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PREFACE

For several years the author gave a one-year course in Mathematical Methods
for first-year graduate students and capable seniors majoring in physics. The
chief aim of this course was to provide a means by which a student could obtain
a knowledge of the more important mathematical functions and their propertics
and the facility to apply the more important and useful mathematical methods
to problems which he would encounter in theoretical and applied physics. The
content of these lectures has been enlarged and broadened to constitute the con-
tent of this book. With the exception of the subject of differential equations it is
felt that the mathematical methods and functions discussed herein rep esent the
minimum knowledge in this field that any Ph.D. in physics should acquire. It
has been the author’s experience that students who have become thoroughly
acquainted with the mathematical methods given here have been able to handle
courses in advanced theoretical physics with much greater facility.

It will be evident at once that this book is not written from the standpoint of
the mathematician. It has been the foremost objective of the author to present
the substance of the mathematical methods together with clear and understand-
able statements of the conditions which must be satisfied in order that the
method or mathematical manipulation in question can be validly carried through.
For the most part, no effort has been made to re-do the mathematician’s work
by providing the proofs for the various and sundry mathematical operations.
To do this would have indeed been beyond the scope of any one book covering
the variety of fields of mathematics to which the methods outlined in this book
belong. In fact the inclusion of all the proofs upon which the various methods
are based would not at all have been within the spirit of this book since its prin-
cipal objective is to provide the means by which a student may acquire facility
and practice in the use of available methods of solving physical problems. Those
who are interested in the proofs are referred to the general mathematical litera-
ture or to selected references which appear at the end of each chapter.

With the exception of the subject of differential equations, the author has
attempted to include the methods and information in those branches of mathe-
matics which in his experience are widely used in problems of engineering and
science. Differential equations are only incidentally treated as they arise in con-
nection with various important functions or they become involved in applying
some of the mathematical methods such as asymptotic solutions. A treatment
of differential equations was omitted for two reasons, the most important being
the large number of good and accessible treatises on this subject and the other
being the simple fact that this book would have become much too long if the
extensive subject of differential equations had been adequately treated.

\
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The author has included a number of important illustrative problems which
are typical of those which appear in the physical and engineering literature
and are therefore representative of such problems. A number of practice prob-
lems are also included at the end of each chapter, and many of these have been
taken from the scientific literature directly or in modified form and are thus rep-
resentative of those that would be actually encountered in practice. It will be
noticed that as one proceeds through the book the problems may require the
use of methods discussed throughout the book up to that point.

It is hoped that the arrangement of the subject matter and methods discussed
will be such that the book -ill be of continuous use to workers in science and
engineering as a reference and handbook as well as a textbook in mathematical
methods for advanced seniors and graduate students.

The author is deeply indebted to Professor Mark Kac who has written the
last chapter on the Elements of Probability Theory. Professor Kac is an au-
thority in this field and has had much experience in the practical application of
modern probability theory. In addition the author is indebted to Professor Kac
for many stimulating discussions and valuable advice during the preparation of
the book.

There remains only the pleasant task of thanking those who have otherwise
been of help in the preparation of the book. In particular the author wishes to
thank Mr. Paul Kellogg for considerable help in the preparation of the practice
problems and also Dr. William Parkins for executing a considerable number of
the figures. For a great amount of help connected with the early stages in the
preparation of the manuscript the author is indebted to his wife, Florence H.
Smith. The author also wishes to express his thanks to Mrs. DeWitt Zeen and
Miss Martha Hennessey, who did much of the arduous work of manuscript
preparation and arrangement of details.

Finally the author wishes to express his gratitude to Prentice-Hall, Inc., for
its helpfulness and fine spirit of cooperation throughout the entire course of
publication.

Lroyp P. Smirn
Ithaca, New York
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Chapter 1

ELEMENTS OF FUNCTION THEORY

1. Abstract sets. The concept of a function and the validity of the
processes of differential and integral calculus rest essentially on the
theory of point sets. The mathematician defines an abstract set to be
any collection of objects for which the following two conditions must
be fulfilled: (1) A criterion must exist to determine whether any object
belongs to the set or not, and (2) those objects, often called elements,
belonging to a set must be distinguishable one from another. In this
sense the positive integral numbers form a set.

1t is often convenient to refer to a given set by a letter to distinguish
it from some other set, thus two sets o; and o2 may be under considera-
tion. The two sets o; and ¢, may have all; some, or no elements in
common. If no elements are common, they are distinct sets; but it
often happens that every element of the set o, is also contained in oy,
in which case o, is said to be a subset of g;. An example of this would
be the case where o, is the set of positive integral numbers, and o is
the set composed of all positive real numbers.

The idea of establishing a correspondence of the elements of one set
with the elements of another is of fundamental importance to the
concept of a function. If to each element of a given set we associate one
and only one element of another set, a one-to-one correspondence is
said to exist between the two sets. It sometimes happens that the
elements of a given set can be put into one-to-one correspondence with
the set of positive integers, in which case the given set is said to be
countable. The set of numbers

11 %’ %, %—Y i" et

O AR

1, 2, 3, 4, 5,...
can be put into one-to-one correspondence with the set of positive
integers as shown, and consequently is a countable set. On the other
hand, no such correspondence can be established for the set of real

numbers.
1



2 ErEMENTS OF FUNCTION THEORY [Ch. 1

2. Point sets and n-dimensional space. It is convenient to have
a definition of space which will allow one to use convenient geometrical
notions even when the number of dimensions is greater than three.
This may be done by defining each definite ordered collection of » real
numbers (21,22, . . .,2,) to be a point in the n-dimensional space S,.
It should be noted that the entire collection defines the point, not the
single numbers. The inéiﬁfidual numbers z; or 2, etc. are called the
coordinates of the point x. The space S, itself is, then, the totality of
all such points.

It is often convenient to divide the space into certain regions or in-
tervals. This is usually done by considering the set of points for which
the coordinates lie within definite boundaries. Thus, by a closed interval
in S, we will understand the set of points £ = (21,2e,. . .,%.) for which
the coordinates satisfy the relations

;<2 <b, =123, ...,n

An open interval is composed of the set of points for which the coordi-
nates satisfy the following relations.

a; <z < b; t=1,23 ...,n
In this case the coordinates are never allowed to assume the boundary
values a; or b;.

It is sometimes necessary to consider the neighborhood of a point
in the space S,. Precisely, this means any open interval containing
the point in question. If every neighborhood of a point z contains at
least one point different from z which belongs to a set o, then z is said
to be a limit point of the set o. As an example of a limit point of a one-
dimensional set, let z = %, and let the set o be all positive real numbers
between 0 and 1. The set ¢ may be represented by the straight line:

o ) 1

Then every open interval containing the point = % also contains other
points of the set; consequently = % is a limit point of the set and in
this case the limit point belongs to the set. It is readily seen that any
point on the line between 0 and 1 is a limit point of the set. For another
example, let z = 0, and let the set ¢ be composed of the real numbers
+1, +3%, 3, 1, £ ... . The set ¢ may be represented by discrete
points along a line.

-1 bebdbod b4 1

It is readily seen that any open interval or neighborhood containing
the point z = 0 contains at least one of the numbers 1/n of the set,



Sec. 2] EreMENTS OF FuNcTioN THEORY 3

8o that x = 0 is a limit point of the set. It is also clear that no other
point fulfills this condition, so that there are no other limit points to
the set under consideration. In this case the limit point # = 0 does not
belong to the set o.

If a point set lies entirely within a certain interval it is said to be
bounded. It is proven in point-set theory that every bounded infinite
point set possesses at least one limit point. The second example given
above is a good illustration of this theorem.

3. Function of a single variable. When a correspondence is estab-
lished in any manner between points in one set with those in another,
this correspondence constitutes the definition of a function. If to each
number or point z of a set S; there is associated one, and only one,
number or point y in a set T4, then y is called a single-valued function
of x. In this case z is called the independent variable, and y the depend-
ent variable, since  must be specified before y is determined. To indi-
cate that y is a function of z, one writes y = f(z) or y(x). The set S;
containing the points z is called the domain of definition of the
function. There may be instances such that for every number z
belonging to a subset Si of S, there is associated more than one number
in T}, then y is said to be a many-valued function of  over the domain Sj.

If the set Ty (which includes all values y the function may assume
as z traverses the domain of definition) is bounded, the function is
said to be bounded. It will be evident that if T} is bounded, the points
in T, will be contained in some smallest interval. Let the smallest
interval be defined by the numbers ¢ and d, so that

c<y<d

Then c is called the greatest lower bound of the function, and d is the
least upper bound. If, on the other hand, ¢ and d belong to the set T,
80 that

c<Ly<d

then c is the minimum and d the maximum of the function as z traverses
the set S;. The nonnegative difference, d — ¢ = », is known as the
variation of the function over the set S;. If the points of the set S;
are represented on a straight line, and the points of the set T'; represented
on another straight line intersecting the first at right angles, the func-
tion y = f(x) may be represented by plotting the points of S; and T,
which correspond as shown in Fig. 3.1.

In speaking of functions it is convenient to use terms which describe
certain simple properties which they may have. A few of these may be
given at once. In the first place a number z = @, for whichy = f(a) = 0,
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is called a zero point of the function, or merely y = f(z) has the zero
point a.

y=fx)

Ty

4

S

F1e. 3.1

A function is said to be periodic with the period p = 0, when
f(z + p) = f(z) is an identity in z, or merely that the equation is satis-
fied for all z in the domain of definition of f(x). It should be noticed
that along with p all integer multiples of p are also periods. For exam-
ple, 3p is a period, since

fl@+3p) = flx + 2p + p) = f(= + 2p)
=f@+p+p =flz+p =fx)
The smallest period is called the primitive period.

A function f(z) is said to be an even function when f(—z) = f(z)
forall z. An example of this is the function cos z, since cos (—z) = cos z.
The graph of the function looks the same for negative values of = as
for positive values. If, on the other hand, f(—xz) = —f(z), the function
is called an odd function. An example of this is the function sin z, since
sin (—z) = —sinz. The graph of the function for negative z is the
same as for positive z, except that it is reflected across the z axis.

If y = f(z) is a single-valued function of z in the interval of definition
a <z < b, and if z; and z, are any two points in the interval such that
z; < T, then f(x) is said to be a monotonically increasing function when
Sf(z1) < f(x2), and monotonically decreasing when f(z;) > f(.).

Thus far, z has been the independent variable, and y = f(z) the de-
pendent variable. In many cases it is possible to invert the role of z
and y and let the variable y in the set 7 be the independent variable,
and let z be the dependent variable. In this case 2 becomes another
function of y, which may be written z = g(y). When the two functions
f(z) and g¢(y) satisfy the equations

y=flg»)] and z=g[f@)]

for all z and y in the domain of definition, one function is said to be the
inverse of the other. It may be mentioned here that not all functions
possess unique inverses in accordance with the definition above. No
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unique inverse exists for y = z?, since z = +Vy and z = —Vy. For
every continuous (see Sec. 5) and monotonic function there exists a
unique inverse function which is continuous and monotonic throughout
the interval of definition.

4. Limiting value of a function. In defining the limiting value of
a function the absolute value of a quantity is used. By the absolute
value of a quantity is meant the quantity taken with a positive sign
regardless of the sign it actually has. The absolute value of a quantity
¢ is indicated by the symbol | ¢ |. Thus |2 — 3| = 1.

The function f(z) has the limit value L for a point z = z, if for any
positive number ¢, however small, there exists a positive number &
(depending on €) such that |f(z) — L| <e when 0 < |z — x| < 4.
This means that when the difference between f(z) and its limit value L
is made arbitrarily small, z approaches sufficiently near to the point
z = x,. The point 2, must therefore be a limit point of the set over
which f(x) is defined. The process of obtaining the limiting value of
f(z) is indicated by writing

lim f(z) = L

T—To
It should be pointed out that it is not necessary that the limiting value L
at £ = x, be the actual value of the function at z = x, although very
commonly it is. As an example, one may consider the function
flx) = 2z for0<z<1
=r—1 forl1<z<2

fix)

[
T
1
|
I
!
e
|
|
|
|
|

m

__——-""“T‘““—““}l

[ ST

1
Fia. 41
The graph of this function is shown in Fig. 4.1. In the sense of the
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above definition the function f(x) does not have a limit at the point
z = 1, since there exists no definite number L such that | f(z) — L |
is less than a prescribed arbitrarily small positive number e for values
of z inside an interval § > 0 of any length whatever, which includes the
point = 1. However, it is readily seen that as z approaches the value
z = 1 from the left the limiting value of f(z) = 2, since on choosing an
arbitrarily small positive, number ¢, and requiring that = < 1, then
|22 — 2| < e for valuz{of x satisfying 0 < |z — 1| < %¢, 50 that a
suitable value of & exists, namely, 4e no matter how small ¢ is chosen.
Although L = 2 is the limiting value of f(x) as  — 1 from the left
this is not the actual value of f(x) at x = 1 since the function is defined
to be zero there. If z approaches = 1 from the right, the limiting value
of f(zx) is zero which coincides with the value of the function at that
point.

As is indicated by the above example it is useful to speak of a left-
hand or right-hand limit of a function at a given point. The limiting
process as the point in question is approached from the left or right is
indicated by

lim f(x) or lim f(z)

x>0 —0 2040
respectively.

If the point set S; over which f(z) is defined is not bounded, it is
often of interest to seek the value which f(z) approaches when the
value of z increases or decreases without limit. In the first case the
limiting value of f(z) is defined to be L, if for any positive number e,
however small there exists a positive number N (depending on €) such
that | f(x) — L | < e when z > N. The limiting process for this case
is written lim f(z). The limit process when x decreases without limit

0

is indicated by lim f(z).

T——®
A few useful theorems involving limits of functions are given below
without proof.

1 I li_l.nf(x) =L, then }33 |f(z) | = | L]
2) 1f ler:,f(x) =1L and ,l,l_r,il: g(x) = M then
(a) 1il:i fz) &+ g(z) = }Di_.m f(z) % lim g(z)
T e
(b) li_rgf(x)ﬂ(x) = grgf(x) 11_{2 g(x)

=LM
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and further if M = 0, then

f@ _ lxi_’,’,’,f(x) _ A
g(x)  lim g(z)

T—To

(c) 11m

In certain cases the value of a function f(z) may increase without
limit as z approaches a point zo. Nevertheless one speaks of the limiting
value © and writes lim f(z) = <. More precisely, if for a certain point

2o and an arbitrarily large positive number N there exists a number §
(depending on N) for which f(x) > N for all values of z in the domain
| — x| < §, then f(x) has the improper limiting value infinity (o).
An example of this type is furnished by the function f(z) = 1/2%

Fia. 4.2

A graph of this function is shown in Fig. 4.2. It is readily seen that,
having chosen a large positive N, a number & can be chosen so that
f(z) > N for all z in the interval of length & containing the point
z = 0. A suitable § would be 1/V/N.

Certain convenient theorems involving improper limits are given
without proof. If the

" lim f(z) = £~ and hm g(z) =

then
(1) E_i'z’of(x) +g(x) =

(2) lim f(z)-g(x) = = or Fo according as the function g(z) is
T
greater than or less than zero in the neighborhood of the point z = z,.

g@) _
®) lim Sy = ©
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5. Continuity of a function. The concept of continuity of fune-
tions is one of the most important in analysis, and this property is
very often required in order that certain manipulations with functions
may be carried out. A function y = f(z) is said to be continuous at a
point z = z, of its domain of definition if the lim f(z) = f(xo). This

T—T0

means that the limiting value of the function at & = z, must be the
actual value which the finction has at that point. Referring again to
Fig. 4.1, it is seen that/the function graphed is not continuous at the
point z = 1. It is continuous, however, for all other points in the in-
terval 1 < z < 2. A function which has a discontinuity of a different
type is f(z) = 1/z, which fails to be continuous at the point z = 0.

Functions which are continuous at every point in an interval are said
to be continuous throughout the interval. It is often necessary to place
a greater restriction on a function than just continuity, namely, that
of uniform continuity in an interval. A function is said to be uniformly
continuous in an interval if, for a given arbitrarily small positive num-
ber ¢, there exists one positive number 6 > 0 such that | f(z;) — f(z2) | < €
for all pairs of points z;, z. in the interval of definition for which
0< |2 — 2] < 6.

An example of a function which is continuous in the interval 0 < z <1
but not uniformly continuous is f(z) = 1/z. The point of discontinuity
z = 0 has been excluded from the interval under consideration. That
f(z) = 1/z is not uniformly continuous in the interval may be seen by
referring to Fig. 5.1. Choosing the value indicated on the graph for e,

fix)=L

3
& Y

Fia. 5.1

and taking § to be the distance between z; and z. as indicated, it is
evident that for all pairs of points z1, x5 whose distance apart is less

than § the { % - % ] will be less than e provided they are chosen to the
1 2
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right of z = 21. On the other hand, if these points are located to the
left of x = @, it is obvious that the distance between them cannot be

as large as 8 if the difference | =5 — = | is to be less than e. Thus a smaller

& would have to be chosen, and the farther to the left the two points
1, x5 are taken, the smaller must & be, and eventually 5 must be vanish-
ingly small, which the definition does not allow, since § > 0. The result
of this argument may be stated more precisely by noting that for a
given e¢ > 0 it is always possible to find two numbers z;, z, for which
:5—1 - :;l > ewhen 0 < | z; — 22| < 8 no matter how small a value of §
is chosen. If one considers the function f(z) = 1/z in the closed interval
0 < a <z <D, it is uniformly continuous in this interval.

A function f(z) defined in the interval ¢ < z < b, and continuous only
in theintervalse Sz <c,a <2 <6, <c<6, ..., <2 LD
is called a piecewise continuous function in the interval ab.

A few important facts concerning continuous functions are stated
below.

(1) A function continuous in any closed interval is bounded.

(2) The sums, differences, products, and quotients of continuous
functions are again continuous functions provided in the case of the
quotients the zero points of the denominator are excluded.

(3) The absolute value of a continuous function is again continuous
although the converse is not always true.

(4) A function which is continuous in any closed interval bas one
maximum and one minimum value.

(5) If u = g(x) is continuous at the point z = @, and y = f(u) is
also continuous at u = up = g(o), the function y = f[g(z)] is continuous
at the point = z, and the

lim f[g()] = lim f(u).

6. Limit and continuity of a function of several variables.
The concept of a function of more than one variable is similar to that
given in Sec. 3 for a function of one variable. The essential difference
is that in establishing a correspondence between the elements of the
two sets S, and T, the elements of the set S, are collections of numbers
which may be denoted by (zi, z,. . .,2.). In other words, the elements
of the set S, of definition of the function are points in the n-dimensional
space S, as defined in Sec. 2. Thus in a function of » variables, indicated
by writing .
u = f(x1,22,. . .,Tn)
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n numbers must be specified before the number u is determined. Here
Ty, Ty, ... , T, are called the independent variables.

For simplicity, only functions of two independent variables will be
referred to, since the extension of the discussion to functions of more
Itha,n two variables is straightforward. For convenience let the inde-
pendent variables be denoted by z and y, and consider the function
u = f(z,y) which is defingd for all values of z and y lying in a given
region of the xy plane of a Cartesian coordinate system. Then in some
cages the values of the function may be plotted in the z direction, in
which case the function w = f(x,y) would be represented by a surface
above or below the region of definition S,, as shown in Fig. 6.1.

u=f(x, y)

1
1
1 -
I S, 1 ;‘
I’I = Il
e #
—_————
x
Fia. 6.1

The function f(z,y) has the limiting value L at a point (z,,%) if, for
any positive number ¢ however small, there exists a number § > 0
such that |f(z,y) — L | < ¢ when the inequalities 0 < |2 — 2| < &
and 0 < |y — 5| < & are satisfied simultaneously. In this type of
limit only values of x and y in the immediate neighborhood of (xo,0)
are involved. The process of finding this limit is indicated by writing

lim flay) =L (6.1)
(z.y) = (x0,u0)

Care must be taken to distinguish between the simultaneous type of
limit defined above and the limit obtained by a successive process which
will now be defined. If, in the function f(z,y) one of the variables,
z for instance, is held fixed, one may try to find the lim f(z,y). If this

Y=y

limit exists for different values of z, it defines a function of z which
may be denoted by ¢(z). Then the limit of ¢(z), as z — o, if such exists,
is written
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lim ¢(z) = lim [lim f(z,y)]
Tz ToxT0 YU
= lim lim f(z,y) = Ly 6.2)
TTo0 Yo
In a similar way, the variable y could be held fixed while the limit of

f(z,y) as = — o 1s taken, thus defining a function ¢(y). Then the limit
of Y(y) as y — yo would be written
lim ¢(y) = lim [lim f(z,y)]
el Yy—=yo IT—I0
= lim lIim f(z,y) = L, (6.3)
Y—Yo T30
If both repeated limits L; and L, exist, they need not be equal. Even
if L, and L, exist and are equal, it does not follow that L exists. If L
and L exist, then L = L, or if L and L, exist, then L = L,.
As an illustration of some of the above statements consider the
function .
_xt =yt 4 208 4 yf
j(x)y) - I2 + yg
which is defined for all values of z and y except £ = y = 0. The two
repeated limits at # = 0 and y = 0 are

lim lim f(z,y) = lim (1 +22) =1
x—0 y—0 70
lim lim f(z,5) = lim (=1 + ) = —1
y—0 z2—0 =0

Here the limits L, and L, are found to exist but are not equal. It will
be shown that the limit L defined in (6.1) does not exist at the point
z =y = 0. To do this it is necessary to demonstrate that given a
positive number ¢ > 0 there exist no number L and positive number &
for which

2 g2 4 O3 3
oy A2 gy x2iyf+ ~L|<e (6.4)

when 0 < |z — 0] <8 and 0 < |y — 0] < é. The inequality above
may be written in the two ways:

1 — y?/a? 4 2(2 4 y*/a%)
} 1+ y?/a - Ll <e (ﬁ'fa)
2yt — 1+ 923/t + 1) _ l
To 2y L|<e (6.4b)

It is clear that there are values of z and y satisfying the inequalities
0<2z<6and 0 <y < 6 and at the same time satisfying (6.4a) when
L = 1, no matter what choice of é is made. On the other hand, there
will also be values of z and y satisfying the same inequalities for which
(6.4b) will be fulfilled when L = —1, Since the inequality (6.4) must
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be satisfied for all values of z and y in the region 0 <z < é and
0 < y < 3, it follows that L does not exist at z = y = 0.
A function f(z,y) is said to be continuous at a point (zo,%0) of its domain
of definition provided
]im f(I,y) = f(xﬂyyﬂ)
Z,Y—T0, Y0

This means that the limiting value of the function as (x,y—o,y0) must
coincide with the definéd value of the function at the point o,z All
of the concepts and theorems given in Sec. 5 also apply to functions of
two or more variables.

7. Classes of functions. Functions may be classified according to
their general properties or according to the manner in which they are
defined. Thus all piecewise continuous functions in a certain domain
would form a class, or all differentiable functions defined in a certain
interval. Classes which arise from the method of definition include
entire rational functions, rational functions, algebraic functions, ‘etc.
In the latter category an important class is that of entire rational func-
ttons, or polynomials. In the case of one variable such functions may
always be written in the form

n
Za,-x' =aq +axr+ ...+ a2
i=0
where the a’s are constants independent of z. In the case of r independ-
ent variables this class of functions assumes the form

nmnz . . Ny
Apipn. . . p L1PXP2 L L TPr
mps.. Pr=0
where py, D2, ... , D, a8sume positive integer values up to ny, 7, ... , Ny
The greatest value of the sum p; + p2 + ... + p. appearing in the
above sum is called the degree of the polynomial. In the particular
case when the sum of the exponents in each term is the same, the poly-
nomial is said to be homogeneous. Homogeneous polynomials are usu-
ally called forms. The sum of the exponents is the degree of the form.
‘When the degree of the form is 2, one speaks of a quadratic form. The
theory of quadratic forms is of considerable importance in applications,
and is referred to again in Sec. 139.

Rational functions are those which can be expressed as the quotient
of two polynomials. If the degree of the polynomial in the numerator
i8 less than the degree of that in the denominator, the function is called
a proper rational function; otherwise it is improper.

Algebraic functions can in general be defined implicitly only by equat-
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ing a polynomial to zero. Rational functions and polynomials are special
cases of algebraic functions.

The name transcendental is given to all functions which are not alge-
braic. The elementary transcendental functions are z°, where a is an
irrational number, b%, 22, and logarithmic, trigonometric, and hyperbolic
functions or combinations of these.
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PROBLEMS
4.1. Investigate the limits of the function

= % =
y ]3|¢ at =0

4.2, What is the limit of ¥y = sin (1/z) at z = 0?
4.3. Investigate the limits of log = and (sin z)/z as z — .
5.1. Determine the domain for which y = tan z is (1) continuous, (2) uniformly
continuous.
5.2. If the value of y = (sin z)/z is defined to be unity at z = 0, is y: (1) & con-
tinuous function of z for all z; (2) a uniformly continuous function for all z?
6.1. If f(z,y) = zy/(z + ) for all z and y except z = y = 0, show that
lim lim f(z,y) = lim lim f(z,y) = 0,
-0 y—0 y—0 20
but that lim  f(z,y) does not exist.
(z,9)—(0,0)
6.2. If f(z,y) = zsin (1/y) for all z, y, except y = 0, investigate the limits:

L, = lim lim f(z,y)
y—0 20

Ly = lim lim f(z,y)
z—0 y—0

Ly = lim f(zy)
(z,4)—(0,0)

—z for y 20

+ofory< 0" Determine the domain of continuity of

6.3. Given f(z,y) = %

Fy).



Chapter 2

/

{

DIFFERENTIAL CALCULUS

DERIVATIVES AND DIFFERENTIALS

8. Derivative and differential of functions of one variable.
Let y = f(x) be a continuous function in a given interval, and let zy and
z, be two arbitrary points of the interval, and yo = f(x0) and 1 = f(z1)
be the values of the function at these points. The following quotient
is known as the difference quotient

n—y% Ay _ Af(x)

T — 2 Ax Az

Geometrically this quantity is the slope of the straight line PP, in
Fig. 8.1, or the mean increase in f(x) in the interval (zo,z,). If the dif-

FiG. 8.1

ference quotient as defined above has a limit as z; — 2 or as Az — 0,
that limit is called the derivative of f(x) at the point zy, or sometimes
the differential quotient. One finds this limiting process indicated in
any of the following ways.

14
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lim LY _ gy AV A

aon®1 = To ar—0 AT az—0 AT

= lim f(xo‘{’AZ— !g-‘l?ol

Ar—0

=) =2

Although not indicated in the notation, the value of the limit refers to

a certain point, in this case # = x,. When it is important to indicate

the point at which the limit is taken, the notation is written in the mod-

ified form %’(xo), f'(xo), or %Z} . The limit dy/dx of the difference
Tr=x0

quotient also has a geometrical significance, namely, the slope of the

tangent line PoQ, to the curve at the point z = .

The quantities dz and dy are called the differentials of the independent
and dependent variable, respectively. Since the two differentials have
not the same meaning, it is extremely important to understand clearly
the difference between them. In the first place, the differential dz of
the independent variable merely denotes an arbitrary interval and is
consequently not dependent on the value of 2. On the other hand, the
value of the differential dy depends on the value of x for which the limit
dy/dz is taken, as well as the differential dz, and is completely specified
by the expression dy = f’(x)dxz when a point x = z, and the interval dz
are chosen. Since dz is arbitrary, it may be taken equal to Az, but dy
is not in general equal to Ay. This may be clearly shown by writing

Ay —dy = edr = e Az
The quantities Ay, dy, dx are shown in Fig. 8.1. If the above relation is
divided by dz, an expression for the value of e results.

LAy dy_ Ay

Ar  dr Az

Referring to the figure, it is clear that the quantity on the right is not
zero for Az = dxr > 0 and consequently Ay # dy. The limiting value
of € as Ax — 0 is found to be

_y’

. LY
lime=lm=Y —y =0
e0. sz AT y

from which it is to be concluded that the correction term e Az vanishes
faster than Az, so that for small values of Az or dz the value of dy fur-
nishes an approximate value for Ay, i.e.,

dy==dy or f(z) — flan) = f'(z0)de

The last equation indicates that an approximate value for the function
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f(z) can be found in terms of its value at the point z and the value of
its first derivative there.

It should be pointed out in this connection that if we have to do with
a graph of a function y = f(z), the point (zo,yo) lies on the curve y = f(z),
but the point (z, + dz, yo + dy) does not lie on the curve but denotes a
point on the tangent to the curve at the point (z,y0).

The function f(z) is sag{ to be differentiable at a point (or in an in-
terval) if it possesses a derivative at this point (or at every point in
this interval). Every differentiable function is continuous, but the con-
verse is not necessarily true.

The actual formulas for the derivatives of simple functions are well
known and need not be repeated here.

9. Change of variable and higher order derivatives. It often
happens that a function is not expressed in terms of the independent
variable directly, but is expressed in terms of an intermediate variable,
8o that u = f(y), where y = g(z), and z is the independent variable.
One may obtain % as a function of = by writing v = f[g(z)] = F(z),
but the value of du/dx can be found without computing F(z) by making
use of the formula for change of variable. This formula is

du _ dudy

iz " dyds F'@W)g' (x) 9.1)
More generally, if u = fi(y1), ¥1 = fo(¥2), ... , Yn—1 = fa(¥n), and
Yn = g(z)
then du _ du dy dys U (9.2)

dr  dyidy.dys T dx
If y = f(x) and 2 = ¢(y) are the inverse (see Sec. 3) of one another,
dx , 1 1
ay =YY = qE =
Again if the function y = f(z) is given in the so-called parametric form
so that z = z(¢) and y = y(t), then
dy - dy/dt - ¥ @) (9.4)
dz dx/dt  2'(t)
The formal computation of higher order derivatives of simple func-
tions can be carried out by successive application of the above formulas.

The nth derivative of the product of two functions can be conveniently
computed by means of the Leibnitz formula

(u-v)®™ = (g) uy + (;‘) U=y -

) (n i"_ 1) wytn=1 4 (:) up™ 9.5)

(9.3)
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where (7:) denotes the rth binomial coefficient

(7) - T_I(Zn—'_r)v (9.6)

Where higher order derivatives are required, when the function is
not a function of the independent variable directly, some care is required
to keep in mind of what variable the different functions and derivatives
are functions. Thus, if v = f(y) and y = g(z), then

Py d[ddr) du (@) dudy o
dxt ~ drldydr]  dy?\dx dy da? )

No difficulty is encountered when it is recognized that in the above
bracket du/dy is a function of y, while dy/dz is a function of z.
When one is dealing with inverse functions z = g(y) and y = f(z),
the higher order derivatives of z may be found as follows.
dr 4oL d[ 1 de dyjis
dy* ~ dydy/dr  drldy/dr]dy ~ (dy/dx)?
When the function y = f(z) is given in the parametric form y = y(f)
and x = z(f), a similar method may be used to compute d%/dz?
@y _ i(yﬁ)) - Li(y_')ﬁl!
dz? ~ de\z'(t)) dt\z’)dx
Ilzl — ,I’x/, 1
= L-a—;,z/— 7 (9.9)
where the prime indicates differentiation with respect to ¢.

9.8)

10. Mean value theorems. It is shown in elementary calculus that
if a function f(z) is differentiable throughout the open intervala < z < b,
there exists at least one point z = £ lying between @ and b, for which

f®) — fla) = (b — a)f' (&) (10.1)
Ax)
A= mmmmm e e L —
fa) :
E
a é b x
Fre. 10.1

The meaning of this law can be made clear by examining its geometrical
significance. Since f(z) possesses a derivative in the open interval, it is
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continuous and can be represented by some curve as shown in Fig. 10.1.
There will be at least one point z = { between a and b such that the
slope of the tangent to the curve at that point will be the same as that
of the straight line joining f(a) and f(b), which fact is exactly what
eq. 10.1 expresses. Taking the length of the interval b — a as A, and
denoting the point a by z, the law of the mean may be written in a
slightly different form, nagmely,

The above theorem, usually referred to as the first mean value
theorem, can be generalized in the following way. Let y = G(z) be a
continuous and monotonic function in the closed interval a < z < b,
which in addition possesses a nonvanishing derivative in the open
interval @ < x < b, and let a function F(z) = f(y) = f{G(z)} be de-
fined in the above closed interval, which also possesses a derivative in
the open interval. We may take y as the independent variable in the
interval y. <y < ys, where y, = G(a) and y, = G(b), and apply the
mean value theorem (10.1) to f(y). This gives

FWo) = fWa) = (o — ¥df'(§)  Wa << (10.2)
Since, according to formula (9.1)
fiyy = L _dfjdr _ Flz)
V= Gzdy ~ dy/dz = G'(z)
eq. (10.2) may be written
F(b) — F(a) _F'(§)
Gy —Gla) — G a<ELD (10.3)
This is called the generalized theorem of the mean. It may be written
in a form to correspond to eq. (10.1a).

F(xo+h) — F(xo) _ F'(x0+0h)
G(zo+h) — Gz)) ~ @' (x0+6h)

0<6<1 (10.4)

11. Evaluation of indeterminate forms. In practice one often has
to deal with a function which may be written as the quotient of two
functions, i.e., F(z) = f(z)/glz), which at a certain point z = z, fails
to have a definite value. Planck’s radiation law, which is of the form
Cv¥/(e*® — 1), is an illustration. This function has a definite value for
every value of v except v = 0 at which point it gives merely 0/0. The
function has a definite limiting value, however, as v — 0. It is the object
of the following discussion to provide a method of determining the
limiting value of F(z) for several important cases.

(A) Flz) = ;% and F(zo) = g, Le., f(@) = glao) = 0
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If f(z) and g(x) satisfy the conditions required for the generalized law
of the mean, eq. (10.4) applied to f(z) and g(z) yields
[Geoth) _ (ot oh)
g(@o+h)  g'(zo+6h)
If the limit is taken as b — 0, this is equivalent to writing
lim @ _ = lim ME)) 11.1
i o) = Hm ) -
Consequently, if g'(z) = 0, then
. f'(x)
fim Fx) = lim
On the other hand, if ¢’(xp) = 0 while f’(zo) = 0, then the lim F(z) =

I—To

It may happen that f'(z,) = ¢'(x0) = 0, in which case the above process
may be repeated, giving

i 1) _ i £8) _ i 1720

lim ) = M0 gy = I8 )

provided f’(x) and ¢’(x) satisfy the conditions specified for f(z) and g(z)
in Sec. 10.

As an illustration of the method explained above, let it be required
to find lim (sin z)/x. Since the above conditions are satisfied,

Z—ILy

sin x i cos T

lim = lim =1
z—0 X z—0
(B) F(z) = ﬂ(—;,m) = Zie, lim ) = lim g(@) =

where 2o may be finite or infinite. Taking the case where 2, is finite,
eq. (10.4) is written for a value of z different from z,.

fath) — f) _ f'@+on)
glz+h) — g(x)  g'(z+0h)
This may be rewritten in the form
@) _ 1) [g(z+h) - g(x)]f'gz+oh)
g(x)  g(@) Lf(z+h) — f(=)]g' (x+06h)

1 — g@th)
f@) _ g@@) |f'(z+6h)
g@) | _ [@th) |g'(z+0h)
f(z)

Since lim | g(z) [ = lim f(z) = =, then ¢ and » may be made to approach
T—To =Ty

Zo and zero, respectively, in such a way that



20 DirFERENTIAL CALCULUS [Ch. 2

im 2EER _ o ong nm [EER

h—0,2—z0 g(x) h—0,z—z0 f (x)
and consequently
’

3 @ _ B z)

(@) om g @)
It may readily be shown thgt the same relation holds if zp = «. Asin
case (A), if f'(z0)/g'(z)) = # /=, the process of differentiation may be
repeated. As an illustration let it be required to find lim (log z)/z.

T

lim 982 _ Jim 1@ -0

o X z—0
(C) F(z) = f(x)-g(x); F(x) = 0-=, ie., flz) =0
and lim | g(z) | = .

In this case F(z) may be written as either

F(z) = ﬁl@ or F(z) = 9_(12_2

9(@) 1@
which are the forms treated under cases (A) and (B), respectively.
As an illustration take the lim « log . Rewriting we require lim l_%%c
z—0 z—0
which falls under case (B), and hence
. o Vo . o
ltlgxlogx = lzlin0 ey l:_rg( z)=0
(D) F(@) = flx) — g(2);
F(z)) = » — », ie., lim f(z) = lim g(z) = =
This situation is covered by case (A) on writing
i S S
Fa) - (@0 1@)
1
f(x)g(z)
As an illustration, let it be required to find the lin/l2 sec z — tan x.
Rewriting as above,
| 1

. . tanx secz
lim secz — tanz = lim ———
z—x/2 z—n/2 1
secz tanz
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Sng  008%
= /2 cos’z
sin
1 —sinz

—COS ¥
— =0
z—x/2 —SIN T

(E) F(z) = f(x)*®, where the substitution of z = x, may lead to the
following three situations.

F(zo) = 0°, ie., lim f(z) = lim g(z) = 0

F(x) = «° 1ie.,limf(x) =« and limg(x) =0

T—T0 T~ro0

F(x) = 1%, ie., f(x)) =1 and lim|g(x)| =

In this case F(zr) may be written F(z) = /@ 1r/@ gnd the lim g(x)
—To

log f(x) may be examined as for case (C), whereupon
. lim g(z) log f(x)
lim F(z) = e
As an illustration let it be required to find the lim (1 + z)¥*. Rewriting
=0
as above,

. lim (1/x) log (1+z)
lim (1 4 z)¥= = &0
x—0

then since [log (1 4+ z)]/x falls under case (A), the limit becomes
log (lz+ z) _ lim 1/(11+ x) _ 1

z—0

lim
z—0

and consequently lim (1 4 z)/* = ¢! = ¢
20

In evaluating limits of indeterminate forms as outlined above where
the limit is not obtained after the first differentiation, care should be
taken to see that the original conditions are fulfilled before differentiating
a second time.

It is not always advisable to apply one of the above methods directly,
since it is often easier to rewrite the function in its simplest form and
proceed to the limit directly. As an illustration, let it be required to find

ImVz:—1-—2z.
T—r0

This case is covered under case (D) but it is easier to rewrite the func-
tion as
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. 1 11 11
Then since \/1—,;2 1-5-mtg 4

the above limit can be found at once, since

. 11 /1
hmx[-—— 278 x4+h1gherpowersof ]=0

T 2

12. Partial derivatives. Let v = f(z,y) be a function defined in a
region S; of the zy plane containing the point (2,50) and consider « as a
function of z alone in the neighborhood of the point (xo,y). This may
be indicated by writing v = f(zo+h,y0). If the limit

lim . (zo+h,1/o)h — f(zo,y0)

h—0

exists, it is called the partial derivative of f(z,y) with respect to z at
the point (zo,y0), and is indicated by the symbol 8f/dx. The partial
derivative 9f/dy is defined in a similar manner, as are also the higher
order partial derivatives 0%/dy?, 9% /dx dy, 0%/dy ox, etc. If the limits
indicated above exist at all points in an interval, the function is said to
possess its first-order partial derivatives throughout the interval.

An important difference between the derivative du/dx of a function
of one variable and the partial derivative du/dz of a function of more
than one variable should be noted. In the former case du/dz may be
formally expressed as the quotient of the dependent and independent
differentials du and dz. In the latter case, there is no such meaning to
be attached to what one might call the partial differentials du and dz.
The expression duw/dz must be regarded as a homogeneous symbol
denoting the limiting process referred to above.

Another important difference between the derivative of a function
of one variable and partial derivatives, and their relations to the orig-
inal functions should be noted. If in the case of a function of one vari-
able the function has a derivative at a given point, the function is con-
tinuous there, but if a function f(z1,7s,...,2.) possesses all its partial
derivatives 9f/dz; at a point, the function is not necessarily continuous
there. If, however f(x1,zs,. . .,x,) is uniquely defined at the point and
if all its first-order partial derivatives in the neighborhood of the point
exist and are bounded, f(z1,. . .,z.) is continuous at the point in question.

It is not always true that the mixed partial derivatives 0%/(dz dy)
and 9%/(dy dz) are equal at a given point. If, however, the partial
derivatives 9f/dz, 8f/dy, 8%f/(dx dy) exist in the neighborhood of a
point, and if the latter is continuous there, then 8%/ (9z dy) = 8%/ (3y 9x).
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13. Change of variable. Consider the function u = f(y1,¥s,. . .,yn)
of the n variables yi, o, ... , ¥, and let u be continuous, together with
all its first-order partial derivatives throughout a region S,.. Then sup-
pose that each of the variables y; is in turn a function of the p variables
Ty, %3, ..., Zp. Thus

Yo = Yi(@1,2s, . . ., Tp) t=12 ...,n
It will be supposed that these functions are continuous, together with
their first-order partial derivatives, throughout a region S, and further-
more each point in the space S, corresponds to a point in the space S,.
‘When all the above conditions are satisfied

g:—=%g{—‘ g—j—;gﬂ-ng +%%%; i=1,2 ...,p (3.1
As an example of the use of the above formula, let
w(z,y) = 2* + y? and x = rcosb;
y = rsin 0

The equations defining z and ¥ in terms of » and 6 represent the usual

transformation from polar coordinates to Cartesian coordinates. Sup-
pose that du/dr and du/36 be desired. Applying the above formula,

du _ dudw | dudy

or  dx or ' dy or
= 2z cos 0 + 2y sin 6 = 2r(cos? 0 + sin® §) = 2r
This is the same result that would be obtained by substituting the ex-
pressions for r and ¥ in u(z,y) and then differentiating with respect
to r. Similarly,
du _ oz dupy _
99  9r a8 ' Iy af
= 2r?(—sin f cos § + sin fcos ) = 0

—2zr sin 6 + 2yr cos 0

This result can be checked directly by noting that 2 + y*is independent
of 6.

14. Directional derivative. The partial derivatives df/dz and df/dy
considered above give a measure of the rate of change of the function
in the neighborhood of a point (xs,5,) when leaving the point either in
the x or y directions. It often happens, however, that one wishes to
know the rate of change of the function as one leaves the point in some
arbitrary direction. This rate of change can be formulated as follows:
let a function u = f(z,y) be defined in a region S, of the zy plane, and
let a curve C pass through the points Py with coordinates (z,5) and P
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as shown in Fig. 14.1. Let As be the length of arc between P, and P
and form the difference quotient

As E
.. . Au {3
The limit 1151110 As = 35

is called the dircctional derzétlve in the direction of the tangent to the
curve C at the point P,. The equations of the curve C make it possible
10 express  and ¥y as functions of the single variable s. The directional

[}
|
1
i
I
'
]
1
1

Fic. 14.1

derivative du/ds can then be expressed in terms of du/dx and ou/dy
by making use of the formula for change of variable given in the last
section, thus

qu _ouds | dudy

s  dxds ' dyds
but dx/ds = cos @, and dy/ds = cos B8, where cos a and cos 8 are the
direction cosines of the tangent to the curve C at the point P,. Hence

du  du

as—é—cosa+ cosﬂ—l—- cosy

where cos , cos 8, and cos y are the direction cosines of the tangent
to the space curve at the point P.

An important special case of the directional derivative is of great
use in physical problems. To obtain the special case referred to, let
u = f(z,y) be plotted above the zy plane. This will give a surface
which we will imagine cut by equally spaced planes parallel to the
zy plane. The intersections of the surface and the planes will be curves
on which » will have a constant value. If these constant level curves
are projected into the zy plane, a set of contour curves will result. Let
P, be an arbitrary point on one of the contour curves as shown in Fig.

14.2. As seen above, the rate of change of the function u = f(z,y) at
the point P, depends on the direction one goes from Po; in particular,

the rate of change is zero if one goes in the direction of the contour
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curve. We shall now examine the rates of increase of  in two direc-
tions, one normal to the contour curve C and one in any other direction
8, which makes an angle ¢ with the normal. The rate of change of u
in the direction s is given by the directional derivative df/ds, which

u

-

T
e |

fop-=tT
|
|
!

x
Fig. 14.2

may be expressed in terms of the directional derivative along the normal
to C by using the formula for change of variable. Thus

of _of dn
s  dnds
dn n
but T = va—'ﬁ As = cos Y
of _ of
so that 3s = an 8 ¥

Thus it is found that the derivative of f in any direction can be found
by multiplying the derivative along the normal to a contour curve by
the cosine of the angle between the normal and the arbitrary direction.
It is clear that df/ds is a maximum when y = 0, so that the directional
derivative along the normal gives the maximum rate of increase of the
function. A curve drawn in the zy plane so that it intersects the contour
lines at right angles provides the path of greatest rate of change of the
function u. In applications the derivative df/dn is called the gradient
of the function at the point P,.

In mechanics and the theory of electricity it is often convenient to
express the gravitational or electric force as the gradient of a function
called the potential. To illustrate the use of the directional derivative
in this connection, let there be a unit positive charge located at z = —a
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and a unit negative charge at = = a (see Fig. 14.3). The potential at
any point in space due to these charges is V = 1/ry — 1/ry, where n;
and r, are the distances from the
charges to the point in question.
Let it be required to find the
components of the electric force
normal to the circle of radius r.
As mentioned above, this force
may be expressed as F = —aV /on
or —9dV/ar, since r is normal to
the circle. Making use of the
formula for change of variable
the directional derivative be-

comes
Fra. 14.3 V. _aVor , 3Vorn
dr  Oror ary or
and since
M =Vrt 4+ a? — 2ar cos (v — 6)
= Vr* ¥ a® + 2ar cos 6
re = V7 + a® — 2ar cos 0
then
ary, _r+acosé and ory _r — acosb
ar - Ty ar - To
and finally
v _ _r+acos€+r—-acos0
or r 3

By replacing r, and r, by their expressions in terms of r and 6, we have
found the normal component of the electric force at any point on the
circle.

15. Total differential. Let « = f(z,y) be a function defined in a
region S, of the zy plane possessing continuous partial derivatives
du/dz and du/dy in the region S,. At the point (zo,y0) in Ss, u = f(xo,y0)
and at the point (z,+Az,y,+Ay) the value of u will be f(zo+Az,yo+Ay).
The difference of these two values is called the fotal difference of u, and
may be written

Au = Af(z,y) = flmo+Az,yo+Ay) — f(zo,y0)
Here Az and Ay are arbitrary differentials of the independent variables
and are not functions of them.

By adding and subtracting f(zo,y0+Ay), the term Au may be written
in the form
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Au = f(zo+Az,yo+AYy) — f(@o,yo+AY)
+ f(zo,y0+Ay) — f(20,y0)

Applying the law of the mean (Sec. 10) to the first two and last two
terms, they may be written

F@o+Az,yo+Ay) — f(2o,y0+Ay)
= Axg‘é (204 0Az,y0+Ay) 0okl
F(@o,yo+Ay) — f(xo,y0)
o / y
= Ay Py (0,401 6'Ay) 0 <1

The above expressions are still not convenient because the derivatives
must be evaluated at an unknown point; hence the derivatives may be
expressed at the point (2o,5) by writing

) i)
5{; (xo+0Az,yo+Ay) = 5£ (To,y0) + @

i) i)
T w5 =L o+
where a and § are infinitesimals of a higher order than Az and Ay since
Iim a=0 and Iim B=0
Az,Ay—0,0 Az,Ay—0,0

Using the above expressions, the total difference can now be conveniently
divided into two parts.

[ of
Au = [axAx + ayAy + aAz 4+ B Ay
The quantity in brackets is called the principal part of the total differ-
ence Au, or the total differential du of f(z,y). The remaining terms con-

stitute higher order infinitesimals. The total differential is then
U o
du = axAz +6yAy

This holds for all functions satisfying the conditions specified at the
beginning of this section and in particular ¥ = z and u = y, in which
cases dz = Az and dy = Ay. This indicates the arbitrary choice of
the independent differentials. Henceforth the total differential will be
written

=Y o
du = axdx+aydy

As in the case of a single variable, it should be noted that a point
(@o,0,u0) lies on the surface representing the function while the point
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(ro+dz,yo+dy,u0+du) does not in general. In fact, perpendiculars
erected to the zy plane at (2,5) and (zo+dz,yo+dy) intersect the sur-
face at the points (zo,y0,u0) and (zo+dz,yo+dy,uo+Aw), while they inter-
sect the tangent plane to the surface at (xo,y0,u0) in the points (xo,y0,u0)
and (2o+dz,yo+dy,ue+du), as indicated in Fig. 15.1. This may be seen
as follows. Let the distance from (zo,y0) to (zo+dz,y0+dy) be s. Then
du = (3f/ds) ds, where 9f/3s is the slope of the curve produced by the
intersection of a plane pg¢rpendicular to the zy plane containing the
line s and the surface at the point (zo,yo,u0). It is consequently the slope

/ 7
fixg+Ax, Yo+dy) T =7 dlu
i | |
Aza, o) :
y [T
1
yo+Ay/ HF——
¥ ‘/‘74/;%
/, e
X xptAx x
Fia. 15.1

of the tangent plane at this point in the direction of s. Therefore the
perpendicular erected at (xo+4dz,y0+dy) intersects the tangent plane at
(zo+dz,yo+dy,uo+du). But 3f/3s is the directional derivative at (xo,%0),
ie.,
o (L 2 go0p) as = 2L s+ 2L
du = c,)Sds = axcosa-l—aycosﬂ ds = axd:c-l-aydy

In the case of functions of more than two variables the total differ-

ential becomes

o of of
du = 6.’1}1 le +6:1:2 dxz+ o +8:1:,.dx"

As in the case of a single variable, du may give a very good approxima~-
tion to the total change Au in the function when the independent dif-
ferentials are small. Thus

Au = du

In this connection, the total differential furnishes a convenient method
of estimating the error produced in a certain quantity due to small
inaccuracies in the measurement of other quantities upon which it
depends. For example, the total surface area of a right circular cylinder
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is A = 2xr(r 4 a), where r is the radius and a is the length. If the
possible error in measuring r is E, and that in measuring a is E,, the
approximate error in A may be found from the total differential

94 94
dA = 2= dr + 5~ da = (4nr + 2va)dr + 27 da

Substituting the possible errors for dr and da,
dA = 27[(a + 2r)E, + rE,]

and the relative effects of the errors in r and @ on the area are evident.

16. Differentiation of functions in parametric form. When the
point (z,y,z) traverses a space curve, z, ¥, and z may be expressed in
terms of one parameter or variable ¢, so that

z=zl) y=y@t) =z=20)

When the functions are given in this form, it is sometimes desirable to
compute 9z/dx, dy/dx etc. This may be done by means of the differ-
entials

oz % %
dr = o dt, dy = 3 dt, dz = atdt

from which the differential dt can be eliminated yielding

dy _ dy/ot
dz = oz/ot ete. (16.1)

A more complicated problem arises when the point (z,y,2) traverses
a surface, i.e., when z, y, and z are expressed in terms of two parameters
t and s; thus
z=a(s), y=yls), z=2(0s)

and the partial derivatives dy/dz, 9z/0z, etc., are desired. The 9z/9x
may be found by differentiating the last equation partially with respect
to z, regarding ¢ and s as functions of z; thus

o2 _ozot | 320

or  9tdx ' dsox
Since we do not have ¢ and s expressed explicitly in terms of z, the partial
derivatives dt/dz, ds/dz cannot be evaluated directly. They may, never-
theless, be computed as follows. Differentiate the first and second equa-
tions with respect to z, and obtain
_dmot  dwds o _dyot . dyds
T ot 9z ' 9sox T 9t 0x ' dsor
The values of dt/dx and ds/dx can be found from these equations by
solving for these quantities. Thus

1
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3y 3y

ot _ as 3 at
or " 3woy _smoy 9w omdy _ozoy
at ds ds ot at os ds ot

The quantity appearing in the denominators can be expressed in the
form of a functional determingnt (see Sec. 129).

o

at as _ oz Y

dy dy| 09

at  ds

This functional determinant is called the Jacobian determinant, and
denoted by the notation given above. The formulas then become

9y 9y
o s 3 3
9z d(z,y) dr Iz
a(1,s) 3(t,s)
and
9zdy 9zdy  d(zy) d(y,2)
3z atas  asat _ ats)  a(ts)
or —  dmy) Ay  axwy)
a(t,s) a(t,s) a(t,s)

Other partial derivatives such as dy/dxr can be computed in a like
manner.

17. Differentiation of implicit functions. For simplicity, consider
a function of two variables z, y which satisfies the identity F(z,y) = 0.
This equation defines y as an implicit function of . Usually this equa-
tion can be solved for y, and y then can be expressed as an explicit
function y = f(z), so that F{z,f(z)} = 0. Tt is not always possible to
express y explicitly, however, as the following example will show.
Let F(z,y) = 2* + y* + ¢* = 0. It is at once obvious that no real func-
tion y = f(z) can be given which, when squared, will make F(z,y) = 0.
The conditions which must obtain in order for an explicit function
y = f(z) to exist in this case are that there exists a point (zo,y0) for which
F(zo,y0) = 0 and F(z,y), together with 8F/dz and F/dy, exist and are
continuous in the neighborhood of (xo,%0), and finally F (zo,y0)/dy # 0.

If the equation F(x,y) = 0 does yield the explicit function y = f(z),
it often happens that one wishes to compute dy/dz without actually
finding the explicit relationship. This may be done by differentiating
the equation F(z,y) = 0 partially with respect to .

OF (R _o o W _9Fjo (17.1)

dr = dy oz ar dF/ay
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Another situation sometimes presents itself when z = f(z,y) is a func-
tion of the two variables = and y, but an implicit relation F(z,y) = 0
connects z and y, and the value of dz/dz is desired. This may be found
by differentiating z with respect to z.

o _of ooy

dr dxr  Jydx

Using the expression for dy/dzx derived above,

oF  af 3F _3f OF a(LF)
9z _of ofox _dxdy 9dydxr _ dxy) 17.2)
dr dxr 9y oF oF oF )
aay ay Yy

If F(z,y,2) = 0, then z becomes an implicit function of the two vari-
ables z and y, and z may be expressed as an explicit function z = f(z,y),
provided F(z,y,2) and dF/dz are continuous in the neighborhood of the
point (zo,10,20), and if F(xo,yo,20) = 0 and 9F (xo,10,20)/dx # 0. Then
in the neighborhood of (zy,10) the following identity is satisfied.

Flryf(xy] =0

The partial derivatives dz/0x and 9z/dy could be computed by the

method given above, but they may also be computed by using the total

differential as shown below. Let u = F(x,y,z) = 0. Then the total dif-
ferential of u is

oF oF oF
du = Sodo+ Sody + 55 de =0

If an explicit function z = f(z,y) exists in accordance with the above
conditions, the total differential of z is

9z 9z
dz = F dx + 3y dy
This expresses the dependent differential dz in terms of the independent
differentials dz and dy. Using this expression in the preceding one, the
differential of u is expressed in terms of only independent differentials;

thus
AF | oF 9z oF | OF oz
du = <6:c t o ax>dx+(ay T o ay)dy =0

Since dx and dy are independent, the above relation can hold only if
their coefficients vanish separately, so that

dF  OF oz dF | oF oz

oz Taras =0 it a ey T
From these equations the desired partial derivatives dz/dz and 9z/dy
can be found.

+ 0 (17.3)
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Instead of just one equation F(z,y,2) = 0, which under the conditions
mentioned above defines z as an explicit function of z and y, two simul-
taneous equations in four variables may be encountered. Consider the
equations

F(z,yup) =0 and G(z,yup) =0

Under certain conditions it would be expected that these two equations
would define both u and v as explicit functions of z, y. In order that these
equations define the explici{ functions u = f(z,y) and v = g(x,y), the
functions F and G, together with their first-order partial derivatives,
must be continuous in the neighborhood of a point (zo,yo,us,v0) for which
F(2o,y0,10,00) = 0 and G(wo,¥0,%0,20) = 0, and o(F,G)/3(u,w) #= 0 at the

point.
To compute du/dz, differentiate both equations with respect to z.
OF . dF du |, AF ov
dx ou 6x+av dx =0
oG , aGou 3G _

or duodxr ' v dxr
Solving these equations for du/0z and dv/dz, it is found that

ou_ FG o(x) §2_+ﬁﬂg_)ﬂ&“_) (17.4)
oz = oG/ ax T Ta(F,G)/a(up) ’

The partial derivatives du/dy, etc., can be computed in the same manner.
The generalization to n equations defining a system of n functions offers
no difficulty.

18. Dependent and independent functions. A set composed of
p functions
Y = fl(zhx% . .,27,.)
y2 = fa(@y, @y . . .\ T0) (18.1)

Yo = fﬂ(xlyx% .. 'yxﬂ)

each of which is a continuous function of n variables possessing continu-
ous first-order partial derivatives, is said to be independent when there
exists norelation between them which is zero for all values of 2, z3, ... , Zn
in the domain of definition. Expressed in mathematical form,

F(ysnys .. ., yp) #0 forall z, ...,z

If a relation between the functions can be found which vanishes iden-
tically, the functions are dependent.

A criterion of independence can be given by considering the following
array of all partial derivatives of the first order
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ox; drs T Oz,
o oy
M=\06r or, 9z, (18.2)
Ao W e
61‘1 6132 6.1:,.

An array of quantities arranged in the manner shown is called a matrix
(see Sec. 132). The matrix under consideration has p rows and n col-
umns. In case p = n, the quantities in the matrix can be used to form
a determinant which is just the Jacobian determinant

aﬁl/:lgz,. . -ﬂ/n!

O(x1,s, . . . ,Tn)

considered in the preceding section. The necessary and sufficient condi-
tion that all » of the functions y be independent is that the Jacobian
determinant does not vanish identically.

When n > p, one must examine the determinants having p rows
and columns which can be formed from any of the elements of the
matrix. If any such determinant of degree p does not vanish identically,
the matrix is said to be of rank p, and the set of p functions are inde-
pendent. However, if all the determinants having p rows and columns
vanish identically, one must consider the determinants having p — 1
rows and columns. If there exists one p — 1 rowed determinant which
does not vanish identically, the rank of the matrix is p — 1, and only
p — 1 of the functions can be regarded as independent, while the re-
maining one can be expressed in terms of the p — 1 independent func-
tions. The procedure outlined above can be repeated, and it is readily
seen that in order for the matrix to be of rank r it is only necessary to
show that all determinants of degree » + 1 vanish identically and at
least one determinant of degree r is different from zero.

The complete statement of the facts regarding the independence of
the p functions is that the necessary and sufficient condition for the
independence of the system of functions (18.1) is that the rank of the
matrix M (18.2) be equal to p. Furthermore, if p = n and r < p, then
of the set of functions just r are independent, and the remaining p — »
can be expressed in terms of the r independent y’s. Also, if p > =,
the p functions cannot be independent, since the determinant would
contain one or more columns of zeros, showing that the rank can not
be greater than n. .

As an illustration of the use of the above criterion, consider the
following three functions ¥, ¥, ys of the variables z;, 2,, .
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h==o+2 — 2
Yp=T1 — T2+ T3
ys = 2} + 23 + 2§ — 22ums
The matrix (18.2) becomes
11 -1
M=|1 -1 +1
200 2(wy — x) 2(ms — x)
In order to determine the rank of M we first evaluate the determinant
of degree 3
1 1 -1 1 0 -1
1 -1 +1 =1 0 +1
22, 2(1172 - xa) 2(133 - .Tz) PAZENI] 2(113 - xz)
The right-hand determinant follows from the first by adding the third
column to the second, and since a column of zeros results, the value of
the determinant is zero, and so the rank of M is less than 3. To show
that it is of order 2, a nonvanishing two-rowed determinant must be
found. It is at once obvious that there is such a determinant, namely,
1 1
1 -1

= -2

Thus M is of rank 2, so that only two of the y’s are independent. Taking
these to be y; and y., it is easily seen that y; can be expressed in terms
of them, since

ys = 31 + 4d)

19. Properties of Jacobians. It should be pointed out that Jacobian
determinants, often called Jacobians for briefness, have properties
much like the derivatives of functions of one variable. A few of these
useful properties will be given below in terms of functions of only two
variables, though they hold for any number of variables. The proofs
depend on the algebra of determinants but will not be given.

(1) Let » and » be two functions of the variables x and ¥, and sup-
pose that in turn z and y are functions of two other variables s, ¢, so that

u=uzy) v=1(y)
z = 2(s,t) y = y(s,b)

d(up) _ d(uw) d(z,y)
ast)  d(zy) Ast) (19.1)

provided all the partial derivatives involved are continuous.

then
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(2) If s = w and ¢ = v, from eq. (19.1),
a(up) 1
a(x,y) — a(zy)/8(uy)

This assumes that the functions u = w(z,y) and v = v(x,y) have
unique inverses, but the Jacobian itself furnishes a criterion for the
existence of unique inverses. In terms of two variables, the conditions
may be stated as follows. If w = u(z,y) and v = »(z,y) are continuous,
together with their first-order partial derivatives, at a point (zo,%0), and
if 9(u,w)/d(x,y) = 0 at (xo0), the unique inverses z = z(u,p) and
y = y(u,) exist and are continuous, together with their first-order
partial derivatives in the neighborhood of (x0,y0).

(3) A property of Jacobians analogous to the formula for change of
variable in functions of more than one variable is as follows. Let
u = u(r,s,t) and v = v(r,s,t), where the variables r, s, ¢ are in turn
functions of the two independent variables « and y. Then

o(u,v) _ 8(up) 3(r,s) d(u,w) 4(s,t) (u,w) a(t,r) 19.3)
a(zy) — B(rs) a(zy) T Alst) o(xy) T Atr) d(zy) '

(19.2)

20. Taylor’s theorem. Given a function f(z) which possesses deriva-
tives of the nth order in an interval (ab), Taylor’s formula makes it
possible to express the function f(x) in terms of the value of the function
and its n derivatives at a neighboring point z,. The formula is

S+ ) = S + 57 G) + G0 +
+ @h—_ill—)—, £ () + 10 (20.1)

where z, and 2 + h lie in the interval (ab). The remainder term r,
furnishes an estimate of the error involved when the value of f(x, + h)
is calculated by means of the polynomial

n—1 he
P 5/ @)

8=0

There are various ways of expressing 7., but only two will be given here.
) ro= JI;‘B,—M( +0) 0<6<1
(2) r,.=;&~!f(")(x+8h) 0<o<1

A special case of Taylor’s formula arises when the point z, happens to
be zero. Then
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18 = JO) + hf'(©) + 2770)
hn—l -
+ ...+ mf 0) + 7a (20.2)

This is known as Maclaurin’s formula. In this case the two expressions

for the remainder may be wrijtten
n n—1
ra = "J—ﬂ‘Ll O rioh)y  0<6<1

(n = !
B
r,,=;L—!f"(0h) 0<o6<1

Taylor’s formula can be generalized to functions of more than one
variable. It will suffice to give it for a function f(z,y) of two variables
which possesses all partial derivatives including those of order n in a
domain of definition. Since the formula is somewhat more complicated
it is more convenient to express it in symbolic operator form. Let
(xo,y0) and (2o+h,yo+k) be two points in the domain S; under considera-
tion; then Taylor’s formula may be written

n—1
Jerhy+k) = 3 & dfamye) + o (203)
v=0 °

The symbol d’f(x,y) denotes a certain sequence of operations to be car-
ried out on f(z,y). When » = 1, then df is just the total differential

=15 ).

where the independent differentials have been replaced by A and k.
The symbol d?% is to be interpreted as d(df), i.e., the total differential of
the function df; thus

af af d i) af _«_9[)
2f e P - —_ —_ —_
@f d(hax+kay> <h6z+kay)(hax+k6y
= (52 %Y o i’[)
- (h x? + 2k dz 9y +k dy?
The general operation d”f can be evaluated formally by writing

e — (179 AY
@f = (h6x+k0y)f

and expanding the operator (h 5% +k 5%)’ by means of the binomial
theorem.

21. Maxima and minima. In the calculus of functions of a single
variable, it is shown that the function f(z) has a relative maximum or
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minimum at a point z, if f'(x) exists and is continuous at z, and
Sf'(zo) = 0. Itis quite clear from Fig. 21.1 that at a point of discontinuity
of f'(x), f(x) may have a maximum. Assuming a continuous derivative,
the condition f’(z,) = 0 merely insures that the tangent line to the curve
is parallel to the z axis at z = o, but the values of the function in the
neighborhood of 2 = z, may all lie below the tangent line as in the case
of & maximum or all above it (minimum) or some above and some below
(neither & maximum nor a minimum). If no distinction is to be made
between these points, they are called stationary points or extrema.
In order to ascertain whether an extremum is & maximum or a minimum,
it is necessary to have recourse to the second derivative or to the first
nonvanishing even derivative of higher order. Thus, if f®(x,) > 0, n

flx)

.

F Y

o
r

Fia. 21.1

even, f(z) has a minimum, or if f™ (z,) < 0, the point z, corresponds to
a maximum of f(z). On the other hand, if the lowest order nonvanishing
derivative is of odd order, then the function has neither a maximum
nor a minimum, but it has an inflection point at x = x,. The above
conditions may easily be derived from Taylor's formula. The corre-
sponding conditions for functions of two variables will be developed.

In the case of a function of two variables, the condition for an ex-
tremum is that the tangent plane to the surface v = f(z,y) at the point
(xo,y0) be parallel to the zy plane. If u possesses continuous first partial
derivatives in the neighborhood of (zo,y0), the condition that the tangent
plane be parallel to the zy plane is that df/dz = 0 and of/dy = 0 at
(%o,y0). This may be seen from the fact that the total differential of
f(x,y) must be zero in order that the tangent plane be parallel to the
zy plane; thus

o f 5 _
du—axdx-f-aydy—()

Since dr and dy are arbitrary, it follows that

of _of _

These constitute the necessary conditions for an extremum.
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Conditions for a maximum or a minimum can be given if f(z,y)
possesses second-order derivatives at the point in question, for then
the values of f(x,y) at points in the neighborhood of (zo,y0) may be
obtained from Taylor’s formula, which becomes

Havthyotk) = o) + dfEoye) + Sf(zo-Oh, ot OF)

F(xo+hyo+k) — f(2o,40) =é(x0y?/o)h + g‘g(xo,yo)k
1rf(=z,y) (), | ¥ (xy) x =z + 6h
g e + 2 S0, 4 20 | Y = vo + 6k

If the conditions for an extremum are satisfied, the above formula
may be written

I

Au = L(Ah? 4+ 2Bhk + Ck?)
where
9% (xxo+ 6k, 10+ 0k) 02f(xo+ 6h,y0+0k)
A= B = ——————=——
dx? dx oy
9% (xo+6h, 30+ 6k)
C =
dy?

For a minimum the difference Au (see Sec. 15) must be positive in the
neighborhood of (2g,40). The condition for a minimum thus reduces
to the conditions which must be satisfied in order that the quantity
H, = Ah* + 2Bhk + Ck?* > 0. This is a homogeneous polynomial in
h and k of degree 2, or merely a quadratic form in two variables. It is
required to find the conditions for which the quadratic form H, will be
definite, i.e., either always negative or always positive. To determine
this, H» may be rewritten in the form

Hy = }71 [(Ah + BE)? + (AC — B2)k?]

It is clear that H. cannot vanish for any values of & and % not equal to
zero, provided
B*— AC <O

This condition cannot be fulfilled if A and C have different signs;
thus 4 and C must necessarily have the same sign, and H, will have
the same sign as A and C. For a minimum in f(z,y) it is required that
B? — AC <0, and 4 and C must be positive, while for a maximum
A and C must be negative. The complete theorem may be stated as
follows.

Theorem. If at the point (xo,y0), 0u/dz = 0, du/dy = 0, and
[8%u/(0x 3y)]* — (8%u/8x%)(8%/dy?) < 0,
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and if the second-order derivatives are continuous near (zo,0), then u
will have a relative maximum at (zo,y0) if 9%u/9z? < 0, and a relative
minin}um when 8%u/dzx? > 0.

If, however, [0%u/(dz dy)]? — (8%u/02?)(8%u/dy?) > O, the function
has no maximum or minimum. When 4% /dz? and 8%u/dy? have different
signs, the function has a saddle point at (2o,50). |

Much the same argument is used to obtain the conditions for functions
of three variables. In this case, it is necessary that

du/ox = du/dy = du/dz =0

at (2o,Y0,20). The conditions for & maximum or minimum reduce to the
circumstances under which a quadratic form H; in three variables is
definite. For completeness, this condition will be stated. The quadratic
form H; may be written

113 = auh2 + 022](72 "I" aaalz + 2012}&]\7 + 2(113hl + 2(123](71

The necessary and sufficient conditions that H; be positive definite
are that

Ay Gy ay; Q. Qg
an > 0, >0, . aQn an| >0
A9y Q22 Az Az Oy

where a,; = a,,. The term H; will be negative definite if the inequalities
in the first, third, etc., determinates are reversed.

22, Maxima and minima with auxiliary conditions. It often
happens, in physical applications, that one wishes to find the maxima
or minima of a function of several variables while at the same time
certain relations between the variables must be maintained. To illus-
trate what is meant here, suppose it is desired to determine the lengths
of the principal axes of the section of the ellipsoid

Z+L4g

cut out by a plane passing through the origin, whose equation is
lx + my + nz = 0. Stated in a slightly different form the above
problem is the same as that of finding the maxima and minima of
r? = 22 4+ y? 4+ 22 subject to the auxiliary conditions

+y-+——1 Iz 4+ my +nz = 0
This means that in the function r2 only one variable is independent,

80 that by using the auxiliary conditions 7? could be expressed in terms
of one variable, and then one could proceed in the usual way to deter-
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mine the value of the one independent variable for which r? has an ex-
treme value. This method is usually not the most convenient in prac-
tice. A convenient method due to Lagrange will be outlined.

Consider a function of m + n variables, together with n relations
involving these variables. Thus only m of the variables will be inde-
pendent. For purposes of explanation, denote the m independent vari-
ables by 1, 73, ..., Tm, and the dependent ones by yi, ¥2, ... , ¥». Then
the extreme values of f (xl,zﬁ ZmY1,Ye, - - .,Yn) are desired when n rela~
tions obtain among the variables, namely,

<p1(z1,x2, oy TmyYty - - .,y,.) =0
(02(131,562, - Lyl - - ‘!y”) =0

‘Pn(zlyxﬂ) <o Tmyl, - -’yn) =0
It will be supposed that all these functions are differentiable. In order
that f have extreme values, its total differential must vanish, i.e., df = 0.
Taking the total differentials of the above equations, there exist n + 1
equations to satisfy. When written out in detail, they are

kA of of of . _
dnt g dnt by gy, =0 (22.1)

3¢ 9y 9 91
axldxx—l— ax,d’”’+ o+ 6yxdyl+ +6y"d1" =

|
(=]
P

................................................. (22.2)
O¢n O¢n O¢n On 4 _ S
3xldxl+ax2dxz+ -l—ay1 dp+ ...+ ay"dy,. 0
In principle the n dependent differentials dy,, ... , dy. can be elim-
inated by using the last n equations, and the first equation would assume
the form
GldI]+sz£2+ +G,,.d:c,. =0

which now contains only independent differentials. The left-hand side
can be made to vanish for all choices of the differentials only if

G1=Gz= =Gm=0
These m equations, together with the n equations
¢.‘(Z;,$2,..,,y1,...,yﬂ)=0 1:=1,2, A
serve to determine the values of the m 4+ n unknowns 2, 2, ... , Tm,
Y1, - .. , Ya for which f assumes an extreme value.

In actual practice, the independent differentials can be eliminated
by the method of undetermined multipliers. The method consists in
multiplying the first of equations (22.2) by a constant \;, the second
by N, ete. The resulting equations are added to eq. (22.1), and the
result may be written
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deI|+X2dxz+ “os + Yldyl + Ygdy2+ s + Y..dy,. =0 (223)
where

_A L e e don . _
X;—axi'i')qax"i')\eax"‘l"...+)\ﬂazi t—l,2,...,m
_ 9 91 d¢s 9¢n .
Yi=grdhgit NGt MG =12
Now the n as yet undetermined multipliers M, A, ..., A, can be deter-

mined in such a way that the n coefficients Y; all vanish. Then only
independent differentials appear in eq. (22.3), and in order that eq. (22.3)
be satisfied,

X1=0, X2=0,...,Xm=0
These equations, together with the n equations ¥, =0, ..., Y, =0,
and the n equations ¢; = 0, ¢» = 0, ..., ¢, = 0, completely determine

the unknown constants and the unknown variables. In practice it is
best to write down all 2n + m equations, because simplifications may
be apparent as in the case of the problem stated at the beginning of
this section which will now be solved.

To find the maximum and minimum of the function 72 = z? 4 y? 4 22
subject to the conditions

2 2 2
%+%+§—1=0 e +my +nz=0

Choosing z as the independent variable, the equations X; = 0, Y, = 0,
Y, = 0 are

X1=21)+)\1§—::+)\2l =0
Y1=2U+)\1%,y+)\zm=0

Yz=22+)\13—:+)\2n =0

Multiplying the equations by z, y, and z, respectively, and adding,
yields the equation

2 2 2
20+ 2+ 20+ o (G + B+ 5)
+ N(lx +my +nz) =0
or simply M= —1?

Using the above equations, it is possible to solve for z, y, and z in terms
of Ns. Thus

l )\gl _ l )\(m l XQTIA
2rjat—1 YT 21 T2/ — 1

T =
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Then lx+my+nz=%2(
Since A; cannot be zero, it follows that the maximum and minimum

values of r are given by the above quadratic equation in 72

l2az m2b2 n2? -0
r2 — q? r2_b2 r2_02
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PROBLEMS

9.1, If u = av and y = log z, determine du/dz.

9.2. Ifu \/I-:_y_E and y = cos z, determine du/dz.

9.3. When z = sinh ¢, y = cosh ¢, determine dy/dz. Check the result by direct
differentiation of y = VI + 22

9.4. Given z = tan y, calculate dy/dz and d?y/dz*.

9.5. Given u = f(y), y = g(z), compute d*u/dx3.

9.6. Given y = f(z) and the inverse exists, compute d®z/dy3.
11.1. Determine the limits

]

(2) lim 8In 7z

z —sinz
z 11tz

(1) lim
20
11.2. Determine the limits
. (log x)* . z
1) lim (log z)2, 2) lim ——=—=
()z—.n 2 ()z--w\/.‘t’—l
11.3. Evaluate
z(x® — 2?) — 2xsinz
at z=m

(® — o)
11.4. Evaluate the indeterminate forms
z3 8in? z 1 — cos 2z
(1) -1 2) = (3) —_— at z =0.

11.5. Evaluate the indeterminate forms
1) @—=1rlog (z —1), n>0;

a — a*

@ l1—z

11.6. Evaluate the indeterminate forms

v at =1

zrlogz, n <0, Si‘fhﬁg”:' g<wx for z =,
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11.7. Evaluate the quantity

1 [(a* + 2%)/(2a2)] log [(a + z)/(a — 2)] =1
2 [(¢* — 2%)/(2az)] log [(a + z)/(a — 2)] +1

at z =0.
11.8. Evaluate the quantity (log z)®n 1/= at z = ».
11.9. Determine the limits.

z — b* . tanz —1
(1) lim Z . 2) lim -t
) @l =
11.10. Determine the limits:
(1) lim zme—22, (2) lim z"¢= log z.
-0 z—®

8
3) lim 2= Dog(l)]~ () lim (sin z)tn =,
z—0 z T /2
13.1. If u = e and z = log Vit F st and y = tan™'s/r, compute du/ar and
ou/os.

13.2. Let u = 22 — ¢, where ¢ = 2r — 35+ 7 and y = —r + 8 — 9. Com-
pute ou/or and du/as.

13.3. If u = f(z,y) and z = r cos ¢ and y = r sin ¢, show that

ou\? au\? au\? | 1 [ou\?
) () - () +5()

134. Let u = f%c%/ where z = tan (2r — 8%), y = cot (r%s). Compute du/or
and du/as.

13.5. If u = f(zy) show that z(3u/dz) = y(du/dy).

13.6. Let u = f(z/y). Show that z(du/dz) + y(du/dy) = 0.

13.7. If u = f(y+az) + gy —azx), show that 3u/dz* = a*(o%u/dy?).

138. Ifu = f(z,y,2) and = r 8in 6 cos ¢, y = r 8in 6 co8 ¢, 2 = r cos §, com-
pute 92u/02* + d*u/0y® + 9*u/02* in terms of r, 6, and ¢.

139. If u = f(z,y,2) and z = Vq cos ¢, y = Vin sin g, z = }(§ — 1), compute

8%u/dz? + *u/dy? + 9*u/dz?
in terms of £, », and ¢.

14.1. The electric potential at any point due to a charge g located at the origin
of coordinates and a uniform electric field of intensity E is V = ¢/r — Ez. Deter-
mine the electric intensity along the outer normal to a sphere of radius R with center
at the charge, i.e., determine directional derivative of V in the direction of a normal
to the sphere. In which direction from a point on the sphere is V changing most
rapidly?

14.2. The electric field in any direction outside of a conducting sphere of radius
R in a uniform field is given by the directional derivative of the potential function

V = Vo — Er cos 8 4+ ER*(cos 8) /1.

Find the directional derivative of the above expression in & direction perpendicular
to the plane 6 = = /2.

14.3. The gravitational potential around a thin rod of length 2I, density per unit
length g, center at origin, and lying along the z axis, is

—=D+Ve-D+2+y
-+ + vVttt

V =olog
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Find the directional derivative in the outward direction along a line through the
origin, in the zz plane.

15.1. The deflection of a cantilever beam of length ! with moment of inertia I
made of material whose modulus of elasticity is E is given by

where P is the load applied at the free end z = 0. If one wished to determine the
constant EJ of the beam by megsurements of the other quantities, what would be
the per cent error in ET if errorg Az, Al, and Ay were made in measuring z, [, and y?

15.2. Using the concept of the differential of a function, obtain an approximate
value for the volume of a spherical shell of small thickness.

15.3. Using the concept of the differential of a function, obtain an approximate
expression for the volume of a conical shell of small thickness bounded by two cir-
cular cones having a common vertex, a common axis, and equal heights.

16.1. If z = a sin# and y = a cos 6, compute dy/dz.

16.2. The parametric equations for a spherical surface are z = a sin 8 cos ¢,
y = asin @ sin ¢, z = a cos 6. Compute 3z/3z, 3z/dy, and dy/az.

16.3. The parametric equations for a certain parabolic surface are z = r cos 6,
y =r8inf, z = }(r? — 1). Compute 9z/9z and 9z/9y.

17.1. Given the equation z?/z% + y?/b® + 2}/c* = 1 of an ellipsoid, compute
dz/d8z and dz/dy.

17.2. If ye =¥ = sin z, compute dy/dz.
17.3. If y sinz = 2z tan y, compute dy/dz.
17.4. If F(z,y,2) = 0, compute 8%/922
17.5. If zud + yv* = z1, yu? — v = 2%y, compute dv/y.
176. If au + ww — v = 2%, v* — 2v + u = z*, compute du/dz.
17.7. If V = 2w and ub 4+ v* + 2% = 3y, u® + v* + * = —3z, compute 3V /az.
17.8. Given ue® 4 vz = y sin z, u cos u = 22 + 2. Compute dv/dy.
17.9. Given yz¥ = sin z. Compute dy/dz.
17.10. Given u = Ce—k(z*+v), where 22 + y? = a?. Compute du/dy.
17.11. Given u® — v = y, v* — yu = z. Compute dv/dy.
17.12. Given z = u + vu*, y = v — w*. Compute du/az.
Test the following sets of functions for independence.
181, u=z+y+z,0=2—2zy+2z,w=2+y*+2%.
18.2. u = cos6, v = 2rsinf, w = (4* — 2) cos 6.
18.3. Ascertain whether u, v, and w are independent where
u=n+2y+a%z—22z+y+2)
v =z 42
w=2—224zy —2y
18.4. Test the independence of the functions u, v, w when
u=rsinfcosp, v =rsinfsing, w =rcosh.
18.5. Are the functions u, v, and w independent when
—2u=2 (-2pw=y @—yw=2
19.1. Givenz = r cos 6, ¥y = r sin 6, and the inverse relation
r= Va2 4y 0 =tan"ly/z.
Demonstrate eq. (19.2) by direct computation.
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19.2. Discuss the g‘eometrictﬂ significance of the fact that a(w,)/d(z,y) = 0
at a point.
19.3. Given u = z — y?#, v = z + y2. Determine whether or not these func-
tions have unique inverses over the following domain of definition.
(1) —e<z<¢ —-c<y<ec
(2) —c<z<¢c 0Ly<ec
19.4. Do the functions z = }(u —v), y = Vur have unique inverses?
21.1. Does the function 22 4 y? 4+ 42 — 3y — 7 have a relative minimum?
21.2. Test the following functions for extrema and relative maxima and minima.
(8) u = 2® + 822 — 2zy + 57 — 4y?
(o) u =2(z —y)* —2* — y
(¢) u = z%?* — b5z* — 8xy — 52
21.3. YFind and investigate the extrema of
u = (2® + yHe— )
and sketch the function roughly.
22.1. Find the maximum of F(z,y,2) = zyz, subject to the condition
z4+y+z=1
22.2. Find the greatest rectangular volume which can be inscribed in the ellipsoid
a ' e
22.3. The following is a well-known problem in statistical mechanics. Consider
the molecules of a certauin quantity of gas in a chamber; each molecule at a given
instant will have a certain position and momentum which can be specified by six
numbers, , ¥, 2, Pz, Py, Po Thus a point in a 6-dimensional space would represent
the state of a molecule at any instant, and would in the course of time move in this
space as the position and momentum of the molecule changes. Suppose that the
space be divided into small cells. All the molecules whose coordinates and momenta
fall into one cell will have about the same energy. The cells will be numbered 1,
2, .-, and let there be 7, molecules in cell <. If the total number of molecules is N,
then

=1

N=nm+n+n+--- (1)
If the total energy of the molecules is E, and if the energy of a molecule in the ith
cell is e,, then

E = mea + me + --- ()
The total number of ways of distributing the N molecules in the cells will be
N!

§ = —2 1
nytngImg! ..
The most probable distribution among the energy cells will be that which makes .S
a maximum subject to conditions (1) and (2). Find this distribution. Since all
numbers can be assumed large replace n! by I'(n + 1) and use the asymptotic form
of I'(n + 1). See eq. (113.15).



Chapter 3

INTEfv/RAL CALCULUS

23. The Riemann integral defined. The process of integration is
essentially a process of summing. One may find the area under a given
curve by integration, since the region under such a curve may be broken
up into pieces and the area of the pieces added together. To be more
precise, consider the bounded function f(z) defined throughout a finite
interval @ < z < b, the graph of which is shown in Fig. 23.1, and divide
the interval [ab] into n subintervals by the points

a=x < < Ty ..., Tuy<Tp=2"b
Ax)

- pmmmmmmm———

FYY P

3

Fic. 23.1

Since the function is bounded in [ab] it is bounded in every subinterval.
Let the greatest lower and the least upper bounds in successive intervals
be denoted by m,M,, m:M,, etc. The area contained in the rectangles
whose heights are MM, etc., for any scheme of subdivision ¢ of the
interval [ab] will be

S. = M](xl - a) + Mz(Iz —_ x;) + N + Mn(b —_ :1:,._1)

On the other hand, the area contained in the rectangles whose heights
are my, ms, etc. will be

S = mi(x1 — a) + ma(x2 — 1) + ... + Mmu(b — TW)
46
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It is readily seen that these two sums constitute an upper and a lower
bound to the area beneath the curve. The two sums are called the upper
and lower approximate sums.

As one changes the scheme of subdivision these sums change. In
particular as the intervals are made smaller, i.e., as the number of sub-
divisions is increased, the value of S, decreases and the value of s,
increases. As we go through all the modes of subdivision we obtain a
set of values of S, and s,, and the set of all S,’s has a lower bound 8§,
and the set of all s,’s has an upper bound s. The numbers S and s are
called the upper and lower integrals of f(z) in the interval [ab]. It is
clear that S > s, and in particular if S = s, then f(z) is said to be
Riemann integrable (or integrable-R) in the interval [ab], and the
common value of S and s is the integral of f(z) over the interval. The

value of the integral is denoted by j; ’ f(x)dz.

The value of the Riemann integral can be arrived at in another way.
The function f(z) must as before be bounded in an interval [ab], and
this interval divided into n subintervals. The length of the rth interval,
ie., x, — z,—1, will be denoted by &,, and of all such subintervals let
the largest be denoted by 8. This largest interval is called the norm
of the particular scheme of subdivision. Now choose an arbitrary point
in the subinterval 8, and call it ¢, and form the sum

I3 = > f(E)8,

r=1
The value of this sum will of course depend on the scheme of subdivision
and on the choice of the points &. It may happen, however, that I§
approaches a limit I as § — 0 independent of the scheme of subdivision
or choice of the points . If this is the case, I is the Riemann integral
of f(z) in the interval [ab] and denoted by

e b
I =lim ;f(s»ar = [ 1@z

This definition and the first one given are equivalent. The proof of
this is based on a theorem of Darboux.

24. Classes of bounded integrable functions. It is convenient to
know some of the classes of functions which possess Riemann integrals.
A partial list of such classes is given below when the interval of defi-
nition is bounded.

1. Every continuous function.

2. Every bounded monotonic function.

3. A bounded function whose discontinuities can be enclosed in a
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finite number of intervals whose total length can be made arbitrarily
small.

4. If the function f(z) is integrable in the interval [ab], every other
function g(z) obtained by altering the value of f(z) at a finite number
of points in [ab] is integrable, and

j;b/(z)dx = f i ;](x)dz

5. The sun: oroduct, or quotient of two integrable functions is an
integrable function, provided that in the case of the quotient the ab-
solute value of the denominator is greater than a fixed positive number
throughout the range of integration.

6. If f(z) is integrable, | f(x) | is integrable also.

25. Fundamental properties of Riemann integrals. Some im-
portant properties of integrals are enumerated below. It is always
assumed that f(x) is integrable in the interval [ab].

1. f " f@)dr = — ﬁ f(x)dz
2, f ‘dr=b—a
. f * kf(z)de = k f * f(z)dz; k = constant
. f * f@)de = f ° f(@)dz + f " f(x)dr wherea < ¢ < b
. If f(z) > g(z) throughout the interval [ab], then
[ 1w 2 [ g@yie
6. [ f > f(x)d:cl < f b’f(x) ‘dx

7. If M and m are the upper and lower bounds of f(x) in the interval
[ab], then

w

(A

m(b — a) < [ f(z) de< MO — o)

8. If f(x) is continuous throughout [ab] there exists a number &
such that ¢ < ¢ < b, and

[ 1@z = 5©® - a)

The above relation is called the first mean value theorem for integrals.
9. If f(z) is bounded and integrable in the interval [ab] and
a <z <b, then F(z) = ﬁ ’ J(t)dt is a continuous function of z even

though f(¢) may not be continuous.
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10. If f(z) be continuous in the interval [ab], then at every point in
[ab], the function F(z) possesses a derivative which is the function
fx), ie., F'(z) = f(x).

11. If ¢(z) is a function which at every point of [ab] possesses a
derivative which is the continuous function f(z), then

[ @z = o) - o@

The last two theorems show that every continuous function is a
derivative of some other continuous function which is called its prim-
itive or indefinite integral.

Although it may be known that f(z) is integrable it may be difficult
in any given case to find the value of the integral. Since in practical
applications it is often required to evaluate integrals, some useful meth-
ods will be given in the following sections. More powerful methods are
given in later sections, see especially Secs. 40, 62, and Chapter 7.

26. Integration by change of variable. Suppose that f(z) is con-
tinuous in the interval ¢ < z < b and that 2 = ¢(¢f) is a monotonic
function in the interval a« <t < B8 possessing a derivative at every
point, and such that ¢ = ¢(a) and b = ¢(B). Thus as ¢ traverses the
interval [e@8], z must assume all values in the interval [ab] just once.
Under these conditions

S I@)dr =S [le()}¢')dt = G(t) = G{Y(x)}
where ¢(z) is the inverse of ¢(f). The success of this method depends
on one’s ability to find G(f).

The above restrictions imposed on z = ¢(t) should be carefully ad-
hered to, or incorrect results may be obtained, as may be seen from
the following example First consider the simple integral

f tn_,x:l”_z_(_z)_z
x1+ =t 1 1) 72

Let us evaluate I by means of a change of variable by writing z = 1/¢
where —1 <t < 1. The above integral becomes

(]t _—_11'
f1 14+ 2

which is not the same as the result first obtained. Several things are
wrong with the choice of the function z = ¢(t), namely, it does not have
a derivative at ¢ = 0, it is not monotonic in the interval, and finally, it
allows z to take on values not in the interval —1 <z < 1.

27. Integration of rational functions. A rational function is one
which can be expressed by the quotient of two polynomials. In the next
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few sections a rational function will be denoted by R(z), so that

__Q

If the above fraction is improper, i.e., the degree of the polynomial Py
is greater than the degree of Py, it is always possible to write, by division,

[(x)
1? z) = P(x) + F@) (27.1)
where P(z) is a polynomial and the remaining fraction is proper.

As far as the integral /° R(z)dx is concerned, the integral /° P(z)dz
offers no difficulty, so that we shall deal with the method of evaluating
f MF((Z) dz. A common method for doing this is to write f(x)/F(z) in
terms of partial fractions. To do this, however, the roots of the poly-
nomial F(x) must be known. A method due to Hermite allows one to
carry out the integration even though all the roots of F(z) are not known.

In order to give a clear exposition of the method, let us suppose for
the moment that the roots of F(z) are known, so that F(z) may be writ-
ten in the form

F(z) = (x — a)*(x — b)k...(x — I (27.2)

It is now possible to express the quotient f(z)/F(z) in terms of partial
fractions.

j@ A A
m@‘u3@+u St T e
B; B2 Bﬁ
+(:c—-b)+ :c-b)2+ "'+(x b)#
T
+ e S L)
(x - l) (I l)2 U (= =

If the integration of the right-hand side were carried out, the terms in
the first column would give rise to a logarithmic term, and the remaining
terms would yield a rational function. Let us denote the rational func-
tion by Y/Q, where @ is the common denominator of all the terms save
those in the first column after the integration has been carried out.
The function Q can be written out at once, namely,

Q=(—a*Wz—-bF1... (- (27.4)

In addition to this we know that the function ¥ will be a polynomial of
degree one less than Q.

Before integration the terms in the first column may be added to-

gether and put over a common denominator, so that the sum of these
terms will be of the form X/P, where
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P=@—-a@-0)...xz—-1) (27.5)
and X is a polynomial of degree one less than the polynomial P. Thus
far then

J@) X Y
f e =[Fa+ (27.6)

It is now our purpose to give a method for finding Y/Q. In this regard
it is important to notice that @ is the highest common factor in F(x)
and F'(z), and can thus be found by algebraic methods. Furthermore
P = F(z)/Q(x) and can thus be found by division. In order to deter-
mine X and Y, it is convenient to differentiate eq. (27.6) so as to obtain
the relation

f@ X 1y
Fa) ~ BT (Q) (27.7)

Since it is known that X and Y are polynomials of degrees one less than
P and @, respectively, they may be written down with unknown coeffi-
cients and substituted in the identity (27.7) which serves to determine
these coefficients. Before doing this it is convenient to alter eq. (27.7)
as follows.

Y /

J@) = ZF@) + ( )F(x) QX + Y'P — ——%—}3 27.8)
when it is remembered that F = PQ. By equating like powers of z in
this equation there will be enough equations to determine the unknown
coefficients. The advantage of this method is that the rational part of
the integral can be determined without solving the equation F(z) = 0
completely. The part X/P can always be evaluated, since the roots of
P = 0 are all simple.

It should be noted that if F(x) and F’'(x) have no common factor,
the integrated result contains no rational part and
1@ X
F@) dz f P dx
which can best be integrated by the method of partial fractions.
As an illustration of the method, we shall evaluate
f 3tz —2 iz
(#—D¥*+1)

In the problem above,
f@) =8x*+x—2, and F(z) = (z — 1)%@x*+ 1)
The first step is to find @ by differentiating F(z), which gives

Fl(z) = 3(x — D2z + 1) +2(z — 1)
= (z — 1)
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The value of P may now be found from the relation P = F/Q. Thus
E:ﬁixl%zj'_ll (x — 1)(z2 + 1)
We also know that
Y = A + Bz, X = C + Dz + Ex*
Substituting these in eq. (27/8), we have
2t+x—2=(x— 1)*C + Dz + Ez? + B(z — )22 + 1)
A+ Br)-2-(z— D —DE+1)

(-1
Equating coefficients of like powers of z, we have
5 1 5
= =—2 (== B=-5 4=2

E=0, D 3 C 3 B 3 4
Therefore

3+ — 2 d:c—l S5z + 1 de — S5 — 4

f (x— ¥+ 1) 2J @—-D@E2+1) 7 2 — 1)

The resulting integral may be integrated by using partial fractions.
The result will contain a logarithmic term.

28. Integrals reducible to rational functions. In some cases it
is possible to reduce integrals of irrational functions to integrals of
rational functions. These fall into three main types. The first type
may be represented by the following integral.

ax +b az + b\#
fR[ (w+d) (m), ...]dx (28.1)
where R is a rational function of the arguments z, [(az + b)/(cz + d)]¢,
etc. The exponents «, 8, ete., are rational numbers, and a, b, ¢, and d
are constants.

To evaluate integrals of this type one proceeds as follows: First find
the least common multiple m of the denominators of «, 8, etc., and then
make the substitution ¢™ = (az + b)/(cx + d). This makes the inte-
grand a rational function of £. As an example, consider the integral

8 dx
f (x — DYz — 1)4

Here o = 3 and 8 = 1. The least common multiple of 2 and 4 is 4 so
that m = 4. Then t‘ =z —1, and z =141, and dz = 4% dt, so
that the integral is now

fw_z}f(l_*_ﬂ)!dt

The resulting integrand is now rational and can be integrated at once.
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The next type of integral to be considered is the so-called bionomial
integral
S r(a + bxf)? dx
where a and b are constants and the exponents «, 8, p are rational num-

bers. The first step in the reduction of an integral of this type is to
make the substitution

1
t=af, do=-tF‘dt

o |-

whereafter the integral becomes

1 etl »
Bftﬁ (a + btyr dt
a+1

B8

Denoting — 1 by g, the integral

1
o) =5 [ tra + by d

can be made rational in three cases, namely,
(a) If p = an integer, then

o) = [ Rt

(b) if ¢ = an integer, then
o) = [ Rlt(a + bt)rlat
(¢) if p 4+ ¢ = an integer, then

o(p,q) =f R [:(a—ji-b—t)p,t]dt

and each of the above integrals is of the first type (28.1) considered,
and may be handled accordingly.
The third type is exemplified by the integral
S R(sin z, cos z)dz
where R is a rational function of sin z and cos z. The first step is to
make the substitution ¢ = tan (z/2), whereafter dr = 2dt/(1 + t?),
sinz = 2t/(1 + t?), and cosz = (1 — t2)/(1 + t*). The resulting inte-
grand will be a rational function of ¢, so that
. 2 dt
fR(sm z, cos x)dx —f Rl(t)1 T8

29. Integrals of irrational functions and elliptic integrals. In
many applications one meets a somewhat broader class of irrational
functions, the integrals of which cannot always be evaluated in terms of
elementary functions. The class to be considered here may be denoted by
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J" R(z,y)dz, where R is a rational function of the variables z and y,
and may be written R(x,y) = f(z,y)/F(z,y), and f(z,y) and F(z,y) are
polynomials in the two variables z and y. In addition y is to be regarded
ag an irrational function of z of the following form.

y=Vr() (29.1)

where 7(z) is an ordinary polynomial. The first problem is to reduce
the integral to its simplest form. This is accomplished by collecting
all the terms in f(z,y) and F(z,y) which contain z alone and products
of the form z™y", where n is even, and then substitute {r(z)}*'? for
y*(x). After this is done, R(z,y) may be writien

_ [y _ 9@ + yG=)

F(zy)  hx) + yH(2)
The denominator of the fraction on the right can be rationalized giving
_ [9&) + yG@)][) — yli(2)]

Rlwy) = Re(a) — y?H )
_ g@h() — G U (2) + y[h(@)G(@) —~ g(@)H ()]
R (x) — y*H*(x)

The denominator is now a polynomial Po(z), the first two terms in the
numerator constitute a polynomial Py(z), and the coefficient of y is
also a polynomial Py(zx). The original function can then be written in
the following ways.

R(zy) = Py(x) + .7/1)2(5[2 = Ri(x) +y B‘L(E)

R(z,y)

Po(z) Po(z)
= R + HBTE) _ ) 4 B0
In the reduction so far, we have
f R(zy)de = f Ri(z)dr + f &;—xldx (29.2)

The first integral on the right can be evaluated by the methods given
in Sec. 27. The last integral can always be evaluated in terms of ele-
mentary functions when the polynomial r(z) is not of higher degree
than 2. When r(z) is of the third degree, the integral is said to be an
elliptic integral. Integrals of the latter type can be reduced to one of
the following 3 forms.

1. f glf an elliptic integral of the first kind
2. f x_;__dx an elliptic integral of the second kind

5. f 48 _ . ellivtic inteeral of the third kind
(x — a)y
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In order to carry out the reduction of the integral

f Ry(z)dx
y
proceed as follows. If
P.

is an improper rational function then divide the numerator by the de-
nominator and obtain

r@Py@) _ — remainder
Po(l') = QT + axr ! + e + A + Po(x)

Then Py(z) is written
Py(z) = (x — a)*(x — b)E...(x — I

and the right-hand term in the above expression is written in terms of
partial fractions.

remainder _ 4, A, A,
Py(x) ~x—a+(x——a)+"'+(:c—a)"
B, B, Bs
e T et T =0y
Ly L, Ly
G-n T

Substituting the above expressions in eq. (29.2) yields the result

" dx f :c"";da: +

f R(z,y)de = f Ri(z)dz + ao f T a

dz
.+a,.f—IJ—+A1fm+...+fom (29.3)

In eq. (29.3) the integrals which still must be treated are
z' dx

'y
These can be represented by an integral of the type
_ f (@ — x) dx
Vr(x)
since ! may be negative or positive, and z, may be zero.

The next step is to reduce the integral E; to its simplest form. Hence-
forth it will be assumed that r(z) is not of degree higher than four,
and is written in the form

r(z) = bo(x — 20)* + bi(x — 20)® + bo(x — 0)?
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A reduction formula for the E/s can be obtained with the help of the
following identity.
bo(z — 20)* + by(x — x0)? +yb2(-’l? — 20)2 + by(x — x0) + by _ \/;(;5
Multiplying the above expression by (z — zo)’ and integrating gives
boBiis + 0By + biErg + bl + by
=/ (z /xo)’\/ r(z) dx (29.5)

After a partial integration the integral on the right can also be expressed
in terms of E’s.

f (x — zo)'V'r(z) dr

_E—ztt o 1 (@ = zg) P (x)d
T+ V@) T Vi
_ (=) Vr(x)

_ . -5 i 7 (4boEs + Bbrkiiga + 2baEuga + o)

Substituting this expression in eq. (29.5) and collecting the E’s gives
(21 + 6)boE1s + (21 + 5)biEys + (2L + 4)bsE 0,

+ (21 + 3)b:Eiyy + (20 + 2)b4E

= 2(z — x)*'Vr(z) (29.6)
The recursion formula just developed holds for all positive and negative
integral values of | and may be used to evaluate any E; in terms of
E., E,, Ey, and E_,. If it should happen that x, was a root or zero point
for r(z), then b, would be zero, and the recurrence formula shows that
E:; can be computed from E,, E,, and E_,. The same situation arises
when r(z) is of degree 3, for then b, = 0.

30. Linear transformations of elliptic integrals. Before taking
up the matter of transforming the standard types E,, E,, and E_, into
the normal forms which have been tabulated, it is necessary to consider
a few of the properties of the general linear transformation in one vari-
able. Such a transformation may always be written in the form

_a+b
2= T d (30.1)
. a b
where the determinant c d
must not be zero. Solving the above relation for ¢ one obtains
g = 2=t (30.2)

c—a



Sec. 30] INTEGRAL CALCULUS 57

The transformation eqs. (30.1) and (30.2) establish a correspondence
between points on the z axis and different points on the ¢ axis. If in
particular one wishes to have specific points on the z axis go over into
special points on the ¢ axis, this serves to determine all or part of the
constants a, b, ¢, and d. For example, it might be desirable to have the
points 0 and 1 on the 2 axis go over into the points 1 and « on the ¢ axis.
The constants must then be chosen to satisfy the equations

1= —b-; ® = b—— d
—a c—a
These relations can be satisfied ifb = 1,¢ = —1,and¢c = —1,d = —1,
so that
t___l—i—z
1-—2

This transforms every point in the line segment 0 < z < 1 into points
on the line segment 1 < ¢ < . The determinant of the coefficients

-1 1
-1 -1
does not vanish, so that the transformation is legitimate.

It is important to ascertain how an elliptic integral reacts to a linear
change of variable. First of all, let the fourth-degree polynomial r(z)
be subjected to the general linear transformation

r = a+b
c+d
The polynomial 7(z) may now be written
(@) = bor* + bir® + bez® + bex + b
ot! + But® + Bat® + Bt + Bu
Iy By (dﬁd)4 B B (ad — be)?
Henceforth the polynomial in ¢ will be denoted by ¢(t), so that

e(t) = Bot* + But* + ... + Bs

If 21, 73, 23, 74 are the roots of the polynomial 7(z), then the roots t,, &,
ts, Ly, of o(¢) will be the points on the ¢ axis into which 2,, zs, z3, 24 trans-
form, i.e.,

g = 2= 4z, i=1,234
cri — @

This is done even if one of the zero points of r(z) or ¢(f) lies at infinity.
. _afct+d) —clat+b) ., ad—be
Since dr = e+ d)? dt_(ct-*—d)*
dr ad — be at dt (303)

\/r_(?)=(ct+d)2‘%;—%\/m=v;@

dt

Then
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This relation establishes the fact that a linear transformation of an
elliptic integral of the first kind carries the integral over into another
elliptic integral of the first kind.

In order to determine what happens to integrals of the second and
third kinds it is useful to note that the integral

dz
— 30.4

f (x — 20)Vr(z) ( )
is an integral of the third kind when 2, is not a root of 7(z). If z, is a
root of 7(z), the integral is essentially an elliptic integral of the second
kind, as will be shown below. If x, is a root of r(z), this polynomial
may be written

r(z) = bo(x — 20)* + bi(z — 20)® + ba(z — 20)? + bs(z — x9)
The point z, can be transformed into the point ¢ = « by the linear
transformation ¢ = 1/(x — x,), after which the integrand of (30.4)
beoomes
—dt —tdt

=\/ 2 3
_,2\[bo%+bl%+b2;11+b3t; bo =+ but + baf? + bt

—tdi
ot
It is seen therefore that the new integrand corresponds to that for an

integral of the second kind.
If the integral (30.4) is subjected to the linear transformation

g

{ = b—dx _a+d
@ —a TTd+ad
_b—dx _abh+b
then ty = o —a Ty = o+ d
1 1 A
and T — X at+b ato+b=t—~to+B
d+d chtd
_fcto+d2’ _Cto+d
where =i —be and B = 2d — b © (30.5)

Also since dx/\/rixi — dt/\/ (1), the integral (30.4) becomes

(30.6)

f (93'-2'0)‘/’(33) f a-wx f Vel(t)

If x, is not a root of r(z), then ¢, cannot be a root of ¢(t), so that the
‘above expression shows that in general an elliptic integral of the third
kind goes over into a linear combination of an integral of the third kind
and an integral of the first kind under a linear transformation. On the
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other hand, if z, is a root of 7(z), then # is a root of ¢(f), so that it is
at once clear that under a linear transformation an integral of the sec-
ond kind will go over into a linear combination of integrals of the second
and first kinds.

From the above considerations it is clear that when a linear trans-
formation of any of the standard integrals E,, E,, E_,, is made, no more
complicated integrals will arise requiring further reduction.

31. Normal forms when r(x) has real roots. In order to express
elliptic integrals in the several normal forms which have been tab-
ulated, one seeks a linear transformation which transforms the poly-
nomial r(z) into a particularly simple polynomial ¢(f). In doing this
it will be supposed that the roots of r(z) are real and denoted by e, e,,
€3, €4, 80 that

(@) = (& — &)@ — &) (z — e3)(x — e1)

A linear transformation to the ¢ axis is made, so that the points z = ¢,
Z = €, & = e on the z axis go over into the points { = 0,¢ = 1,{ = »,
respectively. From the considerations in the preceding section it is
easy to show that the transformation which does this is

¢t = €y — 63.12 —e&a _ T e (311)

e — e T — e3 r — e3

Solving for z, one finds

v = e;‘—_";lqﬂ (31.2)

iz = @)=, (31.3)

(2 — e)(t — @)*
Using (31.2), the factors entering into 7(x) become

and

PR Y
t—g
g—e= (e“_ez):fg(e’—e‘) (31.4)
x"63=ﬁ—"—263—el
t—q
2 — 6 = (s — et + gles — &)
t—gq

Substituting the relations (31.4) in r(z), one obtains

_ gt — e)es — e)(es — e)(L — 1) [ (ea — en)t
r@) = (t—g* [1 qleq — 61)]

Making use of the expression (31.3) we have
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dr e — e (&2 — &) dt
Vi@ e—a — e — el — (e —en)t
gles — e1) \/ (62 — es)(es — et(1 — 1) [1 o el)]
—dt
= \/am (31.5)
where
C= (62 - 63)(64181) and N\ = (_é‘z__—i)_u (31.6)

(e2 — es)(es — €1)
The integral
f dt
VCi(1 — t)(1 — M)

is called the Riemann normal form for the elliptic integral of the first
kind. Actually this is one of six possible Riemann normal forms, since
it is possible to obtain six different values of X and six corresponding
values of C by making different choices of the roots ey, e, es;, e, to go
over into the points £ = 0, 1, . If the roots of r(z) are real, it is always
possible to make \ less than unity. It is convenient to represent the real
numbers ey, e, €, € by distances along a line as shown below.

A B C D
€ € € e

Now consider the following ratio of the distances, namely,

AB/CB
AD/DC

If the value of this ratio is —1, it is said to be harmonic, otherwise it
is anharmonic. Place this ratio equal to N and we have

e — e1)/(e2 — €3
(e« — €1)/(ea — e3)

It is clear that whenever the above ratio is anharmonic, a value of N
can always be found which is less than unity. If the above ratio should
be greater than unity, a new \, say N, can be defined so that M = 1/A
by a proper adjustment of the roots ey, e, €, es.

In order to transform integrals of the second and third kinds into
Riemann normal forms one may start from the integral

A=

v
J (@ = 2)Vr(2)

This is an integral of the second kind whenever z, = ¢, is a root of r(z).
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In this case it is useful to make the point e; go over into the point { = =,
and any two other roots of r(x) go over into ¢ = 0, and ¢ = 1. When
2 i8 not a root of r(z) then, the integral is one of the third kind, and the
transformation can be carried out in the same manner as given ahove
for integrals of the first kind. Such transformations lead to the three
Riemann normal forms.

f dt
V(1 — (1 — M)

f tdt

Ver1 = (1 — M)

f di

(t — t)VCH1 — (1 — M)

where any of the six values of A and C are used consistent with the
condition | A | < 1.

In tabulating the values of elliptic integrals, Legendre reduced the
integrals to another normal form. The Legendre normal form can be
obtained from the above forms by the nonlinear transformation ¢ = 22,
in which case the above forms go over into

dz

2f VO - 291 = \2?)
2*dz

Zf VO - 21 — a?)

dz
2f (22— V(A — 21 — A\d)

These are the Legendre normal algebraic forms. The last two integrals
are no longer integrals of the simple types due to the quadratic term.
The integrals actually tabulated by Legendre are found from the above
by letting z = sin 6. The first integral then becomes

where \ = k?

2 (]
\/Ef\/l—kzsin*(i

To obtain the second tabulated integral it is necessary to multiply the
second integral by —X\ and add it to the first.

2 24
%U N z’)z(l ) \f V- izxi - w)]
2 V1 — \?

=\7f* V1-2 de
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Making the same trigonometric substitution as before, this integral
becomes

2
e Vi—wemtaan

On making the trigonometric substitution in the third integral one

obtains
al

0
f (1 + psin? §)V1 — k?sin? 6

where p = ;——1
—k2

In this type of integral k is called the modulus of the elliptic integral.
In Legendre’s tables one finds the integrals

F(k,8) and E(k,0) = j;" V1 — kZsin? 0df

f V1 - k? sin? 6
for 0 < 6§ < 7v/2 and 0 < k < 1. Legendre has also furnished a special
table for the case where the upper limit is 7 /2.

K =f'/2——£0‘_'.~*’ E = /2 V1 = k*sin? 6 d6
o V1 -—k*sin?6 0

32. Normal forms when r(x) has complex roots. If the polyno-
mial r(z) has complex roots they must occur in conjugate pairs. Thus
if e; is a complex root, let e, be its conjugate found by replacing 7 by
—1 in e, If r(z) has two further complex roots let them be denoted
by es, es. In order to deal with real numbers it is convenient to trans-
form the polynomial r(z) into a polynomial ¢(¢) which has the form
o) = C(t* — a)(t* — b) where C, a, and b are real numbers. This
means that the new polynomial should not contain odd powers of ¢.
This may be accomplished by the linear transformation

ptg¢ ,_p—z o _ (- phd
1+t z—q 1412

provided the constants p and ¢ are properly chosen. Writing r(z) in
factor form, namely,

xr =

(@) = (z — e)(x — e)(z — e)(z — &)

we require the transformed factors (x — e;) etc. These become

x_e__g—ex+(g—ex)t, Q—ea+§g-eazt
e 1+t 1+t
x—ez=P’__jg"_)’—e21-*-+t—ez’ 1—84=L—e‘1-‘-—(2——‘)‘+t-—e‘t
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Using these expressions, r(z) becomes
(p—e)(p—e)+(p—e)(g—elt+(p—e)(g—elt+(g—e)(g—e2)t?
1+
(p—es)(p—es)+(p—ex) (q—e)i+ (p—ed (q—es)t+(g—es) (g—en)t?
1 +?

The above polynomial will have the required form if p and ¢ are deter-

mined so that the coefficients of the terms in ¢ vanish.
P—e)g—e)+ (P —e)g—e) =0
P—e)g—e) +(P—e)lg—c) =0

These relations can be conveniently written in the form

2pg — (a1 + e2)(p + @) + 2e102 = 0
2pq ~ (e + e)(p + @) + 2e04 = 0
The equations so expressed have real coefficients. To determine p and ¢

it is convenient to regard these equations as linear in the variables pg
and p + ¢. Let D be the determinant of the coefficients so that

r(z) =

X

2 —(e+ e)
D= =2 — e —
2 —(es + (a1 +e— e — e)
Solving the equations gives
2e1e0 (e; + e 2
pg = + D zi = E[elez(cu + e) — esesler + e2)]

| 203505 (03 + 4
D

2 2e109 d(eses — ereq)
__ - _Haw —ae) _ o
p + g 2 2(!;4(‘4 D r

D

In order to find p and ¢ it is convenient to proceed as follows.
(p—9°= @+ " —4pg
= ‘1_?,(6162 — csey)? — §[6182(63 + e) — esealer + €2)]
D D

= 1172(6’1 — eg)(er — es)(ex — e3)(e2 — €g) = 4u?

Then p—q= 2, p+g=2\
or =pu+A g=A—up
Since X and u are real, p and ¢ are real, and finally
r(x) =

(g—e1)(g—es) (g—es) (g—es) (p—e)(p—e) [ ,,, (p—es)(p—er)
A+b)7 [‘”(q—e,)(q—eg)}[‘ (q—emq—e‘)]
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so that ¢(f) is a polynomial of the type required wherein

C=(g—e)(g— e)(g — es)(qg — &)
_f}g-—exz(g*&}, b= — — €e)(p — &)

(¢ —e)(g—e) (¢ —e)(g—e)
The integrand of the elliptic integral will become

dr_ /. (¢ — pdt
V@) VO — a)(t* — b)

In order to transform the latter integrand into the Legendre algebraic
normal form

a =

M dz
V(I - 21 - k)
it is necessary to make an appropriate change of variable for each of
the following cases.

when |k] <1

Case I
C>0 0<ac<), t’<a; substitute t = Va
C>0,0<a<b, t*2>0b; subsbitutet=%-l;
Case 11
C>0,a<0<b, t*>b; substitute ¢t = Vb _
V1=
Case 111
N —
C>0,a<0, b <0; substitutet=-—1__—L2
-z
Case IV
C(<0,0<a<t?<b; substitubet=—r_\/_:__a—_-
V1= (1 = a/b)z?
Case V
C<0,a<0<b t2<b; substitutet=—\-/—a—-
V1-2

Case VI
C<0,a<0,b<0.

In Case VI it is impossible to make the integrand real, since
C(t? — a)(t* — b) will be less than zero.

33. Definite integrals of functions containing parameters. The
concept of the definite integral

[ rayaa
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has been considered in Sec. 23. In this section a few of the properties
of definite integrals of the type

Floyae) = [ f(t,a)ds

will be considered. The limits z, and x; are valyes of z in the region in
which the function f(z,a) is integrable; « is a parameter upon which
f(z,e) depends. If f(z,e) be regarded as & function of the two variables
z and «, it may be represented as a surface above the za plane. If a

f&, «)
a
2
I 1
:/'\
! 1
b !
[ _Il ]
ol N -
2 -1 /J— : f
ts \/
Lo A, Y o e o &
7 7
/ /
/ /
L VA
x, X, x
Fia. 33.1

plane is erected perpendicular to the za plane and parallel to the z axis
at some point a = ay, it will cut the surface in some curve 1 as shown
in Fig. 33.1. The quantity

Famyem) = [ fm,e)ds

represents the area under the curve 1. If a is changed slightly to the
value as, then F(zi,22,a0) is the area under curve 2. If f(z,a) satisfies
certain conditions, the area F(z;,x,,a) would be expected to vary with
a in a continuous manner. In order to have a measure of the rate at
which F(z,2.,e) changes with a we require dF /da. Whenever f(z,a) is a
continuous function of the two variables z and « in the range of integra-
tion and 9f/d« is continuous in this range,

dF d 'Zs 'z2 (z

= 1o ) twaydz = [ —%f‘ldx (33.1)
and

gfi = f(z5,0) and g—— = —f(z1,@) (33.2)
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Furthermore if z; and z. are functions of « so that z; = ¢i(a) and
z2 = @o(a) and dei/da and de./da exist, '
dF _oF | OF du , OF dn
da  da ' 97 da ' Ox: da
_ [ oz dz, dz, -
- 2 da dz +f(z2,a) da - f(xlya) da (33-3)
34. Inversion of the order of integration. It is often extremely
convenient to be able to change the order of integration in an iterated
integral and consequently it is important to know when this may be
done. It will be supposed that f(x,y) is a continuous function of the
two variables within a certain finite domain. This function may be
integrated with respect to y, yielding

Clap) = [ fay)dy

This represents the area under the curve in which a plane perpendicular
to the zy plane and parallel to the y axis through the point z cuts the
surface f(z,y). Then G(z,y) will be a continuous function of the two
variables z and y; over the domain considered. Equivalent things may
be said of the function

Fay) = [ f(zy)dz

The volume under the surface f(x,y) in the domain considered will be
given by either of the expressions

j;n G(zy)dz  or j;'" F(zyy)dy

Since the above two expressions give the volume under the surface
we have

_!;n G(z,y)dx = j;m F(x,,y)dy ,
or [ ae " ewdy = [ dy [ fay)de (34.1)

Thus with the continuity condition on f(z,y) the order of integration
can be changed.

The usefulness of the theorems in this and the preceding section in
evaluating definite integrals will be indicated in Sec. 40.

35. Improper integrals. The term improper integral refers to two
types. The first has to do with an interval of integration which increases
without limit, and the second includes those integrals for which the
integrand becomes infinite at certain points.

Integrals of the first type are defined by means of the following limit.
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Given a function f(x) which is bounded and integrable in a region
a <z < X, then

f ® f(z)dz is defined as lim f x f(x)dzx
a X—wda

when this limit exists. When the above limit exists the integral is said
to converge. On the other hand, if the above limit is infinite the integral
is said to diverge.

As an example of a simple integral of this type we may consider

o dx
1 ¥z

To demonstrate the convergence we require the values of

X dr 2
j; 232 2 - Xz
It is evident that

im 2 — =2

so that the original integral converges to the value 2.
By applying the methods used above to the integral

j; - log z dz
it is readily found that this integral diverges, since
j;x logzdx = xlogz — :c]f =XlogX -X+1

the limit of the right-hand side as X — « is infinite, so that the in-
tegral is divergent.
From the above remarks it is also evident that

f * f@)dz = lim f * f(@)d
- Xo—w JT
Furthermore if the infinite integrals
[ f@dz and [T f@)da
are convergent,

[ fayaa

converges to the value

[ 1@de + [ f@)de

36. Tests for convergence of infinite integrals. Since it is not
always easy to find the integral of f(z), other methods of testing for
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convergence are desirable. Some of the most useful tests will be given
in the following paragraphs.

Test by Direct Comparison. This test makes use of the fact that two
integrable functions ¢(z) and f(z) over the same domain ¢ <z < «
obey the inequality

lf)dx > f f(z)dz
whenever ¢(z) is everywhere positive and ¢(z) > | f(z) | in the interval
¢ < £ < ». Thus if the integral j: ¢(z)dz is known to converge, this

guarantees the convergence of j: ® f(z)dz.
On the other hand, if ¢(z) is continuous in the interval ¢ < z < @
and f ® o(2)dz is known to diverge, and if (z) > ¢(z) > 0, the integral

j: * f(z)dz certainly diverges.
Absolutely Convergent Integrals. If f(x) is continuous in the interval
¢ <z <o and if the integral ‘L” | f(z) |dz converges, the integral

_]: ® f(z)dz also converges. In fact the integral f ® f(z)dz is said to
converge absolutely.
As an illustration of the use of the above tests, consider the integral

j;.a 151: ’;2,1;,; Since (sin z)/(1 + 2%) < 1/(1 + z?), we have
_dr

.!;-lsl:fc’ f = o 1+x’

and the integral on the right is known to converge; hence the original
integral converges.
Limiat Tests. If f(x) is continuous in the interval ¢ < z < @ and if
there exists a constant k& > 1 such that lim z*f(z) exists, the integral
Famd d

sm 27

j; ® f(z)dz converges.
On the other hand, if lim zf(z) exists and is not zero, the integral
Eond ]

L “ f(x)dz certainly diverges.

Alternating Integrals. The tests for convergence thus far considered
do not suffice to establish the convergence or divergence of integrals
whose integrands are oscillating functions. An integral of this type is

j; “$0Z ;0 The integrand oscillates as shown in Fig. 36.1. The method

for testmg the convergence may be illustrated using the above integral
as an example. The range of integration is divided into those regions
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in which the integrand is positive and negative. In this case
» gin z = 8in 2x Sill Z
.’; de _f sz © +.I:r z ds

x 0

4+t mr sxnzdx_*_f(mﬂ)rsmzdx_i_

m—-x I mx

The right-hand side is an alternating séries, that is, one whose terms
are alternately positive and negative, 4nd it remains to demonstrate
the convergence of this series to establish the convergence of the original
integral. Such a series is known to converge if | umy1 | < | um | for all
m greater than a fixed number N, and if the lim u, = 0, where u,, is

m—r®

the value of the mth term.

Fie. 36.1

It is obvious from the figure that the area under each arch of the
curve steadily decreases, so that the cotidition | Umyi | < | um | is ful-
filled for all m. This can easily be verified analytically by making the
change of variables z = (m — 1) + ¢t and z = mr 4+ ¢ in the mth
and (m -+ 1)st integrals and noting the inequality

» sint (= sin ¢ . sin ¢ __sint
j:!mr+tdt < ﬁs(m e+t %) S0 i < m - Ur 4t
for the interval 0 < ¢ < x. The second condition lim %, = 0 is satis-
fied, since
mr sm:c smt 1
-Dr T _f dt < and 3:_13 =0

37. Uniform convergence of infinite integral with a parameter.
In Sec. 33 the definite integral over a finite range containing a parameter
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was considered. The corresponding infinite integral (if convergent) is
defined as

L ® f(z,@)dz = lim f * f(@,)de

It may well happen that the limit on the right exists only for certain
values of . As an illustr;,?’on of this situation consider the integral

J; " ¢~ cos z da. By applying the methods described in the preceding

[
sections it may readily be shown that this integral converges for all
positive values of a but fails to converge for o < 0. If the integral

j;” f(z,@)dz converges for all values of @ in a certain domain, the inte-
gral is said to converge uniformly with regard to « in this range. Stated
in analytical language, the integral L ® f(z,a)dz converges -uniformly

over all o’s in S if for any arbitrary positive number e there exists a
number N, independent of a, such that

| A,f(xa)dx|<e when X' > N.

38. Tests for uniform convergence of an infinite integral. There
are several tests that can be applied to see if the integral under consid-
eration is uniformly convergent. Some of the useful tests are given
below.

De La Vallee Poussin Test. This test is a kind of comparison test.
Thus if a function ¢(z) is known for which ¢(z) > | f(z,a) | for all «

in a certain domain S, and the integral L * o(z)dx converges, the inte-

gral fa ° f(z,a)dz converges uniformly over the domain S.

The Change of Variable Test. This test can best be illustrated by an
sin oz

example. Suppose it is desired to test the integral f dz for uni-

X Sll’l al

form convergence. We require the values of a for which hm f —dzx

exists. One then makes the change of variable y = ax so that

J‘X sin ax da =j;ax SI;; Yy dy

[
Since the integral J; . %ydy is convergent, the original integral

J; . % dz is uniformly convergent for all values of a.

Test by Integration by Parts. Again the values of 'a for which
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X!Lrg j; * f(z,a)dz exists are desired. In this test the integral j; X fz,a)dz
is integrated once or more by parts, so that

[ 1@wde = v(Xe) + [ o0
Then if ¢(X,a) — O uniformly as X — « and if L - o(x,a)dz converges

uniformly, L ® f(z,a)dz converges uniformly.

39. Theorems concerning uniformly convergent integrals. The
following theorems having to do with differentiation under the sign of
integration and inversion of the order of integration are of very great
importance in the evaluation of definite integrals.

1. If L ° f(z,a)dxz converges uniformly when o lies in a domain S
and if f(z,a) is a continuous function of both variables when z > a
and « lies in S, then j; b f(z,a)dz is a continuous function of « in S.

2. Inversion of the order of integration in infinite integrals. If f(z,a)
satisfies the same conditions as in 1 and if &y < a < a; lie in S, then

f * da f ® fe,0)dz = f " da [ flz,a)de (39.1)
3. Differentiation under the sign of integration in an infinite integral.
The equation
d = © 9
& = < (
- f f(z,a)dz f 3o/ @a)ds (39.2)
holds when (1) the integral on the left converges, (2) the integral on

the right converges uniformly over the values of « under consideration
and (3) its integrand is a continuous function of both variables.

40. Methods of evaluating definite integrals. In order to show
the usefulness of the preceding theorems in evaluating definite integrals,
several examples will be considered.

ExamrLE 1. Evaluate

j; ° areer dz a>0.

Since the function under the integral sign is a continuous function of
z and « in the domains under consideration and the integral converges

uniformly for a > 0, we may write
«© . © a —az n © —az
[, are dx=(-1)j;<a"e )dx—(l)dﬂoe dz

The last step is made in accordance with eq. (39.2). The integral on
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the right can readily be evaluated so that

n i’:— ® —ar = — n _Ci_:— -! - n!
(=1 da"j; e dz = (=1) dan (a) T antl
80 that finally

© 1
ﬁ, zre—or dy = ;{‘ﬁ (40.1)

In passing it is worth while to point out that if « = 1, eq. (40.1) fur-
nishes a definite integral r%yi‘esentation of nl. The integral itself defines
a function of n even whén n is a positive number not necessarily an
integer. This more general function of n is called the gamma function,
and is written

T(n+ 1) = _]; “averdr n>0 (40.2)
Integrating the integral once by parts yields
Mn+1) =n j; ° gn—lg=dy = nl'(n) (40.3)

which is the well-known recurrence formula for the gamma function.
When n is a positive integer, this is just the formula satisfied by =n!.
Other representations of the gamma function will be given later which
define it at all points in the complex plane except at negative real integer
values.

Equation (40.1) furnishes a convenient integral representation of
1 /an+1.

ExampLE 2. For later use we consider the following two integrals.
K, =Lb €* cos gz dx K, =j;b e”* gin gr dx (40.4)

These may be evaluated conveniently by considering both integrals
simultaneously. Integrating both by parts once yields

K = €P* gin g:c]" _Pk
1 q q 2
Ko= — e’_’wﬂ]” +Pk,
q e q
Solving these two equations for K; and K, gives

2 z g z b
(14 E) - [t msme)

Kz(l + 5—:) = [1’8" Sgiz“ gz _ % cos qx]”

q
_ . Dpcos gz + gsin gz P
or K, = e prs ]a l
K. _erSin gz — g cos gx]" 5
y =

a

(40.5)

p2+q2
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Two important special cases of these integrals are those for whicha = 0
and b = = and p is negative. Thus

.e—"’cosqxdx=—-L- p>0 1
J pte (40.6)

j; e“P’sinqxdx=;;—_qF—q—, p>0 5

ExamrLE 3. Consider the integral j; Wni ﬂn;qz dz which converges

uniformly for p > 0. If it were not for the z in the denominator, the
integral would correspond to one of the integrals under (40.6). This
gives us a clue to a simple method of procedure. The z in the denom-
inator can be removed for the moment by making use of eq. (40.1).

This gives
]‘. . ° —z
T —j:) et

Substituting this in the integral under consideration we have
j:: e"”ﬂ%@dx =j;' e"”sinqxdxj;. et dt

The right-hand integral converges uniformly, and the order of integra-
tion may be inverted, so that one has

© ® o=lp+dz g > —q
L dtj; e~ #*0%sin gz dz = | (p+t)”+q’dt

when use is made of the result (40.6). A change of variable s = p + ¢
in the right-hand integral gives

qj;- o) is ¢

A further change of variable s = g tan 8 reduces the integral to

x/2  gec’8df _ (/2 _T_ . P
tantp/g sec? 0 —fhn“ p/qdo T2 tan q

80 that finally
o _ . 8ingr _T_ 1P
j; e dz B tan ‘q (40.7)

The special case of this integral which is obtained by placing p equal
to zero and ¢ > 0is of interest, as the following will show.

j;.s—l%ﬂdz=§ when ¢>0 (40.8)
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Since the sine is an odd function,

f‘“—‘“—ﬂdx=—’l when ¢ <0 (40.9)
0 z 2
and j:l—t;ﬁdx=0 when ¢ =0

Thus the definite integral is a discontinuous function of g, as shown in
Fig. 40.1. This integral is ogcasionally of use when an expression is
desired which gives a positiyzc number for ¢ > 0 and 0 for ¢ < 0. Such
an expression is obviously

1, 1pesinge, f1 for ¢>0
2+1rj:) x d”"{o for ¢ <0
l squx dx

n
-

~-X
2

Fia. 40.1

41. Definite integrals with integrands which become infinite
at certain points. First let it be supposed that the integrand becomes
infinite only at the lower limit of integration. Thus the integrand f(x)
is bounded and integrable for the range a + ¢ < z < b, where ¢ > 0

and f(x) — « as z — a. The integral L * f(z)dx is said to converge if the
. b . .
lgrs J; e f(z)dz exists. Then
f * f(z)de = lim f " j(@)dx (41.1)
a e oJate

Similar remarks apply to the case where f(z) becomes infinite at z = b.
Next suppose that there is a point z = ¢ lying in the interval [ab]
so that @ < ¢ < b at which f(z) becomes infinite. The definition of the

integral L bf(x)dz in this case becomes
b . c—e b
L J@dz = lim { f f@)dr + f " f(x)dz} (41.2)
=0

where ¢ and ¢ are allowed to approach zero independently.
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It may happen that no limit exists when e and ¢ approach zero inde-
pendently, yet a limit does exist when ¢ = e and e is allowed to approach
zero. When such a limit exists it is called the Cauchy principal value
of the integral. This is sometimes designated by

P * f(z)dx = lim § [T 1@de + [ et

The two types of integrals may be illustrated by the following ex-

amples.
+1 _dr . 0—e¢ 1 dx
f—l |z |28 = E{{,‘{f [z|2/3+ 04¢ |z[2“‘}
€0
but llmf ) ! lm hmf = hm (B — 3% =3
and hmf |x lz“’ =3

Since these limits exist,

+1 _dx
S e =

As an example of the second type consider f _21 dx/x. If this exists

in the first sense, the limits

lim 7% and tm [
0 -1 T &0 €
must exist. But
. —edx . 1dx .
iy [0 = i [0 = Himlese = =
lim (% = lim log2 =
¢—0 v T =0 €

Thus the integral does not converge. It is readily shown, however,
that it has a Cauchy principal value, since

. —e 2 dr
Egnf_! p +f. hm {log e + log 2 — log €}
log2
Thus Pf —=2

42, Tests for convergence. Simple tests can be given for the con-
vergence of the above type of improper integral as well as for the type
taken up in Sec. 35.

Compartson Test. Suppose f(z) — = asz — a. Then if a positive func-
tion ¢(z) can be found which is continuous’in the interval a < z < ¢ < b,
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and ¢(z) > f(r) > 0 for a <z < ¢, and L ° o(z)dz converges, 8o also
does the integral f ® f(z)dz. On the other hand if f() > ¢(z) for
a<z<Lc and it is known that j; ° o(z)dz diverges, the integral

j; > f(z) certainly diverges.

Limtt Test. Again suppose fhat f(xr) — «» when z — a. Then if there
exists a positive constant 0/< I < 1 such that lim (z — a@)'f(z) exists,
! z—a

L i f(z)dz converges.
On the other hand, if the lim (zx — a)f(z) exists and is equal to L

and L # 0, then L b f(x)dz diverges.

The modification of the above tests when the infinite point is an
interior point of the interval is evident.

43. Stieltjes integral. In Sec. 23, the Riemann integral of a bounded
function f(z), over an interval [ab], with respect to z was defined. Tt
is sometimes convenient to formulate problems with the help of a more
general integral, namely, the integral of a bounded function f(z), over
an interval, with respect to another bounded function ¢(z) over the
same interval. Such an integral is defined as follows. Let f(z) and
¢(z) be two bounded functions over the interval [ab] and let this in-
terval be divided into n subintervals, the length of the rth interval
being z, — z,-;, and the length of the longest subinterval being 8.
Select an arbitrary point in the rth interval, designate it ¢, and form

the sum
n

8 =3 (&) [e(xr) — (@r-1)]

r=0
where 2y = @ and z, = b. The value of the above sum will depend on
the scheme of subdivision ¢ of the interval [ab] and on the choice of
the points £. It may happen that S; approaches a limit S, as the number
n of subdivisions is indefinitely increased such that & — 0, which is
independent of the scheme of subdivision and the choice of the points
¢,. Should this be the case the limit

lim 32 16 Totz) = p(er)] = 8 = [/ @)do(a)
is called the Stieltjes integral of f(x) with respect to ¢(z).

The Stieltjes integral of f(z) with respect to ¢(z) over the interval
[ab] will exist provided that both f(z) and ¢(z) are of bounded variation
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in the interval [ab] (see Sec. 53) and that the variation of ¢(z) over the
set of points of discontinuity of f(z) is zero.

Various important properties of Stieltjes integrals are briefly listed
below.

(1) If the Stieltjes integral f ® f(x)de(x) exists, so also does
[ e@af@),
and [ f@de(@) + [ o@di@) = 70)e(b) — )o@
@) If p(x) = ¢(x) — pa(x) and the Stieltjes integrals
[ 1@de@ and [ f@de exist,
[ 1@)do()  exists and
[ 1@de@ = [ r@de@ ~ [ f@)de@

(3) If the Stieltjes integral L ’ Sf(x)de(z) exists, the mean value
theorem holds in the form
[ 1@)de@ = 1D1e®) - o(a))
where a < ¢ < b.
(4) If o(x) has a continuous first derivative and
[ 1@dot@) exists, [ f@)de@) = [’ 1@)¢ @)z

and the integral on the right is an ordinary Riemann integral.
(5) If f(x) has a continuous first derivative and the Stieltjes integral

L ® f(x)de(z) exists, then from (2) and (4),

[ 1@)de@) = 10)0®) — J(@el@) = [ o(@)f @)z

where the integral on the right is an ordinary Riemann integral.

Stieltjes integrals are of especial interest in applications where ¢(x)
is discontinuous and the differential do(x) consequently does not exist.
In particular, Stieltjes integrals are of considerable use in the theory of
probability in connection with distribution functions.
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PROBLEMS

1
"26.1. How may the integrrl/ f‘z dz be properly evaluated by changing the

variable as defined by z = #/2?
26.2. (a) A common method of evaluating

do
f a 4 bsiné b<sa
is to make a change of variable £ = tan 6/2. Show that

f __d  2seca tan—! (sec a tan g + tan a)

a + bsing =T
where tan @ = a/Va? — %

. o de
(b) Evaluate j; T U<e

27.1.  Apply Hermite’s method to the evaluation of

IEesav

27.2. Use Hermite’s method to determine the value of the integral

f 2t dz
z! + 323 — 222 + 12z + 16
a8 dz )
ot 4 228 — 2z ~ 1
27.4. Evaluate by Hermite’s method
fa:‘ -3 =3 -z
(z* + 1)

27.3. Evaluate the integral f

dz.

28.1. Perform the integration
z dz .
1+ =1 +azpB
28.2. Find the value of the integral

f 2% dz .
1 + 2203} H2)
28.3. Find the value of the integral
f(a: + 3\ (22 + 1)“':1::.
3z +1 z+ 1
28.4. Integrate /S z*(1 + z'/5)dz.
28.5. Integrate S z*(2 + z¥3)V4 dx.
28.6. Integrate S 232(232 + 1)V3dz.
28.7. Obtain the appropriate value of

dz
fa+bcosz ba
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for the conditions
(a +b)

o &) >o @ @+b) >0, @—b) >0.
3) (“+b;<o. @ b+a)>0 (b—a) >0.
28.8. Show that
J::/zsin"a:dz = 1—32—54-75-—@—%1—)’—2'- if n is even.
=20 D) i odd,

28.9. Integrate J x3(1 + 22)V3 dz.
28.10. Integrate S z(1 + z%)!/2 dz.
¥ dx

T+ 27— G + o

28.12. Integrate f ;m(;sd:r%——c—s-i—n;-

29.1. Compute the length of arc between two arbitrary points on the ellipse
z?/a* + /b = 1

29.2. Express the integral

28.11. Integrate

5 =32 +z+1

Vi =2t — 4z + 4

in terms of elliptic integrals of the first, second, or third kinds.
29.3. Express the integral

dz

z'dz
Ve -DeE-2)@E+ D +2)
in terms of elliptic integrals of the first, second, or third kinds.
29.4. Express the integral

z — 1)dz
f\/z“—;r’+z2+z-2
in terms of elliptic integrals of the first, second, or third kinds.

31.1. Reduce the elliptic integrals of Problem 29.2 to the Riemann and Legendre
normal forms.

31.2. Reduce the elliptic integrals of Problem 29.3 to the Riemann and Legendre
normal forms. )
/2 dé __d
/4 V2 4 cos?0

31.4. Reduce to Legendre normal form

31.3. Evaluate numerically f

fz dy
0 Vit + 28 + 82 +8y + 16

32.1. Reduce the elliptic integrals of Problems 29.3 and 29.4 to Legendre normal
forms.

32.2. Express the integral

fb.__.w dy
o (1 + gy

in terms of elliptic integrals of the Legendre mormal forms.
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32.3. The length of time required for a pendulum to swing through the angle o
is given by
‘= \/I f R
2gJ Vcosd — cosa
Reduce this integral to the Legendre normal form.
33.1. Verify the equation

emds = [ Lo o,

/ 0 da
33.2. Compute
_dx

da —a 1 Ttz
by using formula (33.3) and demonstrate the correctness of the result.

33.3. Show that
b L . _ _a_’ L .
2 Jo e°* gin Bz dz = 6}9*.!; e gin Bz dir.
33.4. Compute %f‘x Val — 2* da.
o Jo

34.1. Ascertain by computation whether the integra]s
1@ -y
d;
f j:)(z+y)’1 and f yo(z+y)’

36.1. Determine the domain of convergence of the following integrals and find
their values.

@ fn ® e gy, @ [ _‘:’x,.
@) j;" & (>0

36.2. Test the convergence of the following integrals by means of the comparison

test.
dz © zdz
&Y 0\/1+z‘ (2)1; Vo =1

@ ("2 @ [ an

are equal.

2 27—1

3638. By using the limit test ascertain whether the fol'owing integrals are con-
vergent or divergent.

dz _ dz
) 2 :clogx @ 9 :c(]og T

© o8 2 dx w gin? 2
ol fre
86.4. Ascertain whether the following integrals converge.
w © gin (1/z)

1 ? dz. 2 —t e,
(1) j; cos z? dz. (2) j; p

@) j; * sin V7 dz. @ ["5ELa
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36.5. Ascertain whether the following integrals converge.

1 dx 1logz
1 -. = dz.
@ 0 Vzlgz @ Jor-z%

36.6. For what n does ‘!:: z"1e~* dx converge?

38.1. Determine the range of the parameter a for which the following integrals
converge uniformly.

- © dx
M j; w2t da, @ [
(3) !:: sin o?z? dz. (4) j; * sin (2 — az) dx.

39.1. Ascertain whether the following inversions of the order of integration are
permissible.

(1) f”dzf"f“:"_s‘wdt =f"dtf'e"‘amztdx.
0 0 z 0 0 z

® we*ginyr , = © ¢7* gin yz
o f af S e e,

40.1. Evaluate the integral fo “ a%-r= sin z dr.

40.2. Evaluate the integral j'o ® ¢%(z? 4+ 2z + 1)dz. Hint: Evaluate the integral

0' ¢~»* dz, perform the requisite number of differentiations with respect to p,

and set p = 1 in the final result.
40.3. Evaluate the integrals

f-» cos gz dx and f»zcos gz dz
0 0

1+ 2 1+ 2
w ¢~ v gin?
40.4. Evaluate the integral j; g_f_r%_gﬂl_z.

42.1. Determine the range of values of n for which
T'(n) = j; ® ertee dr converges.
42.2. For what values of p and ¢ does the integral
j:) /2 sin? 1z cos ©'xrdr converge?
42.3. Examine the convergence of the following integrals.
o 1 dz +o e dg,

—_— 2
0 Vzlogz @ —w logz*

llogz +1
@ ol—zdx' (4)f_1e1/ a.



Chapter 4

SPAC/é GEOMETRY

44. Space Curves. There are several ways in which a space curve
may be defined. In the first place if f(f), g(¢), and h(t) are continuous
single-valued functions of ¢ in an interval @ < ¢ < 8 and the values of
these functions are denoted by z, 7, and z, so that

z=f), y=g9t), z2=hrQ (44.1)

then as ¢ traverses the range a < ¢ < B the aggregate of points (2,y,2)
constitute a space curve.

It may happen that for two distinct values ¢; and ¢, of ¢, the associated
values (21,41,21) and (22,y2,2:) are the same, so that these points coincide.
In this case the point is said
to be a double point of the
curve. As an illustration,
the plane curve defined by the
relations z = sin tand y = sin
2t shown in Fig. 44.1 has a
double point z =0, y=0
corresponding to { =0 and
t=m

A curve possessing no double
points is called a simple curve.
By eliminating ¢ from eq. 44.1,
the same curve may be defined
by equations of the form

Y=o, z2=¢@ (442
A space curve may also be

specified by the curve of intersection of two surfaces. The two inter-
secting surfaces may be defined in terms of their parametric equations

y

Fic. 44.1

z = filwy), y=gwp), z=huw)

T = fﬂ(u)v)y y = 92(1“!”)1 z= h2(u;v)
82

} (44.3)
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or they may be defined by the implicit relations
F(z,yz) =0 and G(x,yz) =0 (44.4)
found by eliminating the parameters « and v in eqgs. (44.3).

45. Equations and direction cosines of the tangent to a space
curve. In analytical geometry it is shown that the equation of a line
through the point (zo,¥,20) having directions cosines cos «, cos 8, and
cos v is

x—xo=y-—yo_z-—zo (451)
cos a cos B cos y ’

where a, B, v are the angles the line makes with the z, y, and z axes,
respectively.

The normal plane to this line passing through the point (zo,y0,20) has
the equation

(cos @) (z — xp) + (cos B)(y — yo) + (cosy)(z — 2) =0 (45.2)

Thus once the direction cosines of the tangent to a space curve are
known, the equation of the tangent at a given point is given by (45.1),
and the equation of the plane normal to the curve at this point is given
by (45.2).

If the space curve is specified by (44.1) or (44.2), the direction cosines
of the tangent may readily be found from the relations

_ g _ Y, _d
cosa = cos B = ds cosy = o (45.3)

where s is the length of arc on the curve.

From eqs. (45.3) and (44.1), it is readily seen that

(d9)? = (dz)* + (dy)* + (d2)*
= [f'®*+ g ®* + K {®)*(@)? (45.4)

and the direction cosines of the tangent when the space curve is defined
by (44.1) are

_ 1@
CETVI O+ d + RO
= g 45.5
8= T g0 T R “9
W)
cosy =

VI + g + K@)
When the space curve is defined by the relations (44.2), the direction
cosines are
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cos a = dx = 1
V(dz): + (dy)? + (d2)?  V1+ (dy/de)? + (dz/dz)?
cos 8 = 4y - dy/d (45.6)
V(dz)? + (dy)? + (d2)* V1 + (dy/d)? + (dz/dx)? ’
dz dz/dx

cosy = =
YT Vi) + @) + (;7»2 VI+ [dy/dn) + (defdm)?
Consequently the equations of the tangent when the space curves
are specified by (44.1) and (44.2) are, respectively,

T—% _ Y=Y _2 =2
ft) — ¢t — K(t) (45.7)

and
Y= Y= (%)z_m(x — ), 22— 2 = (;i;)’_n(x — Zo) (45.8)

where ¢, corresponds to the point (zo,yo,20).
Similarly, the corresponding equations for the normal planes for the

two specifications are
')z ~ z0) + ¢'(t)(y — yo) + K (t)(z —20) =0 (45.9)

(x — o) + (Z—g)z_m(y - %) + (g—;)z_u(z —2) =0 (45.10)

In order to find the equation and direction cosines of the tangent
when the space curve is defined by the intersection of two surfaces,
it is convenient to use the equations of the tangent planes to the inter-
secting surfaces. In Sec. 15, it was shown that if a surface is defined by
the relation z = f(z,y), the total differential of z is

o of
dz = axdx-{—aydy

and the point (zo+dz,y0+dy,20+dz) lies on the tangent plane to the
surface z = f(z,y) at the point (2,y0,20). Consequestly the equation
of the tangent plane may be written

ima=(B)e-w+(Z)e-w @

In order to obtain the equation of the tangent plane to the surfaces
defined by (44.3) and (44.4) it is necessary only to compute dz/x and
dz/dy in each case. The method for doing this has been given in Secs. 16
and 17; the explicit formulas are (16.2) and (17.3), which give for the

definition (44.3),
2 9y,2)/a(uy) 4, l

oz~ " a(zy)/a(uw) ~  Co
8z _ _ 9(zx)/9(up) _ B f
oy Ay /o(uy) G

(45.12)
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and for the definition (44.4),

9z _ _9Fjox 0z _ _9F/oy (5.13)

ar 6F/az dy  oF/oz )
These expressions together give for the equations of the tangent planes,
Ao(x — 20) + Bo(y — 0) + Colz — 2) =0 (45.14)

(%g)o(x o) + ( ) y—w) + ( ) (z—2) =0 (45.15)

By comparing eq. (45.2) with eq. (45.14) it is seen that the quantities
Ao, B,, and Co must be proportional to the direction cosines of the line
normal to the tangent plane at the point (zo,0,20). Therefore the direc-
tion cosines of the normal must be

cos a = kd,, cos B = kB,, cos y = kCo
and from the fact that
cos?a + cos? B + cos?y = k¥4 + BE + C}) =1 (45.16)
one may determine & and consequently the direction cosines of the nor-
mal to the tangent plane to the surface (44.3) at the point (Zo,yo,20).
The direction cosines of the normal to the tangent plane when the surface
is specified by (44.4) may be found in a similar way.

The equation of the tangent line at (2o,y0,20) to the space curve defined
by the intersection of surfaces (44.3) can most easily be found by finding
the equation of the line in which the tangent planes to the two surfaces
at the point (2o,y0,20) intersect. The equation of the tangent line must
satisfy the two equations for the tangent plane at (o,%o,20), which from
(45.14) would be

Au(z — 20) + Buly — ) + Culz —2) =0

45.17
Al — 2) + Boy — o) + Cole — ) =0 f 451D
These equations may be put in the equivalent familiar form
T—X _ _Y—Y _ _2—2
By B A Ap An Ao (45.18)
COI 002 CO]. CO2 BOX BM

When this is compared with eq. (45.1), it is seen that the direction
cosines of the tangent line are proportional to the above denominators, or
By By| |dn Ae| |Aa An
COl COZ 001 CO2 ' BOI BM
If one proceeds in the same way when the intersecting surfaces are

defined by (44.4), one finds for the equation of the tangent line to the
space curve at (Zo,yo,%),

cosa:cosf:cosy =
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To& Y~ _ 2= (45.19)
OF oF| ToF oF| ~[aF oF
oy 0z 0z oz dz dy

G 96| o6 oG| |a6 oG

dy 9z |o 9z 9z |o 9r 8y o
and the direction cosines of the tangent line are proportional to the
respective denominators.

46. Surfaces. If with e\)ery point (u,v) lying in a certain domain D
on a plane, we associate a point (z,y,z) in space, then as the point (u,v)
traverses the domain, the aggregate of points (z,y,z) constitutes a sur-
face. The association of points (u,v) with (z,y,2) is accomplished by
means of the continuous single-valued functions f(u,), g(u,p), h(uw),
so that

z = f(up), y = g(uw), z = h(up) (46.1)

An example of a familiar surfaee specified by a set of parametric equa-

tions of the form (46.1) is

2z = asin § cos ¢, y = asin 6 sin ¢, z=acosl

As the point (6,¢) traverses the rectangular domain (0<0<7,0<¢<2r),
the points (z,y,2) cover the surface of a sphere of radius a with its
center at the origin.

The surface defined by (46.1) is said to be regular if the domain
D in the wv plane can be divided into a finite number of subdomains
within each of which none of the Jacobian determinants d(z,y)/d(u,v),
a(y,2)/d(uw), d(2,x)/0(w,w) vanishes. The fulfillment of this condition
in any domain means that egs. (46.1) can be solved for u and v as func-
tions of (z,y,2) or that w and v can be eliminated, yielding a definition
of the surface by the implicit function F(z,y,z) = 0, or that z can be
expressed as an explicit function z = f(z,y).

It is often convenient to make use of the sides of a curved surface.
In the first place it is necessary to tell when a surface has two distinct
sides. If the surface is bounded by a definite contour, the surface has
two distinct sides when, starting from a point on one side of the surface
and describing any path whatever, one cannot arrive on the opposite
side without having crossed the bounding contour.

An example of a surface which does not have two distinct sides can
easily be had by taking a strip of paper and twisting one end through
180° and then joining the ends. One can pass from one side to the other
without crossing the boundary.

In the case of a surface with distinct sides it is customary to dis-
tinguish between the upper side and the lower side. The upper side is
defined as that side on which the normal to the tangent plane makes
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an acute angle with the positive z axis. If the normal to the tangent
planes makes an obtuse angle with the positive z axis, the side is the
lower side.

47. Coordinate transformations. The solution of many problems
becomes very much simpler when the formulas are expressed in terms
of a suitable coordinate system, and the evaluation of many multiple
integrals is facilitated by expressing the integrand as a function of con-
venient coordinates. In this and following scctions the concept of a
transformation will be discussed, and examples of certain useful coordi-
nate transformations given.

Consider two spaces, one in which a point is specified by the numbers
z, Y, 2, and the other in which a point is specified by the numbers &, 9, ¢.
A transformation sets up a correspondence between points in the xzyz
space lying in a certain domain and points in a certain domain in the
#n¢ space. This correspondence may be specified by the transformation
equations

E= f(x,y,z), n= g(xyyiz)) ¢ = h(x,y,z) (471)
where the functions f, g, and h are required to be single-valued so that
the point (£7,¢) is uniquely determined when a point (z,y,z) is given.
It is convenient to call one of the spaces, say the xyz space, the original
space, and the £n¢ space the image space, and say that the point (£,9,¢)
is the image of the point (z,y,2). If the functions f, g, and h are single-
valued, there is only one image point for every point in the original
space. This does not preclude the possibility that the point (&,¢)
may not be the image of several points in the xyz space. If, however,
the point (&7,¢) is the image of only one point in the original space,
the transformation is said to be reversible. The condition for this is
that the functions f, g, and A of (47.1) possess unique inverses which,
from Sec. 19, requires that the Jacobian d(¢,,¢)/(x,y,2) shall not vanish
over the domain under consideration.

48. Curvilinear coordinates. Suppose that we have a mathematical
relationship expressed in terms of the coordinates x, y, 2, which is not
very convenient, and we wish to find the relationship when expressed
in terms of £, 7, {, having given the transformation from the zyz space
to the £n¢ space. To any point P in the xyz space there correspond one
or more points P; in the &¢ space. The quantities &, n, ¢ specifying the
point P; may be taken as coordinates, of a kind, of the point P. Such
coordinates are called curvilinear coordinates of P. Functions of (z,y,z)
may be expressed in terms of these curvilinear coordinates in two ways;
(1) by the solution of eqs. (47.1) for (z,y,2), which in some practical
cases is rather difficult, or (2) from a knowledge of the surfaces in the
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xyz space which correspond to constant values of the coordinates £,,¢,
respectively. The three sets of surfaces in the zyz space corresponding
to the surfaces £ = «, 9 = B8, { = v for different values of the constants
a, B8, and v define a transformation just as well as eqs. (47.1). The images
of the surfaces £ = a, 7 = 8, { = v for different «, 8, v divide the zyz
space into cells which in general are not rectangular parallelepipeds.
Examples of this method of setting up transformations will be given
in the next two sections.

49. Parabolic coordinates. As an illustration of curvilinear coordi-
nates in two dimensions, let the image of the line ¢ = « in the (&g)
plane be the parabola y* = 2a(x 4+ «/2) in the (zy) plane. This para-
bola has its focus at the origin and its axis in the direction of the posi-

Py

§=a £

tive z axis, as shown by the dotted conic in Fig. 49.1. Its latus rectum
is 2a. The image of the line n = 8 is made to be a parabola confocal
with that for which ¢ = « but having a latus rectum of 28 and having
its axis in the direction of the negative x axis as shown. Its equation is
y? = —2B8(z — B/2). The values o, B are the curvilinear or parabolic
coordinates of the point P. The complete transformation equations are

y2=2£(x+§>’ y2=2n<x—g)

or, solving for z and y, the transformation equations connecting the
£7 space with the xy space are

e=3n—8, y=Ve 49.1)
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This transformation is not uniquely reversible because there are two
points P and P’ in the zy plane which correspond to P;. The advantage
of using confocal parabolas is that they intersect at right angles. The
parabolic coordinates may be extended to the three-dimensional case
by including an angle of rotation about the axis of symmetry of the
parabolas. The transformation equations for the three-dimensional case
are usually written

e=Vieose, y=Viesing z=13i¢t—1 (492

50. Elliptic coordinates. In setting up this system of curvilinear
coordinates in a plane, it is required that the image of the line
£ = a = constant in the £y plune be an ellipse in the ry plane such that
the foci lie on the z axis and the z and y axes correspond to the major
and minor axes. Furthermore, the transformation will be defined such

#

\ y ' /
1 ] /
\ \ J; W n=c?
! /
] s

N,
n=a?
H -
{ 'll /"
7 n=c )
—t—{ £-c: £
Lo
b
BN =

Fra. 50.1

that all lines ¢ = constant go over into ellipses which are confocal
with that described above. This is accomplished by the transformation

x?

2
2 +—21L=1 when a? > 0?> « (50.1)
a*—a bW—a

The distance from the origin to one of the foci for the ellipse defined by
(50.1) is

Vi@ —a) — (b2 — a) = Va* — b?
which shows that this distance is independent of a and thus the system

of ellipses is confocal.
The above equation represents an ellipse as long as —o < a < I?
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When b < a < a? eq. (50.1) represents confocal hyperbolas having
the same foci as the ellipses. We are not interested in the case for which
a? < a < =, since eq. (50.1) then yields an imaginary locus. The com-~
plete transformation equations then become

2 2
aiﬁb—z‘”_—rl —o < E<D? l
» ” (50.2)

Referring to Fig. 50.1, it is to be noted that only the rectangular
region in the £y plane as indicated is imaged in the xy plane. The trans-
formation (50.2) is reversible only for points in one quadrant of the
image plane. Again the images of the curves ¢ = a and n = 8 intersect
each other at right angles.

51. The elements of length in the image space. Let the trans-
formation from the zyz space to the &n¢ space be defined by the single-
valued and differentiable functions

z=f(¢n8), ¥ =9EnD, z=h(En)

_9 af of
Then dr = ot olé-l*a,7 dn +6( as
PR
dy—-asdé‘i‘aﬂdﬂ'i‘ag_dﬁ'
oh oh oh
dz = asd£+andrl+ard§

The square of the line element in the original xyz space is defined to be
(ds)* = (dz)* + (dy)* + (d2)*
which with the help of the above equations gives
(ds)? = Ln(d£)* + Lu(dn)® + La(d$)* + 2M, d dy
+ 2Mydn df 4 2M; d¢ dt (51.1)

(- ()
e () (2)+(2)
e (8 (2)+(8)
- de g a
e f A0

_9fdf  dgdg , oh ok
M = a;ae*‘a;a'z"’ at 9

where L,
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The square root of the right-hand side of eq. (51.1) is called the element
of length in the transformed space.

52. Conformal and orthogonal transformations. If two curves
in #n9¢ space intersect in a point P, the images of these curves will inter-
sect in some point P’ in the image or zyz space if the transformations
are single-valued. Let the angle between the tangents to the two curves
at P be a and the corresponding angle in the image space be a’ as shown
in Fig. 52.1. The transformation from ¢ to xyz is said to be conformal
if « = o for all intersecting curves in £n¢ space.

* £
Fia. 52.1

The necessary and sufficient conditions that the magnitude of the
angles be the same is that the line element in the original space be pro-
portional to the line element in the image space independent of the
direction of this line element. Since the line elements in the two spaces
are

(ds)? = (dx)* + (dy)* + (d2)*
(ds)? = Ly(d)* + La(dn)® + La(dg)* + 2M, d§ dy
+ 2M, dn dt + 2M; dt d§

it is seen that the above conditions require that M; = M, = M; = 0
and L, = L, = L3. Such a transformation is said to be conformal.

If Ly 2 Ly ¢ Ly but My = M; = M, = 0, all curves which intersect
at right angles in the £n¢ space give rise to image curves which intersect
at right angles in the xyz space. This type of transformation is called
an orthogonal transformation. Most of the usual coordinate trans-
formations such as that from Cartesian to polar, or the curvilinear
transformations considered in Secs. 49 and 50 are examples of orthog-
onal transformations. All conformal transformations are necessarily
orthogonal transformations. '
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PROBLEMS

44.1. ¥or many purposes the arc length is the most convenient parameter for
the representation of space curves. Express the following curves in terms of the
arc length from some convenient point.

(@) 2 = acosb, y = 2 sin 6, z = bh.

b)xz=1t y==8 z=32

(¢) =t —sint, y=1—cost, z=0.

(d) 2 =2cos0 —cos20, y=2s8inf —sin20, z=0.

45.1. The cosine of the angle between two lines whosc dircetion cosines are
(e1Bry1) and (azBavz) is

€08 ¢ = anaz + BBz + vive
Hence, if A is the angle between the tangents to a curve at the points s and s + As,
show that the rate of tuming is given by

=g =L@+ @+ (@71
=[ daﬂ) (d) (dsz)!]m

45.2. Show that for a circle of radius r, the result of (45.1) is C = 1/r, so that
for any curve 1/C is the radius of the osculating circle.

5.1, Investigate the regularity of the surface z = asin 6 cos ¢, ¥y = a sin 6 cos ¢,
2z = zcosb.

49.1. What are the images in the & plane of the lines z = constant, and y = con~
stant, where & and 7 are parabolic coordinates? Sketch.

49.2. An infinitesimal rectangle is bounded by the lines z = zo, z = 20 + dz,
and ¥ = 4o, ¥ = % + dy. What is the image of this rectangle in & space where
£ and » are parabolic coordinates? Sketch.

50.1. What are the images in the £ plane of the lines z = constant, and y = con-
stant, where £ and » are elliptic coordinates?

50.2.  Aninfinitesimal right triangle has its corners at the points (x0,50), (xo+dz,ys),
(ro+dx,yyo+dy).- Find the image of this triangle in & space, where £ and 7 are elliptic
coordinates Find the square of the length of the hypotenuse and hence the element
of arc length. Sketch.



Chapter 5

LINE, SURFACE, AND MULTIPLE INTEGRALS

53. Functions of bounded variation and rectifiable curves.
The concept of a function of bounded variation is of great importance,
since many mathematical manipulations with functions are valid only
in case the functions are of bounded variation. Suppose the function
f(z) is defined in the interval a < x < b and subdivide the interval in
any manner calling the points of subdivision

Lo = Q X1, Tay ... ,Tn =D

The particular scheme of subdivision is denoted by o. If a positive
number V exists which is independent of the scheme of subdivision ¢ for
which

2 |,f(1:,> — fler)

r=1]

<v

flx)

flap—)

flxy)

Fia. 53.1

Then f(z) is said to be of bounded variation in the interval [ab]. The
terms | f(x,) — f(x,—1) | are the vertical heights in each interval as shown
in Fig. 53.1. Examples of functions which are obviously not of bounded
variation in certain intervals are

93
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jo =1 o<z<i

and f(z) = sin (x/x), —1 < = < 1, as shown in Figs. 53.2 and 53.3.

Three classes of functions which are of bounded variation are the
following.

1. Bounded monotonic functions.

2. Sums and products of funetions of bounded variation.

3. Any function which can pec expressed as the difference of two mono-
tonic functions, cither both increasing or both decreasing.

\
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The concept of bounded variation is of importance in connection
with the determination of the length of a curve. Let z = ¢(f) and
¥ = ¥(t) be two bounded single-valued functions for @ < ¢ < 8 so that
the simple curve of Fig. 53.4 results. The interval [aB] is now sub-
divided by the points a = fo, t1, ... , t» = B, and the scheme of sub-
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division is denoted by ¢. Each of these values of ¢ will determine a point

(xo,yo): (xlyyl)’ ] (xmyn)
If the points (%o,%0) etc. are connected by straight lines, the points

(%o,40) and (.,y») will be connected by the polygonal line as shown in
Fig. 53.4. The length of this line is

D V@ = z) + Y — yo)?

r=1

= V) = eI T W) = ST

r=1

This length will be different for every scheme of subdivision o, but if
the set of values for this length for all ¢ has a finite least upper bound L,
the curve is said to be rectifiable, and has the length L. -

Y
4 ) ) S S S
}
!
|
]
_____________________ H
Yor= b
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F1a. 53.4

A curve defined by the functions ¢(f) and ¥(t) is rectifiable when and
only when ¢(f) and ¢(t) are functions of bounded variation.

The actual rectification of a curve is accomplished as follows. 1f the
derivatives ¢’(¢) and ¢/(¢) are continuous functions of ¢ in the interval
a <t < B, the length of the curve z = ¢(t), y = ¥(¢) is given by

s=["VZOF T WOra

54. Line integrals. Curvilinear or line integrals are extremely im-
portant in physics and engineering because it is by means of them that
the work done on a body in moving it from one position in space to
another along a rectifiable space curve can be calculated. In order to
see how line integrals arise, we shall calculate the amount of work
done on a body when it is moved along a simple plane curve against a
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force whose magnitude and direction is a continuous function of both
z and y denoted by F(z,y). The calculations may be carried out in two
ways. First we shall proceed as follows. The force will be resolved into
its components X (z,y) and Y(z,y) along the z and y axes, respectively.
The path AB (Fig. 54.1) over which the body is transported is sub-
divided by the points (z.,y.)(r = 0,1,...,n), and any point on the arc
between (z,,y,) and (z,_1,y,—1) is,selected and denoted by (¢-n.), so that
21 < & Lz and Yo < 9 7;_{ y» The approximate amount of work

y

b/ FY S——
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e —————

trrfrm e —————
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Fia. 54.1

done in moving the body from A to B against the r component of force
will be
X(&ym) (@ — @) + X&) (@ — 1) + ... + X(Eana) (b — Tar)  (54.1)

Iikewise the approximate work done against the y component of force is

Y —a) + Y(Eam) (e —y) + ..+ Y(Ema)(b = ya-r)  (54.2)
The sum of the expressions (54.1) and (54.2) gives an approximate
result for the total amount of work done. An increasingly accurate
result is obtained as the number of subdivisions is increascd. If the
sums (54.1) and (54.2) possess definite limits as the number of sub-
divisions is indefinitely increased in such a way that the largest of
them approaches zero, these limits define the line or curvilinear integrals
of X(z,y) or Y(x,y) over the curve AB. These are then written

4B X(z,y)dz and fw Y (x,y)dy
The total work done is then

W= [, Xpde 4[5 (ady
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Conditions for the Existence of Line Integrals. If the curve AB is
defined by the equationsz = ¢(f) andy = ¢(t) in the intervala < 1 < 8,
and if () and ¢(t) are monotonic functions in this interval so that to
every pair of values of z and y there exists only one value of ¢, then y
is a single-valued function of z, namely, y = f(z). If P(z,y) is a con-
tinuous function of both z
and y, then P[z,f(x)] =
P;(x) is a continuous func-
tion of z, and the line inte-
gral becomes the ordinary
definite integral

j; * Py@)de

The above conditions pre-
vent a line parallel to the z
or y axis from intersccting
the curve AB in more than Fio. 54.2

one point.

If the curve AB is of the type shown in Fig. 54.2 where ¢(¢) and y(¢)
are not monotonic throughout the interval « <t < g, the line integral
can still be found by breaking up the curve into parts over which ()
and y(¢) are monotonic. For the curve shown, the parts AC, CD, and
DB may be defined by monotonic functions ¢(t) and y(t), and the line
integral becomes

P(x,y)dz =

Yy

PGz + [, Pay)dz + [, Play)ds

AB AC

In each of the integrands of the three integrals on the right, y must be
replaced by a different single-valued function of z.

Entirely similar considerations hold for the line integral fAB Q(z,y)dy.

A few important properties of line integrals of this type are made
evident in the following relations.

(¢)] 4B P(z,y)dz = 0, when AB is a line parallel to the y axis.
@) 4B Q(z,y)dy = 0, when AB is a line parallel to the z axis.
@) [, Pawds = [, Peyds + [, Ply)ds.

@ [, Paewds = — [, Pey)ds.

(5) If the derivatives of the functions z = ¢(f) and y = ¢(t) defining
the curve AB are continuous in an interval « < ¢ < 8, then
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" Pewdz = [7 PLe® w0 0t

5 Q@ndy = [ QLo ¥ W vt

Alternative Definition of the Work Done. Referring again to Fig. 54.1,
a different expression for the approximate value of the work done in
moving a body along the curve’ AB against a force would be

> Fem) cos V(@ — 2,07 + U — yr0)?

r=1
A progressively better approximation to the total work done is obtained
as the number of subdivisions is increased. Hence if the above sum has
a limit as the number of subdivisions is increased without limit in such
a way that the largest subdivision or norm approaches zero, the limit
is defined as the line integral
P y)\(zy)ds
where Mz,y) is the cosine of the angle between the direction of F(z,y)
at any point on AB and the tangent to the curve at that point. In
terms of the parametric equations 2 = ¢(f) and y = ¢(f) of the curve
AB, the line integral becomes

JZ Plo@ s O e w1V @ + VO dt

55. Line integrals of total differentials. If F(x,y), together with
dF /3x and 9F/dy, are single-valued and continuous over a certain
domain S,, then

' 0F = [ G 4o+ 50 du] = Flanys) = Flaay)

= F[‘P(ﬁ)r‘l’(ﬂ)] - F[‘F(“);w(“)]

where the curve AB is defined by the relations z = (), y = ¥(t) for
t in the interval « < ¢ < 8. The above relation shows that the line

integral fA 2 dF depends only on the end points of the curve and not

upon the path or curve connecting the end points 4 and B. In the special
case where A and B may be regarded as the beginning and end of a
closed curve, so that A and B are one and the same point, it is clear that
L 5 dF = 0. Line integrals over closed curves are often indicated by f .

From the above considerations, it is seen that if we have two func-
tions P(z,y) and Q(z,y) which are continuous and single-valued, to-
gether with the partial derivatives dP/dy and 9Q/dz in a domain S,

then in order that the integral L » P(z,y)dz + Q(z,y)dy be independent
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of the path of integration between two points A and P, there must be a
function F of which the integrand is the total differential, i.e.,

dF = P(zy)dr + Q(z,y)dy
where

aF i}
Pay) =2 and Qua) =5

and

op _ 9F _ 9F _ 9

dy dyoxr dxrdy Iz
The condition 9P/dy = 8Q/dx is a necessary and sufficient condition
that the original line integral be independent of the path between A
and B.

The converse of the above theorem states that if

N 9P _ 9Q
§ Pay)dz + Qy)dy =0 then T- =77

56. Definition of a double integral. Since the general concept of
multiple integrals follows without difficulty from that for double inte-
grals, it will be sufficient to define the latter class of integrals. The
fundamental interval in two dimensions is a rectangle, and since this

Y
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Fie. 56.1

is the case, we shall first define the double integral over the rectangle R
in Fig. 56.1. The extension to integrals over other than rectangular
domains will be given later.

Let f(z,y) be a bounded function over the rectangle R so that
m < f(z,y) < M. The rectangle R is subdivided by lines parallel to
the z and y axes into subrectangles of area p... The greatest lower and
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least upper bounds of the function in the subrectangle rs may be desig-
nated m,, and M,, respectively. The upper and lower approximate
sums are defined similar to those for a single integral, and may be
written

n nm

S, = Z i M rspre Se = Z Z MerePrs

r=1s=1 r=1gs=1
where o denotes the particulay/scheme of subdivision. Let the greatest
lower bound of the set S, be ‘Sf;nd the greatest upper bound of the set s,
be sforall . If S = s = I, then I is called the Riemann double integral
of f(z,y) over the domain R, and is written

1= j@yddy

It should be carcfully noted that this is not a repeated integral (see next
section).

Functions possessing a double integral over a finite domain R are:

(1) Iivery continuous function of z and y.

(2) Bounded functions whose discontinuities fall on a finite number of
rectifiable curves.

57. Properties and evaluations of double integrals. Some im-
portant relations satisfied by double integrals are listed below. First

m Agr gfj;zf(z,y)dz dy < M Ap

where m and M are the greatest lower and least upper bounds of f(z,y)
over the rectangle R, and Ar is the area of the rectangle. Secondly, if
f(z,y) is a continuous function over the rectangle R, then

S [t @dz dy = Jgman
where ¢ and 7 are the coordinates of some point in the rectangle R.
Finally
| [ [t dy| <[ [, | 5@y) 1dz dy
The actual evaluation of a double integral for practical purposes is
based on the following theorem. If f fR [f(z,y)dz dy exists, where R is
the rectangle ¢ < < b, a < y < B, then the two repeated integrals

JLayf s@pde and [ acf? f@y)dy

also exist and each is equal to the value of the double integral.

It should be noted that the above theorem not only provides a method
for computing the double integral but furnishes a sufficient condition
for the inversion of the order of integration in a repeated integral.

58. Double integrals over nonrectangular domains. The double
integral over a domain D bounded by a closed curve of the type shown
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in Fig. 58.1 may be computed in the following way. It will be supposed
that f(x,y) is continuous over the domain D and that D is bounded by
a rectifiable curve. One method of computing

fj;) f(]'y!/)d.f d!/

is to enclose the domain D with a rectangle for which o/ <z < b’ and
o' <y < B, and then define a new function fp(x,y) which is equal to

Yy

|
8

[ R

[ S—
o ——-
=

) X,

Fia. 58.1

Sf(z,y) at all points inside D and is equal to zero everywhere else. The

integral
St dedy

exists as stated in See. 537, since the discontinuities of fp(r,y) lie on a
rectitizhle curve and

S Lotz dy = [, fowg)de dy

Thus the integral over the domain D can be found by defining an auxil-
iary integrond in the manner given above. Then

S i@mizay =7 avf) foayae

Another method of computing the double integral over D is to draw,
parallel to the z axis at ¥y = o and y = B, lines which are tangent to
the curve bounding D as shown in Fig. 58.1. Then any other line par-
allel to the z axis for which @ < y < 8 will intersect the bounding
curve in not more than two points. Let the z coordinates of these two
points be z; and z, as shown. For each value of y there will be two
values of x and this association may be expressed by the functions
1 = 1:(y) and x2 = 2:(y). Then
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f: ay Y pomdz = [ ay [ [+ [+ [ fopaz]
=j:5’ dyj;thp(x,y)dz = (j:: +Lﬁ +j;:l dy) j:zfp(x,y)dx

=[* auf” r@yaz

In this case the value of the doyble integral has been found by choosing
the limits of integration and thus avoiding the necessity of defining an
auxiliary integrand. !

By an exactly similar process we could obtain

b 8’ b 2
L Ve[ fo(ey)dy = f de [ " fay)dy

fgpdedy = 7 ay [ fx)de
D a EA
= [ axf" 1wy

If the domain D is of the type shown in Fig. 58.2, so that some lines
parallel to the zx axis in-

tersect the bounding curve
A /q in more than two points,
the domain D must be

divided into partial domains

so that finally

y

B such that in each of these

a line parallel to the =z

axis intersects the bounding

e curves in only two points.
Fra. 58.2 *  The dotted line in the

figure effects the division
into the proper partial domains A, B, and C.

59. Connections between double and line integrals: Green’s
theorem. An extremely valuable relation between a double integral
and a line integral may read-

ily be established. In the Y — c
first place, consider a domain C
D shown in Fig. 59.1 and let
it be cut by two lines par- T D
allel to the y axis at x; and
2», and call the parts of the LGt
boundary cut off between i
these lines C; and C. as !
X1 X2 x

shown. These curve seg-
ments may be specified by Fie. 59.1
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the functions y = ¢i(z) and y = @y(x). The line integral of a function
F(z,y) which is continuous over the domain D taken over the boundary
of the dissected domain is

[ F@yds = [ Faydz + [, Faydz

since the integral over the line parallel to y vanishes. The boundary is
traversed in the counterclockwise direction, so that

f{ F(ry)de = f " Flreo))dr + f " Fle (@)
= f " [Fa(@) = Fu@)Jde (59.1)

In a similar way we could have dissected the domain with lines parallel
to the « axis and obtained

.. ¢amay = [ 16:) — )y (59.2)

From these results the following important theorem may be established:
Gwen a domain D bounded by a regular curve C so that lines parallel to
the x and y axes do not intersect C' in more than two points and also given
two functions P(x,y) and Q(z,y) which together with the partial derivatives
dP /oy and 9Q/0x are continuous throughout D. Then
(e . - 9Q _ary,

Jo s + Qs = [ f,(3€ = gy s09)
when the bounding curve (' s traversed in the positive direction. To deter-
mine the positive direction in any given case, draw a normal n to the

Yy

n

———

B I
x =x,(_)»( D ;x =xoly)
o~ * —

N——_

Fia. 59.2

curve C pointing away from the domain (outer normal) but having the
direction of the positive z axis as shown in Fig. 59.2. Then a perpendic-
ular to n in the positive y direction will indicate the positive direction
in traversing the curve. ’
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The above theorem may be proved by showing that

dex- ffp ~drdy and deJ -—ffa dx dy (59.4)

Since line integrals are additive over their domains we may consider a
domain between two lines parallel to the z axis, see Fig. 59.2. Then
over this dissected domain 1)/

SR = af) 5
= [710wm) — Qmw)dy
=7 @ — @ay = [, Qmay

where eq. (59.2) was used in the last step. In a similar way the first
relation in (59.4) can be proved.
It sometimes happens that the domain to be considered is bounded
by two regular curves, one entirely enclosed in the other, as shown in
Fig. 59.3. In this case the
y domain may be broken up
into four domains by the
dotted lines parallel to the
7 axis, in cach of which
Green’s theorem holds. Ap-
plying Green’s theorem to
each domain and adding is
equivalent to evaluating the
line integral over the outer
curve in the counterclock-
x  wise direction and the inner
Fia. 59.3 curve in the opposite direc-
tion. This direction of tra-
versing the boundary will still be termed positive, since if a normal to
the inner curve is drawn away from the domain and in the positive z
direction, the inner curve is traversed in the direction of positive y, i.e.,
the arrow in Fig. 59.3.
An immediate application of Green’s theorem may be found by letting
Q =z and P = —y, in which case (59.3) yields

fc:cdy—-ydx =ffb(1+1)dxdy

=2 [, dudy =24

where A is the area of the domain D, so that

o
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1
A= 3J." dy — ydzx (59.5)
Another way of computing the area would be toplace @ = 0and P = —y
so that
fc-—ydx =ffD1dzdy=A (59.6)
and hence A= _fc ydzx
On the other hand, if @ = z and P = 0, then
A= fc zdy (59.7)

where C is always the bounding curve of the area under consideration
and the line integral evaluated in the positive direction. This allows
one to express the area enclosed by a curve in terms of a line integral
over the closed curve.

As a simple example of the expression (59.5) we may compute the
area of the circle 2 4 y? = a® From (59.5),

A=%fcxdy—ydx but z =acost and y = asint,
80 that
Y P 2 ¢in2 A
A—2ﬁ) (acost+asmt)dt—2 A dt = 7a

60. Triple integrals. The definition of a triple integral is essentially
the same as that for a double integral, the difference being that the
fundamental domain V is a parallelepiped. We need only mention a
few important facts concerning them. If S S Sf(z,y,2)dx dy dz exists
over the domain ¥V which is a rectangular parallelepiped ¢ < z < b,
a<y<p A<z< B, then

1) If j; b S(z,y,2)dzx exists, the integral

[ 7 aayf sy 0ds

also exists, and is equal to the triple integral; or

@ If j; # f ® f(w,y,2)dz dy exists,

[ aef? [ sy dy

also exists and is equal to the triple integral.

The extension of the above facts to nonrectangular domains may be
accomplished either by an auxiliary integrand or by a suitable choice
of the limits of integration as in the case of double integrals.
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61. The element of area on a transformed plane. When points
in a certain domain in one coordinate plane are associated with a domain
of points in another by means of transformation equations (sce Sec. 47)
it is important to establish the connection between corresponding areas

in the two planes. A domain

y 7 D, in the £y plane trans-

forms into a domain D in

the image plane, and if C;

is a closed curve bounding

a certain area within D,

there will be a closed curve

(' in D bounding the corres-

ponding area in the image

x £ plane as shown in Fig. 61.1.

TG, 61.1 It must be carefully noted

that if the curve C; is tra-

versed in the positive sense (see Sec. 59), the image point may traverse

C in either the positive or negative sense, depending on the particular

transformation. 1f the transformation is such that both curves are

traversed in the same sense, it is said to be direct; otherwise it is termed
an inverse transformation.

As examples of a direct and inverse transformation, it is easily
seen that if a rectangle in the £y plane of Fig. 61.2a is traversed in

n y y

.

v
(@ £ ® O )
e, 61.2

the positive direction, the image curve Fig. 61.2b for the transformation
z = fcosy, y = £sing is also traversed in the positive direction,
making the transformation direct. On the other hand, the simple trans-
formation z = — ¢, y = nisinverse, as shown in Fig. 61.2¢. The general
criterion for directness of the transformation will be established below.

The area of the region 4 bounded by the curve C in Fig. 61.1 is by

definition f L dr dy. According to (59.7),
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dexdy =fcxdy

where C is traversed in the positive sense. When the integrand of the
integral on the right is expressed in terms of £ and 5, one obtains

f xdy f [I(Em) ]ds+[ (&) —L:ldn

From Green's theorem (59.3), the line integral on the right is equal to

=1L ()~ o (<3 Jue

where the + or — sign must be used according as the curve C, is trav-
ersed in the positive or negative direction as (' is traversed positively.
The above integral can be simplified and we have the result

ffAdxdy = iffm[%é%%“%g—g]ded"

_ d(z,y)

- ifj:,, o,
It was pointed out in Sec. 19 that the transformation equations
z = f(&m), y = g(£m) would not possess unique inverses if the Jacobian

d(x,y)/d(tm) vanished in the domain considered. Consequently, the
Jacobian must be either always positive or always negative within 4,.

On the other hand, the area f f . dx dy is essentially positive, so that

the Jacobian must have the sign which makes the term on the right
positive. The result then is that the Jacobian is positive for a direct
transformation, and negative for an inverse transformation. An ap-
plication of this test to the transformation ¢ = £ cos, y = & sin  con-
sidered above gives £ for the value of the Jacobian, so that for £ > 0
the transformation is direct. This is the useful case, since actually £
plays the roll of the radius in plane polar coordinates. For the trans-

formation z = —§, y = n also considered above, the value of the
Jacobian is —1, and the transformation is inverse for all regions in the
£ plane.

No matter whether the transformation is direct or not we have estab-
lished the important result

ff de dy “ff a(sn)

where the absolute value of the Jacobian is used. Since the integrands
are positive and the domain A4 is arbitrary, we have the direct result

—(—’ﬁ— 'ds dn (61.2)

df dn (61.1)

dxdy =
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where the right-hand side is the element of area in the & plane corre-
sponding to the element dx dy in the ry plane.

62. Evaluation of definite integrals by double integration. It
often happens that a single integral may be replaced by a double inte-
gral, after which a transformation of coordinates allows the integral
to be evaluated in a simple manner. Two illustrations of this method

will be given.
First, let it be required to evaluate

I = j;m e~ dx

The integration variable can be changed and I equally well expressed as
I =j;°° e~ dy,

or I? may be computed instead of I, so that

Iz =j;°° o—arr? dz.j:)” ¢~ dy =ff1) e~ @@+ dy dy

where the domain D of the double integral is all of the first quadrant
in the zy plane. Transforming to polar coordinates, * = 7 cos ¢ and
y = rsin ¢, the element of area dz dy according to (61.2) is

coS ¢ sin ¢

_ 3@y _| -
drdy = 3(rp) drde = —rsine rcose drde = rdrdy
so that
1= [ [ emerarde
=j;w ¢y drj::ﬂ do = gj;‘ e~ dr
R
T 4a?
Hence I= 1/—-;
2a

As a second example, let us attempt to obtain an expression for the
product of two gamma functions. By definition,

T'(g) =j;” zvle*dz and T(p) =j;m y*lev dy

where p and g are positive. Multiplying these expressions together, we
have

() T() = [ et da- [ yrtevay
—_-ffD xq—lyp—le-—(ﬁ-u) dx dy
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where the domain D is the first quadrant in the zy plane. An initially
convenient change of variables is z = s? and y = ¢ in which case

_ zy) -
dedy = 3(s,t) dsdt = 4st ds dt

I‘(p).I‘(q) = 4fj; s20—12p—1p— (40 Jg it

In this form it is again convenient to transform to the polar coordinates
s = rcos ¢ and ¢ = 7 sin ¢, where as in the previous example

dsdt = rdrde
and TI'(p)-T'(g) = 4ffD r2e+2p=1 ¢og20~1 o gin2P—1 o ¢~ dr dop

and

® /2 .
= 4]; r2rt29—lg—r? drﬁ) cos?~1 o sin?P~! o do
In the integral over r we may substitute r? = z, where 2r dr = dz and

-, N 1 =
j:) r2pt2—le=rt gy = 2Jo rta—le—z dy

1
=3l +9
Therefore
%/2 .
I(p) T'(g) = L(p + (/)fO 2 cos®! g sin?~1 o dp
The integral on the right is known as the beta function and designated

B(p,q). An important formula expressing the beta function in terms of
gamma functions has thus been established, namely,

T'(p)I'(g) .

Bpg) = LRL@ 62.1
(P2 Tk + ¢ (62.1)
A more common integral expression for the beta function results if the
transformation z = cos? ¢ is made. Then

dr = —2cos ¢sin ¢ dp, and
/2 . 1241 — 2)7 d
B(p,q) =j; 2 cos?~! o sin?*~1 o dp =j:) ﬂiﬁﬁ
= L il — z)ide (62.2)

In passing it is worth while to note the following important character-
istics of the beta function.
(1) B(p,g) = B(g,p)
I'(p)I'(g + 1
9 _I(@rg+1)
(2) B(p,g+1) T+ g+ 1)
__ @@ _ _g
@+orfp+q »p+

qB (p,9)
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@) Bpa) = [, a1 — )1 ds
- & =1t -
= -ZTa-or 1]0+ — [ e -0
Replacing p by p + 1 throughout, we have

B(p+1,) = §B<p,q+1>

63. Elements of length and area on a surface. The parametric

equations
X = f(ulv)} y = g(u7”), z = h(ulv)

which define a surface in the zyz space may be regarded as establishing
a correspondence between points in a given domain in the v plane and
a domain on the surface, so that we have to do with a transformation
and may speak of the surface as being the image of a domain in the uv
plane. The square of the element of length on the surface is

(ds)? = (dx)? + (dy)* + (d2)*
where dz, dy, dz are of course not independent differentials, but expressed
in terms of the variables w and v are

I /|
dr = 7 du + % dv

= 94 99

dy = ou du + P dv
oh oh

dz = 7 du + o dv

The square of the line element on the surface thus becomes
(ds)? = Ly(du)® 4+ 2M, du dv + Ly(dv)? (63.1)

where Ly, L., and M, have the same meaning as in Sec. 51.

The element of surface area may be arrived at in the following man-
ner. Let the surface S in Fig. 63.1 be the image of the domain D in the
wv plane, and let A4, be any plane element of area enclosing the point
P; in D be imaged by the domain A4 enclosing the image point P on S.
Under suitable conditions the ratio AA/AA, approaches a unique limit
as the clement AA,; is diminished to zero, always enclosing P;. This
limit multiplied by du dv is defined as the element of arca on the surface.
When the above limit exists its value is V L,L, — M}. The proof of
the existence of this limit does not fall within the scope of this book
and will be omitted. It can be shown without difficulty that

VILL, — M} =V A? + B + (? (63.2)
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where A, B, and C are the Jucobians defined by (45.12). Consequently
the element of area on the surface is taken to be

dS = V' L,L, — M2 du dv
=VAF B F CCdudv (63.3)
The first of these definitions depends on the line element on the surface
being ds = v/(dz)? + (dy)* + (dz)? and hence is independent of the
choice of the orthogonal axes z, y, z as one would naturally expect. The

element of area dS is thus invariant with respect to a change from one
set of Cartesian axes to another.

2 v

y ]

x u
Fia. 63.1

64. Surface areas. Let the surface S be the image of a domain D
in the wv plane, the transformation equations connecting S to D being
o= ), y=ger), 2= hlu)

If these functions, together with their first partial derivatives, are single-
valued and continuous throughout the domain D, and if the three
Jacobians A, B, C defined by (45.12) do not vanish simultaneously
in D, the area of the surface is f j;) dS, where dS is the element of surface
area defined by (63.3).

The integral f fn dS giving the surface area can be modified in certain
cases so as to eliminate the coordinates « and v. From eq. (45.16) it
follows that

cosa _ cosB _ cosy _ 1

A B C VA + B + C?

where cos @, cos 8, cos v are the direction cosines of the normal to the
tangent plane to the surface. For definiteness it will be supposed that
C # 0 in D for the surface under consideration. This means that the
tangent plane is never perpendicular to the zy plane. Furthermore it

-

(64.1)
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will be assumed that the normal to the tangent plane always makes
an acute angle with the z axis, so that cos y > 0. Then
¢
VA + B+ C?

The surface area can then be written

s = Tt Cando = [ Ll duar  (643)
D D Dcos v

I
Instead of integrating over the region D in the wv plane one can trans-
form the integral so as to integrate over a region ). in the zy plane.
In order to do this we would need to know u and » as functions of z
and y, and to express the plane element of area in the zy plane corre-
sponding to du dv. From (61.2) this would be

d(up)
ax,y) [l (' l

Consequently the surface area may be expressed

f " ds =ff VATF B F Cdudv ~fj;uws L (6

The domain Y ., is just the projection of the surface S on the xy plane.
‘When similar assumptions are made about A and B, a similar argument

gives
Sl =f L= 1155 (645)

where Y_,. and J_.. are the projections of the surface on the yz and xz
planes, respectively.

When C # 0 in D, it is always possible to define the surface by the
explicit relation z = ¢(z,y). From relations in See. 45, cosy in this
case is

cosy = (64.2)

dudy = drdy = dx dy

1
V1 + (z/0x)* + (92/3y)?
so that the area of the surface when defined by z = ¢(z,y) is

Cosy =

f f 1 + dx dy (64.6)

The use of these formulas for determmmg the area of a surface will be
illustrated by calculating the area of the hemispherical surface defined
by the parametric equations

= @ sin 6 cos ¢, y = asin 0 sin o, z=acosf

where 6 and ¢ correspond to the wv coordinates used above. The do-
main D is the rectangle 0 < § < 7/2 and 0 < ¢ < 27. The values of
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the Jacobians A, B, C are easily found to be
A =a’sin*f6cosep, B =a’sin?fsing, C = a’sinfcosb
The element of area
dS = VA + B* ¥ (* = a’sin 0 df do
Hence the area of the hemisphere is

20 /2
S=j; j:)/ a’sin 0 d6 dp = 2ma®

The area may be computed by formula (64.4) or (64.6), which gives
rise to the same integral, but the integrals are not as convenient to
evaluate as the one above. In order to use (64.4), which involves an
integration over the domain Y~ which is the projection of the surface
on the zy plane, which in this case is simply the circle of radius a with
center at the origin, we need cos y. It is clear that

~ \/a‘z —_ _I.': — 1, 2
cosy = cos f = = A S el
a a
Thus
+ Vari—y? adx di +a N
S:f"f 1 S———— dy = 2ra*
—-a _\/uz_yz \/ a2 —_ z2 —_— y’l —a

That this integral is exactly the same as the one found by substituting
the values of 9z/9x and 9z/dy in (64.6) may easily be verified.

65. Surface integrals. The integrals considered in the last section
are special cases of a more general class of integrals known as surface
integrals, just as the integral for the length of a curve is a particular
case of a line integral. Surface integrals are of two types: one in which
the integration is with respect to an element of surface arca dsS; the other
in which the integration is with respect to an element of area d.r dy in
the ry plane or an element dy dz in the yz plane, etc. The two types
correspond to the two types (64.3) and (64.1) of the last section.

A surface integral of the first type is written

f ﬂ F(z,y,2)dS (65.1)

where F(x,y,z) is assumed to be a single-valued continuous function
for all values of z, y, z on the surface S, where S is defined by the usual
parametric equations

= flup), y=gup), z=h(up)
The value of (65.1) is defined to be

f j; Gup)N Inls — M? du dv (65.2)
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or f fb Gu)VA? + B+ CPdudy (65.3)
where G(up) = Ff(up),g(up),h(up)]

and D is the domain in the uv plane of which the surface S is the image.
The remainder of the integrands are the elements of surface area defined
in Sec. 63.

In defining a surface integral of the second type, only integrals in-
volving the element of arqgg on the zy planc will be considered, since
those with elements on the other planes are entirely similar. It will be
supposed that the surface S is regular (see Sec. 46) so that it can be
divided into a finite number of subsurfaces S,, where cach subsurface
is defined by the single-valued function z = ¢(z,y). The projections of
the surfaces S, on the ry plane will be denoted by ..

The surface integral of the second type over the subsurface S, is
written

fj: Fayyz)de dy = iffz Flay,0(x,y)ldx dy

where the positive sign is taken for the upper side of S, and the negative
sign for the lower side (see Sec. 46). If any of the sections into which S
has been divided are portions of a cylindrical surface with generators
parallel to the 2z axis, they may be ignored, since they make no contribu-
tion to the surface integral.

The integral on the right may be transformed into an integral over
the domain D, in the wv plane [see eq. (61.2)], in which case

S, raetpiesdy = [ f, o] 500

= f f; L Gu)| € du dv

Adding the values of the integrals for all the sections X_,, one obtains
finally

du dv

[[.. Payaacdy = [ [ GunC duds (65.4)

where the side of S to be taken is determined by the sign of C. Similar
results hold for integrals over domains in the yz and xz planes. In this
type of surface integral it is to be understood that the domain of integra-
tion .y, is the projection of S on the appropriate plane, in this case the
xy plane.

Just as in the case of the two types of integrals in Sec. 64, one type
may be expressed in terms of the other. Consider the surface integral

ffs cos v F(z,y,2)dS,

where cos v is the direction cosine of the normal to the tangent plane
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at the point (z,y,2). According to (65.3), this integral is defined to be
[, G eos WWAF B+ Cdudv = [ [ GupnC dudv

in which the relation (64.2) has been used. The right side is the same
as the right side of (65.4) so that

f j; (cos v)F(x,y,2)dS = f fz Flayz)de dy (65.5)

As an example of a surface integral, let it be required to find the total
electric charge on the surface of the hemisphere considered in the ex-

ample of Sec. 64, where the surface charge density is p = V1 — 22/a?.
The total charge Q is given by the surface integral

Q=fj;1/1—£d8

Using the definition (65.3) and the value of VAr + B* 4 (C*? already
found for this surface in Sec. 64, and noting that

G(up) = V1 — cos*f = sin 0

2r (/2 . 2g%
Q=j;1 j;/ sin0~a“sm0d0d¢=”9a

m
=1 X area of surface

In terms of the second type of surface integrals the total charge @ is

+a Var—y? 22a
Q =f 1 —=—drdy
—u JvaTp\ atz

66. Transformation of coordinates in a surface integral. When
a surface S in the zyz coordinute space is defined by the parametric
equations © = f(uw), y = ¢(uw), and z = h(uw) and a transformation
from the xyz space to a new space (&,7,¢) is carried out by means of the
transformation equations

T = :K(E)n!g‘)) y = :U(E}nyr)’ z = z(é)”!() (66'1)

the surface S goes over into a surface S, in the &n¢ space which we may
call the image of S. In order to express the surface integral

ffwa(x,y,z)dx dy

in terms of £, 5, ¢ and the surface S,, it is to be noted in the first place
according to (65.4) that the surface S; can also be defined by the para-
metric equations

¢ = fl(uﬂ/), n= gl(uyv)! = hl(uyv) (662)
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Although these equations will not actually be required, they can be
obtained by the elimination of z, y, z from the transformation eqgs. (66.1)
and the paramectric equations of the surface S. From eqs. (66.1) and
(66.2), the function F(z,y,z) can be expressed in terms of & », { or u, v,

50 that
F(zy2) = Fi(gn,$) = Gup)

S, ey = [ f, G it

where D is the domain in the wv plane whose image is the surface S.
If in the integral on the right = and y are regarded as functions of £,¢,
then according to (19.3),

oey) _ 3zy) a&a) | Aay) o) , day) A6E)

up)  9(Em) O(uw)  (n,8) A(uw)  O(L.E) A(uw)
‘When this is substituted in the integral on the right there result integrals
of the form

d(ay) 3(En) d(xy)
S [, 60 G St dudo = f f, Fuen )Gz dn

From (65.4),

where —Eﬂldu dv is just the element of area corresponding to the ele-

a(u,v)
ment df dy in the &y plane [see (61.2)]. The domain }_;, of integration

of the integral on the right is the projection of S, on the &) plane. The
final result is

f F(z,y,2)dx dy

(z,y) d(z,,
ffzn(ei}r) a(sn)d“ +a(mdn 5+Ma(;gdf d;] (66.3)

The cyclical order of £, 7, { should be maintained, or the sign will be
changed. It should be noted that whereas
l the domain of integration in the zyz space

was the projection of S on the zy plane,
h~z h the domain of integration in the &
space in general includes the projections
of S; on all three coordinate planes.

As an example of the transformation
considered above, let the spherical shell
defined by the parametric equations

z = asinfcos ¢, ¥y = asin fsin o,
Fic. 66.1 z=acosb, 0<60<7/20< o< 2r

form the bottom of a cylindrical vessel which is filled to a height A
with fluid of density p, as indicated in Fig. 66.1, and let it be required
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to find the total force on the shell. This force is given by a surface
integral of the type just considered, namely,

= pff2 (h — 2)de dy

the integral being carried out over the projection of the shell on the
zy plane. The integral may be evaluated directly. By definition

F--—-fj;‘p(h—z)dxdy =fj;)(¥(u,v‘ 0 )ll@d

= pj;z’r j;"/z (h — acos 8)a’sin 0 cos 8 df dp = pra*(h — %a)

A transformation of cocrdinates makes the integral a little simpler.
Let the transformation be defined by

=fcosm, y=¢gsing  z=¢

The Jacobians required in the transformed integral [see (66.3)] are

d(a,y) _ a(a,n) -0 a(e,y) _
a(&m) ’ a(n,$) ’ a(5,8)

Also b — z(xy) = h — Var — £ so that
= pj;h‘l:)" (h — Var — )¢ dEdy = wa*p(h — %a)

67. Green’s theorem in three dimensions. This theorem estah-
lishes a relation between an integral over a three-dimensional domain
or volume and an integral over the bounding closed surface S. If
P(x,y,2), Q(x,y,2), and R(z,y,z) are continuous, together with dP/dr,
3Q/dy, and R /dz, throughout the domain V', this relation is

f[(l’ (II/ dz + Qdz dx + R dx dy)

S 2T _fff (ap f)dl dy dz (67.1)

This relation can be proved in parts. ¥irst consider the part

fj;ﬂlid.udy =ffﬁ,%dxdydz

and divide the domain V' by a plane so that the normal to the upper
bounding surface makes an acute angle with the positive z axis, and
the normal to the lower surface makes an obtuse angle with the positive
z axis. Let the lower surface S; and the upper surface S; be specified
by the explicit relations z = z;(z,y) and 2z = 2z(,y), respectively.
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fffVaRdxdydz “ffdxdf"aR
= f fz [R(z,y,22) — R(x,y,20)]dx dy

where 3_; is the domain obtained by projecting the surface S onto the
zy plane. The separate integrals on the right may be written as one
integral S S R(x,y,2)dz dy,/ where it is to be remembered that the
integral changes sign in phssing from the upper to the lower side of
the surface (see Secs. 46 and 65). Equality between the other parts of
(67.1) can easily be shown in the same manner, giving the complete
result (67.1). Green’s theorem may be conveniently written in terms
of the other type of surface integral [see (65.5)], in which case

2]
[f[. Rdxdydz
v 9z
=ffs (P cos a 4+ Q cos B + R cos v)dS (67.2)

As a simple example of the use of Green’s theorem, let P = x, Q = 0,
R = 0, whence (67.1) gives

fff],dxdydz =ff2"a'dydz

The left integral just gives the volume of the domain. Take the volume
bounded by the right circular cone whose axis coincides with the z axis,
whose height is h, and of which the radius of the base in the zy plane is a.
The parametric equations of this surface are z = 7 cos 6, y = r sin 6,

=} ( 1 - —) The integral on the right is then

ff rdez——ffﬂoLﬂa—%lb-z—)d r dé

« (2 h hmra®
- Zr2 00s? = -
—J; j; ar cos® 6 dr dé 3

In this case the contributions from the lower and upper side of the
surface add; that is,

upper side = "/ Im cos® 60d, lower side = (:052 0do
P /2

and fj:;iz..‘d(}—j;;;u.‘.@:ﬁf",,_dg

68. The volume element and its transformation. When points
in a domain V of the three-dimensional xyz space are associated with
points in another domain V, in the &n¢ space by means of the trans-
formation equations
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z = x(fﬁhi’), y= y(i;mi‘), = 2(5177;{)
it is important to know how the corresponding volume elements in the
two spaces are related. This relation is determined in a manner analo-
gous to that used in Sec. 61 for finding out how the element of area
transforms.
The right-hand side of eq. (67.1) gives three times the volume of the
domain V when we let P = z, Q = y, R = ¢, so that

ff dedydz =:31-ff(zdydz+ydzdx+zd:cdy)
s !

e Bez, ey
The method of transforming the integral on the right to the &n¢ space

has already been given in Sec. 66. Applying the transformation formula
of the type (66.3), we have

f (z dy dz + y dz dx + z dx dy)

Zys,Zaz, Sy
0y | ) | )
f f E aen T Vot * ) Jot

Zgn, 2 et

9(y,2) zx) | d(x,y)
+["’a<n,:)+ Yatmo) T Zalns Jin s
I(y,2) Bgzzx[ Qﬁ/_)
+[e a0 T Va7 (w]"‘ d

=f [Pi(gm,0)dn di + Qu(én,0)ds dE + Ra(§,n,8)dE dn)

ZoeBrs 2ty

fff Py an ‘m‘)dgd d
11 3?7

Green’s theorem (67.1) has again been used in making the last step.
When the indicated differentiations are carried out in the last integral,
the integrand reduces to

3 9(x,y,2)
A(Emt)
Thus f f f dx dy dz = f f ﬁ ‘ aé,:,,;) d¢ dn dp (68.1)

The absolute value of the Jacobian is used in order to avoid confusion
in the sign, the volume always being positive. Since the integrands are
positive, and V and therefore V, may be chosen arbitrarily small, it
can be concluded that the volume element in the ¢n¢ space corresponding
to dx dy dz in the zyz space is

dzdydz = A .2)

Sens D d (68.2)
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Consequently the relations between a general volume integral in the
zyz space and that over the corresponding volume in the transformed

space is

S Fevpimayd = [ f, 0| 958D aganar (68.3)

An example showing the convenience of making use of a space trans-
formation or change of varigble in a triple or volume integral is encoun-
tered in the evaluation of the Dirichlet integral

I =Jff (1 —2—y —2)pdrdydz
over the interior of the tetrahedron formed by the coordinate planes and

the plane z + y + z = 1. One step in the simplification of the integrand
is effected by making the substitution
ztyte=¢ ytz=#&, z=inf
By solving for z, y, and z, one obtains the transformation equations
=(1—-9), y=&0-{, 2=
The aim in making this transformation was to make the tetrahedron
in the ryz space correspond to a cube in the ¢y space. It may readily
be verified that the tetrahedron in the zyz space is the unique image
of a unit cube with edges coinciding with the positive &, n, { axes.
According to (68.2), we require the value of the Jacobian
¥z,y,2)/0(Em,¢). The evaluation of it can be facilitated by an artifice
which is convenient to use in many cases. If an intermediate change of
variable is made, then according to eq. (19.1) the Jacobian may be
written

d(z,y,2) - A(x,y,2) d(uww)

a(Emns)  O(upw) 3(EnS)
It is convenient then to let u = & v = £, w = i, whence z = u — v,
y=0v—wz=wand

s ) 1 0 0]|1 n =¢
gz,yzz - _ . — g2
ey Bl B LR R

0 —1 1/]/0 0 &
The integral I in the &5 space is then
I = gernt — ppagf it — mednf) 01— 0P de
According to (62.2) the above integrals are beta functions, so that
I = B(6+1,a+B+v+3)-B(a+1,6+v+2)-B+1,y+1)

From relations given in Sec. 62 these beta functions can be expressed
in terms of gamma functions.
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69. Transformation of the Laplacian operator to orthogonal
curvilinear coordinates. A method of expressing
%
9z?
in other coordinate systems has already been given in Sec. 13. Although
the method given is fundamental, the transformations are usually
tedious. The expression for Ay in terms of another orthogonal coordinate
system can be found more readily with the help of Green’s theorem.
Let a domain of volume V be bounded by the surface S in the zyz
space which is the image of the corresponding domain V; and bounding
surface S; in the &y space, where the spaces are associated by the
transformation equations z = z(¢9,0), v = y(§n,t), and z = z(¢m,().
If in the expression of Green’s theorem (67.2), P, @, and R are replaced
by dy/oz, dy/dy, and 8y /az, respectively, one obtains

fff Ay dx dy dz -ff( coaa+lcosﬁ+—-‘£cos—y)d8

where cos a, cos 8, cos vy are the direction cosines of the outer normal
of the tangent plane to the surface S. The integrand on the left is the
Laplacian, while the one on the right is the directional derivative of ¥
with respect to the outer normal n of the surface (see Sec. 14). Hence
the above equation may be written

[[f. o0z ayaz = fsg*sds

When one transforms the above volume integral to the ¢n¢ space ac-

cording to (68.3) one obtains
axdyds = [ [ % as

fffvmpz,y,, dz dy dz =fffVlA¢E,,,;
(69.1)

The next step is to compute the Jacobian determinant and then
evaluate the surface integral. The Jacobian can be conveniently evalu-
ated by using the square of the line element in the zyz space, which
for an orthogonal transformation (see Sec. 52) is

(ds)? = Ly(d§)® + La(dn)? + Ly(di)?
It is convenient to replace Ly, Ly, and Ly by 1/A%, 1/A3, and 1/h3, where-

upon
(ds)? = JL L%E ﬁ_hs;X (69.2)

=%+ 5%

(x,y,2)

a(Em,8)

It may be shown that

zry,2

a(emg) | = ¥ Lalals =

1
hahahs
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80 that the transformed volume integral becomes

fffm%ﬁ‘{did dg —ffsa'!'dS (69.3)

The surface integral on the right may be evaluated with most facility
by taking the volume V7, of which V' is the image, to be a rectangular
parallelepiped bounded by the planes

=t n=m =54

tE==5& n = n §=10

<& m <2 1<
The surface S is then made up of the images of these plane surfaces in
the ¢n¢ space. Furthermore, when £ is placed equal to £, the trans-
formation equations immediately constitute the definition, in terms
of the parameters n¢, of that part of S, say S which is the image of the
face Dy of the parallelepiped coincident with the plane ¢ = £. From

(65.2)
f fse, ”f LE, an h2h3 =JJo, o %‘E %ﬁg

where from the line element (69.2) it is evident that 6/0n = hy(3/9£).
Also

SJoaas ==L 5555 = Lo, (-m50)

The negative sign before the integral arises because the integral is being
taken over the lower side of the surface. The other negative sign comes
because the normal to the surface Dy, is in the direction of decreasing &.
Similar results would have been obtained for the other plane surfaces
bounding V3, so that

[f.2as

- oW A by Y )
‘ff(hm 38 W B F Ja oy K T g op SO

_ S 3, 0 hdy O h 3_%)
f f fv,(az hohs 98 T 9 ks 0n T 8¢ huha 9¢ didndy  (69.4)

The last integral results from a further application of Green’s theorem.
Since the volume is essentially positive, and the volume V; can be taken
arbitrarily small, it is to be concluded from (69.3) and (69.4) that

oy oy, o

dx? + dy? + 922

- 0 h 3 0 h O 9 hs éf)
= Tuhahs (ae hohs 08 ' Om hyhg On + 3¢ hiha 3¢ (69.5)
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This formula makes it possible to express the Laplacian operator in
terms of any orthogonal system of curvilinear coordinates when the
line element is known. It is usually a simple matter to determine A,
hz, and hg.

As an illustrative example, let us make a transformation to spherical
coordinates. The square of the line element is easily found to be

(ds)? = (dr)* + r*(d6)* + r*sin® 0 (do)?

Consequently hy = 1, he = 1/r, hy = 1/(r sin 6). Substituting these
quantities in (69.5) gives

=1 (8 e o, 9 1 &
A'I/_rzsinf)(&rrSn06r+8ﬁsmo +é)<psm03¢

. 12 (42 1 o
—_— 2 _ T
(sm 0ar" ar T aosm 9567 5in .0g?
It is thus seen that with eq. (69.5) available, this transformation is a
relatively simple matter compared with the tedious manipulations
required when the method outlined in Sec. 13 is used.

" r%gin @

70. Stokes’ theorem. It was seen in Sec. 59 that Green’s theorem in
two dimensions allows one to express the integral over a plane domain
in terms of a line integral over the closed bounding plane curve. Again
in Sec. 67, Green’s theorem in three dimensions allows one to express
an integral over a three-dimensional domain in terms of a surface inte-
gral over the closed surface bounding this domain. Stokes’ theorem
makes it possible to express a surface integral over a given surface
(not closed) in terms of a line integral over the closed space curve
which bounds the surface.

If C is the closed space curve which bounds the two-sided surface S
(see Sec. 46),

f(de+Qdy+Rdz) ff Q dy dz+(—-—-a£>dzdx
+(§g 35 )d dy  (70.1)

where P, Q, and R, together with the indicated partial derivatives, are
continuous functions of z, ¥, 2, and C is traversed in such a direction
that the side of S over which the surface integral is taken is on the left
of a person traversing C in that direction.

A more accurate way to determine the correct direction to traverse C
is as follows. Suppose for definiteness the surface integral is to be taken
over the upper side of the surface (the side for which the normal to the
tangent plane makes an acute angle with the positive z axis). Erect a
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positive normal n to S at any point and let the base of the normal move
over the same side of the surface until it is coincident with a point on
the bounding curve C. Then at this point draw an inner normal N to
the curve C lying in the tangent plane to the surface at this point.
Then draw the tangent 7 to C such that N, n, and T will bear the same
orientation to each other as the z, y, and z axes. Then T will point
in the direction in which C' must be traversed.

The relation (70.1) mayéz established in parts just as in the case of
Green’s theorem. It may/be shown that

[pas _ff ——dzdx Tll)dxdy) (70.2)

It will be supposed that S is deﬁned by the equation z = ¢(z,y) and that
the projection of S on the zy plane is the region 3., bounded by the

z=p(x,y) n

Fie. 70.1

closed plane curve T' as indicated in Fig. 70.1. Let cos a, cos 3, cos vy
be the direction cosines of the positive normal to S. Then from (65.5),

f"f"( dzdz——dxd) ff( sﬂ—a—ﬁ-)cos'y>d8

_ dPcos 8 9P

_f .I;:,. (az cosy 9y )dx dy  (703)
Comparing eqs. (45.11) and (45.2), it is seen that cos 8/cos v = —92/dy,

so that
9P cos B8 6P dP 3z 9P P,

9z cosy 9y = 9z dy dy By
where Pi(z,y) = P[z,y,2(z,y)]. Consequently (70.3) becomes

ff ddx—-—dxdy) ff"apldde—LPldx

L, En
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The last step follows from Green’s theorem in two dimensions by placing
C = 0in (59.3). Since P has the same value at a point on C as P, has

for the projection of this point, it follows that fr Pidx = fc P dz.

This, together with the above relations, establishes (70.2). The other
parts of (70.1) can be handled in a similar manner.

SUGGESTED REFERENCES

W. F. Osgood, Advanced Calculus, New York, The Macmillan Company, 1925.
R. Courant, Differential and Integral Calculus, New York, Nordemann Publishing
Company, 1936,

PROBLEMS
53.1. Determine whether f(z) = x cos v/z has bounded variation in the region
-1<z<1
“ 54.1. Evaluate the line integral fc (z + y)dx + xy dy, where: (1) the path C

is the straight line connecting the points (z = 0,y = 1) and (z = 1, ¥y = 0); (2) the
path (' is the boundary of the accompanying square.

z=a z

54.2. Evaluate the line in(j.egral fo (xdy — y dz)/(2* + y*), where: (1) the path C

is a circle of radius e with center at the origin: (2) the path €' is the boundary of a
ring bounded by circles of radii a < b.

54.3. Evaluate the line integral j; (222 4+ 3zy)ds where C is the part of the circle

a? + % = 1 lying in the first quadrant.

58.1. Evaluate ff zydx dy over the domain bounded by the axes and the
euryeg y = q, 2¥ = 4ay.

Jompute the masses of the following objects if p is the mass per unit area.

58.2, A right triangle, where p is proportional to the distance from an acute
angle vertex.

58.3. A semicircle, where p is proportional to the distance from the bounding
diameter.

Compute the moments of inertia of the following objects of uniform density.

58.4. A rectangular plate, sides of length a and b, about an axis through the
center perpendicular to the plane of the rectangle.

58.5. A cylinder, radius r, length 1, about 1ts axis.
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fj;g—%%dzdy =j;udv,
v

where C is the boundary curve of the domain D. Hint: Let P = uai::: Q=u EI; in

59.1. Show that

Green’s theorem.
59.2. Show that
(62:) du 8u a dedy = —
oz ay2 oz T ogay v=
where dv/on denotes the derivative in the normal direction to the curve C bounding
the domain D. [

59.3. If aw = ——, + ——: show that
ox

ff (uAv + v Au)dz dy = —f( 5;;_”——)‘1“

60.1. Find the moment of inertia of a sphere of uniform density about a diameter.

60.2. A hydrogen atom in a certain excited state may be regarded as a proton
surrounded by a distribution of negative charge of density

p= (51(_1)5/2 -\—2/——%8_"2“ cos 6

compute (1) the total charge, and (2) the first moment of this charge distribution.

61.1. The electrons emitted from the cylindrical surface of radius r at a tempera-
ture 7' have the velocity distribution function

fup)du dv = Ce(—m/ZRD WD) gy gy
where u and v are the components of velocity in the radial direction and tangential
direction, respectively. Between the cylindrical surface of radius r and a coaxial
cylindrical surface of radius R > r there exists the difference of potential ¢. Let the
corresponding velocity components at the outer surface be denoted by U and V as
shown. Compute the distribution function F(U,V)dU dV giving the distribution
of velocities of the electrons arriving at the outer surface. Show that if 0 < u and
—® < v < + « the possible values of U and V lie on or within the hyperbola
Uz — V2 (E’ - 1) 2._
’IIL

Hint: Regard this as a transformation from the uv plane to the UV plane.

Compute the element of area corresponding to the following coordinates.

61.2. Elliptic coordinates [see eq. (50.2)].

61.3. Parabolic coordinates.

61.4. Polar coordinates.

62.1. The integral of zrye over the triangle bounded by the coordinate axes and
the line z + y = 1 is one form of Dirichlet’s integral. Show that it is equal to

r'p+Drg+1
I'(p+4g+3)

62.2. Evaluate f L zrye dz dy, where A is the area bounded by the coordinate
axes and the curve (z/a)* + (y/B)® =
62.3. Evaluate f f fV zA4yB2C dx dy dz, over a sphere of radius R, Hence find

the moment of inertia of a sphere about an axis through its center.
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62.4. Find the moment of inertia of an ellipsoid about one of its principal axes.
1 gn _Vrrm+d)
62.5. Show that j; Tt = s

62.6. Show that B(p,q) = B(p+1,9) + B(p,g+1).

64.1. Compute the surface area of the surfacez = w cos v,y = usinv,z = a? — u?
above the zy plane by two methods.

66.1. Given a cylinder of radius ¢ and length ! of moment, of inertia about its
axis of 7, initially spinning about its axis with angular velocity w. If the air frictional
force exerted on the cylindrical surface is proportional to the peripheral velocity,
determine the length of time required for the cylinder to stop spinning.

66.2. A thrown ball is spinning about an axis perpendicular to its direction of
flight. Assuming that Bernoulli’s law (}pr? + p = const.) holds for a thin layer of
air dragged with the surface of the ball, find the force on the ball. Here p is air
density, v is surface velocity, and p is the pressure. Hint: neglect gravity and approx-
imate the ball by a more convenient shape if too difficult. Find roughly the deviation
of its path from a straight line.

67.1. Use Green’s theorem to prove Archimedes’ principle for a general gravita-
tional field. Ilint: Use Bernoulli’s equation.

67.2. Show that the time rate of chunge of mass of fluid in a given volume is

equal to
fff (O(pl )+M +0(pl'z))d dy dz

69.1. Show that for an orthogonal transformatxon
Ax,y,2)
‘ a((e,nl,r; = Lnlials

Hint: Transpose one of the determinants on the left and use the rule for multiplication
of determinants,

69.2. Express 0%/dz® + 9%/dy® + 0%/92* in terms of parabolic coordinates
[see eq. (49.2)].

70.1. The circulation of a fluid around a closed curve C is defined as

T =.f€ v de + v, dy + v, dz,

where v;, vy, v, are the Cartesian components of velocity of the fluid. Show under
what conditions the flow is irrotational or vortex free, i.e., I' = 0. Further show
that under these conditions

B
f4 vy dr + v, dy + v, dz

is independent of the path connecting points A and B.



Chapter 6

THEORY OF FUNCTIONS OF A COMPLEX
"VARIABLE

71. Concept of a complex number. The introduction of complex
numbers into mathematics had its origin in the circumstance that
quadratic equations fell into two classes, one comprising all equations
for which solutions existed, and the other containing those for which
no solution existed. As an example of the first class may be cited the
equation z2 — 1 = 0, while the equation z? 4+ 1 = 0 falls into the sec-
ond class, since no ordinary number could be found which when squared
gave —1. This lead to the introduction of a more general number
system to supplement the system of real numbers so that when this
system was used all quadratic equations had solutions. Numbers be-
longing to this more general class are called complex numbers. In
defining the system of complex numbers it is necessary to consider the

totality of all number pairs (a,b)

where a and b are real numbers. Since

2 any such pair determines a pointina
plane, it is convenient, but by no
means necessary, to think of the
point specified by the rectangular
coordinates a and b as shown in Fig.
71.1. Corresponding to each num-
ber pair (a,b) there is associated the
F1e.71.1 combination a + b7 in which the

letter ¢ is to be regarded as a pure symbol. The combination a + bi
is called a complex number since it will have the character of a number
when rules for performing additions, multiplications, etc., with two
such combinations are formulated. It is convenient to denote the
complex number a + bi by a single letter a. If the domain of complex
numbers is really to supplement the domain of real numbers, the rules
of calculation with such numbers must reduce to those for calculating
with real numbers whenever b = 0. For this reason, when b = 0 and
the complex number @ = @, the numbers a are real. When representing

128
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complex numbers in a plane, the axis of a is called the real axis. When
a = 0 the complex number o = b: is said to be pure imaginary, and the
axis along which b is plotted is called the imaginary axis; ¢ is then the
unit of imaginary numbers.

Rules for Calculation. The laws for combining complex numbers will
be given.

The addition of complex numbers is defined by the relation

a4 8= (a+bi)+ (¢ + %) *
=(a+a)+ (b+0d)

a—B=(a+b) — (a/ +b7)
=(@a—a)+ ®—-b)

(71.1)

The multiplication of complex numbers is defined by the relation
af = (a+ bi)(@ + b%)
= (aa’ — bb’) + (ab’ + ba')s (71.2)

Two special cases of this definition should be noted.
(1) Whena =a’ =0and b = b’ = 1; then

= —1 (71.3)

This shows that the square of the unit of imaginary numbers yields a
negative real number.
(2) When @’ = a and b’ = —b; then

(a 4 bi)(a — b2) = a® 4 b? (71.4)

The two numbers a + bi and a — b7 are called conjugate complex
numbers. If a 4 b7 is denoted by e, the conjugate is usually denoted
by either o* or @ In a complex number the conjugate can be found in
general by replacing ¢ by —7 wherever it appears.

The commutative and associative laws of multiplication hold for
complex numbers.

A complex number is zero only when both a and b are zero.

Division of Complex Numbers. A complex number 8 can be divided
by a complex number « if « is different from zero. To define the quotient
v of the two numbers « and 8, we start from the relation ay = 8 or
(a + b))y = a’ + b's. Multiply both sides of the last expression by
(a — bf) and obtain

(@® + b))y

or vy =

(a — bi)(d + b'7) = a*B
a*8  (ad’ +bb) | (ab’ — ba') .
a2+bz" a? + b? a? + b? t

I

72. Geometric representation of complex numbers. It is expedi-
ent to consider certain further geometrical aspects of complex numbers.
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As already noticed, every point on a plane with rectangular coordinates
(a,b) determines a complex number a. The plane whose points serve to
represent the complex numbers is called the complex plane. The origin
of the coordinate system coincides with the point a = 0 and is called
the zero point.

Coordinate systems other than rectangular are sometimes convenient
in specifying complex numbers; in fact the polar system is very useful
in this conneetion. The fa/ﬁiliar transformation

a = pcosop b= psing
serves to relate the two systems. In the polar system
a = a+ bi = p(cos ¢ + 7 sin @)
where p is the length of the radius vector to the point «. Here p is called
the absolute value of «, which may be written p = | «|. From the
geometry of Fig. 72.1 it is evident
that | « | = p = Va? + b2 From eq.
(71.4) it follows that |a| = p = V aa™*.
It is therefore seen that all complex
numbers having the same absolute
b value lie on a circle in the complex
plane. The angle ¢ is called the
argument of the complex number.

a ” Still another mode of representing
Fia. 72.1 complex numbers is obtained when
one replaces cos ¢ by (¢* + ¢~%)/2
and sin ¢ by (¢** — e~%)/2i. The three modes of expression become

14

a=a+ bi = p(cos ¢ + i sin p) = pe*
where p=Va?+4 b ¢ = tan~!b/a.

It should be pointed out that « is uniquely defined, represented in
the form a = pe*, for —7r < ¢ < . This limitation on ¢ avoids the
confusion as to whether —1 = ¢ or ¢~

Stereographic Projection. Still another way of representing complex
numbers is often of convenience, namely that in which the numbers are
represented on the surface of a sphere. In order to obtain the connec-
tion between the representation on the complex plane and the sphere,
let it be supposed that a sphere rests upon the complex plane so that
one of its diameters passes through the zero point of the plane as shown
in Fig. 72.2. Then draw a line from the opposite end N of this diameter
to a point in the complex plane representing the arbitrary complex
number a. This line will intersect the surface of the sphere in one point
other than N. This point may be taken as the representation of the
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complex number a. It is readily seen that numbers lying on circles in
the complex plane also lie on circles on the number sphere. Further-
more, it can be shown that two intersecting curves in the plane go over
into intersecting curves on the sphere such that the angle of intersec-
tion is the same as for the curves in the plane. In other words, the
transformation from plane to sphere is conformal. One of the conven-
iences of the number sphere lies in the fact that the point N corresponds
to any complex number having an infinite absolute value.

F1a. 72.2

Relations between Absolute Values of Complex Numbers. A few of the
relations existing between the absolute values of complex numbers will
be found useful. As already mentioned, the distances from the origin
to the points in the complex plane representing the complex numbers
a and B are equal to | | and | 8|. The distance between the points a
and B is just | « — B since

la =8l =Vie—a)?+0b-b)?
where a = a + b¢ and 8 = o’ + b’%. From the geometry of Fig. 72.3a
and 72.3b, it is readily seen that the following inequalities are satisfied.

le—B[2Tal—|8] and |a+B|<|af+[8]
Given two complex numbers, then | o8| = | a || 81, since

[af| = Va a*f* = Vaa* Vp* = | a|| 8]
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In general
laB ... x| =]allB]. IH and |o"| =]|al|
[+
Also ‘ﬂl lﬁ|
since lgi =|ea|
B
b
-8l
B
18l
]
(@ a (b) ¢
Fia. 72.3

73. Infinite series of complex numbers. The useful facts concern-
ing infinite series can just as well be given when the terms of the series
are complex numbers as when they are all real, for this becomes a special
case. Consider the series of complex numbers

atatat ... ta+ ... (73.1)

where a, = a, + b,i. Such a sum of terms may or may not have a
finite value. To determine whether it does or not and what the complex
number is which is the sum, one considers the so-called partial sums

g1 =

a:—l—ag

oy
Op = O + 23] + + [ 7
If lim ¢, exists and is equal to the complex number ¢, the series (73.1)

N~

is said to converge, and its sum is ¢. It is obvious that the series (73.1)
can converge when and only when both of the series

a=a,+a+ ...a,+ ...
73.2
b=bi+b+ ...+ ... } ( )

converge, whence ¢ = a + bi.
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Another criterion for the convergence of (73.1) can be given, which
states that the series (73.1) converges when and only when, for a given
real positive number ¢, a value of the index n can be found for which

[onpr + anpe + o0+ angr | <6

for any value of k whatever.

The series (73.1) is said to converge unconditionally if it converges
to the same sum o for an arbitrary rearrangement of the terms. It is
therefore to be born in mind that unless it is known that a series con-
verges unconditionally one is not at liberty to rearrange the terms.
The necessary and sufficient condition for unconditional convergence
is that the two series (73.2) converge absolutely, which means that the
two series

la|+lal+ ... +la ]+ ... } (73.3)
[ oo + b 4+ ..o+ 1bu] 4+ ...

converge. Since
lan| =Val + 82
=la.+ bl <lau| + 10| =aa|+|ba]
it is seen that the series
lar| + e+ ... Flaa|+ ... (73.4)

converges whenever the series (73.3) converge, or in other words the
series (73.1) converges absolutely. Furthermore, since | a,| or |b, |
is not greater than | @, |, the series (73.1) is unconditionally convergent
whenever the series (73.4) converges. Methods for testing the conver-
gence of series are given in Sec. 76.

Combinations of Series of Complex Numbers. The sum of two conver-

gent, series
Z a; and Z Bi may be written Z (ar + Br)
k=1 k=1 k=1
and is likewise a convergent series having a sum equal to the sum of

the individual series.
The product of two convergent series

Z (e 7Y and Z ﬁk
k=1 k=1
written in the form

> (it et ...+ Bt ...)
k=1

is convergent provided in addition at least one of the original series is
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absolutely or unconditionally convergent, in which case the sum of the
above series is equal to the product of the sums of the individual series.

74. Complex variables and functions of the same. Consider a
set D of complex numbers and suppose that it is agreed that the com-
plex number z = = + 7y is used to identify each number of the set D;
then 2 is a complex variable and D its domain.

If to each value that z may assume, that is, every number of D,
there is associated anothef complex number w = u + @ according to
a definite law, w is said 'to be a function of the complex variable z.
This means that if z = z + 7y, then « and v are real functions of the
two real variables x and y. Geometrically speaking this means that to
every point z in the domain D of the z complex plane or number sphere
there corresponds a point w in the domain D’ of the w complex plane or
number sphere. It may happen that the domain D’ may contain a value
of w several times if the same value of w is associated with several differ-
ent values of z. If the number sphere representation is used the point
at infinity need not be excluded from the domain.

Yy
z
Z9
4
’/
I
P //
rd
”
,’ Po
”
td
rd
rd
’I
d
X
e, 74.1

The function w, which assumes the value w, for z = 2, is continuous
at z = 2 if for each arbitrarily small positive number ¢, it is possible
to find a positive number & such that, | w — wy | < ewhen |z — 2| < 4.

In order to obtain a clear idea of the meaning of the above concept
it is instructive to examine the continuity of the function w = 2» where
n is an integer. Let zo be any point other than z = «. Then, if wy = 2,
the value of w — w, may be written

w— wy = 2" — 2§
(z— 20+ 22+ 2%+ ...+ 47
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Using the inequalities satisfied by the absolute values given in Sec. 72,
the following inequality holds.

Jw—w| <|z—2z|(z]"+|z]"2 2|+ ... +]2*h

Using 2 as a center, describe a circle of radius 4 so as to include the
point z within it as shown in Fig. 74.1. Then

lz—2z| <8 and p=lz|,p0=|2| and p < po+ 3
so that

Jw —wo| < 8[(po + 8" + (oo + 8)" (o0 + 8) + ... + (po + 8)"71]
< onfpo + 8)"1

From this inequality, it is evident that & can be chosen so small that
| w — wo | can be made smaller than any previously assigned positive
number ¢, thus establishing the continuity of 2.

It can likewise be shown that the entire function

w=ar" + az" '+ ... +a.

is a continuous function.

75. Uniform convergence. In the preceding sections, infinite series
of complex numbers were considered. It is extremely important to
consider the more general series in which each term is itself a function
of the complex variable z. Thus we have to do with the series

w=w+wtwt ... Fwat ... (75.1)

First of all, the functions wi, ws, etc. must have a domain of definition
which is common. As regards convergence, the series (75.1) may con-
verge for all, some, one, or no values of z in the common domain D. The
domain of z for which (75.1) converges is called the domain of con-
vergence.

If the series (75.1) has the domain of convergence D, then for values
of z in this domain, | 7; | < € for k > n, where € is an arbitrarily small
selected positive number and

re=w— (wi+w+ ...+ wp)

In general the value of n which must be chosen so that r, < e will be
different for every value of z in D. If, however, there exists one fixed
index N such that n < N for all z in D, the series (75.1) is said to con-
verge uniformly.

In order to understand the implications of the above restrictions to
secure uniform convergence let us examine the series

LT+

v=1
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Using methods given in the following sections, it can be established
that this series converges for all values of z except z = 1. Restricting
the domain of z to that for which —1 < z < 1, we inquire whether the
above series converges uniformly in this domain. Proceeding as outlined
above

z? z? z?
e o e e s o]
z? z? x?
= 1 + ap)m+t + a+ }ﬁ)wz +...+ (1 + a?)r++ + .
x? 1 1 1
B R e e R e L
_ z? 1 _ 1
TAHSII- A+ 1+ e
Choosing a small positive number ¢, the problem is to see if there exists
a fixed n for which r, = 1/(1 + z?)" < efor all values of z in the interval
—1 < z < 1. 1t is evident that if £ — 0, then » —  in order that
r, < € 50 that no fixed n exists for « in the domain considered, and the
series is not uniformly convergent in this interval.
The importance of the concept of uniform convergence rests on the
theorem that if the individual terms of the series
=w +we+ ... +w,+ .
are continuous functions of z in the domain D, and if the series con-
verges uniformly in this domain, the sum w is a continuous function of
zin D.

76. Tests for convergence of a series. Given the series

atatat .. tat ...

of complex numbers to test for convergence. First let
on=otat ...+ an

Onk = Ong1 + Ony2 + ... + aniz
The fundamental definition for convergence given in Sec. 73 requires
that an n exist such that | ¢k | < € for all positive k. Thus 1if a value
of k can be found for which this inequality fails, the series certainly
diverges. To illustrate the use of this test, consider the series

1,1, 1,1 1
1+tatstat 5+ (76.1)

Then
1 1 1
a'n.n=_n+1+n+2+ +n+n

1 1
>2n+2n+
1 n 1
oty T5, 73
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so that | o.,.| > %; hence in particular for k = n, the term | o, | is
not less than ¢, and the series diverges. This may be checked by cal-
culating the sum of 2*+! terms. This sum is

oot = 1 4 01,1 + 022+ 044+ 088+ ... F ozepn
1 1 1 3 =n 1
>1+2+2+...+2~2+2——2(n+3)

As pointed out in Sec. 73, the series would converge if the lim ogan

n-—
exists, but the
lim Ogntt = ©
n—w
and the series diverges.
As another example, consider the series

Z -]—z when z>1 (76.2)
n=ln

This series, when considered as a function of the complex variable z

instead of z, is known as the Riemann zeta function. The sum of n

terms is

’N 1
Op = -
m=1mz
. . 1 1 2 1
It is to be noticed that % -+ 3 <%=z
1 1 1 1 4 1
4z+5z+6z+7z<4z"4z—1
Then
2=1
N — 1 1 1 1 1 1
W= 2 <ttt gt ge
1
<1-2=
Since the right-hand side is independent of p, then lim a2°_; is less than
P

(1 — 2=2)=1 and the series converges for z > 1. The series (76.1) and
(76.2) are of use in determining the convergence of other series by using
the comparison test.
Comparison Test. Given two series
Wi+ Wot Ws+ ... +Wat ... (76.3)
wFwFws+ ... Fw .. (76.4)
each of whose terms may be a function of 2z in a certain domain D. If
forevery 2 D, | W, | > | w. | and the series

[ Wil 4+ [ Wel+ .o+ [ Wal+ ...
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converges, the series

w,+wz+ +w,.+
converges absolutely, or if the series
[ Wl + | Wa| 4+ ..+ | W+ ...

converges uniformly in D, the series (76.4) converges absolutely and
uniformly in D.
On the other hand, if it #s known that

| Wi+ Wel+ oo+ [ Wal+ ...
diverges and | W, | < | w, |, the series
Jw |+ lwe |+ ... Fwa |+ ...
certainly diverges. As an example of the use of the comparison test,
consider the series
L
i
Since the terms are positive and all less than the corresponding terms
in the series

Z - for 1<2z<2
n=1

3'o—-

which is known to converge, the series under consideration converges
absolutely.
Cauchy’s Ratio Test for Absolule Convergence. The series

w+wetws+ .. Fw ..
converges absolutely provided

W1

n

lim =r<l1

n—o

If the limit » happens to be unity, it cannot be concluded that the
series converges or diverges, but a special test to be given below must
be applied. On the other hand, if the ratio

wnil
Wn

remains greater than unity for all values of n greater than some fixed N,
the series diverges, so that the questionable case is that for which r = 1.
As an example of the use of this test, consider the series
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The ratio of the (n + 1)st term to the nth term is

(n+1/2" n411 .on+11 1
wj@-n ~ g &nd mTeo =g

and the series converges absolutely. As a further example consider the
series

1 1 1 1
Tat3ats6tT T@-neEn
In this case the ratio is
Y[@n+12m+2] _ _n@n—1 _ _2—n
1/@n — 1)(2n) @n+Dn+1) 2n+3n+1
 1-—1/2n
T 143/2n + 1/2n°
. 1—1/2n 3
and lim | 570 + 1/m2 | = !

Since the limit is exactly 1, no conclusion can be drawn from this test.
Test when r = 1. In the case where

Wair
Wy

lim =1

n—sc0

the series will converge absolutely provided a positive number [ exists
for which
- 1] ——1-1

Applying this test to the series given above it Is found that

Wat1

n

lim nI:

n—wo

[y)_,,_ﬂ —1]—11 —2/n —1/2n% -1 —-1/2n
"L “rTF¥3/2n+ 1/20° - 1+ 3/2n + 1/2n2
and Iimn[%—1]=—2=—1_1

Thus ! = 1 and the original series converges absolutely.

77. Power series and their radii of convergence. A series of the
type
o+eoaztette®+ ... (77.1)

arranged in ascending powers of z is ealled a power series. These series
are of particular importance in the theory of functions of a complex
variable because of their functional properties. The first problem of
importance is to determine the domain of values of z for which (77.1)
converges. For convenience a series of the form (77.1) will be denoted
henceforth by P(z). To begin with, it should be noted that the domain
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of convergence always includes the point z = 0. It may happen, of
course, that the domain of convergence is restricted to this one point
alone as in the case of the following series.

14242243+ ...

On the other hand, if there exists another point z = 2, # 0 for which
P(z) converges, it can be shown that P(z) converges absolutely and
uniformly for all values ])7( z for which |2z | < | 2 |; this means for all
values of 2 lying within thée circle of radius | 2, | with center at the origin.
It may furthermore be shown that for every power series P(z) there
exists a circle of radius r with its center at the origin, such that P(z)
converges absolutely and uniformly for every point within it, and di-
verges for every value of z outside. Whether or not P(z) converges for
some or no points on the circle of convergence has not been specified,
and depends on circumstances.

The radius r of the circle of convergence is called the radius of con-
vergence of P(z). For the particular case when P(z) converges only at
z = 0, the radius of convergence is said to be zero.

The above theorems insure that cvery power series P(z) represents a
continuous function for values of z within the circle of convergence,
since each term is a continuous function and the series converges uni-
formly.

The problem met with in practice is that of determining the radius of
convergence. If P(z) denotes the power series

Pl)=c+cz+cr®+c®+ ...
the method of determining r due to Cauchy and Hadamard makes
use of the sequence of nonnegative numbers

le, eV {ea|¥3, ooy lealtm, ...
They have shown that if the greater limit (often called superior limit)

of the above sequence is [, then r= 1/, or in limit notation

lim | ¢, |V» =1, then r=1/1
It sometimes happens that the sequence in question has more than
one limit point, and in this case the largest value of [ is taken. An
example illustrating this will be given later. If I happens to be zero,
r = o and the scries converges for every finite value of .
Ezample. Determine the radius of convergence of the series

2 8
P(z)=log(1—z)=z+;_+;_+.“
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Here ¢, = 1/n and the lim

n—wo

(1 1n 1\V»
_) = e(l/nm) log (1/n) then lim (_) =1
n n

n—owo

1/n
;1‘ l must be computed. Writing

Thus! = 1 and r = 1, so that the circle of convergence is the unit circle.
Example. Find the radius of convergence of the series
P)y=1+22+244+22+ ...

Here we notice that the coefficients c, belong to two separate sets, one
being those for which n = k2 where &k = 0, 1, 2, ... and those for which
n # k% In the first set ¢;» = 1 for all k, and in the second ¢, = 0.
Thus the sequence | ¢, |/* has two limit points, since

lim|[1[Y# =1 and lim|0|'* =0
=0

n—w

Since the superior limit is 1, the radius of convergence is unity.
Ezample. Determine the radius of convergence of the power series

2 2
P(z)=(e’=l+z+§+§"+...

In this case | ¢, | = 1/n!. In order to find the lim (1/n!)'/» we may write

(n)? = (1n)[2(n — DIBMR —2)] ... (n-1)
No factor on the right-hand side is smaller than n, since
kn—k+1)—n=(-1n—%k >0

k,=1,23, ...,n
Consequently (n!)? > n* or n! > n"/?

1 |yn 1 1n 1
Thus gl Sl =g

and lim 1/nY2 = 0, making | = 0 and r = =, so that the circle includes

n—eo

all finite values of z.

78. Calculations with power series. Among the several power
series

Pi(z), Pa(2), ..., Pi2)

there will be one with the least radius of convergence. The circle with
this radius incloses the common domain of convergence of all the
series. An important theorem concerning the combination of power
series states that it

G[P:(2),Pa(2), . ..., P(2)]
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is an entire rational function of the power series Pi(2), ... , Pi(2), ie.,
an expression formed exclusively from the processes of addition, sub-
traction, and multiplication of these series, together with constants,
G can be brought into the form of another power series. The resulting
power series P(2) will converge for all z within the common convergence
circle of the series Py(2), ..., Px(2) and for every such z
G[Pl‘f?}Pz(Z),...,Pk(Z)] = P(2)

The reciprocal of a power series P(z) having a radius of convergence
different from zero and which does not vanish for z = 0 can be repre-
sented as a power series which will possess a radius of convergence not
zero. Consequently

1 1 _ .
P(Z)—Co+612+0922+.4.—ko+klz+kﬂ +
In order to dectermine the constants ko, ki, ... , use is often made of

the fact that two power series having a common domain of convergence
are equal everywhere in this domain only when the coefficients of like
powers of z are equal. Consequently the coefficients &, may be deter-
mined either by formal division or by writing

(cot+ce+ee?+ ... ) o+ hke+ke?2+ ...)=1

and equating like powers of z on both sides. Thus

coko + (cokr + ciko)z + ... =1
and Coko = 1 ko = 1
Co
Cok; + C]ko =0 kl = — % ete.
0

79. Transformations of a power series. Thus far only power
series having circles of convergence with centers at the origin have been
considered, but the facts already given for these series apply to the
power series

Plz—a)=c+al—a)+ciz—a?+... (79.1)
If t = z — a be substituted in the above series,
P)=cot+cttat®+ ... (79.2)

which is of the type already considered. If the radius of convergence of
the latter series is 7, both series converge for values of ¢ and z for which

[t|=]z—al|l<r

This means that the series (79.1) converges for values of z within the
circle of radius r with center at a.
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All of the theorems concerning P(2) also hold for P(z — a) in its
domain of convergence.

It is well to note that the point @ = = is not excluded if the symbol
(z — =) be replaced by 1/z, so that

P(1>=co+9‘+9§+_..
z z F

This series converges for all values of z for which

% l < r,where r is again

the radius of convergence of (79.2). But the condition

1 . .
p < risequiva-

lent to | z| > 1/r. This means that P(1/z) converges for all values of z
lying outside a circle of radius 1/r with center at the origin.

It is often desirable to be able
to express a power series P(z — a) Y
in terms of another series P;(z — b). Q
This may be done as follows.
Suppose that the radius of conver-
gence of P(z — a) is r, and b is a
point inside the convergence circle
(see Fig. 79.1). Then write

z2—a=0—-b0+ObO—-a)
If this be substituted in P(z — a), Fia. 79.1
can the terms be grouped or ar-
ranged according to ascending powers of (z — b)? Since P(z — a)

converges absolutely for | z — a | < r, the desired arrangement can be
made if

|[z=b)+ (b —a)| <r, orsince
l¢=0)+0b—a)|<|z—0|+|b—a]
the conditions are still fulfilled if
lz=bl+|b—al<r or |z=b|<r—|b—al

Therefore the new series Pi(z — b) converges for all z within a circle
with center at b which is tangent to the circle of convergence of P(z — a)
and

P(z—a) = Py(z — b)

The series Py(z — b) is called the transformation of the series P(z — a).

80. Laurent’s series. In order to represent certain functions in the
form of an infinite series it is necessary to extend the power series so as
to include negative powers of z. First consider the series of complex
numbers



144 THEORY OF FUNCTIONS OF A COMPLEX VARIABLE [Ch. 6

+w
an (80.1)

By this series is meant the sum of the two series

oo=ayt+ao+at ...
m=ag+astast ... } (80.2)

The series (80.1) converges only when both series (80.2) converge simul-
taneously, in which case the series (80.1) converges to the sum o3 + o5.
In the light of the above definition, the series

Lo = 3 e (80.3)

n= —oo
converges only when both series
Pl) =co+cz+ce?+ ...
Pl(l) R
z z z z
converge. From the previous section, the series P;(1/z) will converge
in a domain outside a circle of radius 7, with center at the origin. On
the other hand, the domain of convergence of P(z) will be on the inside
of a circle with radius . Consequently if » > 7, the two series will have
a common domain of convergence, and
the Laurent series (80.3) will converge
for values of z in the ring-shaped region

r % mining the coefficients in the Laurent

expansion of a function is given in Sec. 91.

The Laurent serics has the following

important property. If a circle of radius p

Fra. 80.1 is described such that it lies within the ring

of convergence of L(z), i.e.,if r, < p < 7,

then | L(z) | < M for all values of z on this circle, where M is some

positive number. This means that L(z) has a finite maximum as z tra-
verses the tircle, and furthermore

lenlp» <M foralln

Y,
; shown in Fig. 80.1. The value of L(z) =
P(z) + P1(1/2). The method for deter-

81. Derivatives of complex functions. The derivative of a func-
tion f(z) of the complex variable z is defined in much the same way as
the derivative of a function of a real variable, namely, the derivative
of f(z) at the point z = 2 is defined to be

lim f(lo + hh! - f{zol

h—0
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when this limit exists. This differs from the definition of the derivative
of a function of a real variable in the respect that the point z, may be
approached in any number of ways, because h is a complex number.
Thus h may be regarded as a vector beginning at z = z,, whose end
point describes a curve as h — 0; see Fig. 81.1. The shape of the curve
depends upon the manner in which the real and imaginary parts of A

Fia. 81.1

approach zero. It may happen that the value of the above limit depends
on the mode of approach to z, and in fact this is the case even for some
of the elementary functions at certain values of 2. In general there will
be certain points of the complex plane where the limit either does not
exist or depends on the manner in which A — 0. As examples of these
let f(2) = 1/(z — a). What is the derivative at zo0 = a? Forming the
above limit

1m%—;L—— 1)
—oh\z—a+h z—a
it is readily seen that the limit fails to exist for zo = a, no matter what
path the end point of the vector 4 follows as h — 0.

Again let us examine the derivative of f(z) = |z|. If the point 2
is approached along radial lines,

lim loth]|—|al
=0 h
may be written in the convenient form
fim Lo” £ 0% | = po
50 de

where the particular radial line of approach is specified by the angle ¢.
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The above expression may also be written

lim V6% + 2p08 cos (0 — @) + 86— po

0 oe®

or

po (1 + f)— cos (8 — ¢) + higher powers in 6) — po
lim :

0 oee
// = ¢ cos (0 — ¢)

The limit depends on the/angle ¢, so that the limit is different for every
radial approach for any value of z in the complex plane except z = 0.

Nevertheless there exists a most important class of functions for
which, in a certain domain D of the complex plane, the above limit exists
and is independent of the manner in which the point z, is approached.
Such functions are said to be analytic over the domain D. Points at
which f(z) is not analytic are called singular points or merely singu-
larities.

82. Cauchy-Riemann differential equations. For practical use,
it is desirable to have a method for determining whether a function is
analytic or not, which is easier to apply than that given above. If the
function w = f(2) is analytic and is written in the form

w=u+ w = u(zr,y) + w(x,y), then

dw _ J(zo+h) — J(z0)
= h

dz h—0
- lim w(xota,yo+b) + w(xeta,yo+b) — ulzoe,yo) — tw(xo,y0)
- a,b—0,0 a + b

where h = a + b, and the limit is independent of the manner in which
h — 0. Let us first find the limit as 2z, is approached along the imaginary
axis, so that @ = 0 and b — 0. Then

dw _ Hm}_u(fvo,?/n‘}'b) — u(0,40) + (20, 50+b) — v(wo,y0)

dz b0 © b b
19u , dv 19
=7 6—y oy~ iy (82.1)

If on the other hand, z, is approached along the real axis, then b = 0
and a — 0, so that

w_ u(@o+a,yo) — u(Zo,Y0) + z.v(xn+a,yo) — (0,%0)

dz a0 a a
u Oy dw
T oz + lax T ox (822)

Since the function has been assumed analytic, the two values of the
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derivative must be the same, so that
1ou , v du , .9
ioy Ty "o e
Equating real and imaginary terms, this requires that the two differ-
ential equations
wu_w ou o

o = ay’ Ej = "% (82.3)

must be satisfied simultaneously. These equations are called the Cauchy-
Riemann differential equations.

It may also be shown that if in a certain domain D the functions u
and v possess continuous partial derivatives of the first order and the
Cauchy-Riemann differential equations are satisfied throughout D,
then f(z) = u 4 v is analytic in D.

If in addition, the functions % and » possess continuous partial deriva-
tives of the second order, eqs. (82.3) may be differentiated with re-
spect to x and y, the result being

u_ ow  ow_ o
9zt 9z dy ay? dy oz
u | O
Therefore s T ae=2u=0 o
Likewise v v Av =0 ®2:4
x|y

Consequently, under the above conditions, it is apparent that the
real and imaginary parts of any analytic function satisfy one and the
same partial differential equation. Since this equation is identical with
that which must be satisfied by the electric potential in a charge-free
two-dimensional space, and is also satisfied by the velocity potential
in the steady-state flow of an ideal fluid, the use of analytic functions
of a complex variable in practical problems is enormously important.
Certain instances of their use will be given in subsequent sections.

In connection with the above remarks, it must not be concluded that
if w and v are any two solutions of Laplace’s equation, the function u +
will be analytic, because they will not in general satisfy the Cauchy-
Riemann equations. However, if one solution u of (82.4) is known, the
proper solution v can be found so that w = u + & will be analytic.
To find the proper v, it is supposed that » possesses first-order partial
derivatives, so that

—@dx+§£dy

and v = f — dx + dy -+ constant
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Making use of the Cauchy-Riemann equations the above expression
becomes
v—f—a—udx+ dy + constant

The additive constant is quite arbitrary. This function v is defined in
terms of u and its derivatives, and w = u + < will be analytic.

83. Complex integrati%l. Integration of a function of a complex
variable may be defined in terms of line integrals of functions of two
real variables. In Sec. 54 the line integral of a function P(x,y) along a

curve C' was written as fc P(z,y)dx and defined to be

2 Ple, 0y 01 0t

where z = ¢(t), y = ¢(t), &t < t < 1, are the parametric equations of
the curve C. Similarly the integral

Jo@@dy = [* ale® 0 O

If w = f(2) = u(z,y) + w(z,y) is a function of the complex variable
z = r + 1y, the integral of f(z) along the curve C in the complex plane
is defined to be

[ 1z = [ {ulo© 9 (®] + wle@FOT &' O) + ¥ @)t
=[ueat [ e+ i gt i f
=Ludx—vdy+ifcvdx+udy (83.1)

The existence of integrals of a function of a complex variable therefore
depends on the existence of line integrals of real functions (see Sec. 54).

An upper bound to the value of an integral of a complex function
can readily be established, since

| [ 1@ | <[, | s@de| < [ VT VT a
Thus if M be such that in the domain of integration | f(z) | < M, then
| [ 1@z | < M[OVITF PR = M (83.2)
where [ is the length of the curve C.
84. Integration and differentiation of infinite series. Some care

has to be exercised in integrating or differentiating an infinite series of
functions term by term. It may happen that the series obtained by term



Sec. 84] TaEORY OF FuNcTIONS OF A CoMPLEX VARIABLE 149

by term differentiation of an infinite series does not yield the derivative
of the function represented by the original series.
Given the infinite series

w = w,(z) + ‘N)Q(Z) + ... (84.1)
it may be integraied term by term, and the resulting series will con-
verge to j; w dz provided the individual terms of the above series are

continuous functions of z and the series converges uniformly within a
certain domain.

With regard to differentiating (84.1), the derivative dw/dz may be
found by differentiating the series term by term, provided the individual
terms are continuous functions and the series (84.1) converges uni-
formly, and in addition the series

dw, | dw, | dws

0z + ’A + &= + ...
converges within a certain domain.
In case all the functions w;, we, ... , etc. are analytic functions of z
in a domain D, and the series
w=w + wy + ws + ... (84.2)

converges uniformly in any domain d lying inside D, the sum w is an
analytic function of z, and the series

dw _ dw, | dw
dz ~ dz dz
converges uniformly in d. Then since the last series satisfies all the

conditions of the first series, the process of differentiation may be re-
peated, so that

+ + ...

k; ()
w® = wP + wP + wP + ...

A power series furnishes an example of a series satisfying the condi-
tions of (84.2).

85. Cauchy’s integral theorem. This theorem has to do with the
integral of a complex function over a closed path. A simple closed curve
C in the 2 plane is usually called a contour. If f(2) is a one-valued con-
tinuous but not necessarily analytic function for all z on the curve C,

the integral fc f(2)dz [sometimes written f; f(2)dz] taken around the

contour in a counterclockwise direction is referred to as a contour
integral.
In case f(2) is analytic at all points on and within the contour C, then

fc f(z)dz = 0. Thus if f(z) is analytic in a domain D, the integral of
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f(z) taken over any contour lying completely within D is zero. This is
known as Cauchy’s integral theorem.

The theorem may be proved very easily by making use of the rela-
tion (83.1), namely,

ff(z)dz =}§ (wdz — vdy) + zf (wdr +udy)  (85.1)

The line integrals on the right may be expressed in terms of surface
integrals over the surface bounded by the closed contour by making
use of Green’s theorem (5 .3).

f (wdz — vdy) ——ff( g au)dxdy
f(vdx+udy) =ffs‘<§a;_6—y)dxdy

so that eq. (85.1) becomes

§ sz = [ (3 + Sy an +if £ (55— &)

Since f(z) is analytic on and within C, the functions « and v satisfy the
Cauchy-Riemann differential equations (82.3). Making use of these,
the above expression becomes

ff(z)dz = —ff( a?)dx dy
ny ff <6u au)df dy =0

The converse of this theorem also holds, namely, if f(z) is continuous
throughout a simply connected region D of the complex plane and

f f()dz = 0 for all contours within D, then f(z) is analytic in the

region D.

By a simply connected region D, is meant one in which any closed
curve may be drawn and then shrunk down to a point without any
portion of the curve extending outside of ). An example of a region not
simply connected is the region between two closed curves, as shown in
Fig. 85.1a. The dotted curve is a closed curve which cannot be shrunk
to a point and still have it remain in D. Such a region can be converted
into a simply connected region by connecting the inner and outer
boundaries of D by any curve. If only one such connecting curve is
required, the region is said to be doubly connected, etc.

Cauchy’s integral theorem can also be used in the case of a multiply
connected region when suitably modified. For instance, take the doubly
connected region D shown in Fig. 85.1b, where the inner and outer
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boundaries C, and C: have been connected by the two dotted lines.
These divide the region D into two simply connected regions within
which the function f(z) is analytic. Consequently applying Cauchy’s
theorem to both regions

ﬁ ved fz)dz = 0 and ﬁ s f@)dz =0

(@ x ) x
Tia. 85.1

In these two contours the paths ab and c¢d are common and traversed
in opposite directions, so that if the two contour integrals are added,
the result is the same as

fm J(z)dz ~j;‘f(z)(lz =0 85.2)

This means that in a multiply connected region the integral must be
taken over all the boundaries. The minus sign arises because the curve
C} is traversed in the clockwise direction.

86. Cauchy’s integral formula. This formula allows one to express
the value of an analytic function at a point in terms of the values of
f(2) lying on a contour surrounding the point. More precisely, let f(z)
be an analytic function everywhere in a domain D, and let C be a contour
entirely within D, and let z = @ be an arbitrary point inside the con-
tour C. If f(z) is divided by z — a, the resulting function remains
analytic at all points on and within C except at z = a. But if a is sur-
rounded by a circle v of radius & (see Fig. 86.1), then f(2)/(z — a) will
be analytic in the region bounded by v and C, and Cauchy’s integral
theorem will hold in this region, so that

R I TR (86.1)

cz—a
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The second integral may be evaluated by writing z — a = e, so that

iCS =j;2'f(—"j—e§e—’9 sie® do

Y2 — a
- j; " f(a+oe*)d8

Since this integral is a continuous function of §, we seek to evaluate
the integral for a circle of vanishing radius; thus

lime|/ fla+de®)db = 2xif(a)
50 0
Then from (86.1),
. 1 dz
fa) = 5= f [0 (86.2)

2wt z—a

‘

Fia. 86.1

As mentioned at the beginning of this section, this formula expresses
the value of f(2) at a point z = a in terms of values of f(z) on a contour C
surrounding a.
If the original region is doubly connected and a lies in the region
where f(2) is analytic, it is easy to show that
_lrfe ,_ L & X
1@ = 5 o 2ate = g Ju im0 (86.3)
87. The derivative of an analytic function defined by a Cauchy
integral. If f(z) is an analytic function of z in the domain D, the
derivative of f(z) at the point z = @ exists if a is within D and is defined as

f’(a) —_ hmﬂa_tuﬂ
h—0 h

For values of h for which a + & lies within D, the above quotient may
be expressed as a Cauchy integral.

Ja+h) — f(a) _ _I_[f f)dz ./(z)dz]
c

h 2mih z2—a—h cz—a
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where C is a contour containing the points a and a + h and lying within
D. Making use of the above equation, the derivative becomes

hf(z)dz

f'(@) = hm 21r1h c(z—a—h)(z—a)

_ 1 f(&)dz
lm s = = WG =]

_ f(2)dz h/(z — a)

i szc<z —a)? [1 eyl

f fgz)dz f(2)dz
¢

(z — a)z 21rz c(z—a)*(z—a—h)

Since | & | can always be taken less than }| z — a |, the integrand of the
second integral is bounded for all values of z on C, and in the limit
h — 0 the second term vanishes, so that

1@ = g [, 2 e (87.1)

- a)Z
This result is the same as that obtained by differentiating the expression

fa) = f(z) dz

21rz c(z — a)
with respect to a. The same procedure could be continued, showing
that the nth derivative of f(a) exists and is expressible by the Cauchy

integral
(n) _L____.
fa) = 2wt fc dz

)n+l

= lim
-0 21

Somewhat greater symmetry is obtained in the above expression if n!
is replaced by the gamma function I'(n+1), so that
T'(n4+1) f(z)
™ (q) =

7 (a) rrall W ey L (87.2)
With this formulation, the function on the right is well defined even
when 7 is not an integer, and may be taken as the definition of fractional
differentiation.

88. Taylor’s theorem. Let f(z) be an analytic function in a domain
including the point z = a and let C be a circle with center at a such that
f(2) has no singularity on or within it. In other words, C lies within D.
If @ 4 h be a point within C, then

f(z)dz

fla+h) = 21r1, ¢c(z—a—h)
f(2)dz 1

_Zm’ (z—a)l —h/(z— a)
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The power series 1 — h/(z — a) satisfies the conditions in Sec. 78, ad-
mitting a power series representation of its reciprocal.

o e ()

1—h/(z—a) z—a z—a

Since this series converges Ainiformly when f a{ <1 — ¢ where

e > 0, the series may be safely integrated term by term so that

fa+h) = 1 ﬁz)dz sz f(2)dz zmﬁ Zgz)dz

i JSCz — a (z — a)? (z—a)3
= f@) + @p + T8 4
@, h"” f(z)dz
+ n! h 27rz f(z a)"+1(z—a—h)+"'

Making use of the inequality (83.2), a bound may be imposed on the
last integral.

hrtt f(2)dz < M2xR| b |r+!

2w (z—a)*(z—a—h)|— 2xR"t!

where R is the radius of the circle C and | f(z) | < M on C. Since this
tends to zero as n — o, the analytic function f(2) may be expressed as
a power series.

Jath) = f@) + f@h +EOE
or writing h = z — a, then

1) = f@) + /@~ o) +L @~ ap 4

1@k

This important result is known as Taylor’s theorem. In the course of
its derivation it has been shown that any function f(z) which is analytic
in the neighborhood of a point a can be represented by the power series
P(z — a). It also follows that the radius of convergence of P(z — a)
is at least as great as that of a circle with center at a, which just excludes
the nearest singular point of f(z). This provides another powerful
method of determining the radius of convergence of a power series
expansion of a function f(z).

Two examples of the method will be given. First consider the function
1/(1 + x?%). Suppose that we desire its power series expansion in the
neighborhood of the point = 0, and wish to know its radius of con-
vergence. Since z is real, this function has no singularity, but if instead
the function 1/(1 + 2?) of the complex variable z is considered, then since

1 1
1422 (+19)(z—1)
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the function is seen to have two singularities, one at z = 7 and the other
at z = —1. The circle with center at z = 0 passing through the nearest
singularity has a radius unity, so that the power series representation
of 1/(1 4+ 2?) has a radius of convergence equal to unity, and conse-
quently the original function converges for |z | < 1.

As a second example consider the expansion of (1 — 2xh 4 h?)~V?2
as a power series in A

1 — 2zh 4+ B2 = 1 4+ Py(a)h + Po(x)h® + Pi(x)h® 4 ...

Here z and A will be considered real, and we wish to know how the
radius of convergence depends on x. Again replacing A by the complex
variable z, we look for the singularities of (1 — 2xz + 22)~V/? which
amounts to locating the zero points of the denominator, and conse-
quently the values of 2z for which 22 — 22z + 1 = 0. These values are

—r—
z=2x:t\é4ar 4=x:!:\/;t_l

For 22 > 1 the singular points lie on the real axis, and the nearest one to
¢=0isz — Va’ — 1, so that the radius of convergence is z — Vzr— 1.

Consequently | h| < z — V2 — 1 guarantees convergence. Whenz? < 1,
the singular points are complex, being 2 = 7V 1 — 2% These singularities
lie at equal distances from the origin, and the radius of the circle passing
through them is

VET A =1

Jonsequently, when x? < 1 the series under consideration converges
for all values of h for which | | < 1.

89. Continuation of a power series. The method for determining
the radius of convergence of the power series representation of a func-
tion given in the preceding section also indicates a method for extending
the domain of representation. Let f(z) be analytic in the neighborhood
of a point z = a. Then in a region near a, the function f(z) can be repre-
sented by the Taylor’s series

J@) = fle) + f'(@)(z—a) + ... = P(z—a)
If 8, is the nearest singularity to z = a as shown in Fig. 89.1, the above
series certainly converges within a circle C; with center at a and passing
through 2z = 8. However, f(2) can also be expanded in a Taylor’s series
about another point z = b, where b lies within C;. Then f(2) = P(z—b)
in some neighborhood about b, but it is already known that P(z—b)
converges inside a circle C; with center b and passing through the
nearest singularity to b. With the singularities as shown in Fig. 89.1
this would still be s;. This process of extending the domain of conver-
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gence by transforming to new power series is called continuation. This
allows one to start from a power series representation of a function
and find therefrom any number of power series representing the same
function over different domains. The aggregate of all such power series
constitutes the analytical expression of the function.

y i“

°8a

Fia. 89.1

90. Nature of singularities. Consider a function f(z) which is
analytic throughout a domain D except at a single point z = @ therein.
It will be supposed that f(2) can be expanded in a Laurent series.

1) = Pe=a) + P (2 )

Z—a

Since P;(z—a) is a Taylor’s series, it is an analytic function of z every-
where in the domain of convergence. On the other hand,

1 [ [ Cn

Py (z—a) T i—a + (2—a)? Tt (z—a)" T
If it should happen that all the coefficients c_,— vanish for all k¥ > 0,
then f(z) is said to have a pole of order n at z = a. The part of f(2)
represented by Pj[1/(z—a)] is called the principal part of f(z) near
z = a. If all the coefficients c_, are zero except c_;, then f(2) is said to
have a simple pole at z = a. If, on the other hand, none of the coeffi-
cients vanishes, i.e., P;[1/(z—a)] is an infinite series then f(z) is said
to have an essential singularity at the point z = a.

Most functions are not analytic at every point of the complex plane
but usually have singular points somewhere, often at the point z = o,
In fact, the only function which remains analytic at all points of the
complex plane including z = « is f(z) = constant. Furthermore, the
only single-valued functions which have no singularities except poles
at any point including z = « are rational functions.
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There is an important class of functions which are analytic at all
points except z = . These are called integral or entire functions.
With the exception of polynomials, these functions all have an essential
singularity at z = . An example of an entire function is the expo-
nential €.

91. Determination of coefficients in a Laurent series. Let f(2)
be an analytic function within the
domain D except at a single point
z = a where it has an isolated sin-
gularity. If two concentric circles
C; and C; are drawn with centers at
a, then f(2) will be analytic on C; @/
and C; and in the ring-shaped region C,
between C; and C,. This allows one
to express the value of f(z) at some
point, say z = a + h, between the P
circles as shown in Fig. 91.1, by the Tia. 91.1
Cauchy integral [see eq. (86.3)].

1, J@de 1 f@)de

270 J 2 (z—a—h) 2mJc(z—a—h)

Jla+h) =
For z on C,
1 _ 1

z—a—h (z—a)[l — h/(z—a)]

el it () ]

b
z2—a
always fulfilled for values of z on C.. Consequently, this series may be
substituted in the first of the above integrals and integrated term by
term.
On the other hand, when z is on C),
1 1

z—a—h _ h[l — (z—a)/h]

1 z—a z—a\?*
= ——h[1+T+(T) + ]
z-a
h
fulfilled for values of z on C}, so that this series may be substituted in
the second integral and integrated term by term. The result is

mwhq+m+w+m+%+%+m

< 1. This condition is

This series converges uniformly provided

the series converges uniformly for < 1. This condition is always
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_ L[ [

where e =5 sz (z—a) 1 (91.1)
=L [(z)dz

Cn = 271 fC. (z—a)—"t (912)

Examples of the practical use of these formulas are given in Sec. 103.

92. Many-valued funqéons. In addition to the singularities of a
function f(z) discussed in Sec. 90, still another important type presents
itself in connection with many-valued functions. The nature of this
singularity as well as the characteristics of some common many-valued
functions can be clearly seen by considering a few such functions.

The Function w = 2"/2. If z is represented in the z plane by a point
whose polar coordinates are p and ¢, then

w = pll2w2 = pl%(cos ¢/2 + 1 sin ¢/2)

Written in this form it is easy to follow the behavior of w as z is allowed
to traverse a circle of radius p with center at z = 0. It is to be noted
that, starting with ¢ = 0, w = p!/2, and after ¢ has steadily increased
to 27 thereby rcturning z to the initial point, w = —p'/? so that for
this value of 2, the function w has two values. In fact, if 2 is allowed to
traverse the circle a second time 27 < ¢ < 4, the function w will
assume a different set of values than it did for the first circuit, and return
to the value p'/? at the end of the second circuit. Consequently it is
seen that two values of w correspond to one point in the z plane.

For definiteness let w; denote those values assumed by w when z lies
in the domain 0 < p < ©; 0 < ¢ < 27, and w. the values taken on
when z lies in the region 0 < p < ®; 2r < ¢ < 47. For the domains
in which they are defined w, and w, are single-valued analytic functions
of z. The two single-valued functions

wy; = p''%(cos ¢/2 + 7 sin ¢/2)
and wy = p''%[cos 1/2(¢ + 27) + ¢ sin 1/2(¢p + 27)]

for 0 < ¢ < 27 are called branches of the function w. The two branches
coincide at z = 0, there being only one value of w at this point. Such
a point is called a branch point of the function, and constitutes the
singularity referred to above. The derivative dw/dz = 1/z'/* does not
exist at z = 0, and the function fails to be analytic at the branch point.
In order to distinguish which values of z belong to a given branch,
Riemann chose to associate separate z planes with each of the two
. branches w; and w,. He imagined these two planes located one above
the other with the branch points coincident, the upper plane carrying
the values of z for w;, and the lower plane carrying the values of z for
we. Since after one circuit about z = 0 in the upper plane we have trans-
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ferred to the branch w,, we must arrange to have the value of z be on
the lower plane. This is accomplished by imagining the two planes cut
and joined together along any line from |z| = 0 to | z| = ». After
circling z = 0 in the lower plane, it again passes through the cut and
up into the upper plane. This surface which carries the complex variable
z is called a Riemann surface.
The Logarithm. The logarithm of a complex variable z is defined by
means of the equation
e =z (92.1)

The function w = w + v is written w = log 2. The real and imaginary
parts u and v may easily be found when z is expressed in polar form,
whence
eutiv = peilp
or
e"(cos v + ¢ sin v) = p(cos ¢ + 7 sin ¢)

When the real and imaginary parts are equated, the two resulting equa-
tions involving only real quantities

e oSV = p COS @, e*siny = psin ¢
must bz solved for u and ». The solution gives
u=1logp and v =¢
Thus the logarithm of a complex function is
w=1logz =log|z|+ dp (92.2)

It must be noticed, however, that eq. (92.1) does not serve to define
w uniquely, because ¢*+%*7 js indistinguishable from ¢* provided % is
an integer. The gencral solution of (92.1) is therefore

w=logz =log|z| + 1o + 2kxt
where k = 0, =1, 2, & ... (92.3)

This function furnishes an example of an infinitely many-valued
function, and the Riemann surface would be composed of an infinite
number of sheets with the branch point z = 0 in common.

The value of the logarithm when k = 0, i.e., that given by eq. (92.2)
is called the principal value of the logarithm. The principal value is
an analytic function of 2z in the domain 0 < p < ©», —7 < ¢ < =, and
is often written In 2.

The General Power w = z™. If m is a positive integer, 2™ is the value
found by multiplying z by itself m times. When m is an arbitrary com-
plex number, however, the value of w is defined by means of the loga-
rithm to be

w = 2™ = emlogz = gmlogle|+mipt2kmwi (92.4)



160 TrEORY OF F'UNCTIONS OF A COMPLEX VARIABLE [Ch. 6

It is seen at once that in general 2™ is an infinitely many-valued function
since k =0, +£1, &2, & ....

Under certain conditions, however, there is only a finite number of
distinct values of z™, the remainder being merely repetitions of these
values. This means that there must be certain values of k¥ for which zm
has the same value. Two su(?{ values of k& must satisfy the relation

em2rki = gm2xkd [ op em2rilhi~k) — 1; kl # kr‘

The latter relation is true only if m(k, — k.) is an integer. Since k;
and k, are integers, the difference is always an integer, and m must be
an integer or a rational number m = p/q, where p and ¢ are integers.
If m is an integer, (92.4) shows that 2™ is single-valued, but if m = p/q,
then
. 2™ = @/ Inz+ /) 2kxi

Starting with & = 0, this yields different values until k¥ = ¢, whereupon
it assumes the value for k = 0. For still greater values of k, the same
set of values of 2 are repeated, so that it sufficesto take & = 0, 1,2, ...,
g — 1. Consequently, when m = p/q, the function 2™ is g-valued.

The principal value of 2™ is considered to be that value which corre-
sponds to the principal value of the logarithm; hence the psincipal

value of
2m = gmlnz = gmlog |z| +1me (925)

Since Inz is a single-valued analytic function of z in the domain
—7r < argz < m s0alsoisw = zm
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PROBLEMS

73.1. Fortheseriesl — § + 3 — 1 + ... show that the partial sums are always
Jess than 1 and greater than . Then prove that the series converges.

73.2. Rearrange the series of the preceding problem by taking the first and third
terms, then the second, then the fifth and seventh, then the fourth, etc., so that the
geries 1 + 3 — 3+ 3+ 3% — 1 + ... results. Show that the sum of this series is
greater than the sum of the preceding series.
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738.3. Test the convergence of the geometric series 1 42z 422+ ... . Hinl.
Show that the nth partial sum is equal to (1 — 27)/(1 — 2).
76.1. Test for uniform convergence

I =

x x x
ixiter@msn T @ nEsn T
76.2. Show that

Z+ (a—b)(a —2b) (a—b)(a —4'2b)(a—3b)‘+

1
converges absolutely when |z | < T

76.3. TFind radius of convergence of the hypergeometric series
Flagyyie) = 1+ ﬁ%z + “m(“z“: (11)"_:_" 1*; D
afe + )(a + 2)BB +2) ,
Sly(y + (v + 2)

for all a, B, v, provided, of course, that v is not a negative integer.

76.4. Under certain conditions

1 0
Isinhz Z e,
n=0

For what values of « does this series converge?

76.5. For what z does

+ + ...

R o e Vi il ?
j; e—atdr ,,Z:U ni@n £ 1) converge?

76.6. For what values of a and b does

1 get o~ (—1)"
f T dr = converge?
ol+4x n_0a+nb

76.7. For what values of z and r does
©
= Z m™sinnz converge?

n=1

rsin z
1 —2rcosz + 1

77.1. For what values of a and z does the binomial expansion of (1 + x)* con~
verge?

77.2. TFor what values of = does

1232 12.32-52
K@) = (1 O )

converge?

77.3. Determine the radius of convergence of the series

. 2 2
smz=z-—m+5!+...
a2 2
tanlz = 2 3+5+....

77.4. TFor what values of z does

- Vr _e=( 1 .13 135
f;‘”’”=2'2x(1 2 T o 2w+"')

converge?
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L
77.5. TFor what values of z does the series Z 727: converge?
n=0
81.1. For what domain of z is the function (1 + 2)z* analytic?
81.2. For what domain of z is the function - 2

2 X ;
T+12] analytic?

2 . ¥
81.3. For what domain of z isAxe function i-Tz—[i-z analytic?
81.4. For what domain of z is the function
_ (42N —2M)%
&= e+ ie =
=0 forz =0

forz =0

analytic?
81.5. For what values of z is elel analytic?
82.1. Show that if w = u 4+ v is an analytic function, the curves u = constant,
and v = constant are orthogonal.
82.2. Tind the analytic function w = u + % of which u = ¢* cos ¥ is the real part.
82.3. Find the analytic function w = u 4 @ of which u = } In (22 4+ 7?) is the
real part. Sketch the surfaces of constant u and v.
82.4. Find the analytic function of which the parabolic coordinates £, 5 are the
real and imaginary parts [see eq. (49.1)]. Express the result in the form w = f(z).
83.1. Compute the integral of f(z) = 1/z around a unit circle with center at the
origin.
83.2. Compute the integral of 1/z around a square of side 2a with center at the
origin.
84.1. By expanding 1/(1 + 2?) according to the binomial theorem and integrating
term by term, show that
4 - xl x5
ban~lzx =z — 3_ + g -
Express the following series in closed form by operating on both sides until a
recognizable series is found.

2 @ =z +E+5 4L

2 2
84.3. f(z) = 10g:c+%:—!+—2%-! +3537

86.1. Using the inequality

| £ 1@az| < f | s(arae |

and Cauchy’s formula, show that
1 Ml
5@ < 5275
where M is the greatest value of | f(2) | on a curve C enclosing a, and [ is the length
of C, and p is the smallest distance from C to a. Hence show that a function can-
not have a greatest magnitude in a domain in which it is analytic.

87.1. Show that | f®(a) | < P(—”‘:—-}M (See Problem 86.1).
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88.1. Use Taylor’s theorem and the uniqueness of power series to show

(n/2)\d a _”2)"2 _ %Oifnis odd
nldz® 2=0 (—1)"2 if n is even.

88.2. For z? < 1 the expansion
(1 —2zh 4+ k)2 = 1 4 Pi(x)h + Pa(@)h? + ...
defines the Legendre polynomials P;(z). By integrating both sides evaluate

f N Pu(a)da.

163

88.3. Show that the (real) function e—1/z2 has derivatives of all orders at the
origin. Why can it not be expanded in a Taylor’s series about the point z = 0?
For what values of = will the power series expansions of the following functions

about the point z = 0 converge?

1
88.4. @t 07 where 0 < a < b.
1
88.5. Tre
88.6. 1 where 0 < b < a.

(@ + b cos z)”

91.1. The Bessel’s functions of integral order are given by the Laurent expan-

sion of

© ®©
o(z/) (-1/2) = Z Ju(@)zr 4+ (—1)nH Z (@) zl_n

ne=0 n=1
Show that J(2). = —11;f0r cos (nd — x sin 6)df.
91.2. By differentiating both sides show that
d 1
“i';-rn(:ﬂ) = i(t’n-x — Jap1)-

91.3. Expand 1/(1 — ¢*) in the neighborhood of z = 0.
91.4. Expand cot z in the neighborhood of z = 0.



Chapter 7

y;

RESIDUES AND dOMPLEX INTEGRATION

93. Theory of residues. The theory of residues in connection with
the integral of a complex function taken around a suitable contour
provides one of the most powerful methods of evaluating various types
of definite integrals.

Let f(z) be a single-valued analytic function throughout a certain
domain D of the complex plane with the exception of the point z = a,
where it possesses a pole of order m. In accordance with Sec. 90, this
means that f(z) may be represented by the Laurent series

[ Com
f(z)=P(z—a)+z_a+( a),+( a)3+"‘+(z—~;)_"‘
(93.1)

where P(z—a) is an ordinary power series in (z — a). The coefficient
¢_; in this expansion is called the residue of f(z) at the pole a, for a reason
that will presently be apparent. Surround the point z = a with a circle

v of radius p which lies in D and consider the integral f f(z)dz. From
4
(93.1),

f f(2)dz = }{ Z (z 57 de + f P(z—a)dz (93.2)

P(z—a) is an analytic function and Cauchy’s theorem shows that the
integral taken over the circle v vanishes. In evaluating the remaining
integral let us consider the general term

f(;—c__'——&dz when 7 5 1

The value of the integral is found most conveniently by writing
z — a = pe*, so that z traverses the circle ¥ when ¢ traverses the
range 0 to 2r. Hence

2 ipetede G fz' —(r—D¢i o =
f (z — a) f e p—1Jo € de =0

164
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:‘_’_d;- Proceeding in the same way

and we are left with the one term f;

for this term,

d - ipes® d . .
f,f(z)dz = f; 2 — ¢, f 70 _ 9mic_y = 2wiRa(f)

z—a o pew

This indicates why c¢_; is called the residue of f(z) at z = a. Here
R.(f) = ¢-1 and means the residue of f at z = a.

The contour surrounding a need not be a circle for the above result
to hold. This may be seen by enclosing the circle ¥ with any contour ¢
lying in the domain D. In the region bounded by v and C the function
f(2) is analytic, and Cauchy’s theorem gives [see (85.2)]

}{C f(2)dz — fq f(z)dz = 0

}{C 1(2)dz = }{ 7(2)dz = 2wiR(f) (93.3)

The path C can be altered or deformed in any way so long as it remains
in the domain D and does not pass through or include any further
singularities of f(2). If a contour C encloses poles at the points z = a,
2z = b, z = ¢, ete., it is easily shown that

$ S@)dz = 2wilRa()) + Ro(f) + RN + .1 (93.4)

s0 that

94. Determination of the residue. To find the residue of f(2) at a
given point it is not always convenient to determine the coefficient
c_; by actually obtaining the Laurent expansion for f(z). When f(2)
has a simple pole at z = a, it is sometimes convenient to proceed as
follows. Since

1@ == fotaz—a+ ...

Z2—a

it is necessary only to multiply f(z) by (¢ — a) and take the limit as
2 — a in order to select the coefficient c_;. Consequently

¢ = 1im (z — a)f(2) = Ra(f) (94.1)

When f(z) has a pole of order m, then

10 =B+ e E tatat o)+

First multiply f(z) by (¢ — a)™, so that

(z—a)"f(2) = com + Compa(z — @)
+ ... tea—a)" ' +alz —a)m+ ...
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Further, if (z — a)™f(z) be differentiated m — 1 times, all terms up to
c_1 vanish, and all others except c_; vanish in the limit as z — q, so that

1 . dm!
o = i g (6 0) f(2)] = Ra(f) (94.2)
95. The definite integnf( j; u f(6)do. Here f(f) is a real rational

function of sin  and cos 8. In order to apply the theory of residues,

f(6) must be replaced by a suitable function of a complex variable such

that when integrated over a contour in the z plane the above integral

results. The procedure may best be illustrated by means of the example
I = 27 df

0 a+bcosd

Let z = e®, from which it follows that
_ethet 1/ 1
cos f = 5 5 (z + 2’)

and dz = 1e? d6 = 1z df

il

When 6 traverses the interval 0 to 2, the complex variable z traverses
the unit cirele C with center at z = 0. Hence

—1dz —27 dz
1 ‘fcz[a TORCFi/] " b [ @a/b)z ¥ 1
The denominator of the integrand may be written in the form

(z — a)(z — B), where o and B are the roots of 2* + -2170'2 + 1, namely,

—a+Va®— b 8 —a —Va*— b

b b

The values of @ and 8 may of course be complex. In any case the inte-
grand has simple poles at 2 = a and z = 8. In order to apply the theory
of residues we need to know which if any of these points lie within the
unit circle C.

Since | af | = 1, then of the two numbers | @ | and | 8 | one is greater
than unity and the other is less than unity, or both are equal to unity.
In the latter case, @ and @ can be written @ = ¢ and 8 = ¢~*, whence
a+ B =2cosy = —2a/b, which requires that —1 < a/b < 1. For
this situation « and g lie on the unit circle and the residue theory cannot
be applied. This case can be excluded, however, because b > a makes
the original integral singular. When |a — Va? — b*| < |b|, then
|| < land|B]| > 1, so that the circle C encloses one pole at z = « and

1 = (Z)erir [ st
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From Sec. 94,

R[ ! ] Tim — b
C—0)e—F) taz—8 a—8 2Var-p?
giving the final result

27 d0 27I'
j; TThe = s lel> 10l (95.1)

This result is an example of the general theorem

f f(cosb,sin6)do _f <7+z"lz_i_1);i:
- 2 [ (75550)]

Where a, are the poles of f/z enclosed in the unit circle, f must be a
rational function of cos 6 and sin 6.

96. The integral f _”w F(x)dz. Integrals of this type can be evalu-

ated by means of the theory of residues, if when the real variable z is
replaced by the complex variable z, the function F(z) satisfies the fol-
lowing conditions.

(1) F(2) is analytic except at a finite number of poles when the imag-
inary part of z is positive or zero.

(2) F(2) has no poles on the real axis.

(3) lim 2F(2) = 0 for all values 0 < argz < 7.

|z}
When these conditions are sat-
isfied, the integral can be eval-
uated successfully by choosing
the path of integration as
shown in Fig. 96.1. The con-
tour C extends along the real
axis fromz = —ptoz = +p,
and then over the semicircle T’
of radius p in the upper half
plane. The value of p is chosen Fie. 96.1
so that all the poles of F(z) in
the upper half plane are enclosed in the resulting contour. The theory
of residues gives

°
an

— x

fc F(2)dz = f_* F(x)dz + fr F(2)dz
= 2mi Z Ro, [F(2)] (96.1)

p=1
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the poles of F(z) for this positive half plane being at ai, as, ... , @,.
The original integral

f ** Px)dz = lim f * Plo)de
- oo & TP

The expression (96.1) would yield the value of the original integral if
lim j; F(2)dz = 0. That thid; the case is easily shown since
pe

| e | <[ | P || dz| = [ [Feoen |o as

and by condition 3 above,
. L3 0 -
lim f(7 6l F(pe) [dd = 0
Consequently
f T Playde = 2wy R, [F(2)] (96.2)
p=1

As will be shown in subsequent sections, condition 3 can be made less
restrictive when F(z) is multiplied by sin z or cos z. Also the theory can
sometimes be applied successfully, if condition 3 is not satisfied, by
selecting a suitable contour of integration. Examples of this are given
in Sec. 97. It should be noticed that if F(z) is an even function the

method will handle integrals of the form j; ® F(z)dz.
To illustrate the above method, let us evaluate the integral

I f ® (a2 + a?)? + a?)?
Here F(z) = 1/(2* + a?)? and satisfies all the conditions given above,
so that it is only a question of determining the residues at the poles in
the positive half plane. Since
1 1
(22 + a®)? ~ (z + 1a)%(z — a)?

it is evident that the function has a pole in the positive half plane of
order 2 at z = 7a. From (94.2),

d —2 1
Ri[F(2)] = dz (2 + ) o (z ¥ ia)® ~ v4a®
+w d.
Thus f__° _(:t’ _:aﬁ)z = 5’;—8

97. Infinite integrals continued. Sometimes integrals over an in-
finite range can be evaluated by means of residues by cleverly choosing
a suitable complex function other than the one obtained by replacing z
by the complex variable z and integrating over the proper path. Since
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there are no rules for determining the right complex function or path
of integration completely, success is largely a matter of experience.
The situation can be made clear by attempting to evaluate the integral

I= fj: e~* cos 2az dz

It is evident to begin with that a path of the type used in the preceding
section cannot be used, because condition 3 of that section is not satis-
fied, since in particular

lim e=# cos 2az = » for argz = /2

le|—w

that is | z | directed along the positive imaginary axis.
It is nevertheless possible to

evaluate the above integral by . y
integrating the function e~# ~A14 o ptig
around the rectangular contour
shown in Fig. 97.1. The reason c
underlying this choice will be-
come apparent during the —p — o x
process of evaluation. Consider

the integral fce"’ dz. Since

there are no poles of ¢~#, Cauchy’s theorem gives j; e~?dz = 0. Hence

fce"’ dz =f_+p e~ % dx —}-J:' e~ bty dy
+f‘” o= G2 gy +f“ e=(=otult gy = 0
' @
=f+p e~ dr — M’fﬂ e~ r'—2wa dy — 2e‘”’j;a eV sin 2py dy = 0
-p -p

The second integral on the right will yield the integral we seek. It may
be written

L. +
e fﬂ e~2*(cos 20 — 1 sin 2ax)dr = e f * e~ cos 2ax dx
-p -p

Fic. 97.1

Since e~* sin 2ax is an odd function its integral vanishes. Thereforc

+o

= lim e=*" cos 2azx dz

pw & P
. +
=e¢ @ hmf ? e== dx
pow & TP
2e"‘"f” e~?dr = e'“’fw e~i—=1/2 dt
0 0

e—T (%) = e~%\/T

the integral j; “ ¢~ dz having been evaluated in Sec. 62.



170 ResipuEs AND CoMPLEX INTEGRATION [Ch. 7

98. Integrals of the type f _+: F(z)e dz. This integral is included

in the class discussed in Sec. 96, and could be evaluated by the method
given there if F(z) satisfies the conditions prescribed in Seec. 96, since
then F(z)e™* would also satisfy the conditions. The above integral
warrants some additional diseussion, since condition 3 of Sec. 96 can
be replaced by the conditio%hat

lim F(z) =0 when 0<argz<mw

|z

First it may be noted that if the method of residues of Sec. 96 can be

applied to the above integral,

f_*: F()ew dr = 2mi Y R, [F@)e™] >0 (98.1)
p=1
On the other hand,

f_*: F(z)ew de = j(') " [F(x)ews + F(—x)e-w)de  u> 0

whence it is readily seen that ¢f F(x) is an even function, i.c.,
F(z) = F(—z), then

f_*: F(z)ew dz = 2_]; *F(z)cosprdr  p>0 (98.2)
If F(z) is an odd function, i.e., F(—z) = —F(x), then
f Fr)ew dz = +2i[" F@@)sinprdr 4w >0 (98.3)

When these results are combined with eq. (98.1), we find that the method
of residues may be used to evaluate integrals involving sines and cosines,
so that

(1) if F(z) is an even function,

j; "F@) cosprds = m Y Ro[F)ew]  u>0  (98.4)
p=1
(2) if F(z) is an odd function,
ﬂ) *F@) sinprde = 73 R,[F@e™] u>0  (98.5).
p=1

where the sum is taken over the residues of the function F(z)e** over
all poles in the positive half of the complex plane.

It may be readily shown that if F(2) satisfies conditions (1) and (2)
of Sec. 96, and in addition if llim F(z) =0 for all 0 < argz < =, the

2|0
method of residues may be used. Using the same path as in Fig. 96.1,
it is necessary only to show that
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}3412£F(2)e“dz=0 p>0
Over the semicircular path T' one may write
Iﬁ‘F(z)emz dz I S‘ﬁ;’ F(pa73)ewp(coso+isin0)pie10 do
Sj;" l F(pe™®) lpc—upninﬂ e

From the above condition on F(z) it is possible to choose p such that
| F(pe®) | < ¢/, where € is an arbitrarily small quantity, so that

l j; F(2)ei dz} < :—r fo ™ pesend g

Z.Efﬁ/z pe—p.psinﬁ dﬂ
0

™

IA

Referring to Fig. 98.1, it is obvious that sin 8§ > 26/7 for 0 < 8 < 7/2.
Thus

% I f,/z B T _
—HpSIN < —2upb/m = —(1 —

j:) peweemt g < o P do 2”(1 2¢—+0)

and the final result is y

| [ F@ewdz| < Sa-zew) L
and the integral over T’ van-
ishes in the limit p— o if
u > 0. This establishes the
validity of eqs. (98.1), (98.4),
and (98.5) for a less strin-
gent condition on F(z).

The method will be illustrated by evaluating the integral

Fia. 98.1

© X §in ur
o x2+ k?
The function z/(2? + k?) satisfies all the required conditions and F(z)
is an odd function as required. To evaluate I it is necessary only to find
the residues of ze*?/(z? + k?) in the upper half of the complex plane.
The function has only one pole in the upper half plane at the point

z = 1k; hence
zce . ze ek
R”‘(z2+k2) = T 2

I= dz, u>0, k>0

Consequently (98.5) gives

j; w1 ;;n:xk;ix _ g"'—"k £>0, k>0 (98.6)
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This example shows the ease with which certain definite integrals may
be evaluated by this method.

99. Integrals involving hyperbolic functions. The application of
the theory of residues to integrals involving hyperbolic functions usu-
ally presents a somewhat mofe complicated problem and at the same
time indicates the possibilities of the method of contour integration.
Here the path of integration and even the complex function must be
chosen to suit the particular integral. The situation and procedure may
be best illustrated by considering an example. Suppose the value of
the integral

_ ("= cosh ar
“Jo cosh mx

is desired, where —7 < a < 7. The integrand does not satisfy condi-
tion 3 in Sec. 96, so that the
y standard path used there isnot

-pti S p*ti  gpplicable here.
The integral can be eval-
2=t uated however by integrating
c the function e*/cosh 7z around
=y p— Fo = the rectangular path C shown
in Fig. 99.1. The function
Fia. 99.1 e**/cosh mz has poles at the
points where cosh 7z has zeros.

Since cosh rz > 0, there are no zeros on the real axis.
It is first necessary to see whether

f e* dz

ccosh nz

can be made to yield the value of I. If this integral is written as the
sum of the integrals over the separate sides of the rectangle, the result is

e% eos ealetw)y dy
fc‘cosh 2 ‘f » cosh 1rx <+ 0 cosh m(p + 1)
—p oYy 0 ea(—p+iv)y dy
j; cosh 7 (x + 1) fl cosh 7(—p + 1)

= (1 + e f dz + A (99.1)

where the relation cosh x(x + 7) = —cosh mx has been used. This fur-
nishes the reason for taking the upper side of the rectangle along the
line z = z + 7. Here A denotes the sum of the remaining two integrals
over the ends of the rectangle. Next it is to be noted that

» cosh T
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+p 0% e’ dx s e dx
dx = f
—» cosh rz » cosh ‘m' o cosh 7z

pe“+e‘“ _ o frcosh ax
f “coshwz T 2 o cosh r:cdx (99.2)

This shows that the function e%/cosh 7z integrated over the chosen
path will yield the original integral, but it is still necessary to evaluate
A, and in fact when the path was chosen it was hoped either that
Jim A = 0 or that the resulting integral could be evaluated. We shall

e
first see if A vanishes, by writing

fl coletudg dy
(

4] < 0 cosh w(p + 1)

1 ee(—ptuw)y d”
j; cosh w(—p + 1)

< 1 [ ga(p+vu)[dy fl ‘ ea(—ptw) Id:'/
~Jo | coshm(p + 1) | | cosh m(—p +1y) |

Since
. 1 ) erlptw) e~ (ptw)
ICOSh 1r(p =+ 1y) l = = | et 4 g~ | > |———f —
2 2 2
L /] .
> §—2£— = sinh 7p
Therefore
(4] <[-Ldy I\ ey _ o + e
=Jo sinh 7p 0 sinh 7p e — ¢
ela=mp 4. g—(atm)p (99'3)
B 1— ¢
and lim|4A|=0
p—on

provided | a | < .

It is now necessary only to locate the poles of the function ¢®?/cosh =z
and determine the residues of those located within the contour C. The
zeros of cosh 7z may easily be found by writing

cosh 7z = cosh =z cos vy + 1 sinh 7z sin 7y

The right-hand side vanishes only for z = 0, y = (n — %), so there is
only one pole within our chosen contour at z = /2.
When (99.1), (99.2), and (99.3) are combined, we have the result

cosh ax

ar +
.fCLObh Tz de=2(1+¢ )f cosh 72 dz

= ZWiR./z(zmT:h‘ﬂ_—z) (99.4)

A convenient way of determining the residues at z = 1/2 is to let
t =z — 1/2, so that
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ld 8411/ 2-tat eai/ 2+at
cosh 7z cosh w(4/2 + &) _ isinh «t
_ ¢*%(1 + at + high powers of ¢)
imt(l + %2+ . ..)
Since by definition the residueis the coefficient of the first inverse power
of (z — 1/2), it is therefore q‘?/’ 2/iw. Substituting this in (99.4), we have
the final result
» cosh ax cm? 1 1
j:' cosh z = —+ e = 2cos a/2 =2 secg (99.5)
A rectangular contour is often successful when the integrand does not
satisfy condition 3 in Sec. 96.

100. The principal value of integrals. In applying the theory of
residues to the evaluation of definite integrals thus far, it has been sup-
posed that the integrand has no pole on the real axis. When the inte-
grand has a finite number of poles on the real axis one may still use the
theory of residues to evaluate the integral, but the value is of necessity
(see Sec. 41) the principal value of the integral. If, for example, the
integrand satisfies the conditions in Secs. 96 or 98 except for a finite
number of poles on the real axis,

m

f * F)de = 2m'{§: Ro,[F(2)] Z Ry, [F(~)]} (100.1)
- p=1

where the term on the right denotes one-half the sum of the residucs of
F(z) at the poles on the real
axis.

In order to see how this
comes about, suppose that
F(z) satisfies the conditions
of Sec. 96 except that it hasa
pole at z = b on the real axis.
A contour C similar to that

*  used in Sec. 96 is used except

6. 100.1 that the contour is indented

at z =b as shown in Fig.

100.1. The indentation is a semicircle v of radius 6. Then as in Sec.
96,

Fydz = [ F@)de + [ F2)dz
S S S,

+f! Pz + f F(2)de

= 2 Z Ro,[F(2)]

p=1
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Passing to the limit p — «, the integral over I vanishes as it did in
Sec. 96, so that

[ @+ [ F@d
= 210 3 R, [F@)] — [ F@d

p=1

By definition the principal value of the integral is
. v—s w
lim [*7° Pa)dz + [ Py

= 2ri Z Ro,[F(2)] — lim f F(2)dz

p=1
The limit of the integral on the right may easily be found, since it is
known that F(z) can be written in the form

F(z) =
from which
001 .
j; F(2)dz = o oie do + coézf ¢*® df + higher powers of §
and lim F(z)dz = —mwicy = —2mi (c;)
50

This indicates clearly why only one-half the residue is required in
(100.1) for the poles on the real axis.

The artifice of indenting the contour is often useful in rectangular
paths. In those cases where the indentation is made when a pole lies
at the corner of a rectangle, only one-quarter of the residue at that
point is required.

An interesting example of the above method of finding the principal
value of an integral is furnished by the integral

1 et ’
I=5- f —dr (100.2)

If ¢ > 0 we may use (100.1) directly, the result being
1 1
I= 2Ro[F(z)] =3
For the case ¢t = 0, the integrand does not satisfy the condition 3,

Sec. 96, namely, lim zF(z) = 0 for 0 < argz < =, so that the con-

|2]—w

tribution over circle T, Fig. 100.1, does not vanish. However

f+p dz + = ZthRo(l) =7
-0 2 2
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and j: f' p“:,;w

Consequently
y lim [*% _
vJ—p 2
——— \J % i Land 4
Fort < 0 one may use the con-
i tour of Fig. 100.2, whereupon
the result is
C L o elT dI _ _l
21 f x 2
Hence I represents the discon-
F1a. 100.2 tinuous function
1 peots ‘ —% for t<0
=5 T Sdr={ 0 dor 1=0 (100.3)
2md -= 1
+1 for t>0

The funection I is closely related to the so-called impulse function used
in the Heaviside operational analysis of electric circuits.

101. Integrals of the form j; * ™1 (z)dz. This integral will serve

as an illustration of the method of treatment when the integrand has
one or more branch points. It will be supposed that F(z) is analytic
except for isolated poles not lying on the real axis (otherwise we would
be dealing with the principal value of the integral, see last section) and
such that lim 27F(z) = 0 for 0 < argz < 27 and h:no 2mF(z) = 0.

Je|—o

In order to evaluate the above integral it is convenient to consider the
contour integral fc (—2)™1F(2)dz over a suitable contour C. If m is

not an integer but either a rational or irrational number, (—2)™!is a
finite or infinitely many-valued function (see Sec. 92) and z = 0 is a
branch point. In applying the theory of residues this point must not
lie within the closed contour, since on going completely around the
branch point the function would not have the same value as at the
starting point, i.e., we must keep the contour on one Riemann sheet.
In order to specify (—z)™ ! uniquely we write
(_z)m—l = e(m—Dlloglz|+iarg (—2) 42kni)

and select the principal value of the logarithm, i.e., k¥ = 0. Then from
Sec. 92, it is known that the principal value of the logarithm and conse-
quently (—z)™1, are single-valued for —r < arg (—z) < w. With this
definition of (—z)™! it is readily seen that the integrand is analytic
except at the poles, and any path C’ as shown in Fig. 101.1a which
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includes the poles of F(z) and excludes z = 0 is a legitimate one.
Here C’ may be deformed in any way without changing the value of

C,(—-z)""‘F'(z)dz, provided no new poles are included within it or
the real axis (argz = 0) is not crossed. In particular the contour can

Yy

(o4
/ 9 K a3 T
az/- °Qz /f&é L
N 1

N 7

x

Fia. 101.1

be deformed to the one shown in Fig. 101.1b, where v and T arc the
circles indicated with radii é and p, respectively. Then

fc (—2)™F(2)dz = 2”":; Ro,[(—2)™F(2)]

=fr +f1 +f; + fz (—2)™'F(z)dz  (101.1)

Over the circle T', —z = pe’*, where ¢ is measured with respect to the
negative real axis and hence goes from —= to 4. Similarly on the
circle 8, —z = de*, and ¢ goes from +7 to —=. On path 1, —z = ze'r,
and on path two —z = ze~i*. When these expressions for (—2) are used
in the appropriate integrals eq. (101.1) becomes

f+" pm=lgm=Diel(— pew)(— pi)c™® de

+f" amletm=DirF(— z¢¥7) (— ¢i* da)

'}

+ [T ametn iR (— o) (— ie'e)de
+j;" gm—lg=(m=Dir P — ge=ir)(— e~ dx)

= 20 3 R [(—2)F(2)]

p=1

Because of the restriction placed upon m and F(x) at the beginning of
this section, it is readily seen that in the limit p — o and 8 — 0 the
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integrals over I' and v vanish, so that the above equation becomes

e"'“’j;w ™ F (x)dx — c“’"i"j:)” ™ F (x)dx

= 210 3 R [(—9)™ ()]
p=1
or

Ty R, [(—2)"F(2)]
j;” 1 (z)de = —2=1 (101.2)

sin mm

This formula obviously does not bold when m is an integer. As an ex-
ample, consider the integral

fw dx
o 2%%(z? + a?)
The poles of the integrand lie at z = ia and z = —1ia; the residues of
(=2)V*1/(2* + a?) are

01/3-—10——(1/3—1)#1/2 01/3—10(1/3—1)11/2

2ai an —2ai

When these are added together,
1 ] _ e+211r/3 p— e—?zﬂ/ﬁ Sin 21I'/3

x R[(_z)m—‘ﬁ + a?

a?!3+19; - abl3

fw dx w sin 2m/3
0

223z + a?) a3 sin 7/3

From 101.2,

102. Contour integral representation of functions. In the eval-
uation of definite integrals, it is often very helpful to represent one of
the functions in the integrand by a contour integral, after which it
may be possible to invert the order of integration, evaluate the definite
integral, and then compute the value of the resulting contour integration
by the theory of residues. The representation of functions by contour
integrals is useful in the solution of differential equations and in obtain-
ing asymptotic expansions (see Sec. 114).

The use of a contour integral representation of a function in evaluating
definite integrals may be illustrated by considering the example

I= j; ® ] y(bx)dz

where Jy(y) is the Bessels function of order zero (see Sec. 169). A con-
tour integral representation of Jo(y) is

dz

1
= A [ wneus B
Jo(®) 2m.fcc e

where the contour C is any closed curve including the point z = 0.
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If this expression is used in I and the order of integration is reversed,

f f —az—(bzl2)(z—l/l) dx
T 2midez

It should be noticed that the path C can be chosen so that the real part
b/2)(z — 1/2) > 0. If b > 0, such a path
is shown in Fig. 102.1. Then if a > 0, the
value of the definite integral is

M

® ol 1 1 <y
—la+(b/2) (z—1/2)]x - —
j; ¢ dz a4+ (b/2)(z — 1/2) \z\A
1 dz
Thus 1 _Ew_ifczz-q—m/b— 1 x
The poles of the integrand lie at
—a+Va + 2
b
—a—-Va' +b Fia. 102.1

and 2 = b

2 =

and of these 2, lies inside of the path C, and 2 lies outside. The residue
of 22 + (2az/b) — 1 at z = 2 is just 1/(21 — 2»), so that

w 1

I = eeno(ba)dr = T °>0 (102.1)

The way in which contour integral representations of functions are
found is largely characteristic of the particular function under consid-
eration. Such representations will be developed when required in sub-
sequent sections, but an example given here will serve to illustrate
something of the general problem. Let it be required to find a contour
integral representation of the gamma function I'(f), where ¢ may be
complex.

The gamma function of a positive real variable has already been

defined in terms of the definite integral [see eq. (40.3)].
I = j; * ptle—s dr (102.2)

so we shall start from this point. The considerations of Sec. 101 lead
one to try the integral

Jo(—2)tede

where C is the contour shown in Fig. 102.2. When ¢ is not an integer,
2 =0 is a branch point and in order to keep (—z)*! single-valued
—x < arg (—z) < 7; consequently the positive real axis should not
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be crossed by the path C. Following the procedure in Sec. 101 and letting
§—0and p— o,
fc(——z)‘“le"‘ dz = —2isin wtﬁ)“ zle~z dx

The path C can be deformed O}(x any way so long as it starts at infinity
bn the positive real axis and goes around

y the point 2z = 0 in the positive direction
5 and then to infinity on the under side of
o= the real axis. This type of path is some-
N # % times referred to as a Hankel contour and
indicated by :OH. The contour integral

116, 102.2 representation

=1 grob )=yt

) = 5re _L (—2)=1e dz (102.3)

has been established for ¢ > 0 and not an integer. This expression,
however, serves to define I'() for all real and complex values of ¢ except
t=0, £1, £2, +3, ...
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PROBLEMS
Evaluate the following integrals.
27 do
95.1. j; 1 — 2acosé + «

2n cos? 36 d6
95.2. _fo 1 ~2acosf + ot
95.3. f o ew-’(“?s) (0 — sin 6)dd.
0 BIn
2 de
95.4. j; N
© dz
96.1. f_«° T

® rtdx
96.2. f o (@ F b)Y



Ch. 7] Resipues AND COMPLEX INTEGRATION 181

© dz
ws. [O ermaTer
® g 8in Az
z? + i dz
z sin Az
e

Js
J
97.3. f @ °s Az gin (a sin A\z) ﬁ%ﬁ
N
S

sin ax
ez — 1
sin =
d.
sinh 2

dz.

sinh z
100.1. If an integral exists, its value is the same as its Cauchy principal value.

Hence evaluate
® Rin tr
[
0 z

Evaluate the following integrals.

w dx
101.1. j; S
Hint. Use contour of Fig. 100.1.
dz
0 a:"(l - z)
llog z dz.
101.3. f e
Hint. Expand e in Taylor’s serics.
b dz
101.4. f
@ (@ =V —a)(b—2)

for a, b real b > a, ¢ not on axis between a and b.

99.3. j; " LCORAT 4

101.2. P




Chapter 8

/

/

REPRESENT“ATION OF FUNCTIONS BY
INFINITE SERIES OF FUNCTIONS

103. General remarks. In Chapter 6, some of the general properties
of infinite scries of functions were considered, as well as the determina-
tion of the coeflicients in power series and Laurent series, and tests to
establish absolute and uniform convergence were given. In this chapter,
certain practical aspects connected with the representation of functions
in power series and series whose terms are powers of a given function
are discussed. The problem of inverting such secries is treated in some
detail. Methods of determining the asymptotic expansion of functions,
of so much practical importance, are given. The representation of
functions by series of orthonormal functions is deferred until Chapter 12.

104. Laurent expansion of cot z and Bernoulli numbers. A typ-
ical example of a simple Laurent expansion is furnished by that for
% cot z/2. The coefficients in the Laurent series may be found by the
application of formulas (91.1) and (91.2), which for the function under

consideration become
cot (2/2)dz
Cn Z'n .I::, : /2 (104.1)

—n+1

_ 1 3 cot (2/2)dz
Ctn = 5 f( (104.2)

zntl

where the contours C; and C. encircle the point z = 0. Since for
n = 2, 3, ... the integrand of (104.1) is analytic, the contour integral
is zero from Cauchy’s theorem. Consequently, one term having an
inverse power of z occurs in the Laurent expansion. The coefficient ¢_;
is easily found by the method of residues, so that
c = 51—1” C;cot dz = lei_r';\zcotg =1
The integrand for ¢, has a pole of order 2, so that the method of res-

idue giveb
3 cot (z/2)dz I: . _
= om -':72 da\? oty l—o =0

182
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The coefficients for positive values of n can be found most easily when
it is noted that the integral (104.2), in accordance with (87.2), is

_ 1 p jcot (z/2)dz 1 [d""" (1 ]
“=amda 2t Tt Dilae22%2) ], (1049
This is just the coefficient in the (n + 1)st term of the Taylor'’s ex-
pansion of 3z cot z/2. Since this is an even function, only those de-
rivatives for which » 4+ 1 is even give any value at z = 0. Hence
€1 = [—1/(2n)!]B,, and

A i (104.4)

h By= — [ L1 ot 2 ] (104.5)
where n = ot )| .

The numerical coefficients B, are called Bernoulli numbers. They occur
in many such expansions. The numerical values of the first few are
By =4 By =, By = 3, Bi = o, Bs = 5, Bs = &, Br =4, ete.
These numbers were tabulated by Adams in the British Association
Reports for 1877.

105. Expansion of a function in powers of another function.
1t is often advantageous to expand an analytic function f(z) in powers
of another analytic function w(z) so that

J@) = ko + kow + kaw?® + ksw® + ... (105.1)

The practical problem at hand is the determination of the coefficients

ki, ke, ... . It will be supposed for the present that the function w(z)

may be represented by the power series

w(z) = ¢z + e+ c2® 4+ ... (105.2)

whose circle of convergence in the z plane is C’. Let C be a circle within

C’ so that w(2) and f(z) are analytic for all points on C as well as within
it. It will further be supposed that w(z) has no zeros on C.

The function f(z) may be expressed in terms of the contour integral

_ 1 fOw'(t)

f@ 2mi wa(t) — w(z) a (105.3)
where w’(f) = dw/di. This may be verified by applying the theory of
residues (see Sec. 93). The residue at { = z is
. (= 2)fOw(t)

200 - w)
i (t = 2w ()
e W) +WE(E—2) + W R —2)/20+ .. —w)
= f(2)
which justifies (105.3).




184 INFINITE SERIES OF FUNCTIONS [Ch. 8

Since w(t) has no zeros on C, a value of z inside C can always be chosen

J(t_) < 1, when ¢ is on C, and we may write

JlO40) [OwQr, | wE) | we)
fcw(t) — ,w(z) dt = c 'w(t) Ll —+ — w(t) —+ wz(t) + .. ]dt

so that

so that
f@) = ko + kxﬂ)(?/( + kaw?(z) + kawd(z) + ...
where !
_ 1 [l
o = 50 fomwi) (105.4)
Referring to (105.2), it is readily seen that the integrand has a pole of
order n + 1 at ¢ = 0. The integral may be evaluated by the method of
residues (see Sec. 94). Formula (94.2) gives for the residue of the inte-
grand at ¢ = 0, the value
i 1 d[fw' e
10 nldi] wrt! ()
so that
1l [ @
kn = A [dz" W@ o (105.5)
For n > 1 a simpler expression can be obtained by integrating (105.4)
once by parts. Then

k. = fow't )dt

2.". ¢ ! (t

[ ar_1
= 27rl cn dt[w"(t)}”

1 1@
= onmi cw(t)

Applying the residue theorem again,

e = ‘n'{dz"—lf C )['w(z)—’ 1 n=123, ... (1056)

- ) zd
From (105.5) or (105.1) directly, it is clear that ky = f(0). The series
f@) = f0) + kw + kaw? + ksw® + ... (105.7)

is called & Burmann-Lagrange series.
If the function w vanishes only at a point z = @ and the series
w=clz—a)+telz—a?+ ...
is finite and converges on and within a circle C' with center at a, and if
f(z) is analytic in the neighborhood of z = a, expressions (105.7) and
(105.6) take the form
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1@) = f(a) + kw + kaw? + kaw® 4 ... . (105.8)
kn = {:il;,,_llf (2) l: o) ]"} 3 n=12 ... (105.9)

As an illustration of the above method let it be desired to expand
¢ = f(z) in powers of w = ze~*. In the first place f(0) = 1. Then

_Afat 2\ bad7 oim.
b = n![dz"—‘ be (zc—‘) l_g = [dz"— ¢ 0

b(b + n)»!
n!

kn =

Thus o=y 3 LA (105.10)
n=0

As another example, let f(z) = sinh?z be expanded in powers of
w = ze*. In this case f(0) = 0, and

kn = —( d"__ 2 sinhz coshz c*’"“)
n\dz"!

n—1
= 71'((?2" - sinh 2z (—“"’)

z=0

z2=0)

= E0% an — 2~ (an + 2]

sinh?z = ~Z (== 1) an — 2)"1 — (an + 2)»1]zne—ee (105.11)

7:-:0

106. Inversion of a power series. It frequently happens that one
has a function w(z) expressed as a power series in 2, so that

w=ce+ e+ e+ ...

when it would be more useful to have z expressed as a power series in w.
The process of doing this is called inverting the series. The problem of
obtaining the coefficients

2= k{w + ’Cg’w2 =+ Icgw“ + e (1061)

is merely a special case of the more general problem treated in the
preceding section in which f(z) is z itself. Thus the Burmann-Lagrange
series (105.7) reduces to (106.1), and formula (105.6) for the coefficients
becomes

1 [dr! 2z
ko = ﬁ( : )._o (106.2)
since f/(2) = dz/dz = 1. In case

W) = ez — ) + e — @)t + ...,
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then 2, in the neighborhood of a, may be expressed as a power series
in w by making use of the relations (105.8) and (105.9) with f(z) = .
The inversion process may be illustrated by inverting the series

w = 20— = Z_L 1
p=0 D

Applying formula (106.2), /

dz"!

2 = E (an)" w* = Z (a’n)" ZreTans
n! —~  n!
n=1 n=1

Pl d'n-— anz ‘ i l n—1 _
kn = n'( e )“0 = n!(an) n=123, ...

The above process of inversion often proves useful by providing a
power scries solution of transcendental equations. As an example,
suppose we wish to express z in the neighborhood of a as a function of w
when they are related by the transcendental Kepler equation

z2—aq
w =

pra alz — a) + ez — a)2 + (106.3)

This equation is encountered in theoretical astronomy.
In this case, formulas (105.8) and (105.9) must be used. These be-

come
dﬂ—l 1 dn—
kn = ( proe] sin” z I = sin" a

and

2z = a + sina w + sin2a w? + — ((%snn”a)w3+

n—1
-+ ;,(;n_lsm a)w" “+ ...

107. Expansion of functions with an infinite number of poles.
A function f(z) such as 1/sinz which is analytic everywhere in the
complex plane except at the isolated poles ai, as, a@; ... can be ex-
panded in a series of rational fractions. Let f(z) have poles at the
points z = a;, @, @, ... , which may be placed in order so that
la;| £ a| <las] £ .... It will also be supposed that circles Ci,
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(s, Cs, with centers at the origin having increasing radii 1, Ta, T3 ...
can be drawn so that no circle passes through one of the poles a.,, and
that on these circles | f(z) | < M in-
dependent of the circle considered.

The meaning of these conditions
can be made clear by considering
the example 1/sin z. This function
has poles at z = am = £mx, m = 0,
1,2,3, ... asshownin Fig. 107.1. The
above conditions concerning the cir-
cles Cy, Cs, etc., can be satisfied if

<

= (m + %)w. Furthermore

sin 2
< M for all circles.
The residue theorem (sce Sec. 93) Fc. 107.1
allows us to write
1 f(2) _ - [ /(2) ]
5 Jo o 42 = 1) +Z_;Ra. p (107.1)

where ¢ is any point in the complex plane inside C, except one of the
poles. The right-hand term is the sum of all the residues of f(z)/(z — f)
at the poles of f(z) inside C,. In the neighborhood of z = g, the func-
tion f(z) has the form

o) = =
and R, [;ﬁ—_z)t] —lmG—a )i(—z—

z2—an ar — t

However, c_; is just the residue of f(z) at z = ax, so that (107.1) may be

written
1 i(z_> & Ru[f(z
2_” dz = (1) + ké_l p— (107.2)

The intcgral on the left may be eliminated by writing

[(2)¢
2ri f..z - t 27r1.f Je ) 2.“' fC..z(z dz (107.3)
Applying formula (107.2) to the first 1ntegral on the rlght gives

dz R [f(2)]
2mff()—f«»+k§=; ”

provided f(z) is analytic at the origin. Con‘abining this expression with
(107.3) and (107.2),
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1) = $0) + fRa. /@) (1~ . )

t— ax

+ o fc m—f@— dz (107.4)

2(z — 1)
If the tim f L2 g -0
Tm—® C"‘Z(z )

we have the desired expansion. Since

fc..z(z—t) f...lz(z t)lldzl<Mf1|7‘m|f|tl

it is clear that the limit is zero.

Consequently if f(z) is an analytic function everywhere in the com-
plex plane including z = 0 except at the isolated poles ai, as, a3, ... ,
and | f(z) | < M on all circles C,, then

J@) = 1(0) + ER(,.[f(z)] (z — (107.5)

The sum extends over all the residues in the complex plane, which may
be finite or infinite in number.

This type of expansion will be illustrated by the example f(2) = csc 2z
mentioned above. Csc z satisfies all the above conditions except it
is not analytic at the origin. This can be taken care of by writing
f(z) = cscz — 1/z. Here a;, = xkx and f(0) = 0. Furthermore

Rulf(e)] = lim (5507 - 2= ]T)

sm z z

t 3 __ ¢
'léiﬁ[sin (z+lc1r) £+/mr]

.__._— —1)*
=l G - Y
When these expressions are used in (107.5),
cscz =~ + k;ﬁ (—=1)* m (107.6)

The prime over the summation indicates that £ = 0 is omitted,

108. Infinite product representation of a function. It is pos-
sible to represent a certain class of functions by an infinite product.
Aside from the practical use of such representations, they often exhibit
more clearly the properties of the functions so represented. It will be
supposed that f(z) is analytic everywhere in the complex plane and has
simple zeros at the points
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ay, Gz, @3, ..., where lim|@.| =

n—wo

The function

'@ _ f'(ar) + f"(an)(z —an) + ...
f@) ~ fllan)z — ax) + [f(ar)(z — ax)?]/2! + ...

will possess poles only at the points ay, as, as, ... . If it satisfies the con-
dition stated in the preceding section, formula (107.5) gives the expan-

sion
&) _ ' o711
i =70 T Z [l Eata)
Furthermore, the residue

PO i ol @ _
R‘“[f(z)] = lim (z — a0’y

When this result is used and the above expansion is integrated from 0
to 2z, term by term,

1),
log f(2) = log f(0) + == 70)°

+ A; {log (z — ax) — log (—ax) + aik}

or 1(2) = f(0)e/ @2/ +§:} log (1 - ;f‘.) +2
= w50 T — E\w
(0)e L]_Il [(1 m>( a-] (108.1)

This infinite product representation brings out clearly the zeros of the
function.

As an example, we shall give the infinite product representation of
the function (sinnz)/z. In the first place f(0) = n and f/(0) = 0.
The zeros occur at

nr = km k= £1, 2, £3, ... sothat ax = }inlr

Formula (108.1) then gives

. 0
s nx ’ nr
—_ = |I 1 — — )en=lkr
z ( kr)

k=—w

n ﬁ (1 —_ F)c"”kr (1 + ) —nz/kr

=1

][ (2 ( e 2) (108.2)

k=1
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The special formula when » = 1 will be required later, i.e.,

sinz _ 1I (1 - —z—z—z) (108.3)
k=1

z k*r

109. Infinite product representation of the gamma function.
Certain properties of the gamma functions follow easily from the in-
finite product rcpresentation%nce the poles of the gamma function
have not been given, it is not possible to find the product representation
directly from (108.1). However, we may proceed from the relation

T(z+1) = 2I'(2) (109.1)
derived in Sec. 40. When this relation is applied repeatedly to
T(z+n+1), we have

T(+n+1) = 2+ n)'(z + n)
=(z4+nE+n—1)...2I'k)
By taking the logarithm of both sides,

log T(z+n—+1) = Z log (z + k) + log T'(2)
E=0

On taking the sccond derivative of both sides with respect to z, the
functional equation

d*logT(2) < 1 &
B ,;,(z + k)? + 5 log Te+n+1)

dz?
satisfied by d? log T'(z)/dz? is obtained. It is readily seen that the func-

tion f(2) = 2 1/(z + k)? satisfies exactly the same functional equation,
=0

since
1
Je) = E(z+k)2 Z(z+n+1+k>’
e RV RS
Consequently,

d*log ' > 1
%@ =fG) =3 [PEWSE (109.2)

‘We are now in a position to obtain the product representation of I'(z)
by integrating the above relation from 1 to z, which yields

iz T'(1) 1
I'(z) —m~zl+k z+k

1 L
= —;+k_l<75_z+k)
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2IV(z) + I‘(z! Q)
or T T T Z (k o k)

When the relation (109.1) is used, the left side is readily seen to be

%log T'(z + 1), whereupon the equation can be integrated again from

0 to z, giving the result

log T(z+1) = F((ll)) + E ; ]og( —) (109.3)

The value of I'(1) is of course 1, and the value of T'(1) can be found
by placing z = 1 in eq. (109.3), so that

—r'a) = k ~ log (1 + ]1) — = 057721  (109.3a)

The constant C is referred to as Euler’s constant. ¥From (109.3) the
product representation immediately follows.

. S
I'(z) = LI T 370 (109.4)
This form shows clearly that I'(z) 1s analytic at all points of the complex
planc except at the infinite number of polesat 2 = 0, —1, -2, —3, ... .
Furthermore, it does not vanish anywhere, so that its reciprocal

.1_ —_ z(,c‘z ]:1 !___}._g C—zlk (1095)

is an analytic function everywhere in the complex plane, having zeros
atz =0, -1, —2, =3, ....

Several very useful relations satisfied by the gamma function can
be obtained from the above representation. As an example, (109.4) gives

1
TET(—2) = =3 kH i 22 T (109.6)

But from (108.3),

f[ o
o \1 — 22/k2 sin z

— T
z sin 7z

so that ()T (—2) =
or using (109.1),

(109.6a)

T()r(l—z) =

(109.7)

sin 7z

Another very useful formula can be derived from the product repre-
sentation, namely, the multiplication formula of Gauss and Legendre.
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T(@T(z4+1/n)T(+2/n)...Tz+(n~1)/n]
= (zﬂ-)(n—l)lznlﬂ—n:r'(nz) (109.8)

An important special case of this formula gives a formula of great use
in converting gamma functions of half integer values of the argument.
This is obtained by letting f 2. Then
1
+_

I‘(z)l‘( ) = V/2x22-27(2z)

2
= V721-2T(22) (109.9)

110. Properties of asymptotic expansions. When the result of
calculations is expressed in terms of complicated functions or integrals
which cannot be evaluated in terms of ordinary functions, it may suffice
to have an asymptotic form of the result valid for large values of the
variable or some parameter. In certain cases an asymptotic form may
be a series of inverse powers of the large quantity, in which case one
speaks of the asymptotic expansion of the original function. A simple
example will serve to illustrate the nature of such expansions. Let f(z)
be defined by the integral

flz) = f " et dt (110.1)

where z is real and positive. After performing n integrations by parts,
f(z) may be written

—1)n—1 — ] w0 pT—t
+ ... +(_L(ﬁ___1L+ (_l)un!j; c,.+1(”

" t

»
It is instructive to inquire into the convergence of the series Z Unm
m=0

where

_(=D)mYm = 1)!

Um—1 = ™
If the ratio test (see Sec. 76) for convergence is applied,

tim el i e forall o

m~—ro l Um—1 ‘ mow T
This shows that no value of z exists for which the series converges.
However, even though this series diverges for all values of z, a certain
number of terms can nevertheless be used to compute the value of f(z)
very accurately for sufficiently large values of z. For this reason such
an asymptotic series is sometimes called a semiconvergent series. In



See. 110] INFINITE SERIES OF FUNCTIONS 193

order to see how this happens, let
S, = Z U

be the sum of n + 1 terms of the series, and consider the difference
o

J@) = Sula) = (=D + D17

The right-hand side of this equation provides a measure of the accuracy
with which f(z) can be computed by any choice of x and n. An estimate
of this can be found by writing

@) = Su@) | < (4 D1 L

! {nt2 l
- dt !
<@+ h =0 (110.2)

Thus the error in computing f(z) by means of S, is less than the term
on the right. It is important to notice that for a given value of z there
is a value of n = N for which n!/z**! is a minimum. Consequently
N1/x¥+1 is a measure of the ultimate accuracy with which f(z) can be
computed by means of the semiconvergent series.

It is of interest to determine the value of N. This can conveniently
be done approximately by noting that n!/az"+! < n"=1/z"*+! and finding
the value of n which gives the minimum value of n*~!/z"+! in the usual
manner. This leads to the relation

n(l + log g) =1 (110.3)

An approximate solution of this equation is
N = geo/=! (110.4)

For the case where + = 10, N = 5, so that the greatest accuracy would
be obtained by using 5 terms in the series, and the error would be less
than 0.00012.

The above example brings out certain of the general characteristics
of asymptotic expansions, the formal definition of which is given below.
A divergent series

a4, & an
w+2+04 L+
in which the sum of the first n + 1 terms is S,(2), is said to be an asymp-
totic expansion of f(z) for a given range of values of the arg 2, if

Ru(2) = 2"[f(2) — 8a(2)]

is such that lim R.(z) = 0 for a fixed n, even though lim | R,(2)| — «

|2|—e
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for a fixed z. Since f(2) is never exactly given by any number of terms
of its asymptotic expansion, one usually writes

= a0
) = 2o

It is readily verified that the serics considered in the example above
satisfies the formal definitipn of an asymptotic series, since for positive z,

!
Ro@) = 2"[J@) = Sa@)] <=
so that lim R,(x) =0 for n fixed

|z}

and lim R.(z) = » for x fixed.

n-—re

111. Calculations with asymptotic expansions. A few useful
facts concerning manipulations of these expansions such as multiplica-
tion, integration, etc., are given below.

In the first place it should be noted that every function does not
possess a unique asymptotic expansion. This means that several dis-
tinct functions might happen to have one and the same asymptotic
expansion.

Multiplication. Given the asymptotic expansions of two functions
f(z) and g(2),

f& =~ Y ar, gl =Y b
n=0 n=0
valid for a common domain of values of z, the two series can be mul-
tiplied together in the same manner as ordinary series, and the result
will be the asymptotic expansion of the function

@0 = P

n=0

where Cn = aobp + arbuy + @b+ ... 4 azbo

Integration and Differentiation. The asymptotic expansion of f(z) can
be integrated term by term over a range z < z < «, and the result will

be the asymptotic expansion of j;w J(2)dz.

It is not in general allowable to differentiate an asymptotic expansion
term by term. Simple criteria as to when this is possible cannot be
given. For certain theorems regarding the process of differentiation of
such series the reader is referred to a paper by Ritt, Bull. Am. Math.
Soc., 24, 225 (1918).
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112. Methods of obtaining asymptotic expansions. There are
several ways of obtaining asymptotic forms of a given function; the
particular method to be used depends on the nature of the function and
how many terms in the expansion are required. The most useful methods
will be used on typical practical cases in order to exhibit the various
aspects of the problem. One nearly always proceeds from an integral
representation of the funection in question. This may be either an
ordinary definite integral or a contour integral over some path in the
complex plane. One way of proceeding from an ordinary integral rep-
resentation has already been illustrated in See. 110. The first part of
the problem is to obtain an integral representation of the function.

As a first example, consider the function

J@) = Z P((n :)-1) 0<a<l (112.1)

defined by a series convergent for all finite values of z. In order to ob-
tain an integral representation of f(x), an integral represcntation of the
reciprocal of the gamma function is needed. It is convenient to start
with the representation

@ = 24 sin wl f

given already in (102.3). This may be converted into a representation
of 1/T'(¢) by making use of formula (109.7), whence it is seen that

1 (sina)T'(Q — 1)

OByt e (112.2)

T T
Consequently
1 _ o
ke 27rf_, (—2)~tc—* dz (112.3)

When (112.3) is used in (112.1), the function f(z) becomes

J@) = =3 (= [P (—ayreier e

n-[)

Inverting the order of integration and summation,
i[O+ (’" S
1@ =5, [ S Sl e

1 f(o+) e 1
= or (=2) 14+ a/(— z)"
The series has been summed by noting.that

Aty = (—yr

n=0
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The above expression may be rewritten as
1O+ e dz
@ == . a0 T s (112.4)
and the denominator may be expanded in a series of inverse powers of x,
so that

e |

£ z

(=1 [('—z)] + Ru(e)

x

When this is placed in (112.4) and integrated term by term, the result-
ing integrals are gamma functions according to (112.2).

1 . I'(20) sin 2ra | T'(3a) sin 3ra
flz) = o [I‘(a) sin ra — po + por
+ (=11 1%@] +G.2) O0<a<l (112.5)

The number of terms required to compute f(z) as accurately as possible
for a given z can be determined by the method outlined in Sec. 110.

113. Asymptotic form of the gamma function. The asymptotic
form for the gamma function will be found by two methods, each of
which illustrates quite a different mode of attack. To illustrate the first
method we start with formula (109.2).

d?logT() < 1
e =2 Gt he (113.1)
The first task is to find an integral representation of the series on the
right. In doing this a method

y ny+pi notpi  Will be followed which can be
-— used quite generally for series

G of this type. The guiding

l l thought here is to look for a

contour integral of a function

m rL—e—’e‘—e—é‘—eq 172 for which the sum of the resi-
- L x

dues is essentially the right-
hand side of (113.1).

| ’ We are led to try a contour
C, integral of the form
- pi ny= pi f _Jdt
e~ — ]
Fia. 113.1

for reasons which will be im-
mediately apparent. If f(¢) is analytic, the integrand has poles at all
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integer values of {. The contour C; to be selected is shown in Fig.
113.1; it traverses the indented rectangle with corners at ni, ns, n, +
pi, 7 + pt, wheren; and n. are positive integers. The indentations occur
at the poles of the integrand. As was shown in Sec. 100, the contribu-
tion to the integral over the semicircular indentations will be minus one-
half the residues at the points in question. When the indentation is
a quarter circle, the contribution will be one-fourth of the residue. With
this in mind one may write

_J®
Jormiga=

fn——(&)_—mw Jm) + 3 Ju 1) + -+ = 1) + ()

y eimT

Pf(ne+zj)1 ,Z(r+m) Of(nr*-“/)Z
+f ety — d’l/ + na e—zn(+p11 — dx +f ety — =0

The contour 1ntegral must be zero, since C; contains no poles of the
integrand. It will be assumed that f(¢) is such a function that

lim m_ fl@tpr) dx

o ne e+z1rp—2nz — 1

vanishes. Then
—'f(nl) + me(n1+k) +—f(nz) + f ___;&)__dx

= [atiy) = futiy); 0 _ o (113.2)

0 et — 1

+

This result can be simplified by a similar expression found by integrating
f@®) /(e — 1) around the contour C., which is also indicated in Fig.
113.1. This gives

1 1 ne—1—-m 1
_.[If(nl) +3 kZ_:l fna+k) + —f(nz)] +f" p—ﬁ’%dq‘
o [f(ne—ilé)m j(;n—wﬂ Yy =0 (113.3)

By subtracting (113.2) from (113.3),
ne—1—m
H 4 2 St + 3

- J;" o)z + 1 ﬁ)" [fa—1y) — flm—1y) — f(natiy) +J’(nl+zy)]d

erv — 1
(113.4)
The left-hand side of this equation can be made equal t8 the right-hand
side of (113.1) by letting

and n;, =0

1
0=+
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and passing to the limit n; — «, and finally adding a term 37(0). C'onse-
quently,

d? log I‘(z) Z + _dx

= (2 —l— k) Zz’ 0 (z + z)?
(= 1 1 dy

+if; a7 W - (z —rlm
/ +4 dy (113.5)

o (zz + yH2etm — |
This expression may be mtegrated twice with respect to z, so that

log T'(2) =<z——>logz+(A T R

(113.6)

where 4 and B are constants of integration, the evaluation of which we
shall defer until later. The remaining integral may readily be expanded
in a power series in 1/z by noting that

b —1)n—1 2n—1
tan-1%=ﬂ_ll+1” + +(_L<§> +

z 322 52 2n — 1
Thus
« tan—! (y/2)dy (— 1)" ‘B,‘/l 2n—1
2.’:3 e — 1 Z z
B, ® 21 dy
where m =) ————(}m —

is an integral expression for the nth Bernouli number (see eq. (104.5)
for another definition of B,). Taking the exponential of eq. (113.6)
and inscrting the values A = 0; B = } log 27 as determined in the next
few paragraphs, one has the asymptotic form for I'(z) for large positive
values of z.

— 1 139
T() = Vare (1 +12. T o882 T 518408 T ) (113.7)

Another rather different method of approach starts from the definite
integral representation of the gamma function (see Sec. 40),

T(z+1) =j;m tre—t dt
It is convenient to change the variable of integration to ¢ = zs, so that

T(z+1) = a7+! j; ® s7em ds

I

= zz+le—:j;w e—z(i—1=log &) g

prHlg—e j; ® o=sI@ s (113.8)
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The purpose of the change in variable was to make the large quantity z
multiply everything in the exponential and thus make the integrand a
rapidly varying function of s. The function

e—zf(a) —_ e—:r(a—b—]oz 8)

is plotted in Fig. 113.2 for several values of x. It is readily seen that
this function has a maximum value of unity at s = 1 for all positive
values of 2. The larger the value of x, however, the more rapidly the
value of the function falls to zero on either side of s = 1, and the greater

[ PR S,
P O,

1-e 11+e s
~xfls
e
| —— - X2>X
1
o x=x
1 ] 1
1 1 1 -
BN
1 1 1
] 1 ]
1 1 1
1-¢ 1 1+e s
Fie. 113.2

the contribution to the value of the integral that occurs for values of s
in a given interval 2e¢ about the point s = 1. Consequently, we write

Jo e ds = 17 [T [T e ds (113.9)

The aim here is to select a value of e such that for the range of = to be
used, the contributions of the first and last integrals can be neglected.
It is consequently necessary to establish an upper limit for the con-
tributions of these integrals. This may readily be done by assuming
that 0 < ¢ < 4. Then since

s—l—logs=ﬁl<l£—-1>d£2ﬁl(l—E)d£=%(s~1)’
1<s<1 (113.10)
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.s—l-—-logs=f:(%—l)dzz‘f:gﬁfyds-—:%(s—1)2
1<s<4 (113.11)
s—1—logs>22 —logs>1is 4<s (113.12)

4 2
it is clear that

1—e ©
—af(s) ~zf{)
j; e ds +f1+e e ‘ ds
<f1“ o=@/ (=11 Jg +f4 o= /B =12 ds +f‘°e—n/z ds
=Jo T+e 4
<fl—‘ e—7¢/2 ds + f4 e=2¢/8 (s + 2 e~
—Jo 14 x
o 2
< emm(l — @ F @ — o) H - e
< He—=e/8 x> 2

Consequently .
Tz +1)ez—=1 = j; T e ds + 5 (113.13)

where 8 < 5¢—7</8. The evaluation of the above integral is accomplished
by expanding f(s) about the point s = 1, so that

1s) = 1) + /(DG — 1) + L ‘”(s D? + g(o)(s — 1)°
and since f(1) and f'(1) are zero and f"'(1) =
76 = LS 4 s - 2

Since | g(s) | £ M = } in the interval (1 — ¢) < s < (1 + ¢), we may
write

f!+((‘—'r/(") ds
1—e

272 —_— 8
[ ~<z/2><~—1>*[1 — agl9(s — 1) 4 TEQL =T .]ds
- 1 + terms not greater than
= o= (x/2)(s—1)°g
- ¢ ds Ma:“+MTE+...

Also
f‘ The @/ 6-Digg
-

= Z\E J;\/;/—z'e—"’ dv = 2\/% (j;“ e~ " dv —f:r_/zee-”’ dv)

5 1 + terms not greater than
™

r \%re"’/‘*’(l e Vaetl 4 )
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The additional terms on the right-hand side of this equation are less
than or of the same order of magnitude as & occurring in eq. (113.13).

A value of € should be chosen such that lim § = lim 5—=%8 = 0 and at

the same time lim e’z = 0, thereby making it possible to neglect such

terms for sufficiently large values of x. A suitable choice of ¢ would be
€ = x—2/5_
lim 5¢=#"/8 = 0 and lim e’z = lim 215 = 0
- T .
Using the equations above in eq. (113.13) and noting that the dom-
inant term in the terms to be neglected is Mxz~'/5, we obtain the asymp-
totic expression

T'(z+1) = V2re—z7+12 (1 + a term of order z~/5) (113.14)

Thus for very large values of z,
T(z+1) ~ V2re—rg=+ui2 (113.15)

For large enough values of  this formula agrees with the more accurate
formula (113.7) already obtained.

The values of the constants A and B in (113.6) can be found by tak-
ing the logarithm of (113.15) and comparing this with (113.6) in the
limit  — o, where expression (113.15) becomes exactly the value of

T(z+1). It is readily seen that A = 0 and B = log V 2.

114. Method of steepest descents or saddle point method.
‘Whenever the function for which an asymptotic expansion is desired is
expressed in the form of a contour integral, the method of steepest
descents may furnish a very convenient method for obtaining the
asymptotic form. The general features of the method may be illustrated
by considering the contour integral

fc e gt (114.1)

The success of the method requires that the real part of f(¢), denoted
by Rf(t), become negatively infinite at both ends of the path of integra-
tion C. Assuming this to be the case, then when Rz is positive and very
large there is only a very small contribution to the value of the integral
near the ends of the path C. This contribution becomes progressively
less as Rz increases in value.

The immediate object is to deform the path C so that there is very
little contribution to the value of the integral over the entire path except
in the immediate neighborhood of one or more points on the path where
practically the entire contribution takes place. For purposes of illus-
tration, suppose that Rf(f) when plotted above the complex ¢ plane is
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the surface shown in Fig. 114.1a. In accomplishing the aim mentioned
above, the first thing is obviously to deform the path C so that it passes
through the point f, of Fig. 114.1b, for which Rf(t) takes on its maximum
value for an appropriate integration path. This occurs at P in Fig.
114.1a. The second thing is to orient the path C so that most of the
contribution to the integral occurs in as confined a region in the neigh-
borhood of # as possible/ This will be realized if the path C' on each
side of ¢, is chosen so that as we proceed on it away from &, the value

(a) e

RAY —

¢ plane

Fic. 114.1

of Rf(t) decreases as fast as possible. The theory of functions of a com-
plex variable provides a very convenient method of determining this
path, which we shall call S. In the first place, if planes parallel to the
zy plane are allowed to cut the surface Rf(f), the intersecting curves
shown in Fig. 114.1a when projected into the zy plane will give rise
to the constant level lines shown in Fig. 114.1b. When ¢ is allowed to
traverse one of these curves, Rf(f) = constant, so that conversely the
equation Rf(t) = constant determines the constant level lines in the
zy plane. The path S of steepest descent will be one which passes
through # and intersects the constant level lines at right angles. The
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equation of such paths is given by setting the imaginary part of f(¢)
equal to a constant, thus g7(t) = constant. This follows from the prop-
erty of analytic functions, and can easily be shown by writing

@) = w(z,y) + iv(z)y)
where u(x,y) = constant gives equation of constant level lines, and
v(z,y) = constant paths of steepest descent. The tangent to the con-

stant levels lines is
((_ig) __du/éx

dz),  ou/dy
The tangent to the paths »(z,y) = constant is
dy\ _ _ dwfox _ dufdy _ 1
de), —  ov/dy du/ox  (dy/dx),

This is just the condition that the tangents at the points of intersection
of the two sets of curves are at right angles. The intermediate step
follows from the Cauchy-Riemann cquations (82.3). Therefore in order
to determine the path of steepest descent it is necessary only to set the
imaginary part of f({) equal to that constant which makes the path go
through the point ¢, for which Rf(f) is a maximum.

It should be pointed out that the equation §f(f) = constant may have
more than one solution, as it would have when the surface Rf(¢) has a
saddle point as shown in Fig.
114.1a. Then it is important b
to choose that path for which C
Rf(t) decreases as one proceeds / :
away from the saddle point .

The point # will be one for x
which i

ou_ou_o_df

dr  dy dt -

Further features of this Fie. 114.2
method may be brought out
best by an example. The example chosen has actually occurred in
practice* and is sufficiently complicated to illustrate various aspects
of the method. Let it be required to determine the asymptotic behavior
of the function

o~

F&) = [ e —w( 1 /2)k"/4 dt (114.2)

for large positive values of the parameter k. The path of integration C
is shown in Fig. 114.2. The integral (114.2) can be written in the form

* Fritz Sauter, Z. Physik, 69, 748 (1931).
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F(s) =fce"(" dt
which then resembles (114.1). Here
k2 t+1/2
= —g% 4 By, LT
h(t) s+ 1 1 =2 (114.3)

In line with the above discyssion, the saddle point ¢ is found by solving
the equation /
dh) | W =i\ _
a - ST \eFi) =0

There are two solutions of this equation, namely,

1 k2 1 [k2
h=5af5 =1 t2=—§,/;2—1 (114.4)

and two situations to consider. In the first place if k‘ > 1, then ¢,

and i, lie on the real axis, but if

I < 1, they lie on the imaginary axis.

We shall investigate the two cases separately.
Case 1. k > s. When h(t) is separated into its real and imaginary
parts,

k(. _y+3 y—3

sk — — 1 -1

Rh(t) = —s% 1 (tan p — tan . ) (114.5)
24 (y + B
2t + (y = 3)°
It should be noted that at the ends of the path of integration Rh(t) — —
as required. In this case

2
t1=$1 %1’1{-—1 and tz=—x1

To see which or both of these points we require, we must examine
Rh(z,) and Rh(—z,).

k?
R = g2y — = -1
h(x1) 8%y B tan 2

2
gh(t) = —s% + s—log (114.6)

Rh(—2,) = s%; + lc—ztan“ L
! 2 2z,
and the maximum value of Rh(t) occurs for the point &, = —u,, 8o that
we should now find the path of steepest descent passing through .
As mentioned above, this path will be found from the equation
Jh(t) = gh(ts)
or using (114.6) and the value gh(t) = 0,
e 72 + @+ _
sty + 8 T (y = ) 0 (114.7)
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This equation can be rearranged in the following convenient form.

o TR GAR

2?4+ (y— 32 22+ (y — §)?
2
Then z==xVycothwy — 32+ 1) (114.8)

where w = 4s2/k?. The path represented by eq. (114.8) is the closed
path shown in Fig. 114.3. Another solution of eq. (114.7) is obviously
the path y = 0, also indicated in Fig. 114.3. The arrows show the

direction in which Rf(f) is decreasing.
y
7
7 %
ty t -
—4& | K

Fia. 114.3 Fic. 114.4

D

The next step is to sce whether or not the original path of integration
C can be deformed so as to coincide with one of the paths shown in
Fig. 114.4. The path C' cannot be deformed so as to coincide with the
path y = 0, but it can be made to coincide with the path of eq. 114.8,
and part of the path y = 0. The deformed path is indicated in Fig.
114.4. Here the arrows indicate the direction the path is to be traversed.

In evaluating the integral it is customary to integrate over a segment
2¢ of a straight-line path tangent to the path of steepest descent at the
maximum point, in this case —z;. The actual evaluation of the integral
proceeds in much the same manner as outlined in Sec. 113. The func-
tion h(t) is expanded about the point { = t, = —2z, so that

n (tz) t —

h(t) = h(t) + h' (&)t — t2) + t)? +

4 2
=h(e) + 3 K 10—+
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lo B B 1
h(tz) +2s po 14 0) tan 1\/k2—/s2—_—_3
+%s”d -1 + sm“L—

and /

where

I

[ 45t [k?
W(ty) =0 and h'(t) = TNE 1
Therefore
f O dp =2 ethe) [ TTT /i) VieJa—1a+ant gy
Cc —x141e

o hit)) p3m/2 f ¢ o— @Ry Viys—1g dk

~ cll(lz)—i«/2f+°° e(—2/i)Vis/a=Te g

—

o ph(t) —72/2 k T; 2

s(k?/s? — 1)V/4

An estimate of the error introduced by neglecting higher order terms
in the expansion of h(f) and by increasing the range of integration from
eto © and —e to —= can be made as in Sec. 113. The error introduced
by extending the path along the tangent will be greater than that in-
troduced if the actual path of steepest descent had been followed.
We have arrived at the asymptotic form
Joo—1n/2+(2/2) Vir/wr— 1+ (k2/2)sin"|s|/k k

F(s) = Vr/2 e for =>1 (114.9)

2

Case 2 * < 1. In this case several interesting points arise, which

make it instructive to carry out the details of finding the asymptotic
form. Now the saddle points are located on the imaginary axis. From
(114.4),

Reference to eq. (114.3) shows that Rh(;) = Rh(t:). This means that
the two points # and {, are of equal importance because the function
e*® has identical maxima. As for the preceding case, the paths of
steepest descent are given by the solution of the equations

gh(t) = gh(t)
gh(t) = ghts)
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By using eq. (114.6), the two equations above may be written

ey + g_alogm VIR ) L glogw

oty — B (u - b
This can be rearranged in the more convenient form,

= 2y (g — 1)2 i
o {[&yl F O - Peew —1 WPy (11410

This equation is satisfied by points on two curves, one being entirely
above the x axis and the other being below, as shown in Fig. 114.5.
Because Rh(t) is a many-valued function of (z,y) it is necessary to exer-
cise some care in the choice of the path of integration. To make the
situation clear, the real part of A(t) divided by s? may, from eq. (114.3),

be written
RA(t k2
32( ) _ —-(r. + rgﬂp) (114.11)
; 1
where <p=a.rgx+1(‘1 +3_ 0, — 6,

iy —3)
gty +3) _ Ri(ay)encn) o, o 4

ZHiy =) Ralay)enen

Fic. 114.5

Since only the difference of the angles 6; and 6: occurs, the direction to
which they may both be referred can be arbitrarily chosen. These
angles, together with the angle which gives their numerical difference,
are also shown in Fig. 114.5. Positive values of 6, and 6, are meas-
ured counterclockwise from the positive imaginary axis. The function
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log {[z + <(y + $)]/[z + i(y — %]} will have its principal value along
the beginning of the original path of integration C if ¢ = 0 at the point
o + 1y. Therefore, in deforming the path of integration to coincide
with a path of steepest descent, we shall start with ¢ = 0. When the
two branch points ¢/2 and —¢/2 have been encircled on the original
path C and the point 4+ — ¢y has been reached, ¢ is again zero. This
can be realized for a path/deformed to coincide with the path of steepest
descent, as shown by the dotted path in Fig. 114.6. The arrows denote
the direction in which the path is traversed. The ends of the path g
and ¢’ are connected together at £ = 4 so as to remain on the same
Riemann sheet. This will be the case if ¢ is taken to be —2r at the
joining point.

Fia. 114.6

One of the paths of steepest descent has been plotted in Fig. 114.7
for the case k*/s* = 3/4, 1, = 7/4, and w = 16/3. The values of RA(t)/s?
are also shown on the solid curve as the path abcdbyg is traversed. The
values of Rh(t)/s* on the dashed curve correspond to the dashed curve
be. It is evident that the part of the path be could not be used be-
cause Rh(t)/s? increases continually, while at the ends a, g, the term
RA(t)/s? — — .

The principal contributions to the integral occur over the part ebe’
of the upper path and a similar section of the lower path. Tangent
lines to the path at these points make 45° angles with the « axis, and as
in the first case we shall substitute these tangent lines for the paths
of steepest descents. As in the previous case h(f) is expanded in the
neighborhood of the points ¢ and £, so that

M) = hei) + EEB =gy a1
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” . k ‘I«Ql
where B (i) = F3 = y1 + 1)
Waip) = Fisty + B 1og LELED

(£p— %)

On the tangents to the path of steepest descent at 4y, and —iy,
we may write

t— iy = gl

f s = ot } (114.13)

Fie. 117.7

where the integration is carried out over the range § = —» to § = +
in each case. This gives the proper direction for traversing the path.
Hence

F(s) = fc A0 g
~ ehtim) f = el Gm/2e= "2 o—xisa gg

4 eh=im) f oW (i 2l 374 —3xi/4 gt
-
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When the values of A"’ (z1y,) are used from (114.12), the above result
becomes

F(8) 2 (ehtw) —wi/s 4 gh(—im)—3ni/4) f * ka8 gg

N 2V 1)

o~ (i) —xi/4 h(>) —3wi/4 — [ — =

o (ehtin + eh-w )k\/yl( R+3 (114.14)
When the values of A(=4yi) from (114.12) are used and the value of ¥,
is substituted in (114.14), one finally has the desired asymptotic form

Eos,
s
The above example has been worked out in some detail in order to

indicate clearly some of the situations which may arise in applying this
method to a practical problem.

for F(s), when s and k are large and

115. Asymptotic solution of a differential equation. It quite
often happens that one requires the form of the solution of a differential
equation for large values of the independent variable or of some param-
eter. A method which is sometimes successful consists in finding the
solution in terms of a contour integral, after which the methods of
finding the asymptotic form outlined above may be applied. The general
procedure may well be illustrated by means of the following examples.

Consider the differential equation

2L"(z) + (1 — 2)L'(z) + nL(z) = 0 (115.1)

which occurs in connection with many problems in quantum theory.
The variable z and parameter n will be assumed complex. One starts
by letting

L) = [, Kot 115.2)

where v(t) is regarded as the unknown function of the complex variable ¢,
and the function K(z,t) is to be selected so that it will possess certain
properties shortly to be indicated. The path of integration C is also to
be chosen so that certain conditions will be fulfilled.

If eq. (115.2) is substituted in (115.1) and the order of integration
and differentiation is inverted,

2K oK
I [z K -2y nK]v(t)dt -0 (115.3)

One then tries to find a function K(z,f) such that derivatives of K with
respect to 2 may be expressed in terms of partial derivatives with respect
to t. Simple functions which have this property are
K(zt) = (t + 2) (115.4)
K(zt) = e (115.5)
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Furthermore, K(z,t) should be chosen so that the resulting partial
derivatives with respect to ¢ can be removed by integrating (115.3)
by parts. For the example being considered, the function defined by
(115.4) is convenient. Then

ZK 41— 2% 1
= (t+ 2)ala — 1)z + at + 2) — az(t + 2) + n(t + 2)?]

It is obvious that a simpliﬁcation results when o = n, in which case

R e

az2

and (115.3) becomes
f[gf (n +w—}mw_o

The next step is to remove the derivatives of K with respect to ¢ by an
appropriate number of integrations by parts. This can be done because
2z is not a function of the variable of integration {. After the integrations

f[mz (n + 2K }mm

dK d JTe
[t vl Kdt(v-t) - (n+ t)vIs:Ll

6t2

& d
ﬁLK[@GW-FEM44%ﬂﬂ (115.6)

where #; and {; are values of ¢ at the ends of the path of integration. The
remaining problem is to determine the function » and the path of inte-
gration so that the right-hand side of the above equation vanishes.
First, v may be determined by making the integrand of the integral
on the right identically zero, so that

dtz(t v) + (n +iw=0

This differential equation may readily be solved for ». One integration
can be effected at once, giving

%ww+m+m=o ?=—ﬁiﬁi%

which on further integration gives
v = {—(rtDe—t
The path of integration must now be determined so that the terms

t2
1:1;%;T ete. vanish. The natural path to take would be some closed
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path, so that ¢ and £ would be identical. However, some care must
be taken, since the terms under consideration are many-valued functions
if n is not an integer, to insure that these functions have the same value
after traversing the path once as they had at the starting point. Further-
more, if the closed path is chosen so that no singularities of K-» are
enclosed, L(z) will be identically zero and only a trivial solution will
result. An inspection of the/function K-v = (f 4+ z)"t—*"+De~t reveals
two branch points, one at ¢ /= 0 and the other at ¢ = —2, as shown in
Fig. 115.1. If we choose the path C so that it encloses both branch
points, the right-hand side of (115.6) will vanish. This will be evident
by examining the individual terms as such a path is traversed. First
consider the term

tvél—{ = nt~"(t + 2)"" et

ot

The function e~! is analytic, and its value after traversing the path
shown in Fig. 115.1 will return to its value at the start, so that it is
necessary only to consider the many-
valued function ¢™(t 4+ 2)»!, which
may be written

i e—n8 i~ Lgitn—1)0"

By referring to Fig. 115.1 it is seen
that as the point P traverses the path
C and returns to its starting point,
the value of 8 goes from 6, to 6; + 2,
and 6’ goes from 6. to 6y + 27, so that
at the start

ot + 21 = pi gy lemincitn- Do

Fia. 115.1

After one complete circuit

t—n(t + z)n—l pl—"pg—1e—in(01+21)ci(ﬂ—1)(91+2:r)

I

_ pl—"pg— le—inmei(n—-l)ﬂx

ta

which is the same as the starting value; consequently tv% X vanishes
over the path chosen. It should be noticed that this would not be the
case unless both branch points were enclosed by the path C. A similar
examination of the remaining terms in (115.6) shows that they will
vanish when integrated over the closed path C. Consequently, we have
the desired solution of the differential equation in the form of the con-
tour integral

L) = fn (t + 2)"t—me—t dt (115.7)
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The asymptotic expansion of (115.7) can be found by applying
methods outlined in Sec. 112.
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PROBLEMS

105.1. Iixpand z in terms of w = 2/(1 — z), using the method of the text. Check
by algebra.

105.2. Fxpand z in terms of w = (¢r — 1)e702

o—azl(-2)

105.3. Expand f(2) = (—1)» m in terms of w = 2/(1 + 2).
107.1. Show that

1 1 - 1 1
c+1 2z /; z—lcm+k1ri'
h=—wo

107.2. Ixpand ¢*#/(¢f — 1) in rational fractions.
109.1. Show that

z 2 v
a-2(+5) (-3 ~aFEaTy
109.2. Show that
o .
IT@) | = \/y pr where z = 1y.
112.1. By integrating by parts, find an asymptotic series for the Fresnel integrals
Y T S A inTe
C(x) j; cos 2t dt, (x) j:) sin 2! dt.
Iistimate the error involved in keeping only n terms. Hint. Put 2 = y.
112.2. Tind an asymptotic series for the exponential integral
ot
Bi(z) = P.v.f‘ <

and an estimate of the crror when only » terms are
retained.

114.1. Tind an asymptotic formula for the Hankel
function —

H({)(Z) = _1_1r j;c—imint+zkt dt

where C is the contour shown below. Pros. 114.1
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114.2. The Hermite polynomials H,(z) are given by the generating function

= (3—2)1 = Z H;(z)a"

n=0
Find an asymptotic formula for H,(z) by the method of steepest descents.
114.3. Determine an asympt/aﬁc formula for

L(2) -——-j‘c (t + z)teet dt

where the path of integration is that shown in Fig. 115.1 for two cases: (1) « is real,
positive, and noninteger; (2) « is a pure imaginary.



Chapter 9

APPLICATION OF FUNCTIONS OF A
COMPLEX VARIABLE TO POTENTIAL
AND FLOW PROBLEMS

116. Connection between analytic functions and potential the-
ory. In Sec. 82, it was shown that the real and imaginary parts U and
V of any analytic function w = U + 7V = f(z) of the complex variable
2z = x -+ 1y are solutions of Laplace’s equation so that

U | 92U 8%V | 9

Fyen @; =0 and o —+ 37 =0 (116.1)

Thus V is a potential function and is referred to as the potential function
conjugate to U. In Sec. 82 it was shown that the conjugate potential
function V could be uniquely determined when U is known except for
an additive constant. Therefore since one may start with any potential
function U and determine its conjugate 17, one constructs an analytic
function f(z) = U + 7V at the same time, so that the theory of potential
functions is equivalent to the theory of analytic functions.

In potential theory, the force or field intensity F is a vector whose

components in the # and y directions are given by - and —7—

respectively, when V is taken to be the appropriate potential function.
The field intensity F may be expressed directly in terms of the analytic
function w = U + 7V = f(z) since from Sec. 82 it was shown that
w _9U | oV
dz ~ 3y dy
Thus the real part of i(dw/dz) gives the value of the z component of
the field intensity, and the imaginary part of 7(dw/dz) gives the —y
component. The absolute magnitude of ¥ is simply

dw

= OV Ve p =
——ax+zay =F,—1iF,=F (116.2)

|F|= |25 (116.3)
In the case of electric fields the charge density at the surface of a con-
ductor (equipotential) surface is ¢ = | F |/4~, so that

215
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I

w

e (116.4)

o =

1
4w at surface

117. Conformal mapping and the solution of the potential
problem. The relationship

U +1V = 1) (117.1)

w
will now be examined in x&e detail so as to indicate its usefulness in
obtaining solutions for a certain class of potential problems. From a,
mathematical point of view eq. (117.1) establishes a transformation
of a certain region D, in the 2z plane to a region D, in the w plane as long
as f(2) is single-valued. When f(2) is not single-valued, the z planc is
replaced by the appropriate Riemann surface (see Sec. 92). When f(z)
is analytic, the indicated transformation is of a special kind. This can be
seen by referring to the corresponding domains D,, and D, in Fig. 117.1.

y

' 1) ! .

H //E——r\\

/ P, || lDw D,

(. L/ ™

| i l '

L ! ! w plane 2 plane
U x
F1e. 117.1

The lines V = constant and U = constant of course intersect at right
angles in the w plane and consequently divide D, into rectangular
pieces. Consider the intersection of any two such lines at the point P,
and let the point corresponding to this in the z plane be P,. The curves
U = constant go over into the dotted curves in the z plane and the
curves V = constant go over into the solid curves in the z plane. It
will be presently evident that these curves in the z plane also intersect
at right angles. It has been shown in Sec. 45 that the direction cosines
of the tangents to the curves V(z,y) = constant and U(z,y) = con-
stant in the z plane are proportional to 1 and dy/dz, so that

_ U /dx 3V /oz
cos a = k(l + U Joy 3V /oy
or the cosine of the angle o between the tangents of the intersecting
curves in the z plane is proportional to

AUV | U aY
dy 9y ox ox
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Since f(z) is analytic, U and V satisfy the Cauchy-Riemann differential
eqs. 82.3, so that the above quantity becomes

UV VU

9y dy dy 9y
and the curves V = constant, U = constant intersect at right angles
in the z plane—a property of equipotential curves and lines of force.

The property that curves intersecting at right angles in the z plane
also intersect at right angles in the w plane is a special case of a more
general property of the transformation w = f(z). In fact it can be
shown* that if a transformation from the z plane to the w plane is de-
fined by the analytic function w = f(z), then the magnitude of the
angle between two curves intersecting at any point in the z plane, for
which f’(z) ¢ 0, will be identical with that between the intersecting im-
age curves in the w plane. As mentioned in Sec. 52, such transforma-
tions are called conformal transformations. In the theory of complex
variables one speaks of mapping a domain of the z plane conformally
on the corresponding domain in the w plane.

In this and the preceding section, we have seen that the real or
imaginary part of any conformal mapping function w = f(2) is a solu-
tion of Laplace’s equation and is therefore the solution to some potential
problem. In any practical problem it is known?t that the unique solu-
tion is given by that solution of Laplace’s equation which yields the
prescribed potential distribution over the boundary of the region,
which may be made up of surfaces of conductors, etec. Potential prob-
lems are mainly of two kinds depending on the nature of the boundary
conditions. When the value of the potential Vo(z,y) at all poinis on the
boundary is given, this constitutes a potential boundary value problem
of the first kind. On the other hand, when derivatives of the potential
are given at the boundary (this is equivalent to prescribing the field
intensity there), we have to do with a potential boundary value problem
of the second kind.

From the point of view of conformal mapping, a unique solution of a
given boundary value potential problem of the first kind (or second
kind) will be obtained when a mapping function is found which maps
the region under consideration in the z plane on a region of the w plane
such that when the boundary of the region in the z plane is mapped
on the w plane, the imaginary part of w, i.e., V(z,y) (or its derivative)
corresponds to the prescribed boundary values of the potential (or its
derivative).

* See for instance Hurwitz and Courant, Vorlesungen tiber allgemeine Funktion~

theorie, p. 289.
t See, for instance, L. Lichtenstein, Neuere Entwicklung der Potentialtheorie;
Encyklopedie der mathematischen Wissenschaften, p. 218,
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The validity of this important fundamental assertion rests on the
following established theorems* in the theory of functions.

(1) Any simply connected region D, in the z plane which is different
from the entire plane or the plane with a single point removed can be
mapped conformally, uniquely, and reversibly inside the unit circle in the
¢ plane in such a way that g definite point and direction in D, (for in-
stance the zero point and dl ‘ection of the z axis) correspond in the region
inside the circle.

It is hardly necessary to add that this establishes the unique mapping
of the z plane on the required w plane, since each can be mapped in the
unit circle.

The second important theorem has to do with the mapping of a
multiply connected region.

(2) There exists an analytic functionf w = U + ¢V = f(z) which
uniquely maps an n-fold multiply connected region in the z plane on
n strips in the w plane formed by straight lines parallel to the real axis.

|4 w plane

QRIQIRIRIR

B

Fia. 117.2

An example of this for a doubly connected region is shown in Fig. 117.3
and discussed in the following paragraphs.

Before discussing methods of determining the appropriate mapping
function for any given problem, a few simple examples will be discussed
in order to clarify the general statements made in the preceding para-
graph. First, let it be required to find the potential at any point in
space above two semi-infinite planes, one being at zero potential and
the other at potential V,. The traces of these two planes in the complex
2z plane coincide with the real axis y = 0 as shown in Fig. 117.2. The
plane containing the trace y = 0 and = > 0 will be taken at zero poten-
tial, and the plane containing the trace y = 0 « < 0 will be taken at
the potential V,. The potential at P is required. In accordance with
the preceding paragraph, the unique solution will be had if a mapping

* See for instance Hurwitz and Courant, Vorl, gen vber allg ine Funkti

theorie und elliptische Funktionen, Berlin, Julius Springer, 1925, p. 365.
t See for instance Hurwitz and Courant, op. cit., p. 438.
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function w = U + ¢V = f(2) can be found which maps the z plane on
the w plane in such a way that V = 0 when 2 traverses OB and V = V,
when 2 traverses AO. A function which does this is w = (Vo/7) log 2.
This may be verified by writing z = pe®, so that

w = U+iV=%logpe“’
= Dogp+in) 0<o<x (179

and V = V¢8/7. On the trace OB, § = 0, and therefore V = 0 as re-
quired. It is readily seen that OB is mapped onto the entire real axis
O’B’ in the w plane. On the trace AO, 6 = 7 and consequently V = V,
as required. The line OA is mapped onto the line O’A’ in the w plane.
The mapping function presented above is the solution of our potential

problem and

y o Yo _ Vo
™ m
Vo

=—(1r+tan—lﬂ) z<0
ks xr

tan—1 ¥ x>0
x

The lines of force are given by the equation U = constant, which are
therefore circles in the z plane. From eq. (116.3) the absolute value
of the field intensity at any point is
dz T

It was mentioned in Sec. 116 that the curves U = constant could
be taken also as equipotential curves if these satisfied the boundary

1
2

T
™

|F|=

14

:..___.._ 2 plane
| w plane

' P2
U

1

i

1

- 2rAVp U X
log 5} (o)

Fia. 117.3

conditions for any potential problem. This furnishes a clue to the solu-
tion of another potential problem. Let it be required to determine the
potential at any point between two coaxial cylindrical conductors
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between which there is a difference of potential AV,. The traces of these
cylinders on the complex z plane are shown in Fig. 117.3. Since the real
part of log z = constant maps into a circle in the z plane, this function
may be modified so that a circle in the z plane will map into a line in
the w plane for which the imaginary part of w is constant. Such a
function would be

w=U++1V /ziA logz = A(—6 + 7log p)
The constant A may be detérmined, since V (on C;) — V (on Cy) = AV,

0 that
Ve—Vi=Alog p — Alog pp = AV

or = AV, and w = ——i—é&]ogz
log p2/p1 log p2/p1
The field intensity is
|F| = AVe 1| _ _AVe 1
log p2/p1| 2| log pa/prp

118. Methods for determining the proper mapping functions.
In the preceding section it is stated that a suitable mapping function
exists which provides a solution to a given potential problem. However
in a general case it is difficult to deduce the required mapping function
from a knowledge of the geometry of the boundary. Nevertheless, for
certain classes of boundaries and boundary conditions the mapping
function can be determined. The methods available for this, together
with examples, will be given in the following sections.

119. Constant potential over a parametrically defined curve.
When the trace of a body at constant potential V, in the z plane is
defined by the parametric equations

z =f(s) and y = g(s) s real (119.1)
the mapping function from the z plane to the w plane can be found
directly by writing

z2=1x+1dy = f(U + iV) + ig(U + iV) (119.2a)
= f(w) + igw) = Fw) (119.2b)
If V is set equal to zero in (119.2a),

z + iy = f(U) + ig(V)
or since U is real,
z=f(U) and y=g(U)
This means that the mapping function (119.2a) or (119.2b) is a solution
of the potential problem when the boundary specified by (119.1) is



Sec. 119] AprLicaTION OF FUNCTIONs OF 4 CoMPLEX VARIABLE 221

at zero potential. Since V + V), is also a solution of Laplace’s equation
we may add the constant V, to the value of V found from (119.2) and
thereby satisfy the boundary condition ¥V = ¥, on the boundary.

As an example of this method, we shall determine the potential due
to an elliptical cyclinder at the constant potential V,. The trace of
such a cylinder on the z plane is of course an ellipse, the parametric
equations of which may be taken to be

r=acost y =bsint (119.3)

According to eq. (119.2) the required mapping function from the z to
the w plane is
z=zx+ 1y =acosw + ibsinw (119.4)
By writing
a = ccosia = ccosh a
b = ¢ sin 7o = 7c sinh «
the mapping function may be written in *he convenient form
z2=ccos (w—ia) =ccos [U~+i(V — a)] (119.5)
Separating the real and imaginary parts of this equation one obtains
z = ccos U cosh (V — o), y = —csin U sinh (V — «)
In order to solve for V it is only necessary to eliminate U by means of
the relation cos? U + sin? U = 1. This results in the equation
xZ + y‘.’. _
ctcosh? (V — a) ' ¢sinh?(V — a)
Thus the equipotentials are confocal ellipses. In order to make V = V),
on the boundary expressed by (119.3) it is necessary only to write

1 (119.6)

x? I _
Foohi(V —Vo—w T st (V = Vo—w — 1 (119D

The lines of force are given by values of x and y satisfying the equation

1'2 y2
cteos* U  ersin?lU

1

when U = constant, and consequently form a system of confocal hy-
perbolas.

In passing, it is worth noting that the limiting case b — 0, ¢ — a,
a — 0 provides the potential corresponding to a thin conducting sheet
of width 2a at the potential V,. The equipotential lines are found from
(119.7) by placing « = 0 and ¢ = a, thereby still forming a system of
confocal ellipses with the exception of the boundary, which is a degen-
erate ellipse.

The mapping of the w plane on the z plﬁne accomplished by the func-
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tion (119.5) is indicated in Fig. 119.1. The region external to the given
ellipse maps into the region Vo < V < @, 0 < U < 27 in the w plane.

The method outlined above has a rather limited usefulness because
it cannot be extended so as to give the potential between two arbitrary
confocal ellipses with an arbitrary difference of potential between them.

| N\,
H / NN

v

1}
T
i
|
|
T
|
|
L

Vavobiid

Fia. 119.1

120. Potential distributed over a circle. When the potential over
a cylindrical surface depends only on the angular coordinate and the
trace of the surface on the z plane is a circle of radius R, the mapping
function which yields the potential in the interior may be found in the
following manner. Let the potential on the circular boundary be given
by the function V(R,¢). Let us assume that the desired mapping func-
tion is the analytic function w = U 4 ¢V = f(z). By means of Cauchy’s
integral formula [see eq. (86.2)], one may represent f(z) at points
interior to the circle in terms of the values of f(z) on the boundary,
so that

1 27 (t)
we g f

where ¢ denotes points on the circular trace. We may take the center
of the circle to be at the origin z = 0 and write ¢ = Re**. The above
integral then becomes

1 2m Reie
w=g- | SR de (120.1)
If the point z = 2z lies outside the circle, then from Sec. 85,
1 JO g _
oo i =0 (120.2)

For 2, we may take 2, = Rz/.z = R%#/r and subtract the zero result
from (120.1), so that
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Re
w = f(R,‘P)( e,‘, _ re.o Rew — R%”’/r)
2 Re re'
0 f(R'¢)(Re'V — re®  rew — Re“’) do
or
w=U-+41iV

L [ [UR,e) +iV(R,0)] £ de (120.3)
3 Jo [UR,p) +iV(R,e R*— 2Rrcos (0 — ¢) + 2% .

I

On equating the imaginary parts of this equation one obtains the
potential
1 o R — r?

7 — —

Vo) = 2r Jo V(R"o)lﬁ — 2Rr cos (6 — ) + 72
This formula is called the Poisson integral formula, and represents the
unique solution of the potential problem stated above when V(R,p)
is continuous on the boundary except for a finite number of finite dis-
continuities. At a discontinuity of V(R,p), the term V(r,0) assumes a
value lying between the limits

lim V(R,p+¢) and lim V(R,p—¢)
0 -0

de  (120.4)

In order to determine the complete mapping function w it is necessary
to determine U. This can be done by the methods given in Sec. 82, or
w = f(z) may be conveniently found by adding (120.1) and (120.2),
which gives

w = f(z)
Re rew
2 0 f( ) (Re'*’ — re? + ret — Re"’)d
U+ 1V
= o [ R +iV (R [1 +i

2Rr sin (6 — ¢) ]d
R? — 2Rr cos (6 — o) + r* @

Equating the real parts of this equation, one obtains
Rrsin (0 — o)
R? — 2Rr cos (8 — ¢) + r?

The first integral is a constant, and in fact is the value of U at r = 0
or at the center of the circle, so that

1 pon 1 2
U=% , URp)d -2) V(R,) de

Rrsin (6 — ¢)
— 2Rr cos (6 — ¢) + 12

The function U is thus determined in_ terms of the known potential
V(R,p) on the boundary except for the additive constant U(0). By
combining (120.5) and (120.4), the mapping function f(z) is found to be

U@re) = UO) - 1 [ VR 1 de (1205)
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w=f(z) =U + WV
2x (Rt — %) — 2Rrsin (6 — o)
vo + 3, 2T f V(R’¢)[ — 2Rr cos (6 — ¢) + r? ]d‘p

i o \(Re* + re®)(Re~% — re=")
v + 2 V(R’W(Rew — re®)(Re~* — re=*)

zdt

I

de

(120.6)

U©) + 5= f 40

where the integration is carried over the bounding circle in the last
integral.

As an illustration of the use of the mapping function (120.6) let it be
required to calculate the potential inside a circle of radius R when the
potential on the boundary is given by Vo = sin ¢. In terms of the com-
plex variable ¢ which traverse the circle sin ¢ = (1/27)({/R — R/t),
and (120.6) becomes

_ L R\ited
w U(0)+4mf<le t)t—zt

t+z t+zdt

U(0)+41R zdt 41riﬁ7t—zt2

The above integrals can very easlly be evaluated by the method of
residues (see Sec. 94). The integrand of the first integral has a simple
pole at ¢ = 2, while that of the second has poles at ¢t = z and ¢ = 0.
Calculating the residues in the usual way,

w = U(0) +3

or w—U—l-zV-U(O)—i- cosO+ T sin 6

Since the imaginary part of w(z) gives the potentlal, one obtains the
immediate result
=L
V= 7 sin 4
which satisfies the prescribed boundary condition.
In case the potential on the boundary has the constant value V,,
the theory of residues furnishes the immediate result

w = U(0) + <V,

and the potential inside the boundary is everywhere equal to V.

The result (120.6), together with the theorems in Sec. 117, yield the
solution of any potential problem as soon as the function which maps
the region in question on the inside of a circle is found so that the
boundary maps onto the circle.
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121. Polygonal boundaries. Schwarz-Christoffel formula. The
method of conformal mapping in potential theory can be used to great
advantage when the boundary on which the potential is known is a
polygon. This is because it is always possible to determine the mapping
function which maps the interior and boundary of a polygon on a circle
and its interior, after which the final mapping function in the w plane,
and consequently the potential, can be determined by means of eq.
(120.6). By a polygonal region is meant any region bounded by a finite
number of straight lines. Thus a half plane, the strip between two
parallel lines (Fig. 121.1a), an angle region (Fig. 121.1b), an “angle
iron” section (Fig. 121.1c), the interior or exterior of a rectangle, the
exterior of a semi-infinite line (Fig. 121.1d), and the exterior of a line e
of finite length are all polygonal regions.

77 Y/

(@) (b)
(@)

(e)

Fia. 121.1

When the potential over one part of a polygonal boundary is con-
stant and the potential over the remainder is another constant, it is
customary to map the polygonal region in the z plane on the w plane
without first mapping the region in the z plane on to the circle in the
¢ plane and then using eq. (120.6). Mapping the polygonal region on the
w plane is most conveniently carried out by mapping the upper half of
an auxiliary ¢ plane (ymt¢ > 0) on the interior of the polygon in the
z plane. Then the upper half of the ¢ plane is mapped on to the w plane,
and the variable ¢ is eliminated from both mapping functions, thereby
obtaining the mapping function from the 2z to the w plane.

The key to the above procedure is the determination of the function
which maps the upper half of the ¢ plane within the prescribed polygon
in the z plane. This is accomplished by means of the Schwarz-Christoffel
formula

W) = Af t— )Pt —t)-m ... (¢ —t)-»dt+B  (12L1)
which maps the upper half of the ¢ plane within a polygon having n sides
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in such a way that the real axis in the ¢ plane maps into the boundary
of the polygon. Here 4, &, ... , ¢, represent »n points on the real axis
in the ¢ plane, which we shall regard as ordered so that

h<tbb<tz < ... <tn; P, P2, D3 ... Pn

are n real numbers which serve to measure the exterior angles of the
polygon; A and B are arbitrary complex constants (except that A = 0)
which serve to locate and orient the polygon in the z plane but do not
affect its shape.

In order to see how eq. (121.1) accomplishes the desired mapping,
consider the segment s of the real axis between the points #:—; and .
As t traverses sk, the quantity

dz _dr  .dy
a - da Tl
= At — )Pt — t)=P ... (L — 1)~ (121.2)

is a vector tangent to the curve into which the segment s, transforms
in the 2z plane. When dz/dt is defined by eq. (121.2), the image of s
is a straight line having the direction arg (dz/dt). This may readily be
seen by writing

T jalie-wl.
=t TP b — b P L[4 — 4, | Pe e @D
where
dz . ,
arg = targ A — iprarg (t — &) —

. — ipk arg (¢ — ) — tprarg ¢ — &) —

. — ipaarg (¢ — ta) (121.3)
On Sk, & > b1 > ez > ... > t; and the arguments of

t—=t),t—t), ..., — t)
are zero for all ¢ > t;_;, while the arguments of
=ty & = tep)y ooy (6 —tw)
are equal to = for all £ on s, since
<t <tpnpn<...<ta
Consequently, s, maps into a straight line in the z plane, making an angle
arg A — P — Pepm™ — ... — Pam

with the real axis in the 2 plane.
As t passes over the point f, the arg (dz/dt) jumps an amount pr,
so that the image 2 of the point # in the 2 plane is a corner of the poly-
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gon, and the exterior angle of the polygon at z; is pir. The association
of the points #; and z; and the appropriate angles are shown in Fig. 121.2.

There is a certain amount of arbitrariness in the choice of the values
ty, ts, ... , ts, which correspond to the corners of the polygon. This
arises from the fact that a polygon with n corners is completely specified
by the 2n coordinates of the n corners, while the Schwarz-Christoffel
formula contains 2n + 3 constants composed of n values of &, n — 1

values of pi (because of the relation E piw = 2m), and the 4 real con-
k=1

stants contained in the complex constants 4 and B. Consequently,

three of the values { can be assigned at will, and the remainder will be

uniquely determined.

1 pam

Fic. 121.2

It is important to notice the difference between the cases px < 1
and pr = 1. When pr < 1, we are dealing with a corner 2 of a polygon
whose exterior angle is less than 7. Furthermore, an examination of the
mapping function (121.1) shows it to be continuous at ¢ = #, and the
corner z; lies in a finite part of the z plane, i.e., |2 | < ©. The case
pr = 1 means an exterior angle of =, which at first sight would appear
to mean that two sides of the polygon must coincide in part. This
need not be the case, however, because an examination of the mapping
function (121.1) shows that in the neighborhood of ¢ = #; the mapping
function has the form

z2=Clog(t—t) + C, (121.4)

so that the corner 2; lies at infinity. The situation at { = #; can’ be made
clear by assuming that C; and C, are real constants. Then for ¢ > t,
the argt — & = 0, so that

z=C;loglt—tk|+Q2 t> 4
and for the range & <t < =, z traverses the real axis in the z plane.
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However, when t < {;, the arg (t — &) = =, and
z=C,log]t—tk]+Cz+iCl1r t<tk

which means that for —eo < ¢ < f, the variable z traverses a line
parallel to the real z axis but a distance Cir from it. Consequently
(121.4) provides the means of mapping the upper half of the ¢ plane
into a uniform strip of width Cir in the z plane. This function is of
great use in mapping the/¢ plane on the w plane referred to at the
beginning of this section.

122. Mapping function for rectangular poles. As an example
illustrating the use of the method outlined above, let it be required to
determine the fringing field due to two poles of rectangular cross scction
large compared to the gap between them. The poles are shown in Fig.
122.1. Since the field in the gap at the center of the poles will not be

y=0
yamt

2

Fia. 122.1 Fic. 122.2

appreciably different from the uniform field characteristic of the differ-
ence of potential between the poles, we may extend the gap to infinity
on the right. Also the dashed line is an equipotential differing in poten-
tial from either of the poles by half the total difference of potential 2V,
between the poles. Consequently it will suffice to solve the potential
problem for the configuration shown in Fig. 122.2.

The first step is to map the polygon of Fig. 122.2 on the upper half
of the auxiliary ¢ plane. Since this polygon has only three corners, all
three values of the points # in the ¢ plane corresponding to them can be
chosen at will. A convenient choice is shown in the following table.

2k tr P
C, = 0 1
0 1 —3
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The point enclosed in the dotted rectangle does not enter into the map-
ping function. The mapping function (121.1) may now be written.

z2t) =AS (¢ — DAt + B (122.1)

The choice of making the point C in the z plane transform into ¢t = 0
is convenient because this makes the parts of the polygon at different
potentials go over into the negative and positive real axis in the ¢ plane.

The constant A may be found by noting that when ¢ traverses the
point £ = 0 on the real axis, the value of z must jump fromz = © ~ ¢h/2
toz = . Instead of actually going through the point ¢ = 0 we may go
around it on a small semicircle in the positive half plane by writing
t = d¢®. The jump in z will be given by integrating (122.1) over this
semicircle and then taking the limit 6 = 0. On carrying out this pro-
cedure, one finds for the cha.nge in z,

Af — (60“’ — 1)Y28¢% dO

- Af idfi(1 — 36e® + ...)
= Arm <+ terms in &

hence the limit as § — 0 is just A=. This jump must be equal to 74/2;
hence

th ih
Ar = 5 or A= o
Consequently the mapping function becomes
a(t \/‘ M=l n

2

This can be integrated by elementu.ry means (see Sec. 28), so that
=2 WIS~ Vi— 1) + B

The constant B may easily be determined from the fact that the point
= 1isrequired to map into the point z = 0, which requires that B = 0.
Hence the complete mapping function is

z= i;h(\/t————l — tan"' V¢ — 1) (122.2)

It is instructive actually to check the correctness of this function.
In the first place the negative real ¢ axis should map into the line
y = —h/2 in the z plane. To check this we write t — 1= [¢{—1 e
fort < 0, so that

Vi—1=|t—1|"2%"2 = ge"/> where s> 1 (122.3)
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If 6 = tan~' V¢t — 1, then
® — g e — 1
tan § = (ew + ) (em — 1)z = se*/?

14 s 1-—3
20 — —— = .
Therefore e T —se" ~ 15

1 1é s
and 6= % log Y1
_ 1 e*(s—1) 1 L1
—21.log s+l = L.lo s+1+ (122.4)
where (s — 1)/(s + 1) is positive and real for ¢ < 0. Consequently

z._ﬁ‘(sw/z_l"_ll s—1
T 2 2 s+1)

s—1 th
(s + logs T 1) D)
As s traverses the range © > s> 1, (—o <t < 0) the real part of 2
traverses the range —o < Rz < 4, 80 that z traverses a line parallel
to the real z axis from —o to 4+« and at a distance —h/2 from it.
The next range to be tested is 0 < ¢ < 1. In this range

Vi—1=|t—1[V2%"2 = ge/? where 0< 8 <1
A reference to eq. (122.4) shows that

6 = tan~' Vi ==

1—8
log 1T s,
For this range,

z_.lh<s()ur/2_.]_10 1_—_i1)
T \" ) g1+81

_h 1 s\ _h 1+

(.sx + log1 T s) = w(lOg—l Sy sl>
The right-hand side of this equation is real and positive, and thus
corresponds to the positive real axis of the z plane. It is easily verified

that ast— 0,8 — 1,andz— «,and ast — 1,8 —0,and z = 1—}:81—+0,

which shows that the real axis is traversed in the right direction.
On the final side of the polygon, 1 < ¢ < ®, so that Vi—1=s,
is purely real and

h
z = Z;(sx — tan~! 8p)

is purely imaginary, corresponding to the imaginary axis in the z plane.
This completely verifies the correctness of the mapping function (122.2).
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The next step is to map the w plane on the auxiliary ¢ plane and then
eliminate the variable . Figure 122.3 shows the region of the w plane
which is to be mapped on the upper
half of the ¢ plane, namely, that en-
closed between the two equipotentials Vo
V =0 and V = V, This can also be
done with the help of the Schwarz-
Christoffel formula (121.1). Since the
point C, Fig. 122.2] where the potential
jump occurred, mapped into the point U
t = 0 in the ¢ plane, we shall make the Fic. 122.3
point C’ in the w plane go over into the
point ¢ = 0 in the ¢ plane. The mapping function will be characterized
by the points

1% w plane

(o4

W |7 Dk
Jo 0 1
Vo 1 0

Substituting these values in (121.1),
wit) =AS @ —0)""¢—1)0°dt+B=Alogt+ B

When t =1, w =1V, so that iV = B. The constani A must be
chosen so that w(f) traverses the real axis when —e < ¢ <0, and
traverses the line V = 17, for 0 < t < ». This requirement is fulfilled
when A = —V,/7 and

"log t + <V, (122.5)

w(t) =

™

By means of this mapping formula and that given by (122.2), we have
mapped the z plane and the w plane on the same auxiliary ¢ plane, and
the problem will be completed when the z plane is mapped directly on
the w plane by eliminating the variable ¢ between expressions (122.2)
and (122.5). From (122.5),

t = c—(w—tVo)‘lr/Vn (122.6)

and formula (122.2) then gives
Zh 1/2 1/2
z2 == {[eﬂ(“’ﬂ‘"’)/"" ~ 1] — tan™! [e’*"‘""w)/"" - l:l } (122.7)

™

The equipotential lines can be mapped out by holding V' constant in
w = U + 1V, and letting U traverse the range —» < U < =, or the
lines of force can be mapped by holding U constant and allowing V to
traverse the range 0 <V < V.
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The field intensity at any point is found from formula (116.3), so that

_ _i(@)* _ 7 _ (dw dt) (dw )

- dz) ~  (dz/dw)* — dt dz) dt
From (122.2),

de _ih (L= 1)
T 2r t
and from (122.5), ‘
dw _ Vo
dt ~ " wt
—2V,

h(t* — 1)V

Consequently,
F =

From (122.6),
[t =12 = {erlU+: V=Yoo — 1} [exlU=(V=Tdl/Vo — 1}

= 9m07 eosh TU _ oos TV = Vo)
2¢ [coah Ve cos .

which allows us to express the absolute value of the field strength in the

form
3/4 — V —1/4
PIEL N PRSP LES o)
0
This essentially completes the determination of the potential distribu-
tion for the rectangular pole electrodes shown in Fig. 122.1.

123. Electric field in the cyclotron dees. As a further example of
the Schwarz-Christoffel mapping func-
tion, which is of considerable practical
importance, we shall calculate the electric
A field inside the accelerating electrodes
used in a cyclotron. These electrodes are
shown in Fig. 123.1. We shall suppose
that the electrode A is at a potential V,
B and the potential of electrode B is — V.

/ In a practical case the dimensions 2k and

—2d

2d are small compared with l; and b, so

2h l A that we may assume that § = L = ».
I / Consequently we have a two-dimensional
problem, the geometry of which can be

l further simplified as shown in Fig. 123.2.
The association of corners of the polygon
in the z plane with the points on the ¢
plane, and the values of the constants p. to be used in the mapping
formula (121.1) are also shown in Fig. 123.2. Considerations of sym

-

F1c. 123.1
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metry lead to the association of the points on the ¢ axis with the corners
of the polygon. Because only three points of the polygon can be arbi-
trarily associated with three specified points on the ¢ axis, the remainder
being uniquely determined, the point ¢ = @ cannot be prescribed, but
will be determined later.

TSNS

N
/7 z=teo N

/ - A .
z=—dtieel p=1 \z=d+ioo z plane
P AR | el it | TR B
P ~
> N,
, N
, N
/ AN
/;,-_7. BEAS
’ V-V, V=¥ P \\
I’ \\
’ z=~d+ih zud+ih \
,l t=-al| Ut=a \
, bt pe-1 \
]
! V=0 '|
Zm— z=0 2=
t=-1 t=0 t=1
Fie. 123.2

The appropriate mapping function from the z plane to the ¢ plane
for this case is found by substituting the constants shown in Fig. 123.2
in the Schwarz-Christoffel formula (121.1). The resulting mapping
function is

2= Af (+ @+ D — 0)'t — D dt + B
@ —a?)
= Af ot B
The integration may readily be performed (cf. Sec. 28) by elementary
methods, after which we find
1)t
z=A [i‘jtz | og + VEZT 1)] + B (123.1)
The complex constants A and B and the real constant ¢ must still be
determined. The constants A and B may be determined in the following
way. First it is to be noted that the quantity in brackets in eq. (123.1)
is purely imaginary when | ¢| < 1, because
¢ _ it
V-1 Vi-gp

t<1

and

log (t + V2 — 1) t<1

I

——ﬁ

==
o+
5
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Since the values of z for [ ¢ | < 1 must lie on the real axis in the z plane,
A must be purely imaginary and B must be real. On the other hand,
when ¢ > 1 the quantity in brackets in expression (123.1) is real, which
with A purely imaginary, requires that B = d, since the real part of z
must be constant and equal to d for ¢t > 1. Thus far we may write

a 1t
z=1C [i—/tr-l /}{)g t+Ve = 1)] +d (123.2)
where C is real. Fort < —1 this expression becomes

z=¢c[%u+1og<u|-x/ l)]—(hr+d

In this expression the quantity in brackets is again real, and since
for t < —1 the real part of z must be equal to —d, this requires that
Cr = 2d. The mapping function is then
2di [ (a? )t
e= =2 [Lt——— + log (t + V2 — 1)} +d (123.3)
The real constant a can now be determined by noting that z = d + h
when ¢ = a, thereby requiring that

2‘1 [aVa —1+4log(a+Va = 1)] =k (123.4)

With the value of a thus determined, the polygon in Fig. 123.2 is mapped
on the half ¢ plane by the function (123.3).

The completion of the potential problem requires the mapping of the
w plane on the ¢ plane. For this purpose the strip in the w plane bounded
by the line V = 0 and V' = 17, shown in Fig. 123.3, can be regarded
as a polygon. The association of values of ¢ with the corners of the

v
w plane

w==c+1Vp f==oo |{=eo w=e+iVy
v N
{t=-1 t-1 3
\p=- =1}
\f 1 p /
Se e

-—e 0 U w=o°
w t=0
Fic. 123.3

polygon in the w plane is shown in Fig. 123.3. Using the values of ¢
and p in the mapping formula (121.1) gives

w=Af @+ 10~ a+B=Af Lt B
A, 11

2 %8

+B (123.5)

—
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When | ¢] < 1, the function (123.5) assumes the two forms

él 1—1t A1r1,
2 1+t

w="21 —+|L:{+A’”+B ~1<t<0

Since the logarithmic terms are real and w must have values on the real
axis for | ¢] < 1, it is evident that A must be real and B = —Awi/2.

On the other hand, when | ¢ | > 1, the mapping function w assumes the
two forms

w =

+ B 0<t<1

t

+

w log B t>1

F

w

l\"Iba 21N

| - 1 t< -1
Because A has been found to be real, and since the logarithmic terms
in the above two expressions are real, the value of B must be

B =1V,
to give the correct imaginary part of w for ¢ > 1. This relation, to-
gether with the relation B = —Awi/2 established above, determines
A to be

m

A==

The required mapping function is then
- I’_o t—1
w= — — log t+ 1 + Vo (123.6)

The next step in completing the potential problem is the elimination
of the complex variable ¢ from eqs. (123.3) and (123.6). From eq. (123.6),

—[1 4 o/ Vo@=1Vo)]
1 — e@/Vo(w—1Vo)

VETT 92p(m/2V0) (w—1V0)

1 — e@/Vo)(w—1Vo)

t=

Substituting these expressions in eq. (123.3),

2 1 (w/ Vo) (w—1Vo)
s = 2di 1 - a + e
2e(®/2V0) (w—1V0)

[26(/2V0 =iV — ox/VOw=iVe — 1]
+ log 1 = c@/Vow=vo +d
_ 2d . e—Tw/2Ve . gmw/2Vo 2+ i(erw/ZVo —_ 6—xw/2Vo)]
- ' [(1 - a') -2 + IOg i(ew/zva + e—rw/2Va) +
2d

[(1 —a) smh— +ilog sinh (rw/2Vo) — z] +d

cosh (mw/2Vy) (123.7)

m



236 ArpricaTION OF FuNcTiONs OF A COMPLEX VARIABLE [Ch.9

This formula may be used to map the equipotential lines by making
V in w a constant between zero and V, and allowing U to take on all
values in the range —» < U < =.

The electric force may be found with the aid of eqgs. (116.3), (123.3)

and (123.6). P dw/dIN*
F= —z(?@ = ‘i(d:)//dtt)
- [t ] s

This completes the main features involved in the solution of the electric
field produced by the accelerating electrodes in a cyclotron.

124. Mapping of a polygon on a circle. The method of determining
the potential on the inside of a long cylinder when the potential on the
cylinder is a function of the angular position was treated in Sec. 120
by the method of conformal mapping. It is evident that the results
found there can be used to determine the potential on the inside of a
long polygonal cylinder when the potential on the polygonal boundary
is a function of angular position if it is possible to find the mapping
function which maps the interior of a polygon on the interior of a circle.
This can readily be accomplished by first mapping the positive imaginary
half of the ¢ plane into the interior of a unit circle. The function which
does this is

t—1

t+7
The general features of this transformation can be seen by letting
t = pe®, so that

s = Reie = (124.1)

pe® — 1
0e® + 4

The expressions for. R and ¢, found in the usual way, are

_ 14 p®— 2psinb
k= NI+ o'+ 2psin 6 (124.2)
¢ = tan~! (=2p cos 0) (124.3)

pt—1

s = Rew =

The first of these expressions shows that for the imaginary part of ¢
greater than or equal to zero, i.e., 0 < § < 7, R < 1, thereby indicat-
ing that the upper half of the ¢ plane maps into the interior of the unit
circle. From eq. (124.3), it is readily ascertained that as ¢ traverses
the real axis from¢ = — tot = +=, ¢ traverses the region 0 < ¢ < 2m,
thereby showing that the real ¢ axis is transformed into a unit circle
in the s plane.
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Since eq. (121.1) maps a polygon on the ¢ plane, and eq. (124.1)
maps a unit circle on the ¢ plane, the polygon may be mapped directly
on the unit circle by eliminating ¢ from these two expressions. Solving
for ¢ from eq. (124.1),

_il+5s)

¢ 1—s

(124.4)

Terms of the form ¢ — { are required in eq. (120.1). These can be writ-
ten in the following convenient form

t—tk=i(1+s 1+s’°> ? {1+s_£Ml_—_s_)]

1—s 11— s =1—s 1 — s
o 2(s —s) — 2811 < __§>
T Al=-81—s) A-—s)1—3) Sk

Substituting in eq. (121.1),

2= Cf (1 — gmtot +pn(1 _ z_’)_’" (1 _ i)""

s\~? ds
(1_.5_,,) '—(1_8)2+D

It has been assumed that ¢ =  does not correspond to a corner of the
polygon and that the point z = « is not contained in the polygon. Since
the algebraic sum of the exterior angles of a polygon is 2, it follows that
pr+p2+ ... + p. =2, and the above mapping function may be
written

s\—m s\~ s\~ .
Z=Cf(1—g;> (1—;;) <1—-§1‘l> ds+ D (124.5)

The above formula represents the most general mapping of the unit
circle on a simply connected polygonal region with n sides not contain-
“ing the point 2 = .

By means of the function (124.5), the known potential V(z) on the
boundary of the polygon can be expressed as a known potential V(s)
on a unit circle in the s plane, which can then be used in formula (120.6)
to determine the potential off the boundary.

125. Two-dimensional flow of an ideal fluid. The motion of a
fluid in a plane having the same density at all points can be completely
specified by the velocity components ». and »,. In the case of steady
flow, v, and », will be functions of z and y and independent of the time.
If the region in the z plane (z,y plane) over which the flow is to be
described is free of sources or sinks, so that any change in the state of
the fluid in this region is a result of flowing across the boundary, certain
conditions must be satisfied by the components of velocity v, and v,.
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In order to see what these are, consider a closed curve C in the region
of flow which contains no sources or sinks. The net flow of fluid must
be zero into the region enclosed by C as measured by the quantity

fc v, ds (125.1)

where ds is an element of lepgth along the curve C, and v, is the com-
ponent of velocity normal fo the curve C and directed into the region
enclosed by C. When v, is expressed in terms of the components v,
and v, and the direction cosines of the normal to (, it becomes

dy dz
Vn =0, C08a + 2,083 = —v,— + v,
n v o g “ds T ds

The condition that the net flow into the region enclosed by C is zero
then becomes

fvv,. ds =Lvy dx —v,dy =0 (125.2)

In Sec. 55 we have seen that when a line integral of the above form
vanishes for all choices of C, the functions v, and v, must satisfy the
conditions

e _ oy, .
az = oy (125.3)
which gives one of the conditions that the velocity components must
satisfy.
The circulation of the fluid is measured by the quantity

fc ve ds (125.4)

where the curve C is traversed in the positive sense, and v, is the com-
ponent of the velocity tangential to the curve C. If the circulation for
every closed curve C in the flow region vanishes, the flow is said to be
vortex-free. Since

Vg = Uz dz + v dy

¢ ds ' "V ds

the vanishing of the circulation requires that

fcv,dx +o,dy =0 (125.5)
If this integral vanishes for all choices of the curve C, then
vz _ Oy
3y oz (125.6)

is a second condition which the components of velocity must satisfy.
Furthermore a necessary and sufficient condition (cf. Sec. 55) for sat-
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isfying conditions (125.5) is that the integrand be the differential of
some function &(z,y). This means that

0P 0
dd = azd:c+ 6ydy = v, dr + v, dy

which in turn requires that

_ o )

e =3 (125.7)
0P

w=15 (125.8)

Consequently, when the flow of an incompressible fluid is vortex-free,
the components of velocity are derivable from a velocity potential &.
The conditions imposed on @ by egs. (125.7), (125.8), and (125.3)
require ® to be a solution of Laplace’s equation. In Sec. 82, it was
shown that the real and imaginary parts of any analytic function w
of the complex variable z satisfied Laplace’s equation, so that we are
led to regard the velocity potential & as the real part of an analytic
function w which we may write

w=>® + ¥ (125.9)
Since we know that the curves ¥ = constant intersect at right angles
with the curves ® = constant, we are led to associate the former curves

with the stream lines. That this is actually possible can be seen by
noting that the equation of the stream lines is

dv _dy
A
or from egs. (125.7) and (125.8) this becomes

%
a9y

This equation may be expressed in terms of ¢ by means of the Cauchy-
Riemann equations (cf. Sec. 82), in which case it becomes

0%
dz— T dy =0

1 W . _
5 @+ 5y =0

The general solution of this equation is ¢(z,y) = constant, thereby
showing that the stream lines are mapped on the z plane when the
imaginary part of w is placed equal to a constant.

The vector velocity can be expressed in terms of the derivative of
the function w, since

dw _dw 3% .oy 9P .9%

dze oz 9w ‘oz oz oy T ™
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Consequently

o = 0, + i, = (%”)* (125.10)

From the above discussion it is evident that the methods of con-
formal mapping already outlined for the solution of potential problems
can be applied to the flow 6f an ideal fluid. The boundary conditions
are mainly of two distingt types or a mixture of these. One type is
that for which ¥ = constant on the boundary. This corresponds to a
case where the boundaries of the region of flow are made up of fixed
surfaces. Since there can be no shear in an ideal fluid, the traces of
these surfaces in the z plane must coincide with a stream line, that is,
a line over which ¥ = constant. In the other main type of boundary
condition, the components of the velocity are known, which means the
function ® must be such that the first-order partial derivatives d®/dx
and 9®/dy give the prescribed values of v. and v, over the boundary.
Flow problems involving a mixture of these boundary conditions often
occur, in particular when a fluid flows around material obstacles.

It should be mentioned that cases often arise where the mapping
function w may fail to be analytic at isolated points of the z plane.
Such singular points then introduce sources, sinks, or vortex points into
the flow region. This situation may be made clear by an examination
of the mapping function

w = éq;r logz = Eq;r (log p + ie) (125.11)

In accordance with the above discussion the stream lines are given by
the equation g¢/27 = constant, which are radial lines with origin at
2z = 0. From eq. (125.10) the vector velocity is

dw\*_ ¢ _ g,

dz) = 2me* 27rp
If a circle of radius p is described with center at z = 0, the quantity of
fluid flowing across this boundary from inside to outside is propor-

tional to
=9 =
fcv,, ds —j;) 27p pdp = q (125.12)

where ¢ may be called the discharge per unit length of line source.
The type of flow here considered is that due to a line source at z = 0
and a sink at z = .

If in eq. (125.11) q is replaced by iI', we have the mapping function

i 1T .
w =g logz = o (log p + 79) (125.13)
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from which the equation for the stream lines is (I'/27) log p = constant,
which in this case are circles. The vector velocity is now

v = (d_w)* (N L e
“\dz) \2rz) " 2mp

Thus the velocity has the magnitude I'/27p in a direction tangent to
the circle with radius p, and directed in the clockwise or negative direc-
tion. From eq. (125.4), we find the circulation about a circle of radius p
with center at the origin to be

f veds = —— [ Zpde = —T (125.14)
c T

so that T is the circulation or vortex strength in the positive or counter-
clockwise direction of rotation.

126. Flow of an ideal fluid around a cylinder. The method of
the previous section may readily be applied to the flow of an ideal fluid
around a cylinder whose axis is at right angles to the direction of flow.
Let the trace of this cylinder
in the z plane be a circle with Y
radius a and center at z = 0, C z plane
as shown in Fig. 126.1. At
very great distances from the
circle, it will be supposed that A4 B ¢ D E
the fluid has a velocity » in x
the z direction. The stream
lines will be symmetrical with
respect to the real axis. Since
for an ideal fluid, the boundary F16. 126.1
of an immersed object must
coincide with a stream line, the appropriate mapping function must
map the line ABCDE in Fig. 126.1 into a line which is parallel to
the real axis in the w plane.

The semicircular path BCD can be made to map on the real axis in
the w plane by letting w = K cos ¢ for values of z on the circle. Since

cow.-:i"i”““—"'_""=1<f+9)

2 2\a " 2
for z on the circle, the function w can be written
_K(z o\_Kfp , o _,
w-—2<a+z)——2<ae"’+pe W) (126.1)

when z lies on the negative axis (x < —a), ¢ = 7, and

_ _K(p_
w= 2<a+p)
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Consequently, if K is real and positive, the negative real z axis, z < —a,
maps into the negative real axis in the w plane. For z > a, then

_Kfp_ a
w_2(0+p>

so that as the entire curve ABCDE is traversed, w traverses the real
axis. The constant K may be determined by the velocity condition at
z = . From the relation (125.10),

_<41_0*_E(1_£*
Y= \& "2 \ae 2

Since v = v, for z — », the constant K is determined by the relation
K
2a

and the complete mapping function is

Vo =

a2
w = v (z + ;) (126.2)

The effect of circulation around the cylinder can be taken into account
[eq. (125.13)] by adding the term — (¢T'/27) log z, since this would not
change the velocity v = vy at z = .

The flow around any obstacle can be determined by using the func-
tion (126.2) if its boundary and interior in the ¢ plane can be mapped
on a circle in the z plane by means of a mapping function of the form

z=t+%+%+.“ (126.3)

A higher positive power of ¢ cannot be allowed, because of the condition
that at great distances from the obstacle the velocity v must be vo.
This may be readily seen from eqgs. (126.2) and (126.3) by noting that

lim v = lim (@ i?)*
[t]—oo e \dz di

- i az\* a_ 2¢ Y
= l}g{: Vo (1 22) <1 I D .. ) = 1

The determination of the functipns for mapping polygons on circles was
discussed in Sec. 124.

127. Complex force and moment on immersed obstacles. The
force on an obstacle around which a fluid is flowing can be expressed
very conveniently in terms of the mapping function w when the flow is
two-dimensional. The x component of force acting on an element of
fluid of dimension dr, dy, and unity will be (pX — dp/dx)dx dy, where
p is the pressure, p is the density, and X is the z component of the
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external force per unit mass acting on the element of mass p dz dy.
Since this force must equal the 2 component of the acceleration,
op _ v _ (. . o
X = =P = "(az Tagtet gy v
v,
P at

9, 9 9 9
+ 0 0D+ 5 o) = [ Z o)+ 2 ()]
(127.1)
The last term in brackets can be replaced by v.(dp/d%) because when no
sources or sinks are present in the element the continuity equation
9, 9 9 -
at T ag (o) + 5, () =0
must be satisfied. For a steady-state condition all partial derivatives
with respect to the time arc zero, so that eq. (127.1) becomes

9 9 [’
X — 55 = (pv2) + a—'y (pvaty) (127.2)

This differential equation must be satisfied throughout the region of
flow, and in particular can be integrated over a volume of fluid located
between the boundary of the immersed obstacle and an arbitrary bound-
ary surrounding it of unit length in a direction at right angles to the
zy plane. Let the surface of the obstacle be Sp and that of the arbitrary

Fi1a. 127.1

boundary be S,, as shown in Fig. 127.1. An integration of the above
equation over the volume bounded by the surface S, and S, gives

SLfoxav = [[Z @+ o) +& ) Jt¥
= f f . [(p + pv3) cos & + pv.v, cos B1dS
+ f _I;. [(p + pv2) cos a + pv.v, cos B1dS

where the volume integral on the right has been expressed as a surface
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integral with the help of Green’s theorem (cf. Sec. 67) and cos a and
cos B are the direction cosines of the normal outward from the fluid.
The above equation can be conveniently rearranged as follows.

ffprXdV =fj;opcosad8 +f.[9» ovz(v; cos @ + vy cos B)dS
+fj; p/e{sadS +ffq pvz(vs cOs a + v, cos B)dS

In the second integral on the right, the quantity v, cos o + v, cos 8
is the component of velocity normal to the surface of the obstacle,
which must be zero since the trace of this surface must be a stream line.
Furthermore the first integral on the right is just the z component of
force F. acting on the obstacle, so that finally,

F. =ffprX av —fj;. ovz(v; cos @ + vy, cos B)dS
- f j; P cos a dS (127.3)

When the external forces may be neglected, the first term on the right
vanishes and the pressure p can be expressed in terms of the kinetic
energy by means of the Bernoulli equation

1 1
P =Po— 5" = o — 5p(t% + 1)) (127.4)
where po is a constant. The expression (127.3) then becomes
F, = gfj;o [(2 + v2) cos @ — 2v.(v; cos a + v, cos B)]dS

Since the surface under consideration is generated by a line perpendic-
ular to the zy plane, the above integral is really a line integral, and F,
is the force per unit length of the obstacle.

F,= gfc‘[(vi + 12) cos @ — 2v,(v; cos @ + v, cos B)]ds

Then cos a = dy and cosf = — &
ds ds
so that F.=} fc.(v?, — @B)dy + 200, dz

Similar reasoning shows that
F,= -5 fc.(v% — @)z + 200, dy
From these expressions we can express the complex force as

F*=F,—iF, =2 [ (2 = o — 2ivw,)(dz + i dy)
2 Je.
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or from expression (125.10),

¥ — F—4p = [ ()
F*=F,—iF, = 5 c.(dz) dz (127.5)

The turning moment on the obstacle can be derived in much the same
way, and can be conveniently expressed as

- 2 dw\?
M, = —real part of 5 fc,z (dz > dz (127.6)

The above formulas for the force and turning moment on an immersed
obstacle are particularly convenient to use, because the path C, can be
taken to be a circle enclosing the object, and in many cases the method
of residues (cf. Sec. 94) can be used to evaluate the integrals.

128. Fluid flow with free surfaces. When a part of the boundary
of a region of flow is free, so that the fluid is not in contact with the
surface of any object and the gravitational or other external forces can
be neglected, it is advantageous to use the following hodographic method
in determining the appropriate mapping functions. Under the above
conditions the trace of the free surface on the complex z plane must be
a stream line along which the velocity is constant. This fact follows
from Bernoulli’s equation [cf. eq. (127.4)]. Since part of the fluid bound-
ary is to be a stream line with constant velocity, it is convenient to
make use of an intermediate mapping function s = f(w) in which stream
lines of constant velocity in the z plane map into arcs of circles in the
s plane. In order to obtain such a function, we start with the usual
mapping function

w=F) =&+ ¥
(cf. Sec. 125) in which ¥ = constant is the equation of a stream line,
and solve for z as a function of w, so that

2=z 4+ 1y = z2(w)
By means of eq. (125.10), we may write
dz 1 1

dw ~ dw/dz v, — w,

or dw= o]
This is the intermediate mapping function described, and we therefore
write

Jd _uiy _[olete e
Taw T Tl T TR Tl (128

As is evident from this equation, s represents a vector whose length is
1/| v | and whose direction is that of the velocity. The curve described
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by the end of this vector s as a stream line is traversed is called an
hodograph.

The next step is to map the region in the s plane, which in turn maps
into the flow region in the z plane onto a strip of the w plane lying be-
tween two lines parallel to the real axis. When this mapping function
s = s(w) is found, it is readily seen from eq. (128.1) that

e=J st‘l= 2(w) = z(@,¥) + 1y(d,¥) (128.2)

The procedure outlined above for finding z = z(w) in the case of free
flow may be illustrated by calculating the flow of a fluid from a semi-
infinite reservoir through a jet. In Fig. 128.1a, the fluid occupies the

SIS ST SIS 7
/////// 4/‘/“ ;//,{///;//;/22
0 A
/ ’
a b ;é; b a
2 plane O A
1
7
cltrArAe
f
(a)
s plane
a b b a
/ 4 /
7 . RO A
0P Vo 707
7% 777
///// c,c/é/////
S SSS S SIAT LSS S S
(b)
§ plane t=-1 t=—>=
b a
ir JC
g'"—‘_*'c'
g-__”r b o
t=+1 t=too
{c)
Fic. 128.1

region above a plane whose trace in the z plane is the real axis. In the
bounding plane there is a slit bb’ of width 2d. The fixed boundaries
ab and o'b’ must be stream lines which continue into the free surfaces
be and b'c, respectively. In accordance with eq. (128.1), the boundary
ab must map into a line in the s plane (see Fig. 128.1b) for which ¢ = 0,
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since this is the direction of the velocity on the boundary ab, while the
free surface bc must map into the arc of a circle whose radius is 1/vo,
where v, is the constant velocity over the free surface stream line be.
Taking the velocity of the fluid in the reservoir to be zero at a great
distance from the gap bb’, the absolute value of s at a(z = —») is
s = ». Corresponding to b, | s| = 1/v. Consequently the boundary
ab maps into ab in the s plane, and be maps into the quarter circle be
in the s plane. Likewise the boundary and free surface a’b’c’ maps into
a'V'¢’ in the s plane. The crosshatched region of the s plane must now
be mapped in a strip between two lines parallel to the real axis in the
w plane.

The mapping of the s plane onto the w plane can be carried out by a
straightforward application of the methods discussed in Sec. 121. To
apply these methods, the s plane is mapped inside a polygonal region
in the { plane by means of the relation

{= log VS (1283)

which maps the boundary abc in the s planc into the boundary abc
in the { plane shown in Fig. 128.1c. The boundary a’b’¢’ in the s plane
goes over into the boundary a’b’¢’ in the ¢ plane. The mapping of the
¢ plane on a strip in the w plane can be done by mapping each of these
polygons on an auxiliary ¢ plane and then eliminating the variable ¢.
The parallel strip in the w plane is mapped on the auxiliary ¢ plane
[see eq. (122.5)] by the function

w=Clogl+ D (128.4)
The polygon in the { plane can be mapped on the ¢ plane by employing

the Schwarz-Christoffel formula [see eq. (121.1)]. Applying this to the
polygon shown in Fig. 128.1¢,
= AS U+ DT = DT+ B
=Alog(t+VvVe—1)+ B
The fact that { = 0 when ¢t = —1 requires that B = — A4r, and when
t = +1, then { = —im, so that A must be 1. The complete function is
then
¢=log(t+Ve—1) —ir (128.5)

A little care is required in order that the correct value be assigned to
this function when { < —1. The proper value of the above function
for ¢t < —1 can readily be found by referring to the #* plane shown in
Fig. 128.2. On writing ¢ = | ¢ |e¥, it is readily seen from the dashed
circle (| t| < 1) that

s

2<arg(t’—1)<%—r when 0<6<~n
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and £<arg\/t2—1<§z—r

On the other hand, when | ¢| > 1 (solid circle) it may be seen that
0<arg(®@—1)<2r for 0<0<r

and 0<argVeL1<nr

Consequently, for ¢ < —1, argV'#? — 1 = =, and the function (128.5)
becomes

c=log([tlem 4+ eV —1) — ir
=log(t|+VI[tE—1) (128.6)

This maps the part of the negative real axis in the ¢ plane for which
t < —1 into the positive real axis ba in

@ plane the ¢ plane as it should.
The auxiliary variable { may be elim-
inated from (128.6) by solving for ¢ from
N/ eq. (128.4). This gives :

=1

7

14

Ny t = ewD)NC (128.7)
Since the points ¢ = —1 and ¢ =1 lie
on the boundary stream lines, i.e., at
points b and b’, respectively, we may

Fic. 128.2 determine the'vyldth of the strip in the w
plane by requiring

—1 = etw=D)/C 41 = em-D)/C
. ’Ll)g—D_i_’r w—D
° C C
from which
Wy — W = Cr and &, + i‘I’z —_ (b] - 'i\I/l = iCr

0

If we make the velocity potential curve ® = 0 pass through the points
(b,b’), then ® = &, = 0 in the above equation, and C is real. For con-
venience, we may take ¥; = 0, when ¥, = Cwr, and the fluid region in the
z plane maps into the strip between the linesw = ® and w = & 4 Cn,
with the point b lying on the bounding stream line w = & + ¢Cr, and
b’ lying on the line w = &.

From egs. (128.3), (128.5), and (128.7),

8= e;;.i_' [ew—D)IC 4 /2@ DIC — 1] (128.8)
0

The w plane is finally mapped onto the z plane by making use of the
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above result in eq. (128.2), whereupon

i
z= —e;—f [e@=D)C 4 /' e2w=D)IC — 1]dw 4 constant
0

Since the real constant C merely changes the scale of length in the w
plane, and the constant D produces a translation of the plane, we may
for convenience change the scale in the z plane and translate it instead
of the w plane. Then

< —D'= + Ve — 1)dw

Cl

e— ur

(,,u Ve o1 — ,10g‘/""_—1ﬂ
0

v

) (128.9)

Now the boundary stream lines in the w plane are given by ¥ = 0 and
¥ = 7r, with the point b’ lying on the former and the point b on ¥ = 7.
The appropriate value of the many-valued function Ve — 1 must
be found from the same considerations as those leading to eq. (128.6).
The constants C’ and D’ in the above equation can be determined by
locating the points b and b’ in the z plane. It is simplest to let b and b’
correspond to z = —d and z = +d, respectively, which points must,
as mentioned above, map into w = ir and w = 0, thus requiring that

=4 _ 5 _1 T
C’ D= Vo (1 + 2)
a4 _ 5 _ 1 s
C’ b Vo (1 + 2)
From these two equations, it is readily found that
N
1+ /2)

The values of these constants used in eq. (128.9) yield the following
final mapping function.

D'=0 and C' =

Ve —141

ev

z= <ew + Ve — 1 —ilog ) (128.10) -

_4d
1+ /2
which provides the solution of the flow problem in question.

The contraction in the jet can be found by determining the real part
of z at the point ¢’ which corresponds to w = —«. From the above
equation,

—to at ¢

s = wd
Tr+2
The coefficient of contraction is therefore r/(x 4 2) = 0.611.
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PROBLEMS

119.1. Find the equipotentials, and the clectric field between the two cylinders
whose traces are the hyperbolas (z/a)? — (y/b)? = 1, when the potentials of the
cylinders are + V,. Find the charge density on the surface of the cylinders. Is it
proportional to the curvature of the surface?

119.2. Use the transformation z = w2 to find the electric field outside a wedge-
shaped conductor whose dihedral angle is a right angle.

119.3. Show that the function z = ia cot w/2 maps the line V = V, into the
circle

(x — a coth Vi) 4+ ¢ = a? csch? V.
Hence show that the lines of force between two right circular cylinders are circles.

119.4. TFind the curves into which the function z = e¥ 4+ w maps the lines
V = and V = —x. Hence find and sketch the equipotentials in the region near
the edge of a parallel plate capacitor. Find the electric ficld as a function of position
at the surface of one of the plates, and on the plane midway between the plates.

119.5. In the parallel plate capacitor above, the field at the edge of the plates
becomes infinite. Since this effect is undesirable in capacitors used for high voltages,
suppose that instead the plates are made in the shape of one of the equipotentials
in the problem above. Discuss the field at the surface of such a plate and find
that equipotential which has the “most uniform’ surface field.

120.1. Find the potential inside a circular cylinder of radius R, when the poten-
tial on the surface is given by V sin ng.

120.2. The linear fractional transformation

w =zt B)
(az + 3)
maps circles into circles, provided a straight line is considered a degenerate circle.
Furthermore, the transformation is completely determined when the mapping of
three points is given. Find the linear fractional transformation which maps the
points z = —1, 1, « into the points w = —1, 1, ¢, respectively. Of what problem
does this give a solution?

122.1. Use the Schwarz-Christoffel formula to find the mapping function of

Problem 119.2.
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122.2. Use the Schwarz-Christoffel formula to find the mapping function of

Problem 119.4.

122.3. TFind the electric potential around the configuration shown.

VeV,

1 th
: I
—_—_— V=C 0

Pros. 122.3

Pros. 1224

122.4. Map the step function into the upper half plane.
122.5. Map the right-angle strip into the upper half plane.

126.1. Find the velocity potential and stream func-
tion for flow around a cylinder when the velocity at
infinity is vec*#.

127.1. Using the function 2z = w + a?/w which
maps the circle | w | = a into the line segment between
z = —2a and z = 2a, find the velocity potential and
stream function for flow around a strip when the velocity
at infinity is vee*. Find the torque on the strip and
show that the strip tends to be perpendicular to the
line of flow. Find the torque if v, is replaced by a

Pros. 122.5

sinusoidal function of time. This is the principle of the Rayleigh disk used to measure

the strength of sound.

127.2. Show that a circle through the point z = —1 enclosing z = 1 is mapped
into an airfoil-shaped figure by

the function w = 2z + (1/z). This
is the Joukowski airfoil. Find the
lines of flow around the airfoil for
a general angle of incidence. Plot
a few of the flow lines for a con-
venient choice of the parameters.
Set up the integral giving the force

Pros. 128.1 on the airfoil and carry it as far
as you can.
128.1. Determine the flow pattern through a slit of width 2d in the bottom of a

semi-infinite reservoir with the shape shown above.



Chapter 10

ALGEBRA o(LlNEAR EQUATIONS,
TRANSFORMATIONS AND
QUADRATIC FORMS

129. Permutations and determinants. When a collection of »
things which may be designated by ai, az, as, . .. , a, is arranged in any
order, the arrangement is called a permutation. If they are arranged
in order of increasing subscripts, one may consider this the natural
order. In one and only one permutation are the objects arranged in
their natural order. With n objects there are n! permutations or dis-
tinct arrangements.

Any two elements of a collection arranged in their natural order is
called a permanence. Any two elements arranged in the reverse of their
natural order is called an inversion. According to this, the permuta-
tion a; a; as a; as az is made up of seven permanences, as s, @1 a4, Gy A3,
ay as, a1 a2, a4 s, a3 @, and eight inversions. All permutations of n things
may be divided into two main classes, one made up of all permutations
with an odd number of inversions, the other containing all permutations
having an even number of inversions. A permutation changes its class
whenever any two of its members are interchanged. Furthermore, of
all possible permutations of n objects, one-half have an even number
of inversions and one-half have an odd number.

A determinant of order n can conveniently be defined in terms of an
algebraic sum of all permutations of n quantities. The definition can
be made clearer by first defining a determinant of order three in terms
of the nine quantities

an Qi ai
Q2 G2 Qg
Qs Qzp Qs

The determinant of order three is defined as the algebraic sum of all

the permutations that can be formed from the product an azx ass by re-

arrangement of the second subscripts, a positive sign accompanying

those permutations with an even number of inversions and a negative
252
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sign accompanying those with an odd number. The six possible permuta-
tions in this case are given in the following table.

Number of =~ Algebraic

Permutation Inversions Sign
an Q2 an 0 even +
an G A3 1 odd —
Q2 Qn Oy 1 odd -
Q2 Q3 Qn 2 even +
Qi3 Az Gy 2 even -+
a3 G axn 3 odd -

In accordance with the above definition, the value of the determinant D,
often written
Gy Gy Qi

D=l|ay ax ax
a3 Gz Az
18 D = 1020z — 0102303 — 01202105

+ Q12023031 + Q1AnAn — Q1302003

The general definition of the determinant of n? quantities may be
expressed by the equation

an G ... O
as G Q2n
D=| V= T (=Day ey, (120.1)
............... 1 72 In
An1 Qp2 .. Ann

where the summation is to be taken over all possible permutations
Ju,J2, - .. ,J. 0f the integers 1,2, ..., n, and his the number of inversions
occurring in each permutation.

130. Certain properties of determinants. Several useful facts
concerning determinants are listed below. Proofs of their validity can
be found in any standard treatment of algebra.

1. The value of a determinant is not changed when its rows and col-
umns are interchanged.

2. The algebraic sign of the determinant is changed when any two
rows (or columns) are interchanged.

3. When the elements in any two rows (or columns) are identical,
the determinant has the value zero.

4. If each element in any row (or column) is multiplied by the same
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factor, the resulting determinant is equivalent to the original determi-
nant multiplied by that factor.

5. From (3) and (4) it follows that if one row (or column) is propor-
tional to another row (or column) the determinant is zero.

6. If every element in any row (or column) can be resolved into the
sum of two quantities, the determinant can be expressed as the sum of
two determinants. This means that

/

an'+ an QG ... Q.

Ay + @y Qe ... Q.

Qny + 01 Ao Qnn
ay Qi ... Qin any Qi ... Qi
Ay Qo2 Aoy oy Q22 ... Q2

= e s o B, (130.1)

Any Qn2 ... Qan Qn1 Qp2 ... GOun

7. If the elements of one row (or column) are equal to the sums of
the corresponding elements in any number of other rows (or columns)
each multiplied by a factor, the resulting determinant will have the
value zero. This means that

aay + Bayp au G ... G
aldy + Baw Qy Gp ... G
Q@ + Bany Gm Qn [
an an Gz ... O G A Q2 ... Qg
Q21 Q21 Q22 Aan—1 Aoe Q21 Qe Qon—1
] + B =0
Qn1 Qnr Qn2 .. Ann—1 Qp2 Qu1 Qng e Onn—1

(130.2)

8. A determinant is unchanged when to each element of any row (or
column) are added those of several other rows (or columns) multiplied,
respectively, by constant factors. Consequently, we have the identity

an G2 ... O an + ame + Bai a2 a3 ... G
an Qp ... Gz G + a0 + Baz; G Qs ... G
Gnp QAn2 ... Qnn Any + alne + ﬁana Qn2 Qn3 ... Qpn

(130.3)
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This property of a determinant is especially useful in facilitating the
evaluation of certain determinants, because it often allows one to obtain
a row or column with a considerable number of zeros in it.

9. The value of a determinant is unchanged by augmenting it with
rows or columns of zeros, provided the new terms on the principal diag-
onal are ones. The general situation concerning the identity of a determi-
nant and the augmented determinant is clearly indicated by the equation

1 0 0 0 ... 0
Quy Q2 ... Qi X 1 0 0 ... 0
A21 Q22 Qon X X an ap ... an
................ =X X an an . . an (130.4)
An1 QAn2 Qun | | o

X X au G .. auw

where positions marked X can be filled with arbitrary elements.

10. The product of two determinants of order n can be expressed
as a single determinant of the same order. In order to find the element
that occurs in the ith row and jth column in the product determinant,
one multiplies each element in the ith row of the first determinant by
the corresponding element in the jth column of the second, and adds
them all together. This process thus gives

iy Qi ... Gy by ... by, ... bin
------------- . 1)21 R l)z, e b2n

A,y Qe . @ F

Ay Qn2 . A b .. ba Dan

) ..
Z a1xbiy Z aubry .. ... Z 01xbin
3 * *

e Do awbe, o (130.5)
k

Z ankbk! Z ankblc2 ....... Z a,,,,bk,,

Determinants obey the commutative law of multiplication.

131. Laplace’s development by minors. The evaluation of deter-
minants of order higher than three can be conveniently carried out by
a method due to Laplace. This method requires the use of minors of a
determinant. A minor of a determinant of order n is defined as the
determinant formed from the elements left over after striking out
the elements in any p rows and columns of the original determinant.
The minor is therefore a determinant of order n — v, and is referred
to as a pth minor. A second minor of the determinant
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un Qi Qi3 ... Qi
Q1 G2 0O Q2n
Q3 Gz Qi ... Q3n (131.1)
Qn1 ?{2 Gn3 Qnn
f
Az (G A3n
. ay a .G
is o tu i (131.2)
Qp1 Qna ... Qnn

This particular second minor may be referred to as the second minor
with respect to the determinant

a2 Oy

(131.3)

Qg2 A

On the other hand, the determinant (131.3) is the (n — 2) minor with
respect to the determinant (131.2). The minors (131.2) and (131.3)
are called complementary minors. When a minor contains the elements
from the same columns as rows it is called a principal minor.

If the determinant (131.1) is denoted by A, then a minor will be de-

noted by A%% - b when it contains the elements from rows ki, ks, ... , k;
and columns U, L, ... , L. The complement of the minor ARk

may be denoted by A%+---% In this notation the minor (131.3) is A2

L. ..

and its complement (131.2) is A34- ‘». The algebraic complement of the
minor A% % is defined by the relation

algebraic complement of A% - i = (—1)r 4k I

where h is the sum of the number of inversions in the permutation
by b, ...,l, and the permutation &, ke, . .. , k. (cf. Sec. 129) or h is the
number of transpositions of the indexes l, ... , I. required to make
the order Iy, I, . .. , I, coincide with the order ki, ks, . . . , kn.

According to the Laplace method the value of a determinant of order
n can be found as follows. Select any j rows and any j columns in a
determinant A and form all the different minors of order j that can be
formed from the elements in the j rows and columns. The value of 4
is then the sum of the products of each of these minors and its algebraic
complement. There will be n!/j!(n — j)! minors of order j, and conse-
quently this number of terms in the sum.

The Laplace development of the determinant A just explained can
be conveniently expressed in terms of the minor notation given above
by writing
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A=Y (_l)kx+ka+...+k1+l:+..‘+lyA’?:::j£_| X
ki . .kn

cdn

Al dm 57 (—1)rAR- kg

binations of the k integers 4, I, ..
n integers 1, 2, ...
The Laplace method of evaluating the determinant

, N

an
Q21
A=

az
Qg

a2
25
[257]
Q42

Q13
(2]
ass
Q43

Q14
Q24
34
()

257

(131.4)

where h is defined above and the sum is to be taken over all the com-
., by which can be formed from the

will be illustrated by developing it with respect to the first two rows.
The development (131.4) can now be written in the explicit form
A = ABAY — ABAY + ARAY + ABAY
— ARAY + AAY

or
4 = an Gy Q33 Q34 Gy Oy . Qg2 Q34
Q21 Qg2 Qg3 Q4q Q21 Q23 Qg2 gy
an Gy . Gz Q33 (ST . azn O3
Q21 Qu Qg Q43 Qo2 Q23 Qg Qag
_ e Gy . a3 Qg a3 Qg . Az O3z
a2z Gy Qg1 Qg3 Qzz Q2 Qg Qg2

In actually evaluating a determinant, it is often advantageous to use
a combination of the properties given in Secs. 130 and 131. For ex-
ample, suppose we are required to evaluate the determinant
3 1 7 4 2
-2 3 0 2 1

D= 5 —1 3 8 3
6 4 1 -2 5
11 -5 -1 6 -3

According to rule 8, Sec. 130, the value of the determinant is unchanged
if we multiply the fifth column by 2 and subtract the result from col-
umn 4. This gives

3 1 7 0 2

-2 3 0 0 1

D = 5 —1 3 2 3
6 4 1 —12 5

11 -5 -1 12 3
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The object of this procedure was to introduce two zeros in the fourth
column. Two more zeros can be introduced by adding row 5 to row 4,

thereby obtaining
3 1 70

-2 3 0 0
D= 5 ,~1 3 2
17 / -1 0 0
11 -5 —1 12 -3
Because of the zeros in rows 2 and 4, it is advantageous to develop the
determinants according to minors based on the elements of the second

and fourth rows. These nonzero minors are A3, A%, and A3f. From the
relation (131.4) we may write

N W o= N

7 0 2 1 7 0

) 3 -2 1
D=|17 1[~ 3 2 3+'1$ 2‘- -1 3 2
-1 12 -3 -5 -1 12
3 7 0
NN
- 11 -1 -3

The above determinants of orders 2 and 3 can be readily evaluated.

132. Linear equations. Determinants, discussed in the preceding
two sections, play an important role in the theory of linear equations.
When a system of m linear equations

an®y + apr: + ...+ e, =k

an®y + Gty + ...+ G2Tn = ko l

............................... (132.1)

Cmi®1 + @maz + ...t Amaln = km S
involving n unknowns z), ... , #, and the known constants a.; and
ki, ..., knxis given, the following three situations may arise.

1. No solution exists, in which case they are said to be inconsistent.
2. The system of equations possesses just one solution.
3. The system may have more than one solution, in which case they
necessarily have an infinite number of solutions.
In order to ascertain which of these situations obtains we must con-
sider the following two arrays
an G ... Qi a G2 ... Gn K

A=l ... o COA = o (132.2)

Am1 Am2 ... Qmn Ami Amz -.. COmn km
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of the constants and coefficients which occur in the system (132.1).
Each array is called a matrix (cf. Sec. 18). In particular, A is called
the matrix of the system of equations, and A’ is called the augmented
matrix.

As explained in detail in Sec. 18, a matrix is said to be of rank r if,
among its elements, it contains one r-rowed determinant which is not
zero, while all determinants of higher order which can be formed from
the elements of the matrix are zero.

Which of the three situations mentioned above obtains can be con-
cisely given in terms of the ranks of A and A’.

1. The system of eqs. (132.1) is consistent if and only if the rank of
A equals the rank of A'.

2. The system has only one solution if rank A = rank A’ =n.
This requires that m = n, i.e., there must be the same number of equa-
tions as unknowns, and the determinant of the n? coefficients must
not, vanish.

3. If rank A = rank A’ = r < n, then n — r unknowns can be as-
signed arbitrary values, and the remaining r unknowns will then be
uniquely determined. The n — r unknowns can be assigned in any way,
provided that the matrix of the coefficients of the remaining unknowns
is of rank r.

The actual solution of a system of eqs. (132.1) for which
rank A = rank A’ = n can be conveniently found either by Cramer’s
rule or by the elimination procedure of Gauss.
 Cramer’s Rule. If

U EETTTORTTRRRIoN (132.3)

Gn1 Gn2 ... Gnan

is the determinant of the coefficients of the system of equations

dawi=ks i=12 ...,n (132.4)
=1
for which rank A = rank A’ = n, Cramer’s rule states that
x,-=:‘:—j i=142 ...,n (132.5)
where A, is the determinant
ay ... @i ke G ... Gin
@y ... @ ky Gy ... G
Ay = | (132.6)

An1 ... Qpy k,. Apj41 o+ OQan
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Gauss’s Elimination Procedure. When the coefficients in the system
of egs. (132.4) are numerical it is convenient to use a slide rule or com-
puting machine in connection with the following elimination procedure.
In the system of equations

any + ap: + apts + ...+ at, =k

%y + Qs + Moty + ...+ G0Zn = ke
anZy + aprs +apts + ... + a2, = ks
ATy + Gnaly + Qnas + ...t Cualn = ka

multiply the first equation by —as/an and add it to the second, then
multiply the first equation by —as/en and add it to the third equation,
and so on, until this has been done to all the equations. We shall then
have

ani+apr: + 1373 +...+ A1nTn =K
A21012 an0y3 (53101 aniky
(022" )I2+(a23— )$3+- . ~+(02n—_‘—2)1n=k2"'“"—
agn ary an an

0n1032 01013 Cn11n ik
(anZ_' T+ anz— T3t G | =k ———
an an an a1

The same procedure is carried out on the last » — 1 equation and so on
until one finally obtains the system of equations in the form

ant; + axe + apxs + ...+ a1z, =k
’ ’ ’ ’

Gga%2 + Qa3 + ... + GgaTn = k2

rn 12 "

Q33T3 4+ ...+ QA3nTy = k3

‘When the equations are once in this form, it is a relatively simple matter
to determine x,, ,-1, and so on, by starting from the last equation and
then using the next to the last, and so forth.

133. Homogeneous linear equations. When the linear equations
are homogeneous,

n
Dazi=0 i=12..,m (133.1)
=1

The matrix A of the coefficients and the augmented matrix A’ [cf.
eq. (132.2)] differ only by a column of zeros, so that rank A = rank A/,
and a homogeneous system of linear equations always has solutions.
The following cases may arise.
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1. If m > n and rank A = n, the homogeneous system will have no

solution other than z, = 2z, = ... =z, = 0.
2. The homogeneous system will have a solution other than
2y =22 = ... =2, = 01if and only if rank A < n.

3. If rank A = r < n, values of n — r of the unknowns can be as-
signed arbitrarily, after which » unknowns will be uniquely determined.
Consequently, when the homogeneous system has a solution different
from the trivial one z; = 2, = ... = z, = 0, it necessarily has an
infinite number, since the value of at least one unknown can be arbi-
trarily assigned. This is equivalent to saying that at best only the
ratios ¢1/z,, T2/, ... , T./2; can be uniquely determined.

134. Vectors and vector spaces. It is useful to have a definition of
a vector which will permit the use of geometrical concepts and language
when the number of dimensions is greater than three. With this in
mind, we shall define the vector x, to mean the set of n ordered numbers
(1, Z2, ... , Z»). The vector x is not completely specified unless all
these » numbers are given and given in their proper order. The vector
x = (21, 2, ..., ) is different from the vector X' = (z2, 21, ... , Za).
The subject of vector analysis deals with the calculus of these ordered
number sets. The numbers x;, x5, ... , &. are called the components
of the vector.

Two fundamental operations in the calculus of vectors are the
multiplication of a vector by a number ¢ and the addition of two vectors
x and y. If

x = (x4, Ty ..., Tu) (134.1)
we define ¢x to be
cx = (cxy, CTsy ..., CTn) (134.2)

where ¢ may be a real or a complex number. The definition of the addi-
tion of two vectors x and y is contained in the equation
x+y=(@+y,r+yy ..., T+ Y (134.3)

Thus x + y is a new vector whose components are found by adding
the components of each of the vectors x and y. Equation (134.3) also
contains the law of subtraction of two vectors.

The product of two vectors can be defined in several ways. The most
useful product for the present exposition is the scalar product, denoted
by (x-y), and defined by the equation

(xy) =z + 2ya + ...+ TaYa = (Y+X) (134.4)

‘When, in particular, the scalar product (x-y) is zero, the vectors x and y
are said to be perpendicular to one another or merely orthogonal.

An important special case of the scalar product arises when y = x,
for which
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(xx)=af+a2f+ ...+ 22 (134.5)

The quantity 4V (x-x) is called the length or magnitude of the vector x.
The similarity of the expression (134.5) to the square of the length
of the radius vector in three dimensions is evident.

It may readily be shown that

(x'y/% < (xx)(y-y) (134.6)
This is called the Schwarz inequality. In terms of the components
of x and y, this relation becomes
Doay < (Z ﬁ) (Z y%)
=1 =1 1=1
We shall next consider linear combinations of a number of vectors
X1, X3, ..., Tm It will now be necessary to label the components of
these vectors with two subscripts; thus z,, denotes the jth component
of the vector x;, so that

X, = (Ta, Tag, ..., Tun) t=1,2 ...,m
These m vectors are said to be lincarly independent, provided no m
numbers ¢i, ¢y, ... , ¢n not all zero exist for which
Xy cxe+ ... F CnXm =0 (134.7)

This means that the zero vector cannot be formed by a linear com-
bination of linearly independent vectors except in the trivial case
¢ =¢= ...C¢n =0. When m numbers ¢, ¢, ..., cmu do exist which
satisfy (134.7), the m vectors are lincarly dependent.

The aggregate of vectors formed by all possible linear combinations
of n linearly independent vectors constitutes an n-dimensional lincar
vector space. One may also say that n such vectors span an n-dimen-
sional vector space. Thus any 7 linearly independent set of vectors
forms a representative of the space in the sense that any other vector
in that space can be represented by a linear combination of them.
Such a group of vectors representing the space are sometimes called
basic vectors to indicate that all other vectors are to be expressed in
terms of them. The selection of the basic vectors is equivalent to a
selection of a coordinate system in the space.

It is often convenient to choose the basic vectors representing a
given space so that they have special properties which make them well
adapted to the problem in hand. For instance, it is often desirable that
the basic system of vectors be an orthonormal set, that is to say, vectors
which have unit length and are mutually perpendicular. This property
is reflected in the equations
0 1]

. (134.8)
1 1=

(ui-u;) =
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Unless otherwise specified, the letters uy, u,, ... , etc., will denote an
orthonormal set of basic vectors.
It is easy to demonstrate that vectors of an orthonormal set are neces-

sarily linearly independent, that is the relation

oy +cts+ ... +cu;i+ ... Fcu, =0
will be satisfied only when all the constants ¢ are zero. The fact that
the vectors u are orthonormal provides a simple means of actually
calculating the values of the coefficients. The coefficient ¢, may be
calculated by forming the scalar product of the linear combination
and u,. This gives

[ue(cs +eus + ... Fcu, + ... + cattn)]

= ¢,(ujy) = ¢,
Therefore
=0 j=12 ...,n

135. Orthogonalization and completeness. If the components of
a unit vector u, are w,, where j = 1, 2, ... | n, the group of vectors
uy, ..., U, form an orthonormal set if

as is at once obvious {from the relations

(U u)) = UaUy + Uty + ... F Unlyn
0 when 75
=1 when 7=

I

On the other hand, if the vector space under consideration is represented
by the linearly independent set of basic vectors x;, Xz, ... , x5, which
however do not form an orthonormal set, an orthonormal set can be
obtained from them by the following process. First let
X1
\/(xl'xl)
thereby making (u;+u;) = 1. A vector u, must be formed which is
orthogonal to u; and of unit length. This can readily be done by letting
Uz = Uy + CoXe
and determining the constants ¢; and ¢, so that
(ur+us) = ci(ureur) + co(usoxs) =0
and o
(uz+uz) = [(citz + coxa) - (its + €2x2)]
= [clul =+ Coxo [2 =1
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From the last two equations it follows that

1
o= — (U xs)ce c = o = (aromyn |
Consequently,
_ X — (U xju
U = T — (oo | (135.2)

has unit length and is orthogonal to u;. The process can be continued
by letting u; be

uy = cjuy + C;U2 + C:;xa
and determining the three constants c;, ¢;, and ¢z so that (uz-us) = 1
and u; will be orthogonal to both u, and u;.

Since any linearly independent set of basic vectors can be converted
into an orthonormal basic system, one may always regard a vector
space as spanned by an orthonormal set of basic vectors.

‘When the number of orthonormal basic vectors is less than the dimen-
sion number of the space, one speaks of an incomplete orthonormal
system of basic vectors. Even if the orthonormal system is incomplete,
the inequality,

(xx) >3 +23+ ... +2% (135.3)
known as Bessel’s inequality, is satisfied, where x is an arbitrary vector
in an n-dimensional space, and i, z., etc., are the components of x
with respect to the orthonormal system uy, us, ... , U, where m < n.
Thus

x, = (u;-x)
The inequality (135.3) is the generalization of the theorem of Pythag-
orus so familiar in a space of three dimensions.

The relation (135.3) forms a convenient criterion of completeness of
the orthonormal basic system of vectors in the sense that the ortho-
normal set is complete only if the equality in the relation (135.3) holds;
otherwise the set is incomplete. An advantage of this criterion is that
it can be extended to spaces having an infinite number of dimensions
where the dimension number of the space looses its physical signifi-
cance.

136. Orthogonal and unitary spaces. An orthogonal vector space
is spanned by an orthonormal system of basic vectors, so that an arbi-
trary vector x is represented by

X = U + Uy + ... + Tlp (136.1)

where the components x;, s, ... , £» may assume all values in the con-
tinuum of real numbers, and the square of the length or absolute magni-
tude of the vector is given by
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= xx)=ai4+23+ ...+ (136.2)

In various applications it is necessary to work with a somewhat
more general space than the orthogonal space, by permitting the com-
ponents (21, 23, ... , z») of an arbitrary vector in this space to assume
the continuum of all complex numbers zx = 2 + 7y:. The space spanned
by

21Uy + 2y + ... + Zaln

is called the unitary space of n dimensions. The fundamental laws of
addition and multiplication by a number are defined by eqgs. (134.2)
and (134.3), when the indicated operations are carried out, using the
laws of addition and multiplication of complex numbers (cf. Sec. 71)
instead of real numbers.

The definition of the scalar product must be modified in the unitary
space. This arises from the fact that if the square of the length or the
square of the absolute magnitude of the vector is defined as the sum of
the squares of the components, in accordance with eq. (136.2), the
quantity thus obtained may assume negative values, or indeed could
vanish without implying that each component of the vector was zero.
This difficulty is entirely obviated by defining the square of the absolute
magnitude of the vector z by the equation

lz|?=("2) =zla+ 2iza + ... + 2n2a (136.3)
where = ar+ iy and 2 = T — WYk
Since 23z, = 2% + 2, the right-hand side of eq. (136.3) is always posi-
tive and can vanish only if all the individual components z;, are zero.

In line with the above definition of the absolute magnitude of a vector,
the definition of the scalar product in the unitary space is

(z+5) = 2181 + 238a + ... + znsn (136.4)

As in the orthogonal space, we say that two vectors are perpendicular
if their scalar product as defined by eq. (136.4) is zero.

137. Linear transformations. The subject of linear transforma-
tions may be interpreted in two ways. First we may represent a given
vector x, in a space of n dimensions in terms of two different systems

of orthonormal basic vectors, uy, us, ..., u,, and uj, u3, ... , u,, so that
X = u; + Toldy + N + Tnln (1371)
= zul + aaz + ... + Toun (137.2)

The transition from one basic system of vectors u; to another system u}
constitutes a linear transformation because the transition is actually
accomplished by expressing the new basic vectors u; in terms of the
old by the linear relations
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U = anty + ants + ... + Gl
’
Uz = Gl + Gz + ... + Qnolt,
............................. (137.3)
’
Up = Qually + Goalls + ... + Gunlln S

A rotation of the coordin?:fe system in a given space is a special case
of the linear transformation (137.3).

A different interpretation of a linear transformation comes about
when we regard the system of basic vectors uy, us, ... , u, as fixed, but
we wish to carry out an operation on a vector x, expressed in terms of
the system u,, which converts x into a new vector x” in the same space,
expressed in the same system of basic vectors u..

X = + 2ol + ...+ TU, (137.4)
X =y + s + ..+ 2, (137.5)
The transition x — x’ is accomplished by expressing the components z;

of the new vector x’ in terms of the components x, of the old vector x
by means of the linear equations

Ty = au® + 0T + ... + GaZa
’

Ty = AuT + anT2 + ... + 2T,
............................. (137.6)
!

Ty = ATy + QuaZz + ...+ GonTs S

Thus the transformation of one vector into another in a given space is
accomplished by means of a linear relationship between the components
of the two vectors.

The two points of view mentioned above can be related by convert-
ing the vector x specified by eq. (137.4) into a new vector x”’ expressed
in terms of the basic system u; but retaining the same components
Ty, T2y ... , Tn as X had in the system u,, so that

= 2y + xus + ... + T, (137.7)

If x’" is now expressed in terms of the basic system u, by means of egs.
(137.3),

xl/

n n n
X' =1y a2 Gt F .o F T Y Gl
k=1 k=1 k=1

(zﬂ: auxj)w + <i amo,)uz + ...+ (i aanj>un (137.8)
7=1 =1

=1

I

’ 1} !
iU+ U + ..+ Tt = X

The last two equalities follow from eqs. (137.6) and (137.5). This shows
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that we may convert the vector x into a new vector x’ either by retaining
the same basic vector system u; and transforming the components
according to eqgs. (137.6), or by retaining the same components and
transforming the basic system of vectors according to egs. (137.3).

It is evident that any linear transformation can be completely deter-
mined when the matrix of the coefficients a,; is known (cf. Sec. 138).
In particular, the transformations (137.6) and (137.3) are associated,
respectively, with the two matrices

apy QG ... Qun any dy ... Qum
Aoy Qo2 ... Q2 Qi Qp ... Qp

A=l i s K=l (137.9)
Any Qn2 ... (9 Q1 Qon .. Qnn

The matrix A differs from A only in the fact that corresponding elements
across the principal diagonal have been transferred. Consequently, & is
said to be the transposed matrix of A.

138. Matrix calculus. Operations with matrices are customarily
defined to facilitate the theory of linear transformations. Because a
linear transformation which converts a vector x in a space of n dimen-
sions into another vector x’ can be completely defined when the matrix
A of the transformation coefficients is known, it is convenient to think
of the vector x' as being obtained by operating on the vector x with
the matrix A. This may be indicated by writing

Ax = x' (138.1)

‘We may also say that “multiplication” of the vector x with the matrix A
yields a new vector x’. This equation can mean only that the components
of x' are completely determined by means of egs. (137.6). The law of
multiplication of matrices can be determined by extending the formalism
adopted in eqs. (138.1). To do this, let us transform the vector x’ into
still another vector x’’ with the help of the matrix

bn N bln

so that

Bx' = x" (138.2)
The vector x” could, however, have been obtained directly from the
vector x by a suitable transformation associated with the matrix C,

so that
Cx = x" (138.3)
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From egs. (138.1), (138.2), and (138.3), we must have the identity
x'/ = Cx = Bx’ = B(Ax)
The matrix C will be defined as the product of the two matrices BA,

and will be written
C =BA (138.4)

The actual rules of multip’fication are found by determining the ele-
ments ¢, of the matrix Clin terms of the known elements b;; and a,
of the matrices B and A. In terms of the components of x, x’, x'/, we have

n n n
2 =Y by = Zb,,(Z a,m) i=1,2 ...,n
=1 1

=1 k=
n n n
=> (Z b.]a,k>xk = cum
=1\ =1
Consequently, the law of multiplication must be such as to yield a matrix
with the elements

ca = D bijt (138.5)
i=1
so that
bu  bu bin 013 Q2 Q1n
by e bon Qg; Q22 Q2
bnl bﬂ2 . bnn Qn1 Q2 Ann
Z biaq E bijan Z b1,sn
7 3 7
Z bz,aﬂ E bz,'a_,z veo Z bz](lj,,
=1’ 7 7 (138.6)

Z b,.,aﬂ Z b,.,-a,z e Z b,.,-a,,,
7

In order to find the element that occurs in the ith row and kth column
of the product matrix, it is necessary only to multiply each element in
the ith row of the first matrix by the corresponding element in the kth
column of the second matrix and add them all together. It must be
emphasized that the order of the matrix factors in a product is impor-
tant, since B-A is not in general equal to A-B.

Although the commutative law of multiplication does not hold in
general, the associative law

(AB)C = A(BC) ) (138.7)




Sec. 138] Linear EquationNs, TRANSFORMATIONS, QUADRATICS 269

and the distributive law
(A +B)-C=AC+ BC (138.8)
do hold. The last law requires the law of addition of two matrices, or
more generally, the way in which a linear combination of two matrices
is to be formed. The matrix representing the linear combination
M + uB, where A and u are real or complex numbers, is defined as that
matrix whose elements are Aa.. + ubx.
The zero matrix is a matrix all of whose elements are zero.
The unit matrix U is defined so that it will play the same roll in matrix
calculus as the number 1 plays in ordinary calculus. Thus
UA =AU =A (138.9)
This requirement, together with the law of multiplication (138.6),
requires U to be

100 0
010 0

gol001 .0 (138.10)
000 ... 1

Another important matrix is the inverse matrix A~'. If the matrix
A carries a vector x over into a vector x’, the matrix A—! is that matrix
which takes the vector x’ back into the vector x. Consequently, the
successive operations A—!A or AA~! must leave the vector x unchanged
and the single matrix which, on operating on the vector x leaves it
unchanged, is the unit matrix U.

AA-'=A"A=T (138.11)

The inverse A—! of the matrix A always exists if the determinant A
of the elements of A is different from zero.

The actual determination of the inverse matrix A—!, when A is known,
rests on the determination of the coefficients which are required to
express the components 2y, . . . , Z, in terms of the components z, ..., Zn
or merely the solution of linear egs. (137.6), regarding the components
21, ..., Z, as unknowns. From Sec. 132, we know that a solution of
these equations exists when the determinant of the coefficients does
not vanish, i.e., A = det A 0. From eq. (132.5), the solution is

’

an Q2 ... Q9% Qg ... OQin
’

Qo Q2 ... 0O2i1Ty Q241 ... Qd2n
’

L QAn1 Qny . .. Ani—1Tn am’-}-l ‘e Ann

L= det A
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When the determinant in the numerator is expanded,

_ det Au ’ det Az.' 7 det Am ’
%= GetA T deta 2T T gera
where A,; is the matrix left after the jth row and kth column have been

suppressed.
Consequently, the inver?e/ of the matrix A is

det Ay det Ay det A,
det A detA 77 detA
det A;z det Azz det, A,,z
Al = det A detA 77 detA (138.12)
det Ay, det Ag, det A,,
det A detA 7 detA

On the basis of the computational laws given above, a definite mean-
ing can be given to matrices raised to powers, polynomials whose terms
contain matrices, power series of matrices, and equations involving
matrices. As an example, we may be given the matrix equation

JU-4)=U

to solve for the unknown matrix J in terms of the known matrices A
and U. One may obtain a formal solution of this equation by employing
a method of successive approximations starting from the equation

J=U+JA (138.13)

and calling the zeroth order approximation J, = U; then the first-order
approximation may be found by letting J = Jo = U on the right-hand
side, so that

J,=U+UA=U+A

The second approximation J, may be found by substituting Ji for J
on the right side of (138.13). This process may be repeated indefinitely,
so that

J=U+A+A 4 A+ . (188.14)

If this series converges, the expression (138.14) is the solution of eq.
(138.13). It should be noted that the series (138.14) is the formal power

series expansion of
U

U-A

and would define this matrix. It is beyond the scope of this book to
enter into a discussion of these more complicated manipulations with
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matrices involving questions of convergence of series whose terms are
matrices.

139. Operational point of view in linear transformations.
When the laws of matrix calculus are defined in accordance with the
previous section, all linear transformations may be indicated by matrix
equations. The operational equation (138.1), which converts the vector
x into a vector x’, may be conveniently written as a matrix equation
in which the vector x is represented by the matrix

00 .. = ... 00 o
0 0 X2 00 22

X= e = |l a3 (139.1)
00 ... z, ... 00 Tn

whose clements are zeros and the components of x. The multiplication
law (138.6) gives

00 ... Eahxl ... 00 x;
1=1
00 ... Yaa, ... 00 a3
Ax = =1 =1 ,|l=x (139.2)
............................. E
00 . Ea,.,a:, 00 T
1=1

The representation of a vector by a matrix of one column containing
the components of the vector as elements is advantageous in practical
computations.

From an operational point of view, matrices having only one row of
elements different from zero are of importance in representing linear
and bilinear forms. The matrix with one row is really defined by the
matrix

00 ...... 0
00 ...... 0
00 ...... 0
Xy X ... Tn
00 ...... 0
00 ...... 0

When it is not important to distinguish which row has elements different
from zero, we may use the symbol & of the transposed matrix for the
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single row matrix. Then
21
X2
x=| and X = || zi22.. .2, || (139.3)

Tl
Matrices represented by small letters will always have one column or
one row. With the help of this notation, the ordinary scalar products
of two vectors x and y (see Sec. 134) can be expressed as a product of
matrices.

Y2
Ys
(x-y) =%y = || &@2. .. 7 ||-
=2 wy =% (139.4)
=1

Other more general forms can be conveniently expressed in terms of
matrices.
The bilinear form is

> yaaze = §Ax (139.5)
ik

and is built on the matrix A, whose elements are a.,. The scalar product
(139.4) is a special case of the above bilinear form built on the unit
matrix U.

The quadratic form is

D zaua = 2AX (139.6)
k

A quadratic form is said to be positive definite when it has no negative
values. One may ascertain whether a quadratic form is positive definite
or not by noting whether the matrix A upon which it is built can be
expressed as the product of matrix B and its transposed matrix B. If
A = BB = BB, the quadratic form (139.6) is positive definite. This
follows since

xBﬁx = E x; (2 b,-,-b,k):ck = E Z x.bjibjkxk
] i ik

1k

B ; (Z x.-b”) (Xk: bikz") = ZJ: (; bjkitk)z
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The Hermitian form is a generalization of the scalar product of two
vectors in a unitary space (see Sec. 136), and is defined to be

Y vhaz = §$¥Hx (139.7)
1k

and is built on the Hermitian matrix H, whose elements k., are complex
numbers obeying the relation hu = hy;. This makes H = H*,
The Hermitian quadratic form

> a'hu = £*Hx (139.8)
ik

has only real values.
Transformation in a New Coordinate System. Here we shall suppose

that in a given system of basic vectors uy, ... u, two vectors x and x’
are related by the transformation equation
Ax =X’ (139.9)

and that the vectors y and y’ are the same vectors as x and x’ except
that they are expressed in a new system of basic vectors uj ... uy.
The operational point of view provides a simple way of determining
the matrix which converts y into y’. If P is the matrix which transforms
the old system of vectors into the new system,

x =Py and x =Py
When these equations are substituted into eq. (139.9),

APy = Py’
or (PAP)y =y (139.10)

This means that the matrix which performs the same transformation
in the new coordinates as the matrix A did in the old system is P—!AP.

140. Transformation of bilinear, quadratic, and Hermitian
forms. According to eq. (139.5), a bilinear form P (y,z) is really char-
acterized by, or built on, a given matrix P. When a transformation of
coordinates is carried out, the same bilinear form is characterized by a
new matrix P/. By expressing the transformations in operational or
matrix form, as indicated in Sec. 139, the resulting new matrix P’ may
easily be arrived at. As in eq. (139.5), let the bilinear form P(y,x) be

Pye) = > ypazs = §Px (140.1)

ok
We may now transform the vector x with components zy, zs, ... , Za
into a new vector x’ with components zi, 3, ... z, in accordance with

eq. (139.1), so that
x = Ax' (140.2)
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Similarly, we may at the same time transform the vector y according
to the matrix equation
y = By’ (140.3)

In expression (140.1), we require ¥ instead of y. This may be obtained
from eq. (140.3) by noting that

;/ = (By) =yB (140.4)
When the expressions (140.2) and (140.4) are substituted in (140.1),
we have the transformed bilinear form P’(y’,z") given by

P'(y'2’) = ¥BPAX’ = #(BPA)X = §P'x’ (140.5)
Consequently, the matrix for the new transformed bilinear form is
P’ = BPA (140.6)

Having found how the matrix of a bilinear form is altered by a linear
transformation of the variables z, and v,, it is necessary only to apply
the result [eq. (140.6)] to find how the quadratic form

Z rpazy = XPX
1k

is altered when the variables x, are subjected to a linear transformation
indicated by the matrix equation x = Ax’. Using eq. (139.6), the trans-
formed quadratic form is

¥ APAx’ (140.7)

In the special case that P = U the quadratic form is just the square
of the length of the vector x, since

(x-x) = D z.z, = £UX (140.8)

If the vector x be converted into a new vector by the linear trans-
formation whose matrix is A, then (140.8) becomes

%« AUAx'
A special kind of transformation of coordinates is defined when the

linear transformation is such that the matrix of the transformed quad-
ratic form is again the unit matrix; that is to say

AuA=U
or X=A (140.9)

When the quadratic form built on the unit matrix remains invariant
under a linear transformation, the transformation is said to be an
orthogonal transformation, and the matrix A defining the transformation
and conforming to the conditions (140.9) is called an orthogonal matriz.
The determinant 4 of an orthogonal matrix has some interesting prop-
erties. On writing the determinant equation corresponding to (140.9),
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A4 =1

and since A=4
A2 =1

or A = det A = +1

From the expression (140.7) and the above result, it follows that when
a quadratic form is subjected to an orthogonal transformation, the
determinant of the matrix of the quadratic forms remains invariant.
Thus if the quadratic form built on the matrix P is transformed orthog-
onally by means of the orthogonal matrix A, the new matrix of the
quadratic form, according to (140.7), is APA. But taking determinants

det APA = APA = PAA = detP

From the above discussion, it is apparent that whenever the coordi-
nate system is subjected to an orthogonal transformation, the square
of the length of a vector in the new coordinates is still given by the sum
of the squares of the new components.

The transformation of the Hermitian form (139.7) can be carried out
in a similar manner, as that for the bilinear form (139.5). If the vari-
ables y; and z; in eqs. (138.7) are transformed in accordance with the
matrix equations

x = Ax’ and y = By’
we have -
$*Hx = (By')*HAx' = §*B*HAx’'
8o that the new Hermitian form is built on the matrix
B*HA (140.10)
The special transformation which leaves the Hermitian form
Z zx, = 2*¥Ux
1

invariant is called a unitary transformation. The conditions which must
hold for the matrix of the transformation can readily be determined
in the same way as for the orthogonal transformation discussed above.
Thus if

£ = Ax’
then £*Ux = ¥ *A*UAx’

and the invariance requires that
KA =0 (140.11)

A matrix satisfying the condition (140.11) is called a unitary mairiz.
If the determinant equation is formed from eq. (140.11),

detA*A =1 or |detA|=1
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The determinant of the matrix H of the Hermitian form £*Hx remains
invariant under a unitary transformation. The line of argument here
is the same as that leading to the invariance of the matrix of a quadratic
form under the orthogonal transformations discussed above.

axes. In the theory of vibfrations, the kinetic and potential energies
of the vibrating system are expressed as quadratic forms in the velocities
and coordinates. These quadratic forms according to eq. (139.6) may
be written

141. Characteristic vecbtzns and the transformation to principal

> zquar = XQx (141.1)

It is characteristic of these particular quadratic forms that gix = g,
which in turn makes the matrix Q symmetric in the sense that § = Q.
The determination of the equations of motion is enormously simplified
if the above quadratic form can be reduced to a sum of squares, that is

#Qx = Dx’ = Y da (141.2)
7=1
thereby requiring the matrix D to be the diagonal matrix
d 0 0 ... 0
0 d& 0 ... 0
0 0 0 ... dn

This reduction can always be accomplished when the matrix Q of the
original quadratic form is symmetric by a suitable linear transformation
x = Ax’. The coordinates x3, 23, . . . x, are called the normal coordinates.
The problem before us, therefore, is to determine the matrix A and
the matrix D. This may be done in a number of different ways, several
of which will be explained below. In the first place, the elements of
the matrix A may be determined algebraically in a straightforward
manner. We shall attempt to determine an orthogonal transformation
(see Sec. 140), x = Ax’, which will satisfy eq. (141.2). From expression
(140.7), it is known that the quadratic form £Qx transforms into the
quadratic form £AQAx’, so that according to eq. (141.2), A must

satisfy the matrix equation
AQA =D (141.3)

That Q must be a symmetric matrix (Q = Q) is obvious, since D = D
and —
D=-2QA=4A0A=D=13QA

Furthermore, since A is to be an orthogonal matrix, X = A1, and eq.
(141.3) may be written
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QA = AD (141.4)

When the elements of the above product matrices are equated, we have
the system of homogeneous linear equations
n
dquan =ad;  i=12 ...,n (141.5)
k=1 i=L12 ...,n

which, with the requirement that det A = 1 (see Sec. 140) for an orthog-
onal transformation, serve to determine the n® elements a;; of the
transformation matrix A when the elements d, are known. The above
system of equations will have a solution other than a,; = 0 for all ¢
and j only if the determinant of the coefficients vanishes (see Sec. 133).
The determinant of the above system of equations has the following
special form.

(141.6)
(qu—di) qr s Qin 0 0 ... 0
o1 (9—d) ... g 0 0 ... 0
Gn1 Qn2 oo (gua—di) O 0 .0 .
0 0 ... 0 (gu—ds) g oo g 0
0 0 ... 0 [*03) (qu—dz) o Qon 0
0 0 ... 0 Qn1 Qn2 e @un O .
0 0 ... 0 0 0 ... 0 (gu—ds).
................................................... g

In accordance with the rules for evaluating determinants (see Sec. 131),
the value of the above determinant is equal to the product of the n
determinants of order n which lie along the principal diagonal of the
determinant (141.6). Since it is required that this determinant vanish,
it is necessary that at least one of these factors vanish, so that

(=27 qu o G

a (g2 =N ... @
................................ =0 (141.7)
qn1 Qn2 e (Qfm - ))

where A denotes any of the as yet unknown quantities d;. Equation
(141.7) is usually referred to as the secular equation. The determinant
is a polynomial of degree n in X so that eq. (141.7) may be written

JO) = = —sdm 4 .. ks) =0 (141.8)
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where s1, s, ... , S, are rational functions of the elements ¢.;. In partic-
ular, the coefficient s; of A*~! is
ss=gqu+ge+ ...+ Gun (141.9)

and is called the trace of the determinant. It has the property of remain-
ing invariant when the system of basic vectors is subjected to a linear
transformation. f

The polynomial (141.8) will have n real roots A = di, A =ds, ...,
A = d. which satisfy the secular equation (141.7) and furnish the ele-
ments of the diagonal matrix D in eq. (141.2).

The normal coordinate 2’ may be expressed in terms of the old co-
ordinate x by means of the matrix equation

X = A-'x = Ax (141.10)
This completes the algebraic reduction of the quadratic form %Qx to

n
the sum of squares Z d.a.
1=1
The reduction of the Hermitian quadratic form Z 2 haxr = $¥Hx
i

can be reduced to the form E di| 2z |2 in a similar way when H* = H,
T

by a transformation whose matrix is unitary.

The elements of the transformation matrix A obtained above can
be used to construct a system of vectors which have special properties
with respect to the matrix Q of the quadratic form. Consider the
vector x; which, when expressed in terms of a system of unit vectors
Uy, ..., U, has the components a1, @z, ... , @, S0 that

x= auy; (141.11)
J

If we operate on this vector with the matrix Q given above in accordance
with the matrix eq. (139.1), we have

an Z Q1,251 dian
J

Q21 Z Q25051 dyan
J

ox;=0Qf . |=|....... =l ... .|l=dx @141.12)

Qn1 Z QqnyQ;1 d10m

The relation (141.5) was used to obtain the matrix on the right. It is
thus evident that the vector x{ given by the relation (141.11) is trans-
formed into a multiple of itself by means of the matrix Q, which means
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that the length and not the direction of x| is altered by the transforma-
tion. The vector x; is called a principal axis vector, or a characteristic
vector of the matrix Q, and d, is called a characteristic value of Q
belonging to x;.

Following the line of reasoning given above, n characteristic vectors

x; (¢ = 1,2, ..., n) can be found when there are n distinct characteristic
values d; of the matrix Q. These vectors are
;=Y au =12 ... ,n (141.13)
7

The characteristic vectors x; are mutually orthogonal. This may readily
be shown for any two vectors x; and x}, which by hypothesis satisfy the
equations
Qx,i = dtx’i
Qx; = d.Xj
Multiply the first equation by %), and the second equation transposed
by xi, so that
£0x; = d.£x;
Qxjx; = d%x;
and subtract, thereby obtaining
(@ — d)%x = %Qx; — Qxix;
= £Qx] — £;0x{ =0
The right side vanishes because of the symmetry of the matrix Q.
Since, according to eq. (139.4), %;-x] is just the scalar product of the
vectors x; and x;, it follows that if d; > d;, the characteristic vectors
in question are orthogonal.

As a result of the above discussion, it is apparent that one can proceed
to find the principal axes transformation by determining the character-
istic vectors of the matrix Q. Looking at the problem from this point
of view, we seek a solution of the equations

Qxl =dx{ k=12 ...,n (141.14)
thereby determining n characteristic vectors,
= ey k=12 ...,n (141.15)
7
and n characteristic values dy, d, ... , dn.
Considering any one of eqs. (141.14), it may be written in the form
(Q — U)X = 0-

where U is a unit matrix. This requires that all elements of the matrix
on the left vanish; hence
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> (@i—Myax=0 =12 ...,n (141.16)
J

where 0ij = 0 Z #'74
1 2=
The above equations must also hold for all k = 1, 2, ... , n. The n?

eqs. (141.16) for the determingtion of the components ;. of the vectors
x; are identical with the eqhations (141.5) already determined. The

characteristic values A = di, A = ds, ... , A = d, are found as before
to be the roots of the secular eq. (141.7), which also may be written
det (Q — AU) =0 (141.17)

Still another method of approach to the problem of determining the
principal axes has as its basis a certain maximal principle. This prin-
ciple asserts that, given a quadratic form £Qx built on the matrix Q,
there exists a unit vector x{ with components ay, aa, . . . , @a1, such that
the quadratic form £;Qx’ assumes its maximum value d;. This means
that the components of the characteristic vector x; are found by choosing
those for which the quadratic form %;Qx; is a maximum, subject to the
auxiliary condition

S(a)r=1 (141.18)
=1
The maximum value of %;Qx; is just the value of the characteristic value
dy belonging to the principal axes vector x;. After having found x;,
another characteristic vector x5 orthogonal to x; can be found by deter-

mining its components @z, @z, ... , @, S0 that the quadratic form
£,0Qx; is a maximum subject to the auxiliary conditions
Do (e =1 (141.19)
i=1
D an,a; =0 C o (141.20)
=1

The maximum value of £,Qx; = d». The number of auxiliary conditions
increases for the determination of successive characteristic vectors be-
cause each of these vectors is required to be orthogonal to each of the
preceding characteristic vectors. For further details concerning this
method, the reader is referred to Methoden der mathematischen Physik,
Vol. 1, by R. Courant and D. Hilbert.

As an example of the reduction to principal axes or the determination
of the characteristic vectors of a matrix, let it be required to transform
the quadratic form

22} + 22% + 223 — 2x120 — 21073 (141.21)

to principal axes.
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The matrix upon which this quadratic form is built is obviously

2 -1 0
Q=)-1 2 -1 (141.22)
0 -1 2

The characteristic values are found by solving the secular eq. (141.7),
which in this case is

2—-2 -1 0
-1 2—-x -—-11]=0
0 -1 2-=A
or 2=-MNA—-4+2)=0

The three roots of this equation are A = dy, A = de, A = d;, where d; = 2,
3
d=2-V2d =2+ V2. The principal axis vector x; = Z a;jiu; be-

i=t
longing to d; is such that the components a,; must satisfy the matrix
equation

Qx{ = dix{ (141.23)
2 -1 0 an an
or -1 2 -1 sl Qa |} = 2 ag
0 -1 2 as Qs
(2a11 — ax + 0) an
or (—-lau + 2ay — aal) = 2|l an
0 — ax + 2aa) as
Equating corresponding matrix elements we have
201 — an = 2an
—an + 2an — an = 2an
— an + 203 = 2ay
This gives
an =0
Q3 = —an

Since eq. (140.23) is linear, we may make the length of the vector
X1 unity, thus requiring that
a%l + 042;1 =1
thereby uniquely determining the components ay, a, an to be
1

1
au=‘7-§-_ an =0 aa1=—7§
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‘When the same procedure is carried out for the equations
Qx; =dx;  Qx; = dixs
it is found that

Q12 = l a3 = l
2 2
Gy = é: Qg3 = '——1‘
2 V2
Az = ’l' Qg3 = l
2 2
The matrix A of the transformation x = Ax’ is
111
Vo 2 2
A= o L L (141.24)
V2 V2 :
11 1
V2 2 2

It may be noted that det A = 1, a property possessed by the determi-
nant of an orthogonal transformation, as shown in Sec. 140.
In accordance with eq. (140.7), the matrix of the transformed quad-
ratic form is
2 0 0
AQA=0 2—-V2 0
0 0 2+V2
and the quadratic form (141.21) has been transformed to principal axes,
so that
223 + 223 + 2% — 27120 — 27073

=22 4+ (2 — \/§)x§2 + 2+ \/E)x?

142. Simultaneous reduction of a pair of quadratic forms.
In mechanics, it sometimes happens that both the kinetic energy and
potential energy of the system can be expressed as quadratic forms, and
it is desirable to be able to reduce these quadratic forms to sums of
squares of the coordinates. In practice this is usually possible. Given
two quadratic forms £Px and £Qx, we seek an orthogonal transforma-
tion x = Ax’ with matrix A such that the matrices of the transformed
quadratic forms are simultaneously diagonal. That is,

d 0 ... 0
0 d ... 0

APA=D = o 0 . (142.1)
00 dn
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and
€1 0 - 0
0 €y ... 0
AQA=E = 0 0 0 (142.2)
0 0 ... e

The necessary and sufficient condition for the existence of matrix A
which will satisfy egs. (142.1) and (142.2) simultaneously is that
PQ = QP; that is, the matrices P and Q must commute. More gen-
erally, any number of quadratic forms can be simultaneously reduced
if and only if their matrices commute with one another.

A convenient method of determining the matrix A is to determine
the vectors x; which will be the characteristic vectors of both matrices
P and Q simultaneously. According to the discussion in the preceding
section, which applied to the characteristic vector problem for one
matrix, we must determine a set of vectors xj such that

Px; = dix; (142.3)
and Qx; = ex;
If the second equation is multiplied by di/e; and subtracted from the
first,

(P - @Q)xi =0
€k
By setting di/ex = \x, this equation becomes
P — MQ)x: =0 (142.4)

When the vector x; is expressed in terms of its components
’
Xy = Z a:k“j
J

As in the preceding section, the matrix eq. (142.4) may be written

Pu— Mgu P2 — Mgz ... P — NeGin Gk 0
P — Mg P — Mgz ... Pan — Nkgen G 0

=10 (425
DPn1 — >\kq"l Dn2 — )\kQM coo Pnn )\erm @k 0

Corresponding elements of the product matrix on the left and the
matrix on the right may be equated, yielding n linear homogeneous
equations for the components of the vector %:

Py —Mgidax =0 =12 ... ,n (142.6)
J
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These equations possess a nontrivial solution when
det P —A\Q) =0

This secular equation serves to determine the characteristic values
M, Az, ..., Aa. Since Ay gives the ratio di/ex there is some arbitrariness
in the choice of dx and e It is customary to take e, = 1. Then, in
terms of the new variables xi,/él)e two quadratic forms become

£Px = AX = ) M(ar)?
k

£Qx = ¥'Ux’ = ) (m)?
k

This completes the simultaneous reduction of two quadratic forms to
principal axes.

143. Operations in a space of a countably infinite number of
dimensions. In certain fields of physics such as the quantum theory
it is necessary to deal with a space having an infinite number of dimen-
sions. Such a space is made up of the aggregate of all vectors

x = (xl; T2, T3, .. )

having a countably infinite sequency of components z, for which the
series

(x-x) =l + 22+ ... (143.1)
converges. Under these conditions all the operations and theory given
in the foregoing sections for an orthogonal space of finite dimensions
still hold for the infinite-dimensional space, with the exception of cer-
tain completeness theorems.

For an infinite-dimensional unitary space, the components z; are
complex, and the requirement that the series (143.1) converge must
be replaced by the requirement that the series

(x*x) = 2y + 2502 + ... (143.2)
must converge.
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PROBLEMS

130.1. If the elements of a determinant D are functions of a parameter ¢, find
dD/dt.

130.2. Find the product of a Jacobian and its inverse by direct multiplication.
Hint. Use rule 1.

131.1. Evaluate the determinant

5301
4 7 7 2
31 4 2
1350

(a) by minors of its first row; (b) by minors of its first two rows.
Test the following sets of equations for consistency and give a complete solution
in each case.

132.1. 4z —y+2z= -5 T4y —22= -2
2z — 3y + 52 = —1, br —z= -2,

132.2. 2z —y+32=1, 2z —y — 4z = —4,
4y — 2y — 2z = =3, 10z — 5y — 6z = —10.

1323. 6z —3y +2z =2,
z+4y = -1,

7z — 18y 4+ 2z = 8.
135.1. Construct an orthogonal set of vectors from the set
xn = (-4, -8,2,1) xn=(-1,2 -1,0)
x = (5, =2, 5, —4) x = (3,2 -1, -1)
Are these vectors independent?
136.1. If r and s are two vectors in a unitary space, show that (r-s) = (s-7)*.
138.1. Find the ihverse of

1 30

A=|-1 21

00 2

Verify that AA™1 = A71A,
138.2. Tind the inverse of

50 0 0

0 2 6 —4

00 -3 1

0 4 -1 2

139.1. Determine the matrix which represents a rotation through the angle 6
about the z axis, in three dimensional space.

139.2. Determine the matrix which represents a rotation through an angle 6
about the axis whose direction cosines are a, 8, v. .

Determine the characteristic values and characteristic vectors for the following
matrices.
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141.1. 7 1 1
4 4 249
3 3 -
T4 4 2v2
L 17
2vV2  2v2 2
1412, ||3 2 1
2 20
101

141.3. If A is a Hermitian matrix, show that as n increases A™u approaches the
characteristic vector belonging to the largest (magnitude) characteristic value of
A, where u is almost any vector. Hint. Write u as a linear combination of the
characteristic vectors of A.

141.4. Letu = x, + Ze ,X, where x, are the characteristic vectors of a Hermitian

matrix A, and e, are inﬁnijtesimals. Show that
*Au
*u
where d, is the characteristic value belonging to x..

= d, + terms in ¢?

Use the two problems above to find approximate values for the largest character-
istic values and vectors for the following matrices. Find characteristic values to
3 decimal places.

141.5. 5 —2 1
-2 3 —4
1 —4 0
1416. |[1 2 3 4
2 3 45
3456
45 6 7|

141.7. Find one-decimal values for all characteristic values of Problem 141.6.

141.8. Let A be an Hermitian matrix of n rows and columns, x be the vector of
unit length

a
0 b
0 Ccx3
2s ||, u be the vector
1
Zn
[ 2
Show that those values of a, b, and ¢ which make u*Au/u*u a maximum are those

a
values which make || b || a solution of the characteristic value problem for a matrix

c
B with three rows and columns.

141.9. Use Problem 141.8 to find two-decimal characteristic values for the matrix
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of Problem 141.6 by reducing that matrix to a 2 by 2 matrix. Check that the sum
of the characteristic values is equal to the trace of the matrix.

141.10. Find three approximate characteristic values for the matrix
1 5 -6 1 2

5 9 3 10
-6 3 1 -4 2
11 -4 -3 0
2 0 2 07

Note that the method of Problem 141.3 may be used to find two characteristic values
of a matrix A if one uses the fact that the characteristic values of the matrix A — AU
are \ less than those of A, where U is the unit matrix.

142.1. Reduce to normal coordinates the pair of forms
2T = m(z? + 2* + 25?)
2V = p(x® + 2 + o — 2122 — Ta%s)
142.2. Reduce to normal coordinates the pair of forms
2T = mx,? 4 2mx? + may?
2V = 3z, + 4z + 3z:? + 2z



?ﬂapter 11

VECTOR AND TENSOR ANALYSIS

144. Vectors in three-dimensional space. In Sec. 134, a vector

v in a space of n dimensions was defined to be the set of ordered numbers

vy, V2 ..., Un, Which we called the

components of the vector v. In three

dimensions, the ordering of the num-

bers 1, v5, v3, and their associations

with the vector v are usually accom-

] P plished as tollows. A right-handed

: Cartesian system of three mutually

) perpendicular axes meeting at a point,

! is selected such that distances meas-

el . .

P ured along each axis are specified

[0} X1 by w, x, and x; respectively, as

Fro. 144.1 shown in Fig. 144.1. Insuch a system

of coordinates a point P is completely

specified by the ordered number triple (2, 22, 25). The same point P will

be specified in another Cartesian system with identical origin 0 but

rotated with respect to the first system by a different number triple

(x1, x5, z3). From analytical geometry, the numbers z1, 2, 23 are expressed
in terms of the numbers x4, z2, 3, by the linear equations

X3

’

Ty = an® + Gur: + anrs
T3 = ani + ants + T, (144.1)
T3 = auZ1 + aut: + Guts

where a1, 612, 015 are the direction cosines of the new z; axis with respect
to the x, 2s, 3 axes, while aa, @z, ax are the direction cosines of the z;
axis with respect to the x,, xs, z; axes, and so on. As we have seen in
Sec. 139, egs. (144.1) can be conveniently expressed by the single

matrix equation
x' = Ax (144.2)

or, when written out more fully, by
288
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7
21 an Gz a3 1
7
T fl = || Gar G2 Aoz * || T2
’
T3 az Gz QO3 Z3

Because of the relationships satisfied by the direction cosines, the
matrix A is an orthogonal matrix, so that A = A—! (see Sec. 140), and
x = A% = A’ (144.3)

In order that the number triple (v, v, vs) constitute a vector v, the
numbers 1, v2, v; must assume the values v}, vz, v; when the system of
reference axes is rotated, and be expressible in terms of vy, v5, v3 in exactly

the same way as the coordinates xj, x3, 23 of the point P are expressed
in terms of i, x., x3, that is, by eq. (144.1) or eq. (144.2). Thus
v = Av (144.9)

From the above definition, the three numbers specifying the coordi-
nates of the point P constitute a vector. The point P can also be specified
by the length of a line joining O and P, and the direction of this line.
This leads to the geometric definition of a vector as a quantity having
magnitude (distance between the points O and P) and direction. Thus,
any pair of points located in space determines a vector, and two pairs
of points which can be superimposed by a simple translation determine
one and the same vector.

The magnitude or length of the vector OP is

+Vai + o} + 3
In general, the length of a vector v, written | v |, is
|| =ViE+ & + (144.5)

In Sec. 140, it was shown that an orthogonal transformation (such as
the rotation of Cartesian axes) leaves the quadratic form »} + v + v}
invariant, which is to say

lv| =V +d+d =V + 0 + =]

Consequently, the length of a vector is independent of the coordi-
nate system used. Such a quantity is said to be an invariant or scalar
quantity.

145. Algebra of vectors. The simplest operation to be performed
on a vector v is that of multiplication with a scalar quantity c¢. If v is
defined by the number triple (v, vs, vs), the vector cv is defined by the
number triple (cvy, cvs, cvs). Since vy, ve, vs satisfy the transformation
eq. (144.4),

cv' = cAv = Acv = Acv (145.1)
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so that the number triple (cv, cve, cvs) defines a vector whose length is
¢| v | but whose direction is the same as that of v.
Given two vectors v and w, we may form the linear combination

cv + dw (145.2)
where ¢ and d are scalars. The vector cv + dw is defined by the number

triple
oy + dwy, cvy + dw., cvs + dws

Since v = Acv
and dw’ = Adw
then (cv' + dw') = A(cv + dw)

thereby showing that the number triple
cvy + dwy, cve + dws, cvs + dws

satisfies the transformation eq. (144.4), and actually defines a vector.

The expression (145.2) defines the processes of addition and subtrac-
tion of vectors. It is obvious that the geometric representation of the
vector ¢cv + dw can be found according to Fig. 145.1.

dw
w cvtdw dw
v
% “
d=>1, c<1 cv-dw

Fia. 145.1

The scalar product of two vectors v and w is written v-w, and is defined
to be
vow = vy + vaws + vws = wev (145.3)
As indicated in Sec. 139, this bilinear form can be conveniently written
in matrix form as
W
w = “ V10203 ” we || = Wv (1454)
ws

The quantity (145.3) is called the scalar product because the value of
it is independent of the coordinate system. This may be readily verified,
since v and w satisfy the transformation eq. (144.4), so that v/ = Av
and w' = Aw, and



Sec. 145] VECTOR AND TENSOR ANALYSIS 291

vVew' = ¥w = (E)(Aw)
= vAAw = fw = v-w
The property (140.9) of an orthogonal matrix was used, together with

the fact that Av= vA.

The geometric significance of the scalar product may be realized by
noting that the quantities v1/| v |, /| v |, v3/] v | are the direction cosines
of the line segment representing the vector v. From analytic geometry,
it is known that the cosine of the angle 6 between two straight lines is
given by the sum of the products of their corresponding direction co-
sines. That is

cos § = LW + vaws + v3w3
. [l w]
from which it follows that
Vw = nw + VoW + VW3 = | v w I cos 6 (145.5)
Thus the scalar product gives the magnitude of the projection of the
vector w in the direction of v times the magnitude of v.

As a very simple example of the use of the scalar product, we may
take a body acted upon by a constant force F. If the body is moved in
a direction specified by the direction of the vector r and a distance
equal to the length of r, the work done on the body is given by the

scalar product of F and 1, or

W =F-r
It follows immediately from eqs. (145.5) and (144.5), that the scalar
product of a vector v with itself is equal to the square of its length.
vo=v 4+ +v=]|v| (145.6)
If vow=|v||w]|cosé =0, either one of the vectors is zero, i.e.,
v, = v, = v3 = 0, or they are perpendicular or orthogonal to each other.
The vector product of two vectors, v and w, is written vxXw, and is a
vector specified by the number triple
[(aws — vsws), (vawr — viws), (vywe — vawn)]
In order to verify the assertion that these three numbers constitute a
vector, we shall calculate »;ws — vsws, which results from a rotation of
coordinate axes. According to eq. (144.4), or eq. (144.1), we have

VIWs — VsWs = (ZJ: az,vj) (2,; aakwk) - (E a;,vj) (E agk’wk)

k
= E (@2jasr — @sj0ak)V Wk
Ik A
= (G203 — s20as) (VaWs — VsWs)

+ (@233 — Qs0a) (V31 — vyWs)
+ (anaz — 0a02) (W — vaWy)
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The coefficients of the terms vy for which j = k all vanish. Also the
following relations between the various direction cosines,
an = (A0 — Aa20ss)
a1z = (G251 — Gsaliz)
a3 = 1032 — a31a22)
allow us to write
V;’w:; - U:;wé = au(?)z’wa — vgwa) + ap(vswy — vyws)
+ a(vwe — vawy)
This agrees with the first of the transformation egs. (144.1). Similar
equations for vjw; — vjws and vjw; — viw; can readily be obtained which
agree with egs. (144.1), showing that the number triple
vXw = [(vyws — vawy), vaw — vaws), (Vw2 — vawy)] (145.7)
does indeed constitute a vector.
The geometric relation between the vector vXw and the two vectors
v and w is partially indicated by evaluating the scalar products v+ (vXxw)
and w-(v X w). By writing the numbers v.w; — vsw. etc., as determi-
nants, the scalar products can be written

V2 U3 V1 U3 V1 V2
U'(UXW) = — Vs + V3

W, W3 w; W3 w w2

Vg Vg v U3 vy V2
w-(vXw) = wy — W, + w;

w2 W3 w; w3 w; w2

The right sides of these equations are just the expansions according to
minors of the three-rowed determinants

V1 V2 V3 w; W2 Ws
V1 V2 U3 a,nd V1 V2 Uy
w W2 W3 wy We Ws

respectively. Since each of these has two rows identical, their values
are zero, and we have found that

v-(vxw) =0 .
w-(vxw) =0 (145.8)

The vanishing of these two scalar products, according to eq. (145.5)
shows that the vector vXw is perpendicular to both v and w. This still
does not determine the direction of vXw uniquely, since there are two
directions which are at right angles to a plane containing v and w.
In order to determine the direction precisely, let us take two special
vectors, v = (1,0,0) and w = (0, 1, 0), which are obviously unit vectors
which are perpendicular to one another. In this case, vXw is, according
to (145.7), represented by the number triple (0, 0, 1), so that v, w, and
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vXw are unit vectors coinciding with the axes of the reference system.
Since these were originally chosen to be a right-handed system, this
means that v, w, and vXw form a right-handed system. Consequently,
in the general case, if v is rotated so as to coincide with w, the direction
of vXw is that in which a right-handed screw would advance. This
indicates that there would be a difference in direction between vxw
and wxv, and from eq. (145.7) it is apparent that
UXW = —wXV (145.9)

so that vxw and wxv are oppositely directed.

The square of the magnitude of vXw is readily computed by evaluat-
ing the scalar product
n v |?

vy w3 |? v vy |?

(vxw):-(vxw) = S

w3

[0} + of + o8] [w} + wd + wi]
- [Ul’wl + vowe + v3w3]2

[v[Plwl]*—|v|*|w|?cos® 0

w; w3

I

=|v|?|w|*sin® 9
so that
|lvxw|=|v||w|sin6
where 6 is the smallest angle between v and w. The cos 6 was intro-
duced in the above formula by using eq. (145.5).

As important examples of the practical use of the vector product,
we may consider a particle of mass m moving with the velocity v,
whose position at any instant relative to the origin of a Cartesian system
of axes is specified by the vector r; the angular momentum of the particle
is given by the vector mrxv. Also, a particle with charge ¢ moving with
a velocity v through a magnetic field whose intensity is H experiences
a force given by the vector product ¢(vxH).

There are a number of useful combinations of the operations defined
above, which are listed below for convenience.

Vew = w-v )
UVXW = —Ww XV
u-v+w) =uv+uw
ux(v + w) = uxXv 4+ uxw L (145.10)

U UXW = V-WXU = W-UXV
ux(xw) = (wxv)xXu
= (u-wyu — (U-v)w )

146. Vector fields. Many physical quantities such as electric field
intensity, gravitational force, etc., have magnitudes and directions
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which vary from point to point in a given region of space. Such a quan-
tity can be represented by a vector whose components are functions
of the coordinates specifying the position of the point in question. A
region of space in which a vector v is associated with each point is called
a vector field.

A vector v is said to be cs;yﬁnuous if each element of the function
triple (v, ve, v3) are continyous functions of one or more variables
(see Secs. 5 and 6). If the vector v and consequently v1, v», v5 are con-
tinuous functions of a single variable ¢, the derivative of v with respect
to ¢ is written dv/dt and defined to be the function triple (dv./dt, dv./dt,
dvs/dt). It is often convenient to represent the vector dv/d¢ by the

matrix
dvy

dt
dv | dv,
il b (146.1)
dvs
dt
That the function triple (dv:/dt, dv,/dt, dvs/di) constitutes a vector for
each value of ¢ follows from the fact that vy, vy, vy, satisfy the trans-
formation eq. (144.4)

v = Av
for all values of ¢, so that
do,
dt
v/ d A dv dv,
a ~atv T A A a
dvy
. dt

Consequently, dv,/dt, dvs/dt, dvs/dt transform correctly under a rotation
of the axes and thus form the components of a vector.
It is easily found that

d dv dw

Y=g + v 7 (146.2)
d av dw
L VXW = g xw + vx i (146.3)

The integral of the vector v is defined by the function triple

j:vldt

j; ‘vt = j; “ o dt (146.4)

j;tvsdt
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That the elements of the above matrix constitute a vector for all values
of ¢ can be readily shown.

147. The gradient, divergence, and curl. A vector quantity of
considerable practical importance can be constructed from a scalar
function ¢ of the three variables z, z,, z;. If z;, 2, 25 are the coordinates
of a point in one Cartesian system of axes, and x;, x3, r3, are the coordi-
nates of the same point in a Cartesian system of axes which has been
rotated with respect to the first, so that a matrix equation of the form
(144.2) connects the primed and unprimed coordinates,

¢ (1‘(,3'2;;1’:;) = o(21,2,s)

For a given point, the number triple d¢/dx:, d¢/dzs, d¢/0x; constitutes
a vector. This assertion can be verified by showing that the matrix
equation

ol | e
01{ O:rl'
¢’ de
|l = Al s (147.1)
s | oo
B;ré é)xé
is satisfied where
x' = Ax or x = Ax (147.2)

From the rule for change of variable (see Sec. 13),

¢ _ 3¢ 91y | d¢ 72 | dp 3T

= 1=12,3
ax; ox; 6:1", xs 63"'1 oxy 61‘2 ’

and by differentiating the second of eqs. (147.2) partially with respect
to 7, we find

From this result and the equation just above, it is at once obvious that
eq. (147.1) is satisfied.

The vector whose components are d¢/0z1, d¢/d2e, dp/dxs, is called
the gradient of ¢(21,22,23) and very often written grad ¢." From an opera-
tional standpoint it is convenient to use the operator matrix
9
611
9
al‘z
9
613

(147.3)
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in terms of which the vector we have called the gradient can be ex-
pressed as

9 [9¢
ox; ar
grad o = v = | 2 o = || 22 (147.4)
Y= || oz dxs ’
) 90
axs 03

It has already been shown in Sec. 14, that grad ¢ is a vector whose direc-
tion is that of the greatest rate of increase of the function (z1,2,7s)
at a given point, and whose magnitude is the actual rate of increase or
the directional derivative in the direction of maximum increase of ¢.
In the theory of electricity, the importance of the gradient arises
from the fact that the electric force E on a unit positive charge is ex-
pressible in terms of a scalar potential function V by the relation

E=—gradV =VV
Again in the theory of the flow of an ideal fluid, the velocity v at any
point is expressible in terms of a velocity potential ¢ (see Sec. 125),
by the relation
v = —grad ¢

The total differential (see Sec. 15) de of the scalar function ¢ can be
expressed with the help of the gradient of ¢. First, let the vector dx
have components dzi, dxs, dzs. Then

de = grad p-dx = Vo-dx = Vo dx (147.5)
| d(L‘]
_le, 2, 2,
61‘1 61'2 6T3 ® T2
| day

_ 9% de de
= 9 dzy + o, dz + o, dzs

The divergence of a vector v can be defined most easily in terms of the
operator V by forming the scalar product of Vv and v.

1
. . 3 i) ‘]
divv=Vv=Vv= 95 3m om s (147.6)
U3
_ou, om  onm
- 6:::1 + ékcz + 6233

This operation produces a scalar function of z,, 2, 23 from the vector
field v(x,x2,23) in contrast to the gradient operation which produced a
vector field from a scalar function.
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The divergences of certain vector quantities provide a very convenient
way of expressing important physical quantities. For example, if the
vector g represents the mass of a fluid which flows through a unit area
perpendicular to the direction of ¢ in unit time, div ¢ represents the
decrease in the mass of fluid in a unit volume per unit time. This may
readily be shown by computing the decrease in mass per unit time in a
small parallelepiped of dimensions Az;, Az,, Az; as shown in Fig. 147.1.

X3

X2

7 Axs

X1
Fic. 147.1
If the velocity of the fluid is represented by the vector v with components

v, V2, v3, the masses flowing per unit time through the faces of the par-
allelepiped at right angles to z, are

1) PNATAT; = q1ATAT;
a

(2) [ﬂul -+ a_(P’l)1)Au’Cx] Azr:Azs
1

= (Q1 + ggi Axl) AzAzy

where p is the fluid density. The first quantity is that flowing into the
element of volume through the left face, and the second is the quantity
flowing out through the right face. The decrease in mass due to flow
through these two faces is the difference between (2) and (1), or

% A.’&Aﬁ?ﬁxa
6:1:1

When the decrease produced by flow through the remaining faces is
computed, the total decrease of mass per unit time in the parallelepiped
is

e )
(axl + axz + 6173 Ail?]szAxs

or from eq. (147.6) the decrease in mass per unit volume per unit time is
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V.q = div g = div pv
This decrease in mass per unit time is just —dp/d¢ so that

div g = div pv = —gf (147.7)
This equation is called the/equation of continuity. The expression
Vv -q is called the divergence, since it represents the net flow out of the
unit volume.

An important vector function can be obtained with the help of the
operator V. This is the vector function obtained by forming the vector
product VXv, where v is a vector function v(xyxsz3). The vector
Vv xv is called the curl of v and written curl v. According to the definition
of the vector product given in Sec. 145, the vector representing the
curl v at any point (z1,%s,7;) is specified by the number triple

Qv S\ fom  ovs) [ O

AT T3 8173 a.’l‘l 6x1 (91'2
The vector ficld curl v enters into many physical laws and equations,
especially in connection with hydrodynamics and electromagnetic the-

ory. The physical interpretation of curl v can be indicated as follows.
Let us consider a flowing mass of fluid, the

*2 flow being described at all points in a given
4 region by the velocity v of a fluid particle at

du| p Z Uy the point in question. The velocity at a

Uy given point may or may not vary with the

dx; time. For simplicity let us suppose there is

no flow in the direction «3, so that v will be
% 8 function of z,, 2o, and ¢ only. At a given
instant let the velocity at a point P be
(v)p. At this instant, we shall compute
the line integral of v around the boundary C of the small element of

Fic. 147.2

area shown in Fig. 147.2. In hydrodynamics, this line integral j: v-ds

is called the circulation because it furnishes a measure of the rotation
of the fluid about an axis through the point P perpendicular to the
element of area enclosed by C. For small dx, and dz,, the component of
velocity parallel to «; on the lower side of the element of area is

eor+ (52, (527)

The contribution to the line integral over this lower side will then be

[0+ (32), (27

Carrying out this procedure over the whole boundary,
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eV’ -ds = [(7)1)? + (61}1) ( dxz)]dﬂ:; + [(vz)P + (81)2) d?z]dx
[(v‘)P + (61),) <——:>](_de)
+ [(vz)p + (602) ( dyl)]( dxz)
- [(«%)p - (%)P]dzl das (147.8)

The term in the bracket on the right side of the last equation is just
the component in the z; direction of the curl v at the point P. Hence the
circulation in the neighborhood of a point about an axis through the
point is measured by the component of curl v in the direction of that
axis. In general, the rotation at a given instant of a fluid at a given point
is given by curl v. Consequently, a flow for which curl v = 0 at all
points is called irrotational.

Equation (147.8) is a special case of Stokes’s theorem (see Sec. 70),
which, expressed in vector form, becomes

fcv.ds =fs<-,ur1u-ds

where the surface integral is taken over the surface bounded by the
curve C.

148. Useful vector formulas. A number of expansion formulas
involving the gradient, divergence, and curl are listed below for the
reader’s convenience.

grad (¢+¢)=V(p+y) =Ve+Vi
div (v+w) =V-(v+w) =V-v+V-w
curl (v4w) =VxX(v4+w)=VxXv+VxXw
grad ¢ =(Ve)  =yVetoeVy

div ¢v =V.pu =V v+pV-v

curl v =V XU =Vo¢ X v+oV XV

gradvew =V(@w) =@ -Vw+w Vv
+ox (VXw)+wx (Vxv)

div (vxXw) =V-(vXw) =w-VXv—v-VXW

curl (vxXw) =vX(xXw)=v(V-w)—w(V-v)
+(w - V)o—(v-V)w

curl curl v =VX(VX0)=VV-v—=(V:V)v

divgradp =V-Vo =(V:V)e

curl grad ¢ =VXVyp =0

diveurlv =v.vxv =0
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where ¢ and y are scalar functions, and v and w are vector point func-
tions.

149. The tensor concept and definition. All relations between
physical quantities which constitute physical laws or are derivable from
them must be independent of the measuring scale used to.measure the
quantities involved and the¢ nature of the frame of reference used. As
we shall see below it is the most important property of tensors that
when the measuring scale or frame of reference is changed the tensor
is transformed in such a way that its magnitude in a kind of absolute
sense remains unchanged. If one expresses the quantities which are
related in a physical law as tensors, as a consequence one can be sure
that the relation holds in an absolute sense, that is, the relation will not
change when the units of measurement are changed or the coordinate
frame of reference is changed. Thus when it is important to emphasize
the logical and philosophical nature of the laws of physics it is convenient
to express the relations between the physical quantities in the form of
a tensor equation.

If in Sec. 144, the components v;, v;, v3 of a vector v are considered
to be functions of (z, », 3), i.e., functions of the position of a point
in the coordinate system C, the vector v is a special case of a contravari-
ant tensor of order one. The reason arises from the fact that the coordi-
nates of the point and the components of the vector transform in the
same manner when referred to a new coordinate system C’. Upon writ-
ing the transformation equations in matrix form [see eq. (144.2)], this
means that

x' = Ax (149.1)
v = Av (149.2)
where A is the matrix of the transformation.

In order to proceed to a general definition of a contravariant tensor
of order one it will be supposed that the coordinates of a point in the
n~-dimensional coordinate system C are designated by z!, 22, 23, ... , 2",
and that the transformation to another coordinate system C’ is accom-
plished by the matrix equation

x' = Ax (149.3)
and that the inverse matrix exists [see eq. (138.11)], so that

x =A% (149.4)
Given a set of n functions T'(z!,2?...,27),...,T"(z',z%...,2") of the
coordinates (z1,2%,...,z") in system C, then if the coordinate system is

* The use of superscripts to enumerate the coordinates instead of subscripts as in
previous chapters is done in order to conform to customary usage in tensor analysis,
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transformed to a new system C’ in accordance with eq. (149.1) and a
new system of functions

T (22’2, .. 2'),. .., T'"(z"\73,. ..,2'")
is obtained, each of which is related to those in the system C by the
transformation law

n
T (2'\a'?, . . . z'") = Z Ti(z,2?,. . ,:v")

= ozt
a=12 ...,n (149.5)
then T, ..., T are the components of a coniravariant tensor or order 1

in the coordinate system C.

Since the transformation (149.2) is a special case of (149.5), a contra-
variant tensor of order one is sometimes called a contravariant vector.

Equation (149.5) suggests that in an n-dimensional coordinate sys-
tem C the differentials dz!, dz?, ... , dz" considered as defined at each
point in C form the components of a contravanant tensor of order one.
That this is so can be seen from the fact that under a transformation
of coordinates to C’ the new differentials (see Sec. 15) are given by

gz’
ax*

de's = dei  a=1,2...,n (149.6)
so that the differentials dz’ transform as they should according to eq.
(149.5).

Another example of a particular contravariant tensor of order one is
furnished by the velocity of an element of fluid which is a function of
the coordinates z!, 22, 28 in a system C. The components of velocity of
the element in C are dx!/dt, dzx?/dt, dx®/dt. If a transformation is made
to a new system of coordinates C’, the new velocities are given by

la 3 la Joi
d’” Z 9z d’ a=123 (149.7)
=]

ot

Comparing this transformation with (149.5), it is seen that the com-
ponents of velocity of an element of fluid in motion form the components
of a contravariant tensor of order one.

Another important tensor of order one is the covariant tensor.

Given a set of n functions

Ti(aty2?,. .. z%),. .., Tzl 2. . .27

of the coordinates (z%,2%...,2") of system C, then if the coordinate
system is transformed to a new system C’ in accordance with eq. (149.1)
and a new system of functions

Ti(@a'?,. .. z™),. .., Ta@z'?,. .. 2™
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is obtained, each of which is related to those in system C by the trans-
formation law,

n
To@,a’?,. .. a2 =y Tala?,. . . ny 92
=1

6:1:’“
a=12 ...,n (149.8)
Then Ty, ..., T, are the com{onents of a covariant tensor of order one.

The partial derivatives of a function f(z!,2%2%) form the components
of a covariant tensor of order one. This can be readily seen as follows.
If a transformation of coordinates is effected, f(z!,2%2%) goes over into
a new function f'(z’1, 2’2, 2'%), and

af'(x'1,x'%,x'3) 3, of oxi
o = Pywirw (149.9)
oz’ & 9z ox'

Thus 9f/0x* ete. transform in accordance with (149.8), and hence
df /9xt, of/dx?, 8f/dx? form the components of a covariant tensor.
7,72 ..., Trand 74, 7, ..., 7, are the components of any

n
contravariant and covariant tensors, respectivel T*Z, is a scalar
) )
S

point function or an invariant with respect to transformations of the
coordinate system.

150. Definition of tensors of higher order. The concept of a
tensor as given in the preceding section can readily be generalized as
follows.

Given a set of n? functions

TH(x'a?,...2") ..., T (x'2?,...2")

of the coordinates z', 22, ... , 2" in system C, then if the coordinate
system is transformed to a new system C’ in accordance with eq. (149.1)
and if the new set of functions 7" is obtained, each of which is related
to those in the system C by the transformation law,

.9z’ 9z'f
T'«B—ZT i an  @Bf=L2..,n  (1501)
the n? functions T are the components of a contravariant tensor of
order two.
Also if the set of n? functions T,; transform into the n? functions
T, according to the law
' “ oz’ dxi
Tag = Z T.; 32 92 (150.2)

i

the functions 7T',; form the components of a covariant tensor of order two.
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Also if the n* functions T} transform into the n? functions 7'y accord-
ing to the law

n la 7

Tie= 3T ‘3;; : g%i—, (150.3)
]

the n? functions T form the components of a mixed tensor of order two,

contravariant of order one, and covariant of order one.

Tensors of higher orders can be defined in a similar way. Such tensors
would have components designated T*, T, T#n, etc. The tensor
with components T#» would be a mixed tensor of order five, having n®
components, contravariant of order two, and covariant of order three.

A simple example of a tensor of order two in a space of three dimen-
sions is afforded by the stresses in a solid material or viscous fluid. The
nine components of this tensor are usually designated P,,, Py, Pa,
P, ..., P., where P, is the force per unit area in the z direction ex-
erted on the interface perpendicular to the z axis, and P, is the shearing
stress in the y direction at an interface perpendicular to the z direction.
The reader may readily determine whether this is a contravariant or
covariant tensor of order two.

151. Addition, multiplication and contraction of tensors. It is
obvious from the definitions of tensors that the sum or difference of
two tensors of the same type and order is again a tensor of the same
type and order. For example, if T,, and Z,, are the components of two
covariant tensors of order two, the 7,; = T,; + 7, are the components
of a covariant tensor of order two.

The product of any two tensors is a tensor. For example if 7% are
the components of a contravariant tensor of order two and T'xim are the
components of a covariant tensor of order three,

7Hm = T"Tim

where the 7, is a mixed tensor of order five.
If a transformation of coordinates is performed, the above components
become
7 — 7 ’
riaf = T/,

yée
L dx'= dx'P - dz* dx! dx™
- <zu: T "ort o ) <lclzm Teim 30 32 ax")

THm %' 9z o't 0 Ox'*

2jklm

This shows that the product of two tensors defined above is also a
tensor.
The contraction of a tensor takes place when the components of a
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tensor of order p over any contravariant and covariant index are
summed. The resulting functions are components of a tensor of order
p — 2. Thus if T¥x, are the n® components of a tensor of order five,

n
= Z T,
/ =1
gives a tensor with n® components of order three. If a transformation
of coordinates is made, the above will transform into

o — s,
Tys = Z Tﬁg
B

_ 8" a8 ork ox! oam

- ; <uklm T dzx* ox! 9z’ ax'® ax’ﬁ)

oz’ dx* ox'
= THmdr——
1.]; ™ dxt dz'r 9z’

dx'= dx* dxt ¢
B ; (; T?”) dz* 9’ 9zt

_ Z , 9z'* dr* or!

TR o o Ty 30b
< dxt dx'Y dx

Use has been made of the fact that
az'f dx™ 1 if j=m

ox 0% T T 0 A jEm
The above operation shows that a tensor which is contravariant of
order one and covariant of order two can be obtained by contracting a
tensor which is contravariant. of order two and covariant of order three.
The operations of multiplication and contraction can be combined
to obtain new tensors. Thus

Thi = E Ti¥ s
P
or Tim = Z T*F jiim
ik

The combined process of multiplication and contraction is sometimes
called nner multiplication.

152. Fundamental and associate temsors. In accordance with
eq. (51.1) the square of the line element in a given coordinate system
can be written in the form

(ds)? = Y, g.jdat dai (152.1)
i

Since an element of length along a given curve cannot depend on the
particular coordinate system, (ds)? is an invariant or scalar quantity.
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From eq. (149.6) we know that the dz”’s are the components of a contra-
variant tensor. From the statement at the end of Sec. 149 we can con-

clude that Z gi; dz® must be a covariant tensor in order that (ds)? be

a scalar. Furthermore, since dz* are the components of a contravariant
tensor, the g;; must be the component of a covariant tensor of order
two. The tensor with components g,, is symmetric and is usually called
the fundamental metric tensor for n-dimensional Euclidean space, and
ds is the magnitude of the tensor whose components are dz*.

If we form the determinant

9= : (152.2)

from the components of the fundamental metric tensor and let
g = ‘—1] (the cofactor of g,;in g) (152.3)
the g% turn out to be the components of a symmetric fundamental

contravariant tensor of order two, and
D gng* =8 (152.4)
%

If T7 are the components of a contravariant tensor of order one,
D giTi=Y g, Ti=T; (152.5)
T P

The tensor with components T'; is said to be the tensor associated with
the tensor with components 7%, and the T'; are said to be the covariant
components of the tensor having contravariant components 7'

Also, if we associate the tensor with components T'* with that with
components 7'; with the help of a fundamental contravariant tensor,

Pi = Z giiT;
-
= Z g ; giT*
J .
= Z: STk = T

Thus contractings with respect to g;; and g* represent inverse operations.
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The magnitude of a tensor can be defined with the help of the funda-
mental contravariant tensor g¥ or in terms of the associate tensor. If
T are the components of a covariant tensor, the square of its magnitude
is defined to be

T* = 3 g*T.T; (152.6)
Y

It is readily seen that T2 is anévariant and gives the magnitude of the
tensor with components T'; in every coordinate system.

153. The covariant derivative. It was shown in Sec. 149 that the
derivatives of a scalar formed the components of a covariant vector or
tensor of order one. However, if the 7'; are the components of a covariant
tensor of order one, the n? derivatives 7,/6z? do not form the com-
ponents of a tensor, for it may easily be shown that the 97./02? do not
transform in the correct way when a transformation of coordinates is
effected. However, there is a useful quantity involving the 47,/dx7
that does transform correctly and thus constitutes a tensor. The quan-
tities

Ty =2 — > Tulijk} (153.1)
g %

constitute the components of a second-order covariant tensor. In the
above equation the Christoffel 3-index symbol {j,k} has been used for
convenience. The Christofiel 3-index symbols are defined as follows.

11 = 1 (90w . Ogix _ 99y
[ik] =3 ( P e a:c"> (153.2)
{ij,k} =3 gl (153.3)
[

The tensor with components T'.,; is called the covariant derivative
of the tensor with components T'; with respect to the fundamental
tensor gi;.

Rules for Performing Covariant Differentiations.

1. To obtain the covariant derivative of any tensor with components
T::: with respect to 2/,

(a) Take the ordinary derivative 6_67__;7_

(b) Add to this a term ——E {ij,¥}T::; for each covariant suffix

i
T::
(¢) Add to all of the above a term Z {vj,i}T::* for each contra-
v
variant index T::f. For example, the covariant derivative of T with
respect to z* is
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ry =204 2 kDT + 3 ok} T

2. The covariant derlvatxve of a product is found by covariant differ-
entiation of each factor just as in ordinary differentiation.

3. The fundamental tensors are regarded as constants during the
covariant differentiation.

4. The covariant derivative of a salar or invariant is its ordinary
derivative.

5. In performing successive covariant differentiations, the order of
differentiation is not interchangeable.

154. The nature of the covariant derivative. The peculiar im-
portance of the covariant derivative arises from the fact that it can be
used to express the rate of change of a physical quantity in a kind of
absolute sense regardless of the curvilinear nature of the frame of refer-
ence or whether the frame of reference is undergoing acceleration, etc.

Referring to eq. (153.1), which defines the covariant derivative of T,
it is seen that the first term is the ordinary rate of change of T; with
respect to the coordinate z7. In order to obtain the true rate of change
of T, in all coordinate systems one must subtract from this term the

term Z Tw{tj,k}. This latter is a kind of spurious term which takes
%

into account the curvilinear nature of the coordinate system used. In
ordinary Cartesian coordinates every {ij,k} vanishes, so that the entire
term to be subtracted is zero. Hence in this case the covariant deriva-~
tive reduces to the ordinary rate of change of the rectangular compo-
nents of T.

From this we infer that whenever physical laws are expressed as
tensor equations in the spirit of Sec. 149 and the law relates such things
as force to the time rate of change of momentum or the space rate of
change of potential, these rates of change are to be represented by the
covariant derivative of the quantity in question.
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PROBLEMS

145.1. Let C be a coordinate system at rest, C’ be a coordinate system fixed in a
rotating rigid body. Let (z1,25,25) and (z,/,2,,75") be the coordinates of a point on
the rigid body in the two systems, and let x’ = Ax. Show that one can write

= @ Xx and express o in termg of A.

145.2. Let A(t + dt) — A(t){e the matrix for a rotation through an infinitesimal
angle d6 around the axis whose direction cosines are «, 8, v. Find the components
of w.

145.3. Let u and v be the vectors (1,1,0) and (1,—1,0) and let w = uXv. Show
that under the transformation 2/ = —z;, 2’ = —2s, 2’ = —z3; W' = w’' Xv'. Sketch
the systems and vectors. Hence under such an inversion, the vector product is not
a vector. A quantity transforming like w above is called a pseudovector, a relative
vector, or a vector density. Show that w-uXv is a pseudoscalar.

145.4 Prove that

UXv)Xw = (u-wyv—(v-wu

147.1. If a fluid is rotating like a rigid body, find the curl of its velocity at each
point.

148.1. Prove V-VXv = 0.

148.2. Prove VXVe = 0.

148.3. Prove VX(VXv) = V(V-0)=(V:V)v.

148.4. Prove

VX uXv) = u(V -0)=v(V u)4(v-V)u—(u-vv.

148.5. If v-B =0, find a vector 4 such that B = VXA. If it is given that
Ay = f(z,y,2), find A.

150.1. Show that the stress components

Dzzy Pzyy Pzsy Pyzy Pyyy Py, Pzzy Payy Pz
are the components of a tensor of order two. Also determine whether the tensor is
covariant or contravariant.

152.1. Show that the functions g* defined by eq. (152.3) are the components of
& contravariant tensor of order two.

152.2. Show that the tensors with components g;; and g* are symmetric.

152.3. If T; are the components of a covariant tensor, show that 72 =E giTT;
1,
is invariant for all transformations of coordinates. ’
153.1. Show that the covariant derivatives of the fundamental tensor ¢*/ are zero.
153.2. Show that the covariant derivative of a scalar function is identical with
its ordinary derivative.
153.3. LaPlace’s equation in Cartesian coordinates is
e e % d% _
at? az* 9y* 922
Write this equation in terms of the appropriate covariant derivatives. Show that
the resulting equation would hold in all coordinate systems and that it can be written

in the form
i 9% %) _
o (o a5, ~ k) 35) =0

Use this result to transform Laplace’s equation from Cartesian to (a) cylindrical
coordinates, (b) spherical coordinates, and (c) parabolic coordinates.




Chapter 12

ORTHONORMAL FUNCTION SYSTEMS

155. Definitions. Two functions f(z) and g(z) defined throughout
the finite interval a < z < b are said to be orthogonal to one another if

J 1@g@az = 0 (155.1)
and f(z) is said to be normalized when
[ r@ade =1 (155.2)

These terms arise in a natural way from an analogy with vectors in
a vector space (see Sec. 134) wherein a vector f with components
f1, foy f3y ... , fu is perpendicular to or orthogonal to a vector g with
components g1, g2, ... , ga When the scalar product (f-g) = fig: + fog2
+ ... 4 fagn = 0. When f and g are functions of z and this sum is
replaced by an integral, one sees the formal analogy of the vector scalar
product with the operation

[ 1@o@az

It is natural to use the geometrical terminology and call it the scalar
product of the two functions and to say that f(x) is orthogonal to g(x)
when the scalar product so defined vanishes.

This analogy can be carried much further and this will be done to a
certain extent in the following paragraphs. For example, the scalar
product of the vector f with itself, namely, f7 + f3 + ... + f7 is the

1/2
square of the length of the vector f, so that we may call [ L 4 f’(x)dx]

the length of f(z), and when (155.2) is satisfied, we may speak of a
function of unit length in function space.
The theorem of Pythagoras which holds for ordinary vectors states
that X
(f9r < (fNg9)
The analogy to this theorem is to be found in Schwartz’s inequality
U< (N9 (155.3)
309
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where (f-g) = f ® f(@)g(z)dz (155.4)

The concepts of scalar product and orthogonality, etc., are not
restricted to real functions, but apply also to complex-valued functions
provided the definition is modified so that the scalar product is formed
from f and the complex conjugate of g, so that

(f-g%) =[f*9) = _L i *(x)g(z)dx (155.5)

In this case if (f-¢*) = 0, the function g*(x) is orthogonal to f(x) instead

of g(z).
In practical applications it is convenient to deal with systems of
orthonormal functions. In this case we have at hand a set of functions

e0(x), e1(x), e2(2), ..., eal®), ... (155.6)
defined over a common interval, which satisfy the conditions

b 0 m#En
[ e@en@ar = (155.7)
s , m=n
or in case of complex-valued functions,
b 0. mFEn
[ ei@ent@iz = (155.8)
a , m=mn

One of the most useful orthonormal sets is composed of the trig-
onometric functions

1 .
_cosx —=singz, ... —cosmc -smnx
\/21!' Vi "V ’ "Vr "V ’
defined over the interval 0 < z < 2#. It is a simple matter to verify

that
0, m#En

f \/—cosnx --cosmavdac-‘1
j; v sin ne —= \/; cosmxdr = O0forallmandn  (155.9)

, m=n

fzfl—sinnxi—sinmxdx=0’ mn
o Vo Vr 1, m=n

The corresponding useful complex-valued orthonormal set is

__1._.., — e:hz 1 +i z
Vor \/27r Y 27 €
These functions satisfy the orthogonality condition

fzr — em It —— oimT Jr = 0’ n#m
Vor V2r 1, n=m

(155.10)
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156. Approximation of a function by a linear aggregate of
orthonormal functions. One of the important practical uses of a
system of orthonormal functions is their use in approximating an arbi-
trary function. Let the function f(z) to be approximated and the ortho-
normal set ¢o(x), ¢1(x) ..., ¢n(z) be defined over a common interval
a <z < b. We seek to approximate f(z) over the above interval by the
linear combination

n
cen(@) + aer(@) + -+ cwpn(n) = D ey (156.1)
v=0
of the members of the orthonormal set ¢y, ¢y, - .. , ¢» In such a way that
the mean square error will be least.
The mean square error is

M =[] @) ~ 3 v

=0

2y (156.2)

When the constants ¢, ¢, . .. , ¢ are determined such that M is a mini-
mum, f(z) is said to be approximated in the mean by the linear aggre-

gate Z c.e.(z). The coefficients which make M a minimum can readily
»=0

be shown to have the values

& = an = [ f@en(x)de

or if ¢.(x) is complex (156.3)
b
& = a, = [ f@ei(@)dz
The coefficients ao, a1, ... , a. are called the Fourier coefficients of f(z)
with respect to the orthonormal system o, ¢1, ... , ¢ That M will

be a minimum when ¢, = a, may be shown by performing the integra-
tion in the integral (156.2) where possible. Thus

o =[] 1) = 3 oo [
=fab [f(x) - Zn; cm(x)] [f*(x) - ”Zjoc:‘p:(x)]dx

= ["15@ Iz — 3 (e3a + wad) + 30 o
y=0

v=0

=f:lf(x) l*dx+iolc,—a,|2—i1a,|2 (156.4)

v=0
The right side is readily seen to be least when ¢, = a,. When ¢, = a,,
it follows that

n

Slal éﬁlf(fc) |%dz (156.5)

y=0
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This is called Bessel’s inequality. Since it holds for all n, it establishes
the convergence of the series

>

y=0

If it is possible to make the quantity

Lb l{ﬁx) - i a0 lzdx

y=0

2

a,

less than an arbitrarily small positive number e by a suitable choice of
n for a function f(z) for which /| f(z) |2dx exists, the orthonormal
set @1, @2, ... 5 ¢ny ... is said to form a complete set. Stated in a differ-
ent way, the ¢’s constitute a complete orthonormal set if it is possible
to approximate a quadratically integrable function f(z) in the mean
as exactly as desired by retaining a sufficient number of terms in the

n
aggregate E a,¢,. For a complete set, it therefore follows that
v=0

LI NECE iay‘pylzdx =0 (156.6)

v=0

and from eq. (156.4) this yields

INICI DY

r=0

a, ]2 (156.7)

The existence of this equality also establishes the completeness of the
orthonormal set ¢;, ¢s, ..., ¢n, ... When

b

a = [ j@e! dx
A most important result of this analysis is that, given a complete
orthonormal set ¢,, ¢, . .. , ¢n, defined over an interval ab, any function

for which j; b\ f@) l’dx exists can be approximated in the mean arbi-

trarily closely by the sum Z a,¢,, where a, = j; b f()ey dz. The series

»=0

Z a,¢, is said to converge in the mean to f(z).
y=0

It should be carefully observed that although Z a.¢, converges to

y=0

f(x) in the mean, it by no means follows that

@) = 3 tn@)

y=0

for this would require that it be possible to find a value of n such that



See. 156] ORTHONORMAL FUNCTION SYSTEMS 313

[CENTOIRT
»=0

where ¢ is an arbitrarily small positive number. This is very different
from the requirement

r

The latter actually would allow Z a,¢,(x) to differ widely from f(z)

y=0

@) — Z"%aupy(x) rdx <e

at various points.
The least restrictive conditions which must be placed on a function

f(z) in order that Z a,¢,(z) will converge uniformly to f(z) have not
v=0

been determined. For a given complete orthonormal set only sufficient
conditions can be given. This question has received the most attention
for the orthonormal set composed of the trigonometric functions. The
matter will be referred to again in connection with particular ortho-
normal sets. It would seem that in many physical applications only
convergence in the mean is required.

It may be mentioned that a piecewise continuous function f(z) is

uniquely represented by the coefficients a, = L b J(@)¢) (x)dz computed
with respect to a complete orthonormal set ¢1, ¢z, ... , ¢n, ... in the

sense that two piecewise continuous functions are identical if they have
the same coefficients a, with respect to one and the same orthonormal set.

157. Orthogonalization of linearly independent functions. The
functions ¢1, ¢s, . .. , @n, - . . Of an orthonormal set have the property of
being linearly independent, which means there exists no relation of the
form

cipr+ Copr ... A Capn =0

except that for which ¢; = cc = ... = ¢, = 0. This follows by direct
computation of the constants ¢,. Any constant ¢, can be found by
multiplying the above expression by ¢} and integrating over the domain
of definition of the orthonormal set. Thus

b
o f oo, dz =0
. b
and since L op,dr =1 ¢, =0

Given a set of linearly independent functions fi(z), fo(z), ... , fa(2),
..., for which ﬁb J.(x)%dr exists, it would be possible to approximate
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n
a function f(z) in the mean by a linear aggregate Z ¢f.(x). However,
y=1
the constants ¢i, ¢, ... cannot be found as directly and as conveniently
as for the case of an orthonormal set. An example of how this may be
done in the case of the linearly independent functions 1, z, 22, ... , z~,
... will be given in the next gection.

One way to proceed is to Fz‘z)ln.ce the linearly independent functions
fil@), f2(x), ... , fa(x), ... by the same number of new functions
o1(z), ¢2(x), ..., en(x), ..., each of which is a linear combination of
the fi(z), fo(x), ..., fa(x), ... such that the new functions are ortho-
normal. The problem is exactly the same as that already discussed in
Sec. 135 where n linearly independent vectors were replaced by an or-
thogonal system of unit vectors. The procedure for carrying out the
orthogonalization is the same as given for vectors in Sec. 135, where the
scalar product of two vectors is replaced by the corresponding operation

j; i f(x)g(x)dx in function space. Thus one starts by writing
€
az) = (Lb|f(i))2dx)m
then writing ¢:(r) = ae1(z) + cofe(x). It is required that
[ e@e@) =0

= [ 0@ + afi@e)1de

= ¢; 4+ ¢y Lb fo(x)or(z)dz (157.2)
In order to keep the functions normalized we write

[ lown(a) + afule) e = 1

(157.1)

o + 200 ab e(@)fa(z)dz + J; * fie)de = 1
Making use of eq. (157.2), this becomes
[ e@h@iz]’ - 26 [ @@ ]
+ df fi@de = 1

_ 1

C2 ;j;bf%(x)d:c _ [j;b qal(x)fg(:t)dx]z%m
) [ h@e@)as

LA @i - [ [ e@a@a]"

or

and
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This process can be carried on until all the ¢’s are determined.

Several methods can be used to establish the linear independence of
the functions to be orthogonalized. One method has already been
given in Sec. 18. Another useful method makes use of the scalar product
in function space defined by (155.4). The criterion for the linear inde-

pendence of a set of functions f1(z), f2(z), ..., fa(x) is that the Gramian
determinant
(o) (fefe) - (fifa)
(o) (forfo) .. (forfu)®
P(fl,fz, .. .,f,,) e cee e e (1573)

(Fuf) (faf) oo (farfa)

should not vanish where (f,f,) is defined by (155.4) and is to be evalu-
ated over the common domain of definition of the functions under
consideration.

As an example of the use of the Gramian determinant, let us examine
the linear independence of the functions 1, z, x? 2*® throughout the
interval 0 < x < 1. The determinant (157.3) is readily found to be

G R ol W
L o N e
B e

B Col B

This determinant is not zero; hence the functions 1, z, 22, z? are linearly
independent. In fact, the set of functions 1, z, z%, ... , 2", ... defined
over any finite interval a < z < b are linearly independent.

158. Examples of orthonormal sets. Aside from the most common
orthonormal set of functions mentioned in Sec. 155, namely, the set of
trigonometric functions, a variety of others may be obtained by orthog-
onalizing the linearly independent set of functions 1, z, z2, ..., a7, .
over various domains of definition. As an example, let us orthogonahze
this set on the interval —1 < z < 1. From eq. (157.1), the first of the
orthonormal set of functions is found by writing

Pp= i = L
(f_—:l dx)l/Z ,\/2

Then the next function orthonormal to P, will be found by the method
outlined in the previous section. First

P1=Co\"'}—§+61x
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The ¢’s are now determined so as to make P; and P, orthonormal. Hence
f“(co\/ +clz) ‘lde =0 —\/éco
and _1:1 drtder =1= cfg

Consequently ¢, = 0 and ¢ =/\/-§ and P, = \/%— z. In order to obtain
P, we write /

= coPs + aP1 + c2?

and again require that

f+1 (co\/2 + cle + chz)dz =0
f+l<cn\/§+cl\[x+c,x )\/gzd:c =0
f“( oz + c;\/ 2 + Cg:z:z)’d:t =1

From these relations we find that

5 3 /5
Co = —-,Jé\y C = 0’ C = QJZ
P, = J;;(gxz - 1)

Proceeding thus, a set of polynomials

3 5/3 1
-5 P‘=\[§x» P2=\[z(§’””‘2)’

would be obtained, each of which differ from the well-known Legendre
polynomials by a numerical factor. The Legendre polynomials are
1, z, (3= — %), ... . The difference comes only in the normalization.
The Legendre polynomials are normalized, so that P,(1) = 1 instead of
J._tl Pi(x)dx = 1. Consequently we may regard the Legendre poly-
nomials as an orthogonal set of functions obtained by orthogonaliz-
ing the functions 1, z, z%, ... , z", ... with respect to the interval
~1 <z < 1. It can also be shown that they form a complete set.

A variety of complete sets of orthonormal functions defined over
various intervals can be obtained with the help of an auxiliary function
p(z). To illustrate the procedure, we shall consider subsequent functions
to be defined over the interval a < z < b (b may be infinite) and re-
quire that

j; i o(z)zrdz
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exist for all positive integer n’s. The functions of the system,

v P(x s Vv P(I)xy V)2t ..., V p(x)x", cee
are linearly independent. Using this function system as a basis, the
corresponding orthonormal set may be determined on the interval

a <z <b as illustrated above. As a result of this process we will
obtain the orthonormal system o, ¢1, @2, ..., @ny ...

where on(x) = Vp(@) ma(2)
and w.(z) is a polynomial of degree n. Here m.(z) is, except for sign,
uniquely determined by means of the function p(z) and the interval of
definition.

There are a number of important special cases, which lead to much
used orthonormal systems. Thesc are listed according to the auxiliary
function p(x) and the interval.

p(z) Interval Name of Polynomial
1 -1<z<1 m(z) = \/2—"7“'—1 . Pu(z). (Pn = Legendre
polynomial.)
z2(l — z)f 0<z<1 ma(zr) = Jacoby or hypergeometric polyno-
a, > —1 mial (except for constant factor).
e 0<z<» ma(x) = La(z), the Laguerre polynomial.
et —0 <z < ®© wa(z) = Ha(z), the Hermitian polynomial.

The properties of some of these orthonormal systems as well as others,
such as Bessel’s functions, which are not formed in the above manner
will be discussed in later sections of this chapter.

159. Fourier series. Since the complex exponential functions 1,
eric ..., etz form a complete orthogonal set we know (see Sec.

156) that if f(z) is defined in the interval —r < 2 < rand f : | f(z) |2dx

exists, f(z) can be approximated in the mean as exactly as we wish by
the sum

+n
Su(z) = Y ae®= (159.1)

if n is sufficiently large. In accordance with (156.3), the coefficients are
given by
1 on
o =5 7 f@erda (159.2)
In addition to this, it is often of interest to know under what condi-
tions the function f(x) can be uniformly approximated by S.(z), i.e.,

that
lim | f(z) — Sa(x) | =0
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The determination of the conditions which must be satisfied by f(x)
in order that f(z) can be uniformly approximated by S.(z) constitutes
the mathematical theory of Fourier series.

In the application of Fourier series, the following sufficient conditions
on f(z), which secure uniform convergence, have been found useful.

1. Any function f(x) which is continuous, together with its first deriva-
tive in the interval —7w < x ﬁ/c w with period 2=, can be uniformly ap-
proximated by S.(z).

2. Let f(x) be defined arbitrarily in the interval —x < 2z < 7 and
defined for all other real values of « by the equation

J@+2mr) = f(z)
80 that f(z) has a period 2. Also let f(z) be such that f : f(z)dx exists,

and if this be an improper integral, let it be absolutely convergent.

Then if ¢ be any interior point of any interval a < ¢ < b in which f(¢)

is of bounded variation (see Sec. 53), the series lim S,(f) converges,
n—so

/

and the sum is
3[f4+0) + f(1—0)]
where
f@4+0) = lim f(¢+h) and f(E—0) = lim f({—A)
B0 B0

If f(x) is continuous at z = ¢, the sum is f(¢).
This theorem allows f(z) to be discontinuous at one or more points
in the interval. 1f such occurs at a point ¢ = ¢, then lim S.(z) at z = ¢

yields the arithmetic mean of the values of the function at the jump
point, or [f(t—0) + f(¢+0)]. Also a function defined over the interval
0 < z < 7 can, for the purposes of expansion in Fourier series, be con-
tinued in a suitable way in the interval —7 < z < 0, and to secure
periodicity it may be defined for values of x outside this interval by the
relation f(z+2mn) = f(x), where n is a positive or negative integer.
This procedure may lead to discontinuities in the resulting function at
z = morxz = —m, and consequently at £ = Zmn. In accordance with
conditions (2) above, this means only that the Fourier series will con-
verge to the arithmetic mean of the function at these jump points.

The above situation is encountered if we wish to represent the func-
tion f(z) = x over the interval 0 < z < 7. In this case the actual func-
tion we would represent is shown in Fig. 159.1. Using eq. (159.2),
the Fourier coefficients for this function are given by

1 ' — 1V
ay=z_ _,xe zdx
a =0

_17

a, = - v#0
—w
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Consequently the Fourier representation of f(z) = z in the interval
—r<r<mwis
¢ = E (=1 1) .-m__zz( 1) Sine sin vz
= —o r=1

The stroke to the right of the summation sign sxgmﬁes that the term
v = 0 is omitted. When x = =, the value of the Fourier series is zero.
This furnishes an instance of the fact that the series yields the arithmetic
mean of the function at the point where the function undergoes a jump.

fix)

|
1
|
!
3|
|
1

/

Fre. 159.1

160. Functions of arbitrary period. Only a slight modification of
formulas (159.1) and (159.2) are required to represent a function f(z)
of fundamental period 2! instcad of 27. The modified formulas are

Sa(z) = Z a,eml (160.1)
a = iz ! (@) erielide (160.2)

The conditions on f(x) in order that f(z) can be approximated in the
mean, or that the Fourier series converge uniformly to f(z), are the same
as given in Sec. 159 except that the interval of definition must be 2I in-

stead of 2.
ﬂ "l_lﬂx)-A

J i 0 T x
20— t— 21————# |

0
Fia. 160.1

As an example, let it be required to represent the function shown in
Fig. 160.1. According to eq. (160.2), the Fourier coefficients for the
function of period 2! are

R



320 OrrHONORMAL FUNCTION SysTEMS [Ch. 12

1 p+ .
—_— —irvz/l
o=, f(x)e dx
1 ,+s . A el — g—imvsll
—_ — ~irvz/l == —
21y AT =T,
4 n (160.3)

v l
Consequently /

@) = f Z sin (wvd/l)eim=lt (160.4)

v

ym —

_ 2_;1 i [sin (wv8/D)][cos (mvd/D)] (160.5)

14

y=0
This result will be discussed in further detail in the next section in
connection with the number of harmonic constituents required to obtain
a given degree of approximation of the function f(z).

161. Properties of functions and their Fourier coefficients.
In practice it is of great value to have some idea of the way in which
general properties of the function to be represented affect the Fourier
coefficients. For instance, it is desirable to know what property of a
function leads to rapidly decreasing Fourier coefficients, or given a
function different from zero over a certain interval, how the number of
coefficients required for a certain degree of approximation is related
to the magnitude of this interval.

It can readily be seen that the smoothness of variation of a function
has a definite effect on the rate at which the Fourier coefficients ap-
proach zero. A measure of the smoothness is the number of continuous
derivatives the function possesses. Let the function f(z) be defined
over the interval 27 and have r — 1 continuous derivatives and a piece-
wise continuous derivative of order r in the interval. Then

o
f(x) = Z ayeivrz/l (161_])
a =5 [ f@eortids (161.2)

If one performs r partial integrations,

o= 1_ L r_l— + (r) —irxz/ ]
“"21(«) Gy J 1 17 @ lde

1 l 1 + ) —iy Tz
iarl=§l(;);; f_, fO(x)e ”d-'cl

}‘ l— '—1~ H (r) _ _K
=2 (w) S (z)dz | = = (161.3)

or since
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where K is a constant independent of ». Thus we see that the smoother
a function is, or the greater the number of continuous derivatives it
has, the more rapidly the coefficients approach zero.

We may use the Fourier series for the function shown in Fig. 160.1
to infer a relation of a general character between the fraction of the
period 2! over which the function is different from zero and the number
of terms in the series required to obtain a certain degree of approxima-
tion to f(z) in the mean. The fraction of the period for which f(z) is
different from zero is §/l. When 8/1<< 1, the values of |a, |? found
from (160.3) are plotted against » in Fig. 161.1. It will be convenient
to consider the range of » over which | a, |2 is appreciably different from

x2a,?

A2

~lon
]
Sl

—— 1 1 ! L L L ST
-25 =20 ~15 =10 -5 0 5 10 15 20 25 v

Fia. 161.1

zero to be —1/8 < » < /3, i.e., the values of » lying between the zeros
of [sin? (mvé/l)]/v* closest to the origin » = 0. Thus the number of
terms n of the series for which | a, |2 is appreciable is | n | < /3, which
is the reciprocal of the fraction of the period over which f(z) is different
from zero. Thus the smaller the interval over which f(z) is appreciably
different from zero, the greater the value of n for which | a, |? is appreci-
ably different from zero.

The degree to which n = /5 terms of the series approximates the
function f(z) in the mean can be found by applying eq. (156.4), which
in this case leads to

M =f_-{;l If(x) _ i a,e— el

v=—n

+n
= [J@ e = 3 el

y=—n

"dx
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=

44* [f: gin? (mé/l) z": sin? (Zvﬁ/l)]

La v=0 v v=0 v
442 >, sin? !1rv5/l)
= z v?
r=n-+l
44 S~ 1/ 442 1
S ,,§,22/~ T D)
oy

- wl
Consequently the mean square deviation from f(z) is inversely propor-
tional to the number of terms over which | a, |? is appreciably different
from zero.

162. Mean square spectral extent of a function. The relation
between the “width’’ of the impulse function and the number of Fourier
coefficients for which | a, |? is appreciably different from zero as exhibited
in the preceding section can be established in a more general way for a

certain class of functions.
Consider a function f(x) of period 2l such that

[ 1@ e and [ 157 1z

exist. We may define the mean square width Az? of the function f(z)
as the integral

5 = [ (@~ 2071 16) o 162

where z, is some reference point, such as the point where | f(z) | is a
maximum, or defined such that

f_f' (@ — 20)| f(=) |dz = 0

Let f(x) be represented by the Fourier series

@) = g (162.2)

We may define the mean spectral extent 4»% of f(x) by the series

J— I
A=Y Vgl (162.3)
provided this series converges.
To establish a limiting relationship between Az* and A»? we first
note that
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2 2 _—
[Hrre=E 3 Aak-Fm a6

ye= -

and then make use of the inequality*
' + + 2
| [ gz + [ gahde |

+ +ox + + »
= (f_l 991 dx +f_l 9295 dx) (f_l hih3 dx +f-z hah3 d:c)
in which we let g, = (x — 2o)f, s = f*; and g2 = (z — Z)f*, ha = f'.
The inequality then becomes
| [¥ @ = a @ + i < af 3 @ =zl s f 157 1z
or
1 d 2 + + o,
| [ @ a0 & s da ] <af 7 @~ w0?lflaaf 11" e

By integrating the integral on the left side by parts, and replacing the
integrals on the right side by the quantities from egs. (162.1) and (162.4),

we have
2

|0 = el 5@ 12 + @+ 20l =D 12 = [ 1
< 4?3’?%'2—2@ (162.5)

An important case is that for which f(I) = f(—10) = 0, so that

— 2 + 2
AR > 2;?1 I [fl”dxl (162.6)

This result shows that if the area under the curve of | f |2 is held con-
stant, the smaller the mean square width of | f |* the larger the mean
square spectral extent of f(z) must be.

163. Harmonic analysis of curves. In engineering practice it is
often necessary to make a harmonic analysis of data. The function so
far as it is known in this case takes the form of a curve plotted from the
data. Thus the function is not known in explicit analytical form. The
approximate representation of such a curve by a Fourier series can be
facilitated by making use of the following procedure.

Let it be desired to make a harmonic analysis of the function f(z)

* This inequality can be established from the positive definite character of the
quadratic form in A

SINal+ 1k + (gl +h])?dz >0
or ML (g P+ gedz + 20 (gl ikl + gl kD
+S (M2 + | ke ?dz 20
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shown in the curve Fig. 163.1. For convenience we shall suppose the
region of definition is 0 < z < 2. If the function does not vary too
rapidly, it may be sufficient to divide the interval into 24 equal parts,
numbering the division points 1, 2, ... , 24 as shown. The values of
f(z) at these division points are denoted by y1, s, - - . , ¥2a and tabulated
as shown in columns I and II in Table 163-1. The sums sy = ya

y=flx)
Yo Y3 Y4

Yy

R A S S
[ C) SO
Y
¥

0 12 24 x
T 27
Fic. 163.1
81 = Y1 + Yos, S2 = Y2+ Yz, ... are tabulated in column III, while

the differences dy = y; — Yo, d2 = Y2 — Y22 appear in column IV. From
the entries in the table, the Fourier coefficients in the series of real
functions

@) = ;*0 + ‘; (a, cos vx + b, sin »x)

can be computed conveniently. First

‘l"__l 27 . 2

3 =55 ), /@de~5on (it et o+ )
PO ) s (PR, o1

24

Therefore ays is found by adding the entries in column III and dividing
the sum by 24. From the formula

a = lj:f"f(ac) cos z dr

m

the coefficient a; can be computed approximately in terms of f(x) and
cos x at the points of subdivision. Thus

27

1 s 27
a z;<y1005ﬁ+ygcos 12-{— —ljyucos21r) 21

=~ ’1}5[(% —yn — Y+ yu) 005‘1112 + (Y2 — Y10 — Yu + yzn)*



326 OrTHONORMAL FuNcTiON SysTEMS [Ch. 12

2
cos—llzr+ +y24cos21r]

~ -11—2 [(31 — 8u) cosll2 + (s2 — 810)-

2 3
cosl—;+(s;—sg) cos 2=

(s = 80 c0s 2 + (s — s1) cos 22 +
+ (ss — ss cos 15, /(s — &1) cos 5 +

The entries in the column labeled First in the lower part of the table
are the numbers (s; — $7), etc. as indicated, multiplied by the numbers
0.0216 etc. in the column at the extreme right, which are just the values
of #5 cos &, etc. appearing in the last equation. The value of the co-
efficient a; is then found by adding the numbers of the First column
in the lower part of the table. The procedure for computing a,, as, etc.,
and by, by, ete. is sufficiently clear from an inspection of the table.

The accuracy of this procedure becomes poor for more than 4 or 5
coefficients because the number of subdivisions in the interval is not
great enough to obtain a very good approximate value of the pertinent
integrals.

164. Hermitian polynomials and orthogonal Hermitian func-
tions. In Sec. 158, it was mentioned that an orthonormal set of func-
tions built on the interval —= < 2 < « by means of an orthogonaliza-
tion procedure based on the auxiliary function e~2'led to the Hermitian
polynomials except for a constant factor. The Hermitian polynomials
H.(r) may also be obtained with the help of a generating function g(z,t),
from which several very useful relations can be derived.

A generating function g(z,t) is one from which the whole set of func-
tions H,(z) in question appear as the coefficients of successive powers
of ¢t when g(z,t) is expanded as a power series in £. That is,

glzt) = i Huz) (164.1)

n!

n=0

For the Hermitian polynomials

 H.(z
glxt) = e~ = o= (-t = 'LZO _f‘._) n (164.2)
It is evident that H,(z) may be obtained by differentiating the above
equation 7 times with respect to ¢, and thereafter setting ¢ equal to zero.
Thus

Ha(z) = ;‘:—t— g(x,t):l ) (164.3)
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. [i] [i]
9 -2t = O 2
Since % 2

we have
jx"e-x' (164.4)
which allows one to determine H,.(z) by merely differentiating n times
the function e—=".
Differentiating the equality
g(x,t) = c—-l’+2tz

H@) = 2 e=’e—«—z>'] = (e

t =

with respect to = gives
dgxt)
Fr e 2tg(x,t)
o Ha(@) 4y _ o5 Ha(2) o,
or nz_; o t_2tn};6 2t

Consequently Hi(z) = 2nH, . (z) (164.5)

This provides a means of expressing derivatives of H,(z) in terms of
polynomials of lower degree.
A recurrence formula for the H’s can be obtained by differentiating

the equality
9@,) = ewe==2
with respect to £. Then

% _ _a(t — p)glar)

at

o~ _Hn _ oS @t
or 7.2:‘1 (n—l)!t 1 x)n;) 1 =0
Consequently

= [H, Ha(z) | 2H,(x)

ngl lln\L) L

E,O[ nl T2 +(n—1)!:|t 0

or Hoi(x) — 22H . (x) + 2nH,1(z) = 0 (164.6)

Once two Hermitian polynomials are known, all others can be computed
in terms of them by means of the recurrence formula.

The differential equation satisfied by H,.(z) can readily be obtained
by using the relation (164.5) in eq. (164.6) in such a way that only
polynomials of the same degree remain. It is

H(x) — 2zH,(z) + 2nH,(z) = 0 (164.7)

The first six Hermitian polynomials are

H o(x) =1
Hy(z) = 2z
Hy(x) = 42 — 2
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Hi(z) = 82 — 122
Hy(x) = 16x* — 48x% + 12
Hy(x) = 322°% — 160z® 4+ 96z + 24
The generating function can often be used to great advantage in

evaluating definite integrals ipvolving H,.(z). As an illustration we
shall use it to discuss the properties of the integral

T = ﬁ_ +: H on(2)Ho(z)e—7d (164.8)

Instead of working with this integral directly, it is convenient to con-
sider the integral

f gz, Ho(z)e—dx = f ( Hu(a)tr )IIn(x)c‘I’dx

m'

"The series representation (164.2) has replaced g(z,t). The order of
summation and integration may be inverted so that

E m'f+ H,.(z)H . (z)e~*"dz

m=0

-t

m=0

I

f _+: 9(@,t)Ha(z)e~2dz

We have thus obtained a kind of generating function for all integrals
of the form (164.8), so that

Inm = [Z;,,f L 9, t)H,.(x)e—”d:c] o (164.9)

This integral may now be evaluated in an especially simple manner
by replacing g(z,t) by its explicit form from (164.2) and replacing H.(x)
by an expression of the form (164.3). Then

+w +o a9* l
-2, — —(-z)2| 2 2— (3 —1)2
f_“° g(x,t)Ho(x)e~"dx —ﬁ e [6.9" L “sodx

[ f+ e (z—s— l)’+2atdx]
as™ 8=0

[ oft -y
—[as"e A dy o

=Vr [_61 ezu:l
ds s =0
From 164.9 we finally have
= Ql ﬂ. y713
Inm = Vr [at"' s ¢ ]7:8

We see that I,,., is merely the coefhcient of the term ¢ms" in the power
series expansion of V7 2!, On the other hand, the power series expan-
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sion of e%* contains only terms having the same power of s as of ¢, i.e.,
only terms in which m = n. Thus we have the result

In = V7 % gt— e"’“]::g (164.10)
=V 27(n))

This result brings out the orthogonality of the set of functions
Ho(x)e—=/2, Hi(x)e—*"2, etc., which was already mentioned in Sec. 158.
From the value of I,, we may convert this set of orthogonal functions

to an orthonormal set ¢o(), ¢1(%), ¢2(x), ..., ¢a(x) ... by writing
x2/2
on@) = ———T,(x) n=0,1,2, (164.11)
V2!

The differential equation satisfied by ¢.(x) may readily be found by
solving the above equation for H,.(z) and substituting the result in the
differential eq. (164.7) for H,(x). The equation is

en(@) + @n 41— 22)eu(2) =0 (164.12)

The functions ¢.(r) form a complete orthonormal set, so that func-
tions defined over the interval —» < x < «» may be expanded in terms
of them in the sense of Sec. 156.

Solutions of the above differential equation when = is not an integer,
but an arbitrary complex number » can be found by the following
extension of the definition of (164.4). First e~ is represented by means
of a contour integral (see Sec. 86); thus
1 e~ %dz
2riJe(z — x)

e =

where the contour encloses the point 2 = z. From (164.4) and (87.2),

M) = G s [ et

27t dxnJe(z — x)
I‘(n-l— 1) ., e~ ¥dz
s e, o (164.13)
The contour C’ encloses the point z = —z. Since the functions on the
right are defined for any complex number n = » except negative integers,
= o Lo+ .0 e~#dz
R fc P (164.14)

where C is any constant.

165. Laguerre polynomials and the "Laguerre orthonormal
functions. The set of orthogonal functions built on the interval
0 <z < » by means of the procedure outlined in Sec. 158 with the
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help of the auxiliary functions e~ leads to the Laguerre polynomial
L.(z). The generating function (see Sec. 164) for these polynomials is

_ e N~ (@),
g(et) = T _'g ot (165.1)
so that
La@) = 2] = L (g (165.2)
" O™ Jrmo [ dzm ’

= (_l)n [xn —_— le_;xn—l + ."_291.5?_1_)31”—2 —

+ (~—1)"n!] (165.3)

The equivalence of the nth derivative of g with respect to ¢ at ¢ = 0,
and the nth derivative with respect to x as expressed in eq. (165.2)
can be demonstrated in an instructive way by using a contour integral
representation of g(z,f), which incidentally leads to certain useful inte-
gral representations of L.(z). To do this g(z,t) can be expressed in terms
of the following Cauchy integral (see Sec. 86).

w2l (1—2)

1
glzt) = éTrifc‘(l —2)(z—1t) dz

where the contour C encloses the point z = ¢, and for our purpose ¢ < 1.
The contour C must not enclose the point z = 1. Expressing L,(z) in
terms of the above integral,
ng(x,t) _ Tnt+D e~ 1—2)
atr =0 2wt ¢ (1 — 2)ent?
where C’ encloses the point z = 0. The above equation furnishes one
integral representation of L.(x), but this can be made somewhat more
tractable by a change of complex variable from z to s according to the
transformation

La(z) = dz  (165.4)

xz s —=x
=s—2x or z=
1—2z 8

In terms of the new variable

T(n+1) | e~'g"

La@) = =9 “Jorls = gpmi

ds (165.5)

wherein C’’ encloses the point s = z in the s plane. From eq. (87.2)
the right side of the above equation is

l‘..d—n Nnp—=
L.(z) = ¢ d:c"(x e~?)

Equation (165.5) provides a useful integral representation of L.(z) and
serves to define L.(z) in those cases where n is not an integer. If n is
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not an integer, 8 = 0 and s = z are branch points, and the contour
must enclose both points in order to remain on the same branch of the
integrand.

‘When 7 is an integer, L.(z) can also be expressed as a definite inte-
gral, which is often useful in evaluating integrals involving L.(z).
This integral representation is

Lu(z) = 21*(2_+1) ﬂ‘ (uf)ne‘"”ﬂo(u\/i)u du  (165.6)

where Jo(y) is the Bessel function of order zero (see Sec. 169).

The first few Laguerre polynomials are listed below.
Lo(z) =1 Iyz) = —az+1
Ly(x) = 2 — 42 + 2 Li(z) = —2*+ 922 — 182+ 6
Ly(z) = 2* — 162 + 722? — 96z + 24

With the help of the generating function (165.1), several important
recurrence relations between the Laguerre polynomials can be derived.
For instance, by differentiating g(z,f) partially with respect to { we can
establish the relation

(-0 22D o (1t 2)(a)
On taking the nth partial derivative of this equation with respect to ¢,

the following relation is obtained.
n+1 n —_— n—1

at1¢+l 2! atn—l
_ _ _ Qﬁg _ an—lg
1-t—2x) m n o

Placing £ = 0 and using the relation (165.2), the first important recur-
rence formula results, namely,
Lnyi() — 2n + 1 — 2)La(@) + n*Laaa(z) = 0 (165.7)

This recurrence relation allows one to compute one Laguerre polynomial
in terms of two others.
By carrying out similar operations on the relation

¢l
A=p3t=—y

one obtains another relation between the L’s, namely,

Ly(x) — nLp_1(x) = ~nLa_(2) (165.8)
which is a relation involving first derivatives of the L’s and only two
Laguerre polynomials. Using this relation to eliminate L..:(z) in eq.
(165.7), a somewhat more useful relation results, i.e.,

2L(z) = nLa(x) + n?Lna(z) = 0 (165.9)
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The differential equation satisfied by L,(z) can readily be obtained
by differentiating eq. (165.7) once and using relations (165.8) and (165.9)
to obtain a relation involving only L.(z) and its derivatives. This
operation gives

zLy () + (1 — 2)La(z) 4+ nLa(z) = 0 (165.10)

The above recurrence foryhulas hold for n noninteger provided that
L,(x) is appropriately defined, as for example by the integral (165.5).

As pointed out at the beginning of the chapter, the L.(z)’s in connec-
tion with the auxiliary function ¢~ form an orthogonal set of functions
on the interval 0 < z < =, and by methods similar to those used in
establishing the result given in (164.10), it can be shown that

j;-e e Lon(z)Ln(z)dz = {0 form = n

(mh)? form =n
On the basis of this property the orthonormal set of functions built
on the Laguerre polynomials is
2L (x)
n!

(165.11)

en(x) = n=2012 ...

This set of orthonormal functions is also a complete set.
As an example of formal manipulation with this set of orthonormal
functions, let it be required to represent the function
1 0<Lz<a
@ = 0 a<lz

in terms of the above set of functions, i.e.,

J@) = i) Cnpn(T) (165.12)

n=0

where in accordance with (156.3),
Cn =j;a on(x)dx
1
== [ L@ (165.13)

Two procedures for evaluating these coefficients will be illustrated.
In a practical case one may prove more convenient than the other,
depending on the use to be made of the series (165.12).

The first procedure will be to obtain a recurrence relation in terms of
which all the ¢,’s can be computed once one of them is known. To do
this, the above integral is integrated once by parts, which leads to

j; ® =12 (x)de = —2¢2Ln(a) + 2La(0) + 2 j; ® e—1L.(x)dx
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This is an opportune time to use the recurrence formula (165.8), in
which case the last integral becomes

on fo ® e[ L_(x) — Ln(z)]de
= 2n[e=2L,1(a) — Laa(0)] — n _ﬁ) ® e=#2L,_\(z)dx

wherein another integration by parts has been performed. Combining
the above two equations and noting from (165.3) that L,(0) = nl, one
obtains the following recurrence formula for c,.

e = 2 o lnles(a) — Lu(@)] = e (165.14)

which holds for n > 1. Here ¢, can be readily computed directly from
eq. (165.13), since L, = 1.

As an alternate procedurc the integral (165.13) can be evaluated.
To do this it is convenient to use an integral rcpresentation of L,(z)
and invert the order of integration. However, on looking at the integral
representation (165.5), the variable z appears in the denominator, which
makes it difficult to integrate the function e¢*#/2/(s — z)*1. Conse-
quently it is best to modify the integral representation (165.5) by making
a transformation of complex variable from s to z by means of the

relation
s—x ==z (z -1
- 2
whereupon the integral in (165.5) becomes

n —n—1
Lo = 2@ o on (z + %) (.«. - %) & (165.15)
The path of integration C must enclose the point z = 3 if n is a positive
integer or zero. If n is not an integer, the path must enclose both branch
points z = } and z = —$% in order to remain on the same branch of the
integrand. The presence of = only in the exponential term makes this
representation extremely useful in practice.

With the above representation the formula for ¢,, eq. (165.13) becomes

1 e s IALY AN A
c"—z_m’fo dxfce (z+2> (z 2) dz

) (-

where the order of integration has been reversed and the integration
with respect to = has been performed. The resulting contour integral
can be evaluated by the method of residues [see Sec. 93 and in partic-
ular formula (94.2)], whereupon
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1 §z+22 (1—e=)

Cn = lim = ——
" ,ﬁ,/gn'dz" 2

It is evident that this will lead to polynomials in a for the coefficients c,.

166. Associated Laguerre polynomials. Another set of polyno-
mials much used in quantumd theory are closely related to the Laguerre
polynomials discussed in the last section. These also can be used as a
basis for an orthonormal set on the interval 0 < z < . These are
known as the Associated Laguerre polynomials L%, :(z) defined in terms
of L.(z) (see Sec. 165) according to the relation

d*
Lf.-n(-’l’) = Elf; Lo(z) (166.1)

The generating function for Lk.:(z) can be found from that for L.(z)
by writing the relation (165.1) in the form

e=tla-0 Rl (p)gm L,,,(:t:)t
a0 "2 m T Z

L, ik (T)
Z_ﬁL_{_Z(Ti_(z_)'tnﬂ

This result may be differentiated k times with respect to z, in which
case the first term on the right is reduced to zero, since only polynomials
of degree & — 1 in z appear. Consequently

(0" e _ S D) .
g = 3 s

and the generating function is

n=0

g(z)t) = (—lgf%:; e 0=h = z (n"j;(]f)),tn (166.2)
and Lini@) = K"TﬁkLgt "(I’D]t-o (166.3)

Recurrence relations between these polynomials can be found in the
same manner as that used for L.(z). For instance, the recurrence rela-
tion corresponding to (165.7) is
Liirni(@) — @n+14+k — 2)LE () +nln + E)Liye-1=0 (166.4)
This relation is particularly convenient when it is desired to compute
polynomials with a different lower index while the upper index remains

the same.
The relation corresponding to (165.8) is

% () — n‘%Lﬁﬂ—x(-‘C) +nli-1=0 (166.5)
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Combining the formulas (166.4) and (166.5), the recurrence relation
corresponding to (165.9) is

d
xaL,‘.H(x) — nLf(z) +nln + k)LE s 1(x) =0 (166.6)
The differential equation for L%, .(z) is
dsz’k'“(x) +k+1- x)d Ly sx(x) + nlkia(x) =0 (166.7)
and it can be obtained by using methods similar to those used in obtain-
ing the differential equation for L.(z) in the last section.

The associated Laguerre polynomials form an orthonormal set when
used with the auxiliary function z*¢—2. Since the orthogonality condi-
tion*

0 m#En
®© 118
j; xhe==LE  y(x)LE 1 2(x)dr = L@—-:'—ku m=n (166.8)

is satisfied we can form the orthonormal set of functions

enr(x) = A ’R#!k)!lgw 2e==2L% | i (x) (166.9)

As an example of the use of this set of functions let it be required to
represent the function z*?e—@+#= in terms of the above orthonormal
set, where a and 3 are real. Thus

Hrg= B = 7 Crupn(T) (166.10)
n=0
and Cn = j; ° gH2e—(at g (r)ds (166.11)

1 . ,
= ‘,[Tn‘:i-n—k)w j; che— et B[k | (r)dx

In evaluating this integral it is convenient to deduce an integral rep-
resentation of x*e~*2L},:(x), then invert the order of integration and
evaluate the resulting integrals. In order to determine the above-
mentioned integral representation it is convenient to start with the
integral representation of L.(z) given by (165.5) and replace n by
n + k, so that

L) = M f etsmHr(s — z)—nk-1ds

Since according to (166.1), this has to be differentiated %4 times with
respect to x to obtain L%.:(z), and it is in-turn awkward to carry out

* For the value of more general integrals of this type see E. Schrodinger, Ann,
Physik, 80, 486 (1926).
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this differentiation with this integral in the above form, we make the
transformation of variable ¢ = s — z, so that

Lwe-k(f'?) = F%_%ﬂl fc e—i(g + z)mHhgn—koige

where the path of integration encloses the point £ = 0. If n + k is
not an integer, the path nz{st enclose both branch points # = 0 and
£ = —z. The k-fold differentiation mentioned above can now be read-
ily carried through, and the result is

X L(n+k+1) g n pn—k—1
Lia(x) = u—-——lzmp(nﬂ) Joete+areas (16612)
This provides one possible integral representation of L%, :(r), which
may serve also to define an associate Laguerre function when n or %
or both are not integers, as is sometimes the case in quantum theory
applications. For use in connection with the integral (166.11) it is more
convenient to have the z appear in the exponential. This can be achieved
by the further transformation of variable £ = xz(z — %), after which we
have
he=r2 Lk 1 (z) =

T(n+k+1)]? . l)ﬂ ___l —n—k—1
L———J_Zm'l‘(n-!—l) Joe(2+3) (e -3 dz  (166.13)
the path C enclosing the points z = } and z = —3.

Inserting this integral representation in (166.11) and inverting the
order of integration,

_ [+ B! 1 \( _ I\ —(etatif)z
Cn = o 2m.f z+2 2—3 dzj:)c tatiBzdy

SEREE TS

21rz 24+ a+18

The integration over z has introduced a new singular point, and it must
be determined whether it lies inside the contour C or outside it. To do
this we note first that C' need not enclose the point z = —%, as shown by
the dashed curve in Fig. 166.1. The value of the integral over z has
sense only if (real part of z + @) > 0; consequently all points on the
path of integration must lie to the right of —ea, so that we can conclude
that the point z = —(a + 78) lies outside the contour C. Since the
value of the above integral is not changed by deforming the path of
integration so long as the contour excludes the point z = —(a + 8).
Therefore it is convenient to deform the path C to coincide with the
solid curve shown in Fig. 166.1. It can readily be shown that the inte-
gral over the circle of radius p is proportional to p=*! and hence vanishes
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when p— . Then since the integrals over paths a and b cancel, we
are left with just the negative of the residue at the point z = —a — 8.
Taking the residue (see Sec. 94),

1 n —n—k—1
e = —11(—’”—%!—’Q'(—a—i3+%) <—a—iﬁ—%> (166.14)

z=-(a+if)

F1a. 166.1

167. Legendre polynomials. These polynomials next to the trig-
onometric functions are the most often used set of orthonormal functions
in theoretical physics. They arose from the representation of the quan-
tity (r2 + R? — 2rR cos 6)~Y/2 as a power series in 7/R < 1, where »
and R are the magnitudes of vectors making an angle 6 with each other,
and the above square root is the distance between their extremities.
The polynomials are the coefficients of the various powers of r/R.
Consequently the generating function (see Sec. 164) for the Legendre
polyniomials is .

glzt) = (1 — 22t + 13712 = i P (x)tr (167.1)

n=0
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The polynomials P.(x) are defined over the interval —1 <z <1, as
we would infer from the fact that in writing the generating function z
has replaced cos 6. From (167.1),

Pu@) = [ P42 (167.2)

Also the generating function éan readily be expanded as a power series
in ¢ to obtain the first few }folynomials. This gives

glx,t) = (1 — 2zt + 2)~12

=14+ at + 3Bz® — 1)i2 + (52 — 3x)8* + ... (167.3)
whereupon
Pyx) =1 Py(cos §) =1
Py(x) =z Py(cos 8) = cos 0

Py(x) = 3822 — 1) Py(cos 6) = 2(3cos28+ 1)
Py(x) = 3(52* — 3x) Pj(cos 0) = 1(5 cos 3 6 + 3 cos 6)

Just as the polynomials in the previous section can be expressed in
terms of derivatives of a function of z alone, so can the Legendre poly-
nomials. To do this it is convenient to obtain an integral representation
of P,(x) with the help of the generating function. First the generating
function (167.1) can be expressed in terms of a contour integral by the
Cauchy method (see Sec. 86). This gives

_ 1 (1 — 2zz + 2%)~ V2
g(zt) = 2mi Je z—t ds

The contour C must enclose the point z = ¢, but on account of the fact
that the numerator of the integrand is a multiple-valued function (see
Sec. 92), the branch points 2 = z £ 7V'1 — 2?2 for z < 1 should also
be included in the contour in order to remain on the same branch, in
this case the positive branch, of the two-valued function. The appropri-
ate path is shown in Fig. 167.1. From (167.2) and (87.2),

1 gt 1 (1= 222 4200
Pu@) = —%%—)],-o = 55 A== eV R Ger

It must now be borne in mind that C must include z = 0, since the
special value of ¢ = 0 has been used. The above integral can be trans-
formed so as to represent the nth derivative of a function of z. To do
this, the transformation from the z plane to an s plane according to the
relation

1 —2zz+422=(1— 28)?

is effected. Under these circumstances, the path C should include
the points 8 = 2 £ 7V 1 — z? and s = z. The transformed integral is
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* — Dnd
Pe) = 5 fc%_—x))?‘f (167.5)

This provides a useful integral representation of P.(z) for n integer.
From (87.2), it is clear that

Pu(2) = 2,,n, dx,. =~ @t = (167.6)

This is known as Rodrigues’ formula for P.(z).

C
b z=x+iV1-x2
Y
2=t
o zex-ifTE
Fie. 167.1

The Legendre polynomials have the property that

P @) Pa(e)de = (; mn 167.7)
m+i "

Since this result can be obtained by a useful method of using the gen-
erating function for P,(z), the method will be illustrated. First multiply
two generating functions of the form (167.1) together with suitably
changed sum indexes and dummy variable.

(1 — 2zt + 2)712(1 — g8 + §?)~V2 = 3~ Pa(z)Pm(2)s"tm
n=0 mm=0
This is next integrated with respect to z over the interval —1 < z < 1,
and on the right side the order of summation and integration is inter-
changed. Thus
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+1
[ = 204 )01 — 205 + 80) e

=3 2[4 PPtz oum
N S . Vst
= Vs 81V

the integral having been evaluated by means similar to those used in
Sec. 28. On expanding the logarithmic term in powers of st, we have
the identity

S 2 W A S S +l nfm
"Z-%m—lst = Z E [ . P,.(:t)P,,,(x)dx:I st

n=0m=0

(167.8)

Since these power series in the two independent variables s and ¢ can
be identical only if the coefficients of the various powers s*™ are equal,
we see at once that all coefficients on the right for which m is not equal
to n vanish, so that

[r@Pu@a= o "T"

2
Consequently, the orthonormal set of functions based on the Legendre
polynomials is

o = \/ZPQil Pu@) n=012, ... (167.9)

Recurrence Relations. Recurrence relations can be obtained for the
Legendre polynomials in the same way as for the Hermitian or Laguerre
polynomials in Secs. 164 and 165, from the relations

(U= 20t + % = @~ 1)
3 _ . _ a0
toe = @ =g,

The most useful recurrence relations are written below.
4+ DPap(x) — 2n + 1)zPa(x) + nPpuy(z) =0 (167.10)

2Py(x) — Pp_1(x) — nPa(x) =0 (167.11)
Pria(@) — 2Pi() — (n + DPa(x) =0  (167.12)
Prii(@) — Paoy(@) — @2n + 1)Pa(z) =0  (167.13)

(@2 — 1)Pp(x) — nxPa(z) + nPp(z) =0 (167.14)

By means of these formulas the various order polynomials and deriva-
tives can be computed in terms of two others. These relations are es-
pecially useful in evaluating integrals involving Legendre polynomials.
An example of their use in this connection will be given later in this
section.
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Also by differentiating and combining some of the above relations
one finds that Pa(z) is a solution of the differential equation

(1 — 23 Py (x) — 22Pu(x) + n(n + 1)P.(z) = 0 (167.15)

The other linearly independent solution of this differential equation,
often denoted by Q.(z) has a singularity at z = 1. Since in most applica-
tions this would mean a singularity at an angle of 8§ = 0, these Legendre
functions do not often appear in physical problems.

As an example of an expansion in terms of the orthonormal set of
functions (167.9), we may consider the representation of the function
Pi(cos 0)sin? 6 in terms of the ¢,.’s, i.e.,

0

Z cnen(cos 6)

n=0

P, (cos 6)sin? 8

or changing over to the variable z = cos 6
2 1
Pi@)(1 — a*) = Z capa(z) = ,/ ntlp @)
n—O

From the orthonormal property of the ¢,’s

o = [ P@ — pu@riz = 2 (M1~ )PP

where ¢, may be evaluated readily in terms of the integral formula
(167.7) if the recurrence formula (167.10) is applied twice to express
22Py(x) in terms of P’s alone. When this is done it follows that

2n+1
N2 »<

2n +1 ¢+ 1
"2 ‘{[1“<2z+1><2z+3) arv@=7) ) Peree

-1
@+ 1@ —1

1+DHl+2) pr+
T @+ 1)@ +3) f__1 Pm(x)P,.(:c)dx}

From the orthogonality of the P’s it is seen that c. is zero for all n not
equal tol — 2,1, or I + 2. From the formula (167.7),

RI=3 _ _ —i@-1
2 “PT @ -1n@l+1)
21 418 4+ 612 — 1
2 @ @ — DI+ @I+ 3)

\/z+5 __@+1@+2
2 M= TR+ 1)+ 3)

) [ PLa@Pu@)de
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Since the solution of Laplace’s equation for potential distributions
which depend only on r and 6; i.e., spherical distributions not depending
on the azimuth angle ¢ can always be expressed in the form

V= i c,.(g)nP,.(cos )

n=0

fa n+1
or V= ’i c,.(—) P,(cos 6)
=0 r

where ¢ is the radius of a sphere on which the potential is a given func-
tion of the angle 6, i.e., at r = a, V = f(8). The coefficients c,, c, are
then determined with the help of (167.7).

168. Associated Legendre functions and spherical harmonics.
Just as the associated Laguerre polynomials (see Sec. 166) were defined
in terms of the Laguerre polynomials by a process of differentiation,
50 also is the associated Legendre function defined. Two definitions of
the associated Legendre function are in common use. For real values
of z in the interval —1 < z < 1, Ferrer’s definition is customarily used,
namely,

Pr@) = (1 — z’)"'”;i% Pur) m<n (168.1)

For rare applications where z is replaced by the complex variable z,
it is convenient to use Hobson’s definition,

PRG) = (2 — D" 2 Pae)

The properties of the associated Legendre function according to Ferrer
will be given in the following.

The generating function for Pp(z) can be obtained from (167.1)
and (168.1) in a manner similar to that used to obtain the associated
Laguerre polynomial (see Sec. 166). The relevant generating function is

g(zt) = 1:3:5-...-2m + 1)(1 — a?)™/2(1 — 2ut + t2)~Em+Dr2

= > Pr (o)t (168.2)
y=0
i)
Thus P () = ! (wl-o (168.3)

Some associated Legendre functions Py (z) of low degree n and order
m are shown in the following table.
TaABLE FOR P,™(z)

n m =1 m =2 m =3

1 1 — 292

2 3(1 — z)Vig 3(1 —z)?

3 31 — 2BV (5z? — 1) 15(1 — z?)z 15(1 — z2)¥/2
4 (1 — 2)Vx(T2* — 8z) | (1 — 2 (722 — 1) 105(1 — z?)¥%z
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By differentiating the integral representation of P.(z) in (167.5) m
times with respect to z, the following integral representation for Py (z)
can be obtained.

! — p2)m/2(g2
P;.”(m)=(n+m)'—L (1 ) ™2(s 1)» ds

2! 2m (2 — g)ntm+t

(168.4)

where the path of integration must include the point s = x.

Recurrence Formulas. Recurrence formulas for the associated Legendre
functions can be established by methods used in the preceding sections
or by means of the integral representation for Py (z). A useful relation
in which the order m remains constant is
(n—m 4+ 1)PPa(x) — 2n + DxPR(x) + (n +m)P7_y(x) =0 (168.5)

A similar formula which holds when the degree »n remains constant is

Pr2(z) — 2(m + l)mlm+‘(x) +n—-—m)(n+m+1)Pr=0
(168.6)
When z = cos 6, this relation has the familiar form
Pr+2(cos 8) — 2(m + 1)(cot )Py +*(cos 6)
+ (n—m)(n+m+ 1)Pp(cos 6) =0  (168.7)

A very useful composite recurrence relation between the associated
Legendre functions is

(1 = 2)MPR) = 5y [PRAG) — PIR] (16889)

or
(sin 8) Py (cos 6) = 1 [Pri(cos 6) — Prti(cos )] (168.9)

The differential equation satisfied by Pp(x) is
(1 - ) L Pr) — 22 L PR@) + [n(n +1) - ]P”‘(x) -0
(168.10)

or in the more familiar form in terms of the angle 6, it is

1
o 0d0[(sm 0) — 20 Pp(cos 0):]

+ [n(n -2 0] Ph(cos6) =0  (168.11)

The set of functions Py (x) satisfy the orthogonality relation
0 . l#n

f_*,‘P?(x)Pz(m“{ 2 mem! .
2n + 1 (n — m)!

(168.12)
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Consequently the general member of the relevant orthonormal sect is

on(z) = 2"2—“ g:—;—;’g: Pr(z) (168.13)

The most general representation of a given function of z in terms of
this orthonormal set would be

© n

@) #37 D cameli(x) (168.14)

n=0m=0
More complicated representations than the one above are obtained as
solutions of Laplace’s equation in polar coordinates 7, 6, ¢. Two im-
portant solutions are

vV=> (Cam COS Mp + dum sin m)r"P(cos 6)  (168.15)

n=0m=0

V= E Z (Cam €08 M@ + dnm SiN MP)r—"~1P7(cos 6) (168.16)

n=0m=0

The function of 6 and ¢ given by the sum over m for any given n, i.e.,

n
Y.(0,0) = Z (Cam €O8 M@ + dum sin me) Pr'(cos 6) (168.17)
m=0

is called a surface spherical harmonic of degree n. An arbitrary function
of 6 and ¢ defined over the surface of a sphere can be represented as a
sum of surface spherical harmonics.

The functions Y ,.(8,¢) and r"-1Y,(8,¢) are sometimes referred to
as solid spherical harmonics of the nth degree.

As an example involving manipulations with spherical harmonics,
let it be required to represent the function (cos 2¢)(sin? §) in terms of
spherical harmonics, i.e.,

(cos 2¢)(sin? §) = f: @, Y 0 (6,0)

n=0
0 n
= Z Z (Cam cos me 4 dnm sin me) Py (cos 6)
n=0m=0

Since the functions cos me and sin me are members of an orthogonal
set (see Sec. 155), it follows that the only coefficient ¢4, and d,,, on the
right which is different from zero is ¢,;. Consequently,

sin? 6 = ) c.oP%(cos 6)

ne=2

or (1—22% = i: Cn2Pi(z)

n=2
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Using the property (168.12),

S B[ 0 o

From the preceding table for the function Py(z) we may write

241 =2 p+1l, o, 0 n=2
=" (n+2)!f—z 3Pa(x)P,,(ac)dx—l n=2

3
Consequently
(cos 2¢)(sin? §) = % (cos 2¢) P%(cos 6)

which of course could have been arrived at by inspection of the table
for Py (x).

Another example which at first sight looks like an even simpler ex-
pansion problem, however, turns out to be somewhat more difficult.
Let it be required to determine the potential at any point inside a
spherical shell of radius @ upon which the potential is known to be
Vocos2¢. The relevant solution of Laplace’s equation is given by
(168.15). That is

V = Z Z (Cam COS M@ + dnm SIN M) (g)"PZ'(cos 6)

n=0m=0

at r = a, the potential is known, so that

e n
Vocos2p = Z Z (Cnm COS MY + dnm Sin me)Pi(cos 6)

n=0m=0
For the same reasons as given in the example above, this expansion
reduces to

Vo cos 2¢ = cos 2¢ y_, caPi(cos 6)

n=2

Consequently we have the problem of representing a constant Vo in
terms of the orthogonal set of functions P2(cos 6), i.e.,

Vo= cuPi@)

n=2

Multiplying through by PZ(z) and using eq. (168.12),

2 2)!
BT G S as = Vof P

The integral on the right can be evaluated by writing it

[ @ = [0 - L P
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and performing 2 integrations by parts, which yields
! P@)dz = 2(Pa() + Po(=D] = 2f 1 Pa(@)as

The integral on the right is zero, since n = 2, and the integral is just a
special case of the orthogonality relation (167.7). The values of P,(1)
and P.(—1) can be conveniently found from the generating function
(167.1), since /A

(=242 = 1—_—t = ZP,.(I)t" = Z e
n=0 n=0

1+ 2t 4 )12 = + = Z P (=Dt = Z (=1)mn
n=0 n=0

Thus P,(1) = 1 for all n and P,(—1) = (—1)». Consequently

o = VL= Bor1) — (-1)7)

and the final expression for the potential inside the spherical shell is

V = Vocos2 3 (@n + i - (_1)n]<£)",>,2.(cos )
n=2

The Addition Formula for Legendre Polynomials. The addition formula
for Legendre polynomials allows one to express the Legendre polynomial
of 2, where

z=zxzy+ (1 — 29)V}(1 — y»)V2cos w (168.18)
in terms of associated Legendre functions of # and y alone, and trig-
onometric functions of w. As a later example will indicate, this possi-
bility is of great importance in connection with expansions of the in-
verse distance between two points. In its customary form the formula
in question is

Po.(z) = Pu(z)Pu(y) + 2 Z = + m)l P"'(x)P"'(y)cos mew (168.19)
Another very convenient form can be obtained from this by writing

cos mw in terms of exponentials. In this case the formula can be re-
arranged to yield

P = 3 Sl prppgen  assoo)

As an example of the practical use of this formula, let it be required
to expand the function

m=—n

COS ¢1 _ © n : I:'l vy csa1
V73 — 2rrcosy + 13 ,;) m;ﬂf ~Pi(cos 6))e ( )
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as indicated, in which the denominator is the distance between two
points whose polar coordinates are 1, 6;, ¢1 and 7s, 05, ¢», respectively,
in terms of the associated Legendre function Pj'(cos 6;). The angle
between the two radius vectors r; and r, is then the angle ¢, the cosine
of which in terms of 6;, ¢1, 82, ¢ is well known to be

cos Y = cos 6; cos B + sin 6, sin 8; cos (o1 — ¢@2) (168.22)

By applying the orthogonality relations (155.10) and (168.12) for
the functions ¢im and Py (cos 6), we find for the expansion coefficients
the result

2 (m4+Im f
2n + 1 (n — Im])' nm

2x cos ;P (cos 6,)e—mesin 6y doy
=" ds
f lf V13 — 2rrpcos ¢ + 13
In order to effect the indicated integrations, it will be assumed that
ry < r1, 80 that
Vi — 2rrycosy + 13 = V1 — 2t cosy + 1

where t = r2/r; < 1. From the generating function for Pa.(cos w), eq.
(167.1), the above square root can be expanded as follows.

1
- = P tr
V= 2rrcosy +12 TN ,Z_;) cos ¥)

2 o———

so that
S =0T ¥ min

. fo " d6, f ;) P,(cos )Pl (cos 6;)e—m cos 6y sin 6 degy  (168.23)
The integrations still cannot be carried out directly because P, is a
complicated function of 6y, 6z, ¢1, and ¢s. The application of the addi-
tion formula (168.19) allows us to integrate over separate functions of
64, 62, @1, and ¢, alone. To do thisit should be noted that if in (168.18) the
following substitutions are made, i.e., z = cos w, x = cos 63,y = cos 6,,
and cosw = cos (¢1 — ¢2) just the needed expression (168.22) is ob-
tained, whence the addition formula (168.20) becomes

P,(cosy) = “_Z_, @ +| I)‘P““(cos 6,) P (cos B)erlen—en)
Replacing P,(cos y) by the right-hand side we note that if the order
of summation and integration are interchanged in (168.23), we have the
following integrals to deal with.
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0 pFEM

f 2 eimm—immd —
0 @ 2 p=m

j; " Pim(cos 8;) Pi™ (cos 8;)cos 6, sin 6; d6;

- [ PP @ d
2 1 fndt|m)! 1
§2n+12n—]((n—|m|)! v =

) 2 1 (n4|m|+1)! B
12n+12n+3 (n—m|)! v=n+l

In evaluating the last integral, the recurrence relation (168.5) has been
used, together with (168.12). Consequently

fom = L (n—|m)! [n +[m| (Q>n_lPlrﬂ,(cos o)

nm+|m)L 2n—1 \n
(ntl-[m]! pin -
+ +211z ¥3 : :2 "Pml (cos 65) |e—ime

and the expansion coefficients for the proposed problem have been suc-
cessfully calculated with the help of the addition formula for the
Legendre polynomials.

169. Bessel functions and Hankel functions. Widely used func-
tions in physics and engineering are the Bessel functions, which often
arise in problems involving axial symmetry. They also can be used as
the elements of a complete orthonormal set of functions, though their
use as such occurs in a somewhat different manner than the orthonormal
functions considered previously in the chapter, as will be pointed out
later in this section.

The generating function g(z,!) for the Bessel functions J.(z) is

+o
glzt) = e@DEUD = 3~ J (z)¢n (169.1)

n=—o
where the region of definition of J.(z) is 0 < 2 < ». Since this is a
Laurent series (see Sec. 80), one cannot obtain the coefficients J(x)
by a simple differentiation procedure, and they are consequently not
simple polynomials. They can be obtained by the usual means of deter-
mining coefficients in a Laurent series (see Sec. 91) or by actually ex-
panding g(z,f) in the following way.

eEDU=1ID = grtl2. gal2t — Z( ) :"' Z (:2_:,_;). i;,' 160.2)

For any given value of s the term in the above product yielding ¢» is

@) e (F)
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Consequently the coefficient of ¢ in (169.2) will be found by summing
the above terms over all s. Thus

i —1)* n+28
ZCEDY ST((;—Jr—)@ (g) (169.3)

If in a similar way we had selected the coefficient of ¢~ in (169.2),
we would have found

ke 1)nts n+2s
J_a(x) = Zs‘((n l 9 ,( ) (169.4)

so that °
J_a(z) = (=D"Ja(x) (169.5)

Graphs of the Bessel functions of the first few orders are shown in Fig.
169.1.

1
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Fi6. 169.1
Recurrence Formulas. Very useful recurrence formulas between Bessel
functions of the above type can be obtained from the generating func-
tion (169.1) by differentiating g(x,f) with respect to {. From (169.1),

Do) =32 (142 )d = 3w

n=—o

+-0
éx(1+t—i) 3000 = 3 @

Comparing like coefficients of ¢ on the right and left sides, it is evident
that .
o) + Toa(@) = 220.(a) (169.6)
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Proceeding as above, except first carrying out a differentiation with

respect to z, the next formula .
Jns(@) = Jass(2) = 2J5(2) (169.7)
can be established. For n = 0 this reduces to the very simple result
Jo(z) = —J1(2) (169.8)

If (169.6) and (169.7) be added gnd subtracted, two other useful formulas
are obtained. They can be written in the form

Bd; [xnda(@)] = 2T () (169.9)

a% [In(@)] = =z an(2) (169.10)

By differentiation and combination of the above relations it may be
shown that J,(z) satisfies the differential equation
@J,  1d], AV
i (1 x2)J,. =0 (169.11)
Useful Integral Representations of J.(x). An integral representation of
Ja(z) can be obtained simply by determining the coefficient of the
Laurent expansion of the generating function g(z,). In accordance
with the procedure of Sec. 91, the coefficient J,.(z) in (169.1) is

Ju@) = 5 fcgﬁ_{dt 5 fot—"—‘c"’”“—””dt (160.12)

where ¢ is regarded as a complex variable, and the contour C encloses
the point ¢ = 0. A well-known definite integral representation of J,(x)
can be obtained by taking the contour C to be a circle in the ¢ plane with
unit radius. On this circle ¢ = e*, so that

Ja(z) = 51; ~+"c—|‘n9+usinﬁde (169.13)
This can readily be written
1 pr .
Jo(a) = - j:) cos(nf — z sin 8)do (169.14)

Another useful integral representation can be obtained by a trans-
formation of (169.12). On making a transformation of complex variable
defined by ¢ = 2z/z, eq. (169.12) becomes

Ja(z) = zﬂ(g) fc, nlge—at/dxg (169.15)

If » is an integer, the path C must enclose the point z = 0. This integral
however, is often used as the definition of the Bessel function when n
is noninteger. In this case the path C must be chosen somewhat differ-
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ently, since = does not return to its initial value on a path once around
the point z = 0. However, if the path C is deformed into C’ shown in
Fig. 169.2, the integrand will have the same value at the beginning and
end of the path after going around the point z = 0, and (169.15) will
constitute a definition of J.(z) satisfying the differential eq. (169.11)
when 7 is not an integer.

¥y

ey
—

Fia. 169.2

2 plane

-0,

Bessel Functions of Half Odd Integer Order. In certain applications
one encounters Bessel functions of the form Jni12(x). Such functions
can always be expressed in the form

Jnpp(x) = P.sinz + Q, cosx (169.16)

where P, and @, are polynomials in z~V2. Formulas for J.,y2(x) can
be built up by first computing Jy,»(z) by means of (169.15). Then

)

1 [x\Y2 o+
Jip(z) = 7 \3 1210z p— 1%/ d2g)y

On expanding ¢~**/* and integrating term by term it is found that

1/2 — 1)k
Jl/z(.’t) = (%) I:Io bt lez + 422'1214 —_ ... + (4";') Ik.t% + e ]
where I, = 5}; f 1) t12-1gey

If the complex variable 2 is replaced by —z in the integral, the integral
is substantially the gamma function. From formula (102.3),

ha o smeER ()
T 2

Using the relations (109.6a) and (109.9) between gamma functions,

I, may be expressed as .

I = 1 _ 22617 (k)
FTR+ DTG+ D) Valk + H)IEk)




352 OrTHONORMAL FUNCTION SYSTEMS [Ch. 12

Remembering that 2I'(2) = T'(z+1), and replacing I; in the expression
for Jy2(x) by the above formula, it can be readily verified that

2 12 =2 _1 kp2k+1 2 1/2 .
Jip(x) = (;;) Z %ﬁ_%v = (1?1;) sin z (169.17)
=0 :

In order to express J ni1/2(x) in terms of Jy2(z), one may start with the
recurrence relation (169.10), which may conveniently be written

' —1d
2 W (1) = — dii xS o (z)

Operating on this equation with the operator %ad; and applying the

above relation again, and repeating this r times, gives
T ue(@) = (=1 (2 L) (@)
nr :ch n

Since the recurrence formulas hold for all n, we may replace n by 3
and obtain

Tonn@) = (= 1yrarss(2 L) o)
- (~1)w+1/2(l i)(w) (169.18)

T dx x

T dx
sive times. This will clearly reduce to the form (169.16).

Other Solutions of Bessel's Differential Equation. Several other solu-
tions of Bessel’s eq. (169.11) are often necessary in the solution of physi-
cal problems. A solution usually denoted by N.(x) which, together with
Ja(z), form a fundamental set of solutions in the sense that

Za(x) = e u(@) + Na(x) (169.19)

is a general solution of Bessel’s equation. Here N,(x) is often called a
Bessel function of the second kind, and is defined as
No(z) = J . (x) cos nm — J_.(x)
sin nar

if n is noninteger and is defined as the limit of the expression on the
right as n approaches the integer n in question for integer values of n.
When # is an integer, N.(z) may be written

@) = 2 (v + 15 ) - (5) 7 3 B (E)”

. (1 r . L .
wherein (— — ) means that this operation is to be carried out r succes-

(169.20)

m=0
& (=Dme/memil 1 1,1,1 1 )
2 mmtmr i tat o Ta ittty
(169.21)

where v is Euler’s constant [see eq. (109.3a)].
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All Bessel functions of the second kind become infinite at z = 0 as
shown in Fig. 169.1, so that in physical problems involving Bessel func-
tions at x = 0 the functions of the second kind are ruled out by the
boundary conditions or initial conditions at z = 0. However, in heat-
flow problems and potential problems and the like which hold outside
a cylinder of finite radius, the functions N.(z) are required as well as
Ja(z). Examples of this are given later in this section.

The two linearly independent solutions of Bessel’s equation considered
above are analogous to, and play the same roll as, the trigonometric
functions sin nz and cos nx, which form a fundamental set of solutions
of the differential equation

%x—l-: +nu =0

However, there is another important fundamental set of solutions of
this equation, namely, ¢** and ¢~*=. These solutions are necessary in
problems involving running waves. In an analogous way there are two
other linearly independent solutions of Bessel’s equation which become
very convenient in handling certain radiation problems. These solu-
tions are called Hankel functions, and are denoted by H{" (x) and H (x).
Thus a general solution of Bessel’s equation can also be written

aHiP (z) + HP (z)

The analogy between J.(z) and N.(z) and the trigonometric functions
cos nx and sin nx and between H{’(z) and H (z) and the exponentials
en and e~ is all the more meaningful when the asymptotic behavior
of the various types of Bessel functions is noted (see Sec. 110). For large

value of z,
ney = Fe(e-5-5) ]
Na(z) =~ \/;‘2:; sin (’” -5 - 17;) L (169.22)
HP @) ~ \/‘ i(==2-9
N J

It is often this asymptotic behavior which determines the choice of the
type of Bessel function to be used in a given physical problem.

The above type of Bessel functions are connected by the following
relations.

Ja(z) =

HP (@) + HP(z) _ N_a(z) — Na(z) cos nr
> =

sin nr

(169.23)
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Ju(x) cos nr — J_a(z) _ HP(z) — HP (x)

N.(z) = ain o % (169.24)
— p—n7wi —-— g7

HY @) = J_n(x)i sin nr ) Nl sinemr ) (169.25)

HP(z) = e, (z) — J_a(x) - N_.(z) — et*=*N,(x) (169.26)

7 8in nw sin nr

When # is an integer it mu{ be understood that the limit of these ex-
pressions is meant as n approaches the integer in question. All of the
Bessel functions satisfy the recurrence relations given under (169.6),
(169.7), (169.9), and (169.10), and of course all satisfy eq. (169.11).

Orthogonal Character of the Bessel Functions. An orthonormal set of
functions over the interval 0 < z < 1 can be formed from the Bessel
function J.(x). However, in this case the set is not enumerated by
changing the index n as has been the case in the preceding examples.

To form the orthonormal set in this case let an, ang, ..., @, ... be the
roots of Ja(x) arranged in order of increasing magnitude, i.e., an < ang
< ... <am, ..., and consider the set of functions

V2T s(om), VaTulant), ..., VaTuam), ...

These functions form a complete orthogonal set over the interval
0 < z < 1. The complete orthonormal set is

\/Z—xJ,‘(a,.,x)’ vV 2.%],.((1,,21})] V2 n a,.kx)’
Jnp1(an) Joaam) 7777 Japlam)

It can readily be shown that

1 0 k1
j:, () pri(x)dz = I k=l (169.27)
V 2zJ n(ani)
where Onk = m (169.28)

It is thus seen that an orthonormal set can be formed from Bessel func-
tions of all orders. The one most often used in practice is formed from
the Bessel’s function Jo(z) of zero order.

Ezxample of the Use of the Orthonormal Properties of the Bessel's Func-
tions. The general solution of the wave equation

(2, oY _ ot
a ( F] + ay’) = (169.29)

applied to the case where u is the displacement of an elastic circular
membrane is

=" " [(Am cos puat + Bu sin puat) cos nf

k=1 n=0

~+ (Cax 08 pnsat + Doy 8in pniat) sin n8)Ja(umr)  (169.30)
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The constants u.x are as yet undetermined constants as are also A,
B, Crx, and D, while 7, 6, ¢ are the polar coordinates which locate a
point on the circular membrane, and the time, respectively. The con-
stants must be determined from the boundary conditions and initial
conditions imposed on the membrane. To see how they are determined,
let us suppose that on a circle r = R the membrane is fastened so that
on this circle 4 = 0 for all ¢. This condition can be met if uuR = ane
where an: is the kth root of the Bessel function J.(x). Hence pn = iz
is determined. Let us further suppose that at ¢ = 0, the displacement
of the membrane is given, and indeed is specified by

Umo = f(r,6) (169.31)
A 1.1 IS NS 42 Vo WIVS N S SR 1 r© 1
membprane 1s zero, 1.e.,

ou

i l_o =0 (169.32)

On differentiating (169.30) with respect to ¢, it is obvious that the con-
dition (169.32) requires that B.. = Dn. = 0. Consequently at ¢ =0
we require that

f(r,0) = Z Z (Ank cos nd + Cpi sin n6)J , <a,.k Iri> (169.33)
k=1 n=0

To determine the constants A, we may first use the orthonormal prop-
erty of the trigonometric functions as used in Sec. 163 and multiply
the above equation through by cosnf, and integrate from 0 to 2.
This gives

2r had r
j:) f(r,0) cosnbdf = = kz_l A,.;,J,.(a,,k E)

Next the orthogonal property of the Bessel functions as given in eq.
(169.27) can be used by multiplying the above equation through by
rJn[an(r/R)], and integrating over r from 0 to R. Since according to
(169.27) and (169.28),

N rJ,.(a,.k )Jn(aﬂ R)dr = B[ 2 ()T (i)
0 oy

R? k=1
> [J ny1(ane) ]2
we finally have

2 R 2= r
A= s j; j; rf(r,t?)J,,(a,.k R)cos nododr  (169.34)

The coefficients C,; can be determined in a similar way by first multi-
plying (169.33) through by sin n6 and proceeding as just outlined.
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ﬂz_:l C Hé"(z—a)sm (Tz) (169.39)

Using the orthogonality properties of the trigonometric functions as in
the preceding example, we readily find that

Cn = —m f T, sm( )dz (169.40)

By differentiating (169.38) with respect to r, it can be verified that
heat flows in the direction of increasing r as it should, and never in the
opposite direction.

Addition Formulas for the Bessel Function. Just as in the case of the
Legendre polynomials [see eq. (168.19)] there are useful addition for-
mulas for Bessel functions. In particular

Jalz 4+ y) = Z Je(@)J ae(y) (169.41)

This allows one to express a Bessel function of the combination variable
z+y in terms of Bessel functions of = alone and y alone.
Another useful addition formula which applies to J, is

Jo(R) = Jo(z)Jo(y) + 2 E Ja(@)J n(y)cos ny (169.42)

n=1

where R = Va? + y? — 2xy cos y. This allows one to express the Bessel
function whose argument is the distance between the two points whose
polar coordinates are 7y, 61, ¢1, and s, 65, @3, respectively, in terms of
higher order Bessel’s functions of the radii ; and 7. alone and the angle
¥ between the radii to the two points in question.

A useful related formula is

sl 2 ( )J Jas1pp(s2) J—tiil"\‘/ﬂ W pcosy)  (169.43)

ST

where R, z, y, cos y have the same significance as above. By integrating
the above equation with respect to s from 0 to «, a useful separated
expansion for 1/R is obtained, namely,

1 n- -
7= ,.‘.V-; (2n + 1)Pa(cos ¥) f —ﬂ’—(si—-ff—(ﬂd (169.44)

This formula can be used to advantage in evaluating integrals of prod-
ucts of functions of x and y and 1/R, since 1/R is then expressed as
products of functions of z and y alone.
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PROBLEMS

157.1. Form a normal orthogonal set from the functions 1, z, z%, 22, ... on the
interval O to 1.

157.2. Form a normal orthogonal set from the functions e~=, ¢73%, ¢~%, ¢4 on the
interval O to .

Expand the following functions in series of sines and cosines.
159.1. f(z) = -1, 0 <z <m f@) =41, =<z <2m

159.2. f(z) =z, 0<z<w/2
fl@) =7 — 2, x/2 <z < 3x/2.
f(z) =z — 2m, 3r/2 <z < 2m

Expand the following functions in Fourier series.
159.3. f(z) = |sinz|.
159.4. f(z) =sinz, 0 <z < m f) =0, —x<z<0.
159.5. fiz) =1 —az+1), - r <2< —-7/2,0<a K1/
f(z) = cosz or 1 —a(z + 1), whichever is larger for —x/2 <z <0.

where f(z) repeats in interval 0 < £ < x. This is a crude representation of the out-
put of a full-wave rectifier and capacitance filter.

159.6. In an amplifier which is being overdriven the wave form is given by
f(z) = sinz or by f(z) = a, for 0 < @ < 1, whichever is less. Find the amplitudes
of the second and third harmonics relative to that of the first.

159.7. Expand rsin 2/(1 — 2r cos z + 72%) in a Fourier series.
160.1. Expand the function e~* in Fourier series in the interval 0 to 21.

160.2. Expand the function f(z) = (z? — 1)? in Fourier series on the interval
—1to1l.

161.1. Estimate the number of terms required in order that the Fourier repre-
sentation of the function

f(x) = cos™ z for —x/2 < z < /2.
f(x) =0for ~x <2< —n/2andr/2 <z <™
will have a mean square deviation from f(z) less than ¢, where n is a positive integer.
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The torque in arbitrary units on the crankshaft of a compressor is given

in the following table, for every 15 degrees of rotation of the shaft. Determine numer-
ically the first four harmonics in a harmonic analysis of the data.

6 in degrees Torque 8 in degrees Torque

0 11,940 195 19,715

15 17,365 210 18,000

30 23,810 225 16,740

45 22,460 240 14,210

60 20,440 255 11,470

75 18,250 270 11,940

90 18,240 285 17,715

105 19,365 300 22,450

120 19,360 315 21,920

135 17,280 330 18,660

150 15,990 345 14,030

165 15,690 360 11,940
180 18,240

164.1. Prove from the recursion formula and the first two Hermitian polynomials

i@ =3 =2y (§) a35 2~

164.2.

164.3.

165.1.

1=0

! - -
= @) = 2y @ + 4-——4),—4,(2:;) (1-3)....

Prove by expansion in a series of Hermitian polynomials that
Hulx +a) = ("‘) (2a)"H ()

=0
Evaluate the following integrals, using the generating function for H.(z).

f ® e—otH,(x)Hn(z) dz, f_” e—2H (z) Hn(z)z'dz.

By the use of the generating function, derive the orthogonality relation

for Laguerre polynomials.

165.2.

165.3.

165.4.
166.1.
166.2.

166.3.

166.4.
167.1.

Pyu(z) =

167.2.

Evaluate j; ° € *L(z) Lm(z)z dz.

Evaluate j:: e L, (z)dz.

Express L.(z + a) in terms of Ln(z).

Derive the orthogonality relation for associated Laguerre polynomials.
Exprees Ln*(z) in terms of Ly (z).

Evaluate j:) ® zle~*Ln (x)LmP(x)dzr where | > a, 1 > 8.

Express Lni*(az) in terms of Lm.i}(z).
By means of the recurrence relations prove that

@[ ,_nn=1) ., no=Dn=—2n=38 .,
s [ = 3= H T T T |

Show that Pa(1) =1, Py(=1) = (=D,

Pinna(0) = 0, Pu(0) = (=1)° LLz’"n!ritl
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167.3. Show that f ‘l Pu(z)dz = 0, k < n.

167.4. Expand in a serics of Legendre polynomials the function
= —1, -1<z<0.
@ _ 41, o<z<t
167.5. The charge density on the surface of a sphere of radius R is given by
K cos 6, where 6 is the polar angle. Find the potential at points inside and outside
the sphere. /
168.1. By using the particular solution of Poisson’s equation
=1 f 21 gy
#(n 41erY - r’dV
find the potential due to the charge distribution
1
£ = Bdwas
in spherical coordinates r, 6, ¢. .

,
168.2. By using A0 = o V‘{‘;‘l-(—r—z’ldvl

find the vector potential due to the current distribution

r2%77/e gin? §

J=J, = b €7ler sin 6.

1
m 64wa®
The two problems above represent a hydrogen atom in a 2p state.
169.1. Separate the wave equation

in spherical coordinates and find the solutions appropriate to the exterior of a sphere
of radius a, the values of u being given on the surface of the spherc. Separate out-
going and incoming waves.

169.2. Show that ¢ is a solution of the wave equation V2u + k2u = 0 in rec-
tangular coordinates. By finding the solution in spherical coordinates which has
the same behavior at the origin and at infinity, show that

=l 1z
eikr con 0 = ’;) @n + 1)in (5’,:7) T aner).

169.3. If V is the velocity potential for a sound wave, V satisfies the wave equa-~
tion. By combining the expression above with the expressions for outgoing waves,
find the velocity potential for an incident plane wave which is scattered by a hard
sphere of radius a.

160.4. The velocity potential of a perfect fluid satisfies V3 = 0. Find the velocity
potential for flow around a sphere of radius a when the velocity at infinity is uniform
and in the z direction.

169.5. Separate the wave equation

192
1y -~ =
VP =gl =0
in cylindrical coordinates and find the solution which represents an outgoing wave
and which takes the value poe~*@? cos 6 at the surface of a cylinder of radius a. If p

is the sound pressure, show that this represents the radiation of sound from a vibrat~
ing wire. Find the corresponding velocity potential.

= S (g LR
160.6. Show that Ja(2) Z‘;( D e



Chapter 13

ORTHONORMAL FUNCTIONS WITH A
CONTINUOUS SPECTRUM

170. The expansion problem in the continuous spectrum. In
Sec. 149 the representation of a function in terms of an orthonormal

set of functions in the form f(z) = Z a,p.(x) was discussed, where
=0

o, (x), v=0, 1, 2, ... was in most cases a countably infinite set of
functions such as the trigonometric functions which form the basis
for the usual Fourier series. In order to represent a certain class of
functions, however, it is necessary to call upon sets of functions which
are no longer countably infinite in number, but form a dense set in the
sense that the designating parameter » takes on all values over a con-
tinuous range of real numbers. One of the simplest examples of such a
set, of functions is ¢™*, where u takes on all real numbers in the interval
—w < u < + in contrast to the orthonormal set of functions e*=/V/ 2
where » = 0, £1, &2, ... . Both functions are solutions of the same
differential equation

%

dx?
This equation, for instance, applies {0 the lateral vibrations of an elastic
string. The function ¢ gives the displacement of the string as a function
of the distance along it. If the string is held fixed at two points, these
boundary conditions can be satisfied only by certain discrete values of
w. These solutions form an orthonormal set of the kind typified by
eira/ o If, on the other hand, the string is infinite in length, no such
restriction can be placed on w, i.e., all real values of w would be allowed,
or as we say, we have a set of solutions e?* over a continuous spectrum
of frequencies u. Under these circumstances it would be natural to
replace the representation

—+ w2 =0

= e~z
@ =3 Vo

361
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by the representation
f) = \%ﬂ [ A@yeimdu (170.1)

This is called the Fourier integral representation of a function f(z).
In general if we may write

1) = S Fao(ua)du (170.2)
where the integration extends over an appropriate region of u we shall
speak of the representation of f(z) in terms of the continuous spectrum
functions ¢(u,r). In the next sections we shall discuss some important
examples of such functions and discuss the sense in which they have
orthonormal properties.

171. Fourier integrals and transforms. Probably the most widely
used set of functions possessing a continuous spectrum are the ex-

ponential functions ¢=™?, —o < u < . If f —4:, | f(z) |? dz exists, f(z)
possesses a Fourier integral representation and
1
z) = ——
@ Vor

The function F(u) is called the Fourier transform of f(z). Knowing
F(u) is equivalent to knowing f(z). Here F(u) is a measure of the
spectral distribution necessary to represent the function f(x). Thus in
electrical practice, if a potential difference which had a time dependence
given by f(¢) is impressed on a frequency analyzing network, the fre~
quency analysis would yield F(u). For electric network theory, a knowl-
edge of Fourier transforms is very important.

Drawing upon the similarity of the Fourier integral representation
and the representation in terms of an orthonormal set, we would ex-
pect to be able to calculate F(u) by means of the formula

Flu) = \—/12_: [ s@enede a71.2)

f T P(w)ervedu (171.1)

This is indeed the correct Fourier transform of f(z), provided f(z) is
piecewise continuous and f _-': | f(z) |2 dx exists. This would indicate

that there must be some property of the functions e?, —o < u <
akin to orthogonality over the interval —o < z < . That it cannot
be the same as that possessed by the functions e»*, » = 0, &1, &2, ...
for —7 < x < 7 (see Sec. 155) is readily seen from the fact that

[ enemiveda (171.3)
does not exist.
The formal concept of orthogonality with regard to functions with a
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continuous spectrum of parameters is so important from the standpoint
of modern quantum theory that it will be developed in some detail in
the case of the functions e™ in the next section.

172. The orthogonality concept for functions with a continu-
ous spectrum. The difficulty encountered in the convergence of the
usual orthogonality integral (171.3) can be sidestepped by a formal
artifice. This artifice consists in deﬁning a function ¢(u,z) as follows.

u e .
(u,x) = ¢t 172.1
eud) = o [ g (72.1)
where ¢ is arbitrary though usually regarded as a small quantity, ie.,
e/u < 1. H. Weyl* has shown that functions so defined satisfy the same
differential equation as ¢*** and are orthogonal in the sense illustrated
below. The orthogonality condition now becomes

u —u

0 when >1

2e[ 17l w)euo)s =
1 when

(172.2)
- U

| <1

This means that ¢;(u'z) is orthogonal to ¢.(u,z) if u lies outside the
interval (v’ — ¢, 4’ + ¢). If wis such that v’ — ¢ < u < u’ 4 ¢, the in-
tegral can be made to have the value unity when the functions are
properly normalized. All operations with the functions ¢ are to be
performed with the ultimate idea of making e vanishingly small. Such
limits are taken at the termination of all manipulations.

In order to facilitate working with this type of orthonormal function,
the above orthogonality integral will be worked out in detail. Using
the definition (172.1), the above integral becomes

e [ e

— 2 [+= d:cj;u +e iy e sin ex (172.3)

dem —e z
where the indicated integration over ¢ has been carried out. The order
of integration over 4 and r may now be inverted, since the resulting
integral over z converges. This integral can be evaluated as follows.

f"“’ ei(n—u)zﬂr}_‘_z dz _.,f'*"’ pitus/e sin s ds
— z — 8
sin 8
= 2f cos( ) 5 ds
when !l——l >1

=~ when ‘ L——E l <1
* H. Weyl, Math. Am. 68, 220 (1910).
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For the case when the above integral gives =, we are left with the final
integral
1 / +e
Gy L 1:_‘ mdn =1

Consequently the validity of eq. (172.2) is established. It is agreeable
that the normalizing integial is independent of the length of the in-
terval 2e. /

Using this concept of orthogonality of the complex exponentials with
a continuous spectrum, it is possible to obtain formally the Fourier
formulas (171.1) and (171.2). To do this we seek a representation of a
function f(z) in terms of the functions ¢.(u,z) defined by (172.1). In
accordance with (170.2), this representation is to be written

1@ = [ 7 Fwedua)dz (172.4)

In order to determine F(u) we proceed essentially in the same way as
that in which the unknown coefficients were determined in the case of
an orthonormal set of functions with a discrete spectrum (see Sec. 156).
Thus we multiply the above equation by ¢ (u/,z), integrate over the
entire range of z, and multiply the result by 2¢, so that

2e :: o*(v,x)f(x)dr = 2¢ f j: o*(u' x)dx f _": F(u)o(u,z)du
= f _? F(u)du2e f _-‘:' o*(v ,x)o(u,2)dz

On making use of the orthonormal character (172.2) of the ¢’s, the
above equation becomes

% f_‘:‘" o* ' 2)f (@)de = L ™ Flu)du =~ F(u)2¢
In the limit ¢ — 0, this gives
n_ L [+ 'z,
Fa) = o= f__ f(x)ew'=dz

From the above discussion, the use of orthogonal functions in the
sense just described is convenient in determining the spectral distribu-~
tion required to represent a given function.

173. Relation between the mean extent of a Fourier integral
and the mean spectral extent of its Fourier transform. An im-
portant relation exists between the interval Az over which the function
| f(z) |* is appreciably different from zero, and the interval Au over
which the Fourier transform | F(u) |2 is appreciably different from zero.
As one would conclude from the case of Fourier series (see Sec. 162),
it is a necessary consequence of the properties of f(z) and its Fourier
transform that when the mean extent of | f(x) |? is small, | F(u) |? is



Sec. 173]  OrTHONORMAL FUNCTIONS—CONTINUOUS SPECTRUM 365

widely extended. This can be shown with the help of the orthonormal
functions (172.1).

First it can be shown readily that the area under the curve of | f(z) |2
is equal to the area under the curve | F(u) [ Writing f(z) in the form
(172.4) we have

F@r@ = [ Faedua)du [T Pl maw

Integrating both sides with respect to z and inverting the order of
integration of z and w and %’ on the right, we have

oo
(1@ 1de =
216 f _t‘ F(u)du- f _4: F*(u")du' - 2¢ f j: ed(uz)e! (v, z)dx
Using the orthonormal property (172.2), this becomes
+o 2 9. 1 = ute Ny
[ 1@ 2de = o [ Paoduf T Pr(w)du
In the limit ¢ — 0, we have the result already mentioned above,

S =77 1P 12du (173.1)

-

In order to obtain the relation between the mean spectral extent of
F(u) mentioned at the beginning of the section, we first define these
terms to be, respectively

& =" | f e (173.2)
and & = [ | F du (173.3)
where the origin of z and u are chosen so that

[ alstdn =" ul| F@) rdu = 0

It is easy to show that
& =" F du (173.9)
by writing
t= [T @ @)
= = S e @t Fesdu
=1 (4= d? +o -
== F(u)d—uz( e ""d:c)du

=-— f_+: F (u)j%ﬁ""(u)du = f_":' | F'(u) |%du
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In the inequality
| [ awmau + [ T ga(uha()du ]2

< (f___': gigidu -I—f_“"’ ggg;du) (fj: hahdu _*_f_':” hzh;du)

used in Sec. 162, we now/make the substitutions
g1 = uF(u) hy = F¥

ge = uF*(u) hy = F'
This gives

] f T wW(EFY + FrF)du [2 <4 f Tt | F rdu f P du
The integral on the left can be integrated by parts,

to 4 0y = — T 2
f_” e | F Jidu = f.., | F |2du
since, if the integrals on the right exist, it can be shown that the inte-
grated-out part uFF* vanishes at the limits of integration. The result,
together with (173.2), (173.3), and (173.4), give

mea? > 4| [T ir ] = 3| 17 1@ e ams)

This result, together with (173.1), shows that if the function | f(z) |2
is narrow and high, the function | F(u) |* must be small and widely
spread out, and vice versa. This result is identical with the famous
indetermination principle of quantum mechanies.

174. Some examples of Fourier integrals and transforms. In
electric circuit theory and the theory of probability, etc., the representa-
tion of various functions by Fourier integrals is of considerable im-
portance. In this section a few examples of the representation of func-
tions by means of Fourier integrals will be worked out. The problem
in each case is that of determining the Fourier transform of the function
to be represented.

Example 1. Let it be required to represent the Gaussian distribution
function f(z) = e~*¢* as a Fourier integral. According to egs. (171.2)
and (171.1) the Fourier transform is

F(u) = - f:: e—aYa%eirudy

or
= 7—92_]“‘” e—E’e"’WEdE = -\/ié e—aut/4
rd -

The integral above was evaluated in Sec. 96. The function
f(x) = e==¥a* (174.1)
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and its FourierA transform
F(u) = \—;-5 e—am/s (174.2)

are especially illustrative of the relation (173.5) connecting the width
of the function f(z) and the spectral extent of f(z), i.e., the width of the
Fourier transform F(u). If a is large, the width of f(z) is large, while
the width of the transform is small. For this case the inequality (173.5)
becomes
3 T™a
Ax?Au? > D)
Example 2. A particularly interesting and useful example is that of
the discontinuous function shown in Fig. 174.1a, i.e.,
f@) =0 z<0
J@&y=% =z=0
f@) =1 0<z<d

J@)=% =z=4d
flz) =0 d<z
fix)
flx)=1
(a) x=0 x=d x
filx)
1
2
—_— ] *
b) z
folx)
1
2
~4 o,
(c), 2
Fia. 174.1
In this case the Fourier transform (171.2) becomes
wd 1
F einzdy = & 174.3
w = \/ 27 f v V2riu ( )

and consequently
1 feend—1
flx) = 5 7 du (174.4)
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It is instructive to express the above integral in terms of the sum
f@) = fi(z) + fo(z) as follows.

1 =i
f&) = 5

—. u
The principal value of t;? integrals representing fi(z) and fa(x) [see

1 +w gildDu
dutg= [T ——du  (1745)

eq. (100.3)] has already Ween found. The first integral has the values

‘ -1 for z<0
filz) = { 0 for z=0
+3% for >0

This function fi(z) is sketched in Fig. 174.1b. The second integral has

the values
—% for d—z<0
fz((t)-"'—{ 0 for d—2z=0
+1 for d—2>0

The function f;(z) is sketched in Fig. 174.1c. It is Very clear from an
inspection of Figs. 174.1b and 174.1c how these add up to give the orig-
inal function f(z) of Fig. 174.1a. Furthermore one can, in a sense, call
the Fourier transform of the impulse function fi(x), much used in electric

circuit theory, the function 1/ v 2riu.

175. Representations of functions in terms of a general class
of functions with discrete and continuous spectra. From the
theory of differential equations it is known that the Sturm-Liouville
differential equation

[p@W']) — q(@)¢ + p(x)EY = 0 (175.1)
has solutions useful in physical problems for discrete and continuous
values of the parameter E for 0 < 2 < ». The solution ¥i(z) for dis-
crete values of E, say Ei, occur for £ < 0, and the solutions ¢(&,z)
for the continuous spectrum occur for all E > 0.

The most general representation of a function in terms of solutions
of this differential equation must be written as a combination of a sum
over the orthogonal functions ¥i(z) and an integral involving ¢ (&,x)
in the following manner.

i) = Z on(@) + [ 9 EW(E 2)dE (175.2)

£=0
The coefficients ¢; and the spectral distribution function g(E) can be
determined from the orthogonal properties of ¥ and the artifice defined
in Sec. 172 applied to Y (E,x). If we define ¢;(E,x) to be

wEa) =5 [7 " Wead (75.3)
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it can be shown that ¥i and ¢;(E,x) satisfy the following orthogonality
relations.
, k<1

_f;" P@W i dx (1)’ k=1 (175.4)
j; ® p@Wi@)es(Bg)dz =0, forallkandE (175.5)
of, r@)ed (B @)en(Bayde = Frot pintenvel (.4 0) (175.6)

It has of course been assumed that solutions yi(z) and ¢(E,z) have been
chosen so as to achieve the indicated normalization.

These properties can be used in a formal manner, the same as that
used in Sec. 156 for determining coefficients in representations in terms
of orthonormal sets. To do this we formally write

1) = 3 enle) + " oE)ou(B)iE (175.7)

k=0

realizing that in the end this is to hold in the limit é — 0. One mul-
tiplies through first by p(x)ys(z) and integrates over the interval
0 < z < « in which case

o = [ p@I @)

from the orthogonality relations (175.4) and (175.5). To find g(E) it is
necessary only to multiply through eq. (175.7) by s (E',x)p(z) and
integrate with respect to , and thereafter multiply the whole equation
by $, thus

of" p@ei B @@z = 8f7 p@)ed (B )dx [ 9(B)eu(B,w)dE
= j; B4 (E)JE ~ 59(E')  for & small
after using the orthogonality relation (175.6). In the limit 6 — O,
9E) = [[7 p@f @ E @) (175.8)

This method of obtaining orthonormal functions in the case of the
continuous spectrum is much used in quantum theory. H. Weyl called
the differential mean functions defined as in (173.3) eigen-differentials.
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PROBLEMS
Find the Fourier transforms of the following functions.
1

174.1. f(z) = m-
174.2. f(z) = e—2*/2a*sin M.
174.3. f(z) = sin wz for ~2wn/w < z < 27n/w.

f(@) = O elsewhere.
174.4. f(z) = e— 4z, if z > 0.

f(z) = —e+is, if z < 0.
174.6. Let f(z) satisfy the equation

2,
L+ oy =0,

and let f(z) be the Fourier transform of F(f) and ¢(z) be the Fourier transform of
x(t). Show that F({) satisfies the equation

#F(@) — f_“’ x()F(t — a)da = 0.



Chapter 14

INTEGRAL EQUATIONS

176. Integral equations in general. An integral equation is a
special form of functional equation in which the unknown function
appears in the integrand of an integral. In applications they arise di-
rectly from setting up the physical relationship in a physical problem
or in many cases by transforming a differential equation to an equivalent
integral equation. In certain problems, especially where approximations
are used, it is sometimes more convenient to transform a differential
equation into an integral equation. However, integral equations are
in general difficult to solve and indeed it sometimes happens that no
unique solutions exist. The material in this chapter will largely be
devoted to reasonably practical methods of solving certain types of
linear integral equations which commonly occur in practice.

Linear integral equations are divided into two main classes, those
having the form

f(@) = f " K(z)u(t)dt (176.1)

which is called an integral equation of the first kind with the unknown
function u(f) appearing under the integral sign only, and those having
the form

u(z) = f(z) + A f * K(zt)u(t)dt (176.2)

which is called an integral equation of the second kind and which has
the unknown function outside as well as under the sign of integration.

In these equations, the functions f(z) and K(z,?), as well as the limits
a and b, are assumed known. The function K(z,{) is normally called
the kernel of the equation. In some cases these equations have the
upper limit of integration b replaced by z, but this is really a special
case of the above equations in which the kernel K(z,t) vanishes iden-
tically for ¢ > 2, so that it makes no difference whether b is replaced
by z.

177. Some integral equations of the first kind. Probably one of
the first examples of an integral equation of the first kind arose in con-
371
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nection with the Fourier integral representation of a function f(z).
In this case

@) = :/12-'; "+ ut)eds (77.1)

is regarded as the unknown function this becomes an integral equation
of the first kind. From Sec. 171 we know how to invert this equation
and thus obtain the solution of the integral equation whose kernel is
=t/ 2.

A famous integral equation of the first kind arose very early in
mechanics and was studied by Abel, who succeeded in obtaining its
solution. This equation arises from the following problem. A particle
starts from rest at P (see Fig. 177.1) and slides on a smooth frictionless
curve lying in a vertical plane. The velocity of the particle of mass m
at the point O is independent of the shape of the curve down which it

slides. The time taken to traverse the curve

P from P to O is, however, dependent on the shape

%Y of the curve. The time taken to traverse a given
distance along the curve can be easily found as

£ follows: Let the coordinates of the point P be
(z,y), and those at an intermediate point be
(%,m), where the particle has arrived after a time
€ 4 The velocity of the particle at the interme-
diate point is found from the energy equation

i (%) = moty — n)
g (@) =mow =

When u(f) [now kno;vxn;‘?s the Fourier transform of f(z), see Sec. 171]

7

Fi1a. 177.1

so that the velocity is

The minus sign occurs because s is measured positively from the origin
0. From this we find the time elapsed to be

L E‘n_di.._.
T TV Jaw Vy — 1

‘When the distance s along the curve is expressed in terms of the coordi-
nate u, then s = u(y) and ds = w'(n)dy, whereupon the total time of

descent is given by
1 Y u,gn)dﬂ
T =75 IA vy =+ (177.2)

If, of course, u/(n) is regarded as known, this just gives the total time
required for the particle to descend, but if a time is specified and we

t
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wish to know what the shape of curve must be to give this time, v/(n)
is unknown and we have to deal with an integral equation of the first
kind. The solution of this type of equation will be given in Sec. 180.

178. Integral equations of the second kind; connection with
linear differential equations. From a mathematical point of view
much more is known about the properties and solutions of integral
equations of the second kind, the most general form of which we shall
consider is

w@) = f@) + A f " K(z,f)yu(t)dt (178.1)

A commonly encountered special case of this equation is that for which
f(x) = 0, so that

w@) = A f ® K(z,t)ult)di (178.2)

This form of equation is called a homogeneous linear integral equation
of the second kind, and as we shall see, has some interesting special
properties.

Another special form of eq. (178.1) is

w@) = f@@) + 2 j; ® K(zt)uh)dt (178.3)

This is known as Volterra’s equation. It is of especial interest because
of its connection with the linear differential equation

oy P@E Y Jemi T oo T Pal@)y = Fl2) (178.4)

This differential equation can be transformed into an integral equation
of the above type by the following procedure. First let

% = u(x) (178.5)

Then it follows that
d"_ly T
dz! =f u(t)dt, + ¢

T =y f et s+ e+

y=j;'ﬂ”...j:’u(t,)dzl...dt,.

cyxn—l chn—z
ta it ot e

From these relations the differential eq. (178.4) may be written in the
form
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u(z) + Py(x) L *ult)dt + ... + Po(x)-

j:): foh - 'j;h u(h)dl ... di,

= P(z) — 21 cepi(@) (178.6)

where |
x xﬂ—‘l
¢i(z) = Pi@) + Pia(@) Ty + - + Pal@) @ =0
By integration by parts it can be established that

j;z j::’ u(ty)dt, dtz =j:: (x — tyu(t)dt

and in general that
foﬂﬂ ut)dt ... dta = 7 (f'n 1)' u(o)dt

Using this last result, eq. (178.6) may be written
4@ + ;[ Pi@) + Po@)e = ) + Pata)

oo Pu) S it = s60)

(=1
21

where f@) = F(z) — Z cwpi(x)

i=1
Equation (178.7) is identical with the Volterra integral eq. (178.3),
where the kernel is

K(z) = Py(z) + Pa2) ﬁ’”l—',‘l F ...+ P %‘—%T (178.8)

Thus it is possible to transform a linear differential equation into an
integral equation of the second kind. To make the transformation
complete it is necessary to know the initial conditions to be used with
the differential equations, since the constants ¢y, ... , ¢, are determined
from these conditions.

179. Types of solutions of integral equations. Before taking up
the methods of obtaining solutions of integral equations in detail it is
useful to see something of the form of solution to be obtained by the
several methods. In the main there are four ways of obtaining solutions
of integral equations. Certain of these may readily form the basis of
obtaining a numerical solution.

1. One method, especially useful in the case of equations of the first
kind, makes use of certain inversion formulas, of which the Fourier
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transform (Sec. 171) furnishes an example. Equations of the form of
(177.2) can be inverted by means of an inversion formula (see Sec. 180).

2. In the case of integral equations of the second kind, there is a
method of obtaining a solution which is due largely to Neumann,
Liouville, and Volterra. This method gives u(z) in the form of a power
series in N, the coefficients being functions of z. This method yields a
solution in those cases where the resulting power series in A converges.

3. The method of Fredholm provides a solution for equations of the
second kind, which is a ratio of two power series in ), each of which has
an infinite radius of convergence. This method gives

Fo(x) + Fi(@)\ 4+ Fo(x)N\? 4 ...
a + N + a2\ + ...

where the denominator is independent of z. For the particular values
of A which make the denominator vanish, there is in general no solution.
However, the method provides a solution for those cases where a solu-
tion exists. In cases where the power series converge slowly, the func-
tions F,(x) and constants a, are difficult to determine in practice for
large values of n.

4. A method for solving equations of the second kind has been given
by Hilbert and Schmidt. This method expresses u(z) in terms of a set
of characteristic orthogonal functions u(z), us(x), ete., which are solu-
tions of the homogeneous equation

w(x) = f " K(zt)ut)dt

In general, this form of equation has solutions other than u(z) =0
only for a certain characteristic set of numbers Ay, N, ... . The corre-
sponding finite solutions w(x), us(z), ete., form an orthogonal set of
characteristic solutions (see Sec. 185). Writing the above equation in
the form

u(x) =

.L " K(z,t)un(t)dt = )\i Un(x)

brings out the fact that 1/X\, and u.(x) are the eigen-values and eigen-
functions of the operator fa "K (x,t)dt. When the eigen-values and eigen-

functions of this operator have been determined, the solution of the
equation of the second kind is given by

u(z) = E Catin(2)
n=1
where the constants ¢, depend on f(z).

180. Method of inversion for equations of the first kind. There
is no general method for obtaining an inversion of an integral equation
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of the first kind. There are, however, special forms of such equations
which can be solved by inversion with the help of certain inversion
formulas. Two examples of the method will be discussed here.

1. Equations invertable by means of Fourier transforms. Equations
of the form

f@y'= f_": k(z — Hult)dt (180.1)

can be inverted by means of Fourier transforms. It will be apparent
in the following that this is a consequence of the fact that the kernel
is a function of (z — ¢) only. In order to invert the above equation we

multiply through by (1/V 21r)e“z and integrate with respect to z. Thus

" f@edz = \—/5— [T dw e [T bz — u(ar

= \72— [T uwesat[ 7 kw — fewe—vd

\/2 f . u(t)e*tdi f k(s)e**ds

where the order of integration was inverted and the change of variable
s =z — ¢ was made. From eq. (171.2) these integrals are formally just
the Fourier transforms of f(x), u(¢), and k(s), so that the above equation
can be written in terms of these transforms, in which case

F@) = V2rU@)K()

Thus the Fourier transform U(z) of the unknown function is deter-
mined. From the theory of Fourier transforms (see Sec. 171) the un-
known function u(z) is then given by
1 r+e F(2) i .
uz) =5~ . K" dz (180.2)

This method of course fails if the pertinent Fourier transforms do not
exist. This requires that

ST ko s, 77 1) Pda, et exist

2. Inversion of the Abel type of equation of the first kind. A some-
what more general equation than Abel’s eq. (177.2) can be solved by
an inversion method. The equation to be considered is

_[* u(t)
f(z) = f Tt (180.3)

where f(a) = 0 and f'(z) is continuous, and 0 < @ < 1. To invert this
equation, multiply through by 1/(z — z)*= and integrate from a to 2.
This gives

L
or
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f =t N M o as0y

One may now make use of the Dirichlet formula
[ af] ¢ — Pt — 2o — O Wl t)da
= L * de L Z (4 — a1z — @)z — &) —W(z,l)dt

for changing the order of integration, where the integrand has the special
character shown above and 0 <A <1,0<p <1, 0<?»< 1.
Equation (180.4) then becomes

I‘M‘”— =Lzu(t)dtﬁ'(—z—_-;é£———~—~ (180.6)

a (z — x)e e(x — f)
It is now possible to evaluate the integral
dx
t(z —x)~(x — t)*

This integral may readily be expressed in terms of the beta function
[see eq. (62.2)] by a transformation of variable according to the equa-
tion

(180.5)

I=

_r—1
K
whereupon
I= ﬁ) Yya(l — n)e=ldy = B(1—aya) (180.7)

Using eq. (62.1) connecting the beta function with the gamma function,
I =TQ-a)'(a)

According to eq. (109.7) this combination of gamma functions yields
the simple result that

_ m

" sinwa

With this result used in eq. (180.6), we have

z X 2z
f (—(—zf_ )xd)f_a =T [tua (180.8)
The reason for choosing the exponent of (2 — z) to be 1 — & was simply
to achieve the simple result for the integral I.

Since f’(z) is assumed continuous, we may take the derivative of the
above equation with respect to z, which completes the inversion of the
original equation and furnishes the solutlon of the integral equation in
the form

_sinmra d p:_ f(x)dzx
we) = 7 deda (z— 1)

(180.9)
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That this is a solution of the integral eq. (180.3) can be verified by direct
substitution in it.

181. Solution of integral equations of the second kind by the
method of successive approximations. This method of obtaining a
solution of the integral qu»ation

w(z) ﬂn+\ﬁxmmm@ (181.1)

where f(z) > 0 and is continuous in the interval @ < z < b, and K(z,t)
is finite and has at worst only scattered discontinuities in the rectangle
a <z <banda <t <b and \is a constant, yields the solution in the
form of a power series in A in accordance with method 2 of Sec. 179.
When the resulting series converges rapidly, this method is particularly
useful for obtaining approximate solutions of the integral equation,
and because of the connection with linear differential equations so also
for approximate solutions of differential equations (see Sec. 178).

The method of successive approximations may be illustrated by apply-
ing the method to the solution of a simple algebraic equation, namely,

y=1+x (181.2)

If we suppose that A is not too large we may obtain a zero-order approx-
imation by setting y = 1; hence

Yo=1

We may expect to obtain a closer approximation to the solution by
replacing y on the right side of eq. (181.2) by yo; hence

=14+ Ap=1+4+2A
Continuing this process,

Yye=14 A =14+ N+ N
Ys=14+Ne=1+r+N+N

If the process is continued indefinitely we obtain the series representa-
tion of ¥ = 1/(1 — \), which is the solution of eq. (181.2). The series
thus obtained is a solution of the original equation for those values of A
for which it converges, i.e.,, | M| < 1. If X is small, a sufficiently good
approximation to the solution might be obtained by repeating the
process only a few times.

In the case of the integral eq. (181.1), one may adopt a similar pro-
cedure, whereupon the zero-order approximation can be taken to be
f(z) itself, so that



Sec. 181] INTEGRAL EQUATIONS 879

t = @)
w = J@) + [} K@ud = @ + [ K@ofoa

w = 1@ + [ Koo + 3 [ Kepdf* Kamiwn
SN S P as13)
where

s(@) = f(z)
s(@) = [ K@brod

a(z) = f * K(,0) f * K(t)f(t)dt dty

sa(@) = f * K(z,0) f * K(t,t) f " Kot ...
L * K (tasytns)f tas)dltns . . . dty dt

It is to be expected that the solution of the original equation would be

n
u(z) = lim u,(z) = lim Z N8, (x) (181.4)
nve ne £%
if the indicated limit exists or the series on the right converges. In order
to obtain some idea of conditions which will insure the convergence of
this series, it may be noted that

[ Msn(2) | <IN || fmacKmaz | |0 — @]

where fm.. denotes the maximum value of the function f(z), and K-
is the maximum value of the kernel K (z,¢) within the domain of  and ¢
under consideration. By the comparison text (see Sec. 76) the series
under consideration will converge if the series formed by replacing each
N“sn(2) by the term appearing on the right side of the above inequality
converges. By the ratio test this converges if

IN | Kmaz | | —a] <1 (181.5)

If this condition is satisfied there is a continuous solution of the original
equation given by eq. (181.4). There may be a continuous solution of
the integral equation when the above condition is not satisfied, but it
would not be found by this method of solution.

A procedure entirely similar to that discussed above can be formu-
lated for the Volterra eq. (178.3) where the upper limit of integration b
is replaced by x.

Illustrative Example. The above method will be adapted to the solu-
tion of the integral equation
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ue) = 2+ [7 (¢ - Dul)at (181.6)
Following the procedure outlined in this section,
s(z) =z
a(@) = f (t — 2)tdt = 3'
5
(@) = K t — ) j; (th — Dt dt = g,

.’L‘ 2n-+1

S,,(I) = ( 1) (27L + 1)'
From eq. (181.4) the solution sought is

g+l .
u(z) = ixnx’ri; (- 1)’(2] Ty = sine (181.7)
182. The Fredholm method. Here we take up the third method
mentioned in Sec. 179. This provides a general solution of the equation

w@) = f(z) + A f * K (z,u(t)dt (182.1)

Although it is sometimes rather difficult to carry out the general solution
of the equation by the method of Fredholm, the method can be used as
a basis for an approximate numerical solution in those cases where it is
not practical to carry the method through for a complete solution.

Fredholm’s method consists in setting up an analogy between the
solution of the above equation and a system of ordinary linear algebraic
equations. The analogy is set up by dividing the interval of integration
(ab) into n equal parts, designating the points of subdivision by &,
b, b, ..., ts, where t, = a and £, = b. The length of each interval in
the subdivision is then

h = (182.2)
and consequently
bh=a, h=a+h; b=a+2h; ...; ta=a+nh (182.3)

On the basis of this scheme of subdivision, the integral in eq. (182.1)
can of course be expressed as the limit of the following sum.

[? K@u(dde = lim 3 Kafu(toh (182.4)
¢ n—e (21

If the magnitude of A is not too large, we can obtain a reasonably good
approximation for the above integral without passing to the limit.
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Thus we may replace the integral in (182.1) by the above sum, so that
the integral eq. (182.1) can be replaced by the approximate equation

u(@) — M[K(zt)ult) + K(xt)ut)
+ ...+ K(zt)ults)] = f(z) (182.5)
The original integral equation must of course hold for all values of x
and consequently in particular for x = #, f,, ..., t.. Substituting these
values of z in (182.5), we obtain the following 7 linear algebraic equa-
tions
u(tl) - )\h[K(tl,tl)u(tl) + K(t,,tg)u(h) + ... 3
+ K(tt)ults)] = f(&)
u(tz) - )\h[K(tz,tl)u(tl) + K(tg,tz)“(tz) + ...
+ Ktt)ultn)] = f&) | (182.6)

U(tn) — MN[K(nt)ulty) + K(@at)u) + ...
+ Kltutoyults)] = ft) )

By the procedure adopted above, the original integral equation has been
replaced by a system of n approximate nonhomogeneous linear algebraic
equations to solve for the n unknowns u(t), u(tz), ..., u(t.). The solu-
tion of these equations by means of ordinary algebraic methods (see
Sec. 132) will furnish the values of the unknown function at n points.
One can then draw a curve through these points by interpolation and
thus obtain an approximate solution.

The exact solution of the integral equation can indeed be obtained by
proceeding with the solution of the above system of linear equations.
Considerable simplification of the ensuing work will be obtained by
adopting the following simpler notation. Let

u(tz) = U;
K(tit)) = Ky
) = f

Written in this notation the eqs. (182.6) are
w — M[Knyu + Kpus + ... + Kiaa] = fi

........................................ 1827

Un — )\h[Knlul + Kn2u2 + ‘e + K'nnun] = fn
In accordance with the theory of linear equations (see secs. 131 and 132);
the solution of these equations is

uy = %’ (182.8)
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where A is the determinant of the coefficients of the u,’s, i.e.,

(1 - )\hKu) "‘)\th PR —)\hKl,.
MKy (1 —MKn) ...  —MKoa.
A= il e (182.9)
—NK g —MK 2 coo (1 = NRKG)

and A, is the determinant formed by replacing the »th column in the
above determinant by fi, f2, ..., fa.

Following Laplace’s development of A4, in terms of its first minors
with respect to column », we have (see Sec. 131)

Av = fl-A-lv + fZAZV + .. + annv (182-10)
where A,, is the first minor of A, with respect to the uth row and »th
column. Combining eqgs. (182.10) and (182.7), an approximate solution
to the integral equation is given by

Z frAw
Uy = k-lA

This solution should approach the exact solution as the number of sub-

divisions in the interval (ab) increases or as h — 0. In order to ascertain

the limits approached by A4,, and A4 as a result of this process, it is most

convenient to expand two-rowed, three-rowed, etc., determinants in
powers of A, and deduce the result by induction.

Starting with a two-rowed determinant of the form (182.9), we have

y=12 ...,n (182.11)

O dm) =M |t At 3|2 asean)
On expanding a similar three-rowed determinant,
(1 — Aayw) —Nag —N\ay3
—\az 1 — rax) —Aag
—Aan — N2 (1 — Nag)
=1- (au + a» + ass)
+ )\2[ au  Gig an A G2 Qg ]
g OG22 gy Oz3 gz Qg
G Gz O3
—Nlan an agn (182.13)
Q3 Gz Qg3
i=1 s 2 =1l Qjj

a3 Qii Gij  Qu
iy E Qyi @j; O

k=1
Qi Ok; Ok
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Proceeding by induction we infer that 4 of (182.9) may be written

K.. K,
=1-—=2A K.h + h? ?
1=Zl 2! ;.]z:l K;i Kj;

)\3 n K” K,_., K:‘k
~51 2 M| Kn Ky Kul+ ... (18219)
k=1 Kkt Kk] chk

On a formal basis we are led to expect that as n— o or h — 0, eq.
(175.14) goes over into

i 4 Az b | K(t,t)  K(,te)
A =DM =1—-\["K@tdt + 5 ' dt.
him ™ 2 K@ + 5 0 K |4
NI K(tyh) K(ht) K(tl)
é"j; j:t)j; ](,(t2’tl) K(tz’tZ) K(t%t:‘) dtl dtz dty + ...
K(tsty) K(tsts) K(tsls)
(182.15)

where D()\) is called the determinant of the kernel K.

In order {o infer the limit of A,,, it is convenient first to expand A4,,
in powers of X. Following the same procedure as above it is easy to
verify that

u I{U
K, K,
where 3’ means that the term ¢ = » is omitted. In the limit as n — @
the above scries would have the same limit as 4, so that

lim 4,, = DO\ (182.16)

n—so0

A,,—l—xz Kuh+ S e

wl

Then expanding the determinant A,,, one obtains

K K.
A,.,—)\h( )\;h K. K.
K. K. K,
Z,Zh K. Ku Ky —)

7,j=1
KJI‘ KJ"t KIJ

On letting D,, = A,./h and n — « in such a way that ¢, >z and {, — ¥,
it is to be inferred that

lim D,y = Dlay) = NK(o) = 3 K(t”;’; ﬁﬁft‘))
K(x:./) K(x)tl) K((I) ti)

+ 5 0 Ky K@t Kb |dads— .
K(tyy) K(tot) K(bt)

ldt

(182.17)
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The approximate solution (182.11) can be conveniently written in the

form
_.ZVAVF = /fgé!v
W=t
y v . (182.18)
,ZAw_l_E’ EAVE

p=1
where Y’ means that [ v is omitted from the sum. On using the
limits (182.15), (182.16), and (182.17) for 4, A,,, and D,,, respectively,
the limiting form of (182.18) is
ult) = 1) + [ LOREGLY) 4
a  DQ)

or since i, is any point of the subdivision it can be replaced by the gen-
eral variable z in the interval (ab). Thus the inferred solution of the
original integral eq. (182.1) is

u(@) = f(z) + ﬁ [ 10D N (182.19)
1t can be shown that if

(@) D) = 0;
(b) K(x,y) is continuous in the rectangle ¢ < ¢ < b;a <y < b;
(e) f(x) is continuous in the interval ¢ < z < b; the equation

W) = f@) + f ® Kz yult)dt (182.20)
has one and only one continuous solution u(z), given by
ul@) = 1) + 17(13—) [ 1@ (182.21)

where D(z,t,\) and D()\) are absolutely convergent series for all values
of A\, and D(x,t,\) converges uniformly with respect to z and ¢ in the

rectangle of definition.
From the above facts it is at once possible to deduce that if D(A) = 0,
the homogeneous integral equation

u(z) = f * K (z,)u(t)dt

has one and only one continuous solution u(z), which is u(z) = 0. It
will be seen in the next section that in order for this equation to have a
continuous solution not identically zero, D(\) must be zero.

Fredholm established two fundamental relations between D(z,y,\),
D(M\), and K(z,y), which will be useful in the discussion of the homo-
geneous integral equation in the next section.

D(zy\) — AK(@,y)D(N) = A f "Dl NK(ty)dt  (182.22)
= f *K(z)D(tyNdt  (182.23)
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These relations can readily be verified by comparing the coefficients of
like powers of X\ on using the series expansions in X of D(z,y,\), D()),
etc., given by (182.15) and (182.17). In the same way, the relation

fa * D(z,z\)dz = —xé—g—f\)‘—) (182.24)
can be established.

Recurrence Formulas for Coefficients of Powers of X in D(\) and D(z,y,\).
With the help of formulas (182.24) and (182.23), convenient computa-
tional recurrence formulas for the coefficients of the various powers of A
in the power series representations of D(\) and D(z,y,\) can be obtained.
To do this we first write egs. (182.15) and (182.17) as

DO =14+dA+d\2+dX+ ... +daAm+ ...  (182.25)
D(xy\) = di@my)A -+ de(z,y)A2 + ... + dulTy)A™ + ... (182.26)

On substituting these two series in the relation (182.24) and equating
the coefficients of like powers of A,

1 b
dn = == f d(z,7)dz (182.27)

a relation that allows us to compute the constant d,, when dn(z,2) is
known.

On the other hand, if the above two series are substituted in the
relation (182.23) and the coefficients of like powers of A are equated,
we find the useful recurrence formula

du(z,y) = dnaK(z)y) +Lb K (x,t)dn(t,y)dt (182.28)

From (182.17),
di(z,y) = K(z,y) (182.29)

Consequently d; can be computed from (182.27) and thereafter d:(z,y)
can be computed from (182.28), so that all the terms in the series (182.25)
and (182.26) can be computed one after the other.

Examples of the Fredholm Method. Very often it is impractical to
obtain the exact solution of a complicated integral equation of the sec-
ond kind by the use of Fredholm’s method because the terms in the
series expansions of D(z,y,\) and D(\) become too unwieldy. However,
two examples to illustrate the use of the method will be given.

Ezxample 1. Let it be required to solve the integral equation

w(z) =z + j; ' ztu(t)dt

In accordance with (182.19), we need to calculate D(\) and D(z,y,\),
where A is unity. To compute D()), it is necessary only to substitute
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the kernel K(z,t) = zt in eq. (182.15). On making this substitution it
is found that

1 1 1 1
DO =1 — f £t + 5 f j:) .
8 b b

31fq/f f bl 8 ol |dtydladts + ...

bty bty 3

It will be noted at once that the above terms involving determinants
vanish, since on factoring out common factors at least two rows become
identical, thus making the determinant vanish. It may be easily verified
that all terms involving higher order determinants vanish for the same
reason. Hence

#
PO A dty

DM =1-¢=3%
D(z,y,\) can be calculated by substituting the kernel in eq. (182.17).
Then
xy xb xty

2'ff ty & Gl dt dly —

by b 3

zy i

1
D(zy\) = ay — fo W

For the same reasons as above, all the terms involving determinants
vanish, so that
Dy = zy

From (182.21), the solution of our integral equation is
3 1
u(x) =:c+§j; txtdt =
Ezample 2. Let it be required to solve the integral equation
e 1 1 m
u(x) = e —-2+2+2]; u(t)dt

Using the Fredholm procedure, we substitutc A = % and K(z,t) = 1 in
eq. (175.15), which gives

D(x)_l——fdt+()2, . lldt
1
=1_.§=5

Again all terms involving determinants vanish. On substituting in
eq. (182.21), the desired solution is
.41 11/, _e 1
u(x)-—e——2+2+202< 2+2)dt

= g%



Sec. 182] InTEGRAL EqQUATIONS 387

Although this simple integral equation can be readily solved by apply-
ing the Fredholm method, one would be likely to make use of some in-
genuity and solve the equation as follows. Let

u(@) = ¢'(z)
whereupon the integral equation may be written
/ = T . __C_ l l —_
P@) = = £+ 3+ 3 [o) = o(0)]
Integrating this with respect to x gives
1
o@) = ¢+ 5 {1+ [¢e(1) = ¢@)] — e}z + ¢

This equation holds for all z in the interval 0 < z < 1 and in partic-
ular at £ = 0 and z = 1. For these values of z the above equation
becomes

1) = e+ 3 {1+ (o) = ¢@] = &} +o

00) =1+c¢

On solving for ¢(1) in terms of ¢, the arbitrary integration constant,
one has

o(l) =e+c¢c
so that (1) —p0) =e—1
Finally u(z) = ¢'(x) = e*

and no formidable artillery was needed to solve the equation.

183. Homogeneous integral equations. In the last section it was
noted that the homogeneous integral equation

u@) = A f ® K (z,t)u(t)dt (183.1)

has no continuous solution other than u(zx) = 0if D(A) £ 0. Since D())
was the limit of the determinant A of the coefficients of a set of n linear
algebraic equations as n — o, this situation is quite analogous to that
encountered in the solution of such a system of homogeneous algebraic
equations when A = 0. In the case of the homogeneous algebraic
equation nonzero solutions exist when A = 0 (see Sec. 133). Likewise
a continuous solution not identically zero exists for eq. (183.1) when
D(\) = 0. However, D(\) will vanish only for certain values of A which
are the roots of the equation

D) =0 (183.2)

The values of \ satisfying the above equation are called the character-
istic values or eigen-values of the kernel K(z,y).



388 INTEGRAL EQUATIONS [Ch. 14

In order to obtain the solution in this case, we start by letting A = A,
be a multiple root m times repeated of eq. (183.2). Since D(A) is an
analytic function, it may be expanded in a power series about the point

= A\; which may be written

D) = em(A = A)™ + Cmia(A = A)™H - .. (183.3)
where m > 0 and ¢, # 0 Also since D(z,y,\) is an analytic function
of A for all values of z and y in the rectangle of definition, we may also
expand it in a power series about the point A = \;. This expansion may
be written

(z =
D(zy\) = "’i,jl’) (GNP %j%%% (G VY Lar s S (183.4)
where k > 0.

If (183.3) and (183.4) are substituted into the relation (182.24), we
have the result that

Qo [ gayae + G20 [ pentoadde + .

= —Mnen(A — M)™ 1 — A(m 4+ Depma(A — )™ — ...
For this equality to hold it is necessary that & < m — 1, a result shortly
needed.
An important result is obtained when the series (183.3) and (183.4)
are substituted in the relation (182.23). This result is
BE@Y) v ye g Zen@Y oy e
A=) +(k+1)!(>\ AL+ L
= RK(x,y) [C,,.()\ - kx)m + 0m+1()\ - }\1)'"'“ + .. ]
b k(t - k k1 ! ) — k1
[0 K@ [Lﬁlk! O = M)F + MAL(H L0 —n i
On dividing this equation through by (A — A;)* and then passing to the
limit A — Ay,
b ‘
ge(zy) = M K(z,t)gu(t,y)dt i (183.5)

since it was just established above that m > k. However, for a given
value of y this is just the integral equation we started with. Conse-
quently if g(z,y) were known, a variety of solutions could be obtained
by assigning y specific values. Of course, a linear combination of these
solutions would also be a solution of the equation.

In case \; is a nonrepeated root of D(A) = 0, then m = 1 and a solu-
tion of the integral equation can be found very simply in a formal way.
As shown above k& < m — 1, and for this case k = 0, so that go(z,y)
is a solution of the integral equation. From (183.4),

go(x1y) = }‘in); D(:C,y,)\) = D(xyy:)‘l)
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Consequently, we have the result that if D(\;) = 0, but D’'(\,) # 0,
then for a fixed value of y = y,,

(@) = D(x,y0,\1) (183.6)

is & continuous solution not identically zero of the integral equation

u(x) = N\ b K(z,tyu(t)dt

a
Along with this result, it is evident that there will exist continuous
solutions for a discrete set of values of A, these values being the roots
of D(\) =0, and there will exist a countable set of corresponding
solutions.

When D(A) = 0 has multiple roots it can be shown that there exist
just ¢ independent solutions of the homogeneous integral equation cor-
responding to the root A\;, where ¢ is the index of this root. Under these
conditions the method becomes very cumbersome and the solutions

will not be given here.
Ezample. Let it be required to obtain a solution of the homogeneous

integral equation
1 o . .
u(r) = = f sin z sin £ u(f)dt (183.7)
T JO

In the first place we must verify that A = 1/ is a root of D(A), or the
equation has no continuous solution. From (182.15), we find D(A) to be

2
=1 in?
DO =1 xj; sin? ¢ dt
A2 por or
+51fo Js
It is easy to see that all terms involving determinants vanish, since on

appropriate factoring, two rows will always turn out to be identical.
Consequently

sin ¢ sin¢; sin ¢ sin ¢y
sinfy sin #;  sin &, sin &y

dty dt,

DM =1—m\

and A = 1/ is a root of D(A) = 0. On using the series (182.17) for the
calculation of D(x,y,1/7), it is found that

1 1. . 1\2 p2r
D (x,y,—ﬂ_) = _sinzsiny — (1.-),':)

= - gin z sin
x Yy

sinzsiny sinzsint
sint siny sinf sin¢

i

since for the same reason as mentioned above all terms involving
determinants vanish. Consequently, from eq. (183.6) the solution of
the equation is
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u(z) = D (x,y,%) = }rsin zsiny

for any specific value of y. Thus there is an infinite number of solutions
of the equation.

184. Homogeneous integral equations of the second kind with
symmetric kernels. THe method of solution to be considered here is
that mentioned under 4 in Sec. 179. The general theory of this method,
which applies when the kernel is symmetric, is due to Schmidt and
Hilbert. As a basis for understanding the method a formal, heuristic
development of the theory will be given.

We seek a continuous solution of the integral equation

u(z) = f " K (z,f)u(t)dt (184.1)

where K(z,t) is continuous over a certain rectangle and in addition
K(z,t) is symmetric, so that
K(zt) = K(t)

In accordance with the theory of the previous section, it will be sup-

posed that the equation has solutions w(x), us(x), ... , corresponding
to a discrete set of values of A, namely, \j, Ay, ..., so that
@) = Mo [ K (@, )un(t)dt (184.2)

We shall now make the hypothesis that the kernel K (x,f) can be rep-
resented by an expansion in terms of u.(x) in the form

_ Un (@) Un (y)
K(zy) = ; . (184.3)
It will be noted that the symmetry of K(z,y) has been maintained.

In the above equation, replace y by ¢, multiply through by K(¢,y), and
integrate with respect to { over the range ab. This yields

fa * K(t,y)K (x,t)dt = f "Kty) Y 9—@%"—@ dt

which in turn can be rearranged in the successive forms
b u(x) (o
J! K@okwoa = 3 5[ Kapuoa
_ ua(z) [
= 2": [ Kyt

-5 W (184.4)
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In this rearrangement the symmetry property of the kernel has been
used as well as the integral eq. (184.2) itself. The term on the left side
of the above equation is usually called the first iterated kernel and de-
noted by K?2(z,y). If the same process is carried out on eq. (184.4) as
was performed on eq. (184.3), the result could be written as

[! KK = [* Kiy) Y 22020 g

On rearranging as before, this equation can be written

j; " K e,)K(ty)dt = 3 ﬂ;\;)— a" K(y,b)ua(t)dt

or K¥(z,y) = ‘V;: ——""(x;;"(y) (184.5)
Thus it is seen that the pth iterated kernel is

Kr() = [ K2 (oK (ty)dt (184.6)
and Km(zy) = Z —y-“"(’”)“"( (184.7)

If we think of the eigen-values A, ordered according to increasing
values, then for very large values of m we should expect that the main
contribution to the right side of eq. (184.7) would be furnished by the
first term, so that approximately

Km™z,y)\! = w(x)u(y) (184.8)
It follows from this result that
1 !: Km™(z,x)dx

1. (184.9)
LD @]
Then since
b
AP K™ (zx)dr 4
N i— ~L (184.10)
AP j;b K™(z,z)dx M

we have an approximate value for the first eigen-value. It can be shown
that an exact value for A\, can be obtained by passing to the limit m — .
Returning to eq. (184.8), an approximate solution can be obtained,
since
[u(z)]? = K™(z,x) - AP (184.11)
It can be rigorously shown that an exact solution u;(z) can be obtained
by taking the limit as m — =, so that-

wz) = £V Iim K™@z)\p (184.12)
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The procedure outlined above serves to determine the first or smallest
eigen-value \; and its associated solution i (z). If there are other eigen-
values, one could in principle proceed to determine X\, and u.(z) as fol-
lows. One starts by rearranging eq. (184.3) so that all known functions
are on the left side. Then

ulgx)ul(u Un(Z)Un(y)
K(z, y)/ Z; - (184.13)

By following the same procedure as that followed above for obtaining
the first iterated kernel, one can easily find that

j;b K@ )K ()t — ulﬁx))‘?x(y) _ ';2 un(x;gn(y)

Forming the mth iterated kernel, we obtain

Km(z,y) — ’ux(x) ul( Z un(x;’l:.n(y)
n=2 n

As before, for large m it is to be expected that
km
K™(z,y)\F — wi(z)w(y) ﬁ. =~ us(x)us(y) (184.14)
From this it can readily be shown that
b
N AT [} kmzm)dz — [ [u(@))* de
Moowf) K@) — [ fu()]) do
a a

(184.15)

The exact value of the ratio \;/\; can be found by passing to the limit
asm— o,
From eq. (184.14) an approximate result for uy(z) is

us(z) =~ \/AQ”K’"(:I;,:C) - (—;—j) [u@)]? (184.16)

An exact result for u(x) can be had by passing to the limit as m — .

While this method of determining the eigen-values and associated
solutions of the homogeneous integral equation with symmetric kernel
is convenient for some types of kernel, it becomes very difficult to use
for others because of the difficulty in evaluating the iterated kernel and
passing to the limit as m — «. It is often easier to find the eigen-values
by determining the root of D(\) as in the previous section.

Ezample. As an illustrative example, the method will be applied to
the integral (183.7) already solved by the Fredholm method. The
equation with symmetric kernel is

u(z) = A _]; * sin z sin £ u(f)dt (184.17)
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We start by calculating the second iterated kernel
K@) = [ K@Kyt
;ﬁf' sin z sin? ¢ sin y dt
= Asinzsiny

Proceeding in this way, the mth iterated kernel is

K™(z,y) = ™ 'sinzxsiny

Using formula (184.10),
™" !02" sin?z dz
~ =T

2% .
r“—‘ﬁ) sin? z dx

>

Passing to the limit as m — =, we of course obtain

=1
™
as found already in Sec. 183.
Using (184.12), the solution is
u(x) = 'Ll_xg (%)mr"‘“ sin?zx = S\I;g

which agrees with the result found in the last section except for an arbi-
trary multiplicative constant.

185. Orthonormal character of the solutions of the homogene-
ous integral equation with symmetric kernel. It may readily be
demonstrated that the characteristic solutions of a homogeneous inte-
gral equation with a symmetric kernel have the important property of
being orthogonal in the sense of Sec. 155. This means that

fa ® tn(@)tm(z)d = 0 (185.1)

where
Un(@) = An f * K (z,)un(t)dt (185.2)
and Un(Z) = Am :K(x,t)u,,.(t)dt (185.3)

Let it be supposed that the eigen-values A\, and A\, are not equal. We
may then multiply the first equation by A,un(z) and the second by
Aaun(z), subtract the two equations, and integrate the result from a to b.
This gives the result

On = A [} @) un(e)de
= Am j; ’ _I; ’ [K @) ua()um(®) — K(@,t)um()un(z)]dt dz = 0
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That the right side vanishes can be seen when in the second half of the
double integral the variables of integration are interchanged, and it is
recalled that K(z,t) = K(t,x). Since A # Am, we have the result ex-
pressed in eq. (185.1).

Not only are the characteristic solutions belonging to different eigen-
values orthogonal, but they form a complete set (see Sec. 156) which
can obviously be normglized. Such a complete orthonormal set can be
used to provide a framework for the solution of a nonhomogeneous
integral equation with symmetric kernel, as shown in the next section.

186. Solution of nonhomogeneous integral equation in terms
of the characteristic solutions of the associated homogeneous
equation. The equation

u(z) = f(z) + A f * K(z,f)ut)dt (186.1)

can be solved with the help of the orthonormal sct of solutions of the
homogeneous equation mentioned in the preceding scction

(@) = Ao f” K@ unbat (186.2)
In order to obtain the solution, let
o(z) = “(x) @) _ S orinle) (186.3)
n=1

Thus v(z) is represented in terms of an expansion in the orthonormal
set of functions u,(x). In order to determine the unknown coefficients
¢, multiply eq. (186.1) through by u.(z), and integrate with respect
to z from a to b. Then

j;b w(x)un(z)dx
= [ 1@un@ds + A [ w@de [ K@ du@at

= [ 1@u@adz + [ vt K t,0yun2)de
= j; * f@)un@)de + % L * wu(t)un(t)dt

b
5 ! f(@)ua(x)dz
[ u@un(e)de =\ (186.4)
Then by using (186.3) in (186.1), multiplying through by u.(z), and
integrating with respect to z from a to b,

j; Y o(@)un(z)de = f b sn(z)de f * K(z,t)u(t)dt

- f * u(t)dt f * K(t,2)un(z)de

- % " u(Oualt)dl (186.5)

or
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In these manipulations the homogeneous eq. (186.2) has been used,
as well as the symmetry of the kernel K(r,f). Combining (186.5),

(186.3), and (186.4),
[} 1@un(a)d
Co = (186.6)

An — A

This result, in addition to eq. (186.3), yields the solution of (186.1),
namely,

J(@)un(z)dz
u(r) = f(x) + Z (‘L—ii*>u,.(x) (186.7)

n=1 A

provided none of the eigen-values A, is equal to A. It can be shown that
the above series converges and constitutes a unique and continuous
solution if f(x) is continuous.

Solution when A\ = X. Here it is assumed that one of the eigen-values
of the homogeneous eq. (186.2) is equal to A of eq. (186.1). For this
case we rewrite eq. (186.4) in the form

M @@z = 0w = N [ s@)u)ds
From this equation we deduce that for n = k,
[ r@u@ads = 0

This leaves the constant ¢, in (186.6) undetermined. For all other n
except n = k, the result (186.7) holds; consequently the solution in
this case is

! f(x)u»(Z)dx
u(z) = f(z) + cour(@) + Z un(z)  (186.8)

n=1

where Y/ means that the term n = k is omitted in the sum, and ¢
is an arbitrary constant.

A similar procedure can be followed if more than one A, is equal to A.
The solution will contain just as many arbitrary constants as the number
of \,’s which equal A.

Ezample. Let it be required to solve the integral equation
wz) = 2(1 — 2) + 2 j; ' Kz t)yult)dt (186.9)
where the kernel K(z,t) is defined as
1 -1tz 0<z<t
Q-2 t<z<1

It can be readily demonstrated that K(z,t) = K(t,x) and is consequently
symmetric [see (187.17)].

K(z)t) = (186.10)
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In order to carry out the Schmidt-Hilbert procedure, it is necessary
first to determine the eigen-values A, and corresponding solutions
u.(x) of the associated homogeneous equation

Un(z) = An j; ' Kz, uat)dt (186.11)

Perhaps the easiest way to determine M, is to determine the roots of
D()) given by eq. (]§ .15). In this case

DO =1-— xj;l 1 - otdt
‘)f 1 12 (1 - ll)tl (1 - tz)tl
+ 51, o [ﬂ A —t)t (1=t

1 (1 - tl)tx (1 - tl)lZ
+L (1=t (A — )b dtl] o

On evaluating the integrals contained in D(}) it is found that

dt

A AN
D()\)=1—:‘3—!+'5—i—-7!+... (186.12)

The above series closely resembles that of sin A\. Actually it is readily
seen that this series is
sin VA

DOy ==~

(186.13)

s0 that the roots of D(\) are
An = nin? n=12 ... (186.14)
It was shown in Sec. 183 that a solution u.(x) of (186.11) belonging
to the root A, is D(z,y,\»). In order to calculate D(z,y,)), it is most
convenient to use the recurrence formula (182.28) for the coefficients
dn(z,y) in the expansion

D(x,y\) = di(z,y) + do(z,y)N?
+ ot dal@yAm+ ... (186.15)

For convenience this formula is rewritten below.

dn(@y) = dnK(@y) + [ K@dnaly)dt  (186.16)
where the d..’s are the coefficients in the expansion for D(\) [see formula
(182.27)]. In our case

o = Ez—(":—j_)’"T), (186.17)

In calculating the coefficients dn.(z,y), we shall assume z < y. Then
from (182.29) and (186.10), we have

d(z,y) = K@zy) = 1 —yz (186.18)
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For the kernel (186.10), the recurrence formula (186.16) can be written
dn(@y) = dns(l = Yz + 7 (1 = D)tdma(ty)de
+ f Y (1 = )rdnalty)dt + f Y = adma(ty)d
z v
= dns( = )z + [T (¢ = D)dnaslty)dt
+ 7 (1= Yadnaty)dt + [ (1 = Dadua(ty)de
= ﬁ) *(t = 2)dma(t,y)dt + 2Fu(y) (186.19)
Proceeding to calculate do(x,y), it is readily seen that
day) = [ ¢ = D)1 — Yt + Fay)
3
= =1 = 9) 5 + 2Fa(0) (186.20)
Again using (186.19) to calculate ds(z,y), we find that

d@y) = — [ ¢ = D - 4) Fdt+2Fs@)

—a- y)?! + 2Fy(y) (186.21)

By induction from (186.18), (186.20), and (186.21),

2 1
du@y) = (= 9) 57 + 5 ul®)
and from (183.6), (186.14), and (186.15), we obtain
Un(x) = D(x,y,n’r?)

kad p2m—1 kil
(1 PN NN T . X 0o

(186.11). It can readily be verified that
Un(x) = sin nwrz (186.23)

is indeed a solution belonging to the eigen-value = n’r2.
Before going on with the complete solution of eq. (186.9), it is worth
while to point out the value of experimenting with eq. (186.11) in an
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attempt to solve it before applying the formal method already outlined.
For instance, with the kernel expressed in explicit form from (186.10),
our integral equation can be written

(@ = [ fi 4= Dtun®dt + [ (1 = dauar]
If this equation be diffepentiated twice with respect to z,
/e un (2) = —Apin() (186.24)
The general solution of this differential equation is
u(r) = A sin VA, z + B cos VA, z
or since we already know from (186.14) that \, = n2x?,
Un(x) = A sin nwx + B cos nrx

Substituting this in the homogeneous integral eq. (186.11), it is readily
seen that the above is a solution only if B = 0, making the solution
correspond to that already found in eq. (186.23).

Making use of (186.7), the unique solution of the integral eq. (186.9)
which we set out to solve is
. f‘ (1 — {)sin nt dt
u(x) = z(1 -x)+22 =

n=1

nir? — 9 sin nwrx (186.25)

187. Setting up the integral equation associated with a bound-
ary value problem. As an illustrative example of the connection of
integral equations with physical boundary value problems, the integral
cquation will be set up which describes the lateral vibration of an elastic
string which is held fixed at both ends. In particular we shall assume
that the string is of uniform density and obeys Hooke’s law. The differ-
ential equation which describes the transverse displacement u(x,t) is

2, 2
%ll: = c%ﬁ with ¢ a constant (187.1)
We shall agree to start the string at time { = 0 from a configuration at
rest specified by u(z,0) = g(z). The initial conditions are then

u(z,0) = g(x)
du(z0) _ } (187.2)
at
The length of the string when not vibrating will be taken as unity,
and since the end points are not allowed to move, the boundary condi-
tions are

#(0,t) = 0

Wl = 0 } (187.3)
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The solution of the differential equation plus boundary conditions
is usually handled as follows. One attempts a solution of the differential
equation by expressing the solution as a product of a function of z alone,
and a function of ¢ alone. Thus

u = X()T(®) (187.4)
Substituting this in the differential equation and dividing through by
XT,
TII XII
T X = —\ = constant (187.5)
These functions of ¢ and « have been set equal to a constant, since the
only function of ¢ that can equal a function of x for all x and ¢ over a
range is a constant. Consequently the functions 7' and X satisfy the
simple ordinary differential equations
X"4+2X =0 (187.6)
T" 4+ AT =0 (187.7)
In addition to satisfying the above differential equation, X must satisfy
the boundary conditions
X(0) =0 X1) =0 (187.8)

From the point of view of the differential equation the problem has
been reduced to the solution of the ordinary differential equation

d*
=0 (187.9)
subject to the boundary condition
v(0) =0 v(1) =0 (187.10)

At first sight it might be thought that the pertinent integral equation
might be set up by transforming the differential eq. (187.9) into an
integral equation by the method outlined in Sec. 178. If indeed this is
tried, one obtains the integral equation

(@) = et 4 ¢ — N j; * (z — tw()dt (187.11)

It is true that the solution »(x) of this integral equation is a solution
of the differential eq. (187.9), but no choice of the constants ¢; and ¢,
will allow » to satisfy the boundary conditions (187.10) for » not iden-
tically zero. The trouble lies in the kernel of the integral equation.
The nature of the difficulty can be seen by assuming that v satisfies a
homogeneous integral equation

o(x) = A j; ' K(x,8)0(8)de (187.12)
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and then trying to determine the properties of the undetermined kernel.
It can readily be seen that if () is to satisfy such an integral equation
and be nontrivial, and at the same time satisfy the boundary conditions,
K(zx,£) must vanish at z = 0 and 2 = 1, i.e., satisfy the same boundary
conditions as v(x) itself. Clearly the kernel in (187.11) does not. The
easiest way to try to form an integral equation of the form (187.12)
is to start with the two/differential equations

2
% - = (187.13)
-
d I; g,z) -0 (187.14)

and multiply the first by —K(x,£) and the second by »(z) and add.
This gives

e e s~ - )

= NK(z,£)v(x) (187.15)
Integration from 0 to 1 would come rather close to our integral equation,

but as yet we have not made K(z,¢) satisfy the boundary conditions.
The solution of the differential eq. (187.14) is
K(z,8) = a(f)z + B(§)

which cannot be made to vanish at x = 0 and z = 1 unless K(z,£) = 0.
This dilemma can be averted by considering solutions of (187.14) which
are continuous but which do not possess a continuous derivative. Such
a solution would be

K@f=(0—-8z 0<z<¢

K@fH =(Q1-2) §<z<1
These solutions are of the same form as that given above, but the first
derivative is discontinuous at a point z = £ where 0 < ¢ < 1. However,
all derivatives are continuous at other points in the interval. Under
these conditions eq. (187.15) can be integrated over each interval, so
that

(187.16)

WK’ = E)amim0 — 0K’ = Kt)omo = M[[° K@, 0(2)da

(WK’ = Kt )ami = @K' = Ko )amgro = M}, K@ Do(a)dz

Since v and K vanish at # = O and z = 1 and v, v/, and K are continuous
functions of 2 over the interval, adding the two equations gives
1
WHIE (E-0) - K'¢+0)] =\ [ K@, po(@)dz
but from (187.16),
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K/(£-0) = 1— ¢
K'(¢+0) = —¢
Consequently their difference is unity, so that the above integral equa-
tion becomes

w(® = M K@ @)

with K(z,£) defined by (187.16). The terms involving ¢ in (187.16)
were chosen so that the difference in the derivative forz < £and z > ¢
would be unity.

From (187.16) it can be readily shown that K(z,¢) is symmetric.
To see thislet 0 < y1 <y < 1.

K@y = (1 — yam

and K(yay) = (1 — g
so that K(yy2) = K(y2,u1) (187.17)
As a result of the symmetry, x and ¢ can be interchanged in the abhove

integral equation, so that our boundary value problem is entirely equiv-
alent to the integral equation

o(w) =\, K@ o9 (187.18)

The solution of this integral equation is discussed in the example
at the end of Sec. 186.
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PROBLEMS

Change the following differential equations into integral equations.

d%y ay _ -
178.1. dx,+y 0.y O,dz—lutx—().

2
178.2. sl—}-/+y=cosz.y=0,%xy=1ai:z==0.

dz?
dly _ gy =0 y=0%__ =
1783, L -5  +6y=0.y=07¢ latz =0.

1 e u(t)dt .
180.1. Solve ey —f_“l YT and discuss result.

180.2. Find the curve along which a particle falls if it starts at the origin and
takes a time
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1 1 1 =
1 =-._._:lp —, \/_)—F(-—-———,—)]
) Vg (\/2 arc cos Viy V22
to fall a distance y.

180.3. Find the curve along which a particle falls if it starts at the origin and
takes a time {(y) = \/5 arc sin Vy to fall a distance y.
g

181.1. Solveu =1 —2 0" tu(tydt.
181.2. Find an approximation to the solution of
1
u =:c+>\f L =1z =t hutd.

181.3. Solve
. xz , 1 fx/2
u(z) =sinx — 1 + I j; txu(t)de.

182.1. Solve by the Fredholm method
u@x) =z + xfj cos (x — ) u(t)dt.

182.2. Solve by the Fredholm metho:lr

u(@) = 2 + 2 j; ' (@ + Hulvd.
183.1. Use the Fredholm method to find the eigen-values and solutions of

w@) =\ f .11 @ - 2udt.

183.2. Find eigen-values and solutions of

u(z) = )\f:ﬂ sin? z sin? £ u(t)dt.

184.1. Using the Schmidt-Hilbert method, find an eigen-value and eigen-function
of the kernel

-1<Lz<1
K = 4 ==
(zy) = @+ ) “1<y<l
184.2. Using the Schmidt-Hilbert method, find an eigen-value and eigen-function
of
—r<Lz<m
K@y =coe@—-y) __ <y<m

186.1. Use the Schmidt-Hilbert method to find the solution of
ul®) =2 — 1 + ’!11 (@ — Dru(t)dt.

Hint. Note that
fll z!P,(z)dz =0 for Il < m.
187.1. Find the integral equation corresponding to
d*u
a5 + 2 =0
with boundary conditions u(—1) = 0, u(l) = 0.
187.2. Find the integral equation corresponding to

% Ed-:z: x(j—:) +x =0
with boundary conditions u(0) = 1, u(1) = 0.



Chapter 15

VARIATIONAL METHODS

188. Typical problems of the calculus of variations. Many of
the laws of physics can be expressed in terms of variational principles.
For example, in classical mechanics, it has been shown that the motion
of a mechanized system is always such that the time integral of the
Lagrangian function L(g,q,t) taken between two configurations of the
system has an extreme value. Actually, in general the motion is such
that

J = j: * Lig.gdt (188.1)

is a minimum, so that this principle has come to be known as that of
least action. Thus from a mathematical point of view, the problem of
determining the motion of a system is that of determining the position
coordinates as those functions of the time which will make the above
integral a minimum. This is a typical problem in the calculus of varia~
tions.

Another such principle is that of Fermat, which states that the propa-
gation of light always takes place in such a way that the actual optical
path, i.e., length of geometric path multiplied by the index of refraction
of the medium, is an extreme value. If the index of refraction varies
continuously from point to point in the medium, Fermat’s principle
states that

J =j;m n(z,y,z)ds = extremum (188.2)

From the standpoint of the calculus of variations, functions y(z), z(z)
must be found which make the above integral take on an extreme value,
which is usually its minimum value.

Many other physical laws can be expressed in terms of a variational
principle, but the examples above are sufficient to illustrate the general
mathematical problem involved.

Many problems receive their initial formulation directly in the do-
main of the calculus of variations. Examples of simple ones in this
category include determination of the form of the curve in a plane, which

403
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will make the distance between points in the plane a minimum, and
determination of the meridian curve connecting two points in a plane
which, when revolved around an axis, gives the surface of revolution
with the minimum area, In these two problems we require those partic-
ular functions y(z) which make the following two integrals a minimum.

J =f;/\/1 + y'? dr = minimum (188.3)
J =2 [ yVT+ ¢ de = minimum (188.4)

subject to the conditions that y; = y(2:) and y» = y(a,).

189. Nature of the simplest variational problem. Many varia-
tional problems are included under the particularly simple type in which
we seek to determine a function y(x) which makes the integral

Il = [ Flayy)de (189.1)

a minimum. The notation J[y] indicates that the value of the integral J
depends on the argument function y(z) for a specified function F. The
problem with which we are confronted bears some resemblance to the
problem of finding the minimum or maximum of a simple function f(x)
(see Sec. 21). In the latter case, a necessary condition for an extremum
is that the differential df vanish at the point. The problem encountered
in the calculus of variations, however, is much more difficult, because
instead of finding a point where a simple function f(x) has a minimum,
we are required to determine a function y(z) out of an infinity of possible
functions defined over an interval of z which makes an integral J a
minimum. A further very fundamental difference between the maximum
and minimum problem and the calculus of variations problem lies in the
fact that a theorem of Weierstrasz always insures the solution of the
straight maximum-minimum problem, while no such general funda-
mental existence theorem exists for the variational calculus problem.
Consequently, in the calculus of variations the existence of a solution to
any given extremum problem requires a special proof.

In those cases where a solution exists, it will turn out that a necessary
condition for an extremum is that the first variation of J[y] must be
zero. This is written

Jyl=0 (189.2)

This requirement is formally analogous to the requirement for the
straight minimum problem that the differential df vanish. It remains
for us to define the meaning of the first variation of an integral.

190. The first variation and the Euler equation. We shall pro-
ceed to determine the necessary condition for the integral



Sec. 190] VARIATIONAL METHODS 405

IW] = [ Feyy)ds (190.1)

to have an extremum. It will be assumed that z1,2.,y: = y(z:), and
y2 = y(ws) are given, and that the function F possesses continuous
second-order partial derivatives with respect to z, y, and y’. It will
also be supposed that y”/(z) is to be continuous.

It is convenient to start by assuming that we know the function
which actually makes J a minimum and call it yo(z) so that

J %] = a minimum
and consider a group of functions y(z) which vary somewhat from
yo(z), in which case
Jyl = Iyl
The particular group of functions y(z) will be taken to be those de-
fined by
y(x) = y(@) + en(z) = yo + &y (190.2)

where 7n(z) possesses a continuous second derivative and vanishes at
z; and s, so that y(z) = yo(z) at the end point of the curve y(x). Here e
is regarded as a small quantity, so that 8y denotes a small variation of
the function from the minimal function yo(z). Placing (190.2) in the
integral of (190.1) gives a function of ¢ only, namely,

() = [ Fay+eny +er)de (190.3)

Since by definition the integral takes on its minimum value when ¢ = 0,

it follows that
o) =0 — [ (oF oF ,
20 =0 = [*(5on + S Jao

Since n(z;)) = n(x:) = 0, an integration by parts of the second term
can be carried out, and the above integral becomes
oy = (2F _ A oF\
#(0) = [ (ay do oy 1ds =0 (190.4)
If this equation be multiplied through by ¢, then on the right side e
by (190.2) can be written as 8y, the variation of the function y. If,
then, the quantity ¢®(0) on the left side be termed 8J, this defines the
first variation of the original integral corresponding to the variation
of the function y(z). The necessary condition (190.4) for an extremum
for the integral J is that the first variation of J vanish, i.e.,

s (0F  d oF
o = L ( i dxay,)&yd:c =0 (190.5)

It is readily seen that if ®(¢) defined in (190.3) is expanded in a power
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series in ¢, the term containing the first power of e,'i.e., € {Z—f}
e=0Q

is just 8J. This is the reason for calling it the first variation of J. Terms
in higher powers of ¢ are called second, third, etc., variations of J.

Since n(z) is quite arbitrary except for its values at z; and z;, the
quantity 8y is also arbifrary, and it follows that the integral in (190.4)
or (190.5) can vanish fg: all 7 or 8y only if

=0 (190.6)

When the total derivative of dF /9y’ with respect to x is taken, the above
equation becomes
1 OF , oF *F oF
¥ dy'? ayoy " dzay oy
This is Euler’s differential equation. That this equation must be satis-
fied by y(z) constitutes a necessary condition for the existence of an
extremum. Every solution of this equation fitting the boundary condi-
tions is called an extremal or stationary function of the minimum prob-
lem. This differential equation arising out of the first variation of J[y]
plays the same role in the caleulus of variations minimum problem as
the ordinary differential quotient plays in the simple minimum problem
in ordinary calculus.
There are several circumstances in which it is simple to obtain the
solution of the Euler equation. These cases will be pointed out in the
following.

Case 1; F Explicitly Independent of x. In this case the following

identity holds
A (p_ P\ _ (OF _doF
dz Jc’)y’ =Y dy dx oy

However, from condition (190.6), the right side is identically zero, so
that

+y =0 (190.7)

F -y %: = constant (190.8)

Thus in this case a first integral of Euler’s equation can be obtained
directly. To proceed further, the actual function F(y,y’) must be known.

Case 2; F Independent of y. In this case, eq. (190.6) reduces to

d oF
way = °
or g§ = constant (190.9)

80 that a first integral can be obtained directly here also.
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Case 3; F Independent of y'. In this case, we would have the algebraic
equation
aF
P =0 (190.10)
to solve.

Case 4; F Independent of x and y. In this case, the Euler eq. (190.7)
reduces to
0 OF _
y ayig -
In case 32F/dy’? does not vanish identically, we have the simple differ-

ential equation
y' =0 (190.11)
to solve.

Example 1. The foregoing method will be applied to the problem of
determining the plane curve passing through the points (z1,y:) and
(w2,y2) which shall have the shortest length. The length of such a curve

[formula (188.3)] is
Il =[VT+ P de (190.12)

This corresponds to Case 4 above, since F = V1t y'? is independent
of 2 and y. Further, since 92F/dy’? is not identically zero, our problem
reduces to that of solving the differcntial equation

H=O

subject to the conditions that the curve pass through the points specified
above. The solution of the above equation is obviously

Y =cx+ C
where the constants ¢; and ¢, are determined so that the straight line
represented by the above equation passes through the points y; and .
Thus
= ar + e Yo = %2 + €2

=" h ‘/‘ (:r —az) +u (190.13)

Finally y=;
Ly —

(‘onsequently, the shortest dlstsmce between the indicated points is a
straight line connecting them, and verification of this fact, as seen above,
is a simple problem in the calculus of variations.

Example 2. The Brachystochronc The time required for a particle
to descend from the origin to the pomt (21,51) on a frictionless curved

path lying in a plane is
Y 1,
t= j; \ /—Lm dx (190.14)
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This relation was essentially derived in Sec. 177. The above formula
can be obtained from that in Sec. 177 by replacing the element of

length ds by V1 4+ y'?dz, where the curve is specified by y(z). The

o
(4
\ J x
AN ‘K
\ 7/ 7z -1
~ 7
~ PR
\\\ PO -
Py
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y
Fia. 190.1

problem considered here is that of determining the function y(z) for
which the time of descent will be a minimum when the curve must pass
through the points (0,0) and (z1,y1) (see Fig. 190.1).
In this case
’2
Fayy) = Fluy) = \J ot (190.15)
29y
and consequently our problem falls under Case 1 above, so that y(z)

must satisfy the equation

oF
JBJ —F=-q

or, from (190.15), this equation reduces to
aVogy(l + 4" =1

Upon further reduction, this equation reduces to

. k'_y ____:.l__
Y —11[ v where k_c¥2g

This can be integrated, and the result is
ydy
= 190.16

z +f Viky — y? ( )
The proper sign to choose here is, of course, the positive one. By using
the method of Sec. 28, the above integral can be readily integrated.
Perhaps the simplest way to integrate the above integral is to write it
1 yk-—2yd+7§ v dy
T2JoVig = T 2D Vi —
The first integral can be integrated at once, and the second one can be
integrated easily by making the substitution

xr =
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ko ks
5~ Y =508
The final result is
z=—Vky — * + g cos—1 & > Zy (190.17)

This is the equation of the extremal or the curve of minimum time of
descent. It still remains for us to select k so that the curve goes through
the point 21,5, To do this it is simplest to use the parametric equations
of the curve, which are found by letting k/2 — y = (k/2) cos 6. Then

z = g(& — sin 6) (190.18)
y = ga — cos6) (190.19)

These are the parametric equations of a cycloid. First draw the cycloid
for which k/2 = 1, as shown in the dotted curve of Fig. 190.1. Then
draw a straight line cutting it and connecting the origin and the point
(21,1). Since all cycloids are similar, the one passing through (z;,y1)

will be that one for which
k_OP

2 0P

Clonsequently, we have found the path down which a particle would
slide without friction to the point (z1,%:) in the shortest time.

191. Variational problems involving several unknown func-
tions. In the above discussion the variational problem involving only
one unknown function of a single independent variable was considered.
The required generalization to cover problems wherein more than one
function of a single independent variable is involved can readily be

made. If the unknown functions are (), y2(z), ... , the problem be-
fore us is to determine these functions such that the integral
J[ylyyﬁy e =L;" F(x;yl;yZJ .. -yyiyyéf .- )dI (1911)

will have a stationary value.
As in the preceding section, one assumes that yu(z), ye(z), ete. are
the functions which yield the extremum, and consider the variations
% = Yon + am(@) Y2 = Yoz + ema(T) ... (191.2)
= yYu + oy = Yoz + Y2 ...
Then the integral (184.1) becomes
Bleyer, .. .) = J [Yort0yn,yoa+8y, . . -]

=j:’ F(z,yoi+em,Yoatems, . . -,
yt,n+ﬂ"7;;y{)a+ez'r];, .. )dx
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Here & is a function of several variables ¢, e, etc., and by hypothesis &
has an extremum when ¢ = & = ... = 0. Consequently, & has an
extremum when

=...=0

e2=0

) o)
ael =0 - 662
Proceeding just as for the one-functional case, this leads to the following
system of Eulerian equations, the simultaneous satisfaction of which
constitutes a necessary condition for the required extremum

d oF oF

T _Z oo

de oy op (191.3)
4 oF _oF_, ;

dx ayé Y2 -

In terms of the first variation of J, which in this case is

P P
o= “ (a—él)u=0 s (’a_éz)u-o +

the necessary condition for an extremum can be expressed by the
condition that

=0
as in the one-functional case.

192. Variational problems involving several independent vari-
ables. Many physical problems require us to determine a function of
several independent variables which will give rise to an extremum in
the case of a multiple integral. The following two-variable cases will
serve to illustrate the type of problem which is to be handled. The
integral to be considered is

J[u] = fD f F(x,y,u,us,)dx dy (192.1)

where u(x,y) is the function of two variables which is to be determined
such that J is an extremum and «, = du/dz and w, = du/dy. The func-
tion F is defined over the domain D of z and y, and is assumed to have
continuous second-order partial derivatives.

As in the preceding sections, one starts with a function w(z,y) which
makes J[u] a minimum and then considers a variation of this function
of the form

uo(x,y) + en(x,y)
uﬂ(x)y) + ou

where n(z,y) is arbitrary except that it vanishes on a curve C forming
the boundary of the domain D. In accordance with the preceding sec-

I

u(z,y) (192.5)
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tions, we form &J, the first variation of J, and set it equal to zero.

Thus
[l s

oF | OF 9y  9F & -
efnf[au” + du, oz + du, [-)y]dz dy =0

oJ
(192.3)

We shall assume that the curve C bounding D has a piecewise continu-
ously turning tangent, so that Green’s theorem (Sec. 59) can be used
to make a useful transformation of the above integral. Upon applica-
tion of Green’s theorem to the last two terms of the above integral, it

becomes
oF d oF 9 dF
o = efnfn[é)u T orou, 51_/ E]dxdy

oF oF (192.4)
Since 7 is assumed to vanish on the curve C, the right integral vanishes.
Also since 7 is otherwise arbitrary, it follows that the part of the inte-
grand in brackets in the left integral must vanish identically. Conse-
quently,

d oF ddF oF 0

;ﬁcauz_{_a.yﬁ,_E:a (192.5)

When this equation is written out in detail, we have the following
partial differential equation.

PP | OF ou | oF 0w | oF | oF o

ouZ 9x* ' udus 9 = Ou, du, 0z dy = AT du, = Oud Ay

°F ou F 9 *F oF

+ duduy dy ' du. du, dy dx ' dy du,  ou

(192.6)

0

This is Euler’s partial differential equation for the variational problem
involving two independent variables. A necessary condition for an
extremum of J{u] is that u satisfy this equation. If u(z,y) is required
by conditions of the original problem to have specified values on the
boundary C, a solution of the Euler equation must be obtained which
satisfies the given boundary conditions.

Example. The Vibrating String. An example of this type of varia-
tional problem is provided by using the principle of least action men-
tioned at the beginning of Sec. 188 to derive the differential equation
governing the motion of a vibrating string. According to eq. (188.1),
the motion of the system will be that for which the integral

Jia) = [" Liggdr . (192.7)
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has a stationary value, where L is the Lagrangian function or merely
the difference between the kinetic and potential energies of the system,
ie.,
L=T-T0T (192.8)
In order to determine these quantities for a string, it will be supposed
that initially an elasti¢ string is stretched along the « axis from z = 0
to 2 = l. The string 'will be given a small lateral displacement which
at each point along the z axis will be denoted by u(z,t). If p is the mass
of the string per unit length, the kinetic energy of the string is given by
_1 9
=5 Coutdr = n (192.9)
when lengthwise motion of the string is neglected.
If the displacement of the string is small, the change in length of
the string occasioned by the displacement is given by

L‘\/1+u§dx—zzf‘(1+lug>dx—z

; o2 dz (192.10)

Since the potential energy will be proportional to the elongation, the
potential energy is

U= 2 uz dx
Thus L=T-U=3 f (puf — kul)dz
and eq. (192.7) becomes
Jwl = f} (%p’u? - %kuﬁ)dx it (192.11)

In this case the functional F does not depend explicitly on z, ¢, or %,
since

Flunu) = 5o — k)

The first variation 8J will be zero when the Euler differential eq. (192.6)
is satisfied. On using the above function F(u.u) this Euler equation
reduces to

2 2
Pu_ xS _ (192.12)
which is the familiar differential equation for the vibrating string.

193. Potential theory and the associated variational problem.
Potential problems involving Laplace’s equation
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~——+t75=0 (193.1)

can be replaced by a variational problem. To find the equivalent varia-
tional problem it is necessary only to determine the function F in the
integral (192.1) for which the Euler equation is the same as eq. (193.1).
1t is readily seen that if

Fa,y ) = 30 + )
the Euler partial differential eq. (192.6) reduces to Laplace’s eq. (193.1)

in two independent variables. Consequently, the potential function w
is that function which makes the integral

J[u] =ffD%(u§ + ul)dr dy

an extremum, i.e., makes the first variation of J vanish. Hence v is the
function for which éJ = 0.

194. Variational problems with an auxiliary condition. It is
often required to determine the function u(z) which will make the in-

tegral

Iy) = [ Fayy)ds (194.1)
an extremum subject to the auxiliary condition that
7 G@yy)dz = C (194.2)

It may be shown that this problem is equivalent to the problem already
considered in Sec. 190, namely, that of finding the function y(z) which
will yield an extremum for the integral of a modified function F*(z,y,y’).

T*y] = [ Prapy)de (194.3)

without regard to the auxiliary condition (194.2). The modified func-
tion F* is given by

F* = F(xyy) + M zyy) (194.4)
where the constant A must be determined from the auxiliary condition
(194.2). This method breaks down for the exceptional case where

Ezxample. Probably one of the simplest examples which will illustrate
the operations indicated above is that of determining the curve of
shortest length between two points (z,5:) and (2s,52) such that the area
under the curve is A.
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From Sec. 188, the length of the curve is

Iyl = f VIt yia (194.5)
and the area under it is
L " yde = A (194.6)

According to the prevAs part of this section our problem reduces to
that of finding the extremum of

J*[y] = f T WVIH Y+ M)de (194.7)

From Sec. 190 the necessary condition for the first variation of J*[y]
to vanish is that eq. (190.6) be satisfied for this case, or

dxa VT ) = S VT +)

dx V1 4y

This differential equation can be integrated twice, after which y is
given by the equation
¢ 1

(W — e + (x - ;)2 -5 (194.8)

Thus the curve of shortest length, the area under which is 4, is a circle
with center at the point (¢;/\,c2) and a radius of 1/X\. The constants of
integration ¢, and ¢,, together with the constant \, can be determined
from the condition that the curve passes through the points (z1,y1)
and (xs,52) and the condition furnished by eq. (194.6).

The variational problem handled in Sec. 191 can be generalized to
include an auxiliary condition also. Specifically it is required to deter-

= A

mine the functions y;(z), y»(x), ... , which yield an extremum for the
integral
J[ylyyZy . ] =‘/::2 F(xyyh?/'ly' . ~,?/I:1/§, N )dx (1949)
subject to the auxiliary condition
G(@yrye,...) =0 (194.10)

where the values of y:1(x1), yi(22), ye(x1), y2(x2), ete., are prescribed.
The straightforward procedure would be to solve for one of the unknown
functions in terms of z and the remaining ’s, and substitute in the
integrand of (194.9), thus eliminating one of the unknown functions
in the original integral and proceeding exactly as outlined in Sec. 191.
However, this is not always easy to do, and it is more convenient to
replace F in (194.9) by the modified function F* defined as follows.

=F +2G



Sec. 194] VARIATIONAL METHODS 415

The resulting variational problem is just that handled in Sec. 191 with-
out an auxiliary condition. In this case \ is generally not constant but
a function of z.

Ezample. There are many examples of this type of variational prob-
lem. A simple example is the determination of the curve of shortest
length between two points on a sphere when the whole curve is confined
to the surface of a sphere. The length of a space curve when the co-
ordinates y and z are expressed as functions of z is given by

Jwe) = [CVTF e (194.11)

and if this curve is to lie on a sphere of radius r, then z, y, and z are
related by the equation

2?2+y?+22—1r2=0 (194.12)
Our minimum problem is then equivalent to finding the minimum of
J*[y,z] where
J*[y,2] =L” (VIH g 22+ 4y +22—M)ldr (194.13)

The method of handling this variational problem is given in Sec. 191.
From eq. (191.3), the Euler differential equations are

a___ ¥ 2y =0

dx T -

) VItytte (104.14)
£ —22 =0

dz /1 F oy + 2

From these two equations and eq. (194.12), the unknown functions
y(x), z(z), and A(x) can be determined. There will also be enough
arbitrary constants so that the curve can be made to pass through the
points x1,y1,21 and z»,y2,2; on the surface of the sphere.

195. Direct methods of obtaining solutions of variational
problems. In the preceding sections, the problem of determining a
function which makes a certain integral a minimum has been replaced
by the problem of obtaining a solution of the Euler differential equation.
It often happens, however, that the Euler equation or equations, as
the case may be, are difficult to solve and it is easier to come to grips
with the determination of the argument function which makes the inte-
gral a minimum in a more direct way. In fact, for some differential
cquations especially associated with characteristic value problems which
can be replaced by a variational problem, it is possible at least to obtain
an approximate solution by direct methods of solving the equivalent
variational problem.
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For the purpose of illustrating a method of procedure for obtaining
a direct solution of a variational problem we shall consider the varia-
tional problem discussed in Sec. 189. We are required to determine the
function y(z) which makes the integral

/W] = [ Py (195.1)

a minimum. The method to be used can equally well be generalized to
apply to integrals involving functions with more derivatives or to
multiple integrals and the like.

In all direct methods of solving variational problems of this type
one attempts to set up a sequence of functions y1, ¥z, s, ... , such that

lim J[y.) = d (195.2)

an extremum of J, and

lim y. = go (195.3)

.
the actual solution of the variational problem. If d is the minimum
value of J[y], the sequence y1, ¥z, ¥, . . . Which satisfies (195.2) is called
a minimal sequence. It is usually possible to set up such a minimal se-
quence by a method outlined below, but whether the minimal sequence
thus set up will converge to the actual solution y, remains a question
which must be investigated in particular cases. Examples can be given
where the variational problem has a definite solution, but the minimal
sequence does not converge to it. Nevertheless the method is useful
for numerical calculations of the minimum value d and for determining
the solution g, approximately, even though the convergence of the
minimal sequence to y, has not been proved (see second example in
Sec. 196).

It is hardly necessary to point out that the functions y, must be de-
fined over the same domain as y and satisfy the same boundary or aux-
iliary conditions as y. It is characteristic of the individual functions
yr of the minimal sequence that

Jypl =di 2 d (195.4)

when the sequence is established for the solution of a minimum prob-
lem.

196. Construction of the minimal sequence. A particularly con-
venient method of setting up a minimal sequence is known as the Ritz
procedure. The first step is to select a set of linearly independent func-
tions ¢y, ¢3, ... , ¢n» Which have the same boundary or auxiliary condi-
tions which y is required to satisfy. One then represents the function
y(z) approximately by a linear combination

Yn = Cipr + Coo2 + ... + Cagn (196.1)
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of the functions ¢1, ¢, ... , ¢. in accordance with Sec. 156. These
functions might be a part of a complete orthonormal set for the domain
of definition of y. The cleverness with which this set of functions is
chosen with respect to their adaptability to the problem determines
the rapidity of convergence of the method. In a physical problem, a
knowledge of the general nature of the solution is of enormous benefit
in selecting the most appropriate set of functions.

If each ¢ satisfies the boundary conditions irrespective of the value
of the constants ¢;, ¢z in (196.1), then y, satisfies the imposed boundary
conditions. To determine the constants ¢; to ¢, the term y, as given
by (196.1) is substituted for y in F(z,y,y") of eq. (195.1). The integral
can be evaluated, and the result J.(ci,cs,. . .,c.) Will be a known func-
tion of the constants ci, ¢s, ... , ¢a. One is then confronted with an
ordinary problem in maxima and minima to determine the values of
the ¢’s such that J[y.] will be an extremum. Consequently the ¢’s are
to be determined from the n equations.

o _ o 8 _ 8y _
dcy T dey 0, den 0 (1962)
as outlined in Sec. 21. If this system of equations possesses the unique
solution ¢; = v1, ¢2 = 7s, ..., €. = v, the best possible representation
of y(x), using the set of n functions ¢, ¢s, ... , ¢. Will be
Y(®) = yal2) = ner + vape + ...+ Vo (196.3)

In many physical problems J.(c,¢s, . . .,¢.) turns out to be a quadratic
form in the constants c, so that egs. (196.2) are ordinary linear equations.
The minimal set of functions in this case is made up of the functions

Y = Mipr
Y2 = 111 + o2

............... ( (196.4)

Also lim Ji[ye] = d = the minimum of J[y]. It would further be
-
expected that lim y: = yo would yield the solution to the minimum
e

problem, but as pointed out in the preceding section this cannot always
be guaranteed.

The above method of setting up the minimal set for the direct solu-
tion of the variational problem (195.1) can readily be extended to cover
the case where the argument function y must satisfy certain auxiliary
conditions such as those considered in Sec. 194. In this case the con-
stants ¢;, ¢s, ... , c» must be made to satisfy the auxiliary equation in
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addition to egs. (196.2). This minimum problem with auxiliary condi-
tions has been treated in Sec. 22.

Ezample 1. As an example of the typical procedure used in applying
the above method, we shall consider a variational problem discussed
by Ritz. It will be requjred to determine the function y(z), which makes
the integral

Tl = @y + 2@y + r@ylde (196.5)

a minimum, subject to the conditions that y'(z) shall be finite and con-
tinuous in the interval ab, and y(a) = A and y(b) = B. It will be as-
sumed that p, ¢, and r, together with their first derivatives, are finite
and continuous in the interval ab, and that the quadratic form
py"? + 2quy’ +ry?

is positive definite.

It will be more convenient to transform the problem to one where
the unknown function has simple boundary conditions. This may be
done by letting

ylx) = (196.6)

By requiring u(z) to satisfy the boundary conditions u(a) = u(b) = 0,
the function y(z) automatically satisfies the proper boundary condition
y(a) = A and y(b) = B as required. Replacing y in (196.5) by its
expression in terms of w given above,

J[u] =Lb {pu’? + 2quu’ + ru?

 [n(3=) (o =)
)
o2 (= st

+r< bA+ a)}dm

If the first bracket of the integrand is integrated by parts, keeping in
mind the boundary conditions on %, and the result is combined with the
second bracket of the integrand, the above integral may be written as
follows.

Ju] = j; b (pu'* + 2quu’ + ru? + 2Fu)dx + constant (196.7)

where (@) = (r — ¢)2= A +1=9p plz =4 (1068
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and the constant term in (196.7) arises from integrating the subsequent
terms of the integrand, which include all known functions of z. The
constant term is of no consequence as far as the variational problem is
concerned, so that the original variational problem is replaced by one
which requires us to find u(z) which makes the integral

J[u] = f * (oW + 2quu’ + ru? + 2Fu)de (196.9)
a minimum.
Since u(a) = u(b) = 0, it would appear convenient to use the sine
functions to form the minimal set. With this choice
ik — a)
@ = sSIn "‘—‘—b —a
would satisfy the boundary conditions for all k. Using these linearly

independent functions over the interval ab, the prospective minimal set
becomes

u = ¢ sin Tz — a)
b—a
. T —a 2 a
U= sm"(b—_—) + crsin TIEI - )
wy = e sinTE—=D L re—a) g —a)
b — b—a b—a
When these functions are substituted in (196.9) and the constants
¢ ... cn, determined so as to make J[u] a minimum, it can be proved

that the resulting functions form a minimal set, and
lim J;[u] = d = minimum
k—w

and Izim U = Uo
is the unique solution of the variational problem.

This particular example will not be pursued further, since it would
be necessary to know the actual functions p, ¢, and  in order to proceed.
The above discussion, however, will indicate how one goes about using
the Ritz method of solving a variational problem directly.

Example 2. As another example of the use of the minimal set of
functions to obtain a direct solution of a variational problem, we shall
consider the variational problem associated with the motion of a vibrat-
ing string as discussed in Sec. 192. The integral that must have a
stationary value is

Y lz_l 2
Il = fo(2w 2ku,)dtdx (196.10)
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as given by (192.11). For our present purpose we shall attempt to
determine the amplitude of vibration of a string as a function of the
distance along it when the ends are held fixed and the remainder vibrates
harmonically with the time. Our problem will therefore be that of
determining the function y(x) when
/u(x,t) = y(r)sin wt (196.11)

and y©0) =y =0 (196.12)
for all values of ¢.

When one substitutes (196.11) in (196.10) and performs an integra-
tion with respect to ¢ over one period of the motion, i.e., from ¢ = 0
to t = 27/w, one obtains

Ju] = J[y] = 57:3 j; "eti(x) — kyt@)]dz (196.13)

It will be convenient to consider a string of length 2 by letting
£ = 22/l — 1, whereupon

_ polm 1 _k
Tl =2 1 o - L] asen
or ) = 22y (196.15)
where J'lyl = f_ll [y? — K%'*]d¢ (196.16)
. k
and K =-5 (196.17)

The boundary condition (196.12) must of course be replaced by the
condition
y(=1) =y(1) =0 (196.18)

The linearly independent set of functions ¢, we shall attempt to use
for setting up the minimal sequence of functions will be powers of £,
so that the minimal sequence will be a sequence of polynomials. It is
convenient to set the minimal sequence up so that each function of the
sequence satisfies the boundary condition (196.18). This may readily
be done by choosing the nth member of the sequence as

yu(8) = (1 — E(co + c:if® + et + ... + cal™) (196.19)

The choice of even powers of ¢ limits us to the determination of an
amplitude function y(§) which is even. Thus even solutions of the
problem can be determined, and any odd solutions can be found by
choosing a polynomial with odd powers of £.

To further illustrate the method we shall compute the function y;(£)
which gives the stationary value of Ji[y], i.e., J1. Replacing y in (196.16)
by y:(£), one obtains
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_al(2 _ 2 11
Ji-8 [( < )c" + (105 15K2)C°°‘ + (315 105K2)"2]
(196.20)

The values of ¢, and ¢; which will make J; an extremum are deter-
mined from egs. (196.2) or

4
8_.]1 = 2(_2_ - _Kz)co + <_é_ _ '—-Kz)cl =0

dco 15 3 105
aJi [ 4 . 2 _1.,\ _
dcr (105 K )c" +2 <315 - 1051‘ ) 0

These equations can be simplified somewhat numerically, so that
i 1 1.), _
(1 2K )Co + (7 2K )Cl = O
( 1— gK2>co + (% - HK”)cl - (196.21)
For nontrivial solutions of these equations to exist, the determinant

of the coefficients must vanish (see Sec. 133). This determines K.
The determinant in question is

5.\ (1_1
(“2") <7 2'(2)

T\ (11,
(1 2K> <3 2K>

or 63K* — 28K*+4+1 =0 (196.22)
Solving this equation yields the values
14 4 11.5325
2= =T
K 63

For the larger of the two values of K2

1
K= 2.46744
For this particular problem one may obtain the exact solution by
solving the Euler differential equation corresponding to this variational
problem. This differential equation has been given [see eq. (192.12)],
and is
pd%u _ ko*u
ot? dx?
Substituting the type of solution already used, namely, (196.11) gives
the differential equation

=0

" k ’ 1
Y +;}—2y=0 or ¥y +f2y=0 (196.23)
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The solution of this equation which satisfies the boundary conditions
(196.18) is obviously

= cos Z
y=co8g
1 nr .
where =3 n an odd integer

The numerical value of 1/K? from this exact result for n = 1 is 2.46740.
Comparing this with the value found above by the minimal sequence
method, it is seen that even with the first minimal function, the value
of K? is determined with remarkable accuracy. The reader should go
ahead and determine the ratio ¢;/co from (196.21) and compare the
resulting function y;(¢) with the exact solution ¢, cos (z/K). To obtain
values of K corresponding ton = 3, 5, ... , etc., it would be necessary
to use minimal functions of higher order to obtain equivalent accuracy.
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PROBLEMS

190.1. The distance between two infinitcly near points on a sphere is given by
ds = Va?de® 4+ a®sin? 0 de?.
Show that the shortest curve between two points on a sphere is a great circle.

190.2. Find the curve of shortest length between two points on the surface of a
cone, and show that if the surface is rolled out onto a plane, the curve becomes a
straight line.

190.3. Show that the shortest curve from the point (0,0) to the curve y = f(r)
must satisfy the equation

d(aF _oF _
dz\ay’ ay
and the conditions .
g 9F | oF
F—y oy togl

=0
0
190.4. A light ray travels in a region whose index of refraction is given by n = ¢2.

Find the path taken by the ray in going between two points on the y axis.
191.1. The kinetic and potential energies of a spherical pendulum are given by

—}. 2 Ciq 2 2 qin? 4.‘2 ?

T = 2[1 (dl) + 12sin? 6 dl) ]r
V = mgl(1 — cos ).

Find the equations of motion.
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191.2. If the kinetic energy of a symmetrical top is given in terms of Euler’s

angles by
L[, () dx dg*
T = Z[I(dt +I(am0dt) +J(dt +cosadt) ]»
find the equation of motion of (1) a top rotating in the absence of external forces, (2) a
top rotating under the force of gravity, so that its potential energy is U = mgh cos 6.

191.3. If the distance between two points in a space of n dimensions is given by

n n
ds? = gu(da:l)’ + 21]12 dI1 dxz + ... = E Z Gii dz; dz,-,
=1 5=1
show that the geodesics in this space must satisfy

dz‘ + Z Z iklz o dzb’

i) LS~ (e dgn _ dgw,
kS T2 dry T dm | dz;
~

where

n
and where g is defined by E g Gk = Suke
=1
192.1. The potential encrgy per unit length of a beam is given by EI/2R? where
E is Young’s modulus, I is the moment of inertia of the cross section of the beam,
and R is its radius of curvature. Find, in the linear approximation, the equation of
motion and boundary conditions of a conical mast which is set firmly in the ground.

192.2. Verify that the Lagrangian
1 1
L —8_7(E2 — B?) — pe +21*A

leads to Maxwell’s equations.

194.1. A cylinder containing a volume V of liquid rotates about its axis with an
angular velocity w. The liquid assumes a configuration which makes its potential
energy a minimum. Find the shape of the surface of the liquid.

194.2. Find the shape of a uniform string of fixed length hanging under its own
weight from two points on a horizontal plane.

194.3. Find the equation, and the boundary conditions for the shape of a bow of
uniform cross section when strung. See Problem 192.1.

196.1. Obtain, by a direct method, using about three functions, an approximation
to the lowest frequency of vibration of the mast of Problem 192.1.

196.2. By using a sequency of polynomials, suitably normalized, find an approx-
imation to the shape of the bow of Problem 194.3.



Chapter 16

y

ELEMENTS OF PROBABILITY THEORY

197. Preliminaries. The occurrence or nonoccurrence of most
events cannot be predicted with certainty. The small uncontrollable
variations in the conditions under which seemingly identical experiments
are performed introduce a degree of uncertainty which cannot be
eliminated. The theory of probability recognizes the existence of this
uncertainty and attempts to attach numerical “weights’ (probabilities)
to various events. From the purely mathematical point of view the
theory of probability is nothing but a consistent system whereby cer-
tain numbers are assigned to certain events. The applicability of prob-
ability theory to physical reality rests on the empirically verifiable fact
that often the theoretically computed probabilities approximate very
well the observed frequencies with which the events actually occur.

198. Probabilities assigned to events. The procedure adopted in
probability theory is the following. Probabilities are assigned to certain
basic events and then rules are set up whereby probabilities of more
complicated events can be calculated. Theoretical predictions can then
be tested experimentally. If our predictions are not borne out by ex-
periment, we might be forced to reconsider the assignments of prob-
abilities to basic events and the rules underlying our calculations.

As an illustration, let us consider an ideal gas composed of N identical
particles. Let the mass of each particle be m, and let v?, v?, »{° denote
the velocity components (at a given time instant) of the 7th particle.
Assuming that the gas is an isolated system, we can assert that its
energy E must remain constant. Furthermore, the assumption that the
gas is ideal implies that the total energy E is the kinetic energy:

m e 02 (0
2—2[% + v + o ]=E
=1
The state of the gas is now characterized by a point P on the surface
of the 3N-dimensional sphere of radius vV 2E/m. We now assume that
the probability that the representative point P should lie in a region
424
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(on the sphere) of “area” S is proportional to this area. Since it is
customary to normalize the probabilities in such a way that the prob-
ability of the point falling somewhere on the surface is 1, we obtain
probability of P falling into a region of “area” S =
8
total “area’” of the sphere

By this assumption we have assigned probabilities to certain basic
events. These basic events are the events that the representative
point falls within regions on the sphere.

The rules for manipulating with these probabilities are simply the
rules of manipulating with areas of regions on the sphere.

Let us, for instance, calculate the probability that a specified velocity
component, say v5?, should lie between « and 8. We must calculate the
area of the zone

a<i® <pB

For a sphere this area can be calculated by taking the derivative with
respect to the radius of the volume of the portion of the sphere in which

a<vf <8

The volume can be obtained by integrating from « to 8 the volume of
the section v = ». This section is a (3N — 1)-dimensional sphere of
radius V2E/m — v2, and its volume* is

* The volume of an n-dimensional sphere can be calculated as follows.

Valr) = f dzdzs . .. dee =
2124 .. +za2 <02

=-fr dx..f...f dzy ... AT
-T

21t F 2t <ri—-za?

=-f_r Vaa(Vrt — z,0)dz,
=2 j; " Vard(VP = 229)d2a

It follows by introducing new variables y;, = rzy, ... , Yn = 72, that Va(r) = yum
and consequently Vyn_14/7F — 2% = y,_1(r* — z?)(*"D/2, Substituting these expres-
sions in the recurrence formula above,

1
7= 2racs 1 (1 = )iz = 27,_,1;’/2 cos™ 8 d8

Since the area of a circle of radius r is »r?, we have vy; = . Thus

vz Ir[(n+1)/2

Yn = Yna VT I‘(n/2+l) 4 Yn =7
and it follows easily that
w(n/2)

™ = Tn/2+1)
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BN=1)/2
CN(ZE — )
m

Consequently the desired volume is

(8N—
CNf <~— _ v) l)lzdv

Differentiating with res/pect to the radius V2E/m /m, we obtain that the
area of the zone is

— (uv—sm
3N 1 f2E f 2E v Ey

Finally, the desired probability is
f” (2E[m — v?)N-/2 gy
f‘/'é’_l&'/;; (2E/m — v?)BN=9I2 gy
—~ V2E/m
Assuming E to be proportional to N, that is, £ = kN, we have

(3N—3)/2 (3N—3)/2
%‘E — 2 o 2_E_.‘ e-—3mn’/2x
m m

prob. [a < vt < B] =

and consequently

prob. [a < v < ]~ 5 \/ 8 ey

We thus obtain the well-known Maxwell-Boltzmann distribution.

199. Mutually exclusive events. One of the fundamental rules of
probability theory is the following. If E, E,, ... are mutually exclusive
events, the probability that at least one of them will occur is the sum
of their individual probabilities. Symbolically,

prob. {E; or E; or E; or etc.}
= prob. {E;} + prob. {E;} + prob. {Es} + ...

In the foregoing example, probability was identified with surface area,
and this rule is clearly satisfied. In various special situations our rule
can be similarly justified. In general, however, we must accept this
rule as an axiom.

200. Independence. A very important notion is that of independence
of events. Intuitively speaking, two (or more) events are independent
if the occurrence or nonoccurrence of one does not influence the occur-
rence or nonoccurrence of the other.

We should now like to discuss the following problem. If the events
E, and E; are independent and if we know the probabilities prob. {E:}
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and prob. {E.} assigned to them, what is the probability prob. {E; and E}
of the simultaneous occurrence of E; and E.?

Since independence precludes the existence of any “interaction”
between the events E; and E,, we can assume that prob. {E; and Ej}
should be completely determined by the knowledge of the individual
probabilities prob. {E;} and prob. {E.}. If there were any “‘interaction’”
between E; and E,, then clearly we would have to know something about
its nature before we could hope to calculate prob. {E; and E.}. We can
thus postulate the existence of an universal function F(u,v) such that
whenever E; and E, are independent,

prob. {E; and E.;} = F[prob. {E:},prob. {E:}]

Imagine now, that a die and a coin are tossed independently and that
the probabilities associated with the numbers 1, 2, ... , 6 on the die
are pi, Pz, ..., s, and those associated with heads or tails, « and 8.
We have, for instance,

prob. {1 and h} = F(p,a)

prob. {2 and h} = F(ps,a)

prob. {1 or 2 and &} = F(p1+p.,c)
On the other hand, the event {1 or 2 and h} is equivalent to the event
{1 and h or 2 and h}, and since the events {1 and h} and {2 and h} are
mutually exclusive, we have by the axiom of Sec. 199,

prob. {1 or 2 and A}
= prob. {1 and A} + prob. {2 and &}

Thus F(pi+pya) = F(pya) + F(pe,e) (200.1)

Apart from the conditions
6
p:>0, a>0, 20, Y.p.=1, a+f=1
1

the numbers p; and p; and « can be quite arbitrary (we can think of
different “loaded” dice and coins). Keeping a fixed and differentiating

with respect to pi,
OF (pr+pya) _ 9F(pye)

6p1 31)1
Thus, as long as p1 > 0, p2 >0, @ >0, a < 1, ;1 + p2: < 1, we have
oF
5o = 1@
or F(pye) = fla)p1 + C

Substituting back into (200.1),

(21 + pa)f(a) + C = (p1 + po)f(e) + 2C
orC =0.
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If we assume that our universal function F is also symmetric, i.e.,
F(up) = F(v,u), we get

F(a,p1) = of(;) = F(p,e) = pif(e)

or f(a) = Da, where D is a constant. Thus, F(u,») = Duy, and the
normalizing constant D be easily seen to be 1. In fact,
Dp, ﬁ/;'ﬂ(:l,l) = prob. {1 and & or ¢}
= prob. {1} = p,
Finally, F(up) = w
Generalizing the above considerations to an arbitrary number of

events, we are led to the following important rule. If the events E,
E., ..., E, are independent,

prob. {E; and E; and ... and E.}
= prob. {Ei} prob. {E.} ... prob. {E.} (200.2)

From the purely mathematical point of view, (200.2) constitutes a defi-
nition of independent events. The considerations of this section show
that the physical notion of independence leads in a natural manner to
this definition which embodies the basic law of multiplication of prob-
abilities.

201. Random variables. Suppose that an experiment can lead to
k results which are characterized by the numbers a;, a, ... , ax (for
instance, the outcomes of a single throw of a die are 1, 2, ... , 6).
Suppose furthermore that probabilities pi, pe, ... , px are assigned to
the respective results. We have

p: 2 0, ip.=1

The outcome of an experiment can be denoted by a symbol X, where
X can be any number aj, as, ..., ax. Furthermore we have

prob. {X = a;} = p;

The symbol X is called a “random variable.”* Consider now another
experiment which can have outcomes by, by, ... , by with corresponding
probabilities g1, g2, ... , g The outcome of this experiment can be
symbolized by the random variable Y, for which

prob. {Y = b;} = g; (201.1)

If the experiments are performed independently, the random variables

* This, of course, is not a precise definition. A precise definition cannot be given
without appealing to the notion of measure. For the purposes of our exposition an
intuitive notion will suffice.
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associated with them are called independent. Mathematically, this
means that .
prob. {X = a;, Y = b;} = prob. {X = a;} prob. {Y = b;}
= Pid;

If the experiments are not independent, the probability of the event
{X = a;, Y = b,} is some number p,; which is not necessarily the prod-
uct p.g;. The numbers p;; are not quite arbitrary. Apart from the usual
requirement p,; > 0, we must clearly have also

) E
E Dij = Di Z Dii = @i (201.2)

i=1 =1
Tt is possible to define operations on random variables. If, for instance,
X is a random variable capable of assuming values ay, as, ..., @ with
respective probabilities pi, ps, ... , D, then X? is a random variable
capable of assuming the values af, a3, ... , af. To determine the cor-
responding probabilities we write

prob. {X = a%} = prob. {X = a;} + prob. {X = —a,}
If —a;is not among ay, as, ..., ar, we have
prob. {X = a%} = p;
If —Q; = Oy,
{prob. {X = af} = p, + p.

If X and Y are the random variables defined above and if

prob. {X =a,, Y = b} = p;;
it is easy to define the random variable X + Y. In fact, X + Y can
assume the values a, + b;; and

pI‘Ob. {X + Y = C!} = Zp,','
where the summation is extended over all indexes #, j for which

a; + b; = a. The above considerations apply, of course, to an arbitrary
number of random variables.

202. Expectations. Let X be a random variable capable of assum-
ing the values a,, ..., a; with respective probabilities p, ps, ... , D
The mathematical expectation E{X} of X is defined by the formula

k
E (X) = Z a;p:
=
We see that E{X} is just a weighted average. One often denotes the
mathematical expectation by (X),, and refers to it just as the average
of X. If Xy, X5, ... , Xn are random variables (not necessarily inde-
pendent),
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E{Xi+Xo+ ...+ X} = E{X} + ... + E{X.} (202.1)
We carry out the proof for the two random variables X and Y considered
in Sec. 201. For the sake of simplicity let us assume that all sums
a; + b; are distinct. Then
prob. {X + Y = a; + b;} = prob. {X =a;, Y = b;} = py;
and consequently /
E{X + 1} =Z(ai+bj)pij
Using (201.2), we readily obtain N
E{X + 7Y} = E{X} + E{Y}
It is also easy to see that if Xy, ..., X, are independent,
E{Xy, Xy ..., X} = E{Xy} ... E{X.} (202.2)

203. Binomial distribution. Suppose that in a'single trial an event
E has probability p of occurring and probability 1 — ¢ of not occurring.
Suppose furthermore that we perform n independent trials and ask for
the probability that E will occur exactly & times (0 < k < n). Let us
associate with the trials random variables X;, X,, ..., X, such that

prob. {X; = 1} = p, prob. {X; =0} =¢=1—1p

Corresponding to the assumption of the independence of trials we
assume that X1, X,, . . ., Xi are independent. The random variable

XHi+X+ ..+ X

symbolizes the number of times the event E occurs in k trials. We want
to find
Pu(k) = prob. {X;+ Xo+ ... + Xu =k}

Let z be a complex number and consider
E{Xi+Xt.. . +X)

On the one hand we have

B{gXt.. . +X} = E P (k)z*

k=0
and on the other hand, since X3, ..., X, are independent,
E{Xit.. . +X} = B{oX} ... E{zX} = (pz + Q"

Consequently,

Pz + @ = :EO P,(k)z*

or Pu(k) = (Z)p"q""‘ (203.1)
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we need the following inequality derived originally by Tchebysheff.
If Y is a random variable,
2
prob. {| Y| > a} < Eg’—l (203.3)
Suppose that Y can assume the values a,, as, ... with respective prob-
abilities pi, ps, ... . Then
prq{{lYIZa} = > P

las] 2
We now write

E{Y?} =Z(ﬁpi2 Z aip; > o® p:=alprob. {| Y| > o}
1 a2 >a? lai] Za
and (203.3) follows. Applying (203.3) to the random variable
Y =K — (K
we obtain after noticing that

E{[K — E{K}]% = E{K?} — [E{K)]* = ”—”(1 - —)

14 Y
v n@/V)A —o/V
prob.{K—nT/!Za}S (2 )
Putting & = Bn we obtain
w/VYQ —»/V

prob. { l K_2
n vV B

We thus see that the probability that the ratio of the actual number K
of points in » to n will deviate from the average ratio (v/V) by more
than S8 approaches 0 as n — . This is true regardless of the size of 8.

An ideal gas can be thought of as a collection of n points distributed
randomly (in the above sense) in a volume V. The density of the gas
in a volume » < V is a random variable, namely, d = Km/v, where
m denotes the mass of one gas particle. The average density is

= ) _ nm
<d>av - v - V

By (203.3),
prob. {|d — {da) | > &(dYan}

- K_v|s 2l o 0=vV)
= prob. {ln V|2 ‘sv} S oV

Due to the enormous size of n (which is of order 102 per cm?) the prob-
ability that the density in a volume » will deviate from the average
density by more than say 10739, (§ = 10~%) of the average density will
be very small as long as v/V is not too small. This is the reason why it
still makes sense to speak of the density in v even though the number of
particles in v is not fixed but is subject to fluctuations. Of course, if
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v/V is very small, the fluctuations become sufficiently pronounced and
the ordinary notion of density loses its meaning. The “density fluctua~
tions” in small volumes can actually be detected experimentally inas-
much as they cause scattering of sufficiently short wavelengths.

204. The normal (Gaussian) distribution as a limiting case.
The inequality (203.3) is too rough, especially if the right side is not

small. We shall now derive a more accurate result. We shall prove that
lim prob. {K — np < oV/pqn} = \-}—27 [ v (0a)

The proof is based on a principle which is due to Markoff. Let ¢(z)

be defined as follows.
Difr <«
Y(z) = {lif:c>a

jifz=a

and consider the random variable

Since the random variable (204.2) assumes only values 1, 0, and %,
it is clear that
K —np
(Ve
pgn

= prob. {K — np < aV' pqn} + % prob. {K — np = oaVpq} (204.3)

It is easy to show that
1 1 pesin(a—1x)¢
¥(@) _21r+21rf—=° £ at
and consequently

‘ K —np
Elsin( o — — )¢

K—————B—__n = _1. l ® { ( \/pqn ) } )
E{w( Vpgn )} =5t F df (204.4)

Now,
= gmE {e¥tae—itK —np)/Vran}

Bliin (o~ F5=Z2)e} = gmoeippemsx-nr vy
be = gmeite[pe—i1=0)/Vaem | geitr/Voem]n

Asn — », we find

lim E {sin (a - K\/——__@)g} = gmetae—¥/2 = sin ate—¢/2
Y4

n—so qn
and thus by (204.4),
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i {(52) -+ [ 5
=L [
Vard--

Using (204.4) and the intuitively clear fact that
lim prgb. {K — np = «Vpgn} =0

n—o

e—i’/zdf

we get
lim prob. {K — np < aVpgn} = -—1: I S et (204.5)
n—e Vord-=
In the above derivation we failed to justify rigorously two rather subtle
steps. The first step consisted in interchanging the order of operation E
and integration (over an infinite range), and the second in taking the
limit under the integral sign. In our particular case the first step is
easily justifiable because the operation E is nothing but a finite summa-
tion. The second step is far more delicate, since some of the integrals
involved are not absolutely convergent. Markoff himself was aware of
the incompleteness of his argument and he used it only heuristically.
The first rigorous justification was given in 1925 by Paul Lévy.

Lévy actually proved a more general theorem, which we state in a
form most suitable for our purposes: If {X.} is a sequence of random
variables such that for every real ¢
lim E{e¢X} = f _: et (x)de

N~

where {(z) > 0 and f _: ¢(z)dz = 1, then for every a,
lim prob. {X» < o} = [ (@)

n—w

A heuristic derivation of this important result follows the procedure
outlined above.
We note here a closely related result. If, for every real £,

lim E{e#%} = f(§) (204.6)

and f(£) is continuous at £ = 0, then
lim prob. {X, < a} = [*_ t@de (204.7)
where () = 2%_ fj”e““f(é)ds (204.8)

It follows, in particular, that ¢(z) > 0 and f _"_ ¢(z)dz = 1. The follow-

ing corollary of this general theorem is often used. If {X,} is a sequence
of random variables such that
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lim B0 = = 7 ate=rde
n—w T —®

fork=1,2, ..., then
lim prob. {X, < o} = L——f‘” e~ ="2dy
n—o '\/21r -

The quantity E{X%} is called the kth moment of X..

205. The continuous case. So far, we have been dealing with
random variables which were capable of assuming only a finite number
of values. However, in many important applications one is led to ran-
dom variables whose values may fill an interval. The modifications in
treatment which thus become necessary are reasonably obvious. In
defining a random variable X we must be able to assign probabilities
to events like {@ < X < B}. This is often done by postulating a
“probability density’’ {(x) and requiring that

prob. {a < X < B} = f ? t(@)de (205.1)
A probability density must satisfy the conditions
t(x) >0 and f_: t)yde =1

Independence of random variables Xi, X,, ... , X, with respective
density functions {i(z), f2(z), ..., {a(2) is defined by the equation
prob. {011<X1<Bl,0£2<X2<32, o, an < Xo < Ba) =

[ r@ida, [P c@das, ., [P @) (205.2)

From this definition it follows that if @ is a region in the n-dimen-
sional Euclidean space, the probability that the ‘“random point”
(X, X3, ..., X.) will fall within @ is given by the integral

f . f Ca)t@) ... (@a)dnde, . .. de, (205.3)

In fact, definition (205.2) is completely equivalent with this state-
ment if Q is the “parallelepiped” (a1 < 21 <), (@< 2. <), ...,
(an < 2o < 1,). If ©is not a “parallelepiped” it can (in most cases of
physical interest) be decomposed into a finite or denumerably infinite
number of nonoverlapping ‘“‘parallelepipeds.” Since nonoverlapping
“parallelepipeds’ correspond to mutually exclusive events, we see that
in order to justify (205.3) one needs an extension of the axiom of Sec. 199
to a denumerable infinitude of mutually exclusive events. Such an
extension is indeed postulated in the theory of probability. If there
are no grounds for assuming that X;, X,, ... , X, are independent,



436 ELEMENTS OF PrROBABILITY THEORY [Ch. 16

formula (205.3) must be modified. We must, in general, assume the
existence of a function {(z1,zy,. . .,z,) satisfying the conditions

£20,
f.:,"'fg-(xla-~-,xn)d11...dx,,=1

and postulate that tle probability that the “random point”
(X1,Xs,. . .,Xn) should fall within @ in

f . f (a2, - . . 2y . . dTs (205.4)
Q

The function (z1,2.,...,2.) is called the joint probability density of
Xy, Xo, ..., Xo

206. An example. To illustrate the notions discussed in Sec. 205,
let us consider the following problem. A point P is chosen at random
in a volume V (bounded by the surface S), and then it is given a velocity
v of random magnitude and direction. What is the probability that P
will be outside V after time {? We assume that the position and velocity
are independent. If r and v denote, respectively, the position and
velocity of P, the desired probability can be written as the sixtuple
integral

f - f ¢(r,v)dr: dry (206.1)

where dr; and dr. denote the respective volume elements in the configura-
tion (r) and velocity (v) spaces. If Cartesian coordinates are used
throughout, we have dry = dx dy dz and dr, = dv, dv, dv,. The region Q
is defired by the requirement that r + v be outside V. The assumption
that'r and v are independent means that

$(rv) = su(n)sa(v) (206.2)

Assuming furthermore {1(r) to be constant, all possible positions are
equiprobable.

am =5 (206.3)
It is also natural to assume that
£a(0) = fle)do 22 (206.4)

where w is the magnitude of v, and da is the element of the solid angle.
The assumption (206.4) means that the magnitude and the direction
of the velocity are independent, the probability density of the magni-
tude is f(w), and that all directions in space are equiprobable.

With the simplifying assumptions (206.2), (206.3), and (206.4), we
can rewrite (206.1).



Sec. 206] ELEMENTS OF PROBABILITY THEORY 437

L[ffanf: f(w)ﬂ‘j’f)ii—“’ (206.5)
L

where ap(wt) is the solid angle at P subtended by the portion of the sphere
with center at P and radius «f, which lies outside V. In general, an
explicit evaluation of (206.5) is impossible. However, a simple formula
can be obtained which is valid for small ¢. Interchanging the order of
integrations in (206.5), we are led to the integral

f f f ap(wt)dr (206.6)
)

At each point of the surface S (bounding the volume V) we draw an
inward normal and locate on it the point whose distance from the
surface is wt. These new points form a surface S;.* If P is not in the
shell between S; and S it is clear that a,(wf) = 0. Consequently, inte-
gration in (206.6) is extended only over the shell between S; and S.
Let S,, for 0 < z < wt, be the surface constructed in the same way as
S, except that ot is replaced by z. (So = 8, S, = S1). If P is a point
on S; and if S is sufficiently smooth we get easily

ap(wt) - é(l - Z‘j’i)
and consequently

f[f ap(wt)dr W% j;wt S,(l — fz)dx
ﬁ;j;“"(1 - ft)dx =§wt

Finally, for small ¢, the desired probability is

St = S .
ot wf (w)dw = Ewt

where @ =j;° of(w)dw

is the mean magnitude of velocity. The result just derived is often used
in kinetic theory of gases.

207. Expectations in the continuous case. The extension of the
definition of the mathematical expectation to continuously distributed
random variables consists in replacing sums by integrals. If X is a
random variable with probability density p(z), the mathematical ex-
pectation E(X) is defined by the formula

* This surface may be extremely complicated even though S may be quite simple.
However, for small wt, surface 8, will, for sufficiently regular S, be also regular.
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E(X) = [~ zp(z)de (207.1)
provided the integral exists.
If Xy, Xp, ..., X, are random variables whose joint probability

density is p(21,2z, . . .,2,) and if ¥ = f(X,X,,...,X,), where f is a suffi-
ciently regular function of n variables,

E{Y} = ff..--~ f f(xl,x?,/. Tn)p(F, Ty, . . . Ta)dT1 dy . dr,  (207.2)

assuming again that the integral exists.

208. Characteristic functions. The characteristic function of the
joint probability density of Xy, X,, ..., X, is defined by the formula

Finh,. . .,k = B{edoxs)
= f " f eZong(z 2y . x)diidas ... de.  (208.1)

where &, &, ..., £, are real.
If X, X, ..., X, are independent, we clearly have

n
E {6";1‘:5")“} = [ E{ewxs
1

and the characteristic function F(£,&.,...,£,) becomes a product of
n functions of the individual variables &, &, .., &
From (208.1) we obtain by the Fourier integral formula

p(x1,$2, .. ~1xﬂ)

= [ [ et dn @082)

To justify (208.2) one needs some regularity conditions on p. In most
cases of practical interest these conditions are easily satisfied. The case
n = 1 is of particular importance and we record it for future reference

p(z) = Zi,r I AGLE (208.3)

The importance of formulas (208.2) and (208.3) is due to the fact that
often it is easy to calculate the characteristic function directly. Once
this is done the corresponding density functions can be immediately
written as Fourier integrals.

209. Random flights. To illustrate the use of characteristic func-
tions let us first consider the following problem, first proposed and solved
by Lord Rayleigh. A point starting from the origin of a Cartesian co-
ordinate system moves in steps of constant length I, but the direction
is chosen and time at random (all directions in space being equiprobable).
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Assuming that individual steps are independent, we want to find the
probability p.(x, y, 2)dz dy dz, that after n steps the point is in the
volume element dz dy d.

If we symbolize the steps by random vectors ry, ry, ... , r, and denote
by X, Y4, Zx the z, y, and z components of r;, we see that our problem
is to find the joint density function of the random variables

S X, 3V, 3z
1 1 1
we have

n n n
E {em(a%Xx +Ezf Y +EI‘T‘Z»)}

Fo(t1,6,8)

ka
H E {¢iaXstaYithZa}
k=1

Since X% + Y3 + Zi = I* (the length of each step is ) we see that the
joint density function of Xi, Y, Z; is singular, and in view of the
spherical symmetry of the problem (all directions in space being equi-
probable) we can represent this density by the formula

8= VG + 4 +2)

pl(x)y:z) = P
Thus E {eaXstaYitazo}
= i [ [ [ st - V@ F e dy ds

If ¥ is the vector whose components are £, &, £, we can write the above
integral in an invariant form

ﬁ f :.f | s — e

Introducing polar coordinates with the z axis along the vector £ we see
that the above integral is equal to

ﬁj;"”j;’j;” ¢itr o e3(1 — )2 sin o dr de df
where t=VE+8+8
Integrating with respect to r first, we get finally
1 for fr . sinlVE+ 8+ 8
—_— 1) =
e A A A ==

sin [VE + 8 + 5%)"
F’) 1828n) =
and using (208.2),
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1 7 ‘
pn(y,2) = -(-2—1r)—afff e— itz 4w +ba2)
o1y T B
— =) d db d 209.1
(ZVﬁ+é+ﬁ rdhde 209D
It is difficult to reduce (209.1) to a form which would be amenable to
numerical calculations. However, one limiting case is of particular
importance and interest. If
aV3

v (209.2)
(sin g+ 8+8
Wg+ 8+ 8

and consequently
pn(x,y,z)-—)zi)x f f f o= He i) o~ (@D G+ 6 dE, dE, dE, (209.3)

.
(V2ra)®

A rigorous justification of this limiting process could be based on a
suitable generalization of the theorem stated at the end of Sec. 204.
The assumption (209.2) may seem artificial, but it arises quite naturally
in physical problems.

“For instance, a satisfactory model of Brownian motion of a free
particle is obtained by treating it as a random walk problem of the type
considered in this section. The steps are assumed to be of length A,
and the duration of each step is 7. Both A and 7 are small but one
requires the ratio A%2/7 = D to be finite.

If we are interested in statistical predictions after time ¢ (assuming
that the Brownian particle was observed at the origin at ¢ = 0) we see
that

we see that

n
) — e~ @/2) (B +E2+Ea9)

o— @t +yr+27)/2a?

|1
n-
.
and consequently
— VDt
l=4A=+VDr ==
T Va
We are thus led to (209.2) with
aV3 = VDt

Formula (202.3) assumes now the form

8\ —s@rtyr4em/20t
pe(,y,2) = 3.Di) ¢ @yt 42
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which is one of the fundamental results of the theory of Brownian
motion.

210. The Holtzmark distribution. As another example we con-
sider the following problem.

Suppose that N material particles, each of mass m, are distributed
at random in the interval (—R,R). We want to find the probability
distribution of the field at O in the limit as N — », R — « but

N

2R
remains fixed. Let the position of the 7th particle be symbolized by the
random variable X,. We interpret the assumption that the particles
are distributed at random in (—R,R) as meaning that each X; is uni-
formly distributed in (—R,R), and the X/’s are independent.

Our problem is to find the limiting distribution of

-n 2R
We find the characteristic function
E{exp (itF)}

Because of independence we have

E{exp GtF)} = {E{e"? ("E’” %5» } ’

and since X is uniformly distributed in (—R,R) we have

E{exp (ifm ITXP)} = .?Z}E’ ff exp (i£m ITXT’)dx

=V

=1E fcos%dx
1 prr méE
=1—§ 0(1—cos;2—>dx

It is easily seen that

f” <1 - coszn—f)dx
0 z
exists and consequently, in the limit

N > o, R— o,

8=

We obtain
E{exp (itF)} — exp {_2”_’: (1 — cos Z—f)dx}
=exp (—v | £|"?)
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where
— P 1
v = 2v\/mj; (1 - cosy—z)dy-
The limiting density function of F is thus
1 .
o(F) = 5- f/j exp (—i¢F) exp (—v | £ [2)dt

This integral is not elementary. The above problem was first solved
in the more realistic, three-dimensional case (points distributed at
random in a sphere of radius R) by Holtzmark. The same problem is
encountered in stellar statistics, and in this connection it was discussed
by von Neumann and Chandrasekhar.

211. The Poisson distribution. The number of electrons emitted
by a heated cathode in a given time interval is a random variable whose
distribution is of considerable interest.

The theory of this, and related phenomena, is based on the following
assumptions.

1. There exists a constant A such that the probability that an electron
will be emitted between ¢ and ¢ + dt is X dt up to terms of higher order.
The probability that more than one electron will be emitted in the time
interval (¢,{+dt) is of order higher than dt.

2. The number of electrons emitted in nonoverlapping time intervals
are independent. From these assumptions it is easy to find the probabil-
ity px(t) that exactly k electrons will be emitted between 0 and . We

have
pr(t4dt) = pr(t)(1 — Ndt) + per(E)N dt, E>1

and po(t+dt) = po(H)(1 — N dt)
From these equations we obtain
PO - gy + s, k> 1
dpo(t
20 _
Thus Po(f) = e
since po(0) = 1, and .
M
= o2
pk(t) =¢ ¢ k!

since px(0) = O for k > 1. If a random variable X can assume only the
values 0, 1, 2, ..., and if
Y

prob. {X = k} =e"‘m h>0,k=0,1,2,...)

we say that it has the Poisson distribution with mean A.
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The fact that & is the mean of X follows from the equation
k
E{X} = Z knt

An interesting property of the Poisson’s distribution is
E{X - Mm%} =h
Coming back to our original problem of electron emission, we can say
that the number of electrons emitted during a time interval of duration ¢
is distributed according to Poisson’s distribution with mean Af. Thus A
can be interpreted as the mean number of electrons emitted per unit
time. The above derivation of Poisson’s distribution can be applied
to various situations. For instance, if po(z) denotes the probability
that a molecule of an ideal gas will travel distance z without suffering
a collision,
po(z + dz) = po(x)(1 — N dx)
and consequently
po(x) = e~
Thus the probability w(z)dz that the length of the free path should be
between z and z + dzx is

w(z)dx = po(x) — po(z + dz) = Ae~**dx
This is a classical formula due to Clausius. Defining the mean free
path as

l= j:) ® zo(z)dr

we see that [ = 1/A. From our derivation it is clear that A is the num-
ber of collisions suffered by a particle per unit length.

The Poisson distribution is also encountered in problems of a different
nature. We have seen that if n points are distributed at random in a
volume V, the probability that exactly & points will fall within a volume

vis
n l k 1_—')_ n—k
EJ\V 14
In the limit as n — o, V — o but

n

— =y

14
remains constant, we see that the above expression becomes

e“'—l_‘f

k!
Since molecules of an ideal gas can be considered as randomly distrib-



444 ELEMENTS OF ProBABILITY THEORY [Ch. 16

uted in a container, if v is small compared to V we can say that the
number of molecules in v is distributed according to Poisson’s law.
If » is large and k — » small compared to », that is (k — »)/r K 1,
one can approximate
yk
conveniently as follows. /6 e write [using Stirling’s formula, see formula
(113.7)]

,,k ek —(—k) / k- ,,)k
= kbt \/27r/c\ k
and note that

(1—’15—) ——exp{klog( ’“k )}z

exp{ = ) — 1 (k — v)2}

Finally,

P

e"—z—1~—exp -l(k
k' N 2xk 2 k

212. Generating functions. One of the oldest and most powerful
methods of probability theory is the method of generating functions.
We illustrate this method by the following example. Suppose that in
an elementary time interval At a particle can either disappear without
producing any effect (probability po) or disappear producing 1,2, 3, ...
new particles (respective probabilities being pi, ps, ps, ...). Each of
the new particles, independently of each other, behaves like the parent
particle, etc.

The problem is to calculate the probability that after r steps (time
rAt) there will be exactly k particles (k = 0, 1, 2, ...). This is a sim-
plified version of a problem encountered in the theory of chain reactions.

Let X;, X,, ... be independent random variables and

prob. {X; =0 =p, j=1,2,...; 1=0,1,

and let N, denote the random variable which symbolizes the number
of particles at time rAt. We have Ny = 1, and

Nea

N r = E X i

j=1
It is clear that the X’s are independent from N,_; (this means that
what each individual particle does is independent of the number of
particles in the given generation). Let

P{’ = prob. {N, = k}
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Then fil2) = Z Pz
£=0
is called the generating function of the sequence {P{’}. Clearly,
fi(e) = E{e7} (212.1)
Now,
N,a
E{e) = E{z T ¥}
® 1
= E prob. {N,, = B E{}X}
=0
= 3 Prge)
=0
where g(2) = E{Xi} = Z it
=
Consequently, ’
E{e) = fialg(@)]
or @) = fralg(®)] (212.2)
Finally,

f12) = g()

f(2) = glg(d)]

fi(2) = g{glg(2)1}
ete. The process of interaction leads, in general, to extremely compli-
cated expressions for f,(2), and it is almost impossible to get a general
formula for Pj.

It is easy, however, to obtain the average number of particles E{N,}.

In fact, from (212.1),

By = (%2) - s

(2
dz
and from (212.2),
+(1) = foafg)1g' (1)

But g(1) = 1 (since po + p1 + ... = 1) and consequently
f1Q) = f1.()g' (1)
or E{N} =71 = [¢(D]

It is easy to see that ¢’(1) = « is the average number of particles pro-
duced by a particle in time Af. If k > 1 we have an exponential increase;
if x < 1, an exponential decay; and if x = 1, a state of ‘“uneasy” equi-
librium. By similar means one can calculate E {N?} and thus the fluctua-
tion E{N?} — [E{N.}]%

213. An example. As another illustration of the method of generat-
ing functions we consider the following problem. A particle, starting
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from the origin, can move along the z axis in steps +1 or —1, the sign
being chosen at random with equal probabilities. We want to calculate
the probability that the particle will return to the origin, for the first
time, after s steps. Let P'(s) denote the desired probability and let P(s)
denote the probability that the particle will be at the origin after s
steps (not necessarily for, the first time). A moment’s reflection will
convince us that the fo’.léwing relation holds.

P(s) ; Pi(s) + 1:_2: P'(k)P(s — k) (213.1)
Introducing the generating functions
1) = ; P
g(z) = 21: P(9e

we see that (213.1) is equivalent to

&) = g(2) + f(2)9(2) (213.2)
@
Thus g(z) = T+ 16 (213.3)

On the other hand, P(s) is the probability that in s games of “heads or
tails,” the gain of a player should be 0, and consequently

1 (f) if s is even
P(s) = {2 \2
0 if s is odd

We can write

P(s) = él;r j; * cos* EdE

and hence
L4t 1
f(z)—21rj; 1—zcosé 1—_\/1_12 1

Finally,
glz) =1 — Viszg= i: (i)(—l)"""z"

r=1

0 if ¢ is odd
and P'(s) = (3)(_.1)#2“ if s is even
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PROBLEMS
204.1. Prove that

. h* 1 o
1 ~h E : LA S —2Y/2 dp.
h—~m}ve k! \/21“[—“8 d

k<h+avh
Note that
hE >\ RE (k —k
> w25
k<h+avE k=0

and follow the derivation of Sec. 197.

204.2. A particle starting from the origin on the z axis moves in independent
steps of length 1, the direction at each step being determined at random with equal
probabilities. Find an asymptotic expression for the expected number of times the
particle returns to the origin during the first n steps.

Let Xy, Xs, ..., X be the random variables representing successive steps. The
successive displacements are thens; = X1, 8 = X1 + X5, ..., 80 = X1 + ... + X,
Let, for integral k,

1 if k=0
o(k) = g .
® 0 if £>0.

The expected number of returns is then
Ef{o(s1)) + o(s2) + ... + o(sn)}.
Use the results of Sec. 203 and Stirling’s formula to arrive at the desired result.
205.1. The noise output of a quadratic detector in a radio receiver can be repre-
gented as X? 4 Y2, where X and Y are independent random variables each having
the density function

1 ¢—2%/20°
V2

p(z) =
[
Find the probability density of the noise output, i.e.,
dix prob. {X? 4 Y2 < z}.
If, in addition to noise, there is a signal present, the output is represented by
(X + @)? + (¥ + B)* Solve the corresponding problem in this case.
208.1. Let X3, X3, ... , Xu be independent random variables each having the
density function

1 o~ /20
oV2r
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Find the density function of
X+ ...+ Xa
n

[First calculate the characteristic function
Ef{eit(Xi+...4+Xw/n}
and then apply formula (208.3)]
208.2. Solve Problem 208.14f the density

is replaced by

7o 14 (/)"
209.1. Carry out the calculations of Sec. 209 for random flights in the plane.
210.1. Let X, X,, ... be independent random variables each having the density
function

1 o—7Y/20
aV2r
Calculate the limiting distribution of
-
&= X

211.1. An electron going through matter has probability A dl (up to terms of
higher order in dl) of producing a pair while traveling distance dl. Show that the
probability that n electrons will be observed at distance ! is

eM(1 — e M)n-1,

S

(Furry’s model)

213.1. A player whose capital is A dollars plays “heads or tails,”” betting one
dollar each time. Assuming that the coin is ‘“honest’’ (i.e., both outcomes are equi-
probable) calculate the probability that after n trials the player has still some money
left. (This is the classical “ruin problem.” Interpret the problem in terms of random
walk and apply the method of Sec. 213.)



INDEX

Abel’s integral equation, solution of, 376,
77

Approximation in the mean, 311
Associated Laguerre polynomials:
differential equation for, 335
generating function for, 334
integral representation for, 336
integrals involving, 335
recurrence formulas for, 334, 335
Associated Legendre polynomials, 342
differential equation for, 343
generating function for, 342
integral representation of, 343
integrals involving, 343, 345
recurrence formulas for, 343
Asymptotic expansions:
as solution of a differential equation, 210
calculations with, 194
differentiation of, 194
for the gamma function, 198
integration of, 194
method of steepest descents, 201
methods of obtaining, 195
properties of, 192
saddle-point method, 201

Bernoulli equation, 244
Bernoulli numbers, 183
Bessel functions:
addition formula for, 357
differential equation for, 350
generating function for, 348
integral representations of, 350, 351
integrals involving, 355
of half odd-integer order, 351
of the second kind, 352
recurrence formulas for, 349, 350
Bessel's inequality, 312
Beta function, defined, 109
Bilinear forms, 272
matrix of, 272
Binomial distribution, 430
Bound of a function, 3
Boundary-value problems, 217
Brachystochrone, The, 407
Brownian motion, model of, 440

Calculus of variations:
Brachystochrone problem in the, 407
direct methods of solving problems in
the, 415
Euler’s equation for simple problem in
the, 406

Caleulus of vanations (Cont.)

Euler's partial differential equation in
the, 411

potential problems as problems in the, 412

problem of vibrating string, 411

problems involving several functions in
the, 409

problems involving several variables in
the, 409

pr(;ll)gams with auxiliary conditions in the,

systems of Euler equations in the, 410
the first variation in the, 404, 405
the minimal function in the, 405
the simplest problem in the, 404
typical problems of the, 403
Cauchy’s integral formula, 151
Cauchy’s integral theorem, 149
Characteristic functions, 438
Circulation of a fluid, 238
Complex numbers:
calculation with, 129
defined, 128
infinite series of, 132
representations of, 129, 130, 131
sphere, 131
Conformal mapping, 216
applied to fluid flow, 239
as solution of potential problems, 218
examples of, 218, 219
for flow around a cylinder, 241
for fluid with free surfaces, 245
for potential distributed over a circle,
222
for regions defined by certain curves, 220
for stream lines, 239
function for cyclotron dees, 232
function for polygonal boundaries, 225
function for rectangular poles, 228
hodographic method, 245
of polygon on a circle, 236
Conjugate:
of complex number, 129
potential function, 215
Continuous functions:
definition of, 8
theorems concerning, 9
Convergence in the mean, 312
Coordinates:
curvilinear, 87
elliptic, 89
of a point, 2
parabolic, 88

449
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Correspondence, one-to-one, 1

Cramer’s rule for solution of linear equa-
tions, 259

Curves, rectifiable, 93

Derivative, defined by a Cauchy integral,
152
Derivatives:
definition of partial, 22
directional, 23 .
formula for change variable in, 16
formulas for change of variable in par-
tial, 23
formulas for higher-order, 16
geometrical significance of, 15
of complex functions, 145
of functions in parametric form, 17
of functions of one variable, 14
of inverse functions, 16, 17
Determinants:
certain properties of, 2563
definition of, 252
evaluation of by minors, 256
Gramian, 315
Laplace's development of, 2565
minors of, 255
multiplication of, 255
principal and complementary minors of,
256
traces of, 278
value of, 253
Differential equations, Cauchy-Riemann,

Differentials:
definition of, 15
errors estimated by total, 28
line integral of total, 98
total, 26
Differentiation:
of functions in parametric form, 29
of implicit functions, 30
Dirichlet formula, 377

Eigen-differentials, 369
Element of area:
on a surface, 110
on a transformed plane, 106
Element of length:
in transformed space, 90
on a surface, 110
Element of volume, transformation of,

118

Elliptic integrals, 54

linear transformation of, 56

recurrence formula for, 56

reduction to 1st, 2nd, or 3rd kinds, 55

reduction to normal forms, 59, 60, 61, 62
Equipotential lines, 217
Euler's equation:

for a simple variational problem, 406

some solutions of, 406, 407
Expectations, 429

for continuous random variables, 437
Extrema, criteria for, 37

InpEX

Fermat’s principle, 403
Field intensity, 215
Flow:
of fluid with free surfaces, 245
of heat and Hankel functions, 356
of ideal fluid, 237
of ideal fluid around a cylinder, 241
Fluid flow:
through a jet, 246
use of hodographic method in, 245
Force of fluid on immersed obstacle, 242
Fourier coefficients, 311
Fourier integrals, examples of, 366, 367,
368
Fourier series, 317
data represented as, 323
number of terms required in a, 320
over an arbitrary interval, 319
spectral extent for a function expanded
in, 322
Fourier transforms, 362
examples of, 366, 367, 368
mean spectral extent of, 364
relation between functions and their,
364
Functions, analytic, 146, 149, 150
approximation by means of orthonormal,
1

beta, 109

branch points of, 1568

classes of, 12

class of integrable, 47

complete set of, 312

contour integral representations of, 178

criterion for linear independence of, 315

criterion for unique inverses of, 35

criterion of dependence and independ-
ence, 32

derivative of complex, 145

explicit, 30, 31, 32

Fourier coefficients of, 311

graph of, 3

implicit, 30

infinite product representation of, 188

limit of, 5

lower and upper bound of, 3

many-valued, 158, 159

maxima and minima of, 3, 36

nature of singularities of, 156

odd or even, 4

of a complex variable, continuity of, 134

of a single variable defined, 3

of bounded variation, 93

of several variables, limit and continuity
of, 9

orthogonalization of, 313

orthonormal systems of, 309

periodic, 4

representation as Fourier integral, 362

residues of, 164

singular points of, 146

variation of, 3

with an infinite number of poles, 186

Furry's model, 448
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Gamma function:
asymptotic expansion of, 198
contour integral representation of, 179
of a real variable, 72
relations satisfied by, 191, 192
representation by infinite product, 190
Gauss method of solution of linear equa-
tions, 260
Gaussian distribution, 433
Generating functions, 444
Gradient of a function, 25
Gramian determinant, 315
Green's theorem:
for double integrals, 102
for triple integrals, 117

Hankel functions, 353
and flow of heat, 356
relation to Bessel functions, 354
Harmonic analysis, 323
Hermitian form, 273
Hermitian polynomials, 317, 326
differential equation for, 327
generating function for, 326
integrals involving, 328
recurrence formulas for, 327
Hilbert-Schmidt treatment of integral
equations, 394
Holtzmann distribution, 441
Hypergeometric polynomials, 317

Impulse function, 176
Independence of events, 426
Indeterminate forms, evaluation of, 18
Infinite products, representation of a func-
tion by, 190
Infinite series (see Series)
Integral equations:
Abel type of, 372
and the vibrating string, 398
characteristic values of homogeneous, 387
characteristic values of when kernel is
symmetric, 391
definition of, 371
forms of solution of, 374
Fredholm's solution of, 380
Hilbert-Schmidt solution of, 394
homogeneous, 373
of the first kind, 371
of the second kind, 373
orthogonality of solution of homoge-
neous, 393
relation of differential equations to, 373
solution by method of inversion, 375,
376
solution by
378
solution of homogeneous, 387
the Volterra type of, 373
transformation of differential equations
to, 373
with symmetric kernel, solution of ho-
mogeneous, 390
Integral representation of a series, 196

"

ive approxi
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Integrals:

absolutely convergent, 68

Cauchy principal value of, 75

change of variable in, 49

comparison test for convergence of, 68

containing a parameter, 64

convergence of alternating, 68

convergence of infinite, 67, 68

differentiation of with respect to a
parameter, 65

double integrals defined, 99

double, over general domains, 101

double, properties of, 100

elliptic (sce Elliptic integrals)

evaluation of by double integration, 108

evaluation of by residues, 166, 167, 169,
170, 172, 176

existence of line, 97

having infinite integrands, convergence
of, 74

improper, 66

indefinite, 49

inversion of order of integration in, 66

limit test for convergence of, 68

line defined, 95

line integral of total differential, 98

mean-value theorem for, 48

methods of evaluating definite, 71

methods of evaluation of, 49, 50, 52

principal value of, 174

properties of line, 97

properties of Riemann, 48

repeated, 100

Riemann, 46

Stieltjes, 76

surface, 113

surface transformation of coordinates in,

triple, defined, 105

with infinite integrands, tests for con-
vergence of, 76

with many-valued integrands, 176

with parameter, inversion of order of
integration and differentiation in, 71

with parameter, inversion of order of
integration in, 71

with parameter, tests for uniform con-
vergence of, 70

with parameter, uniform convergence of,
69

Integration:

complex, 148

complex, over a closed path, 149
Interval, open and closed, 2
Inverse of a function, 4
Inversions, definition of, 252

Jacobian determinant, 30
Jacobians, properties of, 34
Jacoby polynomials, 317

Lagrangian functions, 403
Lagrangian multipliers, use of, 40
Laguerre polynomials, 317
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Laguerre polynomials (Cont.)
differential equation for, 332
generating function for, 330
integral representations of, 330, 331
integrals involving, 332, 333
recurrence relations for, 331

Laplace’s equation, solution by analytic

functions, 147

Legendre polynomials, 316, 337
addition formula for, 346
differential equation for, 341
generating function for, 337
integral representations for, 338, 339
integrals involving, 339, 340
recurrence formulas for, 340
Rodrigues’ formula for, 339

Levy, theorem of, 434

Limit point, 2

Limits of functions, theorems on, 6, 7

Linear equations:
solutions of, 259
solutions of homogeneous, 260

Linear transformations, 265
by operational methods, 271
matrix of, 267

Lines of force, 217

Maclaurin's formula, 36
Matrices:
addition of, 269
and linear equations, 259
augmented, 259
Hermitian, 273
inverse, 269
inverse, determination of, 269
multiplication of, 268
operations with, 267
orthogonal, 274
raised to powers, 270
transposed, 267
unit, 269
unitary, 275
Matrix:
definition of, 33
rank of, 33
Maxima and minima:
criteria for, 38
with auxiliary conditions, 39
Maxwell-Boltzmann distribution, 426
Mean-value theorems for functions of one
variable, 17
Mutually exclusive events, 426

Normal coordinates, 276
Normal distribution, 433

Orthogonal functions, 309
as solutions of a homogeneous integral
equation, 393
Legendre polynomials, 316
Orthogonalization of functions, 313
Orthonormal functions:
involving associated Laguerre polyno-
mials, 336
involving Bessel functions, 354

INDEX

Orthonormal Functions (Cont.)
involving Hermitian polynomials, 317,
329
involving Legendre polynomials, 340,
34

4

Jacoby polynomials, 317

Laguerre polynomials, 317

special sets of, 317

trigonometric functions, 317

with continuous spectrum, 361, 363

Orthonormal functions with continuous

spectra, expansion of functions in
geries of, 368

Permanence, definition of, 252
Permutation, definition of, 252
Piecewise continuity, definition of, 9
Poisson distribution, 442
Poisson integral formula, 223
Polynomials:
iated I
334
Laguerre (see Laguerre polynomial)
Legendre, 337
Potential:
for case of cyclotron dees, 232
for rectangular poles, 228
Potential theory:
and analytic functions, 215
as a variational problem, 412
Power series:
calculations with, 141
continuation of, 155
convergence of, 139
inversion of, 185
radii of convergence of, 140
radius of convergence related to singu-
larities, 154
reciprocal of, 142
transformation of, 142
Principle of least action, 403
Probabilities, basic events and, 424

3

Te (see A iated ..

Quadratic form, 272
matrix criterion for definiteness of, 272
matrix of, 272

Random flights, 438
Random variables, 428
continuous, 435
Region:
multiply connected, 150
simply connected, 150
Residue, 164
determination of, 165
Riemann surface, 159
Rodrigues’ formula, 339

Saddle point, 39
Schwarz's inequality, 309
Schwarz-Christoffel formula, 225
Series:
absolute convergence of, 133
addition of, 133 (also see Power series)
asymptotic (see Asymptotic expansions)
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Series (Cond.)
Burmann-Lagrange, 184
Cauchy test for absolute convergence, 138
coefficients in a Laurent, 157
convergence of, 132
convergence of Laurent, 144
differentiation of infinite, 149
example of Laurent, 182
for functions with an infinite number of
poles, 186
Fourier (see Fourier series)
integration of infinite, 149
Laurent, 143
of complex numbers, 132
of functions of a complex variable, 135
of powers of a function, 183
products of, 133
semi-convergent (see Asymptotic expan-
sions)
tests for convergence of, 136, 137
uniform convergence of, 135
Set:
countable, 1
definition of, 1
point, 2
Singularities, nature of, 156
Sources and sinks, 240
Spaces, definition of n-dimensional, 2
Space curvos:
definition of, 82
direction cosines of, tangent to, 83
equation of the, tangent to, 83, 84, 85
Spherical harmonic, 344
Stokes' theorem, 123
Stream lines of a fluid, 239
Surfaces:
area of, 111
definition of, 86
sides of, 86

Taylor's theorem, 35, 153
Tensors:
addition of, 303
associate, 306
concept and definition of, 300
contraction of, 303
contravariant (order-one), 301
covariant derivative of, 306
covariant (order-one), 301
fundamental, 304
higher-order, 302
inner multiplication of, 304
magnitude of, 306
mixed, 303
product of, 303
Transformations:
conformal and orthogonal, 91
direct and inverse, 106
linear (see Linear transformations)
of bilinear, quadratic and Hermitian
forms, 273
of coordinates, 87
of coordinates in a surface integral, 115
of Laplacian to curvilinear coordinates,
121

453

Transformations (Cont.)

of quadratic forms to principal axes, 276

of several quadratic forms to principal
axes, 282

of vectors, 267

of vectors in different coordinate systems,
273

unitary, 275

Uniformly continuous function, definition

of,
Unitary spaces, 264
Variational principle, 403 :
Variational problems:
and potential theory, 412
construction of the minimal sequence in,
416
direct methods of solving, 415
method of Ritz for the solution of, 416
minimal sequence for solving, 415 (see
also Calculus of variations)
with auxiliary conditions, 413
Vector fields, 293
Vectors, characteristic or eigen-, 279
Vectors in an infinite dimensional space, 284
Vectors in n dimensions, 261
addition and subtraction of, 261
completeness of, 264
components of, 261
length or magnitude of, 262
linear independence of, 262
orthogonality of, 261
orthogonalization of, 263
scalar product of, 261
Schwarz inequality for, 262
transformations by matrices, 271
with complex components, 265
Vectors in 3 dimensions:
addition and subtraction of, 290
continuity of, 294
definition of, 288
derivatives of, 294
derivatives of scalar and vector products
of, 294
divergence of, 296
gradient of, 295
integral of, 294
length of, 289, 291
relations between differential operators
for, 299
relations between products of, 293
scalar product of, 290
the curl of, 298
vector product of, 291
Vector space, 262
basic vectors in, 262
Velocity potential, for an ideal fluid, 239
Vibrating string:
as a variational problem, 411
integral equation for a, 398
Ritz solution of the variational problem
for, 419
Vibrations of circular membrane, 354
Volterra's integral equation, 373
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