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PREFACE

THIS VOLUME is the first part of a work designed to provide a
convenient account of the foundations and methods of modern
algebraic geometry. Since nearly every topic of algebraic geometry
has some claim for inclusion it has been necessary, in order to keep
the size of this volume within reasonable limits, to confine ourselves
strictly to general methods, and to stop short of any detailed
development of geometrical properties.

We have thought it desirable to begin with a section devoted to
pure algebra, since the necessary algebraic topics are not easily
accessible in English texts. After a preliminary chapter on the basic
notions of algebra, we develop the theory of matrices. Some novelty
has been given to this work by the fact that the ground field is not
assumed to be commutative. The more general results obtained are
used in Chapters V and VI to analyse the concepts on which pro-
jective geometry is based. Chapters III and IV, which will be
required in a later volume, are devoted to a study of algebraic
equations.

Book II is concerned with the definition and basic properties of
projective space of » dimensions. Both the algebraic and the
synthetic definitions are discussed, and the theory of matrices over
a non-commutative field is used to show that a space based on the
propositions of incidence can be represented by coordinates, with-
out the introduction of any assumption equivalent to Pappus’
theorem. The necessity of considering a large number of special
cases has made Chapter VI rather long, but some space has been
saved in the later parts of the chapter by merely mentioning the
special cases and leaving the proofs to the reader, when they
are sufficiently simple. It is hoped that this will not cause any
difficulty. This Book concludes with a purely algebraic account of
collineations and correlations. Certain elementary geometrical
consequences are indicated, but a complete study of the geometrical
problems involved would have taken us beyond our present
objective.

It is hoped that Volume II will appear shortly. This will be
devoted to the theory of algebraic varieties, and to the study of
certain loci which arise in many geometrical problems.
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BOOK I
ALGEBRAIC PRELIMINARIES

CHAPTER I
RINGS AND FIELDS

THE READER is assumed to be familiar with the use of homo-
geneous and non-homogeneous coordinates in geometry, when the
coordinates are real or complex numbers. When geometry is
developed with the help of these coordinates, results are obtained
by methods which belong to algebra, the differential calculus, and
so on. Those results which can be obtained by purely algebraic
processes (and they include many which are usually obtained by
the methods of the calculus) make up the subject with which we
are concerned in this work.

The operations of algebra we shall study are those of addition,
subtraction, multiplication, division, and the solution of algebraic
equations. While ordinary complex numbers are the most familiar
elements for which these operations are defined, there are more
general sets of elements for which it is possible to define them. By
allowing our coordinates to belong to these sets, a more general
geometry is obtained. We thus arrive at the definition of a more
general space than that considered in elementary geometry, and
the study of this space is the purpose of this work.

In this and succeeding chapters we consider sets of elements for
which some or all of the algebraic operations cited above are defined,
and step by step we arrive at a characterisation of the sets of elements
from which our coordinates may be chosen. These sets are known in
algebra as fields. In order, however, that the geometry which we
derive may conform to the general pattern which appears when the
field is that of the complex numbers, we shall find it desirable to
impose certain restrictions on the fields considered. These restric-
tions are not all imposed simultaneously, but in succession; and
only when we have proceeded under the limitations already adopted
as far as our subject demands do we impose a new condition. The
mathematical advantages of such a method are evident.

HPI I



2 I. RINGS AND FIELDS

1. Groups. Consider a set S of elements, which we denote by
a,b,c,.... A law by which, given any ordered pair of elements a
and b of 8, possibly not distinct, we can derive a unique element ¢
of 8, is called a law of composition for S. A non-vacuous set S of
elements with a law of composition which satisfies certain con-
ditions, explained below, is called a group.

We denote the element resulting from the combination of @ and
b (in the given order) by ab; if the resulting element of § is ¢, we write

ab = c.

ab is a uniquely defined element of S, but may be different from ba.
The law of composition is said to be associative if, given any three
elements a, b, ¢ of S, we have the equation

(ab) c = a(bc).

We then write this element as abc.

The conditions that a set S, with a given law of composition,
should form a group are that

(i) the law of composition is associative;

(ii) given any two elements a, b of S, there exist elements z, y

such that
ar=>b and ya=>.

As an example of a group, consider the possible derangements of
the integers 1, 2, 3. If «, 8, y is any derangement of these integers,
we denote the operation of replacing 1, 2, 3 by a, £, ¥ by the symbol

(1 2 3)
a B v/
The successive application of any two of the six possible operations
is equivalent to some single operation of the set, and hence a law

of composition for the set of operations is defined. If we denote
the six operations

1363 61
13 6D 61

by a, b, ¢, d, e, f respectively, and denote the result of performing

W
[

-
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first the substitution « and then the substitution y by xy, the com-
plete law of composition is given by the table of double entry:

a b ¢c d e f
ala b ¢c d e f
b|b ¢c a e f d
clc a b f d e
d|d f e a ¢ b
ele d f b a c
flf e d c¢c b a

where the entry in the row containing  and the column containing
y is zy. From the table, or directly from the definition, it is at once
seen that the law of composition is associative. Again, since each
row contains all six elements, the equation

pr=q

always has a solution; the corresponding result for the equation

yp =49
follows from the fact that each column contains all six elements.
Hence the six elements, with the law of composition, form a group.

We notice in this group that bd = e, but db = f. Hence the equa-
tion 2y = yx does not hold for all pairs of elements in the group.
Such a group is called non-commutative. If, in a given group, the
equation xy = yx is always true, we say the group is commutative,
or Abelian. A very simple example of such a group is provided by
the natural integers (positive, zero and negative), the law of com-
position being ordinary addition of integers.

It is often convenient, when dealing with commutative groups,
to use the symbol of addition for the law of composition, writing
a +b instead of ab. We then call the group an additive group. It is
important to remember that this notation is never used for a
non-commutative group.

We now obtain certain properties common to all groups. From
condition (ii) we know that, given any element a, there exist elements
e and f such that

ae =a, fa=a.
Let b be any element of 8. Then there exist elements c, d such that

ac=b, da=b.

-2



4 I. RINGS AND FIELDS
From condition (i) we have
be = (da)e = d(ae) = da = b,
fb = f(ac) = (fa)c = ac = b.

In particular, in the first of these equations put b = f, and in the
second put b = e. Then f = fe, and fe = e. Hence e = f. If there is
another element ¢’ with the properties of e,

ee=¢', and e'e=e,
and therefore e is unique. We have thus established the existence
of a unique element e of the group such that

ae =a = ea

for every element of the group. This element e is called the unity
of the group. In the case of an additive group it is usually called
the zero of the group, and denoted by 0.

Now consider the equation

ax = e,

where a is any element of the group, e being the unity. By (ii) this
has a solution z. Then
raxr = xe = x,

and therefore the element f = xza has the property fx = x, for the
z considered. But, by an argument used above, fb = b for any b in
the group. In fact, let ¢ be an element satisfying the equation

z¢c = b. Then
fb =fxc =xc=0b.

It follows, taking b = e, that f = e. Therefore za = e. If y is any
element such that
ay = e = ya,

then Y = ye = yax = exr = 2.
Hence « is uniquely defined by the equations
ar = e = xa.

This element is called the inverse of a, and is denoted by a~1. (In
the case of an additive group it is called the negative of a, and
denoted by —a. We then write b—a for b+ (—a).)
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We now show that the equations
ar=>b, ya="b,

where a, b are any elements of the group, serve to define z and y
uniquely. For
x = exr = a7 lax = a1,

and y = ye = yaa~l = ba-l,
Hence x and y are determined explicitly. In particular the equation

alxz=e
has a unique solution. But
a~la =e.

The solution is therefore = a. Therefore
(@ 1) =a.

In the case of an additive group this becomes
—(—a)=a.

A non-vacuous subset s of S may, with the law of composition
assumed for the elements of S, also form a group. This is called a
subgroup of the given group. The following conditions are evidently
necessary and sufficient for the elements of s to form a subgroup:

(i) if s contains elements a, b, it contains ab;
(ii) if s contains an element a, it also contains a-1.

We conclude this section with a brief reference to an evident
generalisation of the example of a group described above, namely,
the symmetric group whose elements are the permutations of the
numbers 1,2,3,...,n. The law of composition is defined as in the
example. An important subgroup of this group is the alternating
group. To define the alternating group we assume the definition of
polynomials in the n indeterminates z, ..., z, which will be given
in § 5. Consider the polynomial

A ='Hk(xi—xk) (’l:,k: 1,2’._.,n).

If the suffixes 1,2,...,n are permuted, it is easily seen that the
polynomial A is either unchanged (except for the order of the
factors) or becomes — 4. Permutations which leave 4 invariant are
called even permutations, the others are called odd permutations,
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A transposition, that is, a permutation which interchanges two
suffixes only, is seen to be an odd permutation. Any permutation
can be regarded as the product of transpositions. Such a decom-
position of a permutation into transpositions is not unique, but the
parity of the number of transpositions for a given permutation is
independent of the method of decomposition. The product of two
even or two odd permutations is even; the product of an even and
an odd permutation is an odd permutation. Hence the set of even
permutations of the symmetric group forms a subgroup, which is
called the alternating group, and the number of even permutations
in the symmetric group is equal to the number of odd permu-
tations.

2. Rings. A set of elements may have more than one law of
composition. We shall be particularly concerned with sets having
two laws of composition, under one of which the set forms a com-
mutative group. We write this group as an additive group, and
refer to the corresponding law as the addition law of the set. The
zero of the group is called the zero of the set.

The second law of composition is called the multiplication law,
and the result of combining elements a, b of the set by this law is
denoted by the product ab. Multiplication need not be commutative,
but we shall require it to be associative. It is said to be distributive
over addition if

a(b+c)=ab+ac, and (b+c)a =ba+ca,

for all a, b, ¢ in the set.
A ring, then, is a set of elements with two laws of composition,
addition and multiplication, with the properties:

(i) the set is an additive group with respect to addition;
(ii) multiplication is associative, and distributive over addition.

The following examples will illustrate the various possibilities
which may arise in the study of rings. In the first four cases the
laws of composition for the elements involved are addition and
multiplication as usually defined:

I. The set of all complex numbers.
II. The set of all integers, positive, zero, and negative.
III. The set of all even integers.
IV. The set of all integers, reduced modulo the integer m.
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V. The set of all matrices of g rows and columns whose elements
are complex numbers. A matrix of this type is the array

%1 %3 . Oy
aal azz . azq ,
where each a;; is & complex number. Addition is defined by the rule
G %12 . &y Bu Bra - P

%oy Xog . Qg + Ba Paa - /gﬁq

Xq1 g2 o %y a B - B
an+PBu etz o agtBig
A+ P GpatPaa . agt Py

datla %patha - Aty
and multiplication by the rule

%1 G - Ay Bu B - ﬂm Yiu Yiz2 o Y14
Qay Xog o Qg Ba Paa - Baq = Y Y2 - VYo ,
aql “qz . aqq ﬂ ql ﬂ g2 ﬁ qq qu ')’qa . 'yqq
q
where Vi =k21“ikﬂkr

The reader may easily verify that these sets, with the prescribed
laws of addition and multiplication, form rings. Further study
reveals certain features common to some of the rings, but not
necessarily to all.

(i) Inthe casesI,II,IITand IV thezero of theringisthe number 0.
In case V the zero is the zero matrix

0=/0 0 . O

00 . 0
00 . 0
In all five cases 2.0=0=0.a

for all elements a of the ring.
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(ii) In cases I, IT and IV let e be the integer 1, and in case V let

e= (1 0 . O
01 . 0

00 . 1
in each of these cases ¢ has the property given by the equations
ae=a =ea
for every element a of the ring. When such an element e exists, it
will be shown to be unique. It is called the unity of the ring. In
case III there is no element of the ring with this property.

(iii) In all but the last case multiplication is commutative. In
case V it is non-commutative, since, if ¢> 1,

1 0 0 Ay Oga o Oy, %y Qg - Ay

00 . 0 Ogg Qg .+ ) [ O O . O

00 . O Gy %z« Qg o o . o0
and

Ay O %1q 1 0 . 0 a; 0 . O

Olg; Olog 29 0 0 Oy _faa O . O

Ag1  Og2 Agq 00 . O %y 0 . O

(iv) In cases I, IT and III, if @ and b are two elements of the ring
such that ab =0

then either @ = 0 or b = 0.

This property holds for the ring IV if and only if m is a prime
number. If m = pq, where neither p nor ¢ is 1, then p and ¢ are two
non-zero elements of the ring such that pg = 0. On the other hand,
if m is prime and ab = 0, so that

ab = cm,

it follows, by the unique factorisation properties of ordinary integers,
that either a or b is divisible by m.
The property we are discussing does not hold in case V if ¢> 1.

For 1 0 .0\/0 0 . 0\ =0,
00 . oy[fo1 . o
00 .0 \0o0 . 0

and neither factor is the zero of the ring.
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(v) In case I there is associated with every element a of the ring,
other than the zero, a unique inverse ¢! such that

aa~l =a"la =e.

The rings IT and V do not have this property, and it can be shown
quite simply that the ring IV has the property only when m is a
prime number. The property is meaningless in case III since the
ring has not unity.

(vi) If we write

a+a=2a a+2a=3a, etc.,

the elements a, 2a, 3a, ... (a+0) are all distinct, except in case IV,
when
ma =0

for all elements a in the ring.

It will be observed that only in (i) did we have a property common
to the five rings, namely, the zero has the property a0 = 0 = Oa.
We now show that this property holds for all rings, and deduce
other elementary results true for any ring.

Let a, b be any two elements of a ring R, and let 0 be the zero
of R. Then

a+0=a,
and therefore ba = b(a+0) = ba + b0,
and also ab = (a+0)b = ab+ 0b.

From the uniqueness of the zero of a ring it follows that
b0 = 0 = 0b,

these equations holding for any element b in R.
Again, we know that any equation

at+x=2>
has a unique solution
x=b+(—a)=b-a

in R. Now
ab—c)+ac=ab-c+c)
= ab.
Hence a(b—c) = ab—ac,

and similarly (b—c)a = ba—ca.
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Therefore, taking b = 0, we obtain the equations

a(—c)=—ac, (—cla=-—ca
for all @, ¢ in R. Again,

(—a)(—b)—ab=(—a)(-b)+(—a)b
= (—a)(—b+Db)
= (-a’)o =0,

and therefore (—a)(—0b) = ab.

We have thus shown that the usual multiplicative properties of
the minus sign hold in any ring.

We now define the relationship between two rings known as
1somorphism. Let R and R* be two rings such that to each element
a of R there corresponds a unique element a* of R*, and such that
any element a* of R* arises from exactly one element a of R. Such
a correspondence is said to be one-to-one. Now suppose, in addition,
that the correspondence is such that if @, b correspond respectively
to a*, b*, then a + b and ab correspond respectively to a* +b* and
to a*b*. The correspondence is then called an isomorphism.

Isomorphism between rings is a relation of the class known as
equivalence relations. Consider any set S of elements a, 8, y, ..., and
let there be a relation, which we denote by ~ , between the elements
of S, so that, given any two elements «, £, we know whether a~ £
is true or false. If the relation ~ is:

(i) reflexive, that is, a ~« for all a in S;
(ii) symmetric, that is, & ~ 8 implies S~ a;

(iii) transitive, that is, if a ~f and f~7, then a~y;
we say it is an equivalence relation.

An equivalence relation between the elements of a set S divides
S into subsets, no two of which have any elements in common. If
a, f are in the same subset, a ~ f. Every element of S lies in one of
these subsets.

It is clear that if S is the set of all rings, and if & ~ # means that
the ring a is isomorphic with the ring 8, the relation is an equivalence
relation. We shall often speak of two isomorphic rings as being
equivalent, implying that if in our discussion we replace one ring
by the other (making any necessary consequential substitutions)
nothing in our conclusions is altered.
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A subset S of the elements of a ring R is said to form a subring
of R if the elements of S form a ring under the addition and multi-
plication laws of R. For this to be so it is necessary and sufficient
that if @ and b are any two elements of S, then @ — b and ab belong
to 8.

If 8 is a subring of R, R is said to be an extension of S. The fol-
lowing theorem is frequently used:

TaeoreM 1. If A and B* are two rings, and A i8 1somorphic with
a subring B of B*, there exists an extension A* of A which 18 iso-
morphic with B*, this isomorphism including that between A and B.

Let C be a set of elements in a one-to-one correspondence I" with
those elements of B* which are not in B, and let 4* consist of the
elements of A and C. We have merely to define addition and
multiplication in 4* so that A* becomes a ring with the required
properties. Let a,,a,, ... be elements of A*. To each a; there corre-
sponds a unique element b, in B*. If a, is in A4, b, is the element of
B corresponding to a; in the isomorphism between 4 and B. If
a; is in C, b, is that element of the set of elements of B* not in B
which corresponds to @, in the correspondence I'. Conversely, to
any element b; of B* there corresponds a unique element a; of 4*.
Now, if a,, a, are any two elements of 4*, we define a, +a, and a,a,
as follows. To a, and a, there correspond b, and b, in B*. Let

b1+b2 = ba, blbz = b4,

and let a; and a, be the elements of A* which correspond to b,
and b,. We then define

a1+a2 = as, 0102 = a4.

Clearly A* is a ring isomorphic with B*. Moreover, the construction
shows that 4 is a subring of 4*. Hence A* has all the required
properties. :

We conclude this section by describing a particular type of sub-
ring which we shall meet in later chapters. Let R be any ring, I a
subset of R with the following properties:

(i) ifa, b arein I, thena—bisin I;

(i) ifaisin I, r in R, then ra is in 1.

We call I a left-hand ideal in R; a right-hand ideal is defined by
reading ar instead of ra in (ii). The two ideals coincide when
multiplication in R is commutative.
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To show that if I is not vacuous it is a subring of R we remark
that if » is in I conditions (i) and (ii) coincide with the conditions
stated above for a subring. On the other hand, not all subrings are
ideals, since the condition (ii) need not hold.

R itself is an ideal in R, and is called the unit ideal. The subset
of R which consists only of the zero of R is also an ideal. These two
ideals are usually called the improper ideals of R. A ring containing
a proper ideal is the ring of integers (Example II, above). If m is
any integer greater than 1, the set I of all integers of the form + ma,
where a is an integer, clearly forms a proper ideal in this ring.

The existence of an ideal I in R enables us to define an equi-
valence relation in R. If a, b are two elements of R, we write

a=>b(I)
if a—b is in I. The reader may easily verify that this is an equi-

valence relation. It is a type of equivalence which will often appear
subsequently.

3. Classification of rings. Rings which are subject to no other
conditions than those imposed by the definition given in §2 are
too general to be of much interest in algebraic geometry. We limit
the rings with which we deal by imposing fresh conditions which
are, in fact, equivalent to requiring the rings to possess one or more
of the properties noted in the remarks (ii), ..., (vi) on the examples
of rings given in § 2. Different restrictions lead to rings with quite
different properties. We now consider some of the more important
types of rings.

We saw that a ring R may or may not possess an element e with
the property d = a = ae
for every element @ in R. We now show that R cannot have two
distinct elements e, f with this property. For, if

ea=a, bf=0,
for all elements @, b in R, we may take a = f, b = ¢, and obtain
the equations feof=e.

If this unique element e exists in R, it is called the unity of R.
All the rings we shall consider will be rings with unity, unless the
contrary is stated explicitly. For the present we continue to denote
the unity by e.
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If a is any element of a ring R with unity, there may or there may
not exist an element a~! of R such that

aa™l = e = ala.

There cannot be two such inverse elements, for if

ax = e,
then a-lax = ale,
that is, z=al

When such an inverse element a-! exists, a is said to be regular, or
to be a unit of R. Clearly e and —e are units of R. On the other
hand, the zero 0 is not a unit, since for every element a of R

a0 = 0.

Again, we have seen [§2, (iv)] that there are rings R in which
there exist pairs of elements a, b, neither of which is zero, such that

ab = 0.

We call a a left-hand divisor of zero, b a right-hand divisor of zero.
The divisor of zero a cannot be regular. For, if @ has an inverse a1,

b=aab =a"10=0,

contradicting our assumption that b is not zero. Similarly, b cannot
be regular.

The two types of ring with which we shall be particularly con-
cerned are the tntegral domain and the field. An integral domain is
defined as a ring with unity, in which multiplication is commutative,
and which has no divisors of zero. Examples I, II, and IV (in the
case m prime) of § 2 are integral domains.

A field is defined as a ring with unity in which every non-zero
element is regular. The ring of all complex numbers is clearly a
field. By the result proved above a field cannot contain any divisors
of zero. A commutative field—that is, a field in which multiplication
is commutative—is an integral domain.

We shall eventually be able to confine our attention to com-
mutative rings, but it is convenient to obtain certain results which
are valid for non-commutative rings, as these will be used in an
analysis of the postulates on which projective geometry is usually
based. Therefore, except when we say so explicitly, we shall not
assume our rings to be commutative.

[y
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In a ring R consider any element a. Write
a+a=2a, a+2a¢=3a, ...,

noting that na is not a product, but the sum of n elements each
equal to a. We have seen by an example that there exists a ring R
for which we can find an integer m such that

ma = 0
for all elements a in R.

Now, let R be a ring with unity e, and suppose that for some
positive integer n, ne = 0
Let m be the smallest positive integer satisfying this condition.
Then, first of all, if a is any element of R,

me=a+a+...+a
=ea+ea+...+ea

=(e+e+...+e€)a
= (me)a
= 0.
If m is not prime, and m = pgq, then
pe£0, ge%0,
but pege = pgee
=me =0,

and R has divisors of zero. The number m is called the characteristic
of the ring B. We have proved that the characteristic (if there is
one) of an integral domain or a field is a prime number.

If, for all non-zero integers n,

ne=+x0,

the ring is without characteristic. (It is then often said to be of
characteristic zero, but this terminology is not strictly correct.)
If a ring R with unity has characteristic m, the subset

0, e 2, .. (m—1)e

forms a subring. For
ae—be = (a—b)e

= ce,
where ¢ = a—b(modulom),
and (ae) (be) = de,
where d = ab (modulom).
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Thus R contains a subring isomorphic with the ring of integers
reduced modulo m. By Th. I, §2, there is an extension of this ring
isomorphic with R.

Similarly, if R is without characteristic, it is isomorphic with an
extension of the ring of natural integers. It follows that a ring
without characteristic contains an infinite number of elements.

In each case we identify R with its isomorph, and so in future we
shall write the unity of the integral domain or field we are con-
sidering as 1.

Later on we shall confine ourselves to integral domains and fields
without characteristic, but at present we do not make thisrestriction,

4. The quotient field of an integral domain. It is a familiar
result that the integral domain of the natural integers is embedded
in a field, namely, the field of rational numbers. This is a special case
of a general theorem which we shall frequently use.

TaEOREM 1. Given an integral domain I, there exists a commuta-
tive field K which, regarded as a ring, contains I as a subring.

The construction which we give for K gives the minimum field
having the required property. This minimum field is defined
uniquely, to within isomorphism.

The elements of I are denoted by a, b, ¢, ..., the zero and unity by
0 and 1. Consider the set of all ordered pairs (a,b) in which b0,
and the relation denoted by ~ between pairs where

(a,b)~(c,d)
stands for the equation

ad —bc = 0.
Since multiplication is commutative, it follows at once that this
relation is reflexive and symmetric. It is also transitive. For, if

@b)~(c,d) and (c,d)~(e,f),
ad =bc and cf = de.
Therefore adf = bef = bde,
and so . d(af—be) = 0.

From our definition of an ordered pair, d is not zero. Since an in-
tegral domain contains no divisors of zero it follows that

af = be,
that is, (a,b)~ (e, f).
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The relation is therefore an equivalence relation, and divides all
pairs under consideration into classes. The class to which (a,b)
belongs will be denoted indifferently by [a, b] or [¢,d], where

(@, b)~ (¢, d).
We define the sum of a pair (a, b) and a pair (¢, d) by the equation
(a,b)+ (c,d) = (ad + bc, bd).

By hypothesis, b and d are not zero, and therefore bd + 0. The pair
denoted as the sum is therefore admissible. It is evident that
addition of pairs is commutative. Now let

(a,b)"’(a',»b,)’ (6,d)~(6',d’)-
Then  (a',b')+ (¢, d') = (@d’ +b'¢’,b'd’) ~ (ad + be, bd),

since (ad +bc)b'd’ —(a'd’ +b'c’) bd
= (ab’'—a'b)dd’ + (cd’ —c'd) bb’
= 0.

Hence we may define the addition of classes by the equation
[a,b] + [c,d] = [ad + bc, bd].

([@, b+ [¢c, d]) + [e, f1 = [adf + bef + bde, bdf]
= [a, 5]+ ([c, d] +[e, f]),
addition is associative. Also, the equation
[a,b]+x = [c,d]

Since

has the solution
x = [bc—ad, bd].

Hence the classes form a commutative group under addition. The
zero of the additive group is [0, 1] = [0, a], where a is any non-zero
element of I.

We now define multlphcatlon of pairs by the equation

(a,b)(c,d) = (ac, bd).
Multiplication is clearly commutative. Also, if
(@,0)~(a’,b), (c,d)~(c’,d'),
then (a’c’,b'd") ~ (ac, bd),
since a’c’bd —acb'd’
= (a'b—ab’)c'd+(c'd—cd’) ab’
= 0.
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Thus we can define multiplication of classes by the equation
[a,b][c,d] = [ac, bd].
Multiplication can immediately be proved to be associative. Again,
(@, 8] ([c,d] +[e, f]) = [a, b] [cf + de, df ]
= [acf + ade, bdf]
= [abef + abde, b%df]
= [ac, bd |+ [ae, bf]
= [a,b][c, d] +[a, b] [e, f].
Hence multiplication is distributive over addition. The set of
classes of equivalent pairs, with addition and multiplication defined

as above, therefore forms a commutative ring K*. If a is any
non-zero element of I,

(a" a’) ~ (1: 1):
and so [@,a] = [1,1].
Since [a,b][1,1] = [a,b],

[1,1] is the unity of K*. Finally, if [a,b] is any non-zero element
of K*, both a and b are non-zero. Therefore [b, a] is in K*. But

[b,a][a,b] = [ab,ab] = [1,1].

Therefore every non-zero element of K* has an inverse. Thus K*
is a commutative field.

Now consider the elements of K* which can be written as [a, 1],
and let them form the subset S. Since

[a’ 1] - [b, 1] = [a'_'b: 1]3
and [a,1][b,1] = [ab, 1],

S forms a subring of K* isomorphic with I. By §2, Th. I, there
is an extension K of I which is isomorphic with K*, and which is
therefore a field. The element of K corresponding to [a,b] of K* is
usually written a/b. If

a_¢

b 4’
then ad = be.
We also have a

71‘ = a.

HPI 2
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The field K is the one required. It is usually called the quotient field
of I. To complete the proof of our theorem we now show that any
commutative field K’ which contains I as a subring contains a
subfield isomorphic with K.

We first observe that, by the definition of a field, the non-zero
elements of K’ form a group under multiplication. Hence the
equation

bx=a (b+0),

where a, b are in K’, has a unique solution in K’. We now show
that the equations
bx =a, dxr=c,

where a, b, ¢, d are in I, and b and d are not zero, have the same

solution in K’ if and only if
ad = be.

First, if this condition is satisfied, and z is a solution of the first
equation, we have

bdx = ad = be.
Therefore b(dx—c) =0,
that is, dx = c.

Secondly, if the two equations have the same solution z, then
ad = bdx = bc.
Thus to every element x of K’ which satisfies an equation
bx = a,

where a, b are in I, and b=+ 0, there corresponds a unique element
a/b of K, and conversely. Moreover, if z, y correspond to a/b, c/d
respectively, then

bx=a, dy=c.
and therefore db(x+y) = ad +bc,
and bdxy = ab.

Hence z+y and zy correspond to (g+§ and %g respectively. The
field K’ therefore contains a subfield isomorphic with K.
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From this theorem we deduce that K is the smallest field which
ocontains [ as a subring.

Finally, we note that if I is of characteristic p, the sum to p terms
1+14...41=0.
Hence (1,134 [1,1]+...+[1,1] =0,

and it follows that K is of characteristic p. On the other hand, if
I is without characteristic,

(1,141, 1]+ ... +[1,1] = [1+1+...+1,1]%[0,1],

and hence K is without characteristic.

5. Polynomial rings. We now discuss a method of extending
a ring by the adjunction of an element «, called an indeterminate.
The only case of any importance which we shall meet in this book
is that in which the ring is an integral domain, and it will make for
simplicity if we assume throughout this section that the basic ring
from which we start is an integral domain 1.

Let us consider the ordered sets

(@gs Ay .. @)
which consist of a finite number of elements a; of I. Two sets
(@, @y ---5@,),  (bgybys ..., D)
are said to be equivalent if
a;=b;, (+=1,2,...,min(r,s)),
a,=0 (¢t=38+1,...,7) when r>s,

b;=0 (t=r+1,...,8) when s>r.

This relation is evidently reflexive, symmetric and transitive, and
is therefore an equivalence relation. We define the addition of two
sets by the equation

(@, By oves @)+ (bgs by, ooy b)) = (€, €4, +ee, €,

where ¢t = max(r,8), and ¢; = a;+b;, defining a; = 0 for :>r and
b; = 0 for ¢>s. It is easily seen that if either of the two sets is

2-2
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reblaced by an equivalent set, the sum is replaced by an equivalent
set. Multiplication of two sets is defined by the equation

(ao, al, ..-,ar) (bo, bl’ ey bs) = (do, dl’ o..,d'+8),
Where d‘i = aibo+ai_1b1+ eee +aobi (i = 0, ...,’r+3),

and, as above, we define a; = 0 for s >r, and b; = 0 for ¢ > s. Again,
the replacement of either set by an equivalent set converts the
product set into an equivalent set. If we now consider the classes of
ordered sets defined by the equivalence relation, we see that they
form an additive group with respect to addition, the zero of the
group being all sets equivalent to the set (0); also, multiplication is
associative, and distributive over addition. Hence our classes of
equivalent sets, with the two laws of composition we have defined,
form a ring R, and it is easily seen that (1) is the unity of R. This
ring R contains a subring which is isomorphic to I. The elements
of this subring are (). For

(@)+(b) = (a+b),
and (@) (b) = (abd).
Hence an isomorphism is set up if (a) is mapped on the element
a of 1.
Let us now consider the set (0, 1). We see that
(o, 1)2 = (0, 1) (o, 1) = (0,0, 1):

(O’ 1)3 = (0’ 1)2 (0: l) = (O’ 0’ 0, 1)’

(0,1)» = (0,1)»1(0,1) = (0,0,0,...,1),
where in the last set written the unity is preceded by » zeros. Since
(@) (0,1)» = (0,0,0,...,a),
we may express the set (ag,a, ..., a,) as follows:
(@9, @y5 -5 ) = (@) + (@) (0, 1)+ (a3) (0,1)2+ ... +(a,)(0, 1)

Now let us denote by I[x] the ring which is an extension of I and
which is isomorphic with R [§2, Th. I}, « being the element of the
extension which is mapped on the set (0,1) of R. Then, from the
above reasoning, the set (ay,4ay,...,a,) of R is mapped on the
element ay+a,z + ay2%+ ... +a,2" of I[x]. These elements are called
polynomials, with coefficients ay, a, ...,a,. If a,+0, the polynomial
@y +a,Z+ ... +a,2" is said to be of degree r.
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We note that the zero (0) of R is mapped on the zero of I, and
therefore the equation

ay+a,x+...+a,2" =0 (1)
is satisfied if and only if
Gy=0a;=...=a,=0,

Because of this property of the element z, it is said to be an in-
determinate over I.

In the representation of a polynomial we usually omit any term
a;xt in which a; = 0, whether ¢ exceeds or is less than the degree of
the polynomial. In this sense a, 2" is a polynomial whose complete
representation is 0+ 0z + ... + 02”1 +a, 2™. Furthermore,

ay+a, '+ ... + a2
can be regarded as the sum of the r+ 1 polynomials
Ay O X, ..., BT,

Since also a,z? is the product of @; and z%, and since for the poly-
nomials z, z%, ... we have the multiplication law

xPxl = xIH'Q,

the ring I[x] is obtained by introducing a new element x among the
elements of I which can be multiplied commutatively by any
element of 1. We say that I[x] is obtained from I by adjoining the
indeterminate x to I. I[x] is also called the ring of polynomials in
x over I.

These results apply when I is any commutative ring with unity.
We now proceed to draw conclusions concerning the ring I[x] from
the fact that I is an integral domain.

THEOREM 1. If I is an integral domain, so 18 I[x].

We have already seen that I[x] is a commutative ring with
unity. We must now show that I[x] has no divisors of zero. If

f=ay+a,2+...+a,2™,
and g=>"by+bx+..+b,2"
are two non-zero polynomials, we may assume a,,+0, b,, 0. Then
fg=cotcx+...4+cp ™™,

where ¢,,,, = @,,b,+0, since I has no divisors of zero. Hence
fg+0. In other words, if fg = 0, and f40, we must have g = 0.
Therefore I[x] has no divisors of zero.
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The process of adjoining an indeterminate to an integral domain
to obtain another, more extensive, integral domain may be repeated.
If J = I[x,], J[x,] is an integral domain. Its elements are poly-
nomials ag+oyTa+ ... +a, 2y,
where Ay =0+ +...+a,c]

is in I[2,], and m is the maximum of the degrees of a,, ..., «,. The
elements a,, lie in I. Hence, the elements of J[z,] can be written
in the form

n m
2 Xay a3,
i=04=0
in which each term a,;2§«{ is the commutative product of a,;, %, .
If J’ is the integral domain I[x,], the elements of J'[x,] are of the
form

m n :
XX bijxlxg’
 4=0jm0

and the integral domains J{z,] and J'[z,] are easily proved to be
equivalent. We denote this integral domain by I[z,, ,].

Proceeding in this way, we can adjoin indeterminates x,, z,, ..., z,
in turn to I. The resulting ring I[z,,...,2,] is independent of the
order in which the indeterminates are adjoined. For the elements
of this ring are of the form

m Ny P 1,
“20 ..-i'zo a.i‘."i'xl‘ oo x,.,

the term written explicitly being the commutative product of
@y, .4, T8, ..., 27, Also, I[z,, ..., 2,] is an integral domain. We have
already proved this result when one indeterminate is adjoined to I.
We assume it is true when r — 1 indeterminates are adjoined. The
result is assumed true for J = I[z,,...,x,_,], and by Th. I is there-
fore true for J[z,]. But J[z,] = I[x,, ...,2,]. Hence we have

TreEOREM II. If I i3 an integral domain, so 18 I[x,,...,x,].
We conclude this section by introducing an important operation
on polynomials in I[x,, ..., z,] known as specialisation. Let

n, Ny P ‘t'
f= hzo.-- i'zoai,...i,xl' oo Xy

be any polynomial in our integral domain. We select any number
J (0<j<r) of the indeterminates z,,...,%,, say, for example,
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@y, ..., ;. Let «y, ..., a; be any elements of I. Then if in f we replace
zy, ..., %; by ay, ..., a; respectively, f becomes

7+ Ny
fx= 3 ...ﬁzobﬂﬂ._.t’x}’ﬁ...xﬁ',

Yr1=0
where L2 ny
- i
bm,...i, = ~--.Z “i,...i,i,ﬂ...i,“l‘-u“;’
H=0 4=0

isin I. (afis, of course, the product of 7 factors each equal to a.)
Then f is said to specialise to a polynomial f* in I[z;,,,...,2,].
We use the notation
f=>r* 2>y, o >0y
to describe the specialisation.
By using the fact that equations such as

f +g9=nh, f g= k
express relations between the coefficients of f, g, » and k& which do
not involve the indeterminates z;,...,z,, we see at once that if,
for any specialisation of the indeterminates,

f=>r* g-g* h->h* Lk->k*,
then fX+g* =h* [f*g* =Fk*
The converse of this result is not, of course, true.
Note. While we do not have to consider polynomials whose
coefficients are in a non-commutative ring, it should be pointed out

that a theory of such polynomials exists. The only result of this
theory which we shall use is the following. Let

f=a 2™ +a, 2™+ ... +a,,

where @, is in a non-commutative ring K, z is indeterminate and is
assumed to commute with-every element of K. Then if a is any
element of K, there exist polynomials

Pp=byx™ 1+ ... +b,_1, q=cCox™ +...+Cp1,
and elements b, c,, of K such that
f=(@—a)(bez™1+...+by_1)+by,
= (Ce2™ 1+ ... +¢Cpy) (=) +C,pe
Indeed, we need only take

b; = ata,+at-la, + ... +a,, 5
6 = Ggat+a,at1+ ... +a,
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6. The division algorithm. In thissection / denotes an integral
domain, K a commutative field, and I[z], K[x] the rings obtained
by adjoining the indeterminate x to I, K respectively.

Let f=ayt+a2+...+a,z™,
g=>by+bx+..+b,2" (n<m)

be two polynomials in I[z] of degrees m, n respectively, and let us
suppose, in the first place, that b, = 1. Then, clearly,

fi=f—ana™Tg
is a polynomial in I[x] of degree m, <m. If n<m,, and if
fi=ap+aix+... +ag, ™,
then Jo=fi—ana™™"g
= f~ @™+ Tl FT) g
is a polynomial of degree m, < m,. Proceeding in this way we arrive,
in all cases, at a polynomial q of degree m —n such that
r=f-g9
is a polynomial of degree less than n, the degree of g.
This result can be generalised to include the case in which b, is
a regular element of 1. For, if b;16, =1,
g9 =bylg

is a polynomial of degree n in which the term in ™ has coefficient
unity. Then there exists a polynomial ¢’ such that

r=f-q'9 =f-(b;")g
=f-q9
is of degree less than n.
We now show that the polynomials g, r obtained in this way are

unique. For if ¢, ' are any two polynomials such that » = f—q’'g
is of degree less than n, we have the equation

r—r' =(¢'-q)g.

But the degree of r —r’ is less than n, and the degree of (¢’ —q)g is
at least 7, unless ¢’ = ¢. Hence, unless ¢’ = ¢, we have a polynomial
of degree less than » equal to a polynomial of degree at least n.
This is impossible, and therefore ¢ = ¢’, and consequently r = ',
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The process given above for determining ¢ and r is called the
division algorithm.

A special case of the result just proved is the Remainder Theorem.
If ¢ is any element of I, take g = x—c. Then there exists a poly-
nomial ¢ such that

f-q@—c)=r

isin I. This equation remains true when we make the specialisation
xz—>c. Hence
r = f(e),

where f(c) is the result of replacing « by c in f.
Returning to the division algorithm, it may happen that r = 0.
We then have three non-zero polynomials f, g, ¢ in I[x] such that

f=g9q

g and q are said to be divisors of f, and f is a multiple of g and of g.
If the degrees of both g and ¢ are greater than zero, both g and ¢
are said to be proper divisors of f.

We now suppose that I is a field K. Since every non-zero element
of K is regular, the division algorithm can be applied to any pair of
polynomials f,, f; of K[x]. By repeated applications of the division
algorithm we shall construct a sequence of polynomials f,, fs, ....
We shall denote the degree of f; by m,, and suppose that m, > m,. Our
purpose is to obtain information on the common divisors of f, and f;.
Applying the algorithm to f,, f; we get the equation

fo=af1+/e

where my,<m,. If f, is not zero we apply the algorithm to f, f5,
obtaining the equation
fi=Gfetfa

and proceed thus until we have

fs—l = Qst +fs+1’

where f,,, is zero. We reach this stage after at most m; + 1 applica-
tions of the algorithm.
Now, let g be a divisor of f, and of f,. Then, if

fo = hog,
and Ji =My,
we have fa = hag,

where hy = hy—q,hy.
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Hence f 3= hs g,
where hg = hy—qyh,,
and so on. Finall
Y fa = hsg’
where hy=he g—qg_yhs 4.

Thus any common divisor of f, and f, is a divisor of the set of poly-
nomials fy, ..., f;. Conversely, let g be a divisor of f,. Then since

f s = hsg’
we have Jo1 = Qofs = Q519 = by, g, say,
Jo-2 = (Qe1hs_1+h5) g = hy_,9, say,
and so on, until finally we obtain

fi= Mg,
and Jo = hyg.
Thus any divisor of f, is a common divisor of f, and f,.

Since any common divisor of f, and f, is a divisor of f,, the degree
of such a divisor g cannot exceed m,, the degree of f,. On the other
hand, f, is itself a divisor of f,, and therefore of f; and f,. These
polynomials therefore have a common divisor of degree m,, and
have no common divisor of higher degree. We call f, or af,, where a
is any non-zero element of K, the highest common divisor of f,and f,.

The division algorithm enables us to express f, in terms of f,, f;
as follows. We have the equations

Jo=fo— S,
fi=fi—%fe
= —qfo+ (1 +019)f1
and by a simple induction we find that

fo = afo+bfys
where a, b are polynomials in K[z].

If f,, f; have no divisors of degree greater than zero, f,, f, are said
to be relatively prime elements of K[x]. Then m, = 0, and f, is a
non-zero element of K. Let its inverse be g. Then

1 = f,g9 = agfo+bgfs,

where A, B are polynomials in K[z].
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A non-zero element of K[x] which has no proper divisors is called
a prime element of K[z], or an srreducible polynomial. Our work
above now enables us to prove

THEOREM L. If f i3 an irreducible polynomial in K[x], and g, h are
polynomials in K[x] such that f is not a divisor of g, but f s a divisor
of gh, then f must be a divisor of h.

Since f is not a divisor of g, the degree of any common divisor of
these two polynomials is less than the degree of f. But fis irreducible.
Therefore the only divisors of f have degree zero. Hence f and g are
relatively prime, and so we can find polynomials a, b such that

1 =af+bg.
Therefore k = afh + bgh.
But f divides gh. Therefore, for some polynomial &,
gh = fk.
Hence h = (ah+bk)f,

showing that f is a divisor of A.

We note here that the term factor is often used in the same sense
as divisor, so that we may refer to the highest common factor of two
polynomials instead of to their highest common divisor.

We conclude this section with a theorem of frequent application.
Let K* be an extension of the field K, and suppose that f, g are
polynomials in K[x], and therefore in K*[x]. If f, g are regarded
as polynomials in K*[x], the process of the division algorithm, when
applied to f and g, is carried out entirely in the subring K[z]. Hence
the process of finding the highest common factor of f and ¢ in
K*[z] can be carried out entirely in K[x]. Thus the highest common
factor of f and g in K[z] is the highest common factor in K*[«], and,
conversely, the highest common factor of f and g in K*[x], when
multiplied by a suitable element of K*, is in K[x], and is the highest
common factor of f and g in this ring. Hence, in particular, we obtain

THEOREM I1. If K* is an extension field of the field K, and if f, g
are two polynomials in K[x] which are relatively prime, then f, g are
still relatively prime when regarded as polynomials in K*[x].

7. Factorisation in an integral domain. We have defined a
unit or regular element of an integral domain 7 to be an element a
which has an inverse a~! in 7, so that

aal=1.
We saw that the inverse is necessarily unique.



28 I. RINGS AND FIELDS

Clearly, 1 and —1 are always units of I. There exist integral
domains, such as the ring of natural integers, with no other units.
If, however, the integral domain is a field, every non-zero element
wn it is a unit. We shall make use of the following results in the
sequel:

TaEOREM 1. The product of any finite number of units is a unit.
If the product of any finite number of elements of I is a unit, each
element in the product is a unit.

Let ¢y, ..., €, be units, €%, ..., €1 their respective inverses. Then

€...6€ . 65 =€ €e7le65 . 665 = 1.
Hence e, ... ¢, is a unit.

If ay...0,=¢€
is & unit, then a,..ael=1
That is, a,ay...0;_j€tay,...a,)=1

Therefore a, is a unit.

‘We now define the term factor. If any non-zero element a of an
integral domain I can be written as

a = b, (1)
where b, ¢ are in I, these elements are said to be factors of a, and a
is said to be a multiple of b and c. When a is written in the form (1)
it is said to be decomposed into the factors b and c. If one of the
factors is a unit, the decomposition is said to be trivial. Since every

I has at least one unit ¢,, every element of I has at least one trivial

decomposition a = ¢,(era).

An element of I which is not a unit may or may not have a non-
trivial decomposition. If it has only trivial decompositions it is
called a prime element of I. (If I is the polynomial ring K[z], the
prime elements are the irreducible polynomials of degree greater
than zero.) We prove that if any product a, ... a, of elements in I is
a prime, then one of the factors is a prime, and the rest are units.
For if b=a,..a,

and each a, is a unit, so is b [Th. I]. This is contrary to the definition
of a prime. Hence one a; at least, suppose it is a,, cannot be a unit.
Then since b is prime, b=a,a,..a,)

1\%... 4y

can only be a trivial decomposition. But a, is not a unit. It follows
that a, ... a, is a unit, and therefore, by Th. I, that a,,a,, ...,a, are
all units.
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An element a of I is said to be completely factorised if it is expressed
as the finite product
a=a,..a,
where each a, is either a unit or a prime. By Th. I we can combine all
the factors which are units into a single one. We then write this
first, using a Greek letter to denote it, so that

a=oaa,..a,

implies that « is a unit, a,, ...,a, are primes. In particular cases, of
course, ¢ may be unity.
Two complete factorisations of the same element

a=aa,..a,, a&=pb..D0

are said to be equivalent if r = s, and for a suitable reordering of
the factors b= ea; (i=1,...,7),
where ¢,, ..., €, are units. We now give the following definition:

If an integral domain is such that every non-zero element can
be completely factorised, and all complete factorisations of a given
element are equivalent, it is called a unique factorisation domain.
We shall abbreviate this to u.f.d.

The ring of the ordinary integers is a well-known example of a
u.f.d. But we now give an example of a ring, in which not all
elements are units, which is not a u.f.d. Consider the set S of complex
numbers which can be written in the form

a=a+f-3,
where « and f are integers. It is immediately verified that this set
is closed under the operations of addition and multiplication, and
it is easily shown that it forms an integral domain. This integral
domain is, of course, a subring of the ring of complex numbers.
We define the norm N(a) of @ by the rule
N(a) = a?+ 342
N(a) is always a non-negative integer. The following properties are
rapidly verifiable:
(i) N(a)=0 ifandonlyifa = 0;
N(@)=1 ifandonlyife = +1;
N(a) + 2 foranyain S;
N(a) =3 ifandonlyifa = +./-3;
N(@)=4 ifandonlyifa=+2,0ora=4+1+.-3.
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(ii) N(a) N(b) = N(ab).
Since N(1) = 1, we deduce that if ab = 1,
N@)N((d) = 1.
Hence N(a) = N() =1,
that is, by (i), a=+1, b=+1.

Therefore the only units of the ring are +1 and —1.

Again, if

a=a,..0,
is a factorisation of @ in which no factor is a unit, it follows from the
fact that
N(a) = N(a,)... N(a,)

that r cannot exceed the number of prime factors of N(a). It
follows from this that a can be completely factorised.

(iii) The numbers + 2, + 1 +./— 3 are all primes. For if any one
of them could be written as bc, where neither b nor ¢ is a unit, we
should have

N@®)N(c) = 4,
while N(b)>1 and N(c)>1.
Therefore N(b) = N(c) = 2,

and we saw in (i) that there are no elements in the ring with norm
equal to 2. The elements in question are therefore all primes. Now,
since the only units are +1 and —1, we cannot have the equation

1+,-3=¢2,
where € is a unit. Therefore the factorisations

(2)(2) =4=(1+/-3)(1-y-3)
are not equivalent factorisations of 4. The ring § is therefore not
a u.f.d.
We now return to the integral domain 7, and assume that it is
a u.f.d. We prove that any two elements a, b of I have a unique
highest common factor. First of all let us call two primes p, ¢
equivalent if there exists a unit € such that

p=e€q.
Now let us examine the consequences of assuming that an element ¢
is a factor of an element d, so that

d = ce.
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Let € =7C...Cp
d=2dd,...d,
e=¢€e...q N

be complete factorisations of ¢, d, e in which, as we agreed, y, J, €
denote units, all the remaining factors being primes. Then from
the equ&tlon 3d1 ces d8 = yecl ces CT e]. cee e‘

we deduce that r+¢ = s, and that the primesc,, ..., c, are equivalent
to r distinct primes of the set d,, ..., d,.

Now let a=oa,..a, b=pb..b,

be the complete factorisations of two elements a, b of 1, and suppose
that, by suitably choosing the arrangement of the factors, and the
unit multipliers of the primes, we can say that

a:i=b,i (7:= 1,...,t),

but a; and b,, are not equivalent for any j and k greater than ¢. By
what has been proved above, any factor of a is the product of a
unit and a certain number of the a;, and similarly, any factor of b
is the product of a unit and a certain number of the b,. From the
fact that I is a u.f.d. it follows that if d is a factor of both a and b,

d can be written

d = 8@1:1 ...ail,

where 1 <1, <4,... <7;<t. Hence d is a factor of
D=a,..aq,

which is itself a factor of a and b. This element D is called the
highest common factor of @ and b, and is uniquely defined, save for
a unit factor. We now prove

TueoreM II. Ifa,,...,a, areany n elements of 1,there is an element
d, determined to within a unit factor, which i3 a factor of each a;, and
18 such that any factor common to all the a; is a factor of d.

We shall call d the highest common factor of a,...,a,. The
theorem has already been proved when n = 2. Let us suppose that
it is true for n—1 elements of I, a,,...,a,_,, and let d, be their
highest common factor. Let d be the highest common factor of
d, and a,,. Then d is a factor of a,,, and of d,,, which is itself a factor
of ay,...,a,_,. Hence d is a factor of a,,...,a,_;,a,. Conversely,
if e is any factor of ay, ...,a,_;,a,, it is a factor of d, and a,, and
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hence of d. It only remains to prove that d is unique. Now, if d’
is another element of I with the properties of d, d’ is a factor of
@1, ..., Gy, and therefore of d. Therefore

d =ad,
where g is in 1. Similarly & = bd

]

where b is in I, and hence d = abd,

giving ab =1,
so that @ and b are units.
We conclude this section with the important

TrEOREM III. If K s any commutative field, K[x] is a u.f.d.

We first prove that any polynomial in K[x] of degree n >0 can
be written as the product of & finite number of prime factors. We
proceed by induction on .

If n = 1 there is nothing to prove, since, if f is of degree 1, and

f=gh,
where g, h are of degrees I, m respectively,
l+m = 1.
Hence either g or % is of degree zero, and is therefore a unit, and the
decomposition is a trivial one; that is, f is prime.
We therefore suppose the result true for polynomials of degree

less than n. Now let f be of degree n. If it is irreducible, then it is
already expressed as a product of prime factors. If it is reducible,

f=gh,
where g, & are of degrees [, m, say, and
l+m=n (I<n, m<n).

By hypothesis g and %2 can be expressed as products of a finite
number of prime factors. Hence f can be so expressed.

We now prove that all factorisations of f are equivalent. That is,
if f is a polynomial of degree » which can be expressed in two ways
as the product of prime factors

f=dfr..fo f=Pg1...9, (@ finK),

we prove that r = 8, and after a rearrangement of the factors,

gi=v:y G=1,..,7)
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We again proceed by induction on n. For n = 1 the result is trivial,
since all polynomials of degree 1 are irreducible. Assume that the
result is true for polynomials of degree less than n. Since

afl fr = ﬂgl e+ Ges

f1 i8 a factor of g, or of fg,...g, [§6, Th. I]. If it is a factor of the
second polynomial, the same theorem tells us that it is a factor of
gs or of fgs...g,. Continuing thus, f, is either a factor of some g;
or of 8. This last conclusion is untenable, since f, has degree greater
than zero, while f is of degree zero. Hence, by re-ordering the factors
g,, if necessary, we can say that

91 = "fr-

Since g, (as well as f,) is irreducible, y, must be a unit. K[z]is an
integral domain, and so we can cancel the factor f;, obtaining the

equation
1 &fg... fr=PBV192---9s

between two polynomials of degree less than n. By our induction
hypothesis r—1=8—1, thatis r=s,
and, after a suitable arrangement of the factors,

gi=7vfi =2,...,1),

where the 7y, are units. This proves the theorem.

8. Factorisation in polynomial rings. The main theorem of
this section, which we shall prove with the help of three lemmas, is

TaEOREM 1. If I is a u.f.d., so is I[x].
Let f be any non-zero polynomial in I[z], and suppose that d is
the highest common factor of the coefficients of f. We can write

f=dg»

where g is a polynomial in I[2] whose coefficients have a unit as
their highest common factor. Such a polynomial is called a primitive
polynomial. It is clear that both g and d are uniquely determined,
save for unit factors. The importance of primitive polynomials is
brought out by the following lemma.

Lemma 1. The product of two primitive polynomaials is a primitive
polynomial.

HPI 3
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Let f=aytaz+...+a,2",
and g=>bo+bx+...+b,2m

be two primitive polynomials, and suppose that the product fg is
not primitive. Then the coefficients of this polynomial have a
common factor d which is not a unit. If p is a prime factor of d,
p must divide all the coefficients of fg. Now, f is primitive, and so
not all the coefficients of f can be divisible by p. Let a, be the first
coefficient which does not have p as a factor. Similarly, let b, be
the first coefficient of g not divisible by p. Consider the coefficient
of z7+¢ in the product fg. It is

Cris = Oy ba +a,_; bc+1 +ay bs-l +...1+a br+s +0py, bo
= a,b,+ pc,

where ¢ is in I. By hypothesis c,,, has p as a factor, and therefore
the product a,b, must be divisible by p. The prime factors of a,b,,
since I is a u.f.d., are the prime factors of a, and of b,. Therefore
either a, or b, is divisible by p, contrary to hypothesis. Our assump-
tion that fg is not primitive is therefore false.

Let K be the quotient field of I. By §7, Th. III, we know that
K[z] is a u.f.d. We use this theorem, together with properties of
primitive polynomials, to establish our theorem. Let ¢ be any

polynomial in K[z], and suppose that
¢ =ayt+a,x+...+o, 2",
where a; = a;/b; (a;b;in I).

We now write the coefficients in ¢ with a common denominator

b=b,...b,.
If c;=by...0;_ya,b;,...0,,
and f=cote@+...+c,am,
then ¢ = f/b,
the polynomial f lying in I[x]. If now
| f=ag,

where g is primitive, we have expressed ¢ in the form

a
¢=59-
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Lemma 2. The primitive polynomial g is uniquely determined by
the non-zero polynomial ¢, save for a factor which is a unit of 1.

Suppose that ¢ = ;—:g and also ¢ = sh, where g and & are both
primitive in I[z]. Then

adg = bch,

and therefore ad is a factor of the coefficient of every term in bch.
But since % is primitive, the highest common factor of the coeffi-
cients is bc. Hence

bc = ead,
where ¢ is in 1. Similarly, since bc¢ is a factor of ad,
ad = €'be,

where €’ is in 1. Therefore
becad = (e€’) bead.
Since ¢ is not zero, and I is an integral domain,
e’ =1,
and therefore ¢ is a unit. Hence
g = ¢h,
and the lemma is proved.
If now the polynomial ¥ in K[x] determines the primitive poly-

°h, then

nomial &, and ¢ = d

ac

Y = 35 9h.

By Lemma 1, gh is primitive. Hence, by Lemma 2, the primitive
polynomial determined by ¢y is gh. We therefore obtain

Lemma 3. If ¢ is an srreducible polynomial in K[x], the corre-
sponding primitive polynomial in I[z] is irreducible, and conversely.

With these preparations we now come to the proof of our theorem.
Let f be any polynomial in I[x], and let d be the highest common
factor of the coefficients. Write

f=4dF,
and consider F as a polynomial in K[«], which is a u.f.d. Let the

prime factors of F in K[x] be ¢,,...,4,. These are uniquely deter-

mined, save for units of K. If

a;
b= E;Fn

3-2
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where F; is the corresponding primitive polynomial in I[z], then,
by the above lemma, F; is irreducible in I[]. We have

a...a
F=21""F . F,
by...b, 1T
that is, by...b,F =a,...aF..F.

Since F, F, ..., F, are primitive polynomials, b, ... b, is a factor of
a, ...a,, and conversely. Hence

a...a, =é€b,...b,
where ¢ is a unit of I, and therefore
f=€elF, ... F,.
Writing ed = 0dy ... dg,
where d,, ..., d, are primes, the equation
f=40d,...d,F,...F, (Ja unit)
expresses f as a product of prime factors. Now let
f=c¢€e,...e,Gy...Q, (€aunit)

be another representation of f as a product of irreducible factors
in I[x]. By Lemma 3 the F;, G, are irreducible in K[z}, and therefore,
since K[x] is a u.f.d., we must have » = 7', and

G; = a;F; («;a unit of K),
when the factors have been suitably arranged. By Lemma 2
& = €
where ¢, is a unit of I. Hence, finally,
ody...d,=¢€e,...ep€; ... €,

where & and eg, ... €, are units, whilst the d;, ¢; are not units. But
I is a u.f.d. Therefore s = &', and after a suitable rearrangement

of the factors, g _ g.e; (6,8 unit of I).
This proves that I[x] is a u.f.d.
By a simple process of induction we then deduce

TueoreM I1. If K[x,,...,x,] s the ring obtained by adjoining the
r indeterminates x,, ..., x, to the commutative field K, then K[z, ..., ,]
is a u.f.d.
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9. Examples of fields. In constructing the spaces whose
geometry we propose to discuss, the first step is always the selection
of a field K. It is therefore appropriate to end this chapter with a
few examples of fields.

I. We have already noted that the complex numbers form a
commutative field under the usual laws of addition and multi-
plication.

II. Weknow that the natural integers form an integral domain 7.
By § 4, this integral domain can be embedded in the quotient field
of I, which is just the field of rational numbers.

Both these fields are commutative and without characteristic.
We now give an example of a field with finite characteristic.

III. Let p be any prime integer. We saw in § 2 that the ordinary
integers, reduced modulo p, form a commutative ring with unity.
The zero 0 represents the set of integers which are multiples of p,
and the unity 1 the set of integers equal to 1 (modulo p). We now
show that every non-zero element of this ring has an inverse. If
a is any integer not a multiple of p, @ and p are mutually prime.
Hence we can find integers b, ¢ such that

ab—pc = 1.
If now a’ = a (modulop), b = b(modulop),
it follows that a’d’ = 1 (modulo p).

The set of integers modulop therefore form a field. This field is
clearly of characteristic p. This example also illustrates the case of
a field with a finite number of elements.

IV. Let I be any integral domain with elements a,b,.... The
quotient field K consists of elements a/b (b+0). The polynomial
ring I[x], consisting of polynomials

ay+a,r+...+a,x",

is an integral domain. There is also an integral domain K[z],
consisting of polynomials

ap
bn

We show that the quotient fields of I[z] and K[z] are iso-
morphic.

Ay Gy
—+—x+..+

bt a®  (by...b,%0).
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To each element
f ao+a1x+ At a,x"

of the quotient field of I[x] there corresponds the unique element

of the quotient field of K[x] similarly represented. If f’/g’ is another

representation of this element in the quotient field of I[x], so that

fg’ =f'g, the elements f/g and f’/g’ are equal in both quotient fields.
Conversely, any polynomial in K[x]

¢=-—+ x+ 4 In g

by
can be written Cot+cit+...+c,a® f
¢ = c = E’
Whel‘e C‘i = bO cee bi—laibi-l-l P bn, C = bo “ee b”o
If, similarly, dy+diz+...+d, 2™ ¢
y= ; =7

we have, in the quotient ring of K[x],

¢ _ dcg+cz+...+c,2")

¥ cdy+diz+...+d,am)’

so that ¢/y determines an element of the quotient field of I[x].
If, similarly, '

I
¢ - G”
and g
"ﬁ = E’
and oY’ = @'y,
then c'dfg’ = cd'f'y,

and therefore the element of the quotient field of I[x] corresponding
to ¢ /i is the same as that corresponding to¢’/y’. The correspondence
between the two fields is therefore one-to-one. It can be immediately
verified that it is an isomorphism.

The quotient field of K[x] is denoted by K(x). It is called the
field of rational functions, over K, of the indeterminate x. By the
above argument, the field of rational functions of z, over the field
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K(z,) is isomorphic with (and can be identified with) the quotient
field of K[x,,x,]. It is denoted by K (z,, z;). Proceeding, we see that

K(zy, ..., 2,_4) (x,) = K(zy, ..., 2,)

is isomorphic with the quotient field of K[z,,...,z,]. It is called
the field of rational functions of x,, ..., , over K. It is evident that
the characteristic of this field is equal to that of K.

V. Finally, we give an example of a non-commutative field.

Let K be the field of the real numbers. Defining matrices as in
§2, Example V, consider the set @ of matrices which are of the form

a 6 —-B -v
-6 o vy =P
g -y a =4
y B & «a

where a, B, 7, 6 are in K. Clearly, the sum of two matrices of @ is
a matrix of @, and if @, b are matrices of @, the equation

at+x=>5
has the solution z=b-a
in Q. Thus the set  forms a group under the addition law. Next, if
a= a ) _/9 —y a* = oa* o* _Ig* —‘)’*

-8 a vy =B —8% a*  yx  _p*
B -y a =96 ’ fx  —y*  a*  —o*
y B Y a y*  B* o* a*

the product
aa* = [ p 8 —q -7

-8 p r —q
q9 -—-r p =8

r q 8 P
where p = aa* — fp* —yy* — 6%,
q = fa*+af* — dy* +yo*,
r = ya*+ Of* +ay* — fo*,
8 = da* —yf* + fy* +ad*,

and therefore aa* is in Q.

Since multiplication of matrices is associative, and distributive
over addition, the set @ forms a subring of the ring of matrices. The
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zero of @ is the matrix with &« = f# =7y = § = 0, and the unity of
@ is the matrix with a =1, # =y = d = 0. If, now, a0, and a*
is given by

a¥ = a(a?+p2+yi4 0%,

B* = —pl+p2+y2+6%)7,

Y* ==y + R+ 8%,

O* = — O+ B2+ ¥+ 6%,
we find that

aa* = 1 = a*a.
Therefore every non-zero element of the set @ is regular: @ is a field.
Let us write 1, ¢, j, k for the matrices corresponding to

respectively. Then the element a of @ written above is expressible

in the form
a=a+pfi+yj+ok,

and the product
(e + Bi+ ]+ 0k) (a* + f*i + y*j + 0*k)
can be evaluated by multiplying out and using the relations

R=p=k=-1,

k= —kj =1,
ki = —ik = j,
ij = —ji = k.

In particular, since ¢j and ji are unequal, the field @ is not com-
mutative. This field is usually called the field of quaternions.



CHAPTER I1

LINEAR ALGEBRA, MATRICES,
DETERMINANTS

I~ this chapter we investigate properties of a set of elements which
can be combined according to certain rules to form elements of the
same set. These rules involve the use of the elements of a field. In
the applications which have to be made in later chapters we shall
usually assume that the field used is commutative, and without
characteristic. But the main results of this chapter are independent
of any such assumption, and, unless an explicit statement is made
to the contrary, our results will be true for any field whatsoever.
We begin our investigation by selecting a field, which we denote
throughout by K. We shall often refer to K as the ground field.

1. Linear dependence. Having selected a ground field K, let
L be a set of elements (not necessarily belonging to K) which have
the following properties:

(i) there is a law of composition in L, denoted by + , under which
the elements form an additive group; the zero of the group is
denoted by 0;,

(ii) corresponding to each element of K there is an operation
which transforms any element of L into an element of L. If a is the
element of K, u the element of L, the result of operating on u with
a is an element of L which is written au;

(iii) the operations described above obey the following laws:

(@) lu=wu,

) a(u+v) = au+av,
(¢) (@+b)u = au+bu,
(d) a(bu) = (ab)u.

A set Lhaving these properties is called a left-hand linear set over K.
From the definition, certain properties of linear sets can be im-
mediately deduced. First,

u+0u =1lu+0u=(1+0)u = lu = u,
for all w in L. Hence, for all w in L,
Ou =0.
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Corollary. u+(-1)u=1lu+(-1l)u=0u=0.

Hence (— 1) wis the negative of u as defined in the additive group.
Secondly, if a is a non-zero element of K,

u+a0 = ao~u+a0
=a(a"u+0)
= a(a™u)
= U.
Hence a0 = 0.

This result is also true if @ = 0, by the first result.
The converse of these results is immediate. If

au =0,
and a %0, we have the equations
u=1lu=(a"la)u =aau)=a"10=0.
Hence, the equation au =0

implies either @ = 0 or u = 0.

Corollary. If au=bu and wu=0,
then a=0b;
and if au=av and a0,
then u="o.

A right-hand linear set can be defined as above, except that all
operations are performed on the right. We can deduce similar
results to those proved above for left-hand linear sets. In the case
of a commutative field K we shall not distinguish between right-
hand and left-hand linear sets, and we shall write

au = ua,

and talk simply of linear sets. But in the following work we shall not
assume that K is commutative. However, it will be sufficient to
confine our attention to left-hand linear sets, since from each
property of these sets a corresponding property of right-hand linear
sets will be immediately deducible. Whenever there is no risk of
confusion we shall simply call the left-hand linear set L a linear set.
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Any r members u,, ..., u, of L are said to be linearly dependent
over K if there exist elements a,, ...,a, of K, not all zero, such that

a1u1+ eee +afur = 0;

otherwise they are linearly independent.

We note that no finite set of elements of L which includes 0 can
be linearly independent, since, if the other members of the set be
uy, ..., u,, we always have the equation

a0+ 0y + ... +0u, =0 (a+0).

If u,, ..., u, are linearly independent, then any subset u;, ..., u;,
consists of linearly independent elements. For the linear dependence
of the subset would involve the linear dependence of the whole set.

Any element v of L which can be expressed in the form

v =a,u+...+au, (a;in K)

is said to be linearly dependent on u,, ...,u,. We shall denote the
set of elements of L which are linearly dependent on wuy, ..., u, by
the symbol L(u,,...,u,). The zero 0 is always in the set. We now
prove

THEOREM 1. L(u,,...,u,) is a linear set.
If u, v are in the set,

U =aU +...+a,u,,
and o= byus+ ... +bu,.
Then u+v = (a,+b)u +... +(a,+b,) u,.
Hence u+v is in the set. Also
au = aa,u, + ... +aa,u,,

and therefore au lies in the set. Since the negative of u in the
additive group is equal to (— 1) u, we see that the set L(u,, ..., u,) is
an additive group and is closed under multiplication by elements
of K. It is therefore a linear set.

TaeorEM II. If u,,...,u, are linearly independent, the expression
V= alul+ XX +az,u,.

for any element of L(w, ..., u,) is unique. Conversely, if the expression
18 unique, Uy, ..., U, are linearly independent.
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If any element v of L(u,, ..., u,) can be written in two ways as

v =a, U+ ... +au,,

and v = bu,+... + bu,,

we see that 0=(a,—b)u,+... +(a,—b,) u,.

Since u,, ..., u, are linearly independent, it follows that
a,=b; (¢=1,...,7).

Conversely, suppose that the representation is unique, but that
o U+ ... +au, = 0.

Then 0 = byuy+...+b,u,

can also be written as

v =(by+a))u;+...+ (b, +a,)u,.

From b;+a;,=b; (t=1,...,7),

we deduce that a,=0 (G=1,..,7).

This proves that u,, ..., u, are linearly independent.

TrEOREM III. If ®,,...,v4 lie in L(u,,...,u,), and w;,..., W,
lie in L(v,, ..., 0), then wy, ..., w, lie in L(u,, ...,u,).
For, from the equations

vi=ailul+...+airur (i= 1,..-,8),
and w; = byv,+...+ b0 (1=1,..,1),
we deduce that
‘ W; =cuU+...+c,u, (1=1,...,1),
where 8
c,u = Z bikak,.

k=1
THEOREM IV. In any finite set u,, ...,u,, not all 0, we can find a
subset u;,, ..., U;,, which ts linearly independent, and such that
L(u,,...,u,) = L(u;, ..., u;,).

We prove this by induction on r. The theorem is evident if » = 1,
since, by hypothesis, #,+0, and is therefore linearly independent.
Suppose now that the theorem is true for »—1 elements, and con-
sider the set u,, ...,u,. If these elements are linearly independent
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we choose them as the subset, and there is nothing to prove. Assume
then that they are dependent, and that

alul+ vee +a,.u,. = 0,
where at least one a;+ 0. If a; + 0, we see that
= —g=1 -1 —1 -1
uk = —ak alu‘ = eee —‘ak ak_luk_l “'ak ak+1uk+1 ™ ses _ak arur.

Not all the elements u,, ..., ug_,, Ug.,, ..., %, can be 0, otherwise
U, = 0 also. We can therefore apply the induction hypothesis to
L(u,, ...,up_q, Up,,, ..., u,), and we deduce that there exists a set
of linearly independent elements u;, ..., u;, such that

L(uy, ..., ug_y, Upy, -, Uy) = LUy, ..., u;).

Clearly L(u;, ...,u;,) is contained in L(u,, ...,u,). Conversely, any
element v of L(u,, ...,u,) can be written in the form

v=>bu+...+bup+...+bu,
= (by—brazla)u+ ... + (by—braita ) up+... + (b, — bya;ta,) u,,
aﬁd is therefore in
L(uy, ..., up g, Uiy, ...y Uy) = L(U;, ..., u;).
Hence L(uy,...,u,) = L(u;, ..., u;,),

and the theorem is proved.
The elemeénts v,,...,0g, whether linearly independent or not,
are said to form a basis for the linear set L(uy, ..., u,.) if

L(w,,...,v5) = L(uy, ..., u,).

If the elements are linearly independent the basis is described as
a minimal basis. We shall prove that the number of elements in a
minimal basis for L(u,,...,u,) is the same for all minimal bases,
and this number will be called the dimension of L(u,, ..., u,).

The principal step in proving that the number of elements in a
minimal basis is always the same is the result known as the Exchange
Theorem. This has many applications in algebra.

THEOREM V. If v,..., 04 are 8 linearly independent elements of
L(u,, ...,u,), there is a subset U, ..., u;, of the basis u,, ..., u,, such
that if we exchange this subset for vy, ..., Vg the new set of r elements
18 a basis for L(uy, ..., u,.).
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We prove this theorem by induction on s. Assume that the
theorem is true for v,,...,v¢_;, and suppose that these elements
have been exchanged with u;,...,u;,_,, where ¢;,...,1,_;,...,1, i8
a derangement of 1, ...,7r. Then, by hypothesis,

L(u,, ..., u,) = L(vy, ...,05_4, U;,, ..., u; ),
and contains v,. Hence
Vg = 0,0y + ...+, Vg +a,U; + ... +au;. (1)

Not all the elements a,, ...,a, of K can be zero, since this equation
would then imply the linear dependence of v,,...,9g. We may,
without loss of generality, assume that the derangement ¢,,...,%,
has been chosen so that a,+ 0. We can then write

s = —q-1 — —a-1 -1
Uy = — 03 "0 01— ... =0y 051 Vg 1 +a5 "V
-1 . ... —a la.u:
\ —agla g wp  —...—aztau; . (2)
Now, v,,...,05 4,05, %;, ., ..., %;, lie in L(v,,..., 05 4, U;,, ..., U;,),

and therefore, by Th. III,

L(vy, ...,0g_4,0g, U

(PPN

U ) S L(vy, ..., Vs_y, Ui, .., UG ).
But conversely, equation (2) shows that u;, lies in

L(vy, ..., 05_1,V5, Uj,, 5 -5 Uj,),

and therefore
L(vy, ..., 054, U;,, .., %; ) S L(Vy, ..., 054, V5, Uy, 5 eeey Us,)-
Hence
L(u,,...,u,) = L(v,, ..., 05 4, u;,, ..., %;,)
=L(vy,...,05_1,Vg, Uy, ;-0 U;,).

The same reasoning can be applied to the case 8 = 1, when there
has been no ‘Qxchange. Hence the theorem is proved.

Corollaries

(1) If uy,...,u, 18 a minimal basis for L(uy, ..., u,), and vy, ...,v,
are r linearly independent elements of this set, then

L(u,,...,u,) = L(v,, ...,v,).

(2) If vy, ...,Vp,, are any r+ 1 elements of L(uy,...,u,), they are
linearly dependent.
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If any r of the elements v; are linearly dependent, the corollary
needsno proof. Suppose, then, thatv,, ..., v, arelinearly independent.
Then v,.,, is in L(u,,...,u,), which, by the Exchange Theorem, is
the same as L(vy,...,v,). Therefore

'Ur_l_l = alvl + oo +a,.‘vr,

and therefore vy, ...,,.,, are linearly dependent.
Note that this proof does not assume that u,,...,u, form a
minimal basis for L(u,,...,u,.).

THEOREM VI. The number of elements in a minimal basis for
L(uy, ..., u,) is the same for all bases.
Letv,, ...,v,, and w;, ...,w,, be two minimal bases. Then

L(uy, ...,u,) = L(v,,...,v,) = L(w,, ...,w,,).

If n>m, Corollary (2) states that v,, ...,v,, are linearly dependent,
and similarly, if m >n, w,, ..., w,, are linearly dependent. But, by
definition, the elements of a minimal basis are linearly independent.
Therefore m = n.

As stated above, this number is called the dimension of the linear
set. As an evident corollary to the above theorem we have

(1) If L, M are linear sets of finite dimensions I, m respectively,
and LM, thenl<m. If Lc M andl=m, then L =M.

We now give an important example of a left-hand linear set over
a field K.

We consider the set of n-tuples

(@y, ..., ap)
consisting of » elements a, of K. Two n-tuples

(@, ...,a,) and (by,...,b,)

are equal if and only if
a¢=b,- (‘i= 1,...,’"/). 4
If u=(a,...,a,), and ©v=(by,...,b,)

are two n-tuples, we define u +v by the equation
u+v = (al+b1’ .-.,an+bn),
and au (a in K) by the equation

au = (aa, ...,0a,).
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With these definitions it is evident that n-tuples form a left-hand
linear set. If
) 2%, = (1,0,0,...,0),

uy = (0,1,0,...,0),

u, = (0,0,0,...,1),

then wu,,...,u, are linearly independent, and any n-tuple
u = (ay,...,a,) is given by the equation

U=a,U+...+0, U,

Hence the set of n-tuples forms a linear set of finite dimension =,
for which u,, ..., %, are a minimal basis.

The elements of this linear set are usually called left-hand vectors,
or left-hand n-vectors when we wish to emphasise the dimension of
the set. We say that the set of vectors forms a left-hand vector
manifold. In the same way we can define righi-hand vectors, and,
when the ground-field K is commutative, simply vectors.

TaEOREM VIL. Any left-hand linear set L(u,,...,u,) of finite
dimension n 8 isomorphic with the set of left-hand n-vectors.

Since the linear set is of dimension =, u,,...,u, are linearly
independent. Hence [Th. IT] any element u of the set can be written
in a unique way as

U= a,Uy+ ... +a,U,. (3)

There corresponds to u, therefore, the unique vector

(@y, ..., a,).

Conversely, the n-vector above determines the unique element
of the linear set given by (3). The proof that this one-to-one corre-
spondence is an isomorphism is trivial.

It will be noted that the correspondence between the linear set
and the set of n-vectors depends on the choice of a minimal basis
in the linear set.

In the remainder of this chapter, and in the applications to be
made later, we shall have to consider simultaneously the properties
of a finite number of subsets, each of finite dimension, belonging to
some linear set L. Now, if we choose a minimal basis for each of
these subsets, we have an aggregate which consists of a finite number
of elements of L. These elements define a subset L’ of L, of finite
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dimension, which contains each of the given subsets. All our
operations will take place in L’. We may always assume, therefore,
that we are dealing with a linear set L’ of finite dimension. By
Th. VII, L’ is isomorphic with a vector manifold. For this reason we
shall usually speak of the elements of L’ as vectors, and in this sense
the discussion in the following paragraphs is related to vectors.
Weshall not state the dimension of the manifold of vectors explicitly,
since our results will not depend on it; but on occasion it may be
necessary to assume that the dimension is ‘sufficiently high’.

2. Matrices. A matrix of p rows and ¢ columns over a field K
(called, for brevity, a p x ¢ matrix) is an array

4= fa;; ap . a1\ = (@)
azl aaa . a2q

Tp1 Bpa - Gy

of pg elements of K, arranged in rectangular form. In§ 2 of Chapter I
we met, by way of example, the special case in which K is the field
of complex numbers, and p = q.

The theory of matrices is closely related to the theory of vectors,
and we shall use the results of the preceding section to develop
properties of matrices. The connection with vectors is established
in this way. We consider in some vector manifold of finite but
sufficiently high dimension, which need not be specified, a set of ¢
left-hand vectors u,,...,u,. By means of the matrix 4 we can
determine from these ¢ vectors p vectors v;, ..., v, where

v=anu+...+a,u, (G=1,..,p). (1)
Then L(vy, ..., v,) S L(uy, ..., u,). (2)

The individual vectors v; are uniquely determined from the vectors
u; by means of the matrix 4. The set v,, ..., v, is called the transform
of the set uy, ..., u, by 4. We notice, on the other hand, that if we
are given condition (2) the matrix 4 is uniquely determined if and
only if u,,...,u, are linearly independent. This is an immediate
consequence of § 1, Th. II.

Sets of equations such as (1) will occur very often in this book,
and it is convenient to have an abbreviated notation for them. If
we generalise the notion of a matrix so that the elements may be
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vectors instead of elements of K, and let U, V be respectively the
g x 1 and p x 1 matrices

g0 L)
we write (1) in the form

V=AU. (3)
We shall see later that in writing AU for the p x 1 matrix

(anul +...+ alquq)
Gp1Uyt ..o+ 0y,
we are using a special case of the law of multiplication of matrices.

Finally, in writing a ¢ x 1 matrix, such as U, in full, it is sometimes
typographically convenient to write

= co q
U [ul’ ,u ’

the square brackets indicating that the elements enclosed should
be read as a matrix of one column.

Now let B be any other p x ¢ matrix over K, and use it to define
p vectors wy, ..., w,, Where

[0y, ..., w,] = BU.
Then
i+ w; = (@ +by) U+ ..+ (@ + b)) u, (E=1,...,p).

These equations can be abbreviated to the equation
V+W=(A4+B)U,

if the sum of two p x ¢ matrices is defined by the equation

Gy @G - A\t fby by . by
Gy Gy . Gy byy by . by,
apr Gpg -« Qg bpr bpa . by,

= fay+by; ap+tby . a,tby
Qg1 +byy  Gat+byy . Gy tby,

p1+0p1 Gpat+bps . Gy tby,
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With this definition of addition for p x ¢ matrices, we see that
p % ¢ matrices over K form an additive group. The zero of the group
which, without risk of confusion, may be denoted by 0, is the zero
p x ¢ matrix, that is, the p x ¢ matrix whose elements are all zero.

Now let 4 be a p x ¢ matrix over K, and let B be a ¢ x r matrix
over K. Let u,, ...,u, be r vectors and v,, ..., v, the vectors defined
by the equation V = BU,

where now U = [,...,u,] and V =[v,,...,,9,].
Similarly, consider the set of vectors

W = [wl, ...,'wp]

defined by the equation
W =AV.
Then L(wy, ...,wp) S L(vy, ..., v,) € L(uy, ..., u,),
and hence there must be a p x r matrix C such that
W =CU,
As in § 1, Th. ITI, we may take
C = (cy),
where Cij =k§qla,-kbk, t=1,.,p;5=1,..,7). (4)

If we formally eliminate V from the equations
W =4V, V=BU
by writing W = A(BU) = ABU,

this suggests that we define the product AB of A and B to be the
p x r matrix C, whose elements are given by means of (4). We see
that the product of a p x ¢ matrix and an r x s matrix is only defined
when ¢ = r, and that the result is a p x s matrix. If 4 B and B4 are
both defined they are not necessarily equal.

We note here that 4B is said to be obtained from A4 by post-
multiplication by B, and that AB is obtained from B by pre-
multiplication by A.

Matrices do not form a ring, since the sum of two matrices is
only defined when each is a p x ¢ matrix, and the product is only
defined when the number of columns in the first matrix is equal to
the number of rows in the second matrix. If we restrict ourselves to
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square # X n matrices we do obtain a ring, as we shall see in the
next section; but certain associative, distributive and commutative
properties also hold for all rectangular matrices.

Let A4, A4,, A, denote p x ¢ matrices, let B, B,, B, denote ¢ xr
matrices, and let C denote an r x s matrix. If

BC=D, AD=E,
r
then dyy =t§lbac,, (t=1,...,q;5=1,...,8),
and therefore
q
ey =u§1amdu, t=1..,p35=1,..,8)

q r
=3 Xa;bycy
Ym] el

r
=3 fuCy
{=1
where F = (f;;) = AB. Hence

A(BC) = (4B)C,

and the product can be written as 4 BC without ambiguity. This
is the associative law for the multiplication of matrices.
By direct calculation we may easily prove that

A(B1+Bz) = AB1+AB2,
and (A4,+4,)B=A,B+4,B.

These are the distributive laws for matrices.
If A is a pxgq matrix, and ¢,, ...,%,, j;,...,j, are any integers
satisfying the relations

1<4;<ty... <0y <P,
1<ji<dg . <Jy <4,

we can obtain from 4 a new matrix of type p’ x ¢’ by striking out
all the elements which do not lie in the

t;th, ¢pth, ..., or <,th rows,
and in the Jith, jath, ..., or j,th columns.

The matrix we obtain is called a submatriz of A.
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Now let p,, ..., P, 45, ..., q; be 8+ positive integers such that

8 ¢
2112% =D, §q¢ =q.
Let the submatrix of 4 whose elements are in the
i-1 i-1 i
( > Pyt l)th, ( > P +2)th, cees ( b p,,)th rows,
k=1 k=1 k=1
j—1 i—1 i
and the ( > 9+ l)th, ( > +2)th, cees ( > qk)th columns
k=1 k=1

k=1

be denoted by 4,;. The submatrix A4, is a p;x ¢; matrix, and in
an obvious notation we can write

4= (Au . Alt)
Ay . Ay

The matrix 4 may then be described as divided into blocks, corre-
sponding to the numbers p,, ..., D, ¢4, .-, -
If B is a ¢ xr matrix, let r,,...,7, be a set of positive integers

u
such that ¥, = . We may then divide B into blocks corresponding
1
to the numbers ¢, ..., q;; 74, ..., 7, and write
B = (Bn . BI:)
Now, A4, is a p; x q; matrix, and By; is a ¢, x r; matrix. Hence

A By, is defined, and is a p; x r; matrix. We can therefore define
a p; x r; matrix Oy, given by the equation

t
Ciy = kZ‘.lAm By. (5)
Consider the element in the /th row and mth column of C;;. It is
g
2 ahnbnk’
n=1
i-1 <~ d=1
where h= Y p,+l, k= X r,+m.
a=1 a=1

Thus (011 . Cu
C, . C

is simply the division of C = 4 B into blocks corresponding to the
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numbers Py, ..., Py, Ty, ..., Ty. We may therefore regard 4 and B as
8xt and txu matrices whose elements are matrices, and their
product is defined by (5). This is a definition similar to that given in
(4). But it must be remembered that (5) is only possible when the
submatrices of A and of B are chosen in the way we have indicated.

Similar, but simpler, reasoning shows that if A and B are two
P x ¢ matrices divided into blocks corresponding to the same set of
numbers, thus

4= (All . Au) ’ B = (Bll . Blt)
Aal . Asl Bal . le
then A+B= (An +By; . Ayt B1t)

Ay+By . Ag+ By

The device of considering matrices divided into blocks is often used.
The operations discussed above are the only ones which will be
employed, and the matrices concerned will always be matrices with
elements in a field.

3. Square matrices. A matrix in which the number of rows
is equal to the number of columns is said to be a square matrix. If
we consider only » x n matrices, we see that two such matrices can
always be added or multiplied, and the result is an » x n matrix.
The properties demonstrated in §2 enable us to say that nxn
matrices over K form a ring. If we refer to I, § 2, Example V we see
that the ring is non-commutative, and has divisors of zero. But it
has unity, namely, the unit matrix

L=/1 0 . 0\ = (),

o1 . 0O

00 .1
where 0y =0 (¢%)),
and du=1 (@=1,..,n).

The symbol d;; defined in this way is frequently used in algebra.
It is called the Kronecker delta.
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In accordance with the terminology of I, § 3, an n x n matrix 4
is said to be regular if it has an inverse 4! such that

AA1= A4 =1,

From the theory of rings developed in the previous chapter, we
know that a matrix cannot have two distinct inverses. We also
see that if both 4 and B are regular, having inverses 4, B!
respectively, then 4 B is regular, with inverse B—*4-1. For

(AB)(B14-1) = ABB14-1 = A[LA-! = AA1 = I,
by the associative law. Similarly,
(B14-1)(4B) =1,

We now obtain two theorems giving necessary and sufficient
conditions for an n x n matrix 4 to be regular.

THEOREM 1. An n x n matriz is regular if and only if it transforms
a set of n linearly independent left-hand vectors into a set of n linearly
independent vectors.

(1) Letu,,...,u, be a set of n linearly independent vectors.

Suppose that the n vectors

V=AUt tau, G=1,...,n)
are linearly independent. By §1, Th. V, Cor. (1)
L(vy, ..., v,) = L(uy, ..., u,).
Hence u; =byvi+...+bv, (G=1,..,n),

where b;; is in K. Then

n n
v,; =jzlatjbjl 'vl +... +jzlaij bjn vn,

n n
and u.‘ = jz lbij aﬂ u1 : "' oo +j zlb.tj aj” ’ll/n.

Since both the sets u,, ...,u, and v,,...,v, are sets of linearly in-
dependent vectors, each of the two equations above must be an
identity. Therefore

n n
jzlaubjk = 0, and jzlbija'jk = Oy

In matrix notation this is simply
AB =1, = BA.

Therefore A = (a;;) has an inverse B, and is regular.
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(2) Now suppose that A4 is regular, and B is its inverse. Let
Uy, ..., U, be a set of independent vectors, and let

vy=auUt . tanu, (E=1,...,n0);
then L(vy,...,v,) < L(uy, ...,u,).
NOW bi]_vl"' .o +bin?)n
n n
= ‘zlbijajl '“’1 + ves +j zlbijajn un
" =

= 0jU+...+ é\inun

= 'u/i.
Hence L(u,, ...,u,) S L(vy, ..., v,),
and therefore L(ugy...yu,) = L(vy, ..., v,).

Since u,, ..., u, are linearly independent, it follows from § 1, Th. VI,
Cor. 1, that v,, ..., v, are linearly independent. This completes the
proof of the theorem.

If C is any p x ¢ matrix

C = (cig)s
we may regard the p rows of C
(c.tl, seey ciq)

as p left-hand g-vectors. We speak of these as the g-vectors given by
the rows of C, and we shall always regard them as left-hand vectors.
Our second criterion for a regular matrix is given by

TaEOREM II. An nxn matriz A s regular if and only if the
n-vectors given by the rows are linearly independent.

As in the previous theorem we denote n linearly independent
vectors by u,, ..., u,, and the transforms of these by 4 by v,, ..., v,.

(1) Suppose that the m-vectors (a;,...,a;,) are linearly in-
dependent. Then if

n
izlbiaij = 0 (j = 1, ...,n),
we must have b;=0 (1=1,...,n)

Now if v,, ..., v, satisfy a relation

b1'01+ ...+b,n'vn= 0 (b.‘ in K),
this implies that

n n
Y ba u +...+ X bagu, =0.
i=1 i=1
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Since u,, ..., u, are linearly independent,
n
‘Zlbiaij =0 (.7 = 1’ '“’n))

and therefore, by the above,
by=0 (@=1,...,m).
Therefore v;,...,v, are linearly independent, and, by Th. I, 4 is
regular.
(2) Suppose that A is regular. Then v,,...,v, are linearly in-

dependent. Now, if the n-vectors (a,,, ..., @;,) are linearly dependent,
there exist elements b,, ..., b, of K, not all zero, such that

‘zlb.iaij = 0 (j = 1, ey n).
Then byvy+...+b,v,

n n
= Y banu+...+ X ba,u,
im1 i=1
=0.
This implies the linear dependence of vy, ...,v,. From this contra-
diction we deduce that the n-vectors given by the rows of 4 are
linearly independent.
The methods used above also give us
TureoreM III. If A is a p x n matriz, and the left-hand n-vectors
determined by the rows of A determine a vector manifold of dimensionr,
the manifold L(v,, ...,v,), where

V=0 ..+ a,U,
18 also of dimension r, provided that u,, ..., u, are linearly independent.
If the vectors defined by the rows of 4 be
a; = (@, ..,8;) (E=1,..,p),

then a,, ...,a;,, the vectors of any subset of the vectors a,,...,a,
are linearly dependent or independent according as the corre-
sponding vectors v; , ..., ;, are linearly dependent or independent,
and conversely. For

z
-

n
. biv; = X ) (byay)u; =0

2 .no,i' j-

ifa.ndonlyif 3 bia,“_:() (j=1,...,'ﬂ/),

1y seey U

since u,, ..., %, are linearly independent.
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It follows that if the maximum number of independent vectors
in the set ay,...,a, is r, the maximum number of independent
vectors in the set v,, ..., v, is also r. This proves the theorem.

TrHEOREM IV. If A is a p xn matrix, and the p left-hand vectors
determined by the rows of A are linearly independent, then p <n, and
there exists an (n— p) x n matriz B such that the n x n matriz

A
B
18 regular.

We have seen that a minimal basis for the manifold of n-vectors
is given by the n vectors

(8,,:1,...,81:”) (i= 1,...,n)-

It follows that the maximum number of linearly independent
n-vectors is n. Therefore p <n. Now let u,,...,u, be n linearly
independent vectors and let

V= QuUut...tapu, (C=1,...,p)

Then, as in the above theorem, v;, ..., v, are linearly independent.
Applying the Exchange Theorem [§1, Th. V], we deduce that there
is a derangement ¢,, ..., 1, of the numbers 1, ..., n such that if

vy =u; (j=p+1,..,n),

then v, ..., v, form a basis for L(u,, ..., u,). This basis is necessarily
minimal. Hence, by Th. I,

V= CpUy+...+cu, (@=1,..,n),
where C = (c;y) is regular. But
o= (5
=3/

where B is the (n— p) x n matrix whose kth row is

(a’tp.g.hl’ e 8{,,.,.;.1;)'
This establishes the theorem.

4. Transformations of a matrix. Now let 4 be a p x ¢ matrix.
If u,, ..., u, are q linearly independent vectors, 4 transforms them
into p vectors, vy, ...,v,, say, and

L(v,, ...,v,) € L(uy, ..., %g).

If we are concerned with the vector manifolds L(v;,...,v,) and
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L(uy, ...,u,), we are at liberty to change the bases in these manifolds
without altering the manifolds themselves. Since u,,...,u, are
assumed to be linearly independent, a new set of vectors uf, ..., u}
forms a minimal basis for L(u,, ..., u,) if and only if

U = QU*, 1)

where, in the notation of §1, U = [uy,...,u,], U* = [uf, ..., u}],
and @ is a regular ¢ x ¢ matrix [§ 3, Th. I}.

If v, ..., v, are linearly independent, & similar argument applies
to L(vy,...,v,). The set of,...,v5 is then a minimal basis for

L(vy, ...,v,) if and only if V* = PV (2)

where P is a regular p x p matrix. This result requires modification
ifv,, ...,v, are not linearly independent. But in the case we are
considering P is a regular p x p matrix, and if
V* =PV, then V = P-1V¥*,
and therefore
L(vf, ...,v5) = L(vy, ...,v,) = L(vf, ..., v3),

so that L(vf, ..., v5) = L(vy, ..., vp).

Hence, in order that the equation (2) should represent a change of
basis in L(v;, ...,v,), it is a sufficient condition that P should be
regular. Simple examples show that it is not a necessary condition
when v, ..., v, are not linearly independent.

Equations such as (1) or (2), where @ and P are regular matrices,
are said to define allowable transformations of the bases u,...,u,
and vy, ...,v, of L(uy,...,u,;) and L(v,,...,v,) respectively. These
allowable transformations replace the matrix equation

V=AU
(which connects v,, ..., v, with u,, ..., u,) by
V* = A*U*,
where A* = PAQ.
We note that
() A=IAL;

(i) if A* = PAQ (P and Q regular),
then A = P14*Q1,

(i) if A* = PAQ and A** = P*4*Q*,

then A** = (P*P) A(QQ*).
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Thus the relation between 4 and A* is reflexive, symmetric and
transitive. It is therefore an equivalence relation [I, § 2]. Our object
in this section is to determine a set of canonical forms for pxgq
matrices. In other words, we shall obtain a set of p x ¢ matrices
with the properties ‘

(1) No two matrices of the set are equivalent, in the above
sense.

(2) There is a matrix of the set equivalent to any p x ¢ matrix.

We first establish the existence of a numerical character which is
invariant under our equivalence relation.

Let r, denote the maximum number of g-vectors given by the
rows of 4 which are linearly independent. If these g-vectors are
all zero, r, = 0. By § 3, Th.III, we see that r, is also the maximum
number of linearly independent vectors of V. That is, the dimension
of L(vy, ...,v,) is r4,. But since

L(v,, ...,v,) = L(v§, ..., v}),

it follows that 7, is also the number of linearly independent vectors
in theset v, ..., v}. Therefore r, =7 ,. We notice that the equations

V* = PAU, V*= PAQU*
determine the same vectors of
L(uy, ..., u) = L(uf, ..., uf).

Therefore the number of independent rows of P4 is equal to the
number of independent rows of A* = PAQ, and both these are
equal to the number of independent vectors in the set o, ..., v},
which is r,. Hence, calling the number r, the row-rank of A, we

have

THEOREM 1. The row-rank of a matriz A is equal to the row-rank
of PAQ, where P and Q are regular matrices. 4

This includes the cases in which @ = I, P = I,, when we have,
respectively, the matrices PA, and AQ. Pre-multiplication or post-
multiplication of A by a regular matrix does not alter its row-rank.

Now, the replacement of the vectors v,, ..., v, by the same vectors
Vgpp +ees Vg in & different order is a transformation

hi=FhY,

where P, is a regular matrix. For, since every permutation of the
numbers 1, ..., phasan inverse permutation, P, must have an inverse.
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We choose P, so that the first », permuted vectors are linearly
independent. Let us denote the permuted vectors by
vl,j (j = 1, ...,p).
Then since the vectors

v,y (J=1r4+1,...,0)
are linearly dependent on the first r,, we have the equations

T4
LS W) =k§1bjk”1,k (F=rq+1,...,p).

Let
B= br,4+1 1 - br4+1 ra
. L] ’
bpy . by, .
and let P, = ( L, 0 )
-B I, .
Since

B )Gl ) )
-B I, . /\B I,,, B I, /\-B IL,_,,

the matrix P, is regular. If we now put
V. = B,
calling the transformed vectors v, 4, ..., v, ,,, then of these, the
2)2.,; (i= 1, ...,TA)
are linearly independent, but the rest are zero; that is,
vz'j=0 (j="'4+l,...,p).
Since =RV =hKAV=FRAAU
= A2 U,

say, and uy, ..., %, are linearly independent, the last p —r, rows of
A, must be zero. We therefore write

“ ()

where C is a 7, x ¢ matrix.
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By the Exchange Theorem we can replace r, of the vectors
%y, ..., U, by the linearly mdependent vectors v, 5, ..., ¥, ,,, and thus
obtain a new basis for L(u, ...,u,). ’ Before domg this we make a
transformation U =9,

which merely permutes the vectors u,, ..., u,, so that those to be
replaced are the first r, vectors. The exchange is then represented
by another transformation

U = .0,
where @, is regular. Hence, finally, we have
Vo= 4,U = 4,0, 0,0,

= (CQ(; Qz)

that is, V,= (D) 0.,
0

say, where D = (d;) = CQ;@,. Now consider the first r, of the
p equations given by this last matrix equation. Since
'vz',‘ = uz’,- ('l: = 1,...,7‘4),
q
we have Ug ;= DdyUyy (=1,...,7,).
i=1
Since u,, 4, ..., U, 4 are linearly independent, we must have

dij = 8{1 ('i = 1, ...,TA).

Hence (D) = (I, . O)
0 0o o
Th&t iS, PZ'PIAQI Q2 = (IrA 0)
0o o

Since P, B,, @,, @, are regular matrices,
P=RP and Q=0
are regular. We have therefore proved

TueoreM II. If 4 isa p x ¢ matriz of row-rank r,, A 18 equivalent
to the matriz
PAQ = (I,. . 0)
0 o/
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It is sometimes convenient to effect the transformation (or
reduction) of 4 to this canonical form by a series of elementary
steps, or elementary transformations. We define these as the following
transformations of the basis w;, ..., w, (not assumed to be minimal)
of a vector manifold L(wy, ..., w,):

(i) the interchange of two elements w;, w;;

(ii) the multiplication of an element w; of the basis by a non-zero
element of K;

(iii) the addition to any element of the basis of any vector linearly
dependent on the remaining r—1 elements of the basis. Each of
these transformations of the basis is called an elementary trans-
formation, and is represented by the equation

W* = RW.

The matrix R is regular, for the inverse of an elementary trans-
formation is easily constructed, and is itself an elementary trans-
formation. It follows that the result of any number of elementary
changes of basis replaces the basis by an equivalent basis, and is
reversible.

We now consider the equation

V=AU,
q
tha;t iB, vi = 2 a,;j’uj (7: = 1, ...,_p)c
j=1
Unless 7, = 0, there is at least one element of 4, say a;;, which is
not zero. By performing an elementary change of basis of type (i)

on the bases uy, ..., u, and v,, ..., v,, we obtain new bases, which we

denote by
Uy eer Uy DA Uy q,.., 0y p,

and a relation h=4,U0, (4,=(ay)),

where @, ;; = a;;+0. By a transformation of type (ii) applied to
u;, we may arrange that a, ;; = 1. We then perform the trans-
formation of type (iii) on u,;,, ..., u;, which is given by the equations

q
Uy, = u1,1+i22“1, 1%y, 0

Ug 3 = Uy, 4 (.7 = 2, -.-,Q),
8o that we now have the matrix equation

Vl = AzUaa
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Whel‘e Aa .= I1 0
(6 5)
and Cis a (p—1) x 1 matrix,

C=(c‘j) (i=2,.-.,p,j= 1).
Now perform the transformation
V2,1 = V1,1,
Vgi = Vi~ Cn?,1 (0 =2,..,p),

on v, 4,...,%, ,. Thisis a series of transformations of type (iii). We
obtain the equation

Vé = A3(]2,
where A= (I O)
0 B)’

Since the number of independent rows of A4, is still 7, it follows at
once that B is of row-rank »,—1.

We now show by induction that the matrix 4 can be reduced to
canonical form by elementary transformations on the bases of
L(v,, ...,v,) and L(uy, ..., u,). There is nothing to prove whenr, = 0,
since A must then be a zero matrix. Let us suppose that the theorem
is true for any matrix whose row-rank is less than ,. By what has
been proved above we canreduce 4, by elementary transformations,

to the form I 0
0 B)’

where Bis of rank r,— 1. By the induction hypothesis we can reduce
B to canonical form by elementary transformations applied to
Vg g5 ++s Vg, p 80 Uy 3, ..., Ug o. But these transformations can also be
regarded as elementary transformations applied to vy 1, v 3, ..., v, 5,
and us, 3, Uy g, -+, Ug,¢- This proves the theorem.

As a corollary we have

TraroreM 1I1. Any allowable transformation
U*=PU

of the basis of a vector manifold L(uy, ...,u,) of dimension q is the
result of a finite succession of elementary transformations.

For we can apply the result proved above to the set of vectors
uf, ..., up and to the set u,,...,u, and reduce the matrix P to
canonical form. Suppose that a succession of elementary trans-
formations, corresponding to matrices @,,..., @,, on the vectors
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uf, ..., uy, together with a set of elementary transformations, cor-
responding to matrices Ry, ..., R,, on the vectors u,, ..., u,, trans-
forms the first set of vectors into v§, ...,v}, and the second set into
V3, ...,¥,. Then if the matrix expressing the relation between the
vf and the v, is in canonical form, we have the equations

=0, (C=1,..,7p),

But since P is regular, rp = g. Therefore the transform of

U*=PU
is V*=17V.
But V*=0Q,Q,-.. 2, U*,
a:nd V = RbRb-—l cee Rl U.
Hence Q.Qu1--- QPRI ...RY=1,
that is, P=Qi1...Q;'R,...R,.

Since @, is the matrix corresponding to an elementary transforma-
tion, so is Q;1. This proves the theorem.

5. The rank of a matrix. Until now, our theory of matrices
has been based on the consideration of left-hand vectors, and in
particular we have been led to consider the rows of a p x ¢ matrix
as left-hand ¢-vectors. We now consider how our results would be
affected if we based our investigation on right-hand vectors.

The theory of right-hand vectors is immediately deducible from
tihe results of § 1. If ), ..., x, are p such vectors, they are said to be
linearly independent over K if the equation

0,4+ ... +2,a, =0 (a;in K)
implies the equations
a;=0 (t=1,...,p)
Also, if Y=,0,+...+%,0,

y is said to be linearly dependent on x;, ...,x,. We then prove the

analoguesof § 1, Th.I-VII,noting in Th. VII that a set of right-hand

vectors of dimension p is isomorphic with the set of right-hand
-tuples

P P (a’l’ '":ap)’

in which multiplication on the right is the only kind admitted.

uo T =
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A p xq matrix 4 transforms the p right-hand vectors z,, ..., %,
into the ¢ vectors y,, ..., y,, where

p .
Y; =Elxt“¢j G=1..9).

Proceeding from this equation we can deduce results similar to those
obtained in §§ 2-4. The most important one from our point of view
is that if «,, ..., 2, are linearly independent, the number of linearly
independent vectors in the set y,,...,y, is the number of linearly
independent columns of A, regarded as right-hand vectors. We call
this the column-rank of A. Just as in §4 we show that if 4 is of
column rank s, there exist regular matrices P and @ such that

PAQ = (I,‘ 0).
0 0

But we saw in §4 that the row-rank of 4 is equal to the row-rank
of PAQ, which in this case is clearly s,. Hence we have

THEOREM 1. In any p x g matriz A the number of linearly inde-
pendent rows, regarded as left-hand vectors, is equal to the number of
linearly independent columns, regarded as right-hand vectors.

This number we now call the rank of A. We recall that by §3,
Th. II, an n x » matrix is regular if and only if its rank is n.

The rows of A may be considered as right-hand vectors, and the
columns as left-hand vectors if we interchange rows and columns.
We define the transpose A’ of A as the ¢ x p matrix

4= (a‘;j)’
where ay=a,; (G=1,.,¢j=1..p)

Clearly, the number of linearly independent rows of 4', regarded as
left-hand vectors, is equal to the number of linearly independent
columns of 4, regarded as left-hand vectors. The number of linearly
independent columns of A’, regarded as right-hand vectors, is
equal to the number of linearly independent rows of 4, regarded as
right-hand vectors. By the theorem above these numbers are equal,
and give the rank of A’. The consideration of the case when K is
commutative, and left-hand and right-hand vectors are identical,
gives us

TrEOREM II. If the ground field K is commutative, the rank of a
matriz A is equal to the rank of its transpose A'.
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On the other hand, if K is not commutative, this theorem is not
necessarily true. For K contains at least two elements a, b such that

ab +ba.
Neither a nor b is zero. Consider the 2 x 2 matrix
A= (1 a)
b ab)’
If P(1,a)+q(b,ab) = 0,
then p+gb=0,
and pa+qab = 0.
Hence —gba +gab = 0,
that is, g(ab—ba) = 0.

Since K is a field, and ab + ba, we deduce that ¢ = 0. Therefore
p=-¢gb=0.

Hence the number of independent rows of 4 is 2, ;and its rank is 2.
On the other hand, the equation

(l,a)p-l-(b,ab)q =0

is satisfied by p = b, ¢ = —1, and so the rank of 4" is 1.
Our final theorem in this section is often useful:

TrHEOREM III. If A i8 a p x ¢ matriz of rank r, A contains a sub-
matriz of type r x r which is of rank r. No submatriz of A is of rank
greater than r.

If A is of rank r it has 7 linearly independent rows. Every other
row of A is linearly dependent on these. If the submatrix defined
by the r independent rows be denoted by B, B is an r x ¢ matrix
of rank r. Recalling the proof of § 3, Th. IV, we see that there exists
a (¢ —r) x ¢ matrix C such that the matrix

(o)

is regular, where the Ath row of C is

(8o n1r o0 Otpina)s
(4, ..., %) being a derangement of (1,...,q). Since D is regular, its
rank is ¢, and hence its columns are linearly independent, regarded
as right-hand vectors. In particular, the ¢,th,...,¢,th columns are
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linearly independent. These columns contain only zeros in the last
(g—r) rows of D. It follows that the columns of the 7 x » submatrix
K, which consists of the ¢,th, ..., ¢,th columns of B, are independent.
That is, £ is of rank r. Hence the first part of the theorem is proved.

If F is a submatrix of rank s >r, it contains s independent rows.
Let these lie in the j,th, ..., j,th rows of 4. Since 8>, there exist
elements b; of K, not all zero, such that

Zbiay; =0 (3=jy.jsij=1.0rq).

But since this summation includes values of j corresponding to the
columns of F, it follows that the rows of F assumed to be inde-
pendent are linearly dependent. From this contradiction we deduce
the second part of our theorem.

6. Homogeneous linear equations. Let 4 be a p x ¢ matrix
over the field K. Consider the g-tuples (,, ..., #,) which satisfy the
equations an+ ... +a,x, =0 (t=1,..,p) (1)
Ify = (y5,...,9,), and z = (2, ..., 2,) are two g-tuples satisfying (1),
then yb+2zc = (y,b+2¢,...,y,b+2,c)
also satisfies (1), for any b and ¢ in K. It follows that the g-tuples
(2, ..., ;) which satisfy (1) form a right-hand vector manifold. Any
vector of this manifold is called a solution of the left-hand linear
homogeneous equations (1), in which (xy, ..., x,) is called the unknown.
We write the equations (1) in matrix notation as

Ax =0, (2)
where z = [z),...,%,].

If A is of rank r there exist regular matrices P and @ such that

PAQ = (I, 0)
0 0)°
Let y = [y, ..., ¥,] be a solution of (2), and let
z=Qy.
Then 0= PAdy
' = PAQz

= [zl, ...,z,., 0, ...,O].

Hence z,=0 (t=1,..,7).
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On the other hand, let z,,,, ...,2, be any elements in any extension

of K, and let
z2=1[0,...,0, 2,4, ..., 2],

and let Yy = Q2.
Then Ay = P1PAQz
= P1/T O) z
0 0
= 0.

Hence we obtain any solution of (2) as follows: let
2=1[0,...,0,2,4,..., 2],

where 2,4, ...,2, are indeterminate over K. Any solution y of (2)
is obtained by a suitable specialisation of the indeterminates in @z.
A basis for the manifold of solutions is obtained by taking

Z=[O,...,O, 8hr+1""78hq] (h=’r+1,...,q).

Hence the manifold of solutions has dimension q—r.

Let us call this manifold, which consists of right-hand vectors,
R, and let L denote the manifold of left-hand vectors defined by the
rows of the matrix 4. If

a = (a,...,a,)

is any vector of L, we can write
p .
a; =jzlpjaji (’b = ]., ...,q).

If y is any vector of R,
Y+ ... +a,Y,

D p
= jzlpj“n?/l +...t+ _lej ®5qYq
= ’ =3

y4

q
=3 X piay;) =0.
14=1

j=11=

The two vectors @ and y are said to be apolar.
The theory of right-hand linear homogeneous equations

q
'leibij =0 (j =1, ‘--58) (3)
i=

can be developed as above, and we can prove that if the matrix
B = (byy)
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is of rank ¢, the solutions form a left-hand vector manifold of dimen-
sion g—¢. In particular, consider the case when the columns of B
are right-hand g-vectors forming a basis for the manifold R of

solutions of (2). Then
t=q-—r,

and the solutions of (3) form a left-hand vector manifold of dimension
g—t=r.

But any vector of L is then a solution of (3), and it therefore follows
that L is the manifold of solutions of (3).

Hence the manifold L and the manifold R are in a dual relation-
ship, each defining the other uniquely.

We conclude this section by using the foregoing results to prove

TrEOREM I. If A is a p x q matrix of rank r,, B a g x r matriz of
rank rg, then C = AB 48 a p x r matrix of rank r, where

r4+rg—q<ro<min(r,,7g).

(i) Since B is of rank r5 there exist regular matrices ¢ (of type
g xq) and R (of type r x r) such that

B = Q(I,B 0\ R. (4)
0 O)
Also, by §4, Th. I,
C* = CR-l, A*=AQ (6)

are of ranks r, 7, respectively. We write
A* = (AF A),

where A} is a p x rp matrix, and A¥ a p x (¢ —rg) matrix. Now A*
has 7, linearly independent columns, regarded as right-hand
vectors. It follows that AT has at least

r4—(q—7p)

linearly independent columns, since any set of r, columns of 4
contains at least this number of columns of Af. Hence, the rank

of the matrix
(4F 0)

is at least ry+rp—q.
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But (4F 0) = (4T 4)) (I,, O)
0 0
e
0 0
= ABR-!, from (4),
= CR!
= C*, from (5).
Since C* is of rank 7, it follows that
T4+7rg—q<T7g.
(ii) The solutions of the equations
Cz =0, (6)

form a right-hand vector manifold R of dimension r—r,. If y is
any solution of the equations
Bz =0, (7)

we have Cy=ABy=0.

Hence, any solution of (7) is a solution of (6). But the solutions of
(7) form a vector manifold S of dimension r —75. Since

S<S R,
it follows that r—rg<r—7reo;
that is ToSTp

If instead of considering equations (6) and (7) we considered
the equations
2zC =0, and 24 =0,

we should obtain the relation

Yo < 40
Finally, then ro<min (74, rg),
and the proof is completed.

7. Matrices over a commutative field. The remainder of this
chapter is devoted to the case in which the ground field K is com-
mutative. Most of the results we shall obtain will be independent of
the characteristic of the field, but some will be proved only in the
case of a field without characteristic. Unless the contrary is stated,
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K is assumed to be commutative, and no restriction is imposed on
its characteristic.

The rank of a matrix 4 is now equal to the rank of its transpose
‘A’ [§5, Th. IT]. Hence, in particular, if 4 is a regular » x n matrix,
A’ is also a regular n x n matrix. An n x n matrix of rank less than
n is said to be singular, and the terms ‘non-singular’ and ‘regular’
are synonymous.

We consider how to obtain the transpose of the product 4B of a
P x ¢ matrix A and a ¢ x r matrix B. Let

AB = C,
q
where ey = Dagby (E=1,.,p5=1.,7)
k=1
If ¢’ is the transpose of C,
Cis =
q
= 3 apby
k=1

q
’ ’
= ¥ ay;bi
k=1

q

’ 7
=3 bikakj’
k=1
gince K is commutative. Hence
C' = B'A’
Now let 4 be a non-singular n x n matrix. 4’is also non-singular,
and therefore has an inverse

B =(4")"
We then have A'B=1,= BA',
and hence (A'B) =1, =1, = (BA').
But 4y =4,
and therefore B'A=1=AF,
that is B'=A4"1, or B=(47Y).

Hence, for any non-singular matrix 4,

(At = (471
We shall usually write this matrix as 4, and call it the complement
of 4.
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We now have three methods for obtaining » x » matrices from a
non-singular n x n matrix 4. These are: forming the inverse, the
transpose, and the complement. If we denote by 8 the operation of
forming the inverse, T' that of forming the transpose, and U that
of forming the complement, we have

TU=8=UT,
US=T=48T,
ST=U=T8,
and S2=T2=0U%=1,

where I is the identity operation which leaves 4 unaltered. The four
operations I, 8, T', U form an Abelian group.
Other properties of these operations which can be verified
immediately are:
(A+B) =A4"+ B,
(4AB)1 = B-14-1,
(AB) = 4B,

where A, B are n x n matrices, which need not be regular for the
first property to hold. It is only in the last case that K must be taken
as commutative. The first two properties hold in any field.

8. Determinants. When the ground field K is commutative
we are able to define determinants exactly as in the case in which K
is the field of complex numbers. Determinants over a commutative
field K have many properties which are similar to those of deter-
minants defined over the field of complex numbers. It will therefore
be sufficient to give a brief outline of the main results which we
shall need in the sequel.

We begin by defining certain symbols which are frequently used.

(i) The symbol

€htn (ore; g,

is zero unless %, ...,1%, is some derangement of the first » natural
numbers. If the derangement is an even permutation [I, § 1],

G‘il u.‘tn = e‘il in — l.
If the derangement is an odd permutation,

eh n=g¢, ,; =-1,
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Both notations will be used as may be convenient. In tensor theory
there is an important difference to be observed in the uses of the
two symbols, but this difference does not concern us.

(ii) The symbol
‘ Sfind
(n)

is zero unless ¢,, ..., 9, and j, ..., j, are derangements of the same
set of p distinct integers, each one of which lies between 1 and n
(inclusive). When the derangements are of like parity,

8’* wh=1,

and when they are of unhke pa,nty,

Shonds = —1,
(n) g

EVidently 8 {l.‘.:‘n == e’tl oo 'ln.
(n)

The () beneath the d-symbol is usually omitted when there is no
doubt about the value intended.
Now let 4 = (a;;) be an n x n matrix. We define its determinant
to be
detd =|a, ap . ap,

Qgy Az . Gy
An1 Opg - Apn

= Z 2 €nrtngy .Gy e
=1 =1

From this definition it follows at once that if B = (b;) is a pxgq
matrix, and A is the n xn submatrix whose elements are in the
i,th, ..., 7,th rows and j,th, ..., j,th columns of B, then

det 4 = 3 ""b T
k,z-l kEl e ads e Dkada

THrEOREM 1. If A is an n x n matriz, A’ its transpose,
det 4 = det A’.
In the expression for det 4 consider any term

ehinay ... a;
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in which et is not zero. Theni,,...,1, is a derangement of
1,...,n, defining a substitution [I, §1]

l2.n)
PR P

Let the inverse substitution be

(1 2 . n)
Ji Ja - Gu

Then these substitutions have the same parity, and therefore
eil eee ’i” _ 611 .oe i”.

If we rearrange the factors of a; ;... a;,,, we obtain the equation

a’ill ...atnn = alh ...an,-”,
iyt = gh
and ertnay gy, =g,

Conversely, any term
611""" alh cee a'njn

in which the e-symbol is not zero determines uniquely a term

€Ay g By g
Therefore

n n
det 4 = i‘glmi Z’:lezl"":"aill N 75

n n . .
=3 ... e Ina, ...0
fim1 ja=1 h n

n n
= jzl...j Eleh"-fn ajy...a5,, =det A’
1= n=

TraEoOREM 11 (Laplace’s expansion):

Ay Gy . Gy

Ggy Ggp - Qg =§pi|ai‘j‘ Rt Fiprasprr * Piprrtn

. . . . . ’

Qpy Gpa - Gpp a"ip.'fl . aipip ainfpﬂ o Oy,

where jy, ..., j, 18 any fixed derangement of 1, ..., n, and the summation
18 over all possible divisions of 1, ...,n into two sets

1, <%9...<t, and 2 .,<...<%
1 2 P p+1 n
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(%0 that there are () terms) and p; = + 1 or — 1 according as iy, ..., 4,
and j,, ...,J, are like or unlike derangements of 1, ..., n.

By rearranging the factors a;; in the expression for det 4 we
find that

detd = Z Eeﬁ gy Bp

=1 t..-l
n n tl P
= Y ... ) €htng N PP
< i.-l k141 Ckndn
Since ctroin = ghredn ghyoein

det 4 = ¢irIn Z 2 ehrFngy 4 .. ay
Pt k,.s-l g ndn®

In the summation on the right consider the p!x (n—p)! terms in
which k,, ..., k, are derangements of i,, ...,7,, and k,;, ..., k, are
derangements of ¢, ..., t,. These terms sum to

8{::{: Z Z 3kl kpskp“ k”a’klh “Crpin

1.
k|-1 ’l -1 e
f

= 3 1 n 2% a‘iljp aip+11p+1 : aiz’ﬂ In

. . . . . . ’
aipﬁ . atp.‘fp ainjp+1 * ainfn
and hence
det 4 = Ei:pz ailfl . aMp aipﬂjpﬂ . a’ip+lfn

Cipsy + Pipsp Fintprr = Pindn

This result is usually referred to as the Laplace expansion in terms
of the determinants of the jyth, ...,J,th columns.

Using Th. I we obtain a similar expression for det 4 in terms of
determinants in p selected rows.

TraEOREM I11. If two columns (rows) of a determinant are the same,
the determinant is zero.
We first prove the theorem for the case n = 2. By direct

evaluation
=ab—ab = 0.

a a
b b
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Now suppose that in a determinant of » rows and columns the
hth and kth columns are identical. Expanding the determinant in
terms of these two columns we have

n Ak
Aih Pk

au . al’n , =z:'_‘
1

N A

‘%1. o Bipg,

a’nl o Gy
where h, k, js, ..., j, is a derangement of 1, ..., n. -Since

yp Gyp | =0

®in Cigk

for all values of 4,, 7,, the theorem, as applied to columns, follows.
The result for rows follows from Th. I.
If we expand det 4 in terms of the Ath column,

n
det 4 ={Zl( —1)hay] ey o @pa Gpn - G,

@11+ Aap1 Fapyr - Cygg

Air11 - Cgpan-1 Ypiner - Qppan

An1 . Qp p-1 Ay h+1 . Qpn

If we write the coefficient of a,; in this expression as 4,,, we have
ﬁ]lai,,AM — det 4.

On the other hand, if A+ £,
if;la,,,AM — det B,

where B is the matrix obtained from 4 by replacing the Ath column
by the kth column. By Th. III, det B = 0, if h+k%. Hence

n
2 a.;kAM = 8hkdetA.
i=1
Expanding in terms of rows we get, similarly, the equation
n
2 aMAik = 8,"‘ det.A.
i=1

We call 4,; the signed minor or cofactor of a,;;in det 4.
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We now prove
TreoreM IV. If A, B, C are nx n matrices, and C = AB, then

det C = det A det B.
If C = (o) = (jgla,hbm),

detC = }_‘_, Ze‘x ey 1 Cipm

Hi=1 t,.-l

n n n

n
_ gyt
_121"}.21 jZl...jzlen na,dlbjll...a,”,”bjn,,

n n n

=i21--~i"21 jzl hz €1-tn(ay 4 venByyg,) (041 400 04 0)
l- - ‘- -

2‘, Z heindet A (by y ... by,,)

h=1 :fn'“l

= det 4 det B.

TrEOREM V. If A i3 any matrix with n columns, B any matriz
with n rows, any t-rowed determinant of the matriz A B is equal to a
sum of terms, each of which 18 the product of a t-rowed determinant
of A by a t-rowed determinant of B.

Let A = (a;;) be a p x n matrix, B = (b;;) an n x ¢ matrix, so that
C = (c;;) = ABis a p x ¢ matrix.

Any ¢-rowed determinant D extracted from C is of the form

D= Cotr + Cuk
L] . . ’

. Cuky, +  Ciky
that is

D= 2 E 3{, i Criley ++e Crgley

n-l Te=1

n n

D D
=3 ..% X..X00Ma, b0, bhkt

=1 7n=1ji=1 ji=1

n n

=3 ... 2 Z Z 8i i;‘(anh ’anh) (bh’&'“bftkt)

Jr=1 Je=1 71-1 =1

n n

=3 .. X Cisn o By (b.'hkl "'bjlk')'
=1 ji=1 . .

.

Ay o Qyyg
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_ J1 e Ot
Now Qugy + By | = L0000 | Qg+ g,
g
. . . Y . . ’

Cpg, o Qg Chugy -+ Qi

n
t

where the summation ¥} is over the (
g
which can be chosen from the set (1,...,7). Hence

) sets of distinct g,,...,9;

n

n
D= % jz l. ' .1 Z1 %o+ Yo 8;';1...'..1?‘ (bfl Ky bh kl)
1= [ el

Oygy - Cyuq

= 2": 00+ Y

bthkl . b{hkt

Gyg, - Biyq, bﬂxkt . bﬂxkx

We have proved then that
| —
Cory  + Cuky | T %:' gy Giyg blh ky -* bﬂx ke
. . L . 1]
Coke - Cuk Qigy  + Bypg, bae ko bﬂt k;

and this is the form in which we shall subsequently use this theorem.

The values of certain determinants will be needed in the next
section, and we state these values here. They can be obtained at
once, expanding the determinants by rows or columns.

(1) aa 0 . 0 |=a,0a,...a,
0 a . O
o 0 . a,

This determinant has non-zero elements only along the principal
diagonal (a;; = a;, a;; = 0 (17)).

(ii) al 0 . . . . . . = al a2 ces a”.
0O a . . . . . .

o . . a . a
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Non-zero elements occur only along the principal diagonal and in
one other place (a,;; = a,, @, = a for a particular 4, k).
(iii) If 4 = (ay,), where

a,¢1=3hd (IShiSn;i= 1,...,n;j=l,...,n),
then det A = €k,

With these preliminaries, we consider certain operations on a
matrix A which correspond to the elementary transformations
discussed in § 4. The operations are:

(@) interchanging two rows of 4, say the Ath and kth rows;

(b) multiplying the elements of the Ath row by an element a of K ;

(c) adding to the elements of the Ath row a linear combination
of the corresponding elements of the other rows.

' The operation (a) is equivalent to premultiplying 4 by the matrix
B = (6, (j=1,..n)
where (hy,...,h,)=(1,...,h—=1,k,h+1,.. . k=1, k+1,...,n).

Thatis, Bis the unit matrix with the Ath and kth rows interchanged.
By (iii) above, det B = — 1, and therefore

If the two rows of a determinant are interchanged the sign of the
determinant i3 changed.

Operation (b) is equivalent to premultiplying 4 by

B = bl O . . 0
0 b, . . 0

o . .b,0

o . . . b,
where b; = 1 if i%h, b, = a. By (i), det B = a, and therefore

If the elements of a row of a determinant are multiplied by a
constant a, the determinant is multiplied by a.

Operation (c) can be split up into a set of operations, each of
which consists of adding to the hth row a multiple b, of the corre-
sponding element of the kth row, k taking the values (1,...,A—1,
h+1,...,n). For a given k each operation is equivalent to pre-
multiplying 4 by a matrix B of the type considered in (ii) above.
B has 1 in each place on the principal diagonal, b, in the Ath row
and kth column, and zeros in all other places. But det B = 1, and so
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Adding to the elements of any row of A a linear combination of the
corresponding elements of the remaining rows does not alter the value
of det 4.

All these operations may be performed on columns instead of
rows. If a given operation on rows is carried out by premultiplying
A by a matrix B, postmultiplying 4 by B’ gives the corresponding
operation for columns. Since

det B = det B’,

the results stated above remain true when ‘column’ is read for
‘row’.

We now discuss some properties of the cofactors 4, of the
elements a;; of a determinant. If

A = (ay),
the matrix A* = (4,)
is called the adjugate of A. We saw that

Z a’ikAhi = z ahiAik = 8hkdetA.
i=1 il

Hence AA* = (det A) I, = A*A.
If, therefore, det 4 # 0, the matrix
Aif
det A

is the inverse A1 of A. The determinant of this matrix must be
(det A), for if 4 is regular, so that

A4 =1,
then det A det (4-1) =det I, =1,
and therefore det (A1) = (det 4)1.

On the other hand, if 4 has an inverse B, we have
det A det B=1, and hence detA=0.

We have thus proved

THEOREM VI. An nxn matriz A is non-singular if and only if
det A4 is not zero.

Let us now examine the case in which det A = 0. Then

n
‘ZlahiA‘p =0 (h,p = 1, ...,n).

HPT 6
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Now the cofactor 4, is itself a determinant, and contains all the
rows and columns of A except the gth row and the jth column.
If we multiply the above equation by the cofactor of ay; in 4,
and sum over the following values of A:

h = l, cesy q—l, q+l, ooy ”’
we obtain the equation

n 1
iglqu(k) Atp =0,

where A’“(;c) denotes the determinant obtained from 4,, by re-

placing the element ay, by a,;, for each value of I. Since

Afa(i) = "'Aku’
and otherwise )
Aiq(k) =0,
the equation Lid 7
: E i) 4w =0

reduces to the equation
Agg Ay —ApgAsp = 0.

Hence any two rows (or columns) of the adjugate matrix A* are
proportional, and we have

TaeoreM VII. If det 4 = 0, and p>1, the determinant of any
P x p submatrix of A* is zero.
We now prove

TreOREM VIII (Jacobi’s Theorem):

= §frendn a
Ay« Agg, | =00t | it » Yporty |(deb )P,

A‘p-‘h 4 ipdp

Cjpiprr  *  Lnin

where i, ..., %, and jy, ..., J, are any derangements of the set (1, ...,n).
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Let B be the matrix obtained from 4 by interchanging the ith
and jth rows of A. If, with the usual notation, the elements of the
adjugate matrix B* are represented by B,,, it is easily seen that -

B, =—-4, (s+1,)),
&nd Bf’i = —ATJ"

B,.j = —Aﬂ.
Assuming Jacobi’s Theorem to be true for the matrix B, we readily
prove its truth for the matrix 4, and conversely. A similar result

is obtained by interchanging any two columns of 4. Hence, if we
prove the theorem when

ik=jk=k (k= 1,...,n),

the theorem as stated above follows.

If p = 1 the theorem is true, by definition of 4; ; . If p>1 and
det 4 = 0, it follows from Theorem VII. Assume that det 4 0.
Then

All - A lp - . Ann all . . aln
45 App Apn
0 0 1 0
0 0 0 1 Bpy - . Uy
=| det4 0 0 0
0 det 4
0 0 . detd . . 0 s
Gpy . Y
and therefore (
All - Alp detv A = ap+1 p+1 . ap+1 n (det A )p.
A »l 4 oD Apptr  + Oy

Since det 4 + 0, the theorem follows. As a special case we have the
result det A* = (det 4)»1,

We have already shown [Th. VI] that an » x » matrix 4 is non-
singular, and therefore of rank =, if and only if det 4 is different
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from zero. We now obtain further results connecting determinants
with the rank of any matrix. If 4 is a p x ¢ matrix of rank 7, there
exists at least one r x r submatrix of 4 which is of rank », and any
8 x 8 submatrix of A (s> r) is of rank not greater than r, and there-
fore less than s [§5, Th. IIT]. It follows from Th. VI that the
determinant of any s x 8 submatrix must be zero. Hence we have

THEOREM IX. A p x q matrix A is of rank r if there exists in it an
r x r submatrix with determinant different from zero, and if every s x s
submatrix (8 > r) has zero determinant.
If A = (a;), and
a

ah - Qg |FO0

By, o By

(a,-ll . ailQ)
airl . a,i'q
is of rank . Hence the vectors given by the i,th,...,,th rows of
A are linearly independent. But since 4 is of rank 7, the vectors
determined by the rows of 4 form a manifold of dimension r, and

therefore any row is linearly dependent on the ¢,th,...,7,th rows.
It follows from this reasoning that to solve the equations

the matrix

ailx1+ "'+aiqwq =0 (7' = 1: --.,P), (1)

we have only to solve the equations for ¢ = 1y, ...,%,. To simplify
the notation let us write
Bip5 = bpf’

and consider the solution of the equations

b2y +...+byx, =0 (=1,..,7) (2)
Then blﬁ . bl.’h- * 0.
brh brfr

By renaming the x; we may suppose thatj,=p (p = 1,...,7). Now
Iet By, be the cofactor of b, in

b=|by . by

brl . brr
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If (zy, ..., x,) is any solution of the set of equations

b,tlx1+ “oe +biqxq = 0 (i = l,...,r), (3)
r q
then z 2 Bhibijxj=0 (h= l,...,'r),
i=1j=1
that is,
q
b“’h+j=§+l by - bipa by binyr - by |2 =0. (4)
brl . br h-1 br:f brh-i-l . brr

Conversely, let z,.,,...,x, be any g—r elements of K, and let
z,,...,%, be defined by the above equations (4). By direct sub-
stitution we see that (z,,...,2,) is then a solution of (3). Thus we
see how to construct explicitly all the solutions of (1).

THEOREM X. A necessary and sufficient condition that the non-
homogeneous equations

q
jz—jlawxj =¢ (=1,.,p)

have a solution is that the matrices

(an . a,lq) and (an .y, cl)
Ap1 Gy, p1 -« Qg €

have the same rank.

Let us refer to the two matrices in question as the matrix of
coefficients and the augmented matrix. The rank of the augmented
matrix cannot be less than that of the matrix of coefficients. If
the equations have a solution, the last column of the augmented
matrix is a linear combination of the remaining columns of the
matrix. The rank of the augmented matrix is therefore equal to
the rank of the matrix of coefficients. On the other hand, if we are
given the equality of the ranks, we deduce that the last column of
the augmented matrix is linearly dependent on the first ¢ columns,
and if the equations

q
¢ =121ai1§1 (=1, ’P)

express this linear dependence, (£, ...,£,) is a solution of the given
equations.

None of the results proved so far in this section requires any
restriction on the characteristic of K. We conclude with a theorem
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which is only true if K is not of characteristic 2. First of all, an
n x n matrix 4 is said to be symmetric if

A=A4,
skew-symmetric if A=-4".
If A is skew-symmetric,
det A = det (—A4)’
= det (—1,)det 4’

= (—1)*det A.
Hence, if n is odd, 2det A = 0,
and therefore, if K is not of characteristic 2,
det 4 = 0.
On the other hand,

A= fa h ¢
3
g f ¢

is skew if K is of characteristic 2, since any element ! of K satisfies
the relation

= -1
But det A = abc +af?+ bg*+ ch?,
which is not zero for all a, b, ¢, f, g, k in K. In fact, if
a=b=c=1; f=g=h=0,
det4 = 1.

This brief account of determinantal theory establishes the main
results which we shall use in later chapters.. We have shown that
nearly all the results proved in textbooks for determinants whose
elements are real or complex numbers extend to determinants over
any commutative field. The many theorems on special methods of
expansion, and on the value of determinants of special type (e.g.
Vandermonde’s determinant) which can be found in textbooks can
easlly be deduced from the above theorems for determinants over
any commutative field. When necessary, such special results will
be assumed in the sequel.

9. A-matrices. Let K be a commutative field, and let A be
an indeterminate over K. In the following chapters we shall often
have to consider matrices whose elements are polynomials in A, and
it is convenient to obtain here a number of results which will
frequently be used.
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Strictly speaking, we have so far only defined matrices over a
field. We can, however, deduce the basic properties of matrices
whose elements are in an integral domain I, say K[A), simply by
regarding these matrices as forming a subset of the set of matrices
whose elements are in the quotient field of the integral domain.
Addition and multiplication of matrices of the subset give further
matrices of the subset.

A matrix whose elements are in the integral domain K[A] is
called a A-matriz. An n x n A-matrix which has an inverse which is
also a A-matrix is called a regular A-matrix, of order n.

THEOREM I. A necessary and sufficient condition for the nxmn
A-matrix M to be a regular A-matrixz is that det M is a mon-zero
element of K.

(i) Suppose that M is regular, and let N be its inverse. Since
the elements of M and N are polynomials in A, the determinants of
these matrices are polynomials in A. Let

det M = f(A), detN = g(A),
where f(A) is of degree r, g(A) of degree s. Then since

MN =1,
det M det N =1,
that is, fA)g(A) = 1.

But one side of this equation is a polynomial of degree r + 8, while
the other side is a polynomial of degree 0. Hence
r=8=0,

and f(A), g(A) are non-zero elements of K. The condition is therefore
necessary.

(ii) Suppose that det M = m, where m is a non-zero element
of K. Let M = (my), and write

(Vi =1
ng = (—)*m Myy o Mygy  Mpgy o« My,

My11 « M4 Myyi - My
Mi11 « Mypia Mypinn © My

My . My 41 My 141 . My n
Then N = (n) is a A-matrix, and [§8, Th. VI]
MN = 1I,.
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We now define equivalent A-matrices. Two px ¢ A-matrices 4
and B are said to be egquivalent if there exist regular A-matrices M
and N, of orders p and g respectively, such that

A= MBN. (1)
This relation is reflexive, since

A =1I,AI,
From (1) we have B = M-1AN-1,

and M1, N-1 are regular A-matrices, since M, N are regular. The
relation is therefore symmetric. Again, if besides (1) we also have

B = PCQ,
where P and @ are regular, then
A = (MP)C(QN),

where M P, QN are regular A-matrices. The relation is therefore
transitive, and it is thus an equivalence relation.

We wish to find a set of canonical forms for all p x ¢ A-matrices.
As in §4 we say that a set of p x ¢ A-matrices is a set of canonical
forms for the set of all p x ¢ A-matrices if

(@) no two matrices of the set are equivalent;

(b) there is a matrix of the set equivalent to any given pxgq
A-matrix.

Clearly, if we can construct such a canonical set, and also find
a method for determining the canonical form equivalent to any
P x ¢ A-matrix, we shall have a method for determining whether
two given A-matrices are equivalent.

Our first step is to consider certain simple operations on a A-
matrix 4. These are known as elementary transformations [cf. § 4],
and produce a A-matrix B equivalent to 4.

(i) Let ky, ..., k, be any derangement of the integers 1, ..., p, and
let P be the p x p matrix

.P = (8,“:’) (i,j = 1, ...,p).

Then det P = + 1, and the matrix B = PA is the matrix obtained
from A4 by performing the permutation

( 1 2 . » )
on the rows. Hence, the elementary transformation of A which
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consists of a permutation of the rows of A transforms 4 into an
equivalent matrix.

(ii) A permutation of the columns of 4 transforms 4 into an
equivalent matrix. The proof is similar to that in (i), the new matrix
being of the form AQ.

(iii) Let B be the p x p matrix (r;;) where

7y =0y (1£h),

rmy=fA) (G=1.,h=Lh+l,..,p),
where f;(A) is a polynomial in K[A], and

rm =fn(A) =a (ain K, and not zero).

Then det B = a, and R is therefore a regular A-matrix. We obtain
a matrix B = RA equivalent to 4 by multiplying the 2th row by
a and adding to it f;(A) times the first row, f,(A) times the second
TOW, ..., f5_1(A) times the (h— 1)th row, f;,,(A) times the (2 + 1)th
row, ..., f,(A) times the pth row.

(iv) If a column of 4 is multiplied by a non-zero element of K,
and to it we add a multiple (by a polynomial) of any other column,
we obtain a matrix, equivalent to 4, of the form A8. The probf is
similar to that in (iii).

We now show how a matrix can be simplified by a series of
elementary transformations until it is reduced to a canonical form.

Let A be a p x g A-matrix. If it is the zero matrix, any matrix
equivalent to it is clearly zero, and no reduction is possible. We
therefore assume that at least one element of A is not zero, and by
a permutation of rows and columns we bring a non-zero element of
A to the top left-hand corner. Let this element a,, be of degree p
in A. We show that unless a,,, regarded as a polynomial in A, is a
factor of every element a;; of A, we can transform 4 into an equi-
valent matrix C, where ¢,, is not zero and is of lower degree than a,,.
Our transformation will be a series of elementary transformations.

(i) If, for some j, a,, is not a factor of a,;, then

ay; = 8y, b(A) +¢(A),

by the division algorithm, where ¢(A) is not zero, and is of lower
degree than a;;. From the jth column we subtract b(A) times the
first column, and then interchange the first and jth columns. The
resulting matrix is equivalent to 4, and has ¢(A) in the top left-hand
corner.
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(ii) If, for some 1, a,, is not a factor of a;;, we operate on rows
instead of columns.

(iii) Suppose that ay, is a factor of all non-zero elements in the
first row and column, but is not a factor of ay, (h,k>1). Let
a;; = b,ay,, and ay; = c;ay;. Then if we subtract from the ith row
b, times the first row, for each ¢>1, and then subtract from the
jth column ¢; times the first column, for each j> 1, we obtain a
matrix B equivalent to 4 in which

by=ay, by=0(>1), b;=0 (>1),
while b, is still not divisible by b,;. Now add the Ath row of B to
the first row, and apply method (i). We obtain a matrix C equivalent
to A, with ¢;, +0, and of lower degree than a,,.

Since there is a finite upper bound to the degree in A of the
elements of the matrix A4, the processes described above cannot be
repeated more than a finite number of times. We eventually obtain
a matrix B, say, equivalent to 4, in which &,, is a factor of every
element b,;. By (iii) we can arrange that

bil = 0 (i> 1), bl,’f = O (j>l).

Thus a series of elementary transformations has produced from 4
the equivalent matrix

0 by . . by
0 . .

O bpz [ . b
where b,, is a factor of all the elements b,;.
If the submatrix B, = (bzz . bzq)

is not zero, we can repeat the process given above, until we obtain

an equivalent matrix
P B,Q, = (Gzz 0)
0o G)’
each element of C, containing c,, as a factor. Then
1 O)PAQ(I 0): b, 0 O
0 A 0 Q 0 ¢ 0],
C.

0o o
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so that the elementary transformations on the submatrix B, can
be considered as elementary transformations on 4. Proceeding in
this way we can transform 4 into an equivalent matrix in which
the only non-zero elements are on the principal diagonal, and each
element on the diagonal is a factor of all those following it. Finally,
multiplying each row of this matrix by a non-zero constant, 4 is
equivalent to the matrix

MAN= [EA) 0 . 0 . 0
0 EQX) . o

. SR @)

(=

. . . . 0
where each E;(A) is a polynomial in A with + 1 as the coefficient of
the highest power of A, and E;(A) is a factor of K, ,(A). Since equi-

valent A-matrices have the same rank, and the rank of the matrix
MAN is evidently r, it follows that » is the rank of 4.

Aga,in, wnting MAN = E = (eij)’

an evident extension of § 8, Th. V gives us the theorem

€idy * Cid| = %% My ay » Miga || Wy » Wym (n/hh - s

m

sy + Cirde iedy Mg By o Bagped| Mgy Mpgd,

1t follows that if D,(A) is the highest common factor of the deter-
minants of order ¢ formed from A4, D,(A) is also a factor of each deter-
minant of order ¢ extracted from E. But since M, N are regular,

the equation MAN = E

can be written as A = MEN-,

and therefore the highest common factor of determinants of order
t formed from E divides each determinant of order ¢ formed from 4.
Hence, save for a factor in K, this highest common factor is D,(A).
But from the properties of the polynomials E,(2),

DA) = Ey(A) Ey(Q) ... B(A),
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provided that the coefficient of the highest power of A in Dy(A) is
taken to be + 1. Therefore

E(A) = Di(Q)/Dy_4(A) (@ =1,...,7),
defining Dy(A) = 1.
This last result shows us that the £,(A) are uniquely defined by means
of the highest common factors of the determinants of different
orders extracted from 4. Calling the E;(A) the invariant factors of A
we have now proved

TeEOREM II. If A isa p x ¢ A-matriz of rank r, and E,(A), ..., E,(A)
are its tnvariant factors, there exist reqular A-matrices M, N such that

MAN= [EQ)) 0 . 0 . 0
0 EXN . 0 . 0

Since the inverse of a regular A-matrix is a regular A-matrix we
also have

THEOREM III. T'wo p x q¢ A-matrices A and B are equivalent if and
only if they have the same tnvariant factors.

Hence the set of matrices (2) 1s a set of canonical forms for
P x ¢ A-matrices.

If the field K is such that every polynomial f(A) in K[A] can be
written as a product of linear factors, it is sometimes convenient
to use elementary divisors in place of invariant factors. We define
these as follows. Let

E\(A) = (A—ay)n (A—ap)ae ... (A—a)es,
Ey(A) = (A—ay)m (A —ap)es... (A —at)ms,

...................................................

where each e;>0, and A—a,y,...,A—a, are the distinct linear
factors of E,(A), that is, ¢,,>0 (j = 1, ..., 8). Then those factors
(A=oy)n, (A—ay)em, ..., (A=ap)m, ..., (A—otp)em,

for which the indices e;; are greater than zero are called the
elementary divisors of A. By definition, these are determined by
the invariant factors.
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Suppose, conversely, that we are given the elementary divisors
of A, which is known to be of rank . Let them be

(A=), (A—a)s, ..., A—a)® (a,2a,>...2a),
(A_ﬁ)bl’ (A_ﬂ)ba, cesy (b]‘?bzz uo),
(/\—8)"1, (/\—8)%: seey (d1>d2>"')'

Each invariant factor E,(A) must be a product of these factors.
Since E,(A) contains E,(A) as a factor (¢ <7), E,(A) must contain the
highest power of A —«, the highest power of A— g, etc. Hence

EQ) = A—-a)m(A=p)r...(A=8)4,
Similarly, since E,_,(A) is divisible by E;(A) (i<r—1),
E,_,A) = A-a)a(A=p)s... (A— )%,

and so on. Once all the elementary ‘divisors which are powers of
A—a are used up, the remaining E;(A) do not contain A—c« as a
factor. Similarly for A—g,.... When all the elementary divisors
have been used up, the remaining invariant factors (if any) are
E,(A) = 1. An equivalent form of Th. III, is therefore

THEOREM IV. A necessary and sufficient condition that two p x q
A-matrices be equivalent is that they have the same rank and the same
elementary divisors.

Our next theorem is often useful in subsequent chapters.

TuEOREM V. If A, B are two n x n A-matrices which can be written
A = AIA—AZ’ .B = BIA—Bz,

where A,, A,, B, B,aren x n matrices over K, and B, 18 non-singular,
then the equivalence of A and B implies the existence of non-singular
matrices P, @ over K such that

PAQ = B.

Since 4 and B are equivalent, there exist regular A-matrices
M, N such that

MAN = B.
Let X = B, Byl
Then if M = My+ M A+...+ M,

where the M, are matrices over K, and if
p=MA+ (M + XM+ + (M + XM+ ...+ XY,
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and P=M;+XM,+...+X"M,,

then M = (Al,-X)p+ P = (Al,—B,By')B,B;ip+P,
that is M = BP,+ P,

where F, = By1p.

Similarly, let Y = B{1B,,

and write

N = Ny+ N A+... + N8,
g=NAI+ (N, +N,Y)2 2+ 4+ (N;+ N, Y +... + N, Y*-1),
Q=N+NY+..+N,7Ye

Then we have
N =qAL-Y)+@Q
=@, B+Q,
where @, = ¢B7L.

Now PAQ-B = (M—BP)AN—-Q,B)-B
= MAN-MAQ,B—BP, AN+ BP,AQ,B—B
= BP,AQ, B— BN-1Q, B— BP, M-1B

(since MAN = B). Thus PAQ— B = BRB, where
R=PRAQ—-N1Q-P M,

and since M and N are regular A-matrices, R is a A-matrix. Suppose
that R is not zero, say

R=R0+R1A+..-+R‘At (R,#O,t?()).

Then, from the above,
PAQ—-B = BRB,

where the left-hand side is of degree 1 at most in A, whilst the right-
hand side is of degree
t+22>2,

This contradiction shows that R = 0, and therefore
PAQ = B.
Since P, Q are independent of A,
PA,Q= B, PA,Q= B,

Since B, is not singular, P, @ are not singular, and the theorem is
proved.
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10. Miscellaneous theorems. We conclude this chapter with
a number of results which will be needed later. Some of them
require the use of theorems which are more appropriately dealt
with in later chapters, and it will avoid repetition if we borrow
these theorems without proof at the present stage.

If A is any n x n matrix over K, the A-matrix

A=Al
is called the characteristic matriz of A, and its determinant
f(A) = det (4 —-AL,)
is called the characteristic function of A. The roots of the character-
1stic equation F) =0

are called the latent roots of A. Let us write
fA) =ag+a,A+...+a,Am

Form the adjugate matrix of A — AI,. Itisa A-matrix whose elements
are at most of degree n — 1. We may therefore write it as

By+ B,A+...+ B, A",
where the B; are n x n matrices over K. Remembering that
(A —AlL)adjugate (4 —AL,) = det (4 —AL) I,
we have the equation
(4-AL)(By+ BiA+...+ B, ;A1) = f(A) I,.
Equating like powers of A on both sides of this equﬁtion, we have
AB, = a,1,,
AB,—-By=a,1,
AB,— B, = a,1,,
- B, =a,I,

Premultiply these equations by I, A, A2, ..., A" respectively, and
add. We obtain the matrix equation

0 = aoIn +a1A +(1:2A2 + ces +a,nAnn
This result is usually stated in the form

THEOREM 1. A square matrix satisfies its own characteristic
equation.
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We note that since the characteristic function

fA) = ag+8,A+... +a,A" = det (4 — AL),
f(O) =@y = det 4.

Hence A = 0 is a root of the characteristic equation if and only if
A is singular.

We next introduce the idea of the square root of a matrix.
Assuming the ground field K to be not only commutative but
algebraically closed, so that every polynomial ¢(x) in K[x] is
expressible as the product of linear factors, we shall prove the
following theorem in the next chapter [III, § 8, Th. II]:

If ¢(x) 18 any polynomial in K[x] such that (0)+ 0, then there exists
a polynomial g(x) such that [g(x)]" — x i8 divisible by P(x), r being any
given positive integer.

We use the case r = 2 of this theorem and take ¢(z) to be the
characteristic function f(x) of a non-singular matrix A. Then we
can find g(z) such that

[9(@)]? — 2 = f(x) ().

[9(4)?-4 =0,

Since f(A) = 0,

that is, [g(4)]2 = A.

Hence we have

TaeoreM II. If A is a non-singular matriz over an algebraically
closed field K, there exists a matriz X such that

X2 =A.

Finally, we introduce the idea of the minimum function of a

matrix 4. If
Y(A) =A"+a, A" 1+ +a,

is the polynomial of least degree for which
¢(A) =0,

we call ¥/(A) the minimum function of the matrix 4. Let the in-
variant factors of 4 — A, which are of degree >0 be

E 1(A), ..., Ey(A).
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We shall see in VIII, § 2, that there exists a matrix B, where

0 By, . O

0 . . B,
such that
(@) B = P-1AP for some non-singular P over K,

(b) det (B;—AI) =+ E,A) (t =s8+1,...,n).

In fact, we need only take
B;= /0 1 0 . 0
0o 0 1 0
0O 0 0 1
— Qg - . . =0
where E(A) = A4 a Attt ay,,.

By Theorem I, E(B,) = 0.

We observe that E,(A) is the minimum function for the matrix B;.
To see this, we first note that when r <r; the rth power of B, has
the form B,y = (A I ;—r)
B cC)

where A is the zero (r;—r)xr matrix, ., is the unit matrix of
r;—r rows and columns, and B and C are, respectively, r x r and
r x (r;—r) matrices whose elements are polynomials in the a,;.
Now let FQ) = by by A4 ... 45,20 (b,+0)
be a polynomial of degree s over K, where s <r;. Then it follows that
f(B,) is a r; x r; matrix having the (s + 1)th element in the first row
equal to b,. Hence f(B;) cannot be zero.

Again, if g(A) is any polynomial over K such that g(B;) =0,
e R g = a() B)+b),
where b(A) is of degree less than ;. Then

b(B;) = g(By) —a(B;) E,(B;)
=0,

and by the result just proved it follows that 5(A) = 0. Thus g(A)
must have E;(A) as a factor.

HP1 7
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Now suppose that F(A) is any polynomial over K such that
F(4) = 0. We have

F(B) = [F(B,.) 0 . 0
0 F (Bs+2) . 0

. . .

0 . . F(B,)
= F(P'AP)= P1F(A)P =0,
and hence F(B)=0 (i=s8+1,...,n).

Thus F(A) must have E,,(A), E,, 5(A),...,E, (L) as factors, and
conversely, if F(A) contains these polynomials as factors, F(B) = 0.
Since E,(A) is a factor of E;(A) for ¢ <j we obtain

TuroreM III. If 4 is an nxn matriz over K, and A —Al, has
the invariant factors E,(A), ..., E,(A), E,(A) 18 the minimum function
of A, and a necessary and sufficient condition that a polynomial f(A)
over K be such that f(A) is zero is that f(A) has E,(A) as a factor.



CHAPTER III
ALGEBRAIC DEPENDENCE
I~ this chapter it is assumed that all fields are commutative.

1. Simple algebraic extensions. InI,§9, we discussed a method
of extending a commutative field K by the adjunction of an in-
determinate . We now describe another method by which we can
extend a commutative field K.

Let f(x) be an irreducible polynomial of degree » in K[z]. We use
f(z) to define an equivalence relation in K[x].

Two polynomials a(x) and b(x) of K[x] are to be equivalent if

a(z) - b(x) = c(z) f(x),

where c¢(z) is in K[z]. This relation is clearly reflexive, symmetric,
and transitive, and it is therefore a proper equivalence relation
[I, §2]. The polynomials of K[x] are divided into classes by this
relation. We denote a class of equivalent polynomials by {a(z)},
where a(x) is any member of the class.
If a(x), a’(x) are equivalent polynomials, and b(x), b’(x) are also
equivalent,
a'(x) = a(z) + c(z) f(x),

and b'(x) = b(x) +d(x) f(x).

Hence a'(x)+0b'(x) = a(x)+ b(x) + [c(x) +d(x)] f(x),

and a'(x)b'(x) = a(x) b(x)+9(x) f(x),

where g(x) = a(x)d(x) + b(x) c(x) + c(x) d(z) f(z).

Hence we may define addition of classes of equivalent polynomials
unambiguously by the equation

{a(@)} +{b(=)} = {a(2) +b(2)},

and multiplication by the equation
{a@)}{b(x)} = {a(z)b(x)}.

It may be verified without difficulty that the classes form an Abelian
group under addition, and that multiplication is associative, com-
mutative, and distributive over addition. Hence the classes form
a commutative ring with the given laws of composition. The zero

7-2
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of the ring is the class {0}, that is, the class of polynomials divisible
by f(x). There is also a unity, represented by {1}.

Now let {g(x)} be any non-zero class. Then g(x) is not divisible by
f(z). Since f(x) is irreducible it follows that the highest common
factor of f(z) and g(z) lies in K, and therefore polynomials a(z),
b(z) can be found so that

a(x) g(x) +b(x) f(x) = 1.
{a@)}{g(=)} = {1}.

Thus every non-zero element of the ring of equivalent classes of
polynomials has an inverse. That is, the ring is a field, which we
denote by K'.

If a, § are any elements of K,

{a} = {8}

if and only if a — £ is divisible by f(x); that is, if and only if a = f.
Hence the classes {a} form a subfield of K’ isomorphic with K. By
I, §2,Th.I, we deduce the existence of an extension K* of K which
is isomorphic with K’. The field K* is uniquely defined to within
an isomorphism in which the elements of K are self-corresponding.

Let £ denote the element of K* which corresponds to {z} in K'.
Then, if g(x) is any polynomial of K[z], g(£) corresponds to {g(x)}.
By the division algorithm we can write

g(x) = h(z) f(2) +9:(2),

where g,(z) is a polynomial of degree less than n. If g(x) itself is of
degree less than n, we take k(x) = 0, g(x) = g,(x). Since

{g(@)} = {g1()}
we have 9(8) = g1(8).

It follows that any element 7 of K* can be written in the form

We deduce that

N =gt &+...+a,1§* 1 (e;in K), (1)

and, of course, the right-hand side of this equation, for any
Qs ---s %,y In K, represents an element of K*. Now the element
f(£) of K* corresponds to the element {f(z)} of K’. Since

{f@)} = {0},
f€)=0.
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Let F(x) be any polynomial over K such that
FE) =o.
Then {F(x)} = {0},

and hence F(x) is divisible by f(z). F(x) is therefore zero or of
degree n at least, and it follows that the representation (1) of the
elements of K* is unique. Equation (1) thus gives a very convenient
means of representing the elements of K*. Using this representation
we have

(ot &+ o+ oy 1 £ )+ (Bo+ B+ oo+ Pua &™)
= (ag+Lo)+ (1 + ) E+ ...+ (g + Bny) 5L

To construct the product we have

(ot a &+ 0oty 1 871 (Bo+ Bré+ .o+ By E77Y)
= aofo+ (fi+ o Bo) E+ ... +ay 1 fn 1§73,

and we then use the relations

0 = &f(£) = Yo br + 1, &+ ..+ 0 (r=n—2,n-3,...,0)

to express £2"~2 in terms of {2, ..., £2"3, and then £2*~2 in terms
of -3, ..., £2»4 and finally to eliminate powers of £ of degree higher
than n—1 from the product.

A simple example will serve to show that for some fields K a
true extension is constructed in this way. If K is the field of rational
numbers, and

f (x) = 22— 2)

K* is the field of numbers
a+b,2,

where a and b are rational. K* is not equal to K. If, on the other
hand, K is the field of complex numbers, every polynomial of degree
greater than one is reducible, and no proper extension of K can be
constructed.

The method of extension described above is called simple algebraic
extension.

2. Extensions of a commutative field. We now consider some
general properties of extensions of a commutative field K, first
defining equivalent extensions. Extensions K, K,, ... of K are said to
be equivalent if they are isomorphic in such a way that those elements
of K,, K,, ... which lie in K are self-corresponding.
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Let K* be any extension of K, and let £ be any element of K*.
We say that £ is algebraic over K if there exists a non-zero poly-
nomial f(x) in K[z] such that

f(€)=0.

If £ is not algebraic, it is transcendental over K.

Clearly, any element « of K is algebraic over K; for we merely
have to take

f(x) =2—c.

TuaeorEM 1. If £ is algebraic over K, there exists an irreducible
polynomial f(x) in K[x], unique save for a mon-zero factor in K,

h that
e & =o0.

Since £ is algebraic over K there exists a non-zero polynomial
g(z) in K[x] such that g() = 0

Let 9(@) = 9,(x) g5(x) .. g,()
represent the factorisation of g(x) into irreducible factors. Then
g:(£) is in K*, and

91(8) go(€) ... 9,(6) = 9(€) = 0.

Since K* is a field, and therefore has no divisors of zero, for some
integer + (1 <% <r) we have

9:(&) = 0.
Take @) = g(a).
If h(x) is any irreducible polynomial such that
kE) =0,
then either h(z) = af(xz) (ain K),

or h(z) and f(x) are relatively prime. In the latter case there exist
polynomials a(x) and b(x) such that

a(x) f(x)+b(x) h(x) = 1.

But this gives us the equation

a(€) f(€)+b(E)h(E) = 1,

which, since the left-hand side is zero, is a contradiction. Hence
f(x) is uniquely defined, save for a non-zero factor in K. It is called
the characteristic polynomial of £ with respect to K.
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Now let § denote any element of an extension K* of K. We con-
sider all the elements of K* which can be obtained by performing
the operations of addition, subtraction and multiplication (a finite
number of times) on £ and the elements of K. Such elements can
be written g+t + 0, & (2;in K). (1)
Clearly these elements form a commutative ring with unity, the
unity being that of K. If 9, { are two elements of this ring, the
product ¢ is equal to the product of these elements regarded as
elements of K*, and therefore 7{ = 0 only if either % or { is zero.
The ring is therefore an integral domain. We denote it by K[£],
noting that K[£] = K if and only if £ is in K. Since K[£] is an
integral domain, it can be embedded in a field [I, §4]. We denote
this quotient field by K(£), and refer to it as the field obtained by
adjoining £ to K.

Case (i). Let £ be algebraic over K, and let f(x) be its characteristic
polynomial, of degree n. If

g(&) =g+ aE+... +a,t,
g(x) = h(z) f(x) + g1(x),

where g,(x) is of degree less than n. Then

and hence every element of K[£] can be expressed in the form (1),
where r <n — 1. This expression is unique, for if any element could
be so expressed in two ways, there would exist a non-zero poly-
nomial g(z) of degree less than » such that

and this would contradict Th. I.

It follows that the integral domain K[£] is equivalent to the
simple algebraic extension of K defined, as in §1, by f(x). Hence,
in particular, K[£] is a field, and

K[£] = K(§).

As an important corollary we have

TrEOREM II. If £, and £, are two elements of an extension of K
which are algebraic over K and have the same characteristic poly-
nomial, then K(&,) and K (&,) are equivalent extensions of K.

we can write
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Case (ii). Now suppose that £ is transcendental over K. Then

ao+a1§+ oo +ar€’ = /90 +ﬂ1€+ oo +ﬂeg’ (“r’ﬂs*o):
ifand only if r = sand a; = f; (1 = 0, ...,7). It follows that K[£] is
equivalent to the integral domain K[x], and therefore that K(§) is
equivalent to the field of rational functions of the indeterminate «
over K. The field K(£) is called a transcendental extension of K.

In either case it is clear that K(£) is the smallest extension of K
which contains £. There may, of course, be extensions of K which
are proper subfields of K(£), but these will not contain £ For
instance, if § is transcendental over K,

K< K(£*) < K(£).

The ideas introduced above can be extended by considering the
smallest extension of K which contains a finite set £,,...,§, of
elements of K*. The elements of this extension are those elements
of K* which are obtained by applying the operations of addition,
subtraction, multiplication and division (except by zero) to §,, ..., £,
and to the elements of K. The resulting field is denoted by
K(¢,,...,£,), and evidently does not depend on the order of the
elements £,, ..., £,. We can define the field K(¢,, ...,§,) inductively
as follows: K(¢,,...,&,) is the field obtained by adjoining £, to
K(gls ceey gr—l) (7‘= 2’ i n)'

Some of the £; may be algebraic over K, and we shall usually
find it convenient to order the £; in the set £,,...,§, to satisfy
certain conditions. If each £; is algebraic, there is no restriction on
the order. If some of the £; are transcendental over K, we take one
of them as §,. If §,, ..., §; are transcendental over K (£,) (and hence
transcendental over K), we take one as £,, and continue thus.
Eventually we can say that in K(£,,...,£,) the element £, is trans-
cendental over K, the element £, is transcendental over K(&,, ..., &,_;)
(8=2,...,r),and §,,, ..., &, are algebraic over K(§,, ...,§,).

With this arrangement, K(£,,...,£,) is equivalent to the field of
rational functions of z,, ..., z, with coefficients in K [I, § 9]. We have
proved this result when r = 1, and we now assume it is true for
r = 8—1. Then K(,,...,£,_,) is equivalent to the field of rational
functions K(z,, ..., %,_;). Now

K(gl’ (RS ] gs-—p gs) = K(gli LRRS] ga——l) (gs),
and since £, is transcendental over K(£,, ...,&,_;), K(§;; ..., &,-1) (&)
is equivalent to K(£,, ..., £,_,) (,), and hence to

Kz, ...,x,_y) () = K(y, ..., ).
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The elements £,,...,£, are said to be independent indeterminates
over K.

In this book we shall only be concerned with the extensions of a
field K obtained by adjoining a finite number of elements &, ...,§,
to K.

3. Extensions of finite degree. An extension K* of K is said
to be of finite degree if there exists a finite number of elements

£, ..., &, of K* such that any element 9 of K* is expressible in the

form
ﬂ = a1§1+ con +angn,

the a,,...,a, lying in K. The elements £, ...,§, are said to form
a basis for K* over K. This basis is a minimal basis if the equation

a1€1+...+an€n=0 (aiinK)
implies that ;=0 (¢=1,...,n).
The elements of K* clearly form a linear set

L(gls seey gn)

over K [II, §1], and therefore if K* is of finite degree over K we
deduce the existence of a minimal basis, the number of elements
in the basis being the same for all minimal bases [II, § 1, Th. VI].
This number is called the degree of the extension K* of K.

THEOREM I. If K* 18 an extension of K of finite degree n, every
element of K* is algebraic over K, and has a characteristic polynomial
of degree not greater than n.

Let £, ..., £, be a minimal basis for K* over K. Then, if 7 is any
element of K*, 9§, is an element of K* and

ﬂ§i=aﬂ§1+...+aingn (i= 1,...,'"/).
The linear equations
(g—=mxy+...+a,x, =0,

.................................

have a solution in K*, namely, (£,,...,§,), which is not trivial.
Hence
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The polynomial
Fx)=| a;;—% %13 . Xin

%ay Qop—2 Aop,

%py Xpa ¢ App—X

is not zero, the term of highest degree being (—1)*z". Since 7
satisfies the equation Fly) =

7 is algebraic over K. Moreover, its characteristic polynomial is a
factor of F(x); hence its degree cannot exceed n.

An extension K* of K in which every element is algebraic over K
is called an algebraic extension of K. We have proved that every
extension of K of finite degree is algebraic. We now prove

THEOREM II. If the elements &, ..., &, of an extension K* of K are
algebraic over K, then K(£,, ..., &,) 13 an algebraic extension of K.
We first prove that any element 7 of K(£,, ..., £,) can be expressed

in the form n=1  rae1

?’ = Z Z a‘ll 1:" gl
W =0 % =0

the coefficients «; ,, lyingin K, and r,, ..., r, being integers which
are independent of the element 7. We prove this result by
induction, assuming the truth of our statement for K(&,,...,£,_,)-
Since £, is algebraic over K, it is also algebraic over K(&,,...,&,_1)-
Let r, be the degree of its characteristic polynomial with respect
to this field. Then, since K(£,, ...,£,) is obtained by adjoining £, to
K(&,, ..., £,-1), any element 5 of K(§,,...,£,) can be written in the
form 7= Oyt Oyt oo+, B
the 0, lying in K(£,,...,£,_,). But by the hypothesis of induction
we can write

r— 1 ra—1—1

;=3 ... X Fi- ipgibia By (6=0,...,1,-1),
Hh=0 in,=
where the integers r,,...,7,_; are independent of 6;, and hence

of 7, and the coefficients a; _;, ,;lie in K. Hence

7'1—1

n= 23 .. 2 “i. .in g 85

fm0 im0

This proof is valid when n = 1 and therefore our result is proved.
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It follows that the r,7,...7, elements
g{"...g"i‘? (i1=0,...,71—1; ...;in=0,...,7'n—1)

form a basis for K(£,,...,£,). Hence, by Th. I, any element of
K(&,, ...,£,)isalgebraic over K. By definition, therefore, K(£,,...,£,)
is an algebraic extension of K, and the theorem is proved.

Suppose now that of the elements £,,..., £, the first 7, £, ..., £,
areindependent indeterminates over K,but that £ ,,,...,£, are alge-
braically dependent on K (£, ..., §,). Then K(£,, ..., £,) is an algebraic
extension of K(§,, ..., &,). It is called an algebraic function field, and
its elements are algebraic functions of the indeterminates £, ..., £,.

TraeorEM III. If K* is any extension of K, the elements of K*

which are algebraic over K form a field K', where
K< K'cK*

If £ and # are elements of K* which are algebraic over K so is
every element of K(£,7), by the previous theorem. Hence, the
elements §— and &7, lying in K(£,7), are algebraic over K. It
follows that the elements of K* which are algebraic over K form
an integral domain which contains K as a subring. Further, if §
is algebraic over K, but not zero, £-! lies in K(£) and is therefore
algebraic over K. Hence the set of algebraic elements of K* form
a field K’. Clearly K<K'cK*

TrreorEM IV. If K* is any extension of K, and K’ a subfield of K*
whose elements are algebraic over K, then any element of K* which s
algebraic over K’ is also algebraic over K.

We do not assume that K’ contains K. Let £ be any element of
K* which is algebraic over K’, and let

2+t t+ .+, (9;in K')

be its characteristic polynomial with respect to K’. Consider the
field K(7,, ..., Mn, £). Any element can be written as

SLET (i K@)

But for each ¢ we can write

L

no .
b= 5 B el it @i E),

and therefore K(7y, ...,7,, &) has a finite basis over K, and hence,
by Th. I, it is algebraic. It follows that § is algebraic over K.
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We now introduce the notion of algebraic dependence. A set of
elements £,, ..., £, of an extension K* of K is said to be algebraically
dependent over K if there exists a non-zero polynomial f(z,, ...,,)
in K[, ..., z,] such that

f(gl’ “-sgr) = 0.

If not dependent the elements are algebraically independent over K.

In the case r = 1, £, is algebraically dependent over K if and
only if it is algebraic over K. A proof similar to that of §2, Th. I,
enables us to show that if £, ..., £, are algebraically dependent over
K there exists an irreducible polynomial f(x,, ..., x,) such that

f(gl’ -u)gr) = O‘

If £, ..., £, are algebraically independent, &, ..., £, are independent
indeterminates over K, and therefore K(§,,...,£,) is the field of
rational functions of the indeterminates ¢, ..., £,.

We have already remarked that there exists in K(,, ..., £,) a set
of indeterminates, which we may take as £;,...,£,, which are
algebraically independent over K, and which are such that any
element of K(§,,...,§,) is algebraic over K(£,,...,£,). More gener-
ally, there may exist in any extension K* of K a finite set of elements
&1 ..., &, which are algebraically independent over K, and such that
any element 7 of K* is algebraic over K(&,,...,£,). When this is
the case we say that K* has a finite algebraic basis with respect to
K, and since £, ..., §, are algebraically independent over K, these
elements are said to form a minimal algebraic basis.

Certain properties of extensions K* of K with finite algebraic
bases are similar to properties of linear sets of finite dimension
[II, §1]. We now prove the generalised form of the Exchange
Theorem.

THEOREM V. If (1y,...,7,) 18 any algebraic basis for an extension
K* of K, and &,,...,§, are t algebraically independent elements of
K*, then t<s, and for a suitable rearrangement of 1, ..., 7, the set
(&is o os & Migrs -+ M) T8 @ basis for K*.

We consider the case ¢ = 1 first of all. Since {, is in K*, it is
algebraically dependent over K(y,...,%,). Therefore there exists
a non-zero polynomial f(x,, ..., #,,,) such that

FOs 15, 61) = 0.

If s = 0, this implies that ¢, is algebraic over K, which is contrary
to hypothesis. Hence s > 1.
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Again, and for the same reason, one at least of the indeterminates
z, ..., z, must be present in f(z,, ..., z,,,). We may suppose that the
7, are rearranged so that x, is present. Then it follows that 7, is
algebraically dependent over K({,,7,,...,%,). By hypothesis, any
element £ of K* is algebraically dependent over K(#,,7,,...,7,)-
But we now know that #,, 9, ..., 7, are algebraic over K({;, 7, ..., 7,)-
Hence, by Th. IV, we deduce that £ is algebraically dependent over
K&, mq, ---»m,). This proves the theorem when ¢ = 1. We now
proceed by induction on ¢.

It is clear from the definition of algebraic dependence that if
&5, ..., & are algebraically independent over K, any subset is also
algebraically independent. In particular, ¢, ..., §,_, areindependent.
Hence, if we assume that our theorem is true for {— 1 elements {;,
we have the relation

t—1<s,
and we may suppose that the 7,, ..., 7, are arranged so that the set

(Cv sy gt—l’ Nes ++e» 773)

is an algebraic basis for K* over K. Since {; is in K*, it is algebraic
over K(&i, .- s &1, .-, M) That is, there exists a non-zero poly-
nomial f(z,, ..., Z,,;) such that

S ooy Ggs My s My &) = 0.

Ift—1 = s, it would follow that {;, ..., {; are algebraically dependent,
contrary to hypothesis. Hence

t—1<s, thatis t¢<s.

Again, one at least of the indeterminates x;, ..., #, must be present
in f(x,, ..., %4,), otherwise §}, ..., {, would be algebraically dependent
over K. We may suppose that the 7, are rearranged so that z, is
present. Then it follows that 7, is algebraically dependent over

K(Cysevvs 815 Coo Mipas -5 W)

By hypothesis, any element £ of K* is algebraically dependent over
K&y ooy G1sMps -+ M), But we now know that &,,...,& 1,7 ..., 7,
are algebraic over K(&,,...,&, %y, ..-,7,). Hence, by Th. IV, we
deduce that £ is algebraically dependent over K({, ..., &, %ypys -5 75)-
Hence (&, .-, & Mirys -+ 7,) 18 an algebraic basis for K*, and the
theorem is proved.

We deduce from the first part of this theorem that any set of
¢t elements, where t>s, must be algebraically dependent. Now
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suppose that the set (7y,...,7;) is & minimal basis for K*, and let
(&5 -+-» &) be another minimal basis. Then
8'<s and s8<¢,
and therefore 8 =4,

Therefore the number of elements in a minimal algebraic basis for
K* with respect to K s independent of the minimal basis chosen.
We call this number the dimension of K* with respect to K.

TreorEM VI. If &,,...,E, is a minimal algebraic basis for an
extension K* of K, and { is any element of K*, there exists a non-zero
trreducible polynomial f(xy, ..., %, ) in K[, ...,%,.,] such that

f(gl’ ey gr, g) = 0.
If g(,, ..., 2,,1) ts any other polynomial such that

g(gb .._’gr’ g) =0,
then 9@y, o Xypy) = f( @y, ooy Tppq) B2y, .., 20 04),

where h(xy, ..., %, ) 18 10 K[x,, ..., 2, 4]
Since ¢ is algebraic over K(¢,,...,£,) there exists a non-zero
irreducible polynomial f(x,, ..., ,,,) in K[z, ..., 2,,,] such that

f&y .o 8.8) =0.
Now let g(z,, ..., ,,,) be any polynomial such that

g(gl, ---,g,-, §) =0.

Since f(xy, ..., ,,,), regarded as a polynomial in K(x, ..., %,) [2,,4],
is irreducible, g(,, ..., %,,;), likewise regarded as a polynomial in
K(z,y, ..., x,) [,,,], either contains f(x,,...,2,,,) as a factor, or the

two polynomials are relatively prime.
Case (i). Suppose that .
9(y, °°':xr+1) = f(@y, °"’xr+1) H.

Then By oons ) 9( &y oons Tppq) = (@1, ooy Bpyg) B(y, o0y Xppg).

Since K[zy,...,%,,,] is a unique factorisation domain, and
f@y, ..., %,,,) is irreducible, and contains terms in z,,,, the poly-
nomial k(z,, ..., «,) must be a factor of k(x,, ..., 7,,,). Hence, after
division by k(zy, ..., 2,),

g(@gy e os Xppy) =F@gy o0y o) B (2, ooy Xpq)-
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Case (ii). If f(x,,...,2,,,) and g(z,, ...,%,,,) are relatively prime
as polynomials in K(z,,...,2,)[#,,,], there exist elements
a(zy, ..., 2,,,) and b(x,, ..., 2,,,) of K(xy, ..., x,) [x,,,] such that

Xy, ooy By ) @1y ooy X)) FO(T, ooy By g) 9( @y, oy Bpyy) = L

Ay, ..., Tpyq)

Let Xy, .oy Tpyy) = A0, .z)
s eees Xy

B(xl’ tee zr+1)

and b(zy, ..., 2,) = B, .)’
seresdly

where A(xy,...,%,,,) and B(z,,...,z,,,) lie in K[z,,...,2,,,], and
A,(zy, ...,2,) and B,(z,, ...,z,) lie in K[z,, ...,,]. Then
By(@y, ey 2,) A(Tyy oy Tpy ) (@ ovvy Xppq)
+ 41y, s ) By, oy €041) §(@15 - Trya)

= Al(xl, esey x,.) Bl(xl, sesy x’.),
and therefore

Al(gla ceey gr) Bl(gl’ ceey gr)

= Bl(gh ) gr)A(gl, vens gr: g)f(gl’ vee gr’ g)

+A1(g1’ ceey gr) B(gl’ ceey gr’ g)g(gl’ ccey gr) C)
= 0.

Hence &, ..., £, are algebraically dependent over K, contrary to
hypothesis. The only possible case is therefore the first, and the
theorem is therefore established.

4, Factorisation of polynomials. Let f(x) be any irreducible
polynomial in K[x], and let us use it, as in § 1, to construct an alge-
braic extension K(£) of K. Now consider f(x) as a polynomial in
K(£)[z]. By the Remainder Theorem [I, § 6],

f@) = (z—£)f1(2),

since f(§) = 0, fy(z) lying in K(£) [x]. Thus, when we extend K to
K(&), f(x) becomes reducible. More generally, let F(x) be any
polynomial of degree » in K{x], and suppose that

F(z) = F@) Fyx) ... Fya),

where the factor Fj(z) is irreducible and of degree n;> 0. Then

k
E’n.; =n.
1
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If, for some 7, n; > 1, we can construct an algebraic extension of K
in which F(x) isreducible; that is, we can find an algebraic extension
K’ of K over which F(x) has at least k+ 1 factors. Proceeding in
this way, we reach a field K*, which is an algebraic extension of K,
over which F(z) is equal to the product of » factors, each of the first
degree. When a polynomial with coefficients in a given field can be
expressed as the product of linear factors, it is said to be completely
reducible over the field. Hence we have

TaEOREM I. Given any polynomial f(x) in K[x], there exists an
algebraic extension of K over which f(x) is completely reducible.

This theorem takes the place in our present work of the ‘ Funda-
mental Theorem of Algebra’, which asserts that when K is the field
of complex numbers every polynomial in K[x] is completely re-
ducible over K.

A field K which is such that every polynomial in K[x] is com-
pletely reducible over K is said to be algebraically closed. The field
of complex numbers is one example of such a field. In later chapters
we shall often begin by considering a field K which is algebraically
closed. But we cannot restrict ourselves to such fields, for the
adjunction of an indeterminate to K gives a field which is not
algebraically closed. For instance, if K is the field of complex
numbers, and z, y are indeterminates, #2+y2— 1, regarded as a
polynomial in y, is irreducible over K(x). We shall therefore
investigate fields which are not algebraically closed, merely stating
the important

TrEOREM II. Given any field K there exists an algebraic extension
K* of K which is algebraically closed. K* is uniquely defined by K to
within equivalent extensions.

This field K* is called the algebraic closure of K. We shall not use
this theorem, and therefore omit the proof, which is difficult.

Let us return to the commutative field K in which the polynomial

F@) = Fy(@)... ()

is of degree n, the Fj(x) being irreducible polynomials in K[x]. Let
K* and K¥ be any extensions of K over each of which F(z) is
completely reducible. If

Flz) = a.fl(x'g‘)’ and F(z) = ailfll(x—m)

are the respective factorisations of F(z) in K}, K, we examine the
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relation between the extensions K(&,,...,£,) and K(7y,...,7,).
These fields are subfields of K¥ and K} respectively. Since we shall
not go outside these subfields, we may suppose that

K¥ = K(,,...,§,) and K¥=K(®,,...,7,)

Then K¥ and K¥ are both algebraic extensions of K [§3, Th. II].
We prove that they are equivalent extensions of K.

The proof is by induction on n. If n = 1 there is nothing to prove,
since K¥ = K = K¥. We therefore assume that the theorem is true
for polynomials F(x) of degree less than n. If the polynomial we
are considering has a linear factor x — « in K[x],

K(a’ gz; ceey gn) = K(gzy ceey gn):

and the theorem follows by the induction hypothesis. We now assume
that no irreducible factor Fj(x) of F(x) is of degree 1, so that none of
&,y & and gy, ..., 7, isin K. Since K¥ is a field, K¥[x] is a unique
factorisation domain, and hence the factors of Fi(x) are certain of
the factors z —£;. By renaming the factors, if necessary, we may
assume that z — £, is a factor of Fy(z), so that F(£;) = 0. Similarly,
we may suppose that Fi(,) = 0. By § 2, Th. II, the fields K(£,) and
K(n,) are equivalent. It follows that the rings K(£,) [x] and K (7,) [x]
are equivalent, so that if

F(z) = F (2)... F¥ (x)

is the factorisation of F(z) in K(£,)[x], the polynomials F$(x)
being irreducible polynomials with coefficients in K(£,), then also

F(x) = F{'(x)... F (x)

is an equivalent factorisation of F(x) in K(#,)[x], the polynomial
F® (x) being the isomorph of F¢(x). But F(x) has now a linear
factor z—§, in K(&,)[z], or x—17, in K(9,)[%], so that, by the in-
duction hypothesis, we may assume that the extension obtained by
adjoining §,, ..., £, to K(£,)isisomorphic with the extension obtained
by adjoining %,, ...,7, to K(7,), the isomorphism being such that
any element of K(£,) is the isomorph of the corresponding element
of the equivalent field K(y,). Hence, K(£,,...,£,) and K(,, ...,7,)
are equivalent extensions of K.

If F(x) is any polynomial of degree » in K[z], and, if over some

extension of K n
F(x) = a,il'[l(x —£),

HPI 8
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the field K(&;, ..., £,) is called a root field of F(x). We have therefore
proved

TreEOREM III. The root field of a polynomial F(x) in K([x] is
uniquely defined to within equivalence over K.

We may use these theorems to illustrate an important observa-
tion, namely that, given two extensions K, and K, of a field K,
there may be no extension K* of K which contains K, and K, as
subfields. To see this, let F(x) be an irreducible polynomial over
K, of degree n(n>1), and take K; and K, to be equivalent, but
not identical, root fields of F(x) such that K; and K, intersect
only in K. Suppose that £,,...,£, are the roots of F(z) in K,, and
that 7y, ...,7, are its roots in K,. Then £;+7, for any choice of
1, j. If K* were a field containing both K, and K, we should
have, over K*,

F)=a I (v-£),

and F(n;)=0.

n

Hence Hl (n;—£:) =0,

and therefore 7;=£, for some choice of k, contrary to hypothesis.

If F(z) is any non-zero polynomial in K[z], any element £ in K,
or in an extension of K, such that F(§) = 0, is called a root or zero
of F(z). We now prove

THEOREM IV. A necessary and sufficient condition that two poly-
nomials in K[x] should have a common root is that their highest common
Jactor should be of degree greater than zero.

Let F(z) and G(x) be the polynomials, d(x) their highest common
factor. Then there exist polynomials a(z), b(x), f(z), g(x), all in K[x],

such that a(e) () +b(z) G(z) = d(z), (1)
and F(z) = d@)f(@), G(@) = d(@)g(z). (2)

Let K* be an extension of K such that F(x) and G(x) are completely
reducible in K*[x]. Then d(z) is also completely reducible. If £ is
a common root of F(z) and G(z) then, from (1), § is a root of d(z),
and if £ is a root of d(x) we see, from (2), that £ is a root both of F(x)
and G(x). This proves the theorem.

We note that the highest common factor of F(x) and G(x) can be
found by operations in K[z] [I, § 6], but the common root of F(x)
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and G(x), if there is one, may lie in some algebraic extension of K,
defined by d(z).

The theory of root fields is a large one, but most of it lies outside
the scope of this book. We conclude this section with an account of
the symmetric functions of the roots of a polynomial.

Let 25, ...,z, be n independent indeterminates over K, and let

01 = x1+ vee +xn,
Co =X+ X, X3+ ...+, 1T,

Gn = xl... xn.

We call ¢;,¢,, ..., ¢, the elementary symmetric functions of xy, ..., %,.
They are evidently unchanged by the »! permutations of the in-
determinates z,, ..., ,. Any polynomial in K[x,,...,z,] is said to
be a symmetric integral function of x,, ..., x, if it is unaltered by the
n! permutations of z,, ...,x,. We prove that such a polynomial is
expressible in terms of the elementary symmetric functions, or,
more precisely, we prove

Tueorem V. If f(x,,...,x,) 18 a symmeiric integral function of
Xy oo &y, 1t lies tn K[cy,...,c,]).

n
We define the total degree of an expression xpa3 ... 2 to be X r;,
i=1

and the total degree of f(z,, ..., z,) to be the maximum of the total
degrees of its terms 2723 ... 7 for which the coefficient a,, ,, ,. +0.
We prove the theorem by induction, first on n, then on the total
degree of f(zx,, ..., x,).

In the case n =1, ¢, = z,, and hence K[z,] = K[c,], and the
theorem is trivial. On the other hand, if f(z,,...,2,) is of total

1

degree 1, fl@y, ..., x,) = a2+ ... +a,x, +b.
Interchange x; and x;. Since f(z,,...,z,) is symmetric, we must
have a; = a;. We deduce that

f(@y, .oszy) = a(xy+...+2,)+b
= a01+b.

It therefore lies in KJc,,...,c,]. Having established our theorem
when n = 1, we assume that it is true for symmetric integral func-
tions of z,, ...,z,_;. It is true for symmetric integral functions of
Xy, ..., 2, of total degree 1; and so we assume it is true when the total

8-2
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degree is k—1, and prove it is true for the symmetric polynomial
Sf(xy, ..., z,) of total degree k.

Write
f(?’v "‘:xn) =f0+f1xn+'°'+kafw

where f,, ..., [, arein K[z,, ..., z,_,]. If we consider the permutations
of z,,...,z, which leave z, unchanged, f(z,, ...,z,) is unchanged,
and therefore f,,...,f, are unchanged by the permutations of
%y, ..., %,_;. It follows that f,, ..., f; are symmetric integral functions
of z,,...,2,_,. By the induction hypothesis each of these poly-
nomials, and in particular f, is expressible in terms of the elementary
symmetric functions of ,, ...,z,_,. Writing

dl = x1+... +xn_1,

dy = 1%+ 2, X3+ ..o + Ly 5% 1

dn-l = xl x2 “ee x,"_l,

d, =0,
we have Jo=9dy, ..., dy_1),
and we note that
ci = di"‘x,ndi__l (’I: = ]., ...,n). (3)
Now f@yoony) = fot+a, F(xy, ..., x,),
and, by (3),

¢0(Cl, AR ] cn—l) = ¢0(d1’ IS ] dn—-l) + xn¢o(x1, oeey xn)-

Therefore
(@15 s Zg) =o€y, ooy Cpy) = Ty [F (24, ooy ) = Do(2y, .., 2,)]. (4)

The total degree of ¢,(cy,...,¢,_y), Tegarded as polynomial in
Z,,...,%,,1s equal to that of §(d,, ...,d,_,), which is that of f,. Hence,
since this cannot exceed k, the total degree of the right-hand side
of (4) cannot exceed k. Since the left-hand side of (4) is a symmetric
integral function of z,,...,2,, the right-hand side must contain,
besides z,,, the factor z,, ... z,_,. We can therefore write

F@ ooy @) = PolCrs oovs Cpy) = Xy ... 2, Gy, ..., 2,)
=c, @@y, ..., 2,),
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where G(z,, ..., z,) must be symmetric in z,, ...,z,, and is of total
degree <k—n. By hypothesis, we can write
G(@yy .oy @) = Y(Cpseves Cn)s
and finally
f(xl, ooy xn) = ¢0(Cl, cesy cn_l) +6n¢'(01, seey Cn),

and thus f(x,,...,z,) lies in K[c,, ...,c,]. This proves the theorem.

This theorem is mainly used to connect the coefficients of a
polynomial with the roots of the polynomial. We adjoin c;,...,c,

to K, obtaining a field K* which is a subfield of K(x,, ...,z,). We
consider the polynomial in K*[x],

fl@) = am—cy @™t cpamE— ...+ (= 1)"cp.
In an extension of K*[x] this equation can be written as

fl@) = @—x,) (@—ap) ... (—=p),

and Th. V can be regarded as a property of the root field of f(x).
Again, consider the polynomial

Fx)=a"—vy2* 14+ ...+ (-1)"p,

in K[z], and let §,, ..., £, be its roots, in some extension K* of K.
Any element of the root field K(£,,...,£,) can be written as a
polynomial in £,,...,£, with coefficients in K [§3, Th. II]. Let
a(&;, ..., &,) denote such a polynomial. It is said to be a symmetric
function of the roots &;, ..., &, if a(x,, ...,x,) is a symmetric integral
function of the indeterminates ,, ..., z,. By Th. V,

a(xy, ...,x,) = b(cy, ..., ¢,),

where b(c,, ...,¢,) i8 a polynomial with coefficients in K. Hence,
by specialising z; > &; (¢ = 1, ...,n), we find that

a(gla °-°a€n) = b(Vls seny Vn)a

and we have proved

TareoreM VI. If F(z) is any polynomial in K[z], any symmetric
function of the roots of F(x) lies in K.

On the other hand, it may happen that a(£,,...,§,) is in K,
although a(z,, ..., z,) is not symmetric.

TaEOREM VII. If 5 is any element in the root field of F(x), the

characteristic polynomial of n over K 18 completely reducible in the
root field.
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As above, let £,, ..., £, be the roots of F(x), and let us write

n= a(gly ceey gn)a
where a(z,, ...,z,) lies in K[z, ...,z,]. Now let

at(zy, ...,2,) (E=1,...,n!)

denote the result of performing a permutation on the indeterminates
%y, ...y T, in a(Zy, ...,2,). Consider the polynomial

nl ‘
i]'[l[:v—-ai(xl, vy @p)] = a4 bant-14 4+ b,

The coefficients b, are clearly symmetric integral functions of
Zy, ..., %,, and therefore if

$@) = 11 [o— G - £,

d(x) lies in K[x]. But ¢(y) = 0, and therefore the characteristic
polynomial of 9 is a factor of ¢(x). Since ¢(x) is completely reducible
in the root field, so is the characteristic polynomial.

We conclude this section with

THEOREM VIIL. The elementary symmetric functions ¢y, ...,c, of
n independent indeterminates over K are themselves algebraically
independent over K.

Let the indeterminates be z,,...,xz,. If n =1, ¢, = 2;, and the
result is evident. We prove the theorem by induction on %, using
the notation of Th. V. By hypothesis, then, d,,...,d,_, are
algebraically independent over K. Now, ifc,, ...,c, are algebraically
dependent, there is a relation

B(C1, -+ 1Cn) = Bo+ P1Cut .. +Hi0n = 0,
where the ¢; lie in K[cy,...,c,_,], and are not all zero. Putting
z, = 0 in this identity, we find that

¢(d1’ ceey dn—l’ O) = ¢0(cl’ vy cn-—l)xn-so = ¢0(d1’ (EE) dn—l)
= 0,

By hypothesis, ¢(d;, ...,d,_,) = 0implies that ¢, is identically zero.
Hence, if ¢(c,, ..., ¢,) = 0, we have

B(cyy..0rCp) = Cr¥(Cy, -o05C5) = O,
and therefore  ¥r(cy,...,¢,) = ¢+ ... + et = 0.

The theorem now follows. For we prove, in succession, that
@1, Pas ---» P, are all identically zero.
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5. Differentiation of polynomials. Let z be an indeterminate
over K, and let
f@) = ag+a 2z +op2®+ ... + o, 2"

be any polynomial in K[z]. Then, if 4 is any new indeterminate,
fx+h)—f(x) = ag—og+o,[(x+h)—2]+... + ay[(x+ k)" —2]

= h{oy +a[r+h+x]+... +a,[(x+h)"1

+x(@+h)2+... + a1},
and therefore

J@_’%:ﬂi) = f"(2) + hg(=, b),

where g(z, k) is a polynomial in K[z, k], and
[ (@) = a;+ 20,2+ g2 + ... + nor, 2L,

The polynomial f'(z) is called the derivative of f(x) with respect to z,
af

d_a;‘

Let us consider in what circumstances f'(z) = 0. We must have

and is often written t%; f(x) or

a, =0, 203=0, .., nex,=0.
If K is without characteristic, this implies that
=0y =..=a,=0,

and therefore f(x) = a,, and so lies in K. Conversely, if f(z) isin K
we find that f'(x) = 0.

If K has characteristic p, the equation f'(x) = 0 implies that the
coefficient ; = 0 only when ¢isnot a multiple of p. In this case, then,
f(x) lies in K[z?]. Conversely, if f(x) is in K[2?], the derivative is
zero. This difference between fields with and without characteristic
has many important consequences, and will shortly lead us to
impose the restriction that K be without characteristic.

Let us first note some formal consequences of the law of differ-

entiation. If 9@) = Bo+ Py + ... + 2™,
we see at once that
[f@)+g(x)] = (g + 1)+ 2(xg+ Bo) 2+ .0
= f,(x) +g’(x)s



120 II. ALGEBRAIC DEPENDENCE
and that

[f(=) g(x))
[“oﬂo + (B +aefr)x+ ..+ (A fo+ A1 By + ...+ )2
+ ooty B @Y

= (1 Botagf) + ... tr(afot ...+ f,) a1
+...+(m+n)a,fyamtn?

= (a; + 20,2 + ... + na, z" 1) (o + fr2+ ... + f,2™)
+(agtayx+ ... +a,z") (fy+ 2Pz + ... + mpP,x™ 1)

= f'(x) g(x) +flx) g’ (x).

As an immediate corollary, we have, for any positive integer 7,

{[f@)]} = rf'(x) [f(=))
We extend the definition of a derivative to rational functions of
z as follows.

f(@)
If Y= @)’
so that yg(x) = f(x),

we define y’, formally, by the equation

f'(@) = y'9(@) +yg'(x),
and therefore we have the equation

y = f'l@) f@)g'(@) _ f'(x)g(x)—f(@)g'(x)
g@)  [g()]? [g9(x)]? '
In the particular case in which g(x) is a factor of f(x), y is a poly-
nomial A(x), and we can verify that y' = h'(z).
The operation of differentiation may be repeated any finite
number of times. If f®(x) denotes the sth derivative of f(x), the
following results are immediate:

M) O =)
(ii) [ =nn—-1)...(n—r+1)z™" (r<n);
(i) fO(z) =0

if f(x) is a polynomial of degree less than r;

(iv) if K is of characteristic p, and r > p,
@) = o.
This follows from (ii), since, if r>p, one at least of the integers
n,m—1,...,n—r+1 is a multiple of p.
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(v) if K* is an extension of K, and f(z) is in K[z], the derivative
of f(x) in K*[x] is equal to its derivative in K[x].

If f(x,, ..., x,) is & polynomial in K[z, ...,,], we may consider it
as a polynomial in K[z,,...,%,_;,%,,,, ..., %,] [*,], and so define its
derivative with respect to z,. We call this the partial dertvative with
respect to z,, and write it

0
—f(a:l, e Xp)e

0
When r=1, o _ 4

axl dx,’
Now

0
5, (azPs.. ... 2¢n) = moax ... aMepalrlgMr,, 2,

and therefore, if r % s,

0* 0 [6 ]
= (@ ...xpm) = — | —(ax™ ... 2]
ax,,ax,( ! w) 0z, 8x,( 1 )

= m,moax™ ... xprprapel L gl g
02

= —— (ax" ...y
axraxs( 1 n )s

and this relation is obviously true when r = s. Similarly, we show

that
__a __22___[ m, Mn ) — 82 a [a My )
o, (ax,,ax, af -2l | = o, (ax, o Tl)s

and we can write either of these expressions as
03

0z, 0x,, 0,

[ax( ... xn].

Since the polynomial f(x,, ..., z,) is a sum of terms like ax" ... 27,
we obtain the commutative and associative laws

02
axraxaf(xls ax ax f( 1 -sxn)’
0 0? 0% 0
and 5;—' (Wf(x ’xn)) ax ax (axtf(xl’ . ’xn))
' o
= o, 0z, 0, 00w @v s %a):
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Our next result is valid without restriction only when the field
K is without characteristic. As a preliminary we note that the usual
elementary proof of the multinomial theorem

r!

rylor,!

(z1+... +xn)’ = Z

Tpt . AT

where the summation is over all ordered partitions (ry, ...,7,) of 7,
is valid over any field K without characteristic.
Now let

r! orf(xy, ..., x,)
, _ e T _ Y\ 0 )
Ayzf(xp-..,xn) = 27.1! ...7'n!y1 e Yn axixax:{l °

We can write this symbolically as

0 o\
B @y ern) = (g b o5 ) S0,
n

We prove

TavLor’s Tueorem. If f(x,,...,z,) %8 any polynomial in
K[z,,...,x,] of total degree N, then

LA |
f(x1+y1"°-axn+yn) = ,ZO;TA;zf(xla ---:xn)'

Let us first establish this theorem when » = 1. If
f@) = ag+o,z+ ... +aya?,
then f(x+y) = ag+oy(x+y)+... +ay(@+y)
= oyt x+... +ayr¥
+ylay+ 22,2+ ... + NayxN-1]
2
+-’2’_! [2.1atg+3. 20657+ ... + N(NV — 1)ty a¥-2]
+...

A
+N!N.aN

L) 1 e 1Y)
=f@)+ 17y 5 1Y e Tt Y o

N 1 .
=,§0;‘_': A,,zf(x).
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We now proceed by the method of induction, assuming that the
result is true for any polynomial in less than » indeterminates. If

0 o \"
-D (yl a +.. +yn—1 ax _1)

we verify by direct calculation that

’ 0 0
Aw:f(xl’-“’xn):(yl'a’;;'""""yn—lax +yna )f(ml’ . %)

r 0®
=2 (:) el L (LI

8=

Now, by the induction hypothesis,
N1
f(xl +Y1 s Zp1t Yn1 Tnt V) =s§0 sl Dme(xl» s 1, T+ Yn),

and, applying Taylor’s Theorem for the case » = 1, we have

N—a 4
Dsz(xl’ ] xn—l’ x + yn) = t' yn azg Zx.ﬂxl’ ceey xn)

Therefore
N -8 ]

f(x1+y1’-“’xn+yn) Z s| Z t' tnaxg xf(xl,

The summations on the right are over a lattice of points on the
boundary of and within an isosceles right-angled triangle of side N.
We may exhaust all the points of the lattice by considering those
on lines parallel to the hypotenuse. In other words, put

s+t=r (0<t<r),

and let r vary from 0 to N. Then

1 , @
f(x1+y1’.--,xn+y’n) E E (,r t)|t|yna ! ;;tf(x]_) ,xn)

r=0 t=

=5 1 5 (7)o Dt -

1
=r§07—! 45, f(xy, ..., 7,),

by the result stated above. This proves the theorem.
We now consider certain applications of the process of differentia-
tion to the theory of the roots of a polynomial.
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TaEOREM 1. If f(2) is any polynomial in K[x] of degree n greater
than zero, a necessary and sufficient condition that (in an extension K*
of K in which it is completely reducible) f(x) should have less than n
distinct roots is that the highest common factor of f(x) and f'(x) be of
degree greater than zero, or else that f'(x) = 0.

The latter case only arises in the case of a field of finite
characteristic.

(i) The condition is necessary. Suppose that f(x) is completely
reducible in K*[x] and that

f(x) = a(w* gl)ml s (x_ gr)m' (mi > 0)’

where £, ..., £, are distinct. Then

r
f'(w) = @ X my(@— &)™ ... (@=E&)mit ... (@— &)™
1=
Ifmy,...,m¢>1,m,,...,m, =1, then
f '(.’E) =0,
or else (x—E)mt... (x—§)mt
is a common factor in K*[x] of f(x) and f'(x). Since f(x) and f’'(x)
are not relatively prime in K*[z], they cannot be relatively prime
in K[z] [I, § 6, Th. IT]. .
(il) The condition is sufficient. Consider, first, the case in which
f'(x) is zero. Then, as we saw above, p. 119, K must be of finite
characteristic, say p, and f(x) is in K[x?]. Let
flx) = $(=P),

where ¢(y) is in K[y]. There exists an extension K’ of K such that
¢(y) is completely reducible in K'[y]:

#9) =a Tl (y+7) (rp=n).

There also exists an extension K* of K’ containing elements
&, ..., &, such that
= (=17

Now, since K* is of characteristic p, a simple application of the
binomial theorem shows that

(x+§i)p = :Cp'*"gf = x"+1)‘.
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Hence in K*[z], r
flz) = aiHl(xPMi)
D

Hence f(x) is completely reducible in K*[z] and has only r distinct
roots, §,, ..., &,

Next, suppose that f’(x) is not zero, and that f(x) and f'(x) have a
common factor g(x) of degree greater than zero. Since f'(x) is of
degree n — 1, g(x) is of degree m <n. We have

f@) = g(x) h(z),
and hence f' (@) = g(x) b () + ¢’ (z) h(z).

Since g(x) is a factor of f'(x) it is a factor of g'(x)k(x), or else this
product is zero. Since k(x) is not zero, the product can only vanish
if g’ (x) is zero. The proof given above shows that g(x) is then the pth
power of a polynomial in some extension K'[x] of K[z], and hence
in this extension f(x) has a multiple factor. On the other hand, if
g'(z) is not zero and g(x) is a factor of ¢'(x) k(x), g(x) and h(x) must
have a common factor, since g'(x) is of lower degree than g(x).
Hence once again f(x) contains a multiple factor. Hence in both
cases we have, for a suitable extension K’',

flx) = IT [fa (@)™,

where some m;>1. Making a further extension K* of K’ so that
each f;(x) is completely reducible in K*[x], we obtain the required
theorem.

We conclude this section with

TureoreM II. If K is without characteristic, the roots of an irre-
ducible polynomial f(x) are all distinct.
In the root field we may write

f@) = a ]l @£,

and we must prove that §,, ..., £, are all distinct. If they are not,
the previous theorem tells us that f(x) and f'(x) have a common
factor. Since f’(x) is of lower degree than f(z), and f(x) is irreducible,
there is no common factor. K being without characteristic, we have
excluded the possibility of f'(x) being identically zero.
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6. Primitive elements of algebraic extensions. In §3, Th. I,
we saw that any extension of K of finite degree was an algebraic
extension of K. On the other hand, we saw in §1 that a simple
algebraic extension of K is an extension of finite degree. We now
strengthen this relationship between extensions of finite degree and
simple algebraic extensions by proving

TaeoreM 1. If K is a commutative field without characteristic,
any extension K* of K which is of finite degree is a simple algebraic
extension.

Since K* is an extension of finite degree we can write

K* = K(14,...,7,),

where 7,,...,7, are algebraic over K. We prove the theorem by
induction on n. When n = 1, K(7,) is the algebraic extension of K
defined by the characteristic polynomial of 7, [§2, Th. I]. We
therefore assume that the theorem is true for K(r,,...,7,_;). By
hypothesis, there exists an element { of K(74,...,7,_,) such that

K(g) = 'K(Th ""Tn—l)'

We must show that K({,7,) is a simple algebraic extension of K.
Thus we need only consider the case n = 2; that is, we need only
prove the theorem for the field K(£,7), and the theorem will then
be proved by induction.

Let f(x) and g(x) be the characteristic polynomials of £ and 5 with
respect to K, and suppose that in the extension K’ of K

f@)=(@=8§)...@—£), 9() = @—7)... @=7p),

where we may suppose that £ = £, and 9 = 7,. The result we are
trying to prove is trivial if either » or m is equal to 1, so we assume
that n>1, and m > 1.

Since K is without characteristic and f(z), g(x) are both irre-
ducible, theroots §,, ..., £, are distinct, and so are the roots 7,, ..., 7,,
[§5, Th. II]. If k1, then 5, =7, and therefore the equation

Ei+am, = E+axy (1)

has, for all values of 7, a unique solution z = ¢, in K'. The field K
is without characteristic, and therefore contains an infinite number
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of distinct elements. We can therefore find in K an element ¢
different from any of the solutions

¢ (=1,...,nk=2,...,m)
of the equation (1) which happen to be in K. For this value of ¢,
Ei+tem+£E+en (G=1,...,nk=2,...,m).
Let 0 be the element in K (£, 9) defined by
0 =§+c.

Since 6 is in K(£,7), K(6) lies in K (£, ). We prove, conversely, that
K(£,7) lies in K (6), and therefore that the two fields are the same.
We know that

g(n) = 0,
and fE) =f(0—cn) =
Writing f(@—cx) = h(z),

the polynomial i(z) lies in K () [z]. Also, the polynomials A(x) and
g(x) have the common factor — 7 in K'[z]. This is also the highest
common factor, for if x — 7, (k> 1) were a common factor,

h(ng) = f(O—cni) =
and for some value of ¢ we should have
O—cny =&,
and therefore 0 = &;+cny,

contrary to the definition of c. The polynomials g(z), k(z) of K(0) [x]
therefore have x—7 as their highest common factor in K'[z].
Their highest common factor in K(6) [x] is therefore

ar+b=a(x—7) (aandbin K(6)).
It follows that # is in K(6). But
E=0-an,

and therefore £ is also in K(6). Hence K(&,7) is in K(0), and the
theorem follows.

An element £ of an extension K* of K is called a pnmztwe element
of K if K* = K(£). Any extension of finite degree of a field without
characteristic therefore contains primitive elements.
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7. Differentiation of algebraic functions. In §5 we defined the
partial derivatives of a polynomial in K[z, ..., x,] with respect to
Ty, .ees &, Assuming that the ground field K is without characteristic
we now show how to extend the definition so that we can define the
partial derivatives of an algebraic function  of zy, ..., z,. We shall
then obtain an important criterion for the algebraic independence
of a given set of elements of a given function field.

Let K* be an algebraic extension of K[z,,...,z,], and let % be
any element of it. As in § 3, 7 is said to be an algebraic function of the
indeterminates z,, ...,x,. By § 3, Th. VI, there exists an irreducible
polynomial f(x,, ...,%,, y), unique save for a non-zero factor in K,

such that
Sy, ooy, m) = 0.
Any polynomial g(x,, ..., x,,y) such that
9@y, ey X, 71) = 0

contains f(z,, ..., %,,¥y) as a factor. Now, «,, ..., z, are algebraically
independent over K. The polynomial f(z,,...,x,,y) therefore
contains ¥, and, since K is without characteristic,

0
a—yf(xl, ey Xy, Y) F 0,

We write 0
a—if(xl’ cees Ty 77)

for the result of replacing y by # in —3% f(®xy, ..., 2,,y). This latter

polynomial cannot contain f(z,, ...,z,,y) as a factor, and therefore

0
%f(xl,...,xn,')))#:o.

With these preliminaries, we define the partial derivatives dy/dx;
by means of the equations

0 ogp 0 -
%f(xl, ...,x”,n)59;i+5;if(xl, csZy, ) =0 (1=1,...,n).

We note that if F(z,,...,z,,¥) is any polynomial such that
F(xyy...,%,,m) =0,
then F(zy,...,2,,y) = G(@q, ..., Zp, Y) f(2g, .0y X, ),
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and therefore

0 oy 0
_Ein(xl’ s &y Y) 555—,-'_5:?, F(zy,...,2,,y)
- 0 oy 0
"'f(xl! ""xn’y) l:a_ G(xl’ ’xn’y)a? +é;' G(xl: '",xmy)]

+ G(xl’ b xn’ y) [a f(xl’ A ] n’ y aa ax f(xl’ * ’xm y)]

It follows that

) @
%F(xl, ...,xn,ﬂ)ég;+"a;;‘iF(x1a ""xn!”) =0.

In the particular case in which 7 lies in K(x,, ..., z,), our definition
of 0n/0x; coincides with that given in § 5. For if

(xl’ N ’wn)
ﬂ h(xl’ n)

where both g(x,,...,x,) and A(z,,...,x,) are polynomials without
common factor, the characteristic polynomial of 7 is

f(xl’ “"xn’ y) = h(xl’ "':xn)y—g(xl’ "'9xn),

and our present definition leads to

0 0
— = [h(xl, cesZy) ax——.g(wl, vy ) —g(Zg, .. es ) %h(xl, ...,xn)]
1 (1

x [A(zy, ..., 2,)] 2
Since the dimension of K* is n, a minimal basis is formed by any
n algebraically independent elements of K*. Let &,,...,£, be n
such elements. Then, by § 3, Th. VI, there exists a unique irreducible
polynomial F(z,,...,z,,y) such that

F(gp "',gn”") = 0.
As above, we show that

0
%F(gls -":gn”’)*o,

and define 97/0§; by the equations
0
5;7’ F(gl’ ) gm 77) agﬁ g F(gl’ ) gm 7) =0

We wish to establish a relation between the partial derivatives
on/ox; and 05/0f,, but we must first prove a lemma.

HPI 9
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Let £,, ..., £, be r elements of an algebraic extension of a field K
without characteristic, and let f;(x) be the characteristic polynomial
of £, with respect to K. We prove that

If F(x,,...,x,) ts any polynomial in K[x,, ...,x,] such that

F(,,....5)=0,
then there exist polynomials A(zx,, ...,x,), Bi(x,,...,2z,) in K[z,,...,z,],
where A(£,, ..., §,) 0, such that

Ay, ..., 2,) F(zy, ...,2,) =iélB¢(x1, ceos &) fiZ)).

This result has been proved already when r = 1, being implicit in
§2, Th. I, and we proceed by induction, assuming its truth when
r = ¢— 1. In place of K, we consider the field K (£,), which is a simple
algebraic extension of K. Over this new field the characteristic
polynomials f,(z) (: = 1,...,8—1) of £,,...,£_; may be reducible.
But since K(&,), with K, is without characteristic, only one irre-
ducible factor of each characteristic polynomial f;(x) can become
zero for the specialisation z — §;. We write

fi(x) = ¢i(§s’ x) 'ﬁi(gss z),
where ¢,(z,, ) and ¥,(x,, ) are polynomials in K[z, x], ¢;(&, ) is
irreducible in K (§,) [z], and

$lEE) = 0, YillnE) 0 (i=1,..,8—1).
By hypothesis, there exist polynomials
a(xy, ..., By, &) and  by(@q, ..., T, 1, &)
in K(&,) [y, ..., %,_4] such that a(£;, ..., §_;, &) +0, and

8—1
a(xls conyXg 1y gs) F(xl’ eeey Tg1s gs) =i§lbi(x1’ ERPE P gs) ¢’i(ga’ xi)' (1)

Since K(&,) is a simple algebraic extension of K we may assume
[§1, (1)] that a(x,, ...,%,) and by(xy, ..., x,) are in K[z,,...,2,]. Now
multiply (1) by appropriate factors, so that each term ¢,(£,, ;) is
replaced by fy(x;). Then (1) becomes

{:i:i'/ri(gs’ xi)} a(xl’ ceey wa-—ls gs) F(xl’ ceoy xg-—l; gs)

8—1
. = Y By, ..., Zg_15 gs) fi(xi)’ (2)
where =t

Bi(ml’ ey Xgys gs) = bi(xl’ cees g5 gs) l;.[ %(5,, xj)
G=1..,1—-1,4+1,...,8—1).
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If we write a1
A(xl’ vees ) = (Y, ..., za).lebi(xa’ ;)
4=

we have

s—1
A(gl’ eeny ga) = a(gp ceey gs){l;[lwi(gm g{) #£0.
Now, the polynomial

8—1
A(xl’ RS xs) F(xl’ ey Tgys xs) —.ElBi(xl’ (23] xs) fi(xi) (3)
1=
vanishes (by (2)) for the specialisation
x> &g

This must be true for the coefficient of each power-product in
%y, ...,%_;. Hence, the coefficient of each power-product must be
of the form 6(z,) fy(x,). Therefore the polynomial (3) must be
equal to By(z,, ..., x,) fo(x,), where By(z,, ...,z,) lies in K[z, ..., o,].
Therefore
8
A(xl’ vy Zg) F(,,...,2,) =i§1-Bi(x1’ ceey xa).fi(xt)’

and our lemma is proved.

Now let #,, ..., 7, be n elements of an algebraic extension K* of
K(z,, ...,x,) which are algebraically independent over K, and let
{ be any other element of K*. By §3, Th. VI, there exist unique
irreducible polynomials f(z,, ..., %,,2), (Y1, ..., ¥n, 2) sSuch that

f(@y oo 2,,8) =0 and g(ny,...,74,8) =0,
and also unique irreducible polynomials f;(x,, ..., %,,y;) such that

fi@y oo 2,m) =0 (E=1,...,m).

In the lemma proved above, take the field K(z,, ..., z,) in place of K,
and the field K* in place of the extension field of K. Then we can
find polynomials

Az, y,2) = A®@q, .., Ty Y15 -3 Yns 2)s
By(x,y,2) = By(®y, ...s%p, Y15 -3 Ys 2)s

C(x,y,2) = C(@ygy s Ty Y15 -5 Y 2)
such that

A, y,2)9(Y1s -5 Yns 2)
n
=‘ZIB¢(90, Y:2) [i(@1, -y Tn, o) + O(2, 4, 2) f(2y, ... %, 2),
where A(z,9,8)+0.
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Differentiating this equation with respect to z;, y;, z, and substituting
7, for y;,  for 2, we obtain the equations

0= B0 5 fiwn) + 0l o fwd, @
Az ,0) é%g(n,g) = B/z,1,0) ;;I—jf,(w, ) (5)
Az, §)a%g(% ) = 01.9) 2@, 0. (6)

Since A(z,7,{)+0 and a%g(?;, {)#*0, it follows that C(x,7,{)+0.

We know already that %f(x, {)+0. Now, since f(z,§) = 0,
o _
3. = 5@ 0[5 @0
n d
= 3 Bl 0) oS [ 0.0 3 @0

n 0 0
= 2 Ble.1. O fieno [ 40,0 5pa0.0

= 5[ 2000 [ 5000 || st [t |

using (4), (6), and (5) respectively. But this last expression is
52 9 om
£=107,0%;
Hence we have proved

TaeoreM 1. If 7, ...,7, 8 any minimal basis for an algebraic
extension K* of K(x,, ...,x,), and § is any element of K*, then

& _ 5 8oy
0w, §=10m;02

Since the particular basis z,, ...,z, for K* has no special signi-
ficance, this theorem gives a rule for determining the partial
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derivatives of { with respect to any base 7, ...,7, when they are
known for any other base z,, ...,z,. In particular

ox; _ P . 0% O
8:1:, - kw1l a?]k ax,
Hence we have a
Corollary. The matrices

o, 377{)
(3_%) ond (5

are tnverses of one another.

The partial derivatives—a% (¢t =1,...,n) are defined only when

i
the minimal basis 7, ...,7,, is given. If #,,...,7, are any elements
of K* and { is any other element of K* algebraically dependent

on them, the irreducible polynomial f(y,, ..., ¥,,2) such that
f 7] g) f(”].’ 3’”1-, g) =0

may not be unique. If [a fly, z):l yima is not zero, and if we

define _§_ formally by the equatlon

0
S0 5+ -1, 0) =

the proof of Th. I, which does not make use of the fact that
M5 -5 Y, are algebraically independent, shows that

o _ g oo
axi i=107; 0

This result has some importance in practical problems.
Now let z,, ...,x, be any minimal basis for an algebraic function
field, and let 94, ..., 7, be r elements of the function field. The r x n

matrix
()
0x;

is called the Jacobian matriz of the functions 7, ...,7, with respect
to zy,...,2,. When r = n the determinant of the Jacobian matrix
is called, simply, the Jacobian of 9,, ..., 7, with respect to 2, ...,z,,,
and is denoted by

015 -+ M)

G(xla @)



134 II. ALGEBRAIC DEPENDENCE

Tarorem II. If (x,,...,2,) 18 @ minimal basis for an algebraic
SJunction field K*, and 1), ..., 7, are n elements of K*, a necessary and
sufficient condition for 1y, ...,1,, to be algebraically independent s

015 +++s M)

0.
0 gs )

(i) Suppose that #,,...,7, are algebraically dependent. Let
f(¥1s .., ¥,) be a non-zero polynomial such that

f(ﬂl’ ""”n) =0.

At least one of the 7, ...,7,, is algebraically dependent on the rest.
After rearrangement, let this be 7,. Then we may assume that
S1s ooy Mn_1,Yy) i8 & non-zero irreducible polynomial in

K[y, s Mp-a1{¥n)s

and since K(7,, ..., %,-y) is without characteristic,

0
57_’; f("’l! ooy Mp—-1s 771&) * 0.

Also, f(1, -+, Mn—1> M) 18 the zero of K*, and therefore

0 .
-a-;if(nl,...,nn) =0 (¢=1,...,n).

But g?lal?{=_a.f_=o G=1,..,m),

and, since not all gf/07; are zero, it follows that

o7, a(ﬂv s M)
do t(ax,) B )

(ii) Now suppose that 7,,...,7, are algebraically independent.
Then we may take them to be a minimal basis for K*, and ox,/dy,
is uniquely defined. By the corollary to Th. I,

O(Nys s Ny) 0(Zq, oes )
a(wl? ""xn) a(”l’ ey "’n)

=1,

0Ny, -5 M)
and therefore e L TR (),
o(zy, ...,:z:,,)4=
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More generally, we can prove

Treorem III. If (2,,...,%,) 18 @ minimal basis for an algebraic
Sfunction field K*, and 1, ...,7, are r elements of K*, a necessary and
sufficient condition that 1, ...,7, be algebraically independent s that
the Jacobian matriz of 9y, ..., 7, with respect to x,, ..., x, be of rankr.

Suppose that the Jacobian matrix is of rank . By II, § 3, Th. IV,
this matrix can be augmented to a regular n x » matrix, the elements
in the part added being

Jipj (p=r+1,...,m;5=1,...,n),

where (2,,4, ...,¢,) is a derangement of the set (r+1,...,7). Hence,
by the above theorem, the elements

Niseeos Ty Lippgs oees Ty

are algebraically independent. Therefore the subset 7,,...,7, is a
set of algebraically independent elements.

To prove that the condition is necessary, we assume that 7, ..., 7,
are algebraically independent. Then r<n, and by the Exchange
Theorem for algebraic dependence [§3, Th. V], we can find n —r of
the 2’s, say M, =, (p=r+l,.n),

such that the set (7, ..., 7,) is @ minimal basis for K*. Then

0(N1y -y M)
%y, vy Xp)

and the rows of the matrix
( i)
Bx,

must be linearly independent. In particular, the first r rows are
linearly independent, and the rank of the Jacobian matrix of
My ---» N, With respect to xy, ..., z, is . This completes the proof.

Finally, we note the following theorem, which is an immediate
consequence of the results proved in Th. I:

Tueorem IV. If (24, ....%,), Y1, --sY,), (21,...,2,) are three
minimal bases of an algebraic function field K*, the Jacobians satisfy
the relations

+0,

0(2qy -+ 2) _ 0(Zyy oes 2,) O(Yyy ey Un)
O(yy oees ) O(Yys o-s Yp) O(2yy -.0r2y,)’

0(Yys > Yn) O(Zy; ---5 Zp) 1
0(Xyy s ®y) O(Yyy -5 Yn)
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8. Some useful theorems. We conclude this chapter with the
proof of some theorems which are of use in later chapters.

TaEOREM 1. If K is any commutative field containing an infinite
number of elements, and if

¢i(xl)""xn) (7:= l,...,T)

are r non-zero polynomials in Klx,,...,x,], there exist elements
Cys -+-» Cp 10 K such that

Pi(Cyy.osCr)EO (e=1,...,7).
We need only consider the case r = 1, for if

¢(x1’ SRS xn) = ilr=I1¢i(x1, ceey xn)»

then Y(Cyy..nsCy)EO
implies G4y . Cl)FO0 (B =1,...,7).

We prove the theorem for a single polynomial ¢(zy, ...,z,) by
induction on n. If n = 1, let ¢(x,) be of degree m (m > 0), that is,

¢(x)) = dyaP +dy 271+ ... +d,,  (dy£0).
By §4, there is an extension K* of K in which ¢(x,) is completely
reducible That is,
P(xy) = do(@1— &) ... (21— E,),
where §,,...,§,, are uniquely determined elements in K*. Since

K < K*, and K contains an infinite number of elements, there is an
element ¢, in K not equal to any one of the set £,,...,£,. Hence

@(cy) = do(cy—§y) ... (61— E,) 0,

since ¢, + £;, and there are no divisors of zero.
Wenow assume that the theorem is true when n — 1indeterminates
are adjoined to K. Let

d(xy, ..., 2,)
= Go(@1, s 1) T + P2y, o, By ) TR A Pp(@y, - Ty y)

be a non-zero polynomial in K[z,,...,z,]. We may suppose that
o(Z1s- .-, Tn_1) 0. By hypothesis we can therefore find elements
€15 .+ C,_y Of K such that ¢g(cy, ...,c,_,)+0. Now apply the proof
for the case m =1 to the polynomial ¢(cy,...,c,_,,2,), and the
result follows.
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Corollary. The theorem is true if K is any commutative field
without characteristic. For K then contains the field of rational
numbers, and therefore has an infinite number of elements.

TreorEM II. If K 18 a commutative field without characteristic
which 13 algebraically closed, ¢(x) any polynomial in K([x] such that
#(0)%0, and if r 18 a given positive integer, then there exists a poly-
nomial f(x) such that [ f(x)]"—x is divisible by P(x).

Since K is algebraically closed we can write

#@) =all@—E) (& in ),

where £, ..., £, are assumed to be distinct. Let polynomials
g1(x), ..., gx(x) be defined by the equations

gu(z) = £ [1 4 g =)+ g (= P
1-— 1-2 1 8. —2
( r),.s,-l gaj—'-)l (s; (__ 1 )é: ") (x— gi)s‘—l] ’

where £} denotes an element of K such that (£}7) = £;. Such
elements exist, since K is algebraically closed. By direct calculation
it may be seen that [g,(x)]" — z is divisible by (z— £,)%. Now write

P(x) = (x—&:)% i),

so that ¢,(x) does not contain x—§; as a factor. By the division
algorithm, there exists a pair of polynomials a,(x), b;(x) such that

a4(x) P3(x) + by(x) (x — €)% = L.
Then, using this identity,

gz(x) g‘l 1,(:”) ¢z(x) 91, x) bi(x) (x g )"

+...+

6@ - @ @)
= 9:(x) a;(x) +gi(x) by(x)
(&) pi(x) °
We may write @ 40)
gi(x) ay(x x
-t~ Ot g
A ,(x) being a polynomial of degree less than s;, and then
gi(x) by(x) _ B;(x)
Pux) Pulx)
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Hence gi(x) = A () d;(x) + By(x) (x—E,)%,

and since [g;(x)]"—« contains (x—£;)* as a factor, it follows that
[A(x) p4(x)] — x contains (x — &;)% as a factor. Now let

k
fl@) = T Az) $i(x).

Since A;(x)¢;(x) contains (x—§;)*% as a factor for all j+1¢, and
[A,(x)p;(x)]r —x contains (x—§;)% as a factor, it follows that
[f(z)]"—x contains (x—§;)% as a factor. By symmetry, this holds
for all values of 7+ from 1 to %, and therefore [f(x)]"—« contains

k
II(x—&,)% as a factor. But a is in K, and not zero. Therefore
1

[f(x)]r — x contains ¢(x) as a factor. This proves the theorem.

It will be noted that the degree of f(x) is less than that of ¢(x).
But f(x) is not uniquely defined by the requirements of the theorem.
We could, for instance, take

f@) = S A @) $)+ V@) (o),

where €, ..., €, are k elements of K such that ¢} = 1, and y(z) is
any polynomial. .



CHAPTER IV
ALGEBRAIC EQUATIONS

1. Introduction. In this chapter we shall be dealing with
polynomials in several indeterminates, with coefficients in a field
K. This field will be assumed to be commutative, and to contain
an infinite number of elements.

Let f(z,,...,2,), 9(x;,...,%,),... be a set of polynomials in
Kz, ...,z,]. A set of elements (£,, ..., £,) of an extension K* of the
ground field K is called a solution of the equations

f(@yy...,2,) =0,
g(x].’ seey xn) = 09 (l)

if f(glﬁ '-':gn) =0,
9(£1, .-, 6,) = 0,

It will be observed thatx,, ..., x, in(1)are not indeterminates, but
unknowns, otherwise (1) would imply that f(x,,...,2,), ... were zero
polynomials. Strictly speaking, we should use a different symbol
for an unknown, but it will save a multiplication of our symbols if
we use the same letters for unknowns and indeterminates. There
will be no confusion provided that we observe the following con-
ventions: if f(z,, ...,z,) is written alone, it is a polynomial in the
indeterminates ,, ..., z,; if we write

fl@y,...;z,) =0

the z,, ..., x, are unknowns; and if we wish to express the fact that
the polynomial f(x,,...,x,) is the zero polynomial, that is, that
f(xy, ..., z,) is tdentically zero, we shall write

f(@gseey2,)= 0.

The main purpose of this chapter is to find criteria for the exist-
ence of a solution of a given set of equations. While we shall often
discover solutions in a field K* which is a transcendental extension
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of K, our reasoning will show that if a set of equations with coeffi-
cients in a field K has a solution, the set necessarily has a solution
in an algebraic extension of K.

We shall be much concerned with homogeneous equations. The
equations (1) are homogeneous equations if all the polynomials
f@y,..s2,), g(y, ..., 2,), ... appearing in the equations are homo-
geneous. The polynomial f(x,,...,2,) is homogeneous of degree r
if, for an indeterminate A,

f(Azy, ..., Ax,) =ATf(xy, ..., 2,).

All terms in f(xy,...,,) then have the same total degree r. A
homogeneous polynomial is usually called a form.

If (£, ..., £,) is any solution of a set of homogeneous equations,
80 is (Af,, ..., AL,), where A lies in any extension of K. Thus (0, ...,0)
is always a solution, but we shall regard this as the trivial solution.
We shall find it convenient to consider two solutions (£, ...,£,),
(74, ..., m,) which are non-trivial as equivalent solutions if there exists
M such that gi M (7’ =1,..., n)'

Any non-trivial solution of a set of homogeneous equations will be
identified with all equivalent solutions.

So far we have said nothing about the number of equations in a
given set, and have not even assumed the set to be enumerable.
We shall be concerned with the number of equations in our next
section. We remark here that there are two ideals associated with
a given set of equations. First, in the non-homogeneous case, let
h(zy, ..., x,), k(xy, ..., ,) be two polynomials which vanish for every
solution (§,, ..., £,) of (1). Then

R(Epy oo En) = Kl(Egy v Eg) = 0
But if a(x,, ..., 2,) is any polynomial in K[z, ..., z,], the equations
h(xy, ...,x,)—k(xy,...,x,) =0 and a(x,,...,x,)h(Ty,...,2,) =0
are satisfied by (§,, ..., £,), since
R(Ess e En) = k(Eps oy £) = 0, and @£y, oo E)B(Ey, ooy £) = O

Therefore the polynomials i(x,,...,z,), k(z,...,2,),... form an
ideal [I, §2]. Now consider the case in which the equations (1) are
homogeneous. Let us write

h(xy, .y ,) = ho(Ty, .oy @) + Ry (24, oo T0) + oo+ (24, .0, 2,),
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where h;(,,...,2,) is homogeneous of degree ¢ in z;,...,z,. Since
the set (1) is a set of homogeneous equations, if (&, ...,£,) satisfies
h(z,, ...,x,) = 0, so does (Af,, ..., A,). That is,

ho(€y, - Ep) + ARy(Eys o ) + oo + AR(E, -, E,) = O

Since A may be taken as an indeterminate over K(£,,...,£,) it
follows that

ho(gl’ A ] n) = h](gl: -"’gn) = e = r(gl’ "-:gn) = 0‘

Therefore every polynomial of the ideal t8 a sum of homogeneous
polynomials, each of which belongs to the ideal.
Again, suppose that we may write the equations (1) in the form

fl(xl’ -"’xn) =0,

fz(xv ""xn) =0,

Consider the polynomials
Z‘]ai(xl, vy ) fil@y, oo ),

where the a,(x,,...,z,) are in K[x,,...,%,], and the various sum-
mations are all over a finite number of values of ¢. It is clear that
these polynomials form an ideal. Also, every polynomial of this
ideal vanishes for every solution of the equations (1), and therefore
belongs to the first ideal. In the case in which (1) consists of homo-
geneous equations we may write

B Xgy ooy ) = Qog(Tys ey Tp) + oo+ By (B, 05 Ty),
where a,,(2,, ..., x,) is homogeneous of degree j, and hence

Zai(xl’ rees xn)fi(xl’ ’xn) = % % aji(xl’ R zn)fi(xl’ e xn)’

where each term in the summation is homogeneous and belongs
to the ideal.

The two ideals we have associated with the set of equations (1)
do not necessarily coincide. To take a very simple example, let
the set (1) be simply 22 =0,

Then the polynomial z, lies in the first ideal, but not in the
second.
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2. Hilbert’s basis theorem. We now show that in considering
sets of equations, homogeneous or not, it is sufficient to confine
ourselves to sets containing a finite number of equations. We first
consider non-homogeneous equations, and then deduce the result
for homogeneous equations.

THEOREM 1. In any mon-vacuous ideal i in K[z,,...,x,] there
exists a finite number of polynomials g,(xy, ...,x,) (j = 1,...,7) such
that any polynomial F(x,, ..., x,) in i can be written in the form

r
F(xl’ seey xn) Eizlai(xl’ eeey xn) gi(xls eeey xﬂ):

where the a;(x,, ..., x,) are in K[z, ...,2,].

Such a set of polynomials g,(x,, ...,,) is said to form a basis for
the ideal i. It is evident, conversely, that if the g,(,, ..., z,) are in ¢,
and the a,(z,, ...,z,) in K[x,, ...,2,], then F(z,,...,2,) isin i.

We prove the theorem by induction on ». If n = 0, the result is
trivial. In this case K[x,,...,2,] = K. If i contains only the zero
of K there is nothing to prove. If ¢ contains a non-zero element o
of K it contains any other element g of K, since £ = (fa~!)a.
Hence, to prove the theorem, we need only take g, = .

Now suppose that the theorem has been proved for ideals in
K[z,,...,z,_,]. We write the elements of ¢ in K[x,, ...,x,] as poly-
nomials in z,, with coefficients in K[z,,...,2,_,]. We consider the
coefficients of the highest powers of z, in the various polynomials,
that is, the leading terms of each polynomial. We write

F(zy, ....2p)=f1(®y, ooy ) X2+ fo(y, ooy Tpy) 22714+,

and prove that the polynomials f,(x,,...,%,_;) form an ideal in
Klz,, ...,2,_,]. To prove this, let

Gy ooy ) =G1(Fgy oevs Tpg) Th+ oy ey Tpg) B2+ .00
be another polynomial in 2, and suppose that a > 4. Then
F(zy,...,z,) =228 G(xy, ..., 2,)
=[fi@y, s Tny) — 9215 s Tpa)] 20 + 0l

is a polynomial in ¢ with leading coefficient

Sil@y, oo 1) = 91(215 ey Tpy)
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Also, if a(x,, ...,z,_,) is any element of K[z,,...,z,_,], then
ALy, ooy Xy q) F(2gy oo @) =0(Xg, oy @y f1(Tgs ooy Xy T+ oo

is & polynomial in ¢ whose leading coefficient is

ALy, ooy Xy q) [1(Zgs oees Xpp_y)-

Hence, from the definition of an ideal, we deduce that the leading
coefficients of polynomials in ¢, together with zero, form an ideal in
Klx,, ...,z,_;]. By hypothesis, there exists in this ideal j a finite
set of polynomials

¢i(x1, ...,xn_l) (i = l, ...,7‘0),

such that any element of j can be written as the sum
To
izlai(wp s T ) Pyl By s T q),

where the a,(x,,...,z,_;) are elements of K[z,,...,z,_,]. Since
di(xy, ..., %, _y) i8 in j, there is a polynomial g,(x,, ..., z,) of © which,
considered as a polynomial in z,, has ¢,(;, ..., z,_;) for its leading
coefficient. Select polynomials g,(xy,...,%,) corresponding to the
ro values of 7 considered, and let IN; be the degree of g,(xy,...,%,)

in z,. Let N = max (lVi, cey Mo)'
Then if F(xl"-'yxn)Ef(xl""’x —l)xg-l-."

is any element of ¢, of degree a > N, we can write

To
f@ys ooy ) EiZlai(xp ooy T 1) Pl ey Tpy),

7o
and F(xl’ tee x’n) —.Z ai(xl’ seey xfn—l) xz_N‘gi(xl’ seey xn)
1=

is a polynomial in 7 of degree less than «. Repeating this argument
at most o — N further times, we show that there exist polynomials
by(xy, ..., x,) such that

To
F(zy,...,2,) —izlbi(xl’ s T) Gy oo ) = h(2y, .. 2,)

is & polynomial in ¢ of degree less than N.
We therefore consider the polynomials in @ of degree less than N
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in «,. We show that the coefficients of ¥ in these polynomials
form an ideal j, in K[z,,...,2,_,;]. Let
“ h(xyy .s ) =hy(@q, ..y )N 14,
and k(zy, ..., 2,)=ky(2y, ..y @pg) 2N 1.,
Then
h(zy, ..., 2,)—k(zy, ..., 2,)
=[hy(y, ooy Ty y) —ky(Zy, ooy X))+,
and
ATy, .oy Zpy) B2y -0, 2,)
SA(Lyy ey Tpq) By(Tgy ooy ) X214 L0
are polynomials in ¢ of degree less than N, and their leading co-
efficients are

hl(xl, coey xn_l) - kl(xl, ceey xn_l), a(xl, veey xn_l) hl(xl, ey xn_l),
where a(z, ...,%,_,) is an element of K[x,,...,z,_,]. The leading

coefficients therefore form an ideal j;, which, by hypothesis, has

a basis
¢ro+1(x1’ teey xn—l), bS] ¢rl(xl’ tey xn-—l)-

If the polynomials of degree N —1 whose leading coefficients are
these ¢, (21, ..., Z,—y) are
Trori( @1 vos Tp) =Py iy, ooy @y ) X140,
we can write any element of ¢ of degree N — 1 in the form
h(xl’ seey xn) = hl(xb [RRE) xn-—l) xﬁ—l +...

r—r,
= _21 Cros (@1, s T) Brogi(Tys ooy Tpg) T T4y
1=

and therefore
r—r,

h(xl, ) xn) - .21 ar0+i(x1’ R xn—l) gro+i(x1’ sy xn)
=

is an element of ¢ of degree N —2 at most. Repeating this process
N —2 times at most, we obtain a finite number of polynomials
gi(@y, ..., 2,) (¢ = 1,...,8) in @ such that for suitable a(z,,...,2,) in
K[z,,...,x,] we find that

8
F(zl, ey x,n) —.Elai(xl, ceey xn) g.t(xl, ooy x,n)
q =

is a polynomial of degree zero, and a further application of the
hypothesis of induction shows that

F(z,,...,x,) E{Ela&zl, ceos ) Gi(@q, ooy ).

This proves Hilbert’s basis theorem.
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Now suppose that we are given an enumerable sequence of
equations - .
4 fi(@y ) =0 (5 =1,2,...). (1)
We have seen that the polynomials
2a,(y, ..., ) [y, .0y 2y),

where the summation is over a finite number of values of j, form
an ideal . This has a finite basis consisting, say, of polynomials

9i(®yy oony) (B=1,...,7).
Since each of these polynomials lies in ,

gk(xl’ 3} n) Za’k} L5 a0y n).fj(xl""

where the summation is over a finite number of values of j. There
exists, therefore, a finite number s such that

8
Fr(Xqy ooy ) E’Zlakj(xl, v ) i@y, o xy,) (B=1,..,7).
j=

Now, any polynomial of the sequence (1), say f(,, ..., #,), is expres-
sible in terms of the g,(x,, ..., x,); that is,

r
ft(xl’ ey xn) Ekglbtk(xl, seey xn) gk(ml’ ceey 27”)

8

EZ xl, .o n)fj(wl’ °y n)a (2)

J-

.
where iy, ..y x,) = Zlb,,\.(xl, e L) Qgi(, ., X)),

c =

From (2) we see that in the sequence of equations (1) we may con-
sider only the first s of them, the remaining polynomials f;(z,, ..., %,)
belonging to the ideal defined by the first s, and vanishing at all
common zeros of these s polynomials.

The argument given above holds whether the set (1) is homo-
geneous or non-homogeneous.

Another application of the basis theorem is to the ideal defined
by polynomials which vanish for every solution of a given set of

equations. Let G o @y)  (=1,...,7) ,
be a basis for this ideal. Then

g5(@y @) =0 (j=1,...,7) (3)
is satisfied by all the solutions of the given set of equations. If
f(xl’ '--:xn) =0

HPI X0
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is any equation of the set, f(x,, ..., x,) is in the ideal we are con-
sidering, and therefore

r
Sy, ...,x,,)r.:j é}laj(xl, s ) G4y, o ens ).

Hence every solution of the set (3) is a solution of the set of equations
congidered. The two sets of solutions therefore coincide, and we may
replace the set of equations by the finite set (3).

If the given set of equations is homogeneous we can replace it
by a finite set of homogeneous equations. For we saw in §1 that if
we write

9@y, s Tp) =Gos (g, ooy Tp) o + 9, 4(2y, -, T0),
where g;;(y, ..., %,) is homogeneous and of degree 7, the homogeneous
polynomials (or forms) g;(x;, ..., %,) belong to the ideal. Hence, the
set of homogeneous equations can be replaced by the finite set of
homogeneous equations

9ij( @y, 0 2,) =0 (G=1,..,m5=1,...,7).

3. The resultant of two binary forms. The results of the
previous section enable us to confine our study of systems of alge-
braic equations to finite systems. We proceed to investigate the
conditions that a system of equations may have a solution.

While we are ultimately concerned with equations whose co-
efficients lie in the given ground field K, it is essential to consider,
as part of our method, equations with coefficients which may belong
to an extension K’ (possibly transcendental) of K. If the coefficients
of the various equations in the system are «, £, ..., d, the elements
of K' obtained by applying the operations of addition and multi-
plication to a, B, ...,0 and to the elements of K lie in an integral
domain which is a subring of K’. We call this subring of K’ the ring
of the coefficients, and its quotient field is the field of the coefficients.

An extreme case is that in which the coefficients are all indepen-
dent indeterminates over K. The ring of the coefficients is then
Kla,p, ..., 6], while the field of the coefficients is K(a, f, ..., 4), the
field of rational functions of these indeterminates. The system of
equations will be called a system with indeterminate coefficients in
this case.

The idea of the specialisation of polynomials has been described

inIL§6. Let i .2)=0 (=1,..3) (1)

be a set of equations with indeterminate coefficients. We obtain a
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set of polynomials in the coefficients (that is, elements in the ring
of coefficients) which has the following property: a necessary and
sufficient condition that the set of s equations

SH®y eoes2,) =0 (t=1,...,8) (2)

obtained from (1) by the specialisations

fi(xl’ ""xn)af?(xh '":xn)

should have a solution is that the corresponding specialisations of
the set of polynomials all vanish.

As a first step in our reasoning, and as an illustration of the
method, we consider the case of a pair of homogeneous equations
in two unknowns,

[(@p,2y) = 0, g(%p, %) = 0.

In the case of a single non-homogeneous equation

f@)=0

it has already been shown [III, §4] that there is an algebraic
extension of the field of coefficients in which f(x) is completely
reducible, so that

f@)=a(x—a,)...(x—a,).

If K* is any other extension of the field of coefficients in which f(x)
is completely reducible, and if

f(x)sa(a;_gl) o (x—gm)’

we know that K(&,,...,£,) and K(a,,...,a,,) are equivalent exten-
sions of K, in which £; and «; correspond if the factors are suitably
arranged. For our present purpose we need not distinguish between
£, and a,. Hence we can say that the only solutions of f(x) = 0 are
gy eeny Oye )

If f(zy, z,) is a form, that is, a homogeneous polynomial of degree
m, we can write

S(xo, 1) = (12— 01 %p) ... (B %y — 2 %)

in some algebraic extension of the field of coefficients, and the only
solutions, in the homogeneous sense, of f(xy, z,) = 0 are

(:31!“1)’ eeoy (ﬂm»“m)’

10-2
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Now consider a pair of forms in z,, z, (usually called binary
forms) in which all the coefficients are indeterminates over K:

f(@g,21) = a2l +a, 27 ay+ ... +amx3",} (@)
g(xg, ) =bo2? +b 2712y + ... +b,2F.
Then
Qo2+ Lt a, g =277 1f (2o, z,),
Q2" 2y + ... + @, 2T 2t =272, f(2,, 2,),
(2 i R L A (CTEN
boa 14 L 4+ b a1y =2 1g(z,, 24),
box "2y + ... + b2 223 1 =27 22,9(24, 1),
boxtad 1+ ... + b a1 =aP1g(x, 2,)-
If R is the determinant of the square matrix
ao (ll . . . am . . A
0 a a . . .ooa, . % rows
Q @ ay ()
4
o 01 b, )
l . .
0 by b n - M TOWS
bo bl bn

the multiplication of these m +n equations in order by the corre-
sponding cofactors of the successive elements in a column of the
matrix (4) gives us the identity

Raixg = A, (29, ,) f(2o, %1) + Bog(2o, ;) 9(%, 24), (5)

where A4,,(x,, z,) and B,,(z,, z,) are forms of degrees n—1 and m —1
respectively whose coefficients are in the ring K[a,, ...,a,,, by, ...,b,].
There is one such equation for each pair of values of 7, s such that
r+8 = m+n—1. In particular,

Ra+n1= A(xy, ;) (20, 2,) + B(g, 1) §(, ;), (6)

whenr =0,8=m+n—1.
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Now consider any specialisation in K'[z,,x,] of the forms (3),
where K’ is any extension of K. If, for this specialisation, R is not
zero, the specialised equations

f(xO’ xl) =0, g(xo, ”1) =0

can have no solution. Suppose, indeed, that they have the solution
(cgs 1), in which ¢, say, is not zero. From (6) we have the equation

Beg+n=1 = A(cy, ¢1) f(Cos €1) + Bl(Cps €1) 9(Cos 1)
= O,
which is a contradiction.
Suppose, on the other hand, that for some specialisation of the
forms (3) the determinant R is zero. The rows of the matrix (4),

considered as vectors, are then linearly dependent. Hence we can
find elements

doydyy vy @15 CosCqyveesCrpy
in K’, not all zero, such that
douo + d1u1+ ese + dn_lu,n_l _COvo -—01'01- “ese :—Cm_lvm_l = 0,

where the vectors u,, ..., %,_, ¥, .-, V_; are the row-vectors of the
matrix (4). We therefore have the set of equations

dn—lam —Cn-1 bn =0.
If d(zg, ) =dg2? 1+ ... +d,_ 2573,
and c(@g, 1) =cCo@P 1+ ..+ Cp_y 2P,

the equations (7) express the fact that

d(xq, 21) f(Xg, Z1) = (T, 21) 9(%, 1), (8)

being merely the equations which express the equality on both sides
of (8) of the coefficients of «*+-1, ... aft+7-1,

Now resolve both sides of (8) into irreducible factors in K'[x,, z,].
By the unique factorisation theorem [I, § 7], any irreducible factor
on one side must also appear on the other. Since d(x,, x,) is of degree
n—1, at most, one of the factors of g(xy, x,) must be a factor of
f(x,, ). Henceif R = 0, f(x,, x,) and g(z,, x;) have a common factor
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of degree greater than zero. Any solution of the equation obtained
by equating this common factor to zero is a solution of the equations

S(@o, 1) = 0, g(xg, ) = 0.
The common factor can be found in K'[z,,z,] by the division
algorithm. The common solution of the two equations is in an
algebraic extension of K’.
Calling R the resultant of the two binary forms (or equations),
we have proved

THEOREM 1. A necessary and sufficient condition that two homo-
geneous equations with coefficients in a field K' have a common solution
18 that their resultant vanishes. The common solution, when it exists,
lies in an algebraic extension of K'.

We may use this result to obtain a theorem for two polynomials

i'n K'[x]. Let f(x) anxm+ cee +am’

g(x)=byx™ + ... +b,.

Make these polynomials homogeneous by introducing a new in-
determinate y; we obtain the forms

f(x’ y) anxm +... +amym’
g(x,y)=byx™ + ...+ b,y
Let R be the resultant of these two forms. If R+ 0, the equations

f@)=0, g(x)=0 (9)
cannot have a solution. For if they had a solution z = ¢, the
homogeneous equations

f(x’y) =0, g(z)y) =0

would have the solution (c, 1).

If R = 0, the homogeneous equations have a solution. Let this
be (c,d). If d 0, this solution is equivalent to (cd—1, 1), and z = cd1
is a solution of (9). But this reasoning fails if d = 0. In this case
substitution in f(z,y) and g(z,y) shows that ¢, = 0, b, = 0. The
determinantal expression for R makes it evident that if a, = b, = 0,
then R = 0. Hence we have

TaEoOREM II. A necessary condition for the existence of a solution
of two mon-homogeneous equations 13 R = 0. It is not a sufficient
condition unless we impose the additional condition that the leading
coefficients of the equations are not both zero.
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We deduce from (6) that the resultant of two polynomials f(z)
and g(x) can always be expressed in the form

= A(z)f(z) + B(z) g(2), (10)

where both A(x) and B(x) are polynomials in 2 with coefficients in
the ring of coefficients of f(z) and g(z).

We conclude this section by indicating how an alternative
approach to the foregoing argument can be extended to give a set
of conditions to be satisfied when the binary forms f(z,,#,) and

g(xg, ;) in (3) have a common factor which is at least of degree ¢.
If this is the case,

S(@o, 1) =f1(2q, 1) d(2g, 2,),

and 9(@o, 1) =g, (%o, %) d(Zo, 24),
where fi(@e, 2) =dgaPt+ ... +d,,_al,
g1(Zp, 1) =CoxP + ...+ c,xh
Since 91(%0, 1) f (o, 1) = f1(%o, #1) 9 (20, 1),
we have the equations
Co@o—dyby =0,
Co@y+C18p—doby —d1 by = 0, (11)

Cp—tOn— dm—t bn =0.

Hence the rows of the (m +n — 2t +2) x (m+n—¢t+ 1) matrix

ag @y . . @y . . 0

0 ay ¢ . . a, . O n—t+1

. [ TOWS
. . ay @ a
0 1 m 1) ( 1 2)

b b, . . b,

0 bo bl . . bn . . L m— t + l

- .. . . . . . . rows

bo bl bn J

are linearly dependent. Its rank is therefore not greater than
m+n—2t+1. Conversely, if the rank of this matrix is less than
m+n—2t+2, the rows are linearly dependent, and we can find
elements d,, ...,d,,_4 €y -..,Cay, DOt all zero, in the field of the
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coefficients such that (11) is true. Defining f,(zo,2,) and g,(z,, ;)
as above, it follows that

91(%g, 1) f (g, 21) =f1(20, 1) (29, 24),

and from the unique factorisation theorem we deduce that f(x,, ;)
and g(z,,,) have a common factor which is of degree ¢ at least.
Hence

TaEorREM III. A necessary and sufficient condition that f(z,,x,)
and g(x,, z,) have in common a factor of degree t at least is that all the
determinants of m + n — 2t + 2 rows and columns in (12) should be zero.

4, Some properties of the resultant. Let a,,...,,,, By,..., 0,
be m +n indeterminates over the ground field X, and let c;, ..., c,,
dy, ...,d, be the elementary symmetric functions of these two sets.
That is, let

01=d1+...+am, d1=ﬂl+°"+ﬂ‘n’
Cp = 0Oyt .o+ Oy y Ay, dy = pP1fat ..+ Bn1Bs
Gm = alaz.-.am, dn = ﬂlﬂz"'ﬂ“'

Let a,, b, be two further indeterminates, and write

a;=(—1)tage; (=1,...,m),
b; = (—=1)byd; (2 =1,...,n).

If fx)y=aj2m+a,2m 1+ ... +a,,
and gx)=bgax™ + b2 +... +b,,
then f@)=ag(@™—ciam 1+ o™ 2+ ...+ (—1)™cy)

m
=a, [T (*—a;),
iml

n
and g() Ebojnl(x—ﬂj)'
Let R be the resultant of f(x) and g(x). Then R is an element of
Kla,, ...,a,, by, ...,b,], and we express this by writing

R = R(ay, ..., 0y, by, ..., b,).

The determinantal expression for the resultant shows that it is
homogeneous, of degree =, in a, ..., a,,, and homogeneous, of degree
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m,inb,, ..., b,. Forevery term in R contains one and only one element
from every row, and one and only one element from every column
of the determinant. The principal diagonal of the determinant gives
the term aj} b7 as one term in R. We may write, by the above remark,

R(ao, ...,am, bo, seey bn) = agb’On.R(l,—cl, ...,_'{'_'Cm, 1,_d1, ...,_'tdn).
Now, R(1,—c¢,,...,*¢p, 1,—d,, ..., £ d,) is an element of

Koy ooy Oy B -oes Brls

and may therefore be regarded as a polynomialin &;, with coefficients
in Kloy, ..., 3, %59, o050y, By -+, B). This polynomial vanishes
for each of the specialisations

ai_>ﬂj (.7"—' 1,...,n),

since f(z) and g(x) then have a common factor. Hence, since the
B, ..., B, are all distinct, a factor of the polynomial is

(= P1) - (as—Bn)-
This is true for each value of 7, and therefore
.R(]., _01, ceey 'i' Cm, 1,—d1, seey idn),

regarded as a polynomial in K[a,, ..., &,,, By, --., B,], contains

H H (as—p)

i=1 j=1

as a factor; or R(a,, ...,a,, by, -..,b,) contains

8§ = agbg' II H(a ) (1

1=17j=1

as a factor. But g(a;) = b, ﬁ (o;—B;),
=1

and therefore H g(ai) = by’ H H =By

i=1j=1
that is, = ag H g(o). (2)
Similarly 8 = (—1)mbg .Hlf (B5), (3)
1= .

since flx) = aroiI:il(x —a,) = (=-1)" %ﬁl(%"x)-
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Now (2) can be expanded as a homogeneous polynomial of degree
m in the coefficients b, ..., b, of g(x). The coefficient of each term is
al x (a symmetric function of a,,...,a,). Hence [III, §4, Th. V]
S is a form of degree m in by, ...,b,, with coefficients which are
polynomials in a,,c,, ...,c,. We deduce from (3) that S can also be
expressed as a form of degree = in ay, ..., a,, with coefficients which
are polynomials in by, d,,...,d,. Comparing these two results, we
see that S is an element of K{a,,...,a,, by, ...,b,] which is homo-
geneous of degree = in a,, ...,a,,, and homogeneous of degree m in
bgs .-, b,. It also follows from (2) that one term in 8 is a3 b}.
We have already noted that

R(ao, ’—'aocl, coey _'L' aocm, bo, —bodl, seoy i bodn),

regarded as a polynomial in ag, by, &y, ..., %y Bys -5 Bu» containg S
as a factor. That is,

R(ao, —‘aocl, coey i aocm, bo, - bodl, ceey i' bod,n) = ST,
where 7' is a polynomial in a,, by, &y, ..., %y, By, - .., B, Which must be
symmetric in ay, ..., e, and in f,, ..., 8,. Hence T' can be expressed
as a polynomial in a,, by, ¢4, ..., Cp, 4, ..., d,,. By comparing degrees
on each side and remembering [III, §4, Th. VIII] that a,, b,,
€ -+esCps Ay, ..., d, are algebraically independent over K, we see
that 7' is in K. Hence, expressing S as a polynomial in a,, ...,a,,
b -+, b,, we have a relation
R(ag,ay, ...,ay, by, ..., b,) = ST

between the a, and b; which must be an identity. By considering

the coefficient of af b7 on each side we find that 7' = 1. Hence
m n m n
R= ag 11 gle) = (= 1)"‘”’)6"}H 1f(ﬁ’j) =267 I1 Hl(“i—ﬂj)' (4)

=1)=
Now consider any specialisation
of the coefficients of f(x) and g(x), and let the roots of the specialised
polynomials be £,, ..., £,,, 7y, ---, .- Then, since the specialisations
imply the specialisations
a‘ - A‘i’ bj -> /&j,
we obtain the equation

R(AO’ ceey /\m: .“o: '-'n“’n) = Agﬂ(')”‘l;ll jl-_-Il(gi—”j).
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We show next that R is isobaric in the a; and b;, of weight mn.
In other words, if caf*at ... aimbj: ... bi» is any term of
R(ay, ..., by, ..., b,),

m n
then 27+ 3 8, = mn.
0 0

To prove this, consider the expressions for R given in (4). If in
these we substitute a; = Aa;, f; = Af;, where A is an indeterminate,
we obtain
R = agbg [T I1 (s — ) = /\’"”aﬁbé”l;l IT (= By)s
) ]

that is, R = A™"R,

where R is the resultant of the polynomials
flz) = aq 1;1 (@—af) = a, l;[ (@ — Azy),
9@) = b 1 (5= 4)) = b I1 (6= 37,

But these polynomials may also be written in the form
f(x) =ayxz™ 4 Aa, 2™t + A2ay ™2 + ... + A™a,,
gx)=boa™ + Abyjx™! + A%by2"2 + ... + A",

E = R(ao, Aal, ceey A.mam, bo, Abl’ ceey A.nbn)

= Amn.R(ao, coey am, bo, ooy bn).
This proves the theorem.

In later applications we shall need to consider the case in which
the coefficients a;, b; are forms in an integral domain K[§,, ..., &,
obtained by adjoining the indeterminates £, ..., £, to K. We suppose
that the degree of a; is & + 7, where A is constant, and that the degree
of b, is k+j, where k is constant. Since R is homogeneous, of degree
n, in the a;, and homogeneous, of degree m, in the b;, the degree
of a term

so that

cais .. ainbis .. bin
m n
in R is 2 (h+0)i,+ X (k+2)J,
=0 £=0
m . Lid . m . n .
=h Y 4u+k X+ 2 ty+ X by
=0 £=0 (=0 =0
= hn + km +mn,

R being isobaric, of weight mn. Hence R is a form in K[, ...,£,]
of degree nh +mk+ mn.
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5. The resultant of a system of binary equations. We consider
the system of » homogeneous equations

Ji@px) =0 (=1,..,7), (1)
and suppose, in the first place, that the coefficients are independent
indeterminates over K. Let fi(x,, x,) be of degree m,, and let
m = max[m,, ...,m,]. Then if

Pil®o, 1) = @2y fi(o, xl),} G=1,..,7)
Pr14(@o, 1) = by 2 ™if (2, 2,),
where the a,, b; are new indeterminates, we consider the auxiliary
system of equations

¢i(xo, xl) = O (i = l, coey 27’)- (2)
Clearly if, for any specialisation of the coefficients in an extension

K’ of K, the system (1) has a solution, so has the system (2). Con-
versely, if the system (2) has the solution (¢, d), so that

a,cmmify(c,d) = O’} t=1,..,r7)
bid"’_m"fi(c’ d) ] O, ’ ’ ’

then, since a,, b, are not zero, and ¢, d are not both zero, it follows that
fi(c’d)=0 (i'_' l,'"’r),

and therefore the system (1) has a solution. Thus, in order to find
conditions for a solution of (1) when the coefficients are specialised
in K’, we merely need to find the conditions for a solution of (2)
under the same specialisations. We do this by combining the system
(2) into two equations.

Let u,, ..., %y, vy, ..., Uy, be 4r further indeterminates, and let

2r
D(zy,2,) = §1: u;Py(%o, 1),

2r
¥z, 1) = Zl V;04(%p, 24)-

If R(u,v) is the resultant of this pair of binary forms ®(z,, 2,) and
Y(x,, %), we first note that R(u,v) is a polynomial in u,, ..., u,,,
¥y, ..., Vg, The coefficient of
b ulrol . vy
is evidently of the form
D, = d,aith ... airtdrbirstire | hlarter,

where d, is a polynomial in the coefficients of the original forms
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fi(xg, ;). These polynomials d,, ...,dy constitute & resultant system
of the set of homogeneous equations (1).

If, for any specialisation of the coefficients, the system (1) has a
solution, so has the system (2), and hence also the pair of equations

D(2, ;) =0, W(xg,2,) = 0.

Then R(u,v)= 0. This implies that every coefficient D, vanishes,
and therefore, since the a;, b; are indeterminates,

-d1=0, caey dN=O.
Conversely, if each d, vanishes, the forms
D(xy,2,), P(24,7,)

have a common factor. This can be determined by the division
algorithm [I, § 6], and it is therefore an element of

K'(a'i’ b:i’ Us, vt) [xo’ xl]-

We may assume that the common factor is in K'[a;, b;, uy, v;] [, 2,]
and is not divisible by an element of K'[a;, b;, u,, v;]. Now, @(z,, ;)
does not contain vy, ..., v,,, so that this common factor does not
contain any v;, and ¥(x,, x,) does not contain u,, ..., u,,, and so the
common factor is independent of the u;. Hence every common
factor of @(x,, x,) and ¥(x,,,) is independent of u,, v;, and must
therefore be a common factor of the forms

i@, ;) (2 =1,...,2r).

The system (2), and hence the system (1), therefore has a solution.
From § 3, (5), we may write

B(u, v) 25 2] = ayg(¥g, 1) P(Xg, %1) + bys(o, 1) ¥(o, 21), (3)
where r+8 = 2m—1, and a,,(2y, Z;), b(Ty, z,) are forms in z,, z,
whose coefficients are polynomials in the coefficients of ®(x,, ;)
and ¥(z,,x,). Remembering that &(x,, z,) and ¥(x,,x,) are linear
expressions in the ¢,(xzy, z,), and how these are obtained from the

original forms f;(x,,x,), we obtain, on equating like powers of
u;, v, @, b, on both sides of (3),

d; 2y 2] = ,Zlbts, (%o, 1) f(2g, 1) (4)
j=

As in the case of two forms, we can deduce from these results
others applicable to a system of » equations in one unknown. As
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before, we make the equations homogeneous, and construct the
resultant system. Then we show that for specialised coefficients
the members of the resultant system vanish if the given equations
have a common solution, but that if the resultant system vanishes
the equations either have a common solution, or the leading co-
efficient in each of the equations vanishes. We have proved the
following result:

Given r polynomials fi(x), ...,f.(x) in one indeterminate with in-
determinate coefficients there exists a set d,,...,dy of polynomials
in the coefficients with the property that for specialisations of
the coefficients the conditions d, =0, ...,dy = 0 are necessary and
sufficient to ensure that (i) the equations fy(x) = 0, ...,f(x) =0 are
soluble in some extension field; or (ii) the leading coefficients in f,(x), ...,
f(x) all vanish. Moreover, if the equations have a solution, they have
a solution in an algebraic extension of the field of coefficients.

From (4) above we derive important expressions for d, ...,dy.
Putting s = 0, we find that

d, Ejélbij(x)f (@) (8)

Finally, we extend the result proved at the end of §4 for two
forms f(xy, %,), g(y, x,) Whose coefficients are themselves forms in
K[¢,, ..., ). We consider r forms

fi(xO’ xl) (7’ =1, ...,T),
and suppose that the coefficient of ziz} in fi(xy, z,) is a form in
K[¢,, ..., &) of degree h;+j. If h = max[hy,...,h,], then in the
preparatory stage of finding a resultant system for the f;(x,, z,) we
choose a;, b; to be formsin &, ..., £, with indeterminate coefficients,
of degrees h—h;+m—m; and h— h, respectively. At this stage our

forms are o
Pi(%o, 1) = a; 25 ™ f (%o, 24),

Brri(Tgs ) = by 274 f (2, 1),

The coefficient of xi+m—mixf in @, (z,, %) is a form of degree k+j in
&, .. & Hence we may apply the result of § 4 to

2r
D(2g, 21) = % U Pr(Zos 1),

2r
and Y (xy, ;) = ? VP, 1)
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The coefficient of uf ... ufrvf ... vjr in R(u,v), which is
D‘ = d‘a'irl-fl ... air-i-jr b{r+1+3'r+1 . b;t.l""'jl'

is therefore a form of degree 2mh +m? in &, ..., £,. Since the a;, b;
are forms in &, ..., &,, it follows that the d, are forms in &,, ..., &,.

6. The resultant system for a set of homogeneous equations in
several unknowns. We now consider » homogeneous equations in
n+ 1 unknowns .

fi@gs os2,) =0 (=1,...,7), (1)

again beginning with the case in which all the coefficients are in-
determinates. Let £, £, be two further indeterminates, and write

Y= g"xi’} (t=0,...,n=1).
Ty = &
We then obtain from (1) a set of equations, homogeneous in &, §,,
fi(gox({h ceey gox;z-—la gl) =0 (7’ =1,...,7). (2

The coefficient of £¥ & in f,(&y%qs - > Eo %1, &) isaformin zy, ..., 2, _,
of degree j. If we construct the resultant system of the equations
(2), using the result of the preceding section, we obtain a set of
forms in g, ...,2,_,,

dy(@gs -y Try) (E=1,...,N),

whose coefficients are in the ring of coefficients of (1), with the
following properties:

@) d;thi= ,2 (80, £1) f1(E0%0s - » ETn—1> E1)

for a suitable integer p;, where the a;(&,,£,) are forms in £, £,
with coefficients in the ring which contains z, ..., ;,_;, K, and the
coefficients of the equations (1);

(ii) if for the specialisations (%, ..., %,_,) of (g, ..., Zn_y),
di(io,--.,in_l)-_—o (i= 1,...,.N),

the specialised equations (2) have a solution, and conversely. This
result remains true for any specialisation of the coefficients of (1),
the coefficients of the forms d,(y,...,z;_,) being specialised to
correspond to the specialisation of (1).

Now, if the equations (2) have the solutions (c, d) for the special-
isations (Z,, ...,%,_;) of (g, ..., Zy_y), evidently (cZ,, ...,cZ,_,,d) is
a solution of the set (1). Conversely, suppose that the set (1) has
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the solution (Z,, ...,Z,). If Z,,...,Z,_, are not all zero, the set (2)
has the solution (1,Z,) for the specialisation (Z,,...,%,_;) of
(g5 «-+» Zn_y). If, on the other hand, Zy = ... = %, , = 0, %, +0, the
equations (2) have the solution (0,7,) for any specialisation of
Xy, ..., Zn_y. Hence, in this case,

di(zgy .-, Zr_1)=0 (¢=1,...,N).
We see then that a necessary and sufficient condition that the
equations (1) have a solution is that the equations

dy(xgy e s®n_q) =0 (t=1,...,N)
have a solution. Since these are homogeneous equations, and
x; = £y, this is simply the condition that the equations

di(xo,.-.,xn_1)=0 (i= 1,...,N) (3)
have a solution. We see that if the equations (3) have a solution
which is algebraic over the field of coefficients, so has the system (1).

As a final preparatory step towards our first theorem, consider
the reverse transformation connecting z; with z;,
yce ’
£ =2,
and its effect on the identity
d;&5i= z a;i(Eo> 1) f1(Eo %oy --+» EoTn—1, §1)-
J

This becomes

by, s T,
L™, tna G B =B LT )

where by(x,, ...,x,) is a form in x,,...,7,; the coefficients are
polynomials in §,. On multiplying by a suitable power of £, we
obtain the equation

dy(®@gs ooy Tppg) E5° = 2EG 0,5(Tgy ooy X)) f5(205 -0, X)),

and on equating like powers of £, we have, finally,
di(xO’ MRS xn—l) = Aj-‘a cij(xo’ AARS] xn)fj(xo’ ceey xn)' (4)

We are now in a position to prove
TaEOREM I. Let
fi@gy 0s,) =0 (¢=1,...,7) (1)
be a set of homogeneous equations with indeterminate coefficients,
and let fi@enz,) =0 (@E=1,..,r) (5)
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be the equations obtained from (1) by a given specialisation of the
coefficients tn (1). Then there exists a finite set of polynomials in the
coefficients of (1), dy, ..., dy, with the properties

r
(l) di x‘q’n Ejzoa’i:i(xw seey xn)fj(xo’ [XXY} xn)

for some value of m, the coefficients of ay(x,, ..., ,) being in the ring
of coefficients of (1), and

(ii) @ necessary and sufficient condition that the equations (5) have
a solution wn an algebraic extension of the ring of coefficients is that the
specialisations of the polynomials d; arising from the given specialisa-
ttons of the coefficients should be zero.

We have proved this theorem whenn = 1 [§ 5] and we now proceed
by induction. Beginning with the set of equations (1), we construct
the set of forms d;(z,,...,%,_,) which satisfy (4) and have the
property that the equations (3) have a solution if and only if the
equations (1) have a solution. This property remains true for any
specialisation of the coefficients.

Now consider a set of N homogeneous equations

Dy, ..., %) =0 (¢t=1,...,N) (6)
with indeterminate coefficients, D,(z,, ...,%,_;) being of the same
degree as d;(x,, ..., %,_,). Applying the hypothesis of induction to

(6), we construct the set K, (¢ = 1,...,k), of polynomials in the
coefficients which are such that

Eixgt = ZA,“(.’EO, ceey x,n_l) Dj(xo, esey xn_l) (i = 1, ceey k),
and which also have the property that a necessary and sufficient
condition that any specialisation of (6) should have a solution is
that the corresponding specialisations of the E; should vanish.

We can specialise the coefficients of (6) in two stages. First we
specialise the coefficients of (6) so that D,(x,,...,z,_,) becomes
d(%, ..., Z,_;),and then we specialise the coefficients of d,(z,, ... 2,_,)
by the specialisation which leads from (1) to (5). The first special-
isation induces a specialisation

Eiéd‘t (i= 1,...,]0)
of E;, and we have
A3 = 2044(Tgs <oy Tpy) (T oves Tppy)
= 2304 C [x(@o) -+ Tp) (7)
by (4), where Za;c;, is a form in z,y, ...,z,, with coefficients in the
ring of coefficients of (1). '

HPI I1
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When we make the further specialisation which leads from (1)
to (5) we induce a further specialisation of the d;. The vanishing of
these is a necessary and sufficient condition for the existence of a
solution of the specialised forms of (3) in an algebraic extension of
the field of coefficients; that is, in an algebraic extension of the field
of coefficients of (5). This, in turn, is a necessary and sufficient
condition for the existence of a solution of (5) in an algebraic
extension of the field of coefficients. Our result is therefore proved.

Moreover, if the set (5) has any solution, it follows from (7) that
the d; are all zero, and hence that the set (5) has a solution in an
algebraic extension of the field of coefficients of (5).

7. Non-homogeneous equations in several unknowns. We
now consider how we may apply a process similar to that of §6 to
test for the existence of a solution of a set of non-homogeneous
equations gi(xl’ '-"xn) =0 (7' =1,...,7), (1)
having coefficients in the ground field K. It will be recalled that the
condition given in § 5 for the case n = 1 was necessary, but was only
sufficient if we imposed the restriction that the actual degrees of
the equations were equal to the assigned degrees. We make a similar
restriction in the present case, but even when this is made we may
not be able to proceed in the obvious manner. For, let the poly-
nomial g,(z,, ..., x,) be of degree m;, and let it be of degree m; when
regarded as a polynomial in z, with coefficients in K[z,,...,%,_,].
Write

Gi(@1y ooy ) =AUy, ooy Ty g) T+ By (@ ooy Tpg) 2™ 1L (2)

a;(%y, ..., %,_,) is a polynomial in K[x,,...,x,_,] of degree m;—m;.

Our restriction implies that it is not zero. When we apply the results
of § 5 to (1), regarded as equations in x,, we obtain a set of poly-

nomials .
ki(xp ""xn-l) (=1, ...,8)

having the properties
”
1) hy(xy, .y ®pyy) Ejzlaﬁ(xl, v @) i@y, - ,) (0 =1,...,8);

(il) necessary conditions that the equations
0i(Zrs ooy Ty, 2,) =0 (2=1,...,7) (3)
(where Z; is a specialisation of z;) have a solution are

h(Zyy.... %) =0 (1=1,...,8);
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(iil) if h(Zy, ..., %) =0 (2=1,...,8),
then, either the equations (3) have a solution, or else
ayZy, ..., T,1) =0 (e=1,...,7).

In order to remove this last possibility we proceed as follows.
Let u,,...,u,_, be n—1 independent indeterminates, and write

yi=xi—uixn (i=1,...,n—1),
Yn = Ty
Then we have 9i(@1s -3 %) = (Y15 o3 Yn)»

where G4(y,, ...,¥,) 18 a polynomial with coefficients in K[u,, ..., %,_,]
of degree m; in y,,...,y,. In this polynomial y7 appears with
coefficient g¥(uy, ..., %,_,, 1), where g¥(x,, ..., x,) is the set of terms
in g,(xy, ..., z,) which are of degree m,. We apply the results of § 5 to

the equations .
q G- ¥n) =0 (G =1,...,7), (4)
regarded as equations in y,,. We then obtain polynomials

Hyy1s - Yn1)
with coefficients in K[u,,...,%, ,], such that

() Hi(yp---,yn-l)-EElAa(yp---,yn) Gy -ntn) (G =1,...,8);

(ii) necessary and sufficient conditions for the existence of a
solution of the equations

Gi(ylﬁ cee2 yn—l: yn) =0 (7' = 1: ---sr)s

are H’i(gl”"’gn—l) =0 (7: = 1""’8)0
In this case the possibility (iii) does not arise since

ai(yli A 371;—1) = g?(ula censUpys 1)’

which is a non-zero element of K[u,,...,u,_,].
There exist [III, §8, Th. I] specialisations %,,...,%,_; of
Uy, «vey Up—y Such that

g?(’ﬁl, "'9ﬁ'n—1’ 1)*0 (’i= 1, ...,7'),

and the results just stated hold when wu,, ...,u,_, are specialised to
Uy, -+ Upy_y. In what follows we assume that these specialisations
have been made.

11-2
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Any solution (z, ..., ;) of the equations (1) leads to a solution
(21— 4,2, ..., x,) of (4) and hence to a solution

(xi - ﬂlx;, coey x;,,_l - _'ll‘/n_lw;,)
Of H’t(yl’ ...,yn_l) = 0 (i = l, ...,8). (5)

Conversely, any solution (yj, ..., ¥,_;) of (5) implies the existence
of a solution y, of the equations (4) obtained by specialising
Y1 -+es Yn—y 5O Y1, ..., Yn_y1; and the solution (3, ...,ys) of (4) implies
the solution (y; + % Y, --+» Yn—1+ p_1Yn, Yn) of (1).

Thus we have shown how to find a set of equations (4) in n—1
unknowns, the existence of a solution of which is a necessary and
sufficient condition for the existence of a solution of the equation
(1) in » unknowns. Repeating this process » times we can determine
whether a given set of equations (1) has a solution.

THEOREM 1. If the equations
9i(@y,..02,) =0 (2=1,...,7) (1)
have no common solution, there exist polynomials A,(z,, ...,x,) such

that r
iZIAi(xl, s ) 04Xy ey ) = 1.

We have already [§5, (5)] proved this result in the case n = 1, so
we proceed by induction. To this end, we assume the truth of the
result for equations in » — 1 unknowns, in particular for theequations
(5) above. Since equations (1) have no solution, neither have (5)
and therefore there exist polynomials B;(y,, ...,¥,_;) such that

8
1 E.ZlBi(yv AR yn—l) Hi(yl’ see yn-l)'
=

Using the property found above of the polynomials H(y,,...,¥,_;)
we have s .
1 E.ZlBi(yli AR ] yn—-l)jZlAi:i(yl’ [XES) yn) Gj(yl’ LRRE] yn)

== =

E;zloj(yla s Yn) Gj(yl» ceesYn)s

8
Where Cj(yl’ ARAE] yn) E.ElBi(yls eeey yn—l) Aij(yl’ teey yn)°
1=
Replacing y; by «;—u;z, (¢ = 1,...,n—1) and y,, by z,, we have
1 Eiz lA,-(:cl, s Xp) Gy(@y oo ey T)s

where Ay, ..oy ,) =0y, — Uy 2y, ..., X))
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This important result will be used in the next section. Apart from
this application we shall not have occasion to consider other pro-
perties of non-homogeneous equations, and we do not pursue the
topic further.

8. Hilbert’s zero-theorem. Let

fil@yyoo0s2,) =0 (=1,...,7) (1)
be any set of non-homogeneous equations with coefficients in K,
and let g(z,, ..., x,) be a non-zero polynomial which is such that

g(gl, --wgn) = 0

for every solution §;, ..., §, of (1) which is algebraic over the ground
field. We prove Hilbert’s zero-theorem:

THEOREM I. There exist polynomials a;(xy, ...,,) and an integer
8 such that

9@y, ..or )] Eiélai(xl’ ceos ) fo(®@y, cees @)

Let z be any new indeterminate. Consider the equations (1)

together with the additional equation
29(xy, ...y 2,)—=1=0 (2)
as equations in K[z,,...,%,,2]. This new set of equations has no
solution in any algebraic extension of K, since for any such solution
the left-hand side of (2) is —1. There can be no solution in any
extension of K, since this would involve the vanishing of the
resultant system, and hence lead to a solution in an algebraic
extension of K. Hence [§7, Th. I] there exist polynomials
Ay, ey ®py,2), By, ..., 2,,2)
in K[z, ..., 2,, 2] such that
r
1= A;@y s @, 2) i@y, oons )
=1 + B(®@g, «evs %, 2) [29(24, -oes 2,) — 1]

This identity remains true when we replace z by [g(z,,...,2,)]™ .

Hence ”
1 Ei ZlAi(xl, ces Xy TN fi(@gs ooy ),

and multiplying both sides by a suitable power of g(zy,...,%,) we
have the required result:

[g(xl’ srey x")]s Eiélai(xl’ eery xn)fi(xv (] xn)’ (3)

the ay(xy, ..., 2,) lying in K[z,, ...,z,].
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From this we deduce immediately that if (1) is a system of homo-
geneous equations, and g(zy, ...,z,) is a form of degree m which is
satisfied by all non-trivial solutions of (1) in an algebraic extension
of K, then a relation (3) holds, the a,(x,, ...,z,) being homogeneous
and of degree ms —m,, where m, is the degree of f;(z,, ..., 2,).

9. The resultant ideal. The procedure we followed in obtaining
the resultant system of a set of homogeneous equations was not
symmetric in the indeterminates z, ...,z,. We eliminated these in
a definite order, and a different order of elimination may well lead
to a different resultant system. Also, the number of forms which
appear in the resultant system has not been indicated. We show
here that a single resultant suffices for n + 1 forms in n + 1 variables,
whereas for any number of forms less than »+ 1 no condition for
solubility in a suitable extension of the ground field is necessary.
The method is based on the consideration of resultant-forms.

Let the set of homogeneous equations considered be

fil@g, .o0y2,) =0 (t=1,...,7),
where  fi(xg,....,%,)=a;afi+ ... twal (e=1,...,7),

all coefficients being indeterminates. In §6 we have already en-
countered polynomials d,,...,dy in the coefficients of the forms f;
with the properties expressed by the identities

dim; EjzlAj(xO’ cery xn)fj(xo: ceey xn)

for a suitable 7 and a suitable k, the 4, being polynomialsinz,, ..., 2,
with coefficients in the ring of coefficients. We use this property to
define resultant-forms.

Any polynomial T(ay...,a,,...,0,,...,0,) in Kla,,...,0,] for
which there is a relation

Tx,’,s}lej(xo, s ) f5(Zgy o5 X)) (1)

for a suitable 7 and a suitable k, the A; being polynomials in
T, - .., T, With coefficients in K[a,, ...,w,], is called a resultant-form.
The polynomials d,, ...,dy of §6 are all resultant-forms. We may
give another definition of resultant-forms. Write

fizaali+ .. +o,x=ff+w;z7.
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Then if we substitute = fh @)
in (1), the f; all vanish, and therefore
*

x,’cT(al,...,a,,...,—g,—}l—l,.. . ii;r)s . (3)

Conversely, if for any polynomial 7(a,,...,a,,...,0y,...,0,) the

relation (3) holds, we have

T(@yeeesOpyenes Wy, oney0,)

_ ft f* fr fr
=T(a1,...,a,,..., x':‘1+ 1+ . ’—a_;;""_-*- +._’
ft f
ET(al,...,ar, ceey —E;T—;,,,,, —é?;;l;
[t ft fr
+E((¢)i+ ’a':_;'z{l A’l: al,...,a,.,...,—-Ew—l,...,—ﬁ;),
on expanding the polynomial 7'(a,,...,q,, ...,®;, ...,,) in ascending

powers of w; + (f¥/xm). Multiplying this last equation by a suitable
power of z,,, and using (3), we find

r
25T (@ ..., 0,) = % By(@g, ..y %) f3(@gs -+ )

Hence 7 is a resultant-form. From (1) we can deduce (3), and from
(8) arrive back at (1), but with 2, instead of z,. Since the suffix »
plays no special part in this process, we see that from (3) we may
deduce (1), k£ being any one of the numbers 0,1, ...,7

The resultant-forms can be used as a resultant system for the set
of homogeneous equations

fi@os o0sy)) =0 (E=1,...,7). (4)

For if, after specialisation of the coefficients, there is a non-trivial
solution, and we substitute this in (1), the right-hand side vanishes,
and since not all z; are zero, T' = 0, T being any resultant-form. On
the other hand, if all resultant-forms vanish for a given specialisation
of the coefficients of (4), those resultant-formsd,, ...,dy which belong
to the resultant system of (4) also vanish, and the set of equations
has a non-trivial solution. As we shall see immediately, the resultant-
forms constitute an ideal in the ring of polynomials K[a,,...,,].
If we can find a basis for this ideal [cf. § 2], this same basis will serve
as a resultant system for the equations (4).
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If S(ay,...,0,) and T(a,,...,»,) are two resultant-forms, and
R(a,, ...,0,) is any element of K[a,, ...,»,], then since

r fr
S{onn = L2) - 2l - ) 20,

and 1} f*
R(al, s _‘Ez"—') S(al, cees —a—:;’:‘_r) =0,
it follows that
S(ay,...,0,)—T(a,,...,0,) and R(a,,...,0,)S(@,,-...,0,)

are resultant-forms. Hence resultant-forms constitute an ideal in
KJa,,...,0,]. We call this the resultant ideal.

If the product of two elements of K[a,,...,w,] lies in this ideal,
one of the elements must lie in the ideal. For if R(a,,...,0,),
U(a,, ...,w,) are the elements, we have

* *
B s L2) O L) 0

oy
n Tn

One of the factors on the left must vanish, and therefore one of the
polynomials must be a resultant-form. An ideal with this property
is called a prime ideal. We now prove

THEOREM 1. If the number r of forms f; is less than n+ 1, there
are no resultant-forms different from zero.
If T is a non-zero resultant-form,

T\a a —ﬁ- —i =0 (5)
1’ soey r, coey xz'l’ veey le' -_— ’
but ' Ty, ....a,...,0, ...,0,) FO0. (6)

We show that a relation of this type continues to hold even when
the coefficients a,,...,a,,... are no longer indeterminates, but
specialisations @, ...,a,, ... in K. Consider, first of all, the special-
isation a,—>a,. It may happen that

T(@yy.ees8py vy 0y ...,0,)=0.
If this is so,

T(al, ...,a,., ...,0)1, .o .,a),) = (al—al)’ T*(al’ ...,w')
for some integer s, where

T*@g, ... 0py oy Wy, ..., 0,)FO.
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Since _ f¥ X
(al—al)’ T*(al, ...,a,., ceey _;—;:‘1’ seey _EL;Tr)EO’
it follows that , *
T*(al,...,a,,..., —-5;-;")50,

and so T'*(a,, ...,@,, w,, ..., »,) is a non-zero resultant-form. Special-
ising each of the indeterminates present in turn, we find at each stage
a non-zero polynomial which vanishes when the substitution (2) is
made; that is, a resultant-form. Hence, finally, we obtain a non-zero
resultant-form when

>0y, ey B>y eny

provided that we began with a non-zero resultant-form before any
indeterminates were specialised.
Now, since r <n+ 1, we may specialise @y, ...,a, ... so that f;—f;,
where — e
fi=ali, ot (e=1,...,7).
The existence of a non-zero resultant-form before the specialisation
involves the existence of a non-zero polynomial

T(wy,-..,0,)
such that 7 _ /e \ W 0
wz.l, seey x;:'/r — L]

But z,,...,7z,_y,7, are independent indeterminates, and we are
therefore led to a contradiction. This proves the theorem.

It follows that the resultant system of 7(r <%+ 1) homogeneous
equations in n+1 unknowns vanishes identically, and therefore
that the equations always have a solution in some algebraic exten-
sion of the ground field.

THEOREM II. There is a non-zero resultant-form for n+ 1 equations
m n+ 1 unknowns.

There must be one, at least. For if not, »+1 homogeneous
equations always have a solution, for any specialisation of the
coefficients. But there is an evident specialisation for which the

equations become
=0 (1=0,...,n),

and these equations have no non-trivial solution. Our assumption
is therefore false, and there is at least one non-zero resultant-form'
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The argument of the previous theorem shows us that when
r = n+ 1 there can be no non-zero resultant-form which is indepen-
dent of w,,;. Assumption of the contrary hypothesis leads to an
algebraic equation connecting z,, ..., z,,.

Hence if we choose, from the ideal of all resultant-forms in
Kla,,...,0,,,], a polynomial whose degree in w,,, is the least
possible, this degree is not zero. If this polynomial is reducible, one
of its irreducible factors must belong to the ideal, which is prime,
and this factor must also be of the minimum possible degree in
w, 1. We call this resultant-form R, and prove

THEOREM III. Every resultant-form is divisible by R.

Let R=Aw)  +...,

when arranged in descending powers of v, ,,, and let
S=Bwj 1+...
be any member of the ideal, similarly arranged. Since x> A,
AS—BuwtiAR=T

is another member of the ideal, with a lower degree in »,,, than 8.
Repeating this process, using 7 instead of S for the next stage, we
finally arrive at a polynomial

T*=A*S—-QR

in the ideal which is of lower degree than R. This must be a zero
polynomial, and therefore

A*S=QR,

showing that A*S is divisible by R. Since R is irreducible and
cannot divide 4, which is independent of w,,,, R divides §. This
proves the theorem.

This resultant-form R is therefore a basis for the ideal of resultant-
forms in Kfa,,...,w,,,]. A necessary and sufficient condition for
the n + 1 homogeneous equations

filxg, o-0s2,) =0 (E=1,...,n+1)

to have a non-trivial solution is given by the vanishing of R. We
call R the resultant of the system.
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10. The u-resultant of a system of equations. Suppose that
we know that a system of homogeneous equations over K

fi@osoo0s,) =0 (2=1,...,7) (1)
has a finite number of solutions. Let these be

(gg)’”'sgg)) (.7 = 1,...,8),

in some extension of K.

To the equations (1) we add the equation with indeterminate
coefficients
fra=uozo+ ... +u,x, = 0. (2)

Since the u, are indeterminates,
n
iZOufg?’#O (G=1,...,9),

and therefore the resultant-forms of equations (1), (2), of which (1)
are specialised, do not all vanish. These resultant-forms are poly-
nomials in u,, ..., u,. If one such is 7'(u),

r+1
T(u) ], EiglAi(xo, cens Ty ) fi(@gy ooy ) (3)

Now the f;, if they contain wu,,...,u,, are homogeneous in these
indeterminates. If we equate sums of terms of equal degree in the
u’s on each side of (3), we obtain equations similar to (3), but the
T(u) are now homogeneous in wu,,...,u,. These 7T'(u) are still
resultant-forms, satisfying equations of type (3), and we therefore
need only consider resultant-forms which are homogeneous in
Ugy «ees Upy.

Let by(u), ..., by(u) (4)

be a basis for the resultant-forms of equations (1), (2). We may
assume that each b,(») is homogeneous in the u’s, and is also of
degree greater than zero, since all resultant-forms of the set (1)
vanish. The set of forms (4) serves as a resultant system for the » + 1
equations given by (1) and (2).

This resultant system vanishes for the specialisations

u;—>u; (t=0,...,n),

if and only if a solution of the equations (1) satisfies (2); that is, if

and only if Fo=Ttd + ... +0,£9 = 0,

for some value of j. In other words, the common zeros of the
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forms (4), considered as forms in the set u,, ..., u,, are precisely the
zeros of the product

Gw) Ejlj fo= fi[ (U EP + .. +u, ED)

in a suitable extension ring of K[u].
It follows by Hilbert’s zero-theorem that on the one hand

bi)]i=A,(w) Gu) (6 =1,...,1), (5)
and on the other that ¢
[G(w)"= Zlai(u) by(u). (6)

Now, the f; are linear forms in u,, ..., %,, and therefore irreducible.
From (5) the b,(»), and therefore their highest common factor D(u),
can be divided by the linear factors f;;. But (6) can also be written

[G(u))”= B(u) D(u),

from which it follows that D(u) contains no other linear factors but
these f;. We deduce therefore that

D)= ﬁl(uoggfu et u £ (0,2 1).
L

Since D(u) is the highest common factor of the forms (4) which
are a basis for the resultant-forms of equations (1), (2), D(«) divides
all resultant-forms, and, in particular, D(u) divides every member
of any resultant system of the r+1 equations (1) and (2). We
have proved

THEOREM I. The linear forms f; which determine the solutions
of equations (1) are found by the resolution into factors, in a suitable
extension field, of the form D(u). This form D(u) i3 the highest common
factor of the resultant-forms of f,, ..., f,, fri1,and is called the u-resultant
of frsweosf

If the set of equations (1) has an infinite number of solutions,
we may extend the notion of the u-resultant. We consider the
equations (1) together with the set of linear equations with indeter-
minate coefficients

n
f,HEjZ]gl,ﬁxj =0 (t=1,...,8). (7)
If s is large enough, the sets of equations (1) and (7) have no common

solutions. For if we take 8 = n+1, the set (7) taken by itself has
no solution.
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Choose s to be the smallest integer such that (1) and (7) have no
common solution. Consider the resultant-forms of these equations.
Generalising our previous argument, we see that the only resultant-
forms we need consider are those homogeneous in each set of
indeterminates

Uy = (Uggy .- Ug) (2 =1,...,8).

If for the specialisations
ud-—>77,81 (j=0, ...,n)

the equations (1) and (7) have a solution (&, ..., £,), all resultant-
forms 7T'(u,, ..., u,) vanish for this specialisation. That is,

T(wyy.oosUg_yq,Ug)=0.

Reasoning as above, we see that
n
2 Ui €y
i=0

is a factor of T'(u,,...,u,). If D(u,,...,u,) is the highest common
factor of all resultant-forms, the factor (7) divides D(u,, ..., u,).
But since this highest common factor, regarded as a form in

Uggs ---» gy, has only a finite number of linear factors in any exten-
sion field, the equations
fi=0 (=1,...,,r+8-1) (8)

have only a finite number of solutions.

The u,-resultant of (8) is D(u,, ..., u,). It may also be called the
u-resultant of equations (1). In a case which will be considered in
vol. 11, in which the equations (1) define an irreducible variety, this
generalised u-resultant is of considerable importance.






BOOK II
PROJECTIVE SPACE

CHAPTER V

PROJECTIVE SPACE: ALGEBRAIC
DEFINITION

1. Introduction. It has been customary to follow two distinct
and alternative lines of approach in defining a projective space of
n dimensions. One is purely algebraic, and the other is based on the
so-called ‘propositions of incidence’. We propose to consider both
methods of approach, devoting this chapter to the algebraic
approach, and the next to the synthetic method. One of our main
objects will be to compare the two methods in considerable detail.
For this reason we shall begin by defining a more general space than
that with which we shall ultimately be concerned. We shall impose
new conditions only when we have examined their significance in
some detail.

Our first action in defining a projective space algebraically is to
select the ground field K. Initially we shall impose no restrictions
on K. It may be non-commutative, and of finite characteristic.
When K is non-commutative we shall be led to consider another
field K, which bears to K a relation similar to isomorphism, but
differing in one respect. To define this relation, which we call skew-
isomorphism, in general terms, let S denote a set of elements in
one-to-one correspondence with the elements of K, a and @ denoting
corresponding elements of K and S respectively. We define addition
and multiplication in the set by the rules

a+b=a+b, ab= (ba).
It is easily proved that the elements of S, with these laws of com-
position, form a field, which we denote by K. This field K is iso-
morphic with K, the reversal of the order of the factors in the product

being, simply, a change of notation for the product of two elements
aand b in K. But we shall find it convenient to distinguish between
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an isomorphism between two fields K and K in which ab corresponds
to ab, and one in which ab corresponds to ba. We shall refer to the
first case simply as isomorphism, and to the second as skew-iso-
morphism.* In the case of a commutative field, of course, there is
no difference between isomorphism and skew-isomorphism.

2. Projective number space. A set (e, ...,a,)of n+ 1 elements
of the ground field K will be called an (n+ 1)-tuple if not all the
elements &y, ..., &, are zero. Two (n + 1)-tuples (&, ..., &), (Bos -+ s fn)
are said to be right-hand equivalent if there exists an element A of

K such that 0 =BA (i =0,...,m),
and left-hand equivalent if there exists an element x of K such that
a‘=ﬂﬂi (i=0,...,n).

Clearly, when the two (n+ 1)-tuples are right-hand equivalent, A
cannot be zero, since, otherwise, each a; would be zero. Similarly,
if they are left-hand equivalent, x4 cannot be zero. Right-hand
(left-hand) equivalence is clearly reflexive, symmetric and transitive.

A set of right-hand equivalent (n+ 1)-tuples is called a point of
right-hand projective number space of dimension n over K. The
aggregate of such points is called a projective number space of dimen-
sion n over K. This is denoted by PN’ (K). If left-hand equivalence
is used in place of right-hand equivalence we obtain a left-hand
projective number space of dimension n over K, denoted by PN (K).

If K is commutative, PNL(K) = PN7(K).

If K is not commutative, and K is skew-isomorphic to K, two
(n+ 1)-tuples (&, ..., %), (Bos---»By) over K are right-hand (left-
hand) equivalent if and only if the corresponding (»+ 1)-tuples
(%gs s %)y (Bo»---»B,) are left-hand (right-hand) equivalent.
Hence, in an obvious sense, PN} (K) and PN',(K) are similar spaces,
and PN}(K) and PN’,(K) are also similar. For this reason it will
be sufficient to develop the properties of PN',(K), those of PN,(K)
being read off from those of PN7,(K).

Let A = (a;) be any regular (n+1)x(n+1) matrix whose
elements are in K, and consider the equations

Y =j20aﬁxj ('l: = 0, .-.,n), (1)

* van der Waerden uses the term inverse-isomorphism.
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and also the equivalent equations
n
xi =j§Oﬂijyj (7’ = O, '"’n)) (2)

where B = (f,,) is the inverse of 4. If (x4, ..., x, A) is a set of right-
hand equivalent (z+ 1)-tuples, the equations (1) transform these
(n+ 1)-tuples into the set (y,A, ...,y,A) of equivalent (n + 1)-tuples;
that is, the equations (1) transform a point of right-hand projective
number space into a point of right-hand projective number space.
By virtue of (2) this correspondence is one-to-one.

A set of equations (1), which we shall usually write in matrix
form as y = Az, 3)
determines a projective transformation of PN7,(K) into itself.

To each regular (n+1)x (n+1) matrix A over K there corre-
sponds a projective transformation (1). Let 4, and 4, be two regular
matrices, defining the transformations

Y= Alx’ (11)
y = 4,z. (1)

We operate on a point x with (1,), and follow with (1,). The point x
becomes y = 4,z, and y is transformed into z = 4,y = 4,4,x;
and so the relation between x and z is

Since [II, §3] A, 4, is regular, the product of the two projective
transformations of PN7"(K) given by (1,) and (1,) is a projective
transformation of PN’ (K), and hence we have

TueoreM 1. The projective transformations of PN, (K) into
ttself form a group.

Projective transformations of PN!,(K) can be defined in a similar
way. It should be noted that the equation of the transformation
corresponding to the matrix 4 is now

where z and y are now 1 x (n+ 1) matrices.

Let K* be an extension of K. The points of PN}, (K) are a subset
of the points of PN’ (K*). The projective transformations of
PN'(K*) correspond to the regular (n+ 1) x (n+ 1) matrices over

HPI 12
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K*, and a subset of these are matrices over K. The projective trans-
formations corresponding to the matrices of this subset form a sub-
group of the group of projective transformations of PN’ (K*),
and under the transformations of this subgroup the points of
PN (K) are transformed into points of PN7,(K). We say that
PN7,(K*)is the extension of PN, (K) corresponding to the extension
K* of K. Similarly, the group of projective transformations of
PNT7,(K*)is an extension of the group of projective transformations
of PN (K).

3. Projective space of n dimensions. Let S be a set of elements
which can be put in one-to-one correspondence with the points of
PN7(K), and let T denote a correspondence such that if 4 is any
element of S, and B any point of PN’,(K), there corresponds to 4
a unique point 7'(4) of PN%(K), and to B a unique element 7-1(B)
of S. Then to each element 4 of S there corresponds a set of
equivalent (n+ 1)-tuples (A, ...,a,A), where T'(4) is (ay, ..., ,).
Any (n+ 1)-tuple of this set is called a set of coordinates of A.

Now consider a projective transformation in PN (K). If this takes
the point 7'(A4) of PN, (K), which corresponds to the element 4 of
S, into 7"(4), the correspondence between the elements 4 of S and
the points 7"(4) of PN7,(K) is one-to-one, and thus a new coordinate
system is defined in S. Indeed, a coordinate system is defined for
each projective transformation of PN’ (K). The various coordinate
systems obtained in this way will be called allowable coordinate
systems in S. From the group properties of projective transforma-
tions, discussed in §2, it is clear that the same set of allowable
coordinate systems in S is defined if the initial correspondence 7'
between S and PN7,(K) is replaced by any other correspondence 7"
which gives an allowable coordinate system.

The set S, with the set of allowable coordinate systems, is called
a right-hand projective space of n dimensions over K, and the elements
of S are called the points of this space. The space may be denoted by
Pr(K), but various other notations will be used. In the case in which
K is commutative, and there is no doubt about the ground field, the
symbols [z], S, S}, will be used to denote a projective space of n
dimensions, the notation 8, being particularly useful when a number
of projective spaces have to be considered simultaneously.

If (z,,...,%,) is a set of coordinates of a point P in P} (K) in a
given allowable coordinate system, the coordinates (y,,...,y,) of
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this point in another allowable coordinate system are given by the
equations n
Y; =j20ai,xj (2 =0,...,n),

where 4 = (a;) is a regular (n+ 1) x (n+1) matrix over K. The
equations for transformation of coordinates in P} (K) can therefore
be written, in matrix notation, as

y = Az,

and there is one such transformation for each regular (z + 1) x (n + 1)
matrix over K.

We consider how P7,(K) can be extended when the field K is
replaced by an extension K*. In § 2 we saw how to extend PN7,(K).
We now embed the set S in a set S* which can be put in one-to-one
correspondence with the points of PN7,(K*) in such a way that the
elements of §* which lie in 8 correspond to points of PN, (K*)
which are in PN7(K). This is clearly possible; a set such as S* can
be formed by the elements of S and the points of PN7,(K*) which
are not in PN} (K). Using the given correspondence between S*
and PN’ (K*), and the projective transformations of PN’ (K*), we
construct a projective space of n dimensions P} (K*) whose points
are the elements of S* in which P7,(K) is embedded. Amongst the
allowable coordinate systems of P7,(K*) there is a subset which
induces the allowable coordinate systems of P7(K).

In later chapters we often have to replace a field K by an exten-
sion K*, When this is done we shall assume that P7,(K) has been
extended to P7(K*),asabove. The effect of this is to add new points
to Py(K), and to extend the group of allowable transformations.

Let us suppose that we have a coordinate system in P,(K*) in
which the points of P (K) can be given coordinates in K. Consider
the coordinates (a, ..., a%) of a point R in P, (K*).

(1) If, for some A* in K*,

a¥A* (1=0,...,m)

is in K, the point R is in P} (K), and is sometimes called a rational
point of Pr(K).

(ii) If, for some value of A*, each af A* is algebraic over K, R is
called an algebraic point of P (K).

(iii) If, however, for all A* in K*, at least one afA* is transcen-
dental over K, R is said to be a transcendental point of P7,(K).

12-2
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This completes our description of a right-hand projective space
Pr(K). The method of construction of a left-hand projective
space P! (K) is now evident, and the reader can immediately read
off the relations between PL(K) and P.(K), where K is skew-
isomorphic to K.

4. Linear dependence in P,(K). Consider k+ 1 points
A9 ...,4*%
(oF,...,a%) (2=0,...,k)
be their coordinates in an allowable coordinate system. We say that

the points 49, ..., A* are linearly dependent in P’,(K) if there exist
elements A, ..., A;, of K, not all zero, such that

in P7(K), and let

k
Tail; =0 (1=0,...,n). (1)
i=o

In order that linear dependence may be considered as a property of
the points 49, ..., A¥, it must be shown to be independent of the
coordinates selected for A9, ..., 4% in the chosen coordinate system,
and also to be independent of the allowable coordinate system.

To prove the first result, let (55, ..., %) be other coordinates for
At in the given allowable coordinate system. Then

B = b,
where s, is some non-zero element of K. From (1) we deduce that

ko .
.20,3%(/4?1/\;) =0 (t=0,...,n).
]:

Hence, if a relation of type (1) holds for one choice of the coordinates
in a given allowable coordinate system, a relation of this type also
holds for any other choice in the given coordinate system.

Now consider any allowable transformation of coordinates

given by y = Cx, 2)

where C = (y;) is a regular (n+ 1) x (n + 1) matrix over K. In the
new coordinate system the coordinates of A can be taken as
(B3, ..., BE), where

/31 2')’1,9

Then Zﬂi)li Z Z 'y,pap/l =0,

from (1). Hence, again, if a conthmn such as (1) holds in one
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allowable coordinate system, a similar condition holds in any other
allowable coordinate system. Thus the linear dependence of points
in P7(K) is a property of the points, and does not depend on the
allowable coordinate system.

Recalling the properties of the linear dependence of vectors
derived in Chapter IT, we have the following alternative statements
of the conditions for the linear dependence of the points 49, ..., A%.

(i) If (&, ...,a%) (¢ = 0,..., k) are the coordinates of A°, ..., A% in
a given allowable coordinate system, a necessary and sufficient condition
that A°, ..., A* be linearly dependent is that the k + 1 right-hand vectors

(@b, ....a%) (i=0,....k)

be linearly dependent.
(ii) A necessary and sufficient condition that A°, ..., A* be linearly
independent is that the matriz

1 k
Q a . o
o o . af
ad al . ak
be of rank k+ 1.

An immediate corollary is

THEOREM 1. Any m points of Ph(K), where m>n+ 1, are linearly
dependent.

We can introduce a useful symbolic notation if we assume that
the symbol A? for a point represents a particular (n + 1)-tuple in the
class of equivalent (n + 1)-tuples which give the coordinates of 4*
in a given allowable system. The transformation (2) then defines
a particular set of coordinates for each 4% in the new coordinate
system, and this set will also be denoted by A4°. When we use the
symbol A? for a point in this way, we extend our notation by multi-
plying A%, on the right, by a non-zero element of K, so that if
A = (g, ...,2,), then A*A = (a4A,...,2,A), and the symbols A*
and A*fA represent the same point. The equation (1) can then be
written as

k
zAi/\i =0,

i=0

and this relation does not depend on the allowable coordinate system
used.
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Any point 4 such that ko
Ap =T A%,
1=

for some non-zero pin K, issaid to be linearly dependent on A9, ..., A¥,
If & = », and in a given allowable system of coordinates we take

At = (859,851, 00r 8415 n0r 1) (5= 0,...s)
= (O’ O’ cee 1’ "'90),

we obtain n + 1 linearly independent points. Since any point

A = (060, ...,an)
can be written as n
A = ZA”OL,,
i=0

every point in P’ (K) is linearly dependent on these 7+ 1 points.
They are said to form the simplex of reference for the given coordinate
system.

The properties of the linear dependence of points can now be
read off from the properties of the linear dependence of vectors
[1I, §1]. It will not be necessary to give proofs in detail, since these
can be deduced at once from the corresponding proofs for vectors.
The main results are as follows. In the first, A* has the symbolic
meaning just defined.

TEEOREM I1. If A°, ..., A* are linearly independent, and if
k
AA = X AA
i=0

18 linearly dependent on them, the (k+ 1)-tuple (A,, ..., A;) ts uniquely
determined to within the class of equivalent (k+ 1)-tuples.

TueoreM IIL. If BY, ..., B* are linearly dependent on A°, ..., A,
and P is linearly dependent on BY, ..., B, then P is linearly dependent
on A°, ..., A%

THEOREM IV. In any finite set of points A°, ..., A* we can find a
linearly independent subset A%, ..., A* such that any point linearly
dependent on A‘{, ..., A% i8 linearly dependent on A, ..., A%,

TuEOREM V. If BY, ..., B* are h+1 linearly independent points,
each of which is linearly dependent on A, ..., A¥, then h <k, and we
can find k — h points A+, ..., A% in the latter set such that every point
linearly dependent on A°, ..., A* is linearly dependent on BY, ..., B,
Ay ... A%, (Exchange Theorem.)
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If A9, ..., A¥ are k+ 1 linearly independent points of P;(K), the
aggregate of points of P}(K) which are linearly dependent on them
constitute a linear space of k dimensions. We shall call a linear space
of 1 dimension a line, and a linear space of 2 dimensions a plane.
From the first part of the Exchange Theorem we deduce that any
h+1 points of a linear space of ¥ dimensions, where &>k, are
necessarily linearly dependent. On the other hand, there exists at
least one set of k+ 1 independent points, 49, ..., A%. If Bo,..., Bk
is any other set of £+ 1 linearly independent points of the space,
the second part of the Exchange Theorem tells us that the linear
space determined by B9, ..., B¥ is the same as that determined by
A9, ..., AF.

Any set of £+ 1 linearly independent points of a linear space of
k dimensions is called a basis for that space.

We use the above results to show that a linear space of k dimensions
18 a Py(K). Let A9, ..., A* be any basis for the linear space. Then
any point @ of the space is given by an equation

k
Q=3 4%,
1=0

where the (k+ 1)-tuple (A,, ..., A,) is uniquely determined by the
point @, to within right-hand equivalence. This establishes a one-to-
one correspondence between the points of the linear space and those
of PN%(K). Now consider what happens if B?, ..., B* is any other
basis for the linear space We have

EAf,Bﬂ, and A= EBfocﬂ

Hence Z 2 ABysos;.

j=0 h=

But this must be an identity, since 49, ..., A are linearly indepen-
dent. The matrices
B = (ﬂij)’ 4= (“a)

are therefore inverse matrices. It follows that 4 and B are both
regular.

k
Now, if @ = 3 4%A,;, we also have
0 k k k

k
where M= %aﬂ/\{, (3)
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and therefore the change of basis from A°9,...,4* to BY,..., B*
results in the projective transformation (3) in PN}(K). Conversely,
any projective transformation in PN%(K) corresponds to a change
of basis in the linear space. Thus a linear space of k dimensions is a
Pj(K), each allowable coordinate system corresponding to a choice
of basis in the linear space.

From Th. ITI we deduce at once that if S, is a linear space of A
dimensions determined by a basis BY,..., B* and if each B lies in
a linear space 8;, then every point of S, lies in 8. That is, S, lies
in Sy. We write this 8.8

hS P

It is evident that if S,=8,, and S,<8,, then S,=8,. Also, if
S,= 8, and S, = §,, then S, = §,.
From Th. IV we deduce that any k+ 1 points lie in an 8, (A <k)
and that h <k if and only if the points are linearly dependent.
Again, let S, and S, be two linear spaces in P7(K), and suppose
that P9, ..., P? is a basis for S, and @9, ..., @7 a basis for §,. If the
p+q+2points P, ..., P?, (9, ..., Q9 are linearly dependent, so that

» q

% Pix,+ % Qu; =0,
we deduce that S, and S, have a point in common. For neither
ZP’/\; 0, nor LQ‘ ; = 0, since PY,..., P? are linearly indepen-

dent and so are Q° ,Qq Hence }_‘, Pi); is a point in S, which,

since it can be written as — Z Qip,,is hnearly dependenton @, ..., @9,
and therefore lies in §,. 0

Finally, we note the trivial fact that if P and @ are distinct
(that is, linearly independent) points of P7,(K) the point which is
represented symbolically by P + @ is necessarily distinct from both
P and Q; hence, since any S, contains at least two points, any S,
contains at least three points, and we may sum up the results
established in this section as follows:

In P7(K) there are linear spaces of dimensions 0,1,2,...,7n, &
space of 0 dimensions being a point. Between any two such spaces
S, and S, there may exist a relation of one ‘lying in’ the other, say
8; < 8. This relation satisfies the conditions

I. If S, 8,, and S, < S, then S, = 5.

II. If S,< 8, and S,< 8,, then 8,< S,.
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A set of p+ 1 points is linearly dependent if there exists a linear
space S, containing them, where g < p.

ITII. Every 8, contains at least three distinct points.

IV. Given p+1 linearly independent points there exists at least
one S, containing them.

V. In any S, there exists at least one set of p+1 linearly in-
dependent points. :

VI. If P9, ..., P? are p+1 linearly independent points which lie
in an §,, any §,, containing them lies in S,.

VIL. If S, and S, are any two linear spaces of dimension p and g,
and P9, ..., P? are p+1 independent points of S, and @9, ...,Q?
are ¢+ 1 independent points of S, then if the p+q+2 points
Po ... PP @O, ...,Q7are linearly dependent there exists at least one
point R which lies in S, and in §,.

VIII. There exists at least one set of n+ 1 linearly independent
points, but any set of m points, wherem >n + 1, islinearly dependent.

We have, indeed, proved a great deal more, but it is desirable at
this stage to emphasise that a right-hand projective space satisfies
these propositions, which we call the Propositions of Incidence. In
the next chapter we shall begin by taking an aggregate of undefined
elements, which we shall call linear spaces of dimensions 0,1, 2, ....
We shall postulate the existence of a relation = between certain of
these spaces, and assume that this relation satisfies I and II above.
The statement which follows II is then taken as a definition of linear
dependence. We shall then impose the further conditions IIT-VIII,
noting that it is only in VIII that the number = appears. It will be
our main object in Chapter VI to show that these linear spaces of
dimensions 0,1,2,... can necessarily be represented as the linear
spaces of a P (K), for a suitably chosen K. This will follow directly
from the above postulates if > 2. If n = 2 a further postulate will
be necessary. The case n = 1 is without interest.

For a left-hand space P.(K) a theory of linear dependence,
similar to that developed for P} (K), may be stated. If

Ai= (o, ...,at) (£=0,...,k)

are k + 1 points, the points linearly dependent on them are the points
k koo koo
IWAE (zomtao, ...,%){,an),

and the theorems proved earlier in this section can be proved for
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P!(K), with the necessary formal alterations. In particular, we
arrive at the same propositions of incidence, and we shall therefore
be able to prove that, with the necessary reservations if n<2,
these propositions serve to define a left-hand projective space. This
implies that a left-hand projective space may be Tegarded as a
right-hand projective space, and conversely.

The explanation of this fact will be found in our method of con-
structing a projective space from the propositions of incidence.
We shall have to construct a field, and we shall see that there are
two ways of doing this, leading to two fields which are skew-
isomorphic. Now, if K is skew-isomorphic to K, there is a one-
to-one correspondence between the points of P7,(K) and those of
P! (K), and a one-to-one correspondence between their allowable
coordinate systems. Choosing corresponding allowable coordinate
systems in P}(K) and P7,(K), the points

(a,...,at) and (&,...,at)
correspond. The point
(S0, ..., ZA0b)
of P! (K) corresponds to the point
(TaEA,, ..., 2T A,)

of P7,(K). Hence, the points of P}(K) which are linearly dependent
on a given set of m points of P}(K) correspond to the points of
Pr(K) linearly dependent on the m corresponding points. Indeed,
corresponding to any property of spaces S,, S, ... in P, (K) which
remains unchanged under any allowable projective transformation
in PL(K) there is a property of spaces S,,S,,... in P, (K) which
remains unchanged under any allowable projective transformation
in P7,(K). We say that the two spaces are projectively identical.

5. Equations of linear spaces. Duality. We consider a right-
hand projective space Pj(K), and a left-hand projective space
P! (K). In each of these we fix, quite arbitrarily, an allowable
coordinate system, but, having done this, we regard the two as
associated. We now show how we can proceed to associate with each
allowable coordinate system in P7%(K) a unique allowable coordinate
system in P} (K).
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If the transformation from the selected coordinate system in
P}, (K) to the new coordinate system is

y = Az,

the transformation from the selected coordinate system in P (K)
to the coordinate system which we associate with the new system in
P’ (K) is taken to be y =z A-1

(where 2’ and y’ are, of course, 1 x (n + 1) matrices).

It can be verified at once that this association of allowable co-
ordinate systems in the two spaces is one-to-one, and is determined
by the above rule when the selected coordinate systems are any pair
of associated systems.

Now consider a linear space S in P, (K). Let A9, ..., 4* be a
basis for this space, where

At = (af,...,ab)
are the coordinates of A% in a given allowable system. Consider the

equations n .
Yr;a;=0 (1=0,...,k). (1)
i=0

Since the (n+ 1) x (k+ 1) matrix (of) is of rank k+ 1 [§4, (ii)], the
solutions of the homogeneous equations (1) form a left-hand vector
manifold of dimension n—k [II, §6]. Let the non-zero vectors of
this manifold be taken as the coordinates of the points of a linear
space in the associated coordinate system in P (K). Its dimension
will be n —k— 1. We denote the space by X, _, ;. If

(ud,...,ut) (E=1,...,n—k)

is a basis for X, _;_;, the (n —k) x (n + 1) matrix (uf) is of rank n —k,
and from (1),
n

Sulal=0 (G =1,...,n—k;h=0,...,k). (2)
i=0
But, since (uf) is of rank n — k, the equations
Sulr; =0 (i=1,...,n—k) (3)
i=0

are satisfied by vectors of a right-hand vector manifold of dimension
k+ 1. The non-zero vectors of this manifold are the coordinates of
points of a linear space of dimension & in P},(K). By (2) above, this
space contains A9, ..., 4% and therefore coincides with S,. Thus
8, determines X, _;_,, and conversely 2, _,_, determines §,.
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We now show that this association does not depend on the
particular associated pair of coordinate systems in P;(K) and
P! (K) of which we have made use.

To see this, we first note that the relation between S; and 2,,_,,_;
can be expressed as follows: the equation

n
Sux;=0
i=0

is satisfied for every point (u,,...,%,) of 2,_,_,, for all choices of
(wg, .-.,x,) in Sy, and conversely. Now, if we perform the trans-

formation of coordinates
y=Ax

in P, (K), and the associated transformation
v=ud"?
in P! (K), then (noting that u, v are both 1 x (n + 1) matrices)

n n
DY =vy =uA"4x = ux = Ju;x, = 0.
0 0

Hence the property characterising the relation between §, and
2,1 remains unchanged in the new associated pair of coordinate
systems.

The spaces S, and 2, _,_, are said to be dual spaces.

If we take any n— k points of 2,_,,_, which form a basis for this
space, and which have the coordinates

(uf,...,ut) (t=1,..,n—k)

in an allowable coordinate system in P (K), then the points of S,
in Py (K) satisfy the equations

n
Sufr;=0 (@=1,..,n-k) (3)
i=0
in the associated coordinate system. We may call (3) the equations
Of S ke
Given any set of equations

n
%u}'x, =0 (¢=12,..), (4)

we may consider the space in P,(K) linearly dependent on
(uf,,...,uf.) (v= 192"")'

If this is & Z,_,_;, the solutions of (4) are the points of the dual
S, and the equations therefore determine this S;. In algebraic
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language, if the matriz of coefficients of a set of linear homogeneous

equations (4) is of rank n— k, these equations determine a unique Sy.
Now consider two linear spaces 8, and 8, in P (K) with respec-

tive equations

Suizy=0 (i=1,..,n-p),
0
and %v}x, =0 (t=1,...,mn—q).
0
Suppose that the (2rn—p -¢q) x (n+ 1) matrix
(u) (u = (uy), v = (vy)) (5)
v

is of rank »—k. Then the two sets of equations, taken together,
determine an S;. Each point of S, lies in §, and in 8, and each
point common to S, and S, must lie in 8. We call S, the intersection
of 8, and §,, and have proved

THEOREM 1. The intersection of two linear spaces is a linear space.
If the matrix (5) is of rank n — k, the 2n — p — ¢ points

(ug,...,ut) (= l,...,n—p),} (6)

(0§, ...,v%) (t=1,...,m—q)
in P} (K) are linearly dependent on n — k of them, and therefore the
duals X, , ;and 2, _, , of §, and 8, liein a X, _, _,, which is the
dual of S,. Moreover, there is no smaller space containing both
2y p1and 2, . ,. For any space containing both of these spaces
must contain the 2n—p —q points (6), of which n—k are linearly
independent. Calling the smallest linear space which contains two
linear spaces their join, we have

THEOREM II. The dual of the intersection of two linear spaces is
the join of their duals (and conversely).

As a corollary we deduce that

If 8,28, then 2, _, =%, 4 ;.

We now find a relation between the dimensions of the intersection
Sy and the join S, of two linear spaces S, and S,. Let 4°,..., 4%
be a basis for the intersection. By the Exchange Theorem we can
find bases P9, ..., P? for 8, and @9, ..., @ for S, such that

Pi=At=Q" (t=0,...,k).
Then clearly, any space containing P9, ..., PP, @Qk+1, . . ¢ contains
S, and 8, and therefore S,, their join. Therefore

r<p+q-—k.
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A similar argument applies to the duals 2, _,_;, X, _,_; and their
join, which, by Th. ITis 2,_,_,. Hence

n—k—1<n—p-1)+(n—q—-1)—(n—r—-1),
that is, r2p+q--k.
It follows that k+r=p+q.

Hence we have

Traeorem II1. If S, and S, meet in Sy, their join is a linear space
of dimension p+q—k.

This theorem remains true when S, and §, have no intersection,
provided that we then put £ = — 1.

We have established a correspondence between P7;(K) and
P!(K) in which an S, of the former corresponds to a Z,_,_, of the
latter, and intersections and joins correspond to joins and inter-
sections respectively. If we establish any theorem for P7(K)
which is based only on properties of linear spaces, their intersections
and joins, this correspondence enables us to state forthwith a
theorem for P!(K), without further proof. For historical reasons
this relation between theorems for P;(K) and for P (K) is called
the Principle of Duality for projective space.

If K is a field skew-isomorphic to K, there is a correspondence
between P.(K) and P7,(K) in which a linear space of k¥ dimensions
corresponds to a linear space of k¥ dimensions, and intersections and
joins correspond to intersections and joins respectively. Hence, by
the Principle of Duality, if we have any theorem in P7,(K) which
concerns linear spaces 8,,S,, ..., their intersections and joins, we
obtain a corresponding theorem in P7,(K) concerning linear spaces
Sy—a-1>Sn_p_1» -+, their joins and intersections. If K is a com-
mutative field we can take K = K, and the dual theorem is therefore
true in P,,(K). Again, if the original theorem is true for all ground
fields K, it is true in particular for P;,(K), and therefore the dual
theorem is true in P, (K).

This last case is the most usual one. The theorems we shall prove
will be either

(i) true for all ground fields X,
or (i) true for commutative ground fields K,
or (iii) true for all ground fields with a given characteristic,

A Lier\ 4wrn Fan all anmmnitativa and alaeahrainaller alaaad Aalda
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It will be noted_that if K belongs to one of these classes, the skew-
isomorphic field K belongs to the same class. Hence, every theorem
which we shall prove in P, (K) will have a dual in Pp(K).

6. Desargues’ Theorem. In this section we consider the
celebrated Theorem of Desargues which deals with two triangles in
perspective in P7(K). In order to avoid needless repetition in the
next chapter, we shall prove the theorem and its converse as con-
sequences of the propositions of incidence [§4]. We notice here
some immediate deductions from the propositions of incidence,
which we shall use in this section. A more complete treatment will
be found at the beginning of the next chapter.

Every 8; (or line) contains at least three distinct points. Two
distinct points determine one line. Any S, (or plane) contains three
linearly independent points. If a line / is determined by the points
PO, P, and a line m is determined by the points @° @, and the
points P°, P!, @9, Q1 are linearly dependent, that is, the lines are
coplanar, there is at least one point R on both lines. If P is any
point in a plane 7, at least three distinct lines can be drawn through
P;for if P, @, Ris aset of linearly independent points in 7, the line
Q@R contains at least one point different from @ and R. Let this be
S.Then PQ, PR, PS8 are three distinct lines through P. To complete
the deductions from the propositions of incidence for a plane we
show that if A, B, U are three distinct collinear points in 7, we can
draw lines a, b, 4 through A4, B, U respectively which lie in 7, are
distinct from the line AU, and do not all pass through one point.
For there is at least one point X in 77 such that X, 4, U are linearly
independent. The line X U contains a point Y distinct from X and U.
The linesa = AX, b = BY, u = UX satisfy the conditions.

The theorems we shall use in S, are: a line meets a plane in one
point, or it lies in the plane; two planes in S; meet in a line; at least
three distinct planes pass through a given line.

We now return to the consideration of Desargues’ Theorem.

In order that we may avoid the consideration of a large number
of special cases it will be useful to use the terms collinear and
concurrent in the following sense: three points are collinear if there
is at least one line containing them (if the points coincide there may
be more than one line); three lines are concurrent if there is at least
one point lying on all three of them. We shall use the word triangle,
or the term proper triangle, to denote a triad of points which are
not collinear.
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Two triangles ABC, A'B’C’ are said to be in perspective from O
if there exists a point O such that 0AA’, OBB’ and OCC' are each
collinear triads. We note that O need not be unique as, for example,
when A = A’, and B = B’. With these definitions Desargues’
Theorem is

THEOREM 1. If two triangles ABC, A'B'C’' are in perspective
there exists a line | passing through a point common to BC and B'C’,
a point common to CA and C'A’, and a point commonto ABand A'B’.

The converse theorem is

TaEOREM I1I. If ABC, A’ B'C’ are two triangles such that there is
a line 1 passing through a point common to BC and B'C’', a point
common to CA and C'A’, and a point common to AB and A'B’, then
the triangles are in perspective.

We remark that in both theorems the whole configuration lies
in a linear space of either two or three dimensions. (Since 4, B, C,
are not collinear the space cannot be of less than two dimensions.)
For in Theorem I there must be three lines a, b, ¢ through O con-
taining, respectively, A4’, BB’, CC’. On these lines take three
points P, @, R different from O. Then the set O, P, @, R determines
an S, (r<3) which contains O, P, @, R and therefore O, 4, 4’,
B, B’, C,C’, and hence the whole configuration. The line I of the
theorem lies in this §,. We also note that if r = 3 the two planes
determined by 4, B, C and A’, B’, (' are necessarily distinct,
except in the trivial case 4 = A’, B= B’, C = (C'.

In Theorem II the triangles 4 BC, A’ B’'C"’ each determine a plane.
Let these be 7 and #’. The line [ of the theorem meets BC, CA and
AB, and, since 4, B, C are not collinear, at least two of these inter-
sections are distinct. Hence [ has at least two points in 77, and there-
fore lies in 7. Similarly [ lies in #’. The planes 7, 7’ having at least
a line in common, their join is an 8, (r <3). The point O must lie
in this S,, except in the trivial case A = 4’, B=B', 0 = (".

We may therefore confine ourselves to the two cases (i) r = 3 and
(ii) r = 2. In case (i) the planes 7 and 7’ determined by 4, B,C
and A’, B’, C' are distinct, in case (ii) they are not.

Theorem I, Case (i). The lines a, b, ¢ containing OAA’, OBB’,0CC"
are distinct, otherwise they would all lie in a plane. Hence any two
of them determine a plane. The points B, C, B’, (' all lie in the plane
determined by b and c. Therefore BC and B’C’ have at least one
point P in common. Similarly there is a point @ common to C4
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and C'4’, and a point R common to AB and A'B’. These three
points P, @, R all lie in 7 and #’. Now, 7 and 7', being planes in Sy,
meet in a line, and this is a line I satisfying the theorem. This line
lisunique. Indeed, if there existed a line I’ different from I satisfying
the conditions of the theorem, I’ could not lie both in 77 and in #’.
Suppose it did not lie in 7. Then it would meet 7 in a point common
to BC, CA, A B, which is impossible, since 4, B, C are not collinear.

Theorem 11, Case (i). The line I must be the intersection of
and 7’. Since BC and B’C’ have a point in common, B, B’, C, ¢’
are linearly dependent, and hence BB’ and CC’ have at least one
point in common. If they have more than one point in common the
four points are collinear, and must therefore lie on the intersection
l of 7 and #’. In this latter case A and A’ cannot lie on /. Since 4 B
and 4’ B’ meet, we must have B = B’. Similarly C = (', and there-
fore the triangles have two pairs of corresponding vertices coinciding.
When two pairs of corresponding vertices of the triangles ABC,
A'B'C’ coincide, the triangles are clearly in perspective from any
point on the join of the other two vertices.

The case in which just one pair of corresponding vertices, say
A and A4’, coincide is also easily disposed of. Then BB’ and CC’
meet, but do not coincide, and their intersection O is a point from
which the two triangles are in perspective.

Finally, we have the case where no two corresponding vertices
coincide, and therefore the lines 4A’, BB’, CC’ are each uniquely
defined, and each has a single point in common with each of the
other two. Let O be the point common to BB’ and CC’. If O does
not lie on 44’, the points O, A, A’ determine a plane containing
AA', BB’ and CC’, and therefore m = #’, contrary to hypothesis.
Therefore AA’ passes through O, and the triangles ABC, A’B'C’
are in perspective from O.

We now turn to Case (ii), when the two triangles lie in a plane. 1t
is desirable to deal, first of all, with certain special cases which may
arise.

Theorem I. If all three pairs, 4 and A’, B and B’, C and C’
coincide, the theorem is trivial. If two coincide, say B = B’ and
C = (', the line BC satisfies the theorem. If only one pair coincide,
say A = A’, the line joining this to any point common to BC and
B’C’ (there is at least one) satisfies the theorem. Again, if the lines
BC, B'C’ coincide without any pairs of corresponding vertices
coinciding, BC and B’C’ are the only pair of corresponding sides

HP1 13
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which coincide. Hence A B intersects A’ B’ in just one point R, CA
intersects C'4’ in just one point ¢, and the line QR satisfies the
theorem.

' Next, suppose that the corresponding vertices 4, A’; B, B’';
C, C' are distinct, but that O coincides with at least one of the
vertices, say A. Then B’C’ satisfies all the requirements of the
theorem. This is also true if a non-corresponding vertex, B’ say,
coincides with 4 and with O.

Finally, if two vertices, say B and (', coincide, but not in O,
the lines BC, B’C’ must coincide, and we are back at a case already
examined.

There only remains the case in which the seven points 4, B, C,
A4', B’, (', O are all distinct, and corresponding sides, such as BC,
B’C’ are also distinct. We call this the general case. We now consider
the various special cases which may arise in proving Theorem I1.

Theorem II. We consider the possibility of the pairs 4, 4’;
B, B’; C, C’ coinciding. If all three pairs coincide, the theorem is
trivial. If two pairs coincide, say B=B', C = (', A+A’, the
triangles are in perspective from any point on 44’. If only one pair
coincide, say A = A’, B+ B, C'+ (', the triangles are in perspective
from the point (any point) common to BB’ and CC’. Again, if
two corresponding sides coincide, say BC = B’C’, the triangles are
in perspective from a point on this line collinear with 4 and 4’.

Next, suppose that I coincides with BC. Then C’A’ must pass
through C, and B’A’ must pass through B. The triangles are
therefore in perspective from A4’. Finally, if two non-corresponding
sides coincide, say BC = C'4’, but not in [, we must have C = ',
and we return to a case considered above.

The only remaining case to be considered in proving this theorem
is therefore the general case in which the seven lines BC, CA, AB,
B'C', C'A’', A’B’, | are all distinct, and the pairs of points 4, 4';
B, B’; C, C' are also distinct.

We note that all the special cases considered above illustrate the
two theorems, the proofs following directly from the propositions
of incidence. We now prove the two theorems in the general case
on the assumption that n > 2, that is, that there exists a point not in
the plane m = 7',

Theorem I (general case). Since there exists a point not in 7, there
exists a line A through O which is not in 7. Take two distinct points
V and V' on A, distinct from O. The lines VV', A4’ meet in O, and
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therefore lie in a plane. They do not coincide, because VV’' = A
doesnot liein7. Hence VA, V’'A’ have a unique point 4* in common.
Since A+ A’ (for we are in the general case) and VA is not in =,
A*isnotinz. Norisit on A, since this wouldimply 4 = Oor 4’ = O.
Similarly VB, V'B’ have a unique point B* in common, and VO,
V’C’ have a unique point C* in common. The points 4*, B*, C* do
not lie in 77, and they are distinct from V and V'. If A*, B*, C* were
linearly dependent, the points V, 4*, B*, C'* would lie in a plane
which would be distinct from z7. But this plane would contain
A, B, C, and these would therefore be collinear points, contrary to
hypothesis.

Hence 4 BC, A*B*(C* are two triangles in perspective from V.
Therefore BC passes through the point P common to B*C* and =,
CA passes through the point ¢ common to C*4* and 7, and AB
passes through the point B common to 4*B* and 7.

Similarly A'B’C’ and A*B*(C* are in perspective from V', and
we deduce in the same way that B'C’, C'A' and A’ B’ pass through
P, Q, R respectively. But P, @, R are on the intersection I of 7
with the plane of A*B*(C*. This line | therefore satisfies the require-
ments of the theorem.

Theorem II (general case). Through ! draw a plane 7’ distinct from 7.
P, Q, R are the intersections of BC, CA4, 4 B respectively with .
If @ = R, then we must have A = A’, which is not the case (since
we are dealing with the general case). Hence P, @, R are all different,
and we can draw through them three lines in 7 to form a triangle
A*B*C*, By the converse of the three-dimensional Desargues’
Theorem, A BC and A*B*C* are in perspective from some point V,
and similarly 4'B'C’ and A*B*C* are in perspective from some
point V’'. If V = V' we should also have V = V' = 4* = B*= (¥,
whereas the points 4*, B*, C* are constructed so as to be distinct.
Again, neither ¥V nor V' lies in =, for if either did, we should have
7' = w. The line V'V’ is therefore uniquely determined, and meets
7 in one point O. Since VA and V'A’ meet in A*, V¥V’ and 44’
meet in O. Similarly BB’ and CC’ pass through O.

Thus we have proved Desargues’ Theorem and its converse, using
only the propositions of incidence, except in the general case in two
dimensions. We then had to make the additional assumption that
the plane is contained in a space of higher dimension. This additional
assumption can easily be justified for a space defined over a field K
by the method of § 2, and we shall give a simple algebraic proof of

13-2
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Desargues’ Theorem in this case. But we first remark that assuming
Desargues’ Theorem in the plane, the converse follows without any
additional assumption. We need only consider the general case.
Let BC, B'C’' meet in P, CA, C'A’ in @, and AB, A'B’ in R.

In the general case neither BB’R nor CC’Q can be collinear triads.
We consider the two triangles BB'R, C(C’'Q, and we see that they
are in perspective from P. Now, B'R and C'Q meet only in 4', and
RB and @C meet only in 4. Hence, by Desargues’ Theorem in the
plane, BB’ and CC’ meet on 4A’. That is, the triangles 4 BC,
A'B’'C’ are in perspective.

We conclude this section with a simple algebraic proof of Theorem
I which is valid as long as O is distinct from the vertices of at least
one of the triangles. Let this triangle be A BC. We use the symbolic
notation introduced in § 4.

Since 4’ is on 04, and is assumed to be distinct from 4, we may
choose the multipliers of 4’, B’, (' so that

A'=0+Aa,
and similarly B'= 0+ Bg,
and C'=0+0Cy,

where a, £, vy are in K. Then

P=PB-C" = B3-Cy
is a point on B’'C’ and on BC.

Similarly, Q=0'—A4' = C')/—Aa;

ison C’4A’ and on CA4, and

R=A'"-B = 4a—Bf
ison A'B’ and on AB. But

P+Q+R=0.

Therefore P, @, R are collinear. This proves the theorem.

7. Some fundamental constructions. We now discuss some
constructions which are of fundamental importance in the next
chapter. They are valid in any P}, (K) for which n > 2.

Let O and U be any two distinct points in P, (K). We suppose
that the multipliers of these points are fixed, and we define a point
E, which is distinct from O and U, by the equation £ = O+ U.
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Let 4, B be two points of OU which are both distinct from U. We
may suppose that their multipliers are chosen so that

A=0+Ua, B=0+Up.
We propose to show how to obtain the points
O+U(x+p), 0+Uaf

by geometrical construction. In each case the construction will
be given in ttalics, and the justification for the construction will
follow.

I. A construction for O+ U(a+B). In any plane through the line
OU draw three lines a, b, u through A, B, U, respectively. These lines
are distinct from OU and do not all pass through one point. Let M be
the intersection of w and a, B’ the intersection of w and b, A’ the inter-
section of OB’ and a, and L the intersection of UA' and b. The inter-
section P of LM and OU 1is the point O+ U(a+ f). [See Plate 1.]

By Proposition of Incidence V, if 77 is any plane through the line
OU there exists a point X in 7 which is independent of O and U.
The point ¥ = U + X is different from X, and does not lie on OU
or on AX. Hence the lines AX, BY, UX are three lines through
A, B, U in 7 which are each distinct from OU, and do not all pass
through one point. Hence the first part of the construction, the
selection of the lines a, b, u, is possible.* The points M, B’ are
uniquely defined. So also is the point A’. For if OB’ intersected a
in more than one point, we should have OB’ = AM = a. Then
A, M, O, B would be collinear, that is, M B’ would contain O, and we
should have u = OU, contrary to hypothesis. Similarly, the point L
is uniquely defined. The points L, M can only coincide if both are at
the intersection of @ and b. But M is on u, and » does not pass
through the intersection of @ and 6. Hence the line LM is uniquely
defined. This line cannot coincide with OU, for M would then
coincide with 4, and we should have 4 = OU. The intersection P
of LM and OU is therefore a unique point. We now show that
P=0+U(a+p).

This is evident when one or both of the points 4, B coincides
with O, and we may therefore confine our attention to the case
represented by the first two figures. In these cases A’ is easily

* This was proved in § 6, using only the propositions of incidence. Here
we merely select the point ¥ on UX.
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shown to be distinct from A and M. Hence, in writing the
equation
MA+A'u+A4v =0

which expresses the collinearity of M, 4’, A, the multipliers A and
v are different from zero, and we may choose the multipliers of 4
and M so that

M=A4A+A4'n=0+Ua+A4'n.

Hence M —Ua = O+ A'pis on MU and on OA’, and is therefore
the point B’. We define the symbol for B’ by the equation

B =0+A4'

Now B'~B=0+A'u—-0-UB =A'u—-UpB, and therefore the
point L, which is on 4'U and B’B has the symbol

A'u-UB=B-B

Hence :
M-L=A+Au-A'u+UB=A+UB=0+U(a+p)

is the symbol of a point on LM and on OU. This point is P, and we
have therefore proved that P = O+ U(a+ f).

II. A construction for O+ Uaf. In any plane through the line
OEU draw three lines a, b, w through 4, B, U, respectively. These lines
are distinct from OU and do not all pass through one point. Let P be
the intersection of w and a, Y the intersection of u and b, X the inter-
section of EY and a, Q the intersection of OX and b. Then PQ meets
OU 1in the point R = O+ Uap.

By definition E = O+ U, and it is therefore different from O and
U. As abave, the selection of the lines a, b, u is possible. The points
P, Y are distinct, and neither lies on OU. The intersection X of £Y
and a is unique. For otherwise EY = a, and Y would coincide with
the intersection of @ and b. But Y is on %, and a, b, » are not con-
current. Again, X is distinct from O, since X is on E'Y, which does
not coincide with OU, Y not lying on OU. Hence OX is defined.
The point @, the intersection of OX and b, is unique. For otherwise
OX = b and we should have, in the first place, B = O. If B+ 0, we
have a contradiction. If B = O, and OX = b, we can still obtain
a contradiction. For X and Y would lie on b, and since XY cuts
OU in E, and b is distinct from OU, we should have £ = B = 0O,
contrary to hypothesis. Hence @ is unique. If P coincides with @,
it can only be at the intersection of @ and b. Since P is on u, this
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would contradict the fact that a, b, # are not concurrent. Hence the
line PQ is defined, and since P is not on OU the line PQ meets OU
in a unique point R. We now prove that R = O + Uag.

Fig. 1.

[Plate II shows the possible special cases.]

The proof is again trivial in the cases in which 4 or B coincides
with O or £, and it will simplify matters if we confine ourselves to
the cases in which 4 and B are different from O or E. When 4 isnot
at E the points P, 4 and X are all different. In the first place P is
on % and not at U, hence it is not on OU, and therefore cannot
coincide with A. If P = X, then E, P, Y are collinear. But PY isu
which does not contain ¥, and we have a contradiction. Finally,
since X is on a and on E'Y, it can only coincide with 4 when 4 = £,
which is contrary to our hypothesis. Hence in the relation

PA+Ap+Xv=0

which expresses the collinearity of P, 4, X, the multipliers A, x, v
are all different from zero.

Now if B is not at O, f is not zero, and it follows that we can
choose the multipliers of P and X so that

P=Ap+X.

Then P+U(1-a)f=(0+Ua)f+U(1-a)f+X
=(0+0)f+X
=Ef+X;

it follows that this is the symbol of a point on PU and on EX.

Hence we may write
Y=(0+U)p+X.
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Then Y-B=(0+U)+X-0-Up
=X+0(f-1);
we have a point on Y B and on XO which is therefore . Finally,
P-Q=A+X-X-0(B-1)
=0+ Uap;
that is, the intersection of PQ and OU, namely R, is represented
by the symbol O + Uap.

8. The condition for a commutative field ; Pappus’ Theorem.
The construction given in the last section for the point R = O + Uaf
is not symmetric in 4 and B, and if the roles of these two points
are interchanged, the point R’ = O+ Upa is obtained. This is dis-
tinct from R, unless fo = af. In all the various cases considered
in the last section, except in the first or ‘general’ case, the con-
dition af = fa is satisfied; for either & = 8, or one or both of a, £

is zero or unity. We therefore confine ourselves to the first case.
a

—

0 E A B U
Fig. 2.

With the same figure as for Fig. 1,let OY meet a in P’, and let
XU meet bin Q'. Then P'Q’ meets OU in R’ = O + Upfo. Hence the
condition that aff = fa is the condition that the two collinear triads
P’'PX and Q@'Y are such that the intersection O of P'Y, QX and
the intersection U of X@', Y P should be collinear with the inter-
section of P@Q and P’Q’. We can express this more briefly by saying
that the intersections of the cross-joins of the two triads PP'X and

P P X
¢ Q Y.

Q@'QY are collinear.
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We consider this theorem by itself, altering the notation. Let
l, U be two coplanar lines, and let A BC and A'B’'C’ be two triads
of points on [, I respectively. Let P, @, R denote the intersections
of their cross-joins BC', B'C; CA’', C'A; AB', A'B.

It can at once be verified that if the three points of either triad
are not distinct the points P, @, R, as long as they are determinate,
are collinear. On the other hand, if one or more of the points P, @, R
is indeterminate, there is at least one line containing a point P
common to BC’ and B’C, a point @ common to C4A’ and C'4, and
a point R common to 4 B’ and A’ B. The theorem can also be proved
at once when any one of the six points 4, B, C, 4’, B’, ' coincides
with O, the intersection of l and I’. We notice further thatif P, Q, R
are not distinct, A, B, C, A’, B’, C’ cannot all be distinct and
distinet from O. If, for instance, @ = R,and A + A’, we must have
B = C, B’= (', in which case P is indeterminate, or 4 = B=C,
with P =Q = R=A.

If ABC, A’B'C’ are two triads of points on two coplanar lines
land I’ and the intersections of the cross-joins are collinear, we say
that Pappus’ Theorem s satisfied. We have seen that Pappus’
Theorem is always satisfied in the case when either triad contains
a pair of coincident points, or a point coinciding with the inter-
section O of I and I', and we need only consider the theorem when
none of these special cases arises.

We can prove Pappus’ Theorem for the case in which the lines
AA’, BB, CC’ have a point in common. We apply Desargues’
Theorem to the triangles A’BC, AB'C’. We deduce that the points
0, @, R are collinear. Similarly, by considering the triangles A B’C
and A'BC’ we deduce that P, O, R are collinear. By hypothesis
these are triads of distinct points. It follows that P, @, R, O are
collinear.

On the other hand, if the ground field K is not commutative
Pappus’ Theorem cannot be true for all pairs of triads. For there
must exist a pair of elements a, £ in K such that af + fa. We per-
form the construction (Fig. 2) given above for B = O+ Uaf and
R’ = O+ Upa. As we saw above, if Pappus’ Theorem is true for
the triads PP'X, Q'QY, then R = R’ and therefore af = fa,
contrary to hypothesis. We conclude that if Pappus’ Theorem is
universally true in Py (K), then K is a commutative field.

We now show, conversely, that if the ground field K is com-
mutative, Pappus’ Theorem is universally true in P7(K). This
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can be done by showing that any two triads can be taken as PP'X,
Q'QY for a suitable Fig. 2, but the following proof is simpler. As
explained above, we need only consider the case in which 4, B, C,
A', B’, ¢’ are all distinct, and distinct from the intersection O of
l and I'. We denote the intersections of the cross-joins by P, @, E.

Then, since the special cases are excluded, P, @, R are all distinct.
If QR passes through O, the converse of Desargues’ Theorem shows
that the triads A’ BC, AB'C’ are in perspective. Hence, as above,
Pappus’ Theorem holds for the triads ABC, 4'B'C’. We assume
then that QR does not pass through O, and cuts lin X, I’in Y’. 1t
can be immediately verified that since 4, B, C are distinct, and
since also 4’, B', C' are distinct, the point X is distinct from points
of the first triad, and Y’ is distinct from points of the second triad.
We may therefore choose the multipliers of O, X, Y’ so that

A=0+X, B=0+Y'".
Since Rison AB’and on XY’,
R=A4A-B=X-Y',
Now, if B=0+X8, A'=0+Y'?,

A'B meets XY’ in X~ Y'a’. Since this is the point R, we must
have a’ = f.
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Aga.in,if 0=0+X,y’ Ol=0+ Y/ r’

CA'meets XY'inQ = Xy—Y'a’. But 0’4 meets XY’ in X - Y'y’.
Since this is the point @, we must have y'y = o',

Now consider the intersection P of BC' and B’'C. The line BC’
meets X Y’ in the point X&' — ¥Y'y’, and B’'C meets X Y' in the point
Xy—Y'. The point Pison XY’ that is, Pappus’ Theorem is true,

if and only if Xa'— Yy = (Xy—Y')y,
that is, if and only if , , ,
VY =a =vY.

But this is always the case, since K is commutative. Hence we have
proved

THEOREM I. A necessary and sufficient condition that Pappus’
Theorem be universally true in P (K) is that K be commutative.

There are, of course, other geometrical theorems equivalent to
the condition that K be commutative. But since Pappus’ Theorem
is one of the simplest of these, and since it is traditionally taken as
the geometric equivalent of the assumption of commutativity, we
take it as our geometric criterion.

9. Some finite geometries. The constructions given in §7
were possible because we were able to draw a sufficient number of
distinct lines through a given point to make the various inter-
sections determinate. If the ground field K contains an infinite
number of elements, we can draw as many distinct lines through a
given point O as we please. For in any plane through O there exist
two points, X, ¥ such that O, X, Y are linearly independent. The
lines joining O to X + Ya, where « ranges over K, are infinite in
number, and we can always select from these a finite number which
satisfy our requirements.

If K is a finite field containing % elements (including 0 and 1)
the line XY contains the k points X + Ya (a in K) and also the
point Y. Through O we can therefore draw exactly k41 lines
(k> 2); that is we can draw at least three distinct lines through O in
the given plane. As we saw in § 7 this is a sufficient number to make
the constructions given there determinate.

The plane through O contains at least seven points, namely

0, X,Y 0O+X, 0+Y, X+7Y, O+X+7Y.
If K is the field of integers reduced modulo 2, in which case K
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contains only the elements 0, 1, these seven points are the only
points in the plane. Then, since

O0+X+X+Y+0+Y =20+X+Y)=0,

the three points O+ X, X+ Y, O+ Y are collinear. We shall return
to this finite geometry of seven points in the next chapter.
0

0+
0+X ¥

X X+¥ Y
Fig. 4.

The number of points in P} (K), where K is the field containing
only theelements 0, 1,is 27+1 — 1. Forin a given allowable coordinate
system these are the points («,,...,a,), where each a, takes the
values 0, 1 independently, only the case in which every «; is zero
being excluded. The number of points in P! (K) is the same, since
Pr(K) = PL(K).

In the same way we can show that if K is the field of integers
reduced modulo p, so that K contains only the elements

01, .. p-1,
the number of points in P’(K) = P4 (K) is
pn+1__ 1
p-1"

10. r-way spaces. Many generalisations of P7(K) are possible.
Only one will be used in this work. The ground field K is here taken
to be commutative.

We consider r projective number spaces

PN, (K) (@=1,...,71),
and suppose that
(@, ...,25) (@=1,..,r)



10. »-WAY SPACES 207

are the coordinates in allowable coordinate systems of points in
these r spaces. Now consider an ordered association of these points

| 1 .2 2
X = Ty +ees Ty Ty ooes Xy ooes Ty =+05 Ty)-

These are called the points of the r-way projective number space
PN, ., (K).

An allowable transformation of PN, , (K) is defined to corre-
spond to a projective transformation of PN, (K), a projective trans-
formation of PN, (K), ..., a projective transformation of PN, (K).

We consider a set 8 of elements which can be put in one-to-one
correspondence with the points of PN,, . (K). This correspondence
establishes a coordinate system in S. The allowable transformations
of PN, . ,(K) lead to new correspondences, and hence to new
coordinate systems in S. The elements of S, taken together with
these allowable coordinate systems, constitute the points of r-way
projective space F,, . , (K). Infact , , (K)issimply an aggregate
in one-to-one correspondence with all the sets of points (4,, ..., 4,),
where A,,..., A, are arbitrary points of F, (K),..., F,(K), the
coordinate systems being obtained by associating allowable
coordinate systems in each of these spaces.



CHAPTER VI*

PROJECTIVE SPACE: SYNTHETIC
DEFINITION

1. Propositions of incidence. In Chapter V we defined a
projective space of n dimensions over a field K, and derived [V, § 4]
certain theorems which we called the Propositions of Incidence.
The object of this chapter is to consider to what extent these
propositions characterise a projective space.

We begin by postulating the existence of certain objects which
we call linear spaces of 0,1,2,... dimensions (or points, lines,
planes, ...) and a relation which may exist between a linear space
8, of p dimensions and a linear space S, of ¢ dimensions. If this
relation connects S, and S,, we say that ), lies in §,, and write

S,=8,.
This relation is also written
8,28,

and is then read ‘S, contains S,’.
If F,,..., P, are any p+1 points we say that they are linearly
dependent if there is a linear space S, of ¢ dimensions such that

Fc8, (#=0,..,p),

where ¢ < p. Otherwise the points are said to be linearly independent.

We now postulate the following properties for the incidence
relation < [cf. V, §4].

I If §,= 8, and S, <8, then S, = §,.

II. If S, <8,and 8,8, then S, = 8,.

III. Every line contains at least three distinct points.

IV. Given any p+1 linearly independent points, there is at
least one linear space of p dimensions which contains them.

V. Any linear space of p dimensions contains at least one set of
p+ 1 linearly independent points.

VI. If F,, ..., P, are p+1 linearly independent points which lie
in an 8, any 8§, containing them is contained in S,.

* This chapter is almost completely independent of the rest of the book,
and may be omitted at a first reading.
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VIL. If R,..., P, are p+1 linearly independent points of an §,,,
and @, ..., @, are ¢+ 1 linearly independent points of an S,, and if
the p+q+2 points Py, ..., Py, Q,,...,Q, are linearly dependent,
there exists at least one point R which lies both in S, and
in §,.

V%II. There exists a finite integer »>1 such that there is at
least one set of = + 1 linearly independent points, but any set of m
points, where m >n + 1, is linearly dependent.

That these are a set of consistent postulates is proved by the
example of a projective space, defined in the previous chapter.

We now draw certain conclusions about the relation <, about
linear dependence, and, later on, about the intersections of linear
spaces.

(1) Each linear space 8, lies in itself. For by V, §,, contains 2+ 1
linearly independent points. By VI, any 8}, containing these points
lies in S;. Choose Sj = S, and the result follows.

(2) If 8,=8,, then p<q. For by V there is a set of p + 1 linearly
independent points lying in §,. By II these lie in S,. If ¢<p,
these points would be linearly dependent. Hence p <gq.

(3) If 8,= 8}, then S, = . Forif F,,...,F, are p+1 linearly
independent points of S, by II they are p + 1 linearly independent
points of 8},. Hence, by VI, 8, <S,,, and therefore, by I, S, = S,

Corollary. The S, containing p+ 1 linearly independent points
is unique, and any set of p+ 1 independent points of an S, serves
to determine it.

We shall call any set of p+ 1 linearly independent points in an
S, a basts for the S,,.

(4) Let F,, ..., P, be p+1 independent points, and suppose that
P, ..., P, is a linearly dependent subset. Then £, ..., P, lie in some
8S;, where t<s. Let Q,,...,Q, be a basis for §;, and consider the
g+l=p—s8+t+1 points @,,...,Q, F,,...,F,. If these are
linearly independent they determine an S,. In any case, they lie
in an 8,, where r < ¢ <p. Now, S, contains @, ..., @, and hence, by
VI, 8,. Therefore, by II, 8, contains F, ..., P,. Also, S, contains
P, ....P,. Hence F,...,B, are contained in 8, (r<p) and are
therefore linearly dependent. From this contradiction we deduce
that any subset of a linearly independent set of points vs necessarily a
linearly independent set.

Corollary. The points of a linearly independent set are all
distinct.

HPI 14
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(6) Let R, ..., F, be a basis for S,; @,,...,Q, a basis for S, If
S, and §, have no common point it follows from VII that R, ..., P,
Qo; .-, @, are linearly independent. Suppose that S, and S, have
at least one point in common. Considering the set of common points
there exists an integer r (0 <7 <n) such that there is at least one
set A, ...,4, of r+1 linearly independent points common to 8,
and S,, but any set of m points (m>7+1) common to 8, and S,
must be linearly dependent. Now, A4,,...,4, determine an §,.
Since 4,8, (¢ =0,...,7), it follows from VI that S,<§,. Simi-
larly S,=8,. Hence r <min(p,q). Also, if the point R lies in §,,
R< 8, < 8, and therefore, by II, R< 8,,. Similarly R<S,. On the
other hand, if the point B lies in S, and in §,, the points 4,, ..., 4,,
B are linearly dependent, and therefore lie in an 8, (¢<7). Since
4,8, (¢=0,...,r), 8,8, and therefore r<t. Hence r = ¢ and
8, = 8,. Therefore the points common to S, and S, are all the points
of a linear space S,. If now 8§, is any space lying both in §, and in
8, and G, ..., G, is a basis for §;, then the points of this basis lie in
S, and in S, and therefore in §,. Hence §, lies in §,.

(6) With the notation of (5) we prove the converse of VII, that
if 8, and S, have at least one point (and therefore all the points of
an S§,) in common, the p+g+2 points F,...,P,, @,...,Q, are
linearly dependent. If p>r there exists a point in S, which is not
in 8,. Otherwise S, = §,, and hence p <r. Let B,,, be a point which
is in S, but not in S,. Then 4,,...,4,, B,,, must be linearly in-
dependent. Otherwise we could show, as above, that B, , isin §,.
Hence A4,, ..., 4,. B, , determine an §,,,in S,,. If p>7r+1 we can,
similarly, find another point in S, B,,,, say, such that 4,,...,4,,
B,,;, B,,, are linearly independent. If we continue in this way we
obtain a basis 4,, ..., 4,, B,,;, ..., B, for S,, whose first »+ 1 points
are a basis for §,. In the same way we can construct a basis 4, ..., 4

b r
Cry1s -+, G, for S,. If the points A4, ..., 4,, By, ..., By, Copq, ..., C,
are linearly independent, they determine a linear space of p+gq—7»
dimensions. In any case they determine an S, (! <p+g—r). Since
8, contains A,,...,4,, B,,;,..., By, it contains §,,, and therefore,
by II, R, ..., P,. Similarly it contains @,,...,Q,. Hence the set
B, ...,P,,Qy,...,Q,liesin 8, (< p+g—r<p+q+1) and is therefore
linearly dependent.
(7) We now prove that in fact the points 4, ..., 4,, B,,y, ..., B,
C.,1, ..., C, are linearly independent. For, let us suppose that they
are linearly dependent. By construction, 4,,...,4,, B,,y,..., B,
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are linearly independent and determine S,. Also, G,,,,...,C, is a
subset of a linearly independent set. By (4) above this subset is a
linearly independent set, and it therefore determines an §,_,_,.
By VII, S, and §,_,_; have a point, R, say, in common. Since
GsS,(t=r+1,...,9), 84,158, and therefore R lies in S, and
in 8,. Hence, by (5) above, it is in S,. Since S, and S,_,_, have the
point R in common, the points 4,,...,4,, C,,,...,C, must be
linearly dependent, by (6) above. This contradiction proves that
4Aq,...,4,, B,,,..., By, C,,,...,C, are linearly independent. These
points therefore determine an §,,,,_,, the result still holding, as at
the beginning of (5) above, if S, and S, have no point in common,
provided that we put » = — 1. Clearly S,=8,,, ,,and 8,28,
On the other hand, if S, is any linear space such that §,<S,, and
also 8,< 8y, then 4,,...,4,, B,,,,..., B, C,,;,...,C, are all in S,
Therefore S,,,, ,< 8. Finally then, 8,,, , is contained in every
linear space which contains both S, and S,. If we call this space the
Jjoin of 8, and 8, the space S, being called the intersection of S,
and §,, we have proved

THEOREM 1. The dimension r of the intersection of two linear
spaces S, and S, is connected with the dimension t of their join by the
relation rt=p+q.

We know, by VIII, that there exists a set of n+ 1 linearly in-
dependent points. Let these be A,,...,4,. They define an S§,.
If Ris any other point, then, again by VIII, 4, ..., 4,, R arelinearly
dependent, and therefore lie in an 8,, (m<n). Since 4;,= 8,
(¢t =0,...,n), it follows that S, =8, and therefore, by (1) above,
n<m. Hence S, =S8,, and all points (and similarly all lines,
planes, ...) lie in S,. The complete configuration of points, lines,
planes, ... lying in S, is said to form an incidence space of n
dimensions.

A set of n + 1 linearly independent points in S, is called a simplex.
Let 4,,..., A, be a simplex. The points 4,,...,4;,, 4;,,,...,4,
are linearly independent, and determine an §,_; (or prime) X%,
which we call a face of the simplex.

For the sake of later applications [§ 6] we now prove that there is
a point & which does not lie in any face of the simplex 4,,..., 4,.
We prove this by induction on n. If n = 1, the result is simply
Postulate III. We therefore suppose that we have proved the
theorem for a space of n— 1 dimensions, in particular for X9, the

142
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face of the simplex which does not contain A4, Let E,, , be a
point of X° which does not lie in any face of the simplex 4, ..., 4,
of that space. Since any point common to XZ° and X% (s> 0) lies in
a face of this simplex, B, , does not lie in any 2% (¢ > 0). Since
A, is not in 29, the points 4, and E,, , must be linearly indepen-
dent. They determine, in consequence, a line {,. This line cannot
lie in X, since A4, is not in X°; nor in 2% (¢ = 1, ...,n), since B,y ,
does not lie in 2%. The line meets 2% (¢ = 0, ...,n) in unique points,
namely, in the points Ey, ., 4,,...,4o. Now, [, contains at least
one point E distinct from A4, and E,, ,, and this point satisfies
our requirements.

Now let i, ..., %, be any derangement of the integers 0, ...,n, and
consider the points 4, ,...,4, (k>0). These are linearly in-
dependent. If, therefore, the set A4.05-4;, E was linearly
dependent, £ would lie in the space determined by 4,, ,...,4;,
and therefore in X%, This is contrary to hypothesis. The n—k+1
points considered therefore determine an §,_;. Now, 4,,...,4;,
determine an §;, and since the join of S, and §,_, is the whole
space S, the spaces S;, and S,_, have just one point in common.
We denote this by E; .. The points E, ., 4,,,,...,4;, are
linearly independent.

If B, ,; lay in any of the faces of the simplex 4, ..., 4,, of S,
say in that face determined by 4,,...,4;,, §,_, would lie in the
space determined by 4,,...,4,, 44.,...,4;, that is, in X%,
Hence X% would contain E, and this contradiction proves that
E,, .;, does not lie in any of the (k— 1)-spaces determined by the
points 4,, ...,Aij_l, Ai,-“, N P

We obtain in this way 27+1—1 points E; _,,, including E; = 4,
and E, , = E. It should be noted that any incidence space of »
dimensions contains such a set of points, at least, and that they
are all distinct.

Let us now consider the space S}, determined by 4,,...,4;,. In
this space let us use the point E;  ,,, which does not lie in any of
the faces of the simplex 4, ...,4,, to construct points E; ,,
where j,, ...,J, i8 a subset of ¢,,...,%;. Arrange ,,...,%; so that
(Jos-++>Js) = (29, ---»%6). Then K}, is the intersection of the space de-
termined by 4, ..., 4,;, with that determined by E;, ;,,4,,, ,---,44,.
But this last space is the intersection of the space determined by
4,,...,4;, or 8, and the space determined by Z, 4, ,,...,4,,
It follows that E} , = E; ;. so that no new points are obtained
in this wav.
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We shall always assume that »>1 in subsequent sections, the
case n = 1 being of little interest. Indeed all that we can deduce
from the propositions of incidence when n = 1 is that there are at
least three points, and that two points are linearly independent if
and only if they are distinct.

2. Desargues’ Theorem. This theorem is fundamental for
the development of this chapter. Since the proof of both Theorem
and converse given in V, § 6 was based only on the propositions of
incidence, except in the case n = 2, we may state the theorems
without further proof for the case n > 2.

TaroreM I. If ABC and A'B'C’ are two triangles in perspective
there exists a line | passing through a point common to BC and B'C’,
a point common to CA and C'A’ and a point commonto ABand A'B'.

TarEoREM II. If ABC and A'B'C’ are two triangles such that there
s a line 1 passing through a point common to BC and B'C’, a point
common to CA and C'A’ and a point common to AB and A'B’, the
triangles are in perspective.

We shall refer to these theorems as Desargues’ Theorem and its
converse.

The theorems were only proved from the propositions of in-
cidence in the case n = 2 for a number of special cases. The con-
nection between the algebraic proof given in V, §6 and the pro-
positions of incidence is necessarily not very clear at present. But
we have no a prior: reasons for thinking that the case n = 2 is not
a consequence of the propositions of incidence. However, we now
show, by means of a counter-example, that when n = 2 the theorems
cannot be deduced from the propositions of incidence. In fact, we
construct an aggregate of points and lines which satisfy the pro-
positions of incidence in the case n = 2, but for which Desargues’
Theorem is not true. This construction is due to F. R. Moulton.

As a preliminary, we consider a Euclidean plane referred to
rectangular Cartesian coordinates (x,y), and in it a certain set of
loci, which we call L-loci. An L-locus is defined by the equation

y = mf(y,m)(x—-a),
where m, a are real numbers, and f(y, m) is defined as follows:
@) fm<o,  fg.m) =1;
(ii) if m >0, fly,m)=1, when y<0,
fly,m)=4%, wheny=>0.
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We also include the case m = oo, the line 2 = a being an L-locus,
and m = 0, @ = oo, the line y = b being an L-locus.

It is clear that an L-locus is completely determined by that part
of it which lies in the region y > 0, or by that part which lies in y < 0.
Moreover, if an L-locus has m > 0 (and is therefore not a line), the
line joining any two points of it has positive slope. Bearing these
factsin mind, it is easily seen that there is an L-locus joining any two
points A4, B, of the plane, and that it is uniquely determined by
these points. In fact, if A and B both lie in y > 0 the upper half of
the L-locus is the upper half-line through 4 and B; and this deter-
mines the L-locus uniquely. A similar result holds if 4 and B both
lie in ¥y < 0. Suppose now that A lies in the region y >0, and B in
y<0. If the line A B has negative slope, the unique L-locus con-
taining 4 and B is the line A B. If, finally, A B has positive slope,
let 4 be (x,,¥,), and let A’ be the point (z,,2y,). Let 4'B meet
y =0in M. Then the L-locus containing 4 and B is necessarily
that determined by the half-line M A4.

We show now that any two distincet L-loci

y=mfly,m)(x—a), y=nfly,n)(x->)

(m#mn) have a unique point in common. This is evident if both
m,n are negative, or, by the above remarks, if one of m, n is negative.
If both m, n are positive, and we solve the equations

y=m@—a), y=nx-b),
we find that y = mn(b—a)/(n—m);
and solving the equations
y =im(@@' —a), y =in(e'-b),
we find that y' = tmn(b—a)/(n—m).

Thus y gives the intersection of the L-loci if (b —a)/(n —m) is nega-
tive, and y’ if this ratio is positive. This proves the result, and we
deduce again that one and only one L-locus joins any two points.

If m = n the L-loci do not meet, unless they coincide. They are
then said to be parallel.

The process by which we pass from a Euclidean plane to a pro-
jective plane by the introduction of elements at infinity is well
known. In this projective plane Desargues’ Theorem is, of course,
true. We can now follow a similar process to arrive at a set of
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elements for which our postulates (with n = 2) are satisfied, but
Desargues’ Theorem is not true. To distinguish the points and lines
of this space from those of the original Euclidean plane, we shall
call them Points and Lines. The points of the Euclidean plane are
Points. Corresponding to each set of parallel L-loci we postulate a
further Point (at infinity) which is regarded as a Point of each locus
of the set. The Lines are the L-loci of the Euclidean plane together
with one other element, the Line at infinity, which contains all the
Points at infinity. It is now a simple exercise to verify that the
Plane which contains these Points and Lines, and the Points and
Lines themselves satisfy the Propositions of Incidence of p. 208,
In this Plane we now construct a configuration which violates
Desargues’ Theorem. The construction involves certain points and
lines in the Euclidean plane which are treated as Points and Lines.
It is important to observe the difference between points and lines
on the one hand, and Points and Lines on the other. The justification
of the assertions concerning the elementary geometry involved may

be left to the reader.

Y
o

BI

0 A
)V
Fig. 5.
We construct two triads ABC, A’B'C’ for which the lines 44’,

BB', CC’ areall parallel to OY, C'and C’ lying on O Y, for simplicity,
A on OX, and the intersections of corresponding sides lying on a
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line UVW parallel to OX in the upper half of the plane. We also
suppose that the slopes of BC, B'C’, C"A’, CA are negative, while
those of AB, A’ B’ are positive. Then the Lines A4’, BB’, CC' are
parallel, and therefore concurrent, the Lines BC, B’'C’ intersect
in U, the Lines CA, C'4' in V. The Line AB is the same as the
half-line A B (since 4 is on 0X), and passes through W, whereas if
A’ is on the opposite side of OX to B’, as in the diagram, the line
A’'B' passes through W, and therefore the Line A’B’ cannot pass
through W. Hence ABC, A’B’'C’ are two triads in perspective
whose corresponding sides do not intersect in the points of a Line,
and Desargues’ Theorem does not follow from the Propositions of
Incidence when » = 2. An even simpler example than the above
shows (as we should expect) that the converse of Desargues’
Theorem is also not necessarily true in an incidence S,.

Geometries in which Desargues’ Theorem is not true have been
the subject of numerous researches, but since they cannot be identi-
fied with the geometry of Chapter V we are not concerned with
them here. We add to our postulates

VIIla. If n = 2, Desargues’ Theorem is true.

We only need to postulate Theorem I of the present section, and
not the converse, Theorem II, since, as we saw in V, § 6, the latter
can be deduced from the former.

3. Related ranges. A set of points P, @, R, ... on a line [ is
called a range of points on I. A set of coplanar lines p, g, r, ... through
a point L is called a pencil of lines through L. From the Propositions
of Incidence it follows that if O is any point not on I, and !’ is any
line in the plane joining O and I which does not pass through O,
I' will intersect any line of the pencil O(P,Q, R, ...) in a point,
giving a range of points P’, @', R, ... on l'. The ranges on ! and '
are said to be tn perspective from O, and we write

(P.Q,R,..) ] (P,Q\F,...).

Such a perspectivity establishes a one-to-one correspondence
between the points on [ and those on I'.

Ifl contains only k points, I’ contains only % points, and every line
in the plane contains exactly k points. Through O there pass exactly
k lines, and through every point in the plane there pass exactly %
lines lying in the plane. By Postulate III, k> 3. We shall see that
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there are geometries in which a plane contains only a finite number
of points, and our methods must be devised to take account of these
Jinite geometries, especially when & = 3. The Propositions of In-
cidence assure us of the existence of 7 points in a plane in this case,
and there are finite geometries in which a plane contains exactly
7 points [V, §9].

Returning to our perspectivities, suppose that another per-
spectivity has been established between the points of I’ and those of
a line I”, the vertex being O’. The line I” must cut I, but need not
lie in the plane joining O to I, which we write O(l). We describe the
perspectivities thus:

(P,Q,R,...) g (P, Q. R,...) %(P”,Q", R",..).

A one-to-one correspondence, which is not necessarily a perspec-
tivity, is set up between the ranges on ! and I, and we say that these
ranges are projectively, or homographically, related, or simply that
they are related ranges. We write

(P,Q,R,...) A (P",Q",R",..))
in this case.

The process may be continued, and we say that two ranges are
related if they can be put into a one-to-one correspondence by means
of a finite chain of perspectivities. It is clear that in a perspectivity
distinct points are projected into distinct points. Hence, if two
ranges are related, distinct points in one range correspond to dis-
tinct points in the other range.

An important problem in the theory of related ranges is to
determine when two given ranges, which are in a one-to-one corre-
spondence, are related by a series of perspectivities. The following
theorem is a first step towards an answer. We shall use the term
projectivity for series of perspectivities.

TuEOREM 1. Given two triplets of distinct points P, Q,, R, and
P, Qq, R, lying, respectively, on two distinct lines 1, and 13, there i3 a
projectivity which assigns Py, @y, R, to F;, @3, Ry respectively.

Since P, @,, R, are distinct, and [, is distinct from /3, at most one
of these points lies on I3. Similarly, at most one of the points P}, @,
R, lies on 1;. Hence we can always choose one pair of points which
are not required to correspond in the projectivity, say P, and @,
neither of which lies on both [, and I5. Let P,@; be the line I,.
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The join @, @, is distinct from I, and l,. On it take a point O,
which is not on either of these lines, and let O, R, meet I, in R,
(0, and R, lie in the plane O,(l,)). Since l; and I, meet, P, P, and
Ry R; meet. Indeed, their intersection is unique, since P+ R;, and
P, P, has a single point in common with l;. Let this intersection be
0,. (It is not necessarily distinet from O,.) Then

0
(I,I’QI’RI) Kl (-Pla stRz) Oxz (1)3, QS’RB)‘

ls
0,
L

R,
&

B R, N Qs
Fig. 6.

An immediate corollary is that a projectivity which is the result
of three perspectivities, at most, can be set up between two ranges
on the same line, so that three distinct, arbitrarily chosen points
correspond to three distinct, arbitrarily chosen points.

It may be thought that the projectivity established between I,
and ly is a special one, because it is the result of only two perspec-
tivities. This is not the case, for we now prove

TreorEM I1. If a range of points on a line l, is related by a chain
of m perspectivities to a range of points on a line 1, +1,, this pro-
Jjectivity 18 equivalent to at most two perspectivities.

Two preliminary theorems are necessary. Consider a sequence
of two perspectivities between the lines /, and [,, and [, and I;. We
shall call I, the intermediary line for the projectivity between I,
and ;. 1, and I, must intersect: let them meet in the point L,,,
and let [,, I, intersect in the point L,g; the points L, and L,; may
or may not coincide. If they do, we have

TareoreM III. If 1, I, l; are concurrent and l,=+1; the sequence
of two perspectivities between the points of 1, and 1, is equivalent to a
single perspectivity.
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(4)
Lot (Bo @y Ry o) 2 (P Qo By o),

0)
and (Pz: QZ’ Rz, .. ) Kﬁa (Pm Q3a Ra, '")'

There is nothing to prove if 0,, = O,,;, so we may suppose that
0,,% 0,3. We consider the triads P, F, P;, @, @,¢;, and we see that

Ln"Lu P, Qs R, la
Fig. 1.

these are in perspective from L,, = Ly,. If both triads are proper
triangles we are necessarily in the general case of Desargues’ Theorem,
and thesides P, P, Q, Qintersect onthe join O,, 0,4 0f the two centres
of perspective at a point O, say. Thus @,Q,, and similarly R, R,,
passes through O, the intersection of O,,0,; with P, P;. Thus

(PoQuBr) Q (B Qs By,

If the points P,, P, P, are collinear, which is the case when P, lies
on 0, 0,,, the point O may be taken at the intersection of Q,Q,
with O,, 0, = P, P, P,. If both sets of points P,, B,, P, and Q,, Q,, @3
are collinear then we must have O;3 = Oy,.

If, on the other hand, Ly, + Ly, we have

THEOREM IV. In the sequence of two perspectivities between the
points of 1, and ls, the intermediary line may be replaced by any other
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line If which joins a pair of points on l; and ly which are neither
corresponding nor coincident.

Fig. 8.

We apply the previous theorem twice. Let ¥ be the line joining
X, of [, to Y5 of l;. By hypothesis, X, and Y, are distinct, and do
not correspond in the projectivity between /, and l;. Let us suppose,
in the first place, that X; does not correspond to L, the inter-
section of I, and I;. Since L, is self-corresponding in the perspec-
tivity, centre O,,, between I, and l;, we deduce that X, L,; does not
pass through O,,. We take the line X, L,; as I;. It satisfies the
requirements of our theorem, since X, and L,; are not corre-
sponding points.

We can project the range (F,,...) on I, from O,, into the range
(P, ...)onl;. Forl;liesin the plane L,,(l,) = 0,,(1,). By a sequence
of two perspectivities, vertices O,, and O,;, we have set up a pro-
jectivity between the ranges (P;,...) onl; and (B, ...) on I3, and the
lines, I3, 1,, l; are concurrent. By the previous theorem there is a
point Oy5 on 0,, 0, such that
O34
A
Similarly, since X, and Y; are not corresponding points, and X, is
self-corresponding in the perspectivity, centre O;,, between I/, and
l5, the line X,Y; = I3 does not pass through O;,. If we now project

By P2 Py, ) PO (B ),
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the range (P, ...) on l; into the range (P%,...) on If from the point
0,3, then again, by the previous theorem, since I¥,1;,1, are concurrent,
there exists a point O3, on 0,, 035 and therefore on 0,, 0,;, such that

(P ---) 01 (P%,...) 2 (B ..2)-
1 K 2 K 3

The line IF therefore satisfies the requirements of our theorem, and
may be used instead of I, as an intermediary line.

If X, corresponds to L,;, the argument fails. If L,, does not
correspond to ¥; we can prove the theorem, as above, by taking
L,,Y; in place of l; as the first intermediary line used in our argu-
ment. There remains the case in which X, corresponds to L,;, and
L, corresponds to Y;. We consider this case.

On [, there exists at least one other point besides L, and X,. Let
T, be such a point. If I, meets l,, and 7] is the point of intersection,
the point 7} of l; which corresponds to 7 is different from 7}, unless
the join 0,,0,, of the centres of perspective passes through 7).
Suppose that 0,,0,, passes through 7', and that 7} = 7. There are
two possibilities:

(i) There is a point Z, on I3 distinct from T}, L,,, Y,. We can pass
from the intermediary line I, to the intermediary line I¥ by taking
as intermediary lines, in order

L12L23’ L12Z3’ ZSXI’ XIY&

none of which joins corresponding points, or passes through the
intersection of /; and I,.

(ii) Every line contains only three points. Then the ranges on
l, and l; are in perspective from the intersection of X, L,; and
Y; Ly, and this point is O3 = Ogg. The case in which 0,3 = Oy, is,
of course, trivial.

Finally, if I, and I; meet, and T; and T are different, or if /, and
Iy do not meet, and T corresponds to 7, we replace Z; by 7} in the
proof of (i), above. This concludes the proof of Theorem IV.

We are now in a position to complete the proof of Theorem II.
In order to do this we first consider the case of four lines 1, [,, 15, [,,
with ranges (P, ...), (P, ...), (B3, -..), (P, ...) on them, and suppose
that

(Pl,...)(;;“’(g,...), (192,...)0;3(13,,...), (13,,...)07(“(11,...).
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By the definition of perspective, I, and I, are distinct intersecting
lines, and similarly for [, and I;, and for I; and I,; but other coinci-
dences of the lines 1, I,, I;, I, consistent with these restrictions are
permissible, and must be taken into account.

Fig. 9.

We first prove that if [, and [, are distinct lines we can pass from
the range (P, ...) to the range (F,,...) by two perspectivities. We
first observe that in the case in which each line of the configuration
contains only three points the result follows by the argument used
to prove Theorem I. Indeed, the ranges on [, and I, each consist of
three points and are in one-to-one correspondence. Using the
argument adopted to prove Theorem I it follows at once that we can
pass from the range on [, to the range on [, by two perspectivities.

In proving the result generally we may now confine ourselves to
the case in which each line of the configuration contains at least
four distinct points. We first consider the cases which arise
when the lines I,, I,, l;, [, have certain special mutual relationships.

(i) Iy, Iy, Iy distinet but concurrent. By Theorem I1I, we can pass
from (B, ...) to (B, ...) by one perspectivity, and the result follows
at once.

(i) 1,, Iy, 14 distinet but concurrent. This case follows in exactly
the same way as (i).

(iii) I, = I, I, not through L,, = L,;. Then there is a line I3
through L,,, different from [,, which meets [, in a point different
from a possible intersection of I, and I, and from the point of [,
which corresponds to L,, on l,. By Theorem IV we may replace
I, by I3 and then apply (ii).

(iv) I, = I, I, not through L,; = Lg,. This case follows as in (iii).

(v) Iy =1, ly=1,. Let m be any line through L., = L,y = Ly,
different from !, = I3 and from I, = [,. From a point ¥; in the plane
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of I, and m we project the range (B, ...) on [, into the range (P,...)
on m. Then

14 0
(P} 2 (Pye) 2

A

Using Theorem III, we obtain, in turn,

B P28 0B,

V .
(P,...) K‘ (By...) (1=1,2,3,4)
for suitably chosen points V,, V;, V;. Hence we have
|4 Vi
(P --.) 7(1 (P,...) 7\‘.‘ By -+4)s

and indeed, by another application of Theorem III, we see that
the ranges on /, and [, are in perspective in this case.

The cases considered above deal with all the cases in which 1;, [,, 1,
are concurrent, or l,, I, [, are concurrent. The remaining cases are
first, the general case illustrated in Fig. 9, and the cases in which
l;, 15,1, are concurrent (but all different) or I, 1, I, are concurrent (but
all different). These last possibilities cannot occur simultaneously,
otherwise we should be in a case already considered. We need only
consider the case in which [, I,, I, are not concurrent (whether
l,, 15, I are concurrent or not), since the case in which [, 1,, I, are
concurrent and I, I3, I, are not concurrent is obtained by inter-
changing the roles of I, and ;. Our argument, of course, includes
the general case.

Since 1,, 1,, I, are not concurrent we may replace I; by a line I¥
joining L, to a point of /, not on I, nor corresponding, in the range
onl,, to L,, regarded as a point of l;. We then have [,, I,, I con-
current, and may apply (i). This completes our proof of Theorem I1
in the case m = 3.

Now consider m perspectivities, that is, the general case of
Theorem II. The case in which each line has only three points can
be dealt with as when m = 3, and may be omitted. If, in the sequence
of lines by, Ly ly, oo Uy (m>2),
we can find a line I; which is different from 7;, ; we can apply the case
m = 3 to reduce the number of perspectivities. We proceed in this
way until either we reach the case of two perspectivities, or else

l{=li+8 (1:= 1,...,m—2).
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In this case m > 3 since we have assumed I, +1,,.,. Then [, l,, l; are
distinct lines. We can, by Theorem IV, replace I, by a different line
I3 without altering any other I;. Then, since I¥+I; we can apply
the result for m = 3 to shorten the sequence of perspectivities. Thus
in all cases we can reduce the number of perspectivities to two and
our theorem is proved.

Corollary. A one-to-one projective correspondence between two
ranges on the same straight line can be obtained as the result of
at most three perspectivities.

4. Harmonic conjugates. On a line ! take two distinct points
4 and B. If C is any point of ! we construct a new point D on I
as follows. R R

4 §=D=B=C=P A=CaQ@=5~D B

R Fig. 10.

In a plane 7 through ! take three lines a, b, ¢ passing respectively
through 4, B, C, each distinct fram 7 and not all meeting in one
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point. Since at least three distinct lines pass through every point in
m, it is possible to choose a, b, ¢ to satisfy these conditions. Let b and
c¢meet in P, ¢ and a in @, and let @ meet b in the point R. Then A
cannot coincide with P, nor B with Q. Since 4, B, P, Q are coplanar
points, and not collinear, 4 P and B meet in a point. Let this be S.
Then S must be distinct from R, since B is distinct from 4. The line
RS has a unique intersection D with I. This is the point we seek.

It is immediately verified that if C = B then D = B, and if
C = A, then D = A. In these cases the construction of D does not
depend on the particular set of lines a, b, ¢ chosen. We prove now
that if C is distinct from 4 and B the point D is independent of the
coplanar set of lines a, b, ¢ chosen: in other words, D is determined
only by the ordered triad A, B, C.

We first examine the case in which there are only three points
A, B, C on l. Then D must coincide with one of these points. If
D = A,then R, S, @, A must be collinear, and hence @ = Sor @ = 4.
IfQ = S, then R = P, and a, b, ¢ are concurrent, contrary to hypo-
thesis; if @ = A, then C = A4, which is again contrary to hypothesis.
Similarly we cannot have D = B, and so the only remaining possi-
bility is D = C. Hence in this case too, the position of D does not
depend on the particular choice of 4, B, C.

We may now confine ourselves to the case in which !/ (and hence
every line) contains at least four points, and through any point
there pass at least four lines which lie in any given plane through
the point. We consider any plane 77’ (not necessarily distinct from 7r)
through [, and in it we draw three lines a’, b’, ¢’ through 4, B, C
respectively, these lines being distinct from ! and not concurrent.
We repeat the construction given above, denoting the points
corresponding to P, @, R, S by P’, @', R, §'. Let R'S’ meet
lin D"

Consider, first of all, the case in which the lines a, a’; b, b’; ¢, ¢’ are
all distinct. Corresponding sides of the triangles PQR, P'Q'R’
intersect in 4, B, C, which are collinear. Hence, by the converse of
Desargues’ Theorem, these triangles are in perspective. If P = P’,
then b = &', and ¢ = ¢/, contrary to hypothesis; for similar reasons
Q@+Q', B+ R'. Thus the lines PP’, QQ’, RR’ are determinate, and
they have a point O in common. If two of these lines coincide, say
QQ' = RR', then QR = Q'R’, that is, a = a’, which is contrary to
hypothesis. Therefore O is determined by any two of the three
lines.

HPI1
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Again, corresponding sides of the triangles PQS, P'@’'8S’ intersect
in B, A4, C, and therefore these triangles are in perspective. Hence
S, 8’ and O, the intersection of PP’ and QQ’, are collinear. The
triangles @RS, Q'R’'S’ are therefore in perspective from O. Let us
assume, first of all, that SQ 4 S'Q’. Since SQ meets S'Q’ in B, and
QR meets Q'R in A, Desargues’ Theorem shows that RS and
R'S’ have a point in common on B4 = I. Since RS meets ! only in
D, and R'S’ meets it only in D’ it follows that D = D’.

If SQ = S'Q’, but SP+S'P' we may use the triangles PRS,
P'R'S'inplaceof QRS,Q'R’'S’ and prove that D = D'. IfSQ =8'Q’
and SP = S§’P’ then S = 8’ and Q@’, PP’ meet in S. Since PQR,
P'Q'R' are in perspective, RR’' goes through S = 8’. Hence
RS = R'S' meets ! in the same point D.

This proof may break down if the linesa, a’; b, b"; and c, ¢’ are not
all distinct. For instance, if ¢ = ¢/, the triangles PQR, P'Q’'R’ are
in perspective from the intersection of RR’ with ¢, and PQS,
P'QYS’ are in perspective from the intersection of S8’ with ¢,
but since PP’ = Q@' we cannot deduce from these facts that
QRS, Q'R’'S’ are in perspective. We must therefore modify our
proof.

We note that if ¢ = ¢’ the planes 7, 7’ coincide. We show that if
the lines @, a’; b, b’; ¢, ¢’ are not all distinct there exists at least one
other set of lines a*, b*, c* through 4, B, C satisfying the require-
ments of the construction, such that a, a*; b, b*; c, c*, and o', a*;
b, b*; ¢/, c* are distinct sets of lines. The case in which ¢ = ¢’ is
typical. Since through each point of ! there pass at least four
distinct lines of 7 we can find lines a* and b* through 4 and B
respectively distinct from [, a, a’ and [, b, b’ respectively. Let b*
meet a* in R*. Since ¢ = ¢, there is at least one line ¢* in r which
passes through C and is distinet from ¢ = ¢’, I and C R*. The lines
a*, b*, c* satisfy our requirements. We use them to construct a
point D*. By the proof given above D = D* and similarly D' = D*,
It follows once more that D = D’.

This unique point D is called the harmonic conjugate of C with
respect to A and B, and is denoted by

D = (4, B)/C.
It is clear from the construction that

D = (B, 4)/C.
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We now prove that
C = (4, B)/D = (B, A)/D.

To construct the harmonic conjugate of D with respect to 4 and B
we draw three lines AQ R, BSQ, DSR through A, B, D respectively
to form a triangle QSR. Then BR and AS intersect in P, and QP
meets ! in the harmonic conjugate of D with respect to 4 and B
(or B and A4). This is the point C, so that the result is proved.

We saw in § 3, Th. I, that a projectivity can be established between
the points 4, B, C, and the points A’, B’, C’, these being two
triplets of distinct collinear points. We now prove that such a
projectivity makes (4, B)/C correspond to (4’, B')/C".

Ifinfact C = Aor C = Bthenwemusthave C' = A’or ¢’ = B,
and in these cases the result is evident. We therefore suppose that
A, B, C (and therefore A’, B, C') are distinct. Since a projectivity
is the result of a finite number of perspectivities, we need only
consider ranges 4, B, C, A, B’, (' on distinct lines [, I', which are
in perspective.

(i) A = A'. Let theranges be in perspective from R. To construct
D = (A, B)/C we draw the lines AR, BB’, CB’ through 4, B, C,
respectively, to form the triangle B'QR. Since A B’, BQ meet in §,
RS meets ! in the required point D. To construct D' = (4', B')/C’,
we draw through A’, B’, C’ the lines A'QR, B'QC and C'CR
respectively to form the triangle CRQ. Since A'C and B’R meet
in B, BQ meets I’ in D’. Therefore D’ = S. Hence (4, B, C, D) and
(4’, B, ¢', D’) are in perspective from R.

15-2
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(i) B = B’. This case follows at once from (i) since
(A: B)/C = (B’A)/C'

Fig. 12.

(iii)y C =C'. If AB’' and A’B meet in 8, and RS meets ! in D,
I" in D', we construct (4, B)/C by means of the lines 44’, BB’,
CA'B’, and (4’, B')/|C’ by means of the lines A’A, B'B, CAB. It
follows at once that D = (4, B)/C, and D' = (4', B')/C’'. Hence

(4,B,0,D) ¥ (4", B, ", D).

(iv) Let I and !’ meet in a point distinct from 4, B, C, A’, B’, ¢,
and suppose that

(4,B,0,D) ] (4, B',C", D),

where D = (4, B)/C. To prove that D’ = (4’, B")/C’, join CA’ and
let this line meet ODD' in D,, and OBB’ in B,. Since

(4, B, C,D) g (4', B,, C, D,),
and D = (4, B)/C, it follows from (iii) that D, = (4', B,)/C, and
since

(4',B,C,Dy) 2 (4, B, 0", D),

it follows from (i) that D’ = (4', B’)/C".
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l
A4 D B [

Fig. 13.

These results are usually stated in the following form:

TrEOREM I. Harmonic conjugacy is projectively invariant.
An important corollary is

THEOREM II. If there exist three distinct points A, B, C such that
C = (A4, B)/C, then, given any three points A’, B', C', with A'+ B’,
we have C' = (A’, B')/C". ‘

This is evident if (' = 4’ or (' = B’. If ¢’ is distinct from 4’
and B’, there is a projectivity which takes 4’, B’, C" into 4, B, C.
By Theorem I this takes (4’, B’)/C" into (4, B)/C. Since, by hypo-
thesis, this last point coincides with C, we must have

¢ = (4', B")/C".

When this happens we shall say that we are in the special case.

For the purpose of completing the relationship between the pairs
4, Band C, D, we find it convenient to define (4, B)/C when A = B.
The definition varies with the circumstances. If we are in the
special case we allow any point of the line to be D = (4,4)/C. If
we are not in the special case we define (4, A4)/C to be A when
C # A4, and to be any point of the line when C = 4.

We now prove that if D = (4, B)/C, then 4 = (C,D)/B. It may
be seen at once that this follows from the definition of harmonic
conjugacy, with the above convention, if the points 4, B, C, D are
not all distinct. We need only consider the case, therefore, in which
A, B, C, D are four distinct points on [.
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With the notation of Fig. 10 let PD meet RA in @, and @D meet
RBin P’. The lines RD, AP, BQ pass through 8, so that the sides
of the triangles RAB, DPQ must intersect in collinear points.
Therefore P’'Q)’ passes through C.

Ql P! C
Fig. 14.

To construct (C,D)/B we draw the lines DP’, CP and BPP’
through D, C and B, forming the triangle PP’Q. The lines DP and
CP’ meet in @', and QQ" meets ! in the required point, which is
therefore A. To sum up, we have proved

THEOREM III. The harmonic relation is symmetricin A, B and in
C, D and also in the pairs (4, B) and (C, D).

We may now describe (4, B) and (C, D) asharmonically conjugate
pairs. The harmonic property is not of much interest in the special
case, but it is of fundamental importance in all other cases.

If we are not in the special case we cannot extend §3, Th. I and
find a projectivity which relates four distinct points 4, B, C, D of
one range to four distinct points 4’, B, C’, D’ of another. For if
D = (A, B)/C, but D'+(4’, B')/C’, the existence of such a pro-
jectivity would contradict Theorem I.

Finally, if (4, B), (C, D) are harmonically conjugate, and O is
any point not on the line 4 BCD, consider thelinesa = 04,b = OB,
¢=0C,d = 0D. If ' is any line in the plane of these lines which
does not pass through O, and cuts these lines in 4, B’, C’, D’

respectively, then 0
(4,8,0,0) 9 (4", 8,0, D),
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and so (4’, B’) are harmonically conjugate with respect to (C’, D’).
We express this property of the pencil of lines a, b, ¢, d by saying
that (a, b) are harmonically conjugate with respect to (c,d).

5. Two projectively invariant constructions. We re-examine
the constructions already given in V, §7, and prove that they are
projectively invariant. Their importance lies in the fact that they
can be used to construct a field by which we shall introduce co-
ordinates into the incidence space [§§ 7, 8].

On a line ! take three distinct points O, E, U. Let 4, B be two
points of I, each distinct from U.

Construction I. In a plane m through 1 draw three lines a, b, u
through A, B, U, respectively. These lines are to be distinct from | and
must not all pass through one point. Let P be the intersection of wand a,
Q the intersection of u and b, R the intersection of OQ and a, S the
intersection of UR and b. Then PS8 intersects | tn a definite point T.

After justifying this construction we shall show that 7' depends
on 0, U, A, B only, and not on the construction lines a, b, u. The
first part of the construction, the selection of the three lines a, b, u,
is possible because, as we have already seen [§3], at least three
distinct lines pass through every point in 7. The point @ cannot
coincide with O, and so the line OQ is defined. The point R is unique,
since even when 4 = O, P+ Q. Since Risona, R+ U, and therefore
UR is determined. The points P and § are distinct, and their join
is distinct from I, since % does not go through the intersection of a
and b, and does not coincide with I. Hence P8 meets [ in a definite
point 7', and since PS8 is distinct from », 7'+ U.

The ‘general’ case is illustrated by Plate III, (i). We first
show, however, that T is independent of the construction lines
a, b, u in the following special cases, in which the points O, 4, B
are not all distinct (the numbering refers to the diagrams in
Plate III):

(ii) 4 = B+0. We see that T = (4, U)/0, performing the usual
construction for the harmonic conjugate, using only lines of the figure.

(iii) O = 4. Evidently T' = B.

(iv) O = B. Here T = A.

(v) A = B=0. Wesee that T = O.

If in a projectivity the points O, A4, B, U become the points
0',A', B’, U’, the point T becomes the point 7" in the above special
cases, since coincident points become coincident points, and
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harmonic conjugates become harmonic conjugates. In these cases,
then, the constructions are projectively invariant.

- We now suppose that 0, 4, B, U are distinct. We prove that
P, Q, R, S are distinct points, no three of which are collinear. By
construction, P and @ are distinct points. Also 0Q+ b, and @ does
not lie on a. Hence R isnot on b, and, in particular, R+Q. If R = P
then we should have @R = QP; but Q R meets ! in O, and @ P meets
lin U. Since O+ U, it follows that R+ P. Again, since U+ A4,
UP+ UR, and since U + B the points ¢, 8 are distinct. Finally,
R is not on b, and therefore S+ R. We conclude that P, @, R, S are
distinct points, no three of which are collinear.

If R were onl, R would be 4, and OQ would be [; that is, Q would
lie on 1, contrary to our construction. Similarly, if S were on I, S
would be B, and R would lie on /, which we have seen is not the case.
Hence none of the points P, @, R, S lies on l. These facts will help
to clarify certain points in subsequent proofs.

We must show that if 7’ is any plane through I (which may
coincide with 7) and a’, b’, ' are lines of 7’ through 4, B, U respec-
tively, all distinct from ! and not concurrent, then the construction
given above, with a, b, u replaced by a’, b’, u’ respectively, leads to
a point 7" which coincides with 7.

Case (i). m+n'. By the converse of Desargues’ Theorem the
triangles PQR, P'Q'R’ are in perspective, corresponding sides
intersecting at the collinear points O, 4, U. Similarly, the triangles
SQR, S'Q’'R’ are in perspective. Hence there is a point common to
the lines PP’, QQ’, RR’, 8§’, so that the triangles SPQ, S'P'Q’
are in perspective. Hence SP meets S’P’ on the line UB; that is,
T=1T.

Case (ii). m = o', If the configuration lies in a space of dimension
n > 2, then the uniqueness of the point 7' is at once established by a
double application of (i); the two constructions in 7 = 7" are com-
pared with a construction in a plane through [ distinct from 7 = 7.
But if n = 2, we must proceed differently. We first establish the
uniqueness of T for the cases, three in number, in which two and
only two of the coincidences a = a’, b = b’, u = u’ occur. Having
done this, we observe that there are at least three lines in 7 distinct
from ! through each of the points 4, B, U, for l has been assumed to
contain at least four distinct points O, 4, B, U. The reader may now
easily verify that we can pass from construction lines a, b, u to
construction lines a’, b’, 4’ by a series of steps in each of which only



PLATE III

0
0=A=R B=S=T v 0=58 A=T v
(iii) (iv)
P
Q
a
u
b
O=A=B=R=S=T U

(4]
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one of these lines is altered. Thus we have only to consider the three
following special cases (iia), (iib), (iic).

(iia). a =a',b=0",u+u’. Let PS meet QRin Y. Clearly XY is
the harmonic conjugate of XU with respect to the distinct lines
XA, XB. Similarly, XY’ is the harmonic conjugate of XU with
respect to XA, XB. Hence X, Y, Y’ are collinear points. The

Fig. 15.
triangles PQY, P'Q'Y’ are therefore in perspective from X. Since
PQ meets P'Q’ only in U, and Q@Y meets @'Y’ only in O, it follows
from Desargues’ Theorem that PY meets P'Y’ in a point of OU;
that is, 7' = 7",
(iib). @ = a’, b+b’, u = u’. Consider the triangles QRS, @' R'S’.
Corresponding sides meet in the points U, B, O respectively. Hence

Fig. 16.

the triangles are in perspective. But @@’ meets RR’ in the one
point P, Therefore P, §, S’ are collinear, and hence 7' = 7".
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(ic). a%a’, b=10', u=u’". The triangles PRS, P'R’'S’ are in
perspective from . Since PR meets P’'R’ only at 4, and RS meets
P,

Fig. 17.

R'S’ only at U (if §=8', R = R’, since O+ U, and then a = a),
it follows from Desargues’ Theorem that PS meets P’S’ on AU.
That is, T = T".

The three special cases having been examined, the uniqueness of
T is now completely established.

We now proceed to establish the projective invariance of the point
T; that is, we shall prove that if there is a projective correspondence
between ! and I’ such that

4,B,0,0,..)A4',B,U0',0,..),
and if 7" is the point obtained by applying Construction I to
A’, B, U’, O, then
4,B,U,0,T,..)R (4',B',U',0,T1,...).

We need only prove the invariance of the construction in question
under a perspectivity.

If n > 3, and the ranges on ! and I’ are in perspective from ¥V, there
are planes , 7’ through [, I’ respectively which do not contain V.
We perform Construction I on lin 7, and project the configuration
in 7 from V on to #’. The projected figure gives Construction I on
I', and therefore the projective invariance of T is proved.

If n = 2 we must use other arguments. As we have already noted,
we need only consider the case in which 4, B, O, U are all distinct.
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We suppose that 4, B, 0, U and A’, B’, 0’, U’ are two ranges on
lines I, I’ respectively, which are in perspective from V.

Case (i). O = O’. To construct T' we use the lines AV, BV, UB’
for @, b, . Then, in the notation of the figure, PQ meets [ in T'. To
construct 7" we use the lines AV, BV, U’B through A’, B’, U’
respectively. Then SR meets I’ in 7". Let PB'U, SBU’ meet in X.
Evidently OX is the harmonic conjugate of OV with respect to I
and I'. Similarly, if A’U meets AU’ in Y, OY is the harmonic con-

Fig. 18.

jugate of OV with respect to 7 and I’. Hence, O, X, Y are collinear
points, and XY meets BB’ in (B, B’)/V. Projecting from X, we see
that XY meets A4’ in (P, 8)/V, and, projecting from Y, it meets
BB’ in (@, R)/V. Hence, the intersection Z of PQ, SRison XY.
Now, the corresponding sides of the triangles 7"U’R, TUQ meet
at Y, Z, O respectively, and therefore, by the converse of Desargues’
Theorem 77" passes through V, the intersection of UU’, QR.
Case (ii). U = U’. To construct T we use the lines AV, BV, I’
for a, b, u respectively. If OB’ meets AV in R and U R meets BV in
S, then A’S meets lin 7. To construct 7" we use the lines AV, BV, 1.
If O'B meets AV in R’, and UR’ meets BV in §’, then AS’ meets
U'in 7". Let B’R meet A’S in X, and BR’ meet AS’ in X’. Then
VX is the harmonic conjugate of VU with respect to VA, VB, and
go is VX'. Hence V, X, X’ are collinear. Similarly, if BR’ meets
B'R at L, and AS’ meets A’S at M, we see that UL and UM are
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both harmonic conjugates of UV with respect to UO, UO’. Hence
U, L, M are collinear. Now consider the triangles OXT, O'X'T".

0
Fig. 19.

Corresponding sides intersect at the collinear points M, U, L. The
triangles are therefore in perspective. But OO’ and XX’ meet

only in V. Therefore T', T", V are collinear.
Case (iii). The intersection of [ and !’ is distinct from O and U.
Join O'U, and let this line cut VA4, VBin A*, B*. Using O’, A*, B*,
U, we construct 7'*. By Case (ii) above T'T* passes through V,

U] 4 B T U

Fig. 20.
and by Case (i) above T*T" passes through V. Hence T'T" passes
through ¥V, and the proof of the projective invariance of Construc-
tion I is complete.
We shall return to a study of this construction later. We note
here that given O and U the point T' is determined by 4 and B in-
dependently of the order in which they are taken; that is, T' is symmetric
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in 4 and B. For, having already shown that 7 is invariant, we may
use the line USR as u, and although this interchanges the parts
played by 4 and B, we evidently obtain the same point 7' in the
only case we need examine, namely 4+ 0, B+ 0.

Construction I1. In a plane m through 1 draw three lines a, b, u
through A, B, U respectively. These lines are to be distinct from | and
must not pass through one point. Let P be the intersection of u and a,
Q the intersection of w and b, R the intersection of EQ and a, S the
intersection of OR and b. Then PS8 intersects I in a definite point T.

Fig. 21.

After justifying this construction we shall show that T' depends
on the points 4, B, U, O, E, but not on the construction lines a, b, u.
As in Construction I, we can select three lines a, b, u to satisfy the
given conditions. The points P, @ are distinct, and neither lies on J.
The intersection R of EQ and a is unique. For otherwise £Q = a,
and @ would coincide with the intersection of @ and b, so that a, b, u
would be concurrent, which is not the case. Again R is distinct from
0, since R is on £Q, which does not coincide with I, @ not lying on I.
Hence OR is defined. The intersection S of OR and b is unique. For
if not, we should have OR = b, so that B = O, and since @ lies on b,
we should also have QR = b, so that £ = B. But we cannot have
E = B = 0, for E is distinct from O. Hence § is unique, and it
does not coincide with P, because P does not lie on b. The line PSS is
therefore determinate, and since P does not lie on 7, PS8 has a unique
intersection 7' with I. Finally, T+ U. For if T = U, § = @, and
QR = SR, and therefore O = E, which is contrary to hypothesis.

To show that T is independent of the plane 7 and of the con-
struction lines a, b, u, we first consider a number of cases in which
A, B, U, O, E are not all distinct. These are illustrated in Plate IV.



PLATE IV

O=B=S=T E=d=fi U

O=A=B=S=T s E=A=B=R=S=T

E=A=R  B=S=T
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(i) If A = O, or B = O, the construction shows that 7" = O.
(ii) If A = E, we see that 7' = B.

(iii) If B = E, we find that 7 = A.

(iv) Suppose that A = B, but that 4 and B are different from O
and £. Let O'=E,U'=A4A=B,A' =0, B =U. Taking 0', U’,
A’, B’ in place of the four points O, U, 4, B of Construction I, we
draw ORS, UQP, BSQ through A’, B’, U’ respectively. Using
these lines as the lines a’, b’, %’ of Construction I it is clear that PS
meets lin the invariant point 7" of that construction. Hence 7' = 7"
does not depend on the choice of lines through 4, B, U, and is
projectively invariant with regard to the points O, E, 4 = B, U.

Hence, to prove the uniqueness of 7" and its projective invariance,
we may confine ourselves to the case in which O, E, U, A, B
are all distinct, and therefore every line contains at least five
points. Then 7' is distinct from O, 4, B and U.

As in Construction I, we show that in this case P, @, R, S are
all distinct points, no three are collinear, and none lies on I. Now let
7' be any plane through [, and draw lines a’, b’, %’ through 4, B, U
respectively which are not concurrent, and do not coincide with I.
Complete the construction for 7. We show that 7' = 7".

Case (i). w+n'. The triangles PQR, P'Q'R’ are in perspective,
since corresponding sides meet at the collinear points H, 4, U.
Similarly, the triangles QRS, Q'R'S’ are in perspective, corre-
sponding sides meeting at the points O, B, E. Hence the triangles
PQS, P'Q'S’ are in perspective, and therefore PS meets P'S’ on
the line U B. Therefore 7' = T".

Case (ii). m = a'. If the configuration lies in a space of n>2
dimensions, we can establish the uniqueness of 7' by comparing
the constructions with a third construction in a plane through !
distinct from 77 = 7', using the result of Case (i). If, however,n = 2,
we must proceed differently. We consider three special cases.

(iia). a#a’, b =b', u = u’. We use the notation of the previous
figure. The triangles PRS, P’'R’S’ are in perspective from ¢. Now
PR and P'R’ are distinct, and meet only in 4. Also RS+ R'S’.
Forif R = R',R = R' = A,and then E = A, contrary to hypothesis.
Similarly, if 8§ =8’, 08 = 08’ = OR = OR’, and therefore RR’
contains O, so that O = E, which is also contrary to hypothesis.
Hence if RS = R'S’ we must have RR’ = 88§8’, which implies
E = B, which is also not the case. Hence RS meets R’S8’ in the one
point O. Applying Desargues’ Theorem to the triangles PRS,
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P'R'S’, we see then that PS meets P'S’ on OA. That is,
T = T'o

P

Fig. 22.

(iib). a=a', b+b’, u=u'. Since b+b’, @+ @Q’, and therefore
R+ R'. Also, RR' =a+u = QQ'. Now, QR meets Q'R’ at E, RS

P=P

Fig. 23.

meets R’'S’ at O, and Q.S meets @S’ only at B. Hence the triangles
QRS, @ R’'S" are in perspective. But Q@’and RR’ meet only in P.
Therefore P, S, 8’ are collinear points, and so 7' = 7".

HPI 16
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(iic). a=a’,b =b", u+u'. Let a, b meet in X, let PS, RQ meet
in Y, and P'S’, R'Q’ meetin ¥Y'. Let RS meet «#in V, and let R'S’
meet «’ in V'. The triangles RQV, R'Q'V’ are in perspective, since
corresponding sides meet at U, O, E respectively. Since ER’ and

Fig. 24.

QQ’ meot only in X, it follows that V'V’ passes through X. Now,
XY is the harmonic conjugate of XV with respect to XA, X B, and
X Y'istheharmonic conjugate of X V' withrespect to the same pair of
lines. Since XV = XV', X, Y, Y’ are collinear points. Now consider
the triangles PYQ, P'Y'Q’. By what we have just proved, these
triangles are in perspective from X. Since PQ meets P'Q’ only at
U, and YQ meets Y'Q’ only at E, it follows that PY meets P'Y’
onl. Hence T' = T".

Having proved that 7' = 7" in these special cases, we can proceed,
as in the case of Construction I, to prove that 7' = 7" for any two
constructions in the one plane which use the same distinct points
0, E, U, A, B. Since at least four lines distinct from  pass through
each of the points 4, B, U we can pass from the first construction
to the second by a series of alterations of one of the lines a, b, u.
At each change 7" remains invariant, since we have one of the three
special cases considered above, and finally we reach the lines
a’, b, u’ of the second construction.

We now prove that if there is a projective correspondence such

that (0,B,U,A4,B,..) K (0, E, U, A" B,...)
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and if 7" is the point obtained by applying Construction II to the
points O', E', U’, A’, B’, then

(O,E,U,A,B,T)R (O',E',U',A",B', T").

We need only consider the case when the two ranges are in per-
spective from a vertex V. We may suppose that O, £, U, A, B are
all distinct, the cases in which 4, B coincide with Oor E,or 4 = B
having already been considered. We suppose in the first instance
that

(i) O = O'. To construct 7'and 7" we use the lines VAA’, VBB’
first asa, b, then asa’, b’. Let EA’ meet VB in P. We take U P as u,

0

Fig. 25.

meeting @ in @, and @B’ then meets [ in 7. Let E'A meet VB in
P’. We take U’ P’ as u’, meeting a’in @', and then Q' B meets !’ in 7".
Let £A' meet E'A in X, BT' meet B'T in Y, and let PQ meet
P'Q" in Z. Finally, denote the intersections of PQ and !, and of
P’'Q" and I, by H' and H respectively.

Consider the triangles A'PH’, AP'H. Since corresponding sides
intersect at Z, O, X respectively we can deduce that HH' passes
through V if we prove that Z, O, X are collinear. But this follows
at once from the fact that the triangles EPU, E’'P’'U’ are in per-
spective from V, since corresponding sides of these triangles inter-
sect at Z, O, X respectively. The triangles H'QB’, HQ'B are now
seen to be in perspective, vertex V. Since corresponding sides
intersect at Y, O, Z it follows that O, X, Y, Z are collinear. It is
clear that OX is the harmonic conjugate of OV with respect to [
and !'. If 77" meets BB’ in K, the harmonic conjugate of OK with

16-2
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respect toland I’ is Y, which coincides with OX. Hence OK = OV,
and therefore 7'T” passes through V.

(ii) Now let U = U’. This case can be deduced from the one just
proved by observing that if we rename the points O, E, U, 4, B by
writing =0~ - - - =

and construct 7' from the points O, E, U, 4, B, we have T = T.
Thus the projective invariance of 7' when U = U’ is covered by the
previous case.

Finally, let the lines I, I’ meet in a point distinct from O and U.
If I* is the line O'U we proceed in two stages, first considering the
ranges on ! and I*, and then the ranges on I* and I’, and the proof
of the projective invariance of 7' is completed as in the case of
Construction I.

The preceding proofs of the invariance of the points 7' obtained
by the two constructions can be greatly simplified when n = 2 if
we may assume that every line contains an unlimited number of
points. It is then possible to ensure that all the required inter-
sections in the uniqueness proofs are determinate. Alternatively,
the assumption that we are not in the special case mentioned
in §4 leads to simplifications. Our purpose has been to provide
proofs which are valid when » = 2 without the use of these
assumptions.

We conclude this section with some remarks on the various con-
structions we have discussed. It will be observed that in the
‘general’ cases of Constructions I and II a set of four coplanar
points P, @, R, S enters, with the property that no three of the
points are collinear. These points form a quadrangle with three pairs
of opposite sides: P@Q, RS; PS, QR; PR, @S. The respective inter-
sections Z, X, Y of these pairs of opposite sides are the diagonal
points of the quadrangle, and the joins of the diagonal points are
the diagonals. '

If we apply the usual construction for (R, 8)/Z we see that this
point is the intersection of RS and XY. Hence X, Y, Z are collinear
if and only if we are in the special case.

Let I be any line in the plane which is distinet from the sides of
the quadrangle. It meets the sides in six points which form three
pairs, each pair corresponding to a pair of opposite sides. We can
select a set of three points from the six, one belonging to each pair,
in eight possible ways. These triads fall into pairs, two paired triads
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making up the whole set of six points. The sides of the quadrangle
to which a given triad belongs either form a triangle or are con-
current. In the first case we say the triad is a triangle triad; in the
second case we say it is a point triad. Thus, in the figure, 4, B, C is
a triangle triad, 4’, B’, C’ a point triad. If a given triad is a triangle
triad (point triad) the triad with which it is paired is a point triad
(triangle triad). If two triads have one point in common they are
of like type; if they have two points in common they are of opposite

type.

Y

Fig. 26.

It may, of course, happen that the pairs are not all distinct.
Suppose, for instance, that C = C’ (= Z). Then 4, B, C may
be regarded as both a triangle and a point-triad, and so may
A', B, C; but A, A’, C and B, B’, C, which also have one
point in common, may be regarded as each consisting of two tri-
angle triads.

Our Constructions I and II are, essentially, constructions for
completing our quadrangular set of six points, given five of them.
In I, one pair consists of the point U counted twice, and another is
the pair A, B. The construction is then simply a method for deter-
mining the third pair of the quadrangular set, given one of its
points, namely O. The fact that triangle triads are point triads,
and conversely, explains why the construction for the point 7' is
symmetric in 4 and B. InII, the given points are paired as (0, U)
and (4, B), and we are given one member E of the third pair.
The problem is then to construct 7' so that E, B, U is a point-
triad.
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1f we denote the quadrangular set of points which occurs in II by
Q(OEA,UTB),

where OEA is a point triad, UT B a triangle triad, and O and U,
E and T, A and B are respectively the intersections with the line
of the set of the pairs of opposite sides of the quadrangle PQRS,
we have proved that

The property of being a quadrangular set Q(OEA, UTB) 18 in-
variant under any projectivity.

6. Reference systems. In an incidence space of n dimensions
there exists at least one set of # + 1 linearly independent points. We
call such a set a simplex. We saw in § 1 that there is a point £ which
is not in any face of the simplex 4,, ..., 4,, and we found 27+1 -1
points E; . which are the unique intersection of the §,_, deter-
mined by the points 4, , ..., 4;,, E with the S determined by the
points 4, ..., 4,,. The point E; _, does not lie in any face of the
simplex 4,, ..., 4;, of §;. Also, E; = 4;,and E, ,=E.

Fig. 217.

We now construct a further set of 4n(n+1) points F;
(1,j =0, ...,n; 1%j). Since 4, and 4, are distinct, and E,; is distinct
from each of these points, the harmonic conjugate of E,; with respect
to 4; and A, is uniquely determined. It is always different from 4,
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and 4, and coincides with E,; if and only if we are in the special case
mentioned in § 4. We denote this harmonic conjugate by ¥;; = Fj,.

To construct F; consider the plane 4;4,4, through 4,4,
and in this draw 4K, 4;4,, E;A, through 4,, 4, K, respec-
tively. These lines form the triangle A, E;;;, K. Since 4,4, and
A, E,y, meet in By, it follows that Ey, E;, passes through (4;4,)/E,,
that is, through F;. This is true for all values of k.

Fig. 28.

Suppose, first, that we are not in the special case. Then E;;, Ej,
E,; are not collinear. The triangles 4;4;4,, E;. E,;E;; are in per-
spective from E,;,. Hence the intersections of corresponding sides
are collinear; that is, Fy;, Fy;, F;; are collinear. If we are in the special
case, B, Ej;, E,; are collinear, and so F;; = By, F,; = Ey and
F,; = E,; are again collinear.

We now prove that the in(n+ 1) points Fj; all lie in an S,_,.
This result has just been proved when » = 2, and we prove the
theorem by induction on n. We suppose that the theorem is true for
the configuration in X, the face opposite the vertex 4,. That is,
we assume that the points F; (3,j = 1,...,n) lie in an §,_,. If all
the points Fy; lie in this S,_, the result is evident. Suppose that
F,, is not in this S,_,. Then F,; and S,_, determine a prime, S,_,
say. Consider the point ;. Since the points Fy;, Fy,, Fy, are collinear,
and Fy,, F,, are in S,_; and are distinct, the point F, lies in §,_,
also, and the theorem is proved.

It is easily seen that the points F;; cannot all liein an S, (k <n —1).
For if they do, and 4, is a vertex of the simplex which does not lie



248 VI. PROJECTIVE SPACE: SYNTHETIC DEFINITION

in this §;, the vertex 4, and S, determinean Sy ,,. This S, contains
4, and Fy;, which is distinct from 4,. Hence S, , contains the line
AyA,, and in particular it contains A;. Therefore S,,, (k+1<n)
contains the set A4,,...,4,, contradicting our assumption that
these points are linearly independent. The above results still hold
in the special case.

The points E; ; were constructed by means of the vertices
4,, ..., 4, and the point £. We now prove, as a converse to the above
result, that if we are given any S,,_, not containing any vertices 4,
we can find a point E such that all the F; constructed from ¥ lie’
in this §,_;. Let 4,4, meet this S,_, in the point Fj;. If

By = (4;4,)(Fy,
we show that the primes
Ao, ceey Ai—l’ Ai+l’ ceey Aj—l’ Aj+l9 ceey An, Eij

all meet in a unique point . (In the special case we define E;; as the
point where 4;4; meets S, _,.)

First consider the case n = 2. If we are in the special case, for
which Ej; = (4;4;)/F,; = F;, we construct E;; by drawing 4,4,,
4;4,, F; F, F,, through 4;, A;, F;; respectively to form the triangle
Ay B By, If A By, A;Fy; meet in By then 4, E,y;, passes through
(A;A,)/F;; = Ey. Since F; = Ey,;, F; = Ey;, Ey clearly satisfies
the requirements of our theorem. If we are not in the special case,
E;;+ F;, and we have

Ak = (EikFik)/Ai’ Ak = (Eijjk)/Aj-

Hence it follows that the lines 4;A4;, By Ey, Fy;, Fy;, are concurrent,
that is, B, Ey, passes through F;. Consider the triangles 4,4;4,,
EyEE,;. Corresponding sides meet in the collinear points F,
Fy;, Fy;. Hence, by the converse of Desargues’ Theorem the tri-
angles are in perspective from a point E,;;, and this point satisfies
the requirements of the theorem. It is easily verified that if E;;,
lay on any side of the triangle 4;4;4,, the line F,; F,, F;; would
contain a vertex of the triangle, contrary to hypothesis.

We now suppose that the theorem is true for each face 2* and
construct the points By ; ;4.5 ,. Ift4j, thelines 4,8y ; 1501 5
and 4;Ey . ; 15:1..n have the point By ; 4415 5 1511.., in com-
mon. Hence the lines A; By ;_14,,.. nand 4, B, ;4. ,intersect.
This is true for all values of ¢+ and j. Since all these lines cannot lie
in a plane they must all pass through a point E. This point does not
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lie in any of the X%, and from E and the vertices 4,,...,4, we
return to the points Fy;, if we carry out the constructions given at
the beginning of the section.

The configuration discussed above will be called a system of
reference in the space.

We have seen [§3, Th. I] that a projectivity can be established
between two ranges on lines [, I’ so that three distinct assigned
points on I correspond to three distinct assigned points on I’. We
also saw, later on, that this theorem cannot be extended to any four
pairs of corresponding points. But we do not know, as yet, whether
the projectivity is uniquely determined by the assignment of three
pairs of corresponding points.

We may therefore establish a correspondence between ranges on
any two lines A;4; and A, 4, of our reference system so that
A, Ay, E;; correspond to Ay, A, Ey, respectively. We wish to do
this, however, in such a way thatif 4,4,, 4,4, and 4,4, are three
lines between which such correspondences are established, and F;;
corresponds to By, and also B, corresponds to B, then FPj; also
corresponds to B, (P, Py, By, being, of course, points on 4,4,,
A, A, and 4,4, respectively). We do this as follows.

Let T%, denote the operation of projecting 4,4, into 4,4, from
the vertex F};, which is Ej;, in the special case. The result of following
the projection T', by the projection T, or by the projection 7% will
be denoted by 7%, T4, or by T, T%, respectively. We note that
T, Tg, is not defined unless

(4,k) = (a,b) or (i,k) = (b,a).

Since the operation 7', T, consists of projecting 4;4; into 4;4,
and back again, we write T', ch, = 1, where, as is usual, 1 denotes
the identical transformation.

Now, we can pass from the points (4,, 4;, E;;) to the points
(4, Ay, E,,) by a series of projections 7'}, and we wish to show that
the correspondence between the ranges does not depend on the series of
projections chosen. We first consider the transformation between
points on 4,4, given by

(i) T%T%T}; = H;. Let P; be any point on A;4,, and let
F;. P; meet 4,4, in By; let F;FP,; meet A;4; in P; and let
F; Py, meet A;A; in Pj;. H;; is a transformation of the points of
A;A; into points of 4;4,, and we see at once that H;;4; = 4;, and
Hy,A;= A;; also HyE; = E;; and H; Fy; = F;;. We now consider
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the case of any other point P,; of 4;4,. It is verified at once that
By, By, Py, Py are then all distinct.
4;

Ep;

Fj

ik

/Aj Py % Kk

Fy Fye
Fig. 29.

Let P,;P; meet PPy in K. We first prove that 4, K passes
through E;. We may construct the harmonic conjugate of Fj;
with respect to 4, 4; by taking the lines 4,4,, 4;A4,, F; PPy
through A4,, A;, F;;. 1t follows that 4, P, and 4;P,; meet on the
line joining A, to (4;, 4;)/ F;, that is, to E;;. Now consider the
triangles A;A;A; and Py P, K (which are proper triangles, even
in the special case). Corresponding sides meet in Fy,, Fy;, F;, and
hence, by the converse of Desargues’ Theorem, 4;F;; and 4,P;
meet on A4, K, which is therefore the same as 4, E;;.

The triangles E;; E; A, and Pj;P,;K are in perspective, since
corresponding sides intersect in the collinear points Fj;,, F;, Fy;.
Hence By, Py, and Ej P,; meet on KA, = E;; A;. Also, the triangles
E,; B, A, and P,; P;; K are in perspective, since corresponding sides
meet in Py, By, F;;, and hence E;; P;; meets B, P;;on KA, = Ej;A,.
From these results we deduce a simple construction for the trans-
formation Hy;: let the join of P,; to B, meet A, Ey; in @; then E,,Q
meets 4, in Pj;. We also deduce the following properties of Hy;:

(a) E.'j = Hy;

(0) (Hy?=1.
Further, we have

TheHy, = Th Hyy = T4, T T Thy = Hy Thy,
that is, (¢) TixHy = HyTj.
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Finally, if A, is any other vertex distinct from 4;, 4,, 4;, and
the plane 4,4, 4, is projected from the point F; on to the plane
4,4, 4,, the points 4,, A;, Ay, Py, Fy,, F,;, Fy, project, respectively,
into the points, 4;, 4;, 4,, Py, F, F;, F;. Hence the configura-
tion of lines in A4;A4; A4, which determines the transformation Hy,
is projected into the configuration of lines in 4;A4;4, which de-
termines the transformation in that plane. Since Pj; is projected
into P;;, the transformation H;; is independent of the third vertex
4, by which it is defined.

We may note, in passing, that if we are not in the special case,
so that E;; + F};, P;; can also be defined as (E,;, Fy;)/P,;.

A second type of transformation is 7' T';;. We prove that

(il) Th Tin = Ti Let TH(P,) = P, and Tin(Py) = Py We
wish to prove that 7',(P;) = P,,. We assume that P,#E s smce
in that case the result is trivial. Now, the triangles F; F;, F,;, and
E;E, E;;, are in perspective from A;. Hence corresponding sides
meet in collinear points. Two of these points are Fj,, F,,. Hence
F,, F,, passes through the intersection of F;F;;, and E;E,;,. But
E;; E;, and Fy;, Fy;, meet only in Fy,. Therefore F; F,;, passes through

Fj,. That is )
Tin(Fy) = By

4y
Fig. 30.

Finally, if 4, j, b, k are all different, we prove that

(iii) 7%, T% = T4, Th. Both transformations in question take
ranges on A,A, into ranges on A, 4; so that the points 4;, E;, 4,
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are transformed into the points 4,, E,,, 4, respectively. Let
P,; be any other point of 4,4, and let

Ti(Py) = Py Th(Py) = Py

If T%,(Py) = P, we wish to prove that T%(P;) = Py

Now, P, P, passes through F;;, and P, P, passes through F,.
Hence these two lines (which are distinct if P4 4,, as we have
supposed) lie in a plane. Therefore P,; P, and P, P,; meet. Since
one of these lines lies in the plane 4,4, 4,,, and the other in 4, 4,4,
they can only meet on the line of intersection, which is given by
A;A,. But since P+ A, the line Pﬁﬂk meets A;A4; only in F,.
Hence Py, P, passes through Fj;. That is, TH(F;) = P

We use these three types of transformation to prove the main
theorem of this section. Consider two series of T, transformations
Which transform a range on 4,4, into a range on 4,4, so that
4,, E,, A, transform into A,., E,,, A, respectively. We wish to
prove that the resultant projectivities are identical. Let one series
of transformations be

T%, T’
and the other T2, T,
Since (ng' Tﬁ;.',.' W)= ( n m' qu)

it is sufficient to prove

THEOREM 1. The resultant of any series of T%, transformations
which transforms the line A, A, into itself in such a way that A,, A,
(and therefore E ) correspond to themselves must be the identity trans-
formation.

If there are only two transformations in the series, they must be
either 7'¢, 7%, or T%,T%, in order that A, and 4, should be self-
correspondmg As we have seen, each of these transformations is
the identity transformation.

If there are more than two transformations in the series, consider
any sequence of three transformations. If two consecutive trans-
formations in the selected three involve the same upper index we
can substitute one transformation for the pair, using the result of
(ii) above. Hence we need only consider a sequence such as

T3 Tt Tiom,
and consider the various possibilities.

(@) I =3, m =1¢. By (i) above the sequence can be replaced by
H;;. If this is preceded by any transformation of the series, this
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transformation must be either 7% or 7%. In either case we may use
the result of (i) (c) to move the H;; transformation towards the head
of the series of transformations. When it reaches this position it
must be an H,, transformation.

(b) I =4, m=%i. Then

T3 Tt Thm = Th Tin T3 (by (i)
= T;mTZ; (by (ii)).
(¢) IfI+j, we have, similarly,
5Tt Thon = Th T Tk (by (i)
= THT} . (by (ii)).

Hence, in all three cases, we can reduce the number of transforma-
tions in the sequence. Finally, the whole series of transformations
must be reducible to one of the following forms:

(Hyp)’s (Hy)” Tter (Hap)” T T (00 =0o0r1).

Only the first of these transformations transforms 4, into 4, and
4, into 4,, and then only when o = 0. Hence we can reduce the
geries of transformations to the identity transformation, and the
theorem is proved.

This theorem enables us to establish a unique projectivity between
ranges on any two lines 4,4, and A4;4,, in which 4,, E,, 4,
correspond respectively to 4;, E;, A;. Such a projectivity will be
used later and we shall denote it by 7'9. Then 7% = 1,and T'¢% = H,.

7. The algebra of points on a line. In §5 we discussed two
projectively invariant constructions. We now use these to construct
a field, which will be used in a later section to introduce coordinates
into our space.

The constructions depend on the choice of three distinct points
O, E, U on a line I. We call the process of choosing these points the
establishing of a scale on I. Our constructions determine points on [
from any two points 4, B, neither of which coincides with U. The
points determined are always distinct from U. We have, therefore,
two laws of composition for the points of ! other than U. We
consider these laws of composition separately.

Construction I is symmetric in 4 and B, and we denote the
derived point 7' by 4+ B. We show that this law of addition is
associative,
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Let A, B, C be three points on I. The result is evident if any one
of these points is at O, so we confine ourselves to the case in which
they are all distinct from O. Perform the usual construction for

Fig. 31.

T = A + B, using the notation of § 5. To construct 7'+ C we draw
TSP through 7' and let OS meet UQ in @', which is necessarily
distinet from 8. If CQ’ meets US in §’, then PS’ meets ! in T,

where T+0=T.

Using the same figure, @S’ meets I in 7" = B+ C. We construct
A+ T' by means of the lines :4RP, T'S'Q, and ORQ. Then PS8’
meets I in 4 + 7". But thisis 7. Hence

A+(B+C)=(A+B)+C.
We have already seen that if 4 is any point on I distinct from U,
A+0=A.

We show now that given any two points 4, B of I (distinct from U),
there is a point X of [, also distinct from U, such that

A+X = B.

Tt is sufficient to show that there is a point Y such that
A+Y = 0.

For if Y has this property, the point
X=Y+B

satisfies our requirements. Let A’ be the point (O, U)/A. Then, in
the usual construction for harmonic conjugate, as in Fig. 32, the
lines ARS, A’ PQ are drawn through 4 and 4’, and ORQ meets
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them in R, @ respectively. Also, UQ, U R meet them in S, P respec-
tively, and PS meets ! in 4 + 4’. Hence

A+A4'=0,
and 4’ is the required point Y. Since 4 + ¥ = O, we shall usually
8
P,
Q
0 v &
Fig. 32.

denote the point ¥ by —A4, and write B—A4 for B+ (—A4). We
have proved

THEOREM I. The points of the line 1 other than U form a com-
mutative group under the addition law.

0 E 4 B I ¢ T U
Fig. 33.

We now consider Construction II of §5, which also gives us a
law of composition for the points of / other than U. We regard this
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as a multiplication, and write T' = A - B. Let us prove that multi-
plication is associative. It is easily verified that
A-(B-C)=(4-B)-C

if any one of the points 4, B, C coincides with O or E, and we
therefore suppose that none of the points 4, B, C coincides with O
or with E. Now, draw two lines OU’, UU’ through O and U, inter-
secting in U’. Through 4 draw ARP, meeting OU’, UU’ in R
and P respectively, and let ZR meet UU’ in @, @ B meet OU’ in 8,
ES meet UU'in @', and CQ’' meet OU' in S’. Let PS meet lin T,
Q8’ meet lin 7", and let PS’ meet lin 7.

Considering the quadrangle PQSR, we see that 7' = A- B, and
from the quadrangle PQ’S’S that T = 7'-C. On the other hand,
the quadrangle @Q’8’S shows that 7" = B-C, and the quadrangle
PQS'R that T = A-T'. Hence

A-(B-C)=(A-B)-C.
Multiplication is also distributive over addition. We prove that
C-(A+B)=C-4+C-B.

Fig. 34.

In a plane through ! take a point Z, and then a point Y on the
line ZU. Join YB, YA and ZC. Let YE meet ZC in C’, and let
OC’ meet Y B and Y 4 respectively in P’ and P. Let ZP' and ZP
respectively meet OU in B’ and 4’, and let UP and UP’ meet
ZP' and ZP respectively in R’ and R, these same lines meeting
Y P’ and Y P respectively in @’ and Q.
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Since corresponding sides of the triangles PQR, P’'Q’R’ meet in
the collinear points U, Z, Y, the converse of Desargues’ Theorem
shows that Q@' passes through the intersection ¥ of PP’ and RR'.
Also, if C'Y, C'Z meet Q@' and RR’ respectively in H and K, then
since corresponding sides of the triangles YHQ' and ZK R’ meet in
the collinear points F, P’, (', it follows that KH passes through
the intersection U of YZ and Q'R’.

We can now prove our theorem. Denoting the intersections of
QQ' and RR' respectively with I by S and M, the quadrangle
QPQ'P’' shows that S = A + B, and the quadrangle C'FHK that
M=C-8=C-(4+ B). On the other hand, consideration of the
quadrangles C'PYZ, C'P'YZ and P’'RPR’ respectively tells us
that ' = C-4, B’ = C-Band M = A’ + B’ respectively. We have
therefore shown that

C-(4+B)=C-A+C-B.

In a similar fashion it may be proved that

(A+B)-C=A4-C+B-C.
We have already noted in § 5 that
A-E=A=E-A.

Hence the point E acts as unity under multiplication. Finally, if
A is any point on [ distinct from O (and U) we can construct an

inverse A* such that
A-A* = E = A*- 4.

Fig. 36.

The construction of 4* is evident from the diagram, as is the proof
of the properties of A*.

HPI 17
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These results show that the set of points on [, excluding U, can
have two laws of composition associated with them, one a law of
addition, the other a multiplication law, and that under these laws
the points form a field. In this field O is the zero, £ the unity. We
sum these results in

THEOREM II. Under the two laws of composition defined by Con-
structions I and 11 the points of the line | other than U form a field.

Before passing on it is convenient to prove here a result, which
we shall use later, concerning the construction of the inverse A*
of A.

' \

Fig. 36.

Let RS and QP meet in Z, @S and RP in X, and let ZX meet [
in F. Since ZE is the harmonic conjugate of ZX with respect to
ZP and ZR, F = (0,U)/E. Again, X8, X R are harmonically con-
jugate with respect to X £, XZ. Hence A* and 4 are harmonically
conjugate with respect to ¥ and F. In other words, we have (if we
are not in the special case)

TrEoREM IIL. If F is the harmonic conjugate of E with respect to
O and U, the inverse of A may be defined as the harmonic conjugate
of A with respect to E and F.

Returning now to the consideration of the field we have con-
structed, we note that it has been defined by selecting on a line !
an ordered set of three points O, E, U. Let us denote the field which
is then defined by K (O, E, U). If O', E’, U’ be any other ordered
get of points on a line !', we may similarly construct a field
K(O', E’', U’). Now, there is a projectivity which relates a range on
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[ to arange onl’, O, E, U corresponding to O’, E’, U’ respectively.
If points P, @, ... of the first range (other than U) correspond to
points P’, ', ... of the second range, then P + @ corresponds to
P'+Q', and P-@Q corresponds to P’-Q’. For we have proved that
Constructions I and II yield projectively invariant points. Hence,
there is a one-to-one correspondence between the elements of the
fields K(O, E,U) and K(O', E’,U’) which is, in fact, an isomor-
phism.

In particular, there is a projectivity which transforms I into
itself, O, E, U being self-corresponding points. This defines an
automorphism of K(O, E, U) which is the identical correspondence
only if the projectivity is the identical projectivity.

Since all the fields we can construct by establishing a scale on
any line 7 in S, are isomorphic, we can call any field isomorphic
with them the field of the geometry. There is, of course, another field,
for which addition is defined, as above, by Construction I, and
multiplication by interchanging the roles of 4 and B in Construc-
tion II. This second field is the skew-isomorph [V, § 1] of the field of
the geometry.

8. The representation of the incidence space as a P;;(K). We
are now in a position to introduce coordinate systems into our space
8,. We first choose a reference system [§6], and use the notation
already introduced. On any line 4,4, there are three points 4,,
Ay, E;;. We choose these as O, U, E, and define, as in the preceding
section, a field by means of these points. All the fields obtained in
this way are isomorphic, and the transformations 7% defined in
§ 6 establish, in a unique fashion, an isomorphism between the fields
K(Aa’ Eab’ Ab) and K(Ac’ Ecd’ Ad)

This means that if K denotes the field of our geometry, we have
established without ambiguity, for every choice of @, b, a corre-
spondence between the points of 4,4, (other than 4,) and the
elements of K in which 4, corresponds to zero. The element of K
which corresponds to the point P on 4,4, will be called the co-
ordinate of P in the scale (4,, E,, Ap); or more briefly, when there is
no risk of ambiguity, the coordinate of P. The coordinate of E,,
is always 1.

If P is distinct from both 4, and 4,, and a is the coordinate of
P in the scale (4,, E,, A;), the coordinate a* of P in the scale
(4p, Eyq, A,) is found as follows, when we are not in the special case.

17-3
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The transformation 7'¢ takes P into P*, where P and P* are
harmonically conjugate with respect to E,, and F,, [§6], and of
course this transformation takes P* into P. But [§7, Th. III], if
P and P* are harmonically conjugate with respect to E,, and F,
the corresponding elements of K are inverses. Since the coordinate
of P* in the scale (4,, £, A,) is the coordinate of P in the scale
(dy, Eyqy 4,4), the coordinate of P in this last scale is a* = a1,
Hence

TerorEM I. If P is any point of 4,4, distinct from A, and A,
and o, a* are its coordinates tn the respective scales (A,, Eyy, A,) and
(A, Epyy A,), then aa* = 1.

This theorem is also true in the special case, which has been
excepted from the foregoing proof. To see this we first note that in
the special case the configuration of Fig. 36 has the following
properties: P, E, S are collinear points, and lie on the sides of the
triangle OZU, therefore OP, ZE, US are concurrent. Let the point
of concurrence be 7'. Also, Z, E, X are collinear. Now identify this
configuration with that of Fig. 29, identifying O, U, Z, T with
Ay, Ay, Ay, By respectively. Then E, P, S are identified with By,
E,;,, E,; respectively. We saw in § 6 that if P, is any point on 4,4,
the point P;; which corresponds to F; in the transformation Hj;
which makes 4;, E;;, A; correspond to 4,, Ej;, A; respectively is
obtained thus: Ej P,; meets E;, P;; on A, E;;. Now, returning to
Fig. 36, with the above identification, the point A’ corresponding
to A is constructed as follows: let AP meet ZE in X, then X8
meets ! in 4. But this shows that 4* = A’. Hence it follows that
Theorem I remains true in the special case.

We now consider any point P of the given space, and we suppose,
in the first instance, that P isnot in any face of the simplex 4,,...,4,,.
If we use P as we used E in the constructions of §6 we obtain a

series of points
'Pi’ P'if’ .P”k, cooy

where F; ; lies in the space of k¥ dimensions determined by
4, ..., Ay, but not in any face of the simplex formed by these & + 1
points. Since F;; = P;is on 4;4; and distinct from both 4; and 4,,
it has a coordinate in each of the scales (4,, By, 4,) and (4, E;;, 4,).
Let these coordinates be p,; and p,, respectively. Then, by the above

theorem,
PuPu=1.



8. THE INCIDENCE SPACE AS A Pj(K) 261
TueoreM IL* If¢,j, k are all distinct,

PPriPs = 1

Py
o AL |
N \
By Fii )
N i
By N \
O Py
vk
T N\
X ™
o \ \\
4; By I{?j Qi  Pi Ak
4]
Fig. 37.

Let Fy; P,; meet 4, 4; in @y, and let F;Qy; meet 4,4, in Ry,
Clearly T% P, = Ry; and therefore the coordinate of R,; in the
scale (4, Ej;,, Ay) is py,. Similarly, if P F; meets 4;4, in @y,
then T, P;; = @y, and the coordinate of @,;in the scale (4,, By, A,,)
is pyy.

Wjith these preliminary remarks we prove the

Lemma. Q,,;Ej, intersects P; Py, on A;A,.

The harmonic conjugate Ky, of F); with respect to 4;and 4, can
be constructed by drawing the lines 4;4;, 4, A4; and F;, Q;; B,.
Hence 4;B;; and A4, @,; intersect in a point X of 4, E,.

Now consider the triangles K P, A4, and @,F;A;. Corre-
sponding sides intersect at the points F,;,, X, 4;. These points are
collinear, and the triangles are therefore in perspective. The vertex
of perspective Y lies on A;4,, and is the intersection of @,,E,;
and F,; Py,. This proves the lemma.

We now take (4, By, Ay) as our scale on 4, 4,, and construct the
product R;- Py, as in Construction II. We use the quadrangle
F,; YQ,, P,;. The line A; A4, meets the pairs of opposite sides of this

* We are indebted to Mr G. Kreisel of Trinity College, Cambridge, for
assistance with the proofs of Theorems II and III, which do not involve
the assumption of Pappus’ Theorem.
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quadrangle in the pairs of points A;, A;; By, Py; and By, Qy;
and we find that consequently

Rm'ij = Qtj'
Therefore DPirPrs = Pijs

or, by Th. I,
PixPijPsi = PPy = 1.

This proves the theorem.
Now, if z, is any non-zero element of K, let

x‘ = Pio%o (7; = l, ...,n), (x,-—‘.: 0).

Then, since PijPioPo;i = 1,
that is, Pis = Pio Pso) %
we see that Dy = 227

The set of right-hand equivalent (n + 1)-tuples

(g 2q, .- 5 2,)

determined by different x,’s are the coordinates of P with regard to
the given reference system.

We now suppose that P lies in the space defined by 4,,...,4,,
but does not lie in any face of the k-simplex defined by these points.
If we complete the reference system in this space by means of the
point E; ., we obtain, as above, a set of equivalent (k£ + 1)-tuples
(%4 ---»%y,) a8 coordinates of P with respect to the system of
reference in the k-space. The coordinates (y,, ..., ,) of P with regard
to the system of reference in S, are defined as follows:

Yi= %4 (4= vg5 ...y %),

y‘=0 (i-’-’:io,...,ik).
We see that this definition is consistent with our definition of the
coordinates of P when P does not lie in any face of the simplex
4, ..., A,. Infact, if the coordinates of any point P are (y,, ..., ¥,),

a necessary and sufficient condition that y, = 0 is that, for each
7 %1, the space defined by the set of points

Ay ooy Ay g, Ay ooy A5y, 444y, ., 4, P
intersects the line 4,4, at the point 4, or that this set is linearly
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dependent. For the intersettion is the point F,;, and in the scale
(4;, By, A,) the coordinate of F,; is p,; = y,y; . If Py = A4,

Py =YYyt =0,

and therefore y; = 0. Also, a necessary and sufficient condition that
P lies in the space defined by 4,, ..., 4;,, and not in any face of this
simplex, is that the points

Agy ooy Ay gy Agyry oy Ay gy Aty ooy Ay P (i, .y )

are linearly independent and determine a space which intersects
A;A4;in A;, where j takes the values (%, ...,%;). Also, if P is not in
the space 4,,, ...4,, the space 4,  ...4, P meets the space
Aﬁ ...4, in a point P, , whose coordinates are (z,...,2,),
where . .
ziJ = ytj (.7 = 07 ...,k), zij =0 (J = k+l,...,n).

We leave the proofs of these last results to the reader.

We show now that any set of right-hand equivalent (n+ 1)-tuples
corresponds to one and only one point P of the space.

Let (z,, ..., %,) be any (n+ 1)-tuple of the set. If

x“ﬂ = =Ty, = 0,

P must lie in the k-space defined by 4, , ..., 4;,. We may therefore
suppose that no z; = 0.

On 4,4, take the scale (4,, Ey;, 4;), and let P; be the point on
this line which has the coordinate x;xy! in this scale. Then, by
hypothesis, P,+4; (¢t = 0,...,n). The n primes defined by the points
Ay, ooy Ay 4, Ay oo Ay, Py have a single point P in common. We
prove this by induction on n.

When n = 2, the result is trivial, since two lines intersect in a
point. We assume that the theorem is true for an S, _;, in particular
for that defined by 4,, ..., 4,_;. Then the n— 1 spaces S%,_, defined

by Apy oy Ay Apgy oy Ay B (=1, .,m=1)

intersect in a space S, which, by hypothesis, meets the §,_, defined
by 4, ..., 4,_; in a single point R; for 8%_, meets the S,_, defined
by 4,,...,4,_ inthe S, _, defined by 4,,...,4; 1,444, ..., 4,1, B
This point R does not lie in any face of the simplex 4,,...,4,_;.
Again, 4, R does not lie in the Sy_; defined by 4,,...,4,,_;, F,. It
therefore meets it in a single point, and this is the required
point P. It is evident that the coordinates of P are (%, ..., %y).
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The condition for the collinearity of three points is our next
subject. We prove

TrHEOREM III. A necessary and sufficient condition that the points
P=(zy,...,2,), @ = (Ygs--+rYn) and R = (2, ...,2,) be collinear s
that the rank of the matriz

Zo Yo 2o
Ty Y1 % (1)
xﬂv y'n zn

be less than three.

If the rank is one, the three (n + 1)-tuples given by the columns
of this matrix are necessarily equivalent, and the three points
P, @, R coincide. If, conversely, they coincide, the rank is clearly
one. We may therefore omit this case.

Similarly, in proving the necessity of the condition, we may omit
the case when two of the points coincide.

Since the rank of the matrix is now two, at least, there are at
least two linearly independent rows. Without loss of generality we
may assume that the first two rows are linearly independent. A neces-
sary and sufficient condition that the matrix is of rank two is that
every other row of the matrix is linearly dependent on the first
two rows. :

(1) We first prove that the condition in the enunciation of
Theorem IIT is necessary. By what we have just said, it is enough
to prove that if P, @, R are distinct collinear points such that the
left-hand vectors (g, Yo, 29), (%1,¥1,2,) are linearly independent,
then any other row of the matrix (1), regarded as a left-hand vector,
is linearly dependent on these two. The first step is to show that
this simplified form of the hypothesis implies that the line PQR
does not meet the space determined by A4,,...,4; ;,4;,4,...,4,
(¢>2). If P, @, R all lie in this space, then

Tp=21=2,=0; Yp=y=Y=0; 2=2,=2,=0,

and therefore the first two rows of the matrix (1) consist of zeros,
which is contrary to hypothesis. Next, suppose that the line PQR
meets the space determined by 4,,...,4,; ;,44,,,...,4, in a single
point. Then the §,,_, containing this space and the line PQ R meets
the plane 4,4, 4, in a single point, 8, say. If P lies in the space
A,... A, 1 A;,...4,,

xn=x1=x‘=0,
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and if it does not, F,,; is determinate, and equal to S. A similar
argument can be applied to @ and to B. Hence in all cases we have

where S is (¢y,1,,0, ...,0,¢,,0,...,0). Therefore

Ty Yo 2\ = [ty O O\ /A pu V
T, Y1 % t;, 0 0]f0 0 0]},
T, Y, 2 t;, 0 0/ \0 0 O

and is therefore a matrix of rank one. We conclude that the first
two rows of the matrix (1) are linearly dependent, which is contrary
to hypothesis.

Since the linear independence of (zy,¥,,2,) and (x,,¥;,2,) has
been shown to imply that PQ R does not meet the space determined
by 45, A4,,...,4; 4, 4,,,,...,4,, it follows that the collinear points
Py4, Qoyss Ryy; are distinet. To simplify the notation we denote these
points by P’, @', R’. We have now to show that the collinearity of
these three points implies that the ¢th row of the matrix (1) is
linearly dependent on the first two rows.

If the line P'Q’ R’ lies on a side of the triangle 4,4, 4,,

¥;=y;=2,=0 (J=0,0orj=1,0rj=1),

(%o Yo =0
ry Y1 % (2)

Ty Yi %

and the matrix

is of rank two. If this is not the case, but P'Q’' R’ passes through one
vertex only of the simplex 4,4,4;, say the vertex A4, let us first
suppose that P’, @', R’ are all different from 4;. Then

Tt = Yryit = 22,
where (j, h, k) is some derangement of (0, 1,¢); for we obtain the
same point on the side 4,4, if we project P’, @' or R’ from A4;.
Thus the matrix
ept Y ezt
Tt YnYe' Znet
1 1 1

has two rows which are linearly dependent, as left-hand vectors;
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its rank is therefore less than three. But this matrix is the

product
w y; %\ [ O O
o oyn )| 0wt 0,
T Yp 2 0 0 2!

that is, the product of the matrix (2), with its rows possibly
deranged, by a regular matrix. Hence the rank of the matrix (2)
must be less than three.

If, on the other hand, P’ = 4,,

T Y H\=(l y 2
ZTh Yn Zp 0 y» 2},
T Yr 2% 0 yp 2

where Yt = 2zt

and we prove as before that the matrix (2) is of rank two.

We are therefore left with the case in which the line P'Q’ R’ does
not pass through a vertex of 4,4,4,;. Let I’ = P’'Q'R’ meet the
sides of 4,4, 4, in the points U, U, U;, and let X be any point on/'.
In the first instance let X be distinct from U, U; and U,. Let 4,X

Fig. 38.

meet A, 4, in X,;, and 4;X meet 4,4, in X,,. Let X,;U; meet
Ay,A, in N, E;U; meet AyA, in L, and Fy; L meet 4,4, in M.
Then, in this construction, the points U, U,, U;, L, M depend only
on !’, and not on the point X chosen on it.
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Taking the scale (4,, E,;, A;) on A; A, we construct the product
M-X,, as follows. Through M, X,,, E,; we draw the lines MF,,
X;U, and E,; U, respectively. Then, by the usual construction,
- Fyy N meets 4,4, in the required point 8 = M-X,,. If we denote
the elements of the ground field K corresponding to the points Y
of 4,4, by y we have

mx, = 8.
Passing from 4,4, to 4,4, by the transformation T, it follows
that in the scale (4,, Eyy, 4,) the product L-X], = N. If, in the
same scale, we construct N + X, using the quadrangle XU, 4,X,,
we see that N + X, = U,. That is

mx,ﬂ +x01 = '"'i'
It follows, that if X is the point (&, ..., £,),

mE;+ &y = u; ;. (3)

We note that this formula holds when X is at U, U, or U,. For, if
X =U, N=U; and L-X}; = U, so that m§; = w;£;, and £, = 0.
If X =U,§ =0, and u; = 2,. Finally, if X = U, let F},U, meet
AyA; in U;. Then L and U; are harmonically conjugate with
respect to 4, and 4,. But the elements of K which correspond to
Land to Ujin the scale (4,, E,y, 4,) are m and u, = x,, respectively.
Hence m = —z,;, and £, = 0, so that once again the formula is
satisfied.

Since the formula (3) is true for all points on I, it is true, in
particular, when X coincides with P’, @ and R’ respectively. The
rows of the matrix (2) are therefore linearly dependent, and so
once again it is of rank two.

Applying this result for ¢ = 2, ...,n we deduce that if P, @, R are
collinear the rows of the matrix

Ty Yo 2
Ty Y1 A
xﬂ yn zn

are all linearly dependent on the first two rows. The rank of this
matrix is therefore two. We have proved the necessity of our
theorem, and we now prove its sufficiency.

(2) Let us suppose then that the rank of the matrix is less than
three. We must show that P, @, R are collinear. If the (n+ 1)-tuple
defined by any column is equivalent to that defined by any other



268 VI. PROJECTIVE SPACE: SYNTHETIC DEFINITION

column the points P, , R are not distinct, and the theorem is
trivial. We need only consider, therefore, the cases in which P, @, R
are distinct.

The point P = (x,, ..., %,) cannot lie in every face of the simplex.
Suppose, for instance, that it does not lie in the face 4,...4,.
Then x,%+ 0. A necessary and sufficient condition that P, @, R are
collinear is that PQ and PR meet the face 4,... 4, in the same
point. If PQ, PR meet this face in @', R’, then by the first part of
the theorem, proved above, @' is linearly dependent on P, @ and
satisfies the equation yy = 0, if we suppose that Q' = (yq, ..., ¥5).
Hence, by (1) above,

Q’ = (0’ yi» ""?/;o) = (O: yl_xlxt-)_lyo’ cee yn—xnxglyo)'
Similarly,
R’ = (0,21, ...,27) = (0,2, — 2,252, ..., 2, — T, X5 12,)-

Now, the matrix

Ty 0 O\ = /2, yo 2%\ [l —x3'yy —25'%
r Y1 % ry Y % 0 1 0

. . 0 0 1
n Yn Zn Tn Yn 2

is the product of the original matrix by a non-singular matrix, and
therefore its rank is equal to that of the original matrix. By hypo-
thesis, this rank is less than three. The columns of the first matrix
are therefore linearly dependent. Since xy+ 0 this can only be the
case if the submatrix (?/i z’)
1

Yn Zn
is of rank one, that is, if @’ = R’. Therefore P, @, R are collinear,
and both parts of Theorem III are proved.
THEOREM IV. A necessary and sufficient condition that the points
P, = (Tgg, Xygs o3 Tyg) (0 =10,..0,7)

be linearly dependent is that the rank of the matriz

Zog o Zor

xlo . x]’ (4)

ZTno « T
be less than r+ 1.
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We have proved this theorem when r =2, and we therefore
assume that it is true for  points,and use the principle of induction.

(1) Necessity. Suppose that the r+ 1 points are linearly depen-
dent. If any set of r of these points is also linearly dependent
then, by the hypothesis of induction, the corresponding columns
of the matrix (4) are linearly dependent. The rank of this matrix
must then be less than r + 1.

If no set of r points is linearly dependent, the first 7 points of the
set of r+1 points determine a space S,_, which contains the re-
maining point F,. In this 8,_, the points B, ..., P,_, define an S,_,
which is met by the line F, P, in a point R, say. By the induction
hypothesis we may write, with the usual symbolic notation [V, § 4],

r—1
R =3 PA,
i=1
and also R = —-PFA,—-PBA,.
Hence, }E P,A; = 0, and this means that the columns of the matrix
0

(4) are linearly dependent, and therefore the rank of (4) is less than
r+1. ,
(2) Sufficiency. Let the symbolic relation X P;A; = O express
0

the linear dependence of the columns of the matrix (4). There must
be at least two A; which are not zero. If there are only two, the
corresponding P; coincide. The theorem is evident if any of the
P, coincide. If more than two A; are not zero, say Ay, A,, A, are not

r
zero, then the points PyA,+ P A,, — X P;A; are coincident. Hence
2

the points F, P, and B, ..., P, define intersecting spaces, and there-
fore by §1, (6), p. 210, the points F,, P,, ..., F,, are linearly dependent.

Just as in Chapter V we deduce that the points of a k-space S
are precisely those which satisfy »—k linearly independent left-
hand linear equations.

We have now proved that an incidence space X, has the property
that its points can be put in one-to-one correspondence with the
points of a projective number space PN7,(K) in such a way that the
points of X lying in an §, correspond to the points of PN (K)
which satisfy n —a linearly independent left-hand linear equations.

Now let y. _ Ax’ T = By (AB = I”+1)

be a projective transformation of PN7(K). This gives us a new
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correspondence between the points of 2, and the points (y,, ...,¥,)
of PN',(K). A necessary and sufficient condition for the collinearity
of three points of X, is still that the corresponding matrix of the y
coordinates be of rank less than three, for the rank of a matrix is
invariant under a non-singular transformation.

Now let 4; (¢ =0,...,mn) be the points of 2, corresponding to
those of PN7,(K) with coordinates (d;, ...,9;,), and let E’ be the
point in X, which corresponds to (1,1,...,1) in PN?(K). Then we
can construct a new reference system in X, using 4, ...,4,, E' in
place of 4,,...,4,, E. Let P’ be any point of 2, which is not in
any face of the new simplex, and let the corresponding point in
PN?(K) (more briefly, its y-coordinates) be (y,,...,¥,). We show
that we can construct a coordinate system for X, using the methods
described above, in which the coordinates of P’ are also (¥, ..., ¥,)-

First of all it is evident that if the prime

Ag.. . A; Ajy . Aj Ay, . AL P
meets the line A; A4} in P;;, then the y-coordinates of P;; are
©,...,0,%,,0,...,9;,0,...,0) = (0, ..., 0,457 %0, ..., 1,0, ...., 0).

There is, indeed, a one-to-one correspondence between the points
of A;A; (other than A4}) and the field K, given by the y-coordinates
of the points, in which 4; corresponds to 0, and E;; corresponds to 1.
Let us now consider the effect of the fundamental constructions on
the points of A;A4;, choosing (4;, E};, A;) as the scale. By V, §7,
we see that if the points @, R of the line correspond respectively to
the elements ¢, 7 of K, the points ¢ + R and Q- R correspond to the
elements ¢+ 7 and ¢gr of K. Hence we can set up an isomorphism
between the field determined by choosing the scale (4;, E;;, 4;)
on A;A4; and the field K.
Now, if the y-coordinates of any point @’ on A4;4; are

©,...,0,¢,0,...,1, 0, ..., 0),
let R’ be the point on 4; 4} with y-coordinates
o,...,0,, 0,...,0,..., 1,...,0).
Then Q' R’ meets A; A} in the point Fj; with coordinates
©,...,0,0,..., 1,...,—1,...,0).

From these results it follows that if we choose the scale (4;, £;,;, 41)
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on one line, 4;4; say, and construct our field as in §7, the iso-
morphism between the field so constructed and the field K of the
geometry can be set up so that the constructed coordinates of Py,
are the same as its y-coordinates. We may then use the trans-
formations T%, to assign coordinates to points on any edge A;4;,
of the simplex of reference, and the constructed coordinates of these
points are also the same as their y-coordinates. Hence the con-
structed coordinates of P’ are the y-coordinates of P’ for all
points P’.

Our method of introducing coordinate systems into 2, allows us
to establish a one-to-one correspondence between the points of 2,
and those of a right-hand projective number space PN?,(K), and,
furthermore, as we have just seen, we can construct a new coordinate
system corresponding to each projective transformation in PN (K).
But we cannot say, conversely, that every coordinate system ob-
tained by the methods of this section necessarily arises from the
original one by means of a projective transformation of PN, (K).

In fact, let us consider the coordinate system (z,,...,x,) con-
structed at the beginning of this section. This gives, of course, an
isomorphism between the points P of 4,4, other than 4, and the
elements p of the field of the geometry, in which 4, and E,, corre-
spond to 0 and 1 respectively. There may, however, exist other
isomorphisms between the points of 4,4, other than 4, and the
elements of K satisfying the same conditions, in which the point P
corresponds to the element 7 of K, where 7 is not always the same
as p. This isomorphism maps 4, on the element 0, E, on the element
1, the point P+ Q on p+g¢, and P-Q on pq. If we now construct a
coordinate system as above, using the 7", transformations, we may
obtain a coordinate system for the incidence space which is not
obtainable from PN7(K) by a projective transformation. For
example, if K is the field of complex numbers, and P denotes the
conjugate complex of p, the coordinates of a point (2, ...,%,) are
(Zys -+, E,) in the new coordinate system. This transformation is
not a projectivity, since it transforms the linez, =23 =...=2,=0
into itself and every real point of this line is a united point, whereas
a projectivity on a line has only a finite number of united points.

Thus the space Z, can be represented as a projective space
P (K), and our method of establishing coordinates in X, yields all
the allowable coordinate systems of P%(K), but, possibly, other
coordinate systems as well.
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The reader may ask how, starting from the Propositions of
Incidence, in which there is no mention of right or left, we arrive
at a right-hand projective space, rather than a left-hand space. In
particular, how is it that a left-hand projective space P} (K), which
satisfies the Propositions of Incidence, can be represented as a
right-hand projective space? The answer lies in our choice of the
definition of 4-B in §7. We might have interchanged the parts
played by 4 and B in the construction, and so arrived at the skew-
isomorph of the field of the geometry. Using this field, we should
have obtained a representation of 2, as a left-hand projective
space.

9. Restrictions on the geometry. We have shown that a
space defined by the Propositions of Incidence can be represented as
a projective space, as defined in Chapter V, and have, in fact, shown
that the definitions of that chapter are identical with those of our
present chapter. For the further development of the properties of
a projective space it is now convenient to impose certain further
conditions on the space. The imposition of these conditions is
equivalent to restrictions being imposed on the field of the
geometry.

A. The field K is to be commutative. There are several ways in
which this condition can be expressed. By V, §8, we see that an
equivalent form of the restriction is to require that Pappus’
Theorem is true in the geometry. In our next section we shall discuss
alternative forms of the same restriction. In the meantime we
prove

TueOREM 1. If Pappus’ Theorem holds in an incidence space
of two dimensions, then Desargues’ Theorem is a true theorem in that
space.

After the discussioninV,§ 6, it is sufficient to consider the ‘general’
case, in which the vertices of the two triangles ABC, A'B'C’ and
the centre of perspective O are all distinct points. Let the inter-
section of corresponding sides of 4BC and 4'B'C’ be P, Q, R.

Let QR cut OB in P’, and let AP’ meet A'C' in L and OC in M.
Also, let LB’ cut ABin N. Now consider the two triads of collinear
points OAA’ and LB’'N. By Pappus’ Theorem ON and A4'L
intersect on P'R = QR. Hence O, @, N are collinear. Next, con-
sider the triads OMC, ABN. By Pappus’ Theorem MN and BC
meet on QR. Finally, consider the triads OMC’, LB'N. By Pappus’



9. RESTRICTIONS ON THE GEOMETRY 273

Theorem B'C’ and MN meet on QR. Therefore BC and B'C’ pass
through the point common to MN and QR. That is, Desargues’
B

Fig. 39.

Theorem is true. In place of VIII (a) (p. 216), which postulates the
truth of Desargues’ Theorem for n = 2 (in the plane), we substitute
a new postulate:

IX. Pappus’ Theorem is true.

B. The field K is to be without characteristic. Let (O, B, U) be a
scale on a line [, and define the set of points E), B, ... (Fig. 40) by

the relations E.=E _,+E, E =E.
0 B E, E, E, u
Fig. 40.

If the field is of characteristic p, the points O, E,, ..., E,_, are all
distinct, but E, = O.

HPI 18
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In particular, if p =2, E;= 0, and therefore —FE = K.
That is,
. E=—-E=(0,U)|E, (1)

and we have the special case discussed in § 4, in which the diagonal
points of a complete quadrilateral are collinear.

Conversely, if we are in the special case the relation (1) holds,
and E, = O, so that the field K is of characteristic 2. We now add
the postulate

X. The points E, E,, Ej ,... are all distinct.

Finally, we sometimes wish to impose the condition that the
field K be algebraically closed. The incidence space 2, can be repre-
sented as a projective space P,(K). We know [III, §4, Th. II]
that there is a unique field K which is the intersection of all
algebraically closed fields containing K. We can embed P, (K)
in P,(K) [V, §3]. Hence X, can be embedded in an essentially
unique space X, whose field is K. We call £, the algebraic
closure of X,. Our final postulate may then be stated as: The
space X, coincides with its algebraic closure. More simply we shall
usually say

XI. The field of the geometry (or ground field) is algebraically
closed.

In the rest of this work we shall always assume Postulates I-X.
Weshall state at the beginning of each chapter whether Postulate X1
is to be assumed.

10. Consequences of assuming Pappus’ Theorem. It has
already been remarked that there are several geometrical assump-
tions which are equivalent to the assumption that the field of the
geometry is commutative. Our choice fell on Pappus’ Theorem
because it is possible to state it without a considerable amount of
preliminary explanation.

A more fundamental result, which is equivalent to the condition
that the field is commutative (and hence to Pappus’ Theorem),
concerns projectivities between ranges. We have seen [§ 3] that it
is possible to establish a projectivity between two ranges so that
three distinct points of the one range correspond to three distinct
points of the other. On the other hand, if we are given four points
A, B, C, D of one range, and four points 4’, B’, C’, D’ of the other,
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there may be no projectivity in which A, B, C, D correspond,
respectively, to 4’, B’, C', D’. We now prove

THEOREM I. A necessary and sufficient condition that a pro-
Jectivity between two ranges be uniquely determined by the assignment
of three pairs of corresponding points isthat Pappus’ Theorem be true.

(1) Necessity. Suppose that a projectivity is uniquely deter-
mined when three pairs of corresponding points are given.

Let ABC, A'B’C’ be two triads of points on two lines [, I’ which
intersect at O. Let B'C, BC' meet in P, CA’, C'A meet in @, and
A’'B, AB' meet in R.

(a) If the triads are in perspective from a point ¥ then clearly
the lines OP, 0Q, OR all coincide with the harmonic conjugate of
OV with respect to l and I'. Then P, @, R are collinear, and Pappus’
Theorem is true without any further condition.

Suppose, next, that the line joining two of the points P, @, R,
say @ and R, passes through O. Then if BB’ meets A4’ in V,, OV,
is the harmonic conjugate of OR with respect to Il and I’. If CC’
meets AA’ in ¥,, OV, is the harmonic conjugate of OQ with respect
to l and I'. Hence OV, = OV,, and therefore V; = V,, the triads are
in perspective, and P lies on QR.

(b) If the triads are not in perspective, we use the hypothesis
that a projectivity is determined by the assignment of three corre-
sponding pairs of points to deduce Pappus’ Theorem. Let QR
meet lin L, and I’ in M’. Then the points L, M’, O are all distinct,
by what we have just proved. Let A4’ meet QR in S. We denote
the line LM'QR by I*.

By hypothesis there is a unique projectivity between the ranges
on / and I’ in which 4, B, C correspond, respectively, to 4', B’, C'.
This projectivity may therefore be defined by the perspectivities

(4, B,0, ...)*;1(' (S, R, Q,...)‘% (4", B',C",...).

Now, regarding O as a point of [, there is a unique point of I’ corre-
sponding to it in the range on I'. Passing from [ to I’ via I* by the
above perspectivities, O becomes M’, then M’. Similarly, the point
L of I corresponds to O of I'. Since, by hypothesis, the projectivity
is uniquely determined by the pairs 4,4'; B, B’ and C, (’, the
points L, M’ are uniquely determined by the projectivity. The line
I* is therefore uniquely determined by the projectivity, and this

line contains the points @, E.
18-2
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Now, if we choose B, B’ as centres of perspective, we find that the
line RP cuts!in the point L and I’ in the point M’. That is, R and P
also lie on I*. Hence, P, @, R are collinear, and Pappus’ Theorem
is true.

AI

Fig. 41.

(2) Sufficiency. We now suppose that Pappus’ Theorem is true.
Before proving our theorem we must prove a

Lemma. If1, 1 are distinct lines intersecting in O, and if ranges
(P,@,R,0,..), (P,Q,R,O0,..)onland l' are projectively related
so that O on 1 corresponds to O on l', then the ranges are in perspective.

It is evident that if the ranges are in perspective O on ! corre-
sponds to O on I'. Now, we can pass from the range on ! to that on
U' by two perspectivities at most [§3]. There is nothing to prove
if we can pass from one range to the other by a single perspectivity.
Let there be two, then, and denote the intermediary line by I*. If
I* passes through O, the ranges on ! and !’ are in perspective [§3,
Th. III]). We suppose, then, that I* meets ! in P, I’ in @', and that
P, @', O are distinct points. We pass from the range on [ to a range
on l* by a perspectivity with vertex L, and then from the range on
I* to that on I’ by a perspectivity, vertex N. It is easily verified that
P and @' do not correspond in the projectivity. If L = N the
ranges on [, I are in perspective, vertex L = N. If L+ N, the line
LN must pass through O, since O on I corresponds to O on I’. Let
LQ’ meet lin @, NP meet !’ in P’, and let L' meet NP in M. If
R is any other point of I, R’ the corresponding point of the range
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on ', LR and N R’ must meet in a point R* of I*. Now, applying
Pappus’ Theorem to the triads LON, PR*Q’, we see that ER’

N

Fig. 42.

passes through M. Since R, R'is any pair of corresponding points,
it follows that the ranges are in perspective from M, and the lemma
is proved.

We now return to our main theorem. Let (P,Q,R,...),
(P',Q’, R',...) be ranges on two distinet lines 7, ', and suppose that
there are two projectivities IT; and IT, between the ranges which

- P g * R=R*
Fig. 43.
make P, Q, R correspond to P’, @', R’ respectively. If a pair of
corresponding points, say P and P’, coincide at the intersection of
land !’ then, by the lemma, IT; and IT, are both perspectivities with
the intersection of QQ’ and RR' as vertex of perspective. In this
case IT, = IT,. Since the three pairs of corresponding points are
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assumed to be distinct pairs we can select points on 7 and ', say @
and R’, which are both distinct from the possible intersection of I
and !, and do not correspond. We can now pass from the range
on ! to the range on I’ by two perspectivities in which QR’ is the
intermediary line I* for both projectivities I7; and IT, [§ 3, Th. IV].
Let the vertices of perspective for IT, be O and O’. If X is any other
point of !, X’ the point on I’ corresponding to X in I7,, then

(P,@,R.X) 2 (P, Q% R* X" 9 (P, Q. B, X),

where Q* = Q and R* = R'.
Now let X be the point of I’ corresponding to X in I7,, and let
0’X meet I* in X*. Then

(P*, @*, R*, X*) %’ (P',Q,R,X)R (P,Q,R,X) (in IT,).

Since @* = @, the ranges (P*, @*, R*, X*), (P, @, R, X), by the
lemma, must be in perspective. The vertex must be O. Hence
0, X, X* are collinear points. That is, X* = X*, therefore X' = X,
and hence 11, = I1,.

If the ranges (P,Q, R, ...), (P, @', R’,...) are on the same line
I, we project the second range on to a line I, obtaining a range
(P, @y, Ry, ...). If there were two distinct projectivities from
(P,Q,R,...) to (P',Q',R',...) there would be two distinct pro-
jectivities from (P, @, R,...) to (B, @y, R,,...), and we have just
shown that this is not so. This concludes the proof of Theorem I.

We now consider certain particular projectivities on a line 1.

Fig. 44.

In Construction I of §5 for A + B let us keep 4, O, U fixed, and
also the lines a, u. This fixes P, and we suppose that @ is also fixed.
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R is then fixed, and b is defined as @ B. As B describes a range (B)
on OU, 8 describes a range (S) on UR such that

2 ().
Similarly, (T) %’ (8),
and therefore (T) A (B).

If, in the usual way, we introduce coordinates on I, taking (O, E, U)
as our scale, and if 4 has the coordinate a, B the coordinate z, and
T the coordinate z’, then

' =z+a. 1)

We have shown that a transformation of this type between the
points of I is a projectivity.
Next we consider Construction II, keeping O, E, U, 4, P, @ and

Fig. 45.

hence R fixed, and confine our attention to the case 4 = 0. We take
@B as b. Then B, 8, T describe ranges on I, OR, l respectively, such
that

B 29 F ),

so that (B) A (7).

Defining coordinates by the same scale, if the coordinates of 4, B, T'
are a, x, ' respectively, then
z' = oz, (2)

and this transformation is also a projectivity.



280 VI, PROJECTIVE SPACE: SYNTHETIC DEFINITION

Finally, in the construction [§7], p. 257, for the inverse 4* of 4,
B

Fig. 46.

we keep O, E, U, @, R fixed. Then A*, 8, P, A describe ranges
onl, OR, UQ,1, so that

@)% %@ 7 ),

A
and (A4*) A (4).
If the coordinates of 4, A* are z, «" respectively, then
zx' =1, (3)

and this transformation is a projectivity.

These three projectivities are of fundamental importance. If we
consider the transform of U under the projectivities, given respec-
tively by (1), (2), (3), we see that under (1) U is transformed into
itself; under (2) U is transformed into itself when o+ 0, and under
(3) U is transformed into O. There is no element of K corresponding
to U, but it is convenient to attach the symbol co to U. The pro-
perties of this symbol are

(i) oo4oa =00,
(ii) a0 =00 (a+0),
(i) 1l/o =0,
1/0 = co.
These are the usual properties of ‘infinity’ assumed in elementary
algebra.
We consider now, with reference to the coordinate system set up
on I, the bilinear transformation
o =% +b
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where a, b, ¢, d are in K, and are not all zero. If ad = bc this trans-
formation reduces to 2’ = constant, where the constant is in K, or
is c0. Then 2’ does not depend on z, and we exclude this case. We
now consider two cases.

(i) ¢ = 0. Neither a nor d can be zero, and

Writing 2, = ax/d, this becomes
2 =z,+b/d, x, =az/d.

We can therefore pass from z to 2’ by a transformation of type (2),
which takes x into @, followed by a transformation of type (1),
which takes z, into 2’. Since both transformations define pro-
jectivities, it is clear that (4) defines a projectivity when ¢ = 0,
ad +0.

(i) ¢=*0, ad+bc. We can pass from z to =’ by the series of
transformations

Ty =cx, Ty=2x,+d :4:=l x (bo— ) o =g+

1 ’ 2 1 ’ 3 x29 4= c 3 4 ¢’
These are of types (2), (1), (3), (2), (1) respectively. Since each
transformation represents a projectivity it follows that (4) repre-
sents a projectivity. Hence we have

THEOREM II. A transformation given in a coordinate system on a
line 1 by the equation
,_ax+ b
T cr+d’

where a, b, ¢, d are in K and ad % be, is a projectivity.

We now show that every projectivity on ! can indeed be repre-
sented by an equation of the form given in the above theorem. We
first see what happens to the point # = oo under the five projecti-
vities into which ' = (az+b)/(cx + d) has been resolved. The first
two leave it invariant, the third transforms it into 0, the fourth
leaves 0 invariant, and the fifth transforms it into a/c. The point
oo is therefore transformed into the point z’ =a/c. Hence we
derive a further property of the symbol co:

ax+b a
+ =2 when 2z = o0.

cx+d
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Now let us suppose that a given projectivity transforms the points
0, 1, oo into the points p, g, r respectively. The transformation

(@-plz+(r—q)
clearly transforms 0 into p, 1 into ¢, and, by virtue of the relation

above, it also transforms co into 7. This transformation is also, by
Theorem I, a projectivity, since

4

ad—bc = (¢—p) (r—q) (r—p),

which is not zero if p, ¢, r are all distinct. But a projectivity is
uniquely defined if we are given three pairs of corresponding points.
The transformation (5) therefore represents the given projectivity,
and we have proved

TrEOREM III. Any projectivity on 1 is given by an equation

o =% +b
cx+d’
where a, b, ¢, d are in K, and ad +be.

As an immediate corollary to this theorem we see that the pro-
jectivity in which (x,,x]), (4, 2;), (3, 23) are corresponding pairs
is given by

(x—2,) (xp — 25) - (&' — 1) (x5 —3)
(x—xg) (@y—21) (¥ —23) (W3—77)"

Let us now consider a change of coordinate system on I. Let x
be the coordinate of a variable point in the original coordinate
system for which (O, E, U) is a scale, so that these points are given
by z = 0,1, 00 respectively. Let (O, E’,U’) be a new scale on I.
This does not of itself fix a new coordinate system, since we still
have to set up an isomorphism between the points on ! other than
U’ and the elements of the ground field K so that O’, E’ correspond
to 0, 1 respectively. There may be several ways of doing this. For
example, if K is the field of complex numbers and we replace every
element of K by the conjugate complex element we satisfy all the
conditions and obtain a new coordinate system. But we can deter-
mine a particular isomorphism as follows. There exists a unique
projectivity operating on the points of I which takes O, E, U into
0', E', U’ respectively. If this takes P into P’ we associate with P’
the element z which is the coordinate of P in the original coordinate
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system. This correspondence between the points of I and the
elements of K is clearly an isomorphism, and the coordinates 0, 1
are associated with O’, E’ respectively.

We now find the coordinate y of a point X in the new coordinate
system in terms of its coordinate x in the original system. If ¥ is
the unique point of I such that

(0,E,U,Y) A (0, B, U, X),

then y is the coordinate of Y in the original coordinate system.
Since the correspondence between X and Y is a projectivity,

axr+b
Y=z +d’
by Theorem III, where a, b, ¢, d are in K, and ad = be.
Next, consider a projectivity between two distinct lines ! and ',

such that
(O,E,U,P,..)A (O,E',U,P,..).

If a coordinate system exists on [ for which (O, E, U) is a scale, then
the projectivity between ! and !’ sets up a coordinate system for
which (0’, E’, U’) is a scale, corresponding points of the two ranges
having equal coordinates. The projectivity is given by

=

in the two coordinate systems chosen.

We have stressed the point that the selection of a scale (0, E, U)
on a line does not, of itself, fix the coordinate system. But, having
determined a coordinate system on any line ! with respect to the
scale (0, E, U), we can determine a unique coordinate system on
any line I’ with respect to any given scale (O’, £’, U’) on that line,
by using the unique projectivity which makes (O, E, U) correspond
to (O, E’, U’) respectively, as above. The coordinate systems on I
and !’ related in this way may be described as related coordinate
systems.

Let us fix, once and for all, a coordinate system on a definite line
I of the given space. For brevity we shall call any coordinate system
related to this chosen one on ! a related system. If 4,,...,4,, E is
a reference system, and we use the related coordinate system on
A, A, for which the scaleis (4, Eyy, 44), we can introduce coordinates
into the space as in §8. We call this coordinate system a scale
coordinate system of the space.
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Now let m be any line of the space. It cannot meet all the S, _,
spacesA,,. ....4,, ,,spanned by vertices of the simplex of reference,
and we may suppose that it does not meet that determined by
A,,...,4,. Then if it meets 2, =0 in P, z, = 0 in @, the points
P, @ are distinct. By suitably choosing the multipliers, we may take

P =(0,1, pg, ..., ),

and Q = (la 0’ das -+« qn)’
Let R= (1’ 1:P2+Q2’---;Pn+%»)-
This point is on PQ and in the S,_, determined by 4,,...,4,, E.
Now let
X = (2 ..., 2,)

be any point of m other than P. Then z,+0, and we can write
X = Q@+ Px,z5' = Q + PE.

We now have a one-to-one correspondence between the points X
of PQ other than P and the elements § of K. We show that this
correspondence 18 that determined by the related coordinate system on
m with scale (@, R, P).

Project the range on m from the §,_, formed by 4,,...,4, on
to the line 4,4,. The points @, R, P project, respectively, into
A,, E,,, A,, and X projects into the point (1,£,0, ...,0), which has
£ as its scale coordinate. This proves the result.

Now let L, M, N be any three distinct points on m, and choose
the multipliers of their coordinates so that

M=L+N.
Then, if Q= La+Ny
and P =LA+ N§,
then ad— By +0,

since P, Q are distinct. Also, the point X on m can be represented
by the symbol

X = L+ Ny,
_y+%
where ”—a+ﬂ§°

Since this last relation is of type (4), it follows that the correspondence
between the points X of m and the elements 7 of K (and o0) 1s that defined
by the related coordinate system on m for which the scale is (L, M, N).
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Now carry out an allowable transformation of coordinates
x' = Ax (A = (05“)).
If, in the original coordinate system,

L= (l,...,0,),
N = (ng, ..., 1n,),
and X = (g --» )5
where z,=lL+nm (¢=0,...,n),

the new coordinates of L, N, X are
L=(,...,1),
N = (ng, ..., m7,),
X = (Xgy --» Tn),

n
where l; = Xayl,
j=0
, n
n; =, 0un
1= 2

n
g =1200‘¢ij,
and therefore
x;=l+nim (=0,..,n).

Hence, the correspondence between the points X of m and the
elements 7 of K (and c0) is unaltered by an allowable transformation
of coordinates. Since this result is true for every line of the space, it
follows that an allowable transformation of the coordinate system
merely changes the simplex of reference used to construct the scale
coordinate system. Finally, since a scale coordinate system is
uniquelydefined when we are given thereferencesystem 4,,...,4,,, B,
and an allowable transformation is uniquely defined (save for
a common multiplier) when the points with new coordinates
1,o,...,0), (0,1,...,0), ..., (0,0,...,1), (1,1,...,1) are given, it
follows that the set of transformations of coordinate systems from one
related system to another coincides with the set of allowable trans-
formations of coordinates.



CHAPTER VII
GRASSMANN COORDINATES

WE now return to the algebraic methods used in Chapter V. From
now on we shall assume that the ground field K is commutative, and
without characteristic. Indeed, the main reason for considering
more general fields in Chapter V was that this cleared the way for
the detailed analysis of the Propositions of Incidence which was
made in Chapter VI. It is not necessary to assume in this chapter
that K is algebraically closed, since all the algebraic operations
which we shall use are rational.

1. Linearspaces. InV,§4, wedefined alinear space of £ dimen-
sions in P} (K), and in the subsequent sections we obtained certain
elementary properties of linear spaces. We indicated how similar
definitions and properties could be obtained for P! (K), and it was
clear that the two sets of definitions and properties coincide when
K is commutative. In this chapter it will not be necessary to
indicate the ground field explicitly. We shall denote the space with
which we are concerned by [n]. Linear spaces in it will be denoted
by S,, S, ..., the suffix denoting the dimension.

We recall that if

Al = (a,...,at) (2=0,...,k)

in a given allowable coordinate system, the points 49,..., 4% are
linearly dependent if and only if the matrix

A= [ . a
. . .
ok . ok

is of rank less than k+ 1. By definition, any point («,...,2,) is
linearly dependent on A9, ..., A if and only if there exist elements
Ags --+» Ay, of K such that

k
;=X Nal (1=0,..,n).
i=0
We saw also that in a linear space of ¥ dimensions there exist sets

of k+ 1 independent points, but no set of » independent points if
h>k+1.
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Now let A9, ..., 4% be a basis for §,. The points B?, ..., B¥ of 8,
can be expressed in the form

k
Bi=SXidl (i=0,...,k)
=0

As we saw, the set of points B9, ..., B* forms a basis for S¥ if and
only if the matrix A=)

Bt = (f§,...,B),
and B = (87),

is non-singular. If

the space S, spanned by A9, ..., A is determined, in an obvious
sense, by the matrix 4, or, when 4 is non-singular, by the matrix

B =AA4.

Thus 8, is determined by a set of equivalent (k+ 1) x (n+ 1) matrices
A, B, ..., equivalent matrices being such that we can pass from any
one to any other by premultiplication by a non-singular square
matrix.

Let us consider an allowable transformation of the coordinate
system

n
x;k = Z'T,ijzj ('L=0,...,n),
i=0
or z* = Pz,
in matrix notation. If, in the new coordinate system,

At = (aki, ..., ok,
n
then aft =3 10k,
k=0

and hence in the new coordinate system S, is determined by the
set of matrices equivalent to

A* = (@) = AP, 1)

Thus in [#] a linear space 8, is determined by a set of
(k+ 1) x (n + 1) matrices which are equivalent (in the sense described)
in a given allowable coordinate system. The law of transformation
for allowable transformations of coordinates is given by (1). How-
ever, for many purposes the identification of a space by means of
a set of equivalent matrices is not the most convenient method, and
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it is our purpose in this chapter to consider a more suitable system
of coordinates for the k-spaces of [n]. These coordinates were first
introduced by Grassmann, and they coincide, when k = 0, with the
coordinates already defined.

2. Grassmann coordinates. We choose an allowable coordinate
system and keep it fixed. Then a given S, of [n] is determined by a
set of equivalent (k+ 1) x (n+ 1) matrices 4, B, ... which are all,
of course, of rank £+ 1. Suppose that

B = AA,
where A is a non-singular (k¥+ 1) x (¥ + 1) matrix. We consider the

(k+1)x (k+1) submatrix of 4 formed by selecting the columns
with suffixes 4,,1,,...,7;, and the corresponding submatrix of B.

We have
0 0
pL - BN\ =4[ . A,
1 1 1 1
b t ik R B
k k k k
gi, - B Xy o Gy
and taking determinants of both sides, we find that
0 — 0 0
By - Bh| =14l . o
e .o ,
k k k k
B . B 0, . O

where | A | = det A is different from zero, and does not depend on
the suffixes 7y, ..., ¢;, chosen. We write this equation in the form

bigo.tr = | 4| 4441
Since A is of rank k+ 1, for at least one set of suffixes ¢y, ..., 7,
.50+ 0,
and then by,y...ip 0.
Again, from the elementary properties of determinants,
@yt = 0

if the integers 1, ...,¢; are not all distinct; and if j,,...,j, is any
derangement of the set i, ..., 7,

Aiy..oig = €jy ... 5ps

where € = + 1 or — 1 according as the derangement is even or odd.
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From these considerations it is clear that the set of equivalent
matrices 4, B, ..., which determines 8, also determines a set of

n+1
bt 1)-tuples’, (cos @iy ipr ove)s (eoes by g -+ ). We define

the Grassmann coordinates of S;, to be any one of the equivalent

equivalent (

(ZI : )-tuples. Hitherto, in using the term coordinates in connection

with points we have implied (i) that each point has a set of co-
ordinates which is unique except for a common multiplier, and
(ii) that any (n+ 1)-tuple gives the coordinates of some point. This
property (ii) is not characteristic of Grassmann coordinates, and we
shall see later that except whenk =O0ork =n-—1an (Z: i)-tuple
(+++3@y,.. 430 ---) can only give the coordinates of an S, when the
a;,..q satisfy certain algebraic relations. The property (i) of
coordinates described above is, however, an essential one, and,
before proceeding, it is of fundamental importance to show that
no two distinct spaces S, Sy, can have the same coordinates. We do
this by showing how to write down the equations of n — k linearly
independent primes through a given S, and remark that these
equations depend only on the coordinates of S,
Suppose that S is determined by the basis

At = (af,...,at) (¢=0,...,k),

and let the Grassmann coordinates of S be (...,p;, . 4,...). One at
least of these coordinates is not zero. Suppose that

Pjo..ii FO-

The condition that any point (z,,...,2,) should lie in S, is that
the matrix

0 0
aO . a'ﬂ
af . of
Ty . T,

should be of rank k+ 1. In this case the determinant of the sub-
matrix formed from the columns with suffixes 4, ...,7;,, must be
zero. Expanding this determinant in terms of the last row, we get
the equations
k+1
hgo( - l)h x{hp“o...‘h_1fh+1 e+l = 0. (l)
HPI 19
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These equations, for all possible choices of ¢,,...,%;,;, are either
identically true, or define primes which contain all points of S.

n

k+2

space which contains S,. In order to show that these equations

actually define S, itself it is therefore sufficient to show that

amongst them there is a set of n — k linearly independent equations.
We consider the equation of the set for which

(io’ "-»ik+1) = (Jos -+ Js J)s
where j is any integer 0 < j < n distinet from jy, ..., j;. Thisequation is

k

»g‘o( l VAETN TRNP PP R o G ) ik 7Y TP 13

Hence the aggregate of these ( + 1) equations defines a linear

Since each Grassmann coordinate is skew-symmetric in its suffixes
we may write the equation in the form

k
hgo( =12 (= Vs nitnige et (mDF Dy g =0,
k
or Z3Djy... 5% —hgoxfhpfo---5h~lffh+l vt =0 (2)

If (Jos ++vs Tk Jht1s -+ Jn) 18 & derangement of (0, ...,n), we consider
the equations (2) for the values of j given by

J = Jists s Jne
The matrix of coefficients of these equations is an (n—k) x (n+1)
matrix. It is of rank n —k, for the determinant of the submatrix
corresponding to the columns with suffixes j;,,, ..., j, i8 equal to
(Dj,...55)" %, and this is not zero. It follows that the set of equations
(2) defines m—k linearly independent primes, and therefore
defines S,.

The equations of S, are therefore determined by the Grassmann
coordinates of S;, and it follows that no two distinct k-spaces can
have the same coordinates.

We conclude this section by considering the effect of an allowable
transformation of coordinates in [#] on the Grassmann coordinates
of S;. We saw in § 1 that the transformation

x* = Pz (3)
transforms the matrix 4 which defines S, into the matrix
A*¥=AP'.
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Hence

* *0 *0
Digoty = | %4, %y

uk *k
aio . a@ k

0 (]
= %Tiahah . %‘a”ikhah

% Tioh“ﬁ . % Til,h“’i

- 0 0
= E Tio ho ° Tik ko aho * ahk
hu, M hk . . . . . 9
& &
Tiohe +  Tiphg || %ng 1259
by II, § 8, Th. V, and this is equal to
Z T‘io ho . T‘ik ho pho o RE* (4)

hoyooo, i

. .

Tiohe  + Tighg

Hence an allowable transformation of coordinates in [n] induces
a linear transformation of the Grassmann coordinates of a k-space.
The matrix of this transformation has as its elements the minors
of order k£ + 1 which can be extracted from P. Let all minors which
come from the same set of £+ 1 rows (or columns) of P be placed in
the same row (or column), and let the priority of elements in rows
or columns be decided on the principle by which words are ordered
in a dictionary; that is, let the order be lexicographical order. The
ZI i) X (Z’I ;) matrix is called the (k+ 1)th compound
of P, and it is denoted by P*+), From the reasoning given above
it follows easily that

resulting (

(PQ)*+D = PhtDQUe+D), (6)
If P = I, ,, (the unit matrix), evidently
PesD = T
k+1).
Hence, taking @ = P-1, we see from (5) that

Lpaay = (o) = PRsDQUesn,

and therefore the matrix (P-1)k+D

is the inverse of P%+D,

r0-2
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These compound matrices are of importance later on, when we
consider them as defining a particular type of allowable trans-
n+ 1)

formation in an associated N-space, where N +1 = ( bt 1

3. Dual Grassmann coordinates. An §; may be defined not
only by k+1 linearly independent points which lie in it, but also
by means of n — k linearly independent primes which pass through it.
In a given allowable coordinate system let S, have Grassmann
coordinates

(oo Pigrstr -+ )s
and let jf]oujxj= 0 (t=1,...,n—k) (1)
be the equations of n — £ linearly independent primes which contain
S 1 U = (),
the equations (1) may be written in matrix form as
Uz = 0. @y

These equations are the equations of S;, and the (n—k)x (n+1)
matrix U is of rank n — k, since the primes are linearly independent.
Any prime through S, has for its equation a linear combination of
the equations (1), and n—k such primes, given by the matrix

equation Va =0,

are linearly independent primes through S, if and only if there
exists a non-singular (n— k) x (n — k) matrix M such that

V=MU,

that is, in the terminology of § 2, if and only if U and V are equivalent
matrices. Thus S; can also be determined by a set of equivalent
(n—k) x (n + 1) matrices.

If, as in § 2, we consider the transformation of coordinates

x* = Pz, (2)
the equations of S; become
UP-1z* = 0,

and the set of equivalent matrices U, V, ... becomes the set of equi-
valent matrices UP-1, VP, ....
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Again, the determinants of the (n—k)x (n—k) submatrices of
the set of equivalent matrices U, V, ... determine a class of equi-

valent (z t ]lc) -tuples. A representative member of the class can be

determined from the matrix U. We write

with oy
Then S, is determined by the set of (:ii) -tuples

(o0yplaetn-k, ).

We call these dual Grassmann coordinates.

It is easy to show that no two distinct spaces S, S}, give rise to
the same set of dual coordinates. If (z,,...,x,) is any point of
Sy, then

n—k n ‘
2 I Aujzy =0,
i=14=0

where Ay, ..., A,,_; are any elements of K. Now choose

A= (=10 w . o,

i1 i-1
uh ¢ u?n-k—x

i+1 i+1
u}‘ * u;:n-k—x
- -k
u?; k ¢ u;‘;t-k-x
and we obtain the equation
n .
Z p?n-nfn—k—dxj = 0. (4)

i=0

If we give jy, ..., j,—x—1 8ll possible values, (4) gives us a set of equa-
tions defining a linear space which contains S;. As in the previous
section we now show that there are n—k linearly independent
equations in the set, and deduce that the linear space coincides
with Sp.
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Since U is of rank n—Fk, there is at least one non-zero dual
coordinate. Suppose that

pal"'au—k +0,

and consider then — k equationsobtained from (4)when j;, ..., 5,_x_1
are selected from the set a,, ...,a,_;. If a; is the element omitted in
the selection, (4) becomes

n
jzopa’l @iy @ity oo Opk ] xj = 09
that is,

PO G2 Gitr - OnkOig 4 p) pal-naz-wux---an-kij =0,
JEay, ooy n-k

or PO On-k g, + p Pl Gi-11 i1 On x; = 0.
j*a" ey a”—k

Ifwetakes = 1,...,n—k, we obtain n — klinearly independent equa-
tions, since the determinant of the submatrix of the (n—k) x (n+1)
matrix of coefficients which corresponds to the columns a,, ...,a, _,

is evidently
(pal cer a-n_k)n—k’

and this is not zero. The dual coordinates of S, therefore determine
it uniquely.

These dual coordinates are closely related to the ordinary Grass-
mann coordinates defined in § 2. We now prove

TuEoREM I. Let (iy, ...,t,) be any derangement of (0, ...,n). Then
if 8y, has Grassmann coordinates (..., p;, . i ---), and dual Grassmann
coordinates (...,pl%+1-+% ...), there exists a non-zero element p in K
such that

Qiy... 2= C4...tn DHHBZ=PPy g (5)

This equation defines ¢, . The proof is in two stages. We show,
first of all, that the transformation (2) of coordinates in [n] induces
a non-singular linear transformation in the coordinates g, 4, of
the same kind as that induced in the coordinates p,, ., [cf. §2].
We then show that P can be chosen so that in the new coordinate
system it is evident that

%* = %
Q... t6 =PD4,... 5

for some p. The theorem then follows from the fact that the co-
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ordinates (..., p%  4,...) and (...,q¥ 4, ...) are transformed in the
same way for each allowable transformation in [n].
Since the transformation (2) transforms the equations of S into

UP-1z* =0,
if P=(ry), and P-1=(oy),
then
ey — 1 1
Ptk = ;uﬂm . fjlujo'ﬁn_k
? up* Opy ; uf %oy, .
- 1 1
"" Ej . Uj, o Ujp Onty * o-hfn-k
13000y JN—
n—k n—k
ufn M ujn—k o‘fn—k‘tl * a.jn—k in-k
- L] zj kph'"jn_k T4  Ojing
19 eeesIn—
o-fn-k‘tl M o-fn—kfn—k
Hence

* . %1,
Qiy...ip = €igutn P ¥+ tn

— e Tiagend
= €ipuuin, z ,pkﬂ " Ogkatesr  * Thevatn
Jk+1see0sdn

Oiniksr * Tinin

= €iyutn 260 dn Ut | Tibratbrr  * Tbratn

O fniksr ° Ojnin

N Mot
= 005 g Thrsrtbss = Tirrain
. . . ’

Oniksr *  Tdnin

n+1
k+1
(Jos -++sJk) Gis1s --sdn) OF (Jo» ---sJn)- The sets (ig, ..., 1), (Jos --+1n)
are, of course, derangements of (0, ..., n).

the summation being over all the ( ) distinct partitions
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But [II, § 8, Th. VIII],
=&l P

Ojematers * Tikrrin Tindo  * Tirdo

. .

Oinizer  *  Tinin Tiohe  * Tixde

where | P | = det P. Hence
¥ _|P|1
@ = | P| hz‘ i

sesey

Tide  + Tiedo |Yow it (6)

Tioie  +  Tixdk

Comparing this with the result of § 2, (4) we see that the allowable
transformation of coordinates in [n] given by (2) induces the same
linear transformation on the coordinates (...,q;, 4. ...) a8 it does
on the coordinates (..., p;,. 4, -.-), save for a common non-zero
factor.

Now, by V, §4, Th. V, there is an allowable coordinate system
in [n] in which the points 49, ..., A%, which form a basis for S,
coincide with vertices X*, ..., X** of the simplex of reference of an
allowable coordinate system. Let us suppose that the transforma-
tion (2) is to this coordinate system. Then S, is now given by the
(k+1) X (n+ 1) matrix

00 .1 .0
and therefore p§ =1, but p¥ ;, = 0, unless the set (i, ..., ;) is
a derangement of (O, ..., k). Also, S, is given by the equations
;=0 (t=k+1,...,n),
that is, by the (n — k) x (n+ 1) matrix

O.lo..
o . 01 . .

0 L 0 . L] 1

and therefore g§ ;= p**+l-n =1, but ¢f , = +p*+rta =0 if
(%gs --+» %) i8 not a derangement of (0, ..., k). In this special system

of coordinates * %
...ty = Pi,...ipr
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and therefore, as explained above, we conclude that in any allow-
able coordinate system the relations (5) hold for a suitable p.

The Principle of Duality [V, §5] throws further light on the
relation between the Grassmann coordinates of an S, and its dual
Grassmann coordinates. If the points

At = (af,...,a%) (1=0,...,k)

form a basis for S;, the equations
anoc}‘:v, =0 (1=0,...,k)
§=0

define the dual space X,_;_;. Hence, if

(coosDpy...tpp--+) 80d (..., piretn-k, ..))

are the Grassmann and dual Grassmann coordinates respectively
of 8, and
(cos @iy tpppr ) 80A (.., ghetin, )

are the Grassmann and dual Grassmann coordinates of X, _;_,,
then evidently i
gt = PPy,...4p
and therefore, by our theorem,

Tyeselpnel —
p etk = o.q"g...‘n-.k'

Using these results it is possible to read off a property of Grassmann
coordinates dual to any known property. For instance, it follows
at once from the fact that the equations of S;, are [§ 3, (4)]

n
j-§) phedn-k-11g; = 0,
that if the vector

(pfl---:fn—k-xo’ Dfyvdnpar oo p:flmfn-t—lﬂ)
is not zero, it gives us the coordinates of a point in the S,_,_;
whose Grassmann coordinates are (...,q;, . 4, s ---)- By giving the

set of integers (jy, ..., Jn—x—1) all possible values we obtain a set of
points in 8,_;_, which contains a basis for this space.

4. Elementary properties of Grassmann coordinates. The

condition
Pay.ar = 0

for a given set of suffixes (a,,...,a;), is easily interpreted as a
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geometric property of the S which has the Grassmann coordinates
(s Piy... 150 --+). For if

At = (ad,...,at) (@ =0,...,k)
is a basis for S, the condition is

0 0
og, -+ O, |=0.

k k
Qg, + gy

From this statement of the condition we deduce the existence of
elements A, ..., A; of K, not all zero, such that

k
iZQ/\,;&? = 0 (j = ao, ooy ak)o

k
It follows that ¥ A;A? is a point in S, whose coordinates satisfy
im0

the conditions

Loy = Tgq, = ... =24, = 0.

These last equations define an S,_,_,, a basis for which consists
of n—k vertices of the simplex of references. The condition we are
examining is a sufficient condition for S; to meet this §,_;_,. Con-
versely, if S, meets this S,_;_,, one of the points, say 4%, of a basis
for S, can be chosen in S, _,_;, and then

ko — gk
Ugy = oo = Qg =0,

and therefore p,, ,, = 0.
This result can be generalised:

TuEOREM 1. Let ay,...,a, be s+ 1 distinct integers (s+1<k+1)
chosen from the set O, ...,n; and let S,_,_, be the linear space whose

equations are

Zay

The necessary and sufficient conditions that S, should meet S,_, ,
in a space of dimension at least k— s are

=..=g2,=0.

0

pao e Bslsppenntt =

for all possible choices of ty,4, ..., 0.

Clearly we need only consider sets (¢4,4,...,%;) Which consist of
distinct numbers, none of which is equal to any member of the set
(@, ---»a;). After what has been proved above we may also suppose
that s<k.
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Now let us assume that §; and 8,_,_, have a linear space of at
least k—s dimensions in common. Then we can find k—s+1
linearly independent points of S, in S,_,_;, and we may include
these in a basis for S, say as the points 42, 4%+, ..., 4%, Then

af=0 (I=8,...kJj=agy..,a,).

It follows that in the matrix A = («}) which defines S, the columns
corresponding to the suffixes a,, ..., a, have non-zero elements only
in the first s rows. The rank of the submatrix formed by these
columns is therefore not greater than s, and hence these columns,
considered as vectors, are linearly dependent. Therefore the
columns corresponding to suffixes (ag, ..., @, tg4q,...,%;) are also
linearly dependent, and finally

pao e BgTg41 e bk = O'

This proves the necessity of the condition. To prove its sufficiency
we recall that any S intersects an S, _,_, in a linear space of at least
k—s8—1 dimensions. Hence we can choose the points A43+1,..., 4%
to liein §,_,_,, so that

ai=0 (F=8+1,...,kj=agy..,a,).

Then evidently

— 0 0 S$+1 3+1
Pay...astsry..tp = | %aq +» Xa, Xiyy, o Qg
. . . . ,
8 S k k
aao . aas ai,‘“ . a,-k

using elementary properties of determinants.
Not all the determinants
offt . ajtt

k k
Ligy =+ X

can be zero. If they were, the last k— s rows of 4 would be linearly
dependent. Since k—s> 0, this would imply that the rank of 4
was less than k£ + 1, contrary to hypothesis. Hence the equations

) Pag...asissyonic = Y
imply that
ag, - oag, |=0.

8 8
ag, .- ag,
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It follows that there exist elements A,, ..., A, of K, which are not
8
all zero, such that the point 3 A; 4% which is a point of S;, linearly
i=0

independent of A*+,..., A%, lies in S,_,_,. Hence S, and S,_,_,
have at least ¥ —s+ 1 linearly independent points in common, and
therefore intersect in a space of at least ¥—s¢ dimensions. This
completes the proof of the theorem.

We now show how to determine a basis for an S;, when we are
given its Grassmann coordinates (...,p;, . 4 ...). Let p, g, be a
non-zero coordinate, and define

T = Doy...qirfageyonar =0,k =0,...,m). (1)
Since xgi = Pao...ak*o’
the (n+ 1)-tuple Bi = (2}, ...,x%)

represents a point, which we denote by Bt. Since
=0 (J=0p .0, @1, 011, .00r Oy),

the point Bt lies in the S,_; whose equations are

Zp=0 (J=0p.e,@;_1,8547, .05 Up)- (2)
We show that Bt is the unique point of intersection of S, with this
8, Since
i | g0 0 0 40 0
i =| %ay + Xag, % Ray, -+ g
k k ko ok k
Xay + Fay % ZXagyy o %
! hii| o0 0 0 0 B
=2 (-1 a, . ag, Oq, - %o |0
h-o . .
h—1 h=—1 h—1 h—1
art o oagt oagt . ag;
h+1 h+1 b+l h+1
agtt ooagtl agfy . ogf
ke k k k
. s . ag g . ag,
= Z ’\;:z a?’
h'=0
k
it follows that B? = 33 A} A* is a point of S;. If S, meets the S,_,
h'=0

given by (2) in more than the point B?, it has at least a line in
common with it, and this line, lying in 8,_,, must meet the S,_;_,

given by xj =0 (j = Qg ...,a,,).
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This S,_,_, would then meet S;,, and by Theorem I we should have

Pag.oax = 0,
contrary to hypothesis. It follows that B? is the unique point
common to S, and the §,_; given by (2).
We now show that the points BY, ..., B¥ defined in this way form
a basis for §,,. Since each Bt lies in S, it is sufficient to prove that the
k+ 1 points are linearly independent; that is, that the matrix

X=(x3 . x‘,’,)
x .

is of rank k+ 1. The submatrix of X whose columns correspond to
the suffixes aq, ..., a; is

.pao e Ak
0 pao e Ak M O

0 M . pao e Ak
1

(since %, = p,, .. ), and this submatrix is non-singular, since
Pa,...q; £0- Hence X is of rank k+1, and the points BY,..., B
form a basis for §;.

An immediate consequence of this result is the fact that there
exists a non-zero element p in K such that

pp‘io...ik =

0 0
xio . xik

A
for all choices of (Tgs - -+s tp). If we take
y=a; (j=0,...,k),
this equation becomes
PPas...ar = (Pay...as)H
and therefore P = (Pa,...a.)"

Again, suppose that i; = a;, except when j =t,u,v,...,w, there
being s elements in this last set. Then

— | 20 Q 0 0
ppto...ik_ xa. . xg: . Xy, - Lig + Lo

. . . [] . . . . . .

k
x’éo . x‘t‘ . x;,icu . x,‘c . xgt

(]
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In any column corresponding to the suffix a, every element other
than zf, is zero. Since a determinant can be expanded in terms of
the elements of such a column, and since 2, = p,,.. 4, is on the
principal diagonal,

PDyy...i5x = (.'pao...ak)k_ﬁ'l w'tiz . xﬁw

xy .
that is,
(pao...ak)s_l.pio...ik= x‘ic * wi-
A (3)

w w
Ty -« X4,

If we dualise these results we can obtain a basis for the primes
which pass through S,. But we may also use the results of §2. If
(ag, ...,a@,) is an even derangement of (O, ...,n),

pak+1...an = pao---ak* 0’

by hypothesis. By §2, (2) the equations
k
pao...ak xi_hzopao...ah_liahﬂ... ag xa]. =0 (1‘ = Qk+l’ seey an)

are the équations of a dual basis for S). Since for the given values
of ¢ we may write

t=a; (j=k+1,...,n),
and then

D Bpgees Bimg O Ljpyone
Pay...an-10jah41 ..o = —P kt1eee Oj=1 O Gjt1eee On,

the equations become

k
pakﬂ---%xaj-|-hzopﬂkﬂmaj-lahajn---anxah =0 (] =k+1, R

or, more simply,

n
(Eo Pttty =0 (j=k+1,...,n),

on inserting terms with zero coefficients. We write
u}»’ = pak.,.l...aj_liajﬂ...a,., (4)

and the equations of S, are then

n
Tufz; =0 (j=k+1,...,n)
i=0
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= [u®

U= (uk+1 . ’“75-;.1)
0

Up o« Uy

ety = | ol
pplieeetn = | ulkn . ufy,y

The matrix

defines S, and

ultt . yls

.

Since uf = pU+1-  (j=k+1,...,n),

ppalc-(-l'"an = | PpH+1ean 0 . .
0 pak+1 ceeQp 0 .

0 . o PTt1-On
= (pakﬁ ...a,,)n—k’

and therefore we may write our previous result in the form

—k=1 g tqeeetn — 7, %,
(p%+1r+--an)n k pe+1 in = upt . g
uker oyl

If 4; = a;, except when j =t,u,v,...,w, we find, as before, there
being s elements in the set (¢, u,v, ..., w), that

(pak+1...an)8—1pik+1miu = uf‘ . uf"'
. ()

Finally, we note the following relations between the u} defined
in (4) and the «} defined in (1) above.
(i) Ifj>k,and ¢ <k,
uY = pakﬂ---an = Dag..ap = xfu;
(ii) if 2,5 >k, ¢%j, and l,m <k, l$m,
uf=0=ual;
(iii) if i >k, j <k,
UY = PPet1ee H-10j0iyy - On

—_ — = ]
- pao...aj_laga,jﬂ...an xar

We now use these results to obtain necessary and sufficient con-

ditions for a given S, to meet a given S, in a space of at least ¢
dimensions.
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5. Some results on intersections and joins. Let the coordinates
of 8, be (...,»;,.. 4 .--) and let the dual coordinates of S, be
(..., g%+1%,...). We prove

TuroreM I. Necessary and sufficient conditions that 8, and S,
have a linear space of dimension not less than t in common are

BT XDy e o s = O (1)

for all choices of ayiq,...,%u_g; Pos-eesBrg Where 8 =h—t+1.

A sufficient set of conditions is obtained from (1) if we restrict our

choices of a4, ..., %y,_g to all possible selections from ay,,, ...,a,, and

Bos s Pr—s to all possible selections from b, ..., by, where a;,4, ...,a,

and by, ..., b, are sets of n—k and h+1 numbers respectively chosen
from the set 0,...,n such that

qt1npy 5 F O (2

q+1npy 5, =0

Clearly if

for all sets (@, _gi1s --+>@p)s (Dp_gs1s --+»bp), condition (1) is satisfied.
We need only consider sets ay,,,...,a,; by, ...,b;, therefore, for
which (2) is true.

If we now write

ug = qak+1 -uaj_liaj+1 ...a,.,

i _
and TF = Dpg...bg—19bis1... b1

the equations of S;, can be written

n
’Zoujxi =0 (j=k+1,...,n),
i=

and the points )
2t = (xf,...,2%) (1=0,...,h)

form a basis for S,. Any point of S, can be written in the form

h
3 A,2%, and lies in 8 if and only if
0

n h
S Sulaid,=0 (j=k+1,...,m). (3)
i=0 a=0

These equations in (A, ..., A;) determine the (A + 1)-tuples such that

h
3 A,2° lies in ;. Hence a necessary and sufficient condition that
0
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S, and S;, meet in an S; (at least) is that the equations (3) should
have at least ¢+ 1 independent solutions. The rank of the matrix
n
(Z u}x?)
i=0
must therefore be h—¢, at most [II, § 6]. For this to be the case it
is necessary and sufficient that every determinant of s =h—¢+1
rows and columns extracted from this matrix should be zero. A set

of necessary and sufficient conditions is therefore given by the
equations

n n

DUk - B e =0 (4)
i A id A Aed

AZO ul 2l . ,\Zo ui, Ty

for all possible selections of 4,,...,%, from (k+1,...,n) and of
J1s -+ Js from (0, ..., k). The above determinant, by II, §8, Th. V,

— A A j
= X | o-oug || 2y e
AlyeeasAs . . . X
A A
u":: ui: x{\la M xi‘t

Now, by equation (5) of the preceding section,

ual . ulh_‘l = e(qak+1 “ee a,,)s—l qdk.‘.l e lpyg A‘ .ee )."

wlp .oul
where a;,4, ..., %,_; is a selection of n—k—s numbers of the set
@yiqs -, @, Which is uniquely determined by the set 4y, ..., %, no two
distinct sets iy, ...,%, giving the same selection «; ,,...,a,_,, and €
is +1 or —1 and is uniquely determined by ¢,,...,%,. Similarly,
using equation (3) of the last section,

af .ol |= €' (Pog...0n)" " Py As o Bree

af, . a2l
where B, ..., 5, is a selection from the set b,y,...,b, which is
uniquely determined by j,...,J, and € = +1 is also uniquely
determined by j,, ...,j,. We can therefore write, instead of (4),

Y €€ (qrrrtOnpy  p,) Tt g1 nms A ds py, s fofis =0, ()

Ay ooy A

where the factor e€¢’, being independent of A, ..., A;, may be ignored.

HPI 20
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Using (2) it follows that the necessary and sufficient conditions (5)
are equivalent to equations (1) for all choices of a4, ...,%,_,
from a,,,,...,a,, and of B,,...,B,_, from by,...,b,. This proves
the theorem.

We now obtain some formulae connected with the joins and
intersections of linear spaces. Let S, have the coordinates
(«+esPsy...450 -++)» Sx the coordinates (...,q;, . 4 - ), and, as usual,
denote the dual coordinates of S, by (..., p¥+1-+ts,...) and those of
8. by (...,g%+a1-%n, . ..). Let

= (&b, ...,ak) (I =0,..,k)
be a basis for S,, and
= (y::)’ ’yfn) (t=0,...,k)

be a basis for S;. A necessary and sufficient condition that S, and
S; meet is that there exist elements A,, ..., A; and u,, ..., #;, not all
zero, such that

Z At = Z wy
A necessary and sufficient condition, therefore, is that the matrix
) . ad
h 3
xo mn
(6)
¥ - Y
Y6 Y

should be of rank &+ k+ 1 at most, since the rows are to be linearly
dependent. Hence all determinants of 4+ &+ 2 rows and columns
extracted from this (A + %+ 2) x (n + 1) matrix must vanish. If we
consider the determinant which corresponds to the columns with
suffix 4y, ...,%,,441, 8nd expand it by Laplace’s formula [II, §8,
Th. II], we have

Z sg::f:%:I:I:pfo---th1h+1~--1h+k+1 = 0.
Jor ceerint bt
It can be verified that these conditions are equivalent to those
given by Theorem I.
If 8, and S, do not meet, the points 29, ..., z*, 99, ..., y* are linearly
independent [V, §4], and determine the join of the two spaces.
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Hence the determinants of A+ %+ 2 rows and columns extracted
from the matrix (6) are the Grassmann coordinates of the join of
the two spaces. We may write these coordinates as (...,7;, .
where

RN

— Joeee Jhtk4
Tigoothsksr _j % . 8@: "h-tk+:pjo---1hqjh+l---fh+k+l' (7)
0 eoos T4 k1 .

Ignoring a common factor, we may also write these equations as
Tigethitsr = ;-"iPio.-.th!hﬂ-.-kaﬂ’ 8

where the summation is over all derangements j,...,554%+1 Of
Tgs -++» Upyn+1, the positive sign being taken with even, and the
negatlve sign with odd derangements.

Introducing the dual coordinates, we have

DinsrewInsksr = ('- 1)(h+1)(k+1)q1°mjh i’“’“”'"‘”’

where (Jo, .- »Jnti+1s Phiksas --+>0z) 18 an even derangement of
(g5 -++»%,). Hence

. sos — h+1) (k+1, e In 1 e ®;
Vigoinspsy = TERHE+ th = jZ( 1)A+D G+ )pjo"_thfo Thihrksn-etn

=(— 1)(h+1)(k+1)jz Diy...gp Qo THibrksa-tn,

Ignoring the common factor + 1, we may write this as

rihtk+actn = Epjo in qfo~--5h thik+a-etn,
j

An alternative form is

rinckssetn = 3 4 piatktacetnfor S giisredn,
This follows from equation (8), the proof being left to the reader.
By duality, or by an exactly similar argument, we show that if
h+k>mn, and

thetan—h-k = 2 311 ’m—h kpfl-ufn—hqfn—hﬂm Jan-h-k,

Jan—n—k

then thetan-h-k = Q (&H il’ ceey i2n-—h—k)

is the condition that S, and S; meet in a space of more thanh+k—n
dimensions, but if these spaces meet in a space of dimension
h+ k—mn, the coordinates of their intersection are (..., t% - fan-h-t, ,..).
Equivalent formulae can also be found for ¢, ;... ..

20-3



308 VII. GRASSMANN COORDINATES

We now obtain the coordinates of the projection, from a vertex
8, of a space S; on to a space S,_;_;. We assume that S, does not
meet S,. The projection is then the intersection of the join of S,
and S, with S,_,_;. The coordinates of the join of S, and S, are
given by

= Y8
Tig.oinske jz 81:-.- 'M+k+:pfo e InDineren Shsker?

and if the coordinates of S,_;_, are (...,s% %, ...), the coordinates
(-+ests,...4 ---) Of the intersection of this join with §,_,_, are given
by the equations

ot = T 2 DL BRI Pro Ty 8707

In the case h = 0 the coordinates of the projection of S, from the

point b = (b, ...,b,) on to the prime i B;x; = 0 can be obtained

more simply. Let . _ 0
= (25,...,25) (1=0,..k)

be a basis for S,. Since b does not lie in S, the points b, 9, ..., 2%
are linearly independent. Hence the points 39, ..., y*, where

yt = Axt— (§ B,x}) b (4=0byBy+...+b,B,+0)
are linearly independent. But since
5By} = A3 By (33 B,x;) 4=0,
the points 3°, ..., y* lie in the prime ? B;z; = 0. Hence these points,

which lie in the projection of S; on to the prime, may be taken as a
basis for the projection. Therefore

t‘to-..‘tk = ygo . ygk
y%. . y}k
A A
=| A28 —A%; . Aal—A%,

Ak —Xeb, . Ak —ARb,

where A* = 3 B,
i
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Expanding this determinant we obtain

= Ak+1| 40 0 [_ Ak 0 0 0 ,0 0
byt =4 ) . ) |-4 ?bij w3, . oxf_ A0}, . o}

o, .
and substituting for A we find that

. . . . .

’

o,

af ooaf_ A

° Y+ ®

= Ak+1 — Ak
tigoty = A¥71D4, 4 — 4 Aj_-‘lIEbijBlpio...ij-lli]“...ig'

We have therefore proved

TuroreM III. The coordinates (...,t;, . 4, -.-) of the projection of
the k-space (..., p;,...4» ---) from the point (b, ..., b,) on to the prime

Boxo"' oo + ann = O
are given by the equations
tio...tk = A.pio...ik - jz 12 ( - l)i bij Blplio... tj-19j41000 502
where 4 = Byby+ ...+ B, b,.

6. Quadratic p-relations. We have shown that any k-space
Sy has a set of coordinates (...,p;,. 4.--.) in a given allowable co-
n+1
k+1
Pi,...4, Which are skew-symmetric in their suffixes, and are not all
zero, are necessarily the coordinates of an S,. Indeed, this is not
the case, except when k=0 or £k =n—1. We must therefore
consider what algebraic relations, if any, connect the coordinates
of an §,.

We first show that there can be no linear relation. Suppose that

ordinate system, but it does not follow that a set of ( ) elements

2 Uty Pyt
Q‘k

1. .
is a homogeneous linear form in the ( + ) independent indeter-

n
k+1
minates F; ; (which are skew-symmetric in their suffixes) such

that
> Uiyt Piy.ir = 0, (1)
Ty eeer Tk

whenever P, _,, isreplaced by the coordinates p,,  ;, of any k-space.
We show that each coefficient u;  , must be zero. Let us show that

Uq, ... fOT instance, is zero.
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Consider the k-space defined by the &+ 1 points

2 = (08, ...,0%) (i =0,...,k).

We see at once that
Ptz =0

unless 4, ...,%; is a derangement of a,,...,a;, whilst p, ., =1.
The relation (1) becomes
Uay...ar = 0.
Thus we have
THEOREM I. The coordinates of the k-spaces in [n] do not satisfy
any linear relation of the form

T Uiy Dgy.tp = 0
9 ooy Uk

There are, however, relations of higher degree satisfied by the
coordinates of every S, in [z]. We assume that £+0, and k+n—1,

k+1

dependent indeterminates F, ,; (which are skew-symmetric in
their suffixes), and denote by F(p) the result of replacing P, .
by the coordinates p; . ; of an S,. We seek non-zero forms F(P)
such that F(p) = 0 for every S, in [n].

Let 4y,...,7; be k distinct numbers which are chosen from the
set 0,...,n, and let j,...,jz.q be k+2 distinct numbers chosen
from the same set. We define

and denote by F(P) a homogeneous polynomial in the (n+ 1) in-

k+1
— A
‘F"tl...ik,jo...fk.;.l(P) -/\§0< - 1) 'Pt1...ik 2y Bfo....ﬁ_l A1 Th+1? (2)

-

and prove that E,...‘u.h---n«u(p) =0

for every S.

Let A= (ohsad) (G =0,....F)

be a basis for any given S;. Then
‘Etg...i]g, jo...fk.u(p)

0 0 0 0 -
129 Ajy o Cply gy o gy,

k+1 N 0 o

k k k k
“z . “Z A4 “f o %y %R 0 Xy

o
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If A# is the cofactor of a4 in the determinant -

0 0 0
o, . Ay A
c .. -,

k k k
Ag, o Ay X

we may write

El ceetly 0 00e !l;+1(p)

k k+1
_l‘go Ago( 1) Al‘af)‘ aj. . af/\—l aj/\{-; . ajk+|

k k ) ] k
Aj, o Ui, iy, o gy,

k
= 3 A* o . af, . of,,
#e0 o o) o

I R A

k k k
i, o Ui . ARy,

Since every determinant in the above sum has two rows equal,
every term in the sum vanishes, and therefore

'F;lo--ik:foo--fkﬂ(p) = 0. (3)

This relation simplifies when the numbers 1, ..., 7; include some

of o -+ s e If ,=75, (r=1,...,k),

—_ k+1
'F;:l...‘tk,jou-fk-i-l(P) - El...ik fo 'Pil...ikjk+1+(— 1) + I)il...’tk _'fk+1Pjo‘t1.u‘ik’

all other terms vanishing. Since the indeterminates are assumed to
be skew-symmetric in the suffixes we have

'F} (P) = 'P‘il vtk do Pil vk T+ P‘I:l .tk do ‘Pil % T 0.
In this case there is no relation. We obtain non-trivial relations

containing three terms if

1Tk Jo oo JE41

jo, '“’jk+l = il’ ceey ik—l’ l, m, n
respectively. Writing ¢; = h, we find that
'F"tl veelly S0 oo Tb+1 (P) = ( - l)k—l Ril veetl—y M Ptl veef—ymn
+ ( -1 )k Ptl wei k-1 hm Pil vetf-1in + ( - l)k+1 Pil veetp—1 A0 Pﬁ vesTh—y Im>
and therefore

Pyt 1Py ctpymn T Doyt hn Day . dp_ymd
+ D4y 151 mn Piy . dp—ytm = O
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We now obtain an alternative form for the relations (3). If we
write . . Lo .
Doy +ovsBg—15 Vga1s o3 Uis Bgs Joo -+ s Jk
in place of ST YR TSN Y PO PR Iy

for any 0 <8<k, the relation (3) becomes

'F;:o Y PR TR RO 5% 7% [ Y9 ,ﬁ;(p)

= p‘io eee ’tg_l i@+1 .o iki.p)'o .os ,’k

k+1
A
+/\§1 ( - 1) pio..-’i;..li‘+1...‘tkj,\—1pi310o.- Ja-gdr... Ik = O’
or
(=1** D4 0. Pso... 12

k

+ AEO( - 1)A+k—s+lpio-~is—1h«ic+xm’ik( - l)l\pjo...h—lio:b\+1mfk =0,
using the skew-symmetric property of the coordinates with respect
to the interchange of suffixes. Hence (3) may always be written

in the form
&

DPiy...51Piy... 32 =Agopio...i,_,fAiH;...ikpjo... Dacrisars o db® (4)

The relations (3), or (4), will be referred to as the quadratic p-relations.
We now prove
n+1

Tarores IL If (... py,.g0-..) be (k+l

are not all zero, which are skew-symmetric in the suffizes and which
satisfy the quadratic p-relations, then there is a k-space which has
coordinates (..., P;, . 40 ---)-

If there is such a k-space it is, of course, unique. Since not all
the coordinates are zero we may suppose that

) elements of K which

pao .. Gk *0.
It will simplify our notation if we assume that
a¢='i (i=0,...,k).

It will be evident that the method of proof can be extended to any
set ay, ..., ;. We have, then,

Do..x*+0,
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and since we are dealing with homogeneous coordinates we may
assume that p, ;= 1. If

b =Do...o-15041..x E=0,.0,k;5=0,...,n),
we shall prove that the £+ 1 points
Bi = (b},...,b%) (1=0,...,k)

determine a k-space with the prescribed coordinates.

Since bt = py. =1 (¢ = 0,..., k), the submatrix formed by the
first k+ 1 columns of the matrix (b%) is the unit matrix. Hence this
matrix has rank k£ + 1, and the points BY, ..., B¥ determine a k-space,
which we call 8. If

QU...tr = b?. . b"i)t

k k
bi. . bik

the Grassmann coordinates of S are (...,¢;,..4...), and all that
we must prove is that

Qiy...56 = Diy... 158 (all 3y, ..., %)

Since the p,, ; are skew-symmetric in the suffixes, this result is
independent of the order of the suffixes. Let the set i,, ..., 1, contain
the integers [,,l,, ..., which are greater than k, and write the set

B0y eeerin
= 0, ""jl— l,ll,j1+ l, ...,ja_ l,l2,j2+ 1, ...,ja_ l’ls’j8+ 1, o-.,ko

Since bi =0} (j<k),

the determinant which gives ¢, ;, can be simplified by expanding
it in terms of the elements of any column whose suffix is in the
natural order of the integers. This column contains only one non-
zero term, and this is on the principal diagonal, and is unity. Hence,
noting which row and column are removed by this simplification
from the determinant we are considering, we eventually find that

b . b
b . of;
Our theorem is now proved by induction on s.

Ifs=0,

qio vor ‘t‘: =

. (6)

.

io,-..,ik=0,-.-,k’ i L)

and %y =1= I;tomir
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Ifs=1, Dyt = bﬁ =Do...50-1h 1 +1... ks

so that the theorem is also true when s = 1. We therefore assume
that if 8 <%, py, ¢, = 94,...¢,5 that is,

b . bh l

Dyy...tr =

b . b
Now suppose that s =¢. Since the p, . satisfy the quadratio
p-relations we have, from (4),

k
Pig...iP0..kx = jzopi....{'_lji,ﬂ...ikpo...j-lirj+1 ke

where r is at our disposal (0 <7< k). Choose r so that ¢, = ;. Then

Pigtrositreronic = 0

unless j = j;, ...,J;, these being the only missing integers of the set
k. If now j = j,, say, Dy, .4,  sripss...r D@8 Only £—1 suffixes
not chosen from (0, ..., k), and hence, by the hypothesis of induction

—_ 0 0 0 (1} 0
p‘io...'tr..;lj,\ir-q.l...ik = bia bir—: b.’f)« bir+1 d b’ik
'3 k k V]
bio * b?«r —1 bf)\ bir+ 1 ¢ bik
— i /]
= bl 1 . b lt=y bf:\

. . 3

b . b 3‘_',‘ o
biA bix bi,\ <
bl{/\ﬂ . bix\ﬂ bgﬂ

l=y

b bz.-l b

= (— l)""" b”' . bh-;
b{)\—: : bg‘)z_—‘l
b{’“" . b{"‘“

b{' . b'

1 =1

on expanding by the last column, the only non-zero element in
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which is b2 = 1. Now p, ;= 1, and, since j = j, and i, = I, we
have p,.. j_14,4+1..%x = b}, and so the quadratic p-relation gives us

P = (-0 b . 8,
b{{‘" . bf,;_':
e . b
oL b
=| o . b, b
by . b b

thus proving the theorem for s = ¢. This completes our proof of
Theorem II.

We have thus obtained certain necessary and sufficient conditions
to be satisfied in order that a set of elements (..., p;, . 4,...) of K
may be the coordinates of a k-space. In the course of doing this we
have found certain conditions—the p-relations—satisfied by the
coordinates of a k-space. This raises the question of other relations
satisfied by the coordinates of a k-space, and the complete answer
to this question is the subject of the next section.

7. The basis theorem. This section is devoted to the following
theorem:

TuroreM 1. If F(P) is any homogeneous polynomial in Fj

such that
F(p)=0

for all S, then
F(P) = izj Ai,...ik,fo...fkn (P) El---ikdo---ﬂcu(P)’ (1}

where Fy 4 4 .. (P) 18 the quadratic form defined in §6, (2), and
A; . iiio...ips,(P) 18 a homogeneous polynomial in P ;..

For the purpose of this proof we define a generic k-space in [n
to be the k-space defined by k+ 1 points

(bE,....b5) (i =0,..., k),
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where the bf are (n+ 1) (k+ 1) independent indeterminates over the
ground field K. Clearly, if F(P) is any form such that

F( B . b )=o,

this relation remains true when the b are specialised in any way;
in particular, when the points (b, ..., b%,) are specialised so that they
become k& + 1 independent points of any assigned k-space. Hence

F(p)=0

for every 8,. Conversely, if
F(p)=0

|
vanishes for all specialisations of the bi. Hence, regarding this last
expression as a polynomial in the (n+1)(k+1) indeterminates
b?, since it vanishes for all specialisations of these indeterminates,
it vanishes identically [III, §8, Th. I]. Thus in order that F(P)
should satisfy the conditions of the theorem, it is necessary and
sufficient that F(p) = 0, where (...,p;, .. ;. ...) are the coordinates
of a generic k-space.

Now let F(P) be a form satisfying the conditions of the theorem.
We group together all the power products in F(P) which are isobaric
in each of the suffixes 0, ...,n; that is, we consider all the power
products in which the suffix 0 appears A, times, the suffix 1 appears
A, times, and so on. If the sum of such a set of terms is denoted

by f/\o...An(P):
F(P) = 5 fy,..0n(P)-

A

for every S,
bfoo * b?;.-

k k
b‘io . b‘ik

Now let & (:1=0,...,k;5=0,...,n) be (n+1)(k+1) indeter-
minates, p,, ...,p, n+ 1 additional indeterminates, and let

Qiy...tr = Pi.,b(t)., . Pa,b?,

Pi.,bf. . Pikb'{'k

= PPty -+ Pz Diy... 13
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Then (..., p;,...4s ---) 80d (..., q;, ... 4 --.) 8r€ coordinates of generic
k-spaces. Hence

0= F(q) = Z/‘:f/\,....,\,.(Q) =X p¥ .. P32y an( D)

Since py, ..., p, are independent indeterminates over K (b%), it follows

that
Srg..2,(P) =0
for each set A, ...,A,. Hence

TrEOREM II. Any form F(P) which satisfies the conditions of
Theorem I is the sum of forms isobaric in each of the suffixes O, ...,n
which satisfy the conditions of Theorem 1I.

In proving our first theorem we may therefore confine ourselves
to forms F(P) which are isobaric in each of the suffixes. We now
proceed by double induction. First, we assume that k is fixed, and
let n vary. If » = k+1, an 8, is a prime, given by a single linear
equation

E ATyt oo+ 1%y = 0,
and its coordinates are

Do...icris. k1 = (— 1) H1pl = (= 1)k-tHlqg,,

Since the a; can take arbitrary values independently, there is no
non-zero form F(P) such that

F(p)=0
for every S in [k + 1].

We may therefore assume, as hypothesis of induction, that
Theorem I is true for the coordinates of k-spaces in [n —1]. Equi-
valently, we may assume that the theorem is true for forms F(P)
in which none of the 7, _;, actually present has  as a suffix.

We now suppose that F(P), which is isobaric in each suffix, is
isobaric of weight 7 in the suffix n, and is of degree { in F; ;. By
the hypothesis of induction made above, Theorem I is true if 7 = 0.
We therefore make the further hypothesis of induction that the
theorem is true for forms F(P) which are isobaric of weight less

than 7 in the suffix =.

We write oF (p)
ap'io ik

to denote the result of replacing F; ,, by the coordinates p, . ;,
of an S, in aF(P)

aP‘g...‘k'
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Let bf (i=0,...,k; j=0,...,n) be independent indeterminates,
and let

— 0
Pigiz = b, . b3,
. . . .
I
b%, b’.f,‘

Then if G(P) is any form in £, ;. (G(p) does not necessarily
vanish), we write
g(b) = G(p),

and we find that
0) _ g 001p)
ob; 7 el a’Pz.,...tk-lj’
where

Bilo...lk—l = ('— 1)k+i} b?u . b?k-x (

i1 i—1
bt . b
i1 i+1 |*
bln . blk—l

¥ k
bk . b,

Hence . 5
. 9g(0) G(p)
by = e 2
i§o A 0b; Loy .§lx_,p'°"'l""‘h 31)1., Y @
Since fb) = F(p) =0,
and the b are independent indeterminates, f (&) is identically zero,
and therefore E o)

b —_—— = 00
RIS

By (2) we can write this in the form

oF(p)
s = 0.
?Pto...zk_,h aplo...lk-ln
Hence the » forms
oF(P
Z'Plo...lk_lﬁé‘P‘—'u— (h = 0) ..-,'fb'—l)
Ip...lg—1m

satisfy the conditions of our theorem. Since each of them is isobaric
in the suffix n of weight 7—1, we may write, by the hypothesis
of induction,

oF(P
;Bo'"[h"h BPJ‘, (lk )n = EA!;"--"I;domfkﬂ(P) ‘F‘Elo-"k:fo---.‘fkﬂ(P)’ (3)
woidl—1

where h =0, ...,n—1.
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We propose to deduce (1) from (3) by operating on each side of
(3) with "3

0.--Mk—1 7 5 P ’ (4)

mg...mg—r b

and then summing with respect to & from A =0 to h =n—1. We
first consider the effect of this operation on the left-hand side of (3).

Dh= sz

2 oF(P) )
S — 2 Y R
h§072n o - Tk~ lnaPmo .mg_1h (zl: forr b=l aBo---‘k—l"
_n—-l aF(P)
.._hZ Zpto...lk_m aPlo...lk_xn
0*F(P)
+ P
§0§? wmpg—1ntly.. lk—lhaPﬂlo M lhaP,o__,,,,_l,.
= m’F(P)
02F(P)
+ P
;Eo%? bmk_ln lo...lp—1h aPmo — 1,,8P,°,,_,,,_1,.
0*F(P)

- Z EPmo...mk-lnPl.,...lk_ln oP

m 1 mo...mk_lnaﬂo...lk_l'n

= [nr—7(T—1)] F(P)

n 0*F(P
+ Z ZZPmo...mk_lnBo...lk_lhaP ( )

h=0m 1 mo...mk_lhaPlo...lk_ln

» (6)

using the isobaric property of F(P), and Euler’s theorem on
homogeneous polynomials.
Now let a,, ...,a; be a set of numbers chosen from (0, ...,n), and
consider the terms of the summation in (5) corresponding to
mo, ceey mk__l = ao, ceny ai_l, ai+1’ ...,ak,
h = ai.
Then the corresponding terms in the summation in (5) are
02F(P)
? aPao...ak aPIo dg—1n [E Bo Ik_la‘ oo Bia R live ak]
2 02F(P)
0P, ..at%F, .y_in

BF(P)
Z aP al)lo...lg_lnEo""k""na""'a"(P)’

Bo...lk_lnP

Qg... Qg

by § 6, (2).



320 VII. GRASSMANN COORDINATES

Hence,

s OF(P)
D, P,
;.z.o h? b le-ahgp aP,o dpoyn

—T(n 1'+1)F(P)+22 ag.. ak'Plo...lg-

02F(P)
m aPao .ak aPlo..Jk-ln

0*F(P)
aPlo lk_lnFk""k‘l-nao...ak(P)

a l Qp... Ak

2 oF(P
=17(n— 7+1)F(P)+ZB‘, - lnaPl., " n(Z a.. akaPao( Z’)
-1
oF(P)
—ERo-'Jk—l”m

0*F(P)

a l ag... Ak aPlo...lk_ln

By (P)

1LNAy... AL

=1(n—7+1) F(P)+71tF(P)
—7F(P)

0*F(P)
aPlo lg_1n Eo"‘lk‘lv"ao "-ak(P)

=T1(n+t—71) F(P)

22F(P)
aI)lo lk_lnEo...llc—pnao...ak(P). (6)

dg...ag

Since ¢ > 7, and we are assuming that 7> 0, the coefficient of F(P)
in (6) is not zero.

We now consider the effect of operating on the right-hand side
of (3). We have

Dh[A?l ik Jo.. Jk+1(P) 1;;:1 Ak do.. 1k+1(P)]
= ‘Dh[Ail ko 1k+1(P)] itk doos 1k+1(P)
+ Ail R 77 Y fk+1(P) Dh['F"il veetlesFoees Tl I(P)]‘

From this equation, and equations (3) and (6), we derive (1) if we
can finally prove that

Dh[Fﬁ L 7% YO :II:+1(P)]
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is expressible as a linear combination of forms F, (P)

for all choices of 4,, ..., 4y, Jo, ... s Ji+1 and A.

eee @ky Do oo DK+

(i) If A is different from 1, ..., 4, and from jy, ...,ji4,, clearly
DylF,, .. 44,10... 504, (P)] = O.

(ii) If b = 4y, say, but h+j, ..., i1, it is easily seen that
Dh[-li'il...’tl;,jo...fkﬂ(P)] = Fni,...ik,jo...1k+x(P)°

(iii) If A = j,, say, but b1, ..., 14,
DylF,, ... 11501001 (P)] = Foytrnty... 524, (P)-

(iv) Finally, if b = ¢, = j,, say,

D,[F;, . g g0... 5::(P)] = Fni,...ik,jo...fk+;<P)+E1...ik,n]1...h+1(P)'

This completes the proof of Theorem 1.



CHAPTER VIII
COLLINEATIONS

I~ this chapter the ground field K is again assumed to be commuta-
tive and without characteristic. It will not be necessary at first to
assume that it is algebraically closed but, later, results will be
obtained on the explicit assumption that K is algebraically closed.

1. Projective transformations. Let S,, S, be two distinct
projective spaces over the field K, of dimensions m, n respectively.
Fix an allowable coordinate system z in S, and y in 8,,. Then
consider the set of equations

n
Ys =jzoatjxj (¢ =0,...,m; a; in K),

which we usually write in matrix form as
y = Ax. (1)

We may assume that the (m + 1) x (n+ 1) matrix 4 is not the zero
matrix. The equations (1) associate a point (y,, ..., ¥,,) of S,, with
any point (2, ...,x,) of 8, which does not satisfy the equations

n
Yayz;=0 (1=0,..,m).
i=0

These points, which we call the exceptional points of S, fill a linear
space of dimension n —r, where 7 is the rank of 4.

If r = n+1 there are no exceptional points, and (1) is sald to
define a non-singular projective transformation of S, on S,,. In order
that such a transformation should be possible, we must have
m2n.

If r < n, the equations (1) are said to define a singular projective
transformation of S, on S,,.

Now let z = Px* @)
define an allowable transformation of coordinates in §,, and let

y=Qy* @)

define an allowable transformation of coordinates in 8,. In
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the new coordinate systems the projective transformation (1)

becomes Qu* = AP,
that is y* = Q14 Px*.
By II, § 4, Th. I1, we can find P and @ so that
QAP = (I,. 0)
0o o)’

where r is the rank of 4. Calling » the rank of the transformation,
we have proved

THEOREM I. By a suitable choice of coordinate systems in S, and
in S,, any projective transformation of rank r from 8, to S, can be
taken in the form

y‘=xi (i=0, ...,T—l), yi=0 (’i>f)-

We call this form of the equations (1) the canonical form, and in
discussing the geometry of a projective transformation it is usually
convenient to use the canonical form of the equations of the
transformation. Before doing this, we consider the points of 8,
which lie in the prime m

20_‘, vy, = 0.

In the projective transformation (1) these are just the points which
arise from the points of S, lying in

n
Z'uj:vj = O,
0
m
where Uy =‘§0via¢, (4=0,...,m).

We write these last equations in matrix form as

u=A'v, (4)
where A’ is the transpose of the matrix 4. These equations define
a projective transformation of the primes of S, on the primes of S,,.
We call this transformation the dual of the projective transforma-

tion (1). The transformations of coordinates (2) and (3) induce
the dual transformations

u* = P'u, v*= Q'v,

2I-2
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respectively. Therefore the dual transformation (4) becomes, in
the new coordinate systems,

u*=Pu=PA'v=PA Q) v*
= (@14 P) v*.
The relation between a projective transformation and its dual is
therefore preserved under transformations of coordinates. This
result is otherwise evident from the geometrical definition.

If the point transformation is in canonical form, the dual trans-
formation is in the canonical form

u=v (€=0,..,r-1), w=0 (t=7).

Before discussing the geometry of projective transformations
for arbitrary m, n, r, we consider the simple case in which

m=n=r-1.
The canonical forms are then
y=x; (£=0,...,n), u;=v; (t=0,..,n).

To each point of S, (prime of S,) there corresponds a point of S,
(prime of §,), and conversely. The inverse correspondence is also
a projective transformation of §,, on §,. Linearly independent
points or primes correspond to linearly independent points or
primes, and, similarly, linearly dependent points or primes corre-
spond to linearly dependent points or primes. Hence, any S, of
8, corresponds to a unique k-space Sj of S,, and any S} of S,
arises from a unique S, of S,,. If S is determined by the points

(i, ....b3) (G =0,....k)

of 8,, and has Grassmann coordinates (...,p;, . 4, -.-), S is deter-
mined by the points
(6%, ...,0%) (1=0,...,k)

in 8,,. Hence its Grassmann coordinates are (...,q;, .. 4 ---), Where

— 1 p0 0 | _
Qiy...tp = b, . b, = Pty... 4
2
bt . bk

Tt follows that the projective transformation carries the S, with
coordinates (...,?;,. 4.-..), into the S; of S, with coordinates
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(s ?4,...4 -++), for any value of k. In particular, if k =m—1,
the S,_,

(s +ves Uy)
of 8, is transformed into the S;,_,
(s -+.» Up)

of 8, and this transformation of the primes of S, into the primes
of 8, is the inverse of the dual projective transformation of the
primes defined above.

We now return to the study of the projective transformation of
rank r of §, on §,,, where m, n are arbitrary, and > 0. We choose
coordinate systems in both spaces so that the projective trans-
formation is given in canonical form by the equations

Y=z, (1=0,..,r-1)
y=0 (i>n). ®)

The dual transformation is then given by the equations

(8)

ui=vi (i=0,...,r‘—l),
u1-=0 (7:?7').

The exceptional points of S,, that is, those which have no trans-
forms, are the points of the S, _,

x.t=0 (i=0,...,'r—l).

We call this the singular space of S,. The locus of points in 8,
which are transforms of points of S, is given by the equations

Y = 0 (7:27)’

and is therefore a linear space of r — 1 dimensions, X,_, say. This we
call the vertex of the transformation.

Now consider the dual transformation (6). It is also of rank 7,
and the primes of §,, which have no transforms are given by

'v‘=0 (1:=0,...,'r—l).

These primes intersect in the vertex 2,_,. Similarly, the primes of
8, which are transforms of primes in S,, are the primes which pass
through the singular space S,,_,.

The equations (5) define a non-singular projective transformation
T* of the space S,_, of §,, given by the equations

x( =0 ("’27)’
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on Z_,, and the equations (6), for ¢ = 0,...,7—1, define the dual
of T*, The properties of this non-singular transformation from
8, to Z,_, follow at once from our previous discussion of the non-
singular case of projective transformations.

We now consider how the properties of the transformation (5)
follow from a knowledge of the properties of 7*. Two points
(g5 -+, z,) and (xg, ..., xy,) of S,, which are not in the singular locus
S, _,, are transformed by (5) into the same point of §,, if and only if

z,=Az; (1=0,..,r—1).

Geometrically this condition indicates that the points have the
same projection from the singular locus 8,,_, on §,_;, this projection
being (z,, ...,%,_4, 0, ...,0). Now, each point P of 8, which is not
in §,_, is joined to 8,_, by a space 8, _,,,. It follows that a point @
of S, which is not in §,_, has the same transform as P in S, if and
only if @ lies in the S, _,,, defined by P. Thus, to any S,_,,, in S,
which passes through the singular space S,_, there corresponds a
unique point in X,_;, and conversely. We may call this corre-
spondence between the S, _,,, through §,_, and the points of 2,_; a
projective correspondence. It is easily seen that in this correspond-
ence the (n—7r+1)-spaces of S, which pass through the singular
locus 8,_, and lie in an (n—7+ k+ 1)-space through the same §,_,
correspond to the points of a k-space in 2,_,. In particular, primes
of S, through the singular locus correspond to (r — 2)-spaces in 2, _;.

The properties of the dual transformation (6) from S§,, to S, are
obtained in a similar manner. If IT is any prime in §,, which does
not contain the vertex 2,_,, and if /I’ is the corresponding prime
in 8,, which passes through the singular locus §,_,, a necessary and
sufficient condition that another prime /7, of S,, should have the
same transform /7’ as I1, is that /7 and I, meet the vertex X,_, in the
same (r — 2)-space. To each 8,_, in 2,_, there corresponds a unique
prime in S, through the singular space §,_,. This correspondence
between the (r — 2)-spaces in Z,_,, and the primes of S, through the
singular space S,_, is precisely that obtained above by the direct
transformation.

Now let us consider what happens when 8, and §,,, instead of
being distinct spaces, are the same space, which we denote by [n].
Then the transformation (1) takes a point P of [n] into another
point P* of [n], and, more generally, an S, of [n] which does not meet
the singular S,,_, is transformed into another S, of [n].
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It is important not to confuse this type of transformation in [n]
with a transformation of coordinates. A transformation of co-
ordinates is a relation between two sets of coordinates for the same
point. The present correspondence is a relation between the sets
of coordinates of two different points.

A transformation of type y = Az which transforms [] into itself
is called a collineation in [n]. Projective geometry is the study of
the properties of configurations which are invariant under collinea-
tions. In the study of collineations we can deduce, by what has been
said above, properties of the transform of any configuration, but
we have a new problem to consider, that of the relation of a con-
figuration to its transform. The remainder of this chapter is devoted
to a study of collineations.

2. Collineations. In the space [r] over K we choose an allow-
able coordinate system and consider the collineation given by
the equations n
Yi =j§0ai1xj (7’ =0, "'tn)’

or, in matrix notation,
y = Ax. (1)

Let a transformation of coordinates in [#] be given by
x = Px*.
The coordinates of the points z, y are transformed into z*, y*, where
x = Px*, y = Py*,
and therefore in the new coordinate system the collineation has
the equations y* = P-14 Po*,
The collineation dual to (1) is (cf. § 1)
w=A'v, ()

u = (g, ..., U,) being the prime which contains every point x whose
transform y by (1) lies in v = (v, ...,v,). If 4 is non-singular, (2)
can be written as v = Au, 3)
where 4 = (A’)~! is the matrix complementary to A. The collinea-
tion (3) transforms a prime u into the prime v which contains the
transforms y of all the points = of «, and no other points.
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The transformation of coordinates

xz = Px*

changes (2) into u* = (P14 P) v*,
P

and (3) into v* = (P1AP)u*.

Having seen the effect of a transformation of coordinates on
equations (1), (2) and (3) we now define stmilar collineations of [x].

Two collineations
y=Az, and y= Bz

are stmilar if there exists a non-singular matrix P with elements
in K such that B = P-14P.

This relation is clearly reflexive and symmetric, and if
C = Q@ 'BQ (Q non-singular),
then C = (PQ)1A(PQ),

and hence the relation is also transitive. It is therefore an equi-
valence relation. The relation between similar collineations is simply
that there exists a non-singular projective transformation

z = Px*

of [n] into itself which transforms one collineation into the other.

Our main problems here are

(i) to determine necessary and sufficient conditions that two
collineations be similar, and

(ii) to find a set of canonical forms for collineations in [n], that
is, a set of collineations with the properties: (a) no two collineations
of the set are equivalent; (b) every collineation is equivalent to one
member of the set.

The canonical forms are chosen so that it is a simple matter to
read off from them the geometrical properties of the collineations.
We now prove

THEOREM 1. A necessary and sufficient condition that the collinea-
tons y=Az, y= Bz
should be similar is that the A-matrices A—Al,,, and B—AI, .,
should have the same invariant factors (or, in the case in which K 1is
algebraically closed, the same elementary divisors).
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By II, § 9, Th. ITI, a necessary and sufficient condition that the
A-matrices 4 —Al,,, and B—AI,,, should be equivalent, in the
sense of that section, is that they have the same invariant factors.
When this is the case,

B—2,,, = M(A—-2I,,,)N.

But by II, §9, Th. V, this equation implies the existence of non-
singular matrices P, @ over K such that

B-AlL,, = P(A-AL,) Q.
It follows that

B = PAQ,
and L., = PQ.
Hence P=Q,
and therefore B = Q- 14Q.

Now let K be algebraically closed. We note first of all that
det(4—-Al,,,) and det(B-AlL,,,)
are each polynomials of degree n + 1 containing the term
(= 1)n+1 yn+1,
These polynomials are therefore not zero polynomials, and
rank (4 —AlL,,,) =rank (B—AL,,,) =n+1.

Hence the form of Theorem I which is applicable when K is alge-
braically closed follows from IT, §9, Th. IV.

Now let E(A), ..., E,,,(A) be the invariant factors of 4 —AZL, ,,
and let E;(A) be of degree r,. Since

n+1
(—=1)rtt iI_Il E(A) = det (4 —-AL,,,),

. n+1
it follows that S =n+l,
1

and since E;(A) is a factor of E,,,(A),

sS4
We suppose that

and that Tep1>0.
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Let E(A) = A4a, A% 14 tay,, (0>8),
and consider the 7, x 7; matrix
B‘ = 0
0

S
-
[ ]

o o . . 1
—-a —a;

ir‘- . . .
We prove that the invariant factors of B;— Al are
1,1,...,1, E(A).

For consider the determinants of the submatrices of ¢ rows and
columns extracted from B;—Al,. If 1<t<r; we consider the
particular submatrix whose elements lie in the 1st, 2nd, ..., tth
rows of B;— AL, and in the 2nd, 3rd, ..., (¢+ 1)th columns of this
matrix. It is clear that the determinant of this particular ¢x¢
submatrix is equal to unity. Hence the highest common factor of
determinants of ¢x¢ submatrices extracted from B;—Al, is of
degree zero, if 1 <t<7,. Butift =17,

det (B;—AL,) = (= 1)+ EQ).

This proves the result.
Now let B be the (n+ 1) x (n+ 1) matrix

B= /B, 0 . 0
0 By, . 0 ). (4)
0 0 . B,
We prove that the invariant factors of B—AI,, are
E(A), ... By (A)y ooy B, 15(A).

We can perform elementary transformations [II, §9] on the rows
and columns of any submatrix B,— AL (s+1<t<n+1)of B—AL,,,
without altering the rows and columns of any other submatrix,
since these submatrices have no rows or columns in common. Hence
each submatrix can be reduced to its canonical form by elementary
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transformations on B-—AI,,.,. By another elementary trans-
formation this matrix can be reduced to the matrix

I, o . 0
0 E,A) . 0

0 * ° En+l(’1)

Since E;(A) is a factor of E;,,(A), the highest common factor pro-
perty of invariant factors makes it evident that the invariant
factors of this last matrix are

L, 1,..1, E (A), ..., B, 1(A),
that is, E,(A), ..., E(A), E,1(A), ..., B, 1(A).
Thus B—-AI, ., is equivalent to the matrix 4 —AI, ,,, since it has

the same invariant factors [II, § 9, Th. III].
We shall take the canonical form for collineations similar to (1) as

Yy = Bz,
where B is given by (4). Hence we have
TreorEM I1. If the matrix A — AL, ,, has the invariant factors
Ey\(A), ..., Bpya(R),
and if the matriz B is defined as in (4) above, the collineation
y = Az (1)

18 similar to the collineation y = Bx, and this latter form of the equa-
tions may be taken as the canonical form for collineations similar to (1).

When the ground field K is algebraically closed, and we use
elementary divisors in place of invariant factors, it is usually more
convenient to use another set of canonical forms for collineations.
Let A —AI,,, have the elementary divisors

(A—al)el, eeey (/\"ak)ek:

where, for the moment, it is not necessary to distinguish the a;
which are equal from those which are unequal. By the properties
of elementary divisors obtained in II, § 9,

>0 (1=1,...,k),
and e+...+e=n+1l.
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Now let C,(«) be the e x e matrix

C@=[a 1 0 . 0

0O al . O
0 . . al
0 o«

Then the matrix C () — A, has the one elementary divisor (A —c)®.
For det (C,(a) —AL) = (x—A)e,

whilst the determinant of the (e — 1) x (¢ — 1) submatrix obtained by
omitting the last row and the first column of the matrix under
consideration is equal to unity.

Now let C be the (n+ 1) x (n+ 1) matrix

0 = Ce l(“l) 0 . 0

0 Oeg(aZ) . 0 . (5)

0 . . Oek(ak)
By methods exactly similar to those used in the proof of Theorem II
we can show that C'— A7, has the elementary divisors

(A—=0tg)?, ey (A — ).
This gives us
TrEOREM IIL. If A — AL, | has the elementary divisors

(/\ - al)el’ seey (/\ - ak)eka
the collineation (1) 18 similar to the collineation
y = Cx,

where the matriz C 18 constructed as in (5) with the given elementary
divisors. This collineation serves as a canonical form for collineations
simalar to (1).

It should be noted, however, that geometrically the two collinea-
tions
y = Az,

and py=Az (p+0),
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if given in the same allowable coordinate system, perform the same
transformation on the points, lines, ..., of [#]. From this it follows
that two collineations

y=Az, and y= Bz

are similar in a geometrical sense if the elementary divisors of
A-AIL,,, and of B—AL,,, are

(A—ay)a, ...y (A — o)k,
and (A=B)1, oy (A= By )2
respectively, where, for a proper arrangement of these divisors,
e&=fo Bi=pa; (G=1,..,k),

J being a non-zero element of K.
In the remainder of this chapter we shall assume that the ground
field K is algebraically closed.

3. United points and primes of a non-singular collineation.
If we are given a collineation in [n] over an algebraically closed field
K we may, as in § 2, choose our allowable coordinate system so that
the equations of the collineation are

y = Cz, (1)
where
C= (C, () 0 . 0
0 Coay) . 0 ,
0 0 y Oek(ak)
and Cla)= fa 1 0O 0
0O 1 . O
L al
0 0 O

The elementary divisors of the matrix C—AI, , are

A=), ooy (A=),
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It is usual to call them the elementary divisors of the collineatior
(1). We note that if the original collineation is

y = Az,
there exists a non-singular matrix P such that
C = P-14P,
Hence C-Al,,,=PY4-AL,,)P,

and therefore
det (C—AlL,,,) = det(A—AL,,,)

k
= (=" I (A—a)%.
1
Hence, putting A = 0,
det C =det 4 = af ... af.

We shall assume in this section that the collineation is non-singular,
that is, that det A +0.

It follows that each latent root «, is different from zero.

In the canonical form (1) the submatrices C,(«;) may be arranged
in any order along the principal diagonal of C, but it will be con-
venient to order them so that

(i) those submatrices C,(x;) which correspond to equal latent
roots a; come together, and

(i) if &; = o; and e; <e; then C,(a;) precedes C, (a;).

We shall assume that the submatrices are arranged in this way
in all future applications.

A point (2, ...,2,) of [n] is called a united point of the collineation
(1) if it is transformed into itself by the collineation. The condition

for this is Cz = pz,

where p is a non-zero element of K. The equations
(C—pl,11)2=0
have a solution (2, ...,2,) if and only if [II, § 8]
det (C—pl,,,) = 0.

Hence p must be a latent root of the collineation. Let us take p =y,

and suppose that o =0p=..=a0a,

a¢=i=a, ('i> t).
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The equations to determine the united points arising from p = «, are

A2y = )29+ 2y,

12 = a2 +2,,

%121 = %1%, -15

0y Zg, = OaZe, t+ 2415
L] . . .
alzel+e,-1 = a2z€1+€’—1’

a] z&1+...+et_.1 = atzel-f-...-!-e:_.l + zc;+...+c¢-,+1’

%1 %6, +...+e—1 = XZe .. +e1~10

Oy Zg 4. tep = Ct1%ep+..+er T Zeytotestls
[ ] . ] L] [ ] L] L]

Ay %y = Ap2p.

From equations (2-1) we have, successively,
2,=0,2,=0, ...,2,_,=0;

from (2-2) we have, successively, since a, = a,,

z61+1 = 0’ bS] zel'f'Cg—l = 0;
from (2-¢) we find that

2oyt ter g+l = o, ..., 2oyt ter-1 = 0;

(1)

(22)

(2-1)

if, finally, we consider the last equation and work backwards we

find that
zel+'..+e‘+1 = 0, seey zn = O.

Hence a united point (2, ...,z,) arising from the latent root o,

necessarily has all its coordinates zero except

zo’ ze,» z¢1+6g’ R zel+...+e¢_1'

Conversely, we can verify at once that if (2,,...,2,) has all its co-
ordinates zero except those named above, it satisfies the equations

(2), and is therefore a united point.
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If 4,,...,A, are the vertices of the simplex of reference of our
coordinate system we deduce from these results that the united
points corresponding to the latent root a, of C form the linear
space of ¢t — 1 dimensions spanned by the points 4,,4,,4, ... -
4, +e_,- We call this space the fundamental space of the collinea-
tion corresponding to the latent root «;.

The united points corresponding to any other latent root of C
are found in a similar way. The following rule is immediately
obtained:

THEOREM 1. Let a; be any latent root of C, and let

Ceq(aq)’ Oeq+1(aq+1)’ eeey Oeq+,(“q+s)
be the submatrices of C which correspond to latent roots equal to ;.

Then the united points corresponding to o, form the fundamental
space spanned by the points

Ae;+...+cq_1’ A61+...+€q’ seey Ae1+...+eq+:-1’
and therefore lie tn a space of dimension s.
Since each fundamental space is determined by a set of vertices
of the simplex of reference, and since also no two sets corresponding
to distinct latent roots have any vertices in common we deduce

THEOREM II. The fundamental spaces defined by distinct latent
roots have no points in common. Indeed, they are linearly independent ;
that is, if their dimensions are m,,...,m, their join 18 a space of

r
r— 1+ Y, m; dimensions.
1

Again, we see from Theorem I that the join of all the funda-
mental spaces is the space spanned by the vertices

Ay, A,, A

€1? “Leyteg) <cr o0y Ae1+c.+...+ek_,’
and is therefore a space of k£ — 1 dimensions. Therefore

r
r—1+Ym;=k-1.
1

The join is the whole of [»] if and only if £ = n+ 1, that is, if and
only if
g =¢e=..=¢=1.

This case, in which all the elementary divisors are linear, will
sometimes be referred to as the non-special case; the special case
being that in which at least one of the elementary divisors is of

degree greater than one.
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to obtain the united primes of the collineation (3). The elementary
divisors of C'—Al,,, are evidently the same as those of C —AIL,,,,

that is A=ay), ..., (A—atp)e.

Hence the following equations determine the united prime
(wps ..., w,) corresponding to the latent root a,:

Q3 Wy = &y W,

oWy = Wyt Wy, (6-1)
al wel—l = w¢1-2 + al wel—l’

0 W, = AW, ,
.. (652)

% we1+e,—-1 = we,+e.—z +a, We, +eg-1)

CWe ... +e1—y = XWe t.. . +er_y» l
. (6-2)

.

0 Wept.. re—1 = Weyt...te—2T O‘twel+...+e¢-1”

O We k.46 = Ct1Weyt...tep

U Wy = Wy_q+ Xy Wy
From (5-1) we find, successively, that
We 9 =10, W, _5=0, ..., wy =0,
and then, from (5-2), ..., (5'¢), we find that, since ; = ... = «,,
Wey et = 05 ooy Wy = 0,

We,+...+e1—2 = 0, ..., Weyto ey = 0,
and finally that
w; =0 (1=2e+...+¢).

Hence the united prime necessarily contains the points
Aoy Ap 0 Ags iy Agyoyosoens
Ae1+...+eg..1’ ';-’Ae1+...+e;—2’ Ae1+...+ep AR An’

and, conversely, any prime which contains these points aatisfies (4).
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These points determine a linear space S,_;, and the primes through
it form a star with vertex S,_,. This star of primes is the dual of the
set, of united points in the space S,_;, and the properties of the star
may be determined by duality from the properties of the set of
united points corresponding to the latent root «,.

Corresponding to each distinct latent root of C” there is a star of
united primes, and we see that there is a rule, similar to Theorem I,
for determining the star of united primes corresponding to a given
latent root.

TrEOREM III. If ;18 any latent root of C (or C') and

Oeq(aq): Oeq+l(aq+l)) sy Ceq+,(aq+a)
are the submatrices of C which correspond to the latent root o; of C,

then the united primes corresponding to a; form the star whose vertex
18 the join of the points

AO’ cc A&1+...+8q~ 2’A61+...+8q’ b4 A€1+...+8q+1—2’ b §
Ae1+...+eq+',_1’ sy 'A€1+.--+¢q+.—2’ Ae1+...+eg+,’ eeey Aw
We have agreed to place C,(a,) before Cy(a)) in C if ; = a; and
e; < ¢;; suppose that

€g=--=€=1; €1 .-s€us>1.
Then, by Theorems I and III we see that the space S, of united
points corresponding to the latent root «; and the vertex S,_,_; of
the star of united primes arising from the same latent root intersect
in the space S,_,_, defined by the points

A

Similarly we observe that the space of united points arising from
any latent root a; (et; + «;) lies in the vertex of the star corresponding
to the latent root «;. Hence we have

THEOREM IV. The fundamental space of united points arising
from any given latent root o lies in the vertex of the fundamental star
corresponding to any other latent root, and meets the vertex of the star
corresponding to the same latent root o in a space of p— 1 dimensions,
where p is the number of non-linear elementary divisors of the type
(A—a)e (e>1).

As an immediate corollary, we deduce that if a collineation ts non-
special the vertex of the fundamental star corresponding to any given
latent root 13 the join of the fundamental spaces corresponding to the
other latent roots.

81+.--+eq+l’ b ] Ae1+...+eq+‘_1'

22-2
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Now let S,_; and S,_, denote the fundamental space and the
vertex of the fundamental star, respectively, corresponding to the
latent root «, of C, and suppose that

l=¢ =..=€<€,;<€,3<...56€ (6)
Let z be any point of [z], let y = Cx, and
z=y—oyz=(C-al, )z (7)

Evidently z is collinear with « and y, and from (7) it is the trans-
form of z under the collineation with matrix C—a,1,.,. Since
det (C—a,1I,,;) = 0, this collineation is a singular collineation.
The point z is uniquely defined by (7) unless

Cx = a,z,
that is, unless z lies in S;,_;. If z is not in S,_; then we see from (7)
that the coordinates of z satisfy the equations
zo = zl s z8+83+1—'1 = e = zs+e.+1...+ez—l = 0'

That is, z lies in S,_,.

It is also easily seen that if z* is any point of the space S, which
joins z to §,_,, the transform of z* by (7) is also 2, and the corre-
spondence between the t-spaces through S, ; and the points z of
S,_; is a projective one. We prove this result, which should be
compared with a similar result in §1, using the symbolic notation

for points. If the points
BB, ... B,

form a basis for S,_;, then
CB)=a,P, (t=0,...,t—1).

Let P be any point not in S;_;. Then any point 2* in the S, joining
P to §,_, is given by

-1
2% = SN P+ P,
0
for suitable A;, # in K. Now
t—1
Caz* = YA, C(P)+uC(P)
0

t—-1
=a 20: ’liPi +/‘C(P)’

and therefore
z = Ox*—oyz* = p[C(P)—a, P], (8)
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which is independent of the particular * chosen in the S,. If P is
chosen in an 87,_, which does not meet S,_,, then P determines and
is uniquely determined by S,. Since 8,_, is the join of the points
Agy Ay, ooy Agyy Ay Agiog, s s Agiegy 1. 4er_pp We may take P to lie
in the S;_, spanned by the remaining vertices of the simplex of
reference. The equations (8) determine a unique point z in S, _, if
P is taken anywhere in §;_,. Conversely, if we write down these
equations, assuming that z is in S,_,, we see that we can solve for
the coordinates of P, and that the solution is unique if we assume
that P lies in 8;_,. Hence the correspondence between ¢-spaces
through S,_, and the points z of S,,_, may be described as a projective
correspondence.

Now let us consider the effect of the original collineation (1),
y = Cz, on the §, determined by P and the space of united points
S;_,. Since t—1
y = Ce* =, ZAFi+uC(P),

the points of S, are transformed into the points of the S determined
by the transform of P under (1) and §,_;. Since

2 = y—a,2* = 4[C(P) - P]

gives a point in S, _, which is independent of the point 2* chosen in
S,, it follows that the correspondence between S, and 8 is a per-
spectivity, vertex z.

Now let us assume that in (6) we have s < ¢, so that the collineation
(1) has non-linear elementary divisors corresponding to the latent
root «,. Then S, ; and S,_, have a space of t—s—1 dimensions,
S,_s_1, 82y, in common. Ifzisin §,_,_;, and §,is the unique ¢-space
through §,_; which corresponds to z in the projective transformation
described above, the transform of S; under (1) is in perspective
with 8, vertex z. Since this transform contains §,_;, and z lies in
S,_y, the transform must coincide with S,. Algebraically, if

2= (29 ...,2,),
each z; except
zs’ zs+e,+,’ crey zs+e,+1+...+e¢_1

‘is zero, and if we solve (8) for the coordinates (z,, ...,z,) of P, not
restricting P this time, we find that

P = (2,15 000y Ty_1, Tg5 25,0, ..., 0, gy s
2 0

8+eg4q? V0 00 O’ ce xs+e.+1+...+e¢_l’ zs+e,+1+...+c:..l’ 0’ sy O))
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where each x; can be chosen arbitrarily. These points P fill the space
S, which corresponds to z. This expression for the coordinates of P
makes it evident that the collineation (1) transforms P into a point
with coordinates of the same form. Hence, again, S, is transformed
into itself by (1).

If we anticipate Theorem VI, we can say that the collineation (1)
tnduces a collineation in §;. This induced collineation is such that
§; contains an §,_; of united points corresponding to the latent root
a,. The number of elementary divisors (A — e, )fi must therefore be ¢.

t
Since also Y f; = t+1, there being no united points of (1) in &S,
1

outside §,_,, it follows that the elementary divisors of the induced
collineation consist of £—1 elementary divisors (A—c;), and one
quadratic elementary divisor (A —a,)?.

We return now to the consideration of (7),  being any point of
[n] which is not in a fundamental space. Its transform by (1), that
is, the point y = Cz, is distinct from x. We consider the p points

y—oux (t=1,..,p),

where p is the number of distinct latent roots of C. These are the
points in which the line zy meets the vertices of the fundamental
stars corresponding, respectively, to the latent roots «,,...,x,.
This range of points, together with the points x and y, is projectively
related to any other range of p+2 points constructed from the
collineation (1) in the same way [VI, §10]. We remark that if the
line zy lies in a vertex of a fundamental star, the pointszandy = Cx
must lie in the vertex. Conversely, if z lies in a vertex of a funda-
mental star, say in that corresponding to the latent root «,, so that

Lo =121 = eo. =g 1 = Xgpg,,1-1= o+ = Tatepptote—1 = 0,

Yo=Y1= e =Ys-1 = Ysteg1-1 = *-* = Ystegyr+..tei-1 = 0,

so that y also lies in the vertex. The vertices, in fact, are all united
spaces under the collineation (1). This is also evident from the fact
that any prime through a vertex is a united prime, and the inter-
section of any number of united primes is necessarily a united
space. Returning to the ranges of points discussed above, we have

TrEOREM V. If any point x of [n] is transformed by the collineation
y = Cxz into a point y+zx, the line xy meets the vertex of each of the
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Sfundamental stars of the collineation. If x does not lie in a vertex, let
4y, ..., A, be the unique points of intersection of xy with the vertices.
Then if y* is the transform by y = Cx of any other point x* which
does not lie in a vertex, and y* + x*, and if x*y* meets the fundamental
vertices in AY, ..., A%, respectively, the ranges =z, y, 4,,...,A p and
x*,y*, A%, ..., A%, are related.

We conclude this section by noting two simple results which will
frequently be used in the sequel.

TuEOREM VI. If a space S, i3 transformed into itself by a collinea-
tion, the points of S, may be regarded as transformed by a collineation
mn S

The property of a space S, being transformed into itself under
the collineation (1) is invariant under any allowable change of
coordinates. For let one of the linear equations satisfied by S, be,
in matrix notation,

w'z =0, (9)
Then since the point y = Cx continues to lie in S,
u'Cx = 0. (10)
The allowable transformation of coordinates x = Px* transforms
(9) into Va* = 0, 9y
where v = P'u, and transforms (10) into
v’ P-10Px* = 0, (10y’

which is just the condition that the prime given by (9)’ should pass
not only through z*, but through

y* = P-1CPx*.

But this is the transform of (1) under the transformation of co-
ordinates = Pz*. Our initial result is therefore proved.

We may therefore choose the coordinate system so that the
equations of S, are Zppy = 0, orvy 2, = O.

Then if the collineation in this coordinate system is

n
Ys =jzoaijxj (1=0,..,n),
we have the equations

n
Eai:,xj=0 (":=k+1,...,n)
f=0
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for every point (z,, ..., %, 0, ...,0) of S;; that is, for all choices of
Zgy ..., X, This implies that

a“ = 0 (i>k,j<k).

The transformation in S, is given by the equations
k .
Y =120“tjx1 (¢=0,..,k),

which is a collineation in S,.
The only united points possessed by this induced collineation
are the united points of the given collineation which lie in S;.

TrEOREM VII. In any collineation there i8 at least one united
point and one united prime.

We need only prove the result for a united point, the result for
a united prime following at once by duality. Since any collineation
has at least one latent root, and since to each latent root there
corresponds at least one united point, the theorem is evident.
There are collineations with exactly one united point. As an
example, consider the collineation

y=Cp(@).

The elementary divisors are (A —a)"*1, and the only united point is
(1,0,...,0).

4. The united k-spaces of a non-singular collineation. A col-
lineation *
y=Ax (1)

induces a transformation, given by VII, § 2, (4),

Gt = 2 Dioondr (2

0seeesTk

L O 1

Cirio *+ Pirip

on the Grassmann coordinates of the k-spaces of [n], and we could
find the united k-spaces of the collineation (1) by considering the
k-spaces which satisfy the equations

Y

W, Pio.cir = OP%g... 020
(TR

@iggy  + Diggy

Cirse » Carsp
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remembering that the coordinates p, . satisfy the quadratic
p-relations [VIL, § 6, (4)]
k
Piy...ix Pio..cit = Az_opio---ic—zhicﬂ-uikpio---1A+1ich+1---1k‘

This method of procedure is not, however, very convenient. One
difficulty is that a qualitative description of the united points of
the collineation (1) in [#] is not, in itself, sufficient to allow us to
determine qualitatively the united points of (2), regarded as a

collineation in a space of (Zi i) —1 dimensions. For example, if
n = 3, and

0
0
0
)

where a, B, v, & are all distinct, we have a complete qualitative
description of the united points of (1) in the statement that there
are four united points, at the vertices of a simplex. Butif &k = 1, we
obtain equations (2) in the form

q=Bpa

where B is the second compound A® of the matrix 4, and may be
written, [VII, §2],

B= fef 0 0 0 0 O
O ay 0 O O0 O
0 0 af O 0 O
O 0 0 pgy 0 O
0 0 0 o0 p& O
0 0 0 0 0 yo

The collineation in [5] has six united points at the vertices of a
simplex, if the elements which appear on the principal diagonal of
B are all distinct. But if, say, af = yd, the collineation has an
infinite number of united points. These do not all satisfy the
quadratic p-relations, and therefore do not all represent united
lines in [3].

We therefore use a different method to find the united k-spaces of
a collineation. We begin with the facts [§3, Ths. VI, VII] that if an
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8, is transformed into itself a collineation is induced in S, and this
has at least one united point, which is a united point of the original
collineation. Thus we need only consider those k-spaces which meet
a fundamental space of the given collineation.

Let P be any point of the fundamental space corresponding to
the latent root ;. We seek the k-spaces through P which are united
in the collineation. Our search will be greatly simplified by the
following theorem:

TeEOREM 1. If P is any united point of the collineation (1) an
allowable coordinate system can be found tn which the collineation is
given tn canonical form by the equations

y= O(D, (3)
where
C= /C,(a) 0 . 0
0 O, () . 0
0 0 . Oek(ak)

and P is a vertex of the simplex of reference.
As in § 3 we assume that

“1=a2= ) =dt=}=06.; (i>t),

and that e; <e;if ¢ <j<t. By the results of § 2, an allowable system
of coordinates can be found in which the collineation is given in
the canonical form (3). The fundamental space of united points
corresponding to the latent root «, is defined by the vertices

4, Ael’ EEY) Ae,+...+c¢_1’

of the simplex of reference. Let P lie in this fundamental space,
so that .
P = Avo + A1A81 + I Al—lAel"'-uﬂt—l'

Let us suppose that _ o (;pp_1),

but A, 0.

We find a transformation of coordinates which leaves (3) unchanged,
and transforms P to the vertex A%, .. , of the new simplex of
reference.
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The equations of the collineation (3) have been written out in
detail in § 3, (2). We are now concerned only with the particular set

Yert...vemer = “m%er+..tem—y + xe,+...+em_l+l’}

J' (4-m)
Yer+..otem—1 = A Pey...tem—15
Yertr..vem = “m+1%ei+...4e T Teyt...4em+1s
. . (4m+1)
Yert..otemir—1 = Zm+1%e;+...4emyy—10
Yert..vet—y = “lxe1+...+c;_1+xe;+...+e¢..1+1r} (4-t)
Yer+...4e-1 = %Te 4., 4er—1°

We perform a transformation of coordinates which affects only the
coordinates involved in the above equations. We write

*
81+...+&i—1+1
= Am—lxe1+...+ei- 1+ ’\i—lxe1+...+em_1+3 (.7 =0,..., en— 1)’

sk — ) — —
a‘nd xe1+...+ei_1+j - Am—lxe1+...+ci_l+j (.7 - em’ ""ei l)’

for each value of 7 from ¢ =m+1 to ¢+ = . We perform the same
transformation on the y’s.

The equations of the collineation in this new allowable coordinate
system are obtained by multiplying the equations (4:¢) by A,,_; and
subtracting from each of the first e,, of them A;_; times the corre-
sponding equation of the set (4-m). The other equations of the
collineation are unaltered. It follows at once that the new equations
of the collineation are just the original equations with x*, y*

written for z, y, that is,
y* = Cx*.

It is immediately verified that in the new coordinate system P is
the vertex Ay, ., , of the new simplex of reference. Thus our
theorem is proved.

We now assume that the united point P of the collineation (3) is
the vertex 4, , ...  of the simplex of reference. Consider the line
joining P to any point z of [n]. The collineation (3) transforms this
line into the line joining P to the transform y = Cz of z by (3),
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since P is a united point. The two lines we are considering meet the
face of the simplex of reference

Torttomy = 0

in the points (g, ---s Zot repm_1=10 0> Lot tem_y+1s =+ Tn)y 8D
o> -+ Yert...+em—y—1> 0, Yert...4em_y+12 =+ Yo) 1 (Zgs -+ ) Tpa) and
(Fg» -+ > Yn—1) denote the coordinates of these points in the coordinate
system whose simplex of reference contains the vertices which lie
in the face z, | ., , = 0, namely

Ao» tee Ael+...+em_,—1’ Ae1+...+em..1+v tre An’
the relation between Z and 7 is
where C is the # x n matrix obtained from C as follows:
(i) if e,, = 1 we obtain C from C by omitting the one row and
column of C, (e,,);
(i) ife,, > 1 we obtain C from C by replacing C, (a,,) by C,, (%),
that is by omitting the (e, + ... +¢,,_; + 1)th row and column of C.

It is clear that a united line through P is the join of P to a united
point of the collineation (5) in the prime

Leyt..ctem—y = 0,

and conversely. More generally, any united k-space through P is
the join of P to a united (k— 1)-space of the collineation (5) in the
face of the simplex of reference opposite P, and conversely. We thus
have a means of constructing a theory of the united k-spaces of a
non-singular collineation, by induction on k.

A formal statement, in all generality, of the theory of united
k-spaces is somewhat complicated, although it does not involve
any serious difficulties, either of an algebraic or of a geometrical
nature. It is usually simple enough to obtain the desired results in
any particular case. We shall confine ourselves here to a description
of the properties of the united lines of [n]. This involves a study of
the united points of the collineation (5).

We have seen that in the collineation (3) each submatrix C, («;)
corresponds to a vertex 4, , .., , of the simplex of reference which
is a united point, and the fundamental space of united points corre-
sponding to a latent root e, is the join of the vertices corresponding
to submatrices C,(«;) for which a; = a;. All these corresponding
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vertices except P =4,, ... lieinz,, ., ~=0.Itisat once
seen that if 4, is the vertex associated with the submatrix C,(a)
of C, where j+m, then 4, is also the vertex associated with the
submatrix C,(a,) of C. When we consider the vertex associated with
C.,(®,) (remembering that «; = ... = a, = ... = ;) there are two
cases:

(i) ife,, = 1 the matrix C, («,,) is simply struck out of C to form
C, and there is no associated vertex for the collineation (5).

(i) if e,,> 1 we form C from C by replacing C, (a,,) by C, _;(a,,),
and the vertex associated with this latter matrix is the point
Ael+...+em_1+1'

In case (i) the united points of (5) are just the united points of (3)
which liein z, , .., =0, and a point associated with any latent
root « of C is also associated with the latent root a of C. In case (ii)
the united points associated with the latent roots of C different
from «, are the same as those associated with the corresponding
latent roots of C. But the united points of (5) associated with «,
form the (¢t — 1)-space defined by the vertices

AO’ Ael’ A4 A€1+...+61n_3’ A€1+...+Cﬂg—1+1’ 'A61+...+0m’ ccc A01+..-+Cl_1'

Hence, recalling our original reason for investigating the united
points of the collineation (5), we have

TueoreM II. If the vertex Aot tem, of the simplex of reference
18 associated with the submatrix C, (,,) of C, the united lines of (3)
which pass through Aerh_.ﬂm_l either join the point to another united
point of (3) or, in the case in which e,, > 1, they lie in the t-space which
joins the fundamental space S,_, of united points of (3), which passes
through Ay iy vemp 1O the vertex A, . tem_ 410

If we consider the implications of this theorem for the case
e, > 1, we see that the ¢-space joining the fundamental §,_, corre-
sponding to the latent root «, to the vertex 4, , .., ,+1 must be
united. This is immediately verifiable from the equations of the
collineation. Since in connection with this new result the vertex
A, . ten_,+1 Plays no special part, we evidently obtain a more
general theorem thus: Let

l=¢ =..=¢€<6€;,,<¢€,,<...<¢,.

Then the S, which joins S, ; to any point in the space defined by
the vertices
Ac.+...+e.+1’ Ae1+...+c,+;+1’ re Ae,+...+q_;+l
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is united. This result should be compared with that in §3,
p. 341, which gave the coordinates of a point P in a united S,
through §,_; as

P = (29, o0y Tg15 Tgs 26905 1005 0, Ty, 15 Zotegy 9 05 o005 05

x3+€a+1+...+et_1’ za+e,+1+...+eg_,’ 0’ e O)'

The two results are the same.
An immediate deduction from the above is

TereorEM IIL. If a collineation is mon-special the only united
k-spaces are those determined by k+ 1 united points.

Finally, we remark that if a collineation has a non-linear elementary
divisor, then there 18 a untted line which contains only one united point.
With the notation used above, if s <t the line

A¢1+.-.+63 A61+...+63+1

is united, and contains the one united point 4, . ... This result
will be found useful on later occasions.

Our discussion of the geometry of the united points and spaces
of a non-singular collineation has made use of the indices e, ..., ¢,
and of the equalities between the latent roots; the actual values of
the latent roots do not enter into our results. The geometrical
properties of the collineation are therefore sufficiently indicated if
we give the numbers e,,...,¢, (wWhose sum is n+ 1) and indicate
which of them refer to equal latent roots. We do this by writing the
Segre symbol for the collineation. This consists of the e, ...,¢;
written inside square brackets in any order, subject only to the
condition that indices which refer to equal latent roots are put
together, and enclosed in round brackets. Thus in [3] there are
the following types of non-singular collineation:

[l, L1, 1] [(1’ 1): 1, l] [(1> 1): (1’ 1)] [(l’ 1’ 1)’ 1] [(1’ L1, 1)]’
(1,1,2] [(1,2),1] [(1,1),2] [(1,1,2)],
(2.2], [(2,2)]
(1,3] [(,3)],
[4].
Writing (z, ¥, 2,t) instead of (x,, z,, ,, Z;), and denoting the vertices

of the simplex of reference by X, Y, Z, T, the canonical forms of
these collineations are, respectively, as follows:
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i) 2’ =ax, y=0y, 2 =1yz t =046t
The vertices X, Y, Z, T are the only united points, their joins the
only united lines, and the faces of the simplex are the only united
planes.

(i) 2'=ax, Y=y, 2 =17yz, ¢t =24t
The united points are the points of XY, and the points Z,7T. A
united line joins any two united points, and a united plane is a plane
containing three independent united points. In particular, there is
a pencil of united planes through Z7'.

(iii) 2’ =ax, Yy =ay, 2 ' =yz, t =t
The united points lie on the lines XY and Z7T, and the united lines
and planes are obtained as in (ii). In particular, there are pencils
of united planes through XY and Z7'.

(iv) @’ =ax, y =ay, 2 =az, t =35t
The united points fill the plane X Y Z, and the point 7' is also united.
United lines and planes are found as in (ii). In particular, any plane
through 7 is united.

(v) 2’ =ax, y=ay, Z=az, ' =a.
This is the identity transformation.

(vi) &' =ax, y =py, 2 =vyz+t, t =yt
The united points are X, Y, Z; the united linesare YZ,ZX, XY and
also ZT. The united planes are YZT,XZT, XY Z.

(vil) @' =ax, Yy =ay+z, 2 =oaz, I =0t
The fundamental spaces are XY and 7'. United lines either join

two united points, or join a point of ZX to Y. The planes of the
‘star with vertex Y 7" are all united, and the plane X ¥ Z is also united.

(vill) &' =oax, Yy =ay, 2 =yz+t, t =t
The united points are Z and the points of X Y'; united lines either

join two united points, or coincide with Z7'. The united planes are
the planes through Z7', and the plane X Y Z.

(ix) o' =ax, ¥y =ay, 2 =az+t, t'=at
United points fill the plane X YZ; the united lines either lie in this
plane or pass through Z. Any plane through Z is united.

(x) @ =ax+y, ¥y =ay, 2 =pz+t, ¢ =pt
The united points are X, Z; the united lines are XY, XZ, ZT, and
the united planes are XZ7T', XY Z.



352 VIII. COLLINEATIONS

(xi) ' =azx+y, Y =ay, 2'=az+t, t'=at.
The united points form the fundamental space XZ; the united
lines join the points (a, 0, ¢,0) and (0, a, 0,c). The united planes all
pass through XZ.

(xil) o' =ax, ¥y =py+z, 2 =pz+t, ' =pL
The united points are X, Y; the united lines XY and Y Z, and the
united planes YZT and XY Z.

(xiil) 2'=ax, ¥y =ay+z, 2'=az+t, ' =at.
The united points form the fundamental space X Y'; the united lines

lie in XYZ and pass through Y. The united planes form a star
having YZ as vertex.

(xiv) o' =ox+y, Yy =ay+z, 2 =az+i, ¢ =al
X is the only united point, XY the only united line, and XY Z the
only united plane.

5. Cyclic collineations. AsinV,§2, Th. I, we see that the non-
singular collineations in [n] form a group. We now ask: what
elements, if any, of this group are of finite order? That is, we seek
to determine the non-singular collineations

y=Ax (1)

which are such that for some integral value of m, y = A™x is the
identity transformation. This is equivalent to the condition
4™ = kI (k+0).

When this condition is satisfied, (1) is said to be cyclic, of order m.
The successive transforms P, B, ... of any point P of [n] form a
finite set containing at most m points, since P, = P. When m = 2
the collineation (1) is often called an snvolutory transformation of
the points of [#], and in the case n = 1 the pairs of points P, P, are
said to be in tnvolution on the line.

We show that if (1) is cyclic the elementary divisors of 4 must be
linear. We saw at the end of § 4 that if A has a non-linear elementary
divisor there exists a united line which contains only one united
point. The collineation induced on a united line must also be cyclic,
and its order must be a factor of m. If we choose the coordinate
system so that the line is given by the equations

Zy=0,...,2, =0,
we can also assume that the induced collineation is in canonical
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form. Since there is only one united point on the line the canonical

form must be
Yo = Xy + Ty,

Y= axy,
corresponding to a non-linear elementary divisor. If we apply this
collineation m times to (z,, 2,) we obtain the collineation
Yo = a™xy+mam™ 1z,
Y = a™x,.
This is the identical transformation if and only if
ma™ ! = 0.

Since the ground field K is without characteristic, and a0, this
cannot happen. Therefore, if (1) is cyclic its elementary divisors are
necessarily linear.

We now write the collineation (1) in canonical form, which is

y= fa, 0 0 . 0\ 2,
0 o 0 . 0
0 0 0 . o,
since the elementary divisors are all linear. The condition that (1)
be cyclic of order m is now easily seen to be
af=k (=1,...,n+1)
for some non-zero k. This result may be stated as
THEOREM 1. A4 necessary and sufficient condition that the collineation
y = Ax
be cyclic of order m s that the elementary divisors of A — AL, ,, be linear,
and the latent roots of A satisfy the equation
™ =k,

where k 18 a non-zero element of the ground field.
The condition can also be expressed in terms of invariant factors:
THEOREM II. A necessary and sufficient condition that the col-
lineation
y=Ax
be cyclic of order m is that the invariant factors of A —Al, ., have no
repeated factors and that each invariant factor be a factor of the poly-
nomial A™ — k, where k 18 some non-zero element of the ground field.
HPI 23
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This last theorem also holds when the ground field K is not
algebraically closed. Indeed, let 4 be a non-singular matrix over
any field K without characteristic, and let us suppose that the
collineation (1) is eyclic of order m. Then

Am =kI,,, (kin K).

Now let K’ be an algebraic extension of K over which the character-
istic polynomial of 4 is completely reducible. Each invariant factor
of A—Al,,, is then completely reducible. The reasoning used in
proving § 2, Th. III, shows that over K’ the collineation can be
reduced to the canonical form used in the case of algebraically
closed fields. The reasoning given above then shows that the
conditions given in Theorem II are necessary and sufficient for

the equ&]ity Am == kIn+1,
k being in K.

6. Some particular collineations. In this section we consider
some particular collineations which are of geometrical interest,
confining ourselves to the case in which the ground field K is
algebraically closed. Some of the results we shall obtain are par-
ticular cases of theorems proved in § 3, in particular of Theorem V
of that section.

We first consider the non-special collineation with only two
fundamental spaces S, and S, of united points. Since the collineation
is non-special, we have [§ 3, Th. II]

a+b+1l=mn.
The Segre symbol for the collineation is
[(1,1,...,1),(1,1,...,1)],

with @ + 1 units in oné bracket, b+ 1 in the other. The collineation
can be written, in canonical form, as

Yo = ATy,
Y = iy,
Yo = ATy,

Ya+1 = PTot1s

Yn = By,
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where o+ £. The line joining any point  which is not in S, or S,
to its transform y meets S, in the point z = y— Sz, and S, in the
point ¢ = y — ax. If x* is any other point of [#] not in a united space,
and y*, z*, t* are constructed as above, we see that the ranges
(x,9,2,t) and (x*, y*, 2*,t*) are related.

We can construct this collineation geometrically, as follows. We
assume that we are given the fundamental spaces S, and 8§, that
these do not meet, and that we are also given one pair P, @ of corre-
sponding points which are not united points. Let PQ meet S, in
R and S, in 8. We find the point B corresponding to a given point 4
as follows. If 4 is in either united space, B = A. If this is not the
case the join of 4 to S, is a space of a+1 dimensions, X, ,, say.
Since a+1=n—b, X, , meets S, in a point, at least. If X,
met S, in a space S, (¢ > 0), then S, lying in X ,,, would meet S,,
which also lies in 2, ;. Hence S, would meet S,, contrary to hypo-
thesis. Hence 2, , and S, have only one point in common. Let this
be D. Then AD, beingalinein X, ,,, meets S,,in C, say. Hence ACD
is a line through 4 which meets both S, and S,. It is the only line
of this kind. For if AC'D’ is another, C’ in §,, and D’ in S}, it con-
tains two points 4 and C’ of 2 ,, and therefore lies in X, ;. Hence
D’ is common to X, and S,. Therefore D' = D,and ACD = AC'D’.

On 4CD there is a unique point B such that

(4,B,C,D) A (P, @, R, S).

This is the required point B.

Since the collineation is non-special, the united k-spaces of the
correspondence are the spaces determined by k+1 united points.
There are no others [§4, Th. III]. Hence they join an S, in S, to
an S, in S,, where

a'+b'+1=%k (a’'>0,b'>0),

or they lie in S, or in §;. In particular, any prime through S, (8S,)
joins 8, (8,) to an S,_; (Sy,_;) in S, (S,) and is therefore united. The
spaces S, and 8, are the vertices of the stars of united primes, as
is evident from the dual transformation.

A particular case is that in which @+ 8 = 0. The collineation is
then cyclic, of order 2. If P is transformed into @, @ is transformed
into P, and, with the notation used above, (P, @, R, S) is a harmonic
range. This is the involutory case.

Another special case of interest is that in whicha = 0,b =n—1.
Our construction for the point corresponding to a given point

23-2
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becomes very simple. The collineation in this case is called an
homology, and the special case of homology, when a+ g = 0, is
called ¢nvolutory homology.

We now turn to certain collineations in which there is only one
fundamental space of united points, confining ourselves to those
whose Segre symbol is [(1,1,..., 1, 2)]. We first consider the case in
which #» = 1. The equations are

Yo = 2o+ 2y,
Y= xZy.
This is the same collineation, from the projective point of view, as
Yo = Zot+ a2y,
hh= Z1,
and since the elementary divisor of this last collineation is (A —1)2

it follows that any collineation on a line with Segre symbol [2] can be

written in the form Yo = To+ 7y,

Y= Zy,
by a suitable choice of coordinate system. Hence these collineations
are all projectively equivalent.

Conversely, if we are given a collineation on a line with one united
point, X, say, and a pair of corresponding points P, @, a trans-
formation of the above type is determined. We assume that X, P, @
are distinct. There exists a transformation of coordinates such that
in the new coordinate system X = (1,0), P = (1,1) and @ = (2,1).
Let the collineation be given in this coordinate system by the

equations Yo = 0Zy+ f2;, Yy = Yo+ 0%,.

Then, since (1,0) is a united point, ¥ = 0. Since also it is the only
united point, there is only one elementary divisor, of degree two.
Therefore & = a. Finally, since (1,1) is transformed into (2, 1), we
have o+ 8 = 24, and therefore

a=p8=2.

The collineation is therefore projectively equivalent to
Yo = To+ Ty,
h= Zy-

Such a collineation is sometimes called a displacement on the line,
its equation in non-homogeneous coordinates being

y=z+1.
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The collineation in [n] of type [(1,1, ..., 1,2)] has the equations
Yo = ATy, )
Y = ax,,

g 1)

Yn—2 = Ay_g,
Yn—1 = ATy + Ty,
yn = axn' J

The united points form the fundamental space

z, =0.

If the equations of any united S, are
n
Zaijxj=0 ('l:=0,...,n'-k—1),
i=0

the equations (1) show that

n
azatjxj'f‘ain_lxn:() (i=0,...,n—k—l)
j=0

for every point (,, ..., ,) of S;. If z, = 0 for every point of S, then
8y, lies in the fundamental space of (1). If x, is not zero for every
point of S;, we must have

Ofny=0 (2=0,...,n—-k-1),
if S, is united. Hence S, passes through the point
4 =(0,0,...,0,1,0).

Conversely, the equations show that if S, passes through this point
it is united [cf. § 4].
From the equations (1) it is evident that if P is transformed by
the collineation into @,
Q=aP+x,4,

so that A, P, Q are collinear. If P is not a united point, so that
A, P, @ are distinct, there is a collineation induced on the line. This
has only one united point, the point 4. Hence it is the displacement
having 4 as united point which transforms P into @. The displace-
ment is thereby defined.

Now consider any S,_p which lies in the fundamental space, but
does not pass through 4. Any prime through §,,_, is transformed into
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another prime through S, ;. In particular, the join of P and S,_,
is transformed into the join of @ and 8,,_,. Let any line through 4
meet the first prime in P’ and the second in @’. The collineation (1)
transforms P’ into the point on 4 P’ which lies in the second prime,
thatis, into @'. Thus, having chosen an S, _, in the united space, and
being given one pair of corresponding points P, @, we can find a
pair of corresponding points P’, @' on each line through 4, and
these determine the displacement on the line. The transformation (1)
then transforms any point R into the point S into which R is
transformed by the displacement on 4 R.

7. Singular collineations. We conclude this chapter with a
brief account of the singular collineations in [#]. The reasoning of
§2 shows that, if the ground field K be algebraically closed, the
coordinate system can be chosen so that the collineation may be
written in the canonical form

y= [C,(x) 0 . 0 z, (1)
0 C.,(x) . 0
0 0 . Cek(ak)
where a;+0 (i<h),
and a; =0 (¢>h),

so that the submatrices corresponding to zero latent roots are
together at the end.

The discussion of united points given in § 3 is valid, subject only
to the modification that the fundamental space S,_,_; corre-
sponding to the latent root zero is now the space of points which have
no transform; but the geometrical relation of this to the other
fundamental spaces is as before.

Again, it is clear from (1) that the points of [%] which have a
transform are all transformed into points in the space S, ;.
whose equations are

Loyt..tehsr—~1 = 0, Lort..+ehpg—1 = 0,..z,=0. (2)
In the case in which
ht1 = Eppa = ... = ¢, = 1,

the spaces S;_;_, and S,_;,, have no points in common, and their
join is [n]. The description of the collineation is particularly simple
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in this case. Just as in § 3 we see that there is a projective corre-
spondence between the (k—h)-spaces through S,_,_, and the

points of §,_;.s. The collineation (1) may then be described as
follows: '

A point z in §;,_,_, has no transform. If z does not lie in S,__,
it is projected from S,_;_, into the point

2= (%, ..., Tp_ps20,...,0)
of 8, s In 8, ;.4 we consider the non-singular collineation
y*= [Cla) O . 0 \ 2%,
0 G, (ag) . 0

. . . .

0 0 . Ceh(ah)
where y*= (Yo, s Yn_r+n)» a0d 2*=(zo, ..., 2,_1.»). The pont
y=*0,...,0)

of 8, _y.» obtained from the transform of 2* is evidently the trans-
form of « under the collineation (1).

If the indices e,,,, ..., ¢, are not all equal to unity, the construc-
tion of (1) by a series of non-singular collineations and projections
is not quite so simple, because S,_;_, and S,_;,; have points in
common. We may, however, proceed thus:

Let 2, _;.» be the space given by

xcl+...+6h = 0’ x61+..-+0h+1 = O’ ""xe,+...+ek_; =0.
This has no points in common with the space Sj_,_;, which is
spanned by the vertices

Ael+...+eh’ Ael+...+ch+,’ seey Ael+...+ek_,'
We project any point z not in S;,_,_, from S,,_,_; into a point z, of
2 _i+n Then

A

—

Ty = (xo’ L) xol+...+ch—-1’ b’ Leyt.cteptls + o Ler+...tehsy—1s 0,
Loy tenpytls == )s
the zeros corresponding to the first rows of the submatrices
Gy, (0); ..., G, (0) (3)
in (1). Since we wish to consider a collineation in X, _,,,, we omit
the zero coordinates in 2, and write

]
Zl) = (Zgs s Lot tep—1> Loyt 4ent1s vee)e
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We now perform the non-singular collineation in X, _,,,,

x(*z) = 'Iel 0 . . 3 0 (E(";_),
o I . . . .
0 L] -Ie" L . 0
o . 0 D, ., - .
o . . . e Dgyy »
where I, , ..., I, are each unity matrices, and D, is the (cyclic) ex e
matrix, D=0 10 . 0
0 01 . O
o . . . 1
10 . .0

The effect of the matrices D, is to displace the first to the last
coordinate in each batch of coordinates in z{}, which corresponds to
a submatrix (3), so that

o
Zig) = (xO’ teey xe1+...+eh—l’ Lortooatentr oo Lo +...+eps1-10 Ley+..tep+1s )
Now consider the (k—hk— 1)-space X}_,_, whose equations are

o=y = 0. =Ty ep1 =0,
0,

Lortotentl = +o0 = gt tepp~2 =
Lottt = o0 = Teybovitense—2 = 0,

cee

Loitooter—y+1 = *oo = Tpg

= 0’
xel+...+eh+ Tortuteni—1 = 0,
Tyt tensy T Leptotenss-1 = 0

eee XX

xc;+...+e[,_1 + Tn = 0.

This space evidently does not meet the S,_;.; given by (2). If we
project the point «,in X, .., from XZj,_,_; onto S,_;. (noting that
Z_x4+n does not meet 2,_;_;) we obtain the point

A,
~ N

—_ t
X = (xo’ a3} xe,+...+e;.—1’ we1+...+eh+l’ ceor Lo e gy —1 0, )’

t If z is the point in X,_,_, which is collinear with =¥, in £, ;.5 and
Zg) in Sp_pyns Wo 8e0 that z = 24 —F,.
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where in each batch of coordinates corresponding to a submatrix (3)
the order is standard. Since z, is in S,_z,, the coordinate corre-
sponding to the last row of each submatrix is absent. Hence, if
we omit the zero coordinates in z,, and write

kK __
x(8) - (xoa --':ze1+...+e;.-v xe1+...+e;.+1’ "'!xe1+...+eh+1-—l’ "')’

the non-singular collineation in S,_;,, given by

y*= [C, () 0 0 . . . 0\ z**
0 Co(xs) O . . . 0
0 Oek(ah)
0 Ieh+ 11
0 . . . . N

transforms x5} into the transform of z by the collineation (1).

It will be noticed that in each of the various projections and
collineations we have used above, a united point of (1) remains a
united point. For the coordinates of a united point are of the form

(Tos @15+ v s o g ey=1: 0, 05 oy 0),

and are therefore unaffected.

Finally, the Segre symbol can be extended to denote singular
collineations. This is usually done by drawing a line above the
indices e, in the symbol which correspond to a zero latent root. It
should be noted that there is only one line, and this covers a single
index, or a single set of indices in a round bracket. Thus the singular
collineations in [3] are, apart from the improper one with zero
matrix, y = 0,

[1,1,1,T] [(1,1),1,1] (T,T),1,1] (1, 1)(L,T)] [(1,1,1),1] [(L, 1,1),1],
LL2] [1,1,2] [(L1).2] [(,1),2]

1,(L2)] [L(L2)] [3,1,2)

[2.2] [(22)

3,11 3.1 [(1,3)

[4]).



CHAPTER IX

CORRELATIONS

In this chapter we assume once more that the ground field K is
commutative and without characteristic. We shall indicate in the
various sections whether K is also assumed to be algebraically closed.

1. Correlations. Let S, S, be two projective spaces of dimen-
sions 7 and » respectively over K. In each of them choose an allow-
able coordinate system. Then, if

4 = (ay)

is an (m+ 1) x (n+ 1) matrix over K, the equations
” .
v,‘ =jzoa“xj (@ = 0, ceey m),

that is, in matrix notation,

v = Az, (1)
determine a prime v, of equation

VYot - +VpYp =0,

in 8, corresponding to any point z of S, which does not satisfy the

equations Az =0

If A4 is of rank r, the exceptional points in §,, that is, those with no
transform under (1), form a space of n —r dimensions. The primes
in S, corresponding to non-exceptional points of S, form a star of
dimension r— 1, and hence all pass through a space of m —r dimen-
sions in §,,. We denote these spaces of n —r dimensions in S, and
m —r dimensions in S, by the symbols S,_,, S,,_, respectively.

If P and @ are any non-singular matrices, of orders' n+1 and
m + 1 respectively, over K, the equations

x = Px*, y=Qy*

determine allowable transformations of coordinates in S, S,,. The

t An (n+1) x (n+ 1) matrix is sometimes said to be of order n+ 1.
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corresponding transformations of the prime coordinates in these
spaces are given by the equations

u* = P'u, and v* = Q'v,

and (1) becomes o* = Q'APr*
in the new coordinate systems.
Since 4 is assumed to be of rank r, we can determine P, Q so that
QAP = (I O)
0 0/
The relation (1) now becomes

vi=af (1=0,..r=-1),
vF=0 (:>7)
in the new coordinate systems. The space S,_, is given by
g =..=xF,=0,

and Sp by Yo =..=Yyr1=0

By an argument similar to that used in VIII, § 1, we can show that
the points of any (n—r+ 1)-space through S, _, all correspond to
the same prime through 8,,_,, and there is a one-to-one corre-
spondence between these (n—r+ 1)-spaces through S,_, and the
primes through S,,_,.

Now choose two (r—1)-spaces, S,_, in S, and S;_, in §,,, which
have no intersection with §,_, and S,,_, respectively. Then there is
clearly a correspondence between the points of S,_; and the primes
((r — 2)-spaces) of S;_,, in which a point P of 8,_, corresponds to the
intersection of S;_, with that prime of S, through S, . which
corresponds to P and to the join of P to S, _,.

The properties of the correspondence (1) can evidently be
obtained at once from the properties of the point-prime corre-
spondence between S,_; and §;_;. Hence we need only consider
that case of (1) in whichr =m+1=n+1.

We then have a non-singular correlative correspondence between
two distinct spaces of equal dimension, S, and 8,,. If the allowable
coordinate systems in the two spaces are suitably chosen, the
correspondence is given by the equations

v,=2; (1=0,...,m=mn)
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Linearly independent (dependent) points of S, give rise to linearly
independent (dependent) primes of S,. Hence the points of S,
which lie in a linear space S, are transformed into the primes of S,
which pass through an S,,_;,_,. If (..., p;, . 4 -..) are the Grassmann
coordinates of S, it is evident that the coordinates of S,,_,_, are
(.5 gPotk, ...), where

Boeeell —
q ° k= pio-.-ib'

Indeed we can pass from S, to S, by the projective transformation
y¢=w¢ (i=0,...,m),

followed by the dual transformation in S, itself. The enumeration
of the properties of this correspondence is a simple matter, and
need not detain us here.

In this chapter we are more concerned with the case in which the
two spaces S,, and S, coincide in a single space, which we denote
by [n]. We choose an allowable coordinate system in [n], and
consider the equations

n
Uy =jzgijxj (i = 0: ---an): (2)
that iS, u = Ax,

in matrix notation. These equations relate a point x of [n], which
does not lie in the space whose equations are

Az =0,
to a prime « whose equation is
UeZy+ ... + %, T, = 0.
Such a relation is called a correlation in [n]. If
z= Py

is an allowable transformation in [#], the induced transformation
of the prime coordinates is _
u = Po,

where P is the complement of P. Equations (2) then become

v=Pu
= P'Ax
= P’'A Py.
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One of the main objects of this chapter is to obtain canonical
forms for sets of equivalent matrices 4, B, ..., equivalent under
the relationship B=PAP

where P is non-singular. This will enable us to write the equations
of any given correlation in canonical form, so that we can examine
its properties. But before doing this we examine certain preliminary
notions concerning correlations which, besides being of interest in
themselves, will be useful in our discussion of equivalent correla-
tions.

The correlation (2) sets up a correspondence between points z
and y of [n] in which there corresponds to any point z all the points
y of the prime u. The point y corresponds to z if and only if y'u = 0,
that is, if and only if y Az = 0. (3)
The equation (3) is said to determine a bilinear correspondence
between z and y, and the form y'Ax, which is linear in the inde-
terminates z and y, is called a bilinear form. From (3) we can
always obtain (2). Since we can also write (3) as

x’Ad'y =0,
we see that if y corresponds to z in the bilinear correspondence
arising from (2), then « corresponds to y in the dual correlation

v=A'y. (4)

Hence the points # whose associated primes under (2) contain a
given point y lie in the prime » given by (4).
The correlation (2) and the dual correlation (4) suggest another

correspondence, between points which give the same prime in
(2) and (4), Ay = Az, )
This correspondence can be interpreted geometrically as follows:
if z is any point corresponding to z in the bilinear correspondence
(3), then 2’Az = 0. Using (5), this becomes

ZA'y=0, or y'Az=0,

which shows that y corresponds to z in (3). In the case of a non-
singular correlation, that is, when A is non-singular, (5) is the
collineation y = Adz; (6)

we call this the associated collineation.
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If we transform the coordinates by the equations

x = Px*,
writing B=PAP,
(2), (3), (4) and (5) become, respectively,

u* = Bz*,
y*' Bx* = 0,
v* = B'y*,
and B'y* = Bx*,

Hence the bilinear correspondence, dual correlation and, when defined,
the assoctated collineation are invariantly related to the given correlation.
The study of the correlation (2) will be greatly simplified if, at
the same time, we consider the associated correspondences given
by (3), (4) and (5). We begin by considering the special case in which
the correlation (2) is identical with the dual correlation (4); that is

A'x = pAx
for all points z in [n], p being some non-zero element of K. Then
A’ = pA.
Forming the transpose of these equations, we obtain
A =pd'.
Hence A = p?4.
Therefore p=+L

When p = 1, so that A’ = 4, the matrix A4 is a symmetric matrix.
The correlation (2) is then called a polarity. When p = —1, so that
A’ =—A, and A is skew-symmeiric, (2) is called a null-polarity.
We shall find it convenient to consider the properties of polarities
and null-polarities in some detail before considering the properties
of correlations in general.

We conclude this introductory section by remarking that we
may consider, if we wish, a correspondence between two (possibly
identical) spaces S, and S,, in which primes in S, determine points
in 8,, by means of the equations

y,‘ =j20b.uuj (i = 0, eoey m),

or y = Bu. (7)
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It is clear that the properties of such a prime-point transformation
can be obtained from the properties of the point-prime trans-
formation we are discussing, and it is not necessary to discuss
prime-point transformations separately. We note, however, that
when m = » and both 4 and B are non-singular, the point-prime
transformation (1) determines the prime-point transformation

z=A
from 8, to 8,, and the prime-point transformation (7) determines
a point-prime transformation

u =By
from S, to S,.

2. Polarities. Let u= Az (1)

be the equations of a polarity in an allowable coordinate system
in [n]. The bilinear correspondence which arises from (1) is

y'Ax =2'Ay = 0.
Any two points £, 7 which are specialisations of z, y such that
NAE=EAy =0

are said to be conjugate points in the polarity (1); if a point is
conjugate to itself, it is self-conjugate in the polarity. If £, # are
conjugate points, the prime Af corresponding to £ contains 7, and
the prime A7 corresponding to 7 contains £.

We begin our study of the polarity (1) by obtaining an allowable
coordinate system in [n] in which the equations of the polarity can
be written in a standard form. There are several methods by which
we may proceed. The one we shall follow is one which will prove
useful later in this chapter. Our method involves the bilinear form

n n

YAz =3 XAy Yy (2)

$=07=0
in the two sets of indeterminates (z,, ..., z,) and (y,, ...,¥,), and only
uses transformations of coordinates of a very restricted type. We
shall, for the purpose of the present reduction, say that an allowable
transformation of coordinates in [n] given by

x = Px*

is of restricted type if the elements of the matrix P above the prin-
oipal diagonal are all zero. Using the rules given in Chapter II for
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constructing products and inverses of matrices, we can prove at
once that the product of two transformations of restricted type is
also a transformation of restricted type, and the inverse of a (non-
singular) transformation of restricted type is also a transformation
of restricted type. We now prove

THEOREM 1. By a suitable transformation
x = Px*, y= Py*
of restricted type, the bilinear form y’ Az can be reduced to the form

(y?ox?], + y;‘lxa) + (y,‘tk’x’?; + y‘&*a x,'ik’) + see + (y:p—gxi*p—-l + yi*gr._lx’?y‘g)

+ czryi*a' x?gr + b + cn y‘l*n xz"
where (i, ...,1,) t8 a derangement of (0, ...,n), r 18 a suitable integer
such that 0 <r<}(n+1), and c,, ...,c, arein K.

There is nothing to prove if » = 0, and we therefore proceed by
induction on #, assuming that the theorem is true for bilinear forms

in the indeterminates (x,, ...,%,,) and (¥, ..., ¥,,), Where m <n.

Case (i). Ifa,, =a,; = 0 for all values of ¢,
, n—1n-1
YAz = 3 3 a,y;%;
i=0j=0

By hypothesis there exists a transformation

n—1 n—1
z = .Zoqﬂgf’ Ys =1209ﬁ771 (t=0,...,n—1)
1= =

of restricted type which reduces the bilinear form
n—1n-1
2 X a,Y%
i=04=0

to the form required by the theorem. Then the transformation

z = Px*, y= Py*,

where
P = qoo . . 0 0
90 9u . .
. In-2n—2 0
dn-10 . . 9n-1n-1 0
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is of restricted type, and reduces y’Az to the required form, with
i, =mn, and ¢, = 0.

Case (ii). a,,+0. We may write

n

n
YAz =Y 3 ayy,x;
iZ0ji=0

n n—-1n-1
= “Zﬁ(izoain?/i) (2 amxi) + Zo 12 G (G By — By Bg) Y .

Since a;, = a,;, the transformations

X = Q-lg: y= Q—lﬂ’

where
Q=1 o 0
0 1 0
0 0 . 1 0

aOn a’ln . a’n—l'n a'rm

are of restricted type, and reduce y'Ax to

n-1n—-1

2%/ gn + Z Z bij"’i gj,
1=07=0

where ¢, = a7, and by = a;1(8,,8;— ¥, ,;). By the hypothesis
of induction we can perform a restricted transformation on

(&) -+ En—z) and (7, ..., p—y) SO that

n—1 n—-1
2 jZ biymi&;
is a form of the kind required by the theorem and then, just as in
Case (i), we deduce a transformation of restricted type which reduces

n—1 n-1

Z E sz”igj"'cn?’ngn

to the required form. Since the product of two transformations
of restricted type is also of restricted type, the form y'Adz is
reduced to the required form by a transformation of restricted

type.
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Case (iii). a,, =0, a;, = a,,+0 for some values of 1. Let k£ be
the largest value of ¢ for which a,, # 0. Then

, k n—1n-1
yAx = yn(‘zoanix) ( 2 ainyz) Zp+ 2 2 QY %5
n—-1 n-1
= yngk'*'xn"lk'*‘ Z > a’ijyixj»
- J =
where
& = 2 B Ty
i=0
From this last equation, we have
k=1
Tp=— .zoar_zkanixi +aziby
1=

Replacing z; by this expression in the indeterminates z,, ..., z;_y, &,
and making a similar substitution for y,, we find that

n—1n—1

yngk'*‘xn’?k'*‘ 2 2 aijyixj

n—1

= Yol +Tp M+ Z s Yr s+ E @Y %k

n—1 n-1

‘oYt X X gy
1=0 §=0
n-—} n-—}
= (izo by;+ yn) Ekt M ('Zo byx;+ xn) + @Ok Ex Mk
- {e=

n—} 'n-ll
+ 22 by Y24 (bss = by),
=0 j=0

where the b;, b;; are elements of K easily determined by direct
substitution. Now, the transformation

A
k= E a’n’txi’

n—1

£, = Z bz, + 2, +=}“kkank Z L7

L=z (0=0,..,k-1,k+1,...,n-1),

n—1
t In the summations X’ the value ¢ = k is omitted.
im0
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is of restricted type, and therefore its inverse is of restricted type.

The form above becomes
n—1 n—1

”ngk"'”kgn"*' Z Z bijnigj

under the inverse transformatlon We now apply our hypothesis

1
of induction to nE Z} b;;7;§;- This is reduced to the form required

= ]—-.

in the theorem by a transformation of restricted type on

(go’ seey gk—l’ §k+1’ cey gn—l)’

If the new indeterminates are

(Eo: LEEFR Y2 ¢ Zk+1’ eeey gn—l)’

and we add to the equations of transformation the two equations

gk = gk’

gn = zn
in their correct position, the new matrix is still of restricted type, and
we have reduced y'Ax by a sequence of restricted transformations
to the required form. Thus our theorem is proved.

The use of transformations of restricted type is of purely auxiliary
importance, and when we are concerned with only one symmetric
bilinear form y’Ax we can obtain a simpler standard form by using
allowable transformations which are not of the restricted type.
We first carry out the transformation

* __ £k
xf = EE+EF,
x* =& gw
K
Lisgg = 'w— + 'zr—x’
o — % —
x’r-l  Styr-s g‘r-—l’
% . . .
- 5, (.7 - ?‘Zr’ ---a"’n)

on the standard form obtained in Theorem I. It becomes

n
c % *’
2 146G
where Cog = 2 (¢2=0,...,7=1),
a;nd 02i+1="-2 (’i=0, ...,?‘—l).

24-3
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Remembering that (i, ...,%,) is a permutation of (0,...,%), we
finally use a transformation which merely amounts to a permutation
of the indeterminates and we have

y'dz = S4,Y,X,
i=0

where d,, ...,d, are not zero. If the resultant of all the transforma-
tions used is the transformation

z= RX, y=RY,
then
R'AR= [d, O

0 d,

[T

o . d . . 0}
0O . 0

0

and therefore the rank of 4 is s+ 1. Hence we have

THEOREM II. (a) By a suitable choice of the allowable coordinate
system any symmetric bilinear form y' Ax can be reduced to

8
ZthiXi’
1=0

where 8+ 1 18 the rank of A.

(b) By a suitable choice of an allowable coordinate system the
polarity w = Ax can be reduced to the equations

U-i=d1,X‘i (i=0, ...,n),

where d, ...,d, are not zero, but do., = ... =d, = 0, the rank of A
being s+ 1.

When the ground field K is algebraically closed we may use
a further transformation

X¥=diX;, (t=0,...,8), X¥=X, (¢=8+1,...,n).
The effect of this is to replace each d; (i <s) in the above Theorem
by 1. Hence we have

TueoreM IIL. If the ground field K is algebraically closed, the
only projective invariant of a polarity is its rank. By a suitable choice
of the allowable coordinate system the equations of a polarity of rank
8+ 1 may be taken as

w=x (t=0,..8), =0 (t=8+1,...,n)
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The system of allowable coordinates which reduces a polarity to
the form given in Theorem III is not uniquely determined, as the
following discussion will show. We assume that the matrix 4 in (1)
is of rank s+ 1, and that s> 0. Let

PO = (29, ...,20) = 2©
be any point which is not self-conjugate with respect to the polarity
(1). Then O 4249 40, 3)
The equation 24z =0 (4)
determines a prime. This prime contains the S,_,_; given by
Az =0,

coinciding with it if 8 = 0. By virtue of (3) the point P does not
lie in the prime (4). We may therefore choose n independent points
in this prime, say,

PO = (z5,...,2t) = 2D (1 =1,...,n),

which, together with P©, form a simplex. We take this simplex as
a simplex of reference for a new coordinate system, noting, first of

all, that FYA2D =0 (G=1,..,0).

Let the equation of the bilinear correspondence determined by (1)
in the new coordinate system be

y*Bx* =0 (B = (by)).
Then if £*® is the transform of x®,

¥ Br*D =0 (i =1,...,n).

But ¥ = (8;,...,0;,) (E=0,...,m).
Hence bpy=0 (2=1,...,m).
Since ¥’ Bx*0 40,
it follows that boo+ 0.
n n
Hence y¥ Ba* = byyoxo+ X T byylat,
i=1f=1

and the matrix

(bll . bln)
by « bun
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must be of rank s. Repeating the process just described for the
bilinear form 2 n
X Xbyytaf,
im1j=1

we arrive at the following result:

TrEOREM IV. If a polarity is of rank s+1 we can construct a
simplex of reference, referred to which the polarity has its equation in
canonical form, as follows :

(i) there exists a point P which i8 not self-conjugate with regard
to the polarity ;

(ii) there exists a point P® which s not self-conjugate with regard
to the polamty and 18 congugate to PO;

(t+1) there existsa pomt PO whwh 18 not self-conjugate with regard
to the polarity, and is conjugate to PO, ..., P¢-D;

(8+ 1) there exists a point P® which 18 not self-conjugate with regard
to the polarity, and is conjugate to PO, ..., P61,

(8+2) now let PV, ..., P™ be n— 8 independent points of the space
S, _s_1 whose points have no corresponding prime in the polarity.
Then we can take PO, ..., P™ as simplex of reference, and, choosing
the multipliers suttably, the equations of the polarity become

w,=x; (t=0,..,8), ;=0 (t=8+1,...,n).

The properties of a polarity are easily read off from the canonical
form found above. In particular we observe that the properties of
the polarity we have been considering,

u,=x;, (1=0,...,8),
u:=0i 2i=8+1,.).,n)} (8)
can be deduced immediately from those of the non-singular polarity
w=xz; (1=0,..,8) (6)
in the space S; whose equations are
oy = ... =2, =0,
The space S,_,_,, Whose equations are now
Ty=..=2x,=0,

is called the vertex of the polarity. No point in this space has a
corresponding prime in the polarity (5). Since the prime corre-
sponding to any point not in 8,,_,_; passes through 8,,_,_,, it follows
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that a point of 8,_,_, is conjugate to any point of [»] notin §,_,_;.
It also follows immediately, from the equations, that two points P
and @ of [»] which are not in S,_,_, are conjugate with regard to (5)
if and only if their projections from S,_, ; on to S; are conjugate
with regard to (6).

The geometrical meaning of polarities will become clearer when
we discuss conjugate points in the chapter on Quadrics in vol. m.
We need only remark here that points which are conjugate with
regard to the polarity w= Az
are also conjugate with regard to the quadric

2’ Az = 0,

and conversely, the relation between the points being the same in
each case.

The non-singular polarity (6) transforms the points of an S,
whose Grassmann coordinates are (...,p; . ¢ ...) into the primes
through an S,_;_, whose dual coordinates are (..., g% %, ...), where

gt =y g

This is evident from the equations (6). Conversely, the transform
of the points of S,_,_, is the set of primes through S,. The spaces
S, and S, ,_, are said to be conjugate in the polarity. Every point
in the one space is conjugate to every point in the other space. We
now prove

TrEOREM V. If S, and S, ,_; are conjugate in a non-singular
polarity, a necessary and sufficient condition that they should meet is
that S,, should contain a point P which is conjugate with regard to
every point of Sy.

-Let Y= (g, ...y} (E=0,...,k)

be k + 1 independent points of S;. The equations of 8,_,_, are given

by the equations ,
Syir;=0 (6=0,..,k).
§=0

If S,_;_, contains a point of Sy, say the point

k
z= 3 A Y9,
a=0
the equations in Ay, ..., A,

k 8
DR yfyg‘/\a =0 (1=0,...,k),

a=0j=0
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must have a solution. But the condition that there exists a proper
set A,,...,A, such that the equations above are satisfied is
precisely the condition that the point

2= SAg

is conjugate to each of the points y©,...,y®. The point z is then
conjugate to every point of S,. This proves the theorem, which is
evident geometrically.

If we follow the point-prime polarity

u= Az
by the prime-point polarity

y = Bu,
the result is the collineation

y = BAz.

We conclude our discussion of polarities by proving, in the case
when the ground field K is algebraically closed,

THEOREM VI. Any collineation in [n] can be expressed as the result
of a point-prime polarity followed by a mon-singular prime-point
polarity.

We choose our coordinate system so that the collineation is given
in canonical form

y = Cx,
where
0 = Oel(al) 0 ! . 0
0 Ce,(az) . 0
0 0 . C’e,‘(a,,)

and C,(x) is the e x e matrix

Cfe)= [z 1 O 0
0 a1l 0
0 a 1

(=)
=]
R
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Now let
B= (B, 0 . 0
0 B, . 0
o 0 . B,
where B, is the e x e matrix
B,=[0 0 . 01
00 1 0
01 0 0
1 0 00
Then
4=BC= /B,C,() 0
0 B, G, (x5) - 0 .
0 0 . Bek Gek(ak)
But B,C,(«) is the e x e matrix
a
0 a 1
’
0O« . 0O
a1l . 0 0

which is symmetric. Hence 4 is symmetric. Now B is not only
symmetric, but also non-singular, and, indeed,

B = B

The collineation y = Cz is the result of the polarity
u = Ax

followed by the non-singular prime-point polarity
y = Bu.
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3. Null-polarities. The properties of null-polarities may be
discussed along lines similar to those followed in § 2 in the discussion
of polarities. We first consider the reduction, by means of a suitable
choice of allowable coordinate system, of the equations of a null-
polarity to a standard form. We prove the analogue of § 2, Th. I,
using the same restricted type of transformation.

THEOREM I. By means of a transformation
z = Px*, y= Py*

of restricted type, a skew-symmetric bilinear form y’ Az can be reduced
to the form
(yhat —yhal) + (yhal —yhal) + ...+ (il _ 2k, _ — 9 _ 7% ),

where (ig, ..., 15,) are 2r distinct numbers chosen from the set
(0,...,m).

Ifn::l, ’
Y Ax = ay (Yo, — Yy, 7).

When a,, = 0 there is nothing to prove. If a,, + 0, we take

P =1 0)
0 a3)’

— gk K K
and @1 (Yo 21— Y1 %) = Y5 21 — YT 25 -

This proves the theorem when n = 1, and we now proceed by in-
duction. There are only two cases to consider in this theorem, since
a,, = 0, the matrix 4 being skew-symmetric.

Case (i) If a,, = 0 for all 4, the theorem follows immediately
from the hypothesis of induction (cf. § 2, Th. I).

Case (ii). If not all a,, are zero, let k <n be the largest value of s
such that a;, +0. Then

n—1n-1

k
y' Az = yn(igo“n"”‘) ( p) ainyi)x + Z Z @59 4
Now let

k
§e= X a7,
i=0

=2, (=0, k-1Lk+1,...,n).
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This is a restricted transformation. Its inverse is

k-1
Ty = —an} %: @ni &+ anky,

;=6 (=0,....,k-1k+1,...,n),
which is also of restricted type. Since we can write

n—1 n-—-1

y' Az = yn(igkoanixi) (Z “nt%)x + Z Z @Y%y
n—1 n—1
+j2_3; Qe Yo%y — E;“m Yy’
we have, after transformation,

n—1 n—1

YAz = 9,8 — b+ Z‘. Z ayn:ié;
n—’ k—1
+ (12_30 Oy gj) ( —ank izo Wiy + Ok ﬂk)

n—} k—1 1
- (jgo akﬂlj) ( - a;%izo @i +ani gk)

-1 n-1

= (1+ T ben) e-m(a+ T 0:8) + 2 3 bymit,

where the b,, b;; are easily calculated elements of K. We now use
the restricted transformation

g‘?=g‘t ('I;‘—_'O,...,n—l),
n—1
& = §n+‘2(')b¢§¢,

n—1 n—1
and ydz =ml-mbi+ X B bynitf.

The rest of the argument follows from the hypothesis of induction,
and is exactly as in § 2, Th. I. The theorem is then proved.

Since the rank of P’A P is equal to the rank of 4, and the rank of
the bilinear form described in the theorem is 2r, it follows that the
rank of 4 is 2r.

t In the summations X/, the value ¢ = k is omitted.
i
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By a further transformation, not of restricted type, which merely
rearranges the indeterminates, the bilinear form y’'Ax can finally
be reduced to the form

r—1
igo(yz‘ X 2i+1 Y, 2i+1 X 2i )°

When we state this result in terms of null-polarities we have

TrEOREM II. A null-polarity has only one projective invariant,
wts rank, which must be even. If the rank is 2r the coordinate system can
be chosen so that the equations of the null-polarity are

Ug; = x2i+1’} .
1=0,...,r—1 1
Ugi+1 = — T2 ( T g M

uj=0 (j>2r).

It is easy to show that the reduction to this form is not unique,
but we do not stop to prove this explicitly.
An essential difference between the null-polarity and the polarity

is that every point x t8 conjugate to itself in a null-polarity. For, if
4 is skew-symmetric,

2’Ax = (' Ax) =2'A'x = —2' Az,
and therefore 2’ Ax = 0.

In other words the prime v = Ax always contains the point z.
If two points z, y are conjugate, so that
y'Adx = —a'Ay =0,
then any two points Az+uy and pr+oy on their join are also
conjugate. For
Az +py') A(pz +0y)
= Apx’ Az + Ao’ Ay + ppy’ Ax+ poy’ Ay = 0.
Hence every line in [#], joining a pair of points which are conjugate

in the null-polarity, contains an infinite number of pairs of con-
jugate points. We also have

n n
0=y'Ax =3 3 ayy;x;= 2 ayy;2;—y;2;)
i=0 §=0 i<

= Ya , 2
Ej 13 Pij (2)

where (..., p;;, ...) are the Grassmann coordinates of the line joining
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the two conjugate points z, y. Conversely, if  and y are two points
of a line whose coordinates (..., p;;, ...) satisfy a relation

2bypy =0,
i<j

then we may write this as

2 Z bu'yzxj Yy 'Bx = 0

t=03j=0
where by =—by (1>)),
and b“ = O.

Hence a null-polarity is associated with a system of lines (called a
linear complex) whose Grassmann coordinates satisfy the relation (2),
and conversely any linear complex is associated with a unique
null-polarity. The geometry of a null-polarity is, essentially, the
geometry of a linear complex and, as such, belongs to Line Geo-
metry.

A null-polarity can only be non-singular when » is odd, and then
r = }(n+1). Let us briefly consider this case. We take the equations
in canonical form.

Uy = X, .
21 2i+l’} (z =0,..,r— 1).
Ugit1 = — Lo

If YD = (g, yl) (i=0,...,k),

are k+1 independent points of [n] which determine an S, the
equations of the conjugate S,_;_; common to the transforms of all
the points of S, are

r—1

jz::o(ygj+1x21_ygjx2j+l) =0 (1=0,..,k).
This S,_j,_, meets S, if these equations are satisfied by
T = é‘]/\iy“",
that is, if the equations ’

r—1

2 Z (?/23‘+1y2j YY) =0 (E=0,..,k) (3)

have a proper solution (A, ..., A;). The (k+ 1) x (k+ 1) matrix

r—1
(o4n) = (jzo(yém ?/gj - ?/gj .7/5‘14-1))
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is skew-symmetric, and is therefore singular if £+ 1 is odd. Thus
there is always a proper solution of (3), and therefore S, meets
8,_x—1, When k is even. On the other hand, if k is odd the matrix
(a;3) may be non-singular, and then S, does not meet S,_;_,. This
may be seen by taking

y(i) = (81?0’ ""ain) (7’ =0, ---’k)’

that is, by considering an S, determined by the first £+ 1 vertices
of the simplex of reference. In fact the equations of S,_,,_, are then

x1=x0=0, x3=x2=0, ceey xk=xk_1=0,

and this does not meet the S, we have selected.

An §; is called self-conjugate if it coincides with its conjugate
8, _x—1- This can only occurif ¥ = n —k— 1. We then have k = r—1.
If this condition is satisfied there are k-spaces which are self-
conjugate. For instance, the k-space determined by the first, third,
fifth, ..., nth vertices of the simplex of reference is self-conjugate.
In fact, the equations of the conjugate S, are

xo=x2=...= n_1=0.

Let us find the condition that the space S, whose coordinates are
(--e» Dsy... 450 ---) 18 self-conjugate. Since the method does not use the
canonical form of the null-polarity, we assume that the null-polarity
is given by the equations

u = Ax. (4)

Clearly, a necessary and sufficient condition that S, be self-con-

jugate is that any two points in S, should be conjugate. Hence, any
line in S; must belong to the linear complex

a; =0,
¢2<:1 i1 Dij

Now any line in S; is the intersection of S and an S, ;,,. Let
(...;q%%-2,...) be the dual coordinates of an S, ,,,. If this
8S,_r+1 meets S, in a space of more than one dimension we have

Z Piigeigy Lo H1=0

RPN/ YN

for all values of ¢, j, but if the intersection is a line, its coordinates
are (...,7y, ...), where [VII, §5]

"ﬁ=“ p} pijio.!.tk_.qi°'°°‘k"'

9 ooy Uk~3
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It follows that a necessary and sufficient condition that 8, be
self-conjugate is that

% 2 @i Dijiy... 15y 00 %1 =0

1<j 1o, . k-1
for all choices of elements g-%-3 which are coordinates of an
8, —x+1- But we can always find an S,_,, for which every Grass-
mann coordinate except an assigned one is zero. We can therefore

write the necessary and sufficient conditions that S, be self-con-
jugate as
1 2 Gy Pijig..ipy = O
i<j
for all choices of 4, ..., 1;,_,.

A point-prime null-polarity

u = Az,
followed by a prime-point null-polarity

y = Bu
leads to the collineation y = BAzx.

If n is even, both 4 and B are singular, and the collineation is also
singular. Hence we cannot expect to represent a non-singular
collineation in this way. We may ask whether the representation is
possible when % is odd. Similarly, we may enquire whether any
collineation can be represented as the resultant of a point-prime
null-polarity (polarity) followed by a prime-point polarity (null-
polarity). In each case it is seen that certain conditions must be
satisfied by the elementary divisors of the collineation, and that
these are necessary and sufficient for the desired representation.
Since the method of investigating the problems is the same in each
case, we only consider one of them in detail, merely stating the
results in the other cases.

THEOREM III. If n is odd and the ground field K s algebraically
closed, a necessary and sufficient condition that a collineation in [n],

y = Cxz,

can be represented as the result of a point-prime null-polarity
u= Az

followed by a non-singular prime-point null-polarity
y=Bu
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18 that the elementary divisors of C—AlL, ., can be arranged in equal
pairs: (A—ay), (A—0y)0; (A—ay)es, (A—ap)%; ...
We take C in the canonical form
C= /C,(a) 0 . 0
0 Co,(ag) - 0

0 0 . Gy

and find the conditions that there exist skew-symmetric matrices
A, B such that C = BA. (5)

An elementary argument shows that a necessary condition on C is
that there is another elementary divisor (A —a)f corresponding to
any elementary divisor (A—a)¢ of C—Al,,;,. Let P = B, Then
the elementary divisors of C—Al,,, are also the elementary

divisors of PC—-API,,, = A-AP,

which is a skew-symmetric matrix. Hence, if A = a is a latent root
of C, the rank of A—aP, and hence the rank of C—al, ,,, is
n+1—2p, where p is an integer [Th. IT]. There must therefore be
2p elementary divisors of the form

A=), ..., (A—a)m.

This does not prove, however, that the numbers e, ...,e,, can be
arranged in equal pairs, as is required by our theorem, and a more
detailed argument is required to prove this.

We divide 4 and P = B-! into blocks of a size suggested by the
canonical form of C. We write

A= (411 | AW
( A.kl A.kk)’

P=RB1=/pu . pi
( P‘kl I;kk)’

and

where A% and P are e; x ¢; matrices. Since 4 and P are skew-
symmetric,
(4%9)' = —(4%), and (PY) = —(P%). (8)
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Since PC = A, multiplication of the appropriate matrices shows
that we must have PG, (a) = A4,

Using (6), we find that
(A9 = (PUC, (o)) = Cfle) (PH = — O (ay) PR,
But (4Y) = — At = — PIiC,(a,)
for all values of ¢, j. Hence
C;](a’-) Pﬂ = Pﬁo&i(a{). (7)

We use this result to determine the form of the submatrices P7i,

Write
pit = (Pn . qu)
. . . 1
Pej1  »  Peje

poh=0 (h= 1,...,61:), pho=0 (h;= l, ...,Ej).

and define

Equating elements in the Ath row and kth column on both sides of
(7) we have

OPpet Proar = %Pre+Prra (h=1,...,e5k=1,..,¢). (8)

Suppose, first of all, that a;+«;. Then, if h = k = 1 in (8), we get
(;—a;)p1y =0,
and therefore P =0.
Next, if » = 1, k = 2, (8) becomes
(ts— ) Pro+ P11 =0,

and so P12 = 0.
Proceeding along the first row of P’ then along the second row,

and so on, we find that )
Pit =0,

if oy £ a,.
On the other hand, if &; = a;, (8) becomes

Prar="Pre-1 (h=1.,e5k=1,..,¢)
HPI 25
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If e, <e,, all elements on lines parallel to the line joining p,,, to P,
are equal, and if e;>e; all elements on lines parallel to the line
joining py,, to p,, are equal. Since also, if ¢, <e,

Pk = Priko =0 (h+k<ey),

and ife,>e
ey Prk=Pon+k =0 (h+k<ey),

we obtain two forms for the submatrix P7¢;

e <ey;
P = /O « « . 0
SR
0 . . 0 a
o . . .05 ©)
0 0 a b ¢
0 a b ¢ .
a b ¢ . /
e>e;
Pi= [0 . . 0 a
o . . 0 a b
0 0O a b cj- (9)

0O . 0 a b ¢ .

Thus the matrix P is divided into diagonal blocks of square matrices

P= /P 0 . O
0o P2 . 0

o o . P
corresponding to sets of equal latent roots

(al, seey akl) (ak1+1, ceny ak’) cee (ak'_1+1’ eesy “k'),

where k, = k. It is easily seen that the matrix 4 is similarly divided

into diagonal blocks since
PC=4
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Writing 4 4 o o
0 4* . o},
o o0 . 4

we may write the relation between the three matrices 4, P, C as

Pi (C,, . (0 1) 0 .0\ =Ai (10)
0 Oekc-.+s(aki—1+3) ° Y
0 0 o Gy lo)

In order that P be non-singular, each submatrix P? must be non-
singular. We therefore consider whether there exists a non-singular
matrix P! made up of matrices of the form (9), such that both P*
and A are skew-symmetric. The latent roots which occur in the
set (ag;_,415 ---» %x,) are all equal, and our concern is with the suffixes
(€x;_,+15 -++s €x;)- To simplify the notation we omit the indices and
sub-suffixes in (10), and write the relation as

P(Cla) O . 0 \ =4,
0 Ce,(aﬁ) o O
where a;, = a3 = ... =a;, and we assume that e;<e;<...<e,.

We have
P=(pu1r | Pk
( I;kl . Pkk) ’
where the elements P are e; x ¢; matrices given by (9). Since P is
to be skew, it follows from (9) that

Pi=0 (i=1,..,k).

Again, as in (6), Pii  (PF) =0,
If e; = e;, we see from (9) that

P = (PYY, (11)
and therefore Pil = — pit,

25-2
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We now form a new matrix
Q= (Qu)

from P, by picking out the element g,; at the bottom left-hand
corner of P, Then @ is a k x k matrix, and from (9) we see that

2 =0 (ife;<ey),
but, if ¢; = ¢;, Qi3 = — %5
from (11). Now, if

61 T= e &= ea1<ea1+1 = e &= ea1+ag<"‘ = Ayt +ds = ek,

go that the indices e,, ..., e,, which are assumed to be arranged in
ascending order of magnitude, fall into s sets of equal indices,

Q= /Q* 0 . O
.oQ2 .0

L. ge

where Q% is an a, x @, matrix, and all the submatrices above the
principal diagonal are zero matrices. Since

det Q = [T det O,
1

@ is singular unless all the matrices @* are non-singular. Since Q%
is a skew-symmetric matrix, it is only non-singular when a, is even.
We now show that @ cannot be singular unless P is singular. For if
@ is singular, its columns are linearly dependent. But if we replace
the elements of @ in their original positions in P, we see that the
remaining elements of the column of P which contains g, are all
zero. Hence if the columns of ¢ are linearly dependent the columns
of P which contain elements g,; are also linearly dependent. There-
fore if @ is singular, P is singular. Since we assumed P to be non-
singular it follows that the a; are even, and we have proved the
necessity of the conditions of the theorem, that the elementary
divisors of C— A, ,, can be arranged in equal pairs:

A=), A=) (A—ag)ts, (A—ag)s; ...

1
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The sufficiency of the conditions is proved more easily. Assuming
that & = 2h, and that

€1 = €y €3 = €4, ..vy Cgp_1 = E3p,
we write, in equation (10),

Pi= 0 E

0o o
o o0 .
o &, .

—E, 0

(=

€3

o . . . .0 By
O . L] ..-—Ezho

10 . .0
It is clear that P? is non-singular and skew-symmetric, and by
elementary calculation we see that the matrix A% defined by (10)
is also skew-symmetric. We have therefore constructed the matrices
A and B = P-1required, and have proved our theorem.

Other results, involving a combination of a null-polarity and a
polarity, are most easily stated in terms of the properties of matrices.

TrEOREM IV. Given a matriz C, necessary and sufficient con-
ditions that there exist matrices A, B (where A 18 skew-symmetric, and
B is non-singular and symmetric), such that

C=BA

are that the elementary divisors of C — A1, ., corresponding to non-zero
latent roots can be arranged in pairs (A —a)?, (A + a)?, and the elemen-
tary divisors AJ corresponding to a zero latent root are even in number
Jor any given even value of f.

THEOREM V. Given a matrix C, necessary and sufficient conditions
that there exist matrices A, B (where A is symmetric and B is non-
singular and skew-symmetric), such that

C=BA
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are that the elementary divisors of C —Al, ., corresponding to @ non-
zero latent root of C can be arranged in pairs (A— a)e, (A + )e, and the
elementary divisors AJ corresponding to a zero latent root are even in
number for any given odd value of f.

4. Simple correlations. We now consider correlations in [n]
which are neither polarities nor null-polarities. We assume that the
ground field K is algebraically closed, and investigate the conditions
in which the correlation

u = Az (1)

can be transformed to
v = By

by a non-singular transformation
x = Py, or equivalently w = Py,

of point or prime-coordinates respectively. We may regard the
transformation as a collineation in [n] instead of a transformation
of coordinates, if we wish to do so.

Algebraically, this is the problem of determining when a non-
singular matrix P can be found such that

B=PAP. (2)
B'=P'A'P,
and therefore, if A is an indeterminate,

B—-AB' = P'(A-A4") P,

so that the matrices 4 — A4’ and B—AB’ have the same rank and
elementary divisors. This gives a mecessary condition for the
existence of a matrix P satisfying (2). We now show that it is also
a sufficient condition when the matrices A—AA’' and B—AB' are
non-singular.

We can choose an element d (not + 1) in K such that

C=4-d4' and D= B-dB

are non-singular. If A —A4’ and B—AB’ (which are both of rank
n+ 1) have the same elementary divisors, so have

C—uC' and D-—uD',
4 being an indeterminate over K related to A by the equation
(A+dp)A=d+pu.

If (2) holds,
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If there exists a non-singular matrix P such that
D= PCP,
then B = (1-d?)1[D+dD’]
= (1-d?)1P'[C+dC']P
= P'AP,
Now let us suppose that C —uC’ and D—uD’ have the same

elementary divisors. Since C' and D’ are non-singular, there exist
[II, § 9, Th. V] non-singular matrices R and 8 such that

D= RCS, and D' = R(C'S.

From the second equation we have

D= S8'CR,

and therefore RCS = S'CR’;
that is, XC=0X,
where X =38R

From XC=0X
we derive X2C = XCX' = C(X')?,
and X3C = XC(X')2= C(X')3,
and finally XnC = C(X')~.

Hence, if f(A) is any polynomial in K[A],
f(X)C = Cf(X").
But [II, § 10, Th. IT] there exists a polynomial f(A) such that if
Y = f(X), and therefore YC = CY’,

then Y2=X,
Now, D=8CR

=8'CX'S

=8'C(Y')?S

= S'CY'Y'S

= (8'Y)C(Y'S).
Defining P=Y'S,
we have proved that D = P'CP.
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Hence we have

TrEOREM 1. If A and B are two (n+ 1) x (n+ 1) matrices which
are such that A —2AA' and B—AB' are non-singular, A being an in-
determinate, then a necessary and sufficient condition that there should
exist a non-singular matrixz P such that

B=PAP
18 that A — AA’ and B— AB’ have the same elementary divisors.

In the case in which 4 (and therefore B) is non-singular, we
deduce as an immediate corollary

THEOREM II. A necessary and sufficient condition that the two
non-singular correlations
u=Ax, u= Bz

should be equivalent is that the associated collineations
y=AAx, y= BBz

should be similar collineations.

The next question which suggests itself is: can we find an
(n+1) x (n+ 1) matrix 4 such that 4 — AA’" has assigned elementary
divisors? It is easily seen that this is not always possible. Let the
elementary divisors of 4 —A4’ be

(A=cty), ooy (A — gy )R.

If «;%0, and (A—e,)% is a factor of each determinant of 4 —A4’
of order j, then (A — ;)% is a factor of each determinant of A’ — A4
of order j, and the converse of this statement is also true. Now, the
transpose of 4 —AA4’ is A’ — A4, and the transpose of a A-matrix
has the same elementary divisors as the original matrix. Hence it
follows that if (A —«;)% is an elementary divisor of 4 — A4’ (x;+0),
80 i8 (A — a7 1)%.

Again, if o, =a,=...=a,=0, so that A4, ..., A are the
elementary divisors of 4 —AA’ corresponding to a zero latent
root, we deduce from the fact that

det (4 —AA") = det (4"~ A4)
that the characteristic polynomial of 4 — A4’ is of degree

.
n+l—3e,.
It therefore follows that 1

k r
Te=n+l-2e,.
1 1
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We have thus found some necessary conditions to be satisfied by
the elementary divisors of A —AA4'. If a,+ +1, the elementary
divisors (other than A%) can be arranged in pairs, a typical pair
being (A —o;)%, (A — a71)%, but when &¢; = + 1 the elementary divisor
(A — ;)% may, possibly, be paired with itself. We now prove

TreOREM III. Sufficient conditions that there exists a matriz A
such that A — AA' has assigned elementary divisors are

(i) the elementary divisors other than those of type A° can be arranged
in pairs (A —o;)ft, (A—ag?)ft (e, £1);

(ii) <f the elementary divisors are

A%, . A% (A=), (A—ar YW, ..., (A=—a,)y, (A—az )],
then 2ﬁ8i+2§f‘=n+l.
1 1

Let Dy(c) be the 2f x 2f matrix

.Df(a) = 0 . . 0 O . . . a
P - 2 |
e + « <« <. . . 1o
0

(=2 =

Then D, (o) — ADj(x)

= 0 . . 0 0 . 3 . a"’a
. . . . . . . a_A 1

L] . L . . . . l O
0 a—A 1 .

. . . —-A 0 . . 0
\I—Aa "‘A . . 0 . . . 0



394 IX. CORRELATIONS

Except for numerical factors, the determinant of this matrix is
(A—a) (Aa—1),
whilst the determinant of the (2f— 1) x (2f— 1) submatrix obtained
by crossing out the first column and (f+ 1)th row is
(A=) N1,
and the determinant of the (2f—1)x (2f—1) submatrix obtained
by crossing out the first row and the (f+ 1)th column is
(A — 1),
Hence the highest common factor of all determinants of submatrices

of order 2f—1 is 1, since we have assumed that o+ + 1, and when
o #+ 0 the elementary divisors of Dy(«) — ADy(«) are therefore

(A=a)f and (A—oa )t

If a =0 the above argument shows that the only elementary
divisor is AY. It follows that

A= /D,(0) O . . .
0 D0 . . .
: : DC;(O) : : (3)
. . . Dy (y) .
0 . . . Dy (a,)

is a matrix such that A — A4’ has the assigned elementary divisors.
Whenever the conditions of Theorem IIT hold we shall take
u=Ax
(where A4 is given by (3) above) as the canonical form of a correla-
tion having the assigned elementary divisors. For 4—-2A4’ is
non-singular, and we can apply Theorem I.
The conditions of Theorem III have also been shown to be
necessary in the case when 4 —AA’ is non-singular and has no
elementary divisors of the form (A + 1)¢. In this case

A+A" and A-A4'
are both non-singular. We call this the simple case, and we have
THEOREM IV. In the case of a simple correlation the conditions
of the previous theorem are both necessary and sufficient.

t If a=+1, we find that the elementary divisors are (A1), (A+1),
but we must use a different argument.
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We observe that if » is even, 4 —A’, being skew, is necessarily
singular, and the simple case does not arise. We could extend the
notion of a simple correlation to include the case in which 4 —24’
has elementary divisors (A + 1)¢, provided that these can be arranged
in pairs, but it turns out to be more convenient to proceed with the
transformation of the most general type of correlation in [n] to
canonical form.

5. Transformation of the general correlation. In this section
we show how to obtain a canonical form for any correlation in [x]
which does not fall into the categories already considered. Such a
correlation, which is not necessarily a polarity, a null-polarity, or
a simple correlation will be called a general correlation. We treat
the problem of transforming (or reducing)

u=Ax
to a canonical form as a purely algebraic one, working with the
bilinear form y' Az associated with the correlation.

Let B and C be, respectively, the symmetric and skew-symmetrie
parts of 4: that is, let

B=13}d4+4"), C=4}A4-4").
When 4 is transformed to P'4 P, B is transformed to
}(P'AP+P'A'P) = P'BP,
and C is transformed to
{(P'AP—-P'A'P)= P'CP.
Hence our problem may be regarded as that of the determination of

canonical forms for the simultaneous reduction of the symmetric
and skew-symmetric forms

y'Bx, y'Cz.
If B and C are both non-singular, we are in the simple case

considered in § 4, and we may use the canonical form given there for
A = B+ C. When, in the notation of § 4,

A= D),
y' B = 3o+ 1) [(Yo%ae—1 + Y2e-1%0) + -+ + (Y1 %o+ Yo Zp1)]

4 + 31 %001+ Y2e-1%1) + -+ + (Yeo1Ze41 T+ Yer1%e-1)]5
an

Y Cx = }(o—1) [(YoZoe—1— Y2e—1%0) + -+ F+ (You1To — Y Z,—1)]
+ (Y1291 = Y2e-121) + oo+ + (You1 Tor1 = Yet1%o-1) -
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We shall denote these expressions by

fla.e) and y(a,e)
respeotively. When 4 is in the canonical form

D,,(a,) Y . 0
0 D, (a3) . 0

0 0 . .Dek(ﬁk)

the form y' Bz is equal to a sum of forms such as f(«, ¢), differing
only in the «, e and in the indeterminates (¥, ..., ¥2,—1)s (€gs -+ +» L2e—1)
involved. Similarly, ¥’ Cz is equal to a sum of forms such as y(«, e).
We shall write

y' Bz = ?ﬂ(“i’ e), y'Cx=2Xvy(ae)

to express these facts. When we use this notation it is to be under-
stood that each f(a;,e;) is paired with a y(«,,e;) having the same
o, ¢;, and involving the same indeterminates, in the same order,
and that two terms f(a;,e;) and f(a;,e;) have no indeterminates
in common. Similarly, y(a;, ¢;) and y(e;, ¢;) have no indeterminates
in common. The results of § 4 can now be stated as

TueorEM 1. If B and C are each non-singular, the symmetric and
skew-symmetric forms y’' Bx and y’' Cx can be simultaneously reduced
to the canonical forms Y, f(e;, e;) and Xy (s, €;).

i i

We must now extend this theorem to the case in which B or C
is singular. We introduce five different pairs of forms

(1) Pule) = (YoZoe1+ Y2e1%0) + (Y1%e—+ Y2e—2%1) + ...
+ Ye-1%e + YeTo)s
Y1(€) = (Y1%2e1 — Y2e-1%1) + (Y23 — Y2e—3%a) + -
+ (Ye-1%et1— Yer1%e-1)s
where (1) = 0;
(ii) Ba(e) = (Y1%ae-1+ Yoe1%1) + (YaToe—g + Yo 2 %) + ...
+ Ye-1%er1 + Yer1%e1):
Y3(e) = (YoZ2e—1— Yze—1%0) + (Y1%2e2— Yze—2%1) + oo
+ (Ye1Ze — YeTe1)s
where  Pa(1) = 0; '
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(iii) Bs(e) = (YoTae—a+ Y2e—2%0) + (Y1T26—5+ Y2,-3%1) + oo
+ (yc—a Z, + yczc-l) + Ye—1 ze—l’
Ys(€) = (Y1%op—3— Y2e—2%1) + (Yo Toe—3 — Y2r-3%3) + oo
+ (ye—lxc—ycxe—l)’

where Bs(1) = Yoy, and yy(1)=0;

(iv)  fu(e) = (U1 %ae—1F Yoe1%1) + (Y2 Toe—a+ Yoe2%s) + oo
+ (Yem1Zes1 + Yer1%e—1) + Yo T

Va(e) = (YoZae-1—Y2e-1%0) + (Y1%2e—2— Yao-2a%1) + oee
+ (yc—lxe - yexe-l)’

where Bu(1) = yy 245

(v)  Bs(e) = (Yoo + Y2e%o) + (Y1%26—1 + Y2e-1%1) + ..
+ (Ye1Zet1 + Yes1%e-1)

Yo(€) = (Y122 — Yo 1) + (Y2 Zoe1— Y2e-1%2) + ...
+ (ycxe+1 ~Ye+r xe)'
Our object is to obtain the following generalisation of Theorem I:

TaeorEM II. If B, C are, respectively, symmetric and skew-
symmetric (n+ 1) x (n+ 1) matrices, the bilinear forms y' Bz, y'Cx
can be simultaneously transformed to

? Blag, )+ ? Pale) + Ekl Paler) + 21.‘: Bale) + E Balen) + %‘. Bs(en)s

and
% y(a;,e;)+ ; Ya(ey) + % Yaler) + ‘1;4 vsle) + E Valen)+ % Ys(en)

respectively, with the conventions previously introduced for the pairing
of the terms and for the indeterminates involved in the two expressions.
We consider the equations

Bz =0, 1)
Cz=0. (2)

Let these define, respectively, linear spaces S, _;, S,,_, of dimensions
r;—1, r3—1, and let these spaces intersect in a space S, _, of 74— 1
dimensions. We transform our coordinates, choosing a new simplex
of reference in the following way. In S, _, take r, independent
points 4,_, .1, ..., 4,. In S, _, there exist r, —r, further independent
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points 4,,_, .y,...,4,,, and in S, _, there are r,—7, independent
points which are independent of 4,,_, .,, ..., 4,, say

An—rl—r.+ro+1’ cccy An—rl'

The points 4,,_, ..y +1, .--» 4, are linearly independent, and define

the join of the spaces S, _;, S,, ;. We complete the new simplex of

reference by choosing n—7,—7,+7,+1 points in [n] which are
independent of those already chosen, denoting them by

Agy.. A

ooy n,_'l__r'_‘_'o-

In the new coordinate system &S, _; has the equations

zo = e = xn_,.o = 0,
8,,-1 has the equations
Tg=...=2,, =0, ¥ (3)

and S, _, has the equations

o= oo = Tpppotry = Tppyg1 = +00 = Ly, = 0.

In this coordinate system y'Bz is a form in the indeterminates
(g5 +++» Tnrp,)s (Yos +++sYn—r,) 0nly, and y'Cz is a form in the indeter-
minates

(xo: ce xn—r,—r.+ro’ xn—rl+1’ e x'n—r.,):

(yo, s Yn—ri—retre Yn—ri+1s ooos ?/n-r.,)

only. In proving our theorem we shall use a series of transformations
of coordinates, but we shall arrange matters so that at every stage
the equations of S, _,, 8, _, and S,,_, are given in the new coordinate
system by (3). The reader will readily verify that any transformation
of coordinates which ensures this result is of the form

£= Pz, 5= Py,

where
P= /D
E
G

Rooo

0 O
F o
0 H
L M N
the matrices in the first, second, third and fourth rows (columns)

having n—ry—ry+7,+1, rg—r, 7,—7, and ry rows (columns)
respectively.



5. TRANSFORMATION OF THE GENERAL CORRELATION 399

Our proof of Theorem II will be by induction on the number of
indeterminates z;, y; involved, and for the purpose of the induction
it is found convenient to impose a further restriction on P by
requiring that the elements of F' and H above the principal diagonal
are zero, and that K = I . The transformation is then called a
permissible transformation.

We shall prove that y’ Bz, y’' Cx can be reduced to the forms given
in the enunciation of Theorem II by a permissible transformation,
after the preliminary transformation has been made.

We commence our induction proof by considering the case n = 1.

Let ,
Y' Bz = ayoxy+b(yo®, + Y1 %) + cy1 24,

Y Cx = k(Yo% — ¥1 %),

before any preliminary transformation is carried out. We have
three cases to consider:

(i) If B and C are non-singular, ry = r; = r, = 0. No preliminary
transformation is required, and any non-singular transformation is
a permissible one. The result follows from the consideration of the
simple case treated in § 4.

(ii) If B=0,C0+0,7, = 2,7y = r, = 0, and y’ Cz is not essentially
altered by the preliminary transformation. The permissible trans-

formation
£= (1 0) x
0 k

transforms y'Cxz to y,(1), and y’ Bz to B,(1).

IfC=0 B0, r3=2,rg=ry=1lorry=r,=0. If r;=1, a
preliminary transformation reduces y'Bxz to the form ay,z, and
the permissible transformation

E=(at O0\=zx
(6 1)
completes the reduction to f,4(1). We take y'Cz in its transformed
form as y4(1). If r,= 0 we need no preliminary transformation,
and the restricted transformation of § 2, Th. I, which is permissible
in this case, transforms y’ Bz to the form z,y, + z,y, (which is 8,(1),
and can be paired with v,(1)), or to the form ay,z, + cy, z,. This last
form can be reduced by a permissible transformation to the form

Yoo+ Yy %,. Thus we have the reduction gy Bz = f4(1)+ fs(1),
Yy Cx = y4(1) + 73(1).
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(iii) The only remaining case is that in which C is not singular,
and therefore k is not zero, and B is singular, but not zero, so that
ac = b2, Then ry = ry = 0, r; = 1, and the preliminary transforma-
tion reduces the forms y’ Bz, y' Cz to forms of the type

@YoZy  P(Yo%1—Y1%0);
where d and p are not zero. The transformation

E=(-dt 0 \=
0 pdt
is permissible, and reduces the two bilinear forms to

£olo>  M160—"Mobrs

which are £(1), y,4(1) respectively.

We may therefore assume as hypothesis of induction that
Theorem II holds for a pair of forms y’ Bz, y'Cx which can be
expressed in terms of the indeterminates (yo,...,¥,), (Zgs ---Zm),
where m <n.

Now, our preliminary transformation expresses y'Bz, y'Cxz in
terms of the indeterminates (v, ..., ¥n—p,); (¥gs-..» Z4_y,), 8nd not
in terms of fewer indeterminates. By the hypothesis of induction
we can reduce these forms to canonical forms, as required by
Theorem II, by a permissible transformation if (i) 7, > 0, and (ii) the
indeterminates (Yo, ..., Yn,)> (Tos---»%n_y,) are subjected to a
preliminary transformation. But no prehmmary transformation
is necessary since, in the new coordinate system ry = 0, r; = r, — 1,
ry = rg—ro, and, if n’ = n—r,, the equations of §, _, are

xo= .os =a2n:=0,

those of S.. _, are
L) 1 xo = L0 = xn'_,.:‘ = 0,

and those of S,,_, are
g = 0o =Ty )y = Tt 41 = 00 = Ly = 0,

in accordance with (3). Hence the permissible transformation

& D 0 0\/ =z
. =\E F O .
)2 )

transforms the bilinear forms in the indeterminates (v, ..., Yn—y,)
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(xgs ..., ,_,,) into the required forms. Since we obtain from this
the permissible transformation

E= /D 0 0 O0\=z
E F o0 o
G 0 H 0
0 0 0 I

To

on the indeterminates (y,,...,¥,), (%4, ...,%,), Which also reduces
y' Bz, y'Cx to canonical form, our theorem is proved if r,> 0. We
may therefore now confine ourselves to the case ry = 0.

Now suppose that r; > 0. A preliminary transformation gives us

n—r,

y' Bx = 203 bu?/txp

n
y'Cx = %’ ;Y%
n
where 3’ denotes summation over the values
0
0,...,n—1r;—73; m—ri+1,...,n (4)

of the suffixes ¢, j. In order to avoid the inconvenience of having to
introduce new symbols for the indeterminates with each successive
transformation, we shall start each step of the argument afresh
with the indeterminates (xy,...,%,), (¥ ...,¥,), €xcept in cases
where this would cause misunderstanding.

Using the transformation of §3 applied to y'Cx, we have to
consider only Case (ii), in which not all ¢;, = 0, since, if ¢;, = 0 for
all values of ¢, ry >0, contrary to hypothesis. The restricted trans-
formations of that section are permissible, because of the absence
of terms ¢;; in y'Cx in which either ¢ or j lies between n—r, —ry +1
and n—r,, both values inclusive. Hence, using the same symbols
as above, a permissible transformation reduces our bilinear forms to

, n—nr
y' Bx = %: bijyixj’
, nt
y'Cx = 20: CiiYi%i+ (YnZi—YiZp),

n-—-1
where % is one of the suffixes given by (4), and ¥’ omits the suffixes
0

n and k, besides those already mentioned. We now have two cases:

HPI 26
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Case (i). k>n—r,. The forms

n—r, n-1

%: besy; s Zo:' i3 Y%y
are forms in the indeterminates

(xo: co s Tp—1s Th1s +o» xn—l)» (yO’ coosYr—15 Yr+1s +o» yn—l)
for which r;=0, r=7r-2, rp=r, 2 =n-2,

and we see that these forms require no further preliminary trans-
formation. By the hypothesis of induction, they can be reduced to
canonical forms by a permissible transformation, and it is easily
seen that a permissible transformation on the indeterminates
(@g, .+vs Tp—y> Tpyyy --» Tp—y) 18 still permissible when we add to the
equations of transformation the further equations

=2y E,=,

in their proper place. Since

Ba(1) =0, 75(1) = y;2;—y; %4
the theorem is proved in the case k> n —7,.

Case (ii). k<nmn—r,. Since ¢;,¥y,, was a term in the prepared
form y'Cxz, we must have k <n—r,—r,. Since a transformation of
coordinates which permutes z,, ..., Z,_,,_,,, but does not affect the
remaining z,, is permissible we may, after a suitable permissible
transformation, take k = 0. We now write

n—mr
Y' Bz = yob+ 020+ X b4y,
n—1 (5)
Y Cr = Ypo—Yo¥n+ ?’ Cis Y%y

n-1
where the summation Y is over the values
1

,.,n—ry—rg,n—ry+1,...,n=1

of the suffixes ¢, 5, and

n—n n—n

£= % bz, 7= %: by

where 2b, = by,, and by, = b,.
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Now, by hypothesis, the matrix
2b, b, by . bn_,l
by bu b - bipy (6)

b b

n—ry n—r;l . . bn—rl n—ry

is of rank n—r,+1. We first prove that this implies that the

submatrix
bll ° bl n—ry
.. . (7)
b n—r 1 bn—rl n—ry

is of rank n — r, or n—ry; — 1. For, suppose that the rank of (7) were
less than »—r;—1. Then there would exist at least two distinct

relations n—r,
‘lelibij=0 (j':'—' 1,...,1’&—-1‘1),
ie

n—n

'21 uby;=0 (G=1,...,n—mn),
1=

connecting the rows of (7). If p, o are chosen so that

n—mr

n—r
p X Abit+o B pb; =0,
1 1
then the multiples
0, pA1 + 035 vvs PApgy + Oy _p,

of the first, second, ..., (n —r,+ 1)th rows respectively of (6) are
linearly dependent, and (8) is singular, contrary to hypothesis.

Case (iia). Suppose that the matrix (7) is of rank n—r,, and

consider the forms
n—r n~-1

? bs; Y %5, 21, Ci1Yi %4

For these forms in the indeterminates (2, ...,%,_1), (Y1 -+sYn—1) We
have n=n—-2, ri=r—1, r=r,

Hence no preliminary transformation is necessary, and by hypo-
thesis there is a permissible transformation which reduces these to
canonical form. The equations of transformation, together with the

equations £y =20 £, =1,

26-2
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are seen to define a permissible transformation of the indeter-
minates (z,, ...,%,). Before making this transformation, however,
we make the permissible transformation

1

Ly = Xy,
X, =%,—cTy (t=1,...,n—1y),
=% (@F=n-r+1,...,n)

on the original forms (5), our object being to simplify the term
Yo& +nx, before carrying out the final permissible transformation
described above. We find that

n—r n—r,

Y’ Bx = 7o(by %y + ? b;%; — 7, % b;c;)
_ _ n—ry _ _ n—-nr
+7, (boyo+ ? b;Y; — Yo zl‘l bici)

n—r
+ 21:- b;j (¥ — ¢ Go) (T;—¢;T)

n—n

= 2byZ0Fo+ Yok + Ty + 213 bi;Y: %y

_(n=n _ n—r, _ _
- ?/o( 21: bijcixj) —( ? bijyicj) Lo
n—r, n—nr, o
+( 51.: bc;c;—2 ? bici)yoxo,

and
N—Ty—1y

Y'Cx =Y, Ty— Yo%, + ? ¢i5(F: — €:Yo) (T;— ¢;To)

n—1
+ X 6497
n—r+1
= ynio_yoin
n—1 n—r—7; N—T\—Ts

+ 21' Cii¥: %5 — Yo “1: €ijCi%; — Xy ? €3¢ Y5

n—ry—7nrs
since Z,y, ? ¢;;¢;¢; = 0. In the first expression we have written

n—r, n—nr

= E‘: b;%;, 7= ? b;Y;.
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Now, since the matrix (7) is non-singular, we can choose the
constants cy, ...,¢,_,, 80 that

n—r

121 bjje;=b; (t=1,...,n—r).

This simplifies the expression for 3’ Bz to

_ n—ry _ n—nr -
2byZo 7o + Z bﬁ?/ixj—( 213 bi%) Zo¥o
_ n—r, -
= Ph%ot X byy8:%;
say. Now make the further permissible transformation
=%, (t=0,...,n-1),

* _ N—ry—"re _
xn = xn+ % cijctxj.

We then have
n—r,
Y Bz = pygag+ X byyfaf,
1

n~-1
y'Cx = yhag —ysan + 211 ciyF %y

Now p cannot be zero, otherwise B would be of rank n —r,, instead
of n—7r,+1. Hence, by another permissible transformation which
consists of replacing pixd by x¥, we may take p = 1. Now apply
the hypothesis of induction to the forms

n—r

n—1
YL ’ % 1o
Z bgytal, X' cyytad
1 1
and, as explained above, we deduce a permissible transformation of

the indeterminates (zg, ..., z¥), (v, ..., y%) which gives us

Y Bx = ygaf + 2 fla;, e;) + 22 Bi(ey),
Y Cx = yrag —ysan + Zy(o, e) + 22y (ey).

Since these forms may finally be written

Y Bx = By(1) + X Blay, €5) + ZZ Bi(ey),
Y Cx = y4(1)+ 2 y(ay, €;) + ZLy,(ey),

this completes the proof of Case (iia).
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Case (iib). Suppose that the matrix (7) is of rank n—7; — 1. Then

the equations n—r
Z bijxj=0 (i= 1,...,n“‘r1)
j=1

have just one solution. Apply the methods of §2 to reduce
n-—r
Y by, 2, to canonical form. The restricted transformation of that
1
section can evidently be amplified to a permissible transformation
of the indeterminates (,,...,%,), (¥ ...,¥,). Now consider the
canonical (n—r,) x (n—7,;) matrix corresponding to the reduced
n—r
form 3} b;;y;;. Since this matrix is of rank n —r,; — 1, it is clear that
1
one row consists entirely of zeros. That is, preserving the same
nOtatlon, bih = O (1: = l, ooy n-— Tl)’
for some value of & (1 <h<nm—r,), so that the one solution of the
equations above is now h »
(80’ sy 8")'

We have two cases to consider: ASn—r,—75, h>n—1r;—7,.
Case (iib,). h>n—r,—r,. We have, with the previous notation,

n—ry

Y Bx = yo£+nz+ %* by Ys s,

n—1

Y O = YnZo—YoZa+ T’ Cii¥i,

where the summation X* omits the value 2. We now proceed as in
_ Case (iia), making the substitution

xo = Eo,
X, =%;—¢;Zy, (1=1,...,h—1,h+1,...,n—1y),
Zy, =§h,

2, =% (t=n-—-r+1,...,n0).
This is a permissible transformation, and gives us

, o n—r, n—r n—r _
Yy Bx = xoyo[—'2 %* biG"l" %* b“C‘Cj]'I' 21* b“y‘Ej
. - _ n—r _ _ n—ry _
+ b3(YoZn + YnTo) + Yo 201* b,Z;+ 7%, %" b7,

n—n n—r

—Fo X* by, %, — 7, 21:* bysC; Y-
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We can choose ¢, ..., ¢4y, Cpi1s +++» Cpy, 80 that

n—1r

21* b.qu = b‘,

the matrix of coefficients having rank n —r; — 1, and then

n—r,

Y’ Bx = §o( pZy + 973) + (0Yo + 971) %o + 21* bi; Y %4

Since B is of rank n—r;+1, ¢ cannot be zero. At this stage
we have

Y 0z = §pZo—FoZn
n-'l _ _ n—7r—7, _ _ N—1r—1 _
X YT =Y X uGuT =% Xy
gince n—r, —ry <h < n—r;. The permissible transformation

xt:’i‘ (i=0,...,n-—1),

N—r—1y
w: = x,,+ ? cﬁcia:j

leaves y’ Bx unaltered, and transforms y’'Cz into
n—1
Y Oz = yrag —ygan+ X' cytal.
1

As a final transformation on
n—o

y'Bx = y§(pag + qx) + (pys + qyh) o5 + ?* byt xf,

we write
Ei=a¥ (1=0,...,h—1,h+1,...,n),

&n = pag +qx7.

This is a permissible transformation, and gives us

n—r
Y'Bx = 1985+ 6o+ 21* bism: €5
n-1

Y'Ox =n,8—nokn+ %I cij”igj'

We now make use of the hypothesis of induction to reduce

n—ry

n—-1
21]* bynié; and 21:' oMby
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to canonical forms by a permissible transformation on the indeter-

mina‘tes (gls sty gh—l, gh-{-ls ey gn-—l)’ (7]1: cees Mp—1s 77h+1) eeey ”n—l)’ n0ting
that no preliminary transformation is necessary. For this set of
indeterminates,

n'=n-3, ri=r-1, ry=r,—1,
and the transformation induces a permissible one of (&, ...,£,),
Mgy --+»1,). We have, finally,

Y Bx = y, o0+ Yoxn+ 2 Bla;, ) + 2Z Bi(ey),

Y 0 = Y2 —YoZn+ 2 Y(% €) + 22 74(e)),

y' Bz = B5(1)+ 2 fla;, ;) + ZZ fi(ey),
Y Cx = y5(1) + Zy(ae) + ZZy,(e).

that is,

Case (iib,). h<nm—r;—r,. By means of a permissible trans-
formation, which interchanges the suffixes 1 and k, we have,
preserving the notation,

n—r

Y Br = yo€+nzo+ X by,
' =
Y Cx = yp®o— Yoz, + ){. Ci3Y: %4
In considering Cases (iia) and (iib,) we left the forms
2b;;y,x; and Xy,

unaltered until the end, and then reduced them to canonical form.
In this case it is necessary to reduce the forms
n—1

n—ry
22] b;;y;x; and 21‘,’ Cii Y%

to canonical form at this stage. In applying the hypothesis of
induction to the two forms, we take the indeterminates in the order

Tgs vv0s Tppy—ry) L2 URELE: xn—rg T Tpepy 41 ooy Tpye
We see that for these indeterminates,
n=n—-2, ri=r, ry="r,,
and no preliminary transformation is necessary. Furthermore, a
permissible transformation in these indeterminates induces a

permissible transformation in (z,, ..., %,), (%, ...,¥,). For the sub-
matrix H which appears in the matrix of a permissible trans-
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formation has only zeros above its principal diagonal, and therefore
the equations of such a transformation are, as far as the displaced
indeterminate z, is concerned,

n—ry—7ry

51 = 22 a;x; +bx1.
Hence, when z, is replaced, and the additional equations

go = xo,

€n==xn
are added, we have a permissible transformation of (z,y,...,2,),
(Yos ---»Yn)- At this stage we have

Y' Bx = y, 5+ 20+ 2 flay, ) + ZZ Bi(ey),
Y O = Yoo —YoZn+ ZY(x; )+ 2L ,(e5),

where £, 7 involve the same set of indeterminates as before the
transformation, with different coefficients. For simplicity we
preserve our previous notation, and write

n—n

Y’ Bx = yo§+ 12, + 223 biy. %5,

n—1

YO = Y, Zg—YoZp + ?' CiiYiZps

n—r, n—1
where 3 byy,x; and X' c;y,%; are in canonical form. We now
2 1

proceed as in Case (iib,), this time taking A = 1, and obtain

n—r,
Y' Bz = yo2, + 4, %o+ 22 by Y25,
n—1
Y 02 = YaZo—Yo¥nt X' Cii¥i%):
where the coefficients b, ¢;; are unchanged by these final transforma-
ttons. Hence we have
y’Bx = yoxl + ylxo + Eﬂ(di, e‘i) + ZZﬂi(ej),
Y 0% = Y, 20— Yo%p + ZY(a;, €;) + 2L y,(e;).
The indeterminates z,, ¥, occur in
2yl e) + Z2y4(ey),
but not in Z Blay, e;) + 22 By(ey).
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It follows that «,, y, appear in some term y,(e;). On the other hand,

Zy, Yo» Tp» Yo do not appear in either of these two expressions.
Suppose that x,, y, appear in

Yt(ej) = (ylxal - yalxl) + (yagxa. - ya,xa,) +oeee
The corresponding
ﬂi(ej) = (yalxa. +ya.xa1) +.
where a,,a,, ... are different from 0, 1,n. Now, we may write
(yoxl +y1x0) + (yalxa, +yagmal) +..= ﬂi(ej + 1)’
(Zlnxo—?/own) + (ylxal "yalxl) +.o.= 'J’i(ej + 1):
the terms in £;(e;+ 1), v;(e;+ 1) being taken in the order
Ty Ty Tyy Ty T,

a" LA XK}
This completes the proof of Theorem IT when », > 0.

We suppose now that 7y =r; =0, 7,>0. The analysis in this
case is similar to that followed when r; >0, and it will only be

necessary to indicate the changes. After our preliminary trans-
formation we have
n—rs

n
y'Bx = Zobn%% y'Cx = 20 CisYi %5

We may assume that not all b, = 0, for in that case the hypothesis
of induction would apply immediately. Hence the permissible
transformations of § 2 give us either

n-1
y'Bx = % by y;x;+ ky,x, (k+0),

and n=r
y'COx = :24 Ci3Y1%4

n—1
or Y’ Bz = %’ bisYi %5+ (YnZr+ YiZn)s

and noh
y'Cx == ? c“y,:vj.

In the former case the permissible transformation

Z=2; (t=0,..,n-1), z, = kiz,
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enables us to take k = 1, and by applying the hypothesis of induc-

-1 n—ry
tion to "2 by %5 X Ci5Yi%;, we finally obtain
0 0
Y' Bx = Z (o, ¢;) + ZZ By(e5) + Ba(1),
Y Cx = Zy(ay,e;) + Z2y,(e) +a(l).
We now consider the second alternative:

Case (i). k>n—r,. This is dealt with in exactly the same way as
Case (i) above, interchanging the roles of B and C. We find that

Y Bx = X B(o;, ¢;) + 22X B,(e5) + By(1),
Y Cx = Zy(oy, e) + 22 y,(e5) + (1)

Case (ii). If k<n—r,, the interchange of suffixes 0 and %k is a
permissible transformation, and we may write

n—1
y'Bx = 21 by Y%+ (YnTo+ YoTn)s
n—ry

y'Cx = % Ci5Yi %4

The methods followed above, for r, > 0, still apply, interchanging
the roles of B and C, but since C is skew-symmetric and therefore
always of even rank, only Case (iib) appears. Case (iib,) gives us

Y Bx = X f(a;, e;) + XX B(e;) + B5(1),
Y Cx = Zy(a;e)+ZZy(e) +vs(1).

Case (iib,) leads to a result exactly similar to Case (iib,) above.
Finally, if ry = r; = r, = 0, we are in the simple case, and the
reduction of §4 applies.

6. Canonical forms for correlations. Having completed the
reduction of the forms y’ Bz, y'Cz to the canonical forms

r 5 8¢
Y Bz = ?ﬂ(“i’ 94)'*"2 ,Zlﬂ;(e}),

=1j=
r 5 8
Y0z =Ty,e)+ 3 X vie)),
1 i=1j=1
we arrange the indeterminates involved more conveniently so that
the 2e; indeterminates involved in f(e;, ¢;) and y(e,, ¢;) are

Loley+...tei_) **+3 Loley+...+e)—15
and Yoley+..tegay) *+o9 Yaley+...tep-1°
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We then order those in f;(e,), ¥;(e,) so that their suffixes exceed the
suffixes of the indeterminates in f,(e;), Ya(es) if @ <¢, or if b<j
when a = i. We now consider the matrix of 4 = B+ C. We have
at once

4= Del(al)

D, ()
F(e}

Fy(el) > ()

the diagonal submatrices being defined as follows:

D,(a) is defined in the proof of Th. III, §4. It is a 2e x 2¢ matrix,
and D,(x)—AD,(a) has the elementary divisors (A —ca)®, (A—a~1)
ifa%0,and A¢if ¢ = 0.

Fe) (¢ = 1,..., 5) is the matrix of the bilinear form

Bile) +7v.le).
It is a simple matter to verify that these matrices are:

(i) Fye) = 1

The methods already used for determining elementary divisors
show that Fi(e)—AFi(e) has (A—1)¢, (A~1)¢ as its elementary
divisors.
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Fye) =

413

and F,(e) — AF;(e) has the elementary divisors (A + 1)¢, (A+1)c.

(i)

Fyle) =

1 -1

1
1 -1

and Fy(e) — AF;(e) has the one elementary divisor (A — 1)%-1,

(iv) Fy(e) =

and F,(e) — AFy(e) has the elementary divisor (A + 1)¥*. Finally,
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(v) Fyle) = 1

1 -1

and the (2e¢+ 1) x (2¢+ 1) matrix Fy(e) — AFg(e) (A indeterminate) is
of rank 2e.

Now, if A — AA’ is non-singular for indeterminate A, there are no
zero matrices on the diagonal of (1), nor are there any Fy(¢) matrices.
We can now give Th. III, § 4 in its complete form as

TueorEM 1. Necessary and sufficient conditions that there exists a
matrix A such that A —AA’ is non-singular and has assigned elemen-
tary divisors are:

(i) the elementary divisors, other than those of type A¢, (A—1)7,
(A+1)9 can be arranged in pairs (A — )i, (A—a;1)fi;

(ii) the elementary divisors (A—1), for a given even integer f, are
even in number;

(iii) the elementary divisors (A+1)9, for a given odd integer g, are
even in number;

(iv) if the elementary divisors are A2, ..., A%, (A—1)1, ..., (A —1)%,
A+1), oy (A1), (A—oy), (A—ap ), ..., (A—ag)h, (A—agl),
then

a b [} d
2Zei+§fi+§gi+2zht =n+1.
1 1

The necessity of these conditions is an immediate consequence
of the reduction to a canonical form and of the results given above,
which give the elementary divisors of the various submatrices in
the canonical matrix (1). The sufficiency of the conditions is evident,
because we can construct a matrix 4 as given by (1), after grouping
the elementary divisors into suitable pairs.
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The canonical form (1) may be simplified to some extent. We
observe that Fi(e)—AFj(e) has the same elementary divisors
(A-1)%, (A—1)¢ as D,(1). Hence, by § 4, Th. I, there exists a non-
singular matrix P such that

P'Fi(e) P = D).

For similar reasons we can find non-singular matrices @, R, S

such that Q'Ffe)Q = D,(~1),
R (ste) 0 ) R =D, (1),
0 Fa(e)
and S’(If}(e) 0 ) S = D, (-1).
0 Fye)

Hence, by a further transformation of coordinates, we can assume
that (1) contains no submatrices F(e) or Fy(e), and that for given
fi» g; there is at most one Fj(e), and one Fy(e). In future we shall
suppose that this has been done.

We now consider the case in which 4 —A4’ is singular, for in-
determinate A. In the canonical form of A the number of zero rows
(and columns) is r,, where n —r, + 1 is the rank of the matrix

(o)

and therefore n —r,+ 1 is also the rank of the matrix

(&)

This rank is invariant under transformations of coordinates, since

P'AP \ = (P'AP\=P'(A\P.
((P'AP)') (P’A'P) (A')
If the canonical matrix 4 contains £ matrices Fj(e), we see that the
rank of A—-A4'is n—ry+1—k. Hence k is also an invariant of 4.
We now prove that the e} which appear in the submatrices Fj(e}),
and which determine the number of terms in y’Ax corresponding

to each submatrix Fy(e}), are also invariants of 4. We assume
that &> 0.
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We consider the linearly dependent rows of the matrix

(A-2A4")z,
writin, n_rhe .
g X‘= jzo(aﬂ—-)laﬁ)xj (@= 0,...,n-—7‘0).

These linear forms have & independent relations connecting them,
say n—r,
= ,Eo d,A) X, =0, (2)

where we may assume that the d,(A) are polynomials in A. Amongst
all possible relations of the form (2) we consider those in which the

maximum of the degrees in A of the polynomials d, ...,d,,_,, is least.

Let this smallest maximum be m,, and suppose that there are ¢,
relations (2) of this degree, say

[ N 8

We now consider all relations (2) which are not of the form
/31
% ai(A) ¢i ’

and amongst these we again consider those of lowest degree, which
degree we denote by m,. If

¢ql+1’ AR} ¢q.

is a basis for this set of polynomials, we then consider those relations
(2) of lowest degree which are not expressible in the form

(']
2 ai(k) ¢"
i=1
and so on. We obtain a set of polynomials

N

which form a basis for the relations (2). We prove that the integers
Q15 -++»9ps My, ..., M, aT€ invariants under allowable transformations
of coordinates. If

x = Pz

is such a transformation, the relation
ZdA)X; =0
becomes Zd,A)g,; X, =0,

where Q=(q,)=P.
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Since g¢;; is in K, the degree of any relation is unaltered by an
allowable transformation. This proves the invariance of ¢,, ceesQps
My, ..., m,. We now associate these integers with the e.

In the canonical form (1) the only submatrices G such that
G —AQ' is singular are the k matrices Fy(e§). Since all the sub-
matrices are on the principal diagonal of 4, we obtain relations (2)
only from the Fj(e?) matrices, and there is one relation corresponding
to each matrix. Let Fj(e}) have rows and columns corresponding
to the indeterminates

Ty eees Xy (€= €5).
Then X, =1-A)Zp0,
X1 = (1= Tpypeq+ (1+ )T,
Xnpa = (1=A)Tpi0p a+(1+A) 20 00 3,

Xote1 = (1=A) Ty o1+ (1 +A) 200y
Xm+e =(1+ /1) Tmt+et+1s
Xm+e+1 = (1-4) Crmte—1" 1+ ’\) Tmtes

. . . . . . »

Xnyoe = (1=A)Zp— (1+A) Ty

The relation of least degree connecting X, ..., X,,,,, I8
'ﬁjE (1 + A)e Xm_' (1 +A)e-—1 (1 —A) Xm+l
— (L4 )2 (1= Xy oo 2 (1= AP Xy = O,
and ¢, ..., ¥, form a basis for the relations (2). We deduce that if
e <ed<...<ef, then
B=e=..=¢€ =m<e ,,=..=¢€ =m<...
=ep,=m, (9,=F),
and therefore the integers ¢}, ..., ef are invariants of 4 under allow-

able transiormations of coordinates.
We sum up our results in

THEOREM II. Let A be any (n+ 1) x (n+ 1) matriz, let (4,4’) be
of rank n—r+1,let A—AA' be of rank n—r+1—k, and let

wl""a 'ﬁk

HP1 27
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be a basis of polynomials of minimum degree for the relations
connecting the rows of (A—AA')x. Let the degree of ¥, be m,, and
suppose that

Let the elementary divisors of A —AA' be

A%, .., %, (A-1)271 (A= 1)27Y, (A4 1), (A4 1)%,
(A=a)h, (A—ag i), ..., (A—ay)te, (A —ag )i, where a; may be +1,
and fi <fa<...<fp 91<9a<.e. <G

Then
2Ze+2(2f-1)+22g+2Zh =n—r+1-k,

and there exists a non-singular matriz P such that the correlation
u = Az i8 transformed into the correlation v = By by the transforma-
tion « = Py, where

B=PAP
= |D,(0)
D,,(0)
Dhl(al)
D, (@a)
F(f,)

. Fy(fy) ’
Fy(g,)

FACA
Fs(ml?

\ Fy(m,,)

g, = k, and the zero matriz has r rows and columns.
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7. Some geometrical properties of correlations. We begin
with a stmple correlation [§4],

u = Az, (1)

this having been defined as one for which A+ A4’ and 4 — A’ are
both non-singular. The canonical form is given by (1), where

4= Dcl(O)
D,,(0)
D.(0)
Df,(“l)
Df‘(“C)
A point z has no transform if it lies in the space given by
Az = 0. (2)
Remembering that D,(«) is the 2¢ x 2¢ matrix
D,(a) = a
a 1
a 1
a 1 ’
1 0
1 0

1 0
it is easily seen that the space given by (2) is of r—1 dimensions,
being spanned by the vertices

Xc,’ X2e1+c.’ sevy X2(e1+...+e,_,)+ef’
of the simplex of reference. This space may be called the funda-
mental space of the correlation corresponding to the zero latent root
of A—AA’. Similar working shows us that the transform of any
point which has a transform is a prime which always passes through
the space spanned by

Xo, Xul, Xz(gl-n,), seey Xﬁ(c;+...+er-;)'

27-2
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This is also a space of r—1 dimensions which, we see at once, is
the space defined by the equations

A'z =0, : (3)

We may regard this as the fundamental space corresponding to the
infinite latent root of 4 —AA’. We note that the spaces defined by
(2) and (3) do not meet.

The space given by

(A-a,4")z =0,

where a, is a latent root of 4 —A4’, is called the fundamental space
of the correlation corresponding to «,. Recalling that the dual
correlation is

v=A'y, (4)

we see that a necessary and sufficient condition that a point x
should have the same transform under (1) and (4) is that it should
lie in a fundamental space corresponding to a latent root of 4 —AA4".
Let us consider the space defined by

(4—a, Az =0,
and assume that
O*al = az = eee = d‘,

and aEa, (E>t).
We see that this space is an S,_;, defined by the vertices

X 2Zetfy? X 2Xe+2f1+fg 2 X 2Zet+2fy+. . Hfi-)+fe0

The correlation (1) transforms the points of this §,_, into the primes
which pass through the S,_, given by the equations

Zarerfi-1 = O Taserapifai-1 = O o5 Tazerattyh..tfipisi-a = O

This S,_, contains the S, ;, and also contains every fundamental
space corresponding to a latent root of 4 —AA’ distinct from o2,
The fundamental space corresponding to «; ! is seen to be an S} ;
spanned by the vertices

X!li.'e’ X223+2f1’ Xz).‘e+2(f,+1,)’ veey X226+2(f1+...+ft—g)'
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Hence 8, and S}, meet in a space which is spanned by the
vertices

X228+2(f1+...+fi)’ X2£c+2(j,+...+fi+1)’ ceey sze+w,+...+n_p»
where we have assumed that f;, f,, ..., f; are so arranged that

fi==fi=1
and firvs fivos e fi> 10

We now turn to the general correlation discussed in §6. In the
simple case discussed above, the possibility of latent roots equal to
+ 1 was excluded. Such latent roots arise here. Before finding the
fundamental space corresponding to A = 1 we remark that in dis-
cussing the geometrical properties of any correlation we are led
to consider certain loci:

(i) the locus of points which lie in their transforms under (1).
These are the points whose coordinates x = (x,, ..., z,) satisfy the
equation 2'u =2'Ax = 0.

This equation may also be written
('Azx) = x'A’x = 0,
or x2'Bx =0, (8)

where B = 4(A4 + A’) is the symmetric part of 4.
(ii) the locus of points which have the same transform under
(1) and (4). These points satisfy the equations

(A—-ad’)x =0, (6)

where « is any latent root of 4 —A4’, and were considered in the

simple case. If x is any solution of (6),
Az = ax'A'x = ax' Ax.
Hence, if a1, 2 Az =0,

and therefore every point which lies in a fundamental space corre-
sponding to a latent root « 4 1 satisfies equation (5).

We assume that A is in the canonical form described in § 6, and
suppose that & = 1 in equations (6). These become

Cx =0, )

where C is the skew-symmetric part of 4. In solving these equations
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we observe that the only submatrices of 4 which yield any non-zero
coordinates are those submatrices @, say, such that G— @ is a
singular matrix. These are the submatrices

D,(1), Fye), Fyle).
It is therefore sufficient to consider the case in which
A= De,(l)

D, (1)
Fy(f1)

" () :
Fy(g,)

Fy(g,)
0

By direct calculation we find that a basis for the solutions of (7)
is given by the set of vertices

Xy Xy Xoops Xoereg o5 Xotert..teq)tea (20 Points),

X X2e) X X2e+2f1—1r **°» X Z2e+2fy+...+1p-1)—(0—1) (b POintS)»
X 2Ze+2Zf—b> X 2Xe+2 Xf—b+2g,+1s ***s X 2 Ze+2 Zf—-b+2(g;+...4+gc— 1) +e—1)
(c points),

X Xpips o0 X (m=22e+23f+239-b+c).

The point P = XA; X, where the summation is over the suffixes
contained in the above table, lies on the locus

' Ax = Zayx,x, =0

if and only if
d-1
2(Ag A1+ ... +/\2d—2A2d—1) + X "g(el+...+ea)+¢ =0,
where =0
e =..=¢=1¢e,>landfy=..=f; =1, fr,,>1

A correlation may be singular for several reasons. If we consider
the canonical form, we see that A is singular if
(i) there are zero matrices on the principal diagonal;
(ii) there are submatrices D,(0) on the principal diagonal;
(iii) there are submatrices Fy(e) present; and
(iv) if there is a combination of (i), (ii) and (iii).
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If a correlation is singular because of (i) only, we shall say that
it is of the first kind. If it is singular because of (ii) and (iii) only,
we shall say that it is of the second kind.

If a correlation is singular on account of (i), by itself, or on account
of (iv), the canonical form is

(o
o o)
where 4, is an (m + 1) x (m + 1) matrix such that the correlation
u=A4,% (8)
in the §,, whose equations are
Tpp1 = .. =2, =0

is either non-singular, or singular only because of (ii) and (iii)
above. If S, _,,_, is the space

Zy=..=2, =0,
0 'm

no point of this space has a transform under the given correlation
in [n], but the transform of any other point, if it exists, passes
through 8,,_,,_,. We thus obtain the following construction for the
given correlation in [n]; if P is any point not in §,_,,_;, project P
from 8,_,,_, into the point P’ of S,,. Let II' be the transform of
P’ by the correlation (8) in S,,, and let IT be the prime joining IT’ to
S,—m-1- Then IT is the transform of P by the given correlation
in [n].

From this result it follows that the geometry of any correlation
in [n] can be deduced from the geometry of a correlation of the
second kind. The properties.of a singular correlation of the second
kind are most easily discussed by showing that such a correlation
can be represented as the product of a non-singular collineation
(of a kind which is, geometrically, particularly simple) and a
correlation (in the same space) of the first kind. We do this below.
Ultimately, therefore, the properties of singular correlations can be
made to depend on those of non-singular correlations in a subspace.

Let u = Ax

be a correlation of the second kind, where we suppose that A is
in canonical form and, to simplify our notation, we omit the
submatrices D,(x)(x=+0), Fy(e), Fy(e). Let D, (0),...,D,(0) be the
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diagonal submatrices corresponding to the latent root A = 0, and

let
° ‘Fs(gl)» esey Flls(gc)

be the diagonal submatrices of type Fy(e). The space of points having
no transform in the correlation is defined by the equations

Ax = 0.
By direct calculation this space is seen to be the S, . , spanned
by the ¢ points
XGI’ X2el+eg’ ceer X2(el+...+ez_1)+e¢’
and the ¢ points whose coordinates are of the form
(0,0,...,0, 1,1,...,1, 0, ..., 0).
[SSS——
gi+1

Each one of these ¢ points arises from a submatrix F(g,), and the
non-zero coordinates are g,+1 in number, their position corre-
sponding to that of the first g; + 1 rows of F;(g;) in the matrix 4.
Again, the primes which correspond to points in [#] with a
transform all pass through the space S, _, spanned by the ¢ points

Xo’ ch;’ s Xz(e1+...+e;_1)’
and the ¢ points

(0,0,...,0,1,—1,1, —1,..., +1, 0, ...,0).
m?|-1

Here also, each one of these ¢ points arises from a submatrix F(g,),
and the non-zero coordinates, which alternate in sign, are g;+ 1 in
number, their position corresponding to that of the first g; + 1 rows
of Fi(g;) in the matrix A. This space S;,,_, is evidently defined by
the equations A’z = 0.

It is immediately verified that S,,,_, and 8j,,_; do not meet. This
may also be seen from the fact that if the equations

Az =0 and A'x=0

have a common solution, the integer r, introduced into our discus-
sion, p. 415, of the canonical form is not zero, and therefore zero
matrices appear on the principal diagonal of 4, contradicting our
hypothesis that the correlation is of the second kind.
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When we consider the points which have the same transform
in the dual correlation as in the given one, we have only to
concern ourselves with the submatrices Fy(g,),..., Fy(g,), since
D,(0) — AD(0) is non-singular if A$0. Now

[Fy(9:)—AF5(9,)] =0

has a solution for each value of A. We see that all such solutions lie
in the space

0= T3 = oot = Xolg .. te)-1 = 0,
Xy setrgit1 = o0 = Ly zerag = 0y (10)
T3 Fet+20gy+ooutge DHe—Dtgerl = oo+ = Lo gera Tgte—1 = 0,

where 22e+22g+c—1=n+1.
Now consider the collineation

Y = xe,+i} (G=0 e, —1 11-1
Yerts = %4 seeser—1), ( )
Yoer+1 = x2e1+6-+i} (t=0,...,e,—1), (11-2)
Y2er+esti = Faey+i

. . . . . . .

=2 .
y2(el+...+ez_l)+i _ 2(e1+...+c¢_.1)+e;+i} (’l/ = 0’ ey €g— l), (11‘t)
Yoley+...+er_Prertt = Loley+...+e1- )+

Yoley+...+e0+2i = Toley+...+e)+2i> } ( 1 1°t')
Yoler+..4e0+2i41 = — Laley+...+ed+2i+1

where in (11-¢’) the suffix ¢ varies so that the equations range over
all the remaining coordinates. This collineation is evidently an
involutory collineation. If we write it in matrix form as

y = Cz, (11)
then c:=1,,,.

It transforms 8,,,_, into S;,, ;, and leaves the space defined in
(10) invariant. Now consider the correlation

u = ACy. (12)
Since u = (40)(Czx) = ACy = Az,

our given correlation of the second kind is now expressed as the
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product of the non-singular collineation (11) and the correlation (12).
We show that the correlation (12) is of the first kind. In fact, actual
multiplication of the matrices involved shows that the matrix 4C
is symmetric, and therefore the correlation (12) is necessarily of the
first kind. The vertex of the primes % in the correlation (12) is
84441, 8ince the solutions of

(40)Yy=0

are the solutions of A’y =0,

the matrix C being non-singular.
We conclude with some remarks on non-singular correlations.
These are most easily discussed by means of the associated

collineation y= Adz. (13)

The points, lines, etc., which have the same transform under (1)
and the dual correlation are precisely the united points, lines, ete.,
of (13), and we have discussed the methods of obtaining these in
Chapter VIII. We recall the theorem established in §4, that the
elementary divisors of 44 —AI,,,, which are those of 4—2A4’,
cannot be chosen arbitrarily, but if A = a (e¢+ + 1) is a latent root,
so is A = a~1. Applying VIII, §3, Th. V, gives us an interesting
geometrical result. Let  be any point of [#] which is not a united
point, and y its transform under (13). The line xy meets all the
fundamental spaces of the collineation (13), the point of intersection
with the fundamental space corresponding to the latent root « being

A, =y—ox.
We see that the points
Aa’ Aa-—l

are in involution, and if A = + 1 are latent roots of the collineation,
the points A4,, A_, are the united points of the involution.

As we have already seen, the correlation u = Az, when 4 is
non-singular, gives a prime-point transformation

y = Av. (14)
For if z lies in the prime v, » passes through the point y, where
u'y=a'A"y =2'v.

We can develop‘a similar theory for this prime-point correlation,
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which is, indeed, the same correlation as 4 = Az. In particular,
the correlation assoctated with (14) is

w = AAv,

and since (ﬁ) = A4,

this is the dual form of (13).

Finally, some aspects of the elementary theory of quadrics are
of interest in connection with the theory of correlations. If the
prime » which is the transform of the point x contains the point z,
this point satisfies the equation

‘a'u = 2'Ax =0,

or, equivalently, #Bx =0 (15)

where B=3}A+A4").

We call the locus of points given by (15) the incidence quadric
associated with the correlation u = Az. Similarly, the primes v
which contain their transforms under (14) satisfy the equation

v'Dv =0, (186)
where D=3 Ad+47).
We see that B = A'DA.

Let us assume that the correlation u = Az, besides being non-
singular, is such that B and D are non-singular. The point-equation
of the locus (16) is D1z = 0

For this to coincide with the incidence quadric (15) we must have
kD' =B

for some k in K. We determine the simple non-singular correlations
for which the ‘envelope’ incidence quadric (16) is the dual of the
incidence quadric (15).

The above condition is

4kl = (A1+A)(4+4)
=2l ., +AA+ 44",
or A4+ A4 = 22k -1) L.
Let Y = 4AA.
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Our last condition is

Y2-2(2k—1)Y +1,,, = 0.

Hence, since Y #+ Al 4, the minimum function of the matrix Y is
[cf. II, §10]
Y(A) =A2-2(2k-1)A+1.

By II, § 10, Th. III, the last invariant factor of ¥ — AL, is ¥(A),
and therefore all invariant factors divide y(A). We consider the
following possibilities:

(i) 26—14 +1. If &, a1 are the roots of yr(A) = 0, neither of
these roots is equal to + 1. The elementary divisors of ¥ —AI,,,
as we remarked in § 4, occur in the pairs (A —a)e1, (A —a~1)a. Since
the product of all the elementary divisors is of degree » + 1, it follows
that n+ 1 is even. Finally, since the last invariant factor is simply
(A—a)(A—a1), the elementary divisors of Y —Al, , consist of
3(n+1) elementary divisors (A—oa), and an equal number of
elementary divisors (A—a~!). Hence 4 can be reduced to the form

A= (D)
D,(x)

D,(a)

where, in the usual notation,

Dy() = (fl) 3)°

Conversely, it is easily verified that if 4 is taken in this form, with
any o which is neither zero nor +1, then

kD1=B (k+0),

where b= (x+1)2
40

(ii) 26—1 = 1. The minimum function is now (A—1)2, and the
elementary divisors of Y —AZl,,, are all of the form (A-1) or
(A—=1)3. Since, by §6, Th. I, there must be an even number of
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elementary divisors of the latter type, A can be reduced to the

form
A= [F@)
F(2)

F\(2)

where [§ 6, (i)]
F(2) =

-0 oo

0 0

01

1 0
-1 0
We may again verify that if 4 is given in this form it satisfies all
our requirements.

(iii) 2k—1 = —1. The minimum functionis (A+1)?, and A = —~1
is a latent root of the matrix Y. It follows that

B=3}4+4")

is singular, contrary to our hypothesis.



BIBLIOGRAPHICAL NOTES
Book 1

A considerable part of the material of Chapters 1-1v will be found in
works on Modern Algebra, such as Albert (1), Dickson (5), Macaulay (9) and
van der Waerden (10). As far as we know, the development of the theory
of linear dependence over a non-commutative field, given in Chapter 11, is
new, and the algebraic theory of Jacobians given in § 7 of Chapter 11 has
not previously been published. In Chapter 1v we have preferred to use the
term resultant-forms instead of the literal translation tnertia-forms of the
Tréagheitsformen introduced by Hurwitz.

Book IT

Chapter v. The method given here for defining a projective space has
been used by Lefschetz (8) for the case of a comrnutative field, and is
derived from Veblen and Whitehead (11). The development for a non-
commutative field given here has not previously been published.

Chapter vi. Much has been written on the axiomatic foundations of
projective geometry. For a full account of these writings, the reader is
referred to the article by Enriques (6) and to Baker (2). The method followed
here bears most resemblance to that adopted by Veblen and Young (12),
but differs from their treatment in the choice of the initial axioms, and in
the introduction of coordinate systems before the imposition of limitations
which effectively restrict the field from which the coordinates are taken.
The development in Chapter 11 of the theory of linear dependence over a
non-commutative field was designed to make this treatment possible.

Chapter vii. The use of coordinates to distinguish linear spaces originated
with Grassmann and was developed into line-geometry by Pliicker. Refer-
ences will be found in the article by Segre (7), and an account is given in
Bertini (3). Properties of determinants which are in effect Grassmann co-
ordinates play an important part in the algebraic theory of invariants.
The basis theorem of § 7 was first proved by Mertens. Our proof is similar
to that given by Weitzenbock [Proc. K. Akad. Wetensch. Amsterdam,
vol. xxx1x, p. 503 (1936)].

Chapter vimr. The geometrical theory of collineations has been fully dis-
cussed by Segre. For references see Segre (7). An account is given in
Bertini (3). The treatment given here is more algebraic than either of these.

Chapter 1x. The account of correlations given here is based on the
simultaneous consideration of symmetric and skew-symmetric bilinear
forms, which derives from the treatment of two quadratic forms given in
Bromwich (4), who bases his work on that of Kronecker. For the geometrical
aspects reference should be made to Segre (7).
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INDEX

(The numbers refer to the page where the term occurs for the first time in the
book or is defined)

Abelian or commutative group, 3
of operations on a matrix, 73
Addition of points on a line, 253
Additive group, 3
Adjugate matrix, 81
Adjunction of algebraic element, 103
of indeterminate, 19
Algebra of points on a line, 253
Algebraic closure of a field, 96, 112
dependence, 108
element of extension field, 102
Algebraic extension over a field, 106
primitive element of, 126
simple, 101
Algebraic functions, 107
differentiation of, 128
Algebraic funection field, 107
independence, 108
point of projective space, 179
Algebraically closed field, 96, 112
Allowable coordinate systems, 178
Allowable transformations, 59
of restricted type, 367
Alternating group, 5
Apolar vectors, 69
Associated collineation, 365
Associated coordinate systems, 186
Associative law of composition, 2
for multiplication of matrices, 52

Basis, finite algebraic, 108 -
for extensions of finite degree, 106
for ideal, 142
for linear set, 45
Basis for linear space, 183
derived from Grassmann coordinates,
300
in incidence space, 209
Basis, minimal algebraic, 108
Basis theorem for Grassmann co-
ordinates, 3156
theorem, Hilbert’s, 142
Bilinear correspondence, 365
form, 3656
Binary form, 148
forms, resultant of two, 160
Block matrices, 63

HPI

Canonical form for
collineations, 331
correlations, 411
A-matrices, 88, 92
matrices, 60, 62
null-polarity, 380
polarity, 372
projective transformation, 323
skew-symmetric bilinear form, 378,
380
symmetric bilinear form, 368, 372
Chain of perspectivities or projectivity,
217
Characteristic equation of matrix, 95
Characteristic function of matrix, 95
Characteristic of ring, 14
Characteristic matrix, 95
polynomial of algebraic element,
102 '
Coefficients of polynomial, 20
Cofactor of element in determinant, 77
Collinear points, 191
Collineations, 327
as product of null-polarities, 383
as product of null-polarity and
polarity, 389
as product of polarities, 376
associated with correlation, 365
canonical form, 331, 332
cyclic, 352
fundamental space corresponding to
latent root, 336
in [3], 350
induced in linear space, 342, 343
non-special, 336
particular, with only one fundamental
space, 356
Segre symbol for, 350
similar, 328
singular, 358
special case, 336
united points of, 334
with only one united point, 344
Column of matrix as right-hand vector,
66
matrix printed as row matrix, 50
rank of matrix, 66
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Commutative or Abelian group, 3
Complement of matrix, 72
Complete factorisation of element in
integral domain, 29
Cémpletely reducible polynomial, 112
Compound matrix, 291
Concurrent lines, 191
Condition for commutative field, 202
Conjugate points in polarity, 367
spaces in polarity, 3756
Consequences of assuming Pappus’
Theorem, 274
Construction for 0+ U(a+£), 197
for 0+ Uag, 199
Coordinate of point in a scale, 259
Coordinate systems, allowable, 178
associated, 186
related, 283
scale, 283
Coordinates, Grassmann, of linear space,
289
of a projected space, 308
Coordinates of point in a reference
system, 262
set of, for point in projective space,
178
Correlation between distinct spaces, 362
Correlation, canonical forms for
general correlation, 418
null-polarity, 380
polarity, 372
simple correlation, 394
Correlation,
exceptional points, 362
geometrical loci connected with, 421
in [n], 364
non-singular, 426
permissible transformations for re-
duction of, 399
simple, geometrical properties of, 419
singular, 422
singular of first and second kind, 423
Cyeclio collineations, 352

Decomposition of element into factors,
28
Degree of extension of finite degree, 105
of a polynomial, 20
Delta symbols used in determinant
theory, 74
Dependence, algebraic, 108
linear, 43
Derivative of a polynomial, 119
of a rational function, 120
Desargues’ Theorem, 191
assuming Pappus’ Theorem, 272

INDEX

converse, assuming the theorem, 198
general case, 194
in an incidence space, 213
Determinant,
cofactor of element in, 77
effect of interchange of rows, 80
Laplace’s expansion of, 756
of matrix product, 78
of skew matrix, 86
Determinants, 73
value of certain, 79
Diagonal points of a quadrangle, 244
Diagonals of a quadrangle, 244
Differentiation of algebraic functions,
128
of polynomials, 119
Dimension of extension over a field,
110
of a linear set, 45
Displacement on a line, 356
Distributive law for elements in a ring, 6
for multiplication of matrices, 52
Division algorithm, 24
Divisor of a polynomial, 25
of zero, right-hand, left-hand, 13
Dual correlation, 365
Grassmann coordinates, 292
projective transformation, 323
relationship between solutions of
linear equations, 70
spaces, 188
theorems, 190
Duality, Principle of, 190

Elementary divisors of A-matrix, 92
Elementary transformations, 63
on A-matrices, 88
Envelope incidence-quadric, 427
Epsilon symbols used in determinant
theory, 73
Equation of projectivity on a line, 281
Equations, homogeneous linear, 68
solution by determinants, 84
Equations in several unknowns, 1569
non-homogeneous linear, 85
of a linear space, 188
Equivalence relation, 10
Equivalent extensions of a commuta-
tive field, 101
factorisations, 29
A-matrices, 88
(n+1)-tuples, 176
primes in a u.f.d., 30
rings, 10
solutions of homogeneous equa-
tions, 140



INDEX

Even permutation, 5
Exceptional points of a correlation, 362
of a singular projective transforma-
tion, 322
Exchange theorem
for linear sets, 45
generalised form, 108
in projective space, 182
Extensions, equivalent, of a commuta-
tive field, 101
Extensions of a commutative field, 101
of finite degree, 105
of projective number space, 178
of projective space, 179

Factor of element in integral domain, 28
Factorisation, complete, 29
in an integral domain, 27
in polynomial rings, 33
of polynomials, 111
Factorisations, equivalent, 29
Field, 13
algebraic closure, 96, 112
algebraically closed, 96, 112
commutative, 13
example of non-commutative, 39
formed by points on a line, 258
ground, 41
Field obtained by adjunction of alge-
braic element, 103
of transcendental element, 104
Field of characteristic p, 37
of coefficients of set of equations, 146
Field of geometry algebraically closed,
274
commutative, 272
in an incidence space, 259
without characteristic, 273
Field of rational functions of z, 38
of ,, ..., z,, 39
Field, root, of a polynomial, 114
Fields, examples of, 37
Finite algebraic basis, 108
Finite geometries, 205
Form, 140
binary, 148
Forms, canonical, see Canonical form
Fundamental projectivities on a line,
278
Fundamental space corresponding to
latent root of collineation, 336
to infinite latent root of correlation,
420
to zero latent root of correlation, 419
Fundamental space, rule for its deter-
mination, 336
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spaces, their join, 336
theorem of algebra, 112

General correlation, 395
Generic linear space, 315
Geometrical loci connected with corre-
lations, 421
properties of a simple correlation,
419
Grassmann coordinates, 288
basis theorem, 315
determine basis for linear space, 300
dual, 293
elementary properties, 297
intersections and joins, 304
linear space with given, 312
of linear space, 289
of projected space, 308
quadratic p-relations, 309
relation between, and dual, 294
three-term p-relations, 311
Ground field, 41
Group, 2
additive, 3
alternating, 5
commutative or Abelian, 3
inverse of element in, 4
non-commutative, 3
of operations on a matrix, 73
of projective transformations, 177
subgroup, 5
symmetric, 5
unity of, 4
zero of, 4

Harmonic conjugates, 224
special case, 229
Harmonically conjugate pairs, 230
Highest common divisor of two poly-
nomials, 26
factor of elements of integral
domain, 31
Hilbert’s basis theorem, 142
zero-theorem, 165
Homogeneous equations, 140
linear equations, 68
Homographic ranges, 217
Homology, 356
involutory, 356

Ideal, 11
basis for, 142
defines equivalence relation in rings,
12
improper, 12
prime, 168
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Ideal (cont.)
resultant, 166
right-hand, left-hand, 11
unit, 12
Ideils associated with sets of equations,
140
Improper ideal, 12
Incidence; Propositions of, 185, 208
Incidence quadric of correlation, 427
Incidence space of n dimensions, 211
as a P} (K), 272
as a P7(K), 2569
Independence, algebraic, 108

linear, 43
Independent indeterminates over a
tield, 105

Indeterminate, adjunction of, 19
Indeterminate coefficients, system of
equations with, 146
Indeterminates, independent over &
field, 106
Infinity, properties of, 280
Integral domain, 13
indeterminate over, 21
quotient field of, 156
Intermediary line in projectivity, 218
Intersection of linear spaces, 189
in an incidence space, 211
in Grassmann coordinates, 304
Invariant factors of A-matrix, 92
Invariant of null-polarity, 380
of polarity, 372
Inverse matrix, 55, 81
of element in a group, 4
Involution on a line, 352
Involutory homology, 356
particular collineation, 355
transformation, 352
Irreducible polynomial, 27
Isobaric, 165
Isomorphjsm between rings, 10
Isomorphism, skew, 175

Jacobian, 133
matrix, 133
Jacobi’s theorem on determinant of
submatrix of adjugate matrix,
82
Join of fundamental spaces in a colli-
neation, 336
Join of linear spaces, 189
in an incidence space, 211
in Grassmann coordinates, 306

Kronecker delta, 54

INDEX

A-matrices, canonical forms for, 88, 92
elementary transformations on, 88
equivalence of, 88

A-matrix, 86
elementary divisors of, 92
invariant factors of, 92

Laplace’s expansion of determinant, 75

Latent roots of & matrix, 95

Law of composition, 2

Leading term of polynomial, 142

Left-hand projective space or P;(K),

185

Left-hand vector, 48
row of matrix as, 56

Line, united, containing only one

united point, 350
meeting vertices of fundamental
stars, 342
Linear complex, 381
dependence, 43
independence, 43

Linear dependence, in P7,(K), 180

of one point on others in projective
space, 182

of points in an incidence space, 208,
268

Linear homogeneous equations, 68
manifold of solutions, 69
right-hand, 69
solution by determinants, 84

Linear non-homogeneous equations, 85

Linear set, 41
basis for, 45
dimension of, 45
left-hand, 41
minimal basis for, 45
right-hand, 42

Linear space, 183, 208
basis for, 183
equations of, 188
generic, 315
with given Grassmann coordinates,

312

Linear spaces, intersection of, 189, 211
join of, 189, 211

Lying in, relation between linear spaces,

184

Manifold of solutions of linear homo-
geneous equations, 69

Matrices, 49
over a commutative field, 71
postmultiplication of, 51
premultiplication of, 57
product of, 51
ring of square, 7, 54



INDEX

Matrices (cont.)
square, 54
sum of, 50
Matrix,
adjugate, 81
characteristic, 95
characteristic function of, 95
column printed as row, 50
complement of, 72
compound, 291
determinant of, 74
determinant of product, 78
division into blocks, 53
Jacobian, 133
product, 51
rank, 65
regular, 55
ring, 54
rows as vectors, §0
singular, 72
skew-symmetric, 86
square root of, 96
submatrix, 52
symmetric, 86
transformations of, 68
transpose of, 66
transpose of product, 72
zero, 51
Minimal algebraic basis, 108
basis of linear set, 45
Minimum function of matrix, 96
Minus sign, multiplicative property, 10
Multiplication of matrices, associative
law, 52
distributive law, 52
Multiplication of points on a line, 256

(n+ 1)-tuple, 176
(n+ 1)-tuples, equivalent, 176
Negative of element in additive group, 4
Non-commutative field, 39
group, 3
Non-Desarguesian geometry, 213
Non-homogeneous equations, 162
linear equations, 85
Non-singular correlations, 426
projective transformations, 322
Non-special collineation, 336
Null-polarity, 366, 378
canonical form for, 380
invariant of, 380

0Odd permutation, 5

One-to-one correspondence, 10
defined by perspectivity, 216

Order of square matrix, 362
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P;(K) or left-hand projective space of
dimension n over K, 185
P7 (K) or right-hand projective space of
dimension n over K, 178
Pappus’ theorem, 203
consequences of, 274
Partial derivatives, 121
Particular collineations, 354
with only one fundamental space,
356
Particular involutory collineation, 355
Pencil of lines, 216
Permissible transformations for re-
duction of correlation, 399
Permutation, even, odd, 5
Perspective ranges, 216
Perspective, triangles in, 192
PN i‘(K ) or left-hand projective number
space of dimension n over K,
176
PN7.(K) or right-hand projective num-
ber space of dimension n over K,
176
Point in projective space, 178
algebraic, 179
rational, 179
symbolic notation for, 181
transcendental, 179
Point triad, 245
Polarities, 367
Polarity, 366
canonical form, 368, 372
conjugate points in, 367
conjugate spaces in, 375
invariant of, 372
vertex of, 374
Polynomial, 20
characteristic, of algebraic element,
102
coefficients of, 20
completely reducible, 112
degree of, 20
derivative of, 119
divisor of, 25
irreducible, 27
leading term of, 142
primitive, 33
Polynomial rings, 19
Polynomial, root of, 114
root field of, 114
symmetric functions of roots of, 115
total degree of, 115
zero of, 114
Polynomials, in a non-commutative
ring, 23
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Polynomials (cont.)
relatively prime, 26
specialisation of, 22
Taylor’s theorem for, 122
Postmultiplication of matrices, 51
Premultiplication of matrices, 51
Prime or S,_,, 211
Prime ideal, 168
element of integral domain, 28
Primes, equivalent, in integral domain,
30
star of, in projective space, 339
Primitive element of algebraic exten-
sion, 126
polynomial, 33
Principle of duality, 190
Product of matrices, 51
of projective transformations, 177
Projective correspondence between
points and spaces, 326
Projective number space, 176
extension of, 178
Projective ranges, 217
Projective space of n dimensions, 178
point in, 178
Projective transformation, 322
canonical form, 323
dual, 323
exceptional points of, 322
non-singular, 322
rank of, 323
singular, 322
singular space of, 3256
vertex of, 3256
Projective transformations, 177, 322
group of, 177
Projectively identical linear spaces,
186
invariant constructions, 231, 238
Projectivities, fundamental, on a line,
278
Projectivity or chain of perspectivities,
217
equation of, on a line, 281
Proper divisor of a polynomial, 25
Properties of infinity, 280
Propositions of incidence, 185, 208

Quadrangle, 244
Quadrangular set of points, 245
Quadratic p-relations for Grassmann
coordinates, 309
alternative form, 312
Quadric, 375
envelope incidence, 427
incidence, of correlation, 427

INDEX

Quaternions, 40
Quotient field of integral domain, 15

r-way spaces, 206
Range of points, 216
Ranges, homographically related, 217
in perspective, 216
projectively related, 217
Rank of a matrix, 65
column-rank, 66
connection with determinants in
commutative case, 84
row-rank, 60
Rank of projective transformation, 323
Rational point of projective space, 179
Reference system in incidence space,
249
Regular element, or unit, of ring, 13
matrix, 55
Related coordinate systems, 283
ranges, 216
Relation of one linear space lying in
another, 184
Relatively prime polynomials, 26
Remainder theorem, 25
Representation of incidence space as a
P7(K), 259
Restricted type of allowable trans-
formation, 367
Restrictions on the geometry in an
incidence space, 272
Resultant-forms, 166
Resultant ideal, 166
for set of binary equations, 156
of (n+ 1) homogeneous equations in
(n+ 1) unknowns, 170
of two binary forms, 150
system for equations in several un-
knowns, 159
Resultant, properties of, 152
Right-hand linear homogeneous equa-
tions, 69
Right-hand vectors, 48, 65
columns of matrix as, 66
Ring, 6
characteristic of, 14
condition for field, 13
condition for integral domain, 13
not a u.f.d., 29
of coefficients of set of equations, 148
of square matrices, 54
polynomial, 19
regular element, or unit, of, 13
unit, or regular element of, 13
unity of, 12
without characteristic, 14
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Rings, 6
classification of, 12
equivalence between, 10
extension of, 11
isomorphie, 10 '
subrings, 11
Root of polynomial, 114
field of a polynomial, 114
Roots, latent, of a matrix, 95
Row-rank of a matrix, 60
Rows of matrix as vectors, 56
Rule for determining fundamental
space of collineation, 336
vertex of united primes of dual
collineation, 339

Scale coordinate systems, 283
Scale on a line, 253
Segre symbol for collineations, 350
for singular collineations, 361
Self-conjugate points in a polarity,
367
S} in a null-polarity, 382
Set, linear, 41
Set of coordinates of point in projective
space, 178
Signed minor or cofactor, 77
Similar collineations, 328
Simple algebraic extensions, 99
Simple correlations, 390
geometrical properties, 419
Simplex in an incidence space, 211
of reference in projective space,
182
Singular collineations, 358
Segre symbol, 361
Singular collineations in [3], 361
Segre symbol, 361
Singular correlations, 422
of first and second kind, 423
Singular matrix, 72
projective transformation, 322
space of a projective transforma-
tion, 325
Skew-isomorphism, 176
Skew-symmetric bilinear form, 366
canonical form, 378, 380
Skew-symmetric matrix, 86
Solution of linear homogeneous equa-
tions, 68
by determinants in the commutative
case, 84
Solutions of a set of equations, 139
Space, incidence, 211
linear, 183, 208
of points with no transform, 358 '

439

projective, 178
projective number, 176
Special case of collineation, 336
of harmonic conjugacy, 229
Specialisation of polynomials, 22
Square matrices, 54
root of a matrix, 96
Star of primes, 339
vertex of, 339
Subgroup, 5
Submatrix, 52
Subring, 11
Symbolic notation for points in pro-
jective space, 181
Symmetric bilinear form, 366
canonical form, 368, 372

' Symmetric functions of roots of a

polynomial, 115
group, &
integral function, 115
Symmetric matrix, 86
Symmetric matrix, lemma on rank, 403
System of equations with indeter-
minate coefficients, 146
System of reference in incidence space,
249

Taylor’s theorem for polynomials, 122
Three-term relation for Grassmann co-
ordinates, 311
Total degree of a polynomial, 115
Transcendental element of extension
field, 102
extension of a field, 104
point of projective space, 179

Transform of set of vectors, 49
Transformations, allowable, 59

elementary, 63 ’

of general correlation, 395

of matrix, 58

projective, 177, 322
Transpose of matrix, 66

determinant of, 74
Transpose of matrix product, 72
Transposition permutation, 6
Triangle, 191
Triangle triad, 245
Triangles in perspective, 192
Trivial decomposition into factors, 28

U.f.d. orunique factorisation domain, 29
Unit or regular element of ring, 13
Unit ideal, 12
United k-spaces of a collineation, 344
lines of [n], 348
points of a collineation, 334



440 INDEX

Unity of a group, 4 Vertex of a polarity, 374
of a matrix ring, 8, 54 of a projective transformation, 326
of a ring, 12 of a star of primes, 339

Unknowns, 139
of linear homogeneous equations, 88 Weight of isobaricpolynomial, 165
u-resultant of system of equations,

171 Zero, divisor of, 13
matrix, 51
Vectors, apolar, 69 of a group, 4
given by columns of matrix, 66 of a matrix ring, 7
given by rows of matrix, 56 of a polynomial, 114

right-hand, left-hand, 48 -theorem, Hilbert’s, 165
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