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PREFACE

It has been my aim in writing this book to explain as clearly as possible
how to relax; its contents were entirely chosen with this end in view.
The development of relaxation methods has advanced to a position where
I believe such an attempt is justified and, according to the numerous
enquiries which I have reccived in recent years, where it is also needed.
The first application of the method was made in 1935 by Sir Richard
Southwell, F.R.S., then Professor of Enginecring Science in the University
of Oxford; ever since then he has himself been energetically and almost
continuously devoted to its growth as a powerful computational weapon
for the solution of practical engineering and physical problems. It was
my good fortune to join Sir Richard’s research group in 1941 and to have
remained in close contact with him ever since. 1 shall always remain
grateful to him for the opportunities he has provided and for the encour-
agement and help he has given me during these years.

There are two points in particular which I wish to impress on any
student of relaxation methods before he begins.  First no one can hope
to achicve success in their use without having spent some time at practice:
just as the would-be pianist must practice his scales, so must the embryo
relaxationist practice his art by working through a sufficiency of examples
which may sometimes seem too easy, sometimes almost trivial, and per-
haps at times extremely tedious. If he does this he will be repaid, and
avoid later trouble for himself. The examples at the end of each chapter
have been designed to give the student that practice; if they scem to be
uninspiring drill problems, well, so they are. No relaxer can learn too
early to take the rough with the smooth, the rough in this case being the
patient and persevering application of simple arithmetical processes, and
the smooth being the sense of final satisfaction and achievement when the
answer is finally reached. T make no apologies whatsoever for providing
my readers with some dirty work to do.

The second pofnt that I want to make here is that concerning the
inherent flexibility of the method when properly used. 'The student must
realize that he is in no way the slave of the method but rather that he is
its master, that his work will reflect his own personality. IHe must not
allow himself to become a human computing machine. The relaxation
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vi PREFACE

method is far from being a method carried out according to any set rules—
instead it could more accurately be described as a method of breaking
such rules as are necessary formally to explain it. The good relaxer is
the man who knows, by experience, which rule to break, when to break
it, and by how much to break it. It was, I believe, Prof. W. G. Bickley
who provided relaxation with its motto, ‘ Fortune favours the brave.”

As I have already said, this book is intended to explain how to relax; it
is not intended to be a reference book on the subject. I have therefore
made no attempt to discuss the more advanced and difficult applications
of the method; in particular no mention is made of the solution of non-
linear equations. Nor have I thought it incumbent upon me ever to
discuss the physical facts and assumptions or the mathematical theories
which lead to the equations which I am taking as examples for solution.
Most of these examples are taken from the fields of elasticity, hydro-
dynamics, or electricity and magnetism, and the accepted theories of
these subjects which I have taken for granted are readily accessible in
well-known treatises.* In no place, in fact, have I quoted any reference
except where one is essential to the text itself. But I do include, as an
appendix, a bibliography of papers and books which relate to relaxation.
I would wish it to be comprehensive, and while I hope 1 have included in
it every article of which I am aware, there must be some of which I am
ignorant. I can only apologize in advance for such omissions and add
that I shall be grateful to any reader who can draw my attention to them.

Lastly, in relation to the subject matter of this book, I must make some
statement concerning the mathematical approach to relaxation. Its
fundamentals extend into the theory of finite differences and overlap other
computational methods. Another volume could be written dealing with
such topics as convergence, finite-difference and truncation errors,
parallel procedures used in relaxation and other computational methods,
and so on. One day I may attempt to write such a philosophy of relaxa-~
tion, for it has great intrinsic interest and importance. I have deliber-
ately kept off these subjects as much as possible in the present book, for
to deal with them inadequately would be useless, and to treat them ade-
quately would here cloud my main issue, which is to show how relaxa-
tional solutions are obtained.

I owe a great deal to Mrs. E. G. Horoch and Miss M. J. Burns for the

*Love, A. E. H., “The Mathematical Theory of Elasticity,” 3d ed., Cambridge
University Press, 1920. Southwell, R. V., “The Theory of Elasticity,” 2d ed.,
Oxford University Press, 1941. Lamb, H., “Hydrodynamics,” 6th ed., Cambridge
University Press, 1932. Jeans, J. H., “The Mathematical Theory of Electricity and
Magnetism,” 4th ed., Cambridge University Press, 1923.
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typing of the original script, and to Miss M. J. Evenett, who worked out
some of the illustrative examples and checked others. I am most
grateful for their assistance. In particular my thanks are due to my
friend and colleague, Dr. R. T. Severn, who has read through the entire
manuscript and has also been of great assistance in checking proofs; he
has made numerous suggestions, most of which I have been pleased to
adopt, and has been a constant help throughout.

D. N. pE G. ALLEN
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CHAPTER 1
LINEAR ALGEBRAIC EQUATIONS

1. Introduction

The basic computational process which underlies all applications of the
relaxation method can most easily be described in relation to the solution
of a set of linear algebraic simultaneous equations; even the simplest of
such equations will serve to illustrate both the fundamental idea of the
method and also some of the modifications and devices which have been
gradually added to the original concept. It cannot be toostrongly empha-
sized that the method is founded on a single idea which forms an essential
characteristic of all its applications, but that it owes its considerable
power as a computational weapon to the many variations which are
employed in its practice. These variations were evolved of necessity as
the method was increasingly applied to problems more and more complex.
The basic process provides one tool, i.e., one arithmetical operation,
which theoretically would be sufficient equipment to enable its user to
arrive at the solution of any of the equations (algebraic or differential)
which have yet been shown to yield to the relaxation technique; but, if
only this single basic operation were available, the method would be
virtually useless because the time and labor involved in its practice would
be prohibitive. The variations and developments from the basic oper-
ation provide a set of tools whose judicious and appropriate use enables
a large variety of equations to be solved with only a reasonable expendi-
ture of time and effort on the part of the computer. The method is one
which is intended to be of direct practical application for engineers and
physicists, and it is therefore inherently required not merely to be able
to produce results theoretically, but also to be able, practically, to pro-
duce them quickly and economically. This requirement will be stressed
repeatedly as the method is described and extended; it will necessitate a
somewhat unorthodox attitude on the part of the student toward his
work, and he must learn to overcome a natural reluctance, in much of his
arithmetic, to forsake temporary accuracy for ultimate speed.

The basic concept of relaxation and some of the more important and
widely used modifications can be explained by employing them to solvg
a simple pair of algebraic equations:

1



2 RELAXATION METIHODS

—3z+ y+ 117 =0, W
z—2 + 51=0.

The solution to the problem contained in equations (1) is easily verified
to be z = 57, y = 54; in this illustration, as in many others that will
follow, the equations to be solved have been chosen to be as simple as
possible. They have been selected not for any intrinsic interest in them-
selves or their solutions but only as a means of describing the various
items of relaxational technique; it is hoped thereby initially to concen-
trate attention on the techniques involved by removing the attendant
obscurity of lengthy arithmetic. Many of the preliminary examples,
therefore, will be capable of solution by other well-known and more
orthodox methods; these examples are used here only to serve the pur-
pose of introducing, one at a time, the processes of the relaxation method.
These processes will then immediately be seen to be capable of extended
application to more difficult and complicated problems, for whose solu-
tion the older methods can, in practice, scarcely be contemplated. Thus,
for example, the pair of equations (1) would normally be solved by
climination of one unknown, say ¥, in order to find z, followed by substi-
tution back for z to obtain y.

If instead of two we had four equations in four unknowns, the method
of elimination would still usually be preferable to the relaxation method.
But when the number of equations becomes larger, say 10 or even 50,
then the labor and effort required to use relaxation are frequently quite
small compared with those needed in other methods.

2. Residuals

A set of algebraic equations to be solved should first be written with
all their terms on one side and with only zero on the other side, as in (1).
New quantities are then immediately introduced, called residuals* (always
denoted by the letter /'), onc of which stands identically for the nonzero
side of each equation of the set:

F,= —3z+ y-+ 117, @
F, x — 2y + 5l

Now, for any values which might be assigned to the original unknowns
z and y, corresponding values can be calculated for F, and F, directly
from the defining relations (2). In using the relaxation method, a com-
puter ceases to look upon the problem as the finding of those values of
z and y which “satisfy’’ the equations (1) but regards it instead as the
determination of a pair of values of z and y which happen to make the

o

* The origins of this and other nomenclature will be explained in Chapter 3.



LINEAR ALGEBRAIC EQUATIONS 3

residuals, as given by the relations (2), both zero. Any pair of values of
z and y yield some values for F, and F,; attention is concentrated from
the outset on these residual quantities with the aim of cventually making
them become zero. When this is done,  and y will automatieally, but
almost incidentally, have been adjusted to acquire their wanted values.
This predominance of the residuals in the mind of the computer, coupled
with the virtually incidental role of the actual unknowns, is of the utmost
importance in the development of the method.

3. Basic Unit Operations

"The process of solution is started by the selection of an initial pair of
values for x and y. Any choice or guess will serve as well as another,
but usually (and unless there is some definite reason otherwise) we begin
with all the unknowns taken to be zero. In this case, if z and y are put
equal to zero, it follows immediately from the relations (2) that the corre-
sponding initial values of the residuals are F, = 117, F, = 51. These
residuals have to be changed to become zero, and the basic method of
relaxation employs just one type of operation to effect this change in a
number of computational steps. Each step of the calculation involves a
single application of an operation of the basic kind and merely records in
tabular form the operation used, the extent to which it is used, and the
consequent effect on the residuals. One operation of this type corre-
sponds to each of the unknowns in the problem and is called a basic unit
operation; each such operation consists in the application of a unit posi-
tive increment to the value of the corresponding unknown, so that in
our illustrative example the two basic unit operations available are*
Ar = 1and Ay = 1.

By reference to the relations (2) it is easy to see what changes in the
residuals are produced by the use of each of these operations separately;
whatever values x and y may have, whenever the operation Az = 1 is
applied, its effect is to change F. by —3 and F, by L. Similarly the
operation Ay = 1 results in a change in I'; of 1 and in F, of —2. These
unit operations can be used to any extent; thus if the second of them is
applied n-fold, that is, Ay = n, then F. is changed by n and F, by —2n.

4. The Operations Table

N basic unit operations of this sort can clearly be written down when
the problem involves the solution of N equations in N unknowns. It is
convenient to exhibit them in an operations table. For the pair of equa-
tions (1) this table is recorded thus:

* The symbol A will always be used to denote an incremental addition.



4 RELAXATION METHODS

AF, | AF,
Ax =1 | -3 1 3
Ay =1 1 -2

It will be noticed in this example, and in others instanced later in this
chapter, that the numerical elements in the operations table are sym-
metrical about the leading diagonal. This is not a necessary feature of
equations soluble by the relaxation method, but it is nevertheless con-
venient. Its assumption in the examples used does not really imply any
lack of generality, because any set of equations which do not exhibit this
property can always be transformed into an equivalent set which do, by
the well-known algebraic process of normalization.* In such cases, how-
ever, it is usually better to avoid the labor involved in normalization,
and instead to employ directly an unsymmetrical operations table.

It is clear that, in general, each operation listed in such an operations
table will, when applied, effect some change to the values of all the
residuals; the choice of which of the available basic unit operations should
be used, at any stage in the process, is determined by the selection of one
particular residual whose value it is most desired to change at that stage.
If F. is that residual, then the appropriate operation to use is Az = 1;
if F, is that residual, then the appropriate operation is, correspondingly,
Ay = 1, etc. The extent to which the operation is used depends on the
extent to which it is desired to change the value of the corresponding
residual and also, of course, on the magnitude of the appropriate coef-
ficient in the operations table. Thus, according to the table (3), if it is
desired to change the value of F, by —30, then the operation should be
Az = 10 (= —30 + —3); and if it is desired to change the value of F,
by 56, then the operation should be Ay = —28.

B. The Basic Rule of Relaxation

The process of relaxation consists, then, in the application of the basic
unit operations, repeatedly and to a correct extent, in order gradually,
and eventually completely, to change the residuals from their initial
values (whatever they may be) to zero. The fulfillment of this process
is known as the relaxzation, or liquidation, of residuals, and it is achieved
in a number of steps, each of which is determined by the basic rule of
relazation. This rule lays down which operation should be used for each
step and to what extent it should be so used. The rule states simply that

* See Appendix I, page 237.
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the aim of each step is to change the value of the currently largest residual to
zero. It is clear, therefore, that we have no means to decide of what any
one step should consist until after the previous step has been completed ;
for until then it would not be possible to say which residual would become
the largest, let alone what its magnitude would be. The succession
in which, step by step, the basic operations are used is discovered only as
the calculation proceeds, and in general there is no reason why it should
display any systematic order or rotation.

6. The Relaxation Table

The computation is conveniently set out in tabular form in a relazation
table, each line of which corresponds to a single step of the process; its
columns consist of one for each residual, showing the successive values
taken by that residual, and one showing the nature of the successive
operations used. The first line in the table records the values assigned
initially to the unknown quantities together with the corresponding
values of the residuals, calculated directly from their defining expres-
sions. For the illustrative example of Sections 1 to 4 the relaxation table
at starting would be (Section 3)

F. | F,

z=y=0 117 51

The aim of the first step in the relaxation of the residuals is, by the
basic rule of relaxation (Section 5), to change the value (117) of the cur-
rently largest residual (F.) to zero, i.e., by —117. From the operations
table (Section 4) the required operation is seen to be

Ar = —117 + —3 = 39.

The application of this operation changes the value of F, to zero but at
the same time changes the value of F, by 39 X 1 to become 90. This
step is recorded as the second line in the relaxation table:

F. F,

z=y=0 117 51
Az = 39 0 90

The second and third steps, by similar reasoning, are found to require
the operations Ay = 45 and Az = 15, respectively, and after they have
been effected the relaxation table reads
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F. F,
r=y=0 117 51
Ar = 39 0 90
Ay = 45 45 0
Ar = 15 0 15

The next step would seem to demand the operation Ay = 714, but
since, in any case, further increments are going to be added to y in later
steps, there is little to be gained at this stage in recording the fractional
part of this increment as calculated. Instcad we take Ay = 7, thereby
simplifying the arithmetic by using only whole numbers, and effectively
adopt a loose interpretation of the word “zero”’ in the basic rule of relax-
ation, meaning by it ‘“as near to zero as whole-number increments will
allow.” Throughout this book similar extended interpretations will be
assumed whenever the term ‘“‘zero” is used in reference to the value of a
residual. After the operation Ay = 7 has been applied, the residuals ¥,
and F, take the values 7 and 1, respectively. The liquidation of the
residuals then continues in steps similar to those already described;
the values of the residuals gradually converge together to zero, and
the completed relaxation table is

ﬁ': Fﬂl
z=y=0 117 51
Azr = 39 0 90
Ay =45 45 0
Az = 15 0 15
Ay = 7 7 1 (4)
Ar = 2 1 3
Ay = 1 2 !
Ar = 1 -1 2
Ay = 1 0 0
xr =57,y = b4 0 0

The final line in this table both summarizes and checks the calculation.
In the first column is recorded the solution to the problem (cf. Section 1)
obtained by summing for each unknown the value initially assigned to it
and all increments subsequently added to it (and recorded in the first
column); e.g., y = 0 (initially) + 45 + 7 + 1 + 1 = 54 (finally). The
values of the residuals in the last line of the table are simply a check of
those in the previous line; they are derived by substitution, of the solution
found, back into the expressions (2) which define the residual quantities.

It was remarked in Section 5 that, in general, there need be no sys-
tematic order in which the basic operations arc used in a relaxation table.
It should be pointed out that in the table (4) of the above example a
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rotation (i.e., alternation) of the operations used in successive steps is
secen only because of the simplicity inherent in there being only two
unknowns. Since in successive lines of the table F, and F, alternately are
made zero, it follows reciprocally that they must in turn become the
“largest’ residual and therefore that the basic operations must also be
applied alternately. It is also a special property of this first example that
all (¢.e., both) residuals are able eventually to be made exactly zero; this
results from the fact that the given pair of equations happen to have a
whole-number solution. In the next example (Section 8) this circum-
stance will not hold.

7. Arithmetical Mistakes in Computation

One of the advantages of the method is that it is not critically dependent
on absolute arithmetical accuracy in the computation. Usually, in a
numerical method, if a solution is thought to have been reached but a
substitution back is found not to satisfy the original equations, then the
computer must check all his work until the error is found, and then repeat
over again all the calculations that had been performed after the occur-
rence of the error. The time taken in the discovery of the error, quite
apart from its correction, may well be many times as large as that taken
by the original computation (it is a well-established human failing to have
difficulty in finding one’s own arithmetical mistakes). In using the
relaxation method, a computer is in no way concerned to discover his
mistake but only to counteract its effect; this can usually be done in a
fraction of the time taken by the original computation. As an illustra-
tion, suppose that a mistake had been made in the first step of the relaxa-
tion table (4), with the result that it was then continued as follows:

r, F,
z=y=0 117 51
Azr = 39 0 80
Ay = 40 40 0
Ar =13 1 13
Ay = 6 7 L
Ar = 2 1 3
Ay = 1 2 1
Ar = 1 -1 2
Ay = 1 0 0
x =55,y =48 0 10

That an error has been made is shown by the fact that the last line in
the table does not check the previous line; F,, which had been thought to
be zero, is, instead, 10. It is immaterial how or when the mistake
occurred; the important fact is that the residuals have not yet all been
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made zero as we want them to be. The liquidation process is not com-
plete and must therefore, for a few steps more, be carried on from the
position shown in what, it had been hoped, was the final line of the
relaxation table. The continuation of the table is

r, Fy
z = 55,y = 48 0 10
Ay =5 5 0
Az =2 -1 2
Ay =1 0 0
z =57,y =54 0 0

When the liquidation is completed and the corrected solution obtained,
a check must again be imposed. No relaxation can ever be properly or
safely regarded as finished unless a final check has been made and does
verify that all the residuals are zero.

It is usually found in practice that arithmetical mistakes which do take
place in the relaxation process are such that the values of the residuals,
when the check is imposed, are found to be small compared with what
they were originally. In the above illustration the residuals were
initially 117 and 51; at the first check they were found to be 0 and 10.
The work done up to that point had liquidated about 94 per cent of the
original residuals, and it was not wasted labor. At the position shown in
that first check we were 94 per cent of the way toward the solution, and by
carrying on from that position we had then only to achieve the remaining
6 per cent. It is most improbable that casual arithmetical mistakes
should lead to values of residuals, when a check is taken, of more than
about 10 to 20 per cent of their initial values. The effects of these mis-
takes can then be eradicated by a comparatively small amount of addi-
tional relaxation. If a check were to yield values of residuals comparable
in magnitude with what they had been at the beginning, then it would
probably mean that the computer had been making some error in principle
in his use of the method. This may occasionally happen with a beginner,
and, of course, then the errors should be traced so that misunderstandings
of principles may be discovered and removed.

It might seem that undue emphasis is being given here to the occurrence
of arithmetical errors in relaxation. It is true that it has no bearing on
the theoretical and formal development of the subject, but the method is
intended essentially to be practical; its aim is not only to produce results
but to reach them in as short a time as possible. It is, indeed, no exagger-
ation to say that, if some mistakes in arithmetic are not made occasion-
ally, then the student is spending too much time on the work. For while,
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by taking care, he could no doubt arrive at a solution to a problem in, say,
fifteen minutes, making no mistakes and finding a single check sufficient,
it would nevertheless be considerably faster in the end to perform the first
relaxation as rapidly (as distinct from carefully) as possible. This might
well take only five minutes, and then, a check having revealed an error or
errors, to complete some additional relaxation in compensation for those
errors would probably take only one or two minutes moré, Time saved
by adopting this strongly recommended practical approach can easily
amount to more than 50 per cent.

8. A Worked Example

A second example will now be taken, to solve, correct to two decimal
places, the pair of equations

x4+ 3y+ 96 =0, s
3z — 10y + 141 = 0. (5)

In this case residuals are defined by

F,= -7z + 3y + 96,
F, 3z — 10y + 141,

and the operations table is

i

AF, | AF,

Az =1 -7 3

Ay =1 3 —-10

The complete relaxation table, details of which will be explained later, is

F, F,
z=y=0 96 141
Ay = 14 138 1
Az = 20 -2 61
Ay = 6 16 1
Az = 2 2 7
Ay = 1 5 -3 (6)
Az = 1 —2 0 (a)
2 =23,y =21 -2.0 0.0 (b)
Az = —0.3 0.1 -0.9
Ay = —0.1 —-0.2 0.1 (c)
z =227,y =209 -0.20 0.10 | d)
Az = —0.03 0.01 0.01 | (e)
z = 22.67, y = 20.90 0.01 0.01 | ()
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" The principal difference between the equations (5) of this example and
the equations (1) of the previous example is that in this case the solution
for the unknowns x and y consists of a pair of infinite decimals; conse-
quently it can only be given correct to a certain number of places, which
has been chosen to be, sufficiently, two. In these circumstances, which
generally hold, the relaxation method should be applied first to obtain the
solution correct to the nearest whole number; then, and only then, con-
tinued to find the solution correct to the first decimal place; then, in turn,
to find it correct to the second decimal place, ete. In the table (6) at line
(a), the residuals have been made as close to zero as possible using only
whole-number increments; line (b) summarizes and checks the calculation
up to this point, yielding, incidentally, the solution correct to the necarest
whole number: z = 23, y = 21. At line (b) the first decimal place is
introduced, and at line (¢) the residuals have been made zero, using only
first-decimal-place increments. Line (d) checks line (¢) and introduces
the second decimal place; it also shows the solution correct to the first
decimal place: x = 22.7, y = 20.9. By line (¢) the residuals have been
made as near to zero as possible, using second-decimal-place increments.
Finally line (f) checks line (e) and gives the required answer, x = 22.67,
y = 20.90.

It is clear that as many further decimal places as might be required
could be found in rapid succession. The number of steps required to
advance the solution by each extra decimal place can never be more than
a few because, for example, in advancing to the third decimal place from
line (f), the total increment to be added to either x or y could not, in
magnitude, exceed 0.005. It is desirable to impose checks (especially
when there are more than two unknowns to be found) immediately before
introducing each successive decimal place, as at lines (b), (d), and (f).

In the solution of equations where the initial residuals are very large
compared with the coefficients in the operations table, it may be helpful
in the first section of the relaxation table not to attempt to work to the
nearest whole number in the unknowns but only to find the solution cor-
rect to the nearest ten or even to the nearest hundred; and then one by
one to introduce successive significant figures, as many eventually as are
called for in the answer.

9. Practicality of the Relaxation Method -

The fundamental principle of the relaxation method has now been
described, and its application to the solution of simultaneous algebraic
equations illustrated in two simple examples. Theoretically there is
nothing which could now prevent its extension to more difficult systems
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of many simultaneous equations in many unknowns. If, however, there
were nothing more in the method than has yet been suggested, it would
remain of little more than academic interest, because in use it would yield
solutions only after an impractical expenditure of time and labor. Thus,
the relaxation table (4) is seen to require eight steps to achieve the solu-
tion of the pair of equations (1), than which a simpler pair could scarcely
be discussed. The number of steps which would be needed to solve, say,
40 equations in 40 unknowns would certainly be prohibitive. Conse-
quently, we must next consider several modifications of the basic method,
all of which have been devised with the aim of speeding up the method in
its convergence to the solution of a problem. These modifications or
devices are essential weapons in making relaxation a useful method for the
engineer and the physicist; with their use at disposal when necessary, the
solution of a large number of simultaneous equations becomes not only
possible but also practical. But while these various devices constitute
the art of the method and are indispensable for its success and growth,
nevertheless the roots of the method, its fundamentals and objectives,
are the ideas and techniques deseribed in Scctions 2 to 7. Before he pro-
ceeds to acquire any of the art, it is essential that the student thoroughly
appreciate the basic ideas. This he can do only by actually working
through a few examples for himself, making each step in his calcula-
tions according to the basic rule of relaxation. By so doing, he will come
to realize that the leading roles in a relaxational computation are played
by the residuals and not by the unknowns, an unorthodox attitude which
must become instinctive before much further progress can be made. He
will also realize the necessity for developing modifications of the basic
idea in order to render it practically useful.

PROBLEMS
1. Solve the equations
-10z + y + 728 = 0,
z — 10y + 244 = 0.
(This example is rapidly convergent; three steps in the relaxation table should
suffice.)

2. Solve the equations

-6z + y+ 2+ 242 =0,
z—3y— z+4+ 32=0,
20— y—3— 5=0.

(This example is reasonably quickly convergent; eight steps should suffice.
Notice particularly the absence of any systematic order of use of the three basic
operations.)
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3. Solve the equations
—5z + y = 107,
z — 3y = 64.

(This example is quickly convergent; four steps should be needed using whole-
number increments, then three steps using first-decimal-place increments.)

4. Solve, correct to two decimal places, the equations
—10z4+ y+ 224 3w — 42 =0,
z— 10y + 3z 4+ 2w + 101 = 0,
2z + 3y — 102+ w4 78 =0,
3x+ 2y+ 2z—10w— 19 =0.
(This example is more slowly convergent; to make certain of accuracy in the
second decimal place, it is advisable to carry the computation eventually to three
decimal places.)



CHAPTER 2
LINEAR ALGEBRAIC EQUATIONS (CONTINUED)

10. Introduction

In this chapter a number of modifications of the fundamental method of
relaxation will be described and illustrated by their use in solving sets of
lincar algebraic equations. These modifications are computational
devices which have all been developed with the aim of speeding up the
convergence of the calculations, and they differ from the basic rule of
relaxation (Section 5) in one most important property: Relaxation accord-
ing to the basic rule is automatic, and each successive step in the calcu-
lation is quite definite and leaves nothing to the computer’s judgment or
experience; on the other hand, all the devices which are now to be
described are flexible and are used entirely at the computer’s discretion.
No rules can be laid down to decide when any particular modification
should be employed nor, indecd, precisely how it should be employed;
these decisions depend on the personal inclination of the computer, and
except in the simplest examples it would be unlikely that the calculations
of two independent solvers would follow the same series of steps. Some
of the devices may have more appeal to one computer than to another,
and therefore would tend to be used more frequently by one than by
another. It follows of course that, while the basic rule of relaxation can
be quickly and easily learned and used by anyone, the various devices
can be properly appreciated only after some experience of their use has
been acquired, and it is therefore essential for the student to practice on
simpler problems before tackling more difficult ones. He will then soon
find that he is able to use the modifications naturally and instinctively.

In practice, of course, each of the devices may be helpful from time to
time in the solution of any given problem. In learning what these
devices are, however, it is best to take them singly, and they will therefore
be dealt with quite separately in this chapter.

11. Overrelaxation

The first modification of the basic rule can be sufficiently illustrated by
considering again the solution of the pair of equations used as a first exam-
ple in Chapter 1:

x

F
Fy

I

-3+ y+ 117 =0, 1)
z—2y+ 51 =0. :
13
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For convenience the operations table corresponding to this pair of equa-
tions* is given again here:

AF, AF,
Az =1 -3 1 (2)
Ay =1 1 -2

It is evident at once from this table that cach operation, when used to
reduce one residual, automatically increases the other residual; thus the
operation Ay = 1, used to decrease F, by 2, at the same time increases F,
by 1. This circumstance would, of course, be an advantage if the initial
residuals happened to be of opposite signs, so that, in order to bring them
both to zero, one had to be decreased while the other needed to be
increased (algebraically). But the property is a hindrance to convergence
when, as in this example, the initial residuals are both of the same sign,
here positive, F', being 117 and I, being 51. Even without consideration
of numerical details, it is clear that the use of the basic rule will in the first
step of the calculation reduce the value of F, to zero but increase the value
of Fy; and then in the second step I, will be brought to zero but F,
increased to become again positive,and soon. Muchwork would be saved
if we could anticipate the effect of the second step before making the first.
With the knowledge that in the second step F is automatically going to
be increased as F, is reduced, it would obviously be helpful if F, could be
negative, and not merely zero, at the beginning of that second step. To
achieve this, we have, of course, to modify the basic rule as originally used
in the first step; it is better there not just to reduce F, to zero but instead
deliberately to go further and make ¥, become negative. This device is
known as overrelaxation. It has still to be decided by how much it is
appropriate to overrelax, 7.e., to what extent I, should be made negative;
and in general it is impossible to say. It depends on the equations being
solved, and a good decision is largely a matter of experience. As a rough
rule it can be suggested that in the solution of a set of algebraic equations
the overrelaxing operation to be used should be of a magnitude about half
as much again as the operation which would be given by the basic rule of
relaxation. In this example, according to that basic rule, the first opera-
tion would be Az = 39; deliberately overrelaxing, we should instead
choose as a first operation Az = 60, a convenient increment about half
as large again as Az = 39. With this first operation and then carrying on

* The method of defining residuals F has been explained in Section 2. Henceforth
the convention will be adopted, as in (1), of writing an equation and defining the corre-
sponding residual in one line.
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according to the basic rule, we find the solution in the complete relaxation
table:

F, F,
r=y=0 117 51
Ar = 60 —63 111 | (a)
Ay = 55 -8 s @)
Ar = -3 1 -2
Ay = —1 0 0
T =57,y = b4 0 0

The real effect of the overrelaxation in the first step at line (a) in this
table is seen after the second step at line (b), where, F, having been
brought to zero, I, is only —8; for comparison, in table (4) of Chapter 1,
where only the basic rule was used, the value of F after two steps was 45,
and the largest residual had been brought down to single figures only after
four steps. In table (3) four steps complete the solution, as compared
with eight in the solution in Chapter 1, so that the percentage saving in
work is appreciable.

Situations in which overrelaxation is desirable frequently arise in all
applications of relaxation; it is useful whenever the available operations
are such (as they most often are) that, in reducing one residual, the other
residuals are automatically increased, and when at the same time the
individual residuals are predominantly of one sign.

12. Block Relaxation

A second, and even more important, device involves the creation of
some new operations in the operations table (2). Although most useful
in later applications of the method, this device can also be explained in
relation to the solution of the same pair of equations (1) used to illustrate
overrelaxation. This modification is known as block relaxzation, and it
consists in the use of other operations than the basic unit operations of
Chapter 1. "These new operations are called unit block operations, and
they entail the simultaneous application of increments to more than one
of the unknowns at the same time. For the example which we are using
as an illustration there is, of course, only one block operation possible
because there are only two unknowns, z and y. This unit block operation
is Az = Ay = 1; the changes to the residuals produced by applying it are
easily calculated, either directly from the expressions defining the residuals
or by adding together the changes produced by the basic unit operations
which make up the block operation. The result is shown as a new line
in the operations table:
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AF, AFy
Az =1 -3 1
Ay =1 1 -2
Ar = Ay =1 -2 ~1

In more complicated examples with more unknowns there are, of
course, more block operations available; thus with three unknowns, z, ,
and 2z, four such operations could be written down, three comprising
increments added to the unknowns taken two at a time, and one contain-
ing increments added to all three unknowns together.

While block operations may be used at any stage in the relaxation
process as may seem helpful to the computer, there is one particular use
which deserves special mention: it is to use the block operation involving
increments to all the unknowns, in the first step of the calculation, in
order to reduce the total of all the residuals to zero in that one step. It
has already been noticed, in the description of overrelaxation, that it is
usually helpful to have the residuals not predominantly of one sign; this
state is, of course, achieved if their total has been made approximately
zero, and a block operation, applied as a first step, usually enables this to
be done in a convenient manner.

In the example provided by the equations (1) the total residual is
initially 168 (=117 + 51), and the unit block operation effects a change
in that total of —3; thus as a first step a block operation Az = Ay = 56
(= —168 + —3) must automatically reduce the total residual to zero.
Then, with the individual residuals of opposite signs, the subsequent con-
vergence may be expected to be rapid. The complete relaxation table is
found to be

F, F,
z=y=0 117 51
Ar = Ay = 56 5 -5 | (a) (4)
Ay = -2 3 -1
Az =1 0 0
z =57,y =54 0 0

The effect of using the block operation is seen at the end of the first step
in line (a) of table (4), where the total residual is zero and the individual
residuals are also comparatively small. The number of steps required in
the complete solution is now only three, comparing with four when over-
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relaxation was used (Section 11) and with eight when only the basic rule
was used (Section 6) to reach the solution.

13. Group Relaxation

The next device to be illustrated can be used with advantage in a kind
of situation which can arise only in the solution of a rather more compli-
cated set of equations than the pair (1). A set for which the convergence
is slower is required, and a sufficient example is provided by the three
simultaneous equations

F.= —10z + 6y + 3z + 100 = 0,
F, = 6z — 10y + 5z + 100 = 0, 5)
F, = 3z + 5y — 10z 4+ 100 = 0.

The operations table corresponding to these equations may be written
down at once:

AF, AF, AF,
Az =11| —10 6 3
Ay =1 6 -10 5
Az =1 3 5 —-10

No block operations are included in this table because, although normally
both block relaxation and overrelaxation would certainly be used in the
solution of the equations (5), we are now concerned with another device;
and, as was mentioned in Section 10, it is better that these various modifi-
cations should be introduced quite separately and so not be confused with
one another.

Suppose that an attempt is made to solve the equations (5) by use only
of the basic rule of relaxation; the relaxation table would begin in the
following way:

F, F, F,
z=y=2=0 100 100 100
Ar = 10 0 160 130
Ay = 16 96 0 210 (6)
Az = 21 159 105 0
Ar = 16 ~1 201 48 | (a)
Ay =20 119 1 148
Az =15 164 76 -2
Az = 16 4 172 46 | (b)
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It soon becomes apparent that the process is very slowly convergent and
that it would not be practicable to carry on until the solution is reached
with only the use of the basic rule of relaxation. In cases like this, a halt
must sooner or later be called to the calculations and a search made for
some new device which will enable the liquidation of the residuals to pro-
ceed much more rapidly. Sometimes the answer may be found in that
part of the relaxation table which has already been recorded, and in the
above table a comparison of the values of the residuals at lines (a) and (b)
reveals that the three steps between those two lines have had the com-
bined effect of decreasing F, by 29 while leaving F, and F, approximately
unaltered. And, moreover, at line (b) the Jargest residual by far is F,,
the values of F, and F., though not zero, being small enough in comparison
to be ignored at this stage. Clearly, if F,, could be brought to zero without
much change being produced in ¥, and F,, then a large step forward
toward the solution would have been made; and, as we have seen, the
three steps already recorded between lines (a) and (b), taken together,
provide an operation which will effect precisely what is required. This
new operation which has been discovered may be recorded as a new line
in the operations table:

AF, AF, AR,

@)

Az = 16, Ay = 20, Az = 15 5 -29 -2

"T'his new operation is like a generalized block operation, differing from
the latter in that the increments added to the various unknowns by its
use are not all equal to one another; it is called a group operation, and the
use of this device is known as group relaxation.

Like any of the unit operations, a group operation may be used to any
extent, and to continue the relaxation process of table (6), the group
operation (7) should next be applied to such an extent as will cause F to
be reduced to zero while F, and F, are left comparatively unaltered. The
necessary extent is clearly six times (¢.e., approximately —172 + —29),
and the continuation of the relaxation table reads

F, Fy, F,

8)
4 | 172 | 46 | ()
Az = 96, Ay = 120, Az = 90 | 34 —2 | 34 |(

The values of the residuals arc now as recorded at line (c); while the solu-
tion has not, of course, yet been reached, the considerable improvement
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that has been effected in one step by a use of group relaxation is
obvious.

14. Multiplying Factors

One last device remains to be explained, and it can be well illustrated
in the completion of the solution started in Section 13. It has already
been discovered that the example there is slowly convergent, which
means that some difficulty is experienced in the attempt to make all the
residuals become zero. However, even in the most difficult example it is
usually fairly easy at any stage in the calculation to make the residual
values approximately have some prescribed ratios to one another, pro-
vided that their absolute values are allowed to adjust themselves. Thus,
for example, if the solution in Section 13 is carried on from line (c) of
table (8), there is no difficulty in making the residuals all become equal to
one another; in fact two more steps suffice:

F. Fy F,

34 -2 34 | ()
bz =2 40 8 14 | ) ()
Az =2 20 20 | 20 |(e)
=140,y = 156,z = 128 | 20 20 | 20 |

The two steps shown in lines (d) and (e) are aimed at reducing the values
of I, and F., respectively, not to zero but by sufficient amounts to become
approximately equal to onc another and to the increasing value of F,.
It happens in this example that it is possible to make the residuals exactly
equal to one another; in general this will not be possible, any more than in
general it is possible to make all the residuals exactly zero. We should
say (cf. Section 6) that the values of the residuals had been made “equal”
to one another when they had been made as nearly equal as whole-number
increments allow.

In general, the ratios into which the values of the residuals should be
put are the same as the ratios in which they were initially. In the exam-
ple under consideration, the residuals were all initially 100, so in this case
those ratios are ones of equality. It would have been no more difficult to
have made the residuals in table (9) take values in the ratios 1:2:3 had
their initial values been in these ratios, and no special significance should
be attached to the fact that in this example the ratios happen to be ones of
equality.

Once the values of the residuals have been brought into the appropriate
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ratios, the complete solution can then be achieved in one further step.
Before making this last step, it is desirable that the work so far should be
checked; in table (9) this check is shown in line (f), where in the left-hand
column all the increments applied to the unknowns have been added up
and the totals recorded, and where the values, each 20, of the residuals
have been checked by substitution of those totals into the residual
formulas (5). In general at this stage, the residual values, being in the
same ratio as they were initially, must each be the same fraction, say
1/n, of their original values. Consequently each residual must have been
reduced by a fraction (n — 1)/n of its original value, and the unknowns
must have acquired that same fraction, (n — 1)/n, of their final wanted
values. The solution can therefore be immediately completed by multi-
plying the totals of the unknowns at the end of the last step in the
relaxation table by the multiplying factor n/(n — 1).

In our illustrative example the residuals at line (f) are each one-fifth of
what they had been initially, so that the multiplying factor is 4. Multi-
plication of the totals for z, y, and z shown in line (f) by this factor yields
the final solution to the equations (5): x = 175, y = 195, z = 160.

16. A Worked Example

A typical example will now be taken and worked through to illustrate
the methods of this chapter: to solve, correct to one decimal place, the
set of equations:

F,= -7+ y+4 52+ 171 = 0,
F,= z—6y+42+ 49 =0, (10)
F,= bx+4y — 8+ 90 =0.

The operations table, including one unit block operation, is

AF, AF, AF,
Az =1 -7 1 5
Ay =1 1 -6 4
Az =1 5 4 -8
Az = Ay = Az =1 -1 -1 1

The complete relaxation table, details of which will be explained after-
ward, is
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F, F, F,

r=y=2=0 171 49 90
Az = Ay = Az = 310 —~139 —261 400 (a)
Az = 50 111 —61 0 (b)
Az = 16 -1 —45 80 (c)
Azv= 15 74 15 —40 (d)
Az = 8 18 23 0 (e)
Ay = 3 21 5 12 )
x =334,y =313,z = 375 21 5 12 ®)
z = 380.8,y = 356.8, 2 = 427.5 -0.3 -1.0 1.2 |
Az = 0.2 0.7 -0.2 -0.4 G)
Az = 0.1 0.0 —-0.1 0.1 k)
z = 3809,y = 356.8 2 = 427.7 0.00 ~0.10 0.10 | )
Az = 0.02 0.10 —-0.02 —0.06 | (m)
Az = 0.01 0.03 ~0.01 —0.01 | (@)

In line (a), as a first step, a block operation involving increments to all
the unknowns is applied, in order to reduce the total residual to zero; then
for two steps, lines (b) and (c¢), relaxation proceeds according to the basic
rule. In line (d) overrelaxation is used, because at line (c) the tendency
for F, to keep increasing positively is evident. At line (d) it is clear that
the convergence is not rapid and that the residuals are again becoming
predominantly positive; it is therefore decided to make use of a multiply-
ing factor, and in lines (e) and (f) the residuals arc made to become
approximately in the same ratios as they were initially. Line (g) gives
the total values of the unknowns at this stage of the calculation and
checks the values of the residuals. A multiplying factor of 1.14 is then
used, with results shown in line (h), where the opportunity is taken to
introduce the first decimal place and where, of course, the residuals have
had to be recalculated from the formulas (10). Two lines of the relaxa-
tion process follow which affect only the first decimal place; use is made of
a little overrelaxation in line (j). Line (k) completes the solution, and
the calculation is summarized and checked in line (). In order to make
quite certain that first-decimal-place accuracy has been attained, the
relaxation process is carried further, in lines (m) and (n), with increments
in the second decimal place. These are soon seen not to accumulate
sufficiently to affect the first decimal place, and so the solution given in
line (1) is confirmed.

16. Divergent Equations

It has been assumed thus far that the fundamental method of relaxation
is always convergent when applied to solve a set of linear algebraic equa-
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tions, and the modifications of that fundamental method have been
regarded only as devices necessary to speed up this convergence and so
make practical a computational method which in theory would always
ultimately converge. Although they are not very likely to occur in prac-
tice, it is, however, possible to devise sets of equations for which the
fundamental method would not converge but would instead diverge.
Even in such cases the solution can still be found by the relaxation method,
provided that use is made of the multiplying-factor device. In examples
of this kind the multiplying factor will be found to have a negative value,
but the principle underlying its use is exactly the same as in the more
usual circumstances when it is positive. A somewhat extreme example
illustrating this phenomenon is provided by the solution of the set of
equations

F,=—10x+ 9y + 72+ 57 =0,
F, = 9r — 10y + 8z + 143 = 0,
F, = 7r + 8y — 10z + 365 = 0.

The operations table corresponding to these equations is

AF, AF, AF,
Ar =1 —10 | 9 7
Ay =1 9 —-10 8
Az =1 7 8 -10

The relaxation table, details of which are explained subsequently, is

F. K, F.
r=y=2=0 57 143 365
Az = 37 316 439 -5
Ay = 44 712 -1 347
Az = 71 2 638 844 (a)
Ay = 30 272 338 1,084
Arx = 7 202 401 1,133
Ay = —4 166 441 1,101
Ar = —1 176 432 1,094 (b)
=77,y =170,z =37 176 432 1,094 (e)
z = ~383,y = —348 2z = —184 —-2.0 -0.9 2.5 | ()
Az = 0.2 —-0.6 0.7 0.5
Ar = —0.1 0.4 —0.2 —0.2 | (e)
z = —384,y = —348,z= —182 0.4 -0.2 -0.2 | (@)
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In this table the first few steps are calculated according to the basic rule,
but by line (a) it has become quite apparent that as a whole the residuals
are gradually increasing and that the process is diverging. At this stage,
then, the attempt to bring the residuals all to zero is temporarily dis-
carded, and, instead, the relaxation continues with the aim only of making
the residuals take values which are approximately in the same ratios as
initTally; this is achieved at line (b). Line (¢) summarizes and checks the
work at this stage, and in line (d) a multiplying factor of —0.497 is used,
and at the same time the first decimal place is introduced. The residuals
are immediately seen to become very small, and two further steps com-
plete the solution, correct to the first decimal place. It might, of course,
have happened that the process after line (d) again began to diverge, in
which case a second multiplying factor would have been necessary; but
the values at line (d) are so near to the ultimate solution that little diffi-
culty is experienced in reaching line (e) by simpler means. The solution
is shown in line (f), where also the final residuals are checked.

PROBLEMS

1. Solve, correct to the nearest whole number, the equations

—10z + 3y + 32+ 4w + 100 = 0,
z — 10y + 5z + 3w + 100 = 0,
3z + 4y — 10z + w + 100 = 0,
4z + 3y + 2z — 10w + 100 = 0.

(Notice that the coefficients in these equations are not symmetrical about the
leading diagonal; care must be taken to make surc that the operations table is
written down correctly. This example is not rapidly convergent, and block
relaxation will be found very useful.)

2. Solve, correet to two decimal places, the equations

-20c0 4+ y+ 24+ 6w+ 2u+4+ v4+17 =0,
x—20y+ 224+ w+ 4u+ 3v+25=0,
r+ 2y —202+ 2w+ u+ 204 8=0,

6+ y+ 2¢2—20w+ 3u+ v+60=0,
2+ 4y+ z+ 3w —20u+ Hv+13 =0,
z+ 3y+ 224+ w4+ S5u—2004+ 1 =0.
(This example is not difficult and should demonstrate how suitable the relaxation
method is for solving sets of large numbers of equations.)
3. Solve, correct to the nearest whole number, the equations
—10z + 6y + 52z 4 100 = 0,
6z — 10y + 7z 4+ 100 = 0,
5x + 7y — 10z — 200 = 0.
(This example is more difficult; the equations are divergent in the sense of Sec-

tion 16, and it may be necessary to use a multiplying factor as well as block
relaxation in order to find the solution.)

It



CHAPTER 3
FRAMEWORK PROBLEMS

17. Introduction

In the previous two chapters we have described how a set of linear
algebraic equations may be solved by the relaxation method; it is desirable
now that we should go back, from a historical point of view, to learn how
the method originated. In doing so, we shall discover a mechanical
analogy to the arithmetical processes already described; the reasons for
the nomenclature used will be explained; and, perhaps most important of
all, a first practical application of the method will be introduced. This
application is to the solution of framework problems; both pin- and stiff-
jointed frames can be dealt with in both two and three dimensions. The
only real difference between these various types of framesis in the number
of degrees of freedom possessed by the joints of the frame: thus a three-
dimensional stiff-jointed frame has six degrees of freedom at each joint,
whereas a two-dimensional pin-jointed frame has only two. Each degree
of freedom of each joint of a frame corresponds to one equation of a
simultaneous set, and a three-dimensional stiff-jointed frame is more
complicated to solve than a two-dimensional pin-jointed frame only
because of the correspondingly greater number of unknowns to be found.
However, the method of solution of a two-dimensional frame by relaxa-
tion can quite directly be extended to deal with a three-dimensional
frame, just as the method of solution of a set of two or three simultaneous
equations (Chapters 1 and 2) was clearly able to be applied to a sct of 10
or 20 or more equations. The application of the method to solve frame-
work problems in this chapter will therefore mostly be described in two-
dimensional terms; nothing is lost thereby, and there is, for a beginner, a
considerable gain in simplicity.

18. Two-dimensional Pin-jointed Frames

In all framework problems the solution will be regarded as complete
when the displacements of the joints have been found in the equilibrium
configuration produced by a specified loading system. These displace-
ments are all measured from zero values corresponding to the positions of
the joints when the framework is unstressed. Once the displacements

24
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have been determined, it is, of course, a standard calculation in the theory
of elasticity to evaluate the elongations, strains, and stresses, in the indi-
vidual members or rods which make up the framework; in a solution by
the relaxation method the problem is always worked in terms of these
displacements as the unknowns which are to be found. In a pin-jointed
frame in two dimensions, each joint requires two components of displace-
ment to define its position in any deformation; these are denoted in two
orthogonal directions (usually horizontally and vertically) by w and v,
respectively, with suffixes to indicate displacements of particular joints.

In order to point out the physical analogy to the numerical processes of
relaxation, it is necessary first to consider the set of equations which the
displacements (z.e., the u’s and »’s) of the joints must satisfy in a deforma-
tion of the framework. In Figure 1, A represents a typical joint of a
two-dimensional frame and AB a
typical one of those members of the
frame which are pinned together at
A; B, of course, is another of the
joints. The length of the rod AB is
denoted by L., its Young’s modulus
by E 4, its cross-sectional area by Suu,
and its inclination to the horizontal
by 64s. The displacements of the
joint A are u, and v4, horizontally and
vertically, respectively, and those of
the joint B are up and vs. Part of the loading system acting on the
framework may be applied* at A, and the components of external force
there are denoted by U, and V.

The total components of force acting on the joint A can now be found
in terms of the displacements. The elongation of the rod AB is

1

Fraure 1

(up — w4) CO8 O4p + (Vs — v4) SIN O4p;
therefore the tension in it is

EABSAH

2 [(up — ua) €08 8ap + (v8 — v4) SIN 45),
LAB

so that the two components of force (denoted by F,. and F,4,) acting at A
are

* For the prescnt it is assumed that all loads are applied at joints of the framework.
In cases where loading, either concentrated or distributed, acts at points along a rod,
some preliminary work must be performed which, in effect, transfers the loading to the
joints at the ends of the rod. This work does not involve any relaxation, and the
example in Section 24 will sufficiently illustrate what must be done.
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Faum Ut ) 28588 0y — ) cos 0
B
+ (vs — v4) sin O48] cOS G4, )
FAv = VA + 2 Ef—B—‘S-A—B [( Up — uA) cos 04

+ (vg — v4) sin O4p) sin 45,

where the 2 signs indicate summation for all the rods of the framework
which are jointed together at A; a similar pair of expressions could be
written down for cach joint. In the equilibrium configuration all these
forces must vanish, and, by putting each I’ equal to zero, we could obtain
the set of simultaneous equations which must be satisfied by the wanted
values of the displacements; clearly one such equation would correspond
with each displacement. But it is not necessary actually to formulate
these equations, because the expressions (1) correspond exactly with the
definitions of residuals given in Section 2, and, as has already been seen,
when the relaxation method is employed to solve a set of algebraic equa-
tions, no direct use is made of the actual equations except to define the
residuals.

If the displacements had values assigned to them other than those that
obtain in the equilibrium position of the framework, then some or all of
the forces given by expressions of the type (1) would not vanish; they
would instead be nonzero unbalanced forces acting on the joints; and in
order that any set of assigned displacements be maintained, some external
agencies, or constraints, would have to be provided to support those
unbalanced forces.

19. Mechanical Interpretation of the Relaxation Process

To give a mechanical interpretation to the numerical processes of
relaxation, we must imagine that the constraints mentioned in Section 18
are in fact provided at the joints of the frame. For a two-dimensional
pin-jointed framework two constraints must be visualized at each joint:
one which prevents any displacement in the u direction but presents no
restriction to motion in the » direction, and another which prevents any
displacement in the v direction but imposes no restriction to motion in the
u direction. We must also suppose that these constraints can be removed
or replaced at will.

We begin by placing the constraints in position before the framework is
loaded, when all the displacements are therefore zero. Then the loads
are applied, and the constraints prevent any deformation of the frame at
all; the loads are immediately borne entirely by the constraints as
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unbalanced or residual forces. This position in the mechanical analogy
corresponds exactly with the first line in a relaxation table, where the
unknowns (z.e., displacements) are initially taken to be zero and where
the corresponding initial residuals (.e., residual forces) are just the con-
stant terms (7.e., loads) in the equations being solved.

The first step in a relaxation table, according to the basic rule of relaxa-
tion, comprises the application of an increment, of appropriate magnitude,
to the unknown which corresponds with the largest residual, in order to
reduce that residual to zero. In the mechanical analogy the correspond-
ing step is the removal of that constraint which bears the largest residual
force, thereby allowing one joint to move* in one direction, under the
action of the unbalanced force, until it comes of its own accord into
equilibrium. In this motion the displacement associated with the
removed constraint acquires such a value that the corresponding unbal-
anced force is reduced to zero; it becomes, of course, balanced by tensions
in the members of the frame. In the process some of the other residual
forces, which remain borne by the other (unremoved) constraints, may
change their values, just as, in a relaxation table, an operation which
reduces one residual to zero may alter the values of the other residuals.
When equilibrium has been reached, the removed constraint is replaced to
hold the joint fixed in its new position.

Now, in a relaxation table, after one residual has been reduced to zero
in the first step, some other residual becomes the largest, and the process
is repeated in order next to reduce it to zero, and so on. Similarly, in the
framework analogy, after one constraint has been removed and one of the
joints allowed to acquire some displacement, some other constraint must
then bear the largest residual force, and that constraint in turn is tem-
porarily removed. Each constraint is replaced in a new position after it
has been removed and equilibrium reached. Later on, a constraint
which has been removed once may again be required to bear some residual
force, and eventually may have to be removed again, but gradually the
residual forces borne by the constraints must decrease toward zero; the
process must converge. This is evident because in cach step some unbal-
anced force is allowed to do work, and thercfore the potential energy of
the system is continually decreasing toward a minimum value.

As in the solution of a set of equations, so in a framework problem, the
residuals may never be able to be brought exactly to zero; in practice it
would, indeed, be virtually meaningless to try to achieve this, because no
load can really be specified precisely. A load might be given as, say, 20
tons, but there must in reality be some tolerance in its value; it could, for

* The motion is supposed to be slow, so that no dynamical considerations need
apply.
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instance, probably be more truthfully given to be 20 + 0.1 tons. In
describing a load in this way we recognize the existence of a margin of
uncertainty associated with it; this is of no particular significance when an
orthodox method of solution is employed, but it does have a useful mean-
ing when the relaxation method isused. For one solution is as likely to be
correct as another once the residual forces have been made sufficiently
small to lie within the margin of uncertainty of the applied loads, and
when that has been done, it is pointless to continue the relaxation any
further.

The mechanical interpretation of the fundamental method of relaxation
is now established, and the name itself—relaxation methods—is explained
as a shortened form of the original title—the method of systematic
relaxation of constraints.* The various devices explained in Chapter 2
can similarly be described, if it is desired, in terms of displacements,
residual forces, etc. Thus block relaxation corresponds, not just to the
movement of one joint of the frame until it is in equilibrium, but instead
to the movement as a rigid body of some part of the framework, perhaps
containing several joints, until that part is in equilibrium.

20. The Operations Table for a Framework

For the case of a two-dimensional pin-jointed frame the operations
table can be written down immediately from the expressions (1) which
define the residuals. Its form can, in general, be sufficiently illustrated
by the following typical extract:

AFAu AFAu
E.58 .
Aua =1 — z '-—A—B‘w cos? 948 — zEé-ES—‘“-’ co8 O4p sSIn Oap
Lap Lus
B B
E . E .
Avg =1 -_ z J—AQ—SA? co8 048 Sin 048 —_ S‘ ——Elgﬂ 8in? @48 (2)
Las Ly Las
B B
E 458 E 488 .
Aug =1 ZABDAB 0682 645 ZABAB 008 Gap sin O4p
LAB LAB
E . E .
Avg =1 —Aﬂgﬁ coS O4p Sin O48 —@—A—B sin? G4
Las Lus

The first two lines in this table show the changes effected in the residuals
at a typical joint A of the frame by the application of unit displacements
at that joint; the third and fourth lines similarly show the changes pro-

* This title was used in two papers by R. V. Southwell, published in 1935 (Proc.
Roy. Soc. A, 161, 56-95, and Proc. Roy. Soc. A, 168, 41-76).
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duced in the residuals at one joint A when unit displacements are applied
at some other typical joint B. It is, of course, assumed that the joints A
and B are directly connected together by a member of the frame; other-
wise, of course, the expressions in the third and fourth lines of table (2)
become meaningless and should be replaced by zeros. In many problems
all the rods of the framework have the same Young’s modulus E and cross-
sectional area S; in such a case a preliminary transformation of the
unknowns is helpful. For if we write v’ = ESu and v' = ESv, then
the factors E and S can be omitted from the expressions (1) and the table
(2), provided that each u is replaced by «’ and each v by v'.

21. A Worked Example

A short worked example will sufficiently indicate the procedure. Fig-
ure 2 represents a plane framework of four rods, AB, AC, AD, and AF, of

Fiaure 2

lengths respectively 2, 1, 2, and 3 ft. A is a movable pin joint, but B, C,
D, and F are fixed pins; each rod has Young’s modulus E and cross-sec-
tional area S. A load of 100 lb acts as shown at A.
Substituting particular values in (1), we find expressions for the residual
forces to be
Fai. = —1.1667ESu, + 0.2337ESv,,
F., = 0.2337ESu, — 1.1667ESv, — 100,

or, after » and v have been replaced by u’ and ¢/,

FAu - 1.1667’“,1/ + 0.23371)4’, (3)
F,., = 0.2337u,’ — 1.1667v," — 100.

im

It is not necessary to find residual forces at any of the joints B, C, D, or F,
because, although these forces do exist, they do not have to be brought to
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zero; whatever they may be, they are borne by the (rigid) supports to
which the fixed pins at B, C, D, and F are attached. The operations
table is at once seen to be

AF,{« AFA';
Auq’ =1 —1.1667 0.2337
Avy' =1 0.2337 —1.1667

and the relaxation table, giving w4’ and v’ to one decimal place, is

FAu F‘Av
us =v4 =0 0 —100
Avy’ = —100 —23 17
Aug’ = —20 0 12
Avy’ = 11 3 -1 4)
Auyg’ = 3 ~1 0 (a)
ug’ = —17,v4 = —89 —-0.9 —0.1 | (b)
Auy’ = 0.9 0.1 -0.3
Avy' = —0.3 0.0 0.0 | (e)
us = —17.9, v = —89.3 0.0 0.0 d)

In the first section of this table, as far as line (a), the relaxation process is
carried out with a use of only whole-number increments, and a little over-
relaxation is employed. In this example, for the first time, the coefficients
in the operations table contain decimal parts, but no attempt is made to
keep the residual values accurate to more than the nearest whole number
until line (a) is reached. As a consequence, small errors in the values of
the residuals are acknowledged as being possible at line (a); these need
not be a matter for concern because they are taken into account at line
(b), where a check on the work up to line (a) is imposed, and where also
the first decimal place is introduced. ~ Of course, in the recalculation of the
residuals at line (b), the expressions (3) must be used exactly. In the
second section of table (4), between lines (b) and (¢), increments are
applied in the first decimal place; line (d) gives the solution and also
checks the final values of the residuals.

In the equilibrium position the elongation of the rod ABis — (u4 cos 30°
+ v4 sin 30°), and therefore the tension in AB is

_E;S<uA.l/2_§+vA.l)= —l(u{-§+m'-l)=30.llb.

2 2 2 2
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The tensions in the other rods, AC, AD, and AF, can similarly be evalu-
ated to be 50.5, —43.1, and —16.8 lb, respectively.
22. Three-dimensional Pin-jointed Frameworks

For a three-dimensional pin-jointed framework an exactly similar
method of solution is used as for a plane framework, the only difference
being that now there are three components of displacement to find for
each joint. We denote these by %, v, and w and likewise denote com-
ponents of applied load by U, V, and W. The expressions for the
components of residual force at a typical joint A become

E 8 )
Fao=Us+ z *‘4[‘11’-115 [(un — ua)las® + (l’ﬂ — Va)lagMan
JAB
B
+ (11?11 - wA)nABlAB]y
EuS
Fao=Vai+ z "2‘:% l(uu - uA)lABmAB + (Uu - UA)mAnz
B
B

+ (wy — wA)m»AB”I«AB],

E15S4n |
Fup = WA + z - T - [(uB - uA)nABlAB + (”B — V4)MapNap
JAB
B

+ (wy — wa)nas?],

where 5, Mas, and n,s are the direction cosines of AB referred to the
orthogonal dircctions of u, v, and w.

23. Stiff-jointed Frameworks

For a two-dimensional stiff-jointed frame each joint has three degrees
of freedom, and three displacements are required to define its position in
any deformation; these are two linear displacements w and v, horizontally
and vertically, respectively, as in the case of a pin joint, and one angular
displacement ¢, measured positively in an anticlockwise sense. The
same notation is used as in Section 18, with the additional definitions that
®, denotes the torque which may be applied at the joint A as part of the
loading system; that I,z is the second moment of the cross-sectional area
of a typical member AB of the frame; and that F.4 is the residual, or
unbalanced, torque acting at the joint A at any stage in the calculation.

In this case a slightly different approach will be adopted from that used
in Sections 18 and 20; there, for a pin-jointed framework, in order to
emphasize the parallel between the numerical processes of relaxation and
the mechanical analogy of a framework problem, the expressions (1) for
the residual forces were found first, and the operations table (2) was
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derived afterward directly from these expressions. Now, for a stiff-
jointed framework, the operations table will be found first, and the
expressions for the residual forces* left to be written down afterward. It
will be sufficient, in general terms, to indicate the form of the operations
table if we find the changes produced in the residual forces at a typical
joint A by the application of unit displacements at that joint and also at
some other joint B.

To be able to do this, we shall need to quote some standard results from
the ordinary theory of the deflec-
tion of beams. These results are
shown in Figure 3. In each of the
diagrams (i) to (iii) of that figure,
AB represents the member in some
deformed position and A.B indi-
cates the position of the member in
its original undeformed position.
In all three cases the end B has
undergone no displacement, either
linear or angular; in case (i) the
end A has been given a unit linear
displacement only, in a direction
parallel to A¢B; in case (ii) A has
been given a unit linear displace-
ment only, in a direction perpen-
dicular to AoB; and in case (iii) the
end A has been given a unit angular
displacement only. In all three
cases the forces shown at the two
ends of the deformed member are
the reactions acting on the joints A
and B when the member is so de-
formed. In this diagram the suf-
fixes AB have been omitted from

',f:—zl ) the quantities L, I, 6, ete.; it should
Fioure 3 not cause any confusion to leave
them out always from here on.

Now, the basic unit operations, Au, = 1, Av, = 1, and A¢, = 1, repre-
sent displacements of the joint 4, each of which can be made up of com-
ponent displacements of the types (i), (ii), and (iii) of Figure 3. In fact,
with an obvious convention, we may write

* The term force will, for the rest of this chapter, be used to include both forces and
torques.
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Auy, =1 = (i) - cos § — (ii) - sin 6,
Avy =1 = (i) -sin 0 + (ii) * cos 6, )
Mgy = 1 = (iii).

So, with reference to Figure 3, it becomes possible immediately to con-
struct the operations table; thus, for instance, if the operation Av, = 11is
applied, then the change produced in the residual F,.,, because of the
tension and shear force created in the rod AB, is

ES . 12EI

——L——sm’o—— I3 cos? 6;

therefore the total change produced in F, is

— 2 (IiS n? 9 + 12EI cos? 0)

where the 2 sign indicates summation for all rods, such as A B, which are
jointed together at A. In general, the complete operations table is suffi-
ciently illustrated by the following extract:

AF 4. AF 40 AF4¢
Aug =1 | — z (EL§ cos? 0 4 12;:'! sin? 0) - Z El:g - 1-2[%1) cos 0 sin 0 \' Gf;l sin 0
Avg = 1 —-E( —E?I cos @ sin 0 —E(-—si’0+ﬁ—cos’0) %‘Iﬂumo
Agpa =1 (%{sin ] - 6—5—'; cos 0 - é—i';l
Aupg = 1 -I—"'l-:g cos? 0 + lifl sin? 0 E;S 11‘?1 cos 0 sin 0 - 6—L—E’I sin 0
Avg = 1 %—g - lifl) cos 0 sin @ %f—gs nz ¢ -+ lz!” cos? -ql—ll'f;—l cos 0
A¢p = 1 %siu [} - —%I cos 0 - gf—{

TasLE (6)

The last three lines in this table have been found by a direct use of Figure
3 and the relations (5) to determine the changes in the residual forces at
B occasioned by unit displacements applied at A ; then the changes in the
residuals at 4 due to unit displacements applied at B were found by a
simple interchange of the suffixes A and B. Care has to be taken in doing
this, especially when some of the suffixes are eventually not recorded, for
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whereas Ejp, is the same as E.p and a similar equivalence holds for the
quantities L, S, and I, on the other hand 054 = 045 + x. It is desirable
to adopt some uniform convention in recording the quantities which
appear in the operations table, and here the convention is used that in
each column of the table the first of the two suffixes, to be implied with
every 0, describes the joint at which acts the residual force referred to in
that column.

In any particular example the numerical quantities in the operations
table can easily be evaluated by a direct substitution into the general
expressions shown in table (6). When this has been done, numerical
formulas for the residuals can be written down immediately and without
difficulty (it would not be particularly helpful to give the formulas here in
general terms). A worked numerical example will now explain the whole
method of solution better than any attempt to continue further algebrai-
cally could do.

24. A Worked Example

Figure 4 represents a plane stiff-jointed framework with two movable
joints A and B. The frame is built in to a rigid base at ¢ and D and

~>| 15"

Fr B
-< 300" >
6 tons
180"
D v
T2 v b —L-
@
u
FiGugre 4

carries a concentrated load of 6 tons overhung at F. The dimensions
shown are to the centers of the members, which are all rolled steel joists,
12in. X 5in. X 30 Ib, for which EI has the value 2.69 X 10° ton-in.” and
ES the value 11.48 X 10* tons.

The complete solution is found in two parts, each with results which in
the end may be superposed. The first part consists in the determination
of the deformation produced in the various members by the preliminary
transference (cf. footnote, page 25) of the applied loading system to act
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at the joints of the frame. In this part of the solution the joints are
allowed to undergo no displacement, and each member is treated sepa-
rately as a beam clamped at both ends or, in the case of an overhang, as a
simple cantilever. "Thus the concentrated load of 6 tons acting at F may
be transferred to the joint A, where it provides a contribution of —6 tons
to the value of V4 together with a contribution of 90 ton-in. to the value of
®,; the deformation accompanying this transference of load is the ordinary
deflection,* in AF, of a cantilever due to a concentrated load at the free
end. Similarly the distributed load along AF, provided by its own
weight, may be transferred to the joint A, where it yields a contribution
to V4 of —37.51b and to &, of 281.25 Ib-in., accompanied by the ordinary
deflection (in AF) of a cantilever due to a uniformly distributed load. In

©,=81.76 ®,=837
/ Tu=—e.23 v,,=—o.271 \

U,=0 [a

Ficure 5

the same way the distributed load along A B, due to its own weight, may
be transferred to the joints A and B, where it yiclds contributions to V4
and to V, of —375 1b each, and to ®, and to ®, of —18,750 Ib-in. and
18,750 Ib-in., respectively, accompanied by the ordinary deflection (in AB)
of a beam clamped at both ends and sustaining a uniformly distributed
load. Last, the weight of the members AD and BC may be transferred to
act at their ends, whereby additions are caused to both ¥4 and Vjy of
—225 1b.

When all the applied loads have thus been transferred to act at the
joints of the framework, we are left with a second part of the problem to
solve by relaxation. The initial unbalanced loads, or residual forces
(in units of ton-inches), acting at the joints are shown in Figure 5, and
these residuals must gradually be liquidated by the application of dis-
placements at the joints; all that is necded now to be able to achieve this
relaxation is the operations table. This table can be constructed at once

* The form of this deflection, together with the associated bending moment and
shear force, is given in Appendix II, page 238, where a table is collected of those stand-
ard cases of deformation of beams which it may be necessary to use in the preliminary
transference of loads in a framework problem.
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by a substitution of particular values in the general form (6) for such a
table; in this example it may easily be verified that the operations table is

AF 44 AF4, |107% X AFa4| AFp. AFp, |107% X AFpg

Auyg =1 —388.20 0 —4.98 382.67 0 0

Ava =1 0 —638.98 -1.79 0 1.20 -1.79
Apa = 1072 —4.98 —-1.79 —9.57 0 1.79 —-1.79
Aup =1 382.67 0 0 —388.20 0 —4.98
Avg =1 0 1.20 1.79 0 —638.98 1.79
App = 1072 0 1.79 -1.79 —4.98 1.79 —-9.57

TasLe (7)

In this table certain multiplying factors have been introduced for
arithmetical convenience: the angular-displacement operations (A¢, and
A¢jp) are given in units of 10~2 radian, and the residual torques (F44 and
Fgy) are given as multiples of 10~2 ton-in.

26. The Moment-distribution Method

No new points arise in the actual relaxation of the residuals given in
Figure 5 by use of the operations table (7); consequently the relaxation
table and solution will not be given here but will be left as an example for
the reader to complete. Instead, we shall consider a simplification of the
problem of Section 24 which arises if we are concerned only to calculate
the secondary (i.e., flexural) stresses in the frame on the assumption that
they can be dealt with entirely separately from the primary (i.e., exten-
sional) stresses. In doing this, we shall find that the relaxation method
reduces, as a special case, to the moment-distribution method of Hardy
Cross.* The exclusion of the primary stresses modifies the operations
table (7) by causing the omission from it of all displacements which would
result in an elongation of any member of the frame; the only permissible
unit operations remaining are therefore the basic operations A¢, = 1 and
A¢p = 1 and the block operation Au, = Auz = 1. We shall denote this
block operation simply by Au = 1, the increment Au being taken to imply
the increments Au, and Auj together. (They cannot be applied sepa-
rately; otherwise a primary stress would be produced in AB.) The

* An account of the moment-distribution method was published by Hardy Cross in
1932 (Trans. A.8.C.E., 96, 1-10).
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residuals which correspond to these three available operations are,
respectively, Fi4, Fuq, and F,, = F 4, + Fp., and their initial values are
Fus = 81.8, Fpy = 8.4, and F, = 0. The operations table, derived from

table (7), is

1072 X AF 44| 1072 X AFgys|  AF,
Aga = 102 —9.57 —-1.79 —4.98
A¢p = 102 —-1.79 —9.57 —4.98
Au =1 —4.98 —4.98 —11.06

The liquidation of the residuals, performed with a use of this table, may
be expected to be rapid, since a reduction of any one residual is seen to be
automatically accompanied by a reduction of both the other residuals;
this circumstance is, indeed, a usual feature of the moment-distribution

method.

In this example the solution is given in the relaxation table:

1072 X Fyag | 1072 X Figg Fq
¢4a =¢p=u=0 0.818 0.084 0
Agpa = 10 X 104 —0.139 —0.095 —0.498
Au = —6 X 102 0.160 0.204 0.166
App = 2 X 10—¢ 0.124 0.013 0.066
Apgs = 1.3 X 10~* 0.000 —0.010 0.001
A¢p = —0.2 X 1074 0.004 0.009 . 0.011
Au = 0.1 X 10~2 —0.001 0.004 0.000
¢4 = 11.3 X 10™*
o= 18X ]0"4] —0.002 0.003 0.000
u = —59 X 1072

26. Three-dimensional Stiff-jointed Frameworks

The method of solution of a two-dimensional stiff-jointed frame by
relaxation, described in Section 23, can obviously be extended to solve
three-dimensional framework problems. At each joint of such a frame-
work there would be six components of displacement to find, three linear
and three angular, and there would correspondingly be six components of
residual force at each joint to be brought to zero in the process. Such
problems are of considerable complexity to set up because it is necessary
to take into account not only extensional and flexural actions in the
members but also torsional actions. Consequently, and also because
these problems contain nothing new from a purely relaxational point of
view, they will not be discussed in any further detail in this book.
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PROBLEMS

1. Verify the operations table (7) for the example of Section 24 and relax the
residual forces shown in Figure 5, in order to find the displacements of the joints.

(When the solution is obtained, it should be compared with the results of the
simplified problem given in Section 25.)

2. Find the tensions in the five members of the plane pin-jointed framework
shown in Figure 6. Each rod has the same uniform cross-sectional area and the

FIiGUrRE 6

same Young’s modulus. C, D, F, and @ are fixed pins, and weights of 100 and
50 1b, respectively, are hung from A and B.

3. Figure 7 represents an elcctric network whose elements have resistances as
shown. The junction E is earthed, and currents of 100 amp each are fed into

X %ﬂ Y
in g
n E n
N in
U %ﬂ Z
Ficure 7

the network at X, Y, Z, and U. Find the current flowing in each element, cor-
rect to the nearest ampere.

(This problem is an example of another application of the relaxation method.
It should be worked in terms of the junction potentials as unknowns, and the
residuals should represent the unbalanced current flows into the various junctions.)



CHAPTER 4

ORDINARY DIFFERENTIAL EQUATIONS

27. Introduction

The most widespread, and perhaps the most important, application of
the relaxation method has been to obtain particular solutions of partial
differential equations in two dimensions, and the greater part of this book
will be devoted to the solution of such equations (e.g., Laplace’s and
Poisson’s equations and the biharmonic equation). As a preliminary to
the discussion of these partial differential equations, a simple type of
ordinary differential equation in one dimension will be treated in this
chapter. This equation, the beam-deflection equation, is, from the point
of view of the relaxation method, the casiest of all differential equations to
solve. At first sight this secms surprising because the equation is of the
second order, but in gencral we shall find that equations of even order are
much simpler to deal with relaxationally than equations of odd order.
The reason for this circumstance is mostly to be found in the kind of
boundary or end conditions that are required to be satisfied by any
particular solution of a differential equation; indeed, it will be discovered
later that the greatest difficulties encountered in the solution of differ-
ential cquations are not contained in the equations themsclves but
instead in the boundary conditions which the solutions may have to
satisfy.

28. The Beam-deflection Equation

In a beam of uniform flexural rigidity E7, the transverse deflection w is
a function of position along the length of the beam and is related to the
bending moment M by the cquation

where z measures distance along the length of the beam, usually from a
convenient origin at the left-hand end. This equation is of the general
form

2
P+ W@ =0, )
39
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where W is a known function of z. By a ““known function of z,”” we mean
only to imply that a numerical value can be found for W corresponding to
any given value for x. This value of W may be calculable by substitution
in some analytical formula; it may be read off from a graph or interpolated
from a set of tabular values; it could even be found as a direct experimen-
tal measurement; but it is to be emphasized that all that is necessary
is that a numerical value for W should be determinable, by some means or
other, for any chosen value of z in the range for which we wish to integrate
equation (1).

To specify a particular solution of (1), two end conditions must be
postulated. In general, these might be given either both at one end of the
range of integration or one at each end; in this chapter we shall consider
only the second of these possibilitics. The first possibility—that both
conditions be given at one end of the range—involves difficulties from a
relaxational point of view which will not be resolved until Chapter 15.
Also, to begin with, only the simplest type of end conditions will be
assumed, ¢.e., that the value of the wanted function w be given at both
ends of the range of integration.

29. The Nature of a Relaxational Solution

It must first be explained what is meant by a relazational solution to an
equation such as (1). It is, of course, numerical, like all solutions found
by a use of the relaxation method and, in fact, consists of values of the
wanted function w at a number of equally spaced points of subdivision
along the range of integration. In general, if that range extends from
z = atox = b, then the end conditions will give the valuesof wat z = a
and at x = b, and the relaxation process will yield, as the required solu-
tion, values of w at the points x =a+ h,a+2h, ..., a+n — 1h,
where h denotes the uniform interval between successive points of sub-
division and where the range is divided into n such intervals, so that
b = a 4+ nh. The number of intervals, n, can be chosen as may be
desired, and there are conflicting reasons why n should be both as small as
possible and as large as possible; these will be discussed later in Section
37. For the present, in worked examples, n will be chosen to be fairly
small, say 4 or 5, so that the method of solution can be sufficiently illus-
trated with a minimum of arithmetic.

30. Finite-difference Approximations

In any application of the relaxation method to solve a differential equa-
tion, certain finite-difference approximations to derivatives have to be
used, and we shall at once proceed to establish two of these approxima-
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tions which will be needed in this chapter; these are the appr oximations, *

or replacements, for the derivatives dw/dz and d*w/dx?, holding at a
typical point of subdivision of the range of solution. When working out
a general result for any typical point of subdivision, we always denote that
point by the number 0, and the adjacent points of subdivision are always
denoted by the numbers 1 (to the right) and 3 (to the left), t as illustrated
in Figure 8. Corresponding suffixes

are usedto indicate values of the | l' h II
functions w and W at these typical 3 0 1 >z
points of subdivision. Ficure 8

Now, in the neighborhood of any
typical point 0, the function w can be supposed to be expanded in a
Taylor’s series:

dw 1 { d*w .
w = wy+ (d—~x-)“ (x — x0) + 5 (;f?)o (x — 20)?

In this relation, if z is put equal, in turn, to zo + & and to 2o — h, we
find that

dw h? (d*w hé (d*w ht (d'w

o ‘“’°+"( r) +T(Zl—a72> T (rxs‘)ﬁ'ﬂ (;z.'l-'f)ﬁ T
dw h? {d*w h® (d*w ht (diw

s = o h((lz) +3 2 ((l:l:") (d.r ) t 24 ((lx‘)o o

Adding these two results together, we get

(2)

w; + wz = 2wy + h? (d w) + O(h%),

where all the terms containing fourth or higher powers of A arc included
together as O(h*). With negleet of this quantity, which hecomes con-
tinually smaller as h is made smaller and smaller, we have the finite-
difference approximation to (d*w/dxz?),:

2,
h? (g_.uf)“ = w, + w; — 2w,. (3)

da?

* A list of these and other useful finite-difference approximations is collected for
ease of reference in Appendix III, page 241. It may be mentioned here that finite-
difference methods have long been used as a foundation for approximate numerical
work.

t The reason for this apparently peculiar notation will become clear in Chapter 5,
when the corresponding notation in two dimensions is defined.
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There is an admitted error, of order h* at most, in the relation (3); the
consequences of this error will be discussed later, in Section 37, but for
the time being it may be ignored.

Similarly, by subtracting the results (2) from one another, and with
neglect of terms of order h® at most, we obtain g finite-difference approxi-

mation to (dw/dzx)o:
dw\ _ w; — ws
h (az),, =77 @

31. Residuals

Now, according to the relation (3), satisfaction of the differential equa-
tion (1) at the typical point 0 requires that

wy + w3 — 2'!1)0 + h")Wo = 0. (5)

It must be emphasized that this equation is typical of relations which
connect every set of three w values at every set of three successive points
of subdivision. In all, then, there are n — 1 equations of this type, one
when each point of subdivision is taken, in turn, as the typical point 0 (it
should be noticed that we do not here regard the end points of the range
as points of subdivision and do not contemplate the possibility of their
being taken as the point 0). In effect, therefore, the differential equation
has been replaced by a set of n — 1 simultaneous algebraic equations to be
satisfied by n — 1 values of w at n — 1 points of subdivision. At each
point of subdivision a residual is immediately defined, from (5), by the
typical formula

Fo = wy + wy — 2wy + h*W,. (6)

Because of the fact that every residual is defined, by (6), in a formula
of the same form, a much more convenient method of setting out the work
can be adopted than that involving the construction of an operations
table and a relaxation table. It will soon be realized that the particularly
simple way in which the work can, in fact, be set out is the real reason why
the relaxation method is even more suited to solving differential equations
than it is to solving sets of algebraic equations of the kind which were
discussed in Chapters 1 to 3.

32. Relaxation Patterns

Instead of an operations table we construct what is known as a relaxa-
tion pattern directly from the formula (6), by means of which each
residual is calculated. For it is at once obvious that the residual at any
point of subdivision has its value changed by —2 if a unit increment is
added to the value of w at that point, and has its value changed by 1 if a
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unit increment is added to the value of w at either neighboring point of
subdivision. Hence the complete effect of a unit increment applied to
the value of w, at a typical point is to change the residual at that point by
—2 and to change the residuals at the two neighboring points each by 1.
This effect is illustrated in Figure 9 in the form of a relaxation pattern,
where the changes to the residuals are recorded in circles in the same rela-
tive positions as would be occupied by any sct of three typical points of
subdivision actually marked out along the range of integration; the unit
increment (41) is also recorded in Figure 9 in a position near to the
typical point where it is applied.

This relaxation pattern represents a @ Hf_z\ @
basic unit operation available for O/

use in the solution of equation (1). F1GURE 9

Being typical of the effect produced

by the application of a unit increment to w at any point of subdivision, it
is, in fact, a diagrammatic representation of all the basic unit operations
available. This simple pattern replaces a whole operations table, and
contains in itself as much information as was given in a lengthy table in
some previous applications of the method.

33. Relaxation Diagrams

The actual process of the liquidation of the residuals, together with the
consequent determination of the solution, is carried out on a relaxation
diagram instead of in a relaxation table. Tigure 10 illustrates the begin-
ning of such a diagram; it consists of a diagrammatic representation of a

o“ 0

23 0|-29 0{42 0{-31 o]
I |
W wW,= 23 -29 42 ~31
Ficure 10

range of integration, divided, as an example, into five intervals by four
points of subdivision. At the end points of the range are recorded the
values of w which are given there as end conditions (in this example both
conditions are supposed to be that w = 0). Below each point of sub-
division is recorded the value of the quantity h2W,, which in this example
is supposed to have already been found to be 23, —29, 42, and —31 at the
first, second, etc., points of subdivision. (These values have been
selected quite arbitrarily, purely for illustrative purposes; no matter, in
practice, how W may be defined, it may be presumed that A2W is immedi-
ately calculable at each point of subdivision.) Also in Figure 10 at each
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point of subdivision are recorded initially guessed values of w (above and
to the left) and corresponding initially calculated values of the residuals
(above and to the right). In this example the values of w have been
taken, as a beginning, all to be zero, so that the residuals, calculated from
the formula (6), are each just equal to the appropriate value of h2W,.
The position shown in Figure 10 corresponds exactly to the first line in a
relaxation table.

The liquidation process is recorded directly on this same diagram, and
in this first example the solution will be achieved by the fundamental
method of relaxation with a use only of the basic rule of relaxation
(Section 5). Increments added to the w values are written down in
columns above the initially guessed values, and successively changed
values of the residuals are similarly written down in columns above the
initially calculated values. Thus, in Figure 10, applying the basic rule,
we pick out the largest residual, which is 42 at the third point of sub-
division, and apply at that point such an increment as will reduce that

3
1111 -8 2110 -10
0 0{23 0}-29 0[42 0]-31 0
W, 23 -29 42 -31
Fiaure 11

residual to zero. The required increment is seen, from the relaxation
pattern of Figure 9, to be Aw = 21, which increment changes the residual
at the point where it is applied by —42, and at the same time changes the
residuals at the two adjacent points by 21. The complete operation is
recorded in heavy type, in Figure 11; the residuals at the second, third,
and fourth points of subdivision are seen to be changed in this first step of
the liquidation process to become —8, 0, and — 10, respectively. The
second step similarly consists in the application of an increment Aw = 11
at the first point of subdivision in order to bring to zero the value of the
residual there (which after the first step had become the largest, ¢.e., 23).
This step is also recorded in Figure 11, in sfalic type; the application of
the increment Aw = 11 changes the residual at the first point by —22 to
become zero and at the same time changes the residual at the adjacent
(second) point by 11 to become 3. To the left of the first point of sub-
division there is no residual for which to record any change. As has
already been pointed out (Section 31), residuals cannot exist at the end
points of the range, where the values of w do not have to be found but are
instead given as end conditions. In effect, this means that the relaxation
patterns for unit increments applied at the first and last points of sub-
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division are, strictly, slightly modified from the pattern of Figure 9; they
are, correctly, the patterns shown in Figures 12 (i) and (ii), respectively.
In practice, of course, it is hardly necessary to think of the patterns in
Figure 12 as being different from that of Figure 9.

The complete relaxation diagram for the example started in Figure 11
is shown in Figure 13, in the form in which it would be recorded in prac-
tice, with the cxception that the sequence of largest residuals, at successive
steps in the process, have been underlined so that the reader may more

O O

(i) (ii)
Ficure 12

easily follow through the progress of the calculations. When the liquida-
tion of the residuals is completed, 7.e., when they have all been made no
larger, in magnitude, than 1, the solution is obtained by adding up the
columns of increments Aw for each point separately (including, of course,
in general, the initial guessed values of w, which in this example happen to
be zero); these totals are recorded in Figure 13 at the top of their respec-
tive columns, in heavy type. As a last step in the solution, the final
values of the residuals, at the top of the right-hand columns, should be
checked by a direct substitution of the totaled w values in the formula (6);

0 -1
0 18(~2 0
1 -1-1 _=6]=2
11 3 -2|=-5 -1 0
11 1 0|-8 21|70 -5(-10
0 0|23 0]-29 0]42 0}-31 0
W Wy= 23 =29 42 -31
Ficure 13

if any errors are then discovered, the relaxation must be continued until
eventually the residuals are, correctly, brought to zero.

34. Block Patterns

In the relaxation method of solution of an ordinary differential equation
by far the most useful of the devices described in Chapter 2 is block
relaxation. By a block operation is meant, here, the simultaneous
application of increments to w values at two or more adjacent points of
subdivision. Unit block patterns are easily constructed, and Figure 14
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(i) represents the simplest possible block pattern for the case when the
increment Aw = 1 is applied at only two points of subdivision; Figure 14
(ii) shows the next largest block pattern, when the increment is applied at
three points, and Figure 14 (iii) illustrates the general form of block pat-
tern where an increment is applied at any number of points. Of course,
once the form of the general block pattern (iii) has been realized-—as an
obvious generalization of the simpler patterns (i) and (ii)—it becomes
apparent that this general pattern is the only one which really need be
recorded, because it includes both (i) and (ii) as special cases, as well as,
in fact, the point pattern of Figure 9 for the case of an increment applied
at a single point only.

These patterns greatly facilitate the relaxation process; their use is, of
course, known as block relaxation, in contrast to the use of the single-point

+ +
o (O—D——
+1 +1 +1
o (O—D——(0—
+1 +1 + +1
& O—D—(——0

Fiaure 14

pattern which is usually referred to as point relaxalion. In most problems
the greater part of the liquidation of the residuals is achieved by block
relaxation, with point relaxation reserved until the solution is nearly com-
pleted, in order to make small local adjustments. The other devices of
Chapter 2 can be carried over also for use in the kind of relaxation described
in this chapter, but no additional description of them is needed. It would
rarely be necessary to employ either group relaxation or multiplying fac-
tors to solve an equation of the form (1), but their use is virtually impera-
tive in order to solve some of the more difficult equations considered in
later chapters.

One particularly important use of block relaxation should be empha-
sized, and it will now be illustrated to solve the problem contained in
Figure 15. This time the range has been divided into nine intervals by
eight points of subdivision, and the values of h2W are again supposed to
have been already calculated and to be as recorded. The values of w at
the end points of the range are taken to be given as 0 and 100, and a
reasonable first guess for the values of w at the eight points of subdivision
is the approximately linear distribution shown; the corresponding initial
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values of the residuals may be easily verified. Liquidation of these
residuals with a use only of point relaxation, even with the help of some
overrelaxation, would be a lengthy process, mostly because all the residu-
als are of the same sign (positive) and because the point pattern merely
redistributes the residual values from one point to the next; it does not
effect any change in their total except when an increment is applied at
either the first or last point of subdivision, where, according to the pat-
terns of Figure 12, one unit of residual is lost for each unit increment Aw
applied. Relaxation can be complete, therefore, only when all the initial
residual values have been gradually redistributed toward the two end
points and eventually lost at these ends. The relaxation process must,
as it were, sweep all the initial residuals away from the center of the range
toward, and finally onto, the end points, where they are of no account,
where, indeed, they can nolonger exist or be recorded. This sweeping out

0 11110 22|21 33]175 44|38 55|25 66]39 77(287 88|28 100

L*W,= 10 21 175 38 25 39 287 27
Ficure 15

of the residuals may, in an over-all sense, be rapidly accomplished by
what is known as the process of blocking outward; it consists in the applica-
tion of a series of centrally situated and gradually more and more exten-
sive block operations. These successive operations cover either two,
four, six, cight, etc., points or one, three, five, seven, etc., points according
as the total number of points of subdivision is even or odd. In the exam-
ple of Figure 15 the number is even, so the first block operation to be
applied extends over the central two points and should be of such a magni-
tude as to leave a zero total residual at these two points. Now the effect
of any unit block operation (Figure 14) is to change the residuals at the
two points at the ends of the block each by —1, while 1 is added to the
residuals at the two adjacent points on either side of the block; thus each
unit block operation has the effect of reducing the total residual at the
points where it is applied by 2. In Figure 15 the total residual at the
central two points is (38 + 25 =) 63, so that a block operation covering
these two points, of magnitude Aw = 31, must reduce that total at once to
zero. When this has been done and the effects of the operation recorded,
the total residual at the central four points may be verified to be 277, so
that a block operation covering these four points, of magnitude Aw = 138,
must in turn reduce that total also to zero. When this second step has
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been achieved, similar block operations (of magnitude Aw = 292 and
Aw = 310) applied to cover the central six and central eight points, respec-
tively, reduce each total residual at these sets of points to zero. Each of
these four block operations is shown recorded on the relaxation diagram
in Figure 16. Their combined effect is to leave residuals, at the various
points, which have zero totals over the whole range of eight points and
also over the central six, four, and two points separately.

At this stage in the calculation the individual residuals are noticeably
smaller than they were initially, and, moreover, they are, and must
necessarily be, well distributed, some being positive and others negative,
so that the solution can quickly be completed by point relaxation and
small local applications of block relaxation. The solution will not be

!

310 310
310 292 292 310
-8 310/~133 29268 138 138 2921-68  310{133 8
310302 292|159 138(206 3117 31|-6 13870 292425 310(318
0 11{10 22|21 33|175 - 44|38 55725 66 (39 771287 88|28 100
KW= 10 21 175 38 25 39 287 27
Ficure 16

continued here but instead left as an example for the reader to finish; he
will then soon realize that the greater part of the liquidation of the
residuals has already been accomplished.

3b6. Criteria for Complete Liquidation of Residuals

It has been suggested (Section 33) that the liquidation of a set of residu-
als can be regarded as completed when, to the number of significant
figures in use, each individual residual has been made as small as possible
(¢.e., no larger in magnitude than 1 when the pattern of Figure 9 is being
used). This criterion is necessary, but it is not quite sufficient, and now
that the use of block patterns has been introduced, it can be supplemented
by two additional criteria: first, that the total of all the residuals should
be brought to zero, and, second, that those residuals which individually
are not exactly zero should be well distributed along the range of integra-
tion. Thus, as an extreme example, the liquidation could not be regarded
as complete if every residual were left with a value —1; nor would the
liquidation be properly finished if, with, say, eight points of subdivision,
the residuals at the first four points were each — 1, and the residuals at the
last four were each 1. In both cases an improvement could be effected by
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a use of block relaxation, even though point relaxation would be no longer
helpful.

36. Practical Aspects of Relaxation Technique

One or two practical aspects of the technique of relaxation can be
appropriately mentioned now. First of all, it must be apparent that, in
more complicated problems, the columns of figures which have to be
written down in a relaxation diagram may become inconveniently lengthy
as the work proceeds; this can be avoided if the work is done in pencil
rather than ink, for, at any stage in the ealculation, the only quantities
that really matter are the current values of the residuals and the totals of
the columns of w increments. So when any residual column becomes
awkwardly long, it can be entirely erased, provided that the value at the
top of the column is written down again in the space provided where the
initial residual had been recorded; similarly a column of w increments can
be crased provided that it is summed beforechand and the total recorded
in the position previously occupied by the original guessed w value. By
means of periodic erasures in this way it is possible to keep the number of
figures actually on record at any one time comparatively small, so that it
is easier to keep an eye on the ones that are important (i.e., the current
values of residuals) without any confusion arising from those that are no
longer significant. It has been found that good-quality tracing paper is
best for working on, for two reasons: first, it is much more durable than
other types of paper in withstanding continual erasures, and, second, it
becomes possible to draw out, on the reverse side of the paper, the frame-
work of the relaxation diagram so that these lines are not also removed
when figures arc being erased.

For the initial calculation and subsequent checking of residual values,
it is virtually essential that a calculating machine be available. It cannot
be denied that the checking of these values is a tedious task, even though
straightforward, and the value, to the success of the method, of relieving
as much as possible of a computer’s monotony is exceedingly important
but sometimes overlooked. With a machine at hand it is not very much
trouble to check the residuals fairly frequently in the course of the work,
so that any errors which may occur in the actual arithmetic of liquidation
can be taken into account without delay.

Last, it cannot be too strongly emphasized that attention should not be
overmuch concentrated on the values of individual residuals until the
very last stages in a relaxation calculation. For the most part the values
of the residuals should be regarded as a whole, and the first aim should be
to ensure that they become a well-balanced set ; small local increments can
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easily be made in the end to cause local redistributions and hence cancel-
ing out a set of residuals whose total value is approximately zero.

37. Finite-difference Inaccuracies

Having described the actual process of the method in its application to
solve an equation of the type (1), we must now consider the consequences
of the approximation which was used in Scction 30, where, in the replace-
ment of derivatives by finite-difference expressions, terms containing the
higher powers of h were neglected. It is, of course, apparent that the
consequent error introduced into the solution decreases as h is made
smaller, and the only really satisfactory way of estimating what the error
amounts to (apart from a certain facility acquired with experience) is to
find the solution for a series of different values of h. An example will best
illustrate how conclusions may be

0 128/0 drawn from a comparison of solu-
() tions obtained with a use of differing
values of the interval h. Suppose
f A K
0 golo 12lg  We want to solve the equation
d*w .

(i) HI—C_[ + 4,09()1:(1 - x) = 0, (7)
0 42[0 7710 100l0 108l0 over the range0 < z < 1, with end
conditions given to be that w = Q at
(i) bothz = 0and atx = 1. In order

Figure 17 to estimate the accuracy of the

numerical results, the solution should be found successively for intervals
h = 14, 14, and 14, and this has been done on relaxation diagrams which
are summarized in Figure 17. Since there is symmetry about the center
point, only half the range need be shown, and in Figures 17 (i) to (iii),
respectively, are given the final values of w and of the residuals at inter-
vals h = 14, 14, and 4. The convergence of these results to the exact
solution as h is made smaller and smaller may be judged by a comparison
of the values of w obtained, in these three cases, at the center of the range;
these values are 128, 112, and 108, and, strictly, to make certain of abso-
lute accuracy, the solution should be found for still smaller intervals,
h = Y6, Y42, ete., until for two successive values of h there is no change
in the value of w (to the number of significant figures quoted) at any
point. Thus in this example the central value of w would be found to be
107 for both h = 1{¢ and h = 144, so that we could then state, without

* This equation has been deliberately chosen as having an easily determined exact

analytical solution for comparison with the relaxational results. The factor 4,096 is
inserted in it only to avoid fractions or decimals in the working.
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doubt, that for this problem an interval h = l{¢ is sufficiently small to
yield w correctly to the nearcst whole number. However, it is not usually
necessary to go to these lengths because an estimate of the correct value
of w can be made, within a stated percentage inaccuracy, with a use of the
values found for larger intervals.

Thus suppose the exact central value of w is w.; then the errors in the
values obtained for h = 14, 14 and 1§ are, respectively, 128 — w,,
112 — w,, and 108 — w.. It is reasonable to assume that the ratio of the
errors obtained for two successive values of h is perpetuated as the number
of intervals is repeatedly doubled. Thus we have

128 — w, 112 — w,

12 —w, 108 —w./’
which yields w. = 107, to the nearest whole number. It may be noticed
that this value differs from the value 108, corresponding to h = 14, by
less than 1 per cent. On a basis, therefore, of solutions found for three
successive values of b (= 14, 14, and 14), we can estimate that the correct
central value of w is 107, with a possible error of less than 1 per cent. If
this were not regarded as a sufficiently good result, then it could be
improved on a basis of solutions found for h = 14, 1¢, and 1{,.

In point of fact, the correct result, evaluated exactly by straightforward
integration of equation (7), is w. = 10624.

The method of extrapolation which we have used in the present example
can be casily given as a formula for general use. If w’, w'/, and w'”’ are the
values found for a quantity w for three successive values of h, then the
extrapolated estimated value is given by

_ ww' — w''?
Y Fw = an'

It will have been noticed that the successively smaller values of h used
in the above process form a sequence in which each value is one-half the
preceding one; it is important that this should be, so that the successive
solutions are derived at as many common points of subdivision as possi-
ble. This circumstance is not only necessary for the comparison of values
of w for successively smaller intervals, but also enables each solution
itself to be found more rapidly than might otherwise be possible. Thus,
with h = 14, the solution given in Figure 17 (i) can be found in less time
than is taken towrite it down, and then that solution enables a good initial
guess to be made for the case when h = 14, so that the solution in (ii) can
also be found very quickly without much relaxation being required.
In turn, that solution provides very good initial values of w for the next
case, when h = 14, and so on. Evaluation of a set of soiutions with the
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interval h successively halved may save much time in more complicated
examples and, in particular, as we shall see later, in examples in two
dimensions.

38. Slope End Conditions

It is worth while here, again mostly with a view to extension into two
dimensions, to consider how a second type of end condition may be satis-
fied in a solution of an equation of the form (1). This is the condition
that dw/dx have a given value at one end of the range, instead of w itself
being given there. Suppose, in general, that it is required to satisfy the
condition

dw
=k (8)
at the right-hand end of the range of integration of the equation (1),
where k is a given number. Now, w is no longer known initially at this
end point but must instcad be found there,

| I J just as it has to be found at the points of sub-
3 o~ T division along the range. We need, there-
FiGure 18 fore, to be able to define a residual at this

end point. The formula (6), which defines
residuals at ordinary points of subdivision, cannot be directly applied if
we take the end point as the point 0, because then the point 1 would not
exist and no w; would be available for substitution in (6). In a case like
this, we say that the point 1 is a ficlitious point, and any value, such as w,
here, which might be associated with a fictitious point is called a fictitious
value. Figure 18 indicates the position of such a fictitious point at the
right-hand end of the range of integration. However, the governing
differential equation must be satisfied at the end point 0 in Figure 18, so
that a residual, as defined by the formula (6), must be made to vanish
there in the determination of the solution, and therefore some means must
exist to enable us to assign a numerical value to the fictitious w;. This
means is provided by the end condition (8), which, according to the finite-
difference approximation (4), may be replaced by the relation

w; — W3z = 2hk. (9)

In effect, (9) enables a value to be attached to the fictitious w, by express-
ing it in terms of ws, k, and h. In practice, we never actually evaluate
the fictitious value but instead use (9) in order to eliminate w,, by sub-
stitution, from the formula (6), and so derive

Fo = 2ws — 2wo + 2hk + h*W,, (10)
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as a special formula for the residual at the end point of the range; in this
form the residual may be calculated directly from the real values of w
actually recorded on the relaxation diagram. A very similar formula
could be obtained, in the same way, if a slope condition were given at the
left-hand end of the range. The modified formula (10) naturally gives
rise 1o slightly modified relaxation patterns for increments applied at
points in the neighborhood of the end of the range. These are shown in
Figure 19, in which (i) is the pattern for a unit increment applied at the
end point itself and (i) is the pattern for an increment applied at the

+ +1
O—
(i) (ii)

Ficure 19

adjacent point of subdivision. No more difficulty will be found in the
use of these patterns than has been experienced in the use of the other
patterns illustrated in this chapter.

PROBLEMS

1. Find solutions to the equation d*w/dr? + W = 0, satisfying end condi-
tions that w = 0 at both ends of the range of integration, when it is given that the
range is divided into five intervals and that the values of h*W at the four points
of subdivision are (1) 39, —66, 42, and —20, and (2) 39, 66, 42, and 20, from left
to right, respectively.

2. Complete the solution of the example started in Section 34.

3. A nonuniform beam is 12 in. long and is simply supported at its ends.
Young’s modulus for the beam is 3 X 107 psi, and it carries a uniformly dis-
tributed load of 200 1b/in. along its whole length. The second moment (I in.*)
of the cross-sectional arca of the beam is given at points distant z inches from
one end in the table:

z 0,12 1, 11 2, 10 3,9 4,8 5,7 6

1007 1.200 1.245 1.281 1.308 1.327 1.338 1.342

Determine, to three significant figures, the maximum transverse deflection of
the beam.

4. Solve the equation d?w/dz? + /(1 + %) = 0 to the nearest whole num-
ber, over the range 0 < 2 < 8, when w =1 at x = 0 and dw/dz = —10 at
r = 8. Use successive intervals h = 4, h = 2, and h = 1, and estimate the cor-
rect value of w at z = 8.



CHAPTER 5
LAPLACE’S AND POISSON’S EQUATIONS

39. Introduction

In two dimensions a direct extension of equation (1) of the previous
chapter is provided by Poisson’s equation:
w | 9w

;971:—2 + ayg + W(I,y) = 0) (1)

of which a special case is the important Laplace’s equation:
Viw = (), 2

where the operator V2 is used to stand for 92/dx% + 92/dy%. Laplace’s
equation governs a large number of physical quantities and arises in
almost every branch of applied mathematics. It is satisfied, for instance,
by any two-dimensional distribution of electric or magnetic potential in
regions, respectively, of constant resistivity and permeability; it governs
both the stream function and the velocity potential in the two-dimen-
sional irrotational flow of an incompressible fluid; and in the theory of
heat it must be satisfied by any steady temperature distribution in a two-
dimensional region of uniform conductivity. An example of Poisson’s
equation occurs in the solution of the ‘‘torsion problem” in elasticity
(i.e., in the determination of the shear stresses produced in a uniform
cylinder subjected to a twisting action).

Since, from a relaxational point of view, (1) is no more difficult to solve
than (2), the method will be described, in general terms, with reference to
Poisson’s equation, but to avoid unhelpful arithmetic, particular examples
illustrating the method will mostly be of Laplace’s type.

40. Relaxation Nets

In two dimensions, as in one, a relaxational solution to a differential
equation consists of a finite number of values of the wanted quantity w at
a number of points within the region of integration. Whereas in one
dimension a range of integration was divided up by points of subdivision
into a number of equal intervals, on the other hand in two dimensions an
area of integration is subdivided by a uniform network, and the values of

54
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w are calculated at the nodes of this network. It is geometrically possible
to cover an area by three different shapes of uniform meshes, either square,
equilateral-triangular, or equiangular-hexagonal, as illustrated in Figure
20. Such networks are known as relazation nets. The hexagonal one is
only a geometrical curiosity and is never utilized; almost always a square
net is the one which is used, although on rare occasions there are special
reasons why a triangular net should be employed. In all cases we refer

ANNNN

(i) (i) (iii)

Ficure 20

to the lines of the net joining up the nodes as strings and denote the length
of each such string by h. To begin with, we shall be concerned with the
solution of an equation, such as (1) or (2), only over a region which has a
rectilinear boundary and for which the net can be so arranged that the
boundary is entirely composed of strings of the net. This restriction will
be removed in Section 47, where it will be explained how any shape of
boundary may be dealt with. 2
41. Poisson’s Equation

The first step in the solution of any differen-
tial equation is the replacement of that equa-
tion by a set of finite-difference approximations 3 0
velating the values of the wanted quantity at
the nodes of a relaxation net; for Poisson’s
equation this can be very easily done, since it
involves only a use of the approximation (3)
of Section 30 for a second derivative. Figure
21 illustrates the convention used in two dimensions to denote a typical
node 0 of the net, and the four surrounding nodes 1, 2, 3, and 4;* as
previously, suffixes will be used to indicate values of the variables at
correspondingly numbered nodes. Now it has already been shown in
Section 30 that

* The reason for the convention employed to denote a typical group of three poindt
of subdivision in one dimension will now be apparent.

-9

4
Ficure 21
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w
h? (5';2')0 = w; + w; — 2w, (3)
18 the finite-difference approximation for the second derivative of w, at the
point 0, with respect to . In the same way it may be shown that, for the
second derivative with respect to y, the approximation is
w
hz (6—21?)0 = Wa + Wy — 2'u)o. (4)
Adding (3) and (4) together, we at once obtain the finite-difference
approximation for V2w at a typical node:
hz(V2w)o = Wy + Wae + w3 + wy — 4’U)0 = 2’“)1 - 4’11)0,
where Zw, stands for the sum of the values of w at those four points, sur-
rounding the point 0, which are typified
@ by the point 1. Hence, the approximation
to the equation (1), holding at a typical
node 0, is seen to be

+1
AR 2w, — 4wy + h*W, = 0. (5)
N ®

®
There is, again, an error, of O(h%), in this

equation, and the effect of this error again
O diminishes with the mesh size h. Equation
1

(5) must be satisfied by the wanted values
of w at every group of five nodes. For any
other values of w that, in genecral, might be
assigned at the nodes of the net, (5) will not usually be true anywhere;
instead a nonzero residual, given by the formula

Fo = 2w, — 4wy + h*W, (6)

will be calculable at cach node, and the process of relaxation is aimed at
eventually reducing all these residuals to zero by the application of
increments Aw, so that automatically the w’s at the same time acquire
their wanted values. The basic unit operation by means of which this
process may be accomplished is contained in the relaxation pattern of
Figure 22, which shows diagrammatically the changes produced in the
values of the residuals when a unit increment Aw, = 1 is added to the
value of w at a typical node of the net.

FIGUre 22

42. Boundary Conditions

In order that a particular solution of Poisson’s equation may be
defined, certain conditions in terms of w must be specified to hold on the

"-. boundary of the area of integration. A single condition is usually speci-
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fied at all points of the boundary, and the most frequently encountered
types of conditions are either that the value of w itself be given on the
boundary, or that the value of the normal gradient dw/d»v be given, where
v denotes the normal direction across the boundary at any point, directed
outward from the arca of integration. Sometimes mixed boundary condi-
tions may be specified, by which is meant that w may be given at some
parts of the boundary and dw/dv may be given at other parts. A
method of satisfying a normal-gradient boundary condition will be
explained in Chapter 6; in this chapter we shall be concerned only with
boundary conditions which specify the values of w.

43. An Example of Laplace’s Equation

An example to illustrate how the work is set out is provided by the
following problem: To determine the steady temperature distribution, in

64 65 68 73 80
8lo 26 ~-13
27 30]32 40118 50|-4 43
1
6 -9 -91-35
8 20[-2 30/0 40|-26 24
-7
-15 -9] 2
1 10|12 20{-6 30[-34 17
0 1 4 9 16

Frcure 23

two dimensions, in a square of uniform conductivity when the tempera-~
turc along the sides of the square is maintained at known values. Sup-
pose that the square is bounded by the lines 2 =0, z = 4, y = 0, and
y = 4, that the boundary values of the temperature w are given to be
(2 4 ¥¥)°C, and that a square net of side A = 1 is used. Tigure 23
shows the relaxation diagram and the first few steps in the calculation of
the solution; at nodes on the boundary are recorded values of the tem-
perature given by the formula (22 + »*)°C. At the (nine) internal nodes,
initially guessed values of w are recorded (above and to the left), and
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corresponding initial residuals (above and to the right) calculated from
the residual formula for Laplace’s equation, i.e., equation (6) with W, put
equal to zero. With a use of point relaxation alone, the liquidation proc-
ess picks out the largest of the initial residuals (—34, at the node nearest
the bottom right-hand corner) and, as a first step, applies an increment
to the w value there of sufficient magnitude to bring that residual (tem-
porarily) to zero. The required magnitude of this increment is, according

64 65 68 73 80
0
-1 1 -1
0 ~g 0
- 1
40 46
—_ -] — 0 2
2| 7 -1|-2 A8l 6
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27 30 (32 40(18 50 -4 43
_l 1
9 2
-3 -2
22 —% -1
- -L 0
-5 29
-1 - <2 _4
2, 2874 12
-1|8 -1|-2 ~-1] 1
2|6 -1/-9 -9/-35
8 20 |-2 30]0 40|-26 24
-2 2
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0
-2 15073 70
9[-1 A50.5 ~1[-11
- -1|1 -3(-7
-1|-2 -4|-15 -9] 2
1 10 20|-6 30|-34 17
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Fraure 24

to the pattern of Figure 22, Awy, = —9; the effect of its application is to
change the residual from —34 to become 2, while at the same time the
residuals at the two neighboring nodes, one above and one to the left, are
both changed, from values of —26 and —6, respcctively, to become —35
and —15. The sccond step in the process, which is also shown in Figure
23 but in heavy type, is aimed at bringing to zero that residual which has
become the largest after the completion of the first step, ¢.e., the residual
(—35) at the node nearest the middle of the right-hand side of the square.
Again an increment Aw, = —9 is needed; the residual is thereby changed
to become 1, and the residuals at three neighboring nodes are all changed
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by —9. The third step continues the process in the same way; it is
recorded in Figure 23 in stalic type and consists of the increment Aw, = 8
applied in order to relax the residual (32) at the node nearest the top left-
hand corner. By carrying on in this manner, we can eventually complete
the liquidation of the residuals, and the whole calculation is shown in
Figure 24, where at each node of the net are recorded two columns of
figures: to the right the column consists of successive values of the residual
at that node; to the left the column consists of the initial guess for w, at
the bottom, and successive increments Aw applied during the computa-
tion. At the top of each of these columns of increments are recorded
their respective totals; these are the w values which constitute our solution
to the problem for a net of size h = 1. The final values of the residuals
at the tops of the residual columns have been checked by a substitution of
the w totals back into the residual formula (6). A glance at their values
shows that, to the nearest whole number, the relaxation is properly com-
pleted: each residual is individually zero (z.c., not greater in magnitude
than 2); the total of all the residuals is only 1; and they are well dis-
tributed throughout the square.

The practical aspects of the technique of relaxation, mentioned in
Section 36 in respect of one-dimensional problems, are equally, if not
more, worthy of notice in two dimensions. In particular, the length of
the columns which can be written down is limited by the size of the squares
as drawn out in the relaxation diagram. A convenient size is 114 in.
square, but this dimension might have to be made smaller if a fine net is
being used; otherwise the size of the whole diagram could become incon-
veniently large.

44, Block Patterns

The use of block patterns is particularly suited to the solution of a
Poisson-type equation, because their effects can be described in a very
simple way. To begin with, we may build up the patterns corresponding
to unit increments applied to the w values at small blocks of nodes;
Figure 25 shows two such patterns: (i), when the block consists of three
nodes in a line, and (ii), when it comprises four nodes in a square. Kach
may be verified by superposing, respectively, three and four point pat-
terns of the type shown in Figure 22. In both the patterns of Figure 25
a dotted contour has been drawn in which surrounds the nodes at which
the increment Aw = 1 is applied and which separates those nodes from
the remaining nodes of the net. In both cases it may be seen that the
effect, on the residuals, of the application of the block increment is to
transfer one unit of residual down each string of the met which crosses the
bounding contour, from the node at the end of each string inside the con-
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tour to the node at the end outside. A little thought soon confirms that
the effect of a unit increment added to the w values at the nodes of a block
of any size or shape may be described in the same way. All, therefore,
that it is necessary to do, in order to construct any unit block pattern, isto
imagine a contour to be drawn in, surrounding the nodes which make up
the block, and then to write changes to the residuals, of 41 at the outer
ends of all the strings which cross that contour and of —1 at their inner
ends. Occasionally two or three strings may have ends at a common
node, either inside or outside the contour; the total changes to the residu-
als at such points would then be —2, +2, —3, or +3, as the case may be.

(ii)

Ficure 25

It should be noticed that even the simple point pattern of Figure 22 is
included in this method of describing the effects of a unit operation. It
should also be mentioned that there may be nodes in a block (particularly
if it is a block of large extent) from which no strings radiate across the
bounding contour; in such a case, of course, the residual at that node is
unchanged by the application of the block operation, although it must not
be forgotten that the increment is added to the w values at all the nodes
which make up the block.

It is a matter of very elementary arithmetic to reduce the total residual
at any block of nodes to zero by the use of a single block operation cover-
ing that group of nodes. All that is necessary is to add up the total of
the residuals to begin with (say R), then count up the number of strings
which radiate from the block to the rest of the nodes of the net (say N).
Now, a unit block increment would reduce R by N, because one unit of
residual would be transferred down each of the N strings. Hence a block
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inecrement of magnitude E/N would reduce the total residual by R so that
it would become zero. In this way the total residual over the whole of a
relaxation diagram, or over any part of it, can always be made to become
zero in a single step. An example of the repeated use of this particular
technique will be given in Section 46.

46. Advance to a Finer Net

In many problems, in order to assess the accuracy of a relaxational
solution, it is necessary to obtain solutions on at least two different sizes
of net. Successively finer nets are always chosen, each to have strings
one-half as long as the previous (coarser) net. The solution should
always be worked first on the coarsest net, for it will contain the fewest
nodes, and the liquidation process will be
correspondingly casier; then a finer net is
drawn by adding extra lines to the coarser
net midway between the existing lines, as
illustrated in Figure 26, where a part of a
coarse net is shown in thick lines and
where the extra lines which convert it into
a finer net are shown as fine lines. In this
advance to a finer net the nodes of the
coarser net remain as nodes of the finer
one; at these points the values of w found
as the solution on the coarse net are avail- Frcure 26
able for use as initial values on the finer
net, and, on the basis of these values, initial values of w at the new
nodes which appear on the finer net can be readily interpolated.
Thus, when a solution has been found on a coarser net, it may be
confidently anticipated that the initial residuals on a finer net will
be small, much smaller than if the work had been begun on the finer
net with only a quite arbitrary guess of the solution to start from.
Indeed, in some problems it may be that less work is involved in the end
if the solution is first found on the coarsest possible net, followed by
several advances to successively finer nets, until sufficient accuracy is
achieved eventually on a very fine net. With a little experience the
student may find he can do even better by means of a double advance at
a time, but, like so much of the actual technique of relaxation, that is a
matter for the personal inclination of the individual computer.

46. The Torsion Problem

A useful example, requiring the solution of a Poisson’s equation, is
provided by the well-known torsion problem. It can be shown that the
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stresses produced in a uniform cylinder in torsion are expressible in terms
of a single stress function ¢. If we take orthogonal axes Oz,0y in the
plane of a cross section of the cylinder (Figure 27) and denote the direction
of the generators of the cylinder by z, then the only nonzero components
of stress at any point in the cylinder are the shear stresses 7. and 7y,.
These are independent of 2z but are given as functions of position in the
cross section by the expressions

3¢ _ . 9¢
Ta = MT G0 Tye = THT 30 )

in terms of the stress function ¢(z,y); u is the modulus of rigidity of the
material of the cylinder, and 7 is the angular twist per unit of length along
the cylinder. The stress function ¢
has to satisfy the Poisson-type

y equation

V¢ +2 =0, ®)

over the area of the cross section,
together with a condition that ¢ = 0
at all points of the boundary.
/ The dimensions of ¢ are those of
the square of a length, and before any
numerical work is attempted in the
way of a solution of equation (8), it
is desirable that the variables involved should be made nondimensional
by the following substitutions:

z
Frcure 27

La’,

I‘.U,y (9)
142¢,1

where L represents some convenient dimension of the cross section (e.g.,
the length of its side if the section is square). By effecting the trans-
formation (9), we enable all the arithmetic to be carried out with pure
numbers instead of dimensional quantities, and at the same time, in
effect, then solve a given problem for any size, as distinct from shape, of
cross section. The substitutions (9) do not alter the form of (8) in any
way except to replace each variable involved by a corresponding primed
quantity. We shall find it convenient, once having made the transfor-
mation, immediately to drop the primes in ’, 3, and ¢’, and so continue
to use (8) as the governing equation, but with the understanding now that
the variables are all nondimensional. When, with this interpretation,
(8) has been solved for any particular shape of cross section, the stress

i

x
)
¢
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components may be determined from the formulas
= ¢ _ 199
Tz = prL 3y Tye = —url 9

in replacement of (7).

With the use of a net of side &, which is also a nondimensional quantity
and usually a fractional ratio of the actual mesh length to the repre-
sentative dimension L, the finite-difference approximation to (8) leads to
residuals being defined at the nodes of the net by the formula

I"u = Ed)] — -1¢0 + 2h2. (lO)

As a worked example, we consider the case of a rectangular cross section
with sides in the ratio 3:2. The smaller side of the rectangle is taken as
the representative dimension L, and solutions will be given here for three
successive sizes of net, respectively, h = 14, 14 and 4. To avoid work-
ing with fractional or decimal quantities, we introduce a multiplying fac-
tor of 3,200 throughout, thus calculating not ¢ directly but instead 3,200¢.
For the three nets, and allowing for this factor, we find that the constant
term in the expression (10) for the residuals takes the respective values,
1600, 400, and 100. The three solutions are shown in Figure 28; in (i),
for the coarsest possible net, there are only two nodes at which ¢ must be
found, and the solution is obtainable in a single step by the use of a block
operation covering the two nodes. The value obtained for ¢ at these
nodes, t.e., 533, enables good guesses to be made to begin with on the next
net, for which the completed solution is shown in (ii) of Figure 28, values
being recorded of the final w values and the corresponding residuals.
The value 533 may be seen to have changed on this finer net only to have
become 577. In its turn the solution in (ii) allows a very good guess to be
made for the ¢ values when a start is made to find the solution on the
finest net used; the solution for this finest net is shown in (iii) of Figure
28, where the value 577 has changed again to become 590. In (iii) only
one-quarter of the whole scction is shown, for the reason that there is
symmetry about both medians of the rectangle. A comparison of the
values of ¢ for the solutions on the three successive nets suggests that the
error in the solution on the finest of them is about 1 per cent.

This problem affords a good illustration of the use of block operations
if it is worked from the beginning on the finest of the three nets, with no
help being taken from the solutions on the two coarser nets. In that
event we would begin with an initial guess that ¢ is zero at all nodes, and
there would therefore be residuals of 100 at each of the 77 (= 11 X 7)
nodes of the net. The liquidation process is then best started by the
application of a serics of block operations, the first covering all the nodes
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0 0 0 0
(i) O 533 533 0
0 0 0 0
0 0 0 0 0 0 0
0 310 441 477 441 310 0
(i) O 399 577 627 517 399 0
0 310 441 477 441 310 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 122 196 242 269 284 289
(i) O 193 319 401 451 478 487
0 231 388 491 556 591 602
0 243 410 520 590 628 640%__
Filcure 28

(.., 11 X 7), the second covering a rectangle of nodes (9 X 5) placed
centrally inside the first block, the third covering a still smaller central

rectangle of nodes (7 X 3), ete.

This process may be termed blocking

inward; in the end it produces the same effect as the process of blocking
outward (Section 34), and no significance attaches to the choice between
these two processes. The magnitude of each of these block operations
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should be such that no total residual is left at the points of the block after
the operation has been applied. Thus, for the first block, the total initial
residual is 7,700, and 36 strings radiate from that block, so that the
required magnitude of the block increment is 214 (= 7,700 + 36; cf.
Section 44). Similarly for the second block the total residual is initially
4,500, and 28 strings radiate from it, so that a block increment of magni-
tude 161 should be applied. In the same way the magnitudes of the
increments for the third and fourth blocks can be calculated to be 105 and
42, respectively. The state of the relaxation diagram after these four

0 0 0 0 0 0 o!

0 214]-328 214/47 21447 214|47  214l47_ 214j47
0 214047 375|-222 375laa  375|aa  3islas 375\
0 21447 375/a4 _ 480|-110  480|37  480|37 430.37
ol _ 21447 _ 375/44 480|137 522|-26 _ 522|16 52216

Ficure 29

block operations have been effected is shown in Figure 29; again only one-
quarter of the complete section is shown, and it can at once be seen that,
although none of the residuals is individually zero, their distribution is
reasonably good, and a large part of the liquidation has in fact been
already achieved just by the use of the four rectangular-shaped block
operations. The completion of the solution may be fulfilled by means of
point relaxation and a use of smaller block operations.

47. Curved Boundaries

It is obviously of vital importance for the practical success of the
method that it be capable of solving a problem for which the boundary
is not rectilinear, as it has been in the examples so far treated, but for
which the boundary may be of any given shape. It will be shown now
how this may be done, at the expense of the introduction of modified
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residual formulas and relaxation patterns at nodes near to such a (curved)
boundary. Figure 30 illustrates the kind of situation which arises when
a square net does not exactly fit into the region with a whole number of
meshes; near the boundary, strings of the net are cut short by the bound-
ary and do not exist (or extend) to their full normal length h. In Figure
30 we have taken the case where it is the string 01, radiating from a
typical node 0 near the boundary, which is cut short by the boundary at
the point B. Cases where others of the strings, 02, 03, or 04, are cut
short can be dealt with in a way exactly similar to that which we now
describe. The length OB is denoted by £h, where necessarily 0 < ¢ < 1;
in Figure 30 the string OB is drawn extended to where the node 1 would
be if it did exist within the area of integration. Such a point is a fictitious
point, and any values which may be postulated to hold at that point are

fictitious values (cf. Section 38); the star

of strings 0B, 02, 03, and 04, radiating

2 from the node 0, is called an irregular

star. In a relaxational solution of, say,

a Poisson-type equation over the region

o B within the boundary, a value of the

3 - wanted quantity w must be found at the
e— &N 1

node 0, and consequently we must be

able to define a corresponding residual

Boundary Fo at that point. In the ordinary way

4 the residual at any node is defined by

Fraurg 30 the formula (6), but here that formula

is useless because it contains a fictitious
w;. For a point such as 0, then, a modified residual formula must be
found which does not contain w;; instead it will be found to include
the value wp of the wanted quantity at the point B on the boundary.
This value will, of course, be known from the condition given to be
satisfied on the boundary. Asin Section 30, the finite-difference approxi-
mation for (32w/dx?), is found by a consideration of the Taylor expansion
of w in powers of x — x:

1 2
w = Wy + (g%?)o (x — x9) + 51 (g;—f)o (x — x0)?

1 (d’w

In this expansion we put x, in turn, equal to 2o + £h and to 2o — h; hence
we find that

2,
wy = o + (g’f) th + %(g—}f)o £h? + O(h?),
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ws = wy — ("’"’) + = ("’ “’) h? + O(R3).
oxr

Between these last two relations (dw/dx)o may be eliminated so that, with
neglect of terms of O(h?), we get

ws + fwy = (L + Hwo + é“i fl(ii”) R,

ax2/,

2 _(zzl} _ 271)3 2’11)3 _%
h(éz?)o i+ TTEE ¢ (12)

as the finite-difference approximation for the second derivative of w with
respect to z, in place of the usual approximation (3). When (12) is used
instead of (3), the formula for the residual at the node 0 becomes

and

or

2'w,, 2’!03 2)

; -2 4= W 13
E(]+E)+1+E+wz+w4 (+£’wo+h 0y ( )
which formula has to be used in place of (6) when the string 01 radiating
from a node 0 is cut short by the boundary. It should be noticed that in
the derivation of this formula it has been 92
necessary to neglect terms of O(h?), so '

FOE

that, for a given size of net, h, there is a Boundary 1

greater error introduced into a relaxa- \{\‘C

tional solution when the boundary is 7h }

curved than there is when it is rectilinear. . i 0 IR
All this means, in practice, is that the 3 - ¢h !
nets which must eventually be used to

obtain any prescribed accuracy are rather

finer when there are any irregular stars in L,

the relaxation diagram than when there
are none. It may also be noticed that
the formula (13) reduces, as of course it should, to the formula (6) when
£ attains the value 1 and the point B coincides with the point 1.

Similar formulas can be immediately written down for the cases when
one of the other strings, 02, 03, or 04, is cut short by the boundary.
Sometimes two strings may be cut short, as illustrated in Figure 31,
where the strings 01 and 02 are ended at the points B and C, respectively.
If the lengths of 0B and 0C are denoted by £h and nh, respectively, then a
generalization of (13) for the residual Fy is obvious:

2w 2we 2w; 2w, (2 2)
Fo = Y el “ 2
=i taadn TigE T iEs \E Ty T

Fraure 31
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In no event should it happen that an irregular star exhibits three short
strings; if it were to happen, it could only mean that an absurdly coarse
net was being employed, and a finer net should then be introduced
immediately and the coarse net completely discarded.

The relaxation patterns are also, of course, modified in the neighborhood
of a curved boundary; in any particular case they may be easily worked
out. Thus Figure 32 shows the patterns (i) for a unit increment Aw
applied at the point 0 of Figure 30, and (ii) for a unit increment Aw

© ©

;
ol
o

o

o

+

(ii)

(iii) (iv)

FIGURE 32

applied at the point 3 of Figure 30. These patterns repay a little study,
and while there is nothing more to be said about their construction, the
student should convince himself of their correctness before reading
further.

It is desirable, however, to make an important point about their use.
In general, the coefficients containing ¢ will not be whole numbers; thus,
for instance, if £ = 0.7, then 2 + (2/¢) = 4.857, and 2/(1 + §) = 1.176,
and the patterns are as shown in Figure 32 (iii) and (iv). To use them as
they stand would be most troublesome, and in any case we do not attempt
to keep the residual values to more than the nearest whole number. It
is far easier, and quicker in the long run, to ignore the decimal parts
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which occur in such patterns, to use the pattern (iii) during the liquidation
process as though the central coefficient were simply —5 instead of
—4.857, and to use the pattern (iv) similarly as though the coefficient
1.176 were just 1. By doing this, of course, we simplify the arithmetic
enormously at the expense of knowingly allowing small errors to creep in.
These will slowly accumulate as the work proceeds, but they will be
recovered each time the residuals are checked by recalculation from their
various formulas. It has becn found that in this way, by the use of
approximate patterns, the time taken to find a solution is much reduced,
even though the liquidation cannot hope to be achieved in only one
attempt. Of course, the residuals must be initially calculated and always
recalculated by substitution into their exact formulas.

48. Graded Nets

In some problems, a particularly fine net is needed in some small or
local part of the complete area of integration. There may be various
reasons for this: e.g., we may be interested in the solution in only a certain
part of the field; or we may require greater accuracy in one part of the
area than in the remainder; or even to get the same accuracy throughout
a region may demand a smaller value of A in one part than in another
because the wanted function may be changing more rapidly in the former.
Now it would, of course, always be possible to extend throughout the
whole region a net as fine as that which it may be decided is necessary in
any one part; but if this were done, it might well entail a very large totdl
of nodes and consequently an unnecessary expenditure of time and effort
in the computations.

For all these reasons together we see, therefore, that it is desirable to be
able to use different sizes of net in different parts of the area of solution.
To show how this may be done, it is sufficient to illustrate how the net
size may be halved in one part of a region but unaltered in a neighboring
part. A net which exhibits this feature is said to be a graded net, and it
will be clear that a net which has been graded once could equally well be
graded twice or three or more times, so that it is possible to have a net of
side h in one part of the area, and a net of side h/2, or h/4, or h/8, ete., in
another part of the area.

Figure 33 shows how a single grading can be effected between a net of
side h in the left-hand part of the diagram and a net of side A/2 in the
right-hand part. 1t will be seen at once that an intermediate net of side
h/~/2 is required to connect up the coarse and fine nets and that this inter-
mediate net is orientated at 45° to these two nets. The various nodes in
the diagram have been indicated as follows: a square [ indicates a node
properly thought of as belonging to the coarse net; a full circle ® indicates
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a node properly belonging to the fine net; and an open circle O indicates a
node belonging to the intermediate net. When we say that a node
“belongs” to a particular net, we mean primarily that the residual there
is calculated from a formula based on the use of that net. Thus in
Figure 33, at those nodes which belong to the coarse net, the residual is
given by the expression

Fo = Ewl - 4’w° + h2Wo, (14)

and, at those nodes which belong to the fine net, the residual is given by
2

Fo = Ew, bt 4.’wo + (g) ]Vg. (15)

That in all cases these formulas are applicable may be verified by inspec-
tion of Figure 33 to observe that for each node marked [1 there do exist
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Ficure 33

four surrounding nodes at a distance &, and that for each node marked ®
there do exist four surrounding nodes at a distance h/2. Thus in both
(14) and (15) the quantity 2w, is calculable, and these formulas for the
residuals do have a meaning. For the nodes marked O, belonging to the
intermediate net, it may be observed in Figure 33 that each is surrounded
by four nodes at a distance h/+/2, but that these four surrounding nodes
are in all cases in directions inclined at 45° to the strings of the coarse and
fine nets. We must, thercfore, make use cf the property of the operator
V2, that it is invariant with respect to a rotation of the axes of coordinates,
in order to be able to say that the residual at a node belonging to the
intermediate net is given by the formula

h 2
Fy = Zw; — 4w — ) W 16
0 1 o + ( v 2) 0 (16)

Thus, by one or other of the formulas (14), (15), and (16), residuals can
be calculated at all the nodes of a graded net. They are liquidated in the
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ordinary way, but a number of special relaxation patterns occur in the
neighborhood of the intermediate net, specifically when unit increments
are applied at nodes situated like 4, B, C, D, E, and F in Figure 33.
These patterns may be constructed by inspection, it being remembered
that the unit pattern for any one selected node depends on the finding of
all the residuals at other nodes which contain the w value at the selected
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node in their residual expressions. Thus, for instance, the w value at B
oceurs in the residual formulas of B itself, of course, and also of D, but of
no other point. In particular, the residual at C is not dependent on the
w value at B (care must be taken that confusion does not arise because
the converse is not true, s.e., because the residual at B s dependent on the
w value at C). The pattern for a unit increment Aw, = 1 applied at the
node B is, therefore, that shown in (ii) of Figure 34; and other patterns (i)
and (iii) to (vi) in that figure are similarly the patterns appropriate to the
nodes 4, C, D, E, and F, and they should all be verified by the reader.
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49. Symmetry Conditions

It often happens that a problem, as set, is characterized by complete
symmetry about some center line; an example has already been met in
Section 46, where the solution of the torsion problem for a cylinder of
rectangular section actually exhibits symmetry about two orthogonal
center lines. It was seen then, in Figure 28 (iii), that the solution could
sufficiently be presented on a diagram representing only one-quarter of
the complete field. In a similar way the computation of the solution can
also be accomplished on a diagram which represents only one-half (in the
case of single symmetry) or one-quarter (in the case of double symmetry)
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of the whole area. In such cases there is no reason why the center line(s)
should not be taken as made up of strings of the net, and Figure 35 (i)
illustrates a part of such a net in the neighborhood of a vertical center line.
At a typical node 0 on the center line, a residual must be calculable (the
center line is not a real boundary of the area of integration, but only an
apparent boundary of the working diagram); the usual formula (6)
cannot be immediately used to find F because, on the diagram, there is no
w; recorded. However, w, is not in this case a fictitious value; it does
exist but is simply not recorded because, by symmetry, we know it to be
identical with w;. It is not, therefore, a question of having to eliminate a
fictitious w;, but rather of wanting to replace (6) by a more convenient
formula, 7.e.,

Fo=wy 4+ 2w; + ws — 4w0+h2Wo,

in which form the residual is expressed not merely in terms of real w values
but in terms of real w values which are actually recorded on the relaxation
diagram. Again there are corresponding modifications in the relaxation
patterns in the neighborhood of a center line; these are easily seen to be
as given in (ii) and (iii) of Figure 35, respectively, for the nodes 0 and 3 of
(i) of that figure.
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PROBLEMS

1. A cylindrical condenser consists of an outer conductor of square cross
section of side 12 units and a centrally situated inner conductor of square cross
section of side 4 4/2 units, placed with its sides at 45° to those of the outer con-
ductor. Calculate the electric potential distribution between the conductors at
the nodes of a square net of side 1 unit when the potentials of the inner and outer
conductors are maintained at 100 esu and 0, respectively.

(There is an obvious eightfold symmetry in this problem so that the number
of nodes in the actual working relaxation diagram is not very large.)

2. Find the torsion stress function ¢ for the case of a cylinder of rectangular
section with sides in the ratio 3: 5, at the nodes of a square net which has 12 strings
in the shorter side of the rectangle.

(Take the shorter side of the section to be the representative dimension L, and
use a multiplying factor of 7,200. The solution may be found either directly on
the net of side h = 1{,, or successively on nets of side h = 14, 14, and }{.,
according to individual preference.)

3. Figure 36 represents one-quarter of a uniform conducting plate; the outer
edge ABC is kept at 0°, and the inner edge DEF is maintained at a temperature of
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100°C. There is no heat loss from the surface of the plate. Find the steady
temperature at the nodes of a square net, of side 1 in., of which AB and BC are
both taken as mesh lines.

4. ¥ind the solution to Laplace’s equation over a semicircular region, given
that the wanted quantity w has to satisfy boundary conditions that w = 0 on
the diameter and w = 100 on the semicircumference. Use a square net of side
one-quarter of the radius.

(The size of the net suggested is rather coarse to hope to find a very accurate
solution, but the problem, as set, affords a sufficient exercise in the use of irregular
stars.)



CHAPTER 6
NORMAL-GRADIENT BOUNDARY CONDITIONS

60. Introduction

One of the most difficult types of problem to tackle by the relaxation
method is the determination of a solution of a Poisson’s equation when a
specified normal gradient of the wanted quantity is given as a boundary
condition. Such a condition is easy enough to satisfy when the boundary
is rectilinear and lies along mesh lines; we have, in effect, already met
such a case in Section 49, since a condition of symmetry across a center
line is equivalent to a condition that the normal gradient be specified
to be zero at an actual boundary. But when, as is more usual, the bound-
ary is curved, very considerable difficulties are encountered in any
attempt to satisfy a normal-gradient boundary condition by a use of only
arithmetical or algebraic ideas. A method has been proposed by Fox,*
but it is not suitable for description here; instead a quite different method
will be described which, although involving some tedious computations
preliminary to the actual relaxation, does have the merit of being straight-
forward and easily workable. This method is based on a mechanical
analogy of the relaxation method of solution of a Poisson-type equation,
and before proceeding specifically to consider normal-gradient conditions,
we must first discuss this analogy in detail.

651. The Soap-film Method

To begin with, mention must be made of the soap-film method of solu-
tion of an equation of Poisson’s form; this method was evolved by Taylor
and QGriffith,t who made use of Prandtl’s membrane analogue. It
depends essentially on the fact that the differential equation

Viw + W =0 1)

governs the infinitesimal transverse deflection w of a uniformly tensioned
film when it is subjected to a distributed transverse loading, of which, at
any point, W is a measure of the intensity. To prove this, we consider
the transverse equilibrium of an element of the film; in Figure 37 the xy
* Fox’s account of his method may be found in Quart. App. Maths., 2 (1944).
t The method is described by these authors in Proc. Inst. Mech. Engrs., 755 (1917).
74
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plane is the plane of the originally undeflected film, which we suppose to
be stretched to a uniform tension T per unit length. A,BoCoD, repre-
sents a typical elementary rectangle of the undeflected film of sides
AoBy = 6z and BoCo = 8y. When the film is deflected by the application
of a distributed transverse loading, the typical element takes up a position
of equilibrium ABCD, and it remains at rest in this position under the
action of five forces shown in Figure 37: these are the four forces, each due
to the tension 7' in the film, acting tangentially to the film and perpen-
dicularly, respectively, to the four sides AB, BC, CD, and DA of the
element (the magnitudes of these
four forces are equal in pairs to Téx
and to T'8y), together with a fifth
force which is the resultant of the
load distributed over the element
(and of magnitude Péxdy, where P
is the local intensity of loading).
The pair of forces, Téx, combine
together to yield a resultant
T(0*w/0y?)éxdy in the transverse
direction, and similarly the pair of
forces, T8y, together provide a
transverse force of magnitude
T(0%w/dx?)dxdy. Hence, at once, writing down the equation of trans-
verse cquilibrium of the element ABCD, we have

Péz8y Téz

Ficure 37
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+1 ___éy "; +P =0,
t.e.,

Viw + g, = 0. 2)

This equation is immediately seen to be identical with equation (1) pro-
vided that we make

P=WT. 3)

In other words, no matter how an equation of the form (1) may arise, it
can always be interpreted as giving the transverse deflection w of a mem-
brane, uniformly stretched to a tension 7' per unit length, when it is sub-
jected to a distributed transverse loading of intensity WT. Such an
interpretation of Poisson’s equation provides, of course, an experimental
method of determining particular solutions by means of the measurement
of the actual deflections of a real membrane or soap film.
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62. The String-net Analogy

Here, however, we are concerned with the soap-film interpretation of
Poisson’s equation only to demonstrate that the relaxation method of
solution corresponds exactly with the replacement of the uniformly
tensioned membrane by a network of uniformly tensioned strings, with
the distributed loading on the membrane replaced by concentrated loads
at the nodes of the net. Corresponding to Figure 37, which illustrates
the equilibrium of a typical clement of the membrane, Figure 38 now
indicates the forces acting on a typical node of the string network. The
zy plane is again the planc of the undeflected net, and in it the points 0, 1,

R 2, 3, and 4 represent a typical group
g 2’ of five nodes; when the net is de-
flected transversely, these nodes
) 3 k v take up equilibrium positions 0’, 1’
’ H H

0 2’, 3’, and 4’ in Figure 38.
y 2 As usual, we denote the mesh
length of the net by h, and let the
0 tension in each string be, in the first
4 instance, T; suppose also that the
transverse concentrated load acting
at the node 0 is Py, and that the
(small) deflections of the nodes are w,, w;, etc. Then the equation of
transverse equilibrium of the typical node 0 may be immediately written

down; it is
2<T.'f"‘_;l"£>+p0 =0,

Ewl - 4w0 + hT]I.,)—O = (. (1)

Ficure 38

1.e.,

Now in the ordinary use of the relaxation method, as described in Chapter
5, we should replace the differential equation (2) by its finite-difference
approximation
2
Swy — 4wy + %D—‘? =0, (5)
and we can at once make equations (4) and (5) identical by putting

T = AT,
Po = kP, (6)

The relations (6) are, in fact, exactly the relations which we could have
anticipated to hold between the membrane and the network, for, on the
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net, as is illustrated in plan view in Figure 39, a concentrated load at a
typical node 0 must effectively replace, for the membrane, loading dis-
tributed over the square STUYV, of area h?, that is, Py = h*P,. Also the
tension T in a string, 01 say, effectively replaces the tension in the mem-
brane which acts across the line VS of length h, that is, T = AT. The
relaxational solution of a Poisson’s equation corresponds exactly, there-
fore, with that obtained for a membrane-
deflection problem by the approximate re-
placement of the membrane by a uniform
string network, the distributed load on the
membrane being concentrated at the nodes
of the network. It may be recognized that
this approximation of a network to a con-
tinuous membrane is mechanically correct,
and that the approximation improves as the
fineness of the network is increased.  Clearly,
in fact, the membrane is the limiting case of
the network as themesh length k tends to zero.

Ficure 39

63. Interpretation of a Normal-gradient Boundary Condition

What has been done so far in this chapter offers an alternative approach
to the formulation of the relaxation method of solution of a Poisson’s
equation. It is possible to interpret any such equation as governing the
deflection of a membrane; then to assert that, physically, a membrane can
be effectively and approximately replaced by a string network and that,
when this is done, the relations (6) are the only feasible relations between
the membrane and string tensions and between the intensity of loading
on the membrane and the concentrated loads on the network. Last,
residuals may be introduced which again, as in the case of a framework
problem, are really residual forces; at any node of the network the residual
would automatically be defined as the expression on the left-hand side of
(4), which by (6) becomes the same as the expression on the left-hand side
of (5) and which then by (3) becomes

Fo = Ewl - 4'(00 + thVo, (7)

which formula is, of course, identical with (6) of Chapter 5. In general,
the methods of Chapter 5 are to be preferred to the alternative approach
outlined in this chapter, because they are capable of extension to deal with
other equations than Poisson’s, whereas the membrane and string-network
analogies are restricted by their very nature to dealing only with the
“membrane equation,” i.c., Poisson’s equation.

It would not have been necessary to make any mention at all of these
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analogies if it were not that they happen to be particularly suitable to use
in order to formulate a relaxation method of solution of Poisson’s equation
when a boundary condition of given normal gradients is to be satisfied.
To describe how such a condition may be imposed, it is necessary first to
interpret what it signifies in terms of the membrane analogy; then we
shall be able to translate this meaning into terms of a string network and
finally into the (numerical) terms of a relaxation process.

Figure 40 represents a small element QR, of length &8s, of the boundary
of a deflected membrane, QR being the position of this element when the
membrane is not deflected. We denote by v the direction, in the xy
plane, normally across the boundary at any point, so that a specified
value of the normal gradient dw/dv implies a specified slope dw/dv of the
deflected membrane to the zy plane
at a point of theboundary. Hence,
acting normally inward across the
element QR is a force 7T'ds at this
inclination dw/dv; for transverse
equilibrium it must be balanced by
a distribution of transverse force,
along the boundary, of intensity
T d0w/dv. In other words, a speci-
fied normal gradient of the mem-
brane is achieved at a boundary if
we impose a line intensity of trans-
verseforce, acting on the membrane
at the boundary and of magnitude 7' dw/dv, and allow the membrane to
take up its corresponding natural position of equilibrium.

Freure 40

64. Concentration of a Line Intensity of Force on the Strings of a Network

The line intensity of transverse force which is imposed to act on the
boundary of the membrane has now to be applied to act on the string
network which we suppose, as the essence of the relaxation method, to
replace that membrane. First of all, we can, using the first of (6), write
that intensity as (T/h)(éw/dv) in terms of the string tension T which
replaces the membrane tension 7. Next, Figure 41 represents the plan
view of a part of a region of integration of equation (1) with a part of the
actual (real) boundary shown and also a square string net drawn in. In
general, strings of the net are cut short by the boundary at the points E,
G, H, etc., but these strings are all extended across the boundary in
Figure 41 to the several fictitious nodes («, B, v, etc.). We imagine the
string network actually to extend to these fictitious nodes and so, in
effect, replace the real boundary by a substituted (polygonal) boundary,
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formed by joining up the fictitious nodes and shown in Figure 41 as a
broken line. This modification of the boundary can be easily seen,
physically, to be unlikely to affect the solution to any appreciable extent
if a reasonably fine net is used; for, in membrane terms, it implies the
addition to the original membrane of only a very thin border of extra
membrane, which border is completely unloaded. We still, of course,
suppose that the line intensity (T/h)(dw/dv) of force remains applied
along the real boundary, which is now thought of as being merely some
curve (just inside the new substituted boundary) along which a line
intensity of loading has to be applied.

The next step is to concentrate this distributed loading (along the real
boundary) to act on the string network at the various points (E, G, H, etc.)
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where the real boundary crosses the strings of the network. This con-
centration is achieved by a series of summations to find the total loads
acting on the various separate portions (EG, GH, I11, etc.) into which the
real boundary is divided by the net; then these total loads are transferred
to act, in equal parts, at the ends of the corresponding portion of the real
boundary. Thus, for instance, the total of the distributed load which
acts along the portion HI is

7 ¢H aw ®)

v

Ficure 41

where s denotes arc length measured along the real boundary in an anti-
clockwise direction. This total load (8) we now imagine to be concen-
trated into two equal parts, one each being applied to act on the string
network at H and at I. Each portion of the real boundary must be
dealt with in the same way, so that eventually membrane ideas may be
forgotten and we are left, instead, with a string network, extending to the
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broken-line boundary and subjected to a number of concentrated trans-
verse loads. These transverse loads are of two kinds, those derived from
integrations like (8) and acting at points like &, @, H, ctc., and also those
derived from the term W in equation (1), that is, ATW, acting at cach
node of the net within the real boundary.

66. Preliminary Transference of Concentrated Loads

Before the actual relaxation process can be begun, one last preliminary
calculation remains to be made; it involves the transference of the con-
centrated loads at points like £, G, and H to act at nodes of the network,
t.e., at the ends of strings. Basically this initial transfcrence of the
boundary loads is exactly similar to the preliminary calculations which
are sometimes necessary in the solution of a framework problem (these
were exemplified in Section 24, where, in a worked example, certain loads

kg T/h) had initially to be transfcrred to act at
the joints of a framework).

We suppose, in this initial transfer-
ence of the loads, that the ends of all
the strings of the net remain unde-
flected and that the redistribution of
the loads is achieved by transverse dis-
placements of only those strings, such
as aa, bB, and ¢y in Figure 41, which bear a load at some point along their
length. Consider, for example, the string cy; it is subjected to a concen-
trated load, at I, which has been calculated from expressions like (8) and
which consequently is of the form kx(T/h), where ky is some determined
numerical coefficient. This load is transferred to act in two parts at the
ends, ¢ and v, of the string ¢y by a deformation of that string of the form
illustrated in Figure 42. This deformation consists of a transverse dis-
placement wy of the point H to the position H’, so that the load ky(T/h)
becomes balanced by the transverse components of the tension T in the
two parts H'c and H'y of the string; in this preliminary deformation the
points ¢ and v, of course, being nodes of the network, are supposed to be
restrained from undergoing any displacement. From the equilibrium of
the point H’ it follows easily that

Wy = ZCH i I]{; . ,{1__7, “)

and that the load kx(T/h) is transferred to the nodes ¢ and v in the

inverse ratio of the distances of the point H from those nodes.
Preliminary deformations of the form (9) may be straightforwardly

computed for each of the strings of the network which cross the real

FiGUure 42




NORMAL-GRADIENT BOUNDARY CONDITIONS 81

boundary and which, therefore, to begin with, bear concentrated loads at
some point along their length. These deformations have, in the end, to
be superposed on the deflections of the network which are found in the
second, or relaxational, part of the solution. This second part of the
solution involves the determination of the deflection of the network due
to the liquidation, by the ordinary relaxational processes, of the concen-
trated loads at the nodes of the network. These loads themselves are
derived from two sources: first, at each node within the real boundary,
there is a contribution AT W, derived from the term W in equation (1);
and second, at nodes like @, b, and ¢ and «, 8, and v, there is a contribution
derived from the preliminary transference to these nodes of the concen-
trated boundary loads. These latter contributions will be of the form
ko(T/h) and k.(T/h), where k, and k. are numerical coefficients which
will have been calculated as described in this section.

66. Half-tension Strings

There remains now only to write down formulas for the calculation of
residuals. In general, each residual is given directly from equation (4)
by the formula*

F() = Jw; — 4:’!1)0 + }%) (10)

where P, is the concentrated load acting at the typical node 0. When the
node is an ordinary internal node of the net, so that P = AT, simply,
(10) reduces, as we should expect, to (7). At a node just inside the real
boundary, such as the point a, (10) becomes

Fo = 2w, — 4wy + B2Wo + k,, (11)

where the number k&, has been explained in Section 55.

At nodes on the substituted boundary (like the points «, 8, and v), the
correct formulas for the residuals need further consideration, for, in
Figure 41, we have yet to decide whether or not we suppose strings of the
net to cxist joining up the pairs of nodes « and 8, 8 and v, v and §, and
Aand x.  The answer to this question is that these strings should be sup-
posed to exist but that they should be taken to be stretched to only one-
half the normal string tension, <.e., to a tension T/2. The reason for this
is that each of these strings, lying wholly along the substituted boundary,
is effectively replacing a portion of the membrane on one side of the string
only, and not, as is the case with all the other strings, replacing a portion

* Tt should be recorded that the residuals given by (10) are not strictly residual
forces but instead, for arithmetical convenience, those forces multiplied by the factor

h/T.
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of the membrane on both sides. These strings, therefore, which are part
of the substituted boundary, are required to be only semieffective com-
pared with the other strings of the network, and the simplest way of
satisfying this requirement is to postulate that the tension in them is
only T/2.

With this modification it becomes an easy matter to write down
formulas for the residuals at the points «, 8, v, etc.; this must be done
with reference to Figure 41, and the reader should check the following
expressions:

Fa="3 45 + s+ wi — 3wo + ky,

FBE%I+%3+w4—2wo+/cﬁ,

w1 W3

F, = D) +7§+w4—2w0+k1,
F;E%+W4—?"—2%)+ks, (12)
F¢‘=—w3+w4—2’wo+k"
™o Wy 3'LU() 3
1’)‘=’w3+‘§‘——2—+k)\,

5
F“E%E+w3+w4—~g9+kw

These formulas are, of course, peculiar to the particular shape of the sub-
stituted boundary illustrated in Figure 41; they should, however, be
sufficient to indicate how similar formulas are to be written down for any
other shape of a substituted boundary.

The construction of corresponding special relaxation patterns need not
be exemplified; it is sufficient merely to point out that, whercas an
ordinary string transmits one unit of residual when an increment Aw = 1
is applied at one of its ends, a string which is stretched to only half the
normal tension transmits only one-half unit of residual when a unit dis-
placement is applied at one of its ends.

67. A Numerical Example

In order to illustrate the methods of this chapter, they will now be used
to solve the following problem: To find a function w which satisfies
Laplace’s equation in the semicircular region bounded by one-half (y > 0)
of the circle > 4 y* = 1 and the diameter y = 0; with boundary condi-
tions given that w = 0 on the diameter and that dw/dv = y on the
semicircle. There is, of course, symmetry about the center linex = 0, so
that the solution need be worked on only one-half of the complete area;
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Figure 43 (a) shows this half, with a square net drawn of mesh sizeh = 4.
The strings of this net are extended, in Figure 43 (a), to the various
fictitious nodes which lie on the substituted boundary, but only that part
of the substituted boundary which is actually made up of ‘‘half-tension”
strings has been drawn (in broken lines).

The normal-gradient boundary condition which is required to be satis-
fied on the circular part of the real boundary has first to be interpreted
(Section 53) as a line intensity of transverse force of magnitude (T/h)y, or
(T/h) sin 6, where 6 is the ordinary polar angle, mecasured from zero on
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the z axis to v/2 on the y axis. This distributed load has next to be con-
centrated to act on the strings of the net where they cut the real boundary
(Section 54); now the total load on any portion of the real boundary is

%ﬁf sin 0ds = % ;Isin 0do = %—‘ (cos 6; — cos 04), (13)
where I/ [Figure 43 (a)] is a typical portion of the real boundary and
where 0, and 0y are the values of 8 at the points [ and H, respectively.
Quantities of the type of (13) can be immediately evaluated for all the
portions of the real boundary; each of these quantities then represents a
concentrated load which is supposed to be distributed to act on the strings
at pairs of points, like I and H, in equal parts. At each point like H
there is thus a contribution, to the load supposed concentrated there,
from each of the two portions of the real boundary on either side of H.
The values of these concentrated loads at the points I, II, ete., are shown
in Figure 43 (a) (in brackets near each such point); the factor T/A has
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been omitted, and also, for convenience, the values have all been multi-
plied by 103.

The next step (Section 55) is to transfer these concentrated loads from
points like H to act at points like ¢ and y. This transference results in
preliminary displacements of points like H which are calculated according
to the formula (9); these displacements have been evaluated and are
recorded in Figure 43 (b) (in brackets near the points H, etc., and again
multiplied by 103). Also in Figure 43 (b) are recorded the transferred
loads now acting at points like ¢ and v; these loads, again with the factor
T/h omitted, are, according to (11), simply the initial residuals, at the
points ¢ and v, ctc., when, as an initial guess, the displacements of all the
nodes are taken to be zero; they are therefore recorded in Figure 43 (b) in
the usual positions occupied by initial residuals.

68. Relaxation of Initial Residuals

To complete the solution, there now remains only the liquidation of
these initial residuals by the ordinary relaxation processes. Remember-
ing the peculiar property of the broken-line half-tension strings, such as
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v3, we can easily enough achieve this liquidation; the solution, in the
form of displacements at all the nodes of the network, is given in Figure
44 (a), and the reader may verify that these displacements do in fact yield
zero residuals. The solution values of w at points on the real boundary
(like H) are given separately in Figure 44 (b). These are obtained in
two additive parts: first, the contributions recorded in Figure 43 (b) due
to the initial transference of concentrated loads to act at the nodes, and
second, the contributions derived from Figure 44 (a) and evaluated from
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the fact that, in that second (relaxational) part of the solution, strings like
cy remain straight so that the displacement of H, say, can be linearly
interpolated between the displacements of ¢ and 7.

In both Figures 44 (a) and (b) the multiplying factor 10 persists. The
values obtained may be compared with the exact solution, which is sim-
ply w = y; they are nowhere in error by more than 7 per cent, which,
although by no means small, is no larger than is to be expected for a solu-
tion on such a coarse net of a problem involving a normal-gradient
boundary condition.

59. Rectilinear Boundaries

The methods of this chapter are not necessary when a normal-gradient
condition has to be satisfied on a boundary which
is rectilinear and which can be entirely composed
of mesh lines. In such a circumstance the prob-
lem is very considerably simplified, but we ought,
for completeness, to show here how it may be —’-3——'5-—---i
tackled; only a very slight extension of Section 49
is required.

Suppose that a part of the rectilinear boundary A4
lies along a vertical mesh line (Figure 45) and
that O is a typical node of the net on this line so
that the point 1 is a fictitious node. The usual residual formula,

—12

Ficurr 45

Fo = Zw;, — 4w + h*W,, (14)

cannot, therefore, be used directly because it contains the fictitious value
w,. However, if a normal-gradient condition, dw/dv = N(z,y), is given
to hold on the boundary, then its finite-difference approximation at 0
yields

w; — Wi = 2hN0

Consequently the fictitious w; may be eliminated from (14) and so a
residual formula, containing only real nodal values of w, obtained:

Fo = Wq + 2w3 + wy — 4u)0 + h2Wo + 2hNo (15)

PROBLEMS

1. Verify that the residual formula (15) can also be found as a special case of
the more general formula (11).

2. Find the solution to the problem which is the same as that described in
Section 57 except that the boundary condition on the semicircle is given to be
dw/dv = y2. Use successive nets of sizes b = }{ and h = 14.



CHAPTER 7

THE QUASI-PLANE-POTENTIAL EQUATION

60. Introduction

A gencralized form of Poisson’s equation has been termed the quasi-
plane-potential equation; governing a dependent variable ¢, it is

9 do lZ] ¢ _
(')—I(X%)Jr:‘)’:j(x?;]—/—)_*_‘p*o’ (])

where both ® and x are known functionsof x andy. Thisequation reduces
to be of Poisson’s type, if x is simply a constant, and to Laplace’s equa-
tion, if also ® is zero. A large number of second-order differential equa-
tions in two dimensions are, or may be written, in this form, and numerous
examples will be quoted in this chapter. In many of these examples it
will be found that the quantity ® is actually zero, but since that circum-
stance involves no particular simplification from the point of view of the
relaxation method, we shall describe the method of solution in general
terms with reference to the full equation (1).

One of the simplest equations of the form (1) is Laplace’s equation
expressed in terms of cylindrical coordinates r and 2, with axial symmetry.
Although usually written as

L &)

67‘2 r or

it may be easily verified that it could equally well be written

a( a¢ a( a¢\ _
5;("57>+52<"5>‘0’ ®)

which (with 7 and 2z replacing x and y) is the special case of (1) given by
® =0and x = 7.

61. Adjoint Equations

A variety of physical quantities, all having the nature of a two-dimen-
sional potential function, satisfy an equation of the form (1). Thus,
with ® = 0, ¢ might be the magnetic potential in a two-dimensional
region of variable permeability (x); similarly ¢ could represent the clec-

86
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tric potential in a two-dimensional sheet, for which x would be the variable
conductivity; or, in the field of hydrodynamics, ¢ might be the velocity
potential for the irrotational flow of a compressible fluid in two dimen-
sions, with x being the variable density. In all these cases, ® is zero, so
that the existence of a solution to (1) implies that there is another function
¥, such that

x 28 _ %,
dx 6J
T W
X3y~ T o

Elimination of ¢ between these two relations shows at once that the func-
tion ¢ also satisfies an equation of the same form as (1):

1 dy 19y
ox (x 896) *ay dy (x 61/)

For the magnetic, electrical, and hydrodynamic interpretations of ¢ cited
above, the function ¢ is, respectively, the magnetic-flux function, the
current-flow function, and the strecam function. In general, for any
equation of the form (1) with ® equal to zero, it is always possible to con-
struct a corresponding equation (5); the pair of equations are said to be
adjoint, and the pair of functions ¢ and ¢ are called adjoint functions.

In the case when @ is not zero in (1) it is still possible, though by no
means so easy, to find an adjoint equation. To do so, it is necessary to
introduce a function 2, which is any solution of the equation

(5)

VI = §;
then (1) may be written

] ¢ ] a¢
EXS ( X T3 ) + 61/( EN 61/) 0, (6)

on substitution for ® in terms of 2. Now the existence of a solution of
(6) implies that there is another function ¢, such that

d¢ | IR _ oy

Xax v as = ay ;
09 99 _ _ o, @)
x&y ay ox

Elimination of ¢ between these relations gives the adjoint equation
governing ¢ to be

d (1dx 1 dx 1 0Q3dx  dQax
@(x6x>+0y(x6u>+ (025 by 8z) = ®
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The reason why it is desirable to show that, always, an equation (8) can
be formulated which is adjoint to (1) is that in some problems it may be
considerably easier to solve the adjoint than the original equation. Now
there is obviously nothing to choose between (1) and (8) themselves—they
are equations of precisely similar form—but there may well be reasons
why we should prefer to work in terms of ¢ instead of ¥, or vice versa,
when the boundary conditions come to be considered. For instance, if »
and s denote the normal and tangential directions at any point of a
boundary, it follows from (4) that

3¢ oy
X3y ~ os’
¢ oy
Xos ~ v

or, more generally, from (7), that

3¢ L 90 _ oy
x(ﬁ.-l_av = os’

9¢ 90 _ 9y
X3s T3 = T o

Hence, at once, we see that a boundary condition which, in terms of ¢,
specifies given values, on the other hand specifies given normal gradients
when expressed in terms of y; conversely, a condition which specifies
given normal gradients in terms of ¢ specifies given boundary values of .
(Strictly, if d¢/dv is given, then dy/ds may be regarded as known, so that
integration with respect to s round the boundary yields values there for
¥.) Now it has already been discovered, in the previous chapter, that it
is much more laborious to impose a normal-gradient boundary condition
than it is to impose given boundary values of the wanted function.
Hence if a problem is governed by an equation of the form (1) when
expressed in terms of ¢, then we should, of course, solve that equation
directly for ¢ if the boundary condition expressed given values for ¢; but
if the boundary condition specified normal gradients of ¢, we would then
solve the problem by working in terms of the adjoint function ¢, for which
boundary values could be regarded as known. Sometimes, of course, the
boundary condition might be of mixed type, 7.e., on one part of the bound-
ary values of ¢ might be given, and on another part the normal gradient
d¢/dv might be known; in such a case the problem would be best solved
in terms of ¢ if the value of ¢ were given on the greater part of the bound-
ary and would be best solved in terms of ¢ if the value of ¢ were given
only on a smaller part of the boundary. The above argument presup-
poses, of course, that the solution to the problem is effectively achieved
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if esther ¢ or ¢ is determined. In many cases this is so, but if a particular
one of the two functions is required, then no advantage accrues from a
determination of the other.

62. The Residual Formula

We usually find a relaxational solution of an equation of the form (1)
which consists of numerical values of the wanted function ¢ at the nodes
of a square net (of mesh size h) drawn to cover the required area of
integration. In order to write down a finite-difference replacement for
(1) in terms of these nodal ¢ values, it is simplest, in general, first to
rewrite (1) as

Vi(xe) + x V¢ — ¢ Vix + 28 = 0.
Then, with the usual convention for numbering a group of typical nodes,
and using the known finite-difference approximation for the V? operator
(Section 41), we get

S(xe)r — 4(x¢)o + xo(Zd1 — 4¢0) — do(Zx1 — 4x0) + 2h*P0 = 0,

i.e.,
Zo1(x1 + x0) — do(Zx1 + 4x0) + 2h*Pe = 0,

so that, after division through by 2xo, residuals may be defined by the

formula :
4 2
P, = z (zu_i&o) o DT o W ©)
2x0 2x0 Xo

This formula reduces, of course, when x is just a constant, to the usual
expression for a residual derived from Poisson’s equation:
h®,

X

Fy= 2¢1 — 4¢o +

The use of the formula (9) to calculate residuals is exactly similar to the
use of the simpler formula obtained from Poisson’s equation; the only
- difference is that, in (9), the coefficients of the various nodal values of ¢
happen to be some other numbers than 1 and —4. We shall, however,
not proceed any further with the discussion of quasi-plane-potential
equations in general, but instead will consider in more detail a number of
particular equations of this type.

63. Laplace’s Equation in Cylindrical Coordinates

When a potential function ¢ is characterized by axial symmetry, its
governing Laplace’s equation, in terms of cylindrical coordinates, is
equation (2). Although this equation can be rewritten as (3), in the
standard form of a quasi-plane-potential equation, we should not usually
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bother to do this but instead should treat (2) as it stands on its own merits.
Similar remarks apply to many second-order partial differential equations:
it may be possible to rewrite them in the form (1), but often they natu-
rally arise in somewhat different shapes, and we usually prefer to deal
with each such equation individually, although, of course, the general
approach of Section 62 always remains as an alternative.

Thus, using the known approximations (Section 30) for first and second
derivatives, we can immediately write down a finite-difference replace-
ment for (2), holding at a typical node 0 of a square net* of side h:

¢2+¢4—2¢0+1__¢2—¢4 ¢1 + ds — 2¢

ii2 To 2h h:i—w

=0,

which, after multiplication through by A2, enables residuals to be defined
by the expression

Fo = ¢1+¢3+<1 +§}‘:T,>¢2+(' —2—':_—")¢4~4¢o- (10)

In this result the cocfficients, 1 + h/2ry, of the nodal values ¢, and ¢4 are
easily evaluated at any node of the net.t Usually it is arranged that the
axis of symmetry, r = 0, is itself a nodal line of the network, so that
h/2r¢ takes the values 14, 14, L§, ete., at nodes on successive lines distant
h, 2h, 3h, cte., from the axis.

The pattern which should be used in the relaxation method of solution
of equation (2) follows at once from the residual formula (10), although
some care needs to be exercised in order to avoid an understandably com-
mon mistake. The correct pattern is shown in Figure 46, and it cannot
be too strongly emphasized that the five elements which appear in this
pattern are separately coeflicients which occur in the formulas for
residuals at five different nodes of the net. In order to explain this state-
ment in complete detail, I the five clements of the pattern of Figure 46
have been lettered 4, B, C, D, and E for reference. Now, this pattern
shows the changes which must be made to the values of the residuals when
an increment -+ 1 is applied to the valuc of ¢ at the (typical) central point

* The strings 01 and 02 are here supposed to be drawn in the positive z and » direc-
tions, respectively.

t Nodes on the axis r = 0 are exceptional; there the term (1/r)(d¢/dr) in (2) is
indeterminate and must be replaced by its limit as r —» 0, z.e., by 92¢/dr2.  Since
also ¢2 = ¢4 by virtue of symmetry, it follows that the residual formula at nodes on

r = 0 reduces to
Fo = ¢1 + 4¢2 + ¢35 — 6.

1 It has been the author’s repeated teaching expericnce that this particular point
must be most carefully explained at some length; it is essential that the student should
not only understand the explanation but also recognize the pitfall which has to be
avoided.
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(. So far as the residual at the point C itself is concerned, the increment
is an addition of +1 to the value of ¢o; therefore the residual at C' must be
changed by an amount equal to the coefficient of ¢, in the formula for the
residual there, i.e., by —4. Next consider the element in the pattern of
Figure 46 at the point E; it represents the change made to the residual at
E due to an increment +1 applied to ¢ at C. Now, in the residual
formula at E, ¢ at C is denoted by ¢,, and its coefficient is 1 + (h/2r4),
where 74 is the value of r at the point . It must be emphasized that this
coefficient is not a coefficient which appears in the formula for the residual
at C; in particular it is not 1 — (h/2ro), nor even 1 + (h/2ro). Similarly,
the clement in the pattern of Figure 46 al the point A is the coefficient of
¢4 in the formula for the residual at
A, and likewise the clements at the
points B and D are the coefficients,
respectively, of ¢; and ¢; in the
residual formulas holding at those
two points. Tosummarize, thefive
elements in the pattern of Figure 46
are coeflicients of ¢ valuestakenone
each from the five formulas for the
residuals at the five different points
concerned; they are not the same as Fravre 46

the five coefficients which appear in

any one residual formula. The reason why some confusion is apt to
arise here is that no distinction between the two sets of five numbers (the
ones which appear in the pattern and the ones which appear in a typical
residual formula) needed to be made when, in Chapter 5, we were dealing
with Poisson’s equation, because then the two scts of numbers were, as it
happened, identical (one being —4 and four being +1).

The principles which have been explained here regarding the formula-
tion of the relaxation pattern appropriate to equation (2) apply in general
for any quasi-plane-potential equation. Certain aspects of purely
numerical technique also arise in the solution of these equations which
could not be mentioned in respect of Poisson’s equation because of its
particular simplicity. These aspects will be illustrated in the worked
solution of a typical example (Section 65) of a problem governed by a
quasi-plane-potential equation which is similar in form but not identical
to (2).

64. Torsional Stresses in an Incomplete Tore

A second example of a quasi-plane-potential equation arises in the
determination of the torsional stresses in an incomplete tore. Figure 47
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represents an incomplete solid of revolution generated by the partial
revolution of an area A about the axis Oz; we are concerned to find the
stress system set up in this solid by tractions on the plane ends A and A’
applied so that the resultant force exerted over the end A’ is of magnitude
Z and directed along the axis Oz and so that the resultant force exerted
over the end 4 is of magnitude Z and directed in the opposite direction
along the axis of revolution. We may take cylindrical coordinates r, 6,
and z, as shown in Figure 47, and it can then be proved* that the only
nonzero components of stress at any point in the tore are the shear
stresses 7,9 and 7, (provided, of course, that the tractions applied

over the plane ends are properly distributed)

r .
These shear stresses have values which are
0 independent of 6 and can be expressed in terms

Z of a stress function ¢ by the relations
=== \0
s S k a¢
] rd — "E &‘)
X (1)
T T par’
I ’ where ¢ itself is governed by the quasi-plane-
zl potential equation
: 7 334 , % _ )
Fioure 47 ar? Tor ' 922 1 (12)

and satisfies the condition ¢ = 0 at all points on the boundary of the axial
section of the tore. The constant k£ which appears in the expressions (11)
depends on the value of the resultant force Z; for any particular cross
section A of the tore, £ can be found, after the function ¢ has been
determined, from the relation
/ f To: dA,
4

7 o 184)
7z = ic/f 5 ed (13)

The governing equation (12) could be verified to be of the standard
quasi-plane-potential form (1) with x = ® = 1/r%, but it can also be
taken directly as it stands, in the manner of Section 63, to yield a residual
formula

Z

1.e.,

* The results which are stated here were derived by Southwell, Proc. Roy. Soc. A,
180, 367-396 (1942).
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Foa¢1+¢s+(1—§’i>¢z+(l+%’io)¢4—4¢o—hz. (149)

66. A Tore of Square Section

As a worked example we take the particular case of a tore with a square
section. As a preliminary to any numerical work, the equations of Sec-
tion 64 should all be expressed in terms of nondimensional variables (cf.
Section 46). We make this transformation by denoting a representative
dimension of the cross section by L (in the case of a square section we
naturally choose L to be the side of the square) ; then, replacing ¢, r, 2, and
k, respectively, by L?¢, Lr, Lz, and Lk, we can verify that the forms of
(11), (12), and (14) are unchanged but that (13) becomes

Z=L2// reedA = —kL? // ‘2:‘}’ (15)

where we now attach a nondimensional significance to the quantities ¢,
r, 2, and A. In nondimensional terms the side of the square hecomes 1,
and we take the situation of the sec-

tion relative to the axis of revolu- l

tion to be given by the fact that its 7= %-—-9 0 g

sides are the lines z = +14, r = 14, I

and r = 34. TFigure 48 illustrates :

the working diagram; because of 0 04100 0{100 —‘1’?.3,%3'
symmetry about the line z = 0, only I

one-half of the section need be

drawn, and a rather coarse net of 0 0/100 0{100 9655
size h = 14 is taken as sufficient l '
for illustrative purposes. Known

boundary values of ¢ (= 0) are re- 0 01100 0}100 ‘l’g"g
corded in Figure 48 at the nodes |

which lie on the sides of the section, 0 0 0j

and initially guessed values of ¢ (also |

zero) are recorded at all the internal i

nodes. For convenience all quanti- z--—::; z=0

ties are multiplied by a numerical Figure 48

factor of —1,600, so that initially

all the residuals at the internal nodes are 100 (= —1,600A%). To
the right of the center line, and adjacent to each mesh line in the z direc-
tion, are recorded a pair of numbers: these are the values, appropriate to
the corresponding values of r on these mesh lines, of 1 — (3k/2r,) and
1 4 (3h/2r,), above and below, respectively. It is a great convenience
to have these coefficients recorded in this way so that they may be easily
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read off when they are needed in the calculation or checking of the residual
values; each pair is required for use in the calculation of residuals at nodes
on the same (horizontal) level.

The residuals are liquidated by means of the application of point or
block increments to the nodal values of ¢, strictly according to the pattern
of Figure 49 (a). The numerical values of the elements in this pattern
vary slightly for different values of ry; Figure 49 (b) is the pattern, in
numbers, for a typical value of ro [actually 7 = 1, so that Figure 49 (b) is
the pattern to be used when increments are added to ¢ at any of the nodes
on the mesh line r = 1].

It is apparent at once that all the patterns contain numerical elements
which have decimal parts and that it would consequently be a matter of

OO

(a) (b)

Fiaure 49

some labor and time to attempt, in the liquidation process, to keep an
exact account of the residual values. It considerably simplifies the
arithmetic of the relaxation and also saves time in the end if we deliber-
ately discard the strictly correct patterns illustrated in Figure 49 and
instead use a simpler approximate pattern. In doing this, we know, of
course, that small errors are continuously being introduced during the
relaxation; these errors accumulate to some extent, but they may be
taken account of from time to time by a periodic recalculation of the
residuals. It need hardly be added that, of course, the residuals must
always be recalculated or checked by substitution into the exact formula

Fo= ¢+ ¢ + (1 - g_h) é2 + (1 + 3&) b1 — 4o + 100. (16)
ro 2rq

The approximate pattern which might as well be used in the actual
relaxation process is, in fact, the ordinary Poisson’s equation pattern
which is obtained from that of Figure 49 (a) by neglect of the quantities
3h/2ry; the approximate relaxation then becomes extremely simple and
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rapid. The result of liquidating the initial residuals shown in Figure 48
according to this approximate pattern is given in Figure 50; in this figure

are also recorded the residuals recalculated
from the exact formula (16).

While they may be seen to have accumu-
lated to values which individually are by
no means small, nevertheless their total is
only 62 compared with a total of 900 at the
beginning, and as a whole the function ¢
already approximates quite closely to what
it will become when the liquidation is
eventually completed. The relaxation of
the residuals shown in Figure 50 is con-
tinued with a use of the approximate pat-
tern, and when they have been liquidated
accordingly, the values of ¢ are as shown in
Figure 51 (a); the corresponding residuals
recorded in this diagram are the result of a
second recalculation from (16).

0

0 0
!
69|26 88]33 0700
1 1.300
88(-1 1130 0625
| 1375
69|-44 88{-57 0.500_
| 1500
0 0;

1
]
Ficure 50

Carrying on in this way, we quickly

arrive at the solution (for the net of size b = 14), which is given in Iigure
51 (b) with ¢ values correct to the nearest whole number.

0 0 0
0 7710 99,-3
!
0 84(-11 107;-11
0 511 633
!
0 0 0
!
|
(a)

Ficure 51

66. Calculation of Stresses

0

0 0
|
I
74 95;
!
79 l%i
!
51 63)
|
0 0j
!
I

()

To complete the solution of the problem, we have still to compute
In practice, the solution for ¢

values of the stress components 7,4 and 7o,.
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would be found first for at least one finer net than the one used in Section
65, and the stresses would then be computed on a basis of the more
accurate ¢ values so obtained. However, it is sufficient here, to illustrate
how stresses are calculated, to continue to use the net of size b = 14 only;
with such a coarse net the results cannot be expected to be particularly
accurate, but the method is the same in principle whatever size of net may
be in use. It will similarly be sufficient to describe in detail the calcula-
tion of only one of the two stress components, that is, re,. This compo-
nent is given in terms of ¢ by the second of (11), which relation yields as
its finite-difference approximation

or, with allowance for the multiplying factor, 21,600, which is included
in the values of ¢ as given in Figure 51 (b),

_ k 2(¢2 — ¢4)
(Tec)o = 100 ~—-——~(4r0)2 17)

By means of direct substitution in this expression, values of 74, can be
found, as multiples of £/100, at all nodes of the net except those on the
sides of the section r = 34 and r = 14; at nodes on those two sides (17)
cannot be used immediately because, respectively, ¢: and ¢, are fictitious
values which have not been determined and which therefore must be
eliminated from (17), before it can be used to evaluate 7g..

We consider first the side » = 34. For a typical node 0 on this side,
¢2 is a fictitious value, and it is climinated from (17) by use of the finite-
difference approximation to the governing equation (12) holding at 0.
It should be noticed that we have not yet had to use the fact that the
governing equation is satisfied on any side of the section, for the reason
that boundary values for ¢ were given and therefore we were not required
to define residuals at nodes on the boundary. At a node on the line
r = 34 the finite-difference approximation to (12) reduces, because
o1 = ¢o= ¢3 =0, Simply to

3¢ | 54 _
= + e + 100 = 0,
so that
€, 4
by = — 5_9_4_3.___00,

and therefore, after elimination of the fictitious ¢., (17) is replaced by

k —4¢s — 200,

(Tﬂz)o = 'ﬁ)T)' 27 618)
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In a similar manner, at nodes on the line r = 14, the fictitious ¢4 may be
eliminated, and (17) is there replaced by

(o = A0 T 20 19

Thus, by use of (17) to (19), values of the shear-stress component 7o, can
be determined at all the nodes of the net; they are recorded, as multiples
of /100, in Figure 52. There now remains only to express & in terms of
the resultant force Z; this may be done by a numerical evaluation of the

integral in (15). An ordinary summation formula
applied to the values recorded in Figure 52 yields 0 —18 —21
k 110
ffﬂz 4 = 100 16
0 -6 -8
therefore k = 14.57 /L2
The evaluation of the other stress-component 7,4
can be performed in an exactly similar manner from 3 4i
the finite-difference approximation to the first of
(11):
k ¢1 — o5,
(T = 5 =55 0 18 24|
elimination from this formula of fictitious values
of ‘¢s is necessary for nodes on the side z = —15. ¢ 58 651
The procedure is in no way different from that

which was used to evaluate 7o, and we shall not
therefore describe it, nor are the values obtained
for ,4 recorded, since they would have little interest merely as results on
such a coarse net.

Ficure 52

67. Torsional Stresses in a Circular Shaft of Nonuniform Diameter

Another example of & quasi-plane-potential equation, very similar to
(12), is presented for solution in the determination of the torsional stresses
which are produced in a circular shaft of nonuniform diameter trans-
mitting a torque of magnitude Z. With cylindrical coordinates r, 8, and
z, and where the axis Oz is chosen as the axis of revolution of the shaft, the
only nonzero stress components* are .o and 74, and these shear stresses
are again independent of 8 and given by the expressions (11) in terms of a
stress function ¢. In this case ¢ no longer satisfies (12) but instead is
governed by the equation

¢ 399 , 9% _
orr  ror | oz

* The footnote on page 92 applies again here.
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and must also satisfy the conditions (i) that ¢ = 1 at all points on the
outer boundary of the axial section of the shaft, and (ii) that ¢ = 0 on the
axis of revolution or, if the shaft is hollow, at all points on the inner
boundary. The constant & in the expressions (11) now depends on the
value of the torque Z; the relation between k and Z can be found by taking
moments about the axis Oz to find the torque transmitted across any
circular section of the shaft. We see at once that
¢
Z = /rf,g21rrdr = —2#76[5;dr = —2rk,

since, for every circular section, ¢ has the values 1 and 0, respectively, at
the upper and lower limits of integration whether the shaft is solid or
hollow.

68. A Uniform Shaft with a Collar

One new point of relaxational technique can be well illustrated here by
consideration of a problem which is of the type most likely to arise in
cases of stress determination in nonuniform circular shafts. It concerns

T
JO' B
A\

0]

S

3

Fraure 53

the difficulty, which we have not met previously but which often occurs
in the practical solution of differential equations, that the area of inte-
gration may effectively extend to infinity in one or more directions.
Figure 53 represents the axial section of a uniform shaft A’A, with a collar
B’B, transmitting a torque Z. There is symmetry about the axis Or, and
a coarse relaxation net has been drawn in to indicate what would be the
working diagram for a relaxational solution. The computational prob-
lem is to find values of the stress function ¢ which satisfy the governing
equation (20) over the area O0'BACO, the known boundary conditions
being that ¢ = 1 on O'BA, ¢ = 0 on OC, and d¢/dz = 0 on O0’. There
remains to state a boundary condition on AC.

If the shaft is supposed to be long compared with the width B’B of the
collar, then, by Saint-Venant’s principle, it is known that except in the
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immediate neighborhood of the collar the stresses in the uniform part will
approximate closely to the stresses in a completely uniform shaft. Hence
although the shaft may effectively extend to infinity in the z direction, the
¢ values will settle down to uniformity in that direction when some sec-
tion, such as AC, is reached; this section may not be many mesh lengths
from the collar. We want to extend the field of computation as far as
this scction, but there is, of course, no point in extending it any further.
We can accomplish this by means of a preliminary calculation of what the
values of ¢ must be on the section AC, wherever it may be situated. TFor,
where uniformity has been reached (to the number of significant figures in
use), all z derivatives vanish, and therefore ¢ is governed by the onc-
dimensional equation

dr?

¢ 3d
¢ ;‘(Tf=0. @1)

This equation may be solved to yield nodal values of ¢ along a section
like AC'; these values should be taken as the initial guess for ¢ on all mesh
lines parallel to Or in the uniform part of the shaft, and the network
should be extended initially for, say, six mesh lengths to the right from
B along this uniform part. Then there can be initial (nonzero) residuals
only at nodes in the immediate neighborhood of the collar, and, to begin
with, there are certainly no residuals to liquidate in the uniform part of
the shaft. As the residuals are relaxed, by the usual methods, they
gradually spread to the right along the uniform part of the shaft, although
at the same time continually decreasing; should they eventually spread as
far as the limit of the drawn network, it should then be extended an
extra three mesh lengths; the same initial values of ¢ satisfying (21)
should be assumed at the additional nodes, and the relaxation process
continued. If, as they arc further liquidated, the residuals again spread
along Oz to the limit of the drawn network, more meshes can be intro-
duced, a few at a time, as and when needed. By proceeding in this way
we shall evidently complete the actual relaxation with the field extended
along the uniform part of the shaft only just so far as necessary for the
¢ values to have settled down to uniformity. This technique is of fre-
quent use in the solution of problems in which the area of integration
extends in one direction to infinity, either actually or (as here) effectively.

A little must yet be said about the numerical solution of (21) from which
the uniform values of ¢ are obtained. In order that this solution may
provide no residuals, it must, of course, be the relaxational solution
appropriate to the size of mesh in use. This may not be the exact solu-
tion, and it would be wrong, in general, to use the exact solution even if it
were known. For instance, in the example of this section, the exact solu-
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tion of (21) is easily verified to be ¢ « r¢; but the uniform values of ¢
which should be used on a net in which there are four mesh lengths in the
radius of the shaft are those obtained as the relaxational solution of the
one-dimensional equation (21), with the range of integration divided into
four intervals by three points of subdivision. These values, in fact, are
é = 0, —7, 28,271, 1,000 at nodes along CA, with a convenient multiply-
ing factor, 103, introduced. The completion of the solution of the prob-
lem illustrated in Figure 53 may now be left to the reader as an exercise.

69. Continually Varying Patterns

Our next example of a quasi-plane-potential equation is one which is
naturally expressed in the standard form (1); it is a typical case in which
x is not given algebraically as a function of = and y but can only be
assessed numerically at the nodes of a network. In such cases it is a
hindrance rather than a help to differentiate out the terms

E] ¢ ] d¢
azr \* 6x> and 5, (x 6'1/)

in (1), and the equation is instead best treated in the manner of Section
62, with residuals consequently defined in terms of nodal values of ¢ and
of x by the formula (9).

We take as a worked example the determination of a two-dimensional
steady temperature distribution. This means that & in (1) is to be taken
to be zero, that ¢ represents the wanted temperature, and that x is the
nonuniform conductivity of the medium. We shall, in fact, not even
suppose that x is known numerically as a function of x and y, but instead
treat the obviously more difficult case that x derives its nonuniformity by
virtue of its direct dependence on temperature. Thus x, in general, has
different values at each node of the net so that the residual formula (9)
has different numerical coefficients, and different relaxation patterns are
appropriate, at each node. Moreover, since the values of x depend on
the values of ¢ at corresponding nodes, the coefficients in the residual
formulas, and hence the patterns, are continually varying.

The conductivity is taken to vary linearly* with the temperature
according to a temperature coefficient 3. Hence, in (9),

x1 = xol + B(d1 — ¢0)l, (22)

* Any other law of variation could have been demonstrated, and linear variation
wag chosen partly for arithmetical simplicity and partly because it is a good approxi-
mation to what occurs in practice. The essential point here is not that there is a
linear variation but that there is a variation of some sort.



THE QUASI-PLANE-POTENTIAL EQUATION 101

so that the coefficient of ¢, in the residual formulais 1 4 (8/2)(¢1 — ¢o).
The coefficients of ¢2, ¢3, and ¢4 may be similarly written down, and the
coefficient of ¢, is minus the sum of the coefficients of ¢,, etc. Thus
residuals may be calculated, at any stage in the relaxation process, accord-
ing to formulas which are known but depend on the values of ¢ current at
that stage. In the actual liquidation process the continually varying
patterns need cause no difficulty because, as we have already scen in the
solutions of other quasi-plane-potential equations, it is desirable anyway
to use only approximate patterns. Whether or not they are changing as
the solution proceeds, we should in any case use simply the approximate
Poisson’s equation pattern in the actual relaxation operations; but we
must then check or recalculate the residual values from time to time
according to the exact formulas which are appropriate at those times.

70. A Worked Example

Figure 54 shows a rectangular region on the boundaries of which the
temperature is maintained at the values which are shown. At internal

0 0 0 0 [ 0

0 27]3 48(8 54110 3415 0

0 60|9 111{15 _136 37 80|17 0

0 100 200 300 150 0
Firoure 54

nodes are recorded the values of the temperature ¢ which are obtained by
solution of Laplace’s equation on the given network; these values corre-
spond, of course, to the existence of a uniform conductivity over the
rectangle, and they provide the obvious initial guess for the solution when
a nonuniform conductivity is postulated. The residuals, which are also
recorded in Figure 54, have been evaluated exactly, according to the
method described in Section 69, when the value of 8 is given to be 0.002.
These residuals are liquidated by use of the approximate pattern, and
after only two recalculations the solution shown in Figure 55 is achieved.
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0 0 0 0 0 0
0 32 57 66 41 0
0 66 123 153 90 0
0 100 200 300 150 0

Ficure 55

71. Two-dimensional Flow of a Compressible Fluid

An important application of the method described in Section 69 and
illustrated in Section 70 is to determine the two-dimensional irrotational
flow of a compressible fluid. Again, in (1), ® is zero, and now ¢ represents
the velocity potential of the flow; in most problems of compressible flow
it would probably be desirable to work in terms of the stream function ¢,
which is governed by the adjoint equation (5). In both (1) and (5), x now
represents the nonuniform density of the fluid; its dependence on ¢ is of a
somewhat complicated nature, being given by the relation

("lﬁg (')1//2_ 2)(2 . .
(55) * (59) =y (23)

for a perfect gas, where 7 is the ratio between the specific heats at constant
pressure and at constant volume.

It is clear that the relation (23) must involve considerably greater
computational difficulties than does the simple linear relation (22), but
at the same time it should also be evident that in principle we may expect
to be able to satisfy (23) by the method adopted in Section 70 in order to
satisfy (22). The arithmetic involved in a use of (23) cannot be other
than lengthy, so that a worked example would not be suitable here;
instead the interested reader is referred to numerical solutions (of the
flow of a compressible fluid through a two-dimensional nozzle) which have
been found by Green and Southwell.*

72. Irregular Stars

The treatment of irregular stars, which occur at curved boundaries, in
the solution of quasi-plane-potential equations is similar to that described

* These results were published in 1944 (Phil. Trans. R.S. A, 239, 367-386).
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in Section 47 in the case of Poisson’s equation. There the fictitious values
are expressed in terms of real values of the wanted function at nodes
within the area of integration and at points on the boundary, and hence
are then eliminated from the residual formulas. In the case of a quasi-
plane-potential equation it is perhaps a rather simpler process to express
cach fictitious value in terms of the values at internal nodes but not
then to eliminate these fictitious values from the residual formulas.
Instead, the fictitious values are from time to time computed and recorded
on the working diagram at the various fictitious nodes; in this way the
normal residual formula may be used to calculate the residuals at all
internal nodes.

Thus Figure 56 illustrates a typical
irregular star, near a curved boundary
which cuts short the string 01 at the
point B; the point 1 is now fictitious,
and we suppose that 0B = th, where h
is the mesh length of the square net- y
work. Now we know that

h* (?{?) = ¢1+ b3 — 2¢0 (21)
X Jo
as the standard finite-difference ap- | -~
proximation for 9%¢/dx? at the node 0 FIGURE 56
in terms of the fictitious valuc ¢:.
Also from (12) of Section 47, with replacement of w’s by ¢’s, we have

, [ 9% 2¢p 2¢; 2¢0
(S2) = 2P 4 . — 2? 25

(m«) B+0 T IHE (25)
as the finite-difference approximation for 92¢/dx? at the node 0 in terms of
the boundary value ¢ instead of ¢1. By equating the right-hand sides
of (24) and (25), we can express the fictitious value ¢ in terms of the real
values ¢s, ¢o, and ¢yu:

- 2 1-¢
i (e R gy

By use of this formula, fictitious values of ¢ may be calculated at any
stage of the relaxation process in agreement with the real values of ¢
current at that stage; such fictitious values should be calculated as soon as
initially guessed values of ¢ have been inserted at the internal nodes of
the network. Then residuals may be calculated at all these internal
nodes by substitution in the standard formula, e.g., (9), (10), or (14),
appropriate to the particular quasi-plane-potential equation which is

b5 — z—“-; & 4. (26)
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being solved. The fictitious ¢ values should, of course, be recalculated
from time to time during the process of liquidation; one obviously con-
venient time to do so is always immediately before the residuals them-
selves are recalculated.

It may sometimes happen that two fictitious values of ¢ are attached
at the same time to one fictitious point. Figure 57 illustrates how this
could happen; there would always be two fictitious values at the point P,
one calculated on a basis of real ¢ values on the line PQ and another on a
basis of values on the line PR. There is no reason to suppose that these
two fictitious values should be identical, although, on a fine enough net,

Fiaure 57

and when the liquidation process has been completed, they could usually
be expected not to differ by any large amount. In the relaxation process,
both fictitious values should be calculated, and both, indeed, should be
used ; the one based on real ¢ values on PQ would be used in the calcula-
tion of the residual at @, and the one based on real values on PR would be
used in the evaluation of the residual at R.

PROBLEMS

1. Determine values of the stress function ¢ for a tore of square section whose
edges are the lines r = L, r = 2L, and z = +L/2. Use an eventual net of size

= L/16 and include a multiplying factor of —256,000.

(The student may check his results against the solution given by Allen, Fox,
and Southwell.*)

2. Complete the solution of the problem described in Section 68.

3. Modify the solution to Problem 3, Chapter 5, to include a temperature
coefficient of conductivity, 8 = 0.001.

* Phil. Trans. R.S. C, 1, 99-135 (1943), and A, 2389, 501-337 (1945).



CHAPTER 8

THE BIHARMONIC EQUATION

73. Introduction

In previous chapters the application of the relaxation method to solve
various second-order partial differential equations in two dimensions has
been described; in this chapter the fourth-order biharmonic equation will
be brought within the scope of the method. This equation is of con-
siderable importance in the theory of flat elastic plates, both in cases of
bending of a plate (flexural problems) and in cases of stretching of a plate
in its own plane (extensional problems). The biharmonic equation also
governs the slow motion (in two dimensions) of a viscous fluid; in this
case the stream function ¥ must satisfy the equation

Vi = 0, (1)
where the biharmonic operator V¢ is given by

a4 a4 204
4 — 2)2 — P,
Vi = (V) + 50 a2t 5

= oz T gy (2)

and z,y are rectangular cartesian coordinates in the plane of the flow.

74. The Bending of Flat Plates

The method of solution for a flexural, or bending, problem in a plate
depends on the boundary conditions which hold at the edge of the plate.
These may be given conditions of support (i.e., of displacement), or
given conditions of applied edge tractions (i.e., of foree), or given “ mixed”’
conditions, t.e., support conditions at parts of the boundary, traction
conditions at other parts. In this chapter we shall be concerned, in
flexural problems, only with cases of known support edge conditions.*
The solutions in these cases are obtained in terms of w, the transverse
deflection of the middle surface of the plate. With x,y as rectangular
coordinates in the plane of this surface, w has to be found to satisfy the
equation

l/

Z
Viw = ﬁ) (3)
* Problems involving the other types of edge conditions will be discussed in Chap-

ter 9.
105
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where D is the flexural rigidity of the plate and Z is the intensity of dis-
tributed transverse loading, including, if such exist, transverse body
forces. In flexure, we are not concerned with any forces acting in the
plane of the plate; if such forces arc additionally present, they are dealt
with separately as an extensional problem and the resulting contribu-
tions to the stress system are superposed.

The edge conditions of support may be of two kinds, simple support and
clamping. In the case of clamping these boundary conditions are
expressed easily in terms of w as

w =0,
ow _ 4)
w0

where v denotes the direction of the outward-drawn normal at the edge.
In using the relaxation method, we shall find it convenicnt to express the
conditions (4) in the slightly different manner:

w = 0,

Jw

= *)
ow

@ = (.

Although (5) contains three equations, these are not independent and
mean no more than the two equations (4). It will be seen later (Section
83) why (5) is a more convenient form than (4) for the purpose of solving
equation (3) by relaxation methods.

In the case of simple support, the boundary conditions become

w =0,
dw _1—0 dw _ 0 (6)
vt p av

where o is Poisson’s ratio for the material of the plate and p is the radius of
curvature of the boundary. The second of equations (6) simplifies in the
case of a straight edge: for then p is infinite, and the boundary conditions
reduce to

w =0,
P’w )
Fyo 0.

When w has been determined to satisfy the governing equation (3) and
appropriate boundary conditions such as (4) or (6), the stress actions in
the plate can at once be derived. On the edges of a rectangular clement
of the plate there act line intensities of flexural couples G and Gy, of a
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twisting couple H, and of shear forces N, and N,, as shown in Figure 58.
These actions are given in terms of w by the expressions

0w 0w
Gz = _D(EEI}T + U"éF)y

92w 02w
Gy = '—‘D (‘——au2 + [ M(’)IE? )y
02w
H=—-(1 - a)Dax 6!/’ (8)

9 (o2
N,=D . (V2w),

N,

Il

d
D a (V2w).

76. The Stretching of Flat Plates

The method of solution of an extensional, or stretching, problem in a
plate also depends on the boundary conditions, which again, as in the case
of flexure (ef. Section 74), may be given conditions of displacement or of
cdge tractions, or may be mixed conditions. In this chapter we shall be
concerned, in extensional problems, only with cases of known edge-trac-
tion conditions. The solution in these cases is obtained in terms of Airy’s
stress function x.  With 2,y again as rectangular coordinates in the plane
of the middle surface, and supposing first that no body forees or tempera-
ture stresses exist, we must find x to satisfy the equation

Vix = 0. 9)

The stresses in the plate, which act in planes parallel to the middle sur-
face, are given in terms of x by the expressions

o = 0%
oy
9%y
Oy = '&—2) (10)
d%x
Tey =

T oz ay’
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under conditions of either plane strain or generalized plane stress. These

stresses act on the edges of a rectangular element of the plate as shown in
Figure 59.

The edge conditions of known tractions yield values at all points of the

boundary of the normal direct stress (s,) and of the tangential shear

stress (7,,); » denotes the direction

of the outward-drawn normal at the

] edge and s the direction of the

oy tangent in a counterclockwise cir-

cuit, as illustrated in Figure 60.

Tay These conditions can be interpreted

i in terms of x because knowledge of

14

€ >
z
l (z,v)

Ficure 59 Fraure 60

o, and 7,, means that, at the boundary, r,. and r,, also are known:

Ty = 0, €OS (z,v) — 7,, sin (x,),
o, sin (z,v) + 7,, cos (z,v).

But also
Tyz = 0z €Os (x,¥) + 74 sin (z,v)
_ 9% dy d*x or
B —6172 ds ' oz dy s

= 9 ().
~ as\dy)’

ay sin (z,v) + 74 cos (z,v)
= _x0z _ 9 dy

0x? ds  dx Ay 0s
_ 9 (9x).
ds \dr
Hence by line integration round the boundary we can obtain boundary
values for dx/dz and dx/dy:

ax _
5; - '[T’” ds,

9x

3y f T,z dS.

and similarly

(11)
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When 9x/dx and dx/dy have been evaluated, we can then determine the
value, at all points of the boundary, of the expression
Ix . Ix
35 S0 (x,v) + 3y cos (z,v).
Now
dx dr |, dx dy _ 9x

x . Iax .
sin (z,v) + 3 cos (z,v) = dz0s T 9y 9s  3s’

o
s0 that another line integration round the boundary yields boundary
values of x:

a .

X = / [5?—); cos (x,v) — gl; sin (a;,v)] ds. (12)
The three relations contained in equations (11) and (12) comprise the
boundary conditions which the stress function x must satisfy. Although
not independent of one another--—equation (12) has, indeed, heen derived
directly from equations (11)--it is particularly convenient, for an applica-
tion of the relaxation method, to have edge conditions stated in this way,
exactly as the conditions of clamping support in flexure are more con-
veniently expressed in the form (5) than in the form (4).

76. Nondimensionalization of the Equation of Flexure

The determination of any solution for the transverse deflection w of a
plate should always begin with a transformation of the governing equation
(3) into nondimensional terms.  If L. denotes some representative linear
dimension of the plate, and Z, is some convenient particular value of the
transverse pressure Z, this nondimensionalization ean be achieved by the
substitutions

in which ', y’, Z’, and w’ are all purely numerical quantities. After
these substitutions have been made, we can conveniently omit the primes
in &', ete., so that, on the understanding that now z, y, Z, and w are non-
dimensional, (3) becomes

Viw = 7, (13)

and the boundary conditions (4), (5), (6), or (7) remain unchanged. In
(6), of course, p is now also understood to be nondimensional, and so also
is »in (4), (6), and (7).
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'77. The Biharmonic Residual Formula

The numerical values of w which comprise the solution to a biharmonic
equation such as (13) are usually obtained at the nodes of a square net-
work covering the region of integration, and we must first find the finite-
difference approximation to (13) holding at a typical node 0 of such a
network. The size of the mesh is again denoted by &, and Figure 61
10 illustrates a group of 13 typical
W nodes which we shall always denote
by 0, 1, 2, 3, ete., as shown in that
diagram. There are two methods
6 2 5 available for the determination of
the finite-difference approximation
to (Viw)e in terms of the nodal
11 3 0 1 9  values wy, w1, wa, ct¢. The first of
these methods involves the expan-
sion of w in a double Taylor’s series
7 4 8 of powers of x — xo and y — yo in
the manner of Section 30; this
method is lengthy but has the
advantage that it yiclds the order
of the ecrror in the result. The
alternative method is very simple but does not provide any indication
of the error involved. It makes use of the known finite-difference approxi-
mation (Section 41) to the operator V2 by writing

12
Ficure 61

Viw = 0,
so that
Viw = V20,
and therefore
h“(V%l))() = h"’(h'“'VQO)o =~ h2(91 + 02 + 0; + (‘)4 - 490), (]4)

where, as usual, suffixes denote values at the nodes correspondingly num-
bered in Figure 61. But

h?0y = h*(V*w)o = w1 + we + ws + wy — 4wy,
and, in the same way,
h?0, = h2(Viw); =~ wy + ws + wo + ws — 4wy,

with similar expressions for h20,, etc., in terms of nodal values of w. Now,
substituting for h20,, h?0,, etc., in (14), we find at once that

hi(Viw)o = 20we — 82w, + 23w; + Zw,, (15)
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approximately, where Zw; is the sum of the values of w at the four points
situated like 1 in Figure 61, and Zw; and Zw, have similar meanings.
Hence the finite-difference approximation to (13), holding at a typical
node 0, is

83wy — 20w, — 2Zws — Zwy + h*Zo = 0, (16)

and a residual is defined at 0 by the formula
Fy = 82w, — 20wy — 2Zws — Zwy + h*Z,, 17

in terms of any initially guessed values of w or of any subsequent w values
in the course of the liquidation process. When the relaxation is com-
pleted, the residuals as defined by (17) are zero at every node; conse-
quently the finite-difference approximation (16) is satisfied in respect of
every set of 13 typical nodes, and therefore the relaxational solution to
the governing equation (13) is determined for the particular size of net in
use.

We shall not also deduce (17) by the first of the two methods suggested
above, but it should be mentioned that, if that first method is employed,
it demonstrates in addition that the error in (17) is of O(h®). It will be
left as an exercise to the reader to verify this statement.

78. The Biharmonic Relaxation Pattern

Associated with the residual formula (17) is the biharmonic relaxation
pattern; it shows the changes made to the residuals when, in the liquida-
tion process, a unit increment
Awy = 1 is added to the value of w
at a typical node of the network.
The construction of this pattern,
which is illustrated in Figure 62,
needs no description, since the pat-
tern is similar to, though more
extensive than, that derived in Sec-
tion 41 for Poisson’s equation. It
is necessary, however, to say more
about the use of the biharmonic
pattern, because, although in prin-
ciple it is employed in the same
way as tlfe Patjt,eru for.Poisson’s Fraume 62
equation, it is, in practice, much
more diflicult to use; this is mostly beeause biharmonic relaxation is
deceptively slowly convergent.

To realize why this is so, we must consider in detail the over-all effect




112 RELAXATION METHODS

on the residuals of the application of a unit increment Aw, = 1. At first
sight the biharmonic pattern appears to be more powerful than that for
Poisson’s equation, because it changes the residual, at the point where
the increment is applied, by —20 instead of only —4. But the effective-
ness of a pattern should not be measured by the magnitude of its central
coefficient but rather by the extent to which it redistributes the residuals
by transferring them from one node to another in directions radiating out
from the central point. By this criterion the pattern for Poisson’s equa-
tion is 100 per cent effective, because it does transfer 4 units of residual
from the central point outward to the four surrounding nodes at a distance
of one mesh length. On the other hand the biharmonic pattern is only 40
per cent effective, because, although it transfers 20 units of residual
outward from the central point through a distance of one mesh length, at
the same time it transfers snward 12 units of residual toward the central
point. These 12 units may be counted in Figure 62; they are made up of
the elements —1 and —2, which may be seen in that diagram forming an
outer ring in the pattern. It is this feature of the biharmonic pattern
which caused it to be described above as deceptive. While a unit incre-
ment appears to remove 20 units of residual outward from the central
point, it, in fact, effectively so moves only 8 units. It has been said that
in its operation the biharmonic pattern does its best to sabotage itself, and
a striking demonstration will be given later (Section 81) of this unfortu-
nate property. It can scarcely be emphasized too much here that con-
siderable overrelaxation is almost always necessary in any biharmonic
relaxation. It is impossible, of course, to say, in general, to what extent
overrelaxation should be employed, but as a rough guide, it may be sug-
gested that it should be, say, ten times the extent which might be used in
the relaxation of a similar set of residuals with the pattern of Poisson’s
equation.

79. Rectilinear Boundaries

Two boundary conditions are appropriately associated with a bihar-
monic equation at all points of the boundary. We now discuss first how
some typical conditions may be satisfied when the boundary is rectilinear
and composed entirely of strings of the network; curved boundaries will
be considered in Section 83.

Figure 63 shows a part of a straight boundary (parallel to the y direc-
tion) with a portion of the (square) network drawn in to the left of the
boundary. We shall suppose in the first instance that the conditions (4)
of clamping are given to hold on this boundary. The first of those condi-
tions immediately yields the value for w (i.e., zero) that we must take at
all nodes on the boundary (like the point 1 in Figure 63); no residual,
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therefore, is required to be defined at these nodes. But residuals do have
to be calculated at all nodes inside the boundary, and at those which are
only one mesh length within the boundary (like the point 0 in Figure 63),
the residual formula (17) contains a fictitious value; thus for the node 0 in
Figure 63, wy is a fictitious value. The second of the conditions (4) has
to be used in order to eliminate such
fictitious values from the residual
formulas at points just inside the
boundary. Thus in Figure 63 the
second of (4) becomes dw/dx = 0,and ¥ 5 ===
applied to hold at the boundary point
1, it yields as its finite-difference
approximation

x
Wy = Wo. F1GurE 63

Thus w, can be eliminated from the residual formula at the point 0, and
that formula becomes, therefore, in replacement of (17),

Fo = 82:’1.01 —_ 21’[0() - 22’11)5 — Wi — W11 — Wi + h‘Zo. (18)

We may treat in a similar manner the conditions (7) of simple support.
The first of (7) is the same condition (w = 0) as the first of (4), but the
second of (7) becomes, for Figure 63, 8*w/dz* = 0, and applied to hold at
the point 1, it gives as its finite-difference approximation

'U)u’i"ll)o—z’w] =0,
or, since w; vanishes,
wy = —Wo.
Again we can be eliminated from the residual formula at 0, and that
formula becomes now, in place of (17),

Fo = 82’101 - ]911)0 —_ 2Ewr, — Wy — W11 — Wiz + h"Zo. (19)

Boundary conditions of the form (4) or (7) can be applied in a similar
manner for any part of a rectilinear boundary which lies along strings of
the net; in the residual formulas at nodes near the boundary at least one
of the values ws, w10, w11, and wiz will be fictitious and hence have to be
eliminated. The form of the resulting residual formula is illustrated by
(18) in the case of boundary conditions of clamping, by (19) in the case
of simple support.

80. A Worked Example

As a numerical example, we take the case of a uniform square plate
which is clamped along one pair of opposite edges and simply supported
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along the other pair, and suppose that the plate is subjected to a uniform
intensity of transverse loading. We naturally take the side of the square
to be the representative dimension L and the uniform intensity of loading
to be Zy; the nondimensional governing equation (13) thus becomes

Viw = 1,
and the residual formula (17) similarly becomes
Fy = 83w, — 20w, — 2Zws — Zwy + 409,60044, (20)

with the inclusion of a convenient multiplying factor, 409,600. We find
the solution first on the coarsest possible net, for which h = 14, so that
the constant term in (20) takes the value 25,600. There is only one
internal node on this net, so that the solution (Figure 64) is found immedi-
ately in one step; in that diagram the left- and right-hand edges are taken

to be the pair which are clamped, and the top
0 0 0 and bottom edges the pair which are simply
supported. At the only internal node the
initial value of the residual is 25,600 when, as
12800 a beginning, w is taken to be zero everywhere.
0 0/25600 o] For this node the values ws, w;y, w11, and w;.
are all fictitious, and after they have each been
eliminated in the manner of Section 79, the
residual formula then becomes

0 2 : Fo = 83w, — 20w — 2Zw; + 25,600.
Ficure 64

All of w; to ws are given to have zero values
(because w = 0 on the boundary), so that an increment Aw, = 1,280
applied at the central point reduces the residual there to zero, and the
solution for the net A = 14 is at once completed.

The solution is next found on the finer net for which A = 14; for this net
the constant term in (20) has the value 1,600, and by virtue of symmetry
the calculation is sufficiently recorded (in Figure 65) on one-quarter of the
whole area. First of all, initial values of w are chosen at the nodes of the
new net with a use of the solution (such as it is) of Figure 64 as a guide.
Corresponding residuals are then calculated according to the formula

Fo = 82w, — 20w, — 22ws — 2wy + 1,600.

These initial w values and residuals are both recorded in Figure 65 at the
bottom of the left-hand and right-hand columns, respectively, at each
node. The complete liquidation process is also shown in Figure 65; at
each node the left-hand column records the increments Aw applied during
the relaxation, and the right-hand column records successive values of the
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corresponding residual. These residuals are seen eventually (and on this
comparatively coarse net, by a use of point relaxation only) to have been
brought to zero; the totaled w values are also recorded, underlined at the

tops of their respective columns. The central value of w is seen to have

0 0 0
-4 6
16 -2
28 26
- 52 -6
28] 38 ~ite
1| 28 493 g5y
-160'-3172 40| 1834
905 {1572 4531434 0
1 O -2
-16 2
156 %
1010 )84 663 | 428
10| 136 863 512
-80|-1464 3| 428
—200: 1096 20|-212
1280 |-2904 640 | 1388 0
Ficure 65

changed appreciably from Figure 64, and it can be still expected not to be
very accurate, since, as yet, only very coarse nets have been introduced.

81. Biharmonic Block Patterns

However, before the above example could be continued on any finer
nets, it would be necessary to employ some other devices than merely
overrelaxation in order to accelerate the convergence of the process.
Therefore, we now consider the possibility of introducing biharmonic
block relaxation. It can be anticipated that biharmonic block patterns
will be very complicated, and, in fact, in practice they are so complicated
that only a few restricted shapes of block operations are worthy of con-
sideration. Thesc are mostly line blocks; by a unit line-block operation
we mean the application of a unit increment Aw = 1 at a collinear set of
nodes only. Such patterns are not difficult to construct, and they are
illustrated in Figure 66: (i) is the pattern for a unit line block consisting
of only two (adjacent) nodes; (ii) is the pattern for a block of three points;
and (iii) indicates the form of the pattern for a block of four or more nodes.
In (iii) the central (vertical) line of elements is included as many times as
necessary to extend the block to any required (horizontal) length.
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With a little practice in their use it will be found that a computer soon
memorizes these line-block patterns; their employment is virtually essen-
tial to the success of biharmonic relaxation on any reasonably fine net-
work. It is too much, however, to expect anyone to remember the
patterns which correspond with other shapes of blocks, and their use is
not therefore recommended. It is, nevertheless, very illuminating to con-
sider the pattern associated with a square block of nine nodes; this is
shown in Figure 67, and although the over-all effect of such a block opera-
tion is to transfer positive residual outward from the group of nine nodes,
it should be observed that the effect on the residual at the node in the

Ficure 67

center of the square is an tnerease of four units. This diagram strikingly
demonstrates the self-sabotaging property inherent in the biharmonic
pattern; continually, as attempts are made to drive residuals outward
from some area toward a boundary, they tend to reappear in the most
inconvenient positions.

82. Multiplying Factors

The use of a multiplying factor as a device to speed up the convergence
of a relaxation computation was introduced in Section 14 in relation to
the solution of simultaneous algebraic equations; it is a particularly
helpful device to employ in the solution of biharmonic differential equa-
tions. Tor instance, when we continue the example of Section 80 on the
next finer net (h = 14), the value of the constant term in the residual
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formula (20) is 100; on this net there are 49 internal nodes, so that the
total residual when the w values are all taken to be zero is 4,900. Now,
suppose that at some stage in the relaxation the total of all the residuals
is R; then at once we can reduce that total to zero by multiplying each w
value by the factor 4,900/(4,900 — R). By virtue of the extremely slow
convergence it is clearly a matter of the greatest importance that we can.
thus in one step bring the total of a set of biharmonic residuals to zero.
Liquidation can then proceed by a

0! 0 0 0 0  use of line-block operations and

| point relaxation; at some later stage

357] 321 222 92 0 it may be helpful tointroduce another

: multiplying factor if the total of the

l residuals happens to accumulate to

632} S67y 3891 158 0 any noticeable extent.
| The solution to the problem of
800|716 488 196 0 Section 80 for the finer net (h = 1§)
| was obtained in this way; it is given
856] 766|521l 208 0 in Figure 68, and it provides a useful
”‘—j“"’— T T T T opportunity for the reader to prac-
Ficure 68 tice biharmonic relaxation by finding

this solution himself, starting with
initial w values which may be guessed on a basis of the values given in
Figure 65 as the solution on the previous net (b = Lj).

83. Curved Boundaries

The treatment of curved boundaries in the solution of a biharmonic
problem does not involve any great difficulty. We shall describe the
method in terms of the extensional problem
for a plate, where the wanted quantity is an
Airy’s stress function x satisfying the govern-
ing biharmonic equation (9) and the bound- |‘« h —1 B
ary conditions (11) and (12). These condi- 0 1]‘_5);—>—__..9
tions number three in all, but only two of
them are independent; we choose to satisfy
(12) and the first of (11) at those points on
the boundary where it is cut by a mesh line Frurs 60
which is parallel to the z dircction, and to
satisfy (12) and the second of (11) at those points where the boundary is
cut by a mesh line which is parallel to the y direction.

Figure 69 illustrates the first of these two possibilities, where a mesh
line in the z direction cuts the boundary at B; the string is drawn extended
to the fictitious point 9, and, within the boundary, mesh-pointsOand 1 are
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denoted as shown. The two boundary conditions chosen to be satisfied
at B are the given values there of x and dx/dx; we denote these, respec-
tively, by K and k and use those conditions in order to express the nodal
values x1 and xs in terms of the value xo. To do this, we suppose that, as
usual, x is expanded in a Taylor’s series in the neighborhood of B along
the line 01B9:

x = K + k(x — x3) + ¢(x — zs)% (21)

where ¢ is an as yet undetermined coefficient and where powers of x — zx
beyond the second are neglected. As previously, we denote the mesh
length 01 by 4 and the short arm 1B by ¢h.

Now if we put # — z5 in (21) equal in turn to (1 — §)h, —£h, and
—(1 + £)h, then we have at once the three relations

xs = K + k(1 — £)h + ¢(1 — £)%h?
x1 = K — k&h + c£h?,
xo = K — k(1 + &b + c(1 + £)2h2

Next, eliminating c, first from the first and third of these equations, then
from the second and third, we derive the results, with neglect of terms of
O(h?):
_ 4K n 2(1 — &)hk n (I — )0
S D I (i+92 ©2)
o (T E20K gk g
1+ 1+¢ (149"

Once values of x have been attached to all other internal nodes, such
as the node 0 in Figure 69, the pair of relations (22) enable consistent
values of x, automatically satisfying the boundary conditions, to be
evaluated at those internal points, such as 1 in Figure 69, which lie within
one mesh length of the boundary, and also at points, like 9, which are
fictitious. Alternatively, we could say that pairs of equations like (22)
enable values of x to be calculated at each of the two ends (one real and
one fictitious) of every string of the network which crosses the boundary,
and when this has been done, residuals may be calculated from the ordi-
nary formula

Fo=82x1 — 20x0 — 22x5 — Zxs,

at all other internal nodes. It should be carefully noticed that, in this
treatment of curved boundaries in biharmonic problems, we distinguish
between two different, types of real nodes: those which are distant more
than one mesh length inside the boundary and which are dealt with in the
ordinary way, and those which are distant less than one mesh length from
the boundary and which are dealt with in the same way as are the



120 RELAXATION METHODS

fictitious nodes. To distinguish them from the other internal nodes,
points like 1 in Figure 69 are referred to as selvage points.

The liquidation proceeds in the usual manner with the application of
increments Ax to the x values at the properly internal nodes in order to
reduce the corresponding residuals gradually to zero. From time to time
during the process the x values at the selvage and fictitious points should
be recalculated according to the formulas (22) in order to bring those
values into agreement with the current values of x at the internal nodes.

It should be mentioned that it is quite possible that values of x at
fictitious and selvage points may be calculable from two different formulas
and that these pairs of values may not be in complete agreement with one
another, although on a reasonably fine net they should not show much
difference as the solution is approached, particularly at the selvage points.
Figure 70 illustrates how it could

a B\ 12 happen that two sucb values of x be
! calculable at some points. At 8 one
¢ fictitious x value can be found in
\ll___ - terms of the boundary conditions at

K 8 € oy
\ B, and another fictitious value can be

found in terms of the boundary con-
ditions at C'; similarly at eoneselvage
« A x value can be found by use of the
boundary conditions at C and another
by use of the conditions at D. The
i method of deciding which of a pair of
x values to use in the calculation of

Ficure 70 . .
residuals should be made evident by
the following illustrations: In Figure 70 the fictitious x value at 8 calcu-
lated in terms of the conditions at B should be substituted in the residual
formula at «, but the fictitious x value at 8 calculated in terms of the con-
ditions at C should be used in the residual formula at .  The mean of the
two fictitious x values at 8 should be taken in the residual formula at 4.
Similarly, the selvage x value at € obtained in terms of the conditions at C
should be used in the calculation of the residuals at A and at u, but the
selvage x value at e found in terms of the conditions at D should be sub-
stituted in the residual formulas at v and at 6. The mecan of the two

selvage x values at e should be taken in the residual formula at .

84. Stresses in a Tension Specimen

As a numerical example we shall consider the formulation of the prob-
lem illustrated in Figure 71. The diagram represents one-quarter,
ABCDEA (ie., the sufficient working diagram by virtue of twofold
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symmetry), of a uniform tension specimen. It is subjected toa uniformly
distributed tensile action along the end A B, and a suitable square relaxa-
tion net has been drawn in the diagram. The notch CD is circular and of
radius /2 where the half breadth AB of the specimen is of length L and
the half length EA is 2L.

It will be assumed that the computational problem has been expressed
in nondimensional form, L having been taken as the representative dimen-
sion of the specimen, and that the intensity of the applied tension along

Yy

1 c B

’ =

| oA —

. ! —»
gn =

f =~

__’_ - W W S — — — —AJ 1L —

E A

Ficure 71

AB is 100 (also a nondimensional value). Then DE and EA are axes of
symmetry, and the stress boundary conditions on ABCD are that

7., = 0 everywhere,

100 on AB,
0 on BCD.

I

Tyz

It

At once, then, for this example, the boundary conditions (11) become

Frie 0 everywhere,

ox _ ,
ay = 100y on ADB,

= 100 on BCD,

Ix
x

(23)

with a use of the conditions of symmetry that dx/dz vanishes at D and
dx/dy vanishes at A in order to determine the constants of integration
inherent in (11). Next it follows from (12) that

x = 50y on AB,
50 on BC, (24)
= 100y — 50 on CD,

where the constant of integration in (12) is chosen to be such that x
vanishes at A. (It is clear from the form of the expressions (10) for the
stress components that the addition of a constant everywhere to x does
not effectively change the solution.)
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4

"The method of satisfying the conditions (23) and (24) has been described
in Section 79 (for the rectilinear part) and in Section 83 (for the curved
part of the boundary). Formulas of the type of (22) must be determined
for use in the calculation of x values near the curved part of the boundary,
CD. (It can be seen in Figure 71 that there are four fictitious points
just outside CD and five selvage points just inside CD.) It is unnecessary
to detail the arithmetic of the solution here, and the problem is left as
an example for the reader to work.

86. Concentrated Loads

In both the flexural and extensional types of problem discussed in this
chapter, the externally applied loading has so far been assumed to be
distributed and therefore given by values of its intensity; we must now

(ii)

Ficure 72

consider the possibility of the existence of applied concentrated loads and
describe how they also may be included in the method. This can be
done very simply by the approximate replacement of a concentrated load
by a distributed intensity of loading over a small local region. Thus
Figure 72 (i) illustrates a part of a square network covering a flat plate
which might be subjected to a transverse concentrated load W, at the
node 0. We can approximately represent this concentrated force by a
uniformly distributed pressure over the shaded square of area h*; i.e., at
the node 0 we may assume a value for Z in equation (3) equal to Wo/h%
(At other nodes of the net, Z would, of course, be taken to be zero unless
there were applied loads elsewhere in addition to Wo.)

Figure 72 (ii) similarly illustrates a part of the edge of a plate with a
concentrated load Py acting at the point 0 in the plane of the plate. In
this case the force P, would be approximately represented by a uniformly
distributed intensity over the line MN; i.e., at 0 we should take a value
for o, equal to —Po/h. It is clear that, in both these cases (i) and (ii),
the assumed loading does, in fact, approximate to the postulated concen-
trated loading as the mesh length A is made smaller and smaller on
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successively finer nets. In practice, indeed, provided that a reasonably
fine net is used, the assumed loading may well give a better representation
of the physical conditions than would the assumption that a load could
be completely concentrated at a point, even if the latter assumption
could be realized in computation.

86. Temperature Stresses

Allowances can be made, if desired, in an extensional problem for a
plate, for the existence of temperature stresses. We let T(x,y) denote
the distribution of temperature excess above that datum temperature
distribution (usually zero everywhere) which corresponds to the unstressed
condition of the plate. Then in any stressed condition the three com-
ponents of stress remain expressed in terms of the stress function x
according to the relations (10), but x itself now satisfies

Vix + AaE V2T = 0, (25)
in place of (9). In (25), E is the Young’s modulus and « the temperature
coefficient of expansion of the material of the plate; A is a constant
which takes the value 1 in the case of plane stress and the value 1/(1 — o)
in the case of plane strain, where ¢ is Poisson’s ratio.

The additional term AaE V27T in (25) makes it in no way more difficult
to solve than equation (9). In fact, the form of (25) compares exactly
with that of (3).

87. Body Forces

Body forces in the planc of a plate can also be included in solutions of
extensional problems; we denote the components of body force (per unit
mass) by X and Y in the axial « and y directions, respectively, and the
density of the material of the plate by p. The stress components are no
longer given by the expressions (10) but instead by

9%x
Oz = W + PQz,
a‘)
oy = 5‘5‘; + oy,
- _ 9
Ta = 7 bz oy
where 2, and €, are body-force potential functions such that
a2,
X =- 9z
y = — 9%,

ay
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In place of (9) the governing equation for x becomes

Vix + pVH(Q + @) — Bp(ax2 + ﬂlf) =0, (26)

where B is a constant which takes the value 1 + ¢ in conditions of plane
stress and the value 1/(1 — o) in conditions of plane strain.

Again, as was the casc when temperature stresses were mcluded
(Section 86), allowance for body forces in an extensional problem by
means of the solution of (26) offers no more difficulty than does the
solution of equation (3) or (9). It is, of course, equally possible to
combine the results stated in this section and in Section 86, and so to
make simultaneous allowance for both temperature stresses and body
forces.

PROBLEMS

1. Continue the solution of the problem begun in Section 80 by introducing a
finer net for which A = 4.

2. Solve the similar problem for which the boundary conditions are those of
clamping on all four edges of the square plate. Use an eventual net of size
h = }{¢ and include a multiplying factor of 16* X 10. (The solution to this
problem, except for a different value of the multiplying factor, has been given by
Fox and Southwell.*)

3. Solve the problem which was formulated in Section 84. (The solution to
this problem, in the form of values of the stresses o, 0y, and 7, but not of x, has
been quoted by Allen and Southwell.t)

* Phil. Trans. R.8S. C, 1, 15-56 (1941), and A, 239, 419-460 (1945).

t Phil. Trans. R.S. A, 242, 379-414 (1950).



CHAPTER 9
SIMULTANEOUS DIFFERENTIAL EQUATIONS

88. Introduction

In the previous chapter it was shown how to solve two types of prob-
lems for a flat plate: the flexural problem with given boundary conditions
of displacement and the extensional problem with given edge conditions
of traction. These two problems were seen to be mathematically identi-
cal, each requiring the solution of a biharmonic equation. The other
two principal types of problems for plates are also virtually identical
with each other from a mathematical point of view; these are the flexural
problem with given edge conditions of traction and the extensional prob-
lem with given boundary conditions of displacement. Both are governed
by a pair of simultancous partial differential equations of the second
order, and in this chapter we take the extensional problem for a plate
with given boundary conditions of displacement as a first illustration of
the application of relaxation methods to solve simultaneous differential
equations. As a second illustration we discuss the simultaneous equa-
tions which are presented for solution in the determination of the stresses
induced in axially symmetric solids of revolution; examples of direct
application of the method to be described arise in the design of guns and
shells, and a large amount of work has been undertaken in this connection.

89. The Extension of Flat Plates

When the boundary conditions in an extensional problem are given in
terms of displacement, the governing equations are best taken in terms
of the components of displacement, « and v, in the plane of the plate in
the axial x and y directions, respectively. These equations are known
to be

0%u %
2, e —
AVt o T aay =0 0
Avw+ 20y P
v ayt " aray O’

when, in the first instance, temperature stresses and body forces are not
included. In the simultaneous second-order equations (1), A is a con-

stant which takes the values (1 — o)/(1 + o), in cases of plane stress,
125
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and 1 — 20, in cases of plane strain, where o is Poisson’s ratio. We can
anticipate no difficulty in the satisfaction of the edge conditions, because
when these express given displacements, then each of the wanted quanti-
ties 4 and v has specified values at all points of the boundary.

From the relaxational point of view the problem of the flexure of a flat
plate when the edge conditions are of given applied tracétions is identical
with that expressed in equations (1); the solution is found in terms of
two quantities U and V which satisfy a pair of equations of exactly the
same form as (1). The derivation of these equations has been discussed
by Southwell,* and a particular numerical example was given by Fox
and Southwellt in 1941. We shall not discuss the flexural problem here
but instead illustrate the solution of the type of equation involved by
reference to an extensional example, in terms of the displacements % and v
as the wanted quantities, and governed by equations (1).

90. Finite-difference Approximations

We work as usual on a square relaxation net, and finite-difference
approximations to the equations (1), holding at a typical node 0, can be
written down as soon as the approximations for the terms 8%u/dx dy and
d%/dx dy have been established. These may easily be found in the
following way, with the usual convention (Figure 61) for numbering a
typical group of nodes:

( 9 ) B [a (6u>] _(8u/ay)1 — (ou/dy)s
oxay)o oz \ay/lo oh

~ (us — ug) — (ug — u7).
4h? !

so that, approximately,

%u
2
Ah (6:1: a!/)o
ik
2
4h (6:1; 6y>o

Substituting these approximations and also the customary approxima-
tions (Section 41) for V2u, 0%/dx?, etc., we derive at once the finite-
difference approximations to the equations (1):

I

Up — Ug + U7 — Usg,

and, similarly,

Il

v — ¢ + v7 — vs.

* Southwell’s discussion is particularly concerned with the mathematical analogue
between the flexure and extension of plates. It is given in Q.J.M.A.M., 8, 257-270
(1950).

t Phil. Trans. R.S. C, 1, 15-56 (1941), and A, 239, 419-460 (1945),



SIMULTANEOUS DIFFERENTIAL EQUATIONS 127

A(Zur — 4uo) + (ur + us — 2uo) + L4(vs — vs + v7 — vg) = 0, 9
A(2v1 - 400) 4+ (vz + V4 — 21)0) + }fi(us — Ug + Uy — 'us) = 0. ( )

As a typical example, we consider the case of plane strain when ¢ has the
value 0.3, so that A has the value 0.4 and the approximations (2) become

1.4(’“1 + uﬂ) + 04(“2 + u4) - 3.611/0 + 025(7)5 — Vg + v — U») = 0, 3
0.4(v1 + v3) + 1.4(v2 + v4) — 3.600 + 0.25(us — us + u; — ug) = 0. @)

91. Two-variable Technique

At each node of the relaxation net two quantities are required to be
found; these are the values of the components of displacement, u and v.
Correspondingly, two residuals are defined at each node; these are
denoted by F.o and F, at a typical node 0, and they are defined, respec-
tively, by the left-hand sides of equations (3). Figure 73 illustrates
how the four quantities are usually placed at each node of the network;
above and to the left is recorded the initially
guessed value for u with, above it, the successive
increments Au applied in the course of the liqui-

dation process; above and to the right of cach a
node is recorded a column of the successive values
of the corresponding residual F,,. Similarly, below iy

St

each node and extending downward are columns
of increments Av, to the left, and of successive
values of the residual F,, to the right. In this Froune 73
manner we are able to record on one working dia-

gram a technique for the relaxational determination of the values of two
wanted quantities. This technique is sometimes rather misleadingly
referred to as a two-diagram technique; more properly it should be
called a two-variable technique, for the essence of its uscfulness is that all
the arithmetic can be recorded on one diagram.

There are available, of course, two separate basic unit operations
related to each node; these comprise the additions separately of unit
increments to the values of w and v. Each gives rise to two relaxation
patterns, one showing the changes made to the residuals FF, and the
other the changes effected in the valucs of the residuals F',. These four
patterns may casily be deduced from equations (3), and they are illus-
trated in Figure 74, (i) and (ii) being the patterns for /', and F,, respec-
tively, corresponding to an increment Awo = 1, and (iii) and (iv) being
the similar patterns for F, and F,, respectively, corresponding to an
increment Avy = 1.

In principle there is very little more which need be said about a two-
variable problem. The aim of the relaxation process is eventually to

e S [ R Rmemm
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reduce the values of all the residuals to zero, and in order to achieve this
end, increments Au and Av may be applied at each node for the purpose
of liquidating corresponding residuals. The only difference from the
technique required for the solution of, say, a Poisson’s equation or a
biharmonic equation is that unknowns and residuals are attached to the
nodes of the net in pairs instead of singly.

However, for speed and efficiency in practice, it is desirable that we
should adopt a slightly more systematic technique of liquidation than

D

Au=+1

(i (ii)

(1)

Dv=+1

iv)

(iii)

—_

Fiaunre 74

the previous paragraph would suggest. This is best achieved by working
through an iteration of processes in the following sequence:

1. Imitial values of both w and v having been chosen and recorded on
the relaxation diagram, calculate the values of the residuals F, only,
according to the formula

Fopo= 1.4(’[1,1 + u.«,) + 0.4(“2 + 'I,M) — 3.6uo + ]/1(1)5 — ¢+ v7 — vs). (4)

2. Begin to liquidate these residuals F, by the application of incre-
ments Au, according to the pattern of IFigure 74 (i). There is no point
at this stage in effecting their complete liquidation, and it usually suffices,
roughly, to reduce them to about 10 per cent of their original values.

3. Now calculate the other set of residuals, F,, according to the
formula

Foo =041 4 v3) + 1.402 + va) — 3600 + Y4(us — us + ur — uz), (5)
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with a use, of course, of the values of u current at the end of stage 2 of
this program.

4. Next liquidate these residuals F, partially (i.e., sufficiently, usually,
to reduce them to about 10 per cent of their original values) by means
of the application of increments Av, according to the pattern of Figure
74 (iv).

5. Recalculate the residuals F, by substitution in the formula (4),
using the values of » current at the end of stage 4. 'This recalculation
of the residuals F, provides at the same time a check on the relaxation
performed in stage 2 and also incorporates all at once the changes made
to the residuals F, during stage 4. (It was deliberately notl suggested
in stage 4 that any attempt should be made then to keep an account of
the effect on the residuals F, produced by the application of incre-
ments Av.)

6. Continue the liquidation of the residuals /., as described in stage 2.

7. Recalculate the residuals IY, according to the formula (5).%

8. Continue the liquidation of the residuals /', as described in stage 4.

The stages 5 to 8 are then repeated until eventually all the residuals
are reduced to zero. Toward the end of the liquidation the strict
iteration suggested here may be dispensed with, and small local incre-
ments added to either or both of u and v at the same time.

The ordered method of liquidation described above has been found
by experience to be the speediest y
in the long run; it will now be T
illustrated by a worked example.

D
92. Compression of a Rectangular

Plate

A typical example is illustrated L
in Figure 75; ABCD represents
one-half of a rectangular plate of
breadth L and length 3L ; conditions Al Bl vy
of plane strain arc assumed and ¢ - 31/2 |
given the value 0.3, so that the Frouns 75
residuals are defined by the for-
mulas (4) and (5). The edge conditions are that no movement is allowed
on AB and BC and that on C'D no movement is allowed in the x direc-
tion but a compression is applied in the y direction. Thus u = 0 on all
of AB, BC, and CD, and v = 0 on AB and B('; the amount of the com-
pressive displacement on CD is given by

— 2
—» = 1,000 (9 - Lf”——), (6)
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0 0 0 0 0 0 0
~-9000 ~8750 —8000 —6750 —5000 —2750 0
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o} 0 0 0 0 0 0
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0 . 0 0 0 0 0
-9000 -8750 ~8000 -6750 ~5000 —-2750

0 268 503 664 698 523
-6625.-170 ~6437|~161 ~5875[-122 —4939|-54 -3632[52 —1967|212

0 341 636 830 854 616
~-4357/0  —4232[2  -3857[1 -—3234|2 -2367|3 —-1271]-4

0 266 497 653 678 496
-2161i172 -2098[158 -1911[123 -1600|55 -—1168(-52 —624(-214

0 0 0 0 0 0

0 0 0 0 0 0

(iii)

0} 0 0 0 0 0
~9000! ~8750 —8000 —-6750 — 5000 —2750

0 273 511 674 707 527
-6687 —6495 -5919 —4956 ~3610 -1904

0 355 662 863 884 626
-4356 —4231 —~3857 -3233 —2366 ~-1272
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~-2098 —2040 -1867 ~1581 -1189 ~688

0 0 0 0 0 0

0 [5) 0 7] 0 0

(iv)

Ficure 76 (Continued)
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in nondimensional terms and with the inclusion of a multiplying factor
of 9 X 10° (so that the maximum compression, at /), is one-thousandth
of the breadth of the plate). This applied compression varies para-
bolically from a maximum value at D to zero at ('; it is symmetrical
about D, so that the center line AD is a line of symmetry for the dis-
placement v, and it is also a line on which the displacement u is known
to vanish. We work the solution for u and v first on a net of size h = L/4,
for which there are 18 mesh points inside the boundary on the working
diagram. Figure 76 shows successive stages in the solution. Diagram (i)
records the given boundary values of u and v, also their initially guessed
values at the internal nodes (these are taken to be that = 0 everywhere
and that » varies linearly along cach mesh line in the y direction), and
the residuals F, calculated according to (5). Diagram (ii) shows the
values of » obtained by liquidation of thesc residuals /7, by the use of the
pattern of Figure 74 (iv), and also the values subsequently calculated for
the residuals F,. Diagram (iii) gives the values of « which result from
the liquidation of these residuals F,, and also the subscquently calcu-
lated values of the residuals F,. The solution almost converges after a
second stage of both » relaxation and of w relaxation; these are followed
by a little local point relaxation, and the completed solution is given in
diagram (iv).
It is left to the reader as practice to find the solution on the next finer
net (b = 1%); the results have been given by Allen and Southwell* correct
to an extra significant figure beyond that shown in I'igure 76.

93. Temperature Stresses and Body Forces

"The governing equations (1) can be modified in order to allow for the
existence of temperature stresses or body forces, or both, if that is desired.
When 7(z,5) denotes the distribution of temperature excess above the
datum temperature distribution which corresponds to the unstressed
condition of the plate, when X and Y are the components of body force
per unit mass in the axial z and y directions, and when «a, @, and p are,
respectively, the temperature cocfficient of expansion, the modulus of
rigidity, and the density of the material of the plate, the equations (1)
are replaced by

2 A
AVt ou =1 530 ApX 9o T _ o,
ax az/ G or o)
0*u ApY oT
2 - —_— =
AV -I- az 3y + —— — 2Ba 3y 0,

* Proc. Roy. Soc. A, 188, 125-134 (1944).
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where B is a constant which takes the value 1 under conditions of plane
stress and the value 1 + ¢ under conditions of plane strain. The
extra terms in equations (7) do not make them any more difficult to
solve by relaxation methods than equations (1), for these terms contribute
only calculable numbers, which have simply to be added in whenever
residuals are evaluated.

94. Mixed Boundary Conditions

We have dealt so far with two types of extensional problems for flat
plates: first, in Chapter 8, for cases when the boundary conditions are
of given tractions, and results are then determined by the solution of a
biharmonic equation for an Airy’s stress function x; second, in this chap-
ter, for cases when the boundary conditions are of given displacements,
when results are determined by the solution of a pair of simultaneous
second-order equations for the component displacements » and ». A
considerably more difficult problem is posed when the boundary condi-
tions are mixed, 7.e., when they are conditions of given tractions at some
parts of the boundary and conditions of given displacements at other
parts. In such cases two alternative procedures are available: either the
displacement boundary conditions can be expressed, by use of the ordi-
nary stress-strain relations, in terms of stresses and hence in terms of x,
and then they can be applied in order to find x by solution of the bihar-
monic cquation; or, alternatively, the boundary conditions of given
tractions can be expressed, again with a use of the stress-strain relations,
in terms of displacements, and then they must be applied in order to
solve the simultaneous equations. Neither prospect is at all attractive,
and such problems are too difficult to warrant a detailed discussion in this
book ; there appears to be no method of escaping the difficulty which is
inherent in such problems, no matter how one may choose to tackle them.
We can, however, say in general that the lesser of two evils is faced if the
problem is worked in terms of w and v and not in terms of x. The inter-
ested reader is referred to a paper* by Fox in which two examples of
problems involving mixed boundary conditions are solved.

Similar difficulties attend the solution of flexural problems for flat
plates when the boundary conditions are mixed. The equations are
mathematically of exactly the same form as those which arise in exten-
sional problems, so that, presumably, they would have to be solved in a
precisely similar manner in terms of the quantities U and V (cf. Section
89); but it is not known that any such solutions have ever, in fact, been
attempted.

* Proc. Roy. Soc. A, 189, 535-543 (1947).
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96. Stresses in Axially Symmetric Solids of Revolution

Another set of problems which also involve the solution of a pair of
second-order simultaneous equations are those which require the deter-
mination of the stresses set up in an axially symmetric solid of revolution
when it is subjected to a given axially symmetric loading system. A
typical example is illustrated in Figure 77; cylindrical coordinates r, 8, and
z are naturally employed, with the z axis as the axis of revolution. All
quantities are independent of 6, so from a mathematical point of view
the problem is only two-dimensional and may be worked on any axial zr
plane; Figure 77 represents such an axial section of a short cylindrical
tube. The tube is generated by the revolution about Oz of the rectangle

F EIIlIlli;ll”IlD Ceya12

A E‘—T=8

2=-12 z=12

0 z
Ficure 77

ABCF, and at any point of the tube there are four nonzero stress com-
ponents to be found; these are the radial stress o,, the hoop stress a4, the
longitudinal stress o,, and the shear stress ... These stresses can all be
expressed® in terms of two stress functions ¢ and ¢ in the forms

1 a 1 -

ar
zro=(—’a—¢+1—z(¢+l‘—_a¢),
ror r ®)
_ 1 ay
O, = _;(—97,
—
oroz

where o is Poisson’s ratio for the material of the tube and where, of course,
¢ and y are functions of 2z and r only (but not of 8) which need to be deter-
* The formulation of the governing equations and the expressions for the stresses

(in terms of stress functions) which are stated here were derived by Southwell, Proc.
Roy. Soc. A, 180, 367-396 (1942).
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mined over the region of the axial section ABCF. The given loading is
represented in Figure 77; it consists of a band of uniform pressure applied
on that part of the outer surface of the tube which is generated by the
line DE.

The simultaneous governing equations for the stress functions are

known to be
%6 108 3¢ _,
at  rar | 9zt ! )
N 1ay | 9 _ ¢
at  Tor " 922 9z
On a square relaxation net, of size h, drawn to cover the area of integra-
tion ABCF, equations (9) have finite-difference approximations which

lead to a pair of residuals being defined at each node by the formulas

F¢OE¢1+¢3+<1'——>¢ +(1+7}L>¢4—4¢0,

(10)
Fw05¢1+¢3+<1—2r)1// +l(1+ )1//4—4\(/0

+ 2¢0 — ¢1 — ¢s.

These expressions are similar to those for the residuals F,o and F,, given
in Section 91 and derived from the simultaneous equations (1); the
method of solution here for ¢ and ¢ is, indeed, very similar in principle to
that described in Section 91 for u and ». The present problem is, how-
ever, considerably more difficult, and it receives detailed attention here
because a number of additional points of relaxational technique must be
mentioned before it can be regarded as tractable.

96. Particular Boundary Conditions

These points of technique are all concerned with the satisfaction of
the appropriate boundary conditions. Once again we notice that the
difficulties of solution are primarily associated with the boundary condi-
tions and not with the governing differential equations. Before discuss-
ing the boundary conditions in general terms, we consider the particular
conditions given for the problem of Figure 77. These can be immediately
stated in terms of certain boundary stresses:

On AB, CD, and EF,

]

gy

0,
7r = 0; (11)
On BC and FA,
T = 0;
o
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On DE,
o, = —100,
T = 0,

(13)

where the value of the applied pressure on the band DE is taken to be
100 units.

Now the second of each of the pairs of conditions (11), (12), and (13)
enables us at once to integrate to find a value for ¢ at all points of the
boundary; for each of these conditions is, in fact, simply d¢/ds = 0,
where s is distance measured round the boundary. Hence at once we
know that ¢ must be constant all round the boundary, and it is sufficient
to take the value of that constant to be zero [because, by reference
to (8), it is clear that an addition to ¢ of any constant magnitude 4,
cverywhere, makes no alteration to the resulting values of the stresses,
provided that it is accompanied by the addition to ¢ everywhere of a
magnitude —A/(1 — o)].

Unfortunately, the other condition available on the various parts of
the boundary, i.e., the first of (11), (12), and (13), cannot be integrated
to yield boundary values of the other stress function ¢. If it could,
then this problem would need no further discussion, for it would be in all
respects similar to the problem explained in Section 91. As it stands,
however, the first of cach of (11), (12), and (13) are, in effect, normal-
gradient conditions, and they have to be used to eliminate the fictitious
values which occur in the expressions for the residuals Fy at nodes on the
boundary. (It may be noticed that we do not need to consider residuals
Fy at these nodes; y having already been determined there, any associ-
ated residuals would be superfluous.)

We consider this elimination of fictitious values in respeet of nodes on
the various parts of the boundary separately, dealing firstly with the
side AB. At any node on this side, Iy is given by the first of (10), but
that expression contains the fictitious value ¢1. The boundary condition
which must be used to eliminate this fictitious value is the first of (11),
i.e., o, = 0; when this condition is expressed by means of the first of (8)
in terms of the stress functions and then replaced by its finite-difference
approximation, it becomes

b2+ Vo — (64 + ¥0) — 3—?(1 — #)¢0 = 0, (14)

when we remember that ¢, = 0.

Now if (14) is used in order to eliminate the fictitious ¢4 from the first
of (10), it is clear that it does so only at the expense of introducing the
equally fictitious Y, which in turn has then to be eliminated. There
are no unused boundary conditions left to accomplish this further elimina-
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tion; what may be used, however, is the y-governing equation, which, as
we have already pointed out, is not required for its usual purpose of
defining a residual Fy, because y has already been determined to be zero
on the boundary. Hence we may (and indeed must) use the finite-
difference approximation to the second of (9) in order to eliminate ¥4
from the residual formula for F,, at nodes on AB, after (14) has been
used to eliminate ¢s. The finite-difference approximation to the second
of (9) is

h l/
(1*2-;;)\//2-%(1+§%’)¢4+2¢0"¢2—¢4=0 (15)

(since ¥, = Yo = ¢35 = 0), and when both eliminations (of ¢4 and of V1)
have been accomplished, it is found that the formula for Fyo at a node
on AB reduces simply to

2(1 — o)h h
Fao = 2(6: + ¥9) — 0 [) 42 =) (1 + _*)] (16)
) 2rq
The elimination of the fictitious @» in the expression for Fgo at nodes
on the side CF may be achieved in a similar way; the result is

Fyo = 2(¢s + ¥a) — ¢ [2 — :z—(L;f_;j—)}—L(l - —h*>]

27'0
+ 2hro| 1 — h (ar) an
(2K il‘_o Tr)0y

which includes the formula for each of the parts of the boundary, C'D,
DE, and EF. At nodes on CD and EF the value of (s,)0 in (17) is put
equal to zero, and at nodes on DK it is put equal to —100. If cither the
point D or the point E is a node of the net, then at those nodes (o,)0
is taken to be —50 (cf. the treatment of another type of theorctical
singularity, i.e., a concentrated load, in Section 85).

There remains to consider the elimination of fictitious values from the
formulas for the residuals F, at nodes on the sides BC and FA; the
formula for Fy is the first of (10), which at nodes on BC contains a
fictitious ¢1. In order to eliminate this fictitious value, we must cxpect
to have to employ the as yet unused boundary condition, the first of
(12). This condition, expressed by means of the fourth of (8) in
terms of the stress functions and then replaced by a finite-difference
approximation, yields simply

Y = ¢3’ (]8)

which at first sight would not seem to be of much assistance to the elimi-
nation of ¢1. Again, as on the sides AB and CF, we have to make use of
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the finite-difference approximation to the y-governing equation in order
to accomplish the required elimination. On BC the finite-difference
approximation to that equation, the second of (9), is

Vi+¥s+ 2¢0 — 1 — ¢ =0, (19)

when we remember that ¥» = Yo = ¢4 = 0. Now (19) can be used to
eliminate ¢, from the first of (10) at the expense of introducing the
fictitious y; this fictitious value may then in turn be eliminated by use
of (18). The result is that, at nodes on BC,

1 h h €
Fy = (1 - 2—7_—0) 2 + (1 + 2—1_—0) ¢ — 2¢0 + 2¢s. (20)

Exactly similarly, of course, the formula at nodes on FA becomes

h h c
Fyo = (l — 2—7.0) ¢2 -+ (1 + 2—7,0) b1 — 2¢0 + 241 (21)

We shall return to discuss the actual liquidation process for the problem
of Figure 77 in Section 99; before that, it would be as well to consider in
general terms the boundary conditions which have to be satisfied in the
solution of any problem of stress determination in an axially symmetric
solid of revolution.

97. General Boundary Conditions

For any given shape of boundary of the axial section of a solid of revolu-

tion, it is, in general, always possible to integrate one of the boundary

conditions in order to determine bound-

ary values for the stress function y,

just as, in the preceding section, we

v were able in a particular example to

find that y was, sufficiently, zero at all

points of the boundary. That this

integration can be achieved follows

from the fact that boundary conditions

Fiaurs 78} of given tractions, in general, specify

boundary values of the stresses r,, and

7,2, Where » is the direction of the outward-drawn normal at a point of

the boundary ; similarly, s will denote the tangential direction at a point

on the boundary, taken, as illustrated in Figure 78, in an anticlockwise
sense.

Now, given values of the normal and shear stresses across the boundary

(which would usually be the way in which boundary tractions would be

r
A 3
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expressed) would mean known values of ¢, and of 7,,. But, at once,

Ty = Oy Sin (V,'r) — Tys COS (Vrr)y

Tvr = a, €08 (»,r) + 7, 8in (v,7), )

where (v,7) is the angle between the » direction and the r direction at a
point of the boundary. Hence, by (22), boundary conditions of given
tractions can always be interpreted in terms of specified values of the
stresses 7,, and 7,,.

We consider first the stress 7,.; in order to express it in terms of the
stress functions ¢ and ¢, it will be necessary to make use of the geometrical
relations that

cos (v,r) = — Pyl v
. (23)
sin (v,r) = gz _ Or,
’ dv  ds

Then, at once,

. 1 " 02
T, = o, sin (v,r) + 7., c08 (1) = — — Wor_ l v (—.;

with a use of both the third and fourth of (8) and of (23). Thus we have

L _lw
v r 9s
i.e.,
o
‘a—s = T Tyzy

which relation can always be integrated round the boundary with respect
to s to yield boundary values for ¢. Again, as in Section 96, there is an
arbitrary constant of integration which may be chosen at our convenience.

As in the particular example of Section 96, so in general, it is the satis-
faction of the second boundary condition which causes problems of this
type to be of some considerable difficulty to solve. This second condition
cannot be integrated; instead it is effectively a condition on ¢ in terms of
boundary gradients. Its application has been illustrated in Section 96
in a particular case, and there is not much that can be usefully said
about it in general, except to state it in terms of ¢ and ¢. This must be
done by expressing the known stress 7,, in terms of those stress functions;
we have

1

o, cos (v,r) + 7., sin (v,r)

= [ar <¢ :' 1//) + 0= ] cos (v,r) + [562 (g)] sin (v,r),

Tyr
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with a use of the first and fourth of (8). Now, by (23), it follows that

N 0 L olé  9rd(y), 029 (¢
Tor = [C% (1) ar + r] T + dv or (r) v 92 (r)’

oy 3 ,al¢
Tyr = 5; (;) + [COS (V,T) —a—r + ;] 7',
and this is the best form, in general, in which we can leave the second
boundary condition. In most examples it simplifies somewhat when

particular values are given to the angle (v,r) and particular directions
assigned to ».

t.e.,

98. Conditions on the Axis of Symmetry

In the example of Section 95 the solid of revolution does not contain any
part of the axis of symmetry, but, of course, there is no reason why in
some problems we may not be concerned with solids which do extend to
this axis. We must, therefore, consider how to deal with a node of the
net when it lies on this axis; it requires special mention because ro then is
zero, and the residual formulas (10) become meaningless. In the differ-
ential equations (9) the trouble is seen to lie in the terms (1/7)(9¢/dr) and
(1/7)(8¢/dr), which must be indeterminate at r = 0. Their limits as
r — 0 are immediately seen to be d2¢/dr* and d%/dr?, and therefore at
r = 0 the governing differential equations (9) reduce simply to

>y 9%
o = o
so that both ¢ and ¢ are just linear functions of z along the axis of
symmetry.

99. Underrelaxation

We now return to discuss the actual process of liquidation of the residu-
als F, and Fy in a relaxational solution of the simultaneous equations (9),
and we illustrate the technique by particular reference to the problem of
Figure 77. In principle the two-variable technique, described in Section
91 in relation to solutions of the equations (1), is adopted, but with the
following modifications:

1. At each stage of ¢ relaxation the residuals Fy must be completely
liquidated, even, with advantage, to an extra significant figure compared
with that to which ¢ and F4 are being taken.

2. At each stage of ¢ relaxation the residuals Fy, must be only very
tentatively liquidated; it should not be attempted to reduce them, on an
average, by more than 10 per cent before attention is turned back to the
function ¢ and the residuals Fy are again completely liquidated.
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The reasons for these most important modifications may be most con-
vineingly understood by consideration of the residuals Fy at the nodes on
the part of the boundary BC (Figure 77); a typical pattern corresponding
to an increment A¢ = 1 applied at one of these nodes is shown in Figure
79. It can be seen at once to make only a compara-
tively infinitesimal change to the total of the ¢ residuals
on BC; Figure 79 is actually the pattern correspond-
ing to an increment A¢ = 1 applied at the node on BC
at which r = 10 (when the mesh size is b = 1, so that
there are 4 mesh lengths in the thickness of the tube
and 12 in its half length). KEven more striking than the
point pattern of Figure 79 is the block pattern shown in
Figure 80; it is the pattern corresponding to a unit
block increment applied to ¢ at all the nodes on BC.
In addition, it should also be noticed that the residuals
F, on BC are completely unaffected by increments A¢ applied at any
other nodes of the net; hence in all it is clear that to liquidate any initial
residuals F, at nodes on BC by mcans of ¢ increments would require
exceptionally large values of those increments, and if that were attempted

+] the solution would soon tend to get out of hand. It is
@ for this reason that in modification 2, above, we stated

that at every stage ¢ relaxation must be very tentative,
that in cffect, when relaxing ¢ residuals by means of
applying increments A¢, we should very deliberately
and considerably underrelax. It has several times been
necessary in this book to cmphasize the virtues of
overrelaxation; the present type of example is one of the
few for which the converse technique of underrelaxation
is essential.

But if, of course, residuals Fy do exist at nodes
on BC, they must eventually be liquidated, and we
have still to explain how in fact they are brought to zero.
So far it has only been shown that cxtremely large
¢ increments would be necessary to remove those resid-
uals, and it has been stated that, as a matter of experi-
Froums 80 ence, it is not helpful to apply such large ¢ increments.

o Whereas a unit block A¢ = 1 applied at all the
nodes on BC changes the total of the ¢ residuals at those nodes by only
—0.074, on the other hand we can see, from (20), that a unit increment
Ay = 1 applied at a node adjacent to BC changes one of the ¢ residuals on
BC by +2. Consequently, the ¢ residuals on BC are comparatively
critically dependent on the ¢ values at internal nodes. It is for this

Ficure 79
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reason that in modification 1, above, we stated that it was desirable to try
to keep the ¢ residuals always fully liquidated, even to the extent of an
extra significant figure over what we ultimately desire for the ¢ residuals.
As for the liquidation of ¢ residuals at nodes on BC, it will be found in
practice that, if very considerable underrelaxation is used in the stages of
¢ relaxation, then these residuals will gradually be automatically liqui-
dated as a consequence of the stages of ¢ relaxation; i.e., as the process of
the solution settles down, it will be found that the increments added to the
¢ values at the internal nodes of the net automatically tend to reduce
the residuals F, at the nodes on BC, and that these residuals do converge
to zero predominantly by virtue of the effect of ¥ increments at the
adjacent (internal) nodes rather than by means of the effect of ¢ incre-
ments at the boundary nodes themselves.

100. Components of Stress

The solution of the problem of Figure 77 in terms of values of the stress
functions ¢ and ¢ will not be given here but instead will be left to the

0 0 0 0 0 0 0 0 0 0 =100 -100 -100

-1 0 0 0 0 0 1 2 1 -3| -8l -85 -85

1 1 0 0 -1 -1 =1 =2 -3| -12| —49] -58f -59 o

2 1 0 -1 =2 -3 -4 -5 -6] -1l -22| =24] =27

25 15 7 -1 -9 -20' -33 -49 -69 =79 ~-193 -196 -201

28 17 7\ =3] -14] -26] -41] -59| -81| -108| -159| -178] —184

32 19 7| 5| -19] -33] -50| -69] -92| —-118| —148| -166| =171 (A

36 21 7| «8[ -24] -41] -60| -—80| —102| ~124| —144| —158| —162

41 25 7] =11} =31} =51 =72| -94{ -115{ -133| —~144| -152 —155i

®)

Ficure 81
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reader to work as an exercise. We do, however, quote the solution, in
Figure 81, in terms of the values of the four components of stress. These
values have been calculated after the determination of the stress functions

¢ and ¢
to (8):

by a direct substitution into the finite-difference approximations

(07)0 = %7‘0 (b2 + Y2 — ba — ¥u) — ;%‘2 Wo + 1 — ogo),
(co)o = 527 (¢2 — ¢4) + %02 o + T = ad0),

nl 24)
(0:)0 = — Shre (Y2 — ¥4),

(o = g W1 = ¥,

At nodes on the boundary some of the ¢ and ¢ values contained in (24)
are fictitious. These have to be climinated in a manner precisely similar

to that employed in Section 96 to eliminate fictitious values from the

0 0 7 15 22 27 27 22 9 43 -191 -154 -159

0 1 4 7 9 10 9 4 -6| —-23| -—-46] —60[ -65

oL 0 0 -1 -1 -1 -2 -2 -3 -2 9 10 10| &,
2

0 -1 -5 -8 =11} -13| =11} =5 8 28 56 73 79

0 0 -8 -17 —25| -30] —-29] -18 7 52| 116/ 156] 169

(c)

0 0 0 0 0 0 0 0 0 0 0 0 0

0 3 4 5 3 0 -4| -10 -20{ -38] -36] -14 ()]

0 4 6 6 4 0 -7 =17 =30 -43[ -41] -21 0| ~
r

0 3 5 5 3 0 -6/ =-14| -24| -33| -31] -17 0

0 0 0 0 0 0 0 0 0 0 0 0 0

(d)
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residual formulas at nodes on the boundary; the consequent modified
forms of the expressions (24) are not of sufficient general importance to
quote here. The value taken for ¢ in the numerical work leading to
Figure 81 was 14.

PROBLEMS

1. Find the solution on a finer net (h = 14) to the problem solved on a coarse
net in Section 92.

2. Determine the values of the stress functions ¢ and ¢, on a net of size h = 1,
for the problem described in Scctions 95 and 96. Calculate ¢ and ¥ to enough
significant figures that the values of the stress components can be given to the
nearest whole number, and verify the values given in Figure 81.



CHAPTER 10

TRIANGULAR NETS

101. Introduction

It was mentioned in Section 40 that three different shapes of net could
be used to cover a two-dimensional region, these being nets of square
mesh, of equilateral-triangular mesh, and of equiangular-hexagonal mesh,
respectively. So far we have not considered or illustrated the use of any
but a square network, and, indeed, that kind of net is in almost general
usage. However, on rare occasions there are reasons why a triangular
net could be employed to advantage. These occasions are restricted to
solutions of Poisson’s equation or of the biharmonic equation, and in this
chapter the reasons why a triangular net may sometimes be preferable to
a square net are explained, and the residual formulas and relaxation pat-
terns appropriate to such a triangular net are derived.

102. Finite-difference Approximations

When an equilateral-triangular net is in use, we again denote the mesh
length between pairs of nodes by h, and a group of 19 typical nodes are
numbered as shown in Figure 82. In order to find the finite-difference
approximations to the quantities (V*w)o and (V*w)o, where w is the wanted
quantity, we expand w in a double Taylor series in the neighborhood of
the node 0:

w = wo+ A(@ — x0)* + By — yo)®
+ C(x — x0)* + Dy — yo)* + E(@x — x0)*(y — y0)?
+ o (1

in this expansion we have, for brevity, included only those terms which
provide some contribution to the required results. (It could be verified
that any term which includes an odd power either of x — x or of y — ¥,
makes no such contribution.)

Now on substituting in (1) values for the coordinates x and y corre-
sponding to the various nodes 1, 2, 3, etc., we can easily derive the follow-
ing relations:

Sw; — 6w, = 3h2(A + B) + 34h4(3C + 3D + E),
Swr — 6wy = 9h*(A + B) + 274h4(3C + 3D + E), @)
Swis — 6we = 12h2(A + B) + 12h43C + 3D + E),

145
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where terms of O(h%) have been neglected and where Zw; stands for the
sum of the six w values typified by w, (that is, w; to we), Zw; for the sum
of the six w values typified by w; (that is, wr to w1s), and Zw; for the sum
of the six w values typified by wis (that is, wys to wis). In (2) the con-

y

\/\/
AVAVAVAS
WAVAYANE

/\/\

stants A, B, C, D, and E may now be replaced by their expressions as
derivatives of w, that is, respectively,

1 (0w 1(ow 1 (""‘E 1 (o%w 1( 9w y.
2\ox? )y 2\ay* /o 24 \oz* /o 24 \ay* /o 4 \ox? ay?)v’

the relations (2) then become

-5 (V2 Do + (V w)o,

Zw, — 6wy

h
Zw; — 6wy = 7 (V%v)o + -?3? (V4w)o, (3)

o) , 3ht
Zwiy — 6we = 6h2(VW)o + 5 (V'w)o.

103. Poisson’s Equation

The first of (3) provides immediately the finite-difference approxima-

tion to Poisson’s equation:
viw + W =0, “4)

holding at a typical node 0 of a triangular net; for it follows from (4) that
Viw + VW = 0, 5)
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and when we substitute for (V2w), and (V*w), in the first of (3) by use of
(4) and (5), we derive as the required finite-difference approximation

— 6w, + Wo + (VZW)o = 0. (6)
A residual Fy can then be defined at once:

Fo= Suw, — 6w0+3h Wo + B gy, (7)

24 (
and the corresponding relaxation pattern is shown in Figure 83.

The advantage of a triangular net over a square net is apparent in the
finite-difference approximation (6); it is that the error in that approxima-
tion is only of O(h®) compared with an
unavoidable error of O(h*) in the corre-
sponding approximation for a square net.

This means that a solution of higher ac-

curacy can be attained on a triangular +1
O, O,

net than on a square net for a given value -6

of the mesh side h. This fact in itself

does not necessarily imply that a triangu-

lar net would always be the more con-

venient to employ, and it is, in fact, more

convenient in most problems to find the Fiaurs 83

solution on a square net, with a use of a

smaller value of & than would have been needed if a triangular net had
been used.

But if the shape of the boundary is such that a triangular net can be
fitted into the region of integration, exactly, with a use of only whole
meshes, whereas a square net could not be so arranged to avoid any
irregular stars, then it would be more convenient as well as more accurate
to employ a triangular net. These are usually the only circumstances
under which a triangular net would be used, when the shape of the bound-
ary and the extra accuracy in (6) combine to outweigh the inconvenience
of recording the work on such a net.

It should be noticed that the reason why (6) is a more accurate approxi-
mation than that corresponding to a square net is simply that, in the
first of (3), the term containing h*, that is, (3h*/32)(V*w),, happens to
contain w in such a way that it can, by (5), be expressed in terms of W
instead of w; this is shown in (6), where that term has been rewritten as
(3h%/32)(V2W),. This fortuitous circumstance has no parallel in the
corresponding formula for a square net.

The use of the residual formula (7) and the relaxation pattern of Figure
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83 in order to solve a Poisson’s equation on a triangular net is exactly
like the use of the very similar corresponding formula and pattern on a
square net; no further description is needed here.

104. The Biharmonic Equation

In the solution of a biharmonic equation
Viw = Z, (8)

there is no gain in accuracy to be obtained by the use of a triangular net
instead of a square net; in both cases the error involved in the finite-
difference approximation to (8) is of O(h®). Consequently there is even
less reason why a triaugular net should ever be employed in the solution
of any biharmonic equation. It is, however, just possible that the incon-
venience of so doing may sometimes be overcompensated by reason of the
shape of the boundary; if that shape were peculiarly suited to a triangular
net, e.g., if the boundary were itself an equilateral triangle, then it would
be better to use a triangular net and so avoid any irregular stars. But
this circumstance is likely to arise so infrequently that it would scarcely
be worth while to record the residual formula and relaxation pattern for
the biharmonic equation on a triangular net were it not for a point of some
intrinsic interest which arises in the construction of that formula and
pattern.

It is possible to eliminate (V?w), between the first of (3) and either the
second or the third; these alternatives lead to the pair of relations

33w, — Sw; — 12w + — (V"w)o =0,

)
4211)1 — 2wy — 18w, + “8— (V"w)o = O,
so that, by (8), a residual could be defined by either of the formulas
4
Fo = 3211)1 - E’LU7 —_ 12w0 + Ok Zo’
16
(10)
9h 47 4

Fo = 42’001 - an - 18100 +

or, indeed, by any linear combination of these two. The patterns corre-
sponding to each of (10) are shown in Figure 84.

The question naturally arises, which is the best formula to use for Fo?
That different possibilities exist need cause no concern; each of (9) is an
approximation and contains an error of O(h®), and different errors,
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although of the same order, may be expected to correspond to different
possible approximations. The best of the available formulas should, of
course, be that which provides a pattern which is the casiest to use in the
process of liquidation, and, in the event, only experience can determine
finally which of the possible patterns that is.

VAN

9%

3
3
+1
18

(ii)

Frcure 84

The only one of these patterns that has received any attention is the
one derived from the residual formula given by adding the second of (10)
to twice the first, .e.,

4
Fo = IOEwl - 22’(07 - Ewls - 42?1)0 + 9"’4?2, (11)
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for which formula the pattern* is given in Figure 85. This particular
formula and pattern have no special virtue as compared with either of
those in (10) and Figure 84; in fact, because the latter contain fewer ele-
ments (only 13 instead of 19), there can be little doubt that either of the

Ficure 86

patterns of Figure 84 is more convenient to use than the pattern of
Figure 85.

The best formula to use for F is, however, likely to be that one which
leads to a pattern whose central element bears the largest possible ratio to
any of the other elements; this formula is derived by subtraction of the

* This pattern is given by Fox and Southwell, Phil. T'rans. R.S. C, 1, 15-56 (1941),
and A, 239, 419-60 (1945).
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first of (10) from the second, which yields

4
ﬁyo = Zwl + 2:’!07 _ E‘wla - 6wo + %’)
for which the corresponding pattern is shown in Figure 86. In it the ratio
of the central element to any other is as large as 6, compared with 4.2 in
the pattern of Figure 85 and with 4.0 and 4.5 in the patterns of Figure 84.

106. Advance to a Finer Net

As when square nets are in use, so with triangular nets, solutions must
usually be obtained on a succession of nets of different sizes. The sizes

/ N N \
Fraure 87

of the successively finer meshes are usually made, systematically, each to
be one-half of the size of the mesh of the previous (coarser) net. Figure
87 illustrates how the advance from one net to the next finer net should be
made. The coarser net is shown drawn in thick lines, and the extra lines
which are drawn in to convert it into a finer net are shown as fine lines.

PROBLEM

1. Find the torsion stress function ¢ for the case of a cylinder of equilateral
triangular section at the nodes of a triangular net which has 16 strings in the side
of the section.

(Take the representative dimension L to be the side of the section, and use a
multiplying factor of 2,560.)



CHAPTER 11

EIGENVALUE PROBLEMS (ALGEBRAIC EQUATIONS)

106. Introduction

In this chapter we revert to consider the solution of certain sets of
algebraic equations; these are simultaneous linear equations which are
similar to those discussed in Chapters 1 and 2, in that a number of
unknowns z, ¥, 2, ctc., are to be found, but differ in having no constant
terms and in having coefficients which are not completely known in the
beginning. Thus as well as solving to find values for a set of unknowns,
we must in addition, as part of the solution, find a quantity upon which
depend the values of the coeflicients in the set of equations. Because the
equations have no constant terms, they are homogeneous as well as linear;
therefore it is clear that strictly we cannot determine absolute values for
the unknowns but really only their ratios z:y:2: . . . . We express any
set of such ratios which can satisfy the equations by the single symbol w
and call it a mode of solution. The quantity on which the values of the
coefficients in the equations depend is known as an eigenvalue, and we
denote it by p2.  One of the most important ways in which cquations of
this type can arise for solution is in the determination of free vibrations of
a dynamical system of n degrees of freedom. Such a system requires n
coordinates to define its position in any displacement from its equilibrium
configuration; we denote these coordinates by X, ¥V, Z, etec. The system
is said to be vibrating in a normal mode when each coordinate varies
sinusoidally with time with the same period and phase; thus a normal
mode of vibration is given when the coordinates are expressed by a set of
relations

X = x sin pt,
Y = y sin pt,
Z = z sin pi,

The ratios x:y:2: . . . are said to define the mode of vibration, and the

quantity p is a measure of its period (2x/p). A system of n degrecs of

freedom, in general, possesses n distinct normal modes of vibration; we

denote these by wi, ws, ws, . . ., w. with corresponding ecigenvalues

p1%, P24 Ps% . . ., P It is also convenient to postulate that p,2 < po?
152
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< pst £ - - - < p? that is, that the n normal modes are arranged
according to ascending eigenvalues.

107. Rayleigh’s Principle

The form of the equations (governing the ratios z:y:z: . . .) with
which we are concerned in this chapter is
(@11 — bup?x + (@12 — bigpHy + (@13 — bupHz + - - - =0,
(012 - b12P2)I + (@22 — b22p2)y + (@ — ’)231)2)3 + = 0, (1)
(a3 — bisp?)x 4+ (azs — basp?)y + (ass — bysp*z + - - - =0,

....................................

It can ke seen at once that, whatever the value of p?, these equations are
always satisfied by the null solution xt = y =2z = - - - = 0; and for an
arbitrarily selected value of p* this null solution is, indeed, the only solu-
tion to the set of equations. If a nonzero solution for x:y:2: . . . isto
exist, then, on elimination of these ratios, we must have

) 9 92
ay — [)HPZ Ay — blzp‘ a3 — blzsp“

iz — 1)12]72 Q2o — 1)227)'2 Q23 — 1)23172
a1z — bisp? @ — basp?  agy — bygp? - - '

This determinantal equation is clearly of the nth order in p2.  Its n roots
are the eigenvalues pi?, po?, ps?, ete., for which values of p? the simultane-
ous cquations (1) possess nonzero solutions, the corresponding normal
modes wi, wa, w3, etc.

Thus, if any eigenvalue p,? were known, it could be substituted in (1),
and these equations could then be solved to find the corresponding ratios
xz:y:2: . . . by the ordinary methods of relaxation as described in rela-
tion to algebraic equations in Chapters 1 and 2. Conversely if any mode
of solution were known, for example, w, = (x,,¥-2, . . .), then any one
of the equations (1) could be used to determine the corresponding eigen-
value p%2. The computational problem in a particular example is made
difficult because we cannot attempt to solve the equations (1) to deter-
mine z:y:2: . . . without knowing a proper value for p? and because,
conversely, we cannot express p? except in terms of z, y, 2, ete.

The well-known principle of Lord Rayleigh does, however, for practical
purposes, partially resolve the dilemma. If we multiply through the
equations (1), respectively, by z, y, 2, etc., and add them together, we can
write the result in the form

g _ ou®’ + apy? + ¢ - 4 2007y + - - -
bux? 4+ boy? 4+ ¢ ¢+ 4 2byxy + - - -

2
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This expression of p? in terms of z, y, 2, etc., is a Rayleigh quotient which
has the property that it defines p? as a function of the variables z, y, 2, ete.,
which is stationary when those variables have values corresponding to any
normal mode. [It may be straightforwardly verified that the fraction on
the right of (2) is an expression for p? which is such that the conditions
that dp?/dx, dp?/dy, dp?/dz, ete., should all vanish are precisely the equa-
tions (1); at a normal mode these equations are satisfied, and therefore p?
as given by (2) has a stationary value.]

108. Solution by the Rayleigh Method

This property of the formula (2), that it expresses p? in a form which as

a function of w has a stationary value at a normal mode, allows one
relaxational method of solution of equations (1) to succeed. We describe
this method as the “Rayleigh”” method to distinguish it from a second
relaxational method, the “intensification”” method, which will be explained
later in Section 112. In many examples the Rayleigh method suffers
from a serious limitation which considerably reduces its usefulness; this
shortcoming will be described in Section 110, where also it will be pointed
out under what circumstances the method can be employed to advantage.
The manner in which the method converges to a solution depends on
the fact that any approximation to a mode yields, on substitution in (2), a
better approximation to the corresponding eigenvalue; as a solution is
approached and a good approximation to a mode is reached, the stationary
property of the formula (2) implies that it then yields an excellent approxi-
mation to p2. The method begins with a guessed set of values to a mode,
z, v, 2, etc.; these are then substituted in (2) to determine a first approxi-
mation to the eigenvalue p2. This value for p? is put back into the simul-
taneous equations (1); residuals are defined and calculated in the usual
way, and by attempting to relax these residuals, we begin to improve the
initial guessed values of z, ¥, 2, etc. In general, at this stage, it would be
found impossible to liquidate the residuals completely except by a degen-
eration into the null solution; this is because the first approximation to p?
is most unlikely not to be in some error and, therefore, is a value for
- which, strictly, only the null solution for the mode exists. However, the
liquidation of the residuals can be accomplished in part-—no great effort
should be made to take it very far—and in this process we improve the
values initially guessed for z, y, 2, etc. These improved values are then
substituted in the formula (2), and a second (and better) approximation
to the eigenvalue p? is thereby determined; this new value for p? can now
be put back into the equations (1), the residuals then recalculated, and
the mode (z,y,2, etc.) further improved by means of relaxation. This
process is repeated until eventually all the residuals have been made
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sufficiently small. In the actual stages of relaxation three main points
should be borne in mind: First, increments should not be applied which
are clearly tending to reduce all of z, y, 2, etc., to zero; <.e., the null solu-
tion must be deliberately avoided. Second, each individual stage of
relaxation must not be overmuch prolonged; relaxation should cease as
soon as there is any indication of difficulty in the reduction of the set of
residuals (as a whole) toward zero. Third, it must not be forgotten that
the solution for a mode really comprises only the ratios z:y:2: . . . ;
at any time, a current set of values for z, y, 2, etc., can themselves be
multiplied through by any convenient constant. It is computationally
convenient to multiply through in this way at the end of each stage of
relaxation by such a constant as will bring the numerically greatest of , y, 2,
etc., to, say, 100. This operation not only helps to prevent the solution
drifting by chance toward the null solution; it also helps the computer to
see more readily how his solution is converging, by making casier a com-
parison of the values of z, ¥, 2, etc., at the end of successive stages of
relaxation. A simple numerical example will now be solved to illustrate
this method. .

109. An Application of the Rayleigh Method

We take for this example the set of three equations

@ - p)e + y + 2 = 0,
z+ @ —py+ 3z =0, (3)
2z + 3y+ (4 — pHz = 0.

The Rayleigh formula (2) in this particular case becomes

_ 20 + 3y? + 42° + 2wy + Gyz + dex

m2
p 1'/2 + IIZ + zz (4)
As the initial guess for a modal solution we choose
z =y =z =100, 5)

and substituting in (4), we find that the first approximation to p? is
pt =1 (6)

When this value for p? is taken in the equations (3), residuals become
defined by the expressions

F.= —bx+ y+ 22,
F, = x — 4y + 3z,
F.= 2x+4 3y — 3z.
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It is unnecessary to record the corresponding operations table. The first
stage of relaxation is shown in the following relaxation table:

F, F, F,
r=y=2=100 —200 0 200
Ax = —40 0 —40 120
Az = 40 80 80 0
Ax = 16 0 96 32

After just three steps the liquidation process reaches a situation in which
any attempt to reduce the residuals further can be verified by trial to have
little success; perhaps, even, an optimum state was reached after only the
first two steps. Thus the first stage of relaxation ends with the values of
the unknowns given by

z = 76, y = 100, z = 140,

or, sufficiently, after multiplication through by 0.71 to bring the value of
the largest unknown (2) to 100,

x = b4, y="T71, z = 100. )

Substitution of these values into (4) leads to the second approximation for

the eigenvalue:
p? = T7.4; (8)

and with this new value for p? the residuals’ expressions are modified to
become

F,= —54x+ y+ 2

r, z — 4.4y + 3z

F, = 2¢ + 3y — 3.4z.

[l

The second stage of relaxation follows in the table:

F, F, k.
z=>54y="T1z=100 —21 43 | —19
Ay = 10 —11 -2 11
Az = —2 0| —4 7
Az = 2 4 2 0

Again nothing is gained by any continuation of this table beyond the
first three steps, when the values of the unknowns have become

x = 52, y = 81, z = 102,
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or, after reduction of the greatest of these to become 100,

z = bl, y =179, z = 100. 9
A third substitution in (4) yields
p? = 7.42. (10)

The successive approximations (6), (8), and (10) to the eigenvalue show a
very rapid convergence, and, in point of fact, the third approximation
(10) could have been quoted with accuracy to another significant figure.
However, the value given is sufficient for our purpose; it leads to new
expressions for the residuals:

F,= —542x + ¥+ 2,
F, = r— 442y + 3,
F, = 2z + 3y — 3.42z;

and thence to the third stage of relaxation:

F. Fy F,

=51,y =179 2 =100 3 2 -3
Ar = 1 -2 3 -1
Ay = 1 —1 -1 2

After two steps the liquidation is completed, in so far as the residuals can
then be made smaller only by means of the introduction of increments
affecting the first decimal place. Correct to the number of figures
quoted, the modal solution has been found to be

T = 52, y = 80, z = 100. (11)

The whole solution is contained in (10) and (11), and just as the coun-
vergence of p? could be observed from (6), (8), and (10), so the conver-
gence of the mode (z,y,2) can be followed from stage to stage in the process
in (5), (7), (9), and (11).

As has already been suggested in Section 108, the success of this method
is entirely dependent on the fact that, by use of a Rayleigh quotient to
express p? as a function of w, we are able throughout the calculation to
keep the approximation to the eigenvalue one step ahead, as it were, in
accuracy of the approximation to the mode.

110. Defects of the Rayleigh Method

It should have already been apparent that the Rayleigh method of
calculation of a solution to equations of the type (1) suffers from the major
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drawback that it gives no indication which of the n modal solutions is
obtained. In the example of Section 109 there are, of course, three
separate solutions, and if these are characterized by suffixes 1, 2, and 3,
where pi? < p2? < ps?, then in fact the solution found in that section is
actually the mode ws, with the corresponding eigenvalue ps* (= 7.42).
Now in most practical problems interest is usually directed to the lowest,
or gravest, mode, w, with the corresponding eigenvalue p,?; it is desirable
that we should use a method of solution that not only indicates which
mode results from the computation but that also can be arranged deliber-
ately always to select the gravest one. The Rayleigh method, as we have
seen, does not satisfy the first of these requirements, let alone the second.
Another difficulty also occurs sometimes in the use of the Rayleigh
method: this happens when two of the eigenvalues are nearly equal; the
convergence to one of the two corresponding modes may then be imprac-
tically slow, if not indeed impossible to achieve.

These defects do not mean that the Rayleigh method is without its
uses. In many examples, particularly those of a kind to be discussed in
Chapter 12, the form of the lowest mode is so different from the other
(higher) modes that a sufficiently good first guess can be made for w: to
ensure that that mode is the one to be determined. In such cases the
Rayleigh method may well have advantages in speed over the alternative
method, which will be described in Section 112.

111, Expansion in Normal Modes

The alternative method is based on a well-known property of the nor-
mal modes: that any set of values for z, y, 2, etc., which together comprise
a quantity w, can be obtained by a linear combination of the sets of values
which comprise the normal modes w;, wa, ws, etc. Ioxpressed algebrai-
cally, this means that, whatever values the components of w may have,
we can expand w as a linear series in terms of the normal modes:

w= Aw, + Aw: + Aws + + - - + AW, (12)

We shall make use of this result to say that any guessed w which we may
choose is made up of linear contributions of the n normal modes: we shall
not need to know the values of the coefficients 4,, A, etc.

112. The Intensification Method

"The set of equations (1) can be concisely written as a single equation in
the form

Pw) - p*Qw) = 0, (13)
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where P is an operator which represents the coefficients a,, and @ is an
operator which represents the coefficients b, in (1). The satisfaction of
(13) by the normal modes implies a set of relations

P(wi) — p*Q(w1) = 0,
P(ws) = pa*Q(w2) =0, (14)

..............

Now consider the set of ordinary simultaneous equations represented by
Pw') — Q(w) = 0, (15)

in which w is supposed to be given and w’ to be found. Since, whatever w
may be, it can be supposed to be expanded in the form (12), we have

Pw') = Q(Aw; + Aaws + + -+ + Anwn)
= A Qw1) + A:Q(we) + -+ - + A.Q(wa),

because the operator @ is linear and homogeneous. Hence by use of the
set of relations (14) we get

A. A'L
Pw) = %P(wl) +oPw) - T P(w)
A lwl A2w2 Anﬂ)n)
—_ P (A1l R « e . y 1}
( p12 + P2~ t + pnz

because the operator P is also linear and homogencous. Thus we find

that

A An
w’=-;l—112w1+p—2:w2+"'+mwn, (16)

a relation giving w’ in its expansion in terms of the normal modes.

Now in any particular numerical example the solution of the set of
equations represented by (15) is straightforward by the mcthods of
Chapters | and 2, and by comparison of the expansions (12) and (16) we
see that any initial guess for w leads by solution of (15) to a w’ in which
the proportion of the first mode w; relative to the other normal modes is
increased compared with its proportion in w. This last statement follows
at once from the fact that p;2 < p22 < -+ - < p.% It is a convenient
description to say that, in deriving w’ from w, we have infensified the
gravest mode compared with the other normal modes. If this process is
repeated a number of times, cach time putting back the previous w’ as a
new w, then clearly we shall derive eventually a w’ which is predominantly
composed of the gravest mode only; in other words, as the process is
repeated, w’ converges tow;. This is the intensification method; it ensures
that we eventually find the gravest normal mode, and it is of particular



160 RELAXATION METHODS

computational simplicity because it requires only a succession of solutions
of sets of ordinary linear algebraic simultaneous equations. The method
determines w, without any reference to the quantity p?, and, of course,
once the mode w; has been determined to a sufficient accuracy, the corre-
sponding p;* can be evaluated by a direct substitution of w, into the
formula (2).

113. An Application of the Intensification Method

In any application of this method it may be remembered that the values
of z, y, 2, ete., in w are not defined absolutely; it is computationally con-
venient, therefore, each time a w’ is determined, to multiply its compo-
nents through by such a constant as brings the greatest of them to, say,
100.

We now illustrate the method by using it to find the gravest modal
solution to the set of equations (3); one solution to these equations, not
the gravest, has already been determined in Section 109 by means of the
Rayleigh method. For these equations (3) the equations represented by
(15) are

22 + y + 27
4+ 3y + 32 =
2r' + 3y’ + 42 = 2,

Il
s &

and residuals are defined by the expressions

F,= -2z — ?/, - 22 + x,
F,= —2 —3y —32 +y, (17)
F,= -2z — 3y — 42 + =

It is appropriate that the first guess for w should be the same as that
taken in Section 109, that is, x = y = z = 100. Determination of a
first w’ is then shown in the relaxation table:*

Fz' F”r F,’
=y =2=0 100 100 100
Ar' = 40 20 60 20
Ay’ = 40 —20 —60 —100
A2 = —40 60 60 60
z' =100, y = 100, 2/ = —100 0 0 0

* Tt is not thought necessary to give any detailed explanation of the individual steps
in the relaxation tables in this section.
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In this table, after three steps, an obvious multiplying factor completes
the relaxation in one further step; the first w’ is therefore
' = 100, ¥y = 100, Z = —100. (18)

We now put these values back for z, y, and z in (17) and solve those equa-
tions again for 2/, y’, and 2.  The solution is found in the relaxation table:

Fy Fy' Fy
=y =2 =0 100 100 —100
Az = —100 300 400 300
Az’ = —100 500 500 500
Ar’ = Ay’ = 500, Az’ = —500 0 0 0
2z’ = 400, ¥’ = 500, 2/ = —600 0 0 0

After multiplication through to reduce the magnitude of its greatest
component to 100, the second w’ is found to be

' = 67, y' = 83, 2 = —100. (19)

These values are put back for z, y, and z in (17), and those equations are
solved again in the following table:

Fo Fy, K,
=y =2 =0 67 83 --100
A2 = —183 433 632 632
Ay = 99 334 | 335 335
Ar' = Ay = 335, 8¢ = —335 | —1 0 0
' =335,y = 434, 2 = —518 -1 0 0

After appropriate reduction again, we find that the third w’ is
' = 65, y = 84, 2 = —100. (20)

The convergence to the gravest mode can be seen by inspection of the
successive approximations (18), (19), and (20) to be almost achieved in
(20). In fact, to the number of figures quoted, one further stage in the
process is required for complete convergence. The final values may be

verified to be
T, = 64, Y1 = 84, 21 = —100. (2])

The corresponding eigenvalue, calculated by means of a substitution of
this mode in the formula (4), is

p? = 0.194, (22)
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and the whole solution for the gravest mode is contained in (21) and (22)
together.

114. Improvement of Basic Operations

A possible difficulty which may sometimes occur in the use of the
intensification method is that the actual liquidation of the residuals in the
individual stages of relaxation may be either very troublesome or, at best,
very slow to achieve. An example in which this is the case is provided
by the equations

(15 — 2p%)zx + 10y + 72 =0,
10z + (7 — p¥y + 4z = 0, (23)
Tr + 4y + (20 — 3p?)z = 0.
These lead to the following expressions for the residuals F., ete:
Fo= —152" — 10y’ — 72 4 2z,
Fp,= —10' — 7y — 42’ + vy, (24)
Fo= =T3¢ — 4y — 202" 4 3z,
and a consequent operations table:
AF AF AFy
Az’ =1 —15 —-10 -7 (25)
Ay’ =1 —10 -7 -4
A =1 -7 —4 —20

This operations table is not easy to use, chiefly for the reason that the
elements in the leading diagonal do not sufficiently predominate in
numerical value over the remaining elements. This difficulty can be
overcome by means of a simple transformation of the equations (23). In
the latter we may replace p? by (¢? — K), where K is some convenient
positive number, and then treat ¢* as the cigenvalue instead of p2.  Thus
if we take K to be 8, equations (23) are replaced by

Bl — 2¢*)z + 10y + 72 = 0,
10z + (15 — ¢®)y + 4z = 0, (26)
Tr + 4y + (44 — 3¢%)z = 0.

The expressions (24) for the residuals are similarly replaced by

Fo= =312’ — 10y — 72 + 2z,
F,= —10z' — 15y’ — 42’ 4+ y,
F.,.= -=7¢ — 4y — 442 + 3y,
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and the operations table (25) is changed to become

AF ARy AR,
Ar' =1 —31 —10 -7
Ay =1 —10 —15 —4
A2 =1 -7 —4 —44

In this table the magnitudes of the elements in the leading diagonal are
manifestly such that residuals can be liquidated rapidly and easily; the
individual stages of relaxation in the intensification method of solution
of (26) for the gravest normal mode, therefore, present no difficulties.
We should specifically notice, of course, that the ¢ eigenvalues, like the
p? eigenvalues, obey a set of inequalities, that is, ¢:2 < ¢2? < ¢s*

The question has now to be answered why in this illustration the value
8 was taken for K. Clearly, the greater the value chosen for K, the more
the elements in the leading diagonal of the changed operations table pre-
dominate over the other elements, and therefore the easier becomes the
actual liquidation of residuals required in the method. The answer to
this point is that the greater K is chosen to be, the less cffective is each
individual cycle of intensification (for we have seen that in each cycle the
gravest mode w; is intensified in comparison with any other normal mode
w, in the ratio ¢,2/¢:2, and this ratio decreases nearer and nearer to 1 as K
is made larger and larger) ; hence, in order that the method may converge
in a minimum number of cycles of intensification, K should be chosen to
be as small as possible.

Clearly the choice of a value for K must effect a compromise: It must be
made as small as possible in order to keep the number of cycles of intensi-
fication required for convergence to a minimum, but it must be made just
sufficiently large to make the relaxation in each of the cycles reasonably
easy and rapid to achieve. In the numerical example in this section the
value K = 8 is a fair compromise between the two conflicting demands.
The determination of the gravest mode satisfying (26) and hence (23)
follows computational steps similar to those illustrated in Scction 113,
and this solution is left as an example for the reader to obtain.

116. The Orthogonal Property of Normal Modes

Although, in many problems governed by a set of equations of the
general type (1), the main interest of the solution lies in the gravest mode,
it is sometimes the case that the other modes must be found as well. We
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have seen how the intensification method enables the gravest mode to be
found with certainty, and we must next describe how that method can be
used also to determine the second, third, etc., normal modes. This can
be achieved by use of a well-known property of normal modes: that they
are orthogonal. The meaning of this statement as applied to two modal
solutions w, and w, of the set of equations (1) is expressed in the relation*

bllxrxc + b227Jr?/: + ba;;Z,—Z, + D + blZ(xryn + xayr)
+ blK(zrxc + z,x,) + bﬂ(yrzu + yszr) + - =0

It is convenient to denote the left-hand side of this equation as the
function B(w,,w,) of the components z,, y., z., etc., and z,, ¥, 2., etc.,
of the modes w, and w,; it may then be written simply as

B(w,,w,) = 0. 27

Now suppose that we have any set of values for z, y, 2, etc., comprising
together a quantity w; by (12) this quantity can be expanded in a series
in terms of the n normal modes:

w = Al’uh + Az’ll)z + M + A,.w,.. (28)

By use of relations of the type (27) we can express any coefficient A,
in this series in terms of w and the corresponding normal mode w,; for,
because B is a linear function of each of w, and w, and because w is a
linear function of the set of modes w,, w,, ws, etc., we have

B(w,,w) = AB(w,,w1) + A:B(w,,we) + - - -
AB(w,w,) + - -+ + AB(w,w,).

With one exception the terms on the right of this equation vanish by
virtue of (27), so that it reduces to

B(w,w) = A,B(w,w,),
i.e., to
_ B(w,w)
~ B(w,w,)’

Thus, given any w and knowing a mode w,, we can by substitution in
(29) determine the coefficient of w, in the expansion (28) of w. We can,
therefore, by subtraction then remove from w the part A,w. contained
in it. This immediately means that the intensification method can
successively achieve the determination of the higher normal modes ws,
w;, ws, etc., satisfying a set of equations (1); for, having previously

A, (29)

* The proof of this relation is given in Appendix IV, page 243, where also arc derived
the orthogonal properties of modal solutions to other types of equations containing
eigenvalues. '
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found the gravest mode w,, we can then remove the contribution of w,
in any initial guess for the second normal mode. Thus effectively it can
be ensured that the initial guess for the second mode is some quantity
of the form

w= Aws + Asw; + - - - + A, w,.

When now the intensification method is applied to a w of this form,
in effect wq is the gravest component mode, to which, as the process is
repeated, w’ (cf. Section 112) will converge. In turn, when w, has been
itself determined, both it and w, can be removed from any initial guess
for the third mode, so that the resulting w after repeated intensification
will then yield w;, and so on.

116. A Worked Example

As an example to illustrate the method of the previous section, the
second normal mode satisfying the equations (3) will be determined.
The gravest mode w; in this case was found by the intensification method
in Section 113 to be

ry = 64, Y = 84, 2] = —100. (30)

For the equations (3) the function B(w,w,) is x,x, + y,4s + 2.2, so that
the formula (29) takes the form

Ay = T + iy + 212 31)

Ty 5 1 tl
x4 oy + 2
when 7 is put equal to 1. Now suppose we choose as an initial guess for

wy the values
x =100, y =100, 2= 100, (32)

making, since there is no reason not to, the same guess as we did initially
for w;. Substitution from (30) and (32) into (31) yields, at once,
A; = 0.227, so that the contribution A,w; of the gravest mode (30),
which has to be removed from (32), is

Ay = 15) Alyl = ]9, Az = —23.

After subtraction of these values from the corresponding components of
(32), there remains

x = 85, y = 81, z = 123,

or, after, for convenience, multiplication through by such a constant
as reduces the value of the largest component to 100,

z=69, y=66  z=100. (33)
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This set of values may be properly termed the orthogonalized first guess
for the second mode; after intensification in a manner similar to that
employed in Section 113, we derive

z’ = 100, y =5, 2 = T4. (34)

According to the theoretical treatment in Section 115, these values
should comprise a w’ which contains no contribution from the gravest
mode w;; however, in practice, because of rounding-off errors in the
arithmetie, (34) may contain a small proportion of w;. For this reason,
and because it is very easily done, it is as well to orthogonalize (34) before
we put its components back as values for z, y, and z in a second intensifica-
tion. This orthogonalization of (34) yields as the second approximation
to we
= 100, y=1, z =170, (35)

in the same way as, initially, orthogonalization of (32) yielded (33) as
the first approximation.

Repetition of the process, 7.e., intensification followed by orthogonaliza-
tion, produces as the third approximation

z = 100, y = —5&0, z = 21. (36)
To the number of significant figures quoted, three further cycles of the
process achieve convergence; the successive approximations are

z = 100, y = —066, z =238,

x = 100, y = —170, z =

z = 100, y = —171, z = 37)
The solution for the second normal mode is given completely by (37),
together with the cigenvalue, calculated by substitution in (4) to be

p? = 1.39.

)

- O

PROBLEMS

1. Find the gravest mode and corresponding cigenvalue satisfying the set of
equations

4 - p)z + 4y + z=0,
4z + (5 — pAy + 3z =0,
z + 3y + (6 — pz = 0.

2. Complete the solution in Section 114 to determine the gravest mode satisfy-
ing equations (23).

3. Find all the normal modes of solution of the set of equations
b - pHz + 3y + 2z = 0,

3z + (4 —pAy + 4z = 0,
2z + y 4+ (6 — p?z = 0.



CHAPTER 12
EIGENVALUE PROBLEMS (DIFFERENTIAL EQUATIONS)

117. Introduction

Both the methods, described in Chapter 11, of solving eigenvalue
problems governed by a sct of simultaneous algebraic equations can be
readily adapted to solve also a wide variety of eigenvalue problems gov-
erned by ordinary or partial differential equations. It would not be
possible to explain here examples of all these types of problems, but
among illustrations which will be used in this chapter to demonstrate the
methods are the determination of the mode and frequency of transverse
vibration of a stretched string, the calculation of the critical thrust and
mode of distortion of a strut, and the solution for the mode and frequency
of free vibration of a beam and of a uniformly tensioned membrane.
In all these examples the system is continuous instead of being restricted,
as in the examples of Chapter 11, to a finite number of degrees of freedom;
as a consequence, there are in each case an infinite number of modes of
solution. In practice, however, the gravest mode is of predominating
interest, and we shall be concerned to demonstrate only how it may be
found.

118. The Intensification Method

The theory behind the use of the intensification method of solution
of a differential equation containing an eigenvalue is very similar to the
theory underlying the application to solving sets of algcbraic equations
of the form (1) of Chapter 11; the differential equations to be considered
are all of the same gencral type:

P(w) + \Q(w) = 0, )

in which w is the wanted function, a function of the independent variable
z in one-dimensional problems and of the independent variables x and y
in two-dimensional problems. P and @ are given differential operators
in terms of the independent variable(s), and A is the eigenvalue. We
denote the normal-mode solutions of (1) by wi, ws, ws, etc., with corre-
sponding eigenvalues Aj, Az, A;, etc., where it may be supposed that
M <A <N < -+ +. Weuse the known fact that any guessed func-
167
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tion w can be expanded (cf. Section 111) in a series in terms of the normal
modes:
w = AlW1+A2'LUg+Aaw3+ T (2)

where the A’s are constants which do not need to be found and where,
of course, the series in (2) is now infinite. It follows from (2), in a
manner exactly similar to that employed in Section 112, that the solution
w’ to the equation

Pw’) + Qw) =0 3)
is given by the infinite series
w = /!1’101+ wg A),\;’w‘g‘}_ - (4)
3

and hence also that, when (3) is solved with w given by (2), the resulting
solution (4) for w’ contains a proportion of the gravest mode w, greater
than that contained in w. This result follows immediately from the
fact that Ay <Xz < A3 < - - - . The process of solution of (3), then,
yields a w’ in which the proportion of w; has been intensified in comparison
with its proportion in w, and so if that process is continually repeated
by using the values obtained for w’ as values for successive substitution
back for w in (3), a sequence of solutions for w’ will be found which con-
verge to wi, the required gravest mode.

Tt should be mentioned that the determination of any one solution of a
differential equation (1) is dependent on the existence of appropriate
boundary or end conditions. Whatever these conditions may be given
to be, the normal modes w,, ws, ws, ete., of course, satisfy them; the first
guess for w must also be chosen to obey these conditions, and they must
be used as conditions to be satisfied by w’ in the relaxational solution
of (3).

When the gravest mode w; has been determined, the corresponding
\: is best evaluated by substitution of the modal values in a Rayleigh
quotient. By virtue of the stationary property of such a quotient (cf.
Section 107), this method of calculation will automatically yield the
eigenvalue to a high degree of accuracy. The form of the Rayleigh
quotient for particular differential equations of the type of (1) will be
given in the discussions of particular examples.

119. Vibration of a Stretched String

The general equation governing the transverse motion of a stretched
string is
W 62W

p
Fr T 9 (5)
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where p is the mass of the string per unit length and T is the tension;
W is the transverse displacement of the string during its motion and is a
function of distance x along the string and of time £. In any normal
mode of vibration each clement of the string moves with the same period
and phase so that

W = w sin pt, (6)

where w is a function of x alone and p/2r is the frequency of the vibration.
On substitution of (6) into (5) we obtain as the governing equation for w

d*w | pp*w

a o =0

This equation may be made nondimensional by replacement of x by La’,
where L is the length of the string; it then becomes

l‘l,
(d:,vz 4+ =0, (7)

where \ stands for pp2L2/T and is a purely numerical quantity. It is
convenient to drop the prime from 2’ and to rewrite (7) as

l‘l,
;T“’ + 2w = 0, (8)

with the understanding, now, that x is a nondimensional quantity which
is a measure of distance along the length of the string from x = 0 at one
end to z = 1 at the other.

Equation (8) is a particular example of an equation of the form (1)
when P = d2/dz? and Q = 1. To find its gravest normal mode of solu-
tion, the intensification method requires repeated solution of the corre-
sponding particular example of (3), 7.e., of the equation

d*w’
o = 0.
dux? Tw 0 ©)

"This last equation can, of course, be very easily solved by the relaxation
method when the range of integration 0 < z < 1 is divided up into a
number of intervals of length & by a set of equally spaced points of sub-
division. The finite-difference approximation to (9), holding at a typical
point of subdivision 0, is

wy + wi — 2w + h*wo = 0; (10)
in this approximation the factor A? can be dropped from the term h’w,

because the absolute magnitude of w’ is, in any event, indeterminate.
From (10) we then at once derive the residual formula

Fo=w/+ wy — 2wy + wy, (1
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and it clearly involves only very simple relaxation to determine the
values of w’ at the points of subdivision, given the values of w at those
points.

120. String with Fixed Ends

IFor a numerical example, we take the case when the ends of the string
are fixed, so that the end conditions to be satisfied are that

w=0atz =0,

0 1oo| 1oo| 1oo| 0 w=0atzx = L. (12)

(i) We find the solution first for a
coarse subdivision of the range by
I | three points into four intervals so

0 150 200 150] 0f that h = Y4, and as a first guess
for the values of w we take 0 at
the end points of the range (thereby
satisfying the end conditions) and
100 at the three internal points.
These values for w are shown in
(iii) (1) of TFigure 88. Substituting

them in (11), we can then deter-

Il l | | l mine, by the ordinary methods of
0 125 175 125 0| one-dimensional relaxation (cf.
I I Chapter 4), the values for w’

(ii)

0 75' 1oo| 75| 0

(iv) shown in Figure 88 (ii). These

are then multiplied through by a

oﬂ 71' IOOI 71' 0" constant in order that the greatest
I | of them may be reduced to 100,
(v) and the resulting values are shown

Ficure 88 in Figure 88 (iii). These values

may be described as constituting
the second approximation in the solution for the gravest mode. The
values in (iii) are put back in the formula (11) as w values; a second
relaxational solution for w’ is determined, as shown in (iv) of Figure 88,
and reduction of the greatest value again to 100 yields the third approxi-
mation for w shown in Figure 88 (v). At this stage, correct to the
number of figures quoted, the solution has converged, so that (v) is our
answer for the lowest normal mode w;. It has been obtained after only
two eycles of the intensification method and is, in point of fact, identical
with the exact answer (which is, of course, w = sin mz).
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121. Calculation of the Eigenvalue

When a mode has been obtained [as for instance in (v) of Figure 88],
there remains, to complete the solution, the calculation of the correspond-
ing eigenvalue; this is best done by a substitution of the modal values into
a Rayleigh quotient for A. For the case of equation (8) this quotient
may be derived by multiplication through by w and integration over the
range 0 < z < 1 to yield

L b w(dw/dz?) dr
N = Jo T (13)

o /(;lﬁ w? dx

This formula has the property that it expresses A in a form which has a
stationary value as a function of w when w is a modal solution. [It can be
verified by variational methods that the fraction on the right of (13) is an
expression for A in terms of w such that the condition that &\ should
vanish for all variations éw is precisely the equation (8). At a normal
mode this equation is satisfied, and therefore \ as given by (13) bas a
stationary value.]

In order to apply (13) numerically, we must first replace it by a finite-
difference approximation:

= Zwo(wr + ws — 2wo) (14)

A= h? E’LU()z

To obtain (14), we have replaced d*w/dx* in the numerator of (13) by its
usual approximation in terms of values of w at the points of subdivision,
and we have also replaced the integrals in (13) by direct summations of
the quantities involved at the various points of subdivision (it should be
understood, of course, that the values of these quantities at the end points
of the range of summation are included with a factor of only one-half).

When the w values given in Figure 88 (v) are substituted in the formula
(14), the corresponding least eigenvalue is found to be

A= 937,

the exact answer ought, of course, to be 2 (=9.87). The inaccuracy of
the numerical method is no less than might have been expected in view
of the small number of intervals into which the range was divided; if cach
interval is subdivided into two, and the solution determined when b = 1%,
the eigenvalue will be found more accurately to be

M= 9.74.
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122. The Rayleigh Method

The alternative to the intensification method of solution of eigenvalue
problems is the Rayleigh method described in Section 108. It is often
particularly suitable to use to find the gravest mode of solution of a
differential equation for the reason that the form of that mode may be
known beforehand in character if not in numerical detail. Thus the
gravest normal mode of vibration of a uniformly tensioned membrane,
held fixed round its edge, is known not to have any nodal lines (i.e., the
modal solution w, is everywhere of the same sign); in such a case we can
always compel the Rayleigh method to determine the required mode by
making a reasonable first guess for w and by not allowing any w value to
change sign in the course of the actual relaxation. An example will be
worked in Section 124.

The method finds a direct relaxational solution of a governing equation
of type (1). Replacing that ecquation by its finite-difference approxi-
mation, we can define residual expressions in terms of w values and also
containing N\. T'o begin with, the valuc taken for A is that derived from
the first guess for w by substitution into the Rayleigh quotient which
corresponds with equation (1); with this value for A the residuals may be
calculated and their liquidation commenced. After they have been
reduced as much as is easily possible, A is recalculated by substitution of
the modified w values again into the Rayleigh quotient, and this second
approximation to the eigenvalue is used to yield a modified expression for
the residuals; these are then recalculated and their liquidation carried
further. This process is repeated until convergence is achieved. The
first approximation for X may not be particularly accurate, and when we
are using it in the residual formula, we must not expect to be able to
liquidate the residuals completely. That is why it was said above that
in the first stage of liquidation the residuals should be reduced only ““as
much as is easily possible.” As soon as it begins to be difficult to reduce
the residuals, it becomes a waste of time and effort to try; much more is
achieved at such a stage in the computation by a recalculation to deter-
mine a new and better approximation for A. These same remarks hold
true for each of the stages of liquidation in the process of solution, but it
should be found in the ordinary way that, by virtuc of the stationary
property of the Rayleigh quotient for \, the successive approximations
to the eigenvalue converge rapidly. Consequently it is usually the fact
that the residuals can be almost completely liquidated in the second or
third cycle of the process.

A simple example will now explain the process better than any further
attempt at description in general terms.
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123. Vibration of a Stretched Membrane

For the example we choose this time the determination of the gravest
normal mode of vibration of a uniformly tensioned uniform membrane;
this problem is the two-dimensional counterpart of that of the vibration
of a stretched string discussed in Section 119. The membrane is sup-
posed to vibrate about a plane equilibrium position; when p is the mass per
unit area and T'is the tension per unit length in the membrane, the general
equation of motion governing the transverse displacement W is

FW | PW _ p W

(15)

S =20,

ox? ay? T at?
where W is, of course, a function of time ¢ and of cartesian coordinates x
and y in the cquilibrium plane of the membrane. In any normal mode
of vibration, W is of the form w sin pt, where w is a function, of z and y
only, which satisfies the differential equation

Viw + — w = 0. (16)

This equation may be made nondimensional by replacement of z by Lx’
and of y by Ly’, where L is some representative dimension of the mem-
brane. If at the same time we write A to stand for pp®L?/7T', then equation
(16) can be sufficiently written as

Viw + Aw = 0, a17)

with the understanding, now, that x and y are nondimensional measures
of position in the membrane.  Equation (17) is, of course, the particular
example of equation (1) for which P = v? and @ = 1.

The Rayleigh quotient for X in the case of a membrane is analogous to
its form (13) in the case of a string; it may similarly be verified to be

_ JJwViw dx dy
A= [Jw*dz dy ’ (18)

where both double integrals extend over the arca of the membrane.

Using a square relaxation net of side & (also nondimensional), we
replace (18) by the finite-difference approximation

_ Zwo(ws + w2 + wy + ws — 4wo) (19)

2 — )
Y S,

where the 2 signs imply summation of the quantities in the numerator and
denominator of (19) for all nodes of the net. The finite-difference
approximation to (17), holding at a typical node of the net, can be
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written down immediately; it leads to residuals being defined by the
formula
Fo = Zw, — (4 — N\a*)w,. (20)

124. A Rectangular Membrane with Fixed Edges

As a numerical illustration of the application of the Rayleigh method, a
rectangular membrane is taken with sides in the ratio 2:3; the shorter
side is chosen as the representative dimension L, and boundary conditions
are taken that the membrane be fixed at all points of its edge. This

0 0 0 0 0 0 0

0 19|-11  31|-10 38|-7 42]-6 44|-4 45|-6
0 30|-8 50|-4 -63|-3 70|13 75]-1 76]2
0 36|-7 611-3 77|2 87(3 927 94:6

of . _38|-7 640  81]5 926 98|7___ 100|7
I
Fraure 89

means that we are given that w = 0 at all nodes of the net which lie on
the boundary of the rectangle. We work on a net of size h = }¢ and
make use of the symmetry about both medians of the rectangle in order
to be able to record the calculations on only one-quarter of the whole
rectangle. As an initial guess for the values of w, we take those obtained
for ¢ in Figure 28 (iii) (Chapter 5) in the solution of the torsion problem
for a cylinder of similar rectangular cross section. These values are
reproduced in Figure 89, scaled down so that the greatest individual nodal
w value is made to be 100. This distribution of w values conforms with
our knowledge of the character of the wanted gravest mode: that it is
one-signed throughout and likely to have a maximum value at the center
of the rectangle. Otherwise there is no special significance in the values
of Figure 28 (iii) relative to the present problem.

Using the w values recorded in Figure 89, we can substitute in the for-
mula (19) to obtain a first approximation for M2, which may be verified
to be 0.23. Hence the residual formula (20) should be taken to be

Fo = 2w, — 3.77100. (21)
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The next step is to apply this formula to the w values recorded in Figure

89; the corresponding residuals which result are also recorded in that

diagram. We must next begin to liquidate these residuals. Strictly the

pattern to be used in the relaxation ought to be that derived from (21) and

shown in Figure 90; but since, in any

event, we would not expect to be able

to liquidate the residuals completely if

this pattern were accurately used, there

is, therefore, more reason than usual to

employ an approximate pattern (cf. . +1 377

Section 65). Hence we liquidate the 1

residuals shown in Figure 89 by use

simply of the ordinary pattern corre-

sponding to Poisson’s equation, which is

an approximation to the pattern of

Figure 90 formed by taking the central

element to be —4 instead of —3.77.
The resulting modified w values after this first stage of liquidation are

shown in Figure 91, again having been scaled down so that the maximum

Ficure 90

0 0 0 0 0 0 0

0 1jo 21f0  29l0  35]-2  38]-1 390

0 21-3  39]-1  54)-4 32 691 71]2

0 262 50/-1 69]0  82[1  90l]1  93j0

o] __29|-a_ salo _ 75-2 890  97)2  100[2__

F1cure 91

(central) w value remains 100. From these values a second approxima-
tion for M2 is calculated by substitution in the Rayleigh formula (19);
this second approximation is found to be 0.221. The modified residual
formula is, therefore, correspondingly

1"0 = Ew1 - 3779’(1)0,

and using this formula, we can recalculate the residual values; these are
also recorded in Figure 91.
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Now follows another stage of relaxation, and after a second cycle of the
process we find the third approximation to M? to be 0.221 and obtain
w values and residuals which are recorded in Figure 92. At this stage in
the computation the value of M? has converged (to three significant
figures), and increments Aw, nowhere greater in magnitude than 1, are
needed to complete the liquidation of the residuals shown in Figure 92.
Correct, therefore, to within +1, the relaxational solution for the gravest.

0 0 0 0 0 0 0
0 101  20-3 272 331 3700 381
0 19-1 361 s51]-2  62|-1 69|-2  71f0
0 252 4700  e6[1  80[2 891 921
of 26)3  s1]-1  72|-2  87|-1 9|2 100 -2

Fraure 92

normal mode is given in Figure 92. Since h = lg, the corresponding

eigenvalue is
A= 14.14,

The exact answer is 1372/9 (= 14.26), so that the value we have obtained,
for a net of size h = 14, is in error by rather less than 1 per cent.

126. Critical Thrust in a Strut with Clamped Ends

A third example of an eigenvalue problem which is governed by a
differential equation is provided by the determination of critical thrusts
for compression members. If a uniform strut of flexural rigidity KT is
clamped at its ends and is subjected to a thrust P along its length, then
any transverse deflection w which it could maintain must satisfy the
equation

d d
BI 0+ P53 =0, (22)

where w is a function of z, distance measured along the strut. We shall
suppose that this equation is already expressed in nondimensional terms,
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and that z = 0 at one end of the strut and x = 1 at the other end. When
\ stands for P/EI, equation (22) may be rewritten as

4 2

drt TN =0 @)

which is again a particular example of an equation of the general type (1).
In order to find the gravest normal mode of solution of (23) and the
corresponding lowest critical value for A (and hence for P°), we use the

intensification method of repeated solution of the equation
dw' | d*w

W+Eﬁ =0, (24)

finding successive solutions w’ to this equation and putting each, in turn,
back into it as a new w. The finite-difference approximation to (24) is
4’(111, + 4’w:;, - G'U)o, — ’U)g' — w“, — ’b2(w1 + w3 — 211)0) = 0, (25)

when the range 0 < z < 1 is subdivided into equal intervals of length h.
Because the absolute magnitude of the required modal solution is indeter-
minate, the factor h? in (25) can be dropped, and thus residuals may be
defined at the points of subdivision by

Fo = 4w 4+ 4wy’ — 6wy’ — wy' — wi/ + 2wo — wy — wy). (26)

The end conditions of elamping of the strut are expressed algebraically
by the relations that

,  dw

w = d;v-z()at;x:O,
w’=(£u—) =0atzx = 1.
dx

Thus the value of w’ is given at the end points of the range of integration,
and the second conditions, at each end, of zero slope of w’ enable fictitious
values to be eliminated from the residual formula (26) when it is applied
at the two points of subdivision adjacent to the end points.

When the mode has been determined by the method of repeated intensi-
fication, the corresponding gravest eigenvalue can be calculated by sub-
stitution in the Rayleigh formula:

/‘ w (dw/dx*) dx
T : @7

A= — 2 B
j(; w (d*w/dx?) dx

(As for the similar formulas in the previous examples of this chapter, this
may be verified by variational methods to express N as a function of w
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which has a stationary value at any normal mode.) The finite-difference
replacement for (27) is
_ 2w0(4w1 + 4703 - 6?1)() - Wy — 'wu)

A= h22wo(w1 + wi — 2wo) ’ (28)

126. Intensification of the Buckling Deflection

The solution can be worked first with an interval b = 1¢; with advan-
tage taken of the available symmetry about the center of the range, this

+1
0 o @ o e 0 100| 100| 100| 100
M (i)
+1

(i) 0 44 I 76| 94] 100
Fiaure 93

(ii)

means that only four points of sub-

division need be shown in the work- I | I

ing diagram. Therelaxation pattern 0 22 59 87 100

corresponding to the residual formula (iii)

(26) is shown in Figure 93 (i). The

pattern (ii) in that diagram is the “
0

|
IGI 52| 86| 100]

special pattern which applies at the

point of subdivision nearest the left- | )

hand end of the range; its construc- (V)

tion makes use of the fact that, for

tbat point of subdivision, wy, is ficti- 15| 51| 85| 100!
tious but may be taken to be equal to !
woe by virtue of the end condition v

dw/dx = 0. As a first (and rather

poor) guess for w we take its value | | I |
to be 100 at all the points of sub- Op—-15 0 8 100}
division inside the range; this guess (vi)

is recorded in Figure 94 (i). When FIcure 94

this w is substituted in (26) and the

corresponding residuals are relaxed, values for w’ are found which are
recorded in Figure 94 (ii), after they have been scaled down to a maxi-
mum of 100; these values constitute the second approximation for w.
Repetition of the process leads to successive approximations to the
gravest mode of buckling deflection, and these are shown in Figures 94
(iii) to (vi). The values have converged, to the number of figures quoted,
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after five cycles of intensification (after only three cycles they are within
+2 of their final values). The corresponding value of the gravest \ is
found by substitution from Figure 94 (vi) into the Rayleigh formula
(28); the result yielded is

A = 37.5,

which is in error, according to the exact answer (A = 4x?%), by about 5 per
cent. A more accurate result could, of course, be obtained by a reduction
of the size h of the interval between points of subdivision. Iowever, this
illustration has been taken far enough here to show how the intensification
method should be applied, and it will be left to the reader to improve the
results by use of a finer interval if he so desires.

127. Transverse Vibration of a Uniform Beam

The transverse motion of a uniform beam, of flexural rigidity EI and
mass per unit length p, is governed by the equation
4 2
g8y, 8 o, (20)
where the transverse displacement W is a function of distance x along the
beam and of time . In a normal mode of free vibration, W is known to
be of the form w sin pt, where w is a function only of x and p/2r is the
frequency of the vibration. It follows from substitution in (29) that w
must satisfy the equation
4
377:} -z =0, (30)
where \ stands for pp?/EI. The solution of a beam-vibration problem
requires, then, the determination of a mode w satisfying (30) together with
the corresponding eigenvalue . Various types of conditions may
be imposed at the ends of the beam, e.g., an end may be clamped
(w = dw/dx = 0), or it may be pinned (w = d*w/dz? = 0), or it may be
free (d*w/dx? = d*w/dx® = 0).

In any particular example, either the intensification method or the
Rayleigh method can be used to determine the gravest mode of vibration.
If the Rayleigh method is employed, a direct solution of (30) is found by
means of a replacement of that equation in finite-difference terms, and
hence definition of residuals by the formula

Fo = 4w, + 4wz — 6wy — wy — w11 + Ah*wo. (31)

The relaxation process aims at eventually reducing the residuals at all
points of subdivision to zero. In the formula (31) successively improved
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approximations to A are taken which are calculated, from time to time
as the solution proceeds, from the Rayleigh formula (in nondimensional
form):

ﬁ) b w(diw/de) dx

T [lwran

or in finite-difference terms,

_ Ewo(4wl + 4'11)3 —_ Gwo -— W9 — ’w]!).

\RE =
h Zwo?

(32)

Tf, on the other hand, it is decided to use the intensification method, a
succession of solutions for w’ is found to the equation

dw’

daxt

—w =0,

residuals being sufficiently defined by the formula
Fo = 4’!.01, + 4U)3I —_ (Swo' - 'U)g' - ’w11’ + wy. (33)

Fach solution for w’ is in its turn put back into (33) as a new w, and the
repeated intensification causes the successive values of w’ to converge to
the gravest normal mode w,. In

L i_ “ ‘ | this method the mode is found inde-
7 N la B c pendently of the cigenvalue, which
fe—h—+

may subsequently be evaluated by
substitution in (32).

It is perhaps desirable that we should describe here, in detail, how the
end conditions appropriate to a free end of a beam may be applied. Fig-
ure 95 represents the left-hand end of a beam where, say, these conditions
may be given to hold; A is the end of the beam, and B and C are the first
two points of subdivision along its length. Either of the residual for-
mulas (31) or (33) applied at B will contain a fictitious value attached to
the point N. This fictitious value may be eliminated by use of the first
end condition, (d*w/dx?), = 0, which, in finite-difference terms, is

Fiaure 95

Wy + Wy — 2wA = O,
i.e.,
Wy = 2w4 — Wpg. (34:)
In relation to the point of subdivision B, equation (34) gives

wy = 2w3 — Wy,
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so that elimination of the fictitious w1, from, say, the residual formula
(31) provides a modified formula for use at B:

Fo = 41.01 + 2w3 - Wy — (5 - )\h4)wO.

Next we have to be able to calculate a residual at the end point A, for if
the beam is free at this end, the value of w there is not known to begin
with. This time either of the formulas (31) or (33), applied at A,
includes two fictitious values, those at M and at N. Elimination of wy
can again be achieved by means of (34), and to eliminate wy, we must use
the second end condition (d3w/dx®), = 0. The finite-difference approxi-
mation to this condition is (Appendix II)

We — 2w” + 2'w_~ — Wy = O,

1.e., with use of (34),
Wy = We — 411);; + 4w,4. (35)

In relation to the end point A, equations (34) and (35) give

w3 = 2200 - Wy,
Wy = we ~— 4w, + 4w,.

Substitution of these values in (31) yields the special residual formula for
use at the point 4:

Fo = 4‘11)1 - 2’WQ - (2 - )\h")’wo.
128. Whirling of Shafts

A problem mathematically identical to that of the vibration of a uni-
form beam is provided by the phenomenon of a whirling shaft. When a
uniform circular shaft of flexural rigidity £I and mass per unit length p
rotates with angular velocity w, it normally does so with no transverse
deflection of its central axis. But for certain critical, or whirling, speeds
of rotation the central axis may deflect, in which case the shaft is said to
whirl. The equation governing the deflection w as a function of distance
z along the shaft is
dw
EP = pww,
which, if we write N to stand for pw?/FI, is exactly the same equation as
(30). The whirling speed w corresponds exactly with the circular fre-
quency p in a normal vibration of a beam, and the whirling deflection of a
shaft corresponds similarly with the modal deflection of a vibrating beam.
Consequently, any solution for the gravest normal mode of a vibrating
beam obtained by the methods outlined in Section 127 can also be inter-

ET
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preted as a solution for the whirling of a shaft. The end conditions of
support of a beam are also directly comparable with the kinds of support
conditions which may apply for a rotating shaft. Thus the conditions of
clamping for a beam are the same as the conditions of support for a shaft
running in a long bearing; the conditions of pinning for a beam are identi-
cal with the conditions of support for a shaft running in a short bearing;
and the conditions at a free end of a beam are the same as the conditions
at the free end of a shaft.

129. Electromagnetic Vibrations in a Wave Guide

A mathematical analogy also exists between the problem of the vibra-
tion of a membrane and that of electromagnetic oscillation in a uniform
conducting tube. If an axis Oz is taken parallel to the generators of the
tube (which may be of any cross-sectional shape) and axes Ox and Oy are
taken in the plane of a cross section, then the electromagnetic oscillation
is composed of two particular types of simple oscillation which may be
superposed; these two particular oscillations are known respectively as
E waves and H waves.* Inan E wave, the axial component of magnetic
force, H,, vanishes, and the solution is expressible in terms of the axial
component of electric force, £,. The governing equation for E, is

0k,
VQEZ = €M ‘(,;i'z—l (36)
where ¢ is the dielectric constant and u the magnetic permeability of the
medium. Equation (36) is of exactly the same type as the equation (15)
governing the transverse motion of a stretched membrane. In a normal
mode of oscillation of frequency p/2m, E. is of the form e, sin pt, where e, is

a function of z and y only and satisfies the equation
Vi, + e, = 0,

where ) stands for eup®. The boundary condition which e, must satisfy
on the surface of the conducting tube is, of course, that e, = 0; this condi-
tion compares exactly with the condition for a membrane that it be fixed
at its edge.

In an H wave, the axial component of electric force, E,, vanishes, and
H, may be shown then to satisfy (36); in a normal mode of oscillation
H, = h, sin pt, so that

V?h, + Nh, = 0.

The boundary condition for k. is not so simple to apply as that for e,; it is

* The theoretical results stated here arc derived in a paper by Allen, Fox, Motz, and
Southwell, Phil. Trans. R.8. C, 1, 85-97 (1942), and A, 239, 488-500 (1945). A num-
ber of solutions by the relaxational (Rayleigh) method are also given in this paper.
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that dh./dv = 0, .e., a normal-gradient condition, » being the direction of
the normal at any point of the cross section of the tube.

130. More Difficult Eigenvalue Problems

In this chapter the important application of relaxation methods to
solve eigenvalue problems has been exemplified by reference to a variety
of physical problems all requiring the solution of an equation of the type
(1). The numerical technique has been illustrated by means of the actual
solutions of some comparatively simple cases—these cases are described
as simple because each of them is capable of exact solution by an orthodox
analytical approach. They have been chosen partly for the reason that
their results can be easily verified, and partly because their aim was to
illustrate our methods sufficiently but with a minimum of computational
distractions. "The value of the methods is, of course, that they can be
immediately applied to solve more difficult problems, problems which are
more difficult because they are not capable of exact analytical solution;
from a relaxational point of view, the greater difficulty, if any, lies only in
additional computation.

Thus in two-dimensional problems it is clear that our methods are able
to solve eigenvalue problems, of the type discussed, for any given shape of
boundary. In one dimension it is more likely that a problem could, if
necessary, be solved analytically, but one example here will serve to indi-
cate how more difficult problems could arise in one dimension. For
orthodox analytical methods, great, if not insuperable, complications are
introduced, but to a relaxational approach scarcely any additional labor
isinvolved. The illustration concerns the vibration of a string, for which
the nondimensional governing equation (8) is

d*w | ppilL?
dx? + T

w=0. @37

In Section 119 we supposed the string to be of uniform line density, but if
now p is given to be a variable function of x, we must make some slight
modification to the method previously described. We should now let pg
be the average mass per unit length and define X to be pop2L?/T and intro-
duce a nondimensional density p’ = p/po. Equation (37) may then be
rewritten as

2.
T 1w =0, 38)

when, as before, we drop the prime from p’ after nondimensionalization.
The intensification method now solves repeatedly the equation
dw’

@ T =0
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instead of (9), and the Rayleigh quotient for the eigenvalue is now

Jy, widww/da) do
ﬁ) ' pw? dx

instead of (13). Scarcely any additional labor is involved, because
numerical values for p will be known at the points of subdivision along the
range 0 < z < 1, and these values have only to be inserted as additional
factors when residuals are calculated from the formula

A= —

)

Fo = w/ 4+ wy’ — 2wy’ 4 powo,
and when A is calculated from the expression

- Z’M)g(’wl + w3 — 2100)’

N= h? zpowo2

respectively, instead of (11) and (14).

Similar examples of more difficult one-dimensional problems could
easily be instanced, such as the determination of the critical thrust for a
nonuniform strut and the gravest mode of vibration of a nonuniform
beam.

131. Higher Normal Modes

It was pointed out in Section 117 that, for the type of problem discussed
in this chapter, the gravest of the normal modes is the one of greatest
interest; and we have, in fact, in our examples, shown only how that
gravest mode may be determined. If higher normal modes are required
to be found also, this may be done by a method similar to that described
in Section 115 for the solution of eigenvalue problems governed by a set of
algebraic equations. With usc of an appropriate orthogonal property the
intensification method can be employed to yield successively the second,
third, etc., normal modes; the forms of the orthogonal property for the
various types of problems introduced in this chapter are given in
Appendix IV.

PROBLEMS

1. Find the lowest critical thrust and mode of deflection for a strut, of length L
and flexural rigidity EI, which is clamped at one end and pinned at the other end.
Use successive intervals of subdivision & = L/8 and h = L/16, and employ the
Rayleigh method.

2. Find the gravest mode of vibration and the corresponding frequency of
vibration of a uniform beam, of length L, flexural rigidity EI, and mass per unit
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length p, which is free at both ends. Use successive intervals of subdivision
h = L/8 and h = L/16, and employ the intensification method.

(Do not assume for the initial guess that the mode is either symmetrical or
antisymmetrical.)

3. Find the lowest whirling speed of a shaft, of length L, flexural rigidity EI,
and mass per unit length p, which runs in short bearings at both ends. Use suc-
cessive intervals of subdivision h = L/8, h = L/16, and h = L/32.

(Take advantage of the obvious fact that the required mode is symmetrical.)

4. A square membrane of side L is uniformly stretched to a tension T per unit
length. The density of the membrane at any point is p = po(1 + 4xy/L?) per
unit area, where z and y are cartesian coordinates parallel to the sides of the mem-
brane with an origin at its center. Find the gravest mode of transverse vibra-
tion; use an ultimate net of side A~ = L/16, and find w values correct to the
nearest whole number when the maximum w value is 1,000.

(Use may be made of the symmetry of the gravest mode about the diagonals of
the membrane. The reader can compare his solution with that given by Allen,
Fox, Motz, and Southwell in the reference cited in the footnote on page 182.)

Yy

< L >

7L/8

7L/8

Ficure 96

5. Figure 96 represents one-quarter of a section of a conducting tube. TFind
the gravest mode of oscillation for an ¥ wave of the type for which Oy is a line of
symmetry (0h./dx = 0) and Oz is a line of antisymmetry (h. = 0). Use an
ultimate net of size h = L/16, and make the maximum A, value 1,000, working
then to the nearcst whole number.

(The solution to this problem may be found, for comparison, in the paper by
Allen, Fox, Motz, and Southwell referred to in the footnote on page 182.)



CHAPTER 13
INTERNAL BOUNDARIES AND INTERFACES

132. Introduction

All the applications of the relaxation method to solving partial differ-
ential equations that have been described in previous chapters have had
in common the fact that their domain of solution has been a singly con-
nected region. When this is not the case (i.e., when there may be one or
more closed internal boundaries, or “holes,” within the area of integra-
tion), the complete determination of the solution often requires the satis-
faction of extra conditions. These conditions are usually ones of single-
valuedness for some quantity which is derivable from the solution, and
the relaxation method is peculiarly fitted to deal with such conditions and
to incorporate them into its standard processes. The necessary extension
of the method will be illustrated in this chapter by treatments of the
torsion problem for a uniform hollow shaft, of the extensional problem for
a flat plate containing holes, and of the stressing problem for an axially
symmetric solid which contains cavities.

Another, not dissimilar, extension of the processes of relaxation enables
solutions to be found when the area of integration contains internal inter-
faces subdividing it into two or more parts, where special conditions have
to be satisfied across cach interface; an example of this occurrence is pro-
vided by the phenomenon of refraction in plane-potential problems (e.g.,
electric, magnetic, or thermal refraction).

133. Torsion of a Hollow Cylinder

The torsion problem for a solid cylinder was discussed in Section 46;
we use the same notation now for the case of a hollow cylinder of any
cross section. Figure 97 represents a typical cross section with an
external boundary £ and an internal boundary I; a square relaxation net
is shown covering the entire region including the hole within the internal
boundary. As for a cylinder of solid section, the solution for the torsion
of a hollow cylinder is obtained in terms of a stress function ¢, which
again must satisfy the Poisson-type equation

Vi¢ +2 =0, (1)
186
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at all points of the annulus between the boundaries E and I. The only
nonzero components of stress, 7., and 7., remain expressed in terms of ¢
by the relations (7) of Chapter 5, and the boundary conditions require
that ¢ be constant on both the boundaries E and I.  As for a solid cylin-
der, the constant value of ¢ on the boundary E may sufficiently be taken

)
Y

P e

I

to be zero, but we cannot then also arbitrarily choose the constant value
of ¢ on the boundary I. We suppose
its value to be k and now investigate T I\
how &k may be determined as part of \\
the computational solution. NE
To do this requires that we introduce V4 '\\\ ™

the components of displacement u, v, ™
and w (in the axial directions Oz, Oy, )
and Oz, respectively) of a point in the d
twisted cylinder. The equations of [——>
stress equilibrium are automatically Fiaurs 97
satisfied by the expressions for the
stress components 7., and 7,. in terms of ¢; satisfaction of the strain-
compatibility equations can be verified to imply that % and v are equal,
respectively, to —ryz and to rzx, and hence that

w _ (a_qb + y),

ox ay

ow <a¢ ‘ ) @
For a solid eylinder, the governing equation (1) for ¢ follows immediately
by elimination of w from the equations (2). IFor a hollow cylinder, we
proceed somewhat differently: Let C be any closed curve lying within £
and without I (C may or may not encircle ), and denote arc length meas-
ured along the curve C by s. Then for a consistent single-valued w to
exist we must have

i.e.,

|
e

ow ow
56 c (ﬁ dr + 3y dy)

Therefore, on substitution from (2),

i) d
950[ a—z + y)rlx — (—£ + :v)(ly] =0,
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s0 that, by Green’s theorem,

J[ @6 +2) dzdy = 0. ®)
C

Now, in (3), since we may take C to be any curve not encircling I, it
follows that at all points in the annulus between K and I the governing
equation (1) must be satisfied. But also we may take C to be any curve
encircling I, and, in particular, we may choose C to be the internal
boundary I. In that case we find that

f (V2 + 2) dz dy = 0. @)

1

In the foregoing we have tacitly assumed that the function ¢ exists
inside I as well as in the region between E and I; in fact ¢ does exist
and is not even unique inside I, for all that we have been able to demand of
¢ within [ is that (4) must hold, and that ¢ and its derivatives d¢/dx and
d¢/dy should be continuous across I.

134. Hole Relaxation

The relaxational process of solution of the torsion problem for a hollow
shaft, in fact, determines numerically inside I any one of the possible ¢’s.
We define a residual Fy at any node of the net, either inside or outside /,
by the usual formula

I"o = Zd)l — 4¢0 + 2h2; (5)

then satisfaction of (1) in the region between E and I requires that the
residual Fy should be made to vanish at all nodes of the net which lie
within this annular region; and satisfaction of (4) within I simply requires
that the sum I; of all the residuals I, at the nodes within the internal
boundary should be made to vanish. Individually there need be no
restriction on the values of residuals at nodes within /, provided only that
their sum F; is eventually brought to zero. Thus a comparatively
straightforward relaxational problem is provided for the whole area inside
E; the solution is subject only to the conditions stated above and to the
condition that, on the curve I, ¢ should have some constant value k.
We must next describe how, in computation, this last condition can be
achieved. Figure 98 represents a part of the internal boundary with a
typical string of the net crossing it; the end of the string in the annular
region is denoted by A, the end in the hole inside the internal boundary
by H, and the point of intersection of the string and the internal boundary
by I. Corresponding values of ¢ at these points are indicated by appro-
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priate suffixes, and we take the length A to be a fraction £ of the mesh
length k. At once, then, linear interpolation along 4 H yields

k=¢1=E(pn+ (1 — £y,
Y el it 12
£

To begin the computation, values of ¢ may be guessed at all nodes in
the annulus; a value of k is also guessed, and then, according to (6),
¢ values at nodes typified by H may be immediately calculated. Values

+1

| [
/_—L-I\-——' Internal

| | boundary

[ H I

e |

FI1cure 98 FiGure 99

t.e.,

bu (6)

of ¢ at other nodes within the hole may be arbitrarily chosen. The next
step is to evaluate residuals at all nodes by use of the formula (5) and
hence to determine residuals I, at every node in the annulus and the total
residual F, at the nodes in the hole. The process of liquidation is then
started; for nodes in the annulus the standard relaxation pattern (Figure
22 of Chapter 5) is used, with the exception that a special pattern must be
constructed for use at nodes like 4 (Figure 98) which are “adjacent” to
the hole. Also, in order to liquidate the hole residual I';, we must investi-
gate a special kind of unit increment Ak = 1.

We consider first the pattern appropriate to a node such as 4. TFrom
(6) it is clear that a unit increment A¢, = 1 should be automatically
accompanied by an increment A¢y = — (1 — £)/£. The resultant effect,
on the residuals, of this complete operation can easily be verified to be
that indicated in the pattern of Iigure 99. In that pattern the element
1/¢ is the resultant change in the hole residual [/;. (Some obvious
modifications would have to be made to deal with the cases when two or
more strings radiate from an annular node A across the internal boundary,
or when two or more strings cross this boundary and meet at the same
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internal node H; it is not thought necessary to exemplify those possi-
bilities here.)

Next the pattern corresponding to the operation Ak = 1 must be
determined. From (6) it may be seen that this operation must be auto-
matically accompanied by increments A¢, = 1/£ at each internal node,
typified by H (Figure 98), which is adjacent to the internal boundary.
Although again slight modifications must be made to deal with cases
where two or more strings radiate across the internal boundary from the
same internal node II, we can here sufficiently give the pattern in general

as that shown in Figure 100. In that
e figure the element — 2(1/£) is the change
produced in the hole residual F; con-
sequent upon the increment Ak = 1,
and the element 1/& represents the
change in the residual at a typical

annular node 4.
@ In the actual relaxation process the
Ak=+1 residuals /7y at all the nodes in the
Ficurk 100 annulus and the hole residual I, are

systematically liquidated by mecans of
the application of increments to the ¢ values at individual nodes in the
annulus and to k. During this liquidation it is not necessary to keep any
account of the changing ¢ values at points like H, but, of course, before
each check or recalculation of the residuals is performed, equation (6)
must be used to bring each ¢, up to date.

In the initial stages of the computation before the solution is approach-
ing convergence, and especially if a coarse net is being used, it is possible
that differing ¢ values may be calculable at individual points H when they
are at the ends of two or more strings which cross the hole boundary. In
such an event the average value should be used pro tem. The anomaly
must automatically dissipate itself as the solution converges and as finer
and finer nets are employed.

The reader will realize that the process described above, which may be
termed hole relaxation, is in its practlice a very similar process to block
relaxation, the hole being treated throughout effectively as a single block
of nodes and an increment Ak being a kind of block increment. Because
of this similarity no actual numerical illustration of hole relaxation is
called for here.

136. Flat Plates Containing Holes

Another type of problem, which demands a technique similar to that
described in the last section, is provided in the stretching of flat plates
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which contain holes. Figure 97 (Section 133) can now be taken to repre-
sent a uniform flat plate with an external boundary K and a hole within
an internal boundary I. The simpler case of a flat plate with no hole was
discussed in Section 75; we use the same notation here, and the solution is
again determined in terms of a biharmonie stress function x.  The stress
components o, oy, and 7., remain expressed in terms of x by the relations
(10) of Chapter 8. As in Scction 75, edge conditions of known tractions
on the external boundary yield values there of x, dx/dx, and dx/dy. In
the integrations round the boundary £ to determine each of these quanti-
ties, the arbitrary constants of integration can be chosen at our con-
venience [because an addition to x everywhere of any function of the form
a + Bz + vy, where o, 8, and v are constants, makes no difference to the
stresses as calculated from (10) of Section 75]. But having chosen these
constants, we cannot also arbitrarily choose the corresponding constants
when the edge conditions of given tractions are integrated round the
internal boundary I to find values there for x, dx/dx, and dx/dy. All
that can be done, at the start, is to determine values for these quantities
on the boundary I which are relatively correct; the actual value of x on
this boundary will contain in addition a function A + Bx + Cy, and we
have to investigate now how the constants 4, B, and € may be determined
as part of the computational solution. The problem is seen to involve
threefold extension of the technique described for solution of the torsion
problem for a hollow ¢ylinder. There (Secetion 133) we had to determine
one constant, k, on the internal boundary, whereas now we have three
constants, A, B, and C, to find. We may expect to be able to discover
three conditions for this purpose, just as in Section 133 the condition (4)
was derived and later used in order to discover the appropriate value
for k.

136. Conditions for Single-valued Displacements

These three conditions are, in fact, those which ensure that the stress-
strain relations may be integrated to yield single-valued displacements
(in the plane of the plate).  When these displacements in the axial Ox,0)y
directions are taken to be w and v, respectively, the stress-strain relations,
under conditions of plane siress, are

ou _ Lfox 0%
ax  E\oyr ~ 7 ox?

w _ 1 (o _,@f%x,) "
dy K \ox? A2 )
511 ou _ _ 2(1 +0) 0°x_

oxr ' ay K oxady
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where E is Young’s modulus and ¢ is Poisson’s ratio for the material of
the plate. In the ordinary way, for a plate without a hole, © and » may
be eliminated from (7) to yield the governing equation

Vix = 0; (8)
but when the plate contains a hole, it is necessary to proceed differently.

First of all, diffcrentiation of the first of (7) with respect to y, and elimi-
nation of v between the second and third of (7) yield

O (ow) _ (o _  &x

ox\ay) ~ E\oy® ~ “ozray) ©)
a fou 1 (a% 3%
ETJ(EZ)_E<&3+2+ oz a,)

If now C is any closed curve which lies between E and I and which may or
may not encircle /, the condition that (9) should integrate to give a single-

valued du/dy is
9 [ou ou
,(766' [Z?x (53/) @+ 5y (61/) : ] =0,

3% 9%x _ 3% — % B
B[ (2% — o2 Y te — (2% + 795,25 )] - 0

which, by Green’s theorem, may be transformed into the condition

i.e.,

f Vix dz dy = 0. (10)
C

This same condition (10) can similarly be shown to be necessary in order
that dv/dz also be single-valued.

Having established the condition which ensures that dw/dy is single-
valued, and being given du/dx in a single-valued form in the first of (7),
we can now proceed to establish the condition that w itself be single-

valued; it is
ou ou
950<£ dr + 5 dy) =

i.e., with substitution from the first of (7) in the first term of this integral,
and integration by parts of the second term,

1 [a%*% 62 _
b [E’<5}ﬁ — G ) e U d’] =0
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We now substitute in the second term for 92u/dy? from the second of (9)
to obtain

02x
560[(5”_2— ax>dx+ (,_+2+ )m,] 0,

and then Green’s theorem gives

ax 8“x (¢ _, ¥x. y =

or, after integration by parts with respect to y of the third-order terms,
[[ y Vixdx dy = Q. (11)

In a similar manner we can establish the condition that v be single-valued
in the form

/f z Vixdzdy = 0. (12)
'

Since C may first be taken as any closed curve between E and I which does
not encirele I, any of (10), (11), or (12) proves that the governing equation
(8) must hold throughout the annulus. Second, C may also be taken to
encircle I and, in particular, may be chosen to be I itself; then (10), (11),
and (12) become, in finite-difference terms,

E,Fo = O,
Sxolly = 0, (13)
2l',’/OIWO = O,

where 2, denotes summation at all nodes of the relaxation net within I
and F, is the residual, at any such node, defined in the ordinary way for
the biharmonic equation as

Fo = 83x1 — 20x0 — 2Zx5 — ZXs- (14)

The eventual satisfaction of the three conditions (13) enables us to deter-
mine the constants A, B, and C in Section 135; precisely the same condi-
tions (13) can be verified to hold under circumstances of plane strain in
the plate.

137. Relaxational Technique for a Plate with a Hole

The relaxational technique of solution for x in the case of a plate con-
taining a hole will now be outlined. It is an extension of the technique
described in Section 134.
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First the edge conditions of known tractions on the external boundary

E should be integrated in the manner of Section 75 to find boundary

values on E of x, 9x/0x, and dx/dy; these values are applied throughout

the computation in the manner described in Section 83. Similarly the

edge conditions of known tractions on the internal boundary I can be

integrated to find boundary values on I of x, dx/dz, and dx/dy; these will

be indeterminate to the extent of an additive constant C in dx/dy, of an

additive constant B in dx/dz, and of an additive function A + Bx + Cy

in x. To begin the numerical solution, some guess must be made for the

values of the arbitrary constants A, B, and C; an initial guess is also

required for the x values at nodes of the relaxation net within the annulus

between If and [I.

Next we can calculate compatible

values of x at nodes which lie not

| | Eh, more than two mesh lengths within

11 I3 Ii o~ I (these nodes may be regarded as

fictitious points with respect to the

annular region). Figure 101 repre-

Freure 101 sents a part of the internal boundary

which is cut by a typical mesh line

(in the z direction) at the point I; 0 is the adjacent mesh point in the

annulus, and 3 and 11 are nodes within the hole. We now express

the valucs xs and xi1 in terms of the already guessed value xo and of the

partially (in respect of A, B, and C) guessed values of x and dx/dx at the

point I; we denote these, respectively, by K and k, and also suppose that

the length 70 is a fraction £ of the mesh size h. Then by expansion of x

in a Taylor’s series of powers of x — z; along the linec 3/0, and with
neglect of terms of O(h?), it is possible to show (cf. Section 83) that

o 1—2, 1—&y (1—E>)
X3 £ K ¢ kh + £ X0,

X1 = — 4(] E; E) 1( bl 2—(2; g) /Chr + (2—;-"5)“ Xo-

(15)

Formulas of the type (15) enable pairs of values like x5 and x1; to be
found at nodes just inside the hole on all mesh lines which cross theinternal
boundary; some nodes may lie on two such lines, and there two differing
values of x may be calculable. In such cases the average x should be
used, and as the solution converges, on a reasonably fine net, it may be
anticipated that such pairs of values will not differ by any appreciable
amount.

We have now reached a position where x values have been guessed at
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nodes in the annulus, and where consequent x values have been calculated
from formulas of the type (15) at a number of nodes within the internal
boundary. At any other nodes inside this boundary (%.e., at nodes distant
more than two mesh lengths inside I), arbitrary values of x can be
assigned. The next computational step is the calculation of residuals
according to the formula (14) at every node, both inside and outside of I.
For the nodes within / we need to calculate individual residuals only in
order to determine the values of the three quantities:

P, = 3,
I’TII = E.L'ol"(), (](.l)
F],, = E.l]()"'o.

il

The liquidation of the residuals can now be started. The ultimate aim
is to reduce each individual Fo within the annulus to zero, but within the
hole, in order to satisfy the conditions (13), it is necessary to reduce only
the quantities Fy, F';,, and F,,, defined in (16), to zero. To achieve this,
ordinary biharmonic relaxation is employed in the annular region between
E and I, and for liquidation of the three hole residuals Fy, Fr., and F'1,,, we
have available the three unit operations AA = 1, AB = 1, and AC = 1.
It is unhelpful to attempt, in general terms, to express the effects, on the
point residuals o and on the hole residuals Fy, Fi., and Fy,, of these three
unit operations; in any particular example their scparate effects can casily
be discovered by means of individual trials. In principle their use is
identical to the use of the unit operation Ak = 1, described in some detail
in Section 134.

During the actual liquidation process there is no reason to attempt to
record the modifications, to the x values at nodes inside the hole, that
must automatically accompany both the application of increments Ay at
nodes in the annulus and the application of increments AA, AB, and AC.
From time to time in the course of the work the residual values should be
checked, and each time, before this is done, the opportunity should be
taken to bring the x values inside the hole up to date according to rela-
tions of the type (15).

138. Cavities in an Axially Symmetric Solid

The stressing of an axially symmetric solid of revolution under an
axially symmetric loading was discussed in Chapter 9; the possibility was
not contemplated there that the solid might contain a cavity so that an
axial section would exhibit an internal boundary I as well as an external
boundary E. If, however, we now consider such an occurrence, the four
nonzero components of stress may be again expressed in the form
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in terms of the two stress functions ¢ and ¢. Then the equations of
stress equilibrium require only that ¢ and ¢ shall satisfy the equation

oW loy | 0% | d*¢ 1d¢ _ . (18)

or? ror 922 orz r or

+

This equation is equivalent to one of the two equations (9) of Chapter 9
which were given in that chapter as the pair of simultaneous equations
governing ¢ and y. 'To discover the second equation, we must write down
the stress-strain relations in terms of the components of displacement
and v in the axial and radial directions, respectively; these are

=110+ T3,
you l+ o d
B = = =T W o), (19)
g (2 4 ) 2 20+ )
L(br +(’)z) T r oz

The first of (19) ensures that v is single-valued if single-valued functions
¥ and ¢ are obtained; and elimination of » between the first and third of
(19) gives

£ pov_1
ar

For a singly connected axial sec-
tion, climination of  between (20)
and the second of (19) provides in
effect the second of the equations (9) of Chapter 9. For the case when
the axial section contains an internal boundary, as typified in Figure 102,
we must ensure that u, in addition to v, is single-valued. If C is any
closed curve in the region between E and I, we must have, therefore, that

ou ou du
cggds = ¢C(57—‘d7' +6Z dz) = O,

¢__. JRSUREFE R R— S—

Freune 102
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which, after substitution from (20) and the second of (19) and application
of Green’s theorem, yields

L/f aw _loy oy ¢ 194

ar? ror 922 or? ror

-1 - )(w },gf a¢>Jdrdz-—0 (21)

Y Loy, o 9% e 106 0%
//[(5}7 Trar o az2)+”<ar2 var T 6z2)] drdz=0. (22)
¢

If we first take C to be a curve which does not encircle the inner boundary
I, then (21) combined with (18) shows that the equations governing ¢ and
¥ may be taken in their simplest forms to be

9% 19¢ |, 9%

at ror o O

Loy | 9 _ 9%

ar _ Tor | 92 9

(23)

These are the equations (9) of Chapter 9 again, and at nodes of a relaxa-
tion net in the annular region between K and I they lead to a pair of
residuals defined by the formulas

'¢E¢x+¢n+<l“—)¢z+< + )¢4—‘4¢u,

FVPEKI/I+1//3+(| "§6)¢2+<1+§ﬁ)¢4“‘4‘//0

+ 2¢0 — ¢1 — ¢s.

Boundary conditions of known tractions may be assumed to be given on
both  and I; it was seen in Section 97 that one of the two conditions can
be integrated round a boundary to determine values there of the stress
function . On the external boundary F the arbitrary constant in this
integration may be chosen to suit our convenience, but when this has been
done, it is not permissible also to fix arbitrarily the constant of integration,
K, which is contained in the integrated expression for ¢ on the internal
boundary I. Instead we must be prepared to find K as part of the solu-
tion by first guessing a value for it and then adjusting that guess by means
of increments AK. The unit operation AK = 1 is available and must be
used in order eventually to reduce to zero a hole residual. This hole
residual is defined, from the finite-difference approximation to (22), to be

= Z(Fy + oF ), (25)

(24)
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where F4 and Fy are defined in (24) and the = sign implies summation at
all nodes within the hole. In brief, the relaxational problem requires
that each of Fy and Fy be liquidated to zero at all nodes between. I and 1,
by means of the relaxational technique of solution of a pair of simultane-
ous differential equations (Scction 99); but within / it is required only
that F; be liquidated to zero. At nodes in the hole the values of ¢ and ¢
may be arbitrarily assigned except in so far as they must be compatible
with the boundary conditions given to hold on 1.

139. Refraction at an Internal Interface

Another difficulty, similar to that presented by the existence of holes or
cavities within the region of integration, has to be faced in potential prob-
lems which include an internal interface across which there is refraction.
Suppose that we have to determine a potential function satisflying
Laplace’s equation and that the region of integration is made up of two
parts, a and A, with a common boundary or interface I. It will be
convenient to denote the potential function by ¢ at points within a and
by ® at points within A. The value of this function is required to be
continuous across the interface, so that, on I, ¢ = ®. At any point
of I we take v to represent the normal direction from a into 4, and the
sort of refraction condition which we contemplate here is that, on I,

u ‘(’T‘f - M g—‘;’, (26)
where u and M are constants associated, respectively, with the regions
a and A (thus, for example, in a magnetic potential problem, u and M
would be the permeabilities of the different materials which occupy the
two regions). Clearly some special formulas for residuals will have to
be constructed to hold at nodes of any relaxation net in the neighborhood
of the interface; there is considerable simplification of the problem in the
special, but nevertheless important, case when the interface is a straight
line, and we consider that possibility first before going on to consider,
more generally, any curved interface.

140. Rectilinear Interfaces

Figure 103 represents part of a rectilinear interface with a square net
chosen so that this interface lies along the mesh line 204; we denote the
region to the left of this interface as a, the region to the right as A.
Except at nodes on the interface, such as 0, residuals may be calculated
from the usual formula for Laplace’s equation, Z.e., at nodes within a,



INTERNAL BOUNDARIES AND INTERFACES 199

Fo= Z¢1 — 4¢y, @7
and at nodes within A4,
Fo = E‘Ih - 4‘1’0. (28)

Neither of these formulas (27) and (28) is, however, of any immediate
use for the evaluation of a residual at

the point 0 (Figure 103) when it lies 2
on the interface; for, in (27), ¢: is a
fictitious value of the function ¢
(which exists only in the region a), ¢ 3 ) T 4
and, in (28), ®; is similarly a fictitious
value of the function & (existing only
in the region A). In order to over- 2
come this dilemma, we must make Fraurs 103
use of the refraction condition (20);

its finite-difference approximation, holding at 0, implies

p(pr — ¢3) = M(®1 — By). (29)

Also both ¢ and ® must satisfy Laplace’s equation at 0, so that, in finite-
difference terms,

é1+ o2+ b3+ ¢4 — 4y = 0, (30)
$; + Py + B3 + by — 4Dy = 0. :

If we eliminate the fictitious values ¢, and ®; from the three equations
(29) and (30), we get

u(ps + 2¢s + ¢4 — 4o) + M(2®, + &, + 4 — 4dy) = 0. (31)

Now, on I, ¢ = &, and no numerical distinction need be made between
the two functions at any point of the interface. Algebraically we can
denote the potential on the interface by ¢, and then, after division
through by u + M, (31) leads to a residual formula at a typical point 0
on the interface:

Fo E,‘%_]l‘/[T{‘I’l + 4)2—}—#—?_“1‘—[ 3

Now that (32) has been obtained, solutions of potential problems con-
taining a rectilinear interface can be computed without much difficulty.
To start the calculation, the values of the potential should be guessed at
all nodes of the network covering the area of the required solution; residu-
als may then be calculated by use of the ordinary formulas (27) and (28)
at all nodes except those which lie on the interface, where the special and
slightly modified formula (32) should be employed. The liquidation of
the residuals is accomplished in the usual manner with a use of the

+ ¢4 — 4. 32)
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customary pattern appropriate to Laplace’s equation, with the exception
only that modified unit patterns correspond to increments applied at
nodes immediately adjacent to the interface; these modified patterns are
easily constructed and are shown in Figure 104, (i) being the pattern to be

o ©
(O @O
o O

(i) (ii)
Fraure 104

used when an inerement A¢ = 1 is applied at a point like 3 in Figure 103,
and (ii) being the similar pattern corresponding to a point like 1.

141. Curved Interfaces

Satisfaction of the refraction condition (26) is much less easy when the
interface is curved, as illustrated in Figure 105; again the usual formula
(27) or (28) for Laplace’s equation

Y defines residuals at all nodes except
2 those within one mesh length of the
interface. It will be sufficient here
to construct the special formula for
3 g 1 use at a point such as 0 in Figure 105,
which lies just inside the region 4; an
exactly similar type of residual for-
mula will hold at a node which lies
Ficure 105 just inside the region a. In order to
construct this special formula holding

at the node 0, it is nccessary to appeal to the string-net analogy described
in Chapter 6. We must suppose that the tensions in the strings in the
two regions a and A are different from one another, and we denote them
by t and T, respectively; we also interpret the potential ¢ (or ®) as the
transverse deflection of a uniform membrane. Now the normal gradient
d¢/dv of the potential ¢ across the interface I implies (Section 54), in
terms of the membrane, a line intensity of transverse force acting along I
of magnitude (t/h) (8¢/dv) ; similarly the gradient 3®/9v of the potential &

Ta
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across I implies a line intensity of transverse force acting along [ of
magnitude — (T/h)(d®/dv), where h is the size of the square mesh in
Figure 105. Hence for transverse* equilibrium along /[ without the
imposition of any external inten-

sity of force, we must have \
tog _Tow
hov  h oy 4
and so, from (26), % T
t T
- = 33 #
I M (33) ' o
Having found the necessary re-
lation (33) between the string ten- 3 ! ?
¢ 2 2 ring [« (1-&n 1< En—>

sions in the two regions a and A, Frauns 106
we next consider the deflection of
the string 03 of Figure 105. This string is shown, in clevation, in
Figure 106, its transverse deflections being & and ¢; at its ends and ¢,
at the point I where it crosses the interface; we suppose the distance 07
to be a fraction £ of the full mesh length h. At once, then, for transverse
equilibrium of the string at the point I, we get

b — b _ T‘l’! ,,_ﬂ’, (34)

t ———
(1= &h th
each side of this equation heing the transverse component of the tension
acting in the string. It may easily be verified that, with a use of (33),
each side of (34) is also equal to

T " .
BAE = § g P (3%)

When the string-net analogy is being employed to formulate expressions
for the residuals at the nodes of the net, it was seen in Section 53 that a
typical residual Iy is, apart from an omitted factor T/h, the sum of the
transverse components of the tensions in the strings meeting at the typical
node 0. TFor the node 0 in Figure 105 we have found the transverse com-
ponent of tension in the string 03 to be given by (35); the transverse
components of the tensions in the strings 01, 02, and 04 are simply
(T/h)(®1 — &), ete. Hence the residual formula for a node 0 situated,

* The membrane analogy is only concerned with transverse equilibrium; clearly
when different tensions t and T act in the membrane in the separate regions a and 4, °
equilibrium ¢n the plane of the membrane can be maintained only by the supply of some
external intensity of force along [ in this plane.
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as in Figure 105, near to an interface 7 is

Fo=&, + &, + ¢4 + M _—_,ug) E: $3

— I . A
(3 Yo e m.-) o (0

Thus residuals are now calculable at all nodes like 0 just inside the region
A ; an exactly similar formula can be written down (by interchange of the
constants M and u) for the residual at a node just inside the region a.
As in Section 140 special relaxation patterns are appropriate in the necigh-
borhood of the interface; these can be constructed in the usual manner
from the coeflicients in residual formulas of the type (36).

PROBLEMS

1. Modify the solution to Problem 2 of Chapter 5 for the case when the rec-
tangular section with sides in the ratio 3:5 contains a central and similarly
orientated rectangular hole with sides in the ratio 1:114.

2. Determine the temperature distribution inside a two-dimensional, square
conducting region bounded by the lines z,y = +L when the temperature is
maintained at 1,000 on two adjacent sides and at 0 on the other two sides and
when the conductivity of the medium inside the circle z2 + y? = L?/4 is threc
times the conductivity of the medium between this circle and the square boundary.
Work to the nearest whole number on a net of size h = L/16.



CHAPTER 14
PROBLEMS INVOLVING UNKNOWN BOUNDARIES

142. Introduction

In Chapter 12 relaxational methods of solution of eigenvalue problems
governed by differential equations were discussed. Irom one point of
view it can be said that we were then concerned to find solutions to equa-
tions which were not completely known at the beginning because they
contained a parameter (or cigenquantity) which had also to be found as
part of the complete answer, but the range (in one dimension) or the area
(in two dimensions) of integration of the equations concerned was defined
in each problem. In this chapter we consider how to determine solutions
of certain partial differential equations, in two dimensions, when those
equations are completely known but when the boundaries of the areas over
which the solutions are required may not be completely given at the
beginning but have also to be found as part of the answer.

Three illustrative types of problem will be dealt with; two are concerned
with fluid flow, and in both a free surface of the flow has to be determined
in addition to the nature of the flow inside the region where it occurs.
The first of these problems deals with the percolation of a fluid through a
porous material; the second is concerned with the irrotational flow of an
incompressible fluid. Both examples include free surfaces open to the
atmosphere, and in both cases the governing differential equation is
Laplace’s, but along the free surfaces two boundary conditions can be
stated instead of only one, as has hitherto been the case. We shall use
one of these conditions in the usual manner in order to be able to solve the
Laplace’s equation throughout the area of integration; the seccond of the
conditions will be employed in order, gradually and systematically as the
solution proceeds, to fix the proper position of the originally unknown
boundary.

The third example will illustrate a rather different possibility, that of an
initially unknown interface, or internal boundary, within the region of
integration. An example of this kind arises in the torsion problem for a
uniform cylinder when the applied torque is increased sufficiently for a
part of the material of the cylinder to become stressed to its clastic limit.
When this happens, plastic conditions supersede elastic conditions, and

203
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we have to determine, as part of any solution, over what parts of the cross
section of the cylinder plastic conditions prevail and over what part clastic
conditions remain operative; 7.e., an interface between what may be called
the plastic and elastic parts of the cross section has to be found.

143. Percolation through a Porous Material

A typical problem involving the percolation of a fluid through porous
material is illustrated in Figure 107, and it will be used here in order to
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Fiaure 107

describe the technique required for solutions of this kind. ABCF repre-
sents the porous retaining wall of a dam, standing on an impermeable base
BC; a high water level (A) exists on one side of the wall, and there is a low
water level (D) on the other side, the difference in height between the two
levels being d. Water seeps slowly through the wall from left to right,
and Figure 107 shows a few of the lines of constant pressure in the water
in this seepage (these lines are obtained as part of the final solution; they
are shown in Figure 107 so that the problem may be more easily under-
stood by the reader). One of the lines, AF, is a free surface of the flow;
as such, it forms part of the boundary of the relaxational problem, which is
concerned with the determination of the flow within the region ABCDEA,
and of that complete boundary the part AE is not initially known in posi-
tion. In particular, the position of the point F is not known at the
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beginning of the work, and it should be specifically mentioned that the
water which seeps through to the surface of the wall at points between I
and D then, in practice, runs down this surface to the low water level D.

144. Fluid Pressure in Percolating Flow

The work is most suitably carried out in terms of the fluid pressure.
We denote the average excess pressure above atmospheric at any point
in the dam by p (as a multiple of pg, where p is the density of the fluid and
g is the gravitational acceleration). We can immediately write down, in
terms of this pressure p, some of the boundary conditions which must be
satisfied by the flow. With coordinate axes of z and y chosen as shown in
Figure 107, these conditions are that

p=0o0on AED,
p = —yonAB, ¢))
p = —(y + d) on DC,

It

since, respectively, A ED is open to the atmosphere, points on AB are at
depths —y below the high water level A, and points on DC are at depths
—(y 4 d) below the low water level D. There remains to be stated a
boundary condition on BC and a second condition on AK; these will be
apparent after we have first formulated the governing differential equa-
tion which p must satisfy throughout the region ABCDEA.

To discover this governing equation, we need to introduce components
of percolation velocity of the fluid, which we denote as u and v, in the
axial z and y directions; these velocity components must, of course,
satisfy an equation of continuity of the flow:

ou 1) .
ar + :9.7/ = 0. (2)

Next, the components of frictional force acting on the fluid are —u/k and
—u/k per unit volume, measured as multiples of pg, where k is the percola-
tion cocfficient, or coefficient of permeability, for the fluid through the
porous material. The components of gravitational force per unit volume
are simply 0 and — 1, as multiples of pg, so that, since the motion is sup-
posed to be slow, we can write down equations of equilibrium:

ap _
w0

y
k
op v _
oy TET1=0

Substituting from (3) for » and v into (2), we find the governing equa-
tion for p to be Laplace’s equation:

Vip = 0. 4)

3)
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The boundary condition on BC also follows immediately from the second
of (3); it is that v = 0, and therefore, in terms of p,

/. .
oy 1 on BC. )
The second boundary condition on A K is derived, similarly, from the fact
that the normal component of velocity across AK must clearly be zcro;
hence

u cos (x,v) + v sin (z,») = 0, (6)

where » is the direction of the outward-drawn normal across AE at any
point of that boundary and where (z,v) is the angle between the z and
v directions at that point. Substituting in (6) for » and » from (3), we
find

P os P Gin (ov) = — si 7
35 0 (z,v) + 3y sin (x,r) = — sin (z,v). (7)

Nowalsoalong A K we know from (1) that p = 0, and therefore dp/ds =0,
so that

ap . __dp _
35 Sin (x,v) oy cos (x,v) = 0. (8)

‘ombining (7) and (8), we can express the second boundary condition in
either of two forms to be that

on AE,
a .
az = — sin (a,v) cos (z,v),
or (9)
P _ _ e
ay sin? (z,v).

The problem is now completely set: we have to satisfy the governing
Laplace’s equation (4) over the region ABCDEA subject to the boundary
conditions stated in (1), (5), and (9). For any assumed position of the
free surface AE the solution of (4), within the region thus defined and
satisfying the conditions (1) and (5), can be achieved by the ordinary
processes of relaxation described in Chapter 5. There remains for dis-
cussion here only the question of how the position of AE may be deter-
mined so that the extra boundary condition (9) may also be satisfied.

146. Determination of a Free Surface

The correct position of the free surface is, in practice, found only
gradually (but systematically). We start with any guessed curve and
solve (4) for p, subject to the boundary conditions (1) and (5) ; Figure 108
shows such a solution for a curve AE, which has been chosen, for illustra-
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tive purposes, to be a deliberately bad guess. The size of mesh used is
h = d/5, and the values of p, as shown, include a multiplying factor
500/d. Also recorded in Figure 108 are the lengths of the short arms of
the irregular stars in the vicinity of the free surface AFE; these lengths are
given as fractions of the mesh size h, and their values are shown (in
brackets) just above the curve AFK
87° . at the points where the short arms
84 .

ol__(097) (090) 69° meet that curve. The values of
B e angles recorded immediately above
R 3¢ each of these lengths are the values

\

0

0

0

0

100 73 46 20

(088) of (x,») at the corresponding points
E on AE.

Having found the distribution of p
values shown in Figure 108, we must
next test whether or not the condi-
tion (9)is satisfied along AE. Todo

200 147 96 47

300 220 144 71

400 290 188 94

500 350 225 116

w
C

600 386 245 144 100
Ficure 108 Ficure 109

\B
1-—-5h——>\

so requires the evaluation, from the p values, of dp/dx at those points on
AE where it is cut by horizontal mesh lines and of dp/dy at those points
where it is cut by vertical mesh lines. Tigure 109 illustrates a typical
(horizontal) mesh line cutting the boundary AE at the point B; 0 and 3
arc the adjacent nodes of the net on this line, and £ denotes, as usual, the
fractional length of OB. Now it was shown in (12) of Chapter 5 that,
with neglect of O(h?),

2 632) = . 2Ps 2ps_ _ 2po
h(«wo i+ tTre ¢

and in the same manner it can also be shown that

3 (9_73) _ Ps _ tps (L= ¥®p
acr)y EL1H4¢& 14¢ £

It follows that

) _ (2 o%p
h (az) =h (ax) + & (axﬁ)o

1
=§Zl+z>””+1i£”3"{_§p°’ 1o
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and an exactly similar formula can, of course, be written down for
h(dp/dy) at points on AE where it is cut by vertical mesh lines. Figure
110 shows the values, either of dp/dz or of dp/dy, which have been calcu-
lated by substitution, into formulas of the form of (10), of p values taken
from Figure 108; these values are shown just above AK at the points to
which they refer. Corresponding values at each of the points are also
shown (in brackets) of either — sin (z,») cos (x,») or — sin? (z,»), depend-
ing on whether the corresponding point of AL lies on a horizontal or a
vertical mesh line.

(~100) (~99) Now if the second boundary condition
/6 -52 ('_‘gg ) (9) were satisfied along A K, the recorded
T values in Figure 110 would be equal in
\\\ (:gg) pairs at each point. In fact, they are

\ E not even approximately equal, for the
\ reason that the guessed curve AE was
\ particularly badly chosen; in each pair
E the evaluated dp/dz, or dp/dy, is nu-
merically smaller than the value of

— sin (z,v) cos (x,v), or — sin? (z,v).
The next step is, therefore, one which
is designed to correct the discrepancies
between the paired values shown in
Figure 110, by means of an attempt
to increase numecrically the gradients
dp/dxz (or 90p/dy). This must clearly
be achieved by an alteration of the
originally guessed position of the curve AK, and to increase the gradients
of p at this free surface, we must manifestly move A% downward. The
curve AE’ in Figure 110 shows a possible position for the free surface

which we might well take as a second trial.

The computation described above in relation to the first guessed curve
AE must now be repeated for the second trial curve A E’; there will result
a second set of pairs of values at points on AE’ similar to the set shown in
Figure 110 at points on AE. This new set is not given here because the
process of calculating it is exactly the same as the process of finding the
first set, which has been described in detail. On the basis now of two sets
of pairs of values, one along the first guess A and one along the second
trial AE’, for the free surface, a third trial position of that surface is drawn
and the computation repeated again for this third trial curve.

The third trial should be approaching the real position of the free sur-
face; for, although the first guess AE was poor and the second trial AE’
may not have been very good (because it was known only that AE’ should

Ficure 110
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be below AE, but not how much below), it can be expected that a com-
parison of the descrepancies in the pairs of values along AE and along AE’
should enable the third trial free surface to be drawn as a good approxi-
mation to the true curve. Further trial curves are drawn until eventually
one is found along which the computed values of dp/dz, or dp/dy, are
equal to the values of — sin (z,v) cos (x,v), or — sin? (z,»). The problem
will then have been solved.

Until he has actually carried through the necessary calculations to find
a solution of the kind described here, it may appear to the reader that the
suggested method is extremely lengthy, requiring, as it does, a number of
solutions for the pressure distribution corresponding to different trial
positions of the free surface. In fact, the process is quite rapid for the
reason that the various pressure distributions do not show much difference
from one another, so that, as each new trial free surface is drawn, only a
very little relaxation is needed to modify the values of the pressure
obtained in the previous trial and to find the values appropriate to the
new curve. This fact becomes, of course, more and more relevant as the
successive curves converge nearer and nearer to the final solution. To
begin with, as was illustrated in Figure 110, we should normally expect
the first, and probably also the second, position chosen for the free surface
to be such that all the discrepancies, between the computed values of
dp/dx or dp/dy and of — sin (z,v) cos (x,v) or — sin? (x,v), would be of
the same sign. This means that we should normally expect at first to
have to draw successive trials for which the free surface is moved either
down all along its length or up at all points. But as the final solution is
approached, we can expect that the discrepancies will become small, and
for any one trial they may not all be of the same sign. If this is the case,
then it follows that in the next trial we must draw a new curve which in
part may be below the previous trial curve and in part may be above. In
general, the curve should be lowered wherever along it we desire to
increase the pressure gradient, and it should be raised wherever we wish
to produce a decrease (in magnitude) of the pressure gradient.

The final solution to the problem described in Figure 107 was given on
a net of size b = d/20 by Shaw and Southwell* in 1941. The results are
not quoted here but are left for the reader to find as a suitable exercise on
the determination of an initially unknown boundary.

146. Two-dimensional Irrotational Flow

From the relaxational point of view very similar problems are set in the
discovery of irrotational flow patterns of an incompressible fluid, in two
dimensions, when the flow is not completely bounded by fixed walls but

* Proc. Roy. Soc. A, 178, 1-17.
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may in part be open to the atmosphere along a free streamline. Such
problems are suitably worked in terms of the stream function ¢ rather
than the velocity potential ¢, for the reason that one boundary condition
along any free streamline is then simply that

v =K, (11)

where K is a known constant. Throughout the region of the flow, ¢ must
satisfy Laplace’s equation in the ordinary way, and we need to deal here
with the method of solution only in regard to the determination of the
position of free streamlines. For any guessed or chosen position of a free
streamline, the finding of ¢ values satisfying Laplace’s equation through-
out the field, the condition (11) along the free streamline, and appropriate
conditions along other parts of the boundary should by now need no fur-
ther description.

147. Boundary Conditions on a Free Streamline

One of the two conditions which must hold on any frec streamline has
already been stated in (11); the other condition is derived from Bernoulli’s
theorem. Along a frec surface the pressure is constant, and when
gravitational effects are ignored, this means that the velocity also is con-
stant, so that we derive the second condition on a free streamline to be
that

12

'5; = k; (12)
where » denotes the normal direction drawn outward across the free
strcamline at any point of it and where k is a known constant. When
gravitational effects are included and cartesian x,y axes arc chosen such
that the axis of y is vertically upward, the second condition on a free
streamline becomes that

%—f =V —2gy, (13)
where the origin of the coordinates is taken in the stagnation level of the
flow. Whether the second condition is (12) or (13), it expresses the
gradient 8y/dv in a form which is known numerically for any drawn posi-
tion of the free streamline.

We use this sccond condition along a free streamline in a manner
exactly similar to that in which we employed (9) as the second condition
along a free surface in problems of fluid percolation through porous mate-
rials. We make, to begin with, a first guess for the position of a free
streamline, and then, within the region of flow so defined, the governing
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Laplace’s equation is solved in conjunction with the condition (11) along
the free streamline. Next the second condition (12) or (13) is used to
test whether or not the guessed position of the free streamline is correct.
At all points where this line is cut by mesh lines of the relaxation net, a
pair of values are found and compared; one of these values is of k or
A/ —2gy [according as (12) or (13) applies] and the otheris of y/d». The
method of calculation of the values of d¢/d» makes use of the fact that,
along a free streamline,

W
as =0
so that
o _ 1 W
v cos (r,v) 9z
) ﬂ (14)

= sin (z,v) ) Iy

We use the first of (14) in order to calculate dy/dv at points which lic on
horizontal mesh lines and the second of (14) similarly at points on vertical
mesh lines; dy/dx and dy/dy may be cvaluated just as op/dx and dp/dy
were evaluated in Section 145.

148. Determination of a Free Streamline

We have seen that, once a first guess has been drawn for a free stream-
line, we can test its accuracy by means of the evaluation of pairs of values,
of ay/dv and of k or 4/ —2gy, at points along the line. A survey of the
discrepancies in the various pairs should indicate how a second trial curve
for the free streamline can best be drawn. Normally at those parts along
the first guess where the velocity 8y/dv turns out to be too small, we
should move the free strecamline in toward the region of flow, and, vice
versa, where dy/d» turns out to be too large, we should move the free
streamline out away from the region of flow. Occasionally, in particular
problems, it may be found that, if the above rule is adhered to, the dis-
crepancies in the pairs of values along the free streamline are increased in
the second trial compared with what they were for the first guess. It is
neither possible nor necessary to say precisely what causes this nuisance,
but it is certainly connected in some way with the local curvature of the
free streamline. From a relaxational point of view all that need be said
is that, if a movement of the free streamline in one direction increases the
discrepancies, then a movement in the opposite direction will decrease
them; and after two or three trial curves have been drawn and tested in
any problem, sufficient information should have been accumulated to
enable a very close approximation to the true curve to be found.
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149. Axially Symmetric Irrotational Flow

The same type of problem can be equally well tackled for cases when
the flow possesses axial symmetry instead of being two-dimensional as in
Sections 146 to 148. The principle of the method of solution is identical,
and the only differences of detail are that, with axial symmetry, (1) the
equation governing the stream function ¢ is

) 2. 2
1w Y _

ar  ror | a2

where, of course, z and r are cylindrical coordinates with the axis Oz along
the axis of symmetry; and (2) the second boundary condition along a free
surface is

W

3 = kr,

when gravitational effects arc ignored, and is
£ .
3 = V22,

when gravity is assumed to act in the axial z direction and where the
origin O is taken to be in the stagnation level of the flow.

Many examples of the determination of free streamlines, both in two
dimensions and with axial symmetry, have been solved by Southwell and
Vaisey, and the interested reader is referred to their paper* published in
1946.

160. Plastic Torsion

The elastic (shear) stresses in a cylinder subjected to a purely twisting
action were given in Section 46 to be

d¢
Tz = MTL @y Tyz = '-';I.TL 5) (15)
in nondimensional form, where u is the modulus of rigidity of the material
of the eylinder, 7 is the angular twist per unit length along the cylinder, L
is some representative dimension of its cross scction, and ¢ is a stress
function which satisfies Poisson’s equation

Vi + 2 =0, (16)

over the area of the cross section, together with the edge condition ¢ = 0,

round the boundary of this area. It follows from (15) that the resultant

shear stress at any point in the cross section acts in the direction which is
* Phil. Trans. R.S. A, 240, 117-161.
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tangential to the contour of constant ¢ through that point, and that its
magnitude is given as a multiple of urL by the gradient of ¢ in the perpen-
dicular direction. If ¢ is the value of the shear stress at any point, then
the gradient of ¢ there is ¢/urL.

We suppose that the shear stress-
strain relation for the material of the
cylinder is of the kind shown in Figure T

q

111. Provided that the shear stress at
any point is less than some limiting ay
“yield” value gy, it varies lincarly with l
the shear strain v, and the straining there 9
is said to be elastic; but once the shear Ficure 111

stress attains the yicld value ¢y, the

strain may increase indefinitely. The shear stress cannot exceed the
limiting value ¢y, and so long as it maintains that value at any point,
the straining therc is said to be plastic. The existence of an upper limit
to ¢ can be immediately interpreted in terms of the stress function ¢:
that the gradient of ¢ can nowhere exceed gy /url.

161. The N4dai Roof

For any given shape of cross section, (16) can be solved over the whole
of the section to yield the distribution of ¢ appropriate to straining which
is elastic everywhere; and if gy is large enough or 7 is small enough, the
gradient of ¢ in this solution will nowhere be as large as qy/urL.  But if
the twisting is great enough, 7.e., if r is large enough, then the gradient of
¢ may equal its limiting value gy /urL over some parts of the cross section.
The condition that the gradient of ¢ may not exceed gy /urL is overriding;
wherever in the section the gradient of ¢ has attained this limiting value
and the straining has become plastic, the equation (16) need no longer be
satisfied, as it would have to be if the straining were elastic. In torsion
problems where the twisting is sufficient for the shear stress ¢ to have
attained the limiting yield value in some parts of the cross section but not
in others, we are then presented with the difficulty of having to find as
part of the solution an initially unknown interface between what may be
called the elastic and plastic parts of the cross section. On one side of
this interface, in the elastic part, ¢ remains governed by (16); on the
other side, in the plastic part, it is governed by the overriding condition
that its gradient is gy /urL.

The determination of any solution is considerably aided by the fact
that we are able to state what the value of ¢ would be at any point of the
cross section 4f that point were in the plastic part, without any prejudice
to the subsequent computation which actually decides the extents of the



214 RELAXATION METHODS

separate plastic and elastic parts. That this can be done depends on the
fact that, in the solution for which the straining is elastic everywhere,
the gradient of ¢ takes its greatest value at some point on the boundary;
it is at this point, as the twisting action increascs, that plastic straining
must commence; all plastic parts of the section, which develop as the
twisting action increases further, must begin at and then spread from the
boundary of the section. Consequently, wherever the straining is plastic,
the ¢ values lie on the surface of constant maximum gradient, ¢,/u7L,

=P

Ficure 112
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drawn from ¢ = 0 on the boundary; this surface is known as a Nddai
roof, and at no point of the cross section may the value of ¢ exceed the
corresponding value on this roof. TFigure 112 shows a typical one of
these roofs for the case of a rectangular cross section.

In regions where the ¢ values have attained their corresponding roof
values, the straining is plastic and equation (16) is not required to be
satisfied ; but in regions where the ¢ values are less than the corresponding
roof values, the straining is clastic and (16) must hold. The nature of
the possible solutions to a torsion problem is indicated in IFigure 113,
which represents a line AB in the plane of the cross section; A and B are
points on the boundary of the cross section, and the heavy curve plots the
variation of the stress function ¢ along A B, while the dotted lines repre-
sent the roof. In (a) the straining is elastic all along AB, and the curve
nowhere touches the dotted lines. In (b), corresponding to an increased
twisting action, the slope of the roof is reduced; the straining is still elastic
at all points of AB, but the curve now touches the dotted lines at A and
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B, at which points plastic straining is about to commence. In (c) the
twisting action has been increased even more, and the slope of the roof is
still further reduced; plastic straining extends from A to C and from B to
D, where the curve is in contact with the dotted lines, but the straining
remains elastic between C and D, where the curve lies below the roof and
where (16) remains satisfied.

162. A Worked Example

For an illustrative numerical example, we take a case of plastic torsion
for a uniform cylinder whose cross section is rectangular, with sides in the

I
0 0 0 0 0 0 0j
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!
0 250 500 500 500 500 500;
]
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of 25| _soo] 70| 1000] 1000 1000,
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ratio 3:2. The solution for this section when the straining is everywhere
elastic was discussed in Section 46, values of the stress function ¢ being
given in Figure 28 on three successive sizes of net. We modify that solu-
tion here for a case when the straining is partly plastic, working on the
finest of the three nets (h = 1§) and again including a multiplying factor
of 3,200, so that the values recorded are those of 3,200¢ instead of simply
é. We suppose that the maximum gradient gy/urL which ¢ can attain
has the value 19{; when the multiplying factor 3,200 is included, this is a
gradient of 250 per mesh length, and the roof values can be immediately
written down; they are recorded in Figure 114.

The values given in Figure 28 (iii) can be seen to exceed the correspond-
ing roof values shown in Figure 114 at three nodes (those near the center
line and adjacent to the longer side of the section). As an initial set of
values for this case of plastic torsion we take the values from Figure 28
(iii) except at those three nodes where they exceed the roof values; at
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those nodes we naturally take the roof values themselves. Figure 115
shows these initial values, together with residuals calculated at all nodes
according to the formula which may be derived from equation (16):

Fo = E¢1 - 4¢() + 100. (]7)

The solution is found by the ordinary processes of relaxation; the
residuals in Figure 115 must be liquidated as far as possible without any
¢ value being allowed to exceed the corresponding roof value. This
means that residuals must be reduced to zero at all those nodes where ¢
has a value less than the limiting roof value, but that positive residuals
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may be left, unliquidated, at those nodes where ¢ has attained the roof
value. If, owing to increments applied at neighboring nodes, the residual
at a node where ¢ has attained the roof value ever becomes negative, it
should then be liquidated in the usual manner, for the liquidation of a
negative residual requires a negative increment A¢, so that its application
reduces the ¢ value to less than the limiting roof value.

Figure 116 shows the final solution for the stress function ¢. The
straining is elastic at all nodes where the ¢ values arc less than the corre-
sponding roof values and where necessarily the residuals are zero; the
straining is plastic at those nodes where the ¢ values have attained their
limiting roof values and where the residuals may, therefore, be nonzero

but positive.
PROBLEMS

1. Complete the solution to the problem illustrated in Figure 107 and started
in Section 145. Begin on a net of size b = d/5, but advance to successively finer
nets (A = d/10 and A'= d/20) as the solution converges.

2. Solve the problem of the plastic torsion of the eylinder in Section 152 for
the cases when the maximum gradient qv/urL of ¢ is given to be (1) %, (2) 816,
and (3) %{e-



CHAPTER 15
NONELLIPTIC DIFFERENTIAL EQUATIONS

163. Introduction

We have shown in previous chapters how the relaxation method can be
applied to solve various linear partial differential equations in two dimen-
sions. Laplace’s equation is an example which, though simple, is typical
of all the second-order equations which have been discussed in that it is
of the so-called ““elliptic”’ form and in that all solutions which have been
contemplated have been required to satisfy a single boundary condition
at all points of a closed boundary. In many problems, however, either
one or (usually) both of these properties do not hold, and in this chapter
we show how the consequent difficulties may be overcome and such prob-
lems rendered capable of solution by relaxation methods. Typical exam-
ples arc provided when solutions are required of the heat-conduction
equation (which is of “parabolic’ form) and of the wave equation (which
is of ‘“hyperbolic” form) and also, occasionally, of Laplace’s equation
itself, which, although of elliptic form, may not be associated with a single
boundary condition at all points of a complete boundary.

In one dimension, inherently the same difficulties distinguish what
are usually known as “jury” problems from ‘“marching” problems (the
difference between jury and marching problems was discussed in 1927 by
Richardson,* who gave them those names). It will be convenient to
introduce the basic ideas of this chapter in relation to such one-dimen-
sional problems before we attempt to discuss their application to solve
partial differential equations in two dimensions.

164. Availability of End Conditions

The difference between a jury and a marching problem in one dimension
is entirely dependent upon the location of the end conditions which are
required to be satisfied. Sufficiently generally we can suppose that we
have to solve an ordinary differential equation of order n over the range
0 < z < L, where z is the independent variable. In order that a particu-
lar solution of the equation may be defined, n end conditions must be
postulated, and we may take m of these to be given conditions at one end

* Phil. Trans. R.S. A, 226, 229 -361.
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of the range and p at the other end, where, of course, m 4+ p = n. There
is no loss of generality if we assume that m > p. A jury problem is one
for which m = p (= n/2), and all the problems in one dimension which
we have hitherto shown how to solve have been of this kind (ef. Section
28). A marchingproblem is usually understood to be one for which p = 0
(and therefore m = n), but from a relaxational point of view we can more
generally treat as a marching problem any one for which m > p, because
the same type of difficulty has to be faced whenever m # p.

One of the simplest equations which can be used to illustrate the differ-
ence between jury and marching problems is the beam-deflection equation

d'w

= WE) =0 1)

In order to define a particular solution of this equation, two end conditions
must be stated; these may be given either one at each end of the range of
integration (a jury problem) or both at one end of the range (a marching
problem). The first of these possible cases was dealt with in Chapter 4
as our first example of the solution of a differential equation by relaxation
methods; the second case presents difficulties which prevent a direct
application of relaxation, for reasons which will become apparent in
Sections 155 and 156.

166. Extent of Finite-difference Approximations

It is helpful here to recall some finite-difference approximations to low-
order derivatives; in the customary notation we have (Appendix III)

dw
2h (dl‘)o = wW; — W;,

9
h? ((’l*/}%)) = W + w; — 2’U)o,
(l.l: 0

(2)
ot d*w)
A\ g = wy — 2wy + 2wy — wn,

<d4w> _ "
hi\ 5— = —4w; — 4w3 + Bwy + Wy + Wi1.
dzt Jo

It may be seen in (2) that the approximations to the first and second
derivatives are expressed in terms of values of w at points of subdivision
which are distant from the central point 0 up to (but not exceeding) one
interval h; similarly the approximations to the third and fourth deriva-
tives are both expressed in terms of w values at points which are distant
from 0 up to but not exceeding two intervals. We say that the extent of
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the approximations to the first and second derivatives is one interval (on
both sides of the point 0) and that the extent of the approximations to the
third and fourth derivatives is, similarly, two intervals. More generally,
the extent of the approximations to the derivatives of orders 2r — 1 and
2r is r intervals.

The magnitude of the extent of the approximation to the highest-order
derivative in an equation is important because it is equal to the number
of fictitious values which the finite-difference approximation to that equa-
tion introduces at both ends of the range. To be able to use the relaxa-
tion method directly requires that we be able to eliminate these fictitious
values from the various residual formulas in which they appear, and that
means that we must have available at each end of the range as many end
conditions as the magnitude of the extent of the approximation corre-
sponding to the order of the equation.

It follows at once that it is not possible to solve any odd-order equation
directly by the relaxation method; for, if the order is 2r — 1, the extent
of the approximation to the derivative of this order is r intervals, and
therefore r end conditions would be wanted at both ends of the range.
This is impossible because an equation of order 2r — 1 cannot be made to
satisfy (in all) 2r end conditions.

1566. Proper Employment of End Conditions

Furthermore, even if the order of the governing differential equation is
even, it can be solved by a direct application of relaxation only if the
problem is of jury type. Suppose the order to be 2r; then the extent of
the approximation to the derivative of this order is r intervals, and there-
fore, of the 2r end conditions which are available, r are wanted at each
end of the range.

Altogether we have now seen that a dircct application of relaxation
methods can be made to solve an ordinary differential equation only if the
problem is of jury type (and the equation necessarily of even order); in
the notation of Section 154 this is the case when m = p. We have now
to consider how we can solve an equation for any casc whenm > p. The
method to be described will be termed an indirect application of relaxation,
because the required solution will be found, not as a direct solution of the
given equation, but instead as a solution to some other equation which we
have yet to show how to formulate.

When m (> p) conditions are postulated at one end of the range of
integration, it is useless to attempt to associate them with the given equa-
tion of order n (= m + p), or indeed with any equation of order other
than 2m; for only when the order is 2m can the postulation of m conditions
at one end of the range be reconciled with the problem having been
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reformulated in jury form and therefore being soluble by relaxation. We
say that m conditions at onc end of a range are being properly employed
only in conjunction with an equation of order 2m; by themselves they
would be insufficient if associated with an equation of order greater than
2m (even an equation of order 2m -+ 1 would require m + 1 conditions at
each end of the range) ; and we say that m conditions at one end of a range
are being improperly employed in conjunction with an equation of order
less than 2m (for then the number of conditions left to be available at the
other end would be insufficient).

167. Transformation of a Marching into a Jury Problem

We see, therefore, that, when m > p, in order to solve an equation of
order n (= m + p), we must transform it into a new equation of order
2m. 'The transformation must thus increase the order of the original
given equation by 2m — n, 1.e., by m — p. This can be done by a change
of the dependent variable w by a substitution for it in terms of a new
dependent variable »; clearly the function of » which is substituted for w
must be a differential function of order m — p.  We make no attempt to
lay down any other rules according to which the substitution for w in
terms of » should be chosen. In all cases there will be several possible
substitutions which would suffice, and a compromise must be made, first,
to choose the substitution itself as simply as possible, and second, to make
the transformed equation as simple as possible and as suitable as we can
for solution by relaxation.

The given end conditions are also, of course, transformed into terms of
v, so that, after the substitutions for w have been effected, we find our-
selves with a differential equation of order 2m to solve for v, together with
m end conditions at one end of the range and p (< m) conditions at the
other end. T'o be able to find » uniquely requires the existence of m — p
extra conditions at this other end; these extra conditions can be arbitrarily
chosen provided that they do not conflict with one another or with any
of the original p conditions which have to be satisfied at that end of the
range, and provided also that they cannot be expressed in terms of w or
of w derivatives (so that they cannot be interpreted as implying any
restriction on w or w derivatives). Normally the extra conditions consist
of assigned values to v and the first (m — p — 1) v derivatives.

The determination of the new variable » becomes a straightforward jury
problem for solution by relaxation, and when » has been determined, it can
be substituted back into the relation of transformation between w and v,
and so w can be found immediately.

Some examples will now be given to illustrate the methods of this
chapter.
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168. A Worked Example

As a first example we take a simple equation of the type (1), for which
the exact solution can be readily obtained, i.e.,

d*w .

gz = 0%, 3)

to be solved over the range 0 < z < 4 with end conditions given that

Atz =0,
dw
= = = )
w=0 and e 0. (4)
This is a marching problem in the strict sense; the governing equation (3)
is of order 2 (= n), and the end conditions are stated 2 (= m) at one end
of the range and 0 (= p) at the other end. We need thercfore to trans-
form the equation into one of order 4 (= 2m) by a substitution for w in
terms of a new variable v; for this example a substitution which is both
simple and sufficient is

In terms of v the governing equation (3) becomes
d*

‘w = Gxi (6)
and the end conditions (4) transform to be that
Atz =0,
d* d% -
= 0 and pri 0. 7)

Two extra end conditions have to be chosen at the other end of the range;
we take them as simply as possible to be that

Atz = 4,
dv

v=20 and p 0. (8)
These conditions (8) clearly do not conflict with one another or with any
other conditions holding at + = 4, nor do they imply any restriction on w
or wderivatives. It may be mentioned that any other valid choice of the
conditions (8) merely adds to the solution for v a quantity of the form
A + Bz, where A and B are some constants, and does not, therefore,
make any difference after double differentiation to find w from equation

(5).
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The transformed problem is to satisfy equation (6) subject to the end
conditions (7) and (8); it is a jury problem and presents no difficulty to a
relaxational attack. The solution for v, at points of subdivision which
divide the range into eight intervals each of length h = 14, is given in
Figure 117; the values shown in this figure include a multiplying factor of
16. The determination of the values of w follows immediately by sub-
stitution into the finite-difference approximation to (5):

wo = 4(v1 + v3 — 2vy),

and the result is shown in Figure 118. This solution may be compared

3269" 2766| 2263| 1763| 1275| 817' 419| 126| o“
I ]

z=0 z=4
Ficure 117

o" ol oal 3.o| 7.5| 15.o| 26.2| 41.8I 63.0!
I

xr=0 x=4

FIGuRrg 118

with the exact answer, which is w = x3; the w values in Figure 118 are
nowhere in error by as much as 2 per cent.

169. A First-order Equation

As a second example in one dimension, we consider the first-order
equation
dw
—=w+ 9
- : )
to be solved over the range 0 < x < 1, with the end condition to be
satisfied that

Atz =0,
w = 1. (10)

In order that it may be properly employed, this condition should be
associated with a second-order equation, and we need, therefore, to make
a suitable substitution for w in terms of a new dependent variable v. In
this case an appropriate substitution is

w=% 1, (11)

T dx
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After the transformation (11) has been made, the governing equation (9)
becomes

d%

a-;;»z—-v—:v=0, ) (12)
and the end condition (10) is that
Atz =0,
% +v=1 (13)

When this condition is used in conjunction with equation (12), it is
properly employed; but to be able to solve (12) uniquely requires that we
choose one extra end condition to hold at z = 1. This extra condition is
most simply taken to be that

Atz = ],
v = 0. (14)

If the interval between successive points of subdivision is of length &,
the finite-difference approximation to (12) leads to the residual formula

Fo= v+ vz — (24 hH)ve — h%, (15)
and the end conditions yield that
Atz =0,
Uy — V3 = 2h(] d Uo),
Atz =1, (16)

1)0=O.

At x = 0, v; is a fictitious value, and it must be eliminated from the
residual expression (15) by mecans of the first of (16). The result is that,
at the special point x = 0, the residual formula is

Fo =20, — (2 — 2h + k2o, — 2h.

At the other end point of the range, = 1, we do not need to definc a
residual because the second of (16) gives the value of v there.

—36.450" —31,987] —27,834' —23,939| —20,253| -16,730| -13,324| —9991| —6688| —3372| 40!!
fl '
2=0 x=1

Ficure 119

There is no difficulty in finding the relaxational solution for v, and it is
given in Figure 119 at points of subdivision for which A = 0.1 and with
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the inclusion of a multiplying factor of 104. The values of w can then be
computed from the finite-difference approximation to the relation (11):

wy = 5y — v3) + vo.

Figure 120 shows these w values, which may be compared with the values

1.241| 1.397| 1.579| 1.792[ 2.037| 2319 2.641 3.oo7| 3.422“
1

1.000“ 1.109
i

=0 x=1
Fraure 120

obtained from the exact solution, w = 2¢* — z — 1; they nowhere differ
by as much as 14 per cent.

160. The Heat-conduction Equation

The ideas and methods of this chapter, which have been explained and
illustrated in one dimension, can now be extended without difficulty to be
applied to some partial differential equations in two dimensions.  One
most important example, for which the methods are needed, is provided
by the heat-conduction equation

a0 a%0

o~ “ox (I7)

in which 6, a function of time ¢ and distance z, measures the temperature
in a lincar flow of heat;  is the diffusivity of the medium.

i

9

——
1

11 3 0

4
Ficure 121

Two difficulties present themselves if an attempt is made to solve (17)
directly by relaxation. A rectangular® net would be used to cover the
region of integration, and Figure 121 shows a typical group of seven nodal

* A rectangular net is not really a new type of relaxation net; with appropriately
chosen scales in the coordinate directions it could be converted into a square net.
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points on such a net; the mesh lengths in the x and ¢ directions are denoted,
respectively, by h and H. The finite-difference approximation to (17)
leads in the usual way to the definition of a residual at a typical node 0:

h2
FoE 01+03—200—§'—‘-ﬁ(02— 04) (18)

If we conveniently choose the mesh lengths so that h? = 2«H, then the
relaxation pattern which is derived from the formula (18) is that shown
in Figure 122.
The first difficulty is apparent in this pattern; it enables the residuals
to be easily moved from node to node
@ along mesh lines in the x direction, but it
may also be noticed that an increment A6
at any node makes no change at all to the
. total of the residuals on the mesh line
)\ O through that node in the z dircction.
S 1) Thus the pattern of Figure 122 does not
allow residuals to be easily moved from
one node to another in the ¢ direction.
d) This difficulty would not in itself be insur-
-1

mountable, and we mention it here only
because we shall have later an incidental
opportunity of removing it.

The second difficulty is much more fundamental: it is that the govern-
ing equation (17) is of an odd (z.e., the first) order in the ¢ derivative, so
that whatever boundary conditions are given, they cannot be properly
employed, and thercfore a direct relaxational solution is impossible. Any
problem which is governed by equation (17) must be of marching type in
the ¢ direction, and in order to be able to solve it by relaxation methods,
we must transform (17) into a new equation of order 2 in the ¢ derivative
by means of a substitution for 6 in terms of a new variable ¢. We choose
this substitution so far as possible to make the transformed equation both
simple and convenient for the application of relaxation; the obvious sub-
stitution to use is

Fiaure 122

_06 :
0 = -a—t K 5"‘12? (1.))

which transforms (17) into the new governing equation

’¢ L0 _
o — Ko =0, (20)

The finite-difference approximation to this equation, holding at a typical
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node 0 of a rectangular net of sides h and H in the z and ¢ directions, is
h4
4¢1 + 4¢3 — 6o — ¢9 — 11 + 2H? (2 + b0 — 2¢0) = 0. (21)

The relaxation pattern which is derived from this approximation does
not suffer from the disadvantage which we pointed out in connection
with the pattern of Figure 122. Indeed, by a suitable choice of the mesh

Fraurk 123

length H we can make the pattern which follows from (21) such that the
effect of an increment A¢ at any node of the net is to move the residual
away from that node equally in all four directions; to do this requires that
we choose
h2

= e 22

VA (22)
and then (21) leads to residuals being defined by the formula

Fo=4¢ + 4¢3+ 2¢2 + 2¢1 — 10¢0 — ¢9 — 11,

and the corresponding pattern is shown in Figure 123.

H

161. Choice of Extra Boundary Conditions

In any particular problem certain extra boundary conditions will have
to be chosen in order that a solution for ¢ may be obtained. Before any
attempt is made to lay down these extra conditions, it is usually helpful to
transform the original conditions of the problem, known initially in terms
of 6, into terms of the new variable ¢. It has also been found very helpful
in practice to display these transformed conditions diagrammatically ; we
can illustrate how this may be done by considering the following example:
To determine the temperature in a medium which extends from z = 0 to
x = L; which is initially at zero temperature throughout; where the end
x = 01is kept at zero temperature, but where, at time ¢ = 0, the other end
2 = L is raised to and subsequently maintained at a temperature of 100.
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In terms of # the boundary conditions implied in this statement of the
problem are that

6§ =0o0onz =0,

6§ =100o0onz =L,

6 =0ont=0.
Expressed in terms of ¢ by means of the relation (19), these conditions
become that

8¢+ H—Oonx—o
Qg-&-x?—f—lOOoux—L,
¢+ 6¢ =0ont=0.

These conditions are exhibited in Figure 124, each adjacent to that part
of the boundary where it has to be satisfied. Figure 124 also indicates

f=1——n -
d _2 3 . P
‘é*’ Y ot Kz =100
0= 28, ¢ i
ot +K6z2 =0
z=0 x=L

Frcure 124

the area over which the solution for ¢ is to be found; 7' measures the
extent in time for which the solution is required.

Now because the ¢-governing equation (20) is of order 2 in the ¢ deriva-
tives and of order 4 in the z derivatives, the elimination of fictitious values
round the boundary of the rectangular region of integration shown in
Figure 124 makes necessary the existence of one boundary condition on
cach of the sidest = 0 and ¢ = T and two boundary conditions on each of
the sides z = 0 and « = L. We have to choose one extra boundary
condition, therefore, on each of the three sides¢ = T, z = 0, and 2 = L.
These extra conditions are chosen as simply as possible to be that

¢ =0onz =0,
¢=0o0nz =1L,

¢
i =0ont=T,
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as illustrated in Figure 125. It may well be asked why the extra condi-
tion on ¢ = T has to be chosen to be d¢/dt = 0 and is not, even more sim-
ply, ¢ = 0. The answer to this is that, if ¢ were zero along ¢ = T, then,
in particular, 82¢/dz? would vanish at the point # = L, ¢ = T'; but also,
since ¢ is zero along x = L, there- o6

fore d¢/dt vanishes at that point. ,_, 3 =0

Hence choosing ¢ to be zero along

both ¢ = T and x = L would make
(0¢/0t) + k(0%¢/dx?) vanish at the
point = L, ¢ = T, and this would #=0 $=0
conflict with the original condition

that (0¢/0t) + k(d2¢/dx?) has the

value 100 along z = L. This ex-

ample provides a useful illustration ,_ 0
of the care thatisnecessary in choos-
ing the extra end conditions; it is I
worth repeating the statcment made
in Section 157 that the extra condi-
tions can be arbitrarily chosen provided that they do not conflict with one
another or with any of the original conditions of the problem, and provided
also that they do nmot tmply any restriction on the original dependent vari-
able or its dcrivatives.

z=0 z=l,
Fircure 125

2y

t=T—
@=0 ?=0
¥é_ ¢
Mz—o ke =100
=0T ¢ ”a% H
YRR Y el
z=0 z=L

Ficure 126

It should be noticed that some of the conditions shown in Figure 124
simplify because the conditions of Figure 125 are additionally imposed.
The complete set of conditions are shown together in Figure 126, and it
can be seen at once that they are of a kind whose satisfaction does not
lead to any computational difficulty.
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162. Nondimensional Variables

In discussing the example of Section 161 we made no mention of any
transformation of the variables into nondimensional terms. As usual,
however, the actual computation should be concerned with nondimen-
sional quantitics, and in the case of the heat-conduction equation, the
transformation is perhaps best left until after the governing equation
and boundary conditions have been expressed in finite-difference terms;
they can then all be expressed nondimensionally in terms of a variable
x = k¢/h%.  Thus in the example of Section 161 the only condition
which is affected by any dimensional considerations is the original one
on z = L that «(d2¢/0x?) = 100; in its finite-difference approximation
this condition is

hi, (¢1 + és — 20) = 100,

but in terms of the nondimensional variable x, it becomes simply

X1+ xs — 2x0 = 100.

The calculations are carried through strictly in terms of x rather than
¢; and, when x has been found numerically by relaxation, 8 can then be
obtained immediately, because the finite-difference approximation to (19)
shows that

6o = hiﬁ (1 + ¢35 — 2¢0) + %EIA?",

which, by virtue of (22) and the relation x = x¢/h?, may be written as

2 T X4,

6o = x1+ x3 — 2x0 + X 2 (23)

It would appear from (23) that values of the temperature can be found
with no reference to the values of either L or «. The solution is, of
course, not independent of these quantities, but their values serve only to
fix the time interval of the rectangular net at the nodes of which we find 6.
This interval is given by (22); when n mesh lengths are used in the
z direction, it follows from (22) that the interval in the time direction is
L?/n% /2, and therefore that, if N intervals are used in this direction,
the total time range covered by the solution is 7' = NL?/n /2.

No arithmetical results are quoted here because the new ideas that have
been described with reference to the heat-conduction equation are pri-
marily concerned with the formulation of the computational problem
rather than with its accomplishment.
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PROBLEMS
1. Solve the equation

d2

o= W@,

over the range 0 < = < 8, and subject to the end conditions that

Atz = 0,

when W is given numerically as a function of z in the table:

T 0 1 2 3 4 5 6 7 8

w 10 15 22 31 34 30 17 7 0

2. Solve the equation

d?w dw
e

dx? dx?
over the range 0 < x < 10, and subject to the end conditions that

Atz = 0,
w=%)=0,

At z = 10,

(Use an interval of length A = 1.)

3. Solve the problem which has been formulated in Sections 161 and 162, tak-
ing the number of mesh lengths in the z direction to be n = 6 and the number of
intervals in the ¢ direction to be N = 9.

(The values eventually obtained for the temperature § may be checked by
comparison with the solution worked by Allen and Severn.*)

* Quoted in Quart. J. Mech. and App. Math., 4, 209-222 (1951).



CHAPTER 16
THREE-DIMENSIONAL RELAXATION

163. Introduction

So far as the solution of partial differential equations is concerned, we
have in previous chapters been engaged in extending the scope of the
relaxation method to deal with more and more advanced equations in two
dimensions. In this last chapter we describe a different kind of extension
of the method, to bring within its scope the solution of partial differential
cquations in three dimensions. Naturally the first equation to be tackled
in three dimensions is Laplace’s equation, and, in fact, in this chapter only
that equation and the slightly more general Poisson’s equation are dis-
cussed. Many of the statements and equations required in this extension
of the relaxation method are counterparts of similar results which were
proved in two dimensions in Chapter 5; it is not necessary to prove them
again or to elaborate on their significance. Such results will, therefore,
merely be stated in three-dimensional form, and we shall describe in
detail only those aspects of the method which are peculiar to three
dimensions.

164. Poisson’s Equation
In three dimensions, Poisson’s equation is

*w 32w 9w
4 9 + 9

W 61/2 622 + W(.’lf,y,Z) = Oy (1)

where z, y, and z are orthogonal cartesian coordinates. 'The relaxation
method determines numerical values of the wanted quantity w, satisfying
(1), at the joints of a uniform cubical lattice which extends throughout the
volume of integration of the equation; W is a function of z, y, and 2 which
is known in the sense that a numerical value can be assigned to it at all
the joints of the lattice. The cubical lattice in three dimensions is the
counterpart of the square net in two dimensions; this nomenclature is
particularly convenient because it allows us to understand that three
dimensions are under consideration whenever we use the term ““lattice,”
and, similarly, use of the term ‘“‘net’’ implies that we are working in only
two dimensions.

Figure 127 represents a typical joint O of a lattice with the six (sur-

232
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rounding) adjacent joints denoted by 1, 2, 3, 4, I, and IT as shown. The
mesh distance between neighboring joints is taken, as in two dimensions,

Yy

}

12

11
3 0 1 v
!
z 3
4
Ficure 127 Ficure 128

to be h, so that the finite-difference approximation to equation (1) leads
to the definition of a typical residual at the joint O:

Fo = w; + wa + w3 + ws + wr + wyy — 6wo + A*W. (2)

From this formula we can at once derive a corresponding threc-dimen-
sional relaxation pattern; it is given in Figure 128,

166. Isometric Projection of a Three-dimensional Lattice

The major difficulty, which for some time prevented most attempts at
three-dimensional relaxation from being successful, was that involved in

Fraurn 129

finding a satisfactory technique of recording on paper a calculation which
in reality should take place on a three-dimensional lattice. It has often
been suggested that the computation must be recorded on a number of
superposed sheets, but that would be so unsatisfactory in practice as to
make the method virtually useless. An alternative way of recording the
relaxational computations is on an isometric projection of the lattice, and
Figure 129 illustrates such a (typical) projected lattice drawn throughout
the volume of a cube. The mesh length is one-quarter of the edge of the
cube, and in Figure 129 27 internal joints can be counted. From each of
these joints, six lattice lines radiate in the axial directions, and it can be
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seen that the diagram allows at each joint two columns of values to be
written down, one consisting of increments Aw and the other of successive
values of the residual. It is necessary in drawing the lattice to allow only
one set of plane sections to overlap one another (in Figure 129 it is the xy
sections which overlap while the yz and zx sections do not); to achicve
this and at the same time to compress the diagram into as small a space as
possible necessitates considerable relative distortion of the mesh lengths
in the three axial directions. It is only this ‘“isometric’”’ projection of the
lattice which enables the work to be carried out on a single sheet of paper.

The three dimensions of the regions shown in Figure 129 arc apparent
in spite of the distortion already mentioned; this distortion is in no way
troublesome because, in the actual computations made on it, the lattice
should be thought of not in three dimensions but instecad as a two-
dimensional network with nodes at all points marked with dots; all other
(unmarked) points where strings cross are not regarded as nodes of the
net. This view of the actual working diagram greatly facilitates the
liquidation;in particular, a block operation can be applied for any chosen
group of nodes, and its effects on the residuals immediately recorded by
the usual and simple two-dimensional technique of “counting strings.”

166. Temperature Distribution in a Cube

A first numerical example concerns the steady temperature distribution
inside a uniform cube when one face

1000 1000 L
1000 1000 is maintained at a constant tempera-
ture (say 1,000) and the other five
0 362 436]  faces are kept at zero temperature.
0 304 362 - . .
0 0 The cquation governing the tem-
0 128 1671 perature w throughou.L the cube is
0 . 98 . 128 Laplace’s, so that residuals are de-
fined by the formula (2) with W put
0 40 55 , o ]
o 55 ) equal to zero, i.c., by
0 0
o o Fo=w 4+ ws + ws + ws +
0 0 wy + wyr — Gw,.

We may take Figure 129 to repre-
sent the cube;if the length of its side
is L, then the comparatively coarse lattice in Figure 129 is the one for
which h = L/4. The six faces of the cube may be taken to be the planes
%, y, 2 = 0 or L, and we will supposc that the face y = L is the one on
which w is maintained at 1,000.

There is obvious symmetry in both the planesz = L/2 and z = L/2, so
that only one-quarter of the whole cube need actually be used in the work-
ing diagram. The process of liquidation on a three-dimensional lattice is,

Ficurg 130
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of course, at first rather more complicated than it is on a two-dimensional
net, but with a little experience it soon becomes no more laborious, and
the solution for the temperature distribution in the cube is easily obtained.
It is shown in Figure 130, on the coarse lattice for which h = L/4. Ttis
left as an exercise for the reader to find the solution on the finer lattice
for which h = L/8.

167. Irregular Stars

In general, the bounding surface of the volume of integration may be
curved, and then some of the strings 2
of the lattice radiating from joints
just inside the boundary would be cut
short by it. Figure 131 illustrates
such an irregular star, where the 3 0 B 1
string 01 is cut short by the boundary
at the point B, and the point 1 is now
fictitious. A special formula for the
residual at the joint 0 may be found
which is similar to the corresponding formula for an irregular star in two
dimensions. If the short arm 0B is a fraction £ of the full mesh length A,
then

Fraure 131

_ 2 2 2
Fy = wy + ws + wr + wn + ]*—_F‘é ws + g(*l _{_’5 Wp — (‘1 + E) Wo.

168. Electric Potential Distribution in a Quadrant Electrometer

Our second example is given primarily to show the appearance of a
— three-dimensional lattice which in-
cludes a larger number of joints.
The problem is to dctermine the
electric potential distribution inside
a quadrant clectrometer whose di-
mensions are shown in Figure 132.
The region of integrationis bounded
externally by a short, closed, circu-
lar cylinder divided axially into four
quadrants, and internally by a plane
(i) (i)  vane, parallel to and midway be-
tween the ends of the cylindrical
[ -—-—H—- ](iii) box; the shape of this vane is shown
in plan view in Figure 132 (i), and
its position along the axis of the
box is shown in the elevations, Figures 132 (ii) and (iii).

Ficure 132



236 RELAXATION METHODS

In the region between the vane and the box, the electric potential V
satisfies Laplace’s equation. The boundary conditions given are that the
potential is maintained at prescribed values on the vane and on each pair
of opposite quadrants; we take these values to be

On the vane,

V = 200,
On one pair of quadrants,

V = —4,
On the other pair of quadrants,

V = 4.

Because the thickness of the box is small compared with the diameter of
its cross section, a smaller mesh length (h/4) is best used in the direction
parallel to its axis compared with the length (h) in the two perpendicular
directions; this circumstance implies a modified residual formula

Fo=Vi+ Vet Vot Vit 16V + 16V — 36V,

and a correspondingly modified relaxation pattern. The solution is
shown in Figure 133, which records values of V at the joints of a lattice in
which there are four of the smaller mesh lengths in the half thickness of
the box, and eight of the larger mesh lengths in the radius; conditions of
symmetry make it suflicient to give results over only one-quarter of the
whole volume.

PROBLEMS

1. Tind the solution to the problem deseribed in Section 166 on the finer lattice
for which h = L/8.

(The values obtained may be checked by comparison with those given by Allen
and Dennis.*)

2. A hemisphere is of radius 4 units being bounded by the curved surface
2?2 4+ y2 4 22 = 16 (2 > 0) and the planc z = 0. Find values of a function w
which satisfies Laplace’s equation throughout the volume of the hemisphere and
which is given to vanish on the curved surface and to be equal to (16 — 2% — y?)
(16 — = — y) on the planc. Usc a cubical lattice of mesh length A = 1.

* Quart. J. Math. and App. Mech., 4, 199-208 (1951).



APPENDIX I

THE NORMALIZATION OF ALGEBRAIC EQUATIONS

A set of linear algebraic equations is said to be in a normalized form if
the matrix of the coefficients of the unknowns z, ¥, 2, etc., in those equa-
tions is symmetrical about its leading diagonal. A simple process of
normalization can be applied to any set of equations which is not in a
normalized form, in order to replace them by an equivalent set which is
normalized. Suppose the set of equations is given to be

flxey,e, .. ) =0 r=12,...,N),

where f, is a rational lincar function of z, y, 2, etc., and consider the

function
U = =f2

U is clearly a rational quadratic function of the variables x, y, 2, ete.,
which attains a minimum value of zero when those variables have values
which satisfy the set of equations f, = 0. But the conditions for U, as a
function of x, y, 2, ete., to take a minimum value are

aU _aU _ aU _

ar ~ ay oz - =0,

and whatever quadratic expression U may be, the set of equations derived
in this way must necessarily be in a normalized form (a fact which
strictly depends on the equivalence of pairs of operations like 82/dz dy and
9%2/3y 8x). Hence thegiven set of equations arereplaced by an equivalent
normalized set.
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APPENDIX II
STANDARD CASES OF BEAM DEFLECTION

$a / 1 * &p /T *

A B —3

l

yw W

When AB is a member (of a framework), of length L and flexural
rigidity EI, which is subjected to applied transverse loads, the relaxation
method of solution of the frame problem (Chapter 3) requires as a pre-
liminary the transference of such loads to act at the joints of the frame.
We list here the contributions to the actions at the ends A and B of a
typical member by this transference, for several standard cases of support,
when the load is either uniformly distributed of intensity w along the
whole length of the beam or concentrated of magnitude W at the point
z = a. z is a measure of position along the length of the beam from an
origin at its left-hand end A, and the actions at A and B consist of trans-
verse forces V4 and V' and torques ®, and &, as illustrated in the above
diagram. The deflection y(x) of the beam, which accompanies this
transference of load, is also given.

Case 1. A Clamped, B Free; Distributed Load of Intensity w

Vai= —wl, Vs = 0.
L2
wx*  wLx® wL?x?
Bly=%9¢ - +t7a

Case 2. A Clamped, B Free; Concentrated Load W at x = a
VA = —W, VB = 0.

‘I’A = —Wa, ¢B = O.

<

Ely=—F— ——/ (z
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Case 3. A Pinned, B Pinned; Distributed Load of Intensity w

L L
Va= =% Va= -
‘p,{ = 0, QB =

wr!  wlx® | wlix
Bly="r T3 7o

Case 4. A Pinned, B Pinned; Concentrated Load W at z = a

I —
V= — %I_") V= — Ezf,ﬂ
A = 0, (IJB = 0.
2 _ _ _ 3
Ery = e g_}& —a)r _ _WLLWJ a)z @ < a),
_ Wax®  Waa* | Wa(2L* + a®)z  Wa?
“er T2 T o~ ~ ¢ =29

Case 5. A Clamped, B Clamped; Distributed Load of Intensity w

_wlL , _ _ wl
VA — 2 R4 I’ B — ?'
wlL wl.
‘I)A = — ‘1—2—) (I)B = 1—2
Ely = wla®  wlLe* | wat

24 12 7 24
Case 6. A Clamped, B Clamped; Concentrated Load W at x = a
W(L — a)*(. + 2a) Wa*(3L — 2a)
— , - 7% -

VA= VB:

L3 L3
- 3, = Wl =)
Biy = @Eﬂ; a)z* WL — a():]gJ + 2a)a? @ < a),
_ Wa‘2(3[(;1_;; _2_(;)‘;_v_"‘ _ Waﬁ(zél]ﬁ_ a)x? + W;*m _ I’_I’(')qf‘ @ > a).

Case 7. A Clamped, B Pinned; Distributed Load of Intensity w

Swl. 3wl
Va= =2 Vi = - 2
2
q)A=_y}8£’ (pB:O.
pd =4 3 202
Ely = wrt .)wL{_ _wL x?

24 48 16
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Case 8. A Clamped, B Pinned; Concentrated Load W at x = a

Va = W(L — a)(2L? + 2La — a?) Ve = Wa*(3L — a)
4T 213 ’ B = = Py :
B, = — Wa(L —2¢2)2(2L — a), ®, = 0.
Ely = Wa(L — Z)L(22L —a)x* WL -— a)(21]'j221-; 2La — a?)x3 e <a)

_ Wa’@BL — a)x*  Wa*(3L — a)x? + Wa%xc Wa?
- 1203 412 2 6



APPENDIX III

USEFUL FINITE-DIFFERENCE APPROXIMATIONS

10
6 2 5
11 3 0 1 9
7 4 8
12

In terms of the w values at the nodes of a square net (as indicated in the
diagram), the following finite-difference approximations to low-order
derivatives are frequently needed and have been collected together here
for ease of reference:

First Derivalives

(9_' . w1 — W3
ox 0 - 2h ’
ow) _ wi— w,
9y Jo 2h

Second Derivatives

*wY _ wi + wy — 2wy
axt o h? ’
62w _ 22 + ws — 2w0
W )o h? ’
Swi1 — 4w
(Viw)o = =5
o*w _ ws — We + W7 — Ws
ar dy)e 4h?
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Third Derivatives

3w _ wy — 2w; + 2wz — win

axd Jo 2h3

3w _ Wi — 2ws + 2w, — w2

3y® Jo 2h3

Fourth Derivatives

d'w) _ 6w — 4w, — 4w; + wy + wnr
ozt ), h* ’
9w _ 6wy — dqw, — 4wy + Wio + W2
Ayt Jo ht ’
(de)o — 20'“)0 —_ SE’wl ’;t‘ 22’[[)() + Ewg’

( 3w 4wy — 23wy + Zws
az% ay?)o hA



APPENDIX IV
ORTHOGONAL PROPERTIES OF NORMAL MODES

In Chapter 11 we quoted and made use of a certain “orthogonal
property’’:
B(w,w.) = 0,
of a pair of normal modes of solution, w, and w,, to the set of equations (1)

of Section 107. The proof of this property follows from the fact that,
since w;, is a mode satisfying that set of equations, we have

(all - b11p12)xr + (alz - bl2p7‘2)yr —I— (a13 — bl3pr2)zr + [ — 0
(@12 — biep, )z, + (@2 — beop-D)yr + (@23 — bosp D2z, + ¢+ + + = 0,
(@13 — bisp:?)xr + (azs — baspD)y, + (ass — bsspNz, + - -+ =0

......................................

where p,? is the corresponding eigenvalue. Multiplying the above equa-
tions, respectively, by the components z., y., 2, etc., of w, and adding, we
get

A(wr,w,) = p.’B(w.,w,), (1)

where A (w,,w,) is defined like B(w,,w,) and denotes the function

AT Ty + QA22YrY s + Qy32,R + D + al2(xryn + xayr)
+ ais(zxs + 252,) + as3(yYr2s + Ye2r) + ¢ ¢ -

Now both A (w,w,) and B(w,,w,) are symmetrical functions of the two
modes, so that from (1) it follows also that
A(wy,w,) = ps2B(w,,w,), (2)
and hence, from (1) and (2) together,
(P2 — p®) B(wr,w,) = 0.
Thus, since in general p,? # p,2, we find the orthogonal property
B(w,w,) = 0.

Various orthogonal properties can also be proved for the modal solu-
tions to the differential equations discussed in Chapter 12. Thus the
modes of vibration of a uniform stretched string satisfy equation (8) of
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Section 119, so that, if w, and w, are two such modes,

2
‘fi;‘;' + Mw, =0,
d*w, ®)
_J:},'z + Aw, O,

where )\, and \, are the corresponding eigenvalues. Multiplying equa-
tions (3) respectively by w, and w, and subtracting, we get

v, A,
dx? ¢ dx?

4)

(xr - )\,)w,'w, = W,

If (4) is now integrated over the length of the string (0 <z < 1), we
find that

1 1 1
d*w, d*w,
()\, b X.) 0 WLW, dr = -/(; w, d:l?i dx .[) Wy EF dx
e= | w fl;l:l)‘“ l — ' d_,l.vf (,iw“ dx
"dzx o o dxr dr

dw, |' Y dw, dw,
- [w, _(1“5]0 +/; dr dz L

because both w, and w, vanish at each end of the range of integration.
Since N\, # \,, we thus find the orthogonal property

=0,

j;l w,w, dx = 0.

For the case of a nonuniform string, the differential equation governing
the modes is (38) of Section 130, and the same method then shows the
orthogonal property to be

ﬁ)l pw,w, dr = 0.

In two dimensions, the equation governing the normal modes of vibra-
tion of a uniform stretched membrane is (17) of Section 123, and now we
have, instead of (4),

N — Nww, = w, V2w, — w, V2w,

Integration over the area of the membrane yields

A=) / ] ww, dx dy = 95(10 ng — w, aa_u:,) ds, (5)

by Green’s theorem, where the contour integral is taken round the
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boundary of the membrane in an anticlockwise direction and where »
denotes the normal direction (drawn outward) across this boundary at
any point of it. Since both w, and w, vanish round the boundary, we
have at once the orthogonal property

f fwaws dx dy = 0.

For the buckling deflection of a uniform strut, the governing differential
equation is (23) of Section 125, so that

dw, d*w,
& TN 0
d*w, d*w,

dnt T Mg =0

Hence
1 1
d*wy d*w, B d*w, d*w,
A (*’"’“W M )‘“"fo (“"dz wd)dx
= | w d"'wg Cw d“wr_ B ! _dm d3w, _ dwf {l_@, de
LT da? “dat o Jo \dr dz*  dr dr®
= e e |T [ d dw, _ dw, d_uk" )
Y T At |y T [ de de? T dz da? ’
after two integrations by parts. Now, at a fixed end of a strut, w, and w,

both satisfy w = dw/dx = 0, so that the right-hand side of (6) is seen to
vanish. The left-hand side of (6) can also be integrated (once) by parts

to yield
dw, dw,
— M) f dx de

so that we have the orthogonal property

U dw, dw, dr
1) (l.’l) d

Last, in Chapter 12, the mode of vibration of a uniform beam was given
to be governed by equation (30) of Section 127, so that

‘1 1
dw, d*w,
A — Ay) /0 w,w, dx —ﬁ (w’W Wy — P )dz =0,

as for the case of the strut, whether the ends of the beam are clamped
(w = dw/dx = 0) or pinned (w = d*w/dx? = 0) or free (d*w/dz* =
d*w/dx® = 0). Hence in this case the orthogonal property is found to be

ﬁ.l w,w, de = 0
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The remaining problems which were discussed in Chapter 12 are all
governed by one or another of the differential equations with which we
have already dealt in this Appendix. Thus the whirling deflections of a
uniform rotating shaft satisfy the same equation as the modes of vibration
of a uniform beam, and the modes of electromagnetic oscillation in a
wave guide are governed by the same equation as the modes of vibration
of a uniform stretched membrane. In all these problems, therefore,
correspondingly similar orthogonal propertics can be quoted. It may
be noticed that, in the case of H waves in a wave guide, the proof of the
orthogonal property depends on the fact that the right-hand side of (5)
vanishes when both dw,/d» and dw,/dv (instead of w, and w,) are zero
round the boundary.
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Accuracy, arithmetical, 7-9

Adjoint equations, 86-89

Adjoint functions, 87-89

Advance to finer net, 61, 151

Airy’s stress function, 107-109

Algebraic equations, linear, 1-23, 42,
152-166

normalization of, 237

Analogue, membrane, to Poisson’s equa-
tion, 74-79, 200-202

Analogy, string-net, 76-85, 200202

Approximate patterns, 69, 94-95, 101,
175

Approximations, finite-difference  (see
Finite-difference approximations)

Arithmetical accuracy, 7-9

Availability of end conditions in jury and
marching problems, 218-219

Axially symmetric irrotational flow, 212

Axially symmetric solids of revolution,
cavities in, 195-198

stressing of, 134-144

boundary conditions for, 135-140
relaxation patterns for, 141
stress components in, 134
stress functions for, 134-135

Axis of symmetry, conditions on, 90n., 140

Basic rule of relaxation, 4-6, 13, 44
Basic unit operations, 3-5, 43, 127
improvement of, in eigenvalue prob-
lems, 162-163
Beam-deflection equation, 39-53, 219
end conditions for, 40, 43, 44
Beams, standard results for deformation
of, 32-35, 238-240
vibration of, 179-181
Bending of flat plates (see Flat plates,
bending or flexure of)
Biharmonic equation, 105-124, 148-151
block patterns for, 115-117
boundary conditions for, 112113
conditions on curved boundary for,
118-120
relaxation patterns for, 111-112, 148-
151
residual formula for, 111, 148-151

Block operations, 45-48, 63—65
unit, 15-16
Block patterns, unit, 45-46, 59-61, 115-
117
Block relaxation, 15-17, 28, 46-49
Blocking, inward, 63-65
outward, 47-48
Body forees, 123-124, 132--133
Boundaries, curved, 65-69, 102-104, 118-
120
internal, 186-198
unknown, 203-212
Boundary conditions, 56-57, 88, 112-113
for axially symmetric solids of revolu-
tion, 135-140
for flat plates in flexure, 105-106
on free surfaces, 205-206, 210-211
at infinity, 98-100
mixed, 133
normal-gradient, 7485, 88
Circular shaft, nonuniform, torsional
stresses in, 97-100
Computation, errors in, 7-9
Concentrated loads in biharmonic prob-
lems, 122-123
Concentration of loading on strings of
net, 78-81, 83-84
Constraints, 26-28
Convergence of relaxation process, 21-22,
27
Criteria  for complete
residuals, 48-49
Jurved boundaries, 65—69, 102-104, 118 -
120
sylinder, hollow, torsion of, 186—190
uniform, torsion of, 61-65
Cylindrical coordinates, Laplace’s equa-
tion in, 86, 89-91

liquidation of

Deformation of beams, standard results
for, 32-35, 238-240
Diagrams, relaxation, 43-45, 57-59, 127
Differential equations, nonelliptic, 218-230
ordinary, 39-53, 218-225
partial, 54-55
simultaneous, 125-144

253
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Displacements of joints of framework,
24-28
Divergent equations, 21-23

Edge conditions for flat plates, in exten-
sion, 108-109, 126
in flexure, 105-106
Effectiveness of rclaxation patterns, 112
Eigenvalue problems, governed by alge-
braic equations, 152-166
governed by differential cquations,
167-184
intensification method for, 158-163,
167-168, 178-179
Rayleigh method for, 154-158, 172-176
Eigenvalues, calculation of, 168, 171
Electric network problems, 38
Electromagnetic vibrations in wave guide,
182-183
End conditions, availability of, 218-219
for beam-deflection equation, 40, 43,
44, 52-53, 219
proper employment of, 220-221
slope, 52-53
Equations, biharmonic (see Biharmonic
equation)
differential (see Differential equations)
divergent, 21--23
heat-conduction, 225-230
Laplace’s (see Laplace’s equation)
linear algebraic, 1-23, 42, 152-166
normalization of, 237
Poisson’s (see Poisson’s equation)
quasi-planc-potential, 86-104
Errors in computation, 7-9
Extension of flat plates (see Flat plates,
extension or stretching of)
Extent of finite-difference approxima-
tions, 219-220
Extrapolation formula to estimate exact
solution, 51

Factors, multiplying, 19-20, 22-23, 117-
118
Fictitious points, 62, 66, 78-79
Fictitious values, 52, 66, 96-97, 103104,
113, 119, 136-138, 180-181, 220
uniqueness of, 104, 120
Finer net, advance to, 61, 151
Finite-difference approximations, 40-42,
55-56, 67, 110-111, 119, 126-127,
145-146, 171, 177, 207, 241-242
extent of, 219-220
Finite-difference inaccuracies, 50-52, 111,
147

RELAXATION METHODS

Flat plates, bending or flexure of, 105-
107, 113-115, 126
boundary conditions in, 105-106
mixed, 133
concentrated loads in, 122-123
edge conditions in, 105-106
stress actions in, 106-107
extension or stretching of, 107-109,
120-122, 125-126, 129-132
body forces in, 123-124, 132-133
concentrated loads in, 122-123
cdge conditions in, 108-109, 126
with holes, 190-195
mixed boundary conditions in, 133
stress components in, 107-108
stress function for, 107-109
temperature stresses in, 123, 132-133
Flexure of flat plates (see Flat plates,
bending or flexure of)
Flow, irrotational (see Irrotational flow)
Fluid pressure in percolating flow, 205-
206
Forces, residual, 27-30, 77
unbalanced, 26-27
Frames, three-dimensional, pin-jointed,
31
stiff-jointed, 37
two-dimensional, pin-jointed, 2431
operations table for, 28-29
stiff-jointed, 31-37
operations table for, 33-34
Framework problems, 24-38
Free surfaces, 203-212
boundary conditions on, 205-206, 210~
211
Fundamental method of relaxation, 4-6,
13

Graded nets, 69-71
Group operation, 18
Group relaxation, 17-19

Half-tension strings, 80-81
Heat-conduction equation, 225-230
Hole relaxation, 188-190

Hole residuals, 189-190, 195, 197
Holes, 186-198

Inaccuracies, finite-difference, 50-52

Incomplete tore, torsional stresses in,
91-97

Infinity, boundary conditions at, 98-
100

Intensification method, 158-163, 167-
168, 178-179
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Interfaces, internal, refraction at, 198-202
rectilinear, 198-200
unknown, 212-217
Intermediate net, 69-71
Internal boundaries, 186-198
Irregular stars, 65, 67, 68, 102-104, 235
Irrotational flow, axially symmetric, 212
two-dimensional, 209-211
boundary conditions on free stream-
line in, 210-211
determination of free streamlines in,
211
Isometric projection of a lattice, 233-234

Joints of framework, displacements of,
24-28
Jury problems, 218-223
availability of end conditions in, 218-
219
transformation of marching problems
into, 221

Laplace’s equation, 54-72
block patterns for, 59-61
boundary conditions for, 5657
conditions on curved boundary for,
65-69
in cylindrical coordinates, 86, 89-91
membrane analogue to, 74-79
normal gradient boundary conditions
for, 74-85
in three dimensions, 232-236
Lattice, relaxation, 232-234
isometric projection of, 233-234
Liquidation of residuals, 6, 44-45, 154
criteria for complete, 48-49
Loads, preliminary transference of, 25n.,
34-35, 80-81

Marching problems, 218-223, 226
availability of end conditions in, 218~
219
transformation into jury problems, 221
Margin of uncertainty, 27-28
Mechanical interpretation of relaxation
process, 26-28
Membrane, stretched, vibration of, 173-
176
Membrane analogue to Poisson’s equa-
tion, 74-79, 200-202
interpretation of normal gradient
boundary condition in terms of,
77-78, 83
Mistakes, arithmetical, 7-9
Mixed boundary conditions, 133

Modes, normal (see Normal modes)

Moment-distribution method, 36-37

Multiplying factors, 19-20, 22-23, 117-
118

Nidai roof, 213-217
Net, 54-56
advance to finer, 61
graded, 69-71
intermediate, 69-71
rclaxation, 54-56
triangular, 145-151
Nondimensionalization, 62-63, 93, 109,
230
Nonelliptic differential cquations, 218-2:30
Normal modes, 152-153, 167-168
expansion in, 158, 167-168
orthogonal property of, 163-166, 243--
246
Normal-gradient boundary conditions,
74-85, 88
in terms of membrane analogue, inter-
pretation of, 77-78, 83
Normalization of linear algebraic equa-
tions, 237

Opcration, basic unit, 3—5, 43, 127
improvement of, in ecigenvalue prob-
lems, 162-163
block, 45-48, 63-65
unit, 15-16
group, 18
Operations table, 3-4, 15-16
for framework, 28-29, 33-34
Ordinary differential equations, 39-53,
218-225
nature of relaxational solution to, 40
Origins of relaxation methods, 24, 28
Orthogonal property of normal modes,
163-166, 243-246
Overrelaxation, 13-15, 112

Partial differential equations, nature of
relaxational solution to, 54-55
Patterns, approximate, 69, 94-95, 101,
175
continually varying, 100-102
point, 46, 47
relaxation (see Relaxation patterns)
unit block, 45-46, 59-61, 115-117
Percolation through porous material,
204-209
determination of free surfaces in, 206—
209
fluid pressure in, 205-206
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Pin-jointed frames, three-dimensional, 31
two-dimensional, 24-31
operations table for, 28-29
Plastic torsion, 212-217
Plates, flat (see Flat plates)
Point pattern, 46, 47
Point relaxation, 46-49, 56
Poisson’s equation, 54-72, 146-148
block patterns for, 59-61
boundary conditions for, 56-57
conditions on curved boundary for,
65-69
membrane analogue to,
200-202
normal gradient boundary condition
for, 74-85
in three dimensions, 232-236
Porous material (see Percolation through
porous material)
Practical aspects of relaxation technique,
49-50, 59
Preliminary transference of loads, 25n.,
34-35, 80-81
Pressure, fluid, in percolating flow, 205—
206
Projection, isometric, of lattice, 233-234

74-79, 83,

Quasi-plane-potential equation, 86-104
conditions on curved boundaries for,
102-104

Rayleigh method, 154-158, 172-176
defects of, 157-158

Rayleigh quotient, 154, 168, 171, 177 -
178, 180, 184

Rayleigh’s principle, 153-154

Rectilincar interfaces, 198-200

Refraction at internal interface, 198-202

Relaxation, basic rule of, 4-6, 13, 44

method, fundamental, 4-6, 13
origins of, 24, 28
technique, practical aspects of, 49-50,
59

Relaxation diagrams, 43-45, 57-59, 127

Relaxation lattice, 232--234

Relaxation net (sce Net)

Relaxation patterns, 42-48, 53, 56, 68-69,
71, 72, 90-91, 94, 111-112, 127-128,
141, 147-151, 178, 200, 227, 232

effectiveness of, 112

Relaxation tables, 5-6, 18, 27

Relaxational solution, to ordinary differ-
ential equations, 40

to partial differential equations, 54-55

Residual forces, 27-30, 77

RELAXATION METHODS

Residuals, 2-6, 42, 56, 67, 70, 72, 81-82,
85, 89, 90, 92-93, 111, 113, 128, 135,
147, 174, 177, 179, 199, 202, 227, 232

alternative formulas for, 148-151
hole, 189-190, 195, 197
liquidation of, 6, 44-45, 154
complete, 48-49
Roof, Nddai, 213-217
Rule of relaxation, basic, 4-6, 13, 44

Seepage (see Percolation through porous
materials)
Selvage points, 119-120, 122
uniqueness of values at, 120
Shafts, whirling of, 180-181
Significant figures in solutions, 10
Simultancous differential equations, 125--
144
Slope end conditions, 52-53
Soap-film method, 74-75
Solids of revolution, axially symmetrie
(see Axially symmetric solids of
revolution)
Stars, irregular, 65, 67, 68, 102-104, 235
Stiff-jointed frames, three-dimensional,
37
two-dimensional, 31-37
operations table for, 33-34
Streamlines, free, 203-212
boundary conditions on, 205-206, 210~
211
Stress actions in flexure or bending of
flat plates, 106-107
Stress  components, in  extension or
stretching of flat plates, 107-108
in torsion of incomplete tore, 91-92
calculation of, 95-97
in torsion of nonuniform circular shaft,
97-98
Stress function, for extension or stretch-
ing of flat plates, 107-109
torsion, 62-65
for torsion of incomplete tore, 92
for torsion of nonuniform circular
shaft, 97-100
Streteched membrane, vibration of, 173-
176
Stretehing of flat plates (see Flat plates,
extension or stretehing of)
String-net analogy, 76-85, 200--202
Strings, half-tension, 81-82
of net, concentration of loading on,
78-81, 83-84
of relaxation net, 55
vibration of stretched, 168-171
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Strut, buckling of, 176-179
Surfaces, frec, 203-212
boundary conditions on, 205-206, 210-
211
Symmetry, axis of, conditions on, 90n.,
140
Symmetry conditions, 72

Table, operations, 3 -4, 15—-16
for framework, 28-29, 33-34
relaxation, 5-6, 18, 27
Temperature stresses, 123, 132-133
Three-dimensional relaxation, 232-236
Tore, incomplete, torsional stresses in,
91-97
Torsion, of hollow eylinder, 186 190
plastic, 212-217
stress-function, 62-65, 186—188
of uniform cylinder, 61-65
Torsional stresses, in incomplete tore,
91-97
in nonuniform circular shaft, 97-100
Transference of loads, preliminary, 25n.,
34--35, 80-81
Transformation, of heat-conduction equa-
tion, 226
of marching problems into jury prob-
lems, 221

Triangular nets, 145-151
Two-diagram technique, 127
Two-variable technique, 127-129

Unbalanced forces, 26-27
Uncertainty, margin of, 27-28
Underrelaxation, 140-142

Unit block operator, 15-16

Unit block patterns, 45-46

Unit operation, hasie, 3-5, 43, 127
Unknown boundaries, 203 -212
Unknown interfaces, 212-217

Values, {ictitious (see Fictitious values)
Varying patterns, 100-102
Vibrations, clectromagnetic, in
guide, 182-183

free, 152-153

of stretched membrane, 173-176

of stretched string, 168--171

of uniform beam, 179-181

wave

Wave guide, clectromagnetic vibrations
in, 182183
Whirling of shafts, 181-182

Zero, 6
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