()\—O(‘l)“l, ()\—~O(_l)a2, ()\—0(‘1)"3, ey
(7\-—/3_1)1'1, ()\_/3—1)1)2’ (}\_/3-1)1»3’ s
(;\—-y'l)"x, ()\-—‘y‘l)"z, ()\-—-‘y‘l)"d, Cies eeee
Corollary I.
If o substitution A hus invariant-fuctors
(A—0)®, (A—0)2, (A=0)%, ..., where a; 2 a, > a, > ...
A=B)"y A=PB)ls, A=p), ..., where by >0, >0, > ...,
A=), A=9)% A—=9)%, ..., where ¢; > ¢, > ¢, >
A=y A=9% A=y ) 1 2 R

b

ey

it is transformuble Tnto the canonical substitution N of § 5.

For A is transformable into a canonieal substitution (Ch. T,
§ 9), and any canonical substitution with the given invariant-
factors is evidently transformable into IV of § 5.

Corollary II.
If « substitution has the invuriant-factors given in
Corollary I, the invariant-fuctors of its inverse wre
A—a e, A—al)e, A—at), L,
A= A=) =BT,
A=y A=y A=yT1)% ey

For if S-'AS8 =N, 8S714-1S = N-! (Ch. I, § 5). Now use
the result at the end of § 5.

1645 H
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Corollary III.

Any given substitution A can be transformed into any
given substitution B with the same invariant-factors.

For by Corollary I we can find substitutions S, 7' such
that S71AS = N, T-1BT = N; and then S48 = T-'BT or
P-1AP = B, where = ST

Equating corresponding coefficients in the two substitutions
AP and PB of degree m, we have m? linear equations in the
m? coefficients of . 1f 4 and B have the same invariant-
factors, these equations are consistent (though not in gencral
independent). Solving them, we get a substitution P trans-
forming A into B, whose cocfficients are rational functions of
the cocfficients of A and B.

For instance, when we know the invariant-factors of 4, we
know I ; and hence we can find a substitution transforming
A into its canonical form N.*

Corollary IV.

A substitution A is of finite order if and only if every
imvariant-fuctor has unit exponentt and every characteristic-
700t 15 @ Toot of unity.

For A is of the same order and has the same characteristic-
roots and invariant-factors as the canonical form XNV into
which it may be transformed. But X is only of finite order
if it is a multiplication whose cocfficients are roots of unity.
(Ch. 1, § 9, Corollary II.)

Corollary V.

If the substitution A has evactly k invariant-factors which
are powers of (\—a), it has a (k—1)-ply infinite number of
poles corresponding to the characteristic-root A = a.

For this has been proved for N in Ch. I, §§ 7 and 8.
Now use Ch. I, § 6.

Ex. 1. (z+8y, 20 +2y) can be transformed into
bz+6y, —x—29).
[They both have invariant-factors (A +1), (A—4).]
* To find these invariant-factors, we may with advantage first transform
A into some simpler form, e. g. by the process of Ch. IV, § 1, Ex. 10.

+ An invariant-factor such as (A —&) with unit exponent will often be called
a lnmear or stmple invariant-factor,
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Ex. 2. Bz+y—22 20+3y—382, 4x+2y—82) is transformable
into (—2, 2+ 3y+32 —y)
[They both have the invariant-factor (A—1)3.]
Ex. 3. Find by invariant-factors the canonical form of
(x—y+22—2w, —3y—2w, —22+2y—32+3w, y+w).
[See Ch. I, § 9, Ex. 3.
Find similarly the canonical form of the substitutions in Ch. I,
§9, Ex. 5.
Ex. 4. Transform A= (z+14y +72, —y~—2z 6y+42) into its
canonical form N = (x, y, 22).
[If P~'AD = N, where
P= x4+ my+n 2 Lrtmy+ ny,2, e+ my+n;z),
equating corresponding coefficients in AP = PN gives
=1, HLy—m+6n =m;, 7—m+in =mn
l=1, 14l,—m,+6n,=m,, 7l—m,+4n,=n,
I, =2l,, 141,—my+6ny, = 2m,. T[—my+4n, =2n,
These equations reduce to
71 = my—3ny, T, =my—3n,, l3=0, my=2n,.
ITence P may be any substitution whose coefficients are connected

by these four independent and consistent relations.]
Apply the method to Ex. 1, 2, 3.

y 6. A Second Canonical Substitution.

The substitution N of § 5 is transformable into another
form which is sometimes more useful than the form ¥ itself.

Suppose that on page 57

Aot A=B) . A =y) 1 SN = —e A= — e, N
=0t (A=)l A=y)"s e N = i fh— . = 07,
A=a)%. A=)l (A=) . SN =g —g A — .= gAY

80 that @, +b,+¢;+... =7, ag+by+c,+... = 8, &e.
Then N is transformable into the substitution Z
@) =@y, ) =@y, e, &, = 8, 8= €+ 0T+ B,
W1 = Tpgyy ¥ygn = Brggy oos Frigm1 = Brag
& g =flwr+1+f2xr+2+ oot feriss

which is the direct product of substitutions each of the type
[ ’ 4 — /e
2= @y, @ =Xy v0n, &y =2y, &) = X OT O T,
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the characteristic-determinant of cach constituent of the direct
product being a factor of the characteristic-determinant of the
preceding constituent.

For since the first minor obtained by erasing the last row
and the first column in the characteristic-determinant of

/

@ =w, w) =y, 0, =, e = e e, ... e,
is unity, this constituent of 7, has invariant-factors
(A=), A=A, (A=y), ...

It follows from § 4 that Z has the same invariant-factors as
N, and hence is transformable into N.*

The rcader will find properties of the substitution L in
Ch. 1, § 8, Ex. 14, and § 6, Ex. 5 (iv).

If 4 is any substitution with canonical substitution N, the
first constituent in the direet product L has a characteristic-
determinant which is the quotient of the characteristic-deter-
minant of 4 by the highest common factor of the first minors
of the characteristic-determinant of 4. The second constituent
of I has a characteristic-determinant which is the quotient of
this highest common factor by the highest common factor
of the sccond minors of the characteristic-determinant of 4 ;
and so on.  Hence L can always be found, when 4 is given ;

and the coeflicients of I are rational functions of the
cocflicients of A.

Ex. 1. Transform
=0y, Y=yt agy .y &, = A+, 3= o,
into the type
=y, /=y, ., &, =2, 2=, v 41,4 . Fe, 1,
[Put 2, =§&, ar+2, =&, o+ 200,40, =&, ...,
o oy + 1O ok, + 1 Cooh 2y = £y ]
Ex. 2. If A=(@+14y+72, —y—z, 6y+42),
then L=(y, —22+3y, 2).
Find P so that PIAP= L.
[The invariant-factors of A4 are (A\—1), A—1), (A—2). This
gives L.
If P=atmytnez Letmy+n,z, La+my+n,z),
we have, on comparing coefficients in AP and PI as in § 5,
* The following authors have made use of the substitution L: Nicolettr,
Annaly v Matematue 111, xiv (1908) ; Landsberg, Crelle, cxvi (1896), p. 331;

Burnside, Proc. London Math Soc., xxx (1898), p. 183; Lattds, Compfes rendus,
clv (1912), p. 1482.  For these references I am indebted to Professor Lattés.
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Ex. 4, nine equations which reduce to the five independent and
consmtent equations

Tly—my+8n; =0, I, =1,, 7l,—m +4n, = n,,
Tl—my+2n,+n, =0, my—m,=2r—2n,.
For instance, we might have
P=(@x—-2z x4+2y—z, —z—y+22.]
Apply a similar process to § 5, Ex. 1, 2, 3

Ix. 3. We can transform A into the form 7, by a substitution
whose coefficients are rational functions of the coeflicients of A.

[Use the method of Ex. 2.]

§ 7. Substitution Transformable into its Inverse.

As an cxample on the substitution of § 6 wo may show
that : —

If @ substitution A has the same invariant-fuctors as its
tnverse, A s the product of two substitultons of order 2, euch
of which transforms A into its inverse.

If P7TAP = A7' and I*= F, then
(P1A)LA(PA)= A7V PAP. 4

=ANDPTAP A = A7
and LPMARE =P AP A=""AL. A =F.

Hence A4 is the product of two substitutions > and P14
of order 2, cach of which transforms A into 471,

It is therefore suflicient to prove the existence of 1.

Moreover, it is sufticient to prove the existenco of I for
any substitution L into which 4 can be transformed ; for if
PALP = L7 and P?= FE, where S7'AS = I, then
(SPSH)TA(SPS™') = SP1. S 1AS. PS !

= SPILPS = SIS =A1
and SPS! is of order 2

We may take Z as the substitution of § 6, which is the direet
product of substitutions of the type
a =y, @)=, ., 2=,

)= e @ e, + . e,r, . (i)

It will evidently be sufficient to prove thc 10sult for this
constituent (). Now (i) is transformed by the substitution

’
/=, v/ =2, x)=a,_, ..., =2,
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of order 2 into
’ __ P e
xy =e & F et e, 2y =0,
2 ! e [ 31
@)=y, 0oy )=,y (i),
while the inverse of (i) is

@ = ‘ (—e,,—~esy— ... — €20 1 +T,),
@) =@, xf =xy, 0, v/ =,
This inverse coineides with (ii), provided
60, = —0Cy €€ = —€y ..., 00,= —6, ¢t =1....(ii)
But these relations (iii) hold good. For since (i) is trans-
formable into its inverse, and has therefore the same invariant-
factors as its inverse, the characteristic-equation of (i)
AN—g,~,A—...— €, A" 1= 0
must be identical with an expression of the type
(A=1)P (A + 1)t (A=) (=0 (A= B) (A= 1) =0
by Corollary II of § 5.
Henee A"—¢;—e,A—...—¢,A'~'= 0 is unaltered when we
replace A by A~1; which gives the cquations (iii).



CHAPTER III1
BILINEAR FORMS

§ 1. Transformation of Bilinear Forms.

WitH any substitution 4
) = @+ @+ e+ 0,0 (E=1,2 m)
may be associated a bilinewr form
a(e,y) = Bagye; (b =1,2 ..., m)
in the two sets of variables
wl’ Ly eens L5 Y1s Yas oo Y-

The product of two forms a(xz, ) and 0 (z,7) is defined as

¢ (z,y), where
05 = bty +bpag+ ..+ bin@;-

The substitution C corresponding to ¢ (r, y) is therefore the
product of A and B corresponding to «(x,y) and b (z,y)
respectively. It should be noticed that this definition will
hold even if the determinant formed by the coefficients of
(@, %) or b(z,y) vanishes.

Suppose that in the form « (#,y) we substitute

PuEXtPp Xt + Prin Z for wt} (t — 1, 2’ e ,m).
In Y1+ Qa¥et oo+ QYo fOr %
Thoen we transform « (z, ) = ;‘57(0; ;Yi; into
,,zla’ij (q‘ily] + Q¥+t Qimym) (pjl Xy +p'zxz +...+ pjmxm)
= s'zt(,?:,(]isaiipit) Vs = %‘t bstysxt =0 (x’ y)’
where B = PAQ’; a result of considerable importance,

Tt will be noticed that by Ch. IT, § 1, the determinants of
B and 4 have the same rank.

If P=(), the «’s and y's are said to be transformed by
a congruent transformation.

We have supposcd the two sets of variables

Lyy Xgy vees Lo and ¥y, Yoy -5 Y
independent. This is not necessarily the casc.
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Wemight put o, =, y,=2,, ..., Yp=2,,-
Then « («,y) becomes the quadratic form « (x,x) or
Sagem; (,j=1,2, ..., m).
Any transformatlon of the s and #’s must now be con-
gruent ; so that if we put
PuXy +PpXoF e+ praX,, for @
in a(r,z) we get b(x,x), where B=PAI.
Another case of importance is that in which
Yo =By Yo = Byy ooy Y= By
Then « (z, y) becomes « (i, &) or Zuy;d; wj
If we put
PaX +PpXe+ . +pmx,, for z,
we must put
DXt PrXet o+ DX, for &

Then « (z, &) becomes b (x, X), where B = PAP".

Changing now the notation, suppose that when we put
ptlxl+2)[:xz+ "'+/)1mxm for CIJ,} (t =1,2, .. ,m)
WY1+ 9nYet oo+ Q¥ for Y T e

« (z, y) becomes ¢ (x,y) and b (z, y) becomes d(x,y).
Then, by Ch. II, § 2, since PAQ = C and PBQ = D, the,

determinants

y=Aby  ay=Abyy .oy, —=ADy,
ay, — A 621 gy — )‘Z’zz e e Uy — A bz n
“11 )\ bl“1 (Llll‘.’. - A bl)lZ ° " : u mm - )\ ’)U“ll
and
n—Ady ep—=Adyy o . ¢rn—Ady,
Cp—Ady Co=Adyy . Cyy— Ad,,,
Co1— )“éml Co2— Mlm‘z e e Cap— A dmm

have the same invariant-factors.
In particular, the second determinant is a multiple of the
first. *

* It is the first determinant multiplied by the product of the determinants
of P and @, which arc supposed not to vanish.
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Ex. If the substitution B is transformed into 4 by the
orthogonal substitution P, «(r, y) hecomes b (x, y) when we per-
form on it the congruent transformation

Ty =PnE+ppXet o DXy Y =PV +Pe¥et ot 0m Y

§ 2. Hermitian Forms.

If 4 is a Hermitian substitution, so that ;= @ w(x, o)
is called a Hermitian form.

Put .
%y +1'1,’x2+ v +/)hnxm {or ‘li}
)

[—){lil +'ptziz+ ce b [)Iutim for '/Fl

and « (x, ©) becomes b (x,X), where BB = LPAP,

Since 4 is Hermitian, by Ch. I, § 10, B8 is Hermitian, and
hence

Any clhange of variables transforms « Hermitivn form
into @ Hermitian form.

Suppose now that P! is the unitary substitution (Ch. T,
§ 12) transforming 4 into the multiplication

3 4 — " . ’ — ” oy ’ — "W
£ = )\1“13 L = )\2"02’ ey Ay = )‘m, "
Since L is unitary, I” = P~ Thereforc B = PALP~, and
hence b (x,X) is the Hermitian form
'\lxlil +}‘2xziz+ vt Alnxmim'
Hence
Any Hermitian form « (e, &) with non-zero determinant
can be transformed by « switable wnitary chunge of variables
into the form
MR FAXE 4 A, X, X,
where N, N, ..., X, are the real characteristic-roots of the
associated substitution A.
Supposec now that we have a Hermitian form « (, @)
whose characteristic-cquation

Up—N . Uy, l

.

Ay a A

has m —r zero roots, the other roots being A;, A,, «ooy A,
Suppose —e is not a root, and let ¢(«,Z) denote
:131(;51 + "'25;_' *oot wmj;m'
1645 I

ey
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Then the characteristic-equation of a(x, &) +€.¢(x, ) has
the roots
AMte A+e 0 t+66¢€ 0,6
none of which is zero.
Therefore, as before, a suitable unitary change of variables
reduces « (¢, %) +e¢.c (x, L) to
MEE +HAXE + . HAX R ) e (XX X, + L+ X, K
But a unitary change of variables reduces ¢(z, &) to e(x, ),
since e (z, Z) is an invariant of a unitary substitution by
Ch. I, § 11
Hence by the unitary change of variables « (z, %) has been
reduced to
MNX X R+ A XX
Since x,, x,, ..., x,, are independent linear functions of
®yy Tgy ovs, &y, the determinants of « (z, &) and of
A, @, By + Ay By + oo + A 0, 8,
have the same rank (§ 1).

But the rank of the latter is », and therefore the rank of
the determinant of 4 is ». We call r the rank of the form
a(z, £). Then we have:—

A Hermitian form of rank r can be reduced by a switable
unitary change of variables into the form

AEE, +0,X,%, + ...+, X, K,
ALy Agy eeey A being the real mom-zero characteristic-rools of
the form.*

Suppose that A}, A,, ..., A, are positive, and Ay, 1, Apyg,00ns A,
are negative. Putting
VYNE =& oy VNEE= G V=N Ky = fk+1:_

. ey «/—-)\,xr= &
we reduce the Hermitian form to
i+t ki~ €1 oo —& & """"""<i)
which is the canonical shape of a Hermitian form of rank .

If by any other change of variables the Hermitian form

a (x, ) is reduced to
MLt e H WA =M1 1— co0 = Malgs veenvvennenn(id)

* The reduction of the Hermitian form to this canonical shape can be
effected more simply if we do not confine ourselves to a unitary change of
variables ; cf. § 6. By the ‘characteristic-roots of the form’ we mean the
characteristic-roots of the associated substitution.
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where n;, 7,y ..., 1, are independent linear functions of
Ty, Xy ooy Ty then r =8 and b =1

For the rank of the determinant of (ii) is the same as that
of the determinant of 4; i.e. s = .

We have then

L&t &&—Gnbrn— =66
E Mt e Fmm =M =Ny

Suppose, if possible, k > L.

Then we can choose non-zero values of z;, z,, ..., ,, to
make 0y, My, ...y My Ep g1y oovs & vanish (for they are »—A+/(
linear functions of 2, z,, ..., z,, and r—Lk+{ < m), but not
all of &, ..., &, n41y +vvy 1, Vanish.

But then we should have a negative quantity on the right-
hand side cqual to a positive quantity on the left, which is
impossible.

If »=m and k= m or 0, so that a (2, Z) is reducible

respectively to - - -
i(§1£1+ 5:1§2+ et fmfm)’

a(z, &) is called a definite Hermitian form. It is sometimes
called a positive Hermitian form when & = m, and a negative
when & = 0. It is definite if and only if the characteristic-
roots of A are all positive, or all negative. A positive form
is always > O (and a negative form < 0) for any values of
Xy, Xgy ooy T, Dot all zero.

Since a real symmetric substitution A is a particular case
of a Hermitian substitution, we obtain readily in & similar
manner :—

A real quadratic form in m variables o (2, ) = 2 aym;,
where a;; = aj;, whose determinant is of rank v, can be ex-
pressed by « suitable orthogonal change of variables in the
Jorm M2+ N2+ .+ A2,

Ay Mgy ooes A, Deing the real non-zero characteristic-roots of the
Sform.X*

As before, if a,; is real for all values of ¢ and j, « (z, @) can
be put in the form

512"' +£k2_£k+12""—§r2’

* The reduction of the quadratic form to this canonical shape can be
effected more simply if we do not confine ourselves to an orthogonal change
of variables; cf. § 6. The reader should notice that among the m? terms of
Za,;,%i there are Lm (m—1) pairs of identical terms such as a,;z,%, and
%, %), where ¢ £ j. Wehave Za;jxx, S0,z +auzr+...+20,2,8+...,
where the right-hand side contains 1m (m+1) terms,
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where &, ..., &, &41s ov» & are independent real linear
functions of @, @,, ..., z,; and if it can be expressed also in
the form TR R L e PR Ty
where 7,, ..., m, M41, .. 0, are independent real linear
functions of =), @, ..., #,, then » =s and k = L.

If »=m and £ = m or 0, s0 that «(z, x) is reducible to

i (512 + ‘522 +ot 51112)’
«(z, @) is called a real definite quadratic form, positive or
negative according as k =m or k= 0.

Ex. 1. InCh.1, § 12, Ex. 1. the substitution A was transformed
by PQ into (22, y, —=2).

The inverse of I’Q, which is the same as the substitution
transposed to I’Q since I’Q is orthogonal, has the matrix

__10 11 2
15 15 15
5. 2. 14
15 i5 1%

—~10 _10 5
15 15 15

Hence the quadratic form
soizs (31702 — 14292427522 — 380y 4 16022 — 212ay)
becomes (2x2+ y>—2z?) if we write
150 = —-10x+11y+2z, 15y =5x+2y+ 14z,
162 = —10x—10y 4+ 5z.
Ex. 2. Transform similarly the quadratic form
I(=22—y* +2:2+ 4y + 42— 8uy).

Ex. 8. If A is a definite Hermitian substitution, so is B'AB.
If A is a real definite symmetric substitution, so is B'AB.

[In the first case B’ AD is Hermitian by Ch. 1, § 10. Now by
Ch. III, § 1 the forms corresponding to A and B'AB can be
transformed into one another. But by § 2, if one form is definite,
go is the other.

Similarly in the second case.]

Ex. 4. If a(x, y) is a real symmetric bilinear form (a, = a;,),
and a(z, x) is a definite quadratic form, then | |

talz, 9))° < {alr, 2)) x {a(y, 9)}.
[The equation «(Ax+py. Az+py)=0 in A/u has unreal
roots.]

§ 8. Reduction of a Bilinear Form to Standard Type.
The bilinear form 3 a,;y;2; may be reduced by an infinity
of transformations of variables into the form
¥+ 5y, +... + X7,
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If the determinant of the form is not zero, it suffices to put
x; for ap,@, +apr,+ .+ a,x, (E=1,2,.., m).
If the determinant of the form vanishes, this method breaks
down, for then x,, x,, ..., x,, would not be independent.
In this case we may proceed as follows :—

First suppose that the quantities a,,, gy vovs Wy OO not
all zero. Therc is no loss of generality in supposmv g, 18
not zero.

Put &, for aj )+ a4+ oo a4y 2,
and m for @y +any,+ o a1y,
1 .
Then S agya; = — Em+f
11
where f is a bilincar form in the variables
Loy Ly vues T3 Yyo Ygo ovvs Yo ONIY.
Next suppose that «,;, = ¢y, = ...= @, = 0. There is no

loss of generality in supposing a,, :,& 0.
Now put «, = X, 2, = X,. Then the coefficient of , X, is
(44, and proceeding as bofme we get

“‘“z/../l = a, ‘51771 +f.

The same process can now be applied to f, and so on.
Finally put ¢ =a;x, (or & = «,x, in the second
case), &e.
By § 1, the determinants of
Zagye; and @y, + @Y, + .3y,
have the same rank. Ience 7 is the rank of the determinant

of Zayya;.

Ex. 1. Reduce
a(z, y) = o (2, —3a5) +yp (4, — 20,) +y5 (— 3, +2,)

to standard form.

[The coefficient of gz, is 2. Putting then z, = X,, z, = X],
we get a (2, y) = ¥, (2 X, —3uwy) +y,(4 X, —225) + 5 (X, —3X)).

Put & =2X,—38x,, 0, = 2y, +y;, since the coefficient of y, X,
is 2, and we have

alw, y) = $&m+y, (4 Xy —22) +y, (-3 X, + 3 2),

or a(z, y) =5 &m+5ién,,
where (o=4X,-2x;, 1, =4y,—3y,.
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Now put L=2x, L=4x, nn=y, K=Y,
and a(z, y) becomes x,y,+x,y,, where
X =238y, Xy = 8—305, ¥1= 291+, ¥o = 49,~3Y,.]
Ex. 2. Reduce to standard form
Y (X =2) + 9y (71 + 22,) + 93 (22, + 4 2,),
and g, 34y —4z,—br;+2,)+y, (2,422, +22,)
+9, (— 2y =225 —22,) + 3, (— 2 — 2, —32,).
Ex. 3. The standard type into which a given bilinear form can

be reduced has always the same number of terms, whatever be
the manner in which the reduction is performed.

[The number of terms is the rank of the determinant of the
form.]

Ex. 4. If a bilinear form is the product of two linear forms, its
rank is unity.

Ex. 5. If a bilinear form Ea,;y,z; with non-zero determinant
is unaltered when we replace

Z by PnT +pt‘3“2+ +phn‘xm
Y1 BY Gath + 0002+ o QY
the invariant-factors of P and ) are such that to each invariant-
fa;_ct((e)r (A—0)" of P corresponds an invariant-factor (A—o"1)"
0 0
[Suppose that 2,9, +2,9,+ ... +,,, becomes Za;y,x, when
we replace
xy by ™m +rt‘.’.x2 +... +rlmxm —_
Y bY spin+Sp¥st .. +stm?/m‘ (=12 .. m)
Then RES’=A, PAQ=A. Hence R-1PR.SQ'S ' =F, or
R-'PR=_8Q 18" Therefore P and @'~ or P and @~ have
the same invariant-factors.]

} (t=1,2, .., m),

§ 4. Transformation of a Bilinear Form into the Sum of
Two Bilinear Forms.

In the last section, if a;, # O we proved that, when 2 a;;y,2;
is expressed in terms of

&y gy Byy wony Ty 80 035 Yoy Ygs oes Yo
where

E St + 0@t i+ 0 Ly M= Yyt O Yot o g Yy

it becomes the sum of a bilinear form in &, n,, and a bilinear
form in @y, Tgy ooy 5 Yas Yy ooes Yoo
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This is a particular case of the theorem :—

If Uy Uy Ay
D=| % Uap;
Ay Uge A

s mot zero, and = @Yy 18 expressed in terms of
fl’ tee fk’ Lhgrs ooos Dis My ooy Mo Yltrs woes Yoo
where
‘ft = A&yt g dy + .. +a‘tmwm} (t =1.9 /U.)
— , — Ly @y eeey U]y
N = alt3/1+a2ty2+ et Qulm
then 3 agy;x; becomes the sum of a bilinear form in
fn cees fks Mis eees NYs
and @ bilinear form in @y, s vy Ty Yitrs ooer Yuoe
For Dx= W5 %;

Ay Uy ay &
Uy Uy o, &y
apy @y - - - A {1
M M - e - My =Gl
Ay Uy ay, &
(377 &,

Uy Uy,

Upy Uy
Mm Mg - - U

e & |
0

71

The sccond determinant is evidently a bilincar form in
&y ooy &4y My oovy my; only; and the first determinant becomes,
when we multiply the first £ columns by «, @,, ..., @
respectively and subtract from the last column, and multiply
the first &k rows by v, %, ..., ¥ vespectively and subtract

from the last row,

Ay Uy
Gy Gy Uy Uy
.o e,
Oy Uy o o o Qg Y
ot - oo S

where Ut = O a1 a1 T i @prat oo+ Ay,

Uy = O Y1 T Qoo tYhre oo DY
f=Zayy; (55 =k+1, k42, ..., m),
which is a bilinear form in ., ..., @y Yrs1s ovos Y

Dividing by D we get the given theorcm.

and
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§ 5. Reduction of a Bilinear Form to Standard Type by
a Contragredient Transformation.

The reduction of X «;;y;z; to the form
/\1X1y1 + )\ngyz + .. +)\,.x,.y,
by tho transformation
&y = puEtpPpX,t ... +T)lmxm} ry==r
Yr=anVi H Vot o+ Gu V)’ -
is only possible if the invariant-factors of A are all linear.
In fact, if the determinant of A4 does not vanish, we have
PAQ =PAP ' = M, where M is the multiplication «,/=A\,x,.
This is only possible if A has lincar invariant-factors. For
by Ch. IT, § 8, 4 and M have the samc invariant-factors ; and
the invariant-factors of a multiplication are linear.
If the determinant of 4 vanishes, we get the samo result by
applying this argument to the form (= «;ya; +€S @y, and
proceeding as in § 2. b ot

Ex. Since by Ch. I, § 9, Ex. 1,
(x—2y—2z2 2x+3y+4z, —2x—y—22)
is transformed into the multiplication (x, —y, 22) by
(.%-}-2]/-{-22, _'E_y'—2'g7 y+z’),
whose inverse is (z—22, £+y, —r—y+¢), therefore the bilinear
form
Y (11— 20, =2+, 2y + 3, + 4 wy) +yy (= 22, — 2, — 23,)

is transformed into y,x, —y,x,+ 2y,x; by the substitution

o =X — 2K, Ty =X+ X, Xy = —X— X+ X,

N=V1=Ys Y2=2¥1— V2T Yo = 27125, +7,

§ 8. Reduction of a Bilinear Form to Standard Type by
a Congruent Transformation.

If Say; is reduced to (x,y,+%,¥,+ ... +X,¥,) by a con-
gruent change of variables
T =pnE Pyt +ptmxm} ,
Yt =PVt Pp¥et oo+ PV
A must be symmetric.
For if €* is the substitution corresponding to
(wl?/l + Tyl + o +wr?/r)’

* € has zero determinant unloss r =m. In this case € 1s the unit sub-
gtitution E.
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we have PAP' = € or A= P-!'&1’!, which is symmetric by
Ch. T, § 10.

Conversely,

If Zay;; is symmetric, we cun reduce it to the form
Xy, + Xy, +... +X,.5,
by @ congruent change of variables.
First suppose that not all the quantities «;,, a,,, ¢y, ...,
vanish.
There is no loss of generality in supposing «;, # 0.
Then if we put
& for ay ey +apa,+ ... +a1m1’m} s
1y for ayyy +dy Yyt oo + @Y

Sagyw; = '(%1“1 &Em+/,
where f only involves the variables
Toy Lz veesy s Yoo Yoo oo Yo
and is symmetric.*

If all the quantities «,,, u,,, « 5, ..., vanish, there is no loss
of generality in supposing «,, % O.

Put
X +X,fora, X\—X,fora, V+7,for y, Y=Y, for y,.

Then the form = a;;y;%; is tranformed into one in which the
coefticient of X,Y, (and of —X,Y,)is a,,+ay orR«,,; and
we proceed as before.

We can now apply the same process to the symmetric
form f, and so on.

Finally we put ¢, /u,,} = x,, 9, /a,} = y,, &e.

If 2 azy;@; is real as well as symmetric, every transforma-
tion in this process is real except perhaps the last. If «;,
were negative, we should put

&/ (—at =%, 0/ (—ay )t =y, &,
and thus we reduce Xu;y;2; to the form

X Y1t oo t B Y~ X1 Vb1 o0 — X Ty

by a real congruent transformation (cf. § ?).

Taking y, = By Yp = Byy eey Yo = Ay WE reduce the real
quadratic form Sa;;x;; (a5 = a;;) with determinant of rank »

* The rosult of operating on a symmetric form with a congruent trans-
formation is symmetric; for if 4 iy symmetrie, so is PAF (Ch. I, § 10).
Similarly the result of operating on an alternate form with a congruent
transformation iy alternate.

1645 K
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to the sum of squares (x,2+x2+...+%,%); or to the form
(%24...+x,2 =% ,°—...— %), if wo confinc ourselves to
real transformations.

20 a g . " o = —d

By a similar process the Hermitian form Za;;@;; (aj=a ii)
can be transformed into

X, R A KR =X Ky = X R

taking v, = &, Yy = &y, ..., Yu =&, For an alternative
method, sce § 2.

The proof of § 4 shows that the quadratic form

2 agage; (ay = @)

is reduced to the sum of a quadratic form in &, &, ..., & and
a quadratic form in @, 1, @445 .., #,, by the substitution

&= apa F oo tage, E=1200,8),

provided Ay Gy -« -
Qyy gy o - oy, ?l: 0.
Upy gy - o - (U8

Similarly the Hermitian form Say@a; (¢;; = @) 1s re-
duced to the sum of a Hermitian form in ¢, &, ..., & and
a Hermitian form in ay,, @4 ..., €, under the same
condition.

Ex. 1. 5248524 87w —6ys + dex—2xy— 102w+ 12yw—34 2w
= (—x+y—38:+06uw)}—a2—+u?+ 22w+ 22w
= (—x+y—38z+6u)t—(r+z—w)*+2w?
= (—x+y—32+6w)?+ (v 2w)?—(r+2—w)

"The given quadratic form is also equivalent to
(w+e—3w2+ (V2 (y—2z+ 4w}y —@+y—24 2w
which is again the sum of two real squares less one real square.

Ex. 2. yz+zx+2ay.

Here the coefficients of x2, y% £* are all zero.

Put 2= X+Y, y=X-Y. Then

yetze+2ry =2X2—2Y24+2Xs = 2(X +32)P—2Y2—34°

/9 2 V2 2 V2 \2
V2 2
* When ay = @y = ... = tyun =0, «yy £0; put 2, = X, +iX,, x,=14,4+ 4,

(instead of x; = X+ X, 1, = Ay—X) 1f @utay =0; and x; = Xy +a, Xy,
Xy ==X 4y Ay 1f aptay £ 0,
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Ex. 8. Express as the sum of squares
Y& + X+ TY— X — YU —zw,
22 + ru—yu+ 2w+ wu— 1z,
2+ 4?42+ day—2az
Ex. 4. F[iy+(L+i)z]+ 7 [—iz+(1—22) 2]
+E =+ (L+2 1) ]
Put = X+iY, y=iX+Y. The given Iermitian form
becomes X[—2X—z]+Y[2Y+(@-31)s]+3[—-X+(2+3)Y]
Put {= —2X—z and it becomes
— L V[2Y 42302+ 3[2+3) Y+3z]
Put 5 = 2Y +(2—3i) 2 and it hecomes —3 £6+Fm— 627,
Put £=+/2y, y=+2x, ¢= %jz and it becomes xx—yy - z2.
Ex. 5. Transform into the standard type
FBr—iy+(1—20) )+ 7wty +iz]+3 [ +2)z—iy+2];
and i (=7 + (e —=2) + (7 — ),
Ex. 6. A quadratic form is the product of two linear factorsif
and only if its determinant is of rank 1 or 2.

Ex. 7. Evaluate Jn jb J/‘ Ve U dedydz, where U and V

—_r —

are real quadratic forms in 2, y, ¢, @, and U+ka® is always positive
or zero ; and similarly for any number of variables.
For instance, evaluate

[ J (22 —2xy + 3yt +4da+4y+16)e™ " dr dy,

= J—»

when 7=x2—2ay+2y%+424+9.
[Express the integral in terms of x, y, 2, where
= x4y 4z La?
Then use

G I T g a2 1
e Cdr = /7, xe " dx = 0, ate V' dr = 2V
— - —r

In the illustration take
a=1 k=—1 x=2—-y+2, y=y+2]

§ 7. Reduction of an Alternate Form.
The alternate form X a;ya;(a; = —o;) con be reduced
to the form
(%, ¥,— X, 7)) + (X, 74— X, 7,) + (X=X, ¥) + oo
by « congruent chunge of varialles.
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Sinee the form is alternate, a,; = @y = ay; = ... =0.
We may suppose without loss of generality that «,, # 0.
Put & for @+ @+ ..+ Uy
1 for — @y Yy— gy Ys— oo = Cm¥m|
g, for g a4 anayt+ ..+, Ty,
1y for — a1 — g Yy — oo = Uyu T
This transformation is eongruent, since a;; = —@ ;.
]
Then 3 arij:i/ixj = .U— (51 Ne— '527’1) +fa
21

where f is a bilinear form in

TB’ x47 e xm; yﬁ’ :'/4’ e ?,/m

only, and is alternate.*

The same process may now be applied to f, and so on.

Finally put

§=antx, &= antx,, n = ayty, ny = ayty,, &e.

This last transformation is unreal if @, is not real and
positive. If «;; is always real, we can perform the reduction
by a real transformation, by taking

&= “lzaxz’ &= (‘12%x1v m= a‘m&Y‘z’ My = (’12%3'1
when «a,, is negative, and so on.

Ex. 1. 4 (2,—22,+82) +9,(— 01—, +2,) +9, 22 +0,+22)
+9y (=31 —2,—22).
Put & =x,—22, 432, M = y,—2y,+3y,,
L= —wy—xytay, M= —Yh=Ys+Ys
and the given alternate bilinear form is
—(Emy—Em) + (s Y=Yy %) = (‘1Yz"‘32Y1)+(33Y4"'x4Y3),
where
x, =§,=(—-2,—2,+2) X, = & =(x,—21,+8%), x,=%,, X;=%3,
and
¥ =M= (==Y + ), F2=1=U—2¥+3%), ¥,=Ys, Ts=Ya
Ex. 2. Reduce to standard form
Yy (@ — ) +yp (@ —11) + 9, (2, —1,)
and
Yy (=2, +22) F oo (= +2,+ 2) 49, (21— 2,4 32,)
4y, (=21, —2,—31,).
* See footnote, p. 73.
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§ 8. Adjoint Bilinear Forms.

The bilinear form

4, (g« « « Ay X,
Uy Qg o o o Moy Ty

— e e e e e 4 e e = > A ij Zl'i 3//
aml am2 ° : ’ a’m m 56,,,

Yo Yoo - - Yn
is called the form adjoint to = ay; Yi%;

Aj; is the co-factor of «;; in the determinant |« | of

S ag ;.

If the rank of Sayya; is <m--2, each of the quantities
A;; vanishes, and therefoxe the adjoint form vanishes iden-
tically.

If the rank of Tag;y;2; is m, the rank of the adjoint form
is also 7 ; for its determinant is {' | }m=1*

The a,d_]omt form of the adjoint form is the original bilinear
form multiplied by {|a]}m-2*

If the rank of S«;y;®; is m—1, the rank of the adjoint
form is 1.

For not all the quantities 4;; vanish while

(lys e ey
A 11 A12 [ *
A A = e e e e X a C.
21 22 . . . . .
“nL;s o ”’m m

Sinee the adjoint form is of rank 1, it is the product of two
linear factors (§ 3).
Suppose it is
(plxl +p2w2 LT 77mwm) ((]12/1 +Q'22/2+ tee +7m?/m)7
where p, %0, q,%0.
Comparing coefficients of #,2,, y,2,, ..., y,%,,, We get
PriPytee i =Ay Ay A
and similarly
Gt e i = As] tAg, Asm'
Since |a| =0, Py, Py ooy P B0 Q1y @py wes G OTC the
solutions of the equatlon%

* Qee, for instance, Burnside and Panton’s Theory of Equations, Ch, XI.
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da  da du da  d da
—=—=,.=—=0,and c-=—=..=— =
2 xl d o d Ty d yl bi’/a b?/m
respectively ; where « = Zuj;y,@;.

Puatting yy =, y,=a,, ., w, =, t;=w; in the
bilinear form and its adjoint form, we obtain a quadratic
form and the «djoint quadratic form.

If the rank of the quadratic form « is <m-—2, the adjoint
form vanishes identically.

If the rank of « is m, the rank of the adjoint form is
also m; and the adjoint form of the adjoint form is the
original quadratic form multiplied by {|a|}"~2

If the rank of « is m—1, the adjoint form is a perfect
squarc (p,x,+ p,x,+ ...+ p,x,)% where g, pl, o, P, are
the solutions of

e Qe It
T bwl!l ‘

Similarly for a Hermitian form.,

dwy T,

Ex. Tind the adjoint forms of
@ ) Fy, (r +20,) and of 42 —2y%—4:2+6yz+Grx—2xy.
[y, Ce—2)+ ¥, (—a;+2,) and —(x—5y—32)2]

§ 9. The Sum of Substitutions.

Let a(x,9), b(x,9), ..., (x,y) be the bilinear forms corre-
sponding to the substitutions A, B, ..., K ; and let S be the
substitution corresponding to the bilinear form

s(ey) =@ y)+8.0 (@) + ...+ k(2,y),
so that
Sij = Ol + Bhy+ okl (6, =1, 2, .0, m).
Then we say that
S=ad+8B+...+«K.

If s (x,y) vanishes identically, we say that

dA+pB+...+xkK =0.

In this case A, B, ..., I are said to be linearly dependent.*

It follows at once from the definition that
P(xA+BDB) =alPA+BDPB, P(xA+pBB+yC)

= al’A+3PB+yPC, and so on.

* If we cannot choose &, 8, ..., k to make X4+ BL+... +x¥K=0, A, B, ..., K
are ‘ linearly independent’.
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Similarly
@A +BB+...+kK)Q = x AQ+3BQ + ... +x KQ.
Again,

PA+BB+...+xK)Q =P (xAQ+BBQ+.. +KKQ)
= 2 PAQ+BPBQ+... +xPKQ.

Ex. 1. If 4, B, C, ..., I are m* linearly independent substitu-
tions of degree m, any othe1 substltutlon S of degree m is linearly
dependent on 4, B, C, .

[We can always find m2 quantities ®, 3, Y, «, & to satisfy
s, =0oa,+Bb, +..+«k, (i, j=1,2, ..., m).]
Ex. 2. The powers A0 (= E), A1(= 4), 4% A3, ... of a given
substitution A cannot be all linearly mdependent
[Use the last Example.]

Ex. 3. If A’ is linearly dependent on A% A, A% A3, .., AL,
S0 are A1+1 A1+2 A'r+

[If 4" = a4’ +q, A1+...+a,_1A' U Afl=q A +a A%+ ...

g AT =a, A+ (ag+a, o) AN+ (ay +a, g a) A2

+(al‘—2+a’2:—1)A’_l']

Ex. 4. If A° Al A% ..., A’ are linearly dependent, but

A% At A% . A‘ are llnewrly independent (I < 7), there cannot
be two dlstmct linear relations between A°, A, 4% ..., A7,

[Elimination of A’ between them would give an equatlon of
lower degree.]
Ex, 5. A+ A’ is symmetric; 4— A" is alternate.

Ex. 6. Any substitution can be expressed in one and only one
way as the sum of a symmetric and an alternate substitution.

[A=3Ad+4)+5(4-4)]

Ex. 7. If A is real, AA’5 0 unless 4 = 0.

[Consider the leading diagonal of 4.4".7]

Ex. 8. If each of the substitutions 4, B, C, ... is pelmutttblo

with each of I, Q, It, ..., any linear functwn of A, B, C, ... is
permutable with any linear function of I, ¢, I, ....

§10. Relations between the Powers of a Substitution.

(I) Suppose that we have a relation
PAT+p AT A p, A, A4 p, A"=0
between the powers of a substitution 4.*

Then we have a similar relation between the powers of any
substitution into which 4 can be transformed.

* AV = B, A' = Ao
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For if S'AS8 = B,
0=_8"(p,d"+p A"+ ... +p, A1+, A°) S
= p,ST1A™S +p, ST ATIS + .+ p,_ ST A +p, STTAS
=p, B +p B+ ...+ p B 4 p, B,
by § 9.
(IT) Again, we see at once from § 9 that if
(P + P+ Pra ) (G0 + Gt Gt 1)
=gt e b e, 4y,
then e A™*¢4e A 4t A +e,, ,A0=0.

(ILI) Yet again, we readily prove that if both

PodT+p AT+, AV p, A= 0, . @)
and QoA+ A L+ A g, A% =0, (ii)
then I)OAl'I" b;Al_l + ...+ bl_IAl + ’)lAO = O,

where byal+b,2' 1+ ...+ is the highest common factor of
P+t 4 p, and gt g L g,

(IV) It follows at once that if both (i) and (ii) are truc,
but A4° A, A% ..., A" arc linearly independent when ¢ < 7,
so that (i) is the equation of lowest degree satisfied by 4, then
qo® + &t + ... +q, is a multiple of pya+pya 4. 4.

(V) We readily deduce that, if 4 is a direct product whose
constituents B, U, ... satisfy cquations

b,BP +b, BB 4. 40 B°=0, ¢,CY+ ¢, 071 4. +¢y0°=0, ...
of lowest degrecs ; then the equation of lowest degree satisfied
bYAls Z)UAr_*_plAl“l_'_.“+prA0____0’
where P+ 1" e,
is the lecast common multiple of

byt +b,@Pt 4. 4+ bg, @Y+ @ 4 Lt cy,

(VI) We now show that if 4 is the substitution of Ch. II,
§ 5, Corollary I, with invariant-factors

(A=a)4, A —a)®, A—a)% ..., where a; > a, > a; > ...

A=), A =B), (A=B)s ..., where b, > b, > b, > ...,

A=7y)a, A=9)%, A=y)% ..., where ¢; > ¢, > ¢; 2 ...,
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then the equation of lowest degree satisfied by 4 is
7)0‘/17"'1)1111'-—1 +1)2Ar—$+ et pr—lAl +p = 0,

where
PoA=0) (A =B (N =y)ts. = PN 4PN F PN L+,
so that r=da;+b+e;+....

By the preceding argument (I) it is suflicient to prove
that the theorem is true for the canonical substitution N of
Ch. II, § 5, into which 4 can be transformed.

Now by (II), if we can prove that
(P — a)m—z-lhn — mol JPm-1 + ::L02a21)m—2 —_ (___ 1)»:0‘mP0 =0’
where I ig

/— il ) ’__ 3 » J — v 0 [ .
oy _aw1+a’2’a'2 =L, Ly s g T AL g Ty By == KRS
then (@ —a)™ = 0, if () is

" /_ vy /— . " v ’ — . Y o /_. g
£y = O(w1+.12, Zy, = o“)2+a’é""’a‘n - Cx“n—l‘*“ﬁz""n = Xy,

where n < .

Hence by (V) it is sufficient to prove that (P—a)* =0 is
the equation of least degree satisfied by £ in order to prove
the property of A referred to.

Suppose P satisfies the equation
e Pl +e, P e P e P = 0.
Then, using the value of P! given in Ch. I, § 8, we have
the m distinet equations
0 =€t+a€t_1+ O(zet_2+ se +a’(50
0= €41+ 20, 00¢ o+ .0+ 1C a1
0= g+ ...+ 10,02,

We see immediately that these cannot be satisfied by

non-zero values of ¢, ¢;, ..., ¢, when ¢t < m; but that they
are satisfied by

t=m, e=1,¢ = —"Ca e,="Cya% ..., e, = (—1)"a™,
since

mop_ mglm-l Cp + 1n02m-2 Cp — m03m-30p +...
m!
= —pr!- (1__1701+P6'2—-P03+ ---) = 0’

1645 L
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Ex. 1. If the characteristic-equation of 4 is
A% g AL g N2 L gy, =0,
then A"t A1y, Am 24, +a, A= 0.
[This is the ¢ Hamilton-Cayley’ relation. It follows at once
from § 10 (I1).]
Ex. 2. The coefficients of the equation of least degree satisfied
by A are rational functions of the coefficients of 4.

[The equation is found by equating to zero the quotient of the
characteristic-determinant of 4 by the least common multiple of
its first minors.]

Ex. 3. If pya™+py2" "1+ ... +p, 12+ p, =0 has r unequal roots,
and p, A"+ p, A" o+ p,_1 A 4+ p, A% = 0, the invariant-factors
of A are all linear.

Ex. 4. Prove the result of § 10 (VI) by using the canonical form
of Ch. II, § 6.

Ex. 5. If A is a characteristic-root of 4,
PN AN 4P, A+,
is a characteristic-root of
PoAT+p, AT 4 4p,_ AT +p, A
[1t is sufficient to prove this for a canontecal substitution.]



CHAPTER 1V

APPLICATIONS
§1.

In this chapter we give a foew applications of the results
obtained heretofore.* For further details we must refer the
reader to the works mentioned in the preface.

The Solution of Simultaneous Linear Differential Equations
with Constant Coefficients.
Suppose we have the cquations
By = an® +apy 4ot ay2, +fi(0)
By = @y + Ayl + o+, +5(0) yerrennen (i)

d’m = a‘)ltlxl + am2w2 + s + a”l"lw”l/ +f))l(t)
where the dots denote differentiation with respeet to a variable
t of which «,, z,, ..., @, are functions, while the «’s are
constants independent of ¢.
We can choose homogeneous linear functions

gl’ fza ceey é.m of wl) w2’ ey Ty
such that, when we express «,, @, ..., w;,, in terms of
& &y vy & the equations (i) take the ¢ canonical’ form

=N+ Bibin+ Filt) (=12, . ,m)on, (i)
where 8; =0 or 1 and is certainly zero if A; % A;,, (Ch. I,
§9.)
The equations (ii) are at once solved. For instance, suppose
the first four of them are

51 = ab + &+ Fi() £2= aby+ &3+ Fi(t),

53 = aé;+ &, + F (1), 54 = o+ Fy(0).
Then we have

&L= e“t{fe'“‘Fl () dt + [ fe~ % F, (t)dt2 + [/ /e XL F(t)dt®
2 3
IR a4 Ko Ko Bk B

* See also Ch, I, § 10, Ex, 11, § 13, Ex. 4, 5; Ch. III, § 6, Ex. 7.
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¢ = eat{ S F ()t + /e F, (t)dt2 + /) /X F (t)dt®

t 2
+ K+ Ky + Km},

b= e Je B, ()4 /oM E ()08 + K+ K, L L

&=t P (t)dt+ K},
where K,, K, K,, K, are the arbitrary constants of integra-
tion. When &, ¢, ..., §, are thus expressed in terms of ¢,
@y, @y, .., &, can at once be expressed in terms of .

In practice, the following method of solving equations (i) is
usually easier,

Let (X,, X;, ..., X,,) be a pole of the substitution 4’

@] = a0+ g Byt o 02, (E=1,2, .., m)

corresponding to a characteristic-root A. Multiply equations
(i) by X, X,, ..., X,, respectively and add. We get

X = AX AL crereereerereerrens (iii)
where x= Xz +X,2,+...+X,2,*
and  f(t)= X, F\(t)+ X, . Fy(t) + ...+ X, F (0).
This gives x=eM{feMFE)dt+K)oorier e, (iv)

If 4’ (and therefore 4) has » distinet poles, we get 7 equations
such as (iii), enabling us to reduce the system (i) to a system
of equations in @, «,, ..., ,_,. We may then apply the
same process to this new system. If » = m, the cquations (iv)
give z,, ,, ..., ¥, in terms of ¢ directly.

The system of equations
])ild‘.l + l’izmlz +..0t bimw'm = WPyt Rt o+ Qg Ty +fi(t)
(t=1,2,...,m)
can be reduced to a system such as (i) by solving algebraically
for &, #,, ..., &,,; or we may obtain an equation such as (iii)
if we choose A, X}, X,, ..., X, to satisfy
(i =Ny ) Xy (@i =ADy) Xyt oo+ (@ = Aby) X, = 0
(@' = 1, 2, veey m)
Elimination of X, X,, ..., X,, gives an equation of the
m-th degree for A; and when X is obtained, we immediately

* The quantity x is sometimes called a ¢ principal coordinate’ ; see § 10.
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deduce X,:X,:...:X,,. Another method of solving equations
(i) is suggested in Ex. 9 to 12 below.

Any simultaneous linear differential equations with constant
coefficients can be put into the form (i).

Suppose, for instance, we have m such linear equations

connectmg Byy Tyy ony Ty s Tyy @gy veny Ty By Ly vy Ty
Fyy By vony Ty

In these m equatlons put p, for &, ..., p, for &,; n for
By, ooy Ty fOr &) 5 0y for iy, L, wy, for @,

Solving the equatlonq, we express 7, Ty, ..., 7, linearly in
terms of @y, ..., @p; Prs ey Pps Tio vons Ty

The m equations thus found form, together with
By =Py By = Py vny By = Prs PL=T1 Py = Ty ey D= T

a system of the type (i), which can be solved as before to
give &, @,, ..., ,, in terms of ¢

Ex. 1. Solve the equations
it =2—y+22—2w, y= —8y—2w, £ = ~204+2y—32+ 3w,
w =2y +w.
[By Ch. I, § 9, Ex. 8, if
E=8x+2z 1 =224+y+22 (=242 0 =y+u,
we have E=—¢(4m, ==, (= —(+0, o= —0;
3242z =(A+Bt)e™t, 2o+y+22 = Be™!,
z+z=(C+Dhe’, y+w = De ]
Ex. 2. Solve the equations
& =38zx+4y+z 9= —y+z ¢ = —2—3y+ez
[Multiply by a, b, ¢, and add ; where (a, b, ¢) is a pole of the
substitution with matrix

8 0 -1
|4 -1 =3,
1 1 1
ie. 8a—c=Aa, 4a—b—8¢c=Ab, a+b+c=Ac.

The only values satisfying these equations are
A=1 aibic=1:-1:2,
These give us z—y+22z = A¢!. Substitute for z in the original
equations and we get
§y= —y+z 2= —4y+3z—Ae.
Multiply by b, ¢, and add, where —b—4¢=Ab, b43¢= Ac.
These equations give A =1, bic=2:-1;
2y—z = (DB+Ab)é.
This gives § = y—(B+A4f)e or y = —(C+Bt+3A4t*el, which
combined with x—y+22 = A¢/, 2y—2 = (B+ At) ¢! gives 2,9, 2.]
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Ex. 8. Solve the equations
= 3x—y} = —bxr+2y+ey) ti+2z—-2y=t } .
9= z+yl’ g= x—6y+e2‘}’ ty+ z+by=1*
Ex. 4. Solve the equations

T=y+z Z=—92—8y+2¢ 2+20x—13y+242=
y=z+x}’ g = 8x+7y—2z}’ y—1bx+ 6y—16z=2t} )
d=ux+y é¢= —8x—8y+ = £—24x—16y—292 = 3t

:i:=cy——bz)

y=az—cx} -

€= bx—cyj

Ex. 6. Solve the equation
oz oz
4x—8y—52) 52+ (—2+2y+2) Sy = 3x—8y—4z.

[This is a linear partial differential equation of Lagrange’s
type. The auxiliary equations are

_dr dy _ dz
dx—8y—b6z  —a+2y+z Sr—3y—4z
adr+bdy +cdz

T (4a=b+8c)z+(—Ba+2b—3c)y+(—batb—4c)z
Choose a, b, ¢ so that
da—b+3c=2Aa, —8a+2b—8c=Ab, ~Ba+b—4dc=Ac,
i.e. so that (a, b, ¢) is a pole of the substitution with matrix

P4 =1 3
-3 2 =3/
| =5 1 -4

These give A= 1land a:b:ic=1:0:-1,

or A=—1and a:b:c=—1:1:2,

or A= 2 and a:bic=-1:1:1,
Hence the auxiliary equations may be written

d@—2) _ d(—z+y+2¢) d(—z+y+e)

@-2)  —(—a+y+2z) 2(—a+y+e)
and the required solution is

(@—=2)(=2+y+28) =f{(z—2f+(—2+y+7)).]
Ex. 6. Solve the equations

d2z oz
S +(3y+4z)@ =2y+b2;

dz d#
—(y+z)a—x + (x+2y+z)w =3x+y+4e
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Ex. 7. Discuss the solution of
=02+ 0,2+ ...+ 0,2, (=12 .., m).

‘When will the solutions be periodic functions of ¢ ?
Ex. 8. Solve the equations

F4+mie=0 F+2x+2y = cosnt

j—miy = O} > i+ x+8y= cos'nt} ’

Y+e+8x—Ty+52=j+8x—Ty+6z =d—j—z+y=1.
Ex. 9. Solve the equations
By = Ty, By =Dyy ey By = Ty &y, = 0y +162x2+ o 0y e
m m—

[We have gd—t":? = ¢z, +e, %? .. te, %;7? ,

which gives z;, and then ,, @y, ..., 2,, are obtained by successive
differentiation. ]

Ex. 10. Use the last example to solve equations (i) of § 1.

[We suppose f, (t), £;(9), ..., S, (f) zero—the method is similar
in the case where these functions do not vanish.

Supposing a,, # 0,
we put a8+ Gy &y + Ay Tyt e g, T, = &)
thus obtaining
& =&, & = Py +Da0Ea 4 Doyt oo F Dy Ty oo
Supposing p,; # 0,
we put Por %1+ P2 o + P33+ v+ Doy, = &,
and so on, till we reduce equations (i) to the form
B=&, =&, ., &1=6, & =emteb+ ..+,
Zyyy = Opy11 @1+ o +0 Mm@y e Tpp = by oy + oo +bmm“'m’

The first 7 of these equations give x,, &,, ..., §, in terms of ¢
as in Ex, 9. Substitute these values in the remaining m—r
equations and repeat the process. As an alternative method we
may reduce equations (i) to the sum of sets of equations of the
type of Ex. 9 by the process of Ch. II, § 6.]

Ex. 11. Solve in this way
T=x+y, g= —x+y, 2=2+2y+2.
[Put z+y=1Y.
Then i=Y, ¥Y=—22+2Y, = —24+2Y+2.
The first two equations give #—2#+2z = 0, whence
z=-¢(Acost+Bsin{), z4y=Y

= ¢! ((4+B]cost+[—A+B]sint),
and then

£—g= —a+2Y =¢((44+2B]cost+[—24 + B]sini)
givs z=¢{C+[A+2B]sint—[—24+B]cost}.]
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Ex. 12, Solve in this way any of the equations in Ex. I,
2, 8, 4.

Ex. 18. Solve the equations

&= —kx,, &y = =kyxy+kx, ;= —kyx3+ky7,, ..o,

By = =Kyt k-1 %y -1
where ky>ky>ky > o>k,
andwhen =0, 2, =q, 2,=2,=..=2,=0.

=" -kt
2, = kyky ... k,_ax ¢ .
[z, = hiky o lyrax 2 (ky=F,) -k, _y—F) (ks —k) ... (k,—k,) ]

e=1

Ex. 14. A substance A decomposes giving off a substance B,
which decomposes giving off a substance (, which decomposes
giving off a substance D, .... Given the time taken by any one
of the substances to decompose to half its original bulk, find at
any instant the amount of each substance present; assuming
that originally a given quantity of 4 is alone present, and that
the rate of decomposition of any substance is proportional to the
amount of that substance in existence.

[We obtain equations similar to those of Ex. 13. For numerical
examples see the Presidential Address of the British Association,
Portsmouth, 1911.7]

Ex. 15. Equal particles are arranged at equal distances in a row
and are connected by light springs each at its natural length.
Find the periods of longitudinal vibrations, and the principal
coordinates when the two end particles are kept fixed.

[We have equations of the type
k¥, = x,—2x,), ki, = w3—2wy+ 2y, .0y
Iy = @, —2x, g+, K, = =2z, +x,_;.

The solution of these by § 1 involves finding the pole of a sub-
stitution similar to that discussed in Ch. I, § 6, Ex. 10.]

§ 2. The Solution of Simultaneous Linear Homogeneous
Equations.

Suppose we have m linear homogeneous equations in
unknowns &,, @,, ..., z,,. We can put these equations into
the form

(@ =A) 1y + a2y + o+ By, =0
a21wl+(a22-A)m2+ “ee +a/2,n$,n = O N (i),

U1 &y + Uy g T+ oo + (amm"' A)xm =0
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where A is any constant chosen so that the determinant

(byy a,, I
gy dgp  + « « Ugy
a ml amz N : * am n

does not vanish.
Then there is no solution of equations (i), excluding

r=e,=..=ux, =0,
unless
A=A g N [,
dy Up—N o o Uy
P - 0.
U Upg + + +» U nun—)‘ ‘

If this relation is satisfied, a solution of (i) is
Tyt xyten i, =X Xyt X,
where (X, X,, ..., X,,) is a pole of the substitution
xtl= ahwl""atzw‘z',' +atmwm (t = 1» ""’ [XX3} m)a

corresponding to the characteristic-root A.

The number of such poles is given by Ch. II, § 5, Corol-
lary V; it depends solely on the invariant-factors of the
substitution which correspond to the characteristic-root A.

In particular, if there is more than one value of

Wy tdy o iy,

satisfying (i), there is an infinite number of values.

Ex. 1. z— y— z—2w=0,
22+ y+4e— w=0
@ + 2— w=0[
x+2y+562+ w:OJ
[The determinant
L —A =1 —1 -2
2 —=A 4 -1
1 0 —-A -1
1 2 b =—A
is divisible by (A+1)? and every first minor is divisible by (A4 1).

1640 M
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Hence the substitution of which this is characteristic-determinant
has a singly infinite number of poles corresponding to the
characteristic-root A = —1, so that the given equations have
a doubly infinite number of solutions.]
Ex. 2. Discuss similarly

x— Yy— £— w= 0’
Sx—4y—4s— w=0!
2x—3y—3z =0,
5x—6y—6s—3w= O)

2p— y—52=0'
r+3y+ 2=0
8x+2y—42=0

§ 8. Collineation.

If two figures are such that each point P of one figure
corresponds to a single point / of the other, while conversely
P’ corresponds to the single point P, one figure is said to be
derived from the other by a collinear, or projective, or homo-
graphic transformation (‘collineation’). First take the case
in which both figures are plune.

If (2, 9,2), («',y, 2') are the coordinates of P, P’ referred
to any two triangles of reference (one in each figure), we have
evidently relations of the form

= Lx+my+nz
Y =0Lo+my+n2 tocvinean, . ()
Z = L+ mgy +ny2

If we choose the triangles of reference ABC, A’B'(" so that
A and A’, B and B’, C and (” are corresponding points in the
two figures, ¥ =2 =0 when y =2 = 0, &e. Hence we have
obviously m,= ny=mn,=l,={;=my;=0. When we are
given the coordinates of another pair of corresponding points
we can find the ratios /; : m,: n,. Hence a collinear trans-
formation of one plane figure into another is completely
determined by the correspondence between four points of one
figure (no three of which are collinear) and four points of
the other.

Suppose that in (i) we replace
@, by a,é+bn+c,¢, Y by ayé+0yn+cy(, 2 by agé+bym+c
and ', ¥/, 2’ by the same functions of ¢, %', {’, and then solve
for &, v, ¢, thus obtaining

¢ =L+ M+ Ny¢ )
)7, = L25+M2U+N2C}o R E XN (11)
(= Lyé+Myn+ Ny
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Then (ii) gives the relation between the coordinates (¢, 7, (),
(&,7, {’) of P and P’ referred to new triangles of reference.*
But if we put # and 2’ for £ and ¢, y and 4 for n and v/,
zf&?d 2’ for ¢ and ¢’ in (ii), we get by Ch. I, § 5, a transform
of (i).

Hence a transformation of the fundamental substitution (i)
defining the collineation is equivalent to a change of the
triangles of reference.

Similarly, if the figures are three-dimensional, we can show
by taking the vertices of the two tetrahedra of reference as
corresponding points that the collinear transformation is com-
pletely determined by correspondenco between five points of
one figure (no four being coplanar) and five points of the other.

It is at once evident that to any number of coplanar points
in one figure correspond coplanar points of the other. Similarly,
to collinear points correspond collinear points, to concurrent
lines correspond concurrent lines, to coaxial planes (through
the same line) correspond coaxial planes, &e.

To four coaxial planes correspond four coaxial planes,
forming & pencil of the same cross-ratio.

For let w =0, v =0 be the equations of two planes in
one figure, and let ' =0, v =0 be the equations of the
corresponding planes in the other figure. Then to the planes

W= AV, W= A0, =NV U=
in one figure correspond the planes
W= NV, W =M, w = Y, u = A
in the other. But the cross-ratio of both these pencils of
planes is  (A;—Ag) (Ag—Ay) =+ (A=A (A3—Ay)-
It follows at once that the cross-ratios of corresponding
pencils of lines or ranges of points are identical.

Suppose now the planes whose collineation is defined by (i)
to be superposed, and the same triangle of reference taken in
each plane. Then P will coincide with its corresponding
point P if z:y:z=a":9/: 2, i.e. if P is (X, Y, Z), where
(X, Y, Z) is any pole of the substitution (i) (Ch. I, § 6).

The number of such ‘self-corresponding ’ points depends on
the invariant-factors of the substitution (i), as pointed out in
Ch. IT, § 5, Corollary V.

* For instance, the equations of the sides of the old triangle of reference
referred to the new triangle of reference in the figure traced out by P are

e +by+cs =0, ayx4by+cgz =0, agx+dgy+cgz =0,
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Transformation of (i) into a ‘canonical’ substitution, which
is equivalent to a suitable choice of a new triangle of reference,
throws the connexion between the coordinates of P and P’
into one of the three types

o=ox+y, Y=oy + 2, 2= az;
= ox+y, Y= ay, 2= Bz;
o=ax, y'=py, 7= ya¥
If the collineation is of finite order, so that when we apply
the collineation n times in succession to any figure we return
to the original figure, the connexion between the coordinates
can be put in the form
o=awm, y'= By, 7=y,
where a, 3, y are roots of unity.
Similarly for three dimensions.

Ex. 1. A collineation of one straight line into another is com-
pletely determined when three pairs of corresponding points are
given. If the lines coincide, there are two self-corresponding
points.

[If », 2’ are the distances of corresponding points from fixed
origins on the lines, we have a relation of the form

pxx’ +1"+mx' +n = 0.
The ranges traced out by corresponding points are, of course,
homographic (projective).]

Ex. 2. Find the self-corresponding points and the vanishing
points (corresponding to the infinitely distant point on the line),
when pairs of corresponding points in a collineation of a line into
itself are at distances from the origin

(i) 83and 1, —3 and —3%, } and —4,

(ii) 1and -8, 2and —5, —2and —3,

(iii) 0 and —3, 1 and —1, 4 and 5.

[We have respectively

22—~/ —2=0, z2'+22+1 =0, —224+2'+3 =0.]

Ex. 8. If two figures are superposable, one may be derived from
the other by a collineation.

Find the self-corresponding points when one figure (in three
dimensions) is derived from the other by rotation about an axis,
a screw about an axis, or a translation.

Show also that two figures each of which is the reflexion of the
other in a plane may be derived from each other by a collineation.
and find the self-corresponding points.

* @, B, v are not necessarily unequal.
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Ex. 4. If a collineation of space into itself is of order 2, the
segment joining corresponding points is divided harmonically by
a fixed point and a fixed plane, or is divided harmonically by two
fixed lines. What are the self-corresponding points in the two
cases ?

[The equations defining the collineation may be put into the
form Y= 9=y =2 W= —w,
or d=a, Y=y, = —z = —w]

Ex. 5. What are the corresponding theorems for the collineation
of a line or of a plane into itself?

Ex. 6. In a collineation of a plane into itself pairs of correspond-
ing points have the homogeneous coordinates (1, —1, 2) and
(0,1, 4), (0,0, Y and (1,1, —1), (1, 1, 1) and (--1, 3,8), (0, 1, 0),
and (1, 0, 2).  Find the self-corresponding points.

[If =/, ¥/, 2)) and (=, y,, #,) are a pair of corresponding
points (2 =1, 2, 3, 4), equations (i) give us

Zz’ (ll"rz +m1.1/L + ”lzz) = xtl (ldxz +m.iyz+n3zz))
and seven other independent linear equations to find the eight
ratios I 1myimy il imyimy:limin,, remembering that we only
know the ratios z,:y, 2" and z,:y,:2,. In the case hefore us
equations (i) become o'=z—y—z, y'=4rv—2, '=42—-2y+z;
whose real pole is (1, 5, —6).]

Ex. 7. In a collineation of a plane into itself the points (1, 0, 0)
and (0, 0, 1), (0, 1, 0) and (1, 0, 0), (0, 0, 1) and (5, —1, 4),
(4, —=2,1) and (1, —1, 0) correspond. Find the self-corresponding
points.

[We have o'=2y+52, y'= —z &= —r+4z with poles
4, —1,2) and (3, —1,1).]

Ex. 8. In a collineation of three-dimensional space into itself
the points (1, 0, 0, 0)and (1, 0, —2, 0), (0,1, 0, 0) and (—1, —3, 2, 2),
(0, 0, 1, 0) and (2, 0, —3, 0), (0, 0, 0, 1) and (=2, =2, 3, 1),
(1,1, 1, 1) and (0, —5, 0, 8) correspond. Find the self-correspond-
ing points.

We have

‘= a—y+22—2w, y'= —8y—2w, &'=—2r+2y—82+ 3w,
w'=2y+w,
with poles (X, —2, 1-X, 2), so that any point on the line
Yy+w=2x+y+22 = 0 is self-corresponding.]

Ex. 9. In a collineation of a plane into itself the points whose
Cartesian coordinates are (0, 0) and (0, 0), (0, 1) and (O, 2), (1, 0)
and (2, 1), (1, 1) and (8, 4) respectively correspond. Find the
self-corresponding points and the vanishing lines of the plane.
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[We may take ¢’ and # unity in equations (i), so that a collinea-
tion of a plane in Cartesian coordinates is given by equations of

the type _ li:filnly:m’ oy = 2T MY +ny
lx+my+n lx+my+n
In this case these equations become
;i 12z ,_ 63410y
= Sasaywr YT Temagew
or = 35« =212+ 42y

—+124/460° YT —w 1124460

Therefore the self-corresponding points are (0, 0), (0, —32),
(—%, —%%), and the vanishing lines are £+ 2y =7, 2 =12y +60.]

Ex. 10. Discuss similarly the case where the corresponding
pairs are (0, 0) and (0, 0), (1, 1) and (2, —1), (0, 2) and (—2, 4),
(—2, 0) and (2, 2).

/e r+y ’r w_zy
= Y =oysr]

§ 4. Geometrical Movements.

Suppose that two real three-dimensional figures correspond
to one another in a collineation, in such a way that the
distance between any two points in one figure equals the
distance between the corresponding points. Then one is said
to be derived from the other by a ¢geometrical movement ’.
Suppose that there exists a real finite self-corresponding
point O. It may be taken as the origin of rectangular
Cartesian coordinates. If P (x, v, 2), and P’ (, 3/, 2’) are
a pair of corresponding points, we have a relation (i) of
§ 3, which represents a real orthogonal substitution, since
0P = 0P~

This relation can be transformed (Ch. I, § 15) into

&'=cos0.x—sinfd.y, y=sind.x+cos6.y, 2’= +2
by areal orthogonal substitution, which is equivalent evidently
to a new choice of rectangular Cartesian axes having O as
origin.

%ut this new relation informs us that I’ is brought to
coincide with P’ by a rotation through an angle  about the
axis of 2, or by such a rotation followed by a reflexion in
a plane through O perpendicular to this axis.

Hence :—

Any geometrical movement leaving « point O unmoved is
a rotation about an axis through O, or such a rotation followed
by reflexion in « plane through O perpendicular to this axis.

This result can readily be proved by geometry.
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Ex. Any movement whatever is equivalent to a translation
(without rotation) of one figure followed by a movement leaving
one point unmoved.

Deduce that the movements in which there is no fixed finite
point are a translation, a screw (translation parallel to an axis
followed by rotation about that axis), and translation followed hy
reflexion in a plane parallel to the direction of translation.

Find the infinite fixed points in these cases.

§ 5. Solution of a Quartic Equation.*

The equationin ¢
@yt + 4,13+ 6a,t? +dagt+a, = 0

can be solved as follows : —

The left-hand side of the equation

att+4u, P+ 6a,t* +4agt +a,

is equivalent to

w® + (g — oy 0) y* + ay 2* + g Yz + 2 (¢ + 20, 0) 22 + 2a a0y,
where x=1t y=2t z=1.

Now this last expression can be expressed as the sum of two

squares (Ch. III, § 6), and can therefore be at once factorized,
provided

Uy ty a,+2a,0

oy Ag— o0 g =0,
D

a4+ 20,0  ay ty

which is the well-known ‘reducing cubic’ of the given
equation f

Ex. 1. If 0 is any voot of the ‘reducing cubic’, prove that
ag (agtt +4a,°+6a,t* +4ast+a,)
= (a2 +2a,t+a,+ 2a,y0)?
— 2tV aE—aya,+ a0 + V(ay+ 2a,0F — a, )
= {42 (0 + Vo =0, + 42 0)t + ...}
(@242 (0= v a2 = a2y, + ag*0)t 4+ ...
Ex. 2. Show that, if o, /3, 7, 0 are the roots of the quartic, and
60,, 0,, 0, the roots of the reducing cubic,

@y (x—B=y+9) = 4 Va2 —ayay+ a,28,, &e.,

* See Hoilermann, Zeitschr. Math. Phys,, xliv (1898), p. 234.
+ See Burnside and Panton’s Theory of Equations, Ch, VI.
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and hence that
X =(—a,+e,—e—e), a,8=(—a,—e;+c;—ey),
2y =(—ay—e —ey+¢3), ayd = (—a,+e +ey+ey),
where e® = a,%—a,a,+ay20;, &ec.,
and 2e, 6063 = Baga,a,—20a%—ayas.
Ex. 8. Prove that 126, = 2(By+ ad)—(yo + Bd)— (B + ¥0), &e.
Ex. 4. Solve the equation #*+12¢{+3 = 0.

[The reducing cubic is 463—30—9 =0, one of whose roots
is 6 = . The given equation becomes

0=2?—3y*+822+6yz—~6z0 = (z+32)°—3 (y—22)%
where x=1 y=2t 2= 1.
Therefore the given equation is
(2—v/6t+34v6) (24 ,/6t4+3—+6) = 0.]
Ex. 5. Solve tt4+ 68 +12¢24+14¢4+3 =0,

t+12¢ —b =0,
46442443 424122848 = 0,
t4+ 62— 4t +24  =0.

§ 8. Critical Values of £a;x;x;(i,j=1,3,..,m)

If the determinant of the real quadratic form
3 @ (ag; = aj;)
is of rank 7, we can find by Ch. III, § 2, real independent
linear functions x,, x,, ..., x, of @, @,, ..., @,, such that
Sagrix; = MEPH A X,
where A}, A,, ..., A, are the (real) non-zero roots of

ay—=\ Ce e A
Uy Ugy,—N o L Ay,

- : =0uiiviininnnnn(i)
Ui L e

Now S = A x.2+ A, x,2+ ... +A,%,2 cannot be critical unless
its first partial derivatives with respect to x,, x,, ..., x, all
vanish ; i.e. unless x, =x, = ... =x, = 0. It will really be
critical in this case, if and only if Aj, Ay, ..., A, have the same
sign. For if A, > 0, A, < 0, 8 is positive when

X, =X=..=X,=0,
and negative when x, = x,=...=x,=0.
Hence 2a;;a;z; has & maximum value if A, A, ..., A, are
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all negative, and a minimum value if A;, Ay, ..., A, are all
positive ; but has no critical (maximum or minimum) value in
an£ other case.

et f(x,, %5, ..., 2,) be any function of z, ,, ..., z,,, such

that 2 3 _ 2 _,
bxl_ be— T me— '
when 2, =X, 2,=X,, ..., 2, =X,,.

Put T, = X]'l"fl’ Ly = X2+£2' vy Ty = Xm+‘$m'
Then if
f(ml’ Ly eoes wm)"f(Xv X2’ A Xm) = Eaijfigj +R,

where R contains terms of the 3rd, 4th, ... degrees in
£y &y voes £ Sy, @y, 0, ) will be critical or not critical
when =X, 0,=X, .., 2,=4%X,
according as the non-zero roots of (i) have or have not all the
same sign; provided we may assume that Sa;;§;§;+ R has
the same sign as Zay; §;&; for all values of I
numerically less than a given quantity ¢&.

The assumption is not «lways justified, as may be seen
by taking the simple example

f=38xt—dale,+a? X, =X,=0, { =242,
when a6 = 44" and ay§é+ R = =61
The following method 1 is often of practical value :—
Suppose f (x, y) is any polynomial in « and 7. We can
o oOf _3f
find its critical values as follows. Suppose o=y =
when 2 =a, y=0b.

Then f(z, y)—f(a, b) = 0 is the equation of a curve with
a real double point at (a, b).

If a real branch of the curve goes through (a, b), then
f(x, y)—f(«, b) changes sign whenover the point (x, ) crosses
this branch as it moves in any manner near the fixed point
(a, b). Hence f(x, y) is critical when @ = «, y =, it and
only if f(x,y)—f (a,b) = 0 has no real branch passing through
the real double point («, b).

To find whether such a real branch exists, transfer the
origin to (@, b) and use Newton’s diagram.

Similarly we may discuss the critical value of any poly-
nomial f(x, ¥, 2) in three variables z, y, 2.

J?

* ;= in general.

QX dX;
+ Bromwich, Quadratic Invayian's, § 9
1645 N
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Ex. 1. 22482 +422+42y2+222—2xy is a minimum when
r=y=g= 0.
[ 1= =1 1
[1—1 3—A 1 = —A348AZ—16A+2;
| 1 4—2
and the roots of A3—8A%+16A—2 = 0, which are certainly real,
are evidently all positive
Another method of proof is to express the given quantity in the
form (x—y+2)2+2(y+2)2+2% asin Ch. IIL, § 6. It is then seen
to he a minimum, as stated above.]
Ex. 2. Discuss
24 Qay+ 22, 2+ 22—2yz+ 222+ 22y,
24 5y2 442t —2yz—2zx+ 42y,
@+ 2% + 622 4+ 12002 + 2yz — 220 + 2ay — 2000,
Y2+ 22+ 1Y + 000 + Yw + 2.
Ex. 3. Find the critical values of
f(x, y) = 8a°+ 68y —2y3.
55_@_0 when t=y=0, orz=1, y=—-L
f(z,y) = £(0, 0) has real branches through (0, 0); but
Sz, 9)=/01, =1)
has an isolated point at (1, —1), as is seen by transferring the
origin to this point.
Hence f(z, v) is not critical when # =y = 0, butis a minimum
when z=1, y= —1.]
Ex. 4. Find the critical values of
Tyt + 1423y + 677, 2*+y° —3axy, » (2 +y°)—Baxy,
225+ yp —baty, at4yt—2a2 +4dxy—297
222 +6¢% (B2+2y), 2yz+(y+2)* + (@ +2);
Y+ 228 =5t + 445

[bf_ of _

§ 7. The Classification of Conicoids.

Suppose

S = aw® +by? + e + dw? +2fyz + 292
+2hxy +2lxw+2myw+2nzw =0

is the real equation of a conicoid, «, y, 2, w being homogeneous
coordinates.

By a real (orthogonal) change of variables, .S may be reduced
to the form (Ch. III, § 2)

8 = A X 2,724 A28 + A W,
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where A, A,, Ay, A, are the real roots of
a—\ h g l
h b—\ f m
g f c—=A n
{ m n d—\
Geometrically this is equivalent to taking a self-conjugate
tetrahedron as a new tetrahedron of reference.
The nature of the conicoid will be determined by a know-
ledge of the values ), A,, Ay, A,
First suppose nonp of A, A,, Ay, A, zero; i.e.

a b g
A=k b fom
=y f ¢ m

Em n d
is not zero (is of rank 4).

We have then three possibilities :—

(1) Ap, Agy Ay, A, have all the same sign. Then S = 0 is an
imaginary conicoid; for 8 (and therefore S) is always ome-
signed for real values of , y, 2, w.

(2) Three of Aj, Ay, Ay, A, are positive and the fourth is
negative, or vice versa.

Then S =0 is a real conicoid with unreal generators; for
the generators of 8 = 0 are

[MEx+(=A)ty] = [(=Ay)te+ 2} w] }
k [)\I*x—(—)\2)iy] = [(_)‘3)*3“)‘}‘”]

[Mix+ (=0 )hy] =k [(—A)tz—)tw] }
ENEx—(—2)ty] = [(=A)z+atw]

(8) Two of A, Ay, Ay, A, are positive and the other two are
negative.

Then S =0 is a real conicoid with real generators.

Next suppose one of A, A,, A, A, (say A,) is zero; so that
A is of ranll){ 8 since the determinant of 8 is evidently of
rank 3 (Ch. I1I, § 6).

Then § = O is & cone with vertex at x =y =2=0. The
cone is imaginary if A;, A, A, have the same sign ; and is real
if two of A;, Ay, A; are positive and the other negative, or
vice versa.

Next suppose two of A}, Ay, Ay, A, (say A; and A,) are zcro,
so that A is of rank 2.

Then S =0 is a pair of planes meeting in the real line
x =y = 0. The pair is imaginary if A; and A, have the same
sign, and is real if A; and A, have opposite signs.

and
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Lastly, suppose three of A;, A, Ay, A, are zero, so that A is
of rank 1.
Then S = 0 is a pair of coincident planes.

Now let S=0 be the Cartesian equation obtained by
putting w =1.
Lot p;, pys 13 be the real roots of

a—p h g
Lo b—p f =0 (i)
g f c—p

The consideration of the nature of the cone
ax? 4+ by? + c2* + 2fyz + 2 gzw 4 Rhawy =0,
joining the origin to the intersection of the conicoid with
the plane at infinity w = 0, leads at once to the following
results :—
First let A # 0.

If a h g
D=|h b f|#0,
g f e

the conicoid is an ellipsoid when u,, py, p3 have the same
sign, and a hyperboloid when two of w;, p,, pg have one
sign and the other has the opposite sign¥ If p, =0 (D of
rank 2), the conicoid is an elliptic paraboloid if w, and p,
have the same sign,T and is a hyperbolic paraboloid if x, and
u, have opposite signs.

Next suppose A of rank 3.

If D= 0, the conicoid is a cone.

If =0 (D of rank 2), the conicoid is an elliptic cylinder
when 1, and p, have the same sign,§ and a hyperbolic cylinder
when p; and p, have opposite signs.

If p,=py; =0 (D of rank 1), the conicoid is a parabolic
cylinder.

Next suppose A of rank 2.

If p; = 0 (D of rank 2), the conicoid is a pair of planes.

If py=py, =0 (D of rank 1), the conicoid is a pair of parallel
planes.

* Since ax?+by?+c2+2fyz+2 gzx+2hay is reduced to pyx?+ p; y2 4+ pgu? by
a real orthogonal substitution, the conicoid will be one of revolution if two of
Wi, Moy My are equal (and a sphere if all three are equal) on the supposition
that the Cartesian axes of reference are rectangular.

+ A paraboloid of revolution if p = pg.

1 A right circular cone if two of py, p,, py are equal.
§ A right circular cylinder if u; = pq.
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It should be noticed that we are only concerned with the

signs of A;, A, Ay, A,. If we reduce S to the form
ME+AN+ AL+ Ao

by any real transformation (for instance, by the method of
Ch. I1I, § 6), it will follow from Ch. IIl, § 2, that the signs
of A;, Ay, Ay, A, are the same as those of A}, A,, Ay, A,

Similarly for the reduction of

ax? + by + c2® + 2fyz + 2 gz 4+ 2hay

to the sum (or ditference) of squaies.

Ex. 1. Find the nature of the conicoid
22424224 2y2—22—-8y—3 =0.

[Equation (i) is A*—24A%+40A—16 = 0; three of the roots of
this equation are positive and one negative, so that the conicoid
has no real generator.

Equation (ii) is u (v —1) (. —2) = 0; one root of this equation is
zero and the other two positive, so that the conicoid has two
imaginary generators at infinity.

Hence the conicoid is an elliptic paraboloid.

Otherwise : write the conicoid as

(=10 +(@y+2)*+4y*—4(y +1)* =0,
and the terms of the second degree as 2%+ (y+2)%]
Ex. 2. Discuss similarly

224+ 4y2—22=2yz—zr+day+22 =0,
22+ 9y*—6xy+2y—42=0,
— 42249y —22+ 8 +4ex+4x—12y~22 =0,
22—4y?—3:2+8yz+2zx+22 =0,
5@2+y*+2%)—8yz+6ay+22 =0,
2024 3yt + 2 —2yz—4ary+dr—4y+2 =0,
2xt+ b6y + 22 —day—2x—4y—8 = 0.

[Hyperbolic eylinder, parabolic eylinder, real plane-pair, hyper-
bolic paraboloid, elliptic paraboloid, unreal plane-pair, ellipsoid of
revolution.

Ex. 8. Discuss similarly

22+4+2nz+2fyz+2g2x+2hry = 0,
24+ y*+ e+ 2920+ 2ne = 0,
2yz+ 220+ 20y —20—4y—62+d =0,
Ex. 4. For what value of % is
a2 46yt —22% + kw?—6yz +2ex—4ay +2aw—6yw+ 822 =0
(i) a cone, (ii) a conicoid with real generators, (iii) a conicoid with
unreal generators.

k=1, k<1, k>1]
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Ex. 5. A real conicoid touching the edges of the tetrahedron of
reference can be put in the form

a?2? +b%y? + c22? 4 d?w? — 2beyz — 2cazx ~ 2 abxy ~ 2 adzw
—2bdyw—2cdew = 0,
and it has no real generator.
[Equation (i) has —16a%b%¢®d? as the product of its roots.]
Ex. 6. Discuss
a’x? 4+ V2y% 4 ¢ 2% + dPw? — 2beyz — 2 cazr — 2 abxy — 2 adrw
—2bdyw + 2cdew = 0,
mnye + nlzx + Imzy + paw 4 mpyw + npzw = 0.
[Cone ; no real generator.]
Ex. 7. Find the asymptotes and centre of the conic
22 —8xy+2y*+3x—4y = 0.
[Applying the method of Ch. 111, § 6, we get
2*—3ay+2y°+32—4y = (e—Fy+3)*—(Fy—3'—2
Hence the asymptotes are (zx—3y+3)2—(3y—3%?=0, and the

centre is (z—3y+3)=(3y—%)=0; ie the asymptotes are
(t—y+1)(z—2y+2) = 0 and the centre is (0, 1).]
Ex. 8. Find by the method of Ex. 7 the asymptotes and
centre of 32 —bry—2y*+ 9r—~4y—12 = 0,
22—2y—2y*+32+8 =0,
422+ 24xy+ 11942+ 182—11y—-2 =0,
522 —4da2y+8y*—20x+8y—16 = 0.
Ex. 9. Find the asymptotic cone and centre of the conicoid
iyt =224 2y2+ 2252y +22—6y+224+2=0.
[Applying the method of Ch. III, § 6, we get
224y —2t 4+ 2yz+ 220 —2xy+22—6y +22+2
= (z—y+2+1)=2@y—2f+2(y—-17-1.
Hence the asymptotic cone is
(@—y+e+1P=2(@y—2P+2(y—13 =0,
and the centre is
(z—y+2+)=(@y—2)=(@y-1)=0, ie is (—1,1,1).]
Ex. 10. Find by the method of Ex. 9 the asymptotic cone and
centre of
T2t +06y*+522—4yz—4day— 140+ 12y —102+21 = 0,
2?4224+ 220 —2xy—42+22—1 =0,
2242924622 —2yz+42x—2a0y—22+4y+2¢+1=0.
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{ 8. The Tangential Equation of a Conicoid.

The condition that the conicoid N of § 7 should touch the
plane Az+py+vz+7ww =0, i.e. the tangential equation of
the conicoid, is (A, u, v, 7) = 0, where
= (x,y, 2, w) = Aa® + By? + C2® + Dw’ + 2 Fyz 4+ 2 Gax

+ 2 Hay + 2 Lxw + 2 Myw + 2Nzw
is the quadratic form adjoint to S (Ch. III, § 8).

If the conicoid reduces to a pair of planes, the determinant
A of § 7 is of rank 1 or 2, and hence (A, p, v, w) vanishes
identically.

If the conicoid reduces to a cone, A is of rank 3. Hence
(A v, m) is a square, and = =0 represents a pair of
coincident points.

This pair is the vertex (X, Y, Z, W) of the cone. For since
the polar plane of any point with respect to a cone passes
through the vertex of the cone, =X, y=Y,2=Z w=W
is a solution of

S 8 S S
dx dy  dz dw

Hence by Ch. IIL, § 8,

S pr,m) S AN +pY +vZ+aW)

Ex. 1. The tangential equation of a conic which is a line-pair
represents the intersection of the pair twice over; unless the two
lines coincide, when the tangential equation is an identity.

Ex. 2. Interpret the results of § 8 and Ex. 1 geometrically.

[For instance, any plane touching a cone passes through the
vertex ; so that the equation = = 0 cannot represent anything
but the vertex. But T is of the second degree in A, u, v, m, and
therefore = = 0 must be the vertex twice over.]

Ex. 8. If we change the equation of a surface by operating with
a substitution 4 on the variables z, ¥, 2, w, we obtain the new tan-
gential equation of the surface by operating with A’~"!on A, g, r, =

§ 9. Relations between Two Conics.

It was pointed out in Ch. III, § 1, that if we transform the
quadratic form

. 2 (ay—Abyy)a;aj, where ay; = a;; and by = by,
into "EJ (('ij —-)\(l”) xixj

by suitable change of variables, the determinants of the
original and transformed quadratic forms have the same
invariant-factors,
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Take now the case of three variables , ¥, z; and let
S = ax® +by? +c2? + 2 fyz +2gzx + hay,
‘= d'?+ VR + R+ 2 fyz+ 29 2w+ 2 wy.

If the conies S =0, &= 0 have the relation shown in the
third column of the appended table, it is possible by a suit-
able change of variables (i.e. a suitable choice of triangle of
reference) to transform S into ¢ and S into ¢’, where o and
o’ are given in the second column.

The invariant-factors of the determinant of o—Ao” given
in the first column of the table are obvious by inspection, and
they are the same as those of the determinant of S—AS”.

Since column 1 gives every possible combination of in-
variant-factors, and column 3 every possible relation (of the
kind considered) between the conics when S’ is non-degenerate,
we may conclude conversely that a knowledge of the invariant-
factors of the determinant of S—AS” gives us the relation
between the conics.

Invariant-

factors. Simplified equations. Relation between conics.

()\-—0() ”Eax2+,3y2+752
(a=y) | =

No special relation.

A=) | 4 = s+ oyt + Bt
(—p) | o=attyited

Conies have double contact.

_0\"'0() o = ot +oy?4oe?
A—a) S g Toyt Conies coincide.
(A—a) | == +yt+ 22

(A=) | 7 =202y +y*+Pe*
A—=8B) | d=2zy+22

Conics have single contact.

A—a)? | o =20ay+y2+ ozt Conies have four-point con-
A—0) o' = 2ay + 2 tact.

0 = o(2xz+y%)+2ye
(A —a)? (222 +97)+2y Conics have three-point con-

o'= 2x2 +y? tact.

A similar method can be applied to two conicoids.*
* See also Ch. IX, § 8, Ex. 4.
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For the sake of completeness a table of the results is given,
adapted from Bromwich’s Quadratic Invariants, p. 46.

I?vanfmt' Simplified equations. Relation between conicoids.
actors, -
(A _ a) 2 2 2
= 2
(;::'B) 6,: 0(2:1; +2ﬂy :732*‘ S No special relation,
?)\ g; o=+ P2+ 24w
A~o) :
(A—o) o= az®+ oyt + B2+ yw? | Conicoids meet in two
((?\_’[j% O-’E x2+!/2+.5'2+ “'2 conics,
-V
(A~ |
(A—a) o = o +oyt +B22 4+ 3w | Conteoids have four genera-
&_g) o’ = g2 +]j2 + 22+ w? tors in common.
=B)
(-2 ,
(A—o) o = aa?+ oy’ +az’+ Bw* | Conicods have 11ng-con-
()\—-0(} 0'= 224yt 4 2%+ w? tact.
(A-B
(A—og
(A—0) o = aat+ayt tost o Conicoids coincid
%A_O(; 0= Ryt 2wt onic incide.
A—
81:?-};‘ 7 = 20y +y*+ B+ ywt Conicoids touch at one
(\—7) o= 2ay + 22 +w? point,
ey :
gi — g; o= 20y 4y + o+ Bw? | Conicoids meet in two conies
(A—p) o'= 2xy + 22+ w? which touch.

A=o)? = 24 (322 2 | Conicords meet in a conic
(A B) (r,: 2oy +2:I/ +£ “tPuw and two generators in-
\— o'=2ry+ e +w tersecting on the conie.

A=A

— )2 ; .
(i % g = 202y +y* + e + &Xw® | Conicords touch along two
E/\ - g{ 0'= 2uy+ &2+ w? generators.
(AN=0)? | 0 = 20xy+y*+2Bew+w? | Conicords meet in a genera-
A=B)2 | o'= 2uy + 2ew tor and a cubie.

1640

—
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Invariant-

factors. Simplified equations, Relation hetween conicoids.

A—a)2 | 0 = 2xxy+942+2x 2 | Conicoids meet in four gene-
( C!) _ Wy taxzwtw rators, two of which coin-

A=0)? | o'=2zy+ 22w cide.

(A=o) | 7= (222 +9%) + 292+ B* | Conicoids have stationary
A=B) | o'=2xz+y* +u? contact at one point.

Conicoids meet in a conic

Al = (2 7% + 21, xw? and two generators which
(i\\ %) 0,___' ‘0(( xzt‘/ )+; Yz +oaw meet on the conic and
A=) o' =222+ y* +u* whose plane touches the

conie.

=x(2 9 2| Conicoids meet in a genera-
7 (2w +2y2) + 24w+ 2 tor and a cubie touching

A—a)t —
( ) d=2xw+ 2.712' the generator.

Ex 1. S=a?—224+2224+2y2 =0, 8'=12%+ 322+ 222—2y2=0.
[The determinant of S—AS’ is

1-\ 0 1-A
0 0 1+A | S(A—1)(A+1)2
1-A 14X —1-3A

A+1 is a factor of each first minor ; therefore the invariant-factors
are A+1, A+1, A—1, and the conics have double contact.]

Ex. 2. S=9*+2y2—22+2a02 =0, 8'= y®+222=0.
[The determinant of S—AS’ is

0 0 1—-A
0 1-A 1 = (A—1p.
l1-a 1 -1

A—1 is not a factor of each first minor. The invariant-factors are
(A—=1)3; and the conics have three-point contact.]

Ex. 8.
S=622—y2+222+6yzs+42y=0, S'=322—py?— 22— 622 —22y=0.
S=a?+22x—yz =0, '=a?—8e%+ 222 —4yz = 0.
S=y*—4as—82% = 0, S'=y2+4yz+ 422+ 222 = 0.
S=a2+y2—22 = 0, 8'= 2%+ 92 +222 = 0.
S=at+yt=—yz—zz =0, "= 2%+ 8y’ + 22 =4y —2e2=0.

[No contact, double contact, simple contact, four-point contact,
three-point contact.]
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Ex. 4.
S=38y24+722+16u?+10yz—4 22+ 4y —4ow—14yw—1820=0)
S =522 +2y%+ 322 + 5w+ 4 —4ay+ 4daw—06yw—220=0 i
S =yz—azw=0, S'=yz+rw=0.
S =—4x2+8u?—4yz—8zx—4daw—2yw—122w =0 } .
S =422+ 92+ 5224+ 20+ 4yz +82x+ 6.xy + 4w+ 2yw+ 220=0
S =2 —8ay+2y%2+ 22w = 0, S’ =222+ xy—3y*+ 22w = 0.
[Ring-contact, four generators in common, contact at one point,
contact at two points.]
Ex. 5. The conics § =0, §’= 0 have a common self-conjugate

triangle if and only if the invariant-factors of the determinant of
§—AS8’ are all linear ; and similarly for conicoids.

§ 10. Small Oscillations about a Position of Equilibrium.

Suppose a dynamical system is oscillating about a position
of equilibrium,

Let the configuration of the system be known when the
values of the ‘gcneralized coordinates’ a, @,, ..., @, are
given; which coordinates vanish when the system is in its
position of equilibrium.

Then the kinetic energy 7 of the system is approximately
of the form Zb;;&;d;, and the work U done by the forces
acting on the system when it is displaced from tho position
of equilibrium to its actual position is approximately of the
form ¥ a;ww; *

Now 7I'= Sbya; is essentially positive.

Hence (Ch. IIT, § 6) we can find real lincar functions
& &y sy & O @y, iy, o, 2y, such that 7' becomes

EIZ + 622 + s + 6"7:2’
while U becomes a quadratic function of &, &,y «ovy &

Now (Ch. IIL, § 2) we can find real linear functions
Xy, Xy, ooy Xy, Of &, &, oy €y, and therefore of &, &, ..., Ty,
such that T'= £2+&,2+... +,2 becomes x2+X2+...+X,7
while U becomes \, x> +A,x, 2+ ... + A, X, %

By Ch. III, § 1, the determinants of the forms
ijxiwj—)\z bth.’l}"
are the same except for a constant multiplier.

Shx2—AZx? and Ea

* Soe Routh’s Rigid Dynamics, i, Ch. IX, a;; = «,,, b,j = bj;. Dots denote
differcntiation with respect to the time ¢
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Hence A, A,, ..., A, are the roots of the equation

Dty =Aby  ayy—Aby, o . Ay —ND

1m
Uy —Aby  wy—Nby, .. Uy —

|
|
=0
Wy =Abyy @y —Nbyy o« o« — D
Now applying Lagrange’s equations
d bT) 3T U

min

dl b_—i:i dx; Ei
to T=x24+%52+..+%,% US ANx240,% 4., +1,X,2
we get E=Mx0=12 ..,m);
whence  x; = A;cos (v —A;t+0), if A, is negative,
or x; = A;cosh (vt +a), if A; is positive,

where 4; and «; are constants.

Hence the system, when slightly displaced in any way from
the position of equilibrium, will oscillate about that position
with a motion compounded of simple harmonic motions of
periods

2n/V =\, 27/ =N, ., 2n /v —Ns
if and only if A, A, ..., A, are all negative; i.e. if U is
a maximum in the position of equilibrium (§ 6).

If one or more of the quantities A, A, ..., A,, is positive,
the position of equilibrium is unstable.

Quantitics such as x;, x,, ..., x,, satisfying a relation of
the form x; = \;x; arc called ‘ principal coordinates’ of the
motion near the position of equilibrium. They may be more
casily obtained in practice by applying Lagrange’s equations
to TEEZ)”.’IJt@:’ and UE Ea”wla,‘].

We thus get m equations

bilail + bi2"t2 tot bi:n‘iim = Uiyt Qg+ g, Ty
which may be solved as in § 1.

Ex. A uniform rod of length 2a hangs from a fixed point by
an inelastic thread of length £a fastened to one end of the rod.
Find the periods of small oscillation in a vertical plane about the
vertical position of equilibrium.

[Let m be the mass of the rod, 8 and ¢ the angles which the
thread and rod make with the vertical.
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Then 1= ma?[f 62 +4 0 cos (0— ) + 3 ¢2],
U= mag(¢cosf+cosp—2);
or approximately, since 8 and ¢ are small,
T= ma (5 02+ 406+ 6%, U=mag(—362—}¢2).
Hence the periods are 2m/+v/ —A; and 2w/+/ =X, where A; and
A, are the roots of

| —3g9-55ah —%al —0.; —
—Zax —ig—3an =0, L.e. (2aX+159)(2ar+g) = 0.]

Other examples will be found in text-books on Mechanics.

{11 Thomson’s and Bertrand’s Theorems.
If, as in § 10,
TE qujd’id’j ('i,j = 1, 2. ceny m)

is the kinetic energy of a moving system,

l’n blz ... bz’h
b-u bzz s b2k ¢ 0,
‘ bkl I)IAZ . o . [)kk

For otherwise T would vanish when

¢k+l = ':i;k+2 =..=8, =0,

but not all of &, @,, ..., &, = 0; which is impossible from
the dynamical meaning of IJ

We can therefore, by Ch. III, § 4, express 7' as the sum
T,+T, of a quadratic function 7, in £, &,, ..., & and a quad-
ratic function T, in dy ., @45 «ory &,,, Where

& = bpa + byt o by, E=1,2, ..., k).

Neither T nor T, can be < 0 for non-zero values of the
variables concerned by the dynamical meaning of 7.

Suppose now the system was started from rest by impulses.
We may choose our generalized coordinates so that the
velocities of the points at which the impulses are applied are

given by the values of @, @4y, ..., %, while the values
of &, &,, ..., & or of 51, Sz, v &1 give the initial velocities
of other points of the system.

Applying Lagrange’s impulse-equations to 7' when T is
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expressed in the formm 7, +7,, we get in the actual initial
motion L .
L=&6L=..=§,=0, 0 that T, = 0.

Suppose the system had been started in any other manner
so that the points of application had the same initial velocities.
Then 7, would have the same value as before, but 7} is > 0.

Hence we have Thomson’s Theorem :—

‘1f a system is started from rest by impulses, the initial
hinetic energy is less in the actual motion than in any
possible motion in which the points of application of the
impulses have the same velocities.” *

Similarly we have Bertrand’s Theorem —

‘If a system is acted on by impulses, then the kinetic
energ]y of the system in the actual subsequent motion is
initially greater than if the system had been subjected to
additional smooth constraints and acted on by the same
impulses.’

We may suppose that the generalized coordinates were
so chosen that @, .,, @},4, ..., #,,, Which can vary in the
actual motion, must be constants when the additional smooth
constraints are added. Putting 7' in the form 71| +7T, as
before, we sce that Lagrange’s impulse-equations give the
same values of ¢, &, ..., & and therefore of 7', whether
the additional smooth constraints are added or not. But 7,
is zero when the constraints act, and is greater than zero
(in general) in the actual motion.

Ex. A uniform rod AB of length 2a and mass m rests on a smooth
horizontal table. If it iy struck by a blow of magnitude P at A
perpendicular to its length, about what point will the rod begin
to turn ?

[(i) Suppose A begins to move with velocity » and the rod
to turn with angular velocity w. Its kinetic energy is
v? 1 o o)
m {g + QZ (4“&)—30)2; ’
which is a minimum, taking v fixed, when w = 3v/4a. This is
therefore the relation between w and v in the actual initial motion ;

so that the rod begins to turn about a point dividing AB in the
ratio 2 : 1.

* It is sufficient to prescribe the component-velocity of each point of
application in the direction of the corresponding impulse.
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(ii) Suppose the rod pivoted at a point C distant e+ x from 4.
Taking moments about C we have P(a+12)= %" (a4 32%)w, so that
the kinetic energy of the rod is
_ 3P (ata)

T 2m (% +32?)

This is a maximum, taking P fixed, when & = % a; so that the
rod begins to turn about a point distant a+ %a from A, as found

in (i).]

Other examples will be found in text-books on Mechanies.

%(a2+ 31%) w?



CHAPTER V

SUBSTITUTIONS PERMUTABLE WITH A GIVEN
SUBSTITUTION

$ 1L

GIVEN a substitution 4, we shall find all substitutions
permutable with 4. They are infinite in number.

If B is any substitution permutable with 4, so that
AB = BA, then S7'AS.S7'BS = S1BS.S7'AS, or S7'BS
is permutable with S 14S. It suffices therefore to find the
substitutions permutable with any substitution N into which
A may be transformed. The substitutions permutable with N
will be transformed into the substitutions permutable with
A by the substitution transforming ¥ into 4.

We shall take for N the canonical substitution into which
any substitution may be transformed (Ch. I, § 9).

It is xi’ = N+ BT (L =1, 2 ., m),
where 8; =1 or 0, and is certainly O if A;# A, (8, = 0).

§ 2. Substitutions permutable with a Canonical
Substitution.
Let C
Xy = ey + Byt oo+ Oy, (E=1,2, 00, m)
be any substitution permutable with V.

Equating the elements in the 4-th row and j-th column of
the matrices of CV and NC, we have

CiAH 1By = CiphiH CipnjBis e ven(d)
or writing out in full for = 1,2, ..., m
Gy ()‘1_)\;) =01 BB
Caj ()‘2_)‘j) =01 Bj1—CP L
: S E --'uuu(li)

cm—lj()‘m—l—)\j) = Om—lj-lﬁj—l"'ij:dm-l
cmj()‘m_)‘j) = Cinj1 /3}'—1
Suppose now, for example,
MN=M=N=7,0=8,=8=18,=0; but \;#X;, A, ...
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Taking j = 3, 6,7, ... the equations (ii) give

c15()‘1—‘)\5) = =0y e —Ag) = "13[35"‘"261
Cos(Ay—Ag) = —Cy5 , Cog(Ay—=Ag) = Co535— g ,
Cos(Ay = A5) = —0y;

(M= Ag) = 5585 —Cyo }
(A —Ag) =0 ey (A =Ae) = 435 ’
whence
o= 0= =0 =0, 0= = 0 = =0, e
The method is gencral and gives us ¢ =0, whenever
Hence if N is expressed as the direct product of con-
stibuents N,, N,, N,, ... whosc characteristic-determinants
are (x—A)Y, (B—A)", (y=A)', ..., where no two of a, 3, y, ...
are equal, then any substitution permutable with .V is the
dircet product of a substitution on the variables aftected by
N, a substitution on the variables affected by N, a substitu-
tion on the variables affected by N, ....
Of cowse, N, is in general itself the direct product of
substitution of the type
@) = Q@A dyy ey Aoy = Q& A, 0 =0
but cach of the constituents of N, has only & as characteristic-
root ; and so for N,, N, ....
If A; = A;, we have from (i)
lﬂfj—lﬁl'—l = Cipr jBie
Hence )
C; j-1 =('i+l; when /3,: = ]., /3;_1 =
i, =0 when 3; =0, B, =
Ciy1; =0 when g;= L B =
(‘onsider, for instance. tho case m = 8,
N=A=ao= = 3= 8,=8,= 4= 1, 3,=0,
==L =0

—

)-.* e (i01)

S -

so that .V has the matrix §

x 1 o o o o o o
o(xlooooot

o o &l o o o o!

o o o x oo of .(iv)
o o o o X o o o

o o o o o x 1 o
ooooooOLl

o o o o o o o X'

* In these equations B, = Bm = 0.
4+ The zeros are put in small type to omphasize the non-zero elements,

10645 P
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B; =1wheni=1,2384,6,7; 3, =0wheni=35,8.
ff-_l = 1 whe‘rf.j =2,8,4,5,7,8; B,,, =0 when j = 1,6.

ence from (iii)

Cn = Cpyp = Cyy™ C4y = Cgpy Org = Cyy = C3q = Cy5y O3 = €24 =355
€14 = Cy-

O=cy=cp=cy=10cy 0=cy=cpy=1c5 0=04 =0y,
0 =c;.

Cos = Crp = Cy3y Cip = Crge

0 =3, = ¢, 0= 0y

Cr6 = Co1 = Cygy C1p = Cuge

O=cy=cyg=rcu O=cy=cy=0cu 0=cy=10c5 0=1.
Co3 = (74 = Cg50 g = Cipe
O=c,=cCp=1Cy, 0=cy = 1y = €4y, O =€)y = 040, 0 = 4.
Hence the matrix of any substitution permutable with N is

of the type a b e d e f gk
o h e d o Iy
o o« b ¢ o o f
o o o« b o o o (V)
6 0 0 0 (U o o ol
o o L m wn P q T
o o o L m o p oy
o o o o [ o o p

The reader will notice the diagonal arrangement of equal
elements in the matrix, and the positions of the zeros.
As another illustration, take IV with the matrix

o 1 o o o o o

0O 00000 O
O 0 0 0 0 0 R
0 00 0 0 R —~O
0 0 0o o0 Qo0 0
0O 0 0 R o o
o QR o o o o o
QO 0O 0 0O

The general substitution permutable with N has the matrix
« b ¢ d ¢ g h
o« b o d o ¢
o o & o o o o
i gk L m )
o 'Z ) oo ! {) z .................. (vii)
o o] '1: o o o o
o r s o v
o o 7T o o o

mﬁmﬁgga\goopn—aooo
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We see that, if IV has a pair of constituent substitutions of
the types

’/_ ’ . )’ — > . n/__ 1
Ly = 0L Ly, e L = 0X Ty, B = o,

5=

./._ 3 ' n' — ; " ;,_ »
£ =L, =0t = CX.L,.} Cs
) el y

then the matrix of the general substitution permutable with N
has corresponding square arrays of the form

N ‘
o U (12 N . “8-1
]
: )
0 o o
.o o o l
! |
!
. i
o o o o !
! o ])I I)‘J llu. . . . /)8 '
o o ])I ’)2 .. . l‘.\‘-l :
Coe e . ,
]
flo . . . o o o o . . . ()I

cach with s arbitrary coeflicients.

It very readily follows that the substitution A of Ch. II,
{ 5, Corollary I, with invariant-factors

(A—o)u, (A—o)%, (A=), ..., where ¢, > a,> «;> ...,
(A=B)l, A=B)2, A=p)ls, ..., where b, > b, > b, > ...,
Cy 2

(A=) (A=y) (A=), .o, where ¢ 2 ¢,

-V

is permutable with a Ak-ply infinite number of substitutions
where
k= (a+ay+ag+u,+..)+2(ag+ug+3a,+...)
+(Dy+by+b,+by+..)+ 2 (by+ 2b, + 8b, +...)
+
or
k= (0, +83u,+3a,+7Tu +...)+ (0, +3b,+30,+7b,+...) + ..
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Ex. 1. Any substitution permutable with
) Ny - o —_— . g
1‘1,= &y + 2y, Ty = o‘“’z“"“.sr e x,m—l— axm—l"'anu Ty, = Xy,
is of the type given in Ch. I, § 2, Ex. 8; and any two such
substitutions are themselves pormutable.

Ex. 2. The substitutions permutable with

’ . r__ K4 —_— ’__

By = dyy Ty = Byy vevy O 1= Ly &y, = 6T+ €T+ o0 +6,T,
are m-ply infinite in number.

Ex. 8. If every substitution permutable with A4 is of the form
DA+ A +p, A% +p, A%+ ..., a simgle invariant-factor of A
corresponds to each distinct characteristic-root of 4 ; and con-
versely.*

[1It is sufficient to prove the theorem when . is in canonical
form.]

Ex. 4 The only substitutions on .y, x,, ..., », permutable
with every permutation on x;, »y, ..., 2,, are those of the form

.I‘,’: ﬁ‘rl'*' +/3“'1~1+a‘rt+/3'tt+l+ +/3wm (t = ]; 2; teey /'“)'

[If A is permutable with the ¢ transposition’

e oS L, —_

Ty = dyy Ly =0 Ty =Xy, 0y, 177/1/_ L
Uy = Ayay Qpp = Uypy Uy =gy Gy = Uy, ooes Uy = Ugyy Gy = Uy, oo
Hence, since 4 is permutable with every transposition, the result
follows.]

Ex. 5. If A has a single invariant-factor, there are exactly
« substitutions B such that B = A4,

[It is sufficient to take A in canonical form ¢
2= QL+ Ly ey 2 =0T, g+ Lypy Ly = 0L,
Now if D? = (, D is permutable with C and therefore takes the
form
o =ar eyt exytdag+ ..., )= ax, b+,
vy =,
The g-th power of this substitution is given in Ch. I, § 3, Ex. 13.
Identifying it with C, we have

al=qa, qat™ "0 =1, qeat 1+ Lq(y—1) b2a?"2=0, ...,
which gives ¢ values for 4, and, when a is chosen, unique values
fOlItb'f(fl’l(()l;v; ‘f.rom Ch. I, § 3, Ex. 13, that D1 = C. if D is any one
of the ¢ substitutions
r/= ol ok, R0 Ry,
)= ohwytkok -l thok frgk L 0= ol
where L, =k(k—1)...(k—r+1)=r!, and kg=1]

* This result iy due to Cecionn: At Reale Accad. der Luncer xviin (1909,
p. 966,
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Ex. 6. Discuss the case in which 4 has more than one distinct

characteristic-root, but only a single invariant-factor corresponding
to each characteristic-root.

Ex. 7. If 4 has more than one invariant-factor corresponding
to a given characteristic-root, the number of substitutions B such
that B? =4 is infinite.

Ex. 8. Find the value of % if k-ply infinite substitutions are
permutable with A4, where A is the substitution of Ch. I, § 6,
Ex.6,7;§9 Ex. 1, 3, 4,5, 6.

Ex. 9. Find the substitutions on «,, a,, ..., 2,, permutable
with (‘Tm’ xm—l’ vy Ty xl)‘

[The matrix of such a substitution is symmetrical about its
centre. Hence their number is 4 m?ply infinite when m is even,
and 4 (m?+ 1)-ply infinite when i is odd.

Verify that this agrees with the result at the end of § 2.]

Ex. 10. Find the substitutions on 2, ,, .. , «,, permutable
with (z,, 2y, ..., 2, 2).

[Any cyclant substitution of type I; see Ch. I, § 2, Ex. 7.
Hence their number is m-ply infinite.

Verify that this agrees with the result at the end of § 2.]

Ex.11. Find the substitutions permutable with (ax— by, ba + ay),
where b % 0,

[Any substitution of the same type.]

Ex. 12. Show that the determinant (vii) of § 2 factorizes into
L da?
- i !
and that a similar process applies in general.
[Cf. Ch. VI, § 4, Corollary I1.]

Ex. 18. If the substitution A4 of § 2 can be transformed into
a given substitution B, it can be so transformed by a k-ply infinite
number of substitutions.

X l-'..’

{ 8. Substitutions permutable with every Substitution
permutable with a given Substitution.

We shall now find the substitutions permutable with every
substitution permutable with the given substitution 4 at the
end of the last section, and show that they are k-ply infinite
in number, where

k=ua+b+c,+ ...
Asin § 1 it will suffice to take A in canonical form V.
Suppose, for example, that N has the watrix (vi) of § 2.



118 PERMUTABLE SUBSTITUTIONS [V3

One substitution permutable with N has the matrix

"2 1 o o o o o o
l o « l o o o o o
| o o X o o o o o
lo o o B8 1 o o o (viii)
o 0 o o A 1 o o
"o o o o o f3 o o
o o o o o o y 1
0o o o o o o o Yy

and therefore all the required substitutions, being permutable
with the substitution with matrix (viii), have a matrix of the
type obtained from (vii) by putting d, e, f, ¢, %, ¢, 4, k, p, ¢, 7,
s, t, u all zero.

Moreover, since the substitution now obtained has to be
permutable with the substitution with the matrix obtained
from (vii) by putting d, ¢, f, g, k, p, ¢ all unity, and 4, j, k, 7, s,
t, w all zero, we readily prove that in the required matrix
¢=0l=v, b=m =1, ¢=n; so that a substitution per-
mutable with cvery substitution with matrix of the type (vii)

18 Ot the t’ype « b ¢ o o o o o
o a b o O o o
o o (¢ o o o o0 o
o o o @ b ¢ o o .
o 0 0 o0 b oo o (1x)
o o o o o (& o o
o o o o o o « b
o o o o o o o

The reader will notice the diagonal arrangement of the
equal elements.

Conversely, it is at once verified that every substitution
with matrix of the type (ix) is permutable with every sub-
stitution of the type (vii).

The method used is general and establishes the result stated
at the beginning of the section.

As another example, every substitution permutable with
all substitutions with matrix of the type (v) has a matrix of

the type w h e d e o o o
o @ b ¢ d o o o
o o @ D ¢ o o o
o o o @ b o o o
0o o o o (t o o o
o 0o 0o 0o o« b ¢}
o O o o o a b |
0o o o 0o o o o




CHAPTER VI

SYMMETRIC, ALTERNATE, AND HERMITIAN
SUBSTITUTIONS.

§ 1. Expression of a Symmetric Substitution in the
form BB’

WE showed in Ch. I, § 10, that, if A is a symmetric sub-
stitution and B is any 9ubst1tut10n B’AB is symmetric.

In paltlculm taking 4 as the unit substitution %, we have
B’B (and BB’) symmetrlc

Conversely, given any symmetric substitution 4 we can
find B so that 4 = BB

For suppose that = «; a;z; when expressed as the sum of m

squares, as in Ch. IIL, § 6, takes the form
(bpaey + b2y + oo+ by, ) + by g + bogy + oo+ by @)+
+ (bmlwl + bm2w2 +...+ bmm wm)z'
Then B is the substitution
wt,= btl‘cl+b[4w2+ cot blmwm (t = 1’ 2' (AR m)
For if we operate with this substitution on
B O U A
we get Za; Tk
But the result of operating in this way is, by Ch. III, § 1,
the quadratic form corresponding to the substltutxon BEB

or BR'.
Similarly, if 4 is a positive Hermitian substitution, we ecan

find B so that A = BB'.

If 2 a;@;x; is not positive, but can be transformed into the

type (Ch I1T § )
6161 +o.t £kgk—§k+l Ek-‘-l T _{:mgma

we can find B so that 4 = BMB', where M is the multipli-
cation

4 » ’- » ! — i gy /—-— i
L=l e X LY LY T L ey Ly = =iy
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Ex. 1. Find B so that BB'= A, where 4 is
(x—y+2, —x—22 2—2y+2).
[+ 22— dyz+ 220 —22y = (x—y + 2)% + (iy + i2) + 2%
A = BB, where B=(r—y+2z, iy+iz 2),
as is immediately verified.]
Ex. 2. Find B so that BB'= A, where 4 is
(x_?/r —x+5y), (x+3/+5zi x+2‘e’ 5:0-{-2]/),
(x+y+w, x—2, —y—2w, z—22+2w).
Ex. 3. Show that if 4 and C are two given symmetric sub-
stitutions, we can find a substitution B so that A= BCI’.
[If A=PP' and C= QQ, B=PQ 1]
Ex.4. If A is (x+y, 2+10y) and C is (4r—2y, —22+5),
find B so that 4 = BCD'.
Ex. 5. The product of two Hermitian substitutions, one of
which is positive, is transformable into a multiplication.
[Itf A and B are Hermitian, and B is positive, we can choose
so that QBQ = I.
Then A B is transformable into Q"1 ABQ'= @’ 1AQ "', which is
Hermitian and therefore transformablo into a multiplication.]

Ex. 6. The product of two real symmetric substitutions, one of
which is positive, is transformable into a multiplication.

Ex. 7. Find B so that A= BMI’, where
A= (zy, x4, 2y, 2)) and M = (2y, 2y, —2;, —2,)
Loty + @2+ 0,0+ a0 = (0 + 5 2,) (7 + 5 0)
+ (2 + 3 25) (P2 + F 05) — (@0, — §25) (-7'2““ )= (r =g @) (=3 )
Hence B= (r+ix, v,+5x;, 2y—5x,, 23— 1xy).]

§ 2. A Condition that N should be Transformable
into A, where AK is Symmetric.

Suppose PINP =A and PKP'=C. Then, if AK s
symmetric, so is NC; and, conversely, If NC is synimetric,
so is AK.

We adopt the usual notation, so that A is the substitution
= )+ @yt ot m,, (C=1,2, 00, m),
and so for P, W,
Then by Ch. L § 2, ¢;; = %‘J)up,,lc,,.
Suppose AK symmetrie, so that for all values of ¢ and ¢
]‘:Ulf’lt + /‘;02”26 toot kwu“mt = ]”'tlalv + ]”'!2’“’27 +ot ]‘;hnamc'
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Also, since NP = PA, we have for all values of 4 and ¢
Pt Pt oo P Mg = @u Dyt Qoo+ oo+ P
Then
CiaMyjFCigMyj+ oe +Cin My
= U'E,Poikor(l’nn]j +Pra Myt oo+ PrpMy,)
= G'ET Paibor(@n Pyt e Pojt it gy, pmj)

= 2 poi {1y oy + R + oo hig ) + .
+ Pwj (kdl Uyt kaza‘zm +.oo+ kam a’mm) }
= ;\;“ Poi {l)lj (b ttyo + kigllpg + oo+ iy @0) + .o
+pmj (kmlu'la + /\',,,2((30 +.o.0+ kmmanw)]
= § Pai {aw (pljkll +1)2j,”.21 +.o+ [)m,']"ml) +...
+ g ([)lj]‘.lm + pzi]"zm +...+ plnjkmm) }
= 2 laj { Pro (Pjkn+ b+ oo+ Pajknn) + .o
+ Pme (]71j/'“'1m + /’2}k2m +... +p¢mi"'mm) }
= "il"”li"“'jz"zi"’ v i s
so that NC is symmetric.
Conversely, if NC is symmetric, we have for all values
of ¢ and j
Ci Ty + "1'2/”2./' +..t 'jimnmj =ity + "jz'"’zi +.+ cj:n Wi
whence, by the above reasoning, for all values of o and ¢
= Poily {(Fgy g+ Rauttoy + oo 16 p)
— (kg +kpntye + oo+ k¢t 0)} = 0.

The reader will readily prove that the determinant of thesc
m? linear equations in the m? quantities

(kg @y + kggtop + oo 4 Koy ) = (R thyg + By g + o+ g 0)
is the 2m-th power of the determinant of P, and is therefore

not zero. Hence each of the m* quantities is zero; or AK is
symmetric.

§ 8. Applications of this Condition.

As a first illustration of § 1 suppose that I is the unit
substitution E, and that P is orthogonal.

Then C = PP’= E; so that IV is symmetric if 4 is. Hence
the transform of a symmetric substitution by an orthogonal
substitution is symmetric, as proved in Ch. I, § 10.

1645 Q
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As another illustration of the case in which A" = I/, con-
sider the problem :—

To find « symmetric substitution with given invariant-
fuctors.

It will suffice to find a symmetric substitution with a single
invariant-factor (\—a)”. For if we find such a symmetric
substitution for each of the given invariant-factors, their direct
product will be the substitution required by Ch. 11, § 4.

Now if N and C are respectively

@/ =0+ @y, eeny @ =0, @, )=,

£ =w,, vy &=y, r/ =,
then NC is
@)= iy, ) =0,y ey @ = O, & @)= XE s,
which is symmetric.

Find by § 1 a substitution I such that C = PP’. Then
P-1NP is the required symmetric substitution with the single
invariant-factor (A—a)".

Now, taking the general case in which A is not necessarily
E, consider the problem :-—

To express « qiven substilution A as the product of two
symmelric substitutions*

Take IV as the canonical substitution into which 4 may be
transformed (Ch. I, § 9), namely the direct product of sub-
stitutions of the type

)= oy &y eeny W= AT, @ = A,

Let C be the direct product of substitutions such as

.I;l’z Ly ooey .’l’,r_1== Loy {l;',’z L.

As shown above, NC is symmetric; and thercfore AK = L
is symmetric, where PKP'= C. But since C is symmetric,
K-T= P’C-1P is symmetric (Ch. I, §10); and A =L.K™!
is thus expressed as the product of two symmetric substitutions
L and K1

Consider now the problem : —

To find every possible manner of expressing o given sub-
stitution A as the product of two symmetric substitutions.

Suppose the two factors of the product are the symmetric
substitutions L and K-1 so that AKX = L. We want to find
every possible way of choosing K ; for when A and K are
given, so is L.

* That 4 can be so expressed was proved by Frobenius, Berliner Sitzungs-
berichte, 1910, p. 3
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1t is suflicient to solve the problem for any substitution .V
into which 4 can be transformed. For let 4 = I’"'. NP, where
P and N are supposed given ; and let C be any symmetric sub-
stitution such that NC is symwmetric. Then K = P-1CP’-!
is a possible value of ', and each such value of C gives a single
value of K.

We may take IV in canonical form, and must now solve the
problem :—

To find every symmetric substitution ' such that NC is
symmetric, N being « canonicul substitution,

The solution is given in § 4.

Ex. 1. Find a symmetric substitution with invariant-factor
(A=)’

o (1T T\ L Y ofor
2ray+as= \/2‘-) + z, +(w;/2—— + Therefore the sub-
stitution C = (x;, x,, x,) is PP, where
Pz(m,+% iy — iy

And N = (@, +,, xr, 42, ax,) is transformed by I into the
required symmetric substitution
Ty, X ir, ir, i
(0t 75 Jytont op Jh+an)]
Ex. 2. Find symmetric substitutions with invariant-factors
(A—0)* and (A—o)t,
[The matrices of the required substituticns are

1 L
l 8.4 b1 —2-14 0 ,
: 1 1 ! 1 1 1 L
oty i L2 aty oyt gl
I 1 L] oand | T 1 x- L1 L
g! X—g , T3t 2! 7 g E
0 %l }g X

The reader will find no difficulty in extending the method to
the case of an invariant-factor (A —a)" of any index 1.]

Ex. 3 If P'NP = A4, where 4 and N are symmetric, and
(' = PP’, then NC = CN.

[By§2 NC= (NCY=C'N'=CN.]

Lx. 4. Express (Bx+y—22z, 2r+3y—3¢, 40+ 2y—32) as the
product of two symmetric substitutions.

[PAP-'=N if N=(z+y, y+2, 2)
and P=(x, 22+y+22 22+2),
so that Pl=(x, 2r4+y—2z —21+2)



124 TRANSFORMATION OF A SYMMETRIC (VI3

Hence, if ¢ =(g, y, 2),
K 1=PC P is (2y+z 22+9y+62 v+6y+42)
and K=2y-3z 2x+y—2z —3x—2y+42).
Then AK =L is (—8z+32, y—z 3z—y) and 4 is the product
of the two symmetric substitutions L and K 1]

Ex. 5. Express as the product of two symmetric substitutions
the substitutions of Ch. I, § 9, Ex. 1, 3, 4, 5.

Ex. 6. Any substitution can be transformed into the transposed
substitution by means of a symmetric substitution. If this can
be done by a A-ply infinite number of symmetric substitutions,
find %.

[If AK and K are symmetric, K 1AK = A4".]

{ 4. Transformation of a Symmetric into a Canonical
Substitution.

Take IV of § 2 as the canonical substitution of Ch. V, § 1,
= Mg+ By, (6=1,2, ..., m),
where 8; =1 or 0, and is certainly 0 if
Ay F Ay (Bo = B = O)
Suppose NC and C are symmetric. Then

Cjiki+ ¢ iaBiny = CyAi+¢ijaBy o (b) = 1,2 0, m);

O Chit ey Biy = e+ By (b7 =1, 2, .., m),
since C' is symmetric.
Just as in Ch. V, § 2, this gives
;=0 when A;# A,
and when A; = A},

Cionj = Cijma when 3;_, =1, Bj—y = .
=0 when ;. =0, Bj—; = 1rannn(i)
=0 when 8;,=1,8,,=0

Cij-1
Ci-1j
We have also ¢;; = ¢;;.*
These equations (i) may be handled in the same way as
cquations (iii) of Ch. V, § 2.

* This was not the case in Ch. V, § 2.
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For instance, if N has the matrix (iv) of Ch. V, § 2, C will
have a matrix of the type

o o o o (& o o o
o o o @ b o o o
o o b ¢ o o f
ocoa b cd o f gyl ..
@ bocdoe fog b (i1)
o oo o f o o p
o o o f g o p g
oo fghopaqnr
or if N has the matrix (vi) of Ch. V, § 2, ¢/ will have a matrix

of the type

o o (t o o (l o o
o« b o d e oy
w b c¢c d e f gk

o (i o o P ] o (35
;olleop{]o .................. (i11)
‘doe fpoqgor i
o (| o o i o
i h o i j S

From these cxamples the general form of C will be clear.
The reader will notice the diagonal arrangement of equal
clements in the matrix, and the positions of the zeros.

Asin Ch. V,§ 2, if IV is expressed as the direct product of
constituents N,, N,, N, ..., whose characteristic-determinants
are (x—A)% (8—A)?, (y=A) ..., where no two of &, 3, v, ...
are equal ; then C' is the direct product of a substitution on
the variables affected by N, a substitution on the variables
affected by N,, a substitution on the variables affected by
N, ..

~ o S

Corollary I.

A substitution with invariant-factors

(A= o)®, (A=0)%, A—)%, ..., Where «; = @, 2 ay 2 ...y

(A=B), A=)z, (\—=B)Ps, ..., where b, = b, = b, > ...,

can be expressed as the product of two symmetric substitu-

tions in a A-ply infinite number of ways where

k= (a,+2a,+3a;+4a,+...)+ (b, +2b,+3b;+4b,+ ..)+ ...
The proof is as in Ch. V,§ 2. The only difference is that

the matrix of C in the present section is symmetric, while the

corresponding matrix in Ch. V, § 2, is not.
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Corollary I1I.

The determinant of €' factorizes into simple factors.
For instance, the determinant (ii) is +«® p3, and the deter-
minant (iii) is
fa d %
tid P X o

In fact, if we write the rows and columns of (iii) which now
stand in the order 1, 2, 3,4, 5, 6, 7, 8 respectively in the orders
1,3,5,24,6,7,8 and 5,3, 1,6, 4, 2,7, 8, (iii) becomes

(L(Zoo

o] o o (o]
([ 1/ o (o] o (o) o] o
h e w d o o o y
L e g « ) o o o [
be fboead g h
VS e g dop ooy
i 1] ({ o o o o o & i
vhog oy o o o~ L

A similar process applies in gencral.

Corollary IIL.*

If K and AN =1L ure symanetric, we cun find « substitution
R such that RKR' =L, where R*=A und R depends on A
only (not on K).

Using the notation of § 2, we first prove that, if the result is
true for the canonical substitution N = I’AP-1 it is true
for A.

In fact, suppose NC and € = P’K P’ arc symmetrie, while
DCD'=N(, and D*= N depends on N only (not on ().
Then if B = I7'DD,

RKR = P-'DP . P10~ . P’D'L' Y =P DCD' P!
=["'NCP V=PV PADPV  PKI P = AK = I,
while R = P-VIEDP = P'NP = 4,

and R depends solely on .V,

We now show how ) may be found.

Take at fivst for 1 the most general substitution permutable
with c¢very substitution permutable with V (Ch. V, § 3).

* This Corollary will not be required before Ch. IX. Similar theorems
when K and 4K are both alternate or both Hermitian aie given 1n § 8,
Ex. 6, 7, and § 11, Ex. 1, 2,
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The reader will at once verify that, if (' and NC' are
symmetrie, then DC and NDC are symmetric.
For instance, if C has the matrix (iii) of § 4, and D is
.l'l/'—- aa +ba, + ey, .l‘z'= ar, + b.r3, .1'3’ = aJ‘dl
v/ =ar,+br+or, o =ar +br, 2/ =axl
£y =ar, 4+ by, vy =8y }
the matrix of DCis also of the type (iii), and so on in general.
We therefore have DC = ("D'= OV,
Now equate corresponding coefficients in D* and N, and we
get equations which can evidently be satisfied by a proper

choice of the coefficients of D. For instance, in the example
just taken, where N has the matrix (vi) of Ch, V, § 2, we have

(x+t)) =a+bt+el?+

We now have D* = V.
Therefore DC = OD’ gives NU = 1*C = DCD’. which was
to be proved.

Ex. 1. Prove that the symmetric substitutions C such that N('

is symmetric where N = (ry, 2,, .. 2, e +e,x,+.. 40,r))
are m-ply infinite in number.

Le,-itee,, =c, 1 +ec,,. Putintum j=1,2 , m and
then 4 =1, 2, ..., m, and we determine the coefficients of (' in
terms of ¢,,,, ¢y, «.., €y, Which are arbitrary.]

Ex. 2. Let A =@Bz+y—22 2204+3y—32 42+2y-3¢)
and K =(—4x-2y+32 —2r4y. 3u—2).

Find R so that R?= A4,
REKI'= AK = (—tx—4y+5bz, —de+y+z Hr+y—3z).
[In Corollary III
N=(x+y, y+z 2, P=(v—y, 2r—y+z, 20-2y+2).
Pl=(v+y—=s y—z —2r+e). C=DLPKI"= (2, 9, 7).
Then D*= N, where D) = (z+3y—1z J+%Z, z); and
R=PDP=(Ga+iy—34 jo+2y—12 §o+y—32).]
If K,=(—4r-4y+5z, —dr+y+z Sr+y—32)
verify that
RK\R = AK,= (—6y+52. —6x+y+2z 5x+2y—42).
[This illustrates the fact that R depends solely on A4, not on K,
In this case PK,P'=(z, y+2, x+9).]
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§ 5. Transformation of one Symmetric Substitution into
another,
We assume for the present the following theorem, which
will be proved in § 6.
If Nis « given canonical substitution which is the direct
product of substitutions of the type
o= o 4@y, o, = O+, @)= A,
and C is the direct product of substitutions of the type
= Ly, W=y, w0 = @y,
and F is any symmetric substitution such that NF s
symmetric, then we can find « substitution D permutable

with N such that DFD'= (.
From this we deduce the following theorcms : —
If « substitution A is transformable into the canonical

substitution N, and AK and K are symmetric, we can find
« substitution P such that P"'NP = A and PKP'= (.

Let R be any substitution such that R NE = 4, and let
RKR =F. Then, by § 2, NF is symmetric. Hence we can
find D permutable with N such that DFD'=C. Take
P = DR.

Then P'NP=R'D'.N.DR=R7'NR=A4;
and PKP'=DR.K.RD' = DFD’ =C.

Again,

If two substitutions A and B lave the same invariant-

fuctors, while AK, BK, and K are all symmelric, we can
find a substitution S such that S7'AS = B and SKS = K.

We have just shown that we can find substitutions £ and ¢
such that A = P-INP, B= Q7 'NQ, PKP'=C, QKQ'=C,
where IV is the canonical form of 4 or B.

Put 8 = P—IQ.

Then S48 =Q'P.A.0P7'Q=Q'NQ = B;
and SKS =P1Q.K.Q'P'=PICP'=K.

If K= E, A and B are symmetric; and SS"= £, so that
S is orthogonal. Hence

Any given symmetric substitution can be tramsformed into
another given symmetric substitution with the same invariant-
factors by an orthogonal substitution.
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Ex. Transform A=(—gs2+%ty, 3¢r+550
into B = (F5¢+339, $8r—459)
by an orthogonal substitution.
[A =P 'NP, B= Q 'NQ, where N=(x. —y).
P= (%x—%y’ %x"'%y)v Q= (%x——}y, %x—’- g.’/)-
Therefore A is transformed into B by the orthogonal substitution
PQ=(3é+55y —dsr+380)]

y 6

We now prove the first theorem of § 5.

We notice that, if D is wny substitution whatever per-
mutable with N, and NF is symmetric, then

N.DFD' =D.NF.IY
is symmetric (Ch. I, § 10). Hence DFD’ is of the same
type as I, namely the type exemplified in (ii) and (iii) of § 4.

e want to show that we can choose D so that DFD" is C.
This is the same thing as proving that we can choose D
so that, when we replace

@, by dpay+dgay+ .+ dy,a,, (=12, ..., m),
Y is unaltered while the quadratic form Xf.rx; is trans-
formed into =c¢;;a;w;, i.e. into the sum of quadratic forms
of the type
Ty, + Ly § Bgpg e F Ly

We shall adopt a step-by-step process whereby we employ
a succession of transformations, each of which leaves IV
unaltered, but alters the quadratic form Zfjxz; into a
simpler form, till we finally arrive at =c;;@;;.

As pointed out at the end of § 4, if IV is the direct product
of constituents N,, V,, N,, ... whose characteristic-determinants
are (x—A)% (B—A)", (y—A)% ..., where no two of o, B, 7, ...
are equal, 3f,a;@; is the sum of a quadratic form on the
variables affected by N}, a quadratic form on the variables
%ffe(‘:zt;ad by N,, a quadratic form on the variables affected

ySuﬁpose N, is the direct product of N 3, N 35 N :» -+- Where
N, is the direct product of constituents ANy, My, M, ...y
each of the type
@) = oy F Ty ooy ¥y = A&y 8y @)= O,
and therefore each of the same degree w, while I\, is the
direct product of constituents of the same degree v, \; is the
1645 R
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direct product of constituents of the same degree aw, ..., where
no two of u, v, w, ... are equal ; and similarly for N,, N, ....

Then, firstly, we show that Xf;;«;a; may be transformed
without altering & into the sum of a quadratic form on the
variables affected by /\;, a quadratic form on the variables
affected by N, a quadratic form on the variables affected
by N e -

Secondly, we show that Xf;;2;«; may then be transformed
without altering IV into the sum of a quadratic form on the
variables affected by M, a quadratic form on the variables
affected by M,, a quadratic form on the variables affected
by A, ....

Thirdly, we show that the theorem is true for each of the
substitutions such as A,, M, M, ...; and the proof is then
completed.

In the following we therefore first take N as of the type
&, then of the type N 1 and finally of the type V.

(1) Consider first of all a case such as that in which &V is
&) = o oy, 1) = 0w, + xy, v = oy
) = 0@yt g, @ = 0wt mg, v = g
X = g+ Ly, Ly =0,

Herc v is the direct product of two substitutions of
degree 3 (one on «, «,, «; and the other on w,, a;, «;) and
of another substitution (on wu,, «,) of degree less than 8.*
Then X ;50,0 has & matrix of the type (iii) of § 4.

Put for ., w At kwy + N+ Ly + U .

_ ‘ . , } .................. (i)
and for . Ly + kg +la,
By Ch. V this transformation does not alter IV,
It transforms Xf;;.;x; into a form with matrix

A D

[e] o] (o] o) o

o A B o D E o @

A B C D F F 1

o o D o o P °

o D K o I @ o I}
D K F P @ R I J

o o G o o I o 8

o @ H o I J S T

where
G=ks+g, H=ks+kt+h, I=Is+i, J=Us+lt+.
* N is of the type Ny, being the direct product of
N E(Xry 42, Kagtag, Az, Kz, a5, Ax+ 26, Axg) and N g =(0w;+25, Kz
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Now since the determinant of Zf;;x.x; does not vanish,
s #0. Hence we can choose &, 1, [, !’ so that G, I, I, J all
vanish ; and 3 f;;;2; becomes a quadratic form on vy, x,, z;,
xy, xp, a, plus & quadratic form on ., .

A similar process holds in general. For instance, if V were

4 d ’ — 'y il 1 ’ —_— LY
) = axl+x2,.72 = Q,+ iy, 0 =y

.14 = xry+m., .l. = o, ;I'”,:: o+ by 1y = oy,
which is the direct product of substitutions of deglee 3, 2,2,
we should put
for N /\:.r: + k’.r.,” for », o + /,:-2 + ['.:-J}
for ;g + ke, for ., .y +lr
and proceed as before. leaving N unaltered and transforming
2 f@w;r; into a quadratic form on .- b Uy 'y, plus a quadratlc
form on «, w,, wy, .o by suitable choice of &, 2, (, I’

(2) We can now confine ourselves to the easc in which V is
the direct product of constituents each of which is of the
same degree.

Suppose, for example, ¥ is
) = xay +ay, k) = an, +.1'5, x) = oy ;

4 = Xx,+.05, .:. = X, ) __0(1
so that N is the direct product of two constituents, each of
degree 3 *

W o 1 o A

3 fywpe; will have a matrix of the type

o) o 7‘]] o o ’7']2

° Ty fyoo T Sy

"ofn ln T Ny (i1)
o o 1 oo o R R e
O My Sy 0 Ty Sy

Ty S; ty T Ry My

where Tra == Pops %10 = Sp15 1o = I
For z, put [ 2, +/0,r,, for «, put lyx, +1,2, ] -
for x, put [,2,+1,a,, for w; put lya,+1,e, ... .(il)
for =, put Il ,+/{,x, for w, put 121.1J+l_22m,.,j
This will not alter N.
Choose the I’s so that
)2 . .
P (@) + 0o @e)® + 255 (U@ + 1p%y) (L2 + {5, 2,)
79 (ln®) +pyw,)* = 0P )l
* N is of the type N ,, being the direct product of
M= (O +7g, Axg+ 1y, Axy) and My=(Ka, +x,, KT 4x;, KK
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This is possible, for the determinant (ii) is
Ty Ty | T2

I r
) s w0 that | n
o1 7o LTy

£ 0.
Ty

Then X f;;»;r; becomes a quadratic form with a matrix of

the type oo 1 oo o
j [e] 1 ‘S'll o o ‘ql2
1 S5 Tn o Np Trz >
o o) o o o 1
o o N, ol Sys
o S, T, 1 N, T,
where No= Sy, 1,=T,.
Put now for &, @, + kg + (o,
and for «, o,y + ke, } )

This will not alter .V, and, exactly as in (1), we can choose
k and ! to make X f;.r;x; reduce to a quadratic form which
is the sum of a quadratic form on », x,, «, and a quadratic

form on o, w;, .

(3) We can now confine ourselves to the case in which &
is of the form
.l',/ = Xl Ly e, -l",._l"—‘ XL, .+, .’I‘I' = X, ’[
Sf;;viw; is of the form
kypy (o @)+ kypy (@, 0) + 0+ 1k, ¢, (1, ),
where (2, 0) = 0y, Fayy a2, Y0
bo (03 Y) = Y, H Yy T Y+ 2, Yy,
b (0, 1) = 0, H a0y, Y Y,
(pl' (‘l" y) E 'I.I yl )
and the L’s are constants.
If in ¢, («,7) we put
aye i, a4 e, for @
Uyt vy 4.+ aye, for o,
@, o5+ .. azz, for

a,wx, for 'L,& .
bt b,y Yot by Yo+ byy, for gy J0 iv)
0,95+ b,y + o+ hyy, for y,
b, ys+ ...+ by, for v,

by, for v,
* Compare § 4, Corollary IT. t Nis of the type M.
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we obtain
(@) + @yt @@ )by, + (g + o+ 4@ )by, + by,
ot (0 40y, + .+ by,
E 4’7‘(“’ b) M ¢] (w5 y) + (pf—l ((b’ b) * ¢2 ('L" y)
ot by (@, D).,y (0. )+ ¢y (¢, 0) . &, (2, ).
Similarly, ¢, (z,y) becomes
br (4 0) Gy (2,9) + by (4,0) by (4, 9) + oo+ by (4, B) . b, (0, 7),
and 8o for ¢, (2,9), ¢, (,9), ....
Putting now
b=, by=ay, o,y =,y =2,y ...
(iv) becomes a substitution, leaving N unaltered and trans-
forming
kyy (@, ) + Ky b, (i, @) + ...+ &, ¢, (o, )
into Ky, (ry) + Ky, (2, 2) + ... + K b, (i, 1),
where
Ki=ko,(@a), Ky=1I b, (,a)+k,p, (v, a).
K=k, o(,a)+ 0,4, (¢, a)+ 1,4, (a, a), ...
We want to show that we can choose «,, «,_,, «,_,, ... to
satisfy Ki=1, K,=K,=...= 0.
This demands
kya2=1, ka,a,_ +1,a,2=0,
by (e, ¢,y +a?, ) + kya,a, _ + ka2 =0, ...,

The a’s can evidently be chosen to satisfy these equations,
provided k, 5 0.

But if I, =0, the determinant of ¥ fijvix; would vanish,
which is impossible.

The investigation is now completed and the theorem proved.

Ex. 1. Prove that the orthogonal substitutions permutable with
a given symmetric substitution A4 of degree r having a single
invariant-factor are two in number.

[By a suitable change of variables we reduce the problem to
that of finding the substitutions permutable with

[ 4 —_ ’__
0=y + &gy oy ¥y =+ 7, 7= ax,,
and having LOE AR IR T SN S SPY A  N
as an invariant. For an orthogonal substitution has
R A S
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as invariant, and this was transformed into
Ty %)+ Lg%+ oo + 2,2y

The substitutions required are thoso of the form (iv) of § 6, which
have the invariant 2, + 2,2, ;+.... They will have this in-
variant if ¢, (¢, a)=1 and ¢,_ (¢, a) =, _,(a, a)=...=0.
These equations give a, = +1, a, 1, =¢a, ;= ... =

Ex. 2. Discuss the case when A has two invariant-factors, or
any number of invariant-factors.*

Ex. 3. In how many ways can a given symmetric substitution
be transformed into another given symmetric substitution by an
orthogonal substitution ?

§ 7. Invariant-factors of an Alternate Substitution.

If A is an «lternate substitution, A = SA’ where S is the
similarity substitution

n,_ » /__ 4] /_
Iy il By = =gy ey By = Xy

Therefore, by Ch. II, § 3, corresponding to any invariant-
factor (A\—a)” of A’ we have an invariant-factor (A+a)' of
SA or A. But A4 and A’ have the same invariant-factors.
Heénce

The imvariant-fuctors of an alternate substitution are either
powers of N, or else occwr Tn pairs of the type (N — o), (A + o).

We confine ourselves now to the case of alternate substitu-
tions whose determinant does not vanish. The degree of such
an alternate substitution is even, and its invariant-factors
occur in pairs of the type (A —a)', (\+a)". It possesses many
properties analogous to those of a symmetric substitution. We
state these properties, leaving the verification to tho reader in
most cases.

Suppose PINP=A and PKI"=0C. Then i AK s
alternute, so is NC'; and, conversely, if NC is «lternate,
so is AK.

The proof is as in § 2.

For example, take K =% and ('=E. Then we have:—
 The transform of an alternate substitution by an orthogonal
substitution is alternate,” as in Ch. I, § 10.

Again ; still taking K = F:—

To find an «lternate substitution with given pairs of
{ wwariant-fuctors.

* Cf. Hilton, 4dnnals of Mathematics (1914).

1 See also Ch. II § 8, Ex. 3.
t For a skew-symmetric determinant of odd order vanishes.
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It is sufficient to take one pair of invariant-factors (A —o)"
and (A +0)".
Then if N is

! / — A A g— )
xS =0x ATy, X =0, @, &) = ar, % Q)

:’/1, = —CXJ/1+?/2, cee Z/I‘—l = _ayl“l+!/l3 2/1, = _a!/l

and C is

@' =y, a) ==y, eoe/=(=1)"y, .
g =(=0) e, g = (=), e,y =y }’ e (1)

NC is alternate and €' symmetric.
Then the required substitution is L-'.VP, where [’ is
chosen so that C = PP,

Ex. 1. Find an alternate substitution with invariant-factors
(A=0)?, (A+a)%

11+ 14 ry—, ir,+ i, Wy — iy 2
[-'qur‘-"ﬂs—( ( ) e ) ( V9

Therefore the substltutlon c= ((L'4, —&,, =y, 2} is I'P’; where
P= (x1+w4 By— 2y Wytiry iy —ixy .

WAV A R EVE
And N = (o + 0y Oy, —0@g+2y, —0y)
is transformed by P into the required alternate substitution with
matrix

| 0 1 { .
| s T2
. 1 . !
| —o 0 - =
] - P ‘]
| ! 1
! 9 X 0 —:‘3
. i 1
X § 9 0

Ex. 2. Find an alternate substitution with invariant-factors
A=a)’, (A 4a)3

§ 8. The Product of Two Alternate Substitutions.

Suppose now that K is alternate. Then it AK =L is
alternate, VC is alternate, and so is ¢ = PK P,

Each alternate substitution C, such that NC is also alternate,
gives one method of expressing A as the product of two
alternate substitutions L and K (i.e. P'C-1P).
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We consider then the conditions that NC should be alternate
when C is alternate. As in § 4, we get, since NC' is alternate,
Cid+ € B = == B (6) = 1,2, ..., m),
or
l‘z'j)\i'*'"i-ljﬁ'i-l = (;'L:jAj+cij—lﬁj—l (b,] = 1, 2, ey ’Hb),
since C is alternate.
But these arc the same conditions as in § 4 except that now
we have ¢;; = —¢;; instead of ¢;; = ¢;;.
Suppose, for instance, that X is
2 = o +ay,w, = 0w+, v = owy;
@) = awgtas, wf = aw, +uwg, wf = o,
Then the matrix of C is of the type

o o o o o d ‘

o o o o (l (4

o o o d (4 f

o o —d o o o}’

o —d —e o o o
—d —C —f o o o |

which may be compared with the matrices in § 4.

Applying Corollary II of § 4, we see that, since the deter-
minant of C is not zero, and a skew-symmetric determinant
of odd order vanishes :—

A substilution can be capressed as the product of two
alternate substitutions if and only if its invariant-factors
oceur in pairs of the form (A—a)", A—a)".

Ex. 1. In how many ways can a given substitution be expressed
as the product of two alternate substitutions ?

[See Corollary I of § 4.]

Ex. 2. Express

A=@—y+22—-2w, —3y—2w, —2x+2y—32+3w, 2y+w)
as the product of two alternate substitutions.

[P'\NP=A, where N=(—z+y, —y, —z+w, —w), and
P 1=38z+22 22+y+2¢ 242 y+w).

Then K =P 1CP' 1= (—2y—3w, 22+2, —y—2w, 3x+22),
where C = (—w, —2,y,2). Hence A is the product of the two
alternate substitutions AK = (w, 2—w, —y, —x+y) and

K1=Q2y—w, —2x+8z —3y+2w, x—22).]

Ex. 3. A substitution of the second degree is the product of two

alternate substitutions, if and only if it is a similarity.
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Ex. 4. If I and NF are alternate, we can find a substitution -
permutable with N so that DFI'= C, where N and ( are the
direct products of

x)=owy ay, e, &, =0, b= o
:’/ll= 0‘.7/1+?/2, A ] y,; 1= ayl -1 +.7// ) y}’: a?],’

’ e — /
and  z'=—y, ., =y, x, ——y.}
’— r ’ — ’__
h= %, o U= Ty, y= n
respectively.

Ex. 5. If AK and K are alternate, we can find a substitution I
so that PAP ! = N and PKDI’= (!, where C is the substitution
defined in Ex. {.

If AK, BK, and K are alternate, and A, I have the same
invariant-factors, we can find a substitution S such that

S 1AS = B and SKS'= K.
Ex. 6. If K and AK are alternate, we can find a substitution 2

depending only on A (not on K) such that R:=A4 and
RKR = AK.

[The method is that of § 4, Corollary II1.]
Ex. 7. It A =22—y+uw, y—:+w, ~2+y, —x+y—2+ w) and

K= (-y+2:-2w, 2—2+2w, —22+y—w, 22-2y4+2), find
I such that R?= A and

REKR = AK =(—y+32—3w, a~2z+3w, —8x+2y—2u,
3zx—3y+22)
[If P=(@—w 20-2y—i—w, 2—=3y—zs+w, £—y—2:) and
Pl=@Br-2y+z+w, c—y+w, 2o—yti—w, 2w-2y+i4w),
then PAP '=N=(e+4y, y, 24w, )
and C=PKP'= (i, 2, —3y, —u)
If D=(+3y 9 2+%w, w), D*= N and DCD' = NC.
Hence, as in § 4, Corollary 111,
if R=P7'DP=(Eo—3y+iw, y—32+%w, —fa+3y+%2,

—3r+iy—ze+w),
R?=A and RKR' = AK]

K =(—-y+382=3w,2—22+ 3w, =3x+2y—21w,3x—3y+22),
verify that
RK\R'=AK = (~y+4z—4w, =32+ 1w, —42+3y—3uw,

4x—4y+3¢).
[I)I{IP, = (lt‘, Z4+w, =y, '—x—!/)']
§ 9. The Product of an Alternate and a Symmetric
Substitution.

Suppose now that X is symmetric. Then if AN =L is

alternate, NC is alternate and ' = PK1” is symmetric.

1046 S
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Each substitution ¢, such that NC is alternate and C
symmetric, gives one method of expressing a given substi-
tution whose invariant-factors occur in pairs of the type
(A—a)", (\+ )" as the product of an alternate substitution L

and a symmetrie substitution K.
If N'is the direct product of substitutions of the type (i) of
§ 7, we may take C as the direct product of substitutions

of the type (ii) of § 7.

If the invariant-factors of 4 do not occur in pairs of the type
(\—a)", (\+0)", A cannot be expressed as the product LK~
where L is alternate and K~! symmetric.

For let Q be a substitution such that QK'Q = £ (§ 1).
Then the invariant-factors of LK~ are the same as those of

QVLK'Q =@ 1LQ'.QKQ = Q7N LR™.

But /-1LQ"! is alternate, since L is. Hence the invariant-
factors occur in pairs of the type (A—a)’, A\ +a)" by §7.

Therefore

A substitution cun be expressed as the product of an alternate
and a symmetric substitution, if and only if its tnvarient-
factors occur in puirs of the type (A —o)", (A + )"

To find every possible symmetric substitution such as
making NC alternate, we notice that, as in § 4, we have

Cjihi+¢ji-1Bios = — A =CijaBia b =12, . m);
or epX;i+ei iy = — N —Cijm1Bj tg=1L2,.. m),
since (' is symmetric.
This leads, as in § 4, to
;=0 when A;+A; #0,
and when A; = —A;
Cioqj = —C;j—y When B, = L g, =1
¢;j-1=0 when 3,.,=0, 8;_, =1
Cio; =0 when 8, =1 8;,,=0
We have also ¢;; = ¢;;-
Suppose, for instance, that IV is the substitution
a)f = aw +m, @) =a@,a, @y =0
Y= —ay Yy ¥ = 0+ Y Yy = — oy
@ = owgtwy, @ =A@Ly, @ = A
g = =Yt Us Y5 = —OYs Yo Yi' = —OYss
@ = o +mg, @y =0xg ) (0
¥ = =Y+ Yo = —0US
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Then C has a symmetric matrix of order 16, of which the
first 8 elements of the first 8 rows and the last 8 elements
of the last 8 rows are zero, while the last 8 elements of the
first 8 rows are

[ o o @« o o d o o
o —u b o —d —e o —{
« b ¢c d e f g m
o o h o o p o o .
o —h =Lk o —p —q o —iler -~ (i)
ok n op g v i
o o —U o o — (¢} -8
o u v o / u N { ‘

This should be compared with (iii) of § 4.

The reader will easily verify that the determinant of the
substitution €' formed in this manner would vanish if the
invariant-factors of IV did not occur in pairs of the type
(A—a)", \+x)", as was to be expected from the previous
reasoning.

We assume now a theorem proved in § 10.

If Nis a given canonical substitution which (s the divect
product of substitutions of the type

o) =axy tiry, o =aw e, 2 = o, }
W= =0 s s Y ==Y 4y, = =,
and C is the direct product of substitutions of the type
) =Y "'2, ==Y 1’ ,“‘J: 2
’ - —
y = (=1l y) = (=) Ly —( 1)' e,y
__( 1 "= lyl
2// - ’ }
and F is any symmetric substitution such that NF is alter-
nate; then we can find a substitution D permutable with N
swel that DFD" = C.

As in § 5, we deduce

If a substitution A is transformable into the canonical
substitution N, und AK s alternate and K symmetric,
we can find a substitution P such that P'NP = A and
PKP = C.

Again :—

If two substitutions A and B hLave the same invariant-
Jactors, while AN and BK are both alternate and K s
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symmetrie, we can find o substitution S such that S-1AS8 = B
and SK§ = K.

Taking K = E we have
Any given alternate substitution can be transformed into

another given alternate substitution with the same invariant-
Juctors by an orthogonal substitution.

Ex. 1. Express
A=@Bx+3y+102+10w. 4v—y+42+6w, —2r42y+2—w,
—2y—4z2—3uw)
as the product of an alternate and a symmetric substitution.
[P'NP=A4
if P=Q@2r+y+a+w, 20+22—w, —r+y—z+w, —y—w), and
N=@+y, y, —z+w, —w). Take C as (w, —z, —y, 2). Then
K=P 10 "= (—w, 24w, y+42+2w, —r+y+22—2w).
Hence A is the product of the alternate substitution
AK = (2y+42+3w, —22-3z—4w, —4z+3y—4uw,

—3r+4y+42),
‘and the symmetric substitution

K'=Q2x-2y+2—w, —2v—4y+e, 2+y, —2).]
Ex. 2. Express (34x- 24y, 482—34y) as the product of an
alternate and a symmetric substitution.

§ 10.

We now prove the theorem left over from § 9. The process
is very similar to that of § 6, and will therefore be given only
in outline. We have to show that we can choose D so that
when we replace 2, by

dtl'/"l + (l{2w2+ vt dlm T (t =142 .., "n)
N is unaltered and If;;2;2; is transformed into e a2, i.e.
into the sum of quadratic form of the type
(Y=Y @y Y oTy =Y Tyt ),
N being of the type stated in the enunciation of the theorem.

(1) Take such a case as that in which Nis (i) of § 9. Then
the matrix of Xf;xx; is of the type deseribed in § 9 in
which the first 8 elements of the first 8 rows and the last
8 elements of the last 8 rows are zero, and the remaining
portions of the matrix are of the type (ii) of § 9.

Now apply the substitution (i) of § 6. Choosing k, I/, 1,7
properly we reduce Xfywg; to one similar to that just
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described, but with w, v, I, w zero. Now apply a similar
transformation to 7; and ¥, and we can make ¢, m, 4, j
also zero.
(2) We may now confine ourselves to the case in which ¥
is the direct product of constituents cach of the same degree.
Suppose, for example, XV is

! 7 ’ ’ |,__ i .
x =ar +x,, a =or,+x;, & =oar;

Y= =0 Yy U = 0 Yy Yy = — Oy
‘/"4’ = o, +my, @, = oy +ag, "'4,/ = . }
Y= =0y Y Y= — Qg Yo = — 0
S fijaiw; will have a symmetric matrix of order 12 in
which the first 6 elements of the first 6 rows and the last
6 elements of the last 6 rows are zero, and the last 6 elements
of the first 6 rows (and the first G elements of the last 6
rows) are

[ o TR, o 712

o =Ty =8y o iy Sy

™ i T A TR P T ()
o o Toy © o To

0 =Ty T8y 0 =Ty, T

T 1 by Ty ® ly

Apply the transformation (iii) of § 6. Choose the s in
this transformation so that the substitutions with matrices

. . R A
T T I and |0 i
Tor V| A 21 lzz

are inverses of each other. 'Then (i) is replaced by an array
of the form

|-

i o [o] 1 o o o
o —-l ——-b' o o “‘A' o “
: 11 s Th ‘
1 A n ° N 12|
(¢} o [} o o 1 o
° o =8, o =1 =N,
° Sy Ty 1 Sy Ty,

and now we can proceed as in (1).
(3) Lastly, take N as (i) of § 7. Then
Sfiiw; = 20 (Y, @ =Yy + YTy )
+ 2k, (Y 0y =Y 1@y + Y gy — )
4 2Ly (Y y— Yy @y Y pog @y — ) + o
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Now apply the transformation (iv) of § 6, taking
b,=1,b,_,=b,_,=b,_,=...=0.
Then choose «,, a,,, @,_,, ... to make X f;.a;a; reduce to
2 (yr“l—y:ﬂwz'*'y:—z" 3—'--)'

Ex. If  Fi(r, 9) = 20,2 =y, 172 +Y, 2%,—Y, 304+ 0.),

Fy(xy 9) = 2(y, 7=y, amy+y, -ot—y, 37+ -0,

then ¥, (2, y) becomes
F, (a0, ) Fy (0, 9)+ F, 1 (0, V) Fy (2, )+ ... + Fr (a, V), F, (7, 9),
when we transform it by (iv) of § 6.

§ 11. The Product of Two Hermitian Substitutions.

The following results are similar to those proved in §§ 2-10
and are established similarly.

Suppose P'NP = A and PKP =C. Then, if AK s
Hermitian, xo is NC; and, conversely, if NC is Hermitian,
%0 i AK.

A given substitution A can e expressed as the product of
two  Hermitian substitutions, if and only if its compler
invariant-factors occur in pairs of the type (A —o)’, (A —-a)".

Firstly, A cannot be so expressed unless its invariant-
factors are thus paired. In fact, if X and AK = I are
Hermitian, and @ is a substitution such that QK 1@’ is a real
multiplication (§ 1), then 4 has the same invariant-factors as

QLK'Q = QLQ . QK'Y
which is the product of a Hermitian substitution and a real
multiplication. Now use Ch. II, § 3, Ex. 2.%

Again, take N as the canonical substitution into which
4 is transformable. Then if the invariant-factors of 4 are so
paired, N will be the direct product of substitutions of the
type

v =aw ey, a7, =oax,, fa,, x, =awr, l

7/1’/:; XYyt Yy oo :'/’r—l = &3/1—1 +Yp ?/), =ay, t,

X/ =pX,+X, .., X, =pX,_ +X, X/ =pX,]
where 3 is real and o unreal.

* Or we may establish the result by combining Ch, I, § 6, Ex, 13, and
Ch. I1, § 2, Ex. 4, without introducing Q.
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We may take C' as the direct product of substitutions of
the type
: =Yy s &g = Yoy m": =l
I ,= Ly s Yy =dp Y =8
rr > y s
X'=X, .., X, =X,% =X,

Then €' and NC are Hermitian, and therefore AK and K
arc Hermitian.

Moreover, if NF and F are Hermitian, we can transformn
X f;j@«; into the sum of Hermitian forms of the type

+ (yrxl +G @yt G, B Y B Yot 1Y)
and + (X, X, +X,X_ +..+X,_ X, +X,X)
without altering XV,

The proof is as in § 10, noting that the equations (i) of § 4
now become
¢;; =0 when A;# Ay
and CimyjBicy = €ij-1Bj-y When Ay =A;

together with ¢;; = ;.

Ex. 1. If K and AK are Hermitian, we can find a substitution
R depending only on A4 (not on K) such that B‘=4 and

RAR'= AK.

[The method is that of § 4, Corollary IIL.]

Ex. 2 If A= (x+2y, —2—y) and K= (—z—y, —2), find B
such that B2 =4 and REKR'=AK = (—y, —x—2y).

1 1414

[1f r= (u+J, jzx ;?y)
_ 1414 1+¢ .

and p-t __(———— -, ~2——x+13/),

then PAP-!= N= (ir, —iy), and €= PKP = (y, 2).
If D= (1’” 2, {/:;y), D*= N and DCD'= NC.
Hence, as in § 4, Corollary III,

if - =(v¢ 2

if R=P1DP=(v22+v2y, '«/2)’

=A and RKR'= AK.]
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§ 12. The Product of & Hermitian Substitution and a Real
Multiplication.

We can deduce properties of a substitution 4 which is
the product of a Hermitian substitution and a real multipli-
cation K. N

Suppose that of the coeflicicnts of A, L are positive and
m—k ncgative. There will be no loss of generality in
supposing L > L.

The Hermitian form X1j;&; is transformable into the

form Xf;;@;x; where F = PKP. Hence, when Sfidr; is

reduced to standard form, as in Ch. III, § 2, it becomes

flgl + 52'52 Tt fhf-k‘"fkﬂfl.ﬂ T —‘fmfm'

Now Xf,&;x; was also reduced in § 11 to the sum of forms

of the type
i'. (glwl-*.yl—l'l".‘.-}- “'+J;lyr‘)
and + (XX +X,X,  +..+X,X)

But each of these is reducible by the method of Ch. III,
§ 6, to the type

M = T F M3 =g+ oy
as is ab once seen by use of the identity
2@f+3y) = (e+y) (@+7) = (r=y) (E=]).

Hence :—

‘A cannot have more than 2 (n.—~) unreal characteristic-
roots. If exactly 24— characteristic-roots are real, the
corresponding invariant-factors are linear.

Again :—

‘A cannot have more than 71—k invariant-factors which
arc not linear. If A4 has cxactly m—~ such non-linear
invariant-factors, they arc of degree 2 or 3. If they are all
of degree 3, every characteristic-root of 4 is real.’

‘If A has exactly 3L —2m lincar invariant-factors, all its
characteristic-roots are real, and the non-linear invariant-
factors are of degree 3.

Ex. 1. Enunciate the theorems at the end of § 12, for the case
2k< m.

i%. 2. Obtain, by means of § 12, properties of a ¢ quasi-Hermitian
substitution’, i.e. one of the type

’—- v
Tp = Uy U@y + e iy, 2y,
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where alj— a;; if i and j are both < k or both > %; and otherwise

L) Jt
[Take Kas (2, voy @y —Zpyyy ooy — )]
Ex. 3. Find quasi-Hermitian substitutions with invariant-factors
(i) A—0)?, o real; (i) A—oa), (A —&); (i) A—a)? A—&)%
[The substitutions with matrices

1+4a -1 3+ F(a=0)
1 — 1+ 1 (a—q) §(a+a) |’
Fa+a) % % 3 (—a)
3 3o+3) F(a—-&) —3

| -3 Fo—a) Flo+q) %
o—a) % 3 3 (o +4a)

Take N as a canonical substitution with the given invariant-
factors, K as in Ex. 2, and C'asin § 11.
Choose P so that PKP’=C (§ 1, Ex. 7). Then 4 is P"'NP.]

Ex. 4. In how many ways can a given substitution be ex-
pressed as the product of two Hermitian substitutions ?

[See § 4, Corollary L]
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CHAPTER VII
INVARIANTS OF THE SECOND DEGREE

{ 1. Quadratic Invariants of any Substitution.

IN Ch. I, § 11, we defined an (absolute) invariant of the
substitution 4
., .
Ly = Ayl +a,2-1'2+ e +ul)il‘l"m (t = l, ‘2) “ry m)
and proved that if PAP-'= B and f(x,, #,, ..., @,,) is an
invariant of 4, then
S Py Pyt vt P Pty Pyt o+ Py B

. . . vor Pmay Dot oo+ P ®n)
is an invariant of B.

If

f(ﬂ/'l, Loy vaey .l)m) = EC,/-,L'IJ)’ (l, j = ]., 2, “iey 772), (‘ii = ("'i
is a quadratic invariant, we can give an alternative proof of
this fact as follows :—

Suppose C' to be the substitution

4 N N
L = Oyt @yt oo+ el
then, since Xcyw;w; is an invariant of 4, ACA’=C by
Thatlad)

Ch.IIL § 1.

Then it is required to prove that T d;;»;«; is an invariant
of B, where
) “ij (pa'lxl F P Xyt +[’imwm) (pjl'rl +/’j2'r'2 +oe +[’im‘r’m)

= Edu-l'lx),
or D= PCP.

Hence we must prove BDB'=D.

But
BDB = PAP'.PCP'.P'-'4A’P'=P.ACA’.P'= PCP'= D,
which establishes the result.

We proceed to find all the quadratic invariants of 4. By
the above it is sufficient to find the quadratic invariants of
any substitution N into which 4 may be transformed; for
then the quadratic invariants of 4 can be readily deduced.
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 We might take for IV the well-known canonical form which
is the direct product of substitutions of the type
7 ’ — 4 — / oy v — 3
2 = 0@y + Ty, By = ALyt gy vy @ = Xl + 2y ) =,
It will save labour, however, to take N as the direct
product of substitutions of the type
@) = o, +aw,, &) = oax,+axy,
’
vy = A, o, o= ax,,
into which the previous substitution is at once transformed
by writing
az, for z,, o, for a,, ..., & lw, for «,,
i.e. the former substitution is transformed into the latter by
) =, 0 =y, wf = oty 0 =o0"
The substitutions permutable with this new canonical form

N are the same as those permutable with the usual form and
found in Ch.V, § 2.

Ex. 1. If I=emx+em,+...4+e,2,
is any relative linear invariant of A4, (e, ¢5, ..., €,) is a pole of A";
and when we operate with 4 on I, I becomes AJ, where A is the
corresponding characteristic-root of 4.

Ex. 2. The number of independent absolute linear invariants
of A is equal to the number of invariant-factors of A of the
type (A—-1)%

§ 2. Quadratic Invariants of a Canonical Substitution.

The most general quadratic invariant of the canonical
substitution & of § 1 is evidently obtained by taking any
pair of the constituent substitutions of which IV is the direct
product, finding every quadratic invariant of this pair, and
then adding all the invariants so obtained. The pair chosen
may be distinet, or may be the same constituent reckoned
twice over.

First suppose that the pair is distinct and is

Ty = @)+ oLy, s @y = O o, @' = &wr} (i)
Y= B+ B Y e Ysr1 = BYr +BYn Y = BYs
Take first of all » =s.
Let an invariant of this pair be
}:Gij?jim‘/ (,l:,"’; = 1, 2, ceey 7').
Then Tey (yi e/ —yiz) = 0. .
where @, y/ are given in terms of @y, v, @py Yo oees ¥y VY (1)
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Equating to zero the coefficients of
YyZgs wovs V1% s Yors ooes Yol ooes Ym@y oo YmP
we see that the following quantities vanish :—
(aB—1)ey, (O‘ﬁ“l) €, 6y,
—1ey+ey, (aB—1) €5+ € + 15+ €5y,
(a3 —1) ey +eq, (0‘3 1) eaz+ex1+ezz+ezv

(aB—=1)e, + e 1» (O‘B 1)912+en+e: 12+ €11
(B —1) e;3+ey,, cers
(a3—=1)en+en+eyten, ey

(aﬁ-l)e +032+em+e22, cers

(0‘:3—])‘3;3'*‘eu+er—13+": -12s cens
(aB=1)e,, +e5,4
(aB=1)ey,+€,,+e,+e,

(8 1)%;"“331 1+€H+€2r-— -(i1)

(aB_])e:r'}'P)r 1+e: 1,.+6, -17r=-1

A glance at these quantities shows that e;; = 0 for each
value of 7 and j unless a3 = 1.

If a3 = 1, we have at once

ep=ep=..=6, =0 ¢ =ey=...=6, ,=0,....€6.,=0,
together with § » (r—1) relations of the type
erte, =0, e, 19t €9;=0, )
Cote, ute =0, e ute yte =0, e

€t e 1t e1s= 0, €yt ey te, o= 0, e
ey 1+e€,=0
3, 1te, 1te,=0
€511 €3, 1+e3:—OJ

i.e. in the matrix

h Gy - - - b Gy

T T T L (
e e e 1ii)

-1 ¢-12 - - - G- €1 f

L Y S
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all the elements to the left and above the diagonal from
e, to ¢, are zero; the sum of two adjacent elements in this
diagonal is zero; and the sum of two adjacent elements in
a parallel diagonal * together with the element above one of
these elements and to the left of the other is zero.

It follows at once that e,, €., ..., €, may be chosen
arbitrarily, and then every element of the matrix (iii) is
uniquely determined. Hence there are = independent in-
variants of (i).

By suitable choice of e,,, €, ..., €, we can throw the
invariants into a great variety of forms. We shall obtain
here the most symmetrical shape. It is necessary to dis-
tinguish the cases in which 7 is odd and = is even. First

take r even, i.e. 7 = 2n.
Then choose
= —n- —n-1 —n-
en=1,e,=""10,e,=""Cy ..., 0, =""01 4,
p‘rn+1= cee =€rr=0'
The matrix (iii) becomes, when each element is multiplied

by (—1)"71, of the type

o o o o o o o o o o o 1

o o o o ) o o o o o —1 9,

o o o o o o o o o 1 —* 503

o o o o ) o o o-=1 3C,-*C, C,

o o o o o o o1 —-201 3, --4(/'1 6(71

(o) o o) [e] o o — 1 l —_ 1 1 _— ] 1 .

o ¢ ° o o 1 o o o o o o (iv)

o o o o —1 =1 o o o o o o

o o o 1 20‘ 1 o o o o o o

o o =1 =3C,-30;—-1 o o o o o o

o 1 i, %, *C, 1 o o o o o o
—1—5/'4—503—502—501—1 o o o o o o

where for illustration we take n = 6.
Next take r odd, i.e. » =2n+1.
Then choose
- — n-1 L1/
en=1e,="1C, ,+3,€3=" Cpgt3" 10, 4, oy
— 101 — 1 - —p —
€m = 1+§n 01’ a1 = 2 Crpip= 0 T = 0.

* Those running from ey, to €. €,5t0 €5, oy €, oy tO €4y
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"G = 1 9)¥} OM UOWBIISN[[I 10] AIdY

o o ° o o - +D—(0d+ 00— C0E+%0—E+%)— 1-
° o o o o % (DEt+1) (De¥t+700) (F+%00) T °
° 0 o o o E-—(pt+tU— (F+9a)— - ° o
o o o o o % Am+c [ ° °o o
o o o 