TIGHT BINDING BOOK



UNIVERSAL
LIBRARY

OU_164427

AdVvddl
1VSHIAINN






OSMANIA UNIVERSITY LIBRARY

Call No. )/(o///ig 7 Accession No. 19/ |
Author Hw"k ’h{”‘ﬂ

lltlcfuhodAJw £, Z’Q ﬂ,e@y cF

Thls l)ook Olg(f be rcturned on or beforc "the date
last marked below.






INTRODUCTION

TO

THE THEORY

OF

ANALYTIC FUNCTIONS

BY

PROFESSOR JAMES HARKNESS
AND

PROFESSOR FRANK MORILEY

REPRINT 1924,

G. E. STECHERT & Co.

NEW-YORK






PREFACE.

HE present book is not to be regarded as.an abridged and
more elementary version of our treatise on the theory of
functions, but as an independent work. It has been composed
with different ends in mind, deals in many places with distinct
orders of ideas, and presents from an independent poinl of view
such portions of the subject-matter as are common to both
volumes. In the treatise our desire was to cover as fully as
possible within the limits at our disposal a very extensive field
of analysis, and the execution of this plan precluded the
possibility of allotting much space to preliminary notions. At
the same time wec recognized that readers approaching the
subject for the first time could not fail to be hampered by the
non-existence in English of any text-book giving a consecutive
and elementary account of the fundamental concepts and
processes employed in the theory of functions; subsequent
experience and inquiry has only strengthened our belief that
if English and American students are not to be placed at a
disadvantage as compared with their foreign brethren they
should have ready access to text-hooks which discuss topics of
the kind indicated above. It was to an attempt to meet these
requirements to the best of our ability that the present volum:
owes its genesis, and this is its bond of connexion with the
treatise.
The theory of functions, by virtue of its immense range and
vitality and its innumerable points of contact with other branches
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of mathematics, has taken a central position in modern analysis,
and has made its influence felt in all parts of the mathematical
domain. It is not surprising accordingly to find that such of
the current text-books as have been composed in the modern
spirit show numerous traces of the inrush of new ideas due to
a wider acquaintance with the theory of functions, and that
they are, both as regards structure and aim, poles apart from
those of the preceding generation. There is, however, much
still to be done in the direction of recasting elementary mathe-
matics in the light of recent knowledge; in particular works in
English that treat of the scientific parts of arithmetic show little
if any trace of recent discoveries with respect to the number-
system. As wec felt that it would be unsafe to assume any
acquaintance with the various modern views on the nature of
ordinal and cardinal numbers, and as it was indispensable for
the proper comprehension of the succeeding chapters that the
meaning of the term ordinal number should be clearly appre-
ciated, we have devoted the first chapter to the discussion of
what- is meant by an ordinal number. This chapter is not and
lays no claim to being a scientifically complete account of the
matter; it will serve its object if it conveys to the reader a
distinct image of a number divorced from measurcment.

In places we have gone afresh over old ground; this has
been done either for the sake of organic unity, or in order to
emphasize by means of simple examples ideas which appear
later in more difficult and complicated forms. It has in fact
been our desire to keep the difficulties of the subject apart from.
those which are merely difficulties of technique. In carrying
out this plan we have consistently chosen the simplest available
examples. '

As regards the theory of functions proper we had to
make a choice between the methods of Cauchy and those of
Weierstrass. While fully alive to the wonderful beauty and
power of Cauchy’s theory, we decided eventually in favour of
Weierstrass’s system. Weierstrass has himself stated with his
usual lucidity and force the reasons which have led him to
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prefer his own scheme to that of Cauchy and Riemann for the
purposes of a systematic construction of a theory of functions.
In a letter to Prof. Schwarz (Weierstrass, Ges. Werke, vol. ii.
p- 235) he says :—*“ The more I reflect upon the principles of the
theory of functions,—and I do 'so incessantly,—the stronger
becomes my conviction that this theory must be built up on the
foundation of algebraic truths and that therefore it is not the
right way if we proceed conversely and call into play the
transcendental (to express myself briefly) in order to establish
simple and fundamental algebraic theorems,—however attractive,
for example, the considerations may be by which Riemann
discovered so many of the most important properties of algebraic
functions. It is self-evident that all routes ought to be free to
the investigator, while engaged on his researches; I am thinking
only of the systematic establishment of the theory.” It has
seemed to us that for the purposes of an #ntroductory work it
was important to secure the advantages of homogencity, intrinsic
logical consistency, and the gradual passage from the simple to
the complex in place of the reverse, which form so marked a
feature of Weierstrass's system. With this in mind we have,
in the main, followed Weierstrassian lines. It would, however,
have been mere pedantry to exclude all geometric considerations
from a book intended for the use of beginners. This is the
justification,—if any justification should be thought necessary,—
of the geometric chapters.

The bilinear transformation has been discussed in much
detail. This transformation is interesting in itself and can be
used effectively to bring out many points of importance for
the general theory; furthermore it is playing an increasingly
prominent part in recent mathematical work and a complete
mastery of its properties is now an indispensable prerequisite
for the study of the more advanced portions of our subject.

Wihout entering into minute particulars with respect to
the remaining chapters we may indicate in a few words thc
general principles which have guided us in our choice of
materials. We have kept steadily in view the desirability of
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making the book elementary, wherever that was possible
without any sacrifice of thoroughness; we have sought to
remove erroneous notions which we have found prevalent
among beginners; we have tried to avoid a one-sided develop-
ment and to bring home to the mind of the student the vital
significance of theorems which may appear wholly abstract by
using such concrete illustrations as elliptic functions, definite
integrals, the potential, etc.; and finally we have excluded,
intentionally, all theorems and results which, however beautiful
intrinsically, seem unlikely to be of assistance to the student
who proposes to carry his studies further. If we should
prove to have met with soine measure of success in carrying
out this arduous programme, we shall be amply rewarded.

We have not given many references, partly because this has
been done very fully in our larger book, partly also because we
have used our material in a way which differs widely from that
employed in other books.

Mr Arthur Berry, M.A., Fellow and Assistant Tutor of
King’s College, Cambridge, has been untiring in his assistance in
the revision of the proof-sheets. His great knowledge of the
subject and keen critical insight have enabled us to make many
improvements both in substance and form, and in numbecrles=<
ways his advice has been of the greatest value to us. To other
friends who have taken an interest in the progress of this work
we desire to express our sense of gratitude.

Finally we must thank the Macmillan Company and the
Officers of the Cambridge University Press for the help that
they have given to us in the publication of this volume, and for
their admirable etficiency in the preparation and printing.

J. HARKNESS.
F. MORLEY.

June 11, 1898.
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INTRODUCTION TO THE THEORY OF
ANALYTIC FUNCTIONS.

CHAPTER L

THE ORDINAL NUMBER-SYSTEM.

1, Ordinal Numbers. Let us consider a row of objects
with regard to their order, say from left to right, freeing our
minds from all notions of magnitude. We speak of the first,
second, third object, and so on; and by an integer we mean
simply a mark which we attach to an object to tell its place
in the row. The objects so marked form what may be called
the row of natural objects, or the watural row.

To count is to label the objects, not primarily to say how
many they arc; we use this latter notion, but we must empha-
size the former. We could begin with the object marked 3 and
re-label it 1, then re-label 4 as 2, and so on. This is expressed
by writing

3—2=1, 4—2=2,
meaning that if we begin after the object whose old mark was
2, then the object which was third becomes first, and so on.
The beginning after an object instead of with it suggests that
our original row might begin after an object; this object we
mark o0 and call the origin. If therc are objects to the left
of the origin we count them in the same way ; only we prefix
the sign — to show that they are to the lcit, and call the marks

M. H. I



2 ORDINAL NUMBER-SYSTEM. [CH. I

so altered megative integers, distinguishing the old marks as
positive ; the marks now are

.=3, —2,—1,0, I, 2, 3, ....

When one object a is to the left of another a’ we say that
a comes before o' or is inferior to a’, and &’ comes after a or is
superior to a; and we write a<a’, @ >a. Here a, o/ mean of
course integers, positive or negative.

Objects considered as a succession from left to right are
in positive order ; when considered from right to left 7n negative
orler,

2. Fractions. We now attend only to zero,—the object
from which (not at which) we begin,—and to the objects on the
right of it. We can re-label the alternate objects 2, 4, 6, ...,
marking them 1, 2, 3,...} see fig. 1, where the old names are
below the objects, the new above. We must then invent marks

for the objects formerly marked 1, 3, 5,.... They can be marked
1,3,8,...,0r1/2, 3/2,5/2,....

Fig. 1.

Conversely we are at liberty to interpolate alternate objects
in a given row O, 1, 2, 3, ..., only then we mark them 1/2, 3/2, 5/2,
and so on.

In the same way we can interpolate two objects betwecen
every consecutive two of the given row o, 1, 2, 3,..., marking the
new objects in order as 1/3, 2/3; 4/3, 5/3; and so on.

In this way we account for the symbols 1/, 2/, ..., where
2 is any positive integer; let us call these symbols positive
fractional numbers. By positivc rational numbers we understand
both positive integral and positive fractional numbers.

If we interpolate single objects in the row

o, 1/2, 1, 3/2,...,
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we have the same sequence of objects as if we interpolate objects
by threes in the row

o, 1, 2,..;
and our objects are therefore marked

o, 1/4, 2/4, 3/4, 1,....
Hence 1/2 and 2/4 are two marks for the same object. When
we find two marks attached to the same object we say that they
are equal ; thus we write
1/2 = 2/4.

A row marked o, 1/6,5/6,1/3, 1/2, 2/3, 1,... s to be understood
as arising from the interpolation of objects by fives; that is, by
introducing the objects 1/6, 2/6, 3/6, 4/6, 5/6,..., or 1/6, 1/3, 1/2,
2/3,5/6,.... As 2/6 comes before 3/6 we say that 1/3 < 1/2.

We may interpolate as many objects as we like in the
natural row, and by the principle of the least common denomi-
uator we can interpolate so as to explain any assigned positive
fractional marks /£, /,,..., /5. Also, given any positive rational
mark 7 other than zero, we can interpolate rational marks between
o and . When no object can be made to fall between an
assigned object and o, that assigned object must itself be o.

The same observations apply to the negative numbers.

We can think of an infinity of objects as interpolated in the
natural row so that each shall bear a distinct rational number
and so that we can assert which of any two comes first. It is
to be noticed that as we approach any of the natural objects
there is no last fractional mark ; that is, whatever object we take
there are always others between it and the natural object.

3. Irrational Numbers. Progress in other directions
leads us to the notion of square numbers; in considering these

0
X X X X X X X X X X
0 56 6 7 8

©w X W

from the ordinal point of view we re-name our natural row as in
fig. 2, where the old names are below, the new above ; and we

I—32
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have to consider how then to bring the omitted objects into the
scheme of ordinal numbers. Every object whose new name is
fractional had a fractional name, so that the object whose old
name was 2 cannot now have a rational name at all. We give it
a name which we call irrational ; we call it the positive or chief

square root of 2 and mark it ¥2 or 2. As an ordinal number
it is perfectly satisfactory, for we know where it comes, whether
left or right of any proposed rational number, simply by means of
the old naming. Hence it separates a// the rational numbers into
two classes, those on its left and those on its right. A rational
number separates all o#%er rational numbers into two classes ; we
put it in one of these classes, and say that it closes that class.

Any process which serves to separate rational numbers into
two classes,—those on the left, and those on the right, such that
the left-hand class is not closed on the right and the right-hand
class Is not closed on the left,—leads to the introduction of a
new object named by an irrational number.

' If a class,—for example the left-hand class,—is closed by an
object, we require no new object.

Two numbers rational or irrational,—to fix ideas we will take
them both irrational and equal to s and s',—are said to be equal
if the rational objects to the left of s are the same as those to
the left of &, and the rational objects to the right of s are the
same as those to the right of 5. For example, 4%, 2% effect the
same separation of the rational numbers. An equivalent con-
dition for the equality of s, s’ is that every rational number to
the left of s shall be to the left of ', and cvery rational number
to the left of 5" shall be to the left of s.

Between two unequal irrational objects s and s’ there must
lie rational objects; for since s and s’ are not equal there must
be a rational number which is before one of the two and not
before the other.

It is very important to notice that. we have now a closed
number-system. When we seek to separate the irrational objects
as lying left or right of an object, either the object is rational, or
if not it separates rational objects and is irrational ; in any case
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then it must have for its mark a rational or irrational number,
and there is no loophole left for the introduction of new
real numbers which separate existing numbers. This is often
expressed briefly by saying that the whole system of positive
and negative integral, fractional, and irrational numbers is
continuous, or is a continuumn.

4. The change of Origin. Let us call the objects
associated with the continuous number-system the complete
row of objects. This complete row is built into the natural row
in the manner described above, the only postulate with regard
to the natural row being that of auy pair of objects we can say
that one lies to the left of the other. In the complete row there
are objects integral as to any object x in precisely the same way
as the integral objects with which we began are integral as to
one of them which was taken as zero.

When x is itself an integer this is clear, and has already been
used ; it is only saying that we can begin our naming from
any one of the natural row. But it follows that every object
x, between 1 and 2 stands to some object x, or say =z,
between 0 and 1 in this relation of congruence; that is, if we
begin our naming from 1 as origin, then the object x, will now
have to be called z/, or, with the notation of § 1,

’

r—1=x/
0 x! x)
X X X X X X X
(] x, 1 X, 2 x, 8
Fig. 2.

We can utilize this periodic property to name all objects by
integers and prgper numbers, where by proper numbers we mean
names of objects between ¢ and 1, 0 included and 1 excluded.
the last suppositions being made to avoid periphrasis. This is
expressed by writing, in the case above,

z, =1 +x1’.
So if z, lie between 2 and 3 (3 excluded) we have

X,—2=X%,,
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where z, is a proper number. This we can express by
r,=2+x,
and so on.
In this way the idea of ordinal addition is established in

general without reference to quantity.

6. The Decimal System. We can name our complete
system methodically as follows. To avoid too many marks we
select the g digits, 1, 2,..., 9, as marks for objects after zero;
and name the following by two marks 10, 11, 12, and so on, up
to 19; those following by 20, 21, and so on. In this way all
integers are named.

We first interpolate g9 objects between every two consecutive
integers; those between o and 1 we name ‘I, ‘2,..., '9; the
objects between 1 and 2 that are congruent to these proper
fractions are named 1'1, 1'2,..., I'9, and so on. The system so
gained, together with the integers, is the first decimal system.
Between every two consecutive objects of this system we in-
terpolate 9 new objects, and we name those between o0 and ‘1
‘01, '02,..., '09; those between ‘1 and -2 as ‘11, '12,..., ‘19, and
so on. We thus obtain a system which with the first decimal
system is the second decimal system. We can proceed as far as
we please in this way. And we can freely change the origin to
any object so gained, by the addition or subtraction of decimals,
performed of course in the usual way, but interpreted solely
with reference to before and after, not to how much. The pth
decimal system is, whatever p may be, only a part of the
rational objects, and includes no irrational object. But by
choosing p large enough we can separate any two rational
objects by this pth system. The proof is as follows:—

(1) Let the two rational objects be o, » wherc # is positive.
We can take p sufficiently large to make the first proper number
other than zero in the pth decimal system lie between o and #;
since if » have the name p'/p” it coincides with or comes after
1/¢”, and therefore we have only to interpolate more than p”
objects between 0 and 1 to get an object nearer to o than either
of 1/p, » is.
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(2) And secondly, if the two rational objects be 7, # and
7, 7 have a common denominator /, we have only to take more
than / objects to separate » and 7.

Thus our decimal system allows us to separate any two
rational objects by taking p large enough.

We can, for example, separate 0 and any positive rational
object by the object 1/10# by taking p large enough. This is
expressed by saying that the /imiz of 1/10? when p increases, or
when p is infinite, is zero.

6. The Infinite Decimal. Let us consider how the object
1/3 can be named in the decimal system. We have

1/3="3+1/30
="33+1/300
=333 + 1/3000,
and gencrally
1/3="333...to p places + 1/3'102.

Whatever rational object we may select on the left of 1/3, we
can by taking p large enough assign a decimal, "333...to p places
which will separate » and 1/3.

We express this by saying that the Zwut of 3, '33, 333, ...
*333...to p places is 1/3 when p is infinite.

We have here a sequence of decimals, namely '3, "33, '333,
and so on, which can be carried as far as we please and of which
we know the digit in any place. We speak of such a sequence
as an nfinite dectmal.

It is known from ordinary arithmetic that, as in the above
instance, from any rational object » arises an infinite decimal
(that is, a sequence of decimals) or else a terminating decimal;
in this latter case the sequence is ultimately a mere repetition of
the rational object itself; it is easy to modify the proof in the
case of 1/3 so as to show that the sequence will separate » from
any rational object on its left; and we again define the object »
as the Zimit of the sequence. In the case of the teruunating or
ordinary decimal the limit is attained.

We can, then, name any rational object by a decimal,
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terminating or infinite. As a matter of fact the decimal when
infinite must sooner or later be periodic ; but this is not material
to our purpose.

Now suppose an infinite decimal given ; let it be

0.4, &,...%...,
where «, is a digit which one is in a position to assign when p
is assigned, but the number of digits is unlimited".

Expressing any proposed rational number as a decimal,
we can compare the two decimals; either they are the same, i.e.
they have the same digits in the pth place for every p, or we
can assign their order. Thus any infinite decimal either leads to
a rational object or separates rational objects into two classes.
By the definition of an irrational number the infinite decimal
leads, in the latter case, to an irrational number 4. Hence every
infinite decimal leads to a number, rational or irrational. Since
the infinite decimal which leads to an irrational number &
separates & from any rational object to the left of &, we say as
before that & is the /Jimit of the infinite decimal. It is con-
venient to express both the infinite decimal and its limit in the
same way ; e.g. to say that "333... is 1/3.

The infinite decimal is a sequence of objects in positive
order. As a type of a sequence in negative order we may
consider a negative decimal, for example,

-6, — 66, — 666, ...
which will in the same way define a negative object, easily
identified with —2/3. Another sequence in negative order is
obtained by adding 1 to each object of the above sequence, that
is, by taking the sequence

‘4, '34, "334, '3334, ---»
the object defined here is 1 —2/3 or 1/3.

Thus 1/3 can be defined either by a sequence in positive
order or by a sequence in negative order.

Generally let & be. the limit of an infinite decimal

a, d,d,..,d,, .

1 We exclude, in order to avoid two decimal names for one object, the case where
every digit after an assigned one is g.

.oy
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where dyisO.a, a...0.;
then 4 is an object between o0 and 1 (0 included); and
(d, +1/10), (d,+1/10%),..., (ds+ 1/10%), ...

is a sequence in negative order, which is not in the form of a
decimal sequence ; but

1 —(d +1/10), 1 =(d,+ 1/10%),..., 1 —(ds + 1/10%),...
is a decimal sequence and leads to an object; hence it is clear
that the sequence
d, +1/10,d,+1/10°,..., dg+1]107, ...

does also name an object. To this object we can assign an
infinite decimal &'. It is important to prove that &’ is none other
than 4 itself. If not, it is clear that &’ is to the right of &; that
is, d<d’. We have then for every p the following ordering

ds<d<d <dy+1/10%;
and dy+1/10?<d+1/107;
whence we have the following ordering

d<d' <d+1]/102,

whatever integer » may be.

But 4 and &+ 1/102 are the same to as many decimal places
as we please, whereas 4 and &', being supposed distinct, separate
at an assignable decimal place. Hence &’ is not distinguishable
from & ; there are not two objects, but one object.

For example, the two sequences

4, '41, ‘414, ‘4142, ...
and ‘5, ‘42, ‘415, ‘4143, ...
define one and the same object, named 2% — 1.

It is clear that the same reasoning applies to other than
proper numbers.

7. Distance, Point, and Angle. The distance from one
point to another can be measured in terms of a unit length by
seeing first how many units there are, then how many tenths in the
part left over, and so on. We thus obtain a decimal, terminating
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or not, which defines a number. By the distance we understand
this number.

Conversely we postulate that every positive decimal 4, infinite
or not, that is every distance, can be represented by a terminated
line od, or simply by the point & itself, & being on the right of o.
Let @’ be any other point on the right of o; if &’ is on the right
of & we say the distance 4’ is greater than the distance 4, and
d less than &', and write
_ d'>d, d<d,
in a new sense.

The decimal sequence d,, @, 4,, ..., d,,..., is an ascending
sequence of distances defining by the postulate of this article
‘the point 4. Similarly & can be defined by

d,+1/10,d,+ 1/10°,...,ds+ 1]10%, ....

A similar postulate is required for angles. We have a natural
measure of amount of turn, namely, the circumference of a unit
circlee.  This unit can be divided geometrically into 2# equal
parts. Out of sequences formed from these we have to define
the number 1/27, and then we postulate the existence of a point
whose distance along the arc is this number. With the aid of
infinite series the problem can be simplified.

What has been said of the theory of ordinal numbers is
necessary for the subsequent analytic theory, and is, we hope,
sufficient to render the argument intelligible. As our subject is
functions of complex numbers, we shall tacitly assume further
results concerning real numbers, as, for example, that we can
cffect the elementary operations with irrational numbers; and
that nothing new results.

For a detailed account of real numbers we may refer to
Fine’s Number-system of Algebra.



CHAPTER I

THE GEOMETRIC REPRESENTATION OF COMPLEX NUMBERS.

8. Introductory remarks. We denote by z one of the

roots of the equation

2P+ 1=0.
The expression £+ 7y, where £ and 5 are any real numbers, is
a complex number. When E=0 the number is called Zmaginary.
Thus 7 itself is a number ; we call it the imaginary unit.

We assume that the elementary operations of addition,
subtraction, multiplication and division have been defined and
justified for complex numbers. What is said in elementary
algebra on complex numbers covers our assumption, when we
admit,—as we have done,—that we can effect these same opera-
tions on irrational numbers. We must notice that #zc ttality of
numbers E+1in is a closed systemr with respect to the elementary
operations ; that is, the result of an operation is again a number,
real or complex.

The object of this book is to discuss the propertics of such
expressions as grow naturally from the repetition of clementary
operations, when applied to complex numbers. An adequate
geometric rcpresentation of a complex number is almost
indispensable, and we shall consider in this chapter the repre-
sentation by means of directed distances, with some immediate
consequences.

But in using geometric intuitions, and thus beginning what
is called the geometric theory of functions of a complex variable,
we must emphasize one lesson of experience: that the intuitional
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method is rot in itself sufficient for the superstructure. It has
been found that only by the aotion of number, somewhat as
sketched in the first chapter, can fundamental problems be
solved. If however we are prepared to replace, when occasion
arises, these geometric intuitions,—which are point, distance, and
angle,—by numbers, as in § 7, then, and only then, is the use of
geometry thoroughly available.

This implies no reflexion on the customary applications of
geometry to algebra, or conversely, which are made in analytic
geometry or elementary calculus. The point is that elementary
algebra, as commonly presented, is imperfect and is itself to
some extent intuitive. It is at this stage that it becomes
necessary to insist on some refinements in our notions of
algebra, and we may reasonably attempt a parailel precision
in our notions of geometry. The distance and the number
must always correspond, and in so far as we can know and say
what we mean by the one we must be prepared to know and say
what we mean by the other.

9. The Axis of Real Numbers. As already said in § 7, we
represent real numbers by distances or s#rokes measured from an
origin along a straight line, which we call the axis of real numbers,
a stroke to represent I, or unit stroke, being arbitrarily selected.
The unit stroke will always be taken to the right, or eastward.
Then all positive strokes are eastward, all negative ones westward.
The point which ends the stroke bears the same name or real
number as the stroke itself. This way of naming points, being
already used in analytic geometry,—singly for the line, doubly
for the plane, and triply for space,—need not be enlarged upon.

We need only remark that in the addition of real strokes,
the second is to begin where the first ends, and so on.

We next considcr o possible interpretation of the sign —.

The numbers 7, — . are represented by strokes of equal
lengths, but oppusite directions. Now if the stroke » be re-
garded as a material arrow with a fixed end at o, the direction of
the arrow cannot be reversed without moving it out of the line
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The simplest method for securing this reversal of direction is to
rotate the arrow, in a planc that passes through it, either
positively or negatively, through two right angles. This affords
the following interpretation for the sign —.

The sign — attacked to a positive stroke can be treated as an
operator whick rotates the stroke about its fixed extremity o through
two right angles; that is, the sign — gives a half-turn to the stroke.

From this point of view the statement

(<)% (=) is +
means that two half-turns bring the arrow back to its primitive
position.

Such an equation as
(m2)x3==06
is capable of the following two interpretations :—
(@) the product of the two numbers — 2, 3 is the number -6 ;

b

(6) the result of doubling the stroke 3 and reversing its direction is the
negative stroke — 6.

In (@) —2is a number, but in (4) it 1s an operator which means ‘double and
reverse.’

10. Imagjnary Numbers, and the Axis of Imaginary
Numbers. The real number x is equal to ¥ x 1. Hence x can
be regarded as an operator. It is then a product of two
independent operators, the one changing the size of the unit
stroke and equivalent to a stretc/z, the other changing the sign
and equivalent to a #wrn; when x is positive only the former
comes into play.

While the amoufit of stretching may be made what we please
by a suitable choice of ¥, the amount of turning is restricted to
an odd or even number of half-turns. Is it possible to remove
this restriction and allow the unit stroke to be turned as frecly
as it can be stretched, by allowing a to take imaginary or
complex values? We shall show in § 15 that this question can
be answered unreservedly in the affirmative. Our immediate
task is to find an interpretation for purely imaginary numbers as
operators.



14 REPRESENTATION OF COMPLEX NUMBERS. [CH. II

Let the plane of the paper be the plane in which the rotations
take place, and let the axis of real numbers go from west to
east, as in fig. 4. Let the order east, north, west, south denote
the positive order of turning.

D
%

S
Fig. 4-

The operator which turns the unit stroke positively through
a right angle we call 7, without assuming any connexion between

fand¥ — 1. Hence i.1,0r briefly ¢, is a directed line of unit length
which begins at 0 and ends at the point marked 7 in fig. 4 ; such
a line is called a sfroke equally with lines along OE or ow. The
operator 7, when applied to the stroke #, turns that stroke
positively through a right angle and produces the stroke from
o to —1. Thus
1.2.1=(—1)X1,

giving '=—1,2. 1=V —1; sothat =V —1.

This is the geometric representation of ¢ (§ 8); tke imaginary
unit is vepresentcd, as we have seen, by a stroke of unit length along
an axis perpendicular to the axis of real numbers and called the axis
of tmaginary numbers.

All the imaginary numbers are built up from the imaginary
unit 7 in the same way as the real numbers are built up from I.
The product and ratio of two imaginary numbers are real, just
as the product and ratio of two negative numbers are positive.

The numbers 2, where 2 is real, can be regarded as naming
either the points at the ends, other than o, of the corresponding
strokes ; or the strokes themselves. Further, such strokes as 37,
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— 37, can be derived from the unit stroke by a stretch 3 followed
by positive turns through one, three right angles respectivcly.

11. Strokes. Let us now understand generally by a stroke
a straight line of definite length and definite direction which lies
in an assigned plane. This definition includes as particular
cases the directed length that has been used in the preceding
paragraphs.

c

o

Fig. 5.

7
//
a

Two strokes ab, cd (fig. §) are said to be equal when they
are of equal lengths and arc drawn along parallel lines in the

same sense. Observe that @& is not equal to &, for d- = — cd.

/6’
f [
a
6
;,
Fig. 6.

Addition. The sum of two strokes ad, @’# is defined in the
following manner. Draw the stroke &c equal to @4’ ; then the
sum of ab, a'8’ is the same as the sum of ¥, b—c, and this latt-r
sum is defined to be ac. Thus the equation

ab +bc=ac

holds even when @&, & are not in one and the same straight line.
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More generally the equation
ab+bc+cd +de+ef + fo=ay
holds not only when ab, b, etc., are strokes along the axis of

real numbers, but also when thc directions of the component
strokes are any whatsoever.

Subtraction. Such a differencc as ab — a4’ is defincd as
the sum of the strokes aé, &2’ and is equal to ac’ (fig. 6) wherc
b = — be.

It is convenient in comparing strokes to draw them from a

common origin 0. Then each stroke 0p is determined by its
terminal point g, and there is a 1, 1 correspondence between the
strokes gp and the points g The strokes may therefore be
characterized by their terminal points p. We shall show in the
next paragraph that we can establish a 1, 1 correspondence
between the points p of the plane and the numbers in the
complete number-system.

The following are convenient constructions for 0p + og and
2, /’

o //9

rl
Fig. 7.
op —og. Complete the parallelogram oprg whose sides are op,
og, and produce 7p to #’ so that #p, pr are equal in length.
Then o
o9p + 0g = 0p + pr = o7,
B—og=p+go=cp+dr =0 =77,
NOTE. The rule for the addition of strokes applies to velocities, momenta,
accelerations, etc.

12. Complex Numbers and the Points of a Plane.
Let £ 7 be real numbers; the complex number x = £ + 7 is the
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sum of £ and iy, which can be represented by strokes at right
angles of length £, 5 as in fig. 8. The sum of these two strokes

7

0 £ t-axis

Fig. 8.

is ox. Hence the number » can be associated with the stroke

ox, or the point x. That is, the point (or the stroke from the
qrigin to the point) represents the number, and the number
names the point (or stroke). Here then we have a starting-
point for the geometric treatment of complex numbers. The
points on the straight lines which arc labelled £-axis and n-axis
(fig. 8) represent graphically all real and all imaginary numbers ;
and complex numbers £ 4 77 are visualized by points x with
rectangular coordinates (&, 7).

This method of representing complex numbers was explained in a work
by Argand (in 1806). Gauss had discovered it probably as early as 1799, but
published nothing on the subject till 1831. A Dane, Wessel, appears to
have first published the method in 1797.

13. Absolute Value and Amplitude of x=§ + 2.
Let the polar coordinates of (&, ) be p, 8; the positive length
p is called the absolictc value of x and is denoted by |z|.

The angle 6, and equally so the angles @ + 277 where 7 is
any positive or negative integer, determine the direction of the
stroke x. Any one of these angles may be called the amplitude
of the stroke. Frequently it is convenient to select a definite
one of the set, ,; we shall do so by supposing

—r <, =,
we shall call this 2ke chief amplitude, and denote it when
convenient by Amux, while denoting any amplitude by amu.

M. H. 2
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The many-valuedness of an amplitude deserves careful attention
in this subject, as the explanation of many-valuedness in general
depends on it.

The following relations connect &, 5, p, 6 :—

E=pcosh, n=psinb, p=+VE +n? tan=9/E;
hence x=E+12n=p (cos 6 +isin 6),
or, as we may write it,
x=§E+m=pcisb.

Later on, when we have defined the symbol ¢, where x is complex, we
shall find that & + n = ped.

Interpretation of the symbol p cis ¢ as an operator.
Each factor of the cxpression p cis 6 conveys important
information. The stroke x can be derived from the stroke 1
by a stretch which changes the length 1 to the length p and by
a turn of the resulting stroke through an angle 8; hence the
following possible interpretation for the equation

' pcisf.1=pcis §:—

The expression pcis 8 can be regarded as an operator which
stretches the stroke 1 into a stroke p and then turns this stroke p
tkro.ug/z an angle 6.  This tuterpretation includes the earlier
interpretation of imaginarvy and negative numbers, as is seen at
once by putting 0 =w|2, w, 3|2

14 Addition of Two Complex Numbers. In algebra
the sum of the two complex numbers § + i, &+ 27, is
£+ E+72(ni+m). Thus addition connects the points (&, »,),
(&, m,) with the point (£, + £,, .+ 5,). But there is no difficulty
in proving geometrically that this third point is a corner of the

52’”2 £.+§2;77.¢flg

El}"l.

Fig. 9.
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parallelogram constructed on the lines from o to (&,, #,) and (§,, 9,);
hence the result obtained by algebraic addition of two numbers
agrees with the result obtained by the addition of the corvesponding
strokes according to the parallelogram law.

It is evident from fig. 9 that tke absolutec value of the sum of
two complex numbers x,, x, s, in geneval, less than the sum of the
absolute values of these numbers. For |x,|, |x,| are the lengths
of the sides of the parallelogram and the sum of these two sides
is greater than the diagonal whose length is |, +1,/. In the
special case where x,;, x, have the same amplitude we have

7+ Bl = x| + 2.

More generally we may say that e absolute value of the sum
of scveral complex numbers cannot be greater than the sum of the
absolute values of the component numbers. This is merely the
analytic statement of the geometric theorem that the length of
one side of a closed polygon is less than the sum of the lengths
of the other sides, the words /less than being replaced by equal to
when all the other sides have the same amplitude.

Subtraction. Since the subtraction of strokes is merely
the addition of other strokes and the subtraction of complex
numbers is the addition of other complex numbers, the sub-
traction of two numbers is interpreted geometrically by the rule
given for the subtraction of two strokes.

It is well to observe that the stroke trom the head of x, to

X X,

o 2R
Fig. 10,
the head of «x, is the stroke x,—x, (fig. 10). It is often spoken
of as the clangr or increment of a variable stroke x as it passes
from the value x, to the value x,. The notation x,—x, replaces

the temporary notation XA,
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15. Ratio and Multiplication. Let ¢, 4, be two com-

plex numbers; then &/a in the equation
(bla) x a=0b

can be interpreted either as a number, or as an operator. From
the latter point of view it changes the stroke « into the stroke &
(1) by stretching the stroke of length |/ into one of length |&|,
(2) by turning the resulting stroke until its amplitude becomes
equal to that of 4. Hence the operator &/a stretches by an

.él
amount ! and turns by an amount amé - ama.

|a]
Just as pcis @ has a dual signification (1) as an operator,
(2) as a stroke, so &/@ can be interpreted not merely as an
b C
operator but also as a stroke of length |l[7} and direction

amébé—ama. This stroke &/a is generated from the stroke 1 by
the operator 4/a.

We have then a geometric interpretation for 4/a as a stroke ;
and we see that ke absolute value of bja is the ratio of the
absolute values of ¢ and a, and the amplitude of b'a s the change
of amplitude i1 pas<ing from a to 0.

b b b

— = — and am ~>=amb—ama.

a; laj a

But we cannot always say, for chief amplitudes, that

That is,

Am (i—) = Amé — Ama; for example, if Amé=m, Ama = — 7/2,

then Am (g) =—/2.
It is easy to construct geometrically the quotient &/a. In
fig. 11, the two triangles
o, @, b, and o, 1, 0/a,
are directly similar; for the angles at o are equal to amé - ama

and the sides about these angles are proportional.

Ex. 1. Calculate the absolute value and amplitade of %—'g

la+28|
}B+z’a -

Ex. 2. Prove geometrically that I
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We observe that if §/a =¢, then b=ac; hence fig. 11 provides
us with a geometric construction for the product’of & and c.

b,=ac

Py

0 1 °
Fig. 11,

The figure shows that

|ac| = |a| |¢| and am (ec) =ama + amec.
Thus the symbol  in ac can be interpreted as an operator that
stretches the length |¢| of ¢ in the ratio |&| : 1, and increases the
amplitude of ¢ by the angle ama. In words:—

The absolute value of a product ac is the product of the absolute
values of @ and ¢, while the amplitude of ac is the swin of the
amplitudes of a and c.

The same rules follow also from the direct division and
multiplication of p, cis 6, and p, cis 8,. For example,

p, cis 8, x p, cis 8,=p,p, (cos 6, 47 sin 6,) (cos 6,+ 7 sin 6))
= p,p, {(cos 8, cos 6, — sin 8, sin 6,)
+ 7 (sin 6, cos 6, + cos 6, sin 6,)}
=p,p, {cos (6, + 6,) + zsin (6, + 6,)}
= p,p, Cis (6, +6,).

We have assumed the addition-theorems of the sine and
cosine; but it is worthy of note that the matter can be so
presented as to prove these fundamental theorems. For since
cis @ is a turn through 6, the meaning of cis 6, cis 6, is a turn
first through 6, and then through 6,. It is therefore a turn
through 6, +6,, or is cis (6,4 6,). Hence by equating real and
imaginary parts we have the addition-theorems. The theorem

cis 6, cis 6,...cis 8, =cis (6, +6,+ ... + 6,),

which is known in connexion with Demoivre’s theorem, states
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that » separate turns 6, 8,,,..., §,, 6, amount on the whole to
a single turn 6, +6,+ ... + 6,.

Ex. If 2cosf@=a+1/a, prove that 2 cos nd=a"+1/a*, where 7 is any
integer.

16. The ~th Roots of Unity. An important special case

of the theorem

cis @, cis 6, ...... cis ,=cis (0,+6,+ ...+ 6,)
is that which arises when 6,, 6,,..., 8, are all put equal to
2mr|n, where m is an integer. The theorem becomes

(cis 2mm/n)* =cis 2mm = 1.
Hence cis 2mm/n is an nth root of unity. By making
m=0,1,2,...,n—1,

we obtain 7z distinct roots, and no additional distinct roots are
obtainable by giving » other integral values.

Geometrically cis 2mm/% is a turn through #/n of four right
angles; and the continuous repetition of the single turn 2m/»
will give all the nth roots of unity. The 7 points which
represent the roots form the vertices of a regular polygon. The
figure shows this for » ="6.

Every equation x*—1=0, where =3, 4, §5,..., has certain
roots, called primitive nth roots, which satisfy no equation of
similar form and lower degree. For example, 2°=1 is satisfied
by two primitive roots of this kind, namely, cis 27/6 and
cis — 2m/6; the other roots satisfy one or more of the equations
x—1=0, 2¥*—1=0, or £ —1=0, and are not primitive. The
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primitive nth roots of unity are, then, those turns which,
with their repetitions, give all the nth roots of unity.

The case # =3 deserves notice. The cube roots of 1 are 1,
cos 273 + Zsin 2m/3; that is, ‘
—14+iV3 —1-dV3

T2 2

y

For the second root we shall use on occasion the Greek letter v ;
thus v denotes a turn through 2m/3, or the complex number

—.1;+z'1/—3.
2

Ex. 1. Verify, by a diagram, that the cube roots of unity are 1, v, v? and
that their sum is zero.

Ex. 2. Draw the strokes which represent the square roots of 7 and wtite
down these roots in the form &+ 7.

Ex. 3. Find the fifth roots of unity. Prove that the sum of the
nth powers' of these fifth roots is 5 or o, according as the positive integer »
is or is not a multiple of 5.

Ex. 4. Given that e=cis 2[5, prove that (e — €3) (¢! — €)= 5/2.

17. The nth Power and »th Root of a Stroke. The
stroke @* is constructed by the rule for a product. We make
the triangles o, 1, @; 0, @, 4*; etc. all similar; then the last point
of the #th triangle belongs to the stroke a*.

If we continue the series of triangles in the reverse direction,
we get the negative powers 1/a or a7, 1/a* or a™, etc.

Fig. 13.
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If |@|=1, the points all lie on a circle of radius 1. The
curve on which the points lie when || is not I is an equiangular
spiral. See §29.

Let 4 be an nth root of @, so that /”=a. Then the length
of & is the positive zth root of the length of ¢, and the amplitude
of & is an »th part of an amplitude of a. If 6 be one amplitude
of a, all the amplitudes of @ are given by 6+ 2mm. These
amplitudes will have 72 different nth parts, namely,

O/n, 0|+ 2m[n, O/n+47/n,..., O/n+2(n—1)7/n;

all the rest are congruent to these = with respect to 2. Thus
we have as in the last paragraph » distinct directions for 4, and
therefore z nth roots of a. Clearly the z corresponding points
are the corners of a regular polygon; also it is evident that the
remaining 7#—1 #nth roots can be derived from an assigned
z#th root by multiplying it by the zth roots of unity.

We shall define the ckigf nth root of @ as the one whose
amplitude is 6/#, where —7m <@ = m. This root will be denoted

by a*/», any root by Va.

18. To find the point which divides in a given ratio »
the stroke from ¢, to a,.

Let x be the point. What is meant is this: when a point
moves from a, to ¢, by way of x the stroke a,- 2, is resolved
into two strokes ¥ —a,, ¢,—x. And we may say that » divides
the stroke from , to «, (or the points «,, @, in the order named)
in the ratio (¥ — a,)/(a,—x). We have then

x—a =r(a,—x),

LGt ra,

or .
I +7

To understand clearly what is implied by this formula when
 is not real, consider this question: opposite corners of a square
are @, and «,, what names are to be assigned to the other two
corners?

Here we are to express x and y in terms of ¢, and a,

(fig. 14).
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Now g, —x is obtained by turning x — a, through a positive
right angle. Hence
a -x=1i(xr—a,)

Y
az a,
X
Fig. 14.
Similarly a —y=—1(y—a)

Here 7 is ¢ for the point x and — ¢ for .

Ex. 1. Given two opposite points of a regular hexad (namely, the corners
@y, a, of a regular hexagon) express the other four points in terms of ¢; and a,.

Ex. 2. Mark the points which divide o, 1 in the ratios * (1 +7).

19. The Centroid of a System of Points. If we let
7 =1, then we have for the middle point of the join of «,, «,, or

. . . . a +ta
briefly the middle point of a,, «,, the expression ~‘~t——»’—. In
general we define the centroid of » points 4, «,,. ., @, as the

point
a+a,+...+a,

- )

m

”»
or ¥ a)/m; so that in particular the centroid of @,, a, is the
A=1

middle point of the stroke from «, to «,.
Let a, & be the centroids of the sets a,, a,,..., a, and
b,, &,,..., bx; the centroid of the m 4 » points is
Sar+3b. _ ma+nb
m4n ' m4+n
and divides therefore the centroids of the two systems of # and
n points in the ratio »/n.

b
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EXAMPLES.

1. The two triads a, 4, ¢ ; x, ¥, z; form similar triangles if

1 1 1]|=o0.
a b ¢
lxr y 2

2. If the points z, y, z divide the strokes c—6, a—¢, & ~a in the same
ratio 7, and the triangles z, y, z and @, 4, ¢ are similar, either » =1 or both
triangles are cquilateral.

3. Leta, 4, ¢, d form a parallelogram of which a, 4 are opposite points.
Let @, 6, x; ¢, d, y; a,d, = be similar. Prove that x, y, = is similar to each
of them.

4 Ifa, x,y; 9 6 x; x,y, c are similar, each is similar to a, 4, ¢.

5. If 284y2=1, prove that z, y are ends of conjugate radii of an ellipsc
whose foci are + 1.

6. Equilateral triangles are described on the sides of a given triangle, all
outwards or all inwards. Prove that their centroids form an equilateral
triangle.

7. Prove that A 4 pv +n?, where A, g, » are integers whose sum is o or
+ 1, represents the points of a quilt formed by regular hexagons.



CHAPTER III

THE BILINEAR TRANSFORMATION.

20. The One-to-one Correspondence. An cquation in
x and y will be used to establish a correspondence between these
variables. It is often convenient to represent the points x and
v 112 different planes ; in each of thesc planes the origin and the
point 1 are selected arbitrarily, except that the unit of length is
supposed usually to be the same for both planes. The equation
between x and y establishes, then, a correspondence between
the points of the two planes, and either plane is said to be
mapped on the other. One important way of forming a mental
image of the mapping is to draw a series of paths in the one
plane (for example straight lines parallel to an axis, or con-
centric circles) and to determine the corresponding paths in
the other plane; a y-path which arises in this way from an
x-path is said to be #he map of the x-path.

When the equation is

y=(@x+b0)[(cx+d).cccecvirininnnn.n. (1),

the correspondence of the two planes is 1, 1; that is, one and
only one y corresponds to every x, and conversely. There is one
possible exception in the finite part of the x-plane, namely, the
point x=—dJc; to remove this exception we treat y=o as a
single point and say that there is in the y-plane one and only one
point at . With this convention ¥ =0 represents a point; to
x=o0o0 corresponds one and only one point in the y-plane,
namely, a/c. And now the correspondence is 1, 1 whatever value
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finite or infinite, be given to z (or y). The equation (1) is the
most general algebraic equation giving a 1, 1 correspondence
between the planes of x and y; hence the importance of the
transformation (1), or the dilinear transformation as it is called.

It must be noticed that « is a point only by virtue of a very
convenient agreement. It is an artificial point. So we can®
regard the artificial value or number e as attached to the
point .

21. Inverse Points. The bilinear transformation depends
only on the ratios of the given constants @, &, ¢, 4; and is
therefore givenr when three pairs of values of x and y are given.

Let ¢, , and x,, y, be corresponding values; we have

ar+6 ax,+6 (ad-bc)(x—x)
PN v d T e v d T (b d) e, 4 d)
_(ad~be)(x -z,

similarly y=y,= cxtd)(ex, 7 d)
Therefore Vol _emtd xoxn_aromx (2),
J=Y, cx+d x—x xr—x,

where £ depends on z,, x,, but not on z.
Suppose that x varies subject to one or other of the
conditions
l;L’ —

-z xr—x
'~ ""Vi=constant, am ‘) = constant,
X =4, -4

and that x, x, are arbitrary but fixed points of the z-plane;
what curves are traced out by z?

This question must be answered before the full significance
of equation (2) can be appreciated.

I. Let the amplitude of (¥ —x,)/(x —x,) be constant and

X
a

Fig. 1a.
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equal to a. Then the angle xx, is a, so that » can take all
positions on a certain circular arc whose ends are z,, x,. Observe
that for the complementary arc which makes up the complete
circle, the amplitude of our ratio, though still constant, is a — .
Hence we say :—

When the amplitude of (x—x,)/(x — x,) ts given, x moves on an
arc of a circle.

II. Next let the absolute value of the ratio be constant and
equal to p, say. It can be proved that x moves on a circle, and
that the circle is in this case complete.

This proposition was not given by Euclid, and its fundamental
character is insufficiently recognized by many of the modern
text-books on elementary geometry. One proof is as follows :—

Choose the point « (fig. 16) on the join of x; and %, so as to

Fig. 10.

make the angle xxa equal to the angle axx. Then the triangles
xxa and zr,a are equiangular; and therefore the sides of the one
are proportional to the sides of the other, giving

xr—x
xX—x,

Al -
a—z,|

a—x,
a—x

The first of these numbers is p; therefore

a—-x| |a-x .
X =p’,
a—Xxg. j@a—=x
. a—-x
that is, “=p’.
a-x,|

Hence a,—which was determined uniquely by the construction
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when x was given,—is fixed for all positions of x for which p is
constant. Also |x —a| is constant, since
|x—al2=|xx—a|'x2_‘a‘;
therefore x is any point of a circle whose centre is @ and radius
[Va=5) (-
Thus the locus of x when it moves subject to the condition
lr —x,

(&Aw ,,,,, _

| ¥ =X,

= a constant,

is @ complete circle.
The converse theorem is true. For if we take two points
z,, 4, which lie on a ray from the centre « of a circle of radius p

and which satisfy the equation
EEFANLEEA =P”»
A

then if x be any point on this circle, | — constant.

1

When the constant is 1 the circle of centre a degenerates
into a straight line and the points x,, x, are reflexions of each

other in this line.
In the general case the points z,, x, are said to be znverse as

to the circle of centre a and radius p; and ke circle will be said
to be drawn about any such paiv of potuts.

Any circle through two points is orthogonal to (i.e. cuts at
right angles) any circle about those points. For let x,, x, be the
two points and let us draw (as in fig. 16) the circle xx,x, then
the join of @ and x is a tangent to this circle at x by virtue of

the equauon
. |(x—al'=|r,—a|\x,—al

It follows that the intersections of two circles which are
orthogonal to a given circle arc inverse points of that circle.
This provides us with another definition for inverse points:—

Two points x,, x, ave said to be inverse to a civcle, when every
circle through x,, x, cuts the given civcle orthogonally.

22. 'The Bilinear Transformation converts Circles into
Circles. Returning to cquation (2), namely

y:ylkxx
y=y, r—x,’
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xr—x,

¥ —z,

il
Y=Y

This equation shows that when x describes a circle adour
x,, x,, or, what comes to the same thing, when » moves so that

we see that

‘ 'x—x‘ = a constant p,
x—zx,
then y moves so that
|y —
:J_’._J’_x = |£| p =a constant;
YD

that is, ¥ describes a circle about y,, y,.

But z,, x, are arbitrary; therefore circles in the x-plane map
into circles in the y-plane, and inverse points as to a circle map into
inverse points as to the corresponding circle.

But if p =1 the x-path is a straight line and not a circle, and
if |#|p is 1 the y-path is a straight line.

We cannot say, with Euclid’s definition of a circle, that a
straight line is a circle, but we can say that it is the limit of a
circle. It is however usual to say unreservedly that a circle maps
into a circle when the transformation is bilinear; the limitation
that either circle may be a straight line being implied.

Ex. 1. Prove that the map of a circle through x,, x; is a circle through
¥, Ya, by equating amplitudes in equation (2).

2r . .
Ex. 2. Lety= 3—1:% ; and let x take the values o, +#, +27. Mark the
corresponding points y ; and determine the centre and radius of the y-circle.

23. Coaxial Circles. All cit;c_l_e_sit_/{_/zmw/zﬂo points x,, z,
are said to be coaxial; and also all circles about the two points
‘are said to be coaxial. The two systems have been called
hyperbolic and elliptic coaxial systems; just as in projective
geometry a conic is a hyperbola when it meets the line infinity
in distinct real points, and an ellipse when it does not meet that
line in real points. So also a system of circles touching at a
point is a parabolic coaxial system. It is to be noticed that in
the hyperbolic system we are concerned primarily with arcs
whose ends are the points x,, z,, not with the complete circles.
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The figure exhibits an elliptic and a hyperbolic system of
coaxial circles.

\

\

s
L/

\

f

7
X/
N

\
%/,,
7

N\
4l
=

=
-
AN
A
—

-

Fig. 17.

It is evident from the remarks of the last paragraph that any
coaxtal system of circles in the x-plane, whether elliptic, ryperbolic
or parabolic, maps into another such system in the y-plane, when the
transformation is bilinear.

Ex. Draw two orthogona! parabolic systems of coaxial circles.

24. Harmonic Pairs of Points. Let £ be a circle about
x,. x,, and A a circle through z,, x,; let E, A intersect at z,, 2.
\We shall consider the relation of x/, x,” to x,, z,.

In studying the relation of a configuration and its map we
look out for those properties of the one which reappear un-
altered in the other. These properties are said to be invariant.
Thus four points on a circle, say a cyclic tetrad, have an
invariant property, for they map into four points on a
circle. And, again, two points on a circle and two points inverse
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as to that circle, say anticyclic pairs, have an invariant property.
In our gase the four points xxx 'z, are on a circle A, and two

Fig. 18.

are on E, while two are inverse as to £ ; thus the four points,—
or rather the two pairs,—are both cyclic and anticyclic.

In fig. 18 the two pairs (z,, 2,), (¢,, x,) lie on the circle #,
and interlace so that the points of one pair are separated by thc
points of the other pair. Hence

’ ’
L TH Fy = _
am ) —am L =or.
x,—x, Fe— Xy
Further, because x,” and #,” are on the circle £,
’ | ’
X =&, = l’?_',;__:,{l
" 7 A
F,— & X=X,
x —x x, —x
1 e 2 .
Hence Z __x}—- B
3 1 X~

that is, the points #,” and #,” will divide the stroke from z, to z,
in opposite ratios,—that is, in ratios of the same absolute value
but of contrary signs.

Cleared of fractions the relation takes the form

(xl +x2) (xl, + xﬁ,) =2 (xlxﬂ + xllx2l) ;

that is, the product of the sums is twice the sum of the products.
In this form the symmetry of the arrangement is brought out.
Not merely the points #, and =z, or #/ and #/, enter
symmetrically, but also the pairs #, and #,, » and #,/ enter
symmetrically. The two pairs are said to be Zarmonic.

If we take the origin at the centroid of x,, #,, then v, +,=0
and the relation takes the simple form

Tap — 2. 42
x,xs = xlxﬁ xl —-xe.
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This relation gives

and shows therefore that the strokes from the centroid of z,, x,
to the points x,” and x, are inclined equally but oppositely to
the stroke from z, to z,

Since the tangents at x,” and x,” to // meet on the join of x,
and z,, the joins of the pairs are conjugate lines as to the circle;
this fact is fundamental in the transition from the present point
of view to that of projective geometry’.

Ex. 1. Prove that when 1y, x, and x//, x,’ are harmonic,

2 I I
=+ — ) .
n—x, n-x n-r

Ex. 2. Taking three circles any two of which are orthogonal, prove that
the two pairs of intersections which lie on any circle are harmonic.

NoOTE. Thus we have three pairs of points any two of which are
harmonic.

Ex. 3. In a regular hexad point out the harmonic pairs.

25. The Double Ratios of Four Points. Returning to

the equation (2) (§ 21), namely,
Y= = 'éx_xx
J—=Js r—=x,

let z,, y, and z,, y, be corresponding points. Then
Ys— I kxs —*
Ks — V- Xy — X,
Y= N =kx4'_xx.
Je—Js X~

b

Hence by division
Vo= Iy V= s % TH Bmdh (1).
Vs=Vs Va—0r F—H 1*'4*"1":
We have then on the right side of thls' equation a quantity
depending on four points which is unchanged by the bilinear

1 The transition is effected by means of the circular points at infinity. In the
present case the condition that two pairs of points are harmonic is the condition that
the pairs of straight lines from them to either circular point are harmonic.
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transformation. The quantity is called the double ratio, or

. . . . X=X, .

anharmonic ratio, of the pairs x,, #, and z,, x,, since . 1S
] ]

with sign changed, the ratio in which z, divides z,, x, (§ 18).

If we denote the double ratio by (#,, #,; #,, x,) we have
(x‘, xg; xn xx) = I/(xs’ xo; xl’ xa)’
(xa’ x‘; xg’ xl) = I/(xs’ xt; xl’ xa)’

(x" xl; xﬂ’ xl) = (xl’ xl; xl’ xg) = (xl’ xﬂ; xs' x‘)’

The double ratio depends, then, on the way in which we pair
off the four points, and the way in which we associate one of one
pair with one of the other. In the above double ratio we have
first selected the pairs z,, #, and z,, x,; and then associated xz,
with z,, x, with z, to get (,, x,; x,, x,). We see then that since
there are three ways of pairing off, and two ways of associating
selected pairs, there are six double ratios of four points.

If we write

@, —x)(xr,—x)=, (r,—x)(x,—2x)=m, (x,—x)(xr,—x)=n,
so that l+m+nrn=q,

then the six are
—min, —nll, —I/m,
—nlm, —In, —m/l.

Special relations of four points, which are not alterable by a
bilinear transformation, will betray themselves by special values
of the double ratios. It is convenient in detecting these to
suppose a transformation effected by which one of the points
passes to o©. Suppose y, is «, then the double ratios are

Vi—=Vs Vs~ s , Vs =
=V Vs~ ys_yz,
and their reciprocals.

Any one of these determines the shape of the triangle y,7, 7,.
When one is real the triangle is flattened out, and all are real.
Hence in general :

When one double ratio is real, all are real and the four points
lie on a circle.

3—2
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Or again, if a double ratio has the absolute value 1, then the
triangle is isosceles ; that is, two points are on a circle about the
third and . Therefore, when a double ratio is a mere turn, the
pairs corresponding to that ratio are anticyclic.

There are two especially simple arrangements. (1) When the
triangle is both flat and isosceles ; the four points then pair off
into harmonic pairs (§ 24) and the six double ratios reduce to
three, namely, -1, 2, 1/2.

(2) When the triangle is »¢gu/ar or equilateral ; the points then
pair off in three ways into anticyclic pairs; and the six double
—7% is either — v or — o,

/1 —Js

Observe that in equation (1) by regarding x, and y, as
variable, we have an equation which maps the x-plane on the
y-plane when three corresponding pairs of points are assigned.

ratios reduce to two, for the ratio %

Ex. 1. Find the six double ratios of the points o, 1, ©, 2.

Ex. 2. If (v, x5 1y, x3) = —v, find 2.

Ex. 3. From the equation /+m+n=0 deduce that the sum of the
rectangles of opposite sides of a convex quadrilateral is never less than the
rectangle of the diagonals ; and that it is equal to this rectahgle when the
points are cyclic.

Ex. 4 Determme the equation between x and y which maps 0, I. ©
into 1, v, v

26. Isogonality. The derivate of y as to x is defined
(just as for real variables) as the limit, if therc be one, of the
ratio of the change of y to the corresponding change of x, when
the change of x is made arbitrarily small.

In the case of the bilinear transformation, we have

(ad —bc) (x,—x)

NTIVE v d) (ex, + d)
Hh—Y_ ad — be
,_xlx r (cx+ad)

therefore

In fact the well-known rules for obtaining derivates apply
unaltered to this case, so that we can write at once
_ad—bc
&= (cx+d)*
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The derivate depends on x alone, not on the change of .
Let these two points x,, x, approach x by different paths,—to
fix ideas let it be along two circles,—and let y,, », be the
corresponding points that are given by the bilinear trans-
formation. Then

=Y Y s

lim?2 =Y —iim 22" - p_y,

X, —x X,—x

so that, if D,y be neither o nor o,

SA Rt 4

V.Y
But the amplitude on the left is the angle which thc path of p,
makes with the path of y,. Therefore the angic whick one arc
through y makes with any other is equal to the corvesponding angle
in the x-plane ; ov again, when x, instead of keeping to one civcle,
turns and moves on anothcr circle, then y turns through the same

angle (fig. 19).

STidid

=lim .
x,—x

lim

\
\

x -paths y -paths

Fig. 19.

What has been said of circles may be said of other
corresponding paths which are such that thc tangents at the
points of intersection arc dcterminable.

We have excepted the cases when D,y is 0 or o ; that is,
when x or y is 0. And the theorcm has then on the face of it
no meaning, as we have not assigned any meaning to an angle
at . Butsince two straight lines through e are to be regarded
as two special circular arcs, and one circular arc makes opposite
angles with another at their two intersections, we regard the
angle at « which a stroke from x to « makes with another from
x to » as the opposite of the angle made at x. With this
understanding the property of isogonality, as it is called, is true
always for the transformation y = (ax + 0)/(cx + ).
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The property of isogonality applies to other correspondences
than the 1, 1 correspondence; only in these higher corre-
spondences there are exceptional points at which a modification
is necessary.

The study of the behaviour of x, y at these exceptional points
in the y, x planes forms a very important part of the theory of
functions..

27. Theory of Absolute Inversion. Let us consider now
the special bilinear transformation for which a=d=o0, b=c=1;
that is, the transformation y=1/2. Let

x=p(cos @ +7sinb), y=p'(cos & +isin &)

Then p’=1/p and §'=-6.
X
xl
° : 1 3
' 1/x
Fig. 20.

Thus the point 1/x can be constructed by (1) taking the
inverse £/ of x as to the unit circle with centre o, and
(2) reflecting 2’ in the E-axis; (2) can be regarded as taking
the inverse of &’ as to the £-axis (§ 21). Thus we can obtain 1/x
from x by two inversions; which can moreover be performed in
any order. We shall show that in general the bilinear trans-
formation is equivalent to two inversions; but we shall first
discuss briefly the principles of this method of inversion.
Inasmuch as the substitution of @/ for x/a may itself be called
an inversion, we may call, to avoid confusion, the substitution of
|a/z| for |x/a| an absolute inversion.

Take a fixed sphere whose centre is O and radius a; and let
P, Q be two points on a line from O such that

OP.0Q=ad’
then P, Q are inverse points of the sphere. By this means the
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points inside the sphere are paired off one-to-one with the points
outside. Points on the sphere are self-correspondent. Call this
sphere the sphere of inversion.

I. We shall examine first the effect of inversion upon the

Fig. 21.

angle of intersection of two curves. Considering the two pairs
PQ and P,Q,, we have
OP.0Q=0P,.0Q,,

an equation which shows that P, P, Q,, Q lie on a circle.
Hence the angles OPP, and OQ,Q are equal in magnitude.
Taking P, near P, and therefore Q, near Q, we see that
when P moves in a direction making an angle 6 with OP, Q
moves in the same plane and its path makes with OQ the angle
o — 6 ; for the angles marked 1 are ultimately equal.

So also taking a third pair P,Q,, the angles 2 are ultimately
equal. Hence P,PP,, Q,QQ, are ultimately equal.

Taking P, and P, near P, and therefore Q, and @, near Q,
we can regard PP, PP, and QQ,, QQ, as elements of tangents
to two curves at P and to two inverse curves at Q; we have
proved then that tke two curves inverse to two assigned curves
intersect at an angle whose magnitude is that of the angle of
intersection of the original curves.

Suppose that the curves lie in a common plane, so that
OPQ, OP,Q,, OP,Q, lie in a plane. The angles of intersection
are of the same size but opposite directions (fig. 22). Thus in
this case when a curve C' makes with a curve C an angle 0 at a
point P, the inverse of C' makes with t/ze inverse of C ihe angle — 6
at the point Q, inverse to P.
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Briefly we may say that the inverse of an angle is the
opposite angle.

o P Q
Fig. 22.

II. We proceed next to the proof of the fundamental
theorem that the inverse of a sphere is a sphere. To make
the statement universal we regard a plane as a sphere passing
through «. Observe that the I, 1 correspondence of points is
to hold always: but when 7 is at O, Q is at «, hence we are led
to regard o as a point in this kind of geometry.

Fig. 23.

(i) When the radius of the sphere of inversion is the length
'OT (fig. 23), the sphere % inverts into tself’; since’
OP.0Q=0T?*
Thus any spherve orthogonal to the sphere of tnversion inverts into
itself.
(ii) Next let ¢ meet any sphere % at Q and R.

Fig. 24.
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Then OP.0Q =d,
OQ.0OR=2¢,

where ¢ is the length of the tangent from O to Z.

Therefore OP « OR,

and P lies on a sphere. Hence e inverse of a spheve that passes
through neither O nor «© is a sphere.

(iii) But if X passes through O, let OA4 be a diameter of =
and let OP intersect the tangent plane at 4 in R,

= R
P
lo) A
Fig. 2s.
Then OP.0Q=d’
0Q.0OR = 0A4*;
therefore OP « OR,

and 2P lies on a plane parallel to the tangent plane at 4. Hence
the inverse of a spherve thraugh O is a sphere through .

(iv) Lastly if the sphere passes through O and o, that is
if it is a plane through O, the inverse is clearly the same plane.
If we restrict our view to this plane we have the ordinary plane
inversion.

III. We have proved that the inverse of a sphere is a
sphere. It is now easy to prove that the inverse of a circle is
a circle.

The points common to two surfaces invert into the points
common to the inverse surfaces. Let the surfaces in question
be two spheres that pass through an assigned circle; then the
inverse spheres pass through a circle which is inverse to the
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given circle. In particular we see that iz plane inversion a circle
inverts inlo a circle.

Inversion with rvespect to a plane. When the sphere of
inversion becomes a plane, what is to be understood by znverse
points?

In the general case let OF meet the sphere at X, ¥. Then

Fig. 26.

X, ¥ are harmonic with 2, §. Thus when O and therefore X
passes to infinity, ¥ being fixed,
PY=YQ.

Hence P and Q are reflexions in the plane (fig. 26).

28. The Bilinear Transformation is equivalent to
Two Inversions in Space. The relation y = (ax + 8)/(cx + &)
involves four constants, but these constants appear only as
ratios ; hence a knowledge of three pairs of corresponding values
(#, ) will determine completely the character of the trans-
formation. As corresponding values let us take

x=| o |—dfc|—bla
y=lafe] = [ o |

Taking any point X exterior to the x-plane as origin, invert
the x-plane into a sphere through X. The correspondence
between the points of the sphere and the values of x is one-to-
one; in particular the value x= o corresponds to the point X
itself. Let the points — d/c, — &/a of the plane pass into points
Y, Z of the sphere ; and invert the sphere again, this time from
Y, on a plane parallel to the tangent plane at ¥ and at such a
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distance that Z, X invert into points whose distance apart is

:

as the origin, we can adjust the real axis in this plane so that
the inverse of X is a/c.

Taking this plane as the y-plane and the inverse of Z

Now let any point S of the sphere invert into the points
P, Q on the two planes, the centres of inversion being X and ¥V
respectively; and let P be the point x of the z-plane, Q the
point y of the y-plane.

AP _SY_BY

Then X4~ SX~BQ’
or AP.BQ=XA.BY =a constant,
and taking for P the particular position — 4/a, the constant is
‘ o d a bc — ad
—-+=| lo=Z], — |
a ¢ ¢ ¢
1 —
Hence x+é y—‘—z =‘b_c__2_a_dl.
¢ ¢ ¢ 1

We have proved then that the two quantities

<x+(—i> _g) bc — ad
) (5-9), beset,

are equal in absolute value.
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The plane through X, ¥ and the centre of the sphere will
meet the line of intersection of the planes perpendicularly, say
at C. Since CA, CB are respectively perpendicular to the
diameters through X and YV, CB=CA. And since AP and BQ
lie in a plane, the angles CAP, CBQ are equal in magnitude.
Let us regard angles in the two planes as positive when they
are in the senses shown by the arrows,—a natural convention
since to an observer standing on the sphere at X angles in the
z-plane now increase counter-clockwise, and when he moves to V¥
they still increase counter-clockwise. Then we have

LCAP +2CBQ =0,

\

that is, am (x + ?—,) +am ( y- ‘EZ) = constant ;

and taking r=- g, y=0,

we get am(x+(§>( —‘-j):am(_g.*_g)(_g)
. bc—ad
= ~— .

Thus <x+ g) (y- g) and bc:;ad, which were proved equal in

absolute value, are equal also in amplitude. That is, they are

equal; hence,
axr+b
V=¥ d
It is proved, then, that the bilincar transformation is equi-
valent to two absolute inversions.
Since we know that a circle inverts into a circle we are led
again to the theorem that a circle maps into a circle when

subjected to a bilinear transformation,

EXAMPLES.

I. Given three points @), @;, a;, construct the three &,, &,, &3 such that
%, 6, and ay, a; are harmonic, a,, 4, and a;, @, are harmonic, and aj, 4; and
%, @, are harmonic. Prove that the straight lines joining @ to 4;, a; to &,
ay to 5, meet at a point, and that the relation of the two triads is mutual.
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2. Three points determine three circles, each circle passing through one
point and about the other two. Prove that thcse circles meet at angles #/3
at two points.

3. Prove that two points on a circle subtend at any pair of inverse points
angles whose sum is constant.

4. A point x is reflected in two plane mirrors. Prove that the second
reflexion is the point & cis 2a where a is the angle which the second mirror
makes with the first; the intersection of the mirrors being the origin.

5. Prove that a circle described positively in the x-plane maps into a
circle described positively in the yyplane when it contains the point —djc.

6. Taking four points q, 4, ¢, &, prove that when any three are inverted
as to a circle whose centre is the remaining point, the triangles formed by
the inverse points are all similar.



CHAPTER 1V

GEOMETRIC THEORY OF THE LOGARITHM AND
EXPONENTIAL.

29. Sketch of the Theory for Positive Numbers. The
theory of the logarithm is so important for the general theory of
functions that it seems to us desirable to present it from two
points of view ; and in this chapter we shall give the geometric
view, reserving for a later chapter the numerical view which is
indispensable for calculation.

The way in which the exponential and logarithm are
introduced in Algebra cannot well be utilized here, for the
processes used are precisely those which we have to inquire into
later. We make acquaintance with these processes in Algebra
and subsequently we should inquire into the logic of them. But
in the Calculus we rely.on what was said in Algebra; and as
the geometric function-theory requires such facts as D log £ = 1/§,
where £ is real, there is a dilemma. In the case of sin £ there is
no such difficulty ; for we have first a geometric definition, and
then a geometric proof that D sin { =cos £. For these reasons
to put the logarithm on a similar basis, whereby we can make
use of it without first discussing the theory of infinite series, or
even the irrational exponent, is very desirable for elementary
purposes.

We shall assume the existence of the equiangular spiral,
which may be constructed by placing a right cone with axis
vertical and attaching a thread AP to a point 4 of it. The
point P is held in the horizontal plane through the vertex O;
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the thread is then wound round the cone, without being allowed
to slip. As the thread is not to lie in a geodesic on the cone, the
latter should not be polished. The curve described by 2 in its
plane is the spiral in question, and it can be proved in an
elementary way to have this characteristic property: that it
cuts all rays from O at a constant angle. Choose this angle to
be 7/4; and then measuring the angle 6 from the point where
OP =p has the value 1, define 6 as the logarithm of p:—

Thence by a geometric limit-process, namely that which
gives the formula pD,0 =tan ¢, where ¢ is an angle made by
the tangent with the radius vector, we have

pD,0 =1,
and D Log p = 1/p.

We observe that for a given p there is but one 6; so that
6 and @ + 27 are here quite distinct, defining not a direction but
the amount of turning.

We define inversely p as the exponential of 6,

p=exp 6,

whence expo=1, and Dexp @=exp6.

Take two points of the spiral, p,  and p,, 6,, and let 6, @
te a constant.

We have then D, p, = Dyp,,

D(P,/p)=p—~————p”‘;p‘p"=o;

that is, when we keep the angle 6, — 6 constant, the ratio p,/p is
also constant.

From this we infer that p,/p depends only on 6, — 6, and since

when p=1,0=0,and p,=expé,,
therefore p./p=exp (6,—6),
and LOg (p,/p)=0,—9=L0g Pl_LOg P-

We are now at the same point, with regard to the logarithm,
as with regard to the sine before the series for sinx is proved;
that is before we study analytic trigonometry.
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There is one other parallelism to be mentioned. In
trigonometry we speak of a constant =, without at first
explaining any satisfactory way of calculating it. So here we
can suppose known that value of p which corresponds to =1,
that is exp 1. A rough measurement shows that it is nearly
2'7 ; we denote it by ¢,and regard its calculation as belonging to
analysis, where it is shown that

e=2718281828....

It is geometrically evident that as p passes through all
positive values € passes through all 7eal values.

Equation (1) shows that [dp/p, taken from one value of the
positive number p to another, is the change of Log p.

30. The Logarithm in general. We proceed to the
logarithm of any number.

Let x be pcisf. Then

dx = dp cis 0 + pd cis 0.

But dcis@=(—sin 0+ zcos §) df =i cisfd0 ;
hence dz = (dp + ipdf)cis 0,
and dx|x= dp[p + id6.

There is then this peculiarity about dx/x as compared with
z*dx in general,—that it separates into a real part involving only
p, and an imaginary part involving only 6. Thus before dis-
cussing integrals of expressions involving x in general we can
discuss this very important case; for we have, if initially r =1,
p=1,0=0,

1 h ()
f dx/x=f’a'p/p+z'f 9

= Log p, + 0,
=Log |z, |+famz,
This expression, Log p, + 26,, we call the logarithm of x,, or
log #,.
The first term is the natural logarithm of p,,—a real number,
defined in the last article. It depends only on the distance p,
of the final x from the origin. The second term 76, depends on
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the path by which x has passed from 1 to x,—that is on ke pati
of intcgration. It depends on the amount of turn of the stroke
x in passing from 1 to x,. Thus logx is many-valued in just
the same way as the amplitude. According to the path
selected it is .capable of an arithmetic series of values differing
by 277; and the general value of log #, is found by adding 2
to any particular value.

Ex. Find the values of log 1, log 7, log -7, log v.

In the integration of dx/x we have had to pay attention to
the route from the initial to the terminal point. When the
variable is real the path of integration of a definite integral is
determinate and unique, for the variable is confined to the real
axis and must increase or decrease constantly from the initial to
the final value. But when the variable can take complex values
there are as many (i.c. infinitely many) ways of passing con-
tinuously from the one limit of the integral to the other as there
are ways of connecting the corresponding points in the plane.

We definé that value of log z, for which — 7 < 6 = =, as the
chief value, or chief branch, of the logarithm; and denote it by
Logx. Thus Log xr=Logp+:Amux.

We have  Log (p,/p,) = Log p, — Log p, ;
so that log (xl/xo) = LOg i’x/Po + z(01 - oo)

= Logp, + 76, —(Log p, + 26,)
' =log x, — log x, + 2nmi.
In the same way it is proved at once that the logarithm of a
product is congruent (to the modulus 277) with the sum of the
logarithms of the factors.

Since (§ 15) Am (#,/x,) is not always Am x, — Am z,, it is not

always true that
Log (#,/x,) = Log x, — Log ,.

In the first chapter we discussed two essentially different
ways of comparing two strokes or complex numbers z, and
x, The one way is to consider the difference, or speaking
physically the displacement; the other is to consider the
ratio, or the stretch and turn. And the logarithm may

M. H. 4
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be regarded as affording the necessary means of transition
from the one to the other; for when x, becomes x, by a
turn 6,— 6, and a stretch p,/p,, then the logarithm, » suppose,
makes in its plane a step Log p,/p, eastward and a step 6, — 6,
northward. Observe how particularly simple is the case when
there is no stretch. Then p,=p,, and the logarithm is merely
zx turn. Whereas in the case where there is no turn the
logarithm, though real, can be assigned to a close degree of
approximation only by a complicated calculation. With this
calculation the reader is already familiar from algebra, where
series, such as
_P—1 1/p—IV
2 Logp—P:;_——I+§<;—_—4_——I-> + ...,

are given. The validity of this series for all positive values of p
will appear incidentally later on.

31. Mapping with the Logarithm. Let now y=log z,
or £ +1n'=Logp +10.

We have then £ =Logp, 7 =86.

Thus to the circles p =const. in the x-plane correspond the
lines £ = const. in the y-plane; to the circles of radii 1, ¢, ¢%...,
e, e~* ..., correspond equidistant lines £ =0, 1, 2,...,— 1, —2,....
To the rays 6= constant in the x-plane correspond the lines
7’ =6 in the y-plane; and if the rays-are drawn at equal angles
the lines are equidistant. Figure 28 shows the mapping.

As 0 increases, the line o' = 6 moves upwards; and when 6
is 2w, the map is not »'=o0 again, but #'=2m.Thus to one
ray in the x-map correspond infinitely many equidistant straight
lines in the y-map. ?

If we restrict § by the condition

—-—r<0=m
that is if we consider only the chief logarithm Logz, then we
have the whole of the x-plane, but the corresponding region
in the y-plane is bounded by the lines '=— 7 and %' =, and
includes the latter line but not the former.

It will be noticed that orthogonal curves map into orthogonal
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curves, in accord with the property of isogonality (§ 26). For
we have here D.y=1/x.

n=-m/4

n=-1/2

n'=-am/h

n=-m
y - plane.
Fig. 28.
We have therefore isogonality except when x=o0 or when
r=o0
We can use this property to determine the curve in the
z-plane which will map into a straight line in the y-plane. For
the curve must cut all the rays at the same angle ; it is therefore
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an equiangular spiral. To obtain its polar equation, let the
line in the y-plane be
E'=oan +p,
where a, B are constants.
Then Logp=af +8,,

which is the equation required.
The angle of the spiral is the angle which the y-line makes
with the lines %" = const., and is the same for all parallel y-lines.
The orthogonal systems in the z-plane are two specially
piaced coaxial systems of circles. It may be left to the reader
to show that the chess-board arrangement in the y-plane is two
specially placed parabolic coaxial systems of circles (§ 23).

32. The Exponential. When y is the logarithm of x, we
call x the exponential of y; and write x =expy. The value of
x is determined by the equations

p=expf, O=19;

the exponential of the real number £ has been already defined
in § 29. Thus for a given y there is but one =z, so that the
exponential of a complex number is one-valued. But we know
that when x corresponds to y it also corresponds to y+ 27w,
that is expy and exp (¥ + 2#m?) are the same whatever integer »
may be. A function which repeats its value when the argument
increases by a fixed amount is called periodic; thus expy is
periodic and has the period 277 ; just as siny is periodic, but
with the real period 2.

When y is imaginary,—that is when £ =0,—we have p=1,
and x is cis 0, while y is 2p’ or 6. Thus our definition of the
exponential leads us to say that

cis 8 is exp 20 ;
in other words that
exp 26 =cos 6 +7sin 6.
When we can assert, from the analytic theory (ch. XI1.), that
expr=I1+x+2721+2%/30 4+ ...
for any assigned x, then we have
cos 8 +7sin@=1+:20+(0)*/2'+ (/3! + ...,
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and cos@=1-—621+ 64! —...,
sinf@=60-—6°3!+6°%5!—...,
the analytic definitions of the cosine and the sine.
In seeking to connect logx or exp x with r itself we must
have in any case the problem of a /mit. The limit employed

in this chapter is fdp/p taken from one value of the positive
quantity p to another.

We shall see, in the analytic theory, that

limz (2'"—1) is Log z,

n=ocwo
where x'" is the chief #th root of x. It is well to verify this limit
geometrically when x=cis6. To find the limit in this case we
observe that, 6, being the chief amplitude, (cis 6)'"= cis(8,/7),
and that cis (6,/#) — 1 is the stroke from 1 to a point of the unit

cts 6,

cis(0o/n)

Fig. 29.

circle (fig. 29) whose arcual distance from 1 is 1/z of the arcual
distance from 1 to .

Thus 7 (cis (,/7) — 1), as to absolute value, is the sum of the
7 chords of # arcs whose sum is 6,; while its amplitude is
m/2 + 6,/2n. Hence the limit has the absolute value 6, and the
amplitude =/2; that is, it is 76,.

33. Mercator’s Projection. The application of the pre-
ceding principles to the problem of making maps of the Earth’s
surface is of great interest. The discovery of the compass
brought with it the idea of steering a course which should make
with all meridians a constant angle. This spiral course was
called a loxodrome or rhumb line. When the Earth’s surface
(regarded as a sphere) is inverted from the north pole into a
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plane, say into the tangent plane at the south pole, the meridians
become a system of rays in the plane, and the loxodromes
become, by isogonality, curves cutting these rays at a constant
angle, or equiangular spirals. Now the loxodromes being the
important lines, the map so formed by ‘stereographic projection’
was not sufficiently simple; what was wanted was a map in
which the loxodromes should appear as straight lines. This
is done by mapping the inverse of the sphere by means of
y=lcgx; this is the principle of Mercator’s projection.

34 The Addition Theorem of the Exponential. We
know that if r,=xx,, .
then log x, = log x, + log x, + 2nre.

Let x=expy, and let y, 5, y, correspond to x,, %,, %,;
we see that

if exp y, = exp J,.exp ¥,,
then Yy=2+1 + 27w
Therefore exp (3, + ¥, + 2nmi) = €Xp y,.€Xp ¥,;
or eXp (¥, +7,) = €Xp J,.€XP J,.
So exp (J, —,) = €Xp ,/€Xp ;.

Ex. Write exp m‘: exp (m7/2), exp [17,

as complex numbers of the form £4-77.

35. Napierian Motion. If we consider a moving point x
as depending on the time ¢, then the derivate of x as to #, which
we denote by #, is the wvelocity of x at the time #; this velocity
being itself a stroke whose absolute value, or magnitude, is the
speed, and whose direction is along the tangent of the path
of . If xis pcis @, then

i =(p +¢pb) cis 6,
so that the velocity is the sum of velocities of magnitude p in
the direction §, and magnitude p# in a perpendicular direction.

The simplest supposition we can make as ‘to the velocity of
a point is that it is constant; and the simplest supposition we
can make as to the motién of all the points of a plane is that
they all move with the same constant velocity,—this is a
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translation. We suppose any point of the plane to have the
initial position x, when the time #is o, and to take the position

o

Fig. 3o.
x, at any time #; then on the above supposition we have i, = 4,
a given complex number.

Hence Xp=x,+ 0t

If then we are considering a substitution x, =, + 4, we can
suppose the new arrangement brought about by a translation ;
#, being the position of any moving point at time o, x, at time 1.
The motion of translation is of course only one of infinitely
many ways in which the substitution can be brought about, but
it is the simplest.

Supposc now that we impose on the y-plane a translation
such that every point y, becomes y, + &7 at time #; this imposes
on the x-plane a motion such that the corresponding x, (orexp y,)
becomes x;, where

x,=exp (y, + bt) =exp y, exp bt = x, exp bt
Thus at any given time the ratio x,/x, is constant. The paths,
or lines of flow, in the y-plane are parallel straight lines; hence
the corresponding paths, or lines of flow, in the x-plane are
equiangular spirals with a common pole x=0 and with the
same constant angle. Also those points of the y-plane which
lie on a straight line at any instant will lie on a straight line at
any other instant; taking in particular the lines of level, which
are orthogonal to the lines of flow in the y-plane, these will map
into another set of equiangular spirals in the z-plane orthogonal
to the lines of flow ; these also are lines of level. The lines of
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flow and of level are shown in fig. 31, one system of lines being
shown by dots. Either system being taken as lines of flow, the
other will be lines of level.

Fig. 31.
The velocity along a spiral is determined from the equations
p=expf, =7

These give p/p =€, §=1', and §, %’ are resnectively the constant
eastward and northward velocities in the y-plane. Thus in the
spiral motion the velocity along the radius p is proportional to
that radius and the angular velocity 6 is constant.

In particular corresponding to a northward translation in the
y-plane is a motion in the x-plane for which p is o, 6 is constant ;
this is a rotation of the x-plane about the origin. And corre-
sponding to an eastward translation in the y-plane is a motion
in the x-plane for which 0 is o, p < p; this is a special dilatation
of the plane, of the kind contemplated by Napier in introducing
logarithms. In general the motion of the z-planc is a’ super-
position of a rotation and a dilatation. For convenience this
general motion will be called Napierian.



CHAPTER V.

THE BILINEAR TRANSFORMATION OF A PLANE
INTO ITSELF.

- 36. The Fixed Points. The bilinear transformation
= (ax,+ b)/(cxy + &)
converts a point x, of the x-plane into the point (ax, + 8)/(cxv, + &);
there is nothing to indicate that the transference is to take place
along any special path. But, as in § 35, there is an advantage in

connecting the substitution artificially with a special motion of
the plane as a whole.

Let us begin with the simple form
X, =ax,+ b.
There is one finite point which is unaltered, namely the point
for which x, = x,, or ax, + 6 = x,; that is, the point x,= /(1 - a).
Taking this point as origin, the equation becomes

= ax,;
that is, all strokes are to be altered in the same ratio. This is
attained by the Napierian motion,

If however @ = 1 the above reduction fails ; but the equation
is then x, =z, + 0 and only a translation is necessary (§ 35).

We consider in general the mapping of a plane on itself, by

means of the equation
‘ X, =, 4+ 0)[(Xy+ d)evennniineniinne. (1);

and regarding x, as the position of any point at the time £=o0,
z, as the position of that same point at the time #= I, we seek
an appropriate motion of the plane.
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There are two points which do not move, namely the points

given by x, = x,, or the points given by the equation
A+ (d—-a)r—b=o0.

Let this equation have, in the first place, two distinct roots f, /'
these roots are called the fixed (or double) points of the trans-
formation.

With the help of these fixed points we can write (1) in the
form

ff; B R
for this equation is bilinear and shows, from its structure, that
when z, is f (or f'), x, is f (or f’). The value of % can be found
by letting x, become infinite; the value of z, is then — /¢, and
we have

G A (2),

L—p — S

—djc—f"
or k= (f" +d)/(cf+ ). (Compare §21.)

37. The Motion when the Fixed Points are distinct.

If we write 2 =(x - f)/(x — f'), then (2) becomes
g, = ka,.

Evidently the fixed points in the z-plane must correspond to
those in the z-plane since z=2, when x=x,. The new fixed
points are 0 and o.

In this change of planes we have mapped on the z-plane not
merely the old and new arrangements of the points of the
z-planes but also the intermediate arrangements through which
the totality of #-points may be supposed to reach their new
positions 2. Thus we consider the motion of the one plane as
mapped into the motion of the other plane.

Now when z =4z, a Napierian motion suffices for the
z-plane; from this we infer a suitable motion in the x-plane,
by which x, becomes. (ax, + )/(cx,+ 4). Let us examine this
more closely.

(i) When |£|=1 the motion of z is along a circle whose
centre is O; hence the motion of x is along a circle about f and
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S, and the lines of flow are an elliptic system of coaxial circles
(§23). The lines of level are the orthogonal arcs of circles ; that
is all points which lie at any instant on one of these arcs lie at
any other instant on another. Te substitution (1) is called elliptic
in this case.

(i) When Am#=o0, 2z moves along a ray from o to «;
hence x moves along a circular arc between f and f'; the lines
of flow are the system of such arcs; and the lines of level are
the orthogonal system of circles. Zkis form of the substitution
(1) 75 called Jyyperbolic.

(iii) In general when |£| 4 1 and Am 4 # 0, z moves along an
equiangular spiral; hence x moves along the map of such a
spiral. What this map is like is easily seen from the property
of isogonality, for it must cut all arcs between f and /' at the
constant angle Am 4. »

(o]

Fig. 32.



60 THE BILINEAR TRANSFORMATION [CH.V

The curve is a double spiral, winding about the fixed points.
The lines of How aré a system of such spirals with the same
fixed points and the same constant angle. The lines of level are
the orthogonal system of double spirals, with the same fixed
points. Figure 32 indicates both systems, one of the systems
being shown by dots.

Since the equation of the equiangular spiral is (§ 31)

Logp=af+p,
the equation of the double spiral is
Log (p/p) =a(6—6)+ 8,
where p, § are measured from one of the fixed points, £, and p/,
6’ from the other fixed point f’. For a system of spirals as in
fig. 32, a is a constant but B a parameter.

The substitution is called, in this general case, lexodromic.

If we invert the sphere into a plane by using a point of the sphere as
centre of inversion, the loxodrome becomes our double spiral ; hence the

reason for calling the substitution loxodromic. When the centre of inversion
is at the pole the loxodrome becomes the single spiral.

Ex. 1. The points of inflexion of all paths in fig. 32 lie on a straight line.
Ex. 2. The velocity in loxodromic motion is proportional to
(=) (x-S
Ex. 3. In the elliptic substitution the points which move along a straight
line have a constant angular velocity about either fixed point.

38. Case of coincident Fixed Points. So far we have con-
sidered the fixed points £, f’ as distinct; we proceed to the case
when they coincide. 'Since now f’ =f; the value of £is 1; and

the equation

% _f =k % _f

*, ~f %o -f
conveys no information. But let /' =f+ 8f, and let §f become
o in a specified manner, say with an amplitude . The above

equation is
(14 ¥
1 +x,—f'“(‘+cf+d> (1 +xo—f’)’
or, dividing by 8/ and then letting 8f tend to zero,
S SRR
xx—f_xo—f ‘:f+d
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Map the x-plane on a second plane by writing
I

I

x—f;
) c
we get 3l=50+;m,

a translation of the s-planc.

Hence the lines of flow appropriate to this case of coincident
fixed points are a parabolic system of circles which touch at f
(§ 23). The lines of level are the orthogonal system, also
touching at f.

The substitutions (1), for whick the fixed points coincide, are
called parabolic.

The common tangent to it~ system of circles is itself a circle of the
system, namely a circle through f and «o. The correspondent x; of ;=00

lies on this circle. DBut
n—/=(+d)e,
or n=2f+dJc.
Hence the common tangent can be constructed by joining fto 2f+d/c

Ex. The substitution is defined when we assign f and the initial and final
values of a point,—say that x; is ;" when 27 is 2;". Prove that if we construct
a point ¢ so that fand g are harmonic with x, and #/, then x; and z; are
harmonic with f and g. This is then a construction for the point
corresponding to any point x,.

39. Substitutions of Period Two. Let
n= (ax, + é)/(cxo + d)’ x, = (‘lxz + b)lr‘("‘rl + d):
and generally x,,,, = (ax,, + 0)/(cx,, + d); what is the condition

that x, shall coincide with x,? The question can be answered
very readily by taking the equivalent equations

—_ — b = A2 —_ — = pritly .
Zl—-kzo, '3'2— Hl—kzopn-’ Z,,,+1-—/{’3,,,—-...—k 30)

the necessary and sufficient condition is that 4#* shall be equal
to 1, i.e. £ must be an zth root of unity. Since || =1, the
substitution must be elliptic.

Pet us examine the simplest cases 2 =2 and 7 = 3.

When 7 = 2 we have 4*=1; and the substitution becomes

*, _f _ ) —f
nor iR
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Taking the upper sign, i.e. 2= 1, the substitution becomes x=x,
and every point remains stationary. When Z=—1 we have

x, + -f

f A
so that (§ 24) #, and z, are ha.rmomc with f and /. Combining
all the points of the plane into pairs harmonic with two given
points fand f we see that the substitution interchanges these
points. This arrangement of the points of a plane into pairs is
said to be an znvo/lution.

Any symmetric bilinear substitution between x, and x,, that
is any equation of the form

X, =a (X, +x)+ b (1),

=0,

defines an involution. For by a single substitution x, becomes
x, while x, becomes x,; hence by two substitutions x, becomes
x,; hence £=—1.

The above equation between x, and x, is the condition that
x, and x, are harmonic with the roots of

=20+ 0.eevvviviiiiiiiiii, (2).

Two pairs of points, say gy, g, and ¢, ¢;, will determine an involution ;

for the two equations

popr=a(po+1)+0,

cgor=a(goy+q)+4,
determine the ratios of @, 4, c. The relation (1) is then
Xory, Yo+, 1
Pobrs Doty 1
701> 90+91) I

which can be written

(Fo=21) (o= 1) (go—21)=(x0— 1) (Do—21) (go—21) -+ oo (4)
or in three other equivalent forms obtained by interchanging x, and z;, or
2o and py, or ¢, and ¢;.

Ex. Four straight lines can be paired off in three ways. Let the
intersections of the pairs be xy, xy; 2o, £1; ¢0y ¢ Prove by equating
amplitudes and lengths in both sides of (4) that these three pairs of points
are in involution.

Geometric Construction for the Partner of xr=c. If we speak of the
two points which are paired off as partners, then the equation (3) gives the
partner of any point 1, in the involution determined by given pairs. In



39] OF A PLANE INTO ITSELF. 63

particular to find the partner of « we first divide the first row of the
determinant by x; and then let x, tend to oo. Thus we get

BT I, O =0,
?ol’l’ﬁo"'ﬁul
Jof1y Gotq1y I

or X1 (Dot D1— Qo= 91)=DLoD1—Fog1+ +oevevererneen vuene (5).
Here the origin is unspecified. If we take the origin at ¢, itself the equation
is 1 (Dot D1— q1)=bo b1,
or, if Lot =9

UG =P Pre e eren et ene e, (6)

Since ¢y=0, this gives the following geometric construction for the partner
of o0 :(—

Complete the parallelogram pog, pg and make the triangle pygyv, similar
to the triangle qq,p,. Then x, is the point required.

This point is called the centre of the involution.

The Double Points of the Involution. The points which are their
own partners are the fixed points of the substitution, but with reference to
the involution they are usually called the double points; for in the pairing
off of the points of the plane each is counted twice. To obtain them when
two pairs are given, we have, by writing x;=x,=x in (3) or (4), a quadratic in
x. But thi$ does not suggest at once a geometric construction.

We can construct them very easily from knowing the centre; for if we
write ;=0 in (§) and thus take the centre as origin, the condition that 4,
and p,, ¢, and ¢;, 0 and co are in involution is, as in (6),

H0D1=961 5
whence the double points are the square roots of #,#,, and lie on a straight
line through the origin which bisects the angle p0p,. And now if we state
this in a covariant manner we can dispense with first finding the centre.
For the straight line which bisects p40p, is a circle through o and o which
makes opposite angles with the arcs ogyeo and op;.

Thus, generally, if g%, and g,¢, are the given pairs, draw the arcs gy 5.9,
and ¢y,¢,, and draw a circle through ¢, and ¢; making opposite angles
with these arcs. This circle contains the double points. And interchanging
the pairs we obtain another sach circle, which cuts the former at the points
sought.

This construction fails, however, when the given pairs lie on a circle and
are not interlaced. For then the two circles of the construction coincide
with the circle on which the pairs lie. To meet this case we can apply
the fact that if two circles 4, B intersect, and 4’ be orthogonal to both, 4’
intersects either circle at points harmonic with the intersections of 4 and 5.
If then A’ and B’ are circles orthogonal with both 4 and B, each marks off
on A points harmonic with the intersections of 4 and B. Thus if 2y, p, and
¢0s ¢y are on a circle or straight line 4, and are not interlaced, we draw through
2o 21 and ¢y, ¢, circles A’ and B’ orthogonal to 4, and construct any other
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circle B orthogonal to both 4’ and B’. The points where B intersects 4 are
the sought double points.

Ex. 1. When 2, 2, and ¢, ¢; are on a circle, and the straight lines %, 2,
and g¢,g, meet at a point » outside the circle, prove that the points of contact
of the tangents from 7 are the double points of the involution determined
by 2o, £, and ¢q, ¢;. Prove that the partner of » in this involution is the
centre of the circle.

Ex. 2. The above general construction for the double points is by means
of angles. Discuss the correlative construction by means of lengths.

40. Reduction of Four Points to a Canonic Form. It
is often convenient, in discussing involutions, to suppose the
double points to be 0 and «. The bilinear relation is then
merely z,+2,=0, and two pairs are opposite corners of a
parallelogram. In mapping two given pairs of points into this
parallelogram form, we may further suppose that one of the
points maps into I; the equations which give the pairs of points
are thus brought by a bilinear transformation into the forms

Z2=1, =2z’
To determine z,, we use the principle that a double ratio is
unchanged by a bilinear transformation. The double ratio
(8, — & I, — 1)
is Hol ZHED (’.‘9,"!‘ _T_I)g_
5,41 —z,—1 Z,+ 1

Hence if 2, #, and g¢,, ¢, be the given pairs we can take

- 2

(23) =@ a2
whence we have for 2, two reciprocal values, either of which can
be taken.

It will be observed that it is not necessary to calculate the
double points.

Ex. 1. Prove that the equation (22—1) (x?— 22+ 2)=0 can be bilinearly
transformed into (22=1)[£2+ (22 W5)%]=0.

Ex.-2. When two pairs form a parallelogram, verify the construction for
the double points given in the preceding article.

Ex. 3. Four points can be paired off in three ways and therefore
determine three involutions. Prove, by considering the parallelogram, that
the three pairs of double points are mutually harmonic, and that the
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partners of any point in two of the involutions are themselves partners in
the third.

41. Substitutions of Period Three. The case =3 of
§ 39, that is the case in which the substitution, when applied
three times, brings each point back to its initial position, arises
when £ =1,
whence B+k+1=0, £=exp (& 2mi/3).

Taking three arbitrary points x,, x,, x,, we can of course
determine a substitution which will bring them into the
positions x,, ¥, x,; we€ now see that this substitution is of the
form  (x, —/)/(x,—F") = exp (£ 2mi[3) . (x, — /)%, = f),

where f and f’ are to be determined.

This way of mapping a triad of points into itself is very
closely connected with the solution of a cubic equation. For
the essential point is that by writing (ax + 8)/(cx + d) = z we can
map the triad into any assigned regular triad in the z-plane;
say into 1, v, V%

Thus the cubic whose roots are z,, z,, x,, can be written in

the form
2L=1,

by writing (ax + b))(cx + d) = 2.
That is, the cubic itself can be written
(az + B = (cx + Y,
or say F=fl=n@-f)
Suppose the cubic to be 2*+ 3axr+ B8 =0; then we have,
comparing coefficients,

=M =M =a(1 =), 1= NM"==B(1=));
whence ==, ff/(f+f)==8,

so that fand f’ are determined by solving a quadratic.
We have then

# =Nl =f)y=In=fIf’
the three cube roots giving the three roots of the cubic.

M. H. S
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Ex. 1. The points x,, %;, x, being mapped into 1, v, v? the points f, /'
are at the same time mapped into o, . Hence corresponding double
ratios of xy, %y, ¥y, / and I, v, v o are equal. Hence prove that

2
T i et ol e o
Ko+vn+oir,
Sf= - 212+ vy + vy
X+ iy v,

Ex. 2. Prove that the angle which the stroke from f to f* subtends at
any of the points x,7,7, is a third of the angle which it subtends at their
centroid.

Ex. 3. A bilinear transformation can be found which will map a, 4, ¢, &
into 4, ¢, d, a only when g, ¢ and 4, & are harmonic pairs’.

1 The periodic # ~ad, or figure formed by a point which returns to its original
position after # substitutions, can be regarded as the map of a regular #— ad,—that is of
the vertices of a regular polygon. This is not the place to enter into geometric
considerations for their own sake, but as the figure in question has received some
attention from geometers (see for example Casey’s Sequel! to Euclid and Analytic
Geometry), it is proper to point out that it can be obtained from the regular z — ad by
a single inversion with regard to an arbitrary point of space ; and that therefore it is a
special projection of the regular 7 - ad.



CHAPTER VI

LIMITS AND CONTINUITY.

42. Concept of a Limit. The discussion of irrational
numbers brings us face to face with difficulties which cluster round
the notions of continuity, limit, and convergence. As these
notions are woven into the very texture of our subject, it will not
be amiss here to indicate to the reader some of their aspects which
may have escaped his attention when studying algebra and the
differential calculus. For simplicity we will take the variable
real.

The sequence 4, 3%, 33, 31,... suggests at once the number 3.
This number 3 is not itself a member of the sequence, but the
numbers of the sequence tend to it (or converge to it) and can be
-made to differ from it by as little as we please. We are therefore
justified in saying that the function ¥+ 3 tends to the limit 3,
when § passes through the values 1, 1/2, 1/3,.... This state-
ment is expressed symbolically in the form léim (E+3)=3.

Observe that £ did not take the value o, for 0 is not one of the
set I, 1/2, 1/3,....

Let us now state the matter generally. The numbers
£, &, &, ... of a sequence are said to tend to the limit a, when
to every positive number ¢ there corresponds a positive integer
u* such that for £, and for all later members £, of the sequence

we have | —al<e.

* The number u will be different in general for different ¢’s. The number e is said
to be arbitrarily small and given in advance. It may be supposed assigned by an

5—2
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When, with the same notation, we have £, > I/e (or < —1/e) we
say that the numbers &, tend to the limit + o (or — x).

43. Distinction between “value when £ =a’’ and “‘limit
when £=a.> To return to the special example, we have seen
that £ did not take the value £=0; suppose now that we assign
to £ the value o, we have at once the value 3 for the function
£+ 3. We express this in the following way :

vezl_ue (§+3)=3.

In this example
lim(E+3)= value (E+3).

£=o
It is most important that the reader should appreciate that it
is far from being true universally that the limit of an expression
when £ tends to a is the value of the expression when £ is a.
We will consider a case in which the equality breaks down.

Suppose that fE= EE _—

approach 1 through the sequence of values 141, 1+1/2,

II and that a=1. To fix ideas let &

2 __

1+1/3,..., then —E‘— (or £+ 1) takes the values 3, 24, 23,..

The left-hand side of the equation

£ — £-1
lim -—-ale
ele— valu E- 1

has therefore the definite value 2, but the right-hand side is
meaningless and the equation breaks down.

44 Upper and Lower Limits. The numbers of the
sequence 4, 34, 34, 31,... lie between o and 10; this interval can
be contracted to the narrower interval 2 to 6, and this again can
be contracted. Suppose that we take the narrowest interval
which contains all the numbers; this is evidently the interval
from 3 to 4. The number 3 is called the Jower /imit and the
number 4 is called the upper limit of the sequence.

opponent. The opponent names as many numbers ¢ as he pleases, and one has to
assign for each a suitable u. Of course an algebraic inequality, such as u>1fe, is
the usual means of establishing the criterion. In arguments about limits e is restricted
to the above meaning, with the consequent advantage that the words ‘arbitrarily
small’ and ‘given in advance ’ can be omitted.
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It is clear that the notions upper and lower limit coincide
with the notions of maximum and minimum, whenever the
sequence contains a maximum number and a minimum number.
For example

(i) the sequence 4, 34, 33, 31,... has an upper limit 4 which is
also a maximum : there is a lower limit 3, but no minimum;

(i) the sequence 3, 4, 33, 3}, 31.... has an upper limit 4
which is a maximum and a lower limit 3 which is a minimum;

(iii) the sequence formed from the numbers 3 + 1/, 4 — 1/2
by giving to # the values 2, 3, 4,..., has the upper limit 4 and
the lower limit 3, but it has neither a maximum nor a minimum.

45. Every Sequence of constantly increasing Real
Numbers admits a Finite or Infinite Limit. Let the real
variable £ increase constantly ; either there is no real number a
which is greater than all the values assumed by £, or there is
such a number. In the former case £ can become indefinitely
large ; in the latter case there is a number ¢ to which £ comes
arbitrarily close, or to which £ attains, but beyond which £ does
not pass. In the one case we say that the limit of £ is + o0,
while in the other the limit of £ is . In the latter case the
limit is also the upper limit (§ 44); in the former case we shall
say that + oo is the upper limit.

Similarly when £ decreases constantly it tends to the limit
— o or else to a finite limit 4. In the former case the lower
limit is — o0, in the latter «'".

The existence of the numbers «, o is not a new assumption ;
it is a consequence of the arithmetic definition of irrational
numbers. For all real numbers can be separated into the two
classes,

(1) the numbers which are greater than all the values that £
is allowed to take;

(2) the numbers whieh are exceeded by some of the values of £.

From these two classes there is no difficulty in picking
out two sequences which will define the number v ; and similar
reasoning establishes the existence of v,
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46. Every Sequence of Real Numbers has an Upper
and a Lower Limit.

First let there be an integer a which is less than all the
nunibers of the sequence and construct the sequence

a, a4+ 1,a+2,.......

Passing from left to right along this sequence let (a,, a, + 1) be the
first interval which contains a number £ Divide this interval
into tenths and consider the new sequence

a,, a,+ 1/10, a, + 2/10,..., a, +9/10, &, + I.
Passing again from left to right let (a,, @,+ 1/10) be the first

interval which contains a number £ Divide this interval into
tenths and proceed as before. In this way we construct

Oy Oyyunnnnnnn. B ,
a, +1,8+1/10,......... TR U5 To 2 M ,

which are sequences of the kind considered in ch. L. (§ 6).
They define therefore a rational or irrational number ¢';
we shall prove that this number is the lower limit, that is that
there is no number ¢ which is less than o’ and that there are
numbers £ which differ from &’ by less than any assigned positive
number however small. The latter part of this statement is true
by reason of the presence of at least one number £ in every
interval (a,,, a,,+ 1/10”7), no matter how large » may be. To
prove the former part of the statement, assume that there is a £,
say £,, which is less than . Then because a,, a,, ay,...... tend
to the limit ¢/, it must be possible to find an a, say a,, which
is nearer than £, to v; thus we have a § which is less than.
an a, contrary to supposition. It follows that ' is the lower
limit.

What has been proved may be formulated as follows :—

Given that all the values of a rcal variable & are greater than
a finite integer a, there exists ome and only one finite number o
with these propertics:—(1) no value of £ is less than ', (2) at least
one value of £ is less than o + e, where € is an arbitrarily small
/)ész'tz've number assigned in advance. This number ' is the lower
limit of the values of E.
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Secondly, when there is no integer® which is less than all the
numbers of the sequence, we say, as in § 45, that — oo is the
lower limit. Thus in all cases. there is a lower limit.

The corresponding theorem for the upper limit can be proved
in the same way.

47. 'The necessary and sufficient condition that a
Sequence tends to a finite Limit. When we have reason to
suspect that the numbers £, tend to a limit a, we can verify
whether this is so or not by using the definition of § 42, namely

&, —al<eé (n Z w).

But it is often not possible to write down the value of a and it is
the.efore essential to have an equivalent test which will not
presuppose a knowledge of a.  7he new condition is 1hat it shall
be possible to find among the €s a number €, suck that the absolute
value of the difference of any two numbers of the sequence €., Euin,
Eurar.. shall be less than - 1 arvbitrarily small positive number e
given i advance.

(A) The condition is necessary; for let a be the limit and

let u be so chosen that
la —&,|<e€f2, |a—E;| < ¢€/2,
where 72> 7 and 2 Zu. Then
v —E=la—E|+|a—Evi<e

(B) The condition is sufficient. The spirit of the proof can
be appreciated best when use is made of geometric considerations,
though the proof itself is strictly arithmetic. Represent £, §,,
E,,... by points on the axis of £ In virtue of the condition
imposed upon the £'s we can say that from a certain point £,
onwards all the points £, Eutayeeee.. lie within a distance € of
. on either side; so that if § —p=¢— E, =€, every number

K PR R P
Fig. 33.

Eut+1r Euter-.. lies within the interval pg; in particular £, lics
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between p and ¢, if u' > u (fig. 33). By choosing u’ sufficiently
large, we can affirm that every point Euii, Evie, Ewts,... lies
within a new interval p'¢’, where £v—p'=¢ —E.=¢/2. This
interval ¢’ may extend beyond p or ¢ but we can cast away
the projecting part since all the points §,, £.4y,... lie in pg.
Attending then only to the interval common to pg and 'y’ we
observe that its length is at most half the length of pg, and that
it contains all the points &, E.4y,.... Among the numbers
W+1, W +2, 4+ 3,... we can find a number u” sufficiently large
to secure that all the points &./, E,741, Eprgs, ... shall lie within an
interval whose length is at most half that of p'¢/, this interval
lying wholly within each of the preceding intervals. By pro-
ceeding in this way we can get a succession of intervals whose
lengths tend to zero; furthermore the left-hand and right-hand
extremities of these intervals, when connected with the origin by
strokes, give two sequences of strokes in ascending and descending
order respectively. Hence the conditions of § 7 are fulfilled and
the strokes define a point a, which is the limit whose existence
we sought to establish.

The non-terminating decimal affords a good illustration.,
When we take the first p digits after the decimal point, let the
number obtained be £.. Then £, —&,<1/10% and this can
be made less than any assigned e by taking u large enough.
Therefore there is a limit of the sequence §,, §,, §,,.... If the
decimal terminates, the limit is attained

A sequence which tends to a finite limit is said to be con-
vergent.

48. Real Functions of a Real Variable. The most
general definition of a real function of a real variable is as
follows :—

When one and only one real value 1 is assigned to eack value of
a real variable £, n is said to be a one-valued function of . When
two or more real values are assigned to eack &, n is said to be a
many-valued function of E.

We restrict ourselves in this chapter to one-valued functions.
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This definition admits functions which cannot be represented graphically.
Let, for example, 5 be equal to o for all rational values of the real variable ¢
and to 1 for all irrational values of that variable; then the points (&, n)
trace out no plane curve in the svnse ordinarily accepted for the term
* curve.

Similarly in the case ot two or more independent rea/ variables, what is
implied by the statement that a dependent variable is a function of these
independent variables is conveyed .adequately by the adjective ‘ dependent’;
the former is to be given when the latter are given. We lay emphasis on
this; for we propose to consider these general functions in the case where
the variable or variables are »ea/, although the only functions of the complex
variable r that will be discussed in this work will be drawn from a very
general, though not completely general, class of functions known as
‘analytic.’

To keep the two uses of the word ‘function’ as distinct as possible we
shall use f§, f(£, ), when simple dependence on real variables is meant;
whereas fx, where x=§+77, will indeed denote dependence on x,—-therefore
also on ¢, n,—but dependence of that special kind which will be expressed
later by analytic function.

49. Continuity of a Function of a Real Variable.
Suppose that when the real variable £ tends to the limit a by
increasing values of £, the function f¢ tends to a limit; we can
denote this limit by hm f £; similarly we use lim /¢ to denote the

a+o
limit (also assumed to exist) for f€ when £ tends to a by
decreasing values. With this notation we can define continuity
as follows:
Let fE be a one-valued function of the real variable &, which is
defined for all values of an interval a—38 to a+ 8, then fE is said
20 be continuous at a, if

lim f€ = lim f§ = value f£.
a—o ato f=a
The function is discontinuous when any one of the three

numbers in these equations is non-existent, and when the three
2 3

numbers exist but are not all equal. For example ~ £

o .
1S not
o

continuous at £=a, because the expression has no meaning

&

2 —at
when £ is equal to a; here lxm-—-—g— —llm? a =2a, but

aof— a+to E-—
gﬁ_ 3
E._.

value is non-existent.
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Suppose that when £ <1 we have n=/§=1,and when £ Z 1

Flg. 34-

we have 5 =f€ =0 (fig. 34); then lim f€ =1, whereas lim fE=0,
1—-0 1+o0

and value fE=0. Here again there is discontinuity.
&=1

The necessary and sufficient condition for the continuity of
SfE at E=a, where f§ is defined for £ = a, may also be stated in
the following way :—

The function fE is continuous at €= a, when there exists an
interval of the axis of E,—say the interval from a—238 to a+3,
where 8 is real—such that at every point € of this interval, we
have

(fE-Sal <,
where € 1s an arbitrarily small positive number whickh is chosen in
advance. It is implied here that the function is defined when

E=oa.

50. A Continuous Function of a Real Variable
attains its Upper and Lower Limits. Let f£ be continuous
at all points £ for which a=£=<f, a and B being finite. This in-
terval may be called the closed interval (a,B) ; closed, because the
interval contains both extremities a and 8. Within the closed
interval (a, B) the values f£ have an upper limit 4 and a lower
limit ¢, We wish to prove the important theorem that there
exists in the interval a point at which f§ is exacély, and a point
at which f§ is exactly . In other words we wish to show that
the values of the continuous function f¢ admit a maximum and
a minimum value, when § takes all values within the closed
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interval. The following lemma is required in the proof of this
theorem :— '

Let one of the closed intervals (€,—9, € ,+9), (€, & +39),
(E,— 8, &), where & is an arbitrarily small positive number, be
associated with the point §, of the closed interval (a, B), the first,
second, ov thivd being chosen accorvding as E, is interior to or at the
extremities a, 3 of the interval (a, B); also let these intervals lic
within (a, B). Then we can assert that there is at least one poiist
&, of the interval (a, B) suck that the upper limit of fE for the
associated interval is exactly &, no matter how small & may be
taken.

To establish the truth of this lemma we must prove these
two propositions :—

(1) Grven that (o, B') is contained within (a, B), then the
upper limit of fE for (a, B') is at most v,

(2) Given that (a, B) s divided into two equal or unequal
parts, then the upper limit of fE for at least one of these parts is
equal to .

As regards (1) observe that if the upper limit of f£ for
(@, B') be v+, where 4, is a positive number, then there are
values of f§¢ which exceed any assigned number which is less
than  + «,, and therefore exceed the number . This is contrary
to supposition ; for there are by supposition no values of f§ in
(a, B), much less in (o, '), which exceed . If the upper limit
of f& for (a’, B') be + «, the upper limit of /¢ for (a,8) must also
be + 0.

As regards (2) we can use a very similar argument. When
v is finite, the upper limits for the two parts may be equal, in
which case both must be equal to v, or they may be unequal, in
which case the greater of the two must be equal to yv. When,
on the other hand, ¢ is + 0 we must have at least one of the
two new upper limits equal to + 0.

We can now proceed to the proof of the lemma. Divide
(a, B) into two equal parts; for one at least of these, say (a,, 8,),
the corresponding upper limit is . Divide (a,, 8,) into two
equal parts and select a half, say (a,, 8,), which yields an upper
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limit 4. By continuing this subdivision, we are led to two
sequences
o o, Uy, Ay, Y- T ,

B, B,y By Byyeenenn y Boyeenens ,

which are composed respectively of ascending and descending
numbers. These sequences define a rational or irrational number
E, since a,— B,,=(a—B)/2%, tends to zero when # tends to
infinity ; this number £, lies within (a,, 8,).

Within (a,,, B8,) the upper limit of f£ is y; hence the upper
limit of f¢ in any interval (§,— 8, £ + &) which contains (a,, 8,)
is at least v; since (a,, B,) shrinks indefinitely as 2 grows,
we can make the interval (£, -8, £ +8) as small as we
please. Again since (§,— 3§, £+ &) is merely a part of (a, B)
we can assert at once that the upper limit of f§ in the
former interval is at most equal to the upper limit, v, of f§
in the latter interval. Since the upper limit of f¢ for the interval
(&, — 0, & +9) is at least equal to and at most equal to vy, it must
be exactly equal to 4. This is on the assumption that v is finite:
when « is 4+ oo the upper limit of f§ for the interval (§,— §, £, + 8)
is not less than g and is therefore + oo . This completes the proof
of the lemma. It is evident that the lemma is still true when
the words ‘upper limit’ are replaced by ‘lower limit,’ and y by «/.

We have spoken of oy = + o0 as if it were a possibility, but the
lemma shows that ¢ cannot be 4+ oo when f£ is continuous. For

(a) the supposition y =+« implies, by the lemma, that the
values of f§ increase indefinitely as £ tends to £;

() the supposition that f£ is continuous at £, implies that
the values of f£ differ very little from the finite value f£, when
& approaches very near £ ;

and the statements (), (#) are irreconcilable,

We can now prove the theorem that a continuous function f§
atlains eack of its two limits at least once.

By reason of the continuity of f§ at §, there exists an
interval (§,— 8, £ + 8) such that for every point £ of this interval

we have |SE—SE|<€.oiiiiiiiiiiiinnninnn, (1),
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where e is an arbitrarily small positive number assigned in
advance. And by reason of the lemma we can assert that there
may exist within (§,— 8, £, + 8) a point £ such that fE=¢, and
that there must exist a point £ such that

SE>q—e
Thus, for the same values of £ as in (1), we have

|fE—ol <€, (2)
Hence, combining (1) and (2), we have

IfE, —qyl<2e.iiviiiiiiiiinn, (3)-

But f€,, v are fixed quantities, and therefore the absolute value
of their difference is a fixed quantity. It is impossible that a
definite positive number however small should always satisfy the
inequality (3), unless this definite number be zero, for € can be
made as small as we please. Hence

JfE —v=0;
a result which proves the theorem, so far as the upper limit is
concerned. The proof for the lower limit is precisely analogous.

61. Functions of two independent Real Variables.
Suppose that a real value ¢ is assigned to each point (£, ), or
£+ 79, in a certain region I' of the plane,—for example for the
interior of, and on, a rectangle or circle,—then ¢ is for the region
in question a real function of the two real variables €, 1.

(1)  The values § admit an upper and a lower limit. This is
an immediate consequence of what we have said (in § 46) on the
existence of an upper and lower limit for a single real variable ;
in this case the variable is &

This upper limit can be called 4, where v is finite or + o,
and the lower limit «/, where o' is finite or — .

(II) Surround the region I' by a rectangle a,a,a,2, whose
sides are parallel to the axes of £ and . Through the centre 4,
of the rectangle draw lines parallel to the sides, thus creating
four new rectangles. Of these new rectangles consider only
such as contain part of I In at least one of these rectangles,
say 4,6,6,6, (8, =a,), the upper limit of the values of ¢ for the
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points common to I' (the contour included) and to the rectangle
is exactly v, the upper limit of § for the whole of I Divide thi:

K a, a2
f
A, Cy 5
d 2
k__ =0
L; gy 63
a, b, a,
0 &
Fig. 3s.

rectangle into four equal parts as before, and select a part which
yields the upper limit  for the associated values of ¢; let this
part be ¢, (¢,=6,), and proceed as before. Then we get a
sequence of rectangles

aaaa,, 0660, ccec,. dddd

1772773774 1727374 172737 4" 0 T

each of which contains all that follow; the areas of these
rectangles tend to zero and there is one and only one point
(€,, »,) which lies within all the rectangles of the sequence.
This assumption is of the same nature as the assumption made
in §7. For each rectangle provides two abscissae and two
ordinates ; for exampic ¢,c,c,c, provides the abscissae of ¢, (or ¢,)
and ¢, (or ¢,) and the ordinates of ¢, (or ¢,) and ¢, (or ¢,). And
hence the rectangles lead to ascending and descending sequences
of abscissae which converge to an abscissa & and to ascending
and descending sequences of ordinates which converge to an
ordinate n,. The combination of the sequences leads to a point
(€os 7o)

It is proper to define here the expression neighbourhood of
(€, m). All that is meant by this is a region that consists of
points on and within <ome circle whose centre is (£, 7), and
whose radius is not zero. We can see, precisely as in § 50, that :—

The values of the veal function § of the two real variables E, n
Jor the region T of the plane admit the same upper lishit for every
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neighbourhood, contained within T, of the above point (,, n,) as
Jor the whole vegion T'.

It is almost unnecessary to say that when a neighbourhood
of (§,, n,) lies partially outside I',—this will happen for example
when (§,, n,) is on the boundary of I'—the theorem will still
apply, provided that account be taken only of such points of
the neighbourhood in question as lie within or on the boundary
of T\

(IIT) Continuity of f (£ 7). Suppose that f(& »n) is
defined for all points of a region I'" which covers a continuous
portion of the plane ; for instance P may consist of all points on

£

and interior to the ellipse 2+ =1. We shall say that z¢

Bl
Sunction f (€, n) is continuous at a point (E,, n,) in the interior of
T, when there can be found a neighbourhood of the point such that

Jor every point (€, m) of this neighbourhood, we have
.f(E> "7) _'f(for "70)1 <§

where € ts an arbitvarily small positive numéber given in advance.

52. A Continuous Function f (£ 7) attains its Upper
and Lower Limits. It is now possible to prove the following
important theorem on the upper and lower limits of a continuous
function :—

Therve is at least one point of T' at whick the value of f (€, 1)
is exactly y and at least one pornt at which the value is exactly v'.

Let (&, n,) be found by means of the sequence of rectangles
as cxplained above. Then f(§,, ,) must be equal to y; for
if possible let it be equal to 4 — §, where § is a positive number.

(«¢) Because f (&, n) is continuous, it follows that there is a
neighbourhood of (§,, n,) for every point (&, n) of which

!f(E) 7) "f(‘fo: 770) I < 8/2

Hence for this neighbourhood f(§, ) cannot be greater than
S(&, n,) +8/2, that is than ¢ — §/2.

(6) Because f(&, ) admits the upper limit y within every
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neighbourhood of (§,, 7,), there must be a point (§ 7) in the
particular neighbourhood considered in (a), for which

FEn)>y-92
for the values of (£, n) must approach arbitrarily close to ¢ and
some of them must therefore exceed  — §/2.
As (a) and (6) contradict each other, it follows that
S, n,)=1. Similarly it can be shown that f(§ #) attains
the value .

53. Uniform Continuity of a Function of one Real
Variable. Suppose that a real function f€ of a real variable &
is continuous at every point. £ of a closed interval (a, B) given by
a = £ = 8. Because of the continuity of f£ there exists for every
point £ between a and B an interval (§ — %, £+ /%) such that for
every pair of values &, £ included in (a, 8) and in (§ — 4, £+ £),

we have
FE =SB <€, (1).

Let us understand by the oscillation of fE€ for values £ in the
interval (§ — 7%, £+ %) the difference between the lowest value
that f£ cannot exceed and the highest value below which f§¢
cannot fall; then the condition (1) can be replaced by the
equally serviceable condition that there shall exist an interval
(E— /4, E+ /) such that the oscillation of f£ in this interval is
less than e. There is still complete indeterminateness for the
value to be assigned to /%; for if any value % of /% satisfy the
requirements, so do all values of % between o and /%,. The
infinitely many values of % that are associated with an assigned
& have an upper limit p, whose value depends on £ Let
us use the interval (§—p, £+p) in place of (E—14, E+/4).
Before going further one remark must be made to clear away
possible misconceptions: at points £ near the extremities a, 8 of
(a, B) it may happen that part of the interval (§ —p, £+ p) lies
outside (a, B), and whenever this happens this part is to be
thrown aside.

The breadth 2p of the interval at & will vary as £ goes from
a to B (fig. 36), and must have a lower limit A.
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With a view to the a prior: possibility that A may prove to
be zero, continuity has been classified as
(1) uniform continuity, when A >o0;

(if)  non-uniform continuity, when A =o.

2p
et
a § B

Fig. 36.

Suppose that A >o0; the essential fact to grasp in this con-
nexion is that one and the same value of /%, namecly /% = A, will
serve for the inequality (1), whatever be the position of & in the
interval (a, 8). The following theorem disposes of the possibility
of the continuity being non-uniform :—

If a veal function fE of a real variable € be continuous in a
closed interval (a, B), the continuity must be uniformn.

As soon as it is shown that p is a continuous function of
& the theorem follows very readily. For in this case p attains
its lower limit A at some point ¢ of (a, 8), by § 50; and A=o0
means that there is 70 interval at ¢ within which the oscillation
is less than ¢, contrary to supposition.

Let £ be a point of the interval (§-p. £+ p), and let p,
denote p (). Evidently the interval (£, —p, & +p,) that
belongs to £ must extend at lcast to the nearer and at most

£-p £ g, E;p
Fig. 37.
to the farther of the two points £ —p, £ + p. In fig. 37 we have
drawn £, a little to the right of £ and in this case
—(fl—f)ép’—pé Ex_g'

In any case, when £, is near §,

‘P‘Pnl = !'E— 51;;
and this inequality implies the continuity of p at £ which is
what we had to prove.

54, Uniform Continuity of a Function of two Real Variables.

Let /¢ be replaced by f(§, ), where £ and n are real; and let the interval of
continuity (a, &) be replaced by a region of continuity, T', the boundary of I

M. H. 6
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included. Here, of course, (£, 5) is treated as a point referred to rectangular
cocrdinate axes. Finally let /(£ n) be real, one-valued, and continuous at
each point (&, ny) of T

To simplify matters let (&, n) lie in the interior of T. The continuity of
S (& n) at (&, no) is expressed in the statement that the inequality

|/ & n) =S (&m0l < &
is satisfied by all points within a circle of radius p’ whose centre is (&), 7,)-
The upper limit p, or p (&, n,), of the values p’ can be used in place of p’. To
prove that the continuity of f(§, ) in I' is uniform it is necessary to show
that the lower limit of the values p (¢, 5) in T' is greater than zero. This is
done as before by showing that p (£, n) is continuous. Let (&, ,) be a point
at a distance & from (§, ). We get, by an argument similar to that used
above, the inequality

lp 61y m)—p (€, ) <3,
and infer the continuity of p (£, ) in T

The novelty consists in the use of circles with centres (&, 75), (£, n)
instead of intervals with centres &, £,.

The functions fr of a complex variable v (=£+7y) which we shall
consider will all be expressible in the form #« (€, n) + 7v (&, »), where % (£, n)
and v (§, n) are real functions; it follows that when fr is onec-valued and
continuous in a region T situated in the finite part of the x-plane, the
continuity is uniform.

55. Uniform Convergence to a Limit. Let /£ be a continuous
function of a real variable £ in a closed interval (¢, ). At each point £

between ¢ and & lim f(&+72)=/%,
/tllo '

by reason of the continuity ; so that at &, /(£ 4+ /) tends to the limit /£ when
/ tends to zero. Because the continuity is uniform it 1s possible to assign a
positive number 8 which 7s iudependent of € and such that

G+ M =limf(E+ 1)< 6

as soon as |/2|< 8. For this reason the function /(£ + %) is said to converge
uniformly to its limit f£.

Let us consider next a more general case. Let f(& n; 4, £) be a
one-valued function of two sets of real variables &,  and %, £ The range of
&, n is to be over the interior and boundary of a two-dimensional region I'
situated in the finite part of the (&, 5)-plane. The quantities %, £, may be
regarded as variable parameters which tend to given limits %, 4.

Now suppose thatk lim  f(&n; A B)=F (& n); then we know that for

=ho, & =Ry
any assigned point (£, ) of T' there can be found infinitely many numbers 8
such that |/ (& ms 2 B)—F (& n)<e

for all values of |2 —/%,| and |£— £,| that are less than §. Iet p be the upper
limit of all permissible values of 8 ; then p can replace 8: This number p is
a function p (& n) of £ and n. Let the lower limit of p (£, ) for the region I
be A. Then, according as A is greater than or equal to zero, the function
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S (& n; A &) is said to converge uniformly or non-uniformly to its limit
F (& n). Here again it is essential to notice that when A > o, a definite value
8=A will serve for the inequality, whatever be the position of (&, n) in I.

If in the preceding work we use only one variable ¢ instead of two
variables £ »n, we must replace the region T' by an interval.

Cantor has illustrated the possibility of non-uniform convergence to a

- . n€E (1 - .
limit by means of the function r'zzg‘g:f- G Q{)’? , where £ is real and confined to
the closed interval (o, 1) and # is a positive integer which tends to infinity.
Take i lue £ in the interval ; then L. —2-——"—=o0;

ake any definite value £ in interval ; BT gy 3o ; but we
cannot assert that there exists a positive integer u such that when
72> u we have, for a/l values ¢ in the interval,

7€ (1-£)
T
For this reason the convergence to the limit is non-uniform.
The full significance of this example can be appreciated best by tracing
some curves of the family
(R
A+ (1~ g
for values o< £<1. As the integer 7 grows the curves tend on the whole
towards the axis of £; but since n has a maximum value 1/2 when
£=1/(n+1) each curve is a wave of height 1/2. Let ¢ take an assigned
value £, which may be as small as we please; when 7 tends to infinity the
parts above the interval (§,, 1) tend to coincidence with that interval, and
ultimately the crest of the wave lies at a finite distance 1/2 above some point
of the interval (o, &)




CHAPTER VII.
THE RATIONAL ALGEBRAIC FUNCTION.

56. Continuity of the Rational Integral Function.
The rational algebraic function includes the rational integral
function of the complex variable z, defined by

y=a,tax+ax’¥.... F A (1),

and the rational fractional function, or rational fraction in z,
which is a quotient of two rational integral functions of z.

It is at our option whether we represent y on the x-plane as
in ch. v. or use a separate y-plane as in ch. 111

An essential distinction is to be drawn between the nth
power and an nth root of . When y =z there are, in general,
n values of yfor each , i.e. y is an n-valued function of x,; whereas
the function x" is one-valued. One of the first questions to be
asked about any function is whether it is one-valued or not.

In the equation (1) y is evidently one-valued (see § 20) as
regards x ; we shall show presently that x is #-valued as regards
7. Some preliminary theorems and explanations are necessary
before this can be proved.

The term function is to be applied to the various expressions
in x as they are introduced ; the above functions will be found to
be included in the general class of functions to be discussed
later on under the name of analytic functions,
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In this and succeeding paragraphs we shall be concerned
with rational algebraic functions, including as special cases
rational integral functions and mere powers; but the definitions
that we shall give for continuity, limit, derivate, etc., will apply
to the functions which are to be introduced successively in later
chapters. The definition of continuity (§ 49) has to be modified.

The interval (a — 8, a +3) on the £-axis is to be replaced by
the assemblage of all points x which satisfy the inequality
|x—a| =8, where 8 is real and positive; that is, the interval,
composed of all points on the real axis at a distance from a not
greater than &, is to be replaced in the plane by the circular
region which contains all points # whose distances from @ do not
exceed 8. The definition of continuity runs now as follows :—

A function fx of a complex variable x is said to be continuous
at the point x = a, when therve exists a circular region (|x— a| = 98)
such that at every point x of this rvegion the difference between fx
and fa is less than an arbitrarily small positive number € chosen
in advance. It is implied that the function is defined when
r=a.

The following theorem serves as a basis for the proof of the
continuity of the rational integral function of x:—

The rational integral function

y=a,+ax+ar’+. . +a,x"

which takes the value a, when x=o0, can be made to assume a
value as near as we please to a, by taking x small enough.

It is necessary to prove that | y—a,| can be made less than
e. We have

l.y'—ao] = ia‘x+a,r’+ e +a",¢/n|
=|z|lle |+ al]x[+ ... +|aa|[x[*7]
Let u be the greatest of the numbers |q,|, |4,], ..., | aa |, then
y—a| s plz].[1+]|z| 4|2+ +]z ]

whence, if |#|< 1, we have

(a4
1—|z|

Iy—aot<
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If then we wish |y —a,| to be less than ¢ we have only to
choose r so that
wlx|
1—|x|
or |x| < e/(p+¢).
As such a choice of x is always possible, the theorem is proved.
Closely related with this thevrem is the following :—
1t is always possible to find for |x| a value X Such that for
this and all greater values of | x| we shall have

<€,

|@nt™ + ap 2"+ ..+ ax + a,| >y,
where vy ts an arbitrarily great positive number whick is chosen in
advance.
For the rational integral function under consideration has
for its absolute value
‘xlnlan"' an— 1'*‘ Ap—s l§+ o ta, »l"
| x x x|’
and because the absolute value of the sum of two quantities
I I
a,, a,l_l;-i— a7,_2}+ e ao;ﬁ,

is not less than the difference of the absolute values of these
quantities, it follows that the second factor in the expression for
|¥| is not less than

1 I
o L O

] an l - P

But, by the preceding thcorem,

1 I I
An—F+ Ayt ... +a,—
|n1x nl,‘l«" 0 4n

can be made less than e by making
1 €
#| S We
where u’ denotes the greatest of the numbers la,|, |,|, |4,], ..., |@a~ -

Hence, when ,
|x| >-(,“'I + G)/e’
we have
yI>|x"]. {|an|— €l



56-57] © THE RATIONAL ALGEBRAIC FUNCTION. 87

To fix ideas let e=4|an| Then
71> 3lanl|2[";
and we see at once that || > v for @// values of ¥ which make

2y
x|tz —.
e -
n
We may take therefore for X the real positive value of \/ ‘i?'.] .
a

NOTE. Let x and the a’s be real. Then the theorems that we have
proved show respectively that the term a, governs the sign of the whole
expression when the values of x are sufficiently small, and that the term
a,2™ governs the sign when the values of x are sufficiently large.

Ex. 1. Prove that for sufficiently large values of | x|, the absolute value

of the last term in
X"+ a7 Lt a

where 7 is an integer which is less than » and greater than o, is greater than
the sum of the absolute value$ of the remaining terms.

Ex. 2. Prove that the sum and product of two functions, both continuous
at a, are continuous at a. Prove the same for their ratio, when the denomi-
nator is not zero.

57. Instance and Definition of a Limit. Let us use the
example of § 43 in a slightly modified form, and let » and a be
complex. The function fr = (#* - @*)/(x — @) is one-valued and
is equal to x + a for all values of x other than a. For x =a the
function is not defined at all ; this does not affect the possibility
of the existence of a limit when x approaches 2. When
|x—a| <8 we have |[(x+ ) - 2a|<e simply by taking 8=c¢;
and therefore ’

| fx—2a|<e
for all positive numbers. ¢, provided x4« and |r—a|<e We
say under these conditions that fx has the /it 2a ; and write this,
. xr—a
lim~ = 2a.
2=a ¥ —Q

In general the definition of a limit is as follows. Let fz be
a one-valued function of x. Denoting by ¢ as before, an
arbitrarily small positive number given in advance, then zf for
every € there is a corvesponding positive number 8 suck that, when
lx—a|<d and %o, | fr—b|<e b is called the limst of fx whien x
tends to a.
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If for every e there is a corresponding & suck that when |x|> 8,
Jx —bl<e€, then b is said to be the limit of fx when x tends to
infinity.

If when |\ x—a|< 8 and o0, | fx|> /e, it is said ticat the limit
of fx is infinity when x tends to a.

If when x|>38, |fx|> 1]e, 2t is said that the limit of fr is
nfinity when x tends to infinity.

Hence we see that a limit 4 can exist even when fa is
2

—2 ; further we see that in order

undefined as in the case

that /= may be continuous at x =a, there must be one and only
one limit when x tends to «, there must be a definite value f@ at
x=a, and this value must be equal to the limit.

58. The Derivate of a Function. The limit of which a
particular instance has just been given is one of capital import-
ance. A slight generalization is effected by taking 2" instead of
x% n being a positive integer. Let then y =x" and when r=a
let y =4, so that 6=a" Then

y—b=x"—a"
and -0)/(x—a)=E"—a")/(x — a).
Write /2 for x—a; the expression on the right-hand side
becomes {(@a+/7)r—a 2,
or, by the binomial theorem,
na" ' +n(n—1)a"2h/2!+ ... + nak" 2+ /v,

By §56 the difference between this expression and its
constant term can be made as small as we please by confining
/2(# 0) to a suitably chosen small circle about Z=o0. Therefore
by the definition of a limit

lim (y — b)/(x — a) = na".

=0
The limit thus found is called the derivaze of 2™ for the value
z=a. Since a can take any position in the z-plane, we may
replace @ by x, and say that tke derivate of x™ at the point x is
nx™
Let us generalize and take y =/, where /¥ is restricted
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provisionally to the meaning ‘a polynomial or fraction in x’
Let fx have a definite value fa at a,; the limit, if existent, of
(fx—Jfa))(x—a) for x=a is called the derivate of fx when
x=a, or the derivate of fx at a.

Writing » for @ we have the law of the derivate for general
values of z, excluding certain special positions. The derivate is
a new function of x,—where the word function, like the symbol
/%, is used only temporarily in the restricted sense of polynomial
or fraction,—which is closely related to the given function ; it is
denoted sometimes by an accent f'x, sometimes by the capital
initial letter D of ‘dcrivate, Dfx. A third notation is dfx/dx;
the origin of this notation, and of its accompanying name the
differential quotient, may be worth explaining.

The definition of the derivate is in words “the limit of the
change of function
change of variable’
to zero.” Call this limit,—supposed to exist,—/Dfa. We define
the differential of a function for an assigned « by the equation

when the change of the variable tends

ratio

dfx = Dfxr x (an arbitrary change of x).
If the function be merely x itself, Dfr = 1 and the differential of
z, namely 47, is simply the arbitrary change of x. The equation
may bc rewritten therefore as follows.
dfr = Dfx x dx.
Thus the ratio or quotient of the ditferentials &fr, dx is the same
as the derivate Dfx.

The formal rules for constructing the derivate of fi are the
same whether we use complex or real values. Thus, when the
definition of a function applies to complex values of x as much
as to real, the derivate will have the same form in both cases.
The existence of a derivate which is not zero ensures isogonality
(§ 26).

Taylor’s theorem for the rational integral function, namely
that

fx =fa +f'a (x—— a) + "a( ) +. +fm)a ( )n

is proved precisely as for real variables. The theorem enables
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us to arrange a series of powers of x in a series of powers of
x—a, in other words to change the origin.

59. Fundamental Theorem of Algebra. The funda-

mental theorem to which we refer is that every equation
SrE=a+axr+ax+... +a, 2 fax” -0,

in which the a's are complex (veal values of course included) and

a, %0, has a root.

With this proposition stands or falls the associated theorem
that every alyebraic equation has n roots.

It is obvious that if the first theorem be not true, the second
is not true; let us assume then that the first theorem is true
and prove that the second follows from it.

Let fx = o be satisfied by x=x,. Then

JE=a,+ax+ax'+. ... +aa"
o=a,+ax, +ax’+ ... +ax";
hence fr=a (x—x)+a,(@ —2)+ ...... + ap (" —x ).
As every term on the right-hand side is divisible by x — x,,
Jx must be divisible by x — x,. Let us write then
Sr=x=x) G+ bx+02"+ ...+ by 2" ) =(x - 1) [,%,
where the second factor is necessarily of degree »—1. By

hypothesis, fx =0 is satisfied by some value z,; a repetition of
the preceding argument shows that

f1x=(x—-x2)j;x,
where fx is a rational integral function of degree 72— 2. By
continuing this process we arrive finally at the formula
Jr=a,(x—x) (xr—2x) .. (xr—2,)

This formula shows at once that fr vanishes for r=x, z,,
..., X, and for no other values of .

In the next article we shall give a rigorous analytic proof
that every algebraic equation has at least one root; in the
present one we adduce some geometric cunsiderations which
throw light on the analysis.

When r traverses the whole of the x-plane, » must traverse
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the whole or part of the y-plane; in the former case one of the
values of y is o, in the latter there are certain regions of the
y-plane which are never reached and one of these regions may
contain y=o.

When x is at any point @, such that f'a 40, let y be at 4. If &
is zero, the equation has a root ; suppose then that 440. Then
¥ can be brought nearer to the origin than 4 is. For by the
property of isogonality,angles at 4 are equal to angles at «;
hence by a proper c¢hoice of the direction at @ we can make thce
direction at & what we please.

The condition f'a4o0 ensurcs isogonality. The points «
excluded by this condition are at most 2 —1; these points,
being finite in number, can be avoided. Thus we can bring y
nearer and ncarer to the origin; but this does not show that y
reaches the origin.

60. Proofofthe fundamental Theorem. We have proved
that there exists a circle, with origin as centre, which is such that
|a,+ ax + @x*+ ...+ aa™| >y
for all points on and cxterior to this circle, y being an arbitrary
positive number assigned in advance. All the roots of the
algebraic equation, in case they exist, must lie within this circle.

Let a be a finite value of x and let 6=_/a. Suppose that

b%o0. '
I. We propose to prove in the first place that there is a

value @+ /4 in the x-plane which gives a point y whose distance
from the origin is less than that of 4; that is, which makes

‘Ji<<¥,+/12{< .
(14 :

Sa

To take the most general case assume that in Taylor's
expansion the coefficients /', f”a, ..., f™'a vanish, while f7a % o.
Then

| fla+h) <) fal, or

fla+h)_  F [ra T [ha p fra
- fa =I+ !7a+r+l! Ja et Ja
ILet /%=p(cos0+1isiné), A (cos ée + 7sin 6;),

51 fa =P
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where s=7,7+1,...,7; then

f(‘}‘*' ) _ =1 + p"p, [cos (#8 + 6,) + i sin (#0 + 6,)]

+pHp,a[cos (P 4+ 10+ 6,4) +isin (74160 +6,,)]+ ...
+ p"py [cos (10 + 6,) + ¢ sin (20 + 6,)].

Now let € be so chosen as to make

70+ 6,=m,;
then -/.-gl_}_:_/l_)= 1 —PTPT +terms in Pr+1’ Pr+2’ cee pn’
whose absolute values are p™p,.;, p"**prys, ..., p"pn; and let p be

sufficiently small to secure the inequality p"p, < I.
The absolute value of the expression on the right-hand side

cannot exceed
I=ppr+ p™pria+ .o +p"0n;

that is,
fla+h) ‘ < r [ Pr+1__ o Pr+2 n—r Pn:l
A= 1—- I—pH -2~ =
T Por| 1= p =t s
By the theorem of § 56, the expression
Pr+l 9 P7+2 n—r Pn
I—pt - £
P Pr P Pr P Pr

can be made to differ from unity by as little as we please,
provided we choose p sufficiently small. It is therefore possible
to find a value of /% such that

Pr+1
o]

is positive and less than unity. For this value we have

| fle+ )| <]|sal
The proposition that we have established can be stated as
follows :—
Given that | fx| does not vanisk jfor an assigned value x = a, 1t
is always possible to alter x so as to diminish | fx|.

II. Secondly let us consider the lower limit ¢’ of the values
of | fx|. Since | fx| is a continuous function of the real variables
g 7, this lower limit is attained and is therefore a minimum
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value of | /x| (§ 52). If possible let this minimum value o' be
different from zero. Since there is a value x for which | fr|is v’
exactly, 1t follows from what we have shown above that it
must be possible to find a value of | /x| which is less than ¢/,
contrary to the supposition that ¢ is the lower limit of the values
| /|. Hence ¢ must be o, and the value o is attained. This
proves that there exists a value of x which makes /r vanish.

NOTE. The theorem that the values of | /x| can be made smaller and
smaller by successive alterations of . is not, by itself| sufficient to establish
the existence of an x which makes fr=o0. The initial value |/z| might
for example be 3 and the diminishing values produced by the successive
alterations might be 23, 23, 21, 2},..., a sequence whose lower limit is 2.
As soon, however, as we are certain, from our knowledge of the properties
of continuous functions of two real variables, that the lower limit of this
sequence is attained by |/x| for some value of x, we see that still smaller
values can be attained, and that 2 is not the lower limit of the complete
system of values of |fr| Thus the lower limit of this complete system
is o, and drawing again on the above-mentioned property of the continuous
function | fr|, we know that the value o is attained.

Here is a concrete example of the necessity of examining whether a
variable quantity does or does not attain its lower limit.

Since every algebraic equation of degree » in x is satisfied
by 7 values of x it follows immediately that the equation

Jx—y=0
gives » values of x for each value of y; this justifies the
statement of § 56.

61. The Rational Algebraic Function of x. Let
y=/x=(a+ ax+ ax*+ ... + @2 [(by+ byx + b2 + ... + bpx™);
it is evident that y is in general a one-valued function of .
To make this statement universally true we suppose the fraction
in its lowest terms; further we must assigz one value to ¥ when
x=00,and regard y = as a value as in § 20. “The value of
when x =" is in itself meaningless, because o is not a definite
number, but limy often exists and then we define valuey to

z=0 =

mean limy. Thusin the present case y has one value when r =0

X =0
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for when |x| is sufficiently large a,z™, &,2™ become the all-
important terms of the numerator and denominator and their
ratio tends to oo, @,/b,, or O, according as z >, =, <m.

When #>m we can divide the denominator into the
numerator, getting a quotient ¢, + x4+ 62+ ... + €™ ™ and
a remainder d,+dix +dyx? + ... + dp, 2™ L  Hence

dy+dix+dyx*+.. . +dpyp_x™?

n—m A
V=t ar+arit.+nnx + bt bx Bt kO™

Partial Fractions. If 1, 1, ..., 13 be the roots of the
equation formed by equating the denominator to zero, these
roots occurring to the orders of multiplicity e, m,, ..., my, so
that mz, +m,+ ... + mp=m; then, as we know, the fraction can
be resolved into partial fractions and y takes the form

GFraxr+caxt+ ...+ eppy ™"
+z[1 4o A +A""'].
ot | ¥ =2 (x—x) (x —x,)m
When 7z =m, the part external to the sign of summation
dwindles to @,/b,,, and when 2 < m it disappears altogether.

The Infinities of the Rational Fraction. By an nfinity
we mean a value xr which makes the function infinite; and by a
zero we mean a value x which makes the function vanish. When
x=ux, %, ..., & the rational fraction is infinite. It is evident
that y will, when multiplied by (¥ —x,)™, have a finite limit at-
x=xz,, but the limit infinity when multiplied by any lower
power of x—x,. This being so we define #ke order of mﬁmty
at a point x” as follows :—

The rational fraction fx has an infinity of ovder s, where s is
a posttive integer, at a point x' when the limit of fx.(x—2z')
is finite at x=x', while the limit of fx.(x—x'Y¥ is infinite.

This definition applies also to other one-valued functions to
be introduced later. '

We have assumed tacitly that 2’ is finite. Suppose however
that 2’ = o0, and that y is infinite for this value. Then n>m;

and the part
GHax+ x4 .+ cppx™™
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exists and its most important term is ¢, 2™ ™ when |x]| is
large. We say that n—m is the order of infinity of y when
x=o. Letusframe the definition in such a way that it may
be applicable also to other one-valued functions than the
rational. If we divide by ™™ the function ceases to be infinite
when r= w0 ; it takes in fact the value ¢,_,,. But the function,
when divided by any lower power of x than the (n —wm)th, is
infinite when x =0 . We say that t&e fiinction has an infinity, at
x=00, of order s, where s is a positive integer, when the function
Jx|x® is finite for x=c0, while fx|[x* is infinite for the same
value.

The Zeros of the Rational Fraction. Let

ap(x =2 Yo (x -2 ... (=2 )

X =
% b (2 = 2)™ (X — 2,)"™s o (2 — 23)"™
where m +n,+...+m=2n and my+my+ ...+ mp=m; we say
that the zeros at %y, #,, ..., x5 are of orders u,, xu,, ..., 1,

respectively, just as the infinities were said to be of orders 7,
i, ..., my. When m > » the function has a zero at x= o0 ; this
zero is said to be of the order m —#, just as when m <# the
function has an infinity, at x=%, of the order 7z~ m.

By addition we see at once that tke sum of the orders of the
zeros Zx: w0 tncluded, if a zero) is equal to the sum of the ovders of
the infinities (x = w0 included, if an infinity).

For example, the sum of the orders of the zeros of
gt
B +1
is 6; the zeros in the finite part of the plane contribute 4 and xr=co
contributes 2. The sum of the orders of the infinities of the fraction is 6,
for the denominator vanishes at six points.




CHAPTER VIIL
CONVERGENCE OF INFINITE SERIES.

62. Dennition of an Infinite Series. When the four
elementary operations are applied a finite number of times to
rational functions of z, the resulting functions are of the same
kind. To get anything new we must use the notion of a /mit.

In the present chapter we discuss the questions raised by the
unlimited repetition of the process of addition, or what is called
the theory of infinite series. The reader has of course examined
some special infinite series, and made use of approximations to
infinite series; for example in calculating logarithms, or the
number 7. But it seems best to take up the general theory
from the beginning, without discussing details which will not
concern us later.

Ex. As we have especially in view operations with complex numbers
the reader is advised to draw the strokes which represent the sums of the
first few terms in the following simple cases:

1+2/2!+2%31423/41+...,

1+7/2 +7%2% 44328 +...,

1422 +7%3 +4%4 +...,

1+7 422 443 4.,
examining if and how the sums tend to a limit, and considering how to
calculate the limit when it exists.

We have first to assign a meaning to the word serzes. When
we consider a succession of operations we ought either to attend
to their order,—what is to be done first, what second, and so on,—
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or to show that this is needless. We may contrast as simple
instances 142+ 3 or 3 X 4 x 5, where elementary theorems tell
us that the order does not matter, with 2/2/2 which might mean
2 or ; or 3% which might mean 3% or 27

W hen the terms of a sum ave to be added in the order in which
they ave written, the operation is called a sevies.

This definition requires the addition to be performed in a
particular order. Thus when we speak of the series 1+2+ 3 +4
we understand that we are to add 2 to 1, 3 to this partial sum, and
4 to this partial sum. We thus form a succession of numbers,
the last of which is the number sought. This succession of
numbers might itself be called a series; and so might a product
be called a series when we attend to the order of the operations,
but the word series is used in mathematics with especial reference
to addition. Thus for the succession of numbers 1, 3, 6, 10 of
this example we retain the word sequence, and we observe that
the series is the process or scries of simple operations by which
we build the sequence from the terms.

We are so familiar with the association and commutation
of terms in adding an assigned number of terms that in this
case the explanation may appear trivial. The importance of
what we have said lies in its bearing on the case of an unlimited
number of terms; the operation is then not the building of a
number, but the building of an infinite sequence. Such an
operation is called an Znfinite series.

Thus if the terms in the first, second, ..., nth place be
a, @, ..., a,, and we write

Jn=al+a2+ cee +an,
we build the sequence of sums
sl’ JZ) L] 511’ ey
and the act (whether of thought, writing, or speech) by which

we pass from the sequence of terms to the sequence of sums,—
this is the infinite series.

63. Convergence. The sequence s, &, ..., Sa, ... may
tend to a finite limit s. When and only when this is the case

M. H, 7
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we say that ke series is convergent. 1In this case the series leads
to a number, namely s. When there is not a finite limit the
series is divergent. Mathematical notation is concerned es-
pecially with what results from operations. When we write
a + b, the operation is the replacing of two numbers by a single
one; the notation, so soon as we arc used to it, suggests that
single number. A notation introduced to signify an operation
ends usually by signifying the outcome.
So in this case we first agree to denote by

a+a+ ... Fa,+ ...,

@0
by Za,, or by Xa,, the series or operation itself, and then when
n=1

the limit s exists we agree to use the same notation for s itself.
Lastly, as an almost unavoidable result of using the same
notation for both the limit and the operation, the limit of a
convergent series is frequently spoken of as the series itself.
But it must not be overlooked that when there is no limit we
must recur to the definition of the series.

NOTE. In most English text-books a series is said to be
divergent only when it tendsto . Thusi—142—-2+4+3~3+...
is (in this view) neither convergent nor divergent. The definition
adopted here has the support of Cayley (Encyc. Brit., Art. Series)
and Stokes (Cawmb. Phil. Trans. vol. viii. p. §35), among Engllsh
authorities, and is prevalent elsewhere.

We use L to signify the limit when # tends to o, if this
limit is known to exist.

We mean by a real series une with real terms alone; by a
complex series one with complex terms.

A necessary and sufficient condition jfor the convergence of Zay
is that corvesponding to every positive number € given in advance
there shall exist a positive integer p suck that the absolute value of
Apir + Anyo+ ... + Anyp Shall be less than e for every integer n equal
to or greater than p, and for every positive integer p.

That is, | s44p — Sn| < € when z Z u.  See § 47.

The one integer w is to serve for every selection of 7 (Z u)
and of p. If p were assigned, instead of being free, the condition
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of convergence, though necessary, would cease to be sufficient.
For instance in the series 1 +1/2+4+ 1/3+1/4+ ..., the sum of an
assigned number of terms following the 7th can be made as
small as we please by increasing 7 ; whereas the sum of ~ terms
following the #th is at once seen to be greater than 1/2.

When in calculating the limit of a convergent real series we
decide on a degree of approximation,—say we want to be
within 1/10° of the limit,—the least corresponding humber u
measures the rapidity of the convergence.

The expression s — s, is called the remainder or residue of a
convergent series. It is of course itself a limit; it will be

denoted by 7,. Since
$=3Sp+ 7n,
and Ls, =, it follows that Lz, = o.

64. Simple tests of Convergence for Series with terms
all positive. Whether a series is convergent or not can be
decided in some simple but important cases by a com-
parison term by term with a standard series. An especially

convenient standard series is the geometric series 22" This is
ne=0

convergent when x is any number, real or complex, such that
|| < 1. For since

x—-f"*‘
sn=_1“:_';t" )
h s x _ I_,rln+1
< JxFm
R TEN
1
or if |x|= ——, where a >0,
if | x| ra
x I I
—_ = < ;
Sn I—xl a1 +a)*  «(l+na)’
1 I —ae
id ————— <ewhen z>—;
a (1 + na) a’e

. I —ae . o .
Here then u is any integer > and there is the limit
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(1) Let Za, and 2a', be series with terms all positive and let
2an be convergent with the limit s. If &'y Z a,, from an assigned
value of n onwards, then also 3.4, is convergent.

For if s, denote the sum of » terms of the accented series
we have
Sn—=5m = 5n—5m
<S$—Spm;
or Sn<S =S+ m;
we have then the numbersﬁ s'» which increase with ¢ but do not
tend to . There is then (§ 45) a limit s

Ex. So if 3a, is divergent and from a given number » onwards
a'y2a,, =a', is divergent.

(2) IfZa,is romrergent and if when 1 Z m

a n aﬂ:
then 2a'y is convergent.
’
. A _ @
For if T < i
2m am

and so on, then by multiplication,

a 'n o 9n

= —, when 7z Z m.
am m

L @ o0
Since 2 a, is convergent, so is = a, and so is 3 Anl@nm.
n=1 n=m n=m

4]
Hence, by the preceding theorem, ¥ @',/a’,, is convergent; and
n=m
0 -] .
‘herefore so are 3 o', and 2 4,.

n=imn n=1
Ex. If 2a, is divergent and, from uan assigned value of 7 onwards,

v Q,
-2rl > ~2*1 then 34d', is divergent.
g
@y an

(3) When L ay.)ay, exists and is less than 1, the series is
onvergent.
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Let the limit be 1 — a where « lies between 0 and 1 ; then to
every e there is a u such that when » Z g,

a g
I—a—e< <1 —aie
an

Choose a definite ¢, <@, so that 1 —a+e< 1 Let the corre-
sponding u be m; then comparing @, with a geometric series
whose constant ratio is 1,—a+e we see that the conditions of
the preceding theorem are satisfied.

a . . L
Ex. WhenL %*-1 exists and is greater than 1, the series is divergent.
”n A

If the limit is 1 or if there is no limit, other tests must be used. See § 76.

(4) When L an Srists and is less than 1, the sertes is
convergent.
For proceeding as in (3) we have

a)"<1—a+e<l1, nZm.

Since @, <(1 —a+¢€)* and' since the geometric series whose
nth term is (1 —a + €)* is convergent, the conditions of (1) are
satisfied.

66. Association of the Terms of a Series. By the sum
of two series Za, and 34y, real or complex, we understand
2 (an+a’y). Itis clear that, if | sy — Sn| < € and |Fpip — 5| < &
then |spip+ Snip—Sn—5n|<2e (§ 14). Hence the limit of
2(an+a’y) is the sum of the limits of Sa,, 2a'n

The theorem that |2a,|=<3|a,| is of great use in handling series.
. 1 . 1

Observe that if $|a,| has a limit .S all that the theorem tells us is that if
also | 2a, | has a limit | s|, then|s|=<S. But applying the theorem to p terms
after the nth we have

[Sn+p= 0] = | Snsp— Sals
where S, is the sum of the first » terms of 2|a,|; whence we obtain the
much more important information that if 2|a,| has a limit S then 2a, must
have a limit s.

Suppose that the consecutive terms of a convergent series
2a, are associated in sets without displacements of the a’s and
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that these sets are replaced by their sums é,, 4,, 4,, ..., where 4,
denotes the sum of the terms in the mth set, then 24,, = Sa,.
For let

Sn=aF+ o+ az+...tay, tn=06+b4+b+...4+ b,

and let @, be the last a in the mth set; then 7 tends to infinity
with 72 and the equation #, = s, carries with it

L¢,=Ls,.
It is then permissible to introduce parentheses in an infinite

series. It is not always permissible to fremove them; for
example in the series

-+ —-D+(1—-D+...... ,
each term is o0 and the limit is o, but the series
I—I14+1—F+...
oscillates* ; if we agree to take always an even number of terms
the limit is 0; if an odd number, the limit is 1.

As an example of the theorem we prove that Zi1/#? is
convergent. The series may be written

U+ (1/28 4 1/3) + (142 + /5 + 1/6 + 1/77) + ..

and the terms so written are less, after the first, than those of
1+ (1/22 4+ 1/2°) + (/4 + 1/4* + 1/ + 1/45) + ...

i.e. are less than the termsof 1 + 1/2+1/4 +....

When we have associated the terms of a series in sets we can
rearrange the terms in each set; we thus get a new convergent
series with the same limit. But this is a special rearrangement
of a series. As an instance of rearrangement which in fact gives
a new series with a different limit, consider the logarithmic series
(= 1)*/n, or

L= 1/241/3=1/4+ et coviiiinininnnnn, (1).

First we prove that the series is convergent. For s, is

positive, as appears from writing it in the form
(1= 1/2)+ (13 = 1/a) + ...,

B

* Most English text-books regard oscillating series as not divergent (Note, § 63).
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where the last term is positive whether 2 be odd or even; and
sp < I, as appears from writing it in the form
1—(1/2-1/3) = (1/4~1/5)—...,

where each term after the first is negative whether » be odd or
even. Hence s,, is a number which increases with 7# and does
not become oo; therefore it has (§ 45) a limit s; and s, is
a number which ‘diminishes with 2 and does not become — o,
therefore it has a limit s. And we have to show that s = ',

so that L ($3n11 — S2n) = 0O,
glving Ly =Lsy,, and ' =4

The series is therefore convergent.

Now rearrange the above series, taking in turn two positive
terms and one negative term, but keeping the positive, and
negative, terms in the same decreasing order. We have the new
series

I+ 1/3—1/2+1/5+1/7-1/4+ ... ... (2),
and we do not know whether this has a limit or whether, if it has,
the limit is the same, namely Log 2. For it must be observed
that the rearrangement is not associative; the first 2 places of
the new series do not contain the terms which filled the first #
places of the old series, when 7 > 3.

Take the terms by threes, that is, consider the series

(1+1/3=1/2)+(1/5+1/7 —1/4)+ ... ...... (3).

We prove first that this third series has a limit.

Let a, denote I+1/241/34...+1/n

Then a,/2 is 1/2+1/4+ ...+ 1/2n,
and @y —ap/2 i T4+ 1/3+1/5+ ...+ 1/(22—1);
so that if s,, is, as above,

I—1/241/3—...—1/2%,
Son = Ogp, — Q.
The sum of 37 terms of (2), that is of # terms of (3), is
Somn=14+1/34 ...~ 1)/(4n—1)—=(1/2+ 1/4+ ...+ 1/2%)
= Oy, — Oy /2 — Ap/2
=S+ -"21;/2‘
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Hence Ls'sn=Lsm+ Lsy,/2

=Log2+4Log2
=4Log 2.

Thus (3) is convergent, but has not the same sum as (1).
We have now to see whether we may remove the parentheses in
(3) so as to get (2); that is whether (2) has the same sum as (3).
The sum of 372+ 1 or of 32— 1 terms of (2) differs from the sum
of 3x# terms by 1/(472— 1) or by 1/2#z; that is by a number which
has itself the limit zero. Thus in the series (2) the limit is the
same when we take three terms at a time, whether we begin our
sets of 3 with the first, second, or third term; but this amounts to
taking the terms one by one.

Ex. 1. Prove, by means of € and g, that when La, =0 and the series
(ay+ag)+ (a3 +ay)+...
is convergent, so is the series Sa,.
Ex. 2. Prove that if we take first p positive terms of the series for
Log 2, in their natural order, and then ¢ negative terms and repeat this
process indefinitely, the sum is Log2+4 Logp/g. The easiest way to

prove this is to assume Euler’s theorem that 1+1/2+1/3+...+ 1/7—Log n
has a finite limit when » is «. See § 109.

66. Absolutely Convergent 8eries. Let Za, be any
convergent series; and let the terms be rearranged. When
the first series is finite, the two series have the same sum; when
the two series are infinite (if one is, so is the other) it is by no
means necessary that they have the same limit; and it is of
cardinal importance to know when this is the case.

First let Za, be a convergent series with positive terms.
Let the new series be 24, ; that is, the terms
@y, Ay Azy oeny Ay o
are rearranged in the order
alll alﬂl a/S) teey a,‘nv e ;

the term in every assigned place in the old series has a definite
place in the new; and conversely. There is to be no omission
and no repetition; but for the same term there is to be a one-to-
one correspondence of the old place and the new.
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Take now # terms of the old series; these will be found in
the new series, say they are in the first # terms @'}, o, ..., @,
where m Z7n.  And all these m terms will be found in the old
series, say in the first z+ p terms, where »+ p Zm. Hence if s,
and s, denote the sums of 7z terms of the two series,

Sn 28 m, and m = Spyp.
Since then Ls,=L s,,,, =s say, L &, is neither greater nor less
than s, that is, L ¢/, ==s.

Next let 3a, be any convergent series, and let 4, be the
absolute value of «,. Let the terms be rearranged as before
into @', +a’y+a’s+...; then as before the first » terms of the
old series are contained in the first sz terms of the new, and
these in the first #+p of the old, where

n=m=n+p.
We can no longer assert that s, < 5’5, but we can assert that the
terms which are in s, but not in s,, are all among the terms
@ni1y Anias ooy Anp. That is s’ — s, is made up of some or all of
the terms in s,4p — 5, ; and therefore |5, — 55| = the sum of some
or all of the numbers 4,1, Auts, ovoy Anyp, and a fortiori = the
sum of all these numbers, If then A, + Anio+ ... + 4,4, can
be made as small as we please by suitably sclecting », we can

assert that
| S Sn| <,

and therefore that Ls$p=Ls,.
We are thus led to a classification of series. For any convergent
series
|@pys + g+ oo F Apyp | < €5
but if further the absolute values of the terms form a convergent

series, then
App+ Anpa+ ... + Anyp<e

Such series are said to be absolutely convergent; and what is
proved is that tke terms of an absolutely convergent series can be
rearvanged without altering the limit. Thus an absolutely con-
vergent series, at first sight, might as well be called an infinite
sum as it has the essential commutative characteristic of the
common or finite sum. But a sufficient reason for retaining the
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word series lies in the fact that in the most useful series the zth
term is a simple expression in 7, so that there is a natural order;
and again when the terms contain x the convergence depends on
x and is by no means always absolute when it exists.

67. Conditionally Convergent Series. We have now to
prove a theorem completing the one just proved : namely that
when a series is convergent, but not absolutely, it cannot be
rearranged at pleasure without altering the sum.

First, a real convergent series, which is not absolutely con-
vergent, must evidently contain an unlimited number of both
positive and negative terms. And the series formed by the
terms with the same sign must be divergent; otherwise the
original series would be the difference of absolutely convergent
series and would be absolutely convergent.

Now such a series can by rearrangement be made to have
any sum .S,—a point first noticed by Riemann. For suppose S
positive ; and take first positive terms, in their order, stopping
when the sum is first greater than S; then add on negative
terms, in their order, stopping when the sum is first less than S,
and so on. Thus the sum will oscillate about S, differing from
it at each stage by not more than the last term taken. Since the
terms of the series tend to zero, the sum taken in this way has
the limit S. The process is the same when S is negative.

Second, in the case of a series with complex terms, such a
series, whose zth term is a, + 73, is at once reduced to 2a,+723,.
It is convergent only when 2a, and 28, are themselves con-
vergent. If it is convergent, but not absolutely, therr 2 | a,, + 78, |
is divergent. But

|t 88| = | 2] +] Bal.
Hence 2 (|an|+]|Ba]) is divergent.

Thus one at least of the scries 2a,, =8, is not absolutely con-
vergent. And hence either the real part, or the imaginary part,
of the sum of the proposed series can be made to take an
arbitrary value by a suitable rearrangement in Riemann’s manner.
In special cases both parts can take arbitrary values.
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Ex. Prove that the sum of
T—2 4233 -4+ ...
can be made, by a suitable rearrangement, to represent any point of
the plane.

A series which is convergent but can have different sums
when rearranged, is said to be conditionally convergent; and
what we have proved is that all convergent series are either
absolutely or conditionally convergent. For we proved in the last
article that when convergence is absolute it is not conditional,
and in this article that when convergence is not absolute it is
conditional.

68. Conversion of a Single Series into a Double Series.
There remains a very important question with regard to series ;
namely if we break a series up into a number of ixnfinite series,
when can we be sure that the sum of the sums of these series is
the sum of the original series? And especially what happens
when we break up the series into infinitely many infinite series ?
These questions are not answered by what was said on rearrange-
ments in the preceding articles. For to consider the simplest
case, when we first take the limit of the terms &, + s ...+ @y, +...,
and then the limit of @, +a,+... + @y, + ..., this is no rearrange-
ment in the sense of § 66. For in rearranging the given series
we should only have the terms a,, 4, ... and the terms with even
suffixes would be entirely omitted. This special case is however
merely that of the sum of two series; but nothing that has been
said meets the following case.

Take first @,, then the sum of all a’s with even suffixes, then
the sum of all remaining terms whose suffixes are multiples of
three, then the sum of all remaining terms whose suffixes are
multiples of five, and so on for the successive primes, on the
principle of the Sieve of Eratosthenes. We have then an
instance of the breaking up of a series into infinitely many
infinite series; and this we now discuss in the case when the
original series is absolutely convergent.

Let @, @, a,, ..., a,, ... be an infinite sequence of numbers.
There are many ways of arranging these numbers in the form of
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a rectangular array, or a table of double entry as it is often called.
For example using the method of the sieve we can write down
the following array :—

a) a2 a4 ae (13 alo' ......
Ay Ay @ Ay Ay Qg eeen..
@ Ay Ay Ay By Bgg eeeno.
% a‘g a77 nnnnnn s0scsve v sev s

Comparing this arrangement with the standard scheme for
letters with double suffixes g, g :—

b]! b}z éla ......
b?l 62:2 bm s
bsl 632 bsa ......

we have the numbers 1, 2, 3,... in a 1, I correspondence with

the pairs to make room (g, ¢) in which p, ¢ take, independently

of one another, all positive integral values; namely, 1, 2, 3, 4,

5,6, ... correspond ta (1, 1), (1, 2), (2, 1), (1, 3), (3, 1), (1, 4), ...
A simpler arrangement for single suffixes is afforded by

@ A, @ @ @y ......
Ay Ay Ay Bppeeeienenn...
A
@ly @igereeeeeeinenaanannnnnens
Bisereennnnnnennnneniennnnns ceeee

In this case a,, a,, a,, a,, @5, @, ... can be written &y, by, bs, b1,
bosy Ogy oo It is important to notice that the 1, 1 correspondence
provides against omissions or vepetitions of lerms. ‘

Suppose that a (I, 1) correspondence has been established
between the single numbers 1, 2, 3,... and the pairs (p, ¢), and
that in this way sk terms of an absolutely convergent sewies Say
have been arranged in rectangular array, the following two
questions suggest themselves :—

(1) Is the series formed by each row absolutely convergent ?
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(2) Granting that such is the case, is the series formed by
the sums of the first, second, third, ..., rows absolutely con-
vergent, and is fts sum equal to that of the given series?

These questions are answered by the following theorems :—

Theorem 1. When infinitely many terms by, Opoy bms, ..,
are selected from the absolutely convergent servies 3ay,, the sevies Zbmp
is absolutely convergent.

For the more terms we take the greater is 2|5, |; but it is
less than 3 |a,|, which by hypothesis is finite. Hence, by the
theorem of § 45, 2| &ma| has a limit.

Theorem II. JIf by means of a 1, 1 correspondence between
the numbers n and the pairs (p, q) we arvange the terms of the
absolutely convergent sevies Sa, n the rows by, by, by, ... to
nfinity, bn, bn, by, ... o tnfinity, by, by, by, ... to infinity, and so
on, then the series composed of the sums of these rows is also
absolutely convergent and has the same sum as the original
series.

By Theorem 1. the series & + Opg + s + ... is convergent;
let it have the sum &,,. The series that we have now to consider

is gbm. Consider the p rows following the 7th one.
m=1 .

Let Ym,p = bm+1 + bm+2 + bm+3 + ...+ bm+p )
and let the 2 with minimum suffix used in the p rows be a,,,.
Then 7y, , consists of terms selected from 7,, where
Vn=0anp+ Apys+ apys+ ... to infinity,
and we infer that
:rm,p'< lan+1, + 'a'n+2l + 'an+3i +....
As the expression on the right-hand side tends to zero when 7
tends to infinity, and as 7 tends to infinity with sz, it follows
that Lz, ,=0, independently of the value assigned to p. This
establishes the convergence of the series 24,y,.
To complete the proof of the theorem let
sn=dt gt .ot an, La=0+0,4+ ..+ by,

and let a4, be the first of the &’s which does not occur in z,.
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The difference #,,— s, consists of terms a selected from those
that occur after «,, and therefore

{fm"s'n|< |an+1l+[ﬂn+gl+ la'n+s! +....
Hence, when 72 and 7 tend to infinity, |tm-:n| tends to zero,

and we have

Lz, =Ls,.
This proves that the sums of the series 3a,, 34,, are equal.

69. Conversion of a Double Series into a Single Series.
JIn the preceding article we have converted an absolutely
convergent single series into a double series; let us now
examine the reverse process.

Given an arvay of elements |byg|, 0r By, let the rows yield
convergent scries with sums B,, B,, B, ... and let the series 3.B,,
converge also.  Then the servies formed by adding the sums by, b,,
by, ... of the rows in the array of elements by will converge
absolutely and so also will the single series

byt bt ln+by+by+by+...;
and these two sevies will have the same sum.

By the conditions of the theorem each row in the array of
b’s yields a convergent series ; hence the rows have sums &, &,,
b,, .... Since

| bmr + Omg + Omg + ... | = By + By + B+ ...,
we have |4, | = B, and therefore 24, is an absolutely con-

vergent series.
Reference to the second array of § 68, shows that

bn+ byt buy+by+bntbnt...+bn+bnt.. .+
is the sum of the terms in the first / diagonals. We have to
show that the series continued to infinity is absolutely con-
vergent. Consider the rectangle of terms B,, where p < m + 1,
g<n+1.
Let S=B +B, +...+ B+ R,
B =B,+5,+...+B,+R,
By,=B, +By+...+ B+ R,

.

Bm = Bml +Bm2+ -°-+an+ Rm»
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where R, R,, ..., R,, can be made less than e/222 by taking #
large enough, and R can be made less than ¢/2 by taking
large enough. The sum R+ R,+ R, + ...+ R,, can therefore be
made less than e.

By By ...Bwm | R,
B‘Jl B-zz Bm /\)2

)
bml Bmz s an Rm

By taking /% large enough we can make the /%th diagonal lie
wholly without the rectangle, no matter how large 72 and #
may be. This means that the terms, after the /4th, of the
series

B+ Bu+Bu+...+Bp+Bypa+...+Bu+.eeon.... (1),
can be made to lie wholly without the rectangle by taking £
large enough. Hence, if 7} be the sum of £ terms of (1),

Tiri— T < R+ R+ R+ ...+ Ry
that is, Tivw—Tir<e

This proves the convergence of (1) and therefore the absolute
convergence of

[711+b12+521+b13+&2;+b31+---+[’1h+bzh—1 + '--+[7h1+---

Having proved that the single series (2) converges absolutely,
Theorem II. of § 68 shows that the array of elements &,, has the
same sum whether added by rows or by diagonals.

Corollary. Under the conditions of the theovem the sum by
columns is also equal to the sum by diagonals.

This also is an immediate consequence of the absolute con-
vergence of the series formed by diagonal summation.

The ordinary modes of summation of the elements 4,, of a
rectangular array are by rows, columns and diagonals. We
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have proved that when the series formed from the elements | 4,, |
by the first mode is convergent, we can assert that the three
modes of summation of the array of elements &,, yield the same
sum and that the single series that arises from the third mode is
absolutely convergent. We say, in this case, that the double
series Zby, is absolutely convergent.

A possible error may be guarded against. With the same
notation, we might suppose that we can always add by columns
when the rows are absolutely convergent and their sums
by, b, b, ... form an absolutely convergent series. But consider
the double series

I+E+ 82!+ 831 +...
+ 1 +2E+ (2802 + (263! + ...
+ 143854+ (GE¥/2! + (33! + ...

Here the rows are convergent for every §&; their sums are
exp £ exp 2§, ..., and form an absolutely convergent series
when exp £< 1, that is when §< 0. But summation by columns
is manifestly inadmissible.

It happens frequently that double series procced both ways;
that is, » and ¢ in &,, can take all integer values from — o to
+o. We shall see later (§ 128) how such a series is best
reduced to a single series.

Ex. Prove that if =a, and =4, are absolutely convergent then the series
. 10y + (@y0y+ b)) + (@105 + agby + azh)) +...
is absolutely convergent, and its sum is the product of the sums of the

given series.
Deduce the binomial theorem for a negative integral exponent.



CHAPTER IX.

UNIFORM CONVERGENCE OF REAL SERIES.

70. The need of a further classification. Hitherto
the general terms of our series have not been considered as
dependent on a wariable x; now we shall make the terms
dependent on x. There is clearly a difference between the
problem of convergence of say 32" for an assigned x and that
of the same series when x is treated as a variable; for in the
latter case we have to consider, not a single series, but an
infinity of series arising from the various values of 1 in some
assigned interval or region.

We consider in this chapter the series

SE+SE+LE+ .+ S+
where the terms are functions of a real variable as defined in
ch. VL. § 48; these functions are supposed to be one-valued and
continuous for the interval considered. The remainder after
1 terms will be denoted by r,(§).

]
The geometric series X £ converges only when | £ < 1; this
n=0¢

shows that the convergence of the series is to be considered for
intervals,—the open interval (—1, 1) in the present case, and

for the general case X f,€ intervals suchas a=§f=B a<f=20,
n=0

a<E<B, a<f<pB, the first and last being closed and open
respectively, the others partially open and a, B8 finite.
One important question is: the terms being one-valued and

M. H. 8
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continuous functions of £ in an interval, is their sum a continuous
function of £ in that interval ?

Take the simple case of the above geometric series and
multiply each term by 1—§ We have then the series

(1=-H+EQ-H+EC-H+ ..,
and the sum of # terms is
Sp=1—§n
For an assigned £ such that
0O=2f=1,
this series is convergent; and it has the sum
1 wheno=s €<,
o when £=1.

The sum s therefore not a continuous function of & in the
interval of convergence.
Observe that this pcculiarity is due to the double limit
lim lim (t —£") is o,
n=w §=1

but lim lim (1 —§%)is 1.

£=1 n=w

We have then to determine a sufficiently large class of
series X f,& which shall inevitably have continuous func-
tions as their sums. For the extension of the notion of a
function of a complex variable must be made by taking some
limit; and of the limits open to us that of a series offers the
fewest difficulties; and it is highly desirable to know when the
function so arrived at has the property of continuity.

A series

SE+SEHSE+ o+ b+,

formed of functions which are one-valued and continuous
throughout the closed interval (a, B) is, we know, convergent at
a point £ of that interval if | 7, (§)| < e when 7 2 p. )

Let &, &, .... £, be p points of the interval, and let
My, My, ..., pp be positive integers,—in the interest of simplicity
we shall take them to be the minzimnum positive integers,—for
which we can assert that | 7,(§,) | < e when 2 Z pu,, | 7, (§,) | < € when
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nZ ., | #a(Ep)l<e when n Z pu,. It is evident that these p
inequalities can be condensed into the single inequality
|7n(E)| < e when 2 Z p,
where u is equal to or greater than the greatest of uy, g, .., pp.
Now when we consider the points of an interval there are
infinitely many points and infinitely many u’s to be considered ;
it is no longer certain that these u’s have a finite upper limit,
with the concurrent advantage of a single incquality that will
serve for every point £ of the interval.
These remarks have paved the way for the examination of
what is known as uniform convergence.

71. Uniform Convergence. [/ for eack ¢ we can select a
positive integer p whick ts independent of & and such that

lrn (&)< e when 1z p,
whatever be the value of € in an interval (a, B), the series ts said
to converge uniformly in that interval.

In the above case § &1 (1 - §) this can not be done. We

n=0 :
have when —1<é<1, 7,(§) =& Now it is true that when £ is
taken arbitrarily and then fixed we can assign a u such that
|| <e;
for we can always choose u so that, using Briggs’s logarithms,
Log, 1/e
“> Loga 1|1
when £ is given. But equally we can always choose £ so that
Log,, 1/e
< Log, 1/| €|’
when u is taken arbitrarily and then fixed.

The point is that the least x4 will in general depend on £ and
the values of the w’s for all values of £ in the interval may or
may not have a finite upper limit. Only when this finite upper
limit exists is the convergence uniform.

Non-uniform convergence in an interval is due to what is
known as infinitely slow convergence near certain points of
that interval. For an assigned £ let wg, or briefly u, be

8—2
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the least number of terms of a convergent series which will
make !7,(§)|<e for all values »Zp; then u is a measure
of the rapidity of the convergence. If for example we wish
to calculate from a series the value of # with an error 1/10
we should say that of two series used for this purpose that
one converges the more rapidly which needs the fewest terms tc
furnish the desired result. Hitherto £ has been fixed ; now let
it traverse an interval in which the series converges but not
uniformly. As £ tends to certain values in the interval we have
to take more and more terms without limit to secure the desired
approximation. The convergence near these points is said to
be infinitely slow. Thus in the example Z£* (1 —§), the con-
vergence is infinitely slow as § approaches 1.

It must not be supposed that because u tends to o as §
tends to 1, therefore u is infinite when £is 1. In fact when £ is
1, each term of the series is 0 and therefore

a(®)]<e
when » Z 1.

This illustrates the essential distinction between a limit when
# tends to @ and a value when x is a.

We have defined uniform convergence by means of the
remainder 7,(£). We could use instead the partial remainder
Snap (E) — 54, (€) where s,(§) is the sum of the first # terms. In
- fact if .

lrﬂ(f)l < 6/2’ ll’n+p(E)! < 6/2, 7 3 o
then | #nap (E) =70 (E)| <€, 7 Z p,
that is, | fonE+SoE+ .+ fap €l <e
nZup=1,2,3...,
4 as before having one and the same value for all points of the

interval.

Uniformly convergent series afford a very good example of uniform
convergence to a limit (§ 55). Instead of saying that the series converges
uniformly we can say equally well that s,(§) converges uniformly to the
limit s(§), or that »,(£) converges uniformly to the limito.

Some writers replace the words uniformly convergent by eguably con-
vergent or equiconvergent ; no doubt because the word uniform is used in
several senses in pure and applied mathematics.
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Ex. 1. Is the series
(1-H+E-H+E-H+...

uniformly convergent in the interval —1 < ¢ <o0?

Ex. 2. Prove that the series

£ ¢ ¢
g+1 T ErD@EEFD TREF D GEFD T
is not uniformly convergent in an interval which contains o.

72. Uniform Convergence implies Continuity.

We prove now that whken the series 3 fo€ is uniformly con-
vergent at all points of the closed interval (a, B) the sum of the
Series is a continuous funcf‘z’on of E in the interval.

Because the convergence is uniform there exists a positive
integer u such that

|7, (8)] < ¢/3 when 7 Z 4,
and in particular |7, ()| < €/3eueeinininiiiiiiiniiinans (1),

whatever be the position of £ in the interval.
Hence if £ be another point of the interval

|7 (E)| <¢€/3........ e (2).
Also the sum of the first u terms, s, (), is the sum of a definite
number of continuous functions, and therefore is itself continuous.
Therefore it is possible to choose £ — £ so small that

| S0 (E) = 50 (E)| < €/3 unneeiiinaannnnnnn. (3).
From (1), (2), and (3),

|50 (E) = su(E) + 7 (E) = ()| < &
or if fE = 5. (&) + 7. (E) = the sum of the series,

| fE —fE|l<e

And this is the criterion of continuity.

Corollary. [z follows that if the sum of a series of continuous
Junctions is discontinuous, the convergence is not uniform.

The converse theorem that when the sum of a series is
continuous, the convergence is uniform, is not true. For
example take .ne series

( £ 2 ) _,_( 2 3¢ ) +

E+1 28 +1)" 2P +1 3E+1




118 UNIFORM CONVERGENCE OF REAL SERIES. [CH. IX

_ & (n+1)E
Here J"’_‘i""~l-I—_'(7z+I)QE”+I’
_ &
LS)L_EQ+I) E‘—'#:O»
Ls,=o0, E=o,

I
But at the same time the convergence is not uniform in any
closed interval which contains &= o.

2 ey w+DE
IOY 7#(5)—‘(“_*_ I)?Ez+ I’

and in order that | #,(£)| may be < ¢/2 when 7z Z u, we must have
(m+1)E >1le+(1/ee— 1)

where we suppose e < 1. Here as £ tends to 0, u tends to «.

and Ezib is continuous at £=0 and takes ther¢ the value o

Ex. Prove that if a series is uniformly convergent in an open interval
(a, B) it is convergent at a and f3.

73. Uniform and Absolute Convergence.

It must be noticed that uniform convergence does not imply
absolute convergente, nor converscly.

Thus the non-uniformly convergent real series

(I-H+EC-H+ET-DH+...
is absolutely convergent in the interval o = £ = 1.
On the other hand take any uniformly convergent scries.
If it is absolutely convergent we can at once turn it into a series
conditionally convergent throughout the interval considered,
without altering the sum or the uniformity of the convergence,
by adding to cach term the corresponding term of the series
I—1+1/2—1/2+1/3—1/3+...
which converges conditionally to zero*.

. A sufficient but not a necessary test for the coexistence
of these two kinds of convergence is given by the following
theorem :—

" See a paper by Osgood, Bull. Amer. Math. Soc. 2nd ser. vol. iii. p. 73.

This paper will be found valuable in the way of clearing up many of the diff-
culties of the subjects of limits and convergence
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The series 3, fof is absolutely and uniformly convergent in an
interval when the absolute values of its tevms for that interval are
less than the corresponding terms of a given convergent series 2 ay
whose terms arve real and positive.

The series converges absolutely by §64. But further the two
inequalitics

g1+ W+ ... < € (n Z p),
and (B = o | | Suge |+ o
< Quiy+ Oypn+ oo,

show that | 7, (§)| < e, whatever be the position of E in the interval.
This establishes the fact that the convergence is uniform in
the interval in question.

Ex. 1. Prove that every series obtained by multiplying the terms of
an absolutely convergent series Sa, by functions £, f;, f,... of the variable ¢
which have finite values within an assigned interval, converges absolutely
and uniformly throughout that interval.

Prove in particular ‘that

cos A€ — L cos A E+1cos Ny — L coshgé+...

is absolutely and uniformly convergent in every closed interval of the axis
of real numbers.

Ex. 2. Prove that = (—1)*1£271/,* is absolutely and uniformly convergent
in the closed interval (-1, 1).

Ex. 3. Prove that the series

I4+2 2x
__.+ A_,z,,,
2

- 2% 242" 7
1-x -1

1‘1;1+...+x_271_.;_ + ..

“+

is uniformly convergent along a circle whose centre is o and radius < I.

74. The real Power Series. We shall discuss the case
of a power series, that is, a series of ascending positive integral
powers,

a+aE+ €+ ...
Suppose that it converges absolutely for a given value &. Then
by the theorem of § 73 it converges absolutely and uniformly
for every £ such that |£|<|&,].

So far as absolute convergence of the above series is con-
cerned, the following theorem gives important additional infor-
mation.
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If for a given value &, of € we have, for every n,

| an E 0"l I = Y
where y is a given positive number, then the sevies is absolutely
convergent for all values of & such that |E|<|&,)|.

For lan&™ <y | E/E ",
whence the series of absolute values is less than the geometric
series

y(1+|E[E + | EJEI*+ ),
whose sum is v/(1—| E/&E])

The additional information is this: that if the series converges,
absolutely or not, for £ =§,, it converges absplutely for | &| < | &,|.
For we can extract from the known fact of convergence at &, an
inequality

|oan €| <.
If this be not obvious, observe that the inequality

!anfon' <€ nZp,
where ¢, is any assigned positive number, combined with the
existence of a maximum value among the p terms

o], o€l ooy i EF
implies such an inequality provided that ¢ >¢, and ¢ > the
maximum value just mentioned.

It follows that if the series diverges when E=E,, it diverges
when |E|>|E 1. For if it converges for a value of £ such that
| €| is greater than | §,| it must converge for §, itself.

There must then be a positive number p such that Sa,£"
converges absolutely when |El< p and diverges when |§|> p.
We know then the interval of absolute convergence of the
series (1), namely it is the interval (— p, p); but the interval will
be closed or open, that is, it will or will not contain the frontier
points p and — p, according to circumstances.

We know, so far, that (-p+ 8, p—B) will serve as an
interval of uniform convergence ; here B is any assigned positive
number less than p. The notion of uniform convergence once
firmly grasped it will be evident that it does not matter whether
we make (- p+ B, p—B) open or closed or partially open; for
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uniform convergence in any one case is accompanied by uniform
convergence in the others, since there is convergence at the
ends. We have now to examine the more extended interval
(=ps p) .

Now if the series is divergent at p and at —p we have to
leave the interval as it stands; it cannot come up to the point p,
that is, nearer than any assigned distance B, for (§ 72) uniform
convergence up to p would imply continuity of the sum at p.
But if the series be conmvergent at p the interval does come up to p.
Take first a special case, the logarithmic series

E—E2+8/3— i iiniieiiii. (1).
That p=1 appears from the fact that when £=1 we have
the conditionally convergent series
Log2=1—1/2+1/3—1/4+....
Let s, devote the sum of the first # terms of this series.
Then the coetficients of (1) are s, s;— 8, $5— S, ..., and the sum
of the terms after the nth is

7n () = (Snt1 = $u) EM' + (Sppa = Sn) EVF 4 ..
== EH EM (1 — ) (Snpa + Snaa E+ Sy £+ .20),
or, for every £such that |§|< 1,

7n(E) = E" (1 — &) [Snt1 = Su+ (Snaz— Sn) E+ (Sn4s— S0) E+ -]

Now we know that |[spy,—S,|<e when #Zu; hence the
absolute value of the expression (2), when 0 < £ < 1, is less than
(1= ) (e+ ek +eB+..),

that is, <ef"<e.

But so soon as £ disappears we recognize that the convergence
is uniform.

We have proved then that (1) is uniformly convergent when
o< < 1. Therefore also it is uniformly convergent when
o=§E=1.

That the interval can be extended to the point 1 'is due to
the convergence when £ is 1.

The above argument applies to any series of ascendiny
positive integral powers of £ which is convergent, absolutely or
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not, when £=p. For we have used no special characteristic of
the logarithmic series, but only the condition of convergence
when £=1. The same argument then applies to the series

o+ o+ af+ ...,
where o+ ap + ap* + ... has a limit s,
provided we now understand by s, the sum of 7 terms of this
last series.

To sum the matter up, let p and —p be the frontier points
of the series Za,£". The interval of convergence is at least
—p< E<p; the series may or may not converge when £=+p.
The interval of absolute convergence is at least —p<€<p;
the series may or may not converge absolutely when &=+ p.
The interval of uniform convergence isatleast —p+B8=£(=p—4,
where 3 is any assigned positive number < p; but if the series
is convergent at p (or — p), the interval extends up to p (or — p).
A closed interval of convergence is an interval of uniform
convergence.

Why we have to lay stress on the fact that the series of
powers is taken in the natural or ascending order will be clear
if we consider once more the logarithmic case.

If we rearrange (1) as follows,

E+E[3-82+ 85+ E[7-E4+...:

we make no alteration in the sum so long as |£|< 1, but the
sum when £ =1 is now § Log 2 (§ 65). Hence the sum of the re-
arranged series is not continuous, and the rearranged series is
not uniformly convergent up to the point 1, but only up to any
assigned point 1 —8. The limit of the rearranged series when
£ tends, from the left, to 1 is still Log 2 ; but the value at 1 is
$ Log 2.

- <
Ex. 1. Prove that 3 £/#% is absolutely and uniformly convergent

. n=1

when -1 <§é=<1.

o
Ex. 2. Prove that 2 2£*"! is absolutely convergent when — 1< £<1,
n=1
and uniformly convergent when —1+4+B8< ¢ <1-, where 8 is a positive
proper fraction.

Ex. 3. The series £~ §'/2+£%/3 - £5/4 + ... is uniformly convergent in the
interval -1 < £ < 1.



CHAPTER X.

POWER SERIES.

75. Notation. The series
ataxr+ari+ ... +a 2+ ...

whose coefficients @ are independent of x, is called a power series
or integral sevies in . Power series play a very important part
both in pure and applied mathematics. An elementary illus-
tration of their utility is afforded by the way in which we write
numbers. To express an integer we arrange it in powers of
10. To express a proper fraction we often arrange it in
powers of 1/10, and in so doing we are led to the consideration
of infinite series. To express an improper fraction we combine
two power series,—a serics in powers of 10 and a scries in powers
of 1/10. The idea that serics of powers are as serviceable for
algebra as for arithmetic was first worked out by Newton*, and
in the theory of functions of a complex variable, as it now
stands, the theory of such series is the solid foundation for the
whole structure.

In this chapter we shall explain the principal properties of
power series. It will appear that when x is restricted to lie
within a certain circle, the infinite scries may be handled in
precisely thc same way as the terminating power serics or
polynomial. '

* Introduction to the Geometria Analytica; see Brill and Noether, Jakreshericht
der Deutschen Mathematiker- Vercinigung, vol. iii. p. 116.
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By-means of suitable notations the discussion can be shortened
considerably. The absolute values of the variable x and of the
coefficients a, will be represented by capital letters X and A4,.
The notation (¢, R) will denote by itself the circle whose centre
is ¢ and radius is R; in the particular case when c=o0 the
notation (0, R) can be replaced by (R). The system of all the
points in the circle (¢, R) will be called the gpen region (¢, R);
the system of points in and on the circle will be called the closed
region (¢, R). When the points of the open region are supple-
mented by some but not all of the points of (¢, R) the systém
may be called a partially closed region (¢, R).

In cases where the investigation does not hinge upon special
values of the coefficients, it is extremely convenient to employ
the symbol Pz, as a short expression for the series

aQ+ax+axi+....
Similarly P (x — ¢) stands for any series of the form
at+a(x—c)+a,(x—o)+....
We speak of P (x — ¢) as a series about the point c.

When the series is convergent the symbol signifies the sum
of the series; also when there is no risk of confusion the symbol
can be used for the series itself, whether convergent or not. The
context will indicate in every case the sense which is to be
attached to the symbol. As the symbol P(x—c) is used
generically for a power series, there is often no objection to the
use, in one and the same paragraph, of the single symbol for
different series. When it is important to distinguish the various
series we use new letters such as @, or we keep P and use

suffixes.
The series P (1/x) is of the form

G+ @/x + @)+ .. a2+ ..
this is a series whose variable terms vanish when = « just as
the variable terms of P (x —c¢) vanish when r=¢ To make
statements about P (¥ —¢) hold for all values of x, we agree to
regard P (¥ — ) as meaning P(1/x). We speak of P (1/%) as
the series about .
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Later on we shall have to consider series in both ascending
and descending powers, such as
G+ ay(x—c)+a,(x—c)+...
+a(x— Ylta(x—c)t+....
These need no new notation, as they can be expressed by
P(x—-c)+ P(1/(x — ).
The two constitute a Laurent series (§ 122).
We shall also have to consider such series as
@+ aNr+a,(Wx)P+....
This is a power series in 4/%, and is denoted by P Vx.

I must be emphasized that in speaking of a power series we
restrict the word power to mean positive integer power ; and that
with the notation now explained there is no inconvenience in so
doing. For other series a qualifying adjective can be added; for
instance P (1/x) is a negative power series in x, PNx a fractional
power scries.

Lastly it is often convenient to designate by a suffix the first
power which actually occurs in the series. Thus we often mean
by P,x a series in which a, is not zero, by P,x a series in
which a, is zero but 4, is not, and so on.

76. The Circle of Convergence. In §74 we had the
theorcm : if a real series of powers is convergent when £= £, it
is absolutely convergent when | £|<|&,|. The theorem and its
demonstration apply cqually to the case of complex power
series, i.e. when both coefficients and variable are complex. We
have then the important theorem :—

If Px is convergent when x = x, it is absolutely convergent when
EARIEAR

So also, as in §74, if Fx is divergent when x =, it is diver-
gent when |z |>| x|

Hence there is a frontier value R such that when |x|< R
there is absolute convergence but when |x|> R there is diver-
gence. That is, within the circle (&) the series is absolutely
convergent and without the circle it is divergent.

The circle (R) is called the circle of convergence. The open
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region (R) is called the domain of the series. This domain
supplemented by those points of the circle at which the series
is convergent gives the region of convergence.

WitH regard to R we must mention the two extreme cases
R =0, R=. Series for which R = 0,—i.e. which converge only
when x=0,—are to be cast aside as useless ; series for which
R = are of great importance; they will be considered in
detail later on in this book.

The following theorem gives useful information relative to
the convergence of Px.

If for some positive number g and for a certain value x, of x we
have AX " < g for all values of n, then Px converges absolutely
within (X,).

The proof is exactly along the lines of § 74 and therefore
need not be given here.

Ex. Prove by means of this theorem that if Px converge for x, it must
converge within (X).

The value of the radius of convergence must depend on the
coefficients. In the following case the dependence is of a very
simple character. ,

When the coefficients of Px ave such that 1L App.|A, exists and
is equal to 1|R, the radius of convergence of the sevies is R.

Under the conditions of the theorem the ratio 4,,,X"*/A4,X"
tends to a limit X/R. But the series diverges when this limit is
greater than 1 and converges when it is less than 1 (§ 64).
Hence (R) is the circle of convergence. "

It is worthy of remark that though many important sgecia/ series obey
the conditions of this theorem, yet it is not permissible to assume in the
general case that A4, ,,/A4, tends to a limit; 1+2r+224 223+ 24 42284,
will serve as an example.

We need not discuss the convergence of a power series on
the circle of convergence, as it will not affect the future
argument. This is why the case Lanufan=1 in § 64 was
dismissed without discussion, though, algebraically, series which
present this peculiarity are of some importance. However
instances of what can occur should be given.
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When a series is absolutely convergent at one point of its
circle of convergence, it is so at all points of the circle.

For instance Za"/n* has the circle |x|=1 for its circle of
convergence ; and since 21/#* is convergent the series Sx"/n? is
absolutely convergent at all points of the circle.

The series Zx" is divergent when |x|=1; for the condition
Lijx™|=o0 is not satisfied. Thus this series is divergent at all
points of its circle of convergence.

The series Zx"/n is divergent when x=1 and conditionally
convergent when r=—1. Let us consider what happens at
other points of the circle |z|=1.

We have, if  s,=x+x2+...+2%/2,

s 1 1 , ;rll-H
I—)s=r—(1—-3)2r*—-F-PHr¥— .. - — = | 2=
( )sn (1—4) F-4) (n-—x ”>x )
Hence
1 ! n+1
(I__’r>(sn+p—sn>=_(;2"”:'l’ X — ...
PR P
n+p—1 n+p n+p n
and when (x| =1
[1—x]||s s|<<I Ir>+
‘ || $nap = $n no o+l

I I 1 I
+ (7,:7;1 - a;‘;L*p) T A
<€&<4 when n > 2/e

Hence when |x|=1 and x#1, |54, — S| satisfies the
original criterion for convergence.

But since 31/z is divergent, the convergence is only
conditional.

Hence the logarithmic series 2Zx"n is conditionally convergent
at all points of its circle of convergence except at x = 1, where it is
divergent.

Ex. The series-
x4+ 2224+ 23342444 255+ 286+ ...,
and x+ 233+ 2224285+ A7 + 244+ ...,

have not the same sum when .= — 1. Prove that, when |x|=1 but x is
neither 1 nor —1, the two series have the same sum.
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The remarks of this article apply equally to a series
P (x —c), which has a circle of convergence (¢, R). Also to a
series P (1/x), where however the series is convergent outside
its circle of damvergence. For let 1/x=y; the series P (1/7) is
the same as the series Py and the sums are the same. If Py is
convergent when |y|< R, then P (1/x) is convergent when
lx|>1/R.

77. Uniform Convergence of Complex 8eries. In speak-
ing of a power series Px we understand, unless the contrary is
specified, that the x is a point within the circle of convergence.
Also Px will be often used to denote the sum of the series,
where that number exists; to repeat an earlier remark, the
same symbol denotes very conveniently, both a definitive
process and the number that results from that process.

Let £, fo%, ..., fa¥, ... be functions (defined or to be defined)
which are one-valued and continuous in a region I' of the
z-plane; and let the series

Sx+fr+ o+
converge at all points of I Then if s, (¥) be the sum of the first
2 terms we can, for an assigned z, find a positive integer u such
that
| $n4p(®) —su(2) | <&
where p=1, 2, 3, ... and 2 Z p.

It may be that when ¢ is assigned arbitrarily we can deter-
mine a p which is independent of ¥ and which will therefore serve
for all points of the region; the convergence is then said to be
uniform in that region.

The only difference from § 71 is that now we have a region
of the x-plane to consider instead of an interval of the £-axis.
The proof that the sum of the series is continuous in the region
applies word for word. And we still have the test of § 73,
namely that the sum is both absolutely and uniformly con-
vergent in a region T', when for all points of 1' we have

| /o

where Za, is a convergent series of positive terms.

< ay,
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In the case of the power series the region I is the aggregate
of points within the circle (X); the functions are of the form
a,x™, and are continuous within any circle, and in particular in
the region (R).

For the series of a's we may take the terms of the series
2A4,X." where X,=|z|<R.

Hence a power series is uniformly convergent within and on
any circle (X,), where X, ts any assigned number < R, and there-
Jore the sum of a power series s continuous in any assigned circle
concentric with but smaller than the circle of convergence.

This implies that the sum is continuous at every point of the
open region (R). For so soon as a point r is selected where
| #| < R, we can choose the number X, so that |.r|< X, < R, and
the sum is continuous in the circle (X,).

Continuity in the whole of a region implies continuity in a
part of that region. Thus the sum is continuous for the system
of points on any circle (X)) where X < R.

Naturally the remarks of this article apply equally to the
series P (x—c¢); also to the series P (1/x) outside its circle of
convergence. '

78. Cauchy’s Theorem on the Coefficients of a Power
8erles. The theorem in question is not intrinsically important ;
it derives its importance from the fact that it can be used with
effect in the discussion of the functions of a complex variable as
defined by power series. It can be enunciated as follows:

Given that Px converges on a civcle (p), wheve p is less than the
radius of convergence, and that g is the maximum value of | Px| on
this circle, then A, = gfp™.

The existence of g follows from the theorem of § 51, for
| Px| is continuous on (p). The following lemma is required in
the proof of the general theorem :

Lemma. 7lere exists a number 0, of absolute value 1, whiclk
satisfies none of the equations x™ =1, ™ =1, ..., 2™ = 1, where
My, Wy, ...y My, AVE POSLIIVE OF NELALIVE TNLEZEYS.

The proof is very simple. The numbers of roots of these

M. H. 9
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equations are |m,|, |m,|, ..., |m,|. Hence from the infinitely
many values x for which |x|=1 it is possible to select a value
=6 which shall differ from the roots of these equations; for
the number of these roots is not greater than the number
||+ ||+ oo+ |77

Let us divide the proof of Cauchy’s theorem into two parts.

I. The first part is concerned with the proof of the following
auxiliary theorem

Let fx =050+ bx™ + byx™ + ... + b,x™ , where the exponents are
positive or negative integers, then | by | = g, where g is the maximum
value of | fx| on the circle (p).

Let 8 be chosen as in the lemma ; construct the function

¢ (z, n)zj:(f)_i‘lf(ox) +f(62x) + ... +f(0n—xx)’

n

where 7 is a positive integer. This function is equal to

1
5 [0+ 6,2 (14 0™ + 6% + ... to u terms) + ...

+ bpxmr (7 4 0™+ 0 + ... to z terms)],
that is, to

blxm, 0""”1 -1 172’.","12 Gnm2 —1 brx'mq- 011’”14- — 1

n  fm—1 n @m—1" """ n Ov—1

by +

The absolute values of #»™, @™ etc, are equal to I;
consequently the second factors in all the terms after the first
are finite, for their denominators are finite and different from
zero and their numerators -do not exceed 2 in absolute value.
Hence when 7 tends to infinity, ¢ (x, #) tends to the limit &,.

Since each of the terms f(x), f(6%), ... is less than g in
absclute value when x lies on (p), it follows that |¢| = g; there-

fore | 4,| = g.

II. Let us consider now the power series
Pr=ay+ax+axr*+ ... +a, 2"+ ...
We find, after division by x", that
2 PPr=(aqx "+ ax "+ .t apntapnr+... + A x™th)

+ ((l,;+h+‘.‘l-’”+h+l + a"+h+2x'n+h+2 + .. .).
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The infinite series in the lower line can be made as small as we
please in absolute value by taking % sufficiently great, whatever
be the position of .r on the circle (p). Thus

|z~™Px| z | the expression in the upper line|—¢;
that is,

€ + |x~™Px| Z | the expression in the upper line |

Zz A,, by the first part of the proof.
But the maximum value of | x="Px|, for the points of (p), is p™g.
Hence
An = glp"
which is the theorem that we set out to prove.
Notice that g is the maximum value of | Px| taken over a line (a circle),

not over a region. When the meaning of g is changed to ‘a number greater
than the maximum value of | Px| on (p),” we have 4,<¢/p™

The above theorem has been stated only for the ordinary
series ; but it can be extended with ease so as to cover the case

-]
of a Laurent series 2 a,2™

The domain of convergence is no longer circular but annular,
consisting namely of the points exterior to (&,) the circle of

-
convergence of 3 a,x™ and interior to (R,) the circle of
n=-1

convergence of § a,x", R, being supposed less than &K,. The
n=0

number p is chosen so that R, <p< R,; and then Cauchy’s
theorem, as generalized, affirms that 4, =< g/p" where g is the

-]
maximum value of % a,x™ on (p), no matter whether » be zero,

00

positive, or negative.

79. P,r does not vanish near r=0. W/iern Px+o0 jfor
x=0, there exists an open region X, in which Px does not vanish.
For when x=o0, the value of Pz is @, which is not zero; and
since Px is a continuous function, there exists a number X, such
that | Pxr—a,| < 4, when X < X,.

But as this gives no information as to JX,, the following

f—2
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proof, based on Cauchys theorem, may be added. Take p< R
and >0. Then Cauchy’s theorem states that A4, = g/p™.
Hence for points x in the open region (p) we have

|axr+ax’+ ... | = AX+A4.X°+...
=g (Xp+X%p*+...)
= gX/(p — X).
Hence if gX/(p — X) < A,, that is, if X < A,/(g+ A4,), then
| Pr—a,| < A, and Px cannot vanish.
Thus we have found a value for X, ; it is

Awpl(g + Ao),
where p is any positive number < &, and g is the maximum
value of Px over the circle (p). This is an extension of the
first theorem of § 56.

So far we have considered power series which have a constant
term; the following theorem is the natural generalization for
the case P,r, where n>0:

When a, vansshes and a,, a., ... do not all vanish, there is an
open vegion (X,) within whickh Px vanishes at no point other than o.

For let Px=x2"(a, + a1 % + anps2®* + ...), where z >0. The
series in parentheses has the same circle of convergence as Px ;
furthermore it has a constant term which does not vanish.
Hence by the last theorem there is an open region (X,) within
which the scries does not vanish. Evidently, then, this region
satisfies the requirements of the theorem enunciated above.

80. Criteria of Identity of Power 8eries. /f Px vanish
within every civcle (p), where p is arbitrarily small, at poinis
distinct from 0, the coefficients of Px all vanish.

This is a direct consequence of the theorems of the preceding
arficle; for they tell us that when the coefficients are not all
zero there can be found a circle (p) at no point of which, excepting
perhaps o, does Px vanish.

We define a zero of Px as a point at which Px vanishes.
This definition accords with that of § 61.

The following distributions of zeros require that all the
coefficients of Zx shall vanish :—
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(1) They fill a region which contains 0;

(2) They fill a curve which passes through or terminates
at o;

(3) They form a system x,, 2, %;, ..., &, ... to infinity, such
that there are numbers of the system X, X,, X, ..., Xy, ... to
infinity which are greater than o and less than e. An example
is afforded by the system z,=(—1)""/n.

In (1) and (2) 4,=0 because Pr=0 when xr=o0. Let
Px=xQx; we must not assume that x =0 satisfies Qr=0 and
prove that @, = 0 by putting x=0. The proper proof is the same
as that by which we show in (3) that ¢, =o0; namely Px cannot
be continuous at x = o, if 2o+ 0, while Pz =0 at points arbitrarily
close to o.

To meet all cases, we need a new word. When the points of
an infinite system are distributed, as in (1), (2), (3), so that one
or more points, distinct from z,, lie within (x,, €) however small
we choose to make ¢, then the point x, is said to be a lZmit-point
of the system.

The above theorem can now be stated thus:—

If the zeros of Px have O as a limit-point, the coefficients of
Px all vanish.

The case where the zeros are infinite in number, but do not
have o as a limit-point, will be considered in § 88.

The following theorem is an immediate consequence :—

When the equality §awr”= gob,.,t" is satisfied by values of

n=

n=0
x whick have O for a limit-point, we have an= by for all values
of n.
For the zeros of 2 (a,— b,)2" have o for a limit-point, and
therefore a, = &, for all values of 7.



CHAPTER XI.

OPERATIONS WITH POWER SERIES.

81. Weierstrass’s Theorem on Series of Power Series.
Let 8 R T S P T
be a series of power series with the general term

Ug= Qg+ ApX + ApX*+ ... + A2 + ...,

and let (&) be a circle within which the separate terms %, and
the collective series 2, converge. Arranging the series Z#, in
the form of a rectangular array in which #, occupies the
(¢ + Dth row, it is desirable to know whether the sum by
columns is equal to the sum by rows; for the sum by columns
is formally a power series in x, and should it be equal to the
sum by rows the series of power series can be condensed into a
single power series. The following theorem, due to Weierstrass,
supplies a sufficient condition, different from that in § 6.

Given that the separate series uy and the collective series Zu,
converge within the civcle (R) and that the latter series Zu,
converges uniformly along every circle (R;), where R\< R ; then
within the circle (R) we have

0 - 2}
Zug=32 a,x"
q9=0 n=0
where ay is the sum of the coefficients of x™ in the series of w's.

w

We shall prove successively that the Sseries Eba,,,,,,, or the
m=

series of coefficients in the (7 + 1)th column, converges: that if
the sum of this series be a,, then £a2,x" converges in the circle
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(R); and lastly that the series 3a,2™ Z#, arc equal in this
circle.

I. By reason of the uniform convergence of i, along the
circle (R,) we can find a number ux such that for all points a
on this circle

m+r

3 uy<e r=1,2,3, ...
m

mtr
as soon as m is chosen equal to or greater than u. But X #, is

m

the sum of a finite number of convergent series; and therefore,
adding’ by columns, the inequality can be written

- ]
2 (ﬂmn + @, n + ... +am+r, n)xn <€,
in=0

where | x| = &,. Cauchy’s theorem (§ 78) enables us to separate
out the coefficient of #™ from the remaining coefficients and gives

lamn+am+1,n+ cor F Ay, nI < 5/[\)1”;

or | @mn + @, w4 ... to infinity | < ¢/ R ™
a0

This inequality establishes the convergence of the series X apn;
m=0

. - . - . - . /
it is permissible therefore to assign to this scries a sum «,.

II. Let ap=Snu+ ton, where 2 Z p and s,,, £, are the
sum to »z terms and the remainder after 7 terms of the series

3 ama that arises from the (z + 1)th column
m=0

The sum by columns of the double series can be resolved
into two parts, which arise from the columns continued down to
the mth row inclusive and from the columns continued from the
(m + 1)th row on to infinity. The sums of these two parts arc

SmoF S X + S X2 F oo F S X e (1),

lmo Ftmi ¥ F lma X5+ o+ Laa X+ L (2).
The former of these two series converges in the open region (R),
for each of its 7z component series %, 7,, ..., #ym—, converges in

that region. Let us see whether the same is the case for the
latter. of the two series.
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By Cauchy’s inequality, we have
| tmn | = €/R™
Hence, using capital letters to denote absolute values,
Toot+ T X + Tog X34 oot Ton X 4.0 = enEoX”/R,".
But when X < R, the series 2 X*/R» is convergent and has thc

sum R,/(R,—X); therefore 3 ¢,,2" converges absolutely for
n=0

all values X < R,. This means that it converges absolutely in
the open region (R); for, if x be any selected point of this
region, R, can be chosen between X and R and the absolute
convergence at x follows at once.

It results from the addition of (1) and (2) that the series

il 48

anx™ converges within the circle (R).

n=0

II1. Finally we have to prove that

2uy=Zanx™
within the circle (R).

Select any value x within (R) and then take R, intermediate
between X and R. For this value of x and for the same value
of m as before, we have to prove that

m-1 n ® »n
5 0,4 2 syg= 3 Sppx" + Z lypn ™

a=0 q=m n=0 n=0
or rémoving the first terms on the two.sides of the equation, since
these are known to be equal, we have to prove that

This can be done very readily by the use of the inequalities that
have been found above. For ’

I x @®

2oy — 3B x| 2 e+ eR (R - X);

qg=m n=0
and whenever it can be asserted of any fired quantity that its
absolute value is less than an arbitrarily small positive number,
that quantity is necessarily zero; hence (3) is proved.

We proceed to some important applications of the theorem.
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82. Remarks on Weierstrass’s Theorem. This theorem
of Weierstrass’s on series of power series in & can be extended
at once to series of power serics in 1/#. It must be remembered
that now the domain of convergence of a power series is the part
of the plane exterior to some circle (0, R). The theorem as
extended runs :—/f the terms of the series Su,, where

Ug=Cg+ap/x+ ... + ag /2" + ...,
converge outside the circle (R") and the sevies itself converges uni-
Jormly on the pertineter of every civcle (R)) where R/ > R', then
Jor every point x exterior to the circle (R') the series Suy is expres-
stble as a single power series in 1/x.
Combining this result with that given earlier we obtain at

once a sufficient condition for the composition of a series of
—+-00
series 3 a,2" into a single series of that form. Instead of a

== ~ 00

region interior to (K) or a region exterior to (X’), we have the
annular region (R’, R) where R’ is supposed less than R,
A convenient modification of Weierstrass’s theorem replaces

@
the uniform convergence of the series X %, over every circle
g=0

(R,), where R,< R, by the uniform convergence of the series
for the closed regions (R,). Evidently the former condition is
contained in the latter.

We shall, in general, use Weierstrass’s criterion for the con-
version of the double series Z#, into the single series Px, in
preference to that of Cauchy (§ 69, corollary). There is nothing
in either method to indicate whether the region for which the
equation is proved to hold good includes all points that satisfy
the equation Z#,= Px; later on we shall see that Taylor’s
theorem furnishes an example where the information furnished
by these criteria,—exact of course as far as it goes,—proves to
be incomplete.

At first sight Cauchy’s criterion seems both simpler and
more effective than that of Weierstrass ; that this is not always
the case appears from the series
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§( I+2x+2x”+ )n (2)
o —— = . S .
r =0\ 3 3° 3
The series (1) converges for all values of x such that
lr—1
— | <,
3—x

i.e. for all values of » for which the real parts are less than
2; and it converges uniformly for all values of » such that
=1 . . .
3”*,1" = a, where a is a proper fraction. The component series
have 3 for a common radius of convergence; hence all the con-
ditions of Weierstrass’s theorem are satisfied by taking R to
be 2, and we see without further discussion that (2) can be ex-
pressed as a power serics whose radius of convergence is at least
as great as 2.
Cauchy’s method uses the new series

X -1
?3XyX+ “3tiex
replacmg ———in (1) by = 2 +X —, . and requires for thecon-
3— 3 3-4X
vergence of thls new series the inequality
2
3Ty x=l

that is, X' < 3/2. It has given us therefore less information as
to the domain of convergence of the final series and has required
the summation of a new series.
The two series
i },_s_+ x—h~-r+... ............... (3),
I—x 1—x° ~a® ‘
xr . x? x®

i WL NS EITRRTSPRTS eeenan(4),
in which X < 1, can be represented as double series by expand-
ing the individual terms as power series ; furthermore they arise

from one and the same array

...........................
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by adding by rows and columns respectively. The double series
is absolutely convergent, for the sum by rows of the absolute
values of the separate terms is the convergent series
X X Xs
et Tt ot

Hence Cauchy’s criterion applies and the sum by columns must
be equal to the sum by rows, and therefore the series (3), (4)
have the same sum.

To see that Weierstrass’s criterion applies to this case,
observe that for any assigned value of x such that X < 1, we can
take R between X and 1 and get

I I
SRS -R

I
[ — gl

and therefore

L x2n+1 I

e o]
o E Ix‘m-l-l |
I — n=0

= a series which is uniformly con-

n=0 I ___'x'm+1

vergent within (R).
It follows that the series (1) is uniformly convergent within
(R) and thercfore comes under the operation of Weierstrass’s
theorem.

Ex. Prove that
x 222 328 x 22 3

g N s I rppr il cope S

when |r|<1.

83. Applications of Weierstrass’s Theorem. (i) The
theorem that tke product of two power series.
Pr= § ax", Qx = S o 2",
n=0 n=0
is itself a power series affords a simple example of Weierstrass’s
theorem on double series.
Suppose that Pz, Qx both converge in the open region (&),

@
and let us consider the series 2 fo,x, where for = 0,2" Px.
n=0

This scries 2f,x converges uniformly in the closed region



140 OPERATIONS WITH POWER SERIES. [CH. XI

(R,) where 0 < R, <R; for it is possible to find a u such that at
every point x of this region (&,) we have, for values # Z pu,

|7 (®)| < &, €| Px|<e,
where 7,(x) is the remainder of Qx after » terms. We may add
therefore by columns and thus get
Px x Qx=3 (an+ @by + abp_y+ ... + anby) 2

=0
for all points of the open region (R).
In particular (Px)* can be arranged as a power series in x
which is convergent when Pz itself is ; and the same can be said
of any positive integral power of Px.

Ex. Show that if all three series
Sa,,, Ebm 2 ((lob,.-l-lllb ~1 +a26n-2+ +ané0)
converge, then the third is the product of the first two.

(i) A sufficient condition that P (Px) shall be expressible as
Px. Suppose that Pz is a power series with a radius of conver-
gence R, and that X e,y" is a power series with a radius of

n=0

a0
convergence R, ; then X a, (Px)" is not to be treated as a power
n=0

series in x without a preliminary examination of the circumstances
of the case. It is desirable to have a sufficient condition that
the transformation ¥ = Pz shall convert the series an,,‘y” into Px.
e

First let us simplify matters by making the series in y a
terminating power series. We have then a finite number of
power series in x associated with a,y, 2, a,® etc. and the sum
of a finite number of power series is itself a power series. Thus
1 polynomial in y will in all cases transform into a power series
in x.

But when we pass to the general case of an infinite series in
v, we have the sum of an infinite number of power series in »
and such a sum is not necessarily expressible as a power series.
This case we shall now consider.

a0
It is evident that if £ a, (Px)"is to be represented as a power
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series in x we must have the former series convergent for suffi-
ciently small values of . Thus Pz, or y, for values of x very
near to zero must be less than R,; this requires that | Po| must
be less than R&,.

Now let this condition, | Po|< R,, be satisfied. Then because
Px is continuous there is a circle (R), where R < R,, within
which | Pr|< R,—38, where & is a sufficiently small assigned
positive number.

Within this circle (R) the series Za, (Px)" is uniformly con-
vergent, since its terms are less than those of the convergent
positive series 34, (R,— 8)".

Thus when | Po|< R, the conditions of Weierstrass's theorem

lold, and thevefore it is possible to express the sevies 2 a, (Px)" as a
n=0

power series in x; or, symbolically, to express P (Px) as Px.

A case of frequent occurrence is that in which Pz in
Za, (Px)" begins with a term in x; when this happens the
condition of the theorem is evidently satisfied, since Po=o.

Some special cases of this are useful. First, the quotient
Px/Qx of two power series, where Jo#0, is expressible as a
power series. For if Qr=6,+bx+b,2*+...=0,+y, we have,
since |y|<|6,| for small values of z,

I I I y)“l I ( vy >

= = (145 ) == 45— )

o= ay w0 ta) ma(ar
hence Q{'%:a power series in x which converges near r=o0
Multiplying each side of the equation by Pz and using the
theorem of the last article, we see that Px/Qx is expressible as a
power series.

When 4y=6,=...=0, and &4, is the first & which does not
vanish, the result has to be modified slightly. Now
QA«’ =ﬂnQ0x)

and Px/Qx = Px/+™Q.x; and since Px/Q.x is expressible as a
power series, the original series Px/Qx is a Laurent series in
which the negative powers stop at 2™

Again if Px has an infinite radius of convergence,—for
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@ Padans 0 Pl
example if Pr_ X 01 2(-—- I)" ,or Z(— I)"»é—nj ,—then
n=0 .

2a, (Px)" when converted into a power series in x converges in
the domain of 24,y

(iii) . If f(», Y, ..., yu) be a rational integral function in the

#’s or a power series in the »’s which converges for all finite values

of those variables, and if the »’s be expressible as power series

Px converging within a common circle (R), then £ (31, #ay +++» ¥n)

can be expressed as a power series which converges within (&).

84 Reversion of a Power Series. Let y= Pz, and let
Qy be expressed as a power series in 2. Since P,0 is o, the
condition in (ii) is merely that Qp shall have a radius of con-
vergence greater than o. Let us examine whether Oy can be
identified with x itself. We have

y=axr+axi+...

x=by+ by + 6,9+ ...

= by + byarx + (bya, + 6,02) 2 + (bya; + 2b,a,a, + b2 P) P+ ...,
so that the conditions to be satisfied are
b, =0,
ha, =1,
ba, + b,a.2 = 0,
b, + 2b.a,a, + b2,® = O,

...............................

and these equdtions determine &,, &, 4,, 4;, ... uniquely.

Hence if the series x = P,y whose coefficients are obtained by
the above equations is shown to be convergent for values of y other
than o, we have one solution of the equation for x,

¥y = P
This very important process is called the reversion of a power
sertes ; and Pyx is said to have been reverted.

Of course under the same conditions the equation

y=a,+ Px
can be reverted in the form
x=P,(y - a).
The same process is not applicable to y = P,x when 2 > 1. For
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then Q(P,x) contains no power of x less than the ~th and
cannot be identified with x. To this case we shall return later
and we shall then be able to establish the convergence of the
reverse series. Meanwhile we wish to point out an important
peculiarity which arises when we map the domain of P,z on
the y-plane. Taking more generally
Y=do=Pn(x-x),
we have first when z=1,
Y=V =a(x—2)+a(x—x)+
and lim (¥ — 3,)/(x — %,) = a,, showing that there is isogonality at

z=1x,

%, (§26). But if g,=a,=...=a,_, =0, an$0, the isogonality
breaks down ; we have then lim (¥ —»,)/(¥ — x,)* = a,, whence an
angle at y, is # times the cor;‘g:f)onding angle at x,,

Let y—yy=an(x—2x)"; then y-3=272,,,(x—=x), where
2 is some positive integer. When 1 describes a small circle
(#,, p), 7 describes a small circle, 7 times as fast, about »,. Also

G =INT =) =Pp(x—x);

hence |z —=x,|, or p, can be so chosen that |y —7|/|7—y,] is as
small as we please, for all points on the circle (z,, p). It is usual
to say that y describes a small circle about y, # times as fast as
x describes its circle about x,; it will be understood that this is
strictly true only for 7. The path of y is, for small enough
values of p, as nearly circular as we please. The case =1 is
the ordinary case; the case » > I means that when y = y, there
are n values of x equal to #,. This peculiarity will be discussed
in chapters XX. and XXI

Given that y=axr+ar+axri+ ...
arises from x=by+b,+by+
it is desirable sometimes to have a formula which connects 4,
with y. Differentiate (see § 87)

x=by+ b+ ... + bay" + ...
with respect to x and divide by y*. Then
Loy [b’ N S TN YR ]
y y yﬁr—l yﬂ—‘) y

‘The only term on the right-hand side which contains 1/x to the
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first power is the term #nb,3'/y. For example y'[y" arises, save

0
as to a constant, from 1/y" = 3 c)mx"‘, by differentiation ; and
—-(n-1

after such a series has been differentiated term by term there
can be no term in 1/x to the first power. By equating the term
in 1/x in nb, |y to the corresponding term in 1/*, we get

I 1
bn==1|-- )
7 [J’n:lllx

where [ ]y, means the coefficient of 1/r in the expression
contained within the square brackets, when that expression is
given as a series in .
Thus the reverse series of
y=axr+axr’+axd+ ...

is xr= E v [-I’_‘jl
a=1 % [ V" |yz

85. Taylor’s Theorem for Power 8eries. Let + and

x4/ lie in the domain (R) of Pr. The series for P (x + /%) is
a+a(x+A)+ a(x+ Y+ a,(x+ AP+ ...,

and may be written
@+, (x+ ) v, (P+ 22k + 7))+ a, (B + 33+ 382+ 2+ ...

Can we arrange this series in powers of 2? Treat.x as a fixed
point within (R), refer Z to x as origin, and let #, (§ 81) be a, (x+Z4)".
The series 3, itself is P(x+ %), and is uniformly convergent
along any circle concentric with and smaller than the circle
lx+ /| =R, ie. for values Z within (r, R-X). Take then for the

Fig. 39.
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circle of Weierstrass’s theoiem the circle (¥, R—X). And
suppose, as above, that lies within (R) and that /% is a point
interior to the circle (r, & — X) which touches internally the
circle of convergence (R). With these limitations on x and % we
have

2 n
Px+hi)=Px+hPx +—k—,P”x+ +é_an+
2! n!

where the series P'x, P’x, ..., P*x, ..., known as the 1st,
2nd, ..., nth derived series of Pz, are

Pr=a +2ax+3a02+...+(n+1)ap 2" +...,
Plr=1.20,+2.3aqx+3.4a2°+ ...+ (n+2)(n+ 1) @piorx™ + ...,
and so on. The series Px is derived from Px by a differen-
tiation term by term, and a repetition of this process gives
successively P’x, P"z, etc.

By this use of Weierstrass’s theorem we have proved the
following theorem which is the exact analogue of Taylor’s
theorem for real variables:

Let x be any point in the domain (R) of the series Px and let a
circle be described with centre x to touck (R) internally; then for
all points x + h within this latter circle the series P (x + /) can be
represented by the series

Px+ 2P x + EJ/P”x+ +é|ﬂx+ .
2 n!

. . . VA . . .
in which the coefficient of o1 obtained by differentiating cach

tevm of Px n times and adding the results.
Ex. Prove the same by means of § 68.

Replacing x by %, and x + /% by x, the equation runs

Px= Px,+ Px,(x — x,) +£’2—"l-’1’(x—xo)”+... + {::—;% F=x2)"+....
This form of Taylor’s series is especially useful in the discussion
of power series, for it establishes a connexion between the
original series in x and a new series in ¥ — x,, where x, lies in the
domain of Px.

We now know that the radius of convergence of the series in
x —x, is at least as great as R — X,; we shall see presently that

M. H. I0
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there are many cases in which it can be greater than this
quantity.
M...:laurin’s theorem
Pr=Po+ Po.x+P'o.x%2!'+...+ Po.x"ni+ ...

is of course merely a special case of Taylor’s theorem.

If we start with a series P (x —x,) in place of Pz, and select
a point x, within the domain of P (x — ;) instead of the point 1,
in the domain of Pz, Taylor’s theorem will run

Par—x)=Pr—x)+P(x—1).(r—1)
+ P (1 —x). (=) 2!+ ...+ P, — 1) (r — )P e + ..
The domain of this series in x — x, is at least as extensive as

the open vegion boundvd by that civcle of centre x, whick touches
internally the circle of convergeénce of P (x — x,).

86. The Derivates of a Power S8eries. The radius of
convergence, R, of P’x will be proved equal to R by establishing
that (1) R”Z R,and (2) R Z R".

Since each column in Weierstrass’s method for combining a
series of power series into a single power series gives a convergent
series whatever be the position of x within (&), the series Px
that arises from the first column must give R’ = R.

To see that R =2 R’ notice that the domain of convergence
of Px is the same as that of 'Elanx"“, and compare this latter

n=

series with Pz, or 2 na,x™. As the general term of the

n=1 .
former series is evidently less than that of the latter series in
absolute value, the domain of P is at least as extensive as
that of Px. This completes the proof.
It is an immediate deduction that P”x, P"x,..., P™;,...
have a common radius of convergence, namely R. Hence a//
the derivates of Px have the same domain as Pax.

w o0
Ex. Prove that Saq**(n+1), =ax"*%/(n+1) (12+2),...,—series ob-
0

n= n=
tained by successive uses of the mechanical process of integration term by
term,—have a common domain of convergence, namely {(R).
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Let us now find the value of DPyx, the derivate of the sum
of the series. At every point of the domain (&) the value of
DPr is the limit of &jf—)_—& when x + /% tends within the
domain (K) to x. There is no difficulty in finding this value;
for the fraction is equal to a power series in 2 whose first term is
P’x, and therefore tends to P’x as a limit. Hence

DPx = P'x.

- This theorem required proof. The existence of Dgf£ is not
a necessary consequénce of the continuity of € when £ is real ;
hence the statement that DPx exists cannot be regarded as a
truism. The theorem shows that we get the same result whether
we first sum the power series and then differentiate, or first
differentiate the separate terms and then sum the resulting
series. In the present case then we have a double limit in
which the order of operations does not matter.

87. Differentiation of a Series of Power Series term by
term. Let #,, %, 2, ..., #,, ..., R have the same meanings as
in § 81 and let 3z, be uniformly convergent within every
circle (R,) where R, is less than R by an arbitrarily small
amount. .

Take any point x, within the circle (R) and expand the
series u,, u#,, 2y, ..., Ug, ... and u,= guq, in ascending powers

q=0
of x—x,. Then

3w () (r )" V=33 0™ (). (& — 2oy L. (D).
0

m= q=0m=
Since the individual series #,, #,, %,, ..., #,, ..., and the collective
series
U=ttt Uyt oo FUgF e e (2),

converge uniformly in the closed region (%, R’ — X,), we can
apply Weierstrass's theorem to the double series in (1) and
reduce it to the single series

o0

S {2, () + 2, (2) + 21, () oon + 2™ X)) + L.} (B = 2 )
m=0

I10—2
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Comparing the terms in #™/m! in this series and in the series
on the left-hand side of (1), we deduce that

#™ =20, ™ 420, 42, 4 u,™ 4L
at every point of the open region (Z). In words this theorem
runs as follows :— Under the spectfied conditions the m** devivate of

the sum of a series of power series ts equal to the sum of the m*
derivates of the individual terms.



CHAPTER XIIL
CONTINUATION OF POWER SERIES.

88. The Zeros of Pr are Isolated Points. With the
help of Taylor's theorem it is easy to generalize the theorem
of § 80. In its generalized form the theorem runs:—

When Px has infinitely many zeros within a circle (R') con-
centric with and interior to the civcle of convergence (R), the
coefficients of Px are all zero.

Let the circle be enclosed within the square whose sides

iR’
\\
-R o) R’
-iR
Fig. 40.

are the tangents at + R’, + ¢éR’. Divide this square into four
smaller squares as in the figure; in at least one of these new
squares there must lie infinitely many zeros of Px. Select a
square of this kind and subdivide it into four squares as in the
figure. Select from these new squares one in which the number
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of zeros of Px is infinite and subdivide this square in turn into
four new squares. Proceeding in this way we get a sequence of
squares, each one of which contains infinitely many zeros of Px.
The reasoning of § 51 shows that these squares determine a
single point 2 which is interior to them all. This point is a
limit-point of the zeros (§ 80), for within ewvery circle of centre
a, no matter how small may be the radius, there are zeros which
are distinct from a. Hence the series 3P .(x — a)*/n! has
zero coefficients, and therefore Px vanishes at all points interior
to (a, R —|a|). Within the circle just mentioned take a point 4;
the point 4 being a limit-point of the zeros of Px we can use the
same reasoning as before and show that Px is zero at every
point interior to (4, R —|4|). Thus step by step we can prove
that Px vanishes over the whole of its domain (&) ; and then we
see that Px must have zero coefficients (§ 80).

The theorem here established does not exclude the possibility of a
series having infinitely many zeros in its domain of convergence. When
the zeros are infinite in number the series has zero coefficients, or else the
zeros of the series have no limit-point in the domain (&) and at least
one limit-point on the boundary of the domain, that is on the circle of
convergence itself.

Corollary 1. When two power series in x converge within
a circle (R) and are equal for infinitely many values within a circle
(R"), where R’ < R, then the two series are identical; that is, they
have the same coefficients.

This corollary is an immediate consequence of the theorem,
and needs no proof.

Corollary 11. T7The points within the domain of Px at
whick the series takes a determinate value b, have no limit-points
interior to the circle of convergence of Px, provided that Px does
not reduce to the constant b,.

This corollary can be proved by applying the theorem to the

@
series @, — &, + X+ a2+ ... +anx™ + ..., instead of to 3 a,z™
n=0

In the theorem and in the two corollaries the points which
are considered are members of infinite systems confined within



88-89] CONTINUATION OF POWER SERIES. 151

finite regions. When the points of such a system have no
limit-points #n the interior of the associated region, they arc
said to be isolated within the region ; the points of a finite system
are isolated, whether the region be finite or infinite.

89. Continuation of a Function defined by a Power
Series. Let us now return to TayloY’s theorem. And first let
us show by a simple instance that when from a scries Pz we
deduce a series P (¥ —x,) by means of the theorem, the new
circle of convergence may cut the old one. Take the geometric
series

I4+x+ 4., .

.1
whose sum is — - when |x|< 1.

Here then Px = : ! - and by differentiation

L e 2
TS A (- L

whence Taylor's theorem takes the form

Px=

BRSNS
I—x 11—z, (I—x) (1—x)

I X—x, [X—X\2
=— |14 + (== +...
1—x, 11—, 1—x,

The series in parentheses is again a geometric series, and is

+ ...

e | X2 .. . .
convergent if || < 1, that is, if x is nearer to x, than I is.

0
Thus the new series defines the function in the circle through 1

whose centre is x,, while the original series dcfined the function
in the circle through 1 whose centre is 0; and manifestly the
new circle will in general cut the old one. Thus ground is
gained ; we have a new series equal to the old in the region
common to their domains, but serving to define the function for
an exterior region.

In this very simple case we do not need the aid of power

series; we know all about the function i I~—-x, to begin with
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The use of the power series will, however, be appreciated as we
proceed ; the present point is that the domain of the con-
tinuation of a series may very well extend beyond the original
domain.

Ex. Prove the binomial theorem for (1—2)" where |x|<1 and 7 is a
negative integer, from the series used in this article.

When we have a power series P (x —x,) with a radius of
convergence KR,, and a point x; in its domain, we have by
Taylor's theorem a new power series in x —x,, say P (x—x,),
which is known to be equal to the old series for all points in
the circle (x,, R, — |2, — 2,|). Let the radius of convergence of
the new series be &,; and suppose that, as in the instance just
given, the circles of convergence cut each other. We must
prove that the two series are equal at all points which are
in bot/ circles of convergence; these points constitute an open
region which can be called the common domain of the two
series.

It is sometimes convenient to denote the new series by
P (x — x| x,); the notation indicates that the series is deduced

Fig. 41.

(by Taylor’s theorem) from the given series P(x —x). It is
also convenient to denote by C, the circle of convergence of a
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series /2 (x — x,), and by (,,, the circle which is concentric with
C, and touches C,, internally (fig. 41).

With this notation, we know that our two series are equal
within the circle C;, and we have to prove that they are equal in
the rcgion shaded in the figure; to this shaded region the
boundary points on C, and C; do not belong.

Take a, within (;, and with it as centre draw a circle C,
to touch C, internally and a circle C, to touch (, internally.
We shall need only the smaller of these; let it be C;,,. We can
deduce a series in x — x, directly from P(x —x;); let this be
P(x —x,|x). Then we know that

Px—x)=Px—xlx)
within Cl,.

Again we can dcduce a series in r —x, from P (xr—a,|x);
let this be /”(x — a2, |2,). Then we know that

Px—x|n)=L@x—x|x|x)
within C,,. ‘

Hence within the smaller circle €, both equalities hold.
But also we have within G,

Pr—z)=Px—z|x)
Therefore in the region common to C, and C, we have
Plr—=a,|1n)=Px-x|n|n);

whence, as the series are both series in x —x;, and x, is in the
region common to C, and C,, they are one and the same series
§ 80).
Hence we have within C,
Pr—-x)=Px—x|x),

and

Px—x|n)=Px—x|x);
whence P (x —x,) and P (r—ux,|x,) are equal within Cy. The
series have been proved equal in that part of the shaded region
lying within C,. We now add this part on to C,; and by
selecting suitably a new point x; in the region sc extended,
drawing the circles C;, and C, and taking the smaller, we again
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increase the region of equality of the series; and the process
can clearly be continued until the extended region includes all
points of the shaded region, that is until the equality at all
points of the common domain is established. The question of
the equality of the series on the boundary of the domain is left
an open one.

There is one possible power series which requires special
mention. In the case of 1/(1—x), there is an expansion in

-3
powers of x— o or I/r, namely % (- 1)*/2"; this series con-
n=1

verges at all points exterior to (0, 1) ; take any element P (x — x,)
of 1/(1 —x) whose domain lies partly outside (o, 1). At all
points outside (0, 1) and in the domain of P (x —x,) we have
s (= 1)/x"= P (x — x,); and therefore the series in 1/x can be
n=1

called a continuation of P (x — x,).

More generally when we have an expansion P (1,x) con-
vergent at all points exterior to (R), and equal to P (x — ;) at
all points in their common domain, then P(1/%) is called a
continuation of P (x - x,).

90. The Analytic Function. An analytic function is
defined by an aggregate of series composed of a primary series
and its continuations; the separate series are called elements of
the analytic function, and the primary series is called the
primary element. Among these elements is to be included
P (1/z) in case P(1/x) is a continuation of an element P (¥ —xz,).

Let us see how the value of the analytic function can be
found at a point 4 which lies outside the domain of the primary
element.

It is necessary to form a chain of series

Px—a),Px—xz), Px—2,), ..., P(x—2z,),
in which the first link is the primary element while the last link
is a series whose domain includes 4. The method of construction

of this chain will be understood clearly by examining the way in
which the second link is attached to the first.
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Let 1, be situated in the domain (4, R) of P(¥x —a). Then
P (x— 1) is that series P(r—a|x)
which is deduced from P (x-a) by
writing *r—a=x —a+ (¥ — x,) and
using Taylor’s theorem. The radius
of convergence of P(x—alx) is at
least as great as the shortest distance
from z, to the circle (2, R). Hence
if we take x, within the shaded region
(a, R/2) we can be certain that a will
lie within the domain of the new
series in x —x, ; so that P (j':— a) can be deduced from P(x —a|x,)
by a direct application of Taylor’s theorem.

Let P (¥ — 2| x,|x,) be a series in x — x, which is deduced from

Fig. 42.

Fig. 43.

P (x—a|x) by the use of Taylor’s theorem, and let z, be chosen
in the region (#,, R,/2), where (1, R,) is the domain of P (x —a|x,).
Continuing in this way it may be possible to reach an element
P(x—a|x|x)|... |x,) whose domain contains &, and from this
final link we can deduce, by immediate continuation, an element
P (x— &) whose constant term denotes the value of the analytic
function when x = 0.

In the case of the analytic function 1/(1 —x) the value at
& does not depend on the special chain that happens to be
selected ; for we can deduce from the series in x — 1, a series in

x — b and this serie can only be § (x = &)*/(1 — )™, into which
n=0
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Xy, X3, «eey Zp do not enter. But with a different analytic function
the value at 4 of the function might very well depend on the
manner in which %, x,, ..., 2, are interpolated. In this way it
is possible to allow for several or even infinitely many values at
a point.

The chain described above permitted the passage from the
series P (x —a) to the series in x— & by a succession of im-
mediate continuations. The choice of the points z,, 2, ..., x,
-was made with a special view to the reversal of the process.
The series in x — 4 can be chosen as the primary element ; for the
series in ¥ — ., is an immediate continuation of it, and the series
in x — 2, is an immediate continuation of the series in x — x>
etc, and finally P (¥ —a) is an immediate continuation of
P (¥ —al| x), so that it is possible to pass from the series in x— &
to the series in x — @ and thence to every element of the analytic
function by a chain of immediate continuations. A chain with
this property of being available each way may be called a
standard chain.

We have proved then that any ome of the elements of an
analytic function, in particular of the analytic function 1/(1 — ),
can be treated as the primary element, all the other elements being
deducible from this by the process of continuation.

This theorem implies that each element contains in germ
the whole of the analytic function.

91, General Remarks on Analytic Functions. (1) In the case of
the elementary analytic functions the arithmetic expression comes first,
the power series second. It is otherwise with a majority of functions.
Take for example the case of a differential equation; when it is found
impossible to write down in terms of a finite number of known analytic
functions a solution of such a differential equation as

)
‘72);’.=x+}'7
what is done is this. We select an ordinary point x=¢ and find y as a
series P (x—a), and then deduce the analytic function from P (xr—a) by
continuations.
(2) The question which is suggested by the consideration of such an
equation as

dy .
A
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where f'x is a one-valued analytic function, is this: given that Px is one
element of f'z, is it safe to infer from the solution y=Px that the equation
is satisfied by the analytic function of which Pz is merely one element?
Or we may ask thé closely related question: are the first, second, ...,
derivates of the continuations of P (xr~—a) the same as the continuations
of the first, second, ..., derivates of P (x*—a)? The answer is in each case
in the affirmative. Without entering into any details,—for these would
carry us far into the subject of differential equations,—we may say that
the general principle involved is that a property possessed by one element
of an analytic function is pssessed also by the others.

(3) It would be a serious misconception of Weierstrass’s views to
suppose that he wished to employ no other means of investigating the
properties of any selected class of functions than those employed in the
continued use of Taylor’s theorem. In all cases he had recourse to some
functional property :—an algebraic equation f(¥,y)=o0, an addition-theorém,
a differential equation, and so forth, and in this way gained a control over
the subject-matter, that could not have been obtained from the series alone.

(4) The passage from a to & in § go was by a succession of steps
a to xy, 1y to xy and so on. The number of interpolated points may be
decreased ; it is certain that it can be increased as much as we please.
There is often an advantage in thinking of a continuous route or pathk
from @ to 4; the meaning then is that the various sets of interpolated
points all lie on this line and furnish sfandard chains.

(5) Starting from an initial point ¢ and an initial series P (x—a) and
confining the paths to an assigned region it may happen that the value at
every point 4 of the region is unique, whereas this ceases to hold when the
region is replaced by a larger one. In this case we have for the first region
a one-valued portion of a many-valued analytic function.

92. Preliminary discussion of S8ingular Points. Analytic
functions exhibit every variety of behaviour with regard to con-
tinuation beyond the domain of the primary element. The
nature of the function depends, in fact, on the nature of the
obstacles, called singular points, which limit the domains of the
series. What these obstacles are will appear further on in more
detail; but even at this stage we can give a plausible description
of the ordinary obstacles.

In the case of the series 1 +x 4+ 2%+ ..., the obstacle is the

. . I .
point x=1, at which =% becomes «. Naturally, since a

power series is defined for each point of its domain, no circle of
convergence can enclose this point; but all circles may be
expected to pass through it.
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-

. 1
In the case of the series 1 +22 + 24+ ..., = Y there are

two obstacles, x = + 1. These and these only are what stop the
circles of convergence. A circle of convergence with centre
#, will pass through ‘¢ke nearer of these points; that is, if
=&, + n,, through 1 when &, is > o, through — 1 when &, is <o,
through both when §, is o.

In the case of the series for (1 — x)'? namely

P PILE S £ L

27 222! 28 3 ?
the obstacle is x = 1. If the circle of convergence of the series
can enclose this point, then when x
describes a small circle about 1
(fig. 44) the series is unaltered and

the sum is the same, namely (1 —x)"2

But /(1 —7) is not the same after
describing the circle, for the ampli-
tude of 1 —x has increased con-
tinuously through 27 ; whence the
amplitude of a selected square root
has increased continuously through
7, and the values (1 —x)¥3, — (1 — x)"* interchange. Hence the
point is not 7z the circle of convergence; it is however oz it.

In the first case there is no ordinary power series about the
point 1, but there is a negative power, namely — (¥ — 1)~.

In the second case there is equally no ordinary power series
about the point 1, but there is a power series with a negative
power of ¥ — 1; since if r=1+2,,

Fig. 44.

I I I n\™!
P == o\ + = »
I —Xx 2x, + 2,2 2x, 2
or if | x| < 2,

In the third case there is a fractional power series which has
only one term. Thus when about a point x, there is no element
of an analytic function there may be a series 2 1/(x — x,), with a
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finite or infinite number of terms, or there may be a Laurent
series P 1/(x — 2,) + P (¥ — x,), or again there may be a fractional
series such as P2Wx—x,, or the fractional series may be a
Laurent one. This is merely an indication of possibilities, not
a classification of them.

In the above cases we know the sum of the given series, that
is, we have direct expressions for our functions, and it is to these
that we look for information as to the obstacles. This will be
observed also in other cases. In general we rely on the theory
of this chapter for the regular behaviour of a function, to infer
for example its continuity ; but for its peculiarities, just those
things which mark it off from other functions, we may do well to
look in a different direction.

93. Transcendental Integral Functions. When /~x has
an infinitc radius of convergence the series defines a transcen-
dental integral function. lts properties resemble in several
respects those of the rational integral function, but these two
classes of function behave very differently at infinity. There is
no need to discuss continuations, for now the single series Pa
defines by itself the complete analytic function.

Among the simplest transcendental integral functions are

[ 2]

those defined by the series 3 a%n!, I (- 1)a®™H/(2n + 1)!,
n=0

n=0
k4

2 (—1)2®/2n!; these functions are discussed in the next
n=0

chapter.

A special notation Gz is used for integral functions, whether
rational or transcendental.

When Gx is not veducible to its first tevm, there must be points
in the finite part of the plane at whick |Gx| is greater than any
assigned positive number, however large.

Assume, if possible, the existence of a finite upper limit ¢ for
| Gx|. Then A,=q/p", however large p may be (§ 78). This
requires that a,, a,, a,, ... shall all vanish, contrary to supposition.
Hence the theorem is true. This important theorem is due to
Liouville.
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For a rational integral function Gx there is a radius R such that for a//
points exterior to (XK) we have | Gx|>1v, where y is an arbitrarily assigned
positive number, however great (§ 56).

94. Natural Boundaries. Another case must be men-
tioned, where there is a finite radius of convergence, but on
every arc of the circle of convergence there is an obstacle.
There is then no possible continuation beyond this circle. In
this case the cirele constitutes what is known as a »atural
boundary for the function. As such functions belong to the
higher theory,—where however they present themselves in an
unsought way,—we merely give an instance. Lerch (Acta
Mathematica, vol. x. p. 87) has shown that, if g and 7 are
integers, the point ¢4 on the circle of convergence (0, 1) of

3 2", = fr, is an obstacle. For let x=pe*™i(p< 1), and let p
A=l

increase ; then as p approaches 1 the part of the series from the

rth term onwards, namely X% p™, tends to infinity. This would

ney
be impossible were the point ¢%"i* situated in the interior of
any immediate continuation of the power series. It is.clear
then that there are on the circle (o, 1) infinitely many obstacles,
and further that on any arc there are infinitely many obstacles.

Several distinct Analytic Functions defined by one
and the same Arithmetic Expression. Tannery has given
a very simple example of this peculiarity. Since

lim 1/(1 —2") =1, 0,

n=aw
according as | x| <, > 1, it follows that the series whose arithmetic
expression is

I I I I I
b= I —-x+<l -2 1 —x)+(l —2 1 -—x2>+"

2 | I
+ (**‘"”;— *‘-—:.‘:,)-*- ceey
I —x? I —x*

n-1

I © x2
or pr=- — + %
I =2 a=12% —1

has 1 or o for its sum under the same circumstances.
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Now this series is uniformly convergent in the closed region
(R) where R is any positive number < 1; for the remainder

—r?
rux = —
I —x?
is less than R¥/(1 — R*) in absolute value. The series therefore
fulfils the requirements of Weierstrass’s theorem of § 81 and
can be transformed into a scries Pr when |x|< 1; similarly
when | x| > 1 it can be transformed into Z (1/x). The arithmetic
expression, then, gives parts of twe distinct analytic functions
within and without the circle. These functions happen to reducc
to the constants 1, 0. ‘

Let fix, fox be any two one-valued analytic functions of x
with a finite number of singular points, thenithe expression

S bh SIS

2 2
defines, within and without the circle (o, 1), parts of two distinct
analytic functions fx, f,x; the circle itself is not a natural
boundary for either of these functions.



CHAPTER XIIIL

ANALYTIC THEORY OF THE EXPONENTIAL
AND LOGARITHM.

95, The Addition Theorem of the Exponential. The
simplest instance of a transcendental integral function is the
exponential, defined by

y= expx:gr"/rz!.

n=0

The test L A, /4= IkR (§ 76) shows that here R=o.

One marked peculiarity of this function is that
Dyy=3x"n!=y,
n=0

it was on this fact that the geometric theery of ch. 1v. was based.
The function was deduced indeed from this fact, with the con-
dition that y = 1 when x=o0.

By direct multiplication of power series (§ 83) we have the
‘addition theorem’:

expr, .expa, =exp(H +4,);

for the product of the series for exp s, and exp x, is

I+ (% +x,)+< + 7k + ;) (';‘;+x‘2f’+x‘x’ ’;’,3) o
" +xz) *n+n) +

3!

=14+(n+1)+ +

..........

In particular if x,= —x,, we have
exp ,.exp (— ) =expo=1I,
and exp (—x)=1/expax,.
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If the argument be an imaginary 77, and if, separating the

series for exp 75 into a real and an imaginary series, we write
expin=E+ 1y,

then exp(—m)=§ — 1,

and by multiplication 1=§%49"2

Hence exp 5 cannot vanish for a finite ».

That exp £, where £ is real, does not vanish for a finite
£ is clear when £ >0 from the fact that the series is formed
from positive terms beginning with 1; and when §<o,
exp £=1/exp (— &), where the denominator is finite.

Since, if x=§E+ i, expx =exp £ expznp and neither factor is
zero, we infer that tke exponential has no zeros.

When the real number £ tends to + o, exp € tends to + o ;
hence exp — &€ tends at the same time to zero. It may seem there-
fore that we ought to say that expx has a zero at infinity, on
the same grounds that we say that 1/r has a zero at imfinity.
There is this importart -difference between the two cases:—
As in § 61, we-mean by “value of 1/r when x=0c" merely
“the limit of 1/x when x = o0 ,” this limit being independent of the
manner of approack to the artificial point ¥ =o0; whereas we
can assign no such meaning to “value of expx when x= 00 ,” for.
now there is no unique limit (§ 57), that is, no limit independent
of the manner of approach. For this reason the value of expx
at x= oo is left entirely undectermined. This is a very good
illustration of one kind of simgular point (§ 103). '

We are justified in speaking of o as a singular point of .
For if there were a series £ (1/x) good outside any circle (R) we
should have P (1/€)=exp £ for all values £ > R. But if ¢ tend
to + 00, P(1/€) tends to its constant term whereas exp £ tends to
+ 0, hence the equation cannot be true.

The addition theorem admits of an evident extension, namely

eXP X, eXP L, ...expr,=exp (B + 2+ ... + 2y).

In particular if the arguments are all-equal to z,

(exp x)* = exp nx,
where # is a positive integer; and, if x=1,
exp n =(exp I1)%,

11—2
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where expI=1+1/2!4+1/3!+...
=2'718281828 ...,
the number denoted by ¢ (§ 29).
Let the number of terms x, be unlimited, but let the series
3x, be convergent with a sum s; and let s—s,=7,. We shall

prove that .
Lexps,=expLs,=cxps.

We have Sp=5— 7y,
€Xp S, =€eXpS.exXp— 7,

‘{expsn~expsl=|exp(—-rn<)—I [|exps]|

=|=ry+r32!—...||exp 5|
Z(|rnl+lrad2! | +...)|exps];
and |7,| <e when 2z > p,

therefore, for such values of #,
lexps,—exps|<(e+e/2!+ ... )|exps|,
<(e+e+...)|exps|,

< exp s,

I —€
<€17

€

€= - —,

€ +exps

where

Hence when ¢ is arbitrarily selected, € is determined and
thereby . Hence exps, has a limit, and the limit is exps.
That is, the addition theovem applies also to a convergent series in
the form

Lexpx,.expr, expry...=exp L (i +0+2,+...).

96. The Logarithm. L;:t ,
. 1+ 2=expa.
Then s=x+ 22242830+ ...,
and z=0 when xr=o0.
There is therefore one branch of x, which is zero when z is

zero, as we knew alréady (§ 30); the other branches are 27w/
when z is zero, where 7 is any integer.
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We know by the theory of the reversion of series (§ 84) that
that value of » which is zero when =0 can be expressed as
xr= Pz

To determine the coefficients of this series we have

Dx=1/D,s=1/(1+23)
=1—54+2=24+ . i (1),
and r=s—22+8[3 =4+ .. coiiiinan. (2).

Within its circle of convergence P,z is equal to this series.
It is therefore (§ 80) the same series, and has the unit circle as
its circle of convergence.

Now the element (2) is some value of log (1 + 2); that is, it
is Log p+ 60, where p is the absolute value and @ is some
amplitude of 1+ 2 (§ 30). When =z is real,
the element is real, and therefore 6 is o.
When 2z moves within the circle of con-
vergence, starting from z=o0, the element -
is continuous and therefore is always

Log p + 26,
where 6, is the angle turned through by 1+2.
Hence — 7/2 < 0 <w/2 (fig. 45). Thus the element is a portion
of the chief branch Log (1 + 2).
Denoting the above restricted value of € by 6,, we have

Fig. 4s5.

Logp+i0,=2—2%2+2%3— ... ccoeurnnnnn. Q)
whence, if | 2| =0 and am = ¢,
o cos ¢ — o’ cos 2¢p +3o’cos 3¢ —... =Logp
= Log (1 + o2+ 20 cos ¢)'?,
and
o sin ¢ —}o?sin 2¢ + Jo?sin 3¢ —... =6,
= Tart! ._‘LE‘E,‘L
I+ocos¢’

where Tan—'a signifies that number in the open interval
(= /2, w[2) whose tangent is a.

These formula hold for all values of ¢ and when 0o ST,
except for the combination ¢ =7 (mod. 27), o =1 (§ 76).
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For points on the circle ¢ = 26, (mod. 27), and the series take
the simpler forms

cos ¢ — 4 cos 2¢p + Lcos 3¢ — ... = Log (2 cos ¢,/2),

sin¢ —4sin 2¢ +4sin 3¢ — ... =,/2;
where ¢, is the chief amplitude corresponding to ¢.

The behaviour of the last series in the neighbourhood of the
point 7 calls for especial notice. As ¢ increases up tc = the
sum tends to m/2; as ¢ decreases down to = the sum tends to
—/2; when ¢ is 7 the sum is zero. Thus there are distinct
limits for the two modes of approach, and the value at the point
of discontinuity is the mean of the two.

These real series illustrate another point. Take, for instance,

sing —%sin2¢p+isin 3P —....
[t is convergent and in spite of discontinuities has a definite sum for every ¢.
But if we differentiate term by term we have the series

cos ¢p —cos2¢p +cos3¢p—...,

which is not convergent since Lcos#¢ is not zero and in fact does not
exist. Here we have a good illustration of the possibility of the occurrence

of the inequality D, = f,x== D, f,x; in this case the order of the two limits
=0 w 0

D, and S is not indifferent. Compare § 86.

We have shown that
Log(r+c)=xs—2/2+2%3— ...,
for points within and on the circle |z]|=1, #=—1 excepted
If we change the sign of 2 we have
Log (1 —5)=—s—2%2—2%3—...
for all points within and on the circle except £ =1; and the
logarithm defined by this series is Log p’ + 76,” where p’=|1 — 2|
and 6, is a value of am (1 — z) such that —#/2 < 60, <7/2..
Now the equation
Loga/b=Loga—1Logd
is true when
Amalb=Ama—Am b,

that is, when
—r<Ama—Améb =m;

in our casc Am(1 +23)— Am (1 —z2), or 8,- 6, is shown by a
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glance at fig. 45 to be > —7/2 and <=/2. Hence for all points
within and on the circle, the points 5=+ I excepted,

Log ~———="Log (1 + ) — Log (1 - =)
_2(,,+ B34+ 255+ 0) ceeieannnnns (4)-
If we map the unit circle on to a new plane by writing
I+2 t—1
1=z 2Ty

and remark that for points on the circle am z=7/2 so that 7 is
imaginary, and that /=1 when z=0, we see that the circle
maps into the imaginary axis in the z-plane, and the interior of
the circle into the half-plane on the right of this axis. Thus
for all points # of this half-plane and the imaginary axis, except
the points o and o, we have
t—1 1 (t—I\} I /t—1)\°
Logz=2 {Z?{‘-VI +3 <t+~l) +§ <t_-*-‘1) + }(5)

Thus this series for the principal logarithm covers the important
case where ¢ is a positive number.

EXAMPLES.
1. For every point considered every term of the series (5) is a power
series in 2 Hence (§ 87) we can differentiate term by term. Verify that

we get in fact
D Logt=1/t.

2. For what values of x is the equation
Logr=til e (20 (520
21 3\at+1 5 \xt+1 ”
valid?
3. The equation
AV (M
J Logr=gy +-3~(;;ﬂ;,) +
defines the principal logarithm for all values of x provided we understand
by 2¥2 that square root which lies either in the right-hand half-plane or on

the upper half of the imaginary axis.
4. Prove from (4) that when 4 is real
sinf+3sin30+}sinsd+...=+n/4 oro,
distinguishing the cases ; and that

cos §+3cos30+%cos5f+...=Log

l
cot — i .
5- I rove that

I+1/3—=1/5—1/74+1/9+1/11+...=m[2"2
1-1/3—1/5+1/7+1/9—1/11—...=2"2Log (2¥*+1).
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97. The meaning of ¢*. In elementary algebra a meaning
is assigncd, perhaps prematurely, to expressions such as a¥/4,
where p and ¢ are integers, by an appeal to the ¢ Principle of
Permancnt Forms.” The explanation leaves matters in this
state that the student regards @?4 and ¥a? as equivalent symbols,
each capable of |¢| values. There ensues this difficulty, that
@** has two values but @' has one. When the exponent of « is
irrational or complex, the principle referred to becomes quite
inadequate.

The fact is that a®* when x is any number follows expx in
the order of difficulty, though not historically. When we accept
exp #, we can proceed without ambiguity as follows.

We saw (§ 95) that when # is a positive integer

" = exp 7.
Whatever number x may be, let

e* = exp x.
Thus ¢ is the positive number exp 1/2; ¢ has a single definite
value. So we define @® as exp (x Log«), which again is a
definite number.

But it must be observed that a different definition is also in
use ; namely @” is exp (¥ log @) where log a is of course any log-
arithm; here a* would have in general infinitely many values, for
it is exp(x Loga + 2xnmi); and so would ¢* have in general
infinitely many values, namely exp (r+ 227m7).

Observe that the definition we adopt agrees with our previous
convention as to @'”, namely (§ 17) that it is mot any #th root of
a but the chief »#th root. For now

A= exp (;I; Log a)

=exp}z(Logla[+z'Ama)
=exp1—‘zLog|a|.exp£Ama

=I§/Z|cis—l—Ama.
n
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For a* we have the series
1+xLoga+(xLoga)y/2!+...,
z_
whence lim & —! = Loga. Compare § 32.
z=0 X

Ex. 1. Prove that, when @ and 4 are neither o nor « , the equation a*=4
leads to the equation #”=a when x lies in a certain strip of the x-plane
which includes the origin.

Ex. 2. Prove that lim (1 4éx)V*=exp 4.
=0

98. The Binomial Theorem. We have
(1—a)y®=exp—xLog(1-a),
or (1—a)y?*=1+4u+u/2'+233!+...,
where u=—xLog(1—a)=xa+xa*/2+2a%3+...,
|a| being < 1.

By Weierstrass’s theorem (§ 81) this scries in # can be regarded

as a power series in a, say

i+xa+r02 +xa® 30+ ...
for each term #"/z! can be regarded as a series in @, uniformly
convergent within the circle (o, 1), and the exponential series in
# is uniformly convergent in any circle.

We have to determine the coefficient, z,,, of a*/z!. It will
arise from #, 22, ..., «", and will consist solely of terms ranging
from (2 —1)!x tox*. Thatis

Ip=2"+...+(n—-1)x
But when —x is a positive integer 2, where #2 < »n, we have the
common binomial series for (1 —a)™, where the coefficient of
a*/n'is 0. Hence z, has the zeros
-1, =2, ..., — (12—1),
and therefore

p=xF+1)...(x+7r—1).
Hence

(1—-a)y*=14+za+

x(x+i)_a2+m+x(x+ I)...(x+7z-1)an+m .
1.2 1.2...7

Thus the binomial theorem is proved jor any exponent,
irvational ov complex as well as vational, when |a|< 1.
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But it is only with the definition selected for (1 — @)~ in the
preceding article that the theorem is generally true; as will be
seen by letting a =o.

Ex. Apply the test of § 76 to prove that the circle |@|=1 is the circle
of convergence of the series.

99. The Circular Functions. We proved (§ 32) that when
- is real
cis ¥ = exp iz,
and for exp ixr we have
exp x =X (ix)*[n .
Hence equating real and imaginary parts
cosxr=1—221+2g4!— ...
sinyx=x—2%3!4+255!—...
By these same formul® we define cos » and sin x whatever finite
number x may be.
Thus cosx and sin x are transcendental integral functions,
and of course one-valued. Evidently
2 cos x = exp 2x + exp (— ix) (2)
2isin = exp ir —exp (= ix)] 2).
Hence sin x is zero when
e =¢" or ¢ =1, or x=mnmw Or O.
Thus the zeros are distributed at intervals of = along the real
axis, starting from the origin.
So the zeros of cos x are all on the real axis at intervals of =
starting from /2.
It is clear that all formule of Trigonometry, which can be
proved by Euler’s formul® (2), are equally good for complex
arguments. For example we prove two addition theorems.

We have
cos (1, + 1,) + Zsin (x, + 1,) =exp i x, + 1)
= exXp %, . eXP 7%,

=(cos , + Zsinx) (cosx, +2sin 1) ;
and similarly

€os (x4, + 4,) — Zsin (1, + 23) = (cos x, - ¢ sin x;,) (cos &, — £ sin 1) ;
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whence by addition and subtraction we obtain for complex
arguments the familiar formule,
cos (1, + 2,) = €OS ; COS &, — sin 1, sin 1,
sin (x; + x,) = sin 1, cos &, + €os 4, sin x,.
Ex. 1. Prove that
sin? '+ costx=1, sin (r+=/2)=cos x, cos (2 + m/2) = — sin 1.
Ex. 2. Prove that the square roots of 1 —sin?x are distinct functions

of x. Prove the same for A/I+cos 2.

Ex. 3. Prove generally that the squarc roots of a transcendental integral
_function are distinct functions of x when the zeros are all double zeros.

The remaining circular functions are defined as ratios:
secx=1/cosx, cscx=I/sinx, tanx=sin x/cosx,
cot v = cos x/sin x.
Thesc are transcendental fractional functions of a1, one-valued
by their definitions, which have infinities of the first order at
all zeros of their denominators. The secant and tangent are
cxpressed, by division, as power scries in x, and are thercfore
analytic; the cosecant and cotangent arc analytic because
csc (v + m/2) = secx,
cot (v + 7/2) = — tan x.
The hyperbolic functions for rcal arguments are defined by
the equations ‘
cos 72 =cosh r = { (e® + ¢7%),
sin ir = i sinh x = ; (& — e2).

Clearly it is not necessary to extend these definitions to complex
arguments; the hyperbolic functions are chiefly used to express
the real factors of the trigonometric functions of imaginary
arguments.
We have as a special case of the addition theorems
sin (€ + i) = sin £ cos 2 + cos & sin 7y
= sin £ coshn + Z cos & sinh 7;
cos (€ + ) = cos & cos ¢n — sin £ sin zp
= cos £ cosh — Z sin £ sinh 9
formule by which the real and imaginary parts of sinx and
cos x are set forth.
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100. The Inverse Circular Functions. We have solved
the equation sin x =0} that is, we have found the zeros of sin .
To solve the equation cosx = cos @ we have

T - 1% — Pl —ia .
EF 4T = 0 T

whence €% = eFi,
and v =2nir+ ta,
so that r=2nT+

To solve the equation sin.r=sina we have only to remark that

. cos (¥ + m/2) =cos (a + m/2),
whence xr+m/2=2nm +(a+7[2),

and xr=mm + (—)"q,

where 7z is zero or any integer.

Or we could use the factor formula of Trigonometry,

. x+ .
COSX¥ — COSu=—2sSIn T smn ——,

. . r4+a . r—a
SInx—sina= 2 CcoSs T s '"2‘* .

<

For the equation tan x =tan ¢ we have simply

sin (¥ —a) =0,
whence r=nmT+a.
We remark particularly that sinx takes the same values at the
points a + 2z, so that sinx is a periodic function, the period
being 27r; and so for the cosine. But tan x has the period .

Let now y =sinx and consider how x depends on . When

» is given let there be a value x, of x, then all values are given
by the formula

x=mm+ (—=)"x,
But we have to prove that when y is given x can be found; for
it might be that sin x is not capable of all values, just as sin £ is
not capable of all real values. We know that ¢* takes all values
since if

=y,

we have x = Log p + 20,

where Log p and € can take all real values.
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Hence ¢ can take all values; and therefore ¢ —¢—% can
take all values, for if ¢%—¢~%=2) then ¢% itself is known by
solving a quadratic. Thus we arrive at the conclusion that
sin x is capable of all values ; that is, if y = sin x, y moves over the
whole y-plane. \

But the periodicity of sin x enables us to consider, instead of
the whole a-plane, a fundamental region in which one and only
one value of x will always be found when y moves over its plane.
For whatever x, may be assigned there is one and only one of
the points mem +(—)" .1, which lies in a vertical strip of breadth
o, say in the strip

—m[2< E=m/2;
this strip is open on the left but includes its right-hand edge
E=m[2. We take this strip as the fundamental region; and
calling any point of it x, we denote x,, as depending on y, by
%= Sin~ly,
and reserve the notation x=sin"'y for all the points 1 ; those
other than x, will similarly be restricted to strips of breadth m,
and will when y moves describe paths which are the successive
images of the path of x, in the lines §=m/2, 37/2, 5m/2, ..., or
—ﬁr«/2, —3m/2, ..., when these lines are regarded as mirrors.
We have then
sin~ly = mm + (—)" Sin™'y,
and we speak of Sin—'y as #ke chief branc/ of the function sin y.
We now find an element of sin~'y by reverting the series
y=x—-231+ 2551 — ...
We have Dy=1—-221+244"'— ...,
=cosx=V1—sin’z,
the square root being that (perfectly definite) square root which
is cosx and not — cosx. So long as |sinx|< 1 the square root
can be expanded by the binomial theorem, and that expansion
applies which begins with 1, namely
cosxr=1-—4%sinr+ ...
Hence we have, when |y| < 1,

Dz}/=N/l — 95
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where the square root is no longer definite for an unrestricted 7,
but is definite so long as || < 1, being that square root which
begins with 1 when expanded, i.e. (1 —*)™2.

Hence (41 ;3}2)1/2 =dx;
or dx:dy<1+1}y2+%~'2y‘+.”),
5
and ,1:=v1/+1,]{.3+1,,‘§-1{ + ...,
23 2.45

so long as |p|< 1.

Since Sin7'y is o with y, this clement is Sin—'y for small
enough values of . We now prove that the clement, #irouglont
its domain, is Sin™'y. When €= + 7,2,

y=sin(+ m/2 + in) = + cosh 7.

Thus the edges of the fundamental region map into parts of
the real y-axis, from 1 to |eo| and from —1 to —|e| Only
when » crosses these parts can x pass out of the fundamental
region. Thus the element, which is Sin™ y when y =0, is Sin~'y
when |y| < 1. For other selections of a fundamental region the
element would in general belong to two branches. Herc the
element takes one value, namely — 7/2 when y =~ 1, which is
not a value of Sin'y.

Since, when y = cos x, we have

y=sin(x+m/2), or x+m/2=sin"1y,
the function cos™ y is merely sin~?y — /2 and does not require
separate treatment. Nor do csc x and sec x; for, if y =csc .,

| S N |
—=sinx, and r= sm—ljj ;

while sec x = csc (v + 7/2).

The inverse cotangent depends in the same way on the
inverse tangent; but this latter is the simplest of all these
functions. For let

y=tanx;
. fT— i
then = ——-,
ew + e—tx
€2iz —1

g
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whence g LTY
11—y
2ix = log (I—-tiy) ;
-

whence (§ 96) an element of tan™'y is

¥=y—=3[3+5°[5 ..,
where | y | = 1, the points + 7 excepted.
As a fundamental region we take the strip

—m/2< EZ /2.
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The points of this strip form the chief branch of tan—'yp, this

branch is denoted by Tan™'y. When £= + 7/2,
y=tan(+ w/2+ in)= + Zcoth .

Thus each edge of the strip maps into parts of the imaginary

y-axis from 7 to z|o|and from —7 to — 7|0

Hence when

i#|<1 x cannot pass out of the fundamental region, and the

above element is a part of the chief branch.

g=-1r/2

£=1l'/2

101. Mapping with the Circular Functions. We have

sin (€ + #n) = sin £ cosh n + 2 cos £ sinh 7,
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whence if y =¥ +1tn' =sin x =sin (£ + ip),
& =sin £ cosh g, ' = cos Esinh 9.
If then the x-path is £=constant, the y-path is kalf the

hyperbola
' (€'/sin £ — (v'[cos §) =1,

since cosh?n —sinh*np =1, and coshg Z 1.
It is the right half when sin £ >0, and the left when sin < o.

If the x-path is 9 = constant, the y-path is the ellipse

(¥'[cosh 5)? + (n/[sinh 9 = 1.

All these conics have the same foci ; namely the points y= + 1.

Therefore they cut at right angles; but this is merely a
consequence of the property of isogonality (§ 26).

Since cos x=sin (x + 7/2), the very same curves serve as the
map of the orthogonal systems of straight lines when y = cos .

The corresponding maps for ¥ = sec x or csc x are obtained by
writing 3 = 1jy, and are the inverses with respect to the centre

of the confocal conics.
For y =tan x the matter is simpler. We have
iy = ("% — 1)/(e*® + 1).

Now as x describes a line parallel to an axis, 7+ describes an
orthogonal straight line; and 2:ir describes a line parallel to
this; hence, if 2=¢*% the map of the orthogonal lines.on the
z-plane is (§ 31) a system of rays from the origin and circles
round the origin; and since zy = (s —1)/(z2+ 1) the map on the
y-plane is a system of coaxial ctrcles, through and about the
points which correspond to 2=0 and o, i.e. y=+ 1.

To a vertical x-path, £=constant, corresponds a horizontal
path for 2iz, a ray from o for 2 and an arc between + 7 for y;
but to a horizontal x-path from x to x+a corresponds a com-
plete circle about the points +: Thus for instance to a real
x corresponds a real y.

When we make the restriction that yis not to cross a selected
arc between + 7, we restrict x to lie in a vertical strip of the
z-plane of breadth = ; we may regard the y-plane as actually
cut along the arc, and if we include one edge of the cut and
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exclude the other, then we include one edge of the strip and not
the other. On the cut y-plane the function tan—'x is separated
into distinguishable branches. In agreement with the definition
of Tan™'x we make the cut along the imaginary y-axis from ¢
to Z{o | and from —7 | | to —7; and we include the right edge
of the cut since as any complex x moves from left to right y
describes its circle from the left edge of the cut to the right, and
we agreed that the right edge of the strip for Tan™'x was to
be counted in.

This notion of a cut, in selecting a branch of a many-valued function,
was in common use before the introduction of the Riemann surfaces (ch. XX.);
and when these surfaces are employed it is useful in connexion with functions
which have thereon logarithmic singularities.

The discussion of sin~!2 from this point of view is facilitated by the
consideration of a Riemann surface. For

r=sin~!y=log (r+v1-5);

and here to consider completely the dependence of x on y we first render
v/ 1—y? one-valued for all #’s ; and then render the logarithm one-valued by
a cut.
Ex. 1. Discuss the mapping of parallels to the 2-axes by means of cot 1.
Ex. 2. Prove that a cut along a complete hyperbola, fig. 46, separates
the branches of sin"y.

Ex. 3. We have, if y=cos z, 2y =2+ 1/z where z=¢",
Hence when r moves horizontally or vertically, determine the map on
the z-planc and thence that on the y-plane.

Ex. 4. From the equation

deduce by equating amplitudes that the tangent of an hyperbola bisects
the angle between the focal distances ; and by equating absolute values that

where the real integral is taken round an ellipse of which s is the arc
and 3 the length of the conjugate radius.

M. H. 12



CHAPTER XIV.

SINGULAR POINTS OF ANALYTIC FUNCTIONS.

102. Existence of Singular Points on the Circle of
Convergence. The general theorem of which special examples
have been given in § 92 is this:—

The civele of convergence (R) of Px must pass through at least
one point x, which has the property that it is impossible to find a
power series Q (x — x,) which shall coincide with Px in the common
domain of the two series.

The domain of the series cannot contain such a point; what
we have to prove is that the points x, do not all lie outside thé
circle of convergence; i.e. at least one lies on that circle. We
shall prove first an auxiliary proposition :—

Given that Px converges in the open region (R') and that the
radii of convergence of all series P (x|c), where ¢ is any point of
this open vegion, have a lower limit D, then the radius of conver-
gence of Px is R'+ D.
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The figure shows that every point of a circular regior
(R' + D — 8) can be reached by immediate continuations of Pz
8 being taken as small as we please. We shall use this in the
proof of the theorem.

Observe, in the first place, that Pr and the aggregate o
series P (x|c) give one value at each point x in the open regiot
(R’ 4+ D —8); for any two members of the aggregate coincide ir
value in their common domain, when the domains happen tc
overlap. Let us use fr to indicate the common value given by
the complete system of series at any point x within (R'+ D); i
is legitimate to use R'+ D instead of R'+ D —38, for » onc
fixed it becomes possible to take & so small that » shall lie alsc
within (R’ + D —8).

We have to show that Pz has a domain (R + 2), and that

Jx=Px
for all points of this domain. This is done by a double use o
Cauchy’s inequality (§ 78).

Take ¢ on (R’ — 8) and use D,, where D, is slightly less thar

D then if ¢ be the maximum value of

Pr
| P(x)|o)], =] +—;z~![~(x—c)”+ ...... ,
on the circle (¢, D,), we have
I < 7
;Z—E | PnL' [ = .-DT'; .
Now, remembering that P"c is itself a power series, namely
§ m(m—1)...(m—n+1)anc™ ™,

m=n

we get, by a second application of Cauchy’s inequality,

vlel”

D -

m(m—l)...(m—n+I)A

- wlems

Now by the binomial theorem,
m
Al (x +91> I

......
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Hence, writing C for l¢|,
‘Dl m Cc\?» D,)"
m -1 < It —_
A, C (1+R,) = +fy< l) '(R’ +...
® C no 4
<n§0r~/ (E') , Le. <7R;Tz'
But 4,,C™ (I + %1> is the absolute value of the term @pmz™,
/ \
when x lies on the circle with centre o and radius C(I + %)
hence, by the thcorem of § 76, the radius of convergence of Px

is not less than C(I + %}) But the upper limit of the numbers

C(l +%> is R’ (I + g) = R' + D; hence the radius of conver-
gence is not less than R+ D.

[t remains for us to prove that the radius of convergence
is exactly R'+D. Assume if possible that the radius of
convergence is R'+ D+ D' where D’ is a number greater than
zero. For points ¢ in the open region (R’) we can assert that
the radii of convergence of the series P (x|¢) are all greater than
(R'+D+ D’) — R, for the domain of a series about ¢ extends at
least to the circle (R + D+ D'). But this is impossible, since it
means that the lower limit of these radii is D + 2 instead of D.
Hence the auxiliary theorem is proved.

There is not much difficulty now in proving the main theorem.
Allowing ¢ to range over the interior of (R + D), the radii of
convergence of P (x|c) have a lower limit zero. By dividing
the circular region (R + D) into small squares (complete and
incomplete) as in § 88, we see that for points ¢ in at least one of
these compartments the lower limit of the numbers is likewise
zero. By increasing indefinitely the number of|squares it follows
that there is at least one point x,, within or on (R’ + D), such
that in every neighbourhood of x, the lower limit of the radii of
convergence is zero. This point x, cannot lie within (R’ + D),
for the radii in that case are at the worst very nearly equal to
R + D~ X, and therefore cannot have a lower limit zero.
Hence the point x, lies on (R'+ D). Suppose now, if possible,
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that there is a series Q (¥ — x,) which coincides with Pz in the
common domain. Then for points ¢ near x, we have series
P (x|c) which can be deduced from Q (x—1,) by thc use of
Taylor’s theorem; as the radii of convergence of these series
are nearly equal to that of Q (r— x,) it is impossible that they
should have a lower limit zero. Thus the theorem is proved

A point x, of the kind considered serves as an obstacle to
continuation ; we have proved that on the circle of convergence of
any element of an analytic function theve is at least one obstacle.
These points are called singular points or singularities of the func-
tion, and at each of them the function is said to have a singularity.

Ex. 1. Prove that 1 is a singular point, and the only one, of the analytic
function 1/(1 — x).

Ex. 22 When Qx/P,r is expressed as a power series, how far does the
domain of this series extend ?

103. Non-essential and Essential S8ingular Points. Let
Jx be a one-valued analytic function. We shall say that it is
analytic about x,* or regular at x, when it can be represented in
the neighbourhood of z, by a series 2 (x—x,). We shall also
say that a function is analytic over a region (closed or open)
when it is analytic about each point of that region. The word
lolomorphic is used in the same sense.

Points about which fx is not analytic are therefore singular
points. For example 1/(x —c)", /@9 are analytic about all
points near x =, but not about x=¢. More gencrally the region
constituted by points about which /& is analytic is bounded by
a finite or infinite number of singular points.

We shall say that the point x=c¢ is a non-esscntial singular
point or a pole of the analytic function fx when fv can be
made analytic about ¢ by multiplication by (v —¢)" where m
is. a positive integer. When # is the lowest integer which will
serve, this integer is called the order of multiplicity, or simply
the order of the non-essential singular point or pole. Inter-
preting x — o0 as 1/x these definitions apply equally to x=00.

* Adopting, with a slight modification, a suggestion of Professor Bocher, Buil.
Am. Math. Soc. vol. iii. p. 89, we use ‘analytic about,’ in preference to ‘regular at.’
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Singular points which are not of the kind just described are
called essential singular points.
Suppose that r=c¢ is a pole of fr, of order s Then
—o)™fx is expressible as 2, (x—c¢). By division we get

2m B—m+1
= @ T

x——- -—o)+a(x—c)y+... (1)

Since fx = o when x =g, the pole is an znfinity of fx, and it
is said (in agreement with § 61) to be an infinity of order .
Later (see ch. XVIL.) we shall show conversely that an isolated
(§ 104) singular point which is an infinity of fx must be a pole.

The simple rule that singular points ¢ of the kind (1) are to
be called non-essential and @// others essential is intended to
apply only to one-valued functions. If applied to many-valued
functions it would make x=0 an essential singularity for J/x,
1/+/x; furthermore we can no longer say that every isolated
singularity which is an infinity is necessarily a point of the
kind (1); eg. x=o0 is an infinity for 1/y/x.

We see from (1) that we can remove the singularity by subtract-
ing from fx the rational fraction conposed of the first m terms.

When ¢= o0, we must subtract a polynomial

A A"+ A X aR

Let us consider, in the light of this remark, the ordinary
resolution of a rational fraction into partial fractions. Let ¢ be
a zero of the denominator, of order z; then ¢ is an infinity of
the fraction, of order sz, and we have

=y fr=P,(x—c);

whence by division

@
frm Ttk 2 4 Pula—)
Gm _ O infini .
and jfx — {:(;E c)""+ "'+x—c] has no infinity at ¢; we have

removed the infinity x=c¢. When in this way all infinities, which
arise from zeros of the denominator, are removed, we examine
x=o0. This is an infinity if the order of the numerator is
greater than that of the denominator; to remove it we subtract
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a polynomial in x which is determined by division. We have
then a rational function without singular points; that is, a
constant.

"Ex. Express as partial fractions 219/(x%—1)* and 210/(x%+ 1)

104. Character of a One-valued Function determined
by its 8ingularities. Throughout the theory of functions close
ittention has to be paid to the number and nature of the singular
soints. It is largely by such a study that the interior structure
f a class of functions is best revealed. Let us start with simple
:ases in which essential singularities are absent.

We know that the singularities of rational fractions are non-
»ssential; is it true conversely that the class of one-valued
wnalytic functions with non-essential singularities only is the
same as the class of rational fractions?

This question suggests in turn two questions as to the
sossible distributions of the non-essential singularities.

(1) Can a one-valued analytic function have no singu-
arities ?

(2) Can a one-valued analytic function have infinitely
nany singularities, all of which are non-essential ?

When these two questions have been answered in the negative,
he primary question can be disposed of very readily.

The answer to (1) is contained in the following theorem :(—
4 one-valued analytic function has at least one singular point.

Let us assume, if possible, the existence of a one-valued
inalytic function fx, not a constant, which has no singularities.

Because fr is analytic about « we have an element

A+ ayfx+ @)X+ .. a2+ ...
Jdence, by § 79, | /x| differs very little from A, for a// values of »
:xterior to some circle (X,); and therefore there is a circle (&)
uch that at every point x exterior to (R), we have
x| <
vhere ¢ is any number greater than 4,.

Now consider the element Px; the radius of convergence
nust be infinite for otherwise there would be a singular point in
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the finite part of the plane, namely on the circle of convergence

(§ 102). Because fx is a transcendental integral function there
are points exterior to (&) for which

|| >
Hence the initial assumption was false, and the first question is
answered.
Suppose next that /& has one but only one singular point

and that this singular point is non-essential and situated at .
There must be an equation

A=ax™ + ax™ N+ L+ apr + P (1]7),
where @,4 0. By subtracting from fr the polynomial
A% A S AP Ll S Y 4

we remove the only singularity and get.an analytic function

which must reduce to a constant, say a@,. Hence
JXE=ax™+ "+ L+ X + A,

That is, @ one-valued analytic function fr which has no singularity

i the finite part of the plane and a non-essential singularity at

infinity is necessarily a rational integral function of x.

The rational integral function has one singular point and
that a non-essential singular point situated at xr=o. The
converse theorem shows that one-valued analytic functions with
no singular point except x=co, and that point non-essential,
arc rational integral functions. Hence #he singularity at « ,—
the only singular point—of a transcendental integral function is
essential.

We pass on to the consideration of the second question.
Given that the singuldr points,—all non-essential,—are infinite in
number, then infinitely many may occur in a circle (R). Suppose
that this happens; then the reasoning of § 88 shows that there
is some point ¢ of the closed region (R) such that within every
neighbourhood of ¢ there are infinitely many of these singular
points. The impossibility of this will be established by proving
the following theorem :—

Given that the one-valued analytic function fx has non-esscutial
or essential singular points other than x=c within every circle
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of centre ¢, no matter how small the radius of this civcle, then c
itself must be an essential singular point of /x.

The point ¢ cannot be a point about which fi- is analytic;
for fxr= P (¥ —c) excludes singularities from the immediate
neighbourhood of ¢. Hence the question is narrowed down to
the nature of the singularity at ¢

Suppose if possible that ¢ is a non-essential singular point,
and that

Sr=w—co)y ™D (x—c).

Then at every point & near to ¢, but not coincident with ¢,
(x —¢y™and P,(x — ¢) arc cxpressible as power serics in ¥ —5;
hence 4 is non-singular and there are no singular points in the
immediate neighbourhood of 4.

As ¢ must be a singular point and as the singularity cannot
be non-essential, it follows that ¢ is an essential singular point.

In order then that the infinitely many singular points of fx
in the x-plane may be all non-essential, these points must have
no limit-points in the finite part of the plane, or as it is often
stated they must be 7solated ; for the other supposition requires
the existence of essential singularities, contrary to hypothesis.

Before we can give a final answer to the second question, we
must first determine whether there may be no essential and yet
infinitely many non-essential singular points of which only a finite
number lie within any finite region of the plane. The following
theorem disposes of this possibility :—

A one-valued analytic function fx with no essential singularities
cannot have infinitely many non-essential singularities exterior to
(R), where R s arbitrarily great.

The expansion at o« is x™P,(1/x) where m is zero or a
positive integer. The domain of 2, (1/x is the region exterior
to some circle, and the only singularity of x"/,(1/x) in this
domain is at x=o0; calling this circle (R), the theorem is
proved.

Having shown then that the number of singularities, sup-
posed all non-essential, is finite, it is very easy to show that fx
must be a rational fraction. Let the poles in the finite part
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of the plane be ¢, ¢, ..., ¢, and of orders m,, »,, ..., m,.
Then

(=)™ (x — )™ ... (¥ — )™ fx
is a one-valued analytic function which has only one singular
point, namely a pole of order m at r=o. It is therefore
equal to a rational integral function of x of degree #, and the
required result follows by division.

Attention is called to the fact that the character of a class of
functions has been determined from a knowledge of two of their
properties, namely that they are one-valued and that their
singularities are non-essential.

Reviewing what has been said as to singular points and
drawing some evident conclusions, we see that

(1) At an ordinary point r =¢, lim (r—¢) fx=o.
z=c

(2) Ata pole x=c of order m, lim (¥ —¢c)™ fr exists and is
x—c
neither o nor ».

(3) The point ¢ is an isolated singular point for each of the
functions cos (¥ —¢) + /@9 sin(xr—c¢) +sin 1/(x —¢); and for

a0
cach of these functions we have an expansion % a, (¥ — o)

n=—w
Here it is impossible to get rid of the negative terms by
multiplying by (v —¢)™. Morc generally let fr be a one-valued
analytic function with an isolated singular point,—supposed
essential,—at ¢; and let /& be expressible for all points x near
cnough to ¢ by

ﬁ»:G(\iik>+P(x—€),

then it is impossible to destroy the negative powers by multipli-
cation by (r —¢)™. Later on (in ch. XVvIiL.) we shall see that fx
must be expressible in the above form under the given sup-
positions.

(4) When x=c¢ is a pole of fr of order m it is an
ordinary point of 1/fx. This suggests thc question whether
when xr=c is an essential singular point of fz, it is also an
cssential singular point of 1//xr or not. The question must be
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answered in the affirmative; for let x=c be (i) an ordinary
point or (ii) a pole of 1/fr, then it is (i) an ordinary point or
a pole, or (ii) an ordinary point of fx, contrary to hypothesis.

(5) Strictly speaking there is no “value” for fx at a singular

point x=c. But if the singularity be non-essential, lim fr exists
r=c

and is unique for every mode of approach of x to ¢, namely it is
the number 0. To indicate this it is usual to say that the value
of fx at a non-essential singular point is .

It can be proved that ¢* takes every value except o and
w near x =0, that csc 1/x takes every value except 0 near x=0,
and that there are other one-valued functions which take every
value near x =0. Picard has proved that in general a one-valued
analytic function fr takes, near an essential singularity which
is not a limit-point of other essential singularities, any assigned
value an infinity of times; at most there are two exceptional
values. The proof cannot be given here; but in § 123 we shall
prove a cognate theorem.

106. Transcendental Fractional Functions. Having
proved that one-valued analytic functions whose singularitics
are non-essential are rational integral functions, we must in-
troduce essential singularities if we are to get new functions.
The simplest case has been considered already, namely one
singularity and that essential and situated at «. The function
is a transcendental integral function Gx. When the singular
point is at ¢ instead of at « we must replace Gx by G (1/(x —¢)).

Let Gx, G,x be two integral functions, one but not both of
which may be rational. The quotient G,x/G,r may be rational
as in the case of x¢%/¢®; or it may be transcendental and integral,
as in z/e®. In other cases it is called a transcendental fractional
Junction of x.  An example is tan x.

The only singularities of a transcendental fractional function
in the finite part of the plane are non-essential ones due to the
zeros of the denominator; and there is an essential singularity at
w. Conversely

Every one-valued analytic function fx whicl kas only non-essential
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singularities in the finite part of the x-plane and has x=x for
an essential singularity, is a transcendental fractional function
of x. ' '

(1) Let fx have a finite number of non-essential singularities
in the finite part of the plane, say the poles ¢, 6, ..., ¢, of orders
73y, My, ..., 1, ; then

Gx

fr= @F—aym@—cg)y™...(x—cq)"’

(2) Let fr have infinitely many non-essential singularities ;
then these points must have no limit-points or in other words
must be isolated in the finite part of the plane, otherwise there
would be essential singularities other than x= 0.

(3) Let /> have infinitely many non-essential siagularities,
each of order 1. These can be named ¢, ¢, &, ..., ¢, ..., where
no ¢ exceeds any subsequent ¢ in absolute value and L ¢, =}
for within any circle (R) the number of singular points is finite.
Assuming that theve exists a function G,x whose zeros are siiple
and situated at the c's, then fx x G,x has at most one singular
point and that situated at infinity, so that

Jx X Gx'= Gz,
and Jr=Gux/[G,x.
Here then we are confronted with the problem of the con-

struction of G,x; we shall consider this in the next chapter, and
thereby complete the proof of the theorem.

106. Limit-points of Zeros. We have seen that a limit-
point of non-essential singularities of a one-valued analytic
function fr is an essential singularity of the function. We
now show that an analogous theorem holds for the zeros of fx.
Suppose that ¢ is a limit-point of the zeros of fx, and let us
consider whether ¢ can be either a point about which fx is
analytic or a non-essential singular point of /. In the former
case we have

Jx=P(x-c)
in the neighbourhood of ¢ and therefore, by § 80, /& reduces to
a constant. Excluding this case, we see that x=c must be
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a singular point. Assume, if possible, that it is a non-essential
singular point, and consider the function 1/fx The zeros of fa
are infinities of 1/fz, also ¢ itself is non-singular for 1/« Hence
1/fx has infinitely many non-essential singularities at points that
have x=c¢ as a limit-point, without at the same time having an
essential singular point at x=¢. This is impossible by § 104.

\We draw from what precedes the important inference that
the zeros of a transcendental integral furniction Gx have no limit-
points in the finite part of the plane:—in other words are isolated
in the finite part of the plane.

107. Deformation of Paths. Let us understand by a
ctreuit in the z-plane any closed path which does not intersect
itself. A circuit divides the entire plane into two regions,—an
inner and an outer ; each of these is said to be szmply connccicd.
The surfaces of (1) a sheet of ‘paper without holes, (2) one with
holes, provide examples of surfaces which are respectively simply
and multiply connected. We shall have other examples later
(§ 152).

Suppose now that a region I' in the x-plane is simply con-
nected and that 7 (x—2x,) is any power series about some
assigned point x, of I Irom this power series we can con-
struct for the region I' a portion of an analytic function fx,
which we shall term a localized function ¢x, by means of con-
tinuations along all possible chains that lead from the point z,
to the various points of I". The aggregate of resulting power
series constitutes the function ¢x. It is often very necessary to
know whether ¢ is or is not one-valued in I'  Obviously it is
one-valued if fx is one-valued ; but fx may be many-valued and
yet ¢xr one-valued. For example fxr may be log x, I' a circular
region which does not contain the origin.

Guided by this latter example let us take a region I' in
which the component series of the aggregate ¢ meet with rio
obstacles to ¢x due to singular points of fr. We can easily
secure that-this shall be the case by imposing the condition that
every path that starts from x, and lies wholly in I' shall furnish a
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standard chain from x, to the other extremity such that the
corresponding radii of convergence shall all be greater than §
(>0). This excludes the possibility of there being any obstacles
to ¢x in T'; such an obstacle would mean 8 =o.

We wish to prove that ¢x is. one-valued in T, and this will
be done by showing that when x describes any two paths C
(or akb) and C, (or akd) which lie wholly within T, then ¢
starting from an element at & will arrive by either route at the
same final value at 4. This theorem may be enunciated in the
following manner :— 7/ difference between the final and initial
values of ¢x, ov the change in ¢x, when x describes any circuit
albka in T, is zero.

In proving this theorem we shall use paths instead of chains
in order to simplify the exposition as much as possible (§ gr).
The proof depends on the obvious propositions.:——

(1) The change of a power series when x describes a circuit
in the domain of that series is zero.

(2) When a path is described successively in opposite
directions, for example a/Z6 and then immediately afterwards
bla, the total change of ¢x for the compound path is zero.

On ( interpolate points ¢, ¢”, ..., ¢™, ¢™+V as in fig. 48,
where 72=3; and connect a, & by a path (' which also lies
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within these circles and is intermediate in position between C,
and C,. On this new path interpolate points &', &, ..., d™, 4"+,
as in the figure. The change of ¢x when x goes along €’ from
a to & is equal to the sum of the changes from a to &', &’ to &”,
d” to d”, etc., and these in turn can be replaced by the changes
along acd’, d'c'c'd", d"c’c"d", etc., since the description by ¢
of circuits acdd'a, d'cd’d’d, d'c'¢"d"d", ..., each of which lics
wholly in the domain of one element, must restore the initial
value. The paths ¢'d’, /’d”, ... are described twice in opposite
directions; and therefore the corresponding changes destroy
one another. The remaining parts make up (;. Hence the
change of ¢x along () is equal to the change along C'. The
change along (' is equal to the change along a path (” still
nearer to C;, and so on. By means of a finite number of inter-
mediate paths (, can be converted into (,, for the original
hypotheses imply that all the domains associated with ¢ have
radii with a lower limit greater than zero. Hence the theorem
is proved.

The theorem of this article shows that when an analytic
function starts at @ with a given value and passes to & along
two routes (,, G,, the final values will be equal whenever (
can bc deformed continuously into C, without meeting a singular
point. But when fr is one-valued the theorem that ¢x is one-
valued is self-evident; also the restriction prohibiting a passage
over singular points is unnecessary. The essence, then, of the
theorem lies in its application to many-valued functions; from
these many-valued functions fxr are extracted localized one-
valued functions ¢, and within the regions attached to the
functions ¢x the change in passing from a to & is independent
of the path.

When a circuit C contains one singular point ¢ the change
of fx round the circuit inay or may not be zero. It is usual
to contract C in this case into a small circle about ¢, and connect
the change round C with that round the circle. Fig. 49 shows
how this is done. The sum of the changes over ¢/z, g%, ikl le
is zero. Let e/, gk coincide; then the changes along g4, /e
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need not necessarily cancel each other, for these two lines are
not described consecutively. In the case
of log (x —¢) they do cancel, despite
the circumstance that the wvalues of
log (x—¢) at /, / differ by 27wi. When-
ever this happens the change over C
is equal to the change over the small
circle round c.

The case where (€ contains several
singular points is treated in a similar Fié;. 49

way.

108. The Logarithm of G1. If ¢ is a zero of Gz, then we:
have Gx=2F,, (¥ —c), mn being the order of the zero. If we
remove the factor (+ —¢)" the other factor is a series convergent
for every z, and itsclf defines a transcendental integral function
G Let .

Ppx—c)=ay, (@ —c)"+any, (=) 4.,
then Gr=a,+ap, (x—0)+....
Hence Gr=an[1+ P (x—0)],
and, for points so near to ¢ that | P, (x—-¢) i< 1,
Log[t+ A (x=o)]=Pi(x=c) =} [Pi(x =) +} [P —0)F—...
=a power series in x —c.
Therefore log Gxr=log a,, + P (¥ — o\
and log Gxr=mlog (xr—c)+loga,+ P (¥ —c).

Hence if x describes a circle about ¢*, so small as to enclose
no other zero, log Gx increases by 2wmri.

When ¢ is a zero of Gx we see that it is a singular point of
log Gx; on the other hand when ¢ is not a zero it is not a
singular point of log Ga. Hence can be inferred the behaviour

* When we speak of describing a circle about a point it isto be understood that
the circle is described positively, unless the contrary is expressly stated. The plane of
numbers divides space into two parts; calling one of these the upper part, let an
observer in the upper part make a circuit on the plane. The circuit divides the plane
into two regions. The region on his /lef? is déscribed positively; that on his »ight,

negatively.  And the circuit is said to be positive with regard to any point in the left-
hand region, and negative with regard to any point in the right-hand region.
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of log Gx for any circuit in the x-plane. For the circuit can be
deformed into small circles round each zero of Gx within the
circuit. Hence the change of log Gx is 2mwi.(the sum of the orders
of the enclosed zeros).

Conversely if there is no change of log Gx when » makes
a circuit; there are no zeros in the circuit.

For example the polynomial

Gr=x"4a,x" "+ ...+ a,
is for large enough values of | x| of the form
2™ (1+ P1/fx)
where | P1/x| < 1. Hence log Gx increases by 2smmi when x
describes a large cnough circle, and we infer that the polynomial
has 7z zeros whose total order is 72; there may be 72 simple
zeros, one zero of order 7z, or any intermediate case.

This is an independent proof of the fundamental theorem of
algebra (§ 59).

When a function G has no zeros, any selected logarithm
has no finite singular points and is therefore itself an integral
function Gx (rational cr transcendental). Hence e general
cxpression jfor a jfunction with no scros and no singulay point
except o is e%% Here Gx is any integral function, rational
or transcendental. The special case of ¢ has been already
mentioned (§ 95).

The argument of this article applies much more generally.
If a one-valued function has an isolated infinity ¢, so that
near ¢ it is expressed by

F=x—c)y™P(x—oc),
then as before logfr=—mlog(x—c)+ P(x—c),
and a small circle about ¢ increases log fx by —2mm:. If a
circuit encloses zeros and infinities but no other singular points,
it can be decformed into small circles round these zeros and
infinities and ke change of log fx when x describes the civcuit is
27l . (tolal order of the zeros — total ovder af the infinities).

M. H. 13



CHAPTER XV.

WEIERSTRASS'S FACTOR-THEOREM.

109. Infinite Products. Let a,, a,,..., a,, ... be a sequence
of positive numbers, less than unity. Then
(I—a) (I —a)>1—a—a,
(T—a)(T—a) (T —a)>T1—a,—a,—a,,
and so on.

n
Hence if the series 2a, has a sum s, the products I1 (1 —a,,)
1

form a sequence of numbers which (1) do not increase,

(2) remain greater than 1 —s. Hence they have a limit; and

the infinite operation II (1 — a,,) is convergent; the limit is called

the product and is itself often denoted by II(1 —a,). Thus
Thee product 11 (1 — a,,) exists when Za, ts convergent.

When positive numbers B,, 8, ..., Ba, ..., less than unity,
converge to (3, where B > o, then their real logarithms converge
to Log B.

For this is implied in the continuity of Log g, and the
continuity follows from the expression as a power series

LogB=B—-1-%3(B—-1)+....
Hence, in our case, Log IT (1 —a,) has a limit, that is,
3 Log (1 —a,) has a limit, on the supposition that Za, has a
limit.
Ex. Prove L Log 8,=Log L B, from the formula
Log|a/6:=Log|a|— Log|é|.
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Next for any numbers a,, where | a, | =2, < 1, we have
I+a,=exp Log(I+ay),
where the logarithm is defined by the series
an—az2l2+a33—....

If 3 Log (1 + a,) is convergent, say to s, then the addition
theorem of the exponential (§ 95) holds, and

LH(I +tlm)=exp s.
1

Now = Log (1 + a,) can be written as a double series, which, if
we replace each term by its absolute value, becomes

a, + a?/2+ a3+ ...
+oa,+a?/2+a?/3+ ...
+ o3+ a?/z +a?/3+ ...

the ~th row converging to — Log (1 —a,).

Now let the first column 3a, converge. Then, as we
have proved, X Log (1 —a,) converges. Thus in our array of
positive terms the sums of the rows converge. Hence:

2 Log (1 + a,) is absolutcly convergent when 2 | a,,| is convergent.

In this case we say that the product II(1 + a,) whose
factors can now be arranged in any order, is wnconditionally
convergent.

For example, II (1 —2%#»%) is unconditionally convergent,
because X 1/7* is convergent.

But if 3a, is not convergent while 3a,? is convergent, then
the above proof applies to 2 [Log (1 +a,) —«,]. For example
let a,=—1/(n + 1).

Then 2(”+I

that is, L[1/2+1/3+ ...+ 1/(n+1)—Log(z+1)] is a finite
number. Hence, adding 1 and changing z» to »—1, we have
Euler’s result:

+ Log 7£ 1") is convergent ;

L{r+1/2+... +1/n— Log 7] is a finite number, ¥.

13—2
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For the calculation of this constant «, which is '577215665 ..,
we may refer to Adams’'s Works, vol. i. p. 459.

110. Constryction of Functions Gr with assigned
Zeros. The well-known theorem that a polynomial of degrce
7 can be expressed in the form

Cr—a)(x—-a)...(x—a,),
suggests naturally these two.questions :—

(1) How far is a function Gx determined by its system of
zeros?

(2) Given a system of numbers a,, @, a,, ..., a,, ... arranged
in ascending or stationary order of absolute values and such that
La, =00, is it possible to construct a transcendental integral
function Gz which shall be zero of order one at the a’s and
have no other zeros?

NoOTE. The zeros are assumed to be of order one; zeros of higher

multiplicity are accounted for by the usual device of making several a’s
coincide.

I. Functions Gr with no Zeros. We have proved (§ 108)
that a function Gx with no zevos is expressible in the form e,
where Gyx ts an integral function, rational or transcendental; and
accordingly we have the following theorem which contains a
complete answer to the first question:—

The number of transcendental integral functions with the same
system of zeros as an assigned transcendental integral function Gx
is unlimited, but these functions are all of the form Gx °F, where
Gy is a rational or transcendental integral function.

II. Functions Gr with a Finite Number of Zeros. It
follows from this theorem that the general form for a transcen-
dental integral function with a finzze number # of zeros, all
simple, is

(r—a) (x—a)...(x—ay) ™

III. Functions Gr with infinitely many assigned Zeros.
Let us now consider the second question. The answer is
furnished by the following theorem of Weierstrass’s :(—
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There exists a transcendental integral function Gx whose seros
are the points a, and are sinple.
We proceed to the discussion of this theorem.

111, Welerstrass’s Primary Factors. i (1—x/a,), which

n=1

appears to satisfy the requirements, may diverge. Weierstrass
replaced the factor 1 —x/a, by what he called a primary
Sactor (1 —x/a,)e*@®w, where ¢,x denotes a polynomial in .
The primary factor is to be treated as a whole, and like 1 —z/a,
it has one zero and one singular point (at ).

We shall now show how to choose ¢,r. Because x = ¢log?,
the typical term, say £, of the product

@
(] — 1’/")») e‘\bn (@/an)
n=1

can be written 108 1=+ bu @)

and this can be transformed in turn into

I 1\ Mntl I x my,+2
exp —{— - (-— + —— ---) + ...
P {mn 41 (%) Mg + 2 (an } ’

mn
if ¢, be = 2"/n. Let X, A, denote |x!|, |a,|; then to secure
n=1

convergence we must have X < 4,. The series —{...} will be
called the truncated series for Log (1 — z/a,).

Suppose that a, is the last of the set @, a,, ... that lies in any
assigned closed region (R); then for all points of this region we
can write

E, Evpy E sy ... to infinity
= exp § [the truncated series for Log (1 —x/a,)]

n=r+1
@

=exp— ( 3 p x"/])a,}’) .
n=r+1 p=mn+l
Qur first concern is with the double series

-] @0

p SoxPpag .eeeiiiiinn. (1),

a=r+1 p=m.+1
for which we suppose X = R; the convergence of the product of
the £’s depends on the convergence of the series. We shall
prove that this double series can be converted (by summation by



198 WEIERSTRASS'S FACTOR-THEOREM. [CH. XV

columns) into a power series in x whose radius of convergence is
not less than R ; it will then follow that exp (— the double series)
has no zero in the closed region (X).

The following lemma will be needed in the discussion of the
double series (1).

LEMMA. Gien an tnfinite sequence of uneaunal numbers
Qy, Ay, Agy «vry Ay -, Avvanged according to increasing or stationary
absolute values and such that La,= o and |a,|>0, then it is
always possible to associate with eack number ay, of the system a
positive integer 1y, whick will make

. g ()
n=1 | an \2y

converge for every finite value of x.

The values 72, =7 — 1 satisfy the requirements of the lemma,
for they make the ratio of the (z + 1)th to the ~th term tend to
the limit o, and therefore make the series (2) converge. It is
evident that many other choices could be made for the num-
bers m,. We shall now use this lemma.

Let us take 7, =72 — 1. The sum of the series of absolute
values in the row containing x/a, is increased by the suppression
of the coefficients 1/p. The resulting series of absolute values

s (X/A,)? is geometric and has for its sum

(-2 G <t G

Hence the row in X/A4, is convergent and has a sum less than

Rn—1 R )
A8 where 4, =R {1 — 17 is independent of 7. But
Ay Ay
n—1
the series of numbers o is convergent by the lemma; hence
n

the double series (1) with X, A, for z, a, is convergent.

Adding this double series by columns we get a power series
in x. Let R, be a number slightly less than & ; then within the
closed region (R,) there are not more than » a’s, say there are ¢

)

a@’s. The first ¢ factors of the product ﬁ E,, when multiplied
n=1
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together, give’ a transcendental integral function, and the re-
maining factors give a power series whose radius of convergence
is'greater than R,. Hence the complete infinite product is equal
to a power series which converges uniformly in the closed region
(R)). By making R increase indefinitely, we make R, also
increase indefinitely. Hence the infinite product can be ex-
pressed as a power series with an infinite radius of convergence,
that is, it is equal to a transcendental integral function. Further-
more since E,, E,,, E,.; ... to infinity =exp (a power series
with a radius of convergence not less than R), £,,, E,y Epys ...

cannot have zeros within (R). The zeros of fI £, within (R)

n=1
are therefore a,, @, ..., a,.
We see then that ke most general function Gx whose zeros
occur at the assigned points, a,, a,, @, ..., @n, ..., defined as

above, is necessarily of the form
1 x

oeii (1= %), At @) rm Q)
n=1 a,
This is the complete solution to the question proposed in
§ 105. For special distributions of zeros it is possible that the
requirements of the lemma may be satisfied by giving to
wy, My, ..., My, ... a common constant value. Naturally this
value is taken as small as possible. Let the integer 4 be
such a value; then = 1/4,F is to converge, whereas X 1/4 %
is to diverge. The double series in this case arises from the
array
x|a, 2222 2%[3a® ......
xla, 2%2a} 2334 ......
xla, 2*[2a 2°[3ad ......
by suppressing the first #—1 columns which give divergent
series and then the first » rows.
When £ is available Gr will be said to be of the grade 2 - ¢ ;
the usual term c/ass is open to objections.

112. The Factor-formula for sin 7x. In illustration of
Weierstrass’s factor-theorem let us suppose that the a's are
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+1, +2,... and that o is a simple zero. Then 3(4,)* con-
verges when £=2 and diverges when %2=1. The associated
functions are therefore of the first grade.

The most general transcendental integral function with zeros
at these points is

62 117 (1 —x/n)e*m,
n=—ao

where the accent denotes here as elsewhere that a special value
of 7 (in this case 7 =0) is omitted because it gives an infinite
factor or term.

The formula can be simplified by combining the primary
factors which arise from » and —#; it then becomes

a0
211 (1 — 2*/n?).
n=1

The simplest function of this nature is when %% is a constant.

We know that sin wx is a transcendental integral function
with the zeros o, + 1, + 2, ...; we shall determine the extraneous
factor "% in this case.

Let us write

sin mx = €% fx,
where Jr=xIl'(1 —x/n) & *,

We have now to justify the process of logarithmic differen-
tiation, not only for the present case but also for future factor-
formule. Resuming the notation of § 111, we had the product

II €xp {Log (l _x/an) + ¢n (x/an)};
n=7r+1
which converged when X = R< 4,4, 4,40,....
The polynomials ¢, were then chosen so that the series

«0

2 {Log (I - x/an) + ¢'n. (x/a‘n)}

n=r+1

converged; we could then replace the product of the expo-
nentials by the exponential of the sum (§ 95). Thus inserting

* It is to be understood that 2 and = in this and the next two articles take
negative as well as positive values, unless the contrary is explicitly stated.
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again the factors corresponding to a,, a,, ..., @, we have for one
of the values of the logarithm on the left-hand side,
log II (1 — x/a,) et = {Loc (1 = x/a,) + ¢, (x/a,)).
n=1 n=1

Thus the taking of logarithms is justified ; to justify differen-
tiation we must see that the conditions of the theorem of § 81
are fulfilled. The only point requiring proof is that the 3 is

n=r+1

uniformly convergent in (R). Taking the case when the function

is of grade %2— 1, we have to prove that if #,= = x?[pa,?, then

p=k
3 u,is uniformly convergent in (R). Now
n=pr+l
w2 3 (X?)pA.p),
p=k
§ (X/A'n)p
p=k ,
< S (R4,
p=k
Rk
say .

S AFT=RIAY T

This series 2a, has only positive terms 2nd is convergent sincc
by hypothesis %1/4,F is convergent. Thus the usual test for
uniform convergence (§§ 73, 77) is satisfied. We can then by
§ 87 differentiate as often as we please.

Usually when the function has no grade, nz, is taken to be z—1;
for this case the comparison with a series of positive terms involving & but
not X was made in the last article.

We have then, in the present instance,

log fx=1log x + 3/ {Log (1 — x/n) + x/n},

and Flrlfxr=- + 3 { —— + 1} .

vr— 17 7t

where the accent means that 2 =0 is omitted.
Hence, by another differentiation, if Yrv = f'x/fx, we have

Yr=—1/22=31/(x — n)=—Z1/(x - n).
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From the equation for sin mx we get
mcot mxr = G'x + Y,
—msin? mr=G"x+ Y'x.

The function G”"x is either (1) an integral function (transcen-
dental or rational), or (2) a constant. It will pow be shown
that the behaviour of G”» when x tends to infinity makes (1)
impossible.

I. Let r,=£E+12n, tend to o &y increasing values of n,
£ remaining all the time between 0 and 1, the latter exclusive.

. A - I I
Since ‘.\Irx—xﬂ_i_,E’l[(E+z’n+n)‘-’+(’g’+in—n)2j|’
we have
S ® I I
A =|x§’+n§1LE+i¢7+ﬂi’+§f+if)-—n!’]'
Now 1/|§+n+an|=1/{(E+n)y+n*} <1/(n*+7),
|E=n+mP=1/{(E=nP+n}} < 1/(n*+(n—1)),
and /x| =1/(8+7*) <1/n%;
hence |Yrl<2 3 1/(n*+ n?).
n=0

® m-1
The series % 1/(n*+7%) can be divided into two parts =
0 9

and 3. The first of these can be made as small as we please,
m

whatever be the value of 7, by taking 7 sufficiently large; the
second is less term by term than § 1/7', a quantity which can
n=m

be made as small as we please by increasing 7 sufficiently.
Hence |y'x| tends to the limit zero when 7 tends to infinity.

It is easy to prove that =’/sinmx behaves in the same
way. For

sin mx = (e~ — g™y 24,

and therefore tends to the limit 0 when 7 tends to infinity.

Hence | G"x|, =|—Y'x—n"sin’ mx|,
tends to zaro when 7 tends to infinity. There exists therefore
a real positive value n’ such that when |n| >, we have, for
o=§f<1,

|G'x|<e.
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Inspection of the formula for ¥'x, #*/sin® wx shows that each
function has the period 1; hence G"x has the period 1, and
hence | G"x: < e for al/ values of £ when |9| >’

II. Next, let £ tend to o, |7 | remaining less than or equal
to n’. Since G”x has the period 1, all values taken by G"»
within the strip contained between the straight lines =+’
are taken also in the rectangle bounded by n=+7', £=0,f=1.
As G”x is finite for all finite values of x, its absolute value in
this region must remain less than some definite number 4 ;
therefore also | G"x|< 4 for the whole of the strip.

IITI. Since |G'x|<Ad, |G'x|<e
for points in and outside of the strip respectively, it follows that
G"x cannot be a rational or transcendental integral function
(8 56, 93). Hence | G'x| is a constant ; and the second inequality
shows that this constant can only be scro. Thus

GNI= O,
and G'x=a constant &;
I 1 I
or meotmr=56+—-+2% (—M‘+—)
X xr—n n
I 8 2
=b+-+3 ..
xr 1at—n
Changing the sign of » and adding we have é=o0.
Hence
1 2,/ 1 I
meotmr=—+ 3 (~ +~) .................. (1),
xr s\x—n =
the formula for the cotangent in partial fractions.
Also Gx =a constant «;
hence sin =%l (1 — x/n) &M
Since lim ﬂnﬂ is m, we have e*=m. Hence finally we
2=0

have, for all values of x, the factor-formula

[ -]
sinmr=ax II' (1—x/n)e®™ ..ocooiiinin, (2),

n=-w

moz (L =27 oo, (2).

n=1
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113. Formule for the other Circular Functions. A
formula for cos 7z, analogous to (2), may be proved in the same
way, or may be deduced from (2). Adopting the latter plan
we can, most simply, write

_ sinmx I (1-2/n*) = \
€08 (m2]2) = i (waf2) = T (1 =/ an®) — L (1 = #J),

where m=1, 3,5, ....

If we separate the factors of this expression into the simpler
factors 1 + 2/ we must, to ensure absolute convergence, attach
to each an exponential factor. The product

II (1 — x/m) ¥,

where m = +1,+3, %5, ..., will be absolutely convergent, by the
general theorem, and will, by pairing opposite values of 2, give
the preceding formula. Hence

cos (mx[2) =TI (1 —x[m)e™ ™. . ............... (3),

where 7 takes all odd integer values.
By logarithmic differentiation we have

dmtan (mx/2) =2 [1/(m =)= 1)m].ccccuuun.n. (4),
which may be deduced directly from (1) by the formula

2 cot mx = cot (wx[2) — tan (wx/2).
For the cosecant we have

2 csc wx = cot (wzx/2) + tan (mx/2),

I , 1 I I I
whence acscmr=-+2 <—-+-)+2( --)
xX X —2n 27 m—x m

=1/x+ 2 (=p[1fx=n)+1/n]............ (5)-
As a further illustration of factor-formule, let us resolve
sin 7x — sin 7ra into factors, where a is any non-integral number.
The zeros are x =m —a, and x =27+ a, where » is an odd in-
teger. AsZ 1/(z — a)? is absolutely convergent so are 2, 1/(m — a)?

and 2 1/(22+ a)*. Hence . .
) (o 5 )

2n+(_z

sin ¥ — sin wa = %11 (1 -
m—a

and the extraneous factor is determined precisely as for sin wx



113] WEIERSTRASS'S FACTOR-THEOREM. 205

by showing that G”x is a constant and that this constant is
zero. We have then G'x =5,

mCOS MY b Z( B I>

sin ¥ — sin 7wa

I I
+= <ﬁ ———————— — >
x—2n—a 2n+a
and, when ¥ =0, 6 = — m/sin 7a.
Hence exp Gx = exp (¢ — wx/sin wa); and since, when x =0,
— sin ma = exp GO = exp ¢, we have finally
exp Gz =—sin wa. exp (— mz/sin wa).

In particular if a=— 1/2 the system m —a coincides with
the system 27+ a, each being of the form (47 —1)/2; and we
have

I +sinmx =™ I [(1 —2x/(47 — 1)) ¥4V,

or writing 2/2 for x
I +sin (mx/2)=e2 I [(1 — x/(47 — 1)) &&l6nV ]2,
Hence from (3)
L+sin (myf2) . (1 —x/(4n — 1)) 71nY

"~ cos (mxf2) - H (1 = z/(4n + 1)) &ty
Hence, by taking the derivate of the logarithm,
ymsec(mz/2) =m/2 + S v+ ( r 4 i) ...... (6),

- m
where 7 is any odd integer, the factor 2+! being + 1 or — I as
m is of the form 4z —1 or gn+ 1.

The formulz (1, 4, 5,6) effect the resolution of the clementary
fractional circular functions into partial fractions. Instead of
basing these on the factor-formula we might prove them
independently.

For example, in the case of cot 7z, there is a simple infinity
when # =, but m cot mx — 1/(x — ) has no infinity when » =7.
We cannot use the expression 7 cotmx — 2 1/(x — #) since the
sum is not convergent; we can however pair off opposite values

of n» and say that mrcot mxr — 5 [1/(x = n)+ 1/(x + n)] — 1/x has
1

no infinities in the finite part of the plane and is therefore Gx.
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Or we can render 3 1/(x — ) absolutely convergent by adding
to each term 1/2 where # is not zero. Thus

meotmr—2 [1/(x—n)+ 1/n] —1/x
is at most a transcendental integral function; which is then
shown to be zero.

This point of view leads to a very important theorem
known as Mittag-Leffler's theorem, by which we can substi-
tute for the simple infinities a,, a,, ..., @,, ..., where La, is
o, isolated singular points of the most general kind which a
one-valued function can have, and then write down an expres-
sion for such a function. For this theorem we must refer to
more advanced treatises, as we shall.not require here more than
can be deduced at once from the factor-theorem.

Ex. 1. Let fr=II(1 —2%/m?) where » is odd.. Prove without appeal to
known properties of the cosine that f(x+4)=_fr.

Ex. 2. Deduce (3) from (2) by using the formula
sinw (r+1/2)=cos wx.
Ex. 3. Deduce (4) from (1) by the formula
cotw (¥+1/2)= —tan wx.

Ex. 4. In (1) write for x, = {¢+7n, the conjugate number ¥, =§—7n, and
then subtract the formula so obtained from (1). We obtain

m (cot #T — cot ) =(x—3) S,
I

where S=3 ————- = the sum of the squares of the reciprocals of the
(x—n)(Z—n)
distances between (£, ) and the points o, 1, +2,.... Hence prove that
- _sinh 2my

T 7 cosh 2my— cos 2m¢’
Ex.5. Comparing (2’) with the known power series for sin .z, prove that

S 1/nt=n26, 33 1/ninl=mi5)
1 11

114 ‘The Gamma Function and its Reciprocal. We
can also write down the general form of a transcendental integral
function with simple zeros at the points - 1, — 2, — 3,..., namely

&5 11 (1 + x/n) e ™™,
=1

If we suppose the extraneous factor to be ¢v*, where v is
Euler’s constant L (1 + 1/2 + ... + 1/z — Log #), (§ 109), we obtain
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a function of considerable importance, which Weierstrass names
the Factorielle of x, and writes Fc x; Gauss denoted this same
function by 1/Ilx.

We have, as the definition of Fc x,

Fcx=Lexp(x+x/2+...4+x/n—xLogn)(1 +x)e*

(14 x/2)e 2. (1 +x[n) ™
-L (1+2)(2+2)... (n+.x)n_x
1.2...7

Gauss expressed IIr by the inverse of this latter form.

If we write x — 1 for x we have
#(1+2)...(n+2x— 1)

1.2...72—1

Fc(x—1)=L

Hence Fcx/Fc(x—1)=L 75*4{ 1/,
or x Fcx=Fc(x—1); while Fco=1.

The reciprocal function, namely 1/Fcx, is Euler's gamma
function I' (1 + x), defined otherwise in the Infinitesimal Calculus,
for a real x greater than — 1, by the integral

I'( +x)=f et dy.
0

¥. W. Newman * published in 1848 (Camé. and Dub. Matk. J.vol. iii. p. 59)

a memoir on the gamma function in which use is made of the formula
e~ & R
Tr=—— - - ——— ...,
xr 14x 14a/2

this formula implies the use of primary factors for 1/IIx.

I'(1 +x) is. a transcendental fractional function of x with
simple infinities at —1, —2, —3,...; by a mere change of
notation we see that I'r has the following properties :

F't+x)=xTx, I't =

From the formula

sin mx

T =T (1 — 2202
. = IT" (1 — 2%/n?),

* Gauss was the first to express 1/Ilx as an infinite product of factors of the type
(1 +x/n) exp N\ x (A, independent of x), each of which vanishes at one and only one
zero of the function. Historically it was the consideration of this special function that
led Weierstrass to the general factor-theorem of this chapter. Gauss’s symbol II is
much used in English works ; but it is liable to confusion with the universal notation
for products.
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we have at once

sin mx
=FcxFc—z,

or mrfsinmx=T (1 4+2) (1 -%);
whence in particular for x = 1/2,
mj2=T (3/2) T (1/2),

or m={I'(1/2)}?;
taking the square roots and observing that I'xr is, from its
definition, positive for a positive x, we have

~ I'(1/2)=a"

Ex. 1. Lim E: (1 +x/n)=p=..

q=»

Ex. 2. Observing that L (1 —¢/7)" is e~¢, prove that

b gpe 1.2..7 .
fo" rd=l ST i

where x is complex.

Ex. 3. Prove that Log I'(v+1)=—yx+ 3522~ }sgx3+ 5,24~ ..., where
|x, <1 and s,= :}ilr/u"

From Weierstrass’s expression for 1/I" (¥ + 1) as a product
of primary factors, we can deduce at once the formula
LIS S S .
2 (x4 1) (r+ 2)
Calling this function 4rx, we have

Y+ 1) — g == 1)
Y (1 =2)+Yr=2 1/(x+ n)* = 7 csc® 7r.

From the properties of . it is possible to evolve those of
Tx; this has been done by Hermite.

DrlogTr =

Ex. 1. Prove that
Vr+ (4 1/n)+ oo+ (2 + (2= 1) /2) = 22 (n2).
Ex. 2. Prove that

TaTx i s (=)ra-1)(a-2)..(a=n) I
F(a+a) 2 w1 I1.2..72 x+n




CHAPTER XVI.

INTEGRATION.

115. Definitions of an Integral. There are two available
B
definitions for a definite integralf SEdE, where fEis a function

of a real variable £. One of these treats the definite integral as
the limit of a sum of elements /£ 4§, the other treats integration
as a process inverse to differentiation. These definitions, which
we shall call the first and second definitions, can be generalized
so as to apply to analytic functions of x; we shall discuss both
definitions and show that they lead to the same r<sults. Let us

z
begin with the simple example f x"dx, where n is a positive
Zo

integer, and use the first definition.

First we are to think of a path from z, to »; we shail call
o, ¥ end-values of the path, in preference to the misleading term
limits. On this path we are to interpolate u points x,, 2, ..., 1,
so that we have u + 2 points %, 1;, 4, ..., Xuq,, Where x4, is
merely the final value x itself. The points are to be so inter-
polated that by increasing u sufficiently, all the strokes x,,, — x,,
where A=0, 1, 2, ..., &, can be made as small as we plcase; the
points may for example be at equal distances, or may divide the
path, which we suppose to possess length, into equal arcs. By
x*dx we understand a typical expression for x,\" (#a4, —2a), and
by the integral itself the limit (if there is one) of the sum
?..;m" (a1 — 1), when u tends to infinity.

M. H. 14
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The novelty lies in the infinity of possible pat/zs of integration
between x, and x; in the case of the real variable there are but
two, namely along the real axis between %, and x, or along the
rest of the real axis vid .

Now we have

n+1 .
x)\+1 — xA')H-l - (—h. + /z,\)”"" _x)‘n+1,

where /2y =a,4, —x2. Hence

x’;I: — " =(nFI1) (B Fer) coenennnnn. (1),

where €, can be made as small as we please by making /%, small
enough.

Let e be the greatest of the numbers ex where A=0, 1, 2, ..., u;
then € is also as small as we please, if we take pu large enough
and therefore all the numbers /%, small enough.

Adding the u + 1 equations (1) we have

:r::; -2 =+ 1) I Mo+ (n+ 1) Sedn;

1
P ZpH

or : &’%; T Zovh=[Zak
=2|en|| /|
el
But when u tends to o, € tends to 0 and 2|/, | to the length
of the path. Thus, for a path of finite length,

n+l Py
- 0
lim Ex,\" kA = atl
pmoo 7+ 1
z xﬂ"'l _x7l+l
or f x”dx=~——————°— .................. (2)
2o n+4+1

In this case the integral is independent of the path, but this
is merely owing to the simplicity of the instance; we have seen
x
already that | dx/x does depend on the path from x, to z, and
2y .
this is a fact of cardinal importance. It will be observed that in
this case when 7 is — § the right-hand side of (2) is meaningless;
for all other integer values of 7 the equation (2) holds good, and
the proof is the same, except that we appeal to the binomial
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theorem for a negative exponent; but when 7 is a negative in-
teger we must exclude paths which pass through the origin, for
the origin is an infinity of 2™

Now let us consider the equation (2) in connexion with the
second definition of integration. The function 2 will be replaced,
for the sake of greater gencrality, by the power series P (x—¢)
and x,, r will be supposed to lie in the domain of this power
series. By the indefinite integral of

Pr—o)=a+a,(x—c)+a,(x—c)+...,
is to be understood the new power series P (¥ — ¢) defined by
P(x—¢)=fP(xr—c)dr=const +a,(x—c)

(w—or , F=o)

+al ;__/’ +(Z~ 3—-"' + cees (§ 86).

Since DP (¥~ c)= P (v—c), the series P (x~c¢) and P (x—¢)
have the same domain (§ 87). We now define sz(,r—-c) dx as

the value of 7 (r—¢) at » minus the value of the same series
at x,, that is as B _
Px—c)y— P(x,—o).

We shall consider presently what modification must be
introduced into this second definition when 1, and x do not
both belong to the domain mentioned above. For the moment
we are concerned only with what happens when 2 (x—¢) is
converted into a terminating series x”, with an infinite domain,

by making ¢=0, a,=1, and all the coefficients a,, except a,,
In+1

vanish. In this case 2 (x,—¢) becomes const. + a1 and
_ — xn-H —_ N+l .
P(x=c)— P (%, —c) becomes — +2;° Thus equation (2)

holds whichever definition we adopt for integration; in the
one case the passage is made from x, to x by a path of
integration, in the other use is made of the analytic function
const, +27*/(n + 1) and the passage from x, to x is made in one
stride. ‘

116. Reconciliation of the Definitions in the case of
the Power Series. The instance of the preceding paragraph

14—2
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shows what is meant by the integral of a function fx taken
along a given path of finite length, when the integral is treated
as the limit of a sum. We suppose the function to be. one-
valued and continuous along the path,—this being in all cases
which concern us a limitation on the path selected, not on the
function ; we interpolate as before u points on the path between
the initial point x, and the final point x, and we seek

#
lim = fu(xan —2).
p=w A=0

This limit, if it is finite, is the integral of the function along
that path according to the first definition and is denoted by

’.x Jxdx, or [ Jxdzx, where L is the path of integration.
J oz L

Instead of discussing the integral of a function no matter
how given, we shall suppose as elsewhere in this book that fx is
analytic. We have to reconcile the two definitions by showing

that for the first definition f i Srdx, for fr=P(x—¢) and for a
Zo

path x, to x lying wholly within the domain of P (¥ —¢), is equal
to P(x —c)— P(x,—¢). For simplicity we put c=0 and write
Px =3Za,x"

Clearly we shall be able to accomplish our purpose if we can
show that

f ; (Bap™) dr =% f : a2 dx

for then the right-hand side can be replaced by

Ea,. (xn+1 --xf*")/(n + 1) ;
that is, by
Px— Px,.

Account has to be taken of the combination of two infinite
processes leading to a double limit.

We suppose R the radius of convergence; and we suppose
the path of integration L to lie within (R). Then we know that
Pz is uniformly convergent ; that is, denoting by 7, the remain-
der after 7 terms of the series, we can choose 7 so that, throughout
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L,|r,x| < ¢ where e is an arbitrary positive number. We have,
when 7 is so chosen,

n-1
[ Prar= [ Eapr +rn)ar
v L Lo
n-1
= 2 | apxPdr+ [ raxdz.
o Ji I
But U r,,xdx‘ éf | razxdz|
L L

< [ e|ldx|
JL
< ¢ x length of L.
Hence the difference between the integral of the sum of the

series, and the sum of the integrals of the first # terms, can be
made as small as we please by taking » large enough. That is,

a0

3 anidr=3 | anxdaerserereereen. (1).
Lo 0oJL

Let the path L start from the centre o, then the above
theorem says that

szxdx=§a,,,r“+‘/(n+ 1§ (2),
0 0

a new power series without a constant term which we denote by
Px.

It must be carefully noticed that the path of integration lies
altogether in the circle of convergence, but with this restriction
it matters not what the path may be, for Px is a one-valued
and continuous function of x as long as x keeps within the circle.

Thus not only is our integral f Pzdx proved to exist for a path
L

L in (R), but further its value is independent of the path,—
the end-values being given.
If the path lead from x, to x, then from (1)

© xﬂH—l_ n+1
fottv=2a,,———-—f°-~
Zo 0 n+1
=P_x—Pxn.

Hence the integral from x to x,is the opposite of the integral
from x, to x; that is, if we reverse the path we change the sign of
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the integral. And further, by making x=x, we see that sk
integral along any closed path lying in (R) is o.
The above argument serves to show more generally that if s Ja¥ 1S

n =1

a series of functions which are one-valued and continuous in a region T, and
if the series is uniformly convergent in T, then for a path of integration L
which lies in I' and is of finite length,

sfedems | frir
fbfxm_ .fo,t

It will be observed that the theorem is still true if the convergence be
given as uniform merely along L. For our purposes it is sufficient to take
functions which are analytic and series which are unifdrmly convergent over
a region I,

Closely related to this theorem on the integration term by term of a series
of analytic functions is one on the differcntiation term by term of such series.
Suppose that Sf', x is uniformly convergent in T (the terms £, being defined as
before), then 3f,x (which can be proved to be analytic over I') has /", x for its

derivate. For f Sflaxdr=3 f Sarde=3(fax~fux,), where 1y, v are the
1 L

initial and terminal points of L ; and differentiation with respect to v gives
Sfxdr= 4 Sfuk
* dx I

We may add that by successive integrations along a suitable path Z of a
series of power series of the kind considered in § 81, we get a theorem which
is for integration the exact analoguc of that of § 87 for differentiation.

117. Case where the -End-values belong to Different
Elements. (1) Let us take the case where x, lies in the
domain of P (¥ —¢,), x in the domain of P (xr —¢la),= Q (x — q),
an immediate continuation of P (r—¢). Replacing in these
series (x —¢)® by (x—c)**/(2+ 1), we get new series which
have the original series for first derivates. Denote by 7 (v — ¢,)

the series 3 @, (x — ¢,)"*'/(7 + 1) which has no constant term ; the
n=0
continuation of this series into the second domain is dbtained
directly from Taylor’s theorem and is
P—ag+xr—0¢)
=Pa—c)+P(—-c)(x—a)+ P (a—c)(x—a)2!+...
=P (6, —¢c,) + the series which arose from Q (¥—¢) by
replacing (xr — )" by (x —a)**/(n + 1).
Let us call this continuation Q (x — ).
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The meaning to be assigned to the integral mfxdx if the
Zo,

second definition be adopted is there-
fore this :—

Let f : Jxdx mean ‘
Zo

f P(r—c) dx+f: 0 (x—c) d,

where ¢ is in the common domain of
L and @; and let us evaluate the
integrals in these two cases by using

P(x—c), Qx-q) lag. so.
respectively. The sum is
Qr—c)—-0@—c)+P(c—c)—P(x,—a),
or Q(x—a)=L(x,— )
since Q(x—¢), P(x—c) agrce in their common domain. It
should be observed that ¢ has dropped out from the final
formula.
If we denote by Fx that portion of an analytic function
which is defined by # (¥ —¢) and Q (¥ —¢,), the passage from
%, to x is effected in two steps, namely x, to ¢, ¢ to x, and

/zfxdxz Frx—Fc+ Fe— Fxy=Fx - Fx,
Zo

The same result flows from the first definition, the only
difference is that the steps from x, to ¢, ¢ to x of /x are replaced
by the integrals of 2 (r—g¢), Q(x —¢) over paths from z, to c,
¢ to x, which lie wholly within the domains of P(x-¢),
Q(x—¢) as in the figure.

(2) When more than two clements are needed to get from
%, to x the process is as follows: continue 2 (¥ —¢,) by a standard
chain of series P, (x —x,),..., Py (x—x,), Q(x —¢,) until a series
Q(x—q) is reached which contains x in its domain. The
passage from z, to x can be effected by a path x'c” ... c™cm+iy
such that the parts x,¢, c'c”, ..., c™Mc® ¢y lie wholly in the
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domains of the elements about ¢,, x,, 2., ..., #x, .. Ther [ xfxa’.::
Jor this path and these clements is defined -
(i) as (F'—Fx)+ (F' = F) + ... + (Fe+) — Fem)
+ (Fx — Fc™) = Fx — Fx,,
V\ihere Fx is that part of an analytic function which arises from
P (x-¢,) by continuation along the given chain ;

(ii) as the sum of the integrals (treated as limits of sums) of
Prx—cq) Pi(x—xn), Py(x—2x),..., Pa(x—2x,), Q(x—¢) along -
paths x, toc, ' to c”, " to ", ..., c™ to ¢V, c+) to x that lic
wholly within the domains of the corresponding series.

As in the case of two elements it is indifferent whether we
use the first or second definition.

In the following theorems,—which are direct consequences
of either definition,—LZ is a path about every point of which fx
is analytic:—

L. The integral along L from x, to b s equal to the sum of the
integrals along L from x, to ¢ and from c to b, wheve ¢ is any point
of L.

II. 7Ve integrals f . Jxdx and f x}’xdx taken along L from
Z, z

%, to x and from x Yo x, vespectively ave equal in magnitude and
opposite in sign.

L. The integral f " Afedi is equal to A f * fredz, where
Zy Zy

A is a constant and the path from x, to x is the same for botlh
integrals.

IV. The integral j (fix +fx+ ...+ [, %) dx, where the path of
L
integration is L, is equal to*the sum of the integrals f Jxdx,
L

fogxdx, oo fo,,rdx.

The natural generalization of IV.is to replace the sum of the
7 f’s by an infinite series which is uniformly convergent over L.
If we wish to change the variable xin the equation Fx = [fxdx
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by a substitution x= ¢y, where ¢y is a one-valued and analytic
function, the result is Fgy=[fpy.¢'ydy as for a real variable.

For by differentiation we get '

Fey.¢y=/¢y.¢
that is, F'éy =foy,
which is right since Fx=fa.

An examination of the definite integral shows that the
value of that integral may.depend on the chain or path from z,
to z, since Fx was defined by means of a particular chain of
series, and therefore Fx in Fx — Fx, may be altered in value
by the employment of a new chain or path originating from the
element about'¢,. An illustration is afforded by the formula

f: . ix; =tan"lx.
Here the integral of a one-valued function is a many-valued
function. The formula only receives its full meaning when
account is taken of the infinite multiplicity of paths from o to .

The general question suggested is this: given an analytic
Sunction fr and two paths L, L' from x, to x, is the value of

T
f Jxdx for the path L equal to or connected by a simple velation
Za

with the value of the same integral for the path L'?

Suppose that fr under the sign of integration is replaced by
an element of an analytic function, and that x/ux, xkx are two
paths lying wholly within the domain of this element; then
denoting by (x/ix), (x,£%), (x£1,) the integrals from x, to x along
the paths /i, x/kx, and from x to x, along x4z, we have proved
(§ 116) that (xyx) = (x,x), an equation which can be transformed
into

(@/ex) + (xkx,) =0;
this means that the integral over the closed path x/irkz, is zero.
Cauchy discovered a general theorem relating to the vanishing of
[frdx when taken over a closed path; or,—replacing such an
equation as (/%) + (xA%,) =0 by (x/ex) = (x,fx)—to the possi-
bility of deforming one path from z, to x into another from
%, to x without altering the value of the associated integral.
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The regions of which we shall speak in the subsequent
articles of this chapter will be assumed not to contain the point
« unless the contrary is explicitly stated.

118. Cauchy’s Theorem. Given that fr is analytic over a
simply connected vegion 1, then over any circuit C in T,

f Jxdx =o.
¢

Consider the analytic function

Fx =fzfxdx,

where x, is some fixed point of T' and the path from x, to z lies
wholly in I Corresponding to each element of ¢x (§ 107) there
is one of /xr of equal domain; hence since the radii of the
clements ot ¢x have a lower limit which is greater than zero, so
also have thc elements of Fz. This means that Fx has
no singular points in I', and gives therefore for that region a

localized one-valued function. Now f Jxdx by the first de-
c

finition is merely the change of Fx taken over the circuit C;
hence applying the thcorem of § 107 we have at once

the change of Fx over C=o0,

and the theorem is established.

In a sense Cauchy’s theorem states nothing more than is
contained in the earlier paragraph to which we have referred.
For Fx is an analytic function equally with fx, the only difference
being that, whereas fr is evolved from some element Za,(x—x,)",
Ix arises from const. + 2a, (x — 2" /(n+1). It is to be ob-
served however that /Zx is not considered by itself, but in close
conjunction with fr; for the singular points of Fx are singular
points of fx, though possibly of a new kind as in the case of 1/x
and its indefinite integral const, + log . When fx is one-valued
the change of fx over any circuit is zero, cven though the circuit
contain singular points; but it does not follow that #x will be
one-valued and therefore the change of Fx over this circuit may
differ from zero. The cause of this pheromenon will appear in
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the next article. But first we must complete Cauchy’s thecorem
by taking a region in the finite part of the

plane which is bounded by non-intersecting “

circuits C, G, Gy, ..., Cysuchthat C,, G, ..., C, C

are all contained in C as in fig. 51. We

have to show that when fr is one-valued and

analytic over the region,

f f,'rdx+f Srdx + ... +f Jrdr=0, , Fig. 51
c C Cn

when the curves are described positively with regard to the
region.

Draw lines pg, p'¢/, ... as in fig. 52 (i) and treat the resulting
figure as a limiting case of fig. 52 (ii). The shaded region is

Fig. 52.

now bounded by a single closed curve; moreover when this
closed curve is described positively each of the lines pg, 27, ...
is described twice in opposite directions. As

Jq Fedr+ f Pedv=o0,
¥4 q

with similar equations for 2’7/, ..., all the integrals due to the
new lines disappear and the remaining integrals combine to givz

fcfxdx+f01fxdx+... +fonfxdx=o.

o

119. Residues. When the function fx is as before, except
that T contains a finite number of non-essential singular points
€1y Coy ey €6 Of J%, the integral

f Jrdr=2mila_,,
c
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where the integral is taken positively over the curves that constitute
the boundary C of T, and a_, is the coefficient of 1[(x—c) in the
Qo

expansion 2 a,(x—c) at a singular point c.
74

N==-m
Since the integral of the sum of a series with a finite number
of terms (say 7 + 1) equals the sum of the integrals of those terms,

it follows that if | denotes integration in a positive sense over
()

the contour of a small circular region with centre ¢, then

k] dx
S a,(x—cVdr=a = +...
@ n=-m n ( ) - (@ (x ="

+a_,f L2 +| P(x—c)dx,
(@F —¢ ©

—a, f( P amial, §30),

)X — €
because all the other terms in the series of integrals vanish.
Here we make use of | x™dr=0 when the integer 7+ — 1,and

(e)
of [Pxdr=o0 when the integration extends over a circuit in

the domain of Pxr.

Let all the points ¢, ¢, ..., cx be made the centres of small
circles and let IV be bounded by the curves C and by thesc
small circles. Since f satisfies all the requirements of Cauchy’s
theorem for this region IV which has arisen from I' by cutting
out the ¢’s, it follows that

fcfxdx— (

C\

Srdve— [ frde— ... -f Fedr=o0,
) (¢g) (ep)

where the circles of centres ¢, ¢, ..., cx are described positively;
with respect to their centres. Hence

f Fedr = 2miSa.,.
c
This theorem shows that the coefficient @_, and the term

a_l(x—c)“ in an expansion § a,(x —c)* play a specially

n=-m
important réle. Cauchy has given to a_, the name residue
relative to ¢, or at ¢. At non-singular finite points there is of
course no residue; but the point = needs special examination.
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When « is a non-essential singular point, the expansion
-
about o is % a,2" where » is a positive integer; when o is a non-
n=m

-
singular point we have the expansion % «,+"; thus we have a
n=0

term a_,/x even when c« is a non-singular point. By the in-
tegral round o« we understand the integral in the negative
sense (that is, the positive sense with regard to «) round a
circle so large as to include all singular points other than the
possible singular point x = (supposed isolated); thus

f Jrdx=—2mia_,.
()

The residue at o is defined to be — a,.

For one-valued analytic functions we have the following
general theorems:—

The tntegral of a one-valued analytic function round a circuit
which contains only non-essential singular points, and of these only
a finite number, is 2mwi . (the sum of the vesidues at these points).

Similarly we can prove that zf the only singular points outside
the civcutt ave non-essential, and arve finite in number, the value nf
the same integral is — 2mi . (the sum of the vesidues at these points).

Hence it follows that ke sum of all the residues of a rational
Jraction is zero.

The inference is that an integral from x, to x will alter its
value, in geneval, when the path is deformed continuously from
XJix to xkx, if it pass over singular points in the process.

When a function is one-valued and analytic, the value of [fxdx
taken positively over a closed curve A is unaffected by any continuous
deformation of A whick does 1ot involve a passage over singular
points.

For let 4, B be two positions of the moving circuit. By
Cauchy’s theorem

fAfrdr+/fo¢r= 0,

where the second integral is described ne¢gatively with respect to
the interior of B.
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In particular when a circuit can be made to vanish by a
continuous contraction which does not require a passage over a
singular point of the function, the value of the integral of the
function taken over the circuit is zero.

120. General Applications of the Theory of Residues.
Suppose that fr is one-valued and analytic about all points of a
region I' bounded by one or several closed curves, as in fig. 51,

. .. . 1 dx
and that ¢ is a point in I The integral — f fx — , taken over
2Tt ) 4 x—<C

a circuit 4 in I', may be called Cauchy’s integral, for it plays an
essential part in the development of the theory of functions along
Cauchy’s lines. We shall assume that ¢ is not a zero of fx, and
that 4 can be contracted continuously until it vanishes, without
passing out of T.

Within the region bounded by A, the function

Jx/(x =)
has only onc singularity, namely an infinity of the first order
at ¢. The residue at this point is found at once by the use of
Taylor’s theorem ; for the element at ¢ of the analytic function
Jfx is
Je+flex=—o)+fc(x—c)Pf2!+...,

and therefore the residue in question is f&. But

f Jxdx[(x — ¢)= 2mi {the residue of fx/(x —¢) within A}
c
=2mifc;
hence we deduce this very useful theorem, due to Cauchy :
If fx be an analytic function of x whick ts one-valued and

analytic about the points on and interior to a circuit A of the
cplane and if ¢ be a point interior to A, then

fo= 1 Jrdx

2me J4x~C’
the integral being taken positively over the circuit A.

Ex. Prove that if x—c¢ be replaced by (x—¢) (¥ —c,)...(x~¢,), then

If JSxdx A fe,

- s = 5 G5 .
2ni) A (¥—¢) (¥—cp)...(x—¢)) w16 x-¢,
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If about a point ¢, fr=(x — )™ P,(x — c), then ¢ is an infinity
of order m. If m be a negative integer, then ¢ is a zero of order
m. Let then 7 be an integer positive or negative ; and let

Jr=@x—=c)"P,(x —c).
Then log fx = m log (= ¢) + log P, (x —¢),
=mlog (x —¢c)+ P, (x —¢),
where the circle of convergence of the new power series extends
(to a zero or sin/gular point of /. Hence
S xlfe=m[(x—c)+ Py (x—c).
Let gr be a function which is analytic over a region T' which

contains a finite number of zeros and isolated singular points of
J#, the latter being all non-essential ; then

gr=gct+gecx—o)+...,
where ¢ is a point of I'; hence when ¢ is a zero of /> whose order
is 7, we have
gxfxlfx=mgc/(x —c)+ Py(x —¢);
and the residue of gx f'z[fx at ¢ is mgr. Similarly if ¢/ be an
infinity of order 7" lying within T, the residue of gx f'x/fx at ¢ is
—wnlgd. Hence if A be a circuit lying in the region T,
I o
Py fA gxdlog fx =73 (mgc— m'gc),
the summation applying to all zeros ¢ and infinities ¢/ of fr
which lie within 4 ; it being of course understood that when ¢
is a zero its order is m, but when ¢ is an infinity its order is 77'.
When gx is a constant we have again a result already considered
(§ 108). When gr =z we have the following theorem :—
1 ‘x

i |70
that is, 2ke integral is equal to the sum of the values for whick fx
vanishes diminished by the sum of the values for whick fr is infinite,
multiple zeros and infinttics being counted as often as is indicated
by their orders of multiplicity.

dv = e —Zm'c,

121. Special Applicﬁtions to Real Definite Integrals.
We shall illustrate, by examples, how the theory of residues
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can be applied to determine integrals of rezl functions fo
specizt intervals.

Ex. 1. Consider the integral [c®dx/(x —78). Let B b
positive, and let the path be the real axis from —p to p and «
semicircle on this as diameter.

Fig. s3.

P

et dE[(E—B); and along

the semicircle it is f "e"'”z'd(?/(l — if3/x), where x=p cis 6.
0

The integral along the base is f

When p tends to infinity this second integral tends to the
limit o, for ¢®=¢ircoség-psin® and while the first factor is 1 in
absolute value, the second tends to zero when 0 < 8 < ar.

Also by the theory of § 119 the integral round the closed
path is 27Z. (the sum of the residues inside). There is only one
residue, namely when x =28, and this is ¢#; thus the integral
round the path is 2777¢7#; and we have

[ eeati-ig) = 2mic-,

whence f N BS?Eg{é—MQE dE = 2me?,

If we replace the positive number 3 by the negative number
- BB, then we have no residue insidc the path, and therefore

j’“’ -—Bcosf+fsin£a,f=o.

— £+ 3
Hence B [ :o EC;OIS% dE= f : ggs.:.“ 35’ dE = we?,
pl 4 f _: Ec’(:s_ é; df = weP[B.
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Ex. 2. The equation ° %S_:nﬂi dE =mwe P is proved only for

positive values of B; it suggests that when 8 =0 we shall have
f %g df=. But an integral found on the supposition that

¢B is within the path must not be assumed to hold when 78 is,
on the path. When 8 =0 we alter the path by describing a
small semicircle about o, say of radius e as in fig. §3, and
replacing the interval (— e to €) of the real axis by this semi-
circle. Then the integral is zero since there are no residues
inside. and it reduces to

f T eragle+ f ° piecis 40 + [ " st dlE.

0
The second integral tends to the limit f idf or — 7 when ¢

tends to zero.
0 * o0
Hence f et dEJE + j R AEIE = i,
- a0 0
or fm sin EdE[E =T
Ex. 3. The function ¢**/(1 + ¢%), where a is real, has poles at

x=(2n+ 1) 7. Integrate along the rectangle whose horizontal
and vertical sides are given by n =0, 27, and £= + p.

eri

-p o

Fig. s54.

There is but one residue inside this rectangle, namely-when
x = 7; and this residue is — ¢*.
The integrals along the vertical sides are
f e idy f O exrinidn
0 -1+ et 9p I 4Pt

The limit of the first when p tends to oo will be zero if a< 1}

M. H. 15
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the limit of the second will be zero if a >0. Let theno<a<1;
there remain the integrals along the sides, that is,

©  gat © exlmitd) .
f §+f dE=— 271,

I
r — gram —— dE = — 2mic*,
o ) f T cf E=
2me
or : = r/sin ar.
j oI + eE E eam. —uer /

Ex. 4. If in the preceding example we replace u vy «+28
or a, the argument is not altered provided o<a< 1. Hence

fajac e‘flc':‘sefg dg = W/Sin (a + ZB)"T’

f‘” e‘““*’f cis BE  sin(a—iB)w

» 2cosh E/2 dE= T sin (a + 1B)m sin(a—28) 7

sin a7 cosh B7r — 7 cos amr sinh B
cosh 28w — cos 2am

Hence, writing a — 4 = u, so that —1/2<pu < 1/2, and equating

real and imaginary parts, we get

fw et cos BE . cospmcoshfm

» 2Cosh&/2 cosh 28w + cos 2um’

or, changing the sign of x4 and adding,

or

® cosh p& cos umcosh B
| Sapgs cos Bpdg=am AT NPT,

© etsinBE sin par sinh B
and j —< 2cosh /2 =2 cosh 2837 + cos 2umr’
* sinh ,uE i _ sin pr sinh B
or fo cosh g2 " BEdg =2m cosh 287 + cos zum "

Ex. 5. If in Ex. 3 two sides of the rectangle are # = 0 and
n =, then the pole r=17 is on the rectangle.

me

\J

)
Fig. 33.

Avoiding the pole by a small semicircle of radius ¢ and
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observing that the integrals along the vertical sides tend to o
when p tends to 0 and o< a< 1, we have

EY e ealE+m’; —u:ea(£+1ri) S AT
fnl*ef({E+J 1—e5d5+f_, 1—é& df+jl—_ z

dr=0
4

the last term being the integral along the semicircle. This last
integral is not itself half the integral round the whole circle,
but its limit when e tends to o is half the integral round that
circle and is therefore equal to +7rz'e“""

Hence understanding byf _“”;,g € the limit when e tends
to zero of
—e af
(o))
; o ; @ 6"‘
we have ¢ ,’—-m I~~__——d§ mie*™ + _m1+efdf’

from which, equating imaginary parts, we deduce

© Caé‘
[ . ?:? (IE 7 cot a.
By equating real parts we obtain again the result of Ex. 3, so
that the rectangle of this example gives both integrals.

Ex. 6. When we replace a by a=a+z8 we have still

) b,«g f ™
f a’f = cot am ; for :ve have still f dE =

o I — I +é sin ax’
and as thlS value led to m cot amr when a was real, it must do so
when « is complex.

Hence, proccedinrr as in Ex. 4, we have

j . 2smh§/2 dE=— cot (a+iB)
©  ouf cis BE _ .
or f_mmdf—vrtan(p+zﬁ)1r.
» erfcosBE . . 2
Hence f_m Sinh &2 dE=mtan(u+:B) 7+ wtan(u —28)r

291 sin 2T
= cos 2u7r + cosh °B-:r

15—2
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whence, changing the sign of x and subtracting,

sinh u§ _ sin 2um
fo sinh £/2 cos BEdE = cos 2ur + cosh 287"

Similarly we have

z.f‘” e sin BE

— > dE = tan (u +¢B) ™ — 7 tan (p—2B) =

27z sinh 237
" cos 2ur + cosh 287’

s sinh 287
cos 2u + cosh 28"

whence f :1(:15}:1{575 sin BEAE =

The integrals in Examples 4 and 6 are required in discussing
Fourier’s Integral (see Byerly’s Fourier's Series and Spherical
Harmonics).

Ex. 7. Finally let us take fe=#dxr over the rcctangle whose
horizontal and vertical sides are =0, 8 and £ =+ a.

~a+if3 a+if3

-a o a

Fig. s6.

Within the rectangle ¢=* has no singular points. Hence
the integral is zero. Along two sides it bccomes f eedE
—-a B *
and f G+ JE. along the others it is f e=le+¥ 5y and

a 0

0 : .
f e~ (-eti)?igy  These last two tend to zero when a tends to
B

infinity. Hence
[* eeag+ f 7 ermt gE = o,

o [®© @©
or e f e¥cis(— 288 = e¥dE;
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and the integral on the right is known to be 72 Elence
@
f e cos 2REJE = e P,

Lest it should be supposed that the method of evaluating
definite integrals, as described above, is in all cases the most

suitable, we remark that it is difficult to determine f dE
-

itsclf by this method.



CHAPTER XVIIL

LAURENT'S THEOREM AND THE THETA FUNCTIONS.

122. Laurent’s Theorem. Let &= 1/(x—a)(x—0), where
o<|@|<|é|. The function has two simple infinities, namely
z=a and r=4. About the origin there is an element Pz whose
domain extends to @, and about « there is an element P (1/x)
which converges at all points exterior to (|&]). But there is
also a series Pr + Q (1/x) which converges when |a|<|x|<|&].
That is, we draw circles with origin as centre through the singular
points &, &, thus dividing the plane into the region inside (| 2|),
the circular ring bounded by (||), (| #]), and the region outside
(16]). In each of these regions there is a series of the form

s apz™, only it happens that in the inside region the negative

n=—cwo
powers of the corresponding series are absent and in the outside
region there are no positive powers.

In this simple example the series for the three regions can
be written down at once :—

I _ I 1 ,
O EaEHT @ HE-a) @ e

hence, when | x| < |a|, we have
I /(1 1N,
Jr=— a—b) 3;'0 (;.Tx - b;p;i) ",

xn’bnﬂ'

since 1/(x—a)=— §. e, 1/(x—b)=—
n=0 0

i M
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(2) When |x|>|é| we must use expansions in a/+ and b/z ;
thus

_ L3 1Y .,
=, 2 i ™ i ) 2

(3) For the ring we must use

an -
I/(‘}L‘ - ﬂ) =3 an/xnﬂ = 3 x"/a"'“
n=0 n=-1

1z~ b)=— EO""W“-

Hence Jr= L [ B xat 4+ 3 x”/&"“]
a—0b n=-1 n=0

Laurent’s theorem is a generalization of this example for a
one-valued analytic function fr which is analytic over an open
region bounded by two concentric circles (R) and (R’), where
R>R' Let C C be any two circles about o which have radii
slightly less than R and greater than R’ respectively.

Applying Cauchy’s integral to the ring bounded by C and

C', we have
jom L[ T 1 [ S
Tomi)oxr—c ) ot Xl

where ¢ is a point within the ring and the circles are described
positively with respect ta the regions interior to them. For
points x of C and points x of C’ we use respectively

1/(x—¢)= if/x+c/rt4 ... + x4 P (x —¢),
1/(x—c)=—1/c—x/c* — «. — 2" — xnH1nH (1 — ).

Multiply the two series by frj the resulting series converge
uniformly and can be integrated term by term. Hence

Je=aytac+ a4+ ... Fanc™+ ...
+a_jctayJt+ ... Fay/t+ .,

; I I .
where a, = _ f . Jrdx[2", a_, = - f - JSrdr. 2" If we wish

to have a single formula for «, and a_, we can replace C, (" in
the corresponding integrals by a concentric circle whose radius
lies between those of C and C’. Thus replacing ¢ by x, we have
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for points x within the ring bounded by the circles (R), (R’), the
expansion
Jr=a + aqx + a2+ ... to infinity
+a_ ' +a_x? + ... to infinity

+ o
= X @t

n=-o
This is Laurent's theovemn ; and the associated series was called
a Laurent series (§ 75). Of course if the centre of the ring had
been a not o, the Laurent series would have proceeded according
to positive and negative powers of x — a.

Let R expand and R’ shrink until the circles (R), (R’) pass
through singular points of fx. Then the first part of the Laurent
series is a power series Prx which has R for its radius of con-
vergence, and the second part converges outside but not
within (R’).

If we add any two convergent series Z’x, 7 (1/x), whose domains are the
points within (&) and outside (&’), the special cases that can arice are (1)
the two domains overlap, (2) they meet along a circle, (3) they do not meet.
In case (3) the expression Px+ P (1/x) is meaningless, and in case (2) the
points, if any, at which both series converge are confined to the circle
of meeting.

To illustrate the possibility of a Laurent series being of the form (2),
consider the series that arises from

Ps
Log (1+x)= ——*+g——+ ., wWhere | x| =1, x4 -1,
L r+i)=2- Ly Lo Ly where |x! Z1, x4 -1
o8 x) 2 22238 gt v =D :
By subtraction we have for |r|=x xr=—1 excepted
Log x= ~—+ —+ . I
og xr= — - e 313 PR
LR : -1
=x x_'l x2+x x"‘”x‘4 .14+.
I 2 3 4

By writing =¢", we get again the formula of § 96, namely

z_ﬁq_sin2q+sin3q sin 47
27 1 2 3 4
where nisrealand —r<n< + .

veay

123. 1Isolated Singularities of One-valued Functions.
It happens frequently that a function is known to be analytic
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about all points of a region except possibly certain isolated
points; it is desirable to have some means of inferring the
behaviour of a one-valued analytic function fx about such
points from the behaviour of the function near them.

Laurent's theorem gives important information as we shall
show.

Let fr be analytic about all points, other than ¢, of the
closed region (¢, p); and let it be unknown whether ¢ is an
ordinary or a singular point or a point at which fr is undefined.
Whatever be the character of ¢ we can find a Laurent series
for /r in the ring bounded externally by (¢, p) and internally
by an arbitrarily small circle of centre ¢; furthermore because
the inner circle can shrink indefinitely the negative powers in

. . I
the series define a function G( —) Only three cases can

arise : —
(1) The Laurent series may contain no negative powers of
x—c; then
Jr=P(x—c)
near xr=c.

(2) It may contain negative powers in finite number; then

Jr=(x—) " Py (r—oc)
near x=c.

(3) It may be of the form
Jfr=G(1f(r= )+ Plx—0)

near x =¢, Gx denoting a transcendental integral function.
Cases (1), (2), (3) are characterized by the following dis-

tinctive properties :—in (1) we have lim fr = the constant term
x=C

of P(x—c), in (2) we have lim fr= 0, and in (3) there is no one

x=c .
definite limit for fr when x approaches c.
In ease (1) we know that | /| remains constantly below some
finite positive number «; and now fr at ¢ is defined or altered in

value so as to make fc=1im fr.
x=c

In case (2) where lim /2 = whatever be the path of approach

xr=c
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to ¢, it is natural to define or alter the value of fx at ¢ so as to
make it .

We shall now prove Weierstrass’s theorem (§ 104) that near
an essential singulavity whick is isolated as regards other essential
singularities a one-valued analytic function fx approaches as near
as we pleasc to an arbitrarvily given value f,. This can be
proved by considering 1/(fx — f;) near its essential singularity c.
Either 1/(/x — /) has an infinity of non-essential singularities
which have ¢ as a limit-point,—in which case fr takes the
exact value f; at points as near to ¢ as we please,—or else ¢ is
an isolated singularity of 1/(fxr — /). In this latter case there is
a Laurent series for points near x = ¢ of the form

fx{?ﬁ =G (1) =)+ P (x—o).
But near x=c¢ we can make G (1/(x — ¢)) exceed in absolute value
any assigned positive number  however large (§ 93); hence we
can make fx approach as near as we please to f, even though it
may not attain . This proves the thcorem.
Let us examine, in the light of this theorem, the behaviour for

case (3) of /¥ near xr =¢. We cannot speak now of lim /r without
x=c

specifying the path of approach to ¢; in fact along some paths

there would not be any limiting value. For this reason it is

useless to define /¢ as lim fx; hence fx is left undefined at ¢ (§95).
xr=c

Observe that in all three cases the point z =g, if singular at
all, has been supposed to be an isolated singular point. For
example when ¢ =0 the function csc 1/x has an essential singu-
larity at x =¢, but csc 1/x cannot be put in the form

G(I[x)+Px,

and the preceding work does not apply. To avoid misconceptions
notice that whereas here there is no Laurent series for the ring
formed from a circle (R) by the removal of »=o0, there are
Laurent series for each of the annular regions extending from
®© to 1/m, 1/m to 1/2m, 1/2m to 1/3m,..., these regions becoming
infinitely congested near x=o.
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3-124 3

Let us-now consider whether the Laurent series for fx in a
given ring bounded by (¢, &.), (¢, R,), where R, < R,, is or is not
unique. Suppose that

fe= 3 an(x—op.

n=-2

Divide both sides by (¥ —¢)"** and integrate term by term over
any circle (¢, R) which lies within the ring; this is permissible

-1
because 3 a,(x — ¢)* converges uniformly along (¢, R) because

Nn= =0

R>R, and § a, (¥ — )" converges uniformly along (¢, R) because
n=0

R < R,. Hence
Jr(x — o)y " ldy = 2miay,
(¢, R)
thus «, has the same value as the coefficient for (¥ — ¢)* when
we use Laurent’s method, and the Laurent series for the given

ring proves to be the only series of the form 3 a, (x —c)* that

n=-—w

will represent /v in that ring.
124. Fourier’s Series. From a Laurent series
oz
Jr= Z ayx"
n= -o
we can deduce a Fourier series by writing 2 =¢%, and then

replacing " by cosny +7sinzy. Let us examfne this more
closely.

Let the radii of the ring be ¢*, ¢# where a, B are real and
la|<|B|; and let y=§ +47. When xr=¢ ¢f we can take
n' =—a, —f; also when Amux passes from —7 to +m, &
passes from —ar to + . The ring, when supposed cut along
the real axis from —e¢* to —ef, maps into the rectangle
given by the equations

EF=—m E=+m n==B,7=-ua
Within this rectangle we have for the one-valued analytic
function ¢y of y, given by
by = f(e¥),
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the expansion
§, a,e™, or § @, (cos ny + ¢ sin ny).
n=-—2 n=—w

By combining terms that arise from opposite #’s, we have

by=a,+ 21 (0n cOS 1y + ¢, Sin ny),
n=
a function which is analytic over the rectangle.

Conversely x=e¥" converts the p-rectangle into the cut
x-ring, the cut going from —e* lo —¢€f, and any analytic
function ¢y which is analytic over the rectangular region
changes into an analytic function fxr which is analytic over
the cut annular region. If we are to replace the cut by the
uncut ring, it is necessary that fr shall take the same value
at a point of the cut from — ¢* to — ¢# whether the approach to
this point be from above or below, and be analytic about all
such points. This equality of values is secured immediately
by making ¢y a periodic function with the period 2.

When ¢y is periodic with the period 27 we can translate
the rectangle through strokes # 2z7 and thus form a band
of the y-plane bounded by the two parallel lines n'=-—aq,
n’=—0, and see at once that ¢y is analytic over the band.
The previous expansion for ¢y in terms of sines and cosines
holds for the whole of this band; or again we may say that ¢y
is expansible in the form

% .
S a,e,

—y
n=-—aw

The value of a, is determined from the Laurent series, and is
5 ;I;z. ZRfr gz = ?:%_ f e idsds,
the integration extending over any x-circle about o whose radius
lies between ¢* and &*.
By replacing e"¥i, etc. by cos ny + 7 sin #y, etc. and combining
the terms in ~z and - », we get

I .. .
by (cos ny + Zsin nzy) f ¢z (cos nz — i sin nz) dz

I .. .
+ o (cos ny — ¢ sin ny) fq:z (cos nz + ¢ sin nz) dz,
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that is,

;I;/qs,z (cos ny cos nz + sin ny sin nz) dz,

or ;rfqbzcosn(y—z)dz.

When 7 =0 we have the single term %r f ¢zdz.  Combining

these results
¢y=£_ [[I +2 3% cosn (y—-z)} bcdz.
K n=1

This is the ordinary form for Fourier’s series; it should be
remarked however that it has been established under conditions
that differ from those that usually occur; the theorem in the
present form holds for complex as well as for real values, but
this gain in generality is accompanied by a loss in another
direction, due to the restrictions on ¢y.

125. ‘The Partition-function. We can write down by the
factor theorem, ch. Xv., a function which is transcendental and
integral, and is o' at the points

when L 1/#* is o, that is, when |#| < 1. The simplest function
with these properties is

Gr=(1-2)1—=rx)(1 —=72r)...(1 —rx)...,

the product being convergent for any .r because of the con-

vergence of
I+74+2774+....

This function,—which is fundamental in the theory of
partitions of integers*,—can be written as a power series

I+ax+axi+...;
and the coefficients a, are readily determined by the equation
(1 =2) G (rx)=Gx,

whence A" — Ap_ " ' =ay,

* See Chrystal’s A/gebra, vol. ii. p. 528.
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or Ay =ay " (1),
pyn—1Hn—2+.. 41

= =1 -1)... (ru-:lj’
pn n—1)/2
=D 1) (r=1)
Let us complete the series of zeros by the points 7, #%,..., 7%, ..
whose limit is o.
A function with these zeros will be G (#/x) where Gx is the
preceding function. The product fr= GxG (/x) will be one-
valued and analytic about all points except o and «. By

Laurent’s theorem it can be developed in the form X &,x"

—aC

To determine the coefficients &, we have

f(rx) =G (rx) G (1/%);

or, since G (rr)= Gx ,
1—x
G(1/2)
)= — 1T
and G (r/x) [—1/x’
therefore xf(rx)=— GxG (r[x)=— fr.
Hence bp = —10,,

so that we get when # is positive,
bn - (__)n born-—1+n—2+ el = (___)n born(n—n/z ;
and when 7 is negative and =1 — »,
b—m =— bl—m"my
—_ (_)m &Orm+m—1+ - +l’
—_ (_)m bo ym (m,+1)/-.”
= (=)™ fyr—rm=m-ni,
Thus, whatever integer » may be, we have
bn = (—')” 607 " =3} /2!
and the Laurent series for fr is

Sfr=by 3 (=)prno-nngn,
- Q0

To determine the constant 4, we can proceed as follows.
We have
Jr=Gx G (7|7),
=(I+ar+ a2 +.. ) (1 +ar/z+ ar (2P +...),



125] THE THETA FUNCTIONS. 239

where ay,=(=)y*»" ‘”“"’/ﬁ (1 —7?).
1
Hence, multiplying out and comparing with 34,x",

@
On=an+ Qo ?+ Gan P+ ... = 2 Apanm?™,
m=0
where ¢, = 1.

Therefore, replacing a,, and 4, by the values found, we have,
on dividing by (—)" »®—17,

®  pm+m(m—1) 2+ (n+m) (n+m—1)/2—n (n—1) /2

bo = 2_0 m n+m

m= II(1—7»?) II (1 —7?)
1 1

@ rm(m+n)
= %

— m n+m
™0 T (1—7?) I (1—7?)
1 1

)

whatever positive integer » may be.

Omitting the first term the series can be expressed as the
product of a convergent series and #*; hence when 7~ tends to
o the sum of the terms after the first tends to zero on account
of the factor »*, and we obtain for the constant 4, the expression

I/f:I (1 — #P).

To sum up, if | | <0 and if

Gr=(1—2) (1 —#2)(1 — 72} ... = [1 (1 — #72),
0
then GzG (v]x)=b, § (=)rpno—agn,
wheve &0=1/ﬁ(1 -r?)=1/Gr.
1

Ex. 1. By putting x= — 1, prove that
L4778+ . 40024 =TI (147%) (1— %),
1

Verify this for the first few powers by actual multiplication of the
product on the right-hand side.

Ex. 2. Prove that when %(—)"r"("“)ﬂx" is divided by 1 -, the quo-
tient is -
1—7(x+1+1/0)+ 3 (24 x+141/x+1/28) -
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and hence by writing =1 prove that
L= 35— — (= (2= 1) I =TT (1 — ),
Ex. 3. Express as infinite products '
x4 204 a4 A4
and r—32%4 5B — 74
where [r|<1.

126. The Theta Functions. It is convenient to replace »
by ¢ so that the zeros of fx are now at the points g™ where
is zero or any integer, positive or negative. We have then

Fe=b X g% (= gy
=bo+ 60297 [(= /g + (= %/g)™"]
If then — x/g = exp 2wzv, we have for fx the Fourier series
by + 2150;39”2 COS 27TV,
1

The ring for the Laurent series was the whole plane except
x=0 and x =00 ; hence the rectangle for the Fourier series is
the whole plane except co. That is, the Fourier series defines a
transcendental integral function; it has a simple zero when
exp 2miv=—¢g*}, that is, if ¢=expmiw, when

exp 2miv =exp [(2m — 1) miw + (2m' — 1) mi],
or when v=—(1+w)/2+ mw+n,
where 7 and »2' are any integers or zero.

Omitting the factor 4, we have a function %, with the

specified properties, fully defined for a finite v by the equation
3,0 =1+ 2¢ cos 27V + 2¢* cos 47V + 2¢° cos 67y + ...,
it being understood that |g|< 1.

From the definition of &,v,

Y (74 1/2)=1 — 2¢g cos 2mv + 2¢* oS 47V — 29° COs 6wV + ... ;
for this allied function we write 3,7, It has simple zeros at the
points — w/2 + mw + »’.

The functions %,v and 9,7 are on the face of them singly
periodic; they have both the period 1. Therefore also %v/9,2
has the period 1. We shall prove that it has also the period 2w.
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‘We have Jx = b7,
where X =—gexp 2mwiv.

When we add /2 to v, we multiply + by exp miw or ¢.

Hence S(gx) =53 (v + »/2),

and J(§20) = b5 (v + w).

Now xf(g*x) = — fx;

hence —exp 2mi (v + 0/2) ¥ (v + w) = Yyv.

Changing v into v + 4, we deduce
exp 27 (v + 0/2) ¥ (v + w) = V,0.
Hence N (V+ @)/ (v + 0) =—¥0/¥7

that rs, §,2/9,v changes sign when we increase v by w, and there-
fore repeats its value when we increase v by 2w.

Hence Y,7/9,v is a doubly periodic transcendental fractional
function, having the two periods 1 and 2w.

If o=a+i8, then g=expmiaexp—mp, and |¢g|=exp —=B.
The condition |¢|< 1 requires, then, that 8 be positive. Thus
the period 2w is complex or imaginary, with a positive coeffi-
cient of z.

We have so far defined only two 9©-functions, while the
notation suggests that there are others.

Returning to the function fx, or 4,3 (=) ¢""x", we observe
that for each exponent z#2—»z of ¢ there are two exponents
of x whose sum is 1. Thus

Jx=0, 213 (=" g™ (2" = A7),
or, replacing x by 22,

fx — bo z 2 (__)nqnl—n(zm—l — 51—27;)-
1

If then z=-expmiv we have ! — 2" =27sin (22— 1) 77,

and f(2%) = b(é [2 sin rv — 2¢®sin 37y + 2¢®sin 57 — ...]
L]
= 5(,?9—’/4 [2¢Y¢sin wv — 2¢% sin 37V + 2¢™* sin sy —...].

M. H. 16
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The series 1n square brackets will be* denoted by Sv. If we
write v+ 1/2 for v (equivalent to 7z for 5), we obtain
2g" cos v + 2¢% cos 3mv + 2¢®¢ cos swU + ...,
a series which will be denoted by %,7.
For convenience of reference we repeat the formulae for the
four 9-functions: they are
D, =1 + 2¢ COS 2wV + 2¢* COS 47V + 2¢° cOs 67V + ...,
Y,0=1— 2¢ €OS 2wV + 2¢* COS 47V — 2¢° COS OV + ...,
Y0 =2¢" cos wv + 2¢”* cos 3wV + 2¢®4 cos §wU + ...,
Yv = 2¢" sin wv + 2¢% sin 37y + 2¢®" sin 5TY — ... ;
of these functions the first three are even, the fourth odd.
Detailed information on these functions will be found in

works on elliptic functions. We rfow take up a more symmetric
function with the same arrangement of zeros as the %-functions.

* The reader must be warned that in the literature of the subject there is a diversity
of notations. The notation adopted here is that used by Jordan in his Cours &’ Analyse,
vol. ii. (1894) ; it differs from that employed in our Z7eatise o1z the Theory of Functions,

(1893)-



CHAPTER XVIIL

FUNCTIONS ARISING FROM A NETWORK.

127. The Network. All the points of a plane which are
given by the formula
wW = 2mw, + 27w,
where 2w, and 2w, are given constant complex numbers and ¢,
and wm, are any integers; positive, zero, or negative, are said to

o ( ® [
~2w,+4w, 4w, 2w,+4w, 4w +4w,
[ ® | J ®

2w+ 2w, 2w, 2w,+2w, 40+ 2w,

@ [ ] [ ] ®
-2w, 4 2w, 4w,

®
-2w,- 2w, -2w, 2w~ 2w, o, ~ 2w,
g, a7,

form a network (fig. 57). We suppose that the ratio w,/w, is
not real; thus avoiding the degenerate case in which all the
points lie on a line.

We can call o a multiple of 20, and 2w,. Any two
numbers which differ by a number w are said to be congruent
one with the other. The sign = means ‘is congruent with.’

Now we can select from among the w@’s pairs of numbers
other than 2w, and 2w, which will equally give the same network;
for example 2w, and 2 (0, +w,). For clearly 2m,w, + 272, (0, + @;)

16—2
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gives the same points as 22,0, + 272,0,, though of course not in
the same order. We call any pair of the numbers w, with
which the same network can be built, a primitive pair. The con-
dition that a selected pair, say 27,0, + 27,0, and 27,0, + 21 ;0,,
my, m'

/

My, M o

For if M0, + myw, = 'y, Mo, + mw, =y,

shall be primitive is that, if A= ,then A=+1.

then Aw, = 1'y0'y — myw'y, Awy=mw',—m' o',

whence o, and o, are multiples of o', and «’, when and only
when A=+ 1. When this condition is satisfied, we can recover
the original pair w, and w,, and their multiples will equafly be
multiples of ', and »’,. Thus the network formed with ', and
o', is the same as that formed with o, and w,.

The geometric meaning is easily seen to be that if we com-
plete the parallelogram whose adjacent sides are a primitive
pair, the arca is the same whatever primitive pair we take. The
region enclosed by such a parallelogram of periods will be called
a cell.

Returning to our given numbers 2w, and 2w,, we suppose
henceforth, unless the contrary is expressly stated, that the
points O, 2w,, 2 (w, + @), 2w,, Which are the corners of a cell, lie
in positive order, that is, that a point which describes the
parallelogram so that the enclosed region is on the left meets
the points in the order named. If this were not so we should
merely interchange w, and w,. This is equivalent to saying that
Am w,/w, is positive, or again to saying that if e;/w,=a+ 78,
then 8>0. This convention is essential when we connect the
functions of this chapter with the theta-functions. To w, and w,
we add for symmetry a third number w, such that

o, + 0, + w;= 0,
and fig. 58 shows that Am w,/w., Am w,/w, are positive.

For a primitive pair o, ', we now require that Ame ,/o’;
shall be positive; hence A=+ 1. The following are primitive
pairs: 2w, and 2w, by hypothesis, 2w, and 2, because here

Wy = — W) — D,,

wl=+wl»
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j—1I,1
- ’ ’=1,

T |-1,0

my, mt'

so that ,
my, My

and 2w, and 2w, from a similar calculation.
If 2 be any point of the plane, the points # + 2m, 0, + 27, 0,
form a network congruent with #,

128. A Theorem on Convergence. We know that the
series
/124 1/2°41/33+ ...,
is convergent; its sum in fact is 7?/6.

It follows that if A is an integer greater than 1, 3'1/2 is

-0

convergent, since each term is diminished by increasing A.

It is important to prove the analogous theorem for a net-
work, that ¥'1/|w is convergent when the integer A > 2; the
summation being for all points w = 2m, e, + 211, w,, except the
origin.

It is to be remarked that these convergence theorems are
true for all real values of A, > 1 in the first case, and > 2 in the
second case, but we are concerned only with integer values.

The points w (fig. 57) lie on the sides of the following
parallelograms with centres at the origin. The first parallelo-
gram has for its corners + 2w, + 2w, and there are 8 points on it.
Let & be the least distance from the origin to this parallelogram;
then for the 8 points

Z1/|wl|r< 8/8M

The second parallelogram has corners at + 4w, + 4w,, and
there are on it 8.2 points. Its least distance from the origin
is 28, hence for these 8.2 points

Si/lw|r< 8.2/(28)
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The nth parallelogram has corners at + 27w, * 2720, ; there
are 87 points on it, and its least distance from the origin is 78.
Hence for these 87 points

31/|w|* < 8n/(nd)

Using the network in this way, we can convert %'1/|w |* into

a single series and see that
S1f|w|r< 8/ +8.2/(28P + ... + 8n/(ndP + ...,
<8(r+ /224 L+ 1/ 4 L) 8N

This latter series is convergent if A —1 > 1, that is, if A > 2.
Hence the series 3'1/|w * is convergent if X > 2.

Similar reasoning, when § is replaced by the greatest distance
from o to the first parallelogram,shows that 1/|z [* is divergent
if A=2.

.129. 'The Functions o, {#, pu. We have found in sinz a
simple example of a transcendental integral function of grade 1;
we proceed to the construction of a transcendental integral
function of grade 2.

Since 2'1/|w|?* diverges and X'1/|w|* converges, the trans-
cendental integral function which is o! at, and only at, the points
w must be of the second grade (§ 111); the typical factor is
therefore

(1 —ujwyexp (#|w + 1| 21?),
and ke infinite product
wIl’ {(1 — njw) exp (u]w + 22[2w?)},
where the accent signifies the exclusion of w =0, is a transcendental
integral function which answers the requivements. This function
is denoted by ox and called the o-function. It is of capital
importance in Weierstrass’s exposition of elliptic functions.

The exponential, it will be remembered, was introduged into the primary

factor to ensure convergence. In the present case
2Il (1 — uf2w) = ull'e»s -
2
= % exp {—uz'z—:;——’;—z’wi?—... };
knowing that 3'1/w, ='1/w? become divergent when w is replaced by |w]|,
we remove them by the introduction of the factors exp (#/w+#?/2w?),

and leave only 3’1/’ 3'1/wA, etc, all of which converge when = is
replaced by |w|.
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By § 111 the most general transcendental integral function
with the same zeros as o7, and to the same order, is ef%au.
Taking (§ 113) the logarithms of both sides of

au=ull' [(1 —u[w)exp (u/w+ w[20)] ......... (1),
and then the derivate as to # we have, denoting the derivate of

/
r_lys [J~ + 4 ”{I.
on  u v—w W w
Here the product IT has become a sum ¥’ extended, equally
with the product, over all values of w except the value w=o.
This is a function which is one-valued and finite at all finite
points except the points <, at which it has simple infinities. It
is denoted by &u and called the {-function. Thus
I o 1«
Su= a T 3 l: +— + ——] ............... (2).

w—w w W

ou by o'u,

The derivate of the function ¢« is given by

SRR ST N SR
Eu et (u—w)2+w* ’
and this with changed sign is denoted by gz, pronounced p, «.
This function is called the p-function. Thus

That the series (2) and (3) converge absolutely and uniformly
in every closed region I' of the #-plane which contains no point
w, can be proved directly. Taking the series in (3), and noticing

that the general term
%

I I 2u 2w
(=)  w? W L 2’
w

has 2u/w? for its asymptotic value when v tends to infinity, we
see that the convergence of @z must be absolute because
3 2u/w® converges absolutely. But the convergence is also
uniform ; for the absolute values of the points # of I'" have a
finite upper limit 4 ; hence, taking for the a’s of § 73 the
numbers 24 /| w2, the series 3’ {1/( — w)*— 1/u?} is seen to fulfil
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the requirements of that article and therefore must converge
uniformly.

Ex. Prove directly that the series for (x, and the series 3 1/(#—w)"
where »=3, 4, ..., converge uniformly in the region I' defined as above.

The formule
ou=ull' {(1 — ujw) exp (u/w + w*/2w?)}
Souw=1]u+Z {1/(2t —w)+ 1/w + u[w?}
pr =1/t 4+ 2 {1/(2t — w)* — 1/w*}
show that oz, &« are odd functions, gz an even fuiction, that
the residues of &« at its infinities are all equal to 1,—or, as it is
often stated, {» is infinite at #=o0 like 1/# and at z=1w like

1/(# —w),—and that the infinities of @« are all of order 2 with
zero residues. Further they show that

Su=—pu,
&u=D log o,
pu=—D"log au.

When ow, §u, u are regarded as functions of three variables
#, 20, 2w,, the functions become homogeneous of degrees 1,
—1,—2. For example every factor in ox/z is homogeneous of
degree o, and therefore oz is homogeneous and of degree 1.

The derivate of g« is

, 2 o 2 I
Pu=——— mz‘—zz(;i;%ﬂ)?’ ......... 4),
an odd function with a triple infinity at each point  and no
other infinities.

We have derived {u, gu, 9'u from ou, but in defining these
functions we might have begun with any one of them. For
example suppose that we seek first of all for a transcendental
fractional function which shall be infinite like —2/(z —w)* at
each of the points w and shall have no other singular points in
the finite part of the plane. The series — 23 1/(# — w)® answers
the requirements ; for this series is uniformly convergent in the
region T' defined as above and it defines an analytic function
which is analytic about every point @ which is not equal to a w,
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since Weierstrass’s theorem of § 81 applies to the infinite series
of power series for which the general term is

—2/(u—wPp=—2/(—c—w+c)

=2 __I_._.__ + ”“3,1‘_,,. +

=2Vw— T @t |
Defining @'z by —23 1/(x —w), the value of g« is found by
integration, and from it in turn it is possible to deduce &«
and ou.

130. Series for g« {u, ou in powers of #. Let a closed
region (p) contain no point w except o; then if we expand
1/(#—w) in powers of 2 we have in (p)

I 1 . u)"l
u—w w w
=— I/w— u|w® — 1*|w® — 13| — ...
Hence bu=1/u—123 1|ur— 2% 1]wt— ...
The absolutely convergent w-series 3 1/w*, wherc n=1, 2,
3, ..., is zero since for every w there is a —w; the absolutely

convergent w-series X' 1/ will be denoted by s,,. It is a
constant depending on w, and w,; how it can be calculated will
appear presently.

We have then

Cu=1/tt — S5 — Sg15 — o0 eeiniin el (5)
Hence log ou =log u — s,28]4 — 5,28/6 — ...,
no constant being added since lim o%/x is I ;
u=0
and ou=wuexp [ —sul4— ss18/6 — ...]
=ol1 - s04/4 — 5286 + ...] eerninininiin, (6).

We know from the factor-formula (§ 129) that this power series
for ox has an infinite radius of convergence.
Further we have

pu=—C8'u= 1[0+ 350+ 5§52 + ... cerennn. ?),
Pru=m—2[10+2.358+4.558+ ... ceereennn.. (8).
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About a point ¢ which is not an infinity these. functions can be
developed in Taylor’s series by the formula

(e —c)
!

Ju=fc+(u—-c)flc+ —>=f"c+ ...,

2

this series holding good in a circle with centre ¢ which extends
up to the nearest infinity, in particylar in the case of ox the
series appli¢s for every finite value of .

131. Double Periodicity. The periodicity of @z is an

evident consequence of the formula

P'u=— 231/ —w),;

for if we write # + v, for #, where w, is any specified value of w,
we only interchange the terms on the right and this has no
effect on the series since it is absolutely convergent. Thus the
function @'z is periodic; it repeats, namely, its value when the
argument « is increased by any one of the constants w. Because
the constants w are built up from two independent numbers 2w,
2w, the function @'z is called doubly periodic. More generally
any one-valued analytic function /% which enjoys the property
S (#+ w)=ju is doubly periodic*; if in addition it is a transcen-
dental fractional function, that is, if it is one-valued and has no
essential singular point in the finite part of the plane, it is
called elliptic. Thus @'« is an elliptic function.

It is clear that all the periods of % are of the form
21w, + 2m,0,, Where m,, m, are integers. For since the cqua-
tion

@ (nsna)=gpu
holds for all values of #, @ is an infinity of g%, as is.seen by
putting #=0. But the only infinities of g’z are the points w;
hence a is one of the points w.

For this reason 2w,, 2w, are called a primitive pair of
periods of @’z :—not /e primitive pair because (§ 127) they can
be replaced by others which would give the same network of
Rpeints w.

* We refer to other works for the proof that a one-valued analytic function cannot
have more than two periods.
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The property of @'« that its periods form a network is one
possessed by all elliptic functions f#. This means that elliptic
functions have two and not more than two independent periods
of which all other periods are multiples.

An elliptic function takes the same value at all congruent
points. Thus if we know one point (say #,) for which @'# has
a given value (say 0), we know further that @'z is o at all the
points %,+w. This of course does not imply conversely that all
the points at which g'» is o are included among the set #, + w;
what it means is that the zeros arrange themselves in one or
more networks. This peculiarity of elliptic functions,—that the
points at which they take an assigned value fall into a finite
number of networks,—is characteristic. It suffices for many
purposes to consider such functions in a cell (§ 127) instead of
over the whole plane. For the behaviour of the function in the
cell whose corners are

Uy, Uy~ 2wy, Uy+ 2w, + 2w,, %)+ 2w,,

is repeated in every other congruent cell; and such cells cover
the plane without overlapping. We shall denote such a cell
by 7.

It must be noticed that the cell is understood to be an open
region. When we include one side we do not include the
congruent opposite side; when we include one corner we exclude
the other corners.

132. The Zeros of pu. Since Pur=g (x+w), we have
O (w—u)=¢ (- u);
and therefore, since ¢’ is an odd function,
@ (w—u)=—gu
Let #=w/2; then
¢ (w[2) =~ ¢ (w]2),
whence ¢’ (w/2) is either 0 or .

The points w/2 include all points 2,0, + m,w,; when s, and e,
are both even this is simply the old network w, which we can
call the network of periods; when 72, and s, are not both even,



252 FUNCTIONS ARISING FROM A NETWORK. |CH. XVIII

we have three new networks (fig. 59)* which can be called the
networks of half-periods. At these latter points @'z is zero,
since it was o at the network of periods and there only.

/ / .
r’ " !
’ " ':
0,c03 w,,0' 2w,,203
Zeros and infinities of p’u.
Fig. s59.

133. Are @, { o periodic? Having found that @z is
periodic we naturally ask how the other functions g, §, o stand
in respect of periodicity. This could be answered from their
defining formul® (1), (2), (3); but it is more easily answered
by means of integration.

Since @'« is the derivate of g#«, we have

(12
f @ udu=u—Qu,,
Yy

the path of integration being any path which does not pass
through a pole of @u.

Observe how it is that the integral of ('« is one-valued. At an infinity
w of ('u there is no residual term ; that is, no term of the form a/(x — w).

Hence also
fu p (u+w)d(u+w)=pu+w)—p(u+w),
that is, f ¢ (n+w)du=(u+w)— (4 +w).

* When we wish to represent, in a diagram, the values of a function at points of a
plane, we write first the argument, or number attached to the point, second the corre-
sponding value of the function.
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But ¢’ (# + w) is always equal to ¢'%, therefore
pru—puo=p (1 +w)— P (% +w);
so that @ (u + w) — pu is a constant, £.

Putting #=—w/2 and observing that g is an even function,
we have
k=p(w/2)—p (- w/2)=o0.
Therefore PUFW)=QPUeenrennniiiinininnnns (9),

and gu is also an elliptic function, with the same periods.
Let us apply the same argument to fpzdu. We have

fu pudu = — fu+ Lu,,

[* e+ wydu= @)+ Lt w)
” ¢ (1 +w) — Lu=a constant, £.
Let # =—w/2. Then % = {(w/2) — {(— w/2).
But ¢ is odd ; so that now £ = 2¢(w/2), and
£ (1 + w) = bu + 2¢ (20]2).
Thus &« s not periodic; it is said to be guasi-periodic, for by
the addition of w the function is reproduced, save as to an

added constant.
We have in particular

E(u+ 20,) = Lu+ 28w,
E(u+ 20,) = fu + 28w,.

The constant {w,, A being always 1, 2, or 3, is denoted by 7.
Thus

(4200 =8+ 29xcciuiiiierinnnnnn. (10).
Hence

E(2+ 20, + 20, + 20,) = (% + 20, + 20,) + 29,
= §(u + 2w,) + 27, + 27,
= fu + 29, + 29, + 27,.
But by definition 2e, + 20, + 20, is 0. Hence
§u=8u+ 29, + 29, + 29,
and therefore NN+ My=0.ciiiiiiiiiiiiiiinnn. (11).
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Again we have, applying the same procedure to [{ud,

log o —log ony = fu Cudu,

w

log o (#+ w) —log o (21, + w) = [ &(u+ w) du,

log [¢ (# + w)/ou] —log [o (u, + w)[au,] = /u 28 (w/2) du
=2 (u—1,) §(w/2);

hence log [o (« + w)/ou] =20l (w[2) + &,
or o (¢ + w)/ou = exp [2uf (w/2) + £].
Let # = — w/2; then since o is odd

— I =exp[—w(w/2) + £],
and we find, by division, that
o (u +w)/on=—exp [(24 + w) {(w/2)].

In particular
o (it +2w)\) == teN gy oinen. (12).

Thus o« is not periodic; it is said to be guasi-periodic, because
the function is reproduced save as to a simple exponential
factor.



CHAPTER XIX.

ELLIPTIC FUNCTIONS.

134. Case of Liouville’s Theorem. The cxistence of
elliptic functions has been established by. the actual construction
of three functions of this kind, namely

N/, pu, @u;
we can at once extend the number. IFor clearly any rational
algebraic function of gu, 'z is a doubly periodic function and
also a transcendental fractional function; or again the derivate
of an elliptic function is another with the same periods.

The most important of all the general propositions employed
in the discussion of elliptic functions is to this effect :-—

No integral function, whether rational or transcendental, can be
doubly periodic unless it veduce to a constant.

Let Gu be such a function; then |G| is less than some
fixed positive number y when # is confined to a dcfinite part of
the «-plane, say within the parallelogram of periods (assumed to
exist). The periodicity of G« carries with it the inequality

| G| <oy
for all finite values of . This result being at variance with the
theorems of § 56 and § 93, the theorem is proved.

135. Integration round a Parallelogram. The structure
of an elliptic function f« is discoverable from the behaviour of
the function in a cell 7 (§ 131); Cauchy employed for this
purpose the method of integration round the parallelogram
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which bounds the cell. The spirit of this method will be
apparent after a study of the following applications.

I. We suppose 7 so chosen that no side passes through a
w. The integral f Judu taken round 7 is zero. For at con-
T

gruent points on opposite sides of the parallelogram /» has the
same value; so that
f o+, Uo+2w, +20g

Judu= Sudu,

Uy Up+3wg
o+ 2w, 10+ 2wy
whence f JSudu + f Judu=o.
‘ %, o+, +2w,
These are the integrals along the first and third sides.
Similarly for the second and fourth sides
Up+-2w1+2w, Uy +2wy
f Sudu + Judu=o0;
Ug+3m; Uy
thus the whole result is zero. Hence, by § 119, the sum of the
residues in 7 is zero; and it follows as an immediate con-
sequence that if fu las in T only one infinity, the infinity cannot
be of the first order. But fu can have in T a single infinity, if the
infinity is of the second or higher order ; this was the case with gu.

II. If gu be any polynomial, then from Cauchy’s theory
of residues (§ 120),

f 25 dlog fu=2mi [Smgec — Znlgc’),

where ¢ is a zero of fu of order 7, ¢/ an infinity of order »/, and
the summation is for all zeros and infinities in 7. If gu be
merely I, then the formula is

f r Sudu|fu=2mi(Zm—3Zm),

But the same argument as before shows that the integral
vanishes. Hence Zm=23m'; that is, in T the number of the
zeros of fu is equal to the number of infinities, each zevo ov infinity
betng counted as oftén as its ovder indicates.

Further the function fi — £ has in 7 the same number of zeros
as infinities. But an infinity of f» — 4 is an infinity of f%; hence
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the number of points in 7 at which f« takes any assigned value
4 is independent of #. This number is #ke order of the elliptic
Sunction. Thus gu is of the second order and has two zeros in a
cell.

III. If instead of gw =1 we.take guw'=u, we have
/ wf udu|fu= 2mi (Smec — Zm'c’).
T

But «f"«/fu takes at the points z# and x+ 2w, values whose
difference is 2w, /'#[/u. Hence the integral along the first and
third sides of 7 is

Ugt20,
—f 20, f'udnlfu
. Uy

= — 2w, [log f(#, + 2w,) — log fu,]
=a multiple of 4miw,.
So for the second and fourth sides; whence
Sanec —Za1'c’ = some multiple of 2, and 2w,
or Somnc = Sni'c ;’

or, in words, e sumn of the zeros is congruent with the sum of the
infinities. More generally, applying the same argument to
Ju—k, we can say that the sum of the arguments for whick an
elliptic function takes an assigned value is congruent with the sum
of its infinities.

For the function @« the theorem tells us nothing new; for
we can infer from the cven character of the function that the
solutions of @z =~4 pair off into opposite values » and —u.

IV. Weierstrass’s form of Legendre’s Relation*. L=t

us integrate {« round 7. We have along the first and third
sides

Uy + 2w, o+ 20y
f Srud — [ (1 + 2w,) dun,

o v U
N Uo+2w,
that is, -f 279, dtt, = — 47, w,.
U

* In Jacobi's notation this relation is X'+ £’ K~ KK'=m[2. See, for instance,
A. C. Dixon’s Elleptic Functions, p. 57.

M. H. 17



258 ELLIPTIC FUNCTIONS. [CH. XIX

Similarly along the other pair of sides we have 49,w,. Thus
fT Sudu= 4 (nw, - nuw,).

On the other hand there is a simple infinity of ¢z in 7 with a
residue I, but no other infinity. Thus the integral is 2. Hence

M M| =T 20iiiiiiiiinniiiinnnns (13),
; W,

and similarly =ri/2.

N2 My
©, Wy

N3 T
w; W,

In our'choice of 7 we have made the chief amplitude of
w,/w, lie between 0 and 7r; that is, the coefficient of 7 in w,/w, is
positive. Had we taken the chief amplitude between o and — =
this coefficient would have been negative. In the one case the
description of the parallelogram is positive, in the other negative;
and therefore this second case would have given — /2, not
2. |

We shall give an instance of the way in which this relation
can be used to simplify formule in elliptic functions.

By successive applications of the formulae

o1+ 2m,)=—enmttel gy,
o (1 + 2w,) = —eMmted gy,
we get
o (u+w)
= (—)ymtma exp [2 (1, + 1mams) (2 + w)2) + 200,012, (05 — Me,)] O
Using the formula for 9,0, — 7,0, this becomes
o (4 + w) = (—)mtmtmm exp 29 (1 + w/2). out......(14),

where n =My + Mmm,.

136. Comparison of Elliptic Functions. Consider two
elliptic functions fz and f# with the same primitive periods.

I. If they have the same zeros and infinities, in each case to
the same order,—that is, if £z is oo™ at ¢, so is f# and so on,—
then f#/f has no infinities. Each infinity of f« is cancelled
by an infinity of f# and each zero of fz by a zero of fu.
Hence (§ 134) the ratio is a constant.
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Thus an elliptic function is determined save as to a constant
factor when its zeros and infinities are assigned.

II. Again if the two elliptic functions fx and fx have the
same infinities and the negative powers of the Laurent series
about each common infinity are the same for both, their difference
is an integral elliptic function ; that is, by Liouville’s theorem, a
constant.

III. Let fiz and fz be of the second order, with common
infinities ¢ and ¢’ but different residues », and #, at c¢. Then
near ¢

Sue=7r[(—c)+ P (u—c),

Sp=r)(—c)+ Q (u—c),
and therefore #, fiu — 7, % is finite at ¢. That is, it is an elliptic
function with not more than one infinity in 7, and that simple;
it is therefore a constant.

137. Algebraic Equation connecting the Functions g,
@'«. Taking the second tmethod of comparison of § 136,—that by
infinities alone,—we know that near # =0

Q= 1[u"+ 352" + 552 + ...,
Pu=—23[1+2.35u+4.5548+....
Thus @'« is of the sixth order; and we have
@O = 4 /1 — 245,[1* — 80ss + P2,
Pou=1/ut+ Qs fu*+ 155, + P,
Hence "1 — 4°u = — 605, [1* — 14084 + Pr2d?,
and ©"u — 49" + 605, Pu = — 14085 + Py,

The function on the left is an elliptic function which has no
longer an infinity at 2 =0; for on the right there are no negative
powers of #». Hence it is a constant; and the constant, by
letting # be zero, is seen to be — 140s,. Hence

@1 = 49°u — 605,91 — 140s,.

If g2=6OS‘ = 602'1/704, (I )
s = 14085 = 1402’1/10“ ............... 5)
the equation is O U = 4% — G U — Gy e (16).

The numbers g, and g; are called the nvariants.
17—2
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They are invariants of the network because they are not altered when
we replace 20, and 2w,,—the original given constants,—by another primitive
pair ; they are also invariants of the expression 4{°— g, —¢; regarded as
a quartic in @ one of whose zeros is @=¢to.

138. The Addition Theorem for gz Let us apply the
theorem that the sum of the zeros of an elliptic function is
congruent with the sum of the infinities, to express @ («, + #,) in
terms of functions of #, and #, alone.

Consider @'u — cpu — ¢/, where ¢ and ¢’ are constants. This is
an elliptic function with the same periods as @« ; it is e in 7
only at #=0, and is « there like —2/u®—¢/s*. 1t is therefore of
the third order and has three zeros #,, #,, 2, in 7. The theorem
states then that

#,+u,+u,=0.

Now since for each of these points

(cre + ) = (Q'u) = 49°u — g1 — g,

we have Qu, + Qu, + Qu, = c*/4
=1 (QI’_‘L—,,@'Z\Q
4\ pu, —pu,)’

and since @« is an even function,
@ (”1 + 2,) = @235
/ /
u, — 1.\
%—;——~%:> Y— QU — Pl (17),
1 Wi,

which is the addition theorem of the gp-function. By dif-
ferentiation with respect to #, we obtain an addition theorem for

@ (2, +u,).

We know that # = w,, @,, ws are zeros of @x.

Let gor=ex. Then 49° — gy9pu — g, vanishes when P =er;
thus it is, in factors,

4 (pu— &) (pu — &) (P2t — &),
whence a+6+6=0,
ez tese,+ =~ 4, b eiiinnnn. ceeeen (18).
eees=g/4

I
theref ==
erefore @ (o, + u;) 2 (

And we have of course

0 =4 (0u —&)(ou—e)(wu—e) .........(10).
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From (16) we derive
20uQ’u=120°0uQ'n — g'n,
or ©'u=069% - g,/2,
O u=12pup'n,
and so on; the 2nth derivate is a polynomial in g« of degree
n+1, and the (22 + 1)th derivate is the product of @' into a
polynomial in gz of degree .

If in any of these,—the last written is the most convenient,—
we substitute the series (7) for g« and the derived series for pu,
©"u, we infer, by equating coefficients, a recurrence formula for
Sa In terms of s, S, ..., Sm—s. Hence it follows that s,, is a
rational function of g, and g;; that is, all the numbers 3'1/uA,
where 2> 1, can be expressed rationally by means of the
first two.

Ex. Prove Z'1jub=g224.3.52.7, 2'1/wV0=gy03/2%.3.5.7. 1L

Some special cases of the addition theorem must be noted.
First let 72, = wa; then p'wr =0, Pwr=e\; and the formula be-
comes, on replacing # by #,

_1(_#u
P (+ )= ([pu—e,\

2
4 >'”p”_€*
_(prn—e)(pu—2)
gpu — €A
_e\xput+eue, + et
T pu—a

gou—eA

pu - €
or [@ (¢ + wr) — ex] [ — ex] = eue, + 262 -
=(e,—er)(e,—er)...... (20).
Second let #,=#,=u. Then
0t — P\

gozu+2gou=lim£< 3 )
4 \ Qu, — QPu,

_ (P

_4(ﬁu>

_ (3¢ —g/4)
49—~ &
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O+ 350° + 2850 + fpg?
4°-gp—&

If again we put in the addition theorem #, = 2%, u,=u, we
can obtain a formula which when reduced gives @3». But the
proper method for obtaining @7z« in terms of @« is by means of
the function gnu/o™u.

In the addition theorem there occurs the square of the
expression

or pz:z =

1 Q2 — Q'_ue
2 W—-——@mg )
This expression is to be remarked, as it is often met with in the
study of elliptic functions. To view it as a function of one
variable only let us write it
1pu—ga
2 pu—pa
It is an elliptic function with the same periods as @z ; it is co! at
u# =0, with the residue —1; it is not o at » =a, since both
numerator and denominator have a simple zero there. But
it is oo! at # = — @ ; and the residue there is + 1. It is then an
elliptic function of order 2 with one infinity at # =— & but the
other at # = 0 and independent of a.
Changing the sign of a the function
1pu+tgpea
2 pu—gQa

has infinities at @, o with residues 1, — 1.

139. Expression of an Elliptic Function by means of
pu. Taking now any elliptic function f# with the same periods
as pu let it be oo at an infinity « like

cf(zz—a) +ey/(w—a) + ... + /(2 — @)™,
The functions @ (% —a), ' (x —a),... are « at a like
1/(e—a), —2/(u—a), ...
Hence by subtracting

cop(u—a), — %c_ag)’ (1t —a), -;_! c_yp” (12 = a), etc.,
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we remove all the infinite terms except the first. To remove
this one, we subtract

1, putga

2 7 pu—ga
But in so doing we introduce a simple infinity at the origin.
When however we remove in this way all the infinite terms at
all the infinities of fu, there remains an elliptic function with
at most one network of simple infinitics ; that is, a constant £.

Thus we have, for any elliptic function, an expression

Ju="rFk+ Séc- prtpa

! g.m —_ g.)tl
+ Ec_f_,g)(n —a)
— 3By (—a)— .o, ().

From the addition theorem, @ (#—a) and its derivates are
rational functions of g« and 'z ; nence we can express fx itself
as a rational function of @« and @'z If fu is even the odd
function @'z will disappear, but if f« is odd @'z will occur as a
factor, all higher powers of @'z being removed by the funda-
mental formula (16). And generally we can say that

Ju= R, (pu)+ p'uR, (pu),
where R, and R, mean ‘rational function of’’

Hence any two elliptic functions fiw and fuu with the same
pertods are connected by an algebraic equation. For we have the

three equations

Sie= R, (pu)+ @'uR,(pu),

St =Ry (1) + p'uR(pu),

O =49 —£:0 — 8

from which we can climinate @z and g% In particular an
elliptic function /% and its derivate f'%, having the same periods,
are connected by an algebraic relation; an instance of this is the
formula (16).

140. The Addition Theorem for {». We have said that
¢ is not elliptic. But such an expression as §(xz+a)—&u is
elliptic; for E(u+ 200+ a)—E(n+ 2w,)

=&(u+a)+29r—Eu—2m
=¢(u+a)—Lu
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The infinities are #= 0, # = — a; and the residues are respectively
—1and +1.
The function Lpu—ga
2 \Yu — pa
has the same infinitics and residues. Hence
Cta)—bu—tk= %:%_g:.
To determine the constant we expand near the origin. The
expression on the left is
bat+ul'a—1/u+ P-4,
and that on the right is
1 —2—w'a+ P’

2u 1—1a+ Pt ’

2_5 [I,+ 2-g)’a+ ] [1+2z%pa+...],

=—1/u—uga+....
Comparing the constant terms we have 2= Hencc the
addition theorem :

/ q

_Ipx—pe
E(@+a)—ECu—tLa 2 pu_ga (21).
141. Integration of an Elliptic Function. Integrating
the formula (1) of § 139 we have

@) (s Q a
[fudu="F + ku+ 5L 56 G — pa - du
- ac_2§(u —~a)—33c 0 (u—a)+...
+ (__)m ( I)'
We have then, for the integral of any elliptic function, (1) a
term Ax, (2) terms of the form {(z—a), (3) integrals of the
form

e ™ (% — a).

@u+pa

2) pu—pa an,
(4) elliptic functions. By the addition theorem for &z,
19u+pa.

C(u—a):{u—é’zz-%—; on—ga’
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so that the terms (2) contribute a single term in ¢w. Also
integrating the last equation we have

Pu+pa o(n—a)

f{pu paa'ulg o + ua.

Thus on the whole the integral is
[Sfudu=ku—Zc_,fu+Sc_, log ————

where fix is an elliptic function.

gl —
2E=2, fa

wq 2w,
Ex. Prove that / @ 2udu=1% (2gym — 38301), ¥ being arbitrary.

142. Expression of an Elliptic Function by means of o,
We shall next show how the theory of elliptic functions can be
deduced directly from the o-function without the intervention of
the p-function, and without the use of integration. We shall
thus have alternative proofs of some of the preceding theorems.

1. An elliptic function fu has a finite number of zervos and a
Sinite number of infinities tn a cell.

The reasoning of § 104 excludes the possibility of there being
infinitely many non-essential singularities ; for such a system of
points has limit-points and these limit-points are essential singu-
larities, whereas f« has no essential singularity except at z = o
+And similarly by § 106 f« cannot have infinitely many zeros
within the parallelogram.

1. Every elliptic function fu can be expressed in the form

wT(H—a)o(u—a,)...o(u—a,)
c(u=b)o(wu—25)...a(u—"b,)’
where the a’'s arve the zevos and the b's ave the infinities of fu in the
cell.

Each factor in the numerator of
c(u—a)o(wm—a)o(n—a).. a(u a.)
c(u—=>b)a(u—->5)a(u—10)...0(u—b,)

vanishes at the corresponding & and at all points congruent to
@ ; hence the zeros of the numerator are the same as the zeros of
JSu. Similarly the infinities of the quotient, or the zeros of the
denominator, are the infinities of f#. Hence the quotient of f«
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by the expression in the o’s is a one-valued analytic function
which has neither zeros nor infinities; this quotient must there-
fore be of the form ¢ (§ 93) and the theorem is proved.
It is not true conversely that every expression of the form
@ (—a)o(u—a)o(n—a,)... a(u——a,}
c(t—"06)o(w—0b)o(—"0by)...0(u—by)
represents an elliptic function. We shall prove, for example,
that the number of the @’s must be equal to the number of the
4's, and that Gz must be a special polynomial which reduces,

under certain conditions, to a constant.

1. 7The number of zevos of an elliptic function fu in the
cell is equal to the number of infinities in the same region.

We suppose that the zeros and infinities are all simple. This
does not interfere with the generality of the results, for the case
in which a zero (or infinity) is multiple is merely a limiting case
in which several points previously distinct have moved into
coincidence.

Let a,, a,, ..., a, and &,, 0., ..., 0 be, as before, the zeros and
infinities that are situated within the parallelogram of periods.
Then

o(u—0b)a(u—=0)...0(u—2b)"
The expression on the right-hand side is to be reproduced
when # is changed into # + 2w, ; hence since
o (14 — a+ 2w)) = — eM—0todg (34 — q),
we must have
1=(=)"*exp[G (#+ 2w\)— Gu].

exp [z (7= $)ma(u +wA)—-2n,\( é an — § bn):l

fn_eau"'(”“ﬂ)d(?t—a) Lo (u—a,)

n=1 n=1
This requires that the expression
2 (7 = ) g (1. + @) — 202 ( S an— 3 b )+ G (u+ 2an) — Gu,
n=1
shall be a multiple of . Henc\.
G(#+2w\)— Gu

=zm(§ an— 3 bn>—-2(r—s)m(u+m).-}-/mrz'.‘....(i).
n=1

n=1
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This integer /%, must be the same for all values of #; for the
expressions in # change continuously, whereas %, if it change at
all can only change discontinuously.
By differentiating (i) twice we get
G" (1t + 20)) = G"u
a relation which shows that the transcendental integral function
G"x is doubly periodic. It can have no infinity within the
parallelogram of periods and must reduce therefore to a constant.
Hence
Gu=Agp + A+ A,.
Substituting this value in (i) and putting A = 1, 2 successively,
440, (4 + w,) + 24,0,
= 21, (’n’gl a, ~ il b,l> — 2 (7 = 8) (24 + @) + Iy .. (i),

n=
44w, (26 + w,) + 24,0,
T S
=2m, ( S a— 3 b,L> = 2y (7 = 5) (21 + @2) + Jegrri. (i),
n=1 =1
As these equations arc to be satisfied by all values of #, we can
equate the terms in # on the two sides of (ii) and (iii); hence
4Agw, = —2m, (¥ — ), 44w, =—29,(r = 5) ...... (iv).
Suppose that in the equations (iv), » — s$ 0; then
1wz — N, = 0O,
a result -at variince with the formula (13) of § 135. Hence 7»
must be equal to s, a thcorem established already by means of
integration round the parallelogram.
The preceding equations give a new proof of the following
theorem :—

IV.  The sum of the seros of an clliptic function in a ccll is
equal to the sum of the itnfinities in the same region increased by a
suitable period.

By equating those terms of (ii) and (iii) that are independent
of #, we get

Alwl =1 /é‘, ay —- . (’n>+/1177i,
\ n=1

n=1

7 "
/llw_,=n2< S ag,— 3 1;,,>+ Jr i,

n=1 n=1
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r

Hence (mpw,— m,) < é ay — b,,) = (Jty0, — Inwy) T,
n=1

n=1
(Mmwe — me,) A, = (ley, — lomy) i
But 7,0, — .0, = mZ/2 ; hence

r
(ln - z bn = 2 (lz2wl - /leg),
1 n=1

and ' A, = 2 (s — Jemy).

Hence the theorem is proved; and further it is proved that #e
“1nost general form jfor an elliptic function is

T Ma

2

c(u—a)o(u—a,)...c(n—a,) omchom)
by o=ty o=y - (22),

where Iy, I, are integers given by

A4

S ay— 35 b= 2 (Juw,— ).

n=1 n=1
Tis general formula shows that two elliptic functions with the
same zevos and the same infinities in the parallelogram of periods
differ mevely by a constant factor (§ 136).

V. The equation fu =k admits v non-congruent roots, and the
sum of these vools ts equal to the sum of the infinitics of fu increased
by a suitable period.

This is proved at once by applying Theorems III, IV. to the
elliptic function fu — 4.

143. Relation connecting g#, o2. The formula

c(u—a)o(u—a,)...oc(u—a,)

c(u—b)o(w—=0)...0(u—6,)

is simplified if we replace @, by the congruent number

fu — Aeﬂ(ha"h_.hl"h)“

ﬂll = al - 2/12(”1 + 2/1:(0,.
It then runs

Su=4

,o(u—a)o(u—a,)...o(u—a,)
oc(u—b)o(u==5)...c(u-6,)"

and now the sum of the a’s is equal to the sum of the &'s.
Let us apply this formula to the function

Qu — v,
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where v is treated as a constant. The number # is now 2, the
two infinities 4 are 0, o, the two zeros 2 are v, —v. Hence
+v)o(x—1v)

c’u
To determine A’ multiply both sides by #? and let # tend to
zero. We get lim #?9x =1 and lim {#/ou}*=1. Hence

pu—pv=A'a.(”

U=0 u=0
1=4'(-d), 4'=-1/c%.
o=tV (u=2)
Thus Pu—pv=— gty e (23).

By logarithmic differentiation of this formula with respect to
x# and v, we get

’

Eu+v)+8(u—v)—2fu= pu

pu—pv’
(= V) — 2ty = P
E+v)—8(n—-v)—2tv= o — v

By adding and subtracting these two formulae we get
E@to)y=8ntbv+(pu¥ pv)2(pu—cu).
This is the addition theorem for &x.

Ex. Deduce by differentiation the addition theorem for @ (x+v).

144 The Functions Vgu —e,. Writing in (23) v =wa we

get
Pu —ex = o (or + 1) o (or — #)[Twrox,

and from (12) we have
a (wa + %) = % (0 — u).

Hence P — ex =[eNo (0 + %)/ cwrou]™
.Thus the square roots of gu—e, are distinct one-valued
functions.

Ex. Explain this by considering the zeros and infinities of /Pu—e,, as
in § 99, Ex. 3.

We write Vpu — ey = e~ (0p + %)/00rGH oove........ (24),
the square root selected being that for which

limquu—-eA=r when # =o0.

This function J{pu—e,\ is odd; it has a simple zero when
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# = w,, a simple infinity when # = 0; 1t can at most change sign
when # increases by a period, so that it is elliptic. To determine
its periods let # become # + 2w, ; then o (wx + #)/ou is multiplied
by exp 2n.@,, and therefore Vgu —e, by exp 2 (7.0x — maw,),
that is, by 1 when p is A, and by exp + 77, or - 1 when u is not .
Hence any two of 2w,, 4w,, 4w,, are primitive periods.

Ex. Writing V@u —¢, =§£,, prove the differential equation

=€+ —e) 6P +ey—e,).

145. Connexion of the Functions g« and Y,2/%0. We
are now in a position to connect the elliptic function g« whose
periods are 2w,, 2w, with the elliptic function %,v/37 whose
periods are I and 2.

Let #=2w,v; then g« becomes P2w,v with periods =1 and
v=w/w,. Let w,/o,=w. The function ¥,9/9v has zeros con-
gruent with — (I + w)/2, and infinities congruent with w/2. The
function N/W:73 has zeros congruent with ws/2w,, that is,
with — (1 + «)/2, and infinities congruent with o.

The function V@E&i:7; has the same infinities, and its

zeros are congruent with /2. Hence V@)Zwlv—es/\/gozw,v—e;
has the same zeros and infinities as %,2/%,2. Hence the ratio of
the two is a constant w ich, letting v tend to zero, is %,/%;, where
3, is the value of §\v when v is 0. Hence finally

V20,0 — e[V 20,0 — 6;= 0%, /¥309, ...... (25).

Ex. 1. By writing =1/2 prove that
(61— e3)/(er— €5) = 35%/94*.
Ex. 2. By expanding in powers of v prove that
4o,% (65— e3)=2393"/33—35"/3,,
where 9," is the value of D, 23,7 when v=o.

146. Connéxion of the Functions o« and Sv. When
ncreases by 2w,, o# is multiplied by —exp 2%, (# + ;). The
function exp (m#*/20,), in the same case, is multiplied by
2xp 2m (# + ;). Hence the function o« exp (— n#?/2w,) merely
thanges sign when z becomes % + 2w,; therefore it has the
seriod 40,, When » becomes x + 2w,, the ratio is multiplied
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by — exp [27)2 (2& + w,) — 2nw. (¢ + ©.) m‘],
or since Wy — e, = TI[2,
by —exp [— i (4 + w,)]w,].

Write for shortness
#%=2w07, 5=¢"; wo,=w0, ¢=c"";
then the function o (2w,7) exp — 27,0,7° has the period 2.
Therefore the function of #, when placed on the z-plane, is
one-valued ; its singular points arise only from 2=, and are
z2=0,2=0c0. Thus (§123) there is for the function a Laurent

o
series % a,5" Since the function of v is odd, the Laurcnt series

-

el
changes sign when we write 1/ for 2, and is 2¢, (s* — z7").
1

Calling this series ¢z we have to determine the coefficients.
Now when # becomes # + 2w,, v becomes v + w, £ becomes ¢z,
and the function is multiplied by — 1/¢s% Thus

¢ (95) = — $s/g5"
This functional equation will enable us to determine the cocffi-
cients; for we have already found in § 125 the Laurent serics
which satisfies the functional equation xf (¢%x) =— fx, or
52 (¢%*) = — fz%, an equation which can be easily transfoimed
into the functional equation for ¢z. For let fz*= kz¢s; then
S(gs) = kqs (g3), whence gz°¢ (¢2) = — ¢z
Thus the function is fz?/#z where £ is an arbitrary constant,
and f has the same meaning as in § 125; hen¢e also (§ 126)
bs = £3v, or
o200, = £,V eXp 2n,0,7%
Expanding in powers of v, we have
020,70 = 20,0 + P, Sv =130+ *Y"0/6 + ...,
exp 2mw, v = 1 + 29,0,9% + ... ;

so that equating coefficients ~

20, = £Y0, 21,0,Y0+ Y"0/6 = 0.
Hence finally, eliminating 4,, we get

020,V = 20, exXPp 27,0,V YUNO ......... ... (26),
and 12,0, = — Y0/¥0........ ceereeeeien. (27).
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These equations with those of the preceding article are of
great use in numerical applications of elliptic functions; and it
is for this end that we have selected them as illustrations.
When the network is given, that primitive pair of periods is to
be selected which makes ¢, = exp fw./w,, as small as possible;
the g-series then converge with remarkable rapidity. The
formule given as examples in § 145, together with ¢, + ¢,+¢=0,
suffice for the calculation of ¢, ¢, ¢; in terms of w, ; formula (27)
gives m,, (13) gives 7,, and (26) gives o«. The value of @« can
be calculated either by means of its expression — D?log ou or
from (25).

On the other hand, (26) gives the expression of %v in primary
factors (ch. XV.), from which in turn we can infer the analogous
expressions for the other &-functions Y,7.



CHAPTER XX.

SIMPLE ALGEBRAIC FUNCTIONS ON RIEMANN SURFACES.

147. 'The Square Root. In the present chapter we study
some simple algebraic functions with the help of the apparatus
known as the Riemann surface.

Example I. j*=x We begin with the square root of .
Let 2=z, and let #, y be pe®, p'¢¥ respectively. Then

p'=p" and & =06/2, or 0/2 + o (mod. 2m).

There are accordingly two gpposite values of y for an assigned .
Taking one of these arbitrarily at an initial point and then
making x describe a continuous path which passes through
neither 0 nor o, we can assign one and only one value y to each
point of the path in such a way that these y’s shall vary con-
tinuously as x describes the path. These values of y give a
continuous path in the y-plane. ‘

When x describes a closed path, say from x, back again
to x,, will the path of a selected point y be closed? The
answer to this question depends on whether the change of ¢
along the y-path is, or is not, a multiple of 2m; that is, on
whether the change of 6 (= twice the change of @) is or is not
a multiple of 47 ; and this again on whether the path of x
encircles the origin an even or an odd number of times.

When this number is even the y-path is closed. When, for
example, x describes a circle which does not include x = o, the
change of 6, and therefore of &, along this circle is o, and the
#-path is closed. But when the number is odd, the path of y is

M. H. 18
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not closed. If it began at y, with the amplitude 6 it ends
with the same absolute valuc as y, but with the amplitude 6 + 7;
it has, tn fact, become —y, and the values of y have been inter-
changed. Here we meet with 2 phenomenon which can only
present itseif in the case of many-valued functions. Because v.x
can be made to pass continuously into — ¥x, the two determina-
tions of y are to be regarded not as separate functions but as
branches of a two-valued function. We. have already, in ch. X111,
had occasion to introduce the notion of a branch of a many-
valued function. We shall now consider, in connexion with the
present example, what is implied in this notion. (1) In ch. XIII.
the separation of the functions into branches was determined in
accordance with the requirement for the chief amplitude, namely
—m< 6 = (see, eg., § 100). In the present case also we can
give precision to our ideas by adopting the same rule; thus x2,
— x'2 become the two branches in question. Each varies con-
tinuously with x, except when x crosses the axis of negative real
numbers. To express what happens in this case it is convenient
to treat this axis as having two banks, a right bank and a left
bank ; the right bank is to be regarded as belonging to that half
of the plane in which the cocfficient of 7 in x is positive, and the
left bank is assigned to the other half-plane.  When x crosses
from the right bank to the left (or conversely), 472, — 22 pass dis-
continuously into — 22 1'*  The discontinuity of 272 and — x12
across this half-axis is caused by the discontinuity of the chief
amplitude. (2) If we write ¥V =V¢ + (¥ — ¢) and use the binomial
theorem we get two power series in v —¢. When the domains
of these series do not contain negative rcal numbers, the two
series belang wholly to x'2, —x'2 respectively : but when they do
contain negative real numbers, each domain is divided into two
parts by the axis of negative real numbers. The values taken
by such a power series in the parts above and below this axis
belong to different branches. (3) It is not essential that the
separation of the two-valued function into branches should be
made by means of the straight line from 0 to -l |; any line
from 0 to « which does not intersect itself will serve our purpose.
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Let such a straight line be treated as a cut in the z-plane over
which no z-path is to be allowed to pass. With this restriction
on the freedom of motion of x, we allow x to start from a point
z, and describe all possible paths, and make the corresponding
initial values of y, say y,,— ¥,, vary continuously along such paths;
the result is two aggregates of values which constitute two
branches of the two-valued function. Each of these two branches
is, in general, composed partly of values #'* and partly of values
— 12,

In the case of a manysvalued analytic function there are
as many branches as there are values of the function for an
arbitrary value of x.

To take a special example let us see how two branches
of ¥z pass into each other when x starts from x =1 and describes
a unit circle about the origin; in this case the corresponding
y-points start at + I and — 1 and describe a unit circle, but only
half as fast. When x has completed its circle the y-points which
began at + 1.are at F 1; together they describe the whole circle.

From what we have said it is clear that the origin has some
speciality of position. The aralytic peculiarity of the origin is
that there are no pqwer series £x for the function, though there
are power series P (x—c¢), when ¢=+.0; we have to content
ourselves with two terminating fractional series 22, —x¥2 A
geometric peculiarity is that the isogonality breaks down ; for,
angles at x =0 are not equal to but double of the correspond-
ing angles at y»=o0.

It is desirable to have a distinctive name for a point x, where
a many-valued function of x has the double property that (1) two
or more values become equal, and (2) the corresponding values
permute after a complete description by x of a small circle
whose centre is x,. Such points are called éranch-points.

In the present example x =0 is a branch-point; so also is
x=o0. In justification of the latter part of this statement
observe that « is a single point in the theory of functions,—so
that the two values of ¥z are equal when x = o0 ,—and further
that a positive description of a circle which includes the origin

18—2
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can be treated as a negative description of a circle which includes
x = o, and therefore the branches permute round r= .

The difficulty which arises from having two points in the
y-plane corresponding to one in the z-plane was obviated by
Riemann. He supposed the =zx-plane covered by two sheets,
parallel and infinitely near to ane another. Thus to a given
point x correspond two places: one in the upper sheet, one in
the lower. One of these places corresponds to ome y-point,
the other to the other. A place is named by its x and the
corresponding y; thus, supposing the sheets horizontal, two
places in the same vertical will be (z, y) and (x, —y). We'shall
call them co-vertical. At the origin x=0 we have only one
place since the y's are equal ; so we regard the sheets as stuck
together (or in contact) at the origin. But a circle round the
origin is to lead from the place (x, ¥) to the place (x, —»).
Therefore there must be a bridge between the sheets, which
may run from O to ¢ along an arbitrary line, say along
the ray of positive real numbers. Whenever a moving place
crosses this bridge it passes from the upper to the lower or
from the lower to the upper sheet. Along the bridge the surface
intersects itself. ¥ig. 61 shows a vertical section of the surface,
perpendicular to and intersecting the bridge; and fig. 60 gives
an idea of the appearance of the surface as a whole*.

x,y

X,y

Fig. 61.
This Riemann. surface answers all the requirements :—these
are that two geometric points shall correspond to a given x and

* Fig. 6o is reproduced from a photograph taken from the model in Brill's
collection.
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that a path which passes round the origin an odd number of
times shall lead from one y-point to the other, while a path
which passes round the origin an even number of times shall
lead from a y-point to itself. Thus on our surface a circle is a
closed path where it does not include the origin ; for if it cross
the bridge once, say into the lower sheet; it recrosses it into the
upper sheet. But a circle which includes the origin is no longer
a closed path on the surface ; it becomes closed when described
twice. The y-plane and the x-surface are so related, point-to-
point, that any closed path on the one corresponds necessarily
to a closéd path on the other.

What we have called (provisionally) the bridge will serve as
a cut in the x-plane which determines two branches of the
function; in tHis case the two branches are assigned to the
upper and lower sheets respectively. When, conversely, a eut
has been employed to create branches, it is’ often convenient to
use that cut as a bridge on the Riemann surface, and to call it a
branch-cut. For instance when we choose 22 — 1+ for the two
branches, the axis of real negative numbers is a branch-cut for
the corresponding Riemann surface.

148. Corresponding Paths in the x-, y-planes when y2=xr. Before
leaving this simple case let us determine some corresponding paths in the
planes of » and y. We have seen that if p, 6 and p/, & be the polar
coordinates of x and y, then

p=p"% 6=26.
Hence the passage from a given polar equation of a y-curve to the polar
equation of the corresponding x-curve, and vice versa, is immediate. Thus
the circle p'=constant maps into the repeated circle p=constant ; two rays
§'=a and & =a+ into the repeated ray §=2a; the lines p’cos(§' —a)= +«
map into the repeated curve p cos? (6/2 —a)=«? which is a parabola.

Ex. Draw the maps in the z-pline of the lines £=o0, +1, +2, and
n'=o0, &1, *2, where y=¢+y.

The repeated line p cos (8 —a)=«x maps into the curve p'2cos (26’ — a)=x«,
which is a rectangular hyperbola with eentre at y=o0; and so on.

Ex. Draw the maps in the y-plane of the lines é=o0, +1, +2, and
n=o0, *+1, +2, where xr=¢+a).

These examples show how we can identify, by means-of the polar equation,
the curve that corresponds to a given curve. But it should be observed that
the mapping itself gives a clear idéa of the form of the new curves. This
process deserves some illustration.



278 SIMPLE ALGEBRAIC FUNCTIONS [cH. xx

Thus when r=y? we have dx/2v/x=dy. Now when y describes a straight
line am dy is a constant, say a. Hence the a-curve is such that

amdr—-%amr=a.

That is, if ¢ be the amplitude of the tangent at a point, 4 the amplitude of
the stroke from x=o to that point,

2¢p— 0=2a,
or p-0=2a—9¢;
and this expresses the well-known fact that rays issuing from the focus of

a parabola are reflected at the curve so as to be parallel
So again when x describes a straight line through a point @, we have

am (¥ — a)=constant.
If $2=a, then Y—b=x-a;
therefore, for the corresponding curve,
am (y2 - %)= constant,
or am (y— 6)+am (y+6) = constant ;

or the sum of the angles made with a given line by the lines from the ends
of a given diameter to any point is constant. And this is a characteristic
property of the rectangular hyperbola.
Next let the point x describe a circle, with centre @. Then, if #=aq,
we have
y:-=r-a,
and |ly—61|y+6|=|xr—a|=a constant.

Thus the product of the distances of any point of the y-curve from two
fixed points §, —& is constant. Such a curve is called a cassinian. Fig. 62

Fig. 62.

shows the map in the y-plane of a system of concentric x-circles, It can
be shown that when the r-circle does not include the origin, the cassinian
consists of two ovals ; when it does include the origin, the two ovals unite
into a unifolium. If we use the Riemann surface we have in the former
case two separated circles, one in each sheet, corresponding to the two ovals ;
but in the latter case a single repeated circle corresponding to the unifolium.
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In the separating case the cassinian becomes a figure-of-eight; this
particular cassinian is known as the lemniscate.

The diameters of the concentric system of circles are given by
am (v~ a)=constant ; these straight lines map into the curves

am (y —6)+am (y + by=constant.

By the property of isogonality these curves cut at right angles the system
of cassinians. It may be left to the reader to show that these curves are
rectangular hyperbolas which have 4, —4 for ends of a common diameter.
The above orthogonal curves admit of an easy generalization. Let any
rational function & (y) of y be put equal to . Let x describe a circle, say
about the origin as centre ; then the corresponding path of y is given by

| R (y) |=constant,

or P1PoP3- e v ee =Kkp'1p'op g0er. - ,

where the p’s and p”s are the distances of y from the zeros and infinities
of R(y). The orthogonal system of curves will be the maps of straight
lines through the origin, and will therefore have the equation

0y4+0,+0y+...=a+8,+0,+85+...,

where 6y, 6,,... are the amplitudes of the strokes to y from the zeros, ', &', ...
are the amplitudes of the strokes to y from the infinities of £(y), and ais a
parametric constant. When y passes to « the amplitudes of y —a and y -4,
where @ and ¢ are given, tend to become equal. Hence for the real points
at oo on a curve of this system, we have

8l=92= ves =6’1=9'2= “ee =B Say H
so that, if there are 7 zeros and 7/ infinities in the finite‘part of the plane,
we have
(72—#") B = a(mod. 27),

showing that the curve has #—# asymptotes inclined at equal angles
2w f(n—n').

Ex. Prove that these asymptotes meet at a point.

Returning to the equation y2=x, let us see what corresponds to a y-circle.
Let the centre be 4, and write y=6+y/, xr=58+x".

Then ¥ =26y +y"

Regard 3" as a point describing its circle with a constant angular velocity ;
then »/2 describes a circle with double that angular velocity. The moticn
of &’ arises then from a superposition of two circular motions; 24y’ describes
a circle with a certain constant angular velocity, and »'2 describes a circle
about 26y’ with double that angular velocity. The composition of these two
motions is a familiar question in Kinematics, and the resulting curve, is
called a Zzmagon.

This curve has different shapes according as the y-circle does or does
not include the point y=o. When it does not, the'curve is a unifolium
(fig. 63, 1); but when it does, the curve subtends an angle 4= at the branch-
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point x=o0, winding twice round it. The curve in this case (fig. 63, 3)
crosses itself at a point x, which can be determined as follows.

A4

Fig. 63.

While y describes the above circle, say C, —y describes another equal
circle C'. On the x-plane these map into the same limagon, for the points
¥, —y map into a single point x on the x-plane; but on the x-su»face they
map into two limagons Z and L', a vertical cylinder through L cutting out
on the surface the other limagon Z'; for the points y and —y map into
covertical places (x, ), (¥, —y) of the #-surface. When C and C’ do not
intersect, L and L’ do not intersect; but when C and C’ do intersect at
points y,, —y,, then L and L’ also intersect and the places of intersection
are (x,, ¥,) and (x,, —y,), where x,=y2 Hence to find z, we take the map
of either point of intersection of C and C'.

Ex. When C is the circle (1, p),'the point 2y is 1 — p%

In the separating case when the circle passes through the point y=o,
the limagon has a cusp; for to the angle = at y=o corresponds the angle
2w at x=0, so that when y passes through its origin, x reverses its direction.
This special limagon is called the cardioid (fig. 63, 2).

149. Example II. 3*=(xr—a)/(x—5). The correspondence
of x and y is 1, 2; accordingly we suppose (when the matter
is to be discussed fully) a two-sheeted Riemann surface spread
over the x-plane. The values of y are equal when x=¢4 and
when x=54. The point @ is a branch-point, for a circle about
a which does not include & increases am (¥ —a) by 27 and
leaves am (¥ — &) unaltered, so that the amplitude of a
selected y is increased by ar, not 27, and one branch passes
into the other; for a similar reason 4 is also a branch-point.
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Let*,, 5, be a pair of values satisfying the equation. When
x describes any path starting from and returning to x, either y
returns to y,, or the final value is —y,. To distinguish we must
examine the angle made.by the path at both @ and 4.

When the whole changes of am (¥ — @) and of am (¥ — ) arc
2am, 283w, then that of y is (a —B) 7. The y-path is thereforc
closed when a — 8 is even, not closed
when a — 83 is odd. The effect of a
path depends solely on these angles am,
B ; therefore we can continuously de-
form the path provided we do not let
it cross a branch-point. The path can
be resolved into a succession of circuits
beginning and ending at x, and not
intersecting themsclves (fig. 64). A
circuit which does not include a
branch-point is one for which a=o0,
B =0, and may be left out, since it has no effect on y, A
circuit which includes both branch-points is one for which
a=1=1, and may also be omitted. The only circuits which
affect the question are those which include @ alone and ¢ alone.

Now a bridge between the sheets from thc branch-point @
to the branch-point & will ensure that a moving place on the
Riemann surface shall change from one sheet to another when
it makes a circutt round @ or &; that is, it will lead from the
place (#,, %) to the place {(x,, —»,). Thus by supposing such a
bridge our Riemann surface is completed. The bridge may be
along any curve provided its ends are aand & and it does not
cut itself. Using this bridge as a branch-cut the two sheets
determine two branches, as in § 147.

Observe that the example »* = x is closely connected with the
present example. For if we write 2z =(x — a)/(x — ), then

y=z
becomes y=@=-a)(x-205), z2=@x-a)x—2>)
The transformation z=(r—a)/(x—05) is to be regarded as
applied to dotk sheets of the surfaces spread over the - and
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z-planes; so that two covertical places of the z-surface become
two covertical places of the z-surfacee. When the covertical
places of the x-surface become one at a branch-place, so do
those of the z-surface. Thus the branch-places @, & of the one
surface map into the branch-places 0, « of the other surface.

150. Example III. Rational Functions of r, y where
92 =(x —a)/(x —b). On the Riemann surface just described, y is
a one-valued function; that is, for a given place on the surface »
has one value only. In fact the zazson d’étre of a Riemann
surface is to have one value of a dependent variable y at each
point of an x-surface, instead of several values of y at each point
of an x-plane.

But also a rational function 2z, = R (#, ), of x and y has one
value only, when x and y are both given, and therefore is one-
valued on the surface. If the function be even in y it is of
course one-valued in x alone, and the x-plane will suffice for our
purposes. When, however, z contains odd powers of y, it has
two values for a given x, differing only in the sign of the square
root ¥(x —a)/(x —b). These become equal when the.square root
is 0 or «; that is, when x =« or 4. Moreover they are inter-
changed when the square roots are interchanged. Thus the
surface will serve for the representation of the pairs (#, ), equally
with the pairs (#, »); but it must be observed that now the pairs
(%, ), (x, —2) do not occur at covertical places.

As an example let us consider the rational function

s=y(x—0).

Then B2=px—bP=x—a)(x—"5).

We need no new surface; we have still the branch-places g, 4,
and the necessary bridge between @ and 4. But the relation of
x to 5 is quite different from the relation of x to y. Whereas,
corresponding to a given y there was one x, to a given z there
are two 2’s. Thus in a complete discussion of the 2, 2 corre-
spondence given by

2= (x-a)(x-"0),
we should be led to consider two Riemann surfaces:—a two-



149-150] ON RIEMANN SURFACES. 283

sheeted surface spread over the x-plane and a two-sheeted surface
spread over the z-plane. There would be a 1, 1 correspondence
between the places (r, z) of the x-surface and the places (z, x) of
the z-surface.

In this example we have, by eliminating y, passed from the
simple to the more complex; and the reversc is the proper
order. To consider the relation 22 = (¥ — @) (¥ — §), we can write
5=y (x —b), and then consider 3? = (x — a)/(x — &), so that xis a
rational function of », and therefore = also is a rational function
of y.

The reader is familiar already with this order of ideas in connexion with
integration, for the above is one of the ways, in elementary Integgal Calculus,

of reducing [V (x—a) (x—6)dx to the integral of a rational function. The

transformation v (v — a) (¥ — 6) =y (r — 4) leads to f 2(a—b)2 G _)32)3 ay.

The equation 2°= (¥ — @) (¥ — &) presents a new feature. As
before two values of = are equal when xr=ga, &; but now, in
addition, two values of z are equal when x=o. There is
however no change of branches round x=o0; for a path round
both @ and & adds 27 to each of the quantities am (r—a),
am (x— &) and therefore 47 to am z, thus restoring the initial z.
Analytically we have

z=+x(1 - afx)" (1 - b[x)";
whence expanding by the binomial theorem we have for large
values of x, not a series containing fractional powers, but a
Laurent series with one positive power, namely a term in .
This-answers to the case of a #ode in the plane curve and
will be called the modal case. The sheets of the x-surface
touch at x=o00 and so do those of the z-surface at 2= ; but
there is no other connexion between the sheets in the neighbour-
hoods of those places. We return to this in § 158 ; before passing
on observe a distinction between this phenomenon and the one
which presented itself in the case of branch-points. Consider
the two equations (¥ — §)* =x—a, and (y — 0)’ = (¥ — @)’ + (x — @)’.
In the former case two values of y are equal to 4 when x = a, but
only cne value of x is equal to @ when y = 4. In the latter case
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(the nodal case) not only are two values of y equal to 4 when
x=a, but also conversely two values of x are equal to & when
=0

1561. Example IV. j°— 3y=2x. The correspondence of
x and y is 1, 3; we require a three-sheeted z-surface. The
values of y correspanding to a few values of x are shown by the
table

= o ‘ 1 -1 ©
J o -1 I S
y= V3 —1 I s
{ — 312 2 —2 0

Here we are careful to include all cases where values of ¥ become
equal. These art sure to lead to branch-points because x is
one-valued in y and therefore there are not two values of x to
give rise to the nodal case

It simplifies the explanation to draw the cyrve which re-
presents the correspondence of the real values of x and y,

(fig. 65).

Y
x
Fig. 6s.

Taking the three sheets, we assign the values 3'2 0, - 32 to the
three places x =0 in any order, say 3'¥to the upper sheet, 0 to
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the middle one, — 312 to the lower sheet. When a place s on the
surface starting from (0, 0) moves to the right along the real axis,
a glance at the curve shows that the corresponding value of y
decreases from o to — 1; while if the place start from (0, — 3**) and:
move in the same way, the values of y increase from — 3'* to — 1.
Thus-the middle and lower sheets unite at x=1; on the upper
sheet (1, 2) is an ordinary place.

So if we allow x to pass through real values from o to —1,
the curve shows that the places which unite at x = — 1 are those
which start from (o, 0) and (0, 3¥?). Thus the upper and middle
sheets unite at v =— 1.

We draw a branch-cut from each branch-place to e« con-
necting the sheets which unite at that branch-place; the two
branch-cuts are arbitrary in form, but must not intersect them-
selves or one another. We will suppose them drawn along
the real axis (fig. 66). In the figure the paths in the three
sheets are represented respectively by a continuous line, a line
with dots, and a broken line,

The construction of the surface is now effected. To each
place on it corresponds a definite value not only of # but also
of ».

Notice how the requirements at « are satisfied. When x is
large the values of y are approximately (2x)"?, v (2%)'3, v? (22)'%,
where v=exp(277/3); thus a large circle round o is to inter-
change these three values ¢yclically. Now a place s which starts
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at a place 5, in the upper sheet and north of the real axis and
describes about the origin a large circle positively, will pass
successively into the middle and lower sheets before reaching a
place s; in the same vertical with the initial place. That is, it
returns after one revolution to a place s; in the lower sheet. In
another revolution it passes under the branch-cut (12) and passes
at the branch-cut (23) into the second sheet; thus after the
middle revolution it is at s, in the middle sheet, where s, is
vertically below s,. A third revolution brings it back to s and
its path is closed.

Ex. Draw on the r-plane and also on the r-surface the maps of the
circles |y|=1,|y|=2.

152. Simply connected Riemann Surface. Starting with
a given equation & (y) =x, where R (y) is a rational function of
degree # in y, we have for the adequate geometric representation
a y-plane and an 7z-sheeted x-surface with certain branch-places;
of course the nodal case does not occur since there are not two
values of x to become equal. These two surfaces are in place-
to-place correspondence. On the x-surface y is one-valued and
so is any arbitrary rational function z of x and ». Eliminating
x we have = as a rational function of y, and we can by means of
this relation map the y-plane on a z-surface.

The places of the x-surface and the z-surface are in 1, I
correspondence with those of the y-plane and therefore with
one another. There are of course, according to the assumed
rational function z, different z-surfaces; but all have one pro-
perty in common. This we proceed to explain.

If we draw a circuit on the y-plane we divide the plane into
two regions,—an inside and an outside,—such that it is not
possible to pass from the one region to the other without crossing
the circuit. To this circuit corresponds a circuit on any z-surface
which must also divide that surface in the same way. For on
account of the correspondence a path which crosses the circuit
on the plane maps into a path which crosses the corresponding
circuit at the corresponding place on the surface.

If the plane be cut along the circuit it separates into two
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parts; if then the surface be cut along the corresponding circuit
it also falls apart. This is a fact characteristic of surfaces which
can be mapped with 1, 1 correspondence on a plane. For it
can be proved that only surfaces which fall apart when cut along
any circuit can be so mapped. Such surfaces when cut along
any circuit form two simply connected surfaces (§ 107).
; Given the possibility of mapping there still remains the
further and important question as to how it is to be done.
The next example will yield a surface which is not simply
connected.

163. Example V. j)*=(r—a,)(x—a,) (¥ —a;)(¥—a,). Here
we require a two-sheeted x-surface with branch-places at a,, a,,
a;, a,, When x = o the values of y are equal, but a large circuit
round a,, a,, a,, @, increases am y by 4m, so that there is no
interchange of values round oo; that is, « is a nodal place.

When x describes in the x-plane positively (or negatively) a
path C which starts from x, (say) and passes once round one of
the points «, say a,, but does not include any other, the two values

Fig. 67.

of y permute (fig. 67); for am (¥ — @) is unaltered for @ = a,, a3, a,,
and increases by 2w for a=a,. When x describes a path C’
round two branch-points, say @, @;, similar reasoning shows
that the two values of y are restored at the end of the path.
It is easy and useful to construct paths that are more com-
plicated and to take account of their effects on the two values
of .
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All these effects are provided for by the construction of two
branch-cuts on the Riemann surface,
from @, to @, and from a, to @, respec-
tively.

There is an essential distinction
between this surface and those previ-
ously considered. The present surface
is not simply connected. Draw a circuit s
A (fig. 68) in one sheet rourid the bridge
aa,. Then the path 5 leads from a place

Fig. 68.

2 on the one side of 4 to a place ¢ on the other without crossing
A. Thus the surface if cut along 4 will not fall apart; it is
still one surface bounded by the two rims of the cut; having
been to begin with a surface with no boundaries at all.
If the cut surface be cut again from
p to ¢ along B it still does not fall
apart, for it has one continuous boun-
dary as shown in fig. 69.

°  But in point of fact any further cut
from the boundary to the boundary, or
any cut along a closed circuit, will
sever the surface into two surfaces;
so that when cut along 4 and B the
region is simply connected. And (assuming this) it can then be
shown that any circuit on the surface is deformable into repe-
titions of the circuits 4 and AB.

This discussion of the connectivity of a Riemann surface is
fundamental in Riemann’s theory of the integrals of algebraic
functions, or Abelian integrals as they are called in general
There are two special cases which might find a place here;
namely the integrals [R (v, y) dx, where R stands for a rational
function of its arguments and (1) y is a rational function of z,
(2) y is given in terms of » by the equation of Ex. V.; these
cases are often called the rational and elliptic cases, because they
bring in (1) integrals of rational functions of z, (2) elliptic inte-
grals. A discussion of these two special cases would illustrate

Fig. 69.
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the advantages of Riemann’s methods; but we shall not under-
take any such discussion here, as the methods referred to belong
properly to the whole theory of Abelian integrals and not merely
to these special cases.

154. Fundamental Regions. A system of operations is
said to be a group when every operation compounded of any
number of operations taken from the assigned system is itself
an operation of the system. For example, translations in the
z-plane form a group, for a translation combined with a trans-
lation is a translation ; again the bilinear substitutions

2 =(ax+b8)[(cx+d) or (x,(ax+8)/(cx + d))

form a group, for if #’, ¥ and 2", ¥’ are connected by bilinear
relations, so also are ", x. We can impose in this latter case
the restriction that @, 6, ¢, & are to be integers which satisfy the
equation ad — bc = 1 and still we get a group.
To take a much simpler example, the bilinear substitutions
z =ermin g r=0,1,2, ..., 2~ 1
form a group. In this group every substitution can be expressed
as a power of the substitution S = (z, ¢™/"x); in fact the group
is1,S, 8% ..., 5 where $* =1, 1 standing for (x, ). Such a
group is called a ¢yclic group and S is called the generating
substitution of the group. The substitution S is a special elliptic
substitution (§ 37) for which the fixed points are o, o ; it arises
ffom the substitution

’
X —x, e X — X,
e = e.m/n —.
2 —x X —x

In place of the factor &7 we may take ¢ and still have a
cyclic group; when 6/m is not a rational number the group
contains infinitely many distinct substitutions S*, and there is
no longer a relation S”»=1.

That there may be important connexions between groups
and functions is indicated by what we know of the elementary
functions 2", ¢* and of the elliptic function g«. The first of these
is invariant with respect to the group of substitutions (z, ¢¥/nx),
the second with respect to the group of substitutions (z, ¥ + 2777),

M. H. 19
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and the third with respect to the group of substitutions («, + % +w)
where w = 2m,w, + 2m,w,, 2, and m, being integers. Given any
one-valued analytic function fx and all the bilinear substitutions
(x, (ax + 6)/(¢x + d)) which do not affect the value of the function,
it is clear that we get a group, for the combination of two sub-
stitutions which do not affect fx is a substitution of the same
character. Conversely it is important to connect, if possible,
with an assigned group of bilinear substitutions a one-valued
analytic function fx such that

ax+ b
f(cx + a’) =J%
ax + 0\ . . .
when (x, a;-_'-_;,) is a member of the group. The discussion of

this problem belongs to the subject of automorphic functions
and lies beyond the range of this book; but we can gain from
the special examples x", %, gu a fairly good insight into the
meaning of what are known as fundamental regions and a
perception of their importance in the study of functions.

1. Equivalent points. Taking any point x of the plane and
applying to it all the substitutions of a group, we get a set of
equivalent points. For example the substitutions

(%, u + 2mw, + 2m,w,), or (u, u+w),

form a group, and the points # + w are equivalent points.

II. Fundamental region of a group of bilinear substitutions.
In the case of #™ we divide the plane into 7 regions by the rays
0 =—w[n, w[n, 3w|n,...; each region is to contain one but not
both rays, for example the first region — or/z to =/n contains the
ray m/n, the second region =/ to 3w/n contains the ray 3w/~ and
so on. Select one of these regions, say the first; we shall call
this region a fundamental region of the group because it contains
one point and not more than one point which is equivalent with
respect to the group of substitutions (z, ¢™™x) to an arbitrarily
selected point x of the x-plane.

In the cases of ¢%, pu we are led to consider bands and
parallelograms. With respect to the group of substitutions
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(%, ¥ + 27mi), bands (§ 100) of breadth 277 are fundamental
regions ; with respect to the groups of substitutions (z, # + w)
and (#, t+ «#+ w) the fundamental regions are the parallelogram
of periods and half the parallelogram of periods respectively.

I11. One-valued functions associated with fundamental regions.
When we take the substitution (x, ¢* x) which converts the ray
—ar/n into w[n, and apply it successively to the fundamental
region (— mr/n to m/n) we get in the x-plane # sheets laid side by
side; the plane is covered once without gaps. Now let us
consider the equation y =" ; instead of spreading 7 sheets over
the y-plane we can equally well take these 7= regions lying side
by side in the x-plane. That there are 7 values of x for a given
y can be inferred from knowing that x™ takes all its values in
each of the regions: that the function x* which passes once
through all its values in the fundamental region is one-valued
is a consequence of the non-overlapping of the aggregate of
regions, and so on.

Suppose that we had started with the region (— m/#n to m/z)
we could have evolved the group from it by observing that the
substitution (%, e x) converts the one edge into the other, and
therefore will, on successive applications, rotate the initial region
into the remaining regions. Also we could have inferred that
the one-valued function (if any) which takes all its values once
within the region must satisfy the relation /(" x) = fx, other-
wise it ' would not have the same set of values along the two rays
— a/n, w/n.

If we begjn with a band bounded by two parallel straight or
curved lines which are coordinated by the substitution (z, x + o),
we are led to the theory of one-valued functions fr which satisfy
the relation f(r + w) =fx, and take their values once and anly
once in the fundamental region btlonging to the group of
substitutions (¥, ¥ + 7w). The infinitely many bands for &*
cover the plane once and without overlapping; this indicates
that when y = &%, » is one-valued and defined for all values of z,
and that x is an infinitely many-valued function of . Instead
of the infinitely many bands in the x-plane we can use an

19—2



2092 SIMPLE ALGEBRAIC FUNCTIONS. [CH. XX

infinitely many-sheeted surface in the y-plane. When y is not
allowed to cross the negative half of the axis of real numbers,
x is restricted to a band; if we allow » to move into adjoining
bands we must let ¥ cross the barrier. To the complete z-plane
then corresponds the infinitely many-sheeted y-surface with all
the sheets hanging together at o and « and connected by a
branch-cut which replaces the barrier. The infinitely many
bands in the x-plane serve equally with the infinitely many
sheets of the surface spread over the y-plane to indicate a
suitable separation of log x into branches.

Since sinx = cos (/2 —x) the fundamental region for cosx
will serve also for sinz. Now cosx is unaltered by the
substitutions (x, £+ x+ 27m);
hence the fundamental region is that given by this group of
substitutions and not the band of breadth 27 given by the
group of substitutions (z, x + 27w). Half, not the whole, of the
latter band must be taken (§ 100). A similar remark applies
to g« ; here the group is (#, +#+ w), and hence a funda-
mental region for g« is half of the cell

Uy, Uy + 20;, Uy + 20, + 2w;, 2, + 2w,.

The fundamental regions which we have been considering
can be deformed in many ways. It will be sufficient if we point
out that the dotted curvilinear parallelogram of fig. 70 can
replace the rectilinear parallelogram without affecting the
properties of the associated elliptic function @u.




CHAPTER XXI.

ALGEBRAIC FUNCTIONS.

166 The Algebraic Function. Let F(z, y) be a poly-
nomial formed with positive integral powers of x and y; we
suppose this polynomial to be zrreducible, which means that it
cannot be decomposed into the product of several factors of a
similar kind but of lower degrees in the variables. The function
» defined by the equation F(x, y)=o0 is called an algebraic
Sunction of x. Evidently » must: also be called an algebraic
function of y. When F(x, ) is reducible, the equation F=o0
defines as many distinct algebraic functions as F(x, ) admits
distinct irreducible factors.

Let 2, n be the highest powers of x and . Then for a given
x there are in general 7 finite values of y (§ 59); let us agree
that there shall be in all cases 7z values of w, finite or infinite.
Similarly when y is given we shall suppose that there are in all
cases 7 values of z.

Thus the equation determines a correspondence of the x- and
y-planes such that to an x-point correspond 7 y-points, and to
a y-point m x-points.

There is an important difference between the usual point of
view of projective geometry and that of the theory of functions.
In the former the straight line is fundamental because a
certain straight line meets a conic in two points we arrange
that all straight lines shali meet the conic in two points. For
example the curve zy =1 is met by the line x =1 not merely
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in =1 but also in y =e. In the theory of functions on the

other hand it is the correspondence of x and y that is insisted

on; the equation xy=1 is a I, I correspondence between x

and y, and therefore to ¥ = 1 corresponds just one value y = 1.
The algebraic equation #(x, y) =0 may be written

Px+ ) i+ Y X X =0 ... (1),
where £, 1, ..., fa are rational integral functions of x of degrees
not greater than ». The points at which a value of y becomes
infinite are given by fr=o0. This equation has » roots; for
to ¥ = o are to correspond m values of x. If then it is only of
degree #, it has m — m, infinite roots.

It may happen that a value @ of x which satisfies fxr=o0
will also make fir=o0, fixr$0. In this case the- point
Rgures twice among the points in the y-plane which correspond
to x=a. If fta=o0, fiea=0, fra=o0, fra#%0, there are three
infinite values of y; and so on for higher cases.

Ex. If y2r+yxr+y—1=o0, y is a two-valued function of ». For what

values of x are the values of y equal? What is » when y is «©? And
what is y when x is «?

156. Proof that an Algebraic Function is Analytic.
The theory of functions rests very largely on the basis of power
series. The transition, then, from.the above definition of an
algebraic function to the series for y in powers of x is an
essential preliminary to the knowledge of this function,

Suppose for a given finite z, say x,, we have found a finite »,
say #,; and that the other values of y are all distinct from y,.
Writing x — %, for a new x and y —y, for a new y we can re-
arrange the equation (1) in the form

Y=+ B+ Cnaxy 4yt + .+ Cam ™Y (2);
for by hypothesis when » is o there is to be one and only
one y equal to o.so that in the terms which contain y alone,
y itself must occur. Let us consider more generally that the
series on the right is infinite; and let no coefficient be greater
than a given .positive number ¢, so that the infinite double
series is convergent when |x|< 1, |¥|< 1.
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Then we can prove that there is one and only one power
series in r without a constant term,

Pr=ax- ar*+a2*+... ..... veeesennas (3),

which, when substituted for y in the above equation (2); satisfies
it identically ; and that this series converges within an assignable
region. For first if we assume that there is a series for y of the
form (3), convergent when |x|< R, we can rearrange (2) in
powers of z, for then the conditions of § 81 are satisfied. If
then the series is to satisfy the equation (2) for all values of »
such that | x| < R, we have, by equating coefficients, the equations

a4 =Cn,
Ao =Co+ @+ Ca®?, Fevvennntiiiiinennn. 4),

.........................

by which in general a, is given as a rational integral function of
a,, a,,‘... y @n. By these equations @, a,,... are uniquely
determined in terms of the given ¢’s, so that there can only be
one such series as (3). The question is whether this series
converges for values of # less than R where R is not zero. To
settle this, replace all the ¢'s by the positive number #, such that
v is not less than the absolute value of any of the ¢’s, and replace
the system (4) by
o =",
A S T T V- 2N (3),
that is, let a,, a,, ... become a,, a,, ... when for every ¢ we write 1.
Then evidently the numbers ay, a,, ... are all positive; and a, is
not less than |a,|, for || =|cu| =y S ay,
|azl=|cao+cua1+fon41"|
= ool + || + | cnar?|
= g+ ya, + ya,’
= ag,
and so on.
Therefore the series (3) converges in a circle (R) if

% + o + o + ...
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does. Thus the question is reduced t6 this: can we assert that
a power series P,x for y exists when ‘
Y=g+ gty gty L2
But this is easily answered, for when }Jf| <1 and |y|<1, we
can sum the series on the right and get
y=9/(1 =2)(1 =)=y =95,
that is, (y+ D=y +yx/(1 —x)=0,
whence 2(7+I)y=li\/l—t—(—:—;§ﬁf;
and the square root can be expanded in a power series so long
as |x|<1 and |x|< 1/(1 + 24)% the latter condition of course
rendering the former unnecessary.
Thus we have obtained a circle of radius & within which the
series (3) converges, namely the circle whose radius is
R=1/(1 + 2y)
This being true of the infinite double series is @ fortior: true on
the supposition that all the ¢'s after ¢, , are zero, that is, for the
finite double series (2). Then ¢y may be the greatest of the ¢’s.

157. Puiseux Series. When ¢, =0, 2, % 0 then two values
of x become equal to @ when y=4. Let us now revert the
series. We have

y=b=a,(x—a)y+a,(x—al+....
Taking square roots we have

tV(y =)= (x—a)V1+ P (x—a)

=(x—a)P(xr—a);
and now inverting the series we have, by § 84,
z=a=+N(y=0)a,[1 + P, (+ V(y = b)ja)].

According to the square root selected we have then two distinct
fractional series. These series are characteristic of a point & for
which two values of the function x become equal. And in the
same way if @, =a,=...=a,,=0, a,+0, we have

V(9 =b)jar=(x—a)[1 + Pi(x~a)],
where on the left we have a choice of » 7th roots; whence, by
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thus 7 series from which to determine the behaviour of those »
values of x which become equal to 2 when y is 4.

Such fractional series do not of course occur for one-valued
functions. They were employed with much effect by Puiseux
in a classical memoir on algebraic functions; for shortness we
shall call thece fractional power series Puiseux sevies.

We have considered the Puiseux series in fractional powers
of y—& arising from nearly coincident values of x; we can of
course interchange x dnd y and thus arrive at Puiseux series in
fractional powers of x—a arising from nearly coincident values
of y.

When a series in x —a associated with a root y is a Puiseux
series, the point x = a is called a éranch-point (§ 147).

Referring to the simple case y*=ux, or y = vz, we saw that a
circle about =0 permuted the values of . And what happened
in this simple case happens generally. If by ¥x—a we mean
a selected square root, then a series

y—b=P,(Wx—a)
is accompanied by another
Y =b=P,(-Vz-a)
which differs from the former only as regards the sign of the
square root. When x describes a circle about a,—this circle
lying in the region of convergence of the series,—then the square
root changes sign and y becomes 3 while 3’ becomes y.

And so generally if by ¥z —a we mean a selected root, a

series

is accompanied by #» -1 other such series differing only in
having another 7th root; denoting exp (27¢/7) by a, the set of »
series have no constant terms and are

y—b=Pir—a,
¥ —b=PlaVr—a],
¥ —b=PleVr—ad],

) — b= Pla Uz = a)
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When » describes a small circle about a, the amplitude of
x—a increases by 27 and therefore that of ¥z —a by 2m/r.

Thus ¥x—a becomes a¥z—a and so on; and this means
that, when x describes the small circle vound a as centre, the values
1YY e,y permute cyclically.

Ex. The function y=vx+~x is six-valued. Mark the six points for
which =1 and follow their changes when x describes positively a circle
about x=o returning to the point 1.

168. Double Points on the Curve ~(z,y)=o0. So far
we have considered (1) the ordinary case where a single value &
corresponds to a single value @ and conversely; (2) a special
case in which # equal values & correspond to a single value a,
while conversely to this value & corresponds only one value a;
here

rx—a=P,.(y-0),

y~b=P (Wr—a),
where the notation P, indicates, as in § 75, that the series
begins with (y —4)".

There remains for consideration another special case: that
namely in which each of a selected pair of values «, & occurs
more than once :—that is, when r=a, y takes » equal values §,
and when y =4, » takes s equal values a. This question is
too difficult to be treated here im all its generality; but we
shall discuss the case r=s=2.

Taking a, 6 as new origins, then when y is zero 2% is to be a
factor and when & is zero »* is to be a factor; so that the
algebraic’ equation is

Ca¥® + Cuxy + € y? + higher powers of x, y = o.

We suppose here cy#0, ¢,$0/; as otherwise more than two
values of x (or y) will be zero when y (or x) is zero. Thus our
equation is i} )
(y — ax) (y — B¥) + higher powers =0,

where neither a nor B is 0. Notice that the two values of y
which become equal to 0 when x is O satisfy not only F=o,
3F[3y =0, but also 2F[px=o.
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Let y —ar=2r; then on substituting (a+ 2)x for y the
equation becomes
z(a—B+2)+xP(x,2)=0,
where P (x, 2) is a terminating series of positive integral powers
of  and 2. Hence if a4 B, we have (§ 156)

= P,x where » >0,
and y=axr+ P, x,
where the suffixes indicate that the series begin with the 7th,

(+ 1)th terms respectively.
Similarly the factor y — Bx contributes a series

y=Bx+ Py,
Hence we have power series in x for the two values of y which
vanish when x =0, and x =0 is not a branch-point although two

values of y are equal when x =o.
But if a= 8 we have

24+ xP(x, 2)=0,
and it makes a difference whether or not P (z, 2) contains a
constant term. If itrdoes, then

xr= P2 (Z))
z=PnNz,
y=ar+xPNx=P,x,
and =0 is a branch-point; and similarly y=0 is a branch-
point.
The case in which P (z, z) does not contain a constant term,
—that is, wheh the terms of the second and third orders in the
original equation have a common factor,—belongs to the more

general question to which reference was made above; this is
discussed in our larger treatise (ch. 1v.).

1569. Infinite Values of the Variables. There remains
for consideration the case in which one or both of the selected
pair of values a,  are .

First when 2 alone is o, we determine the series for y—0bby
writing x=1/"; points near « in the x-plane become points
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near O in the 2’-plane and we can determine from the algebraic
equation between y and %/, in the normal case, a series

, I I

for y— 6. This is equivalent to replacing x — » by 1/r. Special
cases can be treated as before.

Similarly when 4 alone is «© we write =1/y and discuss
the algebraic equation between »’ and x for the pair of values
r=a, ¥ =0.

Lastly when both @ and & are « we write x=1/2/, y=1/y/
and discuss the algebraic equation between x" and y for the
values ¥’ =0, ' =o0.

If for example F (x, y) = o take the form’

Yx~12 -yt —1=0,
then when x = o both values of y are «, and when y= o either
x=0 or r=1.
Writing v =1/4, y=1 /y’, the equation becomes

IRN

I, __J,/s _ J/
whence x'= ng’ and y' =P, ('\/;’).
The actual coefficients in the series are readily determinable in
this simple case, for we can solve the equation at once for either
x' or .
Near y= o, x=1; we have, writing y=1/y, x—1=2,

1+ =y (1+2)Y-1-3p%=0,

or ¥ =2y -2y —y*=0;
whence x'=Py?
or - 1= (1%,
and 1/)/=P1(\/x-—1),
so that
y= Vx-_l+co+c,Vx—I+c,(\/x— 1P+t (Ve—1)+

This is a case in which an znufinity of y,—that is, a value of v
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which makes y infinite,—leads to a Puiseux series; in such a
case the infinity is also a branch-point.

160. The Singular Points of an Algebraic Function.
The general expression for the values of y which are infinite
when » = a is obtained from

1/y=P. Nz —a,
giving y=n(x —ay" P,Nxr—a.

A function which is expressed near x=a by a series of this
form is said to have an algebraic infinity at ¥ =a; it is essential
to the existence of such an infinity that the number of terms
with negative exponents shall be finite.

The singular points @ of an algebraic function fr are
(1) points at which one or more values of fr become ipfinite,
but in such a way that the corresponding expansions of 1/f
are of the form P(x—a),or P (1/x) if a = ; (2) branch-points
near which several values of y are expressible in the form

Vm);Po('\'/;a)§
here » may cqual zero or any integer (positive or negative), and
x—a is to be replaced by 1/ if a=ow. The expansions at
singular points of the kind (1) are of the same form as that at a
non-essential singular point of a one-valued function.

An algebraic function has, then, the following properties »—

1. Near a point x=a it has, in general, n distinct finite
values which arve given by series y — b, =(x —a) P (@ —a)}

I1. At a finite number of exceptional points some of the n

Stries for y in terms of x —a have to be replaced by series

V(x —a)y" PN (x - a),
where s=1 and r is a positive integer, or s=2, 3, ... and r is zero
or any positive or negative integer.

The converse theorem that an n-valued analytic function of x
which has these two properties 1. and Y. is necessarily an algebraic
Junction is of great importance.

The proof results from the following considerations. Let
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Y15 Vay -++» ¥n be the 2 values of y; every symmetric function of

these # values is one-valued in 2. For example suppose that
Nh=a+a (x—-a)+a, (x—a)y*+...,
r=ay+av(x—ayP+av (xr—a)+..,,
Sa=ata?(x —a)yP+avt (x —a)* + ...,

Yis Vs, +oes Yn = pOwer series in ¥ — a;
then
n n %1, n
zy‘f’ zyr2, E yrys (S > 1’),
1 1 r=1,8=2
etc. have no terms in (x —a)8, (r—a)*, (x—a)*, ..., since the

coefficient is in all cases 1 4+ v+ v* and this vanishes. As there
are no fractional exponents the corresponding series are of the
form P(x—a). The argument applies generally and shows that
the symmetric functions of 3, y,, ..., 7, are equal to power series
in r—a, preceded it may be by a finize number of powers
(x —a)™ for which the exponent’is a negative integer, and a
similar result holds for the other branch-points (which, it will be
recalled, are finite in number). Hence all symmetric functions
of 31, #s, ..., ¥n are one-valued functions of x with no singularities
other than a finite number of non-essential singular points (%
inclusive). It follows from the theorem of § 104 that these
symmetric functions are rational functions of x; and as the
coefficients g, p,, ..., pn in

ISP e 2= (=) (I =) - (P =),
are equal to =32, +31 7, ..., (=" ... Vn, ¥ satisfies an
algebraic equation of degree  in y whose coefficients are rational
functions of x.

The theorem that we have proved is a good illustration of
the remark in § 104 that the character of a function is often
determined best by observing the behaviour of the function at
its singular points.

161. An Algebraic Equation in z, y deflnes a Single
Function. We shall now show that it is possible to start from
any non-singular point z, with any one of the z values of y at
that point and by describing a suitable path arrive at an
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arbitrary non-singular point x,/ with -any one of the z values
91, Vs --+» Vn that satisfy the equation in y for this value of .
To fix ideas let us start with a definite series

V== Fx—x) P (x—x)
at z,; this can be continued so that one value of y shall be
determined for any value 2" so long as the path employed does
not pass through a branch-point (and we shall suppose this to
be the case for all paths employed). Suppose that one of the
values at xy, say ¥ —y, =(x¥—x,) P(x —x,), can by no means be
attained; then starting from x, with this value and passing
along any path to x, the value of y at x,, say Q (¥ —x,), must be
distinct from p,+(x—2,) P (r—2x). This means that when x
describes any circuit the values y,, 7,, ..., ¥, separate into two
classes. The first class includes all those values,—say 31, %2, .-, 7r,
—for which it is possible to find a path that will convert y, into
any other of the set; the second class includes the remaining
roots which cannot be derived in this way from . The 7
values 7, #,, ..., ¥» may be permuted by the description of a
circuit ; this cannot happen unless the circuit includes one or
more branch-points. Suppose, to fix ideas, that the circuit
includes one branch-point, 4 say The cir-
cuit may be contracted into a Zogp, that is,
into a path from x, to a point & followed by 0
a small circle round 4 and the same path as
before reversed in direction (fig. 71); and
the final value of y will be the same after
as before the contraction. Now if y take %o
near & one of a system of cyclic values
Y1 Yo -oor ¥r (§ 160), these values will permute cyclically. But
if it take near 4 a value which is not one of a cyclic system, the
final value is the same as the initial value. Thus in any case
the symmetric combinations of y,, 7, ..., % are unchanged
and therefore- they are one-valued functions of x which must be
rational functions since the singular points are finite in number
and non-essential. It follows that ,, 7, ..., #, satisfy an
algebraic equation F, (x, y) =0; and this implies that F

Fig. 71.
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is divisible by #, contrary to the hypothesis that F is irre-
ducible. :

The equation F(x, y) =0 defines, then, a single function whosc
n values can be interchanged by choosing suitable civcuits.

Lastly any closed path whatever may be contracted into a

Fig. 72.

series of loops taken in a determinate order and described in a
determinate sense; and the final value of y for that path may
be inferred from the effect of the several loops taken in that
order. Fig. 72 illustrates this deformation of closed paths; in
each case the larger curve is deformed into the smaller (see also

fig. 64).

162. Riemann Surface for an Algebraic Function.
Without entering into details we shall indicate in a few words
the nature of the Riemann surface that is used for the
general algebraic function of 2 We construct the surfage
on the z-plane. The surface contains 7 sheets because y is
n-valued, and the 7z values of y are attached to the 7 points of
the surface which lie vertically above the assigned point in the
z-plane (supposed horizontal). These 7z sheets are connected
by lines of passage which permit interchanges amoﬁé‘ the »
values of . If in the z-plane # values y, 7, ..., », permute
cyclically when x describes a small circle (), then on thegsurface
the path cut out by a vertical cylinder standing on () is a spiral
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which winds 7 times round (&) before returning to its initial
place. As x passes 7 times from x, to x,, the moving place (z,5)
starts from (%,, ;) and passes successively to

(Fo» Y2), (Fo, Ys)s -+, (Fo, Fr), (Zoy 31)-

The Riemann surface gives a clear idea of the extent of the
circles of convergences of the series P (r —x,) at a non-singular
point. These circles extend to the nearest singular places
their respective sheets ; and here it is to be observed that a value
x#=c¢ which is an infinity or a branch-point of some of the
7 values of y is an ordinary point for other of these values, and
that on the Riemann surface the places that correspond to these
latter values offer no obstacles to the expansion of the cor-
responding circle of convergence.

M. H. 20



CHAPTER XXII.

CAUCHY'S THEORY AND THE POTENTIAL.

163. Cauchy’s Definition of a Monogenic Function.
In this final chapter we shall point out some of the more salient
features of Cauchy’s definition of an analytic function, indicate
the point of junction of the respective methods of Cauchy and
Weierstrass, and then discuss a few simple cases in the theory of
the potential for the plane.

Suppose that, following the plan of § 51, we assign in any
way we please one real value to each point of a region I' in the
z-plane ; in this way we construct for the region I" a function of
E 7n. Let «, v be two functions so constructed ; then « + 77, =,
is a function of .r for the region I in the sense that when x is .
given, £ and 7 and therefore # and v are determined. When »
and v are left completely arbitrary, the combination of #, » into
the single expression « + 7v offers no advantages; for, ultimately,
% and v have to be considered separately as functions (in the
sense of § 51) of the two independent variables £.and 9. Cauchy
saw clearly the absolute necessity of sorting out from the total
mass of functions of x those which may, in a useful sense, be
regarded as functions not merely of £ and #, but also of £+ 7n.
He discarded such functions of x as § — 7», &5, and retained such
functions as (€ + 7n)®, sin (£ + #n), etc. It is necessary to draw a
line of division between the two classes; this can be done with
the help of certain partial differential equations.
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Take for #+7v such expressions as (&+ )", sin(&+19),
¢+ then
0
oF
and, on equating real and imaginary parts, (1) leads to
ow ov o ov
a_f = E’- , a—" = - B_E ..................... (2).
On the other hand when # + 7v is equal to such an expression as
& — in,—one of the functions which Cauchy discarded,—these
differential equations are not satisfied.

We have arrived at these equations by starting from definite
expressions ; we shall now show how they can be reached by
more general reasoning.

Let #, v be defined as in the beginning of this article, and let

y=u+iv=jx,
where x is a selected point interior to I When x increases
by Ax,=AfE+¢An, x+ Ax lying within T, et » increase by
Ay,=An+:Av. Now let Ar tend to zero; the question arises
as to what conditions are necessary and sufficient in order that

(u+z’v)=—z'£—)(u+z’v) ............... (1);

% may tend to a umigue finite limit when Ax tends to zero;
dy

when this limit exists at x it is denoted by 7 OF Sz as in the

case of the real variable, and called the derivate of x. Selecting
an x in the finite part of the plane, sinx has a derivate cos x
which does not depend on the way in which Ax tends to zero;
on the other hand if we put y=§—2p and allow x+Ax to
approach x along a ray through » with the chief amplitude a,
we have for this mode of approach,
. Ay . Af—zAn 1—Ztana

AI:,TO Ar A;.}:,,n,:,,=°55+ Ay I+itana’
a quantity which varies with a, and therefore with the ray.
Here there is a definite limit for the assigned mode of approach,
but this limit depends on a and therefore there is not a unique
limit for all modes of approach of Ax to zero. We shall find
that the differential equations (2) are necessary conditions for
the uniqueness of the limit at the selected point x.

20—2
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I. Necessary conditions for the uniqueness of the limit. Evi-
dently if there is to be a unique finite limit for ix’ this limit

must be equal to the limit under the special circumstances,
(i) Ax constantly real and equal to A§,
(ii) Ax constantly purely imaginary and equal to 7A7.
In case (i) we have

_uEraEm—uln)  vE+ALy) - —v& .

Ax Ag Ag
it is therefore necessary that % shall satisfy
dy ou | .0v
2r= OF +17 GE s (3),

while in the second case we have
_uEntAn—uln) vEn+dn-v(§ ")
Ax Ay Ay
dy .0n Ov

so that Tt 37) +— Gy s (4)-
Equating (3) and (4) we get the differential equations (2); these
differential equations require, by implication, that #, v shall have
partial derivates with respect to £ and 7 at the ¢elected point x.

Hitherto we have considered only two special modes of

approach of Axr to zero. If there is to be a unique and finite

limit for %—i for a// modes of approach, then we must have
(replacing x+ Ax by %’ for shortness),

ay . =S, 0w v

dx'i’ﬂ T —fx—a£+zé—£ ............ (5),

at the selected point . It is only another way of stating (5) if
we assert that there is a derivate at the point x provided a
positive number & can be found such that

for all values of x’ that satisfy the inequality |#'—x|< 8. The
inequality (6) shows that

A —fr=@F —2)[fx+7@ —=2)] ceverinnnnn. )
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where »(x' — x) is a function of ' — x such that lim » (' —x)=0.
2=z

Replacing fz’ — fxr by A+ ¢Av, AE and Ay by % and %, equating
real and imaginary parts, and .employing the equations (2), we
see that

Au=}zaazg+'€ +/”'1+k7’2:)
5 sy [ e (3),
Av=lza§+k + vy + k7,
where 7, 7, 7, 7, are four functions of 4, £ such that
lim 7, =0, A=1,2, 3,4

h=o0,k=0

In order, then, that fx may have a derivate at a selected point
x, 1t s necessary that

(1) %, v shall satisfy the differential equations
ou_ov Ou_ _0v
0t om’ on  oF’
(2) u, v shall be such that Au, Dv shall be expressible in the
Sforms

Au AE+ An +nAE+ 7,An,

ov
Av= 35 A§+ An + r,AE + 7,An,
where lim vy=0 (A=1, 2, 3, 4) when AE, An tend independently to
zevo.
Before passing on to consider whether these two conditions

are also sufficient, we wish to point out a consequence of the

Jx - fx
x

r—, converges uniformly to its

equation (5); namely that

limit f'# when x’ tends to x (§ 55), whatever be the mode of
approach of 2’ to x; in particular this is true when the approach
is along rays through z.

I1.  Sufficient conditions for the uniqueness of the limit of 2—1

The two conditions that we have just shown to be necessary if
there is to be a unique and finite limit, are also sufficient. For,
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using the second of these conditions and putting 2Z=p cosa,
k= psina, we see that
aucosaz+au sin a + z@?—/ cos a + 0v sin a)
Ay 0 on o 2

_ n
Ax~ cos a+ zsina +¥ (o, )

where ¥ (p, a) is a function of p and'a such that limy(p, @) = 0.
p=0

The expression on the right-hand side tends to the limit

(azg aE) cosa+(g +z@~)sma

cosa+zZsina

or g—; + z'gig, since cosa + zsina is a factor of the.numerator by
dy on  .0v
reason of equation (1). Thus 7z exists and is equal to 3E+ 7 2E

Suppose now that it is given that #, v admit at x continuous
first derivates with respect to £, #, then the second of the two
conditions that we have been considering is necessarily satisfied
and may be omitted. Hence when the partial derivates of u, v
of the first ovder are continuous functions of &, n at a selected point
x, the diffavential equations (2) coristitute the necessary and sufficient
conditions for the existence of dy|dx at this point. The continuity
of fr is implied in the existence of fz, as is seen by inspection
of formula (7); the new conditions that have just been imposed
make /'x also continuous.

To indicate that the fuaction y, =/, has the property that

Ay .
Ax
the term monogenic; in this way he excluded such functions as
& — n as non-monogenic. Riemann dispensed with the adjective;
in his terminology “a complex variable w is called a function of
another complex variable z, when the former varies with the
latter, in such a way that the value of the derivate dw/dz is
independent of the value of the differential dz.*”

tends, in general, to a unique finite limit Cauchy employed

* Riemann, “Grundlagen fir eine aligemeine Theorie der Functionen einer ver-
dnderlichen complexen Graisse,” Ges. Werke, p. §.
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164. Difficulties underlying Cauchy’s definition. We
shall now point out some of the difficulties that underlie Cauchy’s
definition of a monogenic function.

I. Ismonogenic to mean monogenic at a point, or monogenic
over a region? It is the usual, though not the invariable, custom
to consider monogenic as an adjective applying to a region.
Given that a function is monogenic over a region, is this to
mean that the function has a finite derivate at all points of the
region, or is allowance to be made for exceptional points, lines,
regions? To take a simple example, is 1/ to be regarded as
monogenic in a region which containsxr=0? It is customary to
make allowance for such points: e.g. ¢/ may be treated as
monogenic over the whole plane although it has no derivate at
x=o0.

To a considerable extent it is merely a matter of nomen-
clature whether we do or do not admit singular points into the
regions over which functions are monogenic. But there are
necessary restrictions to this practice. In § g4 we discussed an
arithmetie expression which defines in different regions parts of
distinct analytic functions: Weierstrass, in view of this fact,
regarded such an expression not as defining a single monogenic
function, but as defining parts of two distinct monogenic functions.
In fact one of the lessons to be drawn from a study of analytic
functions is the importance of keeping clearly distinct the idea
of a function defined by properties and the idea of the depen-
dence implied in an arithmetic expression; the two ideas are by
no means necessarily coextensive, An expression may represent

an analytic function only partially, e.g. = #”; or again it may
n=0

represent different analytic functions completely in different
regions; or it may represent certain analytic functions partially
in certain regions and other analytic functions completely in
other regions. We shall not stop to justify these statements,
though it is not difficult to do so with the aid of § 94. The
point which we desire to emphasize is that Cauchy’s definition
implies in various ways a considerable preliminary grasp of the
logical possibilities attached to the study of singular points.
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II. The inequality (6) shows that f f is to converge

uniformly to its limit (§ 55). Hence if 2’ tends to x along rays
through =z, it is necessary for the existence of /' that the
convergence for these modes of approach shall be uziform. We
shall show below that it is possible to construct a function fx

which shall have.a unique limit for % for all modes of approach

of.2 to # along rays and yet not have a derivate f#. From
what has been said the convergence of f;———_f must, in this case,

be non-uniform for the system of rays. Here then we have a
difficulty connected not with the singular but with the ordinary
points of a function: the recognition, namely, that the conver-
gence to the limit must be uniform. Riemann’s definition of a
function (§ 163) must not, therefore, be so interpreted as.to
restrict the paths of approach of Ax to zero to straight lines.

Stolz* illustrates the case of non-uniform convergence to the limit f'x
‘ 2
along ¥ays through o, by the function f» which is equal to 2x ef_z 7 for
values of x diffcrent from o, and is equal to o for y=o. If we put £=pcosa,
n=p sin a, where a is the chief amplitude of a ray through o, we have

Sr =P
¥

lim
p=o

. .. A . .
so that for each ray the limit of Z]A? exists and is equal to o; but the

convergence to this limit.o is not uniform. To convince ourselves of this
fact let us put e=a proper fraction, and take the system of rays from a=a to
a=mw/2. Along each ray we shall suppose that a stroke of length: &’ is
measured off, where &' is the greatest positive number such that we have,
for all points x situated on the ray at a distance fronr o less than &,
Sr=p|  _ 287
x b - $2 +”4 3
As a approaches nearer.and nearer'to m/2, & gets smallgr and smallex ; for
the stroke cannot extend as far as the parabola 7?=§, because on this
parabola the expression on the left-hand side of the inequality has the value 1;
hence the lower lmmit of 8 is o, and there is no single value 8 of the kind
considered in connexion with the inequality (6) which will serve for all rays

<e.

of the system. In oqther words f}__;_fg does not converge uniforthly to o,

¥ Stolz, Grundziige der Differential- und Inteéralralmung, vol. ii. p. 8o.
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0 is not the limit (in the sense of equation (5)) of this ratio, and the function
J% is not a monogenic function of .

III. There are difficulties which relate to the postulation of
continuity for the derivates of fz. Cauchy’s theory of functions
has in view the same functions as those considered by Weierstrass,
namely, functions fx which are analytic about an ordinary point
x. _This being so, the derivates 'z, f”x,... must all exist and be
continuous at x; but it is evidently undesirable to postulate
explicitly the existence and continuity of f"z, /"x,..., if these
facts are consequences of the existence and continuity of fx and
f'#. Among Cauchy’s many important contributions to mathe-
matical knowledge, a high rank will always be assigned to his
proof that a theory of functions can be constructed on the basis of
monogeneity coupled with the continuity of /'~ (Cauchy himself
included the continuity of f'+ in the definition of a monogenic
function). To appreciate properly the remarkable nature of this
discovery of Cauchy’s it is necessary to bear in mind that when
the variable is real a function (in the sense of §48) may be
continuous and yet not have a derivate, so that the existence of
JS'x, f"%,...is by no means an evident consequence of the
existence and continuity of fxr and f'z.

Granting that at an ordinary point a monogenic function
must have a continuous derivate if it is to be admitted into a
theory of functions of a complex variable, the question at once
arises:—does there exist a class of monogenic functions jfx
for which f'x is discontinuous? To present the matter in a
somewhat different way:—what is the irreducible minimum of
conditions to be imposed upon fz, if we desire to have fx, in
general, analytic about »#? It may very possibly be true that
in order that f# may be analytic about a point # it is necessary
and sufficient that fr shall be one-valued, finite, and admit a
finite derivate for all points of a neighbourhood of x*.

165. Extended form of Taylor’s Theorem. Cauchy
proved his theorem on integration (§ 118) for every function

* Pringsheim seems to assert this in Math. Ann. vol. xliv. p. 8o (1893), but see
a foot-note in his paper on Cauchy’s theorem, Sitzber. d. 4. bay. Ak. d. Wiss. (1895),
vol. xxv.
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fr which is one-valued and admits a one-valued continuous
derivate over a closed region I'. The same consequences fcllow
as before as regards residues, etc.; the only difference is that fx
is defined in a new way. But that fr is analytic about each
point of I' now requires proof, whereas, before, this property
was postulated for fx from the start. The process by which
Cauchy established the theorem that when fx is one-valued and
admits a one-valued and continuous derivate at eack point of a
closed region (¢, R), it can be expanded as a power sevies P (x —c)
whose radius of convergence is not less thar R, is precisely that
used in § 122, the ring being supposed reduced to (¢, R) by
the vanishing of R’. The coefficients in the expansion

Jr=at+a(x—o)+a(x—c)P+...+a,(x=c)"+...,

are the definite integrals L _Jrax , so that
2mi) ¢ (x —c)**!
ﬁ = L j_}ri‘x f(ﬂ)c - I_ fxdx

2 gx—-c’ 2me g(x—(:)"'H.

It is evident frcm what has been said that the theorem
which we have called Cauchy’s theorem (§ 118) occupies a
central position in the theory of analytic functions as developed
by means of integration. We shall give at the end of this
chapter a second proof of this theorem which involves the
transformation of a double into a simple integral by means of
Green’s theorem. This proof was discovered by Cauchy and
was used later by Riemann.

By proving that a function fx which is one-valued, continuous,
and admits a continuous derivate over a neighbourhood of =z, is
analytic about x we have arrived at the point of junction of the
theories of Cauchy and Weierstrass. The analytic function is
always monogenic; but to be able to say conversely that
Cauchy’s monogenic function is always analytic the idea ¢ mono-
genic’ must be made more precise in that part which Cauchy
left vague. One analytic expression must be allowed in some
cases to represent more than one function completely or partially.
This is more an addition to than a modification of Cauchy’s idea.
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Cauchy’s theorem was contained in germ in a memoir on definite
integrals (1814); explicitly in a supplement to this memoir (1825). Gauss
enunciated the theorem in 1812 in a private letter to Bessek. Green’s
theorem is contained in his Essay on the Application of Mathematical
Analysis to the Theories of Electricity and Magnetism, 1828 ; that proof of
Cauchy’s theorem (§ 170) which depends on Green’s theorem was published by
Cauchy in 1846. It is possible, but not probable, that Cauchy was acquainted
with Green’s memoir, for it was not till 1850 that Green’s memoir became
readily accessible to mathematicians. Riemann’s proof, which applies also to
many-valued functions, was published in his inaugural dissertation (1851),
Ges. Werke. p. 12; it agrees essentially with Cauchy’s.

166. The Potential. When # + /v is an analytic function
of x, say

u+iv=f(E+),
*u  .0v " )
then 7 +12 3 = f7(E+ ),
0®x .0%v " .
and 5,,—’+251?’=_f (E+"’7):

the second derivate /” being definite at any point about which
JS is analytic.
Hence adding we have
2 2 2 2

Thus # and v satisfy the same differential equation, which is
Laplace’s equation for two dimensions.

Thus our theory applies to an important physical concept,
namely the potential in a plane. By this term we mean any
funcgtion of E, n which can be used as the # or v of an analytic
functipn ¥ + 7v of £+ 2. It partakes of the properties of the
assaciated analytic function ; its singular points are to be sought
amang the singular points of the analytic function, and it may
be many-valued. We shall confine our attention however to a
region of the plane, and within that region we shall suppose the
potential to be one-valued and continuous; then at all points
of the region it will have continuous derivates of all orders.
Historically the developments of the potential, as a measurable
physical concept (like a distance or an angle) and as a function
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of the position in the plane (that is, ultimately, as a number),
are closely connected.

An introductory discussion of the potential in a plane will
now be given; for its appropriate application and extension
in the various departments of physics reference must of course
be made to the physical treatises.

When we write down an analytic function of £+19 or z,
and separate the real part and the imaginary part so as to
express the function in the form # + 77, where » and v are real,
we obtain a pair of potentials  and v. A convenient way to
think of such a function as # or v is to conceive an ordinate to
the z-plane erected at the point (£, #) or z, the length of the
ordinate representing the value of the function # or . A
characteristic property of the surface generated by the ex-
tremity of the ordinate is that the projection on the x-plane of
the indicatrix at a point about which = + 7v is analytic, is a
rectangular hyperbola. For we have, by Taylor's theorem,

ou ou *u
’r_ P ’ ve ’r_ i ' o \
W—n=gg(E=H+5 O ")+agﬂ (§'—&y/2!
3 7
+ g (€ =07 = m)+ S (o = w2+
the projection of the indicatrix is obtained by keeping # —
constant and omitting powers above the second; and the
condition that the cylinder so obtained shall have as cross-
2u an
3 +55=0.

Potentials occur in pairs, # and v, where z + v is an analytic
function of £+4:2n. The two are often said to be comjugate.
It is to be observed that if v is the conjugate of #, then not »
but — # is the conjugate of v, so that the choice of the adjective
conjugate is not entirely happy. When the one potential is
given the other is determined, save as to a constant, by the
equations

section a rectangular hyperbola is

ou_0v ou_ Ov,

% "o G
but it is usually more important to know the form of the
analytic function than to know # or v separately.
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Some simple potentials are:

(1) The distance from a point to a fixed line; for evidently
£ and 7 are themselves potentials and so is af+ Bn+ vy where
a, B, v are constant. It must be noticed that because Laplace’s
equation is linear, the sum of any given number of potentials is
itself a potential.

The representative surface is here any plane.

(2) The amplitude of 2. For logx=Log p+ 76, whence
Log p and @ are potentials.

Thus the angle made by the line from any fixed point to
x with any selected zero of direction is a potential. The
representative surface is a helicoid.

The potential includes then two of the fundamental quanti-
ties of geometry, distance of point and line, and angle. But it
does not include the distance p of two points, nor any power of
this distance; p™ is not a potential, but Logp is; whereas in
three dimensions 1/p is a potential. Hence the present potential
is often called logarithmic.

(3) Let 8, 6,, ..., 8, be the amplitudes of strokes from
fixed points to . Then

0,0, +a.0,+ ... +a,0,
is a" potential.

167. The Equipotential Problem.. The problem of
potentials is: given a system of real values continuous, in general,
along a circuit, to find a potential # which shall be one-valued
and continuous within the region, bounded by this circuit and
shall take the assigned values on the contour. A case of special
simplicity and importance is when the boundary is made up
of equipotential lines, that is to say, lines along each of which
% is a constant. We may call this the equipotential problem ;
and we shall assume here that the solution is unique. The
" uniqueness of the solution is strongly suggested by physical
considerations; and is readily proved by means of Green’s
theorem (§ 169).
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But even when the boundary consists of equipotentials the
problem in its generality is quite beyond our scope.

The inverse process, however, of determining the region
when we start with a known analytic function and therefore
with a known potential, is merely a matter of mapping.

For example, as a case of (3) of § 166, let the region be the
upper half of the x-plane, and let 6,, 6, be the amplitudes bdbf
strokes from fixed points of the real axis, then 6,—6, is a
pogential ; it takes along the real axis the values 0,7, 0. Hence,
conversely, if the real axis is divided into three parts which
are kept at potentials o, 7, O, the potential at any point of the
upper half-plane is 6, — §,. The equipotential lines are

6, — 6, = constant,
and are therefore arcs of circles.

The conjugate potential is Log p, — Log p,; it is constant
along the circles p,/p, = constant. That these circles cut the arcs
at right angles appeared in § 21; but it is an illustration of the
general property of isogonality, by which the orthogonal straight
lines # = constant, v = constant, in the (# + 7v)-plane map into
orthogonal lines, provided we have at their intersection

U+ 1v— uy— v, = P, (x — x,).

If we have P, (x — x,) instead of P, (x — x,), then (§ 108) the
angle in the (# + 7v)-plane is z x (the angle in the x-plane).

When # is the potential considered, the lines v = constant in.
the z-plane are the lines of flow (lines of force in Electrostatics);
conversely, when v is the potential considered, the lines of flow
become equipotentials, and vice versa.

The present example solves the equipotential problem for a
crescent, or region bounded by two circular arcs when these
arcs are kept at given constant.potentials. For, measuring
the amplitudes 6,, 6, from the intersections of the arcs, the
equations of the arcs are

0, —6,=m,
6 —6,=m;
and the function a(6,—6,)+ 8 is a potential which takes
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constant values #;, #, along these arcs. The constants a and 8
are found at once when these constant values are given.
Thus we have for any coaxial arcs for which

01 - 02 =9 Y Y

u =ay + B,
H=ay+48,
= ay, + B,
and w u, u, |=0.
Y N e
I 1 1

The potential a, + Za,,0, applies similarly to the case when
a straight line, say the real axis, is divided into 7=+ 1 intervals,
each kept at constant potential. Let the first interval be that
for which all the #’s are zero, the second that for which 6, ==
and the remaining @s are zero, and so on ; also let vy, 7,2, ..., ¥,
be the 7 + 1 values of the potential v along the 1st, 2nd, 3rd, ...,
(7 + 1)th intervals. For simplicity let the straight line be the
real axis and let the region bounded by this straight line be the
upper half of the x-plane. We shall have

A = 7y,
ay + ma, = v,
a + (o + o) = v,,
and so on, 7z + I equations to determine the constants.

Let us suppose (fig. 73) that the potentials v,, vy, 2, ..., vy
are in decreasing order; it follows that a,, a, ..., a, are
negative. The figure formed in the plane of #+ 7zv must be
noticed. It is of course formed by a series of lines v = constant ;
but of these lines how much is to be taken ?

The analytic function # + v is here

¥ =10y + By + Zan log (x — &),
where &, is a dividing point of the straight line, which is taken
as the real axis in the x-plane. And the conjugate potential to
v is
U= BO + 2am LOg Pm,
where ppm= | £ — En .
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Hence since a,, is negative, as £ describes the real axis from
right to left # passes from — » to + « at £, from + e at § to
+ o at §, and so on; finally passing back to — « only when
£ has passed £,. In fact # attains a minimum when

San/(E—En)=0,

an equation with 7 — 1 roots separating the points £,. Thus
the map in the y-plane is as shown in fig. 73 (which is drawn
for the case # =4), and contains a system of straight lines which
are parallel to the real axis and which extend to « on the right,
but not to — « on the left except in the case of the first and last
lines. Each of the lines intermediate between the first and last
is traversed twice, and the terminal points of these lines can
be found from the roots of the above equation. The straight
lines Dobr, Drbe, D05, Dsps, are the maps of the small semi-circles
(assumed extremely small); the dotted line on the left is the
map of the dotted semi-circle (assumed extremely large) in the
x-plane by which the z-cirtuit is completed

~ 2 2o LeTTTTTTT S -~o
] Y, pl e AN
: 4/ \\
s -
! , \
: ’Ua ‘ﬂz 'I‘ ‘\
: ; :
' ' M\ M\ ~1 e
7 24 £, t, £, 3
Jy-plane x-plane
Fig. 73.
Ex. Consider the case when the given potentials vy, vy, ¥y, ..., 7y are not

in order of magnitude.

We can solve in the same way the equipotential problem for
the case of a circular boundary divided into #+ 1 intervals, or
we can infer this from the straight line by the principle of
inversion. For if

y=u+iv=[r
and we write x=(at' + 0){(cx’ +d), then x and 2’ describe
inverse curves X and X’; and if the function fx has been
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determined which maps the parallel half-lines # = constant on
X, then the function f{(ax’ + &)/(cx’ + &)} will map the same half-
lines on X"".

With regard to equipotential lines in general it must be
noticed that at a point of the x-plane at which v is infinite # may
have any value, so that all the lines # = constant will lead to
the infinity.

168. Schwarz’s and Christoffel’s mapping of a straight
Line on a Polygon. Suppose that we have a rectilinear
polygon in the x-plane with exterior angles a,m, aym, ..., aym,
measured in the negative sense so that 3a,= —2. The
polygon is supposed convex so that o>a,, > —1I.

If with these conditions we write

Z=expy,

then s =exp (B, + t4,) II (x — Ey)%n,

x and y being connected by the equation (1) of the last article.
The parallel half-lines in the y-plane become rays in the

s-plane from oo towards the origin, but only the first and last
reach the origin. Moreover since for lurge values of x, 2= P, (1/x)

M. H. 21
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since 2a,, =— 2, the semi-circle of fig. 73 becomes a complete
circle; that is, the first and last lines of the z-plane coincide.

Now let = = fzdxr; then as x moves along its real axis from
+ o to 0, we have dw = zdr, and

amdw=am z +am dx
=amz+ 7.

Hence the straight lines in the z-plane of fig. 74 (drawn for
n=4, to fix ideas) remain straight lines in the w-plane; and
since, near £,,,

w=[(x = Em)* Po (% — Em) dx = (2 — En)tom O (£ — Em),
there is no abrupt change in = when x describes the small semi-
circle round &,; in the limit the map in the w-plane is a
polygon; and since near x=
_ w=[P,(1/x)dx =P, (1/x),
the polygon is closed.

Thus, omitting the constant exp (a,+ 78,) which merely

displaces the polygon, we have

w=[TL(x = En)n d,

as the equation which maps the £-axis on the polygon. By the
property of isogonality, when x turns to the right into the upper
half-plane, as indicated by the arrow in the right-hand part of
fig. 73, w turns also to the right into the interior of the polygon,
as indicated by the arrow in the w-polygon of fig. 74. Hence
the upper half of the x-plane maps into the interior of the
w-polygon.

Ex. Let w=/ dx/NT=22 and let x describe the real axis. Draw the
path of w.

1€9. Green’s Theorem for Two Dimensions. Let #
and v be two potentials; let C be a circuit within which there
are no singular points of the analytic function # + 7v.. Then,
within C, #, v and their derivates of the first and second
orders are continuous. The simplest supposition with respect
to C is that it is an oval (for example an ellipse) which is met
by a straight line parallel to the axis of £ or # in not more
than two real points.
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Let us assume, for simplicity, that C has this form. We
propose to transform
onov  oudv
ff (BE@E on 677) a dn,
taken over the region 1 within C, into a simple integral taken
over (C itself in the positive direction (§ 108).
. onodv 0 [ 0v *v
Since a—éé—g—-—a—g(ugé)—ug—f’,
it follows that

ou v
f,[ Bfafdgd”':f dﬂ’/‘f asadfd"] ...... ([),
For f f JF ( dEdn over the shaded strip of thickness % is

)
1t AR d
equal to N a§< E) £,
and therefore to £ { E:l at p, — & {u 8—;] at ¢. Remarking that

2P, ¢'q are positive arcs, we see that 2=dn at p and — dn at ¢
and hence the part due to the strip is the sum of elements

ag“”’ at p and ¢, and the part due to all the strips, that is

toT,is f a’fr], which is what we wished to prove.

Applymg similar reasoning to f f dE dn we get

au a'z/ au * a,u
ff on 817 C”a—ndf—_/ e ddn.......(2)

By adding (1) and (2),
J[. Gzt + o) e tn= 1 Gy =55 )

where V2 denotes 55 «f’ aa

This formula (3) is one of the forms of Green’s theorem;
another form can be found by interchanging #, v in (3) and
equating the expressions on the right-hand sides of (3) and of
the new formula.

21—2
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Let s be the length of the arc measured along C in the
positive sense from a point of reference to the variable point p,
and at p let a normal be drawn inwards of length ». The
coordinates x, ¥ of the extremity of this normal can be expressed
(at least theoretically) in terms of 5, z. Then

0 . .
%%=cos¢r, 5:’—2=sm v, g—f=sm ¥, gg=cos ¥,
where + is the angle made by the tangent at p with the positive
direction of the axis of £. Hence

f o on_ OF

os on’ os  on’
and (3) becomes

[/ (g;g; g:g:) Ed’)‘—'—fcug—;}ds
— [[ruVvdEdy...... (4).

Interchanging # and v and subtractmg the result from (4) we
have the standard form for Green’s theorem :—

f( g;i~yg,,)ds*‘fff(”vz”—vvzu)dfdn Ovvvena(5)

170. Cauchy’s Theorem. A similar method of transfor-
mation of a double into a single integral when applied to

Il Gz e J], G- 0) e

converts these into

Jo(udE — vdn), [c(vdE + udn),

and hence

Je(u + tv) dx = o (wd€ — vdn) + i [c (v + udn)

=[G ) & an+ [ =5) e

If the potentials », v are conjugate, the double integrals
vanish by reason of the equations satisfied by the conjugate
potentials #, v; and hence Cauchy’s theorem is proved for the
circuit C. -

Cauchy’s integral ;:;»z. [frdx|(x = c), see § 120, can also be
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connected with the theory of the potential. The formula (5)
was proved without making any use of the hypothesis that «
and v are conjugate potertials; the theorems (1) to (5) are true
if we merely postulate that #z, v are to be one-valued and
continuous within C together with their derivates of the first
and second orders. Hence it is not necessary, even when u, v
are solutions of Laplace’s equation, that they should be con-
jugate. We may, in particular, write #=1 in (5) and deduce
the equation

—ds-_--ﬁ VU dEd) =0 v, (6).

The restriction on C in equations (1) to (6) can be re-
moved ; moreover the boundary of TI' can, if we choose, be
supposed to consist of several circuits instead of one; the simple
integral is then taken positively with respect to I" over all these
circuits. As a special application take a region I' bounded by
a circuit € and a small circle (¢, €) about a point ¢ within C;
and let # = Log p where p is the distance of ¢ from a variable
point on C. Then V2 =0, V2 =0, and (5) becomes

0v 0 Log
fC<Logpé7l-——z/ - af’p)ds
ov BLogp
—f(c’ . (Logpa e )ds .. (7).

, has the value — — along (¢, €); hence

0logp _10p
Ton ’ pon’

ov E}Logp) _ f ov J’
fc(Logpa—h—v—?r ds=Log e . G)a ds + - (m)

=—‘f vds, by (6);
€J (e, ¢

(¢, €) being now described positively with respect to c.

As the expression on the left does not depend on the value
of e—for neither the integrand nor C depends on e—the
integral on the right must be independent of e; hence to

But

evaluate it we make € tend to zero and observe that L f vds
(c, €

can be madec to differ by as little as we please from - v(t) ds,
(c, @
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that is from 2mv(c). As the integral is known to be indepen-
dent of ¢, 2rv (¢) must be its exact value. Thus

_ I dv_ 9Logp
'v(c)—zqrfa{Logpéz v }zif ......... (8).
The formula (8) is a particular case of the theorem
_ 1 [ frdx
f(: - é;; cx — ¢’

To prove this it is necessary to resolve both sides into the real
and imaginary parts and then equate the imaginary parts; for
the details of the verification we must refer the reader to
Picard’s Traité d’Analyse, vol. ii. pp. 109, 110. Even without
this verification the dependeiice of fr,—the value of fr at an
interior point,—on the values of the same function along the
rim C suggests strongly a connexion between this formula of
Cauchy’s and the solution of the physical problem of the deter-
mination of the state of a body at an interior point when the
boundary conditions are given.
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see Product; of a sequence, 72;
of a series, see Serles; radius of,
126; to a limit, when uniform,
82, 116, 312

Correspondence between two variables,
27

Cubic equation, solution of, 65

Cyclic tetrad of points, 32

Decimal, infinite, 7; as a sequence, 72;
power series a generalization of,
123

Decimal sequence, 6; idea of limit con-
nected with, %

Decimal system of ordinal numbers, 7

Definite integral, see Integral

Deformation of circuit, 193, 222, 304;
of path, 189

Demoivre’s theorem, 21

Derivate of fx, monogenic function has
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unique, 307; necessary and suf-
ficient condition for unigueness of,
308; not o or ®, isogonality wheun,
89; notation for, 89, 146; of Px,
146; of Px has same domain as
Px, 146; of x, 88

Differential, definition and notation for,
89; quotient, 89

Differentiation of an infinite series term
by term, 147, 166

Discontinuity of a function of £, 73, 74;
of a non-uniformly convergent
series, 117

Distance, defined, 9

Dixon, 257

Domain of a power series, 146

Double integral used by Cauchy and
Riemann, 314, 324

Double limit, see Limit

Double points of a biltnear transformation,
see FPixed points; of a curve
F(x, y)=o0, 298, 299; of an in-
volution, 63

Double ratio of four points, 35; is six-
valued, 35; special cases of, 36;
when real, 35

Double series, see Series

Double spiral, 6o; as a line of flow
(level), 6o

Element of an analytic function, any, can
be used to generate the function,
156; primary, of an analytic
function, 154; see Analytic func-
tion, Chain

Elliptic function, defined, 250; derivate
of, is an elliptic function, 255;
expressed in terms of Qu, §x,
262, 263; expressed in terms of
ou, 265, 268 ; integration of, 264;
numerical processes, 274; order
of, 2575 partial fractions formula
for, 263; product formula for,
265; theorems on the numbers
and sums of zeros, infinities, and
points at - which the *function
has an assigned value, 237,
266

Elliptic functions, comparison of, 258
et seq.

INDEX.

Elliptic substitution, see Substitution;
system of coaxial circles, 31
End-values of a path of integration, 209;
which belong to the domains of
different elements, 214, 215

Enneper, 327

Equably convergent
series, 116

Equiangular spiral, as a line of flow
(level), 52; connexion with loga-
rithm, 52; construction for, 47

Equipotential problem, 317

Equivalent points with respect to a group
of operations, 290

Essential singular points, defined for one-
valued analytic function, 182; at
x=o0 for transcendental integral
function, 184; each limit-point of
zeros (or singular points) is, 185,
188; isolated, behaviour near,
186; no value at (unless path is
specified), 187; of fx is essential
of 1/fx, 187

Euler’s constant, 106, 206; gamma func-
tion, 207

Exponential function, addition theorem,
54, 162 ; addition theorem, genera-
lized form of, 164; defined as
inverse of logarithm, 52; geometric
definition of, 47; group of opera-
tions associated with, 289; has no
zeros, 163, 193; has o for its sole
singularity, 163; period of, 52

(equiconvergent)

Factor-formula for sinx, 199; for cosx,
204; for ou, 246

Pactorielle of x, defined, 206

Fine, 10

Fixed points of a bilinear transformation,
58; when coincident, 6o; when
distinct, 58, 59

Forsyth, 337

Four points, canonic system, 64; special
configurations for, 35, 36

Pourier’s integral, 228

Fourler series, derived from Laurent
series, 235; discussed, 235 et seq.

Fractions, how defined independently of
magnitude, 2

Punction of £, continuous, 73; general
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definition, 72, 73; uniformly con-
tinuous, 8o; when continuous,
attains its upper and lower limits,
72; when one-valued, 72

Function of £, », 77; admits upper and
lower limits, 77; when continuous,
attains its upper and lower limits, 79

Function of x, can be defined gradually,
84; limit of, at a point, see Limit;
Riemann’s definition of, 310; when
analytic, see Analyiic function;
when analytic about or regular at
a point, 181; when analytic over
a region, 181; when continuous,
85; when holomorphic, 181; when
localized, 189; when monogenic,
310; with no singular point except
o and no zeros, expression for,
193

Function of x, circular, see Circular

Funotion ¢*, see Exponential function

Function Fc x, 207; properties of, 207,
208

Function I'x, see Gamma function

Punction Gx, see Transcendental and
Rational integral function

Punction log Gx, see Logarithm

Function ILx (Gauss), 207

Function P«, addition theorem, 260;
algebraic relation between, and
§'u, 259; defined, 347; double
periodicity of, 253; formula con-
necting o% with, 268; group of
operations associated with, 29o;
in terms of theta-functions, 270;
invariants g, &, 359; relations
connecting, with owu, (%, 248;
series in powers of % for, 249;
zeros of derivate, 252

Function “/P““‘A is one-valued, 269;
satisfies a differential equation of
the first order, 270

Function owu, infinite product for, 246;
in terms of theta-functions, 270;
is transcendental integral of grade
two, 246; quasi-periodicity of,
254; see Function @

Function {%, addition theorem, 263, 269;
defined, 247; quasi-periodicity of,
253 ; series in powers of, 253
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Functional equation, 238, 271

Fundamental region, for a group of
bilinear transformations, agr1; for
a special group of bilinear trans-
formations, 289; for sin~lx, 173;
for singly (doubly) periodic func-
tion, 291; for tan~! x, 175

Fundamental theorem of algebra, go et
seq., 193; associated theorem, go

Gamma function, 207; reciprocal of, zo07;
some properties of, 208

Gauss, 17; discovered primary factors
for Fcx, 207; the function Ilx,
207

Goursat, 327

Grade (or class) of Gx, defined, g9; of
sin#% is one, 200; of ou is two,
246

Group, cyclic, 289

@roups of operations for x*, ¢*, P, sin x,
290, 293; fundamental regions
connected with these, 289

Hardcastle, 327

Harmonic¢ pairs of points, 24, 33

Helicold, 317

Hermite, 208

Hobson, 327

Holomorphic function, 181

Hyperbolic functions, 171; substitution,
see Substitution; system of coaxial
circles, 31

Imaginary numbers, as operators, 13;
axis of, 13; defined, 11

Increment of a stroke, defined, 19

Infinite decimal, see Decimal; product,
see Product; series, see Series

Infinitely slow convergence, of series,
115

Infinity, algebraic, defined, 301 ; circular
points at, 34 (foot-note); of a
function, 94, 182; of a rational
algebraic function, 94; order of,
94; point at, 27; see Non-essential
singular point

Integral, definite, and theory of residues,
224 et seq. ; definition of logarithm
by, 48; value of, depehds in general
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on path of integration, 210; value
of, when unaffected by deformation
of path, 217, 218

Integration, Cauchy’s theorem on, 218;
change of variable, 217; effect of
variation of path, 217; end-values
of path of, 209; of elliptic func-

tion, 264; path of, 209, 210;-

round a circuit, 217 et seq.3 round
a parallelogram of periods, 256;
special theorems on, 216; two
definitions of and how these are
reconciled, 211 et seq.

Integration term by term of an in-
finite series of analytic functions,
214

Interval, uniform (non-uniform)
vergence in an, 115; when open,
closed, partially open, 113

Invariant properties of a configuration of
points, 32 et seq. .

Invariants g,, g; of binary quartic, 260;
of Pu, 259

Inverse points, circle about a pair of, 30;
defined, 30, 38, 42

Inversion, absolute, defined, 38; geome-
try of, 38 et seq.

Involution, double points, 63; construc-
tion for partner of c, 63; points
in, 62; two points, when partners
in, 63

Irrational numbers, introduction of, 4;
with rational, form a contiguum,

con-

5

Isogonality, property of, 37, 89; fails at
exceptional points, 38; for bi-
linear transformation, 5t for
logarithm, 51; geometric appli-
cation, 279

Isolated points, 151

Isolated singularity, non-essential singu-
larity must be an, 185; behaviour
near an, 234

Jacobi, 257
Jordan, 241, 327

Klein, 327

Lacour, 327

INDEX.

Laplace’s-equation, 315

Laurent series, 125, 159, 271; annular
region of convergence, 131, 234;
Cauchy’s inequality for a, 131;
discussed, 232 et seq.; Fourier
series derived from, 235; frac-
tional, 159

m on the expansion’of a
function in a Laurent series, 230
proved for the general case, 232;

special example of, 230; use of,
in discussing singularities, 233

Lefendre’s relation, Jacobi’s form of,
257 (foot-note) ; Weierstrass's form
of, 257, 258

Lemniscate, 279

Limacgon, 279

Limit, concept of, 67, 87, 88, 96; dis-
tinct from ¢value at,” 68, 73, 87,
93, 116, 233, 234; idea of, con-
nected with infinite decimal, 7;
uniform convergence to a, 82;
when infinite, 69

Limit, double, examples of a, 114, 147,
166, 172

Limit, lower, see Limit, upper

Limit of a sequence, necessary and suffi-
cient condition for, 71; notation
for, 68; whose numbers increase
(decrease) constantly always exists,
69

Limit of fxr when x=a defined, 87;
when a=o0, 88; when infinite,
88 :

Limit-point, defined, 133; distinction
between isoldted point and, 151 ;
of non-essential singularities of am
analytic function, 185; of zeros of
an analytic function, 188; system
of zeros of Px with o as, 133

Limit, upper, 68; attained by a con-
tinuous function f%, 74; attained
by a contiduous function f(£,1),
79, 80; attained by a continuous
function fx, 93; of a sequence,
68, 70

Lines of flow and level, 55; for elliptic
bilinear transformation, 59; for
hyperbolic bilinear transformation,
59; for loxodromic bilinear trans-



INDEX.

formation, 60; for parabolic bi-
linear transformation, 61

Liouville, theorem of, 159; application
to elliptic functions, 255

Localized function, 189; change of, after
description of a circuit, 190 et seq.

Logarithm, analytic theory of the, 164
et seq.; as a limit, 53, 169; das a
limit, geometric verification, 53;
computation of, 50, 167; effect of
circuit on, 193; of Gx, 192, 193

Logarithm of £, defined geometrically,
47

Logarithm of x, bands for, 29r1; chief,
49; chief, notation for, 49; con-
nects stretch and turn, so; con-
nexion with Me:cator’s projection,
54; defined by an integral, 48;
infinitely many values, 49, 164;
is an analytic function, 164; map-
ping with, 165; Riemann surface
for, 291; separation of, into
branches, 292 ; special series asso-
ciated with, 165 et seq.

Logarithmic series, 165; behaviour of,
on its circle of convergence, 127;
is comditionally convergent when
x=1, 103; is uniformly conver-
gent in the closed interval (- 1, 1) ;
rearrangements of terms of, dis-
cussed, 104, 122

Logarithmic singularity, 177

Loop, defined, 303; effect of the descriphi
tion of a, 303

Loxodromic substitution, see Substitu-
tion

Maclaurin’s theorem, 146

Many-valued function of §, 72; of x,
84; of x, selection of a branch of
a, 177

Mapping applied to the theory of plane
curves, 278 et seq.; by means of
logx, 50; by means of the circular
functions, 176, 177; of a straight
line on a polygon, 321; of one
plane on another, 27; of unit
circle on a plane, 167

Mercator’s projection, commexion with
log x, 54
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Mittag-Lefler's theorem, reference to,
206

Molk, 327

Monogenic function, defined, 310; diffi-
culties underlying Cauchy’s defini-
tion, 311

Motion of a plane under bilinear trans-
formation, 58 et seq.

Miiller, 327

Multiple connexion of a Riemann surface,
288

Napierian motion, defined, 56; for bi-
linear transformation, 57, 58

Natural boundary of an analytic function,
160

Neighbourhood of a point, defined, 78

Network of periods, 243

Neumann, 327

Newman, 207

Newton, 123

Nodal case for algebraic function, 283,
299

Non-essential singular point, 181; ana-
Iytic function (one-valued) with,
at o and no essential singularity
is rational integral and conversely,
184 et seq.; behaviour at a, 186 ;
order of multiplicity of a, 186;
value at a, is o, 187

Non-essential singuldr points, are isolated
in any finite region, 185; no
‘function with no essential and in-
finitely many, 185; see Residiues,
Singular points

Non-monogenic function, 310

Non-uniform continuity, see Continuity

Nother, 123, 327

Obstacles to an analytic function, 157

Operations, elementary,applied tostrokes,
18, 19, 20

Order of an elliptic function, 257; of a
rational algebraic function, g4 ; of
infinity of a rational algebraic
function, 95; (or order of multi-
plicity) of an infinity of a one-
valued analytic function, 181

Ordinal number, discussion of, 1 et seq.

Orthogonal systems of circles, see Co-
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axial circles; of curves arising
from Ry=x, 279; of spirals, §5
Oscillation of an infinite series, 102; of
/& 8o
Osgood, 118

Parabolio substitution, see Substitution ;
system of coaxial circles, 31, 52

Parallelogram law for addition of strokes,
19

Partial fractions, formulz in, for cot x,
etc., 203 et seq.; formula in, for
elliptic function, 263 ; for rational
algebraic function, 94; Mittag-
Leffler’s theorem, 206

Partition-function, 237; theta-function
derived from, 240

Partners in involution, 63

Path of integration, 209; for log x, 49;

%

x
of x when am = const., 29;

-x

x
of x when = const., 30

Paths, corresponding, in x-, y-planes,
277

Period of an elliptic substitution, 61 ; of
cosx, 172; of exponential function,
53; of sinx, 172; of tanx, 172

Periodic function, doubly, see Elliptic
function, Function @z ; singly,
¢, 52; sinx, cosx, tanx, 172

Periodic n-ad, 66 (/foot-note)

Picard, 326, 327

Picard’s theorem on the behaviour of a
function near an essential singu-
larity, 187

Place on a Riemann surface, 277

Point at o, 27; postulate with respect
to correspondence between number
and, 9; see Argand

Pole, 181; see Non-easential singular
point

Potential, a physical concept, 315; ina
plane, discussion of, 315 et seq.;
logarithmic, 317

Power a*, two meanings of, 168

Power series, defined, 119, 123; gene-
ralization of infinite decimal, 123
in 1/x, N/, etc., 129

Power series, complex, about a point,

INDEX.

124 ; behaviour near x=o0, 132;
Cauchy’s theorem on coefficients
of, 129; criteria of identity of
two, 132, 150; derivates of, 146
domain of, 146; formula for co-
efficients of reverted, 143; frac-
tional, 125; Maclaurin’s theorem,
146; product of two, 139; re-
version of 4, 142, 165; Taylor’s
theorem, 144; theorems on the
continuation of, 149 ; zeros of, are
isolated, 149; see Logarithmic
series

Power series, real, absolute convergence
in an interval, 119; logarithmic,
121, 122; properties of, 120 et
seq. ; uniform convergence in an
interval, 120; see Logarithmic
series

Power series, series of, Cauchy’s theorem
on, 111; differentiation -term by
term, I47; integration term by
term, 140 ; sufficient condition for
expressibility as Px, 140; Weier-
strass’s theorem on, 134, 137, 139

Primary element of an analytic function,
154

Primary factors for cos x, 204 ; for Fcux,
207; for Gx, 199; for sigma-
function, 246 ; for sin x, 200; for
sin wx —sin ra, 204; for theta-
functions, 272 ; Weierstrass’s theo-
rem on, 197

Primitive pair of periods, 244, 271

Principle of permanent forms, 168

Pringsheim, 313

Product, absolute value of, 21; ampli-
tude of, 21; of two power series,
139 ; of two strokes, 139

Product, infinite, as a limit, 194 ; con-
vergence of, special cgse, 195;
convergent, when absolutely, 195
convergent, when unconditionally,
195

Projective geometry, transition from, to
geometry of inversion, 34

Property of isogonality, see Isogonality

Puiseux series, 297

Quasi-periodicity of ou, 254; of {u, 253
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Radfus of convergence, 125

Ratio, double or anharmonic, see Double

Ratio of division of a stroke, 24

Ratio of strokes, its absolute value, 20;
amplitude, 20; as an operator,
20; geometric construction, 2I1

Rational algebraic function, 93; con-
verted into partial fractions, 94;
infinities of, 94; value when
x=00, 93; zeros of, 95

Rational integral function, 84; approxi-
mate values when x is small or
great, 85, 86; continuity of, 84,
fundamental theorem for, 9o, 193;
Taylor’s theorem for, 89

Rational numbers, defined as ordinal
numbers, 2

Real function, see Function of ¢

Real numbers, axis of, 12

Region, closed, open, partially open, 124

Regular at a point, 181

Remainder residue of an infinite series,
929

Residues applied to elliptic function, 256
et seq.; defined, 220; general
applications of theory of, 222,
223 ; theorems on, 221

Reverslon of power series, 142, 165

Riemann’s definition of function, 310,
312; proof of Cauchy’s theorem,
314

Riemann surface, branch-cuts on, 288;
circuit on, 287; covertical places
on, 276; for algcbraic function,
304; for logarithm, 291; for
special functions, 177, 276 et seq.;
rational functions on a, 282

Schwarsz, 321

Sequence, defined, 97

Series, double, obtained from single
series, 107 ; converted into single,
110; summation of by rows,
columns, diagonals, 1711

Series, infinite, association of terms in,
101; convergence of, g8 ; definition
of, 97 ; differentiation and integra-
tion of, 160, 214 ; oscillating, 104;
remainder of, g9 ; simple tests of
convergence, 99 et seq.; when
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convergence is absolute, 104;
when convergence is conditional
(or unconditional), 107; when
convergence is infinitely slow,
115; when convergence is uni-
form, 113, 128, 129; see Double
series, Fourier series, Laurent
series, Logarithmic series, Power
series, Puiseux series

8eries, uniformly convergent, 113; con-
dition for, 115; defines a con-
tinuous function, 117

8ieve of Eratosthenes, 107

8igm, minus, as an operator, 12

Stmple connexion of a region, 189 ; of a
Riemann surface, 286

Singularity, 181; see Essential singular
point, Logarithmic singularity,
Non-essential singular point,
Singular point

Singular point, acts as an obstacle, 157,
158; at least one, must exist, 183 ;
at least one, on a circle of con-
vergence, 178 et seq.; Laurent
series at an isolated, 232 ; precise
definition, 181 ; preliminary dis-
cussion, 157

Singular points, character of a function
determined by the, 183 et seq.;
distribution of, theorems on the,
185 et seq. ; essential, see Essential
singular point; existence of, in
all cases, 183 ; natural boundary,
160; non-essential, see Non-es-
sential singular point; removal
of, by subtraction of suitable
functions, 182, 259; Picard’s
theorem on, 187; Weierstrass’s
theorem on, 187

Spiral, see Double spiral, Equiangular
spiral

8quare root of x, analytic and geometric
bebhaviour at x=o0, 275; branches
and branch-points, 275; chief,
and notation for chief, 4; effect
on, due to a circuit, 273 ; Riemann
surface for, 276

Stahl, 327

8tolz, 312, 327

Stretch connected with turn by log x,
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50; relation of, to the complex
number, 13 )

8troke, defined, 12, 15; logarithm of a,
23; nth power of a, 23; »th root
of a, 23

Strokes, elementary operations on, 6, 12,
15, 17, 20, 21

Substitution, bilinear, elliptic, 59, 61 ;
hyperbolic, 59; loxodromic, 6o ;
of period two, 61; three, 65;
parabolic, 61

Subtraction of strokes, 16, 61

Surface, multiply connected, 189; simply
connected, 189

8ystem of points, limit-points and isolated
points in an infinite, see Isolated
points, Limit-point

Table of double entry, 108

Tannery, 160, 161, 327

Taylor’s theorem, Cauchy’s integral form
for, 314; for rational integral
function, 89 ; for power series, 144

Theta-functions, defined, 240 et seq.;
primary factors for, 272; Q% in
terms of, 270; g% in terms of, 270;
variety of notations for, 242

Thoms, 327

Transcendental fractional function, 171;
analytic function is a, 187; I'(1 +x)
is a, 207; defined, 187; each of
the functions tanx, cot.x, cscux,
sec x, is a, 187 ; has non-essential
singular points in the finite part
of the plane and an essential
singular point at infinity, and the
converse theorem, 187, 188

Transcendental integral function, cannot
be doubly periodic, 255; defined,
159; ¢, sinx, cosx are simple
examples of the, 159; has o« for
an essential singular point, 184 ;
Liouville’s theorem, 159; general,
with assigned zeros a,, 199; no-
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tation Gx for rational or, 159:
with a finite number of zeros, 196;
with an infinite number of zeros,
196 ; with no zeros, 196

Translation, 55

Turn connected with stretch by log .,
50; relation of a, to the complex
number, 13

Unconditional convergence, see Product,
Series

Uniform continuity, convergence, see
Continuity, S8eries, uniformly con-
vergent

Upper limit, see Limit

Value at a point, distinction between,
and limit, 68, 73, 87, 93, 116,
233, at an essential singular point
non-existent, when no path is
specified, 187

Weierstrass's form of Legendre’s relation,
257, 258; primary factor, 197;
theorem on behaviour of a one-
valued analytic function near an
essential singular point, 187, 234;
theorem on power series, 134 et
seq-

Wessel, 17

Zero, defined, 94; ¢* has no, 163

Zeros, factor-theorem of Weierstrass, 197
‘et seq.; of a function Gx are.
isolated, 189; of a one-valued
analytic function, 188; of a power
series, 132; of a power series are
isolated, 149 of a rational alge-
braic function, ¢5; of a rational
integral function, 9o et seq.;
possible distributions of, for a
power series, 133; theorem on
sum of orders of, for a rational
algebraic function, 95

Printed in Austria.
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