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PREFACE

IT is the purpose of this work to present a new analysis of Plane
Geometry. We know that any geometrical theorem may be
expressed as a relation in points. We may however lobk upon
Plane Co-ordinate Geometry as having points and lines- for its
fundamental elements; in relations of which geometrical theorems
are going to be expressed. Thus the equation y = mz + ¢ may be
looked upon as a line of co-ordinates (m, ¢). It is this view that
we shall adopt. Now let us denote points by small Latin letters
and lines by small Greek letters. Let a,b,¢c...1 be a set of
points; a, B, ...\ a set of lines. Let us denote the joins and
intersections of two points and two lines respectively by drawing
a bar over them, thus ab, a8. Also let us denote the distance of
two points «, b by (ab); the perpendicular distance from « on 8
by (aB); the angle between a, 8 by (a8). Let us use the term
‘measure’ to include the three cases. Let us use the notation
(#a, ¥a) to denote the co-ordinates of @ and (£,, 7.) to denote the
co-ordinates of a.

Then what Co-ordinate Geometry effects is the reduction of
expressions such as

((Lb;8 ...?_;—'_{}1;&...) .................. (A)
to a function of (%4, Ya) (@b, Yb) .. (Exy Ma) +.t
Now let p, o be the Cartesian axes, then

25 =(ap), Ya=(uo),
and we may put _
zﬂ = (aP), Na = (P‘a):

i.e. the perpendicular from the origin on a.
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Hence such an expression as (A) is reduced to a function of
measures of the elements occurring taken singly with the
reference axes.

This idea I have generalized and have reduced the expression
to measures of the elements taken in pairs. On p. 109 is an
important result which I regret does not appear with Chapter I
(it should be read between §§ 20, 21), which states that the square
of distances, that perpendicular distances and the sine and cosine
of angles are reducible to the quotient of two polynomials in

(1) moduli of measures of two points, Ex. | (ab)),

(2) measures of a point and line, Ex. («8),

(8) sines of measures of two lines, Ex. sin (a83),

(4) cosines of measures of two lines, Ex. cos (aB),

(5) measures of the join of two points and a point, Ex. (abc),

(6) measures of the intersection of two lines and a line,
Ex. (aBqy).

(7) cosines of the join of two points and a line, Ex. cos (abry).

Cases (5) and (7) are reduced in surd form and (6) by means
of a point to measures of two elements. Thus we do away with
the idea of reference elemeats.

But this brings us to another matter. We know that taking
four arbitrary points, there is a relation between the six pairs of
measures of two elements. We have also such relations in the
case of three points and a hine, two points and two lines and in
the case of three lines. We have called such relations eliminants,
being eliminants of relative position. Suppose we have reduced
all our complex ieasures and noted all our eliminants. The
matter of proving a relation between the complex measures
reduces to proving the 1elation between their reductions with the
help of the elimimants.

Again, a point may be got from another point by a vectorial
construction. We have denoted by a,,, the point distant p from
a and measured in the direction of @. We include such derived
points in our consideration. To do this formally we take the
point of general form du, o, wg,p; . o, denoting the point derived
by a succession of such constructions. For the corresponding
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line we take Gu,p;usp .wnon;0 denoting the line parallel to o and
passing through @, ,,; ug,ps ..on,en:

Now take any complex measure containing such vectorially
derived elements. Thus

(abﬁumx.'ﬂnl’f/ s k'\n“’l. A a?w‘d "')'
This as we have seen is reducible to a function of measures of
pairs of fundamental elements and vectorially derived elements.

In Chapter II we have reduced
(alb)gy (a’:B)v where a'= Qg py , wg,pg - wnypn?

(@D), (&'B), where @' =au, o, w0, wnypn,ws
to functions of neasures of pairs of fundamental elements and
. . p -
P Pz--- pa; including e, ws... @, in the fundamental elements.

Hence we can reduce any complex measure as above to a
function of measures of pairs of fundamental elements and the
nagnitudes occurring in the vectors.

We shall consider yet another class of derived elements.
These are elements derived from the fundamental elements by
an equation. Thus from the lines a;, a,...a, we have the
derived lime Xa,(za,)+ a=0.

Again from the points a,, ¢,...a, and lines B, B, ... B we
have the derived point

34, (éa,) + SB,cos (£8,) =0,
where 4,, 4, ... A,, By, B, ... B,, are algebraic magnitudes.

In Chapter III it is shewn that these can be treated in a
similar way to that indicated for vectorially derived elements.

Thus if our Geometry comprise only elements derived from
fundumental elements by (i) intersections and joins, (ii) by
vectorial constructions, (iii) by equational relations, we can reduce
any measure of such elements to a function of measures of two
clements and algebraic magnitudes. We note the eliminants.
We may also have imposed relations stated in the particular
problem. With these conditions we must prove relations between
certain measures, This is a complete statement of our problem.
We have thus stated our problem as a matter of reductional
computation.
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The method devised for Differential Geometry is of a similar
character.

Let « be a moving point and let &’ be its consecutive position.
This displacement of z we shall define by its direction of displace-
ment and the amount of its displacement: or in our notation zz’

and |(#2)]. We denote @z’ by the operative notation rz and
\(aa)| by 8.

Similarly let £ be a moving line and £ a consecutive position,
The point of intersection EE’ we shall denote by the operative
notation p£ and the amount of angular displacement (££’) by 8¢.

We shall first consider Differential Geometry of one displace-
ment. Any problem dealing with such Geometry may be reduced
to the consideration of such a measure as

(pabeTSa, (2a,) = 0... pros gk T24...),
and the differential of any complex measure or element.

The method of reducing such an expression is developed in
Chapters IV—VIII. By means of the principle thus set forth
we are enabled to reduce such a measure to measures of the
fundamental elements and elements of displacement 7a, 7b...,
pa, pB ... and the amount of their displacement. We may look
upon Ta, vh. ., pa, pB ... as fundamental elements. We take
note of the eliminants of all our fundamental elements and these
elements of displacement. The magnitude of the displacement
of each element we must look upon simply as small algebraic
quantities. Should there be any imposed conditions we have
these and also their first derivatives. Our problem is then com-
pletely stated and set forth as a matter of reductional compu-
tation.

We next come to the matter of elements of displacement of
elements of displacement, such as pvz when vz is the line through
« perpendicular to 7. We suppose all the fundamental elements
that are variable to trace continuous curves and in Chapter VIII
we have shewn how to reduce such to elements and differentials
of first displacements and the curvature of the curve at the
elements.

We next consider elements of displacement of elements of
displacement of elements of displacement and so on. All
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quantities which depend only on the curve traced by a variable
point we shall call intrinsic functions of the point. In Chapter
VIII it is shewn that such are reducible to elements of a single
displacement and intrinsic functions of the curve.

Thus any such measure as

(pumﬁ'yd v V" E Ay (x0,) =0 ... xg4)

is reducible to measures of fundamental elements and elements of
displacement of these elements and intrinsic functions of these
elements. We also need the differentials of such measures and
such derived elements as

pu’"ﬁyd we N0, (ca,) =0.

These problems are the most general problems of Differential
Geometry. The last chapter is a chapter on Integration adopting
these ideas.

In the Miscellaneous Examples I have endeavoured to illus-
trate the method. As the present work is intended as a
presentation of method, I have not tried to make the examples
exhaustive of well-known properties. The large modern theory
of singularities of curves I have not considered at all.

I must apologise for the rather amateurish manner of the state-
ment of the axioms, which are ticketed with large Roman numerals.
These are the axioms which form the basis of the symbolic
procedure of the text. This method must not be worked out
by using a figure. The result is generally a hopeless quandary
of sign. It must be worked directly from the axioms and deduc-
tions after having translated the conditions of the figure into a
statement in symbols. As will be seen, no more than these
axioms are required so far as the domain defined is concerned.
The axioms may be divided into two main classes from a natural
standpoint, axioms of actual properties and axioms of convention.
The latter have from time to time been given by successive
writers for the purpose of comprehending many cases in one
though I believe they appear in a connected form for the first
time here. There are two main points in regard to a system of
axioms, The first is that they should be sufficient, the second
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that they should be consistent. The proof that they are con-
sistent I have not attempted. The fact that they have not yet
yielded a contradiction is a powerful argument of their consist-
ence,

Axioms (XV), (XVIII) have been proved visually. But no
doubt with a few more fundamental axioms of superposition and
orientation, these could be deduced.

There are two main ways of considering Geometry. One is by
sight or figure. The other is by a symbolic representation of the
figure. The former method I shall call the Visual method: the
latter the Symbolic method.

Visual Geometry, as it is known, is of a synthetic or transfor-
mational character but there is no reason why it should not be
analytic or reductional. A few cases can be cited in which a
theorem in Visual Geometry is worked out by a reductional
process. The conditions of the problem may be represented by
certain magnitudes determined by the problems, such as areas,
di~tances: and what is to be proved is also a relation between
the same magnitudes. The working after this is a matter of
reductional computation.

As an alternative method to the Visual method we have the
Symbolic method. As a rule the method of Symbolic Geometry
18 of a reductional character.

The method of the text belongs to the Symbolic method.
In some cases, however, the process is easily visualised and
coincides with the treatment of Visual Geometry.

As regards its accomplishments, the method of Visual
Geometry manifests unexpected power, a power which, however,
is not sustained. An illustration of this power is afforded by
Hart’s proof of Steiner’s construction of Malfatti’s problem.

The Symbolic method is characterized by its complete grasp
of the problem : compared with the method of Visual Geometry
it lacks the power of its transformations.

The method of the text has an advantage over Co-ordinate
Geometry in the matter of sign. The method of the text gives a
more automatic account of sign than does Co-ordinate Geometry,
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as the text will I think shew. In a Cartesian system, a line is
represented by an equation. Now an equation gives no ‘sense’ to a
line which I think explains this deficiency. Casey has given a
convention which applies to Co-ordinate Geometry which states
that the perpendicular from a point on a line is positive or
negative according as it is on the same or opposite side of the
origin, but it does not seem to have been developed in conjunction
with others.

I have been engaged on the present work for the last three
years. I claim the method as original. There are some theorems
which are original, and most of the general results in the
examples I believe are new. The new treatment of the trigono-
metric functions 1s original and necessary for the purpose.

We notice here the almost identity in symbol between the
method of Grassmann and that of the text, in the case of
Geometry of Position. The theorems and proofs on cubic curves
m the Miscelluneous Examples have been adapted directly from
Grassmann’s theorems and proofs as given in Whitehead’s Universal
Algebra. I was not aware of the method of Grassmann before
I discovered the method of the text, though I was aware of a
similar method which the Algebra of Invariants affords.

Not many cases of a general transformation have occurred.
One of the best is Example 12, § 28. Most of the Examples
given on parallique and orthologigue pairs of triangles are
readily proved from this.

I have laboured to eliminate errors of detail, but no doubt in
a new work like this there are some still remaining.

The notation I hope will meet with approval. My aim has
been to make it unambiguous, easily written and as short as
possible. The notation of putting 7 before # for the direction of
displacement of 2 is ambiguous unless we agree to reserve T
for this special purpose.

In the Appendix I have given four cases of reduction of pro-
ducts of measures. Each is such that, though a component
measure is reducible only by radicals, owing to the eliminants
the product can be expressed without radicals.
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It is & great pleasure to me to acknowledge my obligations to
Mr S. Chapman, Fellow of Trinity College, Cambridge, for reading
part of the proofs with me and for suggestions. The terms
‘measure’ and ‘determinate’ are due to bim.

In conclusion I wish to express my gratitude to the readers
and officials of the University Press for their close attention
and unfailing courtesy.

A. W. H. THOMPSON,

April, 1914,
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INTRODUCTION

§ 1. Definitions: (1) The elementary concepts of plane
Geometry are points and lines, We shall refer to them as

elements.

(2) That a line passes through a point we shall also express
by saying that the line is incident* in the point, or the point is
wncident in the line.

(8) The determinate of two elements of like kind is the element
which is incident in both these elements. Thus the determinate
of two points is the line joining them, and the determinate of two
lines is their point of intersection.

(4) The measure of two elements is a certain quantity deter-
mined by these elements, expressing the relation of one in regard
to the other. The measure of two points is the distance between
them. The measure of a point and a line is the perpendicular
distance between the point and line. The measure of two lines
is the angle between them.

The question of the sign of measures is fundamental.

§ 2. Notation. Points will be denoted exclusively by small
Latin letters a, b, ¢ ... @, ¥, z: lines by small Greek letters
a8, 9. o

The determinate of two elements will be denoted by writing
them side by side and drawing a bar over the two. Thus the
determinate of a point @, and a point b will be denoted by ab.
The determinate of a line & and a line 8 by aB.

The measure of two elements will be denoted by writing them
side by side and enclosing them in small brackets. Thus the
measure of a point @ and a line b is written (ab). The measure
of a point a and a line B is written (¢8), and of two lines (a8).

* See Whitehead's dzioms of Geometry.
1—2
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Vector will be used in the ordinary semse. A vector will be
denoted by a small Greek letter with an acute accent. Thus g
will denote a vector. The direction of the vector will be denoted
by p and the magnitude by p with a circumflex accent, thus p.

The letters p, v, T will be used for certain special purposes.

§3. A point may be derived from given elements in the
following three ways:

(i) by a scheme of determinates only. This is the way
points are obtained from other elements in Descriptive Geometry.
Thus (TT'y gives a mew point, namely the intersection of the line
ab with the line .

(ii) by ascheme of vectors. Thus ag
if ¢ denote a vector and a a point, we
get another point as. This denotes the ]
point distant p from a, measured in
the direction of p. «

(iii) by an equation, as is done in co-ordinate Geometry.
Thus if a@,, a;...u, be n points, and £ a variable line, and
A,, A,... A4, algebraic magnitudes, the equation 24, (fa,)=0
denotes a point; meaning that any line which satisfies the
equation passes through a fixed point.

There are other ways of getting new points, as by the rolling
of one curve upon another; but the above three are the only
ones we shall consider.

Again, a new line may be derived from a set of points and
lines in three corresponding ways:

(i) by a scheme of determinates.

(1) by a scheme of vectors and direction. Thus if a is
a point and p a direction, a, is the straight line through @, with
direction p.

(ili) by an equation. ‘If a;, a;...a, be n lines and z a
variable point, and a,, g, ... a, algebraic quantities, the equation
Sa, (za,) = 0 denotes a line.

§4. In the present theory a geometrical property depends
on an equation in measures. Now the proof that one measure
equals one or more other measures, may be effected by reducing
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all the measures to measures of two elements. Also we have,
with one exception, for any four unrelated elements, a relation
between the measures of the six possible pairs. The proof after
this is a matter of algebra. However it is not necessary
always to reduce the measures. It would suffice if we could
so transform the measures, without actual reduction, so as to
shew their equality. The former method of reduction corresponds
to Analytical Geometry; the latter method of transformation
corresponds to Synthetic Geometry.

Iu the text the method of reduction is used uniformly. Our
object will be then to classify measures and give a calculus for
their reduction. It will be seen that the formulae of Co-ordinate
Geometry depend for their use on the fact that they enable one
to reduce measures Instead of these formulae, we have given
the actual reduction of such measures as are necessary, and give
a definite method for the reduction of more complex ones from
these.

§ 5. Sketch of Method.

The measures of two elements are fundamental. They are
three in number.

The measures containing three elements, we shall call measures
of the third order. These are, with one exception, reducible, that
is to say, they can be reduced to algebraic or trigonometric
functions of the measures of two elements.

The measures of two elements are (zy), (#7), (€n) where z, y
are points and £, # lines.

The order of a function of several measures we define as equal
to the greatest number of elements occurring in any component
measure of the function: thus |(zy)|(Zyz) is a measure of the
third order; here | (zy) | denotes as usual the modulus of (zy).

It is to be remarked that the order of a measure so defined
only applies in the case where no two of the elements are identical.

A measure of three lines is not reducible. However with the
introduction of an arbitrary point, it can be reduced.

All measures of the fourth order are reducible. Hence all
measures containing three or more elements are reducible.
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So far we have only dealt with simple points and lines. We
have next to consider the two other classes of elements stated in
§3. These we shall call

(i) the general vectorial point and line.
(ii) the general equational point and line.

We shall consider first the general vectorial elements.

The general vectorial point is —g b
ag. . ‘This denotes the point
derived from « by a series of vec-

tors g, ¢ ... &, as tigured. a

The general vectorial line is denoted by ax. 4, where ag.. ¢,
means the line parallel to  and passing through the point ay..¢.

As regards the reduction of measures of these vectorial
elements, we need only find the values of the measures of two
elements, which are

(a’lﬁ‘ 4;b)2’ ((Iﬁ 4’3)’
(6. §ub), (@45 ...60B)-
Having found the reduction of these we can, by the formulae

for the reduction of measures of simple elements, reduce the
measures of simple and vectorial elements.

We proceed in an exactly similar manner in regard to the
reduction of measures of equational elements, In other words
we have a calculus for the reduction of measures.

We have so far considered the geometry of finite concepts
only.

§6. We next indicate the ideas upon which differential
geometry is built.

We proceed as follows :

Let z be a point, 2/ another point near . We write oz for
the small quantity |(#2')| and T2 for 7.

Again, if £ be a .line, and & another line near £, we write 0
for the small angle (££'), and p for the point of intersection EE.

With these definitions we proceed to the differentiation of
measures,
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Thus we consider the values of

d|(za) d(wa) d(fa) d(fa)
dz ’ dz ’° dE ' dE -

We define, for instance, d ('w)=Limit when «’ tends to identity

dz

with @, of the expression
(#'a) — (x2)
(@)

It will be found that having differentiated the measures con-
taining two elements, all the measures of more elements may be
differentiated by a definite method, independent of the method of
limits.

We next require the differentiation of determivates. It will
be found that the differentiation of determinates may be reduced
to the differentiation of measures.

The definition of the differential of a determinate, say za, is
o Limit when &' tends to identity with  of %:/‘)f,_) .

We consider next vectorial elements. First, we require the
differentials of ay 4 and @y .. Having found these we may
find the values of the differentials of measures and determinates of
vectorial elements. The same holds for equational elements.

These are all the formulae we require, and knowing these we
may differentiate the most general measure and determinate.
At the same time we may reduce measures containing the differ-
ential signs p; », 7.

dza



CHAPTER I

FUNDAMENTALS OF THE GEOMETRY OF TWO, THREE
AND FOUR ELEMENTS

§ 7. The measures containing two elements are

(ad), (aB), (aB).
We suppose a line has “sense” as well as position. If a be a
line, a will be used to denote the line with same position, but with
reversed sense.

We give a set of axioms, which we state as we require them.
As regards the interchange of elements we have

bay=—=(@b)....ccvevvviiiveinininnn. D),
Ba)=(aB) ceeeeeevinninnniaannnnn. (1II),
Ba)=—=(aB) ..coveriirinieinnnnnn.. (111).

We have also the following axioms.
If @, b, ¢ are three points incident in a line,

(be) + (ca) +(ad) =0...cocevvvvnenenn.... Iv).
The measure (aa) is independent of a and equal to a counstant
positive qUAaNtity 7 ...oiiiiiiiiiiiiiiiiii e e V).
a, B, v being three lines
BY)+(ya)+(aB) =2m..ccerneernnnnn.. (VI).
Corollary. (aB) = (aB) + .
For (aB) + (BB) + (Ba) = 2,

- (aB) =+ (aB).
We have the following axiom for point and line,
@B)=—(aB) cieeeeriviiiininnnnn. (VIID).

Further we shall suppose (af) is positive when the sense of 8
in regard to a is counter-clockwise ; and negative when clockwise.

As regards determinates we have the following :
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If (ac) = 0, then ABC =0 OF & ..ocovevrirennrnennns (XTI).
If (ay) =0, then ABY =0 cereereeerieirenrrerienns (XII).
If «, b, ¢, d be four points incident in a line, and such that
Bm i, then @ is posit
ab= cd, then (ed) is positive .......... e e (XIII).

§ 8. Geometry of two points and a line, a, b, y. Definition of
the sine function.
We shall assume that the expression
(ay) — (by)
(ab) B
depends only on the line y and the determinate ab ...... (XIV).

We may therefore write it as a function of (aby). This
function is the sine function. We have accordingly

o -
sin (aby) = (qT%ab§|7) .
Corollary. sin (bay) = (%gL'Y) = —sin(abry).

Hence if a, 8 be two lines
sin (dB) = —sin (aB),

. . = (ay)—(by) _  (ay)—=(by)
also sin (ab¥y) == —}Il(&b—)r« =— !(GW—

=—sin (aby).
., sin (aB) = — sin (ag3),
~. sin {(aB) + w} = — sin (aB).
Again, let @, 8 be two lines. Let o=aB, and let a, b be two

points incident in a, 8 respec-
tively, such that

|(0a)] = |(ob),
and va=a, ob=p. 8 6
Then sin (a8) = sin (6aB)
@B
|(0a))’ o a :
and sin (Ba) = sin (oba) by / )
(ba

= (b))
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Now from symmetry it is clear that a bears the same relatio.
to 8 as b does to a; with the exception that the sense of a in
regard to b is opposite to the sense of B in regard to a. Hence

(aB) = — (ba).
Hence sin (Ba) = — sin (aB),
or sin {—(aB)} =—sin (@B) ..ceovvrvennnnnnn (X¥).
We now proceed to the Geometry of three and four elements.
We shall first consider such geometry as involves only algebraic

and sine functions; considering afterwards properties involving
the cosine function as well.

§9. Geometry of three points a, b, c.
We write (abc)* for |(ab)' (abe).
Hence (bac) = |(ba)! (bac) = —|(ab)|(abc) = — (abe).
To find the value of (cab) we have
—— aic) — (bac
sin (ab @c) = l)(tzbg]v—) by § 8
__(m) __ (awh)

[(ab)] ~ " |(ab)|

_ (acb)ﬁ
~ Y(ab)(ac)]’
similarly sin (@6ab) = —, (a(l?)bgk) -
Now sin (@c ab) = — sin (ab @),

= (ach) = — (abc),
. (cab) = (abe).
Hence (abe) = (bea) = (cab)
= — (bac) = — (cba) = — (acb),
also (abc) = |(ca) (ab)| sin (@d ab)
=|(ab) (bc)| sin (ab bc)
=| (bc) (ca) | sin (bcca).
sin (¢@ ab) _ sin (ubbc) _sin(bcea) _ 1
I(Be)l  — l(ca)) ~  I(ab)] T 2R°
i"' (abc) as thus defined is equal to twice the area of the triangle formed by the
points.

Corollary.
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We shall call (abc) the standard measure of three points.
R is called the circum-radius of the triangle.

§ 10. Geometry of three lines a, B, y.
We write (aBy) for sin (a8). (aBy),
2. (Bay) = sin (Ba) (Bay) = —sin () (aBy) = — (aBy).
Now if we put a =By, b= va, c=aB; we get
be=a, ca=p, ab=1,

or be=a, ca=R8, ab=y,
vor be=a, ca=R, ab=y,
or bc=a, ca=p8, ab=49,

or one other set of relations.
We shall consider only the first alternative ; the same result
follows from any one of them ’

We have sin (aB) (aBy) = sin (beea) (cab)
S o)
= (60) (ce) (@b
Hence (aBy) = (Bya)=(yaB)=—(Bay) =—(vB2) =—(ay8),
and (aBy) = (aBv)sin (aB) = two similar expressions,
We shall call (#8y) the standard measure of three lines.
It is easy to shew that
|(aBy)| = |(ya aB)sin (ya) sin (aB)|

=two similar expressions.

§11.  Geometry of two points and two lines, a, b, v, 8.
To reduce the measure ((Tb";'b‘).
Let ﬁy =o.
Then 3G = o0b or o = 0b.
Suppose 0@ = 0b, then

@) (by)

sin (0dy)=— f0a)|’ sin (oby) = b))’
(08— (ad), (08) = (B8)
also sin (0ad) =- a)[ sin (0b8) = 6]

. (ay) _(08)—(ad)
“(by) ~ (08)— ()’
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- _ (o)t~ (ad) B
from which (08) @)=y ,
o8 — (@) (b8) — (ad) (by)
s (abyd)y = .
(7= ) = by).
Now (aby8) = sin (aby) (aby8)
_ (y) 08) ~ (a3) ()
|(ab)]
It is easy to see that when 0@ = 0b the same result follows.
Writing  (aby) for |(ab)| sin (aby) (abryd),
we have (abyd) = (ary) (b8) — (ad) (by).
We shall call (aby8) the standard measure of two points and
two lines.
§12.  Geometry of three lines and a point, a, B, v, d.
Let a, b, ¢ be three points and d a point in-

cident in be. a
Then
(abd) + (adc) = |(bd)| (abd) +|(dc)| (ade). \
Suppose _bd= df = be, ) f -~ \
then (abd) = (adc) = (abe), \
and |bd) |+ |(do)] = | (bo)),

< (abd) + (adc) = |(be)| (abe ) = (abe).
The same resualt follows from the other alternatives to
bd = dc = be.
Now let d be any point, not necessarily
incident in be.
Let adbe = e.
Then (dbe) + (dec) = (dbc),
(abe) + (aec) = (abc),
(abe) = (abd) + (dbe), € ¢
(aec) = (adc) + (dec),
from which (dbe) + (dea) + (dad) = (abe).

Now let be=a, @=p, ab=y.



11-14] DEFINITION OF COSINE FUNCTION 13

Then (dbe) = |(be)| (da), ete.
= |(be)| (da) + | (ca)| (dB) + | (ab)| (dy) = (abe),
- sin (By) (da) + sin (&) (dB) +sin (aB) (dy) = (aBy) by § 9.
The same result follows from any of the other alternatives of
§10; and is therefore true for any three lines.

§ 13. With regard to any line a we shall assume that one
and only one line B, passing through a fixed point, can be found,
so that (a8) has any given value, say 8. Further that all such lines
through different points are parallel, i.e. the measure of any pair

=3 oS PR (XVI).
Notation. We shall write a, for such a direction ; so that
(aaq) = 6.
Corollary. oy » 18 parallel to &
23
Azxzrom. We ghall assume that
i@B)|= |(aﬂZB @) e . (XVII).
2

To find the value of smg
Let aa, = 0 and let @ be a point incident
2

in a, such that ou = a,.
2 2

Then an
sin (aa,) = sin (a0G) = — sin (0aa) af 2
? _ (am) .
" [(0a)] ’ ¢
(aa) __ (aa)

~ (@0, ®)| ” [(un)|
2
= +1 since the orientation of a in regard to « is
counter-cloCKWISE .......cocvevevriiiiiiiens cornenneneiinnenes (XVIII).
§ 14. Definition of cosine function.
We define the cosine of the measure (a8) as follows :

cos (af8) = sin (af,).
2
Now (@By) + (BxB) + (B2) = 2m,
3 2

o (@B =27+ (@B) +3
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Now
sin (aB) = —sin {(aB) + 7} =sin {— 7 — (aB)} =sin {r — (@B},

- sin {(aﬁ) + ’E'} = sin {g - (aﬂ)} .
Again, (ax B) + (Ba) + (aa,) = 2,
2 2

~ (arB)=2m+(af) - 3,
Lo —an T N ]
.~ sin (a;B) sin {2 + (aﬁ)} in { 3 (aB) 1

- —sin {’—; + (aB)} = —cos (aB),
<. cos (af) = sin (aB,) = — sin (a, B)
' 2 2
—sin {; + (aB)} —sin {g - (aﬁ)} :
Again,
. (m .
cos (Ba) = sin {§ + (Ba)} =sin {§ - (aﬁ)} = cos (aB),
cos (a,3) = cos {g - (aﬁ)} = sin (af),

cos (a3,) = cos {%" + (aﬂ)} = —sin (aB),

(08 {r — (a)} = — cos (a8),
cos {7 + (aB)} = — cos (aB),
cos (af) = cos (@8) = — cos (aB).
§15. Addition formulas for sine
and cosine functions.

The three lines ab, @s, y where [
(ary) =0, denote three arbitrary direc-

tions. @ L4
Now (aby) — (@) = 27 + (abas).
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Now sin (abry) cos (@Ery) — sin (@) cos (aby)
=sin (aby) sin ( a'—c'y,_,) — sin (@cy) sin (%ry!)
3
(e 'Vw) (b'y,,)
(by). () .
= [ab)] @]~ [(ao)| (ab)|* “PPOSInE ()=
(bcwn)
I(Gb)(‘w)l
|(be)|sin ('Y'Y;[) (bea)

| (ab) (ac)|
— (abe)
[(ab) (ca)|
= sin (ab@c ) = sin {(aby) — (@)}
If we put (aby) = 6, (@) = ¢, this becomes
sin (6 — ¢) = sin 8 cos ¢ —sin ¢ cos 0,

and we have the other trigonometric formulae.

by formula on p. 12

=sin (caad)

§ 16. Further geomet—ry of the t1-ia)z.(]je Zg?y} .

In this notation a = bc, B=r¢ca, v=ab.

We have (By) + (va) + (aB) = 2,

. —sin (a) =sin {(8y) +(ya)]
=sin (3y) cos (ya) + sin (ya) cos (By).

Hence —|(ab)|=|(bc)|cos (ya)+ |(ca)| cos (By),

similarly —|(ca)| = |(ab)| cos (By) + |(bc)| cos (aB)
— |(be)| = |(ea)| cos (a8) + [(ab)} cos (ya.
From which
(be)* = (ca) + (aby: + 2 |(ca) (ab) | cos (caab),

and two similar formulae.

We may now reduce the standard measure of three points.

It may be shewn that
4 (abc)* = 2 (ca)? (ab)® + 2 (ab)? (be)* + 2 (be) (ca)
— (be)* = (ca)t — (ub)*.

15
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§17. Geometry of two lines and a point, a, 8, c.
To reduce (aBc). /

Let p=ac,,, g=/cs,.
2 3

Now in the triangle pg, 8, a As
(@38 B)| _ (Baapq)| _|(apg paB)| P>
sin (apq)  sm(pgh) sin (Ba) ' / <17 s
I(aBg) _ «(p9)! & z

“ sin (pga)  sin (aB)’
Again, we have
sin (cp pg) _ sin (@) _ sin (%) _ sin (a9)
Tleg) T et (el lpg)l
. cos (apy) _sin(pga)
I(cq)! (aBq)|

.. tan (pga)= ’(‘?fqg!)! = tan (o_q-caﬁ),
*. sin (pga) =+ sin (Eq’;&/g).
Hence _(pgy _ _(aBqr — =(aBc)-

s (aB)  ginz (cgoaB)
Firstly, suppose the sense of a, 8 to be counter-clockwise in
regard to c,
< (aBeysin® (aB) = (pg)
= (pe¥ + (o) — 2 |(pe) (go)| cos (e o)
= (pey’ +(go) — 2{(pe) (g0) i cos (arBr)
= (ca)? + (cB) — 2 (ca) (¢B) cos (aB),
since (ca), (¢B) are both positive.

Secondly, suppose the sense of a to be counter-clockwise in
regard to ¢, while that of 8 is clockwise.

Then the senses of a, 8 are both counter-clockwise in regard
to c.
Hence (;—Ec)’ sin? (af8) = (ca)? + (cB)* — 2 (ca) (¢B) cos (aB),

o (aBe)sin? (aB) = (ca) + (cB)* — 2 (ca) (¢B) cos (af).
Similarly in the case when both a, 8 have senses which are
clockwise in regard to c, we obtain the same result.

Hence in all cases

sin? (a8) (aBc) = (ca)® + (cB): — 2 (ca) (¢B) cos (aB).
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Hence sin (aB) |(a8¢)| =V (ca) + (cB): — 2 (ca) (¢B) cos (aB),
where the square root has the sign of (a83).

The quantity (a8c) = sin (a3) |(a8¢c)| we shall call the standard
measure of two lines and a point.

§18. Geometry of three points and a line, a, b, v, d.

To find the value of (-(L—TlTyd)z. *d
Let aby =o. /
In the triangle whose vertices ‘
a b 0
are a, 0, d we have
(ad)? = (ao)* + (od)* Y

+ 2 |(ao) (od), cos (@ood )

Similarly (bd)? = (bo)? + (od)? + 2 |(bo) (od)| cos (bood)).

We shall consider only the case in which @ =bo=ab; in the
other cases, the theorem can be proved in a similar manner.

Multiplying the first equation by |(bo)! and the second by |(ao)'
and subtracting, we have

(ad)?|(bo)| — (bd)* |(a0)| = (ao)* |(bo)| — (bo)* |(ao)|
+ (0d)* {1(bo)| — (ao),},

_ (ady (bo)| = (bdy |(a0))

. (od) = Z(ab)] + |(«wo) (bo)).

Now gin (6avy) = sin (obvy),
. (ay) _ (by) |
(o) (o)’
also I(ow). — [(0b)| = |(ab)l,
(ay) _ (by) _ (@y)—(by)

“ J(oa)l TT(0BY T |(ab)|

) (@)
o [(Oa)! ( ) (b'y)'(ab)l)

D= (Vi @B
L (bl (ay) — @y By, (@) GY
s @by = oy By iamy— G

T. G, 2
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The quantity (abyd) =|(ab)|sin (aby) (abyd) we shall call the
standard measure of the elements a, b, v, d
(abyd) = {(bd)* (ay) = (ad)* (by)} {(ay) — (by)} + (ay) (by) (ab)
= (bd)y (ay)® + (ad)* (by)* + (ay) (by) {(«b)* — (ad)* — (bd)}.
§19. Further geometry of two lines and two points, a, B, ¢, d.
To find the value of (;—ad).
= _(chd)=(cd§B)
(Bed)=| 8ol (@Bo)|
_ (cdaB)
|(aBc¢)| sin (aB)
—_ _ (e jd@_l - (Oﬁ)_ﬁi‘})__ -
V(ca) + (¢B)* — 2 (ca) (cB) cos (aB)
where the square root has the sign of (aB).
If (aBed) = (aBc) (aBcd),
it 1s clear that (aBcd) = (cdap).

§20. Geometry of three lines and « puint, a, B, ¢, 8.
To find the value of sin (%&8).
(aB8) — (cB)
I(aBe)|
_ (aB8) = (cb) sin (af)
(aBc) '
Now (aB8) = (ca) s (B8) + (cB) sin (8a) + (¢8) sin (aB),
. T ca) sin (88) + (cB) sin (da
- sin (3es) — D) sin (8 )+ (c8)sin )
_ (ac) sin (B8) — (Bc) sin (ad)
B (aBc) '
We shall call  (aBc8) = (aBc) sin (ﬁS)
the standard measure of a, 8, ¢, §, so that
(aBcd) = (ac) sin (BS) — (Bc) sin (ad).
§21. Elinunants.
Let Sbe an arbitrary set of elements. Then a relation between

the measure of pairs of elements selected from this set we shall
call an eliminant of the set.

sin (:73—;8) =
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We have for three lines
(By) + (va) + (aB) = 2.

For four elements there is with one exception an eliminant
between the six measures of the six pairs of elements we can get
from the four elements.

(i) Four points a, b, ¢, d.

We have, see Casey’s Analytical Geometry, p. 305, formula

(756),
1 1 1 1

0  (aby (acy (ady
(bay 0 (bep (bdy '=0.
(ca)* (c¢b) 0  (cd)y !
1 (day (dby (dcy 0 |
If this be cxpanded and reduced by the relation
(bey = (cay + (aby* + 2 |(ca) (ab)| cos (cd ab),
we get 2 (be)* (ad)t + 2% |(ca) (ub)| cos (caab) (bad): (cd)
+ 22 | (be) (ca) (ab)| = |(be) | cos (caab) (ad): + (be)* (ca): (ab)? = 0.
(i) For three points and « line, a, b, ¢, 8.

— - O

Now if 0+ ¢ + =2,
then 1 —cos?f — cos? ¢ — cos? yr + 2 cos 6 cos ¢ cos Yr = 0.
Now (bed,) + (8,2a) + (cabe) = 2,
2 2

1 —sin?(be8) — sin? (8a@) — cos? (et be)
— 2 cos (¢abce) sin (8¢a) sin (bed) = 0,
. {®d)—(ed)} | {(e8)-(ad)} + 9 [(68)—(cd)} {(c8)—(ad)}

(bey? (cay _ |(e) (ca)|
= sin? (bcea),
= (cay* {(b3) — (cd)}* + (be)* {(cd) — (ad)}?
+ 2|(be) (ca)| cos (beea) {(b8) — (¢8)} {(c8) — (ad)} = (abc):.
<o (@d)? (be)? + (b8)2 (ca)? + (c8) (ab)?
— 2 {(ca) (ab)|cos (caab). (b8) (c&) — 2 |(ab) (be)| cos (abbe) . (c8) (a8)
— 2|(bc) (ca)| cos (beea) . (ad) (b8) = (abe):
(iii) For two points and two lines, a, b, «, 8.
We have
sin? (y8) ( @y asb)? = (ba,)* + (bas)* — 2 (ba,) (bas) cos (y8),
where a, denotes the line through a parallel to r.

cos (beea)

2—2
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Now  (bay) = (bay) — (aa,) = (baa,) = |(ba)| sin (baa,)
= |(ba)| sin (bay) = (bay),
<. sin? (y8) (ab)* = {(by) — (ay)}* + {(b3) — (ad)}*
— 2 {(by) — (ay)} {(bS) — (a8d)} cos (vd).
(iv) For three lines and a point, a, 8, v, d
We have no eliminant in this case.
§ 22. Ewrwinples.
1. Shew that if a, B, y, & be four lines
sin (By) sin (a8) +8in (ya) sin (88) + sin (aB) s1n (y8)=0.
To prove this, we have
(38)+(8a)+(aB)=2m, .-. (B8)=2m +(ad)—(aB),
(y3)+(8a)+ (ay) =2, (y8) =2m + (ad) +(ya),
*. sin (88)=s1n (ad) cos (aB)— cos (ad) sin (aB),
sin (y8)=s1n (ad) cos (ya)+ cos (ad) sin (ya),
and hence we have the above formula.
2. Shew also that
s (By) sin (88) sin (y3) +81n (ya) sin (y8) sin (ad)
+ sin (aB) s (ad) sin (88) +sin (By) s1n (ya) sin (a8)=0.
This may be proved in a similar manner.

—k {(za) + (ya)?— (zy)?} + 42 (w)2
(1—4y

3. Shew that (zygayt=Y

@0
T @)

where
and that when % is small,

[(Zy¢ @)|=|(ya) | +k|(ay)]| cos (FEFa).
The first 1s derivable from the formula

o e ey
16 k be small, |(F7Ta)|= \(ya){l,rk«wy)*— = r- c/a)*}}*‘
| 1-%
=gy 4 AP el
=(ya)|+ B+ (yar Zf{;ﬁ;l (@a)?

_ =|(ya)| =k |(zy)]| cos (s3 Fa).
4  Shew that (z¥¢a)= %ﬂ’) , where k= (%)
=(ya)+k{(ya) — (za)}, when & is small,
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These are derivable from the formula
(ahyd) = (@) (88) = (by) (B)

(ay)—(by)
5. Showthat  (Erea)=7: :’;‘]‘c‘ ;f(%:ﬁ
where k= %:—;

and where the square root has the sign of (¢5),
=+ {(na) — £ (bE)},

when # 18 small and where the sign is that of (¢7) and b is the foot of the
perpendicular from « on 5.

We have the formula

(aBed) = (ac) (Bd)— (ad)(Be)
N(ac)2 + (Be)? - 2 (ac) (A¢) cos (aB) ’

where the square root has the sign of (a3).
[ ( —f;q—za) = ‘7‘ - v2*(£ﬂ;7gi>:;—(‘gi?’ gg’a»)—
N(£2) +(nz)? — 2 (§2) (n2) cos (§n)

 (na)—k(ga)
T2 cos )4+ 4

Furst, suppose (&n) 1 positive :
frra)= — W=k (€O
2= 11 ok cus (&) 12|
={(na) =k (éa)} {1+ & cos (£n)), £ small,
=(na)+4 {(na) cos () — (£a)}.
Secondly, suppose (&n) is negative :

() —k(fa)
~IN/1 = 2kc0s (Fn) 442

= —(na) - &{(na) cos (£) - (£a))

6. Shew that
008 (a) — k c0s (£a)
V1 =2k cos (én)+ 42

;".m_<”") — L sin (£a)

» s (énza)= Ny

cos ( @a) =

where the square root has the sign of (¢5).

If £ be small, shew that (£nza)= +{(7a) — & sin (&n)}, according to the sign
of (£n).

The first two formulae are obtained from the formulae on p. 18.
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When % is small, firstly (£7)+,
sin (nza)={sin (ya)— ksin (€a)} {1 + & cos (&)}
=s8in (ya) — £ {sin (§a) - sin (ya) cos (é7)}
=sin (ya) — £ cos (ya) sin (&7),
(fqza) =sin~1 {sin (na) — £ cos (na) sin (£n)}

=(na) — & cos (ya) sin (£n) N T?

sin? (qa)

=(na)— & sin (&).

Secondly (&) —, e
(&nza)= —(na)+ ksin (¢n).

7. Shew that

| (ac’) (B8°) (') | (ad bb' cc’) = (abb') (a’cc’) — (a'bb') (acc).
Let o' =8, o =y;
then () = B () = (@B) (ay)

"~ l(@a)] ~
. [(wa’)| (ad’ bb c¢' ) = (abb’) (@'cd ) — (acc ) (@ bD').
Hence the required result
Similarly,
sin (aa’) sin (88') sin (yy') (aa’B8'yY ) =(aBB’) (a'yy) — (d'BB') (ayy)-
If :g;}, ,2: I} denote two triangles, shew that
i(aa’) (b8) (cc’)| (aa’BE o’ y=4 R R’ sin (aa’) sin (88) sin (yy') (ad’ BE v7'),
where R, ' are the circum-radii of the triangles.
(aa’) (b') (cc')| (a8 oc')
= (abb') («'cc’) — (acc’) (a'bb’)
=(Byyaya) (By aBdB’) - (By yay'd) (ByaBa'R')

_ (Bya) (yy'd) (B'aB) (vy'a'B') - (B'y'a’) (y'ya) (Ba'S’) (yaB)
s1n (By) s1n (ya) s1n (aB) Sin (8'y') sn (‘y'a') s (a'B’)

— (aBy) (aBY) _
= T (By) M sia (@) 7Y (@BF) — (ayy) (@8]

=4RR sin (aa’) sin (B8') sin (yy') (ad' BB 77 ).
9. Shew that
(aX) (mbe) + (bA) (mea)+-(cA) (mab)=(m)) (abe),
(ma) (\By) + (mB) (\ya) + (my) (\aB) = (m)) (aBy).
(ma) (ABy) +(mB) (Aya) + (my) (AaB)
= (ma) {(mA) sin (By) + (mB) sin (yr) — (my) sin (BA)} +... +...
=(ma){(m\) sin (By)+...+...
=(m}) (aBy).

The first relation is virtually the same as the second.
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10. Shew that (aBcd\) = — (A8cBa).
Now (aBc8\) = (aBcdr) sin (aB)
=(N8cuB)sin (aB)
= (X82aB) (A3¢) sin (a8)
=(A3¢caB) (A3c)
=(X8¢aB) (A8ca)
= (A8caB)= — (A8cBa).
11. Shew that (abydAp)=(urdyba).
(abyd )= (@b ydh) | (ab)
= —(urdyb) |(ab)|
=(pdyba).
12. Similarly, shew that in the case of seventh order measures
(abydAmn)= — (nmAdyba),
(aBedluv) = — (vuldcBa).
13. If (aBcdf)=sin (af) (aBcdf), shew that
(aBedf )2 =(ac)® (B8f ) +(Bc)* (adf )*
+2 (ac) (3¢) {(BS ) (&F ) cos (ad) +(af ) (8 ) con (B8) — (af ) (BF ) — (§f ) cos (a)}.



CHAPTER II

REDUCTION OF MEASURES CONTAINING VECTORIAL
ELEMENTS

§23. The general vectorial point is denoted by agx 4, where @
is a point, and g, ¢ ... & vectors.

The direction of g is p, and the magnitude is denoted by p. It
may seem convenient to regard § as always positive, and measure
it in the direction of p. There is however an alternative conven-
tion, which proves to be more comprehensive. This is to regard
P as positive or negative and to measure it in the direction of p
when positive, and to measure it in the direction of p when
negative. We shall also use an alternative notation to ag, namely
a,,s, 80 that with the convention stated

Ap,p = Ap, —j-

We may see the use of the convention when expressing the

foot of the perpendicular from a on 8 by means of a vector.

It is @pw, —ap) OT Ug_n, (af)-
2 2

With the restricted convention we are not able to represent
it by means of one formula.

§24. To express (az ;b) in terms of meusures of two elements
and vectorial magnitudes.

Let as=c.
First, suppose § positive, then
(ac)| =5, @ =p. ]
Now  (bey*=(ab)* + (ac)* + 2 |(ab) (ac)| cos (caab)
= (aby® + p* — 2p |(ab)| cos (abp).
Secondly, suppose # negative, then
|(ac)| = -5, @ =p.
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In this case also ‘
(o)t = (aby + 7 — 25 (ab)| cos (aBp).
Hence  (agb)* =(ab)*— 2|(ab)|p cos (abp) + £7,
oo (agb) = (agd)? — 2 |(agd)| & cos (a,ba) + 6°
= (ab) — 2 |(ab)| p cos (abp) + f* + &°
~ 25 [(@2) = (boy)]
= (ab)* — 2 |(ab)| p cos (abp) + p* + 6*
— 25 [(aow) = p cos (po) — (bo)], by § 25,
2 b

= (ab)* — 2p (ab)| cos (abp) — 26 |(ab) cos (aba)
+ p*+ 6%+ 2p& cos (po).
And it is easy to see that
(a5, sb)* = (ab)® — 2 |(ab)! £p cos (abp) + Sp* + 2354 cos (po).
§25. To express (ag oB)in terms of measures of two elements
and vectorial magnitudes.
Let a;=c, and consider firstly p positive, then (ac) =p, ac=p.
. (@aB) —(cB)
Now sin (a¢3) = \(ac) =7,
-+ (cB)=(aB) — psin (pB)
If p be negative,  |(ac)|=—p, ac =p,
and again (cB) = (aB) — p sin (pB)
Hence in both cases
(@,8) = (aB) — p sin (o),
< (agB) = (az8) — & sin (aB)
= (ufB) — p sin (pB) — & sin (aB).
It is easy to see that
(tss o) = (aB) — S sin (oB).

§ 26. The general vectorial line is ag... ¢, Where g, & ¢; are
vectors and w a direction. On reaching the point given by the
series of vectors §,...¢ we take a line through this point parallel
to the given direction.



26 MEASURES CONTAINING VECTORIAL ELEMENTS

To find the reduction of the measure (as.. ¢ub).
Let the point a4 ¢ be ¢; we need (c,b).
(cub) = (bcﬂ) = (bcw) - (CC.,)_
= (beco) = |(be)| sin (bee.)
= |(bc)|sin (bew)
= (bew)
= (bw) — (cw)
= (bw) — (aps ¢ )
= (bw) — {(uw) — Zp sin (pw)}
= (baw) + Zp sin (pw),
<o (g, . 4ub) = (baw) + 3p sin (pw).

§ 27.  To reduce the measure (g ¢ B).
Evidently (ags ¢ B) =(wPB).

§ 28.  Eramples.

1. Shew that (#48y)= —(&3) sin (ay)+(zy) sin (af).

We have (28y)=(2xa) sin (By) + (£8) s1n (y.ra) + (2y) 81 (Laf3).

2. Prove that the perpendiculars of a triangle intersect.
Let abo
aBy
Denote the perpendiculars by Apv.
(Apv)=(aa, pv)=(ap) cos (av) — (uv)cos (ap)
2
= — (ab,) sin (ay) +(acy,) sin (a8)
2z 2
=(abBx) sin (ya) + (acyn) sin (aB)
2 2

=.(ab)! cos (y8) sin (ya) — («c)| cos (By) sin (aB)

} be the points and sides of the triangle.

[12

=0,
3. Let :gi}, :'ﬁb':'} be two triangles: lines are drawn through «, b, ¢

perpendicular to o, 8, 5, forming the triangle whose sides are X\, pq, v(:
similarly through «', ¥, ¢ are drawn lines perpendicular to q, 8, ¥, forming

the triangle Ay, pug, v,.
R

Shew that Aapp) __ 1 , where [t, R’ are the circum-radii of the triangles

v, V4
abe, a'V ¢, opars)
(Mpwy) = (aﬂ'zl‘l"l) =(ap) cos (a'vy) —(avy) cos (a'p,)
2
=|(ab)| cos (abB) sin (Ya')+ |(ac)i cos (@cy') sin (a'8)

=2R {sin (aB) cos (8'y) sin (¥'a’) — sin (ya) cos (By’) sin (a'8')}.
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The expression within the brackets is symmetrical in q, a’; 8, By v but
for sign.
Hence the result.

Corollary. If the perpendiculars from abe on to a’8'y’ be concurrent, the
perpendiculars from a’d’¢’ on aBy are also concurrent.

4. Reduce the measure (agby).
(agby)=(agy) = (by)
=(ay) - psin (py) - (by)
= (aby) — psin (py).
5. Reduce the measure (asbsy).
(a5bsy) =(agy) - (bs7)
=(ay) ~(by) - psin (py)+& sin (ay)
=(aby) - psin (py) + & sin (oy).
6. Reduce (agbe).
(agbe)=(abe)+ p (bep).
7. Reduce (agbsc).
(a4bs0)=(abs<) +p (bscp)
= (bsca) +p[(bp) - & sin (ap) — (¢p)]
= (abc) + p (bep) + & (caa) + p& sin (po).
8 Reduce (axbiry).
(akbucy) = (abey)+ A (bc.)\) + 4 (cyap) +Xf sin )
= (abe)+ sA (beX) +=4ib sin (pv).

9. Reduce (ah K, K i iy, 6, €5 by 0,)-
(ak &,... %, i, 8,05 y,,_,a )
=(ak k.. A, _ b i, i, _ lcé,ﬁ,...v‘,,_l)
N By by 3y oy M)
+pales v, 5, 1‘“‘1" 1"")+""(""|* Ay iy iy v0)
+,,¢,,u,, s (g ve) +9, A S0 (2A ,,)+7\,,,,¢,,sm (Auptn)
=(akk,, K, _ bk, A 056,00 )

+ An (b"hn) + fin (('“I-‘n) +0n ((l[)l’,.)
+ fin D I (i v) + B Ry 80 (9 A0) + R SID (At

A n—l A n—1 .
HAn 2, sin Aup,)+A, 2 S,8in (v, 0,)
1 1
. n—1 . N n—1. .
+fin ? . 8in (uyvy) +fia lz A, 8in (A ppp)

n—1 n—1 .
45, S Apsin(va\)+8, = B, sin (g, va),
1 1
(ad A, R b, A"Wl byeiby)

—(abe)+ = 2 (ben)

A pvr=1

+ = 33 sin(pev,) fis b
A,y r 8
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10. Shew that (ag.By)=/(a,By)+psin (By) sin (po).
We have (agsBy) = — (a8) sin (ay)+(agy) sin (¢B)
= ~ {(aB) - psin (p8)} sin (¢)
+{(ay) - psin (py)} sin (oB)
= —(aB)sin () +(ay) sin (aB)
+ p sin (pB) sin (ay) ~ psin (py) sin (08)
=(aofBy)+psin (By) vin (po).
11. Shew that (viryguzys)=(#aYu2s)+2d sin (uv) sin (ad).
(CdrYBuzw) = (XrYBu2yv) +a sin (pv) sin (aX)
=(Yu2yvLa)+a sin (uv) sin (ak)
+ A sin (vA) sin (8p)
= (2, ZaYu) + G sin (pv) sin (aX)
+8 sin (vA) sin (Bp) +9 sin (Ap) sin (y»).
12. Shew that (.v,,'l.;_ S AYB By BT, 7,v)

noa
= (2 Yuizv) +5in (pv) E G, sin (a,\)+s8in (W)) S B,.8in (B,p)
1 1

n
+81n (Ap) 2 9,8in(y,v).
1

13. If @, B, v, 8 be four lines, shew that
= (By?d) sin (ad)=0.
2 (By8) sin (ad) == {(0B) sin (y8) + (o) sin (88) + (08) s1n (By)} sin (a8)=0

abe
14. Let
aBy

perpendiculars from «, b, ¢ on A* shew that the perpendiculars from p, ¢, »
on a, B, y are concurrent.
The perpendicular from p on a 13 represented by aa,, _(a) a,.

And we have ) )
(cu,, ~(@). an bA" SN, B Gy~ v')
= (a,,r bp,,c,*) S (a\) sin (By) sin (aX)

=0~ E(B-y)‘)mn(a)\) 0.
The point of intersection of the perpendiculars has been called the
orthopole of X 1n regard to the triangle.

} be a triangle and X any line. p, ¢, » are the feet of the

15. If aloug the perpendiculars from a, b, ¢ on any line A, we measure off’
distances equal to the perpendiculars from the angular points of the medial
triangle on this line, determining the points p, ¢, , shew that the perpen-
diculars from p, ¢, » on a, 8, y are concurrent.

16. Let abc} , ,g,c } be two triangles. Let p, ¢, r be the feet of the

perpendlculam from a, b ¢ on any line 8; p', ¢, © those from o', V', ¢ on 8.
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Let the perpendiculars from p, ¢, # on d, 8, ¥ be A1, py, v1, and the perpen-

diculars from p', ¢’y 7 on a, B, y be Ay, py, ;. Shew that E;"" 1) _ 1%, .

Now (val)=(aA,, —(@A), @y Drg, —N), By CAg, —(e»\).-m

_(a,,, bp/ ¢y)+2 (a)) sin (8'y) sin (a'A)

=4.R+ -2—1? S (a\) (b'er), 4 bemng symmetrical in regard

to the triangles, but for sign, from Ex. 3
=t x function symmetrical in the elements of the two
triangles, but for sign. Hence the result.
17. The circum-centre of a triangle 13 represented by s. Find the area,
1.e. half of the standard measure, of the pedal triangle of the pomnt s5.
The circum-centre is the point where
(8a) = R cos (By), (88)= L cos(ya), (8y)=LRcos (aB).
Then if p, ¢, » be the feet of the perpendiculars from a pownt m on a, 8, v,

( 1;qr) = (m“z_ , mpg, —(mB) m.,,f’ _ (my))

=3 (mB) (my) s (By).

—(ma)

Then 1if m =3,
(pgr)=(35B) (8py) sm (By)+ ... +...
={(aB) - p sin (pB)} {(sy) — psin (py)} sin (By) +... + ...
=12 cos (ya) — psin (pB)} [L cos (aB) — p s (py)} sin (By)+...+...
= R S cos (ya) cos (aB) s1n (By) + £pZ sin (pa) sin (By)
+p% = s (pB) sin (py) sin (By)

= (R - p2) sin (By) sin (ya) sin (aB).
18, Shew that

3 (060)" (pbe)=3 (o) (pbe)+ (abe) B+2 (abe) B (p0). <08 (Bop).
'S (op)* (phe)= {(0a)— 35 |(0a) | cos (ap)+ 8% (pbe)
=3 (0a)* (pbe) + * (tbe)— 2 {(opy) = (ap)} (pbe)
=2 (00)? (pbe) + 3 (ebe) ~ 2b (opy) (he) + 25 (ppr) (ube)

=3 (o) (pbe) + §* (abe) + 2B (abe) | (po)! cos (Pop).
19. Hence shew that
3 (0" (phe)= {16+ (po)t ~ (o} (abo),
where s 18 the circum-centre of «, b, ¢ and R the circum-radius
S (0a)?(pbe)=2 (8u,pa)? (pbc), where w=40, p=|(s0)|
e =3 (sa)? (pbo) +p* (abe) +2p (abe) | (p8)| cos (Fiw)

={/2+p?+2p |(ps)| cos (pizo)} (abc)
= (R +(po)?—(ps)?} (abe).



CHAPTER III

REDUCTION OF MEASURES CONTAINING EQUATIONAL
ELEMENTS
§ 29. It is evident that an equation
[l(am), (225) ... |(za))], |(za5)| ...} =0,
where a,, a, ... a,, a, ... are fixed, is a locus of x,
We shall consider the following locus a linear function of
(z1,), (¢as) ... namely,
Sa, (2a,) + a = 0.
Let y, z be two points on the locus, then
Sa, (ya,) +a=0,
Xa, (za,) + a =0.
Hence by subtracting
2a, (yza,) =0,
ie. 2a, sin (§Za,) = 0,
which equation determines the direction of 7z.
Hence the locus must be a straight line.

Conversely, it may be shewn that any line can be expressed in
the form of a linear equation. For let £ be the line, and let a, 8
be any two lines, concurrent with £.

Let 2 be any point on £, then
(#B) sin (£a) + (2a) sin (BE) =0,
and by taking any two lines vy, § concurreut with a, we have
(za) sin (y8) + (@) sin (8a) + (x8) sin (ay) = 0.
Hence 3, v, & being any three arbitrary lines the equation of
£ may be expressed as a linear function of (z8), (#y), («3).
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It is important to notice that the locus given by a linear
equation is according to our stipulation two lines; namely, a line
and the line with same position but reversed direction. The
signs of the square roots occurring in the following are therefore
necessarily indetermiuate.

§30. To reduce the measure (Za, (za,) + a = 08).

If y, z be two points on §=3a, (za,) +«u=0 we have seen

that
3a,sin (yZa,) =0,
ie. Sa,sin (£a,)= 0.
o Za,sin {(E8) — (a,8)} =
<. sin (£8) 2a, cos (&, B) = cos (EB) Sa, sin (a,8),
)= Sreoned)
Hence sin (£88)= - ,_ﬁﬁm (a,.ﬁ)

Ea,. cos (a,83)
o 8= Ve 180, cos (@)
Let us give £ a certain sense. With this sense we have
. Sa, sin (a,/S) .
sin = = eeveeen 1),
&)= m|¥3a? + 23a,a, cos (a,2,)| @
where m is either +1 or — 1.
. Sa, cos (a,8) .
Then cos(EB8) = — - LAl Lt S i1),
(&6) = m| Ve, + 25 a,a,cos (a,0,)| ()
since the sign of the tangent is independent of the sense of £.
Suppose ¢ any other line.

Then
sin (£y) = sin {(£8) + (By)} = sin (EB) cos (By) + cos (Ey) sin (8y)
2a, sin (a,y) )
" m|VZa,? + 250,40, cos (a,a,)|’
substituting from (i) and (ii).

Hence the sign of the square root depends only on the
particular sense of £ chosen.

§31.  To reduce the measure (2a, (za,) + a = 0b).
Let y be any point on the line, and let » denote its direction.
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Then
(Za, (aar) +a=0b) = (y.0)
= (byw)
= |(yb)] sin (@)
Ja, sin (a,yb
= () Jj?-_gj;féga;(a; io:)@,a;)
Zarl('b&)___, -

- :/EE}:— uff.t—t:a:cos?a,;a,)
_Za,(bay)—Za, (yar)
Va2 + 23a,a, cos (a,a,)

Sa, (ba,) + a
s (Say (2 =0b)=-,. =00 =
(Za, (@a,) +a ) Va2 + 23a,a,cos (a,a,)

Supposing the line Za, (za,) + a =0 to have a specified sense,
it is important to notice that the square roots occurring in thig
and the former section have the same sign.

§ 32. Next we shall shew that

SA, (ka,) + 2B, cos (EB,) =0,
where a,, @, ..., B, B.... are fixed, is the equation of a point.

A given line may be 1epresented by cu,¢ where c is an
arbitrary point. Let this satisfy the equation, then

S A,(Co,r, 60r) + B, cos (Cu,r,8:) =0,
s 24, {(a,c) + rsin (wp)} + ZB, cos ($8,) =0,
", rein(0p) =4, =—34,(a,cp) — B, cos ($8,).
We may change ¢ to ¢, and we have
rcos (o) 24, = -i SA, (u,cd:;) — 3B, sin (¢8,).
Squaring and adding
r(SA,)2=24," (a,c)+ 2’*% A, A, |(arc) (asc)| cos (Gy6a.c)
+ 234, B,|(ayc)| sin (@cB,)
+3B32 + 23B, B, cos (8,8s).

Since the right-hand side is independent of w, ¢ all the lines
must pass through the same point. In other words, the equation
is that of a point.
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Conversely, any point can be represented by an equation of
the form considered. For let o be the point, take two points a, b
collinear with 0. Let £ be any line incident in o.

Then (a§) (bo) = (bE) (ao).
Then taking any two lines 8, y we have from b, £, 8, ¢
(bE) sin (By) — (bB) sin (&y) + (by) sin (£B) = (£By).

Hence
(a) sin (By) (bo) = (a0) [— (bB) cos (E'yg) + (by) cos (EB-{) + (€87)).

«, B, 7y are any three elements, and the equation is of the form
considered, proving the theorem.

§ 33. To reduce the measure
(24, (Ea,) + =B, cos (£8,) = Oc)*.
We have seen that
(34, (Ea,) + 2B, cos (E8,) = 0c) (34,
=342(acl+2 = A,4,|(a.c) (¢sc)] cos (G6a6)
+234,B, (a,,cz; + 2B,2+ 23B, B, cos (B,8s),

which is the required reduction.

§84. To reduce (£A,(£a,)+ 2B, cos (£8,) =0 «).
Let ¢, d be two points on v, and let @ be the point
EAr (Ear) + sz cos (gﬁr) = 0‘
Then @z, ad will satisfy the equation.
.. 3A4,(aca,) + 3B, cos (acB,) = 0,
. 34, (acae,)+ 2B, (acB,,)=0.
Similarly 34,(ada,)+ 2B, (adB,,) = 0.
z
.. subtracting 24, |(«,a)| (cd@,a) — =B, (cd,B,._E) =0,
.. 24, |(a,a)|sin (y@a) — =B, cos (v8,) = 0,
ie. 24, (aa,y) = 2B, cos (y8,) =0,
s (ay) A, =34, (a,y) + 2B, cos (vB,).
Hence (SA4,(Ea,) + =B, cos (€B,)=0v)3A,
=34, (yn,) + £B, cos (v8,).
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§85. In the case in which £4,=0 the foregoing results
break down. We shall consider this case.
From the equation
34, (fa,) + £B, cos (£8,) =0,
subtract 34, (£c), where ¢ is an arbitrary point. We get
24, |(a.c)l sin (@) + 2B, cos (B,€) = 0.
Let o be any line, and let (£y)=6.
Then XA, |(a.c)|sin {(a,cy) — 0} + =B, cos {(8,7) — 6} = 0.
Hence XA, {(a,cy)cos @ —sin @ (a,c'y;)}
+ 2B, {cos (B,7) cos @ + sin (B,y) sin §} = 0.
Hence {3A4,(a,y)+ =B, cos(B,v)} cos§
= (34, (a,vyg) — 2B, sin (B,v)} sin 6,
giving @ independent of the particular line chosen. Hence the
equation represents a direction.
§86. To reduce (24,(Ea,)+ZB,cos(£8,)=01y), when 34,=0.
We have from § 35
tan (24, (£a,) + B, cos (EB,) =0 v)
_ 24, (a,y) + 2B, cos (B,y)
T 54, (ag) - SB.sm (By)’

§ 37.  Examples.
1. Shew that

s s a,b,sin (a,.3,)
tan (2a, (za,) +a=0 3b,(2B8,)+b=0)= Ef abyoos (@ By)°
. Sa, sin (Ba,)
N . =08)= ; o T\,
ow sin (3@, (za,)+a=0 83) JEa it 23 a, 00 (ara)”
‘. 8in (2a,(va,)+a=0 2b,(xB,)+b=0)
_Za,8m (2b, (2B,)+b=0a,)
Vsa,2%25a, @, ¢o8 (aya,)
2 a, {3b, sin (a,8,)/VEb2+22b,b, cos (8,8,)}
_r 8 —_—

Via, ¥ 25 a,a, cos (aya,)
=33 a,b, sin (arﬁ.)/na Q,
rs

where Q.2=2a,?+ 23a,q, cos (a,a,),
with a similak expression for the cosine.
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2. Shew that
(2a,(za,) +a=0 =b,(23,)+b=0 Ze,(2y,)+c=0) 2,2, 2,
=§ f % a,b,¢ (arByye)
+a§ ? byc,sm (Brys)+b ? 2” 0ty 8iN (ypa,)

+¢2 2 a,b,sin (a,8,).
Let o be any point, then we have
(zar (za,)+a=0 =b, (2B:) +b=0 ey ('”Yr) +¢=0)
= 3 (3, (%a,)+a=0 0)sin (b, (rB,) +b=0 Z¢,(vy,)+c=0)

a,b,e

= f {Za, (0a,)+a} = f bycesin (B,y:)/Q2a 25 2,
a,0,¢ 8

= 3 {E33a,byc,(0a,) sin (Byy)+a= % bycesin (B,y:)}/ 24 2 2,
8

ayber st

={223a, b, (arBsye)+ S a33 byc; sin (Bs¥0)}/ 20 2 Qe
rst a,be rs

3. Shew that

sin (2B, cos (£8,)=0y) = 28, sin (y8,)

VSBEY O3B, B,cos (3, By

§ 38. We may now explain fully the general method of pro-
cedure. Let there be n elements, whose relative properties are
our consideration ; also m algebraic quantities occurring in a system
of vectors; the directions of the vectors, we shall include in the =
elements. Also p algebraic quantities occurring in the coefficients
of equational elements. The elements in the equation we shall
include in the n elements The fact that the standard measure of
three lines is in itself irreducible complicates matters.

If all the n elements be lines, introduce an arbitrary point.
This enables us to reduce the measure of three lines. So we shall
suppose among the n elements there is at least one point.

Then any measure of these elements and elements derived
from them in any of the three ways stated in § 3, can be reduced
to an algebraic-trigonometric function of the "c, measures of the
n elements, taken two by two together, and the m and p algebraic
quantities. We shall only consider such geometry in which elements
are derived in one of the three ways stated in § 3 and no more.
Then a property amongst the elements is the vanishing of a
function among measures of the n elements and derived elements.
By reducing the measures to algebraic-trigonometric functions of
the "c, measures of the n elements taken two by two, we have to

3—2
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prove the vanishing of a function of these “c, measures, and the m
and p algebraic quantities.

Again, let the n elements be composed of n, points and n; lines.
When n,=1, there are n;— 2 relations between the measures
two by two of the #; lines and there are no other relations. When
ny, > 1, there are (n_—2)2(n;3) relations between the measures

two by two of the n elements. See § 21.

Our task is then to prove the vanishing of the function of the
"¢, measures and m and p quantities by means of these and only
these relations between the measures.
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CHAPTER 1V
DIFFERENTIATION OF MEASURES OF SIMPLE ELEMENTS
§89. Let « be any point, and «’ a consecutive point. Then
|(z2’)| we denote by 8z, z&’ by .
Again let £ be any line, and £ a consecutive position. (£E') we
denote by 9, EE’ by pk.
§ 40. From the preceding it may be shewn that

L

8->0 0

sin § =k, a constant.

The precise value of k is still at our disposal. We shall
suppose then that

With this stipulation it may be shewn that the sine and cosine
functions may now be expressed as the usual infinite series.

§41. To differentiate |(za)!.
The point a is supposed fixed. We define the differential
coefficient or derivative of |(za)| as
L @0 =)
amy  |(@2)]
We represent this by Ei—l%l)l .

Then djxa)] L (2'a) — |(za)]

de —a:->.r’ I(ww’)!
= 1 (@@ +|(aw)| cos (aa))
—z-.t" :(wml)l

— [(xa)| eos (aa’ &'
2 I(aa)| ’
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by formula on p. 15,

= L —cos(saxz’)
z-ma"

= — cos (Tzxa).

d|(za)|
dz

Hence = — cos (T2 Za).

The line .., we shall call the normal line at , and represent
3
it by vz, so that

(reva) = g .

Hence —5 =& = — cos (Z@TX) = — sin (FAvx)
_(zavz) _ (vza)

(@) ~ [(za)’

§42. To duyfferentiate (xa).

We have d (z0) _ L (_'EF) (war)

dx z->2'
_ (2'za)
P [(zz') |

=— L sin(a2'a)
>z

= —sin (Tza).
§43. To differentiate (Ea).
The line p&;_ we shall call the normal line of £ and represent
it by »&.
We have from definition

d(§a) _ 4 (Ea)—(k)

dE e-—e' G
1, —{(p€af) - (¢0)
Ty EE)
_ 1, —(Eval)—(ba)
e (&8)
— (£a) sin (vEE') + (vEa)sin (EE) — (Ea)
s-e (E8)

by formula on p. 18.

. d(Ea)_
ag ~ (ko).
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§ 44. To differentiate (a).

d () (Ea) — (£2)

We hav e P T

¢ have A e (EE)
_ L &n
e~e (£E)
LdE@_
© dE .

§45. Letz,yz...5n ... be a number of points and lines
Let f(z, ¥, 2..., & m, §...) denote a measure depending on the
same points and lines.

Then the differential of f(z, 4, z..., & m, £...) denoted by
df (@, 2., En, £...) 08 defined as the expression

f@,y. 2. En,¢...) —f(@yz..En 8.0
where «' v, 2 ..., &, %, {'... are near z, ¥, 7..., £, ¢..., small
quantities of oz, oF ... being only retained.

Then f(z,y,7 ..., g0, 8..)—f@y 2., En¢...)

=f(@, y,2 .. g9, ¢0..)=f (Y, Z.. 87, .
+f(@ vy, 7 ... E, 7, g.)~f(@y 2. E, 7,8 . ) +...
+f(2,y 2 ... E 0, ) —f(x,yz... 67,8 )t
Hence df (z,y, 2 ..., & », E...)
U@z b ) gy (H @ YT B L) g
ox oy
R LA
§46. We bave then the following differentiations:
d |(zy)| = — cos (ra7y) dx — cos (tyyz) dy
(vzy) (vy=) d

= @) % ¥ (o)

d (an) = — sin (Tan) dz + (zvn) dn,
d (én) =dn — dE.
§ 47.  Examples.
1. Shew that d (zy2)=(yz7a)dw+ (exry) dy +{xyrs) dz.

For 2 ) N5 ()i () = ()

9, Shew that d(ry¢)= —sin (ra() dov+sin (ry() dy +(ayv{) as.
For o) ) . —sin (ra),
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3. Shew that (5qz)i’(%z-)-standard measure of the feet of the pt;r}mn-
diculars from z on §, v§, n respectively.
We have 30 (gn2)?=42{(62)*+(2)* - 2 (£2) (%) cos (¢n)}
=(£2) (vé2) — (véz) (n2) cos (én) — (£2) (n2) sin (én)
=measure of the feet of the perpendiculars from
on &, v§, n respectively.
4. Shew that  d(én{) =(vénl) A&+ (évnl) dn+ (Enve) d.

5. Shew that d_(_"’f‘:g)= ~ [(ab)| cos (ﬁ‘n)g;zc)zz.

d (zab) _ d_(wab) _(abrz)|(va)|+ (wab) cos (roZa)
dv " = d [(ea)] (@ay
=[|(xa)(ab)|sin (abra)+ (zab) cos (re7@)]/(2a)?
=[|(za)(ab) sin {( @b 7@)+ (Ta 1)} + (vab) cos (rx 7a)]/(za)?
=[|(za)(ab)|{s1n( abza)cos (@) +sin (Farx) cos (ab 7G)}
+ (2ab) cos (rzZa@)]/(xa)?
=|(za) (ab)| sin (F@rx) cos (G ab)/(za)?

We have

= E;‘Z‘;z) |(ab)| cos (Z@ab).
; d(£aB) _ _(pta)sin (a8)
6. Shew that ~dg )
d(aB) _ d (£aB) _ (véa)sin (£a)+(£aB) cos (£a)
“dE dg s (.fa) 8¢ (£a)
=[(v£aB) sin (ga)+ (£ aB) cox (£a)] z,',’f‘;’f‘))
_ (p£a)sin (aB)
“sin?(fa)
7. Shew that %(E—By)— (rza) E‘;’Zg:n B
We have d(i_ (xaBy) = (yBarz),
a (wafy)
* dz (xaﬁ7)=dv (vaB)
_ (yBara) (s48) + (#afy) sin (raf)
(wa,3)?
_ {(ya) 810 (Bre) - (Ba) sin (yr)} {(2B) = (aB)} +1(28) (ay) = (wy) (aB)} sin (ra)
(wup)?
_ (va) (Ba) sin (r28) — (2y) (@8) sin (r28) +(aB) sm (rzy) {(#8) - (a8)}
(waB)?

= N Byars)~ Byora)]

_(rza) (aB)sin (By)
T (xaBP



CHAPTER V

DIFFERENTIATION OF DETERMINATES OF SIMPLE ELEMENTS

§ 48. Suppose E(z, y, 2 ..., £ n, £...) denote a determinate of
z,Y 2., En,¢.... Then E(a, y, 2" ..., E, 9, {’...) denotes a
determinate near to K (z,y, 2 ..., &9, {...).

We define, as for simple elements,
0E(z,y,2... 60 8. )=E(@x y,z...En .. )0 E@, y ... E.q..).

In general the results are quadratic in the differentials of the
several elements.

The method of procedure adopted is as follows:

Suppose, for instance, K (z, y, z..., £ 9, ...) is a point. Call
it a. .

Then we shall have two measures vanishing, viz.,
Sh@yz..,Ent...a)=0,
Sfalw,y,z... En&...a)=0.

Then we have

aﬁdw+af’dj+ af'd.s+af’d ot Bdac,

aﬁdw+aﬁdj+ af’ult—'+af” .+%§da=0.

From these two equations and (axra)— 0 we eliminate 7a, and
so find 9u.
A direct method of procedure will be indicated later.

§49. To differentiate zy.
Let a4y = ¢, then (28) =0, (y) =0,
» = sin (1) dz 4 (axvl) d¢ = 0,
—sin (ry8) dy + (yvf) d¢ = 0.
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Subtracting,
~sin (t2{) dz + sin (ty¢) dy + (zyvt) d& = 0.
Hence |(zy)| cos (Zy¢) d¢ = sin (taf) dz — sin (Tyl) dy,
"+ |(zy)| d@y = sin (r2Zy) dx — sin (1yzy) dy,
<o (2y) dzy = (yrz) dz + (zTy) dy.
Nore. It will be seen that dzy = — d (zya), where a is a fixed

line, i.e. the differential of a measure, which explains the linearity
of the result.

§ 50. To differentiate En.
Let &9 = 2, then (£2) =0, (92) =0,
v —sin (v2§) dz + (evE) dE =0,
—sin (1zn) dz + (2vy) dn = 0.
Now since (72E) + (&En) + (972) = 2m,
. sin?(12€) + siu? (1zn) — 2 sin (12€) sin (279) cos (&) =sin® (&9).
Hence  sin? () (d2)* = (2v£)* (dEY + (un) (dn)*
— 2 (2v) (2vn) cos (En) dEdn,
. sin'(§n) (dz)* = (EnvE) (dEY + (Eqvn) (dn )
= 2 (Env€) (Envn) cos (£n) dE dy,
", sint (£n) (dEn)' = (pkny: (B + (pn€)* (dn)*
+ 2 (pén) (pn§) cos (én) dEdn.
§ 51, Ewamples.
1. Shew that
_ (émz)*d &nz=(pkn) (n2) d+ (pné) (£2) dn+sin (¢n) (énrz) da.
Let £nz=X, then (&)\)=0, (2A)=0,
* (vEqX) dE + (§vmh) dip -+ (€nvA) dA =0,
~—sin (rz2\) dz+ (2vA) dA =0,
Multiplying the second equation by sin (£) and subtracting we have
(vénr) dE +(£v 7\) dy +sin (r2\) sin (&) de+sin (£n) (&2vN) dA =0,
. (&92) dfqz-— —-(vé r,?t) df (év ) dn —sin (rz)) sin (fr') dz
=~ (vén&nz) df — (gvnEnz) dn—sin (refnz) sin (gn) dz,
o (ne)* dEnz = (pkn) (n2) dE+(pré) (&) dn+(grre) sin (fn) da.
2. Shew that
(@90 @y ¢ V= {(3¢) (yr2) dio-+(a0) (ory) dy} 2+ (ay)* (wyp()? d®
+2{(¢) yr2) dz +(() (vry) dy} (zyp() (vyv() di.
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Let T—__;/—( =a, then (xya)=0, ({«)=0,
- (yarz) de+(arry) dy +(xyra) da=0,
(av¢) d¢ —sin (raf) da=0.
Now since (rad) + ($zy) + (Fyra)=2m,
.+ 8in? (raf)+sin? (razy) — 2 sin (raf) sin (ra2y) cos (£7¢) =sin? (4F().
oo (@Yl =(ay)tsin? (raf) +(ayra)?+ 2 (vyra) |(2y)| sin (raf) cos (z7{),
oo (@Yo (da=(zy)? (avd) (d0)! + {(yara) du+ (arTy) dy}?
- 2{(yarz) dx + (azry) dy} | (2y) |cos (73¢) (av() &,
oo (eydt (da)=(wy)? (ayvE ) (AR +{— (2yl yra) da +(zyl ory) dy}?
-2 {~(aylyra) du+(zylary) dy} |(ay)| cos (g5¢) (aylv{) dL.
Hence (zy0)* (day {)?=(2y)? (xy pl)? (A0?+{(yra) ({y) da+ (ary) (¢x) Ay}
+2 {(yro) ({y) de+ (wry) ({x) dy} (wy p{) (wyv{) .
3. Shew that
(wytw)? dayCw = () (y¢) (yra) do+ (wf) (2¢) (@ry) dy
+ (eyw) (xypl) A + (zy¢Tw) dw.
4. Shew that
(Enzw)t (dEnzw)t=(én2)? (énzpe) (dw)?
+ {(2) (n2) (pén) dE+ (w2) (£2) (pn€) dn + (énr2) (fno) dz}?
+2 {(wz) (n2) (pkn) dE +(w2) (€2) (Pn¢) dn
+(£nre) (éno) dz} (énzpo) (Enzve) do.



CHAPTER VI

DIFFERENTIATION OF VECTORIAL ELEMENTS

§52. In this Chapter we shall find the differentials of the
vectorial elements, Zs &, %% ¢o. Having found these we may
find the differentials of any measures or determinates containing

vectorial elements.
§ 58. To find the value of dwss....
Take any fixed line A, then
(@ .aN) = (&1) = Zpsin (p)),
.. differentiating
sin (124 o\) dag o =sin (1)) do
+ 2 dp sin (pA) — = p cos (p)) dp;
changing A to 7\; we have
sin (T2 ,;,7\;) dzg. s =sin (m’)\;) dx
+ Zdpsin (pAs) — 2 cos (pAy) dp,
ie. cos(tay .4\)dogs o= cos(taN)dx
+ 2 dp cos (pA) + = psin (o)) dp.
Squariug and adding
(dzg o = (do) + 2da S dp cos (tap) — 2dw2 pdp sin (Twp)
+ S(dp)y + Sp*(dpy — 22(dpéda — dGpdp) sin (po)
+ 23 (dpdé + pédpda) cos (po).
§ 54. To find the value of dze .. §u.
Evidently dags.. b= do.
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§ 556. Examples.
1. Find the value of d | (zgs...67) | .
(566 .49 =(y)? —2| (xy) | 3p cos (a7p) +3F1+23p% cos (po),
(e 6y |d) (@4 . wy) |=(29)| d|(zy)| - & |(y)| 2 pcos (47 p)
- |(2y)| = {dp cos (57 p) + p sin (27 p) (d&y — dp);
+3pdp+2 cos (pa) (fdu + 5 dp) + 2p¢ sin (po) (dp ~ do)
(vay) da+(vy2) dy

Spcos (27 p)

)]
L) |3 [ cos ) dp + psim agp) { L EECINY g o]

+3pdp+2 (pda + Gdp) cos (po')+2p¢r sin (po) (dp — do?)

(vzy)
de e+ )]s,,cos(zy,,)+‘( )\zpsmwp)}

+dy Yoga) - (79503 cos (a3p) - (9 3 pain 5.5

= (vay) dz +(vyx) dy -

+§df> {=i(ap)| cos (s7p) +p+2 & cos (po)}
+Epﬁdp {l(2)| sin (s7p) +§3 sin (po)}

=dz {(vry) +2 p cos (rp)} +dy {(vyx) +32 peos (ryp)}
+f dp {- (-vyVP)+ﬁ+?' & cos (po)}
+ f pdp {(xyp) +2 & sin (po)}.

2. Find the value of dzgs .ay-
Let zg &y =( so that (x4 ¢)=0, (¥{)=0.

*. (w¢) —psin (p¢) — & sin ()= ...=0,
-, —sin (rwd) dz +(avl) d¢ — =dpsin (p¢) +2 f cos (p¢) (dp —d{)=0,
and —sin (ry¢) dy + (yv{) d{=0,

.. subtracting
—sin (r¢) de4sin (ry{) dy + (.z‘g/{;) d¢ —= dpsin (p¢)
+2 pdp cos (p() — d{ = p c0s (pr) =0,
. de{(eyty) - 3 oos (po) =sin (ra() de —sin (r9) by
+3 dpsin (p¢) ~ 2 pdp 005 (o),

de[|(@y)| cos (zge_wyzy)—Zpoos(xss_yp)]
= —sin (L “wyrw)dz+sin (U «yTY) dy
—sdpsm(zge syp) -2 pdpcos (¥ &¥p),
¢l (@ oy zy;)—iﬁ(w .6yvp)]

= (2 oyTx)da+ (T oYTY)dY
—3dp(zgs wyp)—2pdp (z4s ..6Yvp)
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<o de[ ()] {(w!/i‘y§3 —Zpsin (pi‘y;)} —32p{(xyvp)— 2 sin (ovp)}]
={(yra)+2psin (pra)} dw+{(wry) - 2 p sin (pry)} dy
—2dp {(xyp) +32 7 sin (po)} —2pdp {(@yvp) — p - 2 & cos (pa)},

< (v oy dag sy
={(yrr)+32psin (pra)} do+{(ary) - psin (pry)} dy
— = (xvyp) dp—2 (xyvp) pdp+2 2 dp+ 2 p& (dp +do) cos (po)
+ 3 (pdé — 6dp) sin (po).

Corollary. {2p*+23p6 cos (po)} dawss.
=3 frdp+2 4 (dp+da) cos (po) +3 (3dé — 3dp) sin (po).

3. Find the value of dxss  un.
Let ;“{& j‘;;ﬂ =2z
Then (vss  ¢u2)=0, (y2)=0,

. (2zw)+2 psin (pw)=0,
.. —sin (rzw) dz+s8in (rze) dr + (22ve) do
+=dpsin (pw) - = cos (pw) (dp — dw) =0,
. 8in (rze' dz=sin (r2w) de+{(22ve) +2p cos (pw)} do
+2dpsin (pw) — = pdp cos (pw)
and sin (rzn) dz=(vnz) dn.
Now we have
sin? (rze) + 8102 (72) — 2 sin (rz0) sin (72n) cos (wn) =sin? (wy),
. (dz)? sin? (on) =[sin (rre) dz+ {(z2ve)+ 2 p cos (pw)} dw
+3dp sin (pw) — 3 pdp cos (pw) 2+ (vnz)? dn?
— 2 (vy2) dn [sin (r2w) dz + {(2ave) + 2 p cos (pw)} do
+3dpsin (pw) ~ Tpdp cos (pw)] cos (nw)
=[sin (r2w) dr+ {(zgs  punzve)+32p cos (pw)} do + 2 dp s1n {pw)
— 3 pdp cos (pw) ]2+ (vnz)? dn?
— 2 (vn2) dn cos (nw) [sin (rve) dz+{(Tg Puntre)+2p cos (pw)} do
+2dpsin (pw) — S pdp cos (pw)]
sint (on) (d2g6 . gon)?=[8in (rzw)sin (on) dz+{— (29)+ 3 psin (on)} de
+2dpsin (pw) ~ 2 pdp cos (po) ]+ (vnz)? dn?
+2 (vnz) dn cos (nw) sin (nw) [sin (rze) sin (wn) dw
+{ —~ (2n)+=p sin (pn)} dw + Sdp sin (pw) — 2p dp cos (pw)).

4. Reduce fﬁ;
Let Famz =),
then (.l‘uqk) = 0, (r,z) =0,

d (xem\)=sin (y\) d (-7":_'77—\ In. A const. +(ZwvnA) dn + (wnvX) A
=sin (nA) & (PA2w)y, A const. + (Zavn\) dn 4 (2wnvA)dA,
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-, sin (gA) sin (120) d2 + (PArw,) do + (2uvyA) dn 4+ (Zupy) dA=0,
2z

and sin (r2\) dz— (2vA) AN =0,
multiplying second by sin (wy) and adding
sin (7)) s (r2w) dz + (P2, ) do + (Zwwn)) dn
Z

+sin (r2A) sin (wn) dz+ (Lwnzv)) A =0.

. = (wonn) sin (rew) dx — (Twnznre,) do
z

+ (Cunarevn) dn — (Zenzrz) sin (wn) dz+ (@un2)? d Zanz =0.
. . (@un2)2dTunz = —sin (rLw) (n2) sm (on) dr

+(n2) (7%) do + (prrw) (2zw) dy+ (Cunrs) de.

T. G,

49



CHAPTER VII
DIFFERENTIATION OF EQUATIONAL ELEMENTS

§ 56. As we discussed the differentials of vectorial elements,
so we shall in a similar manner discuss the differentials of equa-
tional elements.

§ 57. To find the value of d {Za, (za,)+ a = 0}.
We have from formula of § 30
sin (EB) Za, cos (a,B) = cos (EB) S«, sin(a, B),
where £ stands for Sa, (za,) + ¢ = 0.
Differentiating, with B fixed,
— dE cos (€B) Za, cos (a,)
+ sin (€B) {Zda, cos (a,8) + Za, sin (2,8) da,}
= df sin (£€B) S a, sin (a,8)
+ cos (£8) {Zdu, sin (a,8) — Za, cos (a,8) da,},
.. dE {sin (£8) Sa, sin (a.B) + cos (£8) Za, cos (a,8)}
=S da, {sin (¢B) cos (a,3) — cos (£8) sin (a,3)}
+ S a,da, {sin (§B) sin (a,B) + cos (£B) cos (a, B))
dE S a, cos (£a,) = Zda, sin (£a,) + Za,da, cos (£a,),
2 da, 2 a,sin (a,a,) + = a,da, 3, a, cos (a,a,)

. dE=

3 a, 2 a,cos (ay0,)
”* 8

3 (a,da, — a,da,) sin (a,a,) + = a,? da, + S a,a, cos (a, a,) (da, +das)
s

3 a2+ 2 3 a,u, cos (a,0,)
oo d{Za,(za,) +a =0}
= (a,da,—a,da,) sin (a,05) + Sa,2da, + = a,a, cos (a,a,)(da, + day)

S at + 22 a,a, cos (a,0,)
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§58. To find the value of d {4, (Eay) + = B, cos (§8,) =0}.

We have from formula of § 34

S A, (yay) + 2B, cos (yBr)
Y P

»

(S A, (Ear) + 2By cos(§8,) =0 v) =
Differentiating, with y constant, we have writing a for the
equational point
3 A,.sin(ray) da
=3 |(aa,)| sin (@dyvy) d4, + %4, sin (Ta,y) da,
— 3.dB, cos (vyB,) + = B, sin (y8,) dS;.

Changing v to va,
E‘A, .cos (Tary) da =-: 3 () | cos (atry) A, + %4, cos (1a,7) da,
’ - EldB,rsin (vB,) — ‘:.‘.B, cos ('yB,)(;lB, .
Squaring and adding,
(day.(2A4,y
= é (aa,)? (dA,) + S 4.2 (da,)* + = (dB,) + 2 B (dB,y
' +2 = |(aay) ((:au)i dA,dA, c;s (m}a_as)r
+ 2 F; A, A, cos(7a,Ta,) da,da,
rs
+2 % dB,dB, cos (8.8:)
r+s
+2 2 B,B,dB.dB, cos (B,8:)
+2 ﬁ; dAd,A,da, (aa,va,)
-2 ”-2-’ dA,.dB; (aa.Bs)
~2 % 44, B8 (uarB)
-2 'g A,da,dB,sin (ta,.8,)
-2 ’g A,da,B,dB, cos (Ta,.Bs)

rs

—~2 3 dB,B,dB.sin (B.8s).
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Hence (da)*.(24,)
= S(AAP (24 @ar) +2 3 Ay As|(0r00) (0,09 con (TaTR)
+2 2 ABi(aaa, Bi) + 3 Bt + 2.2 BuBy cos (848y)
+ 3 dd,dd, (- (0,0 (S A0+ S A2 @y
+ 'Ek Ap Ay (e, an) (@ )| cos (Tan @, az)
+2 Ek Ay By (ana,Br) + 2 % B+ 4';;5: By, By cos (81, 8x)
+ % Ap (a,an) + hi Ande|(a,@) (asar)| cos (aas aa)
+2 hzk A, By, (anasB)}
+23 A;, 3 dA, A,da, { A (apo,va,) — ZB;, sin (Byva,)}
—23 v Ay, zdi 4B, (2 A, (a8 +3 B,. cos (B43,)}
-2 EA;, 2 dA, B, d,8,, {3' Ah(aha,,uﬂa) s B,, sin (B18:))
+ (“ A »)? [2 (@B, +3, B 2(dB,) + 2 A A, cos (Ta, Ta,) da,du,
23 dB, dBycos(B.B) +2 S 3B BB, dB, cos (B, 8,)
-2 3’; 4,da,dB,sin (ra,8,) - = A,da, B,dB, cos (ta,8,)

78

— 23 dB, B,dB,sin (8,5,)].

§69. Ezamples.

1. Reduce dza,(@a,)+a=0 8.
Let Sa,(za)+a=0 B=z
Then (2a, (za,)+a=0 z)=0, (Bz)=0.

‘. 2a, (za,)+a=0, (82)=0,
<o —sin (r28) dz+ (2vB) dB=0. .
" 2¢psin {(r28) - (a,8)} dz=32da, (2a,) + S a, (2va,) da, + da.
*. sin (rz8) dz2a, cos (a,8) — cos (r28) dz S a, s1n (aB)
=23da, (2a,)+2 a, (zva,) da, +da.
. ¢o08 (rzB) dz 3 a, sin (a,B)
=(2vB)dB S a, cos (a,8) - = da, (2a,) - = a, (2va,) da, — da,
" (d2) {2 a, sin (a,B)}2={(2»8) dB}? {= a, 511 (a,8)}?
+{(«»8) dB 2 a,cos (a,B) — = da, (za,) - S a, (2vay) da,—da}?
= (z”ﬁ)2 dﬁﬁ {E a2 +23 @y @y CO8 (ar ﬂn)}
+ {2 da, (2a,) + = @, (2va,) da,+ da}?
-2 (zvﬂ) alﬂ b a,. cos (a,.B) {=da, (2a,) += a, (2va,) da,.+da} ,
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2. Reduce d(xa)- k=0 B.
We have, putting (%a) - k=0 B =2,

(za)=Fk, (s8)=0,
‘. —sin (rza) dz+ (eva) da=dk,
- sin (r28) dz + (zvB8) dB=0.
Yow sin? (rza) +sin? (r28) — 2 sin (rza) s1n (28) cos (af) =~1n (aB),
*. sin?(aB) (d2)?= {(2va) da — dk} 2+ (2vB)? dB?
—2 (2vB) dB {(2va) da— dk} cos (aB)
=(2va)? da® + (2vB)? dB? — 2 (2va) (2vB) da dB cos (aB)
—2 (2va) dadk+2 (zvB) dB dk cos (aB) +df2.
- sint(aB) (d2): =((xa) — #=0 Bra)? da’+ ((va) — k=0 ByB):dE*
-2 ((¥a) — k=0 Bva)((xa)— k=0 By8) dadp cos (af)
—2dadk ((za)— k=0 Bva)+2dBdk ((xa)—k=0 Bvg) cos (aB)+dkz,
-, sint (a8) (d2) ={(paB) +# cos (@)} da+ {(pBa)~ £} * dg?
—~2{(paB) +k cos (aB)} {(pBa) - &} dadf cos (a8)
+2 dadk {(paB)+£ cos (aB)} +2dBdk {(pBa) — &} cos (aB) + dk*

Reduce d3 A, (éa,)+ 2B, cos (£8,)=0 e.
et Sd, (£a,)+32 B, cos (£8,)=0 ¢ =A,
. 34, (Aa,)+2 B, cos (\B,)=0, (cA)=0,
o 2dd, \a,))+32 4, (WAa,) AN =2 4, 5m (re,A) du,
+3dB, cos (\3,)+32 B, sin (A\B;) (d\ —dB,)=0
—s1n (reX) de+ (evh) dA =0.
ultiplying the second by =4, and subtracting
SdA, (A,)+Z A4,d\(a,cvh) -3 4,.8in (ra\) da,
+2dB,.cos (\B,)+dAZ B,sin A\B,) -2 B, sin (AB,) dB,
+3 4, sin(red) de=0
"hence
34, (fa,)+32B, cos (68,) =0 c)t d SA4, (éa,) + 2B, cos (£8,)=0 ¢
=~ 2 (a,a,¢) (4,d4,— A,dA,)+ EsdA, B, (ca,vB,)
7 ”

-f 4,2da, (ra.c) +ri’A, A, {da, (a,cra,)+du, (a,cra,)}

+ TSJA, Byda, cos (ra, B,) +r‘2'dB,.A, (azevB,)

~ 2 (B,dB,~B,dB,)sin (8.8~ 3 B,D,(d8, +d8,) cos (8,8
- 3Bd8,~ 3 4,5,d8, (4B,

—dcz A, {2 A, (rca,)+ 2B, cos (reB,)).



CHAPTER VIII

REDUCTION OF MEASURES CONTAINING
FUNCTIONAL FLEMENTS

§ 60. We give in this chapter formulae which enable us to
evaluate any measure containing any of the functional elements
defined by p; », .

We require the values of
(1za), (tza); (vea), (vza); (pEa), (pEa); (vEa), (vEa).

§ 61. Formula for the evaluation of (tza).
We have from § 49

(Tz0) = (za)? %’g—l .
Formula for the evaluation of (txa).
We have sin (Tza) = — d %:) .
Formula for the evaluation of (vou).
We have (vza) = -12—d E';:)a from § 46.

Formula for the evaluation of (vza).

We have cos (vea) = — d ‘(Z—i) .

§ 62. Formula for the evaluation of (pka).

We have (vEa) = df&“) .
But (éa) + (vEa)y = (pka),

. ooy =(eayr + {10V
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Formula for the evaluation of (pka).
We have (pfa)=(EvEa) = (vEaf) =sin (af) (vEaE).

Now (vEak) = [6 (?)Jn_a_;
Hence (p&a) = sin (af) [ 9 (i_a)]a_ "

|(pEa)| may also be found from the formula

(pE0)] =siv (g0) 2.

but the sign of (p£a) cannot be determined from this.
" We may also evaluate (p£x) from

(pka) = :Z éfg; (;if( Eap). See Ex. 6, p. 42.

Formula for the evaluation of (vEa).

We have seen (v€a)= ‘%‘(ii—a') .
Formula for the evuluation of (véa).
We have (vEa) = (Ea) — "2’

§ 63. Examples.

1. Reduce (r £na).

We have from § 51, Ex. 1,
(§n)® d gna = (pén) (na) dé + (pné) (£a) di,
(éna)dEna

= i dE

(Pén) (na) dE+(pné) (ba)dn
T VpEny dEiy (pn&)*dn* +2 (pn) (pné) cos (&n) dEdn|
2. Reduce sin (v&ya).
= \_ _[d(&a)
s (réna)= [——-d& const.
- __(pén) sin (ya) d¢ +(pné) sin (fa) dy L

|V (pn)? A€ +(png)? dn? +2 (pkn) (pnk) cos (én) dédn]’
from Ex. 6, p. 42.

3. Reduce (vazya).
d (zya)
day
_ya)| cos (Fary) (ray) du+ | (va)| ;0’5 (Zazy) (ryx) dy
dz+
)52 }(/'r.z‘_v/) () dy from Ex. 5, p. 42

(vwya)=
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4. Shew that
(p7ya)?
= () (yra)*da’ + (ax)? (wry)* dy* +2 | (@) (ay)| cos (@Zay) (yr) (ary) duedy
{(yre) dx + (xry) dy)® :

5. Reduce (pZ7a).
(pe)=-sin (sg)[ 2L

= |(va)! cos (ay73) (rzy) dar+| ()| con (7-28) (rya) dy

= —sin(sya). (rry) das+(rya) dy

(zyaygy) (ray) de+(zyazag,) (ry) dy
T e iy dy
~ (29 ay 3Yy) (rry) die —(syarzy,) (ryx) dy
= T ewmdereesay
(r2y) (ya) dw + (rya) (xa) dy
(ry) dw+(ryx) dy

= —sin(%7a).

Hence (pZYa)=

6. Reduce (p&pza).
)___(Zﬂ) (ff’f) 0’5’7;"(5;751) (&n72) dz
(rénz)dén +(&nrz) dz

(n2) (p€n) A+ (62) (pn&) by (énr2) d

) siniy) 6 e gy
_ (n2) (pén) dE+(&2) (pné) dn + (énr2) d-
sn? (£n) sin (€n)
_(za) {(nz) (pén) A& +(£2) (pn€) dn) — (Ena) (Enrz) d:
(n2) (pén) dE+(&2) (pné) dn—wn (&n) (énrz) d2
7. Reduce (rxgs awa).
(r236  wa)drgs a=(rvss sa)dry sa
={(rova)+2psm (pra)} do— = (vap) dp — = (xyvp) pdp
+2ptdp+ 2 po(dp+da) cos (pa) + = (pdb — & dp) sm (po),

from Ex. 2, p. 48. wo

(pnza

- (Zn

8. Find the value of (r2p¢ a).
sin (rzg6  ga)dzgs, o= —d (%5 wa)
=d {—(2a)+2 p sin (pa)}
=8in (rza) dz + 2 dp sin (pa) — £ pdp cos (pa)
9. Find the value of (vags.., fua).
(vags.. . bua) do=d (24 . pua)
=d{(aze)+3 psin (po)}
=sin (rv0) dr+ (arve) do + 2 dp sin (pw) = 2 pdp cos (pw) +dw £ pcos (pa).



63] . EXAMPLES 57

10. Find the valuc of (pzss.. $wa).
(pxgs .. wa)=(7gs $uvss ¢ua)
=(v0s¢ duaTgs $w)Sin(aw)

. sin (rzw)dr + (arve)do + = dp sin (pw) — S pdp cos(pw) +dw 3 cos (pw)
=sin (aw) --- - - e <

a=azs..bu
=[8in (r@w) 810 (aw) dz + (axss ... puZvw) dw + 810 (aw) 2 dpsin (p)

- sin (aw) 2 p dp cos (pw) + sin (aw) dw = p cos (po)]/dw
=sin (rre) sin (aw) ((%; + sin (aw) Z_Z 810 (pw) — sin (aw) S ﬁg’; cos (pw)
+(ax) = (%s6. ) cOS (aw)+8in (aw) = pcos (pw)
=sin (r20) s1n (aw) ;—L’; + 311 (aw) = gﬁ sin (pw) —sin (aw) = p gf’ cos (pw)
+ (wa)+= psin (ap).
11. Shew that
(p2u,(vay)+ =0 B)=[2a,2da, — 2 «,a,{da, (va,a,B) +da, (a,va,38)}
” ’Fs
+ 3 (a,a,B) (0, da,— a,da,) +aZda,. s (a,8) —da S a, s (q, B)]
"y r »r

+[2a,tda, + = «, «, (da, +da,) cos (apas) + = (1, du, — azda,) s (a, a5)]:
réy s

12. Shew that

(r2 A, (§ay)+2 B, cos (§B,)=0 ¢) d {=A, (fu,)+2 B, cos (£8,)=0]
= = S (aptye) (A, dudy— A,dd,) + S dd, B, (ca, vB,)

—34,%da, (ra,¢)+ S A, A, {da, (a,cra,) +da, (a, cra,))
r¥s
+ = .1, Byda, cos (ra,.B,) + = A,dB, (a,evB,) — 2 (B, dB, — B,d b)) s (B, 3;)
e " e
— 2B, B, (dB. +dB,)cos (B, B,) —= B,2dB, - = A, B, dB, (a,cBs).
r¥s r ”ne

13. Find the value of sin (rEriTZ'w )
sin (rénr(w) dn = - d (r{ofn)
__gEnrie)
sin (&) ’
. sin? (&) déy. sin (réyrw) = —[{(vénr () dE+ (fvnr{w) dn} sin (§n)
+(énr{w) cos (£n) (d€ —dn)]
=sin (rfwn) [(pén) d¢ —sin (r{w ) (pné) dn),
. sin? (&n) d &y sin? ({o) dfw s (r fyriw)
= —sin? ((w) [ ({wn) (pén) A€ —d ((w§) (pné) dn]
=(pén) dE{(plw) sin (wn) d{+(pwf) sin ({y) do}
— (pné) dn {(pfw) sin (0f) d+(pw() sin ({£) dw} .
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14. Find the value of sin (rz,7ys).
sin (rwgrys) drg= — d (rys xg) = +d {— (rysx) +p sin (prys)}
=sin (rxtys) d+dp sin (prys) — pdp cos (prys),
. sin (regrys) dosdys=dad (ysr2) - dpd (yep) ~ pdpd (yopa)
=dzd{(yrz)+ & sin (or2)} —dp d {(yp) + & sin (ap)}
— pdpd {(ypx) +5 008 (po)}
=dzdysin (rz1y) + daedé sin (rre) — dz dpsin (ryp)
+ dx6do cos (rwa) -y pdp cos (typ)
+(pd6 + pa dp da) sin (po) + (dpa do — pdpdé&) cos (pa).
§64. We may now differentiate determinates in a straight-
forward manner.

The formulae used are those of examples 1 and 5 of § 63,
which are of a reciprocal character, viz.,
sin? (&n) d&n (7 Ena) = (pén) (na) dE + (pné) (Ea) dn...(A),
(ayy Az (pFya) = (ray) (ya) da + (ryc) (a) dy ...(B).
We consider determinates of six letters; this will be found to
be quite general.

First, consider the line

zy T B
Now (aytaBc)ydzy a:y § a /3 c
= (wytuBy [(+Zyta gg Be)d &y %y taf +(@y tap o) de]
= (zylaB) ('ra:J taBec)duxy L‘u, B + (aytuB) (a JC(LB-rc) de
= (aytu) [(pzy Ea B) (Be) dzy Lo+ (pBTY La) (zy Lac)dB)
+ (zybaB) (rybuBrc) de by (A),
= (Be) (aybay (pzy £ a B) dzy L a + (wybapB) (wytac) dB
+ (zyaB) (xy&aBrc) de
= (ayt)* (Be) [(vzy L a) (aB) dzyE + (zylru) (7Y ER) da)
+ (zy&apB) (wyt_ai) ap tgytaﬁ) (zy&aBrc) dc by (B),
= (xy8)* (cB) (Ba) (ray a) dzy & + (cB) (BEyx) (ratyx) da
+ (pBalyx) (calyz) dB + (xy&aB) (zyfaBrc) de
= (zy) (cB) (Ba) [(pzyt) (§a) dzy + (zypt) (wya) dE]
+ (cB) (Btyxz) (ralyx) du + (pBalyx) (calyxr) dB
+ (zybap) (zybaBrc)dec by (A),
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= (e8) (Ba) (at) (ay) (wEgt) daj + (o8) (Bu) (ayw) (pLyz) dE

+ () (8tya) (ratyw) du + (pBatye) (cutyz) dB
+ (vytuB) (zytaBrc) de

= () (Ba) (w8) [(ray) (y8) dur + (rya) @8) dy]
+(68) (Bu) (ays) (pEya) dt + (cB) (BEya) (ratye) da
+ (pBatyz) (calyxr) dB + (rytuB) (ry&uBrc) de by (B),

= (e8) (Be) (a8) (&) (y7) do+ (cB) (Be) (at) (&) (ary) dy
+(¢B) (Bu) (ay) (ptys) A+ (oB) (BLy) (raty) da
+ (pBaly.r) (culyx) dB + (wy&uB) (xyfuBrc) de.

A rule is clearly discernible : take the letters in the reverse
order of that in the determinate: viz. ¢, 8, «, &, ¥, =

To write down the coefficient of d., replace « by Tz, and we
have ¢, B, ¢, &, y, T

Then the coefficient 1s the product of pairs in the same order.

The coefficient of dy is got by interchanging .« and y.

The coefficient of d¢ is got by writing p¢ for & the letters
becoming

¢, B @, p& y, x.

We form pairs in order of all the letters before p¢; and
afterwards with the letter before p¢ form the measure of all the
letters succeeding p¢. The last component in the coefficient is
the measure of p¢ with the letters following p& And similarly
for the others; with the exception of the coefficient of d¢ which is
easily written down.

It is easy to shew that the coefficients in a line determinate of
odd number of letters as

(Enzabryd)* d Enzabry(l

follow a similar rule.
Next, we consider a point determinate, namely,

Enzaby

(Enzaby) (d En zab v)’
= (énzad)* [(pEﬂ zabyy (d En zaby+ (fn za bp v)* (dy)

+(quzabvy)(fnzabpry)cos(fqzabry)dfnzabd«y].
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This we can reduce if we reduce

(Ensaby (p B 2abry) d Ensab.
This is equal to

(Enza) [(rEn s ab) (by) d En 2 a+ (En 2 atb) (€n s ary) db]
= (by) (éne) [(pEn 2 2) (ab) d En 2 + (En = pa) (B 2 b) de]
+ (Ensarb) (¢nzay) db
= (yb) (b siv* (En) [(vEn2) (s0) B + (Enr2) (Ener) de]
+ (v5) (ben#) (paznt) dat + (yasnk) (rbasnf) db
= (vb) (ba) (az) (em) (npk) dE + () (b)) (az) (o) (£pm) d

+ (vb) (ba) (anf) (r2nk) dz + (vb) (banf) (pasnf) da
+ (yaznf) (tbaznk) db.

of line determinates.

It is easy to see that the same rule holds good, as in the case
simple elements may be written down.

Hence the differentials of determinates of
§ 66. Ezamples.
1.

Shew that

(2@,0,ay ... a1 00)? (PTG ay g ..

d f" P ————
« Gy Upay) P T L YL
=(an0n) (@nan-1) (an-104_1) ... (22a,) (a, 1) (@1 7).
2. Shew that

(fa1a1a3 .. ap_ 10y _1)? (P_é;l 103... 0510y -1 ay) 75 f—alal g eee Ay 1 Op 1
dag

=(Ap-10n-1) (an-10n-3) ... (a321) (21 ay) (a1.0€)
3. Shew that

(fmaa;... ay_10,) (r Eay 0y a.

- d ;‘——"-_—‘ ===
ot ey Gy ly) gs eﬂl_ffl Ageee Qp) Ay
=(ntn) (antn-1) ... (a38;) (@1a1) (a1 pf).
4. Shew that ometie

: = 4 ==
(varayag... Gy 109 _1) (1 507 a1 Gg... Gy _1 G ~1 By) Tp PN 010y Oy 1Oy

= (@nay) (a40n-1) ... (Ggar) (@ @) (@y 7).

[vin
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5. Hence reduce

(@1 361258 .- a1 m s 1)) (P 5r Euob oo ot T 1) A 2 g oos et Fmsn

(618371 £33 v Enn-1)? (P& Es1 a2y oo Enn. 1€ne1) d?&;{fs coe Ennt

(618371633 o Tn_1 bn 1 P (rErEar £3 o Bn1 En v 1 ¥n) BE1E3 01 £ oo Fno1 by

(-ﬁ’nxsfxwafs cee Znfn_1)? (7'5172_61 3000 B En1 Zns1) dm Ly oee Tnén-1.

6. Shew that

(#aay ... an 1)} 7 4 T aya3... u,‘_la,.=(u,.a;._1) (@n=1@n-1) oec (m1@3) (@ 72),

and (éma ... a,a,)? ef"lalﬂx anun-’(anan) (an@y_1) -+ (@1a1) (a1 P).

7. Reduce M(wan ay .o ay- xa,.b)

d(.v_a_,al... a,.._la,.b)=(v.ﬁ'l—|al cp-1dy b)d.z‘alal cp_1 Uy

=(bpﬁ1_al...a,,_|a,.'5¢71al ay ,a,r)d.z‘m @y ees Ap_y By,

={(b-ﬁ;dl vee Apo1 a,.%)—(p.z'—a_l Q] ees Q1 0y -ﬂal ag ... ﬂ“_lanw)}

xd,uzla. Q1 Cy

d -
o (a,alal e @y a,,)’ ?' .z‘ala. ﬂ,‘_l Ay b)

= (bZayay +ve an—, au_;) (@nan-1) (an-10n-1) ... (1) (217%)

- (Zajay... ;;:angan) (anan—1) (an_1@p-1) .. (“1“1) (ay72)

=(tnay-1)(an-1@y_1) ... (01 1) (a7) | (bay,) | cos (ba "'“l ayeee@poy “n)

8. Reduce d\(m,nlag J@napb)|.

(zayay ... “nﬂn)‘dKﬁaa--- ayayd)|

= —(Zagay ... Apay)i o8 (1701 a1 3. a,.a.. Tty ala, + Gy anb)

Xd TGy aydg...0n Gy

-

= — 008 (T@y a1 O3 ... B iy b ay) (“ﬂan; (@nan-1) .o (@30;) (a1 01) (1 72) d.
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R————

9. Reduce a—‘ima, e By ay B).

d —_
(#90ya105 ... Gnay)® o (B31 a1 a3 ... Gy anB)

= = (80101 ... Gu@n)? SID (r 338y 3,03 . O 2a B) d 507 21 on Oy ay [ v
=8in (Bay) (an®s) (Fnan-1) ... (@aa;) (a1y) (@, 7).

10. Reduce %(é?;;;a;... Ap—qayB),

(fayarag... ap_1a5)d (E_T-l—‘;l_“% v Gn_1a4B)
=5in (Bap) (ann—1) (Fn-18n-1) .- (a3@1) (@1 7Eay) dEay 8in? (£a;)
=5in (Bay) (ay@n—1) (An-1an-1) --- (a3a1) (2101) (a1 pE) d§.

11. Reduce z‘l—e|(ﬁa1a,...a,._.a,.b)(.

(fﬂlald_i see a_nian_)’ d_l (le——alGn “n—la;o b)|

= —008 (§a1 @1 a3 ... an1 0 b an) (an Gn-1) (@n-10n-1) ... (1)
(@17 Eay) dEay sin? ($ay)

= —co8 (£a; @1 a3 ... An 10 b an) (an Tn—1) (An—1an-1) ... (#1a1) (a1 PE) dE.

12. Reduce ;—e(ﬁalag ey Gy b).

(6010101 -~ ann)* d (Fas @1 03 .. an 2 B)

=(anay) (aa@n-1) ... (agay) (a,2,) | (baty)| co8 (i;‘;leal oee Only)
(ay7Ea,) d Eay sin? (fay)

= (G g) (ann-1) oo (3301) (010y) | (Ban)| 008 (Bay £y @ ... an @n) (a1 PE) .




- CHAPTER IX

GENERALIZED DISPLACEMENT OF A POINT

§ 66. In the foregoing we have supposed that the consecutive
position & of a point & is given by

Y W

-We shall now consider the most general case, viz,
“’="’vmtnzmn.3sz.---r.z.‘.=-
§67. To find da.
(8”)’ = (@00, 4 0,71 742, 892 f.ﬂ.‘.ﬁ)”
oo (dep=2(d,2p +2 2 d,a d, @ cos (T,27,2),
§68. To find dre.
d‘Tﬁ = dmﬂga‘."‘z’l‘a Tny >
<. dre (do) = 2(d,x)dr, & + 2 d,zd,a (dr,2 + dr,2) cos (T,27,2)
r+8
+ 3 (dyxdpz — dywd, @) sin (T,27,5),
re
from corollary, Ex. 2, § 55.
This gives drz.
Defining pz as % we have
pe= {3 (d,a)dr,@+ = d,zd,a: (drex + dr,z) cos (T,07,7)
+ 2 (d,.wd @ — dyd)* ) sin (1,o1,2)}
+ {2 (d,m)’ +23 d,md,a: 08 (r,mr,a:)}*
§69. Tofind (vma)
(‘v' a)' — (za)
oo =3 L, Sy

L ("ﬂu.mm-.m 1a2,0020)" — (2a)!
= 2 d,o|(s0)] o8 (Birya)de,

& (vea) de =— 3 d,z (eav,®)
(w;a) do=3 (o;,'.a) dya.
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§70.. To find (raa).

(raa) de = (0a) dTG = (2a) (Fayy0,4...r00 805D
= i(m)l (wwﬁn, Jm...r.w,d..za)
- (wflz,a,z...-r.n, ,.,a_a:) Km)L
‘. (1za) do=|(ax)| 2 d,z sin (@& T,x)
=3, d,z (azT,x),
o (rea) do =3, d,z (€,20).

Whence it is easy to see that any complex measure mvolvmg
the generalized displacement can be reduced.



PLANE CURVES

CHAPTER X
REDUCTION OF COMPLEX FUNCTIONAL ELEMENTS

§ 71. We have the simple functional elements

T, ve; pE, vE,
where z, £ have successive positions.

Complex fugxctional elements are as such,
prz, Tk, vre, vvx or vix, pvE.

For the reduction of these we have to make some initial
assumptions.

Assuming pre =,
E=§

we may find the values of the others,
These define the geometry of plane curves.
IFor if #, «’, 2" be three consecutive points on a curve
e =uxz, (ra) =,
o pre = 1o (T2) =
Similarly for curves defined by a line variable.
We proceed next with the reduction of other complex elements.
We make the following definitions,

dra_ dve
dw ~ da PP
dpf _
-d—E—PE:

80 that pz. pro=1.
ré, ,%; is cailed the radius of curvature of the curve at its line

£ or point .
T. G, 5
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It is essential that the order along the curve in which its
points take up successive positions, should be definite: this
ensures & sense for .

§72. (i) We have vra = (pra),; = v = va.
d d (2
Gy (o= SR = L0
d (awuw) sin (tavz) dz + (axvic) dva
dva dvz o

= plw — |(aw)| sin (@ r2)
= le — (azT2),

1
. (Vwa) = — —(Txa).
(v'za) (rza)
spz)= L
Corollary. (v :ca:)—’m.

(it) (prza) = (veviza)
= (Vzavz) sin (avz)

= 17; — (reavz)} sin (avz)
p

1
= pr cos (arz) + (Txvea),

cos (-r.z'a)

. (prza) = (za) + —

Hence Pre= =2y, 1.
P

(iv) vpk = vipk = k.
) (éa)= d((;;ia)
_ d(apkvE)
dvE
_ sin (1p£v) dpk + (apEvE) dvf

dvE
=pE — (apk¥),
" (v*€a) = pk — (k).
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(vi) (pvéa) = (vEv'Ea) = (EavE) sin (avf)
= {p€ — (EaE)} sin (avf)
= p cos (Ea) + (Evéa)
(pvéa) = (pka) + cos (£a) pk.
§ 73. Examples.
1. Shew that

(vInga)mpn =B — pln =0 £t (= =t pf (= )" (fa),
(v )= pln =9 = pB=5) £t (= ) (=" (o).

We have (v*fa)=pé—(¢a),
differentiating (v3fa)= - (vga)+p’§,
and (vifa)= —(viga)+p"¢

= —pb+p"E+(éa),
(v0a)=pE —p"+p™ E—(éa).
Hence the general formula.
Again (58a) = — (v3¢a) +p" ¢
==p'+p"E+(vé),
giving the other general formula.
2. Reduce (pv2éa).
(pv*€a)=(pv.véa)=(pvéa)+cos (vfa) pvé
=(pka)+cos (£a) pé +sin (§a) p'8.
3. Shew that prrE=pm g,
("ga)=(fa) =7 .
4. Shew that
(prnga) = (prn~t6a)=p g con {(n-1) T - (6a)} .
Hence shew that
(P o) =(pbe) +p g cos {(n = 1) F - (o)

+p0= D¢ cos {(n -2) g—(fﬂ)}
+ete. ete.
We have

(pv~da)=(pr . v"~"£a)=pi"=1£ 008 ("1 fa) +(pv~1 fa)
=(pv™1fa)+ph -1 ¢ cos {(n -1) g - (fﬂ)} .

87
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5. Find the values of (v~ 1za), (v™za).
(v 2a)=v¥"1l.yzra)

(dva: " sI”""' dm')h—ﬁ prrta+(=)" (d )pv.z‘-f-( =)=1(v2zq)

2 G- Ga) G-+

=y ,.Ix;x)( )+ (= )

(vin-1ga)= (v"‘ ”v.z:a)
d\m=o/1
~(ma) Go)-Ge) " ()-+
+px+( =1 (vaa).

6. Find the value of ( py*za).
n-2
(py*za)=(pv* 1vaa)=(pvra) + (ﬂ%) py cos {(n -2) g - (v.ra)}

(&) oo ).
=(za )+wsp(;.za)+ ——)” ,(p )cos {(n 1) 5 +(m‘a)}

+(ads) Go)oos {-9 3+ o)+t



CHAPTER XI
SUCCESSIVE DIFFERENTIATION OF MEASURES

§ 74. We propose to find the successive differentiations of the
measures of two elements containing one variable element.
§75. (i) Successive differentiation of } (za).

1d
2 dx

1 d d
3 (Zﬁ) (za) = T (vza) = px o (viwa) = px (V*za)
=1 —(rza) pz,

() @r==F (s po

(wa) = (vaa),

DO} hd

=—(px) (vwa) - p'z (Tza),
(&) (@ =~ g i(vew)(poy + (rea)p'a
= — (pz)* (v’xa) — Bpxp'x (vra) — (Taea) p’x
= () + (e = ) (1) — Bpap' ()
) (ewy = = 2pup'a-+ pu {(poy — p'a} (vae)
+{8(px)p'x - p"'w}(rxa)+3puxp’x {1+ px(raa)}
—3 {(pa) + pap"s} (vau)
= 5pap'w + {(pa)t - 4pwp”w — 3 (g'aY} (vear)
+1{6 ()2 p'w = p"'z} (T220).

DO -

DNO| =
e
31

And generally, 5 ( ) (za)2= A, (12a) + B, (vea) + Cy,

where 4, B, C are polynomials of pa, p'z, p”« ..., and
App=4,' - By,pa,
Bp= By + Anpa,
0n+l = O«n,"‘ Bn-
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(u) Successive differentiation of |(za)|.

_ (vaa)
|( )I I("7“()| ) ) ( )
d _d ) _ pw (yﬁwa _ vara 2
(@)1= {Ea) =" (G@a)p
M ("””“)’
. . w(‘rm) (P“' 3 (vra vaea
(El_) |(@a)| = — P [(a)| [(za ,] '(m)|’

3px (tza) (vea) = 3 (vaa)®

d (pay (@ T I(M)ls ’( » 6

Ay, o (e 3 tpr) _ DpT

<dw> !(xtl)l '(.Z‘(l)l (xa’)la (T a’){ |(a-a)l l(ma,)‘ |(wa)|3}
_(,,‘m) I(w +('ra:u) (vaa) ' (w )la

(P) 4 (px) 18
oy * (o >{|<wa>|3 l«m)r}

—(Twa) (vza)?

—(Tza)?

1850 _ 15 (sou
(e} [(za)l
(iii)  Successive differentiation of (2a).

df::-) = — sin (1za),

(‘% ) (ra) = — ;;l {sin (Tza)} = pa cos (raur),

(—};)s (za) = (%: {p# cos (Tza))
= p'z cos (T2a) + (pz)? sin (raa),
(sz)‘ (za) = p"x cos (twa) + 8p’zpa sin (taa) — (pa)? cos (r.za)
= {p"x — (px)’} cos (txa) + Bpxp'x sin (Tza),
() ==& ((pay - p"w} cos (ra) — {(pa)* — pap”a} sin (ram)
+ 3 — (pmp x) sin (Taa) — 3 (px)? p'z cos (Taa)

= (6 (p2) o'z — p”’z} cos (Tza)
+ sin (rza) {4pxp”z + 3 (o' w)* — (pz)].
And generally, ( ) («a) = 4, sin (rza) + B, cos (T«a),

where 4, B are polynomials in pz, p'z, p'z... and
Apy= A, + B,px, B,.,=B, — A,px.
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(iv) Successive differentiation of (Ea).
d(fa)_(,,g )
dE ’

(35) €= 7 6Ew = )
and generally,
(32) €0 = 67w
b (G) € =g p 4 (P o () (E)
() € =g = o0 £ (2 PE+ (2 ().
(v) Successive differentiation of (£a).

d{ig(Ea)= - 1.

Hence (;;i—g)u (Ea)=0, n>1.

Thus we sce that we have general expressions for the nth
differentiations of the measures of two elements in which the
variable element is a line. In some cases this renders the line
more useful as a variable than the point.

It will be seen in the next chapter that both (£¢) and F {(£a)}
can also be integrated in known quantities.

§ 76.  Examples.

1. Fmd c‘]i) (@ B), n=1, 2, 3.
(£
o @y= -,
d\¢, _ . d (rzxa) pe(vaa) | 2(rza) (vow)
() T =~ Fo @ap = T (waF T )
a3, __ pz,(uxa) pe {1 —px (rou)} | 2pz (vaa)
() @o= ="y (za)? (zay
2px (vva)t | 2 (rwa) {1 - pa (rra)) 8_§rxa)(v.m)’
eyt (@a)t ey

2 p'x
= == { G~ oy} =9 e
dpx (va,a)" 2px (rza)t 8 (rwa)( vra)?
(wa) (wa)t RCO
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2. Find (o—;-'le)“(g"‘aa), n=1,2, 3.
We have :i% (£aB)= Pfs‘:l)l:‘('g)ﬂﬁ)

(a;if)" (§ap)= - sin (a8) 5’? ;ﬁ;’;ﬁg‘&)
sin? (¢a) = (pa) . 008 (£a)

= +8in (aﬁ) . s (eu)
2 (¢q .
=xin (ag) . - sin? (& )m:s((lzfa)) 003(50)’

( d_% )3 (£aB)=sin (aB). {4sin (£a) cos (£a) — 2 (pfa)sin (§a)} siu (§a)
4 f8in? (ba) - 2( péa) cos (£a)} . 3 cos (£a)

sinf (§a)

sin{af). [7 sin? (£a) cos (£a) — 2 (péa) {1 +2 cos? (fu)}).

= sinf (Ba)

[xrI



CHAPTER XII

INTEGRATION OF MEASURES

§77. We define integration as the inverse process of differ-
entiation. Thus, for example,

d
g (£0)=0ka).
We have with the usual symbol of integration,

[ wee) g = (gap
If C be a constant
f(vfa) dE=(Eu) + C.

§ 78. Integration may as usual be defined as the limit of the
sum of a series. For the integrand being an algebraic quantity
we must have, if f(£) be a function of absolutes containing £, that

[7®de= L (f@+f@)+... +flawor B,

where h=(an) = (a,a) = ... = (a,_,a,) = (_a:_lB); a, B are the limits

between which g takes all values.

§79. In the foregoing it is generally necessary to suppose
that £ envelopes a curve, and so also when we consider the
integration of measures of a variable point, we have in general
to suppose that = traces a curve.

We have as before

& [f@d==r@,
md [ f@do= L (f@+F@)+ .+ flasor b,
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where h=|(aa)| = ()| = ... = |(an-1an)|
_ length of curve from a to b
" .

§ 80. Integrals of measures of elements containing a point

variable

¢)) f’; da; = length of curve from m to n.
For the indefinite integral we shall write
[az=tin..
2 [ : (Twd) de = (emn) + the area of space between mn and

the curve from m to n.

For the indefinite integral we shall write
f (Tea) de = seg ..

(3) / (vra)de = } (ra)i
From which we have
4) [(w-u) ¢ (wa)! (Lw=fy¢(y) dy, where y= (wua).

d|(ra)| d

. d [
For J;_Jy:];(y)(ly— “dr dyf.’/d’(y)dy

= &5 )| ¢ el

(5) fsin (rra) ¢ (za)de = —/ ¢ (y) dy, where y= (aa).

d d(za) d
For (l.;:,/ ¢ (y)dy= “dr dy y

/¢> (y) dy = — sin (rea) ¢ (ca).

(6) f ((_:‘::;z) ¢ (zaB) dx = — f ¢ (y) dy, where y = (zag).

o pfswan=2G0 L [smray=-F s

) f (r2) cos (Twa) dz = trapezium (mna) + seg ..
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This we prove by the summation process. Let m, n be two
points on a curve. From points
on the curve draw ordinates to a.
Let « be a point on the curve, 2’ a
consecutive position. Let p, p’ be
the feet of the ordinates.

" Then it is easy to see that, since
da cos (ra8) = |(pp’)|,

f n(.m) cos (Tra) du: = trapezium (mna)

n

+ area between (mn) and the curve.
Hence the indefinite integral is
f (.wra) cos (toa) dx = seg .
(8) From (6) we have
[(—(Tw)z) sin (ZaB) dx = —fsm ydy = cos y = cos (zaB),
((':—‘::)l—;)s {(aB) = («¢B)} duw = cos (£af).
If (¢B) =0, we may put 8 = ub, and we have
(T'-T%%)ﬂib) dir=—|(ab)| cos (zd ub).
(9) Again from (6) we have
(Taet) L (PRI
@ay sin (#a8) dr ——" (sin y)*dy
= — log tan 4y,

(tra) de -
fl(.lu)) ((1/3)) — 1,8)1 — logtani(zaB).
Fronm which we have
(rra)dae 1 3
} |(xa)| (rad) — |(ub)| og tan § (#@b).

(10) We have also from (6)

((:::;2) sin? (ja B f cosec® y dy = cot y = cot (zag),
from which ’ {(ag) . (L)(%)T° = cot (G B),
(Tea) dw

and therefore by = (a b)' cot (awab).
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(11) f {(tea) — (r2b)} ¢ (xab) dx = f ¢ (y) dy, where y = (za

For 2 8@y =2ED L [4(5)dym ((ran) — (rab))
§ 81. Integrals of measures of elements contavming a line

vartable :

(1) f df = — (fa), where a is a fixed line.
@ [ dt=—[$ () dy, where y = (ga),
® [ (ga) g = lin pt — (o).

For differentiating R.H.s. we have
ok — (8a) = (£a).
@) [ k) ¢ (€0 aE = [ ¢ (3) dy, where y = (o).

®) S,‘,f:i;l)qb(faﬂ)df ~ i & [P

where y = (£ag).
(6) In(5) put ¢(y)= =, then
(pka) sin®( €a) df=—

sin®(£a) (£aB)

j‘dy 1 sin(fa)
sin (GB) sin (aB) "(£aB) ’

Wk g 1
(Eﬂﬁ)” ~ sin (48) (£aB)
(7) In (5) put ¢(y) =y, then
(péa) (Eaﬂ) 1 (£aBy
sin3 (Ea) T 2sin sin (af8) "
(8) In (5) put ¢(y)=§, then
(pka) dE 1 B
éin (€a) (8aB) = ~ sin (48) 1°8 (£48).

(pEe) cos (fa) ;0 (pE0) | |,
®) ./ psm’(Ea) : si:(;a)+lmpf.
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For differentiating R.H.8. we have

ot sin (§a) | (pka) cos (§a) _ (pEa) cos (£)
sin (fa) sin? (£a) sin®(fa)
(pEay .. _

(10) sin? (f“) df ==—2 seg PE (pEa)z cot (E“)

§82. Integrals of point elements may be converted into
integrals of line elements by the substitution z=p§ and
integrals of line elements into integrals of point elements by the
substitution £ = ra.

§83. A function of measures of avariable point is differentiated
along the normal and integrated along the tangent of a curve.
If the integral be such that it is independent of the path of
integration, the function satisfies Laplace’s equation. For let
the function of measures be reduced to a function of measures of
the variable point « and two fixed lines a, 8 at right angles, thus

Then the integral is*

oF . or .
—f {a—(—m) sin (vua) + 3 (B) sin (m-,B)} da
Since this is to be independent of the path of integration it must
be equal to a function of (wa) (a'ﬁ) say ¢ (), (xB)},

sin (vaa) + =~—=:

5 ( 13) sin (vz8)

- %‘% sin (ran) + a_(%_) sin (28),

)
9 (am)

sin (128) + 57— 8in (T4a)

_oF
0 (sa) 3( ﬁ)

sin (Taa) + -

L)
= 3 (aa) 8( m jsin (74).

. OF _0¢ OF __ 0p

3B ) T(en)” T 0@B)’
0*F o°F =0
REIC AR 1T e



MISCELLANEOUS EXAMPLES,

1. A curve is given by the general equation
1 {i(za)l, |(2)| ... (za), (4B) ...} =0,
to find the radius of curvature at the point .
Differentiating once

a|(zva)| of d(xa)
8|(.m)| “dr V35 (ea) de =0
of (vwa) _ Of _ .
3 (wa)| [ o)~ a (va) 8in (r2a)=0 ....ccooerrrr.s @).

Again, differentiating
Gk (vm)2 of {_1_ _ p% (raa) _ (vxa)’}
*3T@aP (eaf ~ 2| (2a)| Ywa)] |(a)|  (za)
+3 a—(——f—)ésm (roa)+2 a(a—f) cos8 (rza) px =0,

o ¥  (raa)
{ 8w )°°“"”“)+‘al<m>||<m>|}
2

_ O (vxa)? of 1 (um)ﬂ} o, .
2 ST Gt 2010 [0~ |+ o g0 ()
Ehminating rz, va from (i) and (ii)"we get pa:
2. Find the radius of curvature at a pomnt of a curve given by bi-radial
co-ordinates.
Let a, b be the points of reference,

Let 2 be a point of the curve.
Let r=|(za)|, s=|(2D)|.
Let | (ab)|=c.

To find pz in terms of r,
_ (vaa) ds _ (vabd)
d.z‘ r 'dzs s
. rdr (v.ra) \
S pah) s, (i),
dr 1ds  ds d% (v”a,a) (v2xb)
do " sdn drdads " {(vm) (nb)}
_ {l | - (rza) px 1 —(rab) pv
Tl (wa) T T (vab) ~}
(mb) (vaa) | [(r2d) (rwa)
(vaa) (vieb) +{(v.z-b) (v.z'a)} o
(vxb) - (vaa) _ (ravzab)
(vaa) (varh) ~ (vawa) (vard) P %

‘. (wab) px=(vab) - (vza)— {; ?K‘: - ‘l g‘; + % El?d?} (vza) (vab).

L1
r
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From a, b, z, v we have the eliminant
(abz)t=(ava)? (bo)*+ (bva)? (ax)? - {(ax)? + (ba')2~ (ab)3} (avx) (bva).

From (i) we have .
(vza)=rdr|dz, (va:b) =sds|dz.

Let o)
Then  (du)? (aba)2=r2s}(dr-+ds? + 2drds cos 6),
.. (oY= (”’b‘z), (drt 4+ dis? + 2drds cos 8),

ldr l1ds A% drds(dr ds  dsdsd¥
P do " r d—”“md”az;{ﬁ.;‘a;’fzmd?}’
where 4A2%=2r22 + 22 (12 4 82) - 14— gt — ot
do?=dr?+ds®+ 2drds cos 6,
2_ 2 _ 42
cos §= %;T‘—
3. Rectify the curve, whose tangential equation is
24, (fa,)=2B, f (£B,).
‘We have by integration

34, [lin p¢ - (véa,)]= - 3B, F (¢8,), where %L (¥)

dy =f ®),

- lin pgs A,=3 4, (véa,) — B, F(£8,),
which gives the value of lin p§.

4. Rectify the parabola (£s) sin (£8)=a.

We have from this

[(¢8) dE=a [ cosec (£8) dE,
* linpg —(vés) = —alog tan § (£9),
*. lin pé=(£s) cot (£8) — a log tan ¥ (£8).

5. Find the conic of closest contact of a curve.

The equation of a conic touching the tangent r.z at 2 of a curve and also
having the same curvature is

px (yvo)2 42k (yvar) (yra) + b (yr)2 =2 (yrz).

Differentiating three times and putting y=2, we have by means of the
formulae on p. 70

N—2(—pad o h=PZ
2h{=Bpa}=2(~p'a}, . h=F7.

Hence the family of conics having four point contact is

px (yvax) + %’; (yvz) (yr) + b (yrxP=2 (yrz).
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Again, differentiating four times and putting y=z,
p{— 8/»‘}+2k{ 4910} +b (0pa) = ot = '),

Hence b=—pz‘+§p—;—§pwg-

Hence the conic of closest contact is
2o’z 5
2 4P L . +{2pp 425 o =
pT (.7"-”) 32 (.'/V-l) (yr‘p) {3"‘7r 9 P,b.a 3 ( ’6‘)’} (.’/f"") 2 (y"‘-l‘)

6. Similarly, in tangentials, shew that the conic of closest contact at ¢ is

=9 (pf)* sin® (nf)+BpE? (npf) {3p cos (né) +p'é sin (né)}
+(9pE— 3pkp"E+4p'E?) (npé)?=0.
7. From the equation |(28)|+|(2¢)| = constant of a point of an ellipse,
deduce directly that (£s) (é¢')=constant of a line of an ellipse.
From |(x8) | 4| (#8')| =constant we have
(vas) (vm)
(I
(v8)? _ (wd)®
(v.l'o)’ (vas)®’

4

(vas) , (vas')

from which (ra) + (re)" =0,
i.e. ((vé‘)) + (_(I:fés.;')) =0, putting 2 =§,
*. mtegrating log (¢8)+ log (£8') = const.

8. Shew that the join of the intersection of the normals at the extremities
of a focal chord of an ellipse with the middle point of the chord is parallel to
the major axis,

Let the ellipse be ,(xs)|=e (23), 8 the focus, 8 the directrix. Instead of
differentiating we may obtain the equation of the tangent at y in the form of
an equation.

For we have from Exs. 3, 4, p. 20,

1(1‘.’/f3)l—|(.'l-')| - kl(-”.'/)lcos(z.?.'/‘)l k small.
(%Y 8)=(98) +F {(yd)= (28)}
If the point zy{ is a point on the curve, then 77 will be the tangent at &

%y__(_; = is ultimately zero.

Employing this method
[(y8)| - & | (zy)| cos (#y78) =e (y8)+ ek {(y3) - (+3)}.
Hence the equation of the tangent is
(xy;.%) - e(28)+e (y3)=0.
This equation may also be obtained by differentiating | (ys)|=e(y8) and
putting ry=2y.
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If z be a point on the normal zy is perpendicular to this.
Hence the equation of the normal is
cos (zyyp;) —ecos (5y8)=0,
. (wyye)+e (2.1/3;)=0,
1Le. (293) — ¢ (2a)+¢ (ya) =0 where a the major axis=3s, ,.
-z

Similarly if y' be the other extremity of the curve and z now the intersec-
tion of the two normals

(24'8) —¢(2a) + ¢ (¥'a)=0,
-. adding (ya)+(¥'a)=2 (za).
9. MacCullagl’s Theorem. 1If a chord pp' of a conic pass through a fixed

point o, then .
tan § (880) tun § (p'8406) = constant,

Let o,, be the chord pp’, and s\ be ap.

Then o585 =p, so that
(0w 8A 8)|=¢ (0w 8A 8).

Reducing (0w 8) =€ {(08)) 8in (w8) — (08) sin (wA)},
supposing, as we may, (pp’s) to be positive.
. (17 (80w) = (08X) 8in (w8) + (08) {sin (08N) cos (80w) — sin (6 w) cus (0sA)).
Put |(30); =k (08),

§=3/ sin (08A) — cos (vsX),

where y depends only on .

Writing  w=tan § (ps30), sin (6&)\)= i“ 0 CO8 (us)\)—'—'::
Hence &2 (e —k)— 20y +(e+4£)=0,
an equation defining X in terms of o.
e+k
. BpEg=—.

The theorem is true when o traces a conic with the same focus and direc-
trix as those of the given conic.

10. o and o' are two fixed points, 2 any pomt on the curve
1 ro1
(z0)| ~ (w0)| " ¢
Prove that the distance between . and the consccutive curve obtained by

changing ¢ to ¢+ 8¢ is ultimately,
8¢

=368 aict’
1+3° %
where r=|(x0)|, ”=|(c0")|, @=|(00")|. [Smith’s Prize.]

T. G. 6
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Differentiating the equation

along the normal we have
de
(m), cos (va7o) dp — o ),cos(vm:o Ydp= )
where dp is an element along the normal.
And we have also differentiating a.long the tangent
1
(xo),cos(rvxo) @ )Icos(rx.z-o )=0.
These two equations give the required value for dp.
To eliminate r, v put (re%0)=0, (rxx0 )=¢, and we have the following

equations
sind sind 1 de

2T Tady

c0sf _cos_

T T
also 8- 8'=¢, where ¢p=(x0'70)
Eliminating 6, 8’ we have
NriEri =2t cosp

r2p2 E:‘d,;’
d de 74,2
P JAE A (Riri—ad)

de

= , by means of r— 7" = -
7 30" atet’ ¢
1 + .x,.fs

11. In a system of curves defined by an equation containing a variable
parameter investigate at any point the normal distance between two curves,
[Cayley.]
Take the general equation
Sl @a)l, |(xb)], o (va), (#B) ...} =
where ¢ is a variable parameter.
Differentiating along the normal

dp {2 |(a£)l sin (roZ@) ~ 2 - 3 (f )(os(rxa)} de,
and along the tangent
of
%31(aa)|
which two equations enable us to eliminate r.

12. From the theorem that the circumcircle of a triangle circumscribing
a parabola passes through the focus shew by differentiation that if an isosceles
triangle circumscribe a parabola, the join of the vertex with the point of
contact of the base is incident in the focus.

cos (rxza)+ = Py (%5 sin (rza) =0,
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Let a, 8, y be the sides of any triangle circumscribing a parabola of which
the focus is &. Then we have, since the circumcircle passes through s,
(4B) () 8in (By) +(sy) (sa) sin (ya) + (sa) (48) sin (a8) =0.
Differentiate with regard to one of the lines, say y, keeping the other
elements fixed.
We have

(88) {(8v) sin (By) + (sy) cos (By)} +(sa) {(svy) sin (ya) — (sy) cos (ya)} =0...(A).

The condition that s, the vertex a8, and the point of contact py of y
should be collinear is B

(aB s yy)=0,
-« (aBy) (svy) —(aBry) (8y)=0,
. (vy) {(sa) sin (By) + (98) sin (ya) + (sy) sin (aB)}
= (8y) {(sa) sin (Bvy) +(sB) sin (vya) + (svy) sin (aB)} =0.
Hence the condition is
{(8a) sin (By) +(s8) sin (ya)} (svy) — (8y) {(sa) cos (By) — (s8) cos (ya)} =0...(B).
(A) and (B) agree when (8y) =(ya).

13. [Bertrand.] If through each point of a curve a line of given length
be drawn, making a constant angle with the normal of the curve, the normal
to the locus of the extremity of this line passes through the corresponding
centre of curvature of the proposed curve.

Consider the point z., ¢, where x is a point of the curve, ¢ a constant and
» makes a constant angle with 2. We need the value of (vaw, o).

From Ex. 1, § 55,

(v&w, ca) ={(vea)+c cos (rrw)} dz+ ¢ (raw) do,
when ¢ is constant.
2 (v, e @, 1)=c{cos (rrw) dr+drz (z 2,1 )},
since (wrx) == constant, -
=0.

14. If &, & ... &, be a set of parallel lines fixed in regard to the
tangent and normal at a variable point 2 of a curve, shew that &, &, ... &,
envelope a set of parallel curves.’

15. To find the polars of a point in regard to an algebraic curve.
Let P{(za)p, (vb)?... (%a), (#8)...) =0
be the curve, where I is 4 polynomial.
Let y be the point.
Let 7z meet the curve in the point 7z£.

We have P{(y2€a)?... (y2€a)...) =0,
. p{@:‘iﬂ?@?t@@g:_(ﬁ}_"'_”@“_)!. (ya) =& (za) }=o
azép S T S
() _
where ) k.

6—2
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Hence by putting the successive coefficients of £=0, we get equations in
¥, & Looking upon z as a variable, these are the equations of the successive
polars of y.

16. Find the poles of a line in regard to an algebraic curve.

Notation. We shall use the notation . by, to denote the point «Ey_,

(@y) _k
where ) ks
17. Shew that (@ . b ey N) = (uk) 2&)@
1
18. Shew that
n
(@) +2 (@)
(@.ay_; . hy oo 0t e A= 1 .
2= n- =N n
1+k 1+3k, 1432,
1

Put the L.H.8.=2,.

n—1
' Pacs (14" ) ()
Then P,= - )
1434,
1

P (43 =P (143 &)=k (@),
1 1

. . n—1 n—2
Similarly  P,_, (14 S &)=Ly (1+ = k)=ky_,(du-N),
1 1

P, +'?‘ k)= Py (L4 k) =ky (ad),

. adding Py (143 4)= P, (14+4,) =3 &, (a),
1 2
which gives 2,.
Notation. 'We shall use the notation a. 8y, to denote the line aTS—c, where

E;:)) : It is evident that this does not completely define the line, as it
]
does not specify any sense,

g - &y (ac) — &, (Be)
19, Shew that (a.Bkk,c)= ;/;,l-g —.;;—ﬂim—n 8’

where the sign of the square root is arbitrary.

20. If d be the isotomic conjugate of ¢ in regard to ¢, b; a, b, ¢ being
coincident : find (dA).

If 8 be the isogonal conjugate of y in regard to o, 8; a, B, v being co-
incident : find (3/).
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Point Reciprocation. Let o be a fixed point.

Let # be any point. The reciprocal of # in regard to o is defined as £,
where
é=0_ g _ where K is a constant;
% [{om) |}

from which it is easy to shew that =0, v, K-
T ok}
21. Shew that, if £, n be the reciprocals of z, ¥ in regard to o,

sin (§n) =|(zy)|. ;(ofz'o)z("?’m ’
sin (éy) =sin (075y)

_ (omyy . __(ozh)
=1gor0a|~ | Gy (o)

22. Shew that

)= K ~E10)_

=K Gy o
We have [(zg)|=1(o, _ T K|
* (0f)

=|{ewr-2 2 ver+ (o—@,}é | :
~[fon e & o2=2 S5 io0-Con 5. e *ogi) |

‘ (on)

Ve K23
=|{W 3 {“‘5) (of) +siu (n_ "f)(wn} <o“s>“} |
£)2-+(on)? — 2 (o8) (on) cos ()}

| 0,
= (o8) (o) '
Shew e YE)
23. Show that (wn)=A (9] (08)"

) =(0 o5 K _ o)
(vm)=( é‘_:.‘(oKe) o”’l("!l)l'o”"

=(0 0, I—(fm; 07,) ’o§) sin (¢ m/”)
- Wg')‘n ‘47% sin (67¢)
7l (Oyﬁ(og)' [(o8) - (036)]
K (y€)
~ 1(03)] (0§)*

For point reciprocation, we shall denote by £, the reciprocal of any
element in regard to o.
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The preceding formulae become
i = (ozy)
o0 (o a8 (o) ()
=K. &)
I (Rofﬂa'i)l—ll . (06) (o”) )
_x (&)
Rob o) =X 1) o1
24. Similarly shew that
(Rafﬂoﬂﬂo{) =K. =2
o (aya)
i(0x) (0y) (02)1°
(énz0)
[(02)| (on) (0§)’

(wylo)
(o¢) | (o) (oy)1*

(R, xR,y R,z)=K .

(8o Ron Ry5)=K .

(Roz Ry Ry$)=K .

25. Shew generally that
(lfux]‘Rox'iﬁnél_lt_axd Ruéz aee Ro"':n 13_,,.7,‘,”,[)

(2yw2yw5€y ... ‘v""r’”' V=4 @R« %) (0R,23) |(b[zo£|) [ (OVRo'z'»H 1)

) ) o (Rory Ryzy RE\ Ryey ... Byxy RoE, 4 0)
R Y N T AN CY A ATIN Y R

Py A _(Ros 12052!_{0'” [ Rofn@ufn-fl)
Enbamibama e babun) =K - [0 B e SRS (0B . |(0Bbn ]

: e (B Boby Rywy Rygy Roiy... Ry Ryt 10)
R R YN XY O N Aty W AWRI FRRIRE

26. Roulettes.

One curve rolls on another fixed curve, to find the displacement of the
point of contact and the tangent at the point of contact on the rolling curve.
Suppose the curve to roll counter clockwise. Let the senses of description of
the curves be counter clockwise.

Let z, &/, 2 be three contiguous points on one curve, y, 3, " three points
on the moving curve which take up positions 2, 2, 2 in its rolling,

Let 2=y, 2my,
4 Y w4
&' N

In the rolling 3’ remains at 2, but y'y” bec(\imeu ra",
Le. if y be the point of contact on the rolling curve, then
dy=0, dry=—dny+dre, dre>dry,
where dr, y is the displacement of ry when the curve is fixed.
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Knowing these two displacements, we may find the displacement of any
element derived vectorially or equationally from them, by the method of the
text.

The case of a point on a rolling curve does not come under the classes of
derived points considered. The above investigation from first principles is
therefore necessary.

27. Find the displacement of a point fixed in regard to the rolling curve.

Let z be a point fixed in regard to the rolling curve and y the point of
contact on the rolling curve.

Let 2 =_y0 R’
‘. dz=Rdw= Rdry=R (drz —dny),
and T2=1Zn.
T

28. Find the displacement of a carried line.

Let ¢ be the line,

Then d¢=dry=dra—dry,
and p(=y‘”'_ )

29. Fiud the radius of curvature of a carried point.
We may now no longer concern ourselves with the fixed curve.
Let z be the point.

Then drz=dyz by Ex. 27
_sin(ryyz) ,  sm(rzyz) .
Wl Y7 1@

Here the displacement of y has a different significance from what 1t has
in Ex. 26. In Ex. 26 the considerations of its displaccment were due to
the rolling. The displacement now is due to the pomt taking up, as we
suppose, successive positions on the curve.

1f =y, R’

8in (tyw)

dry =% dJ+ R (dre—dny),

w, R
X #in ('r‘l/m) dy  dre—dny
MRS Rdy, . T T dy,
sin (tyo) dy 1
= 12 (dre - dry)
sin (ryw) + 1
T2 (pr—py)
By similarly differentiating
sin (1y¥z) + 1
T pe=py) T (g’

find d’—'f : and so on,
dz
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30. Find the radius of curvature of a carried line.
Let ¢ be the line.

Then v(=y§ ,
d (y a) d(ayl)

(,,afu)=d_§'_’(“) = _‘_. %
dv{ d¢ ¢

=sin (ryf ) d{ - (ay{)
=cos (1'_?/") drx-dr ,y (“."/0,
=g pt) =222L8) | g9,

pr—py
Consider the case of a curve rolling on another curve which is rolling on

another curve.
31. Shew that the pedal triangles of a triangle of points inverse in regard

to the circumcircle are similar.
Let the points be 84 pr 8, B
P
Now if 2, y, z be the summits of the pedal triangle of s o’
(y2)*=(oa)? sin*(By) ’
= (x”' pa)2 sin (By)
={R2+p? - 2Rp cous (3a w)) sin? (By).

If &, ', 2’ arc the summits for s, B
)

(y2')2= {p +R2-2 iv:yj cos (3@ m)} sn? (By)

=-- z)%
P (.?/
32. If we represent by Z,» the inverse point of » m regard to a circle

centre o, shew that
|(Zow 1y)| R

KDI= 01, 2) (0L
I,x=0_ p,where R is the radius of the circle.
]
‘e (Io.%‘ I,,y)"=(o__ R O_ Re )2
L CGIRIC%)
Rt Rt 4 -
"G Gt 20w (o)) O
B (ry)?
~ (oa oy}
33. Shew that LaLyLak
Lo L, yly2) (Ry? —p*)
(zy2)= (oI r)"(ol,, y¥(ol,2)2’
where R, is the circumradius of 1z, 1,3, 1,2 and p the distanco of o from the
circumcentre of Z,z, Iy, 1,2.
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We have (LelLylz)=(0 g o g 0 g)
%, [(ox)l @ [(og)] o |(02)]

R R
=3 [(oy) ©3)| sin (og0z)

Rt
™ (o)t oae > 0 0
R
= @) (og)® (ort (¥ ("=,
by theorem on p. 29 which proves the result.

Anharmonic or Cross-ratio.
Let a, b, ¢, & be four points incident 1n a line A. Then the ratio
(ac) [ (ho)
(«d)/ (bd)
is called the anharmonic ratio or cross-ratio of the range of points, and
is represented by {ab, cd}]. If q, B, 7, 8 be four lines incident in a point /,

then the ratio s3n (@) Hfigﬁbl) is called the anharmonic ratio or cross-ratio
sin (ad) / sin (B8)

of the pencil of lines and is represented by {af, y8).
In projective geometry, of the trigonometric functions the sine function
only occurs; hence, for brevity, we shall represent sin (a8) by (aB).

Thus the cross-ratio of four lines incident in a pomnt is

(ay) / (BY)
)/ (88)°
The cross-ratio of a pair of points «, b and o paur of hines y, & we shall
define as
(@) [ (by) y
(8)/ (h8) ’
and this is written {«d, y8).

34, Reduce {ad'dl', yy 8%

aa bl vresn < @Cry) [V yy)

laa'db, W= " 59y | (558w

_ @) (@y)~ (@) (@y) [ (by) )= () )
(@) (@) — (a) («B) | (68) (B8)=(b8) (b8)

Particular cases.

‘When (ay')=0, (a'8)=0; (by)=0, (b'8)=0.
Then {aa' DV, yy 88 )={abd, y8}. {a'b, y'¥}.
Similarly if (ay')=0, (¢'8)=0; (by)=0, (b'8)=0,
then {aa'bb', vy 88) ={al', y8} . {a', ¥'8}.

* This ratio and its usage are new, as far as I know
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35 Ifabc} abc

afBy 'y
by A, p, v and ad’, 8BS, vy by I, m, n; shew that
{uv, aa’}. {mn, ad’}=1.
(v, aa’} ={b¥cd', By, B}
=B | (48) 1Y)

T (eB) (y) - (C'B' )
=, By}ibd, B}
Similarly {inn, ad'}) =By, bc'}/{BY, Vec}.

} be two triangles; and aa’, B, ¢d’ be represented

36. Shew that
= e wy) (b8 «d) (b a'y') (b'8 «'8) (b'y
@y 57, 80)= () =ty o | iy B —3) B
37. In Ex. 35 shew that
(mn, ad'} . l={uy, aa’}. A,
where {ab, cd}.o denotes {oaod, ocod}.
{ma, ad’y . U= {mn, lala'}={BB vy, le Uu}
_BYEW () ()

= BOED " G (o)
(B')” 173 }/’B’Y y la.

Now (8)=(caad )= — | Eﬁ;?f{f,?; i
BD=(Fwad)= 52}2 )(f(a)) ,
FO)=(«dVad)= _(Z 4;) ))fb( :3 N

Hence tmny au’) 1=

(ea') (y'). (Va) (Fa@) (') (ub) |
@a) () () () | () (o) |

which proves the result.

«be a'b’e’ )

38, In the two tri i i i
n the two umlgesaﬁy ' dBy f investigate the measure

(673'0 ed' da abf :77,',)
Wehave (bcbe cd da ab ab) (be be) (oo 7a) (abl @B)
=(bd e’ ca) (e abl ab) - (be ab’ &'b) (Veed da)
={(b¢a) (o¢a’) (Vb (cab)
= (bab) (ca'b) (Ve') (ccw)}/| (be') (') (a'b)(Ve)(c'a) (u'D) |

= (7)) (57) ()= ) (8 (o) @B e i A s,
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Corollary 1. 1If (5—5’—?7_;: cd ca a‘a—;a:’b)=0 then
(<) (cB) (by) (b'B)={b'y) (88)) (') (¢B),
ie. {be, BY}={b¢, By}
Similarly fca, ya}={cd, ya},
{ab, dB}={«'V’, af}.
Corollary 2. Or if {be, By} ={b'¢, By} then

lca, ya'}={/d, ya},

and {ab, dB}=1a'V, a3},
Also (be' be od da ab ab)=0.
39. Investigate (bz’—b?e ca dal (-J):T;)
Expression =(bd Ve BE )

1 (b8) (¢8) = (b)) (¢B) (by) (ey)—(BY) (ev)
T1(be) @] (by) ()= (BY) (€y) (UB) (cB")— (BB)(cB)
_ 1 8B () (ey)
1(6e')(Be) | (bY) () " (B'B)(¢B)
1 {be, By}
() (b)) {67, By}

Corollary. From Exs. 38 and 39 if

(b0 Ve o ¢a abl @'b)=0,
then (b¢ Ve éadd abab)=0.
40. If ub, ed be two pairs of points and & a variable point, such that
{ab, cd} . x is const.,
shew that the locus of & is a conic.

(ab, ody . w=2%9) [ (2a)

(wbe)/ (wbd)’

41, If ab, y8 be a pair of pomts and a par of lines : and af, ed thew
reciprocals in regard to a conic, shew that

(B, cdj=lab, y3}.

be) b
42 1t ° } :

agy)’ dBY
shew that the vertices lie on a conic, also that the sides touch a conie.

We have to shew that
a.lbe, b} =d'. lbe, b},

or By, V}={be, By},
which follows since the triangles are self-conjugate: similarly the sides touch a
conic.

} be two triangles, self-conjugate in regard to a conic,
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43, Shew that if the vertices of two triangles touch a conic, then the

triangles are self-conjugate for & conic.

Let T be a conic, for which ::’;} is self-conjugate and o', a’ pole and

polar. Then the polar of &’ passes through a’; let it meet o’ in ¢”.

Then :g;} , :,g,y,} are self-conjugate for T, .*. abe, a’b'c” are on a conic.
Hence ¢’ =c¢

IR
44. If two triangles :g; , ::,g,;,

regard to a conic, shew that the triangles are homological.
{be, ya'}={ca, By,
(by) /(ey)_(cB) /(a8)
(ba')[ (ca’)  (cy)/ (a¥)’
<o (bY) (ed) (aB) =(eB') (ay') (ba').

45. Shew that (xaBe8exr)=0 18 the equation of a conic -

theorem.
By reducing (reBc¢dex)=0 we can prove the first part.
It is evident that a, ¢ are points of the conic.
Next to find where 8 meets the curve.
Let 8=pg, and p be on the curve.
Then (papgcedep)=0.
.. (pcdep)=0, since (aB)+0
.. (pce) (Bp)=0),
.. p=R8 or cep.
Hence «, ¢; 38; céB, @cd are points on the coni
Let B8 =1, ceB=m, ard=n
Then B=1Im, 8=1In, c=cman.
Hence if g be a point on the conic through «, e, I, m, »
(galm @man Ineg)=0,
.. (Falm emai Inég)=0,
which is Pascal’s theorem *.

46. Shew that

(2@ a oy wfgl—:y by, ¢)=0,

} are reciprocal one for the other, in

deduce Pascal’s

where (aBy) =0, (e, 85, £)=0 denotes a general cubic curve, i.e. that it can be

made to pass through nine arbitrary points +.
The curve obviously passes through «, b, c.

* Bee Whitehead’s Universal dlgebra, p. 232. + Ibid. pp. 234, 237,
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Consider the point By=ya=aB. It lies on the curve, for substituting this
point for = we have

(aBaaal bﬁkyb, ch)

=(aB a; a-yky b. aB(.)

= (aB ay aﬁ b, aE c) =0,

Again, consider the point @ca.

(mcaaam u:{;nl; Bkyb @cac)

=(@c @abBkyb @0)=0.
Again, consider the point @a,;8.

(au,p(zaa. wa,ﬁbﬁkyb, Mlﬁc)

= (idty omlﬁk-y by amﬁc)

= (@ B aa, uL v by) x sin (@@ au, W B ¢)
=(f fhybyx L.}, where f=aa
=0, since (f b 4)=0.

Hence the six ponts «, b, ¢; d, e, flie on the curve, where

d= dyca, o=af=8y=ya, [=TG3.

Hence a=de, B=¢f.
Also d=d55a=a de,
o (ayed)=0,
and f=wmaB=aaef
" (maf)=0,
o ty=afed

Hence the cubic

(7ade ajod sbefkyb, 7)=0
passes through «, b, ¢; d, ¢, 1.
As regards £, v, b, we have
(7e)=0, (fb,4)=0
Take three other points g, 4, &.
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Now let N=Faa, ge=gade af cd g,

ti=taaa, 1 =iade af od i,
g,-g_b_ﬂ =.9=—0_«»
hh=k8  =Ib o,
iy =168 =ib ef.

Thus the six points gy, Ay, %) ; gs, A, ?3 can be obtained by linear con-

struction from the nine points
a,byc;dyef; 9,b, 1
We proceed to choose £, ¥, b; so that the following equations hold :
92hybr191)=0, (hgkyb hy)=0, (takybi2)=0,

which are the conditions that g, 4, ¢ should lie on the curve.

If possible, determme y and % from

(411 yA¥5) =0,

without conditioning b,.

For this we must suppose i,bl—y =1, and (2 £7,)=0.

Hence (7%,)=0.
Hence since (ye)=0 as well
y=1e.
y=1;¢ and (k%,35) =0 account for the first equation.
The remaining two equations can be written
(kg2yg1b1)=0, (khgyhyby)=0.
Hence £ is such that

(Bgay g1 khayhy £F)=0, also (kiig)=o.
Hence £ is one of the points in which

17 intersects the curve (zf Zg; 9, Zhyyhy)=0.
We consider this curve

@ 2gay g1 hyy hy) =0
Put #= 4§, where £ is any line.

Then (&S ¥ g2y 91 vEhay h)=(ES v6gr YEh)=0.
Again, put 2=8¢. Now g,, A, £ lie on 8,

-~ af=B, Iy =By g, Zi;hl=ﬁ7hn-
Hence B, y are parts of the curve,
Hence the remainder of the locus is another line.
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To find this line we have

@ By g1 why b)=0,
v (&F TGay g1 by he@)=0.
This is satisfied if B
af gy gi=hy,
i.e. (xfh))=0, (zg2yg1 21)=0,
ie. (zfh))=0 and (h191y9:7)=0,

ie. wmpfh, 7‘1—91 ¥9e.
Similarly another value 1s given by

z=fn giby sy
therefore the third line 1s

kgry9: Tl grlayhs foy.

Denote this, for brevity, by A.

Then # is incident in 7,7 and in 8 or y, or A.

If we assume that £ lies in 8, the equation of the cubic becones

(Fda a; By by we)=0,
i.e. a conic and a line.
Similarly 1f £ lies m y, the cubic becomes
(Fdaa, Kb ic)=0,
i.e. a conic and a line.

The only possibility then is £ lies m A. It will be shown that this assump-
tion allows the cubic to be of the general type. We shall prove this by
showing that the cubic passes through the nine arbitrarily assumed points.

Hence let it be assumed that o

k=1,
Accordingly with these assumptions the equations
(1b1ykg2)=0, (hibyykhs)=0, (¥1bicki)=0
are satisfied and therefore g, 4, 7 lie on the curve.
b, is the point of intersection of

ny kgzy 91, T":‘Y by,

‘. bl=kg2‘yg|_kf.
Finally therefore it has been proved that the cubic curve

(@@ aa, 5b@kyb F6)=0
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passes through the nine arbitrarily chosen points @, b, ¢ d, ¢, f g, &, ¢ pro-
vided that a, 8, y, a;, by, k are determined by the linear constructions

a= ‘Té B= ef’ Y= “l’

a.=afcd b=11127\ b.-/cmy. 7:7,

where n=gade afed ge, h=hade afcd ke,
g2= yb ef, hy=hb ef,

A= "1.91 ‘I.'h Jh g,h, y /lzf.‘h-
This gives us the analogue of Pascal’s thcorem for a cubic. This theorem
and analysis are due to Grassmann.

47, In bi-radial co-ordinates, shew that L.Lplnce’s equation is
02 o 02 10\,
(n)¢+ar+2coso Oros + » 3) ;Fa)l =0
where r=|(va)|, s=|(2b)|, = (FGxh),
«, b being the pomts of reference.
Use the theorem on p. 77.

48.  Find the condition that g 18 a double pomt of the curve
S il(za)ls [(@B)], ((20); ... (xa), (£8), (#7) ...} =0,
and that 7 is a double tangent of the curve
SA(&a), (£D), (§e) ... (Ea), (£8), (¥)...}=

a, b, c} L, b, ¢
a, 3, 7. a, g, Y

(wea’ b scy') (sua’) (3b8) (3cy) _ _ R(a, b, c)

(ﬂa WB 0?7) (s’ a) (80’ B) (sr'y) R, W, )’
and prove the reciprocal theorem. )

On account of the comparative simplicity of the properties of the circle,
and the testimony of Pure Geometry, we are warranted to try to include
the circle as an clement. This is what is done in Euclid. There are three
elements, points, lines, circles. The inclusion of the circle is theoretically
quite simple and would be analogous to what we have done in regard to the
point and line. Let us denote circles by Capital Greek letters, I, A, etc.

As the radius of a circle is intrinsic to it, we shall express it in the
notation. Thus T, I; are circles with radius a, b.

a

49. Let ,} be two triangles and s any point. Shew that

Now the position of a point in regard to a circle is completely given if we
know, say, the distance of the point from its centre or the length of the
tangent from the point to the circle. Experience shews that this latter is
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the smost convenient to work with., We shall denote therefore the length of
the tangent by
(aT) or (Ta).
r r

In regard to the measure of a line and circle we choose the measure
of the centre of circle and line, divided by the radius. When the line cuts
the circle this becomes the cosine of the angle between the line and circle.
It is essential that the circle be given a sense, as in the case of a line. We
shall suppose that the radius of a circle is positive when the sense is counter-
clockwise and negative when clockwise.

Our notation would be (aT') or (T a).
r r
We have , (@T)=(aT)=—(aT).
r r - r

<
When the line and circle intersect we shall use (aT) to denote the angle
between the line and circle. .

In regard to the measure of two circles of given radius, their mutual
position is given by the distance of their centres. We shall however define
the measure of two circles T, :’\ by

a

2ab (T A)=( T A)2—a®—b?, '
ad a b
where ¢’ ' denotes the centre of T.
a a

The quantity on the right-hand side is usually called the power of the two
circles

When the circles cut (I' 1'}) is the cosine of the angle hetween the circles.
a
The analogue of determinates of points and lines 18 a much more detailed
matter.
For a point and circle we have aT, the pairs of tangents from a to I'.
» r

The determinate of a line and circle Ta is the pair of points of inter-
section.

When we come to the consideration of two circles we find we have more
than one determinate which leads to considerable detail. We shall not go
into this any further. The inclusion of the circle as a third element would
mean a table of formulae over ten times as large as the table given. We give
a few examples of this theory.

50. The circle whose centre is o and radius » we shall write cir o, 7: if @
be a point on the circle, shew that the intercept on a. is
2r cos (aow).
Let I, A be a point and line ; the locus of & such that (#0)*=2k () is

a circle, The circle we shall write cir /, A\; £. If @ be a point on the cir LAk,
shew that the intercept on the line a., is

2 |(a) | cos (ale)— 2k sin (0X).
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6l. M’Cay's Theorem. If a, b be two points on cirZ, \; £, cir J, \; ¥
respectively, and such that (5713)=§, shew that the intercepts on @b made

by the two circles are as & : ¥.

We have (alytm2k(aN) aeerrernnn.. e, (),
(BLR=2F (BA) vevrvrrrrenns cevrerereeereennns (i),
(Ei5)=;_' e e e (ii).

These are the conditions of the problem.
Using the result of Ex. 50 we are required to shew that
2|(al)|cos(alab) - %stn(ab)\)
2((b2)| cos (blba) — 2k sin (baX) F’
— ¥ |(la) (ab)| cos (lmab) ~ 2k (ab\)+k | (Ib) (ba)| cos (bba)=0...(A).
Here X only occurs as a direction. Hence from (i) and (ii) we get
K (al)®—k (bl)2=2kk (ab)\).
This reduces the L. H.8. of (A) to
K {(la)? + (ab)® — (bl)% — 2&' (al)®+ 2k (bI)2+ k {(al) ~ (1b)2 — (ba)?; which is=0,
since (al)?+ (bl)2 = (ab)2
52. Ifaq,b, 1‘ be two points and a circle, shew that
< (a.I‘)‘+(b I‘)‘+(ab)‘ -2 (bl‘)“ (ab)? -2 (ab)? (a I‘)2 2 (a I‘)2 (bl‘)‘
sin? (abl‘) 4 @R

i.e.

53. If a be a point on the circle cir 7, £; T I‘, that is, the circle (27)t= 42 (x I‘)’

shew that the intercept on a. is
I—E,[I(al)l cos (alw) ~ l \/(al‘)2 + r2sin? (a: l‘)l].
- r r

64. Hence prove M’Cay’s theorem of Ex. 51.

55. Shew that
8in?(aB) (aBT)E=7? {1 -- cos? (aB)— cos? (aT") — cos? (3T)
+2 cos (a) cos (aT") cos (BT)}.

56. Shew that ) (8y8) sin (ae) = (aBy) sin (3e).

57. Let @ b, o) , b, cl} be two triangles : 1f Ay, py, v, be lines through
a, 3, ‘)’j L8
a, b, ¢ making angle 4 with o, 8, ¥y aud Ay, pg, vy lines through o, ¥, o’
making angle — @ with aq, 8, ¥, then

M) _ R(a, b, 0)

(Rspave) ~ R(a\¥,0)
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If the lines Ay, p1, v, and therefore Ag, ug, v3 are concurrent for the values 0

and % of 6, shew that they are concurrent for any value of 4.

68. Directly similar figures: Definition. Directly similar figures are such
that corresponding angles are equal.

If a, ' be two corresponding points, shew that @’ may be expressed in the
form

@' =0z, k(o) -

o is called the pole, £ the scale of similarity and § the angle of displacement.

59. Inversely similar figures: Definition. Inversely similar figures are
such that corresponding angles are equal in magnitude but opposite 1n sign.

If a, &’ are two corresponding points, shew that o’ may be expressed as
@'=0u_ (g, klloa)l

o is called the pole, 0., the axis and £ the scale of transformation.

60. Shew that
(@aby bap b )2 sin? (6 — ¢p) = (la)? sin2 @ + (Ib)? sin? ¢
—2|(la) (Ib) | sin @ 11  cos {(la IB) + 0 — ¢},

6l. If two trangles be inversely similar, shew that they are such that
lines through the vertices of one making a constant angle with the sides of
the other, are concurrent : and conversely.

62. If two figures are directly similar; and the angle of displacement be
a right angle - shew that lines through the vertices of one parallel to the
sides of the other are concurrent.

a, b, ‘-‘1} az b, 02} . agbs 03} ayby 04} be
aBiv) ' axBaye ’ asBiys) ’ aiBuya
inversely similar and have a common axis of similitude, shew that if the
triangles, suffix 1 and 4, are such that hnes through one making an angle @
with the sides of the other are concurrent, then the triangles, suffix 2 and 3,
are such that the lines through the vertices of one making an angle § with the
sides of the other are also concurrent.

63. If two pairs of triangles

64. A circle touches three consecutive positions of a moving circle: find
its centre and radius.

If the moving circle be cir o, » and the touching circle cir @, p then
[(0a)|= (r—p),

and this can be differentiated twice with a fixed and p constant.
7—2
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6. Find (%) log(6a) r=1,%,3, 4
ilos e=553,
ays ot (6a) = (pta)?
(%) e o=

(§2)

' 2 — v 2 (v 2
(%)’log(&;.)#’“ea) 3P5(§“)( Ea)+ (véa) (pEa)®
" 10g (6a) =[(p"6 + 5pE) (6a)° — 49'E () (vEa)

+12pf (véa)? (£a) - 3 (pf) (€a)?
—2 (pga)? {(£a)*+3 (vEa)})/(fa)

66. Two points a, b move on two lines c,, ¢g in such a manner that |(ab)|
is constant. Shew that, if ¢ be the tersection of ab with its consecutive
position, ¢ and the foot of the perpendicular from ¢ on ab are isotomic con-
jugates m regard to a. b. [The Principia.]

We have to shew that

5

(vaba)= (rath Oabe)
z
when | (ab)| = constant.
— \_ _|(ab)| (rab)da
Now (vaba)= 55 da+ (rba) db

___|(ab)|(rab) (vba)
(rab) (vba) — (rba) (vab)’

since (vab)da+ (vba)db =0, _
(tabd) sin (rbaby)
- z
sin (rarb)

=(rarbbgs,).
T
67. Shew that the conic which has three-pomnt contact with a curve at
the point @ and has a focus at 8 has the equation

2o (@) - ()8 = () + (e =pa 28 (o).

68. By means of Ex. 67 or otherwise find an equation of the locus of the
foci of conics having four-point contact at a pont of a curve.

69. Shew that
J(6a)(£) dE=4 (af) {(£a) (6])+(véa) (vED)}
—} {(£a) (véD) +(£D) (véa)}
+ {(6@)+(£D)} { — § (af) (&~ p"E+p"E—...)
+(1+PpE-(2+1) "¢+ (B+1) p"E~...}
+{(véa)+ (vED)}{ - § (af) (p'E—p"E+p"E~...)
— o6+ (1 + -2 +D) pE+ .

where a is an arbitrary line.



MISCELLANEOUS EXAMPLES 101

The infinite series occurring are supposed convergent and differentiable.
Assume  [(6a) (60) dE =T+ 1y (£0) (€5) + Iy (vEa) (v£D) |

+ Iz {(£a) (vED) +(£D) (véa)}

+ 1 {(€a) + (ED)} + I {(véa) +(vED)}

where the I’s are intrinsic functions of the curve and differentiate.

70. Prove generally
JP{(éa), (¢D) ... (véa), (vED)... sin (&a), sin (£B) ... Iy (&), Ln(§)...} dE
= P{(£a), (§b)... (véa), (v€D)...sin (a), sin (68) ... 1 (€), L (§) ...}

where P denotes a polynomial, and the I’s denote intrinsic functions.

71. In the cubic
(vaBcdz8, ¢, 8,0, 2)=0,
find where 3, 8;; ca, ¢,a; cut the curve and shew that 8 cuts the curve in
the points where it cuts the conic (z¢8 ¢ By a,2)=0.

To find where 8 cuts the curve, put z= 8¢, then ((8aB8¢8{83,¢,8,¢,8()=0.

Hence {8aBcd=(3...(i) or (88, ¢, B, a¢d) =0...(ii).
From (i) (¢3aBe¢8)=0,

.. (8=88 or ¢as.
From (i) T8=88,¢,8,a.

Hence the three points of intersection are

B, &as, 85, ¢,B,a8.

To find where éa cuts the curve, put #=¢éa¢. And we find in a similar
manner that the points of intersection are

' 72. In the cubic (z@Bclded ;i_p Fro)=0,
shew that a, I, 7, o, o lie on the curve. And find the third points in
which al, T, figr, foa cut the curve.

73. Notation. We shall denote by a; the line parallel to a and such
that the measure of any point on a; and a is £.

It is easy to shew that (apd)==(ab) - k}
and evidently (axB)=(aPB)
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74. Leta, b, c; a, B, y be three points and three lines. u?g"’;}b”
D

triangle such that the points are incident in a, 8, ¥ and the lines in a, b, c:
shew how to find (x\) where X is any line.

We have (a)=(yB)=(2y)=0,
we are required to find (2A).
We mn.y put 2= X;a, if we suppose (zA)=4.

Hence y=FiB=Apacph,

2=Tby=Ngaby.
Hence (vacB Acaby a)=0.
From which it is easy to shew that
(yah:) (cbaly) (aB)+ (acaky) (Bybahy) =0,
.. {(ya)) = ksin (ya)} {(cbak) —% (cba)} (aB)
+{(acah) ~ & (aca)} {(Bybad) - & (Byba)} =0,
.+ (ya) (cbaX) (8a) + (acak) (Bybak)
— k[(ya)) (cba) (aB) + 51 (ya) (cbak) (aB)
+(aca)) (8yba) +(aca) (Bybad)]
+45[sin (ya) (cba) (a8)+(aca) (Byba)]=0.
76. Ifin Ex. 74
(Bybe)=(yaca)=(aBab)=0,
shew that one solution for z, y, z is bzc—a, cag, b—_;; and find the other
solution.
Also consider the case in which

(abe)=(aBy)=O0.

76. If a (fagnhg)=b(fegehg)=c(fegnhy)=(fegnks),
shew that ( fzgyA¢) satisfies a cubic in measures of f, g, %, a, 8, vy and a, b, c.

. 0 @ b, c} o, b, c’} .
77. Shew that for a cubic curve if 0B,y d\ By be two triangles

such that their vertices and the intersections of corresponding sides lie on
the cubic, then

(@B'y)=l(afy)=m (a'BY)=n(dBy),
and hence shew that the cubic is not restricted by such a condition.
Hence shew that the cubic
(Fda zbB Toy)=0
is a general cubic*.

* Due to Grassmann,
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78. Find the equation of a circle, the measures of which in regard to the
three points a, b, ¢ are ¢,, 1, ¢,. T
Let 2, y be points on the circle. Let ry be the tangent at .
Then (zy)?=2p (#ry), where p is the radius,
It 18 easy to shew that
ty2=(ay)? - 2p (ary),
t?=(by)*—2p (bry),
td=(cy)*~ 2p (cry).
If we eliminate ry we find the equation of the circle.
Now from q, b, ¢, y, 7y we have
2(rya) (bey)=0, -
<. 3 {t2— (ay)® (bey) =0,
. (abe) 6 + 2 (bey) t,3=0,
where ¢ is the measure of y in regard to the circumcircle of @, b, c.
If we denote by cir a, b, ¢ the circumecircle of , b, ¢ the equation of a circle
T may be written in the form

(zcir a, b, ¢)? (abe)+ Eb (ar)? (bex) =0.

79. Find the radius of a circle I' when (I'a), (I'8), (I'y) are given.
We have (oa)=1r cos (Ta),
and two other equations.
*. r2sin (By) cos (T'a) = (aBy).
80. Transform cir I, \; £ to the form cir o, 7.

cir ,X; & is equivalent to cir Za,, —& VE2-+2k (ON).
z

81. If we denote by ra I';T, the radical axis of the circles Iy, I';, shew

that

— _ (#01)2 = (w0y) — 12+ e’
|(racir 0,, 7y cir og, ry 2)|= 2(0409) :

82, If a circle touch two circles, shew that the perpendicular from 1ts
centre on the radical axis of the two circles is proportional to its radius.

Let the touching circle be cir o, » and the other circles be cir o5, r; and

cir og, 73.
We have *
(001)" = (009)? ~ 1+ 1y?
2(0109) 7
(=)t = (r )’ - 4rg?
2(0405) 7
since (r=mr1)2=(001)%, (r—=r9)2=(005)3,
nirn
(0109)

|(racir oy, 7y cir 04, ry0)|/r=

a constant.
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83. Find the condition for a double point at the point % of the curve
Sl@ay)l, |(#ag)] ... (zay), (zag) ...}=0.
84, Find the condition for a double tangent at the line X of the curve
Si(an), (an) .. (o)), (bea) ...}=0.

85. Find the tangent and radius of curvature of the curve given by
¢ {l(zar)l, |(vas)|... (za), (zag)... 8} =0,
¥ {|(@ay)l, |(#2,)] ... (vay), (way)... } =0,
where ¢ is a variable parameter.

86. Defining (aaa1a3a;3... ay_1a,) a8

|{@1a5)| sin (@;aga) | (& @ga; as)| Sin (212501 tsap) ... (2 Bgay Agay ... ay_1an)s
shew that
(a1ay) (@y1a9) (2103) eee (tran_y) (2100)
(aza)) (azag) (azag)...(azan-1) (azay)

(@030, 0305 ovvap_ya)=| © (azay) (a3a3) oe (@300-y) (@3an)

0 0 0 .. (tpay-1) (@pa,)
87. Shew that
(arap mazagay ... ay_1an_za,)
(a12) (a123) (a1@3)...(ay8p-3) SN (ajay)
(az1) (ag@s) (agats) oov (ag@n_g)  sin (azay)
= 0 (aza) (azas) ... (asan-g) sin(aza,)

0 0 0 :::(ﬂ“_.la,._g) sin (c;n_,a,.)

88. Let 3’;’ :} be a triangle. A circle cuts the sides a, 8, y in the points
thagl

@y, ag; by, by; ¢y, ¢g respectively, such that bsc;, cqu, are parallel to given
directions, Shew that the locus of the centre of such circles is a straight
line.

89. Find pz,,.
We have (pawa)=(za) —sin (wa) sin (rz0) jﬁ .
Hence differentiating
80 (@a) pa = =8 (r218) 20 + 08 (wa) s (rar0) pd
. dx dx
—sin (wa) cos (rzw) e (l —pT )

—8in (wa) sin (r2vw) 3—3
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= — 08 (r7w) 8in (wa) g—: —8in (wa) cos (r7w) :—2 (l - p.rgz)
—8in (wa) sin (rzw) fl::; .

dz dx\? . P
Hence p.r..,fcos (rrw) {2 e~ pw(d—;) } +sin (-r.m)m .
90. When » has the genera.l displacement, shew that
&z . a2
pTu=2 2 cos (r,wm) 2 - 2 pr (‘2’@) o8 (T,2w) +§ sin (r,2w) -d—ﬁ;':i
91. pq is the chord of a continuous curve cutting off an arc of constant
- length ; the tangents at p, g meet in ¢, the bisector of the lines pt, g¢ meets pg
in 7; if 7 be the isotomic conjugate of 7 in regard to p, ¢, prove that + is the
intersection of pg with its consecutive position.

92. If x and y be points such that =1z, then
d|(zy)| =dx~ cos (rxry) dy.
If x,, 2 be the points of contact of two tangents from y to a curve, then
do =dz, - dzs — {cos (r2,7y) — cos (r2g7y)} dy, '
where ¢ is the sum of the lengths of the two tangents from y to the curve.
Let us consider an ellipse.
If we suppose do=dx, — dxg, then
cos (r2;7y) =cos (r2,7Y),
*. (r2y7y) +(raz7y) =0.
Now if we use the theorem that the tangents from a point to an ellipse are
isogonal conjugates in regard to the joins of the point with the foci, we have
(ryys1) +(ry ys2)=0.
Hence by integrating, the locus of y is a confocal ellipse.
The integration of do=dz ~dz; is that the sum of the lengths of the
tangents exceeds the length of the intercepted arc by a constant quantity.
This is Grave's Theorem, viz., that the sum of the lengths of the tangents
from a point on an ellipse to a confocal ellipse exceeds the length of the

tercepted arc by a constant quantity.

93. Shew that Ph=ph—k - TF

94. Shew that
drags o (dwgs . w)?
=(dx)? drz+drada S {pcos (rap) — pdp sin (rzp)}

—d?z = {fdp cos (rxp) + dp sin (rxp)}
+dv 3 {cos (rap) (2dp dp + pd2p) +sin (rap) (d2p — p (dp)2)
+3 {2 d2ppdp+2 (P} dp-+pdP pdp+ dp (dp))
+'3 o8 (po) { ~ (d2pé do +d5pdp) + (dp +do) (2dpds + 3 dpda)
o +(pd?pdo + 6 dPodp)}
+ 2 {(dﬁd’a —d?pds)+2dpde (pde — 6dp) + po (dpdPo — —d?do)
+(pda (dp)? —&dp (do))}.
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95. Shew that
T
+8in (rm)%+ 3 sin (po) {fjér 3( - Z_f,)s}
+feos(pm){2§§(l—g£)_ﬁg;%}.

96. Shew that (@ B, o= = (oo (oh I_(a(bo;,!)’
97. Shew that
sS4, (za,)2+232 B, (¢8,)+C=0

is a line, when 2 4,=0,
r
and find (=4, (za.)2+23 B, (28,)+C=0 d)
r r
when z4,=0.
r

Subtract (2¢)? = A, from the equation, where ¢ is an arbitrary point, and
r

we have
3 A, {(zay)? = (zc)*}+2 2 B, (2B,)+ C=0,

. —2€Ar I(arc)l (a'r- clﬁ,‘”)+2 f -Br(xﬂr)"'C:O’

7
from Ex. 96 which is a line,
Hence (2 4, (za,)3+ 22 B, (z8,)+C=0 d)
—2: A, |(apc)| (a,. c,ar"d) +2 2 B, (dB,)+C
= 20
3 4, (da,+23 B, (28,)+C
=
- 20 ’

where  0'=3 A2 (@) +3 B2 3 o dy|(ae) (06)| 008 (ar5a0)
r 8
+2 3 B,B,cos ((:N-5]
8 .
+2'2,A,B, |(ayc)| sin (8, arc)
=342 (@0)+3BA+2 3 4,4,|(a,0) (a)] cos (aea,e)
+2 2 B, B,cos (8,8,
s
—23 4,B,(a,c8,)
X
=- 3 4,4,(a,a,+2 B,*+2 3 B,B, cos (8,8,)
res r r<hs
-2 ':'ATBI (@rBy).
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Hence (24, (xa,)+22 B, (28,)+C=0 d)
r r
2 4, (da,)*+2 2 B, (dB,)+C
r r _—
2V -3 4,4,(a,a,)*+3B2+2 = B, B,cos (8,8,)—23 4, B, (a.B,)
s 18 re

98. Shew that, when $ 4,=0
sin (2 4, (2a,3+23 B, (48,)+ C=0 3)
—rE 4,(a.8,)+ ; B,sin (88,)
V34,4, @ap+z B,’+2§2 B:B,cns (B.By-23 4,B, @B
8 r rks rs

99. Shew that the normal at a point of a Cartesian oval passes through
the symmedian point of the triangle whose vertices are the point and the foci.

100. Find the area of a segment of the curve whose curvature varies as
the cube of the sine of the gradient of the tangent.
We have pé=a cosec? (£a),

- pé (pEaysin (o) =a SEEL.
(pa)?

Integrating a f Sin? (€a) dg= f (a)? sin (rwa) dw, x=p§,
o =2 seg pf — (pha)f oot (fa)= — g (ca)= — o (Pl

1 1
. seg pé=g- (pfa) 5 (pha)? oot (6a).
101. Shew that
[ (#a) dw=1in z (xa)+ A sin (rza)+ B cos (tza),
where 4, B are intrinsic functions.
102. Shew that
[(za)? dz=lin z (za)? + 4 (rza)+ B (vra)+ C,
where 4, B, C are intrinsic functions.
103. Shew that
{(#a) (#B) dz=lina (za) (x8) + (va) {4 sin (rz8)+ B cos (r.z8)}
+ (#8) {C sin (rxa)+ D cos (rza)}
+ F'sin (rza) sin (r28) + F sin (r2a) cos (r2B)
+ G cos (rza) sin (rzB)+ H cos (rxa) cos (r28),
where 4 ... H are intrinsic functions.

104. Indicate the general form of tke integral of a polynomial function of
(wa)?, (2b)?... (xa), (%B)....
105. Indicate the general form of the nth differential of a polynomial

function of
(i) (xa)? (xb)...(%a), (B)...,
(i) (¢a), (£D)...sin(£a), sin(£B)....
108. Shew how to find the family of rhumb lines of the family of curves
) f{l(xa)|, |(xb)],+s. (xa), (%B) ...} =variable parameter,
(i) F{(éa), (D), ... (a), (£B), ...}=variable parameter.
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To reduce cos (bcad).
We have
[(be) (ad)| cos (bead) =|(ad)| (bcﬁd;)

=|(ad)| {(ba_x-i;) —(ca—Jg)}
=|(ad)| {(bwa_Ti;) - (ca?ﬁ;r)}

=|(ba) (ad)| cos (baad)~|(ca) (ad)| cos (caad)
Hence 2| (bc)(ad)| cos (boad)=(ac)* + (bd)? — (ab)i - (cd).

To reduce sin (bead).
|(be) (ad) | sin (B aad) = (bad)  (cad) = (dbe) - (abo).
To reduce (aBy8)2.

sin? (aB) sin® (y8) (afy3)?
=(ay8)* +(By8)* -2 (ay3) (8y3) cos (aB)
=(yaB)? +(3aB)* - 2 (yaB) (3aB) cos (y3).
We shall make another classification of measures.
Measures belong to one of the following three classes :
(i) measures of two points,
(ii) measures of a puint and a line,
(iii) measures of two lines.
We shall refer to them as the first, second and third classes respectively.
We have seen that the square of any measure of the first class formed

from four elements, any measure of the second class formed from four
elements, the sine and cosine of any measure of the third class formed from
four elements is reducible to the quotient of two polynomials in the moduli of
measures of two points, in the measures of a point and a line, in measures of
three points, in measures of three lines, in sines and cosines of measures
of two lines, in cosines of measures of two points and a line.

Hence the same is true for measures of five elements: and so on.
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We have then that the square of any measure of the first class, any
measure of the second class, the sine and cosine of any measure of the third
class is reducible to the quotient of two polynomials in

(1)
2
@
4
)
6
M

moduli of measures of two points, Ex. |(ab)|,

measures of a point and a line, Ex. (af),

sines of measures of two lines, Ex. sin (af8),

cosines of measures of two lines, Ex. cos (a8),

measures of three points, Ex. (abe),

measures of three lines, Ex. (a8y),

cosines of measures of two points and a line, Ex. cos (aby)*.

It is often advisable so to reduce any measure, and afterwards reduce
cases (B), (7) in surd form, and (6) by the use of a point.

An alternative manner of reducing cases (5), (7) without radicals by
multiplying by the sine of two simple lines is given in the Appendix.

* When 4 is a direction, both sin (aby) and cos (aby) may be taken as
irreducible.



APPENDIX

REDUCTION OF PRODUCIS OF MEASURES

We give four examples of reductions of products of measures
which possess the property of being reducible without radicals,
notwithstanding that the reduction of one or more of the com-
ponent measures contains a radical. This is due to the elimin-

ants existing between the elements.
The examples are
(1) (abe)sin (aB),
(2) (abe) cos (zYE) |(zy)ls
(3) I(zy)|cos (@YL) sin (),
(4) (abe)(aBy).
(1) Though the reduction of (abc) contains the radical, the
product (abc) sin (aB) is expressible without radicals.
The reduction may be effected as follows:
We have
(aBbc) = (aa)sin (Bbc) + (aa) sin (bea) + (abe ) sin (aB),
. (abe) sin (aB) = (aBbc) + (aa) (beB) — (aB) (bea)

= (as) (aB) 1
(ba) (88) 1
(oa) (cB) 1

(2) Here the reductions of both the component measures
contain radicals. The product may be reduced as follows :

(abo) cos &) | (o))
= (abo) sin (¢ ()|

@) (@7 1[Il by (1)
(6D Gy 1
RCINC AN
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=3 (af) |(be) (zy)| cos (bozy)

=12 (al) {(by)* + (cx)* — (by)* — (c)}

=%| (@f) (ay)y—(az) 1

®8) (byy—(b2y 1

(c®) (cyy—(cay 1
(3) Though the reduction of cos(Zy¢) involves radicals,

cos (zy {)sin (M) may be reduced without radicals.

From the four lines A, u, @y, { we have
sin (uzy) cos (ML) + sin (TYN) cos (uf) + cos (zy &) sin (\u) = 0,
-+ |(@y)] cos (@) sin (M) = {(am) — (yw)} cos (AE)
— (&%) — (G} cos (ud).

(4) The product (abc) (aBy) may be reduced without radicals
as follows :

(abe) (2By) = 53 sin (a8) (aBy) (abe)
e P, Y
= = sin(aB) = — (aBbe)(ay)

a,B,y a,b,c¢

= 3 (ay)(aBbo)

wey
= § (ay) {(ab) (Bc) — (ac) (Bb);.
“Bly
Hence (abe) (aBy) =| (ax) (aB) (ay)
(ba) (bB) (by)
(ca) (cB) (cv)

Referring to the result on p. 109 and using (1) and (3), it is
easy to see that the square of any measure of the ftiist class, any
measure of the second class, the sine and cosine of any measure of
the third class is reducible to the quotient of two polynomials in

™o

(1) the moduli of measures of two points,
(2) measures of a point and a line,
(8) sines of measures of two lines,

(4) cosines of measures of two lines.



112 APPENDIX
Examples: '
1. Shew that sin (5cad) is reducible rationally by multiplying by sin (Au).
2. Reduce (abyd)® by means of the reduction of (a8c)2.
We have  (abyd)?=(ab)? (abyd)?
= (ab)* {( abd)*+(yd)? - 2 (yd) (abd) cos (aby)}
=(abd)? + (ab) (yd)— 2 (yd) |(ab) | (abd) cos (aby)

= (abd)? + (ab)s (ya?
~d) [ (@) (@bp 1| from ().
Gy)  —(bp 1
(dy) (db)-(dap 1

By using the elimmmant of three points and a line we get our former
reduction.
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FINITE GEOMETRY

CHAPTER 1L

(ba)y= —(tD)eucruerieniiniunins © s (1).
(Ba)=(tf)eeruies ov terenasienrs on sennnnenians (2).
(Ba)= =(aB)..c..ccovreriinniniiannans . (3D
(@B)= —(AB)  .vrvverrrirereesneaans sernne 4).
(@B)=(aB) 4 T ceveererirs cvinriirenrancinnn. ).
BU=GB « eeeeeeeeereeeeees eeeearees o (6).
Ba=af .ccocvnniniiiiiiniiniiis e s (7)

AB =0 iceeer it ereriierirens rren eaaees (8)
[(aB)]=|(ag_Ba)| . .. ccoomumcninns v e (9)
(agB)= (aB)i— L (10)

s (Ba)= —8IN(aB) cceerr ciriiiiien cieeenn (11)
sin (@8)= —81n (@B) ..oooeiiiiins ciiniiinnns (12)
cos (af) =sin (“Bg) ......................... (13).
cos (Ba) =cos (aﬁ)_ ............................ (14).
cos (d8)= —cos (aB) .eece. v v e o . (1B).
BIN = =1 tiriiiiiinnes oo civieiiiies o eennnnn (16)
aby =a if (@) =0u.eccereerees ceerie o 7).
aBc =a or @ if (ac)=0 ..ooeee . wee . e (18).
(abe)=|(ab)| (abe) «eevvvrvniiiiiiiarinnn o e (19).

4 (abc)?=2 (ca)? (ab)2+2 (ab)? (be)? + 2 (be)* (ca)? — (be)! — (cu)t ~ (ab)*...(20).
(abc) =(bea)=(cab)= — (acb)= — (cba)= — (acb)............ (21).
(aby)=|(ab)| 8in (DY) c.vveereirrrienereirirenes (22).
(@by)=(ay) = (By) ceveerrririniiiiiiiiiiinin o (23).

T. G. 8
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(aBe)=sin (aB) |(aBe)| veverrerrreeeens voreeene (24).

(aBc)t=(aBc)? sin? (a8) = (ac)? 4+ (8c)? — 2(ac) (Be) cos (af) ...... (25).
(uBy) =51 (aB) (aBY) «eerrrrerrrrrrerieriunnees (26).

(aBy)=sin (By) (da) +sin (ya) (dB) +sin (af) (dy).... .. ... (27).
(aBy)=(Bya)=(ya8)= ~ (Bay)= — (yBa)= —(ayB) . . ...(28).

2 |(ab) (cd)| cos (ab cd)=(ad)? + (be)E — (uc)? — (bd)-............ (29).
|(ab) (cd)| sin (abed )= (acd) - (bed) =(dab) - (cab) ......... (30).
(abyd)=|(ab)|sin (aby)| (@BYA)|..cceveerrerrannenn (31).
(abyd2=(bd)* (ay)? +(ad)? by + (ay) (by) {(ad)?~ (ud)? - (bd)?} ...(32).
(abyd)=|(ab)|sin (y8) (abyd) . .... . . ......(33).

(aubyd) = (ay) (58) = (a8) (by) vvvv vrvveeeer eernnn (34).

(aBed) = (aBe) (aBed) ... .. .(35).

(aBed)=(cdaB) . .. cccvvverries vuneernn . ...(36).

(af3e) s (aBed)=(ac) sin (88) = (Bc) S1 (GB) «vrvvnenn. 37).

(aBc) cos (aBc8) = (ac) cos (B8) — (Bc) €O (a8) verernrnn (38).

sin? (a8) s1? (y8) (afSy8)?=(afBy)? + (ald8)? - 2 (afdy) (a) cos (y3)
= (yda)?+(ydB)% — 2 (yda) (y88) cos (aB) ...(39).
If a, b, ¢ be three points on a line, then

(Be)+ (ca)+(ab)=0 ... e v veer cereereennn (40).
If u, b, ¢, d be four pomts on a line, and ab = cd, then (ab)/(ed) 18 positive
(41).

(By)+(ya) + (aB) =2mm, m an mteger ....... ... (42).

810 (4 @) =s1n 4 cos p+sm ¢ cos 6 ) (43)
cos (0+¢)=cosfcos p—sm sm ¢ e AR

0 1 1 1 1
10 (ab)? (ae) (ady!
I (ba)r 0 (be)? (b =0 ... ..(44).
[T (ea)t (eb)r O  (ed)?
Pl (du)? (db): (de) O
(a8)? (be)? + (b8)? (ca)?+(c8): (ab)?
—2|(ca) (ab)| cos (Fuab) (b8) (¢8) — 2 |(ab) (be) | cos (abbr) (¢8) (ad)

—2|(be) (ca)| cos (beca) (ad) (b8)=(ube)iu....cres weeeenr ... (15).
(ab)? sin? (yd)= {(by) — (ay)}*+{(b3) - («8)}?
~2 {(by) = (ay)} {(68) — ()} cos (y8)... ..... .. (46).

CHAPTER II.

(e wh)i=(ub)*~2 |(ab)| 2 pcos (abp)+ 2 p*+ 2% p & cos (pa) ...(47).
(tge . 63)=(AB) = ZPSIN(BB) vevverirvrniriirirnn v reerrreeernareneans .(48).
(a5 $ub)= —(abo)+Zpsm (p©) ... .  .eovrirerres e e (49).
(@t ... aB) = (@) wrvvvniiiiiniieiieiiiiieeeeiee ceeeriiee e cevaeae (50).



TABLE OF FORMULAE 115

CHAPTER III.

. 3 a, 8in (a.B)
p =0 B)= — T 51).
Kin (2a, (var) +a 2 m [V, +2S a,a, cos (a,ay)| ®n
cos (S a, (Tay) +a=0 B)=-— - Bapeos(@B) L (h2).

m|VEa,2+23 a,a,co8 (a,a,) |
sa, (ba,)+u .
ey (n)ba=0 =—w e T (63).
We suppose 2, (wa,)+a2=0 to have a specified senve, and m is +1 or —1.
(2 A4, (bay)+2 By cos(8,)=0 (24,
=32.1,%(q, "')2+2'_=§’A: A, (a, ¢) (uge)]| cos (GEaE)
+234,8B,(ca,B) +EB24+23 B, B,cos (Brf3g)encrncennnns (b4).
(S A, (fa,)+2 B, cos (£8,)=0 v) (ZA4,)=3 .1, (y2,)+2 B, cos (y8,). .(55).
When 2 4,=0,
tan (4, (én,)+32 B, cos (£8,)=0 y)
. sS4, (ary) +2 I},_cos Bry) (56)

..................... J0).

T, (a, 7,!) -3 B,sin(B, )

DIFFERENTIAL GEOMETRY
CHAPTER TV.

o (ry)= —cos(rzzy) de—cos (ry JF)dy. .. .c.ouenee (57)
=) gy 87 58

()] d. ()] [Yooiiin s e (58).

d (an)=—=sm (rrp) dv+(eem)dn. .. . . o (69).
dién)=dn~-dE . ..ccocoouinin. . . . (60)

CHAPTER V.
(wy)idzy=(yra) de 4 (ery) Ay coeeeeeee ciiee ol (6n).

wind (&n) (& 2= (pEn) (AE)*+ (pné)? (dn)*+ 2 (pn) (pnk) cos () déd...(62)
From Chapter VITT

(%y)? (pzya) dzy = (ry) (ya) dz+(rya) (#a) dy ... ... (63
sin? (&n) (rEna) d&n = (pén) (na) dE+ (pné) (fw) dn.... .ooev wus (64).

CHAPTER VI

(drps  a)t= (Ao 43 (dp)+3 Pt
+2d.r = dp cos (rap) — 2dar 2 p dp sin (rap)
+3 dpt+ 2 ptdp? — 2 3 (dp & do — d& pdp) sin (pr)
+23 (dp d&+pdpda) cos (po)..c.unuiaars v veiienes .(65).
digs Gu=dw et eieieen e .(66).
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OHAPTER VII.

d{2a, (za,) +a=0}={3 (a,da, - a,da,) sin (a,a,) +3 a3 da,
+ 'i‘ a,a,cos (a,a,) (da,+da,)} = {2a,2+2 = a,a, cos (a,a,)} ...... (67).

Hence (da)?. (= 4,)t

=3 (24, (3 42 @y +2 3 A A @y ) (arap)] 008 (arcair)
+ 2 b Ath (@narBi) + 2 Bh’+ 2 2 BABE cos (858}
+ 3 dA dd, {-(a,a,) (EA4 h)”+2 Anz (ara3)?
+EAAAE [(aran) (ar“k)l cos (araharak)
+ 2"'2,‘41.3& (ana.Bi)+2 ’f B2+ 4"1"3; By cos (Brpr)
+2 4,2 (aruh)""h:kAhAk [(@ean) (@aas)| cOS (@panage)
+2 2 An By (@1,,B)}
+ 2 2 A,. E dA,.A,da, {2 Ay, (apa, va,) — 2 B, sin (B va,)}
-2 E 4. 2 dA B, {2 Ah (ana,Bs) +2 BA cos (BxB,)}
- 2;,‘3 Ay. r'z;iA B, dﬁ- {f ’r.(ah’l.l'ﬁ.) fBA sin (8,8:)}
+ (Z: A,)? [f (dB,)2+ f B2 (dB,):+2 ,i A, A4,con(ra, ra,) da,da,
+2 S dB,dB,cos (B,8,)+2 2 B, B,dB,dB, cos (B.8,)
—2 2 A,da,.dB,sin (ra,.B,) - 2 A,du, B,dB, cos (ra, B,)
- 2 2 3 dB, B,dg,sm (8,6)] o eeeeseesemmeee s s oo (68).

CHAPTER VIII.

(para)my s e o . «(69).
(rra) = (P TEE e (70).
sin (raa)= — “—l-él’i‘f) ....................................... (7).
cos (vara)= — ‘i’ 0] tren wosmasensmemaisssanssssasesenes (72).
(p-fa)2=(£a)2+["l(Tif")]n ........................... (73).
om0}
(po) = — 3200 o (Ba)
(véa) ﬁ‘%ii) .......................................... (75).

(HEa)=(£a)—F wrrrrrrrereierei e (76).
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CHAPTER IX.
If the displacement of z be
T, 8125 Tok, 8325 oo TRT, By,
then (dz)2=3d, 22+ 22 d, 2d,2 COS (TyLTyZ) cerverrrennrrenns 7).
drz (dx)2=3d, 2 dr, 2+ 3d,2d,z (dr,2 + dr,z) o8 (T, 271,7)

+32 (d,xddr —dyxd, 2?) sin (v, 27,2)...... eo(78).
(v2a) Ax =2y (Lvpz @) seovroveiinrninene v e (79).
(r2a) A2 =32 A (Lryz@)..cevvvennienns cor v ceins (80).

PLANE CURVES
CHAPTER X.

PTEZE cevvinnnnninniinenrnniienrienerienrasasasanens (81)
UTE=DE civveves cvervreeniovensasancnianes sonnas (82)
(vira)= —1— ~(TLA)erenins ceeieiiiiiiei e, (83)
(prva)= (ma) +'“°“I<:”“) e e s (84).
TPE=E © ver eeereiereeen e e eeee e (85).
T s (886)
(v2a)=p&—(£a) ....... e e e (BT
(préa) =(péa)+cos(fa) pf .. v ier vieennnenn (88)
CHAPTER XI1.

; a‘l; (BN = (DAY v eoerereeeresereseseeses eeeueresssessenesesssinas (89).
(1 ) @ay=1-(rra)pr ........... . P ()8
5 ( du ) (wa)2= — (pa)2 (rae) = p'w (TA) covvniiiinns creviiis venn e (91).
( L)' = — o) =) () - Bt ) D)

; (:’l’) (va)= — bpap'x + {(pa)t — dpap” v — 3 (p'a')?) (vaa)

+16 (pa)2p'w — p"'wr) (@) « vvinniinnnn (93).
And generally, 3 ( @ ) (ra)t= A, (rrd) + B, (vra)+C,,
where 4, B, ¢ are polynomials of pa, p'r, p"2 ..., and
An+ 1=4,' = Bupz,
u+1—'B '+ Anpa,
Cas1=C/+B,.

d _(vaa)
an l(’m)l—'l(ﬁﬂ ................................................. e .(94).
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(‘% ’((.m)[—lil'(l’%;'ﬂ)— l((;a”?)—); ....................................... ©5).
T

3”—”%:)) !(,"“") + T (f;’:)“lf e e e (96).
i) M 1= &5 - |<m>l=*+"""{ 1<m)1+%?:i - o}

—-(uw)l( )l (r.m)(um)l(.m]-;

— (1re V. 4—(’)—'”)2-— 18
(r: '>‘< w*‘ )t {l(m)P |<.rn>zf'}
18px 15 (vaa)*

~ (raa) (vra)? @OP ™ (et . . (97).
'1:(;:—'2=—sm(r.ra) ............ e cee e ee(98).
d\?
((5) (va)=prcos(rea) . e e Lo .(99).
d\? .
(flfz (wa)=p'2 cos (rra) +(pr)tsin (rra) ... L. .. .. . (100).
4
(%.) (wa)=1p".x = (px)3} cos (rra) + 3p rp'esin (rwa) . ..(101).
6
( (-;d-‘) (va) =16 (pr)? p'w — p"'&} cos (r.ra)
+sin (rwa) {4pap” 1 +3 (p'r)? (pr)Y (102).

n
And generally, (di) (wa)= A, sin (rea)+ B, cos (v ra),
where .1, B are polynowials in pz, p'2, p”x ... and
An1=4,"+ Bypa, Bn+l—B = dppa.

Jé) (Br) = pIn =B~ pn=) (= k(=) (B) ..(103)

(:Tg (5«)=p“-‘"'3’ E—plr=B g (= )np'E4 (= (vba). (104),

APPENDIX.
(abe)sin (aB)=| (@a) (aB) 1| ... coooee cenene (105)
(ba) (B8) 1
(ca) (eB) 1|
{(ab)] cos (aBy) sin (Aw)= {(ap) — (Bu)} cos (Ay) — {(4A) = (BA)} con (y)...(106).
2 (ahe) cos (zyl) |(zy)| =] («¢f) (ay)?-(ax)® 1 |......... 107).
(BO) (- 1
() (g (e}t 1]
(abe) (aBy)=| (aa) (@B) (wy)| .eoreereeern wenn (108)

(ba) (B8) (by)
(ca) (cB) (cy)
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