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INTRODUCTION.

IN this Essay the motion of a fluid in which there are circular
vortex rings is discussed. It is divided into four parts, Part I
contains a discussion of the vibrations which a single vortex
ring executes when it is slightly disturbed from its circular form.
Part IL is an investigation of the action upon cach other of two
vortex rings which move so as never to approach closer than by a
large multiple of the diameter of either; at the end of this section
the effect of a sphere on a circular vortex ring passing near it is
found. Part III contains an investigation of the motion of two
circular vortex rings linked through each other; the conditions
necessary for the existence of such a system are discussed and the
time of vibration of the system investigated. It also contains an
investigation of the motion of three, four, five, or siX vortices
arranged in the most symmetrical way, .. so that any plane per-
pendicular to their directions cuts their axes in points forming the
angular points of a regular polygon ; and it is proved that if there
are more than six vortices arranged in this way the steady motion
is unstable. Part IV. contains some applications of the preceding
results to the vortex atom theory of gascs, and a sketch of a vortex
atom theory of chemical action.

When we have a mass of fluid under the action of no forces,
the conditions that must be satisfied are, firstly, that the ex-
pressions for the components of the velocity are such as to satisfy
the equation of continuity; secondly, that there should be no
discontinuity in the pressure; and, thirdly, that if F(z, y, z,¢)=0
be the equation to any surface which always consists of the same
fluid particles, such as the surface of a solid immersed in a Hluid or
the surface of a vortex ring, then

dF dF  dF dF _ 0

dt Tz T @“”&z‘ ’
where the differential coefficients are partial, and u, v, w are the
velocity components of the fluid at the point z, y, 2. As we use in
the following work the expressions given by Helmholtz for the
velocity components at any point of a mass of fluid in which there
is vortex motion; and as we have only to deal with vortex motion
which is distributed throughout a volume and not spread over a
surface, there will be no discontinuity in the velocity, and so no
discontinuity in the pressure; so that the third is the only con-
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dition we have explicitly to consider. Thus our method is very
simple. We substitute in the equation

dF+ dF dF dF_ 0

I PR T P
the values of u, v, w given by the Helmholtz equations, and we
get differential equations sufficient to solve any of the above
problems.

We begin by proving some general expressions for the momen-
tum, moment of momentum, and kinetic energy of a mass of fluid
in which there is vortex motion. In equation (9) §7 we get the
following expression for the kinetic energy of a mass of fluid in
which the vortex motion is distributed in circular vortex rings,

=3 {231’— (fgd? +g%? *‘h%?)}"i'%l’ff(u’-i-v’—!-w’) pds,

where T is the kinetic energy; J the momentum of a single
vortex ring; ‘P, T, N the components of this momentum along
the axes of z, ¥, z respectively ; V the velocity of the vortex ring;
£, 9, k the coordinates of its centre; p the perpendicular from the
origin on the tangent plane to the surface containing the fluid;
and p the density of the fluid. When the distance between the
rings is large compared with the diameters of the rings, we prove
in § 56 that the terms
dB, dQ  ,dR
PN [ i P
“(f @9 )

for any two rings may be expressed in the following forms:

dS
— 3 —
2mmpa’r ar’

! 2.,/8
mmmwpa @
or ————;f——— (3 cos@ cos & — cose),

where r is the distance between the centres of the rings; m and
m’ the strengths of the rings, and @ and o' their radii; S the
velocity due to one vortex ring perpendicular to the planc of the
other; e is the angle between their directions of motion; and 6,
¢ the angles their directions of motion make with the line joining
their centres.

These equations are, I believe, new, and they have an important
application in the explanation of Boyle's law (see § 56).

We then go on to consider the vibrations of a single vortex
ring disturbed slightly from its circular form ; this is necessary for
the succeeding investigations, and it possesses much intrinsic
interest. The method used is to calculate by the expressions given
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by Helmholtz the distribution of velocity due to a vortex ring whose
central line of vortex core is represented by the equations

p=a+2 (a,cosnyr+ B,sinny),
=3 +3 (v, cos ny + &, sin ny),

where p, 7, and 4 are semi-polar coordinates, the normal to the
mean plane of the central line of the vortex ring through its
centre being taken as the axis of z and where the quantities a,,
B,, 7. S, are small compared with a. The transverse section of
the vortex ring is small compared with its aperture. We make
usc of the fact that the velocity produced by any distribution of
vortices is proportional to the magnetic force produced by electric
currents coinciding in position with the vortex lines, and such that
the strength of the current is proportional to the strength of the
vortex at every point. If currents of electricity flow round an
anchor ring, whose transverse scction is small compared with
its aperture, the magnetic effects of the currents are the same as if
all the currents were collected into one flowing along the circular
axis of the anchor ring (Maxwell's Electricity and Mggnetism, 2nd
ed. vol. 11. § 683). Hence the action of a vortex ring of this shape
will be the same as one of equal strength condensed at the central
line of the vortex corc. To calculate the values of the velocity
components by Helmholtz’s expressions we have to evaluate

"fosn@.d@

. Y(g=cos0)’ when ¢ is very nearly unity, This integral occurs
in the Planetary Theory in the oxpansion of the Disturbing
Function, and various expressions have been found for it; the
case, however, when ¢ is nearly unity is not important in that
theory, and no expressions have been given which converge quickly
in this case. It was thereforc necessary to investigate some
expressions for this integral which would converge quickly in this
case ; the result of this investigation is given in equation 25, viz.

1 (* cosnf.dd
9 16 (g +1 1
=“:7F(§-n,§+n, 1, - $) {log -q({’f_ 1")"4(1“”*"'“'27»—1)}

+ R - F+HE - D0 -D g
+ K00~ D) (=) (0 = ) gy et
+ K, (=1 =9) ... ('~} @m—1)) (7}!5-,;:+ }
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and g=1+z; F( ) denotes as

1
where K, =1+}+...5——5,

usual the hyper-geometrical series.

In equations 10—18 the expressions for the components of the
velocity due to the disturbed vortex at any point in the fluid are
given, the expressions going up to and including the squares of
the small quantities a,, B,, 7, 8,; from these equations, and the
condition that if F (z, ¥, 2, t) =0 be the equation to the surface of
a vortex ring, then

dF | dF __dF, dF_

—(—ﬁ+u dx +v@+wd;—0,
we get
d mry, 64a® .
dgt'—‘ =-1 ';TZ, n' { log .—ef‘— —4f(n) - 1}...(equatlon 37),

where m is the strength of the vortex, e the radius of the transverse

. 1
section, and f(r) =1+f+...5— y:

d3 m 8a .
7= o ( log — -1 ) ..(equation 41),

© e
this is the velocity of translation, and this value of it agrees very
approximately with the one found by Sir William Thomson :

2
L S T {log B 4p (- 1} . (equation 42).
We sec from this expression that the different parts of the
vortex ring move forward with slightly different velocities, and
that the velocity of any portion of it is Va/p, where V'is the undis-
turbed velocity of the ring, and p the radius of curvature of the
central line of vortex core at the point under consideration; we
might have anticipated this result.

These equations lead to the equation

d'a,

T a® (n* — 1) L'a, = 0: (equation 44),

4ma’

3
where L="2, {log-ﬁ-gl- —4f (n) - 1} ‘e
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Thus we see that the ring executes vibrations in the period

2w .
W=D}

thus the circular vortex ring, whose transverse section is small
compared with its aperture, i1s stable for all displacements of its
central line of vortex core. Sir William Thomson has proved that
it is stable for all small alterations in the shape of its transverse
section ; hence we conclude that it is stable for all small displace-
ments, A limiting case of the circular vortex ring is the straight
columnar vortex column; we find what our expressions for the
times of vibration reduce to in this limiting case, and find that they
agree very approximately with those found by Sir William Thomson,
who has investigated the vibrations of a straight columnar vortex.
We thus get a confirmation of the accuracy of the work.

In Part II. we find the action upon each other of two vortex
rings which move so as never to approach closer than by a large
multiple of the diameter of either. The method used is as follows:
let the equations to one of the vortices be

p=a+ 3 (a, cos mjr + B, sin nr),
z=3+ 2 (y,cosny + & sinny) ;

then, if 3 be the velocity along the radius, w the velocity perpen-
dicular to the plane of the vortex, we have

da, as, .
R =3 (dt cos nr + it smn\[r),

w= :ilg +3 (%:" cos nyr + %8; sin n\{r) ;

and, equating coefficients of cos nyr in the expression for R, we
see that da, /dt equals the coefficients of cos nyr in that expression.
Hence we expand # and w in the form

Acosyr+ Bsinyr+ A'cos 2y + B'sin 24 + ...

and express the coefficients 4, B, A', B’ in terms of the time;
and thus get differential equations for a,, B,, ., 8,. The calcu-
lation of these coefficients is a laborious process and occupies
pp. 38—46. The following is the result of the investigation: If
two vortex rings (L) and (IL) pass each other, the vortex (I.)
moving with the velocity p, the vortex (IL) with the velocity g,
their directions of motion making an angle e with each other ; and if
c is the shortest distance between the centres of the vortex rings,

@ the shortest distance between the paths of the vortices, m and
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m' the strengths of the vortices (I.) and (II.) respectively, a, b
their radii, and % their relative velocity ; then if the equation to the
Flane of the vortex ring (IL.), after the vortices have separated so
ar that they cease to influence each other, be

z=g§+q cosY+&siny+..,

where the axis of z is the normal to the undisturbed plane of
vortex (IL.), we have

2 2
o = ?Z“Zrb sin’e. pg (g — p cos &) (c* — @) (1 _ %) : (equation 69),

, 2ma’b q sin? e 4q° .
&=-" —B;]g, — pq (l - 3;-.,> ........................ (equation 71),

and the radius of the ring is increased by

2 2 2
ln%.kb‘l)j sin® e/ (¢* — @) (1 - ‘—"5‘;‘-) . (equation 74),

where 4/ (¢" — @) is positive or negative according as the vortex (IL.)
does or does not intersect the shortest distance between the paths
of the centres of the vortices before the vortex (L.).

The effects of the collision may be divided in three parts:
firstly, the effect upon the radii of the vortex rings; secondly,
the deflection of their paths in a plane perpendicular to the plane
containing parallels to the original directions of motion of the
vortices ; and, thirdly, the deflection of their paths in the plane
parallel to the original dircctions of motion of both the vortex
rings.

“Let us first consider the effect upon the radii. Letq=ccos ¢,
thus ¢ is the angle which the line joining the centres of the vortex
rings when they are nearest together makes with the shortest
distance between the paths of the centres of the vortex rings; ¢ is
positive for the vortex ring which first intersects the shortest
distance betwcen the paths negative for the other ring.

The radius of the vortex ring (IL) is diminished by
b o . .
G P sin’ esin 3¢.

Thus the radius of the ring is diminished or increased accord-
ing as sin 3¢ is positive or negative. Now ¢ is positive for one
vortex ring negative for the other, thus sin 3¢ is positive for one
vortex ring negative for the other, so that if the radius of one
vortex ting is increased by the collision the radius of the other
will be diminished. When ¢ is less than 60° the vortex ring which
first passes through the shortest distance between the paths of the
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centres of the rings diminishes in radius and the other one increases.
When ¢ is greater than 60° the vortex ring which first passes
through the shortest distance between the paths increases in radius
and the other one diminishes. When the paths of the centres of
the vortex rings intersect ¢ is 90° so that the vortex ring which
first passes through the shortest distance, which in this case is the
point of intersection of the paths, is the one which increases in
radius. When ¢ is zero or the vortex rings intersect the shortest
distance simultaneously there is no change in the radius of either
vortex ring, and this is also the case when ¢ is 60°.

Let us now consider the bending of the path of the centre of
one of the vortex rings perpendicular to the planc which passes
through the centre of the other ring and is parallel to the original
paths of both the vortex rings.

We see by equation (71) that the path of the centre of the
vortex ring (I1L.) is bent towards this plane through an angle »

2
ma . ‘
% o P2 sin® e cos 3¢,

this does not change sign with ¢ and, whichever vortex first passes
through the shortest distance, the deflection is given by the rule
that the path of a vortex ring is bent towards or from the plane
through the centre of the other vortex and parallel to the original
directions of both vortices according as cos3¢ is positive or negative,
so that if ¢ is less than 30° the path of the vortex is bent towards,
and if ¢ be greater than 30°, from this plane. It follows from this
expression that if we have a large quantity of vortex rings uniformly
distributed they will on the whole repel a vortex ring passing by
them.

Let us now consider the bending of the paths of the vortices
in the plane parallel to the original paths of both vortex rings.
Equation (69) shews that the path of the vortex ring (IL) is bent
in this plane through an angle

2
— 2;:;;’ sin? € sin 3¢ pg (@ — p cos €)

towards the direction of motion of the other vortex. Thus the
direction of motion of one vortex is bent from or towards the
direction of motion of the other according as sin 3¢ (¢ — pcose) is
positive or negative. Comparing this result with the result for
the change in the radius, we see that if the velocity of a vortex
ring (JI.) be greater than the velocity of the other vortex (I.)
resolved along the direction of motion of (IL), then the path of
each vortex will be bent towards the direction of motion of the
other when its radius is increased and away from the direction of
motion of the other when its radius is diminished, while if the
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velocity of the vortex be less than the velocity of the other resolved
along it8 direction of motion, the direction of motion will be bent
from the direction of the other when its radius is increased and
vice versd. The rules for finding the alteration in the radius were
given before.

Equation (75) shews that the effect of the collison is the same
as if an impulse

_Pg3.y
wpc’k’
parallel to the resultant of velocities p —¢g cose, and g—pcose

along the paths of vortices (II.) and (I.) respectively and an
impulse

sin’ e sin 3¢,

_pg3.3
k

in2
S Sin’ € cos 39,

parallel to the shortest distance between the original paths of the
vortex rings, were given to one of the vortices and equal and
Oﬁ)posite impulses to the other; here J and 3’ are the momenta of
the vortices.

We then go on to investigate the other effects of the collision.
We find that the collision changes the shapes of the vortices as
well as their sizesand directions of motion. If the two vortices are
equal and their paths intersect, equations (78) and (79) shew that,
after collision, their central lines of vortex core are represented by
the equations

4.4 2 - nclk .
p=a— "_7}77'7;@ f/—— £ 7 sin (2¢r +nt +¢),

4 /
z=3+—~8k, ----- /k)acos(2\]/~+nt+e),

where 27r/n is the free period of elliptic vibration of the circular
axis. These are the equations to twisted ellipses, whose ellipticities
are continually changing ; thus the collision sets the vortex ring
vibrating about its circular form.,

We then go on to consider the changes in size, shape, and
direction of motion, which a circular vortex ring suffers when
placed in a mass of fluid in which there is a distribution of velocity

given by a velocity potential Q2. We prove that if (—;% denotes
differentiation along the direction of motion of the vortex ring,

t, m, n the direction cosines of this direction of motion, and a the
radius of the ring,
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da__, &0
a="
dl cQ 40

— = — — )
dt dh*  dxdh }(eqllation 80).
d):n _ arQ aQ

@ =" dE T dydh
dn _ d’Q &*Q
dt = " di¥ " dzdh

The first of these equations shews that the radius of a
vortex ring placed in a mass of fluid will increase or decrease
according as the velocity at the centre of the ring along the
straight axis decreases or increases as we travel along a stream
line through the centre. We apply these equations to the case of
a circular vortex ring moving past a fixed sphere, and find the
alteration in the radius and the deflection.

In Part III. we consider vortex rings which are linked through
each other. We shew that if the vortex rings are of equal strengths
and approximately circular they must both lie on the surface of an
anchor ring whose transverse section is small compared with its
aperture, the manner of linking being such that there arc always
portions of the two vortex rings at opposite extremities of a diameter
of the transverse section. The two vortex rings rotate with an
angular velocity 2m/md® round the circular axis of the anchor ring,
whilst this circular axis moves forward with the comparatively slow

Looom 64a® . .
velocity =— log =, , where m is the strength and e the radius of
2ma €

the transverse scction of the vortex ring, @ is the radius of the
circular axis of the anchor ring and d the diameter of its trans-
verse section.

We begin by considering the effect which the proximity of the
two vortex rings has upon the shapes of their cross sections; since
the distance between the rings is large compared with the radii of
their transverse sections and the two rings are always nearly
parallel, the problem is very approximately the same as that of two
parallel straight columnar vortices, and as the mathematical work
18 more simple for this case, this is the one we consider. By means
of a Lemma (§ 33) which enables us to transfer cylindrical har-
monics from one origin to another, we find that the centres of the
transverse sections of the vortex columns describe circles with the
centre of gravity of the two cross sections of the vortex columns as
centre, and that the shapes of their transverse sections keep
changing, being always approximately elliptical and oscillating about,
the circular shape, the ellipticity and time of vibration is given by
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equation (89). We then go on to discuss the transverse vibrations
of the central lines of vortex core of two equal vortex rings linked
together. We find that for each mode of deformation there are
two periods of vibration, a quick one and a slow one.

If the equations to the central line of one of the vortex rings be

p=a+a,cosnyr+ B, sin ny,
z=4 +v,cosny + 8, sinny,

and the equations to the circular axis of the other be of the same
form with o, B/, v, 8/, written for a,, B3,, ¥,, 8,, we prove

a,=A cos (vt + €) — Bcos (ut + ¢€')
a, = A cos (vt + €) + Bcos (ut +¢')

b ]
- @L(Z.ﬁ?_l) Asin (vt +¢) + Bsin (ut +¢) + (equation 96),

2-—
7'=i@’7_1)445in (vt + €) — Bsin (ut +¢')

. 64a®
where v=§;%,«/{n’ (n*-1)} log-(z;i ,
m{2 (2n*—1) d}

i P v

Thus, if the conditions allow of the vortices being arranged in
this way the motion is stable. In § 41 we discuss the condition
necessary for the existence of such an arrangement of vortex rings;
the result is, that if I be the momentum, I' the resultant moment
of momentum, r the number of times the vortices are linked through
each other, and p the density of the fluid, then I, T' are constants
determining the size of the system, and the conditions are that

I = 4mmpa’,
I'= mwprad®.
These equations determine @ and d; from these equations we get
d' 4T (4mmp)?
T L

Now d'/a’ must be small, hence the condition that the rings
should be approximately circular and the motion steady and stable,
is that I' (4marp)}/rI? should be small. 'We then go on to consider the
case of two unequal vortex rings, and in § (43) we arrive at results
similar in character to those we have been describing; the chief
difference is that the system cannot exist unless the moment of
momentum has a certain value which is given in equation (105),
and which only depends on the strengt%ls and volumes of the
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vortices, and the number of times they are linked through each
other.

In the latter half of Part III. we consider the case when n
vortices are twisted round each other in such a way that they all
lie on the surface of an anchor ring and their central lines
of vortex core cut the plane of any transverse scction of the
anchor ring at the angular point of a regular polygon inscribed in
this cross section. We find the times of vibration when n equals
3,4, 5, 0or 6, and prove that the motion is unstable for seven or
more vortices, so that not more than six vortices can be arranged
in this way.

Part IV. contains the application of these results to the vortex
atom theory of gases, and to the theory of chemical combination.






ON THE MOTION OF VORTEX RINGS.

§ 1. THE theory that the properties of bodies may be
explained by supposing matter to be collections of vortex lines in
a perfect fluid filling the universe has made the subject of vortex
motion at present the most interesting and important branch
of Hydrodynamics. This theory, which was first started by Sir
William Thomson, as a consequence of the results obtained by
Helmbholtz in his epoch-making paper * Ucber Integrale der hydro-
dynamischen Gleichungen welche den Wirbelbewegungen ent-
sprechen ” has & priort very strong recommendations 1n its favour.
For the vortex ring obviously possesses many of the qualities
essential to a molecule that has to be the basis of a dynamical
theory of gases. It is indestructible and indivisible ; the strength
of the vortex ring and the volume of liquid composing it remain
for ever unaltered; and if any vortex ring be knotted, or if two
vortex rings be linked together in any way, they will retain for
ever the same kind of be-knottedness or linking. These properties
seem to furnish us with good materials for cxplaining the per-
manent properties of the molecule. Again, the vortex ring, when
free from the influence of other vortices, moves rapidly forward
in a straight line; it can possess, in virtue of its motion
of translation, kinetic energy ; it can also vibrate about its circular
form, and in this way possess internal energy, and thus it affords
us promising materials for explaining the phenomena of heat and
radiation.

This theory cannot be said to explain what matter is, since
it postulates the existence of a fluid possessing inertia; but it
proposes to explain by means of the laws of Hydrodynamics all the
})roperties of bodies as consequences of the motion of this fluid.

t 13 thus evidently of a very much more fundamental character
than any theory hitherto started ; it does not, for example, like the
ordinary kinetic theory of gases, assume that the atoms attract
each other with a force which varies as that power of the distance

T. 1



2 ON THE MOTION OF VORTEX RINGS.

which is most convenient, nor can it hope to explain any property
of bodics by giving the same property to the atom. Since this
theory is the only one that attempts to give any account of the
mechanism of the intermolecular forces, it enables us to form much
the clearest mental representation of what goes on when one atom
influences another. Though the theory is not sufficiently de-
veloped for us to say whether or not it succeeds in explaining
all the propertics of bodies, yet, since it gives to the subject of
vortex motion the greater part of the interest it possesses, I shall
not scruple to examine the consequences according to this theory
of any results I may obtain,

The present essay is divided into four parts: the first part,
which is a necessary preliminary to the others, treats of some
general propositions 1n vortex motion and considers at some length
the theory of the single vortex ring; the second part treats of the
mutual action of two vortex rings which never approach closer
than a large multiple of the diameter of either, it also treats of the
effect of a solid body immersed in the fluid on a vortex ring
passing near it; the third part treats of knotted and linked
vortices; and the fourth part contains a sketch of a vortex theory
of chemical combination, and the application of the results
obtaining in the preceding parts to the vortex ring theory of
gases.

It will be seen that the work is almost entirely kinematical ;
we start with the fact that the vortex ring always consists of the
same particles of fluid (the proof of which, however, requires
dynamical considerations), and we find that the rest of the work is
kinematical. This is further evidence that the vortex theory
of matter is of a much more fundamental character than the
ordinary solid particle theory, since the mutual action of two
vortex rings can be found by kinematical principles, whilst the
“clash of atoms” in the ordinary theory introduces us to forces
which themselves demand a theory to explain them,



PART I

Some General Propositions wn Vortex Motion.

§2. 'WE shall, for convenience of reference, begin by quoting
the formulac we shall require. We shall always denote the com-
ponents of the velocity at the point (2, ¥, 2) of the incompressible
fluid by the letters, u, v, w ; the components of the angular velocity
of molecular rotation will be denoted by &, », &

Velocity.

§3. The elements of vclocity arising from rotations £, ', &
in the element of fluid da'dy’dz’ are given by

bu= oy b (s #) — £ (y— o)} dx'dy'd?

2mrr®

v = §71r;"’ {{(@—a)=E (z=2)}da'dy'ds" }...(1),
1

2mrr®

(& (y—y)—n' (z—2)}) do’dy'dZ

where r is the distance between the points (2, y, 2) and (, ¥/, 2).

dw =

Momentum.

§4. The value of the momentum may be got by the following
considerations: Consider a single closed ring of strength m, the
velocity potential at any point in the irrotationally moving fluid
due to it is — -~

2
ring at that point, thus it is a many-valued function whose cyclic
constant is 2m. If we close the opening of the ring by a barrier,
we shall render the region acyclic. Now we know that the motion
at any instant can be generated by applying an impulsive pressure

1—2

times the solid angle subtended by the vortex
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to the surface of the vortex ring and an impulsive pressure over
the barrier equal per unit of area to p times the cyclic constant, p
being the density of the fluid. Now if the transverse dimensions
of the vortex ring be small in comparison with its aperture, the
impulse over it may be neglected in comparison with that over the
barrier, and thus we see that the motion can be generated by a
normal impulsive pressure over the barrier equal per unit of area
to 2mp.

Resolving the impulse parallel to the axis of z, we get

momentum of the whole fluid system parallel to z = 2mpz
(projection of arca of vortex ring on plane yz),

with similar expressions for the components parallel to the axes of
y and z.

Thus for a single circular vortex ring, if @ be its radius and
N, p, v the direction-cosines of the normal to its plane, the com-
ponents of momentum parallel to the axes of z, y, 2 respectively
are
2mrpma’,
2mpma’u,
2mpma’y.
The momentum may also be investigated analytically in the
following way :

Let P be the x component of the whole momentum of the fluid
which moves irrotationally due to a single vortex ring of strength m,

Let ) be the velocity potential, then
aQ
P—f/fp% dz dy dz.

Integrating with respect to z,
P={fp(2,-Q,) dyds,
where (, and Q, are the values of Q at two points on opposite
sides of the barrier and infinitely close to it. Now the solid angle
subtended by the ring increases by 47 on crossing the boundary,
thus
Q,~Q, =2m;
therefore P =2m [fpdyde,

where the integration is to be taken all over the barrier closing
the vortex ring ; if A, u, » be the direction-cosines of the normal to
this barrier at any point

P =2mp [I\S,
where dS is an element of the barrier.
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Now jfde=1}f(y»; Y as

where ds is an element of the boundary of the barrier, i.e. an
element of the vortex ring, thus

pere )

=p[ff(y¢—zn) dedy dz,

and if we extend the integration over all places where there is
vortex motion, this will be the cxpression for the # component of
the momentum due to any distribution of vortex motion.

Thus, if P, Q, R be the components of the momentum along
x, ¥, z respectively,

P=p[ff(y;—zn)dadyd:z
Q =pﬂf(zf——x§) da;dydz .................. (2)
B=p [[[(en—yE) dxdy d2
Again =p f / dudx dy dz.
But where a force potential V' exists,
du dy
-('l—— 2v C 2w1) ind a
where X =f-;-’ + V+ % (vel)

(Lamb’s Treatise on the Motion of Fluids, p. 241); thercfore

—-_pfﬁ(zv: 2w — —-)ddedz

Since  is single-valued and vanishes at an infinite distance,

fffc—cllﬁdxdydz= 0.

Again, [f(w¢—wn)dzdydz=0
(Lamb’s Treatise, p. 161, equation 31); therefore
dP
=

or P is constant. We may prove in a similar way that both @ and
R are constant; thus the resultant momentum arising from any
distribution of vortices in an unlimited mass of fluid remains
constant both in magnitude and direction.
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Moment of Momentum.

§5. Let L, M, N be the components of the moment of
momentum about the axes of @, y, z respectively; let the other
notation be the same as before ; then for a single vortex ring

L =p [[f(wy — vz)dwdydz

o (%2 )

=p [fly (Q, - Q)dde—z(Q - Q,)dxz dz}
= 2mp [[(zu — yv) dS;
this surface integral is, by Stokes’ theorem, equal to the line
integral
%f(Z’+y’)d—mds
So L=mp[(z®+ J’) et ds

=p [l +y’)fddedZ:
and if we extend the integration over all places where there

is vortex motion, this will be the expression for the z component
of the moment of momentum due to any distribution of vortices.

Thus
L=p [y +2")§dedyds
ﬂ[= pfff(z’ +a)ynpdedydzp coeeeeiniiiinns (3).
N=plfa*+ y’) £ dady ds
Again, f (% W o0 wdydz;
dv
as before, 7 2w - 2uf - _y
dw
EZ-—&M) 205-—- ~'
thus %} =2 [[fly (un — vE) — 2 (wE — uf)} dedydz

+fff(zg§-yfl§)dxdydz.

Since y is a single-valued function, the last term vanishes, and

e (o —ut) dedyda = [[[s f (32~ 32) ~u (33 - )} dwcyds.
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Integrating this by parts, it
= [f(zw'dzdz — zuvdady — zuvdydz + zu’dxdz)

_Hf(zw%’_zv%}—zv%-i—zugz—vw) dedydz.

The surface integrals are taken over a surface at an infinite
distance R from the origin; now we know that at an infinite

distance u, v, w are at most of the order -Rl—,, while the clement of
surface is of the order R, and z is of the order R ; thus the surface
integral is of the orderll at most, and so vanishes when R is in-

2
definitely great.

Integrating by parts, similar considerations will shew that

dw
fffzw a dzdydz =0,

du

so the integral we are considering becomes

fff(zv%%)-{- 2y g: +vw) dadydz;

du dv  dw _

or, since. ot dy +5, =0,
: dv
1t ——f[f(zv (—E/-—vw>dwdydz
= [[fovwdrdydz,
since fffzv v dzdydz=0.
dy

Similarly 2 [[fy (un — v€) dedydz = [[fowdzdydz,

and thus (_fi% = 2p [[[{y (un — vE) — z (wE — ul)} dedydz =0;
thus L is constant. We may prove in a similar way that M and
N are also constant, and thus the resultant moment of momentum
arising from any distribution of vortices in an unlimited mass of
fluid remains constant both in magnitude and direction. When
there are solids in the fluid at a finite distance from the vortices,
then the surface integrals do not nccessarilf' vanish, and the mo-
mentum and moment of momentum are no longer constant.
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Kinetic Energy.

§ 6. The kinetic energy (see Lamb’s Treatise, § 136)
=2p J[[{w (¢ —2n) +v (2§ — &8) +w (en ~ yE)} dwdydz;

this may be written, using the same notation as before,

=2p z[mf{u(ygg—zflg) +v (zgg—wjg)+w<m3‘g—y%)}ds] ,

where 3, means summation for all the vortices.

We shall in subsequent investigations require the expression
for the kinetic energy of a system of circular vortex rings. To
evaluate the integral for the case of a single vortex ring with any
origin O we shall first find its value when the origin is at the centre
C’; then we shall find the additional term intioduced when we
move the origin to a point P on the normal to the plane of the
vortex through (’, and such that PO is parallel to the plane of the
vortex ; and, finally, the term introduced by moving the origin from
P to O.

When the origin is at (", the integral
= 2pm [Vads,

where V is the velocity perpendicular to the plane of the vortex.
If V' be the mecan value of this quantity taken round the ring, the
integral

=4mpm o'V’

When we move the origin from €’ to P, the additional term

introduced
= —2pm [p Nds,

where R is the velocity along the radius vector measured outwards,
and p the perpendicular from O on the plane of the vortex; thus
the integral

=—2mpp :ili (ma’).

When we change the origin from P> to O the additional term
introduced
= 2pm fc cos ¢ Vds,
where ¢ is the projection of OC’ on the plane of the vortex ring, and
¢ the angle between this projection and the radius vector drawn from
the centre of the vortex ring to any point on the circumference.

+ Let us take as our initial line the intersection of the plane of
the vortex-ring with the plane through its centre containing the
normal and a parallel to the axis of 2.
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Let 4 be the angle any radius of the vortex ring makes with
this initial line, @ the angle which the projection of OC' on the
plane of the vortex makes with this initial line ; then

p=¥-a
Let V be expanded in the form
V="V"+Acosy + Bsiny + Ccos 2y + D sin 2y + &e,,
then [cos ¢ Vds =ma (4 cosw + Bsin w).

Since V is not uniform round the vortex ring, the plane of the
vortex ring will not move parallel to itself, but will change its aspect.
We must express A and B in terms of the rates of change of the
direction-cosines of the normal to the plane of the vortex ring.

Let the perpendicular from any point on the vortex ring at the
time ¢ 4 dt on the planc of the ring at the time ¢ be

83+ Sz cos yr + 8B sin

thus the velocity perpendicular to the plane of the vortex
_dy  da ag .
*(—1&4—&’5 cosyr + gi 5o .
Comparing this expression with the former expression for the
velocity, we get
dy da _dB
dt’ B=-

-

Fig.t.

/‘

dB

We must now find gg, v in terms of the rates of change of the

direction-cosines of the normals to the plane of the ring.
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Draw a sphere with its centre at the centre C’ of the vortex
ring. Let 4, B, C be the extremities of axes parallel to the axes
@, y, z. Let I be the pole of the ring determined by e and 8 as
shewn in the figure. Let MN be the ring itself and P any point
on it defined by the angle 4. The displaced position of the plane
of the vortex ring may be got by rotating the plane of the ring
through an angle %B/a about the radius vector M in the plane of
the rning for which 4 =0, and through an angle 8a/a about the

radius vector N for which yr = 7—; . The first rotation leaves 6 un-

changed and diminishes e by &B/asin @; the second rotation
diminishes @ by 8a/a and leaves e unaltered, thus

86=—2,
a

If I, m, n be the direction-cosines of I it is clear that
l=s5in0@cose, m=sin fsine, n=cosf, and

SOl == gcos 0 cose + S—'QSin €,
a a
om=— §—100808ine— §—lgcose,
a a
= Hsino.
a
It follows at once that
da_ a dn B _ (L gin e~ P )
dt ~sin 0 dt’ dt“‘(dzs‘“ dt °%¢)
therefore
. (dncose  (dl . dm .
Acosw+ Bsin w—a{?ﬁ sin @ + (Jtsme_Tlt— cose) sin w} .

Now if X, w, v' be the direction-cosines of the projection
of OC’ on the plane of the vortex ring, and £, g, & the coordinates
of ¢,

A= cos ecosfcosw—sin e sin w,
4= sin ecosfcosw+ cos esin o,

V' =—sin 0 cos w.
It is also easily proved that
A'/ =.£T&I[) ,
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F"=g cmpt
, _h—mp
T ¢
p=Uf+mg+nh.
v (h—np) _Inf+mng—sin’d.h
sind  c¢sind csin 6

’

So cosw=- ,

sin w =p' cose— A sme=§h~0(ﬁl-—)~m)
1
= s W@ —-m;
thus
. a (dn dl  dm) .
Acosw + Bsin w—m{aﬁcosw + (thm—}?{ l) smm} .
This, after substituting for cos @ and sin w the values given

above, p
ar,dn m dl
=~S(ia oG )

Thus
2pmema (A cos w + B sin w) = — 2mrpma’ (fg§+g‘—f$ +4 Z—;—z) .

Thus the kinetic energy of the vortex ring
g
If I be the momentum of the vortex ring, viz. 2mpma®, and

R, Q, R the components of I along the axes of «, y, 2z respectively,
this may be written, since p = If + mg + nh,

=2pm 2ma’ V' — 2mpp (% (ma?) — 2wpma? (fg_i +g dm dn) .

d aQ  ,dR
and thus the kinetic encrgy of any system of circular vortex rings

)

This expression for the kinetic energy is closely analogous
to Clausius’ expression for the virial in the ordinary molecular
theory of gases.

§ 7. 'We have in the preceding investigation supposed that
the bounding surfaces were infinitely distant from the vortices,
so that the surface integrals might be neglected; we shall,
however, require the expression for the kinetic energy when
this is not the case.
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The expression
2p [[[{u (¥~ 2m) + v (£ — 28) + w (21 — y£)} dadydz

becomes, on integrating by parts and retaining the surface in-
tegrals, supposing, however, that the boundaries are fixed so that

lu+mv+nw =0,
if I, m, n are the direction-cosines of the normal to the boundary
surface,
1o [l (8 + o+ ) dodyds
—3pJf (@ + v+ w') (zdy dz + ydazdz + z dzdy),
or if dS be an element of the surface and p the perpendicular
from the origin on the tangent plane
= 30 [[f (4 + 0 + o) dedyds — $p [ (42 + 07 + ) pdS.
But by the preceding investigation it also equals
) dB  dQ  ,dX
by {2117 ~(fgr g+ dt-)}.
Thus 7, the kinetic energy, is given by the equation

T= 2{2117'-( B g G+ il + o+ ) pdS...0).



MOTION OF A SINGLE VORTEX.

§ 8. Having investigated these general theorems we shall go
on to consider the motion of a single approximately circular vortex
ring. We shall suppose that the transverse section of the vortex
core is small compared with the aperture of the ring. We know
that the velocity produced by any distribution of vortices is pro-
portional to the magnetic force produced by electric currents coin-
ciding in position with the vortex lines,and such that the strength
of the current is proportional to the strength of the vortex at
every point. Now if currents of electricity flow round an anchor
ring, whose transverse section is small compared with its aperture,
the magnetic effects of the currents arc the same as if all the
currents were collected into one flowing along the central line of
the anchor ring (Maxwell's Treatise on Electricity and Magnetism,
2nd edition, vol. 11, § 683). Hence the action of a vortex ring of
this shape will be the same as one of equal strength condensed at
the central line of the vortex core.

Let the equation to this central line be

‘ p=a+a,cos nyr + B, sin ny,

2'=} + v, cos nyr + &, sin ny,
when 2/, p, 4 are the cylindrical coordinates of a point on the
central line of the vortex core, the normal of the vortex ring being
taken as the axis of z, the axis of x being the initial line from
which the angle Y~ is measured. a is the mean radius of the central
line of the vortex core, 3 the perpendicular from the origin on the
mean plane of the vortex, and a,, B,, ¥,, 8, quantities which are
very small compared with a. Let i be the strength of the vortex
ring, ¢ the radius of the transverse section of the core. Now, by
equations (1), the velocity components due to a vortex of this
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strength, situated at the central line of the vortex core, are
given by

1(, _ .dy dz) ..
=g ale-0a -v-ngfae

1 Ndz Adx) ,,
;,{(w—x)a?—(z—z)zg,}ds,
_m 1 A dx’ , dy' ,
w—g,;fp{@—y)gy—(ﬁ-w)g;}ds,
where 7 is the distance between the points (z, ¥, 2) and (&, ¥/, 2'),
and the integrals are taken all round the vortex ring.

Now

@' = p cos Y = a cos ¥ + a, cos nyr cos Y + B, sin nyr cos Y,

Y =psinyr =asin Y + a, cosnyr siny + B, sin nyr sin y,
therefore

v
2w

3’; =— @ sin Y — sin Y (a, cos nyr + B, cos nyr)

—ncos vy (a, sinnyr — B, cosny),
g‘:jp = acos vy + cos ¥ (a, cosnyr + B, sin ny),

—n sinyr (a, sinnyr — B, cos nyr),
:Z; = —n(y, sinnyr — 8, cos nyr).

In calculating the values of u, v, w we shall retain small
quantities up to and including those of the order of the squares of
@ Bu ¥ O, Although, for our present purpose, which is to find
the time of oscillation of the vortex about its circular form, we only
rcauire to go to the first powers of a,, &c., yet we go to the higher
order of approximation because, when we come to consider the

question of knotted vortices, we require the terms containing the
squares of these quantities,

If R, ¢, 2 be the cylindrical coordinates of the point z, ¥, 2,
v = o+ B~ 2p Roos (¢ — ) + (s — )"
now when we substitute for p its value it is evident that %, can be

expanded in the form
?. (8) (4, + B,cosnyr + C,sinnyr + D, cos 2nr + E,sin 2n)
x cos 8 (4 — ¢),

where 4, contains terms independent of «,..., B, and C, are of the
first, and D, and E, of the second order in these quantities.
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The part of 4, which is independent of a,... is evidently

1 [ cos s6 df
;rfo (a* + B* + 22 — 2aR cos )’
but we shall investigate the values of all these coefficients later.

Velocity parallel to the axis of =.

§9. In the equation

u—2’” {(z z)d\p (- J)d\!,)d‘l’

the expression to be integrated becomes, when the values for
g 3y A7
Yr %295 ds

magnitude, ¢ being written for z —3,

are substituted and the terms arranged in order of

%a (éa cos Y + ny (y, sin nyfr — &, cos nyr)
£ 3 {0+ 1) 8r,+ (1 —1) ay} cos(n+ 1)
—3{n—=1)t,+(+1)ay}cos(n—1)y
+3{n+1) 8B+ (n—1)ad}sin (n +1) ¢
—3{n=1)¢B,+(n+1)ad,}sin(n—1)y
+n(2,8,—,8,)siny— 4§ (2,7, +8,8,) cos ¥
4 (2, — B, 5, [cos (2n+ 1) +cos (20 —1) ¥
—1(a,8,+7,B,) (sin (2n+ 1) ¢ +sin (2n — 1) Y}).

Let us consider the term — f —Cf—(—:oi‘k

Expanding %, this equals

) " iy acosy 52(6) (4, + B, cosnyr +C, sin nyp
«m/o
+ D, cos 2nyr + E, sin 2n4r) cos 8 (Y — $)}.
Remembering that
2’ .
f cos myr cos nyr dyr = 0 if m does not equal
0

this equals
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m 2w
é—;rfo dyr Lacos Y x

+ ({4,008 (b= $)]
+ i [Bnn cos {"'_ ( n+l)¢} +B.-| cos {‘I’ +( n—l) 4’}]
FRIC,, snlg+(n=1)¢}=C,, sinlp—(n+1)g)]
+ &' [Dnuﬂ cos {‘p - (2n+ 1) 4’} + Dzn -, CO8 {‘q’ + (2n 1) ¢}]
+ 3 By sin (§ (20— 1) ¢} = E,.,, sin [ = 2n+1) ¢])
= }maf[4, cos ¢
+3(B,,, cos(n+1)p+B, cos(n—-1)¢+C,  sin(n-1)¢
+C,yysin (n+1) ¢}
+3{D,,, cos(2n+1)p+ D, _ cos (2n~1)¢p+E,, _ sin(2n—1)¢
+ EZ"+1 SIH (zn+ 1) ¢}]'
Similarly, we may prove that

m [* —nJ (v, sinnyr — 8, cos nyr) dyr

o
=§'mn‘/{A (y,sinngp — 8, cosnd) + Cypy, — B3,
+4(B,,v,— C,.0,)sin2n ¢ —1} (B,n8n+ C,. Y) COS 2n ¢},
and that

4%]:,: 7_13 {(n+1) &, + (n—1) ary,} cos (n + 1) Ydfr

=}min+1) ¢, + 0 =1)ay,}
x {4,, cos(n+1)p+ 4 (B,cosp—C sind+ B, cos (2n+1) ¢

+ C,,,,sin (2n + 1) ¢)},
and that : #)

‘—;%j:";l; {(n=1) &x, 4 (v + 1) ay,} cos (n — 1) yrdyr

=}m{n-1) fz, + (n+1) oy}
x{4,  cos(n—1)¢p+%(B,cosp+ Csing+ B, cos(2n—1)¢

+ C,..,sin (21~ 1) $)},

and that

m (31
4'_”.[ s {n+1) 8B+ (n—1) ad,} sin (n + 1) Ydyr

=}im{(n+1) {8, + (n—1) ad,}
x {4, sin(n4+1)$+4 (B, singp+ C cos¢p+ B, sin(2n+1) ¢
= Cuiy 08 (2. +1) P},
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and
{;—f:'% {m=1)¢B, + (n+ 1) ad,} sin (n — 1) Yydyr

=im{n-1)§B,+ (n+1)ald}
x{d,  sin(n~1)p+4(—B,singp+Ccosp+ B, _ sin(2n—~1)¢
- C,,., cos (2n—1) ¢)}
The integral of the terms involving the products a,, B, ,...
={m[nd, (2.8, — By, sinp — 34, (2,7, + B,35.) cos
— 1 (0~ B8) (A, 08 (20 + 1) ¢ + 4, cos (21— 1) ¢}
~ 1 (38,4 B,7) [y sin 20 +1) ¢+ 4, sin (20— 1) ¢]]

Thus u =terms not containing a, + terms containing a,... to
the first power + terms containing a,... to the second power.

The term not containing 2,
={mbud cos.................. (10).
The terms containing «,... to the first power
=}tm [2ny 4, (v, sin n¢ — &, cos ng)
+{la B + e+ D, +(n—1)ay,] 4,,}cos(n+1) ¢
+{a B, ~Tn=1) 8, +(n+1)ay) A4, Jcos(n—-1)¢
+{taC,, t[(n+1) B, +(n—1)ad ] 4,,}sin(n +1) ¢
+{aC, , —[(n=1)8B,+(n+1)ad )4, }sin(n—1)¢] (11).
The terms containing «,...to the second power
= }m [ny {y. (2C,+ B,, sin 2np — C,, cos 2ng) — 8, (2B,
+ B,, cos2ng + C,, sin 2n¢)}
¥ (= @+ B3) A, +(ta, — av,) B, + (8B, — a8,) C,] cos ¢
+n{2(«8, - By,) 4,4+ (B, +ad,) B, ~ (¢u,+ay,) C]sing
+H{-§ @7 —B8) 4 i [(n+1) f1,+ (n - 1) ay,) B,,,,
~ 40 +1) £B, + (n=1) a8,] C,., + €D} co8 (20 + 1)

+H{- 4y~ B8) A, ~[(n—1) {1, +(n + 1) ay,] B, ,
+4[(n-1)88,+ (n+1)ad)] C,,_, +a{D,, }cos(2n ~1) ¢

+{— 38 +Bm) 4y, +[(n+1) B, + (n—1)as,] B,,,,
+i[(n+1)da, + (n~1) ay,] C,,,, +atk,, }sin(2n+1) ¢

+{~$ (08, +By) Ay — 4 [(n—1) 8B, + (n+ 1) ad] B,
~4((0= 1)+ (1 +1) ay,) Gy, + alB, Jsin2a-1) ¢] (12)
T. 2
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LN b S Y. 4 _dﬁ}
§ 10. V=5 07—,((:0 :c)d—;-b—-(z z)d\kd""

The expression to be integrated becomes on substitution
;, [éa sin yr — nz (7y, sin nyr — 8, cos nr)

-3 {(n+1)88,+ (n—1)ad,} cos (n+ 1) ¥
—3{n=1)¢B,+ (n+ 1) ad,} cos (n — 1) ¢
+${n+ 1)t + (n=1)ay}sin(n+1) ¥
$3{0=1) o+ (0 D) sin (0 —1) 4
+2(B,y,—,8,) cos ¥ — % (2,7, + B,8,) sinyr
~}(a,y,— B,5,) {sin @n+ 1) ¥ —sin (2n = 1) ¥}
—1(@a,8,+ By, [cos @n—1) ¢ —cos (2n+ 1) ¥ }].
The term
‘Z_ jj " 713 ga sin Y dir
=}mafad, sing +} (B, sin(n+1)p—DB,_sin(n—-1)¢
— 0O, cos(n+1)p+C,  cos(n—1)}
+3 (D, sin(@n+1) p— D, sin(2n—1)$ - E,, cos Cn+1) ¢
+ E,_+ cos (2n—1) ¢}].

=1

The term

- 2”;]? 1;: (v, sin nyr — 8, cos nr) dyr
=—} mnz {4, (y,sinng — 8, cosnp) + Cyy, — B3,
+ 3} (B, — C,.9,) sin 2n¢
-5 (B,3, + C,1y,) cos 2ng}.

un

The term
— 1) BB+ (= D) as) [ heos 1)y ay

=-}m{n+1)¢B,+ (—1)ad,}
x {A4,, cos(n+1)p+}(B,cosp—C sing+B,, cos(2n+1)¢
+ Oﬂnﬂ Sin (2”' + 1) ¢)}‘
The term

S =) 88+ (1 Db [ seos (=) ¥ ¥

=—1m{(n-1)86,+ (n+1)ad}
x {4, cos(n=1)p+1% (B,cos¢p + C,sing+ B, _ cos (2n—-1)¢

+ C,,_sin (2n — 1) ¢)}
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The term
m 1 .
o {(n+1)Er, +(n—1) a'y,,}jo asin(n+1) yrdyr
=im{n+1) L+ (0 -1)ay)
x{A,, sin(n+1)p+3 (B sing+C,cosp+B,, sin2n+1)¢
— (. co8 (2n + 1) ¢)]
The térm
0 =1) G+ (14 1) ay,) f% sin (n = 1) ¥ dyp
=im{n—1) 8,4+ n+1)ay,)
x[d, sin(n—=1)¢ +§{- DB sinp+ Ccosp+ B,  sin(2n—-1)¢
= C,,,cos(2n—1)¢}]
The integral of the terms involving the products a,, 8
=}m[n(By,—0a0b,) A, cosp-1}(a,B,+B3)A, sing
-1 (2, —B9,) (A,,,,sin(2Zn+1)p— A, _ sin (2n—1) ¢}
=1 (=28, +B,y) {4, cos(2n—1)p— A, cos(2n+1)¢l]

Thus v = terms not containing «,... + terms containing o,...to
the first power + terms containing «,... to the sccond power.

ne e

The term not containing a,... = §mfed, sind ............... (13).
The terms containing a,... to thé first power
=} m[—2nxd, (v, sinnd — 8, cos ne)
—{ln+1) B, +(n—1)ad ] 4, +all, Jecos(n+1)¢
—{[(n=1)88, +(n+1)ad,] A, , — gl _}Jcos(n—1)¢
+{{(n+1)&a, +(n—= 1) ay] A, +a&B, }sin(n+1)¢
+{{(n=1D&ay+m+1)ay,] A, _, —afB, _}sin(n—1)¢] ...(14).
The terms containing a,...to the sccond power
=im [—nx |y, (2C, + B,,sin 2n¢ — C,, cos 2ng)
=3, (2B, + B, cos 2n¢ + C,, sin 2nep)}
#n{2Bya—a8) A, — (B, +aB) B+ (La, + av,) C) cos
(= @y, + B3 A+ (Gaa— wy,) B, + (88, — ad,) C,]sin ¢
{3 (3,8, + Bin) Ay — 4 [(0+1) 88, + (0= 1)ab) B,
—3[(n+1) &2, +(n—1)ad,] C,,,,—alk,., } cos(2n+1) ¢
+ -3 @8+ Bav) Ay~ (0= 1) 88, + (1 + 1) a8 ] B,
— 3 (v = 1) b1+ (4 1) ay,] oy + alE,, ) cos 2n—1) ¢

22
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+ {— & (7.~ ann) Aznu +3[(n+1) &, + (0 — 1) a'Yy.] anu
“ 300 1) 83, + (0= 1) 8] Oy + atD, sin 20+ 1) $
+ 3 (7= B3) Ay + 3 [0 =D s + (0 + VD ay,] B,
-3 (n-1)EB,+(n+1)ad] C,,_, —atD, _}sin(2n+1) ¢...(15)

, _m ("] N dr! N
s w=gt [“Lly-n T -0l an

The expression to be integrated becomes after substitution
~71_,», [@? — a(y sinyr + cos ) + 2a(z, cosnyr + B, sin nyr)
+3(+1D)(yB, —az,)cos(n+ 1)
+3 (= 1)z, + yB)eos (e = D)y
— B+ 1) (g, +aB) sin (e 4 1)
—y (1=1) (y1 —aB) sin (=) ¥
+ (@, costnyr + 22,8, cos nyr sin nyr + B°, sin® nyr)].
m [t a
:2—:];'/0 'I'a d\P‘
= ima* (24, + B, cosng + C, sinn + 1), cos 2up + F,, sin 2ue).

The term

v Ta
The term — %’7-7 ( ;; (y sinyr + @ cos ) dr
mly .

putting @ = R cos ¢, y = IZsin ¢ becomes

mald [

1
o J, l'x COS (¢ - ‘\I/‘) d\!l‘
=—}maR[24,+ (B, + B, )cosng +(C,,,+C, ) sinnd
+ (D,,,, +D,,_) cos 2nd + (&,,,, + E,, ) sin 2n¢)

2

The term ::f 7a3 (2, cos nyr + B, sin nyr) difr
0

=ma[d, (z,cos np + B, sinnp) + By, + C8,
+3(B,7,—C,B,)cos2np + % (C,2,+ B,B,) sin 2ng]

The term ;:{ (n+1)(y8, - xa,) (m 1, cos (n + 1) Yrdyr
™ Jo 1

= T+ 1) (y8. - 3,)

x {4, co8(n+1)p+3(B cosd—Csing
+B,,, cos(2n +1) ¢+ C,,,,5i0 2n + 1) $)}.
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The term {"ir (n-1) (xx, +yB) f;',% cos (n — 1) ¥dy

= % (n=1) (aq, +8,)

x {4, ,cos(n—1)p+% (B cosd+ C sing
+ B, cosCn—=1)¢+ C,_ sin(2n—1) ¢)}]

2n-1

or
The term — fvlr (n+1)(ys,+ .I'B,,)f )]J sin (0 + 1) Jrdyr
0 -

=_’Z(n+1) (y2, + )

x{d4,,,sm(n+1)¢p+3[B,sing+ C cos¢
+ B, sin(Zn+1)¢—0C,, cos(2n+1) ]}

2u+l

The term — (n=1)(yx, - J'B")j;" -1; sin (= 1) Yrdyr
471' . o !

== (n=1)(yz,~aB,)

x{d,_sin(n—=1)¢+ 1 (= B sind+ (cos¢
+ B, smn(Zn—=1)¢—C,_ cos(In—1)¢)}.
The term containing the sccond powers of a, ...
=tm{(* +8) A, +3 (=B 4, cos 2nd + a,B,.1,, sin 2ng}.

Thus w = terms not involving «, + terms containing a, ... to the
first power + terms containing «,... to the second power.

The terms not involving a,
=l mCAj—ald)...... (16).
The terms involving a,...to the first power become after substi-
tuting for « and y, R cos ¢ and R sin ¢ respectively
im [(&*B, - YaR (D, + B,.,) +2az,d,
+ 3Rz, (n~1)A,_ —(n+1)d,})cos ng
+(@'C, - ‘EaR(Unu + Cn-l) +2a8,4,
+3BB, {(n—1)d, _ —(n+1)d, _}sinng]...... an).
The term involving a_... to the sccond power
=m [a2,B, +aB8,0, - } 2,B,— 1B,C, + § (&, + £°) 4,
+ 3 {R, [(n-1)B,_,~(n+1)B,,]
- RBn [(n -1 an-x —-(n+1) anu] +4a (Bhan - CnB..)
+4a’D,, ~ 2aR (D,,,,+ D,,_ ) + 2(2*, - £,) 4,,} cos 2n¢

M+l
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+ '& {Ran [(n - 1) 01»-1 - (n + 1) C!|+l]
- BB, [(n+1)B,,,—(n-1)B,_]+4¢(C,2,+ B.8,)
+ 4'“"]""1» —2aR (E2n+x + E’A‘n-—l)

+42,8,4,.)8ID20P] Loiiiii (18).

§12. We must now proceed to determine the values of the
(uantities which we have denoted by the symbols 4,, B,, C,, &e.
We have, in fact, to determine the coefficients in the expansion of

1
* o'+ R+ ¢~ 2Rpcos (0 — $)}Y

or, as it is generally written for symmctry,eof
1

{14 a* —2acos (0 — ¢)}3 ’

in the form

A+ A cos (0 =) +.. A, cosn (- ) +....

This problem also occurs in the Planetary Theory in the expan-
sion of the disturbing function, and consequently these coefficients
have received a good deal of attention; they have been considered
by, amongst others, Laplace, in the Mécanique Céleste, t. 1. § 49 ;
Pontecoulant, Du Systéme du Monde, vol. 111. chap. 1L

These mathematicians obtain serics for these coefficients pro-
ceeding by ascending powers of a.  The case we are most concerned
with is when the point whose coordinates are ft, 2, ¢ is close to the
vortex ring, and then R is very nearly equal to p and § is very
small, so that a is very ncarly equal to umty, and thus the scries
given by these mathematicians converge very slowly, and are almost
useless for our present purpose.  We must investigate some expres-
sion which will converge quickly when a is nearly unity.

Our problem in its simplest form may be stated as follows, if

1
(¢ —cos o)t
we have to determine ¢, in a form which will converge rapidly if ¢
be nearly unity.

=c¢,+ ¢ cosf+...c,cosnd +...,

Let --——~}————5=bo+ b, cos 8 +...b, cosnf +... .
(q —cos )
Then by Fourier's theorem,
1 (™ cosnf 1 (= do
c,=-| ———db =a-] —
™/ (q—cosa)‘ 2w/, (g —cos 0)3’
1 (™ cosné 1 (> df
Yo (g—cosb) o (q—cos6)
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Now .
d sinnd ncos nf {cos (n—1) 8 — cos (n + 1)6}
hid ;= - =3 ...(19).
df (q—cos8)® (g—-cosb) (g —cos )

Integrating both sides with respect to 6 between the limits 0
and 2w, we have
0= nbn - 1’ (cu—l - ciH—l)’

or Anb, =, —Cppy verrreririreaiiainins ..(20).

Reducing the right-hand side of equation (19) to a common
denominator, we have

d sinnf

dé (q—cos 6)*
_4ngcosnf — {(2n 4 1)cos (n — 1) ¢ 9 +(2n—=1)cos(n+1) 6}

(g —cos 0)!

Integrating both sides with respect to € between the limits O

and 217, we r'et

n-1

0=4ngc,—{@n+1)c,_,+(2n—=1)c }..ccceeen (21).
By means of this and cquation (20), we casily get
0. (“" IR S S SIS (22) ;

and thus, if we know the values ot the o's, we can easily get those
of the ¢’s, and as the 0's are casier to caleulate we shall determine
them and deduce the values of the ¢’s.

Let V= -~—1—~—— =0b,+0b, cos 8 +...0, cos nf +..

(q — cos 0)5
By differentiation we have
arv dv 'V
- -1 V==
(=) o = 20, =4V'= e
hence, substituting for V thc vwluc Just written and equating the
coefficients of cos nf we havc

(1—9’)(77--:‘- qd"+b (n*=4) = 0.

Let b,=¢(q)log Wﬁl)wm

where ¢ (¢) and ¥ (¢) are rational and integral algebraic fuuctions
of .
Substituting in the differential equation, we find

a-N -2 +ar-pe=o

El—"3+(1 f{": 2qd"'+(n -py=o.
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Let us change the variable from ¢ tp z, where z=¢ —1, the
equations then become
s@+a) T8 120 +0)% _(v-p p=0
d2* dz ’
d a d
4a$+x(2+w) d;&+2(1+x) —(Z‘g— n* =D =0.
Let b=a,+azx+..a,a"+....
" Substituting in the differential equation for ¢, we find

nw—}—-—m.m+1

alll+[ = ~*42 (m + l)'l Uy s

thercfore

OIS

¢ () =«, {1 + (' - 1)
(""':]:)(”—-4) o=t —g.at -2 } .

51 () R (2) Fo b (23),
or, with the ordinary notation for the hypergcometrical scries,

¢<‘C)=aoF(’k_n’ b+n, 1, =)

Let V(@) =a,+ a@+ 22" +...0,2" + ...
Substituting in the differential equation for ¥ (z), we find
o _n —}-m. m+__1a ——-2——~a .

m 2 (m +1) " oom41
So V(@) =a,l'(}—n, 3 +n,1,—12)

. T o, s g 12
a2 (0 = D §+B 0= ) (u —z>2§2—,
8
(J ‘)" 2"
2 Q2 1 D
+3 = (=D (=) (0 = (4‘ I)‘ 2‘ + . } ...... (24),
where the general term inside the bracket

=92 (1 +5+... )(n -Hn*-9)...(n" - (Zm—l))( ‘), 2':

To complete the solution we have to determine the values of a,
and ¢, We shall do this by determining the value of 5, when ¢ is
very nearly unity, or whea « is small.

+4 =D =9 (- 2p)

We may prove, in exactly the same way as we proved equation

(20), that
dngb, = (2n—-1)b,_, + (2n +1)b,,,,
or n(l1+2)b,=@n-1)b,_,+(2n+1)8d,,,



MOTION OF A SINGLE VORTEX. 25

By the help of this sequence equation we can express b, in
terms of b, and b, in the form

by=(A4 +Bz+ C'+ D" +..)b,+ (A" + Be+C's* +...) b,

We only want now to determine a, and a,, 2.e. the parts of y»
and ¢ independent of , thus we only ‘want the coefficients A and
A’ in the equation just written; now cvidently 4 and A" wifl be
the same as if we put £ =0 in the sequence equation and then
determine b, in terms of b, and b,

"The sequence equation becomes, when 2 =0,
4nb, =2n-=-1)0,_, + Cn+1)D
the solution of this is

, 1
b=C+C (1 iy 1),

where C and C” are arbitrary constants.

n-1 n+1’

Determining the arbitrary constants in terms of b, and b, we
find

. 1
b,=2b,+ (b - 20, (1 T 2,}':‘1‘) ’

for in the scquence cquation involving b, 20, must be written
instead of b,

Now o) = 1] __._,.__*#-__f _
? e \/(q-—cose)“'rr o N(g+cosb)
lf |
0 ’\/(’1+1—"’ 5111‘19)
2w dq o
7"\/(‘1“'”1 o V(1 —k%sin’g)’
.2
where : =(;__.*-1,
4 g d¢

TaVlg+1)) o yA =k sin'g)’

Now, when £ is very nearly unity, we know that

i= dé _ 4 .
f . ;/*('l—z——lc’Ei_n"?ﬁj_log k. approximately,

. -1
where k, = /(1 = ¥*), in our case = \/(Z:T) .
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Therefore, when ¢ is very nearly unity

2 2 q+1 .
2b, = “/ log {4- «/ (; :T)} approximately.

_ 1[2” cosf do

V(g —cos §)

——“f Vig —cos 6) b+ q[o x/(q—cosﬂ)

== g+ ) f V(1= K sin') dp + 2bq.
0
When £ is very nearly unity
fi" V(1 — % sin’p) dp =1 approximately ;
0

therefore b,=— 4;/_2 + 20,

Therefore, when g is very nearly unity,
V2 100+ 42 _1_)
b —-w_—log - - (1+3+...2n_1 ;

L (1 — 1
comparing this with our former solution for b,, we find

2
y=——-,
__42 1
and ao———~—~ ( ...2‘n—:‘1).
. _1 cos nf
Thus fo V(q—cosﬁ)
R 16 (2+ ) 1 )}
~Yipq n,§+n,1,—§z){1og_T—4(1+%+...—-2n_1

m

2 2 y /.3 2 1 a
+*§r {I(, (w —}); A K, (=1 @ -9) (—2—!)9;3

+E, (= 1) (o =) (u = 5) <3T>é-’,

”

4

+K, (=1 =9..("" =} (2m—-1)) — (m oy 2,,, }(25)

where K, —2(1+}+ 1) so that
K, =2, :=3’Ks=13l»Kq=‘bﬂ:I‘a=“3361&c'
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If &, denote the sum of the reciprocals of the natural
numbers up to and including n, then

1+3‘;+fr,+...?_,-’-{_—_—_—1=@,,,-1;5,‘=f(n)say,
Now S,=.577215 +logn+ L 1 +..
. 20 121

sec Boole’s Finite Differences, 2nd edition, p. 93.

Thus f(n) =.288607 + log 2n — % log n + 4; +
We only want the value of b, when 2 is very small, and thus
we have approximately

R R A )

_{fxq_nm“@m.

By equation (22)
_n+1 (gb.—5..)
(’1 ) n+l :

"

If we substitute for b, and b,,, their valucs, as given above, we

find that approximately
o= 22 -p) {1og BEL gy [ - e om

The integrals we have to evaluate are of the form

n+1

1 o cosn@.d0
7)o (R +p*+ 8 ~2Rp cos O
which may be written

er cosnf . d0
™ (2119)‘fo (q - cosf)}’
where - B “; IP{p"’ & ;
therefore r=q-1= (B 2’2:;" &} ,
and 2+x=1+q_(£~2ﬁ);+§’
Thus 24z _(R+p)+8,

T (R e
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; Cw if the value
(2Bp)*

_{(B—p) '+ &}
2Rp

and the integral we wish to find =

be put for z in equation (27).

Lect us denote 1 ¢,» when « has this value by &,.
2Rp)t "
Then
1
(R + p* + £ — 2Rp cos (Y — )}
=8,+ 5 cos (Y —¢)+...5, cosn (Y= ¢) +...
p and ¢ are functions of ¥,
p=a+a, cosny + B, sin n,
and E=2—2"=(z—3) = (v, cos npp + 8, sin nyr).
Now let S, be the value of S’, when p =« and §=(z —3).
By Taylor’s theorem,

Now in §'

»’

S, =8, + («, cosnyr + B, sin nyr) (—(l%l — (v, cos nyr + 8, sin nyr) (idé‘
+ 4 (a, cosnyr + B, sin nyr)* (—ZS;'

. . &S,

— (=, cos nyr + B, sin nyr) (y, cos nyr 4 &, sin nyr) da dz

+ 3 (v, cos nyr + 6, sin m]r)" & b

+ terms involving the cubcs a.ml higher powers of «,, &c.

S (PAS
] ] 2 1
b n AS’l + i (1" +B ) d s (au'Yn + Bn u) (/(LC[Z

A DA
‘ s, dSl . a8, o ds,
+ cos nyr { g = T g, | SR NY {/9'- da % dz}
f d’S _ a8,
+ § cos 2nyr 4 ( B.) dat 2y — B3 dadz

2 2 dsSn
+ (7.1 =80) dz’}
S,
+ } sin 2nyr {a,ﬁ,. i > —(a,d, +13..'Y..)d d. + .8, g }

+ terms of higher orders.
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Hence, comparing these equations with § 8, we sce that

— N 8 2 5”_‘9» — d’g}'_ Y (PS“
A=S 1oAY TS~y B oyt 8 Gt
B =g ®_, 95
Thde T ds
s, . ds,
=B g % g
= ( 2 _ Q2 dz;S:“ _ _ 4’8, 2 _ g2 d“‘q,,l
Du - :lf 1((ln Bu ) ([a/‘l 2 (1u'YA anu) d(L(lZ + (’Yn 85 ) dzl J
v d"'S,, . (PS,‘ (iaS,,
I"u - % {auBn ddf - (1"8" + Bn’Yn) d(ulz + 7::8:1 'dza'}

13. We can now go on to find the motion of a vortex ring
disturbed slightly from its circular form. It will here be only
necessary to retain the first power of the quantities a,..., so that
we shall neglect all terms containing the squares of those
quantities.

Fig.2.

Let fig. 2 represent a seetion of the vortex ring by the plane
of the paper. Let O be the origin of coordinates, and let € be
the centre of the transverse section of the vortex core; let the
radius CP of this section =e; let CF make an angle x with OU
produced.

Then the equations to the surfuce of the vortex ring are

p=u+a,cos nyr + B,sin e +€Co8 Younnnnnnn (29),
z=34v,cos nfr+ 8 sinnyr+esiny......... 30).

Now if F (,7,2,t)=0 be an equation to a surface which as
it moves always consists of the same particles of the fluid, then we
know that

dF  dF = dF dr 0

dt T da +L{lfy+w dz
where the differential coeflicients are partial, and where w. v, w are
the z, y, z components of the velocity of the fluid at the point
(z, ¥, 2).

The surface of a vortex ring is evidently a surface of this kind;
we may therefore apply this result to its equation.

If we apply this theorem to equation (29), we find
dgt—" cosn\}r+(—i(%'-sinn\[r—n(:',‘sinm[r -B,cosny) ¥ —esiny. X-#=0,

@8
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where 8 is the velocity of the fluid along the radius vector, ¥ the
angular velocity of the fluid round the normals to the vortex ring,
X the angular velocity round a tangent to the central line of the
vortex core.

Now if the vortex be truly circular, ¥ vanishes; thus ¥ con-
tains a, and B, to the first power ; and 2, ¥ will be of the second
order in «,, and may for our present purposebe neglected. Neglect-
ng such termq the cquation becomes

dt " cos nyr +dB~ sinnyp—esiny . X=8 ........ (31).

But u cos ¥ +vsin ¢ = K,
Since I and ¢ are now the coordinates of a point on the surface
of the vortex ring,
we have - R =a+ a, cosny + B, sinny + ecosy,
&= 7, cos nyr + 8, sin nyr + e sin ,
and writing 4 instead of ¢ in equations (11) and (14), we find,
neglecting tclms of the order a,?
u cos Y + v sin Yr = §ma (7, cos nyr + 8, sin nyr + esiny) A,
+im{n—=1) A, —(+1) A, _]ay, cos ny
+im{n—=1) 4, - (+1)4,_} s, sinng
=4med siny+ fma (24, +(n-1) 4,
—(+1)4,,} (y,cos ny + 8, sin2yp).

dB

da, . . .
But B——(—Ecosm]r+4dt sinny — esiny.X;

therefore, equating coefticients of sin y, cos nir, sin nyr, we get

X=—fmd, cooviiiiiiiiiii (32),
%— =lmay, [d,+} {(n=1) 4, —n+1) 4, _]1]..(33),
dB, .
= fmad, (A, + 4 {(n—-1) - (n+1) 4, }]...(34).

Now as we neglect the squares of a,..., we may put A,=8,
and R=a+ecosy, {=esiny; thatis, z =‘~;? in the quantity
denoted by S,.

Making these substitutions in equation (27), we get

8= ga | = 0= {ls 55 - 7] - 49 )09

2ma
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_ 1 (4 G4a® \)

thus 5= g {3~ 1 (lm 1)
! . om 3m G-ia

therefore X=-- + 167 (l - g)

or, if o be the angular velocity of molecular rotation, so that
]
m = ome’,

k]
X=—w+—1%a)e—,(l (-H:a——- )
and since 2 is small, — log 6—49— will be small; thus we have

approximately
X=-o,

which agrees with the result given by Sir William Thomson in a
note to Professor Tait’s translation of Helmholtz's paper, Phil. Mag.
1867.

Substituting in equation (33) the values of 4, 4,,, 4,.,, t.e
in this case 8, ¥,_,, S,,, given in equation (35), we find

(—(iia; =— ;,:TV:,' n {l()gg '-:— —4f(n) -1 } ......... 37,

where we have neglected terms of the form Af (n) + €, where A
and C are numerical cocfficients, since when n is small f(n) i3

G4a®
small compared with n°log —;-, and when n is large it is small
e

compared with 23 (n).

- G4a’ .
Now unless n be very large, log —i— 18 very large compared

with £ (n), and the equation becomes

dz mey, 64a’
"'—"E = — 1 —— n 2 e R R A R . .
dt g log ¢ (38)

v 2
But if £ (r) be so large that f'(n) is comparable with log (3;{5 ;
then, since approximately
f (n) =-288607 +log 2n — } log n (Boolc's Finite Differences, p. 93)

equation (37) becomes

da, m'y,, ‘_1_ _
P (log i 1544) ............ (39).
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This formula must be used when # is so large that ne is com-
parable with a.

We have exactly the same relation between dB,/dt and &, as
between da,/dt and «,. g

If we make the second of the equations to the surface of the
vortex ring satisfy the condition necessary for it to be the equation
to a surface which always consists of the same particles, we get,
using the same notation as before,

& dy, ds, . ) ‘
wt de cosny+ dt sinny — n (y, sinny — 8, cosny) ¥4 ecosx. X
—-—w=0;
or, neglecting (v, 8in nyr — 8, cosny) ¥ as before
‘we find
dy dy, ds, . ‘
di"' OZ cosnyp +—tsinny +ecosy. X =w ......(40).

But we know by equations (16) and (17) that
w=}m (2’4, — aR4 ) .
+ &m [“’Bn— %ali(Bm»l + BnH) + é {(n -1 ) An-x— (n+1)An+l} R’n

+2a4,a,] cos nyr
F4m{a C,—JaR(C, 4 C, ) + 1 {(n=1) 4, ~(n +1) 4, B8,
+ 2aA4,8,] sin ny,
where R =a+a,cosny+ B, sin nyr + ecos x, &c.

Substituting this value for B and the values of 4, B,, &e.
given in equation (28), we find

w=4m (2a°’S, — a’S)) — §maecos y. S,

+im o 1S.-3 (S + 5.)
FH=1) S, - (14 1) 8} +28,

-8 +a t_i(‘iR (28,— Sl)} a (a, cos nyr + B, sin nr).

Where in 8, R after differentiation is put equal to a +ecosy,
2

and z = ;a, ,
Equating in the two expressions for w, the term independent

of yrand y, the coefficient of cosy and the coefticients of cosnyr
and sin ny, we get
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gﬁ = m(24°S,—a’S)),

X=-imaes,
. d
D~ Jman, [a & 8= b (St 8,
+ % {(n - l)Sn-l —(n+1) Snu} + 2Sn - Sl
d
+a an (280 - Sl)] >
with a similar equation between d3,/d¢t and B,

S, before differentiation

= - (IR—(;)i [%— (n'—1) {log (—2—1;—1 16) - 4f(n)} - (0" + 2)] ,
where z= (B —2'1?;“"_44

When S, has not to be differentiated, it cquals

1 [4‘}’_ =) {log 9;12 - 4-f(n)} S i‘)] .

zmra®

The first cquation gives the velocity of translation of the
vortex ring, substituting the values for S; and S, we find

42
di_ (1,08 o)

dt ~ 4ma 2
m 8a
=‘2;ﬂ-z(log " 1)(41)

In a note to Professor Tait's translation of Helmholtz’s paper
on Vortex Motion, ’hil. Mag., 1867, Sir William Thomson states
that the velocity of translation of a circular vortex ring is

m 8u,
g (o5, = )

This agrees very approximately with the result we have just
obtained, and Mr T. C. Lewis, in the Quarterly Journal of Mathe-
matics, vol. XVI. obtains the same expression as we have for the
velocity of translation.

The second expression gives the same value for the angular
velocity X as we had before.

The third equation gives on substitution and differentiation
dy, ma, 64a’
H’% = =1) {log —p — () - 1} .......... (42),
T. 3
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neglecting as before terms of the form 4f (n) 4+ C, where 4 and C
are numerical coefficients.

We have a similar equation between d8,/d¢ and B,

‘z’f and (ilstn in equation (40), we
find that the velocity of translation W at any point on the ring
is given by

Ay, m { 64a’ ) . .
W= at T imd (n*=1)4log p 4f(n) 1; (2, cosnr+B,sinnr) ;
or, neglecting 4 f(n),

_dy n'—1 . i
W= g {1 + (2, cosnyr + B, sin W“)} .

If o’ be the radius of curvature at any point of the central line
of vortex core, we can casily prove that

Substituting these values for

2
;, = (—ll + ?L(;Tl (o, cos nr + B, sin nyr),
so that the velocity of translation of any point of the vortex ring
_4 e
“d&t P

thus those portions of the axis which at any time have the greatest
curvature will have the greatest velocity.

Returning to the equation for dd'yt,. , we have as before
d n
= (0= 1) Ly, (43),
m 64’
where L= yig log s

except when n is so large that ne is at all comparable with @, then
m 4a?
= -- e = 9213
dma’ (log n'e' 1044)’
approximately ; the accurate value of L is
. 64a?

log & —4f(m)-1;

this is the same coefticient as we had in the equation giving da,/dt
so that our equations are
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Differentiating the first of these, and substituting for (—Z" from

the second, we find

d«;a" 27,9 e _
e +n'(n*—1) L%, =0,
the solution of which is
a,=Acos[Ly{n*(n*—=1)}t+ B] |
and therefore T

y.=A «/(”L‘ 1) sin [L v/ {n* (n* = 1)} t + B]

?

where 4 and B are arbitrary constants.

We can shew by work of an exactly similar kind, that

B,=A"cos [Ly{n*(n*—1)}t+ 1]
5, = \/(71_7—1;_1) sin [Ly [ (2 = 1)} ¢+ B] v (43).

These cquations shew that the circular vortex ring is stable for
all small displacements of its central line of vortex core. Sir
William Thomson has proved, that it is stable for all small alter-
ations in the shape of its transverse scction, hence we conclude that
it is stable for all small displacements. The time of vibration

_ 2
Ly W@ =1}
2 4ara’
=TT T ——— (46),
Vi (= 1)} m (log 9::" —4f (n) — 1)
1
= 1 —
where f(n) 1+3}+,,+...2n_1.
Thus, unless n be very large, the time of vibration
_ 27 2ma’
- 2 (3 ’
v (= 1)) m Ioggeib

or, if ¥ be the velocity of translation of the vortex ring

_ 27 @
RCIGE
Thus for clliptic deformation the time of vibration is "289 times
the time taken by the vortex ring to pass over a length equal to its
circumference.
3—2



36 ON THE MOTION OF VORTEX RINGS.

When ne is at all comparable with @, the time of vibration is
approximately

2 2mral

Vit e - 1)) (1og “<_1 0772) .

or, sincc we may write, as n is large, 2* instead of n*—1, it cquals,

if 7 be the wave length 2%“,
271'

(1 Pt 0772)

Zw’n‘

s

Now this case agrees infinitely nearly with the transverse vibra-
tions of a straight Lolumn'u‘ vortex which have been investigated
by Sir William Thomson

In the sub-case in which I/e is large, he finds that the period
of vibration

2w

=2m'7r"e2 l
(LPhil. Muag., Sept. 1880, p. 167 eq. Gl) or, since log, 2 = '62314,
this equals

27
2.2 ’
—2—(‘)—;—{ (log L ‘3272>

and thus agrees very approximately with the value we have just
found.

Since the amplitudes of a, and B, when n is large are approxi-
mately the same as those of 'y and §,, we can represent a displace-
ment of this kind by conceiving the central line of the vortex
core to be wound round an anchor ring of small transverse section
80 as to make n turns round the gcntml line of the vortex ring, and

l
this form to travel along the anchor ring with velocity o where T

is the time of vibration just found and I the wave length.
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PART II.

To find the action of two vortices upon each other which move
so as never to approach closer than a lurge multiple of the diameter
of ether.

§ 14. The expressions for the velocity duc to a circular vortex
ring, which we investigated in the previous part, will enable
us to solve this problem. If we call the two vortices AB and
CD, then in order to find the effect of the vortex AB on CD
we must find the velocity at CD due to AB. Now, since
the vortices never approach very closely to each other, they
will not differ much from ecircles; hence in finding the velocity
due to one of them at a point remote from its core, say at the
surface of the other, we may, without appreciable error, suppose
the vortex ring to be circular.

Let the shortest distance between the directions of motion
of the vortices be perpendicular to the plane of the paper; thus
the plane of the paper will be parallel to the directions of motion of
both vortices.

Let the semi-polar equations to the central line of the vortex
AD of strength m (fig. 3) be

~.
Fig.3.
I

I
C

D

4

p=a+2 (2, cosnp + B,sinngp),

z2=3§+ 2 (y.cosnp + 8, sin ne),
when z is measured perpendicularly to the plane of the vortex A3
and ¢ is measured from the interscction of the plane of the vortex

AB with the plane of the paper; a, B, 1., 8, are all very small
compared with a. Let m be the strength of the vortex 4B,

Let the equations to the central line of the vortex CD of
strength m’ be

p'=b+3(a,cosny’ + 8, sinny),
2 =3 + % (y,.cosny’ + &, sin ny),



38 ON THE MOTION OF VORTEX RINGS.

where 2’ is measured perpendicularly to the plane of the vortex
CD, and 4 from the intersection of the plane of this vortex
with the plane of the paper; o', B8, %, &, are all very small in
comparison with b.

We shall have to express a,, B, v, 8. @, Bw ¥. &, as
functions of the time; we shall then have found the action of the
two vortices on each other.

To find the action of AB on CD let us take as our axis of 7
the perpendicular to the plane of the vortex A5 through its centre,
the plane of XZ parallel to the plane of the paper and the axis of
Y drawn upwards from the plane of the paper.

Let € be the angle between the direction of motion of the two
vortices; !, m, n the direction-cosines of a radius vector of the
vortex CD drawn from the centre of that vortex.

Let Z, X (fig. 4) be the points where the axes of Z and X cut

i

a sphere whose centre is at the origin of coordinates, A the point
where a parallel to the direction of motion of the vortex CD cuts
this sphere, and £ the point whero a parallel to the radius vector of
the vortex CD cuts the sphere: A2 will be a quadrant of a circle.

Then we casily see, by Spherical Trigonometry, that

l= cosecosy,
m= siny,
n= —sin e cos Y.

Now by cquations (10, 13, 16) the velocities u, v, w parallel to
the axes of X, ¥V, Z due to the vortex AB supposed circular are
given by the equations
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u= 2_R maZXA4,,
=5 R maZ¥A,
w=13m (2’4, —all4)),
where R=JX* ¥
Since
1 1 (@ =R 6)

@+ R +2'—2Rcos8)} (R+2 ° (429
s 40T o8’
Sy
where, since IR*+ Z* is very great compared with «, the terms
diminish rapidly,
1

=—— 3 f‘a_ 1 _ff’]lq_m
syt ez @)t
and 4,= _Balt
(R + 248

Now if £, 9, h be the coordinates of the centre of the vortex
CD, and X, Y, Z the coordinates of a point on the central line of
that vortex,

X=f+0bl =f+Dbcosecosy,

Y=g+bm=g+bsiny,

Z=h+bn =h—bsinecosy;
therefore

R+2=X*+Y'+ 7"
=f'+ g+ 1*+2b (fcosecos Y+ g siny —hsin ecosy) + b
§15 u=211£‘ 2 Xé’ b
(‘Y + Y? + 41)1
Substituting the values given above for X, ¥, Z and writing d*
for f*+ ¢+ ' + * we find that approximately
u = jma’

[‘7;5 (kcose—fsme-—-é; (fcose—ksme))bcoq‘p )ﬁll—b(;i!-]—lk

+<—-sinecose—d,(hcose-—fsine)(fcose—/zsine)

meXZA, = § ma’

+ 3;‘-'% {(fcos e —hsin €)* — g’}) 21;5 cos 24

. - 7 . 50° .
+(fsm €— /LCOS€+(-[,fg (fcose—hsin e)) o 80 2y +...]...(47).
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When in these expressions we have a coefficient consisting of

several terms of different orders of small quantities we only retain
the largest term.

1 ey YZA, = $ ma® ——— Yz

16. v=
§ Z (4\ + )’2+7l)ry

Substituting as before we find
v = jma’

X [(/;b (g sin € + d‘ (fcos € — hsin e)) 5 COS Y
wa(1- 5"{)(?5sinw[r
+ 5 (LO‘!GJ (f%me-—hcose)—i— 3 d‘ (jcuse hsine)’— J})d,cos,?\[r
,
( :15 - 1 slne— iz(fcoqe—-hmue)
+ 3;’:’7 (fcose—lsin e)) ‘)I:ib sin 2\#] ......... (48).

§17. w=3m (2a’4, —all)
2a® B (@’ + RY - a* R }

=y ‘
(X' Y 4 2% (X4 V4 2% (X2 4 Y24 2%}

[2-——~,(f’+f)+3(2(/Lsme—"fcoie)
B e . b b .
+d’(f +g)(fcose—hsme))d-.,cosxp+3g(f’+g’—4~h’)d-,snn[r
159
+ 3 (sin’e +('z, {(fcos e —hsine) (3f cos e — ki sin €) — g*)}

2d.(f’+g’) {(fcos €= sin e)* — }>(Ii)‘ cos 2y

+ l5(3fcose-hsine

—%—,(f"i'g’) (fcos e—hsin e))%‘?sin 29+ ... ] ... (49).
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§18. In using these expressions to find the effect of the vortex
AB on CD, we have to find the velocity perpendicular to the
plane of CD and along the radius vector. Then, as in the case of

. . da, .
the single vortex, we have equations of the type = coefficient
of cosny in the expression for the velocity along the radius
vector of CD.

To solve these differential cquations, we must have the
quantitics on the right-hand side expressed in terms of the time.
Hence we must express the value for w, v, w which we have just
obtained in terms of the time.

§19. In the small terms which express the velocity at the
vortex CD due to the vortex 4B, we may, for a first approxi-
mation, calculate the quantities on the supposition that the motion
is undisturbed.

Let us reckon the time from the instant when the centres of
the vortices are nearest together.

Let p and ¢ be the velocities of the vortices AB and CD
respectively ; & the relative velocity, viz. &/(p*+ ¢* —2pg cose);
¢ the shortest distance between their centres.

Then, since f; g, b are the coordinates of the centre of CD at
the time ¢,
Sf=f+q¢gsine.t,
9=4
h=%Y% 4+ (gcose—p)t,
where f, 0, h are the values of £, g, & when ¢=0; since the
distance between the centres of the vortices, viz. y/(f? + ¢* + 1) is
a minimum when ¢ =0,
fgsine+ b (gcose—p)=0;
-t _ b _v@-g)
qcose—p g¢sine kO’
therefore if § be positive, we have
R AL A (50),
v

f=_§qcose—ﬂ)i(c’_g7)
k

therefore

and [P+ + R =7+

§ 20. If we substitute for f, g, % in the expression for w their
values in terms of the time, we find that as far as the term inde-
pendent of Y gocs,
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( +k2t’)v|:( (@ - 7’ qm n’e ,)
6./~ ¢

+— ——g—’(q cos e~ p)qsine.t+{2(gcose — p)’—q’sin’e} ]...(52).

The cocfficient of cos ¥

3 3 \/cz""q.} 2 2
= ma’ {2 (~——E--- {¢ (sin®e + 2 cos’ €) — 2p cos €}

P t (L + Mt + N +Pz’)(—-————

—sine(qcose+p)t ) —s }
) ( k L*ztz)

where

Jo-g
i

me

M="" - ( (p — q cose) (p°+ pg cos € — 2¢") + a7 (pq (3 + cos® e)

—2(p*+q") cos e))

L= (pcose~q)< (p—qcose)”+g’q’sin’e)

a8
N=l€-k—-g— sin*e.q (2p* — gpcos e — ¢’}

P =sin’e¢p.
The cocfficient of sin

(g — 2
o _mata_ -5 30 ¢*sin’e

B 2(c + k)T k*
+ 10 "/( -« qsine (p —qcose) ¢+ (5q*sin*e — 4K%)E.....(54).

The cocfficient of cos Y+ may be written

3 c‘l__ 2 .
3 ma’d’ {(j:‘k'i’)’ +< k’g (pcose—q) (3cose (p—gcose)—gsin’e) —a'
S o
+ -2——"[ g sine (2p (pcose—gq) +q(p—gcose)}t
. . . 1
+sinep (gsin2e+ psine t’)—————»-
»(q psine) T

-8 (L + Mt+ N+ PP+ Q) ——1—}.........(55),
(¢ + Kt}
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where
= ,% (c*(gcose—p)'+ g sine) (¢ (pcos e — q)*
—g*{(peose—q)'+ k7)),
M= 29[0;—12 sine {c* (p*— ¢") (p cose—q) (p — g cose)

+8% ((p cos e — q) (2pg — cos e (p* +47)
+ (g cose —p) (p'+ ¢ —2pq cos €))},

N:—qz,e{cp (gcose—p)’ —a’¢" (peose—q)*
—4pq (e —a*) (p—qcose) (pcose—q)l,
,_ 2sin’
P=" o= pr - 4)
Q =sin‘ep’¢’

The coeflicient of sin 24 may be written

© 3R ma’q {(‘/—— —= {3pcose— q (3 cos’e+sin’¢)}

+ (gsin 2¢ 4+ psine) t)
(9 1 T

— 1 (L + Mt + N

(c + kltl>¥
where L, M, N, P have the same values as in cquation (53).

§21. The velocity parallel to the axis of y.

The term independent of ¥
ma’q {Jc - }
=3 — a sin e+ (g cose—p)tt....(57).
3 Gorpil &7 (¢ e (57)
The coefficient of cosyr
M 2
—?ma’bq{ s € , +5 (@ ia)%lue. (pcose—q)
P e ey ( k 7% 1
Jo=g

1
+Y 7 = {2pg—cose(p*+q*)| t+sine.p (gcose —p)t* : ,} 58).
i (2p7—cose(p'+q7)] plaeose=p)t ) o9

The cocfficient of sin 4

2 qs 1 5g’ 5
...%mabu(,,/c -q- ——+(qcose—p)t)(( +k’t’)’ @ +k’t’);) .(59).
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The cocfficient of cos 2y

Je -

- ? 'y 1
.._g- ma’b {00‘5 € “——— (1) sin e —qsln 26) m
1
7 4" ’” 142 7 N
+ 3 (L 1Iz+.N’t+P’t)(, L’t’)i} .(60)
where

L= “’,jg{( — @) (psin e —q)'— g Y,

D= o (6 =€) (p cose =) [(2+ sin” ) pg —cos e 17+ 4]
— @’ k* (gcose—p)},

" __ ‘\/ C’_:Q‘i . 2 o2 a2
N'= i psine {pq (3 +cos’€) — 2 (p* + ¢°) cos €},
P’ =sin’e.p* (¢ cos e — p).

The coefficient of sin 2y
= — § ma’b’ {sin € (l — (-65. -:)-g/;t‘)) ’(;{_;_lk',i.ljg
+5 (1 ~ @ Z-g/:’t’)‘) (C! ;;, g sine.q(pcose—q)
+ 7/0—"_1;'“59 {(2pg—cos e (p*+¢")} t+ sine.p (qcos € —p) t”)

o
(@ + Mt
..................... (61).

§22. The velocity parallel to the axis of .

The term indepcndent of ¢

=§ mda’ {“ “sine. q (p—gcose)

1
(" +he)t
........................ (62).

f‘/c. "“ {q" cos 2e—2pq cos e +p'} t +sine. q(qcose-—p)t’}

The coeﬁ‘icient of cos ¢

J . 1
=3 ma®d ( sin2e —p sine)+(gcos 2e —pcose) t) ————
et { ¥ (gsin2e—psine)+ (geos 2e~pcos ) ) e

" " 110 L8 1 '
_D(L +1u t+N t’+P )(“‘*'k;t—z—u} ..( ),
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where
P |
L"= <—c—— q’l sine.q (qcose—p)(qg—pcose),
M" =" qj(q cos2e—pq*cos e(cos € + 2) + p'q (2 + cos’e) — p*cos €),

N =sine.™

———-‘(-—q cos € + ¢°p (1 +sin’ ) + gp* cos € — p?),
P =sine. pq (q cos e — p).
The coefficient of sin

o S—
15 ma’by {( sme q(p —qcose)— o8 (4 cos 2

L (64).

—_ 2pq cose+ p ) +sine. q (‘I cos e "']’) t‘} ltl)a

% 1

(" +
The coefficient of cos 24
o {— sinecose

(@ + ket

—g( (e ; )mne {29 cos € — pq (1 + 2 cos’ €) + p’ cos €}

J ciz '_'iu

Stk (g*cos2e—2pgcose+p”)t+-sine.p(gcos2Ze—pceos e)t”)

]

@+
+95(L + M+ N£+ P+ Q, t‘)( -_1»];2-7)]} (65),

where
2 2

Ll=———c—l:, "~ sine.q(qcose—p) (¢’ (pcose—g)
— @ [(pcose—q)' + 471},
M JE-@ o ) (4® cos 2e — pq’* cos e (cos 2e + cos’€)
= ]«Caw{(c-g)(pcose—g q° cos 2e — pg € 2 €
+p°q (1 + 2 cos 2¢) — p’ cos €) + q'4” (q” cos 2e — 2pq cos e + p7)},

2
= _(_c__..) sin e {q (g cos € — p) (p* cos 2e — 2pq cos € + ¢°)

+ 2p (p cose — q) (¢* cos 2e — 2pq cos € + p*)},
P = ’*/_‘?_ ~ @ Gnte. pBpg’ —p* = 2¢° cos e),

1

Q, =sin’ e.pq(qcosw—p).
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The coefficient of sin 2
=15 ma’b* {— (*/(T—_-g? (gsin 2e — p sin €)
1
(K

7 <<02;,g2) (pcose —q)(p—q cos €)

)mé}.......(%).

§ 23. To find the effect of the vortex AB on CD we require

the expressions for the velocity perpendicular to the plane of the
vortex ring CD and along its radius vector.

+(qcos2e—-pcose) t)

JeE—of

+ ,:* sine (p*—¢*) t+ pg sin’ e t?

The velocity perpendicular to the plane of C'D
=wcos e+ usin e
Now in this expression, the most important terms are the coeffi-
cients of cos 4 and sin Y, because these terms, as we shall see,
determine the deflection of the vortex. We shall therefore pro-
ceed to find thesc terms first.

The cocfficient of cos ¥ in the expression for the velocity per-
pendicular to the plane of CD may be written as

g mad 2 3
e k.,t.,);(A+Bt+Ct + D¢,
where

PR Y )

¢’ (pcos 2e—qcos €)—5 sin’e—k,‘— pg(pcose—q)l,
B =¢"(psin 2¢ — g sine)

B (r?— 0
- (Cka ¥, {¢° —q" peose—gp* (1 +sin’e) + p’cose},

C= Jo lc— a {4%? (g cos e — p) + sin’ € . p (8p” — T¢* — pq cos €)},

D =sine [3p°gsin’ e —&* (q +3p cos e)}.
The coefficient of sin 4

_ 4 ma'by

=3 ((}“+/\I“t*)§

A"+ Bt+CP)............ (67),

where

5 (Ci_ Q’)

e sin®e,

A" =c*cose—
2—
B= §~/_(_CZ__§D {2pgsin e cos e — 2¢" sin e + £},

C =Kkcose— 5 (g cose —p)(q—pcose).
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Now, since the equation to the vortex CD is
2 =3+ 2 (v, cosnyr+ &, sin ny).
The velocity perpendicular to the plane of the vortex

4

d d dé
—E%+“<g"cosm[r+—- » smn\b-)

since as &'y, ¢, and ¥ are all small quantities we may neglect
n (&, cos nyr — o, sin naf) V.

Thus % = coefficient of cos+ in the cxpression for the velo-

city perpendicular to the plane of the vortex CD.

A reference to equation (43) will shew that the vortex CD con-
tributes nothing to this term, so that

dy, ., ma’d 4 s
“Yi=38 """ __(A+ Bt+ Ct+ D¥).
¥ (e /u’t“);(

Integrating we find

De/k — BI? DR A-CER ¢

=1 ma’b{ e —1 -+ a —
vi=% b (¢ + &) i((c’ + &°t)? P (' + 1)t
44)ct + C/c*k? 84 20 t 1
1 /e + Ol »”,( +5 2) (—— +—) corenn(68),
(02+k2t2)2 L (c'z + ketu)i k
where the arbitrary constant arising from the integration has been
determined so as to make o/, =0 whent=— 0.

If we substitute for 4, B, C, D the values given above, we shall
get the value for /| at cach instant of the collision ; but at present
we shall only consider the change in ', when it has got so far away
from the vortex AB that its motion is again undisturbed. We can
find this change in ', by putting ¢= 0 in the above formula, on
doing this we find

, 44 O\ 2
v, =3mda’b (—c—,- (}77,) P

or substituting for 4 and C their values,

/= 2m(‘bk?‘)pq( ~ peose) (1 _u ) (c" — ) sin’ e....(69).

5 § 24. We have similarly
il = coefficient of sin+r in the expression for the velocity perpen-

dicular to the plane of the vortex

=398y By OB,
e +L’t’)%( )




48 ON THE MOTION OF VORTEX RINGS.

Integrating we find
2 LAY § PN ]
somimig|-y D =00t
(@ + k)t ¢ (¢ + ke
GAELOIE, A 20N Ty
M B (o +aw) @ e TR0
where the arbitrary constant arising from the integration has been
determined so as to make &,=0 when t=—ow. 'The change in

&, when the vortex €D is so far away from 4B that its motion is
undisturbed is given by

, 84" 20"\ 2
&' = §ma’ba 5 (’éo" + "Cik'x) 2
Substituting we find
, 2ma’hy . 4q°
& = gk Qsine P (1 - 33,)(71)

§ 25. We have in paragraph (6) investigated the changes in
the dircction cosines of the dircction of motion of the vortex ring
due to changes in the cocfficients ', and &, From that investi-
gation we find that the direction cosines of the direction of motion
of the vortex CD after the impact are

/
sin € — '-);)‘ CoS €,
b b
cos € + '-)2)‘ sin e,
or substituting for 4, and &, the values just found, the direction
cosines become

. 2ma? .
8in € — 'z"'/‘:‘ '\/ (C, — (_I") <

2ma’y ., 4g’)
e sin‘e . pq (1 =35

4 .,
1- c‘.,)smecose.pq (g —pcose),

2ma?

cos e+’ g V(- (1 - ‘}cg‘ ) sin’e. pg (g — p cose).

Thus if 4, B, C (fig. 5) be the points where the axes of 2, ¥, 2
cut a sphere with the origin for centre and P the point where
a parallel through this centre to the direction of motion of the
vortex CD before the collision cuts the sphere.

Then if the vortex CD be the first to intersect the shortest
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distance between the directions of motion of the vortices, I’ will be
the point where a parallel to the direction of motion after impact

“ |

T~ /

——

cuts the sphere, supposing @ to be positive and < §¢ and the
velocity of CD) greater than the velocity of A B resolved along the
direction of motion of (D, t.e. if ¢ —p cos € be positive.  We may
describe this by saying that the dircction of motion of the vortex
ring 18 altered in the same way as it would be if the vortex ring
reccived an impulse parallel to the shortest distance between the
directions of motion of the vortices and another impulse perpen-
dicular both to its own direction of motion and the shortest
distance ; the first impulse being from and the sccond towards the
vortex AB. In this case the angle between the direction of motion
of CD and the original dircction of motion of AB is diminished by
the impact.

If the vortex 4B be the first to intersect the shortest distance
then we must change the sign of &/ (¢*—@®) in the expressions
for { and B; this will change the sign of 4, but will leave &,
unaltered, and consequently 17 the point where the direction of
motion of CD after the impact intersccts the sphere of reference
will be situated as in the figure; in this case the angle between
the dircction of motion of CD and the original dircction of
motion of AB is incrcased by the impact. The angle through
which the direction of motion of CD is deflected

-y ()

2ma’pq . (g —=pcose) 40\, 2 4a°\*|
= J,&k{{q sin’e 3‘{1—7‘/:2———6} (1 - c-‘“) (@—=a°) +Qq ([ - ~) }

If the paths of the vortices interscct so that q=0, this
becomes

2 1.2
2-"5(:_ . /s‘m_e py(g—pcose) ......... Cerreeneaees (73),
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or the deflection is cateris paribus inversely proportional to the
cube of the shortest distance between the vortices.

If the paths of the vortices do not intersect, but the vortices
move so as to come as close together as possible, then ¢=g,
and the deflection

__ 2ma’ sin’e. pq

3’23]63 T eeeesessesessseccrnen
This is again inversely proportional to the cube of the distance.

If in the two cases above, ¢ be the same, then the deflection
when the paths of the vortices intersect will be greater, equal
to or less than when they do not, according as 8 (¢ —p cose)’ is
greater, equal to, or less than p*sin®e; thus, unless the relative
velocity of the vortices perpendicular to the direction of motion of
CD is great compared with that along CD, the deflection will be
greater when the directions of motion of the vortices intersect than
when they do not.

The expression for the deflection simplifies when the line
joining the vortices at the instant when they are nearest
together is inclined at an angle of 30° to the shortest distance
between their directions of fotion, in this case q = ¢ cos 30° = c 34/3,

2
thus &', =0as1— ;—%, vanishes, and the deflection
_ 2ma’sin’e. pq (q — p cos €)

CSki ’

which, if ¢ be the same, is the same as when the vortices intersect.

§ 26. We have next to consider how the vortex CD is
altered in size by the collision.

We know that if o', be the alteration in the radius of the
vortex CD that
-;—t"=coeﬁicient of the term independent of r in the expression
for the velocity along the radius vector of CD.

Now a reference to equation (38) will shew that the vortex C'D
contributes nothing to this term itself, so that
‘%{n: coefficient of the term independent of 4 in the expression
for the velocity along the radius vector of CD due to the vortex
AB.

Sincg A, 4, v, the direction-cosines of a radius vector, are
by § 6 given by the equations
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A= COSecCos Y,
p= sinvy,
v =—sin ecos

%‘-’: coefficient of the term independent of 4 in

% Cos € cos Y + v sin Y — w sin € cos Y.
Hence by equations (53), (59), (63),

doy _ ma'd 2 3

= %.(;;-_'_ s (F+ Gt+ H¢* + Kt%),
where

2 __ oo
r=Y (c ks—gz sin € [¢® {p°q (4 — cos’e) — 2p°cos € — ¢°} — 5" sin’e. pq],
— 2__ 9

G= c’{(g cos e —p) (2 - L@biﬁacos e)') +sin®e.p (3 - ﬂf_’k*_q_))} ,

2
H= N/—@i:!j sin e (8p°® cos € — p’q cos® e — 11p%q + 44°%),

K = {2 (q cose— p) + 3psin® e} — 5pq sin’e (g — p cose).

Integrating, we find
Kc'/kt — G/ Kkt F- Ik t
o=1% ,b -~ TN YN +5— 3 [)
FoTama {" Grieg derem Tt e @ik
(4F/'+ H[E) ¢t , (8F gI_I>( ¢ 1
+ 15 T Gtk 1 ( & T Y + k) ,

where the arbitrary constant arising from the integration has
been determined so as to make a/;=0 when t=—w. If we
substitute for F, G, H, K the values just written we shall get
the change in the radius at any instant, but at present we shall
only consider the change in the radius of CD when it has got
so far away from the vortex AB that its motion is again
undisturbed. We can find this change in the radius by putting
t = in the above formula; doing this we find

, _ma’b (4F Il)
“\= 5 (o o)
Substituting for # and H their values, we find
2 I8 2 2
a'°=m“”2,flf'1’q(1-%—)v(cﬁ—g’) ........ (74%).

Thus we see that the radius of the vortex which first passes
through the shortest distance between their directions of motion is
increased, provided ¢> 2q. If 4B had first intersected the shortest

4—2
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distance we should have had to change the sign of ,/(c'— (), then
a’, would be negative, and the radius of CD would be diminished.

If the directions of motion of the vortices intersect, so that
g =0, then
, a’bsin®e. p’q

do="
or the increase in radius is ceterts paribus inversely proportional
to the cube of the shortest distance between the vortices.

If the directions of motion of the vortices do not intersect, but
the vort,ices move 5o as to come as close together as possible, then
c¢=q, and @', =0, and the radius of the vortex in this case is not
altered by the collision.

If ¢=2q, or if the line joining the vortices when they are
nearest torr(,th(,r be inclined at an angle of 60° to the shortest
(hstancc bctwwn the directions of motlon of the vortices, then

a',=0, or in this case again the radius of the vortex is not altercd
by the collision. Thus we sce for our present purpose we may
divide collisions into two classes.  In the first class the line j Jommg
the centres of the vortices when they are nearest together is in-
clined at an angle greater than 60° to the shortest distance between
the directions of motion of the vortices. In this case the vortex
which first passes through the shortest distance increases in radius,
and conscquently decreases in velocity and increases in cnergy,
while the other vortex deercases in radius and energy and increases
in velocity.

In the second class of collisions the line joining the centres of
the vortices when they are nearest together is inclined at an angle
less than 60° to the shortest distance between the directions of
motion of the vortices. In this casc the vortex which first passes
through the shortest distance decreases in radius, and consequently
increases in velocity and decreases in energy, while the other vortex
increases in radius and energy and decreases in velocity.

§ 27. Having found the change in the radius and the change
in the direction of motion of the vortex, we can find the changes
in the components of the momentum of the vortex referred to any
axes.

Let ¥ be the momentum of the vortex CD; 3§, &', R’ its com-
ponents parallel to the axes of @, y, 2 rcspuctlvdy, I, m',n' the
direction-cosines of the normal to the plane of the vortex.

Thus ¥ =m'nl?, P’ =m'nb’l,
S0 8P’ = 2mm'b8bl’ + m'wb*3l

=2 PP,
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similarly, S =2 % Q-+ 1S,
S| =2 ‘—‘5 R+ F'on'.

It remains to find 80, 8w/, én’ in terms of &', and &, Now if
%, P, A, W denote the same quantitics for the vortex AB as the
same letters accented do for the vortex CD, then it is easy to
prove that the direction-cosines of the old axes referred to the new
are as follows.

The direction-cosines of the old axis of x are

PE-PL cose AQE-AF cose WE-— QR]I'_c_qs_g
Y.¥sine * E.¥sine °*  E.Fsine
The direction-cosines of the old axis of y are
AR - RO VP -PR' PA’ - QB
IF.¥sine ’ X.¥sine ’ ¥.¥sine
The direction-cosines of the old axis of z arc
P a n
AN
Thus if A, w, v be the direction-cosines of the normal to the
planc of the vortex CD referred to the old axes, then

St = o PE-— ipﬁ cos €) 3;/, p (AR -RA) 5u i}]

X.¥gine T L. ¥sine

with symmetrical expressions for ém’ and on'”.

Now by § 6
3)&——7 COS €,
su==1,
oy = 'Zb—‘sme

Substituting for ¢/, and &', their values, we find
4 2 4 ? ’ ’
ST = msz{)g s]l;'l € {q zcos €V (- o) ( _ ~cg~) QPY — I3’ cos ¢)
4q° , ,
+a(1- 1) @w -zma},

with symmetrical expressions for 8m' and 8n'.
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Thus

, _2ma’pgsine (J('—@) /0 4
o e 10291 1)
< I (P (g~ peos ) - PE(geose=p)} +a(1 - 35 n'(qam'—axea')}
_pysine (W('—@) (; _ 4¢
el (o)

wc'k® c

x (PX (¢—pcose) — P E(gcose—p)} +a (1 - %az) (AR~ QKQB')}

'c‘z

with symmetrical expressions for Q" and 83}

If ¢ be the angle which the line joining the centres of the
vortices when they are nearest together makes with the shortest
distance between the paths of the centres of the vortex rings,
then

Q=ccosdg,
$0 (1 - 4%—2) J& = @ = ¢sin ¢ (4sin’ g — 3) = — csin 3¢,

4q* 4 cos® c .
and Q (1 - 3;!?) =ccos ¢ (1 -————3—4’):—5 cos 3¢.

Thus
P =- ilféfl?ﬁ [sin 3¢ (P’ (g — p cos €) — P'X (g cos e — p)}
~3cos 3 W (AR’ — 33.@')] ,

with symmetrical expressions for (3" and é1R".
Since 3P + 3P’ is constant throughout the motion

P = — 5,
similarly A = -3,
M =— W

§28. We can now sum up the effects of the collision upon the
vortex rings 4B and CD. V‘;]e shall find it convenient to express
them in terms of the angle ¢ used in the last paragraph: ¢ is the
angle which the line joining the centres of the vortex rings when
they are nearest together makes with the shortest distance between
the paths of the centres of the vortex rings, ¢ is positive for the
vortex ring which first intersects the shortest distance between the
paths, negative for the other ring, so that with a given g, ¢ may
be regarded as giving the delay of one vortex behind the other.

§ 29. Let us first consider the effect of the collision on the
radii of the vortex rings.
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The radius of the vortex ring CD is diminished by
2
2;249 p'gsin’® ¢ sin 3¢,

Thus the radius of the ring is diminished or increased accord-
ing as sin 3¢ is positive or negative. Now ¢ is positive for one
vortex ring negative for the other, thus sin 3¢ is positive for one
vortex ring negative for the other, so that if the radius of one
vortex ring is increased by the collision the radius of the other
will be diminished. When ¢ is less than 60° the vortex ring which
first passes through the shortest distance between the paths of the
centres of the rings diminishes in radius and the other one increases.
When ¢ is greater than 60° the vortex ring which first passes
through the shortest distance between the paths increases in radius
and the other one diminishes. When the paths of the centres of
the vortex rings interscet ¢ is 90° so that the vortex ring which
first passes through the shortest distance, which in this case is the
point of intersection of the paths, is the one which increases in
radius. When ¢ is zero or the vortex rings intersect the shortest
distance simultancously there is no change in the radius of either
vortex ring, and this is also the case when ¢ is GO°,

§380. Let us now consider the bending of the path of the
centre of one of the vortex rings perpendicular to the plane through
the centre of the other ring and parallel to the original paths of
both the vortex rings.

We see by cquation (71) that the path of the centre of the
vortex ring CD is bent towards this planc through an angle

ma? -
gwpgsm €cos 3¢ ;

this does not change sign with ¢, and whichever vortex first passes
through the shortest distance the deflection is given by the rule
that'the path of a vortex ring is bent towards or from the plane
through the centre of the other vortex and parallel to the original
directions of both vortices according as cos 3¢ is positive or negative,
so that if ¢ is less than 30° the path of the vortex is bent towards,
and if ¢ be greater than 30° from this plane. It follows from this
expression for the deflection that if we have a large quantity of
vortex rings uniformly distributed they will on the whole repel a
vortex ring passing by them.

§31. Let us now consider the bendirig of the paths of t
vortices in the plane parallel to the original paths of both vopfex
rings. Equation (69) shews that the path of the vortex ring €D is
bent in this plane through an angle

- %—‘f sin’ e sin 3P pg (¢ — pcose)
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.

towards the direction of motion of the other vortex. Thus the
dircction of motion of one vortex is bent from or towards the
direction of motion of the other according as sin 3¢ (¢ — p cos e) is
positive or negative. Comparing this result with the result for
the change in the radius, we sce that if the velocity of a vortex
ring CD be greater than the velocity of the other vortex AB
resolved along the direction of motion of CD, then the path of
each vortex will be bent towards the direction of motion of the
other when its radius is increased and away from the direction of
motion of the other when its radius is diminished, while if the
velocity of the vortex be less than the velocity of the other resolved
along its direction of motion, the dircction of motion will be bent
from the direction of the other when its radius is increased and
vice versd. The rules for finding the alteration in the radius were
given before.

§32. Equation (75) shews that the effect of the collision is
the same as if an impulse

- pq]} ,7:% sin’ e sin 3¢,
parallel to the resultant of velocities p—gcose and g—pcose

along the paths of vortices (CD) and (AB) respectively, and an
1mpulse

’

- ‘I?—(IE‘}/; sin’ € cos 3¢,

parallel to the shortest distance between the original paths of the
vortex rings, were given to one of the vortices and cqual and
opposite 1mpulses to the other ; here ¥ and ¥ arc the momenta of
the vortices.

§ 33.  We have so far been cngaged with the changes in the
magnitude and position of the vortex ring CD, and “have not
considered the changes in shape which the vortex ring suffers from
the collision. These changes will be expressed by the quantities
a, B, a, B, &. We must now investigate the values of these
quantmes

Now we know

’

(—;t- = coefficient of cos 2y in the expression for the velocity along

the radius vector.
A reference to equation (38) will shew that the vortex ring
CD itself contributes to this cocfficient the term

2m/ 8 ,
_'71‘()2 IOg ?‘72'
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The vortex ring AB contributes, as we scc from equations (53),
(59), and (63), a term

3 MO P Gy R K,
Y@+ k)t
where

3
F =I%’ sin e {p'q (2 — cos’¢) + 4pq® cos e — 3¢° — 2p° cos ¢} ,

G = c’{psin’e(3—5(p ;q)) 5 (q cose — )((] ?;SOSG)}

csine
k

K = 3Lp sin’e — 5pg sin’e (¢ — p cos €),

where, in order to make the work as simple as possible, wo

have put g=0; so that the undisturbed paths of the vortices

interscct.

H = {8p®cos e — p°q (2 + cos® €) + pq* (4 cose —11) + 247},

Thus
dd, 2w, 8 ., . ma'h B
Et—_—vr—l)"lob_é;'72+ ( kzz%(F+Gt+I[t+ t),
say

da’ 2m/’ 8b
_'('[tj == ab? 100 pd '72+f(t)

Now @gtz =the coefficient of cos 2y» in the expression for the

velocity perpendicular to the plane of the vortex CD.

The vortex CD itself contributes to this coefficicnt the term
m’ 8b |,

The vortex AB contributes, as we sec from cquations (35)
and (65), the term
3 _mab F+6"t+ H't+ K"¢ + L't").
F (e k)]
Say for brevity 7(t), where if, as before, we put g=0,
4
K =;—:; (pcose—q) (3 (p cos e—q) (3pg sin®e — & cos ¢)
— 5k (§p sin® e + p — qcose)},
6" =TS g~ ) 3 (peose— o)t + 1)
+ (peose—gq) p (% pgsin’e — §&7)],
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H" Pcz:“ {p'gsin’e+ 2 (pcose—g) (p*—¢)

—(p cos e—¢)°} (¢ cos € —p)
— 3 5K (L cose. k' + (p* + ¢*) cos e — 2pq}],

K’ = 5pc:n {21psin’e (3" — p*) — k* (3p cos e + 69)},
L’ =%psin’e {21p (g —p cose) (g cos e — p) —&* (5p cos e + Gg)}.
Thus

differentiating this equation, and substituting fordd—zt’from the

other cquation, we find
d? ! 7 ’ ! 2b
CHANE (”211 ) =F O+ log (1)
=x () say;

or writing n* for 3 <";), log 2b) ,

dly
A 1)

The solution of this differential equation is
=4 cos nt + I sin nt

o8 ntf () sinnt' dt’ —

or choosing the arbitary constants so that ¢, and dy di 2 both

sin nt x (t) cos nt' dt’,

vanish when ¢ = — o, we find
o, = Cﬁsﬁ / x () sinnt' dt’ - sin nt x (¢) cosnt’ dt..
The integral
¢t
f x (¢) cosnt’ dt’

involves integrals of the form
¢ cosnt dt’ t ¢t cosnt' dt
e (c_n+ ksta)l(ﬂpﬂ) and o Eba+/c§ta)b(2p+i) :
I have not been ablec to cvaluate these integrals except
when ¢= o0
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In the expression for o/, the terms under the integral express
the effect of the vortex 4B on CD. Now the vortex AB will
only exert an appreciable effect on CO during the time the
vortices are in the neighbourhood of the place where they are
nearest together; and thus, after the collision, we may, without
appreciable error, write the equation for &', as

, _Pcosnt Qsinnt
2 n n

+ o
where P= f sin nt. x (¢) dt,

+o
Q=f_wcos nt. x (t) dt.

Thus the vortex rings are thrown by the collision into vibra-
tion, and after the collision is over the period of the vibration is

2777, the same as the period of the corresponding free vibration of

the vortex CD.

To find Pand Q we have to find

*° cosnt.dt

. _('(‘;72‘+7k-ztu)il (2p+1) !
¢
k )

+o

or if we write ¢ for
cosnt. dt
e
Now ¢ is the time taken by the vortices to separatc by a
distance ¢, while %ﬁ is (§ 13) of the same order as the time taken

by the vortex CD to pass over a length equal to its diamecter;
but, since ¢ is large compared with the diameter of the vortex,

i .
5 or ngq is large.
n

Let T n ’Up.

o (¢'+1)
By differentiation we find

f"’ cosnt.dt

O (W_P
Yo = (2p+1)(dn nv")'
Hence we find

g (d _p-lyd _p-2) d
”P“1.3.5...(2p-1)<d_n n )( )'"dn”°'

dn =~
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This may be written
_ (_ 2n)pq-‘2p d )p -
%= 3.5..2p=1) (d % Yyeroernmvemnnensnn(76).
We can easily verify that », satisfies the differential equation
dv, 1dy ?
dn’p ta Enp B (%‘ + 92) %=0.
Let us assume

e 4, 4
5= (4t St

If we substitute this expression for v, in the differential
equation, and equate to zcro the various powers of », we get the
cquations

4,(24z~ q) =0,
2q+1)A,+ z(@+1)d, —qd — zd, —p'd, =0,
2(1(w+2)A2+(x+ 1)(w+2) Ax _qu_ (w'*‘])Al —p2A1 =0,
2q(w+m) A +(x+m—1)(x+m) 4, _—qA,~(z+m-1)4,_ —p’4,,_,=0;
these give
=1

2q4, + @¢-p4, =0,
494, + (3—pH4d, =0,
2mqd,, + [} (2m —1)Y—p*] 4, ,=0;
therefore

_y {1 - z) (-3 (-3)
:

2nq + (2nq)*.2

1 3? 5
==
+ CREL tee]s

and A alone remains to be determined; if we can determine 4, for

any value of p, we can find it for any other by means of equation
(76). Now when p =0,

f‘” cos nt . dt

v=| ——

0 (ge_l_tn)%

and f ?0957_‘&_‘??___1((;.”(1)
o g+ 0
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(Heine, Kugelfunctionen, vol. 11. § 50), where K is the second kind
of Bessel's function of zero order and 7=,/ — 1.

When nq is large,

K (i.nq) = 4/ (}m)
(Heine, vol. 1. §61), hence

-,‘q

(ng)?

'v__

-1, 1.3 )i
(nq)5 < 2. 2ng ~ 2°. (20 /7
and, by cquation (76), we find on comparing the coefficient of

e™
} that
(nq) ? e
_ 9 (1 _
A=V O™ T35 3o (ng)*
therefcre
g7 e
BEVET) @ =)

, 1 1 ¥
(P ~ 9 <]’ (I’ 4

|1+ 2ng + (an)". Feef
f to cosnt.dt n? 1 ™

— 2 - - —
e VT LT - 1) (g

1 1 32
(-1 (-3
x |1 + Foifeienin

2ng (2ng)*. 2
and this scries converges rapidly when ng is large.

The other integrals in @ are of the form
® tcosnt.dt
—w ((1’ +t )imrﬂ)’
and these evidently vanish.
The integrals in P are of the forms
®  sinnt.dt ® tsinnt.dt
iy AT u iy
= (" +8) ~=(g" + 1)
The first of these evidently vanishes, and the second
__d (" cosmt.dt
and we have just found the value of the integral.
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§ 34. We can now find the values of ¢/, and o',

, Pcosnt sin nt
BY§28, Y= n —Q 7 ’

where P= f e sin nt.x (t) dt,

+o
Q= f cos nt . x (¢) dt.

If we substitute for y (¢) its value, and evaluate the integrals
by means of formula (77), and retain only the largest terms, we
shall find

272
P =M:;:)a_b {4p* cos e (pcos e — ¢)*
2 2 2 g 5 e~nelk
—4p (" - p°) (g —p cos€) + cose (¢* — p°)} . n° - )
(no/k)
my/ (2m) &' 2 3 2 am s €7l
=— s SINl 4 0S € — — — 8 .
Q " in e {4p® (p cos € — ) — (¢* — p»)°} . » (nc/lc)é

If the vortices move with equal velocities these expressions
simplify very much and become

m A/ (2m) a*b*n® e~ nelk
P=—"y €
(ne/k)
272,,8 —nclk
=1 W @m) abn” sine 4
8k° (ne/k)

Q

so that
| = MmN @m) atint ekt
! 8k° (nc/k)}
27) a’b*n® e—nelk
therefore o,=— M—(—b—- - - sin (nt+¢€)...... 79).
== TR g R () (T
These equations represent twisted ellipses whose greatest
cllipticity is

cos (nt+€) ...... (78) 5

m y/(2m) a¥n’ e
V3.28  (no/k)t’
The time of vibration is the corresponding free period.

§ 35. We can now sum up the effects ¢f the collision of two
vortices AB and CD.

The collisions must be divided into two classes, (1) those in
which the shortest distance between the vortices is greater than
twice the shortest distance between the directions of motion of
the vortices; (2) those in which it is less.
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Class 1.

If the vortex CD be the first to intersect the shortest distance
between the directions of motion of the vortices its radius is
increased, and if its velocity is greater than the velocity of AB,
resolved along the direction of motion of CD, it is bent towards the
dircction of motion of AB, and away from the plane containing
the path of AB, and a parallel to that of CD. If its velocity is
less than the value stated above it is bent from the direction of
motion of AB and away from the plane containing the path of
the centre of AB and a parallel to that of CD. Thisis the direction
in which the path of CD is deflected if AB first intersects the
shortest distance between the directions of motion of the vortices,
but in this case the radius of C'D is diminished.

Class I1I.

If the vortex CD be the first to intersect the shortest
distance between the directions of motion of the vortices its
radius is diminished by the collision. It is bent from or towards
the direction of motion of AB according as its velocity is
greater or less than the velocity of AB resolved along the direction
of motion of C'D, and away from or towards the plane containing
the path of AB and a parallel to that of CD, according as the
shortest distance between the vortices is greater or less than

% times the shortest distance between their directions of motion.

The deflection of AB with reference to this plane is the same
whether 4B or CD first intersect the shortest distance. If AD be
the first to intersect the shortest distance, the radius of CD is
increased, and the deflection of the path of CD rclative to the
direction of motion of A B is the opposite of that when CD was the
first to intersect the shortest distance.

When the dircctions of motion of the vortices intersect, these
results admit of much simpler statement, and, though included
in Class I, it may be worth while to restate them. In this
case the result is that the vortex which first passes through the
point of intersection of the dircctions of motion of the vortices
is deflected towards the direction of motion of the other; it
increases in radius and energy, and its velocity is decreased ; the
other vortex is deflected in the same direction, it decreases in
radius and energy, and its velocity is increased.

§ 36. Very closely allied to the problem of finding the action
of two vortices on each other is the problem of finding the motion
of one vortex when placed in a mass of fluid throughout which-
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the distribution of velocity is known. We proceed to consider
this problem, using the notation of § 14. Let © be the velocity
potential of that part of the motion which is not due to the vortex
ring litse]f. Let the equations to the central line of the vortex
core be

p=a+ 3 (z,co8 nyr + B, sin ny),
z2=3+ 3 (y,co8 nYr + §, sin ).
Let mwe® be the strength of the vortex; let I, m, n be the

direction-cosines of the normal to its plane, A, g, v the direction-
cosines of a radius vector of the vortex; then (§ 6)

= sinfcose,
m= sinfsine,

n= cosé,
A= cosecostcosy —sin e sin Y,
m= sinecos0cos Y + cos e sin Y,
v = — sin 6 cos Y.

Let 2, 3, 2z be the coordinates of the centre of the vortex;
if w, v, w be the velocities parallel to the axes of , ¥, z at a point
on the vortex ring, then, by Taylor’s theorem,

aQ d d d\ dQ
u= %*“(kzﬁ/‘@”&) dz

d * d 1\*dQ
& (>d}‘+""

da T dy s
with symmetrical expressions for » and w.

The velocity along the radius vector =Aw + uv + vw

d d d) d d d\?
—("dﬁ*‘@*”dz Q+aln clx+“(ly+ydé>ﬂ
d d d\?
TNty
+ia ("dﬁ"dﬂ”dz) Q..

+.§a’(h

da . . . .
a = term in the expression for the velocity along the radius vector,

which is independent of 4.

As A, p, v all mvolve v, the first powers of these quantities
furnish nothing to this term.

M= }(1 =0 +4 cos 24r(cos’d cos’e — sine) — sin 24rsinecosecosf,
p=§ (L —m’)+{ cos 24 (cos’d sin’e — cos’e) +sin 2+rsinecosecos b,
= }(1—n")+4cos 2y sin® 6,

Au=—} Im +} cos 2y (1+cos'6)sin ecos e+ sin 2y cos 6 cos 2¢,
A==~} In +}cos 2y (- sin 6 cos O cos €) + § sin 2y sin O sin ¢,

uy =—fmn + 4 cos2y (- sin @ cos O sin €) — 4 sin 2y sin 6 cos e.
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The vortex itself contributes no term independent of - to the
expression for the velocity along the radius vector; thus if the
radius of the ring be small, we have approximately

d . 0 &) o 0
3‘§=%a{(l-z) (L) g+ (1=n)

& 2
a’Q a’Q Q)
—2lm Md?l/'.?i_j/ —2In m —2mn a-:';—a‘z) 5
or, since 0 + aQ + ¢ 0
’ da* " dy* T dF 7
da d d d\?
di“"“(ld;i""m@'miié) @
or, if (-;% denote differentiation along the normal to the plane of
. da a’Q
the vortex ring, B g

From this equation we sce that the radius of a vortex ring
placed in a mass of fluid will increase or decrease according as the
velocity along the normal to the plane of the vortex ring at the
centre of the ring decreases or increases as we travel along a
stream line through the centre.” A simple application of this result
is to the case when we have a fixed ring placed near a fixed
barrier parallel to the planc of the ring. The effect of the barrier
is to superpose on the distribution of velocity due to the vortex
ring a velocity from the barrier which decreases as we recede from
the barrier ; 1t is this superposed velocity which affects the size of
the ring, and, since the velocity decreases as we go along a strecam
line (which flows from the barrier), the preceding rule shews that
the vortex will increase in size, which agrees with the well-known
result for this case.

Let us now find how the vortex ring is deflected.

The velocity perpendicular to the planc of the vortex

aQ d d d\ dQ
= ﬁ*“(*sz‘;@”ﬁ;) dk

d d d\*df)
2 — _— —_—
+ia (xdx+“3y+vdz> an o
The coefficient of cos .

d . d . d\ dQ .
=aqa (cosecos Bda—:-*—sm e(—w —gin 6 (Tz) ah + terms in o®

The coefficient of sin

. d . d\dQ . s
—a(—-sm e(TD+smecos ﬁdy)ml—-}-terms in a’.

=3
3]
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?—7’ = coefficient of cos ¢ in the expression for the velocity perpen-

dicular to the plane of the vortex.

The vortex itself contributes nothing to the coefficients of
either cos4yr or sinyr in the expression for the velocity perpen-
dicular to the plane of the vortex (sce equation 43).

Thus

dy, d . d d ) an
-il=a (cos € cos e +sin € 5 —sin §— ) dk approximately,

dt dy

(ilfo‘__ .ood 9d>dQ

dt a( smeaa’j+smecos ('iy‘ dk‘-

Now by § 6,
dl 1d5, . 1dy,
a = d——dz‘sme adt cos 6 cos ¢,
d@__l(]S' S 1dy 1 cos O sin e
dt = Tadt T ade ’

. . ds, dvy, .
Substituting the values just found for - a’t" —J’% in these
expressions, we find
di_, & _ 0 ]
dt " di*  dhds
dm aQ d'Q
Tl o 2 80).
dt =™ dF T dhdy (80)
dn _ (l"'Q_ aQ
dt =" aw ~ dh dz |
These equations enable us to find the orientation of the plane
of the vortex at any time.

To find the change in the shape of the vortex, we have

d
7’; = coefficient of cos 2yr in the expression for the velocity along

the radius vector.

Now the vortex itself contributes to this coefficient the term

2we (see equation 38).
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And if we pick out the coefficient of cos 2y arising from the
velocity potential Q, we shall find that it reduces to

o dQ
—ta(%r 42200
%a(dh’ e dk‘)’
where (%c denotes differentiation along an axis coinciding in

direction with the radius of the vortex ring for which yr = §.
da, 2we’,  8a a’Q  d'Q
Thus == log o= da (i +2 e
Again,
d';"" = coefficient of cos 24 in the expression for the velocity

perpendicular to the plane of the vortex.
Now the vortex itself contributes to this coeflicient the term
2
3 a::i log %L.a, (sce equation 43).
And if we pick out the cocfficient of cos2yr arising from the
velocity potential 2, we shall find that it reduces to

& d dO
—ia ((1/ﬁ+2d/c") ah

é'y? 3 ge’ Sa d ) aQ.

d
_ y — 142 —
= s = (a2 )
and this, with the preceding equation connecting (Z"’ and ry,, enables
us to find @, and v,.
We have two exactly analogous cquations connecting df3,/d¢ and

3,, the only difference being that we substitute Eitlic' for d_(ic" where

Thus

éi/-c; denotes differcntiation with respect to an axis passing through

the centre and coinciding in direction with the radius of the vortex
ring for which ¢ =0.

§ 37. We can apply these cquations to find the motion of
a vortex ring which passes by a fixed obstacle. We shall suppose
that the distance of the vortex from the obstacle is large compared
with the diameter of the vortex, and that the obstacle is a
sphere.

Let the plane containing the centrc of the fixed sphere 73,
the centre of the vortex A, and a parallel to the direction of
motion of the vortex be taken as the plane of zy. Let the axis of
z be parallel to the direction of motion of the vortex. Let m’ be
the strength of the vortex, and « its radius.

5—2
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The velocity potential due to the vortex at a point P
=jm'a’ a (i) approximately.
dz " \AP. ’

1 1 BP BP?
A_P=£TB+IE' Q,+mQ,+....(ﬁg. 6),

if BP < AB, and Q,, Q,...are spherical harmonics with 4B for axis.
At the surface of the sphere the velocity parallel to

=im'a’ (»g;; ( AlP) =im'a dp et smaller terms,
where 6 is the angle AB makes with the axis of «.

The velocity parallel to the axis of y

2 :‘; ; (ALP) B 3 cos 8 sin 6 + smaller terms.

AB?

Now at the surface of the sphere the velocity must be entirely
tangential, hence we must superpose a distribution of velocity,
giving a radial velocity over the sphere equal and opposite to the
radial velocity due to the vortex ring, 7. e. equal to

_%};'?‘Eaa'{%({icos’e—1)+%300s9sin0},

if z and y be the coordinates of a point on the sphere, b the
radius of the sphere. Let AB=R. £, the velocity potential
which will give this radial velocity, is given by the equation

. mba’ . d1 . ad 1
D=-1} ——R,——{(3cos 8—1)35 ;+300$031n0dy;},
where r = BP.

Q) is approximately the value of the velocity potential which
produces the disturbance of the motion of the vortex.
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The equation

tﬁz__% daQ
dt= T
becomes in this case

da_  m'a’’ gy &1 . dd 1

m—‘g R3 {(30030 l)aggr+3c08081nom;},

d® (1\ _ _ 3(5cos’d —3 cosb)
Now o) ==
(1) Bsin01- st
dz*dy (7. B R )

We must express the quantities on the right-hand side of the
equation in terms of the time.

Let us measure the time from the instant when the line joining
the centre of the sphere to the centre of the vortex 1s per-
pendicular to the direction of motion of the vortex. Let u be the
velocity of the vortex; then we have, accurately if the motion were
undisturbed, and very approximately as the motion of the vortex is
only slightly disturbed,

R = + %,

cosd = ——Bt———&,
(¢*+u’")
sinf= 2

(¢*+ ;‘tT)i ’
where ¢ is the shortest distance between the centre of the vortex
and the centre of the sphere.
Substituting we find
da _ _ wfma¥
dt ~ ¢ (Cz + ult")b )
thus the vortex expands until it gets to its shortest distance from

the centre of the sphere, aftcr passing its shortest distance it ceases
to expand and begins to contract.

Integrating the differential equation, we get
_ 1 m'a’b’ 2 }
a—ao{l + {6u B> —(14 8cos’) ¢,

where a, is the value of a before the vortex got near the sphere.

Thus we see that the radius is the same after the vortex
has passed quite away from the sphere as it was before it got
near to it, since in both cases R = 0 ; in intermediate positions it
is always greater.
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The greatest value of the radius is
1 m'ayd%
“0(1 * 164 cc”)’ .
the greatest increase in the radius is thus proportional to the
volume of the sphere, and inversely proportional to the sixth
power of the shortest distance between the vortex and the
sphere.

§38. To find the way in which the direction of motion of
the vortex is altered we have, if !, m are the « and y dircction
cosines of the normal to its plane,

dm _ d'Q d'Q
A =™ AP T dedy

Now in the undisturbed motion m =0, so we may write this

equation

dm_ _ &0
dt T dxedy’ .
dm . m'la? s a (1 . @ 1)
d—t-=%~—jzs“ {(3008 o—l)m (;)+3 cos()sm()dm (; }~
d 1\ _3y(r"-5a°)
Now da*dy (;) R
& (1) 32 (" —5y)
dy'dz \r "
Substituting these values, we find
’7%_.9
%7? = %T_j’é,ﬂ sin @ (1 4+ 4 cos’ ) ;

thus (—Z’; is always negative, or the vortex moves as if attracted

by the sphere; expressing the right-hand side in terms of the
time, we get

dm e 5 4c
de — —im'ba’ {(ci_*_un&z)‘— CET R
Integrating both sides from ¢ = — w0 to t =+ o0, we find that
m, the whole angle turned through by the vortex, is given by the
71,82

cquation m=— {5 7rmcI: .,
and this effect varies inversely as the sixth power of the shortest
distance betwcen the vortex ring and the sphere, and directly as
the volume of the sphere. Sir William Thomson shewed by
general reasoning that a vortex passing near a fixed solid will
appear to be attracted by it (“Vortex Motion,” Edinburgh
Transactions, vol, XXv. p. 229) ; and this result agrees with tﬁe
results we have obtained for the sphere.
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PART IIIL

Lanked Vortices.

§ 839. WE must now pass on to discuss the case of Linked
Vortices. We shall suppose that we have two vortex rings linked
one through the other in such a way that the shortest distance
between the vortex rings at any point is small compared with the
radius of the aperture of either vortex ring, but large compared
with the radius of the cross section of either of them. Thus, the
circumstances in this case are the opposite to those in the case we
have just been considering, when the shortest distance betwcen
the vortices was large compared with the diameter of cither.

In the present case it is important to cxaminc the changes
in the shape of the cross section of the vortices, in order to see
that they remain approximately circular. We shall, therefore,
discuss this problem first.

Since the distance between the vortices is very small compared
with the radii of the apertures of the vortices, the changes in
their cross sections will be very approximately the same as the
changes in the cross sections of two infinitcly long straight cylin-
drical vortex columns placed in the same mass of fluid in such a
manner that the distance between them is great compared with
the radius of either of their cross sections.

We shall prove that if the cross sections of two such vortex
columns are at any moment approximately circular they will
always remain so.

We must first find the velocity potential due to such a vortex
column.

Let the equation to the cross section be

p=a+a,cosnf + B3, sin nb,
where a, and B, are small compared with a, the mean radius
of the section. Let o be the angular velocity of molecular
rotation.
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The stream function v due to this distribution of  vorticity is
given by the equation

1[r=—_’1—r//mlogrdm’dy'

(Lamb’s Treatise on the Motion of Fluids, § 138, equation 33),
where r is the distance of the points z, y from the points &', .

Thus 4 is the potential of matter of density — :‘;—_ distributed

over the cross section.
At a point outside the cylinder let

¥ = C—wa’log -+ (4, cos n8 + B, sin n0) ‘; ... (81).
At a point inside the cylinder let
¥ = C' = jor* + (4, cos n + B', sin né) :7 veenr (82).

Thus, since ¥ is continuous, these two values must be equal at
the surface of the cylinder; thus, if we substitute
r =a +a, cosnd + 3, sin nb,
we may equate the coefficients of cosnf and sinnf in the two ex-
pressions for Y.
Doing this we get, neglecting powers higher than the first of

a, and 83,
—waa,+ 4,=— vax,+ 4,

- wa//gn_l- Bn == waﬂn—*- -B’n;
or A,=4,,
B.=B,

The differential coefficients of 4 are continuous; thus the two

values of %\f must be the same at the surface of the cylinder;

differentiating both expressions for y» with respect to 7, putting
r=a+a,cos nd + B, sinnb,
and cquating the coefficients of cosnf and sin a6, we find
nd, nd’,
T oa

wa, — - wa,,

nB' = ?E'-‘ - an‘

@ a

wf, -

Solving these cquations, we find

4, =%% p =2
n
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Thus at a point outside the cylinder,
= C—wa’logr+>2 (a,cosnf+ 8, sin nf) 5 ...(83)

We can now find the time of vibration of a single vortex
column whose section differs slightly from the circular form.

For if p=a+q, cosnd + B,sinnd be the equation to the cross
section, then, since the surface always consists of the same particles
of the fluid, using the theorem that if F(z, y, 2 ¢)=0 be the
cquation to such a surface,

dt * Tdz “dy T dz
we get

(—Z’f cosnf + dz' sinn@—n(a,sinnf — B, cosnf) O...(84),
where I is the velocity of the fluid at the surface of the cylinder
along the radius vector and © its angular velocity round the axis
of the cylinder.

dy

Now 311=17d9,
__ldy
T rdr

Thus, when 7= a+ a,cosnf + 8, sin né,

M= —o(a,sinnd—p,cosnb) }

®=w—g (a, cosnf + B, sin nb)

neglecting squares of a, and 83,.

Hence substituting in equation (84) and neglecting all powers of
a, and B, above the first, we get

— o (a,sinnd —B,cos nf)= —(db—ztl' cosnf + %%‘ sin n@
—nw (a,sinnd — B, cosnb):

equating coefficients of cos nf and sin nf, we get

ﬁ'—‘:—(n—l)w
%gt-?= (n-1)wa,;
d’a,

s — 1P wq =
therefore a8 +(n—-1)w’a,=0,
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or a,=Acos{(n—1)wt + B},
B,=Asin{(n—1)wt+ B},

where 4 and B are arbitrary constants.

Thus r=a+Acos[(nf—(n—-1)wt}—L]............ (86).

Thus the section never differs much from a circle, and the
disturbance in the shape travels round the cylinder in the time

27
n-1eo’

These results agreed with those stated by Sir William
Thomson in his paper on “Vortex Atoms” (Phil. Mag. 1867), and
proved in his paper “On the Vibration of a Columnar Vortex.”

Proceedings of the Royal Society of Edinburgh, March 1, 1880;
reprinted in Phil. Mag., Scp. 1880.

§40. Let us now consider the casc when there are two vortex
columns in the fluid (fig. 7). :

Let p=a+ 2 (a,cosnf + B, sin nb)

be the equation to the cross section of the one with A4 as centre,
and let

p' =b+2(a, cosnb + ', sin nf)
be the equation to the cross section of the onc with B as centre, p
being measured from 4 and p’ from B.

Let ¢ be the distance AB between their centres, and e the
angle AB makes with the initial line.

Then the strecam function ¢+ due to the two vortex columns at
a point P is given by the equation

4,:C—wa‘logr+2%’(a,cosn9+/3ﬂsinn9)g

- o'blogr+3 %‘; (a’, cosnb'+ 8, sinnd) i:,, ,
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where r=AP, v = BP, and 0, ¢ are the angles AP and BP make
with the initial line,  and " are the angular velocities of
molecular rotation of the two vortex columns,

We shall want to use the current function at the surface
of both the cylinders, thus it will be convenient to find a method
of transforming that part of the stream function where the
coordinates used are measured from A as origin to coordinates
with B as origin, and wice wersd. To do this wo shall use
the following lemma, which may be easily proved by trigo-

nometry.

Lemma.

§41. If AP=r,BP =7, <PAB=+, <PBC=y, dB=c.
Then if ¥ < ¢

sinnyr _ n (/1 _n-i_—l(z")’
—Fm‘c_"Kc)s"‘X 1.2 (o) 22X

/\8
+w+—2(z> sin 3y + } ,

1.2.3
cosnyr_ 1 (. 7 n.n+1 Z‘_’)’
*%“,4._5;;{1 R cosy+ =y (c cos 2y
7\ 3
_hnli‘;'g+2(%) cos3x+...},
if ¥ <c,
sinnyr _ 1 (. c. n.n+1 2)'.
__;“,‘_,;_,;‘{smnx—n;;sm(n+1)x+—1——.2—(7, sin(n+2) x...t ,
cosmy 1 c n.n+1 9_)’
__;"___;,.i{cosnx—n;cos(n+l)x+ i3 (’r’ cos(n+2)x...}.
§42. Again log r =4 log *
=} log (r"*+ ¢* + 2¢r’ cos ).
Ife> 7,

/8

7 r? r
logr=10g0+gcosx— } c~,cos2x+§g, cos 3y ....
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If c<7,
, ., C c c
log r =log r +cos x —4 ncos 2y + § 5 c0s 3x -
We can now find the effect of the vortex columns on each

other.

For if 3 be the radial velocity of a point @ on one of the
vortex columns relative to B the centre of that vortex column,
and 40 the velocity of @ relative to B, perpendicular to B,
then as before

P - d;t!‘ cosnf + ddlBt "sin n@ —n(a’, ginnd — B, cos n6) B...(87).

Now, the part of & due to the vortex column with B as centre
=—o'(a', cos nf — &, sin nf),
the part of # due to the term — wa’log r in the stream function

=—wa,’{%sin2(0’—e)—ggsin 30 - e)+2;sin4(0’-—e)...},

n
the term (—Lng (a, cos n8 + B, sin n6) % ,

n

gives — aw c_(:ﬂ (a, cos ne + B, sin ne) (n + 1)

b . n+2 (b\? . .
X {5 sin2 (¢ —e) — T (E) sin3 (6 —e¢) +}
- aw c—(:-ﬁ (B, cosne —a,, sin ne) (n + 1)
b . n+ 2) (b\?
P {(—: cos2(0'—e)— (_1':'2* (c) cos3 (¢ —e) +}
Since «a,, B, and % are all small quantities, as we are

neglecting the squares of small quantities, we may neglect these
terms which involve quantities of the order of a’,; and for the
same reason, we may In equation (87) put ® = &', since it only

differs from it by small quantities of the order a, and %, and in
that equation ® is multiplied by quantities of this order.

Substituting thesc values for ## and ® in equation (87), and
equating the cocfficients of cos§’, and sin & on each side of the

equations, we get
ai,_, 48, _,
a7 dt 7

or, as o', and B, are zero initially we get a’,=0, 8,=0, and
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similarly a, =0, 8, =0; and thus the motion of the centre of gravity
of either vortex column is not disturbed. If we equate the
coefficients of cos 26’ and sin 26’ on each side of equation (87), we get

d?, ,., wa'bsin2e¢
@t
dB, ,,_ wdbcos2e
and di @ E
Now AB travels round approximately uniformly with an
wa' + o'b?

angular velocity n, where n= —- , this value of n follows at

2
¢
once if we remember that the centre of gravity of the two vortex
columns remains at rest.

Thus taking the initial position of 4B as the initial line from
which to measure our angles, we have e =nt.

Thus
da’? N’ wa‘?b 3
_ = —s— S 2
i +w'f3, g s 2nt,
dp’ K
f;w —wd,=— w—;l) cos 2nt;
thercfore
l? ! 27 gb ’
‘_‘_1%22_*_(0 2 = (1’:‘ (27& +w ) coS 27lt;
therefore

2 ’ ,
w@®h (2n + o) cos 2nt (88).

pe o — 4t

o,=Acos(wt+B)+

Now, let a,, 8, =0 initially, then d«’,/dt = 0 initially, and we get

, wa’h

Y= F =2 ¢
, wa’h

B 2= @ r 9

¢’ (o' —2n)

Thus the cross section at any instant is an ellipse. This

cllipse does not, however, remain of the same shape, but berates

about the circular form; the maximum cllipticity is proportional to

2

é,‘—w,a-%—ﬁ-)-, and thus varies inversely as the square of the distance
@ —

between the vortex columns. The vibration has two periods, a

cos 2nt — cos w't)
eereern e (89).
(sin 2nt — sin w't)

s 2
long one ;L and a short one —.
w

3
The terms in a,, 8; will involve %, and thus will be rclatively
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unimportant, as a,, B, only involve the square of %; the same
reasoning applies @ fortior? to a, and B, when n is greater than three.

§42. Our investigation of the motion of two infinite cylindrical
vortices shews that to retain an approximately circular cross section
the vortices must be at a distance from each other large compared
with the diameter of the cross section of either. If we consider a
portion of two linked vortices near cach other, and regard them as
straight, which we may do if the distance between them is small
compared with the radius of the aperture of either, we see that the,
vortices will spin round each other with an angular velocity m: -
when m and m' arc the strength of the two vortices, and d the
shortest distance between the two parts of the vortices we arc
considering; thus, if the motion is to be steady, we must have this
angular velocity approximately constant all round the vortices,
and therefore d' must be approximately constant all round the
vortices.

To get a clear conception of the way the vortices, supposed for
the moment of cqual strength, are linked, we may regard them as
linked round an anchor ring whose transverse section 1s small com-
pared with its aperture, the manner of linking being such that
there are always portions of the two vortices at opposite extremities
of a diameter of a transverse scction of the anchor ring. The
shortest distance between pieces of the two vortices 1s then
approximately constant, and equal to the diameter of the transverse
section of the anchor ring.

Let us suppose that the vortex is linked r times round the
anchor ring, then the equation to the central line of vortex core
may be written

p=a+acos @+ sinf+...a cosrf + 3, sinrf
+...a,cosnf + B, sinnf+...

z2=3+r,co8 048 sinf+...q, cosr0 + 8, sin rA .
+...y,c08n0+ 8 sinnf+....

Let the equations to the second vortex differ from these only

in having accents affixed to the letters. Here a,, 8,; v,, 8,; «',, 8;
/ ’ . . . 7
v &) &c. are all small in comparison with o and &', but a, 3, ;
Y 0,5 @', B,; o, &, are large compared with the others, so that
in the expression for the velocities due to the vortex rings we shall
go to the squares of these quantities, but only retain the first
powers of the other quantities denoted by the Greek letters. Let
m be the strength of the vortex whose equation was first written,

which we shall call vortex (I), m’ the strength of the other, which
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we shall call vortex (II). Let e and ¢ be the radii of the cross
sections of vortices (I) and (II) respectively.

Let , 4, denote the value of the quantity we denoted in § 13
by A,, due to the vortex (I) at a point on the surface of itself.

w4, the value of the quantity 4_ due to the vortex (I) at a
point on the surface of vortex (II).

a4, the value of the quantity 4, duc to the vortex (II) at a
point on the surface of the vortex (I).

x4, the value of the quantity A, due to the vortex (II) at a
point on the surface of itself.

Now, from equations (11) and (14) the terms of the first order
in a,, &c., in the expression for the velocity along the radius vector
due to the vortex (I) at the surface of the vortex (LI) are

tmaZ {4, (v, cosny+ & sinny)
+3[(=1) ydpy — (1), 4, ] (7, cos ny + 3, sinny)}.

If we suppose the two vortices wound round an anchor ring, of
diameter d, in such a way that there arc always portions of the two
vortices at opposite extremities of a diameter of the transverse
section, then in the expression for A, given in equation (35) we

2
must put :c=§2—2. Substituting this value of A4, and retaining
only the most important terms, we find that the velocity along the
radius vector of the vortex (II) due to the vortex (I)

2 2.
~m_1 {('y'“ cos nyr + &', sin nyr) (4—;} —%log 6—;—? )

l'n w
) 1 — ] 4' l
( n cos n“!’ + 8 s1n n"’\) ( - —_— (11’ band %) g 6(1;11 )

By equation (38) we see that the velocity along the radius
vector of the vortex (II) due to this vortex itself
' 64a™

v , ,
=~Z;r&—’_“2(7"cos nyr + &, sin nr) n* log o

But from the equation
p=a+3(d, cosnf+ 8 sinny)+e cos ¢,

we see that if we only retain the first powers of the quantitics
a',, B, the velocity along the radius vector

-, cos nr + ' sin nyr

T odt dt ’
cquating the coefficients of cos nyr and sin nyr in this expression for
the velocity and in the expression just found, we find
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da’, m , [4a’ 64a’ 4a’ 64a®

= {1 (108 )~ (G o= D1og )
m . 64a”

- 4!71'04”7" n log

e’ 2 ?

g, m (s (4a® . 64@’) da* . ga’}
T = (-~ vos ) 8. (G 0r-p1oegr )}

’ 2
m aQ

=& ntlog ok
47ra " °

From equations (16) and (17) the terms of the first order
in a,, &c., in the expression for the velocity perpendicular to the
plane of vortex (II) due to vortex (I)

=4ma (20,4, — ¢ ,4,) — Ima (2, cos nf + B, sin nr) 4,

, . d d
+ §ma’ (a', cos nyr + B, sin nr) § (dr' + JR) (2,4, —,4)

+4m @ucos g+ Busin i) {16 (71, + 1) e bladubnd, )

+ 2“’12‘4" + 15(1 {(n - 1) 12An—1 - (n + 1) IRAwH}} ’

where, before differentiation, the A’s are to be regarded as
functions of " and 22, and after differentiation we put

Y =a +a, cosryr + B, sin rj,
B=d +a',cosry+ B, sinry,
and retain the largest terms; the quantities a,, B, a',, 8, have
cach id for their maximum value. If we substitute in these
expressions the values for the quantities denoted by the A’s
2

given in equation (35), and put z= ., we find that the

2—(;-2’
velocity perpendicular to the planc of vortex (II) due to
vortex (I)

m 8a m ;o 4a’
= (log e 1) ~ drd (a', cos ndr + B, sin n\p)(d, +3log

m. 64a’
2mra )

a?

m : i, 64a?
+ s (a, cos nyr + B, sin nyr) (}T’ + (n* = 1) log r ) ,

if we go to the first powers only of the quantities denoted by the
Greek letters.

The velocity perpendicular to the plane of the vortex (II)
due to this vortex itself, is by equation (43)

m/ 8a’, m g Gda”®, , .
G (log-e-, LR 1) A (n* —1) log v (a, cos nyr + B,' sinny).
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But from the equation
2=3+32 (v, cosny + &, sin ny),
we see, as in equation (40), that the velocity perpendicular to
the pla.ne of the Vortet, is

+ b ( ® cos nYr + — dS,, sin n\[r)

Hence, equating the constant terms and the coeflicients of
cos nyr and sin ny, in this expression, and the cxpression we
have just found for the same quantity, we get

d; 8 ! 8a’
d_n (log—q—1)+217:-_ba—,<log——~—-l)

dt ~ 2ma d e
d /" m 4a® . o G4a? o 4q? 64a®
B = (o (G + 07 =D oy g ) = (G 4 1og o}

4 64a"
+4‘7r 7 & n(n _1) IOg PR

as, _» 4a’ " Gk , (4 Gda
&= et {B"(TFJr (0 =) log” )‘B"( @ Tl >}
’)’) 64‘(1’2
+ Ind? ;3. (" —1) log —

In the case we are considering the mean radii of the vortices are
equal, thus ¢ = @'

If we write for the sake of brevity,

4@ 64a’
.L = 3— l O dﬂ
M=n log 6*“
y=*4 d, S - )lon“:?
64 } ............ (90).
Q
P= d’ + % log
Q' = (n l) lo og féa_
R= + (n*—1) log %f”-
Then our cquations become
da' 1 ., ,
; =V (L =) =yl 91),

T. 6
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B s (0@ = mP) + 8B} (92),
If we go to the vortex (I), we get

= g o8 + g oy =g

S L (L —md) — '),

& . 4; (a, (mQ — m'P) +a',m'R),

where M and @ are what M and @ become when e is written
for ¢'.

Equatinrr the two values of ad%, we must have

10 m’ 10 L 8a _ -gv__z' 8a o l 8a
g d 8 T oma B d SCIPR
or m log Z-f =m’'log g ........................ (93).
We shall first consider the case when m =m/, and therefore
e=c¢.
In this casc our cquations are
da, m

T = g V(L= M) =N,
dcrl’t" e {4, (Q - P) +a,R),
(:l; :.L {yo (L= M) -« N},
o?; o 12, (Q = D) +a,R).

Adding the first and third of thesc equations, we get

d, , /
(Z—t (a,,+a,,) = 4%&(L-M—N) ('Yn+'7n);
adding the second and fourth, we get

(Q+R D) (a,+d,).

d
o (’y + 9.) =

Hence

2. ra)+ (g )(Q+R P)(M+N—L)(d,+a,)=0
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therefore a', +a,= s cos (vt +¢),
2 _
where v = (s ) @+R—P)(M+N-1L),

and 4 and e are arbitrary constants.

Substituting the values of the quantities involved in the ex-
pression for », we find

2 _JzL)’ 2 (0 ( 8 1o, 50Y
v —(_hmg 4° (* — 1) (log d + log e) ;
()4«&

m
therefore v= 2”&2\/ (n* (0 = 1)} log do

or if ¥ be the velocity of translation of the vortex ring we have
very ncarly

v=n {0 (0 =1)} Z

and R | v sm (vt +¢)
Subtracting the third from thc first of the four equations giving

2
» &c., we get

dt

d ,, m v '

7 @) = (LA N=M) (v, =)
Subtracting the fourth from the sccond of these equations,

we get

& 1) = e (@=P= B (4~

Hence

g -+ (2 ) (L+N=M)(R+DP~Q) (@', ~2,)=0;
therefore o, —a,= DBcos (ut + ¢€),
where W= (4# ) (L+N-M)R+DP-0Q),

and B and € are arbitrary constants.

Substituting the values of the quantities involved in the cx-
prcssion for p*, we find

8a 64a G4a®

2
X (8;; + (7*+ %) log ()-:—11 - (@ =1)log 64;0')

6—2
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m \*(4a’ 8a d
= (-——~) {_JT —3log i n*log é}

2mwa’
4a’ 8¢ , ., d -
x (?F +§log o' — (a7 1) log 5) ...... 93),
and V=1, =D sin (ut +¢€),

2
é?; + %Iog%—t— (n*—1) log
where B’==—B~/ ‘ .
ta’_
d'l

Combining the expressions for @', + 2, and o', —4,, and doubling
the arbitrary constants A and B for convenience, we find

3log %a — n'log

a,= Acos (vt +€) + Beos (ut +¢€) |

a, = A cos (vt + €) — Beos (ut + €)

v, = ;\Lnn—-l) Asin (vt4€) + B'sin(ut +¢€) p.ooen (96).
- L’i’?{—l) A sin (vt +¢) — Bsin (ut + €)

Since exactly the same relation exists between B,.and &, B,
and §,, as between o, and 7/, @, and v,, we shall have
B.= Ccos (vt +€)+ D cos (ut +€)
B, = Ccos (vt +€) — D cos (ut +¢€)

& = */__——(”gn— D) Csin (vt + €) + I sin (ut +€) b oveenn(97),

8, = i(ﬁ;——}) Csin (vt + €) = D' sin (ut + €')

%+glog§;—(n’—l)loggw
where ])=—D\/ T o 7 .
e

d—,——-;}logg-— 0 10g~

As consequences of these equations we see (1) that the motion
of the kind we have been considering is possible and stable; (2)
that for each mode of displacement there are two periods of

. . . 2 2
vibrations, viz. — and =—.
14

2
Now, if Z be of the same order as (_ez, g; will be of the order

2; and when @ i ' i
5> and when & 1s large, « is very great compared with log z, thus



LINKED VORTICES. 85
. 2
gwill be great compared with log g, and therefore g; will be great

compared with logg.

Thus w will be very much greater than ». We shall for con-
venience refer to the vibration expressed by -1 cos ut as the quick
vibration, and to the one expressed by A cos vt as the slow vibra-

tion. As a very rough approximation we see that = g{;’;, or the
T

2 12
period of the vibration = E”:l . This would be the period in which

two infinitely long straight vortices would rotate round each other
if the distance between them were great compared with the
diameter of either. We also observe that the cocflicients of the
quick vibration in the expression for a, and «’, are cqual in
magnitude and opposite in sign, and that the same is true for the
coefficients of , and «,. Thus, if the vortices were initially
placed so that a, was equal and opposite to a’,, and v, equal and
opposite to ', the slow vibrations would not be excited, and could
only arise when the vortices suffered some external disturbance.
This relation between a, and a’,, 4, and v/, exists when the vortices
arce placed as we have supposed them, Ze. when they are wound
round an anchor ring, the cross section of which is small compared
with its aperture, and so placed that pieces of the two vortices are
always at opposite extremities of a diameter of the cross section of
the anchor ring.

Let us consider in more detail some of the simple cases.

(1) Let us suppose that the vortices are linked once through
each other.

In this case » =1, and by equation (95)

o) () (4116,

or approximately

ms2 1 d
w= (e e o8)-
(2) Let the vortices be linked twice through cach other.
In this case we have approximately, since n=2,

Thus this vibration is slower than the other by 3m d

4ar’a’ log e
vibrations in a sccond; this is a very small fraction of the
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whole number of vibrations in a sccond, and incrcases with the
distance between the vortices, the cross section remaining the
same.

If the vortices are linked n times through ecach other, we
have approximately

& 4a®
Thus we sce that the period of the vibrations gets longer as
the complexity of the linking increases, but that the difference
in the number of vibrations per second from this cause is small
compared with the whole number of vibrations per second.

m<2 2 —1) log )

§43. Let us now go on to consider the case when the two
vortices are of uncqual strength ; in this case there will for cach
value of a be a definite value of d, so that if the radius of the
aperture of the anchor ring, on which we supposed the vortices
wound, be given, the radius of the transverse scction of the anchor
ring will be determinate.

The relation connceting d, and e, ¢ the radii of the transverse
scctions of the vortex rings, is by equation (93)

1 d ’1(rd
e log —=m’log =,

=)

Now when « is given ¢, and ¢ are dctelminatc, since the
volume of fluid in ot wh vortex ring remains constant; and from
the cquation d can be determined.

Let e=r¢,
m=sm,

then we may casily prove from the above equation that

d=r‘:i(7’e') e veereenen. (98).

Since d must be greater than 7¢’, 1“"‘ must be greater than
unity, thus if s be gwatcr than umty, r must be so too, or the
vortex of greatest strength must have the greatest cross section.
It we are to apply our results, which were obtained on the
supposition, that the distance between the vortices was great
compared with the dmmctox of the cross section of cither; we

must therefore have »*- 2 large. It ought to be noticed, that r as
well as s is constant, and does not depend on the radius of the
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rings, for if Q and @' be the volumes of the liquid in the vortices
(I) and (II) respectively, we have

Q_ 2n’ae’

e /@ .
Q" 2rue® rorr= \/Q' a constant quantity.

With the same notation as before, we have, by equations (91)
and (92),

da,,‘ 1 ’ g
T i (¥ (mL — w' M) — qmN}
d’y'” 1 o 72 D
4= toret {(d, (m'Q — mP) + amR)} >
.. (99).
0 g ('L = m) —of N
%Z’l = 4?1(7 {2, (mQ — m'P) + o' W' R}

If we put
a,=Ae", o, = A'¢", y,= Be", o, = D',
we find by the usual method the following equation for ¢:
1
4 T B} r\r — T2l — [, — '
q'+ T {2mm'NR — (m'Q" — mP) (mL —n/ M)
— (mQ —m'P) ('L —mM)} ¢*
1 o 'y _. 5) o _ 7 152
+ () {(m'Q = mP) (mQ —m'P) —mn' R’}
X {(mL — ') (m'L, = mM) — mm/N*} = 0.
If we put ¢* =—p? and suppose a/d of the same order of small
quantitics as e/d, then we shall find, by substituting for the quan-

tities involved, their values from cquation (90), that the two values
of p are approximately
m+m  mm’ 1

! ad? m+ m 4mrd’

ny(ntP-1
= _i/;fvra,’ )

dﬂ
1_ o
(2n'—1) log ot

{m' log%‘-L +m log §g+ m log %; + m' log %fl};

or, if V be the velocity of translation of the vortices, the last equa-
tion may, by the help of equation (93), be written

_ay@=1)V
y = T
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Thus we have, as before, a quick vibration corresponding to the
root p,, and a slow vibration corresponding to p,.
Hence a, =A cos(pt+a)+ B cos (pt+ ),
7. = Csin(pt+a)+ D sin(pt+RB),
a',=A'cos(pt+a)+ B cos (p,t+ B),
= C'sin(pt+a)+D'sin(p,t+AB),
where A, B, C, D, A", I, C', I’ arc constants, two of which are
arbitrary, and the rest deducible from them, a and 8 are also arbi-

trary constants. If we substitute thesc values for o, v,, a’,, 7, in
the differential equations, we shall find that approximately

md =—m'A’, mC=—-m'C,
A=—-¢, A=—C,
DB= D, D= D,
2 2 _
p= =Dy o NE-Dp
n n

The first four of these equations shew that, as we might have
expected, the way the vortices are linked is not the same as when

they are of equal strength.  These equations shew that the vortex
rings arc now linked in the following manner.

Describe an anchor ring whose mean radius of aperture is a

L,d, then the
m+ m

central line of vortex core of the vortex of strength m will always
lic on the surface of this anchor ring. Describe another anchor ring
with the same circular axis and the same mean radius of aperture

and the radius of whose transverse scetion is

. . . m
as the first, but with a transverse section of radius N ,d, then
m m

the central line of vortex core of the vortex ring, whose strength
is », will always lic on the surface of this anchor ring; and will be
so situated with respeet to the first vortex ring that if we take
a transverse scction of the anchor ring, and if ¢' be the common
centre of the two cireular sections, 22 and @ the points where
the central lines of the vortex rings cut the plane of section, then
D, C,  will be in one straight line and € will be between P and Q.
If we imagine the circular axis of the anchor rings to move
forward with a velocity V, and the circular axes of the vortex
rings to rotate round it with angular velocity p, we shall get
a complete representation of the motion.

§ 44. We have in the preceding investigations supposed the
axes of the two vortices to be twisted » times round an anchor ring
in the manner described in § 34, so that when the vortices are of
cqual strengths, and there are no other sinuositics in their axes, the
cquations to the axes of the two vortices are respectively
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p=a+ }dcos (ut + )
z=3 +3dsin(ut+ry))’
p=a—3dcos (ut +ry)
z2=3—3dsin(ut+ry))’
When d is the diameter of the transverse section of the anchor
. 21 . . . .
ring, and p.=—lf, approximately, its accurate value is given by
equation (93), wrltmg in that equation 7 in place of ».

Now, though d is small compared with a, yet it is large when
compared with the quantities a,, 8,, &c, denoting the other sinu-
osities; so that it is desirable to include the terms containing the
squares of & in the expressions for the velocitics.

By means of cquations (11), (12), (14), (15) and (35), we find
that the terms in d' in the expression for the velocity along the
radius vector

{2 2
= ;n( ssm2(y,t+7\[f){27’]0w~ —:;2}.
We have only retained the largest terms in these expressions, thus

Sa. . .
we have neglected log (}Am comparison with :—;
The vclocity perpendicular to the plane of the vortex by
equations (17), (18) and (35), if we retain only the largest terms,

_md’ (a* o {H«Lf
= 8ma® (& 378

'm([‘

+ , cos 2 (ut + r«}r)(—— — (87 +2p) log 64“ ) .

32

We shall only require in the expression for the velocity perpen-
dicular to the radius vector the terns containing  to the first power;
we find by equations (11) and (14), that to this order of small
quantities the velocity perpendicular to the radius veetor

2

=— 47;-((5-; cos (ut + ry) r log ();g- .
2
Now, as before, %, will be large compared with log{;eg , thus we

may neglect the terms involving logarithms in the expressions for
the velocities.

If we go to the equation (§ 13)
da, dgB, .
2 ((Ecos ¥+ —gesinT )
—7r(a,sinry =B, cos ry) ¥ —esiny. X =18,
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and introducc into ;] the additional terms we have just found, we
get if we cquate the coefficients of cos 2ryr (neglecting the terms

v 4,2
containing log 92':‘ )
m_
de 8mra

sce cquation (91), here L, M, N have the same values as thosc
given by equation (90), if 2r be written in those equations in the
place of n.

From the equation (§ 13),

Z (%';1 cosry + %sin r\p)
— 7 (y,sinry =8, cosmy) ¥ +ecos y. X =w;

introducing into w the additional term just found, we get if we
equate the terms independent of 4 on both sides of the equation,

dy_ m 64a’ Jdom 64a® N |

dt = 2ma {l%’ o 2t =g (les T = 1)
if we cquate the cocfficient of cos 2ryr on each side of the equation,
we get, neglecting the logarithmic terms as before,

dy, m m p
Tore o COS2Ub 1 (4, Q= L) F 0, R),

see equation (92), P, @, R have the values given by equation (90),
if 2» be written in those cquations instead of n.

. m ,
sin 2ut + - (')’ or (L - ﬂf) - ’)’-pN)’

We have similarly for the other vortex

B sinzut+ (L= )= V),
em e e @ P L)
d , m r
80 di (dn,_a g,) = ind? (72;' - 'Yar)(L +N - M)’
d / mn ‘v (R + P
and di Vor—2) = p (@ = d)(B+ P = Q).

These cquations shew that if a,, =4, and ¢, =4, initially,
they will remain equal, we shall suppose that initially these
quantitics arc equal, so that the equation becomes
m

mo . ,
g S0 2ut + —— ., (L—M—N),

da, _ _
- drd®

dt

%”;’r= g(—lcos2pt+4%§%(Q+R’P)'



LINKED VORTICES. 91

hence
d;"t‘gw( m ) M+ N-L)(Q+R~-1D)a,
= 4:):“ (Il, + 1:1;”', (N+ A[‘— L)) cos Q[lt.

Now, by equ'ltion (90), we see that N+ M —L is small com-
pared with p, ve. ( d’)’ so that the equation is approximately

d*a . mp
= o = 2
ar +vo, v ©0S 2ut,
if v’=<ﬁ‘)g(M+N—L)(Q+R—1’).
dmrd
Thus a,, =— , - e i, €0s 2ut + complementary function ;

dra (v — 4u)
equation (90) shews that » is small compared with u, so that
we have approximately for the forced vibration

m
= coq 2ut

o = 16w
2
= 35, cos 2ut.
. 4.
Similarly- Yo = g, SN 2ut,
and a’?r = aiv’ '7'-20- = 'YJr

We thus sce that any sinuosity gives rise to one of half the
wave length, and that, neglecting powers of ¢ ; » above the sccond,
¢

the equations to the two central lines of the vortices are

p=a {1 + ;— cos (ut + ) + -,—;;P,cos 2 (ut + Nr)l
@ 'd .. (100),
z2=3 + J;(lsm(p.i!+7~,!r)+--—~G3m7(,ut-{-1\]r) J
=aqa {1 -3 —cos (ut+ 1Y) +3~j o €0s 2 (ut +rx[r)}
a o .. (101).

z=3 = idsin(ut+ry) + —(!-.{sm2(yt+r\[r)

We have thus proved that two vortices linked in the manner
described in § (34), arc capable of steady motion, and that
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this steady motion is stable; and if the vortices are of equal
strength, their central lines take the shapes given by equations
(100) and (101).

§45. We may prove that if the vortices are to retain an
approximately circular form, they must be linked in this manner;
for Sir W. Thomson has pointed out that the condition for steady
motion is that, with a given force resultant of the impulse and
given vorticity, the kinetic cnergy must be a maximum or
a minimum. If we imagine two approximately circular equal
vortices linked through each other, so that the distance between
their centres is considerable compared with the radius of the
rings; then if we give one of them a motion of translation
80 a8 to make its centre approach that of the other, we increase
the kinetic energy without altering the impulse or vorticity ;
thus, when the centres arc not near together, the kinetic energy
i not a maximum or minimum, and thus the motion cannot
be steady, and when the centres are close together, the motion
18 evidently as we have described it.

§46. The force resultant of the impulse, and the resultant
moment of momentum, remain constant as long as the motion
of the linked vortices is not disturbed by external circumstances
(sce §§ 4, 5), they will thus be constants determining the size of
the system. We can express @ and d in terms of I the force
resultant of the impulse, and I' the resultant moment of momen-
tum.  First, suppose the vortices are of equal stiength, then

by §5
IT=4mmd’p ooovivnnnininn. e (102),
p being the density of the fluid.

This equation gives @ the radius of the aperture of the
vortices,

By cquation (3),
5 dz
I'=mp [(" + ¥") A dy,
from the equation to the circular axis of the ring

dz
- drd cos (r{r + ut),
2
and  2'+ 3y =a'+ad cos (ry + ut) + % cos® (M + ut);
integrating all round the ring, we find that the moment of momen-
tum for cach ring = §mpnrad’, so that

C=mmprad®......cc.cooveeinin. (103).



LINKED VORTICES, 03

This is the same expression for the resultant moment of momen-
tum as that given by Sir William Thomson in his paper on
“Vortex Statics,” Phil. Mag, Aug. 1881, p. 102.

From equations (102) and (103) we find
d_,T (4-1rmp)§
= _

4 = TMp)
) »1t
d.
Now R small, hence the condition that the rings should be

approximately circular and the motion steady, is that (4~7rmp)‘5 e
should be small.

If the vortices instead of being equal are of strengths u and v,
we find in a similar way

[ =2ma’s (m+n),
2 7-1712"/ ................ .....(10’1‘),

I' =2mpad -
P o ¥

these equations determine « and d, but equation (98) determines d
when « is known ; henee, unless the value of d, determined from
equations (104), differs but infinitesimally from that determined by
cquation (98), the motion cannot be steady if the vortex rings are
nearly circular.

From equation (98) we sce that

m m’
2,”'.'("1‘1 — Qm m’ (2’ m’ m’

when @ and @ arc the volumes of vortices (I) and (II) respectively ;
hence, from equation (104), we get

m m’

m-—mn’ m’—m

r="q¢ ¢

Thus when two uncqual vortices are linked together, unless
the moment of momentum has the value given by this equation,
the vortices cannot be linked in the manner described in § (38),
and so there can be no steady motion with the vortex rings approxi-
mately circular.

mm’
m+m"

........ vrereennns (103),

§ 47. In the case we have been cousidorinﬁ only two vortices
were linked together; we can, however, apply the same method to
the case when any number of equal vortices are twisted round cach
other.  We must suppose the vortices linked round an anchor ring
whose transverse section is small compared with its aperture, the
vortices being arranged so that the circular lines of their vortex cores
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cut the plane of any transverse section in the angular points of a
regular polygon inscribed in the circular transverse scction of the
anchor ring. The question however arises whether such a distri-
bution of vortices would be stable, and the following considerations
will shew, I think, that there must be a limit to the number of
vortices which can be in stable equilibrium when arranged at cqual
intervals round the circumference of a circle. 'When we have a
large number of vortices arranged round the circle the distance
between consecutive ones must be small compared with the radius
of the circle, and thus, as the number of vortices increases, the
system will approximate to a cylindrical vortex sheet ; but for this
case there is discontinuity in the motion when we pass from the
inside to the outside of the cylinder, and, as Sir William Thomson
has proved, all discontinuous fluid motion is unstable; the equili-
brium in this casc would be unstable and the vortices would pro-
bably brecak up into separate groups, each group consisting of a
comparatively small number of vortices.

We shall now go on to investigate the number of vortices which
can be arranged in the manner described and yet be in stable equi-
librium.,

As the distance between the vortices is small compared with
the radius of their apertures this problem will be very approxi-
mately the same as if the same number of infinitely long straight
vortices were arranged at cqual intervals round the circumference
of a circle, and as the mathematical work in this casc is much
simpler than in the original one, it is the case we shall consider in
the subscquent investigation.

§ 48. The problemn we arc about to investigate is this: A
gystem consisting of n equal straight eylindrical vortices, arranged
at cqual intervals round the circumference of a circle, is slightly
displaced; what is the subsequent motion? We suppose the
radius of a cross section of a vortex to be small compared with the
distance between two vortices.

Take as the origin of coordinates the centre of gravity of the
vortices in their undisturbed position. Let the position of the
s" vortex be determined by the radius vector (r + ), say r,, and
the angle (0, + 8,), say ¢, when 7 and w, are the coordinates of the
position the s vortex would occupy if the motion were undisturbed.
" Thus, z, and 6, will be small quantitics.

Let the strength of cach of the vortices be m.
_ The stream function due to a single vortex of strength m at a
point whose distance from the vortex is p

m 100.
- T ° P
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Thus ¥, the stream function at a point R and ¢ duc to the n
vortices, is given by the cquation

v== 2 Slog (", + B — 20 R cos (¢, — $)]-

2T
The velocity along the radius vector
_d¥
= Rd¢

__m‘. 7 sm(¢> ¢)
“r+ R =2rRcos (¢ —¢,)}
dyr

The velocity perpendicular to the radius vector = — AR

ms [R—r,cos(p—9)]

P (Y 27Rcos¢ -}

Now let the point (R, ¢) coincide in position with the s™ vortex,
then the velocity along the radius vector

_m 7, sin (¢, — ¢,) 7"““(4’ -¢,)
_—‘{r T —ercos(qb ¢‘+‘r +ri—2rp COS(¢~§5‘)+ }

The velocity perpendicular to the radius vector

_m 7, =7, cos (p,— ¢,) r,—r,c08 (b, —¢,)
- {r Tr —2rrc05(¢ ¢1)+ S pp? -—277'00%(9{> ¢g)+ }

In the undisturbed position the vortex has no velocity along
the radius vector, so that its radial velocity will be a function
of the quantities ,, and 6, which vanishes when they do, we
proceed to find this function Calling the radial vclocity when
expressed as in equation (105%) v, the radial velocity at the s*

vortex

dv dv dv
= a’ z, + ar, T+ .. + ¢ ¢
neglecting the squmre% of the small quzmtmos z and 6, and after
differentiation putting r,=r,=7rand 6,=6,=...=0.

d rsm(¢ -¢)
dr, v+ rd=2rp , cos (¢, — ¢

_ 2 sm(d; -¢,) {r,— 7, cos (¢,— -¢,)}
{ri+r, —ercosgb )

and when r, =7, =7 and 8 =0, this becomes
sin (0, - ®,)
T 27 (1 -cos (- w,)}’

Now
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Again
d 7, sin (¢, — ¢,) _ sin (¢, — ¢,)
drord+7r} -—2rr cos(p,— ) ri+7r’—2rr cos(p,—¢,)

_ 2r,sin (¢, — ¢,) {r,—r, cos (¢,— $.)}

fr}+ 7, —2rr cos (¢, — )} ’

and when all the 2’s are put equal to r, and all the 8’s zero, this
becomes

sin (w, — ®)) sin (w, — ,)

2r* [1—cos (0, — @)} 21* {I—cos (0, — w,)} =0
If 4 be written for a moment for ¢, — ¢,
d r, sin yr r cos
dy ri+r}—2rr, cosy (r +7, —‘71 T, COS V)
2r,’r, sin” 4r

T i r2=2rr.cosy)’ i
when 7, =r,=7 and ¥ = o, — @,, this becomes
_ 1
2r {1 —cos (w0, —®,)}’
hence the velocity along the radius vector of the s™ vortex
m { 0,—6, 0,- 6,
1

— X A
~ 9mr |1 —cos (0,—@,) " 1T—cos (o, — @) +} ... (106).

The cocfficient of 2, vanishes, because it is evidently propor-
tional to the expression for the velocity along the radius vector in
the undisturbed motion, which we know vanishes.

The radial velocity of the s vortex also = dz, ; therefore

dt
de, m 6,—6, 0,0, _
Et 21"7‘ {1 — CO8 (w 1) + 1- Cds—(d,T_ w,) +} ee (]_O()

We proceed to find the expression for the velocity perpendicular to
the radius vector.
Now
d —7,c08 (6, — ¢, _ 1
dar,r, +r o . Cos (¢, —¢p,) )+ 1r'—2rr cos(P,—¢,)
2{r—mcos (- $)* .

T EEE- Zr'r cos (¢, — )}’

when r, =7 =7, and ¢, = o, ¢, = w,, this becomes

1 cos(w,—w)
21 —cos (0, — w,)’
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d {T, —r,Co8 <¢. - ¢1)} - Ccos (¢a - ¢1)

dr,ri+ri=2rr.cos(p,—p) 1, +r =2rrcos(p,— ¢,)
- 2 {7', - "‘1 COs (¢n - ¢|)} {rl — 7, co8 (¢l - ¢|)}
{rxa + rl' - 2rlrl cos (4’1 - ¢l)}: ’
when r, =r,=r, &c., this becomes
1
T2 1 —cos (0, —w,)}"
Writing as s before 4 for ¢, — ¢,
d r—rcosy r, sin ¥
dy ri+7} —2r7' cosx[r ) —-21 Xy cosx[r
2r7, qm\}r(r — 7, co8 yr)

(r + 72— 2rr,cosy) ’

and when r, = r, =, &c. this vanishes.

Thus the increment in the velocity perpendicular to the
radius vector

. m cos (w,—w,) | cos(w,—w,)
R W {—' z, (1 — cos (;_-wx) 1 — cos (@, — w,) +)
x, x,
T 1 cs(o,—w ) iz cos (@, — @) +} ............ (108).

But if © be the angular velocity of revolution of the system when
the motion is steady, the increment in the velocity perpendicular

to the radius vector =1r d ; ‘+2,0. Now

m
= g ("D
hence ‘
rdd,  m cos (@, — »,) cos (@, — @,)
{— '[1 — CO8 (a)‘— w‘) +'1 —cos (w‘_ "oa‘) +-..~—('n— 1)]

2w
x, x,
+ l—cos(w m) —cOS(w,—m’)+"‘} ............
Now we can prove by Trigonometry that

("-—‘—1)6("“——9 ...(110).

cos(w,—w,) cos (o, — w,)
1 —cos (w,—w,) 1—cos(w,— w,)

+...=

Substituting this value, we find

rd0, m (_w,(n— 1)(n—11) + z,
dt - 2’ 6 1 —cos (w0, — ®,)
xﬂ
+ ontoe) $eer) o (11D)

T 7
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We have also
6,+0,+6,+..0,=0;
and since Sms? is constant,
z,+a,+w,+..2,=0.
These equations and equation (107) will enable us to solve
the problem we are considering.

Let us apply them to the various cases in succession.

Three Vortices.

§ 49. The three vortices were originally placed at the angular
points of an cquilateral triangle, hence

o, — o, = 120,
w, — 0, =120%;
therefore by cquation (107),

dz, 6,—-6,, 6 — 0,‘)
dt = 207 < 3 3 )
and 0,+6,+6,=0;
de, m
therefore T
. de, m
i 112).
similarly = 0, (112)
dzy, _m
dt wr el
By cquation (111), we have
rdd,__ m (g Ty T,
de = 2m? 3x‘+§+§ ’
or since x,+z,+x,=0,
rdd, m )
it = "™
- rdd,  m
similarly b LA e (113),
rdf, __m
@ J
di
hence

B =0;
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therefore
z, = A sin (-"i, t+ a) and 78, = 4 cos (—"—l,,t+a),
™ wr
with similar expressions for z, and x,, 76, and 76,

Thus the motion in this case is stable, and the time of a
2,2
small oscillation = g:; , the same as the period of rotation of the

undisturbed system,

Four Vortices.

§ 50. Let us suppose that the four vortices are initially at the
angular points of a square.

Our equations in this casc are

de,  m (6,—0, 48 6,-0, " 0, — 0,) .
G T )
or since 0,+0, +9 +6,=0,
Aoy (10,4 6)
%a; T 7040 (114)
& 4”3 (76,+6)
W 2 (16,+06)
Equation (111) gives
T(Eif—l=_s_:_b;§ (?2"”|+w'z+ éxa+x4);
therefore ! (if =— IZ;—, (B, —x,)
similarly %{Z_ =— 4—737—, bz, — ) )
A s (115).
df, m
& = Ee 05T
rd6 noo,.
i —ér;f‘ (5, — )
Thus ;t (@, +x) = (9 +6,),
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and (0 +6,)= m (w, +2,);
hence Jt_’ (@, + ) + 7?77 (v, +x)=0;
therefore z, + x, = 24 cos ( . N2t + ,8)
Similarly we may prove
9
dt’(x x)+47?¢({’: ) 0;
) 3m

therefore @, —w,= 24’ cos ( 5 ¢+ 'y)

therefore

3m
w—Acos( 2t + )+A'cos( s+ )
W2+ P grt Y oee(116),
, 3m )
ax,= A cos (W—r,\/2t+ ,8) A cos(~2——- t+y J
with corresponding expressions for #, and «,, and
A . /m , . [3m
7’0, = — ‘\/'—2 sin (W l\/ 2t + B) —'A S (‘27,‘,‘ t +"Y)....(117),
with similar expressions for 6,, 6,, 6,

L i

These equations shew that the motxon is stable, and that the

2 .2
periods of the vibration arc ——5 and —4—7'-]— . Both of these
\/2 3m

periods are smaller than the penod for three vortices.

Five Vortices.

§ 51. Let us suppose that the five vortices are initially at the
angular points of a regular pentagon.

Then by equation (107), we have

dz, _ m ( 0, -6, + 0,—6, 0,—6, 0,—6, )
dt  2mr l—cosgvr l—cosgvr l—cosx7r+1—-cosg7r
Now we can prove by Trigonometry that
1 + 1 + 1 _n'-1
- = ;
1.._003%17 1—cos4—1r 1- OSM 6
n n n



LINKED VORTICES. 101

hence
1 1,1 1,
1—cosgm '1—cosgm  1—cos§m  1—cos§m
and
do, m 1 -1 1 ) .
—aﬁ_%{e' (4_ 1 —cosévr)+(0“+0°) (1 —cosgm 1—cosgmw }’
: _ 1 25-45
or if a—4+1_cos%"— 5
1 1 2

b=

T—cosgmr 1—cosgm w5’

d
—d‘%=%{ao,+b(e,+e,)],

. . . de, dz,
with symmetrical expressions for —(—E’, @’ &e.
By equation (111),
dé, m ( + z, @, x, @ )

dt = 2w 1—cosgm 1—cos§vr+l —cos%7r+1—cos§7r

S A7 S PPARYAN S
=7 2m " \* T 12 cosdr AR 1—cosgmw 1—cosgm/)’

or if c=4_1~clos§vr=15§~/5’
%3—‘ =— #;, {cx, — b (2, + 2,)].
Hence
e (0= ¥) + (5, + &) (bo—ab+ D). (118)
say % =—{a'z,+ b (z,+ )}

with symmetrical expressions for z,, «,, &c.

If &, ,... vary as ¢, the equation to determine \ is
v @y y q

d+N, ¥, o, 0, ¥
Vo, ¢+N, ¥, 0, 0
0, b, d+N bV, 0 |=0.
0, 0, b, a+n V¥

b, 0 , 0 , b, d+N
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Now this determinant is of the form

a,, a,..a,
a,, a, ..q,,
@iy Apy ooy, |»
a,, a, ..a

2 8’ 1

which equals

(¢, +a,+ ... +a)II (a, + a0 + a0’ + a,0"™"),
where w is onc of the roots of the equation z” — 1 = 0, unity being
excepted (Scott’s Treatise on Determinants, p. 82).

Thus, if 1, 0, ©°, ©°, ©* are the fifth roots of unity, the deter-
minant we are concerned with splits up into
(@ + N +20) (@' + M+ o' + ') (@' + N + D' + o)
X ((l/’ + Kﬂ + (Osb' + &)12[)’) (a' + Kﬂ + w‘b' + (l.)wb’)
=(d' + N+ 20) (¢ + N+ V' (0 + ")} {¢ + N+ (o0 + 0")}"
Now
@ =cos 7+ ¢sin 3w =cos 72° + ¢ sin 72°,
o® = co8 47 + ¢ sin 47 = cos 144° + ¢ sin 144",
o® = cos b + 7 sin §7r = cos 144" — ¢sin 144°,

o* = cos 87 + 7 sin §7 = cos 72° — ¢ sin 72°,

Thus the cquation to determine A? becomes
(@’ + A\ 4 20)(a” + N + 208 72°0)*(a" + N + 2 cos 144°0')* = 0.
It can be proved in exactly the same way as in the corre-
sponding case of a material system (Thomson and Tait’s Natural
Philosophy, § 343. m), that equal roots will not introduce terms of

the form te* into the solution. Thus the sole condition of stability
is, that the values of A* should all be negative.

The values of A* are
— (a' + 20")
— (@ + 2 cos 72°)
— (@' + 2 cos 144%"),

,oomt m? 2 (35 +45
where @ =g (ac—0%) =i 5
, _om n_m 1
b = gt (bc—ab + V) = 2 V5
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therefore the values of A? are

m® (35445 43 m?
— g5 32 )= - g (T +5)
_m 35+¢5+¢5—1)_ m

2 ( 5 V5 ) 2mhy
_m MJ&@) _m
27r’7“‘< 5 V5 T

Thus all the values of A* arc ncgative, and the periods of
vibration are
4rr?
my (14 +2J5)’
7

’

m
2t

mJ3’

Six Vortices.

§ 52. Let us suppose that the vortices arc arranged at the
angular points of a regular hexagon, then, using the same notation

as before, we have by equation (107)

dx _m 0,—6, _6,-6, . _6,-6,
= 2mr 1= cos60° T 1= cos 120° T T cos 180°
6 -6, 6,-6,
*1 —‘cos 240"t T=cos 300“} !
or since 8.-1-0 +0,+6,+6,+6,=0,
dz, _
dt c {123 0 (01 + 94) +'& 64} """ (118)'

Again, by cquation (111
rdf, x, x,
dt - 2w {20& R g cos 560" 1 " Cos 120° T T=cos 180°

@, ,
+ 1 "cos 240° T T =cos 300"}'

since x, +a,+a,+o,+ax,+75,=0,
rdf m
Tt LR L N CAE T AP 30 SN (119).

dt 2mr®
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By means of equations (118) and (119), we get

%;l == '(?:'27—.2?{121"”1'}'13&('”2"'@5)‘}"3“’4}' :
Say %’% =—{az,+ B (z,+ ) + 9z} ........ -(120),

with similar equations for «, ... z,

Thus, if #,...z, vary as €V, the equation to determine A is
A? +a, B R 0 , Y > 0 ’

B ,AN+e, B, 0, Y

» x’ + a) B ) 0 ’
’

o, B -0
Y > o, B ) AM+ta, ﬁ )
0O, v, 0, B ,A+q B

B, 0, 9, 0, B ,A+a

If 1, o, o o o', o arc the sixth roots of unity, this equation
splits up into the factors
NMta+ 28+ o,
Mt a+ o B+ o'y+ 0B,
A+ a+ o'B+ oy + 0'B,
M+ a+ 0’8+ o’y +0’B,
Mta+o'B+ v+ 0B,
AMtat+o®’B+o’y+opB.
The second and last of these factors are the same, and so are
also the third and fifth ; thus the values of A’ are
A

AM=—(a+ 2,3+'y)=—(—2—7;—;—),32

m

N=—(@+ B_'V)=_-(27r’l"’)' % w— (121),
M= (a— B+v)=—(2%3716
x’=—(a—2/3-'r)=—(2—::?)s 9

Thus the values of A’ are all negative, and, as before, equal
roots do not affect the stability, so that the steady motion is stable,
the times of oscillations are

4r’r? 4 A 4t
my(32)° mb5’ m4é’ m3°
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Seven Vortices.

§ 53. Let us suppose that the vortices are arranged at equal
intervals round the circumference of a circle, then using the same
notation as before, we have, by equation (107),

de, m ( 6,—6, 6,—6, 0,-6,
dt  2mr L—cosgm ' 1—cosgm 1 —cosym
+ 01 - 05 01 - aa ___et:__ 01 }
1—cos§m 1—cositmr 1—cosipm)’
or since 0,+6,+6,+...0,=0,
and
1 1 1 .
1—cos g ' 1—cos $m ' ~''1—coskpm 8 (sce equation 110),

dr, m 1 1 B 1
dt ~ 2mr {(8 T cos 3}71')6‘-*_ (l —cos §m 1 —cos »‘i'n-) (6, +6,)

1 1
+ (1 —cos§m 1 —cos %w)(oﬁ 6")} ’
say E(ila;l = ael + B (6’ + 01) + y (03 + 00) ............ (122),

with similar equations for ...

Again, by equation (111),
d0 z, @, z,
dt © 2m® (4 +1—cos?7r+1—cos§7r+1—cos(}1r

. T Ty z, )
+1 —cos§m + 1 —costlr + 1-cosign/’

or since e +x+x,+ ... 2,=0,

g, m 1 1 B 1
a2 {(4— 1—cos $}1r) f (1 —cosym 1-—cos ?w)(w’-*- ;)

- (1 - clos g 1-— clos “w) (@ +x,)}
do

sy P Ui=— (e~ B, +2) +v (@ +a)] ... (123),

with similar equations for 0,...

By means of equations (122) and (123), we get

%f;‘ =—{ez, +f (z,+ 2,) + g (z, + z,)},
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where e=ax— 26"+ 2By -+,
f=Bla-a)+v"
g=2By+" =B +y(a—a),
with similar equations for z,...x,.

Thus, if z, ,...x, vary as €', the equation to determine \ is

NM+e, f, ¢, 0, 0, g, f
S N+e f , g, 0, 0, g
v f s N+e, £, g, 0, 0
v 9 5 F s NM+e f, g, O =0.

g9 ,» f N+e f, g
, 0, 0 , g, f ,N+e S
sy 09, 0, 0, g, f,N+e
If 1, w, o', &, &', @, & be the seventh roots of unity, this
splits up into the factors
A +e+2f+ 29,
A tetf(o+ o) +g (0 + ),
PN tet+f(o'+ ) +g (o + %)),
4o+ f(0 +0Y) +g (0 + )t
We proceed to calculate the numerical values of the roots

R oow
(=3

a= 852606, e= 2170367 .. +.,
2mr (2m*)
2
B=— 2-13027’;?—1_, f= 1084621 (23;’7',),,
. mn _ . 5 M
y=- 291925, g== 173332 5o,

a= 347394 .
2Qmr

Now one value of A’ is
—(e+2cosfmr.f+2cos $r.g).
If we substitute the values of ¢, f; g, we shall find that this
mi

Thus one root of the equation in A? is positive, therefore the
steady motion is unstable. We therefore conclude that six is the
greatest number of vortices which can be arranged at equal
intervals round the circumference of the circle,
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§ 54. Sir William Thomson mentions this subject in a paper
in Nature, vol. XvlIL. p. 13; in connection with some experiments
made by Mr A. M. Mayer. Mr Mayer investigated experimentally
the stability of various configurations of long thin magnets
floating in water, and subject to the attraction of an independent
fixed magnet. Sir William Thomson in the paper just mentioned,
points out that if any configuration of the floating magnets form a
system in stable equilibrium, the same configuration of straight
columnar vortices will form a system whose steady motion is
stable. Mr Mayer in his paper (Nature, vol. XVIIL p. 258) states
that he finds the equilibrium to be stable when the floating
magnets arc arranged at the angular points of an equilateral
triangle, a square, or a regular pentagon; but unstable for the
hexagon and all polygons with a larger number of sides. This
would show that the steady motion is stable for three, four, and
five straight columnar vortices arranged at equal intervals round
the circumference of a circle, which agrees with what we have
Jjust proved, while we have proved in addition that the steady
motion of six cqual vortices arranged in the same way is stable, or
that seven is the smallest number of vortices which makes this
way of arranging them unstable.

§ 55. To sum up the results of this section; we began by
finding the motion of two vortex rings which are approximately
circular, and which are linked through cach other any number
of times; we proved that the motion was stable when the distance
between the rings was small compared with their apertures,
and found the times of oscillation ; we found that for cach dis-
placement there are two periods of vibration, a quick vibration,
whose period is

2
m+ mm’ 1 R
T et =D log £
( wd m+m’ 471'@‘( ' —1) log ee')’
and a slow one, whose period is
_ 2ma
ny('=1)V’

where n is the order of the displacement and ¥V the velocity
of translation of the rings. We next proved that if the vortex
rings are of equal strength, the condition for the possibility of
motion of the kind we are considering, is that the resultant

3
moment of momentum should be small compared with \/ (7{,;) )

where I is what Sir William Thomson calls the force resultant
of the impulse, and m is the strength of the vortex.
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In the case of two vortices of unequal strengths, we proved
that for motion of this kind to be possible the resultant moment
of momentum must have a certain definite value given by
equation (105). We then proved that we might not only have
2, but 3, 4, 5, or 6 vortices twisted round each other in such
a way that they all lie on the surface of an anchor ring, and are
arranged in such a way that their central lines of vortex core cut
any transverse section of the anchor ring in the angular points of
a regular polygon inscribed in the circular transverse section. We
found the times of vibration in each of these cases, and proved
that the motion is unstable if seven or more vortices are arranged
in this way.



PART IV.

THE VORTEX ATOM THEORY OF GASES.

§ 56. IN this part we shall consider the application to the
vortex atom thcory of the results we have obtained in the pre-
ceding pages. The expression we obtained in Part II. for the
action of one vortex on another, would enable us to work out
a dynamical theory of gascs; to do this, however, would mako
the present essay too long, and it must form the subject of a
future paper. There are, however, some results which can be
obtained with very little additional calculation, and it is these
results we shall consider in the following discussion.

The pressure of a gas is one of the first things a kinetic theory
of gases has to explain. Sir William Thomson gives the following
explanation of the pressure of a gas on the vortex atom theory
(Nuture, vol. XX1V, p. 47).

“When a vortex ring is approaching a plane, large in com-
parison with the dimensions of the ring, the total pressure over
the surface is nil. When a ring approaches such a surface it
begins to expand, so that if we consider a finite portion of the
surface, the total pressure upon it due to the ring will have
a finite value when the ring is close enough. In a closed
cylinder, any vortex ring approaching the plane end will expand
out along the surface, losing in speed as it so does, until it reaches
the cylindrical boundary, along which it will crawl back on re-
bounding to the other end of the cylinder. As it approaches,
it will therefore exert upon the plane surface a definite outward
pressure whose time integral is equal to the original momentum of
the vortex, and a precisely equal pressure as it leaves the surface.
Hence, in the case of myriads of vortex rings bombarding such a
plane surface, though no individual vortex ring leaves the surface
immediately after collision, for every vortex ring that gets en-
tangled in the condensed layer of drawn-out vortex rings another
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will get free, so that in the statistics of vortex impaets, the
pressurc exerted by a gas composed of vortex atoms is exactly the
same as is given by the ordinary kinetic theory which vegards the
atoms as hard elastic particles.”

Hence we sce that just as in the ordinary solid particle theory

of gases

p=3%,QV),
where p is the pressure, 7 the momentum of a vortex ring and V*
its velocity, the summation being taken for all the molecules in a
unit of volume of the gas, hence if v be the volume of the gas,

pr=3=QV),
where the summation is now taken for all the molccules of
the gas

But by equation (9),
s DN

IV’ =4 T'+43 (f%l—f +g(—1d£tl+h%)t~l> —dp [l + v* +w’) pds,
where T is the kinetic energy, f; ¢, & the coordinates of the
centre of a vortex ring, P, Q, N the =, y, 2z components
of the momentum of the ring, p’ the perpendicular from the
origin on the tangent plane to the surface containing the
vortex rings. To apply this formula to gases we must calculate

the value of the quantity % ( f d;:-# g dd? +h Slﬂ‘) for any two

dt
vortex rings, say vortex (I) and vortex (II). Take the centre
of vortex (I) as the origin of coordinates, the vortex (I) will
contribute nothing to the term since for it f, g, b are all zero,
and if @ be the radius of vortex (II) I, m, = the direction
) D)
cosines of its dircction of motion, then % ( {£+g% /‘(Il:t)

for the two vortices
1
s ptsams b v 05

If Q be the velocity potential due to vortex (I), then if we
da dl dm dn

substitute the values of & di dt given in the equations
(79) and (80), we find that the cxpression we are considering

d d d d d d
— a PU— —— — — — —_—— .
= - 2mmpa (fdx+gdy+ h dz) (l A mdy-}-ndz)ﬂ,
or if » be the distance betwecn the centres of the vortex rings

(I) and (II) and S the velocity perpendicular to the plane of
vortex (II) duc to vortex (I), this

- . 48
=~ 2mmwpa’r ar
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" If ¢ be the angle betwcen the directions of motion of the
-vortices, and 6, & the angles their directions of motion make
with the line joining their centres, we may easily prove that
this term

Smm'wp,a’e”
= _f—‘——— (3 cos 8 cos 6 — cos e),

if m" be the strength and a’ the radius of vortex (I), and we see
that the sum of all these terms if the vortices are not very
unevenly distributed is positive, and tends to become zero,

In this investigation we have supposed that the molecules
of the gas arc monatomic. When the molecules are diatomic
this investigation applics to that part of the term

a dQ an

S, -r pd

“(f dt +g dt +h dt)
which arises from the action of onc molecule on another, there will
however be another part due to the action of the two atoms in a
molecule on cach other. To caleulate this part let us for the sako
of simplicity suppose that the planes of the two vortex ring atoms
are parallel to each other and perpendicular to the line joining the
centres of the vortex rings.

Take the centre of onc of the vortex rings, say the one in the
rear as the origin of coordinates, and the plane of this ring as the
plane of 2y ; then for the ring in the rear f=g=~A=0, for the ring
i front f=g=0,h=d; P=0, Q =0, N=2rpmd’, if @ be the
radius of the ring in front, d' the distance between the plances of the
rings, and m the strength of cither ring.

. AN m

The maximum value of G- dmpma. —

(§ 87), where d is the shortest distance between the central lines
of the vortex cores of the two vortex rings. Since d is small
compared with @ it will remain very approximately constant (§ 37);
hence the greatest value of d' is d, hence 4pm’q is the maximum
value of

AR dD R
>‘<f71?+97[+"2ti')

but IV is of the form pm’a log %L where e is the radius of the

cross section of the vortex core, and log 8—;—1 is very great, so that

the part of the term
AP dQ |, dR
(G T )
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due to the action of the two atoms in a molecule, is positive but
vanishingly small compared with 23 V’. Thus in a gas whose
molecules are evenly distributed we have

pv=333V" = }T=1p [ + "+ ") p'dS;

where p is the density of the fluid forming the vortex rings and is
not the same as the density of the gas. Since the surface is at
rest the velocity of the fluid in contact with it will be small; thus
the second term on the right hand will be small, if we neglect this

term we have
pv=34T.

This is Boyle’s law, while if we take into account the

last term.
po=4§T— o [0 + 0"+ ") p' dS;

hence pv is a little less than the value given by Boyle’s law, which
agrees with the results of Regnault’s experiments; thus the vortex
atom theory explains the deviation of gases from Boyle’s law. In
this respect it compares favourably with the ordinary theories, for
if we assume the molecules to be elastic spheres we cannot explain
any deviation from Boyle’s law, while if we assume that the atoms
repel one another with a force varying inversely as the fifth power
of the distance, the deviation ought to be the other way, v.e. pv
ought to be greater than the value given by Boyle’s law, which is
contrary to the experimental results.

§ 57. According to the vortex atom theory as the temperature
rises and the energy increases, the mean radius of the vortex
rings will increasc, but when the radius of a vortex ring is in-
creased its velocity is diminished, and thus the mean velocity
of the molecules decreases as the temperature increases; thus
it differs from the ordinary kinetic theory where the mean ve-
locity and the temperature increase together. It ought to be
remarked, however, that though in the vortex atom theory the
mean velocity decreases as the temperature increases, yet the
mean momentum increases with the temperature.

The difference between the effects produced by a rise in tem-
erature on the mean velocity of the molecules will probably
urnish a crucial experiment between the vortex atom theory
and the ordinary kinetic theory of gases, since all the laws
connecting the phenomena of diffusion with the temperature
can hardly be the same for the two theories. In fact, if
we accept Maxwell’s reasoning about the phenomenon called
«thermal effusion,” we can sce at once an experiment which
would decide between the two theories. The phenomenon is this,
if we have a porous diaphragm immersed in a gas, and the gas
at the two sides of the diaphragm at different temperatures, then
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when things have got into a steady state the pressures on the
two sides of the diaphragm will be ditferent, and Maxwell, in
his paper “On Stresses in Rarified Gases,” Phil. Trans. 1879,
Part I, p. 253, gives the following reasoning to prove that, accord-
ing to the ordinary theory of gases, the pressures on the two
sides are proportional to the square voot of the absolute tempe-
ratures of the sides. He says, “When the diameter of the hole
and the thickness of the plate are both small compared with the
length of the free path of the molecule, then, as Sir William
Thomson has shown, any molecule which comes up to the hole on
either side will be in very little danger of encountering another
molecule before it has got fairlv through to the other side.

“Hence, the flow of gas in either direction through the hole
will take place very nearly in the same manner as if there had
been a vacuum on the other side of the hole, and this whether the
gas on the other side of the hole is of the same or of a different
kind.

“If the gas on the two sides of the plate is of the same kind
but at different temperatures, a phenomenon will take place,
which we may call thermal effusion. The velocity of the mole-
cules is proportional to the square root of the absolute temperature,
and the quantity which passes out through the hole is proportional
to this velocity and to the density.  Hence, on whichever side the
product of the density into the square root of the temperature
18 greatest, more molecules will pass from that side than from the
other through the hole, and this will go on till this product is
equal on both sides of the hole. Hence the condition of cqui-
librium is that the density must be inversely as the square root of
the temperature, and since the pressure is as the product of the
density into the temperature, the pressure will be directly pro-
portional to the squarc root of the absolute temperature.”

If we were to apply the same reasoning to the vortex atom
theory, we should no longer have the velocity proportional to the
square root of the absolute temperature, but to some inverse
power of it, and the above rcasoning would shew that if p and p’
be the pressures, ¢ and ¢ the temperaturcs on the two sides of the
plate, p/p’=(t/t)™ where m is a quantity greater than unity.
Thus accurate investigations of the phcenomenon of thermal
effusion would enable us to decide betwecn the vortex atom
and the ordinary kinetic theory of gases. These cxperiments
would, however, be difficult to make accurately, as we should have
to work with such low pressures to get the mean path of the
molecules long enough that the pressure of the mercury vapour in
the air pump used to rarify the gas might be supposed sensibly to
affect the results. In the theoretical investigation, too, the effects
of the bounding surface in modifying the motion of the gas scem to

T. 8
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have scarcely been taken sufficiently into account to make the ex-
periment the crucial test of a theory; and it is probable that the
theory of the diffusion and viscosity of gases worked out from the
laws of action of two vortex rings on each other given in Part II of
this essay would lead to results which would decide more easily
and more clearly between the two theories.

The preceding reasoning holds only for a monatomic gas which
can only increase its energy by increasing the mean radius of its
vortex atoms; if however the gas be diatomic the energy will be
increased if the shortest distancc between the central lines of the
vortex cores of the two atoms be diminished, and if the radius of
the vortex atom is unaltered the velocity of translation of the mole-
cule will be increased as well as the energy; thus for a diatomic
molecule we cannot say that an increase in the energy or a rise in
the temperature of the gas would uecessarily be accompanied by a
diminution in the mean velocity of its molecules.

§ 58. We shall now go on to apply some of the foregoing
results to the case of chemical combination; in the following
remarks we must be understood to refer only to bodies in the
gaseous state.  'When two vortex rings of cqual strength, with (as
we shall suppose for simplicity) their planes approximately parallel
to each other and approximately perpendicular to the line joining
their centres, are moving in the same direction, and the circum-
stances are such that the hinder ring overtakes the one in front,
then if, when it overtakes it, the shortest distance between the
circular lines of vortex core of the rings be small compared with the
radius of either ring, the rings will not separate, the shortest
distance between their central lines of vortex core will remain ap-
proximately constant, and these central lines of vortex core will
rotate round another circle midway between them, while this
circle moves forward with a velocity of translation which is small
compared with the lincar velocity of the vortex rings round it.
We may suppose that the union or pairing in this way of two
vortex rings of different kinds is what takes placc when two
elements of which these vortex rings are atoms combine chemically;
while, if the vortex rings are of the same kind, this process is
what occurs when the atoms combine to form molecules. If two
vortex rings paired in the way we have described are subjected to
any disturbing influence, such as the action due to other vortex
rings in their neighbourhood, their radii will be changed by
different amounts; thus their velocities of translation will become
different, and they will separate. We are thus led to take the
view of chemical combination put forward by Clausius and
Williamson, according to which the molccules of a compound gas
are supposed not to always consist of the same atoms of the
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elementary gases, but that these atoms arc continually changin
partners. In order, however, that the compound gas shoul
be something more than a mechanical mixturc of the elementary
gases of which it is composed, it is cvidently necessary that the
mean time during which an atom is paired with another of a
different kind, which we shall call the paired time, should be large
compared with the time during which it is alone and free from
other atoms, which we shall call the free time. If we suppose
that the gas is subjected to any disturbance, then this will have the
effect of breaking up the molecules of the compound gas sooner
than would otheiwisc be the case. It will thus diminish the
ratio of the paired to the free time; and if the disturbance be
great enough, the value of this ratio will be so much reduced that
the substance will no longer exhibit the properties of a che-
mical compound, but those of its constituent elements: we should
thus have the phenomenon of dissociation or decomposition.

We know that when two clements combine a large amount of
heat is in many cascs given out. We have proved in § (56) that
for two vortex rings in the position of the vortex atoms of a mole-

)

culc of a chemical compound X, <f(f;: +gd£
when the vortex rings are separated by a distance very great com-
pared with the radius of either this quantity vanishes: thus we sec
from equation (9) that ZJ V7 is increased by the combination of
the atoms so that this would cxplain the evolution of a certain
amount of heat. I do not think however that this cause would
account for the enormous quantitics of heat generated in some
cases of chemical combination, for even these large as they are
seem only to be the differences between quantities much greater
than themselves. Thus for example the heat given out when hy-
drogen and chlorine combine to form hydrochloric acid is the
difference between the heat given out when the atoms of hydrogen
combine with the atoms of chlorine to form hydrochloric acid and
the heat required to split up the hydrogen and chlorine molecules
into their atoms. The determinations by Prof. E. Wiedemann of
the heat given out when hydrogen atoms combine to form mole-
cules, and by Prof. Thomson of the same quantity for carbon atoms
seem to shew that these quantities are much greater than the
quantities of heat given out in ordinary chemical combinations, and
thus that these latter quantities are the differences of quantities
much greater than themselves.

+h %Zi) is positive;

Whatever be the reason, the pairing of two atoms, whether
of the same or different kinds, is attended by a large increase in the
translatory energy. The vortex atoms however do not remain con-
tinually paired, and two atoms will only contribute to the increase
in the translatory energy whilst they are paired and not when
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they are free, thus the whole increase in the translatory energy
of a large number of molecules will depend not only on the
amount of the increase contributed by any two atoms when they
pair, but also on the time they remain together, and will thus de-
Ilzend on the ratio of the paired to the free times for the substance.

he ratio of the paired to the free time plays also a very impor-
tant part in determining whether chemical combination shall take
place or not, and when it does take place the proportion between
the amounts of the various compounds formed when more com-
pounds than one are possible. It is clear too that the value
of this ratio for the atoms of an elementary gas will have a very
great effect on the chemical properties of the gas : thus if the ratio
of the free to the paired times for the atoms of the gas be very
small the gas will not enter readily into combination with other
gases, for it will only do so to any great extent when the ratio of
the free to the paired time for the compound is less than for the
atoms in the molecule of the elementary gas, but if the latter
be very small there is less likelihood of the ratio for the compound
gas being less ; thus we should expect that this ratio would be very
small for the atoms of a gas like nitrogen which does not combine
readily with other gases. The value of the ratio would afford
a very convenient measure for the affinity of the constituents of a
compound for each other. It is also conceivable that this ratio
might affect the physical properties of a gas, and in a paper
in the Philosophical” Magazine for June 1883 I suggested that
differences in the value of this ratio might account for the
differences in the diclectric strengths of gases.

Two vortex rings will not remain long together unless the
shortest distance betwcen the central lines of their vortex cores is
small compared with the radius of either of the rings; now as the
vortex rings approach each other they alter in size, the one in
front expands and the one in the rear contracts. If the rings are to
remain together their radii must become ncarly equal as they
approach each other and their planes become nearly coincident: it
is evident however that for this to happen the radii of the rings
before they pair must lie within certain limits. The energy of
the gas however, and therefore the temperature depend upon the
mean radius of the vortex rings which form the atoms of the gas,
and conversely the mean radius of the vortex atoms is a function of
the temperature, and if the mean radius is between certain limits
the temperature must also be between limits, thus unless the
temperature is between certain limits the atoms would not remain
long together after they paired and so chemical combination would
not take place ; this reasoning would indicate that chemical com-
bination could only occur between certain limits of temperature,
and this seems to be the case in at any rate a great many cases of
chemical combination.
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The following reasoning will explain how it is that the com-
pound after it is formed can exist at temperatures at which the
elements of which it is composed could not combine. Wheun the
elements have once combined the molecules of the compound will
settle down so that the radii of their vortex atoms will be distri-
buted according to a definite law, and a large proportion of the
vortex atoms will have their radii between comparatively narrow
limits, just as in the ordinary theory of gases Maxwell's law gives
the distribution of velocity. Now suppose that a molecule of
a compound of the elements A and B is subjected to any disturb-
ance tending to change the radii of the atoms; though the differ-
ence in the changes in the radii may be sufficient to cause the
atoms to scparate, yet since the atoms were close together when
they were disturbed the difference in the changes must be small,
and since the motion is reversible the atom A would only have to
suffer a slight change to be able to combine again with a vortex
ring like B, or it could combine at once with a vortex ring differing
only slightly in radius from B; thus 4 will have plenty of chances
of recombination with the B atoms and will be in a totally different
position with regard to them from that in which it would have
been if it had not previously been in combination with a B atom.

Let us now suppose that two vortex rings of approximately
cqual radius but of different strengths come close together in such
a way that their planes are approximately parallel and perpen-
dicular to the line joining their centres, then we can sce, as in the
analogous case of linked vortices, that the motion will be of the
following kind. Let m and m’ be the strengths of the two vortices,
a the mean radius of either, and d the shortest distance betwcen
their central lines, e and €' the radii of the cross scctions of the two
vortex rings. If we imagine a circle between the central lines of
the two vortex rings dividing the distance between the vortices in-
versely as the strengths of the vortices, the two vortex rings will
rotate round this circle with an angular velocity m +m’/dw*® remaining
at an approximately constant distance d apart, while the circle
itself will move with a comparatively slow motion of translation
perpendicular to its own plane.

The mean velocity of the vortex of strength m

m 8a m’ 8a
o108 g = 1)+ g (g7 = 1);

the mean velocity of the vortex of strength m’

’

m 8a m 8a
=9 (log e 1) + oma (log a- 1).
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Now if the two vortices are to remain together, their mean
velocities must be equal ; therefore
m 8a K m 8¢ wm 8, m 8a
o——log—="+:—log - = — 5 +5— log— .
2ma 8¢ t oma 8 d 2ma log ¢ T 2ma log d
Now suppose @ and d become, through some external influence,
a+38a and d + 8d, then the change in the mean velocity of the
vortex of strength m is, if V" be the original mean velocity,

V. 8m+2m m &d
e ) g

and if we interchange m and m/ in this formula, we shall get the
change in the mean velocity of the vortex ring whose strength is ',
Now if the two vortex rings are to remain together for a time long
compared with the mean interval between two collisions, in spite
of all the vicissitudes they will mect with when moving about in
an enclosure containing a great number of moving molecules, the
mean velocities of the two vortex rings must always remain equal ;
thus the changes in the mecan velocities of the rings must be equal
for all values of 8a and &d, so that the coefficients of 8a and 8d must
be equal in the two expressions for the changes in the mean
velocities ; for this to be the case we see that m must equal .
Hence, we conclude that if two vortex rings are to remain for long
together when subject to disturbing influences, they must be of
equal strength, We can extend this result to the case when we
have more than two vortices close together; however many vortices
there are, if they are to remain together for any considerable time
they must be of equal strength.

§ 59. We shall often have occasion to spcak of vortex rings
arranged in the way discussed in § 43, 7.e. so that those portions of
the central lines of vortex core of the several vortex rings which are
closest together are always approximately parallel, and so that a
plane perpendicular to their central lines at any point cuts them in
the angular points of a regular polygon. We proved in Part III that
if the vortices are of equal strengths, and not more than six in
number, they will be in stable steady motion; it is not necessary
for the truth of this proposition that each vortex ring should be
single ; the proposition will be true if the vortex rings are compo-
site, provided the distances between their components are small
compared with the sides of the polygon, at the angular points
of which the vortices arc situated, and that the sum of the strengths
of the components is the same as the strength of the single vortex
ring, which they are supposed to replace. We shall speak of the
Sﬁstems of vortices placed at the angular points of the polygon as
the primaries, and the component vortex rings of these primaries
as the secondaries of the system; and when we speak of a system
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consisting of three, four, five, or six primaries, we shall suppose,
unless we expressly state the contrary, that they are arranged in
the way just described.

We may imagine the way in which these vortex rings are
linked through each other by supposing that we take a cylindrical
rod and describe on its surface a screw with n threads; let us first
suppose that there arc an exact number of turns of cach thread on
the rod, bend the rod into a circle and join the ends, then each of
the n threads of the screw will represent the central line of the
vortex core of onc of the n equal linked vortices ;next suppose that
the threads make m/n turns in the length of the rod where m is
an integer not divisible by n, then if we bend the rod as before
and join the ends, the threads of the screw will form an endless
thread with n loops, and for the present purpose the properties of
a vortex ring whose core is of this kind will be similar to those of one
where the n threads are distinct, so that we may suppose the core
of the vorticity which forms the atom to be arranged, in either of
these ways, and we shall speak of it as an atom with n links; thus
the links may be separate or run one into the other forming an
cndless chain.

Now let us suppose that the atoms of the different chemical cle-
ments arc made up of vortex rings all of the same strength, but that
some of these elements consist of only one of these rings, others of
two of the rings linked together, or ¢lse of a continuous curve with
two loops, others of three, and so on; but our investigation at the
end of Part IIT shews that no element can consist of more than six
of these rings if they are arranged in the symmetrical way there
described.

Then if any of these atoms combine so as to form a permanent
combination, the strengths of all the primaries in the system
formed by the combination must be cqual. Thus an atom of an
clement may combine with another atom of the same kind to form
a molecule of the substance consisting of two atoms. Again, three
of these atoms may combine and form a system consisting of three
primary clements, but the chance of their doing this is small
compared with the chance of two pairing, so that the number of
systems of this kind will be small compared with the number of
the systems consisting of only two atoms. We might have systems
consisting of four atoms, but the number would be small compared
with the number of systems that consist of threc atoms, and
so on. We could not have a system consisting of more than six
primaries if arranged in the way supposed, but though this seems
the most natural way of arranging the atoms, we must not be
understood to assert that this is the only way, and in special cases
the atoms may be arranged differently, and then we might have
systems consisting of more than six primaries. Now, suppose that
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an atom of one element is to combine with an atom of another.
Suppose to fix our ideas, that the atom consisting of two vortex
rings linked together is to combine with an atom consisting of one
vortex ring, then since for stability of connection, the strength of
all the primaries which form the components of the compound
system must be equal; the atom consisting of two links must
unite with molecules containing two atoms of the one with one
link. If the atoms are made to combine directly, the chance
that they form the simplest combination is almost infinitely greater
than the chance of any more complex combination, so that the
number of the simplest compound systems will be almost infinitely
greater than the number of any more complex compound system.
Thus the compound formed will be the simplest combination,
consisting of one of the atoms, which consist of two vortex rings
linked together, with two of the atoms consisting of only one
vortex ring. Similarly, if an atom consisting of three vortex rings
linked together were to combine directly with atoms consisting
of only one vortex ring, the compound formed would consist of
one of the three linked atoms with three of the others, and so on
for the combination of atoms formed by any number of vortex
rings linked together. This suggests, that the atoms of the
clements called by the chemists monads, dyads, triads, tetrads,
and so on, consist of one, two, three, four, &c., vortex rings linked
together, for then we should know that a dyad could not combine
with less than two atoms of a monad to form a stable compound, a
triad with less than three, and so on, which is just the definition of
the terms monad, dyad, &e.

Thus cach vortex ring in the atom would correspond to a unit
of affinity in the chemical theory of quantivalence. If we regard
the vortex rings in those atoms consisting of more vortex rings than
one as linked together in the most symmetrical way, then no
clement could have an atom consisting of more than six vortex
rings at the most, so that no single atom would be capable of
uniting with more than six atoms of another element so as to
form a stable compound. This agrees with chemical facts,
as Lothar Meyer in his Modernen Theorien der Chemie, 4th
Edition, p. 196, states that no compound consisting of more than
six atoms of one element combincd with only one of amother is
known to exist in the gaseous state, and that a gaseous compound
of tungsten, consisting of six atoms of chlorine united to one
of tungsten does exist.

Though in airect combination, the simplest compound is
the one that would naturally be formed; yet other compounds
are possible, and under other circumstances might be formed ; thus
one atom of a dyad might unite not only with two atoms of a
monad, but also with four atoms of a monad, the four atoms of the
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monad splitting up into two groups of two each; thus the one
atom of the dyad and the two groups of two monads would form
threc primaries, which when arranged in the way described above,
would be in stable stcady motion; again, we might have two
atoms of the dyad and two of the monad forming again a system
with three primaries, or one atom of the dyad might unit with
one atom of another dyad, forming a system with two primaries,
or with two atoms of another dyad forming a system with three
primaries, and so on. These remarks may be illustrated by means
of the following gascous compounds of sulphur and mereury.

Thus we have the compounds :
as, so, So,
Hg.Cl, Hg,ClL.

In fact, all that is nccessary for the cxistence of any com-
pound from this point of view is, that its constituents should be
capable of division into primaries of equal strength, and if these
are to be arranged in the simplest and most symmetrical way, that
there should not be more than six of them.

§ 60. Looking at chemical combinations from this point of
view, we should expect to find that such compounds as hydro-
chloric acid, where one atom of hydrogen has only to mecet with
one atom of chlorine; or water where an atom of oxygen has
only to mecet with two atoms or a molecule of hydrogen, would
be much more easily and quickly formed by direct combination,
than a compound such as ammonia gas, to form which, an atom of
nitrogen has to find itself close to three atoms of hydrogen at
once; and it is, I believe, the case in direct combination, that
simple compounds are formed more quickly than complex ones.

We shall call the ratio of the number of links in the atom
of an element to the number in the atom of hydrogen, the valency
of the element. To determine this quantity with any degree of
certainty, we require to know the accurate composition of a large
number of the gaseous compounds of the clement ; thus only those
compounds whose vapour-density is known afford us any as-
sistance, as it would make a great difference, for example, in the
valency of nitrogen, if the molecule of ammonia could be re-
presented by the formula N H, instead of NH,, and differences
of this kind can only be determined by vapour-density deter-
minations; so that in the following discussion of the valency of
the elements, too much immportance must not be attached to the
result for any element, when the vapour densities of only a few
of its compounds have been determined. The determination of a
single vapour-density will enable us to assign a superior limit to the
valency of the clements in the compound, but it may require a
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great many vapour-density determinations to enable us to assign a
lower limit to the valency of the same element.

The compounds HCl, HI, HBr, HF, Tl Cl. shew that the
atoms of chlorine, iodine, fluorine, and thallium have the same
number of links as the atom of hydrogen, or that the valency of
each of these elements is unity. From the compound H,0 we infer
that the atom of oxygen consists of twice as many links as the
atom of hydrogen, though as far as this compound goes there is
nothing to shew that the atom of oxygen does not consist of the
same number of links as the atom of hydrogen, in this case
however we should have to look upon the molecule of water as
a system with the three primaries H—H—0O; it is however
preferable to take the simpler view that the water molecule is
a system with the two primaries HH — O, and suppose that the
valency of oxygen is two: the composition of all the compounds of
oxygen may be explained on this supposition, and there are other
considerations which*lead us to endcavour to reduce the number of
primaries in the molecule of a compound to as few as possible,
Regarding oxygen then as a dyad, the molecule of hydrogen peroxide
consists of the three primaries H,— O — 0.

The compounds H,S, H Se, Pb Cl,, Cd Br,, Te H,, indicate that
the atoms of sulphur, selenium, tellurium, lead and cadmium have
twice as many links as the atom of hydrogen. The compound CO
shews that the atom of carbon has the same number of links
as the atom of oxygen, or twice as many as the atom of hydrogen ;
the molecules of carbonic acid and marsh gas have each three
primaries represented by C — O — O and C— H, — H, respectively.
Carbon is usually regarded as a tetrad, and we should therefore
have expected its atom to have four times as many links as the
atom of hydrogen; the compound CO shews however that if the
view we have taken be corrcct, the carbon atom must have only
twice as many links as the hydrogen atom : this view is supported
by the composition of acetylene C,H,; if the valency of carbon
atom be two, the molecule may be divided into the three primarics
C —C —H,, but if the valency of carbon were four, the molecule of
acetylene could not be divided into primarics of equal strength, so
that according to our view, its constitution is impossible on this
supposition.

The sulphur compounds afford good examples of molecules
containing various numbers of primaries, thus we have H,S with
two primarics H, —8; SO, with three primaries § — 0 — O and SO,
with four primaries S— O -0 -0.

It is difficult to determine from the composition of the mercury
compounds as given in the chemical text-books whether the atom

of mercury has the same number of links as the atom of hydrogen
or twice that number; according to Lothar Meyer the composition
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of calomel is Hg CI, in most of the other text-books it is given
as Hg, Cl,; if Lothar Meyer’s supposition be correct then the
mercury atom has as many links as the hydrogen atom and the
molecule of calomel consists of the two primaries Hg — Cl while
the molecule of corrosive sublimate consists of the three primaries
Hg —Cl—Cl; if however the composition of calomel is Hg, Cl,
then the mercury atom probably has twice as many links as the
hydrogen atom and the molccule of calomel consists of the three
primaries Hg — Hg — Cl, while the molecule of corrosive sublimate
consists of the two primaries Hg — Cl,.

The following reasons lead us to suppose that the atom of
phosphorus has the same number of links as the atom of hydro-
gen; the composition of phosphoretted hydrogen PH, shews that
the atom of phosphorus must either have the same number of links
as the hydrogen atom in which case the molecule consists of four
primaries, or it must have three times as many in which case the
molecule of phosphoretted hydrogen will have two primaries; the
compound PH, however shews that the phosphorus atom has
either the same number of links as the hydrogen atom or five
times as many; hence we see that the phosphorus atom must
have the same number of links as the hydrogen atom. The
resemblance between the properties of arsenic and phosphorus
would lead us to conclude that the atom of arsenic had the same
number of links ag the atom of hydrogen, and the constitution of its
compounds could be explained on this supposition; there is nothing
to shew from its simpler inorganic compounds that the arsenic
atom has not three times as many links as the hydrogen atom ; the
composition of the chloride of cacodyl AsClC, H, shews however
that this is not the case and the atom of arsenic like that of phos-
phorus must have the same number of links as the hydrogen atom.,

The compounds of nitrogen present great difficultics when
considered from this point of view ; the composition of ammonia
NH, requires us to suppose either that the nitrogen atom has
three times as many links as the hydrogen atom, in which case the
molccule of ammonia would consist of the two primaries N —H,,
or that the nitrogen atom has the same number of links as the
hydrogen atom and then the molecule of ammonia would consist
of the four primaries N—H—H — H; the composition of nitric
oxide NO however compels us to suppose that the atom of nitro-
gen has the same number of links as the atom of oxygen or twice
as many as the atom of hydrogen, and these suppositions are
inconsistent. It is however conceivable that an atom might go
through a process that would cause it to act like one with twice as
many links. To illustrate this take a single circular ring and pull
the opposite sides so that they cross at the centre of the ring,
forming a figure of eight, then bend one half of the figure of eight
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over the other half, the continuous ring will now form two circles
whose planes are nearly coincident. If the circular ring represented
a line of vortex core the duplicated ring would behave like onc
with twice as many links as the original ring. Thus if we look
upon the atom of nitrogen as consisting of the same number of
links as the atom of hydrogen we can explain the constitution of
the compounds NH,, N O, N.O,, C,N,, HCN, CNH, &c., but in
the compounds NO, 3NO,‘, we should have to suppose that the atom
was duplicated in the manner described above.

The following table shews the valency of those elements which
form gaseous compound of known vapour density, though as we
said beforec when we know the vapour density of only a few of the
compounds of an element the value given in the table must not be
looked on as anything more than an upper limit to the value of
the valency of the elecment.

Univalent Elements.

Arsenic. Mercury ?
Bromine. Nitrogen.
Chlorine, Phosphorus.
Fluorine. Potassium.
Hydrogen. Rubidium.
Iodine. Thallium.

Divalent Elements.
Cadmium. Mercury ?
Carbon. Oxygen.
Chromium. Selenium,
Copper. Sulphur.
Lead. Tellurium.
Manganese. Zinc,

Trivalent Elements.
Aluminium, Bismuth.
Antimony. Boron.

Indium.
Quadrivalent Elements.

Silicon. Tin.

§ 61. According to the view we have taken, atomicity cor-
responds to complexity of atomic arrangement; and the elements
of high atomicity consist of more vortex rings than those whose
atomicity is low ; thus high atomicity corresponds to complicated
atomic arrangement, and we should expect to find the spectra of
bodies of low atomicity much simpler than those of high. This
seems to be the case, for we find that the spectra of Sodium,
Potassium, Lithium, Hydrogen, Chlorine which are all monad
elements, consist of comparatively few lines.

CAMBRIDGE ! PRINTED BY C. J. CLAY, M.A. AND SBON, AT THE UNIVERSITY PRESS,















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif

