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PREFACE

N consequence of the revolution produced in

mathematical thought by the principle of rela-

tivity, geometry falls naturally into three stages.
The first stage is the geometry of Fuclidian space.
The second stage brings the fourth dimension of the
world into consideration and assumes the eaistence
of straight lines. The third stage contigues the
discussion of the four-dimensional world and recog-
nizes that straight lines do not exist and that their
place is taken by geodesics. It is the second stage
that is treated in this book. .

If we want to study the structure of an apple
we may cut it in half, and thus obtain morce know-
ledge. Further sections will give additional know-
ledge. But if we could make the apple transparent
instead of cutting it up we should obtain a truer
picture.  The classical view of the world, which
treats it as three-dimensional, gives only a scction of
the true world which has four dimensions.  Our aim
is to study the four-dimensional world without cutting
it up, and thereby to obtain a picture that is as much
truer than the classical view as our picture of the
transparent apple is truer than the view we obtain
by cutting it in half.

The chief importance of the study of the

“flat” fourfold lies in the fact that it is a necessary
v



vi FOURFOLD GEOMETRY

preliminary to the study of the curved fourfold. But
it has also value of its own. This limited treatment
has, for example, led to important improvements in
the laws of electromagnetic phenomena, and has re-
volutionized the laws of motion. The changes in the
laws of motion do not affect relatively slow motions
such as engineers deal with, but are of the first
consequence for rapidly moving bodies like electrons.

The demands on the knowledge of one who
wishes to read this book are not great. He must
be acquainted with the Cartesian method of treating
geometry and with the meaning of conjugacy with
respect to a conicoid.

Lastly, a word on terminology. English, like
other languages, was evolved by a race conscious
only of three dimensions. In consequence, it is
seriously inadequate to the description of the four-
fold world. The circumlocutions necessary in the
absence of new terms would be intolerable. The
invention of new terms is unavoidable, but satisfactory
terms cannot be invented in a moment, and we ask
the indulgence of the reader for their inevitable
inadequacy.

I thank my colleague, Dr. H. B. Heywood,
for many valuable suggestions made during proof-
reading.

D. B. M.

April, 1926
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FOURFOLD GEOMETRY

CHAPTER 1
VECTOR QUANTITIES

Loci of Various Dimensions

1. AN unrestricted point in a manifold has degrees of
freedom equal in number to the dimensions of the manifold.
One degree of restraint defined by an equation or otherwise
removes a degree of freedom, and every additional degree
of restraint removes another degree of freedom.  Thus in
Euclidian space of three dimensions one equation picks
out a two-dimensional region which we call a surface, or
in special circumstances a planc; two equations pick out
‘a curve which may in particular cases be a straight line;
and three equations give one or more points.

In the fourfold an equation picks out a three-dimensional
region. This region we shall call a trisurface, and in con-
tradistinction the surface of two dimensions will be called a
bisurface. Corresponding to these we shall also use the
terms triplane and biplane.

Two equations in a fourfold give a locus of two dimen-
sions, a bisurface. Three equations give a line or curve,
and four cquations give one or more points.

In consequence two triplanes mect in gencral in a

biplane, and three meet in a line; a triplanc and a biplane
{



1,2] FOURFOLD GEOMETRY

meet in a line, a triplane and a line meet in a point; two
biplanes meet in a point, and a biplane and a line do not
in general mect at all.

Line Vector

2. A straight line has direction and length. When
considered in relation to its direction as well as its length
it is called a line-vector or vector. We distinguish its two
ends, calling one the head and the other the foot; the
positive direction of a vector is from the foot to the head.

In the fourfold which is our world, time enters as well as
space.  In keeping with this fact we shall speak of the size
or magnitude of & line or vector in place of the length, as
the terms size and magnitude are less definitely limited to
space measurement than the term length,

Area Vector

3. Two vectors k 1 with their feet at the same point O
determine a parallelogram and a biplane, namely, the
parallelogram of which they form two sides, and the biplane
in which they lie. The perimeter of the parallelogram may
be traversed in either of two directions. We denote it by
kl when the circuit starts from O along k.  We also denote
it by a single letter a,

4. Letters denoting vector quantities are printed in black
type to distinguish them from quantities in which magnitude
alone is expressed without regard to direction or orientation.
For the latter italic type is used.  In manuscript work it is
convenient to use uwlerlining to denote vector quantities.

5. The parallelogram a = kl may be thought of as
gencerated by moving the foot of vector k along |, the size

2

<



VECTOR QUANTITIES [v7
and direction of k remaining unaltered, or as generated by
such a parallel shift of 1 along k

An ambiguity lurks in the symbol  which may mean
«is equal to” and belong to a principal clause or may mean
«“which is equal to” and belong to a subordinate dlause,
To avoid that ambiguity we restniet the symbol to use
in subordinate clauses, that is to measings like: which s
identical with, also written as, also denoted by, which s
the same thing as.

6. Multiplying k or 1 by a number maltiplies the
parallelogram by the same number.  Thus

(xk)l -- k@ k(Al) == Aa
If the multiplicer is -1 we have

(-kl=-a k(-1) = --a

1 1

L0 S
k o 3k

o k

1 0X

1

-k O

Ingure for aruicle 1,6,

o

Multiplication of one of the vectors by -1 reverses the
direction in which the perimeter is traversed, so that if a is
the appropriate name for the circuit traversed in one direc-
tion the appropriate name for the other direction is - a.

7. The parallelogram has two faces or aspedts and we
associate each of the two directions of the circuit with one
of the two aspects.



1,8) FOURFOLD GEOMETRY

The circuit can begin at any corner of the parallelogram.
Thus, by starting from' different corners, taking the circuit
always the same way round, using the two vectors drawn
from the corner in question, and naming first the one we
start along, we obtain the following equivalent descriptions

a=kl=1-k)=(-k(-1=(-Dk
and by taking the opposite circuit
—a=lk=(-kl=(-D)-k=k-1

R Q . kQ R _k
i i “ j
O P (o] -k P

. Figure for article 1,7.

8. The biplane determined by k 1 has a certain orienta-
tion, that is to say certain inclinations to other figures in the
fourfold ; the orientation of two parallel biplanes is the same,

The parallelogram a =kl considered in respect of its size,
orientation, and aspect* is called an area-vector. Any
piecce of a biplane considered as having size, orienta-
tion, and aspect is called an area-vector. In general the
form of the boundary is immaterial and any area-vector can
be replaced by an equivalent parallelogram.

9. We speak of making the circuit of the perimeter
OPQRO of a parallelogram. That does not mean that we
conceive a material particle travelling round. We shall see
later that that is impossible because it would sometimes

* Aspect refers to one of two alternatives, namely, one or other of the two
faces from which a biplane or a triplane can be considered to look out,

Orientation refers in a wider way to the relative location of the various parts
of a figure in its surroundings.

4



VECTOR QUANTITIES [1,13

require the particle to travel backwards in time and some-
times require it to travel faster than light. By describing
the circuit in this direction we only mean that we think

— —_ ——
first of vector OF, then of PQ, then of (R, and finally of

—
RO.

10, In Euclidian space we connect (i) a particular direction
of looking out of a plane with (i1) a circuit in the plane, in
the way that (i) the direction of motion of a screw is con-
nected with (ii) the direction in which the screw rotates.  The
analogy fails in the fourfold, both because there is a whole
biplaneful of directions normal to a given biplane, and also
because (as we shall see) one vector cannot always be rotated
to lie along another.

Volume Vector
11. Three vectors k | m with their feet at the same
point O determine the parallelepiped of which they form
three edges, and determine the triplane in which they lie,
The triplane has two faces which look out on the two picces
into which it divides the fourfold. We associate one of these
faces or aspects with the name klm for the parallelepiped ;
we also denote klm by a single letter v.
12. To multiply one of the vectors by a number multi-
plies the parallelepiped by the same number, that is

pv = (pk)im = k(pl)m = kl(pm)
and when the multiplier is - 1 we have
-v=(-kim=k-1)m=kl(- m)
13. The parallelepiped klm may be generated by moving

the area vector a ==kl parallel to itself, one corner of it

5



1,14) FOURFOLD GEOMETRY

traversing the vector m; or by moving vector m parallel to
itself, its foot ranging all over the area vector a.

14. Think of the parallelepiped v =- klm as generated by
the parallel shift of a along m. The multiplication of a by
a number multiplies v by the same number. When the
number is - 1 this gives

-v=(-am-=lkm

so that the interchange of vectors k 1 changes the sign
of v.

We can look on v as generated otherwise, say by the shift
of Im along k, and in that way see that the interchange of
1 and m changes the sign of v. Thus the interchange of any
two vectors changes the sign of v, that is

' v = klm = lmk = mkl = am = ma
- v =mlk = lkm = kml

15. The triplane has an orientation in the fourfold, and
the parallelepiped considered in respect of size, orientation,
and aspect is called a volume-vector.  And any piece of the
same triplanc of the same size and considered to have the
same aspect is called an equal volume-vector.

The Tetraped

16. Along with three vector lines 1| m n forming a
parallelepiped we take a fourth p, and we move the
parallelepiped parallel to itself, one corner traversing p from
foot to head. The figure generated is the fourfold analogue
of the parallelepiped in three dimensions.

The word parallelepiped is it<elf unwieldy, and if we added
to it in order to name the analogue and to distinguish between
the original and the analogue the new words would be of un-

6
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conscionable length. We shall therefore telescope them to
triped and tetraped, in keeping with which a parallelogram
would be a dyped.

I'. P , n . ’ : ¢ N
\ . i : P n
K - "‘ B | B
e e, L
.o s '. — m
l
]

Figure for article 1,16,

17. The tetraped, having as many dimensions as the four-
fold, will have no orientation, any more than a triped has in
a threefold or a parallelogram in a twofold. It is a scalar
quantity, and an italic letter £, and not a black letter, is
appropriate to denote it. 'We shall call it a supervolume to
distinguish it from a three-dimensional volume.  We write

S = lmnp

18. The tetraped can also be gencrated by moving line
vector p parallel to itself, its foot ranging all through the
volume Imn, or by moving the area vector Im parallel to
itsclf, one corner ranging all over the arca vector np.

19. Multiplication of one of the four vectors by a number
multiplies the tetraped by the same number, so that when
the number is ~ 1 we have )

- f= (- Dmnp = I(- m)np = Im(~ n)p =~ Imn(- p)
Again to multiply a==lm or v -Imn by - 1 also multiplies
S by - I so that

- /= (- anp = minp
-f= (- v)p = Inmp = etc.
-
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Thus we see that any interchange of two line-vectors changes
the sign of £

20, The tetraped is bounded by eight tripeds, One is
Imn and another this triped in the position to which the
shift along p brings it. If we generate the tetraped by
shifting mlp along n, we see that another pair are mlp in
its initial and final positions. Similarly by shifting Inp
along m, and mpn along |, we obtain the remaining two
pairs of bounding tripeds,

The last six of these tripeds we can also look on as the
figures generated by the parallel shift of the six faces of Imn
along p.

21. If a pair of boundary tripeds meet, the interface is a
parallelogram, for example Imn and mlp meet in the
parallelogram Im. And lmn or any other of the tripeds
meets six others, one on each of its faces. Kach of the
cight tripeds has six faces, and cach interface counts twice,
so that there are 24 interfaces.

Three tripeds meet in a line if they meet at all. Each
triped has 12 edges and each edge is common to three
tripeds, so that the tetraped has 32 edges. Four tripeds
mect in a point and each triped has 8 corners, so that the
tetraped has 16 corners.

22. We could also count the interfaces as the six faces
of Imn, the six into which they shift, and the twelve gener-
ated by the shift of the twelve edges of lmn, in all 24,
And the edges we could count as the 12 edges of Imn, the
12 into which they shift, and the 8 generated by the shift of
the 8 corners of Imn, a total of 32.



CHAPTER =2

THE REFERENCE LATTICE. PARALLEL PRO-
JECTION

The Reference Lattice in Euclidian Space

1. IN the Cartesian treatment of Euclidian geometry we
use three axes of coordinates and locate a point /2 by three
coordinates. We shall denote these coordinates by a1 42 a3
where the numbers do not denote powers but are merely
affixes to distinguish the three numbers. Powers will rarcly
be written by means of indices, and when any ambiguity
is possible the quantity to be raised to a power will be
bracketed.

To say that #* a2 a3 are the coordinates of /2 means in
the classical usage that we may go from the origin O to /?
by travelling a distance x* along the first coordinate axis,
then a2 parallel to the second, and then a3 parallel to the
third. We shall depart from. that usage by marking off
standard lengths e¢; e, e; alongthethree axes, and say that
if x' 22 13 are the coordinates of £ we arrive at /’ hy
travelling distances of a'e; %, %3 parallel to the three
axes,

2. We alsouse e, e, e; inblack type to denote vectors
of lengths ¢; e, e¢; along the threeaxes. Then.ateisalso
a vector and states both the direction and distance that we

9



2,3] FOURFOLD GEOMETRY

are to go parallel to the first axis ; and so for 1%, 1%; A
vector sum such as

xte, + %, + x3e3

is an instruction to go certain distances along the three
vectors in succession, that is it is a description of our manner

—>
of travelling from O to P. We use OPF to denote the vector
line OP and express this fact by writing

—
0P = x'e; + x%; + '1r’3e3

We also denote the vector line OP by x in heavy type,

so that
X = x'e; + 1%e; + a3e,

The vectors e, e, e; we call the prime vectors of the
reference system. The quantities 2* 22 43, which are
the coordinates of the point 2, will also be called the com-
ponents of the vector x.

3. There is a convention that enables us to write certain
expressions with great conciseness. It is that when, as in

ree,

a literal affix appears twice, that is an instruction to give
a the three values 1 2 3 and add, so that x%e, means
x'e; + 2%, + v3e; In fourfold geometry the repetition of
an affix instructs us to sum for the four values 1 2 3 4.

4. All along the first coordinate axis we mark off lengths
of e in both positive and negative directions, and through
each mark we draw a plane parallel to e; and e; The
plane containing €; and e; we will call the planees; In the
same way we divide up the second and third axes and draw
planes parallel to e;; and e,

These planes divide space into cells, Each cell is a

o
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parallelepiped ; each face of a cell is the parallelogram cut
from one plane by four others; cach edge of a cell has the
length and direction of a prime vector, and is the portion of
the line of intersection of two planes cut off by two other
planes ; each corner is the intersection of three plancs.

The totality of the edges of the cells form a network or
lattice which we shall call the reference lattice.

The Reference Lattice in the Fourfold

5. In the fourfold we start from four prime vectors e €.
e; e, We produce each in both directions and mark off
equal lengths as in the threefold. Through cach mark on
the prolongation of e, we draw a triplane parallel to e,
that is parallel to the triplane containing e. e; e, In
the same way we draw the other three series of triplancs.

These four series of triplanes divide up the fourfold into
supercells which are tetrapeds. The eight tripeds that
bound a supercell are parallel in pairs to €53, €.4; €,z €.
The 24 parallelograms in which thc tripeds meet are parallel
in fours to the six biplanes e,. e e, €; e, e, And
the 32 edges of a supercell are parallel cight by eight to the
four prime vectors

6. Exercise.—How many supercells have a corner at the
origin? How many have the prime vector e, for an edge?
How many have e, as one of their parallelograms? How
many share the triped €z;?

7. Exercise.—Show how to draw triplanes, parallel to
the prime triplancs, through the centres of the 16 tetrapeds
which meet at the origin, so as to enclosc the origin,  Dis-
cuss how many corners, how many edges, how many paral-
lelogram faces, and Row many triped faces of supercells lie
in the enclosure.

i

I't



2,8] FOURFOLD GEOMETRY

Hence state how many of each of these constituents the
lattice has per supercell,

8. Being given the coordinates 2 2 13 14 of the
point 7, or what is the same thing being given the vector

x'e; + 1%, + x3e; + aie,

we arrive at the point P by making the appropriate traverses
in succession parallel to the
four prime vectors,

If we are given the point P
but not its coordinates, or if
we are given the vector x or

P

€4

L 5}5 b e
ut not its components, to
find these coordinates or com-
ponents we draw through /°
a linc parallel to e, A line
Figure for article 2,8. and a triplane meet in a point
so that this line meets €y in a point L. We are now
concerned with the triplane ez which is a threefold within
the fourfold. In this threefold we draw LM parallel to e;
to meet the biplane e,z in M. Then in the twofold e, we

draw AN parallel to e, to meet e; in /V,

We have now a route from O to P each portion of which
is parallel to a prime vector and &' 22 23 x4 aregiven by

——— —— ———

26 = ON %€, = NM %3 = ML xie, = LP,

9. In the fourfold the repetition of a literal affix, as in
2%,, is an instruction to give the affix the four values 1 2 3 4
and add ; so that we write

5-1:=x=x'eo

10. When we specify the coordinates of a point we are

specifying a place and a time. we are saying that something
12

€
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happened at a certain place at a certain time, that is we are
specifying an event or point-event. Point-event is the ap-
propriate name for the thing located by four coordinates in
the fourfold.

We speak of the distance between two places and of the
interval between two moments of time. We want a corre-
sponding term when the distance or interval involves both
space and time. We shall use the term separation between
two point-events to mean the vector that joins the two.
We shall also speak of the size or the magnitude of a
separation,

11. If we endeavour to build up the supercells of our
lattice till they fill the fourfold we meet with difficultics.
The fourfold is warped or curved, it does not contain straight
lines and geodesics have to do duty instead of them, and the
direction of the edge of a supercell depends upon the route
by which we arrive there in the building up.

We shall confine ourselves to a region of the fourfold
within which the coordinates arc of moderate magnitude.
When we do that, and also choose an appropriate reference
lattice, the geodesics do not differ perceptibly from straight
lines and can be treated as straight lines. This region in
which the geodesics are straight we shall call the * local
region ” of the lattice.

The appropriate kind of reference lattice is one for which,
in the local region, that is ‘to say in the neighbourhood of
the origin, the world line of a ray of light is straight or in
other words, one for which light travels with constant velocity.

12. The meaning of parallelism is a question fundamental
to an attempt to extend our reference lattice indefinitely.
The answer to the question is a matter for the higher

13



2,13] FOURFOLD GEOMETRY

geometry of the fourfold. We confine ourselves in this book
to the elementary geometry of the fourfold, that is to say to
the geometry of the local region, in which the geodesics are
straight and parallelism has the ordinary Kuclidian meaning,

The Surface Plate

13. One test of the absence of curvature for a small por-
tion of the fourfold is the possibility of making true planes
in the Kuclidian sense. A sheet of steel with a true plane
for one surface is called a surface plate. To ensure planc-
ness three surface plates are made at the same time, they
are ground against one another very carefully until every
pair of them fit with the greatest nicety. The grinding of
two plates against one another will not ensure planeness,
as one might be concave and
the other convex, but a third
plate cannot fit both of them
unless all three are plane.

Parallel Projection of a
Point-Event
14. The projection of a
point or point-event parallel
to a line on to a triplane is
closely analogous to the pro-
jection in Kuclidian space of

a point parallel to a line on to
a plane. Thus if from P we
of /2, and 7'/ the projecting line or projector is ate, where

——

OF = x = .a%, = 17€; + 1%€; + r3€; + a'ey
14
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We complete the broken line Q071" 7T/ as before so that

—_—

5(’ = .t“e; [er = r?%e, .I—,_;‘ == J’-‘es

Then we complete the triped of which O™ U1 1'7" are
edges, and shift the triped parallel to itself along 7°2 to the
position shown in the figure. @ is the projection of /7
parallel to e, on the lattice triplane e, since /°Q) is parallel
to e; and Q lies in ey, Similarly & is the projection
parallel to e, on the triplane ey, and § the projection
parallel to e; on e,

15. The projection of /? parallel to the triplane e, upon
the line e; is also analogous to a projection in Fuclidian
space. We draw through 2 the triplane with the appro-
priate orientation and its intersection with e, is the required
projection.  Since UV 177" 7'P are parallel to e: e; e,
the triplanc determined by these three lines is parallel to €.y,
It is thus the triplane of projection and (7 is the projection
of .

In fact the shift of the triped QU7 generated a tetraped
of which four bounding triplancs pass through O and the
other four through 2. O/ and Q2 arc a pair of parallel
edges which join ez and the parallel triplane through 2,
and are thus the projection of OF parallel to e, upon e,
and the projector of OF parallel to e, upon €5, And so
for the other pairs OV RP; OX SP; OY I'P.

16. We observe that the projecting lines that project
different points parallel to ;3 upon €, are not parallel to onc
another.

17. How are we to project the point-event /> upon a
biplane, say upon e..? We capnot project parallel to a line
because a line and a biplane‘ da not mecet. To project

15



2,18] FOURFOLD GEOMETRY

parallel to another biplane is appropriate since two biplanes
meet in a point.

Let us project A parallel to e;, upon €. The projection
is V, for the parallelogram P7'VS is parallel to e, and V is
the point it has in common with ey..

18. We notice that when a number of events are projected
parallel to e; upon ey, the projecting lines all lie parallel to
the biplane e, but are not in general parallel to one another.

19. Exercise.—In the figure of article 2,14 locate the
projections of the vector OP =z x = x"e, upon

€2 €3 €y €3 €3 €p
the projections being made parallel to
€y €32 €33 €y € €

respectively.  Also give vectorial expressions for the pro-
jections,

16
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CHAPTER 3
THE FUNDAMENTAIL QUADRATIC FUNCTION

1. AN observer O furnished with a rectangular set of three
axes, a measuring rod, and a watch locates a point /> as
having coordinates x p & and locates an cvent /72 as
happening at time 2z He finds the distance between two
points P P tobs
N N ) RN DL

and the time-lapse between two events £ F' to be ## ~ £

Let observers K L . .. occupy fixed positions with
respect to O's reference frame, and measure the distance
P Prand the time-lapse EE™.  In both classical and relativity
geometry their measures of these quantities will be the same
as O's, and we say that thesc quantities arc invariant for all

such observers.

Let observers Q R . . . move relative to ) with constant
velocities. Classical geometry says that for them also the
distance PP and the time-lapse EE' arc invariant, but
relativity geometry denies the invariance of both quantitics
and sets up in their place the invariant

N R N ) R s R O

in which the units of space and time are so related as to
make the velocity of light unity. Relativity geometry says

2 17




3,2] FOURFOLD GEOMETRY

this quantity is invariant provided that we choose for O a
set of axes relative to which light travels in straight lines,
and provided that the magnitude of our coordinates is so
moderate as not to be affected by the warping of the world.

It is a hypothesis of the relativity theory that the speed of
light has the same constant value for all reference systems in
which light travels in straight lines.

In relativity geometry we do not discuss the position of
point P regardless of time, or the time of an event £ regard-
less of position; what we discuss is a point-event P happen-
ing at the place # » 5 at the time ¢ or as we may state
it a point-event with the four coordinates x y s 2

2. To the reference frame or reference lattice carried by
O we add a fourth axis, which we look on as perpendicular
to the original three axes, and along this we measure 4
In the four-dimensional manifold constituted by the four axes

of reference we draw the vector 5;’) which has the four com-
ponents x y 2 ¢

We square the invariant quantity of article 1 and change
the sign, and take P* to lie at the origin, and thus have as
an invariant related to OP

P2y P
This quantity which defines the nature of the fourfold world
is called the Fundamental Quadratic Function.

The invariance of this quadratic function of the coordin-
ates is to begin with only a hypothesis. It and other hy-
potheses of the theory of relativity are raised to the status
of established fact by the marvellous accuracy with which
the theory fits the data of physical science.

3. Weobservethat when # y 2 are zero the fundamental

quadratic function is the square of a time, and that when ¢
18
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is zero it is minus the square of a length. 'When the function
—_
is positive we say that vector OF is timelike, and that when

—
the function is negative OP is spacelike. We define
# - ¥ — 52 —~ 32 to be the magnitude or measure or
size of a timelike vector and \/2® + 2 + 52 — £ to be that

of a spacelike vector ; and in both cases we denote it by aop.
We also define # — x* — y* - 52 to be the size-number of

OP and denote it by vop. Thus for a timelike vector we
have

vop=o;P=t’—x“—y’—::’

and for a spacelike vector
2
vop = —o'op=t3_x¢_y2_32

4. Let us consider the locus of P for which vyp has a con-
stant value, and first we will consider the locus for which
vop is zero.  The homogeneity of the expression shows that
if x y 2 ¢isonthelocussoalsois kv Ay Az ks That
is, every point upon the line joining it to the origin is also
on the locus, which is thus of the nature of a cone.

The coordinates of every point or point-event on a straight

line may be expressed in the form

x=a+lp y=b+mp s=c+n t=d+pp
in terms of the variable parameter p. The substitution of
these values in y,, = 0 gives a quadratic equation for p so
that the locus has two intersections with a straight line,

The locus differs however from the cone of Euclidian
space by having three dimensions. We shall call it a tricone
and in contradistinction call a cone of two dimensions a
bicone.

5. When OP lies near the #axis v, is positive. It may

19
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fall away from the #-axis in such a way that x increases while
» and 2 remain zero. In that case vop remains positive until
x = ¢ when it is zero, and beyond that it becomes negative.
Similarly the size-number falls
o to zero when y has increased
to ¢, x and 2z remaining zero,
and also when z increases to ¢,
x and y remaining zero. And
o) Y generally as OP falls away in
any direction from the #axis,
it reaches a position where
2?2 4+ y2 + 52 = £2 and the size-
number is zero,

Thus one half of the complete
tricone surrounds the positive
portion of the z-axis, while the other half surrounds the nega-
tive portion. In other words, one horn of the tricone sur-
rounds the axis of future time and the other horn the axis of
past time,

6. Consider now the locus of /> for which

Figure for article 3,5.

vOpEte—Ja—}’z—ﬁa=I

The point-event whose coordinates are 0 0 0 1 is on the
locus, and as the present locus cannot cut the tricone v, = o,
all of the locus that is continuous with this point-event must
lie inside the future-time horn of the tricone. The past-time
horn of the tricone contains another portion of the locus, and
the whole locus is symmetrical about the origin; so that the
locus consists of two sheets. It is of the second degree and
may be called a trihyperboloid of two sheets. Each sheet

is cuplike with the base of the cup facing the origin, as are
20
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the two sheets of the hyperboloid of Euclidian space, which
we now call a bihyperboloid.
7. The locus for which

vop =82 — A% - y% - 2= -~ 1

contains the three point-events whose coordinates are
1000, 0100, 0010 Alsoa portion of the locus is
givenby £ =0 2 + 32 + 52 = 1, thatis tosay by a unit
sphere which lies in the triplane # = o.

If a point 4 whose coordinatesare @ & ¢ d issuchthat
vy, is negative (say = - £), there is a point of the locus on
the line 04 ; we have only to put

xr =\ Yy =2\ 3= A (= Ad

and determine A from
-1 =MN(d2 - a% - ? - 2) = - kN2

If we begin with a vector of positive size-number and
(kceping its foot at the origin) move it across the tricone
vop = O its size-number becomes negative and will remain
negative until the vector again meets the tricone. That is
to say a vector of constant negative size-number can travel
all over the region exterior to the tricone.

Thus the locus »,, = — 1 is a trihyperboloid of one
sheet. It resembles an hourglass as nearly as a three-
dimensional locus can resemble a two-dimensional one,

8. Any locus

Vop =82 - 22 - 32 — 2=k

is similar to the locus of article 6 or the locus of article 7
according as 4 is positive or negative. We shall call this
locus the contour of size-number #, and the whole system of

loci we shall call the contour system of the fourfold.
21
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9. \Ve now change the notation somewhat. We lay off
vectors €; €, €; e, all of unit size, along the four axes
of coordinates, and we write 2% 22 3 a4 instead of
xry st

The coordinates of the head of e; being 1 0 0 o, its size
number is Vo, = TATH — 2T — 2% - 2B = - 1
and the size-numbers of the other prime vectors are

Vo, = — 1 Ve, = = 1 v.4==+l

Figure for article 3,0. Figure for article 3,10,

Twovectors k 1 with their feet at the origin are said to
be conjugate if they are conjugate with respect to the conics
in which the biplane kl cuts the contour system. We use
K L to denote the heads of the vectors k 1, and P @
to denote the points in which X'Z cuts the contour whose
equation is vw=~h
If we express the vector 579 in the form xk + Al, the
equation vpp = 4 becomes

K2 + Ny 4 26h( = BT — k22 - B33 4 RAl) = &
The condition that XZ /() forms a harmonic range, which is

also the condition of conjugacy of k 1, isthat the coefficient
22
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of kA vanishes. Thus k 1 are conjugate if *
— ki~ kA2 - B3I+ KM =0

10. The biplane kl cuts the contour of size-number % in
a conic. In the case in which the chord 2@ is parallel to
1 the fact that KZ PQ is harmonic shows that X bisects Q.
Hence | is parallel to the tangent at the intersection of k
with the conic.

When the conic is a hyperbola its asymptotes are gen-
erators of the tricone, and each asymptote is self-conjugate.
By thinking of k 1 as coming to coincidence with one
another and with an asymptote we see that a timelike and a
spacelike vector, conjugate to one another, can come to coin-
cidence on the tricone ; the self-conjugate vector in which they
unite being no longer either timelike or spacelike but belonging
to the tricone which separates timelike from spacelike vectors.

11. The locus of vectors x at the origin conjugate to k is
given by - Bat - kP - 33 + krd =0 and is
a triplane.

When a vector is conjugate to every direction in a triplane
the vector and the triplane are said to be conjugate to one
another.

12. We take two vectors k 1 at the origin and the two
triplanes conjugate to them. The triplanes meet in a bi-
plane B every line of which is conjugate to k and to I
Any vector m in the biplane kl can be expressed in the
form kk + Al, from which we see that any vector conjugate
tok and to 1 is conjugate to every line in the biplane kl.
Hence every line in the biplane B is conjugate to every line
in the biplane kl.

* The condition is independent of % so that conjugacy with respect to one
contour involves conjugacy with respect to all,
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Two biplanes are said to be conjugate to one another
when cvery direction in each is conjugate to every direction
in the other.

13. Let PQ be a chord of the contour trisurface v; = %
which is parallel to vector 1 and passes through X the head
of vector k. In this case the condition that KL PQ forms a
harmonic range becomes PA = K(Q, and we see that the
vector k drawn from the origin to bisect a chord PQ of a
contour trisurface is conjugate to the chord.

14. Let a biplane parallel to the biplane determined by
1 m pass through the head X of the vector k. Iet KPQ
drawn parallel to Al + pm meet the contour v, = % in £’ and
(. K is the middle point of £Q if k and Al + um are con-
jugate. Hence K bisects every chord in the biplane if k is
conjugate to !l and tom. In such a case we say that k is
conjugate to the biplane. And we state the result: the vec-
tor from the origin to the centre of the conic of intersection
of a biplane with a contour is conjugate to the biplane

15. Let a triplane parallel to the triplane Imn, 1 m n
being vectors at the origin, pass through the head KX of vector
k. Thevector Ml +pm + vn lics in the triplane Imn.  Parallel
to this vector we draw A P() to meet contour v, = 42 in P Q.
If k and Al + pum + vn are conjugate K bisects PQ. Hence
ifkis conjugateto 1 m n, K bisectsevery chord parallel to
Imn; and the vector OK drawn from the origin to the centre
of the biconicoid * in which a triplane cuts a contour is con-
jugate to that triplane,

* Classical words for two-dimensional loci have to do duty for three-
dimensional loci also. To this end we use the prefixes bi- and tri-. Thus a
bisurface is any two-dimens onal locus and trisurface any three-dimensional
locus; a biconicoid 1s the conicoid of classical terminology, and a triconicoid is
a three-dimensional locus that intersects a straight line in two point-events.
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16. We take two vectors 1 m conjugate to one another.
The two triplanes conjugate to l and m meet in a biplane
every vector of which is conjugate to 1 and m. \We take
one of these and call it n.  The three triplanes conjugate to
I m n meet in a line which is conjugate to the thice
vectors. \We use p to denote a vector along this line, and in
I m n p we have asystem of four mutually conjugate
vectors,

17. We shall show that, self-conjugate vectors being ex-
cluded, a set of four mutually conjugate vectors must con-
sist of one timelike and three spacelike vectors.

Let us first suppose that of the four k 1 m n the vector
k is timelike, that is it lies in-
side the tricone, Let A lie
inside the future-time horn.
Since K bisects every chord
PQ drawn through it and
parallel to Imn, the ends /> Q
of such a chord both lie on
the future-time horn. Hence
if the triplane through A’
and parallel to Imn moves
parallel to itself to coinci-
dence with Imn, the ends 7
@ come to coincidence at the
origin. Thus Imn meets the tricone only at the origin, that
is to say it is spacelike.*

18. Next let us suppose that | m n are spacelike

Xl opmovn

Aepm

Figure tor article 3,18,

* A biplane or triplane is called spacelike if every vector in it is spacelike,
If it contains both spacelike and timelike vectors it 1s said to be of mixed
character.
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Consider the possibility that the biplane Im is of mixed
character ; in that case we should have the two vectors 1 m
lying outside the hyperbola in which Im cuts the contour
and at the same time conjugate with respect to it, which
is impossible. Therefore biplane Im is spacelike.

Now consider the possibility that the triplane Imn con-
tains a timelike vector, say Al + um + vn. This vector lies
in the same biplane with Al + pm and n which are both
spacelike; and we arrive at the same contradiction as betore,
two vectors—Al + um and n—in the biplane of a hyperbola,
conjugate to onc another, and neither meeting the hyperbola.
Therefore the triplane lmn is spacelike.

19. Now consider the vector k conjugate to the triplane
Imn. Ifit lay in Imn it would be self-conjugate and we have
excluded this case. It therefore sticks out from the triplane,
on the same side as one of the horns of the tricone. Say
the future-time horn. The triplane 7" drawn through X
parallel to Imn cuts the future-time horn only. Hence every
chord of the biconicoid in which 7 cuts the tricone lies inside
the tricone. OK being conjugate to the triplane Imn, X is
the middle point of every chord of the biconicoid that passes
through it, and is therefore inside the tricone Thus k is
timelike.

We have thus shown that, apart from self-conjugate vectors,
one of any set of four conjugate vectors is timelike and the
other three spacelike.

20. We take a set of four conjugate vectors ¢; €2 €3 €4
the first three being spacelike and the fourth timelike, all
of unit size. We assume them to be given in terms of
another set of conjugate unit vectors e: €: e; €, by

C: = a'e, + al% + ae; +ajte, . . (1)
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and three similar equations. We can write thesc equations
concisely as

¢ = afe, €, = ale, C;=adaje, C = ale,. (2)
or still more concisely as
c,=aje, oa=1234. . . (3)
where the repetition of p is an instruction to give it the
values 1 2 3 4 and add.

Certain relations hold among the @;”.  Thus we have from
the size-numbers

- 1= vy = (@ - (@7 - @) - @ . (@)
and 3 other equations. There are 6 conditions of conjugacy
of the vectors two and two. They may be written

aia} - @lal - dfa; - ajd} =o. . (5

where p ¢ have the values 1 2 3 4 and are uncqual.
We can combine all ten by saying that the cxpression in
equation 5 is to be
o when p and o are unequal
+ I whenp =0 =4 . . (6)
~Iwhenp=0oc=1 23 I
21. We may use ¢, C; C;3 €, as a reference lattice. Suppose
———
that a vector O has components x* 22 3 x4 in the e-system
and components #* %2 3 4 in the c-system. We have then
—
or =u = #c,

and by substituting the values of c,
== u.a:’ e’
27
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—_—
Since OP is also equal to 1%e, we have by equating the two
expressions for the e,-component
A= ot
and so for the other components.  All four are included in
the formula
2 = wayl
which expresses the a-components in terms of the
u-components.
22. Let us use this formula to express the size-number
vop in terms of the #-components., We have
vop = — A% — 212 — a3 4 it
= - w'duPay - WatuPaF — waPPaP + WPy
As the affix ais an instruction to carry out certain operations,
we use a different affix B the second time it occurs in a pro-
duct in order to avoid confusion.
We can without interfering with the prescribed addition
write the right side of the equation in the form

niB( - ayay - aPag - aBaP + alay)

This contains 16 terms, obtained by combining the four
values of a and the four values of B. The expression 6 of
article 20 shows that the 12 terms for which a and B are
unequal vanish, that the coefficient of a#u4 is -+ I, and the
cocfficients of #*«' «*u? w33 are — 1. In conscquence

we have
vop = — Wt — wPu? = ydud + whut

—_—

This shows that the essential quality of any vector OP, its
size-number, has the same form in terms of its components in
the c-lattice as it has in terms of its components in the

e-lattice.
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New Meaning for the term Perpendicular

23. The e-lattice with which we began had its four prime
vectors perpendicular to one another in the Euclidian sense
as well as conjugate with respect to the contour system,
while the c-lattice has only conjugacy. At first sight this
fact seems to give the e-lattice a unique position,

But Euclidian perpendicularity depended on the invariance
of the distance between two points, on the invariance of the
expression 42 4+ 32 + 52 If we accept the relativity theory
of the world which denies that invariance, Euclidian perpen-
dicularity ceases to have any meaning. The uniquencss of
the e-lattice falls to the ground, and any lattice whose axes
are conjugate with respect to the contour system is as good
as any other.

The term perpendicular having thus lost its old meaning
is free to take on another, and in future we shall use it to
mean conjugate with respect to the contour system. Thus
a line conjugate to a triplane will be said to be perpendicular to
the triplane, two conjugate lines will be called perpendicular,
and the c-lattice will be called a rectangular lattice.

Orthogonal Projection of a Point-Event

24. The meaning of orthogonal projection in the fourfold
is in keeping with the definition of perpendicularity, To
project an event P on a triplane we draw through /7 the
line perpendicular to the triplane that is conjugate to the
triplane with respect to the contour system. The cvent 4/
in which this line cuts the triplane is the projection of /.

To project P orthogonally on a biplane /3 we draw
through P the biplane C perpendicular to B, that is to say
the biplane C such that every line in C is conjugate to
every line in B. The event M/ in which /5 and C intersect
is the projection of 2.
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To project P on a line 1 we draw through P the triplane
perpendicular to 1, that is conjugate to I, and the projection
of P is the event M in which the triplane cuts 1.

Parallelism

25. We are now in a position to discuss parallelism.
Euclid’s way will not do because it requires us to follow
straight lines and planes to infinity, and we know that they
do not remain straight and plane beyond the local region.
We must have a definition that avoids going to infinity.

Suppose 7" a triplane, and let a vector line 1 of constant
size and normal to 7" (that is conjugate to 77) move so that
its foot describes the triplane 7. Then its head describes
another triplane U which is parallel to 7.

The parallel triplanes 77 U cut any other triplane in
parallel biplanes, and cut any biplane in parallel lines.

This discussion assumes the straightness of the lines and
the flatness of the biplanes and triplanes, and so is only
valid within a limited region around the origin. The question
of parallelism for regions beyond is a matter for the higher
geometry of the fourfold.

26. We may use alternative definitions of parallelism.
Thus in a twofold if a triangle moves in such manner that
the base remains in its own straight line, the two sides
remain parallel to their original positions.

In a threefold if the base of a tetrahedron remains in a
plane and an edge of the base remains in a straight line, all
the edges and all the faces have parallel motion.

In the fourfold if one of the bounding tetrahedra of a five-
face,* which we may call its base, remains in a triplane while

* A fiveface is the figure enclosed by five triplanes, It corresponds in the
fourfold to the figure in a threefold enclosed by four biplanes, that is to a
tetrahedron,
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one of the triangles that bound the tetrahedral base remains
in a biplane, and a side of the triangle remains in its original
straight line, then all the tetrahedra triangles and edges of
the five-face move parallel to themselves.

27. The resemblance between a contour trisurface and a
hyperboloid of Euclidian space lies in the relation between
the coordinates of any point upon it. When we think of a
contour trisurface as the locus of points of constant separa-
tion from the origin the resemblance is to a sphere, and on
this basis alternative names like the following are appro-
priate for contour trisurfaces and their sections :—

triconicoid trisphere

trihyperboloid of two doublecup trisphere
sheets

trihyperboloid of one hourglass trisphere
sheet

tricone trisphere of zcro radius

biconicoid bisphere

bihyperboloid of two doublecup bisphere
sheets

bihyperboloid of one hourglass bisphere
sheet

biellipsoid closed bisphere

bicone bisphere of zero radius

conic circle

hyperbola circle of two branches (or

open circle)
ellipse closed circle
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CHAPTER 4
OBLIQUE LATTICE

1. INSTEAD of the supercubical * lattice in which the four
prime vectors have unit size and are at right angles, that is
to say conjugate with respect to the contour system, we take
any four independent vectors e, e, e; e, which may have any
sizes and any mutual inclinations. We retain the former
origin ; and the prime vectors e, and the new components
a* of a vector X are homogeneous linear functions of the
former prime vectors and components.

The size-number of a vector x is consequently a homo-
geneous (uadratic function of the components 2%, We write
it in the form

Vy = Gagt™tP
in which g, = g.s and a B are to be summed for the values
1 2 3 4. There are thus 10 terms, four of the form gyr'r®
and six of the form 2g2%2

2. Let A L betheheadsofvectors k °1 atthe origin,
and let K'Z cut the contour trisurface of size-number % in the
head of vector x. If we put x = «k + Al, A and p satisfy
the equation

I = gug(kk® + NS ickP + MPB) = w2y + Xy + 2x)g,gholP

*A word that in classical language means a three-dimensional figure is
converted by the prefix super- to mean the corresponding four-dimensional
figure. A supercube has at any corner four edges at right angles and of
equal size, and its eight faces are eight equal cubes,
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In the last term 2g,g4°/f is a more concise way of writing
Zagh®lP + g.al°kP, the carrying out of the summation for a B
showing the two expressions to have the same value,

-(-)7’ b_é being the two possible values for x, the vectors
k1 will be at right angles, that is to say conjugate with
respect to the contour system, if K7 () is a harmonic range,
that is if Guph™lP =0

3. The reasoning of article 3,13 and the two following
articles follows the same lines in the oblique lattice as in the
supercubical lattice. Using the definition of orthogonal
projection of article 3,24 we state the results as follows :

(@) The perpendicular let fall from the origin on a chord
of any contour trisurface bisects the chord,

(6) The foot of the perpendicular let fall from the origin
on a biplane is the centre of the conic in which the biplane
cuts any contour trisurface.

(¢) The foot of the perpendicular from the origin on a
triplanc is the centre of the biconicoid in which the triplane
cuts any contour trisurface,

4. Let k 1 be two vectors, not perpendicular, with their
heads at A~ L. Draw AWM perpendicular to |, that is to
say, in the biplane kl draw A"4/ conjugate to 1 with respect
to the conics in which kl cuts the contour sysiem. Let

m denote (7;1? the projection of k, and let p denote MK
the projector.

As m 1 lic along the same line they differ in sizec only
and we put m= pl
Also p which we can write as k ~ m or k — pl is per-
pendicular to 1 so that

O = Lap(k* — pl*)P = guph*lP — pgogll?
3 33
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We use my to denote g,54%8 and have
p=wymn m=lmgm
If W wy p areall positive we have
010m = O|p0y = pY = Wy
so that in this case wy is the product of the size of 1 and the
size of the projection of k on 1. Since g a,;, are always
positive we shall have ooy = - @y when @y is negative.

Ambiguity of sign is avoided by dealing with size-numbers
instead of sizes. We have then in all cases

Wo = pn* = o'

Figure A for article 4,4. Figure B for article 4.4.

The figures show a number of different case;, 1 being time-
like in figure A and spacelike in figure B, and each figure
showing four positions for k.

5. The quantity g,s#%® which we have denoted by @ is
called the inner product of the vectors k 1 The symmetry
of the expression shows that the product of the size of k and
the size of the projection of 1 on k is equal to the product of
the size of 1 and the size of the projection of k on 1
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Another symbol for the inner product g,g4*® is k « 1, and
by taking the case in which k =1 we have additional
symbols for the size-number g,g*4# or v, namely my and
k.k

6. The coordinates of the head of e, are 1 0 0 0 and of
€; 01 00, so that

Vo, = €10 €1 = Jun

m61¢2

=€ € = 12
and so on. Thus the 10 lattice constants g, are ex-

pressed in terms of the prime vectors, and the equation
Lag = €z g

combines all ten in one formula,

We note that g, is positive if e, is timelike and negative
if e is spacelike.

We note also that our whole discussion depends upon the
contour trisurfaces and is thus only valid for the *local
region.” While the quantities g,g are constants in the local
region we should have to be prepared for variations in them
if we went beyond the local region.

7. In the expression

T = k1= gl

L J
we put 1 = e; so that /f is 1 and /2 /3 /4 are zero, and have

Wie, = Ko € = guk* = guk® + Foh* + g1k + gkt
This quantity we denote by 4. with the affix placed below.
The inner product of k with e, e; e, gives threc similar
quantities #; £3 £, These four quantities arc thus defined

by the equation
k,, = gu,kﬁ
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They are, for a reason that will presently appear, called the
derived coordinates of the point X and the derived com-
ponents of the vector k.

8. The introduction of these derived quantities gives a new
form to @y and ». Thus

W = Luph"lP = (§1gk" + Gaph® + g3akB + gyah*)lP
= kgl

and when 1 = k this becomes
v = kuh*
9. Consider the determinant composed of the lattice con-

stants g,

g =|8u

&ar

L2

K22

813
823
Sy L2 L3 Sn
§n L L3 Lu

We expand in terms of the clements of a row or column,
and denote the coefficient of the element g5 by g 224, so that
for example

g =g(gug" + &

F4T!
82

2 4 gug" + gug™)

wherc 8L = | g2 g23 g
S &3 u
e 13 Lu
LEP =~ g a3 Lu | = + | L Lu Ln
}gsr 833 A &n Lu &3
& 83 Su S Lu 81
and so on.
10. We denote
Lap Sac  Kor
Spo Spo Spr
&y &yo Sy
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by gagyper SO that

£8% = | Loe Lor L8b = Spysord
Sy Sy S
8t Lor g&k

where o B y 8 and p o 7 ¢ are cven permutations from

1234
11. The equation of article 9 we can write concisely as

£ =gLug" or I =gugt

and the same equation holds with 2 or 3 or 4 substituted
for the affix 1.
Also

£1a8% T gug™ + Luagf™ + g3 + gug™

vanishes for g times this quantity is the determinant with the
second row replaced by a repetition of the first.  And so for
Laag™ when p and o differ.

We state all these ten relations in one formula as

£l = 8:

where 8, means 1 when p and ¢ are equal, and means zerc
when they are unequal. This last set of equations can be
taken as the definition of g*8 since if we solve them for g*
we obtain the values given in article 9

12. We had in article 7 the equation

Ko = g,,,x"

to express the derived components ., of a vector x in term

of the original components 2% We can also express th

original components in terms of the derived ones. We forr

the expression gfr,, that is to say we take z; and multipl
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it by gf4, and treat a3 a3 x4 similarly and add. The ex-
pression gi,r* has four terms so that on the right side of

gﬂ“xu = gpa Gapt”
there are 16 terms.  'We take together the four terms that
contain 2™ namely g#g,; which is 8% which is unity if B = 1
and is zero for any other value of 8.
Treating the other terms similarly we have

g, = e
The expression on the right bids us sum four terms for

p=12 3 4. The one for which p = B is unity and the
rest zero, so that
g—ﬂ"vxa = 1B

that is to say we have expressed at 22 23 a4 in terms of
Xr A2 X3 Xy

13. Exercise.—In an oblique lattice €3, is there any
restriction on the number of the prime vectors that may be
timelike, or on the number that may be spacelike ?
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CHAPTER 5
THE DERIVED LATTICE IN A TWOFOLD

1. As a manifold of two dimensions we shall discuss the
biplane containing the two vectors e: €. A vector x lying
in this twolold has the components 43 2+ equal to zero, so
that its size-number is
vy = gutW’ + 220r'? + gnt??

The determinant | g, g { which we denote by giaa
n Lxu |
we expand, denoting the coefficient of the element g, by
gg*8  Thus the expansions are

gmm(g'ug" + gug") and g‘ma(,gmg”' + gng”)
in which
Fraf'' = g ,(,"[ng"z = = G g:eng’” = fu
We note that these values give

Lug™ = 8
the summation being for the values 1 2 of w.
2. We define two new vectors e! ez with their affixes
above by the equations
e = ge,
or written in full
el = gl'e; + g%, €2 = gle; + g€,
39
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—
Along e; we mark off OF == g*'e, and through £ we draw

—
PE* parallel to e; and equal to g2e;, and so find E* the head
of e. We also let the perpendlcular lz‘M fallone; Then

e.e = OM.e, = OP.e, + PM.e,
The first term is g''e; .« €; or g'%¢y.  The second term 135;. €
is the same as 1-’1?' « € or g'?e,.e; that is g¢7.. Hence
€l =g%u + £%n =1
In the same way we find
€'e€; = g2 + g% =0

Figure for article 5,2,

Thus e? is perpendicular to e; and of such size as to make
its inner product with e; unity.

Similarly e? is perpendicular to e; and has unit inner pro-
duct with e..

3. Exercise.—Use thc expression g.g4°/f for the inner
product of k and 1 to find the inner products e%e; e%e,

4. The height of a parallelogram is defined as the line
terminated by, and normal to, a pair of parallel sides,
normalcy meaning conjugacy with respect to the contour
system. The figures show the two heights h; h, of the
parallelogram e.e;. In figure A the vectors e; e, are time-
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Figure A for aticle 5,3. Figure B for article 5,3.

et

Figure D for article 5,3. '
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likeand er e* spacelike, infigure B €; is spacelike and e,
timelike, e* spacelike and e? timelike, in figure ¢ e; e, are
spacelike and e’ e timelike, infigureD e; e, e' e? are
all spacelike.

The size o, and size-number v, of the area vector e.e. are
defined to be oy04, and v, vy, where oq, op, and v, v, are
the sizes and size-numbers of the vectors e, h..

Now h, has the form Ae? so that

I = €.€2 = h;.62 = Je?.e2 = Ag” = Ag"/gmm
and
h; = e?g=
Vh, = 1/8% = grarafgmr
Hence

Va = Vo, Vh, = L1212

5. The biplane e, may or may not cut the contour
tricone in real lines. In the former case it contains both
timelike and spacelike vectors and is called a mixed biplane.
In the latter case it contains only spacelike vectors and is
called a spacelike biplane.

The result of article 4 shows that if g1, is positive e, h,
must be of the same kind, and therefore both spacelike; if
it is negative they are of different kinds, one timelike and
one spacelike,

Hence if gar2 is negative the biplane is mixed and

o = t}:;
and if it is positive the biplane is spacelike and
Oy = J_d—-_g:m
6. The biplane e;, cuts the contour tricone along any

vector x for which gev%® (a B = 1 2) is zero, so that it
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cuts in real lines if the equation g.1%# = 0 has real roots,
that is to say if giai2 is negative. ‘That is to say ey is space-
like if g1ara is positive, mixed if it is negative; in agreement
with the preceding paragraph.

7. We saw in article 4 that the size-numberof a - ee.is

]
Voo, = rarz = | gu gz |

| S2v L= i

This determinant can be expressed as | e,.€; €, «€; | and

1

| €2¢€; €346,

we can take the prime vectors to coincide with any two
vectors k 1, so that we may state the general result :

wa=|k.k k.l
1.k 1.1

8. Exercise.—Find the relation between 1 vy, ®y,
for which the biplane of the arca vector Im contains time-
like vectors, the vectors 1 m being supposed spacelike.

9. Exercise.—Show that the size-number of the arca
vector Im is positive if the area is spacelike and negative
if the area is of mixed character.

10. Now consider any vector X =:a'e; + a%e,.  The
derived coordinates a: a4 are defined by

X, =Xe€,
= 1'€(. €, + 1€+ €,
= Fald! + gp1?

= g‘,p,r" (1)
From this g%, = g%, *

= §a°

= 27 (2)

Now consider r,e* == x;e* + r.e2
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Expressing et €2 in terms of €; e; we have
X% = X0
And equation 2 gives 1,g% = 2# so that
z.e* = xfeg
or written in full
re' 4 1% = r'er + 1%e; = X
that is to say the journey from the origin to the head of the
vector x may be made by going x,e' along e' and 1.€?
along €2 And this means that if we treat e’ ez as the
prime vectors of a reference lattice, the components of the
vector x in this lattice are a¢ 4o
We call the lattice e the derived lattice in the twofold
and e, the original lattice. The two together we call the
reference system in the twofold.
11. The original and derived lattices are completely re-
ciprocal to one another. Thus the size-number is

Vg = Zapt°Pf

= Zung " %ag™7

= Spraghiz,

= ghery
which is the appropriate expression in the derived lattice.

Also if we denote the derived determinant

g[‘l gl.‘!
£ 5
by ¢122, we see that g™2¢w, = 1. We can define g by
the expansion of this determinant ; thus

g-mm = pl212 (gtxgn + glzg-[ 2) - ‘g-mtz(gzrg-QI + gezg-m)
which gives the appropriate valuesto g gra gea
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CHAPTER 6.
THE DERIVED LATTICE IN A THREEFOLD

1. THE three prime vectors e, €, e; determine a triplane
which we shall now consider as a threefold. For any vector

x lying in this threefold the component x4 is zero, so that its
size-number is given by
Vg = Zpattt”

in which p o take the values 1 2 3.
We denote the determinant

n iz 3

821 L2 473

g3 S 8B
by gizzizy  We denote the coefficient of g,g in an expansion
of the determinant by gia323¢%. Thus for example

23123 = 5’123-23(,5’[15’“ + gmg‘” + g13g‘3) = gm3m3gu.,g“'
where

5"123:233'“ = | g2z ga23 Lizpa3g™ = | g23 L

£ £33 83 &3
and generally, a By and p o 7 being even permutations of
123,

Luanz3f™ = | s Lpr
gyv g?“

45
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We use ggor to denote this last determinant, and the
equation takes the form

Luayaf™ = Lpyar
The expansion of gra323 shows that g,,g® is unity when a
and B are equal. When they are unequal the expression
comes from the expansion of a determinant with two identical
rows, and is therefore zero.  All cases are therefore covered

in the statement
Lou™ = &
2. We now introduce three vectors e* €* e3 defined by
er = g»e,

in which we sum for the values 1 2 3 of w and a takes the
values 1 2 3. The new vectors being lincar functions of
e; € e; will lic in the same threefold ey

3. For the inner product of two vectors k 1 which lie
in the threefold and have no eicomponent the expression

becomes

gagh/P summed for the values 1 2 3 of @ and 8

We make k equal to e which has the components g™ g2
giand 1 equal to €, which has components 0 1 0. Then
for the inner product e« e; we have
Luh" = gug'" = O

Taking in this way the inner product of e with each of the
prime vectors e, we find that €' is normal to e; and e; and
has inner product unity with ex.

In the same way we see that e has inner product unity
with e, and is normal to e; and e,, and that e3 has inner pro-

duct unity with e; and is normal to €; and €.
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4. The reasoning of article 3 can be put in a somewhat
different form. Thus

e = (g™€,) €5 = g™(€,+€p) = £*%pu = O

This properly understood gives the reasoning of article 3,
and it also treats all nine cases at once.

5. Since €3 is normal to ey, that is conjugate to it with
respect to the contour system, the height h of the triped
e.e;e; when we look on e, as base lies along es.

We define the size oy and size-number », of the triped as

es3

e3
Figure for article 6,5.
being guop and v, where o, oy and v, v, are the sizes and
size-numbers of the parallelogram e,e; and the height h.
Since h has the form Ae3 and is the projection of €5 upon
€3 we have

[ = €€ =h.e3=)ed.e = A¢gB
and by the aid of the definition of ¢33 given in article 1

vp = A%e3.€3 = A% = 1/g33 = groyan/fraie
Vy = Va¥n = L1a3123
6. The triplane e;;; may cut the contour tricone in a real

bicone or it may not, and is called a mixed or a spacelike
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triplane accordingly. The three directions e;, the perpen-
dicular to e, in the biplane e;; and h are mutually perpen-
dicular. In a mixed triplanc by article 3,19 one only of
these three perpendicular directions is timelike, so that
Lizgizz i positive, and

Oy = &z

In a spacelike triplane, all three perpendicular directions are
spacelike, g1a3123 is negative, and
Oy = ~/ ':223[_23

7. The condition of a real intcrsection between ey; and
the tricone is the condition that g,zt*® (a B = 1 2 3) should
have zero values with z* finite. Thus we see that the con-
dition that g,e#%* should have zero values with +* finite is
that gaaa; is positive,

8. By expressing g,s in the form e,. ez we have (from
article 5) for the size-number of the triped

e:-e; exhez e1¢e3
Veiere; = | €20€; €2+€; €2.€;
€3¢€; €3;0.€; €3:€;

and as any three independent vectors can be chosen as the
prime vectors the result holds for any vectors 1 m n, that is
to say
1.1 l.m 1l.n
Vgn=|m.l mem m.n
n.l n.m n.n|

9. Consider any vector

X = 1%, = r'e; + 2%, + 3¢
48



DERIVED LATTICE IN A THREKFOLD [6,11

repetition of an affix directing summation for the values
1 23 The derived components arc given by
Xy = XK o€y = Fupl”
From this we find
&0 = &%t = Foa? = 27

and
1,8% = garet = afe, = X

Thus #, are the ordinary components of vector x in a lattice
of which e e? e3 are the prime vectors. Accordingly we
call this the derived lattice of e,z

10. Further

e*. eB = &’apepo "#’eq = g‘mgB” I‘P’ = 8:&)‘5" = g"“s
so that the g*f have the appropriate mecaning in the derived
lattice ; and
Tl = Xal® = o 4P0°% = 1y

so that the size-number has the appropriate expression,

We solve the three equations

Sug" =1 fug™=0 [fug¥=0

for g gw= g3 and find

g g g3 | R
g gm go | gu= |88 cte.

o3 g'33
&ogE g% °

so that
g, = g
where a B y and p o 7 are even permutations from 1 2 3.

Thus everything is reciprocal between the original lattice
€23 and the derived lattice e,

11. Exercise.—CUnder what circumstances do the prime
vectors €’ e2 of the derived lattice of e€ys3 coincide with the
two prime vectors of the derived lattice of e,,?

4 49
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CHAPTER 7

THE DERIVED LATTICE IN THE FOURFOLD

1. IN the fourfold we take four vectors ef e2 e3,e4 defined by
e = g¥e,
in which g## are the constants defined in article 4,9
Then,
€. € = g¥€, ¢ €5 = £y, = &
so that €' is normal to the triplane e, and of such size that

el . e is unity. And so for e e3 e
Also
eﬂ.eﬁ=gﬂaep.g-ﬁf’eu_=gaﬁg#¢g“= 8o gh7 = g°#

2. Exercise.—In what circumstances do the three vectors
e’ e2 e3 of the derived lattice of e.3 coincide with the three
prime vectors of the derived lattice of €,;?

3. Taking the triped v = e,e;e; as the base of the tetra-
ped f--eee;e; we define the height to be the vector h
which is normal to v, has its foot at O in v, and has its head
in the triped obtained by a parallel shift of valong e, ; which
triped we may call the top of the tetraped.

We define the size oy and size-number v of the tetraped to
be oyoy and v, where oy oy and w, 1, are the sizes and
size-numbers of the triped v and the height h.

Since h and e+ are both normal to the triplane e;,; we
have

h = Jet
50
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and since h is the orthogonal projection of e, on et
I =e40e4==hoe4= /\e4.e4=hg44

Hence with the aid of the definition of g4 given in article
4,10
o= Net. et = Xgh = /g4 = g]gram
and
V= Wy = Lfayas/Suagey = &
4. Let k be the height of the vector area a -z e.e, when e,
is taken as base, and let 1 be the height of the vector volume

Figure for article 7,4.

Vv = e:€,€; when vector area e:e; is taken as base. Then we
have

Va = Vo, Mk
Vg = Vg1 = Vg, VU
so that VP = Iyh = Ve W

Also k is normal to e;, 1| is normal to e and so to e;
and k, and h is normal to e;and so to e; k1 That ic
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e k 1 h form a set of rectangular vectors.
them is timelike and the rest spacelike, so that v is negative,

and
Of =

_v=JT§

FOURFOLD GEOMETRY

Therefore one of

5. If we express g,q as €, « €3 we have for the size-number

of the tetraped e[eze3e4

€; . €
€z« €
€3¢ €;
€, €

Veiey030, =

€. €
€. €
€.
€€

€€
e .e;
€€
€ . €;

et.e4
€+ €
e .e
€€

and as we may take any four independent vectors as the
prime vectors we have the result for the size-number of the
tetraped of which 1 m n p are four concurrent edges

Vimnp = 1.1 l.m len lop
m.l mem m.n m.p
n.l n.m n.n n.p
p.l pem p.n p.p

6. In the particular case in which the biplanes Im np are
at right angles, that is to say 1 m are both perpendicular to

n and to p, we have

. ; .l l.m
Vmmp = rme.]l mem
o o
i o o
so that also
Vetezose, ~

(o] o
o (o]
nen ne.p
p.n p.p

= Vi Vg

VetgtVo, = & B LT

7 Therc', is complete reciprocity between the lattice system
based on e/ e, e; e, and that based on e ez e3 e4,

/

1

l
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In the former case we defined the components of a vector

x by
X = 1€,
the size-number by

vy = Zapt™?

and the constants g8 by

&*Spe = B8
From them we defined e* z, by

Ko = gﬂpxp

e = gve,
and deduced

X = r,e*

vy = ¥

We can begin with the lattice system e e e3 e, define
the components of a vector by

X = 1,6*
and the size-number by
v = £
with g,g defined by
Ll = &
From these we change to the other lattice by the definitions
xt = g¥r,
€ = €’
and deduce
X = 1€,
Vg = LaptaP

We thus have exactly the same equations, no matter from
which end we begin.
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CHAPTER 8

INCLINATION BETWEEN TWO LINE VECTORS

. —> —

1. WE take two vectors OL =1 and OM ==m, and drop
the perpendicular MQ from M -m OL. We can use the
ratios of the sizes or size-numbers of 0Q QM OM to one
another as measures of the inclination of the two vectors.
We know from articles 4,4 and 5,7 that

Vo = Wim/N von = Vim/n
We adopt as one measure of the inclination vgy/vm which
we call the first inclination number and denote by Oy, and
as another measure vgy/vn Which we call the second inclina-
tion number and denote by ¢y,. We have thus

bm = Wim/MVm i = Yim/M¥m

2. Each of the figures shows the intersection of contours
+ 1 and — 1 by a biplane, the full curve belonging to
contour + I and the dotted curve to contour — 1. Ineach
figure the vector 1 is given a fixed position; figure Ais a
mixed biplane with 1 timelike, figure B a mixed biplane
with 1 spacelike, and figure C a spacelike biplane.

The head of vector m is to be thought of as traversing all
the curves, and the values of 6, ¢, are shown against the
curves for a number of positions of m.

3. As the inclination numbers depend only on the direc-
tions of the vectors, there is no loss of generality in taking
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Figures for article 8,2.
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unity as the size of both vectors. As any two conjugate
diameters of the curves are at right angles in fourfold
terminology and Euclidian perpendicularity does not cnter
in, there is no loss of generality in the use of the symmetrical
form we have chosen for the position of vector 1.

4. The results shown in the figures are summarized in the
following table :

VALUE VALUE NATURE OF NATURE OF

OF Oim OF ¢lm BIPLANE Im VecTorRs 1 m

+ ® - . both timelike or both
} mixed spacelike

+ 1 o
} spacclike both spacelike

e} 4 I

} mixed one timelike and one

- ® + o spacelike

5. We note that in Euclidian space, and in a spacclike
biplane of the fourfold, it is possible to speak of the angle
o between the vectors | m which has trigonometrical ratios
such that

cos?a = O sina = diy
but that in other cases there is no real angle a that can
satisfy these equations.

We note also that

0lm + ‘/’hn =1
always, no matter whether the inclination can be given by
an angle or not.

6. When one or both of the vectors 1 m approaches the
tricone, the inclination numbers show peculiar properties.

When one of them 1 only approaches the tricone @iy
approaches o0 while » vy remain finite, so that 8 ap-
proaches . When both approach the tricone the result

56



INCLINATION BETWEEN LINE VECTORS [8,7

depends on the order of approach.  If m remains at a finite
distance till 1 is on the tricone, we have seen that b, = «.
If 1 m first coincide and then approach the tricone, 6y, keeps
the constant value unity.

We can also cause them to approach with any prescribed
value for O Suppose for example that the prescribed

value is 2. OQ being the projection of 1 on m -- ajll, we

o
Figure for article 8,6.

obtain the result by keeping OQ equal to 20M during the
approach.

Intersection of a Biplane with the Contour Tricone

7. Using the notation of chapter 3 we take in the biplane
£ =0 p=o0 apoint Uwith coordinates 00 s« Through
U we draw PUQ parallel to the y-axis to cut the tricone in
P Q. If the coordinates of P are o y 5 ¢ those of Q are
0 -y z ¢, and y is given by

#-32-22=0
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8,71 FOURFOLD GEOMETRY
so that

oyp = oUQ = J f}———;}z
Also o
Vou=tz—.$’2 O‘OU=~/F—3'2
Hence if we take OV OU as axes and draw the genera-
tors OP OQ in which the biplane OPQ cuts the tricone

Y
y o
Figure for article 8,7,
the generators will, in the Euclidian sense, be at right angles.
And this is true however closely OPQ approaches the posi-
tion of tangency to the tricone.

When OP() approaches the limiting position the two
generators come in our picture very close together. This
appearance is due to the inadequacy of our method of repre-
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sentation. In our picture the size shown for OU is a quasi-
Euclidian size JtT F 22, whereas the true size is the much
smaller quantity /2 — 32

It is only in our Euclidian picture that the two generators
are at right angles. In fourfold measure their first inclina-

tion number is oo, while for fourfold perpendicularity it
should be zero.
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CHAPTER g

THE ADDITION OF PARALLEL VECTOR
QUANTITIES

1. To add two parallel line vectors we give one of them
a parallel shift that brings it foot to head with the other.
There are two cases according as the two vectors head the

same way or different

R
Q / Q ways ; in the ﬁg}x_ris I-’_E
is the sum of PQ and
CR.

2. Let a b be two
vector parallclograms, in
the same or in parallel
biplanes, which we wish

toadd. Iet k 1 bethesidesofaand r s those of b.

Holding r still we slide the opposite side of b along its
own line until s comes to the position t, parallel to L. Then
holding t still we slide the opposite side of the parallelogram
along its own line until r comes to the position u parallel to
k. We reduce t to the size of 1 and increase u in the pro-
portion in which t was reduced.

Taking account of aspect we write a = kl, and we put b
equal to ut or to - ut according as b has the same aspect as

a or the opposite aspect. In the former case we give b a
60
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parallel shift that brings @, the foot of u and t, to A, the
head of k; and we have the parallelogram ONX YL of
figure B as the sum of a and b.

If b = - ut we bring the head of u to X, and so have as
the sum of a and b the parallelogram O.X'YZ shown in

Figure for article g,2.

figure C. We observe that if a and b have the same size
and opposite aspects their sum is zero.

3. We could also begin by transforming a to a rectangle,
That being supposed done and the rest of the construction
carried out as betore, the size of a is

Oy = O'ko'l
and the size of the sum of @ and b is

Oox0
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4. If an area vector of irregular outline has to be added in
we first divide it up into rectangles by two series of parallel
lines, lying in the biplane of the area vector, and the size of
the original area is the sum of the sizes of the rectangles,

— —_—

In particular if in a triangle OLM OL = 1and OM = m,
the size of the triangle is ¥/, oy

5. Let v w be two tripeds in the same or in parallel
triplanes, v having edges k 1 m with their feet at O and w
having edges p q r with their feet at Q.

Holding the basec pq of w still we slide the opposite
parallelogram face in its own plane to bring r to the position
u parallel to m. Then holding pu still we bring q to the
position t parallel to 1 by a similar motion, and then holding
tu still we bring p to the position s parallel to k in the same
way.

We now multiply u by a to make it equal to m, multiply
t by B to make it equal to 1, and divide s by af, so that the
three operations leave the size of stu unchanged.

Taking account of aspect we put v = kim, and w will be
stu or — stu according as w looks the same way as v or the
opposite way. If they look the same way we bring Q by a
parallel shift to K the head of k, so that s comes to the

—_— .
position KZ in figure B.
If v and w look opposite ways we use a parallel shift that

—_
brings s to the position ZK with its head at X, as in
figure C. In particular if v and w have the same size but
opposite aspects, their sum is zero.

—
In each case if we denote OZ by z we have the triped
zlm as the sum of v and w.
6. We could have begun by transforming the triped v to
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a brick, that is to a rectangular triped. In such a case its
size would be

O = Ox0\0m

o
2 X
Figure for article 9,5.
and the size of the resulting brick
03010m
7. To deal with an irregular piece of a triplane, that is a

volume vector of irregular boundary, we divide it into bricks
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by three sets of parallel biplanes lying in the triplane of the
volume vector. The size of the volume vector is the sum of
the sizes of the constituent bricks

. . — - —
In particular if k=0OK 1=0L m = OM are three
edges of a tetrahedron, its size is

™

one-sixth of the size of the triped with the same edges; and
the triangular prism with base OKL and height OAf has
size ;
T /2 Oidm

8. Exercise.—Consider the five-face of which e, e; e; e,
are four edges.  Take as its base the tetrahedron that has
e. €, e; as edges. Let a triplane parallel to the tetra-
hedron move along e, Compare the tetrahedron in which
it cuts the five-face with the base, and by integration show
that the size of the five-face is one quarter of the size of
the superprism generated by the parallel shift of the base
along e,

9. Exercise.—Show that the five-face with e; e. e; e,
for edges is /4 of the tetraped e.ezeze,

10. Exercise.— Show that the superprism generated by a
parallel shift of a tetrahedron can be divided into four equal
five-faces.
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CHAPTER 10

ENCLOSURES

1. A ONEFOLD is a line, and two points in it separate the
stretch between them from the rest of the onefold. Thus if
we start from a point of the stretch and travel in cither
direction along the onefold we come up against one of the
points. The stretch is thus enclosed by a barricr consisting
of the two points.

If the linc lies in a twofold and weare allowed free move-
ment in the twofold, we can by stepping off the stretch come
to any point of the line we please without meeting the
barrier.

2. In a biplane (which is a twofold) the closed line made
up of the four sides of a rectangle cuts off the enclosed piece
from the rest of the twofold. And starting from a point in
the rectangle and travelling parallel to either pair of sides or
in any route compounded of these two directions we come
up against the barrier and cannot reach the remainder of the
twofold.

But if the biplane lies in a threefold in which we are free
to move we can reach any point of the biplane without
crossing the boundary ; we have only to go along the third
dimension perpendicular to the rectangle.

A closed line is thus a barrier in a twofold but not in a
threefold.
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3. In a triplane (which is a threefold) the six rectangle
faces of a brick or rectangular triped separate a piece of the
threefold from the rest. And starting from a point inside, in
whatever direction we go, parallel to any of the three edge-
directions, or in a direction compounded of these, we are
always stopped by the barrier.

But if the triplane lies in the fourfold and we are free to
move in the fourfold, we need only set off at right angles
to the triplane in order to reach any desired point of the
triplanc without meeting the barrier.

Thus the bisurface of a brick is a barrier in a threcfold but
not in the fourfold.

4. Thus in every casc a barrier in any manifold has onc
dimension less than the manifold. In a manifold with two
dimensions more than the barrier it ceases to be a barrier.
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CHAPTER 11
GENERAL ADDITION OF VECTOR QUANTITIES

1. WE have had a case of the general addition of line
vectors in the relation

X = a'er + x%€; + a3e; + riey

between a vector line and its components, The principle
may be stated in the form: Any two routes from one point to
another are vectortally equal ; or in the form : 7he vector sum
of a closed circuit, considered as composed of vector elements all
heading the same way round the circuit, is sero.

The definition that governs the addition of area vectors
may be stated in the form: 7%e wvector sum of a closed bi-
surface, considered as made up of elements of arvea all facing
inwards, is sero; or in the form: Two bisurfaces, bounded
by the same closed circutt, and looking the same way through
the circuit, are vectorially equal,

The definition of the addition of volume vectors may he
stated in the form : 7'he vector sum of a closed trisurface, con-
sidered as made up of elementary volume vectors all facing in-
wards, is sero ; or in the form : Two trisurfaces, bounded by
the same closed bisurface, and looking the same way through
i, are vectorially equal.

2. Consider the circuit composed of a vector 1 and its four
components. Fill in the circuit with a film or piecc of bi-
surface which we will call B. Now give the film a parallel
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shift along a vector m. It generates a piece of trisurface 7°
bounded by a closed bisurface made up of 7 parts. Two of
thesc are the film B in its initial and final positions, say 5;
the floor and B, the roof. The walls, the other 5 parts, are

Figure for article 11,2.

the parallelograms generated by 1and its four components,
The floor and the roof face one another, and corresponding
clements are congruent and parallel, so that the vector sum

of B, and B; is zero.
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The elements of the circuit, all taken the same way round,
are
l'e, [, e, le, -1
so that the parallelograms they generate, taken with outward
aspect, may be named

/'em /[e;m  Beym  /eyqm - Im
Since the sum of the whole boundary is zero, and also A, +

B, = o, it follows that the sum of these five quantities is zero;
that is to say

Im = /'eym + /?e;m + /3e;m + lHeym

3. Exercise.—Show that the film or bisurface which is to
fill in the closed circuits in article 2 can be made up of a
number of plane triangles.

4. We now give a parallel shift along a vector n to the
piece of trisurface T.  This generates a picce of fourfold 7
whose boundary is made up of pieces of trisurface. Two of
theseare 77 7. the initial and final positions of 7°; thesc we
may call the (three-dimensional) floor and roof. The walls
are the pieces of trisurface generated by the bisurface
boundary of 7, that is by the films /¢ /7, and the five
parallelograms.

The sum of the floor and roof is zero, since corresponding
elements are congruent, parallel, and face different ways.

Take corresponding clements of 5y and B, They arc
congruent, parallel, and face opposite ways. The two
tripeds generated by the shift along n face opposite ways,
and their sum is zero. Hence the sum of {/; and U, the
pieces of trisurface generated by B: B, is zero.

The five parallelograms generate the five tripeds

lemn  /fe;mn Je;mn Aegmn - lmn
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all facing inwards or all outwards. Since the sum of the
complete trisurface boundary of # is zero, and the sum of
7Tyand 7%is zero, and thesum of U; U. is zero, it follows
that the sum of the five tripeds is zero; that is to say

Imn = /'emn + /fe.mn + Seymn + Jiemn

5. We now give to the trisurface boundary of / a shift
along a vector p. The boundary will take in as much new
fourfold in front of it as it drops out behind. And we can
measure these pieces of fourfold as the figures generated by
Ty 7. U:. U. and the five tripeds.

Two corresponding elements of 7y 7, are congruent,
parallel, and face opposite ways, so that if the shift is in the
direction of the positive face for one, it is away from the
positive face for the other, and the sum of the two clements
of fourfold is zero. Hence the sum of the pieces of fourfold
generated by 7 7. is zero.

And the same reasoning and result holds for Uy 0.

Hence the sum of the five tetrapeds generated by the five
tripeds is zero. That is to say

Imnp = /‘eymnp + /2Ze;mnp + /l3e;mnp + le,mnp
6. Next we consider
/'em /'emn /'emnp

and by similar procedure starting from the circuit formed by
m and its components, we obtain expressions for these
quantities in terms of such quantities as

lewnce,  l'eynfen  [euncenp
7. We proceed similarly from the corresponding circuits

for n and p and ultimately arrive at expressions in terms of
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the components of all four vectors, and thus prove that in
the cxpressions
Im Imn Imnp

it is legitimate to replace each vector by the sum of its com-
ponents and multiply out as in clementary algebra, except
that we maintain the order of the vectors e, e e; e,

8. We may also use the derived lattice 23+ in place of the
original lattice €23, and so obtain corresponding expressions,

9. Exercise.—Evaluate e,e.edet and hence show that
Lz = gHH,

10. Exercise.—Kvaluate e.e.e*e? and show that

Lap = LEHE
where a B ¢ 8 arcanevenpermutationfrom 1 2 3 4.

The Pointer of a Triped

11. For the closer study of the aspect of a triped v klm
we shall associate the normal from the triplane on one side
with the aspect of klm :=lmk - mkl, and the normal on
the other side with the aspect of mlk . lkm  kml

Thus in the e lattice the triped klm can be written*
1 klm#re g, and the normal which we associate with it is +

p = (Flmewet + klmve + Fmevies + klmed)/ - g

* By article 7 we obtain the value of klm by multiplying out
(klex+ AZes + k3eg+ kiey)(I%e + 122 + I35 + ley) (mTer +m2ez + miey+ miey).
Taking account of the fact that ezer = — ere2 we find for the coefficient of
ereze3
kT It T,
k2 12 m2 l
k3 13 m3!

which we write shortly as klm133, and so for the other three terms.  The factor
1/s enters into the expression because we can make a B 7 equal to
1 2 3 insix ways,

+ The perpendicularity of p to klm is shown by calculating pek pel
pem.
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This normal p and its triped klm are unaltered by cyclical
changeof k 1 m, whilethetriped — v = mlkand its associ-
ated normal
- p = (mllver + mikwer + mikves + miksel) /- ¢
are also unaltered by cyclical interchangeof k 1 m.
The normal associated with a triped we also call the

pointer of the triped or of the triplane.
12. The pointer of klm may also be written as

p=rimen)g= |k B B Bl /g
nok B A
mt m? m3 mt
er e e’ et

If we express the original coordinates in terms-of the derived
coordinates this expression tecomes

g £ £ & | kdones/ - &

g g® g* g¥

gy g gy g¥

LAl S <
The determinant has the value 1/ when a B y 8 isan
even permutation, — 1/g for an odd permutation, and zero if
any twoof a B y & areequal. So that for p we have

P = limeays) = & = - Himuyl) = &
or written out in full
P = - (Rlmgge, + kimyue: + kimae; + ke, - &
13. The expressions for p in terms of e* and of e, give *
pPep= — VeV

* This involves a property that is proved later (in article 12,8) namely :
VeV = H}:ﬂyit—l;l.“z + k_in—li“il_m_yx + R;l_"‘kT"Tz-u + ﬁﬁ23m;13
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so that a spacelike triped has a timelike pointer, iand a mixed
triped has a spacelike pointer.  Of the two size-numbers one
is positive and one is negative, but the sizes of triped and
pointer are the same.

14. By putting e; e; €; for k 1 m we find et/ - ¢
for the pointer of €3 and by putting e' ez e¥ for k 1
m we find - e/~ g for the pointer of €23 And in
general tripeds e, e* have pointers e€'y/-- ¢ and
- e/n/ - £ where @ B y 8 arean cven permutation.

15. We now use a supercubical lattice with e, as time

Figurc A for article 11,15,

vector, that is to say one in which gy, is I, g g2 g3 have
the value - 1, and the cross constants vanish. In this
lattice

e4=e4 el = — e e = - € e3=—es g= -1

Figure A shows a circuit in the biplanc eje, We suppose
it to be described in the direction of the curved arrow, and

73



11,16] FOURFOLD GEOMETRY

we suppose the vector k to be an element of the circuit.
Thus k has the form 43e; + e,

Consider the triped e;e;k, that is to say the triped of
which three edges are k and parallels to e; e, drawnthrough
the foot of k. If we take such a triped for every element k of
the circuit, they form a trisurface which we may call cylin-
drical. The figure is the intersection of this trisurface by
ese, The trisurface surrounds and partially encloses a piece
of fourfold.

16. The triped ee.k is 43.e.€; ~ A4ese:€,and its pointer

Figure B for article 11,16.

is kdet — Ate3 or ke, + Ae; The figure shows the direc-
tion of the pointer at various points of the circuit.

Figure B is the corresponding figure for the intersection
of ese,(k'e; + 42%e;) by the biplane e,e..

We observe that in these cases all timelike pointers head
inwards and all spacelike pointers outwards, and that for
any trisurface enclosing a piece of fourfold if we pass con-
tinuously from element to element of the trisurface we shal
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find spacelike and timelike pointers heading different
ways.

17. Thus in the figures we pass from the spacelike piece
of trisurface e,e:k with a timelike pointer p heading inwards
to the piece eezl.  If as in figure A this piece is also space-

Figure a for article 11,17,
like its pointer q is timelike and hecads inwards, but if as in
figure B el is of mixed character and has a spacelike
pointer q, then q heads outwards.

Figure B for article 11,17,

18. We have hitherto spoken of the clements of the
boundary of an enclosure as facing inwards on the enclosed
region. It appears now that we must correct that form of
speech, If the timelike pointers head inwards the spacelike
ones head outwards. To say this every time however would
be tedious, and we shall continue to speak of boundaries
“facing inwards” or as being of “inward aspect,” with
the convention that we thereby mean that timelike pointers
head inwards and others outwards.
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19. We consider the passage from one prime triped to
another at the origin, say from e:es€; to €,€:€; In this case
it is — e, which passes continuously into €, To the former
piece of trisurface we give the name ezel(- e€;). This is
the same as e€.e.e; and has timelike pointer e+ or e, and
faces inwards on the tetraped €rz3

ese.( — €r) passes into €j€.€, or €,6;€; which has pointer
e’ or — €, a spacelike pointer heading outwards as it ought.

Figure for articie 11,19.

20. In the same way e — €;) passes into e.e;e; with
outward pointer €2 or - €, and e;e; - €;) passes into
e.e.e, with outward pointer €3 or — e; Thus appropriate
names for the prime tripeds considered as boundaries of the
tetraped erq3, are

€123 €432 €31 Cany

and the appropriate aspects for the four parallel boundaries
of the tetraped are given by
— €23 — €32 — €31 — CEy

21. In the preceding articles we have used a supercubical
lattice in order to bring out the facts about the aspect of the
bounding trisurface. The principle of.continuous passage
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from one piece of bounding trisurface to the next is in-
dependent of that lattice, and the names given in article 20
to the eight trisurface boundaries of the prime tetraped are
valid in all lattices.

22. In any e-lattice let four vectors k k+p k +q
k + r bedrawn parallel to e, from the origin and from the
headsof e; e, €, Letvectors x y 2z jointheheadsof

Figure for article 1r1,22.

these four vectors in sucha way that x y 2z project into
e; e e, We consider the piece of fourfold generated by
the triped xyz in its descent to coincidence with ee.e; and
we discuss its trisurface boundary.

23. One trisurface wall 7 is the figure generated by the
descent of the parallelogram yz to coincidence with e.e;
This wall has the orientation and aspect of esese, but differs
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11,24] FOURFOLD GEOMETRY

in size. Astosize e; e; giveits extent in two directions
while the edges in the third direction parallel to e, are

k k+q k+r k+q+r

The average of these is k + (q + r)/2 and the wall 7 is
equal to the triped
e;extk + (q + r)/2}

in size orientation and aspect.

24. The wall U parallel to 7' is generated by the descent
to the triplane e; of the parallelogram face of xyz which is
opposite to yz. The projectors of the four corners are there-
fore greater by p than those of the corners of yz ; they are

k+p k+q+p k+r+p k+q+r+p

and the wall /' whose aspect is — eje.e, is equal in size
orientation and aspect to the triped
- ese.fk + (q + 1)/2 + p}
25. Hence the vector sum of the walls 7= U is
-~ €3€:p
and we find a similar expression from each of the other two
pairs of parallel walls. In addition we have e,e,e; which

we may call the floor,and - xyz the roof. Kquation of
the whole boundary to zero gives

e;ezes - xyz - eseap - exe3q - egelr = 0

26. Since two tripeds on the same base and between the
same parallel biplanes are equal, we may write zyp for e;e:p.
And we can identify any tour vectors we please with the
prime vectors €, So we may state the result as follows :—

Let xyz be any triped, let the projections of x y z
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onavectornbe p q r, and let stu be the projection of
Xyz on a triplane normal to n ; then
stu = xyz - pyz - xqz - xXyr

27. By the definition in article 1 two pieces of trisurface
T: T, which are bounded by the same closed bisurface »
and face the same way are vectorially equal.

We take the closed bisurface 5 as made up of the six
parallelogram boundaries of the triped klu shown in the
figure. As 77, one piece of trisurface bounded by it, we take
the triped klu itself.

Figure for article 11,27,

As the other piece; 73 we 'take a figure made up of six
parts each part standing on one of the six parallelograms of
B.  One of these is the triangular slab /; which has as base
the triangle enclosed by u v w and as heightk, and which
stands on' the parallelogram ku. Another £, is a triangular
slab congruent to P, it is P: shifted along vector 1, and
stands on the parallelogram face opposite to ku.

A third triangular slab Q; has edges u v w 1 and
stands on the parallelogramlu ; and a fourth Q,congruent ta
it stands on the parallelogram opposite to lu.
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We complete the trisurface 7; by the twotripeds klv pqw
which stand on the remaining two parallelograms and join up
the four triangular slabs.

28. The two slabs P; P, are congruent and have the

Figures for article 11,29

same orientation, and considered as portions of 77 they have
opposite aspects.  So that their sum is zero.
In the same way @: (. havea zero sum.
For the expression of 73 considered as facing the same
3o
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way as 71 we have therefore the expression klv + pqw or
klv + klw. Hence by equating 7 and 7

klu = kiv + klw

which equation expresses one triped in terms of two com-
ponent tripeds.

This is of course a particular case of article 4, and could
also be derived from the equality of two tripeds on the same
base and between the same parallel biplanes.

29. Again let us start with the triped stu in figure A
We take a vector p parallel to a given vector n, and take
x equal tos + p. Article 28 tells us that triped xtu i
equal to the sum of stu and ptu.

We now in figure B take the triped xtu, take q parallel tc
n, and make y = t + q. Then triped xyu is the sum o
xtu and xqu.

Now in figure C we take the triped xyu, and add to u ¢
a vector r parallel to n, giving z = u + r. Then tripec
Xyz is the sum of xyu and xyr.

Thus we have

Xyz = Xyr + xqu + ptu + stu

We note that, tripeds on the same base and between the sam
parallels being equal, xqu is equal to xqz and ptu is cqua
to pyz, and that stu is the projection of xyz parallel to n
Thus our result is equivalent to that of article 26.



12,1]

CHAPTER 12

EXPRESSIONS FOR CERTAIN OUTER AND
INNER PRODUCTS

1. CONSIDER the vector parallelogram * Im = lreanfe;. We

expand this expression in accordance with article 11,7, re-

membering that ege, = - e,e, and obtain

Im = (m? — Pwt)ew + (P - Bind)ey + (ffmd — Bmt)ey
+ (L3 - Bm)eyy + (Bt — Bmd)ey, + (Bm? — Pnt)ey

We denote Im by a, /4Ff — [Fm® by /m*® and by a*, and
long - Ign, by Inm,s and by a,. Our expression becomes

a= lm = I/aa“ﬂe.,, = llzlﬁa‘ﬂeap

the factor */; entering because, for example, a™er, is given
by a=2 B=1 aswellasby a=1 B =2
The expression similarly obtained from the derived lattice

e is a=1m = ia,4e® = 7/, Tu et
2. More concisely we could obtain the result of article 1
as follows : a has the value /*enPes or by interchanging a
and B Pegnce,, Adding these we have
2a = PuPe,g - Pinte,y
= (lmP — Pm*)eqs
or a = 1, lmPe,y = aa%e,,

* The vector parallelogram Im is called the outer product of the line
vectors 1 m, the vector triped lmn is the outer productof | m n, and
the tetraped Imop the outer productof 1 m n p.
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3. We have thus found twelve parallelograms lying
parallel to the six prime biplanes e,s which are together
vectorially equal to the original parallelogram a. Taking
them in pairs we call them the six components

aI3e13 a"em a qeu M3 adie 34 ll'pe,'g

of a.

The procedure in chapter 11 was to replace the original
parallelogram by four others together with two films that
cancelled one another, and then to replace each of the four
by three others (or four others one of which was zcro)
together with a pair of mutually cancelling films. Thus we
finished with a bisurface having the same boundary line as a
and consisting of the 12 parallelograms together with a
number of mutually cancelling films,

4. Although it took ecight components to fix the two
vectors 1 m there are only six components of the area vector
a = Ilm, and as we shall show any one of these six can be
expressed in terms of the other five

The determinant (/2 & v
m* mB omy
o By B
mc wB ar ad

]

vanishes, and by appropriate expansion of it we find

Inmeim® + ImPin® + Imelm® = o
a  a® | ="
afr  af

or

This is true for all values of a B y 8, and when they are
all different it is
aq34 + a?3a™ + a’¥'a* = 0
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5. Exercise.—Having given six quantities a** for which
a’ = — a* and a@a% + a?3a' + a3'a® = 0, show that two
vectors 1 m can be found such that /m*® = a*°, that is to
say an area vector exists of which 4#” are the components.

6. For the size-number of a we had in article 5,7 the
expression

Vim = 1.1 l.m
m.l m.m
We had also
lel=/4, lem = lm,
so that

2, 2,
mhly  niPing

m=

the affixes a B being used in such a way that each occurs
twice and not four times in any term.

We have
Vim = LmP(lang — lgmn,)

and by interchanging a and 8
W = — Bm(lang — lgm,)
and by adding these two equations
m = “[a(lomP — Pu)(lang — lgm,)
or vy = Y20Pa,
The notation a « a is also used for the size-number of a.
7. We denote the vector triped Imn by v, the determinant

o B N
m* P mY
. P o

by /mn*® and by »*, with the same notation for lower
affixes. We have
v = lenfegnte,
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where the right side is the product of three factors each
of which has four terms, and by article 11,7 multiplication is
to proceed as in elementary algebra except that
€.C5€, = €46,6, = €,6,6;5 = — €,6,€, = — €,6,€5 = — €4€6,€,
and that e.ege, vanishes if two affixes are cqual.  We can
therefore write

v = lPegnre e, = Purncesee, = Firnteege,

and so for each of the six forms obtained by permuting
o. B y. Then by addition of the six

Gv= B B eese,
m* B
o o

or v =1 /Tn}-ﬂveue,,e, = Ifsv°fre,ep€,

or if we write e,g, to denote e,ege,
v =1 v“"/e,,,,y
The corresponding expression starting from lattice €234 is
vV = 1/6 v,,,e"’*

8. For the size-number v, which we also denote by v.v
we use the expression of article 6,8 and have

{1 1lem 1len nlL P, Pn,
vy=Vev=|m.l m.m men|=|ubly mPmg mPng
n.l n.m ne.n wl, ntm, n'n,
= LmPntimn,,

We obtain five other expressions by permuting a B y in
all possible ways, add the results, and so have

Vg = VeV = 1/62;};;‘”/7;;.,;, = x/67/.p77-’a.py
85



12,9] EXPRESSIONS FOR CERTAIN
9. We denote the tetraped Imnp by f, the determinant

o R B
m* mP '
n P o A
b A L

by Zmnp*®® and by f°#, with the corresponding notation in
lower affixes, and have from the expression in article 11,7

S = lmnp = lre,mPegnre, tie;

Now €55 = €,€4€,€; is finiteonly when a B y & are all
different. So we evaluate the expression for f by giving
a B y 8 the 24 permutationsof 1 2 3 4, and obtain*
S=|0 B B B ey, =/ g
mr m? m3 il
nt nr n3

VA S Y
The corresponding expression in the derived lattice is
f == fouls/ - &

To show up the completeness of the symmetry we write
Eragaz for the gog-determinant and g23%1234 for the gef-deter-
minant and have

f = 14 ~ G = = S = S

10. The expression in article 7,5 for the size-number of f

gives

vp=|ll lem len lep |=ZwbPwp\l, m, n, p,

m.l m.m m.n m.p lg mg ng pg
n.l n.m n.n n.p Ly my n, p,
p.l p.m p.n p.p [ ls my ny ps

* See Appendix on page 165.
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We form 24 different expressions from the 24 permutations
of « B y 8 andadd, and have

24vy = ImnpPPluinpagy = /¥ ays
The only finite terms are those for which a B y § are different,
they are given by the 24 permutations of 1 2 3 4, andeach
is f12#f1a,, so that
vp = [ % 1ay

an expression which we could have obtained directly by
multiplying together the two expressions for f given in the
preceding article.

11. Exercise.—Of the four vectors that determine a
tetraped f let the first two determine the vector area a and
the other two the vector area b. Show that

S = (@B 4 a3 4 @133 + a6 4 a3 + a¥be) [~ g

12. Exercise.—Find the size of e;e.e’+ by expressing it
in terms of e, and also by expressing it in terms of e®, and
so show that giz, = gg3ss,

More generally by calculating e“efe,e; show that

Serys = ggfm ’

where @« B ¥ 8 and x A p v areeven permutations from
1 2 3 4

13. Exercise.—Show that ¥/, 3 g12498;0ys summation being
for @ B y & whicharetohave as values the twelve even
permutationsof 1 2 3 4, isequaltogwhen p=3 o=4,
equal to — ¢ when p=4 o=3, andequal to zero in other
cases.

r s u v being such vectorsthat 75,4 = ./~ g %" where
a B y 3 isanevenpermutationfrom 1 2 3 4, show that
rs®® = - uvyl\/- & a B y 8 as before.
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CHAPTER 13

THE TENSOR OPERATOR

1. LET a;be a vector joining neighbouring points O P of
an elastic solid in Euclidian space. As the result of distor-
tion of the solid let O come to O and P to P'. Let the
distorted solid be given a parallel shift that brings O back
to 0. An appropriate way to describe the change of con-
figuration of the solid in the ncighbourhood of O is by means

>
of an operator which expresses the totality of vectors O™/t

in terms of the totality 51—; This operator effects a stretch-
ing and is consequently given the Latin name for stretcher,
namely “tensor.”” From this meaning the term tensor is
extended to mean an operator in any manifold which effects
a linear transformation on the totality of line vectors at a
point.

2. A tensor operator is represented in the form

kl + mn +. ..
as the sum of a number of terms each of which contains a
pair of line vectors. We use black capital letters to denote
tensors ; let us call this one A. Its method of operation on
a vector x is shown in the equation
y = A.x = k(IOX) + m(n-x) + ..

that is to say the rearward vector of each pair links up with
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x in an inner product, the forward vector remaining free.
In more concise notation we also wiite

y=A; = ko, + mowy, + . ..

This is A’s backhand stroke. He has also a forchand
stroke whose effect is defined by

Z=X:A =yl + Tt + . .

3. The vector
Ik + nm + ...

in which each pair of vectors have changed places, is called
the conjugate of A and is denoted by A. A’s forehand and
backhand strokes have the same cffect as A’s backhand and
forehand strokes, or in symbols

A.x=x.A Xx.A=A.x

4. Two tensors may be linked together to form another.
Thus if B = rs 4+ tu + . . . , the operator which we call
the product of A and B and write as A+ B is defined hy

A .B = koS + kot + mwm,S + mat + ..

There are the same number of terms in A « Bas if the multi-
plication was in clementary algebra ; each pair of vectors that
come into contact in the expansion link up into an inner pro-
duct while the other two vectors remain frec to act. At times
we write AB without the dot instead of A « B.

5. Exercise.—Show that to multiply A and B together
and operate on x with the product gives the same result as
if B produced y by operating on x and then A operatedon y;
that is to say show that

AB-X=A-Bx
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6. Suppose A produces y by operating on x and then we
form the inner product y « u.

y.u=AI.u='wﬂw1‘+w|“nwu+-..
If A’s forehand operating on u gives z and we then form
the product z « x we have the same result, and

A,.u-=uA.x

so that both of them may be written u+ A « x or 4A, in which
the order of the two operations is left undetermined.

7. We give each vector in the expression for A in terms
of its components in the e, lattice, and multiply out, taking
care to preserve the order between prime vectors. We thus
obtain

A = avese; + aee; + atlee; + alee,
+ a7TeL; + a%ee; + aBee; + akee,
+ a3eser + a¥ee, + alese; + adese,
+ at'ee; + a¥eL, + atlel; + avee,
in which
at =B B .. =SB

That we are at liberty to multiply out in this way is shown
by the fact that the new expression has exactly the same
effect as the old one when it operates on a vector.

We have thus an expression for A which contains 16 in-
dependent constants a*8.  The terms ee, and e.e; of a tensor
have quite different effects since e,e, throws any vector it
operates on along e, while the other throws vectors along e,.

8. Exercise.—Calculate the effect of operator A in the
form given in article 7 upon x, and show that the result is
the same as if A was used in the form of article 2.

9. We can also express the tensor operator in terms of the
e*-lattice, and we can express the forward vectors in one
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lattice and the rearward vectors in the other. We have thus
the four expressions

A = afeey
= afee,
= ajge,e’
= a,qe%e?
where the zero is introduced into 4 and als as a buffer to
hold the B away and so distinguish these quantities from af,
and ap’.
10. The values of the coefficients are given by

@ = ShP &P = SkB = Skl a. = Skds

From these by use of the expressions that give the derived
components of k 1. . . interms of the original components
and vice versa we obtain

af = gu@® G = gpa™ e = Luly = Epua
and
A = g™, aF = gha,, a«p=gma:ﬂ=gpna:“

Thus of the four sets of the quantities any threc sets can be
expressed in terms of the fourth.
11. The effect of operator

I=e%e,=ec'e; + €%, + ee; + eie,
is shown by

Iex=¢%,=x
Xx.Il =2, =x

that is both its forehand and backhand strokes leave the
vector x unaltered. This operator is called the identity
operator.
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12. Consider the tensor operator A =kl - lk, and
suppose that it produces y by operating on a vector X.
Since

Y=AX =k, — o,

y lies in the biplane a=kl. Also since
VeX = Oy — Oixgx = O
x and y are at right angles.
Thus the effect of the operation of A is, apart from any

effect it may have on size, to turn the vector through a right
angle into the biplane a.

z
Figure for article 13,12.

If A now operates on y, it rotates y through a right angle
in the biplane a to the position z, which is in line with the
projection s of x on the biplane. We note that our whole
figure lies in a triplane, namely that containing k 1 x.
Before using this property to calculate the projection s we
must consider the properties of A.

13. We express k 1 in terms of their components, and so
have for A the expressions a*#e,€g, etc., where a* a,5 are
kl# kl,, the components of the vector parallelogram a in
the prime biplanes of the e, and e lattices. The quantities
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a%, and a¥ which are 4*/y — /*kg and A JP - [4# we may
call mixed components.

The operator P =A . A has the value
P = prree, = « €5+ @ 0e%,
— 0
= a"ﬁwfspeae¢
= a*abe.e,
so that
P =
14. The conjugate tensor A is found from A by inter-
changing e, and e, that is
A= a‘fege,
Now a®® = - af since «*# are the components of the vector
arca a, so that
A= -afee, = - A
and for all vectors
X.A= -A.x
The tensor P being a™a,ze.ef its conjugate is
P = a*agefe,
or by raising and lowering all the affixes
P = a.av%eet
= afa.eqe* = P

so that P is self-conjugate, and for every vector x satisfies
the equation

x.P=P.x
15. Also
AOAOA = POA = a.,,a"’e“e,-a,,e’e’
= 8" 0.e"e?
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By interchange of w ¢ and addition this becomes
T[2a*"€*€N(A0uag — FaoBup)

or by article 12,4
/2 aa, a.g0°€°

- A

which is

whence also
P-P = POAoA = e V.AOA = - V.P

16. A tensor operator A= af°e,e, for which a7 = q¢v
is also called a symmetrical operator, and one for which
a’® = - @ is called skewsymmetrical.

17. Exercise.—Show that if A=arf"e,e, is a skew-
symmetrical operator and 4?4 + a3'a* + a™a% = o, the
operator can be expressed in terms of two line vectors 1 m
in the form A = Im — ml

Projection of one Line Vector on another.

18. Let r s be the projection and the projector of the
vector X on the vector k. We put r = «k, and the
relation rer =r.x gives «®k+k = kk.x and

r = kow/n
We take the operator Q = kk/wy and have
r=Q.x

so that operator Q converts X into its projection,
And since s = x — r the operator I — Q converts x into
its projector, I being the identity operator.
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CHAPTER 14

PROJECTION OF ONE AREA VECTOR ON
ANOTHER

1. WE consider the projection of a line vector x on a vector
parallelogram a=kl. We denote the projection of x by s,
and denote by p the projector, that is the vector which runs
from the head of s to the head of x.

AX
P-x
Figure for article 14,1.

We use
A = a"fe e, to denote the operator kl - lk = k?"e.e,
C = c%e,e; » » A.A
D=d%ee;, ,, ” C + 5l

2. When A operates on x the resultant is
Acx = (kl - k). x = kg ~ oy
and the inner product of the resultant and x is
XeAeX = Ol ~ Ol = O
Thus the effect of operator A is to throw x into the biplane
a in a position at right angles to x. Hence if we operate
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a second time with A we get a vector lying in a and at right
angles to A« x, that is to say a vector which lies in the same
line as s, the projection of x.

3. We use z to denote the vector C « x=A « A « x which
lics alongs.  We have now with the help of article 13,15
Z2eZ=XeCoCoX=Xe(-pC)eX = — XeZ = — 18+2
so that

S= - 2zZfvy=(-Cln)+x
and the operator — C/v, converts X into its projection.
4. The projector p is equal to
X -8S=(C/rg+Dex=(Dfy).x
so that the operator D/y, converts x into its projector.
5. Now let the vector parallelogram b = xy project into
st, x projecting to sand y to . We have
- 1S =C.x = e,y - vt = Megy,
so that
vest = cBc®agy,e4
Interchange of a B with 6 ¢ and addition gives for the
right side

‘/ 2 [np 6“ /)p¢e¢g
From this the interchange of B with ¢ and addition gives
‘/4 o8 ! l)p.,,e.o
BB

i

6. Now this determinant has the value

ap o8 ac,
a*at a az

a"'a:” a"zz:"'
=afa? | a* av |
a*® o |
or by article 12,4
= a;ﬂa';"a“‘a"
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Hence
vist = 1/, aPatar by,
or by raising and lowering certain affixes
= 1, aPPa"a,bgpa

7. The interchange of 8 with ¢ and addition gives for the
coefficient of a
af®  aqrt
a’® a"¢
= 1/, a*?aPa,,ba,

@by

1/ 4

= ValUgp
where w,, means */; a®b,q.

Hence v, st = mgya.

We observe that st and a face the same way if v, and @y,
are both positive or both negative, and face opposite ways if
one is positive and one negative.

8. We have also

VaOgt = T WyOa
the + or - to be used accordingas v, @, have the same
or opposite signs, and

OOyt = * Wy

the + or - to be used according as @, is positive or nega-
tive ; and (clear of ambiguous signs)

VaVgt = Tgy

The symmetry of the results shows that the product of the
size of b and the size of the projection of a on b is equal to
the product of the size of a and the size of the projection of
bon a

The quantity @y, is called the inner product of the two
vector areas a b. It is also written in the form a . b.

7 97



14,9] FOURFOLD GEOMETRY

9. Exercise.—How are two area vectors a b related
to one another when @y = 0°?
10. Exercise.—Show that if a is an area vector

wlnﬁ = @ag Waee = a#

and that the projection of @ on €y iS @€ra/giara 50 that a.e
besides being the components in the e* lattice, are (except
for constant scalar multipliers like gia1s) the orthogonal pro-
jections in the e, lattice.

11. Exercise.—Jointhe heads ofthevectors x y s t
of article § by straight lines, and fill in the quadrilateral so
formed by a film made up of two plane triangles. The four
triangles that stand on the four sides of the quadrilateral and
have the origin for vertex, together with the film, form a
closed bisurface. Express the six area vectors that form
this bisurface looking inwards, intermsof x y s t, and
verify that their sum is zero,

12. Exercise.—Show that e, .es = g and that
€x.€” iscqualtorif p=1 o=2equalto -1 if
p =2 o =1, andis zero for all other values of p o.
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CHAPTER 15

PROJECTION OF ONE VOLUME VECTOR ON
ANOTHER

1. LET a line vector x project on the triplane normal to
line vector n.  Let its projection be s and its projector be p,
sothat X = § + p.

We denote the tensor operator nn by N, and the operator
wl - N by C. We note that N « N is equal ton(n . n)n
or v,N.

If we put z = N « X = nwy,, we have

ZeZ=X+N.Nex=x.yNex=9pnXez=yp.z

so that
Vnp = Z = N o« X
and the operator Ny, converts x into its projector p.
2. We have also

S=%x-p=(-N/u)ex=(Cln)-x
so that the operator C/v, converts x into its projection s.

3. Let area vector a == Xy be projected on the triplane
normal to n, x having projector p and projection s, y having
projector q and projection t. let X ¥V S 7 denote the
heads of the vectors x y s t s and t are given by

S =Cex = 1x - nmw,,
it = Cey = ny - nmy,
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Hence vector area st is given by
vist = (X ~ Nwu)(ny - NByy)

= VIXY - VXNWyy — NYVWnx
vpSt = VXY — XNWypy + YWy

We denote operator xy ~ yx by A.  Then
A.n = X0y —~ YOx

Figure for article 15,3.

and we have
St = yxy - At
or Xy = st + Aynify,

4. Our whole figure lies in a triplane, namely that deter-
mined by the vectors x y n. Hence the two biplanes
xy st meetin a line,

Through vector p we draw a biplane parallel to vector y.
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Let it cut the line of intersectionot xy st in /4, and let the

—
vector OH be called h.

Consider now the triangular pristn of which the vectors
y t q form one end and h the height.  ‘The parallelogram
faces taken as looking inward have a zero vector sum, and
are

-hy ht hq

Since the parallelogram hy has the same size-number,
orientation, and aspect as Xy we may write the operator A
in the form

A =hy - yh
which gives
A.n = hoy - yo,, = hmy,
Also
g = N.y = nm,
so that

hq = An/y,

Parallelogram hy is vectorially equal to xy, and parellclo-
gram ht to st. Thus the vanishing of the vector sum
~ hy + ht + hq is a way of stating that

- xy +st+ Am/yy=o0
and the equation of article 3 has been proved geometrically.

5. Let a triped xyz project into a triplane perpendicular
to the vector k, s t u being the projections of x y z.
The equation of article 2 gives

wistu = (nx - Tk)(ny - Tigk)nz - Tuk)
Expanding we have, since kk = o,

nStu = nXyz - @kyz - wuxkz - mexyk
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For the first term on the right we put £,e,5,£°2%7*2". Then
adding the six quantities found by permuting a 8 y wefind

as its value /¢ k"—.t?y—z"'k,e,,,. Similarly for the other terms
we have

- TkYZ = — ki kPt = — 1o x%kys Ptk €.,

- WgXKZ = - kCgy kB = — 1o ks e,

- WXYk = — kLo v = - g2 xysPrh e,
Now Arysesr = Jurysot — yokysodr 4 yohagodr — gofgysy
so that o

nstu = /s krys otk e,s,

6. Consider the terms of this expression in €3 As the
determinant is finite only when a B y w are all different, w
must be 1. We give B y w the six permutations of
2 3 4, and so have

krys12if e,
Hence
(A'kr + kPka + A3k + kok,)stu
= kxys i (kieay, + kius + kiega + k).
7. Let a volume vector normal to k be
V== s Y€, 5, = *[c Vg 0%
Then by articles 11,11 and 11,12
£ [vay = #vig = Bvgs = kv
bifv?$ = fofv$3 = kyJria = f o3t
The equation of article 6 being linear in £ and also in 4,
we may replace them by the corresponding v-expressions.
We also write xyz = ‘/6;;:“”e.,, = W = "[curPre,,. The
determinant £ry#1% is thus replaced by

Vay W + Urqw'B 4 Y2 + v w3t
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which we denote by
VeW OF Wy
and the equation becomes
»Stu = DY
8. From the result of the preceding article we have
VOt = T Wyo,
the upper sign to be taken if v, w,, havethe same sign, the
lower sign to be taken if they have opposite signs, or
OyOsty = L Wyy

the upper or lower sign to be used according as 7, is
positive or negative. We can also write the result, in a
form free from ambiguity of sign, as

VeVgtu = Wzm

The symmetry of these results shows that the product of
the size of w and the size of the projection of v on w is
equal to the product of the size of v and the size of the
projection of w on v,

The quantity myy is called the inner product of the two
vector volumes v w.

9. The projection of one volume vector on another can
be otherwise treated. The projection of line vector x on
triped v which is normal to n is given (article 15,2) by

S = (C/ Vn) e X
where C is the operator

C =ferey = vl - N =y efe, — nnfetey = (ndh - nanflees
so that P = 88 ~ nnf
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We introduce four vectors h* defined by
h = c“e* = yye* ~ n“n

Then C = hve,

and S = Cex = z,h

If s t u arethe projections of x y z, this last equation
gives
vistu = z,pc,hehfhy
or by taking the six permutations of a 8 y and adding
!¢ wagh*hPhY
or in full
10334h’h3h4 + w;43h‘h4h3 + W4tzh4h'h° -+ Wylhahzh‘
The definition of h*  gives
h2hsh¢ = (1,e? — 722n) (€3 — 7#3n)et — #in)
= yle’edet ~ vinnedet - vinde’net — vindeledn
vi{vaeredet — #3(n,€" + nse2)edet — n3e¥(n.e" + nyel)ed
- nie’e3(ne’ + ned)}
van(n'eddt 4+ n%e'3 + nled? + nmie’)

and so for the other terms. Hence

".”“stu = (n[WQs.', -+ Nathys -+ 73Waia + ”420@1)
(m'e2 + n%e™43 + mieh2 + piesr)
which is the equation of article 6 and gives as before
stu = @,V
10. We observe that p q r of article 11,26 can be
expressed as NWg/vy NOp/Va NWm/v,
so that the equation of that article, and of article 11,29, is
equivalent to the equation
nStu = WXyZ ~ Wkyz - wyxkz - wexyk
of article 13,5,
104



VOLUME VECTOR ON ANOTHER [15,11

11. Exercise.—How are two vector volumes v w related
to one another if vew = 0?
12. Exercise.—Show that, v being any vector volume

v'e‘m=2)ﬂh Ve @B — 7a8y
and that the projection of v on €5 is 212:€1:1/&1azay S0 that
Vag, besides being the components of v in the ¢ lattice are
(except for constant scalar multipliers like gia3.) the ortho-
gonal projections of v in the ¢, lattice.
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CHAPTER 16

TRANSFORMATION TO A NEW REFERENCE
LATTICE

1. INaddition to the e-lattice with prime vectors e, e e; e,
we introduce another, the c-lattice with the same origin and
with ¢ €. €3 ¢, as primevectors. The prime vectors
of each lattice can be expressed in terms of the other set. Let
these expressions be

c, = dle, e, =frc,

there being of course 16 constants & and 16 constants £,
2. The combination of these expressions gives

C. = dfe, = dF f’c,
The coefficient of ¢, on the right must be unity and the other
coefficients zero, that is to say
drfy = 8
In this there are 16 equations which give the 42 in terms of
the £ and vice versa. From

€, = f:pc’ = f?d:’ T
we obtain the 16 equations in another form, namely

f:'d;’ = 8',
106



FOURFOLD GEOMETRY [16,4

3. Wedefinethesymbols d  dps® 17 as follows :—
d=\|dy d3 dJdy dY
dg d7 dJd7 dP
d3 a3 dP dP
d¥ d¥ Ay d

dp.,;“" = d‘? ¢f;¢ dy?
d;\l« d;" dz'lf
dr dp 4

dD® = dmw-

awhich « B y & and 6 ¢ ¢ w arc even per-
nutationsof 1 2 3 4.

We observe that 224 gives an expansion of the deter-
ninant & when a and B are equal, and vanishes when they
we unequal, so that

Dydy = %

These sixteen linear equations give the sixteen quantities
D in terms of d%, and they are the same equations found
in article 2 for /%, so that the two sets of solutions are

identical ; that is
l):ﬂ =

and gt = df5

a By 8 ad 0 ¢ ¢ w being even permutations.
4. The new prime tetraped CiC2C3C4 is given in terms o

the old by
€:C2C3C4 = day e.d;‘ e,d;"e,d;’ €
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which becomes, by taking the 24 permutationsof a B o 8
and adding

d} di df 4y | eeee,

d? d7 dy df

d8 di3 dP dP

di df dy 4
or deie.Lqe,

Thus the multiplier & converts the old prime tetraped e,e.ese,
into the new one €:¢2€3C,

5. The c-lattice has its own set of constants correspond-
ing to the g,; g% of the e-lattice. These are the ten con-
stants /2,4 given by

heg = Cu s Cp

and the ten /* given by the 16 equations (not all inde-

pendent)
heehg, = 8%

The expression of ¢, «¢g in terms of the old prime vectors
gives
hp = dZe, « dFe, ~ gud?dy
6. The derived lattice of the ¢-lattice has its prime vectors
c* given by
c* = Jcg or ¢, = AP
And the relation e, = fc, has in consequence the equi-
valent forms
€' = fo,C°
where [, = A, f.
We shall also want the quantities f% f3, defined by
[ = haf? j:palz“f”
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Along with the 16 constants 42 we shall use d* d
diy  defined by
P g = gl L = Epl
The second of these shows that ¢, = 7e, may be written
€, = d,€°
7. The transformation coefficients d@i* dug /.2 fog have
simple geometrical meanings. Thus
4 = AP = dre,eef = c .0
og = Lo = gaoCa*€ = CavCs
JE=euct

f as = €,¢Cp
We note that fos = dga

8. Let the vector x with components r* in the e-latticc be
called s in the c-lattice and have the components s so that

1%, = X =S = §°C,
The expression of ¢, in terms of €, gives
xrre, = s'd’e,
so that the old components are given in terms of the new by
2 = sd?
The expression of e, in terms of ¢, gives similarly
=2 f
The relations between the derived components ¥, and

s, are somewhat more complicated. Thus

Yo = Zopt® = Lol = o, dPlts,
and
Se = lgps® = hogt* [T = hop fEgX.
109



16,9] TRANSFORMATION TO

9. If two vectors x y in the e-lattice are called
s t in the c-lattice, their inner product is

LaptV® = Lup'dy by
and by the last equation of article 5 this becomes
hoystt

so that the inner product has the same form in terms of the
new components and the new lattice constants that it had in
the old.

As a particular case, when y = x, we see that the size-
number of a vector, that is the fundamental quadratic ex-
pression, has the same form in the new system as in the old.

10. Suppose the vectors x ¥y z k 1| m to have the
components %, etc., in the e-lattice and the components
£ 9* {* « X p* inthe c-lattice. So that

= g

with similar expressions for the other vectors. We will con-
sider the transformation of @yyum the inner product of the
two volume vectors xyz klm to thec-lattice. We have

ayssim = 6 V5P klltagy = 116 EepBpu Gty &P RINI"
Now
oyt = | Pdy EdPE LAY | = EqWdrdiEdy

n’dg ntdf ntdy
Udye Ldf  bay

and similarly
Elmtor = iduewdordoede

Also

hoe = £uB5'dY by = £ dEAT  hyy = g d3dy
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Hence
wm.ﬂm = l/ 6 mw"_—)‘#“"/’o-/‘du”%
= /o Enl*¥icdpueey

11. Thus while an element like xys*® of the expression
for the inner product has a somewhat complicated expression
in terms of the c-lattice components, the inner product itself
has exactly the same form in terms of the c-components as
in terms of the e-components. For this reason the expres-
sion for the inner product is called an invariant.

12. In the same way the inner product of two area vectors
is shown to be invariant, and as a size-number is a particular
case of an inner product it follows that the size-number of an
area vector and of a volume vector are invariant.

13. That outer products are invariant is immediately scen,
since for example xyz takes the form

x‘}'ﬂfﬁe.p, = ‘/6;}/5“”76,9,,
and also the form
EnPlrCe, = Yo E;lgwcupy

The Importance of Invariants

14. Thus the measure of size-numbers, of outer products,
and of inner products, is the same in all lattice systems
obtained by linear transformation from one in which light
travels in straight lines (see chapter 3). Thus these
quantities are invariants, and therein lies their merit. For
if we express a law in terms of them it is true whether our
reference lattice is made up of Greenwich time and the metre
stick or whether it is the lattice of some observer in motion
relative to the earth.

As an example of the manner in which a quantity in the
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fourfold takes the place of a quantity in Euclidian space we
shall presently discuss the ‘velocity vector,” that is the four-
fold vector which specifies the velocity of a point and takes
the place of the vector of three-dimensional space.

Einstein’s work was done in terms of the invariants of the
fourfold. It was this method that made possible that
marvellous advance in the laws of motion, which replaced
the law that the path of a planet is an ellipse by the law
that 2ke world-line of a planet is a geodesic in the fourfold.

15. We now consider the tensor operator C = dle'ey
along with the operator E = f®c'cg; where 4F £ are the
transformation constants of article1. C may be expressed as
d#e,eq where d*® = gd® and in other ways of the same
type. Since ¢, = /.,c* the corresponding expression for E is
Sc,cP where [ = k™ /¥

16. Each of these operators carries out a linear transforma-
tion of the components of any vector. Such a transforma-
tion we have seen to be determined when the transformation
of four vectors is given. The forehand stroke of C trans-
forms the four vectors €, into the four ¢, and may be looked
on as determined in this way. E's forehand stroke trans-
forms ¢, to e, and is determined by this.

Thus E is the reciprocal of C, that is to say, it reverses
what C does, and either operator superposed on the other
gives the identity operator.

17. Exercise.—By calculating C. E from the expressions
for C and E show that C.E = L

18. Let operator E act by forehand stroke on the vector

— —_
OP = k*c, and convert it to 0Q. Then

—
00 = Ic, . focre, = e, = ke,
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—>
so that OQ has in the e-lattice the same components that
—
OP has in the c-lattice.

—
Let OQ have components p* in the c-lattice, that is let
—_—
0Q = p°c,, We have now

j"td:pep = p°Ca = k"€, = ke f ke,
which gives
=depm
= row

) L

ngsu
:P C“ /

Cu

0O €«

Figure for article 16,18,

—_— —_—

19. The size-number of OQ is g.z4*4? while that of U2 is

hgk k8. These are in general different, bemg equal for all
vectors only if %, = gap

20. The fact that operator E changes the size-number of

a vector it acts on is quite consistent with the fact that the

transformation of articles I-7 leaves the size-number un-

changed. For that transformation is concerned with the

—
two expressions 4%€, p°c. for OQ while the operator converts
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—
to OQ a vector 4°c, formed by using the components of the
one lattice with the prime vectors of the other.

21. To see the effect of E on ¢* we make 5_; coincide with
c* by putting 4~c, = 4**c,. Then /¢, .Eis 4#*e, In
general this differs from e* which is g*e,. The two are
equal only if

e = g

22. We have the original e-lattice with prime vectors e,
and the derived e-lattice with prime vectors e2. When we
wish to refer to the system of reference made up of the
original and derived lattices we shall speak of the e-system.
Similarly the c-system consists of the original and derived
c-lattices.

In these terms the result of the preceding article is that
the operator E converts the c-system into the e-system if
lap = Eu

23. Exercise—Show that the tensor operator kp + Iq
+ mr + ns cannot convert any finite vector to zero if
k 1| m n are four independent vectors and p q r s
also four independent vectors,

24. Exercise.—What vectors does the operator kp + Iq
+ mr convert to zero by forehand action ? and by backhand
action ?

What vectors does the operator kp + Iq convert to zero
by each action ?

What vectors can the operator kp convert to zero?
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CHAPTER 17

THE CONGRUENCE OPERATOR

1. We take two lattices, the c-lattice with prime vectors ¢,
and lattice constants Z,q, and the e-lattice with prime vectors
e, and lattice constants g, We suppose the ten lattice
constants to be the same for both lattices, that is /.= gus.
We take the tensor operator

R = ce*
and suppose that by backhand action it converts x a7, to

z, so that
z=R.x =ce*. x) = ca*

and z has the same components in the c,-lattice that x has
in the e.-lattice.

2. Hence
Vy = hapgt®a® = gop1°0f = 1y
and if R converts y into u U
= Lop?P? = Wy
We denote the heads of vectors x v z
y zu by X ¥V Z Uand have z y _,Y

vxy=g¢(y“—x‘)(y‘~xﬁ)

— Pt -yf—ayp) O XX

= yg+ vy — 20y Figure for article 17,2.
and a similar expression for vzy. Therefore vy = vxy and
the operator R leaves the size-number of every separation
unchanged. In other words R converts any triangle into a
congruent triangle.
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In particular R converts the four prime vectors e, into the
four prime vectors ¢,, and the two five-faces formed by the
sets of prime vectors are congruent.

3. Exercise.—Show that the two figures, one consisting
of the 8 prime vectors of the c-system and the other of the
8 prime vectors of the e-system, are congruent.

4. We observe that the operator conjugate to R is
R= ec, so that

R.R =ce . efcg = g*C,Cp = C,C*
ﬁ-R=e“c,-cpeﬁ=g¢e“e”=e‘ea

confirming our knowledge that R . R and R . R must both
be the identity operator.

5. We use the term congruence operator for any operator
that leaves the size-n .mbers of all separations unchanged.
We shall see that in some cases it is possible to bring two con-
gruent figures to coincidence by a continuous motion,* while
in others a discontinuous change analogous to reflexion in
Euclidian space is involved. When the two figures have
a pair of corresponding points coincident the continuous
motion that brings about complete coincidence is called
rotation.

Since a tensor operator has 16 constants, and by requiring
the c-lattice to have the constants of the e-lattice we impose
10 conditions a congruence operator has 6 constants at
disposal.

* In the fourfold conception of the world there is.no motion ; corresponding
to the classical conception of a particle in motion we have an unchanging line
of point-events, When we speak of bringing two congruent figures to coin-
cidence, we mean that the two can be connected by a1 infinite series of figures
congruent to them such that any two successive figures differ only infinitesi-
mally in position,
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CHAPTER 13
REFLEXION

1. THERE are four kinds of reflexion. The mirror may be
a triplane, a biplane, a line, or a point. The linc joining a
point and its image must meet the mirror, must be bisccted
by it, and except in the case of the point-mirror must be
perpendicular to it. This is the definition of reflexion in the
fourfold.

2. We take the triplane e,,; as mirror. By article 15,1
the projector of a vector x is .viet/¢g#H, so that the image of
X is

X — 2vied/gH

and the operator Q.23 which produces this reflexion is *
Qi3 = I - 2eded/gH
3. Exercise.—Verify that Q.3 leaves every vector in the
triplane ei;; unmoved, and find the images of e, and e+,
4. For a biplane mirror we take e;.. The operator that
converts a vector X into its projection is, by article 14,3
K=-P. P/g'mz
where P = e€; - ez,
while the operator I + P« P/gu2 converts x into its pro-
jector.

* Here and throughout the chapter the operator is supposed to use the back-
hand stroke.
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Since P = (gugay — gug1s)e%* = giage’e?
the projection operator is
= (€182 — €:1) ¢ £rapy €% gras = — (Cxfumy — Cafrary)e?|guma
and the projector operator

(41212 + €1 g2y —~ &g'lzw)ed’ [g1212
= (gougrae + Luugims ~ Layf1114)€%€% grama
= e"e"g.pr%rz/ng
Now gymg2 vanishes if either ¢ or ¢ is I or 2, so that by
the help of article 4,10 we may write the operator as

Ee"e"gg‘“’ /g‘ 1212

the summation tobe carriedout for A=3 p=4, A=4 p=3,
p=3 =4, p=4 o= 3 Hence since byarticle 12,12
Lz = gg334 the projector operator is

L = (g#edes ~ ghedet - giieted + gieles) g
5. If s is the projection and p the projector of x the
image of x is equal to 2s-x and to x - 2p.
Thus 2K -~ I and I - 2L are two expressions for Qra
the reflexion operator for the biplane ey, ; that is tu say

Qu = 2(gxee; —~ L12€2€1 — £2:€,€; +gueae:)/g'mu -1
= I - 2(gHedes — gietes — gidelet + gieler)/go
6. For a straight line mirror we take e+ By article

13,18 the operator edet/g# converts any vector into its
projection. Hence the operator

Q4 = zedet/git — 1
converts it into its image.
7. As point-mirror we take the origin. The operator Q,
which causes the reflexion is

Qo'= ~ et = ~ I
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8. In Euclidian space reflexion in a line is equivalent to
a pure rotation, while for reflexion in a plane or in a point
there is no equivalent pure rotation. We shall discuss the
corresponding properties in the fourfold.

9. We consider the e-lattice and its image in the triplane
€3, which we call the f-lattice. The first three prime
vectors of the f-lattice coincide with the first three of the
e-lattice. We denote the head of each vector by the corre-
sponding capital letter, so that for example E; is the head
of e

The constants g, being supposed given and the position
of e e, e; being chosen the head of the fourth vector
e, or f, isgiven by

Xe€: = gt Xe€; = gy4a Xe€3 = gy XeX = gy

that is it is one of the two intersections of the contour tri-
surface of size-number g, by the straight line given by the
first three equations. E, and F, satisfly these conditions
and are the two points in question. No other position being
possible for the head of the fourth vector it is impossible for
lattice f to come by continuous movement to coincidence
with lattice e.

10. As biplane mirror we take e, and the image of the
e-lattice in it we call the h-lattice. Since e; and e, are
perpendicular to the mirror, h, is e, reversed and h,is e,
reversed. If we hold h3 h¢ still, in coincidence with e3 e,
then h; h, being perpendicular to h3 h¢ are limited to the
biplane €;; and what we have to consider is rotation in that
biplane.

11. If e;; is a mixed biplane it cuts the contour system
in a series of hyperbolas. Hence the head X of any vector
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—

OX is limited to one branch of its hyperbola and cannot

be brought by continuous motion to the reverse position.
12. Another observation is worth making about rotation

_— —>
in a mixed biplane. Let the vectors OX OY be perpen-

dicular to one another. Iet 6}’ rotate towards P in the
figure. Then since perpendicularity is conjugacy with
respect to the hyperbolas OY will rotate towards 0. That
is to say the effect of rotation is to turn OX and ()Y in
what the Euclidian would call opposite directions.

13. If ey, is a spacelike biplane it cuts every contour in
an cllipse. /7, lies on the same ellipse as £, and can travel
along the ellipse to coincidence. ~As the inclination between
h, h, remains constant the rotation that brings #: to £,
also brings H to E,; and for the same reason it reverses

every vector in the biplane.

Take any vector 0_2 Through Z draw a biplane
parallel to e;, and meeting €3 in Y. Take M as the fourth
corner of the parallelogram OVZM. Then OM lies in
e, and ZM is parallel to e#. Take L as the point to which
the rotation brings M, so that O is the mid point of LA/
Take .Y as the fourth corner of the parallelogram YOLX.

The rotation brings M to I, leaves OV unmoved, and a
parallelogram remains a parallelogram. Therefore 77 comes
to X. And since Z.X is bisected at V¥ at right angles by
e, every point rotates to its image.

Hence any figure can be brought by a pure rotation to
coincidence with its image in a mixed biplane, but cannot
be brought by such means to coincidence with its image in
a spacelike biplane.
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14. We observe thatif h, €3 et form a right-handed set of
three directions, the set e, e3 e+ to coincidence with which
they come by rotation are a left-handed set. Thus the
sharp distinction in Kuclidian space between right- and left-
handedness does not hold in the fourfold in which it is
sometimes possible to rotate right- and left-handed scts

to coincidence.

A Y X

M (0 L

Yigure for 18,12, Figure for 18,13,

15. We may look on this rotation in the biplane €. as
taking place in any triplane that contains €, for example
in the triplane es3. The axis about which the rotation takes
place in €13 must be perpendicular to € and it must lie in
€w3, that is it is perpendicular to e+ This is (by article
13,12) the position to which operator ele+ - ede3 throws
e4, so that the axis is gt4e3 — g43ed
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More generally we may take as axis any vector r per-
pendicular to ey, the triplane of the rotation being that of
e e I

16. Let the k-lattice be the image in e4 of the e-lattice.
As e, e, e; are perpendicularto e reflexion reverses them.
A timelike vector cannot be reversed by continuous motion,
for reversal means moving it from one cup of its trihyper-
boloid to the other. Thus for the k-lattice to come by con-
tinuous motion to coincidence one condition is that in the
e-lattice e; e, e; must be spacelike.

17. We assume the triplane erz; to be spacelike, so that

Ly

Figure for article 18,17.

the vector et is timelike, and the biplane e* is of mixed
character. We carry out the pure rotation in the biplane
e, which brings k, k. to coincidence with e, e,  This
position to which the k-lattice is thus brought we call the
1-lattice.

We let fall perpendiculars £3P K,;Q from E; K3 upon €y
E,OK; being a straight line bisected at O, so also is POQ.
And E,P = K;Q. The rotation brings OQ to OP and
leaves QK the other component of OKj unaltered. So
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that X; comes to L; such that PL; is equal and parallel to
QKjand to E;P. That is to say K; comes to the image of
E;in e

18. To find Z, the point to which K, comes we let fall
perpendiculars E,X K, U from E, and K, on the triplane
€ Since E,K, is normal to e+ and bisected by et at A
it is parallel to €yq3 so that the two perpendiculars are equal,
and XOU is a straight line bisected at O.

Kg
L
vl\ /Ez
K, U

Z

Figure for article 18,18.

Now from X U we let fall perpendiculars XV U} on
&1 They are equal and YOV is a straight line bisected
at 0. The rotation swings OV to OV, and translates V{/
UK, without change of size or direction since they are
normal to €, U comes to Z the image of .X in e;; and
K, comes to L, the fourth corner of the parallelogram
EXZL,

RS drawn parallel to O meets E,L, in its middle point
S, and E,L, is parallel to XZ and perpendicular to e,.
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Thus A, comes to the image of £, in the biplane through
R parallel to ey,

19. The line E;L; of article 17 meets the triplane e,e.e
in one point. That point is 2 which liesin e;; and therefore
in the triplane. E;L;is perpendicular to e; and e,, and since
it lies in ey it is perpendicular to e+, It is thus perpendicular
to the triplane e,ese+, and L; is the image of £; in eezet

The line E(L, of article 18 meets e;e.e4 in one point.
Since RS mects e+ and is parallel toe,; S is in e.e.e4 and is
the point. %,/ is normal to e, and parallel to ey, and is
therefore normal to e,e.es.

20. The l-lattice is thus the image in the triplane e,e.et of
the e-lattice, and by article 8 cannot be brought by a pure
rotation to coincidence with it,

Therefore the k-lattice cannot by pure rotation be brought
to coincidence with the e-lattice, There is thus no pure
rotation equivalent to reflexion in a line.

21. For a point-mirror we take the origin. Then reflexion
reverses every vector at the origin, including the timelike
vectors. As a timelike vector cannot be reversed by con-
tinuous motion there is no pure rotation equivalent to reflexion
by a point-mirror.

22. This discussion of reflexion shows that in the fourfold
there are a great variety of cases in which congruent figures
cannot be brought to coincidence by rotation.
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CHAPTER 19
THE VELOCITY VECTOR

1. IN the classical conception of the world the history of a
particle was given by expressing three rectangular space co-
ordinates & y 2 interms of the time 2 In the relativity
conception we substitute a fourfold in which the place of a set
of pace coordinates along with the appropriate value of 7 is
taken by a point or point-event. Whereas in the classical con-
ception the history was given by a line in space with a value
of ¢ attached to every point of it, now in the relativity con-
ception the history is given by a line in the fourfold each
point of which has the four coordinates & » =z ¢« This
line is called the world line of the particle. The origin is
located in time as well as space, and may be said to be
“here and now.”

2, Consider a particle whose world line is a straight line
through the origin O. Let the coordinates of a point /°
upon it be x y =z ¢ In classical language we say that it
has travelled distances x » = parallel to the three axes in
time 2, or that its velocity v has components x/¢ ;/t s/t
and that the magnitude of the velocity is

v = JEF AT

3. The size-number of the separation OF is 2 ~ 22 — y2
—-22 or 2£2(1 - v?). If OP lies inside the basic tricone the
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size-number is positive and v is less than 1. If OP lies out-
side the size-number is negative and v is greater than 1. If
OP is a generator of the tricone v is equal to 1.

Now it is a principle of relativity that no velocity can be
greater than that of light, which we have taken as 1.
Therefore the world line OP lies on the tricone in the case
of light and inside the tricone for anything that moves
slower.

4. The size-number vop =2 - 22 - »2 — 22 and the size
gop = \/t? — 2* — 52 — 5 have the property that their
values are the same in all reference lattices; they are in-
variants. The special symbol s is used for the size, so that

S=0Opp= o fB-2P-)P-F 2= ypp=L-22- 23

5. We introduce another lattice in which the coordinates
ofapointare ¢ 7 { = and thesize-number of the separa-
tion of that point from the origins? — ¢ — 9 - {2, thelattice
so taken that P lies on the r-axis. For P and for every
other point of our straight world line ¢ % { are zero, so
that the size of OPis 7. Thus the invariant quantity sis the
time of this particular reference lattice in which the particle
lies at rest.

It is appropriate that the particle should imagine itself to
be at rest and everything else in motion, so that for him r
is a unique measure of time. Accordingly the invariant s,
which is equal to 7, is called the “ proper time ” of the par-
ticle, the zero of time being at the origin O, here-and-
now.

6. If we divide the coordinates of 2 by s we shall have

|
|
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the coordinates of a point Q on OP. Also a/s is the dis-
tance traversed parallel to the r-axis, measured in the
zyzt-lattice, that elapses per unit of proper time. And so
for y/s z[s. And ¢s is the amount of time measured in the
xyst-lattice, that elapses per unit of proper time. It is
accordingly appropriate to call the vector ZJZ) the ¢ velocity
vector ” of the motion.

7. We observe that the components of the velocity vector
and the components of the classical velocity z are related by
x 1 & y 1y
SSJiser s yiee

= 14 I
Py s J I—-1°
We observe also that the size-number of OQ and of every
velocity vector is unity since s2 = 2 - 42 - 32 - 22

8. Take now a world line of any form. I.et / with
coordinates + y 2 ¢ and @ with coordin-
ates zr+dr y+dy s+ds t+dt be
two successive points on it. The vector

I’-’—Q) has the components dr dy ds dr
and the interval of proper-time between
P and Q is

ds = Jdt? - dv? - dy* - d?
The components of the velocity vector u
of the motion at P are

dc dy ds dt

s as s s Figure for article 19,8,
the components of the classical velocity »
A Ay ds
dat at dt
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and the relation between ds d? is
ds = dtJ1 - 2

9. Let us take the zero of proper time for the world line
at the point-event K. We divide the piece of the line
between K and 2 into infinitesimal elements, calculate the
interval of proper time for each eclement, and define the
proper time at P as the sum of these intervals., That is to
say the proper time s at £ is

P
- jKJdtT_’:z.rz By

10. If instead of the cubical (or supercubical) lattice we
employ an oblique lattice with prime vectors e, and lattice

—>
constants g,s we denote the vector OF by x with components
—
a4t 12 8 x+ and vector /°Q by dx with components di* dx?
—
dy3 dr+. The vector OQ is therefore x + dx and has com-

ponents A" + dxT 4% + di? 23 + dx3 xt + drd,
The interval of proper time from P to (, or the size of

PQis
d = (71:9 ~/ g‘,p(lz‘ M
and zero of proper time on the line being at K, the proper

time at P is
1}

NZwpdr dr®
K

11. The components of the velocity vector u are
dxt dv? dad dxt

—

ds ds ds  ds

and the velocity vector itself is
dat dx? da3 dxt
= - - e
u d.\‘et + dse~2+ d3e3+ s 4
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which may also be written as

u= (%_(x‘e; + 1%, + a3e; + xiey)

or as

u=(_1:

12. Article 11 may be stated more in terms of vectors.
—
We start with the vector OP or X or x%, with components
—>
a2t 22 23 x4, We add to it the vector PQ or dx or dr’e,

with the four components dx* dr? da3 Q
dzt. The sum of the two is the vector dx
—_—

0Q of x + dx or (+* + dr*)e, with a4

the components 2 + di* 22 + di® u
23+ dx3 xt + drt,

The velocity vector u = «%, is a
scalar multiple of the vector dx namely
dx|ds = dx*e,lds, so that its components

o

Figure for ariicle 19,12,

are

ut = dx*lds
or written in full
drt dy? dv3 dr4
we=d Y% YL YT

13. When we wish to split up the fourfold into time and
space, the prime vector we choose for the measurement of
time must be normal to the triplane which is to be our space.
Now e,isnormalto e; e, €; if gy g2 g3 vanish. Accord-
ingly we make these particular g,g vanish, take e, for time
vector and the triplans e.,; for our space.

14. The world having been split into spacc and time the
event P is characterized as happening at local time x4 after
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the origin, which is here-and-now ; or if we wish to emphasize
the unit e, as happening at time 24,/g,. The place at
which it happens has in the egg-lattice the coordinates
2 22 23, or if we emphasize the units, the coordinates
N A AT

“Local time"” means the time in this particular reference
lattice in contradistinction to proper time.

15. With the world thus split the inteival of local time
between P and Q is dx4. The position of @ relative to F
has the components dz* dx? dx3 so that the distance 3p
between P and @ is given in our space lattice €123 by

8pp = — gudrdyt — gadxdi® — gydxidad
- 2gudx?da3 — 2gud¥3dxt — 2g1dx'dy?

which we may write concisely as
89 = - Esg.pdx“dxﬂ
We also write 7pg to denote /gudx* the interval of loca

time from 2 to Q.
The magnitude of the classical velocity at P is

= 8pg/Trg
16. With the world thus split the interval ds of prope
time from P to Q is given by
ds? = Vpg = g“pdx‘dxﬂ
In this there are ten terms, One is gydrtdzt.  Six are tt
terms of 83 The remaining threearethose in gy g2 ¢
and vanish. Therefore
ds? = 13 - 8y
and
ds =, /(1 - ©?)req
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The relation between the velocity vector and the classical
velocity is accordingly

dat 1 dxt dr? I dr?

ds J I - 72 Tpo ds \/1 — 2 Tpo
dx3 I dx3 dr? 1 1

& YT E AT e e
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CHAPTER 20
THE ROTATION OPERATOR

1. OUR main object in discussing the transformation from
one reference lattice to another is the comparison of the
pictures of the world as seen by two observers C and £ who
are in relative motion. We can interpolate between C and
E as many other observers as we please. We can therefore
pass from the C lattice by stages as small as we please to
the E lattice, that is to say by pure rotation. Thus the
congruence operators with which we are chiefly concerned
are those that cause rotation ; we call them rotation operators.

2. Suppose we have two observers, £ who uses the e-
lattice, and C who uses the c-lattice, both having their origin
here-and-now at O, the two lattices being congruent.
Suppose the world line of £ to be the prime vector e, ; e, is
therefore timelike, and £ is at rest in the classical sense in
his own reference system. Also suppose Cs world line to
be ¢,

Consider the operator R =c.e*. If, proceeding as in
chapter 16 and remembering that g, and 4, are equal in
the present case, we express the prime vectors of each lattice
in terms of the other lattice by

C.=dley e .=frc
R takes the forms
R = dfeser = fc.cy
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—_—
Suppose vector OF expressed in the two lattices to be
x%e, and s,
Then

—_— —_
OP = z%e, = 3%C, = 2% 3°c, = z%d’e, for all values of OF

so that
2 = od? &= Y
3. Suppose that C's velocity vector in the e-lattice is u.
In the c-lattice it is €4/o/g4 since it lies along ¢, and has

-
size-number unity. We take this vector for O and have

N==mB=0 = 1/u
ut = x° = P = d¥[Jgu

We have thus four equations for 43! 42 &3 & which must
be satisfied if a prescribed velocity vector u i to lic along ¢,
The fact that the size-number of u is unity gives one relation
among these quantities, namely

Lol 4T = gy
so that the four equations amount to only three independent
conditions,

Since a congruence operator has in general six disposable
constants, a congruence operator c,e* which throws a pre-
scribed velocity vector along ¢, (or rather which converts the
e-lattice into one which has e, in a prescribed direction) has
three disposable constants.

4. Exercise. — Discuss the possibility of deducing
dp = wJ}; from the other three equations of article 3
and £p0dYdY = g

5. The velocity vectors of £ and C head towards the
future so that their heads both lie on the future-time bowl of
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the contour trisurface of size-number unity. We can thers-
fore by continuous motion bring C, to coincidence with E,,
This being done and the values of g, being supposed to be
specified €, may lie anywhere on the locus

Xe€ =gy XeX =gy
a conicoid wh ch also contains E..

As e, is timelike the triplane x.e; = gy, is spacelike and
cuts every contour in an ellipsoid. As C; lies on the same
cllipsoid as E; it can be brought by continuous motion to
coincidence with it,

When €, Ci coincide with %, E; the locus of possible
positions for C; is

Xe€ = gy Xe€r = g XeX = g

which is the line of intersection of a contour trisurface by a
spacclike biplane, and therefore an ellipse. As C; lies on
the same ellipse as £, it can by continuous motion come to
coincidence with it.

When C, C. C; coincide with £, E, E. the position
of Cyis given by
Xe€y =gy Xe€ = gy Xe€ = gp XeX = gy
This locus consists of the two points in which a contour
trisurface is cut by a straight line, one of the points being
E; and the other its image in the triplane e,

6. When we are setting up the c-lattice in its original
position and have set up ¢, ¢ c. there remains for c; the
choice between two positions which are images of one another
in the triplane ¢,  In order that pure rotation may bring
the c-lattice to coincidence with the e-lattice that position
must be chosen for ¢; that will bring it to coincidence with
e; and not with its image in €z
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7. As a special case let the e and c lattices be super-
cubical ; let observer E have the prime vector e, as world
line while C has ¢, as world line, so that each is at rest in
his own system; let ¢, coincide with e; and c; with e,
Let the classical velocity of C relative to £ be 7.

If the two lattices can be rotated to coincidence it is by
rotation in the biplane ey,
We put

c; = die: + dye,
and since on £’s reckoning
C does the distance ' in
the time d/# we have

difd} = v
whence
I = C4OC4 = (1}4:4}2(1/2&"][

+ g4 = (A1 - o)
an(l C, == (1‘:‘(7@( + e,')
where dp = (1 - w)1/?

Figure for article 20,7.

Since ¢, is normal to ¢, and in the biplane e,, its value is
C = d;'(e. + ve.;)

—_
If vector OF is 1%e, in the e-lattice and s°c, in thc
c-lattice
r'e. + x°€: + x3€; + vie; = s'dp(e. +ve;) + %€ + ey
+ sddyve, + e)
so that 2= dys' + voH)
P =P
a3 = 33
= d(st + vs)
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These equations are Lorentz’s famous transformation.
From E’s picture of the world which is expressed in terms
of z* these equations give the picture of the world as seen
by C who has relative to £ a velocity v along the #* axis
and who expresses his picture in terms of 2%

Lorentz first invented his transformation to give in terms
of any known electromagnetic arrangement another possible
electromagnetic arrangement. Later Minkowski saw that
the two different arrangements could also be one single
arrangement viewed by two different observers.

8. Let E and C be two observers, whose world lines are
both straight. Let k be a vector along £’s world line and
1 one along C’s. How does £ express in classical language
his picture of C’s motion ?

E splits the fourfold into time measured along k and
space which is the triplane normal to k. Thus if from L
the head of vector 1 we draw LM perpendicular to k, £
says that the vector 1 is resolved into a time-lapse OM and

—_
a space vector ML, or that C travels from M to L in time

OM.
We know (article 5,7) that

Vouk = TRy VMLVk = Vu

and that wy is positive and wy negative, so that in E’s
picture C is travelling with a velocity of magnitude

v - /o

We note that the expression for C’s velocity is of degree
zero in k and | and it is immaterial whether these vectors
are the velocity vectors or other vectors with the same
directions,
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9. Exercise.—Show that in E’s picture the classical
velocity of C is given in direction and magnitude by the
vector loy/ay — kfoy or ¥/, kl#ke,z/axmy, showing by direct
calculation that the second expressnon has the appropriate
size-number wy/wf,.

Is the Pointer of a Triplane Invariant?

10. In what circumstances is the pointer of a triplane
invariant, that is to say when will our formula (articje 11,11)
used in a new lattice ¢, pick out the same normal to a tri-
plane that is picked out by the formula used in the lattice e, ?

We first consider a particular case. As the prime vectors
C: C2 c3 ¢, wetake e* e e3 e+ This requires the pointer
of e23 when we are working in the ¢, -lattice to lie along e,
but when we are working in the e,-lattice it actually lies
along — e, Thus the pointer cannot be invariant for all
transformations.

Again let the e-lattice be supercubical, and for ¢: €2 ¢3 ¢4
take e; e; €; — €, which is congruent to the e-lattice. The
pointer of € in the c-lattice is ¢, or — e, while in the
e-lattice it is ¢, And the pointer cannot be invariant for all
congruent transformations.

11. The pointer of triped kim = 1/kim*re,s, is

1/3 klm®ed, J — g where the symbol 2 directs summation
agys

for even permutations of a 8 y d. That will in future be
the meaning of the symbol without further explanation.
We shall consider transformation to a c-lattice congruent to
the e-lattice. Let the two lattices be given in terms of one
another by
€. =fI €. =dl,
137



20,12] FOURFOLD GEOMETRY

and let the vectors ke, /*e, m*e, be r°c, s*c, #*c, when
expressed in the new lattice.
From article 2 we see that the formulas we need for trans-
formation from the e system to the c system are
e =P e =fic
ko = alry ko= dos

12. For %/mP¥® we have
klmP = | dfrt dfsv  dPe
dgr Ay de
agrt  disv A%
= dpyfrirdsise

with the notation of article 16,3. For any set of values
of ¢ ¥ w we take the six permutations and thus find

Yo BpyuPrirsibe

In accordance with article 16,3 wereplace . ** by df?
in which a B y & and 0 ¢ ¢ w are even per-
mutations and & is the determinant | 3" | We then have

Ysd 3, f st
obbo

The numerical factor changes because the present summa-
tion is over 12 terms while the former sum had 24.
Hence for the pointer we have

T Hnes/ = g = s AL I e g
ﬂﬁ W

the numerical multiplier being the same on both sides be-
cause both sums are for 12 terms.
13. The operator S which converts e, to c, so that
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Se€, = ¢, isS = ¢,e* = f4c.c and the conjugate operator
is S = e,c* = fotcyc”.  From these we have

S+ S = £ Cy) PP = fafiect
S S = fibeyct o« Ca) FEC = F f3CeC®

And these are both the identity operator when S is a con-
gruence operator, so that

Sfaf8 =SS =8
14. Thus fPfec? = 8ic® = ¢ and therelation between
the pointers in the two lattices is

s S g = &'y 3 e/

The pointer is thus an invariant for transformations in
which & is unity and not otherwise.

15. The prime tetrapeds of two congruent lattices have
the same size-number, so that article 16,4 shows 42 to be
unity and & to be + 1. If we require the transformation
to be a rotation we can interpolate any number of congruent
lattices, so that the change at any step is infinitesimal ; in
that case 4 must be unity for each step and therefore for
the transformation.

Hence the pointer of a triped is invariant for all trans-
formations that are rotations.
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CHAPTER 21
A GRAVITATIONLESS REFERENCE SYSTEM

1. IT is a hypothesis of the relativity theory that a
gravitational field acts on a ray of light as well as ona
material particle. Ifwe choose a man at rest on the earth as
observer E his reference system would have a gravitational
field and the path of a ray of light would be curved. Instead
of this we choose as observer £ a man fall'ng freely under
the earth’s gravitation. His ‘local region” will extend
vertically as far as the magnitude of the earth’s gravitational
force is sensibly equal to that at £’s origin. Horizontally it
will include places for which the direction of the earth’s at-
traction is sensibly parallel to that at the origin. This de-
fines the spacelike extension of the fourfold local region ; for
its timelike extension we have time-lapses of corresponding
magnitude.

2. In £’s local region as thus defined there is no gravita-
tional field. Hence on our hypothesis the world line of a
ray of light is straight.

3. In the local region straight lines, biplanes, and tri-
planes exist and £ builds up his lattice of supercells with
no warping of the fourfold to trouble him. Within the
region the lattice quantities g,z are constant, although be-
yond it they become variable.

4. We compare E’s picture of the world with that of
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another observer C. The relation between £ and C can be
stated in two ways. In classical language we say that £
and Care in relative motion with a constant relative velocity ;
in relativity language we may say that (’s reference system
is obtained from E’s by a rotation in the fourfold about the
origin,

5. This method of deriving C’s picture from E’s makes
every coordinate in C’s lattice a homogeneous linear function
of the coordinates of E’s lattice, so that a straight line for
E is a straight line for C. Hence a ray of light, being
straight for £, is also straight for C. Further the straight-
ness of light rays being by hypothesis equivalent to the
absence of a gravitational field, C’s lattice is also free from
gravitation.

6. The question of the phenomena as seen by observer £
beyond his local region belongs to the higher geometry of
the fourfold. So does the question of the phenomena as
seen by C when his system is derived from Z’s otherwise
than by uniform relative motion, when for example the
relative velocity is accelerated. So does also the question
of what happens when E’s system has a gravitational field.
They are beyond the scope of this book.

7. So long as we confine ourselves to E’s system free
from gravitation and to those of other observers C whose
systems are derived by rotation in the fourfold, we know
that the following quantities have the same measure in all
systems or are invariant : the size-numbers of line vectors,
of area vectors, of volume vectors, of supervolumes, all
vector quantities and their outer products, the inner pro-
ducts of two line vectors, of two area vectors, of two volume
vectors, and the pointer of a volume vector.
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21,8] FOURFOLD GEOMETRY

8. Apart from the value of the elementary geometry of
the fourfold as a preparation for the higher geometry, this
finding of invariants is the culmination of the whole discus-
sion. For these invariants are the proper quantities in
which to express such laws of mechanics and mathematical
physics as can be stated for the local region, in order that
these laws may be equally true for all lattice systems,.
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CHAPTER 22

MEASURE OF DISTANCE

1. AN event has a definite location in the fourfold. Its
location may be given by four coordinates, or by a vector
drawn to the event, or otherwise. A body or particle has
not a location but has a one-dimensional locus, namely its
world line. We can measure from one event to another,
but we cannot measure from one locus to another, at least
not until we have some agreement as to what that process
is to mean.

2. The vector joining two events is called the separation
between the events. [f we think of the fourfold apart from
any particular observer a separation is not a distance or a
time-lapse or the sum of distance and time-lapse ; it is a new
entity in which distance and time-lapse have lost their
separate identity and are fused together.

3. For any particular observer the fourfold splits in two,
into his time and his space. For him a separation usually
consists of two elements, distance and time, that is to say
one of the two events happens at some distance from the
other and some time after it. In particular cases the time
difference may be zero, that is to say the two events are
simultaneous; the separation is then pure distance. And
when we speak of distance in fourfold geometry we mean
the separation between two simultaneous events,
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4. When in the classical mode of thought we consider
the distance between two bodies capable of relative motion
we speak of ‘“the distance at such and such an instant.”
That is to say that here also we are really measuring the
distance between two events.

5. Consider two bodies S: S. at rest in P's system.
Their world lines are parallel to P’s velocity vector, which

we will call 5_[7 and u. Let their world lines and u lie in

Figure for article 22,5.

the same biplane, and in this biplane let the unit vector

“0_1—{_> =k be drawn perpendicular to u and cutting the world
linesof S; S. in X: X,

For P time is zero all along OK, X: X, are simul-
taneous events, and Ox.X, is the distance between S; S,
at time zero.

6. Now consider the situation as viewed by @ whose

—_—
velocity vector OV =wv also lies in the biplane uk. In the
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biplane we draw the unit vector OL =1 perpendicular to
OV. For @ time is zero all along 1, and in particular at
Y, V, the events in which | intersects the world lines of
St Sa

7. Weshall see that the separations .Y:.X, ¥V, have
different sizes, that is to say P and Q give different values
to the distance between S: and S;. This does not surprise
if we reflect that each of them is measuring the separation
between a pair of events, and that they select different pairs
of events to measure.

—_— —_
8. Let OU=u OV =v be the velocity vectors of two
observers P (), and let k | betwo unit vectors per-

G
U
E

H

o

Figure for article 22,8

pendicular to them in the biplane uv. Let UD VE UF
VG as shownin the figure be parallel to k 1 Let k
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—
head in the same direction as UD, and 1 head so that if

u v are brought to coincidence, so also are k 1
9. We denote the inner product u . v by cosh §. Then, the
size-numbersof u v k 1 being 1 1 -1 - 1, wehave

_.+. _+
0G = ucosh 0 OF = vcosh 0
— —_—
OE = usech @ OD = vsech 8

10. Also  vgy = voy — vog = I — cosh? @
—_—
so that, as GV and k head in the same direction, we take
8 to be positive and have
—
GV = k sinh
whence
—
UD = k tanh 6
and similarly
— —
UF = 1sinh 0 EV = 1tanh 0

1f. We have expressions for v in terms of u k, and
for u interms of v 1, namely

S —y .
v=0G+ GV =1ucosh @ + k sinh
—_— — .
U= OF + FU = vcosh 8 + | sinh 0

—

12. The vector OD, which is a piece of Q’s world line,
—

resolves itself, in P’s opinion, into the time OU and the

—
distance UD. That is, in P’s opinion, Q travels the distance
tanh 6 in unit time and has classical velocity tanh 6.
—_— — ———
13. Along vector k we lay off vectors OX; XX, X.X;. .

each equal to —(}5 Through X; X2 X; ... wedraw the
world lines of bodies 77 7. 73 ... that are at rest relative
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to P. Let P be an observer standing on a railway track.
Then we may take 71 7, . . . to be telegraph poles set
up along the track.

Figure for article 22,13.

—_— =
Along P's world line we lay off UU. U.U; . . . equal

—_—
to OU which is P's unit time. Wedraw U.D, U,D; . .
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parallel to k to meet the world lines of 7, 73 .. . in
D, D, ... Thentheevents D D, D; ... areon J’s
world line and are the coincidences of observer ¢ with the
poles 7 7o 73 ...

P’s measure of the distance between two poles is the
size of the separation between his simultaneous events
X;:and .X;; it is tanh 6. He says the time Q takes from
one pole to the next is ooy or oyy,, that is unit time, say

one second.

14, Let the vector 1, Q's line of zero time, meet the
world lines of 7% 7, 73 ... in Y1 ¥, V5 . .. These
events O Y; ¥, . . . being simultaneous for Q, he takes
the size of the separation of two of them as the distance
between two poles. This is the size of DA in the figure
of article 22,8 or tanh 6 sech 6.

Q’s time is measured along the vector v, OV being one
second for him, so that his reckoning of the time-lapse from
pole to pole is OD or sech 6.

Thus @'s reckoning of the distance between two poles
and of the time-lapse between two poles is sech 8 times P's
reckoning.

—_ —
15. Along vector 1 we lay off vectors OA4; A4, . . .

each equal to I_/_E in the figure of article 22,8. Through
A: Aa . .. wedraw the world lines of bodies C; C, . . .
that are at rest relative to . We take O to be sitting on
the front of a train travelling along P’s railway track, and
we take C; C, . . . to be the couplings between successive
coaches of the train,

The same kind of reasoning as before shows that for Q
the length of a coach is VE or tanh § and that a coach
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takes I second to pass P, while for /> the length of a coach
is tanh 6 sech 8 and that it takes sech § seconds to pass him.

16. P’s picture of the poles and coaches at his time 3,
that is to say the intersection of {/30; with the world lines,
is shown in the upper of the figures. The lower figure

shows Qs picture at what he calls time 3.
The reason why P and Q assign different values to dis-

tances and to time-lapses is now clear. While their phrases

' C3 I C‘Z J CI lQ
P T T, T,
C C C

> L ! ! I Q
P T T, T

Figure for article 22,16,

‘““distance between two places” and “time-lapse between

two events” are identical, they mean quite different things
to P and Q. To P the phrases mean the sizes of certain
vectors, to ( they mean the sizes of quite other vectors.
For the purpose of the present illustration we may treat
P's and Qs reference systems as gravitationless. For some
purposes, for example to compare the time taken by a ray
of light to make the circuit of a closed curve in the two
directions, to ignore the gravitation would lead to error.
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CHAPTER 23

COMPOSITION OF VELOCITIES

—
I. LET three observers 2 Q R have velocity vectors OU =u

— — .
OV =v OW = w which lie in the same biplane. In this

k
o

Figure for article 23,1.

biplane we take unit vectors k 1 m perpendicularto u v w.
For each of the vectors k 1 m there is a choice of two
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opposite directions; we take them so that when u v w

rotate to coincidence, so alsodo k 1 m.
2. Wedraw U4 VB WC parallelto k 1 m tomeet
vwuin 4 B C. Weput

Uev =coshf vew=cosh¢ wWeu=coshy

Article 22,12 shows that the classical velocity of @ relative
to P is oy, or tanh 6, that of R relative to Q opy or tanh ¢,
and that of P relative to R oy or tanh . The vectors

—_— ——> —>
UA VB WC we express as
ktanh§ I1tanh¢ m tanh ¢

so that for the figure we have drawn 6 ¢ are positive and ¢
negative.

3. From the symmetry of the figure in which u and k, v
and 1, w and m, are three pairs of semidiamecters of a
hyperbola, the fact that (article 22,11)

v = u cosh # 4 k sinh @

carries with it

1 = k cosh 0 + u sinh 8

4. For w article 22,11 gives two expressions, namely

w = u cosh ¢ + k sinh (- ¢)
w = v cosh ¢ + lsinh ¢

In the first the minus sign enters with ¢ because ¢ is
negative. In the second substitution of their values for
v 1 gives
w =(u cosh 8 +k sinh ) cosh ¢ + (usinh 8 + k cosh 6) sinh ¢

=1 cosh (0 + ¢) + k sinh (8 + ¢).
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Comparison of this with the first value for w gives

or 0+¢+y=o0
5. If we put @ =tanh § B =tanh¢ ¢ = tanh ¢ the
relation 6 + ¢ + b = 0 gives

a+ B+y+afy=o0

that istosay: If,, 7 @ R remainingin a straight line, a is
the classical velocity of Q relative to 2, B that of R relative
to O, and v that of P relative to X, these velocities are con-
nected by the above relation.

6. Otherwise, to make all the quantities positive for our
figure, we put @ = tanh § B = tanh ¢ 5 = — tanh ¢ and
have : If a is the velocity of @ relative to 2 and B that of
R relative to @, then the-velocity of R relative to P is

a+ B
I + af

7. We observe that if either of the quantities a B in the
preceding article is unity, so also is H{% That is to say
if observer & moves with unit velocity (the velocity of light)
relative to observer O, he moves with the same velocity
relative to observer P.

8. When the velocities are small af vanishes compared
with o and B, and we have the classical law for the addition
of velocitics, namely that if a is Q’s velocity relative to 2
and B R's relative to Q, then R’s velocity relat ve to 2 is
a + B

9. We now come to the composition of two velocities not
in the same line. Let 0—35 u 0_75 v O-M_;E w be
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three unit timelike vectors heading to the future. let k
be a unit vector in the biplane uv normal to u, and let |
be a unit vector in the biplane uw normal to u. I.et

cosh @ = w,, cosh¢ = wyy coshy = Wy

v W

Y 1

Figure!for article’23,9.
10. Thus by article 22,11 we have
v = ucoshf + ksinh 8

W = ucosh¢ + lsinh ¢
and these give

cosh = vew = cosh 6 cosh ¢ + @y sinh 8 sinh ¢

The biplane kl is perpendicular to u and is spacelike.
Hence (article 8,5) k and 1 meet at a Euclidian angle
which we will call w. Thenk.l = - cosw and our equa-
tion becomes

cosh § = cosh 6 cosh ¢ — sinh 8 sinh ¢ cosw

11. Let u v w be the velocity vectors of three observers
P Q R. Then the classical velocities of Q and R relative
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to P are tanh 6 and tanh ¢, and w is the angle between
their directions; and tanh ¢ is the relative velocity of Q
and R.

We put tanhf = a tanh¢ = S tanhy = y and throw
the equation into the form

sech d sech ¢
sech ¢ = I - tanh 6 tanh ¢ cosw
o N o (>

(1 - aBcosw)?

and thus have y, the relative velocity of Q and R, explicitly
in terms of a and B, the velocities of Q and R relative to P,
and the angle w between them.

12. If we put B = 1 the formula of article 11 gives unity
as the value of y also, so that if R has unit velocity relative
to Q, it has the same velocity relative to 2. That is to say,
if light travels with unit velocity relative to any gravitation-
less reference system, it also travels with unit velocity relative
to a second system which has any constant velocity relative
to the first,

13. Exercise.—Show that when the vectors u v w lie in
the same biplane the formula of article 11 gives as the value
of y

a + a - - a
I—?l:_‘aﬂ—ﬁ or I——:——aéﬂ or ]B— aﬂ

14. Exercise.—Show that when a B y are small the
formula of article 11 becomes
9y = a® + B* - 2af cosw

the formula of classical mechanics,
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CHAPTER 24
THE GEODESIC

1. LET AB be a world line, that is a line whose direction
at every point is timelike. Let 2 Q be neighbouring points

—_

on AB, the separation PQ being dx. The size-number of
;5 is

vpg = g‘,,de‘dxﬂ

>

and the size of PQ or the interval of proper time from 2 to
Qis

Opg = N Eupdr dr?
The interval of proper time between A and 2 which we also
call the size of the line is

B
[zt

Now while A and B are held fast let the world line be
slightly varied. In general this variation will change the
size of the line. When the line is such that no change takes
place in the size it is called a geodesic.

2. Let P Q R be three points in succession along the
curve, near together. Join PR and drop the perpendicular
QM from Q on PR. M must lie between P and R as other-

wise the world line would have a spacelike direction some-
where between P and R. Since @M is normal to PM

Vpg = Vpy + VMo
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Since MQ is spacelike vy is negative and equal to - ojy
so that
obg = 0Py — i

and oy, is less than apy

In the same way o is less than oyg, so that the size of
the line PQR is less than the size of PMR. .

Thus by straightening the piece QR of the line we have
increased its size. And we can continue to increase the
size by straightening until the whole line is straight, when
the size is a maximum.

M,
R R Q

M/f—Q

P P
Figure for article 24,2.

We can state the result thus: Of all the possible world
lines joining two points 4 A the interval of proper time is
greatest when measured along the straight line.

3. Now let 4B be a line whose direction is spacelike at
every point, and let 2 Q be two neighbouring points on it.

In this case the size-number vy, is negative and the size
opQ is o

org = N = gl
The size of the whole line 4B is defined as the sum of the
sizes of its elements, that is to say it is
B .
L,J — ZapdxtdaP
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As before we define the geodesic joining A4 and 2 as any
ine whose size is unaltered by infinitesimal variation the end
pointsbeing held fast. Let /> Q R bethree pointsin suc-
cession on the line and near together, and let QA7 be the
perpendicular dropped from Q on PR.

4. First we suppose the biplane /’QR to be of mixed
character, and QM consequently timelike. A falls between
P and R as otherwise the line would have a picce of time-
like direction. In this case.

vpg = — Opg VP = = Opy VoM = Oy

so that
~ o9 = - obm + oM

and opy is greater than opy. We deal with QR MR in
the same way and so find that the size of the straight piece
PMR is greater than the size of the broken line POR,

That is to say any straightening in a mixed biplane in-
creases the size of the line 4.5,

Again suppose the biplane PQR spacelike, so that every
line in it is spacelike, and let QM be perpendicular to PR
as before.  In this case it is immaterial whether M/ lies be-
tween £ and Ror not. All the size-numbers being negative
we have

oo = oby + dhig
oQr = Gk + g

from which, no matter how M lies,
opg + Oor> OpR

Thus any straightening in a spacelike biplane lessens the size
of the line 4B8.
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5. In the case of a spacelike line we find that the straight
line has neither maximum nor minimum size, the size being
increased by one kind of variation and diminished by another.
But its size has a stationary value. Thus let 2Q be a piece
of a straight spacelike line, S a point in it, and 7SU per-
pendicular to PQ. Then if the size of P7TQ is greater than
of PSQ, so also is the size of PUQ ; if the former is less, so
also is the latter. That is to say whatever effect a small

B
Q
Cc D
T U
P
A
Figure for article 24,5. Figure for article 24,6.

distortion in one direction has, the reverse distortion has an
effect of the same kind; and this is the condition for a
stationary value.

6. Let the world line of an observer E be the straight line
AB, From C the middle point of A8 we draw CD at right
angles, making its size v times the size of AC. Let the
world line of an observer S consist of the two straight pieces
AD and DB, This means that S travels away from £ with
speed v and then returns at the same speed.
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Now

o%n = dc — o%p = (1 — )¢
ops = (1 - 7,0%y

and S’s interval of proper time from 4 to B is a4p + opp Or
N/ I - 220y

Suppose the time that elapses for £ from 4 to B to be an
hour. Then the lapse of time for S is only /1 - 22 hour.
And if S travels with the speed of light, no time at all
elapses for him.

7. Exercise.—We take a second as the unit of time. In
order that the speed of light may be unity, 3 x 10™ centi-
metres must be equal to 1 second. On this basis show that
the radius of the earth, 6:371 x 10%cm., is 2124 x 10~2
seconds, and that the velocity of a point on the equator
relative to the earth’s centre is » = 1544 x 1076

Let S be an observer on the equator and moving with the
earth. Let £ be an observer whose world line is straight
(ignore the motion of the earth in its orbit), and let the
world lines of S and £ meet once a day. Show that the
proper time of S between two meetings is ,/1 - 22 times
that of E, and that the difference between the two proper
times is approximately 10~7 seconds.

8. This discussion of geodesics is for the local region,
that is for a region for which the lattice functions g,z are
sensibly constant. In further regions the functions g,s are
not constant, and students who pursue the matter further
will find that in such regions straight lines do not exist and
that their place is taken by geodesics, defined as lines of
stationary size.

159



24,8] FOURFOLD GEOMETRY

There being no straight lines in the further region, the
Euclidian definition of parallels falls to the ground, and the
further development of the subject depends to a great extent
on the discussion as to when two lines are to be called
parallel. This discussion belongs to the third stage of
relativity geometry.
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CHAPTER 25

THE LAWS OF MOTION

1. THE restatement of the laws of motion is a question of
mechanics and not of geometry. We shall nevertheless
conclude by a discussion of the motion of a particle as an
illustration of the virtue of the method of stating laws in
terms of fourfold vectors.

We have seen that the velocity vector, which gives the
change of position of a particle per unit of its proper time,
is a quantity independent of the reference lattice used.
Another such quantity is the vector that gives the change
of the velocity vector per unit of proper time, and this is
called the acceleration vector.

If the separation of the particle from the origin is x the

velocity vector is u = ax in which s is the proper time, and

ds

the acceleration vector is
h—%u_dox
ds ds?

2. We assume the mass of the particle to be invariant and
denote it by ». Since u and #z are invariant, the vector »u
is also invariant; it is called the momentum vector. For
the same reason the vector mh is invariant; this is the
momentum acceleration vector.

We introduce another vector f called a force vector and
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25,3] FOURFOLD GEOMETRY

put h = f. The first three components of £ correspond to
the force of classical mechanics; what the fourth means
remains to be seen.

3. In order to compare these four-dimensional quantities
with the quantities of classical mechanics we take a super-
cubical lattice with z+ as time coordinate and 2t 12 x3
as space coordinates. We put

L A o
a4 dx4 dx4
VU 4+ 7?2 4 v = v
that is tosay »* 22 3 are the components of the velocity
in classical mechanics, and its magnitude is v.
4. The expression for the components of the velocity

vector in terms of the classical velocity are
dx* I R
W= VNI =T

w3 = 18 J1 — v ut = 1/J1 - w
Consequently for the acceleration vector we have, for
a=1 2 3
P du“/is_= _r f!_(_ )
ds  dxMdxt 1 - vv d\ J1 — w0
and for the fourth component
Bt = ‘f“.“/‘i’i R S _t_i_(___l___>
detldrt  J1 ~ w0 dxi\J1 - w
5. Consequently the four components of the equation
mh = £ are

e () e

T ()
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THE LAWS OF MOTION [25.7

When v is small the first three of these equations become
the classical equations which say that the rate of change
of momentum is equal to the applied force. Thus in these
equations we have equations of invariant form which for the
slow motions customary in mechanics reduce to the custom-
ary form. This is sufficient to justify the assumption of
their universal validity as a hypothesis on which to work
until it leads to some discrepancy.

6. If for all values of v these equations are to mean that
the rate of change of mo.nentum is equal to the applied force
we must amend certain definitions. For the mass, defined
as the quotient of the momentum by the velocity, we must
use

po=mlJ1 - w
that is to say the mass is equal to # when the velocity is
zero while for a finite velocity it depends upon v and is
greater than . Thus m is the mass in a reference lattice in
which the particle is at rest ; it is called the “ proper mass ”
of the particle. Forany other lattice the mass is (1 - vv)—2
times the proper mass.

As the force components in classical mechanics we take
the first three components of the fourfold force vector, each
multiplied by (1 - »v)t/2,  The equations have then the de-
sired meaning, namely that the rate of change of momentum
is equal to the applied force.

In confirmation of this somewhat startiing departure from
the classical laws of motion we have the experimental fact
that for rapidly moving electrons the increase in momentum
is greater than in proportion to the increase of velocity.

7. We have still to consider the fourth equation of article 5.
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25,7] FOURFOLD GEOMETRY
That the size-number of velocity u is unity is expressed by
the equation

wiut — u'n' - wPu? — uduld = 1

Differentiation with respect to the proper time s gives
wiht — wit - wh? - w33 = o

or since mh = f
w4 = wYf*t + w3 + u3f3
or
V1= W= (T )+ (T = v + 0T = )
The right side expresses the rate at which work is being
done on the particle by the applied force, or the rate of in-
crease of kinetic cnergy. And since the left side is by article 5

equal to -;::‘{III(I - vv)~ '3} the quantity (1 - vv)- T2
[

only differs from the kinetic energy by an additive constant.
To the second power of v we have

nf(1 - vo) "2 ~ 1} = TP

giving the classical expression for the kinetic energy. Thus
in

m{(1 - vv)~ 1z — 1}
we have an amended expression for the kinetic energy, and
the fourth equation of article 5 expresses the fact that the
work done by the applied force is equal to the increase of
kinetic energy.



APPENDIX
NOTE ON THE TETRAPED

FrROM four vectors k 1 m n we can make 24 tetrapeds
by different arrangements of the vectors (or we could say
that there are 24 ways of naming the one tetraped). We
take one tetraped klmn and name it f. Since (article
1,19) interchange of two vectors changes the sign of the
tetraped, there are 12 tetrapeds equal to f, namely the 12
obtained by even permutations from klmn. The other 12
obtained by odd permutations are equal to - f.

The size o; expresses magnitude only without regard to
algebraic sign, all 24 tetrapeds have the same size, and f
is either equal to oy or to -0y The size-number vy
is always equal to - a2, and thercfore also to  — f2.

Of the two prime tetrapeds €3, €23 one must be
positive and the other negative since €13, is equal to ge'23#
and g is negative, It is a matter of convention which we
make positive, and we shall choose ey,  Then since the
size of €y is &/ -g and that of ew= is1/,/-g we
have

Cay=o/-g €H=-1//-g
Using f'2% to denote A/mm*% we have
S =klmn = kimn'die,, = [,/ ¢

and also f—_- /cz;lzﬁ,gye“‘“r- -f1334/~/ —g
These are the results of article 12,9 in which epn, has

been assumed to be positive,
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ANSWERS TO EXERCISES
Eack exeycise is denoted by its chapler and article numbers

2,6. The vectors te; *te, *e; +*e furnish four
edges for each supercell that has a corner at O, the choice
of signs gives 24 or 16 supercells. The number of super-
cells with e; as an edge is 23 or 8 ; the number with e, as
a biface is 4 ; and the number with e, as a triface is 2.

2,7. The coordinates of the sixteen centres are

i ‘/2 :': I/2 t 1/2 t 1/2

The triplane ' = ¥/, contains eight of them and 1* =
- I/, contains the other eight. With this pair of triplanes
parallel to e,3, we take three other pairs parallel to the other
three prime volume vectors. The eight are the boundaries
of a tetraped enclosing the origin.

The only corner inside the enclosure is the origin.

For edges, the supercell e, (like every other supercell
of the sixteen) has the halves of four edges inside, and each of
them is shared by 8 supercells, so these half edges make up
i x 4 x 16 + 8 or 4 whole edges.

Each supercell of the lattice has a quarter of each of 6
bifaces inside, each biface shared by 4 supercells. So the
number of whole bifaces is I, x 6 x 16 + 4 or6.

Each supercell has an eighth of each of 4 trifaces inside,
each triface shared by 2 supercells. Inall /g x 4 x 16 + 2
or 4 whole trifaces. .

2,19. The six projectionsof > arc V A4 B C D E,
the letters that are not shown in the figure being so placed
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ANSWERS TO EXERCISES (7.2

that OUAX OUBY OWCX OXDY OYEW are
parallelograms, For these six points lic in the appropriate
biplanes, while P7 TV areparalleltoey, FPI° 7TAd
parallel to ey, PS SB toey, PI' TC toey PQ
QD toen and PQ QE toen
The projection on e of X is x'e; + %€, foritis ade;
+ xée, a vector parallel to e, that we must compound with
it to give x.  And so for the other projections.

4,13. The only limitation on the prime vectors is that
they must be independent. We chose €. Then e; must
not coincide with e;. Then e;must not lie in the biplane e,,.
And e, must not lie in the triplane e,;;. Each of the four
vectors can thus be made timelike or spacelike as we please.

53- €Te€r = (g7€; + g%€s) € = gMCieCr + g0,
= gl¢nu + g%
and so for er. e,

5,8. The condition is that it should be possible to choose
A p such so as to make wy4,, positive.  This expression
is

My + 20y, + (Ve
or (AW + porm)? + p(ave -~ Tim)t/m
The numerator is capable of negative values, and the ex-
pression capable of positive values, when 72 is greater than
WV

5,9. If the parallelogram Im is spacelike both the base
1 and the height h are spacelike, so that » w, are both
negative, and ny, =wuw, is positive. If the parallelogram is
mixed, of base and height one must be timelike and one
spacelike, so that ny, must be negative.

6,11. The prime vectors of the derived latticc of ey, lie in
the biplane e;; and will thus coincide with e* e* onlyife;
is perpendicular to ej..

7,2. The prime vectors of the derived lattice of e;.; lie in
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9,8] FOURFOLD GEOMETRY

the triplane e.,;; €' e*> e3 are perpendicular to e, and
will thus lie in the triplane e only if e, is perpendicular to

8133.
9,8. Let O be the origin and E, the head of vector e,.
Let U be the projection of £, on the triplane €xz3, so that the

—>
height of the five-faceis h= UE,  Let a triplane parallel

]

S

Figure for answer to exercise 9,8.
to the base B = OE,E.E; travel from £, to 0. When it
cuts €, at £ and h at V let ;’E4 = )Me, so that also
?/_Z'I., = Ah; let Q I¥ correspond for the value A + 4A to

P V.
If the triplane through P cuts the five-face in the section

S = PF,F,F; we shall have
— — —
Pj"t = Aex PI'; = Aez PF3 = Ae_;

and S is a copy of the base B on the scale A : 1.
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The size of the supervolume generated by shifting the

triped e.,; along e, is Cogyy OF  To,0n Since o, =

/6%y the size of the superprism generated by the shift of
B along e;is opoy or I/W'xm'

The element of supervolume gencrated by section S in
moving from position A to position A + A, or the element of
the five-face traversed by the triplane from A to A 4 @A, has
size osopy or Aopddoy. To obtain the size of the five-

face we replace A3JA by its integral JI MdX or '/, Thus
[+]

the size of the five-face is one quarter of oyoy that is a
quarter of the superprism generated by shifting the tetra-
hedron with edges e; e, e; along e,

9,9. With the notation of the preceding cxercise the
five-face is /;040p and ooy is /60y,,, Wwhence the
required result.

9,10. For the superprism we take that generated (in the
figure for the answer to 9,8) by the shift of 5 == OF, [, /l55
along e, to £,G:G,G;  We consider the four five-faces

K = E,OFE.\FR,I,

L - EGEEE;
M = EG\GEE;
N =z [,G1GRGyE,

each being named by its five corners, We consider the
volumes of intersection of these five-faces by the triplane 7°
whose equation is 4 = k. 7" meets four of theten cdges
of the five-face X in points whose coordinates arc

000k AooO«k oAdoxk 00k

being used to mean 1 - x. These are the corners of the
figure of intersection of 7" and X, which is a tetrahedron.
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9,10] FOURFOLD GEOMETRY

7 meets six of the edges of five-face L and the coordinates
of the points of intersection are
Aook olox 00Ax
100k kAOk KOAk

Figures for answer to exercise g,10.

These are the corners of a triangular prism which is the
intersection of 7' and L. Similarly 7" intersects 4/ in a
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triangular prism whose corners are at
00Ik O0O0Ak KO Ak
oAk« oAdox kAo«
and intersects /V in a tetrahedron whose corners are at
010k OAOxk kAOKk OAkk
The figures show the four intersections, the tetrahedron
PH,H,H; being the intersection of 7" with the superprism.
Thus the intersections of 7° with the five-faces build up its
intersection with the superprism. This being true for all
values of x we see that the five-faces K L M N build
up the superprism.
The section of K by 7, being one sixth of the triped of
edges Ae: Ae;, Ae,, is
e (I = K)i€1a3
in which €23 means the triped with edges e; e, e;  This
section by shifting through dke; generates the element of
supervolume
‘/6(1 - K)3dKe[zM or l/6([ - K)deJ :g

We thus have fur the five-face «
I T
Yof g (1 - Pde o gl
The prism in which T cuts the five-face L has edges
ker A(e: — €) A(e; - e)
and by shifting its corners along the parallel edges we obtain
an equal prism with edges
K€ Ae; Ae;
The vector expression for the section is thus /ax(1 - x)?€1a5
A shift along dke; generates the supervolume  /ai(1
- Kk)dreay, and the supervolume L is

‘/2\/ :_g-j:K(l - K)ﬁ({K = J“;;g'/z".
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11,3] FOURFOLD GEOMETRY

The section of M has edges «xe; Ale; — €;) «e; its vector
expression is I/;k*(1 ~ k)er3 and

M = I/ze:234 :K’(l - K)dl( = \/—:2'/24

The section of NV has edges «x€: x€, xe; and vector
expression /gi3€r; SO that

T -
N = 1/631234.‘.0K3({K = ~/ "'5'/24

Thus the four five-faces into which we cut up the super-
prism are equal.

The equality of the five-faces can also be shown geo-
metrically. T'wo five-faces on the same tetrahedral base and
of the same height are cqual because the two tetrahedra in
which they are cut by any triplane parallel to the base are
congruent. Thefive-face £,G E [L.E; is equal to OG . E1E B,
because £,0 the join of the vertices is parallel to G%, which
lies in the common base G/ E.E;; and OG.EE.E; is
equal to OL,E E [, because G E, the join of their vertices is
parallel to £;0 which lies in their common base.  Similarly

EG\G.ELE; = OG\GEE; = OF,G.EE; = OE:EE.E;
and
EGr1GaGiE; = 0G\GLG3E; = OE,G2GHE;

= OE\E;G;E; = OFE\E;E E;

That is to say the first five-face is equal to each of the other
three.

11,3. If the corners of the circuitare > Q@ R S, the
film may consist of triangles OPQ OQR ORS.

15,9. First we put e3 = g¥e, et = gie, and obtain
eieedet = e.8,(g3igHese, +g3igdie e;) = g3eiy, = &/ — £g3.
Using the derived lattice we obtain gysr.€™3t= — &l - g
So that

Suaa = ggiH
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ILIO. eese'ef = ee¢phtee, which expression gives
finite terms only when =3 ¢ = 4 and when 0 =4
¢ = 3, so thatits valucis g*3e.e.ese,. Also the given
expression is equal to  giegage’e?e’ef, or, since 6 ¢ o« B
must be unequal to give finite terms, equal to  gy.s€'e?ede
in which y 8 are such as to make « B y & an even
permutation. This gives the result stated.

12,5. Let us assume M4 =0 m*= 0. Then of the
six equations /m*° = @** five take the form
Iz = a2 w3 = a3 Dt =a% [Pt = o™ DBmd = a¥
which can be looked on as giving m2 w3 m+ [2 /3 in
terms of /&.  With these values substituted the sixth equation,
Im? = a3 becomes aZa¥ + a?Ba™ + 3w = 0. Thus
the vectors 1 m which we have determined satisfy all the
conditions.

12,11. The determinant Zmnp'?3 can be expanded as

Lot + Ty + Tvaps
+ Imanp® & [nzingp® + lnsnpe
whence the result.

12,12. e"efee, is equal to ggfdee e, and by inter-
changing 0 ¢ to - g*¥gfey,, and so by addition to
V24 €400
We take p 0 7 w to be an even permutation from 1
2 3 4. Our cxpression contains two finite terms which
are givenby 0 =7 ¢ =w and 0 =w ¢ =1 so that

the expression is
fen. o g/ g
€123 being assumed to be positive.
Similarly, €23 being negative, we obtain
~Srovi/n/ —&
where a B y & areaneven permutation, and the equating
of the two values gives the required result.
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12,13] FOURFOLD GEOMETRY

12,13. The determinant
Su L £z Ly
Sat L2z a3 824
Bor Sz Se3 Sn4
got Loz La3 o4
is equal to the given expression, and has the required values
for the various values of p o.
o2 \ gx o>
St Ol gn\ gd:\
= tag =/ - g uv"
and  w" = s £ uvy, .
so that 7512 = 1[40/ — gg™*Pgruv,
The first part of the exercise shows that the finite terms of
this expression are given by
k=3 A=4 and k=4 A=3
so that we have
12 = 1o f - gluvylg - wvglg}
= - uvyl/-&
which is the result stated.
13,5. The two processes give the same result, namely
ko,Wy + Ko We + MO + MWy Wax + - - -
13,8- a"&,e, X = a"pe.-‘rp
= Ek‘lpecxp = Zk‘e.l‘xp = Z'kwk
which is the expression of article 2.
13,17. We determine 1 m as in exercise 12,5 so thatlm

is equal to the area vector 1/,a**e,. Then a% is Ine®
and

752 = YeSa = I[aglmh;‘;‘k

Again

A= l;"e.e, = lre,mfeg — melfeg = lm — ml
14,9. The vanishing of a.b is the condition that each
area vector contains a direction that is perpendicular to the
other.
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We- take a and b in the forms kl and mn. We put
r=xk + Al s=pm +wn sothatrliesinaand sinb.
s is perpendicular to a if r.s vanishes for all values of
of « A, thatis if

k.(um +wm)=0 Il.(um + ) =0

and there is a vector s that lies in b and is perpendicular to
& if it is possible to choose p v so as to satisfy these equa-

tions. The condition for this is
= ‘ k.m k.n|=/4

My My | = kl®mug = a.b

mg ng

l.m L.n

14,10. We have a.Cn = K/a (lage". €12 If a or p is 3

or 4 e contains a direction perpendicular to €;, and e*. €5,

vanishes. Thus the only finite terms are those given by

a=1 B=2 and a=2 B=1, and the right side of
the equation is a;a.

We denote the projection of aone;; by b=_«xe..  Then

@2 =a.€=b.€n=kK€2.Cp = Kg 1312

and the projection b is  @1:€12/g1312:

14,11. Let X denote the head of vector x, and so for the
other vectors, Let the two triangles that make the film be
XTS XY7. The six area vectors are the halves of
(x-s)t-x) @F-x(t-x) yx xs st ty
and when the first two are multiplied out the sum is seen to
be zero.

14,12. In a.b = /,a%hy we put a=¢€, b=e,
Then 4% = - a* = 1 and the other @® vanish; " =
— & =1 and the other /% vanish. Thus

€ups €y = bog = Lupsl™
= Eufml™ + Lalm = Zapys

Againweput a=¢€;; b =e” sothat a?= - a=1
and the other ¢* vanish; &,, = - 6, = 1 and the other
by vanish. Hence €€ =3[0z + /2672 = a'%b1a = b1a.
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Andébis1ifp=1 o=2, itis-1if p=2 o=1,
otherwise it is zero.

1511. The vanishing of v.w is the condition that each
volume vector should contain the direction perpendicular to
the other.

We take v in the form klm and w in the form rst. Let
P=«k+ A+ pum q=pr+ os+ 7t sothat p liesin
vand q in w. The condition that q is perpendicular to v is
that q.p vanishes for all values of « A pu. q will
satisfy this condition and at the same time lie in w if we can
determine p o 7 sothat (pr+oS+7t)ek (pr+os+17t).l
(pr + os + 7t)em vanish; the condition for which is

O=| ker kes ket | =8B |7, s, &,
l-l‘ l.s l.t 1‘3 Sp tﬂ
m.r m.s m.t ry Sy ty

= Tfo Rlm®'rst,s, = VoW

1512, We have Veer;; = /608" €123 and if a or B
or y is 4 e* contains the normal to e,z; so that the term
vanishes. The only finite terms are the six for which « B
y are permutations of 1 2 3, and the value of the right
hand side is vyzy

We denote the projection of v on €13 by W = ke
Then

Viz3 = Ve€ra3 = We €3 = K€io3¢ Crz3 = Kf123123

so that the projection w is

'sz3em3/gm3t23
16,17. By article 7 egec® = /¢
by article 2 diffe = &
and by article 6 e, = /¢,

so that
C.E = dfe‘es.f7chc, = edffye, = edie, = L
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16,23. If x is converted to zero by forehand action
WD + Ui + Dl + TS

must vanish. By takiny x normal to the triplane klm we
can make the coefficientsof p q r zero, but since n is not
in kim the fourth term remains finitez By giving x an
appropriate direction we can obtain zero components in any
three directions, but a finite component will remain in a
direction perpendicular to these.

The reasoning is similar for backhand action.

16,24. The forehand stroke of kp + lq + mr converts
to zero a vector perpendicular to klm, and the backhand
stroke one perpendicular to pgr; a single direction in each
case.

The vectors x converted to zero by the forchand stroke of
kp + g aregivenby k.x = l.x = 0, that is they lie
in a biplane. And so for the backhand stroke.

All the vectors in the triplane k+x = 0 are reduced to
zero by the forehand stroke of kp, and all in p.x = 0 by
the backhand stroke.

17,3. The vector e* converts to c* since

R.e* = c,ef.€* = g%, = Ah*c, = C*

and the congruence follows from the fact that all size-
numbers are left unaltered.

18,3. When x lies in @23 €4+ X vanishesso that Qa3+ % =X
A'SO e40e4 =1 SO that Qx33oe4 = e4 - 2e4/g‘44, and
etet = g4 so that Q1330e4 = et — 284 = - @4

20,4. We have to find what values of Z;* will satisfy

Bl = gu N
in which (l‘;' = u‘~/g44 d;’ = "’Jg.“ dz3 = 143~/g44
and u is a velocity vector. We put

B = JERW ) a=1234
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The first equation then gives
Bu = Looku(U® + ) u° + &°)
or I = Gootfu® + 28p5UP3° + Loatfz”
In accordance with the data we make 2 2 23 vanish and
the equation becomes
22548, uP 4 242404 = O
and has the two roots

#=0 = - 28,Ufgy = — 2uygy
so that 43* has the two values
/g N N/

Considered geometrically we have to find a vector x which
has size-number g4y and has 2 = w4t /g 2% = w3 /g,
2 = w3 /g, Thissays that the head of the vector is a
point of intersection of the contour of size-number g;, by the
straight line given by the values of 2T 2 a3 This
straight line is parallel to e, and therefore perpendicular to
the triplane €3, The figure is thus symmetrical about the
triplane (for the system of contour trisurfaces has complete
symmetry with respect to any timelike vector at the origin
and with respect to any spacelike triplane through the origin)
and the two intersections are images of one another in it.
The head of the vector u/g,, satisfies the conditions and is
one of the intersections, so that the other is the head of its
image, that is to say (article 18,2) the head of

(I - 2e@/gu) /g, Of U g, - 2wz,

20,9. The classical velocity expressed as a vector is
FL/GOM- Since Ooy = wH/Gk we have
o = kwy/w and

—_— —_—
WML = w(l - OM) = Iy, - ko
= £ k.kp - l'k.k’e, = E"k.e, = !/2k—[¢ke¢
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and the required velocity is
(o — keww)/oxmm (0
or 3/ FiTeg/ oy 2
We now consider the vector
q == !/3 EZ"A—’E“’ == l/g Z'_ZWZ'_C;"'
Since ke, ke written out in full is
(ha€p — Fg,)e (hre” — [7eP)
or kokPBy — hok"8f — Kph?d" + kgh"d}
we can express q+q as the sum of four quantities of which
one is
b = Y kbRl ko ko8G = 7], RIBER Rl g
By interchanging o B and adding the two expressions we
have
24 = 1/4232'3'{”('67#3'{'1 - ;jpﬂ'{'ﬂ)
or since  Flughy + klghe + Kloaky = blleg, = 0
2¢ = /s klPhPhlogh,
so that by article 12,6
4¢ = nwa
Each of the other three quantities has the same value as ¢,
so that the size number of q is ¥y and the size-number of
expression (2) is
walog®n  or /o
23,13. When the three vectors lie in the same biplane the
angle w is either 0 or 7. In the former case we have
Al - afF=(1-af?- (1 -a&)t - f)=(a- By
and the two values of y are
(@ - B/ - af) and (B - a)f(1 - af)
Whenw ==
Y1+ aff = (1 + afy - (1 = @)1 - B) = (@ + PP
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sothat y = (a + B)/(1 + af). We ignore the negative
value as that only means measuring the velocity in the re-
verse direction.

23,14. To the second order of small quantities

I - 9= (1 - a®(1 - B3)(1 + 2af cos w)
=1-a® -~ B?+ 208cosw
24,7. In seconds the radius is
6371 x 108 + 3 x 10™ = 2°'I24 x 10~ 2
A pointontheequator travelsadistanceof 27 x 2'124 x 10 =2
seconds in a time-lapse of 86,400 seconds, so that
V= 27 X 2124 X 10”2 + 86,400 = 1'544 x 106
Let a pair of triplanes perpendicular to £’s world line and

close together cut elements dk 4l from the world lines of
E and S. Then therelation o5 = og/1 — 72 is true of

the elements and therefore of finite portions of the lines. E's
day being 86,400 seconds, that of S is 86,400 (1 — 27/2)
seconds, and the difference is (in seconds)
86,400 x 1'5442% x 10~ 12 + 2
or 1077,
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Acceleration vector 25,1
Affixes, indices, powers 2,1
Area vector 1,8

Aspect 1,7 1,8footnote

Backhand stroke of a tensor 13,2
Bi- 3,15f00tnote

Bicone 3,4

Biconicoid 3, 15footnote
Bihyperboloid 3,6

Biplane 1,1

Bisurface 1,r

Boundary of inward aspect 11,18
Brick 9,6

Cell 2,4

Components of a vector 2,2
Congruence operator 17,5
Congruent 17,2 17,5

Conjugate biplanes 3,12

Conjugate direction and biplane 3,14
Conjugate direction and triplane 3,11
Conjugate directions 3,9

Conjugate operator 13,3

Contour 3,3

Contour system 3,8

Coordinates of a point or point-event

2,2
Curvature of the Fourfold 2,11

Derived components 4,7

Derived coordinates 4,7

Derived lattice in a threefold 6,9
Derived lattice in a twofold 5,10

Derived lattice in the fourfold 7,1

Dyped 1,16

Fiveface 3,26footnote
Foot of a vector 1,2

Force 25,6
Force vector 25,2
Forehand stroke of a tensor 13,2

Geodesic 2,11 24,1 24,8

Head of a vector 1,2

Height of a parallelogram 5,4
Height of a tetraped 7,3
Height of a triped 6,5

Horn of a tricone 3,5

Identity operator 13,11

Indices, affixes, powers 2,1

Inner product 4,5

Inner product of two area vectors
14,8

Inner product of two volume vectors
15,8

Invaria,nt 3,1

Lattice 2,4

Line vector 1,2
Local region 2,11
Local time 19,14

Magnitude of a separation or vector
2,10 3,3

Mass 25,6

Mixed biplane or triplane 3,17foot-
note

Momentum acceleration vector 25,2

Momentum vector 25,2

Notation see after Index
Operator 13,1

Orientation 1,8footnote
Original and derived lattices 5,10
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Orthogonal projection 3,24
Outer product 12,rfootnote

Parallelism 2,12 3,25
Parallel projection 2,14
Perpendicularity 3,23
Pointer of a triped 11,11
Point-event 2,10

Powers, indices, affixes 2,
Prime vector 2,2

Product of two operators 13,4
Projection, parallel 2,14-2,18
Projection, orthogonal 3.24
Projector 2,14 14,1

Proper mass 25,6
Proper time 19,5

Reciprocal operators 16,16
Reference lattice 2,1
Reference system 16,22
Rotation 17,4

Rotation operator 20,1

19,9

Scalar 1,17

Selt-conjugate operator 13,14

Separation 2,To

Size of area vector or volume vector
of irregular boundary 9,4 9,7

Size of parallelogram 5,4

Size of separation or vector 2,10 3,3

Size of tetraped 7,3

Size of triped 6,5

Size of world line 24,1

Size-number of parallelogram 5,4

Size-number of separation or vector

13
Size-snumber of tetraped 7,3
Size-number of trired 6.5
Skew-symmetrical operator 13,16
Spacelike biplane or triplane  3,17foot-
note
Spacelike vector 3,3
Summation ot affixes 2,3
Super- 4,1footnote
Supercell 25
Supercube 4,1footnote
Supercubical lattice 4,1 11,15
Superprism 7,9
Supervolume 1,17
Symbols see after Index
Symmetrical operator 13,15
System of reference 16,22

Tensor operator 13,1
Tetraped 1,16
Timelike vector 3,3
Tn- 3,15f00tnote
Tricone 3,4
Triconicoid 3,15footnote
Trihyperboloid 3,6
Triped 1,16
Trplane 1,1
Trisurface 1,1
Volume vector 1,15
Warping of the Fourfold 2,11
World line 19,1
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with the articles in which they are introduced

e, e prime vector 2,2 7,1
e, €% prime area-vector 2,4

’ .

€y €*# prime volume-vector

2,5
—
OP 1 m line-vector 1,3 2,2
a b Im area-vector 1,3
v w Imn volume-vector 1,11
f lmnp fourfold volume or
supervolume 1,17
/2 J, line-vector components 2,2
4,7
a® a, lm® Im,g area - vector
components 12,1
PH Uy, linn®t 1_7;77;,,, volume-
vector components 12,7
vop w lel size-number of line-
vector 3,3 4,5
Vg ¥m a.a size-number ofarea-
vector 5,4 5,7 12,6
Wmn VeV size - number of
volume-vector 6,5 6,8 12,8
Vf Wmgp Size-number of super-
volume 7,3
gop 0y size of line-vector 33
0, Oy size of area-vector 5,4
Oy Oy sizeof volume-vector 6,5
O Omyy Sizeofsupervolume 7,3

Wy

Im lmn Imnp outer products
of line-vectors 12,1?

Wy lem inner product of line-
vectors 4,4 4,5

Wy Wimps @b inner product of
area-vectors 14,7 14,8

Wyw Dimst V°+W inner product
of volume-vectors 15,7 15,8

A tensor operator 3,1

a® af aly a, components of
operator 13,7 13,9

A.B AB product of operators
13,4

x.A Ax A A XAy A
action of operator 13,2 13,6

A conjugate operator 13,4

I identity operator 13,11

= L,}

8 411

g g% lattice constants 4,1
4,9

Lape £ 6,1 6,10

Lapyoor £ 4,10

Om ¢ inclination numbers 8,1

dog™ 16,3

Z 20,11

apys
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15$. net.

Surtees (R. 8.)
HANDLEY CrosS, MR. SPONGE’S
SPORTING TOUR. ASK MAMMA. MR.
FAcEY RoMFORD’S HOUNDS. PLAIN OR
RINGLETS ? HILLINGDON HALL. Each,
illustrated, 7s. 6d. met. JORROCKS'S
JAaunts AND JoLrrTies, HAWBUCK
GRANGE. Each, illustrated, 6s. met.

Thomson (J. Arthur)
WHAr1s MAN ?  6s. 6d. net.
AND RELIGION. 7s. 6d. net.

Tilden (W. T.)
THE ART OF LAWN TENNIS. SINGLES
AND DouBLes. Each, illustrated, 6s.
net. THE COMMON SENSE OF LAWN
Illustrated. ss. net.

Tileston (Mary W.)
DAILY STRENGTH FOR DAILY NEEDS.
31st Edstion. 3s. 6d. net. India Paper,
Leather, 6s. net.

Underhill (Evelyn)
MysTicIsSM (Tenth Edition). 15s. net.
‘THE LIFE OF THE SPIRIT AND THE LIFE
oF To-DAY (Sixth Edition). 7s. 6d.
net.

Vardon (Harry)
How 710 PrAY Gorr. Illustrated
18th Edition. Crown 8vo. 5s. net.

Waterhouse (Elizabeth)
A LitTLE Book or LIFE AND DeaTH,
22nd Edition, Small Pott 8vo. 2s. 6d.
net.

Sir SIDNEY
Each

Demy 8vo.
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Wilde (Oscar).
THE WORKS. In 16 Vols. FEach 6s. 6d.
net.

1. LORD ARTHUR SAVILR’S CRIMER AND
THE PORTRAIT OF MR. W, H. 1I. THE
Ducsgss or PApvA. III, Porms. IV.
LAapy WIiNDERMERE'S FAN. V. A
¢ WoMaN or No ImporTANCE. VI. AN
IbEAL HusBaND, VII. THE IMPOR-

7

TANCR OF BEING EaArNest. VIII A
House or POMEGRANATES. IX, IN-
TENTIONS, X. DB PROFUNDIS AND
PrisoN Lerrers. XI. Essavs. XII,
SALOME, A FLORENTINE TRAGEDY, and
Lo SaiNTR COURTISANE, XIII A
CrITIC IN PALL MALL, XIV. SELECTED
PROSE OF OSCAR WILDE. XV. ART AND
DecoratioN. XVI, For LOVE oF THE
KING. 3. net,

PART II. A SELECTION OF SERIES

The Antiquary’s Books
Each, illustrated, Demy 8vo. 10s. 6d. net.
A series of volumes dealing with various
branches of English Antiquities, com-
prehensive and popular, as well as
accurate and scholarly.

The Arden Shakes

Edited by W. J. CnuaandR.H Case.
Each, wide Demy 8vo. 6s. net.

The Idenl Library Edition, in single
plays, each edited with a full Introduc-
tion, Textual Notes and a Commentary
at the foot of the page. Now complete

Classics of Art
EdiudbyJ.H.W.LAmu. Each, pro-
fusely illustrated, wide Royal 8vo. 15s.
net to £3 3:.mt.

A Libury of Art deulmg with Great
Artists and with branches

HORSEMAN. 155
net. JupTsuaN (Cr. 8vo.). Ss. mnet.
LAWN TENNIS PLAYER. 128, 6d. met.
MOTORIST. 108. 6d. met. MOUNTAIN-
EER, 185 met. OARSMAN. 12s. 6d. met,

128, 6d. met. RuUGBY
FOOTBALLER, ON THE NEW ZEALAND
SYSTEM. 129, 6d. net. SHOT. 16s. net.
SWIMMER. 105, 6d. met. YACHTSMAN,
153, net,

The Connoisseur’s Library

With  numerous Ilustrations. Wide
Royal 8vo. £t t1s. 6d. net each vol.
EuvroPEAN ENAMELS. FINE BOOKS.
GLAsS, GOLDSMITHS' AND  SILVERe
SMITHS' WORK, IVORIES, JEWELLERY.
ME2ZOTINTS. PORCELAIN. SEALS,

‘The Do’s and Don’ts Series
Feap. 8vo. as. 6d. net each.
This series, although only in its in.
fancy, is already famous. In due course
it will comprise clear, crisp, informative
volumes on all the activities of life.
Write for full list

‘The Library of Devotion
Handy ediﬁons of the great Devotional
books, well edited. Small Pott 8vo.
3¢. net and 33. 6d. net.

Little Books on Art
Well Illustrated. Demy 16mo. Each
8. net.

Modern Masterpieces
Feap. 8vo. 3s. 6d. sach volume.
Pocketable Editions of Works by A, A.
MiLNg, JosepH CONRAD, ARNOLD
BeNNETT, G. K. CHESTERTON, E. V.
Lucas HiLAme Berroc, W. H. HubsoN
and ROBERT LYND.

Sport Serles
Mostly Illustrated. Fcap. 8vo. as. net
0 §3. net each.
Handy books on all branches of sport by
experts.




8 MEssrs. METHUEN’S PUBLICATIONS

Methuen's Half-Crown Library
Crown 8vo and Fcap. 8vo.

Methuen's ‘Two Shilling Library
Feap. 8vo.

The Westminster Commentaries
Demy 8vo. 8s. 6d. net to 16s. net.
Efdxted by W. LocK, D.D. 'rheobjeet

wmmpretthemtbor'nmuningtothc

Two series of cheap editions of popul
books.
Write for complete lsts

, taking the English
min the Revised Version as their

THE LITTLE GUIDES

Small Pott 8vo. Illustrated and with Maps
43. net mostly
THE 62 VOLUMES IN THE SERIES ARE

BEDFORDSHIRE AND HUNTINGDONSHIRE

BERKSHIRE

BRITTANY

BUCKINGHAMSHIRE

CAMBRIDGE AND COLLEGES

CAMBRIDGESHIRE

CATHEDRAL CITIES OF ENGLAND AND
WALES 6s. net

CHANNEL ISLANDS ss. net

CHESHIRE §s. net

CORNWALL

CUMBERLAND AND WESTMORLAND Gs. net

DERBYSHIRE

DEVON

DoRsgr ss. 6d. net

DURHAM
ENGLISH LAKES 6s. net
EsSEX

GLOUCESTERSHIRE
GRAY'S INN AND LINCOLN’S INN 6s. net

HAMPSHIRE
HERKFORDSHIRE 4s. 6d. net
HERTFORDSHIRE

IsLx OF MAN 6s. net.
IsLE or WIGHT
KENT 55, net

KERRY
LANCASHIRE 6s. net
LEICESTERSHIRE AND RUTLAND s5. net
LINCOLNSHIRE 6s. net
LoNpoN

MALVERN COUNTRY

MIDDLESEX
MONMOUTHSHIRE
NoORFOLK §s. net
NORMANDY ss. net

‘WARWICKSHIRE §s. net

'WESTMINSTER ABBEY

WILTSHIRE 6s. net

'WORCESTERSHIRE 6s. net

‘YORKSHIRE EAST RIDING §s. net
YORKSHIRE NORTH RIDING
YORKSHIRE WEST RIDING 7s. 6d. net
YoRk 6s. net

MeTHUEN & Co. L1D., 36 Essex STREET, LonpoNn, W.C.2.
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