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Preface

The object of this book is to give an account of some of the impor-
tant elements of the theory of functions of several complex variables.
The book presupposes no knowledge of analytic functions of several
variables, and there is very little duplication of material presented in
the books by S. Bergman, by H. Behnke and P. Thullen, and by W. F.
Osgood.

For the most part, the reader requires only a general knowledge of
analysis, of the form contained in a rigorous text on advanced calculus
together with the elementary concepts associated with the Lebesgue
integral. In particular only the most elementary concepts of analytic
functions of one complex variable are used. In Chapters I and III,
the concepts of groups and semi-groups are used and certain notions
of general analysis such as Haar-measure enter in. In Chapter VI
some knowledge of Fourier analysis will be helpful. The treatment
of Chapter X is algebraic and requires general knowledge of ideal
theory.

The reader who wishes a quick introduction to the theory of
analytic functions of several variables may start with Chapter II.
Here basic facts about analytic functions of real and complex variables
are presented.

The work on transformations is divided into two parts. Chapter I
is on groups of transformations by formal power series with no con-
vergence or analyticity assumed. In Chapter III convergence
requirements are added and the results of Chapter I are carried to
analytic mappings. The remaining chapters are on the whole"inde-
pendent of Chapters I and III.

This book was planned and begun in 1940; much of the work on it
took place during the period 1940-1942. The material of several
sections was discussed in detail by us with Dr. D. C. May, Jr. during
1940-1941. This applies particularly to the material on coordinate
spaces in Chapter III and to the results on removable singularities of
analytic functions presented in Chapter VIII. These discussions
were very stimulating and helpful to the authors. The material of
Chapter X is taken without essential change from the appendix, pages
257-269, of the Princeton University notes, ‘“Functions of Several
Complex Variables,” lectures by S. Bochner, Princeton, 1936. This
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vi PREFACE

part of the notes was written up in 1936 by Mr. S. Wylie and is based
upon a paper by W. Riickert.

The second named author wishes to express his thanks to the
Massachusetts Institute of Technology and to Princeton University
for having made it possible for him to spend the year 1940-1941 at
Princeton. It was during this year that the bulk of the work on the
book was done.

S. BOCHNER,
Princeton University
W. T. MARTIN
Massachusetts Institute
of Technology
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CHAPTER 1

Groups of Transformations by
Formal Power-series

§1. CALCULUS OF FORMAL POWER-SERIES

If 21, - - -, zx are given variables, then a formal power-series is an
expression of the form

(1) f(xly T, ) = 2:,.-~.n,‘-oam---nkx,1‘l R 7'

with any complex coefficients {a}. The series is said to vanssh if all
of its coefficients are zero. If

n

(2 g(xh e ;xk) = Eﬂa’nl‘nn,,xll 7

is another series then the linear combination («, 8 are constants)
3) of + Bg = Zea ... 2 - - T

and the product

4) fg = Zady. 2l - 2

are defined by
Upooopy = Olny.omy + By ...
and
" ’
anl"-n. = 2M|+"1-‘"1 e Eﬂb-&-vk—ﬂham--'#havl“-»,,
respectively. It can be easily verified that the multiplication (4)
is associative and commutative. Thus the totality of all series (1)

is a commutative ring.

The sum n = n; + * - - 4+ n; in any individual monomial in (1)
will be called its order. Likewise this sum n will be called the order of
the coefficient of that monomial. Denoting by A.(zy, * - -, zx) the

(finite) polynomial consisting of all terms of order n, we may also
write (1) in the form Z2 ,A.(z). By writing it in the form 22 _ A.,,
where p is some integer > 0, we will indicate that all terms of order
< p — 1 happen to vanish. If two series

e A, Z2 A,

are given then their product starts formally with the polynomial
3



4 GROUPS OF TRANSFORMATIONS [CHAP. I

A,A’, which is of order p + ¢, whereas all other terms are of higher
order. Now, by ordinary algebra, if the product A,A’, vanishes
(identically) then at least one factor does. Hence we can easily deduce
that the product fg cannot vanish unless one of the factors vanishes.
In other words our ring has no null-divisors.

Now let
(5) y)\'—:’f)\(xly"')xk): )‘=17"'7l
be a finite number of series, and let
(6) 9(ys, = =+, y) = Z5,B.(y)
be a series in yi, * - -, ¥, again with complex coefficients. If (6)
is a polynomial in yi, * * -, ¥, then we can immediately form the
series
™ glfi(@), - - -, fulw)]

and on denoting the cocflicients of the series (5), (6), (7) by

bN
Uproepp Doy Qrye

respectively we obtain
® Qnyeoomy = Cny..m(Ah, bY)

where each expression «(a}, b,) is a polynomial in the quantities a}
with coefficients b,. But if (6) is an infinite series the corresponding
expression (8) is in general also an infinite symbol and this is not suit-
able for the analysis we have in mind. However, if the series (5)
have no constant terms, that is, if

(9) M) = Z2,45()

then (8) is again a finite polynomial. Infactifn, 4+ -+« 4+ ny=n
then a quantity a:‘, or a quantity b, cannot actually occur in (8) unless
its order is < n. We now agree that in the course of the present
chapter only power-series with no constant term will be considered. The
ring of those series will be denoted by R, R{z}, R{y}, R{xy, - - -, zi},
R[yl’ Tt :yl}: ete.

Thus we can state that if fi(z) € R{z} and g(y) € R{y}, then (7)
belongs to R{x}. Now take several series

(10) 2, = qu(yy, * * *, W), p=1 " ,m
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belonging to R{y} and an element
(11) t=n"h@, ", 2m)

from R{z}. We can obtain an element in R{z} in two different ways.
We first form the series

eu(@) = gulfi(2), + - -, fil®)]
and then

(12) | Hew@), =+ -, on(@)]

or, we first form the series

v() = hlg:i(y), -+ -, 9]
and then

(13) W), - - -, filx)]

If the series (5), (10), (11) are all finite, that is if in each only a finite
number of coefficients are different from zero, then (12) and (13) are
both polynomials. In this case they obviously have the same numeri-
cal values for all numerical values of the “variables” z;, * - - , 2}, and
hence they are equal in all their coefficients. For the general case, on
denoting the coefficients of (5), (10), (11) by

(14) a}, b, cr

respectively, and those of (12) and (13) by e. and 8, respectively we
have on the one hand

(15) €ny..om
(16) B

where the expressions on the right are polynomials in the quantities
(14). On the other hand we have seen that for any multi-index-
(ny, * + +, mi) these polynomials have equal values for all possible
combinations of numerical values for the quantities (14) as long as
only a finite number of the latter values are different from zero. Hence
for each multi-index the polynomials (15) and (16) are equal for all
possible numerical values of their arguments and this proves the
equality of (12) and (13) in the general case.
Now assume that a finite number of elements

a7 t, = hy(21, * * * ,2m), v=1 -+ ,n

of R{z} are given, and interpret relations (5) as a formal analytic
transformation T from the space of the z-coordinates into the space

e,.,...,.,,(a;;, b4, ¢x)
6"1---'31;(0'1” b’;; cf)

o
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of the y-coordinates which carries the origin into the origin, and simi-
larly interpret relations (10) and (17) as transformations U and V
from the y-space into the z-space and from the z-space into the ¢-space.
Then the statement just proved amounts to verifying the associative
law

(18) V({UT) = (VU)T

for combining those transformations successively. In particular if
n =m =k =1 we may let the different spaces coincide coordinate
by coordinate in which case each transformation is an “inner trans-
formation” or an “inner map” of the space into itself. Any two
transformations T and U, if carried out successively, give a new
transformation UT, and UT may be different from TU; however, the
associative law (18) always holds. Thus: the family of all inner
transformations forms a semigroup. The family contains a unit
element, namely the identity:

(19) Yy = Zj, j=1)"'yk

Our next step will be to find the inverse of an inner transformation.
This will amount to solving a system of equations (5) when [ = k.
We will handle the more general situation of implicit functions, and
we will start with the special case of one ‘“unknown.” Thus we take

one variable x and several variables y;, + * - , ¥&, and we consider an
element

(20) F(z;yy » -, y0)

of R{z; y1, * - -, yx}, writing its expansion in the form

(21) 1% + Zmonlmong .. Y 0 YR

In so writing it we have singled out the linear term in z, and the remain-
ing sum extends over all those multi-indices for which

(22) fm;ny, -0 -, m} # {1;0, - -+, 0}
We next replace in (21) the quantity z by a series
(23) Zobp ...yt YR

in R{y}, with undetermined coefficients {b,}. This substitution
replaces (21) by a series in (y;, * - * , ¥x) which we write in the form

(24) Flz(), vil = ZoCorocom¥yt* * * YR



§1] CALCULUS OF POWER-SERIES 7
We easily obtain an identity
Corevemn = 01" Dppcimy + Y0102 (@5 Doy )

The first term is the contribution arising from the linear term a,
whereas the remainder arises from the sum in (21). The remainder is
a polynomial in some of the coefficients {a} of the series (21) and some
of the quantities {d,}. However, and this is decisive, on the basis of
(22) only those b, can occur for which

(25) ~ ot A a<pit o e

Furthermore, if we define the weight of the term by,...q to be ¢; +
« + + 4 qu, then the weight of the polynomial v,,..., in the b’s cannot

exceed py + * * * + px. In particular, if p1 4+ - - - 4+ pr = 1, then
by (25) the polynomial v,...p, is independent of the {b,}. Hence if
(26) . a; #0

the series (24) will be 0, that is all its coefficients will vanish, if and
only if

.ola; b
@7 R Y- 0(a5 bo)

ay

If the coeflicients {a} are given this is a system of equations for the

computation of the coefficients b,. We first compute directly those

coefficients whose order is 1; this can be done since as we have seen

Ypi...py 18 independent of the {b,} for py+ - -+ 4+ pr = 1. Sub-

stituting these values into the right hand side of (27) we can next

obtain those b, whose order is 2, etc. Hence, if (26) holds, the equa-
tion .

(28) Fz;y, ",y =0

has one and only one solution in R{y;, - - - , y:x}, namely a series
(23) whose coefficients are determined by the recurrence relations (27).
An analogous situation prevails for a system of equations

(29) Fk(xl)"';xl;yh"';yk)=0: A=1,---,1

12 k. In each series Fx we single out the linear terms in the variables
z thus writing it in the form

] A N My v e e LBy . . . oD
(B0) - Zulau7 + Zm; B S TR 'y e



8 GROUPS OF TRANSFORMATIONS [CHAP. I

and we replace each quantity z,, u = 1, + + -, I, by a series
D S '

with undetermined coefficients {b} thus obtaining ! series

@31 ZpCh, e p YT YR

We obtain a set of identities

(32) e, = DI RN NN S VN (T8 SN

for which we again have the restriction (25), and in which again
each 'y:,l...,,k is of weight at most p; + - - - + p; in the b’s. Putting
(31) equal to zero is equivalent to putting

2@ gy = = Yy, (05 17)
and if we assume that the determinant
(33) A = @M=t
is different from zero, this in turn is equivalent to a system of recur-
rence relations
(34) by = f-;;—lz(—'l—b—“)

where each 8} is again a polynomial in the a’s and b’s of weight at
most p1 + - -+ + pi in the b’s and (25) is again valid. Thus on
applying the same type of recursion argument applied previously for
l = 1, we see that

(35) A#0

implies the existence of one and only one set of solutions of the system
(29). .

A case of special interest arises if, I being equal to k, each F;(x; y)
is a difference f;(z) — ¢;(y), =1, - - -, k. In this case the coeffi-
cients al, as exhibited in (30) are simply the linear coefficients in the
expansion

(36) z; =f(zy, * * - ,24) = Zalz, + (higher powers)
In this case the quantity
37 A = lailipmr
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which depends only on the functions f; will be called the determinant
of the system. Or rather, viewing (36) as an inner transformation,
we will call A the determinant of the transformation. Whenever we
denote the transformation by a single letter, such as 7, we will also
write specifically Ar. Returning now to our equations we obtain the
following result. If fi(z) and g;(y) are any k elements of R{z,, + - -,
z} and R{yy, - -+, yx} respectively, and if the determinant of the system
fi ts different from zero, then the system of equations

(B8 filwy, - @) =gilyy -y, F=1,--",k
has one and only one solution

(39) = @i(yy * *  , Yr)

where the ¢i(y) are elements of R{yy, = + -, yx}. Denoting the trans-
formation (36) by T, the transformation

(40) i = giyy, * * * ,Uw)

by V, and the transformation (39) by U, we obtain the following result:
If T and V are arbitrary inner maps and Ar 7~ 0, then there exists a
unique solution U of the system

(41) TU =V
As a particular instance of this result choose for V the identity (19),

denoting it by I. Then we see: if Ar 5 0 then there exists a right
inverse, that is there exists an element U for which

42) TU =1
If P, Q, R are three inner mappings of the form

(43) P: =z =djyi+ - - - + djye + (higher powers)
44 Q: vy = b’.lzl + -+ bf,,zk + (higher powers)
45) R: =z, =czi+ - - + ciz + (higher powers)
and if PQ = R, then
(46) do= Zhalby,  Ger=1-"",k
In particular
47) Apg = Ap ' Aq
Applying this to the case (42) we obtain

Ar+- Ay =1

which implies that Az # 0 is not only a sufficient condition but also a
necessary condition for the existence of a right inverse U. Now
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multiply both sides of (42) by T on the right. Using (18) we obtain
TWUT) =(TO)T =1-T=T="T-1

However, if TW = TW’ and Ar # 0 then by the uniqueness result
proved for equation (41) we conclude that W = W’. Hence we con-
clude that

(48) UT =1

Thus (42) implies (48). In other words: an inner transformation T
has a right inverse or left inverse tf and only if its determinant is dif-
ferent from zero; the two inverses are always equal. This unique inverse
will be denoted by T-1.

In keeping with customary usage we will call a transformation
T nonsingular if it has an inverse, that is if Ar 0. It is easy to see
that all nonsingular transformations form a group.

The simplest type of mappings are linear mappings. They have
the form

(49) xi=aiy1+"'+a£yk: j=1:"':k

They again form a semigroup, and the nonsingular ones a group. If
(43) is any transformation P, the corresponding transformation (49),
with all terms of higher order omitted, will he called its linear part,
and it will be denoted by Lr or L(P). By (46), if PQ = R, then
LpLq = Lg. Also (Lp)~* = Lp- for P nonsingular. Thus the transi-
tion from P to L is a homomorphism, i.e. a one-valued correspondence
which preserves multiplicative relations. Under this homomorphism
the image of a semigroup of (nonsingular) elements is again a (non-
singular) semigroup and the image of a group is a group. For an
arbitrary family of transformations, several transformations may have
the same linear part, that is the correspondence between transforma-
tion and linear part need not be one-to-one. If it happens to be one-to-
one for a given family of transformations, that is if our homomorphism
is a strict isomorphism, we will then say that the transformations
involved are uniquely determined by their linear parts.

It is the purpose of the present chapter to discuss problems bearing
on this unique determination.

§2. A THEOREM CONCERNING THE CIRCULAR GROUP '

Given k coordinates x;, - - + , % one of the simplest groups of
transformations is the group

(50) T(0): :t,;. = ¢';, ji=1 -,k
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It is defined for all real 6, and for each 6, it multiplies every coordinate
x; by the same factor ¢ of absolute value unity. Obviously

T(0)T(62) = T(61 + 62), T(6)~' = T(-6)
and
T + 2x) = T(6)

We will call this group the circular group.

Theorem 1. If a semigroup S of inner transformations is unigquely
determined by its linear parts, and if it includes the circular group (50),
then each element of S is linear.

Proof. Let

A: Zi=Zaal ..yt i=1,---,k

be any element of 8. The transformation T'(8) A has the form
zp = Zoefal Lyt YR

and AT(0) has the form

. Tj = ZnGly ..., ()™ - - - (€)™
that is, :
- ;= E"et(m—{-'"+M)9a1”l‘”“ky;‘1 e yl":h

Since S is a semigroup, both transformations T'(8) A and A7(6) belong
to 8. Their coefficients are respectively

07 i(nit* " +nr) 0
et an;" eilm k) a’nl"'

©ny ny

If ni+ - -+ + ne = 1, the exponential factors coincide and thus
the mappings have the same linear parts. By hypothesis, being
members of S, they must be equal in all other coefficients. However, if
ny + - -+ -+ nx > 1, the exponential factors cannot coincide for all
values of 8, and hence all coefficients of order greater than unity must
be zero. Q.E.D.

§3. TOPOLOGY OF FORMAL POWER-SERIES
We consider for fixed ¥ and [ all transformations (5). The general
coefficient will be denoted by
(51) ...,

1

If {T(a)} is any set T of such transformations, where a is any index
which tells the elements of T apart, then the corresponding coefficients
will be denoted by ay,...n,(@). We now introduce a limit topology
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in the space of all transformations (5). Since, on the one hand, each
transformation is a multi-sequence of numbers (51) forA =1, - - - ,!
andn,, * - - ,nx=0,1,2 ¢ -, and since, on the other hand, we
are not hampered by the requirement that the series (5) have a domain
of convergence, it is very natural (and, as we shall see, very appropri-
ate) to introduce the ordinary weak topology based upon convergence
for each coefficient separately. Thus we call a sequence {T'(s)},
s =1,2 - -+ (weakly) convergent if

. N — AN
lim, s Qe () = @pyeny

exists for every (A, ni, - - -+, mg). The transformation 7' whose
coefficients are the latter limits is the (weak) limit of the sequence
{T(s)}. The set T is (weakly) closed if it contains the limit of all of
its convergent sequences. The set T is (weakly) bounded if each
coefficient is bounded, that is if there exist positive numbers A’,‘,l...

such that
(52) la?‘x"'"ﬁ(a)l S A:‘H""‘b

n

The set T is called (weakly) compact if it is bounded and closed. By a
known argument, the set 7' is bounded if and only if every sequence
{T(s)} in T contains a subsequence {T'(s,)} which is convergent, and T
is compact if and only if the limits of these subsequences also belong
to T.

Now let {T(e)} be a set of transformations from z-coordinates
into y-coordinates and U a fixed transformation from y-coordinates
to z-coordinates. In the transformation UT each coefficient is a
polynomial of the coefficients of 7" and U. This shows readily that
if {T(a)} is bounded, closed, convergent, etc. then the same is true
for {UT(a)}. Similarly if we multiply T(«) on both sides by fixed
transformations U and V, then the resulting family {UT(a)V} has
the same convergence properties as {7(a)}. Now let {T(a)} be a
set of tnner transformations in k (= [) coordinates, and let U be any
other fixed inner transformation (also in £ coordinates) which has an
inverse. Then we can form the new family

(53) T'(a) = U-'T(a)U

The transition from {T(a)} to {T'(a)} is called a similarity. Simi-
larity preserves group operations, since

U'T(a)U - U'TB)U = U T()TB)U
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and
Ul U =1

and as we have just seen, it also preserves topological properties.
Furthermore, similarity is an invertible process, since, putting V
= U~}, we have T'(a) = V'T'(a) V. If we write the transformations
T(a), U, and U~ in the forms

T(): yi= fi(x); U: z; = ¢i(z');
Ut yi=v(y); J=1,-"-,k

then the new transformation (53) has the form
T'(a): ¥; = ¥i(f(e(x)))

Thus it is appropriate to interpret relation (53) in the following way.
T(a) is a transformation carrying the point with coordinates (zx)
into the point with coordinates (y); U is a universal change of the
coordinate system, affecting (z) and (y) simultaneously; and 7'(a)
expresses the original transformation 7'(e) in terms of the changed
coordinates.

Finally, assume that T'(«) is nonsingular and consider its inverse
T(a)-. _If aX(a) is the general coefficient of T(a), and bi(a) is the
general coefficient of 7' (a)~! and A(e) is the determinant of T'(«), then
on the basis of formula (34) each b(a) can be expressed as a fraction
whose numerator is a polynomial in the coefficients a}(a) and whose
denominator is [A(a)]™+ "+, Hence we obtain the following result.

Theorem 2. If {T(a)} s a (weakly) bounded set (i.e. if (52) holds),
and if there exists a positive constant ¢ such that |A(«)| > ¢, then the
set {T(a)~} s likewise (weakly) bounded.

This theorem will be applied in due course.

§4. A UNIQUENESS‘ THEOREM OF HENRI CARTAN
Theorem 3. If T is an inner transformation whose linear part is the
identity, that ts if T has the form
(54) z; = z; + (higher powers)

and if the set of iterated transformations {T, T? T® - - -} is (weakly)
bounded; then T actually is the identity.
Proof. We write (54) explicitly in the form

(65) T o =z + Al(x) + Al () + - - -

According to our previous convention (cf. section 1), Ai(z) is a homo-
geneous polynomial of order p; the index r in (55) is some integer
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2 2; and writing T in the form (55) implies, if » > 2, that all the
coefficients of order > 1 and < r are known to vanishforj =1, - - -,
k. Tterating (55) we obtain for T2 the expansion

T o =i+ Ai) + - - = a; + 24i@) + - - -
and in general
(56) Te: 2 = z; 4 sAi(x) + - - -

If ai..,, rn+ - 41 =r is any coeficient occurring in (55),
then by our hypothesis on the set {7, T? T% - - -} there exists a
number M which is independent of s such that

(87) Cosedl <M

Since (57) holds for each s = 1, 2,3, -+ - - , we conclude that ai = 0,
and thus that Ai(z) = 0; and so we find that (54) may not contain any
nonvanishing coefficients of order greater than 1.

This is Cartan’s uniqueness theorem. It leads to the following
conclusion the first half of which was pointed out by Carathéodory.

Theorem 4. If S is a bounded group of inner transformations then
the elements of S are uniquely determined by their linear parts.

* More precisely, iof T(a), T(B), + * - are elements of S, ©f we write the

expansion of T'(a) in the form

(58) y; = aj(a)z: +

R o ai(a)xk + 2ﬂ1+-~-+ﬂh_>_2air‘l,'~n,,(a)x?l T x;:b
and if (4, ny, + + + , ) s any fixed multi-index, then corresponding to
any € > 0, there exists a & > 0 such that
(69) 2k ia(e@) — a2(B)] <
implies
(60) |a,...m(0) — @l ..., (B)] < e

Proof. If U and V belong to S, then so does T = UV-!, hence
{T, T? - - - } is a bounded set. If L(U) and L(V) are the linear

parts of U and V then, as we saw at the end of section 1,
L(T) = L(U)L(V)—?

Hence if L(U) = L(V), then L(T) is the identity and by Theorem 3
T itself is the identity. Thus UV-'=1, or U = V. Thus the
elements of S are uniquely determined by their linear parts.
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For the proof of the second half of the theorem, we first assume that
the group S is not only bounded but also closed, that is, compact.
Under this assumption if our assertion were false there would -exist a

multi-index (j, 1, * * * , nx), & & > 0, and two sequences {T(a)},
{T@B)}, s =1,2, - - -, of group elements such that simultaneously
(61) laf, ... (@) = @b (B2)] 2 4

and

(62) Bhmalat(e) — a2(80] <

Since S is bounded, there exists a subsequence {s,} of the integers {s}
such that the sequences {T(a,,)} and {T(8:,)} are both (weakly)
convergent. Denoting their limits by T(a) and T(8), we also know
that T(a) and T(B) belong to 8, since S temporarily is assumed to be
closed. From (61) and (62) we now conclude that

(63) |ad, ... (@) — @l ...,(B)] = 80
and B}
(64) =k, lad(@) — af(8)| = 0

Relation (64) states that T(a) and T'(8) have the same linear parts,
whereas (63) implies that T'(e) and T(8) are not equal. This con-
tradicts the first half of the theorem, and this proves the second half
of our theorem under the additional assumption that S is not only
bounded but also closed.

Now if S is not closed, we take its set theoretical closure S. It
consists of all transformations T(&), T(8), etc. which are limits of
convergent sequences {T'(a,)}, {T(8.)}, etc. where T(a.), T(B,) are
elements of S, and repetitions in the sequences are allowed. Expand-
ing slightly the argument which was used in section 3 we see that the
sequence of the products 7'(c.) T (8.) converges towards the product of
the limits, that is, towards T(&)T(B). Furthermore, we see that this
product is independent of the special approximating sequences used,
and that for three convergent sequences the associative relation

(T()TB)T(va) = T(aa)(T(B)T (7))

in S yields the associative law in S. Finally let 7(&) be any element
in §, let {T(a.)} be a convergent sequence in S with limit 7'(&), and
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for each s denote by 7'(8.) the inverse of T'(a,), so that
(65) T(a)T(@B) = I

Since S is bounded there exists a subsequence {8,,} of {8,} such that
T(8.,) — T(B). Thus from (65) we derive the-limit relation
T(@)T@) =1

and thus every element 7(&) of S possesses an inverse T'() which like-
wise belongs to S. Thus we see that the closure S of any bounded
group S is again a group. Now S is compact, and the second half of
Theorem 4 has been proved to apply to compact groups. Hence
Theorem 4 applies to S and so a fortiori it applies to S itself.

For later use we include the following theorem.

Theorem 6. If T is an inner transformation with IATI =1, and if

the semigroup {T, T? T?% - - -} is bounded, then there exists a sequence
{T?, T», T7, - - -}, 1 <p1 <p:< - - -, which converges to the
identity.

In fact by Carathéodory’s theorem (Theorem 4), it suffices to find
exponents {p,} for which the linear parts converge to the identity.
Also it is easily seen that L(T?) = [L(T)]” (compare equation (46)).
In view of these two facts we need only prove the theorem for a linear
transformation 7' = L. Due to the boundedness of L" there exist

exponents n; < ng < - - - | such that if we put
Lr: o = Zh_a5(s)z,
the limits
lim ,_, a;,(s)
exist for j, v =1, - - - , k. Since lAv = 1, the inverse transforma-
tions
L= x; = zf—lbil’(s)x”

are also convergent. Therefore the sequence
Lﬂ|+l . L—n. - Ln:u—m

is convergent, and indeed with limit the product of the limit of L™+
by the limit of L=, that is with limit the identity. Thus p, = 1.4,
— n, will satisfy the theorem.

§5. BOUNDED GROUPS OF TRANSFORMATIONS

In the present section we will deal in substance with linear (inner)
transformations

T: Yi = zt—laftxm Jj= L .- :k
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The determinant A = Ar is a polynomial in the ai. Hence, if a
set { T()} is (weakly) bounded according to our definition in section 3,
the numbers A(e) are bounded. Suppose in particular that T belongs
to a bounded semigroup. Then the set of iterates {T, 7%, T, - - -}
is bounded. However,

Apr = (Ar)* = A®

and the set of complex numbers A% s =1, 2, - - - can be bounded
only if |[A| < 1. If T belongs to a bounded group then the set {7}
must also be bounded. In this case we must therefore also have
A-1] < 1, and since both inequalities hold simultaneously we have
Al = 1 for T a member of a bounded group. Actually, more precise
statements are available. It is known from linear algebra that given
T there exists a nonsingular linear transformation S such that the
similar transformation

(66) U =8"'TS
has special features. In fact, writing U in the form
(67) n = 2£—1bf¢$u

it is possible to choose S in such a way that in the matrix ||bi]| all
terms under the main diagonal shall have the value zero, that is

(68) b, =0 for p<jg
If the matrix b is thus specialized the diagonal terms
A= b}) Ay = bgr ) A = bl’:

are uniquely determined but for their order. They are the character-
istic roots of the original matrix and are invariant under similarities.
The matrix of each iterate U® has again all zeros under the main
diagonal, and its characteristic roots are the s-th powers of those of
U, namely A}, - - *, A Also, since the terms under the main
diagonal vanish, the determinant |bi| for U has the value A; + - + A4
But by (66) the determinant A of T is the same as the determinant
|bi| of U. Hence the determinant A has the value A; - - - M. Now
in section 3 we have seen that if {T} is bounded then so is {U*}.
Hence each term in the matrix of U* is bounded in s, in particular the
powers X} are bounded for each u = 1, - - - , k. This implies

(69) . P\ll S 1; T !)‘kl S 1
and this set of inequalities is much more explicit than |A| < 1 which on
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the face of it, implies only that IM R )\,,I < 1. Once (69) is estab-
lished, the equality |A| = 1 can hold only if :

(70) Pl =] =+ =[N =1

All of this can be applied to the linear part of any inner transformation
rather than merely to a linear transformation.

Theorem 6. If T is any element of a bounded semigroup of inner
transformations then the determinant Ar satisfies the inequality [ATI <1
and the characteristic roots of its linear part satisfy relation (69).

If T belongs to a bounded group (of inner transformations) then
|az| = 1 and the characteristic roots satisfy the sharper relation (70).

If the set {T, T? - - -} is bounded and if (70) holds, (or even if
only |A| = 1 holds), then {T-Y, T-%, - - -} is also bounded and thus T
18 an element of the bounded group {T*},s = 0, +1, £2, - - -,

Proof. The semigroup {7, T? T§ - - -} is contained in any
semigroup including 7, and thus the first half of the theorem only
summarizes the preceding remarks. The second half of the theorem is
a consequence of Theorem 2, since (70) implies |A] = 1.

If 7T is linear, then by choosing S more judiciously in (66) we can
obtain not only the relations (68) but also the additional relations

b, =0 for j+1<u
Thus the only coefficients in (67) which may be different from zero are
xi=b;:y 7i=b§+1) j=1) t ';k

However, as is well known from linear algebra, each v; must be either
1 or 0, and whenever v; = 1 for some index 7, then for the same index
J, \i = M. Having brought about this canonical form of the matrix
||bi]l, we now form the iterated transformation U for any fixed
positive integer s, and we denote its matrix by ||c}||. The latter is
the familiar (s + 1)-th power of the matrix Hb’;| , and hence by an
elementary formula of matrix theory

Pk ... 3k pPpno. .. phap”
Cq - Ev,-l zv‘—lbvlbr: bv, 1bq'

In our special case, owing to (68), we may restrict ourselves for ¢ > p,
to such combinations (v1, - - - , »,) for which

(71) p<nswns - <nlyg

Now choose a fixed index j, and put p = j, ¢ = j + 1. This will allow
in (71) only one actual inequality at a time. Thus the coefficient
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ci,, has the value
yihia + N F NYART 4 N v+ My

Now if v; = 1, then as we remarked earlier in this paragraph, A;;; = A,
and so we have ¢/, = (s + 1)A]. Ifnow |\| = 1, then|ci,| = s + 1,
and this is not bounded as s — . Hence if all positive and negative
powers of U are bounded then no coefficient v; = b%,, can be different
from zero. Hence we have the following theorem.

Theorem 7. If T is an element of a bounded group of inner trans-
formations then there exists a linear change of variables S, which may
depend on T, such that similar transformation U = S—'TS has the
canonical form

(72) U: y; = Mz + (higher powers), Jj=1 ---k
with |7\1| =+ = |,)\k| = 1.

§6. BOUNDED GROUPS OF TRANSFORMATIONS.
A GENERALIZATION OF CARTAN’S UNIQUENESS THEOREM

Theorem 8. Any bounded group of inner transformations {T(a)} is
stmilar to the group of its linear parts {L(T(a))}: there exists a trans-
formation S whose linear part is the identity

(73) S: 2} = x; + (higher powers), i=1 - -,k

such that for all o
T(a) = S~L(T(e))S

The proof will be based upon Theorem 3 by way of Theorem 4.
However, once established, Theorem 8 includes Theorem 3 in the
following peculiar manner. If T is any transformation whose linear
part is the identity and for which the set {7, T2 - - -} is bounded
then (see Theorem 6) the cyclic group {7°},s =0, +1, +2, - - - ,is
bounded. Hence by Theorem 8, there exists a nonsingular S such
that T = S~L(T)S. But L(T) =1, hence T = I, as asserted in
Theorem 3.

In the course of the proof of Theorem 8 it will be necessary to form
additive combinations of transformations. If y, = f,(z) and y; = g;(z)
are two transformations T and U and a, b are complex numbers, then
aT + bU is to be the transformation y; = afj(x) + bgi(z). If Visa
third transformation 2z; = h;(y), then the distributive law in the form

@T + bU)V = aTV + bUV
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always holds while_in general it does nof hold in the form V(aT + dU)
= aVT 4+ bVU. However it does hold even in the second form if V is
linear. Thus for any linear transformation L, and arbitrary trans-

formations V, Ty, - - -, T,, and arbitrary complex numbers ¢,
-, Cp, We have
(74) (@Tli+ - +cTo) V=erTi- VA4 - - 46,7, V,

L‘(01T1+ st +Cpr)=C1L'T1+ v +C,,L'Tp

On the other hand, as we have seen in section 3, the product UW is
continuous in each factor, as a matter of fact even in both factors.

Thus
(75) limy e (Up* V) = (limpe Up) * V

limy e (L - U,) = L - (limy_w Up)

provided the limit on the right hand side exists. Relation (75) sug-
gests the possibility of extending (74) from sums to integrals.

Assume that a point set G is given, say the interval 0 < « < 1,
and assume that an inner transformation 7'(«) is defined for each «
in G, ,

(76) T(a): yi= Z; . pmo@hn (@)l - - o TP,

j=1,,k nA4 - +n>0
We further assume that for certain sets A of G a finitely additive
measure u(A) is defined for which the total set G has measure 1; for
instance, if G is the interval (0, 1) the ordinary Euclidean length of

subintervals and finite combinations of intervals is such a measure.
Finally we assume that each coefficient

a(a) = di,...n(a)

is (bounded and) Riemann integrable in relation to the measure just
assumed. Denoting the value of the integral by

Jea(a)du(a)
integrability of a(a) means that corresponding to each ¢ > 0 there
exists a partitioning of G into sets 4, - + -, A, such that for any
points a,of A,,r =1, - - - s,

| fea(a)du(a) — =i a(anu(d,)]| < e

For the ordinary Euclidean length on the interval (0, 1) this is the
ordinary Riemann integral, and more generally, for any monotonely
increasing (nondecreasing) function u(a) with u(0) =0, u(l) =1,
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this is the familiar Stieltjes integral [ja(a) du(a). In accordance
with our concept of weak convergence (see section 3) we now define
the integral

(77) feT()du(a)
as the transformation whose coefficients are
(78) f Gai», con(@)dp(e)

Since the total measure of @ is 1, it follows that if the linear part of
each T'(a) is the identity then the linear part of (77) is the identity.
If L is any fixed linear transformation

L: Ey_lb,.ym J=1 " K
then the coefficients of L - T'(«) are
Chpveon, = Zhblak .o (a)

and clearly these are again integrable. Hence we can form

(79) JoL - T(@)du()
We assert that
(80) JoL - T(e)dp(a) = L * [T (a)du(e)

In fact, in the case of ordinary measure in the interval (0, 1) we
approximate to (77) by values

oo () 1 Qe or ()

On the one hand, by (74)

(81) 1 T T <T> =L-T,

On the other hand, by the definition of the Riemann integral each
coefficient of T, converges towards (78) and hence 7, converges towards
(77), and thus by (75) the right member of (81) converges towards
the right member of (80). Similarily the left member of (81) con-
verges towards the left member of (80), and thus (80) follows from (81).
This reasoning also applies to the most general measure u(4) and thus
(80) always holds.
As a companion to (80) we will also need the relation

(82) JeT(a) - Vdu(a) = (foT(a)dp(a)) - V
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where V is any fixed transformation. The integrability of T'(a)* V
follows immediately from the integrability of T'(a). The remainder
of the proof is essentially the same as for (80), being based again upon’
(75), this time the first part. We omit the details.

We now turn to the proof of Theorem 8. Writing the linear part
L(T(a)) of T(a) in the form

Yi = 2:-10{;(0‘)33:‘

and remembering that by Theorem 4, T(«) is uniquely determined
by L(T()), we see that T'(«) is uniquely determined by the k2 com-
plex numbers

a{AEafa(a)y hw=1---,k

Taking the real and imaginary part of each ai,, we obtain 2k? numbers
which we interpret as the coordinates of a point in the Euclidean space
E of 2k? dimensions. Every element « of @ can therefore (be repre-
sented by, and hence for our purposes) be identified with a point in E,
and @G itself with a bounded point-set in E. Also, since

(83) L(T(e) - T(B)) = L(T(e)) - L(T(B))
the group product Ba of any two elements «, 8 of G is given by
a,(Ba) = Z5_jai(B)a(e)

Thus in the ordinary Euclidean topology of E, the group product
Ba is a continuous function of 8 and a.

Now since G is bounded, there exists an additive measure u(4) on
@ with the following properties, among others:

(i) the measure of the total set G is 1,

(ii) the measure is group invariant, and

(iii) every function f(a) on G which is uniformly continuous on @
(in the topology of E) is integrable.
For our purpose the best way of expressing property (ii) is as follows:
If f(a) is any integrable function and 8 is any fixed element, then

(84) Jof(B)du(e) = fop(aB)du(e) = [of(a)du(a) = [of(a")du(e)

Now we see the significance of the assertion of the more precise part
of Theorem 4. It states that each coefficient of T() is uniformly
continuous on G. Hence (by property (iii)) each coefficient of 7'(a)
is integrable relative to our measure. Furthermore since a polynomial
of integrable functions is integrable, -and since a(a~?) is integrable if
a(e) is (cf. (84)), it follows that the transformation L(T(a™?)) * T'(a)
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is integrable. The linear part of this transformation is the identity

since
L(L(T(«™)) * T(a)) = L(T(a™)) * L(T(e))
=L(T(") T() =LI) =1

We now introduce the transformation
(85) S = [eL(T(a™)) * T()dp(e)

We first note that the linear part of S is the identity, this follows at
once from the preceding relation and property (i) of our measure.
Next let 8 be any fixed element of G. By (80),

L(T®) S = [eL(T(B)) * (L(T (™)) * T(a))dp(e)
and by the associative law (18) and the relation (83) this is equal to

JoL(T®) * T(a™)) - T(x)dp(a) = JeL(T(Ba)) - T(a)du(e)
= JoL(T(Ba™)) - T(af™ - B)du(a)
= JoL(T(Ba="))T(aB™") - T(B)du(a)

Finally, on account of (82), this is equal to
(JoL(T(Ba™)) * T(ep~)du(a)] - T(8)
Now the integrand L(7T'(Ba!) - T(af™') arises from the integrand
L(T(a™)) * T(a) on replacing a by af~!. By (84), this does not alter
the value of the integral, and hence,
L(T@)) - S = 8- T(p)
which is the assertion of Theorem 8.
§7. A THEOREM OF BEHNKE AND PESCHL
We consider any inner transformation

(86) U: Z; = gi(x1, * - - ) Tk) = Z",;_,,_A’,',(:c), i=1 ",k

el

with no restriction on the values of the smallest degrees n; occurring in
(86). We only assume that the determinant

a4i,

J(:h, e ,xk) =

is not identically zero,

(87) J(xl, c e ,Ik) # 0
Such a transformation will be called nondegenerate.
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Behnke and Peschl have proved the following beautiful generaliza-
tion of Theorem 3 (Cartan).
Theorem 9. If T ¢s an inner transformation of the form

T: z; = z; + (higher powers)

and if there exists a nondegenerate transformation U such that the set
of transformations {UT, UT? UTS? - - -} is (weakly) bounded, then
the transformation T is the identity.

We will handle this theorem by showing that if the set {UT, UT?,

-} is bounded then so is the set {T, T'% T3, - - -} itself, and thus
we will ultimately reduce Theorem 9 to Theorem 3. As a matter of
fact, we will prove the following more general theorem.

Theorem 10. If a set of transformations {T(a)} s such that their
linear parts L(T(c)) are bounded and their determinants are bounded
away from zero,

|Ar@| >8>0

and if there exists a nondegenerate transformation U for which the set
of transformations {UT(a)} is bounded, then the set {T(a)} itself s
bounded.

In particular, if the linear parts of a group {T(a)} are bounded, and
if {UT()} is bounded, then {T(a)} itself is bounded.

We will first state some simple properties of polynomials,

P(ml, SR xk) = znanl---nhx?l PN x;c‘h

whose degrees do not exceed a fixed integer m.

We will view these polynomials both as formal series and as funec-
tions of their complex variables. Since their degrees are bounded, a
set of such polynomials is bounded if and only if their ‘“norms”

(88) Pl = Zalan...n]

are bounded.
Polynomials in one complex variable,

Plx) =as+awx+ - - + anz™, (m fixed)
are a compact family in a strong sense. If a neighborhood |z — 29|
< r and a constant M are given, then the set of polynomials for which
|P(x)| < M in the neighborhood are bounded in norm. By induction
on the dimension k this can be extended to several variables. If a
neighborhood

(89) lx, — 2% <, v=1 -,k
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and a constant M are given, then the set of polynomials for which
|P(zi, - - -+, z)| < M is a bounded set in norm. The converse of
this being true, and boundedness in norm and weak boundedness being
obviously equivalent for polynomials, it follows that the following three
concepts are equivalent for polynomials, boundedness in norm (in
the sense of (88)), weak boundedness (in the sense of section 3),
and boundedness in the sense that for every neighborhood (89),
there is a constant M (z° r) such that IP(:cl, c )| < Min
that neighborhood.
Now, consider a system of relations

(90) Z_8n(@)Py(z) = Bi(z), j=1, -,k

among polynomials A;, P,, Bj, each of degree < m in z;, - - -, .
Suppose that the polynomials A;,(z) are fixed, with determinant

J(il?) = IAiv 5o veml,eee  k # 0

and let a system of relations of the form (90) hold (with these fixed
A;) for all members (Bi(z; a), - - -, Bi(z; a)), (Pilz; a), - -,
Pi(z; @) of some two sets of polynomials { Bi(x; @), * + -, Bi(z; @)},
{Pi(z; @), * -+, Pi(z; a)}, where each polynomial Bj(z; ), Pi(x; a)
is of degree <m. Our immediate goal is to show, under the condition
J(x) $# 0, that if the set {B(x; «)} is bounded, then the ‘‘solution”
set {P(x; @)} is also bounded. For this purpose we introduce the
cofactor C,; of the element A; in the matrix ||Az||;m1,....z. Then
by (90) we have

E}‘_IC viBj
J

Since J(z) # 0 and since J(z) is obviously a polynomial, there exist
a neighborhood (89) and a constant y > 0 such that IJ (x)| > v in
(89). Hence, all elements B; being bounded, there exists a constant
M such that IP,(:L‘)‘ < M in (89) for every (P, + + - , Py)in {P(z; a)}.
This implies our desired conclusion.

Finally, we will prove the following more general result.

Lemma. Let Aj(ty, - -, i) be a given set-of k?* polynomials, each
of degree <m, with determinant

J(t) = lAirll. yaml,eee, k # 0
Let {L(c)} be a bounded set of linear transformations

(92) L(a): ti(e) = Zioap(@a,  j=1,---,k

(91) P, =
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with determinants Ar) bounded away from zero. Let {Bi(z;a), * * * ,

Bi(z; a)}, {Pi(z; @), * * +, Pi(z; a)} be two sets of polynomials in
Z1, * -+, Tk, each of degree <m. If a system of relations
93) Zi.An(ti(e), - - - t(@)Py(z; @) = Bi(z, a),

j= 1, - sk

viewed as relations in the z’s, holds for each member L(c), P,(z; ),
Bi(z; @) of the three sets, and if the set {B(z; a)} is bounded, then the
set of “solutions” {P(z; a)} 13 also bounded.

If the set {P(x; @)} were not bounded, then there would exist a

sequence of systems L, P}, B!, s = 1, 2, - - -, each satisfying (93),
such that the sum of the norms
(94) z5.|1P|

is not bounded in s. By suitably thinning out the sequence we may
assume that the transformations L* are convergent.
Their limit transformation

Lo: ] = Z5_,0ha, j=1 -,k

is nonsingular. Therefore J(¢}, - - - , ¢}), as a function in z;, - - -,
i, is not identically zero. Hence there exists a neighborhood (89)
such that |J(t%] > 2y > 0 in (89). Obviously there exists an index
so such that for s > s, we also have lJ (t’)l > 4 in (89). Also, the
cofactors C,;(t*) are bounded in (89), and so are the functions Bj(z).
Hence, by (91), the polynomials P} are bounded, and thus the quanti-
ties (94) cannot be unbounded. This proves the lemma.

Now we can turn to the proof of Theorem 10. We consider the
first half of the theorem. We take a generic element 7' of the set
{T(a)} and write it in the form

95) T: aj=file)y =2,Pix), J=1,-"",k
Let A(z), - - -, ) be a fixed homogeneous polynomial of degree
m, let A,(z1, © - -, zx) be the polynomial
Ar(xl) e )xk) = aA(xl’ - ’xk)
oz,
and let p be any fixed integer >1. Consider the series A(fi(z), * - - ,

fe(z)). TItisnot hard to see that in the latter series the terms of degree
m -+ p consist of

96) =*_ AP} - -, PHP., + (polynomial in P, ..., P
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Hence if
g(xh e ;xk) = E:-mAﬂ(x)

then the terms of degree m + p of the series g(fi(z), - - - , fu(x)) are

again of the form (96).
Now, if the transformation U of Theorem 10 has the form (86), and

if we denote the partial derivative

QAL (x1, * + + 5 2w)
az,
by Ap(x1, © - -, 24), and if we put
ti=Pix), j=1,""",k

then by (95) and the assumptions of Theorem 10, for each j =1,
-+ + ,kand each integer p > 1, an expression of the form

07 ZAuly, ¢, #Pla(z) + (polynomial in Py, - - -, P})
is bounded for all T = T(a). We can now prove the boundedness of
P’(z) for each s =1, 2, - - -, by induction on s. For s = 1, the
boundedness is postulated in the theorem. Now suppose that we
have already proved the boundedness of Pj, - + -, P,. Then the
polynomial in (P}, - - -, P}) in the second term of (97) is bounded
and hence the expressions

EI:_IAi'(tly T tk)P;+1(x'1; ) xk) = B,‘(CE), j= -, k

are also bounded. It is now easy to see that the preceding lemma
will apply, and we thus conclude that P, (x) is also bounded. This
yields the first half of Theorem 10.

The second half follows from the first half by use of Theorem 6,
since in this case, {T(a)} being a bounded group, we have IAT‘(a)I = 1.
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and to what extent, will remain valid. A very interesting problem
arises in connection with Theorem 1. The circular group (50) is a
very ‘“small” group, indeed the only one parameter circular group.
However, it ‘“‘acts” in a manner which implicates all coordinates
simultaneously, and the result is the very strong conclusion of Theorem
1. It would be worth investigating which modes of “acting” by
groups with few parameters produce similar results, and what the
statements would be for the case of real variables.



CHAPTER II
Basic Facts about Analytic Functions
of Real and Complex Variables

It is the purpose of the present chapter to point out some basic
similarities and dissimilarities between analytic functions of complex
variables and analytic functions of real variables. In order to have a
quick start we will define analyticity in terms of power-series. A
function f(z, - - * , 2x) in a domain of its variables is analytic if in
some neighborhood of every point (2%, - - -, 23) of the domain it
is the sum of an (absolutely) convergent power series

(1) E:?;."‘.nksoaﬂx---nk(zl - z?)”‘ e (zk - Z?c)n‘

The variables 2z, - - - , zx may be all complex, all real, or some com-
plex, some real. However, analytic functions in all types of variables
will be reduced to those of complex variables, and hence we will begin
with a discussion of the latter ones.

§1. FUNCTIONS OF COMPLEX VARIABLES

Writing 2z, =x; +1ty;, =1, - - -, k, the space of k complex
variables 25, - - -, 2 is the ordinary Euclidean space Es of the 2k
real variables z1, y1, T2, ¥2 * * * , Tk, Yk If (&2, - -+, 20) is any given

point, a very convenient type of neighborhood will be the polycylinder

C(2 7): lz, =28 <m, d=1,- -,k
withr; > 0, - - -, 7 > 0. If a power-series
(2) Enan, ces nhz:l A 2:‘

is absolutely convergent for ]z,] = R,, or, more generally, if

M
(3) Ia,.l...n,,l S m

then inside the polycylinder
CO, R): |z < R;

the series (2) is majorized term-by-term by the series of
30
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Therefore, if we arrange the terms of (2) into a simple series, that series
will be uniformly convergent in C(0, r) for any r; < R;. Since each
monomial z{* - - - 2* is continuous in all variables, the sum-function
f(z1, - * -, z) is continuous in C(0, R). Also, by a familiar theorem
of Weierstrass on functions of one complex variable, since every
monomial is analytic in each variable, the function f is likewise analytic
* in each variable, and the partial derivatives

i) a
(5) ._f, Ce e, o
N 821 azk
can be obtained by formal differentiation of the series (2) in any simple
ordering of its terms. Now, if (3) holds, the series for 8f/dz; is
majorized by the series

re-2-g)" G-y
21 -2 1=22) ... —
R1<1 R R 'R

and similarly for df/0zs, + - + , 8f/32.. Thus the argument which has
applied to f(2), can be applied to each function (5), and by induction
we find that f(2) has mixed derivatives of all orders, and the derivatives
can be obtained by formal differentiation of (2). In particular,

anct" Hm(0)
6 Ve o e mlag. iy = —————
(6) m T *ny o i o - - - 9z

Hence

Theorem 1. An analytic function of complex variables is continuous
and has (mized) partial derivatives of all orders which are likewise
analytic, and for the series (1) we have

_ oMt +nkf(20)

7 nl s mlan.. e, =
( ) T e azf‘ R P

If T;is a domain in the 2;-plane, then the point set

(8) [z{C Ty - -,z C T
is a domain in Ey. It is called a (generalized) polycylinder, and we
will also denote it by (T4, - - -, Tx). If T; is contained with its

boundary in T}, and if its boundary is a smooth curve Cj, and if a func-
tion f(z1, - - - , 2zx) possesses the property in (8) that it is analytic in
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each variable for all combinations of the other variables, then a
repeated application of the ordinary Cauchy formula leads to the
formula

c. (LY diy / dgs
(9) f(zl, ’zk) - (21r’L) /Clg.l —21JC 2 — 29
L. f(g-l) . Yg—k)dg—k

Ce $e — %

By a striking analysis, which we will reproduce in Chapter VII, F.
Hartogs has proved that if f(2) is analytic in each variable, it is con-
tinuous as a function in all variables.

For the present we will postulate explicitly that f(z) is continuous
in (8), but we do not make the assumption that f is analytic in 2z,
«++, 2 in (8). From the continuity it follows that f is uniformly
continuous and bounded on the k-dimensional manifold

(10) [§'1C Cl,"';fkc Cil

and thus the repeated integral can be evaluated as a multiple integral.
Now to show the analyticity of fin 2z, - - - , 2; in (8) it is only neces-
sary to show that in a neighborhood of every point (2°) of (8), f is
representable by a multiple power-series of the form (1) convergent in
that neighborhood. Without loss of generality we take the point
(2°) to be the origin () = (0). If then each C; is a circle |{;| = R;,
and Iz,-l < Ry, z; fixed, the expansion

1
§—2

= 2, f;,—l (el < [¢])

leads to

1 z"l PR z"‘h
11 = 3, %k
() G Ge—m i

the latter series being absolutely and uniformly convergent in ({)
on |§,-| = R, (for each fixed z; in |z,~| < R;). Since f(¢1, * - ¢, &) is
bounded, we may substitute (11) into (9), and exchange the order of
summation and integration. Thisleads to a series (2) with

1 fdey - - - di

em = fo oG o
(2m) $1 $k

(12) Qn,.

the series being convergent for |2 < R;. For completeness we note
that in the particular case under consideration in which Cj is the circle
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lg',-l = R;, the integrals (9) and (12) are to be evaluated by putting
(13) §i = Rjet, 0< 0 < 2nm dt; = iRe%d0; = 1t;do;

Also if instead of the circles |f;| = R; we take some other circles
|;',-| = R} > R; (still lying together with their interiors in (8)), then
the resulting power-series would have the same coefficients. This
follows immediately from (7), and easily from (12). Thus we obtain

Theorem 2. If a function f (21, * * -, zx), all z; complex, is con-
tinuous tn a domain D, and if in the neighborhood of every point it is
analytic in each variable, then f(z) is analytic in D. .

Theorem 3. If f(2) is analytic in D, all z; complex, then each expan-
sion (1) is unique and s valid in every polycylinder C(2°, R), no matter
how large, which is contained in D.

As in the case of one complex variable, formula (9) leads very
directly to important conclusions. The formula can be differentiated,
that is

gt Hmaf(2)
=n1!"'nk!J.c e e Fdgy - - - dik
(2,”7:)1: 1 k (§'1 — zl)m+1 e (ﬁ'k — zg)m™H1

(14)

If a sequence of analytic functions in a common domain D is uni-
formly convergent in every compact set S of D then the limit function
is again analytic, and the derivatives converge uniformly on S to
the derivatives of the limit. In particular, the power-series around
any point converge term-by-term. If (2) converges in C(0, R),
and (2% is a point in C(0, R), then the series (1) can be obtained by
formal manipulation. Furthermore, if the functions

(15) zj = Soi(g-ly ct T ;rl)a ¢i(0; tt ;0) = 0’ j= 17 T :k
are power series convergent in I;‘xl < p, and if their values lie in
C(0, R) then the function f(¢:($), * - -, ox(¢)) is again analytic in

the same polycylinder | ;xl < p, and its power-series can be obtained
by formal substitution. Thus we obtain the theorem that an analytic
function of analytic functions is again analytic.

§2. FUNCTIONS OF REAL VARIABLES

I, -, 2), 2 =2) + ), is a point of Ex, then a real
environment of that point will be any point set containing a k-dimen-
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sional rectangle
(16) . lilf,’ - x?l < Rf7 ‘ Yy = y?! J = l: Y k

Since the derivatives (7) can be formed by using only points of the
environment, we see that if a power-series vanishes in a real environ-
ment of its center, it vanishes identically. Now let f(z) be analytic
in a domain D in E3 and let f(z) vanish in an environment (16) of a
point P(z°) in D. First of all, it vanishes at all points of a correspond-
ing polycylinder C(z°, R?). If P(2') is a point of that polycylinder,
f(z) vanishes in C(2', R'), and so forth. But any point of D can be
connected with P(2°) by a finite chain of polycylinders, and thus
f(2) vanishes in D. Hence '

Theorem 4. If f1(2) is analytic in a domain D), and f2(z) in a
domain D, if the intersection of Dy and Ds ts a nonempty domain, and if
f1(2), f2(2) have equal values in a real environment of a point of Dy - D,
then fi(z) and fi(z) are analytic continuations of each other; i.e. there
exists a unique function f(z) analytic tn Dy + D2 which coitncides with
fi1in Dy and with fy in Ds.

More generally

Theorem 6. If a domain D 1is the union of domains Da, (a s an
arbitrary index), if each intersection D, - Dg ts either empty or a domain,
if fa 18 analytic in D, and if, whenever D, - Dg # 0, fo and fs have equal
values on some real environment, then there exists an analytic function
f(2) in D which cotncides with fo in D, for all a.

Any domain T in the real variables z;, - + - , zx can be placed in
the space of z; = z; + 1y; by putting y; = 0. If f(xy, - - -, ) is
analytic in 7', if (zf) is any point of T, and if

f(il:) = Enaa ...,..(xl — xa)"| .« .. (xk — x:),..

in some rectangle |v; — 27| < Rj, then we define D, as the polycylinder
|z, x,l < Rj, and f.(2) as the function

E”anl-”n.(zl - xl)n’ e (zk - I;)"*

On the basis of Theorem 5 we now have:

Theorem 6. If f(xy, - * +, xx) s analytic in T, all z; real. then
there extsts in the space of the complex variables z; = x; + ty; a neighbor-
hood D of T, and an analytic function F(zi, -+ * - , z;) in D, such that
F(z) = f(x) in T.

Also, if two neighborhoods D of T intersect in a domain, the cor-
responding functions F(z) are identical in that domain by Theorem 4.
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Thus F(2) is a unique continuation of f(x), and as such will be denoted
simply by f(z1, - * -, z). Furthermore, if fi(x) and fa(x) are analytic
in the domains T; and T respectively, and if T, T. intersect in a
domain, then the complex neighborhoods D, and D; as constructed
before will likewise intersect in a domain. Thus Theorems 4 and 5
also apply to functions of real variables.

However, we point out emphatically that the second part of
Theorem 3 does not apply for real variables. It is not true that the
expansion (1) which has been postulated to hold in a sufficiently small
rectangle around the center will of necessity be valid in every rectangle
in T. The size of the optimal rectangles will obviously depend on
the thickness of the neighborhood D of T into which f(z) can be
continued. It is also not true that a uniform limit of analytic funec-
tions of real variables in a common domain 7' is again analytic, and if
it happens to be analytic, it cannot be asserted that the power-series
converge term-by-term. But the following result is true. Let

f(xy, + + -, 2x) be convergent in a k-dimensional 1ectangle about the
origin as a center and let ¢j(£1, - -, &) be k power-series each
convergent in a rectangle about (£) = (0), and each vanishing at
(&) = (0). Then the series f(¢1(£), * - -, ¢x(£)) is again convergent

in a rectangle about (£) = (0), and this composite series can be
obtained by ordinary manipulation. Hence it is true, even in real
variables, that an analytic function of an analytic function is again
analytic. This can be proved directly by the familiar method of
majorization of all power-series oceurring, or it can be reduced to the
case of complex variables in the following way. Putting z; = z; + 1y,
we know that there exists a continuation f(z1, * + - , 2x) in some com-
plex neighborhood A4 of the origin, and again, putting f = & + um,
the functions z; = ({1, * * -, ¢x) will likewise exist in a complex
neighborhood of the origin; also, if the latter neighborhood is suf-
ficiently small, the values (¢1, * * -, @) will lie in A, and thus we
may apply the “complex’ theotem.

§3. FUNCTIONS OF MIXED VARIABLES

If the series f(z) = Za.2" converges for |s| < R, then the series
Za.(z + iy)", if rewritten as a double series

23 ¢=00pa®7Y*?

R R
will converge absolutely for |z| < >’ lyl < 5’ sy More generally,

if some or all variables z; in the series (2) are complex, and if we sub-
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stitute z; = x, + 1y;, then we obtain a convergent power-series in all
real variables occurring. Furthermore, if f = u + 4, then the real
and imaginary parts u and » are each analytic in all real variables
involved, and the Cauchy-Riemann equations give

du 1) du av
1 — — — 0 — —
(17 éz; dy; 9y + 9z;

Now, assume that the function f, as function of its real variables, can
be analytically continued to a larger domain. This continuation also
continues the functions u, », and hence the functions du/dx, — dv/dy;,
du/dy; + dv/dz;. However, since the latter functions vanish in the
original domain, they also vanish in the new domain. In other words,
if an analytic function of real variables, zi, zs, 3, * * * , Za(n > 2)
can be continued and if before continuation it involves the variables
Z1, Z2 only in the combination z; + 7z, i.e. if before continuation it is
actually analytic in the variables z; + x2, z3, - -+ -+, 2, then this
situation prevails after continuation.

We are pointing out this fact mainly because of the following very
peculiar theorem some versions of which will be proved in Chapter IV.
If n > 3, if f(x1, - - * , xs) is an analytic function of the real variables
Zi, ' * *, &» on the boundary of a bounded n-dimensional domain,
and if it involves z), x2 only as z, 4 iz, then it can be continued
analytically into the total interior of the domain. For n = 2 the
theorem does not hold. A function f(r 4 ¢y) may be analytic on the
boundary of any domain, and not in its interior.

§4. CONJUGATE COMPLEX VARIABLES

Conjugate complex numbers will be denoted by bars. We start
off with a lemma.
Theorem 7. If

(18) f(zly $1, 25 §2 © 0 0, 2p, g‘p)

18 a function, given as a power-series, of 2p complex variables in a
4p-dimensional neighborhood of the origin 2y = {1 =2, =, = « - -
=2z, =¢p, =0, and if the function vanishes on the 2p-dimensional
manifold

(19) $1=2y, $2 =2, Yy $p =2
that s, if
(20) f(zl) 2y, 29,25 * ¢ 0, 2, 2,) =0
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then (18) vanishes identically, that is

(21) f(zh §u, 0, 2 rﬁ) =0
Proof. We introduce the new complex variables
zi+§i Z — §i .
(22) xf='T" y1=17"’ j=1---,p

This is nonsingular linear transformation between the variables
(2, £;) and (z;,¥;), and its inverse is

G=ait v,  § =y
In the new variables, the manifold (19) is the manifold
(23) x; = real, y; = real

Furthermore, in the new variables, the power-series (18) is a new
power-series, again convergent, and if it vanishes on (23) it vanishes
identically (by Theorem 4), and thus the original power-series vanishes
identically.

Now, if f(z, ) is an ordinary function (not necessarily analytic),
with continuous derivatives df/dx, df/dy, in the real variables z, y, we

may introduce purely symbolically, the new ‘“variables”
(24) z =z + 1y, =2 — 1y
with
x z2+Z z2—2Z
= ) =
2 Y=y

and write, always symbolically,

i) 1/9 19 o 1/9 19
(25) l=‘ —"f-l-—."-’ —f=' —f_--.—

9z 2\0r 19y #Z 2\9x 19y
Formulas (25) are arrived at by ordinary calculus as if the letter
in (24) were a real number. Putting f = u + %@ we have

i) 1/9 19 1(/ou v [  Ou
P LA LA Lfmw v) (2
92 2\9xr 19y 2 (\dz 9y o 9y
Thus the Cauchy-Riemann equations, see (17), are ‘‘equivalent”
with
of

a2~ 0
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More generally, if
@3 < F@y - 0 0y 2k, Ye)

Eﬁs@ntinuons partial derivatives of the first order, then it is an
analytic function of the complex variables z; = x; + ty; if and only
if, symbolically,

|
3

(27) =0, T =0

D
n
-
1)
3
S

It is worth pointing out that if (26) is known to be analytie, relations
(27) may be taken literally. In fact we continue (26) into a complex
neighborhood of z;, y;, and then the complex substitution (22) leads
to the literal relations

(28) 65“,- 2 ax,- ! ayj

o 1 (af 1 of
Now, the literal meaning of the relations (27) is that the function (28)
vanishes on the manifold (19). However, by Theorem 7, this implies
that the functions (28) vanish identically, that is, the power-series of
(26), if transcribed into the “independent’” variables zi, Z;, - « - ,
2k, 2k, shall contain only monomials 2§t « - - 27,

If fi, - - -, fu are functions in the real variables zy, - - -, 2z,
with continuous first derivatives, and if we make (cogredient) non-
singular linear transformations with constant coefficients

S = ZpeiConsPuy

m=1 -+ ,n
— n ’ ’
LTm = Ey—lcmﬂgm

then the Jacobian remains unchanged,

a(fl, CT 7fﬂ) ___a<‘Ply t yﬁoT")

3(11, e ,117,.) N a(£b v ;En)

This algebraic identity prevails for symbolic transformations. Thus,
if we have real functions

ui = ui(xy, Yy, 0, Tk Y, Ui = 0@y, Yy ot Tk, Yk)
i=1, -,k and if we introduce the symbols f; =.w; + iv;, f; = u;
— 1, 2 = z; + 1y;, & = x; — 1y;, We obtain

a(uly vy, * 0, U, vk) — a(fly flv v 9fk;fk)
a(xly Yy, = " 0, Ty yk) a(zl) 2yt 2, %
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A permutation of variables is a linear transformation, hence this is
also equal to

a(flyf% T ’fk;fbf?y e )fk)

a(zl: (272 1zk;21: 22: e ,Zk)

(29)

Now, if f; = fi(z1, - - -, 2), i.e. if the f; are analytic in the 2’s, then
3f;/0%2, = 0 and 9f,/9z, = 0 and by direct evaluation of (29), it is the
product

a(fy, - - -, f) 8y, - - TN
(zy, + v ¢, 2) Oy -, Ek)
Hence
Theorem 8. If fi(zy, - - -, 2x), j=1,-- -, k, are analytic
functions of complex variables, and if f; = u; + ;, then
uy, vy, - -, v)) |8, - -, )P
@y, Y, - -, T ) |0, )|

We can now prove an important result on implicit functions for
analytic functions of real or complex variables.
Theorem 9. If the functions

(30) Fj(’LU1,"',wk;Z1,"‘,Zz), j=1:'°')k

are analytic functions of k + [ variables in the neighborhood of the origin,
if F;(0; 0) = 0, and +f

a(Fh Ct :Fk)

B I(wy, * -+, we)

#0 for w=2z2=0

then the equations
(B2) Fi(wy, - - - ,wi 2, - - ,2) =0, J

Il
-
o

have a unique solution
(33) . w; = ’w,'(Z1, e ,Z;)

vanishing for (z) = (0) and analytic in the neighborhood of the origin.

Proof. We will reduce this theorem to the corresponding theorem
in real variables for differentiable functions. We first assume that
all our variables are complex. Writing the system (32) as a system of
2k real equations with the unknown real functions u;, v;, we see by
Theorem 8 that its Jacobian is again 0 at (w) = (z2) = (0). Hence
it has solutions with continuous partial derivatives of first order
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unique in so far as they vanish at the origin. The reader will verify
that the chain rule for differentiation prevails for our symbolic quan-
tities. Therefore, differentiating each relation (32) with respect to
2, we obtain

o OFy owp oy OF; 0o
™ dw, Ofm ooy 0Fm

! .
However, 2\ and Z,, are ‘‘independent,” and hence

F,
:-1(’%—:"%1':7:=07 j,m=1,'-‘,k
Therefore, by ordinary linear algebra, (31) implies 0w,/d%, = 0 in a
neighborhood of (2) = (0) and thus our functions w; are analytic in
2y, * ", 2.

If the k 4 [ variables were real to start with, we can continue our
functions (30) into a complex neighborhood, and thus reduce the case
of real variables to the case of complex variables.

There are many direct proofs of Theorem 9. Some proofs of the
ordinary theorem can be carried over directly to the analytic case, or,
Cauchy’s method of undetermined coefficients with majorization of
the power-series involved can be applied, or, finally, as in the simple
case F(w, 2z) = 0, the Weierstrass-Hurwitz method of residues can be
used.

§6. MAJORIZED FAMILIES OF FUNCTIONS

A family {f.(2)} of analytic functions of real or complex variables
in a common domain D will be called majorized, if corresponding to
any point (2%, - - -, 2}) of D the coefficients of the power-series (1)
at that point satisfy an inequality

la% ..ol < Anyeimy

with
M
Anyoooni £ 55—
RI‘ . e Rkh
for some R; > 0. This implies
EARI.__"J';A .« . 1‘:" < o

for r; < R;.

It is easy to see that derivatives of any fixed order of f.(2) are again
majorized, and that the functions f.(z), and hence their derivatives of
any order, are uniformly continuous and uniformly bounded on any
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compact point set S of D. In the case of complex variables, and only
then, will, conversely, uniform boundedness imply majorization, see
(9) and (12).

As in the case of one complex variable, if follows for several com-
plex variables, that any majorized sequence contains a sub-sequence
which with all its derivatives is uniformly convergent on every com- -
pact set S in D, and that any majorized sequence will be so convergent,
if it is convergent in a neighborhood of a point, or only in a real environ-
ment of a point, or if its power-series for one point are convergent term-
by-term. These assertions carry over to majorized families in real
variables, on the basis of the following statement which the reader will
easily verify. If the family f.(x;, * * - , zx) is a majorized family on a
real domain T, then there exists a common neighborhood D of T in the
space 2z; = x; + 1y; on which all fi(z1,- - -, 2x) exist and are again
majorized.

If fzh, - - -, 2; &1, - - -, &1) is analytic in k + I complex vari-
ables in the topological product of a domain A (2) with a domain B(¢),
then the family f;(2) = f(z; ¢), with the parameters f\ varying over a
compact set Sp in B({), is majorized in A(2). This is quite obvious,
since, being analytic in (2, ¢), the function f;(2z) is bounded in the
topological product of Sz with any compact set S4in A(2). However,
the theorem also prevails for all variables (z, ¢) being real, as a con-
tinuation into complex neighborhoods of (2, {) will make manifest.

§6. A THEOREM OF E. E. LEVI

If K(xy, -+, xi; 1, - -+, ) = Ki(x) is a majorized family in
the variables i, - « -, zx, and if the coefficients of its power-series
are each (bounded and) integrable in the parameters &, and if ¢(¢,
-« +, t) is integrable, but not necessarily bounded, over the point
set T of the parameters, then the integral

(34) F(z) = [K(z; e()dty -« « dt

is an analytic function. This follows by substituting power series for
K(x; t) and exchanging summation with integration, say. This type
of reasoning for the analyticity breaks down if K(x; ) has singularities
and more sophisticated methods must be devised. One such method
has been found by E. E. Levi. Since it has an important place
in the theory of partial differential equations and can be readily
expounded, we will exemplify it on a simple case.

Let ¢(t1, ta, t5) be an analytic function of real variables in an open
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neighborhood of the unit sphere

35 T: H+a+6<1

We will show that for 0 < A < §, the integral

(36) F(xl, T2, xa) = fffT [(561 _ tl)f_(:l’(;: f)it)lftftzxs —_ ta)z}x
is analytic for

37 242+ <1

The surface

(38) g+a+6=1

can be parametrized by
(39) £ = sin «a cos B, £ = sin « sin B, £ = cos a

Introducing the third variable p, the reader will have no great difficulty
in verifying that for each fixed x1, x2, z3 in (37) the transformation

t—x,=p- (& —x,) v=123

that is
(40) L=z, +p (& — 1)
transforms (35) into
(41) 0<p<1l OZja<m, 0<Bg<2r
Also
a(tly tZy tS) 9
SHEE = piD(e, 6; 2
36, 0 B) LD ED
where
fL— o f2 — 22 &3 — x3
D(a, B; x) = |cos a cos B cosasinf — sina

—sinasing sinacosf 0
Thus if we put

(42) ®(p, t, ) = o(x1 + p(ts — 21), Z2 + p(ts — 22), x5 + p(ts — 23))
the integral (36) will be

e 1 (e 001 Pdp ®(p, £ ) - D(a, B; x)
(43) fo dafo dﬁfo o Wiz, O}
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where
(44) Y, 1) = (21— t)? + (x2 — 12)% + (T3 — t3)?

The reader will again have no great difficulty in verifying that if
@(t1, Lo, t3) is analytic in (35), the function ®(p, ¢, ) will be analytic in
all seven variables, in an open neighborhood of

z} + 2t + 22 < 1, t+66+6<1 0<p<1

Therefore, ®(p, £, ) in (43) is a majorized family. Similarly D(e, 8;
z) is a majorized family. Finally [y(x, £)]™ is a majorized family for
any \ 2 0 for z in (37) and £ in a neighborhood of (38). In fact, for
any e > 0, ¢(z, §) is > ¢, if 2} + 22 + 25 < (1 — 2¢)? and (1 — ¢)?
<&+t + 1t <(1+e€? and thus for the same values of (z, f),
Wz, )™ = exp { —Alog ¢ (x, {)} is also analytic. Lastlyif A < 3, then
p¥ ™ is integrable in 0 < p < 1, and thus the analyticity of (43) fol-
lows from the original unsophisticated version of our theorem.
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CHAPTER III
Analytic Mappings with a Fixed Point

§1. ANALYTIC HOMEOMORPHISM OF THE ENTIRE SPACE INTO A
PART OF ITSELF

An entire function of one complex variable cannot omit the neigh-
borhood of a value (Weierstrass) and, as a matter of fact, it cannot omit
more than one value (Picard). A generalization to several variables
would be that if f(z, ¥), g(x, y) are analytic functions for all values of
the complex variables z, y, and if they are independent, that is, if
their Jacobian does not vanish identically, then the point set v = f(z,
y), v = g(z, y) cannot omit a neighborhood of a point in the (complex)
(u, v)-space. However, such a generalization fails utterly of holding
(Fatou, Bieberbach).

Theorem 1. There exists a pair of entire functions

z + (higher powers)
v = y + (higher powers)

(1)

which represent a topological mapping of the space of complex variables
(z, y) into a proper part of itself. The complement of the image contains
an open set and

)

for all z, y.
Proof. We start off with the functional equation

@) eldz, 4y) — 4o(z, y) = ap(2z, —2y)* + be(2z, —2y)*°

(a, b are constants). We want to show that (3) has a unique solution
of the form

a(u, v) _
oz, y)

4) P, y) = +y + Zpign2ApaPy?

and that the series converges in some neighborhood of the origin.
On substituting (4) in (3), we obtain
() Zprep2(47%9 — 4) A5 37Y? = Zp4q520peTY"

where

Ppa/E pre(a, b, Ayu)
45
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is a polynomial in a, b and those 4,, for which u + » < p +¢q. Thus
the relation

_ pra(a, b, 4,)
qu - 4rta — 4

will inductively determine a unique set of coefficients. In order to
prove the convergence of (4) we compare (3) with
(6) ¥(2z,2y) = a{2(z +y) + ¥(22,2¢)}% + b{2(z +y) + ¥(2z, 2y)}"

of which we set up a solution

Q) v(z,y) = Zpra>2BpeaPy”
We obtain a similar recurrence formula

opq(a, b, B,,)

Bp ¢ = 2r+4q

with u + » < p + ¢ again holding. Now, the reader will verify
that for any a, b, C,, the inequality

|osa(a, b, Cuw)| < apllal, [B], [Cu])

holds. Also 47+« — 4 > 27+ for p + ¢ > 2. Hence it is sufficient
to prove that (7) is convergent. Finally we compare (6) with

¥(t) = a{t + ¥()}* + b{t + ¥(t)}°
It has a unique formal solution
(8) V() = 29,00t

and since ¥(2(z + y)) is a formal solution of (6) we have only to
verify convergence of (8). Now, u = ¥(¢) is a formal solution, which
vanishes at the origin, of the equation F(¢, u) = 0, where F(t, u)
=u—al+u)?— b+ )b Since 0F/du =1 for t = u = 0, we
know by Theorem 9, Chapter II, that this equation does have an
analytic solution and therefoire (8) must be it.

Now, let R, 0 < R < «, be the largest number such that (4)
converges in the polycylinder |z| < R, |yl < R. We can write (3)
in the form

NEN z vy f_@“
9) e(z, y) = 4¢ <4 4) + ap (2 2) + b (2' 2

and by analytic continuation from the neighborhood of the origin,
we see that ¢(z, y) satisfies the last relation in the whole polycylinder.
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Now if R were finite, we could use relation (9) to find an analytic
continuation into the polycylinder with R’ = 2R. Thus R = o,
and ¢(z, ¥) is an entire function.

We construct ¢(z, y) for the special valuesa = —5,b = 2. Put-
ting

T fx, y) = oz, y) = z+ y + (higher powers)
' g(x, v) = ¢(2z, —2y) = 2(x — y) + (higher powers)

we obtain
f2z, —2y) = g(z, y)
g(2x) —2y) = 4f(17, y) + 2g(x; y)B - 59(37 y)2
If we define
u(z, y) = f(2z, —2y)
(10) v(z, y) = g(2z, —2y)

then we find
1) g(z, y) = ulz, y)

flz, y) = lv — 2u® + 5u?}
Putting

a(f(x, v), 9z, ¥))
a(z, y)

J(z,y) =
we have on the one hand

a(u! U) _ a(f(zxy _ 2y)y 9(21:; - 2y)) _

= —4J (2z, —2
iz, y) a(z, y) ( v)
and on the other hand
% 9
d(u,v) |0z dy
az,y) |, o ag  of ag
451 4 (10g* — 10g) = 4— + (10g* — =
8x+( g g)ax ay+(09r IOg)ay
= _4J(xy y)

By comparison, and subsequent iteration, we have
z Y . x Y
= =’ =1 N—300 -
J(z, y) J<2n (_2)") im J <2n: (_2)n)
=J(0,0) = —4

Thus J(z, y) = constant. Furthermore it follows from (10) that if
(f(z, ¥), g(z, y)) should map two different points (x1, yi), (x3, y2) into
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equal points, it would map (z:/2% y1/(—2)%), (z2/2" y2/(—2)") into
equal points. Thus in every neighborhood of the origin there would
be different points which are mapped into equal points. Since
J(0, 0) # 0 this is contradictory (by the corresponding theorem on
ordinary differentiable functions). Thus 7 is a topological trans-
formation of the space into part of itself. We are going to show that
the image avoids a neighborhood of the point z = 1, y = 1. If for
some z, y

iz, y) =1+p ozy) =1+¢ with |Jf<elo]<e
then by (11)

g=1+p
f =1+ 1(c — 15p* — 20p® — 10p* — 2p9)

and thus for some ¢ < 1, independent of (z, ), we have [g -1 <L ¢
|f — 1| < € holding for the same e as above. Thus by (10) the
inequalities lu(x, y) — 1| < ¢ |v(m, y) — 1| < e would imply the same
pair of inequalities for (z/2", y/(—2)"). But »(0, 0) = v(0, 0) = 0,
and we again have a contradiction.

Finally we obtain the function (1) of the theorem by changing
z + vy, 2(x — y) into z, y in f(z, y), g(x, y). This linear transforma-
tion is a one-to-one map of (z, y)-space into itself and preserves the
properties of f(z, ), g(z, y) accordingly.

§2. THE UNIQUENESS THEOREM OF H. CARTAN

Following Carathéodory we will call a sequence of continuous
functions in a domain D, or more generally, a sequence of continuous
transformations of a domain D, continuously convergent in D, if the
sequence is uniformly convergent in every compact set S of D. The
intrinsic significance of the concept need not be discussed for the
present.

Let D be a domain containing the origin, and consider transforma-
tions of D (by means of analytic functions) which leave the origin
unchanged. Thus a transformation of this sort has the form

T: z;’=fi(zly."yzk) j=l,"‘,k

where the f;(2) are analytic in D and vanishing at the origin. Often
we shall write T in the form

(12) T: 2 =fi(z) = apza + * + + + ajppex + (higher powers)
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by which we mean that T is representable throughout D by means of
analytic functions f;(2), and that in a neighborhood of the origin these
functions have the expansions indicated. Now if a family of such
transformations is majorized according to the definition in section 5,
Chapter II, then their expansions, if looked upon as formal power-
series, are weakly bounded according to the definition in section 3,
Chapter I. Furthermore, #f a sequence of (analytic) transformations
ts bounded in a domatin D, then the sequence is continuously convergent
if and only if it is weakly convergent. The fact that a continuously
convergent bounded sequence is weakly convergent follows immedi-
ately from formula (12), Chapter II. The fact that a weakly con-
vergent bounded sequence in D is continuously convergent in a
neighborhood of the origin follows immediately from the power-series
development of the functions. We can repeat this argument with
any point of this neighborhood; and so, by the method used in analytic
continuation, extend the domain of continuous convergence throughout
D. This equivalence of continuous convergence and weak conver-
gence for bounded sequences of analytic transformations leads to many
concrete interpretations and conclusions from the results of Chapter I.
We first state the following conclusion from Theorems 3 and 9 of
Chapter 1.

Theorem 2. If D is a domain in the space of k complex variables
containing the origin, and if

13) Z; = f,(2) = z + (higher powers) ji=1 -,k
is a map of D into part of itself, the f;(z) being analytic in D, then
Sy =m  G=1,-k

whenever D is bounded. Instead of assuming that D is bounded it ts
sufficient to assume that there exist k power-series

wi(2) = TR, AL (2 1)

with the following three properties: (i) each series is convergent in @
neighborhood of the origin and can be continued along any path in D; (ii)
the values of the functions thus continued are bounded and (iii)

a(An, -+ -, A%)
a2y, * * @)

#0

Remark. As in section 1 of Chapter I, 4%(2) is a homogeneous
polynomial in z;, - - - , 2 of degree n.
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We emphasize that the functions w;(z) need not be (one-valued)
analytic functions on D; we only require that each w;(z) shall exist on
the universal covering domain of D.

By combining Theorems 1 and 2 of the present chapter we can
obtain an interesting result. Take the functions u(z, y), v(z, y) of
Theorem 1. (Remember that z and y are here complex variables.)
These two functions map the total (x, y)-space topologically into a
domain D which omits an open set. Hence they are a pair of func-
tions beginning with z, y respectively which map the domain D into
part of itself without being the identity. Hence D does not fall under
Theorem 2. Let us denote by (xo, ¥o) a point which together with a
closed sphere |o — zo|? + |y — yo|? < & lies outside of D. By
‘Theorem 1 there exists such a sphere with e > 0. Then D is contained
in the domain

|z = @ol® + [y — o> > ¢

and thus by Theorem 2 there cannot exist a pair of functions w,(z, y),
wa(z, y) in the domain |x — zo|2 + |y — yo|? > ¢? which are bounded
and have a non-vanishing Jacobian. On writing
) _ T = T y,=y—yo

)
€ €

x

we conclude the same result for the exterior of the unit sphere |z|?
+ |y|2 > 1, that is, there does not exist a pair of functions wi(z, ¥),
wa(z, y) in the domain |z|? + |y|? > 1 which are bounded and have a
non-vanishing Jacobian.

§3. CRITERION FOR A TRANSFORMATION WITH A FIXED POINT TO
BE AN AUTOMORPHISM

Transformation (13) is a very special kind among those transforma-
tions of type (12) for which

(14) “ad =1

where, as in Chapter I, Ar is the value of the Jacobian of (12) at the
origin.

Now, H. Cartan and Carathéodory have found that the mere
assumption (14) leads to a significant conclusion. All other assump-
tions in Theorem 2 being unchanged, relation (14) can hold for a
transformation (12) of a bounded domain into part of itself only if
our transformation is an automorphism, that is, a topological trans-
formation of D into (all of) itself. We will have a simpler proof of
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the theorem, again generalizing it to majorized semigroups of real
transformations.
Consider a real analytic transformation

T: u=da+ - +aa+gi@), J=1, -,k

The series g;(x) are terms of order > 2, also Ar 5 0, and T is a one-to-
one transformation of a domain D, containing (x) = (0) into a domain
D, containing (u) = (0). The quadratic form

i ok =ZE @+ - -+ da)?

is strictly positive definite. Hence there exists a number A > 0 such
that ’
vf+ e +v22A2-(xf+ ce +x,“;)

On the other hand, in some sphere 2z} + - - + + 2} < ¢?, g1(2)? +
co - 4 g(@)? < B (2} + - - - + a3)% Hence
(ui + -+ +up?

>[A-B- @+ -+ @+ )

Thus, putting p = min (¢, A/2B), ry = Ap/2, we see that on the
boundary of

(15) bt ot a<lp?

we have u} + - - - 4+ u} > ;. Since T is one-to-one, the image
of (15) is a domain. This domain contains the origin, and its boundary
lies outside the open sphere of radius ro. Therefore, D, contains the
sphere

(16) it - bl <)

Now consider a family of one-to-one analytic transformations {T'},
with the origin as fixed point and assume that they are a majorized
family on a common domain D, and that |Az| > ¢ > 0. It is not
hard to see that in this case the quantities 4, o, B, p, 7o can be chosen in
common, and thus we obtain the following lemma:

Lemma 1. The images Dy contain a common sphere (16).

Our conclusion from this lemma will concern any majorized
sequence of transformations with no fixed point requirement. If
T, Tn, + * * , ete. is the transformation of a domain D, then the image
of a point P, or of any subset S of D will be denoted by T'(P), Ta(P),
T(S), Ta(S), ete.
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Theorem 3. If
Th: ui=f;"(x1;."’xk); j=1y"':k

n=1 2 3, -, is a majorized sequence of transformations of a
domain D in E, (by means of analytic functions f7(x)), if the sequence
18 continuously convergent to a transformation

Ty: u; = 1 (z)

“if P is any point of D, if Py = To(P), and if the Jacobian of T, at P is
different from zero, then there exist a radius r and an n, such that the
sphere of radius r with center at Py is contained tn Ta(D), n > n,.

Writing

P: (2%, - - -, 2h); T.(P):  (uf, * - -, ug)
we put for each and every n,
' z; = a? + &, u,=u§‘+wi
and we consider the system of equations
Fi(ky, -+ - b0y - 0 0 o) =7y + &) — (uf +w) =0

With £, o in the place of z, u the assumptions of Lemma, 1 are fulfilled,
including assumption (16) for n > n;. Thus a sphere .

k 2 __ k 2 2
Ziaw; = Zig(u;j — uf)? < g

of fixed radius o is contained in T'w(D), n > n;. Since Ta(P) — P, as
n — o, the conclusion of our theorem will hold for r = r,/2, say,
and some 7y > n;.

Theorem 4. If (12) is a transformation with property (14) of any
domain D containing the origin into part of itself, and if the sequence of
iterates

(17) {Ty T TS - - )

18 magorized, then the transformation T is an automorphism.

We will first prove that T is a one-one transformation of D into
part of itself. Consider any two points P, @ which T maps into the
same point T(P) = T(Q). This implies

(18) T™P) =T"Q), n=12 ---

However, by Theorem 5, Chapter I, there exists a sequence {7}
which converges (weakly) to the identity transformation. But,
since the sequence {7™} is majorized in D, and hence bounded in
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every compact set S of D, it follows from the italicized statement
preceding Theorem 2 that the sequence {T™} converges continuously
in D to the identity transformation. From the mere convergence of
{T™} to the identity we conclude that

I™P)—PpP, TH@Q)—Q

Thus (18) implies P = @, and hence T is a one-one map of D.

We are now going to apply Theorem 3. The point set T™(D) is
contained in T'(D), T™ converges continuously in D to a transforma-
tion with nowhere vanishing Jacobian, and 7™(P) — P for each P
in D. Hence for each P in D there exists an open sphere which con-
tains P and which in turn is contained in all 7(D) for s > s,. Thus
there exists an open sphere which contaings P and which in turn is
contained in T(D). Therefore T (D) cannot be a proper part of D,
and the proof of the theorem is completed.

Corollary to Theorem 4. If D is a domain in the space of complex
variables containing the origin, if D is bounded, and if (12) 7s a trans-
formation of D into part of itself with property (14), then T is an auto-
morphism of D.

If D is not bounded but possesses the alternative property stated in
Theorem 2, and if (12) is a transformation of D into part of itself with
property (14) for which the linear parts {Lr, Lrs, Lrs, + * +} are bounded,
then T is an automorphism.

In fact, if D is bounded, the sequence (17) is automatically bounded;
in the more general case, the sequence (17) is bounded in virtue of
Theorem 10, Chapter I.

§4. GROUPS OF AUTOMORPHISMS WITH FIXED POINT

Our next task will be to substantiate Theorem 8, Chapter I con-
cerning groups of transformations. We first observe that if a group
of transformations {7'(a)} is not only weakly bounded but also
majorizable then the transformation

(19) 8 = [oL(T(a7)) - T(a)du(e)

which carries the group into a similar group of linear transformations,

is represented by power-series which in the neighborhood of the origin

have a domain of convergence. In fact, if the family {7(«)} is major-

ized then the family {L(T(a"!))} is majorized and hence the family

{L(T(a"Y)) - T(a)} is majorized. And now we have only to observe

that if :
IC,". .. "k(a)l S Am- oo Nk
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then by property (i) of our group measure given in section 6, Chaptér
I, we also have

(20) | facns...m(@)du(a)| < Any...n,

Thus Theorem 8, Chapter I leads to the following conclusion.
If {T()} is a group of automorphisms of a domain D with the origin
as fixed point, and if the group is majorized (for instance, for complex
variables, if D is bounded) then, geometrically speaking, there exists
a change of coordinates in the neighborhood of the origin, such that
the given automorphisms are linear transformations in the new coordi-
nates. This suggests generalizing our theorem to domains D in
general coordinate spaces in which changes of coordinates are intrinsic
to the definition of space.

A (real) analytic space Z; is defined as follows.

I. 2 is a connected point set of dimension k£ in which a topology
is defined by open sets.

II. There exists a covering of Z; by open sets U such that each U
is the homeomorphic image of a domain V in a fixed Euclidean Ej;:
(1, * + + ,xx). These mappings f: V — U assign to each point of U a
set of parameters (z;, - + * , xx).

III. If the intersection U,/ U, is not empty, then the points of
this intersection receive parameters (zi, - - -, %) by fi: Vi — U,,
and parameters (z}, - - - , %) by fa: V2 — U, Thus there is defined
a mapping f5f1 in Ex of a subset of V', onto a subset of V3 by equations
#; = zj(z1, © * -, x). It is required that all these mappings in each
connected component of the subset involved shall be analytic, and
that the Jacobian a(z}, - - -, 23)/d(x1, + * -, ) be positive at
every point where the mapping is defined.

In addition to the mappings just described, consider any other
homeomorphism f': V' — U’ between a domain V' in E; and a domain
U’ in Z; which is related to the mappings f in the manner described.
All these mappings (including the mappings f) are called allowable
mappings, and the resulting parameters on some domains in =y are
called allowable coordinates.

For a complex analytic space Z,, we define I and II as before and
modify III in the following way.

III (complex). Denoting the coordinates of V; by 21, y1, s,
Y, © * °, T, ys and of Vo by 23, 43, * - -, ¥}, and putting z; = z;
+ dy;, 2; = 2} + 4y, then the homeomorphism f;f, shall be expres-
sible by analytic functions 2} = 2j(z, * * * , 2).

A function in a domain of an analytic space is analytic if in the
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neighborhood of any point of the domain it is an analytic function of
allowable coordinates. More generally, a transformation 7 from a
domain of one analytic space into another analytic space (of equal or
different dimensions) is analytic if, Py being a point of the domain,
and Qo its image under 7, there exist a neighborhood N(P,) with
allowable coordinates x1, + * -, &, and a neighborhood N(Q,) with
allowable coordinates z}, - * - , z} such that (i) the image of N(P,)
under T lies in N(Qo) and (ii) the transformation of N(P,) into
N(Qo) can be expressed by analytic functions z} = fa(zy, -+ * * , s).

Theorem 8, Chapter I gives the following theorem.

Theorem 6. If 2. ts a complex analytic coordinate space, and D is
a domain in Zy, then corresponding to any compact group of automor-
phisms of D with a point O as fixed point there exist allowable coordinates
with O as origin, such that tn this coordinate system the given automor-
phisms are all linear transformations.

§6. ANALYTIC MAPPING OF SPHERICAL SURFACES ONTO

EACH O_THER
We consider a finite number of power series
(1) fi®) = 22, .m0 2, J=1, b

(2, = z, + 1y,) assumed convergent in a fixed sphere
Set|zal? + - - - + a2 < B2
Our purpose in this section is to derive a set of necessary and
sufficient conditions on the functions f;j(2) in order that the mapping
wi = fizr, * * %), j=1 -+ ,h

shall carry each spherical hypersurface |z1[2 + - 4+ lsz = con-
stant (< R?) into points of some spherical hypersurface |w1[2 + -
+ |wa|? = constant. For this purpose we form the sum

(22) F(z,y) = i lfi@)?

Since .

(23) Ji®) = Z.al. g -
we obtain, on introducing the numbers

(24) Coooompny ooy = SO my @y

the expansion
(25) F(.’E, y) = zm,nCm.nzT‘ZT‘ c e Z?"E;‘
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the latter ‘“double” series being uniformly absolutely convergent.
Putting

(26) Zi=riEt, -, m=mmeit; 1, = 2,
we obtain
F(x, y) = ZmaCmar™t™ - o postmgilmi—n ot +mi—ne) o)
Introducing the numbers 6, = m; —ny, * - -, & = mp — n and
collecting terms suitably we hence obtain a series
o i By, - o o, Ty)eiGrert T i)

This series being uniformly convergent in all variables, it is the
multiple Fourier series of its sum function which is a periodic function

with period 27 in each variable ¢1, * - * , ¢.

We now assume that F(z, y) depends only on ry, - + -, i, thus
being constant in ¢1, * * * , ¢x. In this case only the constant term
of the Fourier series is 0, and thus we obtain B,,...;, = 0 for 6
4+ -+ +8>0. Sincem, =n, + 3,, we have

By = Z,Coysarp 2% - - . piat2h

the sum extending over those nonnegative values of ny, - - -, ng
for which the sums n, 4+ §, are >0. The series is absolutely conver-
gent for 7} + - - - + 73 < R? and it can vanish only if all its coeffi-
cients vanish. Thus we obtain

(27) leo--m..nl-.-m, = 0 if
(mi—n)*+ - - - + (M —m)2>0

and hence
(28) F(z,y) = Encn-nrﬁnl o Tim
We now further restrict F(z, y) to have a value which depends only
on 7} + - - - 4+ r} =r2 Introducing the quantities ¢, = 2, - - -,
t = ri, t = r?, we have

F(z,y) = EnCnmt:l R
and this represents an analytic function of the variables ¢, - - - , &
in the neighborhood of the origin. Replacing the variable ¢; by
t=t+ - 4+t and leaving ¢5, - - -, & unchanged we obtain a

function G(¢; ¢, + - - , &) which again is analytic for small values of
its variables. By our assumption on F(z, y), if ¢ has any fixed (small)
positive value, then G(¢; ts, - - - , &) is constant for ¢, > 0, - - -

)
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t >0, ta+ -+« + & <t; hence, by analytic continuation, it is
identically constant in the variables ¢, - - -, & for each positive
value of ¢&. In particular G(¢; 5, -+ -, &) =G(¢; 0, - - -, 0), for
small positive . Now for each (f;, - - - , &) both sides are analytic
in ¢, and therefore this identity is valid for all small £. Now the func-
tion G(¢; 0, - - -+, 0) has some power series Z¢_,A~t¥, and therefore
we' obtain

ZaCoulyt + + - g = T gAn(ti+ - - - + W)V
In other words there exists a sequence of constants Ay such that

N!
(29) Cooommeeom = ————— 4w, N =m+ - +mn
nit = Ng!

Thus we have reached the following result.
Theorem 6. If

(30) wi=fi(z17""zk); j=17"'1h

are h functions with power-series (21) convergent inside some sphere Sa,
then the sum

G e+ H =@+ -+ REP
s dependent on
(32) r? = |z1[2 + -+ lzkl2

that 1s, the transformation (30) carries each spherical hyper-surface
r = const. into points of some spherical hypersurface

(33) lwi|2 + -+ - + |wa|2 = const.

if and only if the following two sets of conditions are satisfied:

b G &) =
B4) Zion.. .mal..., =0 for

(ml—n1)2+ D +(m;,—n,,)2>0
and
. i+ - - - 4!
(35) E?—l a‘,f:...,,,‘|2 = n1! . nk! An,+-~.+m=
where Ay, N =0, 1, - - - | are suttable nonnegative numbers.
Introducing for each multi-index n,, - - -, n; the vector ag,...n,

with the A components af,';’...,‘., relation (34) requires that any two
of these vectors shall be (unitary) orthogonal, and relation (35)
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implies in particular that all vectors for which n, + - - -+ + n; has
the same value N shall be either all 0 or all # 0. On the other hand,
in the space of h components there can be at most A nonvanishing
vectors which are mutually orthogonal. Thus the number s of non-
vanishing vectors must be a number < & and s must be a sum of some
of the following numbers
k k(k + 1)
36) 1, T T
L kD - kN -1
’ 1-2---N ’

no repetitions being allowed.

Thus if ¥ > 2 and h < k we can only have s = 1 which leads to
the trivial transformation w; = ¢;. Thus, but for that trivial trans-
formation, there is no transformation as described in our theorem from
a space into a lower-dimensional one. The case h = k is very inter-
esting since it establishes a sharp difference between the classical case
k =1 and all other cases £ > 2. For k = 1 all numbers (36) have
the value 1 and all transformations w =¢2z¥ (N =0, 1, - - - ) are
admissible. However, for k > 2, the numbers (36) from the third
onward are greater than the common value of h = k£ and thus the
only possibility is s = 1 or s = k. The first is the previous trivial
transformation w; = ¢;, whereas the second is the important class of
transformations

(37) w; = Efn-la:r{)zmy .7 =1 -, k
with
0 if m#En
pe) (:) =
(38) 2 =10 [ A(# 0) if m=n

Dividing a® by 4/ A we obtain constants t/, with the property

0 if m=n

k pidi

A matrix [b7] of this deseription is a so-called unitary matrix. Linear
transformations with unitary matrices are topological transforma-
tions which preserve the Euclidean distance from the origin. Thus
we have the following result: For k > 2 the only iransformations
as described in Theorem 6 which carry a meighborhood of the origin
into points of the same space and which do not map all points into one
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point are (topological) linear transformations of the form (37) with (38)
holding for some constant A % 0. If in addition we ask that the Eucli-
dean distance from the origin is preserved, then the transformation is a
unitary linear transformation.

The case h > k admits nonlinear polynomial transformations;
however, for k > 2, the degree of the polynomials is bounded in terms
of h (and k), but not for k = 1.

§6. SCHWARZ’S LEMMA AND THE HADAMARD THREE-SPi-'IERES
THEOREM

If G(t) is analytic in the closed unit circle [{| < 1 and if G(0) = 0,
then Schwarz’s lemma states that

(40) l6(8)] < |f] maxococor |G(e?)], |t <1

the equality sign holding if and only if G(f) = ct, where le| = 1.
For any function G(¢) analytic in the closed unit circle, not necessarily
vanishing at ¢ = 0, Hadamard’s three-circles theorem states that

(A1) {maxyes, |G|} < {maxy-p [GO]}= - (maxy, [GO]}=

for any p’s in

(42) 0<pi<p2<p3s<l1

where

(43) a; = log &, a; = log o, as = log i
p2 pP1 pP1

These results have (easily derivable) parallels in several variables.
Let F(z,, - - * , 2x) be analytic in the closed unit hypersphere

(44) lar + - - - e <1

and denote by

(45) M(p) = maxyyms |[F(z1, -« -, 2)]
where

(46) lell = llzaf2 + - - - + |2}
If we introduce the function

(47) G(t;2) = F(aid, - - -, zt)
then

(48) M(p) = max -1 M(p; 2) 0D<p<]
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where
(49) M(p; 2) = maxyy, |G(t; 2)|
If F(2) vanishesatz, = - - - =z, = 0, then G(0, 2) = 0 for every

z in (44), and for each fixed 2° on the boundary of (44), (Hz““ = 1),
Schwarz’s lemma yields

. M(p;2°) < pM(1;2°)  (p<1)
By (48) this yields (since ||2]| = 1)
M(p; 2°) < pM(1)

and since this holds for every 2° for which |[z¢|| = 1, we have finally
(50) M) <pM(1) (p<1)
which yields a form of Schwarz’s lemma for F(z,, - - - , 2p).

If F is merely analytic in (44) (not necessarily vanishing at (2)
= (0) we obtain by (41)

[M (p2; 9] < [M(p1; 2] M (ps; 2%)]
for every 2° on |[29|| = 1, and the p’s and o’s as in (42), (43). Using
(48) we conclude that
(51) M(p2)™ < M(p1)**M(ps)™

a form of Hadamard’s three-spheres theorem for F.
The inequalities (50) and (51) take on especial interest when we
consider several functions. Let

(52) fl(zly v :zk); T, fﬂ(zly t )Zk)

be n functions analytic in the unit hypersphere (44), n 2 k, and let
@y, * * * , a, be n arbitrary complex constants. Later we shall choose
these constants in an advantageous manner. Define °
(53) Fo2) = aif1(2) + - * + + aafal?)
Then F,(z) is analytic in (44). If we assume further that each fy,
-+ + , f. vanishes at the origin, then Schwarz’s lemma (50) yields
(54:) MaX||z||=p ‘(l]f1(2) + - + anfn(z)|
< p Max)-1 lalfl(z) + -+ anfn(z)|

For p any real number greater than unity, Hélder’s inequality

states

(55) lasfa@) 4« - - 4 anfu@] < alle- |l5@)5
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where

1
66) |lalle = llado + « - - + |a|5;

1
”f”P = [lfllp+ S +|f,,|ﬂ]l’; +==1

LSRN

1
4
Inserting (55) into the right-hand side of (54), we have

(57) maxyges jaifi(2) + + + - + anfu(?) < plla]|¢ - maxyas ||7)]5

Now denote by (2’) a value of (2) on ||2|| = p for which ||f(2)||, attains
its maximum on |2]| = o, s0 that

(58) lf@lls < ll7ells  for il =

In terms of this point (2’) choose

{Imz')lﬂ if  fu@) #0
ay =

(59) fu(®)
0 if  fu@) =0
With these values of a1, - * - , a, we have
1 1
llalle = [(Zilfu@)|evdge = [20_]fu@)|7le
and

afi@) + -+ aafal@) = Zp[fuE@)
On inserting these values into (57), we have .
ZpalfuE)l?
SO
Since 1 — 1/¢ = 1/p, this yields
(60) lr@lls < o - maxppe |71
Finally by (58) we conclude
(61)  maxyy, [f@)ls < o maxpya [IF@)|,  ©O<p <)

We state this form of Schwarz’s theorem as a theorem.

Theorem 7. Let fi(z1, * ', 2&), * **, fol2y, = =+, 2x) be
n, (n2 k), functions each analytic in the closed unit hypersphere (44),
and each vanishing at the origin. Then for any value of p > 1 we have

p * MaX[s|=1 ”f(Z)”,,
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1
62) @+ - - +fa@|P < [lzaf2 + - - - +|af? .
* MAX|w|24 o o |wyteml [[fl(w)lp‘i' e +|fu(w)|p]5

for every value of z in (44).

We now drop the hypothesis that the f’s vanish at the origin,
retaining only the hypothesis that they are analytic in (44). Then by
Hadamard’s three-spheres theorem (51) we have

MAXefmps [022(2) + +  + F anfa(2)]
| < [{maxpsjmp, Jasfi(z) + - - - + anfn(Z)l}?’
 (MAXpapons [052) + -+ F aufale) )
On using Holder’s inequality (55) this yields
(63) maxpupon [afie) + -+ + afu(@)] < [l

 MaX e, ||f(2)]] 5% maxyemy, ||f)][=
On noting that (a1 + as)/az = 1 by (43), we have from (63)
MAX ||¢)j=p, |alf1(2) + o+ a'ﬂfn<z)|

llalle

< maXgegon, [[fO] o - maxpapoe |12

Repeating the argument used in passing from (55) to (61), with p
replaced by ps, we conclude that

(64) maXsjm, |[f()]|> < maxpeys, [[f] 5% - maxpap || )] |5
which yields the following form of the three-spheres theorem.

Theorem 8. Let fi(zi, - - -, 2), "+ *, faley, - * ', 2) be
n, (n 2 k), functions each analytic in the closed unit hypersphere (44).
Then for any value of p > 1 we have (64) holding, where the p’s and
o's are as in (42) and (43), and where the norms ||2||, || fl|» are defined
in (46), (56).

This of course yields the result that the function

log max ||f(2)|| for llzl] = »

is a convex function of log p.
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CHAPTER 1V
Analytic Completion

Any domain in one complex variable may be the natural domain
of analyticity for some suitable function. However, in the space of
variables (2; u1, * * -, un)z2 = & + 1y, um real, n > 1, there are pairs
of domains D, D, with D D D, such that any function which is analytic
in D has an analytic continuation in D. This phenomenon of analytic
continuation which refers to the domain of definition and not to a
single function will be termed analytic completion, and the domain D
will be called an analytic completion of D. Some of the more general
theorems on completion will be the object of the present chapter.
These theorems will depend upon the geometric structure of the
domain D.

We can derive immediately a very simple but general property
of analytic completions, namely:

General property of analytic completions. If D is a domain in
(2; uy, - - -, us)-Space with an analytic completion D', and if f(z;
Uy * * *, Ua) 18 analytic in D (and hence also in D’) then f assumes
in D every value which it assumes in D'. In particular if f s bounded
in D then its analytic continuation is bounded in D', and with the same
bound. To see this assume for the moment that f assumes in D’ a
value v which it does not assume in D. Then the function 1/(f — v)
is analytic in D and hence by analytic continuation also in D’, which
is a contradiction.

The method of the present chapter is based upon Cauchy’s integral
formula in one complex variable. For this method we will always
have at least one complex variable and at least one other variable
which may be either real or complex. Not only does the method
require that at least one of the variables be complex, but also the
results themselves can be shown not to be true for the case in which
all of the variables are real (cf. section 9).

A very easy example will serve to illustrate the general method
used.

Example. Let f(z, u) be analytic in the spherical shell

S: R—e?<ltt+ut<BR+6? (0<e<R)
64
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Then f has an analytic continuation into the sphere
§: 2|2 + u < (R + ¢)?

Thus 8 is an analytic completion of S.
Proof. For each fixed value of u in

~R<u<R
define
1 t,u
(Z, u) .rc(u) ft‘(_ Z) dt
where C(u) is the circle
M = [R? — uz]}

Since f(f, u) is a continuous (even analytic) function of ¢ for ¢ on the
contour C(u) it follows that ¢(z, u) is an analytic function of z for 2z
in the interior of the circle C(u),

o] < [B? — wtp
We next observe that since f(¢, u) is analytic in the shell S we

may shift the contour C(u) to any simple closed contour contained
within the annulus

(R —e2—ul <] <[R+ e?— u
(u fixed in —R < u < R), and not change the value of the resulting

function ¢(z, u). We will use this fact a little later.
Now let uo be a fixed value of u in

—R <uy <R

and let us form the integral

(t,
I= 2 Z -’.C(uo)ft u)

where the contour C(uo) is fixed but where we now let » vary over
an interval
—e<u<u+e
Since f(z, u) is given to be analytlc in (z, ») in the shell S, and since
the point set
[teC(uo), uo — € < u < Uo + €
lies in S, it follows easily that the integral (I) defines a function which
is analytic in (z, u) in the domain
el < R* — wud, wo — e <u < uo+ ¢
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We now make two simple observations. First, the function defined
by the integral I and the function ¢(z, u) are identical for u = uo, as
one sees by comparing their definitions. Secondly, by the remark
made in the preceding paragraph, the function defined by I and the
function ¢(z, u) actually agree for-all values of v in vy — e < u <
uo + e since for such values of u the contour C(uo) serves as an admis-
sible contour. Hence ¢(z, u) is analytic in (2, u) throughout the
entire sphere |2|2 + u? < R2

It remains to identify ¢ with f. This is very easily done. Con-
sider for example a value of u in, say,

R—e<u<R-—-<

2
For such a value of u the function f(¢, u) is analytic, not just in a
neighborhood of the contour C(u) but even throughout its interior.
Hence for such values of u we have ¢(z, u) = f(2, ), and hence
¢(z, u) furnishes the desired analytic continuation of f(z u) into

Izl’ + u? < R?. This yields the desired result.
Two things are relevant in this example, one is that for each level
u there is a contour over which we can integrate, and the second is

that in the neighborhood of some point we can identify ¢ with f.

§1. PRELIMINARIES

For z = x + iy we consider the Euclidean plane of finite z-values;
the point z = « is not included. Any Jordan curve C has an interior
and an exterior. The interior will be denoted by Rc; it is a bounded
domain whose boundary is C. The closure of R¢ will be denoted by
Re.

An open set need not be a domain but it decomposes uniquely
into a finite or denumerable number of mutually disjoint domains.
They will be called its components. If A is any open set, then the
union of the domains R¢ for all C in A will be called the (geometric)
completion of A and denoted by A. Since each C must be contained
in one component, the completion of A is the union of the completions
of its components. However, if A! and A? are disjoint domains, then
A! and A? are either disjoint or one is contained in the other. For
instance, if Alis |¢| < 1 and A?is 2 < |¢| < 3, then Alis |z| < 1 and
R2is |2| < 3.

Any Jordan curve C lying in a domain will be called a retrosection
of the domain. A retrosection C of a domain A will be called a complete
retrosection if the union of A and Rcis A. A domain need not have a
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complete retrosection, for instance if it is the unit circle after deletion
of a sequence of points which converge to a boundary point.

Now let D be any domain in the (n + 2)-dimensional space
(z; w1, - * *, ua). Its projection on 2 =0 is a domain U = Up
in (uy, * * ', un), and for each ¢ = (¢1, + * * ¢a) in U, the intersection
of D with the 2-dimensional space

(1) U1 = ¢y Tty Un = Cn

is a 2-dimensional open set whose projection on the z-plane will be
denoted by A(u). Thus D is the point set

2) D: [ue U; zeA(u)]
We now form the larger point set
38) D.: [ueU; z e A(u)]

where A(u) is the 2-dimensional completion of A(u). We will call
(3) the z-completion of (2). Our first task is to show that (3) is again
a domain.

Let P(c; 2o) be a point of D,. By definition of A(u) there exists a
retrosection C in A(c) such that zo € Re. Now the curve

(4) [u=rc;teC]

is a bounded closed point set in D. Hence there exists a neighborhood
(B)  Uep: (wr—c)2+ - - + (un — ¢)? < p? (p >0)

in U, such that the point set

(6) [ueUe,; §eC]

is also contained in D. Therefore, C is a retrosection in A(u) for
u € U.,,, and hence the point set

(7) [u € Uc,p; zE RC]

belongs to D,. In particular, the point (c, 2o) from which we started
is an interior point of D,. Also, there exists a point { on C such that
the points (c, {o) and (c, 20) can be connected in D,, and (¢, ¢o) belongs
to D proper. Similarly any other point (¢/, 23) in D, can be connected
with a point (¢/, ¢) in D, and since any two points of D are connected,
we obtain the result that the z-completion of a domain is again a domain.

Now assume that A has a finite number of components, A = (AL,
-+ -, An), with disjoint completions and complete retrosections. If
C?,p=1, " - ,r isacomplete retrosection of A?, then we call the
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gystem of curves C = (C?, + + - , C") a complete retrosection of 4, and
the pointset E¢ shall be the union 2}, Rcs. An arbitrary retrosection
C of A shall be any system of curves (C?:, C?, - - - )in A, and R¢ shall
be the corresponding subset of A.

§2. THEOREMS ON COMPLETION

Theorem 1. If an arbitrary domain (2) is such that for each u € U
the number of components {AP(w)} s finite; if each component A™(u) of
A(u) has a complete retrosection, and any two completions A»(w), A1(u)
are disjoint for p # q; if corresponding to each P(cz,) of D(z) there
exists a retrosection C, of A(c) such that for every u of a neighborhood (5),
P(u,z,) is contained in Rc, and C, ts topologically homologous to some
complete retrosection C(u) in A(u); and if for at least one point u,
every component of A(u) is simply connected, then (3) is an analytic
completion of (2). Every function f(z; ui, * * * , ua) which is defined
and analytic in D has a unique analytic continuation in D..

In preparation for the proof we will first make a few observations
about domains and functions in the z-plane.

If a set A in the z-plane has a complete retrosection C then
there exists a sequence of complete retrosections Cy, Cy, + - - such
that Re¢, C Re,,, and every z in A is contained in some Re,. Also
the set Rq,,, — Re, is entirely contained in A. If f(2) is analytic
in A, then the integral

_ 1 <)
‘pﬂ(z) - 21‘1- J'Cn g_ — 2z d;‘
defines an analytic function in R¢,. Since for every 2z in the latter

union of domains, f(¢)/(¢ — 2) is analytic for ¢ in Re,,, — R¢,, we have
en(2) = ony1(2), 2€Re,

This defines an analytic function ¢(z2) = ¢;(2) in A which is equal
t0 @a(z) in R¢,. Also we may write

J®
¢ —z
for z € Rc, where C is any retrosection of A which is homologous to a

complete retrosection.

We now turn to the proof of the theorem. Let f(z; u1 -« , un)
be any function analytic in (2). For any fixed point u € U we intro-
duce the function

1
¢r(z) = 5 Je dr

er(2) = or(z; Uy, * * ) Un)
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as described above, and this leads to a function which is uniquely
defined in D,. We claim that it is analytic in all its variables. In
fact if (c, 2o) is any given point of D,, we take a retrosection C in A(c)
such that 2o € R¢, and repeating the argument of section 1 we see that
for all points in the interior of (7) our new function is given by

1

. ... _ f(g‘;uly"';un)
(8) ‘Pf(z)uly ,un) = omi J-C ¢ —z

s

Since, for the moment, C is a fixed curve, and the integrand in (8)
is analytic in all variables occurring, the function (8) is analytic in
the interior of (7), and in particular in the neighborhoced of the
arbitrary point (c, 2o).

Now, if for a particular point ¢ all components of A(w) are
simply connected, then, by Cauchy’s formula, the function (8) is
f(z; uy, - - -, un) itself as stated in theorem 1, which completes the
proof of that theorem.

Of importance is a special case which we will state separately
with a sketch of a direct proof.

Theorem 2. If corresponding to any u € U, there exist two Jordan
curves C' = C' (u), C"” = C"” (u), with C’ contained in R, such that,
for each u, the point set A(u) is contained tn Rcn but contains the whole
annulus ‘

(9) Rc" -_ Rc:

if corresponding to any c € U, there exists a meighborhood (5), and a
curve C, such that C is a complete retrosection of the annulus (9) for all
u tn (8), and if for a particular c & U, there exists a neighborhood (5)
such that for w in that neighborhood, A(u) contains, and thus s identical
with Ren, then D, is an analytic completion of D.

If C is a curve as mentioned in the theorem, we set up the integral
(8). It is an analytic function in (7). For fixed c it is extensible to
an analytic function of z in all of A(c), and it is not hard to see, using
the argument of the proof of Theorem 1, that it is analytic in all
variables in

ue U, zeA(u)

Thus we obtain an analytic function in D,, and in the particular
neighborhood of the particular point as stipulated in the theorem it
coincides with f(z; u1, * *+ - , us). This completes the proof.
Theorem 2 is a detailed wording of what is often called the ‘‘con-
tinuity theorem.” Its extension to real variables u., is due to Severi.
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§3. CONVEX DOMAINS

We continue with Euclidean space E,;, of the variables (z; u,,

©, Un)y 2 1,

If A is a bounded convex domain, in the ordinary definition of
convexity, and B is another convex domain whose closure B is con-
tained in A, then the point set C = A — B will be called a convex
shell. We now project our point sets on the (ui, * -+, u.)-space.
The projection of A is a convex domain Uy, and the projection of C
is the same domain. The projection B is convex subdomain Us, and
Ui — Us is again a convex shell. However, for n = 1 this “convex
shell” degenerates into two separated intervals on the u-axis.

Writing A and C in the form

A: [ue UA, zEAA(u)]
C: [ue Ug 2z€Ac(u)]

we see that for uw € Us — Us, both A«(u) and Ac(u) are the same two-
dimensional convex domains; whereas for w € Us, A¢(u) arises from
A4(u) by taking out either a point, or a convex curve and its interior.

Now, let U be any domain which is part of U, and which contains
points of the shell U4 — Us, and such that the two point sets

D' =[ueU,zeAs(u)]
D=[ueU,zeAc(u)]

are domains in E.,;. By Theorem 2, D’ is an analytic completion
D, of D.

Now a subdomain U of the given description will arise if we form
the intersection of U with a half space u; > a, or u; < b, and for
n > 2, we may take just any layer '

(10) a<u; <b
Thus we obtain
Theorem 3. If a convex shell in (2, ui, - * -, un) 18 gtven in the
form
(11) - [ueUy zeA(w)]

and if U 1s the intersection of Uo with any half space u, > a, or u; < b,
or for n > 2, with any layer (10), and if D is the domain

(12) [ue U, z¢A(w)]
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then the domain .
D.: [wue U, ze&(u)

18 an analytic completion of D.
So far we have singled out one real variable. However, if all
variables occurring are complex a much smoother result emerges.
Theorem 4. If R is a convex domain in the space

(z,,---,zk),z,-=z,-+iy,~, k>2

if R 18 a convex shell whose outer boundary is the boundary of B, and if
D and D are the intersections of B and R with a spatial layer

(13) a < 2k (anZm + Bmym) < b
(o <a<b< x)

then D is an analytic completion of D. In particular B is an analytic
completion of R.
In fact, we introduce any nonsingular linear transformation

(14) z:,. = lezl + -+ kazk

which is such that
C2m = 0m — iﬁm

where a,, B are the constants in (13). This linear transformation
carries convex sets into convex sets and analytic functions into
analytic functions, and the layer (13) into

a <Re(h) <b

Thus Theorem 4 follows from Theorem 3 if we replace 2} by z; 3, ¥
by u1, us; 74, ¥ by us, u, ete.

For later use we draw a very special conclusion (and also a well-
known one), namely

Theorem 6. Let P be a boundary point of a hypersphere in (zi,

., 2;)-space (k > 2) and let R be the portion of a neighborhood of P
which lies outside the (closed) hypersphere. Then there exists a neighbor-
hood N of P such that N + R is an analytic completion of R.

The proof follows easily from Theorem 2. Without loss in gener-
ality we will suppose that the hypersphere has the equation

|31I2+ Cee F Izklz =1
and that P has the coordinates (0, as, - - - , ax) with, of course,
|a2l2+ ce e+ lak|2 =1
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Then by the nature of the domain R there exists a positive number A
such that the domain

D: l22—a2|<h, ey, \zk—akl<h,

1—Jelz— - - - —Jul2 <oz < B2
lies in R. Now Theorem 2 applies at once with Re(z;), Im(zs), = - -,
Re(z), Im(zx) playing the role of u;, - - -, u, and 2z; playing the
role of z. Thus U is the domain
U: Izi_ai‘<hx i=2--",k
and Az, * * -, 2x) is the annulus

1 — |22|2 - =lalr< Izllz < h?

For (22, - * + , 2) in a suitably chosen subdomain of U we will have
|2sJ2+ -+ - 4+ 22> 1 and hence for such points the domain
A(zg, * * * , %) becomes the entire circle ]z1| < h. Hence by Theorem
2 the domain D has the domain D,,: |z2 —ag <h -, |- akl <

h, Izll < h as an analytic completion.

Now since D ( R it follows by Theorem 4 of Chapter IT that
R + D,, is an analytic completion of R. This concludes the proof
of Theorem 5.

§4. MODIFIED CONVEXITY

In the present section we will touch upon a topic which is closely
connected with the so-called ““analytic convexity” and ‘“condition of
Levi.”” The results offered will not be needed elsewhere and the
proofs will be sketchy. )

Theorem 6. Formn > 2,let F(x,y; w1, * * * , un), T + 1y = 2, be a
real continuous function in a netghborhood
(15) lff <o wid - Hul<p
of the origin and let it vanish at the origin, and let
(16) F(x)y;ul:oyoy"'70)>0
for
(17) 2|2 + w2 > 0

If a domain D contains the poinis for which F > 0, but none of the
points for which F < 0, and if for every o/ < a, 8’ < B, the netghborhood

lff <o, Wi+ - +ul<p”
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intersects D in a domain, then there exists a neighborhood N of the origin,
such that D + N s an analytic completion of D.
Proof. Letting u; = 0 in (16) we see that

F(z,y;0,0,---,0)>0
for 0 < lz] < a,'hence for some neighborhood
U: ur - ul < p? p<B
and some annulus
A: <l <ay, a1<a
we have F > 0 for
(18) ue U, zZgA

On the other hand, for u; % 0 we have F(z, y; 4,0, - - -+ ,0) > 0in
the full circle |2| < a, hence given a; < « there exists a “small” cube

Uo: pi < u; < ¢j j=1,---,n

such that F > 0 for
u & U,, zel

where & is |¢| < ;. We now consider the neighborhood
(19) N: ueU; ze&

By Theorem 2, it is the analytic completion of the intersection D N\ N,
the latter intersection being a domain by assumption. Now by
Theorem 4 of Chapter II, if D, D, are two domains with nonempty
intersection D;D, and if D} is any analytic completion of D;, then
D, + D, is an analytic completion of D; + D,. Thus in the present
case D 4+ N is an analytic completion of D.

It is very tempting to replace relations (16), (17) by the more
sweeping relations

(20) F(z,y;0,---,00>0 for 0<l|g<a

That this cannot be done without restrictions is obvious from the
example .
F(z, y; u1, us) = (22 + y2) — (uf + uj)

It satisfies (20), and yet the function f(z; u1, u2) = w/z, w = uy + Tu,
is analytic for F > 0, that is for |w| < |¢|, and yet is not continuable
into any full neighborhood including the origin z = 0, w = 0. The
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reason for this failure is the vanishing of all partial derivatives of first
order of the function F at the origin, as we shall see presently.

Theorem 7. The conclusion of Theorem 6 also holds if, for n 2 1,
F(x, y; w1, - - * , us) has the form

(21) ur + G, y;us, 0 0 0, Ua)

in a neighborhood (15), ¢f G(z, y; u) has continuous partial derivatives
of the first order, if these derivatives vanish at the origin, and if relation
(20) holds.
We put
H(z, y) = G(z, y;0)
K(z, y;u) = Gz, y; u) — Gz, y; 0)

Since K(z, y; 0) = 0, and since K(x, y; u) has partial derivatives
of the first order in (z, y; u) which are uniformly continuous in (z,
y; w) and which vanish at the origin z = y = u = 0, there exists a
neighborhood

(22) 2| < o, =r_ud < gt
with o/ < @, 8’ < B, such that for all points in this neighborhood
(23) K@, y; wl < 3@d+ - - - + ud)}

We will now exploit (20). In the first place we have H(z, y) 2 0
everywhere. Also corresponding to any annulus

(24) ar < el <, with <o
there exists a sufficiently small neighborhood
U: |tm| < o, m=1,---,n (Vnp <8
such that for u € U, and z in (24), we have
(25) F(z,y;u) >0
Now, in the subdomain
Uop: + VUit - Fut<wu <p, u >0

of U, we have
(26) w+ H(z,y) + Kz, y;%) > w — jus + H(z, ) > 0

where (2, ¥) can be any point of the complete circle Izl < a. The
balance of the proof is as for Theorem 6.
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§6. MAXIMAL DOMAINS

We will repeatedly require a familiar principle which we will first
formulate in axiomatic terms. We consider a set of elements T, U, V,

- and we assume that certain pairs of elements are partially
ordered by a relation T < U, with the properties (i) T < T, (ii) if
T<Uand ULT then T=U, and (i) f T< U and U LV,
then T < V. If {T.} is any subset, and U is any element, which
may or may not belong to the subset, then U is called a maximum of
the subset { T} if the relation U < T, isfalse for all «. In particular,
a maximum of the total set is an element which is not exceeded by
any other element. A well-ordered sequence Th, T, - - -, T,
Tus1, * * - is called monotonely increasing if @ < 8 implies 7o < Tb.

The principle is as follows.

If every well-ordered monotonely increasing sequence in a set has
a maximum, then the total set has a maximum.

In our applications, {T, U, V, -} will be a family of domams,
and T < U will denote that T is a proper subdomain of U.

§6. RADIATED DOMAINS
Iff = (1, -+ ¢, ¢k) are complex numbers with

27) sk el =

and if 0 < r < o, then the numbers (r; {) are polar coordinates, in
the space of the complex numbers (2, -, #), 2 = r{j;, except
for the origin. The points r = 1, as described by (27), compose the
unit sphere = with center at the origin. For fixed { and for

(28) 0< f?(?) <o) £
the relation
(29) p(§) <7 <a(§)

describes an open connected set on that ray through the origin which
is determined by ¢. If B is any point set of the surface =, and if
p(§), o(t) are defined throughout B, then the point set

(30) $e€B, o) <r <o)

in (2, * * +, 2)-space will be called a radiated point set. We are
exclusively interested in radiated domains. If (30) is a domain D,
then B is a domain in Z, and p({) and ¢(¢) have an important property.
If ¢° is a point of B, and if po < r < 00 is a closed subset of p(¢%) <
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r < o(t% then D contains a 2k-dimensional neighborhood of the
segment. Hence there exists a neighborhood B, of {° such that for
¢ €Bq, p(§) £ po, 00 L 0(f). In other words, the function po(¢) s
upper semicontinuous and the function () ts lower semicontinuous.
Since p({% < o(¢?%, we have in particular the following conclusion.
There exist a neighborhood B, of {° and an € > 0 such that o(f) >
p(£% + e for ¢ € By.

Theorem 8. Let k > 2. If a domain D has the form (30), and if
for a point ° of B, p(¢) has a local maximum p = p(¢% > 0, then there
exists a function

(31) p(E) < 0(©), AR <o
such that the potnt set

(32) feB, 5% <r<af)

is a domain D which is an analytic completion of D.

Proof. By assumption there exists a neighborhood B of {?, such
that p(¢) < p(¢% = p for ¢ in B;. Combining this with the con-
clusion stated before, we see that there exist a neighborhood Bj; of
¢° and an ¢ > 0 such that the domain

Dy: ¢ € Bs, p<r<p+e

is part of D. The boundary of D, includes a fragment of the sphere
|22 + + - - + |zl? = 52, and the point 28 = p¢? is an inner point
of the fragment. Hence, by Theorem 5, there exists a neighborhood
N of 2° such that a function which is analytic in D, is analytic in
Do+ N. Now N contains a subneighborhood of the form

No: ¢ € By, p—<r<p+3é

where B, is a sufficiently small neighborhood of ¢°, (Bs ( B;), and
0<dé<e

We next claim that the intersection R of the neighborhood N,
and the entire domain D is itself a domain. In fact, R is composed
of the points [¢ € By, max (p({),p — 8) <r <p+ 8. If (¢/,r) and
(¢2, r*) are any two of its points, then the first can be connected within
R with the point (¢/, » = p + §/2), and the second with the point
(¢2%, r = p 4 6/2). The new points are both located in the point set

‘§eB4, p<r<p+3

which is a subdomain of R, and are thus connectible within R.
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Now the domain D = D + N, has the form (32) with

o [min @), p—8 for teB
P = {p(s“) for ¢egB-— B,

and as we have seen Do + N is an analytic completion of Do. Since
Do C D and Ny C N this means by Theorem 4 of Chapter II that
D + N, is an analytic completion of D.

Theorem 9. Let k > 2. If a domain D has the form (30) then
there exists a function p(¢), with 0 < p(¢) < p(¢), such that p(¢) has no
local mazima > 0, and such that the point set

teB, pE) <r <o)

is a domain D which is an analytic completion of D.
In particular, if there exists a subdomain B, of B, whose closure By
18 contained in B and if for { € B — By, p({) = 0, then an analytic
completion D of D consists of the conical domain ¢ € B,0 < r < o(¢).
Proof. We introduce the family of domains of the form

¢eB, B <r<a(¥)

with 0 < 5(¢) < p(¢) which, if larger than D, are analytic completions
of D. The union of any well ordered monotonely increasing sequence
of such domains is again a domain of this form, and any function
analytic in D has an analytic continuation in the union. Also the
union is & maximum for the elements of the sequence. Hence by the
principle enunciated in section 5, our total family has a maximum.
By Theorem 8, the function p(¢) belonging to the maximal domain
may have no local maxima > 0.

As for the second half of the theorem, our function 5(¢) is upper
semicontinuous in By and > 0 in B,. Now an upper semicontinuous
function on a compact set must have an absolute maximum. But by
what we have just proved this maximum cannot be > 0. Hence
the absolute maximum must be 0 and this completes the proof of the
theorem.

Maximal radiated domains may be formed in various ways. We
shall indicate two particular ways. One way is to form it as we did
in the proof just given, working only from below, i.e. working only
with p(¢). Such a maximal domain we will call maximal from below.
The second maximal domain which we discuss we form as follows.
With a radiated domain D as in (30) we introduce the family of
domains of the form

§eB, b)) <r<a®)
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with 0 < 3(¢) < p(}), o) < 2(¢) < « which, if larger than D, are
analytic completions of D. This family again has a maximum, which
is itself a radiated domain. We will call this domain mazimal from
below and above.

As a corollary to Theorem 8 we have:

Corollary 1. Let k > 2. If (30) ¢s a radiated domain, maximal
either from below, or from below and above, then p(¢) has no local mazima
> 0. If, in addition, the basis B in (30) <s the whole unit sphere (27),
then p(¢) = 0. In this case it follows that (30) has as an analytic
completion the domain [f € B, 0 < r < ¢({)].

The last statement follows from Theorem 1, say. It uses the fact
that ¢(¢) is a lower semicontinuous function everywhere > 0 on the
unit sphere. As such it must have a minimum m > 0 and thus our
radiated domain (30) contains a domain of the form 0 < [z1|2 +
-+« 4 |2]* < m2 But this latter domain has the analytic com-
pletion 0 < |z|2 4+ - - + |z|* < m2 This yields the last state-
ment of the corollary.

§7. DOMAINS OF CIRCULAR TYPE

We consider the space Ej; of complex variablesz = (25, - * -, 2).
We add a complex parameter ¢, and we introduce nonnegative integer

exponents ai, * * -, ax, not all 0. If z is any fixed point, then the
point set
(33) 22y, + + -, tmze), |f] =1

is a topological image of a circle. We will term it an orbit, and we will
say that it is generated by the point z. It is not hard to see that an
orbit is generated by any of its points. We will say that a domain 4,
(or a general point set), in Ey is of circular type, if it consists entirely
of orbits.

In the case @; = * - * = a; = 1, an orbit is a point set
(34) (€%, - -+ ,6%), 0<9¢<2r
and the domain is called circular (Carathéodory). They arise natu-
rally as domains of continuous convergence for series of homogenous
polynomials in (21, - - -, 2x).

Inthecase a; = 1, @2 = - - - = a; = 0 an orbit is
(35) (e%21, 29, - * * , Z1), 05d¢<2r
and the domain is called a Hartogs domain. It arises naturally as
the domain of continuous convergence for a series

(36) e on(2e, * * ¢, 20)2)
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In what follows, any variable z; for which o; = 0 may also be assumed
to be real since it is not affected by the requirement of circularity.
Furthermore in Theorem 10 to follow, instead of requiring that the
domain A contain the origin 2z, =0, - - - , 2, = 0 it is sufficient to
require that A shall contain a point (2}, - - -, 2}) for which 20 =0
whenever o; % 0, since the other components can be made 0 by trans-
lations which do not affect the circularity. We finally note that
combinations of arbitrary integers a; as exponents have been first
introduced by H. Cartan.

We now associate with each domain A certain completion 4. If
A is the union of orbits, then A is defined to be the unions of the
corresponding ‘‘disks”’

(37) (tzy, - - - ,tmz), 0<|f <1

and we now can state a theorem.

Theorem 10. The completion A of A is again a domain, and if A
contains the origin z, = - + - =2z, = 0, then A is an analytic com-
pletion of A.

Proof. The proof is fundamentally very simple although the
details will be somewhat elaborate. An orbit is a compact set. Hence
if A contains the orbit (33) it also contains an enclosing ‘“channel”

(38) (tmzy, « - - ,tmz), p<l| <o, »p<1l<o

We now associate with each z& A the largest available channel
p(z) < ltl < o(z) in 4, and we now consider in the space of the vari-

ables (25, *+ - * , 2, t) the point set
(39) zeA4; p(2) < Itl < a(2)
where

0<p@) <1<o(@) <

This point set in Ea42 will be denoted by D, and it is not hard to see
that D is a domain.

For some points zin A we may have not only an enclosing channel
(38) but the entire point set

(trzy, =« -, tmz), |f] < o(2)

within A. This will be certainly the case for the origin, and for a
neighborhood of the origin, whenever A contains the origin. Inci-
dentally for the origin we have of course ¢(0) = . Thus we intro-
duce in E,.4» another point set H, which includes D, and which is
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again a domain, namely
H: 2eA; teA(R)

where A(z) is either the previous annulus p(2) < \tl < o(2); or the
entire circle It[ < ¢(2) whenever possible. We further introduce
two completions,

D: z2€A; 0<|t| < a(2)
il zed; |l <o)

We now consider the transformation of variables

(40) $i = 1%z, J=1 -,k
=1

It is a one-to-one analytic transformation of the domain
(41) 2y, * * * , 2 arbitrary; t#0

into the domain

(42) ¢y 0 0 ¢, {k arbitrary; T#0

We denote the images of D and D in (42) by M and ~M respectively.
They are again domains. Lastly, we project M and M on the coordi-

nate space ({1, * © ©, {x), that is on the manifold 7 = 0, and the
reader will verify that these projections are nothing else but the
original point sets A and A, only now in terms of (¢4, - - - , {%) instead

of (21, - * +, 2x). Since the projection of a domain on a coordinate
“plane” is again a domain, we first conclude that 4 is a domain.

We now assume that 4 contains the origin. If f(¢y, - - -, &) is
analytic in 4 then the function
(43) g(zly oty 2y t) = f(t‘“zl, o, ta"Zk)

is analytic in H. By Theorem'2, (43) has a continuation in H, and
in particular in D. Transcribing the continued function into the
variables (40), we obtain a function

(44) F(Ey = 0 0y S5 7)
in the domain M. And it is not hard to see that in the subdomain M
the latter function is the original function f(¢1, © © -, &x). Thus the

partial derivative of (44) with respect to 7 vanishes in M, and being
analytic it vanishes in all M. Thus F is independent of r throughout
M, and thus it gives rise to an analytic function in the projection
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A of g , and this function is an analytic continuation of f({) from
Ato A.

§8. DOMAINS OF MULTI-CIRCULAR TYPE

We take m parameters ¢;, - - -, tm, and with nonnegative integer
exponents a;, we form monomials
B = -tz G=1,c -k
We now replace definition (33) of an orbit by
Bz, - -, BDz), || =t = - =|ta| =1
and for definition of a “disk’’ we have the inequalities
0<|tl<1, 0Lt -, O<|t<1

Theorem 10 also holds for multi-circular domains, as can be
proven by induction on m. In fact, putting

Bi(t) = t7yi(t)

we have B;(t) = {{* for the special values to= - - - =i, = 1.
Thus, by Theorem 10, the domain A4, consisting of partial disks
2y, -+ -, ), 0<|t] <1

is an analytic completion of 4. On the other hand, for #
Bi(f) = ~;(t), hence the manifolds

(71(t)z17 Ct ’Yk(t)zk)y lt2| == ltml =1

belong to A. Thus, by what we have just proven, A, includes the
partial disks

It
J—‘

(Bl(t)zl: c T ,Bk(t)Zk
0<lo <1, o= =t =1

Thus, assuming that our theorem for multi-circular regions has already
been proved for m — 1, we now obtain analytic continuation into
all of 4.

The most important case of a multi-circular domain is m =k,
Bi(t) = t;. The orbits are

(45) (eit)lzl, ... ’eidlzzk)
0S0i<27r: j=1)"';k

and the domain is called a Reinhardt domain. It arises naturally as a
domain of absolute convergence for a power series in several variables.
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If a Reinhardt domain D contains the origin then the preceding
results show that D has as its analytic completion the domain D which
contains all points (tizy, -+ -, tiew) with [t <1, -+, [t <1
and zin D. The domain D is called the Reinhardt analytic completion
of D.

§9. SOME CONCLUDING REMARKS

Throughout the present chapter we have always considered the
case in which there occurs at least one complex variable, and one or
more other variables (real or complex). The presence of this complex
variable enabled us to apply Cauchy’s integral formula for one complex
variable, which forms the basis for this chapter. The presence of
this complex variable is, however, more than a mere convenience, as
easily constructed examples show. For example, by Theorem 1, say,
the domain

D: 0<lep+ud+ - +ui<l, (=z+1y
has the analytic completion
b: lZl2 4w+ - - - +ul <1
that is, every function f(z; u1, * * - , u.) analytic in D has an analytic
continuation into D. But the function
1

24y +ui+ o

is an analytic function of all of its real variables in D and yet it has
no analytic continuation into D. Thus a domain D may have an
analytic completion for analytic functions of the variables (z; s,

-, u,) and at the same time not for analytic functions of the
variables (z, ¥; 41, * -+, ua). Of course, the converse of this is not
true, for as we have seen in section 3 of Chapter 1I, if a given function
gz, ¥, w, * * *, un) analytic in a domain R has an analytic con-
tinuation into some domain R, and if before continuation it involves
the variables z, y only in the combination z + 7y, then this situation
prevails after continuation.
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CHAPTER V
Singularities at Boundary Points

In the present chapter all variables will be complex and all func-
tions analytic, unless otherwise stated.

§1. UNBOUNDED FUNCTIONS

Given a domain D, a point P on the boundary will be said to have
the frontier property if corresponding to every compact set S in D and
every e > 0, there exist a function g(z) in D and a point Q in D outside
S, both dependlng upon S and ¢, such that IQ P[ < ¢ and Ig(z)l <1
for z € S but |g(Q)] > 1.

A function f(z) in D is said to be unbounded at a boundary point P
if there exists a sequence of points @, in D such that Q, — P and
| f(Q,.)] — . Obviously if there exists a function in D which is
unbounded at P, then P has the frontier property. However, the
converse is also true, and a good deal more.

Theorem 1. Given a domain D, if {P} is a set of points on the
boundary each having the frontier property, then there exists a function
f(@) in D which is unbounded at every point of {P}.

Proof. There exists a dense subset of {P} which is at most count-
able, and if a function is unbounded at the points of the dense subset
it is obviously also unbounded at the other points of {P}. Thus we
may assume that the set {P} is at most countable. We now form a
sequence Py, Py, P, - -+ - with the following properties: each point
P, is an element of {P} and each element of {P} occurs in the sequence
infinitely often. And we will construct a function f(z) and a sequence
of points Qi, Qs - - -, such that [Q. — P.| >0 and |f(Q.)| — «.
This will suffice. In fact, every point of {P} occurs in our sequence
infinitely often, and thus, given P, there will exist a sub-sequence
{Q.} of {Q.} such that @, — P and lf(Q )| = .

We start from any sequence of compact sets Ry, - - -+ , R, -
in D such that R, C Rpyq and 22, R, = D. By induction on n,
n 2> 1, we will select a sequence of integers p1 < p2 < * + + < pa <

* +, a sequence of points Q, and a sequence of functions f,(2) in D
such that, putting S, = R,, the following properties hold:

(6] S C Sayy =8, =D

(ll) Qn € Sn+l - Sn
84
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@iv) [fa@)| <1 for ze8., but [fa(Q.)] > 1

We first put S: = R, and, since P; has the frontier property, we may
choose f1(2) and @1 in D — 8; so as to satisfy (iii) and (iv) for n = 1.
If everything has been chosen suitably for n < m, we choose Pm41
large enough so that Sni1 = R,,,,, shall include S and also the point
Q. (which is exterior to S.). Since P,.1 has the frontier property
there exist a function fni1(2) and a point Qm41 in D — 8,41 which
satisfy (iii) and (iv) forn = m + 1.

Finally, since lf,,(Q,.)[ > 1 we can select a sequence of positive
integers l., starting with [; = 1, and using induction on 7, such that

@l _ s lfm(Q,.)l

) = o (n > 2)

S I

We now define our function f(z) as the series

[fn@)
16 =z, O

Since I f,,.(z)l <1 forze 8, m > n, the series is uniformly convergent
in each S,, and thus defines an analytic function in D since (as we
may assume) each compact set in D is contained in some initial set
R,. Furthermore

@] > @y @y L

and thus, by (1), [ f(Q,.)l — o, This completes the proof of the
theorem.

A domain D is called a domain of regularity if there exists a function
f(2) in D which cannot be continued beyond D. We know by Theorem
1 that if every boundary point of a domain D has the frontier property
then D is a domain of regularity.

Theorem 2. Every boundary point of a convex domain D has the
frontier property and thus D is a domain of regularity.

For the sphere .

) a2+ - - - +af2 <1
the proof is immediate. If (¢3, * * *, ¢%) is a boundary point, the
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function (1 — Tiz1 — - + + — &ies)~! is analytic in (2) but unbounded
at (¢, © ¢, &)

In the general case we know by the theory of convex domains that
through every boundary point Po: (23, + * -, 2}) there passes a sup-
porting plane

2k laiz — ad) + b — ¥ =0 (& = a) + iy))

which cuts no interior points of D and which has the property that
D lies entirely on one side of it. With these a’s and b’s define

alp=ap_ibm p=1)“‘)k
and let (azp, * * *, @kp), =1, - - -, k be a set of complex con-
stants such that the determinant |a,-,,|, hp=1, - -,k is different

from zero. Such a set obviously exists since not all the a1, are zero.
With these a’s we form the nonsingular linear transformation

z;’ = E’;-laip(zp - Zg); J = 17 Ty, k

It carries the above supporting plane into zj = 0, the point P, into
the origin and it places the domain D entirely in the half-space z; > 0
(or in z; < 0 as the case may be). Obviously the function (Z)is
analytic in D but unbounded at P,.

8§2. AN ANALYTIC CRITERION FOR COMPLETION

In the present section it will be advantageous to consider poly-
cylinders (products of circles) whose several radii are all equal. If

r > 0 is a number, not a vector, and (2}, - - * , 2}) is any point then
the polycylinder

3) o= <, d=1,---k

will be denoted by C(2° r), and if S is any set in (23, * * * , 2:)-Space,

then S will denote the union of all C(2°% r) for 2°¢ S. Thus 8" is a
neighborhood of S of ‘“radius” r.
Theorem 3. Given a domain D, if S is a compact set in D, if, for

some r > 0, the closure of 8" is likewise contained in D, if Q: (23, - - -,
2}) s a point in D — 8, and if for every function g(z) in D the relation
) l9(Q)| < max.s|g()|

holds, then for every f(2z) in D the power-series

®) - f@) = Zan,... (1 — 2™ - - - (2 — )™

about the point Q ts absolutely convergent in (3).
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Proof. For any ¢ € D we have an expansion

(6) f2) = Zan,.....() & — EO)™ - - - (7 — f)™

where

) gmit "'+m=f(z) ]z-;‘

1 ... 1 .
71! Nl ... 0 (8) - oy
Thus as,...n($) is analytic in { over D. Now, by formula (14),
Chapter II, if | f(z)[ < M in the closure of C(¢, r) then

(7) |an,. . ﬂh(r)! S Mymt " +m

Now since f(z) is analytic in D, and since the closure of S* lies in D,
there exists a constant M such that lf(z)l < M in the closure of 8.
Thus (7) holds for all { in S. We now apply the decisive assumption
(4) to all functions @n,...» (). As a consequence, (7) holds also for
¢ = 2z} and thus (5) converges in C(2°, ), and this completes the proof
of the theorem.

The criteria for existence of an analytic completion of a domain
D, as derived in Chapter IV, bore on the geometric structure of D.
The criterion to follow is seemingly not so.

We will say that D s locally connected at the boundary point P,
if every spatial neighborhood of P contains a subneighborhood whose
intersection with D is connected.

Theorem 4. If D has the frontier property at P then there does not
exist an analytic completion D' of D which contains the point P.

However, if D does not have the frontier property at P, and if D 1s
locally connected at P, then such a completion does exrist.

The first part of the theorem is a conclusion, already drawn, from
Theorem 1.

Now for the converse. If P does not have the frontier property,

- then there exist a compact set S in D and a spherical neighborhood
N, of P, with closure outside S and such that for every f(z) in D and
every Qin Ny - D,

/(@] < max,s|f(z)]

By Theorem 3, there exists an r > 0 such that for every Q = Q(z%
the series (5) converges in C(Q; r). Now choose a subneighborhood

N of P contained in N, and of diameter < g whose intersection with

D is connected, and choose any fixed point Q in this intersection.
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Then (5) is the continuation of f(z) from D into D’ = D 4+ N. The
proof is finished.

Theorem 4 is very strong. For instance take the following
conclusion: '

Theorem 6. If D ds locally connected at P, and if every function f(z)
in D can be continued into some neighborhood Ny of P, then all functions
tn D can be continued into a common neighborhood N of P.

In fact, by hypothesis, P cannot have the frontier property; if it
had it, there would exist by Theorem 1 a function in D which is
unbounded at P and hence not continuable beyond P. However, if
P does not have the frontier property, D can be completed beyond P
by Theorem 4.

Theorem 6. If {P} is a set of points on the boundary of a domain D
at each point of which D is locally connected and if there is no completion
of D containing any one point P, then there exists a function f(z) in D
which is unbounded at all points P,

The theorem follows again from Theorems 1 and 4. A more
general situation arises if we consider a radiated domain as in section
6, Chapter IV. Such a domain consists of ‘“‘segments’’

Z=(7‘§'1, e ,T;'k), 0SP(§)<7~<‘7(§‘)S ©
where ¢ = ({1, * + +, {x) runs over a domain B on the unit sphere
)24 - -« 4+ [&]2 = 1. By an argument which was used in the

course of section 6, Chapter IV it is easy to see that any top point of a
segment, that is r = ¢({)(< «), is a boundary point at which D is
locally connected, and so is every bottom point r = p(¢), provided it
is not the origin, that is, provided p(¢) > 0. Now assume that our
radiated domain is maximal from below and above, in accordance
with the definition given near the end of section 6, Chapter IV. Then
by Theorem 6 there exists a function f(2) in D which is unbounded at
all those points (that is at the top and bottom points of all the seg-
ments, excluding those for which p(f) = 0 or ¢(¢) = ). Assume
further that the basis of our radiated domain consists of the whole.
unit sphere. If D is maximal from below and above (or even only from
below), then by Corollary 1 of section 6, Chapter IV, it follows that
o(¢) = 0 and every function in D is automatically analytic at the
origin. Thus we may add the origin to our domain D. Defining a
star domain to be a domain of the form [¢ contained on the whole
unit sphere, 0 < r < ¢(¢)] and using Theorem 6 we now have the
following generalization of Theorem 2.
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Theorem 7. A star domain is mazimal if and only if it is a domain
of regularity.

§3. RELATIVE COMPLETION

We consider in a domain D a family of functions which is closed
with respect to operations of addition, multiplication, multiplication
by arbitrary constants, continuous convergence, and partial deriva-
tion. Since only these operations were used thus far, we may readily
introduce the concept of completing D to a domain D’ relative to the
given family of functions, and our theorems (except for Theorem 5)
will hold. Of course, the smaller the family of functions the better
the chances for completion. However, there are some striking cases,
when shrinkage does not necessarily affect the completion and we are
going to elaborate one such case.

But before doing this we will insert a remark on functions of real
variables. If D is a domain in real variables, and a family of real
analytic functions is closed as before, then our theorems remain true
provided the family is “locally compact.” By this we mean that
any set of functions of our family which are bounded on every compact
subset S of D is a majorized set in S. This remark has some interest
in connection with the fundamental Theorem 3, since for the validity
of this theorem the family need not be closed under multiplication
but only under partial derivation. It can be shown, for instance,
that Theorem 3 can be adapted in its wording to apply to the solutions
of the equation

2 2
6_]_’ + -+ ﬂ =0

2 2
0z; 9z,

(all 2; being real). However, in other circumstances, Theorem 1 has
the advantage over Theorem 3. For instance, consider a domain D
in a complex analytic coordinate space Za, see section 4, Chapter III.
In this case, Theorem 1 carries over immediately, but Theorem 3 not
at all so, since partial derivatives of a function are not again scalar
functions but components of tensors. The way of remedying this
situation would be to introduce a Riemannian metric on the space,
but this would lead us too far afield. The metric can be avoided as
long as the space Za is a “multi-valued” domain over the ordinary
E:. However, any inclusion of points at “infinity’’ as interior points
would necessitate the introduction of a metric.
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§4. CONVEX TUBES

A tube T in the space of z; = z; + 4y, j=1, - - - , k, is any
point set which can be represented in the form

(Rezy, - -+ ,Rez) (S, —w <Imz; < »
where S is any set in the k-dimensional space (1, + - - , 2:). If corre-
sponding to any real point (22, - - - , 2?) we introduce the k-dimen-

sional manifold
® zj = 1} + 1yj, —o <y < ®©

then whenever T contains one point of (8) it contains all of them.
The point set S in E) will be called the basis of T, and we will also
use the symbols T's and Sr to denote respectively the tube with basis
S and the basis of the tube 7.  Obviously T is open, closed, connected,
convex in K whenever S is so in E;, and the convex hull of a tube
is the tube over the convex hull of the basis. Unless otherwise stated
the tube T will be assumed to be a domain. It is easy to see that the
transformation

(9) w; = 6“, R Wy = ek

turns T into a Reinhardt domain D in (wy, - - - , wi)-space which
has the restrictive feature that all components of all its points are 0;
any manifold (8) turns into an orbit of D (see section 7, Chapter IV).
The transformation is many to one, being periodic with period 2ri
in each variable. Conversely if D is any Reinhardt domain which
does not intersect any “plane” w; = 0, then (9) transforms its uni-
versal covering space into a tube. Every analytic function in D goes
into a multi-periodic function with periods 27 in 7, and vice versa.
The tube whose basis is a rectangle

R: aisxi.gﬂi’ J=1:rk
corresponds to the product of annuli
(10) e < |wj| < e

If (10) lies in D, and if F(w) is analytic in D, then we have Cauchy’s
formula, see formula (9), Chapter II, with each curve C; being the
sum of the directed boundary circles of the annulus (10). Hence we
can derive a Laurent expansion

(11) F(w) = 22__ _@n,...0wit * - - Wi

7 jm=—og n
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in analogy to the classical derivation for the case k = 1, in much the
same way as we derived in Chapter II the multiple power-series for
products of circles. The Laurent series is absolutely convergent in
the interior of the annulus, and, it is easily seen by induction on k
that it is uniquely determined, no matter how arrived at. In particu-
lar, if F(w) can be continued into the product of the circles |w,| < ¢,
the Laurent series is the corresponding power-series, with redundant
coefficients being 0.
The function f(2) = F(e*) has the expansion

(12) D2 J PR

in the interior of Tz. If R, and R, are two fully intersecting rec-
tangles, then by the uniqueness of Laurent expansions, the expansion
which corresponds to any rectangle in the intersection Ry ‘- E. must
converge in Tg, and Tz, Thus there exists one expansion for all of 7.
Conversely, the set over which a series (12) converges is a (general)
tube, since it is the set over which

(13) 2:,-—,,10‘"1 . "kl emzit T tnezh

is finite, and thus the largest open set over which (12) converges is an
open tube.

Theorem 8. The point set over which a sertes (13) is convergent is a
convex set. .

Every (open) convex tube is the domain of regularity of a periodic
function with an expansion (12). A

Proof. IfA >0,B >0,and0 < 3 <1,then A’B*-? < (4 + B)?-
(A4 B)*=A+ B. Hence, if 2/ = (2}, - - -, z}) and 2" =
(z), - - -, z}) are any real points, and if z is the point with the com-
ponents z; = dz; + (1 — 9)z}, then
Iam . "klenm+ ° 4 nkxk

— (|aﬂ| . ﬂulemml+ e +nbzh')0 (Ia”. B ”klenm"+ Cnkzk) 19

< |am~ . "U:I emzn'-}- ez + |aﬂ1 . ﬂk[ emzn"+ C e’

Thus, if (13) is convergent for two points it is also convergent for all
points of the conjoining segment.

As for the second half of the theorem, by Theorem 1 it is sufficient
to show that corresponding to any boundary point §; = & + on; of
the convex tube there exists a series (12) which is convergent in 7
but unbounded at ¢. It is easy to see that for that purpose we may
translate each component by an imaginary distance, hence we may
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assume that our point is a real point (¢1, - -, &). Since (¢, * - -,

&) is a boundary point of the convex basis S there exists a supporting
plane

LE)=awr1+ *  +aum+v=0
such that for x€8, L(z) <0, but L(¢§) =0. Corresponding to

n=20,1,2 - - - weintroduce integers p,(n) for which
|pi(n) — nay] <1
Obviously
[nL(@) — [ps()s + - - - + p)as + nyl] < o + - - -+ |
and hence
(14) Tw_errepi et kpmz = p() T onL(a)
where
al=al < ) < bt Hal
The multi-indices (pi(n), - - -, pe(n)) occurring on the left side of

(14) need not be different from each other, but collecting terms of the
same multi-index we obtain

B g @S = () T rLo

N mm—g T

the coefficients of the left series being nonnegative. Since L(x) < 0
in 8, but L(z) — 0 as (z) — (&), we see that the corresponding series
(12) with the nonnegative coefficients {a} just obtained converges in
T but its sum is unbounded at (£).

Theorem 9. Every tube has a uniquely determined largest analytic
completion. It is the convex hull of the given tube.

Thus far we have proved this theorem for completions relative to
multiperiodic functions. But we will prove in the following sections
that the theorem also holds for completions relative to any functions
without restriction. We will have only to show that every analytic
function in a tube has a continuation into its convex hull. The second
statement of Theorem 9 will then follow from the second statement of
Theorem 8.

§5. ANALYTIC FUNCTIONS IN ELLIPTICAL POLYCYLINDERS
Denoting by C(r«) the polycylinder
(15) ltel <7ey a=1,--+ k 1r.>0

a slight adaptation of the argument in section 4 will readily give the
following theorem.
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Theorem 10. If F(ty, + - -, t) 78 analytic in the union of two
polycylinders C(rl,), C(ry) it is continuable into the union of all poly-
cylinders C(ra) where

(16) logra =dlogr, + (1 —d)logry, 0<Ls<L1
the continuation being effected by the expansion
17 2R mOny eyt G

of F(t) in the neighborhood of (t) = (0).
We are now going to generalize this theorem from circles to ellipses
If t = refe, r > 1, and

1 1
(a8 SHES
then
(19) Z'=1<T+'1-)COS¢+li<r—l)Sin(p
2 T 2 r

Thus the circle |f| = r, » > 1, maps into the ellipse

x2 y2 _
i +1>2+1( Iy
4 4 r 4 " T

with foci at (£ 1, 0) and 7 as the sum of the two semiaxes. Since

(20)

t=z+ (22— 1)}
where, for large z,
1
(22 — 1)} =z+0<;)
the ellipse (20) is .
|z + @2 — D} =r
We also introduce its interior
(21) E(@): |z + @2 — 1)} <r
We now consider a second set of variables
1/ 1 .
(22) s=3(r42) rerte -

and we state the following lemma
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Lemma 1. If
(23) Ro(2) =1, R.(2) = t» + t, n>1
1 7 1
(24 H®) =55— =
then

(25) IR,.(z)| < 2r, for z on the boundary of E(r), r>1

1 1
(26) |Hn(§')| < 55 f_ 1 for ¢ on the boundary of E(r), r>1

For1 < |t < |r] we have

1
@7) T = 23R Ha($)
F—2z
the series being absolutely and uniformly convergent if, for positive num-
bers 6 and M,

1<l <] -8 M

Proof. Relations (25), (26) follow immediately from the definitions.
The principal statement of the lemma follows from the (admissible)
expansions

11 1 1 1
— 2 2 9 _
¢ —z 1'+-1-—t-—-— 2T—t—T ¢
T 7t
1w 1
T2 — Ot — (r — T2 1
r—=tmt— (r—1 (t—- _) =1
T
1 ¢ [ 1 1
T2 1 1- t—171
F——ft—-
T T
1 .
—572—1[2"-05‘;‘+E"=11"]
1 - t"+t"‘]
_272_1[14-2,,-1 -

The lemma leads to the following theorem:
Theorem 11. Let f(2) be analytic in an elliptic polycylinder

(28) E(ra): |ztat+ @ —1DY <rey a=1---,k
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where

(29) re > 1, a=1,- -k

Then f(é) has a unique development of the form

(B0)  Sflzy, v+, 2) = 22 _gny...nBa(21) - - Ray(2)

valid in E(rs), the comvergence being absolute and uniform in every
interior polycylinder E(pa), for which 1 < pa < 7oy a =1, + <+ k,
the coefficients satisfying

(1) n..co| < K(p)p7™ - -+ pg™

(n17 v ‘7n’°=07 1)2: T )'
If f(z) is analytic in the union of two polycylinders E(rl), E(rh),
it 1s conttnuable into the union of all polycylinders E(r,) where

(32) logra =dlogr,+ (1 —&)logrl, 0<d<L1

the co;v,tz’nuation being effected by the series (30).
Proof. By Cauchy’s formula,

1y f(g‘h"'rg-k)dg‘l"'dg‘k
w s =LY 1
(33) fla W =\on J J PR
where the integration extends over the boundaries of ellipses E(p,)
with
(34) Pa < P < Ta

By Lemma, 1 the series

1
g‘a—za

= Eﬁ_oRn(Za)Hn(ra)

converges absolutely and uniformly for (z,) in E(p.) and ({.) on the
boundary B(p,) of E(o,). We insert these series into (33) and
integrate termwise, thus obtaining the series (30) with’'

1 k
Dngeoomy = (——) Ian 0 [eGpf(Cr, 5 $)

2m1
Hn;(rl) ot Hm(g-k)drl e dg'k

On using (26) we obtain the inequalities (31), with a constant K
depending upon the p), rather than on the p, themselves.
The uniqueness of the expansion follows now, on basis of (31),
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from the uniqueness of the Laurent development

zz

o mgm0Ome e (8 ) 0 0 - (G ), ;1— <|to] <7
Finally, if f(2) is analytic in the elliptical polycylinders E(+}), E(r),
then, on the basis of (31), power-series (17), with the coefficients of
the expansion (30), will likewise converge in the circular polycylinders
C(r,) and C(ry). By Theorem 10, the power-series will converge in
any C(r.) satisfying (16). Hence, by (25), the expansion (30) will
converge continuously in E(r.), and this completes the proof of the
theorem.

In the following section we shall replace the polycylinder E(r,)
by the polycylinder E;(r.) whose components are ellipses with foci
at the points 2, = il, —1l, the quantity r, being again the sum of the
two semiaxes of the o-th ellipse. The quantity [ is a fixed positive
number. It is easily seen that the following statement remains valid.

Lemma 2. If f(2) ts analytic in the union of E\(rl) and Ei(r7)) it is
continuable in the union of the E\(r.) which belong to the family (32).

§6. COMPLETION OF TUBES. A SPECIAL CASE

Let us consider a tube whose basis S is the sum of two %k-dimensional
rectangles

(35)
(36)

Ta <a£n Ot=1,"’,k
Tof <an, a=1---Fk

Since a linear transformation of the z-coordinates can be interpreted
as a linear transformation of the z-coordinates and carries tubes into
tubes we are actually dealing with the case of a basis S which is the
sum of two rectangles which are concentric and coaxial.

The tubes (35) and (36), that is the tubes with these bases, contain
respectively the elliptic polycyclinders

Ey(rly): ,, + ,f_‘;‘_ <l a=1,  k
xi A

Ey(ry): ;Zi+m<1, a=1 -,k

with

/ ’ 2 13 1]
mo=a, + Vaf,+l2, r‘,,=af,,’+\/a‘§,2+l2

this being true for every positive value of I. Thus by Lemma 2,
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f(z) is analytic also in the polycylinder E(r.) whose minor semiaxes
. satisfy the relations

log [a. + \/a + 7]

= o log [}, + \a2 + 13 + (1 — o) log [a + a?* + 12]

or, what is the same,
2
@ log [% + % 4 1]

& o

If we let I — o, relation (37) goes over into

(38) e = da, + (1 — &)all, 0<s8<1

and the polycylinder E;(r,) converges to the corresponding tube
o <aw  a=1, -,k

The totality of these tubes for all ¢ in 0 < & < 1 is the convex hull
of the tubes (35) and (36) and we thus obtain the following special
case of Theorem 9.

Lemma 3. If f(2) is analytic in a tube T whose basis S consists of
the sum of two rectangles which are conceniric and coaxial, then f(2) is
analytic in the convex hull of T.

§7. THE GENERAL CASE

The transition from the special base S as in Lemma 3 to the most
general domain S will be purely point-theoretical. We will carry it
out in three steps.

Step 1°. Crescent-shaped wedges. Consider first, for k = 2, a
domain S in the (z, y)-plane which is bounded by two convezx curves
Y = ¢(2), y =¥(2), with p(0) = ¢(1) = ¥(0) = ¥(1) = a,and ¢(z) <
Y(x) for 0 <2 < 1. (See Figure 1.) We will vary ¢(z), and denote
S explicitly by Sy. If y1 > ¢ and ¢» > ¢, (Y1(x) and y.(z) being
convex functions) and if an analytic function in the tube 7'(Sy) can
be continued into both T(S,,) and 7T'(Sy,), then, as the reader will
verify without difficulty, these continuations merge into one (one-
valued) continuation into 7(Sy,) where ¥; = max (¢, ¥2). Also
¥a(z) is again convex. Now consider all convex functions ¢(z) > ¢(z)
such that T'(S;) is an analytic completion of T'(Sy) and form the
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function, again convex,
(39) ¥*(z) = sup; ¥(x)

Obviously T'(Sy+) is an analytic completion of T(Sy) and we claim
that Sy« is the convex hull of Sy, that is,

(40) Vi) =a

If this were not the case we could construct a configuration, as in
Figure 2. The point C is the minimum nearest to (0, a) of ¥*(z),

Y

©a) (1,2)
¥(X)
)
&(X)
C (1,0 X
Figure 1.

and D is a point sufficiently near to C so as to enable the insertion in
Sy« of two coaxial and concentric rectangles R as in the figure. By
Lemma 3, the tube with basis the convex hull £ of R is an analytic
completion of T(R), and since R intersects Sy» in a domain it follows
that the tube with basis B + Sys is an analytic completion of T(Sys)
and hence of T(Sy). However, the domain B + Sy+ is bounded by a
convex function ¥(z) > ¥*(z), and is genuinely greater than Sy since
the point C is not contained in Sy+ but is in Sy, which is contradictory
to the definition of Yy*(z). This yields (40) for the case k = 2.
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For k > 3 we call the variables z, y, z3, * * + , 2 and define a
crescent-shaped wedge as a 2-dimensional crescent in (z, y)-coordinates
as described before multiplied topologically with a (¢ — 2)-dimensional
cube
(41) ‘ Ixal < 9, ce e, kal <34
The previous argument extends to cover this case as well. Thus the

Y

foa) ,a)

()

©0) (,0

Figure 2.

analytic completion of the tube with basis

[(CB, y) SS% lil?sl < 9, Ty |xkl < 5]
is the tube with basis
(@ y) eS8, o <8, -, |ul <9

where Y*(z) = a as in (40).

Step 2°. Union of two intersecting convex domains. Assume that S
is the union of two intersecting convex domains S; and 8S;, all in
(x1, + + -, zx)-space. See Figure 3. Take any point P; in 8;, a
point P; in S, and a point O in the intersection S; ™ Sz In the
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triangle P1OP; take a point O’ sufficiently near O and in a suitably
chosen oblique coordinate system identify the curves P OP, and
P,0'P, with the curves ¢(z) and ¥(z) respectively. For &k > 3 multi-
ply topologically by a small cube of (k — 2)-dimensions. If f(z) is
analytic in T'(S) then it can be continued analytically from the tube
with basis the wedge P,OP;0’P, into the tube with basis the ‘tri-
angle” POP, (with (k — 2)-dimensional thickness) and since this

Figure 3.

triangle intersects S in a domain, this is a genuine continuation. Any
two ‘‘triangles,” being convex, intersect in domains, or not at all,
thus by Theorem 5, Chapter II, we may continue f(z) from the tube
with basis S into the tube with basis the union of all triangles P,OP,,
with P; contained in 8;, Py in Sz and O in S S;. We now claim
that the union of S with all such triangles is the convex hull § of S.
It is obviously part of the convex hull. Thus it will be sufficient to
show that the union S* of all possible segments P,P; constitutes a
convex point set. For this purpose let us consider any two points P
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and Q in S*. We shall show that every point R on the segment PQ
lies in S*. By construction there exist two points P;, @ in S; and
two points Pj, @ in S; such that P lies on the segment P,P; and Q

Figure 4.

lies on the segment @1Q:. In vector notation this means

P=)\1P1+)\2P2 (OS)\SI,)\2=1—)\1)
Q = p1Q1 + p2Q2 O<m<Lu=1—uw)

Now any point R on the segment PQ is given by

R = pP + oQ 0<p<Ll,e=1—-p)
= (pAP1 + op1Q1) + (PA2P2 + opaQs)

A1 (3
) P ]
(oM A+ ou) pAL + o oF AL+ our O

oAz o2 ]
A — Pyt ———
+ (P 2+ 0’#2) [p?\g + ops 2 oNs + o 2
= (P)\l + U',UI)RI + (P)\z + Uﬂz)Rz

where R, is a point on the segment P1Q; (and hence in S:) and R is a
point on PyQ, (and hence in S;). But since

(o\1 + ou1) + (ohe + opz) = pAr+ o) +o(pr + p2) =p+ 0 =1

it follows that R lies on the line segment R;R, and hence by construc-
tion must lie in 8*. Thus S* is convex by the definition of convexity.
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Step 3°. Arbitrary domains. Let S be any domain in (zy, * - -,
z1)-space, let P be any point in S, and N = N(P) a neighborhood of
P contained in S. Let M = M(N) be a maximal convex domain
containing N and such that the tube T(M) is an analytic completion
%f the tube T(N). We shall show that M contains the convex hull

of S,

(42) S3CM

If (42) does not hold, then there must be a point Q in S not in M.
(See Figure 4.) Join Q to P by an arc lying in S, and let B be a point
in which this arc cuts the boundary of M. Let N’ = N'(R) be a
neighborhood of R contained in S and let M’ = M'(N’) be a maximal
convex basis containing N'. Then T(M \UM’) is an analytic com-
pletion of T'(S) and the two convex domains M and M’ clearly inter-
sect (near R). Thus by Step 2° the tube T' with basis their convex
hull is an analytic completion of T(N), but this contradicts the
maximality property of M. Thus (42) holds and Theorem 9 is proved
in its full generality.
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CHAPTER VI
Inequalities, Bounds, and Norms

'§1. INEQUALITY OF JENSEN-HARTOGS

Consider a function f(z) of one complex variable z = z + 7y, If
the function is analytic in (a neighborhood of)

(1) |2 <o
and if we introduce the Poisson kernel
1 p? — r?
2 P = —
@) @) 2w p2 — 2pr cos (¢ — @) + 72
where
3) z = re'e, ¢ = pe, 0<r<p

then the inequality we have in mind is
@ log |12)] < [3P(z, §) log |f(5)|de

For the proof we first note that the inequality is additive: if it holds
for f1(z) and f2(2) it also holds for f,f, since log If]fgl = log ]fll + log lle.
Next, the function f(z) has at most a finite number of zeros inside and
on (1). Denoting the zeros in Iz[ <pbyay - ', ap and those on
lz] = p by by, - - -, b, with multiple zeros occurring a number of
times corresponding to their multiplicities, we write f(z) as the product

() 1) = gla)2_, p’; ~ ‘i‘:z TZ_,(z — ba)

~d
In this factorization, g(z) is defined by the relation stated, as the
quotient of f(z) with the other factors. We will now verify (4) for
each factor separately. The factor g(z) is analytic and has no zeros
in (1), and so log |g(z)| = Rellog g(z)] is a harmonic function in (1);
therefore, (4) holds, as a strict equality, on the basis of Poisson’s
formula for harmonic functions.” In the case of a factor

Z2—a
pt — az

we have |o(2)] < 1, that is log [p(s)] <0, in |z] < p, and |e(¢)] = 1,
that is log l¢(§’)l = 0, for |¢| = p; therefore (4) holds as a genuine
‘ 103

o(2) = v la] <0
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inequality. Finally in the case of a factor y¥(z) =2 — b, b = pe¥,
we may first assume, replacing z by 2b, that p =1 and b = 1, and
thus it will suffice to prove that

(6) log |z — 1| = [2P(z, ) log | — 1|da

for || < 1.
For any e > 0, the function 2z — 1 — ¢ has no zeros in Izl <1,
and thus we may start from the relation

(7 log |z — 1 — ¢ = [¥"P(z, ) log |ei* — 1 — ¢|da

Letting e — 0, in order to derive (6) from (7) we will apply the follow-
ing property of Lebesgue integral (the principle of dominated con-
vergence). If g.(a) — g(e), for almost all @ in ¢ < & <), and if
|ge(e)] < h(e) where [th(a)da < «, then

Jige(@)da — [g(a)de
In our case, since
1
®) 0 <P < -2t
2rp—71

it will be enough to verify that, for 0 < e < 1,

9) |log |e= — 1 — ]| < h(a)
where
(10) [h(a)de <
Since
2Ising <le—1—¢ <2+

relation (9) will be satisfied for

h(a) = |log 2 + log 3

. a
sin -
2

and this obviously satisfies (10). This completes the proof of the
inequality (4).

"Our next aim is to generalize formula (4) to functions of several
variables. In this connection it is appropriate to consider an enlarged
concept of Lebesgue integral with free use of the real value — . If
g(a) is defined on an interval a < a < b, and if its values are con-
tained in a half line — © < g(a) < C, for some finite C, then we call



§1] INEQUALITY OF JENSEN-HARTOGS 105

g(a) measurable, if for every A, the set of points for which g(a) < N is
a measurable set. In particular if g(a) is measurable, then the point
set on which g(a) = — « is measurable, and its measure may be > 0.
With g(a) we can associate an integral [g(a)da which is a finite
number or —«. It is additive, and linear with respect to positive
coefficients. Furthermore it has the following important property.
If

(11) gn(a) Lg(e)
then
(12) 2gn(@)dal [og(a)da

where ‘|’ means converges decreasingly to. In particular, if g(a)
is given, we can find a sequence of functions g.(«), each bounded,
such that (11) holds and thus our enlarged Lebesgue integral is, for
each function, a limit of integrals of bounded functions. The first
use we make of the enlarged concept is to admit in relation (4), and
in the subsequent generalization to several variables, the function
f(z) =0. For this function both sides in (4) have value — , and
the relation holds.

Our enlarged concept applies to any Lebesgue integral, and in
particular also to functions in several variables. Now let g(a, 8) be
defined and measurable in a square 0 <« <1, 0<pB <1, and of
course —© < g(a, B) < C, for some C. The important fact is that
Fubini’s theorem again holds. It states that the repeated integral

(13) odefog(e, B)AB
likewise exists, and that it has the same value as the multiple integral
(14) JoJag(a, B)dadB

whether finite or — ©. Furthermore the theorem also holds if «, 8
are representative of collections of Euclidean variables, say.
We now consider the case of & complex variables. Putting

(15) Zj = r]-el'w’ i = Piew{r .7 = 1: T, k

(16) Piz, §) =T_P(z, &), 01 <p;

we claim that for any function f(2;, - - - , 2;) which is analytic in
(17) lzi[ S Piy j = 17 Ty k

the relation
(18)  log|f@)| < [i7 -+ -+ [¥Pulz, §) log [f()]das - - - de
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holds. First of all log [f(piei, - - -, prei®)| is a descending limit as
¢l O of the continuous functions

ge(@) = log (|f(eee, - - -, pei)| + ¢)
and thus it is measurable in s, * * + , ax. Now, for k = 1, (18) has

been proved. If it is known to hold for some k, and if f(2; zi+1) =
f(z1, * * *, 2k; 2e41) s & function of k + 1 variables, we have first of
all, by (18)

(19)  log [f(z; zerd)] < 57 - - - [¥Pu(z; 8) log |f(6; zisn)|den - - - da,
By (4) we have

log |1(¢; 2k1)| < [3P(2iss, $asr) log [f(6; Ersr)|dorss
and on substituting this in (19), and applying Fubini’s theorem, we
obtain relation (18) for k + 1.
In certain cases it is useful to have a counterpart to the estimate
(8), namely

(20) [Pue )] 2 (i) W, 2 = Mip; )
; 2w pi + 15
If we assume that [f(¢)| < 1, that is
@1 log [f(®)] < 0.
then we can deduce from (18) that
(22) log [{@)| < Mulo; N[5 -+ + [& log [f(¢)]dva
where dv, = day © * + dax. If A is any measurable set on the k-dimen-

sional torus
050i<2ﬂ', j=1;"':k

then, under the assumption (21) we certainly can replace (22) by the
weaker inequality

log |f(2)] < Mi(p; ™ falog |f(¢)|dva

Now, if |f(p,ei)) < e <1 on 4, and mA denotes the measure of the
set A, we hence obtain

log |f(2)] < —Mi(p; r) - mA 'log%

Hence we may conclude: if the functions fa(2), n =1, 2, - « -, are
analytic and collectively bounded in (17), and if they are uniformly
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convergent to 0 on a measurable subset A of the torus
(23) sl =p, 0L ai<2r

and if A has positive measure, then the sequence f,(z) is continuously
convergent to 0 in the interior of (17).

By a conformal mapping of each component D; onto a circle the
reader will hence derive the following theorem:

Theorem 1. IfD = D, X - - - X Di1sa polycylinder, if the bound-
ary of Djis a Jordan curve Cj, and if C; is an open arc of Cj; if the func-
tions f.(2) are analytic and collectively bounded in the closure of D, and
uniformly convergent to O on the subset Cy X - + - X C}, of the boundary
of D, then the functions are continuously convergent to 0 in D.

We will now formulate a very specialized conclusion from this
theorem for later use. If H is a convex domain in real (z1, * * - , zx)-
space, and (0, - - -, 0) is a point of its boundary, if Ty is the tube
with basis H, and N is a (convex) domain in (z)-space containing the
origin, if g(z) is analytic in N and if the functions f.(2) are analytic
and boundedly convergent in the closure of 7# and uniformly con-
vergent to g(¢) on the intersection of N with the k-dimensional manifold

(24) Re¢fi=0, - ,Refi=0

(which lies on the boundary of Tx), then the limit f(z) of the sequence
fu(2) is an analytic continuation of g(2) from N onto N + T In
fact, since H is convex, and (0) a boundary point, there exists a
parallelepiped A in z-space with (0) as one of its vertices, whose
closure but for that vertex is contained in H. A real homogenous
transformation will make A4 into a parallelogram

A: 0 <z <o ji=1 - -k
We now construct a 2k-dimensional parallelogram

(x)ed, —a<yj<a j=1,---,k
For A and a sufficiently small, it is contained in N. It also is of the
form D; X -+ + X Dy as in Theorem 1, and a portion of (24) is of the
form C; X -+ + X Ci. Our conclusion now follows by applying

Theorem 1 to the functions
fﬂ(z) - g(Z), n = 1) 2) vt
§2. MAXIMUM ON THE BOUNDARY

If f(2) is analytic in a bounded domain D in (23, - - - , 2) space
and has continuous boundary values f(¢) on its boundary B, then we
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shall show that

(25) /)| < supres|f§), zeD
with equality holding at any one point of D only if
(26) [f(z)] = const.

In fact, if Ao is the maximum of |f(2)| in D 4 B, and L is the point set
on which ]f(z)l = Ao, then either L ) D, and this implies (26); or L
is contained entirely in B, thus implying (25). To see this we note
that if the intersection L /™ D were not vacuous, then the open domain
D — (L™ D) would have a boundary point 2° in D. This point
would belong to L, and thus at this point ] f(z)[ would have a weak
relative maximum without being constant in the neighborhood of
2%. However this can be shown to be contradictory as follows. If
we shift 2° into the origin and apply Cauchy’s formula (9), Chapter II,
for the curves C;: ]g‘,-l = p; with z = 0 and p; sufficiently small, we
obtain

k
(27) f0) = <%r> o7 ST f(pieid)dv,
hence
(28) o) < <-21;) I3 JE fCaie)]do

and thus ] f(z)l cannot have a maximum at an interior point, without
being constant in its neighborhood.

The same argument also yields (25) for an unbounded domain D,
provided

(29) [f@)]—0 as o>+ - - +|af?—>e, with zeD

Now, if D is a tube T4 with bounded basis 4, and f(z) is bounded with
continuous boundary values f(¢), then following Phragmen-Lindelof,
we consider the functions :

fe(Z) = f(z)e!(gﬂ.'.---“_zkg)

for € > 0. For each f.(2) we have (29) and hence (25). Now for
e —0; f(z) — f(2) and

lim,_,o sup; ¢ 5 ]fe(i')] < supses lf(i')l
and thus (25) holds for f(z) itself.
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Furfhermore, for any real numbers @i, - - -, o, the function
(30) f(z)emu+ ° taksk

is again bounded with continuous boundary values in T4, and thus on
introducing the function

My(2) = SUD—wcyice [f(@1 + Gy1, - - -, @ + )|
we see that for any real numbers a1, - - - , o4 the function
log Ms(z) + asx1 + * + © + ouxs

assumes its supremum on the boundary of A4, and thus is convex on
any segment. From this we deduce

Theorem 2. If A is a domain in (21, - * - , zx)-space, if A is any
set in A, and if H is the convex hull of A, of H is likeunse contained in A,
and if f(2) if analytic and bounded in T, then

(31) Supse g Ms(r) = supse 4 M;(z)

It is interesting to compare this result with what we already know
from Theorem 9 of Chapter V. By that theorem if A is a domain
in (2, + - -, z)-space and if f(2) is merely known to be analytic in
the tube T4, then f automatically has an analytic continuation into
the convex hull Ty of T4, and since f assumes in Tx only values which
it assumes in T4 (see section 1, Chapter 1V) it follows that (31) holds
whenever f happens to be bounded in 7.

In order to draw a pertinent conclusion from this theorem we will
require some general facts on approximation of real function. We
will assemble all the facts we will need in this and later chapters in the
section to follow.

Before doing this we will just make a remark. It is easy to see
from Cauchy’s formula that for f(z) analytic in (17), the maximum
of If(z)] is assumed on the subset (23) of the entire boundary. Such
subsets of the boundary of a domain have been first investigated by
H. Poincaré, and more recently by S. Bergman (he calls them charac-
teristic manifolds) and A. Weil. Obviously, such manifolds are
manifolds of uniqueness. If a function vanishes on such a manifold,
it must be identically zero. This suggests the possibility of con-
structing an analytic function from its values on the characteristic
manifold, and this is the main problem in this field.

§3. APPROXIMATIONS

Let K(t, - - -, t.) be a kernel possessing the following two
properties: :
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10, K, - - ,ta) 20, —o <t < o
20, ffw N ff,,K(tl, e ,tn)dtl e dt,. =1

An example of such a kernel is

(32) . K(ty, -+ -, t,) =7 2e W+ +ad
Let f(zx1, + + -, x.) be bounded and measurablein — © < z; < «.
Then the functions
t t”
(33) fﬂ(xlr e )xﬂ) = Ifw e fe—owf<x1 +:r:l: T +;)
' K(t)dv,
p=12 .-, dve=dt, - - - di,

certainly exist. Since they represent certain averages of f they may
be expected to reflect various properties of f, and under certain cir-
cumstances they may converge to f. We shall give three lemmas
relating to these matters.

Lemma 1. Let K(t) satisfy 1° and 2° and let f(z,, * - - , z,) be a
bounded measurable function in — o < z; < . If in addition f is
continuous tn some domain D then

—_
(34) e )
in every closed set S contained in D, where “3”’ means converges uni-

Sformly to.

Before giving the~proof we make two very simple observations,
based upon the property 2°. First

(B8) f(my, » -y ma)=f2, - [2 flxy, + c 2Kty ¢ ¢, ta)dy
for every function f, and secondly

B6) [ femeyK(ty, * - ¢, ta)dv,—0 as N> o«

where ext Cv denotes the exterior of the cube Cy,

(37) Cw: NStz SN, j=1,---,n

We now pass to the proof of the lemma. On using (33) and (35)
we have for zin Sand 0 < &

(38) |fu@) — f@)| < J=, - - :';”If(a:1+f;], . ,x,.+i_:)
= f@@y, - - -, 2| K(t)do,



§3] APPROXIMATIONS 111
< e, L,mlf(ﬂc) “) S| K (@) dve

I (x, #) — f(@)| E(O)dve

S max[,,|5a|f(x1 + t1, N 2 + tn)
— f(xl, s, xn)
+ 2 maXwcs<olf@)] [ o Joxecus K(t)do

where in passing from the next to last to the last inequality we have
used 2°. On using (36) with N = u§, where § is a positive constant
independent of u, but dependent upon the closed set S, we see that
(34) follows.

For our next result we impose a further condition on the kernel K,
namely we require that it possess the following property.

39, K(ty, -+ -, t.) vanishes outside some finite cube Cy.

We shall next prove
Lemma 2. Let K(t) satisfy properties 1°, 2° and 39, let f(x) be a
function defined in some domain D, and for some index p = 0, 1, 2,
, let f(x) € R® in D, that s let f have continuous derwatives in D
of all orders < p. Then corresponding to any bounded closed set S
interior to D there s an index N (S) such that the approximating functions
fu(x) defined in (33) have the properties

(39) fulz) € B® in S for u > N(S)
and

0%, — o . . g=0,1,---,p
(40) o - - - s 9z - - - axg..ms’ Gt Fga=g¢

Let S be any bounded closed set interior to D. Then if u is suffi-
ciently large all the points

m

(41) <x1+t;1:---,x,.+§f)

with z in S and ¢ in Cx will lie in D, indeed it is sufficient that u be
greater than
Vn M

(42) N () = dlSt {8, boundary of D}

On using 3° we see that (33) can be differentiated under the integral
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sign for u > N(S) and z in S, yielding for these x and z

3, ' t "
43) — 3 e e oo b
“3) ozl - - - 9z f—” 2.9 (xl + #’ y Tn + #) K(t)dv,
forq:o,l,‘-c’p;q‘.'_...+q”=q,andwith
99 (x) .

——f D
(44) g(x) = {ax:h PR ¥ or z1n

0 elsewhere

Thus (39) holds. The conclusion (40) follows from (43) by Lemma 1
after replacing g(z) in (43) by a (bounded) function ¢’(z) = g(z) in
D’ and = 0 outside D’, where D’ is a domain containing S and with
closure contained in D.

The two previous results are inadequate for certain purposes since
the approximating functions obtained have in general at most the
same differentiability properties as the original function f itself. In
order to define approximating sequences of functions having stronger
differentiability properties we impose a further condition on the kernel
namely

40, K(tl, e ,tn)Skm in —oo < < o
for some index r=20,1,2, - - -

Kernels satisfying 1°, 2°, 3% and 4° certainly exist. An example is

1
(45) K@) = C”H;‘_‘e (M—t)(M+t) for ¢t in Cu
elsewhere

where the constant c¢ is defined by

. ’ 1
(46) ¢l = [ Mo I=0(M+Dt

It is obvious that this function possesses properties 1°, 2° and 3°.
It can easily be shown that it possesses property 4° for every index
r=0,1,2 - - . Weomit the details.

Approximating functions f,(z) defined as in (33) by means of a
kernel K(t) satisfying 1°, 2°, 3° and 4° have in general higher orders of
differentiability than the original function f(x). We shall prove

Lemma 3. Let K(t) satisfy 1°, 2%, 3° and 4°, and let f(x) be bounded
and measurable in —o <z;< o, j=1 -, n. Then with
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fu(z) defined as in (33) we have

(47) f“(x)Ek(') in —® <1 < ™, j=17"';n
For the proof we write
3 ¢ tn
(48) fulx) = [=, - - - fnf(xx +;1, C T+ ;) K (t)dv,
= prf2, o [2 SO K (e — 3), - 0, pre — za)]do,

Since K vanishes outside a finite cube (by 3° (48) shows .that for
each u the function f,(z) has the same differentiability properties as
the kernel K(t), that is (47) holds for the index r of condition 4°.

For later reference it is convenient to state explicitly a corollary
which we will show to follow from the preceding lemmas.

Corollary 1. For some index p = 0, 1, 2, , let o(x1, * * *, Ta)
belong to class R® in some domain D. Then there zs an approxzmatmg
sequence {ou(x)} such that

(49) . kD in —0 <1; < ®©
for every r=0,1,2 - -

and

3%, — %
50
(50) dxd - - - 6:1:,‘}"—)6.’5?‘ R
in every closed set interiorto D, (¢ = 0,1, - - - ,p;q1+ - - - + ¢» = Q).

First define
_Jex)zin D

f@) = lO elsewhere
With a kernel K(¢) satisfying 1°, 2°, 3° and 4° (with 4° holding for
everyr = 0,1,2, - - -, see example (45)) we define ¢,(z) to be equal

to the function f.(xr) of (33). Then by Lemma 3, (49) follows and
by Lemma 2, (50) follows.

§4. BOUNDED FUNCTIONS IN TUBES

We consider an arbitrary point set A in real (z1, - - -, Zx)-space.
We do not require that it shall be a domain but we do require that
it shall be rectifiably connected. By this we understand that any two
points P’: (&, * * +, &), P": (&, - - -, &) in A shall be connected
in A by a point set C: z; = £(s), the functions £;(s) being continuous
and of bounded variation in s. We now consider the tube T4 in Eqy-
space, and any domain U containing T4. If 74 is a domain (that
is if A is an open set) then U may be T itself, otherwise it has to be
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larger. However it need not be a tube. Nevertheless, since U is an
open set in Eg, if C is any fixed compact subset of 4, and a > 0 is
given, then there exists an open (k-dimensional) neighborhood of
N, of C, which is not necessarily part of 4, such that the domain

(51) Us: (x) € Ng; —a <y;<a, Jj=1 -,k
is part of U.
We now consider an analytic function f(z1, - - -, 2z) in U, and

we assume that it is bounded there, |f(z)] < M. It is conven-

ient to express f(z) as a function ¢(x; y) = f(x; + 7y;) of the 2k real
components.

For fixed A > 0, and fixed 2z = (21, + + + , z) we consider the
function '
(52) YE) = [= - - [ ol n)ex[(zl—sl—im>’+~~'+(u—e~—iqk>’1dv"
where dv, = dn + - - dm, for all (£) in 4, and we are going to show

that it is independent of £ In order to prove this we consider the
approximating functions

(53) Va(§) = [2, - - - [2I(&; n)dv,

where ’

(54) I(g; m) = (& n)ME—bmind™ +a—t—im’)

Let P': (&, - - -, &), P": (&, - - -+, &) be any two points in A.

We must show that ¢(¢) = ¢(¢”). For this purpose we take our
previous curve C: § = §(s) joining P’ and P”, and the previous sets
N, and U,, and a fixed bounded neighborhood N of C which contains
N, for a > ao. We now consider ¥4(£) in all of N, and we form the
partial derivative dy4(£) /901 by differentiating (53) under the integral.
Now in U, the 1ntegra1 I(%; 9) is an analytic function of the complex
variable ¢, = £ + 471 and hence 8I/9%, = —idI/dn.. Therefore

.a¢a(£)'_ a a 24
§—= =

Py —a —a a_ﬂl dvfl
= :a * : [I(E; a, 1z, ° - ) 77")
- I(Ey —a, ng * - )"lk)]d"n coc dm

Now the factor o(¢;7) in (54) is in absolute value < M in U,,
whereas the exponential factor, for (¢§) € N and 9, = + g, is in absolute
value

SKexp{—u@+m+ - + ) with

®
It
N>
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From thig we deduce, for (¢) e N

Va(§)
96

and similarly for dy.(£)/0¢. Now, if the functions &;(s) defining the
curve C have continuous first derivatives then

a‘l’a dEx a__ll/g @E) dS

(55) <L:-ew; u=

N>

++

Ya(E") — ¥a(§) = f (ag ds d&;, ds

and hence by (55)
d§ dEr\?
[Wa(§") — al#)] < kLem" [ \/( E) tooo A (71) s
=k-L- e“‘“"D(P', P")

where D(P’, P”) is the length of the curve C. Now, if the curve C

does not have continuous tangents, then it can be so approximated in

length within N,, and thus the estimate holds always. Letting

a — «, we now obtain ¥ (&) = ¥(¢’') and thus ¥(£) is constant in 4.
Therefore we may consider for any A > 0 the function

k
(5(3) f)‘(z) = <$>2 ffao e J'(:wgo(g; n)e)[(zl—€1—in1)2+---+<,._Eb_‘-ﬂ.):]dv"

the expression on the right being independent of £, £e¢ A. Now for
each A this function is bounded in any tube T'x of bounded basis.
Assume now that our set A is bounded, and that H is its convex hull,
and assume that H has an interior, denoting the latter by Hy,. Now
for (xy, -+, 7)) €A, put & = «; in (56) and thus for z€ T4, we
have

A\ . .
(66)" A(e) = (;)2 Joo o @+ dmy 0 - -, T+ dne)
e M@= H - gy
Since lf(z)[ < M in T4 (evén in U) and since the exponential factor
k
in the integrand integrates into (x/\)? this implies
lf@)| < M

for all z2€ T4, and all A > 0. By Theorem 2 this inequality holds
throughout Ts. Now, we can pick a sequence of integers {Aj, A,
+ + } such that the sequence {f),(2)} is continuously convergent to
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an analytic function g(z) in Txe. Finally we assume that the neighbor-
hood U of T, intersects T'x, in a domain. We then claim that g(z) is
an analytic continuation of f(2) from Uinto U + T'x,, We will prove
this with the aid of the very specialized conclusion stated at the end
of section 1. The conclusion will be valid if there exists a point (a3,
«++, %) of A which belongs to H, or to the boundary of Hy, such
that on every compact set of the k-dimensional manifold

Re z; = 2}, —o <Imz; <
A+ i) S fa®+1dy) as  A—

Now this is the place where Lemma 1 comes in. By that lemma
applied to (56)" we see that this takes place for any (29, - - -, 29)
belonging to A, since f(z) is analytic and bounded on T4. But since
H, is the interior of the convex hull of A, then there must be a point
z° of A either in H, or on its boundary. Thus the specialized con-
clusion stated at the end of section 1 applies and hence g(z) is an
analytic continuation of f(z) from U into U + T4,

The restriction that A be bounded can be removed by making A
a limit of an increasing sequence of subsets 4, each of which is bounded
and rectifiably connected. The corresponding convex sets Hj con-
verge toward Ho. Altogether we have the following theorem.

Theorem 3. If A s any rectifiable connected set in real (x,, * - -,
x1)-space whose convex hull H has an interior Ho, and if U is any domain
i (21, - -+, 2x)-space which contains the tube Ta and intersects the
tube T, in @ domain, then any analytic function f(z) which is defined
and bounded in U can be continued analytically to a bounded function,
with the same bound, into all of U + T,

Remark. If A is a domain in E; and H, its convex hull then the
analytic continuation of a function from 74 into T'x has already been
proved in Theorem 9, Chapter V, and if the original function is
bounded in T4 then its continuation into 7', is again bounded with
the same bound. This latter is a consequence of the general property
stated in section 1 of Chapter IV. .

‘ §6. L,-NORM FOR VOLUME INTEGRALS
We start from the relation

o7 g0l < (L) - fl5tedlpase

for analytic functions f(z). For p > 1 this is known to follow from
(28) by Holder’s inequality. It actually holds for all p > 0 as a



§51 L,-NORM FOR VOLUME INTEGRALS 117

consequence of the deeper relation (18) for z = 0, however this does
not matter for the present. Assuming that f(z) is analytic in the
closed set 4 = A4,: |2;] < r, we multiply both sides of (57) by p - - -
pxdpr + ¢ ¢ dpr and integrate between 0 < p; < r. This leads to

1
2k

(58) FOr < ==, [4lf(2)|rdvadv,
where dv.dv, = dr:dy, * - - dridyr is the 2k-dimensional volume
element in our space Ej;.

We now take an arbitrary domain D in Ej, and we introduce,
for any p > 1, the space A, of complex-valued measurable functions
¢(z, y) for which the norm

1
(59) llell = |lells = (|, y)|?dv.du,)?

is finite. This is a Banach space (with complex coefficients), and
we emphasize that A, is the total space of such functions in the 2k
real variables, without regard to analyticity. We now consider in
A, the subset L, consisting of those functions which happen to be
analytic, o(z, y) = f(2). If the domain D is too large, for instance if
D is the whole Ea, L, may be empty (but for the element f = 0) as
the reader will conclude from relation (60) to follow. Or, if it is not
empty, it might conceivably be a finite-dimensional vector-space,
although no such case is on record. On the other hand, if D has finite
volume, then every bounded analytic function in D belongs to L,
and if D is a bounded domain this includes all polynomials. Now
(58) has very striking consequences for the space L,. Replacing r by
r/k, and denoting the constant =#—*(r—'k)%* by w,, we conclude easily
that for any point P: (2, *+ * -, 2) in D whose Euclidean distance
from the boundary of D is > r, we have

1
(60) [7@] < wllfll»

Thus collective boundedness of a family {f.(z)} in norm implies
collective boundedness in magnitude on every compact subset S of
D, and, more precisely, the relation

1
|Fn(@) = £2(2)] < 0| fm = 2]

shows that convergence in norm implies continuous convergence in D.
Now, if a sequence {f.(2)} in L, is convergent in norm, then as a
sequence in A, it is convergent in norm towards some element ¢(z, y)
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of A, and a sub-sequence is convergent point-wise, for almost all
points, towards ¢(z, ¥). On the other hand {f,,.(z)} is continuously
convergent, hence ¢(z, y) is a uniform limit of analytic functions, and
belongs likewise to L,. Thus L, is a closed linear subspace of A,, and
hence a Banach space itself. We now consider any closed linear
subspace B, of L,, and for a fixed function ¢ € A, we consider

A=A, = infﬂeBp”‘P - g”

If g. € B, is a sequence for which [|¢ — g.|| — ), then {g,} is bounded
in norm. Any sub-sequence contains a continuously convergent part-
sequence. If go is the limit of such a part-sequence {g.,}, then for
any compact point set A in D,

IA|‘P - golﬂdvzdvy < 1imu—m fA]‘P - gnlpdvzdvu <\

and hence ||¢ — go/| < A\. Thus the inf is attained. We claim that
if ¢ itself is analytic, ¢ = f & L,, then the element g € B, for which
[]f— g” = min, is unique. In fact, by properties of norm, if g,
and g; are two minimizing functions, then by Minkowski’s inequality

Hf_gl+92

1 1
5 S§[|f—gl’[+§“f—g2|l=7\f

and thus the equality in the former relations must hold, namely

1 1
5| =3 IlF = all + 5115 = gl

‘f_gl-l-gz

Now, as is well known for Minkowski’s inequality, the equality

prevails only if for almost all points of D, (f — g1) and (f — g,) have

a constant real quotient. Now, either f — g, = 0, in which case

A =0 and g, = f = g,, or there exists a neighborhood in which

JF—92#0 and f— g1 =c(f — g2), and this finally implies that
= 1. Thus g, = g;, and the minimizing function g is unique.

Now choose a point in D as the origin, and expand all functions
f(z) belonging to L, in power-series about the origin. Consider any
collection C' of monomials {z]* - - - 23*}, and the linear subspace B,
of L, whose expansions contain no other monomials. This space is
closed since convergence in norm implies continuous convergence and

hence formal convergence. Now consider the family F of functions
of L, with expansions

f(z) = P(2) 4+ (additional terms),
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where P(2) is any fixed polynomial with terms other than those of our
collection C and the additional terms are members of C. Varying
the additional terms means adding an element of B,. Thus, by the
previous result it follows easily that there exists a ‘“minimal”’ element,
that is there is a unique member f(z) of the set F such that ||f|| = min.
Thus there exist minimal elements of the form

(61) fo(2) = 1 + (higher powers)
fi(z) = z; + (higher powers), j =1, &

provided, as we assume, that there are any elements of L, of these
particular forms. It was pointed out by Bergman (for p = 2) that
the (k + 1)-minimal functions fo, f1, * * -, fi of the form (61) have
some beautiful properties of invariance. Consider a one-to-one
analytic transformation

(62) zi = zi(2y, -+ +, 2) = 2; + (higher powers)

from D onto a domain D’, with nonvanishing Jacobian J(z') =
a2y, ,2)/0(, + -+ ,2). For p 2 we will have to assume
2

that [J(z")]? is an analytic function on D’. By Theorem 8 of
Chapter II, we have

2
(63) Jolf(2)|?dvad, = [|f(2(2"))[J (&) P|Pdvsdvy
And it is not hard to see that \
(64) f2) &= f(2(z"))J (")®

is a one-to-one transformation of Lp(2) into L,(z’). Also, since

2
J(z")? = 1 + (higher powers) it is easy to see that

2

(65) @) =7E)JE)?  j=0,1,--",k

where f(2) and f%'(2), j = 0, 1, - - -, k, are the minimal functions
(61) for D and D’ respectively. Hence, at least in the neighborhood
of the origin,

) GG
@) fi @)
and thus these quotients are absolute invariants. Omitting the
superseript “D,” we denote these functions by w;(2),j =1, - * -, k
and we see that they have the expansion

j=1""rk

w;j(2) = 2z; + (higher powers), j=1,-"+,k
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Now assume that for our domain D, these functions have the special
form

(67) wi(z) = 2z

and transcribe these functions by (62) into the domain D’. Being
invariants, they go over into

wi(z') = 22}, - - -, %) = 2, + (higher powers)

Hence, they cannot have the specialized form (67) in the domain D'
unless the transformation (62) is the identity z; = 2. In other
words the specialized form (67) cannot occur for more than one domain
D, and thus the specialized form (67) singles out the domain D from
all other domains D’ which are equivalent with D in the manner
described above. Such specialized domains D have been termed
“representative’”’ by Bergman.

We may summarize part of these results as follows. Let D be a
domain in Ey and for fixed p > 1 define the (Banach) space L, con-
sisting of all functions f(z) analytic and of finite normin D, ||f||, <
where the norm is defined in (59). Take some point of D as the origin
and consider all functions belonging to L, in D and having the special-
ized form f(z) = 1 + (higher powers). If any such functions exist
then there is among them a unique one for which ||f|| = min. We
denote it by fo(2). Similarly foreachj = 1, - - - | k there is a unique
function of L, of the form f(z) = z; + (higher powers) for which
[Ifll = min. among all such functions in L,. (This assumes that there
is at least one function of this form in L,.) We denote the unique
minimum by f;j(z). With these k 4+ 1 functions we define the k
functions

_h@
'U)j(2> = fo(z)’ J = 17

These k functions are absolute invariants, i.e. if (62) is any one-to-one
analytic transformation from D into a domain D’, with Jacobian

.’k

2

J(2') nonvanishing in D’ and with [J(z’)}? analytic in D’, then w? (2(2"))
=w(),j=1, -,k Al domains D’ which are images of D
by such transformations are called equivalent. Among all equivalent
domains there exists at most one domain D for which the functions
w;(2z) have the special form (67). Such a specialized domain is the
“representative’’ domain of Bergman.

Bergman has also observed that all bounded domains which are
circular (Carathéodory) are representative; in fact not only are the
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functions w;(z) = z;, but fo(2) = 1, and f;(2) = 2;. To see this write

(68) fo(2) =1 4+ Ai(2) + Aa(2) + - - -
where A,(z) is a polynomial of degree n. Then
(69) fo(‘zleil’, R zkeiﬂ) p— 1 _I_ eiv’Al(z) _I_ e2i0A2(z) + N

Now, the volume element dv.dv, is invariant under the substitution
z,]z,e"". Hence the function (69) has the same norm as (68). Hence
both are minimal, and thus, since they start with the same constant
term they must be identical. But (e"? — 1)A4,(2) =0 for 0 < 8 <
27 implies A,(2) = 0 as claimed. In the case of the function

(70) fi(®) = zj + Aq(2) + As(z) + - - -
we have
(71) e (216, - - -, 2e) = 2; + ZR_ 6™ A L 40(2)

We again conclude that the functions (70) and (71) must be identical,
and this completes the proof of our statement.

§6. ORTHOGONAL SYSTEMS

The case p = 2 has special features, since L, and B; are Hilbert
spaces. The space L, (and B,) has a complete orthogonal system

(@0, @1, 2, * * * ), (which might be finite), with
@ Soaats = 1o 220
and each element f € L, has a unique expansion
(73) f~ 22 tngn,  @n = [foudv
the sum converging in norm to f. Also

(74) Zp|ad? = [ffdv <

and every system {a,} with finite sum E|a,.|2 actually occurs as the
coefficients of some function f& L, Since convergence in norm
implies continuous convergence, the series (73) is continuously con-
vergent in D. More precisely, by (60)

|E¢rh-0bn¢n(z)|2 < wg Eﬁ—o’bﬂizy zeDr

where Dr is the domain consisting of all points of D whose distance
from the boundary of D is > r. Putting

- - Z) = .« . e
= foo@P + - - - +lew@PF "7 0,1, , N
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for any fixed z in D and letting N — «, we hence conclude

(75) Zpen@)|? <}, zeDr

Thus for the series (73) we have by Holder’s inequality

25| anen(@)| < V Z5laa2 - Z5lea@)]? < o - \/Z]a,.]’, zeDr

and this yields continuous convergence of (73) in D. We now intro-
duce the ‘“kernel”’

(76) K& D) = Ie.e)ml)

where (2) and (¢) are both points of D. The kernel is analytic in
(2) and (), and the relation (75) reads

(77 K(z;2) < ?, 2eDr

The kernel (76), and in particular the function K(z; z) are independent
of the special choice of orthogonal system; this follows most easily
from properties of Hilbert space. Thus one would expect it to have a
geometric interpretation. The most immediate interpretation of a
function of pairs of points is that of a geometric “distance.”” This is
true in our case, although somewhat indirectly. It is not easy to
interpret K(z; z) as a “global” distance. However it gives rise to a
differential form upon which a Riemannian distance can be based.
In fact, if we put

(78) 9a8(2; 2) =
then the differential form

2

92.0% log K(z; 2)

Z¥ p10asdzadzs

is nonnegative, and what is significant, it is invariant with respect to
transformations (62). The invariance follows easily from the fact
that under (62), K(z; Z) is multiplied by J(2)J(z), and the added
factor does not contribute to the matrix (78), since we form the latter
from log K, and not K itself.

Also, the function

(79) , K(z;2) = 22| ea(2)]?

does not attain a weak maximum in an interior point of D; this can
be shown to follow from the results in section 2 and will actually be
shown'in the next section of the present chapter. Thus, roughly
speaking, K(z; Z) attains its maximum (whether finite or infinite) on
the boundary. Now, unless the domain D is very pathological, it is
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unlikely that K stays bounded in the total domain; at any rate,
boundedness in a larger domain D’ ) D would imply the convergence
of all series (73) in that larger domain, and so D’ would at least have
to be an analytic completion of D with regard to the family L, in D.
Thus we are led to suspect that K(z; Z) increases towards boundary
points P at the rate of growth which corresponds to the extent to
which the individual points P are obstacles for analytic completion.
Bergman has many estimates about the rate of growth in approaching
“characteristic manifolds’’ on the boundary, and for our part we are
going to show that conversely, in a Reinhardt domain D containing
the origin and having finite volume, the series (79) for K (z; Z) remains
convergent in the whole Reinhardt analytic completion of D (see
section 8 of Chapter IV). In fact consider any two monomials
o =2 -z Y =2p - - - 23* and their inner product

(80) (¢, ¥) = [pePdvadv, = [p2]2] -« - 2pzidv.dy,

Now the volume element dv.dv, is invariant under the multicircular
transformation z,~]z,~e""’, 0 < ¥; < 2r and also this transformation
sends D into itself. Thus (80) must be equal to its product with

(81) gilmi—n1)d . . . pi(me—nk)dn

and thus (¢, ¥) = 0 unless (m1 — n)2 4+ - - - + (M — ng)2 = 0.
Hence, on introducing appropriate positive normalizing factors A, we
obtain an orthonormal system of functions in D,

(82) Pryeeeny = )‘"l-ﬂﬁkz?l v z:b; ny * ° ’nk=0) 172; ot

We are going to show that this system is complete. To this end take
any function f(z1, - - -, 2x) €L. in D and consider its power-series
expansion. By Theorem 3 of Chapter II the expansion is valid in
the Reinhardt analytic completion D’ of D. For convenience we
write it in the form

(83) f(Zl, T, 2p) = Zr,'-ﬂam cee l‘b(kl‘l cewBt Z‘I:l)
Now in computing the inner product
(84) (f, @nreeem) = [0 * @nyer. sty

we may choose an approximating Reinhardt domain D° whose closure
is contained in D, and approximate to (84) by

(85)  Iof B modty
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Now, on the one hand, in D° we may replace f by its expansion (83),
and on the other hand, the system (82) is orthogonal (though not
normalized) in D°, Thus (85) has the value

(86) |an1- .. n,‘l 2)\3,‘ .. .,,JD“IZII%‘ cot Izklz'”'dv,dv,,

and on letting D° — D we see that (84) has the value |a,.l...,...|2.
This leads to the following pair of conclusions: if a function f is ortho-
gonal to all functions (82), then it is identically zero, and thus our
system is complete; furthermore the expansion (73), if taken for the
system (82), is the expansion (83). Now as we have remarked the
latter expansion is valid in the Reinhardt completion D’ of D. Hence
for any complex numbers {a,} with Z]a,J2 < o the series (73) is
absolutely convergent in D’. Now a well known result of Landau
states that if a sequence {b,} has the property that Za.bs converges
for every sequence {a.} for which 2|a.,.|2 < o, then Elbﬂ|2 < o,
Thus in our case the series (79), with the ¢’s defined in (82), must be
convergent in D’.

§7. SURFACE INTEGRALS

We apply formula (57) to a variable analytic function f(z; v), the
parameter vy being an arbitrary element of a space .  We now assume
on T' the existence of a measure dvy, and integrating with respect to
this measure we obtain first,

k
Jrlf0; v)|rdy < (21—”) Jrdy(f|f(pic=i; ) |Pdva)

In the applications to follow it will be possible to interchange the two
orders of integration on the right-hand side, as the reader will be able
to verify. Thus, on introducing the function

(87) Mz) = ([1lf(z; v)|rdv)?

we obtain the relation
1Y)\ )

(88) MO <\ ) J37 - - o IN(pieii)?dua
2T

Thus we can repeat a good number of the conclusions of section 2
for the more general type of function A(z). We observe that the
function A(z) is actually more general than I f(z)|; in fact A(2) = ] f(z)|
is the special case of the family f(z; v) being defined for only one point
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v, and the measure of this point being 1. Similarly the ‘“discrete”

1
case, A(2) = (Z.|¢a(2)|?)? arises by taking the space T to consist of the
points ¥ = {n} with each point having measure 1. Now, if A(z) is
defined and has continuous boundary values on the boundary B of a
bounded domain D, then in analogy to (25) we have

(89) Az) < supse s A, 2eD

We can again use the Phragmen-Lindel6f device of multiplying
f(z; v) by exp [e(z2 + - - - + 2})] in order to show that (89) also
holds if D is a tube 7’4, in which A(2) is bounded with continuous bound-
ary values, and again the device of multiplying A(z) by exp [az: +
-+ + 4 agzi] will show that, under the same assumptions, the function

log M(.’L‘) = SUP-w<yj<o log >‘(xi + 2?/1)

is a convex function in the basis A.
In particular the reader will verify that our results hold, in a tube
Ta, for the function

1
(90) A@) = (J¥F - - - [|fGzi + dv)|rdvs - - - dw)p,  p 21

where f(z;) = f(z1, + + -, z) is a bounded and analytic function in
Ta. As a very special case, assume that f(z;) has the period 2#7¢ in
each variable. In this case A(2) is dependent only on z, and we obtain
(as a generalization of Hardy’s theorem) that for any analytic function

g(wy, - - -, wg) in a Reinhardt region the logarithm of the function
1
(g2 .- ﬂg(rlewl’ Ce ,rke""")]”dﬁl <. - dYy)?
is a convex function of the variables log ry, - - -, log r4.
Now, take an arbitrary set T' in the space of the real variables
(vy, -+, ) and replace (90) by the more general function
1
o1 M) = (rlf G + dvi)lrdys - - - dv)P

If our function f(2) is bounded in the tube Ta, and if A is a set in A
whose convex hull H is also contained in A, then we obtain first for
any bounded set the relation,

Ar(z) < sup Ar($)

where z& Ty, £ € Ta. Now, if T increases, then so does Ar({), and
for I the total (vy1, * * -, vx)-space, Ar(z) depends only on z, that is

1
(92) @) = M(2) = Mp(2) = (J=, - - - [lf@@i + iv)lrdvy - - - dwi)?
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Letting T run over a sequence of cubes which exhaust the total space,
we finally obtain

(93) SUpz e m Ap(r) < supge a Ap(£)

(Of course, since A C H the equality in (93) actually holds.) In
particular we see that A\,(x) is a convex function in all its variables.
We have derived this under the assumption which may seem too
restrictive at first, that f(z) be bounded. However, it is easy to see
that this “restriction’’ is implied by the assumption that \,(x) shall
be bounded. In fact if A is a bounded domain, and A (z) < M for
z €A, then .

Sz Jf(@)|Pdvadv, = [advef=,|f(2)|7dv, < (volume A) - M?

and once this is established, we conclude from relation (60) that f(2)
is bounded in every tube T., where A is any compact set in A.

In the remainder of this section we will prove a theorem about the
boundedness of Ap(x) in which the above ‘“‘restriction” is substan-
tially relaxed. We will prove it in two steps. First for f(z) itself,
and then for A\,(x).

Lemma 4. If f(z) = f(z1, *+ * * , 2x) 18 an entire function, if, for all
&)
(94) |f(z)| < MeAilnl+ " +ax|za|gBilys]+ * * +Br|ur]
and if
(95) [fGyy, - - - i) <1, —o <y < ®
then
(96) |f(z)| < eAlml+ Farn|

We will prove relation (96) for
97 £, >0, ~---, >0

the other combination of signs then follow immediately. We con-
sider the function

(98) e (Z) —_ f(z) e—Ara—""" _Aknee(n’+ coeea?)
for 0 < e < 1. From (94) we obtain
log |g.(2)| <log M + ez} + - - - + ad) + ZE.(Bilu] — )

and from (95) we obtain
(99) log |g.GGy)| <0
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We now apply our convexity result of section 2 for

M (z) = log [sup, Ige(z)“

in the octant of the sphere
0 < =2t < RY z; >0

Since the maximum of B|y| — ey? is B?/(4¢) we see that
M (z) < - Ilog M + eR? + — EB’]

log M + reR + EB2

R R

where 72 = 22 + - - - + 2}, On making R = 1/e we obtain
(100) MJz) <elogM+r+ 2 B!

Letting ¢ — 0 in (98) and (100) we see that the function
g(z) = f(z)e—Alzl—"'-—Abzk
is bounded in (97). Thls now being established, then multiplication

by exp [—e(z1 + - - - + z)], application of the convexity theorem
and a passage to the limit as e —» 0 will show that [g(z)l assumes its
maximum for z; = - + -+ = @ = 0, and since |g(iy;)| < 1 we obtain
(96). '

Theorem 4. If f(2) is an entire function for which relation (94)
holds for all z, then the function

(101) A& = (=, - - - J= e + iledoy
satisfies the relatron
(102) Az) € A0)etlmlt " +anlz
If T is a bounded domain in (yi, * * *, 7vx)-space, and if f(z)

satisfies relation (94), then the reader will verify that the function
Ar(z) of (91) will satisfy the same relation (94) except with another
constant M (depending upon T), and a repetition of the proof of
Lemma 4 will give the relation

(103) Ar(z) < Ap(0)edtlail+ " +arlzd
Letting T grow into the full space —© < v; < o, j=1, ",k
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first on the right-hand side of (103) and then on the left-hand side,
we obtain relation (102).

§8. MULTIPLE FOURIER INTEGRALS

In the present section we will assume that the reader is familiar
with the concepts and inversion properties of Fourier transforms in
several variables for any L,-norm, particularly for p = 2 (Plancherel).

Theorem b. If f.(y) = f(z) is analytic in a tube Ta and if for every

1
compact set A in A, the (surface-) Lyp-norm (J ] f,(y)|”dv,,)5 18 bounded,
then for 1 < p < 2 we have

1\
(]_04) f(z) ~<5_)2 ffw P ffw¢(t1; e ’tk)eut1+"'+zktkdvt
Ly
where
1 k
(105) ¢p(t)~(Z> ffw R ffwf<zl, R zk)e—tln—"'—lklkdvu
and, for 1/q + 1/p = 1, we have
1 1
(106) (le@es=t +emfadn)a < (J]fo(y)|7dvy)?
For p = g = 2, the last relation is an equality,
(107) fl(p(t)e““"""“k"lzd”‘ = ﬂfz(y)l’dv.,

The full meaning of the inverse relations (104), (105) is as follows.
For each (z) there exists a (measurable) transform

1\¢
(108) ;1) ~ <2—)2 [fuly)eitmnt =+ gy,
T
for which the inversion formula
k
(109) f=(y) ~ <~21—>2 [Y(z; t)egwntrt™ "+ gy,
T,
and the inequality
1 1
(110) (¥ (e; O]edvs < (J]f2y)|dv,)?

hold. Now the theorem claims that ;there exists a function ¢(t)
such that, for all x € A,

(111) Y(z; em=mh="""—at = o(f)
By section 4, f(2) is bounded in Ty, where N is a neighborhood of
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A. We first assume, in Ty, the growth restriction
(112) lf(z)l < Meewi++ud

In this case the right side of (105) is absolutely convergent, and is the
limit, as ¢ — «, of

1\*
(113)  ¢@a(z; t) = (E-r>2 @ [0 f(z, -, zk)e T gy
In order to prove (111) it is enough to show, foreacha =1, - - - |k,

that d¢./0z. tends to 0, as a — o, uniformly in N. Now, as in the
case of the function (53), we see that the derivative of the integral
(113) with respect to x, is essentially the same as with respect to ya,
and the expression representing it contains two boundary terms which
on the basis of (112) tend uniformly to 0 as a increases towards .
Finally, in order to remove the restriction (112) we form, for f(z)
given, the function
fo(2) = fz)eret™ +ad

It satisfies (112) in T, and for its transform we thus have y.(z; ?)
et tm) = o (). Now, by (110), since fe(z; y) converges in
L,norm to f(x; y), then y.(z; ¢), for each z, converges in L,norm to
Y(z; t). This implies the convergence in mean, over every finite set,
of ¢e(t) to a function ¢(¢), and (111) follows.

As a comment on Theorem 5, we start from any measurable func-
tion ¢(t), and for any ¢ > 1 (and not just for ¢ > 2 as in the theorem)
we consider the point set H, for which

1
“q(x) = (flgo(t)C‘“tH‘ . '+zm.| de‘)a

is bounded. If 2’ and 2’ are any two points of H,, and z; = 62} +
(1 — 0)zf, 0 <6< 1, is a point of the conjoining segment, then by
Holder’sinequality, we easily obtain ug(x) < (pe(2'))®(uq(z’))*?. Thus
log p(x) is a convex function, and H, is a convex set. We assume
that H, has an interior, which we denote by HY, and we note that
ue(x) is bounded on every compact set of H}. Take any point of
H®, say the origin. There exist a 6 > 0 and an M such that

fl¢(t)l qgq(tizrt""" -szh)dv‘ S M

for Ix.,,l < 8. On substituting for (zi, - - -, xx) the points (%34,
-+ +, +8) an adding up over all combinations of signs we obtain

Tle(®)] restiei+= " +ubd, < 2M
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Hence, by Hélder’s inequality

k1 1
Sle(@)|dve < 29Mra(fe-ptlat+ - +Hubgy,)p

and thus the origin is a point of H)(for ¢ = 1). By a slight elabora-
tion of this argument we see: .

Remark 1. The domain HY in which po(x) is finite increases as
g decreases.

Another elaboration will give the following result.

Remark 2. The integral

f(p(t)é“‘“' T +zktﬁdv‘

s continuously convergent and defines an analytic function in Tg.

In particular we obtain the following:

Supplement to Theorem b. The wntegral in (104) s absolutely and
continuously convergent, thus (104) 7s an ordinary relation in Ta. How-
ever, for p > 1, no assumptions on the nature of analyticity of f(z)
will guarantee off-hand that (105) is a literal relation as is known for
p=1

As a counterpart to Remark 1 we observe that whenever [|f(y)|7dy,
< M and |f(y)] < N, then, for 1 < p <2, [|f(y)|’dv, < N> - M,
thus, in Theorem 5, as long as we do not approach points (x) on the
boundary, there is not much loss of generality in assuming p = 2.
Furthermore relation (107) is always present, even if p < 2,

§9. FUNCTIONS OF INTEGRABLE SQUARE
In the case of p = ¢ = 2, the situation is exceedingly simple. A
function f.(y) = f(2) in a tube T4 is analytic, and the squared norm
(114) K@ =1 flf:(y)|%dv,
is bounded in every compact set in A if and only if there exists a
measurable function ®(¢) for which the squared norm

(115) Na)t=f--- fl@(t)l%?(zuﬁ"'+xh¢»)dvt
is bounded and such that

1 k
(116) f(z) = (2> J' e J'cp(t)ezm+"‘+undv‘

Also the two norms are equal, A(z) = A(z)
Now, assume that A contains a collection of rays z, = pfa, 0 <
p < =, with

(117) g4 - +8=1
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The origin . = 0 may be on the boundary of A but the norm A(0)
as defined in (115) shall be finite. Suppose that for some (£) in (117)
there exists a real number h(£) such that the function ®({) vanishes
(almost everywhere) outside the half space

H(%): thiE + -0+ ke S R(E)

In this case, for . = pts, 0 < p < o, we have

AMz)? < e““’fa(e)[dJ(t)[zdv; < 2h(® . \(0)?
and hence

Iimp—mM < k()
p

Conversely, if for some s(£), the function ®(¢) is different from 0 on a
set I' of positive measure in the half-space &6 + -+ 4 t& > s(§),
then

N@)? 2 e ® [r|(1)|2dv

Altogether, we see: 2f h(£) 1s the smallest real number such ®(t) vanishes
outside the halfspace H(£), then

(118) nm,_.w“’—g%f—‘@ — h(®)

the limit on the left existing. It can be —  only if f(z) = 0, and +
only if no genuine half-space H(§) exists.

On the basis of Theorem 4 we now obtain.

Theorem 6. If f(z1, * * * , 2k) ©s an entire function for which

(119) lf(z)l < Me"'(["l+"'+|u'[)

and of f(dy, - - *, k) 18 of integrable square in — o <yY; < ©,
j=1,- -,k then

1\*

1) = (__) 14 C e A p(t)entit endy,

27
where Y(t) is of integrable square. The smallest convexr domain in
t-space outside of which () vanishes almost everywhere is the inter-
section of all half-planes t11 + - + - + tekx < h(E) where h(£) ts defined
by (118), the limit in (118) existing.

Another interesting case arises if A is a convex ‘‘cone’’ through

the origin and A(z) is bounded in A. In this case h(¢) < 0, and thus
&(¢) vanishes outside the cone ‘“dual” to A. It is enveloped by the
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hyper-planes through the origin which are perpendicular to the gen-
erators of A. For instance if A is the octant

(120) >0, a=1 -,k

then the dual is the octant {x < 0 and it is easy to conclude that
f(z) is analytic, and [|f-(y)|?dv, is bounded in the octant (120) if and
only if f(2) is representable in this octant by

k
f(z) = (_217'.)5 fg_w R J‘gw@(t)euh+“'+uudv‘

with -
- 2 f‘lw\d)(t)[?dv, < ®
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CHAPTER VII

The Theory of Hartogs. Subharmonic
Functions

§1. HARNACK’S THEOREM

In addition to using the fundamental inequality originally due to
Jensen, Hartogs also employs the theorem of Harnack. The latter
states that if a sequence of (real) harmonic functions which are col-
lectively bounded from above are monotonely decreasing, then either
they converge uniformly to a harmonic function proper, or they diverge
“uniformly” to — . Hartogs noticed that the theorem also works
for the larger class of ‘‘subharmonic functions,” and this incidentally
laid the foundation for the study of such functions.

We will consider the extended concept of Lebesque integral as
explained in section I, Chapter VI. We consider (real-valued)
functions of a variable ¢, where ¢ is a point on a space T with Lebesgue
measure, the total space having finite measure. For convenience we will
use the symbol d¢ under integrals to indicate integration with respect
to the measure given. For any finite real number ¢ we denote by L.
the class of functions {u(#)} which are defined at every point of and
measurable on 7, and for which

1 ‘ —w<u@®) Lec
Lemma 1. If a sequence {u.(9)} belongs to some L., then
@) My [Uun(®)dd < [ Bm un(9)dd

In particular, if un / u < c then

3) limp_ye Jun(#)dd < [u(d)dd
and if ¢ > us N u, then
()] limp_ye [ua(3)dd = [u(d)dd

This lemma simply states conveniently a property of our integral,
and we accept it without investigation.
In addition to the point set T we consider any point set D whose
general point will be denoted by z. Consider a function P(z, ¢) on
135
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the product space (D, T) with the following properties (generalized
Poisson kernel)

(i) for each z in D, P(z, ¢) is measurable in 9,

(i) [rP(z, #)dd = 1, zeD,

(iii) there exist finite functions a(z), A(2) in D, such that

(5) 0<a(@) P9 <AR) < =

for (z, &) in (D, T).
We can now state
Theorem 1 (Harnack). If ga(9) €Le,n =1,2, - -+, and of

(6) J lim sup, ¢a(¢)d® > — «

then there exists a sequence of numbers e, N 0 such that for any kernel
P(z, &) possessing properties (1) (i) and (47) and for any sequence
{¢n(2)} the relations

(7 ¥n(2) < JP(2, d)ea(9)d?, n=1,2,- "
imply the relations
(®) ¥a(2) < [P(z, 9)[lim sup, ¢u($)]dd + €4 (2)
forn=1,2---.

If however .
9) J lim supa, . (3)dd = —

then there exist a sequence e, N 0 and an index N such that (7) implies

W@ < ~a@ <+ a=N

In fact, putting
‘P,n(‘}) = SUDm {Onim(D)}
(po(l?) = hmn.__;ao ‘Pn(0)

we have
en(®) < on(¥) < ¢
@0 (9) N @o(9)
¥a(2) < [P(2, 3)on(8)dd
and hence

¥n(2) < [2P(2, 9)@o(3)dd + A(2) [7(0,(8) — @o(®))dd
Now, if (6) holds, then by ordinary Lebesque theory
Jr(£2(8) — @o(8))dd N 0
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and this proves (8). If however (9) holds, then

I‘P;(l’)d‘} No— ®,
and hence

¥a(2) < [Pz, 9)cdd + [Pz, 9)(e,(3) — c)dd
<e—a@)f(c — ¢u(9))dd

and this completes the proof of the lemma.

§2. HARTOGS’ MAIN THEOREM

We will cast the principal reasoning in the shape of a lemma.

Lemma 2. If D is a domain in complexr (z1, *+ - - , zx)-space, if
{Fa-..m(®)} 2s @ multi-sequence of analytic functions in D, if p\, P
(0 < p» < Py < ) are two sets of radit, N = 1, - + -, |, +f the power-
series
(10) Zpo o Zpcofme e m(@upt o gt

is known to be absolutely-continuously convergent in
(11) eD, |wl <pl

and absolutely convergent in

(12) zeD, |w| <Pl

then it is also absolutely continuously convergent in (12).

It is sufficient to establish the conclusion in some neighborhood
D, of an arbitrary point (¢°) in D. For convenience let ({°) be the
origin, let (p) be such that

(13) Dq: ' |z < pi

is contained in D, let D, be the interior of (13),let 7' = {&y, = - -, d%}
be the k-dimensional set

¢i=pie%, 0<9;<2r
and as in Chapter VI let

2 2
P T

=I*, —
(14) P(zy l’") J=1 Ur p]2 — 2Pjrz' cos ((pi — 0;) + 7"]2-

for z; = rje'.  As shown in section 1, Chapter VI, we have inequality
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(5), and for 0 < 7 < pj;, we have
0<a<La(2)0<A() <4

uniformly in |z] < 2.

We now take any radii 0 < py < P\ < =, such that p} < m,
P, < P, and we denote the largest of the quotients Py/p} by q¢. The
assumptions of our lemma imply

lim"l+"-+m—m ‘fn,...,,,(z)lP’l"x . P;n, =0
|f"‘l"'"t("’)1"1’ll o P;m' < M,, z2& D,
Hence the functions
1 f"‘ "~ﬂz(Piei',’i)P,1"‘ ) P;"t
15)  @n...m(d) = 1 .
(15)  omeron(®) = e Lo ke

have the following two properties:

@ny...m(?) < (= log @)
lim SuUpa ... +nmw Pryee.n(d) <0

We now apply Theorem 1 of Chapter VI in conjunction with Theorem
1 of the present chapter, breaking into two cases according as

S lim sup @n,...n(3)dd; - - - ddy

is finite or — . If the limit superior is finite then we may discard
the integral in the right member of (8), its value being <0, and since
Ao N0 as e, N 0 we conclude that corresponding to any positive

number e there exists an integer N such that, forn, + - -+ + > N
and for |z] < r?, we have
(16) |fm--~m(z)P'1"‘ ce P;"tl < M et +n0)

If, on the other hand, the limit superior in question is — =, then on
using the second half of Theorem 1 and the fact that —ao/e, + log ¢
decreases to — « as e, ™ 0 we conclude a fortiori our inequality (16)
for |z < ). Since in both cases e can be an arbitrarily small positive
number this implies that the series (10) is absolutely continuously
convergent in [|z;] < r?, |lws| < P}], and since P} can bé chosen arbi-
trarily near P, (arbitrarily large if Py = 4 «) this completes the
proof of our lemma.

The significant conclusion from the lemma, which the reader will
easily draw for himself, is embodied in the following theorem.
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Theorem 2. (Hartogs’ lemma). If f(z1, - * * , 2k wy, © * *, wy)
18 analytic in the topological product ’

[2eD;lw| < ml

and if for each z &€ D, f(z; w) is analytic in [\w;l < P)), then f(z; w) is
analytic in the product

[zeD;|w| < P

§3. CONTRIBUTIONS OF OSGOOD

Lemma 3. If a function f(z1, - - -, zx) in a domain D of Ex 18
analytic in each variable z; and if it vs bounded in all variables, then 1t
18 analytic in all variables.

By Theorem 2, Chapter II, it is sufficient to prove that f(z) is
continuous in D. In any polycylindrical neighborhood in D, we
consider f(z) as a family of functions in one variable z;, the other
variables 21, © * - , 2j-1, Zj+1, - - * , 2 being parameters by which to
designate members of the family. By section 5, Chapter II, since
f(z) is bounded, our family is majorized, and hence their deriva-
tives 9f/92; are likewise majorized. Thus the partial derivatives
df/0z1, - - -, 8f/02: are bounded in the neighborhood of each point.
Viewing f(z) as a function in the real variables z1, y1, * * * , Tk, Ys
we see that its 2k partial derivatives of first order are locally bounded,
and this in itself implies continuity of f(2).

Theorem 3. If A = {a}, B = {B} are bounded sets in Euclidean
spaces of any dimensions, A closed and B open, and if the nonnegative
function A(a, B) in (A, B) is continuous in each variable, then there
exists an open subset B’ of B such that A(a, B) is bounded in (A, B').

The function

u(B) = supaea (e, B)

has a finite value for each g& B. Also, for each n, the set Ba:
[1(8) < n] is a relatively closed subset of B. In fact, if 8, — 8, and
w(Bp) < n, then A(e, 85) < n, and hence by continuity A(a, 8,) < n,
and this implies u(8,) < n. Now, if the theorem were false, then no
B, could contain an interior, and the open sets B — B, would be every-
where dense in B. This would permit us to construct, by induction
on n, a sequence of sets C; ) Cy ) - - - such that each C, were the
closure of an open set, and u(8) > n for 8 € C.. The sets Cn would
contain a common point §, and at this point u(8) could not be finite.
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§4. HARTOGS' THEOREM ON ANALYTICITY IN EACH VARIABLE

Theorem 4. Let f(z1, - - * , 2x) be defined in a domain D in Eq and
let f have the property that for every point (ay, - - - , ax) of D each of the
Sfunctions

f(ab Oty Q- 7y Gy, O, ak)) .7 =1,--- ) k

18 analylic in the single variable z; in the neighborhood of a;. Then f is
analytic in (21, - - - , z) in D.

We assume that (0, - - - , 0) is a point of D, and we shall prove
that f is analytic in a neighborhood of (2) = (0). If
(17) leff < Uy, - -, o] < Ui

is a neighborhood of (0) whose closure is contained in D, and if we
identify the point set A of Theorem 3 with |z;| < U, and the point
set B with \

U U
as) <% <
then we conclude the existence of a subneighborhood
(19) :IZQ - Z;l < Qg, Tt [zk - Z;l < ag

of (18), such that f is bounded, and hence by Lemma 3, also analytic
in the product of (19) with \z1| < U,;. We will now apply Theorem 2

to the following situation: f(z1, + * * , 2) is analytic in

|31| < Uy, lzz - z,z‘ < ay, o, [zk — z;c[ < ag
and for each (2;,2;, - - - ,2,) In

2] < U, |2s — 2| < as, SR |2 — 2} <

it is analytic in 2, for |z2\ < U,. By Theorem 2 we may now envisage
the largest circle which is both concentric with |z2 - z;[ < ay and
entirely included in |zo| < Us Since |2y| < U,/3, this largest circle
includes the circle |2;] < U,/3, and thus we conclude that f is analytic
in all variables in the point set

‘le < Uy, lZQl < 3U,, lZa — 2;\ < as, s
lzk i z',,l < ay

Starting again in the same fashion we now concentrate on the fact
that for each 21, 25, 24, * - - |, 2, fis analytic in 23, in the larger domain
|z3| < Us/3, and we again obtain that f is analytic in all variables in
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|21| < U;, |22| < %‘Uz, IZsI < %Ua, qu - Z’" < oy,
Continuing in this way we conclude that f(2) is analytic in

Izll < Uy, IZzI < §U,, oty ‘zkl < 3U:
and so f(z) is, in particular, analytic in the neighborhood of the origin.

§6. EXTENSION OF HARTOGS’ MAIN THEOREM

We consider two sets of variables (z1, * - -, 2z), (wy, -+, wy),
the first set complex, the other variables complex or real. As in
Chapter IV a domain D in (2, w)-space will be presented as a union
of intersections relative to one set of variables. However this time
the basis of D will be in the z-space, thus

(20) D = [ze B; we A(z)]
We consider a larger domain over the same basis,
(21) D =28 B; wek(z)]

and we assume that every connected component of A(z) contains a
nonempty component of A(z).

Theorem b. (Generalized Hartogs’ lemma.) If f(z, w) is analytic
in (2, w) in D and, for each z in B, is analytic in A(2), then f(z, w) is
analytic in D.

We first assume w also complex. If, for fixed z = 2/, a rectifiable
Jordan curve w = w(¢#), 0 < ¢ < 1, in A(2) joins a point w® = w(0)
in A(z) with a point w’ = w(1) in A(z) then there exists an e > 0 such
that for 9« = 0 and other sufficiently small 9%, the point set

(22) |z — 2| < lw — w(®x)| < e
lies in D, and for all 3 = ¢*(0 < 8* < 1), the point set
(23) e =2 <¢ |w—w@*) <e

lies in D. Thus f(z, w) is analytic in (2, w) in (22) and analytic in w
in (23). TFor the proof of the theorem it is sufficient to show that in a
finite number of steps, 9% can be successively increased so as to reach

dx = 1. Given Jx we pick a value 3* > d« such that-; < |w(@* —

w(®+)| < e. Then in addition to being analytic in w in (23) our func-
tion is analytic in (2, w) in

I\z - 7| < |lw — w(®*)| < some small number

By Theorem 4, f(z, w) is analytic in (2, w) in (23). Thus Jx has been
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replaced by the larger number 3* and owing to the rectifiability of
w(d), the point d+ = 1 itself is thus within reach.

The case of real variables w will be treated very briefly. We take
an ¢ > 0 such that 19 f(z, w) is analytic in (z, w) for |z - z'l <ew
complex and Iw — w(®)| < e and 2% f(z, w) is analytic in w for
|z — 2| < e and w complex and |w — w(3*)| < e. The remainder of
the proof will follow.

Given any open sets B, A+(z) respectively, then the set

(24) [z€ B; we At(2)]

need not be an open sef in (2, w)-space.- In fact for any 2° € B the
layer [z = 2% w & A*(z°)] may protrude out of the interior of the set
(24). In order to trim (24) of these protuberances we replace A*(z)
by the set

(25) A(2) = lim infe)_ o A*()

It is defined as the union of all (sufficiently small) open sets S, each
of which is common to all point sets A*+(z’), for |/ — z| < €(S). The
reader will have no great difficulties in proving that :

(26) [ze B; we A(2)]

is the largest open set in (24) and that the following theorem holds.

Theorem 6. (Rewording of Theorem 5.) If f(z, w), with all z;
complex, is analytic in (2, w) in a domain [z € B; w € A=(2)], and if for
each z, f(z, w) can be connectedly continued from A~(z) into a larger
open set A*(z), then f(z, w) is analytic in (z, w) in the domain (26),
where A(z) is defined by (25).

§6. HARTOGS DOMAINS AND SUBHARMONIC FUNCTIONS

We consider an analytic function

(27) fw) = 20 ofuley, - - 0, )W
of the ¥ 4+ 1 complex variables 2z, * * * , 2, w in a Hartogs domain
(28) 2 € B; |w]| < o= (2)]

For each z, the power-series (27) has a radius of convergence ¢*(z) >
o~ (2), and if we introduce the radius

(29) o(z) = lim inf,._,, o+ (2’)
then by Theorem 6 the Hartogs domain
(30) 2z ¢ B; lwi < a(2)
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is the largest Hartogs domain with the given basis B into which f(z; w)
can be continued as function in (z, w). Holding (28) fast, we consider
o(z) for all f(z; w) analytic in (28), and we form the functions

7o(z) = inf; o (2)
5(z) = lim infy_,.50(2)
Obviously the domain

(31) ' zeB; |uw| <)

is the Hartogs completion of (28); it is the maximal Hartogs domain
(see Chapter IV) into which all f(z, w) can be continued simultaneously
from (28).

The radii o(z) and &(z) of largest or maximal Hartogs domains
possess certain important characteristics. In sections 7, 8 and 9 we
shall consider certain other types of domains and the functions defining
‘the largest or maximal domains of these types. In each case we will
find that these functions have much in common with the functions
o(z), 3(z). In order to describe these general characteristics we define
a general class of real functions F = Fjp of the following description.

Let B be a domain in 2k-dimensional (z;, - - - , 2¢)-space. The
class F = Fp is the smallest class of real functions ¥(z) in B which
includes all functions ¥ (z) = log | f(z)l where f(2) is analytic in B, and
which is closed under the following operations:

(i) the operation of forming ¥(z) = Ai(z) + Aape(2) for Ay > 0,
N2 > 0, and that of forming ¥(2) = supa ¥a(2) for any set of functions
{¥a(2)} which are collectively bounded from the right in every compact
subset of B:

(i1) the operation of forming lim,_,o ¥a(z) for ¥n(2) > ¥a41(2), and

(iii) the operation of forming ¥(z) = lim sup..y¥(2’) for any
Y(z) in F.

We now say that a function y(z) defined in B is a Hartogs function
in B if it belongs to Fs for every domain B’ whose closure lies in B.

We shall prove

Theorem 7. If o(2), 5(2) are radii of largest or maxzimal Hartogs
domains then log L and log _L are Hartogs functions.

o(2) 5(z)

For the proof we return to the function f(z; w) of equation (27)

and we introduce the functions

1
¢(2z) = log —

1
(32 e = logln@], el = log a(z)
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Obviously
¢o(2) = lim SUPnw ¢a(2),  @(2) = lim sup,._,. po(2’)

Since (27) is continuously convergent in (28), the sequence {¢a(z)} is
collectively bounded from the right in every compact subset of B.

1
Thus log —— is a Hartogs function in B. Next we introduce

a(2)
1
& == 1 _— & = —
Po(2) = log PRAY #(2) = log 2
We obviously have
#o(2) = sups p(2),  (2) = lim sup._,. po(2')

and as before the set {¢(z)} for all functions f(z; w) analytic in (28)
is collectively bounded from the right in every compact subset of B.

1
Hence log — is also a Hartogs function in B. This yields Theorem 7.

7(2)

The following lemmas will show how much of a restriction on ¢(z)
and 6(z) Theorem 7 implies. The nearest to it in Chapter IV was
the restriction on p(¢) as elucidated in Theorem 9 of that chapter and
the reader will see for himself that the restriction there is much feebler
than the restriction implied in Theorem 7.

Lemma 4. If (2° s any point in B, and C (2% p) is any polycylinder
with center (2°) and radii (p) whose closure lies in B, and if T is the
k-dimensional point set ¢; = 22 + p;e??i, 0 < §; < 2m, then any Hartogs
function ¢ (2) satisfies the inequality

(33) ¢(2° +2) < [1P(z, WY + pie?)dd, (z; = rie*i, r; < pj)

where dd is ddy - - + dd; and P(z, 9) is the Poisson kernel (14).
In the second place, if we carry out any affine transformation
(34) zi=0b+ S, j=1,"",k

then (33) also holds in the new coordinates. In other words, as viewed
from the original coordinates, our inequality holds relative to any * poly-
cylinder” in analylically oblique position.

Finally, the inequality also holds relative to any lower dimensional
polycylinder if only some of the coordinates z,, * - - , 2 are varied and
the others are held fast.

Proof. For functions of the form A log | f(z)| the lemma, in its
entirety, is nothing but Theorem 1, Chapter VI. Thus we have only
to show that (33) is preserved, under the three closure operations for
functions in Fp. For operation (i) this is readily verified, and for



§7 GENERALIZED HARTOGS DOMAINS 145

operation (ii) it is a consequence of Lemma 1. For (iii) we first note
that for fixed z and any ¢ > 0 there exists an n > 0 such that |Az] < 9
implies

(35)
Hence

V(2° + z) = lim supa._,o ¥(2° + z + A2)
< (1 + €) lim supa:o0 [P(z, 9)Y(2° + Az + pe'?)dd
< A+ fP(z, )Y + pei?)dd

and this completes the proof of the lemma.

We remark that for &k = 1, the second and third parts of Lemma 4
add nothing to its first part. For k = 1, a function is called sub-
harmonic if it satisfies relation (33) and is upper semicontinuous (as
is the case with #(2) and @(2)). For k > 1 several types of generaliza-
tions are available, and the one embodied in Lemma 4 is the most
restrictive. For k = 1, if ¢(z, y) = ¥(z, 2) is subharmonic and has
continuous partial derivatives of second order, then 0%/dx? +
A% /dy? > 0, that is 92¥/920Z > 0 (see section 4, Chapter IT). Using
this we will prove

Lemma 6. If a Hartogs function ¥ (21, Z1; 2o, &2, * - * ; 2k, Z) has
continuous partial derivatives of second order, then

1 P(z + Az, 9)
14+e7, P9

<1+e

k k 82\"
(36) Ep=lzq—lgpa_zq' adq 2 0
for any point (2) in B, and any complex numbers ay, * * * , Q.

We obtain (36) from 9%/0z:02; > 0 by way of any affine trans-
formation (34) with a, = ay,.

. We note without proof that for differentiable functions, condition
(36) is not only a necessary but also a sufficient condition for ¢ to be
a Hartogs function and that any Hartogs function can be obtained as
a, limit of such differentiable ones. However, this will be of no conse-
quence in our contexts.

§7. GENERALIZED HARTOGS DOMAINS

We consider a domain D in the space of complex variables (zi,
<z wy, c ot o, wr), k> 1,1 > 1, writing it in the form

37 z ¢ B; w € A(2)

We now assume that all projections A(z) in w-space are dilations of
one and the same circular domain Z. In order to have the nearest
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approach to a Hartogs domain with basis B, we assume that when-
ever Z contains a point (w;, - - -, wy) it also contains the disc

(38) (wit, * - -, wit)

for |t| < 1. If, for fixed ¢ > 0, we associate with each point w of =
the disc (38) for ltl < o we obtain a dilation of Z by the factor o.
Denoting the new domain by ¢2, we now assume that the domain
D of (37) has the form

39) D: [ze B;weo(2)2]

where 0—(2) is a suitable “Hartogs radius.” If f(z; w) is analytic in
(39) then there exists a largest domain of the type

(40) zeB;, weo(2)Z

into which it can be continued, and there also exists a maximal com-
pletion
2 e B; wea(z)Z

into which all f(z w) can be continued. We now claim that the

functions log — and log — ( ) are again Hartogs functions. It will

()

be sufficient to consider only the first function.
We will have to draw fully on the results in sectlons 7 and 8 of

Chapter IV. We replace the variables w;, -+ - - , w; by the variables
wyt, - - -, wit, thus adding a new complex va.riable t, and this corre-
sponds to replacing the domain (39) by a genuine Hartogs domain
(41) (z, w)e(B, 2); | <o(zw)
where

infuezo(z, w) = e (2)
The function f(zy, + + -, zx; wit, + + + , wit) can be continued from
(41) into a largest domain
(42) (z, w) E(B, 2); || <olz, w)

and it can be seen that
infues a(z, w) = o(2)

where ¢(2) is the dilation factor occurring in (40). Now by Theorem
7, the function

log 2w
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is a Hartogs function in (B, Z), therefore, by properties of Hartogs
functions, the function

1
(43) log @ Supw ¢ z log e
is likewise a Hartogs function in (B, =). Now, the latter function is
constant in the variables w, hence, by the last part of Lemma 4, this
function is a Hartogs function in the domain B. This completes the
proof of our assertion.

Probably the most interesting case arises if = is the unit sphere
|wi|2+ - -+ + |w|? < 1, in which case the dilated domain ¢ is
the sphere

lwllz 4+ -+ lelz < o2

§8. HALF-PLANES INSTEAD OF CIRCLES

If in a regular Hartogs domain we replace the variable ¢ by e,
we obtain a domain of the form

(44) z€ B; Re{t} > po(2)
1
Since the circle |f < o goes into a half-plane Ref{t} > log— it is
g

reasonable to expect that, for given B, in a largest or maximal region
of the type (44), the function p(2) will be a Hartogs function. This
is indeed the case. Consider a domain

(45) z € B; Re{t} > p(2)

and a function f(z, t) analytic in (45) and assume that (44) is the
largest domain with basis B into which f(z, ) can be continued. Con-
sider any bounded subdomain B’ of B, whose closure is contained in B.
It is easy to see that for ze B’, p—(2) is bounded from above. In
order to utilize this we have formulated the definition of Hartogs
function in terms of subdomains B’ of B, see section 6, and therefore
we may from now on assume that p~(2) is bounded from above in B,
0~(2) < ap. We may also assume that ap > 0.
Now, for any a > ao, we consider f(z, ¢) in the Hartogs domain

z € B; [t —a >a—a

which is a part of (45), and we continue it into the largest Hartogs
domain
2 € B; |t—al<a—pa(z)

The reader will verify without great difficulties that p.(2) is monotonely
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increasing with a increasing and that for the quantity p(z) in (44) we
have

(46) limaw pa(2) = p(2)

The quantity p.(z) may be — «, however if p(z) is > — o then
pe(2) > — . Now, by Theorem 7, in combination with property
(i) of section 6, we conclude that the function

(47) alog~—i7'=:aldga+alog

o — pa(2)

is a Hartogs function for each @. In order to avoid the complication
of pa(2) being unbounded from below we introduce for each n = 1, 2,
-+ + the functions

a a
~(2) = su log ————— 1
pa(2) p[aoga_pa(z)' alog — n]
Each of them is a Hartogs function and for fixed n the set in « is
bounded on the right. Hence their lim sup as « — « is a Hartogs
function. But this lim sup is merely the function

p"(2) = sup [p(2), —n]

Obviously p"*(2) \ p(2) as n — « and therefore by property (i) of
section 6 p(z) itself is a Hartogs function.

The half-plane function p(z) which describes the maximal analytic
completion of the domain (45) is also a Hartogs function since p(2) is
obtained by the operation of taking the supremum of p(z) for all
functions f(z, ¢) analytic in (45) followed by the smoothing operation
(iii) of section 6.

§9. BOREL RADII

Finally, given a fixed basis B in (21, - - - , 2;)-space, we consider
a function f(z; ¢) in a domain of the Borel-Hartogs type
(48) 2eB; |t —r()| <r()

where r=(2) > 0 is any (semicontinuous) radius function. This radius
and the radius r(z) to come may also be + «, with the understanding
that for r = +w, the circle |¢ — r| < r shall denote the half-plane
Reft} > 0.

It is trivial to see that for r(z) > r—(2) the domain (48) will be
part of the domain :

(49) 2€B; |t — r(2)| < r(2)
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and thus we may construct extremal domains of type (49) into which
one or all functions f(z, t) may be continued. We claim that for an
extremal domain the function

1
r(z)
itself (although not necessarily its log) is a Hartogs function. This
will follow from the following known theorem for functions in one
variable.

Theorem 8. Iff(t) = =2 _qa, t” is analytic in some circle Itl < dand
if r 1s the largest radius for which f(t) can be continued into lt - rI <r
then

(50)

S i

p [ 03 tim sup,—. 2 10g [P0 |
p

* where F(t) is the Borel transform 2.y a, {*/»!

Before inserting a proof of Theorem 8 we will draw our conclusion.
If B’ is a compact set in B, then there exists an ¢ > 0 such that
r=(z) > e for z€ B’. We now consider the expansions

S e+ ) = 2, TEI
(€)) €
Fie0) = 2o, ((f)z)

and the quantities
. 2
(] = sup [0; lim sup,_« - log |F.(z; p)l]
p

r(2) = inf,'_,;r;"(z’)
r(2) = lime, o 7e(2)

the latter lim being increasing. It is not hard to verify that the func-
tion r(z) thus obtained is our extremal function r(z) of (49). Since
log |F¢(z ; p)| is a Hartogs function for any e and p, it follows that (50)
is also a Hartogs function.

As for the radius #(2) which describes the maximal completion of
the domain (48), since [F(2)]~! is the ‘‘smoothed” supremum of
[r(2)]~ for all f(z, {) in (48), it follows that it is also a Hartogs function.

Proof of Theorem 8. Putting

1
(51) h = lim Sup, e p log |F(p)|
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our theorem will obviously follow from a combination of the following
two lemmas
Lemma 6. (i) If > O then f(t) 7s analytic in the circle

(52)

- (i) If h < 0 then f(¢t) is analytic in the half plane Re {t} > 0.
Lemma 7. If f(t) ¢s analytic in the closed circle (53)

|t - rl <r
then
1
2h < -
r
The lemmas will be based on the well known reciprocal relations
1 ¢ dr
(54) F(@t) = E—J fzlms€” f(7) —
) T T
and
1 -t
(55) f) = [geF(at)da = ;j“o"e t F(b)db

of which the second is valid at least for ¢ real and 0 < ¢ < 6.
Proof of Lemma 6. By (51) if ¢ > 0 there exists a positive quantity
K. such that
|F(p)] < Kee®9r; 0 <p<

Hence the second integral in (55) is absolutely convergent and defines
an analytic function in

(56) Re {%} > h

If h > O this means that f(f) is analytic in the circle (52). If A <0
this means that f(¢) is certainly analytic in the half-plane Re {t} > 0.
Thus Lemma 6 holds.

Proof of Lemma 7. Since f is assumed to be analytic in (a neigh-
borhood of) the closed circle (53) there exists an 7’ > r such that f is
also analytic in the closed circle

(57) |t = <
By making a permissible shift of the contour in (54) we may write

(59) FO) = 5= S 5
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with C the circle

C: lt —r =
Hence
i
(59) F(at)e™ = -2—1— fce“(?")ﬂf) dr
93 T

Now we observe that for fixed 7 on C the points ¢ for which

(60) Re [é] <1

consist of all points of the half-plane which contain the origin and
which is bounded by the line through r perpendicular to Or. As r
ranges over the circle C these half-planes all include the point ¢ = 2r.
(The lines envelope an ellipse with foci at ¢ = 0, ¢ = 2r.) Using this
fact and the fact that f(r)/r is bounded on C, and setting ¢t = 2r in
(59) we conclude that

_ |F(a- 2r)e~?| < const. 0<a< »
Recalling the definition of & (see (51)), we see that this yields

1
< =
h—2r

Thus Lemma 7 holds.

§10. RADIUS OF MEROMORPHY

Consider a function f(2;, - - * , 2, w) analytic in a domain
(61) [ze B; we A(2)]

where A(z) is a circle containing the origin. For each z in B, f(z, w)
is analytic in w € A(2). We now introduce the largest radius M+(z)
having the property that in le < M*(z) there exists a meromorphic
function of w which in the neighborhood of w = 0 coincides with
f(z, w). We will then have the following theorem.

Theorem 9. The function log ——— s a Hartogs function in B.

M +( )
Before entering on the proof we remark that a more natural quan-
tity to introduce would be — log M(z) where

M(z) = lim inf;_,, M*(¢)
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and that one would expect the statement that in
[ze B, || < M(2)]

our function f(z, w) has a continuation as a meromorphic function in
the k + 1 complex variables simultaneously. However, this state-
ment is not as easily proved as one might expect. The complications
arise from the fact that for several variables a meromorphic function
is a much more elaborate concept than for k¥ = 1 and we do not propose
to enter into a full discussion. However, at the end of the proof we
will touch upon meromorphic functions in (k + 1)-variables in another
context. We will generalize our theorem from a function f(z, w) which
is analytic in (61) to one which is given as a quotient

oy ez w)
(62) f(z; w) = Ve w)

of two analytic functions in (61).
Now for the proof! According to Hadamard, if f(w) = Z2fiw’ is

analytic at w = 0, then its radius of meromorphy is obtained in the
following way. If we introduce the determinants

i firr 0 fiva
(63) Dt =|---
i+e fi+#+1 vt fi+2u
and the numbers
1
(64) l, = lim sup;_,. | D%}
then the quotient
l
(65) —
ly

is nonincreasing with g, and its limit is M+, the radius of meromorphy
of f(w). Now in our case we have an expansion

(66) f(z, w) = Zp.ofil@w

and we introduce the corresponding quantities Dj(z), l,(z). If S is
any closed subset of B, then there exist a radius ¢ = ¢s > 0 and a
(finite) constant A = As such that (66) in absolute value is < 4 in
|w| < o. Thus by(66) '

el <5
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and hence by a crude estimate
|Dt(2)| <

for zin S. Hence, for fixed u,

(r + 1)1A4w+1

o WHDitp(p+1)

(1 + 1)14w11

1 1 1
310g ‘D;‘(z)l < IOg o_"ﬁ + 3‘10g oret+D)

and its limit superior as j — « is a Hartogs function in B. Noting
that this lim sup is log 1,(2) we see that

u+1 1
log -
g

1
—log lu(z) <
I

and thus

1
lim sup,_,« — log l.(2)
®

is a Hartogs function in B. But since (65) is nonincreasing the limit
proper exists and is equal to

Lu(2) lo 1
@) e M)

lim,_,. log 7

This proves our theorem.
Now, in the general case (62) we add the explicit assumption that
for mo z shall ¥ (2, w) be identically zero in

(67) w € A(2)

Thus for each 2z in B, the quotient (62) is meromorphic in w in (67),
and we can introduce the largest radius of meromorphy M+(z).
Now if for all 2, ¢(2, w) is nonvanishing at the origin w = 0, the
quotient is analytic, and our previous theorem applies. Suppose how-
ever that for (z) = (0) say, ¢(0, w) vanishes for w = 0. Then by the
Weierstrass preparation theorem (see scction 1, Chapter IX) there
exists a neighborhood

(68) lz eB'; we A'(2)]

of the origin such that in this neighborhood ¢(z, w) is representable in
the form

ez, w) = [w? + A\(@Dwrt 4+ - - - + A,(2)]2(z, w)

where Q(z, w) is analytic and nonvanishing in (68), Ay, - - -, 4, are
analytic in B’, and A; - - - , A, are zero at the origin. Thus we have
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in (68)

w2+ 4@t -+ A w) = B = gt w)
Now, for each 2z, the radius of meromorphy of the function g(z, w),
which is analytic in (68), is the same as for f(z, w) itself. But to the
latter our theorem applies, locally to every neighborhood B’ of B,
and thus our entire Theorem 9 applies to the meromorphic function
as described.

§11. A THEOREM ON COMPLEX LIE GROUPS

We have defined and treated subharmonic functions by inequalities
in terms of boundary integrals. But they also obey inequalities in
terms of space integrals. Thus, if we have

1
¢(0,0) < - J ¢"e(p cos 6, p sin 6)do

for all sufficiently small p, then on multiplying by 2pdp and integrating
in 0 < p < r we obtain

1
#(0,0) < — Jup(x, y)dedy

where U is the circle 22 4 y? < r%  In general, the analogue to this
exists for Hartogs functions in several complex variables. Assume
for the sake of simplicity that all functions are continuous. Then the
Hartogs functions fall under the following very general definition
(which is one of many possible ones). We call, for the present, a
function f(xi, * * * , ,) in a domain D in E, subharmonic, if corre-
sponding to any z in D there exists a sufficiently small neighborhood
U. containing x such that

@) < —

m(U.)

where m(U,) is the volume of U,. Thus the expression on the right
is the spatial average of f(¢) over U,. For n = 2k, the real (an
imaginary) part of any function of & complex variables is certainly
subharmonic in this sense.

Now, take an orthogonal matrix

Ju. f(§)dve

{apc}s p,q=1,"‘,7‘

The dimension r shall have no arithmetical connection with n. Ortho-
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gonality means

(69) zt-lapa 1’ p = 1: e ,’I‘
and
(70) 2i10psgs = 0, pg=1---,r PFEq

We have split off (69) from (70) as a condition because we will make use
of (69) alone and none of (70). However in the ultimate application it
would be pointless to have anything more general than orthogonality.

Now, assume that we have a family of orthogonal transformations,
all coefficients apq(x) being functions in the same domain D in E,.
Out main statement is as follows.

Theorem 10. If all apyo(x) are subharmonic in the manner pre-
viously stated for the same neighborhoods Uj, then they are constant.

Proof. Indeed we have

ape(z) < (U ) fUzapa(E)dvi
From Schwarz’s inequality
(71) (fapa(z)dvt)z < m(Uz)f[ap-(E)lszG
we thus obtain

1

(72) (a @] < s flan(®)Vdoe
and hence
(73) Ziailap(r)]? < (U,) _['E,_l[ap,(f;')]zdvs

Since (69) holds, (73) is a strict equality and working backwards we
see that (71) must be an equality. However by the precise version
of Schwarz’s inequality this implies that a,,(£) is a constant in £ as
claimed. )

Theorem 11. If in a famaily of unitary matrices

(74) {cpa(2)} 5 gmr...., r

the coefficients are analytic functions of k complex variables in a domain
D, then they are constant.
If we introduce the unitary transformation

(75) ng = Zcpe(2)8q

for complex vectors {, ¢’ and split into real and imaginary parts, then
(74) gives rise to a family of orthogonal transformations in 2r real
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variables whose coefficients are real and imaginary parts of ¢, Thus
Theorem 11 is a consequence of Theorem 10.

We may also obtain

Theorem 12. If a complex Lie group is compact, or only if its
adjoint group is compact, then the adjoint group is the identity and thus
the group is commutative.

For this theorem we naturally presuppose a knowledge of the
prerequisites involved. We recall that the adjoint group of a complex
group is a complex group of the form (75). If the group is compact,
then so is the adjoint group, though the converse is not true. If the
adjoint group is compact, then by a suitable choice of coordinates
(t) it can be made into a subgroup of the unitary group, and Theorem
11 shows that in our case the adjoint group must be the identity.
But this implies in general that the original group is Abelian.

Thus a compact complex analytic manifold which is a group space
can only be the type of multi-torus as occurs in the theory of Abelian
functions.

REFERENCES

1. H. Bernke and K. STEIN, Die Konvexitit in der Funktionentheorie
mehrerer komplexer Verinderlichen, Mathematische Gessellschaft
in Hamburg, Mitteil., Vol. 8 (1940), pp. 34-81.

2. F. Hartoas, Zur Theorie der analytischen Funktionen mehrerer
unabhangiger Veridnderlichen insbesondere iiber die Darstellung
-derselben durch Reihen, welche nach Potenzen einer Verinderlichen
fortschreiten, Math. Ann., Vol. 62 (1906), pp. 1-88.

3. W. F. Oscoop, Note iiber analytische Funktionen mehrerer Ver-
#nderlichen, Math. Ann., Vol. 52 (1899), pp. 462-464.

4. W. F. Oscoop, Zweite Note iiber analytische Funktionen mehrerer
Verédnderlichen, Math. Ann., Vol. 53 (1900), pp. 461-464.

5. P. LELoNG, Sur une propriété de la frontiére d’'un domaine d’holo-
morphie, C. R. Acad. Sci. Paris, Vol. 216 (1943), pp. 107-109.

6. P. LeLong, Sur quelques problémes de la théorie des fonctions de
deux variables complexes, Paris. Ecole Norm. Sup. Ann. Sci.,
Ser. 3, Vol. 58 (1941), pp. 83-177. ,

7. J. Hapamarp, Essai sur I’étude des fonctions données par leurs
développements de Taylor, Jour. de Math. Pures et Appl. (4), Vol. 8
(1892), pp. 101-186.

For the theorem on complex Lie groups in section 10, see:

8. 8. BocanNeEr and DEaNE MontaoMERY, Groups of differentiable
and real or complex analytic transformations, Annals of Math.,
Vol. 46 (1945), pp. 685-694.



REFERENCES 157

A systematic exposition of subharmonic functions (mainly in one
complex variable) has been given in:

9. T. Rapo, Subharmonic functions, Springer, 1937 (Ergebnisse der
Mathematik und ihrer Grenzgebiete, Vol. 5, Part 1).

It was not necessary in our context to introduce a formal definition of
subharmonic functions. But in so far as such a definition is implied
in our argument the reader will notice two simplifications. We do
require boundedness from above but we freely admit the value —
secondly, although we emphasize semicontinuity, we do not introduce
it as a primary prerequisite. On the whole, it has been our experience
that ‘‘subharmonic functions” is a fluid concept and that it gains in
usefulness if adjusted to circumstances in which it arises.



CHAPTER VIII
Removable Singularities

§1 GENERALIZED SOLUTIONS OF PARTIAL
DIFFERENTIAL EQUATIONS

In the space of n real variables take an (open) domain D and in it
a closed cube

E: e <z <b;, j=1--",n

Take a continuous differentiable function f(x) in D which vanishes
in D — R. Then for each j, we have for the volume integral the
relation

of

(1) J‘ 3_1?1 dvz =0
. of .
In fact, since = 0in D — R we have
i
of  _ .o
J‘D 9z; dv, = f}z ox; dv,

and taking the integral as a repeated integral and integrating first
with respect to z; we obtain (1). Now take two continuous, abso-
lutely integrable functions F(x), G(z) in D, and assume that there

exist functions f1, - - -, f. in D, each vamshmg in D — R, such that
identically in D we have

3 Ofa
@) F@) - G = f+f2+~-+—f—

ox XTo 611,,

Then we conclude
®3) [oF (x)dv; = [pG(x)dv,

We will apply this in the following manner. Consider an operator

orit s
4) Af = Zrgoni g <8Oy () —_——i;;
that is, a finite sum of the form
0 d
(5) af+b1f +b—f+ ——J:—}—
l

158
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This is the most general linear differential operator, the coefficients
Gr,...r.() being: assumed differentiable as often as required for any
one purpose. In our essential applications these coefficients will be
constants, but some of our results, and indeed the principal result
will apply to nonconstant coefficients. Therefore for the sake of
completeness we take nonconstant coefficients. The index N need
not always be the smallest one possible. Thus it may sometimes
happen that

Gryeera(@) =0

for all combinations ry, *+ - -, rowithr; + - -+ 4+ 7, =N. But
usually it will not, and we will always call N the order of the operator
(4). Furthermore, both the coefficients a.(x) and all functions f(x)
might be complex-valued. But usually they will be real valued. In
either case they will not be presumed analytic in the real variables z
unless so stated.

There always exists an adjoint operator, which will be denoted by
A*, which we will let operate on a function which will be designated
by another letter, say ¢. The formal definition is

Qrit A a,

(©) A = Brppogra (= Dyrstorrre 20 10(000)
- axll .o 627”"

The relation between Af and A*p is as follows. There exists a finite

number of expressions

da af dp
) Pk<a’_a;;’,".’f’a—a‘c".',%a’...)

each being a polynomial with constant coefficients in the quantities
a, f, ¢ and their partial derivatives up to a certain (finite) order, such
that
® (e — Wro)f = S0 4 o 42
Ty oz,

this being an identity in a, f, ¢ and their partial derivatives (as far
as the latter occur). Furthermore, in each of the polynomials (7)
each individual monomial actually contains f or a derivative, and
similarly ¢ or a derivative.

Now, assume that f and ¢ are differentiable up to order N, and
that the function ¢ (and therefore its derivatives) vanishes outside



160 REMOVABLE SINGULARITIES [Crap. VIII

the cube R. Then (8) is a relation of the form (2), and from (3) we
obtain :

(9) Jo(Af) + edv, = [of - (A*e)dv,

The functions f and ¢ will play very distinct roles. The function
f will be a fixed function in D, at first of differentiability class C¥.
However ¢ will be a variable function, of the sort which we will call
a testing function. Given a point P in D and any sufficiently small
neighborhood U of P, then a testing function shall be continuous and
infinitely differentiable in all of D, equal to 0 outside U, but 0,
say = 1, at P. Such functions have been constructed in section 3,
Chapter VI. Their role is to ‘“‘test” whether a given function g(x)
in D is everywhere 0. Obviously, if g(x) is continuous, and if for all
testing functions ¢ the relation

I pgedv, = 0

holds, then g is zero. Otherwise there would be a neighborhood U
in which g(z) > € > 0 (or g(z) £ —eo < 0) and for a suitable testing
function ¢ we would have [pgedv, > 0.

Now, in particular, a function f is a solution of the equation

(10) Af=0

if and only if for all testing functions ¢ we have
(11) Jo(Af)edvs = 0

By (9) this is entirely equivalent with

(12) Iof * (A*@)dv, = 0

The difference between (11) and (12) is thus that in (12) only f itself,
but none of its derivatives, is being ‘“tested.” However, the equiva-
lence between (11) and (12) does require that f be of class C¥.

This suggests, however, a generalization of the concept of a solu-
tion of (10). We will not push the generalization to the extreme limit
possible. We will require once for all that f(x) shall be defined and
measurable in D except for a set of measure zero, and that in every
closed subcube R, f(z) shall be Lebesgue integrable. We do not
require that f(x) have a finite Lebesgue integral [|f(z)|dv. in all of D.
On the other hand we do require that f(z) shall be a Lebesgue-measur-
able point function, although we could replace f(z) by a distribution,
that is a set function F(A). With this in mind we then define f(z) to
be a generalized solution of (10), if corresponding to every point P in
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D there exists a neighborhood U, of P such that for a subneighborhood
U of U, and for any testing function ¢(x) vanishing outside of U we
shall have relation (12); the integral (12) obviously existing. Clearly
if a generalized solution happens to belong to class C¥, it is a “‘strict”
solution.

§2. CONSTANT COEFFICIENTS

In the case of constant coefficients a.,...., every generalized
solution is a certain limit of strict solutions. If the approximating

sequence of strict solutions is fi(z), fa(z), - - -, then in every cube R
we have
(13) lim, . [x|f(@) — fi(z)|dv. = 0

Actually it will suffice to prove less. We will prove (13) in every
cube R, however we will allow the sequence {f,} possibly to differ
from cube to cube, and we thus will claim the existence of the func-
tions {f.(z)} and the occurrence of the relations

(14) Afi(x) =0

only for any one cube L.

Take a testing function ¢(x). It vanishes outside some U.
Denote the distance between the boundaries of U and D by & > 0.
Then for any ‘“vector’ ¢t whose length does not exceed §/2 the trans-
lated function ¢,(x) = ¢(x — ¢) is likewise a testing function, albeit
in U, = U + (t). Furthermore, due to the constancy of the coefficients

we have
A*y(x) = (A*@(£)) fmomt

Thus we obtain from (12)
(15) Jof(z) - (A*@u(x))dv: = O
for ||¢|| < /2. It is now not hard to see that we can shift the trans-
lation from ¢ onto f, thus obtaining
(16) Jof(z + )A*e(2)dv, = 0
for HtH < /2. Now if D, denotes any subdomain of D whose bound-
ary has a distance > p from the boundary of D itself, then we can
form the function

1 hooL.
(2h)» 7

A7) fulz) = ’ J‘ihf(xl oty T+ ta)dl - - di
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for z in Dy. Relation (16) implies
(18) [oanf(@ + t) - A*e(z)dv, = O

for ¢(z) a testing function in Dgs, and if we integrate (18) with respect
to ¢ and interchange integrations with respect to ¢ and z, we obtain

19 Joanfa(z) - A*e(z)dp, = O

Thus in Dg, fa(z) is again a generalized solution of (10). But, for
fixed h, fu(x) is a continuous function in z, as can be found by verifying
directly the definition of continuity. Furthermore, for each cube R
in Dy, , ho fixed, and for any sequence h, — 0 we obtain

(20) [alf@) — fu(x)|dvs — 0

In fact from

If(z) — fuw)| <

(2h)n B fLlf@) = e+ o)ldv

we conclude by Fubini’s theorem that

@) [alf@) — fa@)|de < (W Bac Tty e t)dns

where

¥(t) = [elfx) — fl@ + t)|dv.

But ¢(¢) tends to zero as {— 0 by a fundamental theorem of the
Lebesgue theory, and therefore (21) implies (20).

Now, starting from the generalized continuous solutions f,(x) we
can iterate the process of averaging thus defining

fra(x) = f’i tt f’i;.fh(wl‘f' b, * * , Tn + ta)dy;

(2h)"
These functions are of class C!, and similarly the (N + 1)-th h-average,
frwa1(x), gives functions of class C¥ which are generalized solutions
of (10) and thus strict solutions. And there are sequences {f,} among
them for which (13) holds.

§3. HARMONIC FUNCTIONS

There are equations (10) which are such that their strict solutions
are automatically analytic, and such that if a sequence of their strict
solutions converges in norm in the sense of equation (13), then the
limit function, after suitable correction on a null set, is differentiable
sufficiently often, and is thus itself a strict solution. The prototype
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is the Laplace equation

% Y

) R A
(22) 32t + + ozt
Let f(z) be a strict solution of (22), that is, a harmonic function. At
each point z such a function is the average over the (n — 1)-dimen-
sional boundary of any sphere with center at z. We write it in the
form '

f@) = [f(@ + pt)dwy

where ¢ is a point of the unit sphere, dw; is the (n — 1)-dimensional
area-element divided by the total area, and p is an arbitrary small
positive number. If we multiply by p"~'dp and integrate from 0 to
r we obtain

/@) = = faflo + Odv

where the integration is now over the solid interior of the sphere
S 24 - - -+ <r? and w, is the volume of S,. Now for a
sequence of harmonic functions we obtain

(@) 5@ = Jafil 0de,  G=123 -

and if (13) holds and r is fixed, then (23) converges towards
1
(24) = [s.f(z + t)dve

Also it is not hard to see that for a fixed sufficiently small radius r,
the convergence of the right side of (23) is uniform in every sufficiently
small neighborhood. From this we conclude that the sequence fi(z)
converges at every point 2 and uniformly in every neighborhood.
However, as for n = 2, so also for n > 3, if a sequence of harmonic
functions converges uniformly then it is a compact analytic class and
the limit is again analytic. This follows from Poisson’s integral
which for the interior of the unit-sphere around the origin is

(25) @) = Ca s L= f()dor

x — Eln-—Z

where S is the boundary of the unit sphere, Ix - E‘ is the Euclidean
distance of the points z, £; r? is lE - 0|2, dwg is the area-element, and
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C. is a numerical constant. For a very elegant derivation of (25),
the reader is referred to a paper of C. Carathéodory listed as number 3
at the end of this chapter.

Summarizing, we have seen for the case of constant coefficients
that every generalized solution is a certain limit of strict solutions,
and for the harmonic case this limit is again harmonic. Thus every
generalized solution of (22) is also a strict solution.

§4. SYSTEMS OF EQUATIONS AND OF FUNCTIONS

Take a system of operators
(26) Alf: Ty Aff

each one of which is an expression of the type (4), and consider the
system of equations

(27) Af=0, p=1,---,r
Obviously any solution is also a solution of the system
(28) If- W@y =0

and a generalized solution of the system (27) can again be defined by
means of the system (28).

But now take not one unknown function f(z) but a system of s
such functions which we can interpret as a vector

(29) f@) = (i), - - -, filx))
Consider a rectangular matrix of operators

(30) Ao, p=1 - 7 c=1,---,5s
and consider the system of r equations

(31) Afit o+ Aufi =0

each of them being an equation in the same s functions. If we take
a test function ¢(z), which is a single function, and not a vector func-
tion, then our reasoning shows that a vector f(z), which is sufficiently
often differentiable, is a common solution of (31) if and only if we
have the system of r equations

(32) [o(fi-Aje +forAje+ - - +f-AXp)dv, =0

Again, a generalized solution is one in which each component f is
Lebesgue measurable and integrable in every neighborhood. Con-
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sider, for instance, in 3-space a joint solution of the system

(33) div f = 0, rot f =0
that is of the four equations
afy | df:  9fs ofs  of; ..
34) —4+—4— =0; — - = =0 < <
( ) 6x1+6x2+6x3 ! ax,‘ ox; 0] 1< <J—3

A generalized solution is one for which

(35) fD(fi%“fj%%)dv'—_o

a3 d ad
fo(1i+fz—‘° + /s ")dv =0
l¢) 3:02

2y 0z,

Now, for a strict solution of (33), the known relation
(36) V% = grad div f — rot rot f
implies the equations

37) Afy = 0, Afy = 0, Afs =0

and thus in particular every joint solution of (33) is analytic. Now,
it is an important fact, which we will prove immediately, that
any generalized solution of (33) is also a generalized solution of (36)
and thus of (37). This in turn means that it is analytic and hence a
strict solution of (33).

Consider an operator A and another operator which we will denote
by L, and apply them successively, thus forming L[Af]. On applying
(9) first to L and then to A we obtain

SLIA] - odv = [Af-L*¢-dv = [f - A*L*¢ - dv

and thus (LA)* = A*L*. Suppose now that we are given a matrix of

operators (30), and a system of operators Ly, - - -, Ly, and we form
the operator
(38) . Mf = Z;_,(Z;o1LeBso)fo

then any strict solution of (31) which has sufficiently many derivatives
is also a solution of

(39) . Mf=0

We call the system (39) an induced system, induced by the system (31)
that is. We claim that a generalized solution of (31) is also a general-
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ized solution of (39). In fact
I8 s fe(Zi A LY o) dv = Zh_\(f 22 fohmen)dv

where <p: = L)¢,, and this vanishes because of (32) if we replace
there ¢ by qo: and sum on p.

We may draw from this the previously mentioned conclusion that
every generalized solution of (33) is a strict solution, consisting of
harmonic functions. However of greater importance to us will be
the following theorem.

Theorem 1. In the space of 2k real variables zj, yi; z; = x; + 1y,
Jj=1,++ -k, every generalized pair of solutions (u, v) of the system
of Cauchy-Riemann equations

ou o u v
(40) : =0, o0 + o 0
in any domain D s, after alterations on a point-set of 2k-dimensional
Lebesgue measure zero, a strict solution, and thus f(x, y) = u + w s
an analytic function of the complex variables zy, * - - , 2.

This theorem is of the Menchoff-Looman type, but not at all
as deep as that theorem. Nevertheless it will admit important
applications.

Other theorems of a similar type are given in the paper listed as
number 1 at the end of this chapter.

§6. NULLIFIERS

A nullifier will be an auxiliary function which will excise an alleged
singularity of an analytic function and then in the process of the
excision demonstrate that the threatening singularity was no singu-
larity after all, in other words that it was only a removable singularity.

In E, we take a fixed function ¢(z1, + + - , z.) having the following
properties:

(1) It is defined and it has (mixed and iterated) partial derivatives
of every order in the entire space, and (ii) it has the value 0 in 22 +

«+ - 422 <1, the value 1 for a2+ - - - + 22 > 2, and values
between 0 and 1 in the shell
1<zt+ - +22<L2

It is easy to construct such an even function for n = 1, that is, on
the straight line. Having done this we can then obtain one for arbi-
trary n for instance by replacing in the one-dimensional function the
variable by + /22 4+ . .- +22. Toeach N=0,1,2, - - -,
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‘there obviously exists a constant Cy such that for

(41 h+ -+ <N
we have

ik T Hing
42 —_— <L
(42) axllx...axzﬂ..—c”

in the entire space E,.
Next, take a finite number of points

(43) PP={£P1)"')£M}> p=1,"‘,7‘

a finite number of weights uy, + * * , ur, (o 2 0,11+ - - - + ur > 0),
and an ¢ > 0, and form the function

_ 1 , T — Epf)
(44) pe(x) = gt o o Zp—ll"pﬁp( .

Also denote by A, the n-neighborhood of the sets
A=(P1; ' ";P")

Thus A, is the point set-union of the r open spheres of radius # with
centers at P,y p=1, - - -, r. We now claim that ¢.(x) has the
following properties which the reader will very easily verify:

@) 0< ¢x) L1lin E,
(ii) pe(x) = 0in A,
(iii) ¢e(x) = 1 outside Ao,

. aiﬂ' te +j”§0¢(x) C . X >
(lV) aﬁx..-(}x’;n — ¢t s for J1++JnSN

where C is the same constant as in (42).

Now take an arbitrary closed point set A, and introduce its neigh-
borhoods A, and A.. for fixed . Corresponding to any 5 there exists
a finite pointset A™ which is a subset of 4, and such that each point
of A has a distance < n from some point of A®. For given N
construct a function ¢, () as before, pertaining to N + 1 instead of
N. For a decreasing sequence 5, —> 0, the functions ¢, and their
derivatives of order £ N are an equiuniform class. Also their neigh-
borhoods A ™, A, for fixed ¢, converge toward A., 4, in a well
defined sense, and we thus obtain a function ¢, having our previous
four properties for any bounded closed set A. These functions will
be our nullifiers.
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§6. REMOVABLE SINGULARITIES IN GENERAL

Let D be a bounded open set in E,, and let Do be a relatively open
subset; the difference D — D, will be denoted by A. The set 4 is
bounded and even though it is only relatively closed, our previous
construction of nullifiers goes through for A. We will look upon 4
as an “‘exceptional set.”” In our actual application it will have to be
a ‘““small”’ set, of lower dimension < n. But at first we do not
qualify it at all. It may very well have an interior.

Now take a system of equations (31) in all of D, that is, the coeffi-
cients a.(z) shall be given in all of D. Take, however a generalized
solution of the system in D,. It shall be so given only in D,, thus in
particular each component shall be defined in D, except for a null set,
and (32) shall hold (over D) for each testing function in Do. We now
define the functions fi, - - - , f. to be functions in all of D; this we
do merely by putting them equal to zeroin all of A. If A has Lebesgue
measure zero, this process of extension is redundant. But now we
ask the following question. Under what conditions is the (extended)
system a generalized solution of (31) in all of D, in other words, under
what conditions is (32) satisfied for testing functions in all of D? If
the latter situation arises we say that the point set A consisted of
removable singularities for the original functions in Dq (or D, if 4
had measure zero).

If ¢ is a testing function in D then

p(x)e(2)

is a testing function in Dy, since it vanishes outside a subneighborhood
of D, due to property (ii) of ¢.(x). Since f was assumed to be a
generalized solution of (31) in Dy, then for each fixed p we have

To(fi- Amleed + « =+ + fi - Ap(ped))do = 0

If we take into consideration that the partial derivatives of ¢ of
order < N are bounded in D, and if we make use of all properties of
@e(x), it is not hard to see that for each z in D we have

C
(45) |Ax(00e) — Am(e)| < =
However for z in D — A, we even have

A (00 — Am(e)]

i
o
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since ¢ () = 1 for z outside As.. Therefore

(- A + - -+ + fibge)d] )
\ < [0|Zofe(Ape — Apo(ppl)|dv

< S Ladlil + o+ Lbao

But if we denote by Ba. the part of A which lies in Dy, remembering
that f, = 0in D — D,, and if we replace 2¢ by ¢ we finally obtain the
following important theorem.

Theorem 2. If a vector function f is a generalized solution of a
'system of order N in a bounded open set Do = D — A where D is a
larger open set and A 1s an exceptional set in it; if B, is the e-neighborhood
of A in Dy, if we denote by v(e) the n-dimensional volume (Lebesgue
measure) of B, and if we denote by T (e) the strong average of f over B,
that s,

(46) T(e) = Wl) il

A+ -+ RDdy

then adding the values f = 0 on A will produce a generalized solution
of our system in all of D provided we have

1) T() = o (m)

§7. REMOVABLE SINGULARITIES OF ANALYTIC FUNCTIONS

Of greatest interest is the case in which the system of equations
(31) is such that every generalized solution is automatically a strict
solution, and analytic say. In this case, whenever A has measure
zero and Theorem 2 applies,.the given vector f in D, will automatically
determine additional values on A (other than zero). And in this
case our theorem is truly a theorem on removable singularities in the
literal sense.

Now put n = 2k, and take a function f(z1, + - -, 2) which is
analytic in Dy,. When can it be continued into D? The answer
given by our theorem is obtained as follows. If f = u -+ %, then
u and v satisfy the system (40) and thus N = 1. If now for instance
f(2) is bounded in D, then T(e) is bounded and thus (47) will be satis-

fied whenever
€
t=o(5)
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that is, whenever

(48) v(e) = o(e)

or written more explicitly

(49) v(Be) = 0(e)

We will later have precise conditions for the validity of (49) or at
least for the conclusion desired. At present we only state heuristically
that (49) will not be valid if the exceptional set 4 has the highest
dimension compatible with being a hypersurface, namely n — 1.
Because in this case, B, is an n-dimensional layer of thickness 2¢ and
thus v(e) is proportional to ¢ which is not compatible with (48). How-
ever, any slight additional bit suffices. Thus if we assume that A4 is
only (n — 2)-dimensional, then v(e) is proportional to €2 and (48) is
amply verified. For instance in the case of one complex variable
n = 2, a zero-dimensional set 4 consists of one or several exceptional
points, and for a bounded analytic function, they are accordingly
removable singularities. This then is the classical theorem of Rie-
mann. But the customary proof is one employing Cauchy’s integral,
that is curve integrals, whereas we draw our conclusion from what
corresponded to a solid integral. Returning to (47), if 4 is (n — 1)-
dimensional, then our conclusion still holds if f(x) converges to zero
as x approaches 4, instead of only remaining bounded.

If, however, we consider not analytic functions of complex vari-
ables, but say harmonic functions, that issolutions of (22), then N = 2;
and in this case our conclusions ‘“worsen’’ by one dimensional unit.
Thus even if 4 is a (n — 2)-dimensional smooth surface, then mere
boundedness is not enough to ensure a removal of the singularity.
And for (n — 1)-dimensional 4 it is not enough to know that f(z) has
the value zero everywhere on A. Thus for n = 2 the harmonic
function f(z, y) = I:cl is harmonic for z < 0 and for z > 0 with
f(0, y) = 0 and yet it is not harmonic throughout. Furthermore, in
three-space a harmonic function might have proper singularities
along a curve if it stays bounded but not if it has boundary values
zero on the curve.

Before continuing we will derive a very general uniqueness theorem.

Theorem 3. Let Do be a bounded domain part of whose boundary
is formed by a piece B of an (n — 1)-dimensional surface, and denote
by B, the e-neighborhood of B in.Do. If a system of equations of order
N s such that every generalized solution is automatically analytic, then
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whenever f(x) has ‘‘boundary value zero” on B in the precise sense that

(50) ' T@) =o (@)

then f(z) = O throughout.
It should be noted that for B sufficiently smooth, v(e) ~ Ce¢, and

(50) means
.T(e) = o(e¥ )

which for instance for N = 1 will be satisfied if f(z) has boundary
values zero on B. If however N > 1 we will obtain this if we assume
that on approaching the boundary points B we have f(x) = o(é¥1),
where § is the distance of z from B.

For the proof of Theorem 3 take a domain D; which borders on B
from the outside, and then put D = Dy + B + Dy,and A = B + Dy,
and complete f(x) by zero in A. We can now apply Theorem 2, and
we obtain the conclusion that the vector function f(x) thus completed
18 a strict solution of the system in all of D. In particular it is analytic
in D, but being zero in a subdomain D;, it vanishes identically.

§8. A TYPE OF EXCEPTIONAL SET

Let o(z1, - * *, z.) be a function in a domain D of E,. The
function is said to satisfy a wuniform Lipschitz condition of order X\,
0 < A <1, in D if there exists a constant M such that

“p(x;.) e !xln) - ‘P(xly e ;xh)l < M- maxi—l.-.i,n \xi - x;‘x

for every pair of points 2/, x in D. It is clear that the condition
implies uniform continuity of ¢(z) in D. Also by the mean value
theorem for several real variables, it is clear that if ¢eK® in some
convex domain T containing the closure of D, then ¢ satisfies a uni-
form Lipschitz condition of order 1 in D, the bound M being any
bound for the first derivative of ¢(x) in all directions, for an open
neighborhood of D in T.
Theorem 4. Let

(01(-’131, e )xﬂ); T ‘Pﬂ+2(xl’ v ‘.,I,.)

be (n + 2) real-valued functions in a domain D of En, each satisfying a
uniform Lipschitz condition of order N(0 < N < 1). Let (a1, * * * , @)
be a point in D and, for p sufficiently small, consider the cube

R,: —p <7 —a < p i=1-"-,n
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Then the set A of points (y) in the (n + 2)-dimensional space (y1, - * * ,
Ynt2) defined by
(61) A: Yo =ga(@s, ** ", ), @ INR,; a=1,---,n+2

has the property that
(4 = 07N
where A, is the e-neighborhood of A in Enys, and v(A,) is its Lebesgue

measure. In particular for N > n/(n + 1), and thus certainly for
N = 1, we have

(562) v(d) = o(e)
For the proof we may assume a; = + - -+ = q, = 0. Let
1
(53) €0 = —= dist [R,, boundary of D]
Vn

and let ¢ be a fixed positive number < ¢. With this ¢ we define a
system of points in D each of which will be the center of a cube of
side ¢, and the sum of these cubes will cover R, and be contained in
D. These lattice points are merely the points

(54) (rie, + + -, Tne)

where ry, - - -, 7. range independently over 0, £1, 2, - - - | +[p/é],
where [p/¢] denotes the largest integer < p/e + 4. This yields

e (L]0

lattice points. We arrange them in any order and denote them by
(it’;,"',étﬁ), P=1;"‘,Ne

With each of these lattice points as center we define a cube of side e,
(55) R®: o~ <5 i=1-

The cubes clearly cover R,, and moreover by (53), since ¢ < they
all lie within D. Now let A® denote the map of R® by means of the
transformation

(56) Yo = 0a(Z1, = * * , Tn), a=1 -+ ,n+4+2
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Since the N, cubes R cover R,, it follows that these N, sets A®
cover the set A defined by (51).

Now since the ¢’s satisfy uniform Lipschitz conditions of order A
in D it follows that there is a constant M independent of e(e < €o)
such that

(57) |eal@s, * * *, 28) — @al@l, - - -, 2D)| < Me,
a=1+"-,n+2

for z in the cube R® defined in (55). Thus the set A® is certainly
contained in the set :

(58) lye — v < Mé, a=1++",n+2

where y? is the map of 2? by (56). If we enlarge each of the sides of
the cubes (58) by an amount ¢ then not only A but also A will be
contained in the sum of the sets so obtained, that is A is contained
in the sum of the cubes

Aw: lya — 98l <M+ 1), a=1,- -, n+2

It now remains to evaluate the measure of the sum of the N,
cubes A®, Each such cube has the volume

(M + 1)ﬂ+267\(n+2)

and hence
v(A2) < No- (M + 1)rH2entd
=12 [E + 1)” (M + 1)r2a(4D = O(intn—n)
Thus .
w(4) = 06T

This concludes the proof of Theorem 4.
§9. A BAsIC THEOREM ON REMOVABLE SINGULARITIES

We will consider removable singularities not of individual analytic
functions but of complex analytic mappings.

Theorem 5. Let Y(z1, + + -, zx) be defined and continuous, or
only bounded, in a meighborhood of a point (ay, + * - , ax) and let ¥ be
analytic in that meighborhood except possibly on an exceptional set E
defined by

(59) E: ®(zy, - ,2) =0
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where ® s analytic in a meighborhood of (a) with ®(a) = 0, & # 0.
Then ¥ is analytic in a (complete) neighborhood of the point (a).

This theorem is not yet sufficiently general for later use in analytic
mappings and consequently we will prove the following more general
theorem which will be of sufficient generality for our later work.
Although these theorems are stated in terms of local conditions the
conclusions can be extended to the large.

Theorem 6. Let ®(z1, + - - 2x) be an analytic function (#0) in a
neighborhood U of a point (ay, -+ -, ax) tn (21, * * + , 2x)-space, with
®(ay, - - -, ax) = 0. Suppose that U is mapped in a 1-1 manner
into a point set in (wy, - - - , wi)-space by real functions fi, + * -, fou
of the real variables x1, y1, * * * , Xk, Yr, Where z; = z; + 1y; and
(60) wy = f1 + ifs, oy, Wi = for—1 + ifn

and suppose further that each indiwidual f satisfies a uniform Lipschitz

< ANZL 1. Let (by,

condition of order N in U for some \ in

2k — 1
-+« , br) be the image in (w)-space of the point (a). Then if a function
G(wy, * * * , wx) 18 defined and continuous, or only bounded, in all of a

neighborhood V of (b) and analytic in V except possibly on those points
E,, which are images of points E satisfying ® = 0 1t follows that G 7s
analytic in some complete neighborhood of (b).

If the mapping (60) were assumed to be an analytic mapping with
a nonvanishing Jacobian then Theorem 6 would be a consequence of
Theorem 5 since in such a case the mapping (60) could be solved for
the 2’s as analytic functions of the w’s. But it is precisely in order
to be able to handle the case of analytic 1-1 mappings in which no
information about the vanishing or nonvanishing of the Jacobian is
known that Theorem 6 is needed. But we do point out that since
the mapping is continuous and 1-1 it has a continuous inverse, and
is thus topological or a homeomorphism. We will state this formally
as a lemma.

Lemma 1. A one-one and continuous mapping T of an open subset
U of a coordinate space S into a subset of Sa ts a homeomorphism.

The proof of this lemma is given more or less explicitly in text-
books on topology.

Returning to our theorems, we are planning to prove Theorem 6.
We will need the so-called Weierstrass preparation theorem and some
additional material which we are postponing to Chapter IX. At first
glance one might assume that our Theorems 5 and 6 are immediate
consequences of Theorems 2 and 4 in as much as the “variety” E
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defined by (59) is *‘(2k-2)-dimensional.” This is actually so, but not
in a manner immediately useful to us. There are theorems in the
literature asserting that such a point set can be triangulated into
differentiable, or even analytic, so-called simplices of dimensions
< 2k — 2. Even granting the correctness of these theorems they still
are not immediately applicable to our purpose. In order to be so, we
would need to know that each of the simplices can be imbedded with
its closure into the interior of an enveloping simplex of dimension
< 2k — 2 in such a way that the entire enveloping simplex is ‘“regu-
lar.” Even if this could be proved, then total demonstration of the
triangulation theorem needed would be longer and more involved
than our direct proof of our theorems, so that our proof seems to be
justified on any count.

The proof (of Theorem 6) will be by means of mathematical induc-
tion; the induction will be based upon the number of variables upon
which the function ® depends explicitly. First we shall show that
the theorem is true whenever the function ®(zi, - + + , 2) depends
explicitly upon only one (complex) variable throughout U. Let then the
hypotheses of Theorem 6 hold and in addition let ® depend explicitly
upon one variable. Without loss in generality we take the points
(a) and (b) to be origins in their respective spaces and we denote by 2,
the variable upon which ® depends explicitly. We write

(61) F(z1) = ®(21, 22, - - -, 2k) () in U

Then F(z,) is analytic in a neighborhood of 2z, = 0, and F(0) = 0,
F(z1) # 0. Hence there are a positive number p and a positive integer
m such that

F(z) = 27Q(z1)  for |zl <o

where Q(2;) is analytic and nonvanishing in Izl‘ < p. Thus if p’ is
any positive number less than p and such that the polycylinder
P(p'): Izi‘<P,: j=1 -k

is contained in U, then the set E, insofar as it lies in P(p’), consists
precisely of the points

(62) E: 21 =0, 22| < o, R 26| < o’

Under the mapping (60) the points (62) are mapped into the portion
of E, which lies in the image Q(p’) of P(p’). (Here we use the fact
that (60) is 1-1.) And by Theorem 4 with n 4+ 2 = 2k we conclude
that the portion of E, contained in the neighborhood Q(p") of (w) =
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(0) has the property described by (52). By section 7 we conclude

that the function G(w) is analytic in a complete neighborhood of

(w) = (0). Thus Theorem 6 holds for the first step of our mductlon
Now let p be a fixed integer in

1<p<k

and for our induction argument let us assume that Theorem 6 holds
whenever the function ®(z;, - -+, z;) depends explicitly upon at
most p complex variables in U. We shall show that the theorem then
holds whenever & depends upon (p + 1) variables. Let then the
hypotheses of Theorem 6 hold and in addition let & depend explicitly
upon (p + 1) of the variableszy, - - - , 2,88y 21, * * -, 2py1. With-
out loss in generality we again take the -points (@) and (b) to be the
origins in their respective spaces. We define

F(Z],, v }ZP+1) Eq}(zl; e )zk)
Then F (2, - - -, 2p41) I8 analytic in a neighborhood of z; = + - - =
2pq1 =0, and F(O, - - -, 0) =0, F(zy, - -+, 2p41) £ 0. We dis-
tinguish two cases as follows:
Case A.
F(O, e ’Oyzp+1) =0
Case B.
F(O} T }O:zp-!-l) #0
In Case A, there is a nonsingular linear homogeneous transforma-
tion in the (21, * - -, 2p41)-Space,
(63) 2 = Ezntllaimg-m, .7 = 1, e, p+ 1
of such a nature that the function
F/(g-l} Ty, §P+1) EF(Ealmg.my T, Eap'i-l-mg‘m)

has the property
F,(Oy e ;O)§P+1)§é0

(See section 2, Chapter IX.) If we annex to the transformation (63)
the transformation

(64) ' Zpr2 = $pio, R 2y = {k
then we have a nonsingular homogeneous linear transformation of
the original (2;, - *  , z)-space under which the set

E: F(z, -+ * ,2p401) =0
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is transformed into a set

E': : FQ§y, » v 5p41) =0

and since the mapping [(63), (64)] from (21, * * - ,2x) to ({1, * * + , &%)

has a unique inverse which is linear it follows that the mapping from

(£, * © =, &w) to (wy, * + -, wy) has all the properties of the mapping

(60). Thus all the hypotheses of Theorem 6 are valid with F/(¢;,
-, ¢p+1) replacing F(zy, ) 2p41) = @(21, © *+ *, 2) and the

functions f; replacing the f; of (60), where the f; are the transforms

of the f; under [(63), (64)]. Hence it is sufficient to treat Case B.
Under Case B the Weierstrass preparation theorem (see section 1,

Chapter IX) states that there is a positive number p such that for

|z1| <p, v, |z,,+ll < p, the function F(zy, - - -, 2p41) iS expres-
sible in the form
F(zly s 7ZP+1) = [Z:‘+1 + Al(zl) Ty zp)zz;ll t

+ Am(zly ot ,Zp)]Q(Z1, ) zP+1)
where the A’s are analytic in lzll <p, v, lzpl < p and zero at
z2y= - =2,=0, and Q is analytic and nonvanishing for |z, <
o, |z,,+1| < p. Thus if p’ is any positive number less than p

and such that the polycylinder P(p'): lz,-l <p,j=1, -,k is
contained in U and its image Q(p’) by the transformation (60) is
contained in V, then the set E, insofar as it lies in P(p’) consists pre-

cisely of the points (21, * * - , 2) satisfying

(65) (21, * * -, 2pp1) = 2y Ay(zy, c - - ’Zp)z;:ll R
Am(zy, =+ -y 2p) =0, (2) eP(p')

Denote by D(z1, * - -, 2,) the discriminant of ¢ when ¢ is viewed as

a polynomial in z,4; so that D is obtained by eliminating 2,41 from
Y and d¢/9z,41. Since D is a polynomial in the coefficients A4,, -+ *

)
An it is an analytic function of 2y, - + +, 2, in 2] < o/, * - -, |24
< p’. Again we consider two alternatives, namely
Case 1°.
D@y, -+ ,2) =0
Case 2°.
D(Z1, T ;zp)¢0
A function of the form of ¥(zy, * * * , 2Zp41) as described in (65)

is called a distinguished pseudo-polynomial of degree m. In section 2
of Chapter IX it will be shown that any distinguished pseudo-poly-
nomical of degree m can be decomposed into a product of u(u < m)
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irreducible factors, say

v=v1"" "V
where each Y. is an irreducible distinguished psuedo-polynomial (of
the same general form as ¢) of degree say n, withny + - - - 4+ n, =

m. The discriminant D of ¢ is identically zero if and only if two or
more of the factors Y, are identical. Thus if Case 1° occurs certain
of these factors may be discarded leaving the subset consisting of all
the distinet ¢.. The product of these distinet factors defines a dis-
tinguished psuedopolynomial ¢* which has the property that ¢* = 0
and ¢ = 0 define the same point set, namely E, in a neighborhood of
21, ' ', 2 = 0. But the discriminant D* of ¢* is not identically
zero. Hence is sufficient to treat Case 2°.

Treatment of Case 2°. In Q(p’), the image of P(p’) by (60), we
divide the points of E, into two classes. The first class consists of
all points of E, which are images of points of E (in P(p’)) at which

D(zy, * + -, 2p) # 0; the second class consists of all points of E,
which are images of points of E for which D(z;, - - - ,2,) = 0. We
shall first show that G(w,, -+ - - , wy) is analytic in a neighborhood of

every point of the first class. For this purpose let (w°) be any point
of this class. Then (w°) is the image of a point (2°) on E for which
D@, - - - ,23) #0. Since y(23, - - -, 20,;) = 0, the nonvanishing
of D implies that dy¥/dz,+1 # 0 at (2°). Hence by the fundamental
existence theorem for implicit functions (see section 4, Chapter II),
the equation ¢ = 0 can be solved for z,.; in a neighborhood of (2?)
yielding

(66) Zor1 = @(2, * * *, 2p)
with ¢(2}, - - -, 2)) = 23,, where ¢ is an analytic function of z;,
* +,2pin a neighborhood of (23, - - - ,2)). Hence in a neighborhood
of (%) the set E is represented by (66). If we decompose ¢ and
Wy, * * * , Wy into their real and imaginary parts
(67) ¢(21, t )zp) = a(xly Yy, * ", Ty yp)
+iﬂ(x1,y1, ' ")xmyp))wi=ui+1:vi; j=1)"'1k

then the image by (60) of the portion of E lying in a sufficiently small
neighborhood of (2°) can thus be written in the form

i = foim,  Vi=fy, J=1,---k
where the arguments of f;_; and fs; are
Ty Yy, © ", Tpy Yoy a(xh Yy, * * ", Zp, yp): ﬂ(xly Yy, * ", Zp, '!lr);

Tp+2y Ypt2, * ° ° 5 Tky Yk
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and this is a mapping of the character required by Theorem 4 (with
n + 2 = 2k). Hence this portion of E maps into a portion of E,
which has the property (52). The mapping (60) being topological
the only portion of E,, in a neighborhood of (w?) is that which arises
from the map of E in a neighborhood of (2°), and hence by section 7
we conclude that @ is analytic in a neighborhood of (w?).

Thus @ is analytic in a neighborhood of every point (w°) of the
first class, and the exceptional set E,, insofar as it lies in Q(o’), is
reduced to the points of the second class, that is to peints on the
intersection E,E, where E is the image under (60) of the set E’ of
points (21, * * - , ) for which

(68) E": D@z, * -+ ,2) =0,  (2) €P(p)

We can now apply our induction assumption. The function G(w,,

-, wy) is defined and either continuous or bounded throughout
Q(p"), is analytic in Q(p’) except possibly on the set E,, and E., is the
image by (60) of the set (68), where D depends explicitly only upon p
variables. Thus we conclude that G is analytic in a complete neighbor-
hood of wy = - + - = wx, = 0. This completes the next step in our
induction and hence concludes the proof of Theorem 6.

§10. ON JACOBIANS

We will now prove a significant theorem for Jacobians of functions
of several complex variables. For real variables, if the Jacobian is
nonvanishing, the transformation is one-one and topological. But the
transformation can be topological without the Jacobian being non-
vanishing. For example v = z%is a topological map of —» <z < «

o e du .
into —o <u < » and yet the derivative i 3x? vanishes at

z = 0. On close scrutiny it turns out that this anomaly is due to
the variables being real; indeed we will have the following theorem.

Theorem 7. Let T be a one-one mapping of an open set U in an
analytic coordinate space Za(z) into some set V in an analytic coordinate

space Zo(w). In terms of the local coordinates (21, - * * ,2x) 1n a
neighborhood of every point of U let the mapping T into a local coordinate
neighborhood (w, + + - , wi) in Za(w) be given by

(69) wi=¢i(zly"':zk); j=1)"';k

where the functions ¢i(2) are analytic functions of (21, * - - , 2) in the

neighborhood in question. Under these conditions the mapping T is a
homeomorphism, and in terms of any admissible coordinate system the
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Jacobian is nonvanishing throughout,

a(¢1y te "Pk)
(70) ®(2,, ) = T 70

Proof. As we have pointed out in Lemma 1, the mapping 7T is
a homeomorphism; we need accordingly to show only that 7 has the
further property described by (70). For this purpose let p be any
point of U with image ¢ = T,, and let T have the form (69) in a
sufficiently small neighborhood N(p) of p in U, where the 2’s and
w’s are allowable local coordinates valid throughout N(p) and its
image N(q) = TN(p) respectively.

We shall first show that the Jacobian cannot vanish identically
in N(p). This will depend upon the following known result, which
for the sake of completeness we will prove immediately after we com-
plete the remainder of the proof of Theorem 7.

Lemma 2. Let o121, - - * ,2k), -+ -, @e(21, + * * , 2x) be analytic
in a neighborhood N(p) of some point p. If the Jacobian vanishes
identically in N(p), then there exists a relation

(71) Uer(2), * =+, @l2)) =0
in some part of N(p).

Assuming this lemma, we see that the Jacobian (70) cannot vanish
identically in N(p), for if it did, then relation (71) would imply that
T is not one-one from some part of N(p) into the image part of N(q),
thus contradicting the fact that 7' is'a homeomorphism throughout.
Thus ® cannot vanish identically in N(p).

Returning to the proof of Theorem 7 we thus obtain the fact that
the relation

(72) @(21, T )zk) =0

is a relation of the type considered in Theorem 6. Therefore relations
(69) in N(p) determine an exceptional set E,, in N(g),and in N(¢) — E,,
the inverse of (69) is given by analytic functions

(73) z:"_“pi(wly"'ywk)y j=1:"':k

But the functions y; are also continuous in N(g), and hence by Theorem

6 they are analytic in all of N(g). Now on substituting (73) into
(69) we obtain

w; = ‘Pi(‘/’l(w)) T, \l’k(w))
and hence we obtain
a(‘ply T ,ﬂok) . a(\bly Tt ’\bk) —

=1
6(21, Ty, zk) a(wly e )wk)
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This is valid not only in N(q) — E, but in all of N(g) and the second
Jacobian is in particular finite. This implies in particular that the
first Jacobian is different from zero in all of N(p) as asserted in the
theorem.

For the proof of Lemma 2 we note that if the Jacobian vanishes
identjcally then the matrix

6(9’1, T ¢k)

(74) 6(2], e yzk’)

has a rank s, 0 < s < k, such that all subdeterminants of rank > s
vanish identically, but not all of rank s. If sis zero, then d¢,/dz, = 0
for all p, ¢, and hence in this case ¢, = ¢, which obviously gives rela-
tion (71) in the form ¢; — ¢; = 0, say. For the case s > 0 let

CER D,
6(21; vt ,Z,) #0

Take a point po at which it is not zero, and assume in new local coordi-
nates that py is the origin. Then the equations

(75) (01'(31, Ty Ry Zayyy yzk) = wj, j= L - -,s

can be solved to obtain

(76) 2 = ”5(zl+1) Oty By Wy, vwa)) ]= 1) o, 8
where by Theorem 9 of Chapter II the u’s are analytic functions of
Zet1, © " ", %k Wi, *  +, w, in a neighborhood of z,41 = - - - =
z2=0 wi=uw} - -, w =uwd (W) =¢,0 - -,0)). On substi-

tuting (76) into the (s + 1)-st equation of (69) we obtain

(77) ‘Pa+1(#1, tt ) May Rey1y, Ot ,Zk) — Wey1 = 0

This is a relation in

(78) eyl T " ", 2y Wy, * 0, Wy Wty
of the form
*
(79) Cop1(Bogr, 7, Wy, W) — Weyr = 0

which obviously is not fulfilled identically in the variables (78) since
Ws+1 cannot cancel out. However, it follows on the basis of the
vanishing of all (s 4+ 1)-st minors of (74) that the variables 2,4,

-, 2 do not occur in (79) and thus (79) is a nontrivial relation
of the type (71).
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This concludes the proof of Lemma 2.
We will draw an interesting conclusion from Theorem 7 but first
we state a lemma which we number as Theorem 8.

Theorem 8. If a sequence of functions fu(z1, - - * , %), each of
which is nonvanishing in D, converges uniformly in D, then the limit
function f(zy, « - -, z&) is either nonvanishing or identically zero.

This theorem is known for k = 1. Hence for k = 2 if we suppose
that f(zi, z;) = 0 at say the origin, then we first obtain f(z;, 0) = 0
for all z;, and then for each 2, we obtain f(2}, z;) = 0 for all z,. A
similar argument applies for any k. :

On the basis of Theorem 7 and 8 we will have

Theorem 9. If a sequence of iransformations

S»: wi':f;m(zl; e )zk); j= 1) e )k

in a domain D s such that each S» maps D topologically into some
domain D™ and if in the neighborhood of each point in D, the sequence
converges uniformly, then the limit transformation

S: w; = fi(zy, * * *, 2)

18 either again topological tn D; or it is degenerate in the sense that its
Jacobian vanishes identically.

Proof. Let ®™ be the Jacobian of S*. Our assumptions imply
that ®™ converges uniformly to ® in a neighborhood of each point of
D, and hence by Theorem 8 the latter is either identically zero, which
is 'one possibility, or it is nowhere zero, which is the only other possi-
bility. Now, in the second case S is locally topological, and we still
have to show that it is topological in the large. This however follows
from Theorem 3 in Chapter III, for if S were to map two different
points P, @ into the same point R, then by the latter theorem, for
some sufficiently large value of n, the transformation S* would map
a point P* ““near”’ P and a point Q" ““near”’ @ both into the same point
R", contradicting the assumption that S» is a homeomorphism on D.
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CHAPTER IX
Algeb raic Theorems

§1. THE WEIERSTRASS PREPARATION THEOREM
If
P(w) = E:_opnwn

is an analytic function of the complex variable w in a neighborhood
of the origin, if P(0) = 0 but P(w) # 0 so that there exists an index
§ > 0 for which P, = 0forn=0,1, - -, s—1but P, # 0, then
we know that for every function

analytic in a neighborhood of the origin, the quotient
_ B(w) — Z{'Bawn
P(w)

exists and is analytic in a neighborhood of the origin. In other words,
there exists an analytic function @(w) such that

Qw)P(w) — B(w) = — 223 Baw"

We shall prove an analogue of this for & complex variables.
Lemma 1. Let

Q(w)

(1) P(zy, * * + , 2e1, w) = Z2_Pa(z)wn
be analytic in a neighborhood of the origin with
2) P,0) =0 for n=01--+,8—1
but with P,(0) 5% 0. For convenience take
3 P,0) =1

Then for every function
4) B(zi, -+ *, 2e1, w) = I3 Ba(2)w"
analytic in a neighborhood of the origin, there exist a function
(5) Qz1, * * ) 2k—1, w) = Z2_Qu(2)w"

analytic in a neighborhood of the origin, and a polynomial in w of degree
s—1,
(6) H(zh Ty Zk-l w) = z:u:’éHﬂ(Z)w"

183
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with

) H,(0) = B.(0), n=01---,s—-1

and with Ha(z), n = 0, 1, - -+ - | s — 1, analytic in a neighborhood of
the origin, such that

(8) Q(z, w)P (2, w) — B(z, w) = H(z, w)

The function Q and the ‘“‘polynomial” H are uniquely determined
by (8) together with the requirements that they be analytic in a neighbor-
hood of the origin, that H be of degree s — 1 in w and that (7) hold for
the coefficients of H.

For later use (in section 2) it is convenient to separate the formal
part of this lemma from its analytic (that is, convergence) part. For
this purpose we consider formal power-series as in equation (1) of
Chapter I. We may write a formal power-series P(zy, * * * , 241, W)
in the form (1) where the P,(z) are formal power-series in zy, *+ * - ,
2x—1. For example, if

P2y, - 0z, ) = 220 aeo@age e mn?1 0 gk
then the coefficients Pa(2) of (1) would be

. ) Ty . . . g
Pa(z) = 232 ... 0y =000y omi_yn2) Z

If we write P,(z) = 0 we will mean that a,,,....n,_,» = Oforn, - - -,
ng-1=0,1, 2 ---. We may also write (formally) P,(0) = 0 to
mean ag...on = 0, or P,(0) =1 to mean ag...0 = 1. We shall on
occasions write a formal series in 2y, + + -, 2z, such as P.(2), in a
formal series of the form

P.(z) = Ef_gpﬂ”(z)

where the p..(2) are homogeneous polynomials in 2y, © * -, 241 of
degree u. Obviously P,(z) = 0 is equivalent with p,.(2) = 0 for
w=0,1,2 - - -, and, since the pn, are polynomials, the relations

Pnu(2) = 0 are not only ‘“formal” but also ‘“‘analytic’’ identities.
With these conventions we proceed to prove the following lemma which
differs but little from Lemma 1 itself.

Lemma 1la. Let (1) be a formal power-series and let:(2)!and:(3) hold.
Then for every formal power series (4) there exist a formal power-series
(5) and a polynomial (6) in w of degree s — 1 with (7) holding and with
it8 coeffictents H,(z) formal power-series in 2y, * * - , 2x_1, such that (8)
holds.
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The series Q and the polynomial H are uniquely determined (as
formal power-series) by (8) together with the requirements that H be of
degree 8 — 1 tn w and that (7) hold.

Proof of Lemma 1a. If (8) is to hold we must have

) 20 oQu(2)Pmu(2) — Bu(z) =0 for m 2> s

Furthermore, if we can show that there exists a unique series (5) such
that (9) holds then we will have our desired conclusion. For we may
use (8) to define H uniquely and clearly H will be of the required form.
Thus our proof of Lemma 1a is reduced to determining (uniquely) a
formal series (5) for which (9) holds.

If we write

(10) Pu(z) = 22 pma(2),  Qu(2) = Z2_oqma(2),
Bn(z) = Z3_obma(2)

where Dmn, ¢mn and b,. are homogeneous polynomials of degree n in
21, © * °, 2k-1, then (9) is equivalent with

(11) 2;4-0 v_OQMv(z)pm—u.n—y(z) - bmn(Z) =0 for
m > s, n>0

By (2) and (3) and the fact that pao(2) is constant for each n = 0,
1, 2, ’
(12) Pme(®) =0 for m=20,1,---,8—1; Peo(z) =1
so that
(13) =k ozv—oq“(z)pM—n a—s(2)

0 2y quv(z)pm—u 2 (2) + Zp-Oan(z)pm—u.O(z)
,‘_02: qu(z)pm—u n— (z) + z:?:0‘— QIm(z)pM—u.O(z) + qm—am(z)

We understand that the sum 723 is to be replaced by zero if n = 0,
and similarily for 273" when m = s. Thus (11) becomes

(14) q'm-t.n(z) = bmn(z) - ZZI ::(}QMu(z)pm—u n—v(z) -
zt?:(;—lq“ﬂ(z)pm—u-o(z)
form > s, n > 0. On replacing m by m + s, (14) becomes

(18)  gma(2) = butsn(z) — EZL:(:E,‘ QuV(z)pMH—-# n—v(2)
+ 2 q:m(z)pm+s-n o(2)

form>0,n2>20. In particular, if m = n = 0, (15) yields
(16) goo(2) = bao(2)

lIl IH
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We shall now show that the gms can be defined from (15) by recur-
sion. For this purpose we introduce the index

a7 gmm) =m <+ (s + )n

Now for all g,, occurring on the right-hand side of (15) we see that
g(u, v) is greatest when either p = m + s, v =n — 1, or when u =
m — 1, v = n, and therefore

g(u,v)Smax[m-i—s—}-(s-i—l)(n—1),m;1+(s+1)n]
=m+G+1)n—-1=gm,n) -1

Hence for all g,, occurring on the right-hand side of (15), g(u, ») <
g(m, n). Therefore relation (15) suffices to define the gma(2) uniquely
in terms of those g,,(2) for which g(u, v) < g(m, n).

This concludes the proof of Lemma 1a. For the proof of Lemma 1
we have to show that the function Q(z, w) defined with these ¢’s (by
means of (10) and (5)) is analytic in a neighborhood of the origin
whenever P and B have this property. The analyticity of H in a
neighborhood of the origin will follow from (8).

From the analyticity of P(z, w) and B(z, w) we know that there
exist positive numbers M, p, o such that

|Pa(2)] < ]—‘-ﬁ |Bn(2)| < %,,. for m=0,1,2 ---
g o
and for |21] < p, - * -, |2e-1] < p, and hence
lpm»(z)l < ]l_i, Ibm,.(z)l < ;]% for myn=20,12 ---;
g

Izll <P, Ty, 1zk—-l| <P

Since by a linear transformation on w we can send the circle |w| < ¢
into the circle le < 1, it involves no loss in generality to assume
¢ =1,o0r

(18) |pma@)| < M,  |bma@) <M, mn=01,2 - -
for 2z, -+ + + , 2x—1 in the multi-cylinder 4,,
(19) A, loal <o, -, ek <
We propose to prove the existence of quantities K, C and ¢ such that
(20) |gma(2)] < KCmen, mn=20,1,2 ---;:2zin 4,
First take K > 1, C > 1, ¢ > 1 and K sufficiently large so that
lgod] < KCO%
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Clearly this can be done. We shall then prove (20) by induction on
the index g(m, n) defined in (17). For an arbitrary mo, n, with
g(ma, no) > 0 we assume (20) to be true for every g,, for which g(x, »)
< g(mo, mo), and we shall then prove (20) for each ¢.. for which
g(m, n) = g(mo, no). For any such g.. we have by (15), (18) and
our induction assumption

lgma(2)] < M + MErES'TIKCHer + MErdKCren

m—+s+1 cr m
<M+ MK + MKc»

C—1c¢—1 C—1

for z in A,. Our task is to choose C and ¢ (with C > 1, ¢ > 1) so
that this latter expression does not exceed KC™c», or what is the same,
so that

(21)

M MCs+ M
<1
KC"‘c"+(C—-1)(c—-1)+C—1—
If we take C > 3M + 1,¢ > C**! + 1, it is clear that (21) is satisfied.
This completes our induction proof, and hence (20) holds for m, n =
0,1,2, - - - ,and zin A,. But this means that the series

Qz, w) = Z2 _ogma(2)W™

converges absolutely and uniformly for (2, w) in any closed set interior

to [lza] < p/c, - - -, |z—1| < /¢, |w| < o] and hence Q is analytic in

a neighborhood of the origin. This concludes the proof of Lemma 1.
We use these results for the special case

(22) B(z, w) = w*
Then by Lemma la we know that there exist a formal series Q(z, w)
inzy, - -, 21, wand formal series Ho(2), * - - , Hy—1(2)inzy, - - -,

2k—1 with H;(0) = 0 for which

Q(z, w)P(z, w) = w* + Hoy(2)w=' + - - - + Ho(2)
the series Q and H,, * - - , H,_; being uniquely determined. Further-
more, since goo = 1 (= bso) (see (16) and (22)), we have Q(0, 0) = 1.
Now it is easily seen (and will also be shown near the beginning of the
next section) that any formal power-series whose constant term is
nonvanishing has a (unique) reciprocal with a nonvanishing constant

term. Thus

1 = Q(z, w)

Q(z, w)

where @ is a formal power-series in 23, - - - , 2x—1, w with (0, 0) # 0.
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This yields the Weierstrass preparation theorem for formal power-
geries. Also by Lemma 1, if P is analytic in a neighborhood of the
origin, then so are @, © and the H’s. This then yields the customary
(analytic) formulation of the preparation theorem.

Theorem 1. (The Weierstrass preparation theorem.) Let P(z,

-, 2k_1, w) be analytic in a neighborhood of the origin, with

(23) P(Oy"'10’0)=0; P(O,"',O,U))#O

Then there exist a neighborhood U of the origin and a function Q(zy,
©, zZr_1, w) which is analytic and nonvanishing in U such that
throughout U, P can be expressed in the form

(24) P, w) = (w + Hoa(Rw' ' + « - - + Ho(2)) 2z, w)
where the H’s are analytic in a netghborhood of zy = - + + = 2,1 =0
and
(25) H;0, ---,00=0 ij=01---s—1

If the integer s is taken to be the order of the zero of P(0, - - - , 0, w)
at w = 0, then the functions Q, Ho, * - - , H,_1 are uniquely determined.

We may now also formulate the theorem for formal power-series.
It is, however, more convenient to delay the formulation until the
next section where it will be given as Theorem 2.

We will conclude this section with an alternative proof of the
preparation theorem. This proof will be based on analytic consider-
ations and will be independent of the one just given.

Proof of Theorem 1 (from analytic considerations). Since P(z, w)
is analytic in a neighborhood of the origin and since P(0, w) # 0,
it follows that there are an ¢ > 0 and a ¢ > 0 such that P(z, w) is
analytic for |z;] <o, - - -, || < o, |w| < eand such that |P(0, w)| >
a > 0for ‘w\ = e¢. Moreover, P(0, w) is expressible as a (convergent)
power-series of the form

(26) PO, w) = Paw* + Pyt + - - -, |w| <
where s > 0 and P, % 0. Now there is a subneighborhood 4,: |21 <
Py, ]zk_ll < p with p < g, such that in it

|P(z, w) — PO, w)] <« for |uw|=c¢

But Rouche’s theorem states that if F;(w) and Fy(w) are analytic in
lw| < € and if |Fy(w)| < |Fa(w)| for |w| = ¢, then Fi(w) + Fa(w) has
the same number of zeros in [w < e as Fy(w). Putting Fi(w) =
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P(z, w) — P(0, w) (for any fixed z in the neighborhood 4,), and
F3(w) = P(0, w), it follows that the function P(z, w), as a function of
w, has s zeros for |w| < ¢, z in A4,.

Let us take a fixed (2}, - - -, z)_,) in the neighborhood 4, and
let the values of w for which P(2%, w) = 0 be

wl(zo)’ - e ,ws(ZO)

Now as is well known, if p(w) and ¢(w) are analytic functions of a
complex variable w in |w| < e and if p has s zeros wy, *+ + * , w, in
[w| < ¢ and none on |u| = ¢, then
1 p'(w)
o Jjol=ep(w) ) dw = ¢(w1) + + ¢(ws)

Specializing ¢(w) as w", we obtain for our function P(z°, w) the
relation
, P,(2° w) d

P(2° w)

where P,(2°, w) = dP(2°, w)/dw. But the integrand is analytic in
(2°, w) for |w| = ¢, 20in A, since P(2°, w) # O for |w| = ¢, and conse-
quently [w](z) + - - - + wi(z)] is analytic in (21, * * -, 2t—1) in A,.
Since the elementary symmetric functions are polynomials in the
sums of powers we obtain the result that

1
wiz%) + - - -+ w(xY) = 27if(.»|-¢w

(27) [w —wi(2)] - - 7 [w — wi(2)]
can be written in the form
w + H,_ (w1 + -« -+ + Ho(z) = n(z, w)
where the H’s are analytic in A,. Since P(0, w) has an s-fold zero
at w =0 (see (26)), each Hy(z), p =0, 1, - - -, s — 1, vanishes
atzy = - =21 = 0.
Clearly the function Q(z, w) defined by
P(z, w)
Qz, w) = e w)

does not vanish at the origin. The uniqueness properties of = and
Q are also clearly verified. It remains to show that Q is analytic in a
neighborhood of the origin. Now for fixed 2° in 4,, the function

P(2° w)

et w) = (29, w)
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is analytic in w in a neighborhood of w = 0. We must show that
for w° in \w\ < ¢, the function Q(z, w?) is analytic in z in a neighbor-
hood of the origin in the z-space. First we have

1 Q, §)
(28) Q(Z, ’wo) = 5-”: J‘IH_e m dg‘
On the contour, 7(2, {) # 0 for 2z in a neighborhood of the origin,
and hence Q(z, {) is analytic in (21, * *+ -, 21, {). Consequently
Q(z, w°) is analytic in (25, *© * - , z:—1) in a neighborhood of the origin.
Hence by Hartog’s theorem (Theorem 4, Chapter VII) it follows that
Q(z, w) is analytic in (21, * * * , 2xk—1, w) in a neighborhood of the

origin. This completes the (analytic) proof of Theorem 1.

§2. DISTINGUISHED POLYNOMIALS

In section 1 of Chapter I we saw that the totality of power-series
in k variables z;, - - - , 2, forms a (commutative) ring, multiplication
being defined purely formally without regard to convergence. We
shall call this ring I.

If P is an element of I; then we can write it as

(29) P=pi+p1+p+ - - -

where p; is a homogeneous polynomial of degree j in z;, + - - , 2.
If p, is the first p not identically zero, we say that n is the degree of the
element. Thus for example, an element of degree zero is one with a
nonvanishing constant term, and an element of degree greater than
zero is one with a vanishing constant term.

Now in section 1 of Chapter I we saw that the ring I; has no null-
divisors, that is P-Q = 0 for P and Q elements of I, means that
either P = 0 or @ = 0 (or both). It is quite easy to see that I; has
unats, a unit being defined as an element P of I which has an inverse
@ under multiplication, P - Q = 1. In fact, the set of units s identical
with the set of all elements of Iy of degree zero. 'To see this we first note
that if P is a unit, then on writing it in the form (29) and its inverse
Q in the form Q = go+ g1+ g2+ - - - we have by definitionYof
multiplication in I

(30) Pogo = 1, ZiPgn—i =0, m=12 ---

Thus in particular we see that po % 0 and hence P is of degree zero.
Conversely, let P be any element of I of degree zero. Write P in
the form (29) where po ¢ 0. Then by recursion we may determine
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a unique element Q = go + ¢1 + - - - such that P-Q = 1; we do
this by means of the relations (30). Thus P is a unit.

Since our ring has units and no null-divisors it is in fact a domain
of integrity. We will use this fact later.

Lemma 2. If P is an element of degree s > 1, there exists a non-
stngular linear transformation such that in the transform P’ there is a
term of the form cZf where ¢ 1s a nonzero constant.

Remark. When this is the case, and no lower power of z; occurs
with a constant coefficient, we say that P’ is regular with respect to
z; with degree s.

Proof of Lemma 2, We have

P=ps+p-+1+ c

Let

Ps = Eal+...+,,,-,a.l....,‘zi‘ L Z;:'
and put '

zh:z}c—ljhz;‘! h=1,---,k
In 7, the coefficient of 2} will be
(31-) 2‘1+'"+‘k-‘3a’ﬂl“"k(b}.)“ e (brl.)“
Since p.(z1, * * * , 2x) # O this means that p,(3, - - -, b;) # 0 and
hence there must exist values of b}, - - -, by (of which some will
necessarily differ from zero) such that the term (31) will be nonvanish-
ing. With these values of b}, - - -, b; we can obviously choose

(=1 -+ ,kh=2+"--k)such that the determinant of the
b’s is different from zero, and we shall then have a nonsingular linear
transformation which makes P’ regular with respect to 2z}, with
degree s.

Lemma la can be restated as follows. If P is regular with respect
to z; with degree s > 1, and if B is any element of I}, then there exist
two elements @ and H such that

QP =B+ H
where ‘
H=A;Z;—l+ vt +A.
and where the A’s are elements of Ii_1.
The Weierstrass preparation theorem can be stated formally as

follows.
Theorem 2. If P is an element of I which is regular with respect o
2;, with degree s > 1, then

(32) P=(+ A+ - -+ A)Q
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where the A’s are elements of Ix_1 each of degree greater than zero, and
Q is an element of I of degree zero.

The elements Q and Ay, * * - , A, are uniquely determined.

Definition of equivalence in I. If P and Q are any two elements of
I, so related that P = QE, where E is a unit, then we say that P and
Q are equivalent.

Definition of a distinguished polynomial. If = is an element of I
which can be written in the form

(33) Aoz, + A]Z;:l -+ A,

where the A’s are elements of I;_;, we say that = belongs to I,_,[2];
that is, the ring of polynomials with coefficients in I;—;. The element
x is called distinguished in Ix_i[z¢] if Ao = 1, and if each 4;, j = 1,

-, 8, is of degree greater than zero.

We may thus restate Theorem 2 (the Weierstrass preparation
theorem) in the following form.

Corollary 1. Every element P of I+ which is regular with respect to
2 ts equivalent to a distinguished polynomial in Ir_s[zi] of the same
degree.

We now state and prove the following lemma, mainly for purposes
of reference.

Lemma 3. IfP = Q- R, wheres P, Q and R are elements of I, and
if P is regular with respect to z; then either

a) one of the elements Q or R is a unit and the other i3 regular with
respect to z;, or

b) both Q and R are regular with respect to z;.

Proof. By definition, an element 7' = f, + {01+ - - - (s 2 1)
is regular with respect to z, if and only if
(34) t,(O, Ty 0; 2,0, - -+, 0) #0

Now denote by «, 8, v the degrees of P, @, and R respectively. Then
clearlya =84+ v,a>0,8>0,v>0. Write

P=p,+ parat+ - -, Q=¢+agn+ -,
R=ry+rm+ -

If either B or v is zero, say 8 = 0, then Q is a unit and v = « and in
this case pa = qora(go # 0) and since p. has the property (34) it
follows that r, does also and thus r, is regular with respect to z;. 1If,
on the other hand, By ¢ 0, the p. = gsry and we see that both ¢
and r, must have the property (34). This yields the lemma.
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Definition of reducibility. If P = Q- R, where P, Q and R are
elements of I; and neither @ nor R is a unit, we say that P is reductble
in I;. If nio such relation exists P is called ¢rreducible in I;.

Lemma 4. If P is distinguished in Ix—i(z:], and ¢s reducible in I,
it is reducible in Ir_1[z:].

Proof. Let P = QR where Q and R are nonunit elements of I;.
Since P is regular with respect to z. it follows from Lemma 3 that
Q and R are both regular with respect to zx, and hence by Corollary 1
each is equivalent to a distinguished polynomial in I;_i[z:]. Let
Q =¢q-E, R =r-E" where the small letters denote distinguished
elements of I;_[z;] and the E’s denote units in Ir. Then we have
P =g-r-E* But clearly ¢ r is also distinguished, and since the
preparation theorem ensures uniqueness in the representation as the
product of a distinguished polynomial and a unit, we deduce that
E¥ =1 and P = ¢-r. Thus we have shown that P is reducible in
I k_l[zk].

Theorem 3. Any element P of I is uniquely decomposable into
trreducible factors, to within equivalence.

Proof. The proof is inductive; we assume that the theorem is
valid in I;_; for some j in the range 1, - - - , k, and show that it
follows for I;. Since it is trivially true in Io (the underlying field in
which every element 5 0 is a unit) it will follow for I,.

Consider any element P of I;,. If P is of degree zero it is a unit
and hence already decomposed to within equivalence. Hence let
P be of degree greater than zero. Factorization is manifestly left
invariant by nonsingular linear transformations. Accordingly we
may assume without loss in generality that P is regular with respect
to z, (see Lemma 2). Now by Corollary 1, P is equivalent to a dis-
tinguished polynomial, f, in I;_i[z;].

But there is a theorem in algebra (see for example reference 8 on
page 203) which asserts that if R is a domain of integrity admitting
unique decomposition, ,then R[z] has the same property. Now by
this and our induction assumption we see that f is uniquely decom-
posible into irreducible elements of I;_i[2]. But Lemma 4 showed
that any decomposition of f in I; gave factors equivalent to elements
of I;_y[z;]. Hence two decompositions of f must give the same set
of equivalent polynomial factors and hence must be equivalent
decompositions. This completes the induction and yields the theorem.

For the remainder of this section we will be dealing with convergent
series, that is, with elements of I or Ix—i[zx] which are analytic in a
neighborhood of the origin 2z, = + + - = 2, = 0.



194 ALGEBRAIC THEOREMS ) [CraP. IX

Theorem 4. If fi and f: are elements of Ix_[z:], each analytic in a
netghborhood of the origin, if fa is distinguished and irreducible, and if f,
vanishes for every set of values for which f does, then f, is a factor of fi.

Proof. We use the fact that if f and ¢ are elements of I—[z:] with
no common factor, then there exists a linear combination of them with
coefficients in Ix_i[z:] which lies entirely in I_; and which is not
(identically) zero. This follows at once from the Euclidean algorithm
which can be shown to hold in Ix_[z].

Suppose f; is not a factor of fi; since f is irreducible this means
that f; and f; have no common factor and hence there exist elements
)\1, )\2 Of Ik_.1[zk] such that

(35) Mfi+ Nfe =P

where P is a nonzero element of I;_;. Now by hypothesis, f; is zero
whenever f; is. But since f, is distinguished, and analytic in some
neighborhood N of the origin, we know that for any set of values
(1, * * *, te—1) In a sufficiently small neighborhood of z;, = - - - =
zx_1 = 0, there must exist a {x, with (¢1, © - -, &) in N, for which
f2 = 0. Thus the element P of (35) is zero throughout N’ and hence
P is the zero element which is a contradiction. Hence f, must be a
factor of fi.

Corollary 2. If f and g are elements of I, each analytic in a neigh-
borhood of the origin, if g vs irreducible and if f vanishes wherever g does,
-then g 1s a factor of f.

Proof. Obviously we may assume that f and ¢ are not units. By
Lemma 2 we may make a nonsingular linear transformation such
that the transform f’¢g’ of the product fg is regular with respect to -
Z,. Then by Lemma 3 both f’ and ¢’ are regular with respect to 2
and hence by Corollary 1 each is equivalent to a distinguished poly-
nomial in 7;_j[2x]. Theorem 4 then applies to yield the corollary.

Corollary 3. If f and g are elements of Ik, each analytic in a neigh-
borhood of the origin, and if f vanishes wherever g does, then every irre-
ducible factor of g is a factor of f.

§3. CHARACTERISTIC MANIFOLDS

Let f(w, 25, *+ * * , 2x) be an analytic function, not identically zero,
which is irreducible, and equal to zero at a given point which for the
sake of simplicity we take to be the origin. Suppose further that
ftw, 0, - - -, 0) # 0. (By Lemma 2 this can always be brought
about by a nonsingular linear transformation.) Then by the prepa-
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ration theorem, Theorem 1, there are a neighborhood

@6) U: |wl<dy, |gl<d, 37=23 -,k

and a function Q(w, z) analytic and nonvanishing in U such that

f = 7@ throughout U, where =(w, 2) is a distinguished polynomial
m(w, 2) = w* + C1(R)w*1 4 -+ - + C(2)

The coefficients Cy, - « - , C, are analytic functions of z5, - - - , 2 for
‘z,-l <dj,j=2,+--,k, and each vanishes at z, = - - - =z, = 0.

We shall be concerned with the manifold defined by f = 0. Since
Q 5 0 throughout U, it follows that throughout U the manifold f = 0
is identical with that defined by = = 0, which we now proceed to

investigate.

The discriminant D(zs, - - -, 2¢) of the function =(w, z) viewed
as a polynomial in w, is a polynomial in the coefficients C,(zs, - * -,
#z) and hence is analytic in the projection Z of U on the (z, - - -,
2i)-Space, . -

Z: ol <a, j=2--,k

If the degree s of =(w, 2) as polynomial in w is unity, then D(z;, - - -,
z:) = 1; if on the other hand s > 1, then D vanishes at the origin.
But since by assumption, f(w, 22, © - * , 2z) is irreducible it follows
that = is irreducible. By a general theorem, which applies to our
situation, the discriminant vanishes (identically, that is) if and only
if the polynomial has two equal irreducible factors. Hence D # 0.

Let 2% (25, « - +, zy) be a point of Z distinet from the origin at
which D(zs, - -+, z) # 0. At each point z in a sufficiently small
neighborhood of 2° there will be s distinct roots of » = 0 which we
denote by

(37) wy = ‘Pl(z)) t T, W = 2Pt(z)

Corresponding to these we shall have s distinct points of U: Py,
« + -, P,, all possessing the same projection 2, and such that = vanishes
at each of them,

The fundamental existence theorem for implicit functions tells
us that the roots as functions of 2;, - - - , 2 are differentiable up to
the same order as the original implicit function; hence in our case
they are analytic functions of 2s, + - * , z; within some polycylinder
P(z° r) about 2°

Now denote by N the set of points (2, - - -, z¢) in Z at which
D(zg  + -, 2) # 0. We shall show that N is connected and that
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each of the s functions ¢1, * -+, ¢, of (37) can be analytically con-
tinued along a suitable closed path into each of the others. First we
show that N is connected. For this purpose we prove the following
lemma.

Lemma §. If f(w, 2) is a distinguished polynomial in I.[w],
whether irreducible or not, then the set V consisting of those points of U
at which f(w, 29, * + * , 21) #= 0 s a connected set.

Proof. In any two-dimensional plane

(38) [w|] < o, Z2=0g %= 0

with (as, * * -, ax) a fixed point of Z, there are only a finite number
of points of U at which f(w, z2) = 0. Denote by p(a) the portion of
the plane (38) lying in U, that is, the portion for which |'wl < d;.
Obviously, p(a) is connected, and since p(z) has only a finite num-
ber of points in U — V, it follows that the intersection p(a) - V is
connected.

Now suppose that V were not connected. Then there would exist
two sets V1 and V; such that V; + V, = V and such that no limit
point of V. lies in ¥V, and vice versa. Since p(a) - V is connected
it must be entirely either in V', or in ¥V, Thus the points of Z can
be divided into two classes Z; and Z,, the set Z; (j = 1, 2) consisting
of those points (as, * * - , ax) of Z for which the intersection p(a) - V
lies in V;.

But Z is a connected set; and hence there exists a sequence of
points a' = {aj, - - -, a;}, a®> = {a3, + - -, ai}, - - - of Z; having
a limit point @ in Z,. In each of the planes p(a'); p(a?), - + - there
are only a finite number of points of U at which f(w, 2) = 0, i.e. only
a finite number of points of U — V. Hence the projections of all
such points of all the planes p(a'), p(a?), - + + upon the plane p(a)
give a countable set. Let P be a point of p(a) not belonging to this
countable set, and let Py, P,, * + + be its projections on p(a'), p(a?),

Then P;, P2, + - - belong to V, but their limit point P belongs
to V5, which furnishes a contradiction to the supposition that ¥ is not
connected. This demonstrates connectedness in the weakest topo-
logical sense.

To demonstrate arcwise connectedness, we have only to remark
that from the continuity of f(w, z) there exists, about every point of
U at which f # 0, a spherical or multi-cylindrical neighborhood in
which f # 0, so that V is locally connected. It is a known result in
topology that these two properties together give arcwise connectedness.

This yields Lemma, 5.
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Lemma 5 tells us that if we have a function f which is analytic
in a neighborhood of a point, which vanishes at the point, and which
is irreducible, then there exists a subneighborhood U of the point
such that in U the set defined by f # 0 is a connected set. We want
to apply this to the discriminant D(2s, * * - , 2:) of the distinguished
polynomial 7 (w, 2), in a neighborhood of the origin. If the degree s
of = is unity, then as we have noted D(z) = 1 and obviously the set
D(z) # 0 is a connected set. If, on the other hand, s > 1, then as
we have also noted, D(z) vanishes at the origin. A linear trans-
formation will carry D(z) into the product of a distinguished poly-
nomial in I_4(2;) with a nonvanishing factor, and Lemma 5 will imply
that the set N (in the place of the set V of the lemma) is a connected
one.
Since the set N defined by D(zs, - - -, 2x) % 0 is a connected
set we may consider for any point z° of N all closed paths in N begin-
ning and terminating with 2°% Further, consider the totality of
functional elements which arise at z° by continuing ¢y, - - -, ¢,
around these closed paths any number of times. They must be
identical with ¢1, + + -, ¢, in some order, for they will continue to
satisfy the equation w(w, 2) = 0. As we remarked earlier, we shall
show that any one of them, say ¢1, will give rise to all the others. If
this were not so, we should have ¢; giving rise only to o1, * - -, ¢m,
m < s, on being continued in every possible way and returning to 2°
Then the set ¢1, - * *, ¢m would permute among themselves on
further continuation; it would not be possible for two elements, say
o and ¢, to give rise to the same element ¢,, since at all points of the
closed paths D(z) # 0. Hence the symmetric functions

Bi2) =14 - + om,

B:(2) = 12+ 4 Omo10m

B,(2) = ¢1¢2 * * " ¢m
would be unchanged under such continuations, and likewise therefore
the polynomial

Qw, 2) = w — By@wr + - + (—~1)"Ba?)
Now each B,(2s, * = * , z), u = 1, - + -, m, is single-valued and
analytic in N, that is, throughout the domain Z except on the set where
D(zy, -+, 2) = 0. And even when D = 0, the ¢’s and hence the

B’s are defined, and bounded in every interior subdomain. Hence
by Theorem 5, Chapter VIII each B, is analytic throughout Z, that
is, even when D(z) = 0. Hence the distinguished polynomial
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Q(w, 2) is analytic throughout the domain (36). Also it vanishes
at each point at which 7 does, and hence by Theorem 4, 7 is a factor
of Q, which means that m > s. Thus if f(w, 2) is irreducible we have
m = s and each of the functions ¢1, - + * , ¢, goes into all the others
after analytic continuation along closed paths in N.

We now define the characteristic manifold of f(w, 2). The mani-
fold M defined by

f(w,22,“',2k)=0, D(z%"')zk)?éo

possesses the property that at each of its points it is possible to express
one of the variables (namely w) as an analytic function of the others.
In general this will not be true of the points for which D(z) = 0; but
if there are points of f = 0, D = 0 with this property, we will denote
them collectively by- M’. We define the totality of points M + M’
as the characteristic manifold of f = 0.

§4. A REMARK ON ALGEBRAIC FUNCTIONS

We will now point out what from our approach is a very simple
if not trivial remark but which appears in older literature as part of
a statement on ‘‘ Abelian functions.”

We first observe that the preceding sections of this chapter include
all algebraic prerequisites which were referred to in the previous
chapter on removable singularities and that therefore we may con-
versely apply the results of Chapter VIII. Take a domain D in
(21, * * -, 2x)-space, or better yet, an arbitrary complex space S in
k complex variables. A point set E in S will now be termed ‘‘excep-
tional”’ if corresponding to any point P in S there exist a coordinate
neighborhood N of P in S and an analytic function ¢(z1, - + -, 2x)
in N such that the points (S — E)N are all included among the points
z for which ¢ = 0. By the argument of section 3, S — E is again a
(connected) space. Now we assume that for a fixed integer r, corre-
sponding to any point P in S — E, there exist r functional elements

39) i@, -, 7@

such that each element of each point can be obtained from any other
element at any other point by analytic continuation along a suitable
path in § — E. More precisely, we assume that there exist an
r-sheeted covering space T over S — I (without ‘“singularities’’ or
‘“relative boundary points’’) and an analytic function on 7 for which
(39) are r different functional elements on r points of T having the
same projection onto S — E. As in section 3 it follows that these
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functionals are solutions of an irreducible equation
(40) fw,2) =w + A(2)w—1+ - - + A,() =0

where the 4,(z) are symmetric functions of (39) and analyticin S — E.

Now comes the crucial assumption. We assume that all functional
elements have a common bound. Indeed, if S is not a compact set,
it suffices to make the following assumption. Corresponding to any
point @ in S, there exists a neighborhood N of @ such that in the parts
of T projecting onto (S — E)N the absolute value of our function
f(w, 2) has a bound. By Theorem 5 of Chapter VIII it now follows
that the A,(z) are analytic in S+ N and thus in S. In other words,
if a function f is r-valued and bounded on S — E, it is an algebraic
function on all of S.

§5. RATIONAL AND ALGEBRAIC FUNCTIONS ON PRODUCTS
OF DOMAINS
An analytic function f(¢/, - - -, t®) in a domain D of real or
complex variables ¢ = (¢/, - -+ -, t®) is called rational if there exist
polynomials P(t), Q(t) such that

(41) PO + Q) =0

We do not require that P(¢) shall be £ 0 throughout and thus we
P

cannot insist on writing f(f) in the form — % as a quotient of two

polynomials. If relation (41) holds in some subdomain D, of D then

by analytic continuation it extends to all of D. It is obvious that

sums and products of rational functions are again rational, and if

analytic functions f1(t), * - - , fa(t) satisfy a relation

ri@Ofie) + - - -+ rad)fat) =0

with rational coefficients r,(f) then they also satisfy such a relation
with polynomial coefficients.

The theorem to follow will be based on the following lemma.

Lemma 6. If A is a domain in z-space, and B a domain in w-space,
if Fi(z, w), * + -, Fa(z, w) are analytic functions in the product domain
A X B, not all = 0, if every Fa(z, w) is a rational function in w for

“every point z in A, and if they satisfy a relation

42) ci(w)Fi(z, w) + - -+ + cx(w)Fu(z, w) =0
with arbitrary (not necessarily analytic) functions c.(w) for which
(43) fe@)* + -+ - + o) >0
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then there exist polynomials C1(w), + - - , Cx(w), not all = 0, such that
(44) Ci(w)Fi(z, w) + - - - + Cv(w)Fy(z, w) =0
Proof. We write relation (42) for N values 25, -+ -+, 2y, thus

obtaining a system of N linear homogenous equations in the quantities
c.(w). Because of (43), the determinant

Fi(z1, w) * * + Fn(z1, w)
Di,w)y = "+«
Fi(zw, w) -+ - Fy(zy, w)
must vanish identically in we B; 2, € A, 2,84, - - -, 2veA. We

now replace the letter zy by 2, and we develop the determinant in
terms of its last row. This leads to a relation

(45) Zz-loﬂ(zlr Tty 8Ny w)Fn(z: ’LU) =0
in which the functions
(46) Calzy, * * + , 2y1; W)

are, but for + signs, the (N — 1)-dimensional determinants of the
matrix

Fl(zl, 'W) v FN(Zl, ’U))
F1(ZN._1, w) s FN(ZN_l, ’W)
We now assume first that not all functions (46) vanish identically in
all variables. Hence there exist numerical values 2z, = ay, - -+ -,
Zv—1 = an—1, such that the functions
(47) Coa(w) = Culay, * * * , av—1; )

do not all vanish identically in w, and for such numerical values (45)
reduces to (44), since the functions C,(w), being rational combinations
of the functions F,.(a», w), are rational functions in w by the hypothesis
of our lemma.
If however all functions (46) vanish identically there exists a
principal minor
Fal(zan w) ’ : Fam(zan w)

Fm(zam w) e de(zﬂm’ w)

of the determinant D which vanishes identically but which has at least
one subdeterminant of order (m — 1) which does not vanish iden-
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tically. By the result just proved there exists a relation
2 1Ca,(W)Fa,(z, w) =0

and by inserting vanishing coefficients C',(w) we obtain relation (42).

We can now proceed to our theorem.

Theorem 5. If A and B are domains in two sets of variables z =
@, -, z™), w=(w, -, w®), and if an analytic function
f(z, w) in the product space A X B s a rational function in z for each
value w and a rational function tn w for each value of z, then f(z, w) s
rational in (z, w).

On the surface, this theorem strongly resembles the theorem of
Hartogs (for complex variables) that analyticity in each variable
implies analyticity in all variables. However, in substance the
present theorem is totally different, being preponderantly algebraic
with only a thin layer of analysis.

Denoting the sequence of monomials {2V - - - z®m} in any
arrangement, by pi(2), p2(2), - - - we first have, for each w, a relation
(48) (2, (w)pu(2))f (2, w) + Zi_1b,(w)ps(2) = 0
with
(49)) Bpala@)|? + Zialb.)|? > 0
For the moment we make the admissible normalization:

(492) Zifa@)|t + Z[b@w)|* = 1
Now, let {w,}, s =1, 2, - - -, be any sequence of points in B, for

which relation (48) is available with the same indices (m, n), and let
the sequence be convergent to a point wo. On account of (49.), there
exists a sub-sequence {w,,}, for which the limits

lim,-_m ap(wa,) = am limf-—wo bv(w8r) = bl’

exist, and because of continuity of f(z, w), relation (48) with those
limit values will be valid for wo. In other words, if B, is the set of
those points in B, for which a relation (48) with the given values
(m, n) is available, then Bn,, is closed relative to B. Since Z3, ,o1Bm.n
= B, and B is open, some of the sets By, must have an interior Bo.
Replacing B by Bo, we have now reached the stage of m, n being fixed
integers independent of w, and this leads directly to an application of
Lemma 6. Putting N =m +n, Fu(z, w) = p,(2)f(2, w), » =1,

., m, and Fpy,(z, w) = p,(2), v =1, - - -, n, we conclude by the
lemma that there exist polynomials au(w), b,(w) for which (48) and
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(49,) hold, and this is precisely our contention that f(z, w) is rational

in (z, w).
Lemma 6 admits other conclusions. We call an analytic function
f(¢) algebraic of degree < s if there exist polynomials Po(t), - - -,

P,(t) such that Z:_,P.(t)(f(t))" = 0. A function is rational if it is
algebraic of degree 1. Now, if an analytic function f(z, w) is alge-
braic in z for each w, then we have a relation

(50) 201 2t (w) pu(2) (f(2, w))" =

and for some subdomain B, of B this relation is available for the same
(m, 8). We now assume that for each a in A4, the function f(w) =
f(a, w) is also algebraic in w, meaning that it satisfies an equation of
the form

(1) Cow)f? + Co(w)f~* + - - - + Cp(w) =0

the coefficients C, being polynomials in w. We do not inquire into the
manner in which the integer p or the polynomials C,(w) depend upon
a; also the highest coefficient Cy(w), which of course is not identically
zero, may very well vanish at some points of B. But we remind the
reader that by our explicit assumption the function f(z, w) is analytic
in A X B. Now, returning to relation (50), we are going to apply our
lemma to the functions :

(52) Fu(z, w) = Hys(z, w) = pu(2) (2, w))"

Now it follows from Lemma 6, or rather from the proof of the lemma,
that there exists a fixed pair of indices (m, s) such that relation (50)
is available for coefficients a,(w) each of which is a polynomial in
terms which arise from (52) by specializing the value z. In other
words, each a,(w) is a polynomial of terms each of which is an alge-
braic function in w, and thus each a,.(w) itself is an algebraic function
in w. The way we have obtained equation (50), the coefficients
pu(2) are polynomials in z but the a,.(w) are only algebraic functions.
But, by a known theorem in algebra we may hence obtain another
relation (50) in which both p,(2) and a,.(w) are polynomials in their
variables.

However the degree may have to be increased. But, if all f(a, w)
are rational in w, the degree s need not be altered. Thus we obtain
the following theorem, the second half of which includes Theorem 5
for the special value s = 1.

Theorem 6. If f(z, w) s algebraic in z for each w and algebraic in w
for each z then f(z, w) is algebraic in (2, w). If f(z, w) is algebraic in 2
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for each w, of a degree < s, where s is independent of w, and if f(z, w) s
rational tn w for each 2, then f(z,w) s algebraic of degree < s in (2, w).

1.

10.
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CHAPTER X
Local Analytic Varieties

§1. INTRODUCTION. THE BASIS CONDITION

This chapter is based on a paper by Walther Riickert, Zum
Eliminationsproblem der Potenzreihenideale, Math. Ann. Vol. 107
(1933), pp. 259-281. The object is to examine the local properties
of the zeros of a number of analytic functions, and to arrive at a
parametric representation of an irreducible analytic manifold, which
had previously been familiar to analysts, by the use of primarily
algebraic methods.

We will recall the notation and theorems already given which are
relevant to the discussion.

I, is the set of all power-series of n complex variables convergent
in some preassigned domain about the origin; we know that I, forms

a ring.
An element of I, which has the form 2], + ai(z1, * - -, z._1)207* +
«« 4 ar(zy, * * +, 2,_1) Where a,(21, * -+, 2._1) are elements of
I._, vanishing at the origin is called a distinguished polynomial in z,.
An element of I,., which is not identically zero when 24, - - - |, z._3

are put equal to zero, is said to be regular in z,.

Two elements of I, are considered equivalent if one may be obtained
from the other by multiplication by an element not vanishing at the
origin. Such an element is a unit of the ring.

The Weierstrass preparation theorem (Theorem 1, Chapter IX)
tells us that any element of I, which is regular in z,. is equlvalent toa
distinguished polynomial in z.,.

It was proved in Chapter VIII that factorization in I » 18 unique
to within equivalence; and also that any element of I. can be trans-
formed by a linear transformation into one regular in I,.

We now give the following algebraic theorem concerning I,:

Theorem 1. I, fulfills the basis condition; that is, every ideal in I,
has a finite basts.

The proof goes by induction; we assume that it is true for I,_,.
Since clearly it holds for I,, the underlying number field, the proof
will be complete when the step of the induction is shown.

If the ideal a contains no element regular in z,, make a linear
transformation to give one element @ having this property. Clearly

204
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this transformation does not affect the issue. Let 2] be the leading
term of the distinguished polynomial to which @ is equivalent. Then
we know that any element of I, and therefore any element P of the
ideal a is expressible as QF + P*, where P* is a polynomial in z, of
degree less than r, and with coefficients in I,_,. If now we can find
a basis for all P¥s obtained in this way, this basis with Q added will
give us a basis for a.

Considering this set of P*'s, it is easy to see that the set of coeffi-

r—1

cients of z;7' in them forms an ideal in I,_;; from the hypothesis of

the induction this ideal has a basis py, - * - , p». Take one P* having
p1 as leading coefficient and call it P:‘ , and so on. Now we see that
having Q, Pf , - - -, P¥ as a partial basis, any element of a can be

expressed as the sum of multiples of these plus a polynomial in z, of
degree less than » — 1. But again the coefficients, in this residual
set, of 2;7% form a ideal in I, _;, and we get a further addition to the basis
of Py FETELIEIL P;'+,,. Proceeding in this way we eventually construct a
finite basis for the ideal a, since we have a finite number of steps and
at each step we add a finite number of elements to the basis. Then
applying the induction successively we obtain the required theorem.

§2. ANALYTIC MANIFOLDS AT A POINT

An analytic manifold at the origin is defined to be the common
zeros, in some domain D containing the origin, of a finite number of
nonunit elements of I,; we consider D to be the domain in which
elements must converge to be admitted as elements of I,. We have
a set of functions each vanishing at the origin; each function gives a
point set of zeros in D, and we take that point set which is common to
all the functions defining the manifold.

If fy, - - -, fp are the analytic functions in question, it is clear
that =\;f; will also be an analytic function having the manifold con-
tained in its zeros: that is, any element of the ideal {fy, - - -, fp}
constructed on fi, - - -, fp as a basis, will vanish over the manifold.

But we can consider an ideal connected with this manifold which
may be larger than this, namely, the set of all elements of I,, vanishing
on it; this is an ideal, and it obviously contains the previous one. We
shall call this the proper tdeal of the manifold.

If glghr - - - g}* is an element of I, vanishing over some manifold,
then gigs - + - gx will also vanish over it, since it has the same zeros
as the other. In fact if g} - - - g}* is an element of the proper ideal
of a manifold, so is g; * * * gr. An equivalent statement is that, if

f? is an element of a proper ideal, then f itself also is. It will be seen
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later that if an ideal has this property, then it must be the proper
ideal of the manifold it defines. We say that an ideal defines the
manifold of the common zeros of all its elements.

A simple example of an ideal which is not the proper ideal of its
manifold can be given in I»: namely {22}; the zeros of this are the
points z; = 0, and the ideal of this manifold is the ideal {z,}.

§3. IRREDUCIBLE MANIFOLDS

If we have two ideals with bases (fy, - - -, fi), (g1, * = =, gn),
then their sum is the ideal with basis (fy, -« , fx, g1, * * =, gn).
The manifold of this ideal is the common zeros of fi, * - -, fx, g1,

, gn, that is the common points of the manifolds of the two
original ideals. So the manifold of the sum of two ideals is the inter-
section of their manifolds. If (fy, - - -, fi), (g1, * - * , g») are the
proper ideals of their manifolds it does not follow that their sum is the
proper ideal of the intersection manifold. As an example in I, we
can take {z; + 23} and {z; — 22}; the sum of these ideals is the ideal
{21, 22}. . This is not a proper ideal because it contains z} as an element
but not 2, whereas the two original ideals were both proper to their
manifolds. .

If we take two manifolds M, and M,, and their proper ideals a; and
as, then the intersection of the ideals is the proper ideal of the point
set sum of M; and M,. For if fcovers M, + M, it covers both M,
and M, and is therefore an element of both proper ideals, a;, and as,
and consequently of their intersection. KEqually any element of the
intersection is an element of each and covers both M, and M,.

An analytic manifold is said to be #rreducible at the origin if it
cannot be expressed there as the sum of two analytic manifolds
neither of which contains the other. An ideal is called prime if,
from fg being an element we can deduce that either f or ¢ is an element.
We now obtain the important theorem:

Theorem 2. The necessary and sufficient condition that.a manifold
M be irreducible s that its proper ideal be prime.

Proof. (a). If M is irreducible, the proper ideal, p, is prime.
For, let p not be prime; then we find f, ¢ such that fgep, f, g dsp.
Then the ideals p + (f), p + (g) are larger ideals than p, and conse-
quently the manifolds they define are each different from M, and will
in fact be properly contained in it. But their intersection is pre-
cisely p. For let p1 + Af be an element of the first which is equal to
p2 + ug of the second, where p; and p; are elements of p. Then
N =p + ug, where pep. Multiplying by wug, Mufg = p’ + n?g>
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But fg € p, therefore (A\ufg — p’) also € p and so w?g2€p. But p is
the proper ideal of its manifold, and so since u?? is an element, ug
alsois; therefore the original element common to both ideals, (pz: + ug),
is necessarily an element of p, or their intersection is p. Therefore
the sum of the manifolds of p + (f) and p + (g), is the manifold of p,
and M has been expressed as the sum of two manifolds, both properly
contained in it. But this is impossible since we assumed that it was
irreducible.

(b). If p is the proper ideal of M and is prime, then M is irre-
ducible. Suppose M = M, + M,, where neither contains the other.
Then, if p, and p, are their proper ideals, each contains elements not
contained in the other. Let p; be in p, and not in ps, and p. be in p,
and not in p;. Then pip. lies in both and therefore in their inter-
section, but neither p, nor p, lies in the intersection. But the inter-
section is p, the proper ideal of the sum of M, and M, and what has
been shown contradicts the hypothesis that it is prime.

This completes the proof that the necessary and sufficient condition
for M to be irreducible is that its proper ideal be prime.

We now come to the first main theorem.

Theorem 3. An analytic manifold at a point can be uniquely decom~
posed as the sum of trreducible manifolds.

This follows from. a well-known algebraic theorem concerning rings
fulfilling the basis condition (see van der Waerden, Moderne Algebra,
Vol. 2, §83). In any ring we can define primary ideals, which are
generalizations of prime ideals. An ideal is prime if from fg € p,
f #: b, we can deduce that g € p. An ideal p is defined as primary if the
deduction is only that we can find a finite integer p, such that g» € p.
Given any primary ideal, we can construct a prime ideal belonging
to it which contains it; it will consist of all elements f of the ring such
that some f* € p.

Now the theorem about rings fulfilling the basis condition is that
any ideal can be expressed as the intersection of a finite number of
primary ideals, ¢, - - * , ¢,; and that if we stipulate that no ¢ is
superfluous in the intersection, and that to each g corresponds a differ-
ent prime p, then this decomposition is unique as far as the primes
belonging to the ¢’s are concerned. Now since the manifold of a
primary ideal is identical with the manifold of the prime ideal belong-
ing to it, this shows that we can express any analytic manifold as the
sum of a finite number of manifolds defined by prime ideals and that
this can be done in only one way. We know that if the proper ideal
is prime the manifold is irreducible and if we also know that a prime
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ideal must be the proper ideal of the -manifold it defines, we have
proved the theorem. This will be shown later, and is not, in point of
fact, essential to the theorem if we start by decomposing the proper
ideal of the manifold in question.

The second main theorem concerns the local parametric repre-
sentation of an irreducible analytic manifold; it states that, by proper
choice of coordinate axes, the manifold can be expressed in terms of a

subset 25, © * * , 2, of the coordinates as parameters, the number of
parameters being half the dimension of the manifold. We make use
of an algebraic function w of 2y, - - - , 2, defined by
gw)y=wr + Awr14 - +4,=0
where the A; are analytic functions of z;, -+ -  ,2,. Then the remain-
ing variables z,4.1, * * * , 2z, are given by algebraic functions of the
form
2oy = P,1(w)
841 D
. = Poa(w)
" D

where P;(w) are polynomials in w of degree less than p and having as
coefficients analytic functions of the parametric variables, and where
D is the discriminant of g(w). In this way any set of values of 2z,

-, 2, for which D # 0 gives p values for w, any one of which gives

unique values t0 2,41, * * * , Za

We begin by defining a regular ideal; an ideal a is said to be regular
with 23, - + -, z as independent variables, if '

(i) a contains no element independent of 2z, * * * , 2n;

(ii) if A > k, a contains some element independent of zay1, = * * , 2a

which is regular in 2.

Theorem 4. Any ideal can be made regular by means of a non-
singular linear transformation of coordinates.

Take an element of @ and transform the coordinates, if necessary,
to make it regular in z,. Now if no element of a is independent of z,,
then the ideal is regular, with z, as the independent variable. If not

take again an element independent of 2z, and transform z;, - - -,
2a—1 to make it regular in z,_;. By a repeated use of this process we
can clearly continue until there is no term independent of z,, + * - , 2,

and the ideal will be regular.
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This means that, given an analytic manifold, we can choose the
coordinate directions so that its proper ideal is regular.

Now at each step an element is picked out and made regular in
z,; by the Weierstrass preparation theorem it is equivalent to a dis-
tinguished polynomial in z,, and the coefficients will be functions of
21, * * *, Z—1. Obviously this polynomial will also be an element of
the ideal; we will denote it by F,(z,).

We now consider the case of a prime ideal which has been made
regular. F, can be taken as irreducible as a polynomial in z,; for if
it were not, some irreducible factor of it would have to belong to the
ideal p, and we could use this instead, as it would also be distinguished
in z,.

Theorem b. If p is a regular prime ideal, the residue I./p is
tsomorphic to Ilnpy1, - - -, ] where 1, 18 an element algebraic over I.
1, Will be the residue class containing 2,, and the algebraic equation in 7,
will be distinguished.

Since we have F,=2. 4+ Aw '+ - - + A, and F, is an
element of p, we can consider the corresponding equation between
residue classes in I..,/p, and we get 0 = 7}, + {A9  + - - - + {4,}.
We can represent by R, the ring of residue classes of I,/p which
contains elements independent of 2,41, * © -, z.. Then {A;} in the
above equation is an element of B._; and we have that I./p = R._;
[74], where the algebraic equation in 75, is the above; it will be irre-
ducible since F, is. ,

Now making use of F,_; we show that R._; = Rn._s[n.—1]. Even-
tually we reach the equation Rjyy1 = Ri[nk+1]. But Rj is isomorphic
to I; for if two different elements of I belonged to the same residue
class, their difference would be a nonzero element of p dependent
only on (zy, * - -, 2), which is contrary to hypothesis.

So we have that I./p =~ Li[nksillnese] - -+ [na]. But it is well
known that successive integral algebraic extensions of a ring are
equivalent to simultaneous integral extensions, from the principle of
the transitivity of integral dependence. It will also follow that the
equations for 7, having coefficients in I; will be distinguished, since
each of the equations in the successive extensions is distinguished.

We may then write I./p =~ Ii[nks1, -+ *, #s] and the theorem is
proved.
We have I,/p >~ I[nk41, © © -, 1a)- Let us consider the quotient

field of this ring; it can be formed since p is prime and the ring is a
domain of integrity. If Ajis the field of all rational ahalytic functions
inzy, * 2, it is known that the quotient field >~ Axfner1, * * -, 74l;
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that is, it consists of polynomials in me4s, * -, 7. With coefficients
in Ay.

It is now easy to show that p must be the proper ideal of its mani-
fold. If it were not there would be a larger ideal defining the same
manifold; let g be an element of this, but not of p. Then the residue
class of g, {g}, is an element of Ii[nks1, * * * , 7a] and of Ai[nir, - - -,
7a]; since it is not zero it has an inverse {h}, such that {r}{g} =
{h} will be a polynomial in nx41, * - -, 7a With coefficients in Az: take
the common denominator of these coefficients as pi, then {h} =
P(niss, * * 5 na)/Px, where P(n) is an clement of Iilnmk+r, = =+, mal,
which is not zero. That is {g}P(n) = px which is independent of
(2e41, * * * , 2n). This means that any ideal containing p and g,
contains px, a nonzero function of (zy, + - -, z). But this imme-
diately shows that the manifold of any ideal containing p is definitely
smaller than that of p, and that p is therefore the proper ideal of its
manifold. In passing it is worth stating that from this it follows
that if a is such that if it contains f*, it contains f, then it also is the
proper ideal “of its manifold. This is equivalent to asserting the truth
of the Hilbert Nullstellensatz for analytic functions: namely, that if f
vanishes over the common zeros of fi, - - -, fx, then there is some
positive integer p such that

fe=Mi+ 0+ NSe

To return to the quotient field Ag[nky, * © « , 7a). Since #, satisfies
an irreducible equation, the extension is separable, and consequently
can be generated by the single extension by a primitive element w.
(See van der Waerden, Moderne Algebra, Vol. 1, p. 120.) We can
take w = diyimesr + © * © + dana Where d, lies in [;.

It is not hard to show that the equation satisfied by w will also
be distinguished; let it be

Gw) =w +aw~'4+ - +a =0
We will designate the discriminant of G by D(zi, - - -, 21); since G
is irreducible this will not be identically zero. It is a known theorem
of algebra that every element of Axfw] which is integral over I, is
expressible as a = Z72b; —5; where b; is in I;. (See van der Waerden,
Moderne Algebra, Vol. 2, p. 93.) But it was shown above that =,
was integrally dependent on I:, so that we have
biw?

_ yp—-1_1t"
Zt--O D
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Theorem 6. If we take a set of values for 21, + - - , z for which
D(zy, © * *, 2x) does not vanish, then substituting tn G(w) we get p
different solutions for w; choosing any one of these solutions we may find
the corresponding values of nit1, * * +, nn. Then every such set of
values (¢1, * * * , Ehy Mer1, © ° * , M) gives a zero of the vdeal p, and every
zero of p for which D # 0 s reached by this process.

We need a preliminary lemma.

Since the equation for 7, in terms of (z1, - - - , zx) is distinguished,
we can choose values (aj, * - -, a;) for the 2’s in such a way that
the corresponding values (bii1, © - * , ba) for the o’s are so small that
the point (a1, + - -, bs) lies in any preassigned neighborhood of the
origin. Now take any element P(z,, - + - ,2.) of I, and take any set
a1, * * ° ,ax giving points inside its domain of convergence. We can
find from these some value wo of w such that G(w,) = 0, and from this
construct the values (bx41, - * * , ba). The lemma is as follows.

Lemma 1. P(ay, - - * , Gk brt, = * + , ba) s equal to the number
obtained by taking the element of Axw] corresponding to P(z), say

1

cw* . . .
0 o’ and substituting the values a1, * = - , ar, Wo, tn this.

We prove the lemma by induction. We can see at once that it is
true for any element independent of (zx41, - * * ,2). Nowlet sbcan
integer in k < s < n and for purposes of induction let us assume the
lemma true for all elements independent of (2,41, * * - ,2a). Then we
shall prove it true for all elements depending only on 21, * * *, Zes1.

Let such an element be P(z1, * - -, Z41). We have Gop1(2e41)
an element of p which is a polynomial in 2., with coefficients in I;
it is distinguished and so we can put P(zy, * * *, 2Zs1) = H - Gea
(2641) + C2%t + - -+ + Cg where Cidepends only on (23, * + -, 2).

When we put in the values ay, * * * , @k, brgy, =, bayr, Gegr I8
equal to zero from the method of constructing the value by41.  So

Pay, * * * , bart) = Cilay, - - -, 0 + - - -+ Calag, = -+, ba)

But from the hypothesis of the induction Ci(a,, - - -, bs) 18 equal to
the value of the corresponding element of Ai[w], and b,,1 is precisely
the value of 7.1, the element corresponding to z,.1; further the ele-
ment corresponding to G, is the zero element, since Gey1 is in p, so
that P(ay, - - * , bet1) is equal to the value of the corresponding ele-
ment of Ax{w] evaluated for ay, * -+, ax, Wo. *

From this lemma it immediately follows that any set of values
(@, * * * , @k, bk, © * * , ba), where the b’s are calculated from some
values of w, gives a point of the manifold of p.
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In order to show that any point (di, - - - , @, bess, + - - , ba) of
the manifold for which D(a,, - - -, @) # 0, is a point of this kind,
we consider the equation for w:

w=depa(zy, 0 2zt dalzy 0, 2
Construct now W(zy, * + +, 2.) = dpya(zr, © * *, 20)2kpa + * + + +
da(z1, * * * 2¢)2.. We had that G(w) = 0 in Aiw], and consequently
@(W) is an element of p. Putting in the values of (@, + - -, bs) since
this is a point of the manifold, G(W(a,, - - - , b.)) = 0. Let W(a,,

-« -, b,) = wo, then G(wo) = 0. But the coefficients of G(wy) depend
only on @y, * - -, @, so that w, is a value of w for this set of a’s.
Consider now #; = hi(w)/D in Aifw]; this implies that [D(z),
« +, 2r)2; — hy(w)] is an element of p. Therefore
h,‘(’ll)o)

D@y, - - -, )b — hy =0, §= oo
( 1 ) ak) h(’wo) 0 or b D(dl, e ,dk)
This shows that the b’s are derived in the normal way for some value
of w dependent on the a@’s. In short, any zero of the manifold for

which D(ay, - - -, ax) 5 0 is of the form
b — hk+1(’wo>
k+1 D
_ h,.(’wo)
b, = D

where w, is some value of G(w) = 0; and any set of values of this form
is a zero of the manifold.
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functions of real variables, 33

INDEX

generalized solutions, 158

group; Abelian, 156; adjoint, 156;
bounded, 17; circular, 10; compact,
15; product, continuity of, 20; of
transformations, 9

group invariant measure, 22

Hadamard, 152

Hadamard’s three spheres theorcm,
59

half-plane function, 147

half-planes, 147

Hardy’s theorem, 125

harmonic function, 103, 162

Harnack’s theorem, 135

Hartogs, 103

Hartogs’ domain, 78

Hartogs’ domains, largest and maximal,
143

Hartogs’ function, 143

Hartogs’ main theorem, 137

Hilbert spaces, 121

homeomorphism, analytic, 45

homorphism, 10

hull, convex, 90

hypersphere, analytic completion of the
exterior of, 71

3

ideal, 204

implicit functions, 39

inequality of Jensen-Hartogs, 103

inner product, 123

inner transformations, inner mappings,
6; determinant of, 9

integrability, 20

integrable square, 130

integrity, domain of, 191

invariance of minimal functions, 119

inverse, 10; left, right, 10

invertible, 13

irreducible, 193

irreducible manifold, 206

isomorphism, 10

iterated transformation, 13

Jacobians, 38, 173; identical vanishing
of, 174; non-vanishing of, 174

Jensen, 103

Jensen’s inequality, 135



INDEX

kernel, 109, 122

Ly-norm, 116

Laplace equation, 163

largest Hartogs domain, radii of, 143

Laurent series, 90

Levi, E. E,, 41

Levi’s condition, 72

Lie group, complex, 154

limit of strict solutions, 164

limit transformation, 182

limit, weak, 12

linear differential operator, 159

linear part of a transformation, 10

Lipschitz condition, 171

local analytic varieties, 204

local boundedness, 139

locally compact family, 89

locally connected at a boundary point,
87

lower semi-continuous, 76

majorized family, 40, 51

manifold characteristic, 194
mapping, allowable, 54; topological, 45
matrix of operators, 165

matrix, unitary, 58, 165

maximal domains, 75

maximal from below, 77

maximal from below and above, 78
maximal Hartogs domain, radii of, 143
maximum, 75

maximum on the boundary, 107
Menchoof-Looman, 166
meromorphic function, 152
meromorphy, radius of, 151
minimal element, 119

minimal functions, 119

modified convexity, 72

monotone convergence, 135
multi-circular type, domains of, 81
multi-periodic function, 90
multi-torus, 156

multiple Fourier integrals, 128

non-degenerate transformation, 23
non-singular transformation, 10
norm, L,, 116

norms of polynomials, 24

215

null-divisor, 4
nullifiers, 166, 168

octant, 132

operator, 159

orbit, 78

order, 3

orthogonal systems, 121
Osgood, W. F., 139

partial differential equations, general-
ized solutions of, 158

partial ordering, 75

Peschl, E., 23

Phragmen-Lindelof, 125

Picard, 45

Plancherel, 128

plane, supporting, 86

Poincar 6, H., 109

Poisson’s integral, 163

Poisson kernel, 103

Poisson kernel, generalized, 136

polyeylinder circular, 30; generalized,
31 ,

polynomials, norms of, 24

power-series, formal, 3

preparation theorem, Weierstrass; proof
for formal power serics, 183-188;
proof from analytic consideration,
188-190

primary ideal, 207

prime ideal, 206

proper ideal, 205

quotient, 183, 189
quotient field, 209
quotient of two analytic functions, 152

radiated, point-sct, domain, 75

radius of meromorphy, 151

rate of growth of kernel, 123

rational functions on product domains,
199

reciprocal relations, 150

rectangles, concentric and co-axial, 97

rectifiably connected, 113

reducible, 193

regular element, 191

regular ideal, 208
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regularity, domain of, 85

Reinhardt analytic completion, 82

Reinhardt domain, 81

relative completion, 89

removable singularity, 168, 169

representative domains of Bergman, 120
_residue class, 269

retrosection, complete, 66

Riemannian distance, 122

ring, 3 )

Riickert, W., 264

Schwarz’s lemma, 59

semi-group, 6

series, formal power, 3

Severi, F., 69

similar transformation, 17

similarity, 12

smallest convex domain, 131

spherical surfaces, mappings of 55

star domain, 88 -

strict solution, 160

subharmonic function, 145

subspace, 118

supporting plane, 86

supremum, 109

surface integrals, 124

symbolic derivative, 37

symmetric function, 189, 199

systems of (differential) equations,
169

INDEX

testing function, 160

topological mapping, 45

topology, weak, 11

transformation, inner, 6; iterated, 13;
limit, 182; linear part of, 10; non-
degenerate, 23; non-singular, 10;
similar, 17

tube, 90

unbounded function at a boundary
point, 84

uniqueness, 13, 34, 48

unit, 190

unitary matrix, 58, 155

unitary vectors, 57

upper semi-continuous, 76

varieties, local analytic, 204
vectors, unitary, 57
volume integrals, 116

weak, weakly ; see topology, convergent,
limit, closed bounded, compact

wedges, crescent-shaped, 97

Weierstrass, 45

Weierstrass preparation theorem, 183

weight, 7

Weil, A, 109

well-ordered sequence, 75

zeros of an analytic function, 173



























