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PREFACE

IT is now over thirty years since Heaviside’s operational methods of
solving the differential equations of physics were first published, but
hitherto they have received very little attention from mathematical
physicists in general. The chief reason for this lies, I think, in the lack
of a connected account of the methods. Heaviside’s own work is not
systematically arranged, and in places its meaning is not very clear.
Bromwich’s discussion of his method by means of the theory of functions
of a complex variable established its validity ; and as a matter of practical
convenience there can be little doubt that the operational method is far
the best for dealing with the class of problems concerned. It is often said
that it will solve no problem that cannot be solved otherwise. Whether
this is true would be difficult to say; but it is certain that in a very
large class of cases the operational method will give the answer in a
page when ordinary methods take five pages, and also that it gives the
correct answer when the ordinary methods, through human fallibility,
are liable to give a wrong one. In particular, when we discuss the small
oscillations of a dynamical system with » degrees of freedom by the
method of normal coordinates, we obtain a determinantal equation of
the nth degree to give the speeds of the normal modes. To find the ratios
of the amplitudes we must then complete the solution for each mode. If
we want the actual motion due to a given initial disturbance we must
solve a further family of 2n simultaneous equations, unless special
simplifying circumstances are present. In the operational method a
formal operational solution is obtained with the same amount of trouble
as is needed to give the period equation in the ordinary method, and
from this the complete solution is obtainable at once by a general rule
of interpretation. For continuous systems the advantage of the opera-
tional method is even greater, for it gives both periods and amplitudes
easily in problems where the amplitudes cannot be found by the ordinary
method without & knowledge of some theorem of expansion in normal
functions analogous to Fourier's theorem. Heat conduction is also
especially conveniently treated by operational methods.

Since Bromwich’s discussion it has often been said that the operational
method is only a shorthand way of writing contour integrals. It may be;
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but at least one may reply that a shorthand that avoids the necessity
C 410
of writing Ql—m dxin every line of the work is worth while. Connected

c—to
with the saving of writing, and perhaps largely because of it, is the fact
that the operational mode of attack seems much the more natural when
one has any familiarity with it. After all, the use of contour integrals
in this connexion was introduced by Bromwich, who has repeatedly de-
clared that the direct operational method of solution is the better of
the two.

My own reason for writing the present work is mainly that I have
found Heaviside’s methods useful in papers already published, and shall
probably do so again soon, and think that an accessible account of them
may be equally useful to others. In one respect I must offer an apology
to the reader. Heaviside developed his methods mostly in relation to the
theory of electromagnetic waves. Having myself no qualification to write
about electromagnetic waves 1 have refrained from doing so; but as the
operators occurring in the theory of these waves are mostly of types
treated here I think the loss will not be serious. It can in any case be
remedied by reading Heaviside’s works or some of the papers in the list
at the end of this tract.

A chapter on dispersion has been included. The operational solution
can be translated instantly into a complex integral adapted for evalua-
tion by the method of steepest descents; a short account of the latter
method has also been given, because it is not at present very accessible,
and is often incorrectly believed to be more difficult than the method of
stationary phase. Two cases where the Kelvin first approximation to the
wave form breaks down are also discussed.

My indebtedness to the writings of Dr Bromwich is evident from the
references in the text. In addition, the problems of 4.4 and 4.5 are taken
directly from his lecture notes, and several others are included largely
as a result of conversations with him.

My thanks are also due to the staff of the Cambridge University
Press for their care and consideration during publication.

HAROLD JEFFREYS

St JorN’s COLLEGE,
CAMBRIDGE.

1927 July 19.
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CHAPTER I
FUNDAMENTAL NOTIONS

L.1. Let us consider the linear differential equation of the first order
dy _
dz

where R and § are known functions of #, bounded and integrable when

0 Sz <a. Suppose further that y=7, when 2=0. Let  denote the
operation of integrating with regard to  from 0 to z, so that

Ry+S, oo, (1)

Perform the operation ¢ on both sides of the equation (1). Then we
find

Y=%=Q(Ry+8), ...coooii (3)

and the right side vanishes with 2. This can be rewritten in the forms
(1=-QR)y=9,+QS, oo 4)
Y=Y+ QS+ QRy. cco..ooiiiiiii (5)

These are both equivalent to the original differential equation (1) to-
gether with the given terminal condition. When we write /2y we mean,
of course, that £ is to be multiplied into y and the product integrated
with regard to @ from 0 to 2. But the whole expression for ¥ may be
substituted in the last term of (5), giving in succession

Y=y + QS+ QR (y, + QS+ QRy)
=g+ QS + QR (y, + Q8) + QRQR (y, + QS + QRy)
=%+ Q8) + QR (o + QS) + QRQR (3, + €S)

+ QRQEQRE (o + Q8) + .o o, (6)
on repeating the substitution indefinitely. We have to show that the
infinite series (6) converges and that it is the correct solution. In
evaluating each term /2 is supposed to be multiplied into the whole

expression after it, and @ to operate on the whole expression after it.
Suppose that within the range considered

|R|<A, 19+ QS|SB ooovvviiiiiein, )
where 4 and B are finite. Then the absolute value of the second term
J I
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is less than 4 Bz, that of the third than 4?Bz*/2!, that of the fourth

than A°Bx*/3!, while the general term is less than A B2"/n!. The series

therefore converges at least as fast as the power series for exp Az. It

therefore represents a definite function, and on substituting it in (5) we

see that the equation is satisfied for all values of z; also the solution

reduces to y, when & =0, as it should. Thus (6) is the correct solution,
The solution can also be written

y=(1+QR+QRQR +QRQRQR + ...)(y,+ QS)....... (8)
The operator between the first pair of brackets is the binomial expansion

of (1 - QR)™, carried out as if Q2 was merely a number. Since y, + @S
18 a determinate function, we can write the solution in the form

y= IJQ—ii Yo+ QS)y eeeveevieeiiiinns 9)

provided that y, + @8 is evaluated first and that the operator (1 - QR)~*
is expanded by the binomial theorem before interpretation. In fact (9)
is merely a shorthand rule for writing (8). But on returning to (4) we
see that (9) is also the solution of (4) carried out as if 1 — QR was a mere
number.

It is evident from (8) that the values of 8 for negative values of 2 do
not affect the solution provided y, is' kept the same. Suppose then that
S was zero for all negative values of z, and that y was zero when z= 0.
The solution would be

y=(1+QR+QRQR+..)QS, oo (10)

and this solution would be unaltered if the lower limits of all the
integrals were replaced by — «. But if now we add to S a constant y,/é
for all values of z between 0 and £, @S will be increased by y, for all
“values of « greater than & and (10) will be converted into (8). If then ¢
tends to zero, y, remaining the same, 7, will tend to ,, and we recover
the solution (8) with the original initial condition. The physical interest
of this result is that it corresponds to our notions of causality. Suppose
that the independent variable # is the time, and that y represents the
departure of some variable from its equilibrium value ; then & represents
a property of the system and S an external disturbing influence. If the
system was originally in its equilibrium state, the form (10) exhibits
the disturbance produced by the external influence after it enters. If it
was undisturbed up to time zero, the part of (8) depending on &S repre-
sents the effect of the finite disturbances acting at subsequent times,
while the part depending on y, represents the effect of the impulsive
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disturbance at time 0 required to change y suddenly from zero to y,. If
we like we can separate the solution into two parts

(1-QE)7y and (1-QE)™ @S,
and say that the first represents the effect of the initial conditions and
the second that of the subsequent disturbances.

1.11. The method just given can be extended easily to cover many
equations of the second and higher orders. Thus if our equation is

a .
3§=Ry+b, ........................... (1)

with y =y, and g% =9, when &= 0, we find by integration
d
Lo =QRY+8), e, ()

Y=Yo—2h =QQ(RBy+8). oo (8)
This leads to the solution in a series

y=(1+ @R+ QRPR+..)(yo+ 2+ QS), ..eoen. (4)

where ¢r@=[ [ 0T 7 )
1,12, Asa special example, consider the equation
W g, oo (1)
with ¥ = 1 when « = 0. Then carrying out the process of 1.1 (6) we get
y=1+a@Q+a?@*+...)1 ...ooooiiiiininnnnn (2)
=1+aw+a~2'?—2+..., ........................ (3)

2!

the ordinary expansion of exp az. Or take the equation

d dy 0
w%(x%)+xy—0, ..................... (4)
with ¥ =1 and dy/dz =0 when #=0. We can infer
1
g=1-Q {é—Q(xg/)} ....................................... (5)

(@) e (O ) @) s

the ordinary expansion of J, ().
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1.2. The foregoing method is due originally to J. Caqué*; it is a
valuable practical method of obtaining numerical solutions of linear
differential equations. Its extension to equations of any order, or to
families of simultaneous equations of the first order, is more difficult
unless special simplifications enter. But if the equations have constant
coefficients, which is an extremely common case in physical applications,
a considerable development is possible. This arises from the fact that
the operator @ obeys the fundamental laws of algebra. Thus if « is a
constant and » and v known functions of 2,

Q (at))=a (Qu),orveorree.. e )
Qu+v)=Qu+Qu, ..o (2)
QU = PGU= QMU (3)

Consequently  behaves in algebraic transformations just like a number.

If for instance we have two operators /() and g (@) both. expressible
as sums of integral powers of ), thus .

f(D=a+t,Q+a,F+a;P+... ... el «.(4)
g@Q=by+b Q+ b, QP +bs @ +... oo, (5)
where the a’s and &’s are constants, let us for a moment replace @ by a

number # small enough to make the series convetrge absolutely. Form
the product series

S(@)g@)=(a+amz+a,z*+...)(b, +b,z+.b2z2+...)

=C +C 2+ 02+

say. Consider first the case where the series are both polynomials. Then
if 8 is an integrable function of #

S @Qag@QS=(c+cQ+c@P+..)8 ..o (1)

For the left side means
(@o+ @ @+ @ + ...) (beS+ 0, QS+ b, Q*S + ...)
= o (boS + 1, QS + by @S + ... )+ (b QS + b, @S +..)
+ @ (b PS+ .. )+ ot (8)

* Liouville’s Journal, (2), 9 (1864), 185-222. Further developments are given by
Fuchs, dnn. d. Matem., (2), 4 (1870), 36-49; Peano, Math. Ann., 32 (1888), 450-456;
H. F. Baker, Proc. Lond. Math. Soc., (1), 34 (1902), 347-360; (1), 35 (1902), 333
378; (2), 2 (1905), 293-296; Phil. Trans., A, 216 (1916), 129-186. Caqué considers
only a single differential equation, but notices that the operator in the result is
in the form of a binomial expansion. For other operational methods based on these
principles, but applicable to equations of order higher than the first, or to families
of equations of the first order, the above papers of Prof. Baker may be consulted.
Physical applications are given by W, L. Cowley and H. Levy, Phil. Mag., 41
(1921), 584-607; Jeffreys, Proc. Lond. Math. Soc., (2), 23 (1924), 454 and 465 ;.
M.N.R.4.S., Geoph. Suppl. 1 (1926), 380-383.
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using (1) and (2); and then using (8) we can collect the terms involving
the same power of @ and obtain

Ay by S+ (aohy + a,bo) QS + (@oby + ay by + as by) S+ ... (9)
which is by definition the same as

(C+a@+cP+..)8 (10)

When the series are infinite, their convergence may be established
easily. If the series for f(2) converges absolutely when |z| <, then a
number 3/ must exist such that @,2" < M for all positive integral values
of n. Thus

M
GS s (11)
and also if for all values of z, | §| < C, where C is a constant,
o xn
QSSOT . e (12)
Hence if F@) 8= an,, @S, oo, (13)

each term is less than the corresponding term of the series

0 T n 0

s (%)~

b A[(T) R JRTTETPTPT PR (14)

n=0

which converges for all values of # however large. So long as f(z) is
expansible about the origin in a convergent power series, however
small its radius of convergence may be, the expression f(@Q) S will be
the sum of an absolutely convergent series however great  may be. If
J(2) and g(z) are both expansible within some circle, their product
series will also converge within this circle and the expression f(Q) g (@) S
will be an absolutely convergent series however great z may be.
Provided with this result we can now easily extend the result (7) to the
case where /() and ¢ () are infinite series, by methods analogous to
those used to justify the multiplication of two absolutely convergent
power series.

1.3. We can now extend these methods to the solution of a family of
n simultaneous differential equations of the first order with constant
coefficients. Suppose the equations are
enth +enYat o +enYa==5
enYitenlst ... +enln=~N l

.................................

J?
el telulot ... + enn?/n:Sn
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where the y’s are dependent variables,  the independent variable, e,
d

denotes U + b,s, where a,, and b,, are constants, and the §’s are

known functions of 2. We do not assume that
Qpg = Qgrry brs = bcﬂ
but we do assume that the determinant formed by the a’s is not zero.
When # =0, 9, = u,, and so on, where the #’s are known constants.
First perform the operation € on both sides of each equation. We have

(0 s ,
Qersya - fo(aru ‘di + b,-,:l/,)d&'

= Qg (ys_ un) + by an

= s Ys— Opg Uy woneereeeneennnennannnniin, (2)
where f,, denotes the operator a,, + 0,,§. Then the equations and the
initial conditions are together equivalent to the equations

fu.”/x"‘fu%"‘ +f1n3/n:’vl+ QSI

.......................................... RSN €. )
S+t o+ San =0+ Q8,
where Vp= A Uy + Ara Ug + oe F Ay Uy eeeeeaanennn.., 1)
The general equation can be written compactly
S ¥s =0+ QSr oot (5)
Now let D denote the operational determinant formed by the /s,
namely,
So Suo S
o o S (6)
Ju S o S

If this determinant is expanded by the ordinary rules of algebra and
equal powers of @ collected, we shall obtain a polynomial in . The
term independent of € is simply the determinant formed by the a’s,
which by hypothesis does not vanish. Now let F), denote the minor of
Jrs In this determinant, taken with its proper sign. ¥, also is a poly-
nomial in Q.

Now operate on the first of (3) with F,, on the second with F,,, and
go on, and add. Then in the sum the operator acting on yn, say, is

Sy o fome eeeeeereeereeres e, )
If m = s, this sum is the determinant D ; if m + s, it is a determinant with
two columns equal and therefore is zero. The resulting equation is

therefore
Dyy=3, Foy (0, + Q8.). —overervereerennnn. (8)
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Now if all the S’s are bounded and integrable within the range of values
of # contemplated, the expression on the right of (8) is also a bounded
integrable function of 2. Also since the function D (z), obtained by
replacing @ in D by a number z, is regular and not zero at z=0, the
function 1/D (2) is expressible as a power series in 2 with a finite radius
of convergence. Define ! as the power series in @ obtained by putting @

for z in the series for 1/D (2). Then operate on both sides of (8) with D,
We have
DDy, = D73, Fry (0,4 QS,). oo )

But, since series of positive integral powers of @ can be multiplied
according to the rules of algebra, DD gives simply unity, and we
have the solution

Yo=D 3 Frg (0 + Q8))cvviviiniiiiinin (10)

This gives a complete formal solution of the problem. Its form is often
convenient for actual computation, especially for small values of 2; but
it can also be expressed in finite terms. J) is, as we have seen, a poly-
nomial in  of degree » at most, while F, is a polynomial in @ of
degree # — 1 at most. Our solution is therefore of the form

(@), ¥(Q) oo

Yo = govan +

"To@T D@
where ¢ and ¢ are polynomials whose degree is ordinarily one less than
that of D. Since the determinant formed by the a’s is not zero we may
denote it by A, and then D will be the product of » linear factors,

thus

D=A(1-0,Q)(1-a0,Q)... (1 =6, @), cervrvvrrnn. (12)
where the o’s will ordinarily be all different. Then ¢ (Q)/D(Q) can be
expressed as the sum of a number of partial fractions of the form

L
e T —— (13)

But by 1.12 (3) this is the same as Le*®. The part of the solution arising
from the o’s can therefore be expressed as a linear combination of
exponentials.

The justification of the decomposition of ¢ (Q)/D(Q) into partial
fractions is that this decomposition is a purely algebraic process. Hence
if the partial fractions and the original operator are all expanded in
positive powers of @, and like powers of @ are collected, the coefficients
of a given power of § will be the same in both expressions, and the
equivalence is complete.
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Exceptional cases will occur if D contains no term in Q" or if two
or more of the o’s are equal. If the term in @ is absent the expansion
of the operator in partial fractions will usually contain a constant term.
If the term in @' is also absent we must divide out, and the expan-
sion in partial fractions will contain a term in ; this will give a term
in  on interpretation.

If several of the o’s are equal, the expression in partial fractions
will involve terms of the form M (1 —a@))™". These can be interpreted
by direct expansion; but another method is more convenient. Starting

with
(1=a@) =6 .riiiiiiiiiiiiinennns (14)
let us differentiate » — 1 times with regard to . We find
r—-1
Q‘(*Ii)gg);- =TT, e (15)
r—1 z"‘"l
so that (T=aGF = (r=1)! €% i (16)

A rather different form of resolution into partial fractions from the
ordinary one is therefore necessary if each fraction is to give a single
term in the solution. Instead of having constants in all the numerators
we must have powers of @, the power of () needed in any fraction being
one less than the degree of the denominator. But if we write p~* for ()
the fraction in (16) is algebraically equivalent to p/(p —a)". In this form
the power of p in the numerator is independent of the degree of the
denominator, and it is easier to resolve into partial fractions of this form
than into those involving € directly.

The above remarks apply to the interpretation of the cffect of the
initial conditions; that is, of the first term on the right of (11). o find
the effect of the terms in the §’s we may expand the operators simi-
larly. To interpret (1 —a@)™ @8 in finite terms, we note that it is the
solution of ‘% —ay =8 that vanishes with 2. This is easily found by the
ordinary method to be

Y= Q(87%), coviiiiiiiiiii (17)
which is the interpretation required.

To sum up, we can solve a family of equations of the type (1) by
first integrating each equation once from 0 to « with regard to 2, allow-
ing for the initial conditions. This gives a set of equations of the type
(8). The subsequent process for deducing the operational solution (10)
is exactly the same as if the operators f,, were numbers, and the
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ordinary rules of algebra were applied. The solution can be evaluated
by expanding the operators in ascending powers of @ and evaluating
term by term; this in general gives an infinite series. Alternatively it
can be obtained by resolving into partial fractions and interpreting each
fraction separately; this gives an explicit solution in finite terms.

1.4. Heaviside’s method is equivalent to that just given; it differs
in using another notation, which is not quite so convenient in a formal
proof of the theorem, but is rather more convenient for actual applica-
tion. In Heaviside’s notation the operator above called @ is denoted by
p~'. At present we need not specify the meaning of positive powers of
p ; negative integral powers are defined by induetion, so that p=" denotes
@". We have noticed that the passage from 1.3 (8) to 1.3 (10) is a
purely algebraic process. Consequently if all the equations (8) were
multiplied by constants before the algebraic solution the same answer
would be obtained. Suppose then that we write the general equation
1.3 (5) in the form

3 (@rs + 0rep ™) Yo = Byrstts + p7IS. e, (1)
Multiply throughout by p as if this were a constant. We get
S (e + brg) Yo = Sq@uPlls + Sy, coviiiiiinninn (2)

On solving the = equations of this form we shall obtain a solution
identical with 1.3 (10) except that p~* will appear for @, and both
numerator and denominator will be multiplied by the same power of p.
If the operators in the solution are expanded in negative powers of p,
and p~! is then interpreted as ), the result will be identical with that
already given. Comparing (2) with the original equations 1.3 (1) we see
that the new form of our rule is as follows:

Write p for d/dx on the left of each equation; to the right of each
equation add the result of dropping the &’s on the left and replacing
the #’s by their initial values; solve the resulting equations (2) by
algebra as if p was a number ; and evaluate the result by expanding
in negative powers of p and interpreting p~' as the operation of
integrating from 0 to 2.

This is Heaviside’s rule. In what follows the equations (2) will usually
be called the subsidiary equations.

To obtain the solution explicitly, we put e,, for @,p + ., denote our
determinant

.....................
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by A, and denote the minor of ¢, in this determinant, taken with its
proper sign, by E,,. Then the solution is

4= 52 (03t + 8. e 3)

Since the determinant formed by the a’s is not zero, A is of degree n in
p, while E,, is at most of degree n— 1. The operators can therefore be
expanded in negative powers of p, as we should expect; positive powers
do not occur. All terms after the first vanish with #; the first is

where 4,, 18 the minor of a,, in 4. But
3, A0, =4 (m= s)}
=0 (m=*s))’
and (4) reduces to u,, as we should expect. This verifies that the solu-
tion satisfies the initial conditions.

1.5. To interpret the operational solution 1.4 (3) in finite terms we
require rules for interpreting rational functions of p operating on unity
and on other functions. We have already had the rules

“1=@; p?=@*; andsoon, .................. (1)
p1=Ql=2; pt1=Qz= 'ﬁ, and in generalp"‘lz%....@)

If unity is replaced by Heaviside’s ‘unit function,’” here denoted by
H (z), which is zero for all negative values of 2 and 1 for all positive
values, we shall still have

p"H(z)=

when z is positive, but it will vanish when z 1s negative. We can also
replace the lower limit of the integrations by — o without altering this
interpretation.

Again, we shall have when z is positive

p - = 1 = ettt
poas Toag =l e (4)
P __ @ &
(p—a)" 1 — GQ)" (n 1)| ............... (5)
a = p - = == Ly eevcevsssetsnsssrencns
p —-—a p_ a 1 € 1, ......... (6)

where the function operated on may be either unity or H(z). In the
latter case all the operators will give zero for negative values of .
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The operators in 1.4 (3) are of the form f(p)/F (p), where f(p) and
F(p) are polynomials in p, and f(p) is of the same or lower degree
than F(p). If F(p) is of degree n it can be resolved into n linear
factors of the form p—a. Then provided that the o’s are all different
and none of them zero we have the algebraic identity

F) _ SO) 5 @) 1

PF () pb‘(()) B () poa? )
S(p) _/(0) S@ p
whence Flp)~ F( 0) + 3, b (@) poar (8)
If this operates on unity or / (#) we have therefore for positive values
of »
fﬁ(}?) f(()) +3 7f7(a) (9)

_[4'( ) F(O) + '1(,,( ) ...............

To justify this we notice as before that (8) is a purely algebraic iden-
tity, and therefore if both sides are expanded in negative powers of p,
beginning with constant terms, the expansions of the two sides will be
identical, and on interpretation in terms of integrations will give the
same result.

The formula (9) is usually known as Heaviside’s expansion theorem ;
but as Heaviside’s methods involve two other expansion theorems* it
will be called the  partial-fraction rule’ in the present work.

If some of the o’s are equal or zero, the expression (7) considered as
a function of p will have a multiple pole, and its expression in partial
fractions will contain terms of the form (p — )™, where s is an integer
greater than unity, and « may be zero. Then f(p)/F (p) will contain
terms of the forms p~® " or p/(p — )%, which can be interpreted by
means of (2) or (5).

By means of these rules we can evaluate all the expressions for the
part of ¥, in 1.4 (3) that depends on the initial values of the y’s. If the
S’s are constants for positive values of z, as they often are, the same
rules will apply to the part of the solution depending on them. If they
are exponential functions such as e, the easiest plan is usually to
rewrite this as p/(p — ) and reinterpret. Thus

f(])) o = f(]’) P
ﬁ’(p) ﬁv(p)p T (10)

VA C) S A C N
ORIV HOMER

* Namely, expansion in powers of @ or p~! and interpretation term by term;
and expansion in powers of e~Ph, where & is a constant, as in 4.2.
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If 8 is expressed as a linear combination of exponentials we can apply
this rule to each separately. This is applicable to practically all func-
tions known to physics.

Alternatively we can resolve the operator acting on S into partial
fractions and interpret p="8 by integration and other fractions by the
rule of 1.3 (17)

1
p —-a

This completes our rules for solving a set of linear equations of the
first order with constant coefficients. In comparison with the ordinary
method, we notice that the rules are direct and lead immediately to a
solution involving operators, which can then be evaluated completely
by known rules. If it happens that we only require the variation of one
unknown explicitly, we need not interpret the solutions for the others.
In the ordinary method we have to find a complementary function and
a particular integral separately. To find the former we assume a solu-
tion of the form y,=X,¢** and on substituting in the differential equa-
tions with the S’s omitted we find an equation of consistency to
determine the 7 possible values of a, and the ratios of the X’s corre-
sponding to each. The particular integral is then found by some method,
but it does not as a rule vanish with 2. The actual values of the \’s
are still undetermined, and the value associated with each « must be
found by substituting in the initial conditions and again solving a set
of n simultaneous equations. The labour of finding the equation for the
a’s and the ratios of the A’s corresponding to one of them is about the
same as that of finding the operational solution in Heaviside’s method ;
the rest of the work is avoided by the operational method. Further, if
some of the a’s are equal or zero considerable complications are intro-
duced into the ordinary method, but not into the operational one.

S =g ﬁ) T (12)

1.8. The above work is applicable to all cases where A, the deter-
minant formed by the «’s, is not zero. We can show that if A4 is zero
there is some defect in the specification of the system. A system is
adequately specified if when we know the values of the dependent
variables and the external disturbances the rates of change of the
dependent variables are all determinate, and if the initial values of the
variables are independent of one another. Now if 4 is zero, let us
multiply the »’th equation by 4,,, the minor of a,, in 4, and add up
for all values of 7. The coefficient of dy,/dz in the sum is 4, which is
zero ; that of any other derivative is a determinant with two columns
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equal, and is also zero. Thus the derivatives disappear entirely from
the sum, and we are left with a relation between the %’s and the §’s.
If the coefficients of the 3’s also vanish, there must be a permanent
relation between the §’s, and one of the equations we started with is a
mere logical consequence of the others; then we have not enough
equations to determine the derivatives. If the coefficients of the y’s do
not vanish, we can put =0 and obtain a relation between the initial
values, which are therefore not independent.

1.7. The method is most easily extended to equations of higher
order by breaking them up into equations of the first order. Thus if we
have an equation of the second order such as

2 y
§£é+ag%+by=lg, ........................ (1)

we introduce a new variable z given by

dy

J[Z} ~-Z= 0’ .............................. (2)
and the original equation can be replaced by
dz
- Z = AS'. ...........................
dp T by (3)

We have now two equations of the first order in y and 2. If initially
y =y, and dy/dx =y, the subsidiary equations are
PY—3=PYoy coneeevrnrnnaenenieiinnn 4)
(p+ta)z+by=pyp+S 5)
Solving by algebra we find
(P*+ap) o + py+ N

:[/:: pe 1)2+“p+[) R RN (6)
To interpret, put

PHap+b=(p—a)(P—PB)y cooverriiiiiiin (7)
and apply the partial-fraction rule. We find

1 1 .
9= o gU=Bu) e~ —p(n—ey)e”

X &
L [es'“f SeP* d.v~e“f Se‘”dx], .+(8)
a-pf Jo 0

which is easily shown to satisfy all the conditions and therefore to be
the solution required.
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1.71. A few illustrative examples may be given. (p is written for
d/dz from the start.)
1. (P*+4p+3)y=1; %=3; n=-2.
We consider the subsidiary equation
(PP+4p+3)y=1-2p+3(p*+4p)
=3p"+10p+1,
_pr1opl
Y=+ 1) (p+3)
=1+3e "},

on interpreting by the partial-fraction rule.

2. (P +5p+6)y=12; %=2; 3, =0.
Consider (p'+5p+6)y=12+2(p* + 5p).
Cancelling the common factor,

y=2
3. (p+3)y=e"; 5,=0.
. . _ ,..?_-
This can be wntpen (p+3)y—p+2,
or y: ___.]_)..——-—-.
(p+2)(p+3)
=¢ ¥ —¢™%,

4. (p*+n*)y=0.

Yo + py sin na
Yy J?_g;_;?_n: YoCOSNL + 7y - - .
5. (p+2)y=a"e*; ,=0; 3,=0.

The expression on the right is equivalent to the operator 2p/(p +2)°.

Hence
2p 2t .

Y=p+oy~ 01 ¢
We notice the advantage of Heaviside's method in avoiding the use
of simultaneousequations todetermine the so-called ‘arbitrary’ constants
of the ordinary method. In particular in the second example the data
have a property leading to a simple solution. Heaviside's method seizes
upon this immediately and gives the solution in one line; with the
ordinary method the simultaneous equations for the constants would
have to be solved as usual.

R e
—12#0 .
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In general we may say that the more specific the problem the greater
will be the convenience of the operational method.

1.72. The method just given can be extended easily to a family of
equations of the second order. If the typical equation is again written

Sl Ys =S, i (1)
a? d
where now €= Ary 5 + brs g Orer e, (2)
we can introduce # new variables z,, z,, ... 2, given by
dy.
'&5 —Zr= 0 P (3)

thus treating the first derivatives of the ¥’s as a set of new variables.
Then the equations (1) are equivalent to

3, a, 32-' + 3, (Bra 20+ Cra¥s) =8y ovrvrvarnane (4)
and (3) and (4) constitute a set of 2n equations of the first order. Suppose
also that when z =0, y, = u,, 2, =v,. According to our rule of 1.5 we
must replace d/dz by p and add pu, to the right of (3), and 3, a,, pv,
to the right of (4). We have now to solve by algebra, and may begin by
writing the revised form of (3)

Zr =P (Yr—Ur) cerreriiiniiiiniiinninann. (5)
When we substitute in the modified form of (4) we get

23 anp’ (:‘/e - ua) + Ea an (?/a - us) + 25 Crs ys = Sr + 23 Arg P’Uu (6)
or, on rearranging,

30 (W + bpsp + Crs) Ys = 25 (A P + byy P) U + 3y @y pU,+ Sy, ...(T)
We have thus » equations for the »’s to solve by algebra, and the
solution can be interpreted by the rules.

In Bromwich’s paper ‘Normal Coordinates in Dynamical Systems’ a
method equivalent to the operational one is applied directly to a set of
second order equations. First order equations, however, arise in some
problems of physical interest, and merit a direct discussion. This, as we
have seen, is easily generalized to equations of the second order.

1.73. In the discussion of the oscillations of stable dynamical systems
by the ordinary method of normal coordinates there is a difficulty when
the determinantal equation for the periods has equal roots. This does
not arise in the present method. If the system is not dissipative,
and the determinant formed by the ¢'s as defined in (2) has a multiple
factor (p* + a®)", we know from the theory of determinants that every
first minor has a factor (p* + a?)""%. On evaluating the operational solution
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of (7) we can therefore cancel the factor (p* + o)™ from the numerator
and the denominator, and we are left with a single factor (p* + a?) in the
denominator. Thus the part of the solution depending on the initial
conditions is of the trigonometric form as usual; terms of the forms
¢t cos at and ¢ sin a¢ do not arise.

1.8. In all the problems considered so far the operators that occur in
the solutions are expansible in positive powers of @, or in negative powers
of p, and we have seen that so long as the series obtained by replacing
@ by a number have a finite radius of convergence, however small, the
operational solution is intelligible in terms of the definitions we have
had. But we have not defined p as such, because we have only needed
to define its negative powers, and p cannot be expanded in terms of its
own negative powers. Then has p any meaning of its own? Since it
replaces d/dz when we form the subsidiary equation we may naturally
suppose that p means d/dr, and this is the meaning sometimes actually
attributed to it; but care is needed. We recall that when the subsidiary
equation is formed a term like py, appears on the right; but dy,/dx is
zero, so that if we pushed this interpretation too far we should be faced
with the alarming result that the solutions of the equations do not
depend on their initial values. The fact is that though the operators
d/dz and Q both satisfy the laws of algebra and are freely commutative
with constants, they are not as a rule commutative with each other.

Thu x
s (Zz‘(")f('z)__ %Lf(x)dzzf(x), ............... (1)

Q ;xf(x) = ftf’(x) de=f()-f(0). ..c...... 2)

Jo

Thus the operators p and ) are commutative if, and only if, the function
operated on vanishes with 2. It appears from (1) that d/dz undoes the
operation @ if d/dx acts after . With this convention we can identify
p, the inverse of @, with d/da. When p and @ both occur in an operator,
the @ operations must be carried out before the differentiations*.

This result explains why some of our interpretations differ from those
given in text-books of differential equations for the determination of
particular integrals. For instance, we have interpreted 1/(p—a) as

i (e*= - 1). In the ordinary method, due to Boole, we expand this operator
in ascending powers of p, and get
1 (1,2 -1
Soals (a+a2+...)1_-a. ............... 3)
* Cf. Heaviside, Electromagnetic Theory, 2, 298.
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This assumes that the sum of all the terms of the series after the first
is zero. But

(p-l—o:-'-é)l:d"(bp;;) 1.' .................. (4)

If the operator on the right is written 3—1171_: pl, it is clearly zero.

But if it is written 1 .p .]ﬁ .1, it gives by our rules =, The differ-

ence arises from the fact that the operators p and (p —a)™! are non-
commutative.

We may notice, incidentally, that whereas the series in powers of
give convergent series on interpretation, the same is not true of the
corresponding series in powers of p. For instance, if 8= (2 — 1), where »

is fractional, the series for 1—)—{—1 . 8 in ascending powers of p diverges

like 3 (x—1)"n!. Apart from the greater internal consistency of
Heaviside’s methods, then, they are capable of much wider application.
We have also

ehr’f(x):(1+lzp+’%1!i2+ 2 )F @)

=/ @)+ S @)+ o ()

by Taylor’s theorem. The operator €* increases the argument of a
function by A.

This operator is useful in enabling us to find a theorem that plays
in Heaviside’s method a part closely analogous to that played by Fourier’s
integral theorem in the ordinary method. Instead of trigonometric
functions, Heaviside treats as fundamental the function here called
H (), which is zero for negative, and unity for positive, values of z*.
This function being discontinuous, we cannot at once apply Taylor’s
theorem to it; but continuous functions can be found as near to it as
we liket, and the results obtained by applying (5) may be regarded as
the limits of results proved for these. Then we shall write

" H (z)=1 when 2 >—h }
=0 when 2 <—4J

* Proc. Roy. Soc., A, 62, 513.
+ E.g. 4 (Exf\z+1) where A may be made indefinitely great.
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A fuller justification of this step will be given in the next chapter. Then
if b <h,,

(6P —e ) H (z)=1if hy<a<hy
=0ifx<h ;. .l ©)
and =0 if 2> A,

If further A, < by <hy< ... <h,,
(60 =) £ () + (=) [(J) + .. (e Phnms— o) £ ()} H (2)
=0 for x <hy, f (k) for by <x <h,, and so on. ......... (8)

If then the subdivisions of the interval 4, to %, become indefinitely
numerous, we can approximate as closely as we like to a function f ()
by a sum 3 /(%) (¢~Phr-1— ¢=hr) I{ (2'). Now with a further proviso about
replacing H (z) by a continuous function and later proceeding to a
limit, we can replace this sum by an integral. Then

(@)= f: __Jd [eh H (2)] = f :f(k) e hpH (2)dh. (9)

If the integration with regard to 4 is carried out, we obtain a function
of p operating on H (z). In this way a given function of # can be
expressed in the operational form*.
We notice that if % is positive
e"l’th(.l') pph {0 when o <0
P x when @ > 0
(O whenax<#h
- {.T—-k when 2> 4,

and V@)=t (x—/;):fu (e - h)dz
D p 0
=( when z <A,

=g -k when 2> A.

Thus the operators;) and e P* can be commuted provided £ is positive.

0 when z <—#
z+hwhena>—h,

1
rl =
But ep » I (z) {

1 { 0 when 2 <0
— h’ =
and P ert H () lz when &> 0.

Fortunately symbolic solutions seldom contain operators of the form
P, where k is positive, so that the fact that this operator is not com-

. T . . .
mutative with » gives little trouble in practice.

* Heaviside, Electromagnetic Theory, 3, 327.
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CHAPTER II
COMPLEX THEORY

2.1. All the interpretations found so far for the results of operations
on unity or on /() are special cases of two closely related general
rules, as follows. If ¢ is an analytic function,

$(p). 1 =2;L/C€;¢(K)dx, .................. (1)
& (p) I (@:?;a L?;’fqb(x) F P @)

In the former definition the integration extends around a large circle

in the complex plane. In the latter the integration is along a curve

from ¢ —t o to ¢+t x, where ¢ is positive and finite, such that all

singularities of the integrand are on the left side of the path (that is,

the side including — ). These rules are both due to Bromwich*.
Considering first (1), we have

S Y i .
p = :‘Z;T—L/C;’;_rl dK, ........................ (5)

and the only pole of the integrand is at the origin, where the residue

is #"/n!. Hence when n is a positive integer
‘r",

II_ = 71“' e eeeecatssessiestseasrsesasenes (4)

Also we see that

PU=0, i (5
since the integrand has no singularity in the finite part of the plane;
and

PP=10 (6)
The interpretation 1.5 (5) of p/(p —a)* also follows immediately from
(1.

The partial-fraction rule can also be proved easily. For by (1), with

the notation of 1.5,

Sp) 1 (e VAQ) .
ﬁ’(p) - 'Zﬂ'l-ch A (K—al)("“a-g)...(x—a")d ......... (7)
AQ) FIOW
- I"(O) + 2 a‘l';y', (a) 2 (8)

on evaluating the residues at the poles 0, a,, a,, ...a,.

* ‘Normal Coordinatesin Dynamical Systems,’ Proc. Lond. Math. Soc., 15 (1916),
401-448.
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We can also prove that 1.4 (8), when interpreted by the rule (1), is
the correct solution of equations 1.3 (1). If we denote by e, («), A (x)
and E,, (x) the results of replacing p by « in ¢, 4, and %, the part
of 1.4 (8) not involving the S’s is equivalent to

R [ e (<K)> B R )

Substituting in the differential equations 1.3 (1) we find that the left

side of the m’th equation is

1 E(x) o
:2}“"’ Czr Es A (K)ﬁ s (K) A z (IK. ............... (10)
But S, By (k) b, (K)=A(x)if r=m
=0ifr+m, ...l (11)
and the expression (10) is then equal to
1
27”[(’ Vn€Tdk=0. vovererrerniinnninnn, (12)

Thus the differential equations are satisfied.
Now considering the initial conditions, we put 2 =0, and find

_ 1 S Ers (“)
= E;c/ck’ O IR (13)
Also Vp = S '!( {rm (K) P T (14)
1 E..(x)
and Yo= 5 fc 3, S <A (K) {€rm (k) = bpm} th, di
_ 1 1 . L (") I3
= :27"/{; Uy — 2,- S x A(;) /),-,,, u,,,} Ak, eeennann. (10)

Now A (k) is a polynomial of the n’th degree in «, and £, (x) one
of the (n— 1)th degree. When |« |is great enough the second term in the
integrand is of order ™% It therefore gives zero on integration, and we
have

Yu= Wgy vveeemrrnrnnnnanaenniniinens (16)
so that the initial conditions are satisfied.

Next, suppose that instead of the S’s being zero they are exponential
terms of the form Pe+*. Since the solutions are additive it is enough
to suppose that the initial values of the y's are all zero, and to consider
the effect of an exponential term in the first equation alone. Then the
equations are

P
611.7/1+612]/2+...+em"l/”=1)e"-"=p-—_pp R "(17)
Eaeraya=0 (34: 1)
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The operational solution is

E, P
yo= "t 5_7’_“. ........................ (18)
This is to be interpreted as
L (B P,
:[/,—-2—"2 C‘“K"(K') K—-,;e dK. ............... (19)

Substituting in the differential equations we find that the left sides
of all vanish except the first, in consequence of the integrand con-
taining as a factor a determinant with two rows identical; the first
gives

ex:t

T Y (20)

2m ok —p

The differential equations are therefore satisfied.

When z =0 and |« | is large, the integrands in (19) are all O (x-*) and
the integrals are therefore zero. Thus all the y’s vanish with z.

Since all functions that occur in physics can be expressed by Fourier’s
theorems as linear combinations of exponentials, the proof that the
solution can be carried out by operational methods is complete. We
shall see later, however, that Fourier’s theorems are not so convenient
to use as the formula 1.8 (9) based on the function / ().

2.2. Now let us consider the integrals 2.1 (2), taken along the path L.
If we suppose the contour completed by a large semicircle from ¢ + 1o
to ¢c—to by way of —, all the singularities of the integrand are within
the contour, and therefore the integral around it is the same as the
integral (1) around a large circle. Now if 2 is positive, and ¢ (x)/« tends
to zero uniformly with regard to arg x as « tends to «, the integral
around a large semicircle tends to zero as the radius becomes indefin-
itely large, by Jordan’s lemma*. Hence the integral along L is equivalent
to the integral around a large circle. Thus if @ is positive and

$ (=0 (x™)

when « is great and n is positive, ¢ (p) H () is the same as ¢ (p) 1.
But if # is negative, the integral around the large semicircle on the
negative side of the imaginary axis is no longer an instance of Jordan’s
lemma, and this result no longer holds. The integral around a large
semicircle on the positive side of the imaginary axis is, however, re-
ducible to the integral along L, since by construction there is no
singularity between these two paths. If then ¢(x)/x= O (x™) when « is

* Whittaker and Watson, Modern Analysis, 1915, 115.
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great, the limit of the integral around this large semicircle is zero by
Jordan’s lemma, and therefore ¢ (p) H (2) is zero.

Thus if ¢ (p) is expansible in descending powers of p, beginning with
a constant or a negative power of p, we shall have

o (p)H(x)=¢(p)1 when 2> 0 W
¢ (p) H(2)=0 when 2 < 0}' """"""

The integrals 2.1 (2) for p"/1 (2), where » is a positive integer, are
divergent, but these derivatives can be found by differentiation. Evi-

dently they are zero except when 2 =0, when they do not exist.
ex (x+h)

Again, e (2)=,- fL A= H@ B @)

This proves the result obtained by less satisfactory means in 1.8.
We can also translate into the form of a double integral the opera-
tional expression for a general function. From 1.8 (9)

£ () :_[_:f(/z) QU™ H (@)l orerreererrenn, )

where the integration* gives a function of p operating on /7 (z). Inter-
preting by Bromwich’s rule
1 o
F@)=5, _[_m fL F(B) &0 Qhdr, e (4)
where the integration with regard to 4 is to be carried out first.

If the function of p that arises when (3) is integrated has no singu-
larity on the imaginary axis or on the positive side of it, and if further it
contains p as a factor, we can replace the integration with regard to «
in (4) by one along the imaginary axis. Then we can put

and we have I
S@)=1 | f SRy siah(@—1k) dhdh. ... (6)

This is Fourier’s integral theorem.

2.3. In practice the form 2.1 (2) is generally used in preference to
2.1 (1). In problems involving a finite number of ordinary differential
equations of the first order the forms are equivalent for all positive
values of the independent variable; and since the independent variable
is usually the time, and we require to know how a system will behave if
it is in a given state at time 0 and is afterwards acted upon by known

* The integral is of the type introduced by Stieltjes.
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disturbances, it is as a rule only positive values of the time that con-
cern us. But when we come to deal with continuous systems it usually
happens that when the operational solution ¢ (p) is interpreted as an
integral, the integrand has an infinite number of poles, and that no
circle however large can include all of them. Hence the contour integral
2.1 (1) cannot be formed. But the line integral 2.1 (2) usually still
exists. Again, it may happen that ¢ («) has a branch-point at the origin
or on the negative side of the imaginary axis. Here again the contour
integral does not exist, but the line integral does.

Consequently in most of the writings of Heaviside and Bromwich,
when a function of an operator ¢ (p) occurs without the operand being
stated explicitly, it is to be understood that the operand is H (z), and
that the interpretation 2.1 (2) is to be adopted. This rule will be
followed in this work when we come to treat continuous systems; and
if it 1s also supposed to be adopted in the problems of the next chapter
no harm will be done.

Considerable latitude is admissible in choosing the path L. Since by
construction the integrand is regular at all points to the right of L, we
may replace L by any other path on its positive side provided it ends
at c+uo. Again, the systems we are to discuss are usually stable
systems; that is, the poles of ¢ («) are all on the imaginary axis or to
the left of it. Then L can be taken as near as we like to the imaginary
axis. L must not cross the imaginary axis if there are poles on the
latter; but it can be taken to be a line parallel to the imaginary axis
and distant ¢ from it. This is the device most often used by Bromwich;
the only advantage of the present definition of L is that the solution
is then adaptable to unstable systems as well as stable ones. In all cases
the actual value of ¢ does not affect the results, so long as it is
positive.

2.4. The principal operators involving branch-points are fractional
powers of p. We require then an interpretation of p"H (r), where n is
fractional®*. By our rule

PH ()= = ;K"-wrdx, .................. (1)

2me

and the integral converges if 2 <1. A contour including L as part of
itself, and such that the integrand is regular within it, is as shown.
Evidently if # is positive the large quadrants make no contribution.

* Cf, Bromwich, Proc. Camb. Phil. Soc., 20 (1921), 411427,
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The integral along Z (= A B) is therefore in the limit equal and opposite
to one along CDEF. If further » is positive the contribution from DE
tends to zero with the radius of DE. Thus A B, CD and EF contribute
the whole of the integral. Now on CD and KF

K=pemand pe =T (2)
respectively, where u is real and positive. Hence on CD

KMLerT i = — utlgmut gm (01 gy 1

and on EF e 3)
=__P_n-1 e~,.a: PRt (n=1) d”' )
B
c » D/
F . B
A
L
A
Fig. 1.
Therefore
p"H (2)=- _llr fm#"“ e+ dp. sin (n ; 15k,
0
_sinnr T (n) ‘
= T (4)
But by a known theorem
T(n)T (1 =n)=1mCOSEC AT, .cvvvrrreeerinnnnnn. (5)
and therefore '
n —_— m‘”
P H(x)—F——-—-(l_n). ..................... (6)
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This result has been obtained for 0 <n <1. If we change n into —m,
where ~ 1 <m <0, we have

o H (2) = i—(;i“T) e @)

Powers of p outside this range can be found now by integration or
differentiation. We have
‘/rm ’Em-l

p ™ H (z)=p. NCTS)) =F T(m) (8)

which shows that (7) still holds when m — 1 is written for m. (To justify
this, the path A B must be replaced by FEDC.)

Similarly
et N x ™" ‘“‘zfﬂ
pH (x)= _/(, I'(m+ 1) “T(m+2)" T )
By induction we may therefore generalize (7) to any value of m. Hence
- o
H(x)= iy oo (10)

Since when m is a positive integer T'(m +1)=m !, and when m is a
negative integer I' (m + 1) is infinite, the interpretations already adopted
for integral powers of p are special cases of these.

In particular, since

we have

and so oun. Also

A related function that arises in problems of heat conduction is e=%,
where a is a constant, and ¢ denotes p3. By Bromwich’s rule

l et - nxé

e (x)= smly ko dr. i (14)
On L the argument of ¥ is between + }=. Hence if a is positive the
integral is convergent.
Immediate expansion of ¥ in a power series and integration term
by term would not be legitimate, because all the resulting integrals
after the first two would diverge. But (14) is equivalent to an integral
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along a path such as FEDC in Fig. 1, and on this path we can proceed
in this way. Thus

L [Coxr @k @'«ki .
e H (2)= éﬂ’_t,{p 7[] —ax} + 5T~ g1t ...:]dx. ...(15)

All the positive integral powers of « give zero on integration. The other
terms are equivalent to

3 13 o
y_@pR_apr i{ff._ 1( _,‘L>" 1 (a> }
Q —_ — .. =1- —— = + —
P 3! 5! Jr dr 3\ 215 1~/.r

- 1 "Erf ’-‘7—‘ y  seeeen (16)
N
where, by definition,
. 2 Y _a
Erf o = Jn _to A (17)
By differentiation with regard to @ we find
qe " H () - CETEIE (18)

J()

We shall sometimes need an asymptotic approximation to Erf w when
w is great. We have

1- Erfw—~—/ /‘”a’t—}~[ etutdu
w2

~/1r Jr.
i, .3.5
e~ w? ?,-1 [1 - -+ 1_._% ll)_‘—-'l ')lv—e + ---]
~/7r 2.2 2.2.2
~1)'1.8.5... (2n-1
(J;? -_,-2__; A " ) etk D) du, (19)
. . s w

on successive integrations by parts. But the last integral

w© ©
=2 f M dt <20 f t2n dt,
) w

Qp—w? @ l) (

— n - D

LT WY (20)
so that its contribution to the function is less than the previous term.
We have therefore the asymptotic approximation

1 1 1.3 1.3.5
e (1 -Erfw)~—- [w‘"-— w T = w+ ] 21
Jr 2 2.2 2.2.2 @)
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CHAPTER III
PHYSICAL APPLICATIONS: ONE INDEPENDENT VARIABLE

3.1. An electric circuit contains a cell, a condenser, and a coil with
self-induction and resistance. Initially the circuit is open. It is suddenly
completed ; find how the charge on the plates varies with the time.

Let y be the charge on the plates, ¢ the time, X the capacity of the
condenser, L the self-induction, and £ the resistance of the circuit;
and let & be the electromotive force of the cell. Write o for d/dt.

The current in the circuit is 4, and the charging of the plates of the
condenser produces a potential difference y/A” tending to oppose the
original E.M.F. Then y satisfies the differential equation

E—}szj,_mlty'. ........................ (1)

Initially y and 4, the current, are zero. Hence the subsidiary equation
is simply

. 1 , ]
(Lc~ . A) Ry (2)
and the solution is
Yumm T (3)
Lo+ fo+ i

If now the denominator is expressed in the form L (v + a) (o + 8), the
interpretation is, by 1.5 (9)

DL (P v )

Since a + B and af are both positive, a and 8 must either be both real
and positive, or conjugate imaginaries with positive real parts. In either
case y tends to A/ as a limit, as we should expect.

We notice incidentally that if the circuit contained no capacity or
self-induction the differential equation would be simply

Roy=FE. ......ccovviiiiiinnninn (5)
Hence if a problem has been solved for simple resistances, self-induction

. . 1 .
and capacity can be allowed for by writing Lo + 2 + el for R. For this
reason this expression is sometimes called a ‘resistance operator,” and
the method generally the ‘method of resistance operators.’
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3.2, The Wheatstone Bridge method of determining Self-Induction.
In this method the unknown inductance is placed in the first arm of a
Wheatstone bridge; the fourth arm is shunted, a known capacity being
placed in the shunt*.

First consider the ordinary Wheatstone bridge, the resistances of the
arms being By, R,, R, R,; let « be the current in R, y that in R,, g that
through the galvanometer, and 4 the resistance of the battery and leads.

Fig. 2.

Then Bio-Roy+Gg=0, .ceeveennn.... (1)
Riz— R,y—(Ry+ R+ ) g=0, ..ccevvvvennnn.. (2)
be+y)+ Ry+ R, (y+9)=E, ....ccoo....... (3)

and on solving we find
~~~~~ % e (4)

BRe- TR~ GO BT T ) + (s By (F TR
If b is large compared with R, and R,, we have nearly :
z+y=Kb, i, (5)
G = re _ (EIb)(B, By - B, R,) ()
G (L + By + Loy + By)+ (R, + Ry) (R + R 7
According to the result of 3.1, we can allow for the self-induction in
the first arm by replacing R, by Lo + R,. Let the arrangement in the
fourth arm be as shown (Fig. 3). The resistance of the main wire is Z,,

‘and

K
S

Fig. 3.
* Bromwich, Phil. Mag. 37 (1919), 407-419. Further references are given.
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that of the shunted portion of it ». Suppose the shunt to have a
resistance S. Then the effective resistance of the whole arm would be

rS r?
R4_T+T+S_R‘—;“+_S. .................. (7)
If the shunt contains a capacity K, we must replace S by S+1/Ko.
Hence in the formula for g we must replace R, by Lo + R, and R, by
v Ko
ey e
The result expresses the current through the galvanometer when the
battery circuit is suddenly closed.

It can be shown that in actual conditions ¢ cannot vanish for all
values of the time. A sufficient condition for this would be that the
operator R, R,— R, R, should be identically zero; then g would be
identically zero whatever the remaining factor might represent. But
with our modifications this factor becomes

5 : Ko
_Rg Rg - (LO‘ + lfl) (,[&" (;‘mj{;—;i> W eesriecasene (8)
Multiplying up and equating coeflicients of powers of ¢ to zero, we
find

Ro(r+8) =1 woooereeeeviserennns o 9)
LR A (R Ry~ Ry RY(r+ 8) K+ Ry*K =0, ... (10)
R Ry = B Ry=0. oo, (11)

From the construction of the apparatus < R,, #r<r+8. Thus (9) can
hold only if r = R, and 8§=0. The shunt wire must be attached to the
ends of R, and must have zero resistance. Substituting in (10) we find

LB, R K, eceeerieeeeeeeneeenen, (12)

together with the usual condition (11) for permanent balance of the
bridge.

Actually these conditions for complete balance cannot be completely
satisfied; but for the determination of L it is not necessary that they
should. Suppose the galvanometer is a ballistic one, and that it is so
adjusted that there are no permanent current and no throw on closing
the circuit. Thus

Limg=0; | gdt=0. «ccoooevniniinninen (18)
0

t-=w
If g is expressed in the form /(o)/F (o), we have

SO o Sl |
9= E e (14)
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where all the o’s, in the conditions of the problem, will have negative
real parts. Then the condition that g shall tend to zero gives

JSO)=0. (15)
- S (a)
Also ] g =3 Tt e (16)

Equation (15) shows that the operational form of g contains o as a
factor. Also we can write

so that (16) is the limit of (— g/o) when o tends to zero. The vanishing
of Lim ¢ and / gdt imply therefore that the operational form of g
[

contains o® as a factor. Hence the modified form of £,/ — R, IZ, must
contain o? as a factor. Then (10) and (11) still hold; (9) no longer
holds. We now have

Rolty= BB, =0, ovoveoeeeeeene, (18)

LR, = B, P°K, oo (19)

which gives the required rule for finding L.

3.3. The Seismograph. In principle most seismographs are Euler
pendulums—pendulums with supports rigidly attached to the earth, so
that when the earth’s surface moves it displaces the point of support
horizontally and disturbs the pendulum. The seismograph differs from
the Euler pendulum as considered in text-books of dynamics in two
ways : instead of being free to vibrate in a vertical plane, it is con-
strained to swing, like a gate, about an axis nearly, but not quite,
vertical, so that the period is much lengthened; and fluid viscosity or
electromagnetic damping is introduced to give a frictional term pro-
portional to the velocity. The displacement of the mass with regard to
the earth then satisfies an equation of the form

G4 2E+ 0B =AE, i (1)

where ¢ is the displacement of the ground, and «, 7, and A are constants
of the instrument*. Suppose first that the ground suddenly acquires
a finite velocity, say unity. 'Then

[ 10 N (2)

* Some instruments, such as that of Wiechert, are not on the principle of the
Euler pendulum, but nevertheless give an equation of this form.
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and our subsidiary equation is

(*+ 2«0+ ) 2=ANcH (). «ccovvvveviia, (3)
Put ?+20 +n=(c+a)(a+B). .ooirrennnnnnn 4)
\ _ Ao
Then NI H(@#) oo, (5)
=0when £<0 «eeeevennn (6)
A
and =iTB (7' —e7at) when ¢>0. ............ (1)
The recorded displacement « therefore begins by increasing at a finite
1
rate A, reaches a maximum A (a“> after a txme B log % 3 and

then tends asymptotically to zero.

If a and B are real, and B less than e, we see that the behaviour after
a long time depends mainly on ¢#'; now as the experimental ideal is
to confine the effects of a disturbance to as short an interval afterwards
as possible, we see that we should make 3 as large as possible. But

B=x—(x* —n)g———»Hn—im ) eereeeeeieieenene (8)
J-(K —-n )l‘
and for a given n, 8 is greatest when x =n. This is the condition for
what is called aperiodicity ; the roots of the period equation are equal,
real, and negative. Many seismographs are arranged so as to satisfy this
condition. The solution is then

Ao
xr= (’:;+-7;)~2 II (t) ........................... (9)
=0 when <0 ovvvieiiiiiiii s (10)
=Xe ™ when >0, oeviviriniiinnnnnn., (11)

The maximum displacement is now at time 1/ after the start, and is
equal to A/en.
If k<n, we can put

n—ki= ‘y"’. ........................... (12)
Then the solution is

A .
=;e"“ SIN Yl e (18)
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and the motion does not die down so rapidly as for x = ». The aperiodic
state therefore gives the least motion after a long interval for a given
value of .

In practice, however, x is usually made rather less than »; in the
Milne-Shaw machine, for instance, « is about 0:7xn. The motion is then
oscillatory, but the ratio of the first swing to the second is e*™, or about
20. But 2 vanishes after an interval =/y from the start, or about 4/, and
ever afterwards is a small fraction of its first maximum. The reduced
damping effect after a long time is considered less important than the
quick and complete recovery after the first maximum. The time of the
first maximum is 1'1/» from the start, as against 1/n for the aperiodic
instrument and 1'57/n for the undamped one.

5

IS

Fig. 4. Recovery of seismographs with x=n and x=n/s'2 after same impulse.

3.31. The Galitzin seismograph is similarly arranged, but the motion
of the pendulum generates by electromagnetic induction a current,
which passes through a galvanometer. If z is the displacement of the
pendulum, and y that of the galvanometer, the differential equations
are .

BH20F+NET=NE, i (1)
P+2KY+ 0"y = p&. oo (2)
Supposing both pendulum and galvanometer to start from rest, we have

- Apo®é
y_(o_g +2K,o'+n12> (02.},2,(2(;;;;;;5. ...‘.--........(3)
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As a rule the two interacting systems are so arranged that « and » are
the same for both, and both are aperiodic, so that « = n. Then

Apua® €

y= m‘. ................................. (4)
3
.2;.
o)
=
I.l ’.
—>nt
1 | 1 1 . 1 1 )
) 1 2 4 5 6 7 8
-

Fig. 5. Recovery of Galitzin seismograph after impulse.

If we suppose as before that

E=H(E), oveerveeirniiieieiiiiiniee (5)
we have y= (:ﬁ."f)‘ H (),
= Ap.% (; e"“) when ¢ > 0,
=Ihp (B=3nf)e™. (6)

The indicator therefore begins to move with a finite acceleration, instead
of with a finite velocity as for the pendulum. The maximum displace-

ment follows after time (3 — ~/3)/n=127/n, the mirror passes through
the equilibrium position after time 3/z, and there is a maximum dis-
placement in the opposite direction after time 4'73/n. The mirror then
returns asymptotically to the position of equilibrium. The ratio of the

two maxima is ¢© /(2 + ~/3)?=23. In comparison with an instrument
such as the Milne-Shaw, recording the displacement of the pendulum
directly, the Galitzin machine gives the first maximum a little later,
the first zero a little earlier, and the next maximum displacement is
larger in comparison with the first maximum.

J 3
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In an actual earthquake the velocity of the ground is annulled by
other waves arriving later; the complete motion of the seismograph is
a combination of those given by the separate displacements of the ground.

3.4. Resonance. A simple pendulum, originally hanging inequilibrium,
is disturbed for a finite time by a force varying harmonically in a period
equal to the free period of the pendulum. Find the motion after the
force is removed.

The differential equation is

TR =FSINNE, oo (1)
no .
=f G e (2)
The solution is then x= f(o-_z?gnT)-z’ ..................... )

nothing having to be added on account of the initial conditions.
To evaluate this, we notice that

o

1.
= S0 7 U (4)

Differentiating with regard to », we have

2no 1 1 . .
(U " nﬂ) , = tcos nt — pe SINNE, «ovvirvenennn. (3)
and z= é/;;ﬂ (SInE~NECOS ML), ooevnvnneannn (6)

Suppose the disturbance acts for time r=/n, where 7 is an integer. At
the end of this time

~om 1) =0, e, )
The subsequent motion is therefore given by
z= _(=1)yraf 1) cos (nt —rm),
=- g—ﬁ{cos 1 PN (8)

3.5. Three particles of masses m, 23 m, and m, in order, are attached
to a light stretched string, the ends of the string being fixed. One of the
particles of mass m is struck by a transverse impulse Z. Find the sub-
sequentmotion of themiddleparticle. (Intercollegiate Examination, 1923.)

If #,, 2;, #, are the displacements of the three particles, P the tension,
and / the distance between consecutive particles, we find in the usual
way the three equations of motion
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.’.i'l == (2.% - x,), ......................... ..(l)
Fl == A (=21 + 22— T3), oo (2)
By=—A(=Z3+22), oeeeeeiieraieiinn, (3)
P
where A= ooy ST BT TP (4)

Initially all the displacements are zero, #,=d; = 0, @, = I/m. Hence the
subsidiary equations are

(@*+2N) 2, - Ay =aljm, ............... (5)
— AL+ (FF0 20— A5 =0, oo (6)
Az + (P +2N) 23=0. i, )
R o [
Hence Z'a—m-z’g, &€, = m$2+&’212x;’—2, ......... (8)
21 2)\2 Ao 1
and 200'2 + 2X ZA.) 0'7—-}-—:5;2 ................ (9)
Multiplying by o* + 2\ we find
(T0* +40) (86® + 10A) 2, =20No [|/m, ............ (10)
and
_ 20\ 1
(107 +41) (30° +100) m
_?_QI{_Z‘L,,“ - ﬁ‘i_.}
“58m \T0* + 4N 30+ 10A
10 I (sina¢ sin Bt
22—9 ;7; { “l):' ;1ﬁv}’ --------------------- (11)
where a?=#A; BP=12N e, (12)

We notice that the mode of speed /(2)) is excited, but does not need
to be evaluated because it does not affect the middle particle.

3.6. Radioactive Disintegration of Uranium. The uranium family of
elements are such that an atom of any one of them, except the last, is
capable of breaking up into an atom of the next and an atom of helium*.
"The helium atom undergoes no further change. The number of atoms
of any element in a given specimen that break up in a short interval of
time is proportional to the time interval and to the number of atoms of
that element present. If then u, z;, 2, ...z, are the numbers of atoms of
the various elements present at time ¢, they will satisfy the differential
equations

* We neglect S-ray produots, for reasons that will appear later.
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du )

3-5:—:(1&,

dz,

dt = KU — Ky,

d.’l'g et treetriiaireeaeaas

—= K &) — Ko
dt 1 247y

Suppose that initially only uranium is present. Thus when =

0, w=u,,

and all the other dependent variables are zero. Then the subsidiary

equations are
(c+K)u =ou,
(o' + x,) &, = KU,
(0 + K9) Ty = Ky 21,

..............................

((T + Kn—l) Tp-1 = Kn—g -2

Oy = Kpo1&p_y-
The operational solutions are
Ty KOU,
Tork DT (ern)(orr)’
KK, O,

xz:(a'+x) (o +x)(c+ K2);

.......................................

7. = KKy oo Ky 1 Uy
" (cr+x)(0'+x])...(0'+'<n-1).J

These are directly adapted for interpretation by-the partial-fraction

rule. In fact

KU
=t @y=——2-(et=-exl);
Ky — K

(K1 — &) (kg — K) (k= K) (K2 )

1
L ———— ] t} .
(K-— Kz) (Kl - K2) NE
Ky ooo Ky_1 Uy

(k1= &) .or (Kpy — )

Lp = Uy —

et~ ..,

b ..(4)
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Of all the decay constants « is much the smallest. If the time elapsed is
long enough for all the exponential functions except e~** to have become
insignificant, these results reduce approximately to

u=wpe xt; g, = al ert; = X el v By=uy (1 —ext).
Ky Ky
With the exception of the last, the quantities of the various elements
decrease, retaining constant ratios to one another.

On the other hand, if the time elapsed is so short that unity is still
a first approximation to all the exponential functions, we can proceed
by expanding the operators in descending powers of o and interpreting
term by term. Hence we see that at first 2, will increase in proportion to
t, @, to ¢ and z, to ¢

In experimental work an intermediate condition often occurs. Some
of the exponentials may become insignificant in the time occupied by
an experiment, while others are still nearly unity. We have

Xy = o =Ky [cr*l{r,._] — K020+ ] ......... (6)

and if «,¢ is small we can neglect the second and later terms in com-
parison with the first. Thus in this case
Lr=KpeyO M0y i (D
If «._, is of the form #, we can put
K18 ke8! o Ky—y8!

O T P e (8)

If «.t is small, we can replace the exponential by unity and confirm
(7). If it is great,

t
U—le—xrtzf e"x,-tdtzl +0 (e =rt)
0 Ky

and on continuing the integrations

8
0--8—18‘::,.t =g~? ..]i — l E.. .
K. K S!
Kr—1 Kr_1
Thus Tr=—" =" 9)
Ky Ky

Classifying elements into long-lived and short-lived according as . ¢ is
small or large for them, we find that the quantity of the first long-lived
element after uranium is proportional to ¢, the next to #, and so on.
All B-ray products are short-lived when ¢ has ordinary values.

Radium is the third degeneration product of uranium. In rock
specimens the time elapsed since formation is usually such that the
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relations (5) have become established. As a matter of observation the
numbers of atoms of radium and uranium are found to be in the con-
stant ratio 3-58 x 10~". This determines x/«,. Also the rate of break-up
of radium is known directly : in fact

1/, = 2280 years.
Hence 1/x =637 x 10° years.

This gives the rate of disintegration of uranium itself.

A number of specimens of uranium compounds were carefully freed
from radium by Soddy, and then kept for ten years. It was found that
new radium was formed; the amount found varied as the square of the
time. This would suggest that of the two elements between uranium
and radium in the series one was long-lived and the other short-lived.
Actually, however, it is known independently that both are long-lived.
The first, however, is chemically inseparable from ordinary uranium,
and therefore was present in the original specimens; initially, instead
of z; =0, we have

K
2, = — U,
K

For the next element, ionium, we have

Ty = K071y = KUy t,
the variation of 2, being inappreciable in the time involved. Also

&3 = K0 2y = Fra Uy B,

Soddy* found that 3 kilograms of uranium in 10°15 years gave
202 x 10~ gm. of radium. Hence, allowing for the difference of atomic
weights,

Zyfthy=T"1 x 1071
and K, =864 x 10~°/year; 1/k,=116 x 10° years.
This gives the rate of degeneration of ionium. Soddy gets a slightly
lower value for 1/«, from more numerous data.

3.7. Some dynamical applications. Suppose we have a dynamical
system specified by equations such as those in 1.72, save that 2 is
replaced by ¢, and that the system is at first at rest and then disturbed
by a force S, applied to the coordinate y,. The subsidiary equations
are

Sitm¥s=0 (m#*7); ZemYe=8, (m=r). ...... (1)

* Phil. Mag. (6) 38, 1919, 483-488.
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Writing A for the determinant formed by the ¢’s, and E,, for the minor
of ¢,, in this determinant, we have the operational solution

Era
ys = K— T (2)
If the determinant A is symmetrical, so that
E.=E, .ovveeeniiiiiiiiinin, (3)

we see that a given force S, applied to the coordinate y, will produce
precisely the same variation in y, as the same force would produce in
4y if it was applied to y,. Thus we have a reciprocity theorem applic-
able to all non-gyroscopic systems; linear damping does not invalidate
the argument if the terms introduced by friction contribute only to
the leading diagonal of A.

If the forces reduce to an impulse, so that S, can be replaced by o/,
the solution becomes

We can evaluate the initial velocities by expanding in descending
powers of o. The first term is
A,,1

4o

S AT (5)

where A is the determinant formed by the a’s, and 4,, the minor of
a,, in it. Hence the initial velocities, found by operating on this with
g, are

Ys

Now the constants a,, are merely twice the coefficients in the kinetic
energy, which is a quadratic form. Hence the determinant A is sym-
metrical whether the system is gyroscopic or not, and the reciprocity
theorem for impulses and the velocities produced by them is proved.

The subsequent motion can be investigated by interpreting according
to the partial-fraction rule. But let us consider the simple case where
the system is non-gyroscopic and frictionless. Then

A= ATI(®+a®), oovererrrrenrennen, )
where the o’s are the speeds of the normal modes. Then
En —a? :
Ys=3a ;@A/cg;s;%; Jesinal, coeeienn. veeee(8)

where E,,(—a?) denotes the result of putting —d* for ¢* in E,,. The
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contribution of the a mode to the initial rate of change of ¥, is therefore

rs (“ o )

= (Aot pm T weee(9)
An immediate consequence of the presence of the factor £, (—a?) in
the numerator is that if an impulse is applied at & node of any normal
mode, that mode will be absent from the motion generated.

Another illustration is provided by Lamb’s discussion* of the waves
generated in a semi-infinite homogeneous elastic solid by an internal
disturbance. The normal modes of such a system include a type of
waves known as Rayleigh waves. These may be of any length, and
involve both compressional and distortional movement; if the depth is
2, the amplitude of the compressional movement in a given wave is
proportional to e=*% and that of the distortional movement to e-F%
where a and B depend only on the wave-length. Lamb found that if
the original disturbance was an expansive one at a depth f, the ampli-
tude of the motion at the surface contained a factor e=*; but if the
original disturbance was purely distortional, the corresponding ampli-
tude contained a factor e~ These factors are the same as would occur
in the compression and distortion respectively at depth / in a Rayleigh
wave with given amplitude at the surface.

CHAPTER IV
WAVE MOTION IN ONE DIMENSION

4.1, In a large class of physical problems we meet with the differen-
tial equation

where ¢ is the time, # the distance from a fixed point or a fixed plane,
y the independent variable, and ¢ a known velocity. Let ns consider the
solution of this equation first with regard to the transverse v1brat10ns
of a stretched string. In this case we know that

where P is the tension and m the mass per unit length. Write o for
d/ot, and p for d/ox. Suppose that at time Zero

y= f(x), 1O N 3)

* Phil. Trans. A, 203, 1-42, 1904.
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vhere / and F' are known functions of z; that is, we are given the
initial displacement and velocity of the string at all points of its length.
Then we are led by our previous rules to consider the subsidiary

equation
(P-pPy=c*f(@2)+ e F (@) .cocvivnnannn. 4)
or v=4 _"Z,p2 O g N )
But = “%(0 & a;Tp)
=4(eP +e™P"), tiviiiiii (6)

o M_l_( g o >
o =c'pt 2p\o—cp o+cp
1 1
— cpl— —c[‘! - RN R I R
2C(e e )p‘ (7)

In (7) the 1/p has been put last in consequence of our rule that opera-
tions involving negative powers of p must be carried out before those
involving positive powers. Hence

S (@)=} (e +e ™) f(x)
=3 {fle+ct) +f(r—ct)}y .oooverennnnn. (8)

o __} ept _ - i .
P @)=, .(el’ ¢ cﬂ)/o F(z)da
1 5 x - ct
- " Fl2)de - f TUR@ dx]
1 T + ct d 9
= éé o F(I) WL seacseccsoconsncsccssone ( )

and therefore

=t @) s+ [ Fa)de .(10)

This is D’ Alembert’s well-known solution.

This cannot, however, be the complete solution. Equation (1) has
been assumed to hold at all points of the string; but if any external
forces act these must be included on the right of the equation of motion.
In such problems the ends of the string are usually fixed, and reactions
at the ends are required to maintain this state; in the complete equa-
tions of motion these reactions should appear. They are unknown
functions of ¢, and therefore necessitate a change in the mode of
solution.
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But D’Alembert’s solution can be adapted so as to fulfil all the con-
ditions. We notice that the solution consists of two waves travelling in
opposite directions with velocity ¢. If the initial disturbance is confined
to a region within the string separated by finite intervals from both
ends, it will take a finite time before D’Alembert’s solution gives a
displacement at either end ; hence no force is required to maintain the
boundary conditions, and the solution will hold accurately until one of
the waves reaches one end.

Again, the initial disturbance is specified only for points within the
length of the string, that is, for values of  between 0 and /, say; and
by the last paragraph D’Alembert’s solution would be complete if the
length were infinite. If then we consider an infinite string stretching
from — @ to+ «, and disturbed initially so that /' («) and #'(x) are both
antisymmetrical about both =0 and & =/, y will vanish ever after at
these points, so that no force is required to keep them fixed, and
D’Alembert’s solution for such an infinite string will therefore be
equivalent to that for the actual string from @ =0 to # =/, Thus we have
a formal rule for finding the position of the string at any subsequent
time: consider an infinite string with the actual values of the initial
velocity and displacement between =0 and 2=/, but with the dis-
placement and velocity outside this stretch so specified as to be
antisymmetrical with regard to both =0 and « =/; then D’Alembert’s
solution for the infinite string will be correct for the actual string for
the same values of .

4.2. We may approach the problem in another way. Taking the same

subsidiary equation

d*y o a*

55%-?2‘1,:_32/"(@, ..................... (1)
except that the effects of the initial velocity will not be considered at
present, let us solve with regard to z as if o were a constant. The
justification of this procedure is given later in 4.6. The boundary con-
ditions are that y =0 when 2 =0 and when z=/. Using the method of
variation of parameters, we assume that the solution is

y =4 cosh o-f + Bsinh %x, .................. (2)
where A and B are functions of # subject to

A’ cosh 2+ B sinh =01, (3)
¢ ¢
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Substituting in the equation (1) we find

A'sinh "oﬁ +B oosh == T f(@). v (4)
Hence
7 nh%® . p=_¢< oz
A—cf(z)s,mhc ; B'= cf(z)coshc. ........... (5)
Now y must vanish for all time when 2 =0 ; hence 4 (0) = 0. Thus
A= f‘ 16 sinh‘Ifdg ........................ )
Also y must vanish when z= /. Hence
B@sinh?= -4 (@) cosh? oo )
and B ()=-coth ~l/ ~ £ (&) sinh & df ............... (8)
.. { .
giving B(z)=- COth% /0 -~c~f (¢) sinh —c§ dé
lo oé
+'[c T7@cosh T e e (9)

In all we find
y= /0 gf (¢) sinh o—f(cosh i'c_‘” —coth G—CI sinh gg) dé

* / lgf (¢) sinh el (cosh %€ _ coth o—l sinh ‘%E) dé

_[°e . o’f sinh o ({-2)/c

_/0 Cf(e) sin p s_n_lB_T;l/_c___ d¢

¥ L_gf @ sinh 2SR C=0/e ge e (10)

¢ sinhalje
Before carrying out the integration with regard to ¢, we can interpret
the integrand by the partial-fraction rule. Each integral vanishes when
o=0, and therefore no constant term appears in the solution. But

sinh &l/c vanishes when

U—l L R (11)
c

where 7 is any integer, positive or negative. Hence

rur uré -2

ofsinh o (I-2)/c _ r; T sinh - l—— sinh rur - T

Sinh emrct/l
oSl inholle T ot T sosh (rer)
® 9 ”8 rﬂ‘z‘ rrct
2 —— . eeeesesne 12
rfll sin T sin - c08— (12)
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By symmetry the corresponding factor in the second integral has the
same value. Hence

® l
y=3 2/ S sin’-'lédé.sinrmcosggé- ------ (13)
r=1 ! 0 ! ! !

This is the solution given by the method of normal coordinates. Putting
¢ zero, we obtain the Fourier sine series

r@=% SO T T ge (14)

The effect of an initial velocity can be obtained by a similar
process.

But in practice the solution by trigonometrical series is not often the
most convenient form. It usually converges slowly; but what is more
serious is that its form suggests little about the nature of the actual
motion beyond the fact that it is periodic in time 2//c. To find the
actual form of the string at any instant it is necessary to find some way
of summing the series, which may be rather diffieult. A more convenient
method is often the following*. We have seen that the interpretation of
any operator valid for positive values of the argument is equivalent to
an integral in the complex plane, the path of integration being on the
positive side of the imaginary axis. Then a factor cosech¢l/c in the
operator can be written

1 20
sinholjc 1 —e 2%
and when interpreted by Bromwich’s rule this will give rise to a series
in powers of ¢~** in the integrand. But since the real part of « is
everywhere positive on the path, the series is absolutely convergent,
and integration term by term is justified. Hence it is legitimate to ex-
pand the operator in this way and to interpret term by term. Then for
¢<az,
sinh o¢/c sinh o (I - z)/c
sinh o//c

=90t (1 + g0 4 g=4atc 4 ) (15)

=}e-0 @~ 8 (1 — g=20¢lc)
(1= 2 0-Dle) (1 + g 20lc  g=dollc 4 ); . (16)
and for ¢> z,

sinhow/csinho (I-&))c | ¢ —goz/c
sinh ol/c = gemolimmle (1 - gmest)

(1—e-200-8c) (1 + g=le 4 g=dollc 4 ), ...(17)
On multiplying out either expression we obtain a series of negative
exponentials of the forms e~ (6-8/, with a > £, or e-o¢~aVe, with ¢> q.

* Heaviside, Electromagnetic Theory, 2, 108-114.
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Then j: T F(@emrtomtledi = [£(@demtobie, ....(15)

But according to our rule e~ (@8 ig zero when ¢ — (@ — €)/c is negative
and unity when this quantity is positive. Hence the integral (18) is
zero unless @ — ct lies between £, and &, and then it is equal to £ (@ —ct).

Similarly fe f Zf(@eot-okd=- / f(&)de-at=are ... (19)

and g-o-ale=0if {>ct+a

=1ifé<ct+a,
so that (19) is zero unless ct+a lies between &, and £, and then is
equal to f(ct + a).

It follows that at any instant the effect of the initial displacement
S () at the point £ is zero except at a special set of points where one
or other of the quantities @ + ¢t is equal to £ Since a does not involve
¢, we see that this way of expressing the solution reduces it to a set of
waves moving in each direction with velocity ¢. The first three factors
in (16) give

% {g-" @=8)c _ g=o (z+)lc — g-olz-§)+2(I-x)}lec 4+ g-ol{z+E)t2 (l—.r)}/c}

for values of 2 greater than ¢ The first term gives 4 /(¢) at time
(z - §)fc, the second — 3/ (¢) at time (z + £)/c, the third -3/ (¢) at
time {z — ¢ + 2 ({ - z)}/c and the fourth § /(¢) at time {z + ¢ + 2 (I - z)}/e.
The first term represents the direct wave from ¢ to 2, the second the
wave reflected at # = 0, the third that reflected at =7, and the fourth
one reflected first at 2 =0 and then again at x={ The term e-2¢¥c in
the last factor of (16) will give four further and similar pulses, each
later by 2//c than the corresponding pulse just found. These are pulses
that have travelled twice more along the string, having been reflected
once more at each end. Similarly we can proceed to the interpretation
of later terms as pulses that have undergone still more reflexions.

The part of the solution arising from values of ¢ greater than z may
be treated similarly. The interpretation in terms of waves is exactly
the same.

4.3. As a particular case let ns consider a string of length /, origin-
ally drawn aside a distance 7 at the point & =6, so that initially it lies
in two straight pieces, and then released. Then

Yo=nx/b O<w<b} )
o= U=)(I=b) b<a<l] T
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and the subsidiary equation is

Fy o o?

axz 01?/“_55%' ........................ (2)

The solution that vanishes at the ends is

y=n§+Asinh(—rgsinhg(l—b) O<ax<b

y= 1;5 [+Asmh~ésmh (I-2) b<x<l

where the constants have been chosen so as to make y continuous at
x="5. Also a discontinuity in 3y/dx at this point would imply an infinite
acceleration, which cannot persist. Hence we add the condition that
dy/ox shall be continuous, which gives

1 1 oA ob ., o ., ob o
7 (~ + l——_b) + {cosh " sinh . ({-b)+sinh - cosh - (l—b)} =0

b
......... (4)
and on simplifying
c al

A ——&b—*(l_b)ncosech?. .................. (5)

Thus
__nmt_ (l-b  csinhez/csinho (I-b)/c
?/'b(z b){ - snh oljc Joo<e<h “
c smh objesinh o (I-x)/c , T

y= b(l b) { (-2 sinh o//c } bew<l

Interpreting by the partml-fraction rule, we notice that the contribu-
tion from ¢ = 0 just cancels the term independent of o, while the rest
gives*

2l °° 1 reb . rmx  rwct

Y= =0 ”2 - 8in —- sin 0<z<l (1)

TS
Alternatively, we can interpret the solution for 0 <2 < b in exponentials,

for
sinh oz/csinh o (/- b)/c

= %e—c(b—x)/c (1 - e-2az/c)

sinh ol/c _
(1— =20 (-0)/c) (1 4 g=20lle 4 g=30l/c 4 ...)...(8)
and Cabt £50. coororeriererierienenienns (9)
Then R e () N (10)

* Rayleigh, Theory of Sound, 1, 1894, 185.
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when this is positive, and otherwise is zero. Thus y retains its initial
value nz/l unaltered until time (b — 2)/c, when the wave from the part
where 2 > b begins to arrive. After that we shall have

y___l;_(lﬂib){l_:rbx—ﬂct—b+w)}= ,;(l”——l_b){(g- AESICEDIS

This solution remains correct until ¢z = b + 2, when the wave reflected
at 2 =0 begins to arrive. Thenceforward

(e=0G-alc — g=a (b)) %= {ct—(b- 2)}-{ct - (b+ )} =22 ...(12)

ool fl-b oz
Hence V=50 (—l— z— w>_—l_b. ............... (13)

T

o T~

Fig. 6.
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The part of the string reached by the first reflected wave is therefore
parallel to the original position of the part where b <z </.
When ¢t —(b-2)+2 (I -b), a wave reflected at z = arrives, and

l 1 b
V=50 {(é—z)x+§(ct+b)—l}. ......... (14)
This holds until ¢z=(b+2) + 2({-b); in the next phase
I R AN, (.
y~b(l—b)x<1 l)_ ot s (15)

When ¢ = 2/, the whole of the string is back in its original position;
the term in ¢~2¢Y¢ then begins to affect the motion, and the whole
process repeats itself. We see that at any instant the string is in three
straight pieces. The two end pieces are parallel to the two portions of
the string in its initial position, and are at rest. For the middle portion
the gradient dy/oz is the mean of those for the end portions, and the
transverse velocity is + %mb (;7_]_6 B’ The middle portion is always either
extending or withdrawing at each end with velocity c. [Fig. 6.]

4.4. A uniform heavy string of length 27 is fixed at the ends. A
particle of mass m is attached to the middle of the string. Initially the
string is straight. An impulse J is given to the particle. Find the sub-
sequent motion of the particle. (Rayleigh, Theory of Sound, 1, 1894,
204.)

The differential equation of the motion of the string is

Fy_ %y

"5;—4 -c 5.? =00 ceee i (1)
Take « zero at the middle of the string. By symmetry we need consider
only the range of values 0 <2 </ Suppose that the displacement of the
particle is n. When ¢=0, y and 3y/dt are zero except at z=0. The
subsidiary equation therefore needs no additional terms. The solution
is therefore

sinho ({—x)/c
y=n- (——--——. ........................ (2)

~sinhaljc

If now P be the tension in the string, the equation of motion of the
particle is
@0 _ 8!/) (
mag=2P (2 R — 3)

If p be the mass of the string per unit length,
P=pc oo, (4)
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On account of the initial conditions the subsidiary equation for the
particle is

maoin=2P @"-Z)z‘:o +Jo

oz
== 2]-’77% coth %l+ Jo. i, (5)
Hence = 21{Ccoth Sl s (6)
Put B T O LI S ™
Then 2P =kmcl .ccooiiiiiiiiiiiiiee, (8)
and = W%}%FGZ 7 RS 9)

To interpret this solution by the partial-fraction rule, we recollect that
the system is a stable one without dissipation, and therefore all the
zeros of the denominator are purely imaginary. Putting

llc=10 oot (10)
we see that the zeros are the roots of
O=FCOb®. coeeiiiiiiiiiiii (11)

There is a root between every two consecutive multiples of , positive
or negative; and the roots occur in pairs, each pair being numerically
equal but opposite in sign. Then

J l

—_— M U»Ct/I ------------ 12
= e 2 we (1 + £ cosec® w) (/e) e (12)

the summation extending over all positive and negative values of o,

olJ 1 .
= B sin (wet/l), eeennnn.. 13
me o (1+keosecw)y (wet/D), (13)
the summation being now over positive values of w.
If a root of (11) is nr + X, where » is great and X <, we have

(nr+M)tand =k . (14)
and A= l‘/nrr ................................. (15)
. . 1., 1
approximately. The series (13) converges like = —sin’w, or 3 el It

therefore converges fairly rapidly at the beginning, but more slowly
later. Also the w’s are incommensurable, and therefore the motion does
not repeat itself after a finite time; thus the labour of computation
would be great.

J 4
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To express the solution in terms of waves, it is convenient to change
the unit of time to /¢, the time a wave takes to traverse half the length
of the string. Also J/m may be replaced by V. Then
V- V(l-e*)
c+kcothe (c+k)—(c—k)e™

_20 U—k —og ov_l. 21—
—V'»-}-L <1+(r+]ge +<m>6“’+...)
'_V ———-—2k =20 __ 2L<U k) “o,
(r+k( Tk et 4 _) ...(16)
)

The first term is zero for negative values of the time; for positive
values it is equal to

7’:

lr(l — M) (17)
7 TR PR
After time 2 the second term no longer vanishes. We have
k1 @
@A) & F(o+h) (o + A)z

_ 1 1kt gkt

=Tt (18)
and the second term is equivalent to

- g/;“ {1—e - f(t—2)e "9 fort>2. ...... (19)

The third term is zero for ¢ < 4; for greater values it is easily found to
be

2—;[1 (L k(t—4)+ R (E— AP} et (20)

The process may be extended to determine the motion up to any in-
stant desired. The entry of a new term into the solution corresponds
to the arrival of a new wave reflected at the ends.

4.5. A uniform heavy bar is hanging vertically from one end, and a
masg m is suddenly attached at the lower end. Find how the tension at
the upper end varies with the time. (Love, Elasticity, § 283.)

If  be the distance from the upper end, and y the longitudinal dis-
placement, y satisfies the differential equation
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where p is the density, £ Young’s modulus, and F' the external force
per unit volume, in this case pg. Put E/p = ¢? and let the displacement
of a particle before the weight is attached be y,. Then

- 9‘%’ S e (2)

When « =0, %, = 0; and if the bar be of length /, 3y,/dz = 0 when z = 1.
glz z
Hence Yo= 46—; (1 - 57> PR (3)

After the weight is attached, we still have

Fy Py _ 0
“a‘tQ-Cawé—g——C—é;— ..................... (4)

while when ¢=0, y = y, and dy/ot = 0. Hence the subsidiary equation is

2y _ 20U _ 2 Y,
2 - :"7 = 2 - 2 e H
TY ==Yy (5)

and the solution that vanishes with « is given by

Yy-yo=Asinhoafe, ... (6)

where A is independent of .
If = be the cross section of the bar, the equation of motion of the
mass m 18
Fy

%
m s = mg = Emi_v’ ........................ (7

the derivatives being evaluated at # = /. The subsidiary equation is

ma’y =mg + mo'y, — K= :‘g, .................. (8)
which gives on substituting for y from (6)
ol FKwo o
(U‘blllh—-+—%c }?>A—g. ............... 9)

The tension at the upper end is

Emg

gel+ Evdfe=gpl+ p B cosh (al/c) + mea sinh (aljc)” (10)

If & be the ratio of the mass of the weight to that of the bar

’

m  mc l
]°=,'ml’ B =Ry (1)
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and the tension is

gm [1 + 1 ] (

@ |k cosh(ol/c)+k(al/c)sinhallc| ™
We see that gm/=k is the tension due to the weight of the bar alone,
and gm/w= is the statical tension due to the added load alone. To evaluate
the actual tension, we expand the operator in (5) in powers of e-°¥°.
Taking //c for the new unit of time, we have

1 _ 2e™7
kosinh o + cosho ~ (ko +1) - (ko —1)e~2

2¢° ko -1 _, ko — 1>2 4o ]
= 20 e —= SR I
/ccr+1[1+/w+le +(k0'+1 ¢

...... (13)
The first term vanishes up to time unity, and afterwards is equal to
2(1=e~@=D/k), i, (14)
This increases steadily up to time 3, when the next term enters. Again,
ﬁ:.:l = — ] + _kO' + 2_11(1:
(ko +1) ko+1  (ko+1)
=—1+eth+2(tlk)ethk ............... (15)
and the first two terms, when ¢ > 3, are equivalent to
2(1—e (E-1k)y—2[1 —e =3k — 2{(¢t - 3)/k} e~ (t-3)/k]
=2 -3k[1 + (2/k)(t~-3)— e k], i (16)
This has a maximum when
() F 1)

Equation (17) has a root less than 5 if
4/k>1+e k| i (18)

which is an equality if £=2'7. Thus for £ = 1 or 2 the maximum tension
will occur before ¢ =5. If £ =1 the maximum tension is when ¢ = 3568,
and is equal to 3°266 gm/w—1°633 times the statical tension. If =2
the corresponding results are ¢ = 4368, 2520 gm/w, and 1'680 times the
statical tension.

The third term enters at time 5, and afterwards is equal to

2[1 = ¢~ 60k 2 (1~ )k}t ¢~C-1]

If & =4, the maximum stress is when ¢ = 6-183, and is equal to 2'29 gm/=.
The statical tension is 1'25 gm/w, so that the ratio is 1'83.

Love proceeds by a method of continuation, but the present method
is much more direct, and probably less troublesome in application.
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4.6. A general proof that the results given by the operational method,
when applied to the vibrations of continuous systems, are actually
correct, has not yet been constructed. It would be necessary to show
that the solution actually satisfies the differential equation and that it
gives the correct initial values of the displacement and the velocity at
all points. The proof that it satisfies the initial conditions would be
difficult in the most general case. We have seen that in one of the
simplest problems, that of the uniform string with the ends fixed, the
verification that the solution is valid for the most general initial dis-
placement 1s equivalent to Fourier's theorem. But for more specific
problems the operational solution is equivalent to a single integral, and
the direct verification that it satisfies the initial conditions is usually
fairly easy. To show that it satisfies the differential equation, it would
be natural to differentiate under the integral sign and substitute in the
equation. But in practice it is usually found that the integrand, near
the ends of the imaginary axis, is only small like some low power of
1/x (the second in the problems of 4.3, 4.4, and 4.5), and consequently
the integrals found by differentiating twice under the integral sign do
not converge. But we can proceed as follows. If a part of our solution is

y=f@ete=t [ feexpe(r+ )%,

and this integral is intelligible for all values of & and ¢ within a certam
range, we have

TY Ly Y= 2Yet Yoon

at“ h—>0 ”
( >e" 2+8”‘th
t+ e =
2 K
6 _ Yoeteh = 2Yr + Yemen
Also 5~ - ¢ ’P_l) n Y

et —2 4 ¢ dx
..{,Er:)»;—l f(x)expx(t+ ) e .
The two integrals are identical before we proceed to the limit, and
therefore their limiting values are the same. Hence
&y_ 2%y
ot a.r"’
and the differential equation is satisfied. This argument does not
assume that the derivatives of y are expressible as convergent integrals,
but only that they exist.
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The argument breaks down at points where the second derivatives do
not exist; as for instance in 4.3 at the points where the slope of the
curve formed by the string suddenly changes. At these points there is
a discontinuity in the transverse component of the tension, so that the
point has momentarily an infinite acceleration. This is why the velocity
changes discontinuously when a wave arrives. The momentum of a
given stretch of the string, however, varies continuously; the difficulty
is the fault of the representation by a differential equation, not of the
method of solution.

CHAPTER V
CONDUCTION OF HEAT IN ONE DIMENSION

5.1. The rate of transmission of heat across a surface by conduction
is equal to —£3V/on per unit area, where V is the temperature, £ a con-
stant of the material called the thermal conductivity, and dn an element
of the normal to the surface. Hence we can show easily that in a uniform
solid the rate of flow of heat into an element of volume dzdydz is

kVEV . dzdydz.
But the quantity of heat required to produce a rise of temperature d ¥V
in unit mass is cdV, where ¢ is the specific heat, and therefore that
required to produce a rise dV in unit volume is ped V, where p is the
density. Hence the equation of heat conduction is

(e V) =ET V. i (1)
If we put
klpe=Ry oo 2)
#* is called the thermometric conductivity, and the equation becomes
oV
%= BV, e (3)

In addition, there may be some other source of heat. If this would
suffice to raise the temperature by P degrees per second if it stayed
where it was generated, a term  must be added to the right of (3).

It is usually convenient to write o for 3/3¢, and

T=Rh (4)

The operational solutions are then functions of ¢ ; butq must be expressed
again in terms of o before interpreting.
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5.2. Consider first a uniform rod, with its sides thermally insulated,
and initially at temperature S. At time zero the end z=0 is cooled to
temperature zero, and afterwards maintained at that temperature. The
end 2 =/ is kept at temperature S. Find the variation of temperature at
other points of the rod.

The problem being one-dimensional, the equation of heat conduction

oV 7V

. 3V _ L FV _
is 5 k 57 =0 e (1)

while at time 0, V is equal to S. Hence the subsidiary equation is

or —@V=—08 (3)

The end conditions are that

PO ®
V=_8whenz=1

3 sinh ¢ ({ - 2)
Hence V= S(l Y ) ..................... (5)

The integrand is an even function of ¢, and therefore a single-valued
function of o. It has poles where

gl =+ wmm; that is, o =— En*r*P, ... (6)
where n is any integer. But the negative values of ¢ give the same
values of o as the positive values, and therefore when we apply the

partial-fraction rule we need consider only the positive values. The part
arising from o =0 is

s(1 J-ﬁ):s‘f. ........................ )

The general term is

s sinh m (I~ 2)/l g
=P (CFn*r P cosh () (["/‘.Zk"mvr) '
nmrax

=8 sin e L (8)

and the complete solution is
V=_8 [ +3 2 — sin e e“""”""”’] ............... (9)
[ n=in l
If =ht}/l is moderate, this series converges rapidly, and no more con-
venient solution could be desired. It evidently tends in the limit to the
steady value Sz/l.
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But if A}/ is small the convergence will be slow. In this case we
may adopt a form of the expansion method applied to waves*. We can
write (5) in the form

V=8S[{1-eF1-e2t-9)(1+e % + ¢+ ..)]......(10)
For if we interpret this as an integral along the path L, the argument
of ¢ is between +3 at all points of the path, and the series converges
uniformly. Integration term by term is therefore justifiable, and we may
interpret term by term. Now

gz = wa*//z .............................. (11)
and by 2.4 (16) e™=1--Erf =" . .. (12)
2/tt-
Hence
2 20+
V=8| Et 1 - B 220 N ] 13
[r233< ro]n”)( rz},) ()

When w is great, 1 — Erf w is small compared with ¢~** If then a'/2/zt§‘
is moderate, but l/‘zﬁtgj large, this series is rapidly convergent, and can
in most cases be reduced to its first term. This solution is therefore
convenient in those cases where (9) is not.

5.8. One-dimensional flow of heat in a region infinite in both direc-
tions. First suppose that at time 0 the distribution of temperature is
given by

V=H(Z). oo (1)
We have just seen that the function expressed in operational form by
=1 = Brf - s (2)
2t
satisfies the differential equation
dy 23 Y _ .
3 -k aor= O e (3)

for positive values of z; and by symmetry it will also satisfy it for
negative values of z, since the function and its derivatives with regard
to # are continuous when 2= 0. Also when ¢ tends to zero this function
tends to zero for all positive values of 2, and to 2 for all negative
values. It follows from these facts that the function

3 e f —— |
Ha-em)=i[ 1B @)

satisfies the differential equation for all values of # and all positive
values of ¢; and when ¢ tends to zero the function tends to zero for

* Heaviside, Electromagnetic Theory, 2, 69-79, 287-8.
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negative values of z, and to unity for positive values. Hence this function
is the solution required.

Suppose now that the initial distribution of temperature is

V=f(&), coveereeiiiiiiniiiiieiieee 5)
where /() is any known function. T'hen this is equivalent to
V:L_w SEOUHE =) eorrrrrerrreennne. 6)

But the solution for positive values of the time that reduces to H (¢ - )

when ¢=0 is
[ + Exf £- z]
2htt

Hence by the principle of the superposibility of solutions the solution
of the more general problem is

® . E-2
— 1 i
v L_m 2j(g)d[luarf m%]’ ..................... (1)
1 [ —e-ayyan A
S (g-zpom 45
I f_w VAGK, e (8)
Put now E=2+ 20N (9)
Then V= :7— ’ f(.z'+‘)/1t”)\)p MA N, (10)

This is the general solution obtained by Fourier.

5.4. If the temperature is kept constant at #=0, but the initial
temperature is /(') for positive values of z, we may proceed as follows.
If we consider instead a system infinite in both directions, but with the
initial temperature specified for negative values of # so that

ST ==f(), e (1)
we see that the temperature at . = 0 will be zero at all later instants and
the solution of this problem will fit the actual one. Hence

. e 9E 1 O A p
R S [ r@ e 2 )

= :/‘_ r vC 2htN) e\ — :/1— L a7 7 2he3N) e=¥ d),
T/~ ™
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If in particular the initial temperature is everywhere 8, /() =48, and

1 [rhtt
y-8. L f M d\
N —z/2htt

z
S Erf Shd T (4)
Thus the solution of 5.2 is regenerated. In Kelvin’s solution of the
problem of the cooling of the earth, 5.3 (10) was adapted to a semi-
infinite region in this way.
The value of 3V /ax at the end @ =0 is obtainable by differentiating
the solution valid for a semi-infinite region. In Kelvin’s problem

V=8(1-¢%),
ar s )
a,nd (5; >I=0 = S(] = k (ﬂ;t)ﬁ e tesessseresesesasssrraes (1))

The same result is found by differentiating (4).

We notice the curious fact that although the original exact solution
for a finite region in 5.2 (5) is a single-valued function of o, a square root
of ¢ appears in the approximate solution for a greatly extended region.
The reason can be seen by differentiating the exact solution. It gives

aV
(5;>z=0 =8gcothgl, .cooovvviiiiiiiinnn. (6)

which is a single-valued function of o. But when we use Bromwich’s
interpretation we find that

oV 1 x4 i/ t
(5{;);:0 = g‘;’. S ,[LM}.L- COth </;> e dK, ............ (7)

which is again single valued ; but if «¥ is specified to be real and positive
when « is real and positive, it has a positive real part at all points on
L, and therefore if / is great coth «¥//4 is practically unity. The integral
is therefore equivalent to

which is our interpretation of ot §/%, and is equal to S/k/(mt). We could
have started by specifying the sign of «* to be negative when « is positive,
but then «* and coth «¥//k would both have been simply reversed in sign,
and the same answer would have been obtained.

6.6. Imperfect cooling at the free end‘of a one-dimensional region,
With the initial conditions of 5.2, let us suppose that the end z=11is
maintained at temperature S as before, but that the end z=0 is not
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effectively cooled to temperature zero. Instead we suppose that it radiates
away heat at a rate proportional to its temperature. At the same time
heat is conducted to the end at a rate £9V/az per unit area. These
effects must balance if the temperature at the surface is to vary con-

tinuously, so that instead of having V=0 at the end as before we shall
have a relation of the form

v
é—w-—aV 0at 2=0. eoovvvririnniiinnnnn. (1)

The equation 5.2 (3) is unaltered, and the operational solution is

V=8{1-Asinhq(I-2)} ....ccooeceverennn.s. (2)
where 4 is to be determined to satisfy (1). Hence
qA coshgl—a(1—Asinhgl)=0 ....cooovvvennnn. (3)
_ _ asinhq({-2) :
and V~S{1 qcosh(]l+asmhql} .................. (4)

The roots in o are real and negative, and we can proceed to an inter-
pretation by the partial-fraction rule as usual. Or, using the expansion

in “waves,” we have
-qx —
e (1 —e""“""’) (1—?——“e-w+...>]. ..(5)
+a qt+a

If the length is great enough to make the terms involving ¢~*# inap-
preciable, we can reduce this to its first two terms, thus:

If a i3 great, the solutions reduce to those of 5.2; this is to be expected,
for (1) then implies that ¥ =0 when 2 =0, which is the boundary con-
dition adopted in 5.2. If a is small, V" reduces to S; the reason is that
this implies that there is no loss of heat from the end, and therefore the

temperature does not change anywhere. For intermediate values we may
proceed as follows. If

Bromwich’s rule gives

1 ah Ao\ de
Y = 0;—‘]’ ) ;-uk exp <Kt—-—7l—)—x—‘ ............... (8)

Put K= AL ot et (9)
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The path of integration for A is a curve going from Re~im to Reim,
where R is great, passing on the way within a finite distance of the
origin on the positive side. Denote this path by 47 Then

1 ak )\.v
y= Ty ()\-{-a/z)/\ exp ( /l'> ANy oo, (10)
1 1 1 ., Ax
=mlu <x-m>exr> e L N— (11)
171 - K2\ dx
Bt [ ges (v e [ew (- 5)
= g"’lt
S1=Fef 12
ont* (12)

The second part of (11) can be written as an integral with regard to p,
where

along a path obtained by displacing A through a distance ak; but the
integrand is regular between these paths and the route A/ may still be
used. The second part is therefore

- l [ul exp {,L t— (2u/zt + f)} exp (a®A*t + ax) dp

®
= oxp (@t +a2) f1-r g2+ ok  p— (14)
and y=1-FErf £—exp(y*+ ax) {1 - Erf (£ +9)} ... (15)
where E=z/2htd; y=ahtd o, (16)
Hence V =8[Erf ¢+ exp (y*+ az) {1 = Exf (§+ )} ...... (17)

This is the same as Riemann’s solution*.
The temperature at the end is
Ve—o=Sexpy*{1-Erfy}..ccooeeiinnnnnnin. (18)
whence the temperature gradient at the end follows by (1). For small
values of the time the temperature at the free end falls continuously;
the temperature gradient there is not instantaneously infinite as in
5.4 (5). For great values of the time we can use the approximation 2.4

(21), giving
Veo=3 J(rt)[ (a 9% )%g ( 22%) ] +(19)

* Riémann-Weber, Partielle Differentialgleichungen, 2, 95-98, 1912,
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This is equivalent to one found by Heaviside*. Heaviside gives also an
expansion in a convergent series, suitable for small values of ¢, but it
is probably less convenient than the equivalent expression (18) in finite
terms. We see from (19) that the longer the time taken the better is
the approximation to (8V/dz),=o given by the simple theory of 5.2.
5.6. A long rod is fastened at the end = 0, the other end not being in
contact with a conductor. Initially it is at temperature 0, but at time 0
the clamped end is raised to temperature 8 and kept there. Each part of
the rod loses heat by radiation at a rate proportional to its temperature.
The differential equation is now

a "2
aV = h2 V 2V (1)
where o is a constant. Let us put
G+ Q= I e, 2)
and write the equation
2V L.
Py |Z2 | PRI (3)

At z =/ there is no conduction out of the rod, and therefore 9 V/ozr
vanishes. Also 7= when x =0. The solution is
coshr({-2)
V= v e T PP 4)

This can be expanded in powers of ¢~**. The first term, which is the
only one we require, is

P =807 et (5)
(x +a2)b ) dx
=om j exp {xt 7 } FIEIEERTTIRY (6)
Put K+a? =A% e, )
Then V= é: fM {(AZ —a?)t- )2} A—M_D:
_8 1l 1
‘Tmf exp{()\z-—az)t——~ }\x—a Ma} d\. ......(8)
But if AZ@ A i (9)

the term in 1/(A — a) becomes

2—% [M exp {p-“’t—p(%— 2at>} exp ( h) aZL

=4 Sexp (- ‘}:){ -Er fw;}i’;ﬁ—t} ............ (10)

* Electromagnetic Theory, 2, 15.
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as in 5.5 (12). The complete solution is

v=18[oxp (- 2) {1- Bt 2;‘;’”’}

ar 2 + 2aht
+ exp(—k—> {1 B2 }] ....... (11)
When a =0 this reduces to

v=5(1-Fx E?> ........................ (12)

so that the disturbance of temperature spreads along the rod, the time
needed to produce a given rise of temperature at distance # from the

end being proportional to * If ¢ is small enough to make at? small, the
error functions will be practically unity except where # is not great

compared with 24}, For such values of  the exponentials are nearly
unity. Thus at first the heating proceeds almost as in the absence of
radiation from the sides of the rod.

But if a? is great and #/2ht* small or moderate, the first error func-
tion in (11) is practically — 1, and the second + 1. Thus in these con-
ditions

V=8e-oah, ....oocoooiiiiinnnn.. (13)
This is seen by a return to the original equation to be the solution
corresponding to a steady state. This will hold so long as at} — x/2ht

is large and positive, even if 2/2%¢? is itself large. The region where the
approximation (13) is valid therefore spreads along the rod with velocity

2ah; if atd has once become;large, each point on the rod reaches a nearly
steady temperature at a time rather greater than z/2ah.

If at? is large and z/2k¢ still greater, the solution is nearly

V=4S {1 - xf * 2;;’”} ................ (14)

If further the argument of the error function is large, we can write

1 (@ —2aht)) 2htt
= ~az/h
Ve pr oo -

1 z htt
—I_I.Sexp {—4—52?—0- t} ;2_0.—/2}' .................. (15)
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In the regions that have not reached their steady state, the temperature
resembles that for the problem without radiation, except that the small

factor % ¢- “’t

2 T must be introduced.

5.7. The coolmg of the earth. Cooling in the earth since it first became
solid has probably not had time to become appreciable except within a
layer whose thickness is small compared with the radius. It is therefore
legitimate to neglect the effects of curvature and treat the problem as
one-dimensional. Radiation from the outer surface must have soon
reduced the temperature there to that maintained by solar radiation, so
that we may suppose the surface temperature to be constant and adopt
it for our zero of temperature. The chief difference from the problem of
5.2 is that we must allow for the heating effect of radioactivity in the
outer layers. Suppose first that the quantity £ defined in 5.1 is equal
to a constant A down to a depth H, and zero below that depth. Take
the initial temperature to be S+ ma, where m is a constant. Then the
subsidiary equation is

6_2_[_(11/__{1._(1 (8 + mx) O<z<H[ 1)
and =-¢* (8 + mx) H<a, |
and the solutions are

V— +S+mx+Be 9z 4 Ceg9* 0<x<H1 @)

and = S +mz + De— H<z. J

A term in e is not required in the solution for great depths, because
it would imply that the temperature there suddenly dropped a finite
amount at all depths, however great, in consequence of a disturbance
near the surface. The conditions to determine B, C, and D are that V'
vanishes at =0, and that 7V and 8V /oxr are continuous at x= H.
Hence

B+C+8S+A/6=0,cccciiiiiiiiiiniiiiiiin (3)
Be=1H + CetH + Ajo=De~9H ... 4)
Be9H —Ceal = Dg=al, .. ................ (5)

Solving and substituting in (2), we find

V=8(1-¢ %) +mz+ :,i {1 - e~9%— e-2Hsinh qu} O<x<H1

/ ®)
V=8 (1-e-9%) + ma + 4 (cosh gH ~1) s o> H. J
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These solutions involve terms of the form ol_e'qa, where a is positive. Tc

interpret, we write

2= e yew (x '2‘) p

1 . dAn
; [ exe (32~ 7 W) %
" am fM A ];)\3 ( ) ......... (1)
on integrating by parts. But
1 d -qa
- f,., exp (“f—-,;> T s (8)

and a further integration by parts gives

1 2 _"(t)‘ﬁu_l, ( _i> 2 __W)
2m/Mexp()\t )N 2w 2t i exp(xt 5 dax

=htqe - gl_z e~ ...(9)

Inall  Cew= (“2152)( “;‘;&) (/f\/ ,zre‘“”*"’“ ~+(10)

Thus we can obtain a solution in finite terms, which is easily seen to
be identical with that previously obtained by a more laborious method *.

The temperature gradient at the surface is found most easily from
(6); we have

A r
(%) =Sq+m+é(r1—qe‘q"). ............... (11)
L/ =0
L _<HH  de
But qe 9 _2meex1 (xt = )Kg ..................... (12)
_k ., MHYdA
-2 e (-5 %

=2kt ge=9H — [~ 1H
i
= 2 (t)m)t o= IR _ 11(1 CEefAL) L 13
(t)) o) D

and therefore

()= ,;*(%g oo - s {t’: + 2 (! ) (1—e-mmit)).

This is identical with the result given in earlier works of mine except
that in these the factor 2 was omitted from the last term.
* Jeffreys, Phil. Mag. 32, 675-591, 19168; The Earth, 84.
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In the actual problem a considerable simplification arises from the
fact that H is small compared with 2h#%. On this account we can
expand the solutions in powers of /7, and retain only the earlier terms.
"Thus for the surface temperature gradient we have

(8V> Sq+m+7i%é.q.(qll-%q2]1’)

ox

S AT Y
h ('n't)’} 2h (‘n’&‘)é
and for the temperature at depths greater than 77
V=8(1-e")+ma */;4,3' VI o
., e T AH?
=mz + (.s 4 )L Tt g (16)

5.71. Analternative possibility is that the radivactive generation of
heat, instead of being confined entirely to a uniform surface layer, may
decrease exponentially with depth. In this case the subsidiary equation is

6" V

< - V—>—%1. -t (S+me) ooviiinnnnnn. (1)

at all depths. We alrea,dy know the part of the solution contributed

by S+ ma. The remainder is
A e—ll} —¢ —gx

W=2- 7(12_11 ............................ (2)
e e e’ hia .
But h.z"("l':_r_’ a‘) = o—hiat /L' 36 (t" i 1) ............ (3)
atg™e® a a ox
and Tt (JIE - ,7_:)" !
=} —exp(y*+ar) {1 —Erf (A + y)}]
+i[eT—exp(YP—ar){1=Ef(A=y)}]........ (4)
where N=2/2htd; y=ahtd ... (3)

Hence W= Ta A s {exp (y* — ax) — exp (- a)}

+ }z“}:’[(l —ErfA) -3 exp(y*+ax) {1 —Ecf (A +y)}
—}exp(y'—a2) {1 -Erf (A —y)}]
[1—ErfA—e**~Lexp(y*+ax) {1 —Ecf (A +y)}
+4exp (v - ax) {1 - Erf (y = A)}] (6)
which is the same as the solution obtained by Ingersoll and Zobel *.
* Mathematical Theory of Heat Conduction, Ginn, 1913.

}ll.!



66 PROBLEMS WITH SPHERICAL OR CYLINDRICAL SYMMETRY

The contribution of radioactivity to the temperature gradient at the

surface is -
0 4 1
(*é;‘)xzo = l? (1_4: .................................... (7)
A
= ;;;‘{1 —exp ‘)’2 (1 —El‘f‘)’)} ............ (8)

When v is great, as it actually is, we have

oW A 1 A 1
—_ = ., 1 —_ = ) = e ]_ T T e J e eecens 9
( ox >m___0 Ma ( Y \/71-> ha ( ah ~/(1rt)> ®)
5.8. The justification of the method is easier in problems of heat
conduction than in those of the last chapter, because the integrands

3

5»,%) This tends to zero when « tends
to ¢+ in such a way that the integrals obtained by differentiating
under the integral sign always converge, and can therefore be sub-
stituted in the differential equation directly. But the integrals for the

temperature are of the form

always contain a factor exp <—

. 3
;> 1 . K2\ dk
Vegm [ 7 @es (=)
and when we substitute in the equation
oV @
ot k 0a®
the integrand vanishes identically.

)
K

=0

CHAPTER VI

PROBLEMS WITH SPHERICAL OR CYLINDRICAL
SYMMETRY

8.1. So far we have treated only problems of wave transmission or
conduction of heat in one dimension. If our system has spherical
symmetry, the equation of transmission of sound takes the form

o
VA R=0 o 1)

where @ is the velocity potential, and
10 od P 2090
2P = - — =—q4 2=
vie 7% or <r’ ) wtror

10
= ; a;—z (’I‘q)). .................................... (2)

or
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The differential equation is therefore equivalent to

g%z (r®) - :72, G| (3)

This is of the same form as the equation of transmission of sound in
one dimension, 7® taking the place of ®; but differences of treatment
arise from differences in the boundary conditions. A similar transforma-
tion can of course be applied to the equation of heat conduction.

If the symmetry is cylindrical, we take Cartesian coordinates z, ¥, 2,
and put

Z+yi=w’, y=ztand, ..cooiiinii. 4)
and if @ is independent of z and ¢ we have
109 od
2 — — -

V(b—waw(wfm)’ ........................ (5)

which is capable of no simple transformation analogous to that just
given for the case of spherical symmetry. This fact gives rise to striking
differences between the phenomena of wave motion in two and three
dimensions.

6.2. Consider first a spherical region of high pressure, surrounded
by an infinitely extended region of uniform pressure; the boundary
between them is solid, and the whole is at rest. Suddenly the boundary
is annihilated. Find the subsequent motion. The problem is that of an
explosion wave. We suppose the motion small enough to permit the
neglect of squares of the displacements. At all points

¢ @ B
(8—27_,—0 ?7_.‘:>7"1’—0. ........................ (1)

Initially there is no motion, so that @ is constant, and may be taken
as zero. The pressure P is — pod/df, where p 1s the density; thisis a
positive constant when » <a, but zero when » > a. Then we can take
the subsidiary equations to be

2 2
(5677‘ 7) rD=Gr "“’} .................. )
=0 r>a
The pressure must remain finite at the centre. Hence
7'<I>=—:—;+Asinhgg P<@ .ovviininniinnnnn (3)
=Bexp(—orfc) r>a cciiiiiiinnn. (1)

There can be no term in exp (or/c) in (4) since it would correspond to
a wave travelling inwards. Now the pressure and the radial velocity

5-2
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must be continuous at » =a; hence ® and 3®/6r must be continuous.
These give

a . o oa
—0+Asmh—c—-Bexp(—7>, .................. &)
—(1’+ Acosh-————B p(—gg) ............ (6)
whence
A=1(crac)ecar; B=L (c—ac)ese— 1 (ctac)eoar. (7)
o* ’ 20? 202

Thus outside the original sphere

rd = 2%5, (¢—ac)e-7(r-ac — é};’ (c + ag)e-clrtale. . (8)

The associated pressure change is

—_ P (g e-otr-al _<E ) —c(r+a)/]
27.[(0 a>e rralle—(~+a)e el. ...(9)

But ¢ _@=0 when ¢t is tive
o~ @=0when £1s negative | (10)
= ¢t —a when ¢ is positive.
Hence (%— a) e~clr-ale = when ct<r—a
and =ct—(r—a)—a
=ct—» when ct>7r—a.......... (11)
Similarly (% + a) e-o(r+a)e=() when ct<r+a
and =ct—r whenct>r+a. ......... (12)

Hence the pressure disturbance is zero up to time (r —a)/c, when the
first wave from the compressed region arrives, and after (r + a)/c, when

‘the last wave passes. At intermediate times it is equal to 2’; (r=ct).

Thus it is equal to pa/2r when the first wave comes, — pa/2r when the
last leaves, and varies linearly with the time in between. The compres-
sion in front of the shock is associated with an equal rarefaction in the
rear*,

Within the sphere the pressure is

o [r ., oor
P? l:c—r - L (¢ + ao) sinh = e“’“/”:]

_ _ ~o(a-r)c — g—a(a+tr)c ...(13
p[l 2r( +ta (e G ):| (13)

* Cf. Stokes, Phil. Mag. 34, 1849, 52.
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This is equal to p up to time (a—r)/c, then drops suddenly to
p (1 —a/2r), decreases linearly with the time till it reaches — pa/2r at
time (a+r)/c, and then rises suddenly to zero. The infinity in the
pressure at the centre is only instantaneous, for the time the disturbance
lasts at a given place is 2r/c, which vanishes at the centre. It is due to
the simultaneous arrival of the waves from all points on the surface of
the sphere; at other points the waves from different parts of the surface
arrive at different times, giving a finite disturbance of pressure over a
finite interval. If » < }a, the pressure becomes negative immediately on
the arrival of the disturbance.
The behaviour of the velocity at distant points is similar to that of
the pressure. If » is the radial velocity,
w=20d/dr
=—0o®—-d/r.

If 7 is great the first term is proportional to 1/r, the second to 1/7%
The first is therefore the more important. But the first term is simply
a multiple of the pressure. Hence there is no motion at a point until
time (r—a)/c, when the matter suddenly begins to move out with
velocity a/2r. This velocity decreases linearly until time (r + @)/c, when
it is —a/2r, and then suddenly ceases. The total outward displacement
contributed is zero. The second term, however, gives a small velocity
which vanishes at the beginning and end of the shock, and reaches a
positive maximum at time 7/c. It produces a residual displacement, of
order a/r times the greatest given by the first term; this represents
the fact that the matter originally compressed expands till it reaches
normal pressure, and the surrounding matter moves outwards to make
room for it.

6.21. Consider next the analogous problem with cylindrical sym-
metry. With analogous initial conditions, the subsidiary equation is

1 8< 8(I>> a“d)_gr_ o <a
wim\" @) & & } ............... (1)

=0 w>a.

The solutions are Bessel functions of imaginary argument and order
zero, 1,(cw/c) and K,(ow/c). The latter is inadmissible within the
cylinder, because it is infinite when @ =0. The former cannot occur
outside it, for the following reason. The interpretation is to be an
integral along a route through values of the variable with positive real
parts, and when = is great the asymptotic expansion of I, (x=/c) con-
tains exp (k@/c) as a factor. Hence the solution would involve exp (¢w/c)
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and thereforea disturbance travelling inwards. The solutions are therefore

<I>=—1+AIO(EE) O<w<a
o c

............... (2)
= B.A’o (?) a<w.
Also 9®/3¢ and 0®/éw must be continuous at == a. Hence
Al <"“) _L_pg, (‘-’i‘) e 3)
, [oa —
Al (T) - BK, (—c—) e (4)
Also we have the identity
I () K,(2)-1,(2) Ky (2)=1[z.  ceoevineennn. (5)
Hence we find for points outside w =a
a ., /oa ow
o= () 5(%)
1 e K@ AP dk
=~2_7T_chfo (?>Ko(—c-)et7. ............ (6)
But* I,(%) :;f:exp (zcos 6)db, ..o..oooeovnnn. (1)
K, (2)= /w exp (—zcoshv)dv, .......cooeeews (8)
0
whence
=—os f f / ~exp k <t +%00s0-2 cosh v) cos Odrdbdv,
...... (9)

Performing first the integration with regard to , we obtain a function
of the form H (¢ —5). Thus

q>=_ﬁf"f”cosededv .................. (10)

wC Jo Jo

where the range of integration is restricted by the condition that
ct+acos—-mcosho>0....oooeeeeeennnnnnn. (11)

It follows at once that there is no movement at a place until time
(@ — a)/c. Integrating next with regard to », we see that the admissible
values range from 0 to cosh'{(ct +a cos 6)/=}, provided the quantity
in the parentheses is greater than unity. Hence

&=—- — [cosf cosh™ <§M—QQ—S 6) db.
wC w

* The notation is that of Watson’s Bessel FPunctions.
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So long as ct>w —a, there will be a finite range of integration with
regard to 6; the lower limit is then always zero. If ct>w + a, the
inequality is satisfied for all values of 6 up to =, and therefore = is the
upper limit. If ¢t <= + ¢, the inequality is not satisfied when 6 ==, and
the upper limit is cos™ (@ —ct)/a. The disturbance at any point may
therefore be divided into three stages, the first until ¢#=w= —a, the
second from then till ¢¢ == + a, and the third later.

We are concerned chiefly with the pressure. This remains constant
until ¢f == —a; in the next stage it is equal to
pe [ moetle __ _cosbdd (13)

0 {(ct +a cos ) — =2}

and in the last to a similar integral with the upper limit replaced by .
By applying the transformation

ct+a—-w=2b; ct+acosf—w=2bcos Y ......... (14)

™

and integrating on the supposition that  is small, we find that soon
after the arrival of the wave

Pzép\/<g>[l——§%—ig]. ............... (15)

When the wave arrives the pressure therefore jumps to 1p (a/w)’!‘, and
then falls by 2 ¢/a of itself per unit time. The corresponding fraction in
the spherical problem is ¢/a. At time @/c the pressure is still positive ;
but when ¢f = w + @ or more and 6 is greater than 4=, the integrand in
(18) is numerically greater than for the supplementary value of 6, and
thus 2 is negative. The passage of the wave of rarefaction is therefore
indefinitely protracted. To find out how it dies down with the time let
us suppose that ¢¢ is greater than =, and that @ is small compared with
either. Then

L @t

2P (e - w‘:)g
approximately. The residual disturbance falls off like #-2

])_

6.22. If the motion was one-dimensional, as for instance if the original
excess of pressure was confined to a length 2a of a tube, the resulting
disturbance of pressure would consist of two waves, each with an excess
of pressure equal to }p, travelling out in opposite directions with
velocity ¢. Comparing the results for the three cases, we see that the
first disturbance at a given point outside the region originally dis-
turbed, in each case at the same distance from the nearest point of it,
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occurs in each case at the same moment. The increase of pressure in

the one-dimensional problem is p, in the two-dimensional one p (a/w)&,
and in the three-dimensional one §p(a/r). In the first case the pressure
remains constant for time 2¢/c, and then drops to zero and remains
there. In the cylindrical problem it begins to fall instantly, and becomes
negative in an interval less than 2a/c; it then reaches a negative maxi-
mum, and dies down again asymptotically to zero. In the spherical one it
decreases linearly with the time and reaches a negative value equal to
the original positive one at time 2a/c; then it suddenly becomes zero
again.

6.3. Diverging waves produced by a sphere oscillating radially*.
Suppose that a sphere of radius @ begins at time 0 to oscillate radially
in period 2w/n. We require the motion of the air outside it.

The velocity potential ® satisfies the equation

P &*
5;5 ('r@) -_ 952‘2 (T‘b) = O. ..................... (1)
Initially all is at rest; the solution is therefore
7@ =Ae Tl i (2)

When » = a the outward displacement is, say, }2 sin #¢ when ¢> 0, and the

outward velocity cos nt. Hence

0 /1 a’
Y s | e 3)
ota? -
and rd=— (0% + ) (1% oafe) P {— C—(7 - a)}

2 42

- 2% ex {~S(r—a) {cosnt+@sinnt—ex <___c_t)}
dran®P ¢ ¢’ P\"2
ca’ r—a) na . r—a
=-—;—;-2|:cosn t—————}+—smn t——-
A+ a*n c c c
ct—r+a
-exp{— p }:l ............... (4)
when ct>r—a.

The solution has a periodic part with a period equal to that of the
given disturbance, together with a part dying down with the time at a
rate independent of n, but involving the size of the sphere. As there
is no corresponding term in the problem of 6.2 we may regard it as

Love, Proc. Lond. Math. Soc, (2) 2 1904, 88; Bromwich, b. (2) 15, 1916, 431.
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a result of the constraint introduced by the presence of the rigid sphere.
Its effect on the velocity or the pressure is to that of the second term
in a ratio comparable with (c/na).

6.4. Aspherical thermometerbulb is initially at a uniform temperature
equal to that of its surroundings. The temperature of the air decreases
with height, and the thermometer is carried upwards at such a rate that
the temperature at the outside of the glass varies linearly with the time.
Find how the mean temperature of the mercury varies*.

The temperature within the bulb satisfies the equation

a‘Z
57:5(7'V)~QZTV=0, ........................ (1)
where C=RQ b (2)

That at the outer surface of the glass is G¢, where G' is a constant.
But the glass has only a finite conductivity, so that the surface condition
* at the outside of the mercury is

G V
=K (Gt=V)eieiiiiiiiiiiiiieaannnn, (3)
K being another constant. The solution of (1) is
V:‘:% SInh @7 .ccoiciiiiini (4)
. at [((:'/0’
and (3) gives A= i b v cosh ga —smbiga T ()

where @ is the inner radius of the glass.
The mean temperature within the bulb is

Voz‘%/"rwdr
a Jo

- 3;—113 (qa cosh ga — sinh ¢ga)

_3KG qa cosh qa - sinh qa 6
" acq® Kasinhqa +gacoshga—sinhga™ """ )

In applying the partial-fraction rule, we notice that near o= 0

y_3KGY (g2 (3¢ dy'a)
°T aoq® qa(Ka+} K¢ +} ¢*a)

ol 1)
R (T

* Bromwioh, Phil. Mag. 37, 1919, 407-419; A. R. McLeod, Phil, Mag. 37, 1919, 134,
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so that there is a constant lag in the temperature of the mercury in
comparison with that of the air.

The other zeros of the denominator give exponential contributions,
which are evaluated in Bromwich’s paper.

6.5. A cylinder of internal radius @ can rotate freely about its axis.
It is filled with viscous liquid, and the whole is rotating as if solid with
angular velocity w,. The cylinder is instantaneously brought to rest at
time ¢ =0, and immediately released. Find the angular velocity later.
(Math. Trip. Schedule B, 1926.)

The motion is two-dimensional, and there is a stream-function Y
satisfying the equation

<”V2—é}> Y=gy (1)

where v is the kinematic viscosity. Since the motion is symmetrical
about an axis the right side is identically zero. Put

%:o, o= sz;éi<wb%>' ............ (2)

Initially V=130 V=20 i, (3)
and the subsidiary equation is

(V=) V3 = — 2720 woeneevniinereiiieenns (4)

The solution is
y=AIl,(rw)+ BK,(rw)+ Clog w + D + }w’w,. ...... (5)

The velocity must be finite on the axis; hence B and C are zero. Also
D is independent of = and therefore cannot affect the motion.

If 7 be the moment of inertia of the cylinder per unit length and o
its angular velocity, the equation of motion of the cylinder is

oo
Ia?:—Qwap,, ........................... (6)

where p, is the shearing stress in the fluid. Now

o (PY_EY
Ds=vp (5;3 “@2)

a1y
=vpa 6—13' <1—U é;)’) ........................ (7)

evaluated on the outer boundary at the point (a, 0). Hence

o= r[ral,(ra) - 21 (ra)]. oo (®)
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Since the cylinder starts from rest,

Iow=—2mp Ar [ra I, (ra) 21} (ra)]. ....ovvvnn.. 9)
Also aw must be equal to the velocity of the fluid. Hence
aw=Ar I, (r@) + awy. ....cccccoouveierinnnn.. (10)

Eliminating A we have

o [(Ko—2) 1/ (ra) +ra I, (ra)] = o, [ra I, (ra) - 21, (ra)]...(11)
where Qmvpa K=1. «ooveveiiieiiiiniiin, (12)
The operational solution is therefore

_ ra l,(ra) - 21, (ra)
W= w, (KO’ — 2) I (m) ;mo (7'(1) C e (13)

But
I (ra)=1+1a* + gerat + ...; I, (ra)=3ra+ }sr*d + ... (14)
The contribution from o =0 is found to be
0, @’

ml~ O] cereieiiiiiiieaeaaens (15)

say. This is the ultimate angular velocity. The other terms arise from
the zeros of the denominator. If we write & for », and substitute for K
in terms of o,, we find that these satisfy

a’k

{(wo —w) To, + 2} J, (ka) - ka J, (ka)=0.

The solution is then of the form o, + S 4 e~*+¢. The coefficients A are
determinable by the usual method.

CHAPTER VII
DISPERSION

In the propagation of sound waves in air and of waves on strings the
velocity of travel of waves is independent of the period. In many problems
this is not the case; waves on water afford an important example.

7.1. Consider a layer of incompressible fluid of density p and depth
H. Take the origin in the undisturbed position of the free surface, the
axis of z upwards, and those of # and ¥ in the horizontal plane. Put

g_ .._a__ ._a__._?i_i__,._.‘! (1)
at“’: oz =p; 3y~q, ox? 9]/”.‘1 e ereraraeeeeas
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The velocity potential ® satisfies the equation

ol T

52; F2°P =0, ciriiiiiiiiiiieiieaee, (2)
At the bottom the vertical velocity vanishes. At the free surface, so
long as the motion is only slightly disturbed from rest, we have

o
g_’a_t., .............................. (3)

where ¢ is the elevation of the free surface. Then we must have

ocosr(z + H)
- 2 T TP 4

r sinrH ()
The pressure just under the free surface is — 7pr%, where Tp is the
surface tension.

But by Bernoulli’s equation it is also equal to —po® — gpl + F'(¢),
and F'(¢) does not affect the motion and can therefore be omitted. We
have therefore the further surface condition

b =

—oP=(g=Tr)l i (5)
Combining this with (4) we have the differential equation for ¢
{*=(g-Tr)rtanrH}{=0. .cooeeiiinnnnn..n. (6)

If the fluid starts from rest with ¢ equal to &, a known function of 2 and
¥, the subsidiary equation will have a term o, on the right, and the
operational solution will be

o

o
= & _’<!/’; ‘,1,7.2')-7' ta,nvrll {0 ........................ (7)
=cosht{(g—Tr¥)rtanrH}. 4. oo (8)

In the corresponding problem of a uniform string in 4.1 the coefficient
of ¢ was simply pe.

Suppose first that the original disturbance consists of an infinite
elevation along the axis of y, with no disturbance of the surface
anywhere else. Then { can be replaced by p, and (8) is equivalent
to the integral

1
t= ok fLea cosh ¢ {(g — Tw) x tan kH}  dr. ........ (9)

The integrand has an essential singularity wherever «H is an odd
multiple of 4= ; L cannot therefore cross the real axis within a finite
distance of the origin, but becomes two branches extending to + « above
and below the axis.
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7.2. The method of steepest descents. The elevation of the surface is
thus expressed in terms of integrals of the type

B
s:/A XD E LS (2D 2y wrvonerererrererens (1)

where /(%) is an analytic function, and ¢ is real, positive, and independent
of z. Put, following Debye,

J@E) =R+ i (2)

thus expressing it in real and imaginary parts. If the integral is taken
along an arbitrary path, the integrand will be the product of a variable
positive fuctor with one whose absolute value is unity, but which varies
in argument more and more rapidly the greater ¢ is. There will evidently
be advantages in choosing the path in such a way that the large values
of R are concentrated in the shortest possible interval on it. Now if

EEZ AU, oo (3)
*R R *I I
we shall have P i 05 25 + e 0. o 1)

It follows that R can never be an absolute maximum. But it can have
stationary points, where
ok _k_
or oy
and we know that these points will also be stationary points of 7 and
zeros of /' (z). These points are usually called the ‘saddle points,” or
sometimes ‘cols.” Through any saddle point it will in general be possible
to draw two (sometimes more) curves such that R is constant along
them. In sectors between these curves R will be alternately greater and
less than at the saddle point itself. The sectors where £ is greater may
be called the ‘hills,” those where it is less the ‘valleys.’” If our path of
integration is to be chosen so as to avoid large values of R, it must
avoid the hills, and keep as far as possible to the valleys. If then the
complex plane is marked out by the lines of & constant through all the
saddle points, and .4 and B lie within the same valley, our path must
never go outside this valley; but if A and B lie in different valleys,
the passage from one valley to another must take place through a saddle
point. In the latter case the value of the integral will be much greater
than in the former, and therefore interest attaches chiefly to the case
where the limits of the integral lie in different valleys.
The paths actually chosen are specified rather more narrowly; the
direction of the path at any point is chosen so that |3.//ds| is as great
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as possible. If ¥ is the inclination of the tangent to the path to the axis
of z, we have

oR aR . OR
Fs=005¢-5;+smn// Gy 0 e (6)
and if this is to be a numerical maximum for variations in ¢
. R R
0=-sm lP ?1.1: + €08 ll/ 5]/‘
oR ol -
= 5]_}, = a“s g tessecseciisateteseesiittctrtssansaanas (l)

where dn is an element of length normal to the path, drawn so that
when ds is in the direction of a increasing, dr is in the direction of y
increasing. Hence 7 is constant along the path. Such a path is called
a ‘line of steepest descent.” There will be one in each valley. In general
the limits of the integral will not themselves lie on lines of steepest
descent, but can be joined to them by paths within the valleys.

In general lines of R constant through different saddle points will
not intersect; and there will be only one saddle point on each line of
steepest descent. For the former event would imply that 2 has the same
value at two saddle points, the latter that / has, and either of these
events will be exceptional. It follows that as we proceed along a line of
steepest descent /2 will rarely reach a minimum and then proceed to
increase again. For if £ had a minimum 8/?/3s would be zero; but a//as
is zero by construction, and therefore the point would be another saddle
point. Lines of steepest descent usually terminate only at singularities
of £(2) or at infinity. .

The path of integration once chosen, the greater ¢ is the more closely
the higher values of the integrand will be concentrated about the saddle
points. Thus we can obtain an approximation, which will be better the
larger ¢ is, by considering only the parts of the path in these regions.
In these conditions we can take

JE) = (z)+ (=227 (2), «eoeeereeniiinnn (8)
where z, is a saddle point. Put
f")l=A; |2—2]=7r o (9)
Then on a line of steepest descent
S@)=f(2)=3A7 oo, (10)

and we can put
arg (2= 2) =@, wevrrerrriiriiiiiiienenn (11)
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on the side after passing through z,. Then

S=2 f: exp {¢.f (z,)} exp (— 3 Atr*) d (r exp wa)

9\ E
= (%t) exp {tf(2) e} coriviiiiiiiniiri, (12)

To get from A to B it may be necessary to pass through two or more
saddle points, with probably traverses in the valleys between the lines
of steepest descent. Then each saddle point will make its contribution
to the integral.

The error involved in this approximation arises from the terms of the
third and higher orders omitted from (8). Its accuracy therefore depends
on exp (- 4¢47*) having become small before exp (-3 ¢*| /' (2,)|) has
begun to differ appreciably from unity. Hence

2
(ﬁ 4 V£ (m
yed [ } —reet VG (13)
LIS (20)] S ()
S ~o) !
must be large. In most cases the approximation is asymptotic, and does
not represent the first term of a convergent series.

7.3. In problems of wave motion we often have to evaluate integrals
of the form

= 217__1 .{qu () exp (kr—yE) dK, woovierrrrnninnn, (1)

where ¢ (x) and vy are known functions of «. As a rule ¢ (x) is an even
function, and y an odd one. When « is purely imaginary y is also purely
imaginary. We require the motion for large values of ¢, and possibly
also of 2.

The function ¢ (x) usually introduces no difticulty. It does not involve
x or t, and thercfore when these are large enough it can be treated as
constant throughout the range where the integrand is appreciable.

It is usually convenient to replace « by « and y by ¢y, and to consider
the equivalent integral of the form

£

1 0
{:21} . \//(K) expt(x.l?—-yt) dr.  veviiiiiiienn, (2)
The saddle points are given by
Z=Yt=0 . 3

so that a given ratio z/¢ specifies a set of predominant values of x,. But
¥’ is an even function of x, and therefore if x, is a saddle point, — x, will
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be another, and if the adopted path passes through either it will pass
through the other. We may take «, real and positive. Also

S (k) ==y b e (4)
Thus if y,” is positive  —k, has argument — } = on the line of steepest
descent, and the contribution from «, is

1 2r \B =
o <|)'o71> e exp (ko Z—Yob). cooereiiiiiennnnn. (5)
The contribution from — , (where y” is negative) is similarly
1/ 2n \}
o <MI = |> W (ko) €4 exp =t (Ko &= Yot)  +evevvenn. (6)
and the two together give
9 3
<";T')’;ﬁ>fi> ¥ (ko) cos (ke @ = Yot —4m). ceveiniinni. (1)
Similarly if y,” is negative the two saddle points give
. 3
2
(v%'“l’%"tp ¥ (k0) €08 (Ko = Yob + 37).  evvevvrrenn. (8)

77.31. These formulae, due to Kelvin, are the fundamental ones of the
theory of dispersion. Consider first the cosine factor, and suppose « in-
creased by 8z and ¢ by 8. Then x,@ —y,t is increased by

Kos.z‘—'yoat + (.l‘— 'yo't) 3k,

the term in 8«, appearing because «, is defined as a function of 2 and ¢
by (3). But the coefficient of 8, is zero by (3). If then ¢ is kept constant,
¢ will vary with z with period 27/x; and if 2 is kept constant, ¢ will
vary with ¢ with period 27/y,. Hence 27/k, is the wave-length, and
27/y, the period, of the waves passing a given place. A phase occurring
at a given place and time is reproduced after an interval & at a place
such that 8z =y, 8¢/x,. Hence y,/«, is the velocity of travel of individual
waves. It may be denoted by ¢, and called the wave-velocity.

But «, has been defined by the equation

z-y't=0
so that a given wave-length and period always occur when /¢ has a
particular value; they seem to travel out with velocity y,, which is
called the group-velocity. It may also be denoted by C. In general the
wave-velocity and the group-velocity are unequal, so that a given wave
changes in period and length as it progresses. They are evidently con-
nected by the relation

3 .
a‘;(Kc) = 0. .............................. (9)
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7.4. Returning now to 7.1 (9) we can separate the hyperbolic function
into two exponentials, which will represent wave-systems travelling out
in opposite directions. One of them is equivalent to

1 00
£=i; f_mexpz(xw—yt) dry oo (1)
where vi=(g+ Tx*)xtanh« H. ..................... (2)
When « is small,
(ol (1 - vemr s LT%
e=(gm? (1- 3+ ; ) Ep— (3)
(a1 = LI 37T«
C=(gH) (1 beHE D g) ................... (4)
When « is great,
c=(T); C=3(T} oo (5)

In all ordinary cases 7'/g is insignificant in comparison with 77°. Hence
for some intermediate value of « the group-velocity is a minimum; it
tends to infinity for very short waves, and to a finite limit for very long
ones. Three cases therefore arise. If #/¢ is less than the minimum group-~
velocity, there will be no saddle-point on the real axis, and the disturb-

ance will be small*. If it lies between this minimum and (¢H)?, two
(positive) values of « will give saddle-points, and each will contribute

to the motion. If it is greater than (g][)é, the only saildle-point will
correspond to a short wave. The disturbance at a given point will there-

fore be in three stages. In the first, leading up to time z/(gH)%, only
very short capillary waves will occur. Then long gravity waves will
arrive, the wave-lengths of those reaching the point diminishing as time
goes on. Superposed on them are further capillary waves, their length
increasing with the time. At a certain moment the wave-lengths of the
two sets become equal. This corresponds to the arrival of the waves
with the minimum group-velocity. From then on the water is smooth.

7.41. Two typical cases therefore arise according as the wave-length is
large or small compared with the one that gives the minimum group-
velocity. Take first gravity waves, such that /¢ is small compared with

* It can be shown that the saddle-points are so placed that the relevant one
contributes an exponential with a negative index to the solution. This is almost
obvious from considerations of energy.

J 6
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(gH)i but large compared with the minimum group-velocity. In these
conditions we can write simply

Y=gc; o=(g/)Y; C=4(g/0)b; dCldk=—1}(g/e)t. ......(1)
The solution is then

(271&)& 2 <'—‘§)i o8 (ko2 = Yot + 3m) evriiiiiin (2)
where ‘;: % (gﬂ)é .............................. (3)

and the amplitude increases towards the rear of the wave train like
P

7.42. Take next the capillary waves, short enough for gravity to be
neglected. Then

P=Tx; c=(Tx)}; C=3(Ta)}; dClde =3 (T)x)}. .....(1)
At a given instant the amplitude is therefore proportional to K, or to

a3, The front of the disturbance is therefore composed of a series of
capillary waves whose amplitude tends to infinity, and the time taken
for them to arrive is infinitesimal.

This impossible result arises from the form assumed for the original
displacement. In taking ¢ = p we assumed that unit volume of liquid
was originally released on unit length of the actual line =0 in the
surface. The mean height of this mass of liquid was therefore infinite,
and its potential energy also infinite. The system being frictionless, this
energy must be present somewhere in the waves existing at any instant,
and infinite amplitudes are therefore a natural consequence of the initial
conditions. If instead we suppose that the same volume of fluid was
originally raised, but that it was distributed uniformly between @ = + /,
its elevation was 1/2/ in this range. Expressed in operational form this
gives

bo=gy[H (@ + )~ H (2= D] = 5y (& = 6F)o (2)

The appropriate solution can be found from 7.4 (1) by introducing a
S—lfld‘ into the integrand. If the solution already
found makes «,/ small, this additional factor will be practically unity,
and the same solution will hold. Waves whose length is large compared
with the extent of the original disturbance will therefore not be much

affected by its finiteness.

1
e (ol — p=ixl
factor Sl (et — ¢=!) or
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But if «,/ is large we must consider separately the contributions from
the terms in e« and =+, The factor 1/«l will give an extra 1/k,/ in all
the solutions. The result will be that at a given instant the amplitude

of a gravity wave will vary like k"% and that of a capillary wave like

k"%, Waves whose length is short compared with that of the original
disturbance are therefore heavily reduced in amplitude.

On deep water the minimum group-velocity is 18 cm. /sec., corresponding
to a wave-length of 4'6 cm. and a wave-velocity of 28 em./sec. If the
original disturbance has a horizontal extent of 1 em. or so, only waves
with lengths under 1 cm. or so will be affected, and the amplitudes of
both gravity and capillary waves will increase steadily with diminishing
group-velocity. A wave of large amplitude will therefore bring up the
rear, and will leave smooth water behind it. This is observable in the
waves caused by raindrops and other very concentrated disturbances.
But if the extent of the original disturbance exceeds a few centimetres
the capillary waves produced will be very small, and the largest
amplitude will be associated with a wave whose length is comparable
with the width of the disturbed region. The largest wave produced by
the splash of a brick, for instance, has a length of the order of a
foot.

7.5. Two exceptional cases may arise in the treatment of dispersion,
which are both illustrated in the present problem. The validity of the
approximation 7.2 (12) depends on exp {¢/(z)} being proportional to
exp (-3 A#r®) on a line of steepest descent. If /" (z) has varied by a
considerable fraction of A before this exponential has become small the
approximation will not be good. This may happen if A is itself small,
or if there are two saddle-points close together. Instances occur when
there is a maximum or minimum group-velocity, or if the group-velocity
tends to a finite limit when x becomes very small. In the former case a
value of z/t a little greater than the minimum group-velocity will give
two slightly different finite values of «,. In the latter x, may be small
enough for the proximity of —«, to affect the contributions of both.

7.51. Since y is an odd function of , we may suppose that when « is
small

Y=Cok=Cak®+ O (k) viiiiiin, (1)
and then 7.3 (2) is equivalent to
= 2—:—‘_ :o ¥ (k) exp ¢ (k@ — cort + ¢a°t) dr. ... (2)
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There are saddle-points where
Col —& b
K_J_r< - ) ........................ (3)

If, as in 7.4, ¢ («) 1s constant or tends to a limit different from zero when
x tends to zero, this integral is nearly

c:%fow t//(()) COS{K({c—cut) + 60t} di

= }r ¥ (0) (e2t) ™ ! fow cos (¥ —=me)dv .ooooeeeie. (4)

where m = (cot — .T)/(cgt)"" ............................ (5)

The integral involved here is called an Airy integral*. It is finite and
positive, but not stationary, when m=0; it has a maximum when
m =128, and oscillates for greater values of m with steadily decreasing
amplitude. For negative values of m it tends asymptotically to zero.

Fig. 7. Graph of the Airy integral.

* Airy tabulates cos 3 7 (v® = mv) dv in Camb, Phil. Trans. 8, 1849, 598. The
0

graph given here is adapted from Airy’s table. The integral can also be expressed in
terms of Bessel functions of order *}. S8ee Watson, 188-190.
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Consequently the disturbance we are considering produces an immediate
rise of the level of the water at all distances greater than c,¢, though
this rise is very small at great distances. The maximum rise of level is
where x is rather less than ¢,¢, so that it has not travelled out from the
origin so far as a wave with the limiting velocity would. The maximum
is followed by a series of waves of gradually diminishing length and
amplitude, merging ultimately into gravity waves of the deep-water type.

7.52. In the case where there is a minimum group-velocity for a finite
wave-length, let us, with a somewhat different notation from that used
so far, denote the minimum group-velocity by y,” and the corresponding
values of x and y by «, and vy, . Put

Then
1 ® ! "
4257; B ¥ (k) exp ¢« (ko =~ yot) exp ¢ (k2 — v, syt — 57" 6 8) diy ...(3)

with an analogous contribution from the negative values of «; hence
with the same type of approximation as before we shall have

o]
£= %L ¥ (x,)c0s (koz — yot) €08 (ki =y, Kk £ = 5y, 'K, t) diky

:12;"0('(“) cos (x@ = 1,t) (¢ Yomt)—é[ cos (V' —mv)dr ...(4)
J0
where m=TT0l e (5)

The solution is therefore the product of a cosine and an Airy integral,
the interval between consecutive zeros being much greater for the
former than for the latter. In the neighbourhood of a point that has
travelled out with the minimum group-velocity the waves have the
corresponding period and wave-length, but their amplitude falls off
rapidly towards the rear. In front of this point the amplitude increases
for a while and then oscillates.

In both these exceptional cases we notice that the amplitude associated
with the critical velocity falls off only like the inverse cube root of the
time, whereas in the typical case it falls off like the inverse square
root. Hence the further the disturbance progresses the more will the
waves with the critical group-velocities predominate in relation to the
others. In waves on water, however, these phenomena are often modified
by the greater damping effect of viscosity on short waves.
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CHAPTER VIII
BESSEL FUNCTIONS

8.1. The Bessel functions of imaginary argument are defined by the
expansions
~ ( iz )n+2r
L= 3 08 e (1)

where (n + r)! is to be interpreted as I' (n +  + 1) if # is not an integer.
Put

B2)=2. v, (2)
n4r
5 in T
Then I, (22Y) =2~ 3 (0!
gt 3 2T
r=0 r!
=z~ ptexppl, i (3)
where p denotes d/dx. Hence
prexppt=at L, (). (4)

Differentiating and substituting for & we obtain the familiar recurrence
relation

d
7 L) =2"10(2). i (5)
The expression on the left of (4) is equivalent to the integral
1 1 d .
e [ exp (x.z' + K) '-(,T;—l, ..................... (6)

if n is positive; and if the path L is replaced by a loop 2, passing
around the origin and extending to -, the result holds without restric-
tion on n. Hence

- dx
L(2)=(}2) ™ —/ p(Kz K) ............ )
which is equivalent to Schlifli’s form *. Putting also
=N, (8)
d\
we have I, (2)= / exp 3z ()t+ )\> PTTRI 9)

* Watson, Bessel Functions, 175-6.
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provided the real part of z is positive. If

1/, 1
5 (x+ X) S Hy e (10)

N=p (=1 (11)

the sign of the root being determined by the fact that A and p must
approach + « together, we find

1 dpn
I,(2)=— z ; iy e
= g [y ) o e ()

giving, in operational form,
L@)=-—"-"F e, (13)
I+ (= DA (- 1}
This can easily be verified for n =0 by expanding in negative powers
of p.

8.2. The integrand in 8.1 (12) has branch points at +1, but no
other singularities in the finite part of the plane. The path can therefore
be modified to two loops from — o¢, each passing around one of these
branch poiuts. Consider first Z, (z). The loop around +1 gives a con-
tribution denoted, in Heaviside’s notation*, by 1 H,(z). We have

1 d
(=)=~ / exp (nz) o . (1)
7l’l._+1 (IL.’_I)ﬁ
and if # is great the exponential is appreciable only when R (p) is near
unity. Then we can put

and write

==t [ @
me

(—- Qv+ 1/"')"-‘

— _l J‘ e [1 + % 3 v+ }:‘_2 (:iv).“ + ‘..:] dl’, ...... (3)
m 21’) 2!

where, if the loop be supposed indefinitely narrow, we must take (- )t

positive imaginary on the upper side of the path, and negative imaginary
on the lower. Hence

Hy() - ,‘:L i (2 i L e L

( ) [1+ ,(; >g +] ............ (4)

* Electromagnetic Theory, 2, 453.
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Similarly we may consider a loop around —1 and define

1
K(x)=2 [ exp (us) - -71 e (5)
LS (1 -4
the positive sign being taken for the root when ~ 1 <p <+ 1. Then we
put

R==1=V i (6)
and obtain
N 2 {-.] e—vz 1.3
=2 % ———— ] =t + = vPE—...
K,(:)="¢ A(M}{ el P }a

1
o\t (1 1M1
() s (8) S B— )

By substituting the loop integrals for H, and K, in the differential
equation for 7, namely,

R A S — (8)
we find easily that they both satisfy it and therefore constitute a pair
of independent solutions. The expansions (4) and (7) are asymptotic,
but a fuller discussion is needed before a limit can be assigned to the
error involved in stopping the expansions at a given term. Their physical
interest is that if the variable # is ow/c, where @ has its usual meaning
as a cylindrical coordinate and o denotes /3¢, K, contains e=°®/c as a
factor, and its interpretation by Bromwich’s rule will have exp « (¢ — @/c)
as a factor in the integrand, where the real part of x is positive. It
therefore represents a diverging wave. Similarly H, represents a pure
converging wave. They are also intimately connected with the two
Hankel functions A,V and H,®. If arg 2 increases till z =, where y is
real and positive, the loops must be swung round till they pass to +¢
instead of — . Then

H, (2) = H, (1) = ( )eXPL(y i’r)(“ 8uy )

RN C) N (9)
)
K,(2)=K,(9)= ( )exp-z(y+}1r)(1——1§ )
== TP (). e (10)

To express I, in terms of H, and K,, we suppose that the loop
around + 1 passes to — o on the upper side of — 1. The integral around
this loop is 44, by definition. Taking the other loop next, we see that
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(u* - 1)" is negative imaginary between the branch points, and the
integral is

1 -1
f xp (uz )(_ L)( T OR (11)
Thus L,(2)=$ [Hy(2) + i, ()] oo (12)

Comparing with (4) and (7) we seem to have the anomaly of a purely
real function being equal to the sum of a purely real one and a purely
imaginary one. The explanation is that while 7, and K, are purely real
by definition when z is real and positive, we have had to define H, by

—— |

Fig. 8. Contours for H, and K.
means of a loop passing — 1 on the positive imaginary side. When p +1

is imaginary (u?—1)! has a real part, and therefore H, is not purely
real. If we had defined /, by means of a loop passing — 1 on the under
side we should have had to reverse the sign of « in the equation

Hy(2) =21, (2) = tKy (2). eovereerreeeerenes (13)

The reason this phenomenon does not show in the asymptotic expansions

is that when z is great enough K, is smaller than any term in the

asymptotic expansion of H,, and therefore cannot affect this expansion.
The ordinary Bessel function J, (2) can be defined by

J0 z):[o (Lz), ................................................ (14)
=3 {H, (@) + K, (12)}, oo (15)
=3 {HW @)+ HP (2)}, cvvveeivrriiniiiiieeiinenn, (16)
= (EY cos (z—%m) + higher terms (17)
= g C e
In operational form it is given by
(@)= P e, (18)

(» +1)’
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8.3. In the case of functions of other orders, the extra factor in
8.1 (12) is {u + (u? —1)#}-", which is unity for = 1 and e~ for p=— 1.
Hence we can define an H, and a K, the latter in real form, and the
former with a real asymptotic expansion. If this is done the first terms
of the expansions will be independent of %, a known result. But when
we proceed to the ordinary Bessel function the complex factors affect
the argument of the cosine; we have indeed Stokes’s approximation

o (2)~ <1—r25>*cos T Y (1)

8.4. Heaviside’s procedure is to define 77, () by the operator

2 and K, (oby - 2P,
(p*-1) (1=

in the present notation *. The unsatisfactory feature of these definitions
is that whether the fundamental interpretation of an operator is an
expansion in powers of 1/p or a complex integral, the former operator
means 2/, (z) and the latter + 2./, (x). But Heaviside applies a process
equivalent to changing the variable from u to v as above, and then
expanding in ascending powers of this new variable. The resulting
operators are equivalent to 8.2 (4) and (7) above; the method really
amounts to evaluating the portions of the integrals that arise from the
neighbourhoods of the branch points, and therefore gives /1, and K,
correctly. But the operators introduced at the start do not represent the
functions Heaviside finishes with.

8.5. The present expansions can be applied to the solution of the
problem of 6.21. The operational solution was

b=t (T K(f"“’
e \e "\e

9n \ 1 90 \} o
=—ir “ .3 (fL) poale (2(:‘ e—ow/e (1 _%3‘(_‘_)
AP

Toa TOw 8oa
3

w\-* ) 1 3c
- - ~o(w=ajle (. - V..
}( > (2 a)le ( (t> PR RN (l)

* K, (z), as here defined, in accordance with Heaviside’s practice, differs from the
definition in 6.21, which is that adopted by Watson, following Macdonald; Watson’s
K, is }x times Heaviside’s. Watson comments on the fact that the extra factor
obscures the relation between K, and the Hankel functions, but hesitates to remove
it because the function is already tabulated. But perhaps tables are of less import.
ance than analytical convenience; when Bessel funoctions occur in problems they
more often than not seem to disappear from the final answer,

It
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and the pressure is

P=p(2 >}e"’("")/0<1 ) FR— (2)

which is zero till time (= — @)/c, then jumps to }p (a/w)’%, and proceeds
to fall by 3¢/a of itself per unit time.

8.6. In much of Heaviside’s work use is made of what he calls the
generalized exponential function, defined by the series
. © T
M I s r)!
where 7 is a proper fraction. The series formally satisfies the differential
equation
dy

- T Y
41.1:

and reduces to the ordinary exponential series when n is an integer.
Its mathematical peculiarity is that the part of the series corresponding
to negative values of n 1s always divergent. As usual (n+7r)!1s to be
interpreted as I'(n + 7+ 1). This series was recently found by Mr A. E.
Ingham and myself to possess an asymptotic property. Suppose we start
with a given term, say » =—m, where m is a positive integer, and con-
sider the series

ST
2

x
N o= 3 e e, 3
T ei=m ) ®)
x
}_‘ 1—(1; m+r)
r=0
1 o . (gxr
= ')l_' ’L ,\ (,K" m+r+l dK
1 [ exr  dx
LS e , ‘":"—"I' T es s as et es s ses s enen (4)
QK (x=1)

if L i3 so chosen that |« >1 at all points of it. Then the integrand has
a pole at x =1, which makes a contribution ¢* to the integral. The
remainder is equal to

\J
S-¢. -
e

1 I‘m_t"‘l dx (5
(1) :
taken around a loop surrounding the origin and passing to — o at both

ends. This is equivalent to

L e B
- §in (m—n)m /o ¢ N# dp e (6)



92 BESSEL FUNCTIONS
and the integral is less than

@
/ P #m-n d,ll. = m-(m—n+1) T (m -n+ 1)
0

‘2‘”~ﬂ.—17r
=F(n—7h35i11(n—nz)1r'
7l m-—1
Hence |S~e|< (n S ST

so that the error caused by starting at a definite term is less than
the preceding term, and decreases indefinitely when 2 becomes great.

8.7. As has been indicated, Heaviside’s work is largely concerned
with the use of asymptotic series, which he justified mainly by appeal
to actual computation. Less defence of such series is now necessary;
pure mathematicians have proved their validity in many cases, and
even used them themselves. Some of Heaviside’s series, however, are in
their actual application convergent. Thus, if we consider the asymptotic
expansion of K (), namely

. nd o 13
Ko(@)=(2) e (1 + 21(91-)‘2
n 1‘.! (L)If - 1)2 )
v+ (-1) o, (&r)" +o ),
this is formally divergent as it stands; but in its application to prob-
lems of cylindrical waves the argument is ow/c, and the general term
(allowing for the factor z~ i’) is
12.8... (20 - 1280, (20 — 124}
U, =(—1 1* -
n ( ) '(87/7/(,)"*50"”* ( ) n! (8w/r)”+*(n+})(n %) ~/
1 1.3...2n-1 nth
—(=1) : < :
Ny (2n+1)2" 2a
The general term in the mterpretatxon of K, (o@/c) is therefore
a2 V21,3, m-1 <ct—- >n+&
T nl (2n+ 2" \ 2z

and the series converges like a binomial expansion provided cf<3w.
Though a divergent series is used in the course of the work, it leads to
a convergent answer.

8.8. But the operational method raises numerous points concerning
the relation between Pure Mathematics and Mathematical Physics in
general. Chapter I of this work suffices to show that the operational
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method gives the correct results when the system considered has a finite
number of degrees of freedom; but as soon as we begin to consider con-
tinuous systems we find that the solution involves operators not
definable in terms of definite integrations, and the method of Chapter I
is no longer available for a justification. Bromwich’s introduction of
complex integration serves three important purposes: it enables us to
prove in large classes of cases that the answers obtained to problems of
continuous systems are correct ; it provides a formal rule for interpreting
operators in general; and it gives the answer, in cases where it involves
new operators, in a form convenient for direct evaluation by contour
integration. It seems curious that physics, dealing entirely with real
variables, should find it necessary to use the complex variable to solve
its problems in the most convenient way. The use of conformal repre-
sentation in two-dimensional electrostatics and hydrodynamics is of
course exceptional, and arises from the fact that the general real solution
of Laplace’s equation in two dimensions is the real part of a function of
& + uy; for other equations there is no such explanation. The real reason
is that the solutions of the linear differential equations of physics are
expressible as linear combinations of analytic functions. In the method
introduced by Bromwich himself, for instance, « is written for 6/o¢ before
solution, and then for the general value of « the solution is found that
satisfies the differential equation and the terminal conditions. Such a
combination of these solutions as will satisfy the conditions when ¢=0
is then constructed in the form of an integral with regard to «; this
integral is the same as would have been obtained by solving operation-
ally and interpreting according to Bromwich’s rule. The utility of the
complex variable then rests on the fact that analytic functions of it
satisfy Cauchy’s theorem. I do not think, however, that the complex
integral should be regarded as the definition of the operator. In 2.1 (2)
the ¢ (p) is the fundamental notion, and the integral merely expresses
a convenient rule for evaluating it. The rules of Chapter I in my opinion
come nearer to the ultimate meaning of the operators, but their exten-
sion to the operators that arise in the discussion of continuous systems
awaits further investigation.



NOTE

ON THE NOTATION FOR THE ERROR FUNCTION
OR PROBABILITY INTEGRAL

The notation given on p. 26 is one that I adopted in 1916 under the
impression that it was in general use, and I have since used it in several pub-
lications *. My definition was recently queried by a correspondent, and I have
not succeeded in tracing its origin. I have, on the other hand, discovered a
surprising confusion of other notations. The earliest, due to Gausst, is

2 z

0 (2)= ——:/ e d.
Nalo

No name is given to the function by Gauss, and there is no sign that he meant

the notation to be permanent. Of modern writers, Carslaw, Brunt, and Coolidge

use this notation. Fourier ] gives

1 (7 _»
¢R=—,.f e dr,
Jrle

but has, so far as I have traced, no modern followers. Jahnke and Emde, in

their tables, use
@ (2)= - frr"d*
=z ], 2,

and call this the Fehlerintegral. The same notation is widely used by other
German writers. Whittaker and Robinson§ also use it and call the function
the Error Function. The notation

Erfz= f e dr
x

was introduced by J. W. L. Glaisher||, who also used T

&
Erfc x=f e=% do=34,/7 - Erfa.
0
The latter function is also called erfx by R. Pendlebury ¥*,

* Phil. Mag. 32, 1916, 579-585; 35, 1918, 273; 88, 1919, 718. M.N.R.4.8. 17,
1916, 95-97. Proc. Roy. Soc. A, 100, 1921, 125-6. The Earth, 1924.

+ Werke, 4, 9. First published 1821.

1 Théorie Analytique de la Chaleur, 1822, 458.

§ Calculus of Observations, 1924, 179.

|| Phil. Mag. (4), 42, 1871, 294-302.

M Loec. cit, 421-436.

** Loc. cit. 437-440.
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Whittaker and Watson * use Glaisher’s notation with the meanings of Erf

and Erfc interchanged, while Jeany'st erfz is /i_ times Glaisher’s Erf.
A

Numerous other writers use the integrals, but omit to give any special symbol

or use only the non-committal “1.”

It can hardly be denied, in view of the wide application of the error function
to thermal conduction, the theory of errors, statistics, and the dynamical theory
of gases, that it merits a distinctive notation. It is equally clear that none of
those yet used has obtained general acceptance. Of them, it seems that those
involving only the single letters ©, ®, ¥ are wholly undesirable. In dynamical
problems these letters are in continual use for couples, while & is often wanted
for a velocity potential and ¥ or y for a stream function ; y is of course also
often needed for an angle. Further, © has an established meaning already in
the theory of elliptic functions, namely, the Theta Function of Jacobi, while
& has another meaning in the theory of numbers. To avoid confusion in some
of the applications of the function it seems necessary to use a combination of
letters, and the only one in frequent use is Erf.

As to what function should be denoted by this symbol, the most convenient,
is indicated by the practice of the compilers of tables, such as Jahnke and

Emde and Dale, who tabulate j ] “o=%dy. This is an odd function and
0

T
becomes unity when 2=, two properties that make for analytical convenience
and are connected with the fact that this form, including the factor 2 — ¥,

usually occurs as such in the solutions of the relevant problems. Accordingly
I think that, of the various notations proposed,

. 9 fr
Erfo=— e~ du
N Jo
is the most convenient, and is worthy of wider adoption, though I seem myself
to have adopted it under & misapprehension originally.

* Modern dAnalysis, 1915, 335.
+ Dynamical Theory of Gases, 1921, 34,



INTERPRETATIONS OF THE PRINCIPAL OPERATORS

cn I (t)=0 (<0
tn

=— t>0.
n!
Y _ ,at. O_’w= tn,—,l“ at . _ @ _ et
e—a (o —a)® (n—l)'c il b
flo) _ f(0) S (a)
=
F@ = PO Ear @™
¥ (1) = ot —-at
F“-aé(” e fUS(t)e dt.
no .o a? ., no b e o? ost
?Zf;*-;ﬂ:snmt, 02+)l.‘zcosnt, 02—:;2=sm nt; (—ﬁ:—n—rz=coslnt.

eI () =f (t=a).

If o= hig?,

X 1
=1-Erf —; ¢ge ™ P=—n-—
2ht (w)i

le‘q’=2k(£>é (I _ .(1 —Erf S >
q " zmi

ae” 1% =1-Erf — —exp (a?h?+ax) { —Erf < +a/zt5)}
gta 21;:* 2hth

—z’/&h i,

P =L (@); el = (2).
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is interpreted as the solution of the integral equation

1 * - KX
:Z—-(:j'—“/o A (.l') € dzx.
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. Nt ol miall
i {(1+5:) +5f
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the rule 1.8 (5) in terms of definite integration.
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