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PRELIMINARY NOTICE.

AS a virtual introduction to the present topic, a short treatise
on Anticyclics has already been issued from Messrs Macmillan and
Bowes, with Skeleton tables. Much ampler tables remain in my
closet; a fact which indicates how long I have been planning the
present attempt. Indeed in 1852 the substance of Chapters X. and
XI. below appeared in the Dublin and Cambridge Mathematical
Journal, my aim being to reduce every function that needed
to be found by infinite series to a form that vanished at every

quadrant; just as Legendre’s T (cw)= f E(cw)d.F is superseded

by my T (cw). I had already completed in outline the present
treatise, except Chapter VL

So much I recite, lest I be thought to place myself in
rivalry to Professor Cayley, who doubtless has views far larger than
mine, and adapts his notation to researches which I neither touch
nor imagine. Only quite late in time was I aware that he had
written a treatise on these Integrals: my earlier pages were already
in the printer's hands. My preoccupations preclude my study of it:
indeed, years ago I found that to compare Mr Russell’s equations in
the British Association with my own was similar to translating from
a new language. I comfort myself by thinking that the lines of
argument and the notation which is easiest to me may help some
students who cannot give their chief energies to mathematics.






CORRIGENDA.

F (cw) + F(ct)

F
Page 110, line 14. Read %ﬁlz T+ Y= —, and in the corresponding

C C
1
denominators of the three following Corollaries change ¢, ¢, to C, C,

Page 136, line 11. For r in left member wnite r,
Page 139. In eq. (5), right member, the exponent ought to be (n +1)?
Page 193, line 5 from foot. Read =.,/1'P (cwp)+/TP (¢, w, —7),

Page 193, line 4 from foot. For Q; (twice) read ;2
Page 194, line 1. Read

Eliminate (J), LR-3Q=4%tan™? (\/p,. s1n o),
Page 200, line 10 from foot. For b, read b,






ELLIPTIC INTEGRALS.

LOWER THEORY.

CHAPTER 1
ELEMENTARY TREATMENT.

Notation and Definitions.

1. LEGENDRE is here followed in all main principles, as easiest
to students who do not aspire to Mathematics as the professional

pursuit of their lives.

In this theory A is not used to denote an increment, but as the
Cardinal Surd of our integral. Thus A (¢, ») stands for
v (1 —¢*sin® w),
and where conciseness is urgent, may be abridged into A () or into
simple A, if ¢ and w can be understood.

The series for A™ by the Binomial Theorem is

1+4c*sin*w + ;—Z c*sin‘ o + &e.
It is worth while to write &k, k, &,... for these numerical coefficients,

1.3.5...2n—-1 .
go that &, means 3 46 9o’ at least in our early chapters,

N. E. L ¢ 1
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2. By systematic Reduction which is not here needed, Legendre
shows, that if R denotes a rational function,

fR (@a + bz + ca® + ea® + fu') dx

can be expressed in the form of rational functions of a, with log-
arithmic and circular functions of z, by the aid of only three new
forms, which are called ELLIPTIC (for a reason truly insufficient), and
are of the types,

dw dw
fo_A—’ foAdw’ and 0(1+p)sinm.A’

if A mean /(1 — ¢’ sin® w).

Legendre proposed to call the three forms the Nome, the Epinome
and the Paranome. The names are convenient, and no one had a
better right to give them than he.

3. In detail, the constant c is called the Modulus, and the variable
arc o, the Amplitude: not but that the Modulus may vary inde-
pendently, or indeed with p the additional constant in the third
integral. This p is called the Parameter, and gives the name to the
Para-nome.

Also b is a constant defined by the equation b’ +c¢*=1, and is
here named the submodulus. Legendre has an arc 6, making sin @ =¢
and cos @ =b: but I reserve 6, in close analogy with Legendre, and
prefer an arc v, such that siny=¢, cos y =b. I call y the Grade, F is
the symbol of the Nome, Z of the Epinome, II of the Paranome; or,
with the elements, F (¢, ), E (¢, w), II (¢, », p). But the treat-
ment of IT must be delayed until that of ' and E is complete. In
the original reduction p must have the form a+ 84/ —1 as its widest
sense.



LOWER THEORY. 3

Legendre's Table of Reduction.

4. These equations are verified by mere Differentiation.

sinew . F—FE 1—cos®w dw

= de - ’.m x =2A tan = +F—2E'

2 b
/cozwdw___E PF f3A9,dw=c’Asinwcosm
C 0

0 | +2(1+BE) +bF
do _E c'sinwcosw

oA’ b b*. A f 3¢® cos’  Adw = A sin w cos

0
cos® @ F—FE sinwcosow +(1+6) E-bF
— do=—3——

0 A ¢ a 3b’

sinw d _E-V'F sinwcosw

oA T TR _ﬂlg);__szzwfcgs_w,(ﬂzm )

é—g——Acosw+F E dF dF

0 [ f Azr ’ (COS m)xr: (sin w)‘lf
fotan’w. Adw=Atanw + F - 2E are all reducible to F and E]

tan® o Atanw —FE d
I G w =)= [ 5
cot’ w

f A Pdo=Acotw+E (e, —1)=fom

Periodicity of the Integrals.

5. If p is negative, and 1 + p less than 1, there is a value of  at
which 1 + p sin” @ vanishes, and II becomes infinite. Except in this
case,  may begin from zero, and increase indefinitely; then

A7 A, T+p.A)
remaining positive, the three integrals increase perpetually with o.
To include all three, for a moment write ¢ (w) for

1-msin’e do

ol +psin‘ew " A’
then if m=—-p, ¢(w)=F(0); if p=0 and m=¢", ¢(w)=E(w);
and if m =0, ¢(w)=TI(w).

* 1—2



4 ELLIPTIC INTEGRALS.

In all cases, ¢ (— w) = — ¢(w), therefore each of the three functions
is odd, each begins from zero.

If n is integer, (7 as usual in Trigonometry), sin® (nr + ) = sin"w,
also d (nm + ©) = dw, hence d . ¢ (nm + @) = d¢ (»). Integrated, it is,
¢ (nm+ 0)=¢ (n7) + ¢ (») in which @ may be changed to —w, or
¢(nT—o0) = ¢ (nm) —d(w); whence we easily deduce ¢(nm) =n.¢(m).
Again, since sin (7 — 0) =sin w, d (7T —0)=—do,

2. ¢ (m— w) = const. — p(w) =P (7) - ¢(w).
Make @ = 3, then ¢ (m) =2. ¢(37). Finally
¢ (v + ©) =2n. ¢ (37) + b (w).
The integral ¢ (37) is called complete. In English custom F, E,
represent F(c, 3m), E(c, §m).

N.B. In these pages the capitals C, B are not equivalent to my
E_, F, (as in Legendre’s Supplements), but F,=4w.C, F,=4w.B.
Knowing F and % from o =0 to w =4, we know them wholly.

To know the ratio of E, to F, seems generally the most convenient
way of knowing Z,. I propose to call this ratio the Ancilla, and de-

note it by the Hebrew Alpha, .". N, = % Beneath N is placed its

[

appropriate modulus.

Geometrical Representation of F.

6. In elementary treatises it is shown that our £ (¢, ) is the arc
of an Ellipse, beginning from @ =0 at the extremity of the minor
axis; but of F there is no obvious picture. I have thought that it is
most easily imagined by a curve in space. Take an upright cylinder
standing on a circular base whose radiusis 1. Let o be an arc of this
circle, and from its variable extremity erect z, a generatrix of the
cylinder, of a length so related to w, that the spiral which its end
marks on the cylinder shall everywhere be of the length F (cw). This

. ; . - . do® )
requires (dz) + (dw)’ = (dF)' = i isnia’
o C'sin'wdo®
or de’= 1-¢'sin*o’
that is dz= - CSinodo

= = cain'e)’



F AND E WITH EXTREME MODULUS. b
To integrate this, put ¢ cos w =v,
* 1=¢'sinfw=1—(c'—7') =b"+ ',
—dy

or dz= m .
_ 1+ec
Integl'a.ted, Zz2= logm v
since when 2 =0, w =0 and v=ccosw=c. Restoring A for
V(O + %),
_ l1+¢
we have z=log Aiccosa’

(14+c¢)e*=A+ccosw.
This cdexists with (1-c) €=A—ccosw.
The spiral, however far continued, will represent ¥ (cw) and when

; 1+c¢
w = 3T, Z=lOg1—-_—E.

Extreme values of the Modulus.
7. When ¢ is so small that ¢’is too minute to notice, so is ¢* sin*w;
‘. A=1. This confounds F(w) and £ () in .
If ¢* is insensible, but ¢* just sensible,
3
(1 -csin*w)?=14+ifsin*w=1% Z-—(l —cos 2w).

¢’ ¢ .

Hence Fw)= (1 +I) ® + g sin 2w;
¢ ¢ .

E(w)= (1 _I> ® — g 8in 2.

When on the contrary c¢ is so near to 1, that b* is insensible,
¢=1-0=1, A=coso,

then F(w)= f Jeco. do,

which Mr Cayley calls Gudermann’s integral ;
and E(w)= f cos w dw = sin w.
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But if at the same time we make w = §m, F, is logarithmic infinity:
It is important to value it when b is sensible, though b may be
negligible. I find the simplest method thus:

csin wdw
Let M—fo———-—A—-——
d N_fl —-csinwd
an =], —a 9
then M+ N = F(w).
When &° is negligible, c=1, A = cos w, and N becomes
l-sine , f oS @ [ dsinw — log (1+ sin @)
cos @ od+sine ““ " Jyl+sine g (1+ sin w),

which mounts to log 2 when w =4m. Further
—c.d.cosw
M= V(' + ¢ cos®’ )

as in the preceding article ; or

1+4c¢
M= log N (b*+ ¢’ cos’ w) + ccos @’
and when =4m, M=log 1 Zc
or here =log %

Thus total F'(») when o reaches 4, and b* is insensible, is found to be
M+ N or log%+log2 or logg.

A cardinal result.
Cor. From F,= log% when ¢’ vanishes and b is sensibly =1, we
deduce that F,= 3 , when b* vanishes and ¢ is sensibly = 1. Or if we

write by preference 3= .C for F,, and §=. B for F,; then }wB =log%

when ¢ is evanescent.



EARLIEST DEVELOPMENT. 7
Direct Series for F(w) and E(w).

8. Developing A™ by Binomial Theorem when ¢* is not very near
to 1, we have

d.F(cw)= {1 + §c* sin’w + %———2 ¢'sin‘ow + ;Z g ¢*sin® @ +&c.}dw,
whence F(co) =0 + £, + kc'Q, + £,°Q, + &e.
if Q, stands for f 0(sin w)"dw, of which we ought to find some upper
limit when » is large. Multiplying by sec @.cos @ =1 under f , you
find O = f Jgeco. (sin w)*d sin w. Integrating by the formula

[ udz = wz — f zdu,

(sin m)ﬁnﬂ (sin w)ﬂnﬂ
m+1 ot i dsece

you get Q) =secw.

and when o is less than §m, the last integral is positive. Also

seCc w . SIn @ = tan w.

Thus Q, is always less than

(sin w)™

2n+1°

Yet our series is too laborious for use, unless special values of ¢ and @
favour.

tah w .

The series for E(c, ») follows easily by
F - E=f(-i——A) dw =f(c“‘sin’l ) A7 dw

= f {¢* sin’ o + &,¢* sin* w + k,¢° sin’w + &c.} dw
=c¢". 0, +kc'Q, + kcQy + k"Q, + &e.

9. In the particular case of w=4}, these two series give values not
despicable. For the equation 2n.Q,=(2rn—1).8,_ — cos .(sin @)™
justifies itself by mere differentiation, since also every term vanishes
when w=0. Put w=4mr, cosw=0, and the last term vanishes.

. 2 - 1 ’
Thus we obtain Q' = n‘) ..,

N
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if the accent on Q denote that o is to be pushed to the value of 4.
Now .Qo=fdm=w, or Q) =4,
0

=310/=1(}7); Q/=%.31(3m); O/=§.1-3(m);
thus in general O '=Fk,.{w. Finally

F =3r{l+k’+ k% + ki + ...k ™+ ...},
and F.—E =3}m (ke + ke +kld+...+k,_ k" +...).

n-1
It is something to have F, before us as an algebraic series in rising

powers of ¢’ It is convenient to put F,=4x.C. I call C the
Modular.

s 0o (e (1 4 (130 ke

But all the terms being positive, no approximation is easily gained as
to the value of C from a given value of ¢’. Since

- 2n 1
oy = e, = (é”?l ) o = (2n— 1) ks

we find E,=3m (1 =k — 4k, - &c....}.

Better series for F, and E..

10. In A (w) we may replace the trigonometrical element by
algebraic terms in two obvious ways, either from v=sinw or from

t = tan o, yielding

dw dt
d(l)—;/—(l—__—’v—ﬂ), dw—m.

The former makes

dv -’
Fo.0) = srmma—ss EGo)=[ /T - do
From the latter,
A'(¢, w)=1-(1-b")sin* w=cos’w + b*sin*w= cos*w (14 b*t*) =
wherce

dt ~ 14+0%  dt
F(e, 0)= M/(l+t,)v(1+b,t,),andE(c,w)-—-fo\ T

Call the two last for a moment ¢ (b, t) and ¥+ (b, {). Then
nothing forbids our supposing b* to exceed 1.

1+ 02
148 °




SERIES WITH SIGNS ALTERNATE. 9

We may inquire what will result by changing b and ¢ into thezr
reciprocals.

- d.t! —dt

¢ (0747) must be G L YA+ 5 VP F DVE )
bt
TN+ VT +1)’

which reproduces
—b.d¢ (b, t), so that dp (b.t)+b.¢(0.£)=0,
whence by integration
¢ (b, )+b. (b7, t7) = C’ (constant).
Again,

o 14576 de? P+l dt
w0 0=/ T Tre =V iEsD #11

1
= - z . d‘\P(b, t),\
which integrated yields
Vb, t)+b. 0 t)=C" (second constant).

Suppose ¢’ the modulus for which 5™ is submodulus, or

—— c’

I
Let tanf@=1¢", (or 6+ w=4m), then, to fix the constants of
integration in
F(c, 0)+b.F(c, 8)=C" ,} make 0=0, w=}r;
and E(c, w)+bE(H) =C"]’ ¢'=F, ¢ =

C,2+ b—,:= 1, S C":l—lf’:

After this, take w =0, § =347 ; whence
b'F(c6)=F,, bE(cO)=E,.
It remains only, when we take =4, to develop by the series

for F, and E, in Art. 9, merely replacing ¢* by ¢, that is, by

b

Hence we obtain

F=}m.b {I—Ic,’.%;+k,’.°, k3. ge+&c.},

2 4
E=}m.b {1 +k,'.Z—,-—§Ic,’.£;+§k:.%—&c,}.



10 ELLIPTIC INTEGRALS.

In these, the terms being of alternate sign, we can get approxi-
mations, and know the limits of error without great labour. Thus
one step forward has been made. OQur first task is, to compute the
complete integrals F,, E,, or their ratio to 4.

To make the last series of avail, ¢* at its maximum must not
exceed 0%, i.e. must not exceed 3. At the worst convergence,
c=1=10" we easily find the limits of efror in taking an odd or
an even number of terms.

The student may compare the new method with the former
in the case of c=14, ¢*=1, b*=4# from Art. 9,

F =} {1 +(3)*. 47+ (;— .%)2. 47+ (; i Z)a. 47+ &c.} ,
but by this Article
=47. v} {1 @37+ @ 2) 37— (;%2) 39+ &c.} .

With ¢ variable.

11. By inspection of the series for F, and F,—E, in Art. 9,
we readily discover the equations

dE,

fc d(F)=F.~E=-c.°%,

so that either of the two series can be reproduced by the other.
This suggests to differentiate the original definition of F and F
with the highest value of w fized, but with ¢ variable. We must

differentiate under the sign f .

dE f—— A.do= j cin 2 dw. Multiply by —c;

. —c‘(%= OGSIAn ~2do=F-E; even with o tndefintte.

AF) [ (2o aysdom] L (=it

Next o~ de o(c —sin’w)~tdo = 0%(c‘—sm w) tdw
Y A _ [ do

0(c™ — sin’ )t 0 A%
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Consult the Table of Reduction in Article 4, and you find (only
multiplying by 5°)
b d(cF) —E—d sin w . cos @

~do A , which when o =}, gives

Two of such relations between F and E ought to suffice; but
their variety is enticing and bemazing, when w = 3.

Equation (a) by expansion of d (cF,) yields

E,—bF,=bo. 2.
dF, E,—Vb'F, —-dE, F,-E
Thus 7o = o , and o = e
Among other curiosities, we now for d¥, find
dN dE dF,
2 ¢ = ez _
Fl. dc =F. dc E.. de
2 2 dx b] v nl
or F?. b = V'F,(F,.— E)—-E (E,-bF)

=—bF+WF.E, - E*
Divide by — F?;
an,
— bt
b o

That, with « indefinite, £ —b’F is positive, is not an obvious
truth ; though the 5% integral in the Table of Art. 4 proves it, when
o 18 less than 4.

It is not amiss to add that £, — b’°F, =c¢’F,— (F,—- E,);
which, by our series in Art. 9,
=4m {kc' + 3k foct + Lk’ + &e.

12. Since ¢*+0*=1, cdc+bdb=0. Differentiate
f od (cF) = F,— E,, then ¢dF. + F..cdc=dF.—dE,,
0

bﬂ — 2b2x + R? — b?ci + (x _b?)ﬁ

whence dE,=(1-¢")dF,—cdc.F,=b".dF,+bdb. F,=b.d (bF,),
and by integration, E = f b.dDF,) coooiviiniiiiiiin 0,

in which we have mow passed to b as the leading variable.
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Again, since we also had F,— K, =—c. df‘, take the value of

F, hence given, and insert it in the last term of b°dF,=dE,+ F,.cdc
just now attained, then

b, dF, = dE, + odo (E,c. "ff) —(1=¢"dE,+cdo. E,~bdE.—bdb.E,.
Divide by 8, .. dF,=dE,—E,.b" db.
Finally integrating, If'c=fb.d(b“.Ec)........................(m).

If either E, or F, were known in functions of b, the equations
(D), (m) would enable us to deduce the other. But when we seek
for the indefinite integrals F, E in rising powers of b, we are cast
upon 4/(1+b’") as the surd instead of A, and ¢ (or tan ) increases
towards infinity when o approaches 47; a fact which stops us.
Nor does the artifice of Art. 7 (in which =M+ N) avail us.
For though the integral M is found in finite known terms, yet

l—csmm 1-—csmm
N= f do _f \/1 + csmw
We easily found N = log (1 + sin ) when ¢=1, but when b is not so

small that b* is negligible, to find N even at the extreme value
o = {7 18 not obvious.

Case of F, and E, when b® 13 less than c".

13. We may begin from b=zero, £,=1, and work upwards
with b increasing, by the equations (I), (m) of last Article. When

b? is omissible, ¥, = log ; These are our starting points.

Insert the latter in our equation (7), then

b 4 1

E,= fb d(blogb>-1+ (10g5 - 3),
in which E, is found to take cognizance of b* while before we had
only E,=1. Integrating by equation (/) we raise the order of

accuracy from b" to b™**, as the two factors b and b under f denote.
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When we proceed to obtain F, by equation (m) the factors b
and — b neutralize each other in respect to the order to which b
rises. Inserting in (m) the values of E, just obtained, we have

F=[s. d[b“ {1 +5 (1og 3 - 2)}] fo. d{b“ ( T 2)}

This is mtegrable, and gives
F = log b b (logb 1) , if b, b® are omissible.

Next repeating the use of () and giving in it to F, the value
last obtained, we deduce a new value of E, in which b* appears,
and only %, b° are supposed too small to retain.

The law of the terms begins to appear: namely 5™ has a co-
efficient of the form

M,log + P,,
in which we must try to fix the value of M, and P, .

14. We can now simplify our problem. Let F,, true to the order
b, be called f;, and E, similarly be ¢,, and write

4
fr=log1-)+ﬁl+,8s+ o+ B e=1l4+a+a,+..+a;

where the subscript indices denote the order in b*; that is, in 8, and
a, the order will be 4. When new final terms 8, a,, are added
the totals are Fours Coire

Evidently then the equations (1), (m) will hold good, if for E,, F.,
we substitute any two final terms a,, 8., in order to deduce B %y
If full proof is desired, write

First e,=fb.d(b.f,_,) and f,-_-fb.d(b-'.e,)
Next 0. = fb d(.f) and f, = fb.az e,
then since eu—¢=a.,,and f  —f—8.,

we replace (7) and (m) by
By = fb .d.(8,) and B, = fbd t*.a,,).

Suppose we have found

Ba=M_, (log% - mr_l) -
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as known value, from it we deduce
a = f b.d(58.)=P, (1og§ - n,) b

by integration when B, | receives its value. This requires
2r.P,=2r-1)M,_,

d 1 = +____:_l___
an Mot o =Myt 57

-1
or PrzT'Mr—l
1

2r-1)2r"

Repeat the process to find B, from a, and you get

2r -1
Mr—w—é—,;,—Pr’

and n.=m_ +

r=1

1
M=t e 1) 2

Thus the law of continuation is known to an indefinite extent; and
we easily deduce
Mr = krg’ Pr = kr—xkr)

2 2
™=ietsat - t@Ine
which converges to log 2 and
1
SV

In brief

4 4
F,=log A +3k. (108’ 5= ’mr> b | in which » represents
A 1, 2, 8, 4... indefinitely.
E =14 Ek,,_‘k,, . <10g 5= nr) b

Evidently this converges when b* is as great as 4. It is some satis-
faction even in theory thus to perfect what was lacking in Art. 10. If
these are pushed to 4, making thereby "= %, the whole interval from
¢=0 to c=1, would be filled. But higher and better methods
quickly supersede this process, which rather belongs to the infancy of
our topic.
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15. The two equations which open Art. 11 may be presented very
differently, as equations (7) and (m) in Art. 12 show. Of course only
two can be independent. To remember all the forms would seldom
repay a student: yet it may be worth while to add a few more.

E.—BF, = e df .......................... )

from (@) in Art. 11.
Againby Art. 11 F.— B,=| (cd F)
- f *dF, + f Fede.
0 0

Subtract this last from the identical equation

¢F,= [ @dF, + [F.. 20de,
JO

then E - VF, = f Fooode oermmronnnn., @).
0
Between (1) and (2) eliminate the left member,
then b’c".%%: f T ®),
in which neither £, nor d£, remains.
Moreover, it yields, since cdc = — bdb,
2 2 dF . .
e o fF 1 (4);
and, exchanging ¢ with b,
c'b*. ar, _ Fyocde.ovvvvreivieniinnnnnn. (5)
cdc 0 b ' ’

which shows, compared to (3), that F, and F, fulfil the same differ-
ential equation of ¢ in the second order.

16. In general, if b be small, and tan w =¢,
A=y(1-1=0".sin' ) =/(cos’ ® + b*sin’ w) = cos w . y/(1 + b°t?),
and the surd may be developed in powers of b*%* by Binomial Theorem.

Also we have

E=fAdw=fcosm.¢(1+b“t“)dw=f4(1+b’z* d sin o,

2,9\ = 4
(F-E)= f(c sinw. A do) = ¢* /sm’ (li'—l-)—Q——.dw

COs w

¢ =ft3.(l + 8% dsin o,
0.
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If each surd be expanded, and T, represent f (tan w)™ d sin w, we by
0

mere routine find
E=sinow+k,. 0T, — }k, . b*T, + 3k, . °T, — &c,

F—E=c.{T,-kbT,+ kb'T,— kp°T, + &c.}.
But to obtain good convergence you need bt small at the upper limit,
though ¢ (=tan ) becomes indefinitely large when w approaches 4.
Moreover the integral T, is clumsy enough. These two series can
seldom be of avail for computing; but they show us the tendency of
E and of F — E, when w is < 45°, ". t <1, and when b is very small.

Mere differentiation justifies the equation
@n+1)T,+2n.T,, =(tan w)™. sin o,

by which the series of T may be continued upward or downward.

When o is < 45°, the series of T' diminishes, and from
_sinet™  2n T
*“n+1 2p41""mn
by constantly adding 1 to n, you can deduce

_sne 4, (0 20, (i 2042
Tn—m.t, .{1 2———n+3.t-.{1 2n+5.t.{1—&c‘&c.

Suppose b* and b*t* omissible; also

T,=ftzcoswdw =f(sec’w —1) cos wdw =f(secw —cos w) dw
0 0 0

=fsec wdw — sin @,
0

The former integral is a leader in Anticyclics.

For conciseness let S (for a moment) stand for

fsecwdw, S T=8—-sinw.

0
Then E=sin w + $b*T,=sin w+4b*(S — sin w) = (1—4b") sin  + 35°S.
Also F-E=Q1-0)(T,— T,
whence F=(1-3V")sin o +3b'S + (1 - ) (8- sin w) — 7T,
=4b"sinw + (1 - 3b°) S— 4c°7,.

If we need only to find bO'F, when b* 78 omissible, we may be satisfied
with b*'F = b*S.



CHAPTER 11
METHOD OF MULTIPLE ARCS.

1. IN Astronomy the integrals of the family connected with
the surd A are treated by multiple arcs, which makes it reasonable
to give it a place here, where indeed it is both simple, and fertile
of results. Legendre thought it worthy of immense labour, and
his work on it is a kTHua és del.

Since 2sin’w=1 - cos2w, we have a right to assume with
unknown constants u and h, A” or 1 — ¢* sin’ w identically

= u* (1 + 2h cos 20 + A*).
To determine the new constants, first make w =0; then
pw=0+hr)"
Next, make w =}, then
1=c=p*(1=h) or b=p(1-h).

Hence b- Z, and conversely

h= in or (1+h)(1+0)=2.

Also pw=0+h)"'=%1+Db).
. _ 5 _2vh
Again, c=J1-b= i3

2. If further we assume a new constant g, making A'+g¢'=1,
since A is less than 1, then symmetrically

(-2, b=(-9Y
m=(r58) o= (%) -
Thus b is related to A and g, exactly asis h to bandc. Since (1-b)

is positive, (1 + b)’ dr (1= b)* + 4b s greater than 4b.
N.E L 2
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2 2
The equation k= (—9—) shows that % is less than %5 Also

1+0b
(14 0)* is less than 4 ; therefore A is greater than %— .

Next, put v+ v = 2cos 2w, .. A’=p*(1+h.v+v". +hY),
and w A=A+ ko)A +™);
whence we must seek A™ in series
pA™ =1 +ho) ™t (14 ho™) 7,
and each surd must be expanded by Binomial Theorem.
Ingeneral (L+w)¥=1—lu+ku' —ku + &

For w assume first Ao, next hv™, and multiply the results to-
gether.

The product, on mere algebraic inspection, shows the form
P,—P (v+ ")+ P,(v" +v7*)— P, (v* + v™°) + &e.
where P, =14k’ + k7R + kR + &e.
P, =kh+klh®+klh +klh + &e.
P, =k} + kb + kL p + kP + &e.

P =kh"+Ek b .E**+Ek k&, B4 &e

n+1 1" n+2"2
If then we account every P to be known, restore to »" +v™ its
value 2 cos 2nv, you obtain

pA™ =P — 2P, cos 2w + 2P, cos 4w — 2P, cos 6w + &c.

Multiply by ™ dw = (1 + k) dw, and integrate, then

F (cw)=(1+h) {Pw — P, sin 20w + 4 P,sin 40 — § P, sin 6w + &c.},
2
in which P, having k" as a factor, and A being less than 7:5, the con-
vergence is good, unless ¢ is very near to 1.

3. To calculate the functions P for all values of A <1, must
be a vast task, But when we assume o = %, all of them vanish
but P,, and we obtain simply F,=}w.(1+ k). P, or giving to P, its
value in series

F=Q+h). ym {1+ k0 + k0 + k'R + &e. ...} ;

but on comparing the series with that of F,, Ch. 1, Art. 9, we find it
simply means F,=(1+A)F,; a splendid and 'msought discovery,
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elicited by the mere “ march-step” of the Calculus. Thus instead
of calculating F, directly, we ﬁnd it endirectly through F, in which
h is less than c.

In Ch. 1, Art. 10, we improved on the series for ¥, by obtaining a
new series with terms of alternate signs, but this required that ¢
should not exceed b; so that, when ¢*=} =b°, we had

F,=3J2{1 —k'+ k}—Fk} + &c).
But now we find
1-b_v2-1_(w2-1)
1+ w2+1 2-1
indeed h* = (»/2 —1)* which is less than ‘03. So that our first series
for F, now avails us practically.

h =

=3-24/2="1716,

Moreover as we deduced h from ¢ by the law h=1—:—b so if

L+b’
h'+g*=1, we can get from h a smaller modulus 2" by the law
% =}~:—_—% To organize a sertes of moduli by the same law, it is

convenient to write ¢b, for our hg; then ¢pb, follow cb, by the
same law as ¢, follow ¢b; and so on to ¢b,... and c.b,.

Landen’s Scale of the Modula.

4. If we suppose the successive moduli to have been calculated
(a work which Legendre completed and abides to our hand), we
lessen complication by using cc,c, ... in capitals just as F,={nC,
then F, = (1 + k) F,, divided by 4, leaves C=(1 +¢,) C,.

Repeated, this gives C,=(1+¢,)C,, C,=(lL+¢,)C,, and so on
until
C=Q+c)(1+c)(1+¢)...(1+¢,)C,.

Now cc.cc,... decrease faster than ¢ ¢’*c®...; in fact, when
17378 H y

b is as large as §, (1 +b)’>(1+2b) or >2, so that with » quite
moderate, ¢, i8 soon insignificant, and C, =1. Finally then, with
n infinite, we have an exact result

C=(1+c)(1+c ) (h + ¢,), &c., ad infinitum, to determine F,= mr, C.
2—2
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Again, we had
2 b, . . ~_b b b
A+e)=y3=vp " C= 75" b, Vb,

or bC = /(bbbb, ... ) as final result, unless c is very near to 1.
Cor. Moreover b.F,=b(1+h)F,=(1—h)F,.

+ &ec.,

1-h
When ¢ and h vary, from b= A we deduce

dlogb=dlog.(;—-——:;z),
&b —2dh —2dh _—2hdh_+2gdg 2dg

or P T Y A
dg _h db
g 2°0b
Addendum.

Legendre has calculated Landen’s scale
cc,cce ..., bbbDD, .

17278 1727874 °

He never needs in practice to go farther than ¢,. His pecnliar
treatment deserves notice.

The primary relation

_1-b (1 by?
h=11p o = 1-p
gives h= l:%ba_‘"_ b _(2—¢) —C?V(l —¢)

Develop the surd by Binomial Theorem ; therefore

1, 1.3, 1.8.5

h=3*35 6% 4 6.8

But easily to find limits, Legendre demands series with alternate
signs. He ingeniously assumes a sort of intermodulus

cﬁ

'2-b)
1-0 & (
Q+0F (1+0by N

ct+ &e.

m =

observing that h =
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2
makes h less than Z—b or than m. (Write now ¢,b, for h and g,

also m, for L 25, ) Then since ¢* is less than ¢’ and 2b, slightly ex-

ceeds 2b, ev1dently m, is less than m. But indeed since

20, 4 p 24D

C=1+61, an 1 m,
ob. = 4Jcb
T d4e)A+0)

of which the denominator =2 ; therefore

27, 2 __ _c_s ___221,

¢’ =4cb, and %) orm—b12 :

_..c’ ml_.blcl
2b b—,,—bc , Or ;’;{—z‘

We seek for series to express ¢, and b, in powers of m.

whence m, :m=

First, SR
Solve for b ; then b=y(1 +m?) —m.
Hence too
T=y1+mw)+m and b +b=2 (1 +m).
Also o= ¢ = 2bm  _ _ 2m__ _ 2m
148" 1+20+b b'+2+b 2/(A+m)+2’
. m 1 2
or again ¢, = NS = +,':") 1
Develop by Binomial Theorem, therefore
¢, =km—Ykm® + 3k’ — &e. oonveninninnnin, (A),
with signs alternate.
Again,
m=2%, o b= 2 g — g+ gt — &e...(B).

Further, since ¢,m = /(1 + m*) — 1, take log. and differentiate

d.Jl+m?) JA+m)+1 mdm

JA+m) =1 m "V +m)

= {14+ +m")H}. m™ dm = (2 — kn® + kgn* — kgm® + &e.}m ™ dm.
[ 4

d log (c,m) =
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Integrate back, adding — log @, as constant of integration, therefore
log (¢,m) = (2 log m — log a) — }k,m* + Yem' — L kym® + &e,

or log %“ = — 3ke;m® + Homt — Yo m® + &o. ..o, (©).
]
But m= Z—l—c,‘ ; % = %‘ ,
so that the last series  =log(}.b,'a).
Make ¢c=0, m=0, b=1;
therefore a =2, constant of integration; and the series (C) =1log.b?
and we find log ¢, =1log (b,°) +log (3m).

The series (A), (B), (C) have all signs alternate, which seems
to have been with Legendre the main problem here.

Some other relations deserve passing notice in this scale.

) _2402 . ]_—C‘___ 1—,\/02>2
Since ““T+e,’ “1+cl""(1+~/o., ’
1—4c
/h=> "N
or Vb 14We, "
_(li/fa),g
Also T+e = 1+, ’
or (L+0) (1+¢) =(1+40,)"

and since b, is related to b as ¢ is to ¢,, therefore
(1+d)(1+0)=(1+Jb)

Combine (1+¢,)(1+b)=2 with (1+¢,)(1+0)=2.
Take the product; therefore

(I+0) (1+¢)(1+b)(1+0)=2.2
or (1+We,)*. (14 J/b)?=2.2, or (1+ ve) (1+ /b)=2.

Case of F, when c is too mear to 1.

5. We had 0=(1+¢,) C, and symmetrically B, = (1 + b) B, if
B is related to b, as €' to c. Multiply these together, remembering
that (1 +¢,) (1 4b)=2.

B B
Then CB,=2C,B or 6=§ . D—: (
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Repeat the last equation, then B =4%. g’ ;
2
. B B
again <F=%.7;
8 o, "t
and so on. Then we have in succession
B .B ..B_ .. B,
5-—2 .01—2 'F,—"'~2 T
Multiply by 4w, and take a new constant p whose definition is
B
p=14m. 0’
then also p=2"". —61;' i

If we make n so large that (c,)’ is insensible, we have found
C,=simply 1. In the same case (see Ch. 1., Art. 7, Cor.) we have

4m.B, = log—.

These yield p=2". log o
More accurately then p is the lemit to which the series
5 01 e d 37 1op b 29 10g 4.
log o 27, log o 27, log o 27, log cs,—tend.

Legendre found that at worst his limit was reached when n=4.
Thus, by means of the scale (if known), p is calculable from ¢, Thus
also B becomes known from the equation

B=§£ and F,=}rB=Cp.

Our use of this now supposes ¢ small, and instead of computing
F, when ¢ approaches 1, passes to F, when b approaches 1, thus
solving the very same problem.

The Promodulus.

6. I propose to call p the Promodulus. In the Higher Theory it
becomes the leading constant, of which ¢, b, C, B and K, are functions.

Bl

Naturally, what p lis to ¢, we denote by p, to ¢,. Thus p,=4w °
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B B
But E,:‘= 2?.}; coopp=2p. So p,=2p,=2%, p,=2p,=2%, and
generally p, =2%. This is the property which makes p a convenient
standard. In Landen’s scale it doubles itself when the index of ¢

adds a unit. Therefore 2 is called the ¢ndex of this scale.

If o’ is to b, what p is to ¢, we have p’'= %vr.%; sopep =@
and one or other is always > (§r).

Legendre must have calculated an entire table of p from a given
¢, with a view to obtain F, from Cp. Perhaps his table of p may be
even now recovered. Not foreseeing the Higher Theory of which
Jacobi was to be the discoverer, Legendre could not know the pro-
minence which p was to assume, so he gave it neither a name nor a
symbol. But already we may ask, Can we work backward, and from
a gwen p compute the ¢ ?—The following process is the best at which
I have arrived.

From a given p to compute c.

.%o, 4 \/4 : .
7. The equation c=17 o or - = o (1+¢), gives a formula of

repetition by increasing the index of ¢ after taking logarithms on
both sides. Each time, also halve the result. Then we have in
succession

4 . 4 )
log s — 2" log - =log (1+¢) Add all these to-
4 4 gether,and on the left
27 log G 27 log .= 27log (1 +¢,) side you have barely
1 2

4 .. 4
2”log§-—2"“logcé=2‘elug(l+ca) log5—2 .log—c—".

8
.......... ’ Ceereeieeseesteerertiecetenennasans Hence,whennbe-
comes infinite the total

sum is

27 log ;— —~2"log 2_—1‘ = 27" log (1 + ¢c,) J

n-1 n

10g§—p=10g(1 +c¢)+ 27" log (1 + ¢,) + 2% log (1 + ¢;) + &e....

But 1+cl=»

’

SO
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and in general l4¢,= %—_t .

so that the series )
=({C-10)+27(0,-1C)+27*(IC,-1C,) + &e....,

where each term may simplify the preceding, whence also
log?:p +log C—%log C,~ }log C,— L log C, — &c ;

where O, is the same function of 2"p, as C of p.

Now a table of log C, with p as argument, from the Higher Theory,
will be easily constructed,

. _Cotp Cot3p Cot5p . Lo .
(smce there \/ C= Oot 25 ' Cotdp ' Cotp " in Anticyclic notatmn).

Then the above gives log% from a given p very rapidly. Conversely

with ¢ given, p =log g + log# + 27 log "éb‘ + 27 &c.
1

To differentiate p.

8. The following process succeeds, by a sort of good luck.

When c¢ is infinitesimal, p=log g;

hence with n large, p,= log; 18 approximate,
NOW p= 2-“pn’
dp=2".dp,=—2" .%c—",
l _dp_de, 1 ( dc, ) 1
whenee dc ~ 2".c, c de~ \2%ac/¢c

Here the fraction in parcntheses has for equivalent
(@. do, —de,  do, >
2dc * 2de, " 2de, " 2dc,_,
2\e, . . . .
——_l-_?‘ , differentiated logarithmically, you find

1

Further, from ¢ =

, de, _bde,
1+¢, 20 20

de_1-0
c
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so that ﬁd%c %1 . Introduce this equivalence into the last complex
. . _dp_ & G ¢, \1 -
fraction, . — = (bc e e b..lc...,) = (c.bbb,...b, )™

This is only approximate, while = is large, but finite. It becomes
accurate when n is infinite.

Now by Art. 18 we know that (bb,b,b, ...)=b’C*. Divide each
dp

side by ¢, Soo- E(_i—o = (b"O”)’l
dp 1
or bdb~ FPC*’

which is sometimes valuable.

9. In fact, try it upon p=3m. g Differentiate ;

 dpmin P02
also iw.C=
iw.B=F,;
while from Art. 8 Cidp = l;:ﬂ: ;
whence -2%’ or —-b—fd,—f = BdF,- CdF,,
1 dF, _dF,

or Fe~ B tOm @

dF, E,—VF,

[indeed Ch. 1., Art. 11.]

LEmmA. 1 say, cde ='—i),c,—;

which by symmetry remains when b and ¢ are exchanged.

Proof. By equation (a) in Ch. 1., Art. 11, we had

E=p. 200,
which, expanded, becomes
b’.c—d~F”—}——M or = b (fiF +0'F,;
¢
whence E - b'F,= b dj ;

as above asserted. Multiply (a) by b%*; we now change equation (a)
into 1=B(E,~bF)+ C(E,—-'F)
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Multiply by 47 to make uniformity;
o yw=F,(E,—bF)+ F,(E,-F),
or yw=F,E + EF,— F,F..

Thus we obtain Legendre’s beautiful equation by mere differentia-
tions.

Dividing by F,F, and introducing the Ancillae

E, E,
N—F, xb—Fb’
3w
we have N +N, —1+F 7 (b),

which may be called, the equation of Complementary Ancillae.

10. Hitherto it has been shown how, when ¢ is given, and we

may assume that from ¢ we may account 6 b,c,b,¢,b,...c,b, all to

be known, we can deduce F, (or rather C) in Art. 4; next, in order
to pass to F,, when ¢* > }, we attain the promodulus p from 2" ]og 4

in Art. 5; whence further F,=Cp. But we next ask after E
and E,.

Reduction of £ to E,.

Now that we have F,=(1 + k) F,, our most obvious method is, to
differentiate this equation. But it must first be prepared conveniently.
C 1-h
Multiply it by b=

1-h 1-%
VE=(L=WF,= 222 (0F) = o /T GF) = Vb (gF):

. log (bF,) = 4 log b + log (gF,) (m).
Now in Art. 9 we had

dF, . ,,, dF
E'c—b’Fc=b'c’.cdc——bc’. 5db"
Subtract each from ¢'F,;
dF, d (bF, )

. F,—E,=0’F,+cba~b b
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Divide by #,,
d (bF ). : d ( gF
1-N, db 1-N dg_
— dlo(bF) h,".?—dlog(gF»).
But in Cor. to Art. 4 we had
dg _ —31. % db

9
Hence by differentiating (m), page 27, we bave

dlog (bF,)=1% (% +dlog (gF,),

which now becomes

IGN db %b 2&(2.0?)‘

Expunge the factor de , and multiply by c,

- (594050 @

11. When c is small, we have from Ch. 1., Art. 9,
E=1mr(1- ic’) F,=3m(1+}c%;

B _1-40
- K= F 1+ic =1-1c

1- 8
whence

which is evanescent with ¢. If then we continue the formula (n),
resuming the notation of ¢, for 2; and for a moment write R, for
¢*.(1-N), the equation R, ,=}c{l+R,} gives by repetition an
infinite series B, =4c¢ {1+ 4c, {1+ ¢, {1+ 4¢c, {1 + &ec...., that is,

1- N,
— = $c + dee, + % . cee, + {ce,c.e, + &

This is our second final series, in which if ¢ is < b, the convergence is
excellent, and the Ancilla is satisfactorily ascertained.

Then from £, =N, . F,, the £, is found.
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But what if ¢ is >b? Then by the Complementary Equation of
Art. 9, we can find N, from &, and thus deduce E,, which completes
our immediate problem. For, knowing F,F,E E, when ¢* varies
from 0 to 4, we virtually know F, and E, from ¢*=0 to ¢*=1.

The first real success is now attained, the values of F,and F,. I
subjoin the Table calculated by Legendre, from the Grade  as argu-
ment, where siny =¢, cos y =b.

From Legendre.

Y Let c=siny and b=cos y
= the
Grade. F,=i=C. F,=1nB.

[}

o° | 15707 9632 6795 | loginfnity

1 | 1'5709 1595 8127 || 5'4349 0982 9625
2 | 1'5712 7495 2372 || 4'7427 1726 5279
3 1’5718 7361 o514 || 4'3386 5397 6000
4 | 1'5727 1243 4995 || 40527 5816 9549

5 1'5737 9213 0925 || 3'8317 4199 9766
6 1'5751 1360 7777 || 3'6518 5596 9479
7 1'5766 7798 1593 || 3'5004 2249 9173
8 1'5784 8657 7689 || 3°3698 6802 6668
9 | 1'5805 4093 3896 || 3'2553 0294 2143

10 1’5828 4280 4338 || 31533 8525 1888
II 1'5853 9416 3775 || 3'0617 2861 2039
12 1'5881 9721 2527 || 29785 6895 1181
I3 1’5012 5438 2014 || 2'9025 6494 o670
14 1'5945 6834 0932 || 28326 7258 2918

15 1'5981 4200 2113 || 2'7680 6314 5369
16 1'6019 7853 0087 || 27080 6761 4590
17 1'6060 8134 9410 || 2°6521 3800 4630
18 1’6014 5415 3790 || 25998 1973 0061
19 16151 0091 6068 || 2'5507 3144 9627

20 1°6200 2580 9124 || 2'5045 5007 9002
21 | 16252 3366 7759 || 24609 9945 8304
22 1°6307 2910 1631 || 2°4198 4165 3739
23 1'6365 1740 9336 || 2°3808 7019 0604
24 | 1'6426 0414 3713 || 2°3439 0472 4447
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c=siny b=cosy
Y F, F,

¢

25 1'6489 9522 8479 || 2°3087 8679 8164
26 1'6556 9692 6310 || 2°2753 7642 9612
27 | 16627 1595 8491 || 2°2435 4934 1699
28 16700 5942 6270 || 2°2131 9469 4981
29 1'6777 3488 4081 || 21842 1321 6949

30 | 16857 5035 4813 || 2’1565 1564 7500
31 1'6941 1435 7306 || 21300 2143 8399
32 17028 3523 6412 || 2°'1046 5765 8491
33 1'7119 2469 5156 || 2°0803 5806 6692
34 1'7213 9083 1374 || 2°0570 6232 2797

35 | 1'7312 4517 5657 || 20347 1531 2186
36 1'7414 9923 4427 (| 20132 6656 5201
37 | 17521 6523 6469 || 1°9926 6975 5735
38 17632 5618 4059 (| 1°9728 8226 6275
39 | 1'7747 8590 9104 | 1°9538 6480 9252

40 1°7867 6913 4885 || 1°9355 8109 6006
41 | 1'7992 2154 4050 || 1°9179 9754 6438
42 1'8121 5985 3662 || 1'9o10 8303 3465
43 1'8256 0189 8136 || 1'8848 0865 7384
44 1'8395 6672 1094 || 1'8691 4754 6031
45 1'8540 7467 7301 || 1'8540 7467 7301

Another Method for E, or rather N..

12. When c varies, the abundance of equations is so embarrassing,
that many will prefer the following treatment.

eint w
F—F = < d

@,

0

which by expanding A™ and observing that sin’w =} (1 — cos 2w),
and ¢ (1 + %) = 2¢ 4/h, yields

F—E=c th (1 —cos 2w) (P, — 2P, cos 2w + 2P, cos 4w — &c.) dw
0

=ch -_/0 P,~ 2P, cos 2w + 2P, cos 4w — 2P, cos 6w +&c. do.
— P cos 20 + 2P (cos 20)*—2P,cos R cos 4w + &e.
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Compress by the formula

2 cos 2w . €08 2nw = cos. n = 2w + cos n + 2w,
then

F—E=cyh fo[(P+ P) — (P, +2P, + P,) cos 20

+ (P, + 2P+ P,)cos 4w — (P, + 2P, + P,) cos 6w — &c.] . dew
=cnh[(P,+ P) o —4§(P,+2P,+ P,) sin 2w
+ 1 (P, +2P,+ P,) sindw — } &c.],

from which we obtain E by eliminating F; which when o=},
leaves simply ¥, — E,=cwh.(P,+ P)) }m.

We found by mere inspection that 4mw.P,=F, Let us in-
spect AP,.

From Art. 2, AP, =kh’+kkh* + ELp + bl b + &e.,
and immediately from Ch. 1., Art. 9, we discover that
ym.hP =F,—~E,.
We can now eliminate both P, and P,, which leaves
F,—E,=cNh{F, + k' (F, - E,)},
a process much easier to remember than that of Art. 10.

To reduce the last, divide by ¢F,=c.(1+ k) F,.

1-8, vk 1-8,) cf, 1-8) .
Then p 1+h{ A } §{1_+~»h—}asmArt.l().

This may please a learner as a confirmation

18. Legendre spared no pains to bring the series P, P, P, ...
into numerical valuation, and his processes are beautiful and instruc-
tive. But his main object was to form tables of double entry for
F(cw) and E (cw). Wonderful was his toil and his apparent complete
success, yet it would seem that unless one of the two given elements
is the series 1,2,3, 4 &c. double entry is a mistake. Poisson coldly
says of these great tg.bles, that by these tn some sense F and E can be
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found. By the Higher Theory which Jacobi opened, we must hope
to treat all by tables of single entry.

Since from a given ¢, we can deduce b, h and g=/(1-4") by
very simple arithmetic, to as many decimals as may be required, the
student will readily understand that ¢,b,c,b, ... ¢,b, are all attainable,
especially since n seldom need be made greater than 4 according to
Legendre.

14. Thus far, by the method of multiple arcs, we can overcome
the difficulties of accurately valuing the complete integrals F,, £, .
To extend this to the iundefinite integrals F(cw), K (cw), it is
necessary to complete the series PP .PP,...P,.... Legendre
has executed this task, which is perhaps superseded in the modern
treatment of these integrals. Nevertheless, his process is too
beautiful and too instructive to omit.

If we had a linear equation connecting any three successive
terms of the series P P P,... P, ..., then, knowing the two first,
we could from them calculate them all, or by calculating any two
distant terms of the series, we could work back from them to P,
and P,; and if P, were known already, this would furnish corro-
boration. It will also appear, that on going forward towards P,
small errors must be magnified; while in the process of working
backwards from P, and P, . all error becomes less and less.

n—1

15. Legendre by the following artifice obtains the linear equa-
tion desired.

In Art. 3 we have the development
plA™ = P — 2P cos 2w + 2P, cos 40 — 2P, cos 6w + &c.
From this we may deduce the development of A. Differentiate
A’=1-c"sin’w;

then 2AdA = — 2¢" sin w cos @ dw = ~ ¢* sin 2wdw,
and dA =—}csin 20 .A™ . dw.

Multiply every term in the series for A™ by sin 2w, therefore
p.dA = —1c*{P,sin 2w — 2P, cos 2w sin 2w +2P, cos 4w sin 20 — &c.}.

Now for all values of 7,

2 cos 2rw . 8in 2w =sin (2r + 2) @ — sin (gr -2) o,
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thus we can reduce the last series to linear sines. Also
o =1+ h)je = oh,
80

dA=—c/h[P,sin 20 — P, sin 4o + P, sin 6o — P, sin 8w + &c. d
— P, sin 20 + P, sin 40 — P,sin 6o + P, sin 8w — &c, |

Integrate therefore
A=P +cnh{(P,—P,) §cos2w —(P,— P,) } cos 4o
+ (P, — P)) }cos 6w — (P, — P,) } cos 8w + &c.}.

The first term P’ is the constant of integration. Since
f Adw = E (cw),
0

we easily find that £, = P’ . 4a, whence if K, is counted as known
the constant P’ is determined.

16. Resume the equivalence
A* = 1 (1 4 2h cos 20 + A7),
or (1 +h)A=pA7 (1 + 2hcos 2w + IF).

If in the last we 1eplace A and A™ by the series in linear cosines
of multiples of w, and again reduce to linear cosines on the right
hand, we shall not produce an identical equation such as we
might call a Truism. For P’ is found in A, and not in A™. So
the result will not be void,as 4 = 4. If for conciseness we represent
the result by

Zy—Z,cos 2w + Z,cos 4w &c. + Z, cos 2nw F &e. =0,
the series Z is wholly free from w. In this, the series P, containing

«h only, must be so related, that the last equation shall be true for all
values of A and for all values of w.

Nor only so, but if for cos 2w we restore §(v+ v™), the equation
will remain true for all real values of v.

Evidently, all these claims will be fulfilled if every Z=0.
In no other way does so difficult a result seem possible. 1t demands,
in particular, A+h)P =(1+~)P,—2hP,;
and in general for any integer n,
U+ 47 Py = (514 B) Py (L =40 Py, oo (A),
N.E L 3
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17. This is just what we were seeking for; a linear equation
connecting any three successive terms of the series P. But the
multiplier (k™! + &) is vexatiously great when A is small, and accumu-
lates any original error, if we move towards P,,,,.

In Art. 3 we had

P, =kh"+k, k" +Fk, e, "+ &e,

of which every term divides by A". Also k,,, is a multipie o1 ,.

If then we put P,=kh"Q,,
we find more simply
3
Qn=1+2n+lkh,+2n+l 2n+3kh‘ I

2n+2 ! n+2 2442

2n+1 2n4+3 2n+5
Tt 2 Omtd I+

ke + &e. J

Observe further, whatever the value of 7,

2n+r—l_(l_ 1 )
on+r 2n+1r)’

which shows that the series admits the new form

H, H, H,
Q"_H°_n+l+n+1.n+2~n+l.n+2.n+3+&c""(c)’

in which the series H is free from n. To fix H,, we bave only
to make n infinite, therefore H, = @ with n infinite

=14+kh + kh+ &e. =1 - )74,
Let h=sin.n; .. H,=sec.n.

Next, we must deduce from equation (A) the relation between

Q..i» @iy and Q,.,. This is matter of algebraic routine; and with
a little attention, you may give in the form

Qo= @) =2 (Q, - Q,,) —(4n.n+1)" . 1*Q,,,......(B).

18. From the last it is manifest, that if Q,,, and Q, be some-
how attained, the multiplier 4* on the right member reduces any
error, so that we attain @, , from this equation with advantage.
But we have yet to find H,, H,, H, ... before eqation {C) avails us.
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In it first write (n — 1) for n, then you at once deduce
_—1.H 2H,
Q"“-Q"-n.n+1+n.n+l.n+2

_ 3H,
n.n+l1.2n4+2.2n+4+38

+&c. ......(D).

In the last, we further change n to n+ 1, making the left hand
Q, — Q...; but further on the right hand observe that

1 @+2)-2 1 2 .
n+l.n+2 n.n+1.2+2 n.n+l n.n+l.n+2’
1 _ (n+3)-3
n+l.n+2.n+8 n.n+l1l.2+2.n+3
1 3

=n.n+l.n+2_n.n+1.n+2.n+3;
and so on, therefore

_—-1.H, A 2H,+1.2H,
Qn—Qn-H_,n;/h.F]_—i-'n_n+l.n+2

3H,+2.3H,

_n.n+1.n+2.w+3+&c ................ (E)
But also
Qn+1 _— 110 - Hl
dn.n+1 4n.n4+1 4dn.n+1.n+2

H

2 —
+4n.n+1.n+2.fn+3 &e. ool (F).

19. Into (B) above introduce the values of the @ series from
(D), (E), (F), and compare the terms whose denominators are of
the same degree in n; thence you find

(1-»)H,=1rH;
and generally r.A=-)H, =@r-4" . H_;

. 5 sin® 9 .
whence, since = cosy tan®. #,

H =}tan'n. H;
and generally _ «oH =}(r—4)' tan'9. H,;
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so that

= 1*. tan®y 1°. 8. tan'y
Q»"Sec""{l_2.2n+2+2.4~.2n+2.2n+4‘

_ 1°.3°. 5. tan’g
2.4.6 2n+2.2n+4.2n+6

+ &c.} (@),

The terms being of alternate sign are advantageous for cal-
culation, and on our assumption that kb is small, so is tan’%. The
larger n the better is the convergence; and if at the worst
four terms must be computed, the process differs little for @, and
Q... Knowing these we can work back towards @, and @, and

can obtain verification from Q, = P, = 1%_ . We have now also finally

F(ew)=(1+7){Q,. o —k,hQ, sin 20 + §£,4°Q, sin 4w
— 3k A°Q, sin 6w + &c.},

and F (cw) is more simply found by taking f Adw from the series
0
above for A which has P’ for its first term, Art. 135.

20. One more simplification seems to remain, since every Q
has sec  as a common factor. Put @ =secy. R; so that

1*. tan® 9 1*. 8% .tan'y

R=l- ot 5 4 ons2 ons d

1. 3. 5% tan® g

T2.4.6.2n+2.2n+4. 2n+6 + &e.

Then equation (B) remains the same with R as with , so that

) Rn+l
" An i n+1

which R, _, is deducible from R, and R, ,,

R_ —R =k {(R“ _R

12xt, observe that

how at.

14h 144
error, so +h)secn= VA=) h’) 1=
But we ha

\/1+sm1; . (45° + 4n).

1 - sin
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Now if we have given  as the arc of ¢ = sin v, b=cos, we have
_l—cosy
1+cosy
There remains
F (cw) =tan (45° + §7n) {Byw — kAR, cos 20 + kR, cos 4w — } . &c.},
and if a table were to be formed with § for argument, the values
of kR, R, R,... would appear as far as needed.

, or sin = (tan §y)* to find 9.

Of course X (cw) is in like manner simplified ; but it is hardly
worth while to go further here.

It will be observed that as the series R always tends to 1 as
its limit, the series for F'(cw) barely converges on the scale of 1,
h, B, h®..., which, unless A is very small, is vastly inferior to that
which is attained (as will be seen) by higher methods: moreover,
since cos 2nw changes sign with the increase of n, we cannot account
the terms of our series to be alternately positive and negative.
Thus far we have attained only what in the early stages of the
Integral Calculus would have seemed a real feat. Up to

3 4 5—4 1

°=3 b=% h=y=yp

the convergence is certainly respectable, and once would have
seemed a good result. When
5 12 1

‘=13 13’ 25 °



CHAPTER 111
NEW AUXILIARIES.

1. TRIGONOMETRY is made more elegant and more intelligible by
introducing many'related functions beside the ancient Arc and Chord.
In our more complex topic the same necessity of Auxiliar Functions
presses still more strongly.

Let  be a circular arc, so related to the amplitude w, that
2 _F o)
v F(c, §m)’
Then whenever w =n.(37),  also =n(}7); i.e. z and » coincide at
the close of every quadrant ; simply because
F(c, n.4m)=n.F(c, i)

Thus « affords a sort of average of the Nome F. I call z the Meso-
nome. Also F (cw) = Cz, since F, = 4. C.

I find it convenient to use the notation, = (); meaning, “w is
the amplitude whose Mesonome is « with modulus ¢,” the modulus
being written below the line, and to the left, in direct opposition to an
exponent. Then if a trigonometrical symbol precede, the modulus
will not affect it; but sin () will mean sinw. When

c=0, F(cw):w)

=z
S (@) =e=a

Also sin @ may be replaced by sin (), upon occasign.



THE NOMISCUS. 39

When amplitudes are supplementary, so are their mesonomes.

For, if o, =7T—o, Sine, =sino.
Also do, = —dw,
dFw, =~ dFw,
Feo + Fo, = const. = 2F,.
Hence also %ﬁ_n_ + ﬁ‘r =2,
or r+x, =m QE.D.

2. Since A is positive and < 1, but A™ > 1, F increases (between
© =0 and o =47) faster than w, and E slower. Thus, within these

F(y). JF (o)

limits, if Y is > w, B 18 >m,

so that also %,: > 'Z,EZ; or E_E({l_)_) > :E](i{‘i) ,
d E E, F

an i (w) > F ().

Thus [£(0)-N,. F(0)]

18 positive in the first quadrant. 1 call this combination the Nomiscus.

When o reaches 41, the Nomiscus vanishes : so does it at the end
of every quadrant. It is evidently positive in the odd quadrants,
negative in the even. I denote it by G (cw). Then

G (w)=E(0) - N,.F(w)
and F (w) is knowable from .
G(0)+N,. F (o).

8 The Nomiscus fluctuates like a sine, between narrow limits,
Also when ¢ = zero, it vanishes ; for then

&. =1, and E=F.
Indeed when ¢* is very small, N,=1-—}c’;
AT =N =3 - Psinfw=4c" (1 - 2510’ w)
and A7 =1+4c"sin'w;
from which

@ (@)= [ (A"~ R). A% do = }¢ fo(cos %) (1 + 3¢ sin* ) dw.
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But ¢* being omissible, this gives

G (0) = }c* . sin 2w,
by integration.

Evidently G (- w)=- G (w),

or the function is odd, like F' and E. Since G (n.}w) =0, we easily
infer that @ (T — w) and @ (n7 — w) = — G (w).

4. In the treatment of II, the third integral, its auxiliary
1 (cw) = f G (co) dF (co)
0

will be needed ; and it is expedient to be familiar with it at once. I
call it the Diplonome. Evidently

V0= [ G(-0)d(- )= [ GiF ="1(a),

or the function is even. Since in the second quadrant G becomes
negative, 77 rises to a maximum when w = 7. We may expect it to
vanish when w = .

In fact

"l('n'—m)=f0G(vr—w)dF(7r—w)=‘{0— Go.d (- Fo)

=f+Gw.de="lw.
0

Make o vanish; " vanishes also; .. 1 (7w) =0. So in general
T (nm) =0;
whence also T (v + @) =No.

This function being always positive, is comparable to sin’w in
periodicity. If ¢® is small, and G = }¢’sin 20,,

dF = (1+ }¢*sin’ w) do,

we may omit the term multiplied by ¢!, and find

o =f0ic’. sin 2wdw = §¢*. (1 — cos 2w).
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5. Conjugate Nomes. In Chapter 1, Art. 10, with tan w =¢,
we had

dt
F = .
d V(1 +0) /(1 +t)
Let btu = 1, and substitute (bu)™ for ¢ in this equation,
d (bu)™ —du

- dF(cw)=

VA ) yA+b7u") @+ ) yOw +1)°

Let u = tan 6, and the last fraction visibly is — dF (c, 6), so that
dF (cw) = — dF (ch);

or integrated, F (cw) + F (cO) = const.

If w increase from O to 4, ¢t increases from 0 to o, % decreases from
© to 0, and @ decreases from 37 to 0. Hence to make =0 makes
@ = }m; therefore the constant is F..

Thus the trigonometrical relation b. tan w . tan 6 =1 is coincident
with the ¢ranscendental relation

F(cw)+F(c6)=F,

In this case the Amplitudes are called Conjugate.

Cor. The Mesonomes are then Complementary. For the re-

_ F(cw)  F(cO)
lation —5 T =1,

¢ ¢

gives us (if 2’ is Mesonome to 6)

/

fr g
or x+a:’=%7r.

It is convenient to write w and w° for Conjugate amplitudes, the
zero being equivalent to a modifying accent or index, not an ex-
ponent. Observe this in all that follows.

From the primary equation btan @ tan @’=1, or cot ’=btan w,
three other relations follow, with which the student ought to be quite
familiar. Easy trigonometry deduces them.,
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(a) sine —-—(IZ—w-,
(b)  cos w°=bsglw;
(c) A°=§.

In Trigonometry, the equation tan = btan o, is developed

('when h= L‘l’)

1+
into V= —hsin 20w + }A° sin 4w — 3A° sin 6w + &c.
Here therefore, since cot w’=tan (37 — o°), )
putting Y =4m— 0’
you have tanyr = b tan o,

S (3 —0°)=0 —hsin 20 + 3% sin 20 — 4. &e....
If #' be the Mesonome to F (cw®) the equation

F+F'=F,
yields Oz + Co' = 3=C,
hence x + & =3

Hence when the amplitudes are conjugate, the mesonomes are comple-
mentary.

6. Conjugate Epinomes. We retain the same relation of the

amplitudes, dza—’ + %’% =0.
. g 0
Multiply by A =R’
. Adow + f)goﬁ:— =0.

2

By the table in Chapter 1, Art. 4, we know / 0‘—’-}2’ and we may replace
o by o’ Integrating then

f Adw + [E° ’MA—fgs—c—"—] = const.
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. . cos
Since sin @° = 2
. cos @’
by symmetry Sinw = —5-.
Hence E + E° - ¢*sin o’ sin @ = const.
Make w=3mr, o'=0, .. const.=£L;
or E+ E°— E, = ¢* sin o sin o’.

7. Conjugate Nomisci. If ¢ is a function composed of E—aF,
where o is constant,

$+ ¢ — ¢, = (E — aF) + (B'— aF")  (E, - oF).
But F+F—F =0 and E+ E’— E, = ¢*sin w sin o',
co o+ ¢ — ¢, =c"sin wsin @".
Let the arbitrary constant @ be &,. Then ¢ becomes the Nomiscus
G, and ¢, = @, = zero.

Hence we have G+ G =c'sin w. sin »".

8. Conjugate Diplonomes. Multiply the last equation by

dF=— =%,
then
GdF — GdF° = ¢’ sin w . sin o'dw _ ¢’ sin w cos wdw - 3. d (sin® w)

A Al 1-c*sin‘ow °
Integrate; then
T (@) — T (") + const. = — } log (A*) = — log A.

Let o’'=3m, 0=0, A=1, -
*. const. =",
so that o — T’ + 7, = —log A (cw).
1
— 0 I e .
Next, make w=0, cot'w=> sin*w 155

2

c —
T =1-(1-b=b

Finally 29, = —logb.

A becomes =1 —
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9. Differential relation of the Mesonome to p, the Promodulus.
A particular differential equation with w constant deserves notice.

In Chapter 1., Art. 11, we found
b,d (cF) —E—¢ o Sin @ cos @

de A ’
or b’.F+b’c—d§=E—c’sinwsinw".
Make w=3}mT, =0,
" b“Fc+b’c.dd—IZ°=Ec.

Multiply the last by 5 and subtract from preceding, whence

b (dF !i'_ dF} or b? FdF — FdF,
-ld c ' dc ¢ -I’Tc.dc
=E—Eo-§—c’sinmsinw":G—c’sinwsinw":—G".
d d F _FdF-FdF,
Now e <§-7r) 1'_1;:—_»(17’:)78(:-—
which is now = —T§0—= - &
b'c. F, iwC.b%¢’

Multiply by 3.
Eliminate dc by dec=-—b*c.C%dp. Then with w constant and

. @ do G" .
¢ variable, dr = T s . C%dp,
dx ..
or d = C.G

a remarkably simple formula

*¥  Imaginary Amplitudes.

10. We obtained the relation F+ F°= F, by making ¢ =tan o,

dt
V(1 +8) V(1 + ),

F=
Now if v=sin w, we get

dv
F= jo\/(l—")\/(l-cv’)’ .
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which has a remarkable analogy to the other form. In trying to
imitate the former process, we involve ourselves in imaginatries.

Comparing ¢ with — % and b* with ¢*, the thought occurs to
assume sinw=,/—1tan+,
sin’ @ = — tan’ y,
cos’ w = sec’,
A(cw)=1+c*tan’ ¥ =1+ (1 —b°) tan® y =sec’ Y — b’ tan’

=secy.A (b, V),
also A (b)) =secw. A(cw).
do dsin o
Hence  dF (c) = A (cw)  cos wA (cw)
_y-l.dtany v—1.dy
T osec’Yy. ADY) T AGY) T v=1.dF (by).
Integrate, observing that w +» vanish together.
Then F(co)=n—-1.F (V)
I call F(cw) and F(byr) Anti-Nomes. Let « and y be the Meso-
nomes. .. Cz=,/—1.By.

11. The same transformation may be applied to £G", but new
functions arise.

First, we have
E (co) = fOAdm - foA*. dF = fo sec® YA () . o/ 1. dF (by)

— V-1 .fosec’\[r LA (b dy.
But by Table, Chapter 1., Art. 4,

fsec’w.Adw:tanwA+F—E.

Therefore here
E (cw)=+—1 {tanyr. A (b, ¥) + F (b, ¥) — E (by)}.
Hereby G (cw) or
E-N,.F=,/-1{tany. A O)=E (b, ¥) + (1 =R) F (b, ¥)}.
This suggests a new Auxiliary J (byr) to mean
E(by) - (1 -R,) F (by),

which implies J (cw)=E (cw) — (1 = 8,) F (cw).
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Observe also that 1-N8,=N.—@7BC)™,
s0 that J(cw)=E(cw)-—-{ - F}If’(cw) 6 (c0) +3r-

Thus J (¢, ®) perpetually increases with «, and when w =n. §m,

_n.ir_a
= r =B
In particular J,= B’

. J(¢, n.4m)=n.J,, in entire analogy to F and E.

I call J the Antinomiscus.

12. We found that when ¢! is omissible G (cw) = }c’sin 2w, and
vanishes with ¢ But J (cw) does not vanish with 5% and it will
presently concern us to estimate it when b* is omissible, but not b

In Ch. 1., Art. 16, we found
E=(1-g,b’)sinw-;-,}b*.fsecw.dm ............ (M)
0

also, when & is small enough to neglect,

b F =bgfsec Odw ...ooiiii (N).

0
We have just introduced J (cw) for
E(cw)— (1-N,) F(cw),
or since now N, =1-1b,
omitting b* &c., J =E - }b°F,
or by giving to £ and b°F the values in M and N,
J=(1- 35" sin w.
13. Further, since
J (o0) = G (c0) + 35,

change @ to the conjugate ’, # to 47 — @, then

T (o) = G (co”) +

ir—
F,
Add these, observing that

A N7 PR NI A IV PUI ) WP PN PN S PTUUN
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thence we find

J (cw) + J (co’) = ¢’ sin » sin o’ + i ,
b
for the Conjugates; or again, since

3 _ J

F,

J (cw) + J (co’) — J,= ¢’ sin o sin o".

14. For convenient transformation we have now

G (cw) +V=1.J(bY)=v/—1.A (b{) tan,

or again, changing cbw to beyr, which changes ¥ to — w;
J (cw) +v/—=1. G (bY) = A (cw) tan w.

If y be mesonome to by, it will be an Anti-Mesonome to ; and
the equation

(J (c) = G (cw)} — ¥~ 1 {J (b, ¥) — G (b)} =0

iS equivalent to
x Yy
__b_..,\/_l . F’c-—-_o, or Cm—__,\/——l By,

merely another form of

F (c0) =n/—1. F(by).

Introducing p=3m. g ,
we have dmr.x=y-1.p.y,

which show an analogy of
= N—1.p to 3m.
15. Antidiplonome. Multiply
G(cw)+v/—1J.(0Y)=A(cw). tan
by dF (cw)=V=1.dF (b¢)= A—Gz‘c‘—’w—) ,
then d (cw)—J (b)) dF (b)) =tan o . dw,

or T (cw) — f,\J(b\P) dF (by) = —log cos w.
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Write as a new Auxiliary
K (co) = f J (cw) AF (co).
0

Then T (cw) — K (byr) = — log cos @ = log cos .
Of the auxiliary K I find only temporary need. But since

J (cw) = G(cw)+% ,

we have K (cw) = f {G (cw) + ;}dﬁ“(cm);
0 13
and F (cw) = (g,
2
we deduce K (cw) =" (co) + 2 i B—'l(cw)-i-g—l-)
Let p’ be to b, what p is to ¢, therefore
, C
o
hence pp' =@m),

and of pp’ one or other is > }=. Also
K9 =109)+ L.
But from above
T (cw) = K (by) + log cos ¢ = T(0Y) + 23/;, + log cos
I call K (by) the Antidiplonome. Also

2___ 29 re_ a9 'fﬂ____yg
(Gma)' =—py, or ppa =—py, or =5 .

Thus with one more slight change

" (cw) =T (bY) - g% — log cos @.

16. Imaginary Periods. Write d¢v for
(@ =) (1 =)}~ dy,
which gives d¢ (v) =dFw, when w=sinuv.
When v increases from 1 to ¢, the surd becomes imaginary,
and in the interval, for 4/(1 — v*) we may better write
T/ =1 V(@' -1)

but when v exceeds ¢™, the value of the surd is again real.
’
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There is no discontinuity at either crisis. In proof, first let
»=1+y and y be infinitesimal ; therefore

dy _+4/ —2dy
bv(=2y) V() ’

and o) =c¢ +—5— "/ \/y,

1-v'=—=2y, 1-c"=0", dop (v) =

thus the imaginary part vanishes w1th y, and there is no discon-
tinuity. A like proof applies at v = ¢™

Assume then

1 e . _ ty-1.dz

1-0%% . d¢(ov)—v(1 S AVI =5
Integrate ; then ¢ (cv)=¢ (¢, 1) + V=1 ¢ (b2),
for when 2=0, v=1, which fixes the constant of integration. Put

=¢™, z=1, and the imaginary part is complete ; giving

¢(c, c)=F,+-1.F,.
Thus between v=1 and v=c"", the integral ++/—-1.F, is

generated.

When v exceeds ¢, let cv = u™*, therefore

_ d (c—x u—l) —du
WO = T T =)~ V@@ — 1)y = 1)
—du

= v =) V(A= un) = —d¢ (w);
¢ (v) + ¢ (u) = const.
When u=0, v=0, .. const.=¢ (o).

. Alsowhen w=c" u=1, or const. =¢(c™) +¢(1).
Thus the integral generated from v=1 to v =0, = ¢ (1) equal to
that generated from v=0 tov=1. Also

¢(®)=¢(")+¢(1)=F,t V-1 F,+F,=2F.+ J-1.7F,.
Finally ¢ () + p(u)=¢(x), when cvu=1.
This is in close analogy to Chap. 111, Art. 5, where
v (bt) + 4 (b)) = (b ), when btt'=1;

and we are forced to regard ¢ (cv) and ¢ (cu) as Imaginary Conju-
gates.
N.E L 4
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17. Double Periodicity. This was first enunciated by Abel.
The notation suggested in Art. 1 may be here recalled. Write
o =|(x), for, “® is the amplitude whose mesonome is x, when the
modulus is ¢.” Then sin | (x) means the sine of this amphitude, or is
equivalent to sin w. But when

c=0, F(co)=ow, F,=1m,
z=w, and sin| (z)=sinw =sina.

Thus, when ¢ =0, the subscript 0 is omissible. Also to change
to m — 2 changes w to m — w (Art. 1), therefore

sin |, (7 — ) = sin |, (z).

Now if in the last Art. 22" are the mesonomes corresponding

to ¢, vand ¢, u, ¢ (v) =F (co) = Cu,
and similarly ¢ (u) = 0x,
also F,=pC.

The equation cvu =1 is now written
¢.sin| (z).sin|(z) =1,
and from ¢ @)+ u)=2F,+tv/—1.F,=nC+./-1.pC,
we get z+a=mtpsy—1
From this and c.sin|(z).sin| (') =1,
eliminate «/, and the result must be an identical equation, viz.
c.sin(z)sin|(m +py/—-1—2)=1.
First change « into 7 — @, and 7 — 2 into z, with
sin| (7 — &) =sin|(z); .. csin|(z).sin|(x +py/—1)=1.
In the last, change z to z + p 4/—1; then
csin|(z + p4/=1).8in|(z+2p /1) =1.
Compare these two equations and you see that
sin| (@ + 2p v/— 1) =sin| ().
Thus to add 2p /-1 to the mesonome (or to take it away) does not
affect the sine of the amplitude. It readily follows that
sin| (2mm + 2np 4/— 1 + ) =sin| (z),
indicating a real period 2, and 2p 4/~1 an imaginary period.



CHAPTER 1V.
EULER'S INTEGRALS, AS IMPROVED BY LAGRANGE.

1. ProBLEM. Given the equation F(w)+ F(6)=F (n) to find
an algebraically intelligible relation of w8y, with common modulus c.

Make @ constant, therefore
do _ dn
Aw) An)’
Call each fraction du, and treat » as the leading variable.
Write o', 7', @”, 7" for

do dy do &
du’® du’ di®’ du*’

Then W =A(w), 7 =A(y), or {:‘)’”: i " ‘: i‘f:‘;
Differentiating again
20" =— 2¢*sin w cos w = — ¢’ sin 2w; and 29" =— ¢’sin 29.
Let . 20=r—38 2p=r+s;

r=n1+w, $=1—w;
r's'=(77'+w')('r)'—w')='n"—w"=—02 (sin’n—sin’ (0),
80 2r's’= ¢’ (cos 29 — cos 2w) =c* (cosr + 8 — cOS 7 — §)

=—2¢.sinr.sins.
Again

" =9"+ o’ = — }c* (sin 29 + sin 2w) = — }c*(sin 7 + s + sin r — 5)

=—c'sinr.coss;

§'=n"—w"=—}c*(sinr + s —sinr —s) = —c’cos r.sin s.
4—2
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Hence
1" —c'sinrcos.s coss 8’ _ —c'cosr.sins _cosr
rs —c'sinrsing sing’ s —c¢'.sinr.sins sinr’
. " coss.s 8 cosr.r
otherwise —=—— = =

4

r sins > s sin 7
Integrate ; therefore
log 7 =loga+logsins; logs =logB+logsinr;

or r=asins; & =@Bsin7.
dr 7 asins
2. Further —=—=
ds § [Bsinr
whence asins.ds= @ .sinr.dr;

which also is integrable. Then
acos s— B cosr=r;
thus we have three constants of integration a, 8, 4. Now
r=9+0=An+A0Aw, §=7—-0'=An—Aw;
An+lw 1 _a sin ¢ _asin (7 — o)
Ap—Aw § Bsinr Bsin(p+w)’
But when o =0, the original equation, our hypothesis, makes
AO+1 a
=0 - xg_1= 5>

which is therefore negative. The ratio of a-to 8 being alone con-
cerned, assume '

a=1+A(0), —B=1-A(0).
In y=acoss—g3cosr,
make w=0, n=0, s=n9=0, r=9=0,;
y=acos @ —Bcosf=(a—B)cos =2 cos 6.
Thus we have obtained as integral of

do _ dn
Aw An’
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two forms, which must be identical ; viz.
An+Aw_AG+1 sin(n—w)
An—Aw AO-1 " sin(n+w)’
and (1 +A8)cos (n —w)+ (1 —Ab) cos (np + ) =2cos .
But the latter by expanding cos (7 F @) becomes )
cosncosw+sinn,sinw.Ad = cosb.

But w and 6 are exchangeable in the original; Thus we obtain
", cos 7 cos @ + sin g sin fAw = cos w. > 38 equations
Again in 1st to change o to —7, and 79 to —ow, out of one.
reproduces our first equation,

‘. cos w cos § —sin w sin 0An = cos 7.

If by involution we remove the Cardinal Surd, any one of the
three equations yields (A)
1 (sin® @ + sin® @ + sin’) + cos w cos @ cos 7
=14 }c*sin’ w .sin® 0. sin’y,
The first integral is reducible to

1—An _csin(w+6)
1+A7  Aw+ A0

In proof, first multiply by —1; therefore

Ao +An 1+ A6 sin(n—o)

Aw—-An 1-A0 sin(p+ow)’
Aw+ Ay (Aw+An)?
Aw—An A'w— A’

of which the denominator

But

= ¢’ (sin? n — sin® w) = ¢* sin (n — ©) (sin 9 + w);
(Aw + An)* _(1+ Af) sin(n—w)
dsin(n—w)sin(n+o) 1—A0 'sin(p+ o)’

Aw+ Ay 1+ A0
csin(n—w) — A/ 1-A0"

whence

Change 70 to — 8, — 9, since
F(—0)=F(—n)+F(0);

. Aw+Al 1+ Aq
" csin(@4+w) A 1-An°

This form, though seldom occurring, is sometimes useful.
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Hence also  sin 6 (An + Aw) =(1+ Af)sin (g — w),}
sinf.(Aw—An)=(1-Af)sin(n+w))

3. To solve in the last Article, from the triplet of equations for
7 in terms of o and 6, or for € in terms of w and 7, we can proceed
by easy elimination. To obtain sins, eliminate cosn between the
two first equations of the triplet, or eliminate sin % and thus obtain
cos 7. In the third equation of the triplet, substitute for cos7 the
value already obtained in terms of w and 6, and you deduce Ay in
terms of w and . All is merely algebraic routine. For conciseness
put ¥ for 1 — ¢’ sin’ w sin® 6, then you have

sing = V. {sin » cos A0 + sin 0 cos §Aw}
cosn= V. {coswcos @ —sin w sin 0 . AwA0}
An=V. {AwAf—c’.sin wsin 6. cos w cos 6}.

In these we change wn to — 5, — w as before and thereby get sin o,
cos w, Aw in terms of » and 6.

4. Further, let Fw— F0=Fk. Then in our results we may
change 07 into — 6, k, which does not alter V'; whence

sin 9 + sin k= 2V sin w cos BAG}.
cosn+cosk =2V cos w cos @

sin 9 + sin &
207 F  tanw. AG.
COS 7) + CO8 K

But in Trigonometry the left hand
= tan § (v + «);
tan 4 (9 + «) =tan w. Ad.
Exchange w with 6, which changes « to — x. Thence

tan} (n—«)=tan 0. Acw.

If then w and @ are given to find 7, calculate § (1 + «) and 4 (n — «)
by the two last formulae and you obtain 5 from their sum.

Cor. 1. If =0, or 2Fw = Fn, you have
k=0, and tan (3n) =tanw. Aw,
which gives 5 from . This is called Duplication.

Cor. 2. sinn—sinx=2V.sin € cos wAw, which is sometimes
of avail.
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5. Bisection of the Nome F (). For this we must solve
tan (37) =tanw . Aw

for & (Cor. 1 of last Art.) where 7 is given. Put tan (§9) = e, given by
hypothesis; and sin @ =v unknown;

. tane = ———3’-—‘ ,
V(=77
=J(1—=c);

Aw
v 1-c
I—v 2
is to be solved for v; or

(1 =c)=e1 -7,
vt — e =1+ =0,
(L+ey _(1+e)

2 4 2 2 —_ —
v —(1+ €)' + yYCaa iy e,
whence
146 —26% =/{(1+¢*)"—4c —(1+e’)«/{ (1+ }
But 81n17—1+e“
(14 6)=2c""=(1+¢€) /(1 —c*sin’g) = (1 + &) An,
and 2c*= (1 + ¢') (1 — Ap).
1 2
2—" 2 — 2 = = M
Now 14¢'=1+tan’. §n=sec’. §9 cos' 37— TFcosn’
1-Ay
2,2 =T
cv 1 +cosy

Again (1—An)(14+An)=1-A =c"sinn=¢*(1 - cos ) (1 + cos 7);
1-An ¢ (1—cosn)
l+cosyg 14+49 °

s 1—cosqg
Hence finally, =1+ay’
or if csinp=sgin ¢, An=cos{;
s _l—cosy _ 2sin’. (37)
“TFcost 2.cos.($¢)’
. sin. (37) ,
whence sin QEIL
©7 cos (30)’

if sing=csin.
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6.*,* When csin7 =g is small, Legendre elegantly exhibits sin
and log sin w in series of powers of g.
2 cos §¢ identically = 4/(1 +sin &) + /(1 —sin §).
Take the reciprocals of these,

] _ /(1 +sin¢) — (1 —sin L‘)
. 3sec.$t= S sm e

But sin{=csiny=g.

Then sec.%;’:“/(l"'g);«/(l—g)

oy 113, 1.1.8.5.7
=24+ 5368 1352.6.8.10

whence sin o =sin §7.sec }¢=sin (§9). {1 + 32" + 3k g* + &} (m).

g+ &c.} s

Next, put 22=1log {} + $+/(1 — g%}, and let z vary with g.

Observe that 1-g"=cos*¢
1+ . i *
bV —g) =222 E  (eos 3t) =(%%%£’> '
Thus z=1log (sin 47) — log sin w,
and log sin @ = log sin . 49 — 2.
T - 4V -9
But 2dz=dlog(1+J1—-9¢")=—721;
u ¥4 Og( +\/ 9) 1+\/(1_g!)’
. 1 _1-v-g).
in which TFv= g) 7
. 1—'&/(1_9) ""gdg 2\~ % -1
s 2z = . =—{(1- —1}.97'dyg.
g Vi—gy=" (=97 ~1}.g"dg

’
Expand by Binomial Theorem
2dz=—{kg+kg*+ kg +..]dg
Integrate and you get

logsmm-—logsm(&n)+m}{ =+ k,. +k 6+&c} (n),

where g means ¢sin 9, and the condition is
F (cw) =4 F (cn).
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Cor. Equate the two values of logsin @. Deduct log sin 47 from
both. Write # for g’ which then is arbitrary, and you attain as an
identity

log {1 + 3kz + tka® + ko + &c.} = ko + §h,2° + k" + &e.

a notable equality, with z arbitrary.

7.%.* But other results of Arts. 8, 4 deserve notice. (1) We had
tan a = tan wA#0;
if for conciseness a=4% (n+«).

Deduce cosa. We have
sec’a=1 4 tan’ a=1 + tan® wA’0 =1 + tan’ w (1 — ¢ sin®4)
=sec’w — ¢’ tan’ w sin’0 =sec’ w (1 — ¢* sin wsin’ ) =sec’ w . V7
whence cos’a=cos’w. V.
Exchange o with 6, which alters ¥ to — &, but does not affect V.
Thus from cos’. 3 (n+k)=cos’w. V,
we deduce cos’. 3 (n—x)=cos’0. V.
Eliminate V, and extract square root, then

cos. 3 (n+«) cosw
cos. % (n—x) cos @ (a).

(2) Write sino=p, sinf=gq, V'=1-c'¢
We had sin 7 + sin & = 2V sin w cos 6AF,

whence by exchanging o and 6,
sin g —sin k = 2V sin 0 cos wAw,

V containing w and @ symmetrically. Then
(sin 9 + sin k)’ — (sin 5 — sin &)
=477 {sin’ w cos® A’ — sin® 6 cos’ wA’w}.

The quantity last in brackets

=p'(1-¢) A -d¢)-¢'1-p) (1 -¢P)

= (@' =-1+c. p'¢ +p'g) = (¢~ 1 +". ¢'"+ '¢'p)

=(p' - ) +P¢ (@ -) =P - ) (1 =P')=(p" - ) V™.
Hence 4sinn.sink=4V>.(p'=¢" V",

or sin . sinx = V (sin? @ — sin* 8) (b).
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(3) Similarly, but with greater elaboration, we find
1 4 cos 7 cos «.

First cosn+cosk=2V coswcos b,

and cosn —cos k =— 2V sin w sin fAwAb;
. 4 cos 7 cos k = (cos 7 + cos k)* — (cos n — cos )*
=4V {1-p)(1 - ¢) = p'¢ A -’ 1 - ¢}
The quantity last in brackets
=(1-p'- ¢ +p¢) - p'¢ (1 =P’ — ¢ +¢P’¢)
=(1-cp'g) = + ¢~ . P+ ¢ . pg)
=1-cp'¢' = (" +¢) A = p'7),
or 1-cp'g'—(P*+¢) V7,
but 1-c'pl' =1+ A -cp’¢) =1+ cp’¢) V7
Hence cosncosk=V.(1+cp'q" —p* —¢°).
Add to this 1=V (1-c¢);
. 14+cosnpcose=V(2~p'—¢") =V (cos’w + cos’8) (c).
(4) Once more An+Ax=2V.AwAb,
Anp—Ax=—2V.c*sin o sin 0 cos w cos 6;
. 4AnAk = (An + Ax)' — (An — Ax)*
=4V?. {A'». A’ — ¢* sin’ w sin® 0 cos’ » cos? ).
The quantity in brackets
=(1-7p)(1-7¢)-dp'¢’ 1 -p’) 1-¢)
=(1-¢.p'+ ¢ +ep'gl = op'e (1 - (9 + ) + 1)
=(1=cp'g) =" P+ ¢ (1= ')
=V".A+P¢) - (P +¢). V7
L An, A=V (14 cp'¢" - c’p* = '¢).
Add 1=V (1= cp'g).
Hence 1+An. Axk=V.(2=CP - ¢") = V(A + A'0) (d).



TRISECTION OF COMPLETE NOME. 59

8.*.* In like manner it may be shown that
(1 £sin9) (1 £ sin k) = V (cos € + sin wA8)?,
(1 +cosn) (1 £ cos k)= V(cosw & cos §)’,
AwAf = An + ¢*sin w sin 0 cos 7,
An. AwAf = b+ ¢’ cos w cos 8 cos 7.

By far the most important among these is
sing.sink= V. (sin’w —sin’f).
In the other notation (see Ch. 111, Art. 1) if @, y are mesonomes of
w0, and therefore « + y, # — y mesonomes of n«, this equation becomes

sin’| (@) —sin®| (y)
—¢* . si’| («). sin’| (y)’

sin|(z+3).sin|,(6—9) = 1
which is identically true, # and y being independent. Multiply it by

Ve .ne=c, and let f \cz) mean 4/c.sin (,z); then this equation gives

_Lf o) —[f(ey)T,
f(G, w+y) 'f(c’ w_:'/)"‘ 11— [f(cm)f(zZ)]”

#, y and ¢ being all arbitrary.

9.*.* ProBLEM. To trisect the complete Nome F,. [For Legendre's
Scale, which will be explained, this is an important Problem.] Write

F (ca) =3F,, F(c, B)=%F.
Then a, B are Conjugate, since
F(B)+ F(a)=F.
Also F (B) — F(a)=F (a).
Hence for @ of the preceding articles we may write 8a, and for nx we
must put 47 and . For

tan § ( + «) = tan w A0
we have tan § (37 + @) =tan 3. Aa,
and for the law of Conjugation we get
btana.tan 8=1.

From these two equations we are to deduce @ and 8 in terms of c.

First eliminate tan 8. Then
btana.tan} (37 + a) = Aa

bt 1+sigiz_
or A&/ T —sina
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The only unknown arc in the last is a. Let

k=sin a, ta«na=1~7z]*.-&_*]c§);
bk 1+k -
VI=) " \/T-———k:*/(l_”c)’
bgk‘ 27.2
or (l—k)’ 1-c%
If you put b*’=1-¢,
. _ 2%-1
and solve for c*, c R

From this a TABLE of trisection might be made by assuming values of k.
Observe, that if ¢* k be changed to ¢ k™, the same equation is re-
produced.—To solve 1 — 2k + ¢** (2k — &*) = 0 for k, begin by removing
the term containing the 3rd power. Put k=h+3,

B — 3R+ (2¢*=1) h— & =0.
Identify this with (B — ph + q) (A* + ph —r);
g-r=p'-
9r =1%;
plg+r)=2c"-1
Eliminate ¢, r, and you get exactly

(p*—=1)= % [the reciprocal of m® in p. 20 above].

8 2

Put n= il;;
¢

wpl=1+n,

g—r=n—%;

tr= l-n
g - 140’

For k we want the smallest root, and that positive. We get it by
solving B+ ph=r.

Cor. 1. When ¢ is infinitesimal, 2k —1 =0, a = }m = 30°, the
lower limit.

Cor. 2. Whenc=1,6=0,2=0,p=1, —q=r=% A+h=1},

h+% or k=4/}=sin45°. This is the upper limit, to which a tends
as ¢ increases.
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10. Since F(B)=2F (a), tan 3B =tana. Aa.
We had tan (37 + 42) =tan 8. Aa.

To eliminate Aa from these, eliminates ¢ entirely. The result is un-
expectedly simple. First

tan a . tan (37 + }a) =tan B.tan 8.

We have k =sina; for a moment put A = cos 3, then

k 14k V(l AY) 1-)
A= (by Trigonometry) = Ty
: B _d-M
Square ; ST IV
or In=(1-k)(1 =),
whence k+a=1,
or sina4-cos 8 =1.

This linear equation, with the conjugate cota.cot3=1"0, contains
everything. Of course we have

. 2k—1
2=k
with sina=£%, and cosB8=1-F,

so that 2k —1=sina—-cos B, cos’B=1—2k + k?
v 2k —F=1—-cos’B=sin’pB.

,_Sina—cos B

Hence = 5 A .
sin’ a, sin*3

A Table of Trisection seemed awhile the desideratum.
* 11. Addition of Epinomes. PrOBLEM. To find the relation of

Eo to EQ when Fo + F0 = Fy. If we differentiate
cF (0) + cF (6) =cF (n)

with @ and 6 constant, but ¢ variable (in which case 5 must vary with
c), we get from Ch. 1. Art. 11,

B d(o Fw) Yy d(c FH) . d(c. Fn) s d(c.Fn) dny
de dp  “dc’

where 3—3 must be estimated from Art. 3 above, p. 54. Then its
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equivalent is

(Ew — ¢* sin w sin ©") + (E6 — ¢’ sin 0 sin 6°)
c dy

=(En——c’sinnsin07°)+b’.-A—;7- ‘7o

Evidently then, if we put P = Ew + Ef — En,

P will be trigonometrical. We find its value most easily by sup-
posing that ¢ and 7 are constant, making a new beginning.

Then
AP = dEe + dE0 = Awdo + A0 = 5@ —c0sbcosy 4

gin 6. sin g

cos 0—coswcosnd0
sin @ sin 9 ’

whence sin w sin @ sin 5. dP = (sin w cos wdw + sin 6 cos 6d6)
— cos 7 (sin @ cos fdw — sin 6 cos wdw)
= }d (sin’ ® + sin® 6 + sin® ) + d (cos 7 cos w cos 6);

where sin’7 is a constant which we may add.

But formula (A) in p. 53, Art. 2, reduces the last to

4c®. d (sin® o sin® 6 sin® 5),

that is to ¢’ .sin w sin 6 sin 7. d (sin w sin @ sin 7).
Divide by sin w sin @ sin 7 on each side, then

dP =¢*. (sin w sin @ sin 7).

Integrate, then P =c"sinwsinfsin 5 +c,.
But when 0=0, o=,
s P=0, o ¢,=0,

1

i.e. no constant of integration is needed.

Thus we find Ew + E0 — En=c*sin w sin 0 sin .

Cor. Since also Fo+ F§—-Fp=0,
every function of ¢ made up of Z—aF, where a is any constant,
makes also ¢w + ¢80 — ¢n = ¢* 8in w sin G sin 4.
In particular, when ¢ =N, we have

G + G0 — Gy =" sin w sin G sin 9,
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12. We cannot ;similarly obtain w + 10 —"15. If we attempt it,
we only alight upon II: nevertheless when & = 6, we can find 25w —=yn.
This, from 2Fw = F7), gives
2 sin o cos wAw

sin g = -
K l1-¢*sinfw

from Art. 3. Also 2Gw— Gy =c’sin’ w sin .

Multiply by 2dFw = dFy = 222
Aw ’
Then 4G . dFo — Gy. dFn = ¢ sin® o .sin g %‘%‘" .

Give to sin 7 its equivalent in the last term,

4c*sinw cos wdw
1-¢*sin*w

4dTw — dIn =

b

whence 4w —In=—log(1 —c’sin‘w) Q. E. L
when 2Fw = Fy.

13. Legendre also deduces Euler’s main equation of Art. 2 by
Spherical Trigonometry very simply.
Let wfn be the sides and aBy the
opposite angles of a spherical triangle
ABC. Put

_sina_sinB siny

T sine sinf sing’
and let ¢ be constant. If also  be
constant, so is . When w8af vary,
» decreases when @ increases, and if
AB change to A'B’, the two lines cross, as in 0. Drop Bn perpen-
dicular to A’OB, and A'm perpendicular to AOB. ‘Ultimately
0A’=0m, the angle at O being infinitesimal, so OB = On,

mB= A'n,
But AB=9n=A'B
since 7 is constant ; S Am=nb.
But A'A=-86, BB =38w;

;. Am=-2080.cosa, nB = dw.cosp.
Hence the equation Am=nB
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gives 8w cos B+ 86 cos a= 0,
dw de
o cosat s B2
Again, since sina = ¢ sin o,

sin B = ¢ sin 6,

sin y = ¢sin 9,
we have (with only signs doubtful)

+ cosa = Aw,

+ cos 8= A6,

+ cos y = An.

Also we know 8w, 86 to have opposite signs, therefore the true equa-

.. do  db
tion is Aw + AG= 0,
whence F(cw) + F(ch) = const.

But when =0 BA coincide with BC and o = 9;
. F(cw)+ F(cO)=F(c, n),
under the condition that
sin ¢

= — or Sey=A .
0= Gngy O 08T (cm)

Also by the known property of Spherics,
cos 7 = cos @ cos @ + sin w sin 6 cos .

Only the sign of cosy remains doubtful. To decide this, suppose ¢
to be almost 180° .. 7 is almost w + 6. This shows the negative
sign to be right, or cosy=—A (¢n).

Hence we have cos % =cos ® cos @ —sin wsin 8. A (¢, 9)
with Fo + F0 = Fy,



CHAPTER V.
ScALE OF INDEX 2.

1. Lagrange’s Problem. Given the equation
F(cw) =p.F(h 0),
where ¢, h, u are constant, and w, 8 variable circular arcs; find an
algebraic relation between the constants; also between the five
elements.—The following investigation, when I began these studies,

pleased me as very elementary and unartificial. As such, it may
please other beginners.

We know that if ¢ = tan w, and % = tan 6, with
F+b=1, and ¥ +g¢°=1,

the given equation yields j(de_t) = % ’
if . (b, t) means J(L+ ) J(1 + B8,

Also by Binomial Theorem the reciprocal of the last has the form
1-Ap+ At — &e.
Se too the reciprocal of f(g, w) has the form
1 - Bu* + B,u'— Bu® + &c.
Introduce these series, and integrate then
(t—34,0°+ 14t —&c)=p(u— 3By’ + Ju’ — &e.).

In the given equation w and @ vanish together, and in vanishing
pu =t

When ¢ and u* are negligible,
1-34¢

/.vu=t. i—_—:}—B—ﬂ?.
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On the right, insert «* = ¢ as a first approximation, then

_g. 3-AL
ph= "8 —-B,.ut"

This suggests as possible solutions, to try the form

vt 1 —mt?
Be=t-
. . t
or simpler still, pu =y
t)
not but that u=t¢. ¥ @)
SEAY0)

seems a possible form, with 4» and ¢ rational functions.

2. Start then tentatively with
p't

U= ——

1—rt*’
and seek relations of these elements by actual trial, » of course is
constant. This assumption yields
1+ (7 — 20) £ + 17t
2 __ .
1 +u = (1 . ,’,t2)2 )

and to simplify, assume p?— 2r =1 + 7% which reduces the numerator
to (1 +¢*) (1 +7*¢*), and our assumption is exactly u™ =1+

Next, we deduce

Ly g 1 =) B

A—rey

Again, to simplify, assume wu™?9® — 2r = 27, which reduces the nume-
rator to (1 + 7¢*)*; and our new assumption means

g _ s _ 4r .
g _4’7':“' _(1 +7‘)2’
2
whence k= (1;—7—) .
147

Now also we have two results,

v(1+u) = YD VOETD g,

1478

and VL + gt =0

(M)
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Thirdly we must seek udu in terms of ¢; from our assumption

B

Rk
i _ t . (L +rt)de
. [ul:du =d. ’l—jt*z = by routine m (N).
du
N : = £ .
o w-aF h 6) = G2 v+ 7
On the right of this last, insert the equivalents from (L), (M), (N),
dt

and the result is 7 (T+’i 25_"«/(71— 4_{__?:%2) ,

so that if we make a third assumption r =b we obtain
ud . F (h, 6)=dF (co).

And with disposable constants ¢k ur we have a right to make three
assumptions. Then, integrating, we find exactly

pE (b, 0) = F(cw),

which solves our problem.

3. Many and important inferences follow. First, observe that

1=
T140b°

so that the constants are related as in Landen’s scale, and
pi=1+b, p=34(1+h).

h

I Thus F(co)=3%1+h)Fh,0),
and Fh,0)=(1+0b)F (cw).
* (1+0)¢

II. Make w increase in w = In fact, so long as 1— b¢*

1- b8
is positive, so is . When ¢ = 4/b"", u becomes infinite, therefore
0 = 4m. When ¢ exceeds 4/67", v becomes negative. When o = 4,
¢ is infinite and w (previously negative) sinks to zero, .. § becomes =,

at the crisis of w = }7. [When ¢ = /b, w = conjugate «’.]

III. Introduce these values into I, and you have
F,=%(1+h) F(h,m) or (1+h)F,,

a relation already found, in Chap. 11.
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IV. Write tan+r for btan o; then
an 6= (1+b)¢_tan+yr+tanw _

T1-06f  l1—tanytane o0 ¥+ ),
whence simply =Y+, or 0—o=1,
that is tan (0 — w) =tan ¥ = b tan w.

This neatly deduces § when  is given, and shows, when b constantly
lessens, that tan (6 — w) converges to zero, and (6 — w) to 0, else to nr.

V. Moreover, if w increase perpetually from 0 to 3w, 7, §, &c.
the ¢ accompanying becomes zero and ¢nfinite alternately at the end of
each quadrant; so that, each time w rcceives §7r for increment, 6 has .

On this account the number 2 is called the Index of this Scale.

4. From o given, we now deduce functions of @ by routine.

I. From tan 6, we get
. 1+0.t\
14+u —1+<*1‘:“6t7) .
Now (1—=0)"+ (1 +0b.t)=1++08+0t'=(1+¢) (1 +b4),
g V(L+8) V(1 + D)
10t '
1-20¢
}\/(1 b2t2) >

whence, multiplying numerator by cos o and denominator by

so that sec

Reciprocating cosf=cosw.

cos o = A/ cos® w,

II cos 0 =— ‘?f?_ﬁffl’ —bsin*o _ cos’w - b sinz_w
~ (cos'w + b sin’ w) A (co)
., tand (1 +b)¢
Also sinf = -~ an nd tan 6 = o
i 1+b)t (L +b)sinw
L - singe - _ ‘
1 I sm@ \/(1 T ty) \/(1 +b2t2) \/(1 +bit1)
(1+d)snew 08 @

. C
= J(ecto —tanie)~ (L HO)sine. TS

More elegantly, if «® is Conjugate to w, sin = (1 + b) sin w . sin .

2 c
T+h VR’

Vhsin 0=, /c.sic w . /¢ sin o,

Or again, since 1+b=
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2
IV. Further, we had (in Art. 2) /1 + g%’ = %i.—(b,% .

Introduce =S_111_g , t= Sin ® , herein;

cos @ cos @

2 2
then v/ (cos® 0 + ¢ sin 0)
cos 6
. A(h, 6) cos’w+bsin’w 140

that is, cosf cofw—bsintw’ 0T I—i

cos’ w + bsin’ @

Eliminate cos 8; then A (h, 6) = AG =)

5. V. By law of Conjugates, cot &’ =b tan w = tan 4 of Art. 3,
@’ =3mr—
We had 0 = w + 4, hence 0 = w + (37 — °).

1 1-)tan’w Eotw—bi_s_ainf
tan 6 (1+b)tanco 1+b

—l—i-hcot —-l;h tan o
g MPT e

= (cot w — tan w) + 4h (cot & + tan w) = cot 2w + h cosec 2w.
VII. We may now add
A (h8) _cos’w + b sin*w _1+btan’w
A(cw) A'(cw) | 14 0tar'e’

The equation tan Y = b tan @ in Chap. 11I. Art. 5 was developed
for 4 in series. Here we have only to replace y» by 8 — w, and we

VI. cotéd=

obtain 0 — o =w—hsin 20 + $4°sin 40 — 4’ sin 6w + &e.
Besides, we have
cos 0 =sin (0’ — w), sin 6= cos (0’ — o).

Further

(1+B) A (hf)=(1 4y, L= = Dsin’w

A (cw)
_(1+b)—c"sin'w _ (A-csin*w)+d
- A (cw) A (cw) =4 (cw )+A( )’
that is, since —A——(l:_w_) =A (ce’),

(1+b) A (h6) = A(cw) + A (co).
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Similarly

_ 1-(1+b)sin'w
(1—0b)cosf=(1-0). A (cw)
_(1=b)-c'sin'w
- A (cw)

6. Next, suppose 6 given to find w. Identically, we have

sin (@ + V) = sin w cos Y + cos w sinYr = (1 + cot w tan y) sin w cos Y.

= A (co) — A (co”).

But by hypothesis tanyr = b tan o,
. cotw tan {Jr =b;
or sin (o + V) = (1 £ b) sin w cos 4,

sin(w—+Y) 1-b

whence oY) 1¥b

But w+Y=0,
o—Y=20-— 6.

Finally sin (20 — 0) = A sin 6.

This is the simplest equation for finding w from 6.

When £ is evanescent 2w — 8 =0, as before shown by the series
for 6.

It is sometimes convenient to write A, A, for A (cw), A (h6) and
A’ for A (co®).
Eliminate A® from (1+b)A, =A+A’and (1 —b)cosf=A — A",
S (140D, +(1—=b)cos§=2A,

2 1-b
or 1+bA A+1+bcos0

ie. (1+h) A=A +hcosé.
Multiply the last by H (modular to ), observing that (1 +h) H = C.
Then CA =HA, +hH cos 8 or CA +c,C cosf
in our notation for Landen’s scale. But to complete the analogy we
ought to denote § by w, when F (cw) =uF (cw,) and u™=1+1b, or
r=%1+c,)
We had also by Art. 3,

A, 1+

cos 0 1-—bt*’
—cos 6 _ (A, —cos 0)"

b’ = >
A +cosf A —cos’@ -’
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The new denominator is
(1 — h*sin® 8) — cos® @ = sin® @ — h*sin® § = ¢* sin’ 6 ;

_A —cosf
hence ,Jb gfanw = —‘—qm‘- ........................ (a).
Again, since (A, + cos 6) (A, —cos 0) =g*sin’ 6,
. _ gsind
the last equally gives 4/btan w= A toosd’
Further if F(ho°) + F(h6)=F,,
. cosf 1-bt
sin 6° = —'ZT = li—*_“b—ti .
. — 1 0
Thence in reverse, bt’= ﬂg ,
1+ sin 6
or vbtan o = tan (37 — %0°),%
whence also vbtan o° = tan (}m + 36°).
Observe also that cos 0 =7 S‘;n 0, by law of Conjugates,
1
A‘l
. secl = gem g s (d).
o 1 cosf
Also tan 6° = gRand T gsmp s (c),
so that by (a), (b), (¢) /btanw or A, —cosf
T2 g sin 6
is expressible as Vb tan @ =sec 6°— tan ", }
yielding /b tan o° =sec 6° + tan 6°.

But all this is mere preparation.

We proceed to calculate F, E, = from o and ¢ given.

Calculations by Lagrange’s Scale.

7. Calculation of the Nome. We have F(cw)=Cz and we
presume the Modular C to be known. We need only to calculate

the Mesonome. Suppose amplitudes o @, ®, ;... to be computed
successively by the same law,

tan (o, — ») = btan , tan (w,—w,) =0, tan w,,
and so on. We know that the series bb, b b,... rapidly runs to-
wards 1.
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We found ' F=4(1+h)F, (o) indefinite
and F=(Q1+h)F,
or C=Q1--h) H;
; g=g.% or 1}%
Now z= g .
Similarly we must make
T = _ﬁ_'l =2
1 01 ) 9 02 )

as successive Mesonomes. Then we deduce
z=3%x, x, =3}z, x,=3iz, &c

or =272 =27, =...=27"g,.

Also when n is so large that c, is insensible, F,=w, and z,=F,.
Thus with a large n we have sensibly #,=w_; and 2 (which =27z,
accurately) is 27w, approzvmately. Thus z, which alone we need to
find, is the lmit of w, 27 w,, 27w,, 2w, ..., and all is reduced to the
calculation of ®, w, @, ... In determining their values from the
trigonometrical equations it must be remembered that each tends to

be double of the preceding, which will guide us to know how often
27 is to be added to the arc whose tangent is known.

8. Calculation of the Nomiscus, G (cw), from which we obtain

E=8.F+G.
We must first apply Lagrange’s scale to it. Since by hypothesis and
p# known %‘—, = 1+h df
, 2 A’
multiply by (1 +2)*. A" = (A, + hcos 6)* of Art. 6. Then

(1 +hy. Adw=—1%’ﬁ.(Al’+2hA,c030+h’ cos* o).‘i—e.

1
But h*cos’ @ =h*— h*sin® 6 = A — ¢,

so that (1 +h)Adw =(24,° — 9* + 2hA, cos 6). 2%—9—
1

=800 —4¢". % 1 hoos 6as.
1
Integrate; then (1+h)E=E, —44’F,+ hsiné.
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In this make o=3m 0=m;
s (14 h)E,=2E, - 1g*.2F,.
. F F,
Multiply the last by F= 3. 7

and subtract from the preceding ; whence (1 +4) G =G, +hsiné.
Multiply the last by H, observing that (1 + k) H= C,
CG=HG +hHsin 6,
or in continuous notation CG = C,G, + ¢,C, sin ,.
This is the equation of reduction.
Add together (CG - C,G), (C,G,-C,G,), (C,q,—-CQ,)...
up to (C,_,G,_, — C,@,) and their equivalents. Then
G- CG,=cC sinow, +cC,sinw,+ ... +¢,0, sin w,.
When c, is insignificant, so is &, and C, =1. Finally then
CG =c,C, sin w, + ¢,C, sin o, + ¢,C, sin o, + &c. ad infin.
=3 (c,C,sinw,), with ngl,2,8,4...

L[] n n

which is very easy to remember.

But to apply this formula, we may observe that, from (1 +¢,)C, = C
_ 2 ‘\/61 c101 =% _
and C—ml, cC —c(1+61)——%‘\/01 ..................... (a),
so that G =c {3/c,sin o, + 1/e,¢, sin o, + 1/c ¢, sin w, &e.
Suppose w,’ conjugate to , with modulus ¢,. Then since generally
¢, sin @, = 4/¢ sin o . 4/c sin °,

nth term of series . 4/c,sin o,

= S 0
(n —1)% term 3 sinw,_,

n-1°

=3c,  sino
This fraction measures the convergence ; and it is less than }¢,_,.
9. Calculation of the Diplonome Observe that, by (a) above,

oy s
. . ¢’C sin w cos
¢,C, sin o, =4cC/c, sin 0, =~———F———

24 (cw)
c*sin w cos ®
Hence CG = CIGI + ‘%O . -A_(C(;)_ .
. dF _dF, do
Multiply by <= 3 T =0 A@w)
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c sm ® o8 wdw

Then GdF=3GdF, +4%. s e .

Integrate: .. 9—4.9,=—}log (1 —c¢*sin® w) =—3 log A.

This is the equation of reduction. By its repetition, you get
9-2",=—3logA—1logA —4logA,—...2"1og A, _,

When n=0, T=—27"log A —27%log A, — 2™ log A, — &c. ad infin.

10. Thus far we have supposed cc,c,... to converge rapidly.
Only when c closely approaches 1 it is expedient to work backwards
by ¢ ¢’ ¢”. Let o be so taken that sin (20’ — w) =c¢sin », and o” so
that sin (2w" —o')=c'sinw, &c. We have a right to assume o
between 0 and 3w. Then csinw being positive, so is 20 — w; and
since sin (20 —w) < sin w, 26 —wis <, or w <w. Thus w o o’ & ...
a steadily decreasing series. But since tan (w— o) =">'tan o, and
the series b &’ b” ... rapidly diminishes, the differences w — o, & — o,
o’ — of”... rapidly diminish. Thus the series tends to a fixed limit .
The greater is ¢, the more quickly is this limit sensibly attained.

. F F . B B
With E,=1}.C‘ combine o=t
thence you have % %‘
o d F_r _F"__F"
ence in reverse order —B- = E F; = ... = F,T) .

When b™* is insignificant, B™ =1, and F™ becomes f sec odo if & is
0

the limit of w &f &’ &” ... Hence F= B.log tan (45° + }).
Also F=Cz, .. }me=p.logtan (45°+ }a).

11. When c is large, we proceed for £ and G through J of
Chap. 1L Art. 11. Wehad J=G+=

Similarly C,(J,-G)= 7;_ L.

But z,=22x; 7=4%. g‘ (Chap, 11. Art. 13).
g
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and c (J"' G) = 01 (Jx - Gx)’
whence CJ-CJ,=0G-CG,.
Now we had CG - C,G,=c,C sinw, (Art.8),

CJ.-CJ,=cC, sinw,
or reversing the scale C'J’ — CJ = ¢(C sin .
But (Chap. 111. Art. 12) when b* is omissible,
J=(1—}b*) sin o,
or (sin w — J) =4b"sin w.
Put R for C(sinw —J), which will vanish with b, because it tends

to C.4b*sinw, and C to lou g5 only, while b*.logb is evanescent.

Now cC=0"-C, . O"J' -CJ=(C"-C)show;
a.lso R-R =0@Gnw—J)=C'(sino —J)
=(C'J'=CJ)—=C'sin o 4 Csin o.

Eliminate C'J’ — CJ, then R — R'= (", (sin w —sin ). This is our
new equation of reduction.

In it assume for cw in succession ¢'e’, "o, ... c™w™, and add the
results, ... R —R™ =C("(sinw—sin &)+ " (sm o —sin &) + ...

+ 0" (sin ™™ ~ sin ™),

whenn=0, 8" =0, .. R™=0. Restore C (sin w—J) for R; then

CJ (cw) = Csinw — €’ (sin @ — sin of) — 0 (sin of — sin of’) — &c.

* When ¢ is at all near to 1, w @' "... converge to & very rapidly,
and C'C”... converge toward log; , but the smallness of &' does not

here damage convergence. In fact we may replace the series
CC'C"C"... by their proportionals B, 2B, 2°B”, 2°B™ ... and we know
that BB’ B” B”... tend to 1, while the differences

w—-0o, o -0 o' -0",...
lessen far more rapidly than by the rate of successive halving.

From J we can deduce @ and X at pleasure.
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12. It remains to find the Diplonome, when ¢ is too large for
the process of Art. 9. By Chap. 111. Art. 15 we put for a moment

2

K="+ gﬁ :

Also we have z, = 2z, p,=2p,
2 2
;—p= %,; or K—"1=}(K, ~").

Hence K — 3} K, =1 — }7,. But the last by Art. 9 above

=—4log A.

For a moment let L mean K +log A, L' mean K'+1log A",

Then L-2L'=(K +logA)—-2(K'+log A)

=(K —-2K")+ (log A —2log A").
Now by reversing the scale in K—4K =—34logA, we find
2K'— K = —log A’, whence
L—-2L'=log A'+(log A —2log A') =log % .

This is our formula of repetition, and if rcpeated (»—1) times by

’ 17 17

changing o to o’ 0" @™... it visibly yields
nJ(n) A A/ n=1 *=
L—-2"L =10g—A—‘,+210gA,,+...+2 log—_AW)-’
When we proceed to make n infinite, the formidable multipliers
2", 2™ require close attention. Let us compute L or K +log A when

b%, 1°... vanish, that is, all beyond b*. Now
K=deF=[(1 — 35 sin @,
0 0

dw
Al
But, A = y/(cos’w + b* sin’ w),
s _pnSine dw
e K—fo(l %b)cos o V(1 +btan’*w)’
At present we seek only to estimate 2"L™, and suppose b*1°...
and higher powers of b* to be insignificant,

then K= fo(l —30°)(1 — 3b* tan’w) tan wdew.

The product here of the binomials is
1-30°(1 + tan’w) + b tan’w
but we omit b* and retain only 1 — }b*sec*w.
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Then observing that sec’w . dw = d tan w, we obtain
K=f (tan wdw — 4b* tan @ . d tan o)
0

=—log cos w — } b’ tan’w.
But log A =log cos w +  log (1 + b’ tan’w)

=log cos w + }b” tan’w, by developing the log,
thence L or K + log A =1b" tan’w, if tan » be finite and b* insignifi-
cant. Pass now from b to b’ b”...b", until 6" is omissible. Accom-
panying this change, » o'0”...0™ rapidly converge to & a fixed arc
less than 1a. Thus 2"L" converges to }(2"0"?) tan®o and since the
convergence of bb 0" b™ is vastly more precipitate than that of

1, 27, 27...2"", there is no longer doubt that (L — 2"L™) converges
to simple L.

4

A LA
A"+2 log A,,,+&c

subtract log A and you obtain K, or its cquivalent

Hence first L =log 2, + 2log

”

(Fear -5 ) log -+ 2log 5 + 2 log 1 + &e.
This converges excellently, so long as the terms are duly kept apart.

Scale of Gauss.

13. Gauss alighted on a scale of Index 2, obverse to that of
Lagrange.

Suppose as with Lagrange F (c,0,) = (1 + b) F(co).
Let sinw=4—1tanyr, sinw,=, —1tany,,
W F(cw) = —1F(byr); F(cw)=4+ —1F(p),

whence F@OAr) =1 +b) F (by).

Klso  tan w, e +z) t:m ® becomes sin ¥, = (11 -:-_l?)s f:l?\;f
. _ (L £siny)(1 +bsiny)

wheuce 1+siny, = 1465y ;

which shows that sin+y, and sin reach 1 together, also reach —1
together; having begun together from zero. Thus yr and , coincide
at the end of every quadrant, which fundamentally distinguishes the
scale from Lagrange’s.

Also since B, =(1 + b)B, we find F(%‘h) = F%‘” , or the Meso-
1

nomes are equal.
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A second peculiarity is in the Conjugates. Let Yy, Y4’ be
conjugates. Then from the last equation we get (since Fb = 4wB)

$7nB, . —F (") 37B-F(by°)
B - B ’

which at once shows

Foo) _F oY)
B B

; or the Nomes conjugates to

V¥, have the same relati(;n as the Nomes belonging to {r .
We easily obtain by combining 1 + sinv,,
1 —sin®*yr)(1 — b*sin
1—sin'yp, = ( (lesm\[r) 4’)’
cosYr. A (b))
1+bsin’y ’
fan yr, = (1+b)siny (14 b)tany
sV AGY) . AGY)
(1 + ) cot yr, = cotyr. A(bY).

Again for 1 -0 sin’y; 1+b= ,2_b‘\./!’

1

24/b.sinyr 1B siny, = (1+wbsiny)*

whence cos Y, =

s by sinyr, =

1+ bsin*y’ 1+bsin’y ’
hence 1- bl2 sin’ \pl = <i_}2:_22:£) ,
— bsin
and Ay = 1 + b sin® i
L0 Y TR 1-A . _ 1 -—Al
In reverse bsm«[r—-———l_*_Ai, Vb sin Y = 174,

To calculate this scale for the 3rd Elliptic Integral Legendre puts
sin A = b sin v, and generally sin A, = b, sin .
socosA=A (by), cosh, =A4A,;

but we had Vbsinyr = '\/1+A ,
1—cosh,
therefore = m= tan 3\,.

Multiply by #/b, .. bsin \[r Vb tan 3, or sin A =#/b.tan (7). This
is the new law of succession for A, A,...\,. Since bb, b,b,... converge
to 1..., the arcs A A, )» .. tend to :}7:-, ma.kmg at last

sin A, =tan.4\,,,, when'A, =7, =90°
This scale sometimes affords useful transformations; but it is of
very inferior importance to Lagrange’s.



CHAPTER VI

ScALE OF LEGENDRE WITH INDEX 3.

1. IN Lagrange's scale we worked from ¢ =tan w,

e dt
VA VAU

It is now preferable to start from

F=

dv
VA=) 1 =)’
If in this form we change v into ¢™»™, the result is first
¢ ldv™ —dv
VI =WV =7%) " Y =)= 1)]

and if further we multiply the denominator by 4/ — 1.4/ —1 and the
numerator by the equivalent — 1, we reproduce the original F.

If then, in hope of deducing F (cw)=puk (h, 0), we tentatively

2
—m® . . . .
T B which v =sin w, z=sin 0, and m, n, u are

disposable constants, we at once discern that the change of v into
¢'v™ simultaneously with that of z into A™2™ must be admissible ;
also that as v and 2z begin from zero together so must »™ and 27;
that is, v and 2z must be infinite together. But the latter condition

— 2

is already provided in the equation wz=wv. mﬁi— , which converges

assume uz=1v.

z m < s
to u. 5= when v and z are infinite.

2

2. Inpz=v. 11 m 7 introduce ¢™v™ for v and A7z for z, and
. 1 —m
it becomes ]f:— =,
z cv cv'—n
K |
Invert both; phz=cv. n=e :—’—, .
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This ought to be made identical with the previous equation. For
this we need two conditions ; first

= _n(l —mv’)
2 .
(1) c—mn,.. o m (=)’
which makes the newer equation
oy 1 —mv®
pthz=cv. ple e B
Divide the original by this last,
w_m
b nc
e e O
@) h= ‘m mE PR

Two assumptions concerning the five constants have thus been made.
Two more are allowable.

3. As a third, suppose 6 to become §, when w = {; then for
v=1, we have z=—1, or from the original equation ’u_l—_:}i
_1l—n v—m’

Eliminate p; s e P R

We know that when 1 —-v=0, 1+2=0 by our third hypothesis;
and here 1+ z=a fraction in terms of », whose numerator

m—1.1—n*)+ (1 —n)©—m?),
must have (1 —v) as a factor.
We may therefore assume (1 —v)(p+ quv + rv*) identical with
(m—-1)(1 — n®) + (1 —n) (v — ma®).
First then from v =0, p=m -1, and from v = ®©
r=(1l-n)m=m-—_.
Next, g=p=1l—n,or g=(m—-1)+(1~-n)=m—n.
Also, g—r=m—-1)n=¢"—n.
Eliminate r; .. g= (m —¢) + (¢’ —n) =m — n as before.
Thus the 3 (p g r) rightly fulfil the 4 equations and we attain

_ (m—=1+(m—=n)v+ (m—cHo®
The=d-0). ey a—
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As a fourth and final assumption, let the numerator of the last
fraction be an algebraic square.

This requires (m —=1)(m —c®) =} (m —n)’,

7"2
. 1+z__(l+v\/1—7)

R IS R ey
4. To connect the two equations, mn=¢* .............ceuennn, (1),
m—n=2y(m —1)y(m—c),
or l-m™=2y0-=m™)yA=c"m™).cccovenininns (2).

We fall back on our Trisection in Ch. 1v. Art. 9, and assume
sin’8 = m™" which for mn = ¢ gives n = ¢’ sin’8 and for equation (2)
1 —c*sin*B =2 cos B /(1 —c*sin*B).

But in Ch. 1v. Art. 3, making w=60=28 and giving to V its
value (1 — ¢* sin* 8)7,

2sinBecos B. A (cB) .

sing = 5P
st 1 -¢'sin'B ’
sin 9
whence et =1
we g sin 8 ’

though F (cn) = 2F (cB).

We cannot infer n = 8 without making each vanish: therefore
we solve by 9 =m — B; and deduce F (¢, n) = F(c, m — B), which is
2F,— F (cB). But since also F (cn) =2F (¢B), we find F (¢cB) =3} F.,

5. Next assume a such that F(ca)=}F,; then a and B are
Conjugate.

Wehad«/—— m—-c_ l—c’m'f

1—-m
_N(Q@1 —csin’B) _A(B) _ _}_
;\/(1 —sin’B) ~ cos B Tsna’
Also 1+z_(1 +~/7}7— ) _(1+v cosec a)
1—v 1—-m? 1—c%*sin’B ’
but for conciseness we may keep n and write 4 for cosec a.
1+2z (1+Av)
Then 1—v=(1——m)’) ’

Change v to — v, o to —w, 6 to — 6, z to — 2, so that
_(1=Avy
1+v 1-—m




82 ELLIPTIC INTEGRALS,

Multiply together the two last, and take 4.
1-2° cos@ 1-—-A4A%

or = .
1-1* cosw 1-—n’

6. We have provided that to change v into (cv)™ shall change z
into (hz). Effect this change in the last, and it yields

cw J1-h2_ 41— A7
hzeN 1=c n " 1-—n'c%*"
But in the last denominator ¢®2™ = m. Multiply by

pz 1 —m*
v 1~-n*’

A(hg) _A® 1- A7

c
R R ) B R gy
2
Make v=0, 6=0; .‘-M.}%=A7,

A (hG) 1—c*?sina
hence finally A—((EE; == oonia’

Cor. The last equation of constants shows

he ﬁg__m—l
IRy’ LRl
1—-m™ 1 —sin*B

12 8 1l
. mnc sin*a =c®sin*a. ————.
1—n 1-c¢*sin’B

. nesin’a,

or h=

The square root of the last fraction is or = sina, by law of

cos B
A(cB)
Conjugates.

Finally, then h=c*sin‘a;

an equation cardinal in these constants.

2
Contrast it with A =( ¢ ) of Landen’s scale.

1+b

7. Again for conciseness, write f for c¢sina; then since 4
means (sina)™ we have A.f=c¢. We have obtained three chief
equations .

_v—m® «/l—z" 1-4%° A, 1-7%
K= 5 = 2 3 =T

1—n*’ '

1-» 1-—-mw A 1-a "
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Multiply the two last together; then
A, 1-2" 71— (A% + f’)'v’+A"f“
A 1—o* 1= no®)
But differentiate the first of the three; then
dz _1—(3m —n)v*+ mnv*
“dy (1 — n®)? '
Compare the numerators of the two last fractions on the right.
They have the same coefficient of v*; for

A’f* = =mn.
Hence the two fractions will be identical if we can establish that
3m —n=A"+f2

Now, I say, this is true, by the law of Trisection, Ch. 1v.,
Art. 9.

There we have k for sin a,
1—-k=cosB, sin*fB=2k—k*
The equation to be here tested is
. 3 cosec® B —c*sin* B = cosec’a+ c*sin®a.

Expressed in functions of k£ it becomes

3 2 2\ __ 1 27.2
Expunge ¢** from both sides, then solve for ¢*; you obtain
. 2k-—

c m) precisely correct.

We have then proved that
pdeod Jlo
"dv A 1—9’
x ‘\‘/‘ﬁ 5 & «/?1 i or WF (b, 6)=F (co).
Cor. Since when .
w=3%m, 0=3%m, n.3F,=F,
Eliminating u,

F(ew)_1 F(h9)

F 3" F,
and 3 is the Index of the new scale.
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8. An Obverse scale is hereby found, as that of Gauss from
Lagrange’s; but it is perhaps of less importance since Jacobi’s
generalization.

Writing sin o = 4/— 1 tan
and sin @ =4/—1tanvy,
with R+g’ =1,

you find by usual routine
F(cw)=o—1.F(b¥), F(hb)=v—-1F(gx),
whence F (byr) = uF (gx).
But since the primary equation is now transformed into

tan y 1+ A%tan’y
- tanyp~ 1+ ntan’y °

¥ and y begin together from zero, and when tan y» becomes infinite,
ptany=A*.n™" .tanvy, or tany is also infinite.
In short, they arrive together at the end of every quadrant. Making
y=4m x=4m F,=uF,.
The analogy of this Obverse to Gauss’s is perfect.
9. Here of the constants chu only one is arbitrary; af are

deduced from ¢ by Trisection. Legendre finds it best to refer all to
u, which he names the Regulator. In Art. 3

_m—1_ cot’B
F=9 "0 1-c¢'sin*B’

cos B . .
but NN sina, by law of conjugates ;
_sin’a
A= s B’
As we began from v=sinw, z=sinb,

the primary differential equation is

pdd _ do  d8_A(h )
ARG A Pde A(w)
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But in Art. 6 we found the last fraction
_1-c'sin’a
T 1-c'sin*R’
dfd 1—c%'sin’a
Pdow -  1-m ’
which admits of new integration.
_sin'a
T sin’R’
¢*sin® a = uc’ sin* B
= un ’
de ut —n?
and do=~ T—ns

I 11
1—nv*’

Since

Restore * = sin’ w.

Integrate : first, O=w+ (W’ -1) f 1=

—nsin*w’

Here
- 1_sin*B _2Ic—lc" 1_2(1—k)_2cosB
S R - B k ~ sina
which, by Conjugate Law, = 2A (¢B).
Thus 6—w=f A.‘(C.'B,)dw. -
1—-c*sin’*B.sin'w

In the denominator here
’sin*B=1-—A%(ch).
For a moment write e=A (cB).
The denominator is now
1-(1—-¢")sin’w=cos’w + €*sin’w ;
G—m____f edw _[ e.sec?wdo _ ed . tan o
2 ocos’w +e'sinfw  Jol +eftan’w Jol+etan’ e’

Our integral is now g—%ﬂ =tan™. (¢ tan w).

Pass to tangent on both sides; then tan 4(6 — ») = A (¢B8) . tan .

This is the equation by which 6 is computed from given ® in
Legendre’s scale, but at each step A (c8) must be found from the
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modulus, as first from c; at the second step A must first be calculated
by some equivalent to h =c’sin' a,
and so on.

Such complexity in the constant makes this scale (though its
" convergence is far better than Lagrange’s) practically unavailing.
This weakness is overcome in the Higher Theory if we pass from
¢ to p as leading constant. A table of Trisection with  as argument
would do much, or would have done.

10. Another relation is found from Art. 5. We had

1-2_ (1—dop
1+v 1—mn*
2
whence l+z_(+ A?i)
1-2 1 —nv

Eliminate 1 — nv?, then

1+z_]+Av 1—-v_ sina+w | -
1—2z 1—Av° l1+v sma—v 1+’

sin a 4+ sin

or tan (45° + 46) = na—sno’ tan (45° — o),
where the fraction admits the form

tan $(2+ o)

tanf(a— o)’

This gives @ from w, if we are expert in trisecting for a.
g g

11. The constants, as referred to u the Regulator, which is > }.
First, as Definition, £ means sin a, where

F(c, a)=4F,; also F(c, B)=4%F,.

Then ¢*= 10_32»(,‘22————-'1@ is test of Trisection; a and B are Conjugate,

. cos a
Therefore sin 8= A-(E;) .
Also since F (cB)=2F (ca);

tan {8 =tan a. A (ca).
To eliminate ¢ out of the two last, we eliminate A (ca), which
gives
sin Stan$8 =cosa.tan a=sina.

But sin,B.tanﬁB=sin,6\/]_cosB

im=1—0086.
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Finally then sina+cosB=1,
a relation independent of c.
Since sina=k, cosB=1-k,
sin? =2k~ %', 2k —1=sina—cosf,
sin2 & k
FosioB~ 2%—F 2k’
. 2u
whence k or sina= T e e 1);
1—p
also cosB=1—-k= T s (2);
. _1—cospB _
in reverse = 1T o0s B’ Vu=taniB ... .. ........ 3)
B aring th 1t ( il )
y squaring the penult cos’ 8 = iTa
sotoo  costa=(1—k)(1+ k) =1 +Z 1113: .................. ),
_cosB 1—
MR =Gra= "5,
. ? sin’a 4,
Further sin’a= (i{-)—’ , sin’B= (115";)2
In & sma—cosB sma—cos,B
W @k—k) sin'a.sin’ B’
substitute in functions of x; therefore
2 1-p
s__1+p l4p  @Bup—1)A+p) )
< om ), T Fop .
L+p/ " (L+p)

Next, @ and 8 being Conjugate,
tana.tan B.6=1,
,_cos’a cos'B

or

"~ sina  sin* B’
(1 W 1+3;1,)( ,u)’
or = 1+p  14+p/\14+p (1+3p)(1 p,)'“ (6)
T+ T+

Thus b* is the same function of — y, as is ¢* of + .
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12. Further

h=c'sin‘a; k= (:i&__li‘_.}_iif)a . { 4’ }4

4 I+ p)

But assume Suu’ =1, we find

3 -1
= (Lo 1) .#4;”_( o L,

Thus A* is the same function of u’ as ¢* was of u. We infer that
g" is the same function of — u’ as is A* of + u’ or

ng S =1
g=(1+f")s- 4"2;13’:

or replacing u' by (3u)™ we find u < 1, since
3 1—
g =0Bu+1). 4,: .......................... (8).
Thus cbh g are related as ghbec.

The same is denoted by F,=3u . F, and uF,=F,; whence
B 1@
C 3 H
whence further p=4.p,, if p, is related to H, G as p to C, B.
13. We may now further estimate
A oy = BB D A=)
du

(Bp— 24(1+#), csmﬁ=(3"_iifl+”);

-1 s
413 > OQCOSB=(3/"’—1)(1 ) 423

c¢*sin*a=

¢'.cosfa=(1- 2)

14. To find (-if We had de =—"b%.C" in Ch, 11.; therefore
dp dp
du_dp do
dp dec " dp’

and from d . log (¢*) you get
2de__(-p)  dy
3¢ GBu-1(1+p) u

du_2p @Gp-1)A+p)

so that F A =y
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e Be—1(1+u)
Lo Bt h),

in which if you give to b* its value as a function of u, the result is

du — _ 2 (Y2 P
wdp= "8 C*c*cos’ a.

15. To find the relation between ¥, and 8, in this scale—(the
Ancillae).

From equation (a)

This yields ’%‘; =—4

vo. g _pr,
dc
which also =F, (N, - ).
Divide by F,, . e, i%c =N, -
But —do= b C*dp,
Eliminate de, - »"l———lfj’li Lo o - ).
Call this for a moment I'"(¢), or
dlog F,
. _dlogF,
Change cp to h, 3p, .. “Bdp I (h).
_ , dlogF. dlog F, dlogp
Now F,=3u . F,; b & = dy
ie. T (c) - 8T (h) = — %‘; = 3C' cos’a (A, 13).

Restore the values of I' and divide by C* =9u’H?,
(R - 3%:.» (N, —g°) = 3c* cos’ a.
Subtract the last from

r? 3u—1)(1
¢ = g= P EER 3 - a1y,

observing that

O =1) (1 = ")
%’ 1()[4-3

_Bu :_4%51.‘!‘,1‘) A2Br+1) (1= p));

3’ cos’a=
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1 3 1
A=) g -n) =T QER

N 16)}5} K _3psint 8 (Art. 11),

This is the simplest relation, but cannot conduce to calculate ¥, by
repetition.

16. ProBLEM. To connect G (cw) and G (k6) in this scale.

We had %: C@ (cw®) when o is constant. If w and ¢ vary together
Sw

dw
in z, we have Sw—a—8w+ 8p CAw

Change from co to A6, which changes 2 to 3z and p to 3p,

+ 06 (ca®) Sp.

i &0
. 3oz = HA<]0)+HG(}L0°) 30p.
Identify 2 and p in these and make » constant or dw = 0.
o _ 1 aé
Then CG(C&)) HG (h@)-m . a’f;.

Wé need to find g—g with @ constant.

Above we had 4 (§ — w) =tan™ {A (c8) tan w}. Differentiate with
w constant, changing A (¢8) to its equivalent in pu.

g d 9 tan <1‘_Mtanm)= — 4 tan o
2u

dp " dp 4+ (1—p’)tan’ o’
du_ ) o W —1) (1= W)
Also i -3%.C. 16 (Art. 14),

C=8uH, C*=38uCH;
4’ + (1 — p)’® tan® w = 4’ sec’ o {cos’w + A* (¢B) sin’ w}
= 4u’sec’ w. (1 — ¢*sin’ Bsin’ w),
L d0_df dp_ 4tanw.2u0H (94— 1) (1—uY)
“dp dudp  4utsec’ o (1—ctsin’ Bsin’ o). 1647
=2CH. sin.wcos . (¢*sin’ B). A (ca)

1—¢*sin’ Bsin’*w

which is to be divided by 3HA (h, ). Observe that
A (k) (1 —c*sin® B sin’ w) = A (cw) (1 — ¢*sin’ a . sin’ w),
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1 99 _ o i osin o ¢'sin’ 8. A% (ca)
SH. A G) dp Fomese T s o

so that CO@ (co”) — HG (h8°) — 30¢c*sin? 8.

A? (ca) sin o . sin ©°
1-¢*sin*asin’e

We proceed to change »° to , and inquire how this will change 6.

F (cw’) =F,— F (cw) = 3uF, — uF (h, 6)
=u{2F, +F (@)} =p.F(h, m+6).
Hence when o changes to o', @ changes to 7 +6°, and 6° to = —6.
But G (7 — ) = G (6), .". we have simply
. 2 Sin o’ 8in m
CQ (cw) — HG (h) = 3C¢c*sin® B. A*(car). TP e———

Finally in the denominator, write A‘ ( )for sinw’. The last fraction

A’ (cw) sin @’ sin @
A% (cw) —¢*. sin’ w cos® w

becomes

and the new denominator is
J1—c'sin*o—¢*sin’a (1 —sin’w) = (1 — ¢* sin®a) — ¢*sin* w cos’ a.
But cos’ a by law of Conjugates = A®(ca).sin’ 8. Hence the last
= A’ (ca) {1 — ¢*sin’® B. sin’ w},

2 1.2 :
so that CG (cw)— HG (h8) = §C’.c sin® 8. sin o cos wA (cw)

1 —¢*sin® B sin’ @ ’

CoOs w

since sin
of A (cw)’

17. The chief interest of this result is in its application to the

Diplonome.
dF(cw) 1 dF(h0) 1 do

Multiply the last by C "3 H ~0 Alas)

2¢*sin’ 8. sin w cos wdw

. G (cw) dF (cw)— 3G (b, 6) dF (R, 0)—— s s o
Integrate:  “lcw — 4.7 (h0) =— }log (1 —¢*sin® B. sin’ w).

This equation is curious, as an omen of 7 (cw) — %'ﬁ (h, 6) in the

scale whose Index is n; yet it is dearly bought at the price of so much
algebra.



PART IIL

THE HIGHER THEORY OF F/ AND £E.

CHAPTER VIL
JacoBr's FUNCTIONS A AND O.

The Algebraic Products S and T.

1. LET g be less than 1, v be real or of the form a4 8.4/—1. .In

fact, we shall presently suppose v +v™ =2 cos, org=e"V"" Let S
and 7' be functions of ¢ and v, as follows :

S=(—1v"). {(1 —q"") (1 —g"") (1—¢%") ...
1=gv7) 1 —g"v™) (1 =¢"%7) ...| (I call these two
- {(1 —qv)) (1 —¢%*) (1—q*") ... the Pronomt)
Tl =gr)(A =g (1 - ¢ ...

which however converge for all values of v, because the exponents of
q increase beyond all limit.

For 8 we write S (v) or S (g, v), for T also T (v) or T (q, v).
2. We see at once, that
S@)==8 @) =8(-v),
Twh= T@=T(-n).
But further, since, if we write gv in place of v we get

o [1=¢% . 1—=¢%" . 1—=¢*" ...
S , —_ — 1,~1 { q
(@ ) =(qv—g"") 1— o2 1—¢% . 1—g"...
1 8,2 B T — a2
T(q,qv)=<l1 qv' . 1—qgv'.1—¢q"" ...

1-gw?1—qu?. 1—¢%"...
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comparing these with the original series, since
(=g v QA =vP)=(¢""—1) g (v—v) v,
we obtain (understanding the constant element ¢ in all)
S (v)=—qv*.8(qv); T(v)=—qv*.T(qu). (a).
Again, writing 4/¢*' . v in place of v, we similarly find

Tw=—wqu.S(Wqv); S@) =—=v".TWqg™)

b).
=v. T (Wqv). (b)
3. Hence generally,
8 (mv) = — qm*v’S (mqv),
T (nv) = — qn**T (nqu).
And if f(v) mean SS(:; g,% ,
@ =" f(qo).
Or if £ (v) mean S (mv) . S (nv); to fix ideas (c),
. oo f(v) =g mint. f (qu),
and T (mv). T (mv) = gmno® . f(\/qu).

4. Algebraic multiplication of the factors, joined to
S@)=8(-v)=-8(),
shows that we may assime
S8(g, v)=Q (v—v")+Q,(» —v*)+ @, (»*—-v™) +&e....

where @, Q,, @, ... are determinate functions of g. Change v to gv.

8(g ) =Q(gv—g )+ Q (¢~ ¢7) + @ (¢ — g™ ) + ...
Substitute these series in the equation

. S(g v)=—qv*.8(g )

of Art. 2, and compare the coefficients of like powers of », since we
know the coefficients to be determinate. This gives,

Qn"_' - q'Q: Qa= - 94Qs: Q=- qus: Qn+l == qeuQ»:
whence Qa = q2+4Q; Q=— qiMQ: . Q,...., =(-1)" q2+4+6+. Q)
Now 24+4+6+...+2n=n(n+1),

- 8(g 0)=Qlw—vY) - g =17
+@ W =v") =gV -v)+ &e. ...}, (d)
leaving onlv @ unknown.
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5. Write for the last with n for 1, 2, 3, 4... under 2,
S (1) = Q.3 (= 1) g n ot — ),
and apply the formula (b) of Art. 2,
T (v)=-Vqv.8(Vq),
or T(w)=—aqv.Q .2 (= 1)*. g™ (g™ H™ ! — g mHy ™)
=+ Q.3 (= 1), g" V" gy — gy
=+ Q3 (= 1) g™ o™ — gin 2D
Restore for n=1 23, ...;
thatis 7' (g, v)=Q{1-¢'* (" + v + ¢* *(v* + v
¢ (@ +v7) +&e} (o).
6. To find @, we may make v =1 in the last, and in the original
definition of T'(q, v); then

Q=(1—q)’.(1—q°)’. (1—-¢%2...
1-2¢" ' +2¢° = 24"+ ...°

But we shall presently show that
P=10-N1-NA-¢)A-¢)... (A 15).
Meanwhile, it is convenient to denote @ by ¢ (g), function of ¢.

7. NortE. The process in Art. 4 may seem to assume the
Postulate, that if a double series

Av A A
By B **Bs-““

8

4+

converges, and is equal to a second series of the same form for all
values of v,—the coefficients being independent of »,—then the two
series are identical term by term.

But this does not state the case truly, for it overlooks the enormous
increase of the exponent (with the increase of n) in ¢" * and g™, while
q is <1. The only needful assumption is that the ongmal Sand T
in factors (which through the lessening of ¢™ as m increases, cer-
tainly converges) cannot have more than one equivalent of the type

Vio+ Vg + V,¢**+ V,¢* * +q,
and this is really established in Algebra.
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The Trigonometrical Series A and ©.

8. When we put v = V! and reduce to functions of z, it is con-
venient to assume ’
A (g, z) = 2¢* {sin & — ¢* *sin 8z + ¢* *sin 5z — &c.}
O (¢, z) =1—2¢" ' cos 2z + 2¢” * cos 4z — 2¢° ® cos 6z + &e. ...
which yield
qiS W)=v-=1.¢(). A(w)} (£). Icall A and ®
T () =¢(q).0 (2 the Synnoms.
The multiplier gi is added to A, to make the exponent } + (n —1).n
an algebraic square, as in the other series. This multiplier makes A
a function of gi rather than of ¢; which is sometimes of importance.
For to change 4/q into — 4/q changes q’} into qé/\/— 1 and hereby A into
v 1A, while it leaves ® unchanged.
Also A(—q,2)=4—-1.A (g, 2):
0 (-q 2)=0 (g z+4m)
P8y —1)=y=1.6().A(z+3m):
Twy-1)=¢(q).0 (z+3m).
9. Observe that
A(o)y=-A@); A@tm)=—A(r); A(mr-2)=A (w)}
O(-2)= B@); BOim= 0O(@); O(r-2)=0 ().
By.A°’ we shall denote A (37 — &) or its equal A (37 + ), and by @°

similarly ® (37 — z) or its equal ® (7 + z); and we shall call A°®°
conjugates to A® for a reason which will soon appear.

Also let A’ (0) stand for Aa(;n) , when z = 0, then we have

AN(0) = 2 {1 -8¢" "+ 5g**— T + &e. .. 2
0 (0) = 1-2¢""+2¢"*—2¢° "+ &c. ...) |
A(?}W)=2qi{1+ ¢+ ¢+ ¢+ &e. ... r
0 3r)= l+2q"‘+2q“+2q”+&c....}
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10. Writing ¢V~! for v in the primitive form of S and T, we
get from (f),

$(9)-A(g 2)

e 2q3 sin z (1 — 2¢* cos 2z + ¢*) (1 —2¢"* cos 2z +¢°) (1 —2¢°cos 2z +¢™)...
and $(9)0 (g, ) .

=(1—2¢ cos 2z + ¢*) (1 — 2¢° cos 2z + ¢°) (1 — 2¢° cos 2z + ¢*°) ... (),
of which we have as particular cases

$(). A (0) =2¢*A—g»A—g'F(1-g")...
$(@.00) =1-gf(1—g»1A-¢) ..
$(9). AT =2¢* A+ ) A+ ¢ P (L +¢°) ...
$(@.0GFm =1+ 1+¢)*(1+¢) ...

These, compared with the four equations of the last Art. give
four values of ¢ (¢), one of which was obtained in Art. 6.

11. For a moment, write
a=1—q.1—-q’.1—q5...} 'y=1—~q“.1—q‘.l-—q‘*...}
B=1+q.1+¢.1+¢...)° 8=1+4¢".1+¢*.14¢"...
which give
$(@)- A O =2¢y;  $(g) AGm =2 3*;}_

$(-®0)= a ; ¢(@POFmM= &
Also

aB=1-¢".1-¢".1-¢"...; ¥d=1-¢*.1-¢".1—¢"...,
so that aB.y8=1-¢".1-¢*.1-¢*. 1-¢*... =v;

or aBd=1;
¢°(9). A (37).8(0). 0 @wi =2¢},
or AGm).0(0). O (3r) = 24

7O
12. It is known in Trigonometry, that if y (¢, #) stand for
1 — 2q cos 2z + ¢*,
x (¢ n2) =% (g, x)-x(q, w+’,{) x(q, wﬂ-;—lvr) ;
also
2 (¢")! sin nz = 2¢? sin 2 . 2 sin (w+ ;%) ... 2¢*sin (w+n—;—l 'n') ;

and every factor of A and ® in Art. 10 is included in these forms.
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Resolving hereby every factor of A (¢, nz) and of O (¢", nz) into
n factors, and recomposing, if A ®, stand for

A(q,w+£w>, @(q,w-}-:—zw),
you get
Q). AQ" nr)=¢"(¢) . AAA, ... A, ,} (h).
$(q")-O(q", nz)=¢"(q).008, ...0,
In the case of n =2, write
¥ (¢) for ¢(¢°) +¢"(q);
¥ (qg) A (Q’, 2z) = AA° ;} (h');
V(") .0 (¢, 2z) =B6° ’
and we shall presently show that

¥ (@) =0 (¢, 0)

13. Recurring to the original series for ®, we have at once
® =1-2¢" 'cos 22 + 2¢° * cos 4o — 2¢° *cos 6z + &c. ... ,
and ©O°=1+ 2¢' *cos 22 + 2¢* *cos 4z + 2¢° *cos 6z + &e. ... ;
whence
®°+ 0 =2{1+2¢" *cosda+ 2¢" *cos 8z + &c. ...} =20 (¢*, 2z +3m),
O -0 =4{¢""cos2z+ ¢ *cos 62+ ¢" * cos 10z + &c.}
=2A (¢*, 2z + 4m).
Change ¢q to 4/g¢, and let ®', A’ stand for
O (¢ 22+ 3m), A(¢, 22+ 4m);
@ (Jg =0 +A', O (Vg 2)=8—A;
whence O — A™ =0 (g, z) . 9° (Wg, )
which further =4 (q). O (q, 2x),
by last article (h"), or, changing 2z to z, and then « to = + 3,
O (¢, 2) - A* (¢, @) =¥ (q) - O (g, ).

14.  Values of certain Constants.

In the last, let 2 = 0, therefore
0 (¢", 0) =+ (9).O(q, 4m),
and making « =0 in the last equation of Art. 12,

¥ (") B (q", 0)=0(q, 0).8(g, 3m).
N.E L « T
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Eliminate B (g, 3m);

v _9(d 0
0(.0) Y@ °

In this, change ¢ into ¢ 9 ¢ 9.,

and the equation is continued into

Now when n =,
O (¢" 0)=0(0, 0)=1.
Also ¢ (@")=¢(0)=1,
and consequently VM =1,

when n=ow. Hence the ratio being finally =1 : 1, we have
absolutely

¥ (@)=0(g 0)
which fulfils the promise at the close of Art. 12.

15. We can now show that

=

=1=¢*.1—-¢*.1—-¢%*.1—=¢°... (i).
@ q q q q (1)

©

For since

¢f2(i~};)=¢(q)-¢(q)=¢(q).® (g 0)=a’, of Art. 11:

let us for a moment call a=f(g), as a function of ¢; therefore

(@) _
$ g =70
For ¢ write 9 ..

multiply all the results together ; therefore

S =1 @ S @) S @) S, =2

Now in f(q) or (1—q) (1~ ¢*) (1 —¢°) ... the exponents of ¢ are
the series of odd numbers. In f(g*) they are 2 x the odd numbers.
In f(q") they are 2° x the odd numbers; and so on. Hence, if in

the product f(g).f(q") ... we take m =00, the combination of all
the factors exhausts the series of natural numbers in the exponents.
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Also
qm - 0’ ¢ ( m) -
or ST =L@ F@) S @) - infn
=1-9@1-¢)1-9)1-g") ... &e.

Change /g to ¢, and you get the equation which opens this
article.

Cor. Thus ¢ (q)=v" of Art. 11;
and A’(O) =2¢ty
or A (0) = A (§m). ®(0 (1}") (j)

16. Since in 1st equation of Art. 10, by changing ¢ to /g,
¢ (W) A (Wg, )
= 2¢¥sina (1 —2qcos 2z + ¢*) (1 —2¢°cos 2z + ¢*) ...,
it is clear by combining two first equations of Art. 10 that
¢ (VD) Alvg 2)=¢" (). Alg, @).9 (g, a).

~lultiply by A’ (Wq, @),

therefore by (h') of Art. 12,
P.0O(q 0)A(g, 22) =A (g, ) O (q, 2) A’ (Wg, 2);
if for a moment P stands for
o & Wa) + ¢ (q).

Now when z is evanescent,

A (q, 22) _ 9. Also by &', with «/q for ¢,
Afg o) B (g 0), A (g, 22)
. 2P=A(vVg, $m). =A (Vg 2) A°. (Vg, @) ;
whence A (Jg, 7). A (Wg, @) =2A(q, @) . ® (g, z) (k).

17. Other Sums or Products of A and O simplified.

In the last equation of Art. 13 write 4/q for ¢ ;
. @ (q, ) —A%(g, #) =0 (Vg, 0)BO°(vq, ).
Change ,/q to — /g, which changes each ® on the right to its con-
jugate, and A into 4/— 1. A, without altering ® (g, x);
v 0'(g, )+ A'(g, 2) =0 (vq, 7). 8 Vg, 2).
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But by Art. 13,
(Vg 2)=0—A, O (yg, )=8"+A.
Let @\ be the values of ® A* when 2=0; or
6=0 (¢, $m), A=A(¢ $m);
then @'—A'=(0~21)(@ +A); O +A’=(0+2) (O —A);
whence O’'=00" —AA'; A'=AO'—-0A": }
).

change z to « + 3 ;
0” =00 +AA'; A =AB'+0A".

18. Combining ®*+ A*=0 (v/q, 47) B (Vgq, z)
with 20A =A (g, 3m) A(Vg, @),
we get (@ +A)'=0(vg, 1) Oy, #) + A (Wg, 3m) A (Vg, @).
Again, 0'—A'=(0"+A" (@ - A%
=0 (vg, 0)0 (Vg, $7).0 (vg, 2). O (Vgq, 2)
=0(g, 0).0 (g, m).0 (g, 0). (g, 22)
=0’(¢q, 0).0 (g, 22).
Just as (cosz)"(sin z)" are reduced to linear sines or cosines of
multiples of 2, so here we see the powers of ® and A reduced.

In the last, change ¢ to —¢, A to &/—1.A;
B4+ A= 02(q, $7) O (¢, 2).
Again, in Art. 13,
0" - @*=2A (¢, 2z +3m).20(¢", 22 + }m)
=2A (¢, $7m).A(¢°, 2= +4m), by Art. 16.

The number of such formulas seems inexhaustible.

Problem Cardinal for Elliptics.

0
19. To develop X =A° A _ A A’ , in linear sines or cosines.
dx dz

Revert to the Pronomi.
Assume the function y such that
x () dlogv=S(wvy=1)dS (v) =8 (v) dS (v V- 1),
which means x (@) =+/-1.¢°(q). X.
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Also by Art. 3,
8®) _ =8  Diforenti
Swy-1) S(qv—-1)° Differentiate,
x () —x(¢v)

) S’(v A=1) S‘(qv V=1)’
whence again by (a) in Art. 2,
x (v) == g"". x (qv).
Observing that

dS _y 12/,8 -8 28 —5
S30) ) (o) =8¢ (0 40 +5g (@ ) e,
dS (v)
we see that S (va/— 1)'dlogv

has the form N+N @+ + N, (v +v™) + &e.
which gives
(= ). _dS(vv-1)
dlog(wy/—=1)
of which the sum is
x (®)=2N +2N, (v* +v™*) + 2N, (®+v™°) + &e. ...
To this apply the equation
x (v) =— ¢ x (qv),

=N—-N,(v"+v7) + N, (v'+v™) - &e. ..

and you get

Ny==Ng''5 N== B, 0% Ny= =N g™
whence N, =(-1) Nttt D) = (~ 1)"Ng*™;
or (1) =2 {L =g (' +07) + £ (P4 07) = 0 N4 + )

Hence, neglecting the constant multipliers, when z varies and ¢ is
constant, X varies as ® (¢°, 22) which is in linear cosines. But it is
mere convenient to replace the last by ®0®°. Let X =m@®".

20. To find m, let  be infinitesimal ;

dA .,
B onoy;
then A@Fm). A (0)=m.0 (0).0 (3).
But by (j) of 15, A’ (0)=A (37).0 (0).0 (3m);
“ A*(3m)=m.
Or A°%—AQI}—°=A’(1}7T).®.®° (m).

dz dz
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Cor. [Since y (v) varies as T (¢*, v'), change v to v4/g, and, by
algebraic routine, you get
de de’

@0 — 0T =A(Gm). A A ()]

Legendre's Elliptic Trigonometry.

21. The product of any two Synnomi may now be made linear,
as Oz, ©y. Begin from the Pronomi, making f(v) =T (mv) T (wv),
then by reasoning as in Art. 3 above

S (¥) = g'm*n*if (qv).
From Art. 5,
T(mv)=Q {1 —q' " (m™* + m™™") + ¢** (m** + m™™) — ¢* *... &c.}
Tnv)=Q{l—¢qg'(n™ +n"?) +¢"* (n*v* + n™™) — ¢*°... &c.].
By the process of multiplying these, we get, in form,
f@=R— (B +pu™) + Bp'+pu™) — (B’ +p™) + &e. (n),
in which no R and no p involves v. The first term R is the sum of

the terms in which the exponent of v is zero. That is, if for a

moment we write

T(q v)=Q—Q (" +v*)+ Q" (v +v™)— Q" . &c;
then R =Q*+ Q* (m'n™ +m™’n’) + Q" (m*n™* + m™*n*) + &c.,
R say (M, aag (M #
Q;—].-l'q (jn;'*'*n‘??)'i‘q (;";;-l',,—n“)-l-&c.,

or in shorter notation

so that

¢ ¢ (7)
The term R, is the collection of terms in which the exponent of v is
2,or R =QQ (m'+ ")+ Q@ (mn™+n'm™)
+ Q'Q" (m'n™ + n”°m™) + &e.,
or I_Zl _ gmn S (¢°, mn™y/ = 1)
¢ ¢’ V-1 '

Neither R nor g;—z is altered, if m, n be changed to m™, n™': hence

R T(¢" mn'y-1)

the change alters R, into Rm™n™®. Also T (mv) T (nv) remains
unaltered if m, n, v become m™, n}, v'; yet this exchanges every R
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with its companion p,. Hence when R, is known, we deduce p, from
it by changing m, n into m™, 2™,

22. Apply the test f(v)=m™’¢"*f(qv) to the series (n), and
compare the results, first when R has an even subscript. Then
R,=¢'m'n’R; R,=¢'m’R,; ... R, =q¢"*mn’R
We deduce R, =g™*"" "¢ p¥n* R = ¢*"m* n" R.
Next, for R with an odd subscript,
R,=¢'mn’R,; R,=¢"m’n’R,; ... R, =¢"m'n'R,,_;

2r-1)

2r-2°

: : o ar(r]) 02,2
which gives R, =q m’n’R,,

whence further P =¢q"" . (mn)™R;
p2r+l — qﬁr(ﬁl) . (mn)'ﬂr‘gl_{l.
To recompose let, fw)=RM+RN.
Then M =1+ " "(m'n**+ m™*nv™) + ¢* ¥ (m'n*+ m™ ") + &e.,

or ¢ (). M=T(¢*, mnv*y/-1).
Next  malN = (mnv®+ m™n ™) + ¢** ? (m*n™® + m™n ™) + &e.,
or NV—1.¢(¢") mnN =8 (¢°, mnv® y/—1).

We have now identically
T (mv) T (mv)=RM+RN (o).

If now we simplify by assuming v =1, it does not thereby lose
generality, m and n being arbitrary. Assume
m=eV-1 p=e/V-1;

" W Tm)=Q.0(x), T(n)=Q.0 (y),
the basis ¢ being understood. Also since by Art. 8, T'(v 4/— 1)
[when v=eV-1]=¢ (g).®" (2),
here T (g, mnV—-1)= (). €° (@ —y)
since mn™! now = e@-»V-1 and
8(g' mntY=1) =g .N=1.4 (g) A° (2~ ).
Further T(q" mnn=1)=¢(¢"). 0 (z+y);
S(g', mny—1)=¢(¢"). A’ (= +9).
Now, attending to 4/—1.4/—1 in denominator of B N, equation (o)
changes into ® (g, 2).08 (g, ) =0 (¢!, z—1).0°(¢", z+y)
—A(g, 2-9y). (g, 2 +Y)



104 LEGENDRE’S ALGEBRA.

23. Before making v =1, we may change v to 4/qv, and transform
by equation (b) of Art. 2. Then passing from Pronomi to Synnomi,
by mere algebraic routine we obtain

Ag 2).A(g 9)=0(¢, 2+y) A (¢, 2 ~y)
-®(¢°, v —y) A°(¢". z+ ).

To try our algebraic details; first, let y=0; then the result in
Art. 21 is true by 1st equation in 17, and that in Art. 22 becomes
Bz.0 (0)=— A" (¢, 2)+ 0O (¢°, 2);
which merges in © (y/q, 2). © (g, 0)=0° — A*,
if ¢* is changed to 4/q; and agrees with Art. 17. Neat, let 2 =y;
L~ A @) =—A (g, 1) ©° (¢} 20)+ O (¢, §m). A (", 20),
which is nothing but A* =A0" — 6A’ of Art. 17.

24. Change y to y+ 4, and pay attention to the signs;
AzAy =0 (¢, 2+ y) A (g, 2= y) + A (¢ 2+ . (¢ 2 —y)
020° = A (g, 2+ y) A (¢ 2=y +O (¢, 2+9). (¢, z—y).

In the last pair we may exchange # and y, which produces two new

equations: then by addition and subtraction we elicit four equations
as follows :

O20% + OyO°z =20 (¢, z+y).O (¢, v — y))
Ox0°% —ByB°2z=2A (¢, z+y). A (¢}, z— )
AzA’y + AyNoz=2A(¢", x+7vy).0O (¢, v — y)}
AzA’y — AyA'z=2A(¢*, z—y). O (¢, z+v)

Beautiful as are these equations they are not needed in what here

follows, except to show that they contain, and might supersede, our
grand theorems in Chapters 1v. and v. above.

(p)-

Transition to Elliptics.

25. In Art. 17 we found ®*A?’@°* A’ to be each linear in ® and
A’, when « alone ig variable. We count 6 and A constant, as functions

of ¢ only, for we had
0=0(q 4m), A=A(q, }m).
Thus we call the right-hand member linear in
@'=600"— A, and A’=A0" —6HA"
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With b and ¢ as disposable constants, form the combination
y=A"+bA"*— @’
or y=(AB —0A") +b (MO +6A") —c (66" — AA").
If herein b and ¢ be so assumed, as to make the coefficients of ®"
and of A' vanish separately, we shall deduce y =0, or
A? 4+ A" = @7,
under the two conditions
A+A—c0=0, —0+b0+cr=0,

. 1+5 6
that 1s —— =
1-b5 M
and —=3-
Multiply these together,
1-0 ] 2
—=1, b+cf=1

Hence b and c are suited for moduli to an elliptic integral.

Next dividing 2nd equation by 1st,

1-b N
1+b0 6
—2\2
whence b= Zi~+—7):—, ;
P)
and finally c= 6;_%;

which show & and ¢ to be always finite and real.

26. With these values of b and ¢ we always find

2 ox__ 2
. A* +bA"=c® Thus any one of
Change z to « + 4; s A+ OAT =c®%)  these four equa-

Eliminate A°; ®® —p@2=cA% ) tions reproducesthe
Again change  to 2+ §m; 0 —b0° = cA"“’} other three.

Putting =0, A =0 in the 2nd of these, you deduce, first,

which now means Ae =
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or «/0_29%(1""9‘ s+qsa+qs.o+“')
T 1+ 2¢" T+ 247+ 29" * + &e.

by the Synnomi. This also shows, that with ¢ evanescent 4/c= 293,
that is, ¢ converges to 4/q.

But next, our assumption =0, yields also from the 3rd equation

of the four Ab = g ,
. ® (0)
hich here me b= -t
whic T ans v, oG

—1_2ql.1+2q22_2q88+&“c:
T 142¢" '+ 2¢"*+2¢°° + &e.”

or A/b

27. Suppose ¢, related to ¢* as ¢ is related to g.

This means, as Ne = 1(;_8_’% )
A (g%,
80 Ve, = @%a%:)) >
or exactly Ve, = 26‘ ’
2

then ¢, = %2 .

.. 1-b
But by Art. 1 this yields ¢, = 150

This was the cardinal relation of Landen’s scale. If now we take
b=+(1-c},

¢, and b, become related to ¢ and b, exactly as if formed from ¢* by the
same law as ¢ and b from q.

Therefore in general, if ¢, ¢, ¢,, c, ... ¢, follow Landen’s law, and
¢ 9 Qo> G5+ -+ q,, are so formed from ¢ that each is the square of the
preceding, c, is related to ¢, exactly as the first ¢ to the first q.

To invert the series of ¢ into ¢, ¢’,¢’,¢"” ... corresponds then with
a ¢ series, of which each is the square root of that immediately pre-
ceding.
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To exchange ¢ into — ¢ in the equation

8 (g, 0)

V=80 I

evidently inverts the fraction and changes b into b™; therefore also
changes ¢ into ¢b™ 4/—1.

Cor. Also if we multiply numerator and denominator of the last
fraction by the numerator, the denominator becomes

© (g, 0).9 (g, 4m),
which = @*(¢*, 0) by Art. 12 above, equation (h). Extracting then the
o _9(g 0)

square root Vb= ®(¢,0)°

28. Relation of the basis g to our promodulus p.
When g is evanescent, we have seen that
Ve =2¢t.
H?nce when 7 is large,

we have approximately Ve, =2 (),

or c,=4vgq, or }c,=q,,,
whence log 1. log:—

n-1 ”n
But ot = Goea's

. log 1 =2“.logé.

n-2 cﬂ

Again Qns=Gues 5
log 1 _ 2'“.logé.
n-3 cu

Repeat the operation till you get :

1 4
log — =2 log —,
§ 4 g

1 — O—n+l :4_'_
next log§—2 .logc ,

n

and log ;716 = 2™ log§ .
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But this, when n = o0, is the exact value of our p. Hence
1
log va =p, =loge?, or g=¢"%;
an important relation.

29. Assume an arc o such that

\/btanw=%; (1)

then w is always real, and o =0 when 2=0. While z is < §m, tan
is finite, When x reaches }m, A’ or A (¢, }m —x) vanishes, and A or
A (g, #) becomes A (g, }m), so that tan @ becomes infinite, and w
reaches }7 simultaneously with 2. Thus the two begin and end every
quadrant together.

The combination of

,jbtanw:j%,

with the two equations
A*+ DA% =B and O - bO* = cA*;
makes a system equivalent to the three,
. A A’ o’
vesine =g wvecosw=yb; A(cw)=vb. ® @

THEOREM. These equations express Elliptic functions of ¢ and o
(modulus and amplitude) by functions of ¢ and .

In Art. 24 where X meant

dA dA°
o — — —
A, I A. e
or X a4 A
(A dz " A%’
we had X=(A.}7)*.06.6"
X , & @
Thus mﬁ—(A-%W) A
Of the left member the equivalent is i A
dz = A%’
d s dow
or d—w‘\/btanw, or A/bsec ©.T
while on the right 8 Jo . O Aew)

"N Jecosw’ A° yJocose
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Multiply the equals by cos® w, then
do _ s Vb.A (cw)
/\/bd—-‘;—(A.%’Ir) . ———'c—-——,

dw .
or cm=(A.7}7r) . da.
Integrate, then c.F(co)=(A.{m). 2.

Thus the Elliptic Integral F is attained.
Cor. 1. Let = }m, then o= 4, and
c.(3qr.C)=(A.37)". 47;

or 00 = (A . %71‘)2
Eliminate (A . 3m)*;
then F(cw)=Cz (3).

This equation solves for z, if any one of the four in (1) and (2) be
given. '
Finally then, we have proved that « is the Mesonome to w.

[}

CoR. 2. Since in Art, 26, = %—o with 2= 0, that is

A
ve= ®.ir’
whence c.(®.37)=(A.}n)
We have just shown that (A. 3m)*=cC,
hence ®.47)}?=C
_ 9 .
COR. 3. From Art 26 \/b = W’

~ O(0)=4b.0 (47) =yb.VC.
In a single view
®.(3m=JC; ©(0)=J(dC); A {m)=d/(cO).
It is interesting now to observe that
JO=0 (§m)=142¢"" + 2¢° * + 2¢** + &c.
CoRr. 4. We now have A’(0) which by Art. 15 Cor.
= A (4).©(0).© (ym),

is now reduced to A’ (0) =/ (beC?).



110 THE TRIPLE COMBINATION.

30. Reverting to the four equations which close Art. 23, divide
the 3rd by the 1st, then
A(f z+y)_Az. Ay+Ay. Az (1)
O z+y) OBOz0Y+ByBz 7
What o is to ¢ and @, such let 6 be to ¢ and y; such too let
7 be to ¢, (of Landen’s scale) and # +y. Then

AL, s KO /2 0y, 0800,
AN@_ Je A(?/) . @ (2) A (cw)
W—\/E.COSG, @() Ve sin 8 m b

Divide the numerator and denominator of the right member
of (1) by O (z), ® (y), and equation (1) is transformed to

vesin o a/ccos @ + 4/c sin 6 . 4/c cos @
A (ch) + A (cw)

Ve, .sing =

¢ sin (w + 6)
TAh+A (cw) *

Such then is the Trigonometiical relation uniting 7, o and'd,
when the transcendental relation 1s
Flen) _
cl
This conclusion embraces Euler’s Integrals of Ch. 1v.,, and the
scales of Lagrange and Gauss given in Ch. v. We have not as-
sumed any of these in the course of our proof. We deduce them
as follows.

z+y=

F(cw) , F(cf)

c

Cor. 1. Make w = 6; therefore

F(cm) _ Fcw) . . _csin2w
‘. =2, . lf\/CSIU"?-*m-
This is the scale of Lagrange.
Cor. 2. Make 0= 0, therefore
Fem F(w) . . csine
3 P ’ if JC!SID'I)-— lm) .
This is the scale of Gauss: for it gives

. [1-A(cw)
,\/Cl sin 9 = I;A*"(—c-(;).
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Cor. 8. Let F (c§) =F (cw) + F (c6).
Euler’s problem was to find the relation of {to w and 6. Here

Flem)_ F(b)

c c

1

A (cf)
Ve, sinn = x/1 TA(ct)

Eliminate 7 ; then
csin(w+6) /1A
Ad+Aw ~ NV 1+AL’
which is identical with Euler’s solution.

Then by Cor. 2,

0
31. If you change @ into (37 — ), A changes to %, which

_Accos w
T Acw) ’
V¢ cos
A(ew)
Thus to change z to its Complement changes o to its Conjugate.
But indeed this was proved in proving that x is the Mesonome
to w.

that is, it changes 4/csine to , or exactly sinw to sin "

Relation of =1 to the Second Synnomus.

32. Above we found
B o0 _(e.qo

O}m)  ©0).0F" (8(d 0
alsp A(cw)=b. g b O‘qm‘&‘“).iﬁ:’ 2)

Give to J/b its value from the first line, therefore
Ay~ [2@ O O( 2)

0, 0) " [O(g «))

B(g, x)
@ (g, 0)

For conciseness, let f be short for , and when ¢ changes to ¢*

let # become 2z, so that f, means

(C] (q , 27)
B 0) °
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Then A(cw)= _—f’_l— )
)= 7y
which makes  —4log A (cw) = log f— 4 log f, .
But in Lagrange’s scale we found
T-47,=-41og A (cw).
Eliminate log A, then
N-47,=logf—4log/f,
or T —logf=27" {7, - logf}.
This equation may be indefinitely repeated by changing ¢, =
into ¢*, 2z; so that we attain

1 - lng= 2—“ {’n - lngn}.

If the successive gq®¢q" ... be denoted by 99,9, --- it is
clear that ¢, is infinitesimal

6-‘)(qnwn)r—.l’ f;=1’ logfr;:o'
Also 7,=0. Hence T -logf=0,

or 91 (cw) =log i
This proof is Legendre’s simplified.
Cor. Differentiate : then

CG (cw) = d .log © (q).



CHAPTER VIIL
NEw ELLIPTIC SERIES.

1. TAkE the logarithm of the Pronomi
log S =log (v— v") + = log (1 — g™ . v*?),
log T'=3log (1 — ¢"* " v**),

where 2n represents all the even numbers, 2n—1 all the odd
numbers.

Expand the Binomial logarithms by
log (1 - u)=— (u+$u’ + u* + &ec.)

and collect the coefficients of

v ot o, &e.

by the formulae k& + & + &+ k" + &c. = l—li—k'-‘ ’
'+ k' +F+ &+ &e. =1__fi/_ :
Then
~log T(v)=¢. "Tf_‘;+ﬂ2_ , vltvq_%_ | ’i;{i(’]%s+&c.

But again, Art. 8, equation (f) of Ch. vII.
log. g* +1og S (v) = log (@ v~ 1) + log. A () ;
log T'(v) = log @ + log ® (),
where :
v=¢€V"Y, 4+ vr=2co8.7v; v—v-l=24—-1. 5800
N.E L '8
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Hence
log @ +1log A (z) = log (2t sin ) — 29; i‘_)sq ?a; _ 3q(‘lc<f 4:':;
3{’({’ g 6:; ~ &,
log @ +log ® ()= - 20057 € Beondy €7 Tl

2. Change z to }m -z, A® to A°G°; then between any two
of the four you can eliminate log Q. Especially we may combine

log A_ log (vb tan ) ; log A_ =log (Ve sinw) ;
A, (C)
A° Aw A° c

log &= log b and log ® =log («/5 cos w) .

Thus

- 3 4q°cos 2z 49’ cos 6z 4q" cos 10z
log (vb tanw)=log tan & — ~; ¢ T3d-¢) s (i——-—‘q“’)a_&c"
2 cos 2z 2¢° cos 4z
1+q "2(0+¢)
2¢® cos 6x
3(1+4¢%

A(w) 4qcos 2w+4«q cos 6w+4~q°cos 10z
BWb T 1-¢ "3(1-¢)  5(1-¢"

log (\/ % cos m) = log (2q11 cos )
2(g+ q’)cos2x+2(q — ") cos 4w+2(q”+q“)cos;6w

log (/¢ sin ) = log (2q sin z) +
+ &e.,

log + &ec.,

!. + 1-¢* 1-¢* 1-¢° — &,
where in the last
q+q2= q q_q4= qn . q8+q6= qa .
1-¢" 1-¢’ 1—¢q¢' 1+4¢"" 1-¢° 1-¢*" "
so that with alternate 1 + ¢" in the denominators
log ( \/ % cos w) = log (2qi cos x)
2qcos 2z 2¢*cos 4z 2¢°cos bz + 2¢* cos 8z + &,

-¢ 2+ TIa-ptig+y”T
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In the second and fourth of these series, qi meets us in the
first term, under log. Now we have found Ch. vIr, Art. 28,

g=e¢2 . qt=et and log ¢t = — }p;

o log(yesin w) = +1log2 —3p +logsinz

29 cos2x  24'cos 4z 2¢° cos 6z

l+q9 " 2(1+¢) 3(1+¢)
c

log<\/Ecosw>=log2—-1}p+logcosa:

2¢cos 2z 2¢° cos 4x+2q cos 6z 2q cos 8z

T-g "20+¢) "3(-¢) 41-¢)

3. In the four series of the last Article, make w =0 =z, then
we have

+

+ &e.,

+ +&c

Hence

r 2 ] 10
log (Wb0) == (=L — ot

I-¢ 3(1-¢) 3(1-¢9"
_ 2q 24*
log(JcC’)-log2—1}~p+1+q S+ 3(1+qe)

1 4 4q° 4¢°
log B Ti-gtsa- q) T =g

2" 29
1°g\/ =log2- ’3’”’1 2t 2a+p tsa-o

_2¢"
] tig+ o T E

Subtract each result from its own series, and our four equations
appear as follows :

r tanw 4q* (1 —cos 2z) . 4¢° (1 — cos 6x)
lg 0 = log tan z + = + 301=¢) + &ec.,
. 2q (1 —cos 2z)  2¢" (1 — cos 4x)
log—z-,—— log sin 2 — TTq 21+ ¢
_ 2¢" (1 — cos 62) — &
3(1+¢)
49(1—cos2x) , 4¢°(1—cosbz)  4¢°(1- cnlea:)
—logA(cw) —'——:‘—q,— +— 3(1 q) + 5(1 4@) ) &
_ 2¢ (1 —cos2x) 2¢*(1 —cosdw)
log . cos w = log cos & — T=q T P &e.

-2
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These four may now be differentiated, observing that
do=0C.A(cw) . dz,
by aid of which we eliminate dw and dz.
4. Thus we obtain:
r C.A 1 8¢* sin 2z + 8¢°sin 6z

Sinwcos @ Sin @ cos & 1-¢* l—q“' + &e.

. . -
C.cotw.A=cotx—4q'sm2x—4'q Smf"f’_&c,

1+¢ l1+g¢

Cc’.sinwcosw _8¢sin2z  8¢*sinbz  8¢*sin 10z
A = 1-¢ 1-¢° 1-4¢" +&c.

9 . g -

Ctanw.A:tanw+4‘qsm z  4q’sin ;lw 4q Sm?f+&c.

But by help of Lagrange’s scale and Gauss's obverse of it, the three
first of these are simplified ; and the fourth by Euler’s Duplication.

Namely in Lagrange’s scale the relation

Ve, sin ¢sin o cos @

W = ———
! ! A (cw)
gives both

CA 20 sin @ cos w
= L and C¢ct.
Sllw CoSw SN w,

=20, sinw,,

which changes our first and third just obtained into

C, 1  4¢'sin2z  4¢°sinbz 4¢"sin 10z
Sne, sm2 ' I-¢ T I-g T 1-gv T&
. _4qsin2z 4¢’sin 6z  4¢°sin 10z
LClclsmwl— =4 +—l_qa~+ T + &e.

in which to change C, ¢, 0, to C'cw, is justified by changing ¢ to /g,

z to ja.

Deal with the second of our four equations by the scale of Gauss

Flem) _  _ F(ew)
C C

1
which makes C, cotn.A (cm) = Ccotw. Replace cw by ¢z in the
second series, then, without change of x, we must replace ¢ by ¢?
making

)

x

4¢’sin 2z 4g'sindx _ 4¢°sin bz

C,cotw,. A (¢n)=cotx— [+g  1+¢ 1+¢

&e.




FUNCTIONS OF @ IN SERIES OF z and q. 117

in which the left member = C cot w, the right hand remaining un-
changed.

We modify the fourth equation by assuming
F(cn) =2F (cw), .. tan (}n) =tan w . Aw,
then since  F (cw)=Cr, . oy,
Fon) = Ca we have o' =2z, =13}

4q sina’ + 4q¢°sin 22" 4¢° sinq.‘fx’ + &,

1—¢q 1+4° 1-

‘. C'tan (37) =tan (32) +

in which we may now replace 9 2’ by w 2 for uniformity.

Finally in place of our four equations we have as equivalents, by
changing in first and third ¢,C,, into ¢Cw, therefore ¢*, 2z into ¢, «;
in second and fourth as just stated: therefore

i c 1 + 4gsinz + 4¢’ sin 3z + 4¢’sin 5z

sine snz  l—gq I—¢° - + &c.,
4 o7 6
| Cecotw=cote— 4qlsj_nq2x 4‘91 inq:i‘“" _ 4(11 T-nq?x - &e.,
Cesinw = 4 «{Q_SZ}E + 4 \/i‘]jlqr:, 3 + 4 '\/lq_Sanb 5 + &c.,
| Ctan (o) =tan (ja) + 212074 05030, M0 g,

5. In the first and third of this last set, change ¢ into —g,
leaving «# unchanged and pursue the further consequences. For
Vg, VG, ¥g'... we must replace the same quantities multiplied by

V=1, —+—=1, +4-1,... For A we must write y/—1.A; O is
®.(g,0))? .
0 ) o
changed to ®°, b or {@). @3 )} becomes inverted, or changes to

b~;. hereby changing ¢ to cb™+/—1. Also because ,/C=®(g, ),
»/C now becomes ®(— g, 3 ) or ®(g, 0) or 4/(bC), .. C changes to bC.

Hence Cc sin @ or (C 4/¢)(y/¢ sin w) becomes

n(. /¢ y=1). A1
00 (/5 9-1) - 5

sin w

But “"'\/(b) A(cw)’

sin @

or Cc sin w becomes b(”\/b N —=1.4(bc )A(c 3
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Again s_ig; or Cy/c divided by v/csin w changes to bC'. \/% J-1

divided b
y —1. y(be). sin @ rC’A(cco)
v (be A (cw) sinew

Thus our first and third series become (when the third is divided
by v/ - 1)
CA(cco) 1 4gsinz _4¢’sin3z  4¢°sinba &e
sinw sinz 1+q 1+¢° 1+¢ N
Ce bsinw _4vgsinz 44q¢’sin3z  4y¢'sinbz
Blw) 1+¢ 1+¢ 1+¢

In each of these change x to (37 —x) then o changes to its Con-

- &ec.

Jjugate °, and bemg = cos ’, changes to cos w.

A( w)
Finally
bC 1  4gcosz | 4¢°cos Bz  4¢°cos 5w
= - — — — + &e.,
cosw cosz l4g¢q 1+gq 1+gq
_4Wqcose  4a/q’cos3x  44/q’cos
Cccosw = T+q + 1+¢ 1+ ¢ + &,
an important addition to the previous four equations.
Further, for the penultimate we may write
bC 1 4gsinz_4¢°sin3z _ 4¢°sin bz
o =% - &C
cosw’ sinz 1+4+g¢° 1+4° 1+¢°
Observe that b o= é&_.(_cg);
cosw’ sinw
dw
also Cm = dz,
where
do _ dz 4qsinazdr 4q°sin 3zdz 4q¢°sin Swdx _
sinw sinz 1+¢ 1+¢° 1+¢°

Integrate : then

4gcosz | ¢ 49’. cos 3z 4q°. cos 5z

log tan. jo =logtan. 4o+ 3= + g iy ) Y5+ 0)

+ &e.,

when w=0=2 o=Cz
tan 30 )
Also log 'fa;;ﬁ converges to log — or log C,
4¢’ 4¢
1 = -
so that og C= +g 1+q,+g 1+q,-r&c
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6. We can now, by aid of the last, deduce a series for A(cw) in
terms of # and ¢ by Lagrange’s scale, which has (Ch. v. Art. 2)

CA - CA,=¢0, cos w,.
The last by repetition yields
CA-CA,=Cpc cosw + Cgc,cosw,+ ...+ C,c

'C, COS®,.

Let z be infinite, then C A, converges to 4/ (1 —c,*sin’w,) or 1,

and
CA (cw) — 1 = C,c, cos », + Cyc, cos w, + &c., ad infin.

But from Art. 5, we have

4q cos 2z 4q°cos 6z 4q° cos 10z
0101 Co8 w, = _ql + qa— + ~'ql + qo'” ) q;__i,—qT
in which the indices of the terms are 2, 6, 10, 14... or double of the
odd numbers. To change c,», to c,w, gives a like form, with indices

2? of the odd numbers.

+ &e.,

Further change to c,w,... and the indices become 2° of the odd
gumbers; and so on. When all these are added together, the sum
{CA (cw) — 1}
has in the collective terms the indices that are double of 1, 2, 3, 4...
in complete series, that is
4q cos 2z  4q’cosdz  4q°cos bz  4q‘cos 8Bz

GA(Cw)=1+—l+qz + 1+q4 + 1+q6 + l+qs + &e.

Differentiate this; first observing that

22 _—3C.d.sin’w_ —c'sinwcos wdw
dy/(1 —c'sin w)_—\/(l —c'sinw) A (cw)
= —¢*sin w cos w C'dx,
dAdE;w)=-C’c’sinwcosw=—%C’c‘sin 2.

Hence
30’ sin 20 =8 {

I1+¢ " 1+¢ 7 1+¢

. 2 .0 ]

7. Again, multiply the series for CA (cw) by 6{%———%’) =dz, and

integrate; then
_, 2gsin2zx  2¢°sin 4z | 2¢’sin 6z

2¢* sin 8«
o=t rF Tl o T3+ + &e.

41+,

+
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Further, in Lagrange’s scale,
C@ (cw) = Cyc, sin o, + C¢, sin o, C,c, sin o, + &c.

Replace each term of this series by its equivalent in series of ¢q and
x attained above. In the series for Ccsinw we have a type of all,
with indices 1, 3, 5, 7.... In forming the equivalent of CG we begin
from indices double of these odd numbers, and we add terms with
indices which multiply these by 2’, 2°, 24 2%... of which the sum is

twice the complete series 1, 2, 3, 4.... That is
_ 4q sin2z  4¢°sindx 4¢°sin 6z 4q¢*sin 8z
0@ (cw)= -7 + I-¢ —+ 1—¢ + 1=
This last series may be either integrated after multiplying by

dF ((}cco) - da,

+ &e.

whence
_2q(1—cos2z)  2¢"(1 —cos4x)  2¢°(l—cos6x)
Te)= TN oy e T sa=9)
else differentiating CG (cw), observing that
dG=dE - N,.dF =(A"-R,) Cde,

. 2/ A3 -q cos 2z 4q°cos 4z  6¢° cos ()v

L e
Make w=0=g,

LEC(L-R) = 2 ot 14‘ng + lﬁ_q?qs + &.
Eliminate N,; 10*(?*sin’w),
or 3C°*(1 — cos 2w)
_ 2q(1 — cos 27) + 4¢* (1 — cos 4z) + 6¢°(1 — cos 62)

T—¢ 1—¢ =g ‘e

+ &e.,

24 &e.

8. It is of little importance that from the series for C'cot @ we
may change w into o’ and « into (3 7 —«). Then since

cot o’ =btan w,
you find
, i 4¢'sin2z  4g'sindx  4¢°sin b
Cb tan = tan x I+g + T+ T+ + &e.
We verify, in the two last, by Lagrange’s scale which gives

C, cot w, = $ C(cot w — b tan w).
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9. In all these series we may now with advantage pass from
functions of ¢ to functions of p, which becomes our leading constant.
We have

QQ_- Np); _22_=:( ), 2/g _ 1 24 _ 1

1+q ' 1-— —q¢ Smp’ 1+q Cosp’

and when ¢ is changed to ¢, p changes to (np). This makes the
transformation very easy.

With this small change it is well now to recapitulate, from Articles
2, 4 above.

10. First from Art. 2, next from close of Art. 4, also from
Art. 5, &e.

1. log(Vesin @) =log 2 —4p +log sinz + M (p) . cos 2
+ 31 (2p) cos 4z + 3N (3p) cos 6z + &c.

2. #C cosec w = }cosec x + I (p) sin 2+ I (3p) sin 3z + I (5p)

sin 5z 4 &e.
3. 3Ccot w =% cot @ —N(2p) sin 22 — N (47) sin 4o — 1 (6p)
sin 6z — &c.
4. 3bCtan w =% tan 2 — N (2p) sin 2z + N (4p) sin 4z — N (6p)
sin 6z + &c.

sin + sin 3z + sin 5z
Sinp * Sin 3p * Sin 5p
6. 4Ctan fw=1}tan. }z + J(p) sin z + N (2p) sin 2z + I (3p) sin 3
+ 1 (4p) sin 4z + &ec.

5. 3Ccsin w = + &ec.

cosx CcosS3x  cosdr

7. 4Co.cos0 = Cosp + Cos 3p *+ Cos 5p +
8. 3bCsec = §sec z— N (p) cos z + N (3p) cos 3z — N (5z)
cos 5z + &c.
9. C.A(Cm)___1+2-cos2m+2.cos4a:+ .0036w+m
Cos 2p Cos 4p Cos 6p

sin 2z + 2sin 42 . 3 sin_gw_
Cos2p ~ Cosdp = Cos6p

ot sin 2z +1 1 sin 4.‘.«9 1 sin62
Cos2p " 2 ° Cos 4p 3 Cos6p

. _ sin 2¢ sin 4 = sin 6z
12. 30.G(cw)= Sm 2p * S 4p * Sin 6p

10. 4C%*.sin 20 = + &ec.

11. + &e.

+ &c
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l1-cos22z 1 1—cosdxr 1 1-—cosbz
13 T(ow) = Sin 2p é Sin 4p *t3° S 6p + &e.

— cos 2z + 2 (1 — cos 4z)
Sin 2p Sin 4p
3 (1 — cos 6z)
Sin 6p

14. }C*.(1—cos2w) =

+ &c.
Chiefly by assuming
w=4r=2 or w=0=2 with o=_Cz
we deduce relations between our constants, without which we never

can command numerical results,. When tanw and tanaz enter,
the assumption o =’ makes z = }= or

tyopt - — _1-b
tanfw="07", .. cos2w—-1+b.
We also have (in Art. 29, Cor. 2)
vC = @ (}).

From the four equations in Art. 3 with a logarithm within on the
left.
l—cos2z 1—cos6x 1—cos.10x

15. —4logAlew) =~gro =+ 586, * sSmI0p T
16. 4log t_an__ =% log tan 2 + 2 (2p) (1 — cos 2z)

+4.3(6p) (1 —cos 6z) + 43 (10p) (1 — cos 10z) + &c.
17. —log Sl—?j— =—logsinz+ N (p) (1 — cos 2z)

+ 31 (2p) (1 — cos 4x) + 3 (3p) (1 — cos 6z) + &e.

18. —log cos w = —log cos z + I (p) (1 — cos 2z) + 423 (2p) (1 — cos 4z)
+ 43 (3p) (1 — cos 6z) + &c.
Also differentiating No. 5 with
do=C.A(c, w)da.

cosz 3cos3z bcosbz
. Sin p * S 3p + S 5p &

And from close of Art. 5
20. log tan 4w =log tan . 3z + 2 {M (p) cos  + 11 (3p) cos 3z

+ 31 (5p) cos b + &c.}.

This article displays to the eye the eminence of the Anticyclic
consgants For shortness I write P for Cosec but Sec may well
stan

19. 4Cccos w. CA (cw)=
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We have already found
AGm) . 8(0)

1
log==2p; Wec=
g =P v

® (}m)’ ® (§m)’
which are known functions of p. So is
VO =0 (3m).
We also have
3/% =Cotp . Cot 3p . Cot 5p &c.

The method of changing ¢ to —¢, by which Nos. 7 and 8 were
deduced from No. 5 and No. 2, may be tried on others of these 20.
Applied to No. 1, it only reproduces

log (\/% cos w") .

Applied to No. 9, it brings the same result as by changing

w to o, z to {r—=.
It is difficult to limit these series, yet probably we have attained
the most valuable.

11. We seek for more convenient relations by making =0,
or z=4%m in Art. 10.

From No. 1. —;—(logg - p> =N (p) — 3N (2p) + 4N (3p) — &e.

s » 2. 3C=%+23(p)+3(5p) — I (7p) + &e.

From 38, with
xz =}, cotw=14/b

From No. 5. $Cc={(p) =P (8p) +2 (8p) — &e.
8 » 6. 3C=3}+2(p) —3(3p)+ 235 (p) — &c. as before.
w » 1. ¥0c=Secp+ Sec3p+Sechp+....
w » 8 #bC=%-N(p)+N(3p)—N(5p) + &c.
9. Makez=0, .. C=1+ 2Sec2p+ 2 Sec 4p + 2 sec 6p.

} 3CVb=%—-N(2p)+ N(6p) + N(10p) + &c.

» ”»

)
» 10 % .C%? —12—-_‘\'/—_% = Sec (2p) — 8 Sec (6p) + 5 Sec (10p) ;
* In the result from 10, writing b, for f—“_{—?} , and C,3, for }C,c?, we may pass from

¢; 2p by to ¢ p b, then §C%b =8ec p — 8 Beo (8p) + 5 Bee (5p) - &o.
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24/b _
e ke

From No.14. {C* =] (2p) + 3D (6p) + 5P (10p) + &e.

but

These results from 9 add 7 are verified by
C,+Cgc,=C.

In 9 make « = 4, therefore
Cb=1—2 Sec 2p+ 2Sec 4p — 2 Sec 6p + &c.
but make
z=1m, co 0=>b, si”fo=(1+b)", sin®w=1-b, A(cw)=wb;
. CA/b=1—28ec4p+2Sec8p—2 Sec 12p + &c.
(Evidently, since bC = vb,C,.)

So in 15 making n=%m, A (cw)=nb.

Llog 7 =P (29) +4P(6p) + 4P (10p) + .

From Art. 7 above, we have also
1C*.(1-8)= P(2p) + 2P (4p) + SP (6p) + &c.

Moreover from Chapter I11. Art. 7, we have
10g§—p=log0—%log01—ilog C,—4logC, — &,

which usefully checks the first equation of this Article, and with
higher convergence, when we know log C.

Make w =0 ==z in No. 19, therefore
3C%c = P(p) + 3P (3p) + 5 (5p) + &e.

12. In No. 17 of Art. 10 make w = 37 = «, therefore
$1og C=0N(p) + 3N (3p) + N (5p) + &e.

Also from No. 20 we have the very same.

Cot Cot8p Cot5
We also h = d d P
e also had #/C Cot2p * Cotdp " Cot 6p " &e.,

whence  }log C'=1Cot p—1Cot 2p + 1 Cot 3p — I Cot 4p + &e.
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[Again in Ch. 1I. Art. 4, we had
V(bC)=J(bb, b, b, ...).
But »b=(Cotp.Cot3p.Cot 5p...)7"

by which we replace the factors of the left in the penultimate by
observing that to add a unit to the index of b doubles the pro-
modulus p.

Thus Yb,=(Cot 2p . Cot 6p.Cot 10p...)7,
Yb,=1{Cot. (2%) Cot. (2. 3p). Cot (2. 5p) ...},

the further change of b, to b,, changes 2° to 2° and so on. Therefore
collectively

V(b0) = (Cotp.Cot 2p . Cot 3p. Cot 4p...)™"
Multiply this by «/ 3 =(Cotp. Cot 3. Cot 5p ...},

_ Cotp Cot3p Cot5p
" Cot 2p " Cot4p " Cot.6p """

or 4 log C=1Cot p— I Cot 2p + I Cot 3p + &c. as before.

and you obtain 4/C &ec.,

This is mere corroboration: but in argument so various, corrobo-
ration is acceptable.]

Thus %log C is found by two very diverse series, each con-
verging excellently.

Whether the series involving C* are of use, is not very clear.
We have
1c? =P(2p) + 3D (6p) + 5P (10p) + &ec.

$Cc =P (p)+3P(3)+5(3p) + &e.
3C%b = Sec p— 3 Sec . 3p + 5Sec 5p — &ec.
To find N, from the following, we need to know C?; viz. from
1. 0(1=R,) = P(20) + 2P (4p) + 3P (6p) + &e.
P (2p) + 2D (4p) + 3P (6p) + &c.
)= D(2p) + 3P (6p) + 5P (10p) + &
2D (2p) + 4P (4p) + 6D (6p) + &e.
* P.20) + 3p (6p) + 3p (10p) + &c.

whence 2(1 -




126 THE HIGHER THEORY OF F AND E.

13. We mark as duplicate two different series for

41082~ p) =1 (6) ~ $1(2p) + N (3p) - &e.
also =log C' — } log C, — } log C, — } log C; — &c.

1
tlog =P (2e) + 1P (6p) +%P(10p)+&c.}’
=1 Cot p + Cot 3p + Cot 5p + &c.

$log C=Dp+ N(2p) + 1 N(3p) + &e.
=] Cot p—1Cot 2p +1 Cot 3p — I Cot 4p + &c.J’

$(C—1)=2(p) — 3(3p) + 3(5p) — 2(7p) + &e }
= Sec 2p + Sec 4p + Sec 6p + &c. ’

4o =P (p)~ P(3p) + P (5p) - &e. }
= Sec g + Sec 3p + Sec 5p + &e.

3(1—bC)=nN(p) —N(3p) +N(5p) — &e. }
=Sec 2p — Sec 4p + Sec 6p — &c.)

In No. 12 of Art. 10, make w = j7r=a;
1
<+ 49 or tlog z=p(2p) + 3P (6p) + 1 P (10p) + &e
as before from No. 15, a mere corroboration, yet not less welcome.

By a limited number of Tables easily computed, we can express,
with p alone as basis, first D (p), Secp, 3(p) and N (p), next C, b, ¢

(or log% ?) without difficulty. What is the best mode of computing
N is not to me clear. A table for Cc is easily made, and for rough
purposes the simple ¢ may be inferred from %E . For instance, if we

wish to judge whether a closer value of the Grade v is obtainable
through b=cosvy, or through ¢ =siny when p is given, we ask first
for a rough idea of the limits. To make this clearer I exhibit an
outline of the value of ¢ estimated from Cc¢ divided by C.

p c P c
1 ‘9440 8504 5 | 02694689
15| ‘7418 38940 6 | 00991476
2 | 5029 9981 7 | 00364751
3 | 1971 1112 8 | ...(C=1
4 | 0731 6436 ' | 9 | ...to 8 decimals
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14. That which has .been called the Problem of Section loses
its interest now by its extreme ease. Given F(cw), ¢ and w, to find

0 when F(c,6) =% . F(cw). Put F(cw)= Cz, then we account C
and 2 known. Also put F(cf) =Cy, and y is not yet known. But

1 z
C’y=;1—.0'w, SY=-

We find @ from equation 11 of Art. 10 above in terms of y and p.
As a curiosity, we may transform
FO'(L= 80 = P (20) + 2D (49)+ 3p (Gp) + &e. (4),
2 4q’ 6q°
= fIq — q - + q
Halve the equation, expand each term separately on the right,
ICA-R)= q+¢+¢ +q" +&c)
+2(¢"+¢° +q‘°+q“+&c)|
+3(¢"+¢ +9" +¢" + &c.)

.................................

5+ p + &c., as follows.

Add up vertically by the formula
(1—2)*=1+ 2z + 82" + 4a® + &c.
The total then is
3 5
a Eq)s + a-= g ) + '("]:‘q"" .+ &ec.

Multiply by 4,

30N (1-N)= (2 “/qq) + (12;/(;2)2 + (: fq“) + &c.

= (P Py + (P 3p)" + (. 5p)" + &c. (b).
This a purely algebraic identity; 2 (a) = (b).

15. With much variety and toil we may seem to have merely
evaded the task in hand. Instead of evaluating F, £ (and in the
distance IT), we have shewn how elegantly the functions of w, the
amplitude of F, E, are related to z, an average value of F; which
average is not very easy to fix with high accuracy, even by help of
Legendre’s table of double entry. Just so, if Trigonometry had not
preceded the Integral Calculus, the investig'a.tion of

fo\/—(i——r and f g
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would have led through sin™'« and tan™z to the demand of Trigono-
metrical Tables with a new argument, the arc o, making either
z=sinw, or- z=tanw. But here the constant element ¢ gives a
new complexity, and its relation to other constants more convenient
requires new Tables.

Here it is a great simplification to pass from the original ¢ to p,
and whenever actual evaluation is required, our first need may seem
to be Tables for the transformation.

If a man expert in this part of the Calculus be asked, “ What
is the simplest direct method of computing # when ¢ and w are
given?” he must reply; By Lagrange’s Scale, from o he will find in
succession ,, ®,, ,... and perhaps o, will suffice. Each new o is
deduced from its predecessor by an equation of like type: namely

tan (w, — w) = b tan w enables him to fix the degrees in w,;
from tan (o, — @,) = b, tan w, he deduces w,;

from tan (0w, — w,) = b, tan w, he deduces w,; and so on.

But this supposes that from ¢ he has found numerically and
accurately b, b, b, b,... or rather their logarithms, for he will work
by the form

log tan (w0, — w) = log tan (») — log% :

Legendre's tables excellently furnish for every given arc 4 (with
c=sinry, b= cosy) the values of log b, log b,, log b,, log b,... but even
so, to be accurate to 10 decimals for w,, w,, ®,, ®,... is not a task for
even high mathematicians. Legendre himself rejoiced in his own
scale, because, by its higher convergence, it promised higher accuracy
without greater toil. Yet alas! no one can practically use this new
scale, from the difficulty of its constants.

16. Yetif once we resolve to make p our chief constant instead of
c—which can be effected by a table of single entry, as easily as to
pass from an arc «y to log tan ¢ &c.—the constants needed in Legendre’s
.scale are as easy as those in Lagrange’s scale. Not knowing whether
this treatise would ever be published, 1 anticipated this statement
in a recent short treatise, called Anticyclics. It seems right here to
fill out the argument.

In this scale ¢, is connected to ¢, as 3p to p, and our typical equation
is tan §(w, — ) = tan w . A (c, B), where 8 is defined by the equation
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F(c,B)=3% F(c, $m), which at once shows that o’ (Mesonome of B)
=}4m. Hence equation 15 of Art. 10 above, gives

—co8 227 1 —cos 62’ — cos 104’

—%logA(c,B)— Sin 2p + 3 Sin 6p + 5 Sin 10p + &e.

Now when n is a multiple of 3, say, =38m, in the general term
of the last;

cos 2nz’ = cos § nmr =cos 2mm =1 (m being integer),
therefore the term vanishes. But when n has the form 8m + 1,

cos 2na’ = cos (3m + 1) 7 = cos (2mm + 120°) = — 4.

This at once yields § as the numerator of every such term. Finally
—4log A (e, B) =P (2p) +#P (10p) + } P (14p) + 1 P (22p)....

with enormous convergence. By this a table is easily computed.
But it must be multiplied by M (the modulus) to convert the result
to common logarithms.

' For a moment let — M.log.A (¢8) or —log,,. A (cB) be denoted
by D; and let D, D, D,... i this scale answer to ¢, c,, c,... i.e. to
p 3p 3°p3%... Then with

log,, tan } (@, — ) =log,, tan  — D,
which means
D=3M{p (2p) + § P (10p) +} P (14p) + 41 P (220) + &e.),
whence also
D,=3M (D (66) +#P(30) + 4P (42p)...}
D,=3M {3 (18p) +§P(90p) +...}.

In D, the first term is ample. Where p is as large as 126, the
d1ﬁ'erence of ’(p) and 2¢~* does not affect the 16th decimal; and
when p=2 (Gudemanns lowest limit) 3M . P(18p) probably begms
with 15 zeros.

For illustration merely, I here reprint my table of
- log,, . V(1 —c*sin’B);

where 47 is Mesonome of 8.
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17. Further concerning the constants of Legendre’s scale. When
¢* is given, we have to solve a biquadratic equation

o Bp— D@A+p)’
16u° ’

to find his Regulator 4. But when we start from p as known, our
equation

log tan . 4w =logtan . }z
+2{N (p) cos # + § N (3p) cos Bz + § N (5p) cos 5z + ...},

allows us to put @ =8, =3}, and we know that

1—-cosB

#=m, S A\//.L=ta:n %B.

In this series make w =2, 3z =4%m or 30° tan 30° = ‘\%3 , &=60°

cosx=%, cos3x=—3%, cosbr=—1%, cos To=+4;
cohlogpu=—134log3+2{N(p) 1 -4 NBp) §— 4N (5p) 3 + &e}, |
3 log (3w) =N (p) —$ N (3p) —3 N (5p) +$ N (7p) + $ N (9p) — &e,

or again, we may use the more general formula, C'=3uC, [which, it
will appear, in the scale of Index =n, becomes C =nuC]. But we
know C as a function of p; change p to 3p, and you find C,. TIn fact
log (8x) =1log C' — log C, which is peculiarly easy, if we have a table
of log C with argument p.

In my Anticylics, the table of ‘7(p) gives %log%; the table of
D (p)=4log C; that of 9(p)=4(C — 1), and that of T(p)=log.Q.

I have not been able to attempt a table of N, from p as argumant.
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The B is defined by F(c B)=4% F..

p | -logur-csinB) | p |-log, ix-c'sin'B)
1'0|°3592 5572 9411 6719 | 40| 8 7413 7507 5280
1'1 | 2923 2484 2664 4562 41| 7 t568 3233 2307
12| 2383 5463 1860 7711 || 42| 5 8595 1857 9358
1'3|°1946 1441 0045 9939 || 4°3| 4 7973 6797 9182
1'4|°1590 4540 8993 1846 || 4'4| 3 9277 5265 4496
1'5| ‘1300 5603 o350 5642 4'5| 3 2157 7186 4632
16 | ‘1063 9363 9293 4314 || 46| 2 6318 5130 7237
1'7 | 0870 5994 8696 7943 || 47| 2 1555 9632 6260
1-8 | 0712 5245 5310 8973 || 48| 1 7648 5299 9547
1’9 | 0583 2220 7250 4299 4’9 | I 4449 3942 3209
2°0 | ‘0477 4230 2244 3056 50 1 1830 1634 ogo4
2'1 | ‘0390 8376 6653 7070 51 9685 7005 gos5I
22| 0319 9670 8941 8197 || 52| 7929 9956 7204
2°3 | 0261 9538 7599 8236 || 53| 6492 5313 2650
2°4 | 0214 4625 4932 5163 | 54| 5315 6350 6124
2'5| o175 5651 6359 9217 || 55| 4352 0738 9015
2'6| ‘0142 8531 8618 4305 56 3563 1767 3812
2'7| o117 6939 6969 2738 | 57| 2917 2823 7398
28| 0096 3590 2604 9745 58 2388 4687 9488
2'9| 0078 8917 4230 4561 || 5°9| 1955 5128 5509
3'0| 0064 6209 0040 0540 60 1601 0385 1246
31 52 8824 4940 6155 61 1301 8194 6701
32 43 2964 2883 7997 62 1073 2082 0936
33| 35 5301 5415 2412 || 6°3 878 6685 6544
3'4| 29 0224 2004 9576 | 6°4 719 3926 7729
35| 22 4736 5465 9947 |

36| 19 4542 9665 4372

37 17 2307 1146 9322

38 13 0406 oroz 6271

3'9 10 6767 4021 7259

We now can extend the table as far as we please (true to 16
decimals) by the formula
6M . e,

if the factor M is the modulus of the common logarithms.
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From Legendre.

Let ¢c=siny and b=cosy.

Zhe F,=}=C. F,=inB.
grade.

o° | 15707 9632 6795 log oo

I | 1'5709 1595 8127 | 5°4349 0982 9625
2 | 1'5712 7495 2372 | 4'7427 1726 5279
3 | 15718 7361 o514 | 4'3386 5397 6000
4 | 1'5727 1243 4995 | 40527 5816 9549
5 | I'5737 9213 0925 | 3'8317 4199 9766
6 | 15751 1360 7777 | 36518 5596 9479
7 | 1'5766 7798 1593 | 3'5004 2249 9173
8 1'5784 8657 7689 3°3698 6802 6668
9 | 15805 4093 3896 | 3°2553 0294 2143
10 1'5828 4280 4338 3'1533 8525 1888
1§ 1'5853 9416 3775 3'0617 2861 2039
12 1'5881 9721 2527 2'9785 6895 1181
13 1'5012 5438 2014 2°9go25 6494 o670
14 1'5945 6834 0932 2°8326 7258 2918
15 1'5981 4200 2113 2'7680 6314 5369
16 1°6019 7853 0087 27080 6761 4590
17 1°6060 8134 9410 26521 3800 4630
18 1'6014 5415 3790 2'5098 1973 0061
19 1'6151 oogr 6068 2'5507 3144 9627
20 1'6200 2580 9124 25045 5007 Qo002
21 | 16252 3366 7759 | 2°4609 9945 8304
22 1'6307 2910 1631 24198 4165 3739
23 1°6365 1740 9336 2°3808 7019 0604
24 | 16426 0414 3713 | 2°3439 0472 4447
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c=sinvy. b=cosy.

‘)’ Fc Fb

25° | 1°6489 9522 8479 2°3087 8679 8167
26 1°6556 9692 6310 2°2753 7642 9612
27 | 16627 1505 8491 | 2'2435 4934 1699
28 16700 5942 6270 2'2131 9469 4981
29 16777 3488 4081 21842 1321 6949
30 1°6857 5035 4813 21565 1564 7500
31 1'6941 1435 7306 2'1300 2143 8399
32 17028 3523 6412 2'1046 5765 8491
33 17119 2469 5156 2'0803 5806 6692
34 17213 9083 1374 2'0570 6232 2797
35 | 17312 4517 5657 | 2'0347 1531 2186
36 I'7414 9923 4427 2'0132 6656 5201
37 | 17521 6523 6469 | 19926 6975 5735
38 17632 5618 4059 1'9728 8226 6275
39 | 17747 8590 9104 | 19538 6480 9252
40 17867 6913 4885 1'9355 8109 6006
41 | 17992 2154 4050 | 1'9179 9754 6438
42 1-8121 5985 3662 1'go10 8303 3465
43 1'8256 0189 8136 1-8848 0865 7384
44 | 18395 6672 1094 | 18691 4754 6031
45 1'8540 7467 7301 1'8540 7467 73071

138
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New use of A and @ in factors.

18. Hitherto our argument has used A and ® as expanded
in their first definition; but as deduced from S and T, they stand
as products of factors.

Their general factor is (1 —2¢" cos 2z + ¢™), which may be cast
into three forms, which, when ¢ is constant and only « varies, are

(1—-¢"Y +4¢"sin’z; (1+¢")—4g9"cos’z; (1+¢™)—2¢".cos2z:
proportional to

sin? z cos’z cos 2x

Sin*np ’ R L np’ 1-tos 2np
Therefore with 4, 4, A, unknown functions of g, we may assume
three equations

Ag, @) . sin® sin’ z sin® .
4, S (1 * S, 2p) (1 + STnﬂ;) (1 STy 6p) - e,

Ag, ) . cos’ x cos’x cos’x
4, S (1 ~ Cos’. 2p) (l ~ Cos®. 4~p) (l ~ Cog®, ﬁp) e &e.

A(q, ) _sinz cos 2z cos 2z cos 2z
4, “suin (1- Cos4p> (1- G 8p) (2- ooslzp)'“&"'

To find 4, make 2 =0; then 4,= ASfZ’;U) A <q’ 2) =A’(0).
[See (j) in Ch. viL. 15.]
To find 4, make x=4w; .. 4,=A(}m).
To find 4, make v = }r; 4,=A (3m).
Similarly with B* B” B” unknown constants, assume
8%’, 2) (1 + ;‘:1 ‘:) (1 +§s—11—::,—“;,) (1 +—S-?in—';,—g;)) ... &

0 (q, w)_(l cosw)<1_ g«}g’_’_x_)(l cosw) &,

B” Cos*. p Cos”. 3p Cos®. 5p
B (g, 2) cos 2w) cos 2z cos 2z
=(1- SB85%) (y_ co8a& O3 AT
T B7 ( Cos. 2p (1 Cos. 6p) (1 Cos. 1()p) - &e. A

To find B’ , make #=0; then B’ = (0).
To find B”, make « =4 ; then B” =@ (}=).
To find B”, make & = }m; then B” =@ (}m).
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19. Wefound (g, w)=10g®(q. )

8(q, 0)°
‘which, hence [since @ (¢, 0)= B’]
sin’ 2
=2 log (1 t St (- l)p) ’

if nmeanl, 2,38, 4....
Differentiate, remembering that
d.N=G.dF; dF=Cdz;

sin’w)= d.sin'z _ 2sin2z.dr
@ a+sin’z 2a+ (1—cos2z)’

also d log (1 +

where @ means Sin? (2n —1) p, therefore
0.0 0)=%. 2sin2s
A somewhat simpler series results more directly from

d® (g, 2)

O z)°’

2¢"* sin 22 — 4¢™ " sin 4z + 6¢"" sin 62 — &e.
1—2¢"* cos 2z + 2¢*** cos 4z — 2¢°** cos 6z + &c. *

d."(q, 2)=dlog®(q, z)=

or 3C.G(cw) =

If we have an adequate table of €, and p is given, we directly

20 non__ ~2n.np
y @ =¢€ ‘

find the powers of g=e" The convergence 1is

unprecedented.

If occasion requires (though it never seems to require), that
we need to calculate E (cw), we must have recourse to the primary
method of Ch. 11, else deduce it from G (cw). But the latter method
needs N,, of which we have no’ table, and thus we are driven to
Legendre's table of F, and E,, or rather of log F, and log E, for

logN,=1log &, —log F,.

Since Legendre undoubtedly calculated p as his step towards F,,
and N, as his step towards E, (though without my notation), it
is always possible that his subsidiury work for full tables of p and
N, may be recovered.
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Large Modulus.

20. If ¢ be very near to 1, ie. too large, ¢ may be too small
Then let p’ r be to b, what p ¢ are to c.

I called ¢ the Basis, let » be the Antibasis. Then as

1 B
log—q—=2p=7r. L

80 log%.=2p'='n-.%;

and 4pp’ =7, =log$ . log % .

When b=c, g=r. But log, 23 = nearly 7, and ¢ = 4% =7, nearly.
If q exceeds gy,  is less than .

If q, is =¢’, and r, isrelated to ¢, as r to ¢

log (%) . log (}l) =’

1 1 1 1
or log?.log;—loga.log;.
1 1 1 1,1
But log?—2log§, ..log;l—-élog;,
or T, = AT

Thus a series ¢ ¢"¢*¢° ... answers to » \/r /r Yr....

CoR. In this connection it is convenient sometimes to write

c x
a for B and £ for =

v

x
2 =am, .. .r=¢ F=¢", r=pi=¢%

21. As with the Antinome in Ch. 111, when
sino=y—1.tany, F(cw)=+-1.F(by),
or if #, y are the Mesonomes,
Cz = /-1. By,

or ar=4/—1.y, —;:;=2%.



Also in Ch. 111. Art. 15, we had the transformation

then

Again, as

80
Eliminate

hence

Make

Eliminate

then

PASSAGE FROM @ (g, @) TO A°(r, y).

 (ow) = 1 (by) — ;-':-J +log cos y.

Replace each "1 by our new form

0 (q, x)
®(q, 0)’

1 (cw)=1log.

8 (g, 2)_ 9O (r, y) e-:—: . o8 Y.

0( 0) O 0

]
Vc.cosw=4b.é~ ,

e N y)
x/bCOS\P—«/C-@(r’ k
O (r, y) cos,
(g, ) _ A(r, g)
B(q, 0) \/b Q(r, 0)
=0, y=0,

c A°(r, 0)
1=\/5 O 0)°

'\/c

E:
0, 0)_A(ry) -
®(q, 0) A’ (r, 0)°

(1).

1387

Such is Legendre’s beautiful result, Second Supplement, Art.

182.

.2 2. Further

8(g 0)=v00), L0, 0) or A(r, hm)=V(B), 5=

so that

®(g 0)_ /bC

A, 0)=A 5=V

ot

B(q, 2)=wa.A(r,y) e *
Solving in reverse,

A
A (r, y)=na™. B (g, z) .
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In this, the change of cw to by require the change of .byr to c
and — o, observing that

az=+—=1y leads to ay=—xy/—-1;

80 x changes to —y, a to a™, p to p'.
Then AN(g 2)=4a.0(, —y) e%}
=4a.0 (r, y) GJ;CP [see 217;
and if £ stands for the ratio :ﬁr (which is not an arc),

® (g, a)=Wah® (r, 3).7" (3),
A(g, @) =wa® (r, y) ¥ (4.
23. Now by definition of A, and hence of A (r, y + )
A (7, ) =2 {r™ P 2cos (2m — 1) y}
where m means 1, 2, 3, 4 ... .
Transform by y =—,/—1.az; 2 cos.ny=2 Cos (naz).

Here, the circular arc changing to an Anticyclic, we may well
feel anxiety about the convergence.

But, whatever n,
2 Cos (naz) = " + ¢ ™ = p= 4. ™,
and in b {rw + 2 Cos . nax}
the exponent of » is in’ ¥ nE;

but to attain @ (¢, #) by (8), we have further to multiply by %
which makes the total exponent of »

=i Fnf+E or (InFE),
so that 8 (g, ) = y/a .S

if we give to n its right successive values, which are found from
2m —1=mn; where m meant 1, 2, 3, 4... or n=1,3, 5, 7.

Further, let # =(} — u) 7 ; then as we may suppose & less than
u is positive, but less than §, and
&
=2

1
=‘2—‘le.
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In (3n F E)® take the double sign separately, therefore

3n—§ or n—;z'——l +u
means the series u, 14+u, 2+u, &ec. ...,
and 3n+§ or " ; 1_ u

means the series 1—wu, 2 —u, 3—w ... all positive,

but that is unimportant, for here only the squares enter the ex-
ponent. Thus each series is contained in

u, u+1l, u+2 wit3,...

that is, simply in (w+n) if n is understood for 0, +1, +2, +3 ...
including both signs. Then simply

O (q, @) =+a.Zr®* (5).

Since by hypothesis ¢ is inconveniently large, p is small, p’ large,
r small; also « is less than 4. Thus with the increase of # and
npthe convergence is excellent.

That both Cyclics and Anticyclics here vanish, caused me at
first much surprize; but it is correct.

24. Similarly to transform A°’(g, #) by aid of equation (4),
we must follow step by step in the last Article, mutatis mutandis.
Only to prevent confusion of plus and minus, in the result as well
as in the process, I now begin by 4'= = ~ #, which changes A°(q, z)

to A (g, ), next write v --:—_4 .  But from #=(%—u) 7w, and
}m — @ = um, you have exactly v = u.
Because of the alternate signs, it is safer now to write at full
A (g, @) = Wa fr” = (r07" 4 0o
+ (,’,.(‘1-’—0)2 + ,’.(2+v)’)

— (8T R

+ @4 4N _ge) ().

Now we see how the vanished Anticyclics will appear in (5),
and why they are no longer formidable.
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25. To apply this to the Diplonome, where

T (e w)=10g3((;—1,’—%;

we have

® (¢, 0) =/(b0C), a=%, ) @(q’ '\/bB’

whence

8 (g, #) \/ (wtn)?
8¢ 0) 0) B 3 n; a8 in (5) of 283,

9 (cw) = — % log (bB) + log Sr®+* (7).

26. Next from = (cw)=log - & (g, ), we get

(2, 0)

0.6 ()= g2,
sinoe d.9 (cw)=C. G (co).
But dF (cw) = A—‘f—) = Cda,

xr
and we have made - =4 —u, or do=—u.

d.O(q,x) . o dE, rvteR
W n last ArthIG = -*’\/(ij— ,

and we have to differentiate the general term r®+u?,

Whatever 2 may be, d. 7" =logr.rdz. Make 2= (n+ u).

Now logr=—log—17-‘=—7r.%, du=_‘i_§,;

which two negatives are to be multiplied together as factors under
3, with result
¢ dz
(n+u)® — = pntu)s
d.r twop.r .2('n+u).g;.

The factor 7 in numerator and denominator disappea.rs. The factor

% will change the factor C on the left to B; and
2.2(n+u)rivte? 3. 2n . rrtu)?
S (fr ('n+u)£l) =4 '———‘*2 (r"“(n_._"‘—i“) )"" ’

B.G (cw)=




B.J(cw) WHEN ¢ 1S TOO LARGE. 141

n being, as before, the double series 0 +1 +2 + 3.... Observe, that

since 2u=1 - g:_v’ we may transpose — 2—‘”, and on the left, for g‘—”
T aT T
. 2z 2z
write B (17?) , then @ (co) + =B =J (cw).

Thus for a large modulus ¢, we find (as might have perhaps been
expected)
3. 2n . potup
S, rmtule

B.J(cw)=1+

27. It remains to inquire into the factors of ® and A, akin to
those in VII 10, when r is to supersede ¢, because ¢ is too large. The
constant ¢(g) was a factor, when 1 —2¢™ cos 2z + ¢’ was the general
factor, and the latter arose from combining two imaginary factors of
S and 7. It will naturally relapse into two factors, when cos 2z
changes into an Anticyclic. Here, to apply (3) and (4) of Art. 22,
we must express A°(ry) [and presently ®(ry) by the formula of viI.
10, using ¢ (r) instead of ¢(q) of that Article. First

o(r). A°(r, y)=2cosy.ri(1+2r’cos2y+r‘)
(1 + 2r* cos 2y +7°) (1 + 2r° &e....).
Now az=+-1.y, 2cosy=2Cos.az, 2cos2y=2 Cos2ax.

x
But r=¢ ", §=—7;., rf=e9,

2cosy=r-t+rf; 2co8 2y=r-%4r¥%,
.. as general factor 1+ 2r"cos 2y + r*" =1+ ™, (r-% + r¥) 4 2]
=(1 4 rm-%)(1 4 rin+#),

the factor, as we foresaw, splitting into two.

Here m means 2, 4, 6, 8....

Writing a P of German type for Product, we express ¢(r) A*(ry).
Then, multiply (3) of Art. 22, by ¢(»), and you find

&(r). 8(q,x) = na, 8. (r. (r-t + ) B (1 + rm-2) (1 + rm+2)),
in which Mo (=t ) = D G,
and m has the value 2, 4, 6, 8....

We had §=§=1}—u, E—Y=—u E+i=1—u 26=1-2u
The series 2 — 2§, 4— 2§, 6 —2§,... 18 1 + 2u, 3 + 2u, 5 + 2u.
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The series 2 + 2§, 4+ 2§, 6 + 2 is 3—2u, 5— 2u, 7-2u....
Also rE- 4 pE+ = r(b-#)’(] + T‘Bé') =, (1 + 7 —2u)’
80 that after the factor r*' we have factors of the form 1 + r"*% in

which 7 has exponents 1+ 24, (8 + 2u)(5+u),
and 1-2u, 3-2u, 5—2u,...

Finally, d(r).0(q, v) =na.r". P (1 + =),

3
N.B. ¢(r)=«/%7c‘_.—BT): with » meaning 1,3, 5, 7... and u =4 — ;

} from values of n.

28. If we need A(gz) in factors, in the same case of ¢ too large,
we take @ (ry) to gain first A°(q, #) and afterwards change z to
37 — « on both sides of the equation, or rather  into % — u.

I believe the result to be

¢ (). A(gz)=vNa.r? PA—r*v); withn=1,3, 5....

Observe the negative sign before r, under the symbol ‘B.

d.8 (g, 2)
O (qrdr)’

29. Article 27 now avails with C. G (co) =
. d
or simpler =0 log ® (q, ).

But it may be easier to dismiss all constant factors, and simply to
write @ (qz) proportional to rv*.R(1 + r7*2), . since r = e,
with ¢ any whatever,

1+ r%) = rt(r-t 4 rt) =7t (etort 4 ¢~om0),

proportional to Cos arrt.
Put 2t =n + 2u, t =3}n + u, then O (qz) varies as
. PB. Cos.(ar.3n +u),
or with N an unknown constant, probably a function of g,
B(gz)=N.r.P.Cos (amr.n +u).
Take log and differentiate, then N vanishes, and
d.log® (g, @) =d.w . logr+2dlogCos (am.}n + u).

But whatever variable & means

d Cos k
dlog Cos. k= Cos i

=Tank. dk,
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and if k=amw.(3n +u),

de=4+amr.du=Fa .d;x=$adw.

Also d.u’=2udu=—(l—%§)%—m; logr = —am,
. é _ 2z dk
- a—w.log.(a(q,w)_a(l-;)+2.Tank.a-x.

In this last 3 we may write separately the two terms in which =
is the same but u either + or —; kis aw.(3n+u) and ar(3n—u),
and dk is — adz and + ad.

When dz is removed the sum of the two terms is
—a.Tan (am . }n + u) + a Tan (am. §n—u).
We may add zero=a — a to the pair; then with 1\ for 1 — Tan, we
find a{N(ar.$n+u)—N(ar. in—u),
for the general term of 2, with » for 1, 8, 5, 7.

» Also ‘% .log® (¢, z) =C. G(cw). Replacing § — ; for u, the

pair of terms become

a{ﬂ(a.@:gl—'zr—w)—ﬂ@.n;17r+ﬁw)}.

Divide both sides of our equation by a = —C—; then, in full

B.G(cw)=l—i—m—n(aw)

+N@.m—z)-N(a. 7 +x)

+N@.Zr=2)-N(a. 27+ a)

+P(e.37—%) - N (a. 37+ 2) + &e.
If we transpose — 2—5, the left hand becomes B. J (cw).

This seems to complete the case of ¢ too large. Another form
for T (cw), analogous to this last article, is possible, but seems to have
no advantage over Art. 25. '

The last formula rightly shows G (cw) to vanish when z =} or
z=m. But in second quadrant @ is negative, and the « ought never
to exceed .



CHAPTER IX.
THE HiGHER SCALES.

1. OuvURr two last Chapters have anticipated that which to com-
puters was the chief interest of these scales; but these are needed to
complete the Science. We had learned from Lagrange the scale of
Index 2, of Legendre the scale of Index 3; Jacobi generalizes and
shows the scale of Index n. Legendre joyfully comments, that the
more general argument is the clearest and easiest. Here we take
advantage of our past equations to deduce the wider theory of the
scales.

In Ch. viL Art. 8, divide A (¢°, nz) by O (¢", na), then

Alghno) A A, A, A,
@, ) © © 8,8,

in which %: vcsin w, and we assume appropriate arcs o', w”,...o"™"
for the other factors, corresponding with

es@=DT,
n

T 2w
z+—, o+ —, .. :
n n
and n may be even or odd.

We may assume A with 6 related to nz and 9", a8 ¢ with @ to «
and ¢.

. . A(q )
.. from Q/GSIH&)—W),
. A (¢", nz)
deduce hsin @ =2 "<
we Vb sin ® (g na)’

and whsinf =yesinw.ycsinw . y/csin w” ... ¥csin 0] (A).

As C means 1}%- , naturally H imeans g—:; and' as F(cw) = Cz, so
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F(h6)=H.(nx),
Fbh 60  F(ew),
% TH TMTr e
and if we write F(co)=p.F(h,0)
in conformity to the earlier scales, we have C'=nuH.

Our first business is, to express the right hand of (A) in functions
of sin w.

2. When # is odd = 2m + 1, we may separate the factor sin @, and
join the 2m factors that remain into pairs by introversion. Writing

sin o =sinl(z);

we have
Jhsin = Jc". sin|,(z). sin], ( ) sin|, (H@i:nll’)
sal, (= +57) sinl. (4 25 27)

sin|, (vc + %%r .sin|, (w + (rf%)”) .. &e.

and by 1v. 8 above

sin’], (y) — sin’, (#)

sin|, (y + «) sin|, (y —2) = 1 - ¢*sin”, (y) . sin¥, (z) ;

thus each pair of factors has the form
Iin2 Iin2
sin’a, —sin‘e
1-c"sin®q,, sinw’

if F(ea)=LF

for w=_(z), }m=.04m), a,,=c(13 7r>.

sin’ a”,—sm 0
¢’sin’a,,.sin'w’

Thus Jh.sin @ =,/c*.sinw. SBI

-1
or m an integer.

where p means 1, 2,3 ... up to = 5

3. From the last we readily deduce cos 6. Let
V=% (1 -¢'sin*a,, sin’ o)
N.E L 0
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and U= «/ %— sin . B (sin’ a,, — sin’ w),
sin 8 = %:’

in which U and V are integer fractions of sinw; U odd, of degree n,

V even, of degree n —1 (where n=2m + 1).

Hence 1i~sin0=w,

7
and 1 —sin @ vanishes when @ =n.}m, and o =3%m; so then does
V — U; hence it has factors by taking v =47, o =7, 0 =3§m, &c.

(sin @, — sin ) (sin @, + sin ) (sina, — sin w) &c. ...
and similarly with 1+ sin by merely changing sin & to —sin w ; so
that its factors are <

(sin @, + sin w) (sin @, — sin @) (sin @, + sin w) ... &e.
Multiply these together, write M” as an unknown constant factor,

V?cos® § = M’ (sin’ a, ~sin® w) (sin® a, — sin® w)
(sin’ @, —sin’a) ... (sin’ a,,_, — sin’ @);

since n is odd, one factor here is sin’ @, — sin® w, that is 1 —sin’ @ or
cos’w. Also on each side of this factor

sina, ,=sina,; sina,_,=sna,, ...; ......
since sina_,._ = cos (r —)
ln —3 —-— .
nidw n 2

Thus every factor except 1 — sin® w is repeated, and we find
V cos 8 =M . cos w (sin® a, — sin® @) (sin @, — sin’ w)...(sin a,_, — sin* w).
To find M, make @ =0, cosw=1; V=1, =0, cosf=1,
" 1=M.sin’a,.sin’q,...sin’a,_,.
[To catch the eye, here and elsewhere I write S8 rather than @ when
the index is even.] We may also find 1+ sin 6 + 1 —sin 6.

Eliminate M,
Iing ind n?
Veos 6 =cos w (1 - on m) (1 -2 m) (1 - = w~) 1);

sin’ a, sin a, sin'a,
. sin @ sin® @ sin® @ sin® @ :
Veing="22 . (1 - ) (1 e B.) (1 - ) ®.

Make » and @ infinitesimal ;
sin w

V=1, N=m=[ln
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4. We proceed to find the formula for A (k, 6), which is best
obtained by the law of Double Inversion. Put v=sinw, y=siné.
In the discussion of Imaginary Amplitude we found that to change

v into (cv)™ leaves JaA=% J i uncha.nged If then in
dF (cw) = y.dF (X))

we stmultaneously change
sin @ into (¢ sin w)™ and sin @ into (hsin 6)7,
it does not change the differential equation. Now in the trigono-

metrical relation of » to 6 the variables sin ® and sin §—(say v and y)
are not only zero together, but also infinite together.

By this process of double inversion,
(cv)™ for v, and (hy)'1 for y,

—SB 1 — " cosec’ a,,_,
1——'0 1 — c**sin*
cw Jl1-h'* 1-c% sin L

ﬁr.st into N 1- 1l — ¢yt =P c'sin’a,, , (sin’ B, — ")’

} we change

Eliminate ¥ by its equivalent in factors of v. Then

«/l—h” \/ 1-c'sin’a,
1-c** k7 c*sin’ay,  (1—cW'sin'B,,)°

-1

1. .
, since “—— is the number of factors in B.

2
Now P.c* means ¢ 3

Make v =0, y=0. Then

Y . .
™A k™ Psin’a,

or Vh=/c" . sin*a .sina,...sin" a,_;
which with Jh=Jc". pPBsin* B
. sin a
=N .22 L
gives Ju sin 8,

Also we have finally,
A (hf) o 1—c’sin®wsin’ a,,, -

A (cw) =% 1—-c"sin’ wsin* 8, @)

The equations marked (1), (2), (8) are the main results of Jacobi’s
First Theorem.
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5. The last equation leads to a new integration of

pd@ A(h, 6)
do  A(c, w)’

by giving to this surd its value just obtained. Algebraic analysis
shows that with unknown constants M, and N
1-¢ v sin® a
B 1—c¢*'sin’ B
M?

is resolvible into N+ 2————— s
—c'sin’ B,,’

and we may find M, by an easier process than that of Legendre. But

first o sin’ a
rst, make v infinite, . N=P —— S B’

We already know that this means N = u. Next, write & for ¢’sin’ 8,,,.
Multiply by 1 —£%*, and after the multiplication make

1-%%"=0,
. M,, alone remains on the right hand. On the left you have the
equivalent ' A=k . p 30 ,
or w. (1 — k%
@)
dé
to be taken when o= 761—2 ,
. when y =0 and gg =0,
. . 0
which gives M,= 0
Differentiate numerator and denominator, which gives
—2u. K. vdy
= (dw\
- (3)

But vdv = sin @ cos wdw, so that

—2u . k*sin o cos @
sz= =

ot (@)
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—2u. k. sin  cos ®

or T8 —z;; s
do * d&®
in which we are to make v*=%"2 The numerator is
—2uk®. v /(1 —7%),

which here becomes —2uk® kA=K,
or —2uN-1V(1 -F),
that is, —v=1.2u.4A(cB,).
. _d do\ _d A (cw)
The denominator = 70" log (3@) =70 log . {;1.. m}
. . e dw
Since at this crisis 0= 0,

we may treat  as constant in this differentiation which leaves only

_4a log A (h, 6),

do’
p h* sin € cos 0
° 1—h*sin®@’
Ry A -3
or —To T

2
which, when y =, converges to Ll_;_y_) or —4/—1. Finally

M, =2u.A(cB,y)
whence, dividing by u,
do 2A (¢B,,)

%=1+21 —c*sin’ wsin® 8,,°

Thigis directly integrable,
30— w)=3 tan™.{A (cB,,) . tan o},
giving an elegant generalization of the case, where n =3, and
tan. 4 ( — ) = A(ch) tan w.

6. We pass from the 1st to the 2nd Theorem of Jacobi by making
sin @ = 4/— 1 tan 4, and sin § =4/— 1 tan x. It involves only trigo-
nometrical routine. Nothing can be added to the lucid treatment of
Legendre’s “Supplements.” The main interest here is, that 4 and
reach 4 together, so that, with F,=nu . F, from the former theorem,
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we have F, = uF, from the latter; if then p be the promodulus for
¢, and p, for h, we have now p, =np. This completes the analogy.

The relations of the constants are exhaustively developed in
Legendre.

7. If w and 6 both vary together in #, then by Ch. 111. Art. 9,
S

8w——8w+ 3p N )+O' @ (cw°) . 8p.
So in the scale with mdex n, where np, nz replace p, z,
80
8 (nz) = HA (k8)+H G (h6") . & (np).

Identify « and p in the two equations and make w constant, dw = 0.

Let L’ stand for CG (cw®) — HG (h6°), we find
o_ - d6
L°=[nH.A (h6)] dp

Our first business is to deduce the value of 3—}? (when o is constant)

from the integral which closes Art. 5. Differentiating it for ¢ and p

. dé tan o dA(c, B) .
variable, Fr =23 TTA (B tan'e " dp
where 8 means a,, a,, a,...a, .. By the general law of functions of

two elements, our % (with  const.)

=— o_l% (when o is const.) x Q— (w1th p const.),
o _ _ 0.6 (o). CA

or dp cw’) . CA (ew).
Mak . dBﬂp_ 0’ G

e =48, . dp (B sp) - A (cByy)-
Also by Ch. IL. Art. 8, faf—c = B0,

., dA(cB) _—¢sinB d.csinB

CTdp T BAEA  dp

-csin B

_ . o de ag
-——A(TB)—{smB@-}-ccosB.a—;},
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which further =+ %52 B (B%eC sin B, + 008 B,,-C*F(cBy4) A (cBy)).
A (cf3y)

Divide this by C** and call the quotient A,, for conciseness. It is
presumed to vary with 2p, the index of 8. Also

tan o _ sinwcosw
1+A%cB)tan*w  1—c*sin*Bsin‘w’

Ay ——
1—¢*sin® B, sin’

Then %g =20"%"® sin w cos » 3,

where 4,, concerns us little.

For we reduce the fractions under 3, to a common denominator.
The numerator is an integer function of sin’ w, of the degree sin" .

Call it ¢ (sin’ w). To obtain L, divide % by nH. A (h, 6) and give

to A (h, 8) on the right from the close of Art. 4 its equivalent

2 12 n®
l1-c'sin"wsin’a,,

A (cw) B 1 —-c*sin’ wsin’ B,
Observe that C*= C.nuH ; then
= 20¢” sin o cos o . ne (Tv‘in2 (o).
A (cw) PB(A-c'sinwsin’a,, )’

and the last fraction is again resolvible into the form

N P2n1 .
1 —¢*sin’ @ sin® A

where P,,_, does not contain w. Further
CS® _ o

= )
A (cw) ’

2c¢* smwsmw P
C. 2 %=1
1-¢*sin'wsin'a, °

hence more simply L°=
[Afterwards, by retracing our steps, we can prove that P, _, here

1
== cos*ay, ;.]

8. Our next step is to change «’ into . Observe that this
changes Mesonome z into 47 — #, and nz Mesonome of 6 into

n (%7!‘ - w)r

or into n21 7w+ (§7 — ),
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and here 11—;—1- is integer. But @ (%, 6) remains unchanged if mar be

added or taken from its amplitude or mesonome ; therefore to change
here '’ to », changes 6°to 6, and L will represent the new value of L’.
[To examine more closely,
F(cw") = F,— F(cw)=nuF, — uF (h6) = (n— 1) uF, + uF (L&)
=,/,{F(h 2o la)+F (h m)} wF (1, o+ ).

Thus to change »’into w, changes 6’ into 6 + 7:2——1 ar, but the addition

ofn;

double change of &’ to @ and €° to 6 is thus justified, when n is odd.]

L 7 to the amplitude in no respect affects the Nomiscus. The

Put now

L =06 (cw)— HG (h0) =C. 2 2¢*sin w’sin w . P
—c¢'sin*a. sin’ @°

In the denominator for sin’® write its equal A" ( )and the denomi-
A?(cw) — ¢’ sin’a.cos’w
nator becomes A'cw) ,
A’ (ca) —c*cos’asin’w  A’(ca) o 8o c g
or A (cw) = A (cw) {1 —¢*sin’Bsin’w},
since m—: sin’ 8. Finally if, with a new constant M,
A* (ca) ' ’ ’

P =M, sin® B,
L=C.S. M. 2¢" sin ﬁsinwcoxs.wAgpg)).
1 - *sin’Bsin’w ’

in which M, though free from , may have various interpretations for
each separate value of B, to which 2 alludes. )

[In Legendre’s Scale, Ch. vi. Art. 21 (p. 43 above), where this
formula has one term only, we have the numerical fraction } cor-
responding to the A of this article.]

Multiply the last equation by
dF (co) _dF (h0) do
c nH A (co)

and integrate, then
9 (cw) — '1; V(hO)=-3.M .log(1 —c*sin’ B sin’ w),
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a striking result, where nothing remains unknown but the set of
constants M, M, ... M, _,

Research of the constants M.
9. The research of these constants may seem too elaborate, yet
on the way it reveals a few other things. Let f(w8) mean

2¢* sin* B sin w cos wA (cw)
1 —¢*sin*Bsin*w

then we have L=23,.C. M f(w, B). Write

F (cn) =F (cw) + F(c, B)}
F(cp)=F(cw)—F(cB) )’

then by Euler’s Integrals

2 sin*B cos A (cw)
sin 7 —sin ¢ = 1—¢*sin*Bsin’w *

~. f(0B) = c*sin B sin w (sin 5 — sin ¢).

Again Ew+ ER—-En =c*sinBsinwsing;
— EB — Er =—c"sin B sin w sin Y.
We infer, f(wB)=2Ew — En— Ey.

Differentiate with ¢ and 8 constant, also  principal variable

£ @8 =280 -8y, T _ay W

dn _ do d\[t
But A”? Z; = K‘—I;‘

Ao f(0B)=20'0 — A’ — A" = ¢* (sin’y + sin’yr — 2sin’w),
On the other hand

dL _ ,dG (cw) d@ (k)
dow =0 dw —4. " dw

. =0{A (cw) — A‘E&w)} {A (, 6) - Ag" e)} g:

r B w). S 0 (r ow) - ) — H (A (B, 0) - 8

e _, A 6)

since o =M A (o0)
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Thus giving to Z—ﬁ and f'(wB) their values and dividing by
C=nuH .
(A= §) — ;l-,l‘, (A —R) = 'S M (sin’n + sin*y — 2sin'w).
| NI
10. Assume s=(&c-b)—7-b—;,(&,—g)
1
t=(1=8) =~ (1= )

Then s+t=c"——h—,.
np

Now A'—R, =(1-R)~c"sin’w, A’—N,=(1-N,)—h"sin’f,

- h?sin*@
Sot—c'sin'o + —
nu*
h* cos® 6 . . .
[or ¢’ cos’w — vt '3 . M (sin’n + sin*y — 2 sin’w).

Since either » or @ is arbitrary, let 6=p.}m, .. o=a, and for
clearness we must write for the values of M the series M, M,... M,
Also we must write a, the index being doubtful. Then 5 =a,,,,_,
Y =a, . leaving m undecided. When p is odd, cos § =0, sin®*d=1.
When p is even, cos’d =1, sin 6 = 0.

Thus, with p odd,
¢®cos’a, — s = ¢*% {M (sin*a,,,, + sin’a,_, — 2sin'a,)}.

But with p even, the left hand is expressed by ¢ — ¢*sin’a,. In this
way we get rid of h entirely. By making p=1,2,8...(n—1) we
have (n —1) [or say, 2r] different equations, and the number of
unknown constants, counting sand ¢, is 7 + 2. When n =3, we have
only 2 equations and 3 quantities unknown; so that our equations do
not suffice. When n =15, 2r=4=r+2, which shows 4 equations
with 4. [To fix ideas, solve for n=5, Make p=1, 3 and 2, 4. Write
a'b'c’d for sin®a, sin’a, sin’a, sin’a,, Then

cl—a)—s=cM(—a)+ M1 + ¢ —2a)

C(l=c)—s=cM,(1+a —2¢)+M,(a' =)

t— c’b’ =c'M, (' - 2b)+ c'M,. (o' - ¥)

t—c'd' =c'M,(t'—d)+ "M, (b’ - 2d)

P42m P-gm
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Eliminate s from the two first and ¢ from the two last, and you can
divide by ¢. It remains to find M, and M, from the two resulting
equations, viz. from
(¢ —a)=M,(3c—2d'—1)+ M, (1+2¢—3a’),
(d=b)=M,2d —3b)+ M, (3d" — 2b’).
In each equation the sum of the two coefficients on the right is just
5 times the quantity on the left. This puts in evidence that M, =}
and M, =4 is one solution; and therefore here the only solution.]

Since also in Legendre’s scale we can prove the M to be }, we are
prepared to expect that in the scale of Index n every M of this series

will be exactly = .

11. We have (n —1) equations of which the odd ones contain
s and the even ones f. Subtract every (p + 2)* equation from every
p®, and (n — 3) equations will remain, free from s and ¢. The left
hand, when p is odd, will become

¢’ (cos’a, — cos'a,,,) or ¢*(sin’a,,, —sin’a,);
which is exactly what we have on the left when p is even. No
distinction between the two cases remain. Let us denote
sin’a,,, —sin’a,
by ‘7,,. Divide both sides by ¢". Then every equation of the series
i8 represented by

sp =2. Mzm (251» - sm-am - sr—m)»

in each of which m has the values 1, 2, 8...r, where 2r + 1 =n.

If in r (or more) linear equations with » unknown quantities we
find a system of values for these which fulfils all the equations, we
have certainly alighted on the true values; for linear equtaions admit

no second solution. And I say, here, every M =%. In proof, let us
introduce this value, and test the result, leaving p arbitrary. Making

M =%, we pass it outside of 3,

2m

then 1 =2 (25) = = Opumn+ Opoar).

But 2. 2‘7,, for r terms gives 2r. 5, and n—2r=1, which reduces
the equation to

‘7, =-3 (sm-ﬁm + Dposm);
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which we must test. Now 2'7,“,,, means
Driat Oueat et - 40y,

Look to the definition of ‘7 and you find the sum of these » terms to
be sin’a,,, .. — sin’a,,,,

Again, 2‘7,_,,” means ' ]

g + ‘7,_4 +...+ ‘7,_2,. or sin’a, — sin’a, ,,

But from the nature of a, we get a_,=—a,, so that

sin’a, ., =sin’a, ,,
R (‘7»4-91» + s?-?m) =- (Sm’apw - sm‘)ap) + (Singapﬂﬂn - SIn’aﬁr-—P)'

The two last indices are supplementary; for
(p+2r+2)+@r—p)=(p@P+n+1)+(n—-1-p)=2n;
therefore the difference of the terms is zero. Also
sin’a,,, — sin’a, = (71,;
thus the equation remaining is simply % (‘7,, vam T+ ‘7,,_%) =—‘7,,, which

is exactly what alone we had now to prove. The equation being
thus verified with p arbitrary, it is established universally, and we

ascertain that every M = %
Fipally then
T (ew) = 271 (h6) == - 3 log (1 — ¢ sin’B,, sin'o),

n—1

where m=1,23... 3

12, We now learn also the values of ¢ and ¢&. Put

S= 1y (sin’a,
n

v T SID° @, o — 2sin’a),
then, with p odd, s = ¢* (cos’a, — ), and with p even, t = ¢* (sin’a, + S).
The values of s and ¢ do not vary with p. It suffices to assume
p=1and p=2. Also 32 sin*a, means (n — 1) sina,; also
sin’a,_,=sin’a,,,
because the indices are supplementary. Again
sin’a’ + sin’B’ — 2 sin’y’ = 2 cos’y/ — cos’a’ — cos’ B,

n=1) .,
- sin‘a,,

1 . .
. S= - 2 (sin’a,,, +sin’a, ) -
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1

<. sin'a, + 8=~ {sin’a, + 3 (sin*a,,,, + sin’a,_ )},

sotoo  cos'a,— S =;L {cos’a, + 3 (cos’a,,,,, + cos’a, ..}

Put p =1, .*. since cos’a,_,,, = cos’a,, ,

2
= % {cos’a, + 3 (cos’a,,,,, + cos’a,, )]

Put p =2, then similarly
2

t= -2% {sin’a, + . (sin’a,,,,, + sin’a,, )}

Remember that m after ¥ has the = values 1, 2, 3... Zl'%l; also
a, =%, a,= 0, extreme values. Then developing each 2, you get
v}

_2_0_ ] 2 2
8= (cos’a, + cos’a, + ... + cos’a, )

2 . . - . g
t=7(sm a, + sin*a, + ... + sin’a,_)

See the meaning of s and ¢ in the opening of Art. 10. Also
2

8+t=02——'3.
np

[Now too we may imitate in the scale n the procedure of VI 15

in the scale 3. It gives — @135& = ("s.]

13. Descent upon Legendre’s Scale. The method of Art. 10
failed when n=3. The process originally used by Legendre (re-
produced in Ch. V1) rests on elaborate relations of x peculiar to
that scale. It is more satisfactory to deduce them from the general
theory.—Leaving M unknown in Arts. 8 and 10 above, make n =3,
which gives but a single M. Drop Z, put m=1, p=1 with s, but

_p =2 with ¢, then from

and  t-—c’sin’a, ="M (sin’a

2 — A2 2, — and?
¢’ cos’a, — s = c*M (2 cos’a, — cos a,,,,, — COS am_p)}
em+p

+sin’a,,_, — 2 sin’a, ’
remembering that a, = 0 and a, =}, you deduce simply
§=(1—M)c cos’a,
{t = (1 - M) c*sin’a,
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Next differentiate the equations for s and ¢ in Art. 10 before
assuming any value for §. They are now only
k*sin®6
3u’
I cos’*w
3u’

But one suffices; we need only one more equation.

t —c'sin’w + = ¢'M (sin’y + sin*yr — 2 sin’w)

¢’ cos’w — — 8= ¢"M (2 cos’o — cos’ — cos’r)

In differentiation, the constants s and ¢ will vanish, but the factor
M will remain. In thus removing ¢, let ¢,(w) stand for

sin  cos w A (cw).
Differentiation gives, first,

2
— 2¢* sin @ cos wdw + -3%,. 2 sin @ cos 6d6

=¢’M (2 sin 5 cos ndny + 2 sin Yr cos Yrdyr — 4 8in @ cos wdw).
But do:dp:dy:df=A(cw): Alcn) : Alcy) : u A(RS).
Substitute to eliminate dw, dy, &c. Then

~ $() + gz SO =M (B.(0) + $.(9) - 24, (a)}

From this we determine M by assuming either @ =a or @ =8 [where
F(ca)=3%F,and F(cB)=3F]
Thus, if o=a, O=4m, ¢,(0)=0, n=q,=3m ¢/(1)=0,
v=a_,=-a, ¢)=—¢,(a)
Hence — ¢, (@) = M {— p,(a) — 2¢,(a)} or M=}. QE.D.

In Levendre’s scal 8=3c’cos’a
CoRr. In Legendre’s scale b= 30 sin'.

14. We now more easily find G(ca) and G(cB). We had
L = 4Cf (wB) which means
L = }0¢’ sin B sin o (sin 5 — sin y).
Let o=a, §=3%m, G(h, 6)=0, ., L becomes CG(ca), also n=1}r,
4 = —a, thus
CG (ca) =4} Cc*sin Bsina (1 + sin a).
Now sina+cos 8=1, cota.cot 8 =0,
gin B = tan B cos 8 =(b" cot @) (1 —sin a),
*. 8in B (1 +sina) = b™ cot a {cos’ a),
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and sin 8. sin a (1 +sina) =5, cos*a.
Hence Gca)y=4%.c".b7". costa.

Again, if we make w=8, =m, n=aqa, sinn=sina, orsin B,
¥ =0, and you obtain G (c¢8) =}c"sin’B.

In general

n@ (ca,) = ¢*sina,. % . sin a,, (sing, . —sina,, ),
n= 1

where =1,2, 3.. —5

15. Indeed if instead of the amplitude we write the Mesonome
after "1 and @, we can here generalize. For we had

Q.-9(¢" m)=Q.00,0,...0,__;
0 (z)

also T =log == YOk

‘. with £ an unknown constant
T, (nz) =, (x) + 7, (»’c+g) + 4, (w 2”) +...+"7, (w+7i—;z:—lvr>—lc.

In the other notation (@) + "¥(7 — @) = 0; in this notation then
T.@)+T.(r—x)=0. When 2=0,

R LS Lt LN

Here the extreme terms destroy one another and when 7 is odd, we
see k=0. But if n is even, there is a middle term *7, (h ) or "1, (}m),
i.e. I, or — 4 log b.
When we differentiate, & vanishes; then
nH . G, (nz)= G{G, (=) + @G, (a:+%) + o+ Gc(w+z"—;—l'rr)}»,
if h is related to ¢" as c to q.

This seems to supersede Legendre’s elegant but laborious result
when n =5.

1 1
He makes buw' =1, m*==+-5-2.
i wt
His result is
; 1 _1 ,
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16. Our work would stand thus. Making n =35, then observe
that in s, p=1, and in ¢, p=2; while our m in M has the two
values 1, 2 in each equation.

Also a,=4m, sina,=sina, a,=0.

Thence 5—;9 = 2cos' a, + 2 cos’ a,
¢

-

Z—f= 2sin’a, + 2 sin’ a,
From these

1
(- 8) - s (1-8) =t
= ¢* (sin’a, +sin’a,),
which with us might seem final.

17. The nearest approach to generalization for ¥, with n any
odd number, which I here can see, is by

ﬁs—c 2a + cos’a, + cos® «
26’_ OS 1 g T cecese + S n-a

b
,n:t cQ L] *. 2
:2?=sm a,+sin" o, + ...... +sm'a,_,

remembering that with p as our given chief constant, sin’a, and

d log u = ("%, and

cos’a, are rapidly calculable by Ch. viir. Also — dp

for the left hand we replace its equivalent by
I'(c) =nT (k)
where I'" (¢) means C* (N, — b%) : see VI 15.



PART III

ELLIPTIC INTEGRALS.

CHAPTER X.

ON THE THIRD ELLIPTIC INTEGRAL.

Paranome reducible to two Elements.

1. THIS treatise opened abruptly, without explaining by what
process we are led to the three forms called Elliptic Integrals.
Perhaps the defect ought here to be repaired. We can but follow
closely in the steps of Legendre.

In general if Q=a+ Bz +ys'+ 82°+ ex* and ¢ is a rational
form, the integral f ¢ (2, vQ)dz is that from which we start.
Evidently ¢ (2, v/@) admits of being expressed as either P+ R /Q
% where P and R are rational in «. f Pdz is

known in the Elements of the Integral Calculus. Only fVRQ dz

or, if we please, P +

remains to be treated.

Let Q = (¢ + 29z + 02) (N + 2ux + va®),

where, as we know by Algebra, {7 @\ v are real, if a 8 8 ¢ are all
real, and the former may be found from the latter, independent of .
If then it happen that 5:80=pu: v, we may simply write 5 = mé,
u=my, and by assuming y=x+m, we at once give to @ the form
(@' + 0y*)(b'+ vy®) free from the term containing y. At this we atm.
p+ay

1+y
and q constants such as will make the surd under 4/ an even function

N.E L 11.

But if n: 0 is not = : v, assume z = and try to assume p
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of y. By substituting for #, we find that the two coefficients of y
which we desire to vanish are
E+n(p++0 (P9 =0; AM+p(p+9)+v(pg)=0.

By hypothesis 7 : 8 is not = p : v, therefore finite values here result
for (p+q) and pg. But that these values may be real as well as
finite, it is further necessary that (p + ¢)* — 4pq must be positive.

2. This condition can always be fulfilled. For if the roots of
Q = 0 are all real (say, a, b, ¢, ¢) arrange them so that a—b, b—c¢,
¢ —e may all be positive, when

Q=(@—a)(xz—b)(z—c)(z—e).
The two equations of condition are now
{ab—fk(a+b)(p+ q)+pq=0}
ce =4 (c+e)(p+g) +pg=0]’
from which by mere routine you get

(259 ~e=9e=0C =900
2 (@a+b—-c—e)

positive. Hence p and q are real.

But if not all four roots of § be real, either Av — u? or £ — 7* or
both are positive. Suppose Av — u* >0,

(p—q)’=(p+q)”—4pq=(p+q)’+4w,

3
4
or (p+q+2§> + =5 (v — ),
positive,—whatever the sign of {§ —#". 1In every case therefore p

and q are real. Thus our problem is reduced to f :/%, dy, where @' is
of the form (a + by")(c + ey’), and R’ is rational in y.

8. Thus without loss of generality we may start anew from

R .
fmdaz, with @ of the form (a + ba®)(c+es’). Also we may put
R =M + Nz, where M, N are even functions of z; and f l_\{/ng_w is ob-

viously integrable by assuming #*=y. Then only f % dz remains,’
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In all cases we can reduce Q to the form @ =(1-y)(1—c%")
with ¢*< 1, by one or other of the following assumptions, in all of
which we suppose p* > ¢".

2
1 If Q=m(1+p'%") (1 + ¢a%), assume p'a*= 12 o P e=p'

2. If Q=m?(p'a* —1)(¢’* — 1), assume gz =y~ ¢ =pc.
8. IfQ=m’1-p"2")(1 - q’w’) let pz =y, g = pe.
4. If Q =m?(1 + p*2")(1 — ¢""), let
@ -—(p +q‘)y —p', and p* = (p’ +q‘)c

5. If Q=m*(l +p*)(&* — v), let gz = V(1 —¥"), 1 +7°¢" =c™

6. If Q=mi(p’— o) (@ — @), let 1 — g2 = &'y, p* — ¢" = p'c’.
[Whenever  is not rational in y, you must take care to get the true
surd parts.]

4. Henceforward then, without loss of generality, we may
assume Q= (1 —4%) (1 —c%") and ¢’<1, and our problem is f%x
with R rational and even as a function of z. Then R has the form

1 ]
2n -2 r
az™ + 2B (1+pw)"’
or three separate problems.
First, to find U, = f ‘”ng , assume V, =2"*y/Q. Differentiate
0
the last; then, integrate back. It gives
V.=@n-3)U,_,~(2n-2)1 +)U, ,+(2n—-1)cU,.

Hereby, U, is reducible to U,_, and U,_,; and so, working back, we
at length reach U, and U, or «/03 nd o Q

~2r

-2r
~d , or terms of the type fw Vgx which we

Next, to find f 38°%

may call U_,, we work by the last formula back from U_, to U,_, and
U,.,; and since none of the coefficients can now vanish, we rea.ch U,

and U, as before. For U, we may substitute U,—c'U, or

/e

5. There remains the type

dz
[adir =5
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Take a larger assumption @ = a + 82" + 4a*, then by making
a=1, B=—1+c"), y=¢'
we regain the previous special value of Q.
Put T, =x4/Q.(1 +p2*)". Differentiate T,_;

r-1)
s dl, =V (L+pa) " (L +p2") Q +2(1 — 7) paQ
+ (1 + p2*) (B2’ + 2yz'} de.
Assume as integral,
T.,=4.8,+B.8_+C.S

r—2

+D.8S,,.

Differentiate the last and compare it with the penultimate :

hence A=2r-2)(a— Bp*+ yp™);
~ B =(2r—38)(a—28p™ + 3yp™);
C=(2r—4)(=Bp™ +39p™);
+D=2r-5)(yp™).
Consequently S, is reducible to S,_;S, S, ;, and ultimately to S,S,S,.

r—=1"r-2"r-g?
In fact, if r=2, (=0, .". §,is reducible to S, and S8_,. Now S, is
the same thing as U, of last Article, when a By are fitly assumed;

and S, = f 1 + pa®) %

Thus the only new and irreducible integral is S,, or
dz do
e ror Rl Reerroms
if x=sin w. [But 2 is better changed to v.]

=U,+pU,.

6. Such is our Third Elliptic Integral, which remains to be
treated. We denote it by II (¢, w, p). In the reduction of a rational

fraction :L;Eg)) to the form 4 (y) + E.ﬁip—y, p is not always real,
but may be of the form m +n4/~1. Such is the case here of p,
which is called the parameter of the Third integral, which Legendre
named the Paranome.

The case of p imaginary he beautifully reduces to two real para-
meters, as will presently appear. Evidently, when p is positive, the
integral II is always finite; so too, even when p is negative but
numerically less than 1. In either case the integral is periodic, as
was proved in Ch. 1. Art. 3. But if p is negative and numerically
exceeds 1, the integral becomes infinite when 1 + pa* =0, i.e. before
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o reaches 4. We already see how important to our result will
be the character of the parameter. A positive parameter we shall
generally denote by p = cot’J,, where - is a circular arc; then
1 + p = cosec’ .

A negative parameter which is less than 1 might be simply — sin’a,
but it will soon appear that to be numerically less not than 1 only,
but also than ¢* is important. To have the form p' =~ ¢’sin’f is a
cardinal fact; then 1+ p'=A%(cf). Of course the arcs Y» and 6 are
either absolutely constant, or in any case independent of our variable
. If sinf=,/—1tan+, p' changes to c’tan’yr, subconjugate to
cot’yr or p.

L4

7. The Complete Paranome is estimated when e =4, and
contains two elements only; viz, ¢ the Modulus and p the Para-
meter. As our first effort was to determine F, and E, so here
our first effort must be to determine II,(p). Happily the skill and
industry of Legendre has reduced II.(p), when finite, to known
functions of F (cw) and E (cw), or rather of G (cw).

When p is positive, evidently II (cwp) is less than F(cw). The
difference F(cw)— II (cwp) is in some formulas prominent. It

_j‘ psin’w dw
“Jol 4+ psin*e " A (cw)’

and vanishes with p. It may be convenient to denote it by ® (cwp)
and its complete integral by ®,.(p). It hardly needs a name. Of
course II (cwp) = F (cw) — ® (cwp). Presuming F to be known, II
and ® are known, each from the other.

It may be well to begin by reducing to two elements the single
class of Paranomes which admit of this, viz. those which have a
parameter of the form p=—¢*sin*6. With modulus ¢, let

Fo+ F0= Fp, Fo— F0 = Fk,
then (Ch. 111 Art. 11),
{Gm+ G0 — Gn=c’sin w sin f sin 9 }
Gw — G0 — Gk =—c’sin wsin O sin « ’
whence 2G0 — (Gn — Gx) = ¢ sin w sin 6 (sin 9 + sin «).
But (Ch. 111. Art. 3)

. . 2sinw cos 8 AO
sinn+s8in k=

1-¢'sin‘wsin*@’
Let 0 be constant; oAl =dFw=dFx.
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Multiply by these and integrate,
2G0.Fw=f Gn.dFy +f Gk.dFx
0 0

¢ sin’w dFow
— ¢*sin*fsin’e’

=2sin0cos0A0f I
0
Otherwise

_ _ —psin‘ew  do
2G6. Foo— "I+ = 2cot0.A0f01——————+pSin26. o,
G0.Fw —} ("In—"1)=—cot . A0 .D (cop).
This reduces ®, a function of three elements, to G, F' and *1, each of
two elements: but only when p has the form —c*sin’6, or p is

negative and numerically less than ¢*

No constant of integration was needed: for F, ((In—"I«), ® all
vanish with .

Cor. When ow=3m, n+e=14%m k="M,
ocotf.A0. D (p)=—GO.F.,.

8. We proceed to Legendre’s reduction of the Imaginary Parat
meter.

Suppose ¢ a given modulus, p and ¢ given parameters,

Q=01-2)1 —=c").

Write V for i +v R V 11__02)2 , where h is a disposable constant.

Assume k for another such constant, and by differentiating V" you find

AV _1-@2+1)o+ (1 +2h) ' — ke 5
1+kV QA+ A=)+ k(1 =0
Assume the denominator of the last fraction

=1+ p?")(1 + gv")(1 — ),

where r is a disposable constant. This assumption implies three
conditions; but we hold & &k » free to fulfil them. To obtain the three
equations

first, equate coefficients of +*; then pgr = A’
next, make v =1; }
A UHPA+ U - =LA, ().
thirdly, make ¢*v*=1; [
(et + p)(e + q) (r— &) = kb,
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To solve for h r k, first eliminate r from the two first of this
triplet. It gives

(p7 +1)(¢" +1)(pg - ") = (1 + h)'D".
Arrange this last in powers of h, as Ah®+ 2b°h = B, which yields by

solving for h, Ah+ b0 =+ /(AB+1).
Here A stands for (p™ +1)(¢”" +1)c* + b,
and B for A+p)(1+q)-—0d"

Then AB=(p?*+ 1)(¢7* + 1)1 +p)(1 + ¢)’¢*
=@M+ D¢+ b+ (1+p)(1+9) b - b,

2
and AB+b'=(1+p)(1+¢g) {(p“+ 1)(g*+ 1)+ b [1 -;—q]}.
But since b* =1 —¢’, the quantity in brackets

=1+(p7+g7) " +c'pTg" or (L+cp™)(1+cq7).

Finally, AB+b'=Q1+p)A+q QA +cp?)(1+q?).

*This cannot vanish, unless either p or ¢ were =—1 or —¢'. Each
would be a case of degeneracy, but is here excluded because we are
about to assign to p and ¢ imaginary forms. Since then AB +b*
cannot be zero, & has two different finite values (say h and #’) from
the equation Ah+b* =+ (4B +0*. Then also two values of r
follow from pgr= k%’ and finally two values of & from the third
equation of the triplet (1).

9. When p=a+84/—1and g=a—-B+/-1,71 say, AB+1b* is
positive, making both values of & real. For let
a=pcosu, PB=psing,
Soprg=2pcosp, pg=d +B'=p’
(1+p)(1+g)=1+2pcosu+p’,
positive. Also pt=p~ (cos p — 4/—1sin u),
g =p" (cosp+y—1sinpu), p”+qg7=2"cosp,
and p™'q” =p7,
S Hp)A 4+ =14 2¢% cos u + ¢*p 7

again positive. Hence the product 4B+ b' is positive, as was
asserted.
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10. We may new write

av L M N ) dv
1+kV {H+1+pv’+l+qv+ —rv’}TQ’

av ,, L M N ) dv
1+k'V“={H+1+pv"+1 +qv"+1—'r"v’} vQ’

where HLMNH'L'M’N’ are constants to be determined by ordinary
routine, from the great fraction in Art. 8. Write f(»") for its nume-
rator 1—(2+h)v* + (1 + 2h) c*v* — he™.

We have (when v = ),

Bt
H—_}’:%,:,, or H=1,

and similarly H' = ’%, .

Next L= S

A+g"(1 —r)’
taken when o' = —p™; that is

Lo SN
(I—gqp?)A—mp™)’

or clearing fractions
L=p”+ (24 R)p*+ (1 + 2R) ¢’p + ke
pp—q)(p+7)

From L you get M by exchanging p and ¢q. Exchange p with —r,
and you get N. Change h to &', and from LMN you find L'M'N".

) ‘z must have the form I +J4/—1. Change
B to — B which changes p to ¢; then

MI

7 =l—-Jy-
So long as B is not zero, these two results are unequal, or I is not
o
e

Since p=a+84—-1

. K= av
Write K= ]1+kV” ol +KV*

known integrals. Integrate with » =sin w, the two equations obtained
above: then
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H.F(co)+L.II (cop) + MIT (cwg) 4+ NI (c,w,—7) =K}
H'.F (cw) + L'. I (cap) + M’ (cwg) + N'IL (¢, 0,—r)=K'[ *

Here we treat II (&»p), IT (owg), a8 two unknown quantities. We
determine them by means of .the two » Paranomi, in which each r is

real, being = %Z; =—;; and since L : L’ is not M : M’, this process
never fails. Nothing imaginary enters
F (cw), II (cor) or II (¢, w, — 7).
11. Species of the two new Parameters, —r and —r’. Note first
that 1 —r, 1 — #' are both positive. For
A+ =01+p)1+g9@A-7).
We have shown that (1+p)(1 + ¢) is positive; so then is (1 —r),
whichever root of & be taken. Next, I say, r — ¢’ and 1" —¢* are of
opposite signs. For k%’ being real roots of Ah* + 2b°h — B =0, make
AW =—B, A (h+k)=-2b". Now from pgr=~h’* we get
py(r—c)=H—pg)c’, pg (' —c)=("~pg)c;
g (r = ) (' =) = (B = pg) (W7 - pg) ¢
= (Bh*—pq . B+ k* + p'g*) ¢!,
which again ={(hh + pq)* — (b + F')* pq} .
Multiply by A4* and the right hand becomes
{(= B+ 4pq)" — 4b'pg} ",

Now B=(1+p)(1+g)-b, Adpg=(1+p)(1+q)c*+bpg

s =B+ Apg=—b'1+p)(1+Q+b (1+pg) == (p+g).
Hereby we find

A'p'q" (r = ) (' =) = {b* (p + ¢)* — 4b'pg} ¢*

=b'c' (p — )’ =— b'c*. 40’ sin’y,

a negative quantity. Hence r — ¢” and " — ¢ are of opposite signs,

Thus —r and —#’ both negative, are numerically less than 1, and
lie, the one between 0 and — ¢ the other between — ¢* and —1.

In the third equation of condition (Art. 8) & has the same sign
asr—c" Hence k and &’ have opposite signs. Therefore of the
integrals K K' one is found by circular arcs, the other by logarithms.
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12.  Reciprocal Parameters. It was not necessary in Art. 8 to
assume p and ¢ imaginary. If p alone were given, we might make
one arbitrary assumption, having only three equations to satisfy with
grhk. Assume then h=—1,14+4=0.

This makes r=1, pg =c*, a matter of cardinal importance. We
then call p and ¢ Reciprocal Parameters. Hence
(¢ +p)(+q)=kc
in the third equation since r— ¢*=1—c*=0". Also kc¢®=kpq,
= hpg= (" +p)(¢* + 9),

and k=(p7 +1)(q" + 1) =(g+1)(p+1).
The differential equation now becomes

AV 1-dd d

1+kV: (1 +p0°)( + ¢r") vQ’
since the numerator (when - =— 1) becomes 1 — v’ —c** +c¢™® and

has (1 —v*) as a factor, which is cancelled now by 1 —7* in the
denominator, since r=1. Also

1-— Z)gy‘ 1 + 1 1
QT+p)L+qv*) 14+po® 14q
Hence by integration,

av
. l—-i-/c—V_) = ]I (pr) +1I (C(Dq) - F(cw),
where k=1+p)1+49),
—f Y=o . =—
and pg=c, V= N, since & 1.

The integration on the left varies with the sign of £.

Cor. If we make p=gq, we have either p=c or p=—¢. In
either case we obtain the value of the Paranome: that is, both of
IT (cwc) and of II (¢, w, —c).

138. Conjugate Parameters. In the last, instead of assuming
= —1, assume ¢=0. Then since
pgr =k, h=0and 1+p)(1—-r)=0*
in the 2nd equation of the triplet (1).
Parameters p, p, so related that (1+ p) (1 +p,) =b" are called
Conjugate. One or both must be negative, as here p,= —r, for if
both were positive, b* would exceed 1, and ¢ become imaginary.



RECIPROCAL AND CONJUGATE PARAMETERS. 171

If — » have the form —¢*sin®4,
bﬁ

l+p= AT ()"

Here, if 8 6° are Conjugate arcs reformed to modulus ¢, we have
1+ p=A%(cH"),

or p=-—c'sin’ 6.

Thus p is negative as well as — r, and we see the propriety of calling
the parameters Conjugate.

From l+p(Q-—r)=b=1-¢,
we have p—r=pr-c.
2
Also since 1—-r=1_1:_p,
b  J+p
ki il TR
If p=—r,, negative as well as —», 1 —» and 1—», must have

the same sign. When both are negative, call them — cot’€@ and

~cot’Yr, . cot @.cot Yy =0b, or yp=6" Also
r = cosec’ 8, r,= cosec’§".

When both are positive, the equation

P =

1—17,
shows that r, is less than ¢* so that —», has the form — c¢*sin®#4, the
case already treated; which gives —r=—c*sin’@®. But if p is
positive, its conjugate must be negative. Put p = cot®+,
1+ p = cosec®y,
and 1—r=>0"sin’ 4,
r =A% (byr),
with analogy to conjugate arcs.
14. Equation of Conjugate Paranomes. Since we made ¢ =0 in
Art. 13, the equation in Art. 8 which determines % is
bk = (p + ¢) (r = ).
Otherwise Vk=pr—c (p—r) -,
and since pr — ¢’ =p — r (in last Art.)

b’k = pr — ¢ (pr —c*) — ¢ = (1 — ¢*) pr = b’pr,
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so that £ now =pr. Further, put (for the case of ¢ =0 and & =0)

av 1-2s+¢° L R
ik & (1+J)1) ) (1 — r'v“) H+1+pv’+1-rv"
Make v=0, s H= 2 .
- pr
Again multiply by 1 — 7", then make +* =r"; which gives
R= 1—-207'4 ¢
L+prt
r—c . .
But P=i— [since (1+ p)(1—17)=0b"],
1-c%" _ 2—r—cr"
. _ _
14+pri=1+ 1—-» 1-—r
_—(r—2+cr“) 1-—27‘ +c
- 1—r 1—-7'“ ’

so that R=1—177, . also L=1+ p™; by changing —r to p.

av. (1+p* 1—77 c’) dv
Hence 1+prVi_(T+pv“+l—rv’_ﬁ Ve’
- 2
in which V=v\/1——g—,_.=sinwsinm°,
1-—c%

since h=0. Finally

_ R
f01+pr.V’— » w,—7) pr.F(cw).

15. Addition of Paranomac Integrals. An integral
f ¢ (). dF (cw)
0

is here called Paranomic, if ¢ is a function rational in sin’ w. If f(w)
be such an Integral, Legendre demonstrates as follows that

U=F()+f(6)—fn)
is expressible by circular arcs or logarithms, when
F (cw) + F (c) = F (cn).
Proof. Let n be constant. Write
r=sinw+sin’d, s=sin wsin 6.
' A" — 48") =sin® w — sin* 6,
Now dFwo+dF8=0, dFf=-dFw,
AU =dfw +dft = (pw — ¢0) . dFw.
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But if ¢w be rational in sin’ @, which
=ir+ 3 /(" - 45°),
¢w is expressible by R+ 8,/)(r—4s') .

where R and S are rational in » and 5. Now to exchange w with
does but alter the sign of 4/ before »* — 4s*, whence

d0 =R — 8y (r —4s?)
with the same values of R and S, and
Pw — p0 =28 y/(r’' — 4s*) = 28 . (sin’ @ — sin* §),
. dU=28. (sin’ w —sin’ 6) dFo.

Now we had ¢'d (sin wsin #sin%) in the addition of Epinomes
(Ch. 111. Art. 11) =dEw + dEB, or

c*.singn.ds= Awdw + A0d0 = A’w. dFw+ A*0dF6
= (A’ — A%0) dFw=— ¢* (sin® w—sin’ 6) dFw,
. sing. ds=— (sin* w —sin’ ) dF o,
whence dU=—28.sin7.ds,
U=-2 sinndes.

But by Euler’s Integrals Ch. 111. Art. 2,
cos n=coswcos 6 —s. Ay,
- (cos p+ sAn)*=cos’wcos’@= (1 —sin’w) (1 —sin* ) =1 -7 44
Hence r=sin’n — 25 cos nAn + ¢’s*sin* 7,
and 7 is rational in s. But S is rational in r and s, therefore also

in s alone. Consequently f Sds is obtainable by circular arcs or

logafithms. Q.E.D.

16. To apply this to the Paranome, let
¢ (0) =(1 +psin’ w)™,
r—4s=2z sin"o=}@r+42);

_ Q+dpr)—ip 2
(1+4pr)' — (3p vz

s R+8yz=¢(0)={1+ip(r+va}”

_ —3p
1+pr+ip'(r'—2)’

whence S
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where } (#* —z) in denominator = ¢*;

_ _ o _ psinn.ds
s dU= 2smo;.des 1T prtps
Let h=sinyn, H=cosn.An,

. r=sin’n— 28 cos nAn + c’s*sin’y
= }h? — 2Hs + c*h’s".
Substitute this in dU,
- f phds :
“Jo(1 + ph*) — 2Hps + (p* + pc'h?) s*’
manifestly integrable.

17. Nevertheless we have two cases. First, let the last denomi-
nator have no real factor. In that case we may assume

a=1+phk', B=p"+ pcK,

and at’=ps*, at cosy= Hps.
_Hp s_ Hp
Then COSy——a—.z—v(aB),
. _hpyT
S @By
if Hp* + Bp’T = aB = (1 + ph®) (p* + pch?).
Also H*=cos’n. AW =(1-8)(1-ch.

Hence you get by routine,
T=1+p+cp +=1+p)(1+cp)=(1+p) (1 +9g),
if pq =¢? or p q be Reciprocal Parameters.

We have now, since ds = \/ g—. dt,
dt

v=_pt
V@B) * Jol—2tcosey+1t*"
We had hp VT = /(afB) sin v,
hp sinvy,
V(@B VT’
whence JT.U=tan™. (—-i-s—l-n—'—y—>
1—tcosy

This completes the integration, but we wish to replace ¢ and 4 by the
given quantities.
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o (/). 2

Hps
a 2

1—tcosy=1-—-—"&

tsiny /T .hps
1—tcosy a—Hps’

Again, we had cosn =cos wcos § —s. Ay in Art. 15. Multiply it by

P cos 7, o p(1—A')=p coswcos 0 cos n — psH,
also a=1+ph’,
so that a— Hps= (1 + ph®) + (p — ph*) — p cos w cos 6 cos 7

= (14 p)— p cosw cos @ cos 7.

VT . U = tan™ AT .psin wsin @sing

Finally "1+ p (1 —cosw cos 8 cos ) ;
in which U=1lw+ 116 -1y,
and T=(1+p) 1+

18. Next, in reverse, suppose the denominator closing Art. 16
to have real factors. Denote them by (1—gs)(1—js). Then ph
in the numerator being free forms, we may assume M an unknown
constant, and write

Y UL R

o(I—gs)(1—js) T—gs 1—js
_ 1—7s
= M .log T=gs
Then (1+ph) (1 =g +] .5+ gjs)

must be identified with the previous denominator, and
(1 + ph') (9 +4) = 2Hp,
(1 + ph’) gj = p* + pc'h?,
M. (1 +ph’) (g —j) =ph;

three equations to determine g j M. Remember that
Hi=(1-h")(1~c%").
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Put q=c*p’,
P' +pcs 2 _ pa (1 + qh’).
4p° (1= h" (1 =c*h®)

we _
Then (g +]) = (1 +ph2)2

. pP(1+ ql_af)
and T 14 pk

Observe that
(14 pl) (1+ghY) — (1= ) (L —c'h) = (L4 p+q + &) I
=(1+p A+q) =T

. WA (-T
Hence g—j= T—?—%ﬂ;’ ),
1
M=2A:/—V-_T’
1 —jsin w sin 6
or v—T,U:%log . Dt

1-gsinwsin g’

Since g +j and g —j are both known, g and j can be found in terms
of p and h, or say b p q and 4/— 7. The only point of interest to us
is that 7' must be negative, when the integral is found by logarithms,
and posttive for circular arcs.

»T. U is obtained in the one case, 4/— T'. U in the other.

[To complete the work :
_PpH+hy-T)
B 1+ ph?*

. _pUH-hv-T)

J 1+ ph* )

)

Observe that the fraction after log becomes

(1+ph*)—ps(H—=h y—T) or 1+p(h*— Hs)+ phs /=T
A +ph')y—ps(H+hs=T) = 1+ p(h*— Hs)—phs/=1T"

Now by Euler’s Integrals
€08 1) = CO8 @ cos 6 — sin w sin HAy),
. coscos @ =cosn+Ay.s,
whence  cosncoswcos @ =cos’n+cosn.An.8=1—hL*+ Hs,

. h*—Hs=1—cosv cosw cos .
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Thus the final result is

V=T.{Ilw+ I16 — IIn}

1+4p(1—coswcosfcosn) +psinwsinfsinyy/~T
1+p(l—coswcosfcosn)—psinwsinfsingy—T"

=4 log

When n=14, » and @ are conjugate, cosn =0, but the equation is
still cambrous.]

19. The function 7= (1 + p) (1 + ¢*p™*) may be called D1AcRITIC
of parameters. It separates them into two classes. When T is
positive, Legendre entitles the parameter circular, because its Para-
nome depends on circular arcs; when 7' is negative, he entitles the
parameter logarithmic. When p is of the form

—c*sin’ 6, 1+p=A7%CcH),
’pt=—cosec’'d, 1+4c'p™=~—-cot’b,
Tor T (p)=—cot’* 6. A*(ch),
a negative quantity.

Looking back to Art. 7 in which ® (cwp) was reduced to 7, G and
¥ when p=—¢"sin’ 6, it will be observed that & is there multiplied
by cot@.A6 or /— T, so that the integral reduced is virtually
V=T.®. It is, we see, a condition that 7' be negative.

If p be negative but numerically > 1, we denote it by p=—cosec*#.
In that case there is no complete function II,, for 1 + p sin’w becomes
zero and II infinite, before w reaches 7. But when p= - cosec*d,
its reciprocal is p'=—¢*sin’@, and by the equation of Art. 12 II(p)
can be found from II(p’), which latter is reducible to <. Moreover
in Art. 12 the £ on the left hand is our Diacritic 7|, and to integrate

f T_—?Z—VQ you first multiply by vk, thus adding the factor »/—T
0

before IT (since 7' is here negative). T'=(1+p)(1 +¢), and is the
same for each Reciprocal parameter. Thus again we find v/—7T'.1I
to be the function dealt with,
When p is positive, 80 is ¢. We may then put
p =cot™, g=c"tan’y.

Also T'=cosec’y(1 + ¢* tan’yr) ‘

1 cosytcisin®y 1 1-—d'sin’y 1

sin’yr ° cos*yr “sin*y’ cos'y sin® 4 sin®y,’

if ¥, be a subconjugate arc to +; ie if F(by)+F(by,)=F,.

N.E L ’ ¢ 12
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N.B. In this treatise arcs o, »’, , are so distinguished:
F (cw)+ F (co’) = F,; F (bo) + F (bw,) = F..

_ .o COS® .
From N o) conjugate
. COS .
we deduce sin w, = Z&—(bT) sub-conjugate.

The formula /T = is often convenient.

1
sin . sin 4,
Finally, if p" is between — ¢ and —1, we may assume for it
—p'=1-"b*sin’, s0 that
' . , ¢ , .
Lo =beinty, —¢ =zoggy = A°0%), 1+q =Vsin'y,,
s I"=b*. sin®yr. sin’J, positive, and 47" = b*sin . sin y,.
It will be remarked that »/T.yT” here make b?, when the p of T is
cot’y, and the p’ of T" is — A*(by).
20. If p=cot’y, g=c'tan’r =cot’y,.
Further, by Art. 13, if —r is conjugate to p,

_CHp_d+Stany, L, oo dsin'y
"ST¥pT ltootiy O SMVseC¥ =g
_csinyr | A
But cosyYr, = A(y) cor=AT(0Y).

It follows that if — 7 is conjugate to ¢, . " = A’(by,). Also
Ay). Ay =c,
because Yy, are subconjugate : hence 77’ = ¢* and 7 are Reciprocals.
Thus in this class of parameters we find the Conjugates of Reciprocals
to be Reciprocals, and the Reciprocals of Conjugates to be Conjugate.
But the same is easily proved true of the opposite class, in which
p=—c'sin’d, ¢=— cosec’d,
P Otp_—d'sin’@ _ c*cos’d
T1+4p 1-c"sin’@  A'(ch)
_gt+e _1—c"sin’d A'cd) 1
“g+1  1-%in"0  cos*d  sin'6’
whence 7' = ¢*, as before.
We had v —T'=cot 6. A8 from p=—c*sin*f. From p'= — ¢*sin’¢’
(conjugate to the former) we have similarly 4/ — 7"=cot 6°. A#".

Hence N(TT') =cot 8. cot 8. AG. AF".

= ¢’ sin*@";

again r
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But cot@.cot @=0>, and AG.AG° =b; ... TT' =",
as in the other class of parameters.

The Diacritic so uniformly attends the Paranome IT as a factor
prefixed, that it is expedient to regard 4/7". IT as the function under
treatment. I call it, the HYPERNOME. When T is negative, the
Paranome is superseded by 9, and is merely an occasional Auxiliary.
When 7.1II are written fogether, they are understood to have the
same parameter,

21. In Article 7 above, having
p=—¢"sin’@ and T = - cot 0 A (c6),
we restore to P its value F — II, and obtain
vV =T.{F(cw) —1II (cop)} =41 =) - Q0. Fo.

Let =137

Then for the Complete Hypernome,

V—T{F,~1(p)}=-GI.F;

I'.I, now exceeding F, ... it (1).

This formula is now an aid to find II, when the parameter is
circular. For since it has been attained by finite integration, it will
not be vitiated by assigning to 6 an imaginary form a + 84/—1.

22. Complete Hypernome with positive parameter. In the last
make sin § = 4/—1 tan 4, then

p =— ¢’ sin*d = ¢’ tan"yr, = cot’ .
We must pass from Nomiscus G to Antinomiscus J, as in Ch. 11
§ 6, Art. 2,
' G (c0) = — 1 {tan y, A (byr) = J (b))}
For o/— T we have only to write +4/—1.4/7. Then we find
tV-1.VT{F,~1I(p)} =—v-1{tany,.A(Y,) —J(by,)} F..
When b is very small,
AY,)=1-3bsin’y,, and J(byr) = (1 — 4b%) sin,,

while tan 4, is positive and may be of .any magnitude. This relieves
doubt as to +, and gives us, when p = cot’,

VT (F,~ TI(p)} = {tan ¥,. AB¥) =T BY )} F, ...ce. (2).
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1
Now tan 1’1‘0 ——‘m A(b‘\ll‘o) A (b \I/‘)
- tan o, . A(br) =
if r is conjugate to p.

v (pr)

But we naturally desire to have the right member in functions of
Y. From Ch. 11 § 6, Art. 3,

J (OY) + J (b)) — J,=b"sin A sin 4.

Indeed J-%,’—r, oo, F, =}

First, eliminating J (byr,) from equation (2) the right hand becomes
tanyr,. A(GVr) . F,+ J (W) F,— 4w — b'sin . sin ;. F,
For a moment write
u = tanyr,. A (by,) — b*sin Y sin Y.
Remove y,. Then

e gl S35
or w= "(‘% (1— b7 sin’y) = cot g . A (b)),
VT (B~ TL(p)} = [cot ¥ . A (b9 + J (B9} Fomhm...(3).
Agsin, since WTmo w:m .

we can combine /T — tan ;. A (byr,) in equation (2). It becomes
Ay,) 1 A (by,) sin ¥,
cosy, ~sin, cos Y,
__ Ay {

" cos Y, . sin vy, 1 —sin’y,} = A(by,). cof ¥,
S NT T (p) = {A (brg) cot g + T (B} - B oo 0)
= o+ TR R,

if — is conjugate to p. To remember these formulas is arduous.

Unless b is near to 1, we may calculate G (byr,), with p’ related to

b, as p to ¢, and Mesonome y for G and y, from
_sin2y  sindy  sinby
3BG (G = Sin 2p’ '+ Sin 4p’ *+ Sin 6p’'

+ &c. [Ch. viiL Art. 8],
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and thence obtain
T () =G (o) + & - [Ch. 1L § 6, Art. 2]
Then, knowing J (by,), we obtain

() _ ¢
vT. —F =V )+J(b\p,,).
If b is near to 1, we may calcilate BJ (byr,) from the formula for
C0J (cw) in Ch. 1v. § 9, Art. 5, Lagrange’s scale used in reversed order.
For another approximation to C.J (byr,) when b is large, see Art. 16

in close of Ch. vIII.

23. Complete Hypernome with parameter circular but negative.
We must reduce this by the general equation of Conjugate Para-
nomes, in Art. 14. Multiply it by 4/ (pr). Observe that

— l1+p _1+p ,  1+4p c+p
=T = N T
= JTHp T +1=yT. (p).
1~r 1-=» 1—7r 1-
r AT vp= NT '\/1—
=VA-nJI=r =yT(-71).

Thus the equation of Conjugate Hypernomes becomes

V(pr).dV

oLlpr. V¥
or tan™ (ypr.V)=wT.1I (cwp) — VT (co —7) — N/(”r) F (cw),
in which V =sin o sin .
Make w=3%m, .. o"=0, V—-O

VT1L(p) — ¥ TIL (- T)—v( )

But we had NT.11 (p)= {'\/( )+ J(b\]ro)}
oo NI TL(=7)=J (¥,). F.
This result is unexpectedly simple.
24. Reciprocal Hypernomes. In Art. 12 the
tan o
k"—-"(l +p)(l + Q) =T and V=W.
Multiply the Reciprocal equation by /T,
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tan'(VT.V)=yT.1I (cwp) + ¥ TII (cwg) = ¥ T. F (cw).
Also when o =}, V=100,
tan”'(yT.V) =tan™ (0 ) =4,
so for the Complete Hypernomes
VT {IL(p) + IL(g) — F} = }m.
25. Complete Hypernomes may also be developed in series.

As a guide, take first the parameter p = — ¢*sin’6, and from cf
form as in Lagrange’s scale ¢,0,¢,0,¢,0,.... Then we have

N=T.{II(p)—F}=F,. G(cl)=4%m.CG(ch).
But we know that
CG (c0) =Cy,sin 6, + O, sin 6, + C,c,sin 30, + &c. (§ 9, Art. 2).
Assume P, =—c,’ sin’@,,
sN=T{(p)—F}=4m.{C s —p,+C,of —p, + C,/ — p, + &c.}.

Transform by putting sin § = 4/— 1 tan ¥r,. 4/— T changes as before

to —y/—1.4T,
e NT{F,= TL(p)} =} (C,p, + O, vp, + Cywp, + e

for positive parameter.

But the law of pp,p,p,... must now be calculated as in the scale

of Gauss, and if our object is simply to develop in series, we need not
concern ourselves with any but p.

26. Begin anew with p=—¢’ sin"0 Let

14p (14p)sin'e  de
M—T.‘I’c(}))or— 0 1+psmw A(cw)’

with (1 + p) positive. Then
pM: (1 +p> {Fc - Hc(.p)})

and we had N=T.II,.p-F)=F,. G6.
Here N—=T=cot8.A(ch).
=P _ ¢’ sin*6
Therefore F,. G (cf) = 5/ — T (1+p) M= cot §A6. ( ok ).M
¢"sin 0. cos 8
= M" .M=(1-b)sin6,. M.

When cf changes to ¢,0,, let M become M,, then with
3nC.G(c)=(1-b)sinb,. M

¢,”sin 0, cos 4

A (0101) L Ml = %'”OIG (‘7101)'

you have
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We know that ~ CG (c6) — C,G (c,6,) = C,c, 5in6,.

¢, sin 6, cos 6

! M, =%}xw.Cpc,sin 6,
A (¢,0,)

Divide by C(1 —10)sin @, =2C,c, sin4,,
M ¢ cosb M _
"0 2'Awd) € - i™

We form the series AAA,... from p through 6 from

Hence (1—-0)sind,. M —

. b
sin A = m ,
which is to entail sin A, = b, .
" A,
ccos 6 ¢, cos6,
Then COS A = Ao 0) Cos\, —A (0,.9,.).

Now in Lagrange’s scale
(1+b)c,cos0,=A-A" and (1+b)A,=A+A°,
. ¢ccosf A—A°

A, T A+A
But we had cos A, = ¢, cos 6,
Al
A—-A°
Hence cos N, = ATA

l—cosh, A° b

Fr‘om this again m NN

or tan%kl=5/£.
. b . sin A
Bu.t sm)\,-—-K, . tana}xl—m—.

I presume that this beautiful adaptation is from the genius of
Legendre.

We have now ]l[—;}vr+1];cos7\l ]g,
as an equation of reductlon It at once gives
%{= 3m +3cosh {3 +4cosh, {3+ §cos, {3+ &e,

or M=}nC.{1+%cos\, +}cosh, cosh, +}cosh, cosh, +cosh, + &e. |
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27. The last has been deduced from the hypothesis p =~ ¢’sin’d.
But, provided that we rightly determine A, it will hold with a positive

parameter. Instead of sinA= K(%?) )

where A (ch) or /(1 -c*sin’*d) =+/(1+p),

we have only to take sin A = ‘\le_'—@—) and then.form the series
AA,... by the same law as before, viz. tan 3\, = %1%. Since the

series bb b,... rapidly tends to 1, the series AM,... tends to 90° as
cos A, cos A, rapidly diminish. If b were actually 1, we might have

A=90% A, =90
If p=cot’J, sin A=">bsin.
im 0 d
_p [ psin’d  de _ p
Also 1L (p) F’“'_fo 1+ psin®d” A(cw) 1+p A

Thence I,p = F, + 1{}; M

=%7r0{1+1%—+p§(1 +3% cos\, +}cosh,. cosx2+§.&c.)}.

28. This seems to close all that can be attained in the Paranome
while our formulas ultimately exact two elements only. While o
remains indefinite, and the parameter is of the circular class, the
Paranome remains a function of three independent elements. But
the fluctuating part by which it exceeds the Complete Paranome
II, (p) may be reduced to a small and intelligible state.



CHAPTER XI.

PARANOME.

Second Part.
THREE INDEPENDENT ELEMENTS.

1. Paranomiscus. As we invented the Nomiscus as a fluctuat-
tng element by which the Epinome differs from a multiple of £,
similarly we devise a function P (cwp) as Paranomiscus, which we

define by P =1I — %”. F. This evidently vanishes at every complete

¢

quadrant: for if wo=n.3m, F=n.F, and [I=n.1II,

P=n.l’I,.-—%—°.nFa=zero.

[

Knowing P we shall deduce the indefinite integral II from
P+ 111-_{3 . F; and it is presumed that the fluctuating function P, lying

c

within narrow limits, will be easier of calculation than II. It will
follow, to call TP the Hypernomiscus. Evidently

P (nr+ )= P (),

whatever ¢ and p may be.

2. Case of p infinitesimal. When p=0, I=F and II,=F..
Evidently therefore P vanishes with p. But this is not obvious con-
cerning the Hypernomiscus /TII; for from p=0, we deduce T

2
infinite and IT zero. In fact T'=(1+p) (l +%> which converges to

(1 +§+c’>.
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Observe that when p is very small
(1 +psin*w)?=1 - psin‘o,
. do sinfwdw
. — — 2 =} -
o H—fo(l psmw)A(cw) F-p o A (ca)
=F-PLFr_gy=(1-P Py
=F-5(F-£) (1 c,) F+l.

Make N e=3m, o Hc=(1—f—:)Fc+g—:.Ec.
Multiply this by 7 and subtract from the penultimate,
F FN .
A M-.5=5 (E-E.. F‘) ie. P=%.6,
when p is infinitesimal. Multiply by
NT=¥1+p.1+cp*

then ;\/TP=4/1+p.p+c’.ﬁ/éz—p-G,

which vanishes with 4/p though more slowly than does P. Herein,
p may be of either sign.

3. Case of p positive and infinite. Evidently (1 + p sin*w)™ then
vanishes; so then does II and P. But 4/7 being then infinite,
further inquiry is needed concerning 4/T'IT and 4/TP. Since

(1 + psin*w)™

is zero, when p is positive and infinite the integral receives no acces-
sion after w has become sensible. When o is infinitesimal, sin w = w,

and Acw)=1; A+p)A+cpY)is =1+p=p,

dw
therefore NTII = fodp T pa

= tan™ (vpw),

which as soon as o is sensible, becomes tan™ (0 ) = 4, if p is positive
and infinite. Thus §/TTI (cwp) = 4, whatever the finite value of w
and c.

Since then also 4TI, =}, it follows that
- F(co)
VT.P (cop) =4m (1 __.F_),

[

when p is positive and infinite.
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4. Reciprocal Hypernomisct. In Art. 24 of last Chapter we had
for Reciprocal Hypernomes
- tan

VTTI (cop) + W TTI (coq) — T . F (c) = tan™ (\/T 3 (c;’)) (say) &,
and when o =},

VT, (p) + VT, (q) = VT . F, = }m.

.,
(Observe that §r. F_ mesonome &.)

F,

c

Multiply the last by % and subtract from the penultimate; then
NTP (cwp) + ¥TP (cwq) = £ — .

tan
Here we have tan £=/T. A (o)
But if p=cot’y, q=c'tan’y,
1
vT= sin . sin ¥,
Also tanw _ sine _ cose’
A(cw) coswA(cw) beosw’
Thus tan £ = 1 cos @

sinyrsinyr, " bcosw’
With r = A’(byr), — r will be the parameter conjugate to p. Write

Q for 4/ TP (cwp), o for »/TP (cwq), Q for /TP (¢, w,— 7). Then the
equation of this article is
2 0
Q+Q+m—-£ or cot {Q+ Q +a}=cot§

bcosw

that is cot {Q + .Q + #} =sinr. sin ;. prene

5. Conjugate Hypernomisci. For Conjugate Paranomes we had
in Art. 14 of Ch. x., y

1+p
—L I (c -
P (cwp)

cﬂ
_ﬁ'F(cw)_fol+pr.V”

where V =sin w.sin ©°, and in Art. 23 we found that
V(pr) (p" +1)=vT (p) «/(pr)( r-1)= «/T (= 7).
When = 1}7:', - F 0,

p

[for .tan™ V vanishes with V, ', with &°.

~/()
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Multiply the former by 4/pr, the latter by v/ (pr) F and subtract:
then /TP (cwp) — /T . P (cw, —7) = tan™ (\/pr. sin @ . sin &°),

3 —
or Q- Q=tan™ (Jpr . sin o sin "),
fan (Q — Q) =¢ °°fp"’ sin o .sin o’
. _ _ccosy
since N(pr) =cot . A (b¥) = cos v,

The comparison of the right-hand member here with that of the
preceding article, is very suggestive.

6. Between the results of the two last Articles we may eliminate
Q as follows.

. A(cw) sinyrcosy A(by) sinwcosw
Put S =ne AGY) 9T tany © T Alcw)
_A(bY)sine,
" A (cw) siny’
then f= h , 9 =hcos wcos;

coS @ coS \r

3
Q+Q+ax=E=tan.f,
3
Q—-Q=tan™.g.

-1 f"'g

2 3
Hence Q+Q+az=tan™ f—tan™ g = tan eyt

But f—g=f(1 —cos’wcos’); 1+ fy=1+4*
_ A (cw) sin’yr + A*(y) sin’w _ sinw + sin’yr — sin’w sin '\]r
A?(cw) . sin’yr A'(cw) . sin®™y
Here the numerator
=1—(1 —sin’w)(1 —sin’y) =1 — cos’w cos*,
which cancels with f—g,

" {%% =f.A%(cw) sin* Y =

Acw) A (bY)
cotw * coty

Finally

tan(Q+.(),+w) f-9 A(cw) A(by)_ sinw sin4

1+fg cotw " coty sina’ smqro

Thus out of QQQ we may sclect the one most convement to
calculate, and from it deduce cither of the others.
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7. We found in Ch. x. Art. 17, that when Fo + F0= Fy, we

have

4 NT.psin wsin @sin g
— == l
VT (o + I — IIy) = tan™. 14+ p(1—coswecosfcosy)’

ST (o + Mo’ —T1) =tan™. {i%—%) .psin o sin m"} .

Let n=4%m, cosn=0, sinn=1, 6=0".

P _A(b\k)_CCOS\[:‘
Also "/T'1+p_ tanyr ~ cosY,

Therefore the last on the right
— tan™ {c cosyr

. 8in o sin m"} ,

cosyr,
which in Art. 5 we found to be Q — .(?i
Since Fuo+ Fo'—F,=0, ». (Fo+ Fo'—F) % -0,
Subtract this from the left-hand member of the ;receding; then,
observing that Il (@) - F (@) 5 = P (a),
you find NT. P (cwp) + /TP (co’p) = Q — .&.

But Q is nothing but /TP (cwp), therefore .&:—\/ TP (¢co’p), and
3

the elements of ) are cw and —r. Thus we may change the nega-
tive parameter — r into p its conjugate, if at the same time we change

o into — " Or conversely.

8. From the general value of
VT (Ilw + 118 — II3), when Fo + F@ = Fy),

if you subtract y7T'. (Fo + F8— Fn). ?,s — zero,

c

and if also ®H are related to 0y as Q to , you deduce
NT (Pw+ P8 — Pw)= T (llw + I10 — I1y),
an arc of which we know the tangent,

. _ NT.psinwsin fsiny
s tan (2 + O H)"‘l..,_p(l—coswcosecosn)'
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9. Commutation of Logarithmic Hypernomisci. Recur to the
case of p = — ¢’ sin’d and deduce the Hypernomiscus. We have

N=T.=cot8.A((ch),

whence
v = T{II (cwp) — F (cw)} = G (c8) . F (cw) — } (T (em) — "1 (ew)},
. Fo + Fé¢= Fy
if {Fw —F= FJ'
Make w=4m . N=T{I(p)—F}=G(h).F,
as in Cor. to Art. 7, Ch. x.
Multiply the last by E—%,f"-) , and subtract from the penultimate,

o A =T.P (cop)=1%{T(ck) =T (cn)}.
To exchange w and @ leaves 5 unchanged, and does but change «
into — x, without any effect upon "1 (ck), since 7 is an even function.
Therefore o/— T'. P(cwp) remains unchanged, if we commute » and 6,
i.e, if we take @ for the amplitude and — ¢*sin’w for the parameter,
This will presently suggest Commutation in the case of circular
parameters.

10. The last Article may also be exhibited in series of the
Mesonomes, since we have Ch. viir. Art. 8,

1—cos2z 1—cosd4xr 1 —cos6bx
T(0)="gme, T 2Sindp T 3Sme, T

Write 7 and « separately in this formula for @ (¢ and p remaining
unchanged); then the Mesonome # must be changed to x+¢ for
amplitude % and to z—¢ for amplitude «, if ¢ is the Mesonome to
amplitude 6. Hence '

o _ 4 [cos (22 — 2t) — cos (22 + 2t)
V-1 P (oop) = 4{ e
cos (4 — 4t) — cos (4z + 4¢)
_ sin 22 sig__2_t s_i_n’ 4« sin 4¢  sin 62 sin 6¢ &
Sin2 ' 2Sindp ' 8Smep TO°

(given by Gudermann first). This result is visibly unaltered by
exchanging « and ¢, that is, by commuting w with 4.
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11. Our first thought may be, to apply this seriés to the case of
a circular parameter. But if we assume sin §=,/—1tan+, which
yields (from Mesonome y) €t =,/—1 By, the factor sin 2n¢ changes
to an Anticyclic, with great damage to the convergence. Yet let us
examine it. We have now

. _ Sin2nz . (dmpy
NT.P,(cop)=3 Sm( — ),

n Sin 2np

2%y
™
the parameter ¢’ tan'y» being finite, with y Mesonome to 4. Nor

which converges if is <1 or y< 4w, as indeed i€ implied in

is this all: but from Art. 4, Q and 121 can be found from one another;
hence of p and ¢ we may choose the smaller. If p is >¢, when
p = ¢’ tany, then ¢ is <c, where ¢ = cot’y = ¢*tan’yr,. By passing
from p to ¢, we pass from y to 4, from F(byr) = By to-F (by) = By,
and yy, being Conjugates, you have y +y, = §m, therefore of y and
Yy, one is less than .

Thus, by rightly selecting p less than g, the worst case of con-
vergence, incurred in
sin 2nz Sin (4npy)
nSin2np "\ 7w /’

is the extreme case of y =1, which makes the series

7%2-%; . Sin (np).
But Sin 2np = 2 Sinnp . Cos np.
Hence our worst case is
sin 2nz sin2z  sindx sin 6z

+ &e.

2n. Cos np or 2Cosp+40082p+60033p

Thus, to our surprize, Gudermann’s formula in Art. 10 solves the
case of the circular parameter also, if all is to turn on the convergence
of the series,

Perhaps it will now be found that Gudermann’s elaborate tables
of log Sin z and log Cos #, though only to eight decimals, do really
give us mastery over

sin 2na Si
n Sin 2np

dnpy
2.
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Bt in evety case, the trouble of finding the Mesonome y from a g1ven
v, according to received methods, may be as vexatious as our main
problem.

[Cor. In this calculation we need to find y as well as z, from
F (by) as well as F'(cw), but the successive bbpb,... needed to find
y follow the law of Lander and not that of Gauss. This seems
to give advantage over Arts. 13, 14 below.]

12. To*Jeal with circular parameters, we may also apply La-
grange's scale to the Hypernomiscus. Of reciprocal parameters p
and ¢ (which make pg=c’), one must be less than ¢. Let p be <c,
also c<b. Let ¢wc,0,... follow the law of Lagrange’s scale. Also
let p,r be disposable constants. Write IT, for II (c,w,p,) and T, for
T(p,). Then

I =f A _f (1+0b)dF
1 Jol+p,sin’e, Jol+p,.[(1+0) sin’w. sin’’]
f A?(cw) (140)dF
A (cw) + p, (1 +b)*sin*w cos’w
For from F =% (1+4c¢,)F, we have F,= (1 +b)F.

If now v =sin @, our denominator is of the form 1 + av®— Buv'.
Take p, and 7 so as to make this denominator to be (1 + pv*)(1 — 7).
First put .

o=3m,v=1 . (14+p)(1—-r)=1~c"="b,

then — r is conjugate to p. Next, equate coefficients of v,

sopr=p, (1+0b)% or P, = (T{).;b),g .

[Remember that p —r=pr — ¢, by law of conjugates.]

Make g, reciprocal to p,, that is,

Then from p,= ( lf- oy . you have ¢, = a I_:rb)g

_ (A48 +prll(1 = 8)"+ pr]
whence T, =(1+p,)(1+¢)= (L+07.pr

of which the numerator = ¢* + (4 — 2¢%) pr + p**,
or (pr—c")"+4pr or (p—r)'+4pr or (p+7)>
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p+r
Hence VT, = =TTV N

(L +B)(1 = o)

We have now II, f L) A=) " .dF.
L M

Lt 1 +P” ) (1 ') 1+ po* +
multiply by 1 + pv*, and make v* =—p™,
_1+dp™ _p+d

Tl4rpt ptr

2 7

1—rv

But p+c*=p+1.7,

_(p+1lr_ p -1
L= p+r p+r (1 +p7)
So M="P" 11—,
ptr
_ ) pr (L+p? =1
Thus 1, fo(l i—b)p+r{1+pv,+1_m,fdﬁ'.
. _ p+r
yultlply by "/T‘——_“—_(l+b)\/pr)’

. _[ pt+1 -1
S Ve {1 o o } dF.

But «/T(p)—«/(pr) (p7+1)
and T(=r)=w(pr)(r™=1)

g ;\/TII'Il = NTII (cwp) + VT (¢, @, —7),
a very elegant property.

}, Art. 23 of Ch. Xx.

13. Pass from Hypernome to Hypernomiscus. Make w =4},
w, = according to Lagrange’s scale,

+ 2yTIL (6,p) = ¥TTL (ep) + VI (5, = 7).
Fcw,) F(cw)
Fc 4m)  Flc,im)
and subtract from the Hypernomes of last Article,
“ NT\P, = NTP (cwp) + VTP (cw —7),
or 04+0,=0, Q-Q,=tan™{y/(pr)sinw. sin »°}.
With this combine from Art. 5, and observe that
V(pr) =+p,. (1+),
" A/(pr) sin @ sin @° = #/p, . (1 + b) sin w sin w’ = 4/p, . sin w,.
N.EL 13

Multiply by 3



194 REDUCTION OF {) BY TWO SCALES COMBINED.

Eliminate Q, .. Q- 40,=}tan™ (Vp,.sinw),
the equation of reduction. Repeating it n times, you get
0 -2"0, =}tan™ (Vp, sin @,) + } tan™ (y/p,sin ) + ...
+2™. tan (Wp, .Sinw,) + ....

Make n=w, ¢,=0, p, is <¢, and vanishes also. Then by Art. 4
Q, vanislsa;,\and much more does 2",

z2.2™"tan'(W/p, sin @,), where n=1, 2, 3, 4....

The remaining trouble is, to calculate the series pp,p,p,....

14. Legendre has gone before, us herein. Let P.9.=c¢, We
have

pr p ptd_ P 1+¢q
T4b)T (@40 I+p A+0 14p
Hence
q=ex_“=(1:b>“,1=<1;é>i1+p= ¢ 1+p
Up, \14+b) Tp, pt T14q (140 1+¢

Thus, to exchange, p and ¢ exchanges p, and ¢,; also ¢, is deduced
from ¢ by the same law as p, from p.

Indeed if p=cot’yr and p, = cot’y,, the relation of p, to p yields
cot Y. A (by)
cotr, =2 L- 20V,
as in the scale of Gauss, in which the successive conjugates to the
amplitudes are mutually related by the very same law as are the
successive amplitudes among themselves.

In that seale, if sin A, = b, sin yr,, we infer
sin A, =+/b,_ tan A .
Legendre’s rule then is: Having taken 4 such that p = cot*4, ﬁnd A
from the equation sin A = bsm ¥; then from A derive A\,...A," in

succession. From A\, ... A\, deduce ¥, ... Y by the law
b, sin, =sin . Finally you attain P,Ps- -+ Pa DY the relation
pr = COtg 4’1 ¢
15. Letp =1, .c,, then from
P p*c
e T+
2
we have le le let o,

T AF0E 1+’
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¢ l+c

but Cl—( ) l l.l-—_'—_—z'a,
l+ 1) to
or VE9=15y7%= 1+

If then I <1, 1 + I being positive, so is 1 if and [ is <I. Hence

LiLl,... is a decreasing series. Therefore PP, P,D,... decrpase more
rapidly than cc,cc,.

16. Notw1tbstanding all that can justly be said of the rapid
convergence of /p,.sinw,, the labour of computing with any ac-
curacy, first c,c,c,c,. .., next w,w,w, .., next A AAA,..., next Y. ..,
next p,p,p,... with a view to tan™(y/p,sinw,), must at best be
formidable: and if (we have tables of Sinu or log Sin ) the question
will be, whether the process of finding the Mesonomes to cw and to
byr is more troublesome than to calculate the fivefold series of ¢,, o

A, ¥ and p,.

17.  Variation of the Parameter. Suppose ¢ and w to be con-
stant, p to vary, then
d (pII) fd( P >F_ dF
Tdp dp\l + psin*w ~Jo (1 + psin*w)?”

By Ch. x. Art. 5, if Q = a + B¢ + Yv%, with v now for z, and r for m,

S = f dv
" (1 +pr)WQT

we can reduce S,. To adapt it to present service, we have only to
make r=2.

We have from that Art.

> v WQA+p)'=4.8,+B.8_+C.8,,+D.8S,_,
We assume @ = (1 — v*) (1 —c**), and when r =2, C va,mshes, having
(2r — 4) as a factor. S, =1II;

S_,=fo(1 +p)dF=F+ 5P B).

Now oA/Q(A +pv)*=4.8,+BS, + DS,
dF _ d(pIl) ]
[S’ A+piy= dp, » ST

a=1, —B=1+¢ y=¢"
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We had
A=2r-2)(@-Bp" +yp™) =(2r-2)A +p7)(1 + P,
—B=(2r-38)(a—2Bp™ + 3yp™).
Put r=2, .. 4=2Tp" also
A+B=a—yp*=1—-cp™
Now T=AQ+p)Q+cpY)=1+p+cpt+c

£Z—g—,=1—c’p", or A+B=iz,, with Ap =2T.

p dp
. s e g aT . .
Again, + D= (2r—5).yp~ or =—cp =J§"l’ with v = sin w.
I
vWQ
Hence W —A.S,+B.S1+D.S_1,
_ dF  d(pl) _ all
where 8, = A= dp _H+pzz_),

. Ve =A{[I+pd—n}+B.II—-D.S_,

Ul pot dp
=(A+B).H+Ap.%—p(ﬁ+§;,*ﬂ;)
=(%’,n+21’.%[)+(1—%> (F+§71’TE‘>

To make the two first terms an exact differential, multiply by

2—%, , and then integrate: (differentiation verifies sufficiently :)

dp
tov Q'fo(1‘+‘pv_“) VT

=¢T,H+Ffog%—FvT+(F—E‘)fg(l—%) éff—%,,

2
In the last integral, restore 1% for its equivalent 1 -—‘di;—' and it

becomes (F-E) f z—’(—i/%,,
so that the right-hand member becomes
d F dp
m+3F.[ B-Fyr+3F-E)|[ L.
VITL+}F.| “h=FyT+3(F-E)| 0
Couple the first and third terms into /7' (II — F') which vanishes with

p. Thus we may begin the other integrals from p =0, without any
constant of integration that might contain ¢ and w.
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18. This last integration by Legendre gives a direct method of
attaining II, when T' is positive, without passing through imaginary
arcs, as in Ch. X. Arts. 22, 23; therefore the corroboration will
interest us.

We must first integrate fol\%‘% and f . i)—%/p-T

Let p=c'tan’yr, /T =sin . sin,
dp = 2¢° tan . d tan r = 2¢" tan Y. sec’rdy, |

and sin yr, = cos;)i)

fo JT f 2¢*. tan yr . sec’ . (sm\[: Aco(zz))'d"b

—f 26" taniyr. W:zm«p.mb«p)-w )

by 8t formula in the Table of Ch. 1. Art. 2,
dp 2y
; pVT NGO
Hence 1}'0 \/Q f m‘m
=yT.(Il-F)+ F {tany. A (0y§) —E (W)} + (F — E) . F (by).

Take first ‘5:3 “} , and divide by 7,

. T {1 - %} = (tanyr. A (by) — E(b9)) + (1 = &) . F (b)

=tany.A (W) —J (by).
This agrees with Ch. X. Art. 22, though what there was called 4, is
here . .

and

Multiply the last by F(cw) and subtract the result from the
previous equation of Art. 17 in which  was indefinite. This process
eliminates

tan . A (by) — E (by); and F(cw).F (b. ).
Observe that E (co)y—NF (cw) = G (cw).
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19. Thus we obtain

2/Q O(T_'—_%,—VT(H .. ?) (E—%.F).F(b,«]r)

=yT.P.(cop)— G(cw).F (by)

and it remains to reduce the left-hand member, in which

\ v4/Q = sin w cos w A (cw).
Observe tha
idp __p idp
A+p VT 1T+pr pyT~1 +pv - AF (b).
Also P ¢’ tan® \[r ( ¢’ sin*4r
T+op 1 + Siw. ¢ tan’ Y+ COS'Yr + ¢ SIN‘w . Sin°yr
_ ¢® sin’r
T 1—A%cw).sin’y’
__3dp ¢’ sinw cos A’ (cw) . sin®y
- oVQ. o (1 + pv?) vI~ A (cw) 1 — A%(cw) sin’yr - AF (bp).
. A'(cw).sin’ 1
Again, 1-A*(cw).sin*y {1 — A%(cw) . sin®yr 1} '
Hence if ++ =— A’(cw) a negative parameter to modulus b,

aF(by) _ ,
ol —7 .sin® 4y T (o).

Thus the new equation is

¢*sin » co8s @

“AEw)  LO¥) = F &)} =vT. P (cup) - G(ew) . F (o).

Each side vanishes when p = 0, 4» = 0; therefore no constant of inte-
gration is needed.

20. Further 7' (+ ) =1 + 7)1 +b%'7)

. b . c*cos’w
] 2 2 [ 2 2 PR
¢ sin‘w ., (1 Ag(cw)) ¢ .sin‘w. A (c0)’
e -
whe sy € SIn® CO8 @
nce VT () AQw)

Thus, distinguishing T (+') from 7' (p), we have
V() (TE(pgr') = F 5)) = /T (p) . P (cwp) — G{ew) . F (by).
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Make Y+ =}, or p=o. Then by Art. 3 above
JI(®). P(eap) = g (1-752),

F (co)
F,

¢

o JT () (L) — F} = § {1 - } —G(cw). T,

Multiply this by Fb \P) , and subtract the result from the /ffenultlma.

Then JT(r). {11 (bw y—TI, () . ﬁi(ﬁlfb—"’)}

=JT(p). Ncwp) — } {1 _E.gj'_"_)} Fy) ’

¢ b

Here the left hand is /T' (') . P (byr').

2 3
21. If phen we write QQQ as in Arts. 4 and 5, related to ele-
ments cwyr, the three parameters being

p=cot’y, g=c'tan’yr, —r=A4%Y),
23
we may suppose that the change of cwyr to byrw changes QQQ to

23
YWYV, This may be called Commutation. [Only in circular Para-
meters ¢ changes to b] In the last Articles we had p = c’tan’+,
hence the /7. P(cop) of our last equation must be interpreted as

2
Q. Further we have #, y as Mesonomes to ¥ (cw), F(by). Hence
our last equation may stand as

. (?Z -—‘i}’)=(§'n‘— z) .‘3/.

Only algebraic combinations are now needed.

3
22. In Art. 5, tan(Q2 —-Q)= (—’%)%;k sin » sin ",
Commute: then
tan (W — \I’) = b cos © sin Yrsin .

But here the right hand, by Art. 40,
3
coot Q4+ O 4a) - fr—(T—TV)=0+0+a,

or (%w—w)—(ﬂ+‘l’)=6—‘i’.



200 RELATIONS OF Q8 To ¥V,

From this and the result of Art. 21 eliminate fl - \31'; .then
rQ+¥)=GFr-2)@m—-y),

which is symmetrical as between the leading integrals.

23. Again, from

sin @ sin
" tan(m+ﬂ+ﬂ)—smw¢ sm\;rk
\ [}

f)y Commutation you deduce

2 3. _siny sine
tan (y~+\I’+ V) = ‘515'% na’
3 3 2 3

e+ Q+Q=y+¥+ Y,
which does but giv;
2 3
dr (¥ —-Q)=@Fm—y)a

The great practical fact is, that when ¢ is so large as to make con-
vergehce slow, we need no reverse methods as with F, G and "1, but
by Commutation we can pass at once to a ¥ which will give us the
advantage of a very small modulus b, and then from this ¥ we can
deduce our Q.
' Any Hypernomiscus is thus in every case calculable: then from
it by aid of the complete Hypernome any indefinite Hypernome or
Paranome is in our power. Thus, in demonstrating our ability (when
occasion requires) to evaluate these integrals, thé treatise may seem
to have reached its goal. But with three independent elements,
even a single calculation is necessarily very laborious.

It would appear that the entire theory of the Paranome is due
to the genius of Legendre.

END.
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